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Abstract

This thesis addresses the numerical treatment of Navier–Stokes equations on evolving
surfaces, combining advanced concepts from surface fluid modeling, trace finite element
approximations, and level set equation discretization schemes. Motivated by applications
in biological membranes and thin film flows, the work focuses on the numerical simulation
of surface fluid dynamics. Two principal systems are considered: the tangential surface
Navier–Stokes system (TSNS), where the evolving surface is prescribed, and the full
surface Navier–Stokes system (SNS), where both the surface evolution and the flow are
unknowns. A major challenge in the SNS arises from the nonlinear coupling between
the velocity field and the surface geometry evolution.
The thesis provides a comprehensive review and comparison of existing derivations of the
surface Navier–Stokes equations, highlighting differences in physical principles (such as
conservation laws, thin film limits, and energetic variational approaches) and coordinate
representations (local curvilinear vs. global Cartesian). It is shown that, while the
TSNS systems derived from various approaches are equivalent, the SNS systems may
differ depending on the chosen framework.
The main goal of this thesis is the development and analysis of novel numerical methods
based on the Trace Finite Element Method (TraceFEM) for both TSNS and SNS on
evolving surfaces. TraceFEM uses a background mesh in the embedding space, allowing
for robust discretization without the need for surface triangulation or remeshing as the
surface evolves. The thesis details the construction of these methods, including stabi-
lization and extension techniques. For the TSNS, an error analysis is provided, and the
method’s accuracy and stability are demonstrated. The extension to the full SNS system
is presented, addressing the additional challenges posed by the nonlinear coupling be-
tween surface evolution and fluid flow. Additionally, an efficient narrow band method for
the level set equation is introduced to accurately represent surfaces evolved by material
flow fields. This method is crucial for the SNS system, where the surface evolution is
coupled with the fluid flow.
Numerical experiments validate the theoretical findings, demonstrating the accuracy
and efficiency of the proposed methods. This work contributes to computational fluid
dynamics by advancing methodologies for discretizing fluid flows on deformable surfaces,
paving the way for future research in this vital area of applied mathematics.

vii





Zusammenfassung

Diese Dissertation befasst sich mit der numerischen Behandlung von Navier–Stokes–
Gleichungen auf sich bewegenden Oberflächen, wobei Konzepte aus der Modellierung von
Oberflächenströmungen mit Trace–Finite–Elemente–Methoden und Diskretisierungsver-
fahren für Level–Set–Gleichungen kombiniert werden. Motiviert durch Anwendungen
in biologischen Membranen, liegt der Schwerpunkt der Arbeit auf der numerischen
Simulation von Strömungen auf deformierbaren Oberflächen. Es werden zwei Sys-
teme betrachtet: das tangentiale Oberflächen–Navier–Stokes–System (TSNS), bei dem
die Oberflächenbewegung vorgegeben ist, und das vollständige Oberflächen–Navier–
Stokes–System (SNS), bei dem sowohl die Bewegung der Oberfläche als auch das
Geschwindigkeitsfeld auf der Oberfläche unbekannt sind. Eine wesentliche Heraus-
forderung im SNS ergibt sich aus der nichtlinearen Kopplung zwischen Geschwindigkeits-
feld und Entwicklung der Oberflächengeometrie.
Die Arbeit bietet einen umfassenden Überblick und Vergleich bestehender Herleitungen
des SNS, wobei unterschiedliche physikalische Prinzipien (Erhaltungssätze, Dünnschicht-
Grenzfälle und energetische Variation) sowie Koordinatensysteme (lokal vs. global)
zum Zuge kommen. Es wird gezeigt, dass die aus verschiedenen Modellierungsansätzen
hergeleiteten TSNS äquivalent sind, während die SNS voneinander abweichen können.
Das Hauptziel der vorliegenden Arbeit besteht in der Entwicklung und Analyse nu-
merischer Methoden auf Grundlage der Trace–Finite–Elemente–Methode (TraceFEM).
TraceFEM verwendet ein Gitter im R3, das eine Diskretisierung ermöglicht, ohne dass
eine Oberflächentriangulierung erforderlich ist. Die Konstruktion der Methoden, ein-
schließlich Stabilisierungs- und Erweiterungstechniken, wird detailliert beschrieben. Für
das TSNS wird eine Fehleranalyse durchgeführt, welche die Genauigkeit der Meth-
ode nachweist. Eine Erweiterung auf das SNS wird vorgestellt, wobei die zusätzlichen
Herausforderungen (Kopplung zwischen Oberflächenverformung und Strömung) berück-
sichtigt werden. Darüber hinaus wird ein effizientes Narrow–Band–Verfahren für die
Level–Set–Gleichung eingeführt, um die Deformation der Oberfläche darzustellen.
Numerische Experimente validieren die theoretischen Ergebnisse und demonstrieren die
Genauigkeit und Effizienz der Methoden. Diese Arbeit leistet einen Beitrag zur nu-
merischen Strömungsmechanik, indem sie Methoden zur Diskretisierung von Strömungen
auf verformbaren Oberflächen weiterentwickelt und analysiert und damit den Weg für
zukünftige Forschung in diesem Bereich ebnet.
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Chapter 1
Introduction

This doctoral thesis explores the discretization of Navier-Stokes equations on evolving
surfaces. The work combines advanced concepts from modeling of surface fluids, trace
finite element approximations, and discretization schemes for level set equations to de-
velop novel computational techniques for discretizing fluid flows on evolving manifolds
embedded in R3.

1.1 Motivation and overview

In recent years, there has been a strongly growing interest in partial differential equa-
tions (PDEs) modeling fluid flows on surfaces. This is motivated by a wide range of
applications in science and engineering, including biological membranes, surfactant dy-
namics, and thin film flows. Especially in cell and tissue biology, fluid deformable sur-
faces play an important role to model membranes and interfaces. For example, lipid
membranes and liquid crystal shells are deformable thin structures exhibiting fluidity,
cf., e.g., [Dim+06; Keb+14]. Continuum based modeling of such materials leads to sys-
tems of partial differential equations posed on two-dimensional surfaces embedded in
R3. A groundbreaking study on the mathematical modeling of surface fluids was done
in [Scr60]. Many proposed models for fluidic surfaces available in the literature involve
variants of the surface (Navier-)Stokes equations. The surface Navier–Stokes equations
are a fundamental model in fluid dynamics, describing the motion of fluids along sur-
faces or interfaces. Accurately modeling the fluid behavior is crucial for understanding
a wide range of physical phenomena, for example in the modeling of biological inter-
faces, cf. the overview paper [TMA19] and the references therein. Additionally, the
surface Navier–Stokes equations are of great interest in the field of computational fluid
dynamics, where they can be used to simulate complex fluid-structure interactions and
multiphase flows. These equations are also explored as intriguing mathematical problems
in their own right (cf. refer to [EM70; Tay92; MT01]). Various modeling strategies and
derivations of Navier–Stokes equations on evolving surfaces have been introduced (cf.,
e.g., [AD09; EHZ07; GKL17; JOR18; Miu17; NRV19; NRV20]). We take a closer look
at existing derivation techniques for the surface Navier–Stokes equations and compare
the techniques and the resulting equations in Chapter 3.
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Chapter 1. Introduction

When considering the surface Navier–Stokes equations, we distinguish between the tan-
gential surface Navier–Stokes system (TSNS) and the (full) surface Navier–Stokes system
(SNS). While the surface is known beforehand in the TSNS (the surface may be sta-
tionary as well), the evolving surface becomes an unknown of the system in SNS and
only the initial surface is known. In the TSNS, the normal component of the velocity
(that defines the surface evolution) is known and the unknowns of the system are the
tangential velocity and the pressure. When the surface is stationary (not evolving in
time), the normal component of the velocity has to be zero. Thus, only the TSNS can
be posed on surfaces, where the surface evolution is known. In the SNS the full flow
field (tangential and normal component), the pressure, and the surface evolution are the
unknowns of the system. Since the velocity is a so-called material velocity, the movement
of the surface depends on the velocity field, defined by the PDE on the surface. This
nonlinear dependence between the surface, where the PDE is defined, and the velocity
field, that defines the surface evolution, makes the system challenging to analyse and
discretize. To the best of our knowledge there is no well-posedness result or numerical
analysis of the full surface Navier–Stokes problem.
There are multiple discretization methods for partial differential equations defined on
surfaces; examples include the trace finite element method (TraceFEM), cf. e.g., [OR17],
the surface finite element method (SFEM), cf. e.g., [DE13], and the diffuse interface
method, cf. e.g., [RV06]. For scalar surface partial differential equations, like the
Laplace-Beltrami problem, established finite element techniques and analyses of dis-
cretization errors are available (see [DD07; Reu14; GLR18]). An overview of finite ele-
ment methods applied to scalar surface partial differential equations is given in [DE13;
BDN20]. Also, vector-valued surface PDEs, like the surface vector–Laplace system have
been studied, cf. e.g., [JR20]. Numerical simulation techniques for the TSNS and the
Stokes system on a stationary manifold have gathered significant attention in recent
years, cf. e.g., [Fri18; Ols+18; BR20; BDL20; OY19]. Some of these techniques were
adapted to the case of evolving surfaces. In [KKV23; ORZ22] the TSNS system on
an evolving (predefined) surface is discretized. However, the analysis of many of these
techniques is still an open problem. A first step was done in [ORZ22], where it is shown,
that the TSNS system on an evolving surface is well-posed.
Only a few numerical methods for the full surface Navier–Stokes equations (SNS) have
been proposed in the literature, cf. e.g., [NRV19; RNV20; KV23]. The main challenges
in this context are the coupling between surface geometry and fluid dynamics, the time-
dependent domains of definition, and the discretization of geometric quantities.
The goal of this thesis is the development of a novel numerical method for the surface
Navier–Stokes equations. We present a TraceFEM based discretization schemes for the
TSNS and for the SNS and give an overview of an error analysis for the TSNS method.

1.2 Navier–Stokes equations on evolving surfaces

In Chapter 3, we give a short introduction into the modeling of surface Navier–Stokes
equations posed on evolving surfaces Γ(t). There are different physical principles used
in the literature to derive surface Navier–Stokes systems. In this thesis, we will compare
different derivations of the surface Navier–Stokes equations known from the literature
and discuss the differences and similarities between them. We discuss the derivations

2



1.2. Navier–Stokes equations on evolving surfaces

given in [JOR18; GKL17; EHZ07; Miu17; NRV19]. In all derivations, the surface is
assumed to be closed, orientable, and sufficiently smooth.
The derivations in the literature can be classified by the physical principles used. We
distinguish between the following approaches:

• It is possible to obtain surface Navier–Stokes equations as a system of PDEs on a
moving material manifold by using conservation laws of mass and momentum on
the surface. This approach is used in [JOR18; EHZ07].

• Similar to the first approach, one can derive Navier–Stokes equations from con-
servation laws of mass and momentum in the volume. This leads to a system of
PDEs in a narrow band around the surface. Combing this system with a thin film
limit technique leads to a Navier–Stokes system on the surface. This approach is
used in [Miu17; NRV19].

• The conservation of surface mass is also used in the last physical principle. But
instead of conservation of momentum, an Onsager principle is used to combine the
variation of an action integral with the variation related to a “surface viscosity”
energy, to obtain the surface Navier–Stokes equations. This approach is used in
[GKL17].

Besides these differences in physical principles, there is also a difference in the mathemat-
ical representation of the resulting flow equations. In some papers, e.g., [EHZ07; AD09;
NRV19; NRV20], local coordinate systems (curvilinear coordinates) are used, whereas in
other literature [JOR18; GKL17; Miu17] the standard Euclidean basis of R3, in which
the evolving surface is embedded, is used. Such different coordinate systems lead to
different representations of surface differential operators such as a covariant derivative
or a surface divergence, and one has to be careful when comparing equations formu-
lated in such different coordinate systems. Both, the local curvilinear and the global
Cartesian coordinate system have attractive properties according to different applica-
tion fields. The local coordinate system can be very useful for modeling more complex
fluid properties, e.g., in certain classes of fluid membranes, cf. [EHZ07; TMA19], or in
flows of liquid crystals, cf. [NRV19; NRV20]. The representation in global Cartesian
coordinates is very convenient for the development of numerical simulation methods for
these flow equations. In Chapter 2 we will give a detailed introduction to the different
coordinate systems, derive representations of the surface differential operators in both
coordinate systems and compare them as a preparation for the comparison of the sys-
tems of Navier–Stokes equations. In Chapter 3, we will summarize five derivations of
the surface Navier–Stokes equations from [JOR18; GKL17; EHZ07; Miu17; NRV19]. We
will discuss the main ingredients and steps of the derivations and compare the result-
ing systems. Furthermore, we use a splitting of the velocity to derive the simplified
tangential Navier–Stokes systems from the surface Navier–Stokes equations for each ap-
proach. We show that the TSNS systems of all five derivations are the same (besides
their representation), but the full surface Navier–Stokes systems may differ.
The (full) surface Navier–Stokes system, that we will study throughout this thesis, is
given by the following problem.

3



Chapter 1. Introduction

Problem 1.2.1: Surface Navier–Stokes equations
For given initial velocity u0, initial surface Γ0 ⊂ R3, viscosity coefficient µ0, time in-
terval [0, tend], and force term f , find the velocity u, the pressure p, and the surface
parametrization X satisfying

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

●u − 2µ0 divΓ EΓ(u) + ∇Γp − pκn = f on Γ(t),
divΓ u = 0 on Γ(t),

d
dt

X(x, t) = u(X(x, t), t), X(x,0) = x ∈ Γ0,

with Γ(t) =X(Γ0, t).
When the evolution of the surface Γ(t) is known, also the normal component of the
velocity is (implicitly) prescribed. For this case, we apply the tangential projection P
to the system, leading to a system defining the tangential component uT of the velocity.
This leads to the tangential surface Navier–Stokes equations (TSNS). The TSNS system
is given by the following problem.

Problem 1.2.2: Tangential surface Navier–Stokes equations
For given initial value u0

T , viscosity coefficient µ0, time interval [0, tend], surface Γ(t),
normal velocity uN , and force term fT , find uT and p satisfying

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩
P ●uT − 2µ0P divΓ EΓ(uT ) + ∇Γp + uN HuT = f t on Γ(t),

divΓ uT = fdiv on Γ(t),
uT ⋅ n = 0 on Γ(t),

with f t = fT + 2µ0P divΓ (uN H) + uN∇ΓuN and fdiv = −uNκ.

We give an overview of notations that will be used throughout the whole thesis. The
main unknowns of the systems are

• u(x, t): (vector-valued) velocity with tangential and normal component (uT and
uN ),

• p(x, t): (scalar) pressure function,

• Γ(t): surface at time t (the surface is a known quantity in the TSNS).

Geometric quantities are given by

• n(x, t): (vector–valued) outward pointing normal vector of the surface,

• P(x, t): (tensor–valued) projection operator onto the tangent space of the surface,

• H(x, t): (tensor–valued) shape operator of the surface,

• κ(x, t): (scalar) mean curvature of the surface.
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The input quantities are given by

• µ0: viscosity coefficient,

• f : force term with tangential component fT ,

• for SNS:

• u0, Γ0: initial values of the velocity and the surface at time t = 0,

• for TSNS:

• u0
T : initial value of the tangential velocity,

• uN and Γ(t): normal component of the velocity and surface for all times t.

The surface differential operators are given by

• ∇Γ: surface gradient operator,

• divΓ: surface divergence operator,

• EΓ: surface rate of strain rate tensor,

• ●v: material derivative of v.

Definitions of geometric quantities, surface differential operators and their relations are
given in Chapter 2.

