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Abstract

We realise the Bott-Samelson resolutions of type A Schubert varieties as quiver Grass-
mannians. In order to explicitly describe this isomorphism, we introduce the notion of a
geometrically compatible decomposition for any permutation in the symmetric group S,,.
For smooth type A Schubert varieties, we identify a suitable dimension vector such that the
corresponding quiver Grassmannian is isomorphic to the Schubert variety. To obtain these
isomorphisms, we construct a special quiver with relations and investigate two classes of
quiver Grassmannians for this quiver.
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1 Introduction

Schubert varieties first appeared at the end of the 19" century in the context of Schubert
calculus, whose purpose is to determine the number of solutions of certain intersection prob-
lems, and have become some of the best understood examples of complex projective varieties.
They have recently been linked to degenerate flag varieties and quiver Grassmannians. Two
examples of such connections are in [11], where the authors show that any type A or C degen-
erate flag variety is isomorphic to a Schubert variety in an appropriate partial flag manifold,
and later in [10], which proves that some Schubert varieties arise as irreducible components
of certain quiver Grassmannians. The Bott-Samelson(-Demazure-Hansen) varieties provide
natural resolutions of Schubert varieties. They were introduced independently by Demazure
and Hansen, and named Bott-Samelson by Demazure [14].

Given a quiver Q and a Q-representation M, the quiver Grassmannian Gre(M) is the
projective variety parametrising subrepresentations N € M of dimension vector e. They
first appeared in [12, 29] and have since been extensively studied, for instance as a tool in
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cluster algebra theory [4] or for studying linear degenerations of the flag variety [7, 8, 17, 18].
Notably, every projective variety arises as a quiver Grassmannian [26], or, more generally,
as a quiver Grassmannian of every wild quiver [27].

In this paper, we construct a special quiver with relations and a rigid representation for
this quiver, to then consider the quiver Grassmannian that corresponds to opportune choices
of a dimension vector for the quiver. We show how this quiver Grassmannian can realise the
Bott-Samelson resolution for Schubert varieties and how, for a different dimension vector,
it is isomorphic to a chosen smooth Schubert variety. Firstly, in Definition (4.2), we define
the special class of quivers with relations (I", /) and a (I", I)-representation M. Given the
ambient dimension n 4+ 1 = 4, then (I", /) and M are

C i, C i C
e — e —> @
42,1 32,1 32,1

(CZ . (CZ . (CQ

A id A id A

43,2 3432 3.2 -
(C3 : (C3 : CS
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a3 43 43

(C4 N ((:4 N (C4

° id ° id °

Here, each map ¢; 41 ; denotes the inclusion of C into C/*! represented (with respect to

a chosen basis) by the matrix
1 0..0
01..0
i+ 070701
0000

Because of the shape of this particular quiver, it is convenient to visualise it as a grid,
or matrix, and denote its vertices by double indices (i, j). Consequently, given M as above
(and analogously for any other (', I)-representation), we denote by M; ; the vector space
associated to vertex (7, j).

Our first result is the following:

Theorem 1 (Proposition 4.4) M is a rigid representation of (T, I).

In Corollary 4.6, we deduce from Theorem 1 that any quiver Grassmannian associated to
the (I, I)-representation M is a smooth and irreducible variety.

We then consider a Schubert variety X, in the flag variety Fl,, 1, for any fixed permutation
w € S,+1, and define the dimension vector r” for (T, I) according to w.

Theorem 2 (Theorem 5.19) The quiver Grassmannian Grew (M) is isomorphic to any Bott-
Samelson resolution of X, associated to a geometrically compatible decomposition of w.

As part of the proof of Theorem 2 (see Theorem 5.19) we give an explicit description of
the isomorphism between the Bott-Samelson resolution of X, and our quiver Grassmannian
Gryw (M). We remark that the quiver, the representation and the corresponding quiver Grass-
mannian we use are different from the ones that are obtained from the realisation of projective
varieties as quiver Grassmannians given in [26]. This allows us not only to exploit an alge-
braic property of the representation M (i.e. its rigidity) to deduce geometrical properties of
the associated variety Gryw (M), but also to give a straightforward correspondence between
the points of Gryw (M) and those of the Bott-Samelson resolution of X,, which relies only
on the combinatorial definition of the latter (see Definition 5.5).
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Quiver Grassmannians for the Bott-Samelson Resolution

Finally, we make use of a combinatorial characterisation of smooth Schubert varieties:
it was first proved in [24] that a Schubert variety X,, is smooth if and only if w avoids
the patterns [4231] and [3412], and this criterion was later characterised in [21] in terms of
the conditions that define the flags in X,,. We exploit this characterisation and provide an
explicit isomorphism between a fixed smooth Schubert variety and the quiver Grassmannian
Grev (M) of (T, I), for a special dimension vector e*:

Theorem 3 (Theorem 6.4) If w € S,4+1 avoids the patterns [4231] and [3412], the quiver
Grassmannian Grew (M) is isomorphic to the Schubert variety X .

Future perspectives The topics and results of this paper raise a few natural questions. Firstly,
can we describe linear degenerations of Schubert varieties (or of their Bott-Samelson resolu-
tions) in the sense of [6]? A discussion on this will appear in a follow-up paper in preparation,
based on the PhD thesis by the author of this paper (see [23]). Then, we might ask if it is
possible to find a map between the desingularisations constructed in [9] and the realisation
of the Bott-Samelson resolutions presented in this paper.

Further, it is reasonable to consider the action of the one-dimensional torus C* on the
representation M in the sense of [8] and prove that it extends to an action on the quiver
Grassmannian. We can then investigate whether this action induces a cellular decomposition
of the quiver Grassmannian in terms of attracting sets.

The paper is organised as follows: Sections 2 and 3 are dedicated, respectively, to basic
facts about quiver Grassmannians and about Schubert varieties in the flag variety of type
A. In Section 4, we define the quiver (', ), its representation M and prove Theorem 1.
Section 5 is mainly concerned with proving that all permutations admit a certain reduced
decomposition, called geometrically compatible decomposition, in order to prove Theorem
2. In Section 6, we define a special dimension vector for (I', /) and prove Theorem 3.

2 Background on quiver Grassmannians

We first collect some facts about quiver representations and quiver Grassmannians. Standard
references are [13, 28].

