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 a b s t r a c t

The modelling of bubble–particle collisions is crucial to improving the efficiency of industrial processes such as 
froth flotation. Although such systems usually have turbulent flows and the bubbles are typically much larger 
than the particles, there currently exist no predictive models for this case which consistently include finite-
size effects in the interaction with the bubbles as well as inertial effects for the particles simultaneously. As 
a first step, Jiang and Krug (2025) proposed a frozen turbulence approach which captures the collision rate 
between finite-size bubbles and inertial particles in homogeneous isotropic turbulence using the bubble slip 
velocity probability density function measured from simulations as an input. In this study, we further develop 
this approach into a model where the bubble–particle collision rate can be predicted a priori based on the bubble, 
particle, and turbulence properties. By comparing the predicted collision rate with simulations of bubbles with 
Stokes numbers of 2.8 and 6.3, and particles with Stokes numbers ranging from 0.01 to 2 in turbulence with 
a Taylor Reynolds number of 64, good agreement is found between model and simulations for Froude number 
𝐹𝑟 ≤ 0.25. Beyond this range of bubble Stokes number, we propose a criterion for using our model and discuss the 
model’s validity. Evaluating our model at typical flotation parameters indicates that particle inertia and settling 
effects are usually important. Generally, smaller bubbles, larger particles, and stronger turbulence increase the 
overall collision rate.

1.  Introduction

Bubble–particle collisions lie at the heart of froth flotation — an 
industrial process which selectively recovers particles based on their 
hydrophobicity with applications ranging from mineral extraction to 
wastewater treatment (Nguyen and Schulze, 2004; Rubio et al., 2002). 
In this process, bubbles and particles are injected into a cell filled with 
water so they can collide with each other. As the bubbles and particles 
collide, the target particles (which are hydrophobic) attach to the bub-
bles and are floated to the surface, where they can be removed. In other 
words, every single particle has to collide with a bubble before it is re-
covered. Given the broad range of application of froth flotation, as well 
as the large size of flotation cells and the complex flows therein which 
precludes particle-resolved simulations, there is a strong incentive to 
model the bubble–particle collision rate. The collision rate per volume 
𝑍 can be expressed as:
𝑍 = Γ𝑛𝑏𝑛𝑝, (1)

where 𝑛𝑝 and 𝑛𝑏 are the particle and bubble number density. The col-
lision kernel Γ serves as a fundamental parameter in quantifying the 
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frequency at which bubbles and particles collide per unit volume and 
time.

In quiescent fluid, the bubble-particle collision process is primar-
ily deterministic, governed by hydrodynamic mechanisms such as in-
terception, gravitational sedimentation, and inertia. Particles approach 
rising bubbles along trajectories shaped by these mechanisms, and the 
collision kernel in such systems can be equivalently quantified by the 
collision efficiency (𝐸𝑐). The collision efficiency quantifies the proba-
bility of collision, defined as the ratio of the number of particles that 
actually collide with the bubble to the total number of particles encoun-
tered along the bubble’s trajectory. The dominant collision mechanism 
depends strongly on particle properties, notably density 𝜌𝑝 and radius 
𝑟𝑝, relative to those of the bubble. Typically, particles are significantly 
smaller than bubbles, making the local flow field around the bubble cru-
cial for the collision dynamics. In the low-inertia limit, particles closely 
follow fluid streamlines, resulting in interception-driven collisions. The 
interceptional collision efficiency can be analytically derived based on 
the flow solutions around a bubble, as presented by Sutherland (1948), 
Weber and Paddock (1983), Yoon and Luttrell (1989), and describes 
how streamlines bring particles into contact with the bubble surface. 

https://doi.org/10.1016/j.ces.2025.122850
Received 18 July 2025; Received in revised form 7 October 2025; Accepted 24 October 2025

Chemical Engineering Science 321 (2026) 122850 

Available online 30 October 2025 
0009-2509/© 2025 The Author(s). Published by Elsevier Ltd. This is an open access article under the CC BY license ( http://creativecommons.org/licenses/by/4.0/ ). 

https://www.elsevier.com/locate/ces
https://www.elsevier.com/locate/ces
https://orcid.org/0000-0003-2363-0403

$Fr \leq 0.25$


$\boldsymbol {\Tilde {v}_b}$


$\boldsymbol {\Tilde {v}_b}$


$\rho _w$


$\rho _w$


$\sigma $


$\sigma $


$\tilde {\boldsymbol {u}}$


$\tilde {\boldsymbol {u}}$


$E(\omega )$


$E(\omega )$


$T^w_L$


$T^w_L$


$We$


$We$


$\boldsymbol {u}$


$\boldsymbol {u}$


$\boldsymbol {v}_b$


$\boldsymbol {v}_b$


$\varepsilon $


$\varepsilon $


$\eta $


$\eta $


$\Gamma $


$\Gamma $


$\nu $


$\nu $


$\rho _b$


$\rho _b$


$\rho _f$


$\rho _f$


$\rho _p$


$\rho _p$


$\tau _\eta $


$\tau _\eta $


$\tau _b$


$\tau _b$


$\tau _p$


$\tau _p$


$\theta _{cap}$


$\theta _{cap}$


$E_c$


$E_c$


$E_c^{(g)}$


$E_c^{(g)}$


$E_c^{(i)}$


$E_c^{(i)}$


$E_c^{(in)}$


$E_c^{(in)}$


$n_b$


$n_b$


$n_p$


$n_p$


$r_b$


$r_b$


$r_g$


$r_g$


$r_p$


$r_p$


${\rm Re}_b$


${\rm Re}_b$


$w_b$


${\rm Re}_{\lambda }$


${\rm Re}_{\lambda }$


${\rm St}_p$


${\rm St}_p$


$\tau _{\eta }$


${\rm St}_p^{\prime }$


${\rm St}_p^{\prime }$


$2r_b/w_b$


$u_{\eta }$


$u_{\eta }$


$v_{q}$


$v_{q}$


$v_{s}$


$v_{s}$


$w_{b}$


$w_{b}$


$w_{b,i}$


$w_{b,i}$


$i$


$Z$


\begin {equation}\label {eq:collKRate} Z = \Gamma n_bn_p,\end {equation}


$n_p$


$n_b$


$\Gamma $


$E_c$


$\rho _p$


$r_p$


$Re_\lambda $


$Fr$


$St_b$


$St_p$


\begin {equation}Re_\lambda = \sqrt {\frac {15}{\nu \varepsilon }}u'^2,\, Fr = \frac {a_\eta }{\mathfrak {g}} = \frac {u_\eta }{\mathfrak {g}\tau _\eta },\, St_b = \frac {\tau _b}{\tau _\eta },\, St_p = \frac {\tau _p}{\tau _\eta }, \label {Xeqn2-2}\end {equation}


$u'$


$\nu $


$\varepsilon $


$\mathfrak {g}$


$\tau _b = r_b^2(2\rho _b/\rho _f + 1)/(9\nu )$


$\tau _p = r_p^2(2\rho _p/\rho _f + 1)/(9\nu )$


$r_b$


$\rho _b$


$\rho _f$


$\tau _\eta = \sqrt {\nu /\varepsilon }$


$u_\eta = (\nu \varepsilon )^{0.25}$


$\eta $


$Re_b$


$Re_b$


$St_p' = 0$


$St_p'$


\begin {equation}\label {eq:collKFromEc} \Gamma = \pi r_b^2 \int _{0}^{\infty } E_c(Re_b,St_p')w_bf(w_b)\mathrm {d}w_b,\end {equation}


$f(\cdot )$


$E_c$


$Re_b = 2r_b w_b / \nu $


$St_p' = \tau _p w_b / 2r_b$


$w_b$


$r_g$


$r_g$


$E_c$


$r_g$


$r_b$


$f(w_b)$


$E_c$


$E_c$


\begin {equation}\label {eq:EcStillFluidParam} Re_b,\, \frac {r_b}{r_p},\, St_p',\, \frac {v_s}{w_b},\, \theta _{cap},\end {equation}


$v_s$


$\theta _{cap} = \pi $


$St_p' \to 0$


$r_c$


\begin {equation}\label {eq:Ec_interception} E_c^{(i)} = \bigg (\frac {r_g}{r_b}\bigg )^2 = \frac {3}{2}\bigg (\frac {r_p}{r_b}\bigg )^2 \bigg (1 + \frac {Re_b^{2/3}}{5}\bigg ).\end {equation}


$St_p'$


\begin {equation}\label {eq:Ec_inertial} E_c^{(in)} = \bigg (1 + \frac {r_p}{r_b}\bigg )^2\bigg (\frac {St_p'}{St_p' + a}\bigg )^b,\end {equation}


$a$


$b$


$\theta _c$


\begin {equation}\label {eq:Ec_gravitational} E_c^{(g)} = -\left (1+\frac {r_p}{r_b}\right )^2\frac {v_s}{w_b}\sin ^2\theta _c,\end {equation}


$\theta _c$


$v_s$


\begin {equation}\label {eq:Ec_total} E_c = E_c^{(i)} {+E_c^{(g)}}+ E_c^{(in)}\bigg (1 - \frac {E_c^{(i)}}{(1 + r_p/r_b)^2}\bigg ).\end {equation}


$E_c$


$(1+r_p/r_b)^2$


$St_p'$


$(E_c^{(i)}+E_c^{(g)})$


$E^{(in)}$


$E_c^{(g)}$


$f(w_b)$


$\mathbf {w}_b$


$w_{b,i}$


$i=x,y,z$


\begin {equation}\label {eq:pdfSlipVelNormal} f(w_{b,i}) = \frac {1}{\sqrt {2\pi \sigma ^2_{i}}}\exp {\bigg ( -\frac {(w_{b,i} - \langle w_{b,i} \rangle )^2}{2\sigma ^2_{i}}\bigg )},\end {equation}


$\langle \cdot \rangle $


$\sigma _{i}$


$\langle w_{b,x} \rangle = \langle w_{b,y} \rangle = 0$


$z$


$\langle w_{b,z} \rangle = \langle w_{b} \rangle $


$f(w_{b,i})$


$\Gamma $


$f(w_{b,i})$


$\sigma _{x} = \sigma _{y} = \sigma _{z} = \sigma _i$


$S$


$\sqrt {w^2_{b,x} + w^2_{b,y} + w^2_{b,z}}$


$\langle w_b\rangle $


$\lim _{x\to \infty } \sinh {(x)}/x \to \infty $


$\lim _{x\to \infty }\exp {(-x^2)}\to 0$


$f(w_b)$


$\langle w_b\rangle $


\begin {align}\label {eq:pdfSlipVelComplete} f(w_b) &= \begin {cases} \, \frac {\sqrt {2}w_b}{\sqrt {\pi } \sigma \langle w_{b} \rangle }\exp {\bigg (-\frac {w_b^2 + \langle w_b \rangle ^2}{2\sigma ^2} \bigg )}\sinh {\bigg (\frac {w_b \langle w_b \rangle }{\sigma ^2}\bigg )} &\text {if $\langle w_b \rangle /\sigma \leq 16$,} \\ \, \frac {1}{\sqrt {2\pi }\sigma }\exp \bigg (-\frac {(w_b - \langle w_b \rangle )^2}{2\sigma ^2}\bigg ) &\text {otherwise.} \end {cases}\end {align}


$f(w_b)$


$\boldsymbol {v_b}$


$\boldsymbol {u}$


$t$


$\mu =\nu \rho _f$


$f_b$


$Re_b$


$\boldsymbol {e}_z$


$\boldsymbol {v_b} = \langle v_{b,z} \rangle \boldsymbol {e}_z + \boldsymbol {\tilde {v}_b}$


$\boldsymbol {u} = \boldsymbol {\tilde {u}}$


$\tilde {\cdot }$


$1/Fr$


$Re_b$


$\langle v_{b,z} \rangle /v_q = 0.37/Fr_L$


$v_q$


$Fr_L = u'/\sqrt {2\mathfrak {g} r_b}$


$1/Fr$


$|\boldsymbol {v_b} - \boldsymbol {u}| \approx v_q$


$\langle |\boldsymbol {\tilde {v}_b} - \boldsymbol {\tilde {u}}|\rangle \propto u'$


$|\boldsymbol {v_b} - \boldsymbol {u}|$


$v_q$


$\langle v_{b,z} \rangle /v_q = (1-\chi Fr_L^2)$


$\chi \propto \langle |\boldsymbol {\tilde {v}_b} - \boldsymbol {\tilde {u}}|\rangle /(4u')$


\begin {equation}\label {eq:meanSlip} \langle w_b \rangle = \left \{ \begin {aligned} &v_q (1- \chi Fr_L^2) &\text {for $1/Fr_L \geq 2.08$,}\\ &0.37 \frac {v_q}{Fr_L} &\text {otherwise,}\\ \end {aligned} \right .\end {equation}


$v_q$


$f_{b} = 1 + 0.169(2r_bv_q/\nu )^{2/3}$


$\chi = 1$


$f(w_b)$


$\sigma $


$\sigma $


$a_m$


$r_b$


$\propto w_b^{3/2}$


$f_b \propto \sqrt {w_b}$


$w_b\sim \sigma _i$


$a_m = 2(\varepsilon r_b)^{2/3}/r_b$


\begin {equation}\label {eq:LMslip} \sigma _i^{(LM)} = \zeta \frac {\varepsilon ^{4/9}r_b^{7/9}}{\nu ^{1/3}}\bigg (\frac {\rho _f-\rho _b}{\rho _f}\bigg )^{2/3},\end {equation}


$\zeta $


$f_{bd} = (5/12)\sqrt {Re_b}$


$\sigma _i^{(LM)}$


$St \ll 1$


$a_m$


$w_b\sim \sigma _i$


$\sigma _i$


\begin {equation}\sigma _i^2 = \langle (\tilde {v}_{b,i} - u_i)^2\rangle = \langle \tilde {v}_{b,i}^2\rangle + u_i'^2 - 2\langle \tilde {v}_{b,i} u_i\rangle . \label {Xeqn15-16}\end {equation}


$\langle \tilde {v}_{b,i}^2\rangle $


$E_b(\omega )$


$E(\omega )$


\begin {equation}\label {eq:KosBubbleRMSBasic} \langle \tilde {v}_{b,i}^2\rangle = \int _{0}^{\infty } E_b(\omega ) \mathrm {d}\omega = \int _{0}^{\infty } H^2(\omega )E(\omega ) \mathrm {d}\omega ,\end {equation}


\begin {equation}\label {eq:bubResponseFunc} H^2(\omega ) = \frac {1 + (\beta \omega \tau _b/f_b)^2}{1 + (\omega \tau _b/f_b)^2}\end {equation}


\begin {equation}\label {eq:kosEnergySpec} E(\omega ) = E^{(Kos)}(\omega ) = u'^2\frac {T_L}{1 + (\omega T_L)^2}.\end {equation}


$\beta = 3\rho _f/(2\rho _b + \rho _f)$


$T_L$


$\langle \tilde {v}_{b,i} u\rangle $


$H^2(\omega )$


$H^2(\omega )$


$\boldsymbol {v_b}$


$\boldsymbol {u}$


$\mathrm {d}/\mathrm {d}t = \mathrm {D}/\mathrm {D}t$


\begin {equation}\label {eq:KosBubbleRMS} \sigma _i = \frac {2u'}{\sqrt {1 + T_L f_b/\tau _b}}\end {equation}


$St_b \ll 1$


$T_L/\tau _\eta = 0.181Re_\lambda $


$f_b = 1 + 0.169(2r_b\sigma _i/\nu )^{2/3}$


\begin {equation}\label {eq:KosBubbleRMSwithfb} \sigma _i^{(Kos)} = 2u_i'\bigg [1 + 6.291\frac {u_i'^2\nu }{\varepsilon r_b^2} \bigg (1 + 0.169\bigg (\frac {2r_b\sigma _i^{(Kos)}}{\nu }\bigg )^{2/3}\bigg )\bigg ]^{-1/2}.\end {equation}


$f_b$


$Re_b = 2r_b\sigma _i/\nu $


$1/Fr = 0$


$\sigma _i$


\begin {equation}\label {eq:BCsigmaBegin} \sigma _i^2 = \frac {\tau _b^2}{f_b^2}\bigg \langle \bigg (\frac {\mathrm {d}v_{b,i}}{\mathrm {d}t}\bigg )^2\bigg \rangle + \frac {\tau _b^2\beta ^2}{f_b^2}\bigg \langle \bigg ( \frac {\mathrm {D}u_i}{\mathrm {D}t}\bigg )^2\bigg \rangle - 2\frac {\tau _b^2\beta }{f_b^2}\bigg \langle \frac {\mathrm {d}v_{b,i}}{\mathrm {d}t}\frac {\mathrm {D}u_i}{\mathrm {D}t}\bigg \rangle ,\end {equation}


\begin {equation}\label {eq:BCcrossTerm} \bigg \langle \frac {\mathrm {d}v_{b,i}}{\mathrm {d}t}\frac {\mathrm {D}u_i}{\mathrm {D}t}\bigg \rangle = \frac {f_b}{\tau _b}\bigg \langle w_{b,i}\frac {\mathrm {D}u_i}{\mathrm {D}t}\bigg \rangle + \beta \bigg \langle \bigg ( \frac {\mathrm {D}u_i}{\mathrm {D}t}\bigg )^2\bigg \rangle .\end {equation}


