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1. Introduction

In earlier work [8] we initiated a program to systematically study interrelationships
between representations of finite groups and arithmetic-geometric invariants. We also
took a first step in this program by revealing families of such relationships for the cyclic
groups of prime order. Since the cyclic groups of prime order are the simplest simple
groups, it is natural to ask if the module structures of [8] extend to larger groups, and
if so with what consequences for arithmetic. In this work we answer these questions in a
special case.

1.1. Motivation

Relationships between a distinguished representation of the sporadic simple group ON
of O’Nan and the arithmetic of certain elliptic curves were illuminated in [18] (see also
[14,16]), and an analogous story for the sporadic simple group Th of Thompson was told
in [23]. This motivated us to initiate a program to study such phenomena systematically,
and our first contribution [8] to this program is an analysis of the case that we cast the
cyclic simple groups in the roles played by ON and Th in [18] and [23]. As a result we
obtain arithmetic relationships between distinguished infinite-dimensional virtual graded
modules for cyclic groups of prime order and imaginary quadratic twists of the modular
Jacobians of prime conductor.

To put this more concretely we note that Theorem 4.1.1 of [8] guarantees the existence
of an infinite-dimensional virtual graded Z/NZ-module

W= Wp, (1.1.1)
D
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for each prime NN, with the property that

dim Wp = 12num (N;—l) h(D) (1.1.2)

when D < 0 is a fundamental discriminant (i.e. the discriminant of Q(v/D)), where
num(«) denotes the numerator of a rational number « and h(D) denotes the class num-
ber of Q(v/D). Theorem 4.2.1 of [8] translates this property (1.1.2) into a congruence
condition on dim Wp that obstructs the existence of infinite-order rational points on the
D-twist of the Jacobian Jy(NN) of the modular curve Xo(N), for suitably chosen D.

For example, Jo(19) is the elliptic curve defined by the equation y? = x® — 120962 —
544752 (see e.g. [25]), and the D-twist of Jy(19) is the elliptic curve defined by

y? = 2° — 12096 D*x — 544752D°3. (1.1.3)

Taking N = 19 in Theorem 4.2.1 of [8] we obtain that if D < 0 is a fundamental
discriminant such that 19 is inert in the ring of integers of Q(v/D), and

h(D) # 0 mod 3, (1.1.4)

then the curve (1.1.3) has only finitely many rational points. (Cf. Corollary 4.2.2 of [§],
which is a counterpart to this statement for N = 11.)

The reader may be interested to know how this compares to the results of the moti-
vating works [18] and [23]. With this in mind we point out the following consequence of
Theorem 1.3 of [18]: If D < 0 is a fundamental discriminant such that 19 is inert in the
ring of integers of Q(v/D), and

dim WEN # —24h(D) mod 19, (1.1.5)

where WON = @, WSN is the ON-module considered in [18] (with WSN here denoted
by W_p there), then the curve (1.1.3) again has only finitely many rational points.

By a similar token Theorem 1.3 of [23] tells us that if D < 0 is a fundamental
discriminant such that 19 is inert in the ring of integers of Q(v/D), and

dim W # 0 mod 19, (1.1.6)

where W = @, W] is any of the Th-modules considered in [23] (with W here
denoted by W_p there), then the curve (1.1.3) yet again has only finitely many rational
points.

Note that the class number h(D) does not appear in (1.1.6). Tracing through the
arguments of [23] we see that this is because the graded dimension

> dim WP =6q7° + O(¢®) (1.1.7)
D<5
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has vanishing constant term. In (1.1.4) we have the other extreme: We can omit dim Wp
from (1.1.4) because it is a fixed multiple (1.1.2) of h(D) by construction.

Theorem 4.2.1 of [8] furnishes obstruction statements similar to those of (1.1.4)-(1.1.6)
for each prime N. This demonstrates that the results of [18,23], involving the sporadic
simple groups of O’Nan and Thompson, are part of a more expansive picture.

It is natural to ask now how expansive this picture is. To explore this general question
we formulate the following more specific ones:

1. Are the cyclic group module structures on the W of (1.1.1)-(1.1.2) restrictions of
module structures for more sophisticated groups?

2. If so, do these more sophisticated group-module structures on the W of (1.1.1)-(1.1.2)
entail more sophisticated relationships to arithmetic geometry, than those formulated
in (1.1.4)-(1.1.6) above?

In this work we answer these questions positively in the “simplest” non-trivial case,
by which we mean the case that NV = 11, since this is the smallest prime N for which
Jo(N) is not just a point.

1.2. Methods

As in (8] our focus is on virtual graded G-modules W = @, Wp, for G a finite group,
with the property that the McKay—Thompson series

éf)gW(Ta z) = Z tr(g|Wee—an)q"y* (1.2.1)

n,s€Z

defines an optimal holomorphic mock Jacobi form of weight 2 and index 1 and level

o(g) for each g € G, once we set ¢ = €7 and y = e*>7%*

. We recall holomorphic
mock Jacobi forms, and our notion of level, in § 3.2. The most important requirement
is optimality, which we explain in detail in § 3.3. In short it is the condition that the
associated McKay—Thompson series (bgv (1.2.1) have a common fixed constant term,
and have theta-coefficients hg’, (see (3.2.7) and (3.3.4)-(3.3.6)) that vanish away from
the infinite cusps of their invariance groups (cf. (3.3.1)). As we explain in § 1 of [8], it is
a generalization of the notion of Hauptmodul—instrumental in monstrous moonshine—
from modular functions to more general modular settings. In addition to [8] the reader
may consult § 6.3 of [5], §§ 1.5-1.6 of [13] or [16] for expository discussions of optimality.

A key tool in this work with no counterpart in [8] is a connection between meromorphic
Jacobi forms in weights 1 and 2, which, via the methods of [11], may be used to connect
suitable mock Jacobi forms in weights 1 and 2. The McKay—Thompson series of umbral
moonshine (see [4-6]) are naturally packaged as mock Jacobi forms of weight 1, so there
is a chance that we can use this connection to translate umbral moonshine into the

setting of this work. As we demonstrate in § 4.1, this works out especially well in the
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¢ = 3 case of umbral moonshine, in that it yields for us a virtual graded module for the
unique non-trivial double cover 2.Mi5 of the sporadic simple Mathieu group Mi5, with
McKay—Thompson series that have weight 2 and index 1, and that are optimal in the
sense just sketched. Moreover, by restriction we recover from this optimal 2.M;5-module
an optimal module for Z/117Z, such as in (1.1.1)-(1.1.2).

As a result, through consideration of the specific case that N = 11, we obtain a
positive answer to the first question we formulated at the end of § 1.1: The cyclic group
module structure on the W of (1.1.1)-(1.1.2) can arise as the restriction of something
more intricate.

It is a curious fact that Mi5 contains two conjugacy classes of subgroups isomorphic to
the smallest sporadic simple group, My;. To distinguish them, fix a non-trivial permuta-
tion representation Mi5 — S15 of M15 on 12 points. Then one of the classes is composed
of the 12 subgroups of Mj5 that fix one of the 12 points. The 12 copies of My; in the
other class each act transitively on these 12 points. The group Mi; has trivial Schur
multiplier (cf. e.g. [10]), so each of the 24 copies of My; in Mjs pulls back to a direct
product 2 x Myq in 2.Mys.

Thus there are essentially two ways to restrict the optimal module for 2.M15 in weight
2 and index 1 that comes to us from umbral moonshine to an optimal module of weight 2
and index 1 for My;. Since umbral moonshine naturally equips the umbral group 2.M5 at
¢ = 3 with a permutation representation 2.Mis — Sqs, it is natural to refer to these two
optimal modules for My as transitive and intransitive, according as the corresponding
composition

M1; — 2.Mi2 — S12 (1.2.2)

is transitive or not. From this perspective the transitive optimal module is distinguished
by associating McKay—Thompson series with non-trivial characters to elements of order
4 and 8 in My, while ¢}V is a mock Jacobi form for I'}(o(g)) for all the g arising from
the intransitive optimal module. Thus the smallest sporadic simple group fits naturally
into our framework in two different ways. We elucidate this further by making it our
focus in §§ 4.2-4.3.

1.8. Results

In § 4.1 of [8] we classified optimal virtual graded G-modules of weight 2 and index 1,
for G a cyclic group of prime order. In § 4.2 of this work we carry out a directly similar
classification but for G the sporadic simple Mathieu group Mi;. In fact we establish two
such classifications, corresponding to the two optimal modules for My; that come to us
from umbral moonshine, as we have just discussed.

More specifically, we first determine the constant cgf’f (G) and the lattice Lgf)f (G) for
G = My, where ¢3% (G) and £5% (G) are as defined in § 3.3 (this being the same as the
definition in [8]). This classification includes the intransitive optimal module for Myy,
and is the content of Theorem 4.2.1.
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We then determine cOpt(G «) and EOpt( ), again for G = M1, but with « encoding
the multiplier systems that arise from the transitive optimal module for My;. As we
explain in § 3.3, we define the constant c3" *(G, «) and the lattice EOpt(G «) analogously
to ¢gh'(G) and L’Opt(G) 1respectlvely7 but take into account the multiplier system data of
«. The determination of ¢y ' (G, x) and EOpt( «) here is the content of Theorem 4.2.5,
and the classification this implies includes the transitive optimal module for My;.

It develops that c°pt(G) and com(G «) coincide for G = My; and « as arising from the
transitive module. It is significant that this common value also coincides with coPt(G)
for G = Z/11Z, since this means that every optimal module for G = Z/11Z extends to
an optimal module for My, and extends in two essentially different ways, depending on
the triviality or not of the multiplier systems.

