Computers and Fluids 300 (2025) 106738

Contents lists available at ScienceDirect COMPUTERS

&FLUIDS
Computers and Fluids

L2

journal homepage: www.elsevier.com/locate/compfluid

Check for

High-order flux splitting schemes for the Euler equations of gas dynamics

Shaoshuai Chu *®>*, Michael Herty »**®, Eleuterio F. Toro ¢

2 Department of Mathematics, RWTH Aachen University, Aachen, 52056, Germany
b Department of Mathematics and Applied Mathematics, University of Pretoria, Private Bag X20, Hatfield, 0028, South Africa
¢ Laboratory of Applied Mathematics, DICAM, University of Trento, Trento, 14-38122, Italy

ARTICLE INFO ABSTRACT

MSC: We develop high-order flux splitting schemes for the one- and two-dimensional Euler equations of gas
35L65 dynamics. The proposed schemes are high-order extensions of the existing first-order flux splitting schemes
65M06 introduced in Toro and Vazquez-Cendén (2012) where the Euler equations of gas dynamics are split into
65M08 two subsystems: the advection and pressure systems. In this paper, we formulate the TV splitting within the
;ini semi-discrete framework to extend it to higher orders of accuracy for the first time. The second-order extension
76105 is obtained by using piecewise linear interpolant to reconstruct the one-sided point values of the unknowns.
76N15 The third- and fifth-order schemes are developed using the finite-difference alternative weighted essentially
Keywords: non-oscillatory (A-WENO) framework, which is particularly effective in handling multidimensional problems

and provides a more straightforward approach to constructing higher-order WENO schemes. These extensions
significantly improve the resolution of discontinuities and the accuracy of numerical solutions, as demonstrated
by a series of numerical experiments of both the one- and two-dimensional Euler equations of gas dynamics.
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1. Introduction Since the pioneering works of [1-3], numerous methods have been
developed to solve hyperbolic systems like the one in (1); see, e.g., the
monographs and review papers [4-9] and the references therein. Here,

we focus on flux splitting methods, which are fundamental in compu-

This paper focuses on numerical solutions of the Euler equations of
gas dynamics, which in the one-dimensional (1-D) case, read as

U, +FU), =0 1 tational fluid dynamics due to their ability to decompose fluxes into
t =Y . . -

* components corresponding to different wave families, such as shock,

with contact, and expansion waves. This decomposition enhances the reso-

U :=(p,pu, E)T, and F(U) = (pu, pu’ + p,u(E +p))', (2) lution of shock waves and discontinuities, which is crucial for accurate

simulations of compressible flows; see, e.g., [10-23]. While classical
flux splitting schemes (e.g., [10-14]) are effective, they often struggle
to resolve intermediate characteristic fields, leading to excessive dis-
sipation or numerical artifacts. To overcome these limitations, more

where ¢ is the time, x is the spatial variable, p, u, p, and E are the
density, velocity, pressure, and total energy, respectively. The system
is completed through the following equations of state (EOS):

p=¢-D[E- 207, 3

where the parameter y represents the specific heat ratio.

It is well-known that equations (1)-(3) model a wide range of
physical phenomena such as shock waves, turbulence, and compressible
flows. These systems often involve complex wave patterns, including
discontinuities like shocks and rarefactions, even when the initial data
are very smooth, which presents significant challenges for numerical
methods. Traditional approaches, particularly first-order methods, may
struggle to resolve these discontinuities accurately, often requiring very
fine meshes to achieve satisfactory results.

* Corresponding author.

advanced methods, such as the advection upstream splitting method
(AUSM), have been developed (see, e.g., [15]) offering better handling
of contact waves and improved resolution of wave patterns. AUSM has
since garnered considerable attention and undergone refinement, with
further developments [16-18]. Additionally, a flux splitting approach
similar to AUSM was proposed in [23], and subsequent advancements
have been recorded in works such as [19-22], further enriching the
field of computational fluid dynamics.

Recently, a new flux splitting method, known as the TV splitting
scheme, was introduced for the 1-D Euler equations (1)-(3) in [24] and
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later extended to higher dimensions in [25], where the system (1)-(3)
has been divided into two subsystems: the advection and pressure
systems. These subsystems are analyzed, and corresponding Godunov-
type discretization schemes are formulated. The proposed schemes are
characterized by their simplicity, robustness, and accuracy, offering
significant improvements over existing flux splitting methods. In partic-
ular, they effectively capture contact and shear waves while precisely
preserving isolated stationary contacts. Beyond its application to high-
dimensional Euler equations, it has also been extended to other systems,
including magnetohydrodynamics and shallow water equations; see,
e.g., [25-29].

The TV splitting schemes introduced in [24,25] offer a robust
and accurate first-order approach for solving the Euler equations of
gas dynamics. However, their accuracy is inherently limited. These
methods typically require very fine meshes to achieve acceptable res-
olution for shock waves and other important wave structures. As the
complexity increases, higher-order methods are necessary to improve
the resolution and reduce the computational cost associated with fine
grids. In this paper, we extend these schemes to higher orders of
accuracy — second, third, and fifth — in the semi-discrete framework
for the first time. The second-order extension is achieved through
applying piecewise linear interpolant to reconstruct the one-sided point
values of the unknowns, while third- and fifth-order schemes are de-
veloped within the finite-difference (FD) alternative essentially non-
oscillatory (A-WENO) framework. This framework has been proven
to be a powerful tool for generalizing low-order finite-volume (FV)
schemes to higher-order FD ones, particularly in multidimensional
cases. Its “dimension-by-dimension” reconstruction process simplifies
the development of higher-order WENO schemes; see, e.g., [30-35].

The proposed TV splitting schemes are applied to both 1-D and
two-dimensional (2-D) Euler equations of gas dynamics. We test the
first-, second-, third-, and fifth-order versions of these schemes on
various numerical examples. As expected, the resolution improves with
higher-order schemes used, especially when transiting from the first-
order scheme to the second-order one. Additionally, we compare the
studied TV splitting schemes with the Central-Upwind (CU) schemes
(see, e.g.,[36-38]), or HLL schemes (see, e.g., [39]), and the HLLC
schemes (see, e.g., [40]), demonstrating the high efficiency of the
proposed methods.

The rest of this paper is organized as follows. In Section 2, beginning
with a brief overview of the existing first-order TV splitting scheme
for the 1-D Euler equations of gas dynamics, we extend it to second-,
third-, and fifth-order accuracy. In Section 3, we first introduce the 2-D
first-order TV splitting scheme and similarly extend it to high orders.
Finally, in Section 4, we present a number of the 1-D and 2-D numerical
results to demonstrate their performances.

