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We present a proof showing that the weak error of a system of n interacting stochastic particles
approximating the solution of the McKean—Vlasov equation is O(n_l). Our proof is based on the
Kolmogorov backward equation for the particle system and bounds on the derivatives of its solution which
we derive more generally using the variations of the stochastic particle system. The convergence rate is
verified by numerical experiments which also indicate that the assumptions made here and in the literature
can be relaxed.
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1. Introduction

Fora : R xR — R% kp,k, : RYxRY > Rando : R? x R — R4 ¢ > 0and {(W(s)},
being a d’-dimensional Wiener process defined on some probability space with the natural filtration, we
consider the following McKean—Vlasov equation:

t
Z(1) =§+/0 a(Z(S),/RIKI(Z(S),Z)MS(dz))ds

t
+/ G(Z(S),/ Kz(Z(S),Z)MS(dZ))dW(S),
0 R

where p; denotes the law of Z(s) for all s > 0, and £ denotes a random initial state whose law is (1, and is
assumed to be independent of the Wiener process, W. We focus on one-dimensional interaction kernels
Ki,ky R? x RY — R for clarity of presentation since high-dimensional kernels can be treated in a

ey
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2 A.-L. HAJI-ALI ET AL.

similar way; see Remark 2.6. For a(x, y) = y, with o being constant and x| being bounded and Lipschitz,
(Sznitman, 1991, Theorem 1.1.1) shows the existence and uniqueness of a strong solution to Equation
(1). A recent analysis yielded the same result in (Mishura & Veretennikov, 2021, Proposition 2) when
the initial condition £ has a finite fourth moment, a(x,y) = o (x,y) = y, under uniform non-degeneracy
conditions on x5, and when for all x,x,ye R9, there exists a constant C > 0 such that

licy e, )|+ ey (e, 9)| < C(1 - [|x]]),

62 (x5, 3) — K62 (6, y) | < C A+ IlylP) e — %]

Crisan & Xiong (2010) also shows the existence and uniqueness result for x, = 0 and a particular form
of a. Existence of weak solutions was also shown by Hammersley et al. (2021) under certain measure-
dependent Lyapunov conditions. De Raynal (2020); Raynal & Frikha (2021b) further showed strong and
weak existence for less smooth, but bounded, drift and diffusion coefficients. In the current work, we do
not focus on the existence of solutions to Equation (1) and instead assume the existence of weak solutions
and consider strong approximations of Z using a system of n Itd stochastic differential equations (SDEs),
also known as an interacting stochastic particle system, with pairwise interaction kernels:

t 1 n
XP(0) =& +/0 a (x;'(s), ~> (x;'(s),x;'(s)))ds
j=1
2
t n
4 /0 o (x;’<s>, ij; k(X (s%X}“(s))) AW (s),

for i € {1,2,...,n}, where §; are i.i.d. and have the same law, pg, and {W,(s)},~, are independent
d'-dimensional Wiener processes and independent of {&;}'_,. In other words, the law u, fort > 0is
approximated by an empirical measure based on the particles X" (¢) := {X]'()}’__,. It should be noted
that these particles are identically distributed but not independent.

For Z" := (Z;)__, being n independent samples of the solution to the McKean—Vlasov equation (1)
and a function g : R?*" — R, the weak error at time 7 is defined as the absolute difference |E [g(X " (t))] -
E [g(Z" (t))] |. The weak error was established to be O(1/n) in, e.g. (Kolokoltsov, 2010, Chapter 9) and
(Mischler et al., 2013, Theorem 6.1). These works assume that x, = 0 and build upon semigroup theory
in measure-valued function spaces to prove their results. On the other hand, Bencheikh & Jourdain (2019)
employ a similar methodology to the current work but assumes that «; and «, in (1) do not depend on
the state Z. There is an increasing interest in extending proofs of strong and weak convergence in more
general settings with nonlinear drift/diffusion coefficients. To that end, works such as (Szpruch & Tse,
2021, Theorem B.2), (Chassagneux et al., 2022a, Theorem 2.17) and Raynal & Frikha (2021a) use Lions-
derivatives as defined by Cardaliaguet (2010) to bound derivatives with respect to measures in a master
equation for probability measure, see also Lasry & Lions (2007); Chassagneux et al. (2022b). For a more
exhaustive literature review, see Chassagneux et al. (2022a).

In Section 2, we present a new method to show the rate of weak convergence. The principal steps
involve using the Kolmogorov backward equation to represent the weak error and the stochastic flows
and the dual functions to bound the weights in the resulting dual weighted residual representation. Using
the Kolmogorov backward equation to estimate the weak error in SDEs goes back to the ideas of Talay &
Tubaro (1990), who estimated the time discretization error for uniform deterministic time-steps. Bally
& Talay (1995, 1996), extended the analysis to approximations with non-smooth observables and the
probability density of the solution at a given time. Kloeden & Platen (1992) generalized the analysis by
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WEAK CONVERGENCE IN THE PARTICLE LIMIT OF MCKEAN-VLASOV EQUATION 3

Talay & Tubaro (1990) to weak approximations of a higher order. Later, in a series of works inspired
by Talay & Tubaro (1990), the authors developed methods based on stochastic flows and dual functions
to bound the weights in the resulting dual-weighted residual representation. This approach provided the
analysis for the weak approximation of SDEs using non-uniform, possibly stochastic, time-steps, see
Szepessy et al. (2001); Moon et al. (2005); Mordecki et al. (2008); Bayer et al. (2010). Furthermore, the
same analysis line was also used for adaptive Multilevel Monte Carlo, Hoel et al. (2014, 2016).

The closest inspiration for deriving the weak convergence rate goes back to the use of the men-
tioned techniques in the context of multiscale approximation. Those works derived macroscopic SDEs
continuum models by choosing their drift and diffusion functions to minimize the weak error in the
given macroscopic observables when compared with a given base model. Particularly, Katsoulakis &
Szepessy (2006) employed master equations with long-range interaction potentials as a base model as
the stochastic Ising model with Glauber dynamics, whereas Schwerin & Szepessy (2010) determined
the stochastic phase-field models from atomistic formulations by coarse-graining molecular dynamics
to model the dendritic growth of a crystal in an under-cooled melt. Systems of coupled SDEs with
increasing size could also be useful for approximating a non-Markovian behaviour. For example, Bayer
et al. (2022) investigated weak convergence rates for a rough stochastic volatility model emerging in
mathematical finance, namely, the rough Bergomi model. As in this study, the analysis in Bayer ef al.
(2022) also employed a dual-weighted representation of the weak error, yielding an error expansion
that characterizes the weak convergence rate. A similar method was also used in Bencheikh & Jourdain
(2019) for a special case of (1) in which «; and «, do not depend on the state Z, i.e. k. (x,y) = k.(y). A
key difference to our methodology is that in Bencheikh & Jourdain (2019), the Kolmogorov backward
equation involves u,, the law of, Z(f) while we instead utilize the Kolmogorov backward equation for
the particle system (2).