It is at least as significant that EOpt(G) is the same for G = M;; and G = Z/11Z, but
differs from EOpt(G ) for G = My; and « as in the transitive optimal module. Indeed, it
turns out that the latter lattice properly contains the former, because there is a non-zero
cuspidal Jacobi form of weight 2 and index 1 for ['}(8) that is consistent with o as in
the transitive optimal module. It is the involvement of this cusp form that allows us to
draw out a new kind of connection between groups and geometry in this work.

To explain this recall that a positive integer n is called congruent if it occurs as the
area of a right triangle with rational side lengths. That is, n is congruent if there exist
a,b,c € Q such that a®> +b%> = ¢ and n = %ab. The problem of determining which
positive integers are congruent goes back to Diophantus, and remains unsolved to this
day. We refer to [29] for a recent review. In § 4.3 we show that the representation theory
of the transitive optimal module for M;; obstructs the existence of congruent numbers.
Specifically, it follows from Theorem 4.3.1 that if W = @, Wp is the transitive optimal
module for M1, and if n is square-free and congruent to 3 modulo 24, then n is not a
congruent number whenever W_,, contains the unique 55-dimensional irreducible M-
module (cf. Table 1) with non-zero multiplicity.

Thus we also answer in the affirmative, at least for NV = 11, the second question that
we formulated the end of § 1.1: More intricate group-module structures on the W of
(1.1.1)-(1.1.2) can entail more intricate relationships to arithmetic geometry, than those
formulated in (1.1.4)-(1.1.6).

To conclude we mention that we obtain further positive answers to the questions of
§ 1.1 in the forthcoming work [7], by showing that 1) the optimal Z/NZ-modules of
(1.1.1)-(1.1.2) extend to modules for the second largest sporadic simple Mathieu group
Mss in the case that N = 23, and 2) these modules entail interdependencies between
arithmetic-geometric invariants of elliptic curves with coprime conductors.

1.4. Overview
The structure of this article is as follows. We present a guide to the specialized notation

that we use in § 2. Then in § 3 we prepare for the statements and proofs of our main
results. Specifically, we review generalized Hurwitz class numbers, and some related
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notions, in § 3.1, and review mock and meromorphic Jacobi forms in § 3.2. We discuss
the notion of optimality we use, in general weight and index, in § 3.3, and describe it in
more detail in the special case of weight 2 and index 1 in § 3.4. Our main results appear
in § 4. We first explain the connection between class numbers and umbral moonshine in
§ 4.1. We then use this to classify optimal modules of weight 2 and index 1 for Myq, in
two different ways, in § 4.2. Finally we use the optimal modules of § 4.2 to relate the
representation theory of M1; to the congruent number problem in § 4.3.
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2. Notation

Av(™ The averaging operator of index m. See (3.2.25).
o An assignment of discrete groups I'y < G’ and characters pg g = C* to
the elements g of a finite group G. See (3.3.3) and cf. (3.3.11).
¢ The negative of the constant term of a holomorphic mock Jacobi form. See
(3.3.2).
CZ%(G) A shorthand for CZ?;(G, o), for the default choice (3.3.11) of «.
CZI;:L(G, «) An invariant we attach to a finite group G and choice of « in § 3.3. See
(3.3.10).
Cn (D) A shorthand for CéM“’O‘) (D), when o(g) = N, in the proof of Theorem 4.3.1.
Cyg . (D) A coefficient in the Fourier expansion of ¢g)4. See the proof of Theorem 4.3.1.
O0n The class function on a group G defined by setting dn(g) := 1 in case
o(g) = N, and dn(g) = 0 otherwise. Cf. (4.2.6) and (4.2.15).
e The identity element of a finite group G. See § 3.3.
e(-) We set e(z) := €272,
E The elliptic curve over Q defined by 32 = 23 — . See the proof of Theo-
rem 4.3.1.
FE ® D The D-twist of the elliptic curve E. See the proof of Theorem 4.3.1.
ZV The McKay—Thompson series associated to the action of g on W. See (3.3.5)
and (3.4.3).
¢11 A certain cuspidal Jacobi form of weight 2 and index 1 for TJ(11). See
(4.2.1).
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A certain cuspidal Jacobi form of weight 2 and index 1 for T'}(32). See
(4.2.9).

An element in a finite group G. See § 3.3.

A finite group. See § 3.3.

The Jacobi Group. Cf. (3.2.2).

A subgroup of G“. Cf. (3.2.3).

A group of the form I'g(N) x Z2. Cf. (3.2.3).

The vector-valued function that takes the th
The theta-coefficients of ¢}". See (3.3.6).
The Hurwitz class number of discriminant D. See (3.1.3).

The generalized Hurwitz class number of level N and discriminant D. See
(3.1.2)-(3.1.5).

A coefficient of the Cohen-Eisenstein series S50, Cf. (3.1.8)—(3.1.9).

A shorthand for 1. Cf. (3.1.6).

A holomorphic mock Jacobi form defined by the HY" (D). See (3.1.6).

A holomorphic Jacobi form defined by the H{°"(D) for N prime. See (3.1.9).
The index of T'y(INV) as a subgroup of T'g(1) = SLy(Z). Cf. (3.1.5).

The holomorphic Jacobi forms of weight k and index m for I with character
p. See § 3.2.

The holomorphic mock Jacobi forms of weight k£ and index m for I with

', as its components. See (3.3.5).

character p. See § 3.2.

The weakly holomorphic mock Jacobi forms of weight k¥ and index m for I
with character p. See § 3.2.

A certain lattice. See (3.3.9).

A shorthand for EZ‘?:,L(G, «) for the default choice (3.3.11) of «.

The lattice of 0-optimal virtual graded modules of weight k£ and index m
for (G, ). Cf. Proposition 3.3.1.

The finite part of a meromorphic Jacobi form . See (3.2.22).

The polar part of a meromorphic Jacobi form 1. See (3.2.22).

A certain meromorphic Jacobi form of weight 2 and index 1. See (3.2.19)
and (4.1.5).

A certain meromorphic Jacobi form of weight 2 and index 1, generally with
level and character, for g € 2.M15. See (4.1.6).

A certain meromorphic Jacobi form of weight 1 and index 3. See (4.1.3).
The meromorphic Jacobi form of weight 1 and index 3 attached to g € 2.M12
by umbral moonshine at £ = 3. See (4.1.6).

We set g :=e(7) for 7 € H.

A set of binary quadratic forms with integer coefficients. See § 3.1.

The Grothendieck group of finitely generated CG-modules. Cf. (3.3.9).
The subgroup of R(G) composed of virtual G-modules V' such that tr(g|V) =
0 unless o(g) = N. Cf. (4.2.5) and (4.2.14).

p A character of a subgroup I' of G? with level. Cf. (3.2.5).

Om

A certain unitary representation of S/EQ(Z). Cf. (3.2.14).



Sk,m(rﬂ p)

Sk,mg, P)Z
SLy(Z)

M.C.N. Cheng et al. / Journal of Number Theory 277 (2025) 201-235 209

The cuspidal Jacobi forms of weight k£ and index m for I with character p.
See § 3.2.

The ¢ € Si.m (T, p) with rational integer Fourier coefficients. See § 3.2.
The metaplectic double cover of SLy(Z). Cf. (3.2.14).

0., The vector-valued function that takes the 6,,, as its components. Cf.
(3.2.14).
0m,» The theta series defined by the positive-definite even lattices of rank 1. See
(3.2.8).
¥;(7,2) A Jacobi theta function. See (3.2.20) and (4.1.1).
W,iprfL(G) A shorthand for ng;;(G, «) for the default choice (3.3.7) of c.
ng;;(G)C A shorthand for ng;;(& o), for the default choice (3.3.7) of a.
WZT:T(G, o) The set of optimal virtual graded modules of weight & and index m for
(G, ). Cf. (3.3.8).
WZ}Z;(G, «). The set of c-optimal virtual graded modules of weight k& and index m for
(G, ). Cf. (3.3.8).
X; An irreducible character of My;. See Table 1.

y We set y := e(z) for z € C.
3. Preparation

This section is a counterpart to § 3 in [8], and offers preparation for the arguments
that will appear in § 4. We briefly review generalized Hurwitz class numbers in § 3.1.
The Jacobi forms we consider here are more general than those that appear in [8], as
we discuss in § 3.2. The notion of optimality is correspondingly more general, and we
explain it in § 3.3. We work with Jacobi forms of general weight and index in §§ 3.2-3.3,
for the sake of future applications. We specialize to the situation of weight 2 and index
1, being the setting of our main results, in § 3.4.

3.1. Class numbers

As in [8] we let Qn (D) denote the set of integer coefficient binary quadratic forms
Q(x,y) = Az® + Bay + Cy? of discriminant D := B? — 4AC with A = 0 mod N. We
equip each Qn (D) with a right action by the group

To(N) = {(*") € SLy(Z) | ¢=0mod N} (3.1.1)
in the usual way, and we write I'o(NN)q for the stabilizer in I'g(V) of a particular @) €
An(D).

