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ABSTRACT: In analogue gravity studies, the goal is to replicate black hole phenomena, such
as Hawking radiation, within controlled laboratory settings. In the realm of condensed matter
systems, this may happen in 2D tilted Dirac cone materials based on honeycomb lattices.
In particular, we compute the entropy of this system, and find it has the same form as
black hole Bekenstein-Hawking entropy, if an analogue horizon forms. Hence, these systems
can be potential analogues of quantum black holes. We show that this entropy is primarily
concentrated in the region where the tilt parameter is close to one, which corresponds to the
location of the analogue black hole horizon. Additionally, when nonlinear effects are taken
into account, the entropy is peaked in a small pocket of the Fermi sea that forms behind the
analogue event horizon, which we call the Fermi puddle. We further refer to this new type of
analogue black hole as a smart hole, since, in contrast to dumb holes, it can simulate both the
correct temperature and entropy of general relativistic black holes. These results provide an
opportunity to illuminate various quantum facets of black hole physics in a laboratory setting.
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1 Introduction

Making analogies between distinct systems is a very common and useful method in physics.
In various approaches to quantum gravity, the concept of “analogue gravity” emerges as a
tool to investigate aspects of gravitational theory in laboratories. The origins of analogue
gravity trace back to Unruh’s groundbreaking paper in 1981 [1]. In this work, he drew
an analogy between the sonic horizon in trans-sonic fluid flow and the event horizon of
gravitational black holes; events within the sonic horizon cannot be heard from outside.
Unruh called these analogue black holes, “dumb holes”, referring to the original meaning
of the word “dumb”, as unable to speak.

Analogue gravity usually involves employing condensed matter systems, such as fluids,
superfluids, and Bose-Einstein condensates, to replicate gravitational phenomena [2-8]. As
an intersection of condensed matter physics and gravitational physics [1-9], the study of
analogue gravity has greatly advanced the development of condensed matter experiments and
enhanced our comprehension of phenomena in curved spacetime. As the most mysterious
objects in the universe, black holes are one of the most fascinating predictions of general
relativity. To better understand the nature of gravity and manipulate artificial black holes in
laboratories [10], black hole analogue models based on various systems have been put forward,
such as sonic analogue black holes in dilute Bose-Einstein condensates [11-13], analogue
black holes in dipolar condensates [14], analogue black holes in finite quasi-one-dimensional
Bose-Einstein condensates [15], optical analogue black holes [16-19], analogue black holes in
flowing dielectrics [20], analogue black holes in superfluid [21, 22], and analogue black holes in
fermionic systems [23-26]. Quantum matter systems based on the Sachdev-Ye-Kitaev (SYK)
model [27-29] also have emerged as a promising framework for mimicking black holes [30]
in the context of holographic duality [31-33].

A famous consequence of the quantum field theory in curved space-time is Hawking radi-
ation [34, 35], the notion that black holes are not completely black, but could emit radiation,
through quantum processes, characterized by the Hawking temperature. However, detecting
Hawking radiation of astrophysical black holes in the universe is extremely challenging (if not
impossible), so diverse analogues of Hawking radiation were proposed [36-57]. For the typical
analogue black hole (“dumb hole” according to Unruh), the entropy does not match the
widely accepted horizon entropy of a quantum black hole, as predicted by Bekenstein [58, 59]



and Hawking [35], making them incomplete analogues [1]. However, some analogue black
holes may exhibit the correct entropy, and we refer to these as “smart holes” (contrasting
with the more commonly used meaning of the word “dumb”). A smart hole is thus an
analogue black hole that possesses both the correct temperature and entropy, making it a
more accurate representation of a quantum black hole.

A very fascinating and promising analogue gravity system can be inspired by graphene’s
honeycomb lattice, a hexagonal arranged two-dimensional single layer of carbon atoms with
Dirac cones at the six vertices of the hexagonal Brillouin zone [2, 60-64], as shown in figure 1.
Graphene is regarded as a zero-bandgap semiconductor. The Dirac cone points, where
the valence band touches the conduction band, are an important feature of the electronic
band structure of graphene, as shown in figure 2. The low-energy excitations around the
Dirac points can be regarded as massless Dirac fields governed by the Dirac equation in 2+1
dimensions [65, 66]. Recent studies indicate that in the case of anisotropic hoppings [67],
external electromagnetic fields [68], mechanical deformation [69] and chemical strain [70], the
originally upright Dirac cones may undergo tilting. Various systems, for example quinoid-type
graphene [69], partially hydrogenated graphene [71], 8Pmmn Borophene [67], 17" —MoS, [72],
and organic conductor [73, 74|, can exhibit tilted Dirac cones with substantial tilts [75]. In
materials with tilted Dirac cones, the geometry of the zero-energy Fermi surface is expected
to change with variations in the tilting parameter [23, 76-78|. See figure 3 for different types
of tilted Dirac cones, the types are categorized by the shape of the zero-energy Fermi surface.

