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Abstract. Markov decision processes model systems subject to non-
deterministic and probabilistic uncertainty. A plethora of verification
techniques addresses variations of reachability properties, such as: Is
there a scheduler resolving the nondeterminism such that the probability
to reach an error state is above a threshold? We consider an understudied
extension that relates different reachability probabilities, such as: Is there
a scheduler such that two sets of states are reached with different proba-
bilities? These questions appear naturally in the design of randomized
algorithms and in various security applications. We provide a tractable
algorithm for many variations of this problem, while proving computa-
tional hardness of some others. An implementation of our algorithm beats
solvers for more general probabilistic hyperlogics by orders of magnitude,
on the subset of their benchmarks that are within our fragment.

1 Introduction

Markov decision processes (MDPs) are the ubiquitous model to describe system
behavior subject to both nondeterminism and probabilistic uncertainty. During
the execution of an MDP, a scheduler (aka policy or strategy) resolves the
nondeterminism at every state by choosing one out of several available actions
specifying the possible next states and their probabilities. A classic verification
task in an MDP is to determine whether there is a scheduler such that, using this
scheduler, the probability to reach an error state exceeds a threshold. To decide
this, one can compute and evaluate the performance of the maximizing scheduler,
as is well established both in theory and in practice [5]. Such reachability properties
are the cornerstone to support, e.g., linear temporal logics [10].

However, evaluating the maximizing (or minimizing) scheduler as outlined
above is only applicable to the most basic types of reachability properties. Indeed,
for relational reachability properties like:

“Is there a scheduler reaching state a with a different probability than state b?”

we are not necessarily interested in maximizing the probability of reaching either
a or b — the two probabilities just have to be different. This paper contributes
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Fig. 1: MDP from illustrative example.

practically efficient algorithms and complexity results for model checking relational
reachability properties, including the above example and many more (see below).

Relational reachability properties go beyond the queries considered in multi-
objective model checking [9,8,15,28], while they can be expressed in (generally
intractable) probabilistic hyperlogics [3,14,12]. We discuss the precise relation to
these works in Section 7. Our algorithm solves some standard benchmarks for
these hyperlogics orders of magnitude faster than the state of the art [13,4].

Motivating example. We wish to simulate an unbiased, perfectly random coin
flip using an infinite stream of possibly biased random bits, each of which is 0
with an unknown but fixed probability 0 < p < 1 and otherwise 1. The following
simple solution is due to von Neumann [33]: Extract the first two bits from the
stream; if they are different, return the value of the first; otherwise try again.
Now, consider a variation of the problem where the stream comprises random
bits with different, unknown biases p0, p1, . . . which are, however, all known to lie
in an interval [p, p] ⊂ (0, 1). Is von Neumann’s solution still applicable in this new
situation? To address this question for a concrete interval [p, p], say [0.59, 0.61],
we may model the situation as shown in Figure 1 and formalize the property as

∀σ. Prσs0( {01}) ≈ε Prσs0( {10}) (†)

where σ is a universally quantified scheduler, s0 is the initial state, and ≈ε means
approximate equality up to absolute error ε ≥ 0. Using the techniques presented
in this paper, we can establish automatically that, as expected, (†) is false for
ε = 0 (exact equality), but holds if we relax the constraint to ε = 0.05. In
words, von Neumann’s trick continues to work “approximately” in the new setting.
Note that the universal quantification in (†) is over general policies that may
use both unbounded memory and randomization. This is essential to model the
problem properly: Without randomization, all biases would be either p or p and
a bounded-memory policy would induce an ultimately periodic stream of biases.

A zoo of relational properties. In this paper, we consider variations of relational
reachability properties, like asking for a single scheduler ensuring that a set of
states is reached with higher probability than a different set of states (inequality
properties), or that these probabilities are approximately or exactly the same
(equality properties). These probabilities can be evaluated from the same or
from different initial states. Furthermore, one can consider two schedulers, which
allows us to express, e.g., that any pair of schedulers induces roughly the same
reachability probability. On top of these variations, we consider weighted sums
of reachability probabilities. We formally introduce the properties in Section 3.
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Table 1: Complexity of selected classes of simple relational reachability properties
over MD schedulers, where ε > 0 and ⊵ ∈ {≥, >, ̸≈ε′ | ε′ ≥ 0}. Over general
schedulers, all variants considered here are in PTIME (Theorem 3).
Property class Complexity over MD schedulers

∃σ. Prσs ( T1) = Prσs ( T2) strongly NP-complete [Th. 4(a)]
∃σ. Prσs ( T1) ≈ε Prσs ( T2) NP-complete [Th. 4(a)]
∃σ. Prσs ( T1) ⊵ Prσs ( T2) in NP [Th. 4]; PTIME if T1, T2 absorb. [Th. 6(b)]

∃σ. Prσs1( T1) = Prσs2( T2) strongly NP-complete [Th. 4(a)]
∃σ. Prσs1( T1) ≈ε Prσs2( T2) NP-complete [Th. 4(a)]
∃σ. Prσs1( T1) ⊵ Prσs2( T2) in NP [Th. 4]

∃σ1, σ2. Prσ1
s1 ( T1) = Prσ2

s2 ( T2) strongly NP-complete [Th. 4(b)]
∃σ1, σ2. Prσ1

s1 ( T1) ≈ε Prσ2
s2 ( T2) NP-complete [Th. 4(b)]

∃σ1, σ2. Prσ1
s1 ( T1) ⊵ Prσ1

s2 ( T2) PTIME [Th. 3(c)]

Verifying relational reachability properties. Given an MDP and a relational reach-
ability property, we provide an algorithm to decide satisfaction and construct, if
possible, the corresponding witnessing scheduler(s). The key insight is that these
(possibly randomized memoryful) schedulers can be constructed by translating the
given property to expected reward computations in a series of mildly transformed
MDPs. For inequality properties, it suffices to optimize the total expected reward.
For (approximate) equality, the main idea is to construct a randomized memo-
ryful scheduler from the schedulers witnessing the corresponding two inequality
properties (Section 4). Our prototypical implementation of this approach on top
of Storm [23] shows its practical feasibility (Section 6).

Computational complexity. The algorithm outlined above is exponential only in
the number of different target sets that occur in the property, i.e., the algorithm
is fixed-parameter tractable (FPT) [20]. In Section 5, we study the computational
complexity of the problem in greater detail. Besides the FPT result, we show
that the problem is in general PSPACE-hard, but can be solved in PTIME under
one of various (mild) assumptions. Furthermore, when restricting the schedulers
to be memoryless and deterministic (MD), several types of equality properties
are strongly NP-hard. We also list various fragments where we can compute MD
schedulers in polynomial time. Table 1 gives an overview on the complexity of
selected fragments that compare two probabilities, illustrating the border between
PTIME and strong NP-hardness for MD schedulers.

Summary and contributions. In summary, in this paper we present model checking
for relational reachability properties, which go beyond standard reachability
and multi-objective properties while remaining tractable (see Section 7 for a
discussion of related work). The tractability is in sharp contrast with the more
general probabilistic hyperlogics. The key contributions are the efficient algorithm
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(Section 4), a prototypical implementation thereof (Section 6), and a study of
the complexity landscape for relational reachability properties (Section 5).

2 Preliminaries

We use N, Q, Q≥0, and R to denote the sets of natural, rational, non-negative
rational and real numbers, respectively. For r, r′, ε ∈ R with ε ≥ 0, we write
r ≈ε r

′ iff |r− r′| ≤ ε, and r ̸≈ε r
′ iff |r− r′| > ε. The set Distr(V ) of probability

distributions over a finite set V contains all µ : V → [0, 1] s.t.
∑

v∈V µ(v) = 1.

Definition 1. A Markov decision process (MDP) is a triple M=(S,Act,P) s.t.
S is a non-empty finite set of states, Act is a non-empty finite set of actions,
and P : S × Act × S → [0, 1] is a transition probability function s.t. for all
s ∈ S the set of its enabled actions Act(s) =

{
α ∈ Act |

∑
s′∈S P(s, α, s′) = 1

}
is non-empty and

∑
s′∈S P(s, α, s′) = 0 for all α ∈ Act \Act(s).

A state s ∈ S is absorbing if P(s, α, s) = 1 for all α ∈ Act(s). A set of states
S′ ⊆ S is absorbing if all s ∈ S′ are absorbing.

An (infinite) path of an MDP M is an infinite sequence of states and actions
π = s0α0s1α1 . . . such that for all i we have P(si, αi, si+1) > 0. A finite path is a
finite prefix of an infinite path ending in a state. We use PathsM (respectively,
PathsMfin) to denote the set of all infinite (respectively, finite) paths of M, and
for some state s ∈ S we use PathsM(s) (respectively, PathsMfin(s)) to denote the
set of all infinite (respectively, finite) paths of M starting at s. For a finite or
infinite path π we use π(i) := si to denote the ith state of π. For a finite path
π = s0α0 . . . αn−1sn, we define last(π) := sn and |π| := n.

A scheduler resolves the nondeterminism in an MDP.

Definition 2. A scheduler for an MDPM = (S,Act,P) is a function σ : PathsMfin

→ Distr(Act) with σ(π)(α) = 0 for all π ∈ PathsMfin and α ∈ Act \Act(last(π)).