Note that Qn (D) is non-empty if and only if D is a quadratic residue modulo 4N.
Say that D € Z is a discriminant if Q;(D) is not empty (i.e. D is congruent to 0 or
1 modulo 4), and say that D is a fundamental discriminant if D is the discriminant of
the number field Q(v/D). (This is the same as saying that either D = 1 mod 4 and D is
square-free, or D = 4d where d is square-free and not a quadratic residue modulo 4.)
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We restrict to negative discriminants in this work. For D a negative fundamental
discriminant write k(D) for the class number of Q(v/D). Then k(D) is just the number of
orbits of I'g(1) = SL2(Z) in its action on Q1 (D). The generalized Hurwitz class numbers,
denoted HI' (D), are defined for D < 0 by setting

1

Hy" (D) = Fo(Ng

QEQN(D)/To(N)

(3.1.2)

when Qx (D) is not empty, and HX" (D) := 0 otherwise. Therefore, the H" (D) are
closely related to the usual class numbers h(D). Indeed, the Hurwitz class number

HY"(D) := g™ (D) (3.1.3)

coincides with h(D) if D is fundamental and less than —4, while for the remaining
negative fundamental discriminants we have H™"(—3) = 3 and H""(—4) = 3. For a
more general statement we note from Lemma 3.1.2 of [8] that

HI" (D) = (1 + (ﬁ)) HMr (D) (3.1.4)

for D negative and fundamental when N is prime, where (—) denotes the Kronecker
symbol (see e.g. p. 503 of [21] for the definition). In particular H" (D) = 2h(D) when
D < —4 and D is a square modulo 4N.

As in [8] our main motivation for the definition (3.1.2) is that it gives rise to holo-
morphic mock Jacobi forms (cf. Proposition 3.4.1). With this in mind we define

1
HR™(0) := *EL(N) (3.1.5)
where ((N) = [[o(1) : To(N)], and set HI'" (D) := 0 when D > 0. We also define
q := ¢(7) for 7 in the upper half-plane, H := {r € C | (7) > 0}, and y := e(z) for
z € C, where e(z) := €2™®. The generating functions

A (1, 2) = Z HYw (% — dn)q™y® (3.1.6)
n,s€Z

and M .= H" will play an important role in what follows.

In § 4.3 we will also employ Cohen—Eisenstein series, whose coefficients furnish a
further variation on the class numbers h(D) (cf. [9]). To define these series recall that
for D an arbitrary discriminant we have D = f2Dy, where Dy is the discriminant of
Q(V/D) and f is the conductor of the order

D++D

Op =7 5

. (3.1.7)
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Next choose a prime N, and for D = f2D, as above let f’ be the largest factor of f
that is coprime to N, and set D’ := (f")2Dy. Then we may follow § 1 of [22] in defining
H{°M(D) for N prime and D a negative discriminant by setting

0 if N splits in Opy,
HSM(D) == { LHMu(DY)  if N is ramified in Oy, (3.1.8)

HY (D) if N is inert in Opy.
For convenience we also set H{°"(0) := &2 and set H{°"(D) := 0 when D is positive,
or a negative integer that is not a discriminant. The Cohen—FEisenstein series of (prime)

level N are now defined by setting

AN (1, 2) = Z HSM (52 — 4n) g™y, (3.1.9)
n,s€Z

where ¢ and y are as in (3.1.6).

For N prime the Cohen-Eisenstein series J7°" is related to the generalized Hurwitz
class number generating functions J#M% and S0 by the formula J#7HW = G +
14 This is the content of Lemma 3.1.1 of [8]. Lemma 3.1.2 of [8] also gives us a

counterpart
( _ <%)) H(D), (3.1.10)

for D negative and fundamental, to (3.1.4).

HP(D) =

N =

3.2. Jacobi forms

Here we explain our conventions on mock Jacobi forms. We assume some familiarity
with the basic definitions, suggest § 3.1 of [3] and [19] for more on Jacobi forms, and
suggest § 3.2 of [3] and § 7.2 of [11] for more on mock Jacobi forms. We will also make use
of meromorphic Jacobi forms. We refer to § 2 of [2] and § 8 of [11] for more background
on these.

In § 4.1 we will require a notion of level for discrete subgroups of the Jacobi Group,

G? = SLy(R) x (R?- S1). (3.2.1)

To explain what we mean by this we first realize G’ as the set of triples (v, (A, 1)),
where v € SLy(R), and (X, 1) € R?, and ¢ € C satisfies || = 1. The multiplication in G”
is then given by

(v, (A ), ) (', (N 1), ¢) = (W’, )y + (V') sc’e (det ( o Z,)/) )) .
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So in particular, the subgroup {(I, (0,0),s)} = S! is central. We write G’ for the quotient
of G’ by this copy of S!.

Next, for N a positive integer, let T'j(N) denote the subgroup of G composed of the
triples (7, (\, ), 1) with v € To(N) and (), u) € Z2. We tacitly identify Tj(N) with its
image in Zf] = SLy(R) x R? under the natural projection when convenient, and let I'J_
denote the intersection of the groups I'}(V), so that

e {( 1))

Finally we say that I' < G’ has level N if the image of T" in Zf] under the natural
projection contains I'J(N) to finite index for some N, and if N is the minimal positive
integer for which this is true. We also assume that I' contains I'), = Z x Z? (3.2.3). A
subgroup I' < G? with level is a subgroup with level N for some N.

n,A\, p € Z} . (3.2.3)

We will require a notion of cusp for subgroups of G’ with level in the above sense. To
formulate this we consider the usual transitive action of SLy(R) on the real projective
line P*(R) = R U {oco}, and obtain from this an action of G’ on P*(R) by letting the
normal subgroup {(I, (A, u),s)} = R? - St (cf. (3.2.2)) act trivially. Thus an arbitrary
subgroup I' < G’ acts naturally on P'(R) by restriction. If T' = I'J(N) for some N
then this action preserves the subset P*(Q) = Q U {oc} of rational points, and by our
definitions, this statement holds true also for I' < G’ a subgroup with level (cf. e.g.
Proposition 1.10.2 of [15]). So given T' < G’ with level we may consider the set

N\PHQ)={T a|acQuU{c}} (3.2.4)

of orbits of I on P'(Q). We call these orbits (3.2.4) the cusps of T, and we refer to the
orbit I' - co containing oo as the infinite cusp of I'.

For I a subgroup of G’ with level, a character of I will mean a morphism of groups
p : T — C* that is trivial when restricted to I'), (3.2.3). For such I' and p, and for
integers k and m, we now define the weight k, index m and character p action of I' on
a smooth function ¢ : H x C — C by setting

(Blk,mo (Vs A 1), )T, 2) i = (Bl (75 (A, 1), ) (75 2) p (75 (A, 1), €) (3.2.5)

for (7, (A, p),¢) € T, where ¢ — @|k.m (7, (A, 1), s) denotes the usual weight k& and index
m action of G (as in e.g. Theorem 1.4 in [19]).

To formulate the notion of Jacobi form for a group I' < G” as above say that a smooth
function ¢ : H x C — C is elliptic of index m for I" with character p if it is invariant for
the restriction of the action (3.2.5) to the intersection of I" with the normal subgroup
R2. S of G. This restricted action is given explicitly by

(@lkm,p(L (A, 1), 6)) (T, 2) == (m(/\QT + 2z + Ap+ g)) d(ry 2+ At + p)p(I, (A p),<).
(3.2.6)
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In particular, it is independent of k.
Given our assumptions on p, an elliptic function of index m for I' with character p
admits a theta-decomposition

¢(Taz) = Z hr(T)em,r(Ta Z)a (327)
r mod 2m

where the theta-coefficients h, are smooth functions on H, and where the theta series
0., are defined for integers m and r, with m positive, by setting

O (T, 2) == Z qrmys. (3.2.8)

s=r mod 2m

Suppose now that ¢ is a holomorphic function on H x C that is elliptic of index m
for I with character p. In this work we say that ¢ is a mock Jacobi form of weight k
and index m for I with character p if there exist holomorphic functions g, : H — C, for
r mod 2m, such that if we set

By (1) = he(7) + g2 (1), (3.2.9)

where ¢ is the weight k£ — % Eichler integral of g, (see e.g. (7.2) of [11]), then the
real-analytic function ¢, given by

$(7a Z) = Z /HT (T)Hm,'r’ (T, Z), (3210)

r mod 2m

is invariant for the weight k, index m and character p action (3.2.5) of I'. For completeness
we note that if

g:(r) =Y B(D,r)q (3.2.11)
D>0

is the Fourier expansion of g,, then g’ in (3.2.9) may be expressed explicitly as

9-(1) = B(0,7)

where T'(3 — k,z) := [*7t *+3¢~!dt is the incomplete gamma function.

For ¢ a mock Jacobi form, with theta-coefficients h, as in (3.2.7), we call h, as in
(3.2.9) the completion of h,, and call $ as in (3.2.10) the completion of ¢. Under our
hypotheses on p the theta-coeflicients h, of a mock Jacobi form for I' with character p
admit Fourier series expansions of the form
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he()= > Cy(D,r)g 7. (3.2.13)

D=r2 mod 4m

We write the theta-decomposition (3.2.7) compactly as ¢(7, z) = h(7)'0,,(7,2) or ¢ =
h'0,, when convenient, taking h = (h,.) to be the vector-valued function with the theta-
coefficients h, (3.2.13) as its components, taking 6, = (6,,,) to be the vector-valued
function whose components are the theta series 0y, , (3.2.8), and using the superscript
in A(7)" and h' to denote matrix transposition.

