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Abstract

We examine a stochastic Landau-Lifshitz—Gilbert equation for a frustrated fer-
romagnet with competing first and second order exchange interactions exposed
to deterministic and random spin transfer torques in form of transport noise.
We prove existence and pathwise uniqueness of weak martingale solutions in
the energy space. The result ensures the persistence of topological patterns,
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occurring in such magnetic systems, under the influence of a fluctuating spin
current.
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1. Introduction

Magnetic systems with higher order exchange interactions are known to host topological pat-
tern in form of skyrmions and hopfions in dimension d = 2, 3, respectively, occurring as isol-
ated solitons or condensed in a regular lattice [27]. This can be seen as an emergent phe-
nomenon arising from competing exchange interactions beyond nearest neighbours on the
atomic scale, including the case of geometric frustration with alternating (anti-)ferromagnetic
coupling [1]. The controlled manipulation and transport of such structures by means of external
currents is at the core of possible applications in future information technologies and a key
challenge for the mathematical theory [24, 25]. A decisive aspect on the level of such nano-
structure is stability with respect to fluctuations coming from external sources. The mathem-
atical description of random effects in magnetism is generally based on stochastic Landau—
Lifshitz—Gilbert equations (SLLG) for a governing micromagnetic energy and a noise. The
existence of weak martingale solutions of the SLLG with heat-bath noise in dimension d < 3
and pathwise uniqueness in dimension d = 1 have been studied in [5, 6], see also [3] for a more
thorough discussion of various mathematical and computational aspects of the SLLG.
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The conventional mathematical theory of LLG equations is based on the Dirichlet energy
arising from classical Heisenberg interaction of neighbouring spins. A crucial mathematical
feature is the possibility of finite time singularities in spatial dimensions greater than one.
Global regularity is only expected for small initial data, so that weak solution concepts become
unavoidable. In the energy critical dimension d =2, the blow-up scenario of dissipative har-
monic flows including LLG is well-understood [15, 16, 26]. The bubbling analysis singles out
a suitable notion of energy decreasing weak solutions, the so-called Struwe solutions, that are
unique in this class. Corresponding existence and uniqueness results in the stochastic cases
are just starting to emerge [17]. The occurrence of topological singularities, however, goes
hand in hand with the collapse of topological patterns. Bubbling analysis extend to models for
chiral skyrmions [11, 18], which are lower order perturbations of the classical theory, while
the prediction of global regularity versus finite time blow-up remains a major open problem.

Higher order bi-harmonic exchange interaction exclude topological singularities in spa-
tial dimensions d < 3 by means of an infinite energy barrier. Global existence of topological
patterns coupled to a Vlasov—Maxwell equation for the electron distributions function of an
interacting current has been confirmed in [10]. In this work, we develop a stochastic frame-
work for a LLG system with higher order exchange interactions and fluctuating currents and
provide conditions under which topological patterns will persists almost surely. The models
under consideration are based on interaction energies of the form

E(M)= %/ (JAM|* + \[VM|* +h|M — e3]*) dx
Rd
for magnetisation fields M : R — s> C R? whered = 2,3 with A\ € R,z > 0 and e3 := (0,0, 1).
By scaling we can assume A = £1. The case we are focusing on is A = —1 corresponding
to a frustrated magnet. In this case the usual stability condition for the ferromagnetic state
m = e3 is h > 1/4 which implies coercivity E(M) 2 [ |V*M|* + |M — e3|*. The unperturbed
LLG equation reads

OM=—-MxH(M)—aMxMxH (M)
where o > 0 is the damping constant and
H (M) =— [A’M+ AM — hes]

the effective field, i.e. minus the L? energy gradient. The dissipative nature implies a uniform
bound of M — e3 in H? in terms of initial conditions. Stochastic LLG equations driven by
random fields were used to study specific phenomena related to the stability and decay of
topological magnetisation patterns, see e.g. [2] for a stochastic 2D model of skyrmion collapse
and [8] for a bi-harmomic 3D model (with A =1 and % =0) stabilising magnetic hopfions.
Here we are interested in the LLG dynamics driven by a fluctuating current. The mathematical
description of such non-variational effects requires careful considerations about the specific
formulation of dissipation in the style of Landau-Lifshitz or Gilbert, respectively. The so-
called adiabatic spin transfer torque induced by a spin velocity field v is introduced by adding
the convection term (v- V)M to the micromagnetic torque M x H(M) in LLG (note that this
gives rise to two distinct terms). The phenomenological non-adiabatic spin transfer torque is
induced by subtracting a perpendicular counterpart SM x (v - V)M. The full torque becomes

TM)=MxHM)—Bv-V)M+(v-V)M
so that

OM=—1(M)—aMxT(M).
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In the special case a = (3, referred to as the Galilean invariant case, the interaction reduces,
in the above formulation of LLG, to a single term (1 + a?)(v - V)M. It is known that in general
the non-Galilean model is required for an adequate description of current driven magnetic
microstructures, e.g. domain walls and vortices [20, 21]. We decompose the fluctuating spin
current v, = v+ & into a deterministic temporally homogeneous part v and a space-time
noise & = W that is formally the generalised time derivative (in the framework of Stratonovich
calculus) of a Wiener process W with values in a vectorial Sobolev space to be specified below.
We shall treat the deterministic part of the spin transfer torque in its general form including
adiabatic and non-adiabatic terms without any balancing conditions. For the random part we
focus on the Galilean invariant case, i.e. we drop stochastic terms of the form M x (£ - V)M
and leave only a linear transport term (£ - V)M, which has been studied in models of stochastic
Euler and Navier—Stokes equations [7, 22]. Therefore, the stochastic equation that we study in
this paper is in the form

OM=—-MxHM)—aMx (MxH(M))
—(14+aB)(v-VIM—(a—B)MXx (v-V)M— (£ - V)M,
where the noise is understood in the Stratonovich sense to ensure M takes values in the unit
sphere (norm constraint). This equation is written formally later in (2.3) along with a precise
definition of W.

For (1.1), the corresponding Stratonovich correction is in the form %(5 - V)M, which has
a lower order than the leading bi-Laplacian term that arises from the dissipation

aM x (M x A’M) = —aN*M + o (M,N’°M)M

(1.1)

under the norm constraint. Intuitively, in view of semigroup theory for mild solutions, this
suggests that the noise does not need to be small or of a scale comparable to « to guarantee
existence of a solution. This is indeed the case, since in energy estimates, It6’s formula leads
to cancellations between Stratonovich and It6 corrections which reduce the order of norm
required to estimate these noise-related terms. They can be bounded by the energy norm of M
with boundedness but not smallness conditions of the noise.

Small noises are of independent interest in literature. Recent studies [12, 14] showed that
certain nonlinear PDEs perturbed by spatially divergence free linear transport noises (satis-
fying suitable L>° and L? conditions), converge weakly to parabolic deterministic equations.
In these works, the noise (martingale) part vanishes but Stratonovich correction (in the form
AM) stays and acts as an additional dissipation in the limit under suitable scaling, which can
delay blow-ups. It is not known whether a similar result holds for the conventional LLG model
(without bi-harmonic interaction) or for our LLG model in higher dimensions.

In addition, to the best of our knowledge, nonlinear transport noise of the form M x (& -
V)M (which we dropped) has not been widely explored. For our model, it is inconclusive
whether cancellations of highest-order terms can be achieved for Stratonovich and It6 correc-
tions related to this kind of nonlinear noise. Those highest-order terms consist of cross products
of mixed derivatives, which seem to require H 3_estimates in dimension d > 2, i.e. the energy
norm is not sufficient. It is therefore another open question regarding the existence of solution
when the random part is also in the general non-Galilean form.

In this paper, we show that under certain (spatial) regularity of the noise, there exists a path-
wise unique (and thus strong in the probabilistic sense) solution of a stochastic LLG equation in
the form (1.1) for frustrated magnets, with H?-moment estimates. Our model is a complicated
example of a system of fourth order quasi-linear stochastic PDEs. Literature on such equations
is rather limited. The closest to our work is the paper [8], where the stochastic Landau-Lifshitz
equation featuring one-dimensional heat bath noise is regularised by adding a bi-Laplacian

4



Nonlinearity 38 (2025) 085017 B Goldys et al

with a small coefficient. There are however important differences between the current work and
[8]. First, we consider a much more realistic noise perturbation, a transport noise acting in an
arbitrary, including infinite, number of directions in the state space of the process. This model
requires introducing gradient of solution as a noise coefficient and this makes analysis more
difficult, since the corresponding Stratonovich correction involves second-order derivatives of
the solution instead of the solution alone. Second, we consider effective field —AZM — AM
(i.e. A = —1)instead of —A’M + AM (i.e. A= 1), a physically important change that leads to
loss of strong dissipativity in the equation and much more complicated technical arguments.
We are also forced to use a different approximation (by mollification and cut-off instead of
Faedo—Galerkin. It seems that this approach, well known for other equations, has not been
used to study stochastic Landau-Lifshitz equations.

This paper is structured as follows. We formulate the formal stochastic LLG equation (2.3)
in section 2.1 and provide the main results (theorem 2.1 and corollary 2.3) in section 2.2. The
rest of the paper is devoted to the proof of theorem 2.1. We first construct an approximating
equation in section 3.1 using standard mollifiers and a suitable cut-off function. The latter
allows us to estimate certain nonlinear terms in the absence of norm constraint, i.e. when the
approximation does not necessarily take values in the unit sphere. This becomes clear as we
derive H>-uniform estimates of the approximation in section 3.2, where the norm constraint is
narrowly violated due to mollifications. Applying Skorohod theorem and compactness embed-
ding results, we deduce strong (resp., weak) convergence in a weighted H' (resp., H>) space in
section 4. Subsequently, we verify that the limit takes values in the unit sphere (section 4.1) and
prove convergences of the drift and the diffusion terms of the equation separately (section 4.3).
In section 5, we show that the limit is indeed a pathwise unique solution of our stochastic LLG,
concluding the proof. For the ease of reading, we collect in appendix A some preliminary
estimates used for section 3.2. Similar arguments hold for the equation on the torus, for which
we give a brief description in appendix B.

