
Optimization of wet acid phosphorus extraction from sewage sludge ash: 
Assessment of main influencing factors using an empirical model

Hiep Le , Isabell Allwicher , Sarah Müller , David Montag , Thomas Wintgens *

Institute of Environmental Engineering (ISA), RWTH Aachen University, Mies-van-der-Rohe-Str. 1 52074 Aachen, Germany

A R T I C L E  I N F O

Keywords:
Phosphorus recovery
Sewage sludge ash
Wet acid extraction
Empirical model
Process optimization

A B S T R A C T

This research investigates the primary factor influencing the phosphorus extraction efficiency (PEE) from 
incinerated sewage sludge ash (ISSA) using hydrochloric acid (HCl) as the extracting agent. A comprehensive 
database, comprising both literature and new experimental data, was developed to support the creation of a 
robust regression model. Based on 152 data sets, this model showed a high coefficient of determination (R² =
0.86), indicating a solid fit. Key findings revealed that the acid concentration (CHCl) had the most significant 
effect on PEE, followed by the liquid-to-solid ratio (L/S) and contact time (t). The model’s predictive accuracy 
was validated with an R² of 0.75 and a Pearson correlation (r) of 0.96, confirming its reliability. The model 
effectively predicts PEE for ISSA with moderate calcium content (6–12 %) and offers valuable insights into the 
process, providing guidelines for optimizing the configuration of process parameters. Optimal conditions for 
achieving high PEE (> 80 %) with acceptable acid costs (0.30–0.35 €/kg Pextracted) are expected from an 
extraction variable (X) of 3.8 and at a moderate CHCl (3–4 mol/L) & L/S ratio (2–3 L/kg). Still, the model’s 
applicability is limited by the quality of the data, particularly for ashes with high calcium content. Further 
research is required to expand the database and enhance model accuracy, particularly for optimizing the 
phosphorus recovery process using wet acid extraction at an industrial scale.

1. Introduction

Phosphorus (P) is fundamental for all living organisms, which is not 
present in its natural elemental form (Pap et al., 2023). The imbalance in 
resource distribution worldwide not only threatens global P security but 
also highlights the urgent need for alternative sources (Gorazda et al., 
2017). Since 2014, the European Commission has classified phosphate 
rock as one of the most critical raw materials (EC, 2021). Some European 
countries (Switzerland, Germany, and Austria) have adopted the obli
gation to recover P from sewage sludge.

Recently, the EU Commission adopted the Urban Wastewater 
Treatment Directive (UWWTD), which tightened the effluent concen
tration of total P (0.5 mg/L) to prevent eutrophication for sensitive 
water bodies (Boniardi et al., 2024; Pap et al., 2023; Zhao et al., 2024). 
This will increase P’s presence in sewage sludge, which offers a sec
ondary source with consistent quantity. The decline in sludge utilization 
in agriculture for various reasons led to an increased application of 
sewage sludges for thermal treatment (Quist-Jensen et al., 2018). Be
sides, directly recovering P from sewage sludge has been considered 

difficult (Yang et al., 2023).
The advantages of higher P content in incinerated sewage sludge ash 