The symmetry argument behind the tilting of the Dirac cone in two space dimensions
is as follows: the low-energy Dirac theory in pristine graphene is rotationally symmetric in
two-dimensions (the zy plane). Now imagine breaking the rotational symmetry by introducing
a preferred direction in this plane. In this case, the only allowed rotation around z-axis is
rotation by 7 which in the solid state jargon is denoted by a two-fold rotation axis and is
called Cs. Additionally, there is a reflection in a plane that contains this two-fold axis and is
vertical to the two-dimensional space of the system. If both directions along the preferred
axis of the xy plane are identical, then there will be another reflection plane again vertical
to the xy plane that contains the Co symmetry axis. This point group symmetry is called
a (5, symmetry and can be achieved by introducing a term of the form vpp.(og in the
Bloch Hamiltonian where oq is the unit 2 x 2 matrix, p = (ps, py) is the two-dimensional
momentum, ¢ = ({3, (y) is the dimensionless parameter that quantifies the amount of tilting
and vp is the natural velocity scale, the Fermi velocity [67]. This logic is quite powerful
and can be used to design other platform hosting tilted cones: a simple honeycomb lattice
of (bosonic) LC resonators on the honeycomb lattice features a “microwave cone” that can
be tilted by breaking the symmetry Cg, of the lattice down to C5, that can be achieved
by introducing additional second neighbour couplings in one preferred directions [79]. The
advantage of fermion systems is that the excitations in fermionic systems will be electrons
and holes that are charged and interact via Coulomb force. Therefore one can study the
interplay between the Coulomb interaction and the new spacetime that arises from tilting
of the Dirac cones (potentially mimicking gravitational interactions).

Dirac cones are not limited to honeycomb-based graphene-like systems. They can also
arise from spin-orbit interactions. For such systems in two space dimensions, the Dirac
matrices representing the Clifford algebra will be the Pauli matrices associated with the



actual spin (as opposed to the sublattice or pseudo-spin degree of freedom). Examples of
such systems are the helical Dirac cones on the surface of topological insulators. It has been
shown that an in-plane magnetic influence in such systems, directly couples to the Dirac
cone in the “tilt channel”, and becomes a knob to adjust the tilt of the Dirac cone by tens
of percents [80] which is quite comparable to the ~ 40% tilt in pristine 8Pmmn-borophene.
Substituting certain boron atoms in the above material with carbon can increase the tilting up
to ~ 60% [67]. But the spin-orbit coupled Dirac cones have the advantage that a comparably
large tilting can be produced and controlled with external magnetic influence [80].

Based on the work of Volovik [36-38, 81, 82], the emergent spacetime metric of tilted
Dirac cone is given by the so called Painlevé-Gullstrand (PG) line element [83-86]

ds? = —v2dt? + (dr — Cupdt)?, (1.1)

where vg is the Fermi velocity playing the role of speed of light ¢ in emergent spacetime
and ¢ is the dimensionless parameter controlling the tilt. Recently, it has been shown
that the above tilt parameter ¢ in spin-orbit coupled Dirac cones can be tuned by in-plane
magnetization /magnetic field [80]. A simple argument obtaining the above metric from the
term vpp - op in the Bloch Hamiltonian is given in ref. [80]. In this setup, crossing || =1
would correspond to crossing the event horizon of the analogue black hole.

This paper is organized as follows. In section 2, we review the band structure of tilted
Dirac cone materials and show the first and second order expansion of the dispersion near
the Dirac points. In section 3, we consider the linear dispersion to compute the entropy of
analogue black hole constructed by tilted Dirac cone materials. In section 4, we present the
numerical results for both the entropy density and total entropy. We find the temperature
and total entropy of tilted Dirac cone material, under certain assumptions, have the same
form as a 2+1 dimensional black hole. We summarize our results in section 5.

2 Band structure of tilted Dirac cone materials

Building on the emergent metric structure introduced in section 1, where ¢ governs the tilt of
the Dirac cone and gives rise to an effective curved spacetime, we can obtain the corresponding
Hamiltonian for the tilted Dirac cone system. To better understand the microscopic origin of
this emergent geometry, we now turn to the condensed matter perspective. In this section, we
review the Hamiltonian and the band structure of tilted Dirac cone materials. Following the
work [67], the basic idea is that the nearest-neighbour hopping described by the tight-binding
model is responsible for the formation of upright Dirac cones. When the anisotropic next-
nearest-neighbor hopping is introduced, the Dirac cones tilt along one direction, resulting
in an anisotropic band structure near the Dirac points.

The honeycomb lattice structure of graphene (or 8Pmmn borophene) in real space and
reciprocal space are shown in figure 1. With a 2D hexagonal lattice structure, graphene
possesses two carbon atoms within each unit cell. There are two sublattices called sublattice
A and sublattice B respectively in graphene. The lattice constant of graphene is denoted by

1

a, and the primitive lattice vectors can be expressed as a; = a (?, %) and as = a (@, —5)

in real space [87]. An atom in sublattice A is connected to the nearest-neighbour atoms



in sublattice B via three vectors d; given as

01 = m(lv\/g)a 0y = Tﬂ(l,_\/g)’ 03 = _ﬁ

In the tight-binding model, we just consider the nearest-neighbour hopping, which is

(1,0). (2.1)

a hopping process from a site in one sublattice to one in the other sublattice. So we have
the Hamiltonian in real space

H=—-t>" af bjo+he, (2.2)
where t represents the hopping amplitude or the hopping integral, which we suppose is a real
T

number, a, , creates a particle with spin state o at site i, and b; , annihilates a particle with

spin state o at site j. The Hamiltonian in momentum space, after Fourier transformation, is

otk = (5 1) 23)

where k is the wave vector, and the form factor f(k), responsible for the formation of the
upright Dirac Cones, is given by

flle) =3 te™? =1 (ei(k%%”;) ylesiaht) | e‘i(kw%)> S
1

The band structure of normal graphene with upright Dirac cones is given by

Eo = x[f(k)| = ﬂ:tJ 3 +4cos <\/§2ka> cos (kzga) + 2 cos(kya), (2.5)

where t is the hopping parameter and a is the lattice constant, the + means the upper
(+) and lower (—) branches.

