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Abstract
Historical observations reveal that Liquid Storage Tanks (LST) have suffered significant 
earthquake-induced damages. The structural response of LST are sensitive to earthquakes 
due to dynamic fluid-tank interaction. Since designing with consideration of fluid-tank 
interaction in the time domain is complex, simplified calculation approaches have been 
developed to calculate base shear and overturning moments, but not pressure distributions. 
These approaches distinguish between flexible and rigid tanks, which is difficult to decide 
prior analysis. This paper presents a unified calculation concept that determines support 
reactions and pressure distributions independently of the tank’s stiffness by applying static 
equivalent loads. The research focuses on the distinction between rigid and flexible design 
approaches, review existing codes, their limitations, and challenges associated with rela-
tive acceleration response spectra. It scrutinizes varying definitions of impulsive compo-
nents and superposition principles. A unified force-based design approach is suggested that 
integrates rigid and flexible design principles into a unified method. The approach uses 
standardized pressure curves of individual hydrodynamic pressure components, linked 
with absolute and relative spectral accelerations and appropriate superposition methods. 
The unified formulation is validated through a previously conducted experimental and nu-
merical research on above-ground steel tank. The validation and application of the unified 
approach forms the basis for the new generation of Eurocode FprEN 1998-4 (2025), which 
is demonstrated for different tank geometries. The practical application is demonstrated on 
a squat and a slender tank using linear finite element model, and the results are compared 
with various approaches in the international standards and literature.

Keywords  Liquid storage tanks · Relative acceleration spectra · Flexibility and rigidity · 
Unified approach · Eurocode 8
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1  Introduction

Liquid Storage Tanks (LST) store products like chemicals, fresh and wastewater, petroleum, 
among others to guarantee uninterrupted supply across processing units in industrial facili-
ties. In past years, there has been a significant rise in the deployment of tanks tailored for 
cryogenic liquids especially liquid hydrogen (Aziz 2021). LST primarily serve to maintain 
safety, stability, and serviceability under various loading conditions, including the hydro-
static pressure of stored liquid, earth pressure, temperature variations, wind loads, dead 
loads, settlements, and earthquakes. Historical observations have indicated that LST have 
incurred significant damages due to earthquakes (Swan et al. 1985; Yanagisawa et al. 1990; 
Manos 1991; Erdik 2001; Krausmann and Cruz 2013; González et al. 2013; Brunesi et al. 
2015; Yoshida 2018; Erkmen 2024). The predominant outcomes of tank failures are often 
the leakage of contents (LOC), ignition of fires, detonations, and the emission of toxic gases 
(Chang and Lin 2006). In certain instances, this phenomenon can lead to technological 
accidents involving hazardous substances triggering cascading, transboundary, and wide-
range impacts (Phan et al. 2020; Paolacci et al. 2024). In general, such interaction between 
natural hazards and industrial accidents are often referred to as NaTech accidents (Natural 
Hazards Triggering Technological accidents) (Girgin et al. 2019). The seismic damages of 
the above-ground steel LST can be diverse and complex (Calvi and Nascimbene 2023). The 
damage can encompass a spectrum of issues, including failures of tank anchorages, roof and 
foundation failures, sloshing impacts and spills, shell buckling (elephant’s foot, diamond-
shaped, local or secondary), uplifting as well as sliding (Natsiavas 1987; Lau and Clough 
1989; Rammerstorfer et al. 1990; Schiff 1991).

Under horizontal and vertical seismic excitation, liquid-filled tanks experience hydrody-
namic pressures. Calculating these pressures is a complex, iterative, and time-consuming 
challenge, especially for flexible steel tanks, as it involves the deformation of the tank shell 
and the interaction between the displaced fluid and the tank wall (Meskouris et al. 2019). 
A large number of experimental studies focusing on seismic analysis of LST have yielded 
significant insights (Jacobsen and Ayre 1951; Clough 1977; Clough et al. 1979; Niwa 1978; 
Manos and Clough 1982; Shih 1981; Shih and Babcock 1987; Park et al. 2016; Caprinozzi 
et al. 2021). The results of this intensive research have shown that the hydrodynamic effects 
experienced by flexible tanks during earthquake-induced ground motion can be significantly 
greater than those experienced by similarly sized rigid tanks due to an additional impulsive 
flexible pressure. Nevertheless, these studies require a considerable investment of time and 
resources and have proven to be extravagant. Hence, the necessity for straightforward prac-
tical design codes for everyday application became evident as well. Initial investigations 
into the mathematical depiction of hydrodynamic pressure effects using a rigid tank model 
by considering impulsive rigid and sloshing pressure components however neglecting the 
interaction between the tank and the fluid (Jacobsen 1949; Housner 1954, 1963; Epstein 
1976; Wozniak and Mitchell 1978). This still remains the basis for seismic analysis in con-
crete tanks and construction codes such as API650 (2013). The application of the rigid tank 
design for thin-walled steel tanks frequently resulted in underestimated values for seismic 
responses. To overcome the limitations many authors (Veletsos 1974; Veletsos and Yang 
1977; Veletsos 1984; Veletsos and Tang 1986; Clough 1977; Haroun 1980; Haroun and 
Housner 1981; Priestley et  al. 1986) extended their research to include the flexibility of 
tank walls in steel tanks which overall increases the induced hydrodynamic pressure due to 
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inclusion of impulsive flexible components. This also underpins the analytical approach for 
flexible head-supported cylindrical tanks in nuclear reactors (Yu and Whittaker 2020). Fur-
thermore, Malhotra et al. (2000) and Malhotra (2021) introduced a simplified procedure for 
the calculation of the base shear and overturning moment using response spectrum method. 
The aforementioned methods were limited by insufficient data on pressure curves and stress 
distributions in the tank walls required for stress and stability verification. Fischer, Ram-
merstorfer and Scharf (1979, 1981, 1982, 1988, 1990a, 1991, 1999, 2004) extended the 
investigation including the tank wall’s flexibility by considering the deformation through 
an assumed bending shape of the tank wall (Habenberger 2001; Kettler 2004) and thereby 
modifying the mass or increasing the density in iteration using the added mass model (Holl 
1987). However, the derived pressure functions were not directly applicable in practice, as 
the calculation of the impulsive pressure functions requires the coupling of numerical mod-
els with mathematical software packages. Meskouris et al. (2019) developed a finite element 
application, SALT (Seismic Analysis of Liquid-Filled Tanks), which incorporates the added 
mass procedure for an effective seismic analysis of tanks. This streamlined the hydrody-
namic pressure components for practical application and resulted in the integration of nor-
malized tabulated pressure functions and force coefficients. Furthermore, Holtschoppen and 
Knoedel (2024) demonstrated that these normalized pressure and force coefficients with 
certain modifications can also be extended to the design of slender tanks on feet or skirts.

Modern seismic codes, standards, guidelines, and reports for the seismic design of above 
ground liquid storage steel tanks are numerous with the latest compilation available in Calvi 
and Nascimbene (2023). However, there exist only two codes (NZSEE 2009 and EN 1998-4 
2006) that incorporate flexible tank design by accounting for the impulsive flexible pres-
sure component by considering three pressure components (convective, impulsive rigid and 
impulsive flexible). However, both codes have limitations. EN 1998-4 (2006) uses a rigor-
ous added-mass method, time history analysis, and complex intricate expressions to calcu-
late impulsive flexible pressure distribution, base shear and overturning moment. Although, 
the code emphasizes the significance of using relative acceleration for the impulsive flexible 
component but also acknowledges the lack of a precise method for integrating peak ground 
acceleration (PGA) with relative acceleration. Scharf (1990a) suggested that absolute and 
relative response accelerations are similar within the relevant frequency range for tank-
fluid dynamics. However, if the distinction between rigid tank and flexible tank is not prior, 
applying flexible tank design principles to rigid tanks results in an overestimation of stress 
resultants. Rammerstorfer et al. (1988) proposed various simplified superposition methods 
for combining the three pressure components, yet the question of which method to adopt 
remains unresolved. Additionally, constructing and utilizing a relative response spectrum 
for simplified calculations of impulsive flexible components is a complex task. Conversely, 
while NZSEE (2009) offers simple formulas and charts for calculating stress resultants but 
it lacks in evaluating impulsive flexible pressure pressure functions. Additionally, it defines 
equivalent impulsive masses for rigid and flexible tanks based on a discrete change in the 
tanks’ liquid height to radius ratio H/R based on Veletsos and Yang (1976, 1977, 1984). 
Although, the authors suggested that for tanks with H/R below 1, a rigid design approach is 
practical, but the figures and charts were applicable to tanks with a wall thickness to radius 
ratio sw/R of 0.001. Therefore, there is a possibility that a squat tank with thinner wall 
sections may require a flexible design approach. Moreover, Haroun and Housner (1981) 
proposed that for flexible design, the difference in impulsive masses should be considered 
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when calculating the rigid impulsive mass to estimate stress resultants. This again presents 
a significant drawback in maintaining consistency in the definitions and effects of impulsive 
rigid and flexible components.

The paper seeks to address several critical questions: Firstly, is the distinction between 
rigid and flexible tanks essential, and if not, how can these categories be effectively inte-
grated for liquid storage steel tanks? Secondly, what are the reasons behind the chang-
ing definitions of impulsive components and superposition principles across different tank 
geometries? Therefore, the research presents a unified force-based design approach for the 
calculation of seismic support reactions and pressure distributions independently of the 
tank’s stiffness. The main objective is to set forward a consistent definition of the impulsive 
pressure components in the rigid or flexible design approach. The approach is based on 
standardized pressure curves of individual hydrodynamic pressure components, linked with 
corresponding absolute and relative spectral accelerations and superimposed using appro-
priate superposition methods. The validation and application of the unified approach, which 
also forms the basis for the new generation FprEN 1998-4 (2025) is demonstrated for dif-
ferent tank geometries. The paper outlines the basics and key terminology in the seismic 
analysis of LST in Chapter 2, while Chapter 3 presents the seismic response spectra, spe-
cifically addressing the aspect of applying relative acceleration response spectra. Chapter 
4 discusses the force-based approach for steel tanks and introduces the unified force-based 
approach followed by a parametric study. The formulation undergoes a two-stage validation 
in Chapter 5, culminating in a practical application through a quasi-static FEM evaluation in 
Chapter 6, and is compared with existing approaches for a squat and a slender tank.

2  Seismic analysis of liquid storage tanks

An above-ground, vertical, cylindrical and anchored tank shown in Fig. 1 is the most com-
mon case in practice. All hydrodynamic pressure components for tanks can be derived from 
the streaming potential Φ for fluids under the assumption of a frictionless, irrotational flow 
and incompressibility of the liquid. This is achieved satisfying three boundary conditions: 
radial velocity along the tank wall, axial velocity at the tank bottom, and sloshing constraint 
at the liquid surface with pressure at the free surface (Sigloch 2012).