In Section 3 we prove the technical results that are needed for the preceding analysis. In particular,
we determine sufficient conditions to bound derivatives of the solution to the Kolmogorov backward
equation for a generic multidimensional SDE by bounding moments of the first, second, and third
variations of the SDE. Finally, in Section 4 we numerically study the weak error of a particle
approximation to the solution of the McKean-Vlasov equation. In particular, we show numerically that
the weak convergence rate is the same for an example stochastic particle system that does not satisfy
the regularity conditions of our theory or those of others in the literature cited above. Therefore, further
work is necessary to extend the existing results.

In what follows, we will use the notation A < B to denote that there is a constant 0 < ¢ < oo which
is independent of n, the size of the particle system Equation (2), such that A < ¢B. For a multi-index
£ € N", n € N, define the derivative

gltl altl
— —[,
axt Hj{tzl axjf

where |[£]| = Z?:] £;. Let ||-|| denote the Euclidean norm and let C, (R"; R™) denote the space of bounded
continuous functions u = (;){* | : R" — R™ with the usual norm

m

el e, mogemy == D sup lu;(x)].
j=1 xeR"
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4 A.-L. HAJI-ALI ET AL.

Let also C, (R";R) = C (R"). When u has continuous, bounded derivatives up to order k, define the
extended semi-norm

" Bmuj
et nemy =25 2 o
j=1 €eNn1<|e|<k C, (R ;Rm)

_ : dxn :
and the norm ||”||C’,;(R";R'") = ||u||Cb(Rn;Rm) + |”|C{§d(Rn;Rm)' For a matrix x € R**", we denote its
components as x = (xl- ) € R Similarly for a function u : R¥*" — R, we

) i=(1,...n}j={1,....d}
will use the notation Vu = (% for its gradient.
Xij ) i={1,...,n} j={1,...,d}

2. A Bound on the Weak Error

In this section, we prove that the weak error as defined in the introduction is O(1/n). We start by stating
boundedness and convergence results involving only samples of Z, the solution to the McKean-Vlasov
equation Equation (1).

ProposiTiON 2.1. Assume that weak solutions to Equation (1) exist and let {Z;}?_; be n independent
processes each satisfying Equation (1) with independent underlying Wiener processes. Let x : R? x
RY > Rbea Lipschitz continuous function, i.e. there exists a constant C such that

k@) — @ Y) < C(lx =X+ lly—y'l)  forallx,x',y,y € R%
Letp € {1,2,...}, thenforany i € {1,...,n}, we have
2p

1 n
el |- > czngo - [ c@o.ona| |<iE[jzol”] @)

=1 ®

Moreover, assuming that a, o, k| and k5 in Equation (1) are Lipschitz continuous, we have

sup E[IZ@I] 5 1+E 1617 ], )

0<s<t
The hidden constants in Equations (3) and (4) depend only on d, p, t and the Lipschitz constants.
Proof. The moment boundedness result in Equation (4) with Lipschitz assumptions is classical Sznitman
(1991) using Itd’s formula, Young’s and Gronwall’s inequalities. The proof of Equation (3) for general

p is fairly technical and we include it in Appendix A. We list here the proof for p = 1 to showcase the
main ideas. First, we set, without loss of generality, i = 1 and let

A= /IR 0,98, 70,50, )
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WEAK CONVERGENCE IN THE PARTICLE LIMIT OF MCKEAN-VLASOV EQUATION 5

Expanding the square
2

1 n 1 n n
El |24k [=—> > E[akan]
=1 j=1j=1
When j # j and are both different from 1, we have

E [4,;«4,//{] —E [E [Aj/c 1Z, (t)] E [Aj,/c 1Z, (r)]] —0,

since, fora given Z, (1), A K and A K are conditionally independent and E [A ik | Z, (t)] = Owhenj # 1.

When j = j/, we bound using the Lipschitz assumption on «,

e[iae] < ([ cle-20] meo) |
<4cE[]z0]’].

A similar bound can be obtained when 1 € {j, '} by using Holder’s inequality. Substituting back yields
the claim. O

Lemma 2.2. Assume that weak solutions to Equation (1) exist and let Z" = {Zi}?=1 be n independent
processes each satisfying Equation (1) with independent underlying Wiener processes, « : R xR¢ — R
be a Lipschitz continuous function and f : R? x R — R be twice differentiable in the second argument
and satisfying

< C(1 + |ix|l + yD), (6)

‘ of (x,y)
ay

3%f(x,y)
' - dy? '

for all x € R? and y € R. Then, for any g € C&(Rd”‘) and any i € {1,...,n} we have
] n
E f(Zi(t), / ) K(Z,-o),zm,(dz)) —f 20, - >k Z0.20) | |s(2"®)
® j=1 (7

< gl ey any (14+E [1614])
The hidden constant in Equation (7) depend only on C,d, t and the Lipschitz constant of k.
Proof. Without loss of generality, we fix i = 1 and define

n

1
Af1=f(21 (t),/RdK(Zl (t),Z)Mt(dZ)) 14, - ZK(Zl (0.Z;(1)

J=1
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6 A.-L. HAJI-ALI ET AL.