A scheduler is memoryless if it can be defined as a function σ : S → Distr(Act),
and memoryful (oder history-dependent) otherwise. A scheduler is deterministic
if σ(π) ∈ {0, 1} for all π ∈ PathsMfin, and randomized otherwise. The set of all
general (i.e., history-dependent randomized (HR)) schedulers for an MDP M is
denoted by ΣM, the set of all memoryless deterministic (MD) ones by ΣM

MD.
Applying a scheduler to an MDP induces a discrete-time Markov chain

(DTMC), which is an MDP where the set of actions is a singleton. We usually
omit the actions and define a DTMC as a tuple D = (S,P).

Definition 3. For an MDP M = (S,Act,P) and a scheduler σ ∈ ΣM, the
DTMC induced byM and σ is defined as Mσ = (Sσ,Pσ) with Sσ = PathsMfin,

P(π, π′) =

{
P(last(π), α, s′) · σ(π)(α) if π′ = παs′

0 otherwise .
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For an MDP M, a scheduler σ and a state s ∈ Sσ in the induced DTMC
Mσ, we use PrM,σ

s or simply Prσs to denote the associated probability measure.
For a target set T ⊆ S, we further use Prσs ( T ) to denote the probability of
reaching T from s in Mσ. We refer to [5] for details.

3 Problem Statement

The problem we study in this paper is formally defined as follows:

Problem RelReach: Given an MDPM with states S, decide whether

∃σ1, . . . , σn ∈ ΣM.

m∑
i=1

qi · Prσki
si ( Ti) ▷◁ qm+1 , where

– m,n are natural numbers with m ≥ n,
– q1, . . . , qm+1 are rational coefficients,
– s1, . . . , sm ∈ S are (not necessarily distinct) initial states,
– {k1, . . . , km} = {1, . . . , n} is a set of indices,
– T1, . . . , Tm ⊆ S are (not necessarily distinct) target sets, and
– ▷◁ ∈ {>,≥,≈ε, ̸≈ε| ε ∈ Q≥0} is a comparison operator.

The comparison operators = and ̸= are supported via ≈0 and ̸≈0, respectively,
while properties with ▷◁ ∈ {<,≤} can be reduced to the above form by
multiplying coefficients with −1. Purely universally quantified properties (e.g.
(†) on page 2) are readily reducible to RelReach via negation. We do not consider
properties with quantifier alternations. Throughout the paper, the universally
quantified variant is loosely referred to as “relational reachability” as well, but
“RelReach” is reserved for the existential variant defined above (this distinction is
relevant for the complexity results). Note that properties like ∃σ. Prσs ( T ) =
Prσs ( T ) can be brought into the above form by subtracting the right-hand-side
on both sides of the equality, since we allow positive and negative coefficients.
Below, we provide some further examples properties:

(1) The probability of reaching T from s is “approximately scheduler-independent”:

∀σ1∀σ2. Prσ1
s ( T ) ≈ε Prσ2

s ( T ) .

(2) The probability to reach T from s1 is at least twice / 10% higher than the
probability of reaching T from s2, no matter the scheduler:

∀σ. Prσs1( T ) ≥ 2 · Prσs2( T ) / ∀σ. Prσs1( T ) ≥ Prσs2( T ) + 0.1 .

(3) There is a scheduler that, in expectation, visits more (different) targets from
{T1, . . . , Tk} than from {U1, . . . , Uℓ}:

∃σ. Prσs ( T1) + . . .+ Prσs ( Tk) > Prσs ( U1) + . . .+ Prσs ( Uℓ) .
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4 Verifying Relational Reachability Properties Efficiently

Assume an arbitrary MDPM = (S,Act,P) and a RelReach property

∃σ1, . . . , σn ∈ ΣM.

m∑
i=1

qi · Prσki
si ( Ti) ▷◁ qm+1 . (⋆)

In the following, we outline a four-step procedure that checks whether property (⋆)
holds and, if yes, constructs (possibly memoryful randomized) witness schedulers.
The procedure is summarized in Algorithm 2.

Example 1. The MDP in Figure 2 (left) together with the property

∃σ. Prσs1( T1)− 1/2 · Prσs1( T2)− 1/2 · Prσs2( T2) ≈ε 0 ,

(Does there exist a scheduler such that the probability of reaching T1 from s1 is
approximately equal to the mean of the probabilities of reaching T2 from s1 and
T2 from s2? ) will serve as a running example throughout the section.

Step 1: Collect combinations of initial states and schedulers. We start
by analyzing the relationship of schedulers and states in the property.

Definition 4 (State-scheduler combinations). We define Comb = {(si, σki) |
i = 1, . . . ,m}, the set of all different combinations of initial states and schedulers
that occur in the property (⋆). Furthermore, for every c = (s, σ) ∈ Comb, we
define ind(c) as the set of indices i such that (si, σki

) = c.

Example 2. In the property from Example 1 we have Comb = {c1 = (s1, σ), c2 =
(s2, σ)}. Furthermore, ind(c1) = {1, 2} and ind(c2) = {3}.

Notice that n ≤ |Comb| ≤ m. State-scheduler combinations allow introducing
fresh scheduler variables, one per combination:
Lemma 1. Let Comb = {c1, . . . , ck}. Then property (⋆) is equivalent to

∃σc1 , . . . , σck .
∑k

i=1

[∑
j∈ind(ci)

qj · Prσci
sj ( Tj)

]
▷◁ qm+1 .

Proof. Quantifying over each state-scheduler combination individually is justified
because of the following: For every pair of distinct combinations c = (s, σ), c′ =
(s′, σ′) ∈ Comb it holds that either the scheduler variables are already distinct (i.e.,
σ ̸= σ′), or else σ = σ′ and s ̸= s′. In the latter case, since memoryful schedulers
may depend on the initial state, we can instead quantify over two different
schedulers. More formally, the following is true in any MDPM with states s ̸= s′

(and target sets T, T ′): For every σ, σ′ ∈ ΣM there exists a (memoryful) σ̂ ∈ ΣM

such that Prσs ( T ) = Prσ̂s ( T ) and Prσ
′

s′ ( T ′) = Prσ̂s′( T ′). ⊓⊔
Example 3. Applying Lemma 1 to the property from Example 1 yields the
following equivalent property (over general, memoryful schedulers):

∃σc1 , σc2 .
[
1 · Prσc1

s1 ( T1)− 1
2 · Prσc1

s1 ( T2)
]︸ ︷︷ ︸

combination c1 =(s1,σ)

+
[
− 1

2 · Prσc2
s2 ( T2)

]︸ ︷︷ ︸
combination c2 =(s2,σ)

≈ε 0 .
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Fig. 2: An MDP (left) and its goal unfolding with rewards (right).

Step 2: Unfold targets and set up reward structures. Next we process
each combination c ∈ Comb individually. We rely on two established techniques
from the literature: Including reachability information in the state space [28,17]
and encoding reachability probabilities as expected rewards (e.g., [28, pp. 51 ff.]).
For the sake of completeness, we detail these steps nonetheless:

Definition 5 (Goal unfolding). Let c ∈ Comb. The goal unfolding of M
w.r.t. c is the MDP Mc = (Sc,Act,Pc) where Sc = S × 2Tc for Tc = {Ti | i ∈
ind(c)} ≠ ∅ the target sets corresponding to c, and Pc is defined as follows: For
s, s′ ∈ S, T , T ′ ⊆ Tc, and α ∈ Act,

Pc

(
(s, T ), α, (s′, T ′)

)
=

{
P(s, α, s′) if T ′ = T ∪ {T ∈ Tc | s ∈ T}
0 else

.

For a combination c = (s, σ) we use sc to denote the state (s, ∅) in Mc.

Example 4. The goal unfolding of the MDP in Figure 2 (left) w.r.t. combination
c1 = (s1, σ), for which we have Tc1 = {T1, T2}, is depicted in Figure 2 (right).

Definition 6 (Reward structure for state-scheduler combination). Let
c ∈ Comb. We define the reward structure Rc : Sc → Q on the goal unfolding Mc

by Rc =
∑

T∈Tc
qT · RT , where qT =

∑
i∈{ind(c)|T=Ti} qi and

RT : Sc → Q, (s, T ) 7→

{
1 if s ∈ T ∧ T ̸∈ T
0 else

.

Intuitively, we collect reward equal to the sum of the coefficients occurring together
with a target T ∈ Tc when we visit T for the first time. For any σ ∈ ΣMc , the
reward function Rc can be naturally lifted toMσ

c and further to infinite paths
of Mσ

c by letting Rc(π) =
∑∞

i=0Rc(π(i)) for π ∈ PathsMc ; this is well-defined
because we collect reward only finitely often on any path. The expected reward of
Rc onMc from sc under some σ ∈ ΣMc is then defined as the expectation of the
function Rc(π) =

∑∞
i=0Rc(π(i)). Then, we can reduce our query to a number of

expected reward queries:
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Lemma 2. For every combination c = (s, σ) ∈ Comb and opt ∈ {min,max}:

opt
σ∈ΣM

∑
j∈ind(c)

qj · PrM,σ
s ( Tj) = opt

σ∈ΣMc

EMc,σ
sc (Rc) .

