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ABSTRACT

Common step-stress accelerated life testing (SSALT) models assume that all testing items are sampled from a homogeneous

population. However, this is often not the case in practice. Practitioners observe inhomogeneous aging patterns among items of the
same production batch. This work proposes a simple SSALT model with exponentially distributed, Type II censored lifetimes that
accounts for underlying heterogeneity in aging. To capture the inhomogeneity, a mixture model is introduced and an expectation—

maximization (EM) algorithm for censored data is constructed for approximating the maximum likelihood estimates of the model’s
parameters. The validity of the suggested model and its advantage over the SSALT model in the presence of heterogeneity are
demonstrated via simulation studies. Additionally, the log-link function, used to extrapolate the inferential results to normal
operating condition (NOC), is adjusted to accommodate the heterogeneous setup. For log-link models, it is demonstrated that
in presence of heterogeneity, the common model always overestimates the lifetime under NOC. In contrast, the proposed model,

accounting for heterogeneity, reduces the bias in estimation and extrapolation.

1 | Introduction

It is challenging for engineers to evaluate products’ lifetime
within a constrained test time and expense due to their high
reliability. Accelerated life testing (ALT) was developed and
widely implemented in the industry as a solution to this problem.
Failures are induced far sooner than under normal operating
condition (NOC) when higher-than-usual levels of stress are
present. Examples of such stresses include temperature, voltage,
and pressure. Data obtained from ATL are analyzed and then
extrapolated at the NOC. Some key references in the area of ALT
are [1-6], where optimal designs of ALTS, statistical models, and
applications are discussed. When performing an ALT experiment,
different types of load, for example, constant stress, step stress, or
linearly increasing stress can be imposed on the testing units. In
particular, step-stress ALT (SSALT) setups allow stress levels to

change during the experiment, often from low to high, exposing
thus the same testing units to more than one stress levels.
Statistical references and optimal designs for a homogeneous
population with various life distributions under Type I or II
censoring in SSALT have been extensively discussed, particularly
the simple SSALT model with only two stress levels, see [7-13].

ALT experimental data may exhibit heterogeneity in aging
of the testing items. For instance, Figure 1 in [14] presented
a circuit-board ALT test with relative humidity as the stress
factor, where the failure times of 72 test units at 75.4% relative
humidity can be separated into two clusters. This divergence in
aging behavior often becomes more apparent during the later
stages of an ALT test. For example, a late-stage heterogeneity
is evident in the laser lifetime data presented in Example 13.10
(see Figure 13.14) in [6]. Another notable example is battery cells
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performance. Cells tend to display nearly identical performance
during the initial testing period but diverge significantly after
a certain number of cycles (see, e.g., [15]). Furthermore, in
ALT experiments, it is often observed that the variability in
product performance tends to increase at higher stress levels,
as evidenced in Example 21.1 and the corresponding Figure 21.1
in [6], where a more pronounced separation into two groups
is observed at higher temperatures. Similarly, Figure 2 in [16]
demonstrated this behavior for metal-film resistors.

Differences in aging behaviors and the presence of groups with
similar aging patterns are expected when the tested products
come from different subsidiary corporations or mass production
lines, as variations in manufacturing processes may account for
the differences in aging. In this case, aging groups coincide with,
for example, production lines. However, it may happen in life
testing experiments that items from the same population (e.g.,
the same batch or production line), subjected to identical testing
conditions, age differently at later stages, leading to the formation
of distinct groups, as seen in the previously mentioned examples.
In such cases, group membership is unknown beforehand, since
the sample is assumed to be homogeneous before testing. How-
ever, subtle differences, possibly at the material level, may lead to
heterogeneity emerging in later stages. Detecting possible aging
patterns and clustering the items accordingly, especially when
group information is unavailable, is crucial for improving lifetime
predictions and better understanding the variability within the
tested population.

There exists some literature handling heterogeneity under the
ALT setting, considering scenarios in which group information
is either available or not. Al-Hussaini and Abdel-Hamid [17]
considered finite mixture models under ALT and derived the
maximum likelihood estimates (MLEs) of the parameters of
a mixture of two Weibull components with unknown group
membership, each representing a different failure mechanism,
by solving nonlinear equations. Later, they extended this idea
to the progressive stress ALT and step partially ALT models
[18, 19]. Leon et al. [20] developed a Bayesian method to make
credible estimations and predictions from ALT data when the test
units originate from known heterogeneous groups. Lv et al. [21]
incorporated both group effects and different failure mechanisms
using a regression model with random effects and nonconstant
shape parameters of the Weibull distribution in ALT, utilizing
the available group membership. Lin et al. [22] proposed a
flexible two-step reliability assessment model to deal with the
underlying heterogeneous problem, using Weibull mixtures with
unknown mixture proportions. Seo and Pan [23] described a
generalized linear mixed model approach for right-censored ALT
data to encompass inhomogeneity caused by the random group
effect, where group membership information is available. Zhuang
et al. [24] introduced a modeling framework and developed the
statistical inference for progressive stress ALT with group effects
under progressive censoring, using known group membership.

Nevertheless, modeling heterogeneity under the SSALT setup has
not been widely contemplated. For example, Seo and Pan [25]
extended their generalized linear mixed model to accommodate
an SSALT setup. Wang [26] built a nonlinear mixed-effect model
with Weibull-distributed lifetime data to analyze the random
group effects in SSALT. However, all SSALT models considered

so far refer to mixtures of groups with items of known group
membership. Thus, there is a lack of treating heterogeneity in
SSALT modeling when the group membership is not known
ahead, which is often the case in real applications, as evidenced
by the examples above. In this work, instead of considering
the heterogeneous group effect introduced by subsampling or
random blocks in [25] and [26] where the group information
is already available, we develop an SSALT model based on a
mixture model that depicts the inhomogeneous aging patterns
of the test units without any prior knowledge about their aging
group membership.

To the best of our knowledge, the point and interval inference
in SSALT without prior information about inhomogeneity has
not been addressed so far in the literature. In this paper, we
propose such a heterogeneous SSALT (hSSALT) model based on
a mixture of lifetime distributions to capture the heterogeneity
in mean lifetimes, considering exponential lifetimes under Type
II censoring and assuming the cumulative exposure (CE) model.
The expectation-maximization (EM) algorithm is adapted to
analyze failure time data from the proposed model. Specifically,
we consider a simple SSALT experiment under which the test
units behave homogeneously at the first stress level but diverge
into two subgroups under the second stress level.

The remainder of the paper is organized as follows. In Section 2,
the proposed hSSALT model, which incorporates a mixture
model, is introduced and described in detail, providing the
corresponding distribution function, the density function and the
likelihood function under Type II censoring. The point estimation
of its parameters is discussed in Section 3. In particular, the
associated likelihood equations are provided, along with the
proof of the identifiability of the model’s parameters. The MLEs
of the parameters in the mixture are approximated by an EM
algorithm developed for our setup. Furthermore, the relationship
between the estimates from the (homogeneous) SSALT and the
hSSALT models is commented. Ways to construct asymptotic and
bootstrap confidence intervals (CIs) are discussed in Section 4.
A simulation study for comparing the coverage probabilities
of the considered CIs is carried out in Section 5. Next, two
illustrative examples are presented in Section 6, where the results
of hSSALT and SSALT are compared in both heterogeneous
and homogeneous scenarios. Besides, CIs are also computed for
hSSALT model. In Section 7, the link function for hSSALT to
extrapolate lifetime under NOC is described. Finally, a summary
of the results and some concluding remarks are provided in
Section 8.

2 | Model Description

Let us consider the following simple SSALT experiment: n
identical units are placed on a life test at stress level x;, where
x; is higher than the NOC level x,,. Let T denote the prespecified
time point at which the stress level is increased to x,, x, > x,. Let
n, and n, be the number of failures that occur before and after
7, respectively. The experiment continues until r (usually r < n)
failures are observed (Type II censoring), with n, + n, = r. When
r = n, no censoring occurs and the entire sample is observed. This
case can be treated as a special case of Type II censoring.
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Let t,., <t,., <-+- <t,., denote the ordered observed failure
times. We further suppose that the data come from a CE model;
see [2, 5]. Additionally, we assume that the tested units behave
quite similarly under x,, but differentiate into two groups under
X,. An extension to more than two groups is also possible. The
assumption of heterogeneity at the second stress level aligns
with the discussion in the introduction observed in real ALT
experiments, where it is common for heterogeneity to emerge
during later stages of testing, particularly at higher stress levels.
However, the model can be adjusted to account for heterogeneity
occurring at the first stress level as well, depending on the specific
experimental conditions and assumptions of the model.

