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The formation and structure of singularities are among the key questions in
the theory of (dissipative) harmonic flows. An interesting prototype is the
Landau-Lifshitz-Gilbert equation (LLG)

om = —m x (Am + am x Am)
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which has its roots in the continuum theory of ferromagnetism. Mathemati-
cally it combines the heat and Schrodinger flow of harmonic maps m from a
domain I into the unit sphere S C R3. The governing energy is the Dirich-
let energy E(m) = % Jp IVm|*dz. The damping constant o > 0 highlights
the dissipative term which is nothing but the tension field Am + |Vm|*m,
known from the theory of harmonic maps. As a hallmark of precessional
spin dynamics, the Hamiltonian terms of LLG gives rise to a large number
of interesting oscillatory phenomena. These terms, however, make the equa-
tion quasilinear and mathematically more challenging than the semi-linear
harmonic map heat flow equation (HMHF).

Stochastic Landau-Lifshitz-Gilbert equation (SLLG)
om=-mx (Am+¢&+am x Am).

with a random field £ and a suitable interpretation in the framework of
stochastic calculus are examined in the context of random fluctuations and
thermal activated processes in ferromagnetism. A particular focus is on the
switching between stable equilibrium states over energy barriers and related
stochastic optimal control problems [17]. More recently, singularity medi-
ated processes such as the nucleation, annihilation and collapse of topolog-
ical field configurations such as magnetic vortices and skyrmions came into
focus. The singular nature of stochastic forcing terms in the spatially multi-
dimensional case and their effect on the blow-up behaviour of dissipative
harmonic flows is a widely unmapped area of research.

The theory of partial regularity in the energy-critical two-dimensional case
is largely based on the seminal work of Struwe on the harmonic map heat
flows from surfaces [35]. There is a canonical class of energy-decreasing weak
solutions for which the initial value problem is uniquely and globally solvable
[18, 35], nowadays known as Struwe solutions. In this class, the blow-up
scenario is described as the concentration and drop of a quantized amount of
energy accompanied by changes of the local topology of the solution. This so-
called bubbling occurs at a finite number of space-time points depending on
the initial energy [11]. In particular, there is a precise energy threshold below
which solutions remain globally regular. In a refined approach, the so-called
bubble-tree construction restores the energy identity at singular times [33].
Finally, the so-called reverse bubbling construction [6, 36] serves to construct
a weak solution to the initial value problem that are not in the class of
Struwe solutions. The theory has been extended to LLG [13, 24]. Recently,
a very general construction of blow-up solutions has been developed in [37].
Regularity and blow-up criteria are crucial to understand the stability and
dynamics of magnetic vortices and skyrmions [16, 23, 29, 30, 31]. However,
there is limited theory about their behaviour in the presence of noise [4, 14],
and we refer the reader to [2, Section 2.3.3] for numerical experiments on
pathwise (singular) dynamics under different noise intensities.
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Passing to a stochastic framework for bubbling and Struwe type solutions
requires first of all a strong well-posedness concept of pathwise solutions
in energy space for small (stopping) times. This challenges existing math-
ematical strategies for the SLLG based on a Faedo-Galerkin scheme and
stochastic compactness arguments leading to weak martingale solutions as
developed in [8]. Improvements regarding pathwise uniqueness based on
Doss-Sussmann type transformations [9] and the concept of rough paths [22]
are typically restricted to the (subcritical) one-dimensional case. In com-
parison, the stochastic HMHF is a semilinear parabolic system that allows
a mild formulation using the underlying semigroup and the Duhamel prin-
ciple. Existence and uniqueness of local pathwise solutions in higher order
Sobolev spaces can then be derived from stochastic convolution estimates
and a fixed point argument. This is the starting point for a program to con-
struct Struwe-type solutions for the stochastic HMHF developed by Hocquet
in [25]. A following up work [26] shows that the comparison argument used
to construct blow-up solutions for the axially symmetric HMHF extends to
the case of random perturbations, proving that finite time blow-up happens
with positive probability.

In this work we develop a framework to extend the concept of Struwe-type
solutions to SLLG and allows for a precise bubbling analysis. More precisely,
we examine processes m of maps from the two-dimensional flat torus T? to
the unit sphere S? that satisfy

(1) dm = —m x (Am +am x Am) +m x o dW.

Here, W is a Wiener process on a probability space (€2, .%#,P) taking values
in H?(T?;R3) for some ¢ > 0, which is formally defined in Section 1.1.
The equation is understood in the framework of Stratonovich calculus that
guarantees that the geometric constraint m(t,z,w) € S? is preserved along
the flow.

Our main task is the construction of strong (in the PDE sense) solutions of
(4) for given initial conditions mg € H'(T?;S?). Our approach is based on
a Doss-Sussmann type transformation whose conceptual application in the
context of SLLG was developed by one of us in a series of work [19, 20].
The key idea is that the reduced problem dym = & x m gives rise to a pure
precession of m about the field £ that can be captured by a parametrized
rotation % which is a unique solution of a stochastic differential equation
taking values in C%_([O,T];H"(']IQ;SO(ZS))), P-a.s. The random transfor-
mation u = % ~'m gives rise to a new process u and a random PDE in
form of a gauged LLG equation

(2) du+u x (Asu+aou x Agu) =0,

with the covariant gradient and Laplacian V u = Vu + Au and Ay =
VA - (Vau), respectively, where A = % ~'V#% . This is the LLG equation
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for the magnetic Dirichlet energy
1 2
E(u,A) == [ |Vaul|*dzx.
2 Jr2

For 0 > 1 and Vu € L*(0,T;L?(T?)), the energies E(u,A) and E(u)
differ by an L?-estimate of A which is P-a.s. finite, so that the conventional
weak solution concept in the space H'((0,T) x T?;S?)NL>(0,T; H(T?;S?))
applies in a pathwise fashion. It is not difficult to obtain an equivalence
result between pathwise weak solutions of (2) and the SLLG (see Lemma
2.6), which allows us to focus on constructing solutions of (2) instead of (4).

The idea of using a gauge transformation to convert an SPDE into a random
PDE has also been applied in the context of stochastic nonlinear Schrédinger
equations [3, 7] where ¢ is unitary and A takes the form A = ia for a real
valued process a.

For local strong solutions u of (2) in the critical Sobolev space, which is
H'(T?R?) in our case, it is customary to first construct solutions in higher
order Sobolev spaces where the equation behaves subcritical. We observe
that (2) can be considered as a perturbation of the ungauged LLG equation,
which is parabolic with an additional tangent field F'(w) that is bounded by

[F(u)] S (JAP + |V - Al + A Vul),

motivating the regularity assumption ¢ > 2 that also guarantees a pointwise
bound of A. The method of choice for quasilinear parabolic systems is based
on a linearization procedure and fixed point argument that uses maximal
regularity properties. Following Struwe’s program, extension to the critical
case by approximation requires an e-regularity result arising from the spe-
cial analytic structure of the geometric nonlinearities in combination with a
localized version of Ladyzhenskaya’s interpolation inequality, and a covering
argument. The combination of small energy compactness, the removability
of singularities and energy gap featured by harmonic maps between S? allows
one to describe the bubbling scenario. Finally, the merging of local solutions
leads to the Struwe solution. A key issue in the case of a random PDE is to
keep track of the dependence on the infinite-dimensional parameter arising
from stochasticity.

We remark that in [25], the stochastic HMHF features an H' noise which
seems to be critical for the basic energy estimated. This, however, seems
to require a special symmetry assumption leading to a cancellation in order
to avoid L properties. Our approach for SLLG requires higher regularity
assumptions on the noise but no structural conditions. Moreover, we provide
the precise energy threshold for bubbling (see Theorem 4.1).

Next, we provide a precise formulation of (1) and state our main result.
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1.1. Wiener process. Let (2,7, (%1);5(,P) be a probability space with
the filtration F = (.%#);>0. We assume that this probability space supports
a sequence (W;) of independent, real-valued Brownian motions. Note that
W = (W) defines a cylindrical Wiener process on the Hilbert space ¢* of
square-summable sequences. We also assume that for each t > 0, .%; is a
completion of the o-algebra o (W;(s); j > 1, s < t). This implies
Fi— =Tt = Pt

a fact that we will need later.

For simplicity, let H” := H°(T?;R3) and LP := LP(T?;R3) for ¢ > 0 and
p € [1,00]. Let (g;) ey C L2 be a sequence that satisfies P 95122 < oc.
Let P : /> — L2 be defined as

PL=Y) (l,h;)g;, 1€,
j=1
where (h;) is a complete orthonormal basis of ¢2. Then the process
(PW)(t) = > _Wj(t)g;, t=>0,
j=1

defines an L?-valued Wiener process with the covariance operator Q) =
P*P = zjoil gj ® g;, and we have EHPW(t)\iQ] =tTrQ = tz;’il \gjlﬂzﬂ <
oo for any ¢t > 0.

The main result (Theorem 1.1) will require a stronger condition that for a
certain o > 2,

(3) ¢*(0) =) lgjlfr < o0.
j=1

Assume that (3) hold for some o > 2. For every j > 1, we define a bounded
linear operator G; : L? — L? by

Gjp=¢xg;, ¢l
Then, |G;ll 222y = |gjlLe < |9jlu2 and G; has adjoint G = —G; for ev-
ery j > 1, and 322, HG]-HQ(HU’HU) < 00, where .Z(X,Y") denotes the space
of bounded linear operators mapping from X to Y. Similarly, we define
G: L2 — Z(02,12) (and G(p) : £2 — LL?) by
[ee]

G(p)l =@ x Pl=> (I,hj)Gjp, @cl? leci*.
j=1

In particular,

G(e)W(t) = Gjp Wy(t).
j=1
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Thus, if v is an F-progressively measurable process such that v € L>(0, T, L?),
P-a.s. then we can define the Stratonovich integral

/tG(v(s o dW (s /s ds+/ Glo(s)) AW (s) |

where S is the Stratonovich correction term S(v) = %z;’o G?v We refer
the reader to [15] for details of the It6 integral fo G(v(s)) dW (s) on Hilbert
space.

1.2. Main result. Formally, the SLLG equation reads
A dm(t) = —m(t) x [Am(t) + a(m(t) x Am(t))]dt
) +G(m(t)) odW(t), t=>0,

with initial condition m(0) = mg € H'(T?;S?).

Definition 1.1 (Weak martingale solution). For every T' € (0,00), a system
(. F, (Fi)epo,r), P, W, m) consisting of a filtered probability space support-
ing a Wiener process W as in Section 1.1 and a progressively measurable
process m : [0,T] x Q — L2, is said to be a weak martingale solution of (4)
on [0,T] if P-a.s.

(a) |m(t,z)| =1 for a.e.-(t,x) € [0,T] x T?,
(b) m € C([0,T);L?) N L>(0,T;H') and m x Am € L*(0,T;1?),
(c) for every t € [0,T] and ¢ € C°(T?;R?), the equality

(5) (m(t) —mo, )2 = /0 (m x Vm, Vi —aV(m x )2 ds

+ /0 (6, G(m) 0 AW (5)),5

The nonlinear term m x Am in Definition 1.1(b) is understood in the sense
of distribution

mx Am :=V - (m x Vm),

consistent with the weak formulation (5), so L2-regularity of this term can
be seen as a form of finite dissipation property and will play a crucial role
in the question of uniqueness of suitable weak solutions.

Definition 1.2 (Local strong solution). Given T € (0,00) and a filtered
probability space supporting a Wiener process (2, F, (Ft)iecpor), P, W) as in
Section 1.1. A pair (m,[10,7)) defined on (0, F,(Ft)iecpo1), P) is said to be
a local strong solution of (4) if m is a progressively measurable process and
70,7 € (0,T] are stopping times such that P-a.s. for everyt € (19,7),

(a) m € C([ro,t]; H(T?;S?)),
(b) Am € L?(ry,t;1.2),
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(c) the equality
m(t) = m(7) —/ [m x (Am + am x Am)](s) ds

T

0
t
+/ G(m(s)) o dW (s),
0
holds in 1.2.

Now we state the main result of this paper, where the energy concentration is
described by a lower bound for energies over balls B,(x,) C R? of arbitrary
radii 7 centred at random locations z,, € T?. The result follows directly
from inverse transformation of the Struwe solution w of (2), for which we
postpone the details to Theorem 4.1 and 4.4 in Section 4.