We write :S'\./LQ (Z) for the metaplectic double cover of the modular group, and realize
it as the set of pairs (y,v), where v € SLy(Z) and v : H — C is either of the two
holomorphic functions such that v(7)? = c¢r + d when (c,d) is the lower row of 7.
We also recall the index m Weil representation g, : S‘EZ(Z) — GL2yn (C), defined by

requiring that

_ ar +b z 1 cmz>
nY,V)0m ) — = O (T, 2.14
om(7,v)? <CT+d CT+d> 'U(T)e< c¢+d) Om (7, 2) (3 )

when v = (‘Cl Z), for (v,v) € ﬁg(Z), and use this to define weakly holomorphic, holo-
morphic, and cuspidal mock Jacobi forms as follows. For ¢ = h'6,, a mock Jacobi form
of weight k and index m for I with character p we say that ¢ is weakly holomorphic if
there exists a constant C' > 0 such that

om (7, 0) (Bl 1 (4, 0))(7) = O3 (3.2.15)

as (1) — oo, for all (y,v) € ﬁQ(Z), where h = (ET), and where h ?L|k7% (y,v)
denotes the usual weight kf% action of the metaplectic group on vector-valued functions
on H (see e.g. § 3.2 of [8]). We say that ¢ is holomorphic if the exponential bound (3.2.15)
can be replaced with boundedness,

0m (7, 0) (Rl 1 (4, 0))(7) = O(1) (3.2.16)

as (1) — oo, for all (y,v) € /S\EQ(Z), and say that ¢ is cuspidal if boundedness (3.2.16)
can in fact be replaced with vanishing,

om (7, 0) (Rl 1 (v, 0))(7) = 0 (3.2.17)

as (1) — oo, for all (y,v) € ﬁz(Z). Note that a cuspidal mock Jacobi form necessarily
has vanishing shadow, so there are no cuspidal mock Jacobi forms that are not actually
Jacobi forms. This can be seen by using the pairing introduced by Bruinier—Funke in
Proposition 3.5 of [1]. (See Proposition 3.2.1 of [3] for a formulation of the Bruinier-Funke
pairing in terms of Jacobi forms.)

With the above definitions in place we let J X}%(F,p) denote the space of weakly
holomorphic (3.2.15) mock Jacobi forms of weight k and index m for I' with character
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p, and write Ji (T, p) for the subspace of mock Jacobi forms that are holomorphic
(3.2.16). The holomorphic Jacobi forms of weight k and index m for I" with character
p are the forms ¢ = h'6,, in Jj ., (T, p) for which the g} in (3.2.9) all vanish, so that
h= h, &c. We denote the space they comprise by Ji ., (T, p), and write Sk ., (T, p) for
the subspace comprised of Jacobi forms that are cuspidal. We suppress the character p
from these notations when it is trivial.

In the remainder of this section we offer a quick review of some of the meromorphic
Jacobi form theory that appears in § 8 of [11]. Briefly, a meromorphic Jacobi form of
weight k£ and index m for I' with character p is a function that is invariant under the
corresponding action (3.2.5) of I, but is allowed to have poles in the z variable. A classic
example is the Weierstrass elliptic function,

1 1 1
)= — - , 3.2.18
p(r:2) 22 + Z (at+b—2)2 (at +b)? ( )
(a,b)€Z?
(a.5)£(0,0)

which has weight 2 and index 0 for Tj(1) = SLy(Z) x Z? (with trivial character), and
a double pole at z = at + b, for all a,b € Z. An example of particular relevance in this
work is

M (1,2) = % <4i7r2@(77 2)? — E4(T)) %, (3.2.19)

where E, is the weight 4 Eisenstein series for SLy(Z), normalized so that E4(7) = 1+0(q)
as §(7) — oo, and where the Jacobi theta function and Dedekind eta function are defined

by setting
(1, 2) == =011 (37, 5(2 + 3)), (3.2.20)
n(r) == g2 H (1—q"), (3.2.21)
n>0

respectively, for 7 € H and z € C, where 61 1 is as in (3.2.8). Similar to p, the function
1)1 has a double pole at every lattice point z € Z7+Z, but in contrast to g it transforms
with weight 2 and index 1 under the action of T'j(1), rather than weight 2 and index 0.

Observe now that, because of its poles, a meromorphic Jacobi form generally does not
admit a theta-decomposition as in (3.2.7). A solution to this problem is proposed in [11],
following earlier work [30] of Zwegers. Under suitable conditions on the meromorphic
Jacobi form v, the authors of [11] introduce a canonical decomposition

¥ ="+, (3.2.22)

where ¢ and ! are called the polar and finite parts of v, respectively. Here the polar
part 1»” may be realized as an average over the local behavior of 1(, z) as z approaches
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its poles (within a fundamental domain for Z7 + Z), and the finite part ! is defined
by setting

'(/)F(Ta Z) = Z hy (T)om,r(ﬂ Z) (3223)
r mod 2m

(cf. (3.2.7)), where the h,.(7) are computed by imposing certain choices on the (otherwise
ambiguous) integral expression

zo+1

ho (7) g = / W7, 2) e(—rz)dz. (3.2.24)

In particular, the finite part of a meromorphic Jacobi form admits a theta-decomposition
(3.2.23) by construction.

Note that (3.2.24) unambiguously recovers the theta-coefficients of v, for any choice
of zg € C, and any path from zy to 2oy + 1, if ¢ is holomorphic in z and elliptic of index
m (cf. (3.2.7)). We refer to § 8 of [11] for details on how to interpret (3.2.24) in the
meromorphic case.

We conclude by detailing the decomposition (3.2.22) in the special case that ¢ = P
is as in (3.2.19). For this we follow [11] in defining the averaging operator of index m, by
setting

AV (B (y) == > y?™ g™ Flyg) (3.2.25)
s€Z

for m a non-negative integer and F(y) a function of polynomial growth. We are then
able to identify the polar part ) of (1) as

YO P (r,2) = 1240 (y(1 - y)72), (3.2.26)

and from the discussion of Example 5 in § 8.5 of [11] we obtain that the finite part o))
satisfies

P (7, 2) = 2407 (7, 2), (3.2.27)

where J#HW = A0 s the Hurwitz class number generating function, as defined in
(3.1.6).

3.8. Optimality

In this section we explain optimality for holomorphic mock Jacobi forms of arbitrary
integer weight and positive integer index. The exposition is similar to that of § 3.3 of [§]
except that here we allow for forms that are automorphic for more general subgroups of
the Jacobi group, as described in § 3.2, and also consider characters.
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To begin we fix an integer k and a positive integer m. Then for I and p as in (3.2.5)

we say that ¢ € Jp (T, p) is optimal if
(Qm(% V)il (7, v)) (1) =0 (3.3.1)

as (1) — oo (cf. (3.2.17)), whenever (y,v) € SEQ(Z) is such that 7 - oo does not
belong to the infinite cusp of T' (cf. (3.2.4)). We then refine this notion by saying that
¢ € Jiem(L, p) is c-optimal, for a given constant c, if ¢ is optimal (3.3.1) and satisfies

o(1,2) = —c+ O(q), (3.3.2)

for every z € C, as (1) — 0.

As in [8] we are interested in situations whereby collections of optimal mock Jacobi
forms are organized by finite groups. To setup for this we let G be a finite group, and
consider an assignment

o: [g] = ag) = (T'g, pg) (3.3.3)

of pairs to the conjugacy classes [g] of G, where for each g € G the first component I'y
of «(g) is a subgroup of G’ with level N = o(g) in the sense of § 3.2, and the second
component pg is a character of I'y as in (3.2.5). Also, given a virtual graded G-module
W of the form

w= B b w.oe (3.3.4)

r mod 2m D=r2 mod 4m

we define the associated McKay—Thompson series ¢gv , for each g € G, by requiring that

o (12) =Y, h(T)0mn(r,2) (3.3.5)

r mod 2m

(cf. (3.2.10)), where th is defined, for each integer r modulo 2m, by setting

,T

W)=Y tr(g|Wn%)q_%. (3.3.6)

D=r2 mod 4m

As in [8] we use the term virtual G-module to refer to an integer combination of irreducible
ordinary characters of G, and use the term virtual graded G-module to refer to an indexed
collection of such things. See § 3.3 of [8] for more detail.

With this setup in place we say that W as in (3.3.4) is c-optimal (mock Jacobi) of
weight k and index m for (G, x) if

(bgv S Jk,m(rgapg)7 (337)
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and if ngV also satisfies the c-optimality conditions (3.3.1)-(3.3.2), for every g € G, and
we say that W as in (3.3.4) optimal for (G, o) if it is c-optimal for some c.
We are interested in classifying the optimal virtual graded modules of a given weight

and index for a pair (G, «), where G is a finite group and « is as in (3.3.3). With this
opt
k,m

and index m for (G, &), and for each ¢ € Z let W,:Sfl
that are c-optimal. As in [8] we note that sz;fl(ﬁ «) and W;?%(G, o) are naturally free

abelian groups (cf. (3.3.11) of [8]), and

in mind we let W, (G, o) denote the set of optimal virtual graded modules of weight k

(G, &) denote the subset of modules

W (G o) = Y WL (G, e (3.3.8)
cEZ

is a decomposition of the former into modules for the latter. We also write Ezpfn(G, )

for the lattice structure on W,?}ZZ(G, «)o that we obtain by embedding it in

Ly (G) := Sk,m(#G)z ®z R(G) (3.3.9)

in the natural way. (Here R(G) denotes the Grothendieck group of the category of finitely
generated G-modules, which we identify with the free Z-module generated by the irre-
ducible ordinary characters of G. We refer to (3.3.12-3.3.14) of [§] for the lattice structure
on Ly ., (G), and refer to (3.3.15-3.3.19) of [8] for the map that identifies Wgﬁ;(G, o) as
a sublattice.)