In the sequel, we focus on the case of heterogeneity arising under
the second stress level x, and being captured by two subgroups
of testing items. Thus, the corresponding cumulative distribution
function (CDF) for the random lifetimes T, and T, of restricted
two components in a CE setup are given, respectively, by the
following:

F,(t), t<t .
G;(t)= { j=12,

Fyi(s; +1—1), t>1

where F,, F,,, and F,, are CDFs of exponential distributions
with means 6;, 6,,, and 6,,, respectively, that is, F,(t)=1—
exp {—i}, for t >0, with F,;, j = 1,2, being defined analo-
gously. In the CE setup, it is obvious that F,,(s,) = Fy,(s,) =
Fy(7), leading to s; = iiljr and hence tos; +t—7=t-7+ %r,

1
for j =1,2.

The whole test sample is a mixture of two subsamples with
proportion p for the first group and 1 — p for the second, with
CDF G*(t) = pG,(t) + (1 — p)G,(t). Then, the hSSALT model is
defined by the following:

1—exp{—ei}, t<rt
1

G*(t)=<1—pexp{—te_r—el} . (6]
21 1

t—7 T
—-(1-p)ex {— ——}, t>t
PP\ 7o, "o
The corresponding probability density function (PDF) is given by
the following:
L ex —L t<t
6 P 6, |’

X g, t<rt 1 t—-7 T
g () = . = pe—exp _— -
g'z(t), t>7 21

Given observed data t = (t1.,,t5., > t+.), the likelihood is as
follows:

L(8,,6,1,0,,p | 1) <Hg;(ti;n)>< I g;(ri:u)

i=1 i=ny+1

X [1 - G*(tr:n)]n_rs (3)

where HL(') =1and H::r .,(-) = 1. It is evident that, once the
data are observed, one of the following three cases will occur:
(i) all failures are observed at level x;, that is, I(¢t,., <7)=1
and n, = r; (ii) all failures happen under level x,, that is I(t,., >
7) =1 and n; = 0; or (iii) failures occur under both stress levels.
Of special interest is case (iii) with 1 < n; <r — 3, since under
this condition, the MLEs of all parameters exist. However, these
estimates are conditional MLEs. It has to be pointed out that
this condition is stricter than the corresponding one for the
common simple SSALT model. Recall that the estimability of the
parameters of the simple SSALT model is ensured if at least one
failure is observed per stress level, while for an hSSALT model,
at least one observation under x; and at least three observations
under x, are required. For this, further analysis refers only to the
casewithl <n, <r-3.

Given that 1< n; <r-3, Equation (3) with Equation (2)
becomes

1 Z?:l ti: !
L(6,,6,1,00,p 1) (><6—111 exp {_6—11" } H

i=nj+1

tr:n i T
X|pexpy§ — ) - 9_
21 1

by —T T -
+(1—p)exp{— 5 _6_}> ,
22 1

leading to the following expression for the log-likelihood (up to a
constant)

Zln:ll lin  (n—ny)t
6 6,

. 1 t. —T
+ lo —exps ——=
i:;i-l g (p 621 p { 621 }

1 i, —T 4)
rapten{-T))

P, P\ e,
b —T
+(n—r)log<pexp{— - }
021

+(1—p)exp{—t“g_f}>.

Notice that the log-likelihood can be written as a sum of two
components

€(01,651,65,p | t) =—n,logd, —

€(61,65,65,p | ) =D, | ) + €@ (6,,65,p | 1),
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with £ depending only on 6, and

s 1 b, —T
€@(6,1,6,,p | 1) = Z log <Pe_ exp {_ .9 }
1 21

i=nj+1 2

1 ti.,—T
+(1-p)—ex {—l'" })
P, TP\ o

t. —
+(n—r)log<pexp{—"" T}
Ox

+(1—p)exp{—t“g_f}).
22

depending only on the parameters under stress level x,, that is,
on p and 6 = (6,,,6,,). Furthermore, notice that the mixture
components in the sum terms of Equation (5) correspond to the
PDF’s of exponential distributions, left truncated at 7, that is, of
the two-parameter exponential distributions Exp(6,;,7), j = 1, 2.

Remark 1. For the uncensored case, obtained when r = n, that
is, when the complete sample is observed, the log-likelihood is
simplified, since the last term in Equation (4) is eliminated. All
results presented next for Type II censored samples apply also to
complete samples.

3 | Maximum Likelihood Estimation

Given a Type II censored sample observed under a simple hSSALT
experiment and setting the partial derivatives of the log-likelihood
function (4) with respect to the parameters of model (2) to 0,
the corresponding likelihood equations are derived, which are
provided in Appendix A.

From Equation (Al), the MLE of 6, is given in closed-form
expression

. Mot +(=n)r
61221:1 B n( 1) ) (6)
1

Not surprisingly, Equation (6) coincides with the MLE expression
for 6, of the simple SSALT model and is a biased estimator (see
[8] for properties of §, and their proofs). However, the MLEs for
6,1, 05, and p cannot be derived in closed-form expressions from
(A2) to (A4), which have to be solved numerically. The hSSALT
model under x, is a mixture of two exponential distributions, left
truncated at 7, with unknown mixture proportion p. Hence an
EM algorithm can be utilized for solving (A2)-(A4), discussed in
the next section along with the existence of the MLEs.

Before proceeding to the estimation of 6,,, 6,,, and p, their
identifiability is discussed next.

3.1 | Identifiability of Parameters

As a precondition for clustering or classification of objects, the
identifiability of a finite mixture is important for parameter
estimation. The identifiability of mixtures has been discussed
and proved for different classes of finite mixing distributions.

For example, [27] showed that the class of all mixtures of
a one-parameter additively closed family of distributions is
identifiable, while [28] proved the identifiability of all finite
mixtures of normal distributions and of Gamma distributions by
implementing the Laplace transform and the lexicographic order.
Chandra [29] developed a general theory for the identifiability of
aclass of mixing distribution. He adjusted the sufficient condition
proposed in [28] by using the moment-generating function (MGF)
and simplifying thus the proofs. Barndorff-Nielsen [30] proved
the identifiability of mixtures of exponential families. Yakowitz
and Spragins [31] proved an identifiability characterization theo-
rem and exhibited distribution families that generate identifiable
mixtures, for example, the multivariate Gaussian family.

According to [29], a class of finite mixing distributions is defined
as identifiable if and only if 3", p,f(6;) = X,_, p/f(6}) implies
that m = n and for all i, (p;, f(6;)) is a permutation of (pj’., f(@;)).

Under the model assumption in Section 2 and focusing on
the two-component exponential mixture under stress level x,,
that is, Equation (1) for t > 7, we can prove that the class of
all finite mixtures of left-truncated exponential distributions is
identifiable using Theorem 2.4 in [29]. In particular, it is sufficient
to show that (i) the lexicographic order of our two left-truncated
exponential components of the CDF, when considered in terms of
their MGFs, implies a subset relationship between the domains
of these MGFs, and (ii) there exists a point ¢, such that the limit
of the ratio of these two MGFs for ¢t — ¢, equals 0. For this, let
X; be continuous random variables with left-truncated density
functions given by the following:

0, x<t
fXj(x)z f2j(x) x>1 Jj=12 @

1-Fi(1)’

where F, is the CDF of an exponential distribution with mean
lifetime 6;, and f5; is the PDF of an exponential with 0,; (recall
that F,(t) = F5;(s;), j = 1,2). The associated MGFs are given by
the following:

$;(0) =My, () = / e”‘eie(’"f)/szf dx

2j

e’ 1
= t<—,j=12, 8
-6, 8, ®

with domain D¢j = (0, ei), j =1,2. The CDFs ij are lexico-
2j

graphical ordered by Fy,(x;0,,) < Fx, (x;6,,) if é < é, that
is, if 6,; < 6,,. Thus, Fy, < Fy, implies Dy, C D,, . Furthermore,
for ¢, = é, it holds lim,_,,, ¢1—E: =lim,_,, % = 0. Therefore,
the class of all finite mixtures of the left-truncated exponential

distributions is identifiable.

Thus, in the hSSALT model setup, the identifiability of the
parameters 6,,, 0,,, and p requires the constraint 6,; < 6,, to be
imposed. Alternatively, the constraint 6,, > 6,, can be imposed,
adjusting the proof outlined above accordingly. This constraint
ensures the parameters identifiability.
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3.2 | EM Algorithm

The EM algorithm, introduced by [32], is one of the most well-
known iterative algorithms to approach the MLEs of mixture
models with an intricate nonlinear system of likelihood equa-
tions, where the observed data can be viewed as incomplete
data with latent state information. Each iteration involves esti-
mating a probability distribution for complete data given the
current estimates (E-step) and maximizing the likelihood based
on the previous step (M-step). EM algorithms have also been
widely implemented in survival and reliability analysis, some
of them handling also the issue of censoring. For example, [33]
presented an extension of the stochastic EM algorithm for a
censored mixture, while [34] determined the MLEs when the
data are progressively Type II censored. Later, [35] fitted Weibull
lifetime data with right-censored and left-truncated data using
an adapted EM algorithm. Lee and Scott [36] presented EM
algorithms with multivariate Gaussian mixture models where
data are truncated, censored, or truncated and censored. Ateya
[37] introduced the MLEs of generalized exponential distribu-
tions with censored mixtures. Verbelen et al. [38] discussed
fitting mixtures of Erlangs to censored and truncated data with
EM algorithms.