What makes these Dirac cones particularly interesting is that they can be tilted, analogous
to the tilting of light cones in the context of curved spacetime. This tilting can arise from
the anisotropy of hopping. For instance, consider the second nearest-neighbour hopping with
two distinct hopping parameters denoted by t, and t2, as shown in figure 1. Since the second
nearest-neighbour hoppings connect sites on the same sublattice, the corresponding form
factor fui(k) = fy (k) + fi,(k) is the diagonal term of Hamiltonian, which is given by [67]

fu (k) = th <em(kz2ﬁ+k2y> + em(szﬁf%y) +em(7%7ﬁ+%y> + em(kfiy)> . (26)

fio (k) =to (emky + e_i“ky) , (2.7)
fr (k) = 4t/2 cos <\/§2kma> COS <ky2a> + 2ty cos(kya). (2.8)

Then, the Hamiltonian for tilted Dirac cone materials is given by

fun(k)  f(k) )

(2.9)
(k) fee(k)

Heg (k) = (
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Figure 1. (a) From honeycomb lattice to honeycomb graph: the honeycomb lattice with two
sublattices (black and white) and lattice constant a. The primitive lattice vectors are a; = a (@, %)
V3

2
Hopping along nearest neighbors is materialized in graphene. The lattice will be promoted to a
graph that is effectively realized in 8Pmmn borophene by adding blue links connecting second nearest
neighbours. Two dashed blue vectors correspond to hopping parameter ¢ and four solid blue vectors
have hopping parameter t5. The tilting arises from the difference between to and t5. (b) First Brillouin
zone in reciprocal space with K-points.

andas =a ( f%) Three red vectors connecting to nearest neighbours are denoted by 8;(i = 1,2, 3).

from which we can obtain the full electronic band structure of tilted Dirac cone material
as follows

By = fun(k) = |f (k)]
= 4tl2 Ccos <\/§2kxa> cos (k;a) + 2t9 cos(kya)

+ t\l 3+ 4cos <\/§2kf”a> oS <k‘;a> + 2 cos(kya), (2.10)

where k, and k, have period % and 47” respectively. The band structure without tilt

(i.e. upright cone with to = t§, = 0) is depicted in figure 2. As can be seen, there are six
Dirac points, also known as K points. We expand the form factors around the K points
K* = (0, i%) to obtain the Dirac cone dispersion relation.

After expanding f (K + k) to the second order, we get

of of
Ok Fe t Sk

+ _ +
f(Ka +k) _f<Ka)+ k:Kfzt 8I€y

ky

k=K*
0% f
k2
e V" Ok,0R,

kyky
k=KZF

a ) 1 1.
———1 (kg Fiky) + §a2(—k926 + k;) F 4za2kxky> . (2.11)



Figure 2. Electronic band structure of graphene. Six Dirac points, or K points (vertices of the
hexagonal first Brillouin zone) are shown in the figure.

If we keep it to first order, we find

\/_at

f( ) (Ki +k)= (ky Fiky) . (2.12)

The overall factor of —i = e~™/2 can be absorbed through rotating the overall phase of the

wave function in one sublattice. Then, the Hamiltonian around the Dirac points is computed as

0k, Tik,

Huri k)=~h .
pright (k) = hvp ky £ik, 0O

, (2.13)

where vp = @at is the Fermi velocity of electrons at the Dirac Cone.
For the case of tilted Dirac cone, after expanding fi (K ;E + k) to second order, we find

O fiits O fiine
i (K 4+ k) = fun (K . k
fue (K" + k) ftlt( a)+ Oky p=rzF Oky | _pcx ’
1 8 ftllt 2 1 8 ftllt 2 62ftilt
ky + - k, + ek
2 k2 Kt 2 OkZ | _ .Y Ok,Ok, Y
1
— (=2t — t2) F V3a(t) — to)k, +3t PR+ (o) (214)
Keeping the first order expansion, we find
FSVEE + k) = (—2th — to) T V3a(th — to)k,. (2.15)



Plugging equations (2.12) and (2.15) into equation (2.9), the free Hamiltonian of tilted Dirac
cone materials can then be expressed as [86]

PG px:Fipy

H =g .
pzLipy P-C

, (2.16)

where p is the momentum vector and ¢ is the tilt parameter controlling the tilt of the Dirac
cone. We compute the tilt parameter ¢ by comparing equations (2.16) and (2.9) with the
first order approximation f(!) in (2.12) and ft(ﬁt) in (2.15) [67]:
th — to
Ca: = 07 Cy = :F2 2 p . (217)

If we define the energy at the point of contact of the Dirac cones as the reference plane

of zero energy, i.e., let (=2t —t2) = 0 in equation (2.15), we get to = —2t,. Then, the
tilt parameter becomes (, = F6t5/t.
The linear dispersion relation of the tilted Dirac cone is computed as