Proof. Let c = (s, σ) ∈ Comb and opt ∈ {min,max}. By construction, we have

opt
σ∈ΣM

∑
j∈ind(c)

qj · PrM,σ
s ( Tj) = opt

σ∈ΣMc

∑
j∈ind(c)

qj · PrMc,σ
sc ( Tj) .

Since RTj
collects reward 1 only on the first visit to Tj , it further follows that

opt
σ∈ΣMc

∑
j∈ind(c)

qj · PrMc,σ
sc ( Tj) = opt

σ∈ΣMc

∑
j∈ind(c)

qj · EMc,σ
sc (RTj

) .

By linearity of expectations, it holds that

opt
σ∈ΣMc

∑
j∈ind(c)

qj · EMc,σ
sc (RTj

) = opt
σ∈ΣMc

EMc,σ
sc

 ∑
j∈ind(c)

qj · RTj


and finally

opt
σ∈ΣMc

EMc,σ
sc

 ∑
j∈ind(c)

qj · RTj

 = opt
σ∈ΣMc

EMc,σ
sc (Rc) ,

since Rc =
∑

T∈Tc
(
∑

j∈{ind(c)|T=Tj} qj) · RT =
∑

j∈ind(c) qj · RTj
. ⊓⊔

Example 5. Following Example 4, the (non-zero) rewards Rc for c = (s1, σ) are
given in red next to the states in Figure 2 (right).

Step 3: Compute expected rewards. The next step is to compute, for
each individual scheduler-state combination c, the maximal and minimal re-
wards occurring in Lemma 2. Again, we rely on existing techniques from the
literature [27,24,28].4

Lemma 3. Let c ∈ Comb and opt ∈ {max,min}. The optimal expected reward
optσ∈ΣMc EMc,σ

sc (Rc) ∈ Q is computable in time polynomial in the size of Mc.
Moreover, the optimum is attained by an MD scheduler σ ∈ ΣMc

MD.

Proof. Existence of MD optimal schedulers is a well-known result, see, e.g. [27,
Thm. 7.1.9]. To compute the expected rewards in polynomial time, we rely on
linear programming (LP) [24]. To express the max-expected reward as the optimal
solution of an LP we follow [28, Ch. 4] and first cast the expected total reward
4 Note that we (must) rely on results supporting positive and negative reward, since

we allow positive and negative coefficients.
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objective to an expected reachability reward objective [28, Def. 2.27] in a certain
modified MDP M′

c, the so-called MEC-quotient of Mc. Intuitively, M′
c arises

fromMc by collapsing its MECs E into individual states sE , and adding a fresh
absorbing state s⊥ with an ingoing transition from every sE to model the option
of staying within E forever. Since every scheduler eventually remains inside some
MEC, the state s⊥ is attracting in M′

c, i.e., ∀σ ∈ ΣM′
c . Prσ( {s⊥}) = 1. Next,

observe that Rc (Definition 6) assigns zero reward to all states inside the ECs of
Mc because reward is only collected upon reaching a target set for the first time.
We can thus naturally translate Rc to a reward function R′

c in the quotient M′
c.

The optimal expected reward in Mc is then equal to the optimal expected
reachability reward w.r.t. {s⊥} inM′

c, i.e., the expected reward collected until
visiting s⊥ for the first time (see [28, Sec. 4.1.5]):

opt
σ∈ΣMc

EMc,σ
sc (Rc) = opt

σ∈ΣM′
c

EM′
c,σ

sc (R′
c {s⊥})

Since {s⊥} is attracting, the Bellman-equations associated with the above reach-
ability reward objective in M′

c have a unique solution [28, Thm. 4.8] and can
thus be readily expressed as an LP of size linear in the size ofM′

c [28, Fig. 4.10].
The above approach applies to min-expected rewards as well by noticing that

in any MDPM with a state s and a reward function R such that the optimal
expected rewards are well-defined, minσ∈ΣM Eσ

s (R) = −maxσ∈ΣM Eσ
s (−R). ⊓⊔

Example 6. Reconsider the MDP in Figure 2 (right). The maximal expected
reward from initial state (s1, ∅) is 1

4 and is attained by the MD strategy that
always chooses α in (s1, ∅) and thus eventually reaches either (t2, ∅) or (t1, ∅) with
probability 1

2 each. In the latter case, the strategy then selects β in (s1, {T1})
to reach (s2, {T1}) and remain there forever, not collecting any further reward.
Overall, this strategy collects a total expected reward of 1

2 · 1 +
1
2 · (−

1
2 ) =

1
4 .

The minimal expected reward is easily seen to be − 1
2 .

Remark 1 (Approximate vs exact). In practice, exact computation of the op-
timal expected reward via LP as suggested by Lemma 3 (and its proof) may
be significantly slower than approximation [21]. Fortunately, it is possible to
amend our algorithm to approximate expected reward computation. To retain
soundness, it is crucial to employ a procedure such as Sound Value Iteration [30]
that yields guaranteed under- and over-approximations of the true result. Ap-
propriate handling of such approximations is detailed in Algorithm 2. Note that
approximation inherently leads to incompleteness, i.e., the algorithm may return
“inconclusive” in some cases. Further, for each c ∈ Comb with |ind(c)| > 1 we can
view optσ∈ΣM

∑
j∈ind(c) qj ·PrM,σ

s ( Tj) as a weighted-sum optimization problem
and employ multi-objective model-checking techniques [28]. (For |ind(c)| = 1 this
is a single-objective model-checking query.)

Step 4: Aggregate results and check relational property. We now combine
the optimal expected rewards optσ∈ΣMc EMc,σ

sc (Rc) for each state-scheduler
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combination c ∈ Comb obtained via the previous two steps. We exemplify this
for the comparison relation ≈ε, the other relations are handled similarly (see
Algorithm 2).

Lemma 4. For each c ∈ Comb and opt ∈ {max,min} let

voptc = opt
σ∈ΣMc

EMc,σ
sc (Rc) .

Furthermore, let vopt =
∑

c∈Comb v
opt
c . Then, assuming that the comparison

operator ▷◁ in the property (⋆) is ≈ε for some ε ≥ 0:

qm+1 ∈ [vmin − ε, vmax + ε] ⇔ Property (⋆) holds .

Lemma 4 relies on the fact that any value in the interval of achievable probabilities
[vmin

c , vmax
c ] can be achieved by constructing the convex combination (e.g., [28, p.

71]) of the minimizing and the maximizing scheduler.

Proof (of Lemma 4). We show “⇒”. It follows from Lemmas 1 and 2 that the
properties

∃σ1, . . . , σn ∈ ΣM.

m∑
i=1

qi · Prσki
si ( Ti) ≥ qm+1 − ε and

∃σ1, . . . , σn ∈ ΣM.

m∑
i=1

qi · Prσki
si ( Ti) ≤ qm+1 + ε

both hold inM. Let σ≥
1 , . . . , σ

≥
n and σ≤

1 , . . . , σ
≤
n be witnessing schedulers for the

two properties. Further, let v ≥ qm+1− ε and v ≤ qm+1+ ε be the weighted sums
of probabilities induced by these schedulers. We distinguish two cases:

First, if we have v ≤ qm+1+ε or v ≥ qm+1−ε, then σ≥
1 , . . . , σ

≥
n or σ≤

1 , . . . , σ
≤
n

are already witnessing schedulers for the property and we are done.
Otherwise, we have v > qm+1 + ε and v < qm+1 − ε. This means that

qm+1 ∈ (v, v) and thus there exists λ ∈ (0, 1) such that qm+1 = λv + (1 − λ)v.
The crux is now to consider the schedulers σλ

i = [σ≤
i ⊕λ σ≥

i ], i = 1, . . . , n (for
details, see [28, p. 71]). These schedulers satisfy

m∑
i=1

qi · Pr
σλ
ki

si ( Ti) = λ ·
m∑
i=1

qi · Pr
σ
≤
ki

si ( Ti) + (1− λ) ·
m∑
i=1

qi · Pr
σ
≥
ki

si ( Ti)

= λv + (1− λ)v = qm+1 ,

hence they witness satisfaction of property (⋆) with exact equality (≈0).
We show “⇐” by contraposition. Assume that qm+1 < vmin− ε (the argument

for the other case qm+1 > vmin + ε is analogous). It follows that qm+1 + ε <
minσ1,...,σn

∑m
i=1 qi · Prσki

si ( Ti), i.e., all schedulers give a value at least ε apart
from qm+1 and hence property (⋆) does not hold. ⊓⊔
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Algorithm 1: Approximate expected reward (black box) [30],[28,
Alg. 4.6]

Input: MDP M = (S,Act,P), reward function R : S → Q, initial state s ∈ S,
attracting set A ⊆ S (i.e., ∀σ ∈ ΣM. Prs( A) = 1), absolute tolerance
τ ≥ 0 (use τ = 0 for exact computation)

Output: v, v ∈ Q such that v ≤ maxσ∈ΣM Eσ
s (R A) ≤ v and v − v ≤ τ

Example 7. We wrap up our running example by proving that the property from
Example 1 indeed holds in the MDP in Figure 2 (left). For combination c1 = (s1, σ)
we have already established in Example 6 that vmax

c1 = 1
4 and vmin

c1 = − 1
2 . For

the other combination c2 one easily finds vmax
c2 = 0 and vmin

c2 = − 1
2 . Summing up

these values yields vmin = −1 and vmax = 1
4 . Since 0 ∈ [vmin, vmax], the property

is satisfiable, even with exact equality ≈0.