Theorem 1.1. Assume that (3) holds for o = 4. For everymg € H(T?;S?),
there exists a weak martingale solution (Q, %, (% )ejo,r), P, W,m) of (4)
with m(0) = my in the sense of Definition 1.1 and an increasing sequence
of (Ft)ejo,m-stopping times (Tg)ren, such that T € (Tar,Tar41) for some
M >0 with 19 = 0, and that for all k < M,

(a) M|, 7. aT) 5 a (local) strong solution in the sense of Definition 1.2,

(b) limy, ~;, m(t) = m(ry,) weakly in H', P-a.s. for any sequence of stopping
times (t;)ien with t; < 7 for alli € N and t; / 11, P-a.s.

(c) there exist a random variable Ny € [0,00), P-a.s. and random points
T1,...,TN, € T2 where for every r > 0,

1
limsup—/ \Vm(t)>de >4 n=1,...,Ny, P-as.
t T By (zn)

Theorem 1.2. Fori=1,2, let (2, F,(Ft)cjo,), P, W, m;) be a weak mar-
tingale solution to (4) with cadlag energy process {|Vm;(t)|2; : t € [0,T]}.
Then, for every t € [0,T],

ima(t) — ma(t)|2 =0, P-a.s.

Applying an infinite-dimensional Yamada-Watanabe theorem (for instance,
[32, Theorem 2]), we obtain a solution of (4) strong in the probabilistic
sense.

The rest of the paper is devoted to the proof of Theorem 1.1 and 1.2. In
Section 2, we introduce the transformation operator % (and A) and an
equivalence result between the transformed equation and (4) (Lemma 2.6).
In Section 3, we show the existence of a maximal solution u of the gauged
LLG equation (2) in H? and verify measurability of the local solutions and
the maximal time. To prepare for the approximations of the critical case,
we collect energy and higher order estimates of w in Sections 3.2 and 3.3.
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We formally describe the Struwe solution of (2), or equivalently (13), in
Section 4 (Theorem 4.1 and 4.4), and leave the proofs to Sections 5 and 6.
We conclude with some remarks on the regularity of noise in Section 7.

2. TRANSFORMATION

2.1. Transformation operator % and A. We start with recalling some
facts about the equation

(6) dY (t) = S(Y(t))dt + G(Y (t))dW(t), t>0,
with initial condition Y (0) = yo € L2
Lemma 2.1. Assume that yo € H? and (3) holds for some o > 2. There

exists a unique solution Y (-;yo) of (6) taking values in H?, P-a.s. Moreover,
for every T € (0,00) and p € [1,00),

E | sup [Y(t;90)lpo | < oo,
t€[0,T

and Y (-;y0) € C7([0,T); H?), P-a.s. for~ € (0, %)

Proof. By the assumption (3), the equation (6) has Lipschitz coefficients in
H? for o > 2. The result is then standard following from [15, Theorem 7.2]
and Kolmogorov’s continuity criterion. O

With an abuse of notation, we still write H? and L? for matrix or tensor-
valued functions when the codomain is clear. Similar to G; in Section 1.1,
for p € L?(T%R3 ® R3) and h € R3, define

(Gjp)h = (ph) x g; = Gj(eh), j=1.
The operator G; : L?(T% R3 @ R3) — L*(T?;R? ® R?) is bounded with
1G;llL2—12 = |g5lLee,

and adjoint Gy = —G;. Moreover, ) ;2 Gk ||%e o < oo under the assump-
tion (3). Then we can define operators G and S in a similar manner to G
and S, respectively, with G in place of GGi. Consider the equation

(7) d¥(t) =S (t)dt +G(#(t))dW(t), t>0,
with initial condition % (0) = Igs.
Lemma 2.2. Assume that (3) holds for some o > 2. There exists a unique

solution % of (7) taking values in H (T?; R3®@R3), P-a.s. with the following
properties.
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(a) For every T € (0,00) and p € [1,00),
E | sup |#(t)
te[0,7
and % € C7 ([O,T];HU(Tz;R?’ ® R?’)), P-a.s. for~ € (0, %)
(b) For everyt >0, z € T2, h € R? and a.e.-w € Q,
\@(t,x,w)hh@ = ‘h’RiS .

(c) For everyt >0 and a.e.-w € Q, the mapping % (t,w) € H? (T?; R3@R3)
can be identified with a bounded linear operator % (t,w) : L? — L2 by

(Z (twp)(@) = ¥ (t,z,w)p(x), ¢el?,

where % (t,w) defines an isometric isomorphism on L2 and an isomor-
phism on H° for ¢ > 2, with Z 1 (t,w) = #*(t,w) governed by the
equation

(8) dZ*(t) = —Z*(t)GodW (t), t>0, Z*(0) = Ips.
(d) For everyt >0 and a.e.-w € (2,
@(t,w)(fv) = f@(t,w)v,
Y (t,w)(vx ) =X (t,wv X Z(t,w)p,

for any f : T? = R and v : T? — R? such that fv € L2, and p € L2
The same equalities hold for % ™*(t,w).

p
|HJ(T2;R3®R3) < 00 )

Proof. Part (a) follows from Lemma 2.1. Part (b) and (c) are analogous
to the proof of [19, Lemma 3.3], noting that the matrix #*(¢t,z,w) is the
transpose of #/ (¢, z,w) for every (t,z) € [0,7] x T? and a.e.-w € Q. Part (d)
is similar to the proof of [19, Lemma 3.5]. O

We define the process A by
(9) A= (V) :[0,T] x T? x Q@ — R? @ R3*3,

where its components A; = #*(V,, %), i = 1,2, take values in s0(3) the
space of skew-symmetric 3 x 3 matrices, for every (t,x) € [0,T] x T?, P-a.s.
By Lemma 2.2(a), we have

A€ LP(QL®(0,T; H 1 (T* R? ® 50(3)))),
AeC([0,T]; H HT*R* ®s0(3))), P-as.

for every T € (0,00), p € [1,00) and v € (O,%

lemma,

). Moreover, applying It6’s

Alt) = ; /0 ;@*@) ((VG)Gk — Gu(VGr)) ¥ (s) ds
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/OZ@* (VG (5) dWi(s), t> 0.

k=1

The relevance of the process A manifests itself in the behaviour of the spatial
gradient under transformation Y. Here, we have the covariant derivative

(10) Vai=%*"VY,
and the covariant Laplacian
(11) Apg:=Vy Vo= "AY.

Taking into account (Y*Y)(t,x) = Igs, P-a.s. we have

Va=V+A As=A+A-V+V-A+ A% Pas.
where the dot product means contracting over the R? components, and
A2 = A A= A3+ A3:00,T] x T? x Q — R3**3 mapping to a symmetric
matrix P-a.s. Hence, transformation by means of % is only reflected in the
equation by means of the process A.

Remark 2.3. From a coordinate transformation on S?, A = A(w) is a pure
gauge for a.e.-w € €2, so that the curvature

WAy — Ay + [Al, Ag] = 0.

With V+ = (95, —0), this provides a pointwise control [V A| = |[A1, As]|
so that Gagliardo-Nirenberg type interpolation estimates can be reduced to
divergence bounds. In fact, for any component b = (A(j’ ) A(]’ )) T2 - R?,
1 <4,k <3, it holds that

Vb2 = |V - b2 + |V 0> + V1 - (b1 Vby — byVby) ,
and thus
(12) VA2 = [V - AP + [[A1, A9]]> — V- Tr (A1 V Ay — A3V A).
A gauge transformation is a smooth map X : R x T2 — SO(3) acting on v
and A. Then for A’ = X*AX + X*VX,
X*VaX =V+ A, XX =0+ X*(0X).

The rough dependence of A on t limits the spectrum of possible gauge trans-
formations that bring A into a particularly convenient form.

Example 2.4. Let W be a real-valued Wiener process. The transformation
% = WG with Gu = u x g for some g € H'(T?;S?) reduces to
Y (t) = Ins + (sin W (t))G + (1 — (cos W(t)))G>.

A straightforward calculation shows that the corresponding gauge potential
reads

A=sinW({t)VG + (1 —cos W (1)) (VGG — GVGEG),
and V- A= (sin W(t))AG + (1 — cos W (1)) ((AG)G — GAG).
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2.2. Transformed equation. Fix T' € (0,00) and v € (0, %) Let % be the
solution of (6) described in Lemma 2.2, and let A be given by (9). Consider
the following equation with random coefficients

(13) () = a (Asu+ |Vaul*u) () — (u x Aqu) (t), te0,T].

The right-hand side can be reduced to the original Landau-Lifshitz terms
(precession and damping) with a lower-order perturbation

(14) Ou = a (Au+ [Vul’u) —u x Au+ F(t, A, u),
where
(15) F(t,a,v) =a(a(t) - Vo+ (V- at))v + a®(t)v)

+ o (Ja(t)v[*v + 2(Vv, a(t)v) v)
—vx (a(t) Vo + (V-at)v+d*(t)v),

for t € [0,T], and sufficiently regular functions a : [0,T] x T? — R? ® s0(3)
and v : T? — R3. If v : T2 — S?, then there exists a universal constant
¢ > 0 such that

(16) |[F(t,a,v)| < c(lat)] + |V - a(t)] + [a®)|[Vo])
and similarly,
VE(ta,0)| < c|la(t)][Va(t)] +|V(V -a(t))
(17) +([Va(t) + la(t)*)| V|
+ la(®)] (IV2] + Vo) |,
for t € [0,T], provided that a and v have well-defined derivatives.

Remark 2.5. Under the Coulomb gauge condition V - A = 0, the highest
order A derivatives in F and VF are eliminated.

Given a suitable progressively measurable solution w of the transformed
equation (13), we can show that there exists a weak martingale solution to
the SLLG equation (4) by transformation. This equivalence has been shown
in [19, 20]. We adapt this result to our problem setting below.

Lemma 2.6. Assume that (3) holds for o = 2. If a process u : [0, T] x T? x
Q) — R3 defined on a filtered probability space (Q,.F, (Ft)ieio,r, P) satisfies
w(0) = my € HY(T?;S?) and the following properties:

(a) u is progressively measurable with respect to (Ft)eio.1),
(b) |u(t,z)| =1 for a.e.-(t,x) € [0,T] x T?, P-a.s.

(c) w e C[0,T];L?) N L>(0,T;H') N H'(0,T;1L?), P-a.s. and it satisfies
(13), P-a.s.
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then m = % w is a weak martingale solution of (4) in the sense of Definition
1.1.

Proof. By Lemma 2.2(b), |m(t,z)] = [(Zu)(t,z)] = 1 and |Vm(t,z)| =
|Vau(t,z)| for a.e-(t,z) € [0,T] x T?, P-a.s. Recall that V4 = V + A4,
P-a.s. and A € LP(Q; L>°(0,T;H')) for p € [1,00). Then it is immediate
that m satisfies part (a) and (b) of Definition 1.1. For part (c), applying
the Itd formula to m = % u,

dm = S(#)udt + G(Z )udW + % du.
This implies that for any ¥ € C§°(T?;R3),

(m(t) — mo, ¥)p :/0 (#(5)(Osu(s)), ¥)p2 d8+/0 (S(m(s)), ¥) ds

+ /0 (1, G(m(s)) dW (s))y2

where by (10), Lemma 2.2(c) and (d),
t

/ (W (D), )2 ds = / (Do, D Py 2 dis
0 0
. /0 (IVmPm,$),, — (Vm, V) ds

t
—1—/ (m x Vm, V), 2 ds.
0

Thus, m satisfies (5), P-a.s. O

Therefore, we study the equation (13) instead of the original SLLG, where
PDE tools can be applied directly to the former when w €  is fixed.

3. SOLUTION OF TRANSFORMED EQUATION

3.1. Maximal solution in H?. Fix o = 2. Let (Q,.%, (%)ico.1], P, W) be
given as in Section 1.1. We follow the approach in [28, Chapter 8] to show
the existence and uniqueness of a maximally defined solution in H? of the
transformed equation (13) at a.e.-w € ).

Let & := C7([0,T); H*(T% R? ® 50(3))) be the parameter space. Consider a
family of nonlinear equations: for a.e.-w € ),

8t90(t7w) - H(t,z(w),cp(t,w)), te [to(w),T],

18

" plio,0) = o),

where

(19) H(t,a,v) = a (Av +|Vv[*v) — v x Av + F(t,a,v),

for t € [0,7], a € & and v € H'(T?;S?) or v € H2.
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Taking tyo = 0 and z = A, then (18) reduces to (13). Fix w, the equations
become deterministic, for which we can introduce the notion of a maximal
solution without the concept of stopping times.