Definition 2.1 A finite quiver Q = (Qy, Q1, s, f) is given by a finite set of vertices Q, a
finite set of arrows Q1 and two maps s, : Q1 — Qg assigning to each arrow its source,
resp. target.

Definition 2.2 A relation on a quiver Q is a subspace of the path algebra of Q spanned by
linear combinations of paths with common source and target, of length at least 2. Given a
two-sided ideal I of KQ generated by relations, the pair (Q, I) is a quiver with relations
and the quotient algebra KQ/[ is the path algebra of (Q, I).

A system of relations for [ is defined as a subset R of U; jep,ilj, where i denotes the
trivial path on vertex i, such that R, but no proper subset of R, generates / as a two-sided
ideal. For any two vertices i and j, we denote by 7 (i, j, R) the cardinality of the set RNilj,
which contains those elements in R that are linear combinations of paths starting in i and
ending in j. If Q contains no oriented cycle, then the numbers r (i, j, R) are independent of
the chosen system of relations (see for instance [3]), and can therefore be denoted by r (i, j).
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Definition 2.3 Given a quiver Q, the finite-dimensional Q-representation M over an
algebraically closed field K is the ordered pair ((M;);cg,, (M*)acp,), Where M; is a finite-
dimensional K-vector space attached to vertexi € Qo and M* : M) — M;(q) is aK-linear
map for any & € Q. The dimension vector of M is dim M := (dimg M;);cq, € ZLQOOI.

A subrepresentation of M, denoted by N = ((Ni)icgy> (M% [Nyy)ac0,), is 2 O-
representation such that N; € M; forany i € Qo and M*(Ng(a)) S Ni(q) forany o € Q1.

From now on, we consider only bound quivers in the sense of Schiffler (see [28, Definition
5.1D).

The finite-dimensional Q-representations over K form a category, denoted by repy (Q),
where a morphism ¢ between M and M’ in repi (Q) is given by linear maps ¢; : M; —
M| Vi € Qg such that ¢;q) 0 M* = M'® o ¢y(. Similarly, the category repy (Q, I)
consists of the finite-dimensional representations of Q that satisfy the relations in 7. It is
known (see [28, Theorem 5.4] for a proof) that repy (Q) is equivalent to the category A-mod
of finite-dimensional modules over the path algebra A = KQ of Q. Furthermore, repy (Q)
is Krull-Schmidt ([28, Theorem 1.2]) and hereditary ([28, Theorem 2.24]).

Definition 2.4 A representation P € repy (Q) is called projective if the functor Hom(P, —)
maps surjective morphisms to surjective morphisms. Dually, I € repg (Q) is called injective
if the functor Hom(—, /) maps injective morphisms to injective morphisms.

If Q is aquiver without oriented cycles, then to each vertex i € Qg corresponds exactly one
indecomposable projective representation, denoted by P (i). Such projective representations
are easy to describe: the basis of the vector space P (i), at vertex k is given by the set of
all possible paths from vertex i to vertex k, and the actions of the maps between the vector
spaces are induced by the concatenation of paths. Dually, for every vertex i € Qo there is
exactly one indecomposable injective representation / (i), whose basis for each vector space
1 (i) is given by the set of all possible paths from vertex k to vertex i and whose maps act
by concatenation of paths.

The following result holds in any additive category.

Proposition 2.5 [28, Proposition 2.7] Let P, P’, I and I’ be representations of Q. Then:

(1) P @& P'isprojective <= P and P’ are projective;
(2) 1@ 1 isinjective <= I and I’ are injective.

Definition 2.6 Given a Q-representation M, a projective resolution of M is an exact
sequence
.—P3—P)— P — Ph— M — 0,

where each P; is a projective Q-representation. An injective resolution of M is an exact
sequence
O—M—>1Iy— 1 — 15— 13— ...,

where each /; is an injective Q-representation.

Definition 2.7 The projective dimension of M is the smallest integer d such that there exists
a projective resolution of the form

O—>P;—>Pj_1—>--+—>P—>Pp—>M~— 0.

The injective dimension of M is the smallest integer d such that there exists an injective
resolution of the form

O->M-—>Ih—>1L—> -—>Ij_1—> I~ 0.
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Quiver Grassmannians for the Bott-Samelson Resolution

For M, N € repx (Q) we use the standard notation
[M, N] := dimg Homg(M, N), [M, N]' := dimg Ext, (M, N).
We call a representation M rigid if it has no self-extensions, which means [M, M 11=0

Finally, we denote by
(M,N) = [M,N]—[M,N]

the Euler-Ringel form of Q, which can be computed (see for instance [3] for details) via the
bilinear form (—, —) : Z!90l x 7!l 5 7 defined as

(@",dV) = (dim M, dim N) = > aMdN - " a¥, dl,. (2.8)
i€Qo acQ)
For a quiver with relations (Q, /) and no oriented cycles, the Euler-Ringel form is given
by
M gN)y M N _ M N oM N
@ avy =" aMa¥ - > alt ak, + > r. jaMay. 2.9)
i€Qo acQ i,j€Qo

More background and details can be found for instance in [3, Section 2.2] or [15]. To simplify
notation, we will sometimes denote a Q-representation M by its tuple of vector spaces
(M})ico, when the assignment of the linear maps is clear from context.

Definition 2.10 Consider a quiver Q, a Q-representation M and a dimension vector e € Zgg
such that ¢; < dim M; Vi € Qp. The quiver Grassmannian Gre(M) parametrises the
subrepresentations N of M with dim N; = ¢; foralli € Q.

Analogous to Grassmannians and flag varieties, non-empty quiver Grassmannians can be
realised as closed subvarieties of products of Grassmannians, via the closed embedding

t: Gre(M) — [ Greei, Mi)
i€Qo
which sends a subrepresentation N of M to the collection of ¢;-dimensional subspaces N;
of M,'.

Example 2.11 (The flag variety of type A) In [8, Proposition 2.7], the authors realise the
(linear degenerate) flag variety of type A as quiver Grassmannians associated to certain
representations of the equioriented quiver of type A,,. In particular, the complete flag variety
Fl, 41 in C"*! can be realised as follows.

