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The Lax–Friedrichs method in one-dimensional hemodynamics and its 
simplifying effect on boundary and coupling conditions

Anika Beckers and Niklas Kolbe 

Institute of Geometry and Applied Mathematics, RWTH Aachen University, Aachen, Germany 

ABSTRACT 
The discretization of reduced one-dimensional hyperbolic models of blood flow using the Lax– 
Friedrichs method is discussed. Deriving the well-established scheme from a relaxation approach 
leads to new simplified boundary and coupling conditions in vascular networks accounting e.g. 
for vascular occlusions and bifurcations. In particular, blood flow modeling in networks of ves
sels can be realized with minimal information on the eigenstructure of the coupled models. The 
scheme, a MUSCL-type extension and the coupling conditions are obtained evaluating a discrete 
relaxation limit. Numerical experiments in uncoupled and coupled cases verify the consistency 
and convergence of the approach.
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1. Introduction

Over the last decades the number of cardiovascular dis
ease cases in Europe has significantly increased; it now
adays accounts for 45 % of deaths in Europe (Wilkins 
et al. 2017). Among the concerned medical conditions 
stroke has been found to be responsible for most of the 
fatalities (Saini et al. 2021). Surgical treatments such as 
stent placements, coronary artery bypass grafting and 
endovascular thrombectomy relies on information about 
the patient specific hemodynamics, which accounts for 
the blood flow through the vasculature and the fluid- 
structure interaction with the vessel walls, see e.g. 
(Balossino et al. 2008; Forti et al. 2019).

Computational models have been shown to be useful 
tools for treatment development and operation plan
ning, see (Crosetto et al. 2011; Neidlin et al. 2016) and 
the references therein. While accurate full-scale models 
in three space dimensions have been proposed, see e.g. 
(Hussain et al. 2025; Nobile and Vergara 2008), these 
models suffer from complexity and long run-times ham
pering clinical application. Reduced one-dimensional 
models based on simplifying assumptions on geometry 

and flow profiles, blood flow and interactions with the 
vessel wall have offered an efficient alternative 
(Formaggia et al. 2003; Hughes and Lubliner 1973). 
Those models, which are often stated in terms of hyper
bolic systems of balance laws, have lately been increas
ingly used in applications ranging from uncertainty 
quantification in Fleeter et al. (2020) to simulating clin
ical interventions using intravascular catheters in 
Benemerito et al. (2023) and Pradhan et al. (2024).

Employing these models in real-time applications 
requires efficient numerical schemes. In the literature 
simulations have been carried out by Galerkin, e.g. 
(Mynard and Nithiarasu 2008; Steele et al. 2003), 
Taylor–Galerkin, cf. (Donea et al. 1984), or Godunov- 
type finite volume schemes, see e.g. (Formaggia et al. 
2006; M€uller and Toro 2013; Toro and Siviglia 2013; 
Wang et al. 2015). This work is concerned with the 
application of the Lax–Friedrichs method to cardiovas
cular models in one space dimension. The Lax– 
Friedrichs method introduced in Friedrichs and Lax 
(1971) belongs to the class of central schemes, cf. 
(Kurganov and Tadmor 2000)., and has been a popular 
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choice for the solution of hyperbolic problems. Its main 
advantage is its universality, which is due to the fact 
that it is only loosely tied to the eigenstructure of the 
discretized problem (only an upper bound for the spec
tral radius of the system Jacobian is needed), and its 
conservative character. In the context of cardiovascular 
models this allows for a new simplified handling of 
domain boundaries and coupling conditions at vascular 
junctions in a network, which in Godunov-type 
schemes rely on the Lax-curves corresponding to the 
model. It facilitates the coupling, in particular, in model 
extensions accounting for blood solutes and endoscopic 
therapy for which Lax-curves might not be available. 
While this work introduces the general application and 
the correct handling of boundaries and network nodes, 
the companion paper (Herty et al. 2024) applies the 
approach to the modeling of aspiration therapy.

Typically, boundary conditions for the reduced one- 
dimensional models are based on the characteristic vari
ables of the model and requires the extrapolation of the 
outgoing invariants and additional rules for the ingoing 
invariant (Formaggia et al. 2006; Peir�o and Veneziani 
2009). Conditions for the coupling of vessels at a junc
tions have been modeled in Formaggia et al. (2003). We 
also mention the recent approach from Lucca et al. 
(2023), in which the coupling has been modeled in 
more detail using a higher-dimensional sub-model. The 
coupling in our work and the derivation of the scheme 
will follow the approach from Herty et al. (2023), Herty 
et al. (2022) and employs the relaxation introduced in 
Jin and Xin (1995) for coupled hyperbolic systems. 
Discretizing the relaxed system using an implicit-explicit 
asymptotic preserving scheme recovers the Lax– 
Friedrichs scheme in the relaxation limit. Among others 
our approach allows us to couple the system for differ
ent velocity profiles encoded in different momentum- 
flux correction coefficients and to handle non-standard 
pressure models accounting for the viscoelasticity of the 
vessel wall.

The rest of the paper is structured as follows. In 
Section 2 we recall the reduced modeling of blood flow 
in a straight elastic vessel and thereby discuss two 
hyperbolic systems in different conserved variables. In 
Section 3 we consider the Xin-Jin-type relaxation of the 
blood flow models and use it to derive a Lax–Friedrichs 
type method. Also, a second-order extension using the 
MUSCL scheme is introduced, and an approximation is 
proposed that accounts for the diffusive term in the 
viscoelasticity considering model extension. In Section 4
we construct non-reflecting boundary data compatible 
with our approach. These do not require the extrapola
tion of the characteristic variables and can easily be 

extended to a higher order accuracy. Specific boundary 
conditions then result from imposing one of the key 
quantities, e.g. the pressure or the blood velocity, at the 
boundary. Section 5 progresses from the previously con
sidered straight vessel to a vascular network by coupling 
various such vessels. A one-to-one coupling, which can 
deal with discontinuities in the vessel properties, and 
bifurcations in the vascular network are considered. The 
coupling conditions from Formaggia et al. (2003) are 
adjusted for an application within the presented scheme, 
similar to the handling of the boundary. Finally, in 
Section 6 numerical experiments are presented. Along 
with simulations of blood flow assuming entering pulse 
waves in the uncoupled and coupled case we verify our 
approach using grid convergence studies of our schemes 
with regard to the global spatial error and the coupling 
error at the interface.