1.3 Discretization methods

Developing robust numerical methods to simulate Navier–Stokes systems on evolving
manifolds requires careful consideration of the structure of the equations, especially the
coupling between the surface geometry evolution and the PDE on the surface, defining
the velocity. This thesis aims at advancing the state-of-the-art in surface Navier-Stokes
solvers through an innovative algorithmic approach. The main goal of this thesis is to
develop a numerical method for the surface Navier–Stokes equations based on a TraceFE
method. In Chapter 4, we summarize the main contributions to the TraceFE method
from the literature. In Chapter 5 we start with a discretization scheme for the tangential
surface Navier–Stokes equations and extend this approach for the (full) surface Navier–
Stokes equations in Chapter 7.
TraceFEM is a finite element method, based on finite element spaces Vh,k, that are
constructed on a bulk mesh surrounding the surface. Thus, no surface triangulation is
needed, but a triangulation Th of a domain Ω ⊂ R3 that includes the surface Γ ⊂ Ω is used.
In the case of an evolving surface, TraceFEM has the advantage that no remeshing needs
to be done since the surface is allowed to cut through the background mesh arbitrarily.
Functions from Vh,k are defined on the elements that are “cut” by the surface, denoted
by TΓ ∶= {T ∈ Th ∣ T ∩ Γ ≠ ∅} ,
and not only on the surface itself. Thus, TraceFEM belongs to the class of geometrically
unfitted methods. In variational formulations of the surface PDE, we take the traces of
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Chapter 1. Introduction

functions from Vh,k on the surface Γ and do not extend the PDE onto the cut elements.
This motivates the name TraceFEM.
Since the mesh is independent of the surface, it is not aligned and arbitrary cuts between
mesh and surface may occur. This induces instabilities that can be overcome by adding
stabilization terms to the variational formulations. We will use standard stabilization
techniques from the literature, e.g., a volume normal derivative stabilization.
To employ a TraceFEM discretization, the surface has to be represented implicitly via
a level set function. A level set function is a scalar, sufficiently smooth (in space and
time) function ϕ ∶ Ω × [0, tend]. The surface Γ(t) is then given by the zero level set of ϕ.
It holds

Γ(t) = {x ∈ R3 ∣ ϕ(x, t) = 0}.
Using a sufficiently accurate finite element approximation ϕh of ϕ and an isoparametric
mapping to faciliate integration over curved surface patches, cf. [Leh16], allows approx-
imating integrals over Γ(t) with high accuracy.
TraceFEM is a well-known numerical method for discretization of PDEs on stationary
surfaces. It was for example used and analysed in [ORG09; OR17]. There are some more
recent works where TraceFEM is used to discretize scalar PDEs on evolving surfaces, cf.
e.g., [ORX14; LOX18]. Also, a variant of the TraceFEM has recently been applied to
time-dependent Stokes equations on a moving domain, cf. [WRL21; BFM22]. For this
reason, Taylor-Hood finite elements or equal order finite element spaces combined with
a continuous interior penalty pressure stabilization are applied for space discretization.
We adapt these methods to vector-valued PDEs on evolving surfaces.
When the surface is evolving, the discretization of the time derivative becomes more
delicate. Time stepping schemes need the evaluation of the difference u(t2) − u(t1),
where t1 and t2 are two different time points. This is in general not possible in the case
of evolving surfaces, since the surfaces Γ(t1) and Γ(t2) differ and the velocity u(t) is only
defined on Γ(t) by the PDE. In [LOX18], an implicit extension by a stabilization term
is used to construct an approximation to u(t1) that is well defined on the subsequent
surface Γ(t2). We use this approach to obtain a well defined TraceFEM formulation for
the Navier–Stokes system on an evolving surface. This extension is used in the TSNS
and the SNS.
As described above, the surface Γ(t) is an unknown in the SNS system. In Problem 1.2.1,
the surface is defined by the parametrization X(x, t), which depends on the velocity u on
the surface. In our TraceFEM setting, we replace the third equation of the SNS system
( d

dtX(x, t) = u(X(x, t), t)) by a level set equation. The level set equation describes the
evolution of the surface in terms of the corresponding level set function. It is given by

∂ϕ

∂t
+∇ϕ ⋅ u = 0.

The level set equation is a pure transport equation, which depends on the velocity field
u. In contrast to the equation defining the parametrization X, the level set equation
cannot be solved on the surface only. Since the level set function has to be defined
on a neighborhood of Γ(t), the transport equation also has to be solved on a narrow
band around the surface. We denote such a sufficiently large neighborhood by ΩTr ⊂ Ω.
To construct a well defined level set transport problem, the velocity field u has to be
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defined on ΩTr from velocity data on Γ(t). As described in Chapter 7, we use an extension
algorithm to obtain a suitable velocity field on ΩTr. Additionally, we need initial values
for the level set function on ΩTr and Dirichlet boundary values on the inflow boundary
∂Ωin

Tr ⊂ ∂ΩTr for each time step. To obtain these values, we need to extend the level set
function from the transport domain (the narrow band) of the previous time step to the
transport domain of the current time step. We develop a new extension method based
on a ghost penalty technique. This extension allows us to solve the level set equation in
a narrow band around the surface with high accuracy even if only low order boundary
values can be constructed.
There are different methods for solving the transport equation on ΩTr with given initial
and boundary values. We will use a discontinuous Galerkin scheme from [BDF16] for
the spatial discretization of the level set equation. DG-schemes are widely used to
approximate hyperbolic PDEs like the level set equation, since they need no stabilization
and allow for higher order accuracy, cf. e.g., [BMS04; DF15; BQS10]. The full narrow-
band transport method, including the extension of the level set function, an error analysis
of this extension method, and a method to construct boundary values, is treated in
Chapter 6.
To discretize the time derivative in the Navier–Stokes equations and in the level set
equation, one can use different approaches from the literature. For example, it is possible
to apply a space-time approach, cf. [SR26], or an explicit method, e.g., a Runge Kutta
scheme. We will use a full Eulerian approach, where we discretize each time derivative
with a backward differentiation formula (BDF). BDF methods are widely used in the
literature for time discretization since they are A(α)-stable and allow for large time
steps. Since the solving of the linear system arising in the space discretization in each
time step is expensive, the possibility of relatively large time-steps is computationally
efficient.
The main challenge in the numerical simulation of the surface Navier–Stokes equations
is the coupling between the surface geometry and the fluid dynamics. In Chapter 7, we
present a complete computational framework for the surface Navier–Stokes equations.
We combine the TraceFEM discretization of the PDE on the surface with the narrow-
band approach for the level set equation to obtain a fully Eulerian discretization for the
SNS.
We implemented the methods using the finite element library Netgen/NGSolve, cf.
[Sch97; Sch14], which provides a flexible framework for implementing finite element
methods and generate meshes. The library is extended by the add-on ngsxfem, cf.
[Leh+], which provides many useful tools suitable for the TraceFEM.

1.4 Main new results

We summarize the main contributions of this work:

• Derivation of surface differential operators in local and global coordinate systems,
including a comparison of the two representations.

• Comprehensive summary of derivations of surface Navier-Stokes equations from the
literature. The summaries include multiple mathematical frameworks and physical
principles. We compare the resulting equations.
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• Development of a novel trace finite element method for spatial discretization of tan-
gential Navier-Stokes equations on evolving surfaces (TSNS) and an error analysis
for the proposed numerical scheme.

• Design of an efficient narrow band level set method, including an extension method,
for evolving surface representation.

• Formulation of a complete TraceFE based computational framework for the surface
Navier–Stokes equations (SNS).

• Numerical experiments validating the proposed methods, including convergence
studies and simulations of specific physical phenomena.

Parts of this thesis are based on the following joint publications:

[BRS22] Philip Brandner, Arnold Reusken, and Paul Schwering. On derivations of evolv-
ing surface Navier–Stokes equations. Interfaces and Free Boundaries, 24:533-563,
2022, doi:10.4171/IFB/483.
Parts of Chapter 2 and Chapter 3 are based on this publication, where differ-
ent derivations of the surface Navier–Stokes equations are summarized and com-
pared. Tangential surface Navier–Stokes equations are derived from the full surface
Navier–Stokes equations.

[ORS24] Maxim A Olshanskii, Arnold Reusken, and Paul Schwering. An Eulerian finite el-
ement method for tangential Navier–Stokes equations on evolving surfaces. Math-
ematics of Computation, 93(349):2031-2065, 2024, doi:10.1090/mcom/3931.
Chapter 5 is based on this publication, where we present a TraceFEM based dis-
cretization method for the tangential surface Navier–Stokes equations. We sum-
marize the proofs for stability and optimal order convergence of the method, and
present numerical experiments to validate the theoretical results.

[ORS25] Maxim A Olshanskii, Arnold Reusken, and Paul Schwering. A Narrow Band Finite
Element Method for the Level Set Equation. SIAM Journal on Scientific Comput-
ing, 47(2):A762-A789, 2025, doi:10.1137/24m1674182.
Chapter 6 is based on this publication, where we present a narrow band level set
method for the level set equation. We introduce and analyse a novel level set exten-
sion method and couple it with a discontinuous Galerkin method for the transport
equation. We present various numerical experiments to validate the accuracy of
the method.

1.5 Outline of the thesis

The remainder of this thesis is organized into the following chapters:

• Chapter 2: Basic Notations and Differential Operators introduces the mathemat-
ical foundations for describing evolving surfaces and geometric quantities like the
normal vector, the tangential projection, the shape operator, and the curvature.
We construct surface differential operators in two coordinate systems: local (curvi-
linear) and global (Cartesian), and show relations between the two coordinate
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systems and the corresponding surface differential operators. We present differen-
tiation and integration rules that are needed in the following chapters. The chapter
concludes with the introduction of the level set representation of the surface and
the derivation of the level set transport equation.

• Chapter 3: Surface Navier–Stokes Equations presents a comprehensive overview
over five derivations of surface Navier-Stokes equations using multiple approaches,
including conservation laws, energetic variational principles, and thin film limits.
The derivations are performed in curvilinear and Cartesian coordinates. We out-
line the main concepts and steps for each derivation and compare the resulting
equations. The chapter also includes splittings of the resulting surface Navier–
Stokes systems into tangential and normal components, leading to tangential sur-
face Navier–Stokes equations. We show that all five derivations lead to the same
TSNS system, but the (full) surface Navier–Stokes systems may differ.

• Chapter 4: Trace Finite Element Method summarizes the trace finite element
framework for PDEs on stationary and evolving surfaces. We recall important key
features of the TraceFEM from the literature. Topics covered include parametric
finite element spaces to obtain higher order geometry approximations, geometric
approximations via the level set function, stabilization techniques to obtain lin-
ear systems with acceptable conditioning. Furthermore, we discuss extensions of
TraceFEM to time-dependent surfaces, where the main idea is a volume normal
derivative stabilization, used as an extension to obtain well-posed systems.

• Chapter 5: Discretization of Tangential Surface Navier–Stokes Equations proposes
a numerical scheme for the tangential Navier-Stokes equations posed on an evolv-
ing surface. The method is based on the trace finite element method and the BDF
scheme introduced in Chapter 4. We give a detailed derivation of the numerical
scheme, including the variational formulation, the discretization of the surface dif-
ferential operators, and the stabilization techniques. The chapter includes a short
overview of an error analysis and stability estimates. We conclude by presenting
numerical experiments validating the theoretical results.

• Chapter 6: Narrow band method for the level set equation introduces an efficient
narrow band approach for the level set equation to get a representation of the
evolving surface depending on a given flow field. The method incorporates specially
constructed boundary conditions and a discontinuous Galerkin (DG) method from
the literature for the spatial discretization, combined with a BDF scheme in time.
One main ingredient in narrow band methods is a suitable extension method for
the level set function. We present a new extension approach based on a ghost
penalty technique. We analyse the extension and show optimal order convergence
for smooth solutions. Numerical experiments showcasing the performance of the
full narrow band method on various test cases are conducted.

• Chapter 7: Discretization of Surface Navier–Stokes Equations integrates the nu-
merical techniques developed in previous chapters to obtain a complete computa-
tional framework for simulating the full surface Navier-Stokes system. We present
an extension method for the velocity based on the volume normal derivative sta-
bilization and a new method to construct a suitable normal approximation. A
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main result and the goal of this thesis is a TraceFEM based algorithm detailed in
7.7.2. Numerical experiments demonstrate the method’s performance on various
test cases including convergence tests showing the reliability of the method.

• Chapter 8: Summary and Outlook summarizes the key findings and contributions
of the thesis and discusses potential directions for future research.
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Chapter 2
Basic Notations and Differential Operators

In this chapter, we introduce the basic notations and the differential operators used
throughout this thesis. We start with the definition of moving material surfaces and
corresponding geometric quantities. Then, we introduce local and global coordinate
systems and surface differential operators namely the surface gradient and the surface
divergence. We derive representations of surface differential operators in local and global
coordinates and show relations between them. Next, we derive the material derivative
and give representations in local and global coordinate systems. These definitions and
results are motivated by the work [BRS22]. In Sections 2.4 and 2.5, we define surface
integrals and derive some rules for integration and differentiation that will be used
throughout this thesis. Finally, we introduce an implicit representation of surfaces by
level set functions and derive the level set equation in Section 2.6.

2.1 Material surfaces

We start by outlining how evolving material surfaces are defined. A more precise formal
description of the notion “material” is given in [GM75; CM79]. Let [0, tend] be the time
interval, where tend > 0 denotes the end time, and Γ0 ⊂ R3 be a material, two-dimensional,
simply connected, closed, and oriented Cm-hypersurface (with m ≥ 2) embedded in R3.
Let ρ0 = ρ0(x), x ∈ Γ0, denote a strictly positive continuous particle density distribution
on Γ0.
The initial surface Γ0 and its density distribution are advected by the density flow
u = u(x, t), which is a sufficiently smooth vector field. Below, we often omit the argument(x, t). A material point z ∈ Γ0 moves in time along the trajectory with coordinates
X(z, t) which is defined by the initial value problem

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
X(z,0) = z,

d
dt

X(z, t) = u (X(z, t), t) for t ∈ [0, tend]. (2.1.1)

Under mild regularity conditions, which we assume to be satisfied, the existence and
uniqueness of a solution of (2.1.1) is guaranteed. We refer to Remark 2.1.1 for a short
discussion of the well-posedness. Equation (2.1.1) leads to the following definition of a
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smoothly evolving material surface Γ(t), given by

Γ(t) ∶= {x ∈ R3 ∣ x =X(z, t), z ∈ Γ0} . (2.1.2)

It is evident that Γ(0) = Γ0 holds. We further assume that Γ(t) remains a simply con-
nected, closed, and oriented Cm-hypersurface for all t ∈ [0, tend]. The density distribution
on Γ(t) is given by ρ = ρ(x, t) = ρ(X(z, t), t) with ρ(x,0) = ρ0(x).
Since we assume the surface to be orientable, there exists a uniquely defined outward
pointing normal of unit length of the surface. Following [DE13, Lemma 2.8.], the surface
normal is well defined and continuously differentiable in a neighborhood of the surface.
It is denoted by n(⋅, t) ∈ C1(UΓ)3, with UΓ ⊂ R3 a neighborhood of Γ(t). The maxi-
mal possible neighborhood where the continuously differentiable normal can be defined
depends on the curvature of the surface.
The velocity of the surface in the normal direction is given by uN = (u ⋅ n)n. Since a
tangential movement of Γ(t) like a rotation of a sphere does not change the shape of
the surface, the geometric evolution of the surface can be fully described by its normal
velocity uN . Thus, we can substitute the second equation of (2.1.1) and get trajectories
induced by the normal flow field uN , defined by

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
XN(z,0) = z,

d
dt

XN(z, t) = uN (XN(z, t), t) for t ∈ [0, tend]. (2.1.3)

Substituting X in equation (2.1.2) with the normal trajectories XN as defined in equa-
tion (2.1.3) results in the same surface Γ(t), despite potential differences between the
trajectories X and XN . This means that the subset Γ(t) ⊂ R3 generated by advecting Γ0

using the velocity field u is identical to that obtained by advecting Γ0 with the normal
velocity field uN . In general, it holds X(z, t) ≠XN(z, t) for t > 0 and z ∈ Γ0.
Remark 2.1.1 (Well-posedness of the surface evolution)
The material velocity u is, in general, only defined on Γ(t), and in some applications,
also on a small time-dependent neighborhood of Γ(t). In these cases, we cannot use
the Picard-Lindelöf theorem to prove the existence of a solution of (2.1.1) (or (2.1.3)),
because it requires a globally defined velocity. However, following [Bot92] and [BPS05,
Appendix B], one can prove well-posedness of (2.1.1) and (2.1.3). They only require mild
regularity assumptions on the velocities u and uN defined on the surface Γ(t). Thus, in
the following, we assume the surface Γ(t) is uniquely defined by the material velocity u
(or uN ) and the initial surface Γ0. ◇
In order to define a local representation of Γ(t) for 0 ≤ t ≤ tend, we use the flow map
Φt ∶ Γ(0) → Γ(t) of a material point defined by Φt(z) ∶= X(z, t). In addition, we denote
a local parametrization of the initial surface Γ0 by ΦU ∶ R2 ⊃ U → Γ0. More precisely, for
each point z in Γ0, there exist a neighborhood V ⊂ R3 of z, a base point ξ ∈ R2, and a
neighborhood U ⊂ R2 of ξ such that z = ΦU(ξ) and ΦU(U) = V ∩ Γ0. We assume that
the mapping ΦU ∶ U → ΦU(U) ⊂ Γ0 is a diffeomorphism. Thus, the composition of ΦU

and Φt defines a local parametrization of Γ(t), denoted by

R(ξ, t) ∶= Φt(ΦU(ξ)), (2.1.4)

12



2.1. Material surfaces

where ξ = (ξ1, ξ2) is a coordinate in U . Let z = ΦU(ξ) ∈ Γ(0) ⊂ R3 be a material point
represented by coordinates ξ ∈ U . Then, the position of z at time t is given by R(ξ, t).
If the particle velocity u satisfies u ⋅ n = 0 on Γ(t) for t ∈ [0, tend], there is no normal
velocity of the surface which means that the geometry of Γ(t) does not change over time.
But even in this case, the parametrization is a non-constant function with respect to t
when the flow field u is not identically zero.
We define the space-time manifold by

S ∶= ⋃
t∈[0,tend]Γ(t) × {t} ⊂ R

3 × [0, tend].
2.1.1 Geometric quantities

In this section, we define important geometric quantities of Γ(t), namely the projection
P on the tangential plane, the Weingarten mapping (or second fundamental form) H,
and the mean curvature κ.