E = svpp+vpp - = svpp + vpply sinf = st\égak: + t'2(2F3\/§sin(0)ak, (2.18)

where p = |p|, k = |k|, ( = [{] = (y, 0 is defined as the polar angle of p (the angle between p
and p, component), and s = £1 indicates upper “+”and lower “—” branches of the energy
band structure. Different types of the Dirac cone, which can be categorized based on the
geometry of their Fermi surface [23, 76-78], are shown in figure 3 (note that weset t =1, a =1
and h = 1 in plotting the band structure). For { = 0, we recover the standard (upright) Dirac
cone. For 0 < ¢ < 1, the Dirac cone becomes tilted. These two cases, whose zero-energy Fermi
surface is a single point, are called type-1 Dirac cone. When the Dirac cone is critically tilted
with ( = 1, the zero-energy Fermi surface becomes a straight line, known as the Dirac line.
This is called type-I1I Dirac cone. When ¢ > 1, the zero-energy Fermi surface becomes two
intersecting straight lines, and such an over-tilted Dirac cone is known as type-II Dirac cone.

We can use the condition to = —2t, to further simplify equation (2.14) and get the
generalized quadratic dispersion relation

3 3
fure (K + k) = ¥3V3athk, + Zt’ga%i - Zt’za%;. (2.19)

Then, the dispersion relation to second order in polar coordinates is

E = fan(k) + s|f(k)]
8

— t’2( T 3v/3sin(h)ak + Z cos(29)a2k2> - 3t<7ak + (2.20)

We show the quadratic dispersion of the tilted Dirac cones in figure 4. When ¢ = 0, the
zero-energy Fermi surface is a single point (the Dirac point). When ¢ > 0, the orange curve
in the lower panel of figure 4, which we refer to as the Fermi bay, emerges. The Fermi Bay
appears far from the Dirac point and gradually moves closer to the Dirac point as the tilt
parameter ¢ increases. When ( = 1, the Fermi bay touches the Dirac point. Beyond this
critical point, as the tilt parameter ¢ increases, i.e., ( > 1, a blue closed curve in the lower
panel of figure 4, which we refer to as the Fermi puddle, begins to appear. As ( increases
further, the size of the Fermi puddle gradually grows larger.
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Figure 3. The linear dispersion relation of the tilted Dirac cones. Top: dispersion relations with
orange upper branch and blue lower branch. Bottom: zero-energy Fermi surface. (a) Type-I upright
Dirac cone with ¢ =0, (b) Type-I tilted Dirac cone with ¢ = 1/2, and (¢) Type-III critically tilted
Dirac cone with ¢ =1 (d) Type-II over-tilted Dirac cone with { = 3/2.
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Figure 4. The quadratic dispersion relation of the tilted Dirac cones. Top panel: dispersion relations
with the orange upper branch, blue lower branch and the green zero-energy plane. Bottom panel:
zero-energy Fermi surface for different tilt parameters. (a) Tilt ¢ = 0, Dirac cone with a dot-like
zero-energy Fermi surface. (b) Tilt ¢ = 6/7, Dirac cone whose zero-energy Fermi surface is a dot and
Fermi bay. (c) Tilt ¢ = 1, Dirac cone with the zero-energy Fermi bay just touches the Dirac point. (d)
Tilt ¢ = 6/5, the Fermi Bay (orange curve) touches the Dirac point, and a Fermi puddle (blue closed
curve) forms.



3 Entropy of tilted Dirac cone material

Since the emergent spacetime metric associated with the tilted dispersion hosts a horizon at
¢ =1, it is natural to ask whether this analogue geometry also reproduces the thermodynamic
properties of black holes — most notably, the Bekenstein-Hawking entropy [35, 58, 59]. The
key idea is that the tilt-induced modification of the energy spectrum alters the density of
states, which directly influences the entropy. To address this, we examine how the entropy of
Dirac cone material compares with the Bekenstein-Hawking entropy of a 2 + 1-dimensional
black hole. As we proposed in the Introduction, we consider the analogue black holes that
match this entropy, “smart holes”. In this section, we start by studying the linear dispersion
relation with a space-dependent tilt parameter, and compute the associated entropy density
of the tilted Dirac cone in the condensed matter system.

For the tilted Dirac cone materials, with continuous energy spectrum, the entropy
density is given by

— 2 2 ’7ﬂpropE —Bprop E
51_(2w)2/dp<(mm>za+1+ln(1+e prop ) ). (3.1)

This entropy density formula is derived from the standard statistical mechanics approach,
where the factor of 2 accounts for the spin degeneracy of the fermions. The dispersion relation
is represented by FE, while the Fermi-Dirac distribution is modified by a Lorentz-like factor
v = (1 — ¢?)~1/2 [86], which depends on the tilt parameter ¢ in the emergent spacetime
metric and functions analogously to a redshift factor in curved spacetime, and Bprop = 1/Tprop
is inverse temperature, according to an analogue static observer. In principle, a nonzero
chemical potential term may be added to this formula. However, particle-hole symmetry,
reflected in the identical area or shape of the particle and hole Fermi puddles, implies the
conservation of the total particle number. When this symmetry is present, the chemical
potential can be set to zero, corresponding to the energy at the Dirac points. We introduce
T

a new parameter §' = 6 — 7, with which the linear energy spectrum for tilted Dirac cone

materials given by equation (2.18) is read as
E = (s+ (cos @ )vpp. (3.2)

If we note 5 as the inverse laboratory temperature, the relationship between the proper
temperature and the laboratory temperature is given by 8 = vBprop [88, 89]. Then, the
entropy density is given by