2. Modeling of blood flow in an elastic vessel

In this section we discuss reduced one-dimensional 
models for blood flow in a single large vessel; vascular 
networks can be accounted for by coupling multiple 
vessels on decomposed domains, see e.g. (Formaggia 
et al. 2003). The considered vessel segment is assumed 
cylindrical, and the flow is described by an average axial 
velocity component. This allows for a model with state 
variables only depending on the time t and a single spa
tial variable x parameterizing the axis of the vessel. The 
model is obtained describing blood as a Newtonian fluid 
and averaging the compressible Navier–Stokes equations 
over the cross-sections of the elastic cylindrical domain, 
see e.g. (Hughes and Lubliner 1973) for details.

Denoting the cross-section area by A ¼ Aðx, tÞ and 
the mass flux by Q ¼ Qðx, tÞ; the model consists of 
the following two equations, accounting for mass con
servation and momentum balance.

oA
ot
þ

oQ
ox
¼ 0,

oQ
ot
þ

o

ox
a

Q2

A

� �

þ
A
q

op
ox
¼ SvðA, QÞ:

(1) 

In the second equation p ¼ pðx, tÞ denotes the 
space and time dependent pressure and q the con
stant blood density. The parameter a is the 
momentum-flux correction coefficient relating the 
averaged momentum to the actual momentum 
(Formaggia et al. 1999), and Sv is a source term 
accounting for the viscosity of blood. Both depend on 
the velocity profile within the cross-section; if we 
assume the profile to be independent of the axial 
position and radially symmetric, i.e. such that the 
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radial component of the velocity denoted by v 
depends only on the radial position r, we obtain

SvðA, QÞ ¼ 2lR
ov
or

� �

r¼R
, R ¼

ffiffiffiffi
A
p

r

(2) 

with l referring to the dynamic viscosity.
Commonly, Hagen–Poiseuille flow (White 1991) is 

assumed with the velocity profile

v ¼ u
wþ 2

w
1 −

rw

Rw

� �

, (3) 

where u denotes the average axial velocity. Under this 
assumption the momentum-flux correction coefficient 
satisfies w ¼ ð2 − aÞ=ða − 1Þ: The choice w ¼ 9 (and 
thus a ¼ 1:1) has been found to fit well to experi
mental data in Smith et al. (2002).

2.1. Vascular pressure

The pressure exerted on the vessel is dominated by 
forces due to the vessel wall displacement (Peir�o and 
Veneziani 2009). This is reflected in the algebraic 
pressure law

p ¼ Pext þ b
ffiffiffiffi
A
p

−
ffiffiffiffiffiffi
A0

p� �

, (4) 

where Pext is a constant external pressure and b ¼ffiffi
p
p

h0E
ð1−m2ÞA0 

with A0 denoting the reference section area and 
h0 the wall thickness, respectively. Moreover, m is the 
Poisson ratio and E is the Young modulus correspond
ing to the vessel. A typical choice for the Poisson ratio is 
m ¼ 0:5; reflecting the incompressibility of the wall tis
sue (Formaggia et al. 2003). The pressure law (4)
assumes that the wall reacts immediately to compressive 
forces at the appropriate location. Additionally taking 
into account the viscoelasticity of the vessel wall by 
adopting a Voigt–Kelvin model (Fung and Cowin 1994) 
gives rise to the pressure

~p ¼ Pext þ b
ffiffiffiffi
A
p

−
ffiffiffiffiffiffi
A0

p� �

þ
c
ffiffiffi
p
p

2
ffiffiffiffiffiffi
A0
p 3

oA
ot

(5) 

with c being the viscoelasticity coefficient. Assuming 
that A0 and c are constant we can employ the first 
equation in (1) to rewrite the last term in (5) and 
obtain a parabolic model, in which the term

c
ffiffiffi
p
p

A
2q

ffiffiffiffiffiffi
A0
p 3

o2Q
ox2 (6) 

is added to the right-hand side of the second equation 
in (1).

2.2. Velocity form

As it holds Q ¼ Au for the mass flow basic algebra 
can be used to replace the flow form (1) by rewriting 
the model in the velocity form

oA
ot
þ

oAu
ox
¼ 0,

ou
ot
þ ð2a − 1Þu

ou
ox
þ ða − 1Þ

u2

A
oA
ox
þ

1
q

op
ox
¼

1
A

SvðA, AuÞ:

(7) 

This model formulation has been particularly useful 
for the design of coupling conditions on a network, 
see e.g. Formaggia et al. (2003). While in the following 
we will base our study on the flow form (1) implica
tions for the velocity form (7) will be discussed as well.

2.3. Conservative form

Being derived from basic principles, model (1) admits 
a conservative form1. This is made clear, using the 
antiderivative of the pressure function (4), i.e.

PðAÞ ¼ A0Pext þ

ðA

A0

pðaÞda, 

and writing the second equation in (1) as

oQ
ot
þ

o

ox
a

Q2

A
þ

1
q
ðAp − PÞ

� �

¼ SvðA, QÞ: (8) 

The velocity form (7) on the other hand does not 
always admit a conservative form, as the following 
proposition shows.