Define CZ?%(G, «) to be the minimal positive integer for which a c-optimal virtual

graded module of weight k and index m for (G, «) exists,

¢7hr (G, o) o= min {c € Z* | WP (G, ) # 0} (3.3.10)
Then we have the following counterpart to Proposition 3.3.1 of [8], by exactly the same
argument.

Proposition 3.3.1. The sets W,?%(G, «) and ﬁZ%(G, o) are naturally free abelian groups
of finite rank. If c = 0 mod CZ%(G, o) then W}?}::L(Gv o). is naturally a EZ%(G, o)-torsor.
If ¢ # 0 mod ch’:n(G, o) then WE?;(G, o) 15 empty.

Motivated by Proposition 3.3.1 we refer to the determination of CZ?;(G,cx) and
Ezf’;(G, ), for a fixed choice of G and «, as the classification problem for optimal virtual
graded modules of weight k& and index m for (G, «).

To conclude this section we define the default choice for « as in (3.3.3) to be the

assignment a(g) = (I'g, pg) for which

Iy = T} (0(g)) (3.3.11)
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and pg is trivial, for each g € G. We indicate this default choice of « by suppressing
it from notation, writing Wg]i;(G) for W/?,D;(Gv o), and writing EZ?:R(G) for ﬁZf):n(G, o),
&c., when o is as in (3.3.11).

3.4. Our main focus

Having discussed mock Jacobi forms with arbitrary integer weight and positive integer
index in §§ 3.2-3.3, we now review some of the special features that arise when the weight
is 2 and the index is 1, since this is the situation upon which we mostly focus in the
remainder of this work.

To begin we note that for a mock Jacobi form ¢ with index m = 1 we may unambigu-
ously write Cy(D) for the Fourier coefficient Cy(D,r) (cf. (3.2.13)), because the latter
depends only on D and the parity of r (cf. (3.2.7)), and the relation D = r? mod 4 forces
the parity of D and r to match. With this convention we have a Fourier expansion

Br.2) = 3 Cols® — An)a"y’ (3.4.1)

n,s€Z

when ¢ has index 1 (cf. (3.1.6), (3.1.9)). (More generally we may drop the r from Cy(D, 1)
whenever the index m of ¢ is not composite, for in this case 2 = s? mod 4m implies
r = +s mod 2m.)

By a similar token, for W as in (3.3.4) with m = 1, there is no loss in considering
W =@, Wp in place of W, where Wp := Wp . Asin [8] we adopt this simplification,
and also drop the accents from W and WD henceforth. Thus, from now on we write
simply

W =P Wwp (3.4.2)
D

for the grading of a virtual graded G-module W as in (3.3.4) when m = 1, where each Wp
in (3.4.2) is taken to be Wp, o in (3.3.4). With this convention the McKay-Thompson
series ¢}V associated to W (see (3.3.5)-(3.3.6)) may be defined by setting

oy (1,2) ==Y tr(glWe_sn)q"y’ (3.4.3)
n,s€Z

(cf. (3.4.1)).

The main significance for us of the weight k& = 2 is that it plays host to the generalized
Hurwitz class number generating functions S of (3.1.6), and the Cohen—Eisenstein
series JC°0 of (3.1.9). We put this precisely as follows.

Proposition 3.4.1. For N a positive integer the function Y belongs to Jo.1(T(N)).
For N prime the function F;°" belongs to Ja 1(T§(N)).
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See Proposition 3.4.1 in [8] for the proof of Proposition 3.4.1 above.
To construct optimal mock Jacobi forms we take a positive integer N and set

Rad .__ i E M Hur
AR = ¢<N)]\/[Z|NILL<M> L(M)%M 7 (3.4.4)

where ¢(N) denotes the Euler totient function, u(N) is the Mébius function, and ¢(N)
is as in (3.1.5). Then, as explained in § 3.4 of [8], the J#72d are optimal.

Proposition 3.4.2. For any positive integer N the function %]\F,‘ad is a 1-optimal element
of J21 (T3 (N)).

Note that the Fourier coefficients of s are generally not integers. For example,
¢ = 2 is the smallest positive integer for which c #4124 has integer coefficients. (Cf. the
proof of Theorem 4.2.1.) Also, J1(I'}(1)) is spanned by s£Rad = 12219 according to
Proposition 3.4.4 of [8]. Thus for any finite group G, and for any choice of « in (3.3.3)
such that Te = I'}(1) and pe is trivial, a c-optimal virtual graded module W = @, Wp
of weight 2 and index 1 for (G, &) (cf. (3.4.2)) satisfies

oW (1, 2) = Z dim (W2 _gn)q"y® = cRY(7, 2) = 12cM (1, 2) (3.4.5)
n,s€Z

(cf. (3.4.3)), where e denotes the identity element of G.
4. Results

In this section we present concrete examples of the classification problem formulated
in § 3.3 (cf. Proposition 3.3.1), in the special setting described in § 3.4, and also explore
some arithmetic consequences. Specifically, we first explain the connection between class
numbers and the ¢ = 3 case of umbral moonshine in § 4.1. Then we use this as a
springboard to classify optimal modules for the smallest sporadic Mathieu group My,
for two different assignments of characters, in § 4.2. Finally, in § 4.3 we demonstrate a
connection between the Mi;-modules of § 4.2 and the congruent number problem from
antiquity.

4.1. Umbral moonshine

In this section we use the proof of the £ = 3 case of umbral moonshine (see [4-6]
and [17]) to establish the existence of a 2-optimal module for the unique non-trivial
double cover 2.M;5 of the Mathieu group Mys (cf. [10]), and a particular assignment
o g] = (g, pg) (cf. (3.3.3)).

To get started let us first formulate the relevant function from umbral moonshine. For
this we recall the Jacobi theta function ¥ (3.2.20) and Dedekind eta function # (3.2.21)
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from § 3.2, and define three more Jacobi theta functions, ¥;(7,z) for j € {2,3,4}, by
setting

Io(T, 2) = 0171(%7, %z),
193(’7',2’) :91 0(%7’,%2), (411)
194(7’, Z) = 91’0(%7, %(Z + %)),

for 7 € H and z € C, where 61 o and 6;; are as in (3.2.8). We use these functions to
specify a weakly holomorphic Jacobi form Z() of weight 0 and index 2 for T3(1) (cf.
§ 2.5 of [4]) by defining

2 2 2 2 2 2

Z(S) (7_72) 4 192(7-a Z) 193(7—72) + 793(7—7 Z) 194(7—7 Z) + 194(7—’ Z) 792(7—72) )
U2(7,0)2 93(7,0)2 ~ I5(7,0)% Ja(7,0)* ~ Ju(7,0)2 ¥2(7,0)2

(4.1.2)

Then the meromorphic Jacobi form of weight 1 and index 3 attached to the ¢ = 3 case

of umbral moonshine (cf. § 4.3 of [5]), denoted ¢(®), may be defined by the formula

1(7,22)n(7)3

ENERSE ZO(1,2). (4.1.3)

w(3) (1,2):=1

(We remark that the factor in front of Z®) in (4.1.3) is a meromorphic Jacobi form of
weight 1 and index 1 for I'}(1), with a simple pole at each lattice point z € Z1 + Z.)

The connection between (4.1.3) and umbral moonshine is that the finite part of 1),
denoted )1 (cf. (3.2.22)), satisfies

PO (r )= Y H(1)03,(7,2), (4.1.4)

r mod 6

where H®) = (H,g?’)) is the McKay-Thompson series attached to the identity element of
the umbral group at ¢ = 3, which is none other than 2.M15.

We now consider the quotient of Z(3) (4.1.2) by the weakly holomorphic Jacobi form
93076 (cf. (3.2.20)-(3.2.21)), the latter having weight —2 and index 1, and a double zero
at each lattice point z € Z7 + Z, and compare to the meromorphic Jacobi form )
of (3.2.19). After an elementary manipulation of the expressions involved we arrive at a
precise coincidence,

bW (1, 2) = _iﬂd)(fﬁ)(ﬂ 2) = LT)GZ(S)(T, 2). (4.1.5)

That is to say, we recover (a rescaling of) the Hurwitz class number generating function
A = Hur (of (3.1.6)) by taking the finite part (cf. (3.2.27)) of a suitable multiple
(4.1.5) of the meromorphic Jacobi form (4.1.3) whose finite part (4.1.4) captures umbral
moonshine at £ = 3.
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Equipped with (4.1.3)-(4.1.5) we now attach a meromorphic Jacobi form of weight 2
and index 1 (with level and generally with non-trivial character) to each g € 2.M15 by
setting

YO (r,2) = —is MLy (72, (4.16)

where @[Jég) (7, 2) is the meromorphic Jacobi form of weight 1 and index 3 (with level and
generally with non-trivial character) attached to g € 2.M12 by umbral moonshine. We
define %(Z'M”’“) for g € 2.M5 to be the finite part of wél) in (4.1.6), so that

%(Q‘Mu,oc) — %/Jél)’F- (4.1.7)

To make (4.1.6) more explicit let ;4 be the sum of the first two irreducible characters
of 2.M13, according to the ordering in [4,5] (which is the same as the ordering given by
[20], for example), and let x12 denote the unique faithful irreducible character of 2.M14
of degree 12. Then we have

v (1,2) = —xa2(@uP0(r, 2) X @)V (1 2)+ Y HE)N(M)s(r,2)  (418)

r mod 6

where (3% and the Hg(?}) are as specified in § 4.3 of [5] (cf. also § B.3.2 of [12]).
Correspondingly, we now define a mock Jacobi form %(Z'Mm’“) for each g € 2.M14

by requiring that
¢é1) (Ta Z) = _X12(g)/’[’(1)’0(7—a Z) - YlZ(g)/’[’(l),l(T7 Z) + %(ZMH’OC) (Ta Z) (419)

where p(0¥(r, 2) := (AV<1>((1 bor) + (~1F AV (s )) (ct. (3.2.25)-(3.2.26)).