2. One-dimensional TV splitting schemes

In this section, we first describe the first-order TV splitting scheme
for the 1-D Euler equations (1)-(3) from [24] and then extend it to
second-, third-, and fifth-order accuracy.

2.1. 1-D first-order TV splitting schemes: A brief overview

Supposing the computational domain is covered with uniform cells
CJ =Ix,_1,x, 1] with Xjpl =X, 1 = Ax centered at x; = (x ! +
2

+1 )2, j= l, N we assume that the cell average values

U0~ i/ U(x,1)dx
Ax e}

are available at a certain time level ¢. Note that all of the indexed
quantities are time-dependent, but from here on, we suppress the
time-dependence of all of the indexed quantities for the sake of brevity.
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The computed cell averages Uj of the 1-D system (1)—(3) are
evolved in time by solving the following semi-discrete system of or-
dinary differential equations (ODEs):

_ FV _ pFV
dU . FHL Fj,l
2 T2 e))
dr Ax
where F¥V, = FFV (U~ ,,U* ) is the numerical flux, defined by
j+2 1+— jts it3
FrY Ut F4 Ut )+F”F Ut 5
j+%( i+ j+%) j+—( +y j+%) ]+—( +y ]+%) )
with U* | being the left/right-sided point values of U at the cell
J+3
interfaces X, 1. For the first order scheme, we take U" | = U, and
i
U, =U,. ’
j+s
Here, T’A (U~ ,,U" ) is the advection flux given by
AR IE
=
j+s
ut (pu)~ ifut >0,
j+% | J+ j+i
Ep;r i (M]; i »
Fftl(U?w 4.-1)= ’
Jt3 oty j+s ot 1
Jts3
u* (l’“)Jr+ , otherwise,
J+3 It
+ ( + )2
f 2

and F’;] (-, ,U:] ) is the pressure flux given by
2

0
.
P Piel
FPo(u- ot )= LT |,
Jtz gty 3 Yo P
Jjt5 Jjt3
y—1
where
o 1u*.' O
A Tk ML Sk 2 @ =p )
ity ct -c | ct - s Ty
Jt3 J+3 J+3 jt3
+ - c- ot + -
p cT C
- A ity s W - ) (6)
s ct -c, 2ACT, —CT ) vy iy
AR TS *3 2
£ _ o+ £ £ V2 a(et )?
LT\ (=) (e )7)
jt3 j+ jt3 Jt3 jt3
with
(pu)f+ :
2 2
W= g == D(EE - 50t WP,
I*+2 oy J* 30 2ty it
j+§
and
= ot /et
Jt3 Jt5  Jt3

2.2. 1-D second-order TV splitting scheme

We now extend the first-order TV splitting scheme introduced in
Section 2.1 to the second order of accuracy. The resulting scheme
(4)-(6) achieves second-order accuracy provided that the one-sided

point values U* v used to compute the numerical flux FEV, in (5),
Jj+5 /+§

are second-order of accurate. To this end, we approximate U* | using
T3

a piecewise linear interpolant

Ux)=U,;+(U,)(x-x). x€Cj, %)
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which leads to

- A
U; U,);,
j+s 2 7 U,

U~

— Ax

Ut =U. W, 8
j+% Jj+1 2 ( X)j+1 ( )

In order to ensure the reconstruction (7)-(8) is non-oscillatory, one

needs to compute the slopes (U,); in (7) with the help of a nonlinear

limiter. In all of the numerical experiments reported in Section 4, we

have used a generalized minmod limiter [41-43]:

U,-U,_, U,,-U,,, U, -U,
J Jj—=1 Jj+l Jj—=1 Jj+l j>’ (9)

(U,); = minmod (9

applied in a component-wise manner. Here, the minmod function is
defined as

min; {z;} ifzj>0 vj,
minmod(zy, z;, ...) 1= qmax;{z;} ifz; <0 V], (10)
0 otherwise.

The parameter 6 € [1,2] in (9) is used to control the amount of numer-
ical viscosity present in the resulting scheme, and larger values of 6
correspond to sharper but, in general, more oscillatory reconstructions.
In this paper, we use 6 = 1.3.

2.3. 1-D third-order TV splitting schemes

In this section, we extend the second-order TV splitting scheme
introduced in Section 2.2 to the third-order of accuracy in the frame-
work of the finite-difference A-WENO scheme introduced in [34] (see
also [30-33]), which has been proven to be a powerful tool for gener-
alizing low-order FV schemes to higher-order FD ones.

Following [34], the point values U; are evolved in time by solving
the following system of ODEs:

aw, Hyi-H_

[SIE

-z -2 11
dr Ax an
where H el is the (third-order accurate) numerical flux defined by
2
_prv _ 1 0
Hiey =707 5@ (P

Here, T‘FVI is the FV numerical flux as in (5) and (FXX) 1 is the higher-
j+
order correctlon term used to increase the order of the numerlcal flux.

The correction term (Fyy);, 1 can be approximated using the standard
2
central FDs:

(F 1) _Fj_Fj+1+Fj+2]'

1=——|F,_
i3 T 2(Ax)2 [F)-
We stress that the resulting scheme is third-order once the one-sided

point values U* | employed to compute the numerical flux FEV, are
j+3 j+3

third-order accurate. This can be done by implementing a certain non-
linear limiting procedure like the third-order WENO-type interpolation
(see, e.g, [31,32,44]) applied to the local characteristic variables; see

Appendix A for a detailed explanation.

2.4. 1-D fifth-order TV splitting schemes

According to [34], to achieve fifth-order accuracy, the point values
U; are evolved in time by solving the system (11) with the (fifth-order
accurate) numerical flux
1
H_=FY, - —(4x*(F
2 4( x)7(

3 g

e (AONF

xxxx) l+

xx)f’f 5760
where T‘FVI is the FV numerical flux as in (5), (F,),, ! and (Fxmc)l+
are the hlgher order correction terms computed by the fourth- and
second-order accurate FDs, respectively; see, e.g., [31,33,45-47]. Here,
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we have used the following higher-order correction terms:

1

Fedsl = Joan [-SFJ.,2 +39F;_ | —34F; —34F ;| +39F,, - 5Fj+3],
1

Fraoeit = 037 [Fica=3F L +2F, +2F | = 3F 1y + F ),

where F; := F(U;). In order to ensure the resulting scheme is fifth

, employed to compute the

order, the one-sided point values U*
j+

2
numerical flux F¥¥, need to be at least fifth-order accurate. This can

i3
be done by using a’certain nonlinear limiting procedure like the fifth-
order WENO-Z interpolation from [30,31,34,48,49] applied to the local

characteristic variables; see Appendix B for details.

Remark 2.1. Note that we extend the first-order TV splitting schemes
to third- and fifth-order accuracy in the framework of FD A-WENO
methods. It is also easy to extend it to even higher-order accuracy in
this framework; see, e.g. [49].