In our setting, we develop an EM algorithm for deriving the MLEs
of the parameters 6 = (6,,,6,,) and p of the hSSALT model with
PDF (2), that is, for solving the likelihood equations (A2)-(A4),
which is equivalent to estimating the parameters of a mixture
of two left-truncated exponential distributions (7) under Type
II censoring, working along the lines of, for example, [36]. A
variable that indicates the censoring time needs to be introduced
to handle the right-censoring. In our Type II censoring setup,
the censoring time is random and hence the censoring process
is described by a random variable C with C =T,.,. Then, the
ordered censored lifetimes are as follows:

T:, =min(T,.,,C), D; = T;., <C), i=n, +1,..,n,

where the binary random variable D; indicates whether the
i-th lifetime T7., is observed (D; = 1) or censored (D; = 0). The
indicator D; can also be explained as whether the order of
i-th failure is larger than prefixed r. Thus, the observed censored
lifetimes consist of two vectors t* =(f, ,,.,,....1;.,) and d =
(dy 415 ->dy,), where £} and d; are realizations of T},, and D;,
respectively. Further, we consider a binary vector Z; = (Z;;,Z;,)
indicating the assigned subgroup for i-th failure with components

1 ' belongs to subgroup j
zl.j:{ izn DEIONE BOUPT 4 1n j=1,2,

0 otherwise

andZ;; + Z, = 1,fori = n, + 1, ..., n. The component indicator Z
is regarded as the missing data. Thus (¢*, d) is the observed data
(with unknown group membership for failures observed after the
time point 7) and (¢*, d, z) is the associated complete data.

For the i-th observed censored failure data (t;.,,d;), with cor-
responding missing (group membership) data z; = (z;;, z;,), and
under the assumption that censoring is independent of the group
membership, the contribution of the i-th complete data point to

the likelihood is

2

Li(6,p| t?;nﬁdiszi) x H {pijj(ti:n | Zi,ez_;‘)di

j=1
_ 1-d; \ Zii
FXj(tr:n | Zi,ez‘;‘) } , 9

with f X; being the PDF of the truncated exponential distribution
given in Equation (7), ij is the CDF corresponding to Equa-
tion (7), ij =1-Fy,p=p1 = P(Z, =1), and p, =P(Z;, =
1) =1-p. Hence, the p;s provide the group membership
information.

Focusing only on the second stress level, the relevant part of
the log-likelihood is £, provided in Equation (5). By applying
Equation (9), #® can equivalently be expressed based on the
complete data as follows:

n
fﬁz)(e,p)=log[ IT ze.pl ff;n’di’zi)]

i=n;+1

n

2
dis —d;
= Y Yzjlog[pifx, Con 20 Fy (tron 12,0,

i=n;+1 j=1
(10)

Let 8 = (6, p) denote the parameter vector, for simplicity, and
80 = (0%,0%), p®) the estimate vector at the kth iteration of
the EM algorithm. The last can be equivalently be expressed
as 9% = (8%,0%, p®, p) with p{ + p{ = 1. Given 8%, the
expectation of the complete log-likelihood function (10) with
respect to the missing data, conditioned on the observed data, is

defined by the following:

Q(818%) =E[¢P®) |,

n 2
= Y DE(Zt;,.d,9Y) an

i=m+1 j=1
di— 1-d;
xlog [py fix (L 20 Fo (1 12,0) ™

In the E-step of the EM algorithm, the expectation of the missing
variable Z; given the current estimate ) can be computed by
considering only the conditional probability of Z;; =1 (since
Z;; is binary), which is equivalent to the posterior probability
conditional on the data and 9%). This posterior probability for the
i-th observed censored failure datum with the jth group indicator
is expressed by the following:

k) . _ _ ¢ k
WY =P(zy=11¢,,d,8%)

k k [9k=1 k
o7, (10169) [ 0F (1162

2 k k 2 9= k
Zj:l pE‘ )fXj(ti:n |9§j)> Zj:l p§ )FXj (tr:n |9§j))

(12)

The first or second term in Equation (12) represents the asso-
ciated conditional probability for the observed or censored
lifetimes, respectively.
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After substituting Equation (12) for the conditional expectation
of Z;; and applying the PDF and CDF of the left-truncated
exponential distribution from Equation (7) in Equation (11), the
parameter vector in the Q function to be maximized is derived as
follows:

n 2
(k+1) — (k)
9 = arggnax Z Zhu

i=nj+1 j=1

-
X [logpj+d,-log<6L exp{— "g T}) (13)
2j 2j

+(1-d;)log (exp {—t“g_f })]
2j

To simplify the formulation, the censored part in Equation
(13) is not written individually in the subsequent derivation
but is absorbed in the introduced t* notation. In particular,
let &, =t;.,00n, +1<i<r)+t,.,0(r+1<i<n). Moreover,
the Lagrange multiplier ¢ is introduced due to the constraint
ijl p; = 1. Thus, Equation (13) can also be written as follows:

*

n 2
t: T
(k+1) _ : (k) iin _
YUkt _arg;mn E E hy; [dilog62j+ 3 log p;

i=ny+1 j=1 j

+ ¢<2p,~—1), (14)

Jj=1

since the negative sign in the exponent of the exponential
distribution alters the direction of the optimization problem
in Equation (13), leading to setting the estimate as the point
that minimizes Equation (14) in the next iteration. The updated
estimate 9%+V can be obtained by taking the first-order derivative
with respect to the mixture proportion p; and the mean time
to failure 6,; from Equation (14) and setting them to O, that
is, 29C5Y) _ ) ang 22629
ap; 2j
M-step of the EM algorithm. The update rule is in closed-form

expressions with

= 0, respectively. This defines the

n (k)
Zi:n1+1 hij ([i*:n - T)

(k+1) _
2 T n (k) >
Zi:n1+l hij d;
n (k) n (k)
(k+1) _ z:i=nl+1 hij Zi=n1+1 hij

= ’ .] = 172' (15)
J n 2 n-—n
Ei:n1+1 Ej:l hij !

The MLEs of parameters are therefore obtained by updating
equations in Equation (15) until the EM algorithm converges.

When analyzing a complete sample in which all objects fail
during the experiment, the aforementioned procedure reduces to
a standard EM algorithm for a mixture, as all d;s are equal to 1.
Accordingly, Equation (15) simplifies to the following:

3.3 | Convergence of the EM Algorithm

Asnoted by [39], the convergence of the EM algorithm is achieved
via a sequence of likelihood values that are bounded above.
Wu [40] proposed regularity conditions for the convergence of
an EM sequence to a stationary value. These presumptions are
satisfied in our hSSALT setup and are detailed in Appendix B.
As a consequence, the sequence {L(9®)} is bounded above for
any 9© € Q. Further, Q(8 | §') is continuous in both $ and §’.
According to Theorem 2 in [40], this continuity ensures that as
the EM algorithm progresses, the likelihood values approach a
maximum value corresponding to a stationary point.

However, the implementation of the EM algorithm may not guar-
antee convergence to the global maximum in case the likelihood
equation has multiple roots, corresponding to multiple local max-
ima or even saddle points, which highly depends upon the initial
value (see [39] and references therein). One approach, suggested
by [39], identifies all roots of the likelihood equation using diverse
initial values from the partitioned parameter space. Then the
largest observed local maximum § is considered to be the MLE.
Nevertheless, this approach is impractical since it is impossible to
ensure that all roots have been found. In practice, a common strat-
egy is to run the EM algorithm from various starting values and
select the local maximizer that corresponds to the highest local
maximum as the MLE of the parameter vector &, as discussed in
[41]. Besides, extensive studies have discussed the optimal choice
of starting values for the EM algorithm, but we will not elaborate
on them here. In our setup, we explored a range of parame-
ter combinations to reach the MLE. The maximum likelihood
asymptotic theory, including consistency, asymptotic normality,
and asymptotic efficiency, applies within the EM framework. Fur-
thermore, [42] demonstrated the asymptotic properties of MLE
based on Type II censored data. Therefore, asymptotic results
can be applied to the MLEs obtained from Equation (15) in our
hSSALT setup and will be discussed in the subsequent sections.