For A i as defined in Equation (5), let
1 n
K3 n= ; z A jK N
j=1
then by Taylor expanding, we can bound

E[4r 5@ @] < [EF@ ) D, 8@ O] + Igle,mon E[[fien| D] ®

where, for all x € RY,

- b
f&x):= a—f(x,/ K(x,z)ul(dz)),
y R¢
2

_ 1
and f(x)::/ (1—y) a—];(x,siDn —l—/ K(x,z),u,(dz)) ds.
0 dy Rd

Since « is Lipschitz continuous, implying linear growth, we have for any x € R¢,

‘ / K(x,z)u,(dz)‘ < ‘ / (1 + x]l + IIZII)M,(dz)‘
Rd Rd

©))
S+ lxll+ ENZOI
Using Equation (9), we can also conclude that, for any j € {1,...,n},
x| S T+1Z,01 +1Z01 +ENIZON. (10)
Using Equations (6) and (9) yields the following bounds for any x € R4,
Feo)l S 1+ lxll+ ELIZO)], Y
Fol <1+ |D,| + Ilxll + ELIZO)]. 12)

Using Equation (12), Holder’s inequality for probability measures, Equation (3) for p = 2 and the fact
thatx” < 1+xfor0 <r <1andx e R, yields

E[[fzm|2] s a+EnzoI E[D2] +E[1D,1] + E[1Z,01 D3]
<a+efizor]™ €[]+ E[)) " + (E[izor])) " ([=1])
w1+ ([izon]) " )e fizon] w2 fizon] " o e iz

<! (1+E[1zo]).
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WEAK CONVERGENCE IN THE PARTICLE LIMIT OF MCKEAN-VLASOV EQUATION 7
Furthermore, using the definition of 2,
1 _
Ef(Z,0))D,5(Z"0)]| < p |E[f(Z,(0) (Ax) gZ" )]

L (13)
+- > [E[fzio) axe@v)|
j=2

Here, using Equations (10) and (11), Jensen’s inequality and Holder’s inequality for probability measures
yields

E[f@Z ) (41x) ¢(Z"®)]| < llglc, @any E[FEZ 0] [Ak]]

S lglle,gany E[ (141,01 + E [1Z,011])?]

14
S gl eon (1 4+ E [ 1ZOI2] + ELIZ0ID?)
< lghe,geny (1 4+ E [121*]).
and for j = {2, ...,n}, using a Taylor expansion of g,
E[f@ ) ax ¢z @)]| = [E [fziwn A s@,00]|
15)

1
+ ‘E [f(z1 1) Aje (Z"(0) — 2" ;)" /0 Vg(sZ"(t) — (1 — 9)Z" j(t))ds:|

Here, Z’Lj(t) =Z®,....Z_11,0,Z,(0),....Z,(0) € R*" is the same as Z"(¢) but with the j’th
entry replaced by 0. Note that

E[fi0) A 2,00 = E[fZ, ) ElD]Ap | Zy 0 g@2an] =0, (16)

as Zj(t) has law p, and is independent of Z" j and of Z, (¢). Using Equations (10) and (11) and Ho6lder’s
inequality for probability measures, we bound

1
‘E [f(Zl () A (ZM(1) — Z'ij(t))T/O Veg(sZ'(n — (1 - S)Z"j(t))dS]

d
-y 88_ E[[F o) 1,1 1Z01] (17)
i=1 75l Cb(Rdxn)
d
<y 08 (1 +E [||Z(t)||4])-
i=1 ji Cb(RdX")
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8 A.-L. HAJI-ALI ET AL.

Substituting Equations (16) and (17) into Equation (15), and the result and Equation (14) into Equation
(13), and then substituting the result into Equation (8) and using Equation (4), we arrive at the claimed
result. O

We now state the main result of the paper, which will also depend on the technical bounds that will
be derived in Section 3.

Tueorem 2.3 (Weak convergence result). Assume that weak solutions to (1) exist and let Z" = {Z;}}_,
be n independent processes each satisfying Equation (1) with independent underlying Wiener processes.
Assume that

lalcy, xR vy 1013 wixr raxa'y T 1K1 03 maxre) T K23 maxmray < 00, (18)

and let X" = {X!"}"_, satisfy Equation (2). Then for g : R4*" — R with continuous bounded derivatives
up to the third order and any 7 > 0, we have

E[ex"(1)) —g@"(T)]| S (1 +E|IEN*|) n7" Iglcs gan- (19)
bd

Proof. Leta = (aj);i:1 for aj : RIxR— Rand ¥ = (EjJ,);lJ,zl := oo for Z‘jJ/ :RYx R > R.
Forx = (x| = (x; ’]-)l-6 [ ap define the operators (recall that ., is the law of Z())

n d
0
and L = Z 1 [aj(xi,/Rd Kl(xi’Z)Mz(dZ))K

)

1 92
> z.(x. . —
+5 2.5 (x, /]R l, z)m(dz)) axiJaxJ

Consider the value function u satisfying the PDE

0
—u(t,x) + Lut,x)=0,for0<r<Tandx € R*n
ot (20

and u(T,x) = g(x) forx € R,

Under Equation (18), a strong solution for Equation (2) exists and is unique (Friedman, 1975, Theorem
1.1 in Chapter 5) and u(t,x) = E [g(X”(T)) [ X"(t) = x], see (Friedman, 1975, Theorem 6.1 in Chapter
5). Given the existence of a solution to Equation (1) and its law, and recalling that the coefficients
a and o in Equation (1) are integrable and square-integrable, respectively, due to Equation (18) and
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WEAK CONVERGENCE IN THE PARTICLE LIMIT OF MCKEAN-VLASOV EQUATION 9

Equation (4), we define U(¢) := u(t,Z"(¢)) and apply Itd’s formula (Friedman, 1975, Theorem 5.3 in
Chapter 4) to arrive at

E[g(z'(D)] - E[¢(X"(D)] = E[U(T) — U(0)]
T 1)
:/ E[(Ly — L,)u(t,Z"(1))] dr.
0

The last equality is satisfied under the boundedness conditions in Equation (18), the integrability of Z,
and the boundedness of the derivatives of u, which we will establish later. Then

n M n
E[(Loo — L,)ut, 2" ()] ZZ E |:A a; Y —(t,Z (r))}

i=1 j=1

(22)

1 0u

EZ [ it 5y Z"(r))}
where for f = aj, Kk = K and f = Z‘jd-,,/c = Kk,, we define

1 n
AgfﬁZf(Z,-(t),/ K(Zi(l),Z)M,(dZ)) -1 Z®, - ZK(Z,-(I),Z-(I)) . (23)

Rd n =

Using the triangle inequality, Lemma 2.2 and Equation (4), we bound

E[(£e — £,)utt, 2" 0]

' (1+E[Izot]) ZZ

i=1 j=1

<t (1+E[EN]) e,y uaeny

8u(t 9%u(s, ")

0x; axl 7

3

C}i (]Rdxn)

Cl (]Rdxn)

It remains to show the bound |u(z, ')|cgd(Rdxn) < |g|ng(Rdx,,) for t+ < T. To that end, we use

Proposition 3.3 in the following section with an appropriate definition of v and ¢ in terms of a and
o, respectively, since Assumption 3.1 is satisfied for ¢ = 3 given Equation (18); see the discussion after
Assumption 3.1. U

CoroLLARY 2.4. From the previous theorem, we can readily deduce that under the same conditions and
for an integer k < nand g : R¥*¢ — R, we have

|E [¢X{(T), X5(T), ... X (T)) — (Z,(T), Z,(T), ..., Z(T)]|

1 dk+2 gl
<~ (1+E[iEr)) ( N ) max §
n 3 LeNdk 1<|e|<3

axt

Cb(kad)
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10 A.-L. HAJI-ALI ET AL.