3. Two-dimensional schemes

In this section, we first briefly overview the first-order TV splitting
scheme for the 2-D Euler equations of gas dynamics and then extend it
to the higher order of accuracy.

The 2-D Euler equations of gas dynamics read as
U, + FU), +GWU), =0, (12)

with U := (p,pu,pv,E)T, F(U) = (pu,pu® + p, puv,u(E + p))T, and
G(U) = (pv, puv, pv* + p, v(E + p))". Here v is the y-velocity and the rest
of the notations are the same as in the 1-D case (2)—(3). The system is
completed through the following EOS:

p=0-D[E-Lw+0)]. as3)
3.1. 2-D first-order TV splitting schemes

Supposing that the computational domain is covered with uniform

cells C; , := [x;_ e 1]>< W, 1 yk+1] centered at (x;,y;) =( (x;_ ! +
1)/2 (yk+1 +yk l)/2)w1thx 1mx —Axandyk+1 ~Yed —Ay
for all j.k, we e assume that the cell averages
1
[PRGRES xdy U(x,y, 1) dxdy

are available at a certain time level 1. The cell averages U ;x are then
evolved in time by numerically solving the following system of ODEs:

_ FEV  _ pFV FV  _ ~FV
de,k _ j+%,k j—%.k gj,k+l gj,k—% (14)

2
dr Ax Ay
Here, F*V, (U7, ,U*, ) and ¢*¥ (U7 |, U*
Jj+3 k J+ K Jt5k Jkt3 gkts ikt
merical ﬂuxes, defined by

,) are the nu-
2

;:Z%,k(Uj;%,k’U;;%.k) = ?+%.k(U;+%.k’ U;—%,k) +F/l’)+%.k(U;+%.k’ U;—%,k)’
Qj‘:# (U;H%’ UIH%) = g:k% (U;k+%’ U;r,mg) + Q/ k+3 ( k3 UIH% )’
15)
where U+ and U;'kJr , are the left/right-sided point values of U at
the cell mterfaces (x 1 yk) and (x I’yk+l ), respectively. In the first-
order scheme, we take U;Tk =Uj 14 U_:H% =U, 4, and U;+%,k =

U-  =Uj,.
ek T I
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Here, F4 | k(U‘ . k,U+ . ) is the x-direction advection flux given
Jt3s Jjt3, Jt5k
by
Py
j+§,k
(pu)~
u‘lk (o) , ifu*lkZO,
Jt5. v J+ 5.
2 P /+%,k 2
— 2 2
o le, P, P
FA (- Ut )= 27+ Lk 1k
T T o
3.k
+
(pu)j .
u A 2 , otherwise,
5k (pv)?
J
1
L (ORI
Jts j+§,k /+§.k
and FP k(U‘ ,k,U+ , ) is the x-direction pressure flux given by
J+* AT J+3.k
0
p*
3k
P - + —
/+i.k( j+ ik ,+‘4k> , 0 " ’
2 2 ’ yut | op
Jtgk jrsk
y—1
where
+ + - -
1 u 1 - 1 u 1
" Jtsk sk Jtak jtsk 2 + _
w, =Lt 2 ).
A ¢, —C T A A
J+3e J+ 3k J+3ok J+ 3k
e + -
B j+;,kpj+ k b aPiti JHyk gk . _
P = T - ¥ - (”‘ ik_u'+1k)
J cT , 2(C -C™, )t its
j+§,k j+§k Jj k J E,k
2 2
Ci = + ui ui Ci s
j+ik pj+l,k j+ ik (j %k) + (j ',k)
(16)
with
+ +
(pu)* | (pv)~
W _ J+3.k o _ Jt3.k
R N
J+5.k J+5.k
+ + + 2 + 2
Py = -DES -5 (@ )+ )),
! ( ! 2 j+%,k j+%,k K )
and
+ +
Ry (NI
Jj+5.k j+5,k /+§,k
Similarly, QJ ol (Ujfk+7 L ) is the y-direction advection flux given
K5 3
by
Jik+35
(pu)~
jokt 5
vt il , if ot >0,
Jok+5 (pv) | Jik+5
- Jk+3
1 _ _ -
2741 [(u’k+l)2+( joJet L 2]
A - + Jrz b Jkts Jokt3
U U =
gj.k+%( ikl j+%,k) P2
okt
(pu)’fk+l
vt i 2 , otherwise,
Jik+3 ()"
Jok+3
1 ot [ PN S 2]
u + (v
2 jk+ (/k+%) (j,k+%)
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and 6" (U~ ,,U* ) is the y-direction pressure flux given by
/k+f j,k+§ Js 3
0
0
P P
g- 1 (U_ * 1) j,k+1 5
Skt Nkt gkt yo* %
ks Uikt d
y—1
where
-'Fklv-f—kl_ ._klufkl
o kg ks Pty pkts 2 (p+ Y )
okt ct —-C7 ct | —C7 | Vikey o Tikeg”
ks k) Gkt k)
+ _
B _/k+|pjk+ }k+1p_/k+f JktE ks . _
p-k+, + - + + - (U- U 1)’
- (e 2CT | —CT ) Skt gk
Jok+3 Jok+3 Jok+3 k+3
2 2
cEt =)t vT 4/ (0F +4(c* ,
ikt p! ferd \ ikts T ( j,k+g) ( /,k+;)
17)
with
(puy= ()=
+ Kt +
vt = LUt = R
My g ke
Jok+3 Jok+3
1
+ E* + + 2 + 2
P = -D(EE | - spt e Y+ ).
Jok+5 Js +§ 2 j,k+§ Js 2 jk+§
and

+ — + +
ot AT P
Jkts Jikts Jkts

3.2. 2-D second-order TV splitting scheme

As in the 1-D case, the resulting scheme (14)-(15) is second-order

accurate once the one-sided point values U* | and U* o employed

4
to compute the numerical fluxes (15) are second order. To tzhls end, we

approximate U* = and U* | by

J+5.k Jok+3

U(x,y) = ,k + WU x=x)+ W) (y=w), x€Cj,

which leads to

_ - Ax - X
Uj+% L= U+ T(Ux)j,b U;:rl L Ujiie— T(Ux)j+l,k’
, 3
- = Ay 7 Ay
Ut = Uit 5 Wy U7 = Ugpis = 5 W)
’ 2 i 2
where
U,-U U, ,-U U,,.-U,
. Jk Jj—Lk Jj+Lk Jj—Lk Jj+Lk Jk
(U,); x = minmod (0 e s A s T > s
v.,.-U,., U Uv.,., U, U,
(U )~k — minmod [ 6 Jj.k Jj.k—1 , J.k+1 Jj.k—1 , 0 Jk+1 Jj.k )
Y Ay 24y Ay

Here, the minmod function is defined by (10).