2. Problem formulation and results

2.1. Notation and the equation

We denote by s> C R the unit sphere. Letd = 2,3. Let S(R?) and D(R?) denote the Schwartz
space of functions and the space of tempered distributions on RY, respectively. As usual, we
denote by I.” and W the Lebesgue and Sobolev spaces L7 (RY;R?) and W7 (R4;R?), with
HC := W¢:2, For the weight function p: R 3 x — (1 + [x|*)2 € (0, 1],

o 0iplioe + [p ' OyplLe <, Vij=1,....d, (2.1)

for some constant c¢. Then we define weighted spaces:

L= {f:Rd—>R3 : Vp% Iu<oo}, pell o),
H):={fel’ : Vfel2}.

For normed spaces E| and E;, we write E| — E, if E| is continuously embedded in E;, and
E| € E, if E; is compactly embedded in E,. We will use the notation V, for the operator
V9 =g-Vo.

Leth > 0 and let v € W2°°(R%; R?) be a divergence-free spin velocity field, i.e. div(v) = 0.
Let W be an H*(R¢; R?)-valued Wiener process with finite trace-class covariance Q, in the
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form
W(r) = ZQka ()i
k=1

where {W;} is a family of real-valued independent Brownian motions, {f¢} is a complete
orthonormal system in H*(R¢;RY) consisting of eigenvectors of Q such that Qf; = gif; for
some bounded real g, and Tr(Q) = Y2, g7 < oo (see e.g. [9]). For every k > 1, let gi := qufi.
We assume that

q = Z |8kt (eeay = quf < 0. 2.2)
k=1 k=1
Recall (1.1), for simplicity we write v instead of (1 + «3)v and let y := % Now we write

down the formal stochastic LLG equation. Let T € (0,00). We will prove the existence of a
pathwise unique solution M : [0, 7] x RY — s? (see theorem 2.1) to the following equation:

dM (1) =M x (AM + A’M — hes) dt+aM x (M x (AM + A*M — hes)) dt
— (VoM +~M x V,m) dt

1 o0 ) o0
+ 5; (Vg )’ M dr — ];vng AGY

(2.3)

where M(0) = My : R? — s> and VM, € H'. For simplicity, we define drift and diffusion

F(u) :=ux (Au—i—Azu — he3) + au x (u X (Au+A2u — he3)) —yu x V,u,
F(u) :=F(u) — V,u,

S (u) i= (V) i,

Gy (u) == —=Vgu,

for any u € H?, where the bi-Laplacian terms are identified via their weak forms. More expli-
citly,
(wx Azu,ap>]Lz = (Au,Ap xw+ ¢ X Aw+2Ve X Vw),,,
(wx (wx A%u) ,g0>]L2 =(wx Au, o X Aw+Ap xw+2Vp X Vw),
+ (Au, (@ xw) X Aw)y,
+2(Vw x Au,Vo xw+ ¢ x Vw),.

2.4

for u,w,p € H>.

2.2. Main results

In this section, we state the main theorem for the existence and uniqueness of a martingale
solution and subsequently of a solution strong in the probabilistic sense, then we prove the
preservation of homotopy type in a corollary.

Definition 2.1. Given T € (0,00), we say that (2.3) has a martingale solution if there exists a
filtered probability space (2, F, (F;)cpo,77,P) defined on which an H*(R%; R?)-valued Wiener
process W and a (F;)-progressively measurable process M, such that

6
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(i) [M(t,x)| = 1, a.e.~(t,x), P-a:s. and M € C([0,T];1L2) satisfies
E “VM(f) o0 (0,7:81) + [M X A2M|i2(o,T;JL2)] <00,

(ii) for every ¢ € [0, 7], the following equality holds P-a.s. in }sz
t 0 t
M =M+ [ FME) as+Y [ Gme)e amts), @9
0 = Jo

where the first Bochner integral and the Stratonovich integral are well-defined in IL2.

Theorem 2.1. There exists a pathwise unique martingale solution (2, F,(F;).cp0.1), P, W, M)
to (2.3) in the sense of definition 2.1, such that for p € [1,00),

2 2
E [‘VM‘LI;O(O,T;HI) + M x Az1‘/I‘L12)(0,T;ILZ)} <0

and M — e3 € C?([0,T);L?) P-a.s. for o € (0, }).

As a result of pathwise uniqueness, the martingale solution is strong in the probabilistic
sense and unique in law thanks to an infinite-dimensional version of the Yamada—Watanabe
theorem, for example, see [23, theorem 2], [19, theorem 5.3 and corollary 5.4] and [4, appendix
D].

Corollary 2.2. Given any filtered probability space (0, F,(Fi)icjo,n,P) with an (Fi),cj0,11-
adapted Q-Wiener process W, there exists a process M such that (2, F , (Fi)icjo,1, P, W, M) is
a solution of (2.3) in the sense of definition 2.1, and the pair (W, M) is (jointly) unique in law.

The bounds in theorem 2.1 and a simple interpolation argument implies space-time
Holder continuity almost surely. Hence, M(f) defines a homotopy of maps from R?. In fact,
for % <T<2,

2 2—7’ T ol2—T
M () = MOl <clM(s) =M@ M () =Ml S |s =177
and by Sobolev embedding
rd
M (s,) = M (£,3) | < e (1M (5) e =517+ M (5) = M (1))

with constants ¢ independent of 0 < s < ¢t < T and x,y € R

Corollary 2.3. Trajectories are continuous in space and time and preserve the homotopy type
of initial data almost surely.

3. Approximating equation

Since our desired solution M is not a function in L2, it is more convenient to define m := M — e3
and to study the following equation for m in I.?, as in [10]:

dm(f) = F (m(f) +e3) dt + %Zsk (m (1)) e+ G (m(1)) dWi (1),
k=1 k=1

m(0) = my € H?. (3.1
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3.1. Mollification with cut-off

For (3.1), we construct an approximating equation using the modified Galerkin method in [28,
chapter 15, section 7] combined with a cut-off function which controls the vector length of the
approximation.

Let J. denote a Friedrich mollifier on RY, such that for u € S(RY),

Xy

sau) = x0) (0 = [ gete=nut) av=5 [ (2 )uo) o

€
where j € S(R?) is real-valued and compactly supported with [5,,j(y) dy = 1.
Fix R> 1. Let ¢g : [0,00) — [0, 1] be a smooth non-increasing cut-off function such that

Yr(y) =1 fory € [0,R] and ¢g(y) = 0 for y > R+ 1. Then for a sufficiently smooth function
u:[0,7] x RY — R3,

%1/}1; (u(z,x) \2) lu(t,x)|* <R, Y(t,x)€[0,T] xR

Let /() denote the ith derivative of a smooth function f: R — R. We have
1 1
5V () = v (luP) {u. V),
(3.2)
1
5 8 ([ul?) = 0 (1) (19 + (o, Aw)) + 2057 () (0, V)

Moreover, for p > 0 and any non-negative integer i, there exists ¢(R) = ¢(R,p) such that
§ () Pt <e(R), V() €[0.7] xR,

which implies that on [0,7] x R,
Vi ([u?) [ul” < ¢ (R)[Vul,
A (Jul?) [ul? < e (R) (|Vul® +[Au]).

For € > 0, consider the approximating equation:

(3.3)

dme (1) = FR (m (1)) dt+ % D S (me (1) dt+ Y Gre (me () dWi (1),
k=1 k=1

me (0) = Jmy, (3.4)
where

FRE (me) :Je (wR (‘Jeme +63|2) F(Jeme +63) - vv]eme) 5
Sk,e (me) == JeSk (Jeme) 5
Gk,e (me) = JEGk (nge) .

The cut-off function 1 is only required to address the nonlinear term F. For the linear terms,
we integrate-by-parts to obtain desired estimates as shown in the proof of lemma 3.2.
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3.2. Uniform estimates of m.

We first show that the approximating equation (3.4) admits a unique solution m, in lemma 3.1,
and then deduce uniform estimates of m, in lemma 3.2. At the end of this section, we estimate
the deviation of m. 4 e3 from the unit sphere in lemma 3.3.

Lemma 3.1. Forevery e > 0, there exists a unique solution m¢ of (3.4), where m¢ is a progress-
ively measurable process taking values in H?, such that

sup E [[me (1) 5] < o0,
t€[0,7]

and for every t € [0,T), the following equality holds P-a.s. in .

me (1) :J€mo+/0 FR (mc(s)) ds—|—;Z/0 Sk.e (me(s)) ds
k=1

Jr;/o Gr,c (me (s)) dWi (s).

Proof. Fix €>0. We first verify that F%, Sk,e and Gy are locally Lipschitz on H?. Let
u,w € H?. The derivatives of j are in S(R?), bounded, and in I.'. Thus, for any non-negative
integer o,

|Vl = | (V) * (u+ Vu+ Au) |2
< |V%elut|u 4+ Vu+ Aulp
< C(E) ‘M|H27
and similarly,
|VoOJe (u—w)|me < c(€) |u—w|ge.

Recall that H? — IL°°. Let f be a locally Lipschitz function on H? with f(0) = 0, then

| x f(u) —wx f(W) g2 = | (u—w) X f(u) [g2 + |wx (f(u) —f(W)) [
S u—wlgelf () [me + [wlee (1) —f(W) |52

Similar arguments follow for scalar products. Then with the Lipschitz property of J. and ¥,
it is clear that FX, Gy . and S  are locally Lipschitz on H? for k > 1.

Next, let £ denote the space of H?-valued progressively measurable processes, with the
norm

julz = sup E[|u(r) |fe] -
t€[0,7]

Forn € N, let FX,,, S . and Gy ., denote the Lipschitz modifications of FX, Sy . and Gy
on H?, respectively. For example, we set
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R FR (u) if |ulme < n,
e () = FR (Mt'i—”z) if |ulmpe > n.
H-

Let A, : £ — & be given by
t l S
A () (1) = mo + / FR () + 25 Sken(u(s)) ) ds
0 2 k=1

—+ ;/0 Gk,e,n (M (S)) de (S)
=my+1, (l) +M, (t)a

where I,,M, € £ by the Lipschitz continuity of F Rey,,, Sk.en and Gy ¢ ,. In particular, M,
is an H2-valued continuous martingale. Once we verify the Lipschitz property of A, on &,
standard arguments using Banach fixed point theorem and localisation by stopping times
show that there exists a unique solution m, in £ (the limit over n) to the e-approximating
equation (3.4). O

In the following lemma, we deduce an H?-estimate of m. which dominates the energy norm
E(m. + e3) but allows us to directly apply Gronwall’s inequality to obtain desired estimates.