Corollary 2.4 is useful when k is independent of n. For example, for g : RY — R, let

n _l . ~ yn
gX"(1):= = > RX/(T)).

i=1

Then, assuming that | gchd ®Rd) and E [||§ ||4] are finite, Corollary 2.4 immediately implies that

|E [¢(x"(D)) — ¢@"(T)]| = |E[3X] (D)) — 2@(T))]| = O¢™).

RemMaARrk 2.5. In the special case when k, = 0, we can relax Equation (18) and only assume that

lalc2, mixmrirdy F 1012 Raxriraxay T 1K1l 2 maxmrey < 00 24

The result would then also involve only the first and second derivatives of g,

[Efex ) —g@' @] S n7" (14+E[1E1*]) lglca,@ny
thus recovering a similar result to the one obtained, e.g. in (Kolokoltsov, 2010, Chapter 9).

REMARK 2.6 (Multi-dimensional interaction kernels). The result of Theorem 2.3 can be extended to multi-
dimensional kernels, «, «, : RY x RY — R™, for some integer m, assuming that

|a|ng(Rdem;Rd) + |U|ng(RdXR’”;Rd><d/) + & |ng(Rd><Rd;R'") + |K2|ng(Rded;Rm) < 00,

The proof would follow the same steps by extending the proof of Lemma 2.2 to f : R x R” — R.
Such an extension can be done by either considering Euclidean norms in the proof of Lemma 2.2, or
by adding and subtracting appropriate terms in Equation (7), so that we have m differences each having
only one component of the interaction kernel being approximated, and apply Lemma 2.2 directly to each
difference.

3. Moments Bounds for SDE Variations with Sobolev-Bounded Coefficients
In this section, for T > 0 and (¢,x) € [0, T] x R", we consider a general SDE of the form

s

X" (s) =x —i—/‘ v(t, X" (7))dr + /S s(r, X" (1))dW(r), se€lt,T], (25)
t

t
with drift coefficient v = (v))}_; : [0, T]xR" — R", adiffusion coefficient ¢ = (Simdie(1,...nmel,..n} -
[0,7] x R* — R™" and W is a vector of n’ independent standard Wiener processes over a
probability space (£2, F,P) with the natural filtration. The main results of this section are Lemma 3.2
and Proposition 3.3 with the latter being used in the final step of the proof of Theorem 2.3. Note that the
system that we consider in Theorem 2.3 is Equation (2) which is a specific example of Equation (25) with
n < nd. However, we prove the results more generally for Equation (25) to emphasize that the particular
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WEAK CONVERGENCE IN THE PARTICLE LIMIT OF MCKEAN-VLASOV EQUATION 11

structure of Equation (2) is irrelevant as long as Assumption 3.1 is satisfied. Additionally, the results in
this section could be useful beyond the current work. In what follows, for any f : [0,7] x R" — R,
define the extended norm

flloo := Hf”LOO([o,T];cb(Rn)) == sup [If(s, ')“Cb(R”)'
0<s<T

For brevity of presentation, we will define for the coefficients v and ¢ in Equation (25) and for an integer
r=0,

87’
VD oo = llOV|Iyr-1 o + 26
IVl o 2= 18VlIpr1 o w%rﬂ ot (26)
n
where dv = (%) and [[9v[lp-1 o := 0. Similarity, we define
i=1 / 12
Islpre, = 10slp1 2 + D iefrll’é.l.)in} > i (27)

LeNn, \ll r l =0 m=1

where d¢ = (agﬂ and |[gllp-1 02 :==0. Finally, for the process X'~ in Equation (25),

dx; )i={1,...,n},m={1,...,n/}
we define for any p > 1,

IX ™ llpr oo (e, 11202 2)) 1= 10Xl pr1 poo 7120 (2.2

p1/p 28
+ Z max  sup E|: :| 28

ie{l,...,n .
eenm o= S\ r=s=T

n
x _ [ 0X7 1. —
where X" = (a_x, . and | X ||D71’Loo([t’T];U,<Q’P))._ 0.
=

AssumpTioN 3.1 (Bounded derivatives). For an integer g we assume that v : [0,7] x R" — R”" and
G :[0,T] x R" — R"™" gatisfy

q
D Wiy oo + sy ez < C,

r=1

for some constant C, > 0 independent of n.

The previous assumption deserves some explanation. For example, focusing on the drift coefficient
v, the definition in Equation (26) for r = 1 simplifies to

vl “'+n L
V|[pt o, = max| — max || —+
D!, ¢ [
o0 i E)xi 0 | i~ 8)@3
and [[¢ |l 2 expands similarly. Hence, a sufficient condition for Assumption 3.1 when ¢ = 1 is to
bound
35im ||* ' v ol i=e
0x¢ |l oo 0x¢ | oo Cin !l i#e,
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12 A.-L. HAJI-ALI ET AL.

foralli € {1,...,n} and some constant 61 > (. For r = 2, the definition Equation (26) simplifies to
2, n
v =max|—= | + » max
IVl o0 = m: ox? Z;' i#t | x; 8x(Z KZ} ZZ:I o) sz Bx,z,

and an additional condition on the second derivatives would be required Assumption 3.1 when g = 2,
e.g.

n' ars_ 2 12 82V~ €2 i=t=10
> | + d Con ! i=t#loriFEl=10
axt 0x,0xpr | o =T, .
m=1 C,n™* i€, ¢ are distinct,
foralli € {1,...,n} and some constant 6‘2 > 0. In general, for any integer g > 0, a sufficient condition
for Assumption 3.1 is
n 2
gltl - glely. -
) e Vil < @ gl forallie{1,...,n}and £ € N : [€] < g,
oxt oxt 4
m=1 oo [ed]

for a constant C g > 0 and where e¢; is the i’th unit vector and |£|, denotes the number of non-zero
elements of £.