3.3. 2-D third-order TV splitting schemes

Following [34], the point values U , are evolved in time by solving
the following system of ODEs:

L Hj+%,k B Hj—%,k _ Hj,k+% - Hj,k+% a8
dr Ax Ay ’
where the numerical fluxes H  ;, and H ., , are defined by
J+5.k Jok+3
_ pFV 1 2 _ RV 1 2
Hj+%.k = FHL P ﬁ(Ax) (Fxx)j+%,k’ Hj,k+% = gjv,ﬁ_% - ﬁ(AY) (G,V.V)j.k-#%'
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Here, FV, and GFZ , are the FV numerical fluxes as in (15),
j+5 . +3

(F and (ny) k+1 are the higher-order correction terms com-

puted by the standard central FDs:

1
et ™ oy

1
g,
12(4y)2 (G-

To ensure the resulting scheme is third-order accuracy, the one-sided

point values U* | B and U* are also computed using third-order
!+ Js
WENO-type 1nterpolat10r1 apphed to the local characteristic variables.

Note that this can be done in a “dimension-by-dimension” manner as
in the 1-D case, we therefore omit the details for the sake of brevity.

xx)j_'_l’k

[Fj—l,k —Fj —Fj,+ Fj+2,k]»

(GW)/,H% = =G =G + G

l

3.4. 2-D fifth-order TV splitting schemes

According to [34], the point values U; are evolved in time by
solving the system of ODEs (18) with the following numerical fluxes
H , and H. ;:

j+§,k j,k+§
1 4
L FFV% ~ g A1 (F et 5760 5760 4% Frend) 4 Lo
FV 1 2 4
G, K+l Q ﬁ(ﬁy) (ny)j’,ﬁr 5760 = (4y) (nyyy)j’k%-

Here, T‘FVI and GFZ , are the FV numerical fluxes as in (15),
i+ Jok+3
1, (G

3>
(IVX,()IJr * (F ® (ny)/kJr yyyy)Jk+
of the second- and fourth-order spatlal derivatives of F at (x,y) =

(x e v and G at (x,y) = (xj, ¥, 4L ), respectively. In this paper, we

wxxx)jy 1 are approximations

have used the following higher-order correction terms from [46]:

1

48(Ax)2
1

2(Ax)*

(=56, 42 +39G .

(F (=5F; 54 +39F ;1 —34F;, —34F ;| , +39F 5, —5F,5,),

wjal =

(F (Fjoau =3F 4 +2F; +2F ;1 = 3F 4 + Fjisy)

x);xx)j+%_k =

1 —34G; ;= 34G; 1y +39G iin — 5G/,k+3) s

1
48(4y)?
1

2(Ayy*

where F;, = F(U;,) and G,
accuracy, the one-sided point values U+

(ny)_/.k‘F% =

(Gyyyy);, Kl = (G2 =3G, 4oy +2G 4 +2G 1y = 3G 11 + G 4y3) »

= GU,;,). To achieve fifth-order

and Uf—'k , employed to
Js

compute the numerical flux FFV, and gFe : need to be at least fifth-
j+ k

order accurate. This can also be done 1n a “d1mens1on by-dimension”
manner as in the 1-D case, we therefore omit the details for the sake of
brevity.

4. Numerical examples

In this section, [2] we test the studied first-, second-, third-, and
fifth-order schemes on several numerical examples and compare their
performances. For the sake of brevity, these schemes will be referred
to as the 1-, 2-, 3-, and 5-Order schemes, respectively.

We numerically integrate the ODE systems (4), (11), (14), and
(18) by the three-stage third-order strong stability preserving (SSP)
Runge-Kutta method (see, e.g., [50,51]) and use the CFL number 0.45.

4.1. One-dimensional examples

We begin with the 1-D Euler equations of gas dynamics (1)-(3). In
all of the Examples 1-5, we take the specific heat ratio y = 1.4.

Example 1—1-D accuracy test
In the first example, we consider the system (1)—(3) subject to the
following periodic initial conditions,

p(x,0)=1+ % sin(2zx), u(x,0)=1, px,0) =1.
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The exact solution of this initial value problem is given by
px,)=1+ % sin [2z(x —1)],

We first compute the numerical solution on the computational
domain [-1,1] until the final time + = 0.1 by the 1-, 2-, 3-, and
5-Order schemes on a sequence of uniform meshes: 100, 200, 400,
and 800, measure the L!-errors, and then compute the corresponding
experimental convergence rates for the density. The obtained results
are presented in Table 1, where one can clearly see that the expected
order of accuracy is achieved for the studied schemes.

ux,)=1, px,0=1.

Remark 4.1. We stress that in order to achieve the fifth order of
accuracy for the 5-Order scheme, we use smaller time steps with 4r ~

(4x)3 to balance the spatial and temporal errors.

Example 2—Advection of smooth density
In the second example taken from [8], we evaluate the efficiency of
the four studied schemes. We consider the following initial conditions:

(p, u, p)(x,0) = (2 + sin*(xx), 1, 1),

subject to the period boundary conditions at both ends on the compu-
tational interval [—1, 1]. The exact solution of this initial value problem
can be easily obtained and is given by

(p,u, p)(x,1) = 2+ sin*(z(x — 1)), 1, 1).

In Fig. 1, we present the computational cost (bars) versus the
order of accuracy for three cases, each corresponding to prescribed L2-
errors (1077, 10~8, and 10~9). As one can see, the computational cost
decreases significantly with increasing order of accuracy, demonstrat-
ing the superior efficiency of high-order methods. In fact, high-order
methods can achieve the same accuracy as low-order methods while
requiring orders of magnitude less CPU time, making them substantially
more efficient

Example 3—Shock—density wave interaction problem
In this example taken from [52], we consider the shock-density
wave interaction problem with the following initial data,

<27 44/35 31)
Z X2 ), x< -4,
(p,u,p)’(x0)= 7 9 3

' (1+40.2sin(5x),0,1), x> —4,

prescribed in the computational domain [-5,5] subject to the free
boundary conditions.

We compute the numerical solutions until the final time r = 5 by
the 1-, 2-, 3-, and 5-Order schemes on a uniform mesh of 400 cells,
and present the obtained numerical results in Fig. 2 together with the
reference solution computed by the 5-Order scheme on a much finer
mesh of 8000 cells. One can clearly see that the resolution of the
computed density improves significantly when high-order schemes are
used.

Example 4—Titarev-Toro problem
In this example, we consider the Titarev—Toro problem taken from
[53]; see also [54,55]. The initial conditions,

(1.51695,0.523346, 1.805),
(p,u,p)(x,0) = .
(1 +0.1sin(20x),0, 1),

x < —4.5,
x> —4.5,

correspond to a forward-facing shock wave of Mach 1.1 interacting with
high-frequency density perturbations, that is, as the shock wave moves,
the perturbations spread ahead. In this example, we set free boundary
conditions at both ends of the computational domain [-10, 5].