Consider the quiver with n vertices, labelled from 1 to n, and n — 1 arrows of the form

i — i + 1. We fix the dimension vector e = (1,2, ..., n) and the representation M with
M; =C"tfori =1,...,nand M* = id for all arrows «:
Cn+l id CrH»l id (C;H»l
o —— o ‘> L.— e

The quiver Grassmannian Gre (M) consists premsely of the subrepresentations N of M with
dim(N;) =i, i.e. full flags of vector subspaces.

3 Background on Schubert Varieties

Given any vy, ..., v, in C"*!, we denote by (vi, ..., v,) their C-linear span. To define
Schubert varieties in Fl,, 1, we first fix abasis B = {by, by, ..., by41} of C"t! and denote by

@ Springer



G. lezzi

F, the standard flag (b1) € (b1, b3) € --- C (b1, b2, ..., byy+1) and by S, 1 the symmetric
group on n + 1 elements. More facts and details about Schubert varieties can be found for
instance in [20, Part III].

Definition 3.1 For w € S,41, the Schubert cell X3, is
Xy, ={Ve € Flyy1 :dim(F, N V) =#{k <q:w(k) <p}, | <p,g<n+1}.

Definition 3.2 The Schubert variety X, is defined as the closure in Fl,4 of the cell X7,
that is

Xy ={Ve € Flyy1 : dim(F, N Vy) 2 #{k <q:w(k) <p}, 1 <p,g <n+1}.

For the purposes of this paper, we consider the intersections F, NV, instead of the standard
V) N Fy in the definition of Schubert varieties, and to simplify the notation we write r;,”’ q for
the numbers #{k < ¢ : w(k) < p}.

We observe that the conditions on the intersections between the F), and the V,, imply, for
each pair p, g, one of the following : ¥, C V4, F), DV, F, = Vyor F, NV, = U with
0 < dim(U) < min{p, ¢q}. A minimal set of conditions that imply all the conditions defining
a Schubert variety X,, has been described in terms of essential sets of the permutation w (see
[19, Section 3] or [21, Section 4]). Each Schubert variety X, is an irreducible subvariety of
Fl,+1, and its dimension is given by the number of inversions in w, called length:

L(w) =#{i < j:w@) > w())}.

The length of a permutation w is also the minimal number of simple transpositions needed
to form a decomposition of w, called reduced decomposition: w = sy - - - S1, Where s;
denotes the swap of i and i + 1. We recall that, in general, a permutation admits more than
one reduced decomposition.

The length of w is closely related to the numbers r}; , appearing in Definition 3.1. In fact,
it is easily recovered by representing each flag V, € X via a certain matrix, as explained
in [20, Section 10.2], and counting how many entries of this matrix are arbitrary complex
numbers.

Given u, w € S,41, we say that the relation # < w holds under the Chevalley-Bruhat
(partial) order if a reduced expression of w contains a subexpression which is a reduced
expression for u. The Schubert variety X,, consists of the cell X7, which is open and dense
in Xy, and of the cells corresponding to permutations that are smaller than w with respect
to the Chevalley-Bruhat order < on S,41: Xy = Uy<w X

We represent a permutation w in S, by listing its (naturally) ordered images, that is, its
one-line notation w = [w(D)w(?2)...w(n)].

Example3.3 Fore =[12...n+ 1]Jand wo = [n+ 1n...1]in S, 41, it is easy to compute
from Definition 3.2 the Schubert varieties of minimal and maximal dimension, respectively
X, ={F.}and Xy = Fly41.

Smooth Schubert varieties were characterised combinatorially in [24]: a Schubert variety
X 1s smooth if and only if w avoids the patterns [4231] and [3412]. We recall that a
permutation w = [w(1)w(2) ... w(n)] avoids a pattern 7 if no subsequence of w has the
same relative order as the entries of 7. In [21, Theorem 1.1], the authors prove that this
pattern-avoiding condition is equivalent to X, being defined by non-crossing inclusions:
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Quiver Grassmannians for the Bott-Samelson Resolution

Definition 3.4 ([21, Section 1]) A Schubert variety X, is defined by inclusions if the defining
conditions on each V,, (see Definition 3.2) are a conjunction of conditions of the form V,, C F),
and V,; 2 Fj, for some p and s. A pair of conditions V; C Fp and Fy C V is crossing if
qg<q' and p>p.

If X, is defined by inclusions and its conditions do not contain any crossing pair, then
X is defined by non-crossing inclusions.

Example 3.5 All permutations in S3 are defined by non-crossing inclusions.

In Ss, the permutation w = [31542] avoids both patterns [4231] and [3412], which
means that X, is defined by non-crossing inclusions. We can compute these inclusions using
Definition 3.2: a flag V, is in X, if and only if

ViCF, FiCV,CF; F1CV3, F CVy

The same conditions can be described without redundancy as 1 C V, C F3, which is a pair
of non-crossing inclusions.

A permutation in S5 that yields crossing inclusions is T = [45312], which contains the
pattern [3412]. Aflag V,isin X, ifand only if V| € F4and F; C V4. Finally, the permutation
m = [53421] in S5 contains the pattern [4231] and defines a non-trivial condition on X, that
is not an inclusion: a flag V4 is in X if and only if dim(F3 N V) > 1.

4 A Special Quiver With Relations and a Special Representation

We now define a quiver with relations and construct a rigid representation for this quiver. This
will then be exploited in Sections 5 and 6, together with two different, appropriate choices
of dimension vectors, to recover the Bott-Samelson resolution for Schubert varieties and to
realise smooth Schubert varieties as the corresponding quiver Grassmannian, respectively.

The following construction of the quiver and its special representation depends on the fixed
ambient dimension n + 1 but not on the chosen Schubert variety (that is, it’s independent of
the specific permutation w in Sy41).

Given n € N>, we consider the following quiver I' = (I'g, I'y) :

(1,1) (1,2) (1,n)
] (] (]

. —

° — ° °
(n+1,1) (n+1,2) (n+1,n)

where each vertex in ['g is labelled by a pair (i, j),fori =1,...,n4+1land j =1,...,n.
We denote by aélk]l; the arrow going from vertex (i, j) to vertex (k, /).
Then, we consider the following relations on I':

(+1,j+0) G, j+1) _ (+1,j+1) @G+1,)) (4 1)
@i, j+1) @.j) T Ta+L)) @.J) ’
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fori =1,...,n,j = 1,...,n — 1, and denote by I the ideal of CI' generated by these
relations. We write (I, 1) for the quiver with relations:

(1.1 1.2) (1,n)

Now, we define the (", I)-representation M = ((M; ), j)ery> (M*)ger,) as

M= Ma::zm,i if (@) = (i, ). tl@) = G + 1, ) “2)

id if s(a) = (@, j), t(@) =@, j+1)

where (;41,; denotes the inclusion of C! into Ci*1, represented with respect to the chosen
10

8 8 (1) .