Definition 3.1. For every w € Q with 2(w) € & and ug(w) € H?, the pair
(u,7)(w) depending on z and g, is said to be an H2-maximal solution of
equation (18) at w if either

(a) 7 =T and u € C([ty, T); H?) satisfies (18) in [to,T], or
(b) 7 € (to, T) and u € C([to, 7); H?) satisfies (18) in [to, 7) with no continu-
able extension in H2.

For clarity, we write (u, [tg,T])(w) in case (a), and (u, [tp, 7)) in case (b) or
when the case (a) is not known.

A maximal solution is well-defined if there exists a unique local solution. Lo-
cal existence and uniqueness is guaranteed if the function H has sufficiently
smooth derivatives and one of them can generate an analytic semigroup. We
collect properties of H below.

From the definitions (19) and (15), H : [0,T] x & x H? — L? is continuous.
For every t € [0,T] and v € H?, H(t,-,v) : & — LL? is Fréchet differentiable
with the derivative

(20) H,(t,a,v)b = F,(t,a,v)b, be&.

For every t € [0,T] and a € &, H(t,a,-) : H? — IL? is Fréchet differentiable
with the derivative

(21) Hy(t,a,v)p = (@Ap —v X Ap — p X Av)
+ a (|[Vo]Pp + 2 (V, V)gs v) + Fy(t,a,v)p
for any ¢ € H2. Let
Ex(a) :={be &;la—ble < A1},
By, (v) := {¢ € H; | — v|g2 < Ao},
denote the open balls in & and H?, centred at a € & and v € H?, with radii
A1, A2 > 0, respectively. For simplicity, let &), := &),(0) and B), := B, (0).

Lemma 3.1. For any a € &\, and v € B),, there exist constants cy =
co(M,A2) > 0 and ¢y = ¢1(T, A1, A2) > 0, such that for every t € [0,T] and
¢ € H?,

(Hy(t,a,v)@, )12 < —colelin + cilol -

Proof. Recall the components of H,(t,y,v) in (21). For v € B),, we define
the operators fi(v) : H? — L? and fa(v) : H? — L2 by

(22) filw)p =alp —v x Ap — ¢ X Aw,
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(23) f2(v)p = a ([Vo]*e +2(Vo, Vo)ga v) .
Then for ¢ € H?, we have
(fi(v)e,9)12 = —alVoliz + (0 X Vv, V)2,
where
[ (¢ X Vo, V)2 | < [Volpa|Veplre|olps
e (19l balelds + [Vlaliohs )
< 3|Velta +c(O)(A3 + Aol -
Therefore, for v € H? and a certain small ¢ € (0, 1),
(), Q)2 < (—a +0)|Velz +ch, el -
Similar arguments show that
| (f2(0)p, )12 | < 8|Velt + c(ha, 0)[pfF -
For the last term in (21), it is easy to see that
|Fo(t,a,v)¢] S (Ja()] + la(®)? + [V - a(t)?)
Sl Vo)) (el + [Vel)

where f(£,7n) is a linear combination of monomials of the form &£Pn? with
p < 2and g < 1. Since |als < A\ and |v|gz < Ao, there exists a constant
¢(A1,A2) > 0 such that

‘ <Fv(t,y,’0)(,0, Q0>]L2 ’ < c()‘la )‘2) (MVCP’]%Z + 0(5)’90’]]2.‘2) .

Then we choose a sufficiently small § € (0,1) such that c(A;, A2)d + 20 <
Q. U

(24)

Lemma 3.2. Fiz A, Ay > 0. There exists ¢ = ¢(T, A1, A\a) > 0 such that for
any s,t € [0,T], a € &, and v,w € By,,

”Ha(tv a, ’U) - Ha(s,a,w)Hg_%z + ”Hv(tv a, ’U) - Hv(37a7w)HH2—>L2
<c(t—s"+ v —wlg).

Proof. Recall the derivative H,(t,a,v) in (20) and F' in (15). We have
H,(t,a,v)b = ahy(t,a,b,v) —v X hi(t,a,b,v) + 2ahs(t,a,b,v),
where
hi(t,a,b,v) = b(t) - Vo + (V- b(t))v + 2(a(t) - b(t))v,
ha(t,a,b,v) = (a(t)v,b(t)v) v + (Vv,b(t)v) v,

for t € [0,T], a € &, v € By, and any b € &. Then for i = 1,2, h; is
v-Holder continuous on [0,7] for every v € By, due to the time regularity
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of a,b € &. Also, h; is linear in Vv and (at most) cubic in v, such that for
v,w € By,,

hi(ty a, bv ’U) - hl(t7 a, bv w)|]L2
< (1+ a6l (1 + vl + [wlie) v — wlge
< (T, Ars A2)[blelv — wge.

These imply that H,(t,a,v) is y-Ho6lder continuous in ¢t and locally Lipschitz
in v. For the derivative H,(t,y,v), its first two components f; in (22) and
f2 in (23) do not depend on t explicitly and they consist of terms linear in
v and Av and quadratic in Vv, which imply the local Lipschitz property:
for v,w € B,,,

[f1(v) = fr(w)llm2—p2 + [[f2(v) = fo(w)llr2re < c(A2)|v — wlge.

For the third component Fj(t,a,v), it is linear in V - a(t), quadratic in
a(t), and by (24), linear in Vo and quadratic in v. Then similarly, for any
a € &\, Fy(t,a,v) is y-Hélder continuous on [0,T] for every v € B,,, and
Lipschitz on By, for every ¢ € [0,T]. O

With the above properties of H, it follows immediately from [28, Theorem
8.1.1] that for a.e.-w € €, there exists a unique H?-local solution wu, of (18),
where

uc = uc(w) € C([to(w), CJ;H?) N CY ((to(w), (] H)

for some ¢ = ((w) € (to(w), T] that depends on a(w) and initial data ug(w).
For any t1,t2 € [0,00), the space CJ((t1,t2]; H?) is consisted of bounded and
y-Holder continuous functions f : (t1,ts] — H? with the map s + 57 f(s) in
C7((t1,t2); H?). Then the maximal solution (u, [ty,7))(w) is constructed as
follows:

o u(t,w) = uc(t)(w) for t € [to(w), ¢,
e 7(w) is the supremum of all { > ¢y such that there exists a unique

H2-local solution in [0, ¢].

We summarise the result in the following theorem, where part (b) holds by
[28, Corollary 8.3.3].

Theorem 3.3. Fiz w € Q). Assume that z(w) € &\, and ug(w) € By, with
lug(z,w)| =1 for all x € T? for some A1 = Aj(w) > 0 and Ay = Aa(w) > 0.

(a) There exists a unique H2-mazimal solution (u, [tg,T)) (W) of (18) in the
sense of Definition 3.1, where w and T depend on (z,uq)(w).

(b) Let Dy, »,(w) := {(t,z,u0)(w) : (2,u0) € &, X By,,t € [to, 7(2,u0))}.
Then the solution map D) ,(w) > (t,z,ug)(w) — u(t; z,uo)(w) € H? is
continuous.



PATHWISE SOLVABILITY AND BUBBLING IN 2D SLLG 17

Taking a non-random initial data ug € H? at ty = 0 with Ao = |ug|y2 and
an &-valued stochastic process z = A with \y = |A|g, by Theorem 3.3 the
equation (13) admits a unique H?-maximal solution. In the case 7 < T', we
require an iteration scheme to construct a global solution (see Section 4).
To this end, we consider a more general setting: random initial data g at
a stopping time 7.

Corollary 3.4. Assume that 79 € [0,T), P-a.s. is an F-stopping time. Let
ug : Q — H*(T%S?) be F,,-measurable, and z = A € &, P-a.s. Then for
a.e-w € Q, there exists a unique H?-mazimal solution (u, [10,7))(w) of (18),
satisfying |u(t, z,w)| = 1 for a.e.-(t,z) € [r9,7)(w) x T2,

Proof. Fix w € Q such that A(w) € &. For simplicity, in this proof we write
f in place of f(w) for any random variable f. Let ¢(u(t)) = 11 —[u(t)[*[?
for t € [0, 7). We have

(u) S 1+ |ulf + |ulfs < oo,
o' (w)f =~ (0~ ul)uf)., fel”
Then by (10), (11) and integration-by-parts,

iqﬁ(u) = —2a/ (u, Vu)? dz + a/ (1 — |[ul?)?|V gul|?dz.
dt T2 T2

For the second integral, applying the interpolation inequality to |1 — |w|?|p4,
we have

[0 [uPP1VauPds

T2

S IVaule (1= s | G Vu o1~ P )
T

<5 [ (u, Vu) dr +c(0)(1 + [Vault)|l — u?2,.
TZ

Hence, for a sufficiently small § > 0, by Gronwall’s inequality,

S(ult) < oluo)e” (TN ¢y
11
where |V aulps S Al +[Vulfs|ulg, < oo on [, 7) by Sobolev embedding,
and ¢(ug) = 0 yields the result. O

Next, we verify measurability of the maximal time and the solution process.
With an abuse of notation, we set w = 0 and 7 = 7T on P-null sets. To
prepare for shifted processes, we define

Or(s):=(ro+s)ANT, s>0.
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Remark 3.5. By the flow property of %,
Y(ro+s) =¥ (10+ )% (10)]% (10)
= 2(s)%(m0),
where 2 is an independent copy of ¥, and
[A(T0 + 5)| = [V (10 + )| < [V2 ()| (10)] 4 [ 27 ()| VL (70)]
S |VZ ()| + [V (10)]-

Therefore, given supeo -] |A(S) |2 < A, P-a.s. and an independent copy T
of 19, we have

S{UP | |A(07 () |mz — |A(T0) [z < A, P-a.s.
s€|0,m1

Corollary 3.6. Let 19, ug and (u,7) be given as in Corollary 3.4 with
z=A. Then,

(i) T is an F-stopping time,

(11) w(0r,(s) NC) is Fryrs-measurable, for any s > 0 and F-stopping time
¢ such that ¢ € [19,7T), P-a.s.

Proof. For every n > 1, let 1, : [0,00] — [0, 1] be a smooth cut-off function,
with ¢, (y) =1 for y € [0,n] and ¥, (y) = 0 for y > 2n. Then for a.e.-w € €,
consider the following approximating equation

(25) Oun(t,w) = Yp(|un(t)|u2) H(t, A un (b)) (w), t € [ro(w),T],
un(7—07w) = Uo(W),

where H(t, A,u,(t)) is a function of A(t) and wu,(t). For every v € H?, the
maps

v = (o)) (A —v x A) € L(H?,1L?),

v = f(t,v) = Y(vlae) F(t, A(w),v) € HY,
are locally Lipschitz, and the operator H2 3 ¢ + 9, (|v|g2) (A — v x Ayp) €
IL? is sectorial. By [1, Theorem 6.3], there exists a unique maximal solution
(n, [10,7n)) With values in C([rg,]; H?) for every t € [r9,7,). In fact, since

SUDye[ry,7) [Un(t)|2 < 2n from construction, we have 7, = T" and a global
H2-solution (wy, [0, T]), see [1, Theorem 7.2].

For the solution w,, = u,(A), varying the initial data and the parameter A
(e.g. Ay = A(w) and Ay = A(w')), it is not difficult to deduce that

|y, (t; A1, w0,1) — wn(t; Ao, uo2) |72

t
< C(t’n) <|u0,1 - uO,2|]]%2 +/ |A1 — A2|i4(8) d8> ,
T0
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where the constant c(t,n) depends on [A1|c((ry q4;m2) and |Aa|e((r,q:m2), for
any t € [r9,T]. Thus, for a.e.-w €  and for any constant A\ > 0, the map

[0,T] x & x H? 3 (¢, A, u0)(w) — (0 (t); A, ug)(w) € L2
is continuous.

Let A'(:) := A(- A t) denote the stopped process at time t € [0,T], which is
still progressively measurable with A'(s) € .%; N .Z, for all s € [0,T]. Let

Ta = inf{t € [10,T] : |A(t)|g2 > A}
for any constant A > 0. Then 74 ) is an F-stopping time and

lim 74, =1T.
A—oo

Since the evolution of u,(w) up to time ¢ depends only on ug(w) and A*(w),
we have
wy(t; A, ug) (W) = un(t; AL ug) (W), t € [ro(w),T],
Up (0, (5); AT Jug) (w) = up(07,(9); Al NTAN o) (w), s> 0.
By the continuity of the solution map and the boundedness of A on [0, Tﬁ],
{w: Up (07 (5); AN (W), ug(w)) € B} € Fryrs, VB € B(L2).