We compute the solutions until the final time ¢+ = 5 by the 1-,
2-, 3-, and 5-Order schemes on a uniform mesh of 1200 cells. The
numerical results are shown in Fig. 3 along with the reference solution
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Example 1: The L'-errors and experimental convergence rates for the density p computed by the 1-, 2-, 3-, and

5-Order schemes.

Mesh 1-Order 2-Order 3-Order 5-Order
Error Rate Error Rate Error Rate Error Rate
100 4.93e-03 - 4.70e—-04 - 1.02e-05 - 1.33e-07 -
200 2.49e-03 0.985 1.12e-04 2.07 1.24e—-06 3.04 4.40e-09 4.92
400 1.25e-03 0.993 2.76e—-05 2.03 1.55e-07 3.00 1.42e-10 4.95
800 6.27e—-04 0.996 6.30e—-06 2.13 1.94e-08 3.00 4.55e-12 5.00
10,
1077 B L2-err~1.0e-7/]
E 438¢+08 L %-err~1.0e-8
. 108 ‘[:ILZ—crrzl‘Oc—Q:
2, i
© E 3.84¢+06
E 100 1
1.04¢+05
3 336e+0)
=]
<= 1 04 E 7.83¢+03
=2 E
g 5 249
— 107 622
2 11.3 12.2
Ho : 2.65
100 0.63 4
) f
10
2 3 5

Order of accuracy

Fig. 1. Example
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2: Computational cost (bars) against order of accuracy in space and time for three prescribed errors: 10~7, 10-%, and 10~°.

p
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Fig. 2. Example 3: Density p computed by the 1-, 2-, 3-, and 5-Order schemes (left) and zoom at [1.3,2.3] (right).
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Fig. 3. Example 4: Density p computed by the 1-, 2-, 3-, and 5-Order schemes (left) and zoom at [-2,—1] (right).

computed by the 5-Order scheme on a much finer mesh of 12000 cells.
The obtained results clearly demonstrate a substantial difference in the
resolution computed by schemes with different orders.

In this example, we compare the performances of the studied TV
splitting scheme with the CU scheme (see, e.g.,[37,38]) or HLL scheme
(see, e.g.,[39]), and HLLC scheme (see e.g.,[40]. We compute the solu-

tions by the corresponding CU (HLL) and HLLC schemes and present

the obtained numerical densities in Fig. 4, where one can both TV
splitting and HLLC schemes achieve better resolutions than the CU
(HLL) scheme. At the same time, HLLC scheme contains slightly less
numerical dissipations than the studied TV splitting scheme; see the
first two rows in Fig. 4, and the results computed by TV splitting and
HLLC schemes are almost identical after extended to higher orders; see
the last two rows in Fig. 4.
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Fig. 4. Example 4: Density p computed by the 1- (top row), 2- (second row), 3- (third-row) and 5-Order (bottom row) TV splitting, CU (HLL), and HLLC schemes (left) and zoom

at [—1,-0.6] (right).

Example 5—Blast wave problem

In the last 1-D example, we consider the strong shocks interaction
problem from [56] with the following initial conditions:

(1,0,1000), x <0.1,
(p,u, p)(x,0) = 4(1,0,0.01), 0.1<x<0.9,
(1,0,100), x>0.9,

prescribed in the computational domain [0, 1] subject to the solid wall
boundary conditions at both ends.

We compute the numerical solutions until the final time ¢ = 0.038
by the 1-, 2-, 3-, and 5-Order schemes on a uniform mesh of 400 cells.
The obtained results are presented in Fig. 5 together with the reference
solution computed by the 5-Order scheme on a much finer mesh of
4000 cells, demonstrating that the resolution of the computed density

improves significantly with the use of high-order schemes, especially
when transiting from the 1-Order scheme to the 2-Order one.

4.2. Two-dimensional examples

In this section, we consider the 2-D Euler equations of gas dynamics
(12)—(13). In Examples 6-10, we take the specific heat ratio y = 1.4,
while in Example 11, we take y = 5/3.

Example 6—2-D accuracy test

In the first 2-D example taken from [46,57,58], we consider the
2-D Euler equations of gas dynamics subject to the periodic initial
conditions,

p(x,y,0)=1+ % sin(z(x +y)), u(x,y,0)=1,
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Fig. 5. Example 5: Density p computed by the 1-, 2-, 3-, and 5-Order schemes (left) and zoom at [0.55,0.87] (right).

Table 2

Example 6: The L'-errors and experimental convergence rates for the density p computed by the 1-, 2-, 3-, and

5-Order schemes.

Mesh 1-Order 2-Order 3-Order 5-Order

Error Rate Error Rate Error Rate Error Rate
50 x 50 1.68e—-02 - 1.08e-03 - 3.36e-05 - 2.49e-07 -
100 x 100 8.47e-03 0.986 2.64e—-04 2.03 4.21e-06 2.99 7.80e—09 5.00
200 x 200 4.25e-03 0.994 6.16e—05 2.10 5.27e-07 3.00 2.44e-10 5.00
400 x 400 2.13e-03 0.997 1.47e-05 2.06 6.59e—08 3.00 7.83e-12 4.96

L'-Error L*>-Error
10° 10°

10710
—

50 100 200 400

1078
50 100 200 400

Fig. 6. Example 6: L'- (left) and L®- (right) errors computed by the 1-, 2-, 3-, and 5-Orders TV splitting, CU (HLL), and HLLC schemes.

v(x,y,00=-0.7, px,y0)=1,
prescribed on [—-1,1] x [—1,1]. The exact solution of this initial value
problem can be easily obtained and is given by

p(x,y,t)y =1+ % sin[z(x +y—0.30)], u(x,y,t) =1,

v(x,y,t) = -0.7, p(x,y,0)=1.

We first compute the numerical solution until the final time ¢ = 0.1
using the 1-, 2-, 3-, and 5-Order schemes on a sequence of uniform
meshes: 50 x 50, 100 x 100, 200 x 200, and 400 x 400. We then
measure the L'-errors and the corresponding experimental convergence
rates for the density. The obtained results are presented in Table 2,
where one can see that the studied 1-, 2-, 3-, and 5-Order schemes
achieve the expected order of accuracy. Similar to Example 1, we had
to use smaller time steps with A7 ~ min{(Ax)%,(Ay)%} to achieve the
fifth order of accuracy.