3.4 | Estimation of 6, Under the SSALT and
hSSALT Models

We conduct next a comparative analysis between the MLEs
derived for the SSALT and the hSSALT models, with a pri-
mary focus on the inhomogeneous situation (hSSALT) and the
implications when using one or the other model.

In the presence of heterogeneity, the mean lifetime under
stress level x, for the hSSALT model is formulated as the
weighted average of two distinct subgroups, denoted by
0, = p0,; + (1 — p)Oy,. The MLE of 6; is then

& = pb,, + (- p)d,, 17)

with p, 8,,, and 8,, approximated by the EM algorithm described
above. Conversely, if one applies the common simple SSALT
model ignoring the existence of heterogeneity, the MLE of the
single parameter 6, under stress level x, is given by the following:

n W .
gltD) Zica 1y (tin =0 ey _ 1 Z RGP
2 = > o P ThTa ol =4 .
i=n+1 "ij t=ni+1 8 Zz‘:nlﬂ =)+ (= 1)ty — T) 1s)
(16) 2= n, ’
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and is an unbiased estimator of 6, in the homogeneous SSALT
model (see [8]).

In the case of a complete sample, that is, for r =n and n, =
n — n,, itis interesting to notice that the estimates of the expected
lifetime under stress level x, for hRSSALT and SSALT, é;“ and 8,,
respectively, coincide, as demonstrated in the sequel. Assuming
that the EM algorithm for the fit of the hSSALT model has
converged after k +1 iterations, we set p; = p(’”” and ézj =

6;’;”), for j = 1, 2. From Equations (17) and (18), we then have

Ax _ alk+1) (k+1) A (k+1) A(k+1)
O;=0 6y +b, 0y,
1 k k
=— 2 h“(rln—r>+ 2 h (e — 7)
2 = ny+1 i=ny+1
1 k
=— 2 Zh“(r,n—r) — Z(m—r) 6,
2= nj+1 j=1 i=nj+1

In contrast, in the case of a censored sample, where r < n,
it can be shown that é‘z* > 68, always holds (see the proof in
Appendix C). Therefore, though the adoption of the SSALT model
yields a correct estimation of the average lifetime under stress
level x, when all failures are observed, even in the presence
of heterogeneity, it leads to a biased estimation of the expected
lifetime when the experiment is Type II censored with r < n.
In particular, the misspecified model underestimates the mean
lifetime at x,.

The comparison between the SSALT and hSSALT models is
illustrated by a simulation study, considering three different
sample sizes (n = 35, 50, and 1000). The parameter values used
for simulating the hSSALT model (2) are 6, = ¢35 = 33.12, 0,, =
e %2 =0.82,0,, =e>* =7.39, p = 0.4, and T = 8, while the same
Type II censoring proportion of 14% is assumed for all sample
sizes, leading to r = 30, 86, 860 for n = 35, 100, 1000, respectively.
‘We focus on point estimation under x,.

The box plots of the parameters’ estimates of 6 and 6, along with
the kernel density estimation plots, based on 1000 replications,
are provided in Figure 1. The left, middle, and right panels refer
to sample sizes of 35, 50, and 1000, respectively. The vertical gray
lines depict the weighted mean of the true parameters 6,, and
0,,, which is 0] = 4.761. The means of the é;"' and 8, estimates are
provided in the kernel densities plots by the green and red dashed
lines, respectively.

The box plot reveals the result proved above across various
sample sizes that the point estimates derived from the miss-
specified homogeneous model consistently tend to underestimate
the true weighted mean. Even with smaller sample sizes, a
significant portion (third quantile) of é,s falls below the actual
value 6;. This discrepancy becomes more pronounced as the
sample size increases, indicating a worsening performance of the
homogeneous model with larger datasets. For instance, although
not appropriate for an SSALT experiment, only for illustrative
purposes, in repeated simulations with a sample size of 5000, it is
always observed that §, < 65 (not shown here). This discrepancy
is further highlighted by the significant difference between the
true value 6; and the mean of the 1000 estimates of 8, derived

from the simple SSALT model, denoted as 8,, as depicted in the
kernel density plot. The mean values 8, for sample sizes 35, 100,
and 1000 are 4.153, 4.196, and 4.188, respectively. The deviation
from the true value 6 amounts to approximately 10%, even in
a sample size of 1000. In contrast, the weighted estimates &
derived from the hSSALT model consistently converge around
the true value 07, despite displaying relatively high volatility due
to the increased complexity of the mixture model. However, this
fluctuation stabilizes as the sample size increases. Specifically, the
average values of 1000-time 6] from the simple hSSALT model
are equal to é; = 4.816,4.824,4.764 for sample sizes of 35, 100,
and 1000 respectively. These values gradually approach the actual
weighted mean of parameters 6.

4 | Confidence Intervals

In this section, we discuss the CIs for the parameters. The exact
distributions and the associated CIs cannot be obtained since the
MLEs of the model parameters under x, cannot be derived in
closed form. As a result, the asymptotic CIs and the bootstrap CIs
are presented.

4.1 | Asymptotic Confidence Intervals

For a large sample size n, we can construct the approximate
CIs using the asymptotic normality property of MLEs. The
pivotal quantities needed for 100(1 — a)% CIs of 6,, 6,,, 6,,,
and p are given by [1) — E()]/y/Vy, L =1,...,4, where n=
(11,12, M3514) = (61,651, 05, p), and with the variances being esti-
mated through the inverse of the observed Fisher information
matrix. The associated observed Fisher information matrix is
presented in Appendix D.

Due to the bias of él, the two-sided 100(1 — )% CI

for 6,, élizkg \/Ve,» is corrected by replacing 6, with
2

N —1 i . .

el—@;:l Yo CiuTiu)s Where T =(t/)(n—j+k), ¢ =

<r11> (n)(i)e—<r/el>(n—j+k>, ql:(?)(1_e—(z/so)ie—(r/elxn—z)’ see

Yic1 i
[8]. The two-sided 100(1 — @)% CIs for the remaining three

parameters are then given by 7, £ z,_«/V;,1 =2,3,4.
2

4.2 | Bootstrap Confidence Intervals

In this subsection, we discuss two bootstrap methods for con-
structing ClIs for parameters: the percentile interval and the
bias-corrected accelerated (BCa) percentile interval. We begin by
describing the procedure outlined in [43], adjusted in our hSSALT
context.

i. Given the original sample t = (ty.p, s ps s brn), ODtain the
MLE 6, 6,,, 0,,, and p from Equatlons (6) and (15),
respectively.

ii. Simulate the first r order statistics from a data sample
of size n from a Uniform distribution U(0, 1), denoted as
Ul:n’ e Ur:n'

ili. Find n, such that Unl:nsl—exp{—éi}<U,ll+1:n. Set
1

,=-6In(1-U,.,) fori <n,.
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FIGURE 1 | Box plots (top panel) and kernel density estimation plots (bottom panel) of the estimators 8, and é;, based on 1000 parameter
estimations for a simple (homogeneous) SSALT model and a simple hSSALT model with two stress levels (m = 2) and stress level change at 7 = 8.
The columns from left to right show the results for a sample size of 35, 100, and 1000. The gray solid lines represent 63, while the dashed lines represent

the mean values of the estimates from the two models.

iv. Generate n,; from a binomial distribution with sample size
n — n, and probability parameter p. Set n,, = n —n; — ny
as n,, and generate data samples of size n,, and n,, from
U(0,1), respectively. Set the sorted —9, ;In(1 - Uk;nzj) +7
to T;.,, where j=1,2, k=1, s My, and i > n,. Combine
the mixture and select the first r — n, sorted values as the
censored sample under x,.

v. Estimate the parameters 9 = (1,95, 93, %4) = (61,651, 64, P)
based on the simulated bootstrap sample, denote by 7.
vi. Repeat Steps (ii)-(v) B times to obtain 4, ..., §®.

vii. Arrange each component of 7in ascending order and obtain
A [1] A [B] 1=
m M ( = 1,...,4).

A two-sided 100(1 — a)% percentile bootstrap CI for a specific
parameter is obtained by (,/“*/*, %,/ ~*/?1Y. An associated two-
sided 100(1 — a)% BCa CI of 7, is given by (n,7]), where | =

Here, ®(-) denotes the standard normal CDF, and the value of the
bias correction Z, is computed by

~ (b) N
#0," <
20,=<1>1<—(77’ 5 77’)>, I=1,..,4,b=1,..,B.

Further, choose the good estimate of the acceleration @, with

P 3
i My =)

6[2::1 (i) = ’71@)2]

S
|
Il
=
»

3
2

where 7); represents the jackknife estimate for 7, based on the
original sample, i.e.,, the MLE of parameter 7, with the i-th
observation deleted, and 7)., denotes the mean of the r jackknife
estimates for I-th parameter. This method can only be applied
when there are at least two observations at each stress level in
the initial sample, as explained in detail in Remark 4.2 of [44].