We remark that for ▷◁ ∈ {≥, >}, it actually suffices to compute only vmax

rather than both vmax and vmin as in Lemma 4.

Overall algorithm. The algorithm resulting from Steps 1–4 is stated explicitly
as Algorithm 2, using a black box for the approximate computation of expected
rewards [30],[28, Alg. 4.6] (Algorithm 1).

Theorem 1 (Correctness and time complexity). Algorithm 2 adheres to
its input-output specification. It can be implemented with worst-case running time
of O(m · poly(2m · |M|)), where |M| is the size of (an explicit encoding of) M
and m is the number of probability operators in the property.

Proof. Lemma 4 establishes correctness. Regarding time complexity, notice that
for each c ∈ Comb, the size of the goal unfolding Mc is bounded by 2m · |M|
(Step 2). Exact computation of expected rewards is possible in time polynomial
in the size of the MDP Mc (Step 3). Steps 2 and 3 have to be executed for at
most |Comb| ≤ m state-scheduler combinations. ⊓⊔

5 Complexity of Relational Reachability

In this section, we analyze the computational complexity of the RelReach problem
over general and over memoryless deterministic schedulers, respectively. We also
identify restricted variants of RelReach that are decidable in polynomial time.

5.1 General Schedulers

The runtime analysis from Theorem 1 yields an EXPTIME upper bound for the
complexity of the RelReach problem.

Theorem 2. Problem RelReach is PSPACE-hard and decidable in EXPTIME.
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Algorithm 2: Efficient Solution of RelReach
Input: MDP M = (S,Act,P), RelReach property

∃σ1, . . . , σn ∈ ΣM.
∑m

i=1 qi · Pr
σki
si ( Ti) ▷◁ qm+1 ,

and tolerance τ ≥ 0 (τ = 0 yields exact computation)
Output: Whether the property is true inM, or “inconclusive” (the latter can

only happen if τ > 0)
// Step 1: Loop over all state-scheduler combinations:

1 for c = (s, σ) ∈ Comb = {(si, σki) | i = 1, . . . ,m} do
// Step 2: Unfold and define reward structures:

2 Mc ← goal unfolding of M w.r.t. target sets for c // See Definition 5
3 sc ← the state (s, ∅) in Mc // Just for readability
4 Rc ← reward structure on Mc for c // See Definition 6

// Step 3: Compute (or approximate) expected rewards:
5 M′

c, s⊥ ← MEC-quotient of Mc and its absorbing state
6 vmax

c , vmax
c ← AprxExRew(M′

c,Rc, sc, {s⊥}, τ) // using the black box
7 if ▷◁ ∈ {≈ε, ̸≈ε} then

// Compute min-expected reward by flipping signs
8 vmin

c , vmin
c ← (−1) · AprxExRew(M′

c,−Rc, sc, {s⊥}, τ)

// Step 4: Aggregate results from individual state-scheduler combinations and
check appropriate conditions (depending on ▷◁):

9 vmax ←
∑

c∈Comb v
max
c ; vmax ←

∑
c∈Comb v

max
c

10 if ▷◁ ∈ {>,≥} then
11 if vmax ▷◁ qm+1 then return true
12 else if vmax ̸▷◁ qm+1 then return false
13 else return “inconclusive”

14 else if ▷◁ ∈ {≈ε, ̸≈ε} then
15 vmin ←

∑
c∈Comb v

min
c ; vmin ←

∑
c∈Comb v

min
c

16 if ▷◁ is ≈ε then
17 if qm+1 ∈ [vmin − ε, vmax + ε] then return true
18 else if qm+1 /∈ [vmin − ε, vmax + ε] then return false
19 else return “inconclusive”

20 else if ▷◁ is ̸≈ε then
21 if qm+1 /∈ [vmax − ε, vmin + ε] then return true
22 else if qm+1 ∈ [vmax − ε, vmin + ε] then return false
23 else return “inconclusive”
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Proof. For PSPACE-hardness observe that simultaneous almost-sure reachability
of m target sets T1, . . . , Tm (which is known to be PSPACE-complete [31, Theorem
2]) is expressible as the RelReach property “∃σ.Prσs ( T1) + . . .Prσs ( Tm) ≥ m”.

Membership in EXPTIME follows from Theorem 1. ⊓⊔

Tighter bounds are ongoing work. Taking a closer look, we however observe
that RelReach can be solved in PTIME if the number of probability operators
m is fixed. Hence, RelReach is fixed-parameter tractable [20] with parameter m.
The following theorem generalizes this observation and further states that the
exponential blow-up of the goal unfolding can be avoided if all target states are
absorbing, or if each probability operator is evaluated under a different scheduler
(i.e., if n = m).

Theorem 3. The following special cases of RelReach are in PTIME:

(a) The number of different target sets |{T1, . . . , Tm}| is at most a constant.
(b) The target sets T1, . . . , Tm are all absorbing.
(c) n = m, i.e., each probability operator in the property has its own quantifier.

Proof. (a): m is the only parameter occurring exponentially in the runtime
complexity of Algorithm 2 with exact reward computation.

(b): If all target sets are absorbing, then for each c ∈ Comb, the number of
reachable states inMc is |(S×∅)∪

⋃
i Ti×{Ti}| = |S|+

∑m
i=1 |Ti| ≤ (m+1) · |S|.

Hence, the size of the unfolding is linear in the size of the original MDP and m.
(c): If each probability operator is evaluated under a different scheduler, then

|Comb| = n = m and for each c ∈ Comb we have |ind(c)| = 1. Hence, for each
c ∈ Comb, we have |Sc| = |S × 2ind(c)| = |S| · 2 and thus the size of the unfolding
with respect to ind(c) is linear in the size of the original MDP. ⊓⊔

5.2 Memoryless Deterministic Schedulers

We now consider RelReachMD, the RelReach problem over MD schedulers. RelReachMD

is in NP because we can non-deterministically guess schedulers and verify whether
they are witnesses in polynomial time by computing the (exact) reachability
probabilities in the induced DTMC [5, Ch. 10]. Further, RelReach is strongly
NP-hard5 [19] over MD schedulers already for simple variants with equality.

Theorem 4. RelReachMD is strongly NP-complete. Strong NP-hardness already
holds for the following special cases: For a given MDPM, initial states s1, s2 ∈ S,
target sets T1, T2 ⊆ S, decide if

(a) ∃σ ∈ ΣM
MD. Prσs1( T1)− Prσs2( T2) = 0 .

(b) ∃σ1, σ2 ∈ ΣM
MD. Prσ1

s1 ( T1)− Prσ2
s2 ( T2) = 0 .

5 A problem is strongly NP-hard if it is NP-hard even if all numerical quantities (here:
rational transition probabilities) in a given input instance are encoded in unary.
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vinit

v1

v2

v3

(a) Graph G = (V,E)

vinit

v1

v2

v3

s⊥sa

s1

...

s|V |−1

sb

s0

(b) MDP constructed from G and initial vertex v0. All distri-
butions are uniform.

Fig. 3: Illustration of the MDP construction for the reduction from the Hamilto-
nian path problem.

Strong NP-hardness of (a) and (b) holds irrespective of whether s1 = s2 and
whether T1 and/or T2 are absorbing. Moreover, (a) and (b) with relation ≈ε,
ε > 0, are NP-hard.

We show NP-hardness by giving a polynomial transformation from the Hamil-
tonian path problem, which is known to be strongly NP-hard [19], inspired
by [16]. For exact equality, we establish strong NP-hardness by showing that our
transformation is pseudo-polynomial.

Definition 7 (Hamiltonian Path Problem). Given a directed graph G =
(V,E) (where V is a set of vertices and E ⊆ V × V a set of edges) and some
initial vertex v ∈ V , decide whether there exists a path from v in G that visits
each vertex exactly once.

Proof (of Theorem 4). Membership: Given some RelReach property, MDPM and
a memoryless deterministic scheduler σ ∈ ΣM, we can verify whether σ is a
witness for the property by computing the (exact) reachability probabilities in
the induced DTMC, see e.g., [5, Ch. 10]. This is possible in time polynomial in
the size of the state space [7].

NP-hardness: We first give the reduction for (a) with s1 = s2 and explain how
to adjust the construction for the other cases afterwards. For a given instance of
the Hamiltonian path problem G = (V,E) and vinit ∈ V , we construct the MDP
M = (S,Act,P) with

– S = V ∪ {s0, s⊥, sa, sb} ∪ {si | i = 1, . . . , |V | − 1}
– Act = E ∪ {τ}
– P(s0, τ, vinit) =

1
2 and P(s0, τ, s1) =

1
2

P(si, τ, si+1) =
1
2 and P(si, τ, s⊥) =

1
2 for i = 1, . . . , |V | − 2
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P(s|V |−1, τ, sb) =
1
2 and P(s|V |−1, τ, s⊥) =

1
2

P(v, (v, v′), v′) = 1
2 and P(v, (v, v′), s⊥) =

1
2 for all v, v′ ∈ V, (v, v′) ∈ E

P(v, τ, sa) = 1 for all v ∈ V
P(s⊥, τ, s⊥) = 1, P(sa, τ, sa) = 1 and P(sb, τ, sb) = 1
P(s, α, s′) = 0 otherwise

Figure 3 illustrates the construction: Figure 3b shows the MDP constructed from
the graph G with initial vertex v0 depicted in Figure 3a.