Definition 2.1.2
At x ∈ Γ(t), the projection P on the tangential plane, the Weingarten mapping H, and
the mean curvature κ are defined by

P(x, t) ∶= I − n(x, t)n(x, t)T , H(x, t) ∶= ∇n(x, t), κ(x, t) ∶= tr(H(x, t)),
respectively, where I denotes the identity operator and ∇ the Jacobian with respect to
the Cartesian coordinates in R3.

Below, we often omit the argument (x, t) in the notation. Note, that P, H, and κ are
defined in the local neighborhood UΓ of Γ where the normal vector n is well defined and
twice differentiable.
The tangential projection satisfies

P2 = P as well as PT = P,

where the transposed linear operator TT is defined by the relation Tu ⋅w = u ⋅TT w for
all u,w ∈ R3 according to the Euclidean inner product in R3. Since ∇n is symmetric
and the identity 0 = 2∇(n ⋅ n) = ∇nn holds, the Weingarten mapping satisfies

HT =H and H = ∇n = P∇n = ∇nP = P∇nP.

As H is symmetric and satisfies Hn = 0, the Weingarten mapping has three real eigen-
values, one of which is zero. Let κ1 and κ2 denote the other two eigenvalues of H. The
mean curvature is then given by κ = κ1 + κ2.
For a vector field v on Γ(t), we use the notation vT = Pv for the tangential component
of v and vN = v ⋅ n for the coordinate in normal direction. Then, it holds

v = vT + vN n.
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2.2 Coordinate systems and surface differential operators

Since the surface Γ(t) (for a fixed t) is not an open subset of R3, the derivatives with re-
spect to the standard Cartesian basis are not well defined for functions that are defined on
Γ(t) only. Thus, we have to define surface differential operators. We collect results con-
cerning the representations of functions and their derivatives in a local (curvilinear) and a
global (Cartesian) coordinate system. In the remainder of this section, let t ∈ [0, tend] be
fixed and denote the local representation of Γ = Γ(t) by R(ξ) = R(ξ, t), for ξ ∈ U ⊂ R2.
Without loss of generality, we assume that we have a global immersion R ∶ U → R3

such that R(U) = Γ. We are interested in representations of scalar-valued functions
q ∶ Γ → R, vector fields v ∶ Γ→ R3, and operator-valued mappings T ∶ Γ → L(R3,R3),
where L(R3,R3) denotes the space of linear mappings R3 → R3 as well as their surface
derivatives.
The main idea of the surface derivatives defined in the local coordinate system is to
differentiate functions defined on Γ (embedded in R3) with respect to the local coordi-
nates ξ ∈ R2. The representation of surface differential operators in the global Cartesian
coordinate system is obtained by an extension of functions off the surface and applying
the tangential projection P.

2.2.1 Coordinate systems

First, we define a local and a global coordinate systems. Most of the results presented
in this section can be found in many textbooks, cf. e.g., [Cia13; PS16]. To simplify the
notation, we use the Einstein summation convention: Using Latin indices (i, j, k, . . . )
we sum over 1,2,3, using Greek indices (α,β, γ, . . . ) we sum over 1,2. The Cartesian
coordinates of a point ξ ∈ R2 in the standard basis are given by ξα. Partial derivatives
with respect to these coordinates are denoted by ∂α = ∂

∂ξα
. We assume that the local

parametrization R is an immersion, i.e., the matrix

(∂1R(ξ) ∂2R(ξ)) ∈ R3×2

has rank two for each ξ ∈ U . Hence, the representation of each point x ∈ R(U) by the
immersion (x = R(ξ)) is unambiguous. In general, it is not possible to describe the
whole surface Γ as an image of a single immersion R. In this case, we use a partition
of unity of several immersions. Thus, we can assume that for each x ∈ Γ, there exists a
neighborhood V ⊂ R3 of x, a base point ξ ∈ R2 and a neighborhood U ⊂ R2 of ξ such
that x = R(ξ) and R(U) = V ∩ Γ.
We define a global and a local basis of R3. The standard Cartesian (global) basis of
R3 is given by {e1 = e1,⋯,e3 = e3}. The covariant (local) basis of the tangent space at
x = R(ξ) ∈ Γ is given by

gα = gα(ξ) ∶= ∂αR(ξ) ∈ R3.

Note that gα are linearly independent since R is an immersion and tangential to the
surface at x = R(ξ), cf. [Cia13, Section 8.2] for a proof.
We extend this basis by the normal vector and write g3 ∶= n. Thus, {g1,g2,g3} forms
a basis of R3 which is called covariant basis. This is a local basis since it depends on
the point x ∈ Γ (or ξ ∈ R2). The two coordinates ξα of ξ are called curvilinear or local
coordinates of x = R(ξ). See figure 2.2.1 for an illustration of the local and global bases.
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R2

e1

e2

e1

e3
e2

R3

g1

g1

R

ξ
x

Figure 2.2.1: Local basis based on immersion R holding x = R(ξ).
We define a second (local) basis, named contravariant basis, denoted by gj = gj(ξ). It is
uniquely defined by the relations gj ⋅gi = δi

j , with the Kronecker symbol δi
j . The normal

vector n is part of both the covariant and the contravariant basis. It can be written as

n = g3 = g3 = g1 × g2∥g1 × g2∥ =
g1 × g2

∥g1 × g2∥ , (2.2.1)

cf. [Cia13].
Remark 2.2.1
The sign of the outward pointing normal n is uniquely defined by the orientation of the
surface Γ. Since the cross-product satisfies a × b = −b × a, equation (2.2.1) defines the
order of the co- and contravariant bases. ◇
The vectors gi(ξ) and gi(ξ) for i = 1,2,3 form a local (depending on the base point ξ)
basis of the (whole) space R3. We can (locally) interpret the basis functions gi and gi

as functions defined on the surface by gi(x) ∶= gi(R(ξ)), where x = R(ξ).
Now we can define representations of vector- and tensor-valued functions in different
bases. Using the tensor calculus format (cf. [Cia13, Section 8.4]) and the outer product
given by (u⊗ v)w = (v ⋅w)u for u,v,w ∈ R3, we define the following representations.

Definition 2.2.2
For a vector field v ∶ Γ → R3 and an operator-valued mapping T ∶ Γ → L(R3,R3), we
introduce the representations

v = v̂igi = v̂igi = viei, T = T̂ij(gi ⊗ gj) = T̂ ij(gi ⊗ gj) = Tij(ei ⊗ ej),
with v̂i ∶= v ⋅gi, v̂i ∶= v ⋅gi, vi ∶= v ⋅ei, T̂ij = gi ⋅ (Tgj), T̂ ij = gi ⋅ (Tgj), and Tij = ei ⋅ (Tej).
The coefficients v̂i and T̂i,j (v̂i and T̂ i,j) are called covariant (contravariant) components.
The coefficients vi and Tij are the Cartesian components.

Note that if the vector- or tensor-valued functions are smooth, all component functions
are differentiable because the basis vectors gi, gi, and ei are smooth.
An important quantity of the surface is the so-called metric tensor (or first fundamen-
tal form). It behaves like the identity on the tangential plane (to the surface), see
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Remark 2.2.3. The components of the metric tensor are defined by

gαβ(ξ) ∶= gα(ξ) ⋅ gβ(ξ), for 1 ≤ α,β ≤ 2. (2.2.2)

Note that they are symmetric, and they form a positive definite tensor. The contravariant
components of the metric tensor g are defined by gαβ(ξ) ∶= gα(ξ) ⋅ gβ(ξ). The metric
tensor and the local bases are related by the relations

gα = gαβgβ, gα = gαβgβ, gαγgγβ = δα
β , and ∥g1 × g2∥ = √det(g),

cf. [Cia13]. Here, the metric tensor gαβ and its inverse gαβ perform basis transformations
between the co- and the contravariant basis and vice versa. To change the representation
of a given vector field, we use the relations

vj = viei ⋅ ej = v̂igi ⋅ ej , and v̂j = v̂igi ⋅ gj = viei ⋅ gj .

Tensors can also be represented using mixed components (cf. [Cia13, Section 8.4]). For
a symmetric linear operator T, i.e., T = TT , we introduce the mixed (between covariant
and contravariant) matrix representation by

T = T̂ i
j (gi ⊗ gj) = T̂ i

j (gj ⊗ gi).
The relations T̂ i

j = gi ⋅ (Tgj) = gj ⋅ (Tgi) hold. One can extend this definition to non-
symmetric tensors. We refer the reader to the literature for more details, e.g., [Cia13,
Section 8.4].
For a linear operator T the sum of its eigenvalues is denoted by tr(T). Since eigenvalues
are invariant under basis transformations, the trace can be written as

tr(T) = T̂ii = T̂ ii = Tii = gi ⋅ (Tgi) = gi ⋅ (Tgi) = ei ⋅ (Tei). (2.2.3)

In the case of a symmetric linear operator T, we also have tr(T) = T̂ i
i . See Appendix A

for a proof.
Remark 2.2.3 (Behavior of metric tensor)
We investigate the behavior of the metric tensor gαβ (gα ⊗ gβ) applied to a tangential
vector v = v̂γgγ . A simple calculation yields

gαβ (gα ⊗ gβ)v = (gαβ v̂
γgβ ⋅ gγ)gα = (gαβ v̂

γδβ
γ )gα = v̂γgαγgα = v̂γgγ

= v.

This result shows that the components of the metric tensor gαβ form the identity operator
on the tangential plane. ◇
We represent geometric quantities of Γ(t) in local coordinate systems. Note that it
holds P(v̂igi) = v̂αgα, vT = Pv = v̂αgα = v̂αgα, and vN = v ⋅ n = v̂3 = v̂3. We give some
representations of geometric quantities in local coordinates. A proof can be found in
Appendix A.
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2.2. Coordinate systems and surface differential operators

Lemma 2.2.4
The mixed components of the tangential projection in local coordinates are given by

P̂ β
α = δβ

α and P̂ i
3 = P̂ 3

i = 0.

The components in local bases of the Weingarten mapping are given by

Ĥαβ = Ĥβα = −g3 ⋅ ∂αgβ = ∂αg3 ⋅ gβ, Ĥ i
3 = Ĥ3

i = 0 and Ĥβ
α = gβσĤσα.

The mean curvature can be represented in mixed components by κ = Ĥα
α .

Note that the mixed components of H are in general not symmetric. This lemma shows,
that our definition of the Weingarten mapping is consistent with the one in [Cia13].

2.2.2 Surface differential operators

In this section, we recall several surface differential operators represented in different
bases. For fixed t ∈ [0, tend], we again denote Γ = Γ(t). Let q ∶ Γ → R be a scalar
function, v ∶ Γ→ R3 be a (not necessarily tangential) vector field, and T ∶ Γ→ L(R3,R3)
an operator-valued mapping. All are assumed to be at least C1-smooth. We will study
partial surface derivatives and surface gradients of q, v, and T and surface divergence
operators for v and T. We start with the derivation of the local representations of
these operators. Note that in this case, the basis used in R3 depends on the (base)
point x ∈ Γ. As a next step, we define analogous gradient and divergence operators,
represented in Cartesian coordinates in R3. Then, we derive relations between local and
global representations of the operators.

Surface differential operators in curvilinear coordinates

We recall some basic differential geometry concepts, e.g., [Cia13, Chapter 8]. We start
with definitions of partial derivatives for functions defined on Γ. Note that we have
representations of vector- and tensor-valued functions in curvilinear coordinates given
by v = v̂igi = v̂igi and T = T̂ ij(gi ⊗ gj) = T̂ij(gi ⊗ gj). All component functions are dif-
ferentiable because the basis vectors gi and gi are smooth. Since R is an immersion,
there are uniquely defined functions q ∶ U → R, v ∶ U → R3, and T ∶ U → L(R3,R3) such
that q(ξ) = q(R(ξ)), v(ξ) = v(R(ξ)), and T(ξ) = T(R(ξ)) hold for all ξ ∈ U .
Now, we use these to define the local surface derivatives of q, v, and T with respect to
the curvilinear coordinates ξ.

Definition 2.2.5: Partial surface derivatives
The local partial derivatives ∂Γ

α of a scalar function q, a vector field v, and an operator-
valued mapping T are defined in terms of the corresponding functions q, v, and T by

∂Γ
αq(x) ∶= ∂αq(ξ), ∂Γ

αv(x) ∶= ∂αv(ξ), ∂Γ
αT(x) ∶= ∂αT(ξ), with x = R(ξ),

where ∂α denotes the derivative with respect to the Euclidean basis in R2.
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Chapter 2. Basic Notations and Differential Operators

Now, we derive representations of these partial derivatives in terms of a curvilinear
coordinate system. We use the Christoffel symbols (cf. [Cia13, Theorem 8.13-1]) given
by

Γσ
αβ ∶= gσ ⋅ ∂Γ

αgβ = Γσ
βα.

They can also be expressed in terms of the metric tensor (cf. [Cia13, Theorem 8.13-1,
Theorem 8.14-1]) as

Γσ
αβ = 1

2
gστ(∂Γ

β gατ + ∂Γ
αgβτ − ∂Γ

τ gαβ).
The Christoffel symbols are also used, e.g., in [PS16, equation (2.15)], [EHZ07], and
[NNV19, equation (4)].
Representations of partial derivatives of vector fields and tensor-valued functions in terms
of a curvilinear coordinate system are given in the following theorem.

Theorem 2.2.6
Derivatives of the vectors of the covariant and contravariant bases are given by

∂Γ
αgβ = Γσ

αβgσ − Ĥαβg3, ∂Γ
αgβ = −Γβ

ασgσ − Ĥβ
αg3, ∂Γ

αg3 = ∂Γ
αg3 = Ĥαβgβ = Ĥσ

αgσ.

For a vector field v = v̂igi = v̂igi, partial derivatives have the representations

∂Γ
αv = (v̂β∣α + Ĥαβ v̂3)gβ + (v̂3∣α − Ĥβ

α v̂β)g3

= (v̂β∣α + Ĥβ
α v̂

3)gβ + (v̂3∣α − Ĥαβ v̂
β)g3,

(2.2.4)

where we use the abbreviations

v̂β∣α ∶= ∂Γ
α v̂β − Γγ

αβ v̂γ , v̂β∣α ∶= ∂Γ
α v̂

β + Γβ
γαv̂

γ , and v̂3∣α = v̂3∣α ∶= ∂Γ
α v̂3 = ∂Γ

α v̂
3.

