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A B S T R A C T

Flexibility provision from active distribution grids requires efficient and robust methods of optimization and 

control suitable for online operation. In this paper we introduce conditions for the secure operation of power 

systems using feedback optimization based controllers. The feasibility of system operation is defined using the 

Feasible Operating Region (FOR), which serves as a boundary for safe system states. We propose a method to 

compute safe trajectory sets by projecting the high-dimensional system state onto the two-dimensional PQ-plane, 

enabling intuitive analysis of controller behavior. Our method is demonstrated on an exemplary sub-transmission 

system, where we evaluate the controller’s performance and robustness under disturbances and uncertainties. 

Results highlight the suitability of the proposed approach for assessing reachable and feasible system states in 

cases where the controlled grid is subjected to disturbances.

1. Introduction

Distribution grids are increasingly taking on an active role in power 

system operations, including the provision of ancillary services by dis-

tributed energy resources (DER), aggregators, or distribution system 

operators (DSOs) (see Fig. 1). This includes frequency control [1,2], 

voltage support for the overlaying grid [3–5], and congestion man-

agement at the transmission system level [6,7]. The involvement of 

potentially large numbers of DERs and subsystems necessitates efficient 

and robust control and optimization methods tailored to the specific 

ancillary services. Given the high security requirements in power sys-

tems, a potential control architecture must be validated for performance 

and robustness, even under uncertainty, disturbances, and noise. To 

address these challenges of online control, there has been growing 

interest in the application of closed-loop techniques for solving op-

timization problems in power systems [8,9]. These methods leverage 

the advantages of feedback control by incorporating real-time measure-

ments while solving an optimization problem, leading to an iterative 

trajectory of systems states tracking the optimal solution. This approach 

offers several advantages, including robustness to model mismatch, re-

silience to disturbances, and lower computational complexity compared

to conventional optimization problems such as the AC optimal power 

flow.

1.1. Related work

Incorporating distribution grid flexibility in online grid operation re-

quires controlling the load flow across the point of common coupling 

(PCC) to the superimposed grid layer by dispatching new operating 

points to individual DERs. Several approaches for the vertical coordi-

nation of flexibility in grid operation have been proposed so far. Going 

beyond the dispatch, methods for the quantification of safe system states 

for distribution grids in context of flexibility provision have been de-

scribed in recent years. To further distinguish the work presented in this 

paper and to put it in context regarding the current state of research, 

we introduce four relevant categories for our literature review. These 

include the Quantification of flexibility and safe operational regions 

for distribution grids, Robustness of dispatch and control of flexibility, 

an emphasis on Online Operation and finally the application of Closed-

Loop techniques for control of flexibility. An overview of all analyzed

references is shown in Table 1.
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Fig. 1. Hierarchical flexibility provision at the TSO-DSO interface.

Table 1 

Classification of examined literature by research focus.

Flex. Quant. Robustness Online op. Closed loop

[1,6,7,10–19] [15,17,19,22] [2–5,8,17,20,23–31] [2,5,8,9,20–27,29–31]

Distribution grid flexibility is mainly discussed taking one of two 

perspectives. First, the quantification of available flexibility is of interest 

to allow for a consideration in operational planning [10]. Second, the 

dispatch of a flexibility request requiring coordination of multiple, often 

numerous DERs [11,12].

Quantification of flexibility. A common method to quantify the avail-

able flexibility is the feasible operating region (FOR), i.e., the set of all 

complex load flows at the coupling transformer between two grid lay-

ers that are feasible subject to the constraints of the system [13]. An 

approach to quantify aggregated flexibility on distribution grid level 

for the use case of congestion management in superimposed grid lay-

ers is described in [7]. The authors propose an approach to determine 

the FOR based on a linear OPF. Another method to determine the FOR 

based on relaxation of the power flow equations is described in [14]. 

The authors propose an algorithm constructing the FOR and compare 

the results for different formulations of the OPF. Extending on optimiza-

tion based approaches to determine the FOR, the authors of Ref. [15] 

introduce chance constraints to a linear approximation of the OPF to 

account for possible uncertainties while determining the FOR. Further 

tackling the feasibility of flexibility aggregation an approach based on 

Approximate Dynamic Programming is introduced in [16]. The authors 

use the DistFlow model to capture the physical constraints of the system, 

ensuring feasibility in aggregation.

Coordination of flexibility. Using flexibility in grid operation requires 

coordination of DER based on a specified performance metric. This is 

usually referred to as disaggregation. An approach to coordinate aggre-

gated flexibility in a cascaded manner using a linear OPF is described 

in [17]. Utilizing flexibility at the TSO-DSO-interface in a cost-optimal 

way, the authors of Ref. [18] propose a disaggregation method based on 

MILPs with respect to the individual cost of flexibility. The authors of 

Ref. [19] propose the use of robust optimization to determine and coor-

dinate available flexibility for the use case of curative system operation 

under consideration of uncertainty. All of the approaches to flexibility 

coordination mentioned so far are based on solving optimization prob-

lems in grid operation offline. This is a well established practice in the 

domain of power systems, but it lacks robustness and can be compu-

tationally expensive when AC load flow equations are included in the 

optimization problem.