5 | Simulation Study

To evaluate the performance of the interval inference methods
described in the preceding section, we conduct a simulation
study with varying sample sizes (n = 35, 50, and 100). The
same censoring proportion of 14% as in Section 3.4 is used,
resulting in r = 30, 43, 86 for the three scenarios, respectively.

ﬁllBo{UJ, nlU — yf)\llBD‘ZlJ With
Z, 1 +Z
oy = )] 201 + AOA—O(/Z s
1-— al(ZOI + Za/Z)
and
Zo + Z,_
oy =P 2y + Ao - 1-e/2 .
1-4 (Zot + Zl—:x/z)
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Additionally, we consider the complete sample case where r =
n. Given that the EM algorithm may not always provide valid
estimates for both scenarios using the same sample, especially
after applying the BCa adjustment, it is important to note that the
censored scenarios are sampled independently from the complete
scenarios with the same sample size n. We choose 7 =8, 6, =
e3> =33.12,0,, =e %2 =0.82,and 6,, = *° = 7.39.

We conduct 1000 Monte Carlo simulations to obtain estimated
coverage probabilities, with true coverage probability levels set
at 90%, 95%, and 99%. Furthermore, 1000 valid bootstrap repli-
cations are carried out for each simulation. Since the jackknife
estimate in the BCa method requires at least two observations
under each stress level, to ensure comparability, this requirement
is considered for all methodologies.

To focus only on the heterogeneous cases, homogeneous esti-
mates are excluded from the bootstrap replications. An estimate
is considered as homogeneous if p & [0.01,0.99] or if §,, — 6,, <
0.058,,. In addition, results that fail to converge within 1000
iterations in the EM algorithm are discarded. Consequently, to
ensure valid bootstrap results with B = 1000, the requisite num-
ber of replications is higher than 1000. For instance, when n =
35, the median (mean) number of simulations for complete and
censored cases are 1014 (1045) and 1032 (1079), respectively. The
means are higher due to randomly simulated samples resulting
in some extreme values, particularly when the 0,;s are closely
located. These adjustments are also applied in the subsequent
section where interval estimations are provided.

Tables 1 and 2 present the coverage probabilities and average
interval lengths for 90%, 95%, and 99% ClIs across various
scenarios, respectively. The results in Table 1 indicate that
the percentile approach consistently provides the highest
coverage probabilities relative to the nominal values, while
the approximate method consistently yields the lowest. As
expected, the approximate method outperforms in large sample
sizes and generally provides the narrowest average interval
lengths. However, for n = 35, the accuracy of the point estimates
associated with the approximate method is unsatisfactory. This
can be attributed to the limited number of observations available
at x, (approximately 25), which are insufficient for estimating
three parameters in a mixture model. As expected, as the
sample size increases, better coverage probabilities are observed.
Furthermore, the coverage probabilities for complete samples
tend to be closer to the nominal values compared to censored
cases, which is a natural observation, since censoring introduces
uncertainty and reduces the amount of available information.

Regarding the two bootstrap methods for constructing CIs, when
the sample size is small (n = 35), the percentile approach tends
to yield conservative coverage probabilities for the parameters
under x,, particularly for p and 6,,. However, with a larger sample
size, this method does improve its coverage probabilities. On the
other hand, the BCa method demonstrates somewhat satisfactory
levels of coverage probability relative to the nominal values for
all parameters, even with a small sample size. Compared to the
percentile method, bias correction is considerably beneficial in
maintaining a decent coverage probability. However, for 6,,, the
average interval lengths are slightly narrower with the percentile
method, while the coverage probabilities are also satisfactory.

Hence, percentile CIs are recommended for 8,,. For 6,,, we opt for
the BCa approach, as it provides coverage probabilities closer to
the nominal values, despite having wider average interval lengths.
Kirby and Gerlanc [45] explained that the bounds of CIs in the
bootstrap approach can be influenced by a few extreme values
when the sample size is small. Moreover, the BCa method can
aggravate the discrepancy, as the adjusted cutoffs may lead to
more extreme values in the tail of the distribution. Thus, the BCa
CIs are substantially broader than the percentile CIs.

Based on this simulation study, for small-to-moderate sample
sizes and for 6,;,, we recommend the parametric percentile
method, as it achieves shorter interval lengths while maintaining
satisfactory coverage probabilities. For the other three param-
eters, we recommend the parametric BCa bootstrap method,
as it consistently yields coverage probabilities closest to the
predetermined nominal values. In the case of large sample sizes,
the approximate method can be employed instead due to its
computational simplicity and the reasonable closeness of the
coverage probabilities to the nominal levels.

6 | Examples

In this section, we present two examples to demonstrate the
performance of both the simple SSALT model and our proposed
hSSALT model in heterogeneous and homogeneous populations,
respectively. Our analysis focuses on the estimates under x,, as
the estimates of 6, coincide for both models.

The first example refers to the inhomogeneous situation. The
complete sample is generated based on the simulated dataset
presented by [10], where n = 35 with 7 =8, 6, = ¢>° = 33.12,
0, = e*° =7.39. Particularly, 6, in the common SSALT
corresponds to 6,, in our setting. Additionally, we set p = 0.4 as
the mixture proportion for the component with a smaller mean,
that is, 6,,. To create a heterogeneous sample, we randomly select
60% of original data from x,. Subsequently, the remaining 40%
of the original data set in x, is substituted with the exponential
distribution with 6,; =e %> =0.82, representing another
component. The combined sample is presented in Table 3.

A grid of starting values comprising 540 combinations is utilized
to verify the convergence and stability of the EM algorithm. The
mixture proportion p varies from 0.1 to 0.9 with a step size of 0.1,
6,, ranges from 0.5 to 3 with a step of 0.5, and 6,, spans from 6 to 15
with a step of 1. Remarkably, all combinations within this dataset
yield the same outcome, rounded to three decimal places. The
MLE of ,, obtained from Equation (6), is found to be 8, = 31.449,
while the MLEs of 6,,, 6,,, and p, derived from Equation (16),
are 8,, = 0.798, 8,, = 6.612, and p = 0.379, respectively. These
estimates closely approximate the true parameters.

The MLE 6, = 4.410, based on Equation (18), is obtained by
(wrongly) modeling this dataset by the simple SSALT for a
homogeneous population. The estimated weighted mean lifetime
of the hSSALT model, é;* = pb,, + (1 — p)b,,, also equals 4.410.
Although 8, = &, Figure 2 shows that the hSSALT model out-
performs the corresponding homogeneous model in fitting the
empirical data. The presented point-wise CIs are constructed
based on the quantiles of the respective CDF.

9 0of17

85UBD17 SUOLILLOD aAIeaID a(qedldde ayy Aq pausenof ale sapile YO ‘8sn JO Sajnl J0j AreiqiauljuQ AS|[1M UO (SUOIIPUOD-PpUR-SLLLIBY WO A3 | 1M Aled 1 puuo//:SANL) SUORIPUOD pUe SWS | 8L} 39S *[G202/90/ST] o ARiqiauliuo A3 |ia ‘BuebuiesBunuyoey s enuez AseAlun uaydey Ymy Aq 8i7/€21b/z00T 0T/I0p/wod A8 |Im Areiq ijoul|uo//sdiy wouy papeo|umod ‘0 ‘8E9T660T



TABLE 1 | Estimated coverage probabilities (in percentage) based on 1000 simulations with 8; = 33.12, p = 0.4, 65, = 0.82, 6,5, = 7.39, 7 = 8, and

B =1000.
90% CI 95% CI 99% CI

n r Approx Percentile BCa Approx Percentile BCa Approx Percentile BCa

CI of 6,
35 35 84.4 86.7 88.5 88.0 94.0 94.6 93.9 97.6 98.2
30 86.5 86.8 90.0 89.6 95.2 95.7 94.3 98.7 99.0
50 50 88.8 88.8 90.7 91.5 94.4 95.1 95.6 98.5 99.1
43 88.1 88.1 89.3 90.9 93.9 94.2 95.1 98.7 98.7
100 100 89.9 90.3 90.3 93.9 94.6 95.8 98.3 98.6 99.5
86 89.9 89.6 91.1 93.5 95.6 96.4 97.8 98.7 99.1

Clof p
35 35 86.0 95.0 86.1 91.2 98.9 91.0 95.3 100.0 98.0
30 90.1 98.3 82.0 93.5 99.6 88.4 97.0 100.0 96.2
50 50 89.4 93.5 88.3 92.9 96.3 92.6 96.9 99.8 98.3
43 90.5 98.3 86.9 94.0 99.5 93.1 97.3 99.9 97.9
100 100 91.3 89.8 89.4 95.3 93.8 92.8 98.2 98.1 98.1
86 91.3 97.3 90.7 93.9 99.3 95.5 98.1 99.9 99.2