The relations imposed on I' are trivially satisfied by the representation M:

basis B = {b1, b, ..., by+1} by the matrix ¢;41; =

ool o~

C id C id id C
. ° °
1.1 O 2,1 O 2,1
O
c 4 C g C
. ° °
2 (O a2 (O Jur (O |e2
id id id
tn+1,n O tn+1,n O ln+1,n
tn+1,n O
(Cn+l id (Cn+l id id (CnJrl
[ ] [ ] [

‘We now want to show that M is a rigid representation of (I", 7). To do so, we first consider
the following subquiver I'” of T'

LD w1 2D a2 Gl) us ity (nt11)
*e — o — e —) - —— e

)

i.e. the equioriented Dynkin quiver A, 1, and call M’ the restriction of the representation M
to I

C w1 C 5y C u3 gty C'H1
° ° e — - — @

Lemma4.3 M’ is a rigid representation of T".
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Quiver Grassmannians for the Bott-Samelson Resolution

Proof The representation M’ is the direct sum of the indecomposable projective representa-
tions P (i) of A,41, which are of the form:

fori =1,...,n+1.More precisely, M’ = @"H P(i). By Proposition 2.5, M’ is projective,
which implies that Ext}, (M’, M) = 0. o

Proposition 4.4 M is a rigid representation of (I, I).

Proof Consider I'” and M’ as in Lemma 4.3 and the functor

@ : repe(I') — repe(T, 1)

defined on R € repc(I') as follows. Foralli = 1,...,n+ land j = 1,...,n, we set
®(R);j = R;.Foreacharrowi — i+ 1inT" and j = 1,...,n, the map ®(R); ; —
®(R)iy1,; is defined as the map R; — R;y;. Finally, for each i =1, ,n+ 1 and

j =1, ,n — 1, the map ®(R); ; — P(R); j41 is idg,. From the deﬁmtlon of @, it
follows that ®(M’) = M. As shown in [25, Lemma 2.3, Lemma 2.5], ® is an exact, fully
faithful functor that takes projective objects to projective objects. This implies ([25, Corollary
2.6]) that Ext’&rql)(dD(V), O(W)) = Ext’f,(V, W) for every V, W € repc(I”) and i > 0. In
particular, we have

Ext(p (M, M) = Ext},(M', M') =0

[m}

We will prove in Corollary 4.6 that all quiver Grassmannians Gre(M) associated to M,
independently of the dimension vector e, are smooth, irreducible projective varieties of dimen-
sion (e, dim M — e). The smoothness and irreducibility of quiver flag varieties were already
investigated in [30, Theorem 4.12] using a scheme theoretic approach. Here, we provide an
alternative proof exploiting instead the rigidity of the representation M together with a few
homological properties. For this purpose, we prove the following facts (see Definition 2.7
for projective and injective dimension of a representation):

Proposition 4.5 Given (I, I) and M as above,

(1) the projective dimension of M is O;
(2) the injective dimension of M is 1.

Proof (1) The representation M is a projective representation of (I, I'), and therefore has
projective dimension equal to zero, because it is a direct sum of projective (I, I)-
representations (by Proposition 2.5). Let us denote by P(i, j) the indecomposable
projective representation of (I', I) at vertex (i, j); then, M = P(1,1) & P(2,1) &

@ P, )@®PH+1,1).

(2) In order to show that the injective dimension of M is one, we construct an injective
resolution of M (see Definition 2.6). We define the injective representations Iy, /1 of
(I, I) as the following sums of indecomposable injective representations:

n+2 n+1

Lh=@I1n+1.n, H=Iin).
i=1 i=1
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Then, the sequence

e:0— MLy 1251 —0
where f is the injective map embedding M into [y and g is the surjective map projecting
Ip onto /7 (which implies Im(f) = M = ker(g)) is a short exact sequence.
]

Corollary 4.6 Given (I, I) and M as above, the quiver Grassmannian Gre(M), if not empty,
is a smooth and irreducible projective variety for any dimension vector e. Its dimension is
(e, dim M — e).

Proof As shown in Proposition 4.4, M is a rigid representation of (T, I), therefore the irre-
ducibility of Gre (M) follows directly from [5, Proposition 38]. In order to prove the remaining
claims, we show that all hypotheses of [9, Proposition 7.1] hold. The representation M has
projective dimension zero, since it is a projective representation of (I, I), and its injective
dimension is one (see Proposition 4.5). It is straightforward to verify that the quotient alge-
bra CI'/I has global dimension two, since it can be realised as the tensor product of two
well-known path algebras. Namely, we consider the path algebra of the cartesian product of
an equioriented A, quiver and an equioriented A, ] quiver and take the quotient over the
commutativity relations on all resulting squares. It is known that the global dimension of the
path algebra of any type A, quiver (for n > 2) is one (see, for instance, [28, Section 2.2]).
Then, we apply [2, Theorem 16] and obtain that the global dimension of CI'/I is the sum of
the global dimensions of the path algebras of the two quivers of type A,,. O

5 Recovering the Bott-Samelson Resolution for Schubert Varieties

We consider the quiver (I", I) and its representation M constructed in the previous section,
and fix a permutation w in S,,41. The conditions that define the elements V, in X,, are of the
form dim(F, NV,) > #k < q : wk) < p},for1 < p,q < n + 1 (see Definition 3.2).
Notice that for g = n 4 1 and any p these conditions are trivial, since n + 1 is the dimension
of the ambient space C"*+1, and therefore it is enough to considerg =1, ..., n.
Now we define the dimension vector r* = (ri”i/) for the quiver (T, I) as

rl.’"’j =#k<jrwk) <i}, i=1,....n+1, j=1,...,n. (5.1)
Before introducing the Bott-Samelson resolution for Schubert varieties, let us make a few
remarks about this definition for the dimension vector r, in particular about how its entries
change as we move from w to permutations that are bigger than w with respect to the Bruhat
order in Sj+1. The following lemma describes which (unique) row and which columns of
the dimension vector are affected, and how they change, when we left-multiply by a simple
transposition which increases by one the length of the permutation we are considering.