This implies that the H2-valued process {wn (6, (s); A4, ug) : s > 0} is
progressively measurable with respect to (%, 4s)s>0. As a result, for any
constant p > 0,

7'7);7p = (inf{s > 0 : |u, (0, (s); A™*, wo)|mz > p} + 70) A Tax
= inf{t € [10,T] : |un(t; AT, wo)|gz > p} A Tax

is an F-stopping time.

By the uniqueness of the H?-maximal solution, w(t; A, ug) = w,(t; A, ug) in

H? for t € [79,7,,], P-a.s. This implies that w(6r,(s) A 77 ,: A, u0) € Frops

for s > 0, and

Tri\’n =inf{t € [10,T] : |u(t; AT, ug) g2 > n} ATax
=inf{t € [10,7a ] : |u(t; A, ug) |2 > n}
=: Tfl‘ <.

Then we have limy,_, o limy_ o T,)L‘ = 7, P-a.s. and thus 7 is an F-stopping
time. 0

The rest of this section is devoted to the (pathwise) regularity of the solution
u.

Heuristically, given a solution u = wu(w) of (13) in C([r,7); H?), we have
u € L%(1o,t;H?), Opu € C([10,t];1L?) and Vu € C([r,t];LLP), leading to
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F(t,A,u) € LP(79,t;LP), for any ¢t € (79,7) and p € [1,00). We can im-
prove the regularity of w in [rg, t] by noticing that (13) is strongly parabolic
and applying classic regularity results in [27, Chapter VII| together with
bootstrapping. This argument is well-studied (see [21, 35]), and follows sim-
ilarly for our transformed equation provided that A = A(w) and wug are
sufficiently regular. In particular, if A € C([ro, T);H?) N L?(mo, T; HoH)
and u(p) € H°t! for some p € [r9,7) and ¢ > 1, then we have u €
H'(p,t;H) N L?(p,t;H°+?) for any t € (p,7). Suppose that these high-
order estimates are uniform in ¢, then using the continuous embeddings such
as H(p,t;H7) — C7([p,t};H") for v € (0,1), we can extend the uniform
continuity of w to the interval [p, ) and thereby extending u continuously
to 7, violating the maximality of 7 when ¢ = 2. This outlines the reason be-
hind possible singularities in the solution that we construct in Theorem 4.1,
namely, smallness of local energy that ensures uniform (in time) higher-order
bounds of u cannot hold at 7.

Next, we collect the aforementioned estimates of w: the case ¢ = 0 in Section
3.2 and the case ¢ = 1,2 in Section 3.3.

3.2. Energy estimates. For a.c-w € Q, let (u,[r9,7))(w) be the unique
H?-maximal solution in Corollary 3.4. Its covariant derivative defines a
gauged Dirichlet integral

Blu, A)w) = 5 [ | IVauP(w) da,

which is the governing energy depending on time through the process A.
Roughness in time, however, limits its relevance for an exact energy law
in the pathwise sense. On the other hand, m = Ywu is (formally) a weak
pathwise solution to the stochastic LLG equation and by (10),

Eu, A)(w) = %/T Vm|2(w) da

has under appropriate conditions a mean energy bound from It6 calculus.

In the estimates below, we denote by B, () the open ball in R? of radius r
centred at z, and let B, := B,(0).

Lemma 3.7. Fiz w € Q such that A(w) € C([0,T];H?). For every t €
[10,T)(w) and r = r(w) € (0,1), there exists a constant ¢ > 0 such that

(i) |Vu(t)]2, < (\Vuoh]%z _|_cf0t V- A+ A22, ds> e o 1A Zoods
(ii) |Vu(t) %Q(BT.) < ‘VUO’%Q(B%) + S(10,t,7, A, u), where

S(mo,t,r, A, u)

t t
:—a/ yasu(s)yiz(&)dwc/ V- A(s) + A2(5)[72(p,, ds
70 70
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t
+ ¢ sup ]VU(S)I%Q(BZT) <7«—2t+/ ]A(s)]%oo(Bw)ds).
T0

s€|[70,t]

Proof. Applying Itd’s lemma and using (11),
1
§8S|Vu|i2 = (—Au,u x Aqu —ou X (u X Agu))pe
< —%|u x Aqulis + c(@)|A-Vu+ (V- Au + A%ul?,.

Then part (i) follows from the fact |u(s,z,w)| = 1 a.e. on [rg,t] x T2, the
estimate |A - Vuliz < |A|Le|Vulp2 and Gronwall’s lemma. Similarly, for
¢ € C§°(Bay) with ¢ =1 on B, and |[Vy| <77 ! on By,
18 loVu|?, < —g| u X Agul?s 4 c(@)|A-Vu + (V- Au + A%ul?
50slPVUlL2 = —5lp AU|2 L?(Bar)
= 2(Vu, (¢Vp)(Oru))yz2

where |pdsulr2 < |ou X Ajguli2 on [19,t] thanks to the norm constraint.
Then part (ii) follows by noticing |f[z2(p,) < | f|r2- O

Lemma 3.8. For any F-stopping time ¢ € [r9,7) and constant v € (0, %]
and p € [1,00), there exists a constant ¢ > 0 depending only on v,p and T
such that

E

p
sup |[Vu (0, A Q) | </ lu x Aul?, ds> ]

te[0,T]

+E [|u(9m A O 7 ([0,7); ]L2)]

< ¢ (B |IVu(mo)lh + 1418 g ryaz) | +072) +1).
Proof. By Corollary 3.4 and 3.6, the process {u(f,,(s) A () : s > 0} is
progressively measurable with respect to (%, +s)s>0 =: Fr, and it takes

values in S? for a.e-(t,r,w). Then we can apply Itd’s lemma: for any
le [7—077—)7

1
§d|VA’U/|i2(t) = —O[|’LL X AAU|H%2 dt

N | —
hE

+ (VAu, ((VGk)Gk — GkVGk)@’lQLz dt

B
Il
—

(VG )P ul?, dt

_l_
N | —
V]2

=
Il
—

n
hE

<VAU, (va)@u>]L2 de

e
I
—_
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Estimating the drift part,
(Vau, (VGr)Gr@u)2 < [Vaulpz VgL grlrs
< c(0)|gk 4|V grla + 0|V aulf-.

For the diffusion part, we shift the process before applying the Burkholder-
Davis-Gundy inequality. Note that {ry + s < (} € F, 45 for every s > 0,
and thus ¢ — 79 is a stopping time with respect to (%, +s)s>0 =: Fr,. Since
for s € [0,¢ — 10),

T0+$
/ (V au(r), (VGi) (@) (1) AWi(r)

0

= /OS <VA’U(T0 + 7‘), (VG]C)(@U)(TO + T)>]L2 de(T() + 7’)

and {Wy(m0 + ) : v > 0} is an F, -martingale, we have for p € [1, c0),

o0 s p
E [ sup Z/ (Vau(ro+ 1), (VGp)(Zu) (o + 7)) 2 dWi(o+ 1)
s€[0,—70] |,.—1 /O

[NiS]

éiE </0<—m§:

(Vau(ro + 1), (V) (Zu)(10+ 7)1 d?“)
k=1

<Z|nglu>p (1€ = 7o["] + O </ VaulZa(r) d )p]

where | — 79| < 2T, P-a.s. by construction. Therefore,

E
s>0

¢ P
sup |Vau (0, (s )/\C)| </ |u x AAu|H%2 ds> ]

<E |[Vau(n)[]| +ca”(2),
where ¢(o) is given in (3).

As a result, together with the fact that w takes values in S? a.e. (see
Corollary 3.4), we obtain the moment estimate in C7([0,7];L?) and in
C([0,T); H'). In more details, for any p € [1,00), we have for the Holder
seminorm

2
p w10 O~ uln(s1) A O
0<s1<52<T |sg — s1|P
2p
‘fe:‘)jf/(\fu x Aquds|
< cE sup of L
0<s1<s2<T |sg — s1|P

97—0(82)/\C P
< cE sup / |lu x AA’Uhiz ds
|0<s1<s2<T 07y (51)NC
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¢ p
< cE [(/ lu x Aul?, d8> ]
70

<c (IE [|VAu(To)|]2L’é] + q4p(2)) ;

and for the L2-norm of the gradient,

£ [sup Vaa(6r (5) A c)hiz]

s>0

< ¢(p)E [SSI;E|VAU( o (8) AN + A0 Lz)}

< ¢(p) < ['VA“(TON + 1Al o LQ)] +q4p(2)) ’

where |V au(0)[2, < 3|Vu(r)|2, + 3| A(10)|12, and A is uniformly bounded
in L?(Q;C([0,T];1L?)) by Lemma 2.2. O

3.3. Regularity under small local energy.

Hypothesis 3.9. Let v € L>(0,t;H'), P-a.s. For a.e.-w € 2, there exist
a radius r = r(w) € (0,1), a non-empty interval I = I(w) C [0,t(w)], and a
constant € € (0,1), such that for some x¢ € T2,

516111) (‘V'U(S w)’Lz (Bar (0 ‘|‘ ’A(S7w)’%2(B2r(xO))> <e.

3.3.1. L*-estimates. The key ingredient is the local form of Ladyzhenskaya’s
interpolation inequality which follows from the Sobolev inequality [h|72r2) S

[Vh|p1(r2) applied to functions of the form h = ¢|f[* for ¢ € C§°(R*;R)
and f € H'(R?), yielding

) [ U1 e < alflagn, [ (VIR + IRV da

for ¢ supported on B,, where r > 0 and the constant ¢q is independent of r

and f.

In the following, we collect L* and subsequently H! estimates of A, VA and
Vu using (26) under Hypothesis 3.9.

For estimates of A, we first observe that using (12), integration by parts and
Young’s inequality,

VAR S [ (7 AP + A1) + ¢l TllAlIV A do
(21) 2
1 _
<c <|¢(v A 4 e Alfa + 2|A|i2(327-)> ’
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and
(28)

lpV2A1Z, <

~

P (IV(V - D2 + VA, As]?) + oIVl[VAV2A] do

By

1 1
< (IpV(V- AR + R AR VAR + 772V AR 5, )

for every non-negative ¢ € C§°(Ba,;R) with V| < 77! on By, and some
constant ¢; independent of r and A.

Lemma 3.10. Assume that A satisfies Hypothesis 3.9 for € sufficiently small
such that coc1e? < co < 1 for some constant cy independent of €. Then for
any s € I and ¢ € C§°(Bar(20);R) with 0 < ¢ < 1 and |Vp| < r71 on
B (x0), A = A(s,w) satisfies

(i) 02 Al S (V- Ay 417262,

(i) 1V Al S1eV AR, + 22,

(iii) |<,02VA|ﬁ4 <U(r, A 5) + 64,

(iv) |pV2AR, SWU(r,Ae) + 772 (1+ 7%,

~

where

U(r,A,e) :=r*|V(V - A)|%2(B2T(mo))
IV Al ooy (777 €IV Al )

for a.e.-w € Q.

Proof. For simplicity, let xy = 0. For part (i), taking f = A in (26), the
term \@VA\LQ appearing on the rlght hand side can be estimated by applying
(27). As a result, the term ]cpzA] 4 appears on the right-hand side, which
can be absorbed into the left prov1ded that ¢ is sufficiently small such that
1 — cpc1e? > 0, and then the smallness condition in Hypothesis 3.9 yields
the estimate. Part (ii) follows from part (i) and (27).

For part (iii), taking f = VA in (26) and applying the estimate in (28), we
have

1 _
PEVALL S VAR, (199(7 - A)Rs + 72V AR s, )

1
+ VAL, |02 Alia,

where |V A[r2p,.) < [V A2 for another cut-off functlon Y € C°(R%R)
supported on B4r with ¢ = 1 on By, and |[V¢| < r™ on By,. Then using
part (ii) with ¢ in place of ¢, we obtain the estimate of |<,02 VAl|ps. Part (iv)
follows from part (iii), (28) and Young’s inequality. O

Remark 3.11. If |V - A| < |AJ]? (i.e. under the Coulomb gauge), then under
the smallness condition |A|%2(BQT(IE0)) < €2, one even has a reverse Hélder
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mequality

1
lp2Alfs St sup  |Ve(a)P,
x€Ba,(0)

for any smooth cut-off function ¢ supported on Ba,(x0).