Proposition 2.1. System (7) is conservative if and only 
if a ¼ 1:

Proof. If a ¼ 1 we can write the second equation in (7) as
ou
ot
þ

o

ox
1
2

u2 þ
p
q

� �

¼
1
A

SvðA, AuÞ

and thus (7) is conservative. Next, let a 6¼ 1: We can 
generally rewrite the second equation in (7) as

ou
ot
þ ð2a − 1Þu

ou
ox
þ ða − 1Þ

u2

A
þ

1
q

op
oA

� �
oA
ox

¼
1
A

SvðA, AuÞ: (9) 

We assume in (9) that neither b nor A0 vary in 
space. Next, we suppose that the system was conser
vative. Then there would be a smooth function f in 
the variables A and u such that

ou
ot
þ

of ðA, uÞ
ox

¼
1
A

SvðA, AuÞ:
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Due to (9) it would hold

TA A, uð Þ:¼ a − 1ð Þ
u2

A
þ

1
q

op
oA
¼

of ðA, uÞ
oA

,

Tu A, uð Þ:¼ 2a − 1ð Þu ¼
of ðA, uÞ

ou
:

But since

o2f ðA, uÞ
oAou

¼
o2f ðA, uÞ

ouoA 
and

oTAðA, uÞ
ou

¼ 2ða − 1Þ
u
A
6¼ 0 ¼

oTuðA, uÞ
oA 

we would arrive at a contradiction. Thus the system 
cannot be conservative.                                     w

Remark 2.2. If a ¼ 1 then system (7) would also be 
conservative for more general pressure functions, e.g. in 
the case that p depends also on u. Note that in this 
case (1) might not be conservative.

In this work we assume that the reference section 
area as well as the wall parameter b are constant. We 
note though that smooth spatial variation in these 
parameters can be accounted for using additional source 
terms in the second equation in (1) or (7), respectively, 
which do not affect the conservation properties.

3. The Lax–Friedrichs method as a relaxation 
limit

In this section we consider a relaxation of the blood flow 
model from Section 2 along with a discretization that 
recovers the Lax–Friedrichs scheme in the relaxation 
limit.

3.1. The relaxation system

For the sake of brevity, the following analysis relies 
on the vector notation

U ¼ ðA, QÞT , FðUÞ ¼ Q, a
Q2

A
þ

1
q

Ap − Pð Þ

� �T

,

SðUÞ ¼ ð0, SvðA, QÞÞT ,
(10) 

which allows us to express model (1) as the 2� 2 sys
tem of balance laws

oU
ot
þ

oFðUÞ
ox

¼ SðUÞ: (11) 

Introducing now the new variable V ¼ ðVA , VQÞ
T 

mapping the time and space variables to R2 we follow 

Jin and Xin (1995) to obtain for any e > 0 the Jin– 
Xin-type relaxation system

oU
ot
þ

oV
ox
¼ SðUÞ,

oV
ot
þ k2 oU

ox
¼

1
e
ðFðUÞ − VÞ:

(12) 

If the relaxation speed k is chosen as an upper 
bound of the system Jacobian, in particular

k � a
Q
A

6

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

aða − 1Þ
Q2

A2 þ
b

2q

ffiffiffiffi
A
p

s

, (13) 

the subcharacteristic condition verifying the stability of 
(12) holds, see Liu (1987) for details. In the asymptotic 
relaxation limit e! 0 the auxiliary variable V approaches 
FðUÞ and U solves the original problem (11), see Chen 
et al. (1994). Numerical schemes for (12) that preserve this 
limit property have been of high interest (Hu et al. 2017). 
The unsplit scheme proposed in Jin (2012) is such a 
scheme, which we consider in more detail.

3.2. Discretization of the relaxation system

Let a uniform partition of the real line into the mesh 
cells Ij ¼ ðxj−1=2, xjþ1=2Þ of width Dx be given. 
Additionally, we consider the time instances tn ¼
Pn

i¼1 Dti and the time step sizes Dti: We approximate 
the vector valued states of (12) by volume averages 
over the cell Ij at time tn that we denote as Un

j and Vn
j 

and adopt an analogue notation for its components. 
The time step sizes are computed using the condition

Dtn ¼ CFL
Dx
kn , (14) 

where kn ¼ maxjjk
n
j j with kn

j denoting the right hand 
side of (13) evaluated with respect to the numerical 
solution in cell Ij at time tn and given a suitable 
Courant number 0 < CFL � 1: For brevity we neglect 
the time index of the time step size and the relaxation 
speed in the following. Then the scheme reads

Unþ1
j ¼Un

j −
Dt

2Dx
Vn

jþ1 − Vn
j−1

� �

þ
kDt
2Dx

Un
jþ1 − 2Un

j þ Un
j−1

� �
þ DtSðUn

j Þ,

Vnþ1
j ¼Vn

j −
k2Dt
2Dx

Un
jþ1 − Un

j−1

� �

þ
kDt
2Dx

Vn
jþ1 − 2Vn

j þ Vn
j−1

� �

þ
Dt
e

FðUnþ1
j Þ − Vnþ1

j

� �
:

(15) 

4 A. BECKERS AND N. KOLBE



We note that the scheme has been derived from an 
upwind discretization of (12) in characteristic varia
bles and an implicit-explicit time discretization. The 
implicit time discretization in the second equation of 
(15) is necessary to obtain an asymptotic preserving 
scheme, cf. (Hu et al. 2017), but does not require the 
solution of a nonlinear system as Unþ1

j can be com
puted independently. See Herty et al. (2023), Hu et al. 
(2017), and Jin and Xin (1995) for further details on 
the derivation of this scheme.

3.2.1. The limit scheme
As we take the limit e! 0 in (15) we obtain the scheme

Unþ1
j ¼ Un

j −
Dt
Dx
F n

jþ1=2 − F n
j−1=2

� �
þ DtSðUn

j Þ (16) 

for the original problem (11) with numerical fluxes 
given by

F n
j−1=2 ¼

1
2

Vn
j−1 þ Vn

j

� �
−

k

2
Un

j − Un
j−1

� �
, Vn

j

¼ FðUn
j Þ 8j 2 Z:

(17) 

Refer to Herty et al. (2023) for the detailed limit 
procedure. Taking into account (14) the classical Lax– 
Friedrichs method is recovered taking CFL ¼ 1:

3.2.2. High resolution extension
To increase the accuracy in space we use the MUSCL 
scheme (van Leer 1979) that employs slope recon
structions. Here we apply the approach to the charac
teristic variables of the relaxation system (12)
implying that four scalar quantities are linearly recon
structed. This discretization gives rise to the high 
order correction terms