Online feedback optimization. Power system optimization incorporat-

ing real-time feedback has been proposed for a variety of different 

use-cases. An approach to track the solution of the AC optimal power

flow on the physical power system is presented in [20]. Approaches 

usually entail solving optimization problems by iteratively steering the 

physical system to an optimal solution based on linear input–output 

sensitivities [21,22]. These can either be determined offline [23] or 

learned from measurements [24]. An approach to real-time coordina-

tion of DER on distribution grid level according to specified performance 

objectives, such as set point tracking at the substation is described in 

[25]. The authors of Ref. [26] describe an approach to voltage con-

trol on DSO level for different time scales. From a systemic perspective 

the application of Online Feedback Optimization (OFO) in provision 

of ancillary services requires the optimization and activation of such 

measures in online grid operation. An approach to curative grid oper-

ation using Online Feedback Optimization is introduced in [27]. OFO 

performs supervisory control, recognizing critical system states and ac-

tivating remedial actions on the same system layer if needed. To further 

leverage flexibility that is connected to underlying grid layers, i.e., sub-

transmission and distribution systems, a hierarchical control structure 

for an efficient dispatch based on OFO for curative flexibility is intro-

duced in [28,29]. Different approaches to tuning the proposed control 

stack are introduced in [30] and [31]. These works illustrate, that the 

performance of a control stack based on OFO depends on the chosen 

formulation of the optimization problem and other parameters, e.g., the 

gain of the controller. The application in safety critical infrastructure 

like power systems therefore leads to a trade-off between robustness and 

performance of a proposed control stack. So far previous publications 

on flexibility quantification, flexibility coordination and feedback-based 

optimization lack methods to verify a specific control stack with respect 

to the problem of robustness and performance.

1.2. Main contribution

In order to address this gap the main contribution of this work is 

twofold. First, we introduce an extended hierarchical control architec-

ture for multi-layer flexibility provision in online grid operation. To 

this end, we incorporate underlying grid layers as flexible resources 

to support load flow control. Second, we propose a novel method for 

calculating trajectory sets under uncertainty. This approach verifies the 

proposed control stack in terms of safety and robustness while quanti-

fying the available flexibility based on the specific implementation and 

controller tuning. To achieve this, we systematically analyze trajecto-

ries resulting from adapting to new load flow set points at the point 

of common coupling between two grid layers. Based on the theoretical 

guarantees and previous studies we expect OFO to ensure robust and safe 

operation of power systems under uncertainty and disturbances by lever-

aging real-time measurements to iteratively adapt control actions, even 

in scenarios with limited controllability and incomplete system models.

2. Closed-loop control architecture

This section describes the proposed closed-loop control architecture 

in detail. The overall control stack follows the hierarchical structure 

of interacting grid layers, starting from transmission system to sub-

transmission system to one or several distribution grids participating. 

We first introduce the general optimization problem describing a dis-

patch of flexibility within the system constraints. Afterwards, we detail 

the proposed solution approach to the formulated problem based on an 

implementation of projected gradient descent in closed-loop with the 

physical system.

2.1. Flexibility provision

We denote 𝑁 as the set of buses, 𝐵 as the set of branches (i.e., lines 

and transformers), and 𝐹 as the set of all flexible actors in a grid. Let 

𝐯 ∈ R 

|𝑁| represent the vector of bus voltages, 𝐬 ∈ R 

|𝐵| the vector of 

active and reactive branch flows, and 𝐩 ∈ R 

|𝐹 | and 𝐪 ∈ R 

|𝐹 | the vectors 

of active and reactive power injections for flexible actors. For a given set 

point of apparent power flow at the PCC between two grid layers, 𝐬 set 

=
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[𝑝set, 𝑞set] 

𝑇 , we formulate the following dispatch problem for flexibility:

min
𝐩,𝐪

Φ = ||𝑝 set 

− 𝑝 PCC|| 

 + ||𝑞 set 

− 𝑞 PCC 

|| 

s.t. 𝐯 min ≤ 𝐯 ≤ 𝐯 max 

,

𝐬 min ≤ 𝐬 ≤ 𝐬 max 

,

𝐩 min ≤ 𝐩 ≤ 𝐩 max,

𝐪 min ≤ 𝐪 ≤ 𝐪 max

(1)