Let T = T̂αβ(gα⊗gβ) = T̂αβ(gα⊗gβ) be a function with values in L(R3, TΓ), where TΓ
denotes the tangent bundle of Γ. For the partial derivatives, we have the representations

∂Γ
γ T = T̂αβ∣γ(gα ⊗ gβ) − T̂αβĤ

α
γ (g3 ⊗ gβ) − T̂αβĤ

β
γ (gα ⊗ g3)

= T̂αβ∣γ (gα ⊗ gβ) − T̂αβĤγα(g3 ⊗ gβ) − T̂αβĤγβ(gα ⊗ g3), (2.2.5)

where we use the abbreviations

T̂αβ∣γ ∶= ∂Γ
γ T̂

αβ + Γα
µγ T̂

µβ + Γβ
µγ T̂

αµ and T̂αβ∣γ ∶= ∂Γ
γ T̂αβ − Γµ

αγ T̂µβ − Γµ
βγ T̂αµ.

A proof of (2.2.5) is given in the appendix. The rest of the theorem is taken from [Cia13,
Theorem 8.13-1].
Remark 2.2.7
For tangential vector fields v, it holds v̂β∣αgβ = P∂Γ

αv, which motivates the notation v̂β∣α.
◇

Using these partial derivatives, we can define the surface differential operators in curvi-
linear coordinates.
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2.2. Coordinate systems and surface differential operators

Definition 2.2.8: Surface differential operators (local bases)
For a scalar function q ∈ C1(Γ,R) the surface gradient is defined by

∇̂Γq ∶= ∂Γ
αq gα.

For a vector field v ∈ C1(Γ,R3) we define the α-th partial covariant derivative ∇̂αv and
the surface Jacobian ∇̂Γv by

∇̂αv ∶= P∂Γ
αv, ∇̂Γv ∶= ∇̂αv⊗ gα = P∂Γ

αv⊗ gα.

The surface divergence of v ∈ C1(Γ,R3) and T ∈ C1(Γ, L(R3,R3)) are defined by

d̂ivΓv ∶= ∂Γ
αv ⋅ gα = P∂Γ

αv ⋅ gα, d̂ivΓT ∶= (∂Γ
αT)T gα,

respectively.

The definitions of the surface gradient, the surface Jacobian, and surface divergence
operators above do not depend on the choice of the parametrization, cf. [PS16; BRS22].
We comment on the definitions in the following remark.
Remark 2.2.9
In most literature, cf. [PSW20; PS16; NRV19], the surface Jacobian ∇̂Γv is defined
for tangential vector functions only. In this case, ∇̂Γv equals the so-called covariant
derivative. However, we use the more general definition of the surface Jacobian for
general (not necessarily tangential) vector fields v.
Another natural surface differential operator for vector fields is a surface gradient of
v, defined by ∇̂Sv ∶= gα ⊗ ∂Γ

αv, cf. [PS16]. Note that it maps into the tangent bun-
dle. It is related to the surface Jacobian via ∇̂Γv = P∇̂T

S v (where we use the notation∇̂T
S v = (∇̂Sv)T ). We will use this surface gradient in the proof of Theorem 2.2.12. ◇

Using Theorem 2.2.6, we obtain representations of different differential operators in
covariant and contravariant bases. For example, a representation of the α-th partial
covariant derivative in the covariant basis gα in terms of (derivatives of) the contravariant
components v̂i in v = v̂igi is given by

∇̂αv = P∂Γ
αv = (∂Γ

α v̂
β + Γβ

αγ v̂
γ + Ĥβ

α v̂
3)gβ = (v̂β∣α + Ĥβ

α v̂
3)gβ. (2.2.6)

This result shows that the notation v̂β∣α introduced in Theorem 2.2.6 is natural, in the
sense that for a tangential v, we have ∇̂αv = v̂β∣αgβ. The relation

∇̂Γv = v̂α∣β(gα ⊗ gβ) (2.2.7)

holds, i.e., the covariant components of ∇̂Γv are given by v̂α∣β. This induces an equivalent
alternative definition of the covariant derivative, that is sometimes used in the literature.
In the following lemma, we present a representation result for the divergence of a vector-
or operator-valued function. A proof is given in the appendix.
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Lemma 2.2.10: Local coordinates of divergence operators
For v ∈ C1(Γ,R3) it holds

d̂ivΓv = v̂α∣α + Ĥα
α v̂3 = v̂α∣α + κv̂3.

For T = T̂αβ(gα ⊗ gβ) ∈ C1(Γ,R3×3) it holds

d̂ivΓT = T̂αβ∣α gβ − T̂αβĤαβg3 = T̂αβ∣γgαγgβ − T̂αβĤ
αβg3.

From the first equation of the lemma, we see that for a tangential vector-field v, the
divergence d̂ivΓv is given by

d̂ivΓv = v̂α∣α. (2.2.8)

Lemma 2.2.10 and equation (2.2.6) show the dependence of the surface different operators
on the geometry of the surface given by the Weingarten mapping H.

Surface differential operators in Cartesian coordinates

In this section, we recall definitions of surface differential operators in terms of repre-
sentations in the Cartesian coordinate system similar to the definitions in [JOR18]. The
partial derivatives with respect to the standard basis e1,e2,e3 in R3, i.e., x = xiei, are
denoted by ∂k ∶= ∂

∂xk
. The gradient of a scalar function q with respect to the Cartesian

coordinates is given by the column vector ∇q ∶= (∂iq)ei. The Jacobian of a vector-valued
function v = viei is given by ∇v ∶= ∂kv ⊗ ek. The components of the Jacobian in the
Euclidean basis are given by (∇v)ij = ∂j(v ⋅ ei). Thus, it holds ∇v = (∇v1∣∇v2∣∇v3)T .
Note that for the definitions of these differential operators, we need the functions q and
v to be defined on an open subset of R3 and not only on a surface Γ. We emphasize the
structural analogy between ∇v = ∂kv⊗ ek and the definition of the surface Jacobian in
local components ∇̂Γv = P∂Γ

αv⊗ gα (cf. Definition 2.2.8).
In order to define a Cartesian representation of the surface differential operators, we
extend functions defined on the surface to an open neighborhood of the surface. We
define the (signed) distance function d by

d(x, t) =
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

inf
y∈Γ(t) ∥x − y∥, x ∈ R3/G(t),
− inf

y∈Γ(t) ∥x − y∥, x ∈ G(t),
where G(t) ⊂ R3 is the enclosed volume of Γ(t), i.e., Γ(t) = ∂G(t) holds. Thus, the
signed distance function satisfies ∣d(x, t)∣ = dist(x,Γ(t)), where dist(x,Γ(t)) denotes the
Euclidean distance from x to Γ(t). Since we assume the surface to be orientable, d is
well defined. We define a (tubular) neighborhood of the surface Γ(t) by

N δ
Γ(t) = N δ(Γ(t)) = {x ∈ R3 ∣ dist(x,Γ(t)) < δ} (2.2.9)

for some δ > 0. Following [DE13, Lemma 2.8.], there exists a δ > 0, independent of
t, such that d ∈ Cm(N δ

Γ(t)) holds for some m ≥ 1 depending on the smoothness of Γ.
Again, we fix t ∈ [0, tend] and denote Γ = Γ(t). The closest point projection is implicitly
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2.2. Coordinate systems and surface differential operators

defined by p(x) ∶= x − d(x)n(p(x)). Here, n = ∇d denotes the normal that is constant
in the normal direction off the surface. Note that for δ small enough, the decomposition
x = p(x) + d(x)n(p(x)) is unique on N δ

Γ.
For a smooth (scalar, vector-valued, or operator-valued) function f defined on Γ, we
denote its smooth extension onN δ

Γ by fe. The specific choice of extension is not essential.
One may use a constant extension along normals, which is given by fe(x) ∶= f(p(x)).
If δ is small enough, the extension is well defined and smooth.
Now, we introduce surface differential operators based on the extended functions.

Definition 2.2.11: Surface differential operators (Cartesian basis)
For a scalar function q ∈ C1(Γ,R) the Cartesian surface gradient is defined by

∇Γq ∶= P∇qe.

For a vector field v ∈ C1(Γ,R3) we define the Cartesian surface Jacobian ∇Γv by

∇Γv ∶= P∇veP.

The Cartesian surface divergence of v ∈ C1(Γ,R3) and T ∈ C1(Γ, L(R3,R3)) are defined
by

divΓ v ∶= tr(P∇veP) = tr(∇Γv), divΓ T ∶= divΓ (Tei)ei,

respectively. Additionally, for a scalar function q ∈ C2(Γ,R), the Laplace-Beltrami
operator is defined by

∆Γq ∶= divΓ (∇Γq) .

Note that in the literature (cf. [JOR18; Fri18; BDL20]), the representation of the surface
divergence of the operator-valued function T in Cartesian coordinates is often based on
the surface divergence of the vector field TT ei. Therefore, the surface divergence from
the literature often differs from the one in Definition 2.2.11 in case of a non-symmetric
operator T. In this work, we use the definition from [PS16], leading to a Cartesian
representation of the surface divergence based on the surface divergence of the vector
field Tei. The surface gradient and the surface Jacobian equal the ones from [JOR18;
Miu17; GKL17]. With slight abuse of notation, we denote the extended function fe by
f in the remainder of this thesis.

Relations between the surface differential operators in different coordinate
systems

In this section, we derive relations between surface differential operators from Definitions
2.2.8 and 2.2.11. The results are as expected and have been used (implicitly) at several
places in the literature. We show that the surface differential operators in local and
global coordinates are identical. This is important, and it shows that one can compare
results derived in different coordinate systems. Additionally, it is important for the
numerical realization of surface differential operators since in practice, it is not obvious
how to construct the local bases and one often uses the global representation of the
surface differential operators.
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Moreover, the theorem shows, that the definitions of the surface differential operators in
Cartesian coordinates are independent of the choice of the extension and only depend
on the function values on the surface.

Theorem 2.2.12
Let q ∈ C1(Γ,R), v ∈ C1(Γ,R3) and T ∈ C1(Γ, L(R3,R3)). The surface gradients,
Jacobians, and divergence operators defined in Definitions 2.2.8 and 2.2.11 satisfy

∇Γq = ∇̂Γq, ∇Γv = ∇̂Γv, divΓ v = d̂ivΓv, divΓ T = d̂ivΓT.

Proof
A proof for the first equality can be found in [PS16; DE13]. For completeness, we include
an elementary proof. Using the chain rule (cf. Theorem A.1), we get

∂Γ
αq(x) = ∂α(q ○R)(ξ) = ∂α(qe ○R)(ξ) = ∂kq

e(R(ξ)) (∂αR(ξ) ⋅ ek) = ∂kq
e(x) (gα ⋅ ek),

where x = R(ξ) ∈ Γ. Thus, we conclude

∇̂Γq(x) = ∂Γ
αq(x)gα = [∂kq

e(x)(gα ⋅ ek)]gα = ∂kq
e(x)

=Pek³¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹·¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹µ(gα ⋅ ek)gα

= ∂kq
e(x)Pek = P[∂kq

e(x)ek] = P∇qe(x) = ∇Γq(x).
This proves the first equality. For vector fields, the transposed Jacobian is given by

∇T ve = ek ⊗ ∂kve. (2.2.10)

Using the chain rule, x = R(ξ) ∈ Γ, and the definition ∂Γ
αv(x) ∶= ∂α(ve ○R)(ξ) we get

∂Γ
αv(x) ⋅ ei = (∂kve(R(ξ)) ⋅ ei) (∂αR(ξ) ⋅ ek) = (∂kve(x) ⋅ ei) (gα ⋅ ek) .

Combing this with (2.2.10) and using the surface gradient of a vector valued function,
which is defined in Remark 2.2.9 by ∇̂Sv = gα ⊗ ∂Γ

αv, we obtain

∇̂Sv ei = (gα ⊗ ∂Γ
αv)ei = (∂Γ

αv ⋅ ei)gα = [(∂kve ⋅ ei)(gα ⋅ ek)]gα

= (∂kve ⋅ ei)Pek = P (ek ⊗ ∂kve)ei = P∇T veei.
(2.2.11)

Since the vectors ei form a basis of R3, it follows ∇̂Sv = P∇T ve. Using ∇̂Γv = P∇̂T
S v

completes the proof of the relation for the surface Jacobian of v. For the surface diver-
gence of a vector function, we get

d̂ivΓv = ∂Γ
αv ⋅ gα = δα

β (∂Γ
αv ⋅ gβ) = (gα ⋅ gβ)(∂Γ

αv ⋅ gβ) = [(gα ⊗ ∂Γ
αv)gβ] ⋅ gβ

= (∇̂Sv gβ) ⋅ gβ
(2.2.11)= (P∇T vegβ) ⋅ gβ = (P∇T vePgi) ⋅ gi = tr(P∇veP) = divΓ v.

For the surface divergence of T (d̂ivΓT = (∂Γ
αT)T gα), we have

d̂ivΓT ⋅ ei = (gα ⋅ gβ)(∂Γ
αTei) ⋅ gβ = ((gα ⊗ ∂Γ

αTei)gβ) ⋅ gβ = ((gα ⊗ ∂Γ
αTei)Pgi) ⋅Pgi

= tr (P(gα ⊗ ∂Γ
αTei)P) = tr (P∇̂S(Tei)P) (2.2.11)= tr (P∇T (Teei)P) = divΓ(Tei).

◻
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2.3 Moving material surfaces

In this section, we take a closer look at the time evolution of the surface Γ(t) in R3. We
introduce a time derivative of functions defined on the time-dependent surface Γ(t) only.
The standard time derivative cannot be used: Taking a function f defined on Γ(t) only
and a point x ∈ Γ(t), the difference f(x, t) − f(x, t + ε) is in general not defined since it
holds x ∉ Γ(t + ε) for ε > 0 and f(x + ε) is not well defined. Thus, the standard partial
time derivative ∂

∂tf is not well defined for functions solely defined on the evolving surface
Γ. We will define a time derivative that takes the movement of the surface into account.
This derivative is called the material (or Lagrangian) derivative. We define the material
derivative in terms of the parametrization R(ξ, t) and derive a representation in terms
of Cartesian coordinates as well as another representation that shows the dependence
of the derivative of the particle trajectories defined in (2.1.1). After that, we derive the
rate of strain tensor as the time derivative of the metric tensor.
Let U ⊂ R2 be an open set and ΦU ∶ U → Γ(0) a local parametrization of the surface Γ(0)
as described in Section 2.1. Let I = [0, tend] be a time interval with end time tend > 0
sufficiently small such that for all z ∈ ΦU(U) ⊂ Γ(0) the trajectories from (2.1.1) are well
defined and have a unique solution for t ∈ I.
We define the (local) evolving surface and the space-time manifold by

ΓU(t) ∶= {x ∈ R3 ∣ x = R(ξ, t), ξ ∈ U } for t ∈ I,
SU ∶= ⋃

t∈I ΓU(t) × {t} ⊂ R4.

Note that SU is parametrized by R ∶ U × I → SU , R(ξ, t) = (R(ξ, t), t).
Given the velocity u(x, t) for x ∈ ΓU(t) that defines the trajectories, we define the
corresponding velocity u(ξ, t) ∶= u(R(ξ, t), t) for (ξ, t) ∈ U × I. The following relation
holds

u(ξ, t) = ∂

∂t
R(ξ, t) on U × I, (2.3.1)

cf. [EHZ07, page 3]. Here, ∂
∂t denotes the standard time-derivative of the function

R ∶ R2 ⊃ U × I → R3.

2.3.1 The material derivative

We define the material derivative of a function defined on the surface Γ(t). We start
with a definition in terms of the parametrization R(ξ, t), i.e., in the local coordinates ξ

of the surface Γ(0). After that, we derive a representation of the material derivative in
terms of Cartesian coordinates.

Definition 2.3.1: The material derivative

Let f ∈ C1(S) be a scalar or vector function and f ∈ C1(U × I) the function defined by
f(ξ, t) = f(R(ξ, t), t) for (ξ, t) ∈ U × I. The material derivative of f is defined by

●
f(x, t) ∶= ∂

∂t
f(ξ, t), x = R(ξ, t).
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We obtain a Cartesian representation of the material derivative along the same lines as
in the previous section: We extend the functions defined on the space-time manifold S
to an open neighborhood N δS defined by

N δSU
= N δ(SU) ∶= ⋃

t∈I N δ(ΓU(t)) × {t},
where N δ(ΓU(t)) is the neighborhood defined in (2.2.9).
The following lemma yields a representation of the material derivative defined above in
terms of derivatives with respect to Cartesian coordinates in R3 ×R. The result is well-
known and easy to prove based on the application of the chain rule. For completeness,
we include an elementary proof.