HMUSCL
j−1=2 ¼

Dx
2
ðsn, −

j−1 − sn,þ
j Þ 8j 2 Z (18) 

to be added to the numerical fluxes (17). We use the 
minmod limiter to prevent oscillatory behavior of the 
scheme. The reconstructed slopes in (18) thus take 
the form

sn, 6
j :¼ minmod

Vn
j − Vn

j−16kðUn
j − Un

j−1Þ

2Dx
,

Vn
jþ1 − Vn

j 6kðUn
jþ1 − Un

j Þ

2Dx

� �

,

(19) 

where the minmod operator is given by

minmodða, bÞ ¼
0 if signðaÞ 6¼ signðbÞ
a if jaj � jbj and signðaÞ ¼ signðbÞ
b if jaj > jbj and signðaÞ ¼ signðbÞ

8
<

:

for scalar arguments a, b 2 R and component-wise in 
case of vectors.

3.3. Implications for the velocity form and 
extended pressure models

In this section we sketch how our relaxation based 
scheme derivation can be applied to model (7) and 
how the extended pressure law (5) is treated 
numerically.

3.3.1. Velocity form
The above approach is also applicable to the blood 
flow model in velocity form (7) in the case a ¼ 1 by 
taking

U ¼ ðA, uÞT , FðUÞ ¼ Au,
1
2

u2 þ
p
q

� �T

,

SðUÞ ¼ 0,
1
A

SvðA, QÞ
� �T

(20) 

instead of (10) in (11). To satisfy the subcharacteristic 
condition in this case, it is sufficient to choose the 
relaxation speed k such that (13) holds for a ¼ 1: If 
a 6¼ 1 the generalized relaxation approach from Kolbe 
et al. (2024) relying on path-conservative schemes can 
be applied to system (7).

3.3.2. Viscoelasticity
In the case that viscoelasticity is considered within 
model (1) by means of the extended pressure law (5)
the additional second order term (6) is approximated 
by the semi-implicit finite difference formula

RjðUn, Unþ1Þ ¼
c
ffiffiffi
p
p

An
j

2q
ffiffiffiffiffiffi
A0
p 3

Qnþ1
jþ1 − 2Qnþ1

j þ Qnþ1
j−1

Dx2 :

(21) 

To simulate the augmented model we add 
ð0, DtRjðUn , Unþ1ÞÞ

T to the right-hand side of scheme 
(16), which results in a linear system that is to be 
solved in each time step. As the system matrix is tri
diagonal we use the Thomas algorithm to efficiently 
solve the system within our scheme. Note that we can 
also apply the high order extension (18) to this case 
of using the extended pressure law (5).

4. Boundary conditions

In this section we discuss appropriate boundary con
ditions for scheme (16). Boundary conditions for the 
blood flow model (1) can account for different sce
narios, see e.g. (Formaggia et al. 2006). Among others, 
they may account for inflow at the proximal bound
ary due to a heartbeat, see e.g. the approach in 
Formaggia et al. (2006) distinguishing between the 
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diastolic and the systolic phase. At the distal bound
ary an outflow can be modeled incorporating reflec
tions in the entire vascular periphery. These 
reflections bring forth smaller waves traveling against 
the main direction of blood flow. This can be taken 
into account using single-resistance or three-element 
Windkessel models (Peir�o and Veneziani 2009). The 
boundary conditions may also describe an occlusion 
of the vessel. The new boundary conditions we con
struct here need to account for the fact that the 
employed Lax–Friedrichs scheme is derived from 
relaxation system (12) and thus constitute suitable 
boundary data for this system (Dubois and Le Floch 
1988). In particular, this means that not only bound
ary states with respect to the original state U but also 
with respect to the variable V are required. If the 
extended pressure model (5) is used, we assume that 
the problem remains convection dominated and neg
lect the parabolic term at the boundaries and vessel 
interconnections, both numerically and in the con
struction of boundary and coupling states for the con
vective part of the model.

In the following we consider blood flow on the 
bounded domain ða, bÞ discretized by scheme (16) over 
N mesh cells I1, . . . , IN such that a is located at the left 
boundary of I1 and b at the right boundary of IN :

Given the cell averages Un
1 , . . . , Un

N and fluxes 
Vn

1 , . . . , Vn
N the boundary states Un

L; Vn
L; Un

R; Vn
R for 

the computation of F n
1=2 and F n

Nþ1=2 according to (17)
are sought in order to update the numerical solution to 
the time instance tnþ1: These states serve as Dirichlet 
boundary data for the solution update from instance tn 

to tnþ1; or equivalently as (piecewise constant) ghost 
cells beyond the boundaries. For brevity, we drop the 
time index in the following discussion. The situation is 
visualized in Figure 1. We make use of our findings 
from Herty et al. (2022) implying that suitable boundary 
data for the relaxation system satisfies the conditions

VL − V1 ¼ kðUL − U1Þ and VR − VN ¼ kðUN − URÞ:

(22) 

Note that (22) resembles Rankine-Hugoniot condi
tions. Instead of using generalized Riemann invariants 
as in Godunov-type methods our approach relies on 
shock-relations and thus differs in its wave-structure 
assumption.