(ISSA) by up to 13 % and lower treatment volume have led to the recent 
development of several technologies from ISSA (Boniardi et al., 2022, 
2021). Most of them are based on wet acid extraction, where P is 
extracted from ISSA using highly concentrated mineral acids and then 
purified from other contaminants. The end product can be phosphoric 
acid or calcium phosphate, which can be potentially marketed in a wide 
range of industries, including the fertilizer industry. It is essential to 
mention that these processes are required, on the one hand, to meet a 
specific minimum efficiency for P recovery of at least 80 % (BfJ, 2017). 
On the other hand, if the process is intended for direct use as fertilizer, 
the resulting product must also comply with the limits set out in the 
Fertilizer Ordinance concerning heavy metal content (BfJ, 2012). Due to 
these legal requirements, the extraction stage is crucial as it massively 
affects the subsequent stages in the P recovery process. Consequently, 
the optimal trade-off must be identified between high P extraction, low 
(heavy) metal co-extraction, and minimized operational costs (Luyckx 
et al., 2021).
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In the last decade, there has been a significant increase in the number 
of studies conducted on the wet acid P extraction process from ISSA on a 
laboratory scale. Generally, the phosphorus extraction efficiency (PEE, 
MP, extracted/MP, ISSA) shows a positive correlation with the mentioned 
extraction parameters since it can be enhanced by raising acid concen
tration (CAcid), liquid-solid ratio (L/S), contact time (t), or temperature 
(Biswas et al., 2009; Luyckx et al., 2020; Stark et al., 2006). Authors 
from different publications obtained that a PEE > 85 % can just be 
achieved once CAcid is raised high enough (pH < 2) to dissolve both Ca- 
and Al-phosphates (Biswas et al., 2009; Luyckx and van Caneghem, 
2021). The PEE also increased faster at a higher CAcid. (Biswas et al., 
2009) observed a synergy effect on the PEE between CAcid and L/S.

In addition to the process parameter, the PEE is also reported to be 
ash-specific and depends on the ash composition (Boniardi et al., 2024; 
Luyckx and van Caneghem, 2021; Luyckx et al., 2020). For instance, a 
high alkaline mineral buffer in the ash can lead to a higher acid demand 
since salts and oxides of Mg2+ and Ca2+ interfere with P release 
(Boniardi et al., 2024; Xu et al., 2023). The sewage sludge combustion at 
a suitable temperature promotes the formation of the hematite (Fe2O3) 
phase in the ISSA, enabling the selective extraction of P compounds 
(Gorazda et al., 2012, 2016; Li et al., 2018). In contrast, a higher 
whitlockite (Ca9(Mg, Fe)(PO4)6(PO3OH)) content in ISSA has been 
shown to promote the PEE since P is quickly dissolved by the acid (Herr, 
2020; Kleemann et al., 2017; Le Fang et al., 2018).

The literature data on extraction are heterogeneous and incomplete, 
which makes the analysis of the synergies of different factors extremely 
challenging. A promising approach has been carried out by (Boniardi 
et al., 2024) with Design of Experiments. However, to the best of the 
author’s knowledge, a universal mathematical model developed using a 
database with results from various publications that consider both ash 
composition and process parameters for PEE prediction has not been 
available until now. Hence, the overall objective of this comprehensive 
study is to close this gap by: 

• Developing a regression analysis model to quantitatively assess the 
impact of each main process parameter (CAcid, L/S, t) and main el
ements (Fe, Al, Ca) on the PEE.

• Determining a universal mathematical formula to describe and pre
dict the PEE in the extraction process for various kinds of ISSA.

• Proving a tool to optimize the settings of parameters to fulfill the 
legal requirement by reaching a defined PEE with high certainty and 
lower process costs.

2. Results and discussion

2.1. Experimental results

Fig. 1 illustrates the author’s extraction tests PEE in response to 
different process configurations regarding the CHCl, t, and L/S of 
different ashes. It was observed that the PEE increased for higher CHCl 
and longer t. When the CHCl was below 2 mol/L, achieving a target PEE 
above 80 % proved challenging. Conversely, most leaching tests could 
reach this target at a CHCl greater than 2.4 mol/L. This outcome 
confirmed the observation by (Luyckx and van Caneghem, 2021; Espo
sito et al., 2024) that a particularly high acid concentration is required 
for efficient extraction, regardless of the L/S. However, it was also noted 
that the PEE remained below 70 % in some experiments, even at a high 
CHCl over 4 mol/L. The variation of the PEE at L/S ratio (L/S= 3) can be 
explained by the reaction of the different ash properties with the contact 
time. Hence, the ash characteristic is likely to influence the PEE sub
stantially, in addition to the process configuration. On the other hand, 
the impact of a higher L/S = 10 remains unclear due to the low PEE. 
Perhaps the superimposing phenomenon with different impact factors 
could be a reason. The developed modeling result should address this 
aspect and provide a more comprehensive interpretation of the observed 
experimental results.