Given (u, [0, 7))(w) the unique H2-maximal solution of (18), assume that u
satisfies Hypothesis 3.9. Similar results hold for Vu = Vu(w) for a.e.-w € Q,
where

(29) ]cp%Vu(s)]@ < coe? (lpViu(s)|fs +77%€%), sel

Then taking into account (16) and Lemma 3.10(i), we deduce below an
estimate for V2w in L?(0,¢;1L?) and thereby refine the bound in (29) under
time integral.

Proposition 3.12. Assume that w and A satisfy Hypothesis 3.9 for € suf-
ficiently small such that co(1 +01)E2 < g < 1 for some constant co indepen-
dent of e. Then for any ¢ € C§°(Bay(20); R) with0 < ¢ <1 and V| S rt
on By, (xg), the processes u = u(w) and A = A(w) satisfy

[ (lenuts + ot vuily) is
1

< (14 r741))et 4 €2 / IV AlL 8y o)) 5
I
for a.e.-w € Q.

Proof. For simplicity, let o = 0 and I = [0,¢]. Recall (14). We have
1
5OsleVuls)liz = —alpAulfs = (¢*Au, o| Vul'u+ F(s, A, u)), 5

—2(Vu, p(Vp)(9su))y 2 ,

for s € (0,t). Here, [(Vo)(Vu)|2(p,,) S 7 'e by Hypothesis 3.9, and under
the norm constraint,

[pOsuliz < lpAulZs + |02 Vults + [pF (s, A u)lte,
where by (16) and Lemma 3.10(i),
[oF (s, A w)lfs < e(8) (le(V - A)ffa +77%*) + 82 Vults
Thus, for any small § € (0, 1),
AulpVu(®)lf2 < —(a = d)lpAults + (o +8)[o2 Vults
+¢(8) (lp(V - A2 +r2e?)

where |<,0%Vu|ft4 is estimated in (29). Thus, for a sufficiently small ¢ (de-
pending only on ¢y and «), we have

S S
/0 lpAul?s ds < [eVugl2, +r 2e%s —I—/O |V - A|%2(B2T.) ds,
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for s € (0,7). The estimates follow by noting [Vug|r2(p,,) < €, and then
applying (29). O

The estimate in Proposition 3.12 becomes particularly strong in the par-
abolic scaling t ~ r2. For r > 0 and a time-space point z = (t,x), let

P.(2) := [t — r2,t] x B,(z) denote the closed parabolic cylinder and accord-
ingly P. := P.(0). Fix w € Q. Given a point xg, the radius r = r(w) and
the paths © = u(w) and A = A(w) in Proposition 3.12, for zy = (tg,x0) €
[r2,t] x T2, we have

(30)  [VulLa(p (o)) +ENAUT2(p () S E° <€2 +[V- A|%Q(P2r(zo))) ’

where the right-hand side is almost surely finite if A € C([0, T]; H'), P-a.s.,
for example, under (3) with o = 2.

3.3.2. Higher-order estimates.

Proposition 3.13. Assume that w and A satisfy Hypothesis 3.9 with I =
[to — (2r)2,to] for some ty € ((2r)2,t], and ¢ as in Proposition 8.12. Let
20 := (to, z0) for a given xq € T?, and define

Ay 1= L(to = %1%, to; L2 (Byr (w0))) N L2 (to — 7*r%, toy H' (B (20))),
for v €(0,2). Then for u =u(w) and A = A(w),

(i) Au € A%, with bound that only depends on r~'e, r—2|V - A|%2(P2T(zo))

and
to r
62/ \If<—,6,A> ds,
¢ 2

o072

(ii)) VAu € A%, with bound that only depends on r~1e, |A(V - A) %Z(Pr (20))°
2

and

/tto 2 (‘V : A“;Jl(Br(l’O)) +v (g’E’A> 122 (275714)) ds,

r
Uy

for a.e.-w € Q.

Proof. For simplicity, we shift time to the left and assume (¢g, xg) = 0. For
p>0,let ¢, € (0,1) be a cut-off function of the form

¢p(t7 :E) = np(t)(pp(x)v

where 7, € C*(R) is non-decreasing with 1,(t) = 0 for t < —p? and n,(t) =
1 for t > —%, and ¢, € C§°(B,) with ¢, =1 on Bg, and 0 < ¢, <1 and
Vool < p~'on B,.
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Part (i). Take p = r. For brevity, we write 7, ¢ instead of 7,, ¢, for part
(i). We have

1
5@|¢Au|i2 = — (V(¢*Au), Vo), + (pAu, (0y0)Au)
= —Oé|¢VA’U,|i2 —aly — (Il + 12) + I3.

where

<(V¢ )Au VAu>L2,

= (V( $*Au), oV (|Vul>u) — V(u x Au)>L2,
= (V( (p*Au), VF(t, A u))>

= (A, (9p)Au)y

Since |0;p| < |77’| < r~2, we have

]LZ?

allo| + T3] S 7oV AulL2|Aul s,y + [Auliz g |17]
< 0|¢VAuf, + c(5)r_2|Au|%2(Br),
and (30) can be applied to bound |Aul?, (p,)- Then choosing a sufficiently

small § > 0,
1 A 2 @ Aul? 2| A2 !
(31) §|¢ u(t)|i2 + §|¢V uli2py < o CAufpp ) — 2(Il + I) ds,
-r
for any t € (—r2,0). We estimate the nonlinear terms I; and I below.
I estimate

By the interpolation inequality

[6Aula S |6V AU + (Vo) AulZ, p [6Aul2, + [6Aulas,)
< 16V Aul|pulE, + 7 Aulfy , [6Aul?,,

and Young’s inequality, we have
(loVAulL2 + |Aulr2(p,,)) [pAu[Ls[VulLap,)
< 016V AU + ¢ ([Vulls g [0Ault: + 1% Aufbas, ) )

for some small 6 > 0. This inequality will help us to bound the quasilinear
precession (cross product) term and the quadratic gradient term in .

Since |u(t,z)| = 1 in P, as a result of its H2-regularity, we have
— (V(¢*Au), V(u x Au)),,
—{(¢*VAu, Vu x Au);, — (9(Vo)Au,u x VA
S [0V Aulpz [pAulps|Vul g,y + 17V AU A2,
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and similarly, with |Vu(t,7)|? = —(u - Au)(t, z),
(V(¢*Au), V([Vulu)), ,
= <¢2VAu +2(¢Vo)Au, (—Vu - Au —u - VAu)u + |Vu|2Vu>L2
S OV AUz |pAulp s |Vl p,) + 7 ¢Aulpa| Aulre g VUl pap,)
+r oV Aulr2|Aulr2(p,),
where the right-hand sides can be addressed by (33). Hence,
L] < 8loVAulfz + ¢Vl g, l0Aul s + er 2| AulTy g -

I5 estimate
(V(@*Au),VF), S ([0VAul2 + 7 Aulp2p,)) [9VF L.
In view of (17),
[0V Fliz < 192 Aluelé2 VAlLs +[6V(V - A)le
+ (103 VAl +165AR) |63 Vulus
+ |Al L4, |pAulLa.
For the L%-term, we apply (26) to f = |A|? and obtain
65 Al S 145, (103 Alwalod VAR + 171 A )
which implies
9 AlisloP Vults S AL, (r72 + 163 Vults) + 0% AR 0P VAL,
Thus,
| < 86V Aul: + ¢ (14 AL, ) l6Aul;
+ CT_2’AU‘2L2(BT.) +c|oV (V- A)|E
e (|63 AR + (63 Vul,) 65V AR,
+ Al 74, (7‘_2 + \(b%VU\]?};) :

Under Hypothesis 3.9

Under the smallness condition, we can estimate the time integral of |I1|+|I2|
using Lemma 3.10, (29) and (30). In particular, for the last two terms in
the estimate of |I2|, we have

0
/ (193 AR: +103Vul2. ) (93 VAR, ds
2

0 0
5/ , [#AuIL, d”'V‘A'%?(Pr)“z/ U (5oeA)ds+ 4,

T -
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and
/ (Al ags, (172 + 102 Vull,) ds
§52/ ‘A’L4(B |[pAulfs ds +r72e%| V- A‘LQ(PQ +r el

Then it holds by (31) that for a sufficiently small § > 0 and ¢ € (—2,0),
0

pAu()s + ‘;‘/ oVAuR ds S o)+ [ mi(n)lonuls ds,

T

where
0

00) ST Al 4 [0 (G0 4)

T

+ &2 (1 +rdet 4 r_252) ,

0

2
The estimate follows immediately from Gronwall’s inequality.

Part (ii). Take p =7 := 4. Similarly, we omit the subscript 7 for ¢, n and
© below.

%atywAu(t)yﬁQ = —(V (¢*°VAu) ,Adu), , + (¢VAu, (9,0)VAU)
= —a]qSAzu\iz —ady— (J1 + J2) + J3,

where

= ((V¢*)VAu, A’u), ,,

=(V (qszAu) aA(|Vu>u) + A(u x Au)),,

=(V (qszAu) AF(t,Au));,

Jg = (pVAu, (0:¢)VAuU); > .
Similarly, we have
alJo| + | 3] < 8lepA%ulfs + c(8)r VAU,

where [VAul|?, ) is bounded by part (i (i). Then choosing a sufficiently small

6 >0,

1 o t
(34) SloVAu(b)fs + Sl uffs < or™*[VAulLp) - / (J1+ J2) ds,

for any t € (—72,0). We estimate the nonlinear terms J; and Jo below.

J1 estimate
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As in I, we first observe that
OV AUl S [6A%uI% 0V AUIL, + 12V AulL |6V AulZ,.
Then with |u(t,z)| =1 in P, for the two terms of J; we have
(V(¢*VAu), A(u x Au)),,
=2 <¢2A2u, Vu x VAu>L2 +2(d(Vo)VAu, u x A2u>L2
S 10A%ulr 2|V AUl 4 [Vl pa g, + 77 oA 2| VAU 125,
and
(V(¢°VAu), A([Vul*u)), ,
= (V(¢*VAu),2(Vu - VAu + |[V?u[*)u + |Vul? Au + 4(Vu - Vu)Vu), ,

< |oAuls (|0V Aulys | Vul o, + |63 Aul,)
4+t <|¢VA'“|IL4|VAU|L2(BF)|VU|L4(B;) + |¢VAU|]L2|A'“|%4(BF)> .
Thus, using the L*-estimate of ¢V Au, we obtain
1] < 616A%uf2, + e()|oVAuf, (14 [Vulli,))

+ ¢(6) <T_2‘VAU@,2(B;) + ’AU\%(BF)) )
where

Aultapy S s [AubRag,) (18, + VAU ) ) -
te[—72,0]

Jo estimate
For the gauge term,
[PAF |2 S [A(V - A2, + ‘VAI%H(BF)
+ (162AlL2 + [6V(V - A)liz + 163 Alpsl63 VAL ) [Vl (s,
+ (IVAIs(3) + 1455, + [Vt (s, ) [6AulLs
+ [AlpaB,) |0V AUl

Applying (32), the previous L*-estimate of ¢V Awu, the L8-estimate of A in
the proof of part (i), and the inequality

V[l S VAU 25, VUl 25, + VUl
we obtain
12| = 810A%ufZ: S (1+ [Alfa(p,) + [Bulagp,) ) [0V AU
+ (7’_2 + ’VUPLQ(BF)) IVAU[F2,

+ (14 IVl [Bultag
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+ AV - A) 72, + VA s, + VAL,
+ Vs g, [0AAlL2 + [0V (V - A
+ (4 A ag,) (1Y AL, ) + 724 ),

Under Hypothesis 3.9

By the smallness assumption and Lemma 3.10,
o] = 016A%uls S (14 Al s, + [Aufa(s,) ) 16V Auf:
+ 7"_2|VA’U,|%2(BF) —+ |Au|%2(B;)
+IAY - A) 22, + IV - Al s,

+ U (F) + 2 0? (g) +r4e? (1+ 7‘_464) + 7%t 41,

Similarly, we choose a sufficiently small § > 0 and substitute the estimates
into (34). Then the result follows from estimates in part (i). O

Proposition 3.14. Assume Hypothesis 3.9 holds with I = [0,t] and € as in
Proposition 3.12. Then for u = u(w) and A = A(w),

(i) Aw € L*(I;1L?), with bound that only depends on v, €, |Al o0 (ry and
|Vu0|]L2}
(ii) uw € L>®(p,t;H3) N L?(p,t; HY) for arbitrary p € (0,t), with bound that
only depends on v, & and |A|pe (1m2)nL2(1;03)
(iii) u € L>(I;H?) N L?(1; H*) provided that wy € H3, with bound that only
depends on 1, €, [A| oo (rm2)nr2 (%) and [uolms-

Proof. Using a covering argument for T2 by balls, we easily obtain from (29)
that

|Vu|fi4 S 7"_252 (|V2u|i2 + T_2|VU|H%2) .