4.1. Non-reflecting boundary conditions

Typically, boundaries in the blood flow model are 
assumed to be non-reflecting, which implies that

l1ðULÞ
T oFðUÞ

ox

�
�
�
�

x¼a
¼ 0 and l2ðURÞ

T oFðUÞ
ox

�
�
�
�

x¼b
¼ 0

(23) 

holds, where l1 and l2 denote the left eigenvectors corre
sponding to the negative and positive eigenvalue of the 
system (11), respectively, see Thompson (1987). This 
has been addressed in the literature via extrapolation of 
the outgoing Riemann invariant within Taylor–Galerkin 
schemes, see Quarteroni and Formaggia (2004); we con
sider an alternative approach more suitable for our 
numerical method. In the situation shown in Figure 1, 
where we have piecewise constant data, the derivatives 
in (23) can be approximated by a central difference 
with respect to a small increment d < Dx so that after 
eliminating the denominator we obtain

l1ðULÞ
T FðU1Þ − FðULÞ½ � ¼ 0 and l2ðURÞ

T FðURÞ − FðUNÞ½ � ¼ 0:

(24) 

Next, employing (24) to formulate a consistent 
condition in the variable V; cf. (Herty et al. 2023), 
and using (22) we derive the conditions

Q1 − QL ¼ a
QL

AL
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

aða − 1Þ
Q2

L
A2

L
þ

b

2qA0

ffiffiffiffiffiffi
AL

p
s0

@

1

A ðA1 − ALÞ,

QN − QR ¼ a
QR

AR
−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

aða − 1Þ
Q2

R
A2

R
þ

b

2qA0

ffiffiffiffiffiffi
AR

p
s0

@

1

A ðAN − ARÞ

(25) 

for system (1), and under the assumption a ¼ 1 the 
conditions

Figure 1. The relaxation system at the boundaries. The states UL; VL; UR and VR constitute suitable boundary data with respect 
to the cell averages U1; V1; UN; VN of the numerical solution.
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u1 − uL ¼ A−3=4
L

ffiffiffiffiffi
b

2q

s

A1 − ALð Þ, 

uN − uR ¼ −A−3=4
L

ffiffiffiffiffi
b

2q

s

AN − ARð Þ (26) 

for system (7).

4.2. Prescribed pressure, mass flow and velocity 
at the boundary

For well-posedness at the boundary additional condi
tions complementing (25) or (26) are needed. In 
some application a boundary pressure pL or pR is 
imposed. In this case the boundary section area can 
be deduced inverting the pressure law (4), i.e. taking 
AL ¼ p−1ðpLÞ or AR ¼ p−1ðpRÞ: The corresponding 
mass flow / velocity is then computed from (25)/(26) 
solving a linear equation if a ¼ 1 or a quadratic one 
after eliminating the square root if a 6¼ 1:

In other applications a boundary velocity uL or uR 
might be imposed. If the model is given in velocity 
form and a ¼ 1 then the corresponding section area 
at the boundary can be computed from (26), which 
after eliminating all fractional exponents involves the 
solution of a quartic equation. If the model is given 
in flow form we first rewrite Q ¼ Au in (26) and 
afterwards similarly solve the corresponding equation 
for AL or AR: In the special case of a reflecting 
boundary, i.e. uL ¼ 0 or uR ¼ 0; this computation sig
nificantly simplifies.

The above techniques are used for instance to 
model a beating heart. Therefore, one alternates in 
time between imposing a sinusoidal inlet pressure 
while the valve is open, see e.g. below, and reflecting 
boundary conditions at the inlet when the valve is 
closed (Formaggia et al. 2006). Alternatively the vessel 
can be coupled to a time-varying elastance model for 
the left ventricle, see e.g. (Segers et al. 2003). These 
procedures have always led to a single real solution 
for the boundary value in all our numerical computa
tions employing relevant parameters. After the 
boundary state UL or UR has been determined the 
corresponding boundary state in the variable V is 
derived from (22).

5. Coupling in a vascular network

A full arterial network with bifurcations, curvatures 
and discontinuities in wall properties may be approxi
mated by a graph with edges representing straight 
vessel segments. In addition, suitable boundary condi
tions at the nodes are required that connect the flow 
dynamics of the incoming and outgoing edges. In the 
following we discuss some of these coupling conditions 
in the basic cases shown in Figure 2 and embed them 
in the relaxation form (12) that is used within our 
scheme. We thereby focus on model (1) and without 
loss of generality assume Pext ¼ 0:

5.1. One-to-one coupling

To model discontinuities in vessel properties as they 
might occur e.g. in the presence of a stent, the 
domain is typically decomposed and two segments 
with different model parameters are coupled at an 
interface, as visualized in Figure 2 (left). In this situ
ation conditions are required to determine the bound
ary states Un

R and Vn
R for the left coupled vessel as 

well as Un
L and Vn

L for the right coupled vessel at the 
interface. These states are used for the update of the 
numerical solution at the interface. As in Section 4
we neglect the time index in the following.

Based on Formaggia et al. (2003) we impose con
tinuity of both, mass flux and generalized total pres
sure2 defined by pt ¼ a q

2 ð
Q
AÞ

2
þ p; i.e. the coupling 

conditions

QR ¼ QL, (27) 

a
q

2
QR

AR

� �2

þ p AR; AI
0, bI� �

¼ a
q

2
QL

AL

� �2

þ p AL; AII
0 , bII� �

(28) 

hold. Here, the reference section area and the wall 
parameter in the pressure law may depend on the 
vessel and we employ the notations AI

0 and bI to refer 
to the parameters of the incoming vessel on the left 
and AII

0 and bII to refer to the parameters of the out
going vessel on the right, respectively. We note that 
in addition to the conditions that we consider here, 
extended conditions are available that take into 
account the coupling angle, see Formaggia et al. 
(2003).

Figure 2. One-to-one (left) and one-to-two (right) vascular junction.
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5.1.1. Coupling the relaxation system
In our relaxation approach coupling conditions for the 
auxiliary variables V are additionally required to provide 
all boundary values in scheme (16). To numerically 
approximate the networked system using this scheme 
we alternate between computing the boundary/coupling 
data and updating the numerical solution on all edges. 
We employ the consistency principle introduced in 
Herty et al. (2023) to derive suitable conditions.

As the variable VA represents the first component 
of the flux FðUÞ; condition (27) implies the consistent 
condition

VA
R ¼ VA

L : (29) 

Similarly, a condition for the variable VQ is derived 
using (28). Taking into account the flux in (8) we 
obtain

A−1
R VQ

R −
a

2
Q2

R
AR
þ q−1 PðAR; AI

0, bIÞ

� �

¼ A−1
L VQ

L −
a

2
Q2

L
AL
þ q−1 PðAL; AII

0 , bIIÞ

� �

: (30) 

To eventually obtain the coupling data, a solution 
of the nonlinear system given by (27–30) and (22)
needs to be computed. To this end we first eliminate 
the variables within VR and VL using (22) in (29) and 
(30) and then solve the remaining system for the vari
ables within UR and UL: We provide a detailed algo
rithm for the solution of the system in Appendix A.