Lemma 3.2. Let |my|m < co. Then for p € [1,00), there exists a constant ¢ = ¢(co,p, T) inde-
pendent of € and R such that

E | sup |me (1) | < ce®,
t€[0,7]

and for YR := r(|Jem, + e3]?),
T ) p
: [</ 0)} ome e x Aan s () ) 1 Cell+R)e™,
0

Proof. Let u. :=J.m, and note that (u,J.w);> = (Jou,w)y» for any u,w € L2, Let wf’(i) =
S (|eme + e3]?). We divide the proof into several steps.
Step 1. Estimate § |m.(#)|2..

1 1
§d|me (t> |]i2 = <m67FR6 (m6)>]L2 dr+ 5 Z (<mea5k,e (me)>]L2 + |Gk,6 (me) ‘sz) dr
k

+ 3 (me,Gre (me))y, AW (1)
k

1
=1 dr 5 ;12’,{ dr+ ;13,/( AW, (1)
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The assumption divv =0 and (A.3) yield (u., V,uc)y: =0. Then for § € (0,1) and R> 1,
we have
I, = <m5,FR6 (m6)>]Lz
= (ue, VFF (uc+e3) — Viiie),,
= <u6,1/)f (e +e3) X (Aue + o (e +e3) X (Aue — he3))>L2
+ <u5,¢§ (e +e3) x (Azu6 + a(ue +e3) X Azue) >]L2
- <u€,1/Jf (e + €3) X Vvu>]Lz
— (e, Vytte) 2
<01 (6R)? (e +e3) x A2uc s + ¢ (6) Rluel.

The Stratonovich part has a similar term with opposite sign to the It6 correction. Integrating-
by-parts,

(e, Sk.e (me));s = <u€, (vgk)2u€>
= — (Vg e + (divgr) ue, Vg ute); »

L2

< —|ngu€\i2 + ‘gk|€vlv°°(]Rd;]Rd)|“6|ILZ|V”6‘]L27

where |Gy, (me)|2, = [JeVguel?, < |V, ue

2., leaving
le,k ,S Z ‘gkﬁyl,oo(Rd;Rd) |u6|H2.H1 .
k k
Similarly, for the diffusion term, by (A.3),
1 .
L= —(ue, Vglte), = E/ (divgy) |ue|2 dx
Rd

1 2
< Elgk|W‘w°°(Rd;Rd)‘u6|L27

and by the Burkholder-Davis—-Gundy inequality, for p € [1,00),

P . £
} S cbpE [(Zé’kﬁvhwm’mﬁ/ Juel > dS) ]
& 0

P
' 2
2 2
< chE [ SUP] lue (5) I7» <Z|gkwl,oo<w;w)/0 |ue | d5> ]
k

s€[0,7]

E | sup
s€[0,1]

2/ 213‘k de(r)
0 %

< &E | sup |ue(s) ]i];
s€[0,7]
P '
+¢67"b; <Z gk|€v.,w(W;Rt,)> E [ / st[lp] lue (r) |25 ds] .
& 0 ref0,s

Step 2. Estimate §|Vm,(1)|%,.

%d (IVmelf, + |Amc|f.) = (—Ame + A’m , FR, (m,)), , dt

L2

1
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(<_Ameask,6 (me)>]LZ + ‘VGIQS (me) ‘%}) dr

+
= N =

-1 -1

(<A2meask,e (m6)>]L2 + |AGk,€ (mﬁ) |ﬁ2) dr

+> (—Amc+ A’me, Gy (m6)>]Lz dw; (1)

-]

1
=:1I, dr + E zk:HZ’k dr+ ;H&k dw, (I) .

We address each term in the following calculations (i) — (iii).
(i) Estimate II;.

I, = (—Am + A’m,,FR, (mg)>]Lz

=(—Auc+ Auc, YRF (ue + e3) — V‘,I/LE>L2

= <7Aue,1/zf (ue +e3) X A2u5>]L2 + <A2ue,w§ (e +e3) x AuE>]L2
+af (@bf)i (ue +e3) x Aucl?, +a<—Aue,wf (e + e3) X ((ue +e3) % A2u6)>]LZ
—ql (¢§)5 (e +e3) x A2u€|i2 +04<A2u6,wf (ue +e3) X ((ue +e3) X AuE)>LZ
+ <Aue - Azueahwf (ue + 63) X (_u6 + (ME X 63))>L2
—i—7<Au6 — N%ue, YR (ue +e3) x Vvu6>]Lz
+ <AuE — A2u£,vvue>w

< —(a—=0)[ (¥F)" (uc +e3) X Auclis + ¢ (8) (Juelfz + ]z (rome) Vel
+(1+R) |Au6|ﬂz}) + <AuE — A2u€,Vvu5>L2 ,

where
(Aue, Vi) < ‘VlLOC(Rd;Rd)|v”6|L2‘A“6|1L27
and with divv = 0, we have (Au.,V,Au.);>» =0 and

<A2u6,Vvu€>]L2 = (Auc, AV, uc),
d
= (Aue, ViAue +Vaute)2 +2 Z (Aue,0iviOjue)y »

ij=1

5 |v|‘,VZ,oo(]Rd;]Rd) \Vue |%I[‘ .

Thus,

I < — (a—8)| (¥F) (ue +e3) x Auc 2,
+¢(8) (1 + [V]weoo ey (Jutelfn + (1 +R) [Aue|f,) .
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(i) Estimate II; 4.

HZ,k = (7 <Ame7Sk,e (me)>]Lz + |VGk,e (mE) |112‘2) + (<A2meysk,e (me)>]L2
+|AG](,€ (me) |i2) = HZa,k + HZb,k-

For the Ito corrections, note that J. commutes with V and A. We have
2
g == (Aue, (Ve ie)  +10.9 (Tt I
< |gk|%vlvw(Rd;Rd)‘vué‘I[2-H"

For Il x, we first re-write the Stratonovich term:

<A2mevsk,e (me)>]L2 = <A2uea (vgk)2u€>

L2

Then we estimate the AGy  part. By lemma A.1 and (A.13), taking u = u. and f = g, we

obtain
|AGy e (me) |]%‘2 = |JEAngue|H%2
< |Avgku€|]i2
= <A2ngue,vgkue>L2
= <ngA2ue + 4T1a (ue) + ZT”, (us) + Tlc (ue) , ngu€>]L2
2 .
=_ <A2u€, (V) MG>L2 — (A%uc, (divgy) Vg lhe )y »
+ (4T 14 (ue) +2T1p (te) + Tre (ue) 5v8ku5>]LZ
S <A2m675k,e (me)>L2 + C|gk‘12LI4(Rd;Rd) |V”e|1%111 :
Thus,

ZHZ,k < Z |gk|12.14(Rd;Rd) |vue|]]2.]11
k k

(iii) Estimate the diffusion part II3 4.
I3 4 = — (Ame, Gy e (me))y 2 + <A2me7 Gi,e (me>>]Lz
=: 134 + 3p «.
We have
Waap = (Aute, Vgtte)yr < |gk] oo (rarey | Aste|12 [ Vit
and

HSb,k = <A2M6, vgkue>]Lz
= —(Aue, AVyuc),
d
= —(Auc, Vg Auc + VAgku€>L2 -2 Z (Aue, 0; gjaijue>]L2

ij=1
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< = (Aue, Vg Aue)y , + clgilweoe reray (|Aueliz| Vuelp2 + \Aue\iz) ,
where
—(Aue, Vg Aue); , = (Aue, Vg Auc + (divgr) Aute);
= % (Aue, (divgy) Aue)y
S |gk|W1fm(Rd;Rd)|Aue|i2'

Then by Burkholder-Davis—-Gundy inequality, for p € [1,00),

p . g
]gcpr [( / > Igliie.co gy | A2 | Ve [ ds> ]
0y

< OE | sup |Vue (s) 7
s€[0,1]

P t
+¢6 b, (ngm,m(wm,,)) ]E[ /O sup [Aue (r)|% ds].
k

re(0,s]

E | sup

s€[0,7]

2/ > I i dWi(r)
JO A

Step 3. Combine estimates of § |m.(t)[2..
Recall the assumption (2.2). For R > 1, we have

me (1) [3 +2 (0= 20) | () (e + €3) x A%uclfz (1)

/05 Z (137]( + H37k) dW, (l’)
k

)

t
< Jemolde + c/ Rluc (s)|3p ds+2 sup
0 s€[0,1]

where ¢ depends on [v|yz.c (rire), >y |gk|f14(Rd‘Rd) ,6~ ', T, but not on n or R.

Let § € (0,1) be sufficiently small such that v — 26 > 1. Then since |u|ge < |m|m- for

any o > 0, we have for p € [1,00) that

t€[0,7]

T . P
E [ sup |me (1) ]?—]IPZ + (A | (wf)i (Jeme +e3) x A% eme|2 (1) dt> ‘|

T
< CE | [Jemo|, + / R sup |me(s)|% dt| +2PO"E
0

s€[0,1]

sup |m (1) ﬁ’z] ;
t€[0,7]

where 1 — 2767 > %, and then the last expectation term on the right-hand side can be absorbed
into the left-hand side. By Gronwall’s inequality,

E [ sup |me (1) |]in2] < cE “mo@ﬂ 6T < oo
t€[0,7]
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for some constant ¢ independent of n and R. As a result,

E[(AT(wS

concluding the proof. O

=

P
(Jeme +e3) x AT eme|7 (1) d’) ] <c(14+R)e™,

As aresult of lemma 3.2, FR (m.) + £ >, Sk, (mc) € L (€ L*(0,T;1L?)), and

P

Zer me de()

P
T 2
SEl<A zn&ﬁwWWMVmaomdﬁ ]<cm»
k

W (0,T;L2)

for fixed R>1, o 6 (0, 2) p€[2,00). Thus, with the embedding W'2(0,T;L?) —
We(0,T;1.?) for o — 17 < 1, we have

E {1l 0 ry | < € (R). (3.5)

Next we examine the vector length of M, := m, + e3. In lemma 3.3, we show that although
M . does not take values in s, its deviation from s> can be controlled by the strength of molli-
fications. The proof starts from applying It6’s formula to
1
7/
Here we work with mollified functions and weighted spaces. Thus, we first identify some
remainder terms which arise from the difference between the convolution of products and the

product of convolutions, before stating and proving lemma 3.3. Again, let u. := J.m,, and
d.(f) :==Jf —f forany f: [0,T] x RY — R or R3. Then

1
pme) = 7|1 =|me+esPlfy = 21— M2, (3.6)

pe(me) :=Jc ((1—|me +es]?) (me + e3) p) — (1 — [Jeme + e3]*) (Jeme +3) p
=Je (1= [MP) Mep) = (1= luc +es?) (e +e3) p
=de (1= M) Mep) — (1= Juc + e3*) de (me) p+ (de (me) ,me + e + 23) Mep
3.7)

Since |d. (A7) | < [f(7)|12 for any 7 € [0, 7], using lemma 3.2 and the continuous embeddings
H? — > and H' — L*, we have that for any ¢ € [0,7] and p € [1,00),

Umeﬂ

/(thHMmMMmH%Hﬁﬁwﬂwm+Mﬂm%Wmﬂm+%m
mmwﬂ
<E /(1+|meHv m€+€3|H1+(1+|ms‘H2)|me|L’ (1+|m£|H2>(|mE|H2-H2
i) ds|
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In addition,

de (D1 < U lde (0B < [ lde ()]

de (Nl < fifelde ()2 (3.8)

For remainders of higher-order terms,

(1= Juc+esP)’ = (1 = M, +d. (m)[2)°

= (1= M%) + (| (me) P+ 24dc (mc) , M)
+2 (|me|2 +2<m€7e3>) (‘de (me) |2 +2(d. (m.) 7M6>) )

2

Thus,

’1 — |ue + e3]?