Taking ¢ = 1 with V¢ = 0 in the proof of Proposition 3.12 and using the L*-
estimate above, we obtain a sharpened bound of Vu in L*(I;1L*)N L?(1; H')
depending only on r, €, |Alg and |Vug|p2, proving part (i). This can then
be used to deduce the high-order estimates in part (ii) for positive times
using Proposition 3.13, and part (iii) follows similarly by taking the cut-off
functions ¢, = 1, = 1 in the proof of Proposition 3.13. O

4. WELL-POSEDNESS IN ENERGY SPACE

In this section, we state the existence and uniqueness result for a weak
solution of the transformed equation (13) taking values in C([0,T];L?) N
L>(0,T;H') a.s. For clarity, we outline the main steps of the proofs below
before stating the results.



32 PATHWISE SOLVABILITY AND BUBBLING IN 2D SLLG

For the proof of existence, first, for a.e. w € Q, local well-posedness of (13)
in H! can be achieved by means of an approximation procedure. Recall that
the approximability of H' initial data by smooth fields is guaranteed by the
density result of Schoen and Uhlenbeck [34]. Then given smooth initial data,
the existence and uniqueness of maximal solutions in H? with improved regu-
larity (time integrability in H*) under small energy assumptions follow from
Section 3.3.2. A compactness argument on a uniform interval is required for
the convergence of these approximating solutions. If we proceed directly by
using the bounds obtained in Proposition 3.14, then we obtain a different
convergent subsequence for each w (in a subset of Q of full measure), leaving
measurability of the limiting function and the underlying time interval in
doubt. In particular, the dependence of the limit on the stochastic process
A is unclear. To circumvent this issue, we first apply the Skorohod theorem
using the moment estimates in Lemma 3.8 to establish the existence of an
a.s.-convergent subsequence of the approximations and hence progressive-
ness of the limit. Then for each w, a compactness argument can be applied
to obtain regularity of the limit in H' starting from time 0, and beyond
H' on a positive time interval defined by an energy-related stopping time.
This allows us to extend the limit to a progressively measurable maximal
H2-solution defined at positive times, and analyse weak H' convergence and
the blow-up scenario at the maximal time. Finally, iteration of the above
steps leads us to a global H' solution.

Theorem 4.1. Assume that (3) holds for o = 4. For every ug € H(T?;S?)
there exist a stopping time 7 > 0 and a progressively measurable process u
that takes values in the space

HY0,7%L*) N L> (0,7 H'(T%S%) N L ([0,7%);H?)  P-a.s.

loc

and satisfies (13) with w(0) = wg, P-a.s. Moreover, there exist random
variables N < oo (€ N), z1,...,xnx € T? and u* in the space H'(T?;S?),
P-a.s. such that

lim w(t;) = u*  weakly in H'(T?%R3),

11— 00
and strongly in HY(T? \ {z1,...,2N}), for any sequence of stopping times
(t;); with t; < 7* for alli € N and t; /7%, P-a.s. Moreover, for everyr >0
and a.e.-w € €,

1
limsup—/ |Vu(t)*(w)de > 4n, n=1,...,N(w).
t 7% (@) 2 JBr(an ()

Taking u* as new random initial data, the construction in Theorem 4.1 can
be iterated. In contrast to the unperturbed case, the noise may bring energy
influx into the system. We rely on the energy bound

¢
sup sup |Vau(t)[: + SWZN]- < c(luolms [Alz20,1m2)),  P-as.

LeN tE[TZ,th} j=1
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to show that the blow-up times (when truncated at T') yield limy_,oo 7o = T.

Corollary 4.2. For every T > 0, there exists a progressively measurable
process

w e HY0,T;1L%) N L>®(0,T; H (T%S?)), P-a.s.

and an increasing sequence of stopping times (7¢)gen such that T € (Tar, Tar41)
for some M > 0 with 19 = 0, and that for all £ < M,

(a) ulir, 7, aT) 5 @ local strong solution of (13) as in Theorem 4.1 with
u* = u(7p41) and the number of singular points Nyi1 at To11,

(b) suppen Zﬁ:l N; < o0, P-a.s.

Remark 4.3. The effect of A becomes negligible at small scales. For zg =
(to,z0) and X € R, solutions w and connection forms A in Py.(z0) (if exist)
obey the following scaling laws on P,

uy(t,z) = u(to + Nt,xg + M),  Ax(t,z) = M(to + \2t, zg + \z).

Note that Vu and A share the same scaling behaviour - invariant in the
L?(R?) norm. Moreover, the corresponding perturbation has a higher order
scaling behaviour F)\(t,z) = A2 F (to+ A*t, zo+ A\z) and becomes negligible on
small scales A\ < 1. Thus, the existence and partial reqularity result for the
free harmonic Landau-Lifshitz equation is essentially reproduced apart from
the fact that singularities are mo longer controlled by the initial energy.

For the uniqueness of solution, it is well-known that weak solutions w :
(0,00) x T2 — S? to the LLG in the energy space

Er i ={v:[0,T] x T? - S$*: dyu € L*(0,T;1L?),Vu € L°°(0,T;1L*)}

for arbitrary finite 1" > 0, are generally not unique, a phenomenon that is
attributed to bubbles that form backwards in time. Freire’s arguments for
the uniqueness of energy-decreasing solutions to the harmonic map heat flow
[18], extended to LLG in [13, 24], can be adapted to the magnetic case (13),
provided that the perturbation F enjoys sufficient integrability. Note that
if 0 > 2, then F' € L>°(0,T;1LP) for all p < 2 which is more than sufficient.
In this case, energy influx is possible, thus the uniqueness condition is to
be modified. Namely, we show that the solution u is unique in the class of
weak solutions with right-continuous Dirichlet energy.

Theorem 4.4. Assume that (3) holds for some o > 2. Fiz w € Q, unique-
ness of solution u(w) to (13) holds in the class

{veér:t— |VA(w)v(t)|H%2 is right-continuous}.
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Note that & € C([0,T7];1L?) so that the right-continuity condition can equiv-
alently be phrased in terms of Vv rather than V v. Due to weak lower
semi-continuity, the right continuity above is equivalent to

limsup |Vo(s)[f2 < [Vo(t)|22, Vt<T.

S
Here, energy evaluation is meant in the sense of traces, see [36].

Applying the inverse transformation, we obtain the existence of weak mar-
tingale solutions to (4) from the equivalence result (Lemma 2.6). These so-
lutions are locally strong due to the interpolation embedding H'(0,;1.%) N
L?(0,t;H?) < C([0,t]; H'). Moreover, they are pathwise unique thanks to
Theorem 4.4, yielding our main result Theorem 1.1 and 1.2.

5. PROOF OF EXISTENCE

The proof of Theorem 4.1 is divided into several steps: Section 5.1 — 5.3 for
the construction of solution u, and Section 5.6 for an estimate of €. The
proof of Corollary 4.2 is in Section 5.5.

5.1. Approximations in C([0,T]; H?). By the density result in [34], there
exists a sequence {uy" }rey in C(T?;S?) such that uok — g strongly in
H'(T?;S?) as k — oo. Given € > 0 as in Proposition 3.14, it is possible to
select 79 € (0,1) such that

<

2 c2
‘LZ(BMO @)= 4°

Vu(()k)

(35) sup sup
keN zeT?2

For every £ € N and a.e-w € (1, given initial data u((]k), by Corollary 3.4
there exists a unique HZ-maximal solution (w®, [0,7%)))(w) of equation
(13).

Next, we show that the solutions w*) and the parameter A satisfy Hypoth-
esis 3.9 on a uniform interval. Using Lemma 3.7 and (35), there exists a
constant ¢ > 0 such that for a.e.-w € 2,

2
(36)  sup !Vu““)(t,wﬂ%z(%(x))£%+ch(t,w>t, t 0,7 (w)),
reT?

where h : [0,7] x  — (0,00) is given by
B t
h(t) = h(t; A, ug) := <1 + sup \Vu(() )‘iz +/ ]A\ﬁ@ds)
keN 0

t A2 ds —
« efo | ‘]HI2 (7’0 2 + ’A%([O,t};ﬂ‘]ﬁ))

+ 1+ |Al¢ (o,g:mm)-

(37)

The process h is F-adapted and independent of k. For a.e.-w € Q, h(-,w) is
increasing and continuous, since A is progressively measurable with values
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in C([0,T);H?), P-a.s. Then we can define an F-stopping time

2
(38) T, = inf {t €[0,7): h(t)t = Z—C} ,
where 7),(w) = T if supsejo ) h(t,w)t < Z—i. By definition, we have either
Th(w) =T or h(T)r, > h(,)T, = T in the case 7,(w) < T, implying that
7, > 0, P-a.s. Coming back to (36), let I*) = [0,7())N[0,7,] and 7 € (0, ],
then
2 2

9 9

(39)  sup sup sup |[Vul®) (t)’%Z(Bzr(x)) < — +ch(m)m < 5 P-a.s.

keN te(k) zeT? 4
Let N = {w € Q: 7(w) > 7®(w)}. If PW) > 0, then u®(w) €
L>®(0, 7% H3) N L2(0,7%); H*) for any w € N by Proposition 3.14(iii) and
(41). This implies that the H?-solution (u®),7())(w) can be continuously
extended up to (including) 7*¥), which contradicts with the maximality of
7(8). Thus, P(N) = 0, meaning 7, < ) P-as. for all k € N. By the
regularity of A, there exists r4 > 0, P-a.s. such that for any r € (0,74],

62

40 sup sup |A(t)|? . < r?| AP ey < —, [P-a.s.
(40) o 8P AW L2y, o) S 7 Mlcqomme < 5
where the first inequality holds by the Sobolev embedding H? < L°° and
the fact |Bo,| < r2.

Define ugk) (t) == uF)(t Ay) for t € [0,T]. Then by (39) — (40),

41 At 2. P-as.
(41) Sup sup (!Vu 12 (Bary (a)) T | ()!Lz(BZTA(x»)@, a.s

(k)

We will use H!'-moment estimates of u,;,~ and Skorohod theorem in Section
5.2 to secure adaptedness of the limiting process, and leave higher-order
regularity proof to Section 5.3 which require (a similar condition to) (41).

5.2. Convergence to an adapted process u. For f € R, ¢ > 2 and
v € (0, %), we define the spaces

Ug == C([0,T];1%) n C([o, T]; HY),
Vg = C([0,T);H?) x C([0, T} R) x C([0, T|; H”) x C([0, T]; £2),

where U is compactly embedded in C([0,T];H™!) by Arzela-Ascoli’s the-

orem. Recall that 7, € (0,7(%), P-a.s. By Lemma 3.8, u;}k) is umformly
bounded in L?(; Uy ), Thus, the laws {ﬁ(u% ) ren are tlght on C ([0, T]; ).

Applying Prokhorov theorem and two versions of Skorohod representatlon
theorem [10, Theorem C.1] and 5, Theorem 3.2], there exist V"~ L9 valued
random variables, (i, h, %, W) and {(@®, h®) a®) WE)N, " defined on
the same probability space (Q Z,P), such that
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(i)

(i) (@®,n®) F®) W) - (a,h, &, W) in Vg7, P-as.
(iit) (%), 7 ®) WE)) = (h, &, W), P-as. for all k € N.

(@®), hk) gy k) (k))) = ﬁ((ugﬂ),h, Y W))on Vy ' forall k e

—~

L
N

By (i) and (iii), (@®), h, %, W) and (ugl ),h %, W) have same laws on Vj;~ Lo
and any separable metrlc Subspace of Vi Lo by Kuratowski’s theorem.