It follows from the construction (4.1.6)-(4.1.9), and the £ = 3 case of the main result
of [12], that the %(Q'M”’“) arise as the graded trace functions attached to a virtual
graded 2.Mi2-module.

Proposition 4.1.1. There exists a virtual graded 2.My2-module W = @, Wp such that
¢gv = %(Q.Mu,oc) fO?” g e 2.M12.

It also follows from (4.1.6)-(4.1.9) that the j‘/g(z'M”’“) are optimal, and have the
same characters as those of the meromorphic Jacobi forms wg@. We have ,%”g(lez"x) =
—2+40(q) as (1) — oo for all g € 2.M12 so Proposition 4.1.1 implies that cgf’f(G, ) <2
for G = 2.M;5 and « as above. On the other hand the inequality cgf’f(G, «) > 2 holds
because the function s> belongs to Ja.1(I'3(5)) in case o(g) = 5, the unique-up-
to-scale optimal form in this space is #2324, and ¢ = 2 is the smallest positive integer
such that c.R?d has integer coefficients. Thus we have proved the following result.

Theorem 4.1.2. For G = 2.Myy and « as above we have ¢35 (G, x) = 2.
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4.2. Modules

Here we consider the smallest sporadic simple group Mi;, which has order 7920 =
24.32.5.11 (cf. [10]). Our first objective is the following classification (cf. Proposition 3.3.1)
of optimal modules for My; (i.e. optimal modules for (My1, &) with the default choice
(3.3.11) of ). To formulate it let ¢1; denote the unique element of S, 1(T3(11)) such
that

e1(r,2) = ' = 1+y)q+ 0 (4.2.1)

as §(1) — oo, let x; denote the i-th irreducible ordinary character of My; (as displayed
in Table 1), and recall the definition (3.3.9) of the lattice Lo 1(G).

Theorem 4.2.1. For G = My we have ¢5% (G) = 2, and L3 (G) is the rank 2 sublattice
of L21(G) generated by

$11 ® (X1 —X2 — X3 — X4 — X6 T X9),
( ) (4.2.2)

©11 @ (X1 — X2 — X3 — X4 — X7 + X9)-

Remark 4.2.2. Let Nj; denote the norm of (17 with respect to the Petersson inner
product. Then from Theorem 4.2.1 we see that [,gf)f (G) is a copy of the lattice structure

on Z? for which the associated quadratic form is Q(x1,x2) = N7 (322 + 5129 + 323).

Our main task in proving Theorem 4.2.1 is establishing that a 2-optimal module for
M1; exists. To this end we define a holomorphic mock Jacobi form JféM“ for each g € My

by setting
2./ Rad f <11,
M = . or o(g) (4.2.3)
25 — Loy for o(g) = 11.

Here #8% is as in (3.4.4) and 17 is as in (4.2.1). The first few Fourier coefficients of
each of the jng“ are given in Table 2.

The 824 are optimal for all N according to Proposition 3.4.2, so the %M“ (4.2.3)
are all optimal by construction. By the 1-optimality of #3324 (see Proposition 3.4.2) we
have S (1,2z) = =24 O(q) for all g € My;. In light of this the next result amounts
to the statement that Wgﬁt(G)g is not empty when G = My;.

Proposition 4.2.3. There exists a virtual graded Myi1-module W = @D Wp such that
ngV = %@M“ for g € My;.

Proof. Recall from § 1.2 that we say that a subgroup Mj; in 2.M15 is intransitive if its
image under the composition (1.2.2) fixes a point. We verify the existence of the My;-
module of the statement of the proposition by restricting the 2.Mjs-module structure
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of Proposition 4.1.1 to an intransitive copy of My; in 2.M;5. We require to determine
how the assignment o : [g] — pg of characters to 2.Mis restricts to such a subgroup.
These characters are described explicitly in § 4.8 of [5]. From this description we check
that pg is trivial for every g in an intransitive copy of Mq;1. So W as in Proposition 4.1.1
restricts along an intransitive copy of M1; to an Mj;-module with the same characters
as in Proposition 4.2.3. This completes the proof. O

Remark 4.2.4. Since the coefficients of the j‘fg\"“ are rational numbers by construction,
they must in fact be rational integers for all g € My1, and in particular for o(g) = 11, in
order for Proposition 4.2.3 to be true. This particular consequence of Proposition 4.2.3
may be compared to the N = 11 case of Theorem 4.1.1 in [8]. (See also Corollary 4.2.2
in [8].)

The character table of M7 is given in Table 1. For y an irreducible character of My
define the multiplicity generating function

A7) = Y ma(Waean) "y (4.2.4)
n,s€Z

where Wp is as in Proposition 4.2.3, and m, (Wp) is the multiplicity of x in the M-
module Wp. The first few Fourier coefficients of each of the resulting holomorphic mock
Jacobi forms 72" are given in Table 4.

Proof of Theorem 4.2.1. We have % (G) < 2 according to Proposition 4.2.3. To see that
cgf)f (G) > 2 we note, for example, that the space of optimal holomorphic mock Jacobi
forms of weight 2 and index 1 for T'J(5) is one-dimensional, spanned by #4324 (7, 2) =
—1+0(q) (cf. (3.4.4)), and ¢ = 2 is the smallest positive integer such that c#"*¢ has
integer coefficients. So 5% (G) = 2.

It remains to compute £5% (G). For this we note that if W € W55(G)o then, be-
ing optimal and having vanishing constant term, ¢g" must belong to Sz 1(I'}(o(g))) for
every g € G. We have Sz 1(T'j(o(g))) = {0} for g € My; except when o(g) = 11, and
S51(T3(11))z is generated by 11 (as in (4.2.1)), so Wzoﬁt(G)o is identified with the
sublattice

Zp11 ®z R(G)(11) (4.2.5)

of L2 1(G), where R(G)(11) denotes the Z-module of virtual characters of My; that are
supported on elements of order 11.

To compute R(G)(11) let 611 be the class function on G such that é11(g) = 1 when
o(g) = 11, and ¢11(g) = 0 when o(g) # 11. Then by applying Thompson’s reformulation
of Brauer’s theorem on virtual characters (see e.g. [26]) to the character table of G (see
Table 1) we may deduce that if z is a class function in R(G)(11) with rational values then
x is an integer multiple of 11d1;. To understand the rest of R(G)(;1) we observe that
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X6 and x7 (as in Table 1) are the only characters of G that have non-rational entries
on elements of order 11. Also, x¢ — x7 vanishes away from elements of order 11 so is
contained in R(G)(11). Thus R(G) 1) is composed of the (possibly rational) combinations
of 1101, and x¢ — X7 that are integer combinations of the irreducible characters x;. A
computation with Table 1 reveals that

11611 = 2x1 — 2x2 — 2x3 — 2X4 — X6 — X7 + 2Xo, (4.2.6)

so R(G)(11) is generated, as a Z-module, by

11 1 1

7511 — §X6+§X7:X1_X2_X3_X4_X6+X9a

1 ) ) (4.2.7)
5511+§x6— §X7=X1—XQ—X3—X4—X7+><9.

Thus we have confirmed the description (4.2.2) of Egﬁt(G) that appears in the statement
of the theorem. This completes the proof. O

Our next objective is a classification of optimal Mj;-modules for a particular non-
trivial assignment of characters. For this define « : [g] — (I'g, pg) by setting I'y =
I'j(o(g)), and

1 if o(g) ¢ {4,8},
Pg (’7) U,§) = o ( 2¢d

7O(g)2) if o(g) € {4,8}, (28)

for (v, (A, 1),s) € Ta(o(g)) (cf. (3.2.2)), when v = (‘; Z). Also let @gj4 denote the unique
element of Sy 1(I'}(32)) such that

esia(1.2) = (¥~ + y)a + O(¢?) (4.2.9)

as §(7) — oo. Then actually pg)4 belongs to S21(I'}(8), pg) for g € Myy an element of
order 8 (cf. (4.2.8)), and the statement of the classification of optimal modules for (G, x)
is as follows.

Theorem 4.2.5. For G = Myy and « as in (4.2.8) we have cgf’f(G, o) =2, and Eg’plt(G, o)
is the sublattice of Lo 1(G) generated by

Psja @ (X3 — X4)»

@2 ® (X1 — X5 — X9 + X10), (4.2.10)
Y11 @ (X1 — X2 — X3 — X4 — X6 t X9),

11 @ (X1 — X2 — X3 — X4 — X7 + Xo)-
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Remark 4.2.6. Let Ngj4 denote the norm of pg4 with respect to the Petersson inner
product, and let Ny; be as in Remark 4.2.2. Then from Theorem 4.2.5 we see that
L'g?lt(G, «) is a copy of the lattice structure on Z* for which the associated quadratic
form is Q(z1, x2, x3,T4) = N82|4(x% +223) + N3 (322 + 5374 + 3273).