Lemma5.2 Consider r, = #{j < q : W(j) < p)for 1 < p.q < n+ 1 and a fixed
W € Sy+1 (see Definition 3.2). Then, for a simple transposition s; such that £(s;w) = £(w)+1,

the numbers rf,"f,f =#{j < q:s;w(j) < p}are given by

S;iw

sw . . ) )
{rp’,q—rp,q_l ifp=iandqi <q <gi+1
— 0 ;
"pg =Tpg otherwise

where g; = WL(0) and giv1 = w6 + D).
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Quiver Grassmannians for the Bott-Samelson Resolution

Proof 1t is straightforward to verify that, since s; only swaps i and i + 1, the count is not
affected when p # i or when p =i andg < g; orq > qjy1.

If p=iandgq; <q < gi+1, there is exactly one j that satisfies j < ¢ A w(j) < p but
not j <q A s;w(j) < p, thatis j = g;, and so in this case the count decreases by one. O

w

Example 5.3 We fix w = [34251] € S5 and compute the corresponding dimension vector r
according to the definition given in (5.1):

0000
0011
r“=11122
1233
1234

=

Then we appl}f 53, obtaining w = s3w = [43251], and we know from Lemma 5.2 that r?
differs from r* only at entry r3’;:

0000
0011
r’=10122
1233
1234

Remark 5.4 An important consequence of Lemma 5.2 is that some information about the
reduced decompositions of w can be read directly off the corresponding dimension vector.
In Example 5.3, we can compare r" to the dimension vector corresponding to the identity in
Ss:
1111
1222
r{=11233
1234
1234

and observe that r}’) = ré‘?z — 2. By Lemma 5.2, this can only happen if the simple transpo-
sition s appears at least two times in any reduced decomposition of w. Similarly, we deduce
that s1, s3 and s4 appear at least one time in any reduced decomposition of w. The converse
is also true: if a simple transposition s; appears k times in all reduced decompositions of a
given permutation w (that is, there are k instances of s; that are not part of any braid s;s;15;
or s;4+15;8i+1), then there exists an entry in the i-th row of the dimension vector r” that has
decreased by k from its value in r'd. We do not include a proof of this statement as it is not
relevant to the purpose of this section, but an idea of the strategy can be found in the proof
of Theorem 5.18, since knowing that these k instances of s; are not part of any braid allows
us to describe which simple transpositions can appear between them.

In order to show that the quiver Grassmannian Grp» (M) is isomorphic to certain Bott-
Samelson resolutions of X,,, we recall the following definition of Bott-Samelson varieties:

Definition 5.5 ([22, Definition 3.1]) Given a permutation w € S, of length N and areduced
decomposition w = s;, - - - §;;, the Bott-Samelson variety BS(s;, - - - 5;;) is a subvariety of
(Fi Z,H_l)N defined as follows:

BS(siy -+ 8i) = (VO v .. vy e (FlLo)N v = vE vk =1,...,N,
Vi=1,....n,i#i}
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where V_O = F, = (b1) € (b1,bn) € --- C (b1, b2,...,bp4+1), the standard flag in
Fln+1~

Example 5.6 We fix again the permutation w = [43251] € S5 from Example 5.3 and its
reduced decomposition w = s1525351525154. The elements V' of BS(s1s25351525154) are
given by tuples of seven complete flags, each living in Fls, of the following form:

(b1) C (b1.b2) S (b1 bob3) S V), ViC Vi vV,
VZ C (b1, b2) C (b1, b, b3) C V., vicvicv)cv),
VEC V3 C (b1, by, b3) C V), vicvicv)cvl
Vi S V5 S (br.ba, b3) S V),

Remark 5.7 Bott-Samelson varieties provide an explicit desingularisation for type A Schubert
varieties: the desingularisation map BS(s;,, - - - s;;) — X, sends the tuple (V.O , V.] e V.N )
to its last entry VN,

As shown in [1, Chapter 18, Lemma 2.1, Lemma 2.3], the Bott-Samelson varieties cor-
responding to different reduced decompositions of the same permutation w are birational,
since they are all birational to the Schubert variety X,. It is known that Bott-Samelson
varieties corresponding to reduced decompositions that differ only by a commutation move
are isomorphic (see [16, Section 2]). If two reduced decompositions of a permutation differ
by braid moves, it is not true in general that the corresponding Bott-Samelson varieties are
isomorphic.

In order to show that the quiver Grassmannian Gryw (M) is birational to any Bott-Samelson
resolution of X, it is enough to pick an opportune reduced decomposition of w.

Remark 5.8 To recover certain Bott-Samelson resolutions of Schubert varieties via quiver
Grassmannians, we started by defining a quiver and a representation for this quiver (in
Section 4) which only depend on the ambient dimension n 4 1. Then, we fixed a permutation
w € Sy+1 and computed the dimension vector r" according to Definition 3.2. We remark that,
given a Bott-Samelson variety, we can find an immediate realisation as a quiver Grassmannian
for the grid. Here, we show this through an example and discuss how it differs from our
construction.

For instance, consider the permutation w = [43251] € S5 from Example 5.3, its reduced
decomposition w = s1525351525154 and the corresponding Bott-Samelson variety described
in Example 5.6. We construct the following quiver Q and Q-representation:

C 51 C g C g C o C g C jg C (o C
e —— e —> e —> 6 —) e — &6 —) 6 — @
2,1 Jid Jid Jid Jid Jid Jid Jid

C 52 C© §g C o C g C g C o C© jg C
e —> e —> &6 —> &6 —> 0 —)> & —> & —> ©
W2 did Jid Jid did Jid Jid Jid
C 53 © §g C jg C g C o C g C© jg C
e "3 e e —H>e —>e—>e —>e e
Y43 did Jid Jid Jid Jid Jid Jid
c4 s . s . s s (o
° 0 A id A id id id A

A id A id

and consider the following dimension vector:

111111111
222222222
333333333
444444444

b31525351 525184
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Then, each flag VJ in BS(s1525351525154) is realised in the j-th column of Q. The iden-
tity maps corresponding to horizontal arrows impose the inclusion conditions between the
appropriate subspaces of the flags VJ/, while the zero maps point to the free subspaces
vi vz, V23, v, V35, V26 and V!, in order.