Lemma 2.3.2
Let q ∈ C1(S,R) be a scalar- and v ∈ C1(S,R3) a vector-valued functions with smooth
extensions qe ∈ C1(N δS ,R) and ve ∈ C1(N δS ,R3) satisfying qe∣Γ(t) = q and ve∣Γ(t) = v.
Then, the material derivatives of q and v satisfy

●
q = ∂

∂t
qe +∇qe ⋅ u, and ●v = ∂

∂t
ve +∇veu on S,

where u is the material velocity defining the evolution of the surface.

Proof
For (x, t) ∈ S we write x = R(ξ, t). We use the chain rule (Theorem A.1 from the ap-
pendix) for the function qe(R(ξ, t), t) = (qe○F )(t) with the auxiliary function F ∶ I → R4,
defined by F (t) = (R(ξ, t), t) and get

●
q(x, t) = ∂

∂t
q(ξ, t) = d

dt
q(R(ξ, t), t)

= 3∑
k=1∂kq

e(R(ξ, t), t)( ∂
∂t
R(ξ, t) ⋅ ek) + ∂

∂t
qe(R(ξ, t), t) ⋅ 1

= ∂

∂t
qe(R(ξ, t), t) + ∇qe(R(ξ, t), t) ⋅ ∂

∂t
R(ξ, t).

Using x = R(ξ, t) and relation (2.3.1), we obtain

●
q(x, t) = ∂

∂t
qe(x, t) + ∇qe(x, t) ⋅ u(x, t).

The same arguments can be used to derive the relation for v. ◻
As can be seen in Theorem 2.2.12, the Cartesian representations of the material deriva-
tives do not depend on the choice of the extension. A constant extension along normals
may be used, but is not essential. Furthermore, the Cartesian representation of the
material derivative is independent of the choice of the local representation R. Thus,
Definition 2.3.1 does not depend on the choice of R.
Now, we show the equivalence of our definition of the material derivative from Defi-
nition 2.3.1 and the one from [PS16]. The representation from [PS16] emphasizes the
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material derivative as a derivative along the trajectories defined by the velocity field u in
(2.1.1). Therefore, we generalize the definition of the trajectory by calling Xz,t(t+s) the
trajectory on S through z ∈ Γ(t). It is the unique C1-curve [s↦Xz,t(t+s)] ∶ (−δ, δ) → R3

such that ⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
Xz,t(t) = z,

d
ds

Xz,t(t + s) = u(Xz,t(t + s), t + s) for s ∈ (−δ, δ), (2.3.2)

holds for some δ > 0. If u is a C1−velocity and δ > 0 is sufficiently small, there exists
a solution of (2.3.2) for each z ∈ Γ(t), see [PS16, page 79f] for a proof. The trajectory
from (2.3.2) equals the one from (2.1.1) for t = 0. Now, we can give a representation
using this trajectory of the material derivative in the following lemma.

Lemma 2.3.3
Let f ∈ C1(S) be a scalar- or vector-valued function. For the material derivative of f ,
we have ●

f(z, t) = d
ds
f (Xz,t(t + s), t + s) ∣

s=0 for (z, t) ∈ S.

Proof
As in Definition 2.3.1 let f ∈ C1(U × I) be defined by f(ξ, t) = f (R(ξ, t), t). We start
by providing a proof of a connection between the trajectory defined in (2.3.2) and the
immersion R. By construction, there exists a unique ξ ∈ U satisfying R(ξ, t) = z. Using
equation (2.3.1), we get

d
ds
R(ξ, t + s) = u (ξ, t + s) = u (R(ξ, t + s), t + s) for s ∈ (−δ, δ)

for some δ > 0. Hence, [s ↦ R(ξ, t + s)] is the trajectory through z = R(ξ, t) as defined
in (2.3.2). It follows for (z, t) ∈ S that

●
f(z, t) = ∂tf(ξ, t) = d

ds
f(ξ, t + s)∣

s=0 = d
ds
f (R(ξ, t + s), t + s) ∣

s=0
= d

ds
f (Xz,t(t + s), t + s) ∣

s=0
holds. ◻
Remark 2.3.4
Lemmas 2.3.2 and 2.3.3 show that the definition of the material derivative equals the
ones from [JOR18; GKL17; Miu17; PS16]. ◇
2.3.2 Time derivative of the first fundamental form

In this section, we consider a time derivative of the first fundamental form or metric
tensor gαβ, that will be used in the remainder. The local bases gi and gi introduced
in Section 2.2.1 depend on the time variable t. In particular, it holds gα = ∂αR and
thus, gα = gα(ξ, t), (ξ, t) ∈ U × I. Hence, the first fundamental form gαβ = gαβ(ξ, t),
cf. (2.2.2), also depends on the time variable. The change (as a function of time)
of the metric tensor is determined by the velocity field u, which determines the time
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Chapter 2. Basic Notations and Differential Operators

dependence of the parametrization R = R(ξ, t) = Φt(ΦU(ξ)) via the flow map Φt. This
time derivative of the metric tensor, scaled with a factor 1

2 , is called rate of strain tensor,
and its covariant components are given by

ÊΓ,αβ ∶= 1
2

d
dt
gαβ. (2.3.3)

For a given (ξ, t) ∈ S a corresponding linear operator EΓ = EΓ(ξ, t) ∶ R3 → R3 is given by
EΓ ∶= ÊΓ,αβ(gα ⊗ gβ) = Êαβ

Γ (gα ⊗ gβ). Since the metric tensor and thus also the rate of
strain tensor depends on the velocity u, we often write EΓ = EΓ(u). This operator can
also be expressed in terms of the covariant derivatives introduced in Definitions 2.2.8 or
2.2.11, as shown in the following lemma.

Lemma 2.3.5: Rate of strain
The rate of strain can be represented as

EΓ = EΓ(u) = ÊΓ,αβ(gα ⊗ gβ) = 1
2
(∇Γu +∇T

Γu) = 1
2
(gα ⊗P∂Γ

αu +P∂Γ
αu⊗ gα).

Here, the transposed of the surface gradient is denoted by ∇T
Γu ∶= (∇Γu)T .

Proof
Using Theorem 2.2.6 and equation (2.3.1), the following relation for the time derivative
of the metric tensor is derived. With u = ûigi = ûigi, it holds

∂tgαβ = ∂tgα ⋅ gβ + gα ⋅ ∂tgβ = ∂t∂αR ⋅ gβ + gα ⋅ ∂t∂βR = ∂αu ⋅ gβ + ∂βu ⋅ gα= ∂Γ
αu ⋅ gβ + ∂Γ

β u ⋅ gα = ûα∣β + ûβ∣α + 2û3Ĥαβ.

Using (gα ⊗ gβ)T = (gβ ⊗ gα) and (2.2.7), we get

(ûα∣β + ûβ∣α) (gα ⊗ gβ) = ûα∣β (gα ⊗ gβ) + ûα∣β (gβ ⊗ gα) = ∇ΓuT +∇T
ΓuT .

A direct calculation, using (2.2.4) and the representation of the surface Jacobian from
Definition 2.2.8, yields

uNĤαβ(gα ⊗ gβ) = 1
2
(uNĤαβ(gα ⊗ gβ) + uNĤαβ(gβ ⊗ gα))

= 1
2
(gα ⊗P∂Γ

α(uN n) +P∂Γ
α(uN n) ⊗ gα) = 1

2
(∇Γ(uN n) + ∇T

Γ(uN n)).
Putting these results together yields

EΓ(u) = ÊΓ,αβ(gα ⊗ gβ) = (1
2
(ûα∣β + ûβ∣α) + uNĤαβ) (gα ⊗ gβ)

= 1
2
(ûα∣β + ûβ∣α) (gα ⊗ gβ) + uNĤαβ (gα ⊗ gβ)

= 1
2
(∇ΓuT +∇T

ΓuT ) + 1
2
(∇Γ(uN n) + ∇T

Γ(uN n)) = 1
2
(∇Γu +∇T

Γu).
The definition of the surface gradient 2.2.8 yields the final equality. ◻
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Remark 2.3.6
Lemma 2.3.5 shows that our definition of the rate of strain tensor (2.3.3) equals the one
from [PSW20, page 19], [EHZ07, equation (13)], and [JOR18]. ◇
2.4 Integrals on surfaces

In this section, we introduce a surface integral for stationary and evolving surfaces.
We recall the well-known partial integration identities (divergence theorem) and the
Reynolds transport theorem.
Let v be a vector valued function defined on the surface Γ. The (surface) integral of v
is defined in the usual way: We choose a fixed (not necessarily orthogonal) basis of R3,
say w1,w2,w3. For v(x) = ṽi(x)wi, we then define

∫Γ
v(x)ds ∶=wi∫Γ

ṽi(x)ds
and similarly for integrals on moving surfaces Γ(t) and subsets of surfaces. The results
derived below are independent of the choice of w1,w2,w3. We recall well-known inte-
gration identities, starting with the integration by parts for closed surfaces (i.e., without
boundary).

Theorem 2.4.1: Integration by parts
For a tangential vector field v ∈ C1(Γ)3 satisfying Pv = v and a scalar function q ∈ C1(Γ),
the relation ∫Γ

(divΓ v)q ds = −∫Γ
v ⋅ ∇Γq ds

holds. A tensor valued function T ∈ C1(Γ)3×3 satisfying PT = TP = T and a vector
valued function w ∈ C1(Γ)3 satisfy

∫Γ
(divΓ T) ⋅w ds = −∫Γ

TT ∶ ∇Γw ds,

where A ∶ B = tr(AT B) denotes the usual scalar product on Rn×n.

Proof
The first equality is proven in [GR11, equation (14.16)]. The second result follows from
a componentwise application of the first equality and Lemma 2.5.1. It holds

∫Γ
(divΓ T) ⋅w ds = ∫Γ

(divΓ Tei)wi ds = −∫Γ
Tei ⋅ ∇Γwi ds

(2.5.4)= − ∫Γ
Tji (∇Γwi)j ds = −∫Γ

tr (T∇wP) ds

= − ∫Γ
tr (TP∇wP) ds = −∫Γ

TT ∶ ∇Γw ds,

which completes the proof. ◻
Using this theorem and the identity

S ∶ ∇Γv = 1
2
(tr(ST∇Γv) + tr(ST∇Γv)) = 1

2
(tr(ST∇Γv) + tr(ST∇T

Γv)) = S ∶ EΓ(v)
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for every symmetric matrix S = ST , we get

∫Γ
(divΓ EΓ(u)) ⋅ v ds = −∫Γ

EΓ(u) ∶ EΓ(v)ds.
An important tool in the derivation of Navier–Stokes equations is the transport theorem,
which is also given in [JOR18, equation (3.1)].

Theorem 2.4.2: Transport theorem
Let γ(t) ⊂ Γ(t) be a subdomain of the surface Γ(t) that is advected by the material
velocity u and a scalar- or vector-valued function f ∈ C1(S). Then, it holds

d
dt ∫γ(t) f ds = ∫

γ(t)
●
f + f divΓ u ds.

Proof
A proof for the scalar case is given in, e.g., [DE13, Theorem 5.1]. For the vector-valued
case, the proof can easily be derived using a componentwise application of the scalar
version. ◻
Using equation (2.2.3) and Lemma 2.3.5, we can rewrite divΓ u as

divΓ u = tr(∇Γu) = tr(1
2
(∇Γu +∇T

Γu)) = tr (EΓ(u)) = Êα
Γ,α, (2.4.1)

where Êα
Γ,α = gαβÊΓ,βα. This relation shows the equality of Theorem 2.4.2 and the

Reynolds transport theorem from [EHZ07, equation (15)].
An important integral identity for surfaces with boundary is the divergence theorem,
taken from [GR11, equations (14.18) and (14.19)].

Theorem 2.4.3: Divergence theorem
Let γ ⊂ Γ be a hypersurface with boundary ∂γ. The unit outer normal to ∂γ that is
tangential to Γ is denoted by ν and the surface measure on ∂γ by ds̃. It follows

∫
γ
∇Γq ds = ∫

γ
qκn ds + ∫

∂γ
qν ds̃ for all q ∈ C1(γ̄),

∫
γ

divΓ v ds = ∫
∂γ

v ⋅ ν ds̃ for all v ∈ C1(γ̄)3,
∫

γ
divΓ (TP) ds = ∫

∂γ
Tν ds̃ for all T ∈ C1(γ̄)3×3.

2.5 Properties of surface differential operators and useful identities

We summarize some important properties and calculation rules of the surface differential
operators introduced in Section 2.2.2. The properties are used throughout the remainder
of this thesis. Again, we use the Einstein summation convention. Differential operators
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2.5. Properties of surface differential operators and useful identities

for smooth scalar functions q, vector-valued functions v and matrix-valued functions T
are given by

(∇Γq)i = Pik∂kq, divΓ v = (∇Γv)ii = Pik∂kvlPli = Plk∂kvl,(∇Γv)ij = Pik∂lvkPlj , and (divΓ T)i = divΓ(Tei) = Plk∂kTli,

with the partial differentiation ∂k = ∂

∂xk
in R3. Note that we identify functions f defined

on Γ with their smooth extension fe.

Lemma 2.5.1: Differentiation rules
The following identities hold for scalar functions p, q ∈ C1(Γ), vector-valued functions
v,w ∈ C1(Γ)3 and tensor-valued functions T ∈ C1(Γ)3×3 that satisfy PT = TP = T.

(i) ∇Γ(p ⋅ q) = ∇Γp ⋅ q +∇Γq ⋅ p
(ii) ∇Γ(q ⋅ v) = q∇Γv + vT∇T

Γq

(iii) ∇Γv = ∇ΓvT +HvN (2.5.1)

(iv) ∇Γ(v ⋅w) = ∇T
ΓvT w +∇T

ΓwT v +∇Γ(vN ⋅wN)= ∇T
ΓvT w +∇T

ΓwT v + vN∇ΓwN +wN∇ΓvN

(v) divΓ(qv) = ∇Γq ⋅ v + q divΓ v (2.5.2)

(vi) divΓ(qT) = q divΓ T +TT∇Γq (2.5.3)

(vii) ∇Γ(vi) = (∇vP)i,− (2.5.4)

Here, (vi) = v ⋅ ei denotes the i-th Cartesian component of v.

A proof of this Lemma is given in Appendix A.
Remark 2.5.2
Applying (iii) on tangential functions v = vT and w = wT , we get a product rule given
by ∇Γ(v ⋅w) = ∇T

Γvw +∇T
Γwv.

This relation resembles the equation

∇(v ⋅w) = ∇T vw +∇T wv,

which formulates the product rule in the Euclidean space. ◇
Next, we prove a different representation of the tangential projection using the closest
point projection given by p(x) = x − d(x)n(x), with d the signed distance function and
n = ∇d the unit normal vector defined in a neighborhood of the surface.
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Lemma 2.5.3
The tangential projection P can be represented by the closest point projection p as

P = I − nnT = ∇p − dH.

Thus, on Γ, it holds
P = ∇p.

Proof
An elementary calculation yields

∇p(x) = ∇(x − d(x)n(x)) = ∇x −∇(d(x)n(x)) = I − n(x)∇Td(x) + d(x)∇n(x)
= I − n(x)n(x)T + d(x)H(x) = P(x) + d(x)H(x).

The second equation follows since d = 0 holds on Γ. ◻
The following lemma gives a representation of the surface divergence of a vector field
that highlights the dependence on the mean curvature of the surface. In the proof, we
use the representation of the mean curvature by the surface divergence of the normal
vector field n given by κ = divΓ(n).
Lemma 2.5.4
Let v ∈ C1(Γ)3 be a vector field defined on Γ. Then, it holds

divΓ v = divΓ vT + κvN . (2.5.5)

Proof
A simple calculation yields

divΓ u = divΓ uT + divΓ(uN n) (2.5.2)= divΓ uT + uN divΓ n + n ⋅ ∇ΓuN = divΓ uT + κuN ,

where we used n ⋅ ∇ΓuN = 0. ◻
In the derivation of the Navier–Stokes equations, we need the surface divergence of the
product of a scalar function with the tangential projection. It is given in the following
lemma.