To compute cgf’f(G, «) we first seek a suitable counterpart to Proposition 4.2.3. For
this we define

%”Rad for o(g) & {4,8,11},
%(Mll,“) —291,0 (92,0 - 92 4)2 01,0 for o(g) = 4, (4.2.11)
_29(1),0 (9(1)6,0 - 916 16) 01,0 — 4908|4 for o(g) = 8,
2%1}“1 - 1—519011 for o(g) = 11,

where 88 is as in (3.4.4), and 09, - (T) = O o (7,0) for O, as in (3.2.8), and g4
and 17 are as in (4.2.9) and (4.2.1), respectively. The first few Fourier coefficients of
cach of the 74 M"*) are given in Table 3.

We may check directly that the %”(M“’“) of (4.2.11) are all optimal. So the next result
states that Wy" (G, &)5 is not empty, for G = My; and « as in (4.2.8).

Proposition 4.2.7. There exists a virtual graded Myi-module W = @D Wp such that
(;%’V = L%”g(M“’“) for each g € M.

Proof. As in the proof of Proposition 4.2.3 we verify the existence of the Mi;-module
in question by restricting the 2.Mi3-module structure of Proposition 4.1.1 to a suitable
subgroup M1 < 2.M14, but in this case we choose a copy of M1 that maps to a transitive
subgroup of S12 under the composition (1.2.2). (Such a copy of M1y is called transitive
in § 1.2.) Again using the explicit description of the characters pgy for g € 2.M5 that
appears in § 4.8 of [5] we find that pg is trivial for every g in a transitive copy of My,
except for when o(g) € {4, 8}. Moreover, the p, for g in a transitive copy agree with the
specification (4.2.8). So W as in Proposition 4.1.1 restricts along a transitive copy of M
to an Mj;-module with the same characters as in Proposition 4.2.7. Inspecting further
we find that the trace functions obtained by restriction agree with those in (4.2.11)
except when o(g) = 8, in which case the difference is 4¢gjs (cf. (4.2.9)). We finish the
proof of Proposition 4.2.7 by noting that the coefficients of ¢g|4 are rational integers,
and observing that

X1 = X5 = X9 + X10 (4.2.12)

is a virtual character that takes the value 4 on elements of Mi; of order 8, and vanishes
on all other elements. (Cf. Table 1.) O

For x an irreducible character of Mj; define the multiplicity generating function
e%”X(M“’“) by the right-hand side of (4.2.4) but with Wp as in Proposition 4.2.7. The
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first few Fourier coefficients of each of the resulting holomorphic mock Jacobi forms
j‘fX(M“’“) are given in Table 5.

Proof of Theorem 4.2.5. Comparing (4.2.11) with (4.2.3) we see that 7" = %(M“’“)
for o(g) & {4,8}. We have already seen that the #** are 2-optimal, so the %(M“’“) are
2-optimal for o(g) & {4, 8}. The 2-optimality of %(Mll’“) for o(g) & {4, 8} follows from
an explicit calculation using the known modular transformation properties of the theta
series O, , (cf. (3.2.8)). We also check directly that %(M“’“) transforms according to
the characters specified in (4.2.8) for o(g) € {4,8}. So we have cgf’lt(G, o) < 2 according
to Proposition 4.2.7. The inequality cgf’f(G, «) > 2 holds for the same reason we gave
that cgf’f(G) > 2 in the proof of Theorem 4.2.1, so cgf)f(G, o) =2.

The computation of £;’f’f (G, ) is similar to the computation of Lgf)f (G) that appears
in the proof of Theorem 4.2.1, with the main difference being that S 1(I', pg)z is now
non-zero also when o(g) = 8. Specifically, we have

Zpsjs  for o(g) =8,
So1(Lg,pg)z =  Zp11  for o(g) = 11, (4.2.13)

0 else,

where @gj4 and @13 are as in (4.2.9) and (4.2.1), respectively.

To proceed with the determination of ng’f(G, «) suppose that x is a class function on
Mi; that vanishes on g unless o(g) € {8,11}. In this case Thompson’s result on virtual
characters (cf. the proof of Theorem 4.2.1) tells us that = has integer values if and only if
x € Z40g + 711611, where 911 is as in (4.2.6) and Jg is defined analogously. Now the only
irreducible characters of G that are non-rational on elements of order 8 or 11 are y3 and
X4, being non-rational only on elements of order 8, and xg and x7, being non-rational
only on elements of order 11. From this much we may conclude that Wgﬁt(G, ®)p is
identified with the sublattice

Z<p8|4 ® R(G)(g) +Zp11 ® R(G)(H) (4.2.14)

of Ly 1(G), where R(G)(11) is as in (4.2.5), and R(G)s) is defined analogously.
We have already computed R(G)(11) in the proof of Theorem 4.2.1. To compute
R(G)(sy we use Table 1 to compute

408 = X1 — X5 — X9 + X10 (4.2.15)

(cf. (4.2.12)) and to see that x3 — x4 vanishes away from elements of order 8. Thus
R(G)(s) is generated (as a Z-module) by 4dg and x3 — x4, and thus we have verified the
description of £5% (G, &) that appears in the statement of the theorem (see (4.2.10)).
Thus the theorem is proved. O
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4.3. Congruent numbers

Our objective in this section is to establish a result that relates congruent numbers to
the Mji-modules of § 4.2. For the statement we note from Table 1 that Mi; has a unique
irreducible representation of dimension 55. Also, we take G = My; in what follows, and
we call to mind the optimal M;;-modules W;ﬂt(G, a) that are classified, according to
Proposition 3.3.1, by Theorem 4.2.5.

Theorem 4.3.1. Let D < 0 be square-free and satisfy D = 21 mod 24. If there exists
an Myi-module W = @, Wp in W;ﬁt(G, «) such that Wp contains an irreducible 55-
dimensional submodule with non-zero multiplicity then |D| is not a congruent number.

Proof. Recall the mock Jacobi forms %(M“’“) of (4.2.11). Define Cg(;M“"X)(D) for g €
M1 by requiring that %(M“’“) (1,2) =200 Cg(;M“’“) (£2 —4n)q"y*, and to ease notation
set Cn(D) := Cg(M”’o‘)(D) when o(g) = N. Also define Cg4(D) so that pg4(7,2) =
>0 Csja(f? — 4n)q"y" where pg)4 is as in (4.2.9).

Let W € Wi%'(G, &) and D < 0, and write ms5(Wp) for the multiplicity of the
55-dimensional irreducible representation in the Mj;-module Wp. Then the description
(4.2.10) of ng’f(& «) together with a computation with Table 1 yields that ms5(Wp) is
given explicitly by

1 1

1
1211 (P) — 5

O2(D) + 75C5(D) — C4(D) — Co(D) + 1C5(D) + R4 Cra(D)

144 8
(4.3.1)

for some Agjy € 4Z + 2a2Z (where ay is as in Table 1).

Now Cy(D) and Cs(D) vanish for odd D, and the remaining Cy (D) in (4.3.1) may
be expressed explicitly in terms of Hurwitz class numbers. For example, Cy(D) =
24 M (D) according to (4.2.11), because 4R = 1271 (cf. (3.4.4)). For g of order
N = o(g) € {2,3} the mock Jacobi form 1" is a linear combination of "™ and
the Cohen-Eisenstein series %?é’)h (cf. (3.1.9)), because these two forms span the space
J2.1(T3(N)) in each case. So the formulas (3.1.4) and (3.1.10) allow us to write Cy (D) in
terms of class numbers, for N € {2,3}. For N = 6 we achieve an expression for Cs(D) in
terms of class numbers by observing that Ja 1 (I'}(6)) is spanned by s#Hur| jgoh | 7zCoh
and the Jacobi form Y7, C§(¢* —4n)q"y*, where C5(D) := H™ (36D) — H™(D). Not-

ing that
Co(D) = (1 -2 (%) -3 (%) +6 (%)) H" (D) (4.3.2)

for D fundamental, we ultimately obtain from (4.3.1) that

s (W) = (g) (1 - (g)) (D) + TR (o) Caja(D), (4.3.3)
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which simplifies to ms5(Wp) = $R(Asja)Csja(D) because D = 0 mod 3 by hypothesis.
So for the discriminants D in question, the multiplicity ms5(Wp) depends only on the
contribution from ¢g|4.

Let E denote the elliptic curve over Q defined by y? = 2> — z, and let £ ® D denote
the D-th quadratic twist of E, defined by 3> = 2 — D2x. Then, as explained in the
introduction of [27], for example, |D| is a congruent number if and only if F ® D has
positive rank (i.e. infinitely many rational points). Define a(n) € Z for n > 1 by requiring
that

47)5n(167
% = Za(n)q”, (4.3.4)

where 7 is as in (3.2.21). Then, by Theorem 3 of [27] we have that L(E®D, 1) = Ca(|D|)?
for some non-zero constant C. Also, a(|D|) = 2Cg4(D) for D = 5 mod 8, because a(3) =
2C54(=3) = 2 (cf. (4.2.9)), and because the plus-space projection Y, _o . sa(n)g"”
is a cusp form of weight % with the same level and character as ) Cg|4(D)q|D|, and
there is a unique such form up to scale. So for the discriminants D under consideration,
if ms5(Wp) is non-zero then L(F ® D, 1) is non-zero, and this implies that £ ® D has
finitely many rational points according to [24]. So |D| is not a congruent number in this
case. This completes the proof. 0O

Remark 4.3.2. The proof of Theorem 4.3.1 shows that, for D = 21 mod 24, the mul-
tiplicity ms5(Wp) is proportional to the Jacobi form coefficient Cgj4(D) for any W €
WQOT(G, «), where the constant of proportionality depends only on W. Inspecting Table 5
we see that ms5(W_3) # 0 for W as in Proposition 4.2.7, so the constant of proportion-
ality is non-zero for this choice of W, and thus there is no loss in applying Theorem 4.3.1
only to the module W of Proposition 4.2.7. We note also that there are infinitely many
D satisfying the hypotheses of the theorem for which ms5(Wp) is non-zero, because the
Cga(D) with D = 21 mod 24 are the coefficients of a non-zero Jacobi form.