2 27 Pmax BE _
p

Let us change the integration variable from momentum p to energy F and apply a new variable
E' = BE. Then, the entropy density is partitioned into two parts; the angle integration
over # and the integral over energy E’

s = 2 /27r 1 ay /me EdE (BE +In(1+ GBE)>
(2m)2 Jo  v%i(s+ Ccos)? Eoin ePE 11

- @ ) e / o pap (E/ +In(1+ e—E’)) (3.4)
B (27T)2U%’B2 0 (S + CCOS 6,)2 El eE’ + 1 . .

min



Taking into account the sum of two Energy branches s = +1, and considering both spin-up
and spin-down fermions, we find

59—y — — 10 /Tr ! d@’/E‘/WE’dE’ (E/Hn(ue‘E’)) (3.5)
2T T 2m20282 Jo (14Ceos8)2 o ef' +1 ' '

In tilted Dirac cone materials, the tilt parameter ¢ modifies the energy spectrum and alters

the density of states. Consequently, the entropy density becomes a function of (, reflecting
the impact of tilt on the thermodynamic behavior of the system. Moreover, the entropy
density can acquire a spatial dependence if the tilt parameter is not fixed but varies spatially.
This assumption arises naturally in the construction of a black hole analogue, where the
light cone gradually tilts as one approaches the event horizon. To capture this behavior in
the tilted Dirac cone material, we model the tilt parameter as a spatially varying function,
rather than a constant. To simplify this construction, we consider the case where ¢ has no
x-component, and ¢, depends solely on the coordinate y. In this setup, based on the emergent
spacetime metric in equation (1.1), the event horizon is located at (,(y) = 1 when considering
a hypersurface of constant y. The associated surface gravity is then explicitly given by

k= 5lGWGWI,_, = vEIGWI,, (3.6)

This expression reveals that the surface gravity arising from the emergent spacetime met-
ric (1.1) is fundamentally governed by the spatial gradient of the tilt parameter. Consequently,
in order to introduce the notion of surface gravity — which manifests as the temperature
in black hole spacetimes — it is essential to allow the tilt parameter ¢ to vary spatially in
the tilted Dirac cone system. Hence, a natural and physically intuitive scenario in materials
exhibiting tilted Dirac cones is to assume a linear spatial dependence for the tilt parameter.
Specifically, the tilt parameter ¢ is given by

K
=0, () =—Fy+1 (3.7)
UF
where the spatial gradient of the tilt parameter plays the role of surface gravity of a black hole,
which is consistent with the one obtained from the emergent spacetime metric (1.1). Within
our tilted Dirac cone system, ( = 1, where y = 0, precisely corresponds to the analogue event
2

horizon. Moreover, at y = ~£, the tilt parameter ¢ vanishes, clearly marking the boundary of

K

the analogue “outside horizon” region, characterized by 0 < { < 1. This effectively models
the black hole exterior region, offering an experimentally accessible platform for investigating
black hole-like phenomena in condensed matter systems. In contrast, the region where ¢ > 1
corresponds to the analogue black hole interior, enabling further exploration of black hole
interior physics in a controlled laboratory setting.

Finally, to compute the total entropy, we integrate the entropy density over the spatial
coordinates x and y. We consider a two-dimensional sample with tilted Dirac cone with

2
length L, and width L, = %Fg“max. Then, the total entropy is given by

2
S = /szdxdy _ Vrle /ngQ, (3.8)

KR

,10,



which, applying (3.5), is computed as

16[11' Cmax ]_ E;nax E -
S_W/A C/d'chose/)/E, EdE’( pp (e )). (3.9)

We first compute the energy integral to find

E E" "
FiE = | E”dE"(EH+J_+ln(I+eE))
(&
= —E?log[l 4+ ¢ 7] + 3E'Liy(—e ¥ + 3Lig(—c "), (3.10)

where F[0] = 9<R( ). We note that Cr(#) here is the Riemann zeta function, and Lis(z) is
the polylogarithm function of order s and argument z, which is defined as the series

> 2 3

Z
Lis (2 = 3.11
i § =zttt (3.11)

If we assume that FE/ . is infinitely large and E!; is zero, then the entropy density

max n

equation (3.5) becomes

16 m 9r(3)  9r(B3)  T?
Er2EBR (-2 " 4 1 wB(1-

S9 = (3.12)
This result is in agreement with [90] from the holographic approach. In the upright Dirac
cone limit, where the tilt parameter vanishes (¢ = 0) in equation (3.12), we also recover
the result presented in [91]. In the analogue black hole horizon limit (¢ — 1), the entropy
density diverges. Consequently, for linear dispersion, the total entropy integral as given in
equation (3.9), becomes infinite. To regularize this integral, one must either introduce a

cutoff on E’

max Or incorporate non-linear corrections.