Lemma 2.5.5
Let q ∈ C1(Γ) be a scalar field and P the projection onto the tangent bundle of Γ. Then
the surface divergence of the product q ⋅P is given by

divΓ(qP) = ∇Γq − qκn.
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2.6. Representations of the surface: The level set function

Proof
We start with a proof of an auxiliary result. For the outer product of the normal vector
n with itself, it holds

divΓ (nnT )
i
= divΓ (nnT ei) = divΓ(nni) (2.5.2)= ∇Γni ⋅ n´¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¶=0

+ni divΓ n´¹¹¹¹¹¸¹¹¹¹¹¶=κ
= κni.

Using the product rule for the divergence (2.5.3) from Lemma 2.5.1 and the auxiliary
equation, we get

divΓ(qP) = PT∇Γq + q divΓ(P) = ∇Γq + q divΓ(I − nnT ) = ∇Γq − qκn.

◻
The identity function on Γ is defined by idΓ ∶ Γ → R3, x ↦ x. Applying the Laplace-
Beltrami operator and utilizing Lemma 2.5.5 yields the following corollary.

Corollary 2.5.6
The mean curvature vector κn can be represented as

κn = −∆ΓidΓ.

Proof
It holds

∆ΓidΓ = divΓ(∇ΓidΓ) = divΓ(P∇ide
ΓP) = divΓ(PIP) = divΓ(P2) = divΓ(P) = −κn,

where we used Lemma 2.5.5 for q = 1. ◻
2.6 Representations of the surface: The level set function

There are different ways to represent the surface Γ(t). Given the trajectories (2.1.1)
or (2.1.3), one can use the explicit representation of Γ(t) from (2.1.2) when an explicit
representation of the initial surface Γ0 is known. Since this is hard to realize in a
numerical setting, we use an implicit representation of the surface in this thesis given
by a level set function ϕ = ϕ(x, t). This level set method is a widely used numerical
method for the representation and approximation of moving surfaces (or interfaces)
[OF03; Set96]. The method is based on the embedding of the surface as the zero level
of a higher-dimensional scalar smooth level set function, denoted by ϕ. This level set
function satisfies

Γ(t) = {x ∈ R3 ∣ ϕ(x, t) = 0} for t ∈ [0, tend].
The level set function is not unique, e.g., the zero level of ϕ̃ = cϕ also represents the same
surface for every c ≠ 0. A special case is the signed distance function ϕ(x, t) = d(x, t). We
summarize some properties of the level set function in general and the signed distance
function in particular. Following [DE13, Lemma 2.8.], there exists a tubular neighbor-
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hood N δ
Γ of Γ(t) with some δ > 0 independent of t such that d ∈ Cm(N δ

Γ(t)) for some
m ≥ 1 depending on the smoothness of S. We refer to (2.2.9) for the definition of N δ

Γ.
The signed distance function fulfills the Eikonal equation given in the following lemma.
A proof is given in [AD00].

Lemma 2.6.1
The signed distance function d satisfies the Eikonal equation

∥∇d∥ = 1 on N δ
Γ.

For fixed t ∈ [0, tend], we denote Γ = Γ(t) and assume that ϕ is a smooth level set function
but not necessarily a signed distance function. However, we assume that it is close to a
signed distance function in the sense that there exists a constant c > 0 with ∣∇ϕ∣ ≥ c in
some neighborhood of S.

Lemma 2.6.2
The normal n of the surface Γ can be represented in terms of a level set function ϕ and
the signed distance function d as

n = ∇ϕ∥∇ϕ∥ and n = ∇d on Γ.

2.6.1 The level set function of an evolving surface

In this section, we derive a transport equation for the level set function ϕ of an evolving
surface. The surface Γ(t) is advected by the material velocity u. We derive a partial
differential equation describing the evolution of the level set function which describes
the evolution of the surface. The derivation of the equation is based on the trajectories
X(z, t) defined in (2.1.1). We assume the level set value of each particle z to remain
constant for all t, i.e.,

ϕ(X(z, t), t) = ϕ(X(z,0),0) = ϕ(z,0) = const. (2.6.1)

That means that the values and especially the zero level of ϕ are transported with the
velocity u of the density flow. By differentiating equation (2.6.1), we obtain

0 = d
dt
ϕ(X(z, t), t) = ∂

∂t
ϕ(X(z, t), t) + d

dt
X(z, t) ⋅ ∇ϕ(X(z, t), t)

(2.1.1)= ∂

∂t
ϕ(X(z, t), t) + u(X(z, t), t) ⋅ ∇ϕ(X(z, t), t).

Since this equation holds for all t and each particle z we obtain the level set equation

∂

∂t
ϕ +∇ϕ ⋅ u = 0 on Γ(t), (2.6.2)

which is a time-dependent advection equation and thus, a hyperbolic PDE.
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In order to derive a well-posed formulation of the level set equation, we extend the
equation to a bounded background domain Ω ⊂ R3 with Lipschitz boundary ∂Ω such
that Γ(t) ⊂ Ω holds for all t ∈ [0, tend]. We assume that the material velocity field
u ∈ C(Ω) is defined on Ω (not only on Γ(t)) and bounded.
Following [Ago98], boundary conditions have to be prescribed on the inflow boundary
of Ω. The inflow boundary ∂Ωin ⊂ ∂Ω is the part of the boundary where the material
velocity u points into Ω. That means that on the inflow boundary, information is
transported into the domain. The inflow boundary is defined as

∂Ωin(t) ∶= {x ∈ ∂Ω ∶ u(x, t) ⋅ nΩ(x) < 0} ,
where nΩ denotes the outward pointing normal to ∂Ω. As u changes in time, it is
possible, that ∂Ωin(t) is time dependent even if Ω is independent of time. Following
[Loc13, Theorem 3.4], the following strong formulation has a unique solution if u is
Lipschitz-continuous in Ω with respect to x and continuous in [0, tend] with respect to t.

Problem 2.6.3
Let ϕ0 be a given initial condition defined in Ω, ϕD(t) a boundary condition defined
on ∂Ωin(t) for every t ∈ [0, tend] and u = u(x, t) a given velocity field. The level set
transport problem can be formulated as follows: Find ϕ ∶ Ω × [0, tend] → R differentiable
in space and time, such that

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

∂

∂t
ϕ + u ⋅ ∇ϕ = 0 in Ω × [0, tend],
ϕ(x,0) = ϕ0(x) in Ω,
ϕ(x, t) = ϕD(x, t) on ∂Ωin(t) × [0, tend].

There exists a well-posed variational formulation of Problem 2.6.3, cf. [Loc13]. A modi-
fied version of the transport equation was analysed in [BotheFrickeMaricRoismanVuckovic2023].
In Chapter 6, we introduce a method to solve the level set equation on a narrow band
around Γ(t). Thus, we construct a method that approximates the zero level of the level
set function with a material velocity that is given in a close neighborhood of the surface.
In Chapter 7, we introduce an extension of the material velocity field from the surface
to a narrow band around Γ(t).
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Chapter 3
Surface Navier–Stokes Equations

This chapter is based on the article [BRS22].

3.1 Introduction

In this chapter, we focus on derivation of Navier–Stokes equations posed on evolving
surfaces. In the past decades, several derivations have been presented in the literature,
e.g., [AD09; EM70; EHZ07; GKL17; JOR18; MT01; Miu17; NRV19], which differ in the
mathematical formulations, the physical principles used in the modeling approach and
in the coordinate systems in which the resulting equations are represented. To provide
a comprehensive overview of the modeling methodologies, we systematically review five
distinct approaches from the literature for deriving the surface Navier–Stokes equations.
We can classify the approaches by the physical principles as follows: The conservation
of mass and momentum can be used as basic physical principles. One can either directly
use the conservation laws on the surface by conserving surface mass and momentum, or
one can use the conservation laws for volume mass and momentum quantities in a thin
tubular neighborhood of the surface. In the latter case, a thin film limit procedure is
applied to derive the surface Navier–Stokes equations. In [EHZ07; JOR18], the surface
mass and momentum conservation laws are used, whereas, in [Miu17; NRV19], the laws
of volume mass and momentum for a material volume (a neighborhood of the surface)
are used. Another physical principle used in the literature is the variational energy
principle, which is based on energy minimization principles, cf. [GKL17].
Furthermore, the approaches differ in the coordinate systems used to represent the re-
sulting flow equations. In some approaches, e.g., [EHZ07; NRV19], local coordinate
systems (curvilinear coordinates) are used. These coordinates are also used in [AD09;
NRV20]. In [JOR18; GKL17; Miu17], the standard Euclidean basis of R3, in which
the evolving surface is embedded, is used. Both coordinate systems are introduced and
analysed in Section 2.2.1.
The different coordinate systems lead to different representations of surface differential
operators such as a surface gradient or a surface divergence, and one has to be care-
ful when comparing equations formulated in different coordinate systems. Both the
local curvilinear and the global Cartesian coordinate system have attractive properties,
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advantages and disadvantages. The local coordinate system can be very useful for mod-
eling more complex fluid properties, e.g., in certain classes of fluid membranes [EHZ07;
TMA19] or in flows of liquid crystals [NRV19; NRV20]. The representation in global
Cartesian coordinates is very convenient for the development of numerical simulation
methods for these flow equations since a local basis is often hard to realize numerically.
Furthermore, in [EHZ07] no surface differential operators are used in the derivation. This
leads to a different looking system of equations of partial derivatives, and comparison of
the resulting equations is not straightforward.
The equations also differ in the known and unknown quantities. In [EHZ07; JOR18], the
unknowns are the evolving surface Γ(t), the surface velocity u (tangential and normal),
and the surface pressure p. In [GKL17; Miu17], the evolution of the surface Γ(t) is
prescribed by the known surface velocity VΓ, and the unknowns of the systems are
the velocity u, with the prescribed normal component matching the surface velocity
(u ⋅ n = VΓ), and the surface pressure p. Finally, in [NRV19] the normal velocity of the
surface VΓ is known, and the unknowns are the tangential velocity uT and the surface
pressure p.
The goal of this chapter is to provide a unified framework for comparing these derivations
and to show that some, but not all of them lead to the same resulting models. We
also present a splitting approach in tangential and normal components of the velocity
which shows that all five derivations yield the same tangential surface Navier–Stokes
equations. At the end of this chapter, we present the formulation of the surface Navier–
Stokes equations, for which we will develop tailor-made discretization methods in the
subsequent chapters of the thesis.
The remainder of this chapter is organized in two sections. The five derivations of surface
Navier–Stokes equations, known from the literature, are summarized in Section 3.2. In
Section 3.3, we discuss and compare these equations.

3.2 Summary of derivations of surface Navier–Stokes equations

In this section, we outline five different derivations of surface Navier–Stokes equations
known from the literature [EHZ07; JOR18; GKL17; Miu17; NRV19], which use differ-
ent physical principles and representations in different coordinate systems. In the five
subsections below we present, in a unified framework, the following derivations:

(1) In [EHZ07], the conservation laws of surface mass and momentum quantities are
used. Surface Navier–Stokes equations in curvilinear coordinates are derived.

(2) In [JOR18], also conservation laws of surface mass and momentum quantities are
used. Surface Navier–Stokes equations in Cartesian coordinates in R3 are derived.

(3) In [GKL17], the surface mass conservation law is used and combined with a vari-
ational energy principle. The geometric evolution is prescribed, and the resulting
equations are derived in Cartesian coordinates in R3.

(4) In [Miu17], the conservation laws of volume mass and momentum quantities are
used in a thin tubular neighborhood of the (evolving) surface with known nor-
mal velocity. Combined with a thin film limit procedure, surface Navier–Stokes
equations are derived in Cartesian coordinates.
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(5) In [NRV19], the same physical principles of volume mass and momentum conserva-
tion in a thin tubular neighborhood as in [Miu17] are used. The resulting volume
Navier–Stokes equations are represented in a thin film curvilinear local coordi-
nate system. A thin film limit procedure is applied to derive tangential surface
Navier–Stokes equations in curvilinear coordinates.

Using conservation of momentum to model Navier–Stokes equations (on the surface or
in the volume) as in the approaches (1), (2), (4), and (5) is a common approach in
fluid mechanics. It is a statement of Newton’s second law of motion, which specifies
that the rate of change of momentum of a body is equal to the net force acting on the
body. Therefore, one needs an ansatz for the net force and thus the stress tensor. In the
approaches (4) and (5), one uses the standard Newtonian ansatz, and in (1) and (2), the
Boussinesq-Scriven ansatz is used. In (3), an ansatz for the viscous surface dissipation
energy is used.
Furthermore, the approaches differ in the unknowns of the derived systems. In ansatz
(1) and (2), the unknowns are the evolving surface Γ(t), the surface material velocity
u (tangential and normal component), and the surface pressure p. In ansatz (3), (4)
and (5), the geometric evolution of the surface Γ(t) is prescribed. The unknowns are
the pressure p and the velocity u in ansatz (3) and (4), whereas the tangential velocity
uT and the surface pressure p are unknown in ansatz (5). In ansatz (4), an additional
unknown is the auxiliary variable p1.
We summarize the key differences of the derivations in the following table.

Literature Physical Principle Coordinates Unknowns

(1) [EHZ07] Surface conservation laws Curvilinear Γ(t), u, p
(2) [JOR18] Surface conservation laws Cartesian Γ(t), u, p
(3) [GKL17] Variational energy principle Cartesian u, p, p1

(4) [Miu17] Thin film limit Cartesian u, p
(5) [NNV19] Thin film limit Curvilinear uT , p

Table 3.1: Summary of derivation approaches for surface Navier–Stokes equations.

Below we outline only the key ideas of the derivations and refer to the corresponding
papers for more details.

3.2.1 Surface mass and momentum conservation in curvilinear coordinates

In this section, we summarize the derivation of surface Navier–Stokes equations pre-
sented in [EHZ07]. In that paper, the resulting surface Navier–Stokes equations are
formulated in tensor calculus without using surface differential operators like ∇Γ and
divΓ. To compare the resulting equations with those obtained in the other approaches,
we rewrite these using the differential operators represented in local bases introduced
in Section 2.2.2. The derivation is based on the conservation laws of surface mass and
momentum.
In [EHZ07], the surface is modeled as a layer of incompressible fluid of lipid molecules
which results in the presence of a director field. This gives rise to an additional term
in the momentum balance equation. In this summary, we do not take the director field
into account, and thus this additional term vanishes.
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Firstly, we assume the material surface Γ(t) to be inextensible. For a material subdomain
γ(t) ⊂ Γ(t) the inextensibility reads

d
dt ∫γ(t) 1 ds = 0.

Applying the Leibniz integral rule and the arbitrariness of γ(t) yield

Êα
Γ,α = 0, (3.2.1)

with ÊΓ,αβ ∶= 1
2

d
dt
gαβ the rate of strain tensor, cf. [EHZ07, equation (17)].

Next, we apply the conservation of surface mass. Let ρ denote the surface mass density.
Conservation of mass, the transport theorem 2.4.2 and the inextensibility (Êα

Γ,α = 0) lead
to

0 = d
dt ∫γ(t) ρds = ∫

γ(t)
●
ρ + ρÊα

Γ,α ds = ∫
γ(t)

●
ρds.

Arbitrariness of γ(t) and a smoothness assumption on ρ imply ●ρ = 0. Hence, assuming ρ
is constant on Γ(0), it follows that the surface mass density ρ is constant on the evolving
surface Γ(t).
The second conservation law used in [EHZ07] is the conservation of surface momentum.
It reads

d
dt ∫γ(t) ρu ds = F(γ(t)) (3.2.2)

with γ(t) an arbitrary material subsurface of Γ and a force F that can be decomposed
into external area forces acting on γ(t) and internal forces acting on the boundary ∂γ(t).
The external forces, consisting of normal and shear stresses, are collected in the force
term f = f̂αgα+ f̂3n. For the internal forces, the Cauchy ansatz is made, i.e., these forces
are of the form T̂αβ ν̂αgβ with T̂αβ and ν̂α the curvilinear coordinates of a stress tensor
and the in-plane unit normal on ∂γ(t), that is normal to ∂γ(t) but tangential to Γ(t).
The total net force on γ(t) can be written as

F(γ(t)) = ∫
γ(t) f ds + ∫

∂γ(t) T̂
αβ ν̂αgβ ds̃. (3.2.3)

As in [EHZ07], we apply the Leibniz rule on the left-hand side of (3.2.2) and Greens
formula on the boundary integral of the right-hand side of (3.2.3). Using Êα

Γ,α = 0, this
yields

∫
γ(t) ρ

●u ds = ∫
γ(t) f + T̂ βα∣β gα − T̂αβĤαβn ds.