2.2. Modeling results

2.2.1. Model #1
Fig. 2 illustrates the modeling result for Model #1. For exponents of 

the parameters eL/S and eHCL below et = 1, the model showed a bad fit to 
the data with a low determination coefficient (R2), which could be 
observed with the blue color in this area. A higher value of eL/S and eHCL 
between 2.5 and 3.5 enhanced R2, which is evident in the more 

Fig. 1. PEE results of Ash 1 to Ash 5 in extraction tests with different process configurations. The color map indicates the contact time, while the markers illustrate 
different L/S ratios.
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significant influence of CHCl and L/S on the PEE than t. The exponents in 
this range provided optimal results, characterized by the dark red area in 
the figure with the highest R2 coefficient and the lowest deviation 

(RMSE). A further increase in the exponents up to 10 did not yield any 
additional improvement to the model. The best combination of expo
nents was obtained at eHCl = 3.1 and eL/S = 2.5. This led to the finding 

Fig. 2. Heatmap showing results of Model #1. The color map indicates the determination of coefficient R2 for each pair of eHCl on the x-axis and eL/S on the y-axis, 
varied between 0 and 10.

Fig. 3. PEE curve function of Model #1. The curve shows the trendline after regression analysis using 152 datasets from the database (R2 = 0.86). The points are 
explicitly marked according to their publication of origin. The shaded area demonstrates the mean deviation of the prediction PEE from the observed PEE. Three 
boxplots on the right side represent the range of process parameters L/S, CHCl, and t considered in this model.
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that the acid concentration CHCl had the most significant impact on the 
PEE. In other words, varying CHCl could induce the most critical change 
in the PEE.

The optimum variables a and b were determined using regression 
analysis as 0.5 and 14.34, respectively. Therefore, the function 
employed Y = f(X) using extraction variable X to predict the PEE can be 
defined as follows: 

X = (L/S)2.5
∗ (CHCl)

3.1
∗ t1.0 

Y = f(X) =
X0.5

X0.5 + 14.34 

Fig. 3 illustrates the PEE curve function (Y). The curve demonstrated 
a strong correlation between the predicted P extraction efficiency 
(PEEpred) and the observed data from different literature (PEEobs), 
proved by a high Pearson correlation (r = 0.93, p = 2 × 10–67).

The PEE rapidly increased in the lower range of X and reached a 
plateau of around 90 % at approximately X = 10,000, where it under
went only a minor adjustment towards 100 % extraction efficiency. 
These observations indicate that the variation in process parameters has 
reached its limits, beyond which higher cHCL or L/S no longer signifi
cantly enhance the PEE. The remaining 10 % of P is likely to be firmly 
bound in calcium or iron compounds like hematite and thus cannot be 
dissolved, as (Gorazda et al., 2016) described. The markedly lower PEE 
(< 80 %) observed in some data, despite X exceeding 20,000, can be 
attributed to the specific composition of the respective ash used, which 
was not yet considered in Model #1. Besides, it is crucial to mention that 
Model #1 performed optimally for ashes and processes with parameters 
in the range used for the simulation. Overall, Model #1 demonstrated a 
good level of performance, with a strong correlation between the pre
dicted PEE and the observed values (R2 = 0.86, n = 152).

2.2.2. Model #2
Model #2 incorporates 62 data sets, considering the concentrations 

of predominant elements (P, Al, Fe, and Ca) in the ash, which represent 
the most common phosphate compounds (Meng et al., 2019). Since the 
data is more limited than for a model without ash components, the R2 of 
Model #1 deteriorated to 0.78 before the ash parameters were 
integrated.