Remark 5.1. Assuming zero-flux conditions at the left 
boundary of vessel I and at the right boundary of vessel 
II the total mass with respect to the section area A is 
preserved by our scheme. A simple computation shows 
that for the first component of the right outgoing flux in 
vessel I and the left incoming flux in vessel II it holds

F I
Nþ1=2

h i

1
¼ VA

R and F I
1þ1=2I

h i

1
¼ VA

L :

The discrete conservation of mass then follows 
from (29).

5.1.2. Velocity formulation
In analogy to the above derivation, coupling condi
tions for the velocity form and a ¼ 1 are derived, 
which read

ARuR ¼ ALuL,
q

2
u2

R þ p AR; AI
0, bI� �

¼
q

2
u2

L þ p AL; AII
0 , bII� �

,
VA

R ¼ VA
L ,

Vu
R ¼ Vu

L :

Again, solving this system taking (22) into account 
gives rise to the boundary fluxes within scheme (16)
for the coupled system (7).

5.2. One-to-two coupling

This section is concerned with bifurcations i.e. vascular 
junctions, at which one vessel is divided into two as shown 
in Figure 2 (right). In the following, we indicate for all 
quantities the corresponding vessel of the junction using 
an index from I to III as marked in the figure. Boundary/ 
coupling data are sought at the right boundary for vessel I 
and at the left boundaries for vessels II and III. Following 
Formaggia et al. (2003) we impose conservation of mass 
flow and continuity of total pressure at the coupling node:

QI
R ¼ QII

L þ QIII
L , (31) 

a
q

2
QI

R
AI

R

 !2

þ p AI
R; AI

0, bI� �
¼ a

q

2
QII

L
AII

L

 !2

þ p AII
L ; AII

0 , bII� �
,

(32) 

a
q

2
QI

R
AI

R

 !2

þ p AI
R; AI

0, bI� �
¼ a

q

2
QIII

L
AIII

L

 !2

þ p AIII
L ; AII

0 , bII� �
:

(33) 

In addition, we propose new conditions for the 
variable V to be used within scheme (16). Relying 
again on the consistency principle in the relaxation 
limit gives rise to

VA, I
R ¼ VA, II

L þ VA, III
L (34) 

when considering the original condition (31). In ana
logy to (30) we further derive conditions for the vari
able VQ that read

AII
L

AI
R

VQ, I
R −

a

2
ðQI

RÞ
2

AI
R
þ q−1 PðAI

R; AI
0, bIÞ

" #

¼ VQ, II
L −

a

2
ðQII

L Þ
2

AII
L
þ q−1 PðAII

L ; AII
0 , bIIÞ, (35) 

AIII
L

AI
R

VQ, I
R −

a

2
ðQI

RÞ
2

AI
R
þ q−1 PðAI

R; AI
0, bIÞ

" #

¼ VQ, III
L −

a

2
ðQIII

L Þ
2

AIII
L
þ q−1 PðAIII

L ; AIII
0 , bIIIÞ: (36) 

To compute the coupling data in practice, the full 
system is solved for the coupling states UI

R; UII
L and 

UIII
L after component-wise substituting

VI
R ¼ VI

N þ kðUI
N − UI

RÞ,
VII

L ¼ VII
1 þ kðUII

L − UII
1 Þ,

VIII
L ¼ VIII

1 þ kðUIII
L − UIII

1 Þ
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in (34, 36) and (36). We use the multidimensional 
Newton–Raphson method to solve this nonlinear system.

6. Numerical experiments

In this section we apply our numerical scheme (16) in 
combination with the derived boundary and coupling 
conditions in various numerical experiments to dem
onstrate the performance of our approach. 
Experiments on one (the uncoupled case) and two 
edges (one-to-one coupling) are considered and each 
edge is discretized over uniform mesh cells of size 
Dx: Fixed time steps are used that are given by (14), 
where the relaxation speed k is chosen such that 
equality holds in (13). Each edge represents a 400 cm 
long vessel that is discretized over 800 grid points if 
not otherwise noted. Those unphysiologically long 
vessels have been chosen to better visualize the 
dynamics in the following. We fix CFL ¼ 1 for the 
first order scheme resulting in the classical Lax– 
Friedrichs scheme; for our second order scheme 
CFL ¼ 0:2 has lead to accurate results and robust 
computations. The code is implemented in the Julia 
programming language (Bezanson et al. 2017) on the 
basis of the implementation for the scheme (Kolbe 
2022). The main parameters are chosen as A0 ¼ 6:6 
cm2, h0 ¼ 0:26 cm, m ¼ 0:5; l ¼ 0; E ¼ 2:43 � 106 

dyne/cm2, q ¼ 1:06 g/cm2, and a ¼ 1:

6.1. Single vessel tests

In this section we consider numerical experiments and 
tests of the uncoupled scheme, i.e. on a single edge.

6.1.1. Grid convergence
We study the convergence of our first and second 
order schemes from Section 3 in space. Therefore we 
use the method of manufactured solutions as pro
posed in M€uller and Blanco (2015). In more details, 
we introduce the function

Â x, tð Þ

Q̂ x, tð Þ

" #

¼

Ac þ dAc sin
2p

L
x

� �

cos
2p

T
t

� �

Qc − dAc L
T

cos
2p

L
x

� �

sin
2p

T
t

� �

2

6
6
6
4

3

7
7
7
5

(37) 

that oscillate around the mean values Ac and Qc with 
amplitude determined by the parameter d: This func
tion is a solution to the perturbed system

oU
ot
þ

oFðUÞ
ox

¼ SðUÞ þ SðUÞ: (38) 

with appropriately chosen source term S; which we 
do not provide in detail here for brevity. Applying 
our scheme to this perturbed system we can compute 
the discretization error comparing with the exact 
solution. Within the second order MUSCL scheme 
(18) we have varied the Courant number with the 
time step taking CFL ¼ 0:49 � Dx to avoid a reduction 
of the error due to the first order time discretization 
that we use and isolate the spatial error.