We also compute the numerical results using the CU (HLL) and
HLLC schemes on the same meshes and present the obtained L!'-
and L*®-errors in Fig. 6. As observed, all the studied schemes obtain
the expected order of accuracy. Moreover, the TV-splitting schemes
demonstrate accuracy comparable to that of the HLLC schemes and
exhibit higher accuracy than the corresponding CU (HLL) schemes.

Example 7—2-D vortex evolution problem

In this example taken from [59]; see also [60], we consider the 2-D
vortex evolution problem with the following initial conditions

. 1 2 1 2
(p,u, v, p)(x,¥,0) = <T7-1 1= %ei(l_’ )y 1+ %ei“" )x,py) ,

_1je2 .
where T = 1 — LD ,0-) 12 — 2 4 42 and ¢ = 5 is the vortex

strength. The initiz;f data, which is prescribed in the computational
domain [-5,5] x [-5,5] subject to the periodic boundary conditions,
corresponds to a smooth vortex placed at the origin and is defined
as the isentropic perturbation to the uniform flow of unit values of
primitive variables and the exact solution is a vortex moving with a
constant velocity at 45° to the Cartesian mesh lines.

We compute the numerical solution until the final time ¢ = 10
using the 1-, 2-, 3-, and 5-Order TV splitting schemes on a sequence
of uniform meshes: 25 x 25, 50 x 50, 100 x 100, 200 x 200, and
400 x 400, and then measure the L!- and L%®-errors between the
computed solutions and the exact solutions and the corresponding
experimental convergence rates for the density. We also compare the
performances of the TV splitting schemes with the CU (HLL) and HLLC
schemes and present the obtained results in Tables 3 and 4. One can
see that for the 1- and 2-Order schemes, both first- and second-order
convergence rates are observed only after significant mesh refinement,
while the 3- and 5-Order TV splitting, CU (HLL), and HLLC schemes
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Example 7: L'-errors and experimental convergence rates for the density p computed by the 1-, 2-, 3-, and 5-Order TV splitting, CU (HLL), and

HLLC schemes.

Method Mesh 1-Order 2-Order 3-Order 5-Order
Error Rate Error Rate Error Rate Error Rate
25 x 25 2.89 - 2.19e-00 - 8.89e-01 - 1.62e-01 -
TV 50 x 50 2.84 2.09e-02 6.24e-01 1.81 1.68e—-01 2.40 1.01e-02 4.00
splitting 100 x 100 2.49 1.90e-01 1.24e-01 2.33 2.41e-02 2.80 3.73e-04 4.76
200 x 200 1.91 3.84e-01 3.00e-02 2.05 3.12e-03 2.95 1.20e—-05 4.96
400 x 400 1.26 5.97e-01 6.75e-03 2.15 3.93e-04 2.99 4.65e—-07 4.70
25 x 25 2.60 - 1.81e-00 - 5.76e—01 - 1.58e-01 -
CU (HLL) 50 x 50 2.34 1.52e-01 5.69e—01 1.67 1.18e-01 2.29 1.12e-02 3.83
100 x 100 1.86 3.30e-01 1.48e-01 1.94 1.83e-02 2.69 4.42e—-04 4.66
200 x 200 1.33 4.84e—01 4.54e—02 1.71 2.37e-03 2.95 1.44e-05 4.94
400 x 400 0.84 6.71e—01 1.00e—-02 2.18 2.98e-04 2.99 4.73e-07 4.93
25 x 25 2.53 - 1.68e—00 - 5.39e-01 - 1.53e-01 -
HLLG 50 x 50 2.22 1.87e-01 5.36e-01 1.64 1.07e-01 2.33 9.90e-03 3.95
100 x 100 1.74 3.49e-01 1.44e-01 1.90 1.61e—02 2.74 3.82e-04 4.70
200 x 200 1.21 5.26e-01 4.67e—02 1.62 2.07e-03 2.95 1.24e-05 4.94
400 x 400 0.74 7.04e—01 9.88e-03 2.24 2.60e—04 2.99 4.11e-07 4.92
Table 4

Example 7: L®-errors and experimental convergence rates for the density p computed by the 1-, 2-, 3-, and 5-Order TV splitting, CU (HLL),

and HLLC schemes.

Method Mesh 1-Order 2-Order 3-Order 5-Order
Error Rate Error Rate Error Rate Error Rate
25 x 25 4.81e-01 - 4.38e-01 - 1.96e—01 - 2.61e—02 -
TV 50 x 50 4.75e-01 1.80e—-02 1.78e-01 1.30 3.05e-02 2.68 2.66e—03 3.30
splitting 100 x 100 4.58e-01 5.44e—02 7.02e-02 1.34 4.20e-03 2.86 9.86e—05 4.75
200 x 200 3.79e-01 2.74e-01 2.35e-02 1.58 5.43e—-04 2.95 3.17e-06 4.96
400 x 400 2.52e-01 5.86e—01 7.13e-03 1.72 6.78e—05 3.00 9.99e-08 4.99
25 x 25 4.60e—01 - 3.50e-01 - 1.20e-01 - 4.48e—02 -
CU (HLL) 50 x 50 4.26e-01 1.08e-01 1.21e-01 1.53 2.10e—02 2.51 2.18e-03 4.36
100 x 100 3.70e-01 2.05e-01 6.44e-02 0.91 3.03e-03 2.79 7.99e-05 4.77
200 x 200 2.67e-01 4.69e—01 3.05e-02 1.08 3.93e-04 2.95 2.64e—06 4.92
400 x 400 1.58e-01 7.61e—01 8.02e-03 1.93 4.93e-05 2.99 8.14e—08 5.02
25 x 25 4.54e-01 - 3.27e-01 - 1.14e-01 - 4.04e-02 -
HLLG 50 x 50 4.15e-01 1.30e-01 1.07e-01 1.62 2.02e—02 2.49 1.82e-03 4.47
100 x 100 3.49e-01 2.47e-01 6.39e—02 0.74 2.86e—03 2.82 7.02e—05 4.70
200 x 200 2.42e-01 5.30e-01 2.97e-02 1.11 3.65e-04 2.97 2.31e-06 4.93
400 x 400 1.39e-01 7.97e—01 7.88e—03 1.91 4.57e-05 3.00 7.18e—08 5.00
L!'-Error L>-Error
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Fig. 7. Example 7: L'- (left) and L®- (right) errors computed by the 1-, 2-, 3-, and 5-Orders TV splitting, HLL, and HLLC schemes.

achieve the expected order of accuracy. In order to have a better
view, we also show the L'- and L*®-errors in Fig. 7, where we also
show the results computed by the 1- and 2-Order schemes on finer
meshes 800 x 800 and 1600 x 1600 to show that the 1- and 2-Order
schemes achieve expected convergence rates after mesh refinement.
Note that the L'- and L®-errors computed by the TV splitting schemes
are slightly larger than the ones computed by the CU (HLL) and HLLC
schemes, while HLLC schemes are the most accurate ones among the
studied schemes. However, it can be observed that the TV-splitting
schemes achieve accuracy comparable to that of the HLLC schemes
and are more accurate than the corresponding CU (HLL) schemes; see
Examples 4, 6, and 9.