The modeling results are depicted in Figure A1 in the Supplementary 
Material (SM). It could be observed that as the exponents of the ash 
parameter decrease, the R2 value increases. This result indicated that the 
ash composition did not affect the PEE significantly as the process pa
rameters did. Nevertheless, a slight improvement of R2 was observed 
when eP/Fe = 0.2 (R2 = 0.8, Figure A2 in SM). A high content of Fe and a 
low P/Fe ratio would prevent a small fraction of P from being extracted. 
For instance, it could be due to the appearance of the hematite phase in 
the ash, which was observed to be responsible for the selective extrac
tion of the P compound (Gorazda et al., 2017, 2016). Regarding the P/Ca 
and the P/Al ratio, the effect of those elements on the PEE was not strong 
enough to be detected by Model #2. This is, on the one hand, due to the 
limited data set. On the other hand, the ranges of P/Ca and P/Al ratios 
(0.6–1.5 and 0.7–2, respectively) appeared to have a narrow variation 
due to the lack of different ash qualities. Nevertheless, the mean devi
ation between the predicted PEE and the observed PEE was reduced to 
RMSE = 9.2. The function of the extraction variable (X) and the 
extraction curve (Y) of Model #2 was defined as: 

X = (L/S)2.5
∗ (CHCl)

3.1
∗ t1.0 ∗ (P/Fe)0.2 

Y = f(X) =
X0.52

X0.52 + 16.23 

Figure A3 in SM shows the changing of predicted PEE with a varia
tion of each parameter per time. The slope of the line becomes steeper as 
the exponent of the parameters increases. The steep slope of CHCl 

confirmed its most decisive influence on the PEE, which was also stated 
by (Boniardi et al., 2024). CHCl is the main factor driving the extraction 
process. PEE rose sharply, over 80 % when CHCl exceeded 2.5 mol/L. 
From CHCl = 3 mol/L onwards, the PEE increased much slower until it 
reached 90 %. Furthermore, it is advantageous to vary the L/S ratio 
between 2 and 5 to achieve a higher PEE. In contrast, the contact time (t) 
shows significantly less impact on the PEE. For the P/Fe ratio, the PEE 
stays stable across varied ranges (0.5–2.5).

2.3. Model validation

Owing to an extensive data set of different ISSA and a more robust 
determination coefficient, Model#1 was chosen for validation. The 
validation was carried out using the same configuration of process pa
rameters (CHCl, L/S, t) and comparing the PEEpred with the experiment 
results (PEEobs) specified in (Boniardi et al., 2024). The main difference 
between the two ISSA investigated in (Boniardi et al., 2024) was 
Ca-content, which was 21.8 % in the Ca-rich ash (ISSABon,Ca+) and 12.5 
% in the other (ISSABon,Ca-). Fig. 4 depicts the validation result of Model 
#1 in this study using the second ash (ISSABon,Ca-), compared to other 
models (Bon#3 and Bon#4) developed by (Boniardi et al., 2024).

It can be stated that Model#1 of this study (in red) generally pre
dicted the PEE higher than the observed one (Fig. 4, PEEobs, in blue). 
However, the results in the higher range of PEE showed high accuracy 
and fitted the data well. Indeed, test runs with PEE exceeding the 80 % 
extraction target could be determined correctly. In the lower range of 
PEE < 50 %, Model Bon#3 seemed to perform better than Model #1 but 
struggled in the range of PEE between 50 % and 80 % due to underes
timation. Model Bon#4 best fits ISSABon,Ca- with a high R2 of 0.98 and an 
RMSE of 0.3. In a nutshell, Model #1 showed valid results and a good fit 
with the experimental results (R2 = 0.75, RMSE = 13.6). The model’s 
robustness is expected to be as good as Bon#3.

However, Model#1 exhibited suboptimal fitting with the experi
mental data when confronted with Ca-rich ash (ISSABon,Ca+). The 
PEEpred was systematically higher than the PEEobs (see Figure A4 in SM), 
suggesting that Model #1 could not explain all the variability, possibly 
due to the missing parameter of Ca-content and the alkalinity, which is 
responsible for the selective P extraction. It was also reported that 
further ash characteristics, like particle size, could affect the PEE due to 
the different contact surface area with the extractant acid (Liu et al., 
2023; Herr, 2020). Indeed, once further data are available, the over
estimated PEEpred,Model#1, is scheduled to be reduced towards the more 
fitting range of PEEobs, especially if alkalinity or further ash character
istics were considered.