In our tests, we choose the parameters Qc ¼ 10−4 

m3/s, Ac ¼ 142p mm2, d ¼ 0:1; L ¼ 1 m and T ¼ 1 s. 
We successively refine the grid and compute discrete 
L1-errors in the quantities Q and A at time t ¼ 0:1 
with respect to the exact solution (37) and present 
them in Tables 1 and 2 for different test cases. Along 
we show the experimental order of convergence 
(EOC)3.

First, we impose periodic boundary matching the 
periodicity of (37). The errors, reported in Table 1
clearly indicate linear and quadratic convergence of 
the first and second order scheme, respectively.

In a second test, we validate our coupling approach 
by coupling the numerical approximation to the exact 
solution. At the left boundary the left traces to be used 
to compute the coupling data following the steps in 
Section 5.1 is taken from the exact solution allowing us 
to compute the states Un

L and Vn
L for the next update of 

the solution. At the right boundary we proceed analo
gously. The corresponding discretization errors are pre
sented in Table 2. Linear convergence is again clearly 
indicated for the first order scheme. Due to the first 
order boundary treatment, second order convergence in 
this case is not expected. This is reflected in the results 
in Table 2. Nevertheless, comparing both schemes we 
observe a clear advantage of the second order scheme 
with respect to the errors.

Table 1. L1 Errors at time t ¼ 0:1 s for the flow rate Q in 
m3/s and the section area a in m2 under grid refinement 
with periodic boundary conditions.

Quantity num. cells

First order scheme Second order scheme

L1-error EOC L1-error EOC

Q 32 3.87�10−5 3.78�10−6

64 1.96�10−5 0.982 8.71�10−7 2.118
128 9.85�10−6 0.99 2.15�10−7 2.019
256 4.94�10−6 0.996 5.24�10−8 2.037
512 2.47�10−6 0.998 1.31�10−8 1.998

A 32 1.24�10−6 3.58�10−7

64 7.00�10−7 0.821 8.02�10−8 2.157
128 3.70�10−7 0.919 1.83�10−8 2.133
256 1.90�10−7 0.961 4.42�10−9 2.048
512 9.64�10−8 0.981 1.08�10−9 2.037
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6.1.2. Pulse propagation test
To further validate our scheme, we consider the single 
pulse propagation test proposed in Boileau et al. 
(2015). Here a Gaussian-shaped wave propagates 
through a single vessel, which is realized prescribing a 
temporal mass flow profile at the left vessel boundary. 
For the numerical approximation we employed the 
MUSCL scheme on uniform cells of 2.5 mm width 
using the Courant number CFL ¼ 0:49: Figure 3 dis
plays the position of the pulse wave at different time 
instances in experiments considering inviscid and vis
cous problems. In the latter case, the amplitude of the 
pulse decays following a theoretically determined 
exponential damping curve. These results are in good 
agreement with the numerical results obtained by a 

series of alternative schemes of different accuracy, see 
the comparison in Boileau et al. (2015).

6.1.3. Viscoelasticity
Next, we investigate the impact of the extended pressure 
(6) taking into account the viscoelasticity of the vessel 
wall. To this end we revisit the previous experiment 
considering the entering pulse wave and compare 
numerical solutions of the classical model (c ¼ 0) and 
the extended pressure model (taking c ¼ 120 � A3=2

0ffiffi
p
p ). In 

Figure 4 the numerical solution in terms of flow rate 
and section area at time instance t ¼ 0:4 are shown. A 
significant smoothing effect of the viscoelasticity is 
exhibited in both, the flow rate and the section area, 
decreasing the amplitude of the pressure wave.

6.2. One-to-one coupling

In this section we consider two one-to-one coupling 
experiments studying discontinuities in different wall 
properties at the coupling node. In both experiments 
we use the initial data AIð�, 0Þ � AI

0; AIIð�, 0Þ � AII
0 

and QIð�, 0Þ � QIIð�, 0Þ � 0; as boundary conditions 
we impose a pulse wave entering from the left bound
ary of vessel I and homogeneous Neumann conditions 
at the right boundary of vessel II. Both vessels are 
coupled at an interface as described in Section 5.1

Firstly, a discontinuity in the reference section area 
A0 is assumed; in more details we assume AI

0 ¼ 1:25A0 
on the left incoming vessel and AII

0 ¼ 0:75A0 on the 
right outgoing vessel. In Figure 5 we show mass flow, 
pressure, section area and velocity u ¼ Q=A at two dif
ferent time steps. At time t ¼ 0:425 we see some deflec
tions at the coupling interface x ¼ 0: Due to the 
reduced vessel diameter the blood is decelerated in front 
of the interface. Thus, the velocity and the mass flow are 
decreased, and the pressure and section area are 
increased at this position. This effect creates backward- 
propagating waves, which are visible at time t ¼ 0:6 in 
addition to the first wave that has passed the interface.

The next experiment is concerned with a discon
tinuity in the vessel elasticity. In more details a transi
tion from the stiffer vessel I to the more elastic vessel 
II is modeled by imposing the Young modulus EI ¼

Table 2. L1 Errors at time t ¼ 0:1 s for the flow rate Q in 
m3/s and the section area a in m2 under grid refinement 
employing a coupling to the exact solution at the boundaries.

Quantity Num. cells

First order scheme Second order scheme

L1-error EOC L1-error EOC

Q 32 2.79�10−5 4.29�10−6

64 1.40�10−5 0.99 1.10�10−6 1.966
128 7.03�10−6 0.996 2.93�10−7 1.905
256 3.52�10−6 0.998 9.37�10−8 1.646
512 1.763�10−7 0.999 3.75�10−8 1.319

A 32 1.81�10−6 4.21�10−7

64 1.00�10−6 0.852 1.27�10−7 1.73
128 5.26�10−7 0.927 3.90�10−8 1.705
256 2.70�10−7 0.961 1.49�10−8 1.387
512 1.37�10−7 0.981 6.72�10−9 1.149

Figure 3. Normalized pressure in the single pulse propagation 
test showing its position at time instances 0.3s, 0.6s, 0.9s, 1.2s, 
1.5s in an inviscid (blue solid lines) and a viscous (red dashed 
lines) problem. In the latter case, the amplitude of the pulse 
decays following a theoretically determined exponential damp
ing curve (black solid line).