Example 8—Explosion problem
In this example, we consider the explosion problem studied in [8].
We take the following initial conditions,

x% +)% < 0.16,
otherwise,

(1,0,0, 1),

(p,u, v, p)(x,y,0) =
(0.125,0,0,0.1),

prescribed in the computational domain [—-1, 1] x [-1, 1] subject to free
boundary conditions at all the four sides.

We apply the studied 1-, 2-, 3-, and 5-Order schemes and compute
the numerical solutions until the final time # = 0.25 on a uniform mesh
with 50 x 50 cells. The obtained results are presented in Figs. 8 and 9.
In Fig. 9, we show the slices of the densities along the diagonal y = x for
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Fig. 8. Example 8: Density p computed by the 1-, 2-, 3-, and 5-Order schemes.
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Example 8: Diagonal slices of the density p computed by the 1-, 2-, 3-, and 5-Order schemes (left) and zoom at x € [0,0.35].

3-Order

Fig. 10. Example 9: Density (p) computed by the 1-, 2, 3-, and 5-Order schemes.

different schemes. As one can clearly see, using higher-order numerical
schemes can achieve better resolution, with a particularly significant
improvement observed when transiting from the 1-Order scheme to the
2-Order one.

Example 9—Implosion problem
In this example, we consider the implosion problem taken from [61]

(see also [38,58,61,62]). The initial conditions,

(0.125,0,0,0.14),

(1,0,0,1),

|x|] + |y| <0.15,
otherwise,

(p,u, v, p)(x,y,0) = {

are prescribed in the computational domain [0, 0.3] x [0, 0.3] with solid
boundary conditions imposed at all four sides. This example was de-
signed to test the amount of numerical diffusion present in different
schemes as there is a jet forming near the origin and propagating along
the diagonal y = x direction, and schemes containing large numerical
diffusion may not resolve the jet at all or the jet propagation velocity
may be affected by the numerical diffusion.

We compute the numerical solutions until the final time ¢t = 2.5 by
the 1-, 2-, 3-, and 5-Order schemes on a uniform mesh of 400 x 400
cells. The obtained results are depicted in Fig. 10, where one can clearly
observe that the jet propagates much further in the direction of y = x
when using higher-order schemes, clearly indicating that the high-order
schemes are substantially less dissipative than the low-order ones.

In order to compare the studied TV splitting schemes with the CU,
or HLL, and HLLC schemes, we compute the numerical results by the
corresponding CU (HLL) and HLLC schemes and plot the corresponding
results in Fig. 11. One can see that, the jets produced by the HLLC and
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TV splitting schemes move further than the corresponding CU (HLL)
scheme. At the same time, the positions of the jets produced by the
HLLC and TV splitting schemes are close, indicating that there is much
less dissipation in the TV splitting schemes compared with the CU (HLL)
ones.

It is instructive to check whether the studied TV splitting schemes
are more efficient than the CU (HLL) and HLLC schemes. To this end,
we measure the CPU time consumed during the CU (HLL) schemes
and refine the mesh used by the HLLC and TV splitting scheme to
the level that exactly the same CPU time is consumed to compute all
three numerical solutions. The corresponding meshes are 400 x 400 for
the 1-, 2-, 3-, and 5-Order CU (HLL) schemes, 425 x 425, 425 x 425,
405 x 405, and 408 x 408 for the HLLC schemes, and 455 x 455,
455 x 455, 420 x 420, and 418 x 418 for the TV splitting scheme.
The obtained numerical results, presented in Fig. 12, indicate that the
TV splitting schemes still achieve a much higher resolution than the CU
(HLL) schemes. At the same time, the TV splitting schemes are slightly
less dissipative than the HLLC schemes; see, e.g., the 2-Order results.

Example 10—Kelvin—Helmholtz (KH) instability
In this example, we study the KH instability taken from [63,64] (see
also [58,62,65]). We take the following initial data:

(1,-0.5 + 0.5e0+02)/Ly -y <« (.25,
(0%, 9, 00, . 3,0) = (2,0.5 = 0.5¢7-029/Ly " _025 <y <0,

(2,0.5 —0.5¢0-02/Ly 0 <y <0.25,

(1,=0.5 +0.5¢025-»/Ly 5 0.25,

v(x,y,0) = 0.01 sin(4xx), p(x,»,0)= 1.5,
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Fig. 11. Example 9: Density p computed by the 1-, 2-, 3-, and 5-Order CU (top row) and HLLC (bottom row) schemes.

where L is a smoothing parameter (we take L = 0.00625), which
corresponds to a thin shear interface with a perturbed vertical velocity
field v in the conducted simulations. The periodic boundary conditions
are imposed on all four sides of the computational domain [-0.5,0.5] x
[-0.5,0.5].

We compute the numerical solutions until the final time ¢ = 4 by
the 1-, 2-, 3-, and 5-Order schemes on a uniform mesh of 1024 x 1024
cells, and plot the numerical results at times + = 1, 2.5, and 4 in
Fig. 13. One can observe that at the early time + = 1, the vortex
streets generated by the high-order schemes are more pronounced.
These structures grow exponentially over time, leading to increasingly
complex turbulent mixing, particularly evident at later times 1 = 2.5
and 4, clearly indicating that high-order schemes exhibit significantly
less dissipation compared to low-order ones.

Example 11—Rayleigh-Taylor (RT) instability

In the last example taken from [66] (see also [33,58,62,67]), we
investigate the RT instability, which is a physical phenomenon occur-
ring when a layer of heavier fluid is placed on top of a layer of lighter
fluid. The model is governed by the 2-D Euler equations (12)-(13) with
added gravitational source terms and the modified system reads as
i+ (pu)y + (pv), =0,
(pu), + (pu” + p), + (puv), =0,
(pv), + (puv), + (pv* + ), = p,
E, + [u(E + p)l + [v(E + p)], = pu.
We consider the following initial conditions:

(2,0,-0.025 c cos(8xx),2y + 1),
(1,0,-0.025 ¢ cos(8xx), y + 1.5),

y<0.5,
otherwise,

(p,u, v, p)(x,y,0) = {

where ¢ := 4/yp/p is the speed of sound, prescribed in the computa-
tional domain [0, 0.25] x [0, 1] with the solid wall boundary conditions
imposed at x = 0 and x = 0.25, and the following Dirichlet boundary
conditions imposed at the top and bottom boundaries:

(p,u,v,p)ly=1 = (1,0,0,2.5), (p,u, v, p)y=p = (2,0,0, 1).