Remark 4.3.3. If the Birch-Swinnerton-Dyer conjecture were known to be true (cf. [28])
we would be able to prove a converse to Theorem 4.3.1, and use the Mji-module
W to identify congruent numbers. Indeed, the proof of Theorem 4.3.1 (together with
Remark 4.3.2) shows that, for D as in the statement of the theorem and W as in Propo-
sition 4.2.7, the multiplicity mss(Wp) is zero if and only if L(E ® D, 1) is zero, where
E ® D (defined by 32 = 2% — D2x) is the elliptic curve whose rank controls whether |D|
is congruent or not. For example, D = —219 satisfies the conditions of Theorem 4.3.1,
and one can compute that the 55-dimensional irreducible representation has vanishing
multiplicity in W_g19. This is consistent with the fact that 219 is congruent. (We have

219 = % when a = 24 and b = %2, for example.)

Theorem 4.3.1 begs the question of what methods are available to compute the mul-
tiplicities mg5(Wp), for W € W;ﬁt(G, «). It is also natural to seek out counterparts to
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Theorem 4.3.1 that involve other irreducible M;ji;-modules. In this work we have only
implicitly identified optimal Mj;-modules in terms of (mock) Jacobi forms, so we can
only compute multiplicities like ms5(Wp) in terms of Jacobi form coefficients. The up-
shot of this is that we have not, in this work, produced a practical improvement upon
the congruent number criteria that appear in Tunnell’s work [27]. However, it is possible
that an explicit algebraic construction of one or another W ¢ Wgﬁt(G, «) could furnish
algebraic control, of some kind, over ms5(Wp) and other multiplicities. We could then,
via Theorem 4.3.1, or one of its possible counterparts, obtain a new practical approach
to determining which numbers are congruent.

The task of extending Theorem 4.3.1 to other irreducible M7;-modules, and the chal-
lenge of finding explicit algebraic constructions of optimal M;;-modules, remain problems
for future work.

Appendix A. Characters and coefficients

In Table 1 we give the character table of the sporadic group My;. In Tables 2-5 we give
some coefficients of the McKay—-Thompson series and multiplicity generating functions
for the graded infinite-dimensional virtual modules for this group that feature in § 4. In
Table 1 we use the notation a,, := v/=n and b, := —1 + 1/=n.

Table 1
Character table of My;.

le] 1A 2A  3A 4A 5A 6A 8A 8B 11A 11B
X1 1 1 1 1 1 1 1 1 1 1
X2 10 2 1 2 0 -1 0 0 -1 -1
X3 10 -2 1 0 0 1 as —ay; -1 -1
X4 10 -2 1 0 0 1 —az az —1 —1
X5 1 3 2 -1 1 0 -1 -1 0 0
X6 16 0 -2 0 1 0 0 0 b1y bi1
X7 16 0 -2 0 1 0 0 0 E b] 1
X8 44 4 -1 0 -1 1 0 0 0 0
X9 45 -3 0 1 0 0 -1 -1 1 1
X0 55 -1 1 -1 0 -1 1 1 0 0
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Table 2
McKay—-Thompson series :%ZM“.

|D| 1A 2A 3A 4A 5A 6A 8AB  11AB
0 —2 —2 —2 -2 —2 —2 —2 —2
3 8 —8 —1 0 —2 1 0 -3
4 12 —4 —6 —4 2 2 0 1

7 24 8 —12 0 —6 —4 0 2

8 24 —8 6 —8 —6 —2 0 2

11 24 —24 6 0 4 —6 0 2

12 32 0 —4 0 -8 0 -8 -1
15 48 16 —6 0 —2 —2 0 -7
16 36 4 —18 4 6 —2 —4 —8
19 24 —24 —12 0 4 12 0 2

20 48 —16 12 —16 —2 —4 0 -7
23 72 24 18 0 —18 6 0 —5
24 48 —16 —6 —16 8 2 0 4
27 32 -32 5 0 -8 -5 0 -1
28 48 16 —24 16 —12 —8 8 4

31 72 24 —36 0 12 —12 0 —5
32 72 8 18 8 —-18 2 -8 6

35 48 —48 12 0 —2 —12 0 4
36 60 —20 6 —20 10 -2 0 —6
39 96 32 —-12 0 16 —4 0 8
40 48 —16 —24 —16 —2 8 0 4
43 24 —24 —12 0 —6 12 0 2
44 96 0 24 0 16 0 —-24 -3
47 120 40 30 0 —-30 10 0 —12
48 80 16 —10 16 —20 —2 0 —8
51 48 —48 —6 0 8 6 0 4

52 48 —16 —24 —16 —12 8 0 4
55 96 32 —48 0 —4 —16 0 -3
56 96 -32 24 —-32 16 -8 0 —14
59 72 —-72 18 0 12 —18 0 -5
60 96 32 —12 32 —4 —4 16 -3
63 120 40 12 0 —30 4 0 10
64 84 20 —42 20 14 —10 4 —4
67 24 —24 —12 0 —6 12 0 -9
68 96 —32 24 —32 —24 —8 0 8

71 168 56 42 0 28 14 0 —19
72 72 —24 18 —24 —18 —6 0 6

75 56 —56 -7 0 6 7 0 —10
76 96 0 —48 0 16 0 —24 8

79 120 40 —60 0 20 —-20 0 10
80 144 16 36 16 —6 4 —16 —10
83 72 —72 18 0 —18 —18 0 6
84 96 -32 —-12 -—-32 16 4 0 8
87 144 48 —-18 0 —-36 —6 0 12
88 48 —16 —24 —16 —12 8 0 4
91 48 —48 —24 0 8 24 0 4
92 144 48 36 48 —36 12 24 —21
95 192 64 48 0 —8 16 0 16
96 144 16 —18 16 24 —2 —16 12
99 72 —-72 18 0 12 —18 0 -5
100 60 —20 —30 —20 10 10 0 —6
103 120 40 —60 0 —30 —20 0 —12
104 144 —48 36 —48 24 —12 0 —10
107 72 —-72 18 0 —-18 —-18 0 6
108 128 0 20 0 —32 0 —32 —15
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Table 3
McKay-Thompson series

[D] 1A 2A  3A 4A  5A  6A  8AB 11AB

(Mg, )

0 -2 -2 -2 -2 -2 -2 -2 -2
3 8 -8 -1 0 -2 1 —4 -3
4 12 —4 —6 4 2 2 —4 1

7 24 8 -12 0 —6 —4 0 2

8 24 -8 6 8 —6 -2 0 2

11 24 —24 6 0 4 —6 4 2

12 32 0 —4 —16 -8 0 0 -1
15 48 16 —6 0 -2 -2 0 -7
16 36 4 —-18 12 6 —2 4 -8
19 24 —-24 =12 0 4 12 4 2

20 48 —-16 12 16 -2 —4 16 -7
23 72 24 18 0 —-18 6 0 -5
24 48 —16 —6 16 8 2 0 4

27 32 -32 5 0 -8 -5 0 -1
28 48 16 —-24 0 —-12 -8 0 4

31 72 24 -36 0 12 —-12 0 -5
32 72 8 18 —-24 18 2 8 6
35 48 —48 12 0 -2 -12 8 4

36 60 —20 6 20 10 —2 —20 -6
39 96 32 -12 0 16 —4 0 8
40 48 —-16 =24 16 -2 8 0 4

43 24 —-24 —-12 0 —6 12 -12 2

44 96 0 24 —48 16 0 0 -3
47 120 40 30 0 -30 10 0 —12
48 80 16 —-10 —16 -20 =2 —-16 -8
51 48 —48 —6 0 8 6 -8 4

52 48 —16 —24 16 -12 8 16 4

55 96 32 —-48 0 —4 —-16 0 -3
56 96 —32 24 32 16 -8 0 —14
59 72 —72 18 0 12 —18 —4 -5
60 96 32 —-12 0 —4 —4 0 -3
63 120 40 12 0 -30 4 0 10
64 84 20 —42 12 14 —10 —12 —4
67 24 -24 —-12 0 —6 12 4 -9
68 96 -32 24 32 —24 =8 -32 8

71 168 56 42 0 28 14 0 —19
72 72 —24 18 24 —-18 -6 0 6

75 56 —-56 =7 0 6 7 4 —10
76 96 0 —48  —48 16 0 0 8

79 120 40 —-60 0 20 —-20 O 10
80 144 16 36 —48 —6 4 16 —10
83 72 —72 18 0 —-18 —18 —4 6

84 96 —32 —12 32 16 4 32 8
87 144 48 —-18 0 -36 —6 0 12
88 48 —-16 —24 16 —-12 8 0 4

91 48 —48 —-24 0 8 24 8 4
92 144 48 36 0 -36 12 0 —-21
95 192 64 48 0 -8 16 0 16
96 144 16 —18 —48 24 —2 16 12
99 72 —72 18 0 12 —18 —4 -5
100 60 —-20 =30 20 10 10 —-20 -6
103 120 40 —-60 O -30 =20 O —12
104 144 —48 36 48 24 -12 0 —10
107 72 —72 18 0 —-18 —18 12 6

108 128 0 20 —64 =32 0 0 —15
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Multiplicity generating functions %XM“.

Table 4
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Multiplicity generating functions %X(M“"").

Table 5
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