Besides, the models developed in this study strongly depend on the 
range of the ash compositions and process conditions available in the 
earlier studies, since a prediction outside the range of the parameter can 
decrease the prediction’s reliability (Boniardi et al., 2024). With respect 
to the work of (Boniardi et al., 2024), the ISSABon,Ca+ and ISSABon,Ca- 
used showed significantly higher Ca contents than other ashes reported 
in the literature (6- 12 % Ca) (Abis et al., 2018; Schaum, 2007; Sichler 
et al., 2022). Consequently, it is hardly surprising that Model #1 per
formed sub-optimally on the ISSABon,Ca+ with 28 % Ca (see Figure A4). 
These findings can be confirmed by the fact that Model #1 worked well 
with the ISSABon,Ca-, which still had a comparatively high Ca content 
(12.5 %) but demonstrated a substantial proximity to the modeled 
range.

In summary, Model #1 validly predicted the PEE for ashes with 
moderate Ca content (6–12 %). Model #1 is expected to achieve a better 
fit using a representative database that considers wider ranges of Ca 
concentration in the ash. This is fundamental since further ash param
eters can be simultaneously integrated into the model, as shown in 
Model #2.
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2.4. Optimization of the wet extraction process

The extraction variable (X) of predictive model can be used to design 
the process’s initial parameter settings and to optimize the acid costs by 
considering the interaction and synergies of extraction parameters. It 
aimed to minimize the acid demand while keeping the PPE high. The 
regression curve of Model #1 is depicted in Figure A5 (in SM) in loga
rithmic form for better visualization. As mentioned above, a PEE >80 % 
must be achieved to comply with the legal requirements in Germany. 
Considering the statistical T-test, a confidence interval of over 95 % (p <
0.05) can be guaranteed when X is chosen to be 3.8 ± 0.1, giving a PEE 

= 86.6 ± 6.5 (n = 9).
Fig. 5 illustrates the cost of acid demand calculated for different 

combinations of CHCl and L/S, referring to the amount of extracted 
phosphorus (Pextracted). The contact time was set to 20 min, while the 
price of commercial HCl (35 %) was conservatively assumed to be 210 
€/MT (Chemanalyst, 2024; Chen et al., 2024). The PEEpredicted was 
determined using Model #1, while the P content in the ash was deemed 
to be 7 %. Thus, the relative cost could be calculated using the following 
equation:  

Fig. 4. Validation of Model #1 with ISSABon,Ca- compared to other models (Bon #3 and Bon #4). The table shows statistical values, indicating the robustness of each 
model: coefficient of determination (R2), Pearson correlation (r), and mean deviation (RMSE).

Fig. 5. Actual cost of acid demand per kg extracted phosphorus. The x-axis indicates the combination of process parameters of CHCl and L/S. The blue y-axis on the 
right side indicates the predicted PEE with Model #1, while the relative acid cost is illustrated in red bars, which belong to the y-axis in red on the left. The dashed 
lines of PEE are only to guide the readers’ eyes.

Cost HCl, relative [€ / kg Pextracted] =
CHCl [mol/L] ∗ L

/
S [L/kg] ∗ MHCl[g/mol] ∗ PHCl,com[€/MT] ∗ 10− 3

CHCl,com [%] ∗ PEEpred [%]
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As shown in Fig. 5, the desired PEE (> 80 %) at a low CHCl range (1–2 
mol/L) was only obtained by setting a high L/S of at least 5 L/kg. The 
relative acid cost required for this condition was approximately 0.35- 
0.4 €/kg Pextracted. In contrast, for higher CHCl, increasing L/S is deemed 
unnecessary as the PEE enhancement was no longer significant. Besides, 
increased demand for acid results in a rapid escalation of the relative 
acid cost to 0.7- 0.8 €/kg Pextracted or 3–4 kgHCl/kg Pextracted. According to 
a recent publication by (Esposito et al., 2024), the acid demand for P 
extraction from ISSA on the laboratory scale is currently between 5–10 
kgHCl/kg Pextracted, indicating a potential for optimization using the 
developed model in this study. Consequently, the optimum result was 
recorded at a moderate range of CHCL and L/S (4 mol/L and 2 L/kg or 3 
mol/L and 3 L/kg). These test conditions are expected to securely ach
ieve a PEE over 85 %, while the relative costs were maintained at a low 
level, around 0.30 - 0.35 €/kg Pextracted.