Lemma 3.2 (L” bound of stochastic flows). Let Assumption 3.1 be satisfied for ¢ € {1, 2, 3} and for X'~

in Equation (25) and any p > 2 then there exists constants K, independent of n and x, such that

1X ™ e oo qr.1:r 2.8y = Kgp

Proof. The proof is in Appendix B. g

ProrosiTion 3.3 (Bounds on derivatives of the value function). Let u : [0,7] x R" — R satisfy the
Kolmogorov backward equation on (¢,x) € [0,T) x R",

82
_(t x)+2v(t x) (t x)+ = ZZ Zglm(t X) Gy (1,X) ax.a”x.(t,x):o
77

tl]lml (29)

and u(T,x) = g(x).

Assume that the coefficients, { vl-}?=1 and {6, e nmel....n satisfy Assumption 3.1 for g € {2,3} and
that g has continuous bounded derivatives up to order g. Then, for some constant Dq, independent of n,
there holds

|u(t")|ng(R") = D |g|c‘1 LR
Proof. First note that under Assumption 3.1 for ¢ = 2, u satisfies forall # € [0, 7] and x € R" (Friedman,
1975, Theorem 6.1 in Chapter 5)
u(t,x) = E [g(X™(T))]. (30)
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WEAK CONVERGENCE IN THE PARTICLE LIMIT OF MCKEAN-VLASOV EQUATION 13

Next, we differentiate u with respect to the initial conditions and exchange the differentiation with the
expectation in Equation (30) (Friedman, 1975, Theorem 5.5 in Chapter 5). Then, we bound

= ax;

Z wm» m

j=1 |i=t
3X
G, (]R”)

ax;
C (R =1

n 1,X
0X
max E E L
i j=1 [ 7

33|

j=1i=1

(1)

]

Bx,

axl

ag

ax,-

|

C, (R")

g

=Kz 0x;
L

i=1 Gy (R")

by Lemma 3.2. Similarly,

ZZ

Jj=1j=1

92x'*

n n n X
m#ZZEZin> Z—— (D)
>

j=1j=1

1x

t,x i
28% (ry) o Agm

(33|

j=1jy=1| |i=

)
- (3] m?xzzE[

P2x1%
( )i|
i=1 G R j=1j=1 3x/ax'

2
i ax;~
max Z E ( L
i 4 0x;
C,(RM) Jj=1 J

53 s

GRY =1 =1

1
1

1/2\2

HEx

i=17=1

Bx, Bxl

n
s@ﬁ&ﬁz
i=1

Bx, ax; 3xl

G, ®™

It is easy to see that the previous proof extends to g = 3 as well. O

4. Numerical Verification

In this section, we present a numerical study of the weak error of a particle approximation of the solution
of a simple McKean—Vlasov equation. For r € N and x € R, consider the function

wm%@ﬁym“’
r : 0

|x| > 1.
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14 A.-L. HAJI-ALI ET AL

1072

-04 =02 0 02 04 06 0.8

FiG. 1. A histogram of the values of {X'(1)}?_ which follows the system of SDEs in Equation (2) with Equation (31). Here, the
values were approximated using the Euler—Maruyama time-stepping scheme with 64 uniform time-steps and n = 2, 048.

and note that s is discontinuous while for r > 0 and all k < r the k’th derivative of v, exists is uniformly
bounded, and the (»— 1)’th derivative is Lipschitz continuous. Subsequently, consider the particle system
Equation (2) with d = 1 and X;(0) being uniformly distributed in [—1, 1], and for x,y € R set

a(x,y):=2(x—0.2)+y,

o(x,y):=0.2(1 +y),

Ky (6, y) == ¥ (10lx — y[)
and K, (x,y) =¥ (Slx —yD).

€29}

Note that the previous a, o, k1, and k,, the latter two being only Lipschitz continuous, do not satisfy the
conditions of Theorem 2.3. Nevertheless, existence and uniqueness of solutions to Equation (1) with the
coefficient in Equation (31) can be established using, e.g. the results in De Raynal (2020); Raynal &
Frikha (2021b). To approximate solutions to Equation (2), we use an Euler-Maruyama time-stepping
scheme with a fixed number of time-steps.

We consider the sequence of systems, denoted by X", satisfying Equation (2) with an increasing
number of particles, n. See Fig. 1 for a histogram of the values of X}'(1) for n = 2,048 and using 64
uniform time-steps in an Euler-Maruyama scheme. We also consider the discontinuous function g(x) =
Y,(10[x — 0.2]) and plot in Fig. 2 the quantities (E [(X*" — X")2])'"/* and |E [g(X?") — g(X™)]|. The
same convergence behaviour of these quantities was obtained with different numbers of uniform time-
steps. Even though x| and k, are only Lipschitz continuous and g is discontinuous, the observed weak
convergence rate is still O(n_l), as predicted by Theorem 2.3 when «, k,, and g were assumed to be
three-times differentiable. Hence, it may be that the assumptions required by Theorem 2.3 and similar
proofs in the literature can be relaxed by exploiting, e.g. the smoothness of the probability density.

Gz0z Jequieldag zo uo Jasn gD ‘AlsIaAlun usyoey AqQ 18601 28/S | 0reXyA_WEWI/SE0L 0L /I0p/3|oIe-ao0uBApe/jeWEWI/WOo2 dno dlwapese//:sd)y Wol) papeojuMO(]



WEAK CONVERGENCE IN THE PARTICLE LIMIT OF MCKEAN-VLASOV EQUATION 15

102

1073

O(n—! N

—o— [E[g(X2"(1)) — g(X?(l))l

|
s

102 102
n

Fic. 2. Convergence rates Xi"(l) which follows the system of SDEs in Equation (2) with Equation (31) and g(x) = ¥ (10]x—0.2]).
Here, the values were approximated using the Euler—-Maruyama time-stepping scheme with N = 64 time-steps. Note that the rates
are consistent with the predicted rates in Theorem 2.3 even though the coefficients of the SDE do not have sufficient smootheness
as required by the theorem.
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A. Proof of Proposition 2.1

We include a technical proof showing Equation (3) in Proposition 2.1 for general p € {1,2,...}. We first
state a result bounding the cardinality of sets of multi-indices that do not contain unique indices.