4 Analogue black holes with the right temperature and entropy

In this section, we numerically compute the entropy density for the upper and lower branches
as a function of the tilt parameter ¢, and show them in figures 5(a) and 5(b). The numerical
entropy density we compute is given by twice that in equation (3.3), since we are considering
both spin-up and spin-down fermions. Note that the integration region we choose in the
reciprocal space is half of the Brillouin zone because the (first) Brillouin zone contains two

Dirac cones. To be specific, in the linear and quadratic cases, we take a circular integration
4 1
V3a

In figures 5(a) and 5(b), the dashed lines show results for the linear dispersion relation,

region with radius Alk| = . This can be regarded as a cutoff on momentum or energy.
while the dot-dashed lines include quadratic corrections. The solid lines provide a more
accurate depiction of the system by accounting for the full band structure, which includes
higher-order terms that go beyond both the linear and quadratic approximations. Each
color represents an inverse temperature value, the blue, orange, and green curves represent
inverse temperatures § = 4, § = 8, and 8 = 16, respectively. Across all temperature ranges,
the entropy initially increases with (, peaks around ( ~ 1, and then gradually decreases
as ( increases further. As the tilt parameter changes, the system’s entropy demonstrates a
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Figure 5. Entropy density as a function of the tilt parameter . The blue, orange, and green curves
correspond to inverse temperatures § =4, § = 8, and 8 = 16, respectively. The dashed lines represent
results using the linear dispersion relation, the dot-dashed lines use the quadratic dispersion relation,
and the solid lines are based on the full band structure.

significant dependence on this parameter, especially when considering more complex dispersion
relations, which affect both the peak values and their positions. The exact height and shape
of these peaks depend on the inverse temperature and the choice of the dispersion relation.
At lower temperatures (i.e., higher /), the entropy decreases and the curves show sharper
peaks. In contrast, at higher temperatures (i.e., lower [3), the entropy increases and the
peaks become broader.

As shown in figure 5(a), for a fixed temperature (that is, the same color of the curve), the
peak of quadratic dispersions (dot-dashed) shifts to a slightly lower value of ¢ compared to the
linear case (dashed). This shift can be attributed to the contribution of the orange Fermi curve
(Fermi Bay) shown in figure 4, which appears before ( = 1. The peak location is pushed to
the right when we include higher-order terms in the quadratic dispersion relation. In contrast,
as shown in figure 5(b), the peak for quadratic dispersion relation shifts to a slightly larger
value of ¢ compared to the linear case, for the lower branch. This indicates that incorporating
quadratic corrections delays the point at which the system reaches its maximum entropy.
This comes from the contribution of Fermi puddle (blue curve in figure 4), which appears
after ( = 1. The Fermi puddle emerges as a distinct pocket structure in the zero-energy Fermi
surface beyond the critical tilt, fundamentally reshaping the entropy density distribution.
This structure modifies the density of states, effectively creating a reservoir of low-energy
excitations. These localized states play a crucial role in enhancing entropy, particularly in
the lower energy branch, where the entropy density peaks in the vicinity of the Fermi puddle.
The peak location is pushed further to the right when including higher-order terms in the
dispersion relation. For both branches, incorporating quadratic dispersion corrections affects
the tilt parameter ¢ at which entropy density peaks. In the upper (lower) branch, this causes
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Figure 6. The relationship between the total entropy (times surface gravity) of the lower branch for
the linear dispersion (2.18) and the inverse temperature, §, where the integral over the tilt parameter

ranges from 0 to (pax. The blue, red, orange, and purple points represent (pax = 1, g, %, and 2,
respectively. The lines represent the best-fit power laws. The shaded region shows the expected
range of entropy times surface gravity of a black hole, which is proportional to the temperature (see

the text).

the peak to shift to smaller (larger) (. When the full-band structure effects are included,
the peaks are always pushed to the right (i.e., higher {) compared to the quadratic case,
reflecting the more complex behavior of the system’s entropy as a function of . One may
be tempted to interpret these trends in terms of the finite-temperature renormalized theory,
but we shall defer such interpretation to future work.

Figures 6, 7, and 8 show the total entropy (after integrating over the ¢ dependence)
of the lower (dominant) branch, as a function of the inverse temperature 5. The best-fit
power-law dependencies of entropy vs. inverse temperature are also shown, which appear
as lines in the log-log plot. As (8 becomes too large, the integrand becomes very sharply
peaked (and vanishingly small), thus we should not trust the numerics in this region. When
B is small, i.e., temperature is high, excitations go far from the Fermi surface, and thus a
power-law temperature dependence is not expected.

Let us first focus on figure 6, i.e., the case of linear dispersion. When (na.x = 1, the
best-fit power-law for total entropy is approximately

I pl/2

x Pmax
b (4.1)

S x
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Figure 7. Same as figure 6, but with the quadratic dispersion relation (2.20).

— BH, /2047~ /257"
0.100 -

0.010+-

% |3 0.001-

—— pax =2,0.33183370-97983

10-4 1.0639 i
—— Qpax=3/2,0.2113557""
5 —— Cuax=615,0.2268187 14217
107+ A
— fnax=1, 0-408663'1'8792
1076 A

1 . J J

1 ° 50 100 500 1000

B

Figure 8. Same as figure 6, but with the full nonlinear dispersion relation (2.10).
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However, most interesting is the fact that when (.« exceeds 1, i.e., we include entropy inside
the horizon, the best-fit total entropy is approximately linearly dependent on pmax1:

§ o Lo Pmax. (4.2)
kB

This is exactly what we expect from Bekenstein-Hawking entropy for a black hole horizon,
if temperature is related to surface gravity, i.e., 2nkf = 1, a la Hawking [34, 35].

In figures 7 and 8, the total entropy times surface gravity for both the quadratic and
full dispersion relations also exhibit a linear dependence on pmax1" at a critical value of (max
greater than 1. This is consistent with the observed phenomenon where the entropy density
peak shifts to the right in figure 5(b), suggesting that the effective horizon forms after ¢ = 1.