We observe that for all schedulers σ ∈ ΣM
MD, it holds that Prσs0( {sb}) =

1
2|V | .

Further, for all schedulers σ ∈ ΣM
MD, we have

Prσs0( {sa}) =
1

2
· Prσvinit

( {sa})

Claim: For any ε < 1
2|V |+1 , it holds that there exists a Hamiltonian path from vinit

in G iff there exists some σ ∈ ΣM
MD such that Prσs0( {sa})− Prσs0( {sb}) ≈ε 0.

“⇒”: Assume there exists a Hamiltonian path from vinit in G. Then, we
construct σ by following this path in M and transitioning to s⊥ from the last
vertex. By construction, it holds that Prσs0( {sa}) =

1
2 · Prσvinit

( {sa}) = 1
2|V | .

Since Prσs0( {sb}) =
1

2|V | for all schedulers σ ∈ ΣM
MD, this implies Prσs0( {sa}) =

Prσs0( {sb}) and hence in particular also Prσs0( a)− Prσs0( b)| ≈ε 0.
“⇐”: Assume there exists σ ∈ ΣM

MD such that |Prσs0( {sa})−Prσs0( {sb})| ≤ ε.
We first show that Prσs0( {sa}) > 0: Assume sa is not reachable from s0. Then

1
2|V |+1 > ε ≥ |Prσs0( {sa}) − Prσs0( {sb})| = |Prσs0( {sb})| =

1
2|V | , which is a

contradiction. So sa is reachable from s0, and hence also from vinit and the
finite path from vinit to sa cannot contain a loop since since σ is memoryless
deterministic. Let n be the number of V -states on the path from vinit to sa under
σ (not counting vinit itself). Then Prσs0( {sa}) =

1
2n+1 . Since n ≤ |V | − 1, this

implies that Prσs0( {sa}) ≥
1

2|V | . Further,

|Prσs0( {sa})− Prσs0( {sb})| ≤ ε⇔ Prσs0( {sa})−
1

2|V | ≤ ε .

Since ε < 1
2|V |+1 , this implies

Prσs0( {sa}) <
1

2|V | +
1

2|V |+1
<

1

2|V |−1
.

From 1
2|V |−1 > Prσs0( {sa}) =

1
2n+1 ≥ 1

2|V | we can conclude that n = |V | − 1.
Hence, the path from vinit to sa visits |V | − 1 states corresponding to vertices in
G, which means it must visit each vertex of G exactly once and thus corresponds
to a Hamiltonian path from vinit in G.

Claim: The above construction defines a pseudo-polynomial time transformation
to (a), and a polynomial-time transformation to (a) with approximate equality
with ε > 0.

The constructed MDP has 2 · |V |+3 states and |E|+1 actions. Each state has
at most two successors. All transition probabilities in the MDP are either 0, 0.5,
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or 1. Hence, the magnitude of the largest number occurring in the constructed
MDP is a constant and thus polynomial in the size of the original graph.

For approximate equality, we must choose some 0 < ε < 1
2|V |+1 for the

constructed property. The magnitude of the largest number occurring in the
constructed RelReach instance thus depends exponentially on the size of the
original Hamiltonian path problem instance. Hence, the transformation is not
pseudo-polynomial. The transformation is, however, still polynomial since clearly
ε < 1 and hence all numbers are polynomially bounded.

For exact equality, however, ε = 0 and hence the magnitude of the largest
number occurring in the constructed RelReach instance is polynomial in the
size of the Hamiltonian path problem instance. Hence, the transformation is
pseudo-polynomial.

Handling the other cases.

– (b), s1 = s2: We construct the MDP as above, and the following prop-
erty: “∃σ1, σ2 ∈ ΣM

MD. Prσ1
s0 ( {sa}) − Prσ2

s0 ( {sb}) ≈ε 0”. The proof works
completely analogously since for all schedulers σ1 ∈ ΣM

MD, it holds that
Prσ1

s0 ( {sb}) =
1

2|V | and for all schedulers σ2 ∈ ΣM
MD, we have Prσ2

s0 ( {sa}) =
1
2 · Prσ2

vinit
( {sa}).

– (a), s1 ̸= s2: The MDP construction works analogously to the construction
above, the only difference being that we do not introduce a fresh initial state.
We construct the property “∃σ ∈ ΣM

MD. Prσv0( {sa}) − Prσs1( {sb}) ≈ε 0”.
Observe that for all schedulers σ ∈ ΣM

MD, it holds that Prσs1( {sb}) =
1

2|V |−1 .
The proof works analogously.

– (b), s1 ̸= s2: Again, we construct the MDP as above but without the fresh
initial state. We construct the property “∃σ1, σ2 ∈ ΣM

MD. Prσ1
v0 ( {sa}) −

Prσ2
s1 ( {sb}) ≈ε 0”. The proof works analogously. ⊓⊔

Note that the hardness of the problem does not rely on whether all probability
operators are evaluated under the same scheduler and from the same initial state.

We observe that Steps 1–4 detailed in Section 4 construct memoryful random-
ized witness schedulers in case of approximate equality, if they exist. Memory
and/or randomization are necessary for constructing a scheduler that exactly
achieves some specified reachability probability, in general.

Theorem 5. Memory and randomization are necessary for RelReach with ap-
proximate equality.

Proof. We first show that randomization is necessary: Consider the MDP in
Figure 4a. Over general schedulers, the property “∃σ. Prσs ( {t}) ≈ε 0.5” holds
for any ε, but over (possibly memoryful) deterministic schedulers it holds only
for ε ≥ 0.5.

We further see that memory is also necessary, i.e., there are instances where
memoryless randomized schedulers do not suffice: Consider the MDP in Figure 4b.
Over general schedulers, the property “∃σ1. Prσs ( {t1}) = Prσs ( {t2})” holds,
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s

t s⊥

α β

(a) ∃σ. Prσs ( {t}) ≈ε 0.5

s

t1 t2

α
β

γ

(b) ∃σ. Prσs ( {t1}) = Prσs ( {t2})

Fig. 4: MDP where memory and/or randomization are necessary for relational
reachability properties with approximate equality.

but over memoryless schedulers it does not. Consider a memoryless randomized
scheduler choosing α with probability p. If p = 1 then the property does not hold.
If p < 1 then Prσs ( {t1}) = p ̸= Prσs ( {t2}) =

∑∞
i=0 p

i(1− p) = 1−p
1−p = 1. ⊓⊔

Note that Theorems 4 and 5 only make statements about properties with
(approximate) equality. Let us now consider RelReach with inequality or disequality
(▷◁ ∈ {≥, >, ̸≈ε| ε ≥ 0}). Recall that, for inequality, we only have to check the
maximizing (or, for ̸≈ε, possibly also the minimizing) schedulers for the goal
unfoldings and transform them back to schedulers for the original MDP. This
transformation introduces memory in general: If several probability operators are
associated with the same scheduler but different initial states, then, intuitively,
it might be necessary to switch behavior depending on the initial state. Further,
if several probability operators are evaluated under the same scheduler but for
different target sets, then it might be necessary to switch behavior depending on
which target sets were already visited.

The next example illustrates that memory may be necessary for relational
reachability properties with disequality even for just a single, absorbing target.

Example 8. Consider the MDP depicted below and the property

∃σ ∈ ΣM. Prσs2( {t}) < Prσs1( {t}) .

s1 s2

t s⊥

α β
1

1
2

1
2

Here, both probability operators are eval-
uated under the same scheduler but different
initial states, and have the same, absorbing
target set. Over MD schedulers this property
cannot be satisfied: For all MD schedulers it
holds that Prσs1( {t}) = Prσs2( {t}).

In contrast, there does exist a memoryful scheduler such that the probability
of reaching t from s1 exceeds the probability of reaching t from s2, namely the
scheduler that chooses α at s1 if the execution was started at s1, and β otherwise.
This also implies that

∃σ ∈ ΣM. Prσs1( {t}) ̸= Prσs2( {t})

can be satisfied over general schedulers but not over MD schedulers.
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However, under some mild restrictions on the target sets and/or the structure of
the state-scheduler combinations, the procedure detailed in Section 4 returns MD
schedulers in PTIME, if they exist. Correctness (Theorem 1) then directly implies
that MD schedulers suffice in these cases. It remains future work to determine
whether there are variants of RelReachMD with disequality that are NP-hard.

Theorem 6. For the following special cases of RelReach with ▷◁ ∈ {≥, >, ̸≈ε|
ε ≥ 0}, the procedure detailed in Section 4 runs in polynomial time and returns
MD schedulers, if they exist:

(a) n = m.
(b) Probability operators with the same scheduler variable have the same initial

state (formally, ∀i, i′. σki=σki′ ⇒ si=si′) and all target sets are absorbing.
(c) Probability operators with the same scheduler variable have equally signed

coefficients and the same target sets (formally, ∀i, i′. σki=σki′ ⇒ ((qi ≥ 0⇔
qi′ ≥ 0) ∧ Ti=Ti′)).

Corollary 1. For the RelReach variants from Theorem 6, MD schedulers suffice.