$\langle (\mathrm {d}v_{b,i}/\mathrm {d}t)^2 \rangle $


$\langle (\mathrm {D}u_i/\mathrm {D}t)^2 \rangle $


$\omega ^2 H^2(\omega ) E(\omega )$


$\omega ^2 E(\omega )$


$H^2(\omega )$


$E(\omega )$


\begin {equation}\label {eq:BCEnergySpec} E(\omega ) = E^{(BC)}(\omega ) = u'^2\frac {T_L + T_2}{(1 + (\omega T_L)^2)(1 + (\omega T_2)^2)}.\end {equation}


$T_L/\tau _\eta = 2(Re_\lambda + 32)/(\sqrt {15}C_0)$


$T_2 = C_0/2(a_0)$


$C_0 = 7$


$a_0 = 5/(1 + 110/Re_\lambda )$


$T_2$


$C_0 = 7$


$T_L$


$\langle w_{b,i}(\mathrm {D}u_i/\mathrm {D}t)\rangle $


$\mathrm {d}\boldsymbol {v_b}/\mathrm {d}t = \mathrm {D}\boldsymbol {u}/\mathrm {D}t$


\begin {equation}\label {eq:BCcovariance} \bigg \langle w_b \frac {\mathrm {D}u_i}{\mathrm {D}t}\bigg \rangle = \frac {\sigma _i^2f_b}{\tau _b(1 - \beta )}.\end {equation}


\begin {equation}\label {eq:BCBubbleRMS} \sigma _i^{(BC)} = u'(\beta - 1)\frac {\tau _b/f_{b}}{\sqrt {(T_L + \tau _b/f_b)(T_2 + \tau _b/f_b)}},\end {equation}


$f_{b} = 1 + 0.169(2r_b\langle w_b\rangle /\nu )^{2/3}$


$\langle w_b \rangle $


$f_b$


$St\ll 1$


$\sigma _i^{(BC)}$


$St\ll 1$


$\beta = 3$


$\rho _b = 0$


$T_2 = 0$


$\sigma _i^{(Kos)}$


$\sigma _i^{(BC)}$


$f_b$


$\sigma _i^{(Kos)}$


$E(\omega )$


$\sigma _i$


$\mathbf {u}$


$p$


$\mathbf {f_b}$


$\mathbf {f}$


$\mathbf {f}$


$We=2r_b\rho _f \langle v_{b,z} \rangle ^2/\gamma $


$\gamma $


$\langle v_{b,z} \rangle $


$\mathrm {\textit {O}}(0.1)$


$We$


$\langle v_{b,z} \rangle $


$Re_b \lesssim 200$


$\mathbf {\Omega }_b$


$\mathbf {x}_b$


$V_b$


$S_b$


$m_b =\rho _b V_b$


$\bm {\mathbf {I_b}}$


$\textbf {n}$


$\mathbf {x}$


$\bm {\sigma } = -p\boldsymbol {I}+\mu (\nabla \boldsymbol {u} + \nabla \boldsymbol {u}^T)$


$\boldsymbol {I}$


$\mathbf {f}^{ibm}$


$\mathbf {f}^{ibm}$


$\mathbf {f}_b = \mathbf {f}^{ibm}$


$\mathbf {f}^{ibm}$


$\Pi $


$\langle \cdots \rangle _\Pi $


$\Pi $


$||\Pi ||$


$\Pi $


$\eta $


$f_p=1+0.15Re_p^{0.687}$


$\mathbf {u}$


$\rho _b/\rho _f = 1/1000$


$St_b = 0.5 - 6.3$


$1/Fr = 1-10$


$Re_\lambda = 64$


$N_x\times N_y\times N_z$


$\Delta x$


$\Delta t$


$\eta $


$\tau _\eta $


$\phi $


$Re_\lambda = 64$


$\phi $


$\leq 10$


$\delta u_b$


$z$


$z^{-1}$


$z_0$


$z^{-2}$


$\delta u_b(0)=\langle v_{b,z} \rangle $


$z_0$


$\delta u_b(z_0) = u'$


$\delta u_b(L_z) = 0.01 u' \ll u'$


$(St_b,1/Fr) = (6,10)$


$\delta /(2r_b)=1.13/Re_b^{1/2}$


$3r_b$


$St_b = 2.8$


$6.3$


$2\times 10^6$


$r_p = r_b/30$


$St_p\in [10^{-2}, 4]$


$20\tau _\eta $


$r_c = r_p+r_b$


$St_p$


$5r_b$


$\langle w_b \rangle $


$1/Fr_L$


$1/Fr$


$Fr_L$


$\langle w_b \rangle $


$\langle w_b \rangle $


$St_b$


$1/Fr$


$\langle w_b \rangle $


$1/Fr_L$


$(St_b,1/Fr) = (2.8,10)$


$(6.3,10)$


$1/Fr_L$


$1/Fr_L = 2.08$


$\langle w_b \rangle /v_q = 0.77$


$\langle w_b \rangle /v_q$


$1/Fr_L$


$v_q$


$\langle w_b \rangle $


$\langle w_b \rangle $


$f(w_b)$


$\sigma _i = \sqrt {(\sigma _x^2 + \sigma _y^2 + \sigma _z^2)/3}$


$St_b$


$\sigma _i^{(BCm)}$


$f_b = 1 + 0.169\langle Re_b \rangle ^{2/3}$


$\sigma _i^{(Kos)}$


$\sigma _i^{(LM)}$


$1/Fr$


$\sigma _i$


$St_b$


$1/Fr$


$St_b$


$\sigma _i$


$1/Fr$


$\sigma _i$


$St_b$


$\sigma _i$


$1/Fr$


$T_L$


$1/Fr$


$\sigma _i^{(BC)}$


$\sigma _i^{(BCm)}$


$1/Fr$


$f_b$


$T_L$


$1/Fr$


$\sigma _i$


$1/Fr$


$\sigma _i^{(LM)}$


$\sigma _i^{(Kos)}$


$f_b$


$f_b$


$\sigma _i^{(BCm)}$


$\sigma _i^{(BC)}$


$f_{b} = 1 + 0.169(2r_b\langle w_b\rangle /\nu )^{2/3}$


$\sigma _i^{(BCm)}$


$St_b$


$St_b \ll 1$


$\sigma _i$


$St_b$


$\sigma _i^{(LM)}$


$\sigma _i \sim w_b$


$\sigma _i$


$\zeta $


$=0.83$


$\sigma ^{(Kos)}$


$\sigma _i$


$E(\omega )$


$f_b$


$\sigma ^{(BC)}$


$\sigma ^{(BCm)}$


$1/Fr$


$Re_b$


$f(w_b)$


$St_b = 0.5$


$St_b = 1$


$St_b = 2.8$


$St_b = 6.3$


$\langle w_b \rangle $


$\langle w_b \rangle $


$\sigma _i$


$f_b$


$1/Fr \geq 4$


$f(w_b)$


$\langle w_b\rangle $


$\sigma _i$


$1/Fr = 10$


$f(w_b)$


$\langle w_i \rangle $


$\sigma _i = \sqrt {(\sigma _x^2 + \sigma _y^2 + \sigma _z^2)/3}$


$f(w_b)^{(m)}$


$f(w_b)$


$1/Fr \leq 2$


$f(w_b)$


$1/Fr$


$\sigma _x = \sigma _y = \sigma _z$


$f(w_b)$


$\sigma _x$


$\sigma _y$


$\sigma _z$


$f(w_b)^{(m)}_{an}$


$1/Fr > 2$


$f(w_b)^{(m)}_{an}$


$f(w_b)^{(m)}$


$1/Fr\leq 4$


$1/Fr=10$


$St_b \leq 1$


$\sigma _x = \sigma _y = \sigma _z$


$1/Fr < 4$


$\sigma _z$


$1/Fr$


$\sigma _z$


$f(w_b)$


$1/Fr > 2$


$\sigma _i$


$f(w_b)$


$1/Fr \leq 2$


$\sigma _i$


$f(w_b)$


$f(w_b)$


$1/Fr \geq 4$


$f(w_b)$


$f(w_b)$


$f(w_b)$


$\sigma ^{(BC)}$


$St_b = 2.8$


$St_b = 6.3$


$\Gamma ^{(Kos)}$


$\Gamma ^{f(w_b)}$


$\Gamma ^{sim}$


$\Gamma ^{f(w_b)}$


$St_b = 2.8$


$St_b = 6.3$


$\Gamma $


$St_p=0$


$1/Fr$


$\Gamma ^{(Kos)}$


$\Gamma ^{(Kos)}_{nS}$


$\Gamma ^{(Kos)}_{nSnW}$


$u_{\infty }$


$Re_b^{\infty } = 2r_bu_{\infty }/\nu = 120$


$\Gamma ^{(Kos)}$


$-u_r(r_c)$


$St_b = 2.8$


$6.3$


$St_p$


$1/Fr \geq 2$


$\Gamma \tau _\eta /r_c^3$


$St_p$


$1/Fr$


$\Gamma ^{sim}$


$\Gamma ^{model}$


$\Gamma ^{sim}$


$\Gamma ^{model}$


$1/Fr \geq 2$


$St_p \sim 0.1$


$St_p \sim 0.1$


$E_c$


$St_p'$


$St_p'$


$w_b$


$f(w_b)$


$St_p$


$St_p$


$\Gamma ^{model}$


$\Gamma ^{sim}$


$St_p = .1$


$E_c$


$f(w_b)$


$\Gamma ^{sim}$


$\Gamma ^{model}$


$St_p \approx 0.01$


$1/Fr \geq 4$


$\Gamma ^{sim}$


$St_p = .01$


$f(w_b)$


$\Gamma ^{f(w_b)}$


$\Gamma ^{model}$


$\Gamma ^{f(w_b)}$


$1/Fr \geq 4$


$St_p$


$\Gamma ^{f(w_b)}$


$\Gamma ^{sim}$


$St_p \approx 0.01$


$f(w_b)$


$1/Fr \geq 4$


$St_b$


$(St_b,1/Fr) = (11,4.4)$


$Re_\lambda $


$w_b$


$3r_b$


$\Gamma ^{sim}$


$\Gamma ^{sim}$


$\Gamma ^{f(w_b)}$


$St_p = 0$


$1/Fr \geq 4$


$\Gamma ^{sim}$


$St_p \approx 0.01$


$\Gamma ^{sim}$


$St_p$


$Re_\lambda $


$St_b$


$1/Fr$


$St_p$


$\theta $


$St_p$


$St_p$


$\Gamma ^{(Kos)}$


$St_p$


$\Gamma ^{(Kos)}$


$\Gamma ^{(Kos)}/\Gamma ^{model}$


$St_p = 0$


$1/Fr \in [1,10]$


$v_{pt}$


$r_c$


$v_{pt} = r_p/2\cdot \langle |\partial u_i /\partial x_i| \rangle = r_p/2\cdot \sqrt {2/(15\pi )}\sqrt {\varepsilon /\nu }$
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\begin {align}T_L^w = \int _0^{\tau _\infty } \rho _w(\tau ) \mathrm {d}\tau \label {Xeqn31-34}\end {align}
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\begin {equation}\label {eq:KostoglouBestFit} \Lambda (x) = \left \{ \begin {aligned} x \quad &\text {for $x > 0$,}\\ 0 \quad &\text {otherwise,}\\ \end {aligned} \right .\end {equation}
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\begin {equation}N_1 = 3YFU_T,\quad N_2 = 2XFU_T - v_s\mathfrak {f},\quad N_3 = v_{pt} - YFU_T. \label {Xeqn37-B.5}\end {equation}


$v_s = 2r_p^2(1 - \rho _p/\rho _f)\mathfrak {g}/(9\nu (1+0.169Re_p^{2/3}))$


$v_{pt} = (r_p/\tau _\eta )/(30\pi )^{1/2}$
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Nomenclature

𝒗̃𝒃 bubble velocity fluctuation
𝜌𝑤 autocorrelation function of the bubble slip velocity
𝜎 standard deviation of the bubble slip velocity
𝒖̃ fluid velocity fluctuation
𝐸(𝜔) energy spectrum
𝑇𝑤
𝐿 integral time scale of bubble slip velocity

𝑊 𝑒 Weber number
𝒖 fluid velocity
𝒗𝑏 bubble rise velocity
𝜀 turbulent energy dissipation rate
𝜂 Kolmogorov length scale
Γ collision kernel
𝜈 fluid kinematic viscosity
𝜌𝑏 bubble density
𝜌𝑓 fluid density
𝜌𝑝 particle density
𝜏𝜂 Kolmogorov time scale
𝜏𝑏 bubble response time scale
𝜏𝑝 particle response time scale
𝜃𝑐𝑎𝑝 contamination angle
𝐸𝑐 collision efficiency in still fluid
𝐸(𝑔)
𝑐 gravitational collision efficiency

𝐸(𝑖)
𝑐 interceptional collision efficiency

𝐸(𝑖𝑛)
𝑐 inertial collision efficiency

Fr Froude number
𝑛𝑏 bubble number density
𝑛𝑝 particle number density
𝑟𝑏 bubble radius
𝑟𝑔 grazing radius
𝑟𝑝 particle radius
Re𝑏 bubble Reynolds number based on 𝑤𝑏
Re𝜆 Taylor Reynolds number
St𝑝 particle Stokes number based on 𝜏𝜂
St′𝑝 particle Stokes number based on time scale 2𝑟𝑏∕𝑤𝑏
𝑢𝜂 Kolmogorov velocity scale
𝑣𝑞 bubble rise velocity in still fluid
𝑣𝑠 particle settling velocity
𝑤𝑏 bubble slip velocity magnitude
𝑤𝑏,𝑖 bubble slip velocity component in 𝑖th direction
Z collision rate per unit volume

When particle inertia increases, particles deviate from streamlines and 
collide due to inertial effects as well, leading to a marked rise in colli-
sion efficiency (Schulze, 1989). Additionally, particle gravitational set-
tling can enhance collision rates, especially for dense or large particles, 
with corresponding models extending the efficiency predictions (Ralston 
et al., 1999; Weber and Paddock, 1983). Intuitively, the contributions of 
interception, inertia, and gravity to the total collision efficiency may be 
considered additive (Schulze, 1989). More recently, Huang et al. (2012) 
studied the impact of the interface contamination on the collision effi-
ciency by means of direct numerical simulations.

While the deterministic mechanisms governing bubble-particle col-
lisions in quiescent fluid provide valuable foundational insights, real 
flotation systems typically operate under turbulent conditions where 
flow unsteadiness and velocity fluctuations profoundly influence col-
lision dynamics. Unlike the relatively predictable trajectories in static 
environments, turbulence introduces stochastic relative motions and en-
hanced mixing that can significantly increase collision rates beyond 
those captured by quiescent fluid models. To this end, more parame-
ters are relevant in determining the collision kernel in turbulence. The 
most relevant ones are the Taylor Reynolds number 𝑅𝑒𝜆, which indi-
cates the turbulence intensity, the Froude number 𝐹𝑟 characterising the 
strength of turbulence relative to gravity, and the bubble and particle 

Stokes numbers based on the Kolmogorov time scale 𝑆𝑡𝑏 and 𝑆𝑡𝑝. These 
are defined as follows:

𝑅𝑒𝜆 =
√

15
𝜈𝜀

𝑢′2, 𝐹 𝑟 =
𝑎𝜂
𝔤

=
𝑢𝜂
𝔤𝜏𝜂

, 𝑆𝑡𝑏 =
𝜏𝑏
𝜏𝜂

, 𝑆𝑡𝑝 =
𝜏𝑝
𝜏𝜂

, (2)

where 𝑢′ is the single-component root-mean-square (r.m.s.) fluid veloc-
ity, 𝜈 is the kinematic viscosity, 𝜀 is the average rate of turbulent dissi-
pation, 𝔤 is the gravitational acceleration, 𝜏𝑏 = 𝑟2𝑏(2𝜌𝑏∕𝜌𝑓 + 1)∕(9𝜈) is the 
bubble response time, 𝜏𝑝 = 𝑟2𝑝(2𝜌𝑝∕𝜌𝑓 + 1)∕(9𝜈) is the particle response 
time, 𝑟𝑏 is the bubble radius, 𝜌𝑏 is the bubble density, 𝜌𝑓  is the fluid 
density, and 𝜏𝜂 =

√

𝜈∕𝜀 and 𝑢𝜂 = (𝜈𝜀)0.25 are the Kolmogorov time scale 
and velocity scale, respectively. The particle response time character-
izes the time scale over which a particle adjusts its velocity to match 
changes in the surrounding fluid velocity. It can be derived by nondi-
mensionalizing the equation of motion for point particles subjected to 
fluid forces, as detailed in seminal works (Gatignol, 1983; Maxey and 
Riley, 1983). In turbulent flows, this formulation is generally valid for 
particles that are small compared to the Kolmogorov length scale 𝜂.