From the above numerical computations, we conclude that the total entropy for 2d tilted

2
Dirac cone material with length L, and width L, = %Cmax is

Spe P (4.3
where 7 is a dimensionless factor, depending on the (nax value we choose. The larger (pax
we consider, the larger the factor 1. Let us compare the above result with the Bekenstein-
Hawking entropy of 2+ 1 dimensional Banados, Teitelboim, and Zanelli (BTZ) black hole [92]
with horizon radius ry, which is given by one fourth of the horizon size [93]
2mry

4G
In figures 6, 7 and 8, we choose Newton’s constant (= 2+1d Planck length) to be in the
range a < G < 10a, in terms of lattice spacing a, to plot the shaded region, representing the

Sy = (4.4)

black hole region. If we make the assumption that the temperature T is interpreted as the
analogue black hole surface gravity «, the momentum cutoff p,.x is the inverse of the Newton
constant G, and the length scale L, is interpreted as the analogue black hole horizon size 277,

T=r
Pmax = %% ) (4.5)
La; = 27T7“+

then an intriguing parallel can be established. The thermal entropy of the analogue black
hole constructed by tilted Dirac cone materials matches the Bekenstein-Hawking entropy of a
real BTZ black hole system, as we had desired for our “smart hole”. This correspondence
not only sheds light on the behaviors of both condensed matter and gravitational systems,
but also paves the way for novel explorations into the intricate interplay between quantum
theory, gravity, and thermodynamics.

At last, let us provide a justification for the assumed relationship between the temperature
and the surface gravity of analogue black holes in condensed matter systems, matching that of
Hawking temperature [34, 35]. If we introduce a symmetric (Hermitian) Hamiltonian Hgym,

(P-C+¢-p)/2  p.Fipy
pzxip, (p-¢+¢-p)/2|’

then the original free Hamiltonian Hy given in equation (2.16) and the symmetric one Hgym,

Hgyry, = (4.6)

is related by
K.
Hy = Hgyry + 5t (4.7)
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We now examine how the relation between surface gravity and temperature in the analogue
black hole can arise from the Kubo-Martin-Schwinger (KMS) condition [94-96], a fundamental
criterion for thermal equilibrium in quantum field theory [97-100]. To this end, we consider
the thermal correlation function of two quantum field operators

(P(x1,t)(x2,0))5 =

e_BHoi/J(XQ, —if)(x1, t)eﬁ""}
= (¢ (xz, —iB)¢ (x1, t)e™) 5, (4.8)

where we used the cyclic property of the trace, Z is the partition function, and (3 is the inverse
temperature. The KMS condition (¢(x1,t)1(x2,0))s = (¥ (x2, —iB)1(x1,t)) s immediately
yields the identification of the temperature with the surface gravity

_ 2 -5

p=— =5 (4.9)

This establishes a direct connection between the thermal properties of the quantum field and
the analogue gravitational background. Moreover, the KMS condition will lead to periodic
boundary conditions for bosonic fields and anti-periodic boundary conditions for fermionic
fields in imaginary time due to the commutation and anti-commutation relations, respectively.
Importantly, the temperature obtained from the KMS condition precisely matches the
characteristic Hawking temperature for a real black hole [34, 35|, providing strong evidence
that the quantum fields in our analogue black hole setup behave as if it were in an Unruh-like
thermal state [101, 102]. This, in turn, supports the robustness of Hawking-like radiation
in our condensed matter realization. Further insight into the origin of this Hawking-like
radiation is provided by a proposed microscopic mechanism [37]. This mechanism suggests
that the critically tilted Dirac cone, marking the formation of an analogue horizon, triggers
transitions between energy branches and enables particle-hole pair creation. Hawking-like
radiation is then simulated via such particle-hole pair creation across the horizon, driven
by an initial imbalance between occupied and unoccupied energy states. The corresponding
Hawking temperature of this analogue system is governed by the spatial gradient of the tilt
parameter at the horizon, reflecting the role of surface gravity in curved spacetime. As further
confirmation, one could analyze the particle number spectrum for evidence of a thermal
distribution [34, 35], or couple an Unruh-DeWitt detector [101, 103] to probe the thermal
behavior of its response. We leave these investigations for future work.

At this stage, a natural question arises: what justifies setting equation (4.9) as the
temperature of the tilted Dirac cone material in the laboratory, as opposed to say room
temperature? At face value, the reasoning could be that equation (4.8) dictates that (4.9)
is the only temperature ensuring a well-defined, Hermitian thermal continuum limit for the
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tilted Dirac cone material. If this interpretation holds, it would parallel the requirement
for quantum fields near a black hole horizon to adopt the Hawking temperature in order to
maintain a Hadamard state (to ensure a finite renormalized stress-energy tensor [104], or a
finite 1-loop backreaction [105]). In the following, we present a more detailed discussion of
the validity of the temperature-surface gravity relation from multiple perspectives.

Indeed, as one might point out, there is no guarantee that the temperature set by the
cryogenic refrigerator in the laboratory satisfies T' = /27, which is determined by the varying
tilt parameter in our Dirac cone material. However, as we showed in (4.8), if this condition
is not satisfied, the continuum theory does not obey the thermal statistics. In other words,
the low energy modes, far from the horizon, become blueshifted as they travel towards the
horizon, and leave the regime of validity of the continuum theory. At an intuitive level, the
condition T' = k/27 ensures that this blueshift is precisely compensated by the dissipation
caused by the non-unitarity of the Hamiltonian Hy. Otherwise, the system will not have
a well-defined continuum (or infrared) description, as most of the degrees of freedom live
near the lattice scale, in the vicinity of the horizon.