3. Conclusion

This research investigated the main influences on the phosphorus 
extraction efficiency (PEE) from incinerated sewage sludge ash (ISSA), 
using HCl as the extracting agent. The modeling results confirmed the 
observation in the previous studies that the acid concentration impacts 
the PEE most significantly, followed by the L/S and t (n = 152, R2 =

0.86). Predictive Model #1 showed good accuracy in predicting the PEE 
(R2 = 0.75, r = 0.96) after being validated with ISSA from other pub
lications. An extraction variable (X) higher than 3.8 is recommended to 
achieve a PEE over 80 % (p < 0.05). Predictive Model #2 considered 
further ash characteristics and offered the opportunity to assess other 
non-process parameters using the same method.

However, this empirical approach to assessing the PEE still has 
limitations since its applicability strongly depends on the quality of the 
database. It is evident that as the ash composition deviates further from 
the database’s range. The model’s accuracy undergoes a corresponding 
decline for ashes with exceptionally high Ca content (> 15 %) since the 
alkalinity remains a decisive parameter for the process. Nevertheless, for 
ISSA with moderate Ca-content (6–12 %), predictive Model #1 could 
validly predict the PEEpred and provide a helpful orientation tool to 
configure the process parameters. A moderate L/S and CHCl (2–4 L/kg 
and 3–5 mol/L, respectively) are recommended to achieve the require
ment of PEE > 80 % as part of the German P-recovery strategy without 
rapidly increasing the acid costs (0.30 - 0.35 €/kg Pextracted). In the next 
step, the predictive models will continue to be expanded and validated 
on the basis of data in further research with more ash parameters. The 
transferability of predictive models in the case of upscaling will also be 
assessed by applying them to an extraction pilot plant on an industrial 
scale, which processes up to 1000 t ISSA/a in Germany.

4. Material and methods

4.1. Sewage sludge ash sample

For this study, five sewage sludge ashes from different mono- 
incineration plants in Germany were obtained for analysis. Table A1 
in SM presents an overview of ash composition with the concentration of 
dominant elements. The P concentration varied between 6 and 10 wt.-%, 
which was within the typical range reported in the ISSA database for 
municipal WWTPs in Germany (Petzet et al., 2012; Sichler et al., 2022).

Ash 4 and Ash 5 showed higher alkalinity, with higher Mg2+ and 
Ca2+ concentrations than the initial three ashes. Ash 1 and Ash 2 had a 
higher Fe content, respectively, attributed to the P precipitation with Fe- 
salts. In contrast, Ash 5 was derived from sewage sludge with Al-salt 
used as a precipitation agent. By selecting ashes with diverse proper
ties and origins, a model could be developed to cover a broad spectrum 
of ash characteristics.

4.2. Phosphorus wet acid extraction

Samples of ISSA were added to hydrochloric acid (HCl) at a certain 
L/S ratio (3- 10 mL/g) and acid concentration (0.7- 4.4 mol/L) in a 600 
mL beaker. The solution was stirred continuously on a magnetic stirring 
plate (IKAMAC®, model RTC) at 350 rpm. A specific contact time (2 – 40 
min) was set during extraction. The suspension was then filtered 
through a 0.45 μm membrane filter (Macherey-Nagel, PORAFIL® CM), 
and the filtrate was analyzed using ICP OES (PerkinElmer 5300 DV) and 
ICP MS (Agilent 7700) based on DIN EN 16,170:2017–01 and DIN EN 
16,171:2017–01, respectively.

4.3. Database design

The data used in this study are based on extraction results with hy
drochloric acid from 7 publications between 2006 and 2021supple
mented by the author’s own research from 2021 to 2024. Due to the 
large and heterogeneous database, the model considered the extraction 
at a temperature < 50 ◦C and a contact time < 120 min. These specifi
cations are deemed reasonable and realistic, especially concerning an 
upscaling of the process to an industrial scale.