2 2

This optimization minimizes the Euclidean norm of the difference 

between the measured apparent power flow, 𝐬 PCC 

= [𝑝 PCC 

, 𝑞 PCC 

] 

𝑇 , and 

the set point, 𝐬 set 

= [𝑝 set 

, 𝑞 set 

] 

𝑇 , to achieve the desired operating point 

while satisfying system technical constraints. These constraints, detailed 

in (1), include limits on bus voltages, 𝑣 𝑛 

∀𝑛 ∈ 𝑁 , and branch flows, 

𝑠 𝑖 

∀𝑖 ∈ 𝐵. Power limits for available flexibility, such as controllable 

loads, generation, and other grid layers, are also incorporated as in-

equality constraints. Since this optimization problem is solved online 

on the physical system, the AC power flow equations are not explicitly 

included as equality constraints. Instead, constraint satisfaction is en-

sured through real-time voltage and branch flow measurements. In the 

feedback optimization-based approach, the dispatch problem is solved 

iteratively. At each step, the cost function and constraints are incorpo-

rated into a quadratic optimization problem to determine the controller’s 

next action. The detailed formulation of the proposed OFO controller, 

including its iterative implementation, is presented in the following 

section.

2.2. Feedback optimization based control

In this section, we introduce the general concept of the OFO con-

troller presented in this work. As stated in the introduction, dispatch 

problems in the form of (1) are typically solved offline for a model of 

the system with an estimate of possible disturbances. In contrast, the 

feedback-based approach iteratively steers the system by directly ac-

quiring the relevant states through online measurements (see Fig. 2). 

In this work we choose projected gradient descent as the underlying 

optimization algorithm for the controller.

We consider a system 𝐲 ∈ R 

𝑝 described by its inputs 𝐮 ∈ R 

𝑞 ,

a function mapping inputs to outputs ℎ(𝐮) and disturbances 𝐝 ∈ R 

𝑝,

where:

𝐲 = ℎ(𝐮) + 𝐝 (2)

For our presented use case, this entails a flexibility-providing power 

system that includes both controllable and non-controllable units, e.g., 

loads and DERs. The dispatch of flexibility is optimized based on (1) 

resulting in new operating points for flexible units. After actuation, all 

units adjust their feed-in or consumption of active and reactive power 

accordingly.

To ensure stability and convergence to the optimum of the cost 

function and to allow for an analysis of steady states, we separate 

the controller’s actions from the fast dynamics of the system [32].

Optimization

Algorithm
System

Fig. 2. Closed-loop optimization on physical system considering online measure-

ments.

This can be achieved by selecting an appropriate cycle time between 

the iterations awaiting all relevant faster dynamics of the system such 

as frequency and voltage transients. In this way we can abstract the 

differential-algebraic equations of the system describing its physical be-

havior to their resulting steady states. We express this in the following 

assumption.

Assumption 1 (Time-scale separation). For the dynamic system 𝑦 

time-scale separation between the actions 𝑢 of the central OFO controller 

and the fast dynamics of the system, as well as the adjustment to new 

set points for actuators within the system is assumed.

To drive the system to the optimal solution of the underlying op-

timization problem (1) we approximate the behavior of the system by 

its steady state map. The proposed controller utilizes an input–output 

sensitivity map ∇ℎ that represents the gradient of system output 𝑦 with 

respect to control input 𝑢. The sensitivities are determined by linearly 

approximating around the smooth power flow manifold for an initial 

operating point. They include the relevant states, such as bus voltages, 

branch flows and especially power flow at the PCC. We calculate ∇ℎ 

with:

∇ℎ(𝑢) =

⎡ 

⎢ 

⎢ 

⎢ 

⎢ 

⎢ 

⎢ 

⎢ 

⎢ 

⎢ 

⎣

∇ 𝑝𝑣(𝑝, 𝑞)
∇ 𝑞𝑣(𝑝, 𝑞)
∇ 𝑝𝑠(𝑝, 𝑞)
∇ 𝑞𝑠(𝑝, 𝑞)

∇ 𝑝 

𝑝 𝑃𝐶𝐶 (𝑝, 𝑞)
∇ 𝑞 

𝑝 𝑃𝐶𝐶 (𝑝, 𝑞)
∇ 𝑝 

𝑞 𝑃𝐶𝐶 (𝑝, 𝑞)
∇ 𝑞 

𝑞 𝑃𝐶𝐶 (𝑝, 𝑞)

⎤ 

⎥ 

⎥ 

⎥ 

⎥ 

⎥ 

⎥ 

⎥ 

⎥ 

⎥ 

⎦

(3)