The following notations and formulae use the following variables: 
R	 inner radius of the tank wall;
H	 liquid filling height;
L	 tank length including freeboard;
ξ	 dimensionless radius, ξ = r/R ;
ζ	 dimensionless height, ζ = z/H ;
θ	 circumferential angle;
γ	 radius to the filling height ratio, γ = H/R;
ρL	 density of the liquid;
sw(ζ)	 wall thickness;
f(ζ)	 fundamental joint natural bending mode shape of tank and liquid;
η	 radius to wall thickness ratio, η = R/sw.
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The Fourier product of the potential function Φ ensure that each partial function (P, S, Q, F) 
is dependent on a single variable: radial ξ, axial ζ, circumferential θ, and time t respectively 
(Hackbusch et al. 2003):

	 Φ(ξ, ζ, θ, t) = P (ξ) S(ζ) Q(θ) F (t)� (1)

The assumption of a symmetrical velocity potential allows the use of a Fourier series with 
cosine terms for Q(θ) in circumferential direction:

	
Q(θ) =

∞∑
m=0

Qmcos(mθ)� (2)

The time-dependent function F(t) is determined by the corresponding inhomogeneous 
boundary condition, while the two ordinary decoupled remains in S(ζ) and P (ξ):

	
1

S(ζ)
∂2S(ζ)

∂ζ2 = λ2 � (3)

	
ξ2 ∂2P (ξ)

∂ξ2 + ξ
∂P (ξ)

∂ξ
+

(
λ2ξ2 − m2)

P (ξ) = 0 � (4)

Equation 4 describes the radial component is a Bessel differential equation with its deriva-
tive roots λ. For solving Eq. 4, the cylindrical Bessel function can be used in numerous 
mathematical software packages and through the application of boundary conditions of wall 
and ground deformations, the pressure components acting upon the tank wall and the base 
of the tank can be calculated.

Fig. 1  Geometric model of an 
above-ground, vertical, cylindri-
cal, anchored tank
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2.1  One-dimensional horizontal seismic action

Due to horizontal seismic actions, the upper freely moving portion of the liquid content 
reacts with a sloshing motion, named as convective pressure component (Fig. 2a). Addition-
ally, there are impulsive rigid and flexible modes of vibration that are activated by both hori-
zontal and vertical earthquake excitation. The impulsive rigid vibration component results 
from the joint rigid body movement of the tank structure with the ground (Fig. 2b). Par-
ticularly in the case of flexible steel tanks, the flexural joint vibration causes an interaction 
between the fluid and the tank wall, resulting in an impulsive flexible vibration (Fig. 2c).

It should be noted that only the first fundamental period is considered in the following 
calculations of the pressure components. Typically, only relatively slender tanks can have a 
significant contribution from higher modes. Furthermore, it is assumed that only the first cir-
cumferential harmonic of the tank is activated (Fischer 1981; Rammerstorfer et al. 1990; EN 
1998-4 2006). This implies that the tank cross-sections remain circular during vibration, and 
no ovalization effects occur. The assumption describes the tank’s behavior as a beam, more 
specifically as a vertical cantilever beam, where shear deformations are taken into account. 
Considering only the first circumferential harmonic is sufficiently accurate for slender tanks 
(Veletsos and Yang 1977). For squat tanks with a value of less than γ = 0.5, the accuracy 
of the solutions decreases.

2.1.1  Convective pressure component

A sloshing vibration in the tank is due to a horizontal seismic excitation if the surface of 
the liquid is allowed to move freely. The coupling between the sloshing and shell vibra-
tion modes is usually insignificant, except for weak tanks with large radii. Consequently, 
the convective dynamic pressure may be calculated according to Eq. 5 by assuming that 
the tank wall is rigid and that the convective pressure can only be calculated from the fun-
damental sloshing mode with convective participation factor Γc = 1.0 (Fischer and Ram-
merstorfer 1999). If the eigenperiod of the oscillating liquid is known, the spatial-temporal 
variation of the convective pressure distribution can be written as given in Eq. 5:

	
pc (ξ, ζ, θ, t) = R ρL

[
2(

λ1
2 − 1

)
{

J1 (λ1ξ)
J1 (λ1)

} {
cosh (λ1γζ)
cosh (λ1γ)

}]
[cosθ] [ẍc (t)]� (5)

with: 

Fig. 2  Qualitative representation of seismically induced hydrodynamic pressure due to horizontal seismic 
excitation
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pc	 convective pressure component due to horizontal excitation;
λ1	 first root of the derivative of the Bessel function J1, λ1 = 1.841;
J1	 first order Bessel function (Hackbusch et al. 2003);
ẍc(t)	 horizontal response acceleration time history of the equivalent single-degree-

of-freedom (SDOF) oscillator with the time period Tc of the fundamental 
natural mode. The damping of sloshing fluid ranges between 0 and 0.5%. In 
case of the response spectrum method ẍc(t) is substituted with the elastic 
spectral acceleration Sabs(Tc);

Sabs(Tc)	absolute spectral acceleration of the elastic response spectrum calculated with 
damping factor ranging from 0 - 0.5%.
The eigenperiod of the first sloshing mode Tc, can be calculated as given in Eq. 6 accord-
ing to (Fischer and Rammerstorfer 1982; Stempniewski 1990) with the acceleration due to 
gravity as g:

	
Tc =

[
2 π√

λ1g tanh (λ1γ)

]
√

R or Cc

√
R � (6)

2.1.2  Impulsive rigid pressure component

The impulsive rigid pressure component is the hydrodynamic pressure caused by the hori-
zontal rigid movement of the tank together with the liquid. The spatial-temporal variation of 
the impulsive rigid pressure distribution can be written as Eq. 7:

	

pir,h (ξ, ζ, θ, t) = R ρL




∞∑
n=0

2γ (−1)n

νn
2




I1

(
νn

γ ξ
)

I ′
1

(
νn

γ

)

 cos (νnζ)


 [cosθ] [ẍir,h (t)] � (7)

with: 
pir,h	 impulsive rigid pressure component due to horizontal excitation;
n	 summation index;
νn	 coefficient: νn = 2n+1

2 π;
I1	 modified first order Bessel function; Bessel function with purely imaginary argu-
ment (Hackbusch et al. 2003);
I ′

1	 derivative of the first order Bessel function;
ẍir,h(t)	 horizontal acceleration time history for rigid movement (free field or ground 

acceleration). In case of the response spectrum method ẍir,h(t) is substituted 
with the ordinate of the reduced spectrum in horizontal direction Sabs(Tir,h) at 
period Tir,h = 0 s. The multiplication with the impulsive rigid participation 
factor Γir,h is not applicable as rigid tank moves together with the subsoil i.e. 
Γir,h = 1.

2.1.3  Impulsive flexible pressure component

The interaction of the liquid content and tank shell results in the impulsive flexible pressure 
component. The deformation shape of the tank wall is related to the tank geometry, liquid 
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filling height and its characteristics. The initial deformation function is usually unknown. 
Therefore, to determine the fundamental time period and the associated mode shape of the 
tank-liquid system, it is required to solve the eigenvalue problem (Meskouris et al. 2011). 
The calculation can be carried out using added mass model (Rammerstorfer et al. 1988; 
Fischer et al. 1991; EN 1998-4 2006). The deformation profile of the “dry” shell with added 
density is then calculated (Meskouris et  al. 2011). With knowledge of the deformation 
shapes of the tank shell f(ζ), the impulsively flexible pressure component due to horizontal 
earthquake excitation can be calculated as given in Eq. 8:

	

pif,h (ξ, ζ, θ, t) = R ρL




∞∑
n=0

2
νn

γ




I1

(
νn

γ ξ
)

I ′1

(
νn

γ

)

 cos (νnζ)

∫ 1

0
f (ζ) cos (νnζ)


 ·

[cosθ] [ẍif,h (t)]

� (8)

with: 
pif,h	 impulsive flexible pressure component due to horizontal excitation;
f (ζ)	 fundamental joint natural bending mode shape of tank and liquid;
ẍif,h	 relative horizontal acceleration time history of the equivalent SDOF oscillator of 

the joint bending vibration of tank and liquid. In case of the response spectrum 
method ẍif,h(t) is substituted by the difference in spectral acceleration in horizon-
tal direction [Sabs (Tif,h) − Sabs (Tir,h)] · Γif,h;

Γif,h	 participation factor corresponding to the fundamental flexible horizontal natural 
mode.
The impulsive flexible pressure pif,h (Eq. 8) demands the choice of bending shape func-
tion f (ζ). EN1998-4 (2006) did not explicitly provide a shape function, except stating 
a single comment that the bending shape proportional to ζ is a good approximation for 
slender tanks. Habenberger (2001) and Kettler (2004) set forth the possible approximation 
for the bending shape f(ζ), by means of sine-shaped function f (ζ) = sin (π/2 · ζ) for 
squat tanks (γ < 3), a linear shaped function f (ζ) = ζ for slender tanks (3 ≤ γ ≤ 8) and 
cosine shaped function f (ζ) = 1 − cos (π/2 · ζ) for very slender tanks (γ > 8). However, 
the hydrodynamic pressure curves, equivalent impulsive masses and heights exhibits a lack 
of smooth transition in between the changing shape functions. Therefore, the joint bending 
vibration of the tank and the liquid is approximated using a single sine function with four 
free parameters a, b, c, d (Cornelissen 2010; Meskouris et al. 2011). These parameters are 
derived with a Poisson’s ratio of ν = 0.3 (steel) and for a constant wall thickness without 
considering the mass of the tank shell. With these parameters, the function can be scaled and 
adjusted in both coordinate directions for ratios γ = 1.0 to 10.0. The proposed parametrized 
sine function depending on the ratio γ is given in Eq. 9:

	
f (ζ) = a · sin

(π

2
· (ζ − b) · c

)
+ d� (9)

For ratios lower than γ = 1.0 the approximation based on a sine-shaped function 
f (ζ) = sin (π/2 · ζ) is used. With the proposed shape functions, a good conformity with 
numerical calculations can be achieved. The proposed functions can serve as known bend-
ing mode shapes, eliminating the need for time-consuming iterations. The impulsive flexible 
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period Tif,h can be calculated with FE models. Alternatively, the first eigenperiod Tif,h can 
be calculated according to Rammerstorfer et al. (1988) given in Eq. 10:

	
Tif,h = 2RFh (γ)

√
ρLH

Esw

(
ζ = 1

3
) � (10)

with: 
Fh(γ)	 correction factor: Fh(γ) = 0.157 γ2 + γ + 1.49;
E	 Young’s modulus of the tank shell;
sw (ζ = 1/3)	 thickness of the tank shell at 1

3
rd of the filling height.