Le Z; be the completion of o(u ®) (), a(s), h(s), W(s);k € N,s <t) and
= (:/ )tefo,r]- Then W defines a cylindrical Wiener process on (Q Z,F,P),
d % is the unique solution of (7) driven by W satisfying Lemma 2.2. Let

A= (T (v@),

and 7; be chosen as in (40). Then A e C([0,T);H?), P-a.s. and the laws
L((@® h, A, W)) = £((uglk), h, A, W)) on 1/02’2 since C([0,T]; H?) is a sepa-
rable subspace of C([0,T]; H™!). Similar to (38), let

~ 62

;=inf <t T):h(t)t = —
it {1 e 0.7 h0 = 5},
which is a F—stopping time since h is a continuous and F-adapted process
by construction (see the definitions of 1/02’2 and ). The law of 7; depends
only on the law of h, where the map C([0,T];R) > h € [0,T] is
Borel measurable. Then using the fact £(h) = £(h) on C([0,T];R), we have

P(r; > 0) = P(r, > 0) = 1. As a result of the same (joint) laws, for any
t € [0,T], we have on L2,

t/\T]'_L

a"(t) — ul) - H(s, A, a®)(s)) ds = 0, P-as.
0

In other words, @*) on [0, 73] is a local solution of the equation (13) with
initial condition u(()k and parameter A, P-a.s. Moreover,
(42)
sup sup <|Vu(k (t /\Th)|L2 (Bare (2)) T |A(t )|L2(B27 (x))> <& Pas.
te[0,T) z€T?2 o

We shall use (42) for convergences in smaller spaces under fixed w in Section
5.3. Before doing so, we collect some properties of the limit @ which will be
used in Section 5.4.

By construction, the processes @ and @(- A ;) are F—progressively measur-
able. The following map is lower semi-continuous

C([0,T);H™") > f s sup |f(t)]m.
te[0,7
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Thus, by (42) and the P-a.s. convergence of @®) in C([0, T]; H™1) (see (ii)),
we have
(43)
Va(t)|? A(t)? <e? Vre(0,r), P-as.

s s (VO o + A, o) <0 e Onl. Pas
Similarly, using the uniform integrability of @®) in C([0,T]; H') under (i)
and Fatou’s lemma, we have for any p € [1, 00),

P

H1

= liminfE | sup ‘ugf)(t A Tﬁ)‘p < 0.
k—o0 tE[O,T] H?

E

sup |a(t A Tﬁ)‘ﬁll <liminfE | sup "&(k) (tAT;)
te[0,T] k=00 te[0,T]

(44)

5.3. H?-maximal solution. For p,7y € (0,1), define the intervals
Iﬁ = [0777;]7 I}},p = [pTﬁaTﬁ]a
and let
Uy = L>®(I;; H") N L*(I;; H?*) n H'(I;;L?),
Vi = CO(I;; HY) N L*(I;; HY),
Up := L®(I;, ;H°) N L2(I;, ;HY) N HY(T; H?),
- . T2 2 LT3
Vo i= O (L ;Y 0 L2(1; ).
For fixed w € €2, we have the usual vector spaces and compact embeddings
Ui(w) € Vi(w) and Uz(w) € Va(w). By Proposition 3.14, for a.e.-w € Q,
i (k) .
sup |u AT ) (W <c <
keN (A7) U1 (w)NUz ()

Then there exists a subsequence of {@*¥)(- A 7;)(w)}, denoted as {v(*)};,
such that

o
o, e, sup |l i, |A<w>|c<[o,T};H3)) < .
keN

_ weak-* in L (I; (w); H') N LOO(I;W(w); H3)
(45) o) P %0 {weakly in L2(I; (w); H?) N L2(L;, ,(w); HY)
strongly in Vj(w) N Va(w).
Recall (ii) in Section 5.2, we have
a® (v pri A7) = a(-Vpr; A1) in C([0,T);H™Y), P-as.
(including the case p = 0.) Then by the uniqueness of limit in C'(I} (w); H™1),
a(t,w) =ov(t), Vte l;(w),

Using the convergences (45) above, 4 is an H'-solution of (13) on I 7 and an
H?2-solution on Ip i» P-a.s., with regularity

(46)  a(-AT;) € C(0,T;HY) N L>®(0,T; HY) N L*(0,T;H?), P-as.
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(47)  a(-Vpr, AT) € C(0,T); H*™) N L*(0,T; H*), P-as.

For a.e-w € , thanks to the higher-order (particularly H?*7) regularity
of @(w) given in (47), this local solution can be extended to a unique H?-
maximal solution, still denoted as @(w), of (13) in H? on [p7j,7]) where
T (w) < 7 (w) < T and

(48) [a(t,z,w)| =1, ae-(t,x) € 0,7 (w)) x T2

Note that 77 is an IF‘—stopping time. Then by Corollary 3.6 and Lemma
3.8, the maximal time 7 is an F-stopping time, and for any F-stopping time
(e (75, 71), the (stopped) extended solution process a(-AC) 1 [0, T)xQ — H!
is I?'—progressive, satisfying

2 ¢
y +/ [ x A s (s) ds
T

E [ sup ‘V'&(Hﬁ(s) AC)
(49) s€[0,7]

< (B[IVatrp) + 14 om0 +4'@) < oo,
for some constant ¢ > 0.

5.4. Singularities at 7;. If the smallness condition (43) is satisfied at 7*(w)
and a positive r(w) < o for some w € €, then @(w) has improved regularity
with uniform (in time) bound on [} (w), 7} (w)) as in Proposition 3.14(ii),
which allows it be extended smoothly up to (including) 7;(w), contradicting
the maximality of 7{(w). Thus, (43) is not satisfied at 7*(w), for a.e.-w € Q.
In other words, there must exist a singular set S7(w) given by

.y _ 21 -2 T2
St(w) = {l’n €T | 11/11;15&13 (’vu(t)’Lz(Bgr(:cn)) + ’A(t)‘L2(BQTA(xn))) (w)
>e? Vre (0,7“0]}.

By (40) and the way that r ; was chosen in Section 5.2,

e2

(50) limsup\V'&(t,w)\%z Bor(zn)) > 5
L () (Bar(zn)) ©~ 9

for any r(w) € (0,70] and thus for any r > 0.

Now we identify the limit of w(t) as ¢ — 7. Let {f;}ien be a sequence

of increasing positive F-stopping times such that 0 < ¢; < 7/ for all ¢ and
t; — 71, P-a.s. as 1 — oo. For instance, we can take

t; = inf{t € [7, T : [@(t)|ge > i}.

By the on-sphere constraint (48) and the moment estimates (44) and (49),
we have

(51) supE [\'&(tz)]%l] <E [sup "ll(ti)’%l1:| < 0.
ieN ieN
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This implies that there exists a subsequence of (@(t;)); that converges weakly
in L2(Q; H') to some w* € L?(£; H'). Moreover, fix w, there exists a subse-
quence of (@(t;));(w) that converges weakly in H' to some ©* € H'. In fact,
these weak convergences for the entire sequences (u(t;)); and (w(t;));(w),
where the limit u* is j};«-measurable and @*(w) = v*. We start from veri-
fying that (@(t;)); is a Cauchy sequence in L?(£2;12):

r 2

t.
E [|'&(ti) - fa(tj)@] < R /J @ x A gi ds
t;

L2

=

r ts 27 3
< ¢E </ @ x A af ds) ] (E(t; - t:l])?,
t;

for any ¢, 7 € N, where

t;
/ @ x Azal?, ds
.

h

~

1
/ @ x A |2 ds] < 00.
.

h

lim E

1—00

=E

The inequalities above hold as in the proof of Lemma 3.8 using the equa-
tion (13). Therefore, @(t;) converges strongly in L?(€;1L2%) to some @' €
L?(£2;1L2). Then we have the following consequences.

(i) @' = @* by the uniqueness of weak limit in L?(£2;IL?). This applies

to every subsequence that is weakly convergent in L?(Q; H'), leading
to weak convergence in L?(2,H') of the entire sequence (u(t;));.

(ii) There exists a further subsequence of (w(t;)); that converges in L2
to the unique limit u*, P-a.s. The random variables u(t;), i € N, are
52}1* -measurable, and so does their P-a.s. limit w*.
For fixed w, (w(t;)(w)); is similarly a Cauchy sequence in L2, since a(t;)(w)
solves a deterministic equation, fttj lu x A A’&/hig ds < oo, P-a.s. and t;
71, P-a.s. Similar to consequence (i), we obtain that the entire sequence
(w(t;));(w) converges weakly in H! to some ©* € H!. Then by consequence
(ii), (@(t;))i(w) converges to u*(w) = v* weakly in L2, Since this argument
applies for a.e.-w, we obtain the a.s. weak convergence

a(t;) —a* in H', P-as.
for any sequence of stopping times ¢; 7], P-a.s.

By the weak lower semi-continuity of the H'-norm and the inequality (50),
.2 : =2
E [[Vul\Lz] =E Llﬂli)l%) ‘V’Ufl ’LZ(TZ\UnBzr(xn))]

< liminf B | lim (V@) 30,8, (o))

i—00

T PINT : SYPIND:
= liminf E |Vu(tl)|L2—;1_>n% Z IVa(t:)|s,, )

i—00
n<|[S7]
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2
(52) <liminf E [|Va(t;)[2.] - %E[ISTIJ-
71— 00
Then by the fact Vuj € L2(Q;H1) and (51), we have E[|ST|] < oc.

Alternatively, by Lemma 3.7(i), we can also show that the P-a.s. L%
convergent sequence has a P-a.s. weak H'-convergent subsequence, and
similarly,

2 2

- . - €% x _ €7

(53) |VailZ: <liminf|Va(t;,)[Z. — IS < sup [Va(t)E. — |87l
Jroo 2 t€[0,7) 2

To improve the a.s. H'-weak convergence, we note that the condition
(43) is satisfied if the supremum is taken over x € T?\ S} instead of
x € T2 This implies that away from the random singular locations, the
restriction |2\ s; can be extended continuously up to 77, yielding u(w) €
C([r;, 7] (w); H*(T? \ Sf(w))) for a.e.-w € Q. From the continuity in time,
we have the following strong convergence

a(t;)(w) = a*(w) in H'(T?\ Sf(w)),
for a.e.-w € Q.

5.5. Tterate to construct solution in C([0,7];1L?) N L>=(0,T;H'). We
repeat Section 5.1 — 5.4 using the initial point @} to obtain a similar local H*-
solution. For clarity, we provide details of the second iteration, particularly
for the time shift, and the random radius associated with uj.

As in Section 5.1, for a.e-w € €2, there is a sequence of smooth approxi-
: ~ (k) : o PR S
mations {@; ' (w)} converging to @] (w) strongly in H'. The approximating
sequence is cons‘lcfructed from a (deterministic) mollification of u}, thus for
every k € N, ﬁg RO C>(T?;S?) is similarly Fzr-measurable and the
convergence is P-a.s. Similar to (35), now we select a Fz=-measurable ran-

dom radius 7; > 0 such that
2 e2

< —, DP-as.

~ (k)
Vu ,
U2 (Bagy (2)) 4

sup sup
keN zeT?

Let (ﬁik), (71 igk))) denote the unique H?-maximal solution of (18) with the
parameter A and the initial data @] at 7. Recall h in (37). Let

hy(s) :== h <s;/~1(9;;),'&’{> , s§>0,
which depends only on ('&gk))keN, 1 anNd the restriction of A to the inter-
val [7],07:(s)]. Similarly, the process h. is independent of k, increasing,
continuous and Fzr-adapted, where Fzr = (97:1*4-8) s>0. Then we have an

[F7:-stopping time

~ 62
T, = inf{s >0: hi(s)s = 4—6} ,
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where 75, >0, P-a.s. As a result, T, + 71 is an F—stopping time since it is
equivalent to

~ 2
inf {t €7, T)  hu(t — 7))t — 7)) = Z—} .
c
Using again the maximality of igk) and Proposition 3.14, we have 7, +7{ <
(k) , P-a.s. for every k € N. Define

al (s) 1=l (05 (s A 7)), 520,

Then by Lemma 3.7, a similar condition to (41) holds for ('&gﬁ),ﬁ,fl,r;&)

instead of (uﬁlk),ro,A TA)-

As in Section 5.2, ug ) is uniformly bounded in L?(Q; Uy) for any ~ € (0, ).

Also, let
We(s) .= W(F +s) = W(F), s>0.

Then W, is a new cylindrical Wiener process on (Q,.#,P) independent of
9;;1*, and %, (-) = % (7{+-) is the unique solution of (7) driven by W, starting
from @;(0) - (77). Applying again the two versions of Skorohod theorem,
on the same probablhty space (2, F IP) there exist V_lo [0 1]-valued
random variables (u, h,% W, 71) and { (4 k) hk) gy (k) W(k) )}keN such
that

£((@®, 20,70 W ® 10y = 2@l b, i, W, 1) on V5 x [0, 1],

for all & € N, and the a.s. convergence (ii) and a.s. equality (iii) hold
similarly. Let .%; be the completion of o(a®) (s ),ﬁ(s),iz(s),W( ) Fiik €
N,s <t)and F:= (jt)te[O,T} In particular, 7 is Fo-measurable, and Y is
the unique solution of (7) driven by W with initial distribution £(# (0)) =
L(%(0)).