Due to the inclusion of feedback in each step of the controller, ∇ℎ is com-

putable offline for a fixed initial operating point. We are subsequently 

able to use this constant approximation in online operation. For the con-

troller to act on the system we define the vector of measurements 𝑦 ∈ R 

𝑝 

with

𝐲 = [𝑣 1 

,… , 𝑣 𝑛 

, 𝑠 1 

,… , 𝑠 𝑚 

] (4)

and the vector of set points 𝑢 ∈ R 

𝑞 with 

𝐮 = [𝑝 1 

,… , 𝑝 𝑗 , 𝑞 1,… , 𝑞 𝑗 ]. (5)

OFO acquires the system state and actuates controllable flexibility in an 

iterative manner. To converge to the optimal solution of the underlying 

optimization problem and its convex cost function Φ we use a formula-

tion based on projected gradient descent. For a positive scalar 𝛼 ∈ R >0 

we therefore determine the step-size of the next control action 𝜎̂ (𝑢, 𝑦) by 

solving the quadratic problem:

𝜎̂ (𝑢, 𝑦) ∶= arg min
𝑤∈R 

𝑝
‖𝑤 + 2 𝐻(𝑢) 

𝑇∇Φ(𝑢, 𝑦)‖ 

2

s. t.

[

𝑝min,j 

𝑞 min,j

] 

≤
[

𝑝𝑗
𝑞 𝑗

] 

+ 𝛼𝑤 ≤
[

𝑝max,j 

𝑞 max,j

]

𝑣 min ≤ 𝑣 meas + 𝛼∇ℎ(𝑢)𝑤 ≤ 𝑣 max

𝑠 min ≤ 𝑠 meas + 𝛼∇ℎ(𝑢)𝑤 ≤ 𝑠 max

with 𝐻(𝑢) 

𝑇 ∶= [I 𝑝 ∇ℎ(𝑢) 

𝑇 ]

and 𝑤 ∶= 

[

Δ𝑝
Δ𝑞

]

(6)

In this approach the gradient of the cost function Φ for the current iter-

ation of OFO is projected onto the convex set of feasible control actions. 

The next vector of set points 𝐮(𝑘 + 1) = [𝑝 1 

,… 𝑝 𝑗 

, 𝑞 1 

,… , 𝑞 𝑗 

] 

𝑇 is then 

calculated with:

𝐮(𝑘 + 1) = 𝐮(𝑘) + 𝛼𝜎̂ (𝑢, 𝑦) (7)

We scale the step-size by multiplying it with 𝛼 to tune and bound the sys-

tem output and therefore ensure stability for convergence to the optimal
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solution of (1). After actuation and a defined cycle time the controller 

continues with acquiring the grid state and updating the gradient of 

the cost function Φ. As flexibility provision from sub-transmission level 

in this work is fulfilled in reaction to an external signal, the interaction 

between individual system operators is described in the next subsection.

2.3. Hierarchical control stack

In order to participate in ancillary services, the flexibility from 

DER at sub-transmission level needs to be aggregated at the TSO-DSO-

interface, i.e., the coupling transformer between EHV and HV layers. 

This can be generalized to the interfaces between flexibility providing 

and receiving systems, such as further underlying grid layers or Virtual 

Power Plants (VPPs). Additionally, it is worth noting that the decom-

position between the grid layers can also be applied in cases where the 

transmission and sub-transmission systems are managed by a single sys-

tem operator to decrease computational complexity in online operation. 

In the approach presented in this paper, this leads to the following inter-

actions between the supervisory control at TSO-level and the flexibility 

control at DSO-level. First, the flexibility potential must be estimated by 

the DSO and made known to the TSO. Second, the TSO needs to request 

flexibility by sending set points for power flow to the DSO, denoted as 

𝐬 𝑠𝑒𝑡 

. To track the requested set points the controller on sub-transmission 

level needs to update its cost function Φ upon receiving a new set point 

(see (1) and (6)). This results in the following sequence of steps for each 

iteration of the control stack:

(1) Acquire the current grid state by measurement of power flows and

bus voltages.

(2) Update the gradient of the cost function ∇Φ for the current step.

(3) Determine new set points for controllable flexibility by solving (6).

(4) Update cost function Φ based on current set point for load flow at

PCC 𝐬 𝑠𝑒𝑡 

. 

3. Robust trajectory sets

To verify the controller’s behavior we investigate its convergence 

and performance on the set of all technically feasible operating points. 

To this end, we define conditions that can be applied to the set of re-

sulting trajectories from control actions, so called trajectory sets. For a 

discrete system trajectory described by a sequence {𝑦(𝑘)} 

𝑇
𝑘=0 we define

a trajectory set as follows.