Intuitively, if n = m ((a)), then all probability operators are independent in
the sense that we only need to solve n = m independent single-objective queries,
for which there exist optimal MD schedulers [27].6

For (b), we consider the statement for n = 1. If all probability operators are
associated with the same scheduler and initial state and all target states are
sinks, then MD schedulers suffice as there is nothing to remember: We know
which state we started from (since there is only a single initial state), and we
know which target sets have already been visited (since all targets are sinks).

Lastly, consider (c) for n = 1 and non-negative coefficients. In this case, since
all target sets are the same, there must exist a MD scheduler maximizing all
reachability probabilities Prσsi( T ) at the same time [27]. Since all coefficients
are non-negative, this scheduler also maximizes the weighted sum over the
probabilities. We can analogously reason about minimizing the weighted sum.

Proof (of Theorem 6). For each case, we show that Algorithm 2 returns a MD
scheduler and runs in polynomial time.

(a): If n = m and ▷◁∈ {≥, >, ̸≈ε| ε ≥ 0}, then |ind(c)| = 1 for each c ∈ Comb
and each scheduler σi ∈ {σ1, . . . , σn} corresponds to a MD scheduler for Mc for
the unique c ∈ Comb with c = (−, σi). Further, any MD scheduler onMc can be
transformed back to a MD scheduler forM since there is only a single target set.

We have already argued in Theorem 3 that Algorithm 2 runs in polynomial
time in this case.

6 Note that this reasoning does not work for ≈ε, because there we may need to combine
the optimal MD schedulers into memoryful randomized schedulers to obtain a witness.
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(b): We show the claim for the simplest case, namely n = 1 and s1 = . . . = sm
and all target sets are absorbing and ▷◁∈ {≥, >, ̸≈ε| ε ≥ 0}. Then |Comb| = 1, so
there is a unique c ∈ Comb. We can transform any MD scheduler forMc back to
a MD scheduler onM since the target sets are absorbing and there is a unique
initial state s1 = . . . = sm.

Further, since target states are absorbing, the size of the goal unfoldingMc

is linear inM and hence Algorithm 2 runs in polynomial time.
The reasoning for the general case follows analogously.

(c): We show the claim for the simplest case, namely n = 1 and T1 = . . . = Tm =:
T and for all i = 1, . . . ,m we have qi ≥ 0 and ▷◁∈ {≥, >, ̸≈ε| ε ≥ 0}. We know
that there exists some MD scheduler σmax ∈ ΣM

MD maximizing the reachability
probability of T for all s ∈ S. Since all coefficients q1, . . . , qm are non-negative, it
follows that

∃σ ∈ ΣM.

m∑
i=1

qi · Prσsi( T ) ≥ qm+1 ⇔ max
σ∈ΣM

m∑
i=1

qi · Prσsi( T ) ≥ qm+1

⇔
m∑
i=1

qi · Prσ
max

si ( T ) ≥ qm+1

⇔ max
σ∈ΣM

MD

m∑
i=1

qi · Prσsi( T ) ≥ qm+1

and analogously for > and ̸≈ε. Hence, Algorithm 2 returns true iff the property
is satisfiable over MD schedulers.

Further, since T1 = . . . = Tm, the size of the goal unfolding is linear in the
size of the original MDP and hence Algorithm 2 runs in polynomial time.

The reasoning for the general case follows analogously. ⊓⊔

6 Implementation and Evaluation

We have implemented a model checking algorithm based on the procedure
described in Section 4, which we use to investigate what model sizes our approach
can handle, and how it performs compared to existing tools that can check
relational reachability properties.

6.1 Setup

Our prototype7 is implemented on top of (the python bindings of) the probabilis-
tic model checker Storm [23] and supports an expressive fragment of relational
reachability properties. It takes as input an MDP (in the form of a PRISM
file [25]) with m (not necessarily distinct) initial states and m (not necessarily
7 Source code and benchmarks: https://github.com/carolinager/RelReach, artifact:
https://doi.org/10.5281/zenodo.15209574

https://github.com/carolinager/RelReach
https://doi.org/10.5281/zenodo.15209574
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distinct) target sets, as well as a universally quantified relational reachability
property. Most available case studies for relational reachability properties are
universally quantified. Recall that, while the previous sections addressed exis-
tentially quantified relational reachability properties, we can transfer our results
to universally quantified relational reachability properties by considering their
negation. If we conclude that the given (universal) property does not hold, out
implementation can return witnesses in the form of schedulers returned by Storm
for the expected rewards computed in Step 3, plus a solution for λ as defined
in the proof of Lemma 4 in case of (universal quantification with) ̸≈. Scheduler
export is disabled by default and also in our experiments.

Note that the tool’s output (‘Yes’/‘No’) depends only on comparing an
expected reward to a threshold (Algorithm 2, Lines 11–22). Since the same
calculations are performed regardless of the comparison’s outcome, performance
is generally unaffected by an instance’s falsifiability.

We use Storm’s internal single- and multi-objective model checking capa-
bilities for the computation of expected rewards (Step 3 in Section 4), where
single-objective model checking employs Optimistic Value Iteration [22] for ap-
proximate expected reward computation with a default tolerance of 10−6.8 The
multi-objective model checking employs Sound Value Iteration [30] with the
same tolerance.9 We note that the implementation also supports exact solving.
Here, we report results for approximate computation of expected rewards with
tolerance 10−6. Our experiments were performed on a laptop with a single core
of a 1.80GHz Intel i7 CPU and 16GB RAM under Linux Ubuntu 24.04.1 LTS.

We compare our tool against two baselines: HyperProb10 [13] and Hy-
perPAYNT11 [4]. These tools handle (fragments of much more expressive)
probabilistic hyperproperties that partially overlap with relational reachabil-
ity properties. HyperProb encodes the HyperPCTL model-checking problem in
SMT with an exponential number of variables. HyperPAYNT uses abstraction
refinement to model-check a fragment of HyperPCTL, potentially exploring an
exponential number of schedulers. To the best of our knowledge, no other tools
support a (nontrivial) fragment of relational reachability properties. HyperProb
and HyperPAYNT support approximate comparison operators via an equivalent
conjunction or disjunction of two inequalities.12

Both HyperProb and HyperPAYNT search for policies and restrict them-
selves to MD schedulers. Solving a property over MD schedulers is not always
equivalent to checking it over general schedulers (see, e.g., Theorem 5, Example 8),
8 Note that Storm returns a single value x with relative difference at most 10−6 to

the exact result instead of sound lower and upper bounds here. We ensure soundness
by computing conservative lower and upper bounds as x

1+10−6 and x
1−10−6 .

9 Storm (currently) returns a single value with relative difference at most 10−6 to the
exact result as both lower and upper bound and we again ensure soundness manually.

10 https://github.com/TART-MSU/HyperProb
11 https://github.com/probing-lab/HyperPAYNT, we used this docker container:

https://zenodo.org/records/8116528. Also referred to as “AR loop” in [4].
12 While not covered in [4], HyperPAYNT also allows to add a constant to one side of

the (in)equality.

https://github.com/TART-MSU/HyperProb
https://github.com/probing-lab/HyperPAYNT
https://zenodo.org/records/8116528
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but it coincides sometimes (Corollary 1). Further, HyperProb supports only
properties with a single scheduler quantifier (i.e., all probability operators are
evaluated over the same MD scheduler). HyperPAYNT, on the other hand,
supports an arbitrary number of scheduler quantifiers.13 To account for the
different scheduler classes considered by the tools, we will in the following denote
the validity of a property over general as well as over MD schedulers as HR result
and MD result, respectively, when comparing the tools.14 We will also denote for
each benchmark family whether the considered property belongs to a fragment
for which checking MD schedulers is equivalent to checking general schedulers.

Our tool’s core procedure consists of polynomially many calls to well-established,
practically efficient subroutines based on value iteration [29]. In contrast, Hy-
perProb and HyperPAYNT use exponential algorithms to solve the NP-hard
RelReach problems over MD schedulers and do not optimize for the PTIME special
cases (Theorem 3). Further, to optimize a linear combination of expected rewards
over different schedulers, we can treat the different state-scheduler combinations
independently and then aggregate them in Step 4.

6.2 Case Studies

Let us first illustrate that RelReach covers interesting problems.

Generalization of Von Neumann’s trick (VN). We generalize Von Neumann’s
trick from the motivating example of Section 1 to 2N bits. The idea is as follows:
Extract the first 2N bits from the stream; if the number of zeros equals the
number of ones, return the value of the first bit; otherwise try again. We check
whether

∀σ. Prσs0( {return 0}) ≈ε Prσs0( {return 1})

for ε = 0 and ε = 0.1 and varying values for N . By Corollary 1(b), checking this
property over MD schedulers is equivalent to checking it over general schedulers
since all target sets are absorbing. Therefore, HyperProb and HyperPAYNT
can also check the general problem in this case even though they restrict to MD
schedulers.

Robot tag (RT). Consider a N×N grid world with a robot and a janitor, where
both move in turns, starting with the robot.15 The robot starts in the lower left
corner, the janitor in the upper right corner. The robot has fixed the following
strategy: It moves right until it reaches the lower right corner, then moves up
13 For both HyperProb and HyperPAYNT, one could alternatively consider a single

scheduler on a manually created self-composition to simulate multiple schedulers
(from the same initial state). Based on the large performance gap with HyperProb
and HyperPAYNT seen below, we did not consider such tweaks.