Lemma Al (Multi-indices with no unique indices). Given a set Z and integer p > 2, let ZP be the
p-ary Cartesian power of Z. Define the set of multi-indices with repeated indices as:

T = {(kl,kz,...,k YelP : Vje(l,...,p}3j e{l,....,p}\ {j} s.t. kj :kj,}. (A1)
Then, there exists a constant Cp such that

\Tze| < c, [T/, (A2)

Gz0z Jequieldag zo uo Jasn gD ‘AlsIaAlun usyoey AqQ 18601 28/S | 0reXyA_WEWI/SE0L 0L /I0p/3|oIe-ao0uBApe/jeWEWI/WOo2 dno dlwapese//:sd)y Wol) papeojuMO(]



WEAK CONVERGENCE IN THE PARTICLE LIMIT OF MCKEAN-VLASOV EQUATION 17

Proof. We can directly compute that |J72| = |J73| = |Z|. Then, assuming that the result is true for p,

we consider J7,+2 by counting cases where any index, i, is repeated j times,
IZI p

p+2
Tl =114 23 (42 o

i=1 j=2

IZ| p—2

p+2
=I171+2.2 (j+ z)lj(I\{,-})ij

i=1 j=0

IZ| p—-2

p+2 p=i
<I1ZI+>.>] (H 2)c,)_,-(|z| -tz
i=1 j=0
p—2 D42 .
P
saw+mNﬂW”§:Q+a)%ﬁ¢n—lﬂziW”L:qﬁﬂﬂ“ﬂﬂ#
Jj=0
O
Proof of Equation (3) in Proposition 2.1. We again set, without loss of generality, i = 1, denote 7 :=
{1,...,n} and recall the definition in Equation (5) to write
2p 2p
1 w 1
|- 2c@.0) - /Rdx(z1 0.0 ) | | =E| [~ Ax
j=1 jeT
2p
=n z E H Ay
keZ? Jj=1

LetZ% = Uy 1 VU, 1 U Jz2p With Jpop is as defined in Equation (A.1), i.e. the set of all multi-indices
from Z? with no unique indices, U, ; is the set of multi-indices with exactly one unique index equal to

1, and U, _; is the set of multi-indices with at least one unique index different from 1. For k € U, _,,
Le. thereis an £ € 7 \ {1} such that k, # k; for all j # £, we have

2p 2p 2p
E|[T4ux|=E|Auc [] Ay |=E|E[AucIZO]E| [] Aclzi@ || =0,
j=1 =1y j=1y

since, given Z, (t), Ay « is independent of {Akjic};?:u# and E [A@K | Z, (t)] = 0. For other k € J12p U
U, 1, we bound using Holder’s inequality and the Lipschitz assumption on «,

2p 2p e
E Ll_[ Ak,-fc} < [1E[@m]"™ <2 v Efizar)].
i=1 j=1
Finally noting, by Lemma A.1, that

|.7[2p| = Cop n’,

<2y (=D <opey, i,

|ty 4| =2p ’j(z\{]})zl’—l
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18 A.-L. HAJI-ALI ET AL.

we conclude that

2p
1< _
(nZAjK> <n P sup E[IlZ(t)||2p].
=1

0<t<T
O
B. Proof of Lemma 3.2
We first note the following inequality for any index sets Z and J and any sequence {¢; j};c7 je 7
o 172 1/2
2
S(Za) ) =x(z4) - ®)
jeJ \iel i€l \jeJ

which can be shown by expanding the square and using Holder’s inequality. Using Equation (B.1)
and Jensen’s inequality, we can show the following inequality for any random variables (Y;);.7 and
measurable sequence {g; ;};c7jc7 andp = 1

2\ P2 12 \”
E Z(Zal/ t) <E Z Zaz‘zJ el
jeJ \ieZ i€l \jeJ
172\ P~1 1/2
< | 2 24 Do (2a| Elvr] B2
i€ \jeJ i€l \jeJ
172\ P
< Z Zaizj maIxE[|Y|1’]
i€l \jeJ e

In addition, note that for a positive sequence {a; ;};c7 jc 7, We have

n

max D d;; = < ma%a + max Z a;; < max a;; + max a;; (B.3)
€ ’ € € €
< jeg T jed it ' /ejl e

B.1 First variation
. axr . . -
First, note that the process — - exists under Assumption 3.1 for ¢ = 1 and satisfies for s > 7 the SDE
J

X =y, / D x5 o) g
ox; - ax, Ax;
Jj k J
n s n dc, t,x
+ / Ssin (i )) C (r) dW,,(0),
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WEAK CONVERGENCE IN THE PARTICLE LIMIT OF MCKEAN-VLASOV EQUATION 19

where A; = 1 whenever i = j and zero otherwise, cf. (Friedman, 1975, Theorem 5.3 in Chapter 5). By
t6’s formula

—1
aX{x p s n 9. axt,x ?’x 14
El|[—— sA,u+p/ E[[D i x@) T (o) () dr
dx; J p dx, ax; 0x;
k=1 J j
(B.4)
) Joxr |7
+ = /ZE ( glm( X (t )) (T)) @ dr.
%
For the term involving v;, using Young’s inequality, we can bound
-1
u x> |lox=x |/
E X" (1))
Z (o, X (1) — @3 @
—1
Do | |ax ax™ |
<E (Z ovi 19X () (B.5)
=0 oo | 0% dx;
n 1x p tx P
<1E Z% an() —lE 8X()
“p P 0x; || oo E)xJ p Bx
By using Jensen’s inequality, Equation (B.2) and Assumption 3.1, we can further bound
n tx P
av; 0X
el (3] 2] |2
= 0x; || oo 8xj
P 1.x P n 2
I, 0X; v, | |aX;*
<ot U E[ (1) }+2P‘E D Fisa g s ) (B.6)
ox; - ox; Pyt 0xp oo | 0%;
p tx P t P
v, X ) ¢l
<o | E| || [+207' maxE | [ )] |
0x; ox; k#j x;
o
For the term involving ¢; , using Young’s inequality and bounding the derivatives of ¢ ,
2 -2
3 x* P
E (Z g”"( X (e )) X, ()) )
— X
k=1
L . N o (B.7)
; 0X — X,
el XX ag””H (1) FP22E T ) |,
P —\a 0xg lloo | %) P x;
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Using Jensen’s inequality and Equation (B.2) and Assumption 3.1, we can further bound

n n 1.x 2\ P/
a¢; X
E Z 8§1m ak' (1)
m=1\k=11 % lloo | &%
p/2 tx P
X
<ol Z‘aglm E I (1)
Bx/ 00 ij
(B.8)
n n 1x 2\ P/2
1 D B I o [ e
A 0xk (oo axj
m=1 \k=1,k#j

D\P2 [laxtx P P
El|=L-@| [+2°7'C] maxE | |—~-(0)| |.
00 ax; k#j ax;