Definition 1 (Trajectory set). A trajectory set for an initial state 𝑦 0
and a series of control inputs 𝑢(𝑘) ∈  is the set of all possible resulting

trajectories 𝑦(𝑘) of a system with:

(𝑘) = 

{ 

𝐲(𝑘) ∣ 𝐲(𝑘) = 𝑓 (𝐲 0 

,𝐮(𝑘), 𝑘), 𝐮(𝑘) ∈  

} 

(8)

To validate the proposed control stack, we are analyzing the trajec-

tory set for the final state 𝑦(𝑘 𝑓 

). We define the final state of a trajectory

based on the performance goals described in the cost function of the

controller (see (1)). For the proposed control stack this can be described

by reaching the requested set point for the complex interconnecting load

flow 𝑠 PCC 

.

3.1. Feasibility of system states

In this work, we define the term Safety in a control theory sense, i.e. 

as a system-set property of the power grid, considering its operational 

constraints, as a dynamical system. A formal definition is provided in 

[33]. We distinguish this from the term Security, which is more com-

monly used in context of power systems and refers to the system’s ability 

to withstand perturbations [34]. To evaluate the safety of system states 

that result from actuation of a central controller we require a known safe 

set of such states considering the constraints of the system as a baseline 

to evaluate against.

1

2

3

1
2

3

1

1

Fig. 3. Angle-based determination of the FOR based on the AC optimal power 

flow.

Definition 2 (Feasible operating region). The feasible operating re-

gion (FOR) of a system is defined as the set of all load flows at the PCC 

𝑠 PCC 

that satisfy both equality and inequality constraints of the system:

 = 

{ 

𝑠 PCC 

∣ 𝑔(𝑠 PCC 

, 𝐱) = 0, ℎ(𝑠 PCC 

, 𝐱) ≤ 0 

}

(9)

To determine the FOR an approach based on sampling the hull of  

is chosen. For a fixed angle 𝜗 ∈ [0 

◦ , 360 

◦ ) and with 𝛼, 𝛽 ∈ {−1, 1} we 

formulate the optimization problem for determining the FOR with:

min
𝐱

Φ = −𝛼𝑝 PCC 

− 𝛽𝑞 PCC 

s.t. 𝑔(𝐱) = 0,

ℎ(𝐱) ≤ 0

tan 𝜗 = 

𝑞 PCC
𝑝 PCC

= 

𝛼
𝛽

(10)

In this approach we maximize the load flow for a fixed direction in the 

solution space, subject to equality constraints 𝑔(𝐱) and inequality con-

straints ℎ(𝐱) of the AC-OPF problem as shown in Fig. 3. These include 

the full grid model with power flow equations in 𝑔(𝐱), as well as limits 

on bus voltages, branch flows, generators, and loads in ℎ(𝐱). The FOR 

can subsequently be interpreted as a projection of the high-dimensional 

solution space of (10) onto the two-dimensional PQ-plane at the PCC. 

This yields the theoretical operating range of the system considering all 

stationary limits of the detailed grid model. We are therefore able to use 

the FOR  to validate individual system states 𝐲(𝑘) that result from the 

actuation of the controller with respect to these limits. As we choose 

the inequality constraints 𝑔(𝐱) in (1) to be identical to (10) we can make 

the following assumption for system states resulting from control actions 

during flexibility provision. We denote the projection of the full system 

state 𝐲 onto the FOR as 𝐲 

∗.

Assumption 2 (Feasibility of system states). Any system state 𝐲(𝑘) 

that results from actuation by the OFO controller is feasible subject to 

𝑔(𝐱) and ℎ(𝐱) if 𝐲 

∗ (𝑘) ∈  .

Furthermore, we calculate the sensitivities used in the proposed OFO 

controller based on the same grid model we use to compute  . A full 

grid model is therefore needed beforehand to perform this evaluation. 

Here we can distinguish between the operational planning phase and 

the actual online operation of the controller. In the operational planning 

phase, we use the full grid model to compute the FOR. During online op-

eration, the controller relies on precomputed sensitivities, reducing the 

computational complexity. Using Assumption 2, we are able to validate 

individual system states, system trajectories and consequently trajec-

tory sets that result from the actions of the proposed controller. In the 

next section we define conditions for the safeness of trajectory sets with 

respect to the system constraints using the FOR as reference for safe 

operation.
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a) Safe trajectory b) Conditionally safe trajectory c) Unsafe trajectory

Fig. 4. Classification of possible trajectories resulting form actuation of system by OFO controller.

3.2. Feasibility of system trajectories

We first define safeness for the trajectory set of a controller based on 

the constraint satisfaction during actuation of the system. We utilize the 

FOR as defined in (9). See Fig. 4 for a graphical representation of the 

defined conditions.

Definition 3 (Safe trajectory set). A trajectory set  is considered safe 

if all states of all trajectories in  lie within the FOR  , i.e., the trajectory 

set is a subset of the FOR.