14 Note that HyperPAYNT expects existentially quantified properties, but we report
the validity w.r.t. the universally quantified property, so the MD result stated here is
the opposite of the result reported by HyperPAYNT.

15 Our model is based on a PRISM model and a Gridworld-By-Storm model.

https://www.prismmodelchecker.org/casestudies/robot.php
https://github.com/sjunges/gridworld-by-storm/blob/master/gridstorm/models/files/evade-two-mdp.nm
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Table 2: Experimental results. HR res./MD res.: Does the universally quantified
property hold over general (HR)/MD schedulers?≡?: Is checking the property over
general scheduler equivalent to checking over MD schedulers? Time is rounded
to the nearest second, with the exception of values <1s which are denoted as
such. For every tool, we give the total time and, in brackets, (1) for our tool:
the total time excluding model building, (2) for HyperProb: z3 solving time,
(3) for HyperPAYNT: the reported ‘synthesis time’. TO: Timeout (1 hour).
OOM: Out of memory.

Case study Our tool ≡? Comparison over MD sched.
Variant |S| HR res. Time MD res. HyperProb HyperPAYNT

VN

N=1 ε=0 5 No <1s (<1s)

≡
Cor. 1

No <1s (<1s) <1s (<1s)
N=1 ε=0.1 5 Yes <1s (<1s) Yes <1s (<1s) <1s (<1s)
N=10 ε=0 383 No <1s (<1s) No TO - <1s (<1s)
N=10 ε=0.1 383 No <1s (<1s) No TO - <1s (<1s)
N=100 ε=0 39 803 No 3s (3s) - TO - TO -
N=100 ε=0.1 39 803 No 3s (3s) - TO - TO -
N=200 ε=0 159 603 No 218s (217s) - OOM - TO -
N=200 ε=0.1 159 603 No 209s (209s) - OOM - TO -
N=250 ε=0 249 503 No 1 358s (1 357s) - OOM - TO -
N=250 ε=0.1 249 503 No 1 323s (1 322s) - OOM - TO -
N=300 ε=0 359 403 - TO - - OOM - TO -
N=300 ε=0.1 359 403 - TO - - OOM - TO -

RT

N=10 (N,N) 933 Yes <1s (<1s)

≡
Cor. 1

Yes

n/a

<1s (<1s)
N=10 (N,N−1) 1 021 No <1s (<1s) No <1s (<1s)
N=100 (N,N) 994 803 Yes 6s (<1s) - TO -
N=100 (N,N−1) 1 004 701 No 5s (<1s) - TO -
N=200 (N,N) 7 979 603 Yes 48s (10s) - TO -
N=200 (N,N−1) 8 019 401 No 44s (6s) - TO -
N=300 (N,N) 26 954 403 - OOM - - OOM -
N=300 (N,N−1) 27 044 101 - OOM - - OOM -

until it reaches the upper right corner, its target. The janitor can hinder the
robot from reaching its target by occupying a cell that the robot wants to move
to. We now want to check whether this strategy is approximately robust against
adversarial behavior by the janitor, in the sense that the probability of reaching
the target should be approximately independent of the janitor strategy. Formally,

∀σ1, σ2. Prσ1
s ( {t}) ≈10−5 Prσ2

s ( {t}) ,

where s represents the initial state with robot and janitor in their initial locations,
and t represents that the robot has reached its target. We check this property
for different grid sizes N and different starting positions for the janitor: If the
janitor starts in the upper right corner, they cannot hinder the robot, but if they
start in location (N,N−1), then they can always stop the robot.

By Corollary 1(c), MD schedulers suffice here. However, HyperProb does
not natively support this problem as it only allows a single scheduler quantifier
and the property is trivially satisfied if we use a single scheduler quantifier for
both probability operators.
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Results. The results for both case studies are presented in Table 2. Firstly, we
observe that the quality of the coin simulation decreases with a growing number
of bits N : While approximate equality with ε=0.1 holds for N=10, it does not
hold anymore for N=100. Further, our tool handles 1 million states in 5–6s for
RT but times out for the VN instances of comparable size. Besides the size
of the state space, the computation time of expected rewards also depends on
structural aspects, e.g. many cycles (as in VN) cause slower convergence of the
approximation algorithm for expected rewards. On problem instances that are
also supported by HyperProb or HyperPAYNT, our tool performs drastically
better: HyperProb times out already for VN with N=10, and HyperPAYNT
for VN with N=100 while our tool solves these instances in a matter of seconds.

6.3 Benchmarks for Probabilistic Hyperproperties

Next, we investigate the scalability of our tool on benchmarks from the literature
on probabilistic hyperproperties that are relational reachability properties. These
benchmarks are typically motivated by security use cases. In particular, three
out of four HyperPCTL case studies for MDPs presented in [2] are covered by our
approach: We consider (mild variations of) TA, PW, TS from [2]. Further, we
consider SD from [4].

TA A standard application of probabilistic hyperproperties is to check whether
an implementation of modular exponentiation for RSA public-key encryption has
a side-channel timing leak [2]. Concretely, the setting is as follows: One thread
computes ab mod n for a given plaintext a, encryption key b, and modulus n (all
non-negative integers), while a second (attacker) thread tries to infer the value of
b by keeping a counter c to measure the time taken by the first thread. Figure 5
shows the implementation of the modular exponentiation algorithm that we want
to check for side-channels.

If b has k bits, we can model the parallel execution of the two threads as
an MDP with 2k initial states Init, each representing a different value of b.
In our models, a (memoryful randomized) scheduler for the MDP corresponds
to a thread scheduler. In contrast, in [1,4] the authors hard-coded fair thread
schedulers in their models, and a (memoryless deterministic) scheduler for the
MDP corresponds to a secret input.

The goal is to now check whether the implementation satisfies scheduler-
specific probabilistic observational determinism (SSPOD) [26], i.e., whether for
any scheduling of the two threads that no information about the secret input
(here, b) can be inferred by the publicly observable information (here, the time
taken by the modular exponentiation thread).

In [2], the desired property is formulated in HyperPCTL as follows:

∀σ̂1∀σ̂2. ∀ŝ1(σ̂1)∀ŝ2(σ̂2). (initŝ1 ∧ initŝ2)⇒
2k∧
j=0

P( (c = j)ŝ1) = P( (c = j)ŝ2)
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1 i n t mexp(a , b , n) {
2 d = 0 ; e = 1 ; i = k ;
3 whi le ( i >= 0) {
4 i = i −1; d = d∗2 ;
5 e = ( e∗e ) % n ;
6 i f (b ( i ) = 1)
7 d = d+1;
8 e = ( e∗a ) % n ;
9 }

10 }

1 t = new Thread (mexp(a , b , n) ) ;
2 c = 0 ; M = 2 ∗ k ;
3 whi le ( c < M & ! t . stop ) c++;

Fig. 5: Modular exponentiation (left) and attacker thread (right) [1].

where init marks initial states for different values of the secret input b, b has
k bits, and c is the counter of the attacking side-channel thread. An MDP M
satisfies the above HyperPCTL formula iff it holds that

∀σ1, σ2 ∈ ΣM.
∧

s1,s2∈Init

2k∧
j=0

Prσ1
s1 ( (c = j)) = Prσ2

s2 ( (c = j)) .

Since universal quantification distributes over conjunction, we can reformulate
this to a conjunction of universally quantified relational reachability properties
as follows: ∧

s1,s2∈Init

2k∧
j=0

∀σ1, σ2. Prσ1
s1 ( (c = j)) = Prσ2

s2 ( (c = j)) .

In our experiments, we check the first conjunct of this property, i.e., we
compare initial values b = 0 and b = 1 for j = 0. We check the property for
M ∈ {8, 16, 24, 28, 32} where M = 2k where k is the number of bits for the secret
input b.

PW Another example for an implementation with possible timing leaks is a
careless implementation of string comparison for password verification where
a timing leak may reveal information about the password [1]. As for TA, we
want check whether an attacker thread observing the time taken by the main
thread (executing a string comparison algorithm) can infer information about
the password.

Figure 6 displays the string comparison algorithm that we want to check for
information-leaks.

We model this by mapping strings to integers and allowing 28n different input
strings for a string length of n. As for TA, our model differs from [1,4]: In our
model, (memoryful randomized) MDP schedulers correspond to thread schedulers,
while they hard-coded fair thread schedulers in their models, and a (memoryless
deterministic) scheduler for the MDP corresponds to a secret input.

We check the same property as for TA: In our experiments, we compare string
inputs represented by the integers 0 and 1, for j = 0. We check the property for
M ∈ {2, 4} where M = 2n where n is the length of the string.



Efficient Probabilistic Model Checking for Relational Reachability 25

1 i n t str_cmp ( char ∗ r ) {
2 char ∗ s = ’Bg\$4 \0 ’ ;
3 i = 0 ;
4 whi le ( s [ i ] != ’\0 ’ ) {
5 i++;
6 i f ( s [ i ] != r [ i ] ) r e turn 0 ;
7 }
8 re turn 1 ;
9 }

Fig. 6: String comparison [1].