2 2
L S ‘1 - |Me‘2’L§) +|de (me) |]}4f})

+ (|M6|i°° + ‘meh%,oo + |mE|IL°°) |de (me) |]i§) (3.9)
+ (Imelfs + melr2) [MelLoe [de (me) | -

S U= IMP L5, + (L I Ide (m)

where the last inequality holds by (3.8) and (A.5).

Lemma 3.3. There exist constants ¢y = ¢ (R, T) > 0 and ¢ = ¢;(T) > 0, both independent of
€, such that

’ 3
E [\1 ~ |me (z)+e3|2|%up} <o e® (1 — [Ty + s P2, +E [/ A (me (5)) ds} ) ,
0

forany t € [0,T), where

Ac(me) := |de (me) @ﬂ; + Z |de (Vg Jeme) i%} + |pe (me) |]]2}- (3.10)
k

Proof. Recall ¢(m,) from (3.6). We have ¢ (m.) < c(|me|fs + |m|?,) and

o' (m)u=—{((1- |M6|2)M67u>%7

o' (me) (u,w) = —{ (1 — |M€|2)u,w>yp +2/Rd (M., u) (Mc,w) p(x) dx.

16
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By It6’s formula,

1
9 M0 P == {1 )M (),

2
L5

1
-3 D (1= M) Mc, Sk (m6)>]L% dr
k

1

— —Z< 1—|M |2) er(me)’Gk;E (m€>>]sz dr
(3.11)
+Z/ (Me,Gre (m) p (x) dx dr

_Z 1— ‘M5| )MeaG/aE (m5)>]LfJ dWy
k

1
=:U;dr— E Zk: (U27k + U3,k — 2U4,1() dr— Xk:Uik dw;.

For the diffusion term Us y,

Us = — (1= |Mc[*) Mc, Gy (me)),
’
S 1= [McP |z [MclLoe [ Vimeles

< (Imelga +lmelfa) (1+ melse ) [Vimel 2.
Since m, € L? (§;1L°°(0,T;H?)) for p € [1,00), Us 4 € L? (£;L*(0,T)). Then the It integral

is well-defined, thus > « Us.x dW; has zero expectation.
For U, we have

Uy = — (Je ((1 = M) Mep) \0RF (e + e3) — Vo),
= 7<(1 - |u5+e3|2) (u€+€3) 1/’ F(u€+e3 >]L2
+ (1= fue +es]) (e +e3), Vo (e +e3)), .,

- <pe (me) 7¢§F (ME + 33) - Vvue>L2
=: Uiy + U + Uy,

where Uy, is equal to 0 by the cross-product structure of F. For Uy, since div(v) = 0 and vp
vanishes at infinity, we have div(vp) = (v,Vp) and [, div(vp) dx = 0. Then by (A.4),

1 1
U= [ diviop) (1= e+ sP)” x5 [ div(op) an
4 R 4 R4

1
— Z/Rd<v,p_'Vp> (1 — |u6+e3|2)2pdx

— 2
< M lp™ Vol 1 Jue + e3Pl
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where [p~!Vp|p~ = 1. Thus, by (3.9) and the estimates in lemma 3.2, for any ¢ € [0,7],

t t t
E[/ U, ds} gE[/ |1_|M5|2|i2 ds+/ (14 |mel) |de (me) |z ds]
0 0 P 0

+E [ [ pemo) s 8 G +-e5) = Do ds}
0
<c| [-mll, o @ s | [ (1a R, + b)) o
For U2,k,
UZ,k = <Je ((1 - |Me|2) Mep) 7Sk (”e)>]L2
<(1 — Jue + e3?) (uc —|—e3),(ng)2u6>

=: Uzy i + Ui,

12 + <ps (me) , (vgk)z “6>

2
5 L

where by (2.2) and the estimates in lemma 3.2,

t
E lZ/O ‘UZb,k| dS
k

<E

t
> 18kl (e /0 [P (me) |2 [Vite| e ds}
k

1 3
<e@ | [t
0
For Uy, , integrating-by-parts,

Usat = (1= e+ 5) (e 3), (T )

= (1= |uc +e3]?) (uc +e3) VsV he),

_/ (1 - ‘u6—|—e3|2) |ngu5\2pdx+2/ (Ue —|—e3,vgkue>2pdx
R4 R

d

- <diV (gkp) (1 — |uc + e3|2) (”‘6 + e3) Vg, (”‘6 + 63)>Lz
=: _63,k + 264,k + Vou,

where *ﬁg,,k + 2647;( is in a similar form to —Us y + 2Uy 4. For the remainder V,, «, by (A.4),

1 o _ 2 .
Vaak =7 (/ddw(dw(gkp)gk)p Y= fue + e3P pdx—/IdIV(dIV(gkp)gk) dx) :
R R
where the fact p and Vp vanish at infinity implies [, div(div(gxp)gk) dx = 0, and by (2.1),

div (div (gep) g0) p~" = (diven)’ + { Vaugi+ 2gudiver, o~ Vo) + Vediver + (6,0~ Ve Vo)

2
S |gk‘W:°°(Rd;lRt‘)‘
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Then by (2.2) and (3.9), we are left with

t
/Z|V2a$k| dS
0 %

t t %
E <CE[/|1_|M6(S)|2iZ ds]+c(R)IE|:/ |d. (m¢) |72 ds} .
0 ’ 0 ’

Now we estimate Us ; and Uy 4. Note that Gy ¢ (me) — Vg, ute = de(Vg,uc). We have
Us = ((1 = IMc[*) Gr.e (me) , G (me)>L%
=((1—uc +e3]?) ngue,ngu€>M
+ ((de (m¢) ,me + uc + 2e3) Gy e (mc) , Gy e (me)m
+ (1= fue + e3") de (Vgtte) , G (me) + Ve
= 63,1( + Vi,

and thus

ot
E |:Z/0 |V3,k| ds
k

<E

ot
Z|gk|z°°(]R“’;Rd)/ |de (me) Iz, (Imelvoe + 1)|Vmelis ds}
& 0

+E

t
Z|gk|L°°(Rd;Rd)/ |de (Vigue) |12, (|me|i°° + |ms\L°°) |Vmelp ds]
A 0

2

<c(R)E

t
/) <|d€ (mf) |]if) + ; ‘de (vgkue) |]%‘2p> ds

Similarly,
(Mc,Gr.c (me)) — (ue +e3,Vgue) = (ue + e3,dec (Vgue)) — (de (me) ,Gr.e (me)) =: ra.
By (3.8) and (A.S),
|r47k|]i§) S (1 meliee)? |de (Vgue) |]i%) + |87 o (i may | Ve 4 |de (me)pﬂi‘;
< (leoqumey (14 Imelie) + 182 uznlmels ) (1de (mo) g +1de (Ve Iz )

Then for Uy 4, we have
Usi= [ (Mo G () p
R

- (ue—l—eg,vgkue>2pdx+/ (rik—l—2<u€+e3,ngu6>r4,k)pdx
]Rd
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where

t
E |:Z/0 |V47k| ds
k

t
SE Z/o |V4,k|@2L§J + 2|gklLoo (rezray (14 [ mefroe ) [Vime|p2|ra iz, ds}
x

1

2

<c(R)E

" l
/ <|de () +1de () g+ D e (V) i;,) ds}
Note that
1 1 1
‘de (mE)P4 ‘i‘;) = |de (me)p2 |]i4 S ‘de (me)pl |]%Il = ‘de (me) |112i1})

Hence, the main components of the Stratonovich and It6 corrections cancel with each other,
leaving

—-E

t
> (Uai+Usi—2Uap) dt] <cE [/ 1= |Mc(5) P[22 ds}
k 0

1

2

t
/) <|d5 (me) |H241}0 + Xk: |de (ng”‘E) ‘if} + |pe (me) |i2> d.;| )

+c¢(R)E

Overall, we obtain

t
E[1—|Me<t>|2ig}<|1—|Jemo+e3|2|izp+d@[/|1—|Me<s>|2iz ds
0 P
’ 3
Jr(:(R)]E{/AG(mE) ds} ,
0

for any ¢ € [0, 7]. Then we apply Gronwall’s lemma to yield the desired result. 0

4. Convergences for fixed R

In this section, we fix R > 1, and employ Skorohod theorem and compactness argument to
deduce convergences of (functions of) new approximations m.. These convergences and sub-
sequent regularity properties of the limit 72 allow us to show that 71 + e3 is a martingale solution
of (2.3) later in section 5.

For Banach spaces By, B1, B, and B3 such that By, B; are reflexive and By € B; — B, € B3,
the following embeddings follow from [13, theorems 2.1 and 2.2]:

rr (O,T;Bo) nwer (O,T;Bz) err (0, T;Bl),
WP (0,T;B;) € C([0,T];B3),

forp € (1,00),0 € (0,1) and op > 1. We define

Eo:=L> (0,T;H*) n W (0,T;L?%),
E:=L*(0,T:H,)nC([0,T);H"),

20
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forp € [2,00),0 € (0,3), 0 — 5 <y and op > 1. Since L* — L3, H> € H}, — L} and H' €
L2 = (L?)* € H™', we have

Ey < I (0,T;H*) nW°” (0,T:L}) € E.