 ⊆  (11)

Many constraints in power system operation can be interpreted as 

soft constraints as they do not immediately lead to critical situations, 

e.g. moderate over-loading of transmission lines does neither lead to im-

mediate damage nor does it immediately trigger protection devices. As 

a temporary violation of constraints might be allowable, we give a sup-

plementary condition for safeness that is based on evaluating constraint 

satisfaction for only the final converged steady state of the system. With 

the assumption that intermediate system states violate constraints within 

temporarily acceptable bounds we define a conditionally safe trajectory 

set as follows.

Definition 4 (Conditionally safe trajectory set). A trajectory set  is 

considered conditionally safe if all final states of all trajectories in  lie 

within the FOR  .

{𝐲 

∗ (𝑘 𝑓 

) ∣ 𝐲(𝑘) = 𝑓 (𝐲 0, 𝐮(𝑘), 𝑘), 𝐮(𝑘) ∈  } ⊆  (12)

For the proposed formulations, safeness implies conditional safeness. 

Lastly we define unsafe trajectory sets based on constraint satisfaction of 

the final states of all trajectories 𝐲(𝑘) ∈  .

Definition 5 (Unsafe trajectory set). A trajectory set  is unsafe if 

there exists at least one trajectory 𝐲(𝑘) within  such that its final state 

𝐲(𝑘 𝑓 

) lies outside the feasible operating region  .

 is unsafe if ∃ 𝐲(𝑘) ∈  : 𝐲 

∗ (𝑘 𝑓 

) ∉  (13)

Using these conditions we are able to evaluate a controller that is 

subject to disturbances 𝑑 based on its resulting trajectory sets.

3.3. Trajectory sets under uncertainty

To specifically analyze the robustness of the control stack, we eval-

uate the performance based on the defined conditions for present 

uncertainties and noise. We first give a definition of robustness that 

utilizes the condition defined in (11).

Definition 6 (Robust control stack). A control stack is robust for a 

set of unknown uncertainties and noise with known distributions if all 

resulting trajectory sets are a subset of the feasible operating region of 

the controlled grid.

∀𝐲 0,∀𝐮(𝑘) ∶ ∀(𝐲 0 

, 𝐮) ⊆  , (14)

Using this definition we evaluate a controller stack for a fixed for-

mulation of the optimization problem, a fixed gain 𝛼 for a set of

uncertainties and noise. We describe the transition of system states from

𝐲 𝑘−1 to 𝐲 𝑘 

by the control actions 𝐮(𝑘 − 1) and by modeling the individual 

uncertainties where:

𝐲(𝑘) = ℎ 

∗ (𝐮) + 𝜔 𝑙 

+ 𝜔 𝑦 

(15)

Uncertainty of load. In cases where we only assume controllability of

generation units we consequently consider the current operating points 

of loads within the system as one of the main disturbances affecting the 

distribution grid during control of flexibility. We model the variation 

of the load over time according to [20] for a load covariance matrix

Σ 𝑙 with: 𝜔 𝑙 

∼  (0, Σ 𝑙 

). We differentiate the loads by type (households,

industry and commercial) and adjust the entries of the covariance matrix 

accordingly.

Measurement noise. As the proposed control architecture uses direct

measurements of bus voltages and branch flows as feedback in the loop 

it is subject to any noise present in the respective signals. We model 

the noise term as uniform with 𝜔 𝑦 

∼  ([𝑎, 𝑏]) uncorrelated for all mea-

surements in 𝑦, in order to specifically evaluate the robustness of the 

proposed controller with respect to these bounds.

Mismatch of sensitivity map. Additionally to the non-modeled dynamics

of the system, i.e., uncertainty of load and noisy measurements, we con-

sider a mismatch in model and physical system by introducing bounded 

errors to the steady-state sensitivity map ∇ℎ(𝑢). These are described by 

a bounded uniform distribution 𝜔 𝑠 

∼  ([𝑐, 𝑑]). Similarly to the mod-

eling of the measurement noise, we chose this distribution to provide 

a bounded approximation of the model mismatch and to be able to 

evaluate the proposed controller with respect to it. This results in the 

adjusted sensitivity map ∇ℎ 

∗ (𝑢). Using the uncertainties and their respec-

tive distributions, we perform Monte Carlo simulations of the controller 

converging to reference values on the FOR. This allows for an evalua-

tion of the performance and robustness of the controller in presence of 

disturbances. We are using the conditions we defined in previous subsec-

tions to validate the resulting trajectory sets. Furthermore, we evaluate 

the iterations needed for convergence to the requested load flows. The 

results of these case studies are detailed in the next section.

4. Case studies

In the following section we demonstrate the presented methods and 

conditions by applying them to an exemplary sub-transmission system. 

We detail the results of the individual case studies, that have been 

carried out for this work. First, we introduce the scenario used in all 

case studies. Second, the performance of the proposed controller is an-

alyzed without disturbances. Third, the robustness and performance of 

the controller are evaluated subject to disturbances using the defined 

conditions.