TS Consider the following classic example of a simple insecure multi-threaded
program [32]

th : while h > 0 do {h← h− 1}; l← 2 ∥ th′ : l← 1

where h is a secret input and l a public output. Intuitively, this program is not
secure because the final value of l allows to make a probabilistic inference on
the initial value of the secret input h. For example, under a fair scheduler (that
schedules all available threads with the same probability), the probability of
outputting l = 2 is much higher than the probability of outputting l = 1. Formally,
the program violates scheduler-specific probabilistic observational determinism
(SSPOD) [26]. SSPOD stipulates that for all schedulings of the threads the
probability of observing l = 1 in the end should be the same as the probability
of observing l = 2. [2] formulates the desired property in HyperPCTL as follows:

∀σ̂. ∀ŝ1(σ̂)∀ŝ2(σ̂). (initŝ1 ∧ initŝ2)⇒
2∧

j=1

P( (l = j)ŝ1) = P( (l = j)ŝ2)

where init marks initial states for different values of the secret input h.
This is equivalent to the following conjunction of universally quantified rela-

tional reachability properties:

∧
s1,s2∈Init

2∧
j=1

∀σ. Prσs1( (l = j)) = Prσs2( (l = j)) .

where Init is the set of states representing initial states of the program for different
values of h (up to a certain bound).

We compare the initial values of h indicated in the table, for j = 1. Note that
this is actually equivalent to checking the full conjunction since Prσs ( (l = 1)) =
1− Prσs ( (l = 2)).

SD [4] extend the notion of stochastic domination [6] to MDP states by defining
that a state s1 stochastically dominates a state s2 w.r.t. a target set T iff

∀σ. Prσs1( T ) ≥ Prσs2( T ) ,
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Table 3: Comparison on benchmarks for probabilistic hyperproperties. The mean-
ing of columns and abbreviations is the same as in Table 2.

Case study Our tool ≡? Comparison over MD sched.
Variant |S| HR res. Time MD res. HyperProb HyperPAYNT

TA(1)

M=8 423 No <1s (<1s)

̸≡
Ex 8

No 3 055s (2 858s) <1s (<1s)
M=16 13 039 No <1s (<1s) No OOM - 21s (1s)
M=24 307 175 No 20s (<1s) - OOM - TO -
M=28 1 425 379 No 490s (<1s) - OOM - TO -
M=32 6 488 031 - TO - - TO TO -

TA(2)

M=8 423 No <1s (<1s)

≡
Cor. 1

No

n/a

<1s (<1s)
M=16 13 039 No <1s (<1s) No 115s (2s)
M=24 307 175 No 20s (<1s) - TO -
M=28 1 425 379 No 493s (<1s) - TO -
M=32 6 488 031 - TO - - TO -

PW(1) M=2 2 307 No <1s (<1s) ̸≡
Ex 8

No OOM - <1s (<1s)
M=4 985 605 - TO - - TO - TO -

PW(2) M=2 2 307 No <1s (<1s) ≡
Cor. 1

No n/a 5s (<1s)
M=4 985 605 - TO - - TO -

TS

h=(10, 20) 252 No <1s (<1s)

̸≡
Ex 8

No 112s (38s) <1s (<1s)
h=(20, 200) 2 412 No <1s (<1s) No OOM - 2s (<1s)
h=(20, 5 000) 60 012 No <1s (<1s) No OOM - 1 076s (20s)
h=(50, 10 000) 120 012 No <1s (<1s) - OOM - TO -
h=(50, 20 000) 240 012 No <1s (<1s) OOM - TO -

SD

simple 10 No <1s (<1s)

̸≡
Ex 8

Yes 3s (<1s) 2s (2s)
splash-1 16 No <1s (<1s) No 1 184s (1 183s) <1s (<1s)
splash-2 25 No <1s (<1s) Yes TO - 2 487s (2 485s)
larger-1 25 No <1s (<1s) No TO - 310s (310s)
larger-2 25 No <1s (<1s) Yes TO - 925s (<1s)
larger-3 25 No <1s (<1s) No TO - <1s (<1s)
train 48 No <1s (<1s) Yes TO - 14s (14s)

which is a natural universally quantified relational reachability property. In [4],
this property is applied to various robot-maze problems with a fixed pair of
initial locations each, checking whether the first location can guarantee a better
reachability probability than the other location, no matter how the robot behaves.
We check the same property (over memoryful randomized schedulers) on all
mazes provided in [4].

Results. Table 3 presents our experimental results on these four case studies
and provides a comparison with HyperProb and HyperPAYNT. We observe
that for all benchmarks in Table 3, the running time of our tool consists almost
entirely of building the model.

For the benchmarks with a single scheduler quantifier (TA(1), PW(1), TS,
SD), checking over general schedulers is, in general, not equivalent to checking over
MD schedulers (see Example 8). Notably, already instances with 100 000 states
prove to be challenging over MD schedulers for HyperProb and HyperPAYNT,
while our tool solves these instances over general schedulers in over a minute and
can handle instances of TA(1) with 1 million states in less than 10 minutes.
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For the benchmarks with two scheduler quantifiers (TA(2) and PW(2)),
checking over MD schedulers is equivalent to checking over general schedulers
since both probability operators are independent (Corollary 1).16 Notably, our
tool solves the instance for M=24 in over a minute while HyperPAYNT times
out. Our tool can solve instances of TA(2) with more than 1 million states, but
times out for the instance of PW(2) with almost 1 million states.

In summary, our tool is orders of magnitude faster than existing tools, which
restrict to MD schedulers but nevertheless solve an equivalent problem in some
cases (TA(2), PW(2)). For problem instances belonging to fragments whose
decision problems are NP-hard over MD schedulers but in PTIME over gen-
eral schedulers, we show that solving the NP-hard problem via SMT solving
(HyperProb) or an abstraction-refinement approach (HyperPAYNT) is also
much harder in practice than solving the PTIME problem.

7 Related Work

We discuss two main areas of related work: multi-objective MDP model checking
and probabilistic hyperlogics.

Multi-objective model checking. The techniques and results of this paper are
strongly related to multi-objective model checking (MOMC) for MDPs [9,8,15,28].
In MOMC, the key question is: Is there a scheduler such that target set A is
reached with probability at least λA and target set B is reached with probability
at least λB? With appropriate preprocessing, MOMC can moreover ask whether
a set of states is reached with probability exactly, say, 0.5 — but not whether there
exists a scheduler such that A and B are reached with equal (or approximately
equal) probability. Indeed, MOMC and the relational properties we study are
incomparable in the sense that they are disjoint up to single-objective queries:
MOMC focuses on conjuctive queries but each conjunct can only compare a prob-
ability to a constant. In contrast, our relational properties are single constraints
involving multiple probability operators; they do not support conjunctions but
allow comparing probabilities. Similar to our results, however, MOMC with a
fixed number of targets is NP-complete over MD schedulers [28], and solvable in
PTIME over general schedulers. Moreover, prominent algorithms [18] for MOMC
also rely on optimizing weighted sums of probabilities just like we do. MOMC
is supported in probabilistic model checkers like PRISM [25] and Storm [23].
Due to the similarities outlined above, we were able to reuse some of Storm’s
MOMC capabilities in our implementation.

Probabilistic hyperlogics. Our paper was motivated by recent emerging interest
in algorithms for probabilistic hyperlogics, like HyperPCTL [3,2] and PHL [12].
Relational reachability properties are a strict fragment of HyperPCTL. While PHL
cannot naturally compare probabilities from different initial states, every MDP
16 Checking for two scheduler quantifiers on a manually created self-composition of the

MDP with HyperProb already exceeds memory bounds for TA with m=8.
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M and RelReach property φ can be transformed to an MDPM′ and PHL formula
φ′ s.t.M satisfies φ iffM′ satisfies φ′ over general schedulers (by making a copy
of the MDP for every state-scheduler combination). HyperPCTL and PHL both
can express properties like Does there exist a scheduler such that all paths are
trace-equivalent almost-surely?, which RelReach does not cover. Due to their high
expressiveness, the corresponding model-checking problems are undecidable. This
paper contributes two main points to the study of probabilistic hyperlogics. First,
searching for randomized and memoryful schedulers may be beneficial complexity-
wise, both in theory and in practice. Second, many of the motivating case studies
for probabilistic hyperlogics can also be treated by dedicated and therefore
much more efficient routines, which also motivated the use of an AR-loop in [4].
However, in [4] a search over a finite amount of (MD) schedulers is suggested,
while we study the computational complexity and consider an algorithm for
general (and thus uncountably many) schedulers. While UPPAAL-SMC is not a
tool for probabilistic hyperproperties, it also supports statistical model-checking
for comparison of two cost-bounded reachability probabilities on DTMCs [11].

8 Conclusion

In this paper, we investigated probabilistic model checking for relational reacha-
bility properties in MDPs. We presented a practically and theoretically efficient
algorithm for these properties and demonstrated the hardness of some other
fragments. Relational reachability properties are a sub-class of probabilistic hy-
perproperties and we showed that, compared to existing approaches for model
checking probabilistic hyperproperties, our approach does not (need to) restrict
itself to only memoryless deterministic schedulers. In addition, it scales orders
of magnitudes better on various benchmarks used to motivate probabilistic
hyperproperties.

For future work, we aim to study more expressive fragments. In particular,
we would like to consider Boolean combinations (generalizing to multi-objective
model checking), relate ω-regular properties or properties that require trace
equivalence, and consider models like POMDPs with restricted scheduler classes.
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