Modeling the bubble-particle collision kernel fundamentally depends 
on a detailed understanding of both bubble and particle dynamics within 
turbulent flows. Early models for bubble-particle collisions have natu-
rally drawn upon the extensive literature on particle-particle collisions 
(see for example Pumir and Wilkinson (2016)), where dynamics are 
often described by point-particle approximations. One of the seminal 
works in this area is the model proposed by Saffman and Turner (1956), 
which accounts for shear-induced collisions between tracer-like parti-
cles in turbulence. In contrast, Abrahamson (1975) developed a colli-
sion kernel model applicable to particles with very large inertia, char-
acterizing collision rates driven primarily by relative inertial motion. 
Practically, flotation systems operate with bubbles and particles that lie 
in an intermediate inertia regime. Addressing this, Yuu (1984) proposed 
a collision model that incorporates both shear and inertia induced rela-
tive motions for particles with intermediate Stokes numbers, thus bridg-
ing the gap between the two limiting cases. Nevertheless, these models 
predominantly quantify the ‘geometric collision’ rate typical of particle-
particle interactions (see Chan et al. (2023) and Chan et al. (2025) for an 
overview). Insights from studies on bubble-particle collision efficiency 
in quiescent fluids clearly demonstrate that disregarding the pronounced 
size difference between bubbles and particles introduces significant in-
accuracies in collision kernel estimates. The large size disparity indicates 
that the flow disturbance created by the bubble strongly influences parti-
cle trajectories, fundamentally altering collision probabilities compared 
to particle-particle interactions. However, accounting for the effect of 
turbulence in addition to the flow distortion by the bubble is a long 
standing problem in the literature (Hassanzadeh et al., 2018; Nguyen 
et al., 2016; Pyke et al., 2003; Wang et al., 2022, 2020, 2018). One 
approach has been to estimate the collision kernel in turbulent flows 
by multiplying the geometric collision kernel by the collision efficiency 
(Koh and Schwarz, 2006; Pyke et al., 2003).  However, this approach 
is conceptually problematic as the instantaneous and averaged values 
of 𝑅𝑒𝑏 can differ significantly. Additionally, Pyke et al. (2003) incor-
rectly defines 𝑅𝑒𝑏 with the bubble rise velocity instead of the bubble 
slip velocity.

In contrast, the recent model by Kostoglou et al. (2020a) takes a dif-
ferent approach and implicitly includes the collision efficiency concept 
in turbulence in a consistent manner. This is done by directly evaluating 
the particle influx around an isolated bubble that is exposed to an un-
steady incident flow whose fluctuations are determined by the bubble 
r.m.s. slip velocity, and by incorporating the distorted flow field around 
the bubble using the expression given by Nguyen and Schulze (2004). In 
addition, they consider the collisions caused by small scale turbulence. 
Their model is proposed for the case of uniformly distributed tracer-
like particles colliding with bubbles, so it has limited applicability in 
real-life, where inertial effects are significant for most particles.  More 
recently, Jiang and Krug (2025) developed an approach applicable to 
inertial, one-way coupled particles by decomposing the bubble trajec-
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Fig. 1. (a) Sketch of the ‘frozen turbulence’ collision model along the bubble trajectory where it collides with particles at multiple instances. The dashed line 
represents streamlines around the bubble and the red solid lines denote particle trajectories under the frozen turbulence approximation. The sizes of the bubble, the 
particles and the particle trajectories are exaggerated for visibility. (b) Sketch of a particle with 𝑆𝑡′𝑝 = 0 travelling along the grazing trajectory (black solid line) to 
collide with a bubble in still fluid. The red dashed line is the corresponding streamline. The collision cylinder used to define the collision efficiency is also shown. 
(c) Sketch of a bubble–particle collision with finite 𝑆𝑡′𝑝 where the grazing trajectory deviates from the corresponding streamline.

tory into small segments over which the bubble slip velocity is assumed
constant. This reduces the instantaneous collision process to a determin-
istic quiescent fluid scenario with a slip velocity equal to the instanta-
neous value. However, in their study the bubble slip velocity distribution 
is not predicted, but it is obtained directly from numerical simulations. 
As a result, the model remains unclosed in terms of collision kernel pre-
diction. The present work builds upon the framework of Jiang and Krug 
(2025) by developing a complete model for the slip velocity probabil-
ity distribution, thereby enabling standalone prediction of the bubble-
particle collision kernel without reliance on additional simulation data. 

This paper is organised as follows: We first present our model in 
Section 2, then we describe the simulations conducted in Section 3. The 
simulation results are compared with the model predictions in Section 4. 
This is followed by a discussion on our model’s regime of validity and its 
practical implications in Section 5. Finally, the conclusions are drawn 
in Section 6.

2.  Modelling approach

2.1.  General concept

We start with a brief description of the collision framework proposed 
in Jiang and Krug (2025). To obtain the collision kernel, the bubble tra-
jectory is decomposed into tiny fragments, for which the bubble velocity 
can be considered constant. During the time it takes for the bubble to 
travel along such a fragment, a ‘frozen turbulence’ approximation is em-
ployed (i.e. the flow field close to the bubble is considered to be steady 
and uniform), such that the instantaneous process is equivalent to the 
deterministic still fluid case with a bubble slip velocity corresponding 
to the instantaneous value. This approximation therefore focuses on the 
turbulence effects on bubbles instead of particles since for finite-size 
bubbles, the flow near the bubble deviates from homogeneous isotropic 
turbulence such that turbulence effects on particles may be less signifi-
cant. Fig. 1(a) sketches the frozen turbulence approximation for an ex-
ample bubble trajectory, where the streamlines and particle trajectories 
around the bubble positions at three instants are shown. At every in-
stant, the collision kernel can be evaluated by the collision efficiency 
with the corresponding conditions (see Jiang and Krug (2025) for de-
tails). Integrating this over the entire bubble trajectory results in the 
overall collision kernel
Γ = 𝜋𝑟2𝑏 ∫

∞

0
𝐸𝑐 (𝑅𝑒𝑏, 𝑆𝑡′𝑝)𝑤𝑏𝑓 (𝑤𝑏)d𝑤𝑏, (3)

where 𝑓 (⋅) is the probability density function (p.d.f.) and 𝐸𝑐 repre-
sents the collision efficiency in a still fluid as a function of the bub-
ble Reynolds number (𝑅𝑒𝑏 = 2𝑟𝑏𝑤𝑏∕𝜈) and the particle Stokes number 

(𝑆𝑡′𝑝 = 𝜏𝑝𝑤𝑏∕2𝑟𝑏), both defined with respect to the bubble slip velocity 
𝑤𝑏. As illustrated in Fig. 1(b), only particles that are initially (i.e. in 
the undisturbed flow far from the bubble) located within a distance 𝑟𝑔
from the centreline of the cylinder swept by the bubble eventually col-
lide with the bubble (𝑟𝑔 is hence known as the ‘grazing radius’). The 
collision efficiency 𝐸𝑐 can therefore be expressed as the ratio between 
the area of a circle with radius 𝑟𝑔 to that of a circle with radius 𝑟𝑏 (Dai 
et al., 1998; Schulze, 1989):

𝐸𝑐 =
number of colliding particles per unit length

number of particles swept by the bubble per unit length

=
𝑛𝑝𝜋𝑟2𝑔
𝑛𝑝𝜋𝑟2𝑏

=
( 𝑟𝑔
𝑟𝑏

)2
. (4)

In order to turn (3) into a predictive model, parametrisations for both 
𝑓 (𝑤𝑏) and 𝐸𝑐 must be established. These will be presented in the fol-
lowing two sections, respectively.

2.2.  Parametrisation of the collision efficiency

In general, 𝐸𝑐 is determined by five nondimensional parameters 
(Huang et al., 2012; Sarrot et al., 2005; Schuch and Löffler, 1978; 
Schulze, 1989):

𝑅𝑒𝑏,
𝑟𝑏
𝑟𝑝
, 𝑆𝑡′𝑝,

𝑣𝑠
𝑤𝑏

, 𝜃𝑐𝑎𝑝, (5)

which are the bubble Reynolds number, the bubble-particle size ratio, 
the particle Stokes number based on bubble slip velocity, the particle 
settling speed ratio, and the bubble contamination angle, respectively. 
Additionally, 𝑣𝑠 is the particle settling speed. In the discussion below, we 
restrict ourselves to the case of fully contaminated bubbles (𝜃𝑐𝑎𝑝 = 𝜋), 
which is reasonable for bubbles in flotation (Huang et al., 2012; Nguyen 
and Schulze, 2004).

In the 𝑆𝑡′𝑝 → 0 limit particles perfectly follow the fluid flow. 
A collision then occurs if the streamline carrying the particle 
comes within the collision distance 𝑟𝑐 . This is termed the ‘intercep-
tion mechanism’ (Schulze, 1989) and Sarrot et al. (2005) showed
that

𝐸(𝑖)
𝑐 =

( 𝑟𝑔
𝑟𝑏

)2
= 3

2

( 𝑟𝑝
𝑟𝑏

)2(

1 +
𝑅𝑒2∕3𝑏
5

)

. (6)

As 𝑆𝑡′𝑝 increases, the particle trajectories are less affected by the locally 
distorted flow field, which can cause more of the incident particles to 
collide with the front half of the bubble as shown in Fig. 1(b), thus 
increasing the collision efficiency (Huang et al., 2012). This ‘inertial 
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mechanism’ can be expressed as (Schuch and Löffler, 1978; Schulze, 
1989)

𝐸(𝑖𝑛)
𝑐 =

(

1 +
𝑟𝑝
𝑟𝑏

)2( 𝑆𝑡′𝑝
𝑆𝑡′𝑝 + 𝑎

)𝑏
, (7)

where 𝑎 and 𝑏 are fitting parameters, which were determined through 
additional simulations (see Appendix A).  Furthermore, gravitational 
settling of heavy particles also affects the collision efficiency. To cap-
ture this effect, Weber and Paddock (1983) incorporated the particle 
settling velocity additively into the local fluid velocity at the collision 
position and integrated the resulting particle flux over the collision an-
gle up to a critical value 𝜃𝑐 , thereby deriving the gravitational collision 
efficiency:

𝐸(𝑔)
𝑐 = −

(

1 +
𝑟𝑝
𝑟𝑏

)2 𝑣𝑠
𝑤𝑏

sin2 𝜃𝑐 , (8)

where we adopt the expression of 𝜃𝑐 from Kostoglou et al. (2020a) (also 
provided in Appendix B). Note that since particle settling corresponds to 
negative values of 𝑣𝑠, the resulting gravitational contribution to the col-
lision kernel is positive in this case. Schulze (1989) proposed to model 
the overall collision efficiency as a superposition of the interception, 
gravitational, and inertial contributions, leading to

𝐸𝑐 = 𝐸(𝑖)
𝑐 +𝐸(𝑔)

𝑐 + 𝐸(𝑖𝑛)
𝑐

(

1 −
𝐸(𝑖)
𝑐

(1 + 𝑟𝑝∕𝑟𝑏)2

)

. (9)

Here, the term in brackets ensures that 𝐸𝑐 scales as (1 + 𝑟𝑝∕𝑟𝑏)2 in the 
high 𝑆𝑡′𝑝 limit. We note that the inertial and gravitational contributions 
are treated as additive, though this assumption is not strictly valid in ev-
ery case. It is applied in this expression with the assumption that either 
(𝐸(𝑖)

𝑐 + 𝐸(𝑔)
𝑐 ) or 𝐸(𝑖𝑛) is dominant (Schulze, 1989). Nevertheless, this for-

mulation represents, to the best of our knowledge, the most physically 
consistent and predictive expression currently available for describing 
the combined influence of particle inertia and gravity. Note that the par-
ticle gravitational settling effect is not included in the work of Jiang and 
Krug (2025). As the particle settling may have a role when the particle 
Stokes number is large, we here extend the model of Jiang and Krug 
(2025) by including 𝐸(𝑔)

𝑐 . 

2.3.  Modelling the bubble slip velocity probability density function

The final missing ingredient to turn the approach outlined in (3) 
into a predictive model is a suitable model that predicts the p.d.f. of the 
bubble slip speed 𝑓 (𝑤𝑏) using flow and bubble parameters as inputs. For 
this, we start with considering the slip velocity vector 𝐰𝑏 with normally 
distributed velocity components 𝑤𝑏,𝑖 (𝑖 = 𝑥, 𝑦, 𝑧 indicates the direction), 
i.e.

𝑓 (𝑤𝑏,𝑖) =
1

√

2𝜋𝜎2𝑖

exp
(

−
(𝑤𝑏,𝑖 − ⟨𝑤𝑏,𝑖⟩)2

2𝜎2𝑖

)

, (10)

where ⟨⋅⟩ denotes averaging and 𝜎𝑖 is the standard deviation of the bub-
ble slip velocity component. This approach has also been taken by Berk 
and Coletti (2024). For the horizontal components ⟨𝑤𝑏,𝑥⟩ = ⟨𝑤𝑏,𝑦⟩ = 0
as buoyancy acts only along the vertical (𝑧) direction and hereafter we 
take ⟨𝑤𝑏,𝑧⟩ = ⟨𝑤𝑏⟩ for simplicity. We note that 𝑓 (𝑤𝑏,𝑖) is sometimes bet-
ter described by a stretched exponential function (Masuk et al., 2021). 
Nonetheless, as the main difference lies in the tails of the distributions, 
the impact on the predicted collision kernel Γ is minimal (Bragg and 
Collins, 2014; Saffman and Turner, 1956). Additionally, fitting param-
eters have to be introduced if a stretched exponential function is em-
ployed. We therefore choose to model 𝑓 (𝑤𝑏,𝑖) with a Gaussian distribu-
tion. Assuming that the components are independent of each other and 
𝜎𝑥 = 𝜎𝑦 = 𝜎𝑧 = 𝜎𝑖 (Berk and Coletti, 2024), we integrate the joint p.d.f. 
over a spherical shell 𝑆 with a radius of 

√

𝑤2
𝑏,𝑥 +𝑤2

𝑏,𝑦 +𝑤2
𝑏,𝑧 to obtain

𝑓 (𝑤𝑏) = ∯𝑆
𝑓 (𝑤𝑏,𝑥)𝑓 (𝑤𝑏,𝑦)𝑓 (𝑤𝑏,𝑧)d𝑆

=

√

2𝑤𝑏
√

𝜋𝜎⟨𝑤𝑏⟩
exp

(

−
𝑤2

𝑏 + ⟨𝑤𝑏⟩
2

2𝜎2

)

sinh
(

𝑤𝑏⟨𝑤𝑏⟩

𝜎2

)

. (11)

We note that mathematically evaluating (11) in the limiting of 
large ⟨𝑤𝑏⟩ leads to undefined values, since lim𝑥→∞ sinh (𝑥)∕𝑥 → ∞
and lim𝑥→∞ exp (−𝑥2) → 0. This limiting case corresponds to a gravity-
dominated regime in which the slip velocity vector is oriented nearly 
vertically and the velocity fluctuation is negligible. Such a scenario does 
not occur in the turbulent flow conditions we consider. Nevertheless, 
when the mean slip velocity is relatively large with respect to the fluctu-
ations, the distribution 𝑓 (𝑤𝑏) converges to a normal distribution centred 
at ⟨𝑤𝑏⟩ (see Appendix C). Therefore, we use 

𝑓 (𝑤𝑏) =

⎧

⎪

⎨

⎪

⎩

√

2𝑤𝑏
√

𝜋𝜎⟨𝑤𝑏⟩
exp

(

−
𝑤2
𝑏+⟨𝑤𝑏⟩

2

2𝜎2

)

sinh
(

𝑤𝑏⟨𝑤𝑏⟩

𝜎2

)

if ⟨𝑤𝑏⟩∕𝜎 ≤ 16,

1
√

2𝜋𝜎
exp

(

− (𝑤𝑏−⟨𝑤𝑏⟩)2

2𝜎2

)

otherwise.

(12)

Based on (12), 𝑓 (𝑤𝑏) can be constructed if the mean vertical bub-
ble slip velocity and the standard deviation of the slip velocity compo-
nents are determined. The models for these quantities in literature are 
all based on the point-bubble approximation (Gatignol, 1983; Maxey 
and Riley, 1983), which means that the bubble dynamics are governed 
by

4
3
𝜋𝑟3𝑏𝜌𝑏

d𝒗𝒃
d𝑡

= 6𝜋𝜇𝑟𝑏𝑓𝑏(𝒖 − 𝒗𝒃) +
4
3
𝜋𝑟3𝑏𝜌𝑓

D𝒖
D𝑡

+ 2
3
𝜋𝑟3𝑏𝜌𝑓

(

D𝒖
D𝑡

−
d𝒗𝒃
d𝑡

)

+4
3
𝜋𝑟3𝑏(𝜌𝑓 − 𝜌𝑏)𝔤𝒆𝑧, (13)

where 𝒗𝒃 is the bubble velocity, 𝒖 is the fluid velocity, 𝑡 is the time, 
𝜇 = 𝜈𝜌𝑓  is the absolute viscosity, 𝑓𝑏 is the correction factor that accounts 
for nonlinear drag and is a function of 𝑅𝑒𝑏, and 𝒆𝑧 is the unit vector 
pointing vertically upwards. The terms on the right hand side of (13) are 
the drag force, pressure gradient force, added mass force, and buoyancy, 
respectively. (13) does not include the history force and the lift force as 
these are neglected in many models to improve tractability. We note that 
the lift force can play a significant role on the bubble trajectory (Spelt 
and Biesheuvel, 1997). Nonetheless, for predicting the magnitude of the 
slip velocity, Berk and Coletti (2024) showed that neglecting the lift 
force does not significantly affect the result. Hence we do not consider 
the lift and history forces in our model.