2.2  One-dimensional vertical seismic action

The mathematical derivations for the vertical hydrodynamic pressure components can be 
found in Luft (1984), Fischer and Seeber (1988) and Tang (1986). Figure 3 shows the tanks 
vertical movement and the associated impulsive pressure distributions that are rotational 
symmetrical in circumferential direction.

2.2.1  Impulsive rigid pressure component

Figure 3a shows the vertical tank movement and the rotational symmetrical pressure dis-
tribution on the tank wall. According to Fischer et al. (1991) the impulsive rigid pressure 
component can be calculated as given in Eq. 11.

	 pir,v (ζ, t) = R ρL [(1 − ζ) γ] [ẍir,v (t)]� (11)

with: 
ẍgv (t)	 vertical acceleration time history for rigid movement. In case of the response 

spectrum method ẍir,v (t) is substituted by the vertical spectral acceleration 
Sabs (Tir,v) · Γir,h at period Tir,v = 0 s;

Γir,v 	 Participation factor of the impulsive rigid pressure component, Γir,v = 1 as the 
entire tank moves in unison with the vertical ground movement.

Fig. 3  Qualitative representation 
of seismically induced hydrody-
namic pressure due to vertical 
seismic excitation
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2.2.2  Impulsive flexible pressure component

Tang (1986) and Habenberger (2001) showed that the rotationally symmetric impulsive 
flexible pressure component is due to the elasticity of a flexible tank wall. Figure 3b shows 
the bending vibration mode with the corresponding qualitative pressure distribution on the 
tank wall. According to Scharf (1990b) and Habenberger (2001), the impulsive flexible 
pressure component due to vertical excitation is given by Eq. 12.

	

pif,v (ξ, ζ, t) = R ρL


γ

2
π




I0

(
π
2γ ξ

)

I1

(
π
2γ

)

 β (γ) cos

(π

2
ζ
)

 [ẍif,v (t)]� (12)

with: 
I0, I1	 modified Bessel functions of zero and first order;
β(γ)	 correction factor taking account of the clamping effect as: β(γ) = 1.0 for 

γ ≤ 0.8; β(γ) = 1.078 + 0.274 ln (γ) for 0.8 < γ ≤ 4;
ẍif,v (t)	 vertical acceleration time history of the joint vibration of the tank and 

the liquid. In case of the response spectrum method ẍif,v(t) is substi-
tuted with the difference in spectral acceleration in vertical direction 
[Sabs (Tif,v) − Sabs (Tir,v)] · Γif,v;

Γif,v 	 participation factor of the impulsive flexible pressure component due to verti-

cal excitation; Γif,v = 4
π

{
I1

(
π
2γ

)
/I0

(
π
2γ

)}
.

The fundamental natural period Tif,v  can be calculated according to Rammerstorfer and 
Fischer (2004) as given in Eq. 13:

	
Tif,v = 2R Fv (γ)

√
ρLH (1 − ν2)
Esw

(
ζ = 1

3
) � (13)

with: 
ν	 Poisson’s ratio of the tank shell;

Fv(γ)	 correction factor: Fv =
√

2π
{

I0

(
π
2γ

)
/I1

(
π
2γ

)}
.

2.3  Simplification of the pressure components

The pressure functions defined in Sect. 2.1 and Sect. 2.2 are naturally not easy to apply in 
everyday practice as the static equivalent loads of the pressure components are based on 
the integration of Bessel functions. Furthermore, the calculation of the impulsive flexible 
pressure necessitates a iterative eigenvalue analysis of the tank to approximate the bend-
ing mode. A simplification of the application can be achieved with dimensionless pressure 
functions at the tank wall and bottom. This is calculated by considering the first vibration 
mode and by normalizing the pressure functions derived in Sects. 2.1 and 2.2 in horizontal 
direction with R ρL cosθ Sah(Tj) Γj  and in vertical direction with R ρL Sav (Tk) Γk (see 
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Eqs. 14, 15). Therefore, a simplification of the five pressure components (Eqs. 5, 7, 8, 11, 
12) is attained by integrating and compiling the Bessel series expansions i.e. the expression 
inside the closing bracket [ ] to 100 terms in the form of coefficients Cj(γ, ζ) and Ck(γ, ζ) 
for estimating wall pressures and Cb,j(γ, ξ) and Cb,k(γ, ξ) use for estimating base pres-
sures. The three horizontal pressure components (convective, impulsive rigid, impulsive 
flexible) shown in Sect. 2.1 and two vertical pressure components (impulsive rigid, impul-
sive flexible) shown in Sect. 2.2 can be simplified with the coefficients for horizontal and 
vertical seismic excitation as given in Eqs. 14 and 15 respectively. It should be emphasized 
that the wall coefficients and base coefficients are mutually exclusive and cannot be applied 
simultaneously.

	

pj (ξ, ζ, θ) = R · ρL ·


 Cj (γ, ζ)︸ ︷︷ ︸

for wall pressure

or Cb,j (γ, ξ)︸ ︷︷ ︸
for base pressure


 · cosθ · Sah (Tj) · Γj (γ) � (14)

	

pk (ξ, ζ) = R · ρL ·


 Ck (γ, ζ)︸ ︷︷ ︸

for wall pressure

or Cb,k (γ, ξ)︸ ︷︷ ︸
for base pressure


 · Sav (Tk) · Γk (γ) � (15)

with: 
pj 	 pressure component due to horizontal excitation j = {c; ir, h; if, h};
pk	 pressure component due to vertical excitation k = {ir, v; if, v};
Cj , Ck	 tabulated coefficients of pressure component pj  and pk respectively;
Sah, Sav 	 horizontal and vertical spectral acceleration of the pressure component pj  and 

pk respectively;
Tj , Tk	 fundamental natural period of the equivalent SDOF oscillator of the pressure 

component pj  and pk respectively;
Γj , Γk	 participation factor of the pressure component pj  and pk respectively.
Fig. 4 shows an overview of all the wall and base pressure coefficients for different γ due 
to horizontal seismic excitation. The convective wall pressure coefficient Cc shown in 
Fig. 4a peaks at 0.8371 at the liquid surface’s apex and decreases towards the tank base. The 
impulsive rigid wall pressures coefficient Cir,h (Fig. 4b) peaks at the tank base. In squat 
tanks (low γ), impulsive flexible wall pressure coefficient Cif,h are uniformly distributed 
(Fig. 4c), but in tanks with high γ, these coefficients primarily impact the upper half of the 
wall. The base pressure coefficients decreases for convective and increases for impulsive 
rigid pressures as γ rises up to 5.0 (Fig. 4 d1 to e2). Beyond γ = 5.0, convective base pres-
sures drop to zero, while impulsive rigid pressures peak at 1 at the tank’s diameter end. 
The impulsive flexible base pressure coefficient Cb,if,h increase up to γ = 1.0 (Fig. 4f1) 
and then decrease (Fig. 4f2). This pattern is attributable to the impulsive flexible pressure 
inducing greater bending in the upper half of the tank wall and lesser concentration towards 
the lower half, as depicted in Fig. 4c. Notably, wall and base coefficients converge at the 
base of the tank wall i.e. Cj (γ, ζ = 0) = Cb,j (γ, ξ = 1). Figure 5 shows an overview of all 
the wall and base pressure coefficients for different γ due to vertical seismic excitation. For 
the impulsive rigid component, the wall coefficient Cir,v  varies linearly with γ, while the 
base coefficient Cb,ir,v  remains constant (Fig. 5 a1 to a2). The impulsive flexible component 
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Fig. 4  Convective, impulsive rigid and impulsive flexible coefficients for different γ use for calculating 
(a–c) wall pressures and (d–f) base pressures due to horizontal seismic excitation
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shows wall coefficients Cif,v  following the tank’s radial breathing mode (Fig. 5 b1 to b2) 
whereas the base coefficients Cb,if,v  vary non-uniformly, being minimal at the center and 
maximal at the edges (Figs. 5 c1 and c2). Here also the wall and base coefficients converge at 
the base of the tank wall i.e. Ck (γ, ζ = 0) = Cb,k (γ, ξ = 1). These wall and base pressure 
coefficients for horizontal and vertical seismic actions are now formally tabulated in the new 
FprEN 1998-4 (2025) code.

2.4  Base shear and overturning moment

The calculation of base shear and overturning moment resulting from earthquake loads is 
needed for the tank foundation design. It is crucial to identify each hydrodynamic compo-
nent mass and height such that total earthquake forces acting on the tank can be calculated 
along with the inertia forces. The spring mass model and notations according to FprEN 
1998-4 (2025) for above-ground tanks under horizontal seismic actions are shown in Fig. 6 
with the following variables:

where 
RL	 rigid link;
mL	 is the total liquid mass;

Fig. 5  Impulsive flexible pressure coefficients for different γ use for calculating (a) impulsive rigid wall 
and base pressures and (b, c) impulsive flexible wall and base pressures due to vertical excitation
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mc, mir, mif 	 are the equivalent convective, impulsive rigid, and impulsive flexible 
masses;
hc, hir, hif 	 are the equivalent lever arms without consideration of the bottom 
pressure;
h′

c, h′
ir, h′

if 	 are the equivalent lever arms with consideration of the bottom pressure;
The horizontal and vertical seismic support reactions can also be expressed as derived coef-
ficients. For horizontal seismic action, integrating Eq. 14 along the wall and in circumferen-
tial direction leads to the horizontal support reactions (base shear and overturning moments) 
in the direction of the earthquake. The base shear of the three horizontal pressure compo-
nents can be calculated as given in Eq. 16:

	
Fb,j =

∫ ζ=1

ζ=0
2

∫ θ= π
2

θ= −π
2

[pj (ξ = 1, ζ, θ)] cos (θ) Rdθ Hdζ� (16)

The overturning moment resulting from the horizontal pressures components acting on the 
tank wall pj (ξ = 1) is given as Eq. 17:

	
Mw,j =

∫ ζ=1

ζ=0
2

∫ θ= π
2

θ= −π
2

H ζ [pj(ξ = 1, ζ, θ)] cos (θ) Rdθ Hdζ� (17)

The integral expression for the overturning moment resulting from horizontal pressures 
components on wall pj (ξ = 1) and tank bottom pj (ζ = 0) is given as Eq. 18:

	
Mg,j = Mw,j +

∫ ξ=1

ξ=0
2

∫ θ= π
2

θ= −π
2

(R ξ)2 [pj(ξ, ζ = 0, θ)] cos (θ) Rdθ dξ� (18)

For vertical seismic action, integrating Eq. 15 along the base and in circumferential direc-
tion leads to the vertical support reactions. The vertical support reaction of the two vertical 
pressure components can be calculated as given in Eq. 19:

Fig. 6  a Spring mass model and notations for tanks under horizontal seismic actions and b corresponding 
spectral accelerations exhibited by each equivalent mass
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Fk =

∫ ξ=1

ξ=−1

∫ θ= π
2

θ= −π
2

[pk (ξ, ζ = 0)] Rdθ Rdξ� (19)

After performing the integration, the constant value in the expression are tabulated. The 
tabulated force and moment coefficients along with the participation factors for each pres-
sure components is introduced for different γ to calculate support reactions. The horizontal 
support reactions for three pressure components are given in Eq. 20 and the vertical support 
reaction for two pressure components are given in Eq. 21.