In this construction, the entries of the considered dimension vector do not depend on w.
The number of columns of Q and of the dimension vector, on the other hand, depends on the
length of w, and the representation of Q can only be constructed after choosing a specific
reduced decomposition of w. Different choices of reduced decompositions yield different
Q-representations.

More significantly, we cannot apply to this Q-representation the same arguments as in
Section 4. There, we proved the rigidity of the representation M for the quiver with relations
(T, I). By Corollary 4.6, every quiver Grassmannian for the representation M is smooth and
irreducible, and its dimension is given by the Euler-Ringel form of (I", ). This means that,
using our construction, we realise the chosen Bott-Samelson variety as a quiver Grassmannian
that is part of a larger family of varieties which share some common, desirable properties.

Definition 5.9 Let w € S, and denote by R = (R, ), for p =1,...,n+1and g =
1,...,n, an element of Gryw (M).

e We denote by MY the nonordered multiset [rl’;{ ql for all the p, ¢ such that
Tpg <P
’

w w

g~ Tp—1g (5.10)
w w

Tpg = rp,q—l

e We call a reduced decomposition w = s;y ---s251 geometrically compatible if
[in,...,i2,i1] and M™ coincide as nonordered multisets.

Remark 5.11 The numbers contained in M™ are the dimensions of exactly those subspaces
R, ; of CP that are not trivial and do not coincide with a subspace to their left or above them.
Fixing an element R in the quiver Grassmannian Gry» (M) means precisely to make a choice
for all such subspaces R, ,. Hence the name "geometrically compatible" decomposition: it
is a reduced decomposition of w from which we can read the dimensions of all the subspaces
that are relevant to determine R.

Because of the geometrical significance of the conditions given in (5.10), we will inter-

changeably refer to the r}; , and to the R), , that satisfy these conditions.

Example 5.12 We consider w = [43251] and the corresponding dimension vector r¥ as in
5.3. Given any subrepresentation R in Gryw (M), the subspaces whose dimensions satisfy all
conditions in (5.10) are Ry 3, R32, R4.1, R3,3, Ra,2, R4 3 and Rs 4. Their dimensions are, in
order, 1,1,1,2,2,3, and 4, so a geometrically compatible decomposition of w contains three
S1, two s2, one s3 and one s4. The decomposition w = 5152535152514 considered in 5.6 is
geometrically compatible, while, for instance, w = $3515251535254 is not.

Now we want to show that all permutations admit a geometrically compatible decompo-
sition. To do so, firstly we characterise the multiset M™, that is, what follows from the fact
that a certain R, , is not a trivial subspace of C? in terms of the reduced decompositions of
w.

Recall that the length of a permutation w can be equivalently defined as the number of
inversions appearing in w or as the number of simple transpositions that form any reduced
decomposition of w.
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Lemma5.13 Given w € S, and a subrepresentation R = (Rp 4) in Grew (M), with p =
I,....,n+1landq =1,...,n, the cardinality of M" is exactly the length of w.

Proof We denote by N the length of w and write w = s;, ---s251. By Lemma 5.2, the
left-multiplication of each s;, results in a new subspace (namely R;, Laiy » for gj, as in the
notation of Lemma 5.2) satisfying the conditions in (5.10).

On the other hand, applying one simple transposition cannot cause two new subspaces to
satisfy the conditions in (5.10): all the affected entries of the dimension vector decrease by
the same amount (by one), and the absolute difference between neighbouring entries of r”
is always zero or one (this follows from Definition 3.2).

The claim follows by iterating this argument on each s;,, fork =1,..., N. O

Lemma5.14 Let w € S, and R any subrepresentation in Gryw (M). If the numbers in MY
are all distinct, then w admits a geometrically compatible decomposition.

Proof In order for a subspace of dimension d to satisfy the conditions in (5.10), the simple
transposition s; must appear at least once in any reduced decomposition of w. If this is not
the case, by Lemma 5.2 the d-th row of r¥ is equal to the d-th row of r'd, which implies that
all subspaces appearing in R of dimension d have to coincide with C? - and therefore do not
satisfy the conditions in (5.10). The result then follows immediately from Lemma 5.13. O

Remark 5.15 A straightforward consequence of Lemma 5.2 is that if the reduced decompo-
sitions of w € S, consist of all distinct simple transpositions, then they are geometrically
compatible. As shown in the lemma, each of these transpositions s;, affects the correspond-
ing row of the dimension vector, resulting in the subspace R;; ;1,4 (Which has dimension i)
satisfying the conditions in (5.10).

Remark 5.15 and Lemma 5.14 describe the same situation, but from two different per-
spectives: in the first case we assume the numbers in MY to be all distinct, and this allows us
to write down a reduced decomposition of w, in the second case we already have a reduced
decomposition of w and deduce that it is also geometrically compatible.

We recall the following notation from Lemma 5.2: if we left-multiply a permutation w by
a simple transposition s, we denote by g; the pre-image w™(j) of j via w.

Lemma5.16 Let w € S,y with reduced decomposition w = s; ...s;, s; be a simple
transposition such that £(sjw) = €(w) + 1. Let Rj11,4; be the subspace that satisfies the
conditions in (5.10) if R is any subrepresentation in Gr s;w (M) (but does not satisfy them if R
is in Gryw (M)). Then, the dimension of Rj+1,4; is ffor some j < j. Inparticular, f < jcan
only happen if all reduced decompositions of s jw are of the form s;w = sjs;y ... Si, ... Si,
where iy = j for some k such thati, # j + 1 forallk <t < N.

Proof A subspace R, ; can satisfy the conditions in (5.10) only if p > dim(R, ;) + 1, and
we know from Lemma 5.2 that the only effect of s; on the corresponding dimension vector
is to decrease certain entries in row j by one. By Definition 5.1 of the dimension vector, all
entries are bounded by their corresponding numbers of row and column. This implies that
a dimension j’ can only appear from row j’ downwards, and so the dimension of R i+l
cannot be greater than j.