CI of 6,,
35 35 82.3 91.2 86.8 86.0 95.5 93.1 89.5 98.8 98.7
30 81.1 89.9 84.9 84.1 94.3 92.8 88.1 98.7 98.4
50 50 84.5 91.3 88.5 87.7 95.2 93.6 91.9 98.8 98.1
43 84.0 91.1 87.7 86.8 95.2 93.6 91.6 98.8 98.1
100 100 91.2 89.8 89.4 94.0 95.8 94.9 97.1 99.1 98.7
86 86.4 93.1 90.2 90.1 96.7 95.6 95.8 99.4 98.9

CI of 6,,
35 35 88.2 95.2 88.3 91.8 98.1 94.9 95.2 99.9 99.1
30 82.6 93.9 85.1 86.7 97.4 92.1 90.9 99.3 97.1
50 50 90.2 96.0 91.6 94.3 98.5 96.7 97.4 99.8 99.2
43 87.1 93.8 89.6 89.7 98.0 93.8 93.3 99.9 98.8
100 100 91.0 92.1 90.7 94.4 97.6 96.4 97.9 99.9 99.4
86 88.4 94.1 92.0 91.5 97.6 96.7 94.7 99.7 99.5

Comparatively, let us consider a Type II censored dataset based
on Table 3 where r = 30 is supposed as the prefixed number of
failures, as shown in Table 4.

In this case, we obtain the same MLE of 6, to be §, = 31.449.
The point estimates from Equation (15) are 6,, = 0.791, 8,, =
6.447,and p = 0.372. Clearly, the complete sample produces more
accurate estimates with less bias due to a higher number of
observed failures, particularly for the subgroup with a larger
mean lifetime parameter. Furthermore, for the censored case,
we find éz = 3.864 and é; = 4.342, illustrating the established
property 8, < é; as discussed in Section 3.4.

In the second example, we examine a homogeneous Type II
censored dataset previously presented by [7] in Table 5, where
r=16,n = 20,witht = 5,0, = ¢** = 12.18,and 6,, = e = 4.48.

From the SSALT model, we calculate 8, = 23.518 and 6, = 5.056.
The EM algorithm, introduced in Section 3, is applied using the
same 540 sets of starting values as in the first example. All runs
converge to the same log-likelihood, rounded to five decimal
places, with the corresponding estimates for 6,, varying from 5.01
to 5.05, and for 6,, being equal to 5.06 or 5.07. The counts of each
estimated combination for the parameters 6,, and 6,, under stress
level x, are detailed in Table 6, evidencing that the two subgroups’
mean lifetime estimates are very close, fulfilling the homogeneity
criteria defined in Section 5. This suggests that the sample is
relatively homogeneous and does not support the presence of two
distinct groups.

It can be concluded from the above two examples that the hNSSALT
model with the EM algorithm is capable of both identifying
heterogeneity and remaining valid in homogeneous scenarios.
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TABLE 2 | Average lengths of CIs based on 1000 simulations with 8; = 33.12, p = 0.4, 8,; = 0.82, 6,, = 7.39, 7 = 8, and B = 1000.
90% CI 95% CI 99% CI
n r Approx Percentile BCa Approx Percentile BCa Approx Percentile BCa
CI of 6,
35 35 50.40 72.94 61.12 58.11 93.91 77.90 70.68 143.97 116.19
30 49.39 74.11 59.90 56.89 96.38 77.95 69.12 147.68 117.80
50 50 40.05 51.63 45.28 47.29 68.01 57.00 60.18 111.49 87.41
43 40.22 51.45 45.53 47.50 68.40 58.10 60.39 112.76 87.30
100 100 25.58 28.12 26.95 30.48 34.84 32.97 40.06 50.22 46.12
86 25.65 28.34 26.97 30.57 34.96 32.96 40.18 50.26 46.70
Clof p
35 35 0.55 0.54 0.51 0.64 0.65 0.60 0.79 0.80 0.77
30 0.59 0.51 0.45 0.68 0.59 0.53 0.84 0.71 0.66
50 50 0.48 0.46 0.45 0.56 0.57 0.55 0.71 0.76 0.74
43 0.51 0.46 0.43 0.60 0.54 0.51 0.75 0.67 0.64
100 100 0.37 0.33 0.32 0.44 0.40 0.40 0.57 0.60 0.58
86 0.37 0.36 0.35 0.47 0.43 0.42 0.61 0.56 0.55
CI of 6,,
35 35 1.47 1.72 1.86 1.69 2.21 2.37 2.05 3.23 3.36
30 1.53 1.51 1.78 1.74 1.86 2.17 2.10 2.58 2.83
50 50 1.29 1.47 1.54 1.50 1.92 2.02 1.85 3.01 3.10
43 1.30 1.32 1.48 1.51 1.63 1.81 1.84 2.28 2.45
100 100 1.06 1.03 1.05 1.25 1.35 1.38 1.59 2.28 231
86 1.05 1.04 1.10 1.24 1.29 1.37 1.57 1.83 1.90
CI of 6,,
35 35 9.10 9.09 10.52 10.73 11.62 13.87 13.74 18.31 21.02
30 13.72 11.68 12.94 15.88 14.87 15.85 19.67 22.55 21.76
50 50 7.52 7.52 8.51 8.90 9.64 11.48 11.53 15.85 18.99
43 11.11 10.66 11.59 12.97 13.61 14.36 16.27 20.99 20.47
100 100 5.15 4.94 5.24 6.13 6.16 6.77 8.02 10.13 12.38
86 7.78 8.10 8.43 9.18 10.35 10.59 11.82 16.18 15.68
TABLE 3 | Simulated sample based on [10].
Stress level Mean failure time Times to failure
b 6, = e3® 1.46 2.22 3.92 4.24 5.47 5.60 6.12 6.56
X, 0,, = e*° 8.30 8.98 9.43 9.87 11.14 11.85 12.14 13.49
14.19 14.33 15.28 16.58 17.80 21.09 26.34 28.66
6, = e™02 8.01 8.10 8.22 8.59 8.77 8.80 8.80 8.84
8.90 8.97 9.62

Further, we assess the performance of the asymptotic, the
bootstrap percentile, and the BCa CIs using the data illustrated
in Tables 3 and 4. The associated point estimates are 8, = 31.449,
6,, =0.798, 8, =6.612, and p=0.379 from Table 3 and
6, = 31.449,6,, = 0.791, 6,, = 6.447, and p = 0.372 from Table 4.

The point estimates obtained from these tables are used along
with the asymptotic variances to construct the approximate Cls,
while the bootstrap CIs are simulated based on the condition
where 1< n; <r—3. The results in Table 7 indicate that the
approximate method, which is more suitable for larger sample
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TABLE 4

Type II censored sample from the simulated data in Table 3.

Stress level

Mean failure time

Times to failure

X, 0, =e3® 1.46 2.22 3.92 4.24 5.47 5.60 6.12 6.56
X, 6,, = €2 8.30 8.98 9.43 9.87 11.14 11.85 12.14 13.49
14.19 14.33 15.28
6, = e™02 8.01 8.10 8.22 8.59 8.77 8.80 8.80 8.84
8.90 8.97 9.62
o TABLE 7 | Interval estimation for the simulated sample in Table 3
and its censored variant in Table 3 with 6; = 33.12, p = 0.4, 6,; = 0.82,
o 6,5, = 7.39, and B = 1000.
i
r 90% 95% 99%
N S CI for 6,
© < f n  ApproxCl  (8.41,44.98) (4.90,48.49) (0.00,55.34)
o i
T ) Percentile CI (18.86, 66.22) (17.48, 68.28) (14.90, 92.63)
> SSALT model
’ J mode
s // /':, T SSALT model BCaCI (18.77,64.65) (17.37,66.83) (12.94, 90.53)
Py o gg;gtg? model 30 Approx CI  (8.40,44.98) (4.90,48.49) (0.00,55.33)
= -~ hSSALTCI Percentile CI (18.71, 65.42) (16.97, 68.46) (14.71,136.36)
T T T T T
5 10 15 20 25 BCa CI (18.18, 54.63) (16.28,66.84) (13.76, 91.83)
Time CIfor p

FIGURE 2 | Estimated CDFs(G)for the homogeneous SSALT model n Approx CI (0.11,0.65)  (0.06,0.70)  (0.00, 0.80)