	

{
Fb,j = CF,j · Γj · mL · Sah (Tj)
Mw,j = CMW,j · Γj · mL · Sah (Tj)
Mg,j = CM,j · Γj · mL · Sah (Tj) · (R/γ)

� (20)

	 Fk = CF,k · Γk · mL · Sav (Tk) � (21)

with 
CF,j 	 base shear coefficient corresponding to the horizontal pressure component pj  

with j = {c; ir, h; if, h};
CMW,j 	 overturning moment (wall) coefficient just above the baseplate for the horizon-

tal pressure component pj

CM,j 	 Overturning moment (wall+base) coefficient just below the baseplate for the 
horizontal pressure component pj

CF,k	 vertical force coefficient corresponding to the vertical pressure component pk 
with k = {ir, v; if, v};

The use of horizontal spectral acceleration for impulsive flexible pressure component as 
Sah(Tif,h) = Sabs(Tif,h) − Sabs(Tir,h) is discussed in Chapter 3 and 4 along with the pro-
posed unified force-based design approach.

3  Absolute and relative response spectrum

The absolute acceleration response spectrum Sabs(T, ξD) is the plot of the peak acceleration 
response of a spring-dashpot oscillator as function of natural time period T and damping of 
the system ξD for an arbitrary seismic signal as mathematically given in Eq. 22.

	 Sabs(T, ξD) = |ẍabs(t)|max = |ẍg(t) + ẍ(t)|max� (22)

The components of absolute time history response acceleration are the ground ẍg(t) and 
relative ẍ(t) acceleration. In view of the flexible design concept for LST, the relative accel-
eration is an important parameter because of the impulsive flexible pressure component, 
since the ground acceleration is already accounted in the impulsive rigid pressure compo-
nent. In order to estimate the seismic demands using force-based approach, the maxima of 
relative acceleration at any estimated time period is as important as the maxima of ground 
acceleration. It is critical to note that the maxima of both the components does not signify 
the maxima of absolute acceleration. In recent country-specific design codes, maximum 
spectral acceleration Sap,R is used, as in the Euro-Mediterranean Seismic Hazard Model 
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(Danciu et al. 2021). However, design codes can typically prescribe their own mandatory 
seismic hazard values in terms of Sap,R. PGA is then calculated as Sap,R/2.5. The simpli-
fied formulation (in spectral form) plugs PGA directly into equations to calculate seismic 
demands.

The challenge in the flexible design of liquid storage tanks is to use the spectral ground 
and relative accelerations simultaneously and not change the impulsive components defini-
tion. The use of relative acceleration response spectra in seismic analysis of LST is difficult 
because it may not provide an accurate representation of the actual response of the tank at 
higher time periods. The use of relative acceleration response spectra may lead to under, 
equal or overestimates of the true responses of the tank. This is shown in the following 
study. For investigation, sixty ground motions were selected from PEER ground motion 
database (Ancheta et al. 2013). Utilizing Newmark’s average acceleration method, the abso-
lute and relative acceleration time histories were generated for various time periods of the 
SDOF system using the open source MATLAB script (Vamvatsikos and Cornell 2004; Vam-
vatsikos 2011). Figure 7 shows an example plot for the Loma Prieta earthquake (California - 
October 18, 1989) with a PGA of 0.172g as one of the sixty selected strong ground motions.

For a rigid tank (Tif,h ≈ 0 s), there are no appreciable ẍ (t) in the system as shown in 
Fig. 8a and ẍabs (t) ≈ ẍg (t). As the flexibility and natural time period of the tank increases, 
ẍ (t) also increases and later start synchronizing with ẍabs (t). This overall increase of the 
tank response is corresponding to dominant increase in relative acceleration of a SDOF 
system (see Fig. 7b and c). The usage of the word “dominant” is on purpose because the 
ground acceleration corresponding to max structural response starts decelerating. Further 
increase in Tif,h leads to overall decrease in the amplitude of ẍabs (t) (see Fig. 7 d and 
e). This occurs because the relative acceleration ẍ (t) begins to enter a phase reversal in 
comparison to the ground acceleration ẍg (t) (see Fig. 8 d and e). Lastly, ẍ (t) mirrors into 
ẍg (t) in the reverse phase. This observation can be approximately made by comparing the 
ẍabs (t) at Tif,h = 0.01 s with the ẍ (t) at Tif,h = 4 s in Fig. 7. Mathematically, this can 
be expressed ẍ (t) ≈ −ẍg (t) indicating that the absolute response virtually vanishes due to 
the phase opposition between the tank’s relative acceleration and the ground acceleration 
as shown in Fig. 8f.

	 Srel(T ) = |ẍ(t)|max� (23)

The absolute Sabs(T ) and relative Srel(T ) spectral accelerations can be calculated using 
Eqs. 22 and 23 respectively. The peaks in Fig. 7 are selected for different time period to 
construct the absolute and relative response spectra. Figure 9 shows absolute and relative 
spectra of SDOF systems for 60 PEER strong ground motion along with mean values. The 
relative acceleration response spectra Srel(T ) start to converge to PGA with increasing time 
period.

The deception in using the relative response acceleration spectra for flexible tanks can be 
seen in Fig. 10. For better comprehension, the actual corresponding components of Sabs(T ) 
i.e. ẍg(t) and ẍ(t) are also shown. It is very clear that the actual relative acceleration ẍ(t, T ) 
that corresponds to Sabs(T ) is not equal as Srel(T ). This is due to the fact that the maxima 
of two sets (ẍg(t) and ẍ(t)) of real numbers need not necessary corresponds to the maxima 
of both sets. Furthemore, at increased time periods, an alteration in the phase of the relative 
acceleration ẍ(t, T ) occurs as also depicted in Fig. 8. Consequently, the absolute maxima 
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Fig. 8  Maximum relative accelerations of different impulsive flexible time periods for the Loma Prieta 
Earthquake (PEER NGA-West2 Database 2013) acting at the equivalent impulsive flexible mass

 

Fig. 7  Absolute (left) and relative (right) acceleration time histories in [g] units with a PGA of 0.172g for 
different impulsive flexible time periods for the Loma Prieta Earthquake (PEER NGA-West2 Database 
2013)
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of ẍ(t) may not accurately represent its actual characteristics. This represents the challenge 
in employing the relative acceleration spectra. Furthermore, the legitimate reason that is 
getting carry forward on why the relative response spectrum for the flexible design of LST 
cannot be used is the superposition problem which is discussed in Sect. 4.5. Apart from 
superposition: the lack of consistency (due to site specific ground motion) and complexity 
of spectrum construction are further drawbacks.

4  Force-based approach

Chapter 4 addresses the basic criteria for the differentiation between rigid and flexible 
design of LST under seismic action. Subsequently, the existing simplified methodologies 
for estimating base shear and different superposition rules are compared. The comparison 
leads to introduction of a unified force-based approach by adeptly integrating coefficients 
across different superposition rules. A parametric study is then conducted to evaluate the 

Fig. 10  Absolute and relative 
response acceleration with a PGA 
of 0.172 g for different time periods 
of SDOF system of the Loma Prieta 
Earthquake along with the compo-
nents of the absolute response accel-
erations as ẍg(t, T ) and ẍ(t, T )

 

Fig. 9  a Mean absolute acceleration response spectra and b mean relative acceleration response spectra 
for different time periods of SDOF system for 60 PEER ground motion from NGA-West2 2013)
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base shear outcomes derived from the unified force-based approach against conventional 
existing methodologies. Thereby, the combination rules for seismic actions and superposi-
tion schemes are presented. The chapter culminates by demonstrating the application of the 
unified force-based in terms of impulsive pressure components as an integral advantage in 
the LST seismic design approach.

4.1  Criteria for rigid and flexible tanks

In case of soil-structure interaction (SSI), the increase in the time period and the variation 
in structure to soil-stiffness ratio of a superstructure depends on many dimensionless vari-
ables. One such variable is H/VsT  where H represents the height of the structure, Vs is the 
shear wave velocity in soil and T is the fundamental natural time period of a superstructure 
(Bielak 1974; Veletsos and Nair 1975). Likewise, to quantify the stiffness of a tank system, 
the parameter H/T is used and has a unit of m/s (Stewart et al. 2012). By rearranging Eq. 10 
in terms of H/T it can establish a measurable indicator of a tank’s stiffness or rigidity based 
on Eq. 24. It is important to clarify that H/T itself does not constitute the actual stiffness 
or rigidity of the tank system, but rather serves as an index to quantify it. Consequently, a 
greater value of H/T denotes a more rigid tank, attributable to a greater wall thickness to 
radius ratio sw/R, a lower γ, and a higher modulus of elasticity E for the material.

	

(
H

T

)
=

√
sw/R

2 F (γ)√
γ

√
ρL/E

� (24)

Figure 11 depicts the tank rigidity indicators and their contour mapping. It shows that a 
slender tank with γ greater than 1 compared to a squat one (less than 1) can have the same 
rigidity indicator depending on γ, radius to wall thickness ratio η and radius of tank R. 
Calvi and Nascimbene (2023) suggest a user-friendly table that provides discrete distinc-
tions between rigid and flexible tank according to η and γ. However, the distinction along 

Fig. 11  a Tank rigidity indicators as inferred from Eq. 24 accompanied by their b corresponding contour 
maps for varying γ and sw  for a tank radius of 20 m
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the diagonal of the table which is the dividing line between rigid and flexible design is 
indecisive. Despite the two variable distinction with η and γ, R of a tank also influences 
the fundamental time period and hence the response acceleration of the impulsive flexible 
component. This makes R as a third prominent variable in the flexible design. Furthermore, 
the impulsive masses depends on γ, η and unit weight of the contained liquid and container 
(Veletsos 1984). NZSEE (2009) neglects the later two parameters stating it as secondary 
importance for practical design purposes. This approach promotes a dichotomy in rigid and 
flexible design which ultimately manifests as a constraint. This is shown by the parametric 
study in Sect. 4.5 as a limitation of squat tank design.