For the second statement, we know that an index k such that i; = j exists: otherwise, as
stated in Remark 5.15, if the simple transpositions appearing in the reduced decomposition
of sjw are all distinct, then the dimension of Rj114; is j. Then, we suppose that s ;41 occurs
between these two instances of s; and look at which entries of the dimension vector decrease
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when w is left-multiplied by s;. According to Lemma 5.2, the entries in columns ¢; and
q; + 1 (and possibly more) decrease by one. This meanins that the subspace Rj1,q;, for
R € Grsj» (M), cannot satisfy the conditions in (5.10), which contradicts the assumption.O

Remark 5.17 Lemma 5.16 characterises when it is possible to perform braid moves in a
decomposition of w € S, in terms of the numbers contained in M™. The second statement
in Lemma 5.16 implies that if a transposition s; appears k times in all reduced decompositions
of w (i.e. these k instances of s; are not part of any braid move) then there are (at least) k
subspaces R, , of dimension i that satisfy the conditions in (5.10). On the other hand, if
we apply s; after w and obtain a reduced decomposition of s;w that is not geometrically
compatible, we know that it is possible to perform a braid move on s;s;_1s;. This follows
from the fact that we can move s; to the right via commutation until we find an instance of
sj—1, and similarly move the second instance of s; to the left until s;_; (sj41 cannot occur
in between by Lemma 5.16).

For instance, we saw in Example 5.12 a reduced decomposition for w = [43251] that
is not geometrically compatible: w = s3515251535254. We obtain w = s1535253515254 by
commutation on the two occurrences of s3, then perform a braid move as described above
and get w = s1525352515254. Finally, we perform a braid move on s,s1s2 and obtain the
geometrically compatible decomposition of w shown in Example 5.12: w = 515253515251 54.

Theorem 5.18 All permutations admit a geometrically compatible decomposition.

Proof We consider a permutation w € S,+; and denote by m; (w) the multiplicity of s; in
a given reduced decomposition of w (i.e. how many times s; appears in this given reduced
decomposition). Then, we consider the total number of repetitions m = ) _; m; (w) and define
t = £(w) — m. We prove the statement by double induction on ¢ and m.

The base case of the induction (ft = 1 and m = 0) and the induction step on ¢ (f > 1 and
m = 0) follow directly from Remark 5.15: a reduced decomposition of w without repetitions
consists of distinct simple transpositions, and is therefore geometrically compatible.

For the induction step on m we show that, if a permutation with m > 0 repetitions admits
a geometrically compatible decomposition, then a permutation with m + 1 repetitions admits
a geometrically compatible decomposition (for any t > 1). Let w = s;, ...s;; with m
repetitions be a geometrically compatible decomposition of w. For R € Grpw (M), let d;
denote the number of subspaces R, ;, of dimension i that satisfy the conditions in (5.10).
Since the fixed decomposition of w is geometrically compatible, we have m; (w) = d; for all
i

Letthen w’ := Sjw = §jSjy -..s; such that w’ has m + 1 repetitions, which means j = iy

for some k, and such that £(w") = £(w) + 1. If the corresponding new free subspace appear-
ing in R has dimension j, then this reduced decomposition of w’ is already geometrically
compatible. If not, then by Lemma 5.16 the dimension of the new free subspace must be
f < Jj, and therefore dj has increased by one. As described in Remark 5.17, we move s;
via commutation and perform a braid move: w’ = SiSin - Sip = Siy - SjSj 18 ... 8 =
Siy - -8j—18j8j—1 ..., whichimpliesm j (w") = m j(w)—landm ;_;(w") = mj_j(w)+1.
Now, if j = j— 1 we have again m; (w’) = d; for each i, meaning that this reduced decompo-
sition of w’ is geometrically compatible. Otherwise, we denote by @ the subword of w starting
from the second instance of s;_1: W = sj_1...s;, and observe that w has m repetitions.
Therefore, by the induction hypothesis, w admits a geometrically compatible decomposition.

We know that the current decomposition of W is not geometrically compatible, because
the number of s appearing in w is d» — 1. The geometrically compatible decomposition of W
must then be obtained by performing a sequence of braid moves until the braid 54157355

+ 17
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55854153 Each braid move decreases by one the number of 5741 and increases by one the
number of s;, for j —2 <1 < j Since the number of all other transpositions appearing in w
(and in w’) is not changed during this process, in the end we get m; (w) = d; for all i, which

means that we obtained a geometrically compatible decomposition of w’. O

Theorem 5.19 Given a permutation w € S,41 and a geometrically compatible decomposi-
tion w = s; - - - S1, the Bott-Samelson resolution BS(s;, - - - si;) of the Schubert variety X,
is isomorphic to the quiver Grassmannian Grpw (M).

Before proving Theorem 5.19, we introduce the main tool for constructing the explicit
isomorphism between the Bott-Samelson resolution and the quiver Grassmannian. Given a
geometrically compatible decomposition w = s;,, - - - 51, we define the map ¢,, according to
the correspondence between the ordered set of indices of the transpositions appearing in w
and the vector space R, ;, for any R € Grpw (M):

Ow :{in, ..., i1} = {n+ 1} x {n}

. . . (5.20)
it = (p(k), q(k)) = (ix + 1+ ng, ix + my)

with ng == #{j : j < k,ij = ix}andmy = #{j : j > k,qi; < q(k) < gi;+1}, where g;;
and g;; 41 are defined as in Lemma 5.2. The map ¢,, provides the explicit correspondence
between the points of the Bott-Samelson resolution and the subrepresentations in the quiver
Grassmannian. We illustrate this in the following example.

Example 5.21 Given a permutation w’, the map ¢,, defined in Equation (5.20) describes
explicitly which subspace R, 4, for R € Gryw (M), becomes a nontrivial subspace of C!
when s; is applied to w’, with £(w) = £(w’) 4+ 1. Consider the geometrically compatible
decomposition w = s1525351525154 of Example 5.12, where s appears three times, as s, , S;,
and s;,. The images of i2, i4 and i7 via the map ¢,, defined in (5.20) are (i +1+4-n2, i +m3) =
2, 3), (ig+1+n4, is+mg) = (3,2)and (i7+14+n7, i74+m7) = (4, 1). The one-dimensional
subspaces R; 3, R3 2 and R4 1, which correspond respectively to the subspaces Vlz, V14 and
V17 considered in Example 5.6, are placed at the red vertices of (I, 1):

€C i € i C i C

° ° ° °
42,1 O 32,1 O 32,1 O 321
C 4, C 4 C 4 C
e —> e —> o —> @
43,2 3432 J/3,2O 3432
3 o o 3

° 1*d> ° 1*d> ° 1*d> °
43 443 443 443
(c4 N (C4 N (C4 N (C4

° l*d> ° i} ° i} °
4}5,40 \USAO \1}5,40 5.4
C 4, C 4 C i C
e —> e —> e — o

Proof of Theorem 5.19 We prove the statement by induction on the length of w € S, ;. For
w = id, the corresponding Bott-Samelson resolution and quiver Grassmannian coincide
since they consist of a single point.