2.3.1.  Mean vertical slip velocity
To obtain the mean vertical slip velocity, we assume that it is approx-

imately equal to the bubble rise velocity. This is a strong assumption 
since it implies that the fluid sampled by the bubbles has a negligible 
average vertical velocity, even though bubbles are known to cluster in 
certain flow regions in turbulence (Calzavarini et al., 2008a,b). This as-
sumption will be justified in Section 4. Ruth et al. (2021) investigated 
the bubble rise velocity in turbulence by introducing a Reynolds decom-
position of 𝒗𝒃 = ⟨𝑣𝑏,𝑧⟩𝒆𝑧 + 𝒗̃𝒃 and in the absence of a mean flow 𝒖 = 𝒖̃
into (13), where ̃⋅ represents fluctuations. For small 1∕𝐹𝑟 (i.e. weak grav-
ity), they found that turbulence reduces the bubble rise velocity through 
nonlinear drag, which couples the horizontal slip velocity components 
with the vertical component as 𝑅𝑒𝑏 depends on the magnitude of the 
slip velocity. As a result, ⟨𝑣𝑏,𝑧⟩∕𝑣𝑞 = 0.37∕𝐹𝑟𝐿, where 𝑣𝑞 is the bubble 
rise velocity in quiescent fluid, 𝐹𝑟𝐿 = 𝑢′∕

√

2𝔤𝑟𝑏 is a large-scale Froude 
number, and 0.37 is obtained by fitting. For the large 1∕𝐹𝑟 limit, they 
also found that turbulence reduces the bubble rise velocity. To model 
this, they considered |𝒗𝒃 − 𝒖| ≈ 𝑣𝑞 as well as ⟨|𝒗̃𝒃 − 𝒖̃|⟩ ∝ 𝑢′ which was 
observed in their simulations, and expanded |𝒗𝒃 − 𝒖| around 𝑣𝑞 . This 
resulted in ⟨𝑣𝑏,𝑧⟩∕𝑣𝑞 = (1 − 𝜒𝐹𝑟2𝐿), where 𝜒 ∝ ⟨|𝒗̃𝒃 − 𝒖̃|⟩∕(4𝑢′) is a pro-
portionality constant. We adopt these parametrisations here and model 
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the mean vertical slip velocity with

⟨𝑤𝑏⟩ =

⎧

⎪

⎨

⎪

⎩

𝑣𝑞(1 − 𝜒𝐹𝑟2𝐿) for 1∕𝐹𝑟𝐿 ≥ 2.08,

0.37
𝑣𝑞
𝐹𝑟𝐿

otherwise,
(14)

where 𝑣𝑞 is determined through balancing the drag term with buoyancy 
in (13) taking 𝑓𝑏 = 1 + 0.169(2𝑟𝑏𝑣𝑞∕𝜈)2∕3, and 𝜒 = 1 in accordance with 
Liu et al. (2024).

2.3.2.  Standard deviation of the slip velocity
The other quantity that needs to be determined to construct 𝑓 (𝑤𝑏) is 

the standard deviation of the bubble slip velocity 𝜎. Several expressions 
for 𝜎 have been proposed over the years. One of the earliest predictions 
draws analogy with gravitational settling (Liepe and Möckel, 1976). In 
this framework, gravitational acceleration is replaced by the centripetal 
acceleration 𝑎𝑚 of eddies with a size of 𝑟𝑏. The resultant apparent weight 
is then balanced by a drag force ∝ 𝑤3∕2

𝑏  (i.e. 𝑓𝑏 ∝
√

𝑤𝑏) and an assump-
tion of 𝑤𝑏 ∼ 𝜎𝑖 is applied. Considering eddies that lie inside the inertial 
subrange such that 𝑎𝑚 = 2(𝜀𝑟𝑏)2∕3∕𝑟𝑏,

𝜎(𝐿𝑀)
𝑖 = 𝜁

𝜀4∕9𝑟7∕9𝑏

𝜈1∕3

(𝜌𝑓 − 𝜌𝑏
𝜌𝑓

)2∕3
, (15)

where 𝜁 is a constant whose value ranges from 0.57 to 0.83 in the lit-
erature (Liepe and Möckel, 1976; Nguyen and Schulze, 2004; Schubert, 
1999). Among these, Kostoglou et al. (2020b) argued that a value of 0.83 
is correct which corresponds to 𝑓𝑏𝑑 = (5∕12)

√

𝑅𝑒𝑏. We note that 𝜎(𝐿𝑀)
𝑖

does not necessarily have to be motivated using gravitational settling. 
Instead, (15) can be recovered in the no-gravity 𝑆𝑡 ≪ 1 limit of (13) if 
the fluid acceleration is approximated by 𝑎𝑚, as discussed in Chan et al. 
(2023). In this case, one still needs to take 𝑤𝑏 ∼ 𝜎𝑖 and this assumption 
should not be taken for granted.

The model used in Kostoglou et al. (2020a) does not employ this 
assumption and is based on the work about collisions between particles 
with different response times by Yuu (1984), which has been extended 
to bubble–particle collisions in Ngo-Cong et al. (2018). For the bubble 
slip velocity, Kostoglou et al. (2020a) considers the special case where 
one of the particles is a tracer. As the buoyancy term is constant over 
time, it is not expected to directly affect 𝜎𝑖 and is therefore omitted 
from this analysis. In this model, the standard deviation is determined 
through

𝜎2𝑖 = ⟨(𝑣̃𝑏,𝑖 − 𝑢𝑖)2⟩ = ⟨𝑣̃2𝑏,𝑖⟩ + 𝑢′2𝑖 − 2⟨𝑣̃𝑏,𝑖𝑢𝑖⟩. (16)

The bubble velocity variance ⟨𝑣̃2𝑏,𝑖⟩ is obtained by integrating the bubble 
energy spectrum 𝐸𝑏(𝜔), which is related to the fluid energy spectrum at 
the particle location 𝐸(𝜔) such that

⟨𝑣̃2𝑏,𝑖⟩ = ∫

∞

0
𝐸𝑏(𝜔)d𝜔 = ∫

∞

0
𝐻2(𝜔)𝐸(𝜔)d𝜔, (17)

where the response function of the bubble to turbulent fluctuations is 
given by

𝐻2(𝜔) =
1 + (𝛽𝜔𝜏𝑏∕𝑓𝑏)2

1 + (𝜔𝜏𝑏∕𝑓𝑏)2
(18)

and

𝐸(𝜔) = 𝐸(𝐾𝑜𝑠)(𝜔) = 𝑢′2
𝑇𝐿

1 + (𝜔𝑇𝐿)2
. (19)

𝛽 = 3𝜌𝑓∕(2𝜌𝑏 + 𝜌𝑓 ), and 𝑇𝐿 is the Lagrangian time scale. The procedure 
for evaluating ⟨𝑣̃𝑏,𝑖𝑢⟩ is the same as (17) apart from a slightly different 
𝐻2(𝜔). For both terms, 𝐻2(𝜔) is obtained by expanding 𝒗𝒃 and 𝒖 with 
a Fourier integral in the point-bubble equation. Crucially, d∕d𝑡 = D∕D𝑡
was taken in the point-bubble equation  (13), which implies that the 
resulting expression

𝜎𝑖 =
2𝑢′

√

1 + 𝑇𝐿𝑓𝑏∕𝜏𝑏
(20)

is strictly true only when 𝑆𝑡𝑏 ≪ 1. Substituting 𝑇𝐿∕𝜏𝜂 = 0.181𝑅𝑒𝜆 and 
𝑓𝑏 = 1 + 0.169(2𝑟𝑏𝜎𝑖∕𝜈)2∕3 (Kostoglou et al., 2020a; Nguyen and Schulze, 
2004), (20) becomes

𝜎(𝐾𝑜𝑠)
𝑖 = 2𝑢′𝑖

[

1 + 6.291
𝑢′2𝑖 𝜈

𝜀𝑟2𝑏

(

1 + 0.169
(2𝑟𝑏𝜎

(𝐾𝑜𝑠)
𝑖
𝜈

)2∕3)]−1∕2
. (21)

Note that as the expression of 𝑓𝑏 used tacitly implies 𝑅𝑒𝑏 = 2𝑟𝑏𝜎𝑖∕𝜈, so 
(21) should only apply for 1∕𝐹𝑟 = 0.

Most recently, Berk and Coletti (2024) used an alternative approach 
to derive an expression for 𝜎𝑖 by considering the variance of (13):

𝜎2𝑖 =
𝜏2𝑏
𝑓 2
𝑏

⟨(d𝑣𝑏,𝑖
d𝑡

)2⟩

+
𝜏2𝑏 𝛽

2

𝑓 2
𝑏

⟨(

D𝑢𝑖
D𝑡

)2⟩

− 2
𝜏2𝑏 𝛽

𝑓 2
𝑏

⟨ d𝑣𝑏,𝑖
d𝑡

D𝑢𝑖
D𝑡

⟩

, (22)

where using (13) the last term is expressed as
⟨ d𝑣𝑏,𝑖

d𝑡
D𝑢𝑖
D𝑡

⟩

=
𝑓𝑏
𝜏𝑏

⟨

𝑤𝑏,𝑖
D𝑢𝑖
D𝑡

⟩

+ 𝛽
⟨(

D𝑢𝑖
D𝑡

)2⟩

. (23)

The bubble acceleration variance ⟨(d𝑣𝑏,𝑖∕d𝑡)2⟩ and fluid acceleration 
variance ⟨(D𝑢𝑖∕D𝑡)2⟩ are then obtained by integrating the bubble 
(𝜔2𝐻2(𝜔)𝐸(𝜔)) and fluid acceleration spectra (𝜔2𝐸(𝜔)), respectively, 
where 𝐻2(𝜔) is given by (18) and 𝐸(𝜔) is a model energy spectrum 
with two time scales (Sawford, 1991)

𝐸(𝜔) = 𝐸(𝐵𝐶)(𝜔) = 𝑢′2
𝑇𝐿 + 𝑇2

(1 + (𝜔𝑇𝐿)2)(1 + (𝜔𝑇2)2)
. (24)

Here, 𝑇𝐿∕𝜏𝜂 = 2(𝑅𝑒𝜆 + 32)∕(
√

15𝐶0), 𝑇2 = 𝐶0∕2(𝑎0), 𝐶0 = 7, and 𝑎0 =
5∕(1 + 110∕𝑅𝑒𝜆). The short time scale 𝑇2 allows (24) to faithfully capture 
high-frequency behaviour by constraining the slope of the correspond-
ing velocity correlation function to zero at zero time lag. Note that we 
take 𝐶0 = 7 instead of the expressions listed in Berk and Coletti (2024) 
in view of the better agreement with the values of 𝑇𝐿 reported in Zaichik 
et al. (2003). On the other hand, the covariance term ⟨𝑤𝑏,𝑖(D𝑢𝑖∕D𝑡)⟩ in 
(23) is evaluated by assuming d𝒗𝒃∕d𝑡 = D𝒖∕D𝑡 in (13) such that
⟨

𝑤𝑏
D𝑢𝑖
D𝑡

⟩

=
𝜎2𝑖 𝑓𝑏

𝜏𝑏(1 − 𝛽)
. (25)

Finally, using (23)–(25) in (22) yields

𝜎(𝐵𝐶)
𝑖 = 𝑢′(𝛽 − 1)

𝜏𝑏∕𝑓𝑏
√

(𝑇𝐿 + 𝜏𝑏∕𝑓𝑏)(𝑇2 + 𝜏𝑏∕𝑓𝑏)
, (26)

where here we choose 𝑓𝑏 = 1 + 0.169(2𝑟𝑏⟨𝑤𝑏⟩∕𝜈)2∕3 (Nguyen and 
Schulze, 2004) with ⟨𝑤𝑏⟩ defined by (14). Note that other expressions 
of 𝑓𝑏 may be used as desired.

Throughout the derivation of (26), particle accelerations are always 
related to the fluid accelerations using either (18) or (25), both of which 
are valid for the 𝑆𝑡 ≪ 1 limit. Hence, this technically implies that 𝜎(𝐵𝐶)

𝑖
is only applicable for 𝑆𝑡 ≪ 1. In fact, (26) reduces to (20) when 𝛽 = 3
(corresponding to 𝜌𝑏 = 0) and 𝑇2 = 0. Despite their similarities, there are 
two key differences between 𝜎(𝐾𝑜𝑠)

𝑖  and 𝜎(𝐵𝐶)
𝑖 . First, 𝑓𝑏 that enters 𝜎(𝐾𝑜𝑠)

𝑖
does not include the mean settling velocity. Second, Kostoglou et al. 
(2020a) employs an expression for 𝐸(𝜔) with a single time scale. As will 
be shown in Section 4, (26) gives a better prediction of 𝜎𝑖 and will be 
the one we select to model the bubble slip velocity p.d.f. as displayed in 
(12).

3.  Numerical methods

3.1.  Equations and solvers

In order to assess the quality of our model predictions, we perform 
direct numerical simulations of interface-resolved bubbles and point-
particles in homogeneous isotropic turbulence. The fluid flow is gov-
erned by the incompressible Navier–Stokes equations and the continuity 
equation, which read:
𝜕u
𝜕𝑡

+ u ⋅ ∇u = − 1
𝜌𝑓

∇𝑝 + 𝜈 ∇2u + f + f𝑏, (27)
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∇ ⋅ u = 0, (28)

where 𝐮 is the fluid velocity, 𝑝 denotes the pressure, and 𝐟𝐛 is the force 
exerted by the bubble on the fluid which will be discussed later in 
this section. 𝐟 is an external random large-scale volume force that sus-
tains the background turbulence (Perlekar et al., 2012). This volume 
force term 𝐟 is statistically homogeneous and isotropic with a time-
independent global energy input, such that the resulting turbulence is 
statistically stationary, homogeneous and isotropic. To obtain the flow 
field, (27) and (28) are solved on a uniform Eulerian grid using the lat-
tice Boltzmann code developed in Calzavarini (2019) and Jiang et al. 
(2022).

To simulate the bubbles, we consider them as two-way coupled buoy-
ant spheres with zero slip on the surface. This is a reasonable assumption 
for bubbles in flotation processes since a significant amount of surfac-
tants is usually present in the liquid, such that the bubble surface can be 
considered fully contaminated and the no-slip condition can be applied 
(Huang et al., 2012; Nguyen and Schulze, 2004). We note that surfac-
tants can reduce the surface tension and promote bubble deformation. 
As an indicator of the deformation, we calculate the Weber number, 
𝑊 𝑒 = 2𝑟𝑏𝜌𝑓 ⟨𝑣𝑏,𝑧⟩2∕𝛾, based on the surface tension 𝛾 of water and the 
measured bubble rise velocity in turbulence ⟨𝑣𝑏,𝑧⟩, and find that it is 
O(0.1) for our simulations meaning bubble deformation is small (𝑊 𝑒 is 
even smaller if the turbulent fluctuation is considered instead of ⟨𝑣𝑏,𝑧⟩). 
We furthermore focus on bubbles with an average 𝑅𝑒𝑏 ≲ 200, which ac-
cording to Clift et al. (2005) are spherical in shape. Consequently, we 
model the bubbles as rigid spheres whose translational and rotational 
dynamics are governed by the Newton–Euler equations

𝑚𝑏
d𝐯𝑏
d𝑡

= ∯𝑆𝑏

𝝈 ⋅ 𝐧 d𝑆 − 𝑉𝑏(𝜌𝑏 − 𝜌𝑓 )𝔤𝐞𝑧, (29)

d𝐈𝐛𝛀𝑏
d𝑡

= ∯𝑆𝑏

(𝐱 − 𝐱𝑏) × (𝝈 ⋅ n) d𝑆. (30)

Here, 𝛀𝑏 is the angular velocity of the bubble at position 𝐱𝑏 with a vol-
ume 𝑉𝑏 and a surface 𝑆𝑏, 𝑚𝑏 = 𝜌𝑏𝑉𝑏 is the bubble mass, 𝐈𝐛 is its mo-
ment of inertia tensor, n is a unit vector pointing outward normal to 
the bubble surface, and 𝐱 is the position vector. The fluid stress tensor 
𝝈 = −𝑝𝑰 + 𝜇(∇𝒖 + ∇𝒖𝑇 ), where 𝑰 is the identity tensor, is solved by the 
immersed boundary method (IBM) (Uhlmann, 2005; Verzicco, 2023). 
This method imposes a volume force 𝐟 𝑖𝑏𝑚 on the bubble–liquid interface 
that couples the bubble with the liquid, and vice versa. To compute the 
bubble motions and determine 𝐟 𝑖𝑏𝑚, we use the semi-implicit method de-
scribed in Tschisgale et al. (2017), instead of the conventional explicit 
method which is numerically unstable when the bubble density is low 
(Uhlmann, 2005).