The temperature in the entropy density expressions indeed corresponds to the laboratory
temperature that governs the thermal occupation of energy states in the condensed matter
system. At first sight, this may appear unrelated to the Hawking temperature, which arises
from the surface gravity of a gravitational horizon. While this distinction may seem to suggest
a discrepancy, it in fact highlights a key feature of our analogue black hole paradigm. In
gravitational systems, Hawking temperature dictates the thermal behavior of quantum fields
in curved spacetime. In condensed matter systems, the laboratory temperature plays an
analogous role, governing the thermal occupation of modes in the emergent geometry. The
bridge between the two is established by the emergence of an analogue horizon as the Dirac
cone undergoes critical tilting. One can thus tune the laboratory temperature to match the
emergent Hawking temperature determined by the spatial gradient of the tilt parameter

h d
_ fwr | dc) (4.10)
2 kB dy
This matching is not trivial — it defines the regime in which the analogue system not

only mimics the geometric structure of a black hole but also reproduces its thermodynamic
behavior. In this regime, the statistical entropy from the Fermi-Dirac distribution becomes
directly comparable to the Bekenstein-Hawking entropy of the analogue black hole. This
thermodynamic consistency between the laboratory temperature and the emergent geometry
offers a physically motivated route toward realizing black hole thermodynamics [58, 59, 106]
in condensed matter systems.

While black hole thermodynamics provides deep theoretical insights, its experimental
realization in astrophysical contexts remains out of reach. For instance, the Hawking
temperature of a solar-mass black hole is below 107K [34], a value far beneath the cosmic
microwave background and inaccessible to any current observational technique. By contrast,
the analogue Hawking temperature in our model depends on controllable material parameters.
For example, with a typical Fermi velocity vp ~ 10°m/s [107, 108] and a moderate tilt
gradient % ~ 10°m~'— which corresponds to a unit change in the tilt parameter over
10000 A— the emergent temperature can reach a few kelvin. For steeper gradients, such as
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% ~ 108 m™!, where the tilt changes by order one over just 100 A, the temperature can be
engineered to exceed room temperature. This highlights the experimental accessibility of our
model and suggests that black hole thermodynamics, traditionally confined to inaccessible
regimes, can now be probed in a table-top experiment.

Finally, let us briefly discuss the scale separation in our model. The modified dispersion
relations (MDR) corrections originate from the underlying lattice structure and become
significant only at short length scales of order Lyipr ~ a (where a is the lattice spacing),
corresponding to an energy scale Eyjpr ~ 1/a. Meanwhile, the variation of the emergent
spacetime background — characterized by the surface gravity s of the analogue black
hole — occurs over much larger length scales. In our setup, we explicitly engineer the
background to vary over L, ~ 10%a (corresponding to a Hawking temperature on the order
of room temperature), and in some cases over 10%a (yielding temperatures of a few kelvin),

1

which corresponds to an energy scale E, ~ 1072a~! or smaller. This immediately yields

a clear hierarchy
E,. < EvMDR-

This separation of scales is essential for the robustness of Hawking-like radiation, as emphasized
in refs. [2, 109]. By ensuring that F,, < Eypr, our system guarantees that the relevant
modes involved in the Hawking-like process remain well in the relativistic (linear) regime
of the dispersion relation. Therefore, we believe that the Hawking-like effect in our system
remains robust for modified dispersion relations.

5 Closing remarks

From the condensed matter perspective, the nearest-neighbor hopping is responsible for the
formation of upright Dirac cones, and the anisotropic next-nearest-neighbor hopping tilts
the Dirac cones. Different materials differ in details of additional couplings at the lattice
scale a. Such differences only modify the higher energy parts of the bands, but does not
alter the Dirac part. Therefore the Dirac theory is the universal theory of this class of
materials. For the tilted Dirac cone band structure, including the non-linear corrections
to the dispersion relation changes the geometry of the zero-energy Fermi surface. When
0 < ¢ < 1, we observe the appearance of a Fermi bay disconnected from Dirac points. When
¢ =1, the Fermi bay touches the Dirac points, while for { 2 1, we observe the appearance
of a Fermi puddle on the opposite side. Different tilted Dirac materials can differ in the
size and shape of their Fermi puddles.

We find that the entropy density rises with the tilt ¢ initially, peaks around ¢ = 1, and
then gradually declines as ( increases further. When the second or higher order dispersions
are considered, the peak moves to larger values of (. We also compute the total entropy-
temperature relation, up to different maximum tilts, for the three different dispersions. In
conclusion, our study demonstrates that tilted Dirac cones in 2D Dirac materials, particularly
borophene, can effectively serve as analogues for black hole horizons, capturing both the
temperature and the entropy characteristics of black holes. The entropy of this condensed
matter system mirrors the Bekenstein-Hawking entropy, and the peak is situated behind the
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event horizon of the analogue black hole. This novel analogue, which we call the smart hole,
highlights the potential for condensed matter systems to model black hole thermodynamics
(and dynamics) in laboratory environments, offering valuable insights into the quantum
aspects of black hole physics.
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