By lemma 3.2, m, takes values in E, P-a.s. for any € > 0. Hence, the set of laws {L(m.)} on
E is tight, where for any A >0, {|m.|g, < A} is compact in E and

P(|melg, > A) K ATE[|mel3,] <A 2¢(R) =0, as A — cc.

_Since E is a separable metric space, by Skorohod theorem there exists a probability space
(€2, F,P) and a sequence {(mc, W)} of E x C([0,T]; H*(R?;R?))-valued random variables
defined on (92, F,P) such that

L((me,W)) =L ((me,We)) onExC([0,7);H" (R,R?)), Ve>0,

and there exists an E x C([0, T]; H*(R% R?))-valued random variable (72, W) such that
fie = minE, We— WinC([0,7];H* (R4RY)), P-as. 4.1

The space C([0,7];H?) is separable and complete. Then by Kuratowski’s theorem, {7, } have
the same laws as {m.} on C([0,7]; H?), which implies that the estimates in lemma 3.2 also
hold for {r.}.

We can extend the definition of the H2-norm to H~! by setting |u|y> = oo foru € H~!\ H.
Then using the pointwise convergence (4.1) in C([0,7]; H~!) and the uniform integrability of
i in L2 (€;C([0,T];H?)), we deduce that

B [1[}2 0.1)] < 00 ¥p € [1,00). 4.2)
As aresult, by (4.1), (A.5) and (A.6), for p € [1,00),

e — i in L2 (Q;ﬁ (o,T;JH[},)) . A —Am inL¥ (Q;L2 (0,T; ]Lf))) ,

) ) 4.3)
Jom =i in L2 (L2 (0.T5HY) ), Aderie = A in 127 (522 (0,7:12) ).
By Gagliardo—Nirenberg’s inequality,

(e =) pt| < Ve il (el + Vi), re [2.00], @4

where 0 = ¢ — & €[0,1) for d = 2,3. The inequality (4.4) still holds with J.i, in place of 7it,.
Then by the L>(0, T;H?) estimates of 7z, and i,

mep% %ﬁzp% in L% (Q;Lq (0, T;IU))
. A - 4.5)

(Jeriie) p* — sip?  in L (Q;L" (0, T;L’)) ,
forp € [1,00), ¢ < 125 and r € [2,00].

21



Nonlinearity 38 (2025) 085017 B Goldys et al

4.1. Vector length of m
Asin lemma 3.3, let () := |1 — |+ e3|2|Li S|l + w2, € L2 (Q;L%°(0,T)). Then

T
B[ 1-pi0-+ PR o
0

T rT ~ 22 - 2 ~ 22
<k / (‘1—|m5(1)+e3| ‘ +||me(l)—|—e3| — | () + es ] )dr}
L/o L3 Ly

N

E /OTOl — |t (l‘)+63|2‘; + |rie (t)—rh(t)li;\nh (t)+n~1(t)|£¢7 + |t (1) — i (1) |§§]) dt}

N

sup (Je 1)+ (1) &, +1) / v (1) — i (1) [, dz] ,

[T 2 -
E / ‘1—|n~16(z)+e3\2’ dz}—HE
LJo Ly, 1€[0,1]
4.6)

where the second expectation on the right-hand side converges to 0 by (4.2) and (4.3), thus
we only need to focus on the first expectation. Recall the definitions (3.7) and (3.10). For any
q € [4,00), the following maps are measurable:

L(0,T;H?) 3 urs |1 — [u+es*[f. €L'(0,T),
P
L(0,T;H?) 3 urs A (u) € L' (0, 7).

Then since {77} has the same laws as {m.} on L7(0,T;H?), it holds by lemma 3.3 that
T T
E[/ 11— | (1) +e3)?|2s dt} :E[/ |1 — |me (1) + e3)*|22 dt}
0 ’ 0 ’
~ ! 2
S Vamn+ Py +B | [ o) 0]
0

By the assumption that mj is bounded in H? and the approximation property of J.,

2
[T — [Jemo + 63\2|12L§, = [|mo + e3]” = |Jemo + 3| .,
)
< |J€m0 — mdii |J€m() +mgy + 2€3|iw

< (14 |molp) [Jemo —mo|f. — 0, ase— 0.
For the remainder A, (171, ), we first observe that by (4.3),
de (1) = (Jutite — i) + (i — 1) — 0 in L¥ (Q;LZ (o, T;Hlp)) :
Similarly,

Z |de (vgkje’ﬁE) ‘i% = Z |Jevgk (Jerhe - ’;1) + (Jevgk’ﬁ - vgk’ﬁ) + vgk ("~1 _Jeme)lig
k k

2 = N2 ~ =12
< zk: |gk|Loo(Rd;Rd)|V(Jeme —m) |1L2p + zk: eVt — ngmth) ’
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where the right-hand side converges to 0 in L¥(Q;L'(0,T)). Also, by the L>°(0,T;H?)-
estimate in (4.2), the continuous embedding H? < L. and lemma 3.2,

I@[/;‘(l— \n~15+63|2) (e +e3)p— (1 —|V7l+e3\2) ("~1+6‘3)p’; dt]

- T 2
<E [/ <|n~16—rh|]12%+’(rﬁé—rﬁ,rﬁe+r71+263)(Iﬁ5+e3)+|n~1+e3‘2(n~16—m) L’) dt:|
0 2

T
SE[/ (1+\rh€|iw+|m|ﬁ{x)|nae—m|izp dt} —0, ase—0,
0

which implies d.((1 — | + e3|?) (e +e3)p) — 0 in L2 (9 L2(0,T;1L?)). Thus for p, given
in (3.7),

B[ [ e SE[ [l (- b+ esP) ey o

T
wp (14170 £) [ 1050 dr] 7
1€[0,7] 0

+E

where the right-hand side converges to 0 as € — 0. Then

T T
L= ~ i TR N N
il_r%E {/0 A (m) dt] = !E}})E [/0 <|de (rite) ‘H}J + ; |de (Vg Jernc) ‘Lf)

—Hpe (’/he) ‘Hz_;) dt] =0.

Therefore, the right-hand side of (4.6) converges to 0 as € — 0, yielding

E[/Oryl—na(z)+e3|2

where p > 0. In other words,
i (t,x) +es| =1, ae-(t,x)€[0,T] x RY, P-as. 4.7

2
L2 dt] <0,

4.2. Convergence of cut-off function

Recall (3.2). We define 95 := % (|/usiie + e3]?) and 9RO = b\ (|sii + e3]?), for any non-
negative integer i. We simply write ¢/® and ¢/ when i = 0. In particular, with R > 1, by (4.7),

PR (1x) = (I (%) +es]) =Y (1) =0, Vi>1, (4.8)
and thus V& (1,x) = AyR(1,x) = 0 for a.e.-(1,x) € [0,7] x RY, P-as.

Now we derive some convergence results for /. By the mean value theorem, we have

’ (12,570) _ J,Rm) 3

~ 1 ~ 1
Lr g ‘|J€m€+e3‘2p2 - |m+e3|2p2 Lr

1-6
_ Vetiic = mlgp [Tt + i+ 2es]0

I
< Were =l ? (e + bl +1)

S ‘(Jerhe_njop%
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for any non-negative integer i, where 6 = % — % for r € [2,00]. Thus, by (4.3),
RO ph 5 GROptin 120 (0319(0,T51L1)) 4.9)
for pe[l,o0), ¢<i% and re[2,00] as in (4.5. In particular, ¢f —¢F in

L2 (Q; L(0,T; I2)). For the gradient of YR, by (3.2) and (4.8),

’V (&f - "/NJR) ‘ILZ 5 ('J}f’(l) - &R’(l)) P% | <Jen~16 + e3,v./5n~15> |]L2

Loo

+ (PR WD | o | (Tt + €3, Vi erine) — (m+e3, V)|,
(1!75’(1) — R . (|t |Los + 1) | Vit

oo

< (1;5(1) 712)&(1))%)% . (I Vil + | Viitel2)

N

where the right-hand side converges to 0 in L% (€2;L2(0,7)) since st € LP(Q;L>°(0, T;H?))
for all € > 0 and (4.9) holds for i = 1. Similarly, for the Laplacian of wf,

1A (85 =) oy < [ (30D — g0 b
+ RO Lo ]\weme\z — |Vii® + (Jeriic + e3, Adrite) — (i + e3, Avi) L
.

+](J)’§’<Z) —&R“Z’)p%

+ "IZ)Ry(Z) |]L°° ’(Jeme + e?nv«]e’ﬁe)z - <"71 + eva’ﬁ)z

Leo "vje’ﬁef + <J67;le + 337AJ67;16> L

‘ <J€I’I~15 + €3, vjerhe>2‘
Lo L2

L3
~ ~ 1 ~ ~ ~
S| (B0 =) pi| (19l + (ieluoe + 1) A2
o] (300 - gr®) b
where the right-hand side converges to 0 in L% (;L*(0,T)). Hence, despite the fact that we

only have weak convergence for Ari. in ]L,%, we obtain strong convergence for the cut-off
function in H?:

URpt — gRpt in L% (Q;LZ (0,T; HZ)) , (4.10)

- clioe + 177 Vi

4.3. Convergence of drift and diffusion coefficients

Using results in previous sections, we prove in lemma 4.1 weak convergences for the drift
coefficients FX, and Sk.e» and strong convergence for the diffusion coefficient Gy .

Lemma 4.1. Forp € [1,00) and ¢ € L*(;L*(0,T;C(R%))),

ll_r)%E (/O <FR6(rhe)—F(n~1+e3),<p>Li (1) dt) ] =0,
!ii%]ﬁ (/O ;@k,e (rhe)—sk(na),@% (1) dt) ] =0,
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and

limE

e—0

( | 6 th)—Gutan 0 dt> ] ~o.
k

Proof. Let i, := J.m.. We have

(FR () = F (i +e5).,0),, = <J6 (1/7:177(&6—#63)) Fli+es)

- (Jevvﬂe - vv’/ﬁ) PP 1.2

where f = 1, a.e.-(t,x) € [0,7] x R?, P-a.s. and

(e (OFF (i +e)) —F(ﬁl+ea)7w>y = (F(dc+es), (@F - 3") sop>y
+ (F(iic + e3) — F(m+e3) )12
+ (G (i + e3) de () )
S S

L2

Similarly, we define {1, v,,Io.v,}, {11 5, ]o.5,} with V,,S; in place of F and 1 in place of ¥,
fork> 1.