Combining Equation (B.6) with Equation (B.5) and Equation (B.8) with Equation (B.7) and substituting
the result into Equation (B.4) and simplifying yield

n/
<! (Z

m=1

axc P s _[laxi* |7
E 14 A
|: ox; (s) i|§ lg"‘cl/t |: ox; () i|
e x> I
+cp C / max E ()| |dr
2 (4 L |: ox; } (B.9)
P
+czap/ |: J (r) i|
where
_plp—=1)
Cl — T,
_ p2P—1
p o 2\ /2
av; ag;
d . —L = ,
an W ij mzl 3xj
o = o

so that max; a;; + ZJ | max;;a;; < C; by Assumption 3.1. Then, taking the maximum over all i in

1 ll
! s ax* |7
<1+ (c +2C’1’c2)/ max E a’ (v)| |dr
t i X

Equation (B.9), we arrive at
J

1.x

0X
max E |: L
1

(5)

ij
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and using Gronwall’s inequality yields

ax*
max E L(s)
i ox

J

p
} <exp((c; +2CTey) (s — 1) = Dy, (B.10)

for all < s < T. Taking the maximum over all i # j in Equation (B.9), we arrive at

! S ax> f
< (c +cC”)/ max E L (p)| |de
— 1 2%1 S
A 8xj

5 ax> P

J
+c2(111)7zéijxafJ)/t E|: . :|d‘l,'

Using Gronwall’s inequality and Equation (B.10) yields
axt=
max E |: L_(s) :| < cz(maxa ) exp((cl + C2Cp)(s — t) / E |: :|
j ij i#
< Cz( af) exp((cl + Cch)(s - t) (/ ]dt)

i
=D, (r?%xag). (B.11)

ax*
max E L(s)
1 ox

J

()

(1)

Finally, using Equations (B.10) and (B.11) we arrive at:

x [P lp n x [P l/p
(D Gl S Lo([LTLP (2.P)) —mlaxtilleTEH a;i () :| +]Z:I?%X:?ETE|: 3); () ]
< Dl/p +Dl/p max a; ;
S
<D/" +D’c,
— K, (B.12)

B.2  Second variation

In this section, we simplify the presentation by using D, to denote constants depending only on ¢, T, p,

and C, and independent of n. Observe that these constants might change their values from one line to the
. a2x;* . . .
next. Again, note that the process [W(s)] exists under Assumption 3.1 for g = 2 and satisfies
jOX)
: selt,T]
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22 A.-L. HAJI-ALI ET AL.

for s € [t, T] the SDE

ZXZJC 82X[yx
(5= / l( X)) S (o) de
Xa.X/ J j/
s non 32 t,x t,/x
+/228 (T X’*‘(r)) s () £ (r)dr
=t v= PO 0xy
g ZXl,x
+Z/ Z ST, X () s (r)dW (r)
m=1"" k=1
ax"r
+Z/ > - -‘é"'w £ X () Tk X —(05. 5@ W, 0,
R T e 4

cf. (Friedman, 1975, Theorem 5.4 in Chapter 5). By 1t6’s formula,

azxt,x p s 92X t,x
E[axa - } / [(f‘ﬂ%) ’a 0%, (t)‘ ]
ot o (B.13)
P e w [ o, of”
where

n 32 t,x

fii= Za (@ X (0) = (@),
Xk J Xy

n n c 92x'* 2
fri= Z(Z(al:% X (e >)) ’;j/m),

m=1\k=1
D i) ¢ni
ZZ (X )) e Pl (1)
k=1 k=1 %k xk’ 9
2
0X ax
and  f;:= Z(Z Z(ax Sim (. X" (¢ ))) e (r ) k (r))
) VA 0%

As before, the first step is to apply Young’s inequality to each of the previous integrands. For integers
q, €1{1,2} and u € {1,2, 3,4}, we have

82 t,x P—Yu _ 82Xl’x p
E|f, (1) < g o) 4 P o . (B.14)
0x;0x; p p 9x;0x;y
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WEAK CONVERGENCE IN THE PARTICLE LIMIT OF MCKEAN-VLASOV EQUATION 23

We now turn our attention to bounding E [f,f / q“] by primarily using Jensen’s inequality and Equation

(B.2). We present the proof bounding E [ 4 / 2] and E [ff / 2], Bounding E [f]] and E [£}] is analogous,

/ 2 p/2
n n 2vix
ag; X
)¢ | (33 |2 )
I\ 0% |l oo ijaxj/
/ r/2
n 2 21X p
ag; 0°X
< 3p—1 2 2 Sim E k (1)
~ 0% | oo 0X;0X;
kefjy'} \im=1 I
, 2\ P/2
n 2yix
ag; 0°X
3p—1E im k T
+ z z o 0%y Bx-ax»/( )
m=1 \ke{1,2,....n}\{j/'} oo |
/ r/2
n 2 2ix 14
ag; 0°X
< 3177] E E ﬂ E k ('L')
~ 0% | oo 0x;0x;
kefjj'} \im=1 77
2ytx p
+37'¢? max  E o)l |, (B.15)
ke{1,2,...n\ '} axjaxj,
where we used Equation (B.2) in the last step. On the other hand,
/2
n n n 2 tx tx 2\ P
0°¢g; 0X 0X,;
E[AP] <[ (> (§ I e I CO R e
=1 \k=1 k=1 8xk3xk/ 00 3x] ax]-/
/ 2 ,D/2 1 1 P
n 2 ) ¢l
0°g; /
< (S| i E|: L ()= (1)
— 8xj8xj, o ij ij, i
r/ p/2 x »
n n 2 1.x
4p—lE im k J
+ z z | 9x;0x dx; @ 0x; 2
m=1 \kK'=1k'/ll 7 0o J J
" n 2 x'* tx P
0°¢; /
+#TENID D s @ (1)
el Pyl dxy 9 - 0x;, axy
B / 2 P/2
n n n 2 t.x t.x
0°¢; aX 0X,;
+E S S D Sim k(1) K (g) . (B.16)
R . 3xk3xk/ 0x; X
m=1 \k=1,ksj k'=1 k' £’ oo %Y j
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24 A.-L. HAJI-ALI ET AL.