4.2  Simplified calculation of base shear

This section explores detailed and simplified procedures for determining base shear and 
available superposition schemes to combine the components. Various approaches are avail-
able in EN 1998-4 (2006) to estimate base shear as shown in Table 1. The SRSS superim-
posed base shear expression in EN 1998-4 (2006) is given in Eq. 25.

	
Fb,h(t) =

√√√√
[

∞∑
n=1

mcn ẍcn (t)

]2

+ [mir ẍg (t)]2 + [mif ẍabs (t)]2� (25)

To begin with, for the relevant frequencies of the liquid storage tanks, the absolute and 
relative accelerations does not differ much. Based on this fact, Scharf (1990a) proposed the 
expression for base shear in the time-history domain shown in Eq. 26.

	
Fb,h(t) =

∞∑
n=1

mcnẍcn(t, Tcn) + mirẍg(t) + mif ẍabs(t, Tif,h)� (26)

Furthermore, Fischer et  al. (1991) suggested 3 superposition schemes (A, B, and C) for 
calculating peak responses using spectral accelerations. The calculation of maximum base 
shear at cos θ = 0◦ for different superposition schemes are given in Eqs. 27, 28 and 29 
respectively.

Table 1  Expressions to calculate total base shear using flexible design approach
S. No. Procedure based on Base shear Fb,h(t)
1 Veletsos (1984) a ∑∞

n=1 mcnẍcn (t) + m
imp

ẍabs (t)

2 Haroun and Housner 
(1981)

∞∑
n=1

mcnẍcn (t) +
(

mir − mif

)
ẍg

(t) + mif ẍabs (t)
3 Fischer et al. (1991) b

∑∞
n=1 mcnẍcn (t) + mir ẍg (t) + mif ẍabs (t)

4 Malhotra et al. (2000) a mc Sabs (Tc) + mimp Sabs

(
Tif,h

)
amimp = mir

b only at relavent typical frequency range of tank-fluid system
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Superposition rule A: Fischer and Rammerstorfer (1982)

	
Fb,h|A =

√√√√
[

∞∑
n=1

mcn Sabs (Tcn)

]2

+ [mir,h Sabs (Tir,h) + mif,h (Sabs (Tif,h) − Sabs (Tir,h))]2� (27)

Superposition rule B: Rammerstorfer et al. (1988)

	
Fb,h|B =

√√√√
[

∞∑
n=1

mcn Sabs (Tcn)

]2

+ [mir,h Sabs (Tir,h)]2 + [mif,h Sabs (Tif,h)]2 � (28)

Superposition rule C:

	
Fb,h|C =

√√√√
[

∞∑
n=1

mcn Sabs (Tcn)

]2

+ [mir,h Sabs (Tir,h)]2 + [mif,h Srel (Tif,h)]2 � (29)

Moreover, EN 1998-4 (2006) suggests an SRSS rule in a response spectral form for estimat-
ing total impulsive base shear (similar to superposition rule B) as given in Eq. 30:

	 Fb,h,imp =
√

{mirSabs(Tir,h)}2 + {mif Sabs(Tif,h)}2� (30)

The key issue is whether Eqs. 26–30 accurately calculate base shears for both rigid and 
flexible design. In case of rigid design it works satisfactory, as mif  can be equated to zero 
leaving only the impulsive rigid term. However, in case of flexible design, the equations fail. 
For instance, if the rigidity is not known in advance, a high frequency tank (Tif,h ≈ 0) using 
Eq. 30 will lead to approximately 

√
2 times the impulsive rigid component (overestimated). 

Similarly, for a highly flexible tank, Eq. 30 does not have the elimination of the impulsive 
rigid term leading to inaccuracies. It is unseemly to use Eqs. 26–30 for relevant frequencies 
which not only depends on the tank characteristics but also soil conditions in case of SSI 
effects. For instance, Tir,h and Tif,h are modified by the supporting soil stiffness. As a result 
Tir,h which would typically be assumed as zero for a rigid tank is no longer valid. In order 
to reformulate, instead of absolute response acceleration Sabs(Tif,h) for impulsive flexible 
term, relative response acceleration Srel(Tif,h) can be used. But the use of relative response 
spectra is difficult as discussed in Chapter 3. Another way of estimating the impulsive base 
shear is given in Eq. 31 (Haroun and Housner 1981; NZSEE 2009). The major change here 
is the use of difference in impulsive rigid and flexible equivalent mass for the impulsive 
rigid component.

	
Fb,h(t) =

∞∑
n=1

mcnẍabs(t, Tcn) + (mir − mif ) ẍg(t) + mif ẍabs(t, Tif,h)� (31)
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Despite the effectiveness of the formulation, the precise definition of the equivalent impul-
sive rigid mass is not consistently utilized. In case of rigid tank design it is defined as 
impulsive mass "mir" and in case of flexible tank design it is defined as rigid impulsive 
mass "mir − mif ". This characterization is also a skeptic means of describing the impulsive 
rigid hydrodynamic pressure distribution on the tank wall. Furthermore, the utilization of 
the relative acceleration for the impulsive flexible component is absent. Another simplified 
approach of estimating base shear is given in Eq. 32. While this approach provides conve-
nient estimates of base shear (or overturning moments), it is inadequate for determining the 
corrected pressure distribution, particularly for flexible tanks.

	
Fb,h(t) =

∞∑
n=1

mcnẍabs(t, Tcn) + mir ẍabs(t, Tif,h)� (32)

4.3  Unified force-based approach

A unified force-based approach is characterized by the integration of rigid and flexible 
design principles into a single approach using tabulated pressure and force coefficients 
which eliminates the distinction between these two design methodologies. When employ-
ing a unified force-based approach, the impulsive flexible component is consistently utilized 
without the necessity for checking the rigid or flexible design. If a tank is perfectly rigid, 
the flexible component becomes negligible, and conversely, if it is highly flexible, the total 
impulsive component vanishes. The consistent utilization of a well-defined methodology of 
liquid storage tank is a crucial aspect of the unified force-based approach. This also neces-
sitates the use of relative acceleration in the impulsive flexible component particularly in 
response spectral format. This is described in the subsequent paragraphs.

In general, the symbol R is introduced to represent any peak structural response such as 
hydrodynamic pressure, base shear or overturning moment. The non-acceleration param-
eters associated with R are denoted by R̄. R̄ represents the convective, impulsive rigid, and 
impulsive flexible components of R without including the amplification effects caused by 
their respective response spectral accelerations. Therefore, R in a ABSSUM form can be 
written using Eq. 33:

	
R =

∞∑
n=1

R̄cn |ẍcn (t)|max + R̄ir,h |ẍg (t)|max + R̄if,h |ẍ (t)|max� (33)

In order to use the relative response acceleration |ẍ (t)|max in its spectral format, there are 
two possibilities. The first possibility is shown in Eq. 34 that defines the absolute maxima of 
the relative acceleration time history.

	 |ẍ (t)|max = |ẍabs (t) − ẍg (t)|max → Srel (Tif,h) � (34)

However, the direct application of the relative response spectrum is challenging as explained 
in Chapter 3. The second possibility is given in Eq. 35 that defines the relative acceleration 
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as a difference of the individual absolute maxima of absolute and ground acceleration time 
history. This also forms the foundation of the unified force-based approach.

	 |ẍ (t)|max = |ẍabs (t)|max − |ẍg (t)|max → Sabs (Tif,h) − Sabs (Tir,h)� (35)

Eq. 35 becomes more intuitive and logical when directly combined with the impulsive rigid 
terms using the ABSSUM approach as shown in Eq. 36.

	
R =

√√√√
[

∞∑
n=1

R̄cn Sabs (Tcn)

]2

+
[
R̄ir,h Sabs (Tir,h) + R̄if,h {Sabs (Tif,h) − Sabs (Tir,h)}

]2� (36)

By using the difference in the absolute spectral acceleration and PGA for the impulsive 
flexible component (Eq. 35) and directly adding the impulsive flexible components with 
impulsive rigid components (Eq. 36) along with the superposition principle forms the core 
formulation of the unified force-based approach. For instance, in case of rigid tank, the 
impulsive flexible period Tif,h closely approximates the impulsive rigid period Tir,h, effec-
tively reducing the contribution of the flexible component to zero. Conversely, in the case 
of a flexible tank, the relative acceleration is exclusively considered for the flexible com-
ponent. When combined with the rigid component, ensures the overall impulsive response. 
This also aligns with the consistent definition of simplified impulsive equivalent masses 
with their corresponding response accelerations. For instance, the base shear using the force 
coefficients can be written as given in 37.

	 Fb,h =
√

[Fb,c]2 + [Fb,ir,h + Fb,if,h]2 =
√

[Fb,c]2 + [Fb,h,imp]2� (37)

with: 
Fb,c	 = CF,c Γc mL Sabs(Tc)
Fb,ir,h	 = CF,ir,h Γir,h mL Sabs(Tir,h)
Fb,if,h	 = CF,if,h Γif,h mL {Sabs(Tif,h) − Sabs(Tir,h)}
Fb,h,imp	 = Fb,ir,h + Fb,if,h

4.4  Combination rules and superposition schemes

According to Karaferis and Vamvatsikos (2021) the amplification factor of the seismic 
action effect due to 2nd horizontal component of the earthquake can be reduced from 30% 
to 12% into a unidirectional since the tanks are the axisymmetric structures. Therefore, the 
combination of the action effects due to horizontal earthquake EEdx and the action effects 
due to vertical earthquake EEdz  in the SRSS (Square Root of the Sum of Squares) format 
for an on-ground vertical cylindrical tank is given in Eq. 38. The maximum of the two pos-
sible actions is taken. The factor 0.34 is the result of 0.30 x 1.12.

	





√
{1.12 EEdx}2 + {0.30 EEdz}2

√
{0.34 EEdx}2 + {1.00 EEdz}2

� (38)
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Therefore, total hydrodynamic pressure phyd,w acting on the wall due to combined horizon-
tal and vertical seismic action is given as in Eq. 39.

	
phyd,w = max

(√
{1.12 ph}2 + {0.30 pv}2

,

√
{0.34 ph}2 + {1.00 pv}2

)
� (39)

with: 

ph	 = 
√

pc
2 + {pir,h + pif,h}2

pv 	 = pir,v + pif,v

Furthermore, the superposition schemes of the reactions i.e. base shear Fb,h, overturning 
moment (Mw and Mg) and vertical support reaction Fv  of the unified force-base design 
approach is succinctly given in Eq. 40.