(blue) and hSSALT model (red) with two stress levels (m = 2) and str.ess Percentile CI (014, 0.69)  (0.09, 0.80) (0.06, 0.91)

level changes at 7 = 8, based on the data of Table 3. The corresponding

dashed lines represent the calculated lower and upper bounds of CDF BCa CI (0.14,0.73)  (0.11,0.82)  (0.06,0.91)

for pointwise 95% CIs. The gray line is the CDF from which the data 30 ApproxCI  (0.07,0.67) (0.02,0.73)  (0.00,0.84)

are simulated. The gray points correspond to the empirical CDF of the Percentile CI  (0.13,0.63)  (0.09, 0.66) (0.05, 0.73)

simulated data. ’ ’ ’

BCa CI (0.19,0.68)  (0.15,0.72)  (0.08,0.78)
CI for 6,,

TABLE 5 | Simulated sample of 7] n  ApproxCI  (0.16,1.43)  (0.04,155)  (0.00,1.79)
Stress Mean Percentile CI  (0.19,1.84)  (0.10,2.26)  (0.01, 3.65)
level failure time Times-to-failure BCa CI (0.24,2.02)  (0.14,2.53) (0.01, 3.78)

X 6, =e* 201 3.60 412 434 30 ApproxCI  (0.14,1.44) (0.02,1.56)  (0.00,1.80)
X, 0, =e'? 5.04 594 6.68 7.09 7.17 7.49 Percentile CI  (0.19, 1.64) (0.11, 1.89) (0.01, 2.29)
7.60 823 8.24 825 8.69 12.05 BCa CI (0.32,2.01) (0.24,2.26)  (0.06,2.49)

CI for 6,,
n  ApproxCI  (3.34,9.89) (2.71,10.51) (1.49,11.74)

TABLE 6 | Summary of the MLEs of 0, and 6y, for the data of Percentile CI  (4.10,11.52)  (3.72,14.29)  (2.81,18.71)

Table 5, computed by the EM algorithm based on 540 initial values.

BCaCl  (4.48,1430) (4.11,17.23) (3.61,24.76)
Index O G2 Counts 30 ApproxCl  (216,10.74) (1.34,11.56)  (0.00,13.16)
1 5.01 5.06 2 Percentile CI  (3.15,12.87) (2.77,14.56)  (2.25,21.64)
2 5.02 5.06 3 BCa CI (3.62,14.47) (311,16.96) (2.38, 22.47)
3 5.03 5.06 9
4 5.04 5.06 88 sizes, generally produces the narrowest CIs. This method tends
to yield the lowest coverage probabilities, as observed in Table 1.
5 5.05 5.06 391 . .
Inversely, with such a small sample size n =35 as well, the
6 5.05 5.07 47 percentile CIs are wider, which aligns with their conservative
coverage probabilities in Table 1. The BCa CIs are wider than the
percentile ClIs in several setups with small sample sizes, as they
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TABLE 8 | Interval estimation for large sample size based on sim-
ulated data with 6; =33.12, p =04, 6, =0.82, 65, =7.39, and B =
1000.

90% 95% 99%
CI for 6,

n r CI

50 43 Approx CI (12.84,40.68) (10.17, 43.34) (4.96, 48.56)
Percentile CI (19.82,51.92) (18.56, 53.81) (16.35, 75.61)
BCaCI  (18.75,46.45) (17.50, 52.47) (13.45, 63.48)

100 86 Approx CI (20.92, 47.32) (18.39, 49.85) (13.45, 54.79)
Percentile CI (25.68, 52.69) (24.36, 57.09) (23.01, 63.52)

BCaCI (25.05,50.07) (23.91, 53.40) (19.99, 62.66)

Clfor p
50 43 ApproxCI (0.16,0.68) (0.11,0.73) (0.01,0.83)
Percentile CI (0.21,0.64) (0.17,0.68) (0.11, 0.73)
BCaCl  (0.21,0.64) (0.17,0.68) (0.09,0.72)
100 86 Approx CI  (0.16,0.56) (0.12,0.60) (0.04, 0.67)
Percentile CI (0.21,0.53) (0.17,0.56) (0.14, 0.64)
BCaCl  (0.20,0.51) (0.16,0.54) (0.12,0.61)

CI for 6,
50 43 ApproxCI (0.10,1.20) (0.00,1.31) (0.00,1.51)
Percentile CI (0.24,1.19) (0.18,1.33)  (0.08, 1.80)
BCaCI  (0.28,1.27) (0.22,151) (0.11,1.85)
100 86 Approx CI  (0.13,1.25)  (0.03,1.36) (0.00, 1.57)
Percentile CI (0.37,1.20) (0.31,1.35) (0.21,1.67)
BCaCI  (0.39,1.31) (0.33,1.44) (0.22,1.92)

CI for 6,,

50 43 Approx CI (2.54,10.88) (1.74,11.68) (0.18,13.24)
Percentile CI (3.62,12.61) (3.04,14.76) (2.39,20.95)
BCaCl  (3.72,12.87) (3.05,15.18) (2.18,20.69)

100 86 Approx CI  (4.24,9.97) (3.69,10.51) (2.62,11.59)
Percentile CI (5.00,10.72) (4.77,11.33) (4.18,13.77)
BCaCI  (5.02,10.78) (4.77,11.33) (3.93,13.62)

highly depend on the sampled data and the randomly generated
bootstrap samples. Additionally, [45] emphasized the impact of
small sample size on BCa CIs. Furthermore, it is worth noticing
that the bootstrap CIs for the complete samples are sometimes
wider than those for the censored samples. This is likely due to
the robustness of censoring, which effectively reduces the impact
of extreme simulated values. This phenomenon persists even
when the sample size is increased, see Table 8.

It is worth mentioning that the widths of the percentile bootstrap
CIs for 6, always exceed those of the BCa intervals, a trend not
observed for the other three parameters. Additionally, the BCa CIs
for 0, are left-shifted in comparison to the percentile CIs. This can
be attributed to the effectiveness of the BCa method, especially in
handling known biases in the estimator 8, . This suggests that the
BCa approach might be particularly suitable for situations where
bias correction is essential.

The estimated CIs, particularly for p, are unsatisfactory due to
the limitation of a relatively small sample size. To evaluate the
sample size effect, two further simulations are conducted with
sample size n = 50 and 100, and with r set to 43, 86 in accordance
with the proportionate relationship 14% in the original sample.
The associated point estimates are as follows:

n=>50: 8, =29.312, 6, =0.652, 6,, = 6.712, p = 0.422,

n=100: 6, =35.893, §,, = 0.693, §,, = 7.103, p = 0.357.

We observe a significant reduction in the width of CIs in Table 8
compared to Table 7. As expected, the corresponding CIs get
narrower as the sample size increases. Note that, for large sample
sizes, asymptotic CIs for some parameters are slightly wider than
the bootstrap intervals, while asymptotic intervals are narrower
when the sample size is moderate to small. This phenomenon
aligns with observations in Table IX of [9]. Additionally, the three
different types of CIs become closer to each other as the sample
size grows.

7 | Link Function

To extrapolate the lifetime under NOC x,, a link function is
introduced to quantify the relationship between stress levels and
lifetimes. The log-link function described below is a common
choice in literature

logb, =a+pBx, s=0,..,m, (19)

see [3]. This link model is adapted to incorporate the heteroge-
neous assumption.

To model the life-stress relationship group-wise at x,, the
following two equations are considered, respectively:

A logby =a,+B,x, s=1,2,

B : logb,, = ag + fx, s=1,2,

with 8,; = 6,, =6, and thus az = a, + (8, — Bg)x;, where the
subscripts A and B denote the two subgroups with lifetime 6,, and
0,,, respectively. Analogous to the simple SSALT, the parameter
vector (a4, B4, 05) in the case of a simple hSSALT is also just a
reparameterization of (6, 6,, 6,,), where

_X log 6, — x; log 6, _ log6,, —logb,

[e4
A X, — X, » MPA X, — X, s

_ log6y, —log6,

B Xy =X '

A segmented linear function is considered under the assump-
tion in Section 2 that units perform commonly before 7 and
diverge subsequently. The extrapolation to the expected lifetime
under NOC for a randomly selected item from the heteroge-
neous population with unknown group membership is facilitated
through the additional parameter p, representing the mixing
fraction for 8,, (subgroup A) and the corresponding weighted
average 0,. For a simple hSSALT model, the log-link equa-
tion has the same form as Equation (19) with m =2, but a =
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B —— SSALT model
0 —— hSSALT model
= = hSSALT groupwise

log(6)

[ I |
Xo X1 X2

Stress level

FIGURE 3 | Extrapolation of log-link function for the SSALT model
(blue) and the hSSALT model (red) with two stress levels (m = 2). The
dashed black lines represent the group-wise relation under stress level x,
due to the existence of heterogeneity. The labeled éi, i=0,1,2, él- i L=
1,2 and 612*, i =0,2 points in the plot are in logarithmic scale (log is
omitted for brevity).

pay+ (1 —plag and B =p,+ (1 —p)Bs. If &,, 3As 33, and
p are estimated, the parameter of interest 6, is then derived
by éé = exp {&A +(Q1- ﬁ)(ﬁA - 5B)x1 + <pBA +Q1- ﬁ)éB) Xo }
Once ég is obtained, the lifetime distribution under the NOC
can be estimated, along with the associated failure rate, survival
function, and other reliability metrics to assess the behavior of
the test items. The CI for ; can be then obtained, for example,
through Monte Carlo simulations.