Convergence of FX.
(i) For Iy, let f, = (77/;1: - 1ZJR) @ p. Thus,

(F(ite + €3) .fe )12 = (DNt + a (i1 + €3) X A, fe x (e +€3))2
—h{e3 + aiic X e3,fe X (U +€3))2
+ (e + €3) X Adie, Afe)p 2 + 2 (Atie, Ve X Vi)
+ a ((tte + €3) X Atle,fe X Atie + Afe X (the +€3) +2Vfe X Vi)
+ 20 (Vite X Atie, Ve X (e + €3) + fe X Vi)
— v ((the +€3) X Vyu,fo) 2
< (‘ﬁe + €3l + ali. +e3|i°°) |Adie|po|fe |2
+h (Jiae|ee + alilf) felv:
+ [ite + e3|Loe [Ame |2 [ Afe|rz + 2| Ate|p2 | Vite| 4| Vel
+ alie + eslLee | Adie|Fa |fe L + aliic + e3]f oo | Adie|r2| Aflr2
+4alie + e3|ioe | Adelr2 | Vite|ps [ VSe[ps +2a‘Aﬂe|L2|Vﬂ6‘i4lﬂ|Lm

+ |yv|peo (RYRY) e + e3|Loe | Vide|r |fe|r2
S (1 + ‘”~1€|H2 + "hG@HZ + |’he|%12) lfe|H2

5 (1 + "heh?ip) lf6|1HI2~
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Then by (4.9) with i =0, (4.10), and that ¢ € L% (;L>(0, T; H)),
Vfelwe = l(i}f — %) en o
S| (B8 =0 | Il + | (38 = 0%) 0| IVl + [ (95 = 9%) o) | 19l

=0 1nL2”(Q (0, T))

This implies

E

T
/ Ioj:‘ dt
0

] <SE [( / (U4 ) o drﬂ
% (/OTVAHZ dr)zprao,

where the first expectation in the last inequality is finite for all € > 0 since m, has the same
L>°(0,T;H?)-estimate as m..
(i) For I, f, we focus on the difference F(iic + e3) — F(rm + e3):

<E| sup (l + |r7z€|]%§’2
t€[0,7]

F(iic +e3) — F(m+e3)
= —[(tte — m) x (hes + adic x hes) + a (i + e3) X ((ite — i) X he3)]
— v [(tte —m) x Vyue + (m+e3) x V, (it —m)]
+ [(te — m) x (At + o (i + e3) x Atie) + o (m + e3) x ((He —m) x Aii)]
+ (m+e3) X (A —m) + a(m+e3) X A (4. —m))
+ (e —m) x (A e + o (i, +e3)><A2u6)
+ a(im+ e3) x (e —m) x A%,)
+ (m+ e3) x (A*(dhe —m) + (it + e3) x A (i — 1) )

7
=: ZH
i=1

Fori = 1,2,3, we deduce fOT<H[, pp)2 dt = 0in LP(Q) from (4.3), (4.7) and the moment
estimates of iz, in L (Q; L°°(0, T; H?)).

For i=4, similarly f0T<H4, op)y dt—0 in I[7(Q) since As,— A in
L7 (Q;L*(0,T; ]Lf))) and thanks to (4.7),

© X (+e3)+a(p x (m+e3)) x (1 +e3) € L? (Q;LZ (O,T;]Lz)),

Now we estimate Hs, Hg and H5.
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<H55<)0>]L% = <(ﬁ6 _’/h) X A2ﬁ5,§0>L%
+a<ﬂ5 — i, R (i + e3) x A%ii) x g0>]L2

Yo <ﬂ — 7, (1/~JR f 1215) ((iic + e3) x A, x cp>

=: Hs, + aHs, — aHs,.

2
Ly

For Hs,, integrating-by-parts,

Hs, = (A (de —m), At X @ p) > + (e — 111, Ade X A(pp))p +2(Viie — 1it, Adie X V (0 )1
S (A (e =), A X @)y + ¢ (it — 1) plioe | Adic|i2|A () p~ 12

+¢|V (e — 1) plus | Adie|i2 [V (9 p) p ' s

where A x ¢ € L% (€;L*(0,T;1?)) and
d
7

_ 4 4 N
IV (e =) plus S |V (e =) |y * (18, + Al ) =0 in 22 (524(0,7)) (4.11)
Then, the convergence fOTH5a dr— 0 in L”(Q) follows from (2.1), (4.3) and (4.5).
Moreover,

1

1
~ 2, ~ ~ ~ ~ 2
Hsp < | (V8)" (i + €3) x A% |ual e — iz | (0F) ol

where by lemma 3.2 and (4.3), fOTH5b dt — 0in L7(Q). For Hs,, recall f, = (¢f — ¢ p
from part (i), where f. — 0 € L (Q; L' (0, T;H?)). Then,

Hse = (i 1, (i + e3) x A’ Xfe>IL2
= (e +e3) X At e x (e = 171) +fe X A (e = 1) +2Vfe X V (ite = 1i1))»
+2(Viie X Aiie, Vife X (fic —1it) +fe X V (iic — 1i1) )y 2
< (1 Jtie|ioo ) [Adie] gz (Jite — ifioe | Afe] iz + |A (i — 1) |12 |f oo + 2|V (i — 1) |12 | Vfe |1s)
+ 2| Viie|ps | Adie |2 (Ve lps it — mlree + [fe|uee |V (de —m) |is) -

Since i, € L (€; L (0, T; H?)), fOTHSC dr — 0in L”(£2) by the convergence of f as in
part (i).
For Hg, recall (4.7). Then,
ail <H67<)0p>1L2 = <A2ﬂ€a(<pp X (I’l'jl+63)) X (ﬁe _l/h)>]L2
= ((ie —m), Aiie x (A(pp) % (i +e3) +2V (pp) x Viit))»
(e ) A x (0 x M)y
(A e —m), Amx (o x (m+e3))) 2
L2V (i — 1), Adie (Y (129) % (4 €3) + 0 X Vo))
S| (e — ) plis | Aiielpz (|A (@ p) p~ iz + [Viit|ia|V (0p) p7 1)
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+ | (i =) plroe | Adic|p2| Al | ol

(A (i — ) A x (i % (1 e3))

+ |V (dhe — i) plps| Adie|p (\V(<PP)P71|L4 + |V”~1|M|<P|H2) ,
where the third term on the right-hand side converges by the weak convergence in (4.3)
and the fact Ari X (¢ x (i + e3)) € L7 (Q;L*(0,T;L%)). Thus, [ (Hs, ¢ p);> dr— 0 in

L7(£2) holds by (2.1), (4.5) and (4.11).
For H;, we have

(Hy,0p)y2 = (A2 (e — 1), o p % (1 + €3) + (1 +e3) x (1 +e3) X 9p))y
= (A (e —m),A(pp x (m+e3) +a(m+es3) x ((m+e3) x @P))lf%‘%y

E

5

i=1

1

(1/35) " (i, +e3) x A2,

supE
e>0

where A(pp x (it + e3) + a4 e3) x (i +e3) x o p))p~" € L2(Q;L2(0,T;1.2)). Then
fo H7, ¢ p)12 df — 0in L”(Q) follows from the weak convergence in (4.3) .
Therefore, as e — 0, for p € [1,00),
T p T P
/ I, dt ’/ (Hi,pp)p. dt| | = 0.
0 0
(iii) For I, f, recall that for any p € [1,00),
~ T 2 P

supE / (¢) dt < 00.

e>0 0 L2
Then it is clear from (4.2) that

T ) p
(/ ‘wa(ﬁe +e3)’ (1) dt) < 0.
0 L2
Since I, 7 < < |RF(iic + €3)|12|dc (o p)|12, by the approximation property of J., we have
d.(pp) — 0in LZP(Q L?(0,T;1L?)) and thus fo L rdt— 0in 7(Q).
Moreover, since §R(iic +e3) x A2, and YR (i + e3) x ((iic +e3) x A%i.) are in
L2 (€;L2(0,T;12)), there exist measurable processes Y,Z € L (Q:;L*(0,T:1L?)) such
that
OR (i +e3) x A2, Y in [ (Q;LZ (0,T; ]L2)) :

O (i, + e3) x ((iic + e3) x A%i) = Z in ¥ (Q;LZ (0, T;]Lz)) :

By the arguments in previous steps and the uniqueness of weak limit, we have Y =

(m+e3) x A2iand Z = (i + e3) % (i + e3) x A%i) in L2 (€2; L2(0, T;1.2)) in the weak
sense (2.4).

28



Nonlinearity 38 (2025) 085017 B Goldys et al

(iv) Similar calculations hold for I; v, and I, v,. By the uniform integrability and strong con-
vergence of 7z in L (€; L*(0,T; H1})) and properties of J,

[t @] <B[ [ Wi sl ¥ e - ) ol ] 0.

1

T
E {/ (Vyite,de (0 )12 df} < |V Loo (ResRe) (SUI(;E [|Vﬁe|im(0,m})}>
0 €e>

T 2
XE|:/ ld. (0 p) |22 dt} — 0,
0

as € — 0. The same arguments follow for convergence in L7(Q2), p € (1,00).

Convergence of Sy .
For Il Sk

Ii s, = (Sk (i) — Sk (m) ,80>[L§
2/~ ~
= <(ng) (it —m)ysap>w
= — (Vg (tie —m) , Vg, (¢ p) + (divge) p p) ;2
< |8klwr.oe resra) [V (e — 1) pliz (IV (00) p~ 12 + |liz) -

Then ", fo 1) 5, dr — 0in [2(Q) by (2.1), (2.2) and (4.3).
As in the case of I, r, the convergence of ), Ios = > (Sk(iic),dc(wp))1> follows
from (2.2), the L?(0, T; H?)-integrability of i, and properties of J..