We then denote w’ = s;,,_, - --s;, and assume BS(sj,_, ---5i,) = Gr,. (M), where the
isomorphism is given by ¢,,/, defined in Eq. 5.20. This means that the explicit correspondence
between an element V' € BS(s;,_, - - - 5;,) and a subrepresentation R’ € Gr,.y (M) is Vé’ =
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R;)(b), a(b)’ therefore they are defined by the same inclusion conditions. We now consider
w = s;,w’ such that £(w) = €(w’) + 1. The image of iy via ¢, is (p(N), g(N)) =
(iv +1+npy, iy +mpy): we need to show that the subspace R, () () is isomorphic to the
subspace V/X whose defining conditions are Vf - V/X C Vj forb,c < Nanda < iy <d.
By the induction hypothesis, the subspaces R ), q(») and Rp(c),q(c) Tealise respectively %4
and Vj for all such a, b, ¢, d. We observe that the dimension of R, (y),4(n) is iy due to the
choice of a geometrically compatible decomposition of w. The statement then follows from
the fact that R is a subrepresentation of M, whichimplies R ; S Rpn),q(v) S Ry 4 forall
p < p(N),q <q(N), p"> p(N),q" > g(N) and so in particular for p = p(b), g = q(b),
P =rp),q =q. o

Corollary 5.22 The Bott-Samelson resolutions corresponding to different reduced decom-
positions of the same permutation are birational (see Remark 5.7), therefore they are all
birational to Gryw (M).

6 Realisation of Smooth Schubert Varieties

In Section 5, we recovered the Bott-Samelson resolution for Schubert varieties by defining
the dimension vector r* for the quiver (I", I) as

rl."fj =#k<j:wk) <i}

for all 7, j. In this section, we give a construction for a different dimension vector for the
quiver (I', 1), denoted by e, and show how the corresponding quiver Grassmannian realises
the Schubert variety X,, if it is smooth, i.e. if w is pattern-avoiding. We recall from Section
3 that a permutation w € S,4+1 corresponds to a smooth Schubert variety if and only if it
avoids the patterns [4231] and [3412], and that this is equivalent to X, being defined by
non-crossing inclusions (see Definition 3.4).

Consider again the quiver (I, /) and its representation M constructed in Section 4, and

fix a permutation w in S+ that avoids the patterns [4231] and [3412]. Fori =1,...,n+1
and j =1, ..., n, we now define the dimension vector e” = (e}’fj) for the quiver (T, /) as:
e;{’j, = r}f’j if ri’f)j = min{i, j}
or r;f’/. =0 . 6.1)
e}’fj = max{e}”_l,j, e;"’j_l} if 0 < ri’ffi < min{i, j}

Notice that the value of r" is either 0 or 1 (according to w) and falls therefore under the first
case of Definition (6.1), meaning that e}’ is well-defined.

Example 6.2 We compute the conditions defining the flags V, in X, for w = [65124837]
Sg according to Definition 3.2. These conditions are of the form dim(F, N V,) > r, 4, for
1 <p,g <n+1, wherer,, =#k < g : w(k) < p}. We write the value of each r, ; as
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the entry of a matrix:

0011111
0012222
0012223
0012334
0123445
1234556
1234556
1234567

Since w avoids the patterns [4231] and [3412], X, is smooth and defined by non-crossing
inclusions. These inclusions, which follow from the inequalities above, are:

Vi CFg, Vo CFg, F] CV3C Fg, Fo C V4 C Fg,

(6.3)
F, C Vs C Fg, F, C Vg, Fg C V7.

The corresponding dimension vector e* obtained from Eq. 6.1 is

0011111
0012222
0012223
w 0012224
0012225
1234556
1234556
1234567

By reading each entry e}, as the dimension of the intersection F}, NV, and comparing e"
with the defining conditions in (6.3), we see how e” encodes the same information on V.

Theorem 6.4 If w € S, 11 avoids the patterns [4231] and [3412), the quiver Grassmannian
Grew (M) is isomorphic to the Schubert variety X . The isomorphism is given by

¥ : Gres (M) — X,

N +— N, (6.5)

where Ny = Nut1,1 € Nyy12 € -+ € Nyt
Proof By the definition of M and e, we have

Nut1,j € Nyt jrt, dim(Npqq,j) = j

for all j, implying N, € Fl,11. Since w avoids the patterns [4231] and [3412], all flags
Vo =V C V, C ... CYV,in X, are defined by conditions of the following form: for
eachg € {1,...,n}, V, is defined by FP; cV, C qu for some py, P(/;- These conditions
are equivalent, respectively, to dim(F A nVy = min(p;], q) = p"] and dim(Fp, NV,) =
min(py, g) = q. The definition of the dimension vector e” (in the first line of (6.1)) imposes
on N, exactly these conditions, meaning that F,,; C Nut1q C qu for all ¢ and the
corresponding p;, pq- The statement follows from the fact that, whenever the condition
dim(F; NV;) > #k < j : w(k) < i} is not defining for V, (i.e. it is redundant), the
corresponding subspace N; ; in N, is set to either N;_1 ; or N; ;1 (second line of (6.1)).0
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Remark 6.6 In Theorem 5.19, we proved that the quiver Grassmannian Grpw (M) is iso-
morphic to the Bott-Samelson resolutions of X,, corresponding to geometrically compatible
decompositions of w (see Definition 5.9). In general, the Bott-Samelson resolution of a Schu-
bert variety (see Definition 5.5) is not a strict resolution, meaning that it is not an isomorphism
over the smooth locus of the Schubert variety.

This implies that the quiver Grassmannians Gryw (M) and Grew (M) are generally not
isomorphic, even if the fixed Schubert variety is smooth.
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