The rest of Section 5.2 — 5.4 can be repeated, giving a solution @ and an
F-stopping time 75 > 0, P-a.s. with the following properties:

e for any F-stopping time ¢ € [0,75), u(- A ¢ ) is [F-progressively mea-
surable, bounded in L2(Q, L>®(0,T;HY)) with |a(t,z,@)| = 1 a.e.
and takes values in C((0,7];H?), P-a.s.

o for a.c-w € Q, there exists a singular set S5(w) such that E[|S5|] <
oo, and for every z € S5(w),
2
£
limsup |Va(t,w)|32 g, )y > =, Yr >0,
L) W) 2

e u(t) converges to an - s-measurable random variable uj weakly in
L2(QaHl)a as t /l T2
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To concatenate the two solutions @ and 4, for every ¢t > 0, let .%; be the
completion of the o-algebra

o <g§ U {{ﬂ* clst]}NB:Be s, sc [0,t)}>

By definition, Fy C F,;, thus Ty = 7] is also an F-stopping time where
F := (#)i>0. Similarly, 75 := 71 + 75 is an F-stopping time. Moreover, the
increments of W are all independent to 9_}1*. Then the process W given by

W(t) = WHLE > 1) + (W(%f) + W(t)) 1(7 <t), telo,T],

is a cylindrical Wiener process adapted with respect to F. The processes
(Y,Y) and (A, A) can be similarly pasted together. As a result, we arrive at

a F-progressively measurable solution on (§2,.#,P): (u, [0, 7] + 75)) defined
by

a(t — 1) —a(0) +aj, te[F, T +7)=[7,7)
For simplicity, let us omit all accents.

Continuing this procedure, we produce a weak solution w(¢) in H' on [0, 7;)
by the end of the /-th iteration. Then we only need to show that this solution
u is global. Let N, := |S}| denote the (random) number of singular points
as t — 7. Recall (51), (53) and Lemma 3.7 — 3.8. Inductively,

¥

¢ AP, Lo
|Vuj[?s < <|Vu0|i2 —I—c/ V- A+ A%)2, ds) e E2O07FLe0)
0

e2 &
-3 Z N;, P-as.
j=1

14

2
2 2 2 4 €
E[|Vuilta] S [Vuolts +E [|AZ o0z +0@) - SE | XN
j=1
By construction, we have 7, < T and thus
¢
sup | |Vuj|2s + ZN]- < oo, P-as.
teN —
7j=1
The sequence (7;)¢ is positive and increasing. Let 7% := limy_,o 7, and

let u* denote the weak limit of w} in L*(Q;H!'). If 7* < T, then no more
iteration can be performed with |uj|g: — oo, leading to a contradiction.
Thus, 7% = T and we arrive at a global weak solution w in H'(0,T;1L?) N
L>®(0,T;H') of (13) with a finite number of time-space singular points,
P-a.s.
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5.6. Value of e. We now provide a geometric characterization of singulari-
ties and deduce a precise numerical value for . Again, for fixed w € €2, after
translation and dilation we may u = u(w) € C([—4,0); H?(B2\ {0};S?)). If
(0,0) is a singularity then by virtue of Proposition 3.13,

2 2 82
lvu(tk)‘LQ(Brk(xk)) = ngBP ’V’u(tk)‘L%Brk(x)) = Z

1

for suitable sequences t, 0, xp — 0 and 7, N\, 0. Moreover, invoking
Lemma 3.7 we find 0 < dp < 1/4 such that

2

%7 Vt € [tk - leé(]vtkL

sup [ V() Pde <
z€B1 (z) J Bry, (z)
2 2
for sufficiently large k. The blow-up solutions uj given by
up(t,z) = u(ty + r,%t, xp +rrx), (t,z) € [0, 0] X R?

admit for € By, and t € [~09/2,0] a uniform higher order bounds
according to Proposition 3.13. We consider uy as a solution of the perturbed
Landau-Lifshitz equation

Oy, = Uy, X (a@tuk — Auk) + Fy

where |Fj(t)|L2 = O(ry) uniformly for all admissible ¢. It follows from the
energy inequality for w that fféo Jge [0pug|? dzdt — 0 as k — oo, hence
vy = (Opup)(7y) and wy = Fi(7;) converge to zero in L%(R?) for some
sequence 7 0. Note that @y = uy(7;) is an almost harmonic map in the
sense that

’llk X A’ﬂ,k :a'&k X Vg — Vi + Wg
L (R%R3) to a harmonic map @ of finite
energy in R%. To show that @ is non-constant we invoke Lemma 3.7 for uy,

and subconvergence strongly in H}

/ Vg (0))? da — / |Vauy(rp)|?dz — 0 as k — oo,
B1 B>

so that by local strong convergence | By |Va|? dx > 0. By virtue of the well-

known theory about harmonic maps % fRZ |Va|? dx is a positive multiple of
47r. Hence by letting s =t + T]%Tk — 0 we have for arbitrary rq > 0

/ |Vu(sy)| dx 2/ |Vu(sy)| dx :/ |Vay| de 2/ |Vay| de
B2(0) Bi(zy,) By, Brg
for k > ko depending on ry which implies by strong L?(B,,) compactness of
Vi
.1 9 1 N
lim inf = [Vu(sp)|” > = |Va|dz = 4r|q| + o(1).

2 /By (0) 2/B

k—o00
o

This concludes the proof of Theorem 4.1 and Corollary 4.2.
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Remark 5.1. If the noise is finite-dimensional with commuting G; matrices
(e.g. gj(t) = f(x)h for a fived constant vector h € R3, Vj < N), then A can
be expressed in terms of sin(W;) and cos(W;) as in Example 2.4, so that for
a sufficiently smooth f. As a result, we can obtain a non-random bound for
|A(w)|e(o,r),me) for a.e.-w € Q. This could simplify the derivations above,
since an explicit expression of Ty, in terms of ro would be available.

6. PROOF OF UNIQUENESS

We sketch the proof of Theorem 4.4 in this section. For simplicity, we fix
w € Q such that A(w) is sufficiently regular, and write ©v = u(w) (resp.,

t = t(w)).

Right-continuity of Dirichlet energy of w is the key to control the most
singular nonlinear term by decomposing it into a smooth and small part.
Thereby it implies improved space-time regularity

Vu € L*(0,t;1L4)
on small forward in time intervals (0,¢], which is sufficient to perform a

local Gronwall argument, cf. [12]. In fact, by L?-continuity and translation
properties of A, it is enough to establish local uniqueness near t = 0.

We present the crucial step towards regularity using right-continuity and
the decomposition argument, which is not properly described in the corre-
sponding literature on LLG as pointed out in [24].

Lemma 6.1. Under the assumption of Theorem 4.4, there exists (random)
t >0 such that Au € L2(O,t;]L%).

Sketch of proof of Lemma 6.1. The main idea is to interpret the magnetic
LLG (in Gilbert form) as an inhomogeneous magnetic heat equation

du — « (Au —ViB.: Vu> =f.

where the magnetic term in B, is arising from the geometric nonlinearity -
not the transformation. The key observation (cf. [18]) is that by virtue of
Wente’s inequality, the magnetic Laplacian above is uniformly elliptic in the
sense that

1
—(Au+V*B, : Vu,u)2 > 5 (L= c|VB]y2) Vs,
where the operator —(Awu + V4B, : Vu)(s) is coercive for any s € [0,1],
provided |V Be|re (g +12) < € and parabolic theory applies.
In the case of the our magnetic LLG equation, the source term f contains

(i) the Hamiltonian terms that in Gilbert form are given by u x du €
L*(0, 7317,



PATHWISE SOLVABILITY AND BUBBLING IN 2D SLLG 45

(ii) the pertubations arising from A that are bounded as follows
|VA| + |A||Vu| + |[A]* € L®(0,T;LP), Vp< 2,

(iii) and the terms arising from the so(3) valued Hodge decomposition

U=ViB+®, V.-&=0,

or in the Hélein factorization of the geometric nonlinearity
Vulu=¥:Vu, ¥=u®Vu—-Vuxu.
For terms in (iii), using the equation it follows that
IVO[L2 = |V - ¥|pe

which is uniformly bounded in time. Hence, by Sobolev embedding, ¢ <
L*>(0,t;ILP) for all p < oo and will be attributed to f. The final step is
a decomposition of B. According to our assumption ¥ and hence B is
right-continuous in time with values in H'. This implies by letting

B.(t) = B(t) — IL,B(0)

where II,, is a suitable spectral truncation so that B — B, € C'°° will con-
tribute to f, while
VB (t)]2 IV(B(t) = B(0))|r2 + [V(B(0) — I, B(0))]r.2
IV(B(t) = B(0))[L2 + ([T — Wy [|[Ve(0)|r2 <&
for n sufficiently large and ¢ sufficiently small. Since
£ e L0, LP) N L2(0, £ 1L2) N L2(0,; 1L3)

on finite time intervals, the claim follows from parabolic theory. O

<
<

In a second step based on the Landau-Lifshitz formulation, integrability in
time can be improved to the power 4, and the requisite gradient regularity
Vu € L*(0,t;1L*) follows by Sobolev embedding. To conclude the proof of
the theorem, it is routine to derive the following differential inequality for
the increment w = u — v of two weak solutions u and v in this class

ol + 20l Vawlls S [ (VaUIVawlho] + VAU wl?) do
T

with U = (u,v). By Young’s and Ladyzhenskaya’s interpolation inequality,
we obtain
a 2 V 2 < v 2 A 2 2
t‘w‘]LQ + af w’LZ ~ (‘ uhul + | ’IL4) "w‘]]}
< (Vuls + VAl 214]12) [Veolyzfele
which can be recast into

[0
Al + S1Vwls < (Vulls+ VAR |AR,) w2,

~

As the first factor on the right is integrable in time, Gronwall implies w = 0
on a small time interval, concluding the proof of this lemma.
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7. CONCLUDING REMARKS

With Theorem 4.1 and 4.4, the inverse transformation yields our main result
on solutions m of the stochastic LLG equation (4).

Let us briefly comment on the regularity of noise required in the proofs
in Sections 5 and 6. For the existence proof, we set ¢ = 4 to ensure that
A€ O([0,T);H2)NL?(0, T; H?), P-a.s. and thereby use Proposition 3.14. For
the uniqueness proof, o = 2 is sufficient. As in Remark 2.5, an improved
control of V - A would lower the regularity requirements. Considered as
time-space forms over R x T2, they satisfy the caloric gauge Ay = 0, but
roughness in time limits the class of admissible gauge transformations, which
is a crucial aspect from the point of view of PDE analysis. Although we
do not aim for an optimal regularity result here, it is worth mentioning
some heuristic limitations from the basic energy law and scaling property.
Starting from a strong (in PDE sense) solution m of (4) in the simplest case
of one-dimensional Wiener process,

dm = —m x Am dt + a(Am + |Vm|*m) dt + (m x g) o dW.

with g = fh for some f: T? — R and constant h € R3, it follows from Ito’s
lemma that

E(m(t)) — E(m(0)) + a/o |Am + !Vm\2m|i2 (s) ds

t 1 t
= / (Vm,m x Vg)2(s) dW(s) + 5/ Im x Vgli.(s) ds.
0 0

This suggests o = 1 as borderline regularity for weak solutions based on
energy concepts. This situation has been considered in [25] in the case
of HMHF. On the other hand, for every A > 0, the process W) given by
Wi(t) = AW (tA\?) is again a cylindrical Wiener process on £2. Starting
from a strong (in PDE sense) solution of (4) on [tg,tq + 72] X B,(x0), let

my(t, x) = m(ty + \*t, zo + \z),

[e.9]

Z <lv hj> © X gjxs

j=1

Ga(p)l

where g; \(z) = gj(xo + Az), j € N, for any A > 0. Then
dmy = —my x Amy dt + a(Amy + |[Vmy[>my) dt + AGx(m)) o dW).

Notably, in dimension 2, dilation is norm preserving in L>°NH?!. In the blow-
up regime A < 1, the contributions from noise are uniformly controlled. This
suggests a borderline regularity ¢ = 0 where the noise is equally active on
every scale.
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