Due to the arbitrariness of γ(t), we obtain the following system of surface partial differ-
ential equations ⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

ρ ( ●u ⋅ gα) = f̂α + T̂ βα∣β ,

ρ ( ●u ⋅ n) = f̂3 − T̂αβĤαβ,
on Γ(t), (3.2.4)

which consists of two equations for the time derivative of the tangential velocity ●u ⋅ gα,
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for α = 1,2, and one equation for velocity change in normal direction ●u ⋅ n, cf. [EHZ07,
equation (31)]. The stress tensor T̂αβ is modeled using the Boussinesq-Scriven ansatz
can be represented by

T̂αβ = −pgαβ + 2µ0Ê
αβ
Γ . (3.2.5)

Here, p denotes the surface pressure, µ0 the viscosity coefficient, and again Êαβ
Γ denote

the local coordinates of the rate of strain tensor, cf. (2.3.3).
The equations (3.2.1), (3.2.4), and (3.2.5) form the surface Navier–Stokes system derived
in [EHZ07] which we summarize here:

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Êα
Γ,α = 0,

ρ ( ●u ⋅ gα) = f̂α + T̂ βα∣β ,

ρ ( ●u ⋅ n) = f̂3 − T̂αβĤαβ.

on Γ(t), (3.2.6)

Note that the evolution of the surface Γ(t) depends on the unknown velocity u as
described in (2.1.1) and (2.1.2).
To compare this surface Navier–Stokes system (3.2.6), which is formulated in terms of
curvilinear (local) coordinates, to equations derived in the sections below, we rewrite
these equations using surface differential operators from Definition 2.2.8 and represen-
tations of tensor- and vector fields that are independent of the choice of the basis. The
first equation in (3.2.6) can be rewritten using the surface divergence operator divΓ and
equation (2.4.1) as

Êα
Γ,α = divΓ u = 0.

From Lemma 2.3.5, we obtain for the rate of strain tensor EΓ = Êαβ
Γ (gα ⊗ gβ) the

representation
EΓ = EΓ(u) = 1

2
(∇Γu +∇T

Γu),
and an easy computation yields for an arbitrary vector c the equation

gαβ (gα ⊗ gβ)c = gαβ (gβ ⋅ c)gα = ĉβ (gα ⋅ gβ)gα = (gα ⋅Pc)gα = ĉαgα = Pc,

from which we get the representation gαβ (gα ⊗ gβ) = P. Thus, the stress tensor
T̂αβ (gα ⊗ gβ) = T can be represented as an operator by

T = −pP + 2µ0EΓ.

From Lemma 2.2.10, we get that equation (3.2.4) can be rewritten as

ρ
●u = ρ [( ●u ⋅ gα)gα + ( ●u ⋅ n)n] = (f̂α + T̂ βα∣β )gα + (f̂3 − T̂αβĤαβ)g3

= f + divΓ T.

Using this and the identity divΓ(pP) = ∇Γp − pκn from Lemma 2.5.5, we obtain the
following representation of the surface Navier–Stokes system (3.2.6): For a given initial
surface Γ(0), viscosity µ0, force term f and a constant surface mass density ρ, find u, p
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and Γ(t), parameterized by X(x, t), cf. (2.1.2), such that

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

ρ
●u +∇Γp − pκn − 2µ0 divΓ EΓu = f on Γ(t),

divΓ u = 0 on Γ(t),
d
dt

X(x, t) = u(X(x, t), t), X(x,0) = x ∈ Γ(0).
(3.2.7)

Note that the sign of the curvature κ depends on the definition of the Weingarten
mapping H. In some literature, e.g., [BRS22; NRV19], the Weingarten mapping is
defined with a minus sign, H = −∇n, which leads to a different sign of the curvature.
In Section 3.3, we will compare this system to the equations derived in the following
sections.

3.2.2 Surface mass and momentum conservation in Cartesian coordinates

We recall the model derived in [JOR18]. The equations are represented using Cartesian
coordinates in R3 and the used surface differential operators (∇Γ and divΓ) are defined
in Definition 2.2.11. The material derivative ●u is defined in Cartesian coordinates as
formulated in Lemma 2.3.2.
As in the previous section, the modeling is based on the fundamental laws of surface
continuum mechanics (conservation of surface mass and momentum). The unknowns are
the evolving surface Γ(t), the surface (tangential and normal) velocity u and the surface
pressure p. We again emphasize that the normal component of the surface velocity
governs the evolution of the surface, cf. (2.1.1), (2.1.3), and (2.1.2). Since the physical
principles are the same as in the previous section, the derivation of the equations is
similar, and we only give a short overview.
The inextensibility condition reads

d
dt ∫γ(t) 1 ds = 0,

where γ(t) is an arbitrary material subdomain of Γ(t). Using the transport theorem
2.4.2, this implies

divΓ u = 0. (3.2.8)

Again, we assume that the surface mass density ρ is constant on Γ(0). The conservation
of surface mass

d
dt ∫γ(t) ρds = 0

yields with the same arguments as in the previous section that ρ remains constant on
Γ(t).
The conservation of surface momentum is expressed by the equation

d
dt ∫γ(t) ρu ds = ∫

γ(t) f ds + ∫
∂γ(t) fν ds̃ (3.2.9)

with a contact force term fν on ∂γ(t) and an area force term f . The integrals are defined
as in Section 2.4. As in [EHZ07] and in the previous section, the authors of [JOR18] use
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a Cauchy ansatz and Boussinesq-Scriven ansatz for the contact force term:

fν = Tν, T = −pP + 2µ0EΓ(u), EΓ(u) = 1
2
(∇Γu +∇T

Γu). (3.2.10)

From the Divergence Theorem 2.4.3 and the identity divΓ(pP) = ∇Γp − pκn from
Lemma 2.5.5, we obtain the momentum balance for γ(t)

d
dt ∫γ(t) ρu ds = ∫

γ(t) f ds + ∫
∂γ(t)Tν ds̃ = ∫

γ(t) f + divΓ(T)ds
= ∫

γ(t) f −∇Γp + pκn + 2µ0 divΓ EΓ(u)ds.
Using the Leibniz rule and combining the result with (3.2.8), we obtain the following
surface Navier–Stokes system. For a given initial surface Γ(0), viscosity µ0, force term
f and a constant surface mass density ρ, find u, p and Γ(t), parameterized by X(x, t),
cf. (2.1.2), such that

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

ρ
●u − 2µ0 divΓ EΓ(u) + ∇Γp − pκn = f on Γ(t),

divΓ u = 0 on Γ(t),
d
dt

X(x, t) = u(X(x, t), t), X(x,0) = x ∈ Γ(0).
(3.2.11)

Note that the evolution of the surface depends on the unknown velocity u as described
in (2.1.1)-(2.1.2).

3.2.3 Energetic variational principle in Cartesian coordinates

The third derivation of surface Navier–Stokes equations is based on a variational energy
principle and is presented in [GKL17]. The equations are formulated in Cartesian coor-
dinates in R3 and the surface differential operators are the same as in Definition 2.2.11.
We will briefly summarize the key aspects of the derivation.
Assuming that Γ(t) is a closed surface and that the geometric evolution in terms of the
surface normal velocity VΓ is given, we note that the material velocity u satisfies

u ⋅ n = VΓ. (3.2.12)

Hence, in this framework the evolution of the surface and the surface velocity are known.
The unknowns are the material velocity u, with its normal component described by
(3.2.12) and the surface pressure p.
Following a similar approach to previous sections, we use the inextensibility of the surface
and the mass conservation to obtain the following equation

divΓ u = 0, (3.2.13)

where it is established that ρ remains constant on S. Instead of employing a momentum
conservation ansatz as presented in prior works [EHZ07; JOR18] (cf. equations (3.2.2)
and (3.2.9)), we adopt an energetic variational approach grounded in the Least Action
and Minimum Dissipation Principles. The essential steps are outlined below.
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The action integral, representing kinetic energy, is defined by

A(X) ∶= ∫ tend

0 ∫Γ(t)
1
2
ρ∣u∣2 dsdt.

Here, we observe that X = X(x, t) ∈ Γ(t), with particles following trajectories starting
in x ∈ Γ(0) and the corresponding velocity field u(x, t), cf. equation (2.1.1). It is
noteworthy that both Γ(t) and u are uniquely determined by these trajectories.
The variation of the action integral with respect to the particle trajectories can be
formally expressed as

DXA(X)(w) = ∫ tend

0 ∫Γ(t) Fcons ⋅w dsdt =∶ ⟨Fcons,w⟩
for an appropriately chosen class of admissible velocities w. This relation defines a
conservative force Fcons, as demonstrated in [XSL14]. Under reasonable assumptions, it
has been established in [GKL17, Theorem 1.5] that

Fcons = −ρ ●u (3.2.14)

holds. Furthermore, another force, namely the dissipation force, arises from variations
related to “surface viscosity” energy, modeled by the functional

Ediss(u) = −∫ tend

0 ∫Γ(t) µ0∣EΓ(u)∣2 dsdt,

where µ0 denotes the viscosity coefficient and EΓ(u) represents the rate of strain tensor
as in equation (3.2.10). Variation with respect to the velocity field u leads to the
dissipation force

DuEdiss(u)(w) = ⟨Fdiss,w⟩,
for a “suitable” class of admissible velocities w (cf. [XSL14]). In [GKL17, Theorem 1.6],
the relation

Fdiss = 2µ0 divΓ EΓ(u) (3.2.15)

is derived.
The Onsager principle (cf. [XSL14; Ons31a; Ons31b]) asserts that the system dynamics
arise from a competition between internal energy (here, kinetic energy) and dissipation.
In our setting the corresponding equation is formally given by

DXA = −DuEdiss,

cf. [GKL17, p. 385]. This relationship implies that for all admissible velocity fields w,
we have ⟨Fcons + Fdiss,w⟩ = 0.

Due to the fact that we consider incompressible surface flows, we restrict to velocity
fields w satisfying divΓ w = 0. Based on [GKL17, Lemma 2.7], we present the following
corollary.
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Corollary 3.2.1
Let g ∈ C(S)3 be such that ⟨g,w⟩ = 0 for all w ∈ C∞(S) with divΓ w = 0. Then there
exists p ∈ C1(S) such that

g = ∇Γp − pκn.

By applying this corollary, we derive Fcons+Fdiss = ∇Γp−pκn for an appropriate (pressure)
function p. Combining this with the equations (3.2.12), (3.2.13), (3.2.14), and (3.2.15),
we obtain the following surface Navier–Stokes equations (with given normal velocity VΓ,
viscosity µ0 and a constant surface mass density ρ):

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

u ⋅ n = VΓ on Γ(t),
ρ
●u − 2µ0 divΓ EΓ(u) + ∇Γp − pκn = 0 on Γ(t),

divΓ u = 0 on Γ(t).
(3.2.16)

There is a subtle issue discussed in detail in [GKL17]. Since the surface normal velocity
is not an unknown in this system, (3.2.16) is generally overdetermined. Specifically,
there are four unknowns: the velocity components (essentially three unknowns) and the
pressure. However, there are five equations including the incompressibility equation and
the first equation defining the normal component uN of the velocity. To form a closed
system, these equations can be “projected” to yield a system for the tangential velocity
and pressure. This process is further elaborated in Section 3.3.

3.2.4 Thin film approach in Cartesian coordinates

An alternative method for deriving surface Navier–Stokes equations, based on a thin
film limit procedure, is presented in [Miu17].
Similar to the previous section, it is assumed that Γ(t) is a closed surface and that the
geometric evolution in terms of the normal velocity VΓ of Γ(t) is given.
A thin film domain Ωε(t) ∶= {x ∈ R3 ∣ dist(x,Γ(t)) < ε} with a sufficiently small ε > 0 is
defined around this surface. This domain evolves with constant thickness such that the
surface remains located in its middle. In this evolving thin film, the incompressible three-
dimensional Navier–Stokes equations with appropriate boundary conditions on ∂Ωε(t)
are applied. These equations describe mass and momentum conservation within the
volume domain Ωε(t). The limit, as the thickness approaches zero, and the resulting
surface equations are then studied. In [Miu17], these limit equations are derived using
formal asymptotic expansions (in parameter ε). We outline a few key steps in this
derivation and refer to [Miu17] for further details.
The signed distance function to Γ(t) is denoted by d(⋅, t). For sufficiently small ε > 0,
the closest point projection of x ∈ Ωε(t) given by p(x, t) = x − d(x, t)n(p(x, t), t) is well
defined. We define the space-time domain Qε,I and its boundary ∂Qε,I by

Qε,I ∶= ⋃
t∈I Ωε(t) × {t}, ∂Qε,I ∶= ⋃

t∈I ∂Ωε(t) × {t}. (3.2.17)
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The unit outward normal vector nε(x, t) and outward normal velocity Vε(x, t) on ∂Ωε

are given by

nε(x, t) =
⎧⎪⎪⎪⎨⎪⎪⎪⎩

n(p, t), if d(x, t) = ε,

−n(p, t), if d(x, t) = −ε, Vε(x, t) =
⎧⎪⎪⎪⎨⎪⎪⎪⎩
VΓ(p, t), if d(x, t) = ε,

−VΓ(p, t), if d(x, t) = −ε,
with p = p(x, t) and VΓ the normal velocity of the surface Γ(t).
We consider an incompressible Navier–Stokes system in Qε,I with perfect slip Navier
boundary conditions:

∂tuε + (uε ⋅ ∇)uε +∇pε = µ0∆uε in Qε,I ,

div uε = 0 in Qε,I ,

uε ⋅ nε = Vε on ∂Qε,I ,[E3(uε)nε]tan = 0 on ∂Qε,I ,

(3.2.18)

where [a]tan represents the tangential component to ∂Ωε(t) of a vector a ∈ R3, and
the rate of strain tensor is given by E3(u) ∶= 1

2(∇u +∇T u). We use the notation E3 to
distinguish this three-dimensional rate of strain tensor from the surface rate of strain
tensor EΓ. The differential operators div and ∇, as referenced in Section 2.2.2, are the
standard ones in R3, and ∂t is the usual time derivative. The Laplace operator is given
by ∆uε ∶= div∇uε +∇div uε. Note that, for a solenoidal velocity field uε, the Laplacian
can be represented using the rate of strain tensor by ∆uε = 2 div(E3uε). Here, we use
the representation ∆uε without the rate of strain tensor since this is the one used in
[Miu17]. Note that, following the presentation in [Miu17], the density is scaled to ρ = 1;
however, this scaling is not essential.
The system determines the velocity uε and pressure pε of a fluid within Qε,I . To derive
equations that define the velocity of the fluid solely on Γ(t), consistent with (3.2.18)
and dependent only on values of functions on Γ(t), formal asymptotic expansions are
assumed. In particular, it is assumed that, for the solution pair (uε, pε), there exist
vector fields u, u1, u2 and scalar functions p, p1 such that

uε(x, t) = u(p, t) + d(x, t)u1(p, t) + d(x, t)2u2(p, t) + r(d3), (3.2.19a)
pε(x, t) = p(p, t) + d(x, t)p1(p, t) + r(d2) (3.2.19b)

hold. Here, r(dk) = r(d(x, t)k) denotes a higher order term, cf. [Miu17].
The analysis in [Miu17] is not rigorous in the sense that it is not clear whether or under
which assumptions such expansions exist. These expansions are substituted in (3.2.18)
to derive equations for the zero order terms u and p.
In the following lemma, which is taken from [Miu17, Lemma 2.7], we give a crucial
ingredient in deriving surface Navier–Stokes equations from the Navier–Stokes system
in the thin film domain Qε,I . Namely, for scalar and vector-valued functions q and v onS, we derive the derivatives of the composite functions q(p(x, t), t) and v(p(x, t), t) in
terms of the remainder r(d(x, t)2).
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Lemma 3.2.2
Let q be a scalar and v a vector-valued function on S. The derivatives of the composite
functions q(p(x, t), t) and v(p(x, t), t) with respect to x and t are of the form

∇q(p, t) = ∇Γq(p, t) − dH(p, t)∇Γq(p, t) + r(d2),
∂tq(p, t) = d

dt
q(p, t) + d∇ΓVΓ(p, t) ⋅ ∇Γq(p, t) + r(d2),

and

∇v(p, t) = (∇vP)(p, t) − d∇v(p, t)H(p, t) + r(d2),
∂tv(p, t) = d

dt
v(p, t) + d∇v(p, t)∇ΓVΓ(p, t) + r(d2),

with p = p(x, t) and d = d(x, t) for (x, t) ∈ Qε,I .