4.1. Scenario description

To showcase the presented control architecture, we analyze its be-

havior for an exemplary high-voltage sub-transmission system [35] by
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evaluating the conditions defined in the previous sections. Its FOR  is 

shown in Fig. 5 for the PCC connecting it to the superimposed transmis-

sion system. The operational range of the sub-transmission grid is limited 

by different constraints for different regions of  . As the controller be-

havior is directly dependent on the system constraints, the context of 

the bounds for the relevant system states is important to give context 

to all following results. The extreme points of the FOR are determined 

by the installed capacity of load and generation (see Table 2) as well as 

limiting grid constraints.

4.2. Trajectory sets at point of common coupling

To evaluate the controller’s performance in the absence of distur-

bances, we analyze the resulting trajectories on the FOR for convergence 

to the vertices of the hull of  . This analysis aims to evaluate the con-

troller’s convergence behavior across different regions of  and identify 

any constraints that significantly influence the results. Fig. 6 illustrates 

all resulting trajectories over 500 iterations on  . The convergence rate 

visibly varies across different regions of  , as further demonstrated by 

the trajectory sets shown in Fig. 7.

For the given initial operating point, 52 % of  is reachable within 

the first five iterations, primarily because no inequality constraints are 

active during these initial steps. The controller can therefore take larger 

steps along the current gradient of the cost function. 91 % of  is reached 

after 50 iterations with the convergence slowing down significantly af-

terwards. This also depends on the limiting constraints for the specific 

region of  . Notably, in regions of  near the constraints of the coupling 

transformers, the set points are fully reachable within 10 to 50 iterations. 

However, on the left and top sides of  , convergence takes significantly 

more iterations. After 500 iterations, the controller reaches 96 % of the 

FOR. The slower convergence in certain regions is attributed to the num-

ber of active constraints, such as voltage bands and load limits, that 

the OFO must account for. Consequently, two outer vertices of the FOR 

(bottom-left and top-right) remain unreachable within 500 iterations un-

der the given controller tuning. The slower convergence observed for 

the left and top regions of  is likely due to the high number of indi-

vidual active constraints in these areas, which restrict the controller’s 

ability to take larger steps. Overall, all resulting trajectory sets (𝑘) re-

main safe in accordance with (12) for all iterations 𝑘. The controller and

Fig. 5. Feasible operating region of sub-transmission system, constrained by (a) 

the upper voltage band (upper limit), (b) the coupling transformer (lower and 

right-hand side limits) and (c) the installed load (left-hand side limit).

Table 2 

Case Study: Grid Parameters [35].

𝑉 N Buses Lines Load DER Voltage band

110 kV 119 151 535.3 MVA 1432.25 MVA 𝑉 N 

± 10 %

Fig. 6. Convergence of controller to set points on hull of FOR.

Fig. 7. Development of trajectory sets over iterations on FOR without distur-

bance.

its tuning are therefore robust in the sense of (14). The trajectory set 

for the first five iterations (5), shown in Fig. 7, demonstrates slower 

convergence around a load flow of 𝑠 PCC 

= 0 MVA. This is likely due to 

the fact that the controller approaches the lower bound of zero loading 

of the coupling transformers for the given scenario. Therefore if the in-

equality constraints are evaluated against absolute or relative values the 

performance may temporarily decline even without approaching critical 

system states.

4.3. Influence of disturbance

This case study examines the behavior of trajectory sets under 

uncertainty and noisy measurements, focusing on the high-voltage 

sub-transmission grid described in a previous subsection. The analysis 

evaluates trajectories that result from controlling load flow at the PCC 

to the transmission system. Parameter uncertainty, 𝜔 𝑠 

, is modeled as a 

uniform distribution with bounds of ±5 %, while measurement noise, 𝜔 𝑦 

, 

is similarly modeled with bounds of ±2 % on all entries in 𝑦. First, we 

consider both load and generation of the system to be fully controllable. 

The controller is evaluated by performing a total of 63.000 simulations 

of the trajectories with 500 iterations of OFO each under varying distur-

bances. Based on the resulting system states we can evaluate the density 

of the different load flows resulting from the control actions at the cou-

pling transformers on  as shown in Fig. 8. We define the density for 

individual bins on  based on the number of resulting system states in
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Fig. 8. Density of system states on the FOR for the first ten control actions.