A potential artefact of taking 𝐟𝑏 = 𝐟 𝑖𝑏𝑚 in our present case is the for-
mation of a mean upward flow driven by the rising motion of the bub-
bles. To avoid such a situation, we require the net force exerted on the 
fluid by the bubble to be zero (Chouippe and Uhlmann, 2015; Höfler and 
Schwarzer, 2000). This is achieved by subtracting from 𝐟 𝑖𝑏𝑚 its spatial 
average 

⟨𝐟 𝑖𝑏𝑚⟩Π(𝑡) =
1

||Π|| ∫Π
𝐟 𝑖𝑏𝑚(𝐱, 𝑡)d𝐱 (31)

at every time step, where Π denotes the entire computational domain, 
⟨⋯⟩Π indicates spatial averaging over Π, and ||Π|| is the volume of Π. 
Hence, the force exerted by the bubble on the fluid is 
𝐟𝑏(𝐱, 𝑡) = 𝐟 𝑖𝑏𝑚(𝐱, 𝑡) − ⟨𝐟 𝑖𝑏𝑚⟩Π(𝑡). (32)

In contrast to the bubbles, the size of the mineral particles in the 
flotation processes are comparable to 𝜂, meaning they can be modelled 
as point-like particles. Here, we initially consider one-way coupled non-
settling particles that can overlap with each other and experience the 
drag, pressure gradient, and added mass forces, which is consistent with 
the modelling assumptions in Jiang and Krug (2025). Additionally, com-
plementary simulations incorporating particle gravity are performed to 

Table 1 
Simulation parameters and the turbulence statistics for the different cases: 
the grid size for the whole simulation domain 𝑁𝑥 ×𝑁𝑦 ×𝑁𝑧, the grid spac-
ing Δ𝑥, the time step size Δ𝑡, the Kolmogorov length scale 𝜂 and time scale 
𝜏𝜂 , the bubble volume fraction 𝜙. 𝑅𝑒𝜆 = 64 for all cases.
𝑆𝑡𝑏 1∕𝐹𝑟 𝑁𝑥 ×𝑁𝑦 ×𝑁𝑧 𝑟𝑏∕Δ𝑥 𝜂∕Δ𝑥 𝜏𝜂∕Δ𝑡 𝜙

 0.5  1,2,4,10 512 × 512 × 768  8.5  4  400 1.5 × 10−4

 1  1,2,4,10 512 × 512 × 768  12  4  400 4.3 × 10−4

 2.8  1,2,4,10 768 × 768 × 1152  30  6  1200 1.3 × 10−3

 6.3  1,2 512 × 512 × 768  30  4  800 4.5 × 10−3

 6.3  4,10 768 × 768 × 1152  45  6  1200 4.5 × 10−3

examine the effect of particle settling on the collision kernel. The par-
ticle dynamics is therefore governed by (13), except all bubble quan-
tities are replaced by those of the particles, and the drag coefficient 
is 𝑓𝑝 = 1 + 0.15𝑅𝑒0.687𝑝 . The particle equation is solved using a finite-
difference scheme where the spatial derivatives are discretised using a 
second-order central finite-difference method and time marching is per-
formed with a second-order Adams–Bashforth scheme using the same 
time step size as the fluid solver. Since the terms involving 𝐮 need to 
be evaluated at particle positions, their values are interpolated from the 
Eulerian grid using a tri-linear scheme.

3.2.  Simulation parameters

The equations described in Section 3.1 are solved to simulate bub-
bles with 𝜌𝑏∕𝜌𝑓 = 1∕1000, 𝑆𝑡𝑏 = 0.5 − 6.3 and 1∕𝐹𝑟 = 1 − 10 in homo-
geneous isotropic turbulence with 𝑅𝑒𝜆 = 64. Table 1 lists the parame-
ters of the simulations and the turbulence statistics. We limit ourselves 
to low bubble volume fractions 𝜙 (≤ 10 bubbles) where bubbles rarely 
approach each other. Nonetheless, in case this happens, we employ a 
soft collision model with a coefficient of restitution of 0.8 to properly 
capture the lubrication force at small separations and prevent coales-
cence (Costa et al., 2015). Our simulations are performed in a triply 
periodic domain. Hence, in principle it is possible for a rising bubble 
to encounter its own wake, which would affect the statistics. In the 
wake, the velocity defect 𝛿𝑢𝑏 decays initially with the downstream dis-
tance 𝑧 as 𝑧−1 until it reaches the same order of magnitude as the tur-
bulent velocity fluctuations at 𝑧0, beyond which it decays as 𝑧−2 (Leg-
endre et al., 2006). We take the velocity defect at the bubble position 
𝛿𝑢𝑏(0) = ⟨𝑣𝑏,𝑧⟩, define 𝑧0 by 𝛿𝑢𝑏(𝑧0) = 𝑢′, and estimate the velocity de-
fect one domain length downstream of the bubble 𝛿𝑢𝑏(𝐿𝑧) = 0.01𝑢′ ≪ 𝑢′, 
which is negligibly small. Additionally, we ran an extra simulation with 
(𝑆𝑡𝑏, 1∕𝐹𝑟) = (6, 10) in a longer domain and find that the statistics do 
not change significantly. These considerations suggest that the bubble’s 
motion is not significantly affected by its own wake. To ensure suffi-
cient spatial resolution of the boundary layer on the bubbles, we esti-
mate the thickness of the boundary layer at the front stagnation point 
as 𝛿∕(2𝑟𝑏) = 1.13∕𝑅𝑒1∕2𝑏  following Johnson and Patel (1999), and resolve 
this by at least 7 grid points. A grid convergence study (see Appendix D) 
confirmed that this is sufficient for the present cases. The bubbles are 
initialised on a primitive cubic lattice with the fluid velocity at their 
positions and allowed to adapt to the flow for 10 large eddy turnover 
times before their statistics are collected. The instantaneous fluid ve-
locity at bubble position is determined by averaging the fluid velocity 
within a distance of 3𝑟𝑏 from the bubble, which for the case of a bubble 
subjected to a steady uniform flow recovers a value that reaches 90% 
of the ground truth (Kidanemariam et al., 2013).

For 𝑆𝑡𝑏 = 2.8 and 6.3, 2 × 106 point-particles with 𝑟𝑝 = 𝑟𝑏∕30 and vari-
ous densities (𝑆𝑡𝑝 ∈ [10−2, 4]) are injected randomly and homogeneously 
into the simulation domain. The accuracy of the particle dynamics near 
the bubble is ensured by requiring the Eulerian grid spacing to be smaller 
than the particle radius, so that the fluid velocity in the particle equa-
tion of motion is still correctly interpolated to the particle position even 
when the particle is close to the bubble. The addition of the particles 
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Fig. 2. (a) The actual and predicted mean vertical bubble slip velocities and (b) the inverse large-scale Froude number 1∕𝐹𝑟𝐿 as a function of 1∕𝐹𝑟. The dashed line 
in (b) shows the critical 𝐹𝑟𝐿 corresponding to a change in the scaling of ⟨𝑤𝑏⟩ in (14).

Fig. 3. Plot of the standard deviation of the bubble slip velocity as a function of 𝑆𝑡𝑏. 𝜎(𝐵𝐶𝑚)
𝑖  is the model by Berk and Coletti (2024) where the actual value of 

𝑓𝑏 = 1 + 0.169⟨𝑅𝑒𝑏⟩2∕3 from simulations is used in (26). 𝜎(𝐾𝑜𝑠)
𝑖  and 𝜎(𝐿𝑀)

𝑖  are independent of 1∕𝐹𝑟.

allows us to determine the bubble–particle collision kernel using (1) by 
measuring the collision rate directly, which we begin to do after 20𝜏𝜂 . 
A collision is registered each time the distance between a particle and 
a bubble becomes smaller than the collision distance 𝑟𝑐 = 𝑟𝑝 + 𝑟𝑏. Note 
that at collision, the particle velocity relative to the bubble is small for 
low 𝑆𝑡𝑝 particles due to the no-slip boundary condition on the bubble 
surface. To prevent the particle from lingering around the bubble after 
collision, which would lead to multiple collisions with the same bubble, 
the particle is immediately reseeded at a random position that is at least 
5𝑟𝑏 below the bubble after each collision.

4.  Results

4.1.  Mean vertical bubble slip velocity

We compare the predicted values of the mean vertical bubble slip ve-
locity ⟨𝑤𝑏⟩ with the actual values in Fig. 2(a). The data shows that ⟨𝑤𝑏⟩

increases with 𝑆𝑡𝑏 and 1∕𝐹𝑟, which is nicely captured by our model qual-
itatively and quantitatively. This justifies our use of (14) to model ⟨𝑤𝑏⟩, 
even though (14) was developed for the bubble rise velocity instead of 
the slip velocity in turbulence. We additionally review the mechanism 
that reduces the bubble rise velocity in turbulence for the different cases 
by showing the values of 1∕𝐹𝑟𝐿 in Fig. 2(b). For all the tested parameters 
except (𝑆𝑡𝑏, 1∕𝐹𝑟) = (2.8, 10) and (6.3, 10), 1∕𝐹𝑟𝐿 is less than the transi-

tion value of 2.08 that separates the two scalings in (14). This suggests 
that for the vast majority of the simulated cases, nonlinear drag plays a 
dominant role in reducing the mean vertical rise velocity in turbulence. 
Since the transition 1∕𝐹𝑟𝐿 = 2.08 already corresponds to ⟨𝑤𝑏⟩∕𝑣𝑞 = 0.77
and ⟨𝑤𝑏⟩∕𝑣𝑞 only reduces further as 1∕𝐹𝑟𝐿 becomes smaller, using 𝑣𝑞 as 
a proxy for ⟨𝑤𝑏⟩ (as is done in Berk and Coletti (2024)) would signifi-
cantly overpredict the value of ⟨𝑤𝑏⟩ for most of the tested cases.

4.2.  Standard deviation of the bubble slip velocity component

We next consider the other quantity needed to construct 𝑓 (𝑤𝑏), 
which is the standard deviation of the slip velocity component 𝜎𝑖 =
√

(𝜎2𝑥 + 𝜎2𝑦 + 𝜎2𝑧 )∕3. Fig. 3 shows that 𝜎𝑖 increases with both 𝑆𝑡𝑏 and 
1∕𝐹𝑟. As 𝑆𝑡𝑏 increases, the bubble is less responsive to higher frequency 
fluid fluctuation hence 𝜎𝑖 increases. On the other hand, when 1∕𝐹𝑟 in-
creases, buoyancy becomes stronger and the bubbles rise faster, which 
means that they have less time to interact with the same eddy (Csanady, 
1963). This ‘crossing trajectory’ effect causes 𝜎𝑖 to increase. All of the 
models discussed in Section 2.3.2 qualitatively show the same trend in 
𝑆𝑡𝑏 as the data, but none of them predict 𝜎𝑖 increases with 1∕𝐹𝑟. This 
is because these models do not account for the crossing trajectory ef-
fect, which reduces 𝑇𝐿 as 1∕𝐹𝑟 increases (Csanady, 1963). The only rea-
son why 𝜎(𝐵𝐶)

𝑖  (and 𝜎(𝐵𝐶𝑚)
𝑖  which will be introduced in the following
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Fig. 4. Plot of the p.d.f. of the slip velocity magnitude at (a) 𝑆𝑡𝑏 = 0.5, (b) 𝑆𝑡𝑏 = 1, (c) 𝑆𝑡𝑏 = 2.8 and (d) 𝑆𝑡𝑏 = 6.3. The black line shows the actual p.d.f. from the 
simulations. The mean vertical slip velocities ⟨𝑤𝑏⟩ used to obtain the model predictions (coloured solid lines) are given by (14). The blue dashed line shows the p.d.f. 
that is reconstructed from the measured ⟨𝑤𝑏⟩ and 𝜎𝑖.

paragraph) decreases with increasing 1∕𝐹𝑟 is due to a larger 𝑓𝑏 result-
ing from a larger bubble rise velocity. Although it is possible to include 
expressions for 𝑇𝐿 that vary with 1∕𝐹𝑟 (Berk and Coletti, 2021), it com-
plicates the model as 𝜎𝑖 would then be different for the vertical and hor-
izontal components. We choose not to include this in our model since 
it is not of primary importance to the predicted collision kernel in the 
regime where our model is valid, as will be demonstrated later in this 
section.

To compare the models quantitatively, we consider the lowest 1∕𝐹𝑟
case where gravity is weakest as 𝜎(𝐿𝑀)

𝑖  and 𝜎(𝐾𝑜𝑠)
𝑖  do not account for 

the mean bubble rise velocity. Since the model by Berk and Coletti 
(2024) depends on the value of the drag correction 𝑓𝑏, we plot (26) us-
ing the measured value of 𝑓𝑏, i.e. 𝜎(𝐵𝐶𝑚)

𝑖 , in addition to 𝜎(𝐵𝐶)
𝑖 , where as 

a first approximation 𝑓𝑏 = 1 + 0.169(2𝑟𝑏⟨𝑤𝑏⟩∕𝜈)2∕3 is taken by neglecting 
the slip velocity fluctuations. Among the models, the one by Berk and 
Coletti (2024) (𝜎(𝐵𝐶𝑚)

𝑖 ) agrees the best with the data across the entire 
tested range of 𝑆𝑡𝑏, even though in principle it is valid only for 𝑆𝑡𝑏 ≪ 1; 
whereas the other models overpredict 𝜎𝑖 especially when 𝑆𝑡𝑏 is small. 
For 𝜎(𝐿𝑀)

𝑖 , the discrepancy originates from its heuristic approach of bal-
ancing drag with buoyancy and the assumption that 𝜎𝑖 ∼ 𝑤𝑏. As a result, 

it only gives an order-of-magnitude estimate of 𝜎𝑖 especially when the 
correct value of 𝜁 (= 0.83) is considered. Meanwhile 𝜎(𝐾𝑜𝑠) overpredicts 
𝜎𝑖 because it uses a simpler energy spectrum 𝐸(𝜔) (see (19)) and ne-
glects the mean bubble rise velocity in the drag correction 𝑓𝑏. In view of 
the above, we employ the prediction by Berk and Coletti (2024) in our 
model of the slip velocity p.d.f. To keep the model simple, 𝜎(𝐵𝐶) instead 
of 𝜎(𝐵𝐶𝑚) will be used. The difference between the two diminishes for 
large 1∕𝐹𝑟 as 𝑅𝑒𝑏 is increasingly dominated by the mean vertical slip 
velocity.

4.3.  Bubble slip velocity probability density function

Having examined the mean and the standard deviations of the bub-
ble slip velocity components, we focus on the slip velocity magnitude 
p.d.f. 𝑓 (𝑤𝑏) in Fig. 4, where the coloured dashed lines show the p.d.f. 
reconstructed using the measured value of the bubble drag correction 
𝑓𝑏 and will be discussed in Section 5.1. The model prediction is gen-
erally good when 1∕𝐹𝑟 ≥ 4 and the small shift in 𝑓 (𝑤𝑏) is due to the 
slight difference between the actual ⟨𝑤𝑏⟩ and the predicted value. This
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agreement is surprising given our model significantly underpredicts 𝜎𝑖
when 1∕𝐹𝑟 = 10 as shown by Fig. 3.

To investigate this, we test (11) directly by computing 𝑓 (𝑤𝑏) ob-
tained with the actual ⟨𝑤𝑖⟩ and 𝜎𝑖 =

√

(𝜎2𝑥 + 𝜎2𝑦 + 𝜎2𝑧 )∕3. The results, 
𝑓 (𝑤𝑏)(𝑚), are shown as blue dashed curves in Fig. 4. These curves agree 
excellently with the actual 𝑓 (𝑤𝑏) when 1∕𝐹𝑟 ≤ 2, but they are wider 
than the actual 𝑓 (𝑤𝑏) at larger 1∕𝐹𝑟. To pinpoint the source for this 
discrepancy, we relax the assumption that 𝜎𝑥 = 𝜎𝑦 = 𝜎𝑧 and reconstruct 
𝑓 (𝑤𝑏) using the measured values of 𝜎𝑥, 𝜎𝑦 and 𝜎𝑧 to obtain 𝑓 (𝑤𝑏)

(𝑚)
𝑎𝑛 . 

These are plotted as grey dotted curves for the 1∕𝐹𝑟 > 2 cases. The quan-
tities 𝑓 (𝑤𝑏)

(𝑚)
𝑎𝑛  and 𝑓 (𝑤𝑏)(𝑚) are almost indistinguishable for all tested 

cases of 1∕𝐹𝑟 ≤ 4 and for cases with 1∕𝐹𝑟 = 10 if 𝑆𝑡𝑏 ≤ 1. This shows 
that it is appropriate to take 𝜎𝑥 = 𝜎𝑦 = 𝜎𝑧 in this parameter range. Out-
side this range (1∕𝐹𝑟 < 4), the value of the vertical component (𝜎𝑧) be-
comes noticeably smaller than the horizontal ones (Berk and Coletti, 
2021; Csanady, 1963). Additionally, at higher 1∕𝐹𝑟, the vertical com-
ponent dominates the magnitude of the bubble slip velocity, such that 
𝜎𝑧 contributes more to the shape of 𝑓 (𝑤𝑏). However, for all the cases 
where 1∕𝐹𝑟 > 2, the anisotropy of 𝜎𝑖 does not fully account for the dif-
ference from the actual 𝑓 (𝑤𝑏). This suggests that the slip velocity com-
ponents can only be considered independent when 1∕𝐹𝑟 ≤ 2. These lim-
itations are coincidentally compensated by the underprediction of 𝜎𝑖 in 
our model, which reduces the width of 𝑓 (𝑤𝑏) and leads to a satisfactory 
prediction of 𝑓 (𝑤𝑏) at 1∕𝐹𝑟 ≥ 4.

Our results hence indicate that fully capturing 𝑓 (𝑤𝑏) is far from 
straightforward and would substantially add to the complexity of the 
model. The present approach, though relatively simple, gives a reason-
able approximation of 𝑓 (𝑤𝑏) and is therefore preferred.