The comparison between the log-link relationships with and
without heterogeneity, as estimated based on a Type II censored
sample, is shown in Figure 3. The blue line illustrates the
log-linear relationship between stress levels and the associated
expected lifetimes, as estimated by fitting the simple SSALT
model on the dataset, with 6, representing the estimated lifetime
parameter under x, and 6, the corresponding extrapolation under
Xo. The two dashed black lines correspond to the log-linear
relationships connecting the expected lifetimes between x; and
x, for each group formed under x,. The red line segment between
X, and x, represents the log-linear relationship between 6, (under
x,) and the expected lifetime 8 for the whole population under
X,, which is proposed for the extrapolation to NOC in case of the
hSSALT model.

Figure 3 demonstrated that for a Type II censored sample, it holds
é; > 6,, as shown in Section 3.4. Thus, if heterogeneity under x,
is present, the SSALT model tends to overestimate the lifetime
at x, (indicated by the blue line), leading to prediction bias. In
contrast, the hSSALT model adjusts for heterogeneity, providing
a more reliable extrapolation.

8 | Discussion

In this paper, we have proposed a simple hSSALT model with
exponentially distributed lifetimes, focusing on scenarios where

heterogeneity exists at second stress level x, under Type II censor-
ing. Our approach utilizes a mixture model under x, to capture
heterogeneity without prior knowledge of group membership. To
obtain the estimates in such a mixture model, the EM algorithm
has been adapted in a censored scenario to fit our setup. We
have investigated the relationship between the estimates under
X, in both heterogeneous and homogeneous settings. Simulation
studies have been carried out to compare different approaches
for interval inference in terms of their coverage probabilities.
Additionally, we have provided two examples and demonstrated
the validity and performance of our introduced model using three
types of CIs. Furthermore, the extrapolation of the lifetime at
the user level x, for the hSSALT model has been considered and
elaborated using a segmented log-link function.

From our study, we recommend using our hSSALT model when
dealing with scenarios involving heterogeneity during the testing
procedure. The homogeneous SSALT model may lead to model
misspecification as it cannot effectively identify and model het-
erogeneity. Furthermore, in case of heterogeneity, the common
SSALT assuming a homogeneous population throughout the
test, tends to overestimate the lifetime under NOC. In contrast,
our adapted hSSALT model provides more accurate lifetime
predictions by accounting for heterogeneity. When it comes to
CIs, the BCa method outperforms the approximate and percentile
approaches for all parameters under both stress levels except
0,,, particularly in small-to-moderate sample sizes. Therefore, we
recommend using the BCa method for interval reference in such
scenarios, with the option of switching to the percentile bootstrap
method for 6,,. For large sample sizes, the approximate method is
suggested due to its computational simplicity and relatively close
results compared to nominal values.

This is a first work on SSALT models with heterogeneity,
captured by a mixture for the heterogeneous groups, while
considering unknown group membership. There are further
topics that deserve to be investigated. These can be related
to the estimation procedure, considering alternative estimation
approaches, for example, Bayesian. Optimal design for SSALT
experiments under heterogeneity is also an interesting topic. One
potential direction for future research could involve exploring the
hSSALT model with different lifetime distributions and censoring
schemes. Investigation of the model’s performance under various
scenarios could provide valuable insights into its applicability and
robustness. With respect to robustness, alternative estimators to
MLE can be exploited, as for example, minimum density power
divergence estimators [46] or minimum ¢-divergence estimators
[47]. Another interesting topic we are working on at the moment
is the development of a test procedure to assess the necessity
of employing an hSSALT model. This work offers significant
practical value, as highlighted in Section 7. Overlooking the
presence of heterogeneity under the second stress level and
applying the simple SSALT model can result in overestimated
lifetime predictions under NOC. This, in turn, may lead to
excessively long warranty periods, which, while appealing to
consumers, could result in financial losses for manufacturers due
to higher warranty claims. On the other hand, implementing
the hSSALT model when heterogeneity exists provides a more
realistic and conservative lifetime estimation under NOC. This
allows manufacturers to set warranty periods appropriately,
thereby reducing risks of overcommitment. Furthermore, the use
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of the hSSALT model enhances manufacturers’ understanding of
product reliability in the presence of heterogeneity, enabling them
to optimize maintenance schedules, reduce unexpected failures,
and strengthen brand reputation by well-calibrated expectations.

Finally, the heterogeneity concept can be extended to multiple
SSALT with m > 2 stress levels. A realistic model assumes the
population to be homogeneous up tolevel k (1 < k <m —1) and
heterogeneous afterward. Further, the mixture proportion p for
component A is assumed to remain fixed across all heterogeneous
stress levels. Under this framework, a link model involving four
parameters can be constructed in the same manner as in Section 7
for the simple hSSALT model. Hence, estimating parameters in a
link model is more parsimonious compared to estimating all 6;s
to extrapolate to 6,,.
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Appendix A

The likelihood equations for the parameters 6;, 6,,, 655, and p, of model
(2) follow
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Appendix B

Regularity conditions are as follows [40]:

i. Qisasubsetin d-dimensional Euclidean space Rd:
ii. Qg =1{8€Q: L(®) > L(I)}is compact for any L (8y) > —oo;
iii. L(#) is continuous in Q and differentiable in the interior of Q.

Proof. Focusing on the estimation of the parameters under stress level
X,, the parameter space is Q = {8 = (p,6,1,6) : p €[0,1], 051,65, €
(0,07), 651 < 6y}. The restriction 6, < 8,, is imposed for the model’s
identifiability, while 6,, < 6; is a natural restriction since stress level x,
is higher than x;.

i. This condition is easily proved since the parameter space Q is a
subset in R3.

ii. L(-) = L(-|t)is the observed likelihood function, given the observed
failure times ¢, and §, is some arbitrary value of 9 € Q. Notice that
for all 8 € Q, 6,; > 0 and converges to some €; > 0. Similarly, since
6,1 < 65, < 61, there exists an €,, €; < €, < 61, such thate; < 6y <
6,, < €;. The parameter space is further restricted to €; < 657 <
e’f, e;‘ < 0y, < €, for some e* < e* Because L(9) is continuous, the
setQg ={8€Q: L) >L (190)} is a closed subset of a compact set
and therefore is also compact.

iii. It can be easily proved according to the definition of the likelihood
function L. O

Appendix C

) _ P f(tl n|6(k))
Proof. According to Equation (12), h = m,
Ej:l J f(ti:n\ezj )

P§- )f(tr:nw;];)) .
——L——~ ~— remains constant for r+1 <
2 0Of o)
Zj:lpj tronl 2j
i<n. It can be verified that under the imposed assumption 6,; <

for n; +

1<i<r and hg?:
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6,5, hl(f ) is monotonically decreasing for n; +1 <i < r. Since h(k)

h%() =1, h(k) increases monotonically. Under the assumption between

® L pl0 g

0,js, h(k) > h(k) can be easily proved. Meanwhile, h, 12 95

r+1,1
(k)
1 (" (nhyy (k)
K Z h; (ti:n -7)+
P E; n1+1h( ) &i=n+1 il

can be reformulated as é;‘ =

(k)
(n=nh. 5

n (k) A
s h Zi=n1+1 hy (L =0+ Zi=n1+1 (ti:n — 7). To prove 03 >
i=np+17"2

6,, we can equivalently prove the following:
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The left side of the last inequality, (%), can be rearranged as
u x) (k) O]
Yicn a1 (tiin — (G + 522 85). Notice  that  the  first
! Zi=n1+1hi1 Zi=n1+lhi2
multiplicative term of the summand above, (t;.,, — 7), is monotonically
increasing for i > n; + 1. Furthermore, it can be proved that the second
multiplicative term is also monotonically increasing. By applying
Chebyshev’s sum inequality, we get

2
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2
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with the inequality being strict, since some sum terms are strictly
2
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r (k) &) =
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However, this holds always due to [(r — nl)hif)l 1 Zl 41 h( k)] >0,

which can be easily verified. Therefore, we conclude that, under Type-11
censoring, 6’2k > 0, holds. O

increasing. Then the objective is to show

Appendix D

The observed Fisher information matrix is a symmetric matrix:
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