Convergence of G ..
By (A.5),

|Gre(me) = Gr(m)|z < Ve(Gilite) — Gi(m)) vz + [JeGi(m) — Gi(m)) |z
< ¢|Gilite) — Gr(m)|12 + |de(Gi()) — Gi (1)) |2

Since Gy (i) = — Vg € L (Q;L°°(0, T;1L%)), and
|G (tic) = G (m) |12, < [8k|roe (asrey |V (e — 1) |12

we obtain convergence for Y, |Gy, (m.) — Gx(m)[?, in 17(S;L'(0,7)) from (2.2), (4.3) and
r
approximation properties of J.. O

By the density of L*(0,T;C2°(R?)) in L*(0,T;1L2), the weak convergences in lemma 4.1
reduce to

FR_ (. Zske ie) — F (it +e3) + Zsk in ¥ (Q;B (o,T;Lf,)).
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5. Proof of theorem 2.1

5.1 Existence of martingale solution

As in [3, section 5], we can show that the limit process (7, W) on (Q,]:" , I@’) from section 4 is
a martingale solution of the equation

na(z)zna0+/tF(na+e3)(s) ds—l—;Z/tSk(nﬁ ds—i—Z/ G () (s) AW (s). (5.1)
0 R4

We only outline the arguments here. Since { W} have the same laws as W, the processes W, and

thus W are Wiener processes with covariance Q on (€2, F,P). Using the pointwise convergence
(e, We) — (m, W) in E x C([0,7]; H*(R%; R?)), lemma 4.1 and the embedding 2 € H~

deduce from the uniqueness of weak limit in L?(Q; H ") that ri2(7) satisfies (5.1) (in the weak
sense) for every 7 € [0,7] and

- N 2
E [\m(") ‘%OO(O,T;HZ) + |0+ e3) x A2m|L2(0,T;]L2J < 0,

with |1 + e3] = 1,a.e.in [0, 7] x R?, P-a.s. Thus, M := sit + e3 is a solution of (2.3) in the sense
of definition 2.1.

Using Kolmogorov’s criterion, we deduce that /i = M — e has paths in C? ([0, 7];12) P-a.s.
Let0<s<t<Tandp € [1,00), we have

(i) ev-ral( o)

<lt—sPE K/OT (IVrilgn + | (7 + e3) x A%ilf,) () dr)p}

Sle=sP,

[(Z/ ISk (77 (r)) |12 dr>2p] <E {(Zlgklwl m(RIRa)/ Vi (r) [ dr> ]

Sl = S [V e ]

Sle—sl?,

> ] E[(Z[ka))lia dr) ]
<E KZ |8k 700 (g /t\m(r)ﬁﬂ, dr) ]

Sli—sp.

/ "Ge G (1) dWi (1)

dl

>

//

Therefore,
B [ (6) i () 2] S I = sl

proving the C? ([0, T]; L?)-regularity for o € [0, 1).
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5.2. Pathwise uniqueness

Let M| and M, be two martingale solutions of the equation (2.3) defined on the same filtered
probability space and with the same Wiener process (€2, F, (F;),P, W). As usual, we set m; :=
M, — e3 and my := M, — e3. Then, m| and m, are martingale solutions of (5.1). Note that in
distributional sense
M] X (M] X AM[) = —|VM1|2M| —AMl7
M x (M] X A2M1) = <M1,A2M1>M1 — A2M1.

Lety:=M; — M, = m; —mj € L2. By the Gagliardo—Nirenberg’s inequality,

IVyli. = — <y, Ay)pa < [ylez| Ayl
Vyls < eblz ¥ Ay, (5.2)

Yl < CIy\Lz JINES
In addition, |y|.~ < 2, y(0) = 0 and we have

(Vy,V (M + M,)) M, + |V M,| y) dt

dy=yx (AMl —|—A2M1) dt+ M, x (Ay+A2 ) dt — y X hez dt
—a
+a ((y, AM ) My + (M, A*y) My + (M, A*Mb) y) dt
a(yx

(

(M] X he3) + M, x (yX he3)) dr
7’)/(y x VoM + M, x V,y) dt

1 2
—a A2y+Ay) dtfvvydtJrE;(ng) ydtfgvgkydwk.

Applying It6’s lemma to §|y(1) 2,

1
§d|y(t) |HZJ = <y,M2 X (Ay+A2y) —aM; x (y x he3)>L2 dr

—a(y,(Vy, V(M1 +My)) M) dl—a/ VM *|y|* dx dt

+ oy, (v APM) My + (M, A%Y) My + (Mo, A*My) y), i
=y, My X V) dt+0¢(|v)’|L2 |A)’|1L2) dr
1

+ 5 (<)’7 (vgk)2y>L2 + |ng)’|i2) dr — Z (9, V), dWy,

k

where (y, V,y)1> = 0 and by (5.2),
Wyl <67yt + 0] AyE,

ford € (0,1).
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For the Stratonovich and It correction terms,

2 .
S ({5 (Vay) + IVl = =3 0. (dived) Vo),
k k
S lawliroe rasmey VIE2 + 61 V¥R
k

Syl +0lAy[E..

Also, for the diffusion term,

>0, Vet 22 Y, (divge)y

k

<3 Z |divelfa [yl = [yl
k

< 22 |gk\12q] (Rd;R4)

k

y|]12‘27

where the right-hand side has finite expectation, implying that the It6 integral is a well-defined
continuous martingale.
We estimate the main drift part below.

(y,My x Ay — aM, x (y X he3) — yMz X V,y);.
= (y, My x Ay)p> — a(y,My x (y x hes)) > — v (y,Ma X V)1
S Iyt + 814y,

and

(y, My x N?y) , = (y x AMy, Ay);, +2(Vy x VM, Ay),,
< [ylee [AMa |12 | Ayl +2|VY|1L4|VM2|JL“|A)’|]L2
1-¢ 1+ 344
SIAM |2 yf, * \Athz Ly |V M; |y b’\y |Ay|2 ’

<|AM2 +|AM2|L2+|VM2|H2 ) |y|]iz+(5|Ay|]iz.

Similarly, for the « terms,

0 (Vy, V(M1 +Ma)) My)p 2 < |Y[Lee [ VY[ |V (M1 + My) |12
1 1
S ylee VI | AV |V (M) + M3) |12
34 144
5 |y‘]iz ! |Ay|]iz ! |V(M1 +M2) |]L2

_8
S IV (M + M) |57 2= + 6] Ay,
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and

o (0 A2M) My,

(0, (M2, A°M) y)

For the A%y term,

— 2
=((y-M)y, A’M)),,
={(Ay-M)y+2(Vy-VM)y+ (y- M) Ay, AM1)

+2<(Vy.M1 J,-y-VM])Vy,AMOL: +/ <y,AM1>2 dx
RY
<2(Iyleoe [Aylee + [Vy[E) [AM ],
+ 4{ylLoe |Vylis [ VM [Ls | AMy 12 + [y[E oo [AMI [

< AT aM e + (1 F anET s R ) (oM
~ lpe VL2 L2 Vg2 V2 YiL2 Y2 1

32

_8
< (|AM1\];;“ + |VM1|[;;,*“‘/> I+ 618,

= (|y’M2, A°My) ,
- / DPIAMP dr+2((y- Ay-+ [V3P) Ma +2(y- V) VMo, AM,).,
R

< 2(lyleoe [Aylee 4 [Vy[Es 4 2[ylLee [Vylis [VMa|is) |AMy |12 + [y[Eoc | AMa|2
3d
8

14\ TN E T ee
<1 1A 1AM+ (6 IANE + 1 AT ) VMl | AM s

8

_3n
S ylk (|AM2|£;” +|VM, H*) + 8| Ay[E.

v, <M27A2Y>M1>L2 = <(y~M|)M2,A2y>1L2

= [ i) 8 a

+ <(y-AM1)M2 + (y'M1)AM2 +2(y~VM1)VM27Ay>]L2
+2<(Vy-VM])M2+ (Vy~M1)VM2,Ay>L2

< / (Ay,My) (Ay,My) dx
R

+ [YlLee |Ay|e (|AM |r2 + [AMa |12 + [VM |14 VM2 |14)
+2|Vy|s|Ay|ee (VM |ps + [VMa|Ls)
</ <Ay7M1><Ay7M2> dx
Rd
1-4 144
+elyl AV F ([AMi [ + [AMa Lz + [V M e [ VM2 |m1)
1_d 34d
+clylt> 8|Ay|ﬁz+8 (VM| + |VM; )
< [ (ay) (Bybte) e bl
R
8
+c(671) (|AM |12 + [AMa|12 + VM [ [VMa [ ) 57 |yEa

_16
+e (671 (VM| + VM) ™7 [y,
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where

1
/ (Ay, M) {Ay, M) dx = E//(Ay,MQ (|VM2|* + (M2, AMy)) ds
R4 R

1
- E/ (Ay,M>) (|V/"11|2 + (M, AM>)) dx
]Rd

1
=5 [ (@) (TM + (a2, 1))
Rd
1
3 (M) (7 (s M) = V) + (M, ) = (3, b))
]'Rl’
1
< ElAYhL? ylLoe (IVM2l2s 4+ |AM |12 + | AM: ;)
1 1
+ §|A)’|JLZ|V)’|1L4|v (M1 +M>) |+ + §|Ay|iz
1 1—4 144
< 5|Ay|]iz + eyl F1AY: * (IVMalf + | AML2 + |AM; |r2)
1_d Y
+eli flAYIL HIV (M1 + M) |

1
< S 1AVIE: +edlAyz,

- -
+C(§_l) ((|VM2 ?—}I‘ + |AM| |JLZ + ‘AMQle) 4—d |V(M1 +M2) ]];I‘ ) ‘y|f‘2.

Thus,

1

1
FA 0B 00O dr+a (@8- 3 ) 1Ay OF = 30 0Tl W
k

for some constant ¢; and
o (t)=c(h,d") (1+ VML + VML),

for some g € [2,00) depending on d. Since VM,V M, in L?(Q;L>(0,T;H')), we have
fOTd)(t) dr < oo, P-a.s. Let 4 be sufficiently small such that ¢;§ — 5 < 0.
If divgy =0 for all &, then applying Gronwall’s inequality directly and using the fact

y(0) =0,
() 2 < [y(0) el #0 ¥ =0, Peas.