We compute the numerical solutions until the final time ¢ = 2.95
by 1-, 2-, 3-, and 5-Order schemes on the uniform mesh of 256 x 1024
cells and present the numerical results at times r = 1.95 and 2.95 in Fig.
14. One can see that, there are pronounced differences between the
solutions computed by different schemes and the structures captured
by the high-order schemes are much more complicated, which again
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demonstrates that the high-order schemes can capture more details and
are less dissipative than the low-order ones.
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Appendix A. One-dimensional local characteristic decomposition
based third-order WENO-type interpolant

In this appendix, we briefly describe the 1-D local characteristic
decomposition (LCD) based third-order WENO-Type interpolant.
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Fig. 12. Example 9: Density p computed by the CU (left column), HLLC (middle column), and TV splitting (right column) schemes.

Supposing the point values U; are given at uniform grid points in (A.1) are chosen as:
x = x;, we now demonstrate how to compute the interpolated left-sided 0 W
value of Uatx=x1,denotedas U~ ,.The corresponding right-sided W _ _ % o 1 5 A3
2 +3 S o % T O el (A-3)
value Uf . can be computed in a mirror-symmetric manner. % by
0] where dy = 1 and 4, = 3
The value of (U ) is computed using a weighted average of the 0= 3 1= 3
Jj+
two linear 1nterpolants Py(x) and P(x), which are obtained using the (z) | ﬂ(t) ﬁ(i)|”
3

stencils [x; x;] and [x X1, respectively:

j-1»
and the smoothness indicators ﬁ(‘) are given by (see e.g., [44])

(U(i)l ) = wg)Pg)(x. 1)+ wii)PEi)(x- 1), A
*3 aE gk O — 7O _ 02 0 _ 0 _ ) 2
where By =W,2, =UD, B =U"-UL), (A4
. . and
Py, 1) = Ly® 43y, and PP, )= U<’> + g0 a2
o W) =TT LS M) 2l 13 0 GINTIORYS 0 0 2
=W — 2+ Uf )+ (UH1 u? ),
By performing a straightforward Taylor expansion, one can demon- 13 1 (A.5)
strate that (A.1)-(A.2) achieve third-order accuracy if the weights w, B3 = E(U;') 2Uj('+)l + U;'jz)z + Z(3U;') 4U/(l+)1 + U;22)2~
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Fig. 13. Example 10: Time snapshots of density p computed by the 1- (first column), 2- (second column), 3- (third column), and 5- (fourth column) Order schemes at t =1 (top

row), t = 2.5 (middle row), and 7 = 4 (bottom row).

Finally, in all of the numerical examples reported in Section 4, we have
chosen p=14 and € = 10712,

Although the third-order interpolant (A.1)—(A.5) is essentially non-
oscillatory, it is well-known that applying it to the conservative vari-
ables U in a componentwise manner can result in spurious oscillations
in the computed solution. To address this, we adopt the reconstruction
procedure within the LCD framework.

To this end, we first introduce the matrix Zf = A(f] .l ), where
A= % and Uj 1 is either a simple average (U + U;)/2 or another

type of average of the U; and U,,, states (in the numerical examples
reported in Section 4, we have used the simple average). We then

compute the matrices R, ;| and R 11 such that R™! ;f] 1R, 4l is a
*2 /+-
diagonal matrix and 1ntroduce the local characteristic varlables 1n the

neighborhood of x = x.
I+§
-1
r,= Rj+1 U,

2

m=j—1,...,j+2.
Equipped with the values I';_,, I';, I';,, and I';,,, we apply the
1nterpolat10n procedure (A.1)-(A.5) to each of the components I', i =

,d of I to obtain I'” | (the values of I'* | are computed, as men-
j+3 i+
tioned above, in the mirror-symmetric way). Fmally, the corresponding

point values of U are given by

1

U* =R, T*

j+s i3 i+3
Remark A.1. A detailed explanation of how the average matrix
Aj +l and the corresponding matrices R .1 and R‘ ol of the 1-D Euler

equation of gas dynamics can be found in, e.g., [58]
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Appendix B. 1-D local characteristic decomposition based fifth-
order WENO-Z interpolant

In this appendix, we briefly describe the 1-D LCD based fifth-order
WENO-Z interpolant.
Given the point values U; at uniform grid points x = x;

the
I’
value (U(’)) is computed using a weighted average of the three

parabolic mterpolants Py(x), P(x) and P,(x) obtained using the sten-
cils [x;_p,x;_1,x;1, [x;_1, Xj. %411, and [x;, x4, X;4,], Tespectively:

(U(i>)j—+l - 22: wf)P,(f)(xH%), (B.1)
2 k=0

where

UL LS LIRS R

Pf”(’m;) _ tlngo)l + zUj(z) + ?;UJ(ZV (B.2)

P00 = 5U 4 UL~ 5V

To ensure (B.1)—(B.2) is fifth-order accurate and nonoscillatory, one can
take the weights w; in (B.1) to be

0 . 7y’ o _ A O _ g
o, W a =dy 1+<ﬂ(')—> R =18, B
(B.3)
where dy = ¢, d; = %, and d, = 15—6, and the smoothness indicators ﬂ,(ci)

are given by
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Fig. 14. Example 11: Density p computed by the 1- (first column), 2- (second column), 3- (third column), and 5- (fourth column) Order schemes at ¢t = 1.95 (top row) and ¢ = 2.95

(bottom row).

ﬂm B( y® ZU(’) +U(:>) + i( y® 4U(’) +3U(’))

o _ 13 6 O g®y2 Lo 0)

g’ = 12(U -2U; UJH) 4(U UM) , (B.4)
o _ 13 0 0 0 1 0} 0 )

=1 2(U -2U) + UHZ) 4(3U —4U;, U]+2) .

We have used p = 2 and ¢ = 107!2 in all of the numerical examples
reported in this paper. The corresponding right-sided value, (U (’)1 ),
4l

can also be derived using a mirror-symmetric approach.

As in Appendix A, to ensure the nonoscillatory nature of the re-
construction (B.1)-(B.4), we also need to adopt the reconstruction
procedure within the LCD framework. To this end, we first introduce
the local characteristic variables in the neighborhood of x = X1
r,=rR1"'U, m=j-2..j+3.

Jt3
Equipped with the values I'; ,, I';_y, I';, I'jyy, Ty, and I3, we
then apply the interpolation procedure (B.1)-(B.4) to each of the

components I'V, i = 1,...,d of I' to obtain I'"" | (the values of I'* |
% j+3
are computed in the mirror-symmetric way). F1na7lly, the corresponding
one-sided point values of U are given by
Ut =R, I*
SRS

Data availability

Data will be made available on request.
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