	




Fb,h =
√

{Fb,c}2 + {Fb,ir,h + Fb,if,h}2

Mw =
√

{Mw,c}2 + {Mw,ir,h + Mw,if,h}2

Mg =
√

{Mg,c}2 + {Mg,ir,h + Mg,if,h}2

Fv = Fir,v + Fif,v

� (40)

4.5  Parametric study

To verify the consistency of the unified force-based approach, a parametric study is carried 
out. The peak structural response is selected as impulsive base shear. The focus remains 
only on the impulsive part as the convective component combinations remains same as 
other approaches. Tank geometries according to Table 2 are assumed. The height H and wall 
thickness sw of the tank is adjusted to have corresponding aspect ratio γ and time period 
Tif,h of the liquid tank.

The impulsive base shear according to the unified force-based approach is given in 
Eq. 41. It is imperative to add the two impulsive components in an ABSSUM format, as 
applying the SRSS method for the two components is not permissible. The notation used is 
"U" for unified design.

	 Fb,h,imp|U = CF,ir,h Γir,h mL Sabs(Tir,h) + CF,if,h Γif,h mL {Sabs(Tif,h) − Sabs(Tir,h)}� (41)

The simplified equation for estimating impulsive base shear is given in Eq. 42 according to 
Malhotra et al. (2000). The notation used is "M".

	 Fb,h,imp|M = mirSabs(Tif,h)� (42)

Radius R [m] 5
Density of liquid ρL [ t

m3 ] 1
Aspect ratio γ = H

R
[-] [0.2 0.6 1 2]

Time periods Tif,h [s] [0.01 0.02 0.03.... 4]

Table 2  The liquid density and 
geometrical properties of the 
tank in parametric study
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All base shear estimation formulae offered in EN 1998-4 (2006) are presented in a time-
history format, except for the incorporated superposition rule B. Although, the superposition 
rules described in Fischer et al. (1991) are for hydrodynamic pressure, the same rules are 
compared again with unified force-based approach for impulsive base shear and are shown 
in Eqs. 43–45. The notation used is "A", "B" and "C" respectively.

	 Fb,h,imp|A = mirSabs(Tir,h) + mif {Sabs(Tif,h) − Sabs(Tir,h)} � (43)

	 Fb,h,imp|B = mirSabs(Tir,h) + mif Sabs(Tif,h) � (44)

	 Fb,h,imp|C = mirSabs(Tir,h) + mif Srel(Tif,h) � (45)

To ensure consistency in comparison, the superposition rules B and C are evaluated in 
ABSSUM format. The primary distinction between the superposition rule A and superposi-
tion scheme from unified force-based approach is the estimation of the impulsive equivalent 
masses using force coefficients instead of iteration of Bessel functions which has not been 
carried forward to any design codes till present.

The expression of impulsive base shear presented in NZSEE (2009) is given in Eq. 46. 
In essence, Eq. 46 demonstrates the differentiation between the rigid and flexible design of 
tanks solely in terms of γ. The notation used is "N".

Fig. 12  Impulsive base shear Fb,h,imp for different γ for a tank radius R = 5 m. comparing approaches
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{
Fb,h,imp|N = mirSabs(Tir,h) ∀ γ ≤ 1
Fb,h,imp|N = {mir − mif } Sabs(Tir,h) + mif Sabs(Tif,h) ∀ γ > 1 � (46)

The mean absolute acceleration spectra shown in Fig. 9 is used for the study. The PGA is 
taken as 0.21g.

Figure 12 plots the impulsive base shear Fb,h,imp for different Tif,h and γ of a tank. 
Initially, Fischer et al. (1991) demonstrated that the superposition rule B or C can be applied 
for liquid storage tanks across a broad frequency range. This is accomplished by utilizing 
the absolute and relative response spectra respectively. Nevertheless, a universal trend exists 
in the response spectra, wherein the velocity sensitive range demonstrates a convergence 
of the maxima of both the absolute and relative spectra as illustrated in Fig.  12 a to d. 
However, this seems overestimated when compared to the base shear values from Malhotra 
et  al. (2000). The utilization of superposition rule in EN 1998-4 (2006) often overlooks 
the significance of superposition rule A. As shown in Fig. 12a, it aligns with the simplified 
methodology proposed by Malhotra et al. (2000) for wide range of different γ and impulsive 
flexible time period of tanks.

Figure 12 a to d demonstrates that the base shears resulting from the application of super-
position rule B (Eq. 44) are overestimated for rigid tanks exactly by 

√
2 times. Furthermore, 

even for highly flexible tanks, the impulsive component does not diminish since super-
position rule B does not eliminate the impulsive rigid component. As a result, base shear 
estimates naturally approaches the value of Tif,h = 0 again, which does not make physi-
cally sense for flexible tanks. It is impossible to eliminate the impulsive rigid and flexible 
components through superposition using the SRSS rule, as they must be counterbalanced in 
opposite phase at higher time periods.

The base shear estimates from superposition rule C (Eq. 45) are valid only in the accel-
eration sensitive regions of the spectra. Although as discussed in Chapter 3, it is recom-
mended to avoid the use of relative spectra. The condition Srel (Tif,h) ≈ Sabs (Tif,h) is 
also0 satisfied in the velocity sensitive region of the spectra, as depicted in Fig. 12 which 
results in the Fb,h,imp values aligning with superposition rule B but does not matches again 
with the approach by Malhotra et al. (2000). In the displacement sensitive region of the 
response spectra for higher time periods, the impulsive component does not disappear and 
is substantially overestimated. This is due to the fact that maxima of relative spectral accel-
eration Srel (Tif,h) for impulsive flexible component starts approaching the Sabs (Tir,h).

Equation 46 makes a distinction between rigid and flexible design approach in terms 
of γ. As shown in Fig. 12 a to c, due to rigid design the base shear is constant for γ ≤ 1. 
The consideration of wall thickness flexibility is an important aspect to be included in the 
seismic design of squat tanks as suggested by Calvi and Nascimbene (2023). This limitation 
in the existing guidelines indicates a need for further research and development in order to 
ensure the safe and efficient seismic design of squat tanks. In spite of the limitation for squat 
tanks, Eq. 46 starts following the same trend as with the unified force-based approach for 
γ > 1 as shown in Fig. 12d.

The base shear estimates from Eq. 42 matches well with the unified force-based approach 
as shown in Fig. 12. The difference in the approach is the use of single (impulsive rigid mass) 
and double (impulsive rigid and flexible masses) - SDOF oscillator for simplified and uni-
fied force-based approach respectively. The base shear estimates from unified force-based 
approach are a marginally lower for lower time periods in comparison to Eq. 42 because of 
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the consideration of impulsive flexible masses, which are observed to be consistently lower 
than impulsive rigid masses. The effect is vice-versa for higher time periods.

To summarize, the base shear from the unified force-based approach keeping the consis-
tent definition intact to each impulsive component works well and are in line with Malhotra 
et al. (2000), superposition rule A from Fischer et al. (1991) and NZSEE (2009) for γ > 1. 
However, when applying the superposition rule B and C, it has been observed that inconsis-
tent results may occur for a wide range of time periods. The similar trend can be observed 
for overturning moments.

4.6  Inherence nature of unified force-based approach

The subsequent study is conducted with a view to verify the procedure of unified force-
based approach for the simplified hydrodynamic pressure distribution in particular to impul-
sive flexible component. In order to see the effects of tank rigidity for squat tanks (γ < 1) 
another parametric study is performed. The main aim is to check the contribution of hydro-
dynamic impulsive rigid and flexible pressure distribution for different γ and sw of the 
tank shell. The geometric and material properties remain unchanged from those detailed in 
Table 2, and the loading conditions are in accordance with the mean absolute acceleration 
spectra presented in Fig. 9 with a PGA of 0.21g. For the analysis of pressure function, the 
time period given in Eq. 10 is used. The impulsive rigid and impulsive flexible pressure is 
calculated using Eqs. 47 and 48 in their response spectral acceleration format as per the uni-
fied force-based method.

	 pir,h(ξ = 1, θ = 0◦, ζ) = R ρL Cir,h(γ, ζ) Sabs(Tir,h) Γir,h � (47)

	 pif,h(ξ = 1, θ = 0◦, ζ) = R ρL Cif,h (γ, ζ) {Sabs (Tif,h) − Sabs (Tir,h)} Γif,h � (48)

The time period Tif,h contour obtained for different γ and sw shown in Fig. 13a clearly 
shows for higher wall thickness and lower aspect ratios of tank the time period are small and 
vice-versa. It also shows the indication of the rigidness of two tanks can remain the same 
(shown as contour) depending on γ and sw. The respective position of absolute acceleration 
with respect to PGA i.e. acceleration amplification factor is also shown in Fig. 13b. Clearly, 

Fig. 13  a Tank period contour for squat tanks and b respective response acceleration with respect to PGA
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the tanks with lower time periods Tif,h (rigid tanks) will lie closer to the initial phase of 
response spectrum i.e. PGA. Here, Tif,h = 0 corresponds to value 1.0. As the time period 
of the tank increases, corresponding response acceleration starts following the normalized 
response spectrum surface shown in Fig. 13b in 3D for different γ and sw of the tank.

The plots of resulting impulsive rigid and impulsive flexible hydrodynamic pressure for 
(γ ≤ 1) are shown in Fig. 14a to d. Figure 14a clearly shows steel tank with thicker wall 
thickness, the impulsive flexible pressures function are low and even close to zero for squat 
tanks. As the γ of the tank increases, impulsive flexible pressure starts dominating for thin-
ner wall sections (Fig. 14 b to c). For thicker wall sections, an appreciable amount of flexible 
component still exist for higher γ. Although, it is important to note that in case of slender 
tanks, higher modes becomes decisive and the unified force-base approach is limited to only 
one eigen mode only. With further increase in γ, the impulsive flexible pressure increases as 
seen in Fig. 14d. The plots for squat tanks clearly identifies the impulsive flexible compo-
nent that increase with γ and decrease with sw. The study shows that the differentiation of 
rigid and flexible tank design mere on the basis of γ is clearly controversial.

With the use of unified force-based approach, the flexibility of liquid storage tank in 
terms of its γ, sw and a corrected hydrodynamic impulsive pressure distribution is imple-
mented. The differentiation between the tanks with respect to γ is no longer required as 
it can represent all the tank configuration inherently. The dominating impulsive flexible 
pressures in squat tanks gets unified to the impulsive pressure and hence rigid design is 
eliminated.

Fig. 14  Impulsive pressure distribution (rigid and flexible component) for different γ and sw
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5  Validation

In order to validate the unified force-based approach formulation, the experimental results 
from Manos and Clough (1982) and the same tank extended with FEM results from Ozdemir 
et al. (2010) are utilized as a benchmark. Table 3 shows the material and geometrical prop-
erties of the tank model used in the experiment. The open-top, broad tank was a 1/3 scale 
model of a steel prototype, made up of aluminum with an L-shaped girder placed on the 
second shell course. The horizontal shaking motion with a peak table acceleration of 0.5g 
of the El Centro 1940 earthquake was applied which was also scaled with regard to time by 
1/

√
3 because of similitude requirements.