Otherwise, let X(1) := 1 |y(r)|?,e=2/0#() & Then we have

1 — N \) s 1 — N s LS

aX (1) = 5 (dly (1) 2, e 20900 9 1 2 (Jy (1) 2, =20 (e~ 26 200 &)
1 o [T (s ds
+ 5 (A () 2, de72ie0 )

< _e_zf(; ¢(s) s Z <y, VgJ) dev
k

where the process M(f) := ", fot e 2 9) ds(y Ve.y dWy)1 2 is a martingale. Hence, E[X(7)] <
E[M(z)] = 0, implying that

E[ly@)|i.] =0, te[0,1].
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This proves the pathwise uniqueness of the solution of (2.3), concluding the proof of
theorem 2.1.
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Appendix A. Preliminary estimates

A.1. Useful formulae
Let u,w € H? and f,g € H' (R%;RY), d = 2,3. Then

(Vo) (uxw)=Veuxw+ux V,w,

d d
(Vo) u= Zgizaizu + Z 8i8iOju + Vy e,
i=1 ij=1,i#j
d
Vi(Vgu) = Zfigjaiju + Vy,u.

ij=1

For u,w with suitable decay properties,

<Vfll,W>]L2 = - <u7 va + (lef) W>L2 ) (A.1)
d
(Va, Vew) o = — > (figiOu+ 0 (f,g)) Oru, )y (A.2)
ij=1
By (A.1), for f € W2 (R% RY),
|
(u, V), , = —3 ((divf)u,u)pa, (A.3)
and
- <|u\2u,Vfu>]L2 = <Vf<|u|2u) + (divf) \u|2u,u>Lz
=3 <\u|2Vfu,u>L2 + <(divf) \u|2u7u>]LZ
L, .
= 5 ((@ivp) [P,
which imply

(=) V), = 3 [ aivg) (= 20af) o

1 1
— 7/ (divf) (1 — |u|2)2 dx—— [ divfdx,
4 Rd 4 Rd

(A4)
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where [, divf dx = 0 if f vanishes at infinity.
Without loss of generality, assume that j is supported on the (open) unit ball. Let B¢ (x)
denote the open ball of radius € > 0 centred at x € R?. Then for weighted L>-norm,

ety = |
<A;<£&ﬂ4xwp1@>m><[;u@ynwwﬁp@>®)pa>m,

where p~!(y) = (1 + [y|?)? is bounded from above by (1 + (|x| + €)?)? in B.(x), implying

2
p(x) dx

/ je(x—y)u(y) dy
Bc(x)

/Bé(x)je (x=y)p ' () p) dy < <1+(|x|+e)2>2p(x)/ je(x—y) dy

B (x)

= (14 (sl + ) p

<c¢, VxeR%
Thus,
Veult <c/ /J'e(x—y)lu(y)lzp(y) dy dx
Rd J R4
:C/ (/ Je(x=y) dX> u(y) [P (y) dy (A.5)
R4 R4
= C|“\@2L§)-
Similarly,

(et w)yy = (e (wp)):
= G Jow)yy + (e (wp) — wo)pa + w — Tow)y (A6)
< (o) + lulua e (wp) = wplus + lulu [Fow — iz,

where the last two terms converge to 0 as € — 0 for u,w € 2.

A.2. Estimates for mixed partial derivatives

Lemma A.1. Letu: RY — R3 be a sufficiently smooth function with suitable decay properties.
Then

d d
D 107ult: < |Aulfa, D Ogulis < |Aul. (A7)
i=1

ij=1

Let f € W»*°(R%R). Then fori,j € {1,...,d},

<8?u,fé3ju>]Lz S |Oulis + |0Fult, + |0yults, eq : sd6 (A.8)
(OF07ufOu) , S |Oults + 07ult: + 07 ulf + [Oyul, (A.9)

(00 foru),, < |0l + 0Pl + |Ouls, (A.10)
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<8i38ju,f8ju>]Lz S |Oults + |0Ful}, + \62u|Lz + | Oyul2..
Proof. For the inequalities in (A.7), we first observe that

‘&Ju']lzﬁ = <812u’ (912M>L2 .
Then we have

d

i=1 ij=1,i#j ij=1,i#j
and as a result,
d 1 d d
D 0gults < 5 | Y 107ults + D 10fulls | < |Aul..
ij=1 i=1 j=1
In order to deduce the inequalities (A.8)—(A.11), we first observe that
1
<3,-2u,f6,»28ju>Lz =- <8i2u,8jf dtu +f(3',~23ju>le =-3 <8,-2u,8jf 8i2u>L2
Then for (A.8),

<3?u,f8ju> , = <3i2u,8i2f Oju +f5‘i28ju +20if 8‘7”>L2

d
Z|8i2u|]Lz |AM‘]L2 -2 Z ” 8 “ |A”|H242 -2 Z |aij”|i2 <

(A.11)

‘A“hlz‘?v

(A.12)

= (0Fu, OFf S+ 20:f Oyu), — % (07u,0f O}y,

< |Oults +107ults + 10l
where the second equality holds by (A.12). Similarly, for (A.9),

<6,-28_,~2u, 10; u>]L2 - <a?u,a,?f O+ fOPu+20,f a?u>L2

07 u,0f Biu+ Oif O; u> . <3f”73i2 (fafz”)>m

(9
(@
(@
- <f8iu,8,- o u>]L2

- % (05u,02f Dru+01f 0P

L2

OPu, OPF Biu+20,f Pu > <a,-f 81.2u,8,-2u>Lz - <f ) a}u,a?u>y
8Pu, O2f O+ Oif Fu > <8,-u,8j2f a,?u>w 72<a,~u,ajf a,a,?u>w

_ % (oru, 07 a,?u>y —(au,0f aja,-zu>y

- Hanair i), + uarii o+ (Broosauoie,

< \0pult> + |07ults + |07 ults + |Oyuli-,

where the fifth equality holds since the last term in the fourth equality is the negative coun-

terpart of the left-hand side. For (A.10),
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<8i38ju,f8,~u> <3 u, 07 (fOu >L2
(Ou, O Oyu+f Oju+20,f fu),
(Ou, OFf Oru+20,f Ou) , — (Biu, O O uy, , — (Ou.fO; O,

1 Ojju 6f8 u—|—28,~f8,-2u ) —1 O; u, 0y 8,-3u )
L 5 if L
5 <8ij1/l, 8lzf 8i”>]Lz + <8,ju, oif 81-2M>]Lz + % <6j alzu + &jf Oiu, 8i2u>L2
< |Ouulfs + |07 ulf + [Ogul?».

For (A.11), the derivation is similar to that of (A.10) and we obtain

1 1
<al38ju7faju>]]_lz = E <8lju7812f aju>]Lz + <alju7alf aiju>]]_} + E <81f aqu + atjf aju7ai2u>]Lz
S |Oulzs + 107 ulta + 107ul + [ Ogul2.,
concluding the proof. O

This lemma allows us to treat a higher-order term (A?(Vu), Vu). Note that

d d
A (V) = Vi (A%u) +4 0,05 (Au) +2 (VAf(Au) +2 ) 8iifkaiik“)

ij=1 ijik=1

d
+ (4 Z ai (Afj) 3,-,-14 + VAzfu)
=V (Azu) +4Ty, (u) +2Tp (1) + Tie (u).
For f € H*(RY;RY), using lemma A.1 we have
(Tia (u), Vyu) . = > (0505 (Au), V), »
i:j
,S lﬂ%vl,oo(Rd;Rd) ‘Vldl]lz{] 5

<Tlh (M) ,VfM)LZ = <vAf(Au) ,Vflxt>]L2 + ZZ <aljfk aijkl'ta Vflft>]L2
ik

—(Au, VAV + (divAf) Vo), = 2> (D, O (05 V) -

“ (A.13)

S lﬂ%w oo W34 (RY, Rd>|Vulﬁl,
(Tic(u), V), = 42 (AF) Oyu, Vyuyy > + (V azpu, Vfu>

S VIWZ«OOOW»*»“OH“(R";]W) |v”|§ﬂl )
<A2u7 vf”t>]]_‘2 Sz m%VZ«OO(Rd;]Rd) ‘Vull%-ﬂl )
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where |fy2.00 (re;ray + [flwss (mesray S |fle (rejrey for d < 3. The estimates (A.13) help us to
address Ito corrections in Step 2(ii) of the proof of lemma 3.2.

Appendix B. On the torus

For equation (2.3) formulated on the torus T¢ C R?, theorem 2.1 still holds with T¢ in place
of R?. Since the domain is bounded, the proof can be simplified in this case. In this section,
let L” and H” denote the usual Lebesgue and Hilbert spaces L7 (T?;R?) and W7?(T¢;R?),
respectively. We can work with M directly and only need Faedo—Galerkin approximations
{M,} with a cut-off function 1/ that depends on |M(#)| . instead of |M(t,x)|*. More explicitly,
let {e;} be an orthonormal basis of L2 consisting of eigenvectors of the negative Laplacian —A
in T and let H,, := span{e;,...,e,}. LetII, be the orthogonal projection from L? onto H,,, and
we formulate the approximating equation:

dM,, (1) = FR, (M, (1)) dt+ % D Sin (M, (1)) dt+> " G (M (1) AW (1),
k=1 k=1
m, (0) = II,my, (B.1)
where

FR,H, > urs g (Julpe) L F (1) — 1L,V u € H,,
Sk,,, cH, > ur— 11,5 (u) € H,,
Gk,n ‘H, > u—1I1,Gy (u) € H,,

are locally Lipschitz. The uniform estimates can be obtained as in lemma 3.2, and tightness and
compact embeddings hold for the usual Lebesgue and Sobolev spaces without weight or local-
isation. Then, for the new processes M, and M (deduced from Skorohod theorem) with strong
convergence in L% (€; L2(0,T;1.2)), convergence of the cut-off function ¢X = g (|M,,|p~) —
YR = p(|M|L~) in L (Q;L2(0,T)) is immediate from Gagliardo-Nirenberg inequality:

U (1) =% (0] < sgﬂgl%@ )| {18 (1) [oe — M (1) | |
< 1M (1) = M (1) |

< W1, (1) — I (1) |5 W, (1) — W1(0) | o

Thus, we obtain similar convergences to lemma 4.1 in L2 = L*(T¢;R?) without knowing
¥R(f) = 1, and then we can deduce the existence of weak martingale solution to

Y y t JRE (M — y S S 1 t Y S S
M(t):MO+/O (¢ F(M) VVM)()dJrZ;/OSk(M)()d
+zk: /0 Gy () () AW (s). (B.2)

Finally, |M(t,x)| = 1 (and thus % (1) = 1 for R > 1) for a.e.-(t, x), P-a.s. can be shown using
a similar but simpler calculation to lemma 3.3, and the pathwise uniqueness follows as in
section 5.2.
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