4.4.  Collision kernel with non-settling particles

To test the effects of particle inertia and gravity independently, we 
initially consider the collision kernel for the cases where the particle 
settling velocity is set to zero. We insert the model 𝑓 (𝑤𝑏) based on (14) 
and 𝜎(𝐵𝐶) into (3) and compare the collision kernel predictions with 
the values from simulations. Fig. 5(a – b) show that the predicted and 
measured values of the nondimensionalised collision kernels agree rea-
sonably well with each other for 𝑆𝑡𝑏 = 2.8 and 6.3 over the entire tested 
range of 𝑆𝑡𝑝 when 1∕𝐹𝑟 ≥ 2. Consistent with the simulations, our model 
captures the general trend that Γ𝜏𝜂∕𝑟3𝑐  increases with both 𝑆𝑡𝑝 and 1∕𝐹𝑟. 
We scrutinise this agreement by plotting the ratio of the collision ker-
nel from simulation Γ𝑠𝑖𝑚 to that obtained from the full model Γ𝑚𝑜𝑑𝑒𝑙 in 
Fig. 5(c–d). The difference between Γ𝑠𝑖𝑚 and Γ𝑚𝑜𝑑𝑒𝑙 is generally less than 
30% when 1∕𝐹𝑟 ≥ 2 , except for 𝑆𝑡𝑝 ∼ 0.1 where the discrepancy be-
comes larger. 𝑆𝑡𝑝 ∼ 0.1 corresponds to the transition regime where the 
interception and inertial mechanisms both play a comparable role, such 
that 𝐸𝑐 increases rapidly with 𝑆𝑡′𝑝 (Jiang and Krug, 2025). Since 𝑆𝑡′𝑝
is based on 𝑤𝑏, the shape of the entire distribution 𝑓 (𝑤𝑏), not just its 
mean value, can influence the predicted collision kernel for intermedi-
ate values of 𝑆𝑡𝑝, unlike at extreme values of 𝑆𝑡𝑝 where the effect is less 
pronounced. The discrepancy between Γ𝑚𝑜𝑑𝑒𝑙 and Γ𝑠𝑖𝑚 around 𝑆𝑡𝑝 = .1
is hence due to the fact that our expression of 𝐸𝑐 , i.e. (9), with the fit-
ted parameters does not completely capture the interception-to-inertial 
transition of the collision efficiency even in a uniform background flow, 
as well as due to the difference between 𝑓 (𝑤𝑏) obtained from the model 
and the simulations.

We furthermore point out that Γ𝑠𝑖𝑚 is slightly less than Γ𝑚𝑜𝑑𝑒𝑙 in 
most of the cases at 𝑆𝑡𝑝 ≈ 0.01 when 1∕𝐹𝑟 ≥ 4, in contrast to Jiang and 
Krug (2025) who found that Γ𝑠𝑖𝑚 at 𝑆𝑡𝑝 = .01 is larger than the pre-
dicted value obtained from (3). Since the prediction by Jiang and Krug 
(2025) is based on 𝑓 (𝑤𝑏) measured from simulations, we plot the model 
prediction using the slip velocity p.d.f. from our simulations Γ𝑓 (𝑤𝑏) in 
Fig. 5(a–d). The results show that the difference between Γ𝑚𝑜𝑑𝑒𝑙 and 
Γ𝑓 (𝑤𝑏) is less than 20% for 1∕𝐹𝑟 ≥ 4 over all 𝑆𝑡𝑝; and Γ𝑓 (𝑤𝑏) is also usu-
ally larger than Γ𝑠𝑖𝑚 for 𝑆𝑡𝑝 ≈ 0.01. This rules out the modelled 𝑓 (𝑤𝑏)

as the source of the discrepancy. We also expect the frozen turbulence 
approximation to hold for 1∕𝐹𝑟 ≥ 4 for these two values of 𝑆𝑡𝑏, as will 
be shown in Section 5.1. We note that the simulation in Jiang and Krug 
(2025) was conducted for bubbles with (𝑆𝑡𝑏, 1∕𝐹𝑟) = (11, 4.4) at the same 
𝑅𝑒𝜆 as in this study, which translates to a larger bubble than all the 
cases in the present study. This may degrade the model predictions due 
to one or both of the following reasons. First, the measured 𝑤𝑏 may be 
less accurate even though the fluid velocity at the bubble position was 
determined with the same method (i.e. by averaging the fluid velocity 
within a distance of 3𝑟𝑏 around the bubble), as turbulent fluctuations 
over a larger area are averaged spatially. Second, the use of (9) in our 
model tacitly assumes that far upstream where the flow field is undis-
torted, the fluid velocity can be considered as uniform across the surface 
area bounded by the grazing trajectories (refer to Fig. 1). This assump-
tion is more likely to be violated with larger bubbles in the same back-
ground turbulence. We emphasise that the above has no bearing on Γ𝑠𝑖𝑚
because it is determined by directly counting the number of collisions. 
These explanations are furthermore consistent with the fact that Γ𝑠𝑖𝑚
in the present simulations agrees very well with Γ𝑓 (𝑤𝑏) when 𝑆𝑡𝑝 = 0
(shown only for 1∕𝐹𝑟 ≥ 4 in Fig. 5), where Γ𝑠𝑖𝑚 takes a higher value 
than when 𝑆𝑡𝑝 ≈ 0.01. The slight reduction of Γ𝑠𝑖𝑚 with increasing 𝑆𝑡𝑝
suggests that for the tested values of 𝑅𝑒𝜆, 𝑆𝑡𝑏 and 1∕𝐹𝑟, turbulence acti-
vates a ‘negative’ inertia effect at small 𝑆𝑡𝑝 because the collision angle 𝜃
defined relative to the bubble slip velocity is increased (Jiang and Krug, 
2025). When the particles close to the bubble are advected by the local 
flow field at larger polar angles, they are slung away from the bubble 
by a centrifugal force. As this centrifugal force increases with particle
inertia, the collision efficiency hence the collision rate in turbulence may 
decrease with increasing 𝑆𝑡𝑝 for particles in the very small 𝑆𝑡𝑝 regime 
(Dai et al., 1998; Huang et al., 2012).

To put the accuracy of our model into perspective, we consider the 
model of Kostoglou et al. (2020a), which requires the same inputs as 
ours, and include their prediction, Γ(𝐾𝑜𝑠), in Fig. 5(a–b). Although their 
model was developed for particles with small 𝑆𝑡𝑝, it still overestimates 
the collision kernel even for tracer particles, with Γ(𝐾𝑜𝑠) showing a dis-
crepancy at least ten times larger than that of our model. In view of 
the excellent agreement of our model prediction with simulation data, 
we use our model prediction as a benchmark and plot Γ(𝐾𝑜𝑠)∕Γ𝑚𝑜𝑑𝑒𝑙 for 
𝑆𝑡𝑝 = 0 in Fig. 5(e). The figure shows that the overprediction persists 
for all 1∕𝐹𝑟 ∈ [1, 10]. We note that in contrast with our model, Kos-
toglou et al. (2020a) considers the relative motion driven by small-scale 
shear. This is done by adding to the (radial) collision velocity a contri-
bution 𝑣𝑝𝑡 that is uniform over all positions on the sphere with radius 𝑟𝑐
(𝑣𝑝𝑡 = 𝑟𝑝∕2 ⋅ ⟨|𝜕𝑢𝑖∕𝜕𝑥𝑖|⟩ = 𝑟𝑝∕2 ⋅

√

2∕(15𝜋)
√

𝜀∕𝜈 in (B.1), where the fac-
tor 1/2 is to account only for the influx). Remarkably, despite not in-
cluding this effect in our model, our predictions agree well with the 
data for tracer particles, suggesting that this shear mechanism likely 
plays a relative minor role in determining the collision kernel at the 
present parameters. We remove this mechanism from Γ(𝐾𝑜𝑠) to obtain 
Γ(𝐾𝑜𝑠)
𝑛𝑆 . As Fig. 5(e) shows, Γ(𝐾𝑜𝑠)

𝑛𝑆 < Γ(𝐾𝑜𝑠) as expected, yet Γ(𝐾𝑜𝑠)
𝑛𝑆  still sig-

nificantly and consistently overpredicts the collision rate. We therefore 
consider another key difference with Kostoglou et al. (2020a): the po-
sition of collisions. Γ(𝐾𝑜𝑠)

𝑛𝑆  includes a significant number of collisions in 
the bubble wake, which is attributed to the inward branches of the bub-
ble wake vortex pair (and is enhanced by the now-neglected small-scale 
fluid shear effect). Such collisions are very rarely observed in the simula-
tions in this study as well as those in Jiang and Krug (2025) and Tiede-
mann and Fröhlich (2025) because most of the incident particles col-
lide with the upstream hemisphere of the bubble and are subsequently 
reseeded, such that the particle concentration is especially low in the 
bubble wake. This collision scheme corresponds to the scenario where 
particles attach to bubbles after collision, meaning similar behaviour 
might be expected in reality. Removing these collisions in the wake 
(i.e. setting 𝜃𝑑 = 𝜋 in (B.4)) gives Γ(𝐾𝑜𝑠)

𝑛𝑆𝑛𝑊  in Fig. 5(e). Since the values 
of Γ(𝐾𝑜𝑠)

𝑛𝑆𝑛𝑊  are still larger than those of Γ𝑚𝑜𝑑𝑒𝑙, collisions in the bubble 
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Fig. 5. (a) The actual and predicted collision kernels at 𝑆𝑡𝑏 = 2.8 and (b) 𝑆𝑡𝑏 = 6.3. Also shown are the collision kernel according to Kostoglou et al. (2020a) Γ(𝐾𝑜𝑠)

and the collision kernel obtained from (3) using the actual p.d.f. Γ𝑓 (𝑤𝑏). The colour scheme in panel (b) follows that of panel (a). (c) The ratio of the actual collision 
kernel Γ𝑠𝑖𝑚 and Γ𝑓 (𝑤𝑏) to the model prediction at 𝑆𝑡𝑏 = 2.8 and (d) 𝑆𝑡𝑏 = 6.3. The colour scheme in panel (d) follows that of panel (c). (e) Results for Γ for 𝑆𝑡𝑝 = 0
and for varying 1∕𝐹𝑟 relative to the model prediction. In addition to the simulation data (markers), different variants of the Kostoglou model are included as Γ(𝐾𝑜𝑠)

(full model), Γ(𝐾𝑜𝑠)
𝑛𝑆  (neglecting small-scale turbulence), and Γ(𝐾𝑜𝑠)

𝑛𝑆𝑛𝑊 (neglecting small-scale turbulence and collisions in the bubble wake). (f ) The radial fluid velocity 
at collision distance for a stationary bubble exposed to a uniform freestream 𝑢∞ such that 𝑅𝑒∞𝑏 = 2𝑟𝑏𝑢∞∕𝜈 = 120 in the simulations compared to the fit used in Γ(𝐾𝑜𝑠). 
−𝑢𝑟(𝑟𝑐 ) is plotted such that positive values imply flow towards the bubble surface.

wake alone cannot fully account for the overprediction of the model by
Kostoglou et al. (2020a).

Taken together, this indicates that the discrepancy arises from the 
slip velocity magnitude and the representation of the flow distortion 
around the bubble in the model of Kostoglou et al. (2020a). Specifically, 
this distortion is modelled in Kostoglou et al. (2020a) using a fit for the 
radial component of the fluid velocity adopted from Nguyen and Schulze 
(2004) given by

𝑢(𝐾𝑜𝑠)
𝑟 (𝑟𝑐 )
𝑢∞

= −(2𝑋 cos 𝜃 + 3𝑌 cos2 𝜃 − 𝑌 )𝐹 , (33)

where 𝑋, 𝑌 , and 𝐹  are defined in (B.9), 𝜃 is the polar angle with 𝜃 = 0
pointing upstream, 𝑢∞ is the freestream velocity, and positive values of 
𝑢(𝐾𝑜𝑠)
𝑟  correspond to flow away from the bubble. This expression is di-
rectly tested in Fig. 5(f ) for the case of a bubble in a uniform incident 
flow with 𝑅𝑒∞𝑏 = 2𝑟𝑏𝑢∞∕𝜈 = 120 and 𝑟𝑝∕𝑟𝑏 = 1∕30 (see Appendix A for 
simulation details). 𝑅𝑒∞𝑏 = 120 is chosen as it is the approximate value 
of ⟨𝑅𝑒𝑏⟩ for the turbulent cases with (𝑆𝑡𝑏, 1∕𝐹𝑟) = (2.8, 10) and (6.3, 4). 
Fig. 5(f ) shows that −𝑢(𝐾𝑜𝑠)

𝑟 (𝑟𝑐 ) slightly overpredicts the radial fluid ve-
locity in the bubble wake, where the actual number of collisions is low 
due to the low particle concentration as discussed above. The radial 
fluid velocity on the upstream (𝜃 < 60◦) side of the bubble, where most 
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Fig. 6. (a) The actual and predicted collision kernels at 𝑆𝑡𝑏 = 2.8 and (b) 𝑆𝑡𝑏 = 6.3 with settling particles. The measured and predicted collision kernel for non-settling 
particles are additionally shown as open symbols and broad dotted lines, respectively. The colour scheme in panel (b) follows that of panel (a). (c) The ratio of the 
actual collision kernel Γ𝑠𝑖𝑚 to the model prediction at 𝑆𝑡𝑏 = 2.8 and (d) 𝑆𝑡𝑏 = 6.3 for settling particles. The colour scheme in panel (d) follows that of panel (c).

of the collisions occur in the simulations, shows significant deviation 
between the fit and the data. Surprisingly, the values of −𝑢(𝐾𝑜𝑠)

𝑟 ∕𝑢∞ are 
much lower in this region compared to the simulation results. This im-
plies that the overprediction of Γ(𝐾𝑜𝑠)

𝑛𝑆𝑛𝑊 , at least for (𝑆𝑡𝑏, 1∕𝐹𝑟) = (2.8, 10)
and (6.3, 4) at the present value of 𝑅𝑒𝜆, is driven by a significant over-
prediction of the freestream bubble slip velocity in turbulence, which 
we partly attributed further to the modelling of the vertical component 
in their case. There, the mean vertical slip velocity results from a simple 
force balance in still fluid without considering the reduction in turbu-
lence as discussed in Section 2.3.1.

Two main conclusions can be drawn from the above analysis. First, 
Γ(𝐾𝑜𝑠) consistently overestimates the collision kernel in the present pa-
rameters, partly because of collisions in the wake which become more 
frequent in the presence of small-scale shear. However, even when 
these two effects are excluded, Γ(𝐾𝑜𝑠)

𝑛𝑆𝑛𝑊  still overpredicts the collision 
kernel since the freestream slip velocity and the distorted flow field 
are not accurately modelled. For (𝑆𝑡𝑏, 1∕𝐹𝑟) = (2.8, 10) and (6.3, 4) at 
the present value of 𝑅𝑒𝜆, the freestream bubble slip velocity is over-
predicted, though this is partially compensated by the poor agreement 
between the fit of the distorted flow (33) and the data. Therefore, cau-
tion is advised when using (33), as its accuracy may be limited under 
certain flow conditions. Second, our model, in spite of its simplicity, cap-
tures the essential phenomena and produces predictions that are much 
closer to the simulated values compared to those by Kostoglou et al. 
(2020a), even in the tracer particle limit. 
4.5.  Collision kernel with settling particles

Now, we additionally consider the effect of particle gravity on the 
bubble-particle collision rate. As expected, the simulation results for the 
collision kernel in Fig. 6 (a-b) generally increase when particle settling 

Fig. 7. The integral time scale of the bubble slip velocity.

is included, with the effect being most pronounced at large 𝑆𝑡𝑝. Gener-
ally, the simulation data is well captured by the model prediction taking 
gravity into account (plotted as solid lines) for both 𝑆𝑡𝑏 = 2.8 (in Fig. 6 
(a)) and 𝑆𝑡𝑏 = 6.3 (Fig. 6 (b)). At small particle Stokes numbers, the set-
tling is relatively weak, hence the impact of gravity-induced settling on 
collisions is limited in this regime. The settling velocity increases with 
increasing 𝑆𝑡𝑝. As a result, the collision kernel grows even more rapidly 
with increasing 𝑆𝑡𝑝 compared to the case without settling, implying that 
particle settling becomes the dominant mechanism at large 𝑆𝑡𝑝. This 
is particularly evident from the modelled collision kernel when nondi-
mensionalised with 𝑟3𝑐∕𝜏𝜂 , which continues to increase beyond 𝑆𝑡𝑝 ≈ 1
when particle settling is included. We also point out that the difference 
between settling and non-settling particles is more pronounced at the 
lower value of 𝑆𝑡𝑏 considered here. This is because the ratio between the 

Chemical Engineering Science 321 (2026) 122850 

11 



T.T.K. Chan et al.

Fig. 8. (a) The bubble Weber number based on the fluid velocity difference across the bubble. The shaded area indicates the critical Weber number (𝑊 𝑒𝑐𝑟𝑖𝑡 ∈
[1.25, 7.8]) beyond which bubbles break up. The data markers show the selected values of 𝜀. Note that the lower limit of 𝑊 𝑒𝑐𝑟𝑖𝑡 is slightly different from the value 
reported by Hinze (1955) since a coefficient of 2.13 instead of 2 is used here for the inertial subrange scaling of the second-order structure function. (b) The predicted 
average bubble Reynolds number. The lines in panel (b) are guides for the eye.