Figure 4. Flow rate Q and section area a over space (x-axis in cm) at time t ¼ 0:4 using the classical pressure model (4) (orange) 
and the extended pressure model (5) (blue).
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1:25E to the left and EII ¼ 1:75E to the right vessel. 
In Figure 6 we show the numerical solution of this 
coupled experiment at two time instances. At time 
t ¼ 0:4 the more elastic vessel is further extended as 
can be seen examining the section area near the 

interface. As a consequence the blood velocity in front 
of the discontinuity is increased, whereas the pressure 
is decreased there and the mass flux is increased. At 
time t ¼ 0:6 the pressure wave has passed the inter
face and a backwards traveling wave appears from the 

Figure 5. Flow rate Q, pressure p, section area a and velocity u over space (x-axis in cm) at time instances t 2 f0:25, 0:425, 0:6g
over two vessels with different reference section areas (AI

0 > AII
0) coupled at x ¼ 0:

Figure 6. Flow rate Q, pressure p, section area a and velocity u over space (x-axis in cm) at time instances t 2 f0:25, 0:425, 0:6g
over two vessels with different young modulus (EI < EII) coupled at x ¼ 0:
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interface causing a pressure decrease and a tightening 
of the vessel.

6.2.1. Coupling error
For consistency with the problem given by (1) on 
both vessels together with the coupling conditions 
(27) and (28) it is necessary that our numerical solu
tion approximately satisfies the coupling condition. 
We test this by computing the errors

ec
1 ¼ jQ

I
N − QII

1 j,

ec
2 ¼

�
�
�
�a

q

2
QI

N
AI

N

 !2

þ pðAI
N ; AI

0, bIÞ − a
q

2
QII

1
AII

1

 !2

− pðAII
1 ; AII

0 , bIIÞ

�
�
�
�

(39) 

that quantify the approximation of the coupling condi
tions by substituting the numerical trace data next to 
the interface. In Table 3 those errors are shown for 
both test cases above under grid refinement at the fixed 
time instance t ¼ 0:5; at which the pulse wave has 
reached the interface. In both experiments the EOCs 
indicate first order of convergence for both coupling 
errors confirming the consistency of our approach.

7. Conclusion

In this work, we have introduced a new 1D modeling 
approach to simulate blood flow in the cardiovascular 
system. Deriving the Lax–Friedrichs scheme from a 
model relaxation allows for a simple way to couple 
vessels in a network without relying on the eigenstruc
ture of the regarding flow models. We have provided a 
second order scheme extension and showcased an 
adaptation of the approach to extended pressure mod
els accounting for viscoelasticity of the vessel wall. Our 
numerical tests have confirmed consistency, efficiency 
and grid convergence of the proposed technique. The 
method, in particular, facilitates the extension of the 
one-dimensional modeling of arterial networks to bio
medical applications; such computational hemodynam
ics applications will be subject of future work.

Notes

1. Our notion of conservative systems here neglects the 
viscous source term Sv:

2. The total pressure we consider here generalizes the 
form in [10], where a ¼ 1 is assumed.

3. The EOC is defined by EOC¼ log 2ðe1=e2Þ; where e1 and 
e2 are the errors in two consecutive lines of the table.
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Appendix A. A computation of the coupling 
data in the one-to-one coupling problem

In this appendix a procedure to solve the nonlinear system 
in Section 5.1 is described. For the sake of simplicity we 
assume a ¼ 1: In the first step we eliminate the variables 
VR and VL in the system. To this end we exploit (22) in 
(29) and (30) and obtain

FIðUI
NÞ

� �

1 þ k AI
N − AR

� �
¼ FIIðUII

1 Þ
� �

1 þ k AL − AII
1

� �
,
(40) 

FIðUI
NÞ

� �

2 þ k QI
N − QR

� �
¼

a

2
Q2

R
AR

−
a

2
ARQ2

L
A2

L

þ
AR

AL
ð FIIðUII

1 Þ
� �

2 þ kðQL − QII
1 ÞÞ

þ
1
q
ð
AR

AL
PðAL; AII

0 , bIIÞ − PðAR; AI
0, bIÞÞ,

(41) 

where in the numerical data near the interface and the flux 
function the corresponding edge is indicated by I or II and 
½v�i refers to the i-th component of a given vector v:

It remains to solve the system given by (27, 28, 40) and 
(41) for the coupling data AL, QL, AR, QR; we note that all 
other variables are known parameters. To this end we first 
write QL as function QLðQRÞ ¼ QR of QR using (27), i.e. we 
replace QL by QR in the other equations. Next, (40) is used 
to rewrite AL as

ALðARÞ ¼
1
k
ð FIðUI

NÞ
� �

1 − FIIðUII
1 Þ

� �

1Þ þ AI
N þ AI

1 − AR:

(42) 
These two new expressions are inserted into (41), which 

results in a quadratic equation in QR with coefficients 
depending only on AR that reads

1
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 !
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(43) 

If ALðARÞ ¼ AR the quadratic term in (43) vanishes and 
we have

Q1
RðARÞ ¼

1
2k
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:

Otherwise, we obtain the two solutions

Q1, 2
R ðARÞ ¼ −

kARALðARÞ

ALðARÞ − AR

6

�
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2
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���1=2

:

Substituting either Q1
RðARÞ ¼ QL or Q2

RðARÞ ¼ QL into 
(28) together with ALðARÞ gives rise to a nonlinear equation 
in AR; which is solved numerically (e.g. using Newtons 
method). By re-substituting we then obtain the remaining 
coupling data. If multiple solutions to the system are 
obtained, we select the one that is closest to the trace data 
UI

N and UII
1 in the sense of L1-distance.
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