Fig. 9. Density of critical system states on the FOR.

a bin 𝑛 𝑖𝑗 

and the area of the bin 𝑎 𝑖𝑗 

with: 

𝜌(𝑝, 𝑞) = 

𝑛 𝑖𝑗

𝑎 𝑖𝑗 

⋅ 𝑛 total
(16)

The density clearly reflects the general development of the trajectory 

sets for the controller as shown in Fig. 7, indicating that even in when 

subjected to uncertainties the control actions follow a clear trajectory. It 

is observable that the density is decreasing for later iterations of the con-

troller. This is explainable by the increasing number of constraints that 

can become active as the system operates closer to its bounds. Fig. 9 illus-

trates the density of system states lying outside the FOR. Approximately 

40 % of all trajectories within the resulting sets contain critical system 

states. By projecting the overall system states onto the FOR, we identify 

the limiting constraints under uncertainty. As shown in Fig. 9, critical 

system states are primarily distributed along the lower right section 

of the FOR, beginning at 𝑠 𝑃𝐶𝐶 

= −500 MW − 𝑗600 MVAr. This distri-

bution is attributed to the controller’s behavior in response to active 

limiting constraints during operation. Specifically, the constraints im-

posed by the PCC transformers, as described in the scenario, limit the 

load flow in this region of the FOR. The observed distribution of critical 

states suggests that the controller struggles to accommodate the com-

bined effects of parameter uncertainty and transformer constraints in 

the lower right section of the FOR. A detailed analysis of the sensitivity 

of the system states to 𝜔 𝑠 

and 𝜔 𝑦 

confirms that deviations in measure-

ments significantly affect the load flow trajectory, especially near the

Fig. 10. Final trajectory sets under on FOR subject to disturbances.

Fig. 11. Impact of noisy measurements on controller performance.

constraint-dominated regions. As shown in Fig. 10 the final trajectory 

sets under uncertainty vary significantly from the final set without dis-

turbances. Especially, the achievable trajectory set of load flows for 

reactive power provision (top bound of  ) to the superimposed system 

is notably smaller than in the previous case study. This again can be at-

tributed to the density of active constraints in that region of  . As the 

individual upper bus voltage limits are nearly reached, the noisy mea-

surement leads OFO to perceive these constraints as active. As the noise 

of the individual sensors is not correlated this leads to a non-convergence 

of trajectories as OFO is reacting simultaneously to varying perceived 

constraint violations within the range of the measurement noise 𝜔 𝑦 

. This 

is further illustrated in Fig. 11 showing an exemplary trajectory with and 

without noisy measurements. This highlights the difference in influence 

of measurement uncertainty and sensitivity mismatch as the controller 

without measurement noise is able to converge even with an augmented 

sensitivity map. This aligns with previous theoretical considerations 

guaranteeing convergence of projected gradient descent to an optimal 

solution for a sufficiently small gain 𝛼 [22]. To further validate the pro-

posed methods, we analyze a scenario without load controllability and 

present the corresponding final trajectory set in Fig. 12. In this case, the 

controller attempts to converge to the vertices of the Feasible Operating 

Region (FOR) with a reduced resolution of  . The reduced availability 

of controllable power is clearly reflected in the size of the trajectory set, 

which is significantly smaller compared to the scenario with full control-

lability of all actuators. The uncertain behavior of the loads introduces 

additional variability, as depicted in the final trajectory set (gray), di-

verging from the base scenario without uncertainty. Despite this, the 

control stack demonstrates robustness as defined in (14), with no ob-

served violations of system limits across all evaluated states. This result
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Fig. 12. Exemplary final trajectory set considering uncertainty in load.

highlights the adaptability of the proposed control framework under 

constrained controllability and uncertain system conditions. While the 

reduced flexibility imposes stricter limitations on achievable trajectory 

sets, the controller successfully maintains safe operation by dynamically 

adjusting to the available flexibility and uncertainties.

5. Conclusion

Online feedback optimization (OFO) is discussed as a viable ap-

proach for control problems in power system operation. We proposed 

a cascaded control architecture based on OFO to facilitate the partici-

pation of sub-transmission-level flexibility in ancillary services such as 

congestion management. The cascaded architecture facilitates efficient 

coordination between system operators as it decomposes the dispatch 

problems along the system boundaries. Robustness and performance of 

the controller were systematically evaluated through set-based consid-

erations of the system’s Feasible Operating Region (FOR). Case studies 

demonstrated that the controller effectively tracks load flow set points 

at the coupling transformer within a significant portion of the FOR in 

undisturbed scenarios. Convergence was slower near system bounds, 

where constraints become more active. Under uncertainty, controller 

performance was shown to degrade, particularly in the presence of 

noisy measurements, which introduced variability in constraint activa-

tion. Despite these challenges, the OFO controller maintained safety and 

robustness consistent with theoretical guarantees. The proposed OFO-

based framework offers significant advantages for the online operation 

of power systems. It is particularly effective in scenarios and use-cases, 

such as curative system operation or online voltage support, where ex-

act system models are unavailable and where computational efficiency 

is crucial to avoid critical system states.
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