Looking at each term separately and using the bound on the first variation Equation (B.12),

ax* tx P x* | 2 x| 12
E||l---@®—-—L@| [=<|E (1) E L (1)
ij 8xj/ X axj/
2p
= Kiop

Moreover, using Holder’s inequality, Equation (B.2) and the bound on the first variation Equation (B.12),

we write

n n 2 tx 1.X p
E —=n K (¢ T
Z Z |l 0x;0x, 0x; ) ; )
m=1 \K=1k#jll "7 o J
n n 829 2\ 1?2 X 2\ "2 aXt,x 2 1/2
< (>[5 Lem me |50 |) el S
prll axjaxk/ - K #£j Xy dax X;
<K —= max E (1)
1.2p . Y ’
o\ ijaxk, -~ K #j ax]
and
, o\ P/2
. % 5| 826 ax,‘;’“ X"
E 2. 2 (5=
, |l 9x 0y dx;y
m=1 \k=1Lk#j k' =1,k #j o0
) 172\ P
n n n 2 2 1x tx p
92 c. X, X
< SO>S max E ( )~ (o)
) ] 0.0y [| oo kK
k=1k#j K =1k'#] \m=1 ki K il J
tx T\ 1/2 oyl 2p\1/2
< C2 max E (7) max E k(1)
kk#j ax K KA axy
Hence

P/2 1 2p »
E[f4 ]<4P (KlzngllJJ/+K12ngzlJJ/+K12ng21M+c F3,1,/)

< Dy(Foy iy + Ferigy + Ferigi + Frig )
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WEAK CONVERGENCE IN THE PARTICLE LIMIT OF MCKEAN-VLASOV EQUATION 25

where
/ 2 p/2
F R ”Z 82gim
SLidT T 9x.0x; ’
m=1 J77T 00
Ay U - P 2\ ax= P\
F_ .., = Z Z — 2 max E K ()
G2,LJ3J 1Lt . ’
k’—] m:1 3x/8xk/ 00 k;é] 3xj/
x p\ 12 - 2\ 1/2
and F;, = | maxE k(1) max E K (1)
S k#j dx; KA/ 0xy
Note that, using Assumption 3.1,
Zma"F srigi + ZZZQ}J’?‘?,‘}F Suidd
j=1j=1 "%
" W 825‘- 2 \P/2 n o o 825‘ 2 \P/2
S5ILTTDY) L1 ) N 3) SFY B o) K-
— A\ o dx;0x; -~ j:lj’:llgé{/‘]} = dx;0x;
<.
Similarly, using Assumption 3.1, Equations (B.3) and (B.12),
n
max Fe,iji T ZZ,{;}??}F &2
j=1 j=1j=1""
. NEAPTTN: 172\ P axx [ 1/2
= ma_xz Z ﬁ x | max| E Bk/ (1)
) i#j 1 \m=1 xj Xy o ik i
e P\ (e 7\
Zmax Z—”" X max | E ‘ K (7)
a\a ijaxk/ - KA Xj |
D 1P
<2C,K; 2
Additionally, using Equation (B.12),
2N\ 172\ P 2y 172
axt* |7 axx |7
ZZF3N,< Zmax (7) max [ E (7)
0x; et ] axy
j=1j=1 ] Jj=1 J
2p
=Ko
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26 A.-L. HAJI-ALI ET AL.

Similarly, we bound E [£3 ] to arrive at

D
E[A] SD2( vigg T Fuiji +FVthJ+F3JJ’)’

where
F ) 32v; !
IDRAN
! 8xj8xj/ -
1/2
and  F,, ;= Z ‘ max E (7)
’ bt 8xj8xk/ -~ K £f' 8xj
Therefore we can find b 7 such that
P P/2
/ E[]+ - DE[]dr <2, (B.17)

which satisfy

) =1 =1 iy}

Z(maxb )—i—ZZ(maX bz,;,/) < D,. (B.18)

We use Equations (B.15) and (B.17) in Equation (B.14) and the result in Equation (B.13) and simplify

to arrive at
)4

2y lX

p
s _[]92x]
j|§D2/E|:
t

82 t»x

(s) (T)

8x8x/ 0x 8

x|
/ E )
12 ..... \{,,;} axax,
2 Lx P
(B.19)
+0.d [ €
! ax; Bx,(t)
2 t,x 14
D,d’ T
D / |:8x Bx/( ) :|
+bw
Recall that
p / 2 P/2
& ox; ox; ’
J oo m=1 J oo
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WEAK CONVERGENCE IN THE PARTICLE LIMIT OF MCKEAN-VLASOV EQUATION 27

and max; a;; + > max; ;@ ;

using Gronwall’s mequahty yield

< 2C,. Then, taking the maximum over all i in Equation (B.19) and

a2t Y
miaxE |:(a ™ (s)) :| <D,, (B.20)

forall j,j/ € {1,...,n}. Setting j/ = i and taking the maximum over i # j in Equation (B.19) yield

2ytx p s 32 t,x
max E L (s) < D2/ max E ‘ (t )| dr
i#] E)xjaxi P ax ax
82 t,x P
+D, (maxap)/ maxE|: (7) i|
i#] x 8x

s 82Xt,x p
D E
+ 2/1 ni];él]x Bx ox; ®
+max b

Using Equation (B.20) to bound the second term, followed by Grénwall’s inequality and then taking the
p’th root and summing over j yields

2t,x

ox; Bx

(s)

n
max E |:
— IA]
j=1

1/p n
< D b <D,, B.21
1= o (Bloga)  Blogni)) e o

where we used Equation (B.18). Finally, taking the maximum over i ¢ {j,'} in Equation (B.19),

P K 82 Lx
<D, max E ‘ (‘L’)| dr
¢ iglig) axax,
2ytx

+D2( af’)/t [ax

J
ijaxj/ @

2ylX

07X
max E
ig{jJj'}

8x Bx Y ()

p
]dr

s 92x* b
D &, E J d
+ z(n;g w) / [axjax,(” } i
v,
e i
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28 A.-L. HAJI-ALI ET AL.

Then, using Gronwall’s inequality, taking the p’th root and summing over j and j yield

2Xt,x pl/r
> ma s
l¢{1J xax/
j=1j=1
n n 2yt 1/p
<D maxa;; | | ma sup E T
- Z i#jxal” jxj/zlzslrlgs |:8x3x/() :|
82 l,x

n
+D, Zmaxa mgxz sup E|:

i J = t<t<s

n n
+D222(max bw)

=1 =1 ¢’}

The result follows by Equation (B.18), and since Zj": | max
(B.20) and Equation (B.21),

i 4;j < Cy and, by Equation (B.3), Equation

n 2Xl’x p
mj@lxﬁ;tilrlgsE |: o 3 (T) :|
2le.*x p 2th P
= m]._ax t;lrllf)s E |: dx;0x; 2 :| + Zr]n;jx tiggs E |: ox; 3X/ ) :|
<D,.

B.3  Third variation

The result for the third variations can be proven similarly and is omitted here.
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