Fig. 9. (a) The predicted collision kernel and (b) its value when normalised by the high-inertia limit. The legends apply to both panels (a) and (b); the open circles 
indicate the maximum floatable particle size. (c) The bubble Weber number based on the bubble slip velocity. The lines in panel (c) are guides for the eye.

particle settling velocity and the bubble rising velocity becomes larger 
at lower 𝑆𝑡𝑏 (the settling velocity is solely determined by 𝑆𝑡𝑝). Further-
more, we note that the model predictions show better agreement with 
the simulation data at lower 𝑆𝑡𝑝 when 1∕𝐹𝑟 > 2, which is consistent 
with behaviour observed in the non-settling case.

To further assess the level of agreement, we plot in Fig. 6 (c-
d) the ratio of the collision kernel obtained from simulations to 
that from the model. We note that Kostoglou et al. (2020a) ad-
ditionally tried to incorporate the transient misalignment between 
the bubble slip velocity vector and gravity through a correction 

coefficient 𝔣 (see details in Appendix B). However, adopting this 
coefficient did not improve the prediction and therefore this sec-
ondary effect is neglected in the present model for simplicity. De-
spite this simplification, the model prediction shows good agree-
ment for cases of 1∕𝐹𝑟 > 2, with deviations generally within 20%, 
which verifies the correction coefficient has only a minor influence 
on the overall prediction. Furthermore, the results indicate that the
discrepancy between Γ𝑠𝑖𝑚 and Γ𝑚𝑜𝑑𝑒𝑙 is reduced in the intermedi-
ate 𝑆𝑡𝑝 regime compared with the non-settling case (cf. Fig. 6(c,d)). 
This is because particle settling exerts a significant influence in the
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Fig. 10. The predicted collision rate per particle when the gas holdup is fixed 
at 10%. The open circles indicate the maximum floatable particle size.

intermediate 𝑆𝑡𝑝 range. Consequently, the deficiency associated with 
the modelling of 𝐸(𝑖𝑛)

𝑐  in the intermediate 𝑆𝑡′𝑝 regime, as discussed in Sec-
tion 4.4, becomes less significant, yielding improved agreement between 
the simulations and model predictions. This finding further under-
scores the important role of particle settling in regulating the collision
process. 

5.  Discussion

5.1.  Model validity for the cases with lower bubble Stokes number

In this study, we did not perform (heavy) particle-laden simulations 
for the cases with lower 𝑆𝑡𝑏 bubbles in view of the computation cost. 
Here, the validity of our model at these parameters is discussed. A key 
assumption in our model is the flow field around the bubble is steady 
during a bubble–particle collision, which can be assessed by comparing 
the bubble slip velocity integral time scale 

𝑇𝑤
𝐿 = ∫

𝜏∞

0
𝜌𝑤(𝜏)d𝜏 (34)

with the fluid time scale based on the measured value of the bubble slip 
velocity ⟨|𝐰𝐛|⟩

𝜏𝑓 =
2𝑟𝑏

⟨|𝐰𝐛|⟩
, (35)

where 𝜌𝑤(𝜏) = ⟨|𝐰𝐛(𝑡)||𝐰𝐛(𝑡 + 𝜏)|⟩𝑡∕⟨|𝐰𝐛(𝑡)|2⟩𝑡 is the autocorrelation 
function of the bubble slip velocity, ⟨⋯⟩𝑡 denotes averaging over time, 
and 𝜏∞ is defined as the value of 𝜏 where 𝜌𝑤(𝜏) first decays to 0.01. 
𝑇𝑤
𝐿 ∕𝜏𝑓 ≳ 1 would suggest that the frozen turbulence assumption is con-
ceptually valid and the model can be applied. The measured values of 
𝑇𝑤
𝐿 ∕𝜏𝑓  are shown in Fig. 7. 𝑇𝐿∕𝜏𝑓  generally increases with 1∕𝐹𝑟 and is 
far less sensitive to 𝑆𝑡𝑏, such that for all 𝑆𝑡𝑏 considered here the frozen 
turbulence assumption can be applied when 1∕𝐹𝑟 ≥ 4. For 𝑆𝑡𝑏 = 0.5 and 
1, we expect that modelling the slip velocity p.d.f. 𝑓 (𝑤𝑏) by (14) and (26) 
might slightly underpredict the collision kernel, since the mean value of 
the slip velocity magnitude is underpredicted as shown in Fig. 4(a–b). 
This discrepancy in 𝑓 (𝑤𝑏) for 1∕𝐹𝑟 ≥ 4 is not due to using the mean ver-
tical rise velocity instead of the magnitude of the bubble rise velocity in 
the bubble drag correction factor 𝑓𝑏 in (26), because the bubble velocity 
at high 1∕𝐹𝑟 is dominated by its vertical component. As evidence, we 
plot 𝑓 (𝑤𝑏) with 𝜎(𝐵𝐶)

𝑖  determined using the average 𝑓𝑏 obtained from the 
simulations as coloured dashed lines labelled as 𝜎(𝐵𝐶𝑚)

𝑖  in Fig. 4. Only 
at small 1∕𝐹𝑟 does using the actual value of 𝑓𝑏 noticeably improve the 

quality of the predicted slip velocity p.d.f. If desired for these cases, a 
more accurate estimate of 𝜎(𝐵𝐶)

𝑖  can be obtained a priori by solving (26) 
iteratively using 𝑓𝑏 = 1 + 0.169(2𝑟𝑏⟨𝑤𝑏⟩∕𝜈)2∕3 as an initial guess. We ad-
ditionally note that particles with 𝑆𝑡𝑝 ∼ 1 preferentially sample flow re-
gions in turbulence which can reduce Γ by up to 20% (Jiang and Krug, 
2025). Similarly preferential sampling occurs for bubbles with 𝑆𝑡𝑏 ∼ 1
but they cluster at different regions, which means that bubbles and par-
ticles segregate spatially when (𝑆𝑡𝑏, 𝑆𝑡𝑝) ∼ (1, 1) unless 1∕𝐹𝑟 ≳ 10 where 
segregation becomes negligible under strong gravity (Chan et al., 2025). 
This segregation effect is not included in our model and reduces the col-
lision kernel, hence for (𝑆𝑡𝑏, 𝑆𝑡𝑝) ∼ (1, 1) at intermediate values of 1∕𝐹𝑟
the predicted value of the collision kernel may be closer to the actual 
value than anticipated.

5.2.  Implications for practice

5.2.1.  Relevant parameter space
In order to evaluate the model for practically relevant conditions, 

we consider 𝑟𝑏 = 0.05mm, 0.5mm, and 2mm (Ahmed and Jameson, 
1985; Ngo-Cong et al., 2018); 𝑟𝑝 ∈ [1, 200] µm (Ngo-Cong et al., 2018); 
𝜀 ∈ [0.1, 100]W∕kg (Li et al., 2021); and 𝑅𝑒𝜆 = 100 for sulphide minerals 
in water (𝜌𝑏 = 1.2 kg∕m3, 𝜌𝑝 = 5000 kg∕m3, 𝜌𝑓 = 998 kg∕m3, 𝜈 = 1.002 ×
10−6 m2∕s and 𝔤 = 9.81m∕s2). Note that here we assume 𝑅𝑒𝜆 = const., in 
contrast to Ngo-Cong et al. (2018) where 𝑢′ is fixed. Our choice im-
plies that 𝑢′ increases with 𝜀, and corresponds to the more physical 
scenario where a higher rotor speed drives stronger turbulence at both 
small and large scales. Furthermore, 𝑅𝑒𝜆 = 100 was selected such that 
when 𝜀 = 100W∕kg, then 𝑢′2 ≈ 0.25m2∕s2, which falls within the range 
of values of 𝑢′2 considered in Kostoglou et al. (2020a).

Depending on the specific value within the broad range of pos-
sible dissipation rates 𝜀, the maximum stable bubble size varies be-
cause bubbles tend to break up when the local fluid shear becomes suf-
ficiently large (Hinze, 1955; Kolmogorov, 1949). Quantitatively, this 
behaviour is captured by a critical bubble Weber number 𝑊 𝑒𝐼𝑆𝑅 =
2.13𝜌𝑓 (2𝑟𝑏𝜀)2∕3(2𝑟𝑏)∕𝛾 beyond which a bubble cannot remain stable (Ma-
suk et al., 2021). Here, the velocity scaling in the inertial subrange 
is used and 𝛾 = 73mN∕m is the surface tension of water. The nominal 
value for 𝑊 𝑒𝑐𝑟𝑖𝑡 reported in the literature vary (Hinze, 1955; Risso and 
Fabre, 1998), which is indicated in Fig. 8(a) along with the values of 
𝑊 𝑒𝐼𝑆𝑅 for the combinations of 𝑟𝑏 and 𝜀 investigated here. Fig. 8(a) 
shows that while most of the combinations can stably exist when ac-
counting for the spread in 𝑊 𝑒𝑐𝑟𝑖𝑡, bubbles with 𝑟𝑏 = 2mm would break 
up when 𝜀 = 100W∕kg. This is further consistent with the very high av-
erage bubble Reynolds number, ⟨𝑅𝑒𝑏⟩ = 2𝑟𝑏⟨|𝐰𝐛|⟩∕𝜈, estimated by our 
model for this case. As shown in Fig. 8(b), ⟨𝑅𝑒𝑏⟩ exceeds 6000. Based 
on these results, we will not evaluate our model predictions for the 
(𝑟𝑏, 𝜀) = (2mm, 100W∕kg) case.

In addition to the physical limit imposed on 𝑟𝑏 by the background 
turbulence, there is an inherent maximum floatable particle size since 
the buoyancy of the bubble–particle aggregate must be larger than 
its weight for the aggregate to surface. A simple force balance gives 
𝑟𝑝∕𝑟𝑏 < ((1 − 𝜌𝑏∕𝜌𝑓 )∕(𝜌𝑝∕𝜌𝑓 − 1))1∕3. This requirement is satisfied for all 
𝑟𝑝 ≤ 200 µm when 𝑟𝑏 ≥ 0.5mm and for 𝑟𝑝 ≤ 31 µm when 𝑟𝑏 = 0.05mm
(which is indicated by open circles in the figures in Section 5.2.3). We 
acknowledge that the actual upper limit on 𝑟𝑝 is more stringent since it 
is also influenced by factors such as particle detachment by the back-
ground turbulence (Nguyen et al., 2016). These complications are not 
considered here as they lie beyond the scope of this study and do not 
affect the discussion below.

5.2.2.  Frozen turbulence approach in practice
We now reflect on the applicability of the frozen turbulence ap-

proach at practically relevant parameters, which has a higher 𝑅𝑒𝜆
than the simulated cases. As discussed in Section 5.1, the frozen tur-
bulence approximation is conceptually valid when 𝑇𝑤

𝐿 ∕𝜏𝑓 ≳ 1. How-
ever, estimating the value of 𝑇𝑤

𝐿 ∕𝜏𝑓  a priori at a different value of 
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Fig. 11. Summary of the proposed model. The numbers in brackets refer to the expression of the corresponding quantities.

𝑅𝑒𝜆 is challenging. When 𝑅𝑒𝜆 increases, ⟨𝑤𝑏⟩ decreases following 
(14) so 𝜏𝑓  increases according to (35). Simultaneously, 𝜏𝜂 decreases 
such that 𝑆𝑡𝑏 increases, which according to our simulated cases in-
creases 𝑇𝑤

𝐿 . The net effect of changing 𝑅𝑒𝜆 on 𝑇𝑤
𝐿 ∕𝜏𝑓  is therefore

uncertain.
As a crude estimate, we refer to our simulations and note that 

𝑇𝑤
𝐿 ∕𝜏𝑓 ≳ 1 holds for 0.5 ≤ 𝑆𝑡𝑏 ≤ 6.3 when 1∕𝐹𝑟 ≥ 4. We furthermore 
note that the estimated value of 𝑅𝑒𝜆 ∼ 100 is not orders of magni-
tude larger than the simulated value of 𝑅𝑒𝜆 = 64. Therefore, we conjec-
ture that for practically relevant conditions, the frozen turbulence ap-
proximation holds for 1∕𝐹𝑟 ≳ 𝑂(1), which corresponds to 𝜀 ≳ 0.2W∕kg. 
We emphasise that the above is a very rough estimate and 𝑇𝑤

𝐿 ∕𝜏𝑓 ≳ 1
is a conceptual limit. In practice, the deviation of the model predic-
tion from reality may remain minor even when the conceptual limit 
is violated. This is exemplified by the (𝑆𝑡𝑏, 1∕𝐹𝑟) = (2.8, 2) cases in 
Figs. 5(c) and 6(c), where the deviation of Γ𝑚𝑜𝑑𝑒𝑙 from Γ is generally 
less than 30% even though 𝑇𝑤

𝐿 ∕𝜏𝑓 < 1. In view of the uncertainty in 
the value of 𝜀 where the frozen turbulence approximation becomes in-
valid, we present the model predictions throughout the entire range of
𝜀 ∈ [0.1, 100]W∕kg.

5.2.3.  Collision rate predictions and implications
Fig. 9(a) shows that the predicted collision kernel Γ increases mono-

tonically with 𝑟𝑝 for the selected parameters. The dependence of Γ on 𝑟𝑝
can be classified into three distinct regimes: an interception-dominated 
regime at small 𝑟𝑝, a transition regime at intermediate 𝑆𝑡𝑝, and a grav-
itational/inertia-dominated regime at large 𝑟𝑝. For small particles (𝑟𝑝 ≲
7 µm), Γ ∝ 𝑟2𝑝 because the instantaneous particle Stokes number 𝑆𝑡′𝑝 is 
sufficiently low, such that the interception mechanism 𝐸(𝑖)

𝑐 ∝ 𝑟2𝑝 domi-
nates (see (6)). In contrast, for larger particles (𝑟𝑝 ≳ 100 µm), the behav-
ior becomes more complex when examining the compensated collision 
kernel Γ∕(1 + 𝑟𝑝∕𝑟𝑏)2 (see Fig. 9(b)). In combinations with larger bub-
bles (𝑟𝑏 = 0.5mm and 2mm), the collision kernels scale as (1 + 𝑟𝑝∕𝑟𝑏)2, 
corresponding to the inertial limit, which leads to the plateau observed 
in Fig. 9(b) for larger values of 𝑟𝑝. However, for the smaller bubble (𝑟𝑏 =
0.05mm), the collision kernel increases more rapidly than (1 + 𝑟𝑝∕𝑟𝑏)2. 
This discrepancy arises from the competing contributions of particle set-
tling and particle inertia. For a given turbulent flow (characterized by a 
fixed 𝜀), particles with the same 𝑆𝑡𝑝 exhibit identical settling velocities 
regardless of the bubble size. When the bubble size is large, the ratio 
between particle settling velocity and bubble rise velocity is small, such 
that the settling contribution to the collision kernel is weaker. Hence, 
the collision kernel is dominated by the particle inertia at large par-
ticle Stokes number, yielding the scaling Γ ∝ (1 + 𝑟𝑝∕𝑟𝑏)2. By contrast, 
for smaller bubble (𝑟𝑏 = 0.05mm), the bubble rises slower and particle 
settling plays a more significant role, and the compensated collision ker-
nel continues to increase with 𝑟𝑝 in the large-𝑆𝑡𝑝 regime, as shown in 
Fig. 9(b). It is also noteworthy that increasing the turbulence intensity 

(smaller 1∕𝐹𝑟) reduces the effective particle settling velocity, thereby 
weakening the settling contribution. This explains the emergence of a 
plateau even in the case of 𝑟𝑏 = 0.05mm and 𝜀 = 100W∕kg. Quantita-
tively, increasing 𝑟𝑏 leads to larger values of Γ, partly because Γ ∝ 𝑟2𝑏 by 
geometry.

Higher values of Γ are also predicted by our model for larger val-
ues of 𝜀. The increase in Γ is driven by multiple factors since 𝑓 (𝑤𝑏) as 
well as 𝑅𝑒𝑏, and hence also 𝑆𝑡′𝑝 all vary. Furthermore, the boundaries of 
the transition regime clearly shifts towards smaller values of 𝑟𝑝 at larger 
values of 𝜀. This is because 𝜀 and ⟨|𝐰𝐛|⟩ are positively correlated for 
the parameters considered, which can be inferred from the increase of 
⟨𝑅𝑒𝑏⟩ = 2𝑟𝑏⟨|𝐰𝐛|⟩∕𝜈 with 𝜀 in Fig. 8(b) (note that the increase is driven 
by enhanced turbulent fluctuations of the bubble slip velocity, while 
the mean vertical slip velocity ⟨𝑤𝑏⟩ is reduced in accordance with (14)). 
Therefore, particles of a particular size would have a larger 𝑆𝑡′𝑝 on aver-
age for larger values of 𝜀, such that the inertial mechanism is activated 
and the fully inertial limit is reached at lower values of 𝑟𝑝. Additionally, 
this increase in ⟨|𝐰𝐛|⟩ raises the associated bubble Weber number de-
fined with the bubble slip velocity 𝑊 𝑒𝑠 = 2𝜌𝑓 𝑟𝑏⟨|𝐰𝐛|⟩

2∕𝛾. As Fig. 9(c) 
shows, 𝑊 𝑒𝑠 ≳ 1 for 𝜀 ≳ 1W∕kg when 𝑟𝑏 ≳ 0.5mm, which suggests that 
the spherical bubble assumption may no longer hold, hence the quanti-
tative predictions in this parameter range should be used with caution. 
Nonetheless, deviations from the spherical bubble assumption are likely 
higher-order effects. In general, our model prediction at typical flotation 
parameters indicate that inertial effects are not negligible and need to be 
taken into account. This is true even for 𝑟𝑝 = 7 µm which is encountered 
in fine particle flotation (Lynch et al., 1981) as long as 𝜀 is sufficiently 
large (𝜀 ≳ 5W∕kg for 𝑟𝑏 = 0.05mm).