The availability of data, sorted by literature, is summarized in 
Figure A6 in SM. As illustrated, the database includes results from 152 
experiments with details about the extraction process parameters and 
the PEE. However, only 62 experimental datasets provided the compo
sition of the ISSA used, which is necessary for modeling. Generally, the 
effect parameters can be classified into two groups: 

• Process parameters: L/S-ratio (L/S), acid concentration (CHCl), con
tact time (t)

• Ash parameters: concentration of dominant elements Al, Fe, Ca, and 
P

These data sets are decisive and specific for the models developed in 
this work, which will be introduced in the following part of this study. 
For the best validation of the developed models, ash composition and 
experimental results introduced in the most current publication of 
(Boniardi et al., 2024) were used.

4.4. Modeling and regression analysis

4.4.1. Modeling approach
Fig. 6 shows a flow chart summarizing the modeling approach: Each 

parameter (Pn) was assigned an exponent (en), indicating the strength of 
the parameter’s influence on the extraction efficiency. An extraction 
variable (X) (see Fig. 6*) was defined by the multiplication of every 
parameter (Pn) considered in the model with its exponent (en): 

X = (P1)
e1
∗ (P2)

e2
∗ (P3)

e3
∗ … ∗ (Pn)

en 

The value of one random exponent was set to 1 as baseline, while the 
other exponents were varied in specific increments from 0 to 10. As 
indicated in previous publications, the PEE is expected to increase 
rapidly at the beginning and then reach a plateau. Therefore, the 
Michaelis-Menten equation is expected to describe the PEE (Y) with 
unknown variables a and b (see Fig. 6**).

An iterative procedure was carried out to perform a regression 
analysis of the extraction variable (X) and the PEE (Y). The exponents en 
of each parameter Pn were optimized. After the modeling, the expo
nents’ combination with the lowest root mean square error (RMSE) and 
highest coefficient determination (R2) was considered the optimum 
result for the extraction variable (X). R2 is a statistical coefficient that 
shows the model’s strength and the predicted value’s fitting. At the same 
time, RMSE indicates the mean deviation of the model in comparison to 
the observed result. R2 and RMSE can be calculated as follows: 
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RMSE =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
∑

i (PEE, i − f(Xi))2

i

√

R2 =

∑
i (f(Xi) − PEE,mean)2

∑
i (PEE, i − PEE,mean)2 

The extraction curve function f(X), determined with the variables a 
and b, was used as the final function to predict PEE. The modeling was 
carried out using Python 3.9.13.

4.4.2. Configuration of models
Since the P-concentration varied between the different ISSA, the 

proportion of P concentration to one of each dominant element (CPhos

phorus[mg/kg]/CElement [mg/kg]) will be considered as input in the 
model for a uniform comparison. Based on the results of earlier studies, 
the first group of the mentioned effect parameters seemed to have a 
decisive influence on the PEE. Thus, the first model (Model #1) only 
included the process parameters (Figure A6). The exponent of contact 
time was set to 1 (et =1) as a baseline. The other parameters would 
impact the PEE more if their exponents exceeded this value. The expo
nents for CHCl and L/S were varied from 0 to 10 in increments of 0.1. 
There are 152 data sets available to feed Model #1.

Model #2 additionally considered the ash composition and most 
relevant P-compounds in the ISSA (calcium-, iron- and aluminium 
phosphate) with 62 data sets. Since heavy metals don’t have such a high 
content in the ash and can be clarified in further process stages with 
electrodialysis or sulphide precipitation, their impact on the PEE is ex
pected to be limited and hence not included in the modeling.

Based on the developed Model #1, the optimal exponents for process 
parameters were directly applied. The exponents for ash parameters 
ranged between 0 and 10. In contrast to Model #1 a higher increment 
(estep = 0.2) was chosen to limit the increase in simulation steps from 
40,000 to just 162,500. The main details of both models are summarized 
in Table A2 in SM.
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