Fig. 15  Horizontal table acceleration and its acceleration response spectra for 0.5% and 5% as sloshing 
and impulsive damping

 

Nomenclature Symbol Unit Squat tank
Geometrical properties
Inner radius R [m] 1.83
Total height L [m] 1.83
Fluid height H [m] 1.53
Aspect ratio γ [-] 0.84
Wall thickness shell course 1 sw1 [mm] 2.0
Wall thickness shell course 2 sw2 [mm] 1.3
Fluid properties (Water)
Fluid density ρL [ t

m3 ] 1.0
Fluid mass mL [t] 16.1
Tank properties (Aluminium)
Material density ρT [ t

m3 ] 2.7
Young’s modulus of elasticity E [GPa] 71
Yield strength fy [MPa] 100

Table 3  Parameter of the fluid-
tank system according to Manos 
and Clough (1982)
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Figure  15a shows the horizontal table acceleration and Fig.  15b shows acceleration 
response spectra for 0.5% and 5% as sloshing and impulsive damping respectively. The 
acceleration response spectra were created using the average acceleration method using 
the Newmark approach from Vamvatsikos (2011) that matched the spectra according to 
Ozdemir et  al. (2010). Also, the fundamental time period obtained from the experiment 
and corresponding response acceleration to impulsive and convective motions are shown in 
Fig. 15b. The response acceleration is later used to validate the unified force-based approach 
formulation.

The two-step validation is carried forward. In the first step, the coefficients in Chapter 2 
for (hydrodynamics pressure, base shear, and overturning moment) are applied to the exper-
imental tank for validating the coefficients in the time series domain. In the second step, the 
validated coefficients with the unified force-based approach formulation are compared with 
the experimental maximum values.

5.1  First stage validation of coefficients in time domain

The time history of hydrodynamic pressure observed in the experiment at 0.05 m (ζ = 0.033
) height above the tank base is used for validation. The effect of the convective pressure 
component near the base of the tank is negligible and hence neglected. Equations 49–51 
show the impulsive rigid, impulsive flexible, and combined hydrodynamic pressure equa-
tion with coefficients for the selected experimental tank respectively.

	 pir,h(ξ = 1, ζ = 0.033, θ = 0◦, t) = R ρL Cir,h (γ, ζ) cosθ ẍg (t) � (49)

	 pif,h(ξ = 1, ζ = 0.033, θ = 0◦, t) = R ρL Cif,h (γ, ζ) cosθ ẍ (t, Tif,h, ξimp) � (50)

	 pimp,h(t) = pir,h(t) + pif,h(t) � (51)

The aspect ratio γ of the broad tank is calculated as 0.84. The interpolated impulsive rigid 
Cir,h and impulsive flexible Cif,h hydrodynamic pressure coefficients for ζ = 0.033 are 
calculated as listed in Table 4. Likewise, the interpolated impulsive rigid Γir,h and impul-
sive flexible Γif,h participation factors are given in Table 4. The ground acceleration ẍg (t) 
is used for the impulsive rigid component whereas the relative acceleration ẍ (t) for the 
experimentally obtained impulsive mode period Tif,h = 0.114 s and impulsive damping 
ξimp = 5% is calculated using the approach shown in Chapter 3.

Coefficients Symbol Mode
Convective 
(j = c)

Impul-
sive rigid 
(j = ir, h)

Impulsive 
flexible 
(j = if, h)

Hydrodynamic 
pressure at 
(ζ = 0.033)

Cj 0.346 0.652 0.247

Base shear CF,j 0.518 0.479 0.26
Overturning mo-
ment (wall)

CMW,j 0.304 0.192 0.12

Participation 
factor

Γj 1 1 1.638

Table 4  The interpolated tabular 
coefficients for γ = 0.84
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Figure 16a compares the experimentally obtained pressure close to the base of the tank 
and the hydrodynamic impulsive pressure calculated using the pressure coefficients. The 
pressure magnitudes are in close correlation and are consistently predicted. The maximum 
pressure magnitude also matches. Likewise, the coefficient-derived base shear and the over-
turning moment are compared with the numerical FEM analysis performed by Ozdemir 
et al. (2010). In this comparison, the base shear and overturning moment due to the sloshing 
are now considered.

The expressions given in Eq. 40 were used for the calculation of base shear and wall 
overturning moment using the unified force-based approach. Figure 16 b and c shows the 
corresponding time series plot of base shear and overturning moment respectively.

5.2  Second stage validation of unified force-based approach with response 
spectrum

The second stage of validation concentrates on implementing the unified force-based 
approach in response spectrum format by incorporating the previously validated tabular 
coefficients. As stated earlier, the approach offers a simplified formulation for computing 
hydrodynamic pressure components and stress resultants by utilizing acceleration response 
spectra. The acceleration component in the time history is replaced with the spectral 
response acceleration corresponding to the respective fundamental mode. In this case, the 
response spectra presented in Fig. 15b is applied to calculate the spectral accelerations and 
further absolute maximum values of the hydrodynamic pressure, base shear, and overturn-

Fig. 16  Comparision of a 
impulsive pressure, b base shear, 
and c overturning moment time 
histories of the experimental tank
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ing moment. For the convective and impulsive rigid component, the respective spectral 
response accelerations, namely Sabs(Tc) = 0.075g and Sabs(Tir,h) = 0.506g, are applied. 
Furthermore, as explained in Chapter 4, for the impulsive flexible component, the differ-
ence between absolute spectral response acceleration, i.e., Sabs(Tif,h) = 0.628g, and rigid 
spectral response acceleration Sabs(Tir,h) is used which turns out to be 0.122 g (Table 5).

The comparison of the results commences with an examination of the hydrodynamics 
pressure function. Notably, the absolute maxima of the experimental hydrodynamic pres-
sure function at the base of the tank match with the result obtained using the unified force-
based approach with a little conservative error of 2%. Moreover, the numerically derived 
base shear obtained by Ozdemir et al. (2010), approximately 46 kN, correlates precisely 
with the tabulated coefficients as well as the unified force-based approach. It becomes evi-
dent that the base shear values derived from API 650 (2013) and NZSEE (2009) are notably 
underestimated due to the rigid design approach. Conversely, the approach presented by 
Malhotra et al. (2000), despite adopting a flexible design, slightly overestimates the base 
shear value due to the consideration of only impulsive rigid mass. Furthermore, a similar 
observation can be made regarding the overturning moment. The unified formulation utiliz-
ing the response spectrum yields considerably fair results aligning well with the experimen-
tal values.

6  Application

The unified force-based design approach allows for straightforward calculation of seismic 
demands as demonstrated in Chapter 4. Furthermore, a significant benefit lies in the ability 
to utilize the unified hydrodynamic pressure distribution as a quasi-static equivalent loadm 
enabling the estimation of meridian and circumferential stresses for the tank geometry. 
This approach proves highly advantageous, leading to substantial time savings by avoiding 
exhaustive fluid–structure interaction simulations. In this chapter, two examples are shown 
using the FEM software InfoCAD (2024) to showcase an application wherein the hydro-
dynamic pressure, calculated through a unified force-based approach is applied as a quasi-
static equivalent load to evaluate the increase in stresses and base shear as shown in Fig. 17.

The tank base and wall are modeled using shell elements (SH46). The application of the 
total hydrodynamic pressure ph involves imposing area element loads as quasi static loads 
on each shell element as shown in Fig. 17. The magnitude of the area load varies along the 
depth of the liquid height as well as the in the circumferential direction with a cosine func-
tion. The initial example utilizes the identical experimental tank (squat tank with γ ≤ 1) 
from the previous chapter (Chapter 5). In contrast, the subsequent example demonstrates 
the systematic application of the unified force-based approach for a considerably slender 
tank (γ > 1).

6.1  Example 1

The numerical model employs the same tank (open-top, fixed support condition) dimen-
sions and material properties as those used in the experimental study as shown in Table 3. In 
the tank model, the wall thickness is maintained uniformly at 2 mm. It is important to note 
that this tank model represents a scaled-down experimental version, as a thickness of 2 mm 
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is significantly less than what is found in realistic applications. To ensure brevity, geomet-
ric and material linearity is applied, considering that the observed meridian stresses in the 
experimental study remained well within the elastic limit. The pressure coefficients convec-
tive Cc, impulsive rigid Cir,h and impulsive flexible Cif,h are interpolated for γ = 0.84
. Thereby, the distribution of the calculated hydrodynamic pressure components along the 
height of the tank for θ = 0◦ is shown in Fig. 18. The time periods and response spectral 
accelerations for each component, as detailed in Sect. 5.2, remain unchanged.

The example combines the impulsive flexible pif,h and impulsive rigid pir,h components 
using the unified force-based formulation (see Eq. 36). Figure 18b shows that the impulsive 

Fig. 18  Hydrodynamic pressure distribution of each component and combined pressure ph at θ = 0◦ due 
to horizontal seismic excitation

 

Fig. 17  Quasi-static application of the hydrodynamic pressure on the FEM tank model using InfoCAD 
(2024)
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flexible pressure component is smaller compared to the impulsive rigid pressure component 
but exhibits a non-zero distribution attributable to the squat tank. The SRSS is employed 
to combine the convective pc and impulsive hydrodynamic pressure components pimp,h to 
get total hydrodynamic pressure ph as shown in Fig. 18c. This resulting pressure ph is then 
applied as an area element load to the tank wall as shown in Fig. 19 to calculate meridian 
and circumferential stresses.

As presented in Table 6, the numerically calculated base shear 47.6 kN  approximately 
matches with the analytically derived base shear 46.8 kN , confirming the accurate applica-
tion of the total hydrodynamic pressure load. The quasi-static analysis indicates that com-
pressive meridional stresses are concentrated at the bottom of the tank wall, reaching a value 
of 6.34 MPa. This value is slightly higher than the experimentally derived compressive 
meridional stress of 4.9 MPa. Conversely, equal and opposite tensile meridional stress is 
observed at the opposite end of the tank. In Table 6, the compressive meridional stresses 
obtained from alternative approaches, sourced from Ozdemir et  al. (2010) are also pre-
sented. It has been observed that the compressive meridional stress values derived from 
these other approaches were found to be underestimated. The potential cause for this dis-
crepancy could be attributed to the variation in the calculation of the impulsive flexible time 
period, resulting in lower spectral acceleration values and consequently reduced compres-
sive meridional stresses. Furthermore, stresses from Housner (1963) approach are under-

Approach/Literature Base 
shear 
(kN)

Shell axial 
membrane 
stress 
(MPa)

FEM/(Unified force-based approach) 47.6 6.34
Formulation/(Unified force-based approach) 46.8 –
Experiment/Manos and Clough (1982) – 4.90
FEM/Ozdemir et al. (2010) 46.1 3.30
API 650 (2013)/Housner (1954) 38.7 1.25
EN 1998-4 (2006)/Veletsos and Yang (1977) 50.1 1.77
EN 1998-4 (2006)/Malhotra et al. (2000) 53.1 1.93
NZSEE (2009)/Veletsos (1984) 40.8 1.40

Table 6  Comparison of base 
shear and maximum axial 
membrane stress due to hydro-
dynamic pressure for different 
approaches

 

Fig. 19  Application of equivalent static load to the squat tank wall and corresponding distribution of 
meridian stresses and circumferential stresses at the tank
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estimated due to neglecting of the impulsive flexible pressure. However, by employing the 
hydrodynamic loads as a static load through FEM and adopting a unified rigid and flexible 
design approach an adequate estimation of the stresses within the tank system is achieved, 
thereby circumventing time-consuming calculations.