While the collision kernel facilitates comparison between scenarios 
with different bubble and particle number densities, it is not the most 
direct comparison in practice when 𝑟𝑏 varies since it implies that the gas 
holdup 𝜙 ∝ 𝑟3𝑏 , which may not be the case (Yianatos et al., 2010). This 
is an important detail, especially for the flotation of fine particles. In 
this context, the mineral recovery rate is low due to reduced collision 
efficiency at small 𝑟𝑝, so smaller bubbles are employed to mitigate this 
problem (Ahmed and Jameson, 1985; Miettinen et al., 2010). The col-
lision kernel then takes a lower value as has already been observed in 
Fig. 9(a). However, considering only Γ in this scenario ignores the posi-
tive effect on the overall collision rate due to the increase in the bubble 
number density assuming a constant gas volume flow rate. Therefore, 
in Fig. 10 we plot Γ𝑛𝑏 (i.e. the collision rate per particle) for constant 
𝜙 at a typical value of 10% (Yianatos et al., 2010). As expected, the 
shape of the curves are identical to those in Fig. 9(a); though crucially, 
Γ𝑛𝑏 increases when 𝑟𝑏 decreases. This shows that using smaller bubbles 
has a net positive effect on the collision rate, and our model prediction
supports the usage of smaller bubbles for flotation, which is consistent 
with results in the literature (Ahmed and Jameson, 1985; Miettinen 
et al., 2010).
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6.  Conclusion

In this study, we develop a model that predicts a priori the bubble–
particle collision rate of inertial particles in homogeneous isotropic tur-
bulence given the bubble, particle, and turbulence properties: namely, 
the bubble radius, the bubble density, the particle radius, the particle 
response time, the liquid kinematic viscosity, the liquid density, the Tay-
lor Reynolds number, the dissipation rate, and gravity. Our model ac-
counts for bubble behaviour in turbulence as well as the distorted flow 
field around finite-size bubbles. A summary of our model is displayed 
in Fig. 11. As Fig. 11 shows, our model adopts the frozen turbulence 
approximation proposed by Jiang and Krug (2025), such that the exist-
ing parametrisations of the bubble–particle collision efficiency in still 
fluid can be applied. The main input required for this approach is the 
bubble slip speed p.d.f. We assume independent bubble slip velocity 
components and model their probability density functions using normal 
distributions with the mean of the vertical component given by Ruth 
et al. (2021) and Liu et al. (2024) (i.e. (14)), and the standard devia-
tion given by Berk and Coletti (2024) (i.e. (26)). The resulting bubble 
slip speed p.d.f.s are compared with finite-size bubble simulations over 
1 ≤ 1∕𝐹𝑟 ≤ 10 with 0.5 ≤ 𝑆𝑡𝑏 ≤ 6.3 and 𝑅𝑒𝜆 = 64. Good agreement is ob-
served for 1∕𝐹𝑟 ≥ 4. For 𝑆𝑡𝑏 = 2.8 and 6.3, we additionally calculate the 
bubble–particle collision rates from the simulations and find satisfactory 
agreement with the model predictions. This result is consistent with our 
proposed requirement that 𝑇𝑤

𝐿 ∕𝜏𝑓 ≳ 1 for the frozen turbulence approx-
imation, which suggests that the model should be valid for 1∕𝐹𝑟 ≥ 4
when 0.5 ≤ 𝑆𝑡𝑏 ≤ 6.3 and 𝑅𝑒𝜆 = 64. Applying our model to typical flota-
tion parameters confirms that the collision rate can be raised by using 
larger particles, smaller bubbles, or stronger turbulence. Importantly, 
we find that even for fine particles, particle inertia can play a signifi-
cant role in determining the overall collision rate.

In summary, our model includes the particle inertia and particle set-
tling effects on the collision rate and provides significantly better pre-
dictions of the bubble–particle collision rate in homogeneous isotropic 
turbulence than existing theories, even at the 𝑆𝑡𝑝 → 0 limit. Considering 
the high inhomogeneity of the turbulence in actual flotation cells, our 
model can be used on a subgrid-scale level in industrial computational 
fluid dynamics simulations to predict the local collision rate, at least for 
smaller bubble and particle Stokes numbers where the behaviour of the 
dispersed phases is determined by the local flow field. Presently, the ex-
pressions for the collision efficiency and the mean vertical slip velocity 
presented in (9) and (14) are for fully contaminated bubbles. In princi-
ple though, our general modelling approach (i.e. the frozen turbulence 
approach and the modelling of the bubble slip speed p.d.f. with indepen-
dent normally distributed components) is not restricted to such bubbles, 
as long as the corresponding expressions of the collision efficiency and 
the mean vertical slip velocity are used.  Potential future improvements 
of the model include a more accurate representation of 𝐸(𝑖𝑛)

𝑐 (𝑆𝑡𝑝), to 
more faithfully capture the dependence of the collision rate on 𝑆𝑡𝑝; as 
well as incorporating the turbulence-induced spatial segregation of bub-
bles and particles (Calzavarini et al., 2008a; Chan et al., 2025, 2023), 
which can reduce the collision rate especially when 𝑆𝑡𝑝 ≈ 1 (Jiang and 
Krug, 2025). In addition, interactions with neighbouring bubbles may 
influence the collision kernel in practice, but these effects are not cur-
rently represented in the model and should be addressed in future re-
search. 
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Appendix A.  Fitting parameters for the inertial collision efficiency

We determine the fitting parameters 𝑎 and 𝑏, which are used in the 
expression of 𝐸(𝑖𝑛)

𝑐  (7) from supplementary simulations of a fixed bub-
ble and freely-moving point-particles in a fluid without external forcing. 
We use the same fluid and point-particle solvers as described in Sec-
tion 3.1 with 𝐟 = 𝟎 in (27). In contrast to the simulations discussed in 
the main text, the bubble is always fixed in the centre of the compu-
tation domain, whose size is 512 × 512 × 768 and is periodic along the 
two horizontal directions. On the top boundary, a uniform downward 
fluid velocity is imposed to give the desired 𝑅𝑒𝑏 and ∼ 10000 particles 
with 𝑟𝑝 = 𝑟𝑏∕30 are injected initially above the bubble. Depending on the 
location of the particle in relation to the grazing trajectory, it either col-
lides with the bubble and is removed immediately, or is advected by the 
flow and eventually exits the bottom of the domain, where the longitu-
dinal fluid velocity gradient is set to be uniformly zero. 𝑟𝑏 is resolved by 
40 grids, which satisfies both the boundary layer and particle resolution 
requirements discussed in Section 3.2 for 𝑅𝑒𝑏 ∈ [20, 120]. The values of 
the fitting parameters 𝑎 and 𝑏 at 𝑅𝑒𝑏 = 20, 60, 80, and 120 are shown 
in Fig. A.1. Between these values of 𝑅𝑒𝑏, the fitting parameters are lin-
early interpolated. Beyond 𝑅𝑒𝑏 ∈ [20, 120], we take (𝑎, 𝑏) = (0.133, 3.5)
for 𝑅𝑒𝑏 < 20, and (𝑎, 𝑏) = (0.249, 2.59) for 𝑅𝑒𝑏 > 120 as the curves flatten 
at high 𝑅𝑒𝑏.
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Fig. A.1. The value of (a) 𝑎 and (b) 𝑏 in the expression of 𝐸(𝑖𝑛)
𝑐 , i.e. (9), as a function of 𝑅𝑒𝑏.

Appendix B.  Expressions of Kostoglou et al. (2020a)

In this appendix, we provide the expressions used to evaluate Γ(𝐾𝑜𝑠)

for completeness. This model is based on the combined surface and ve-
locity integral

Γ(𝐾𝑜𝑠) = ∯𝑆𝑐

∞

∭
−∞

∫

∞

0
Λ(−Δ𝑣𝑟 ⋅ 𝑓 (𝑤𝑏𝑜,𝑥)𝑓 (𝑤𝑏𝑜,𝑦)𝑓 (𝑤𝑏𝑜,𝑧)𝑓 (𝑣𝑝𝑡) (B.1)

d𝑣𝑝𝑡d𝑤𝑏𝑜,𝑥d𝑤𝑏𝑜,𝑦d𝑤𝑏𝑜,𝑧)d𝑆,

where 𝑆𝑐 is a sphere with a radius of 𝑟𝑏 + 𝑟𝑝, Δ𝑣𝑟 is the radial component 
of the bubble–particle relative velocity, which is positive when the pair 
is separating,

Λ(𝑥) =

{

𝑥 for 𝑥 > 0,

0 otherwise,
(B.2)

𝑓 (⋅) is the probability density function (p.d.f.), 𝑤𝑏𝑜,𝑥,𝑦,𝑧 are components 
of the bubble slip velocity with respect to the fluid velocity in the ab-
sence of the bubble, and 𝑣𝑝𝑡 is the relative bubble–particle velocity due 
to local velocity gradients. Rewriting (B.1), 

Γ(𝐾𝑜𝑠) = 2𝜋(𝑟𝑏 + 𝑟𝑝)2𝐼, (B.3)

where

𝐼 = 𝑁1
2 − cos3 𝜃𝑐 + cos3 𝜃𝑑

3
+𝑁2

−cos2 𝜃𝑐 + cos2 𝜃𝑑
2

+𝑁3(2 − cos 𝜃𝑐 + cos 𝜃𝑑 ).

(B.4)

𝑁1,2,3 and 𝜃𝑐,𝑑 will be defined in Sections B.1 and B.2, respectively.

B.1.  Definition of 𝑁1,2,3

𝑁1,2,3 characterise the magnitude of the radial component of the 
bubble–particle relative velocity in the bubble reference frame and are 
defined as

𝑁1 = 3𝑌 𝐹𝑈𝑇 , 𝑁2 = 2𝑋𝐹𝑈𝑇 − 𝑣𝑠𝔣, 𝑁3 = 𝑣𝑝𝑡 − 𝑌 𝐹𝑈𝑇 . (B.5)

Here, 𝑣𝑠 = 2𝑟2𝑝(1 − 𝜌𝑝∕𝜌𝑓 )𝔤∕(9𝜈(1 + 0.169𝑅𝑒2∕3𝑝 )) is the particle terminal 
velocity with non-Stokesian drag correction, 𝑣𝑝𝑡 = (𝑟𝑝∕𝜏𝜂)∕(30𝜋)1∕2 is the 
collision velocity attributed to local fluid shear,

𝑈𝑇
𝜎𝑖

=

⎧

⎪

⎨

⎪

⎩

1.6, for 𝛼 < 0.1

− 0.0188𝛼3 + 0.2174𝛼2 + 0.1073𝛼 + 1.5552, for 0.1 ≤ 𝛼 ≤ 5

𝛼 + (1∕𝛼), for 𝛼 > 5
(B.6)

from Chan et al. (2025), and 𝛼 = 𝑣𝑞∕𝜎𝑖 where 𝑣𝑞 is the bubble rise ve-
locity in still fluid. Taking 𝑓𝑏 = 0.426𝑅𝑒1∕2𝑏 ,

𝑣𝑞 =

[

0.261

√

2𝑟3𝑏
𝜈

(

1 −
𝜌𝑏
𝜌𝑓

)

𝔤

]2∕3

(B.7)

and

𝜎𝑖 = 2𝑢′
(

1 +
3.79𝜈1∕2𝑢′2𝜎1∕2𝑖

𝜀𝑟3∕2𝑏

)−1∕2
. (B.8)

Note that the coefficient in the numerator of (B.8) is 3.79 instead of 2.625
as presented in Kostoglou et al. (2020a) due to a typographical error. 
𝑋, 𝑌 , 𝐹  are related to the bubble flow field in still fluid and are given 
by

𝑋 = 3
2
+ 9

32
𝑅𝑒𝑏

(1 + 0.31𝑅𝑒0.7𝑏 )
, 𝑌 = 3

8
𝑅𝑒𝑏

(1 + 0.217𝑅𝑒0.518𝑏 )
, 𝐹 = 1

2

( 𝑟𝑝
𝑟𝑏

)2

(B.9)

where 𝑅𝑒𝑏 = 2𝑟𝑏𝑈𝑇 ∕𝜈 in (B.9) only. Finally, 𝔣 describes the angle be-
tween the bubble slip velocity with gravity and 

𝔣 =

{

𝛼∕2 for 𝛼 < 1
0.5 + 0.5[1 − exp(−0.85(𝛼 − 1))] for 𝛼 ≥ 1.

(B.10)

B.2.  Definition of 𝜃𝑐,𝑑

The radial component of the bubble–particle relative velocity Δ𝑣𝑟
has an angular dependence on the polar angle 𝜃, which is defined such 
that 𝜃 = 0 points towards the incident flow. Depending on the bubble 
properties, Δ𝑣𝑟 may change signs. The corresponding critical angles are 
given by 𝜃𝑐 and 𝜃𝑑 , such that Δ𝑣𝑟 is positive (velocity pointing radially 
outwards) when the polar angle 𝜃 ∈ (𝜃𝑐 , 𝜃𝑑 ). Generally,

cos 𝜃𝑐 =
−𝑁2 +

√

𝑁2
2 − 4𝑁1𝑁3

2𝑁1
, cos 𝜃𝑑 =

−𝑁2 −
√

𝑁2
2 − 4𝑁1𝑁3

2𝑁1
.

(B.11)

If an imaginary value or | cos 𝜃𝑐,𝑑 | > 1 is obtained, the corresponding 
solution is rejected using the following procedure. In the case where 
both 𝜃𝑐 and 𝜃𝑑 are rejected, 𝜃𝑐 = 𝜃𝑑 = 𝜋. Otherwise, if the solution for 
𝜃𝑐 is rejected, 𝜃𝑐 = 0; while if the solution for 𝜃𝑑 is rejected, 𝜃𝑑 = 𝜋.

Appendix C.  Comparison between the full and approximate 
expressions of 𝒇 (𝒘𝒃)

At large ⟨𝑤𝑏⟩, the complete expression of 𝑓 (𝑤𝑏) reported in (11) con-
verges to a normal distribution as given in (12). To compare the two 
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Fig. C.1. The discrepancy between 𝑓 (𝑤𝑏) modelled by integrating the joint 
p.d.f. of the individual bubble slip velocity components and by a normal dis-
tribution. The inset shows the distributions resulting from these two models at 
various ̃𝜇𝑧, the values of which are given by the data points with the same colour 
in the main panel.

expressions in (12), we rewrite them in terms of the dimensionless vari-
ables 𝑤𝑏 = 𝑤𝑏∕𝜎 and ̃𝜇𝑧 = ⟨𝑤𝑏⟩∕𝜎. This yields

𝑓 (𝑤𝑏) =
𝑤𝑏

2

√

2𝜋𝜎
exp

(

−
𝑤𝑏

2 + 𝜇𝑧
2

2

)(

2
𝑤𝑏𝜇𝑧

sinh (𝑤𝑏𝜇𝑧)
)

= 1
√

2𝜋𝜎
𝑓 (𝑎)

(C.1)

Fig. D.1. (a) The collision kernels at the standard grid resolution Γ and that at the doubled grid resolution Γ′, and (b) the ratio of Γ∕Γ′ as a function of the particle 
Stokes number for (𝑆𝑡𝑏, 1∕𝐹𝑟) = (6.3, 10).

and

𝑓 (𝑤𝑏) =
1

√

2𝜋𝜎
exp

(

−
(𝑤𝑏 − 𝜇𝑧)2

2

)

= 1
√

2𝜋𝜎
𝑓 (𝑏). (C.2)

We therefore plot 𝑓 (𝑎) and 𝑓 (𝑏) in the inset of Fig. C.1, which shows 
that the two curves converge at large ̃𝜇𝑧. To quantify this, the main panel 
of Fig. C.1 displays

Δ𝑓 =
∫ ∞
0 |𝑓 (𝑎) − 𝑓 (𝑏)

|d𝑤𝑧

∫ ∞
0 𝑓 (𝑎)d𝑤𝑧

=
∫ ∞
0 |𝑓 (𝑎) − 𝑓 (𝑏)

|d𝑤𝑧
√

2𝜋
(C.3)

over a range of ̃𝜇𝑧. Δ𝑓 decreases with increasing ̃𝜇𝑧 consistent with our 
previous observation, and drops below 0.05 when 𝜇𝑧 > 16. We hence 
choose 𝜇𝑧 = 16 as the transition value between the two expressions 
shown in (12).

Appendix D.  Grid convergence test

To ensure that the collision kernel is not sensitive to the grid spac-
ing, we perform an additional simulation for the highest 𝑅𝑒𝑏 case 
((𝑆𝑡𝑏, 1∕𝐹𝑟) = (6.3, 10)) at twice the grid resolution for non-settling par-
ticles. Fig. D.1 shows that the ratio of the collision kernels obtained is 
almost unity, which suggests that the grid resolution is sufficient.
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