6.2  Example 2

In this example, the systematic implementation of the unified force-based approach is 
applied to a slender steel tank from Meskouris et  al. (2019). DIN 4149 (2005) response 
spectrums are applied for the consistent comparison between the literatures. The base shear, 
overturning moment (wall), overturning moment (wall and base) for each hydrodynamic 
pressure components are calculated. Subsequently, after deriving pressure components, the 
hydrodynamic pressure functions are applied as an equivalent static load to the numerical 
tank model (Table 7). Finally, the response parameters are evaluated and compared.

The vibration periods are calculated using the expressions provided in Chapter 2 and 
hence the convective Tc, impulsive rigid period Tir,h, and impulsive flexible eigenperiod 
Tif,h were 2.26 s, 0 s and 0.34 s respectively. FprEN 1998-4 (2025) suggests the use of the 
elastic spectrum for the convective component, whereas the design (or reduced) spectrum 
(q = 1, 2) for the impulsive component. Therefore, the corresponding elastic spectral accel-
eration Sabs (Tc) for the convective component is 0.354 m

s2 . Since the impulsive rigid period 
is 0s, the design (or reduced) response spectral acceleration Sabs (Tir,h) is equal to 0.54 m

s2

. In the case of an impulsive flexible component, the absolute reduced response spectral 
acceleration Sabs (Tif,h) turns out to be 1.125 m

s2  (Fig. 20).
The difference between the spectral accelerations Sabs (Tif,h) − Sabs (Tir,h) which 

equals 0.585 m
s2  is used in order to calculate the impulsive flexible pressure components 

as per unified force-based approach. The tabulated pressure coefficient Cj , along with the 
force and moment coefficients (CF,j , CMW,j , CM,j) and the participation factor Γj , where 
(j = {c; ir, h; if, h}) were extracted for γ = 6. These coefficients were utilized to compute 

Nomenclature Symbol Unit Slender tank
Tank properties
Inner radius R [m] 2.35
Tank length L [m] 15.75
Liquid height H [m] 14.1
Aspect ratio γ = H

R
[–] 6

Wall thickness sw [mm] 3.7
Young’s modulus of elasticity E [GPa] 170
Fluid properties
Fluid density ρL [ t

m3 ] 1.35
Liquid mass mL [t] 330.25
Seismic loading
Importance factor γi [–] 1.2
Spectrum class C-S
PGA ag [ m

s2 ] 0.6
Convective damping ξc [%] 0.5
Behavior Factor q [–] 1.2

Table 7  Parameters of the fluid-
tank system (Meskouris et al. 
2019)
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the hydrodynamic pressure components and were superimposed using unified approach to 
have total hydrodynamic pressure ph, as illustrated in Fig. 21.

The upper half of the tank shell experiences a greater concentration of total hydrody-
namic pressure ph due to a significant impulsive flexible response acceleration. The base 
shear and overturning moments from the unified force-based approach are compared with 
the other literature’s as shown in Table 8. It is to be noted that the impulsive components 
are typically summed before applying the SRSS rule to integrate the convective and impul-
sive components. However, in Meskouris et al. (2019), Malhotra et al. (2000), and Hous-
ner (1963), each component are combined using the SRSS rule individually. Due to the 
minimal impact of the convective pressure, the following paragraph centers on comparing 
the impulsive components. The impulsive flexible base shear and moments outcomes from 
Meskouris et al. (2019) as (228.7 kN, 2056.9 kNm, 2060.1 kNm) are higher relative to the 
unified force-based approach (135.1 kN, 1165.0 kNm, 1167.7 kNm), primarily because they 
employ superposition rule B which leads to overestimation (see Sect. 4.5). Interestingly, 
the combined superposition results closely align with those from the unified force-based 

Fig. 21  Hydrodynamic pressure distribution of each component and combined pressure ph at θ = 0◦ due 
to horizontal seismic excitation

 

Fig. 20  a Design (reduced) and elastic response spectra according to DIN4149 (2005), b Design and elas-
tic response spectra for impulsive and convective component respectively with eigen periods and spectral 
accelerations for each pressure component
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approach. This similarity arises because the unified force-based approach involves summing 
the impulsive components directly, while in Meskouris et al. (2019), the individual com-
ponents are combined using the SRSS method resulting in comparable outcomes. In com-
parison with Malhotra et al. (2000), the combined base shear of 342.3 kN is overestimated 
compared to the unified force-based approach 299.4 kN because of the exclusive use of the 
impulsive rigid mass mir in the simplified procedure. Regarding overturning moments, 
there is a good match between the approaches. This matching in moments can be attributed 
to the fact that in the unified force-based approach, the equivalent height of the impulsive 
flexible component is higher, while in the simplified procedure the impulsive rigid height is 

Table 8  Comparison of the total base shear and overturning moments
Parameter Unit Unified force-

based approach
Iterative added 
mass FEM

Simplified 
procedure

Rigid 
design

FprEN 1998-4 
(2025)

Meskouris et al. 
(2019)

Malhotra 
et al. (2000)

Housner 
(1963)

Notation: (j = c | ir,h | if,h) (j = c | ir,h | if,h) (j = c | imp,h) (j = c | 
ir,h)

Hydro-
dynamic 
Component

Acceleration [ m
s2 ] 0.354 | 0.540 | 

0.585
0.354 | 0.540 | 
1.125

0.354 | 1.125 0.354 | 
0.54

Γj [−] 1.0 | 1.0 | 1.63 2.0 | 1.0 | 1.67 - -
Fb,j [kN] 9.2 | 164.2 | 135.1 17.9 | 160.9 | 228.7 8.9 | 342.1 6.4 | 

172.9
Mw,j [kNm] 118.3 | 1075.7 | 

1165.0
118.3 | 1049.6 | 
2056.9

113.7 | 
2241.4

81.9 | 
1137.8

Mg,j [kNm] 118.3 | 1093.2 | 
1167.7

118.3 | 1066.5 | 
2060.1

113.7 | 
2277.7

81.9 | -

Superposi-
tion (SRSS)

Fb [kN] 299.4 280.2 342.3 172.9
Mw [kNm] 2243.8 2312.2 2244.2 1140.8
Mg [kNm] 2264.0 2322.8 2280.6 -

Fig. 22  Application of equivalent static load to the slender tank wall and corresponding distribution of 
meridian stresses and circumferential stresses at the tank
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lower, resulting in a balanced outcome for the overturning moments. Since mif < mir ∀ γ, 
the estimated forces and moments are more effectively calculated in FprEN 1998-4 (2025).

In the FEM model, the wall thickness is maintained uniformly at 3.7 mm. To ensure brev-
ity, geometric and material linearity is applied. The total hydrodynamic pressure function ph 
was applied as an equivalent static load to the slender tank FEM model as shown in Fig. 22. 
The maximum meridian stress obtain was 36.05 MPa that concentrated at the bottom of the 
tank. Unlike the previous example, the stress distribution extended more towards the upper 
part of the shell, attributing to the tank’s higher γ and reduced sw. Similarly, the maximum 
circumferential stress recorded was 10.81 MPa. Both stress values fall well within the elas-
tic limit.

In conclusion, this chapter effectively demonstrates the application of the unified force-
based approach through two distinct examples, highlighting the use of total hydrodynamic 
pressure as an equivalent static load. This method ensures an easy path and comprehensive 
understanding of stress distributions within the tank walls. Such quasi static load applica-
tion, particularly in the context of redesigning tank geometries and conditions, underscores 
the versatility of the unified formulation. It offers significant time savings to designers, 
streamlining the process of adapting designs to meet specific structural requirements while 
ensuring accuracy and reliability in stress analysis.

7  Conclusion

The paper critically examined classification of the above ground LST into rigid and flexible 
tanks present in the existing codes and proposed a unified force-based design approach for 
seismic analysis of such tanks. Different methodologies proposed in the codes and literature 
demonstrated limitations in practicality and accuracy with issues in employing complex 
iterative procedures, simplified relative accelerations for impulsive flexible component, 
evaluating impulsive flexible pressures, and defining equivalent impulsive masses for rigid 
and flexible tanks. The analysis of response spectral components for flexible design of LST 
revealed that the simultaneous application of spectral ground and relative acceleration with-
out altering impulsive component definitions is a significant challenge and leads to under 
or overestimates of seismic demands. By scrutinizing the definitions of hydrodynamic 
impulsive components, the parametric study revealed inconsistencies in estimating total 
base shear and overturning moments for different tank geometries when applying various 
superposition rules across different time periods.

The unified force-based approach introduced a formulation for applying simplified rela-
tive accelerations to impulsive flexible components by utilizing existing pressure coeffi-
cients and spectral acceleration with correct superposition scheme intending to provide a 
streamlined alternative to distinct definitions to rigid and flexible design. It standardizes the 
treatment of LST by combining aspect ratio γ, wall thickness, and hydrodynamic impul-
sive pressure thereby eliminating the need for rigid design distinctions across different 
aspect ratio and wall thickness ratio. The two stage validation of the unified force-based 
approach through the results of a previously conducted research showed that the estimation 
of maximum pressure, stress resultants, and meridian stresses were in close proximity. The 
application of this formulation has been demonstrated through a quasi-static finite element 
numerical study on squat and slender tanks. The use of quasi-static load application by 
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applying total hydrodynamic pressure as an equivalent static load, especially for tank rede-
signs, underscores the quick estimation of seismic stresses. The study also forms the basis 
for the new generation of Eurocode EN 1998-4 which is demonstrated for different tank 
geometries. In future research endeavors, it is essential to extend the scope of investigation 
to encompass unanchored tanks, as their behavior remains a critical area of interest. Addi-
tionally, exploring various superposition principles for both rigid and flexible tanks with 
soil-structure interaction can enhance the applicability of the formulation across different 
scenarios.
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