Substituting the expansions (3.2.19) in the Navier–Stokes equations, using Lemma 3.2.2,
and collecting zero and first order (in ε) terms, the following result is derived in [Miu17,
Section 4].

Theorem 3.2.3
Let uε and pε satisfy the Navier–Stokes equations (3.2.18) in the moving domain Ωε(t)
with given normal velocity VΓ. Then, the zero order velocity field u and the zero and
first order terms p and p1 satisfy the following equations.

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

u ⋅ n = VΓ,●u +∇Γp + p1n − 2µ0 divΓ EΓ(u) = 0,
divΓ u = 0,

on Γ(t). (3.2.20)

Here, the surface rate of strain tensor EΓ is defined as in (2.3.3).

We briefly examine the result of Theorem 3.2.3. When comparing (3.2.20) with (3.2.16),
we observe that instead of −pκn in (3.2.16), we now have p1n and an additional equation,
u ⋅n = VΓ, with a given VΓ. Thus, in (3.2.20), we obtain a closed system for the unknowns
u, p, p1. The redundant equation u ⋅ n = VΓ can be eliminated, allowing us to derive a
"projected" system for the tangential velocity and surface pressure p. This is further
elaborated in Section 3.3.
We indicate why in (3.2.20) the first order term p1, but no first order term u1 arise.
From differentiation of the expansion (3.2.19b), we get for a fixed t ∈ I:

∇pε(x, t) = ∇[p(p, t)] + ∇[d(x, t)p1(p, t)] + r(d)
= ∇Γp

e +∇d(x, t) p1(p, t) + d(x, t)∇[p1(p, t)] + r(d)
= ∇Γp

e + n(x, t)p1(p, t) + r(d),
(3.2.21)

with p = p(x, t) and d = d(x, t). For ε → 0, we obtain the relation ∇pε = ∇Γp + p1n on
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Γ. Hence, we expect ∇Γp + p1n, and not only ∇Γp, to occur in (3.2.20). Analogously
to (3.2.21) we get, for ε → 0, expressions for ∇uε and div∇uε that contain u1 and u2.
The functions u1 and u2, however, do not occur in the surface Navier–Stokes system
(3.2.20). This is based on the relations (cf. [Miu17, Remark 4.5])

u1 = −P(∇T u)n, u2 = 1
2
(H∇Γu +∇Γu1)n = 0.

Therefore, in contrast to the pressure (where p1 occurs), the unknowns u1 and u2 cor-
responding to the higher order terms in the uε-expansion can be eliminated and the
resulting system of equations (3.2.20) has unknowns u, p and p1.

3.2.5 Thin film approach in curvilinear coordinates

Following a similar modeling approach to that described in the previous section, the
authors of [NRV19] derive tangential surface Navier–Stokes equations through a thin-
film limit process. Instead of Cartesian coordinates, they utilize a three-dimensional
curvilinear coordinate system specifically adapted for thin films. In the subsequent
subsections, we provide an overview of this methodology and present the derived surface
Navier–Stokes equations. Furthermore, the authors of [RNV20] claim that, along the
same lines, the full (tangential and normal) surface Navier–Stokes equations can be
derived in a curvilinear coordinate system. We will discuss this system in Section 3.3.
Consistent with the previous section, it is assumed that the evolution of Γ(t) is governed
by a given normal velocity VΓ. Furthermore, an evolving thin film domain Ωε(t) is
considered which retains a constant thickness with the surface situated at its midpoint.

Thin film curvilinear coordinate system

We introduce a surface parametrization that is based on the normal velocity field. Specif-
ically, we consider the initial value problems (2.1.1) with the velocity field u replaced
by VΓn as in (2.1.3). The corresponding flow map is denoted by Φn

t (see Section 2.1).
Instead of using the parametrization in (2.1.4), we adopt Rn(ξ, t) ∶= Φn

t (ΦU(ξ)). A
natural parametrization of the thin film domain Ωε(t) is then given by

Rn
ε (ξ, ζ, t) ∶= Rn(ξ, t) + ζn (Rn(ξ, t), t) ,

with ξ ∈ U ⊂ R2, ζ ∈ (−ε, ε), and t ∈ [0, tend].
Building on this thin film parametrization, we introduce curvilinear coordinates and
representations of differential operators in these coordinates, analogous to Section 2.2.
Note that, in Section 2.2, we employed a two-dimensional surface parametrization with
the first fundamental form denoted by gαβ. In contrast, this section deals with a three-
dimensional parametrization of the tubular domain Ωε(t). Similar to previous sections,
Greek letters are used to sum over indices 1 and 2, while Latin letters sum over in-
dices 1, 2, and 3. Partial derivatives with respect to the local coordinates ξ and ζ are
denoted by ∂i, i.e., ∂i = ∂

∂ξi
for i = 1,2, and ∂3 = ∂

∂ζ . We define the covariant basis
Gi = ∂iR

n
ε , the corresponding contravariant basis Gi, the metric tensor Gij ∶= Gi ⋅Gj ,

and the Christoffel symbols as Γk
ij ∶= 1

2G
kl(∂iGjl + ∂jGil − ∂lGij). Differential symbols

in curvilinear coordinates (ξ, ζ) can be defined analogously to Section 2.2.2. Let q be
a scalar function, v a vector field, and T an operator-valued function defined on Ωε(t)
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for a fix t. All functions are sufficiently smooth. We define the gradient in terms of the
local parametrization Rn

ε . Let x ∈ Ωε(t) be given by x = Rn
ε (ξ, ζ). In the scalar case,

we define the corresponding function q by q(ξ, ζ) = q(x). Along the same lines v and T
are defined. Then, the gradient in curvilinear coordinates is given by ∇̂q ∶= ∂iqGi and∇̂v = ∂iv⊗Gi and the divergence d̂iv v ∶= ∂iv ⋅Gi and d̂iv T = (∂iT)T Gi.
Using the fact that these operators do not depend on the choice of the parametrization, cf.
[Cia13], one obtains the following relations with differential operators in Euclidean three-
dimensional space, for which we used the notation without the ̂symbol, cf. Section 2.2.2

∇q = ∇̂q, ∇v = ∇̂v, div v = d̂iv v, div T = d̂iv(TT ), (3.2.22)

with div T ∶= div (Tei)ei the usual column-wise divergence of a tensor. Below we use
the notation without .̂
Similar to Definition 2.2.2, we define the curvilinear components of a vector field v in
the narrow band by v̂i ∶= v ⋅Gi. The components v̂i, T̂ij , T̂ ij , and T̂ j

i for a tensor-valued
function T are defined analogously. Comparable to Theorem 2.2.6, cf. also equations
(2.2.6), (2.2.7), and (2.2.8), one can use the curvilinear coordinates to represent the
differential operators in terms of local components, e.g.,

∇vij = v̂i∣j (Gi ⊗Gj) , div v = v̂i∣i, div T = T̂ j
i ∣jGi,

with

v̂i∣j ∶= ∂j v̂i −Γk
ij v̂k, v̂j∣i ∶= ∂iv̂

j +Γj
kiv̂

k, T j
i ∣k ∶= GjlTil∣k,

T ij∣k ∶= ∂kT
ij + T ljΓi

lk + T ilΓj
lk, Tij∣k ∶= ∂kTij − TljΓl

ik − TilΓl
jk.

To derive the limit equation, it is beneficial to relate the three-dimensional metric tensor
Gij to an appropriate surface metric on Γ(t). For the latter, we use the metric induced
by the parametrization Rn. With a slight abuse of notation, we employ the same symbols
as in Section 2.2, such as gαβ for the metric tensor induced by Rn. The following useful
results can be derived for these metric tensors

Gαβ = gαβ + 2ζĤαβ + ζ2ĤαγĤ
γ
β , G33 = 1, G3α = Gα3 = 0,

Gαβ = gαβ +O(ζ), G33 = 1, G3α = Gα3 = 0,
(3.2.23)

and for the Christoffel symbols

Γγ
αβ = Γγ

αβ +O(ζ), Γβ
α3 = Γβ

3α = Ĥβ
α +O(ζ),

Γ3
αβ = −Ĥαβ +O(ζ), Γ3

i3 = Γ3
3i = Γj

33 = 0,
(3.2.24)

cf. [NRV19]. Analogous to in Section 2.3, we define the material derivative, but now
with respect to the parametrization Rn

ε (ξ, ζ, t):
○v(x, t) ∶= ∂tv̄(ξ, ζ, t) = ∂tv(Rn

ε (ξ, ζ, t), t), x = Rn
ε (ξ, ζ, t) ∈ Ωε(t). (3.2.25)

For the velocity field corresponding to the parametrization Rn
ε , we use the notation

wR(x, t) ∶= ∂

∂t
Rn

ε (ξ, ζ, t), x = Rn
ε (ξ, ζ, t) ∈ Ωε(t). (3.2.26)
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Using ∂
∂tR

n(ξ, t) = (VΓn)(Rn(ξ, t), t), it follows that wR = VΓn + O(ζ) holds. The
material derivative can be reformulated in Cartesian coordinates as

○v(x, t) = ∂tv(x, t) + ∇v(x, t)wR(x, t), x ∈ Ωε(t). (3.2.27)

Note that, for the partial time derivative, the function v has to be extended off the
domain Ωε(t), cf. Section 2.3. In the remainder of this section, we identify functions
defined on Ωε(t) (or Γ(t)) with their extension, such that all partial time derivatives are
well defined.

Navier–Stokes equations in thin film

In [NRV19], the authors develop a surface Ericksen-Leslie model by starting from a
simplified local three-dimensional Ericksen-Leslie model (see [NRV19, equations (B1)-
(B3)]) within the evolving thin film domain Ωε(t). We further simplify these equations by
setting λ = 0 in equation (B1) and deleting (B3). The resulting Navier–Stokes equations
bear resemblance to those presented in Section 3.2.4. It is important to note, however,
that, while Cartesian coordinates are employed in Section 3.2.4, curvilinear thin film
coordinates are utilized in this section. The space-time domain is defined as in (3.2.17).
The thin film Navier–Stokes system used in [NRV19] is given by

∂tūε +∇vRuε = −∇pε + µ0∆uε in Qε,I ,

div uε = 0 in Qε,I ,

uε ⋅ nε = ±VΓ on ∂Qε,I ,[E3(uε)nε]tan = 0 on ∂Qε,I ,

(3.2.28)

with VΓ the given normal velocity of Γ(t), [⋅]tan the tangential component to ∂Ωε(t) as
in (3.2.18) and E3(uε) ∶= 1

2(∇uε +∇T uε) the rate of strain tensor. In [NRV19], this rate
of strain tensor is denoted by the Lie derivative of the metric tensor, LuεG = ∇uε+∇T uε.
The time derivative ∂tūε is defined in curvilinear coordinates as in (3.2.25). As in the
previous section, we use the Laplacian ∆uε instead of a representation in terms of the
rate of strain tensor E3, similar to [NRV19]. The direction v in the directional derivative∇vRuε ∶= ∇uε vR, is the relative fluid velocity defined by vR ∶= uε −wR, with wR as in
(3.2.26). Using (3.2.27) and (3.2.22) we obtain

∂tūε +∇vRuε = ∂tuε +∇uε wR +∇uε(uε −wR) = ∂tuε +∇uεuε,

and thus this is the usual material derivative in Cartesian coordinates, in particular the
same as in (3.2.18). We conclude that the two volume Navier–Stokes systems (3.2.28)
and (3.2.18) are equal.

Tangential surface Navier–Stokes system

In [NRV19], the limit ε ↓ 0 is performed. Thus, the narrow band Ωε(t) shrinks to
the surface Γ(t). Using the curvilinear coordinate system, a tangential limit system of
(3.2.28) is derived. We give an overview over the main ingredients of the derivation.
Below, with some abuse of notation, we write u instead of uε for the velocity in the thin
film domain Ωε(t). Thus, different from the notation used in the previous sections, u
now denotes a velocity defined in the volume instead of on the surface. In this section,

48



3.2. Summary of derivations of surface Navier–Stokes equations

we use uT to denote a tangential velocity defined only on the surface. Since we will only
derive a system for the tangential component of the velocity on the surface, this notation
is unambiguous.
The homogeneous Navier boundary condition can be rewritten as

ûα∣3 + û3∣α = 0 on ∂Ωε(t).
Using this, the covariant components of the rate of strain tensor 1

2 (ûj∣i + ûi∣j), Taylor
expansions, and the results in (3.2.23) and (3.2.24), the following relationships can be
obtained

û3∣3∣Γ = O(ε2), Ê3α3 ∣Γ = O(ε2),
∂̂3E3α3∣Γ = O(ε2), Ê3α3∣3 ∣Γ = O(ε2), (3.2.29)

with E3 = E3(u), cf. [NRV19, equations (B9)-(B11), (B13)]. On the surface Γ we denote
the tangential component of the velocity by uT , i.e.,

uT = (ûT )αgα = (ûαgα)∣Γ = Pu∣Γ.
Following [NRV19, equation (B18)], it holds

ûα∣β ∣Γ = (ûT )α∣β + uNĤαβ, (3.2.30)

which is an equivalent representation of (2.5.1) in covariant components. We aim to
derive equations for uT and p = pε∣Γ on the surface. We first consider the second equation
of (3.2.28).

Lemma 3.2.4
On Γ, the tangential velocity uT satisfies

divΓ uT = −uNκ +O(ε2). (3.2.31)

Proof
Using (3.2.29) and (3.2.30), the following relation can be derived

0 = (div u)∣Γ = divΓ uT + uNκ +O(ε2),
cf. [NRV19, equation (B22)]. ◻
We now treat the projection of the material derivative in the first equation of (3.2.28).

Lemma 3.2.5
On the surface Γ it holds

P (∂tū +∇vRu) = ∂t(ûβ
T )gβ +∇uT

Γ uT − uN∇ΓuN + 2uN HuT .
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Proof
We start with the representation of the tangential component of the partial time deriva-
tive of the velocity field u on the surface Γ. The splitting u = ûα∂αR

n
ε + û3nε and the

relation ∂tR
n
ε ∣Γ = uN n are used to derive

∂tū ⋅ gα∣Γ = gαβ∂t (ūT ⋅ gβ) − uN (∂αuN − Ĥαβ(ûT )β)
= gαβ∂t (ūT ⋅ gβ) − (uN(∇ΓuN −HuT )) ⋅ gα,

(3.2.32)

cf. [NRV19, equation (B24)].
For the tangential component of the directional derivative ∇vRu, we use the identity
vR∣Γ = Pu∣Γ, equation (3.2.30), and the relation

∇uT
Γ uT = (∇ΓuT )uT = (ûT )β(ûT )α∣βgα

to obtain

[∇vRu] ⋅ gα∣Γ = v̂i
Rûα∣i∣Γ = ûβûα∣β ∣Γ= (ûT )β ((ûT )α∣β + uNĤαβ)

= [∇uT
Γ uT + uN HuT ] ⋅ gα.

Combining this with (3.2.32), we receive

P (∂tū +∇vRu) = [(∂tū +∇vRu) ⋅ gα]gα

= ∂t (ûβ
T )gβ − uN(∇ΓuN −HuT ) + [(∇vRu) ⋅ gα]gα

= ∂t (ûβ
T )gβ − uN(∇ΓuN −HuT ) + ∇uT

Γ uT + uN HuT

= ∂t (ûβ
T )gβ +∇uT

Γ uT − uN∇ΓuN + 2uN HuT ,

on Γ, cf. [NRV19, equation (B26)]. This completes the proof. ◻
For the pressure term p = pε∣Γ in (3.2.28), we immediately obtain the following represen-
tation.

Lemma 3.2.6
It holds

P∇pε = ∇Γp on Γ.

Finally, we consider the projection of the Laplacian in the first equation in (3.2.28).

Lemma 3.2.7
The tangential component of the Laplacian of the velocity field u can be represented on
the surface Γ by

P∆u = 2P divΓ(EΓuT + uN H) +O(ε2). (3.2.33)
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Proof
Throughout this proof, we use the notations E3 = E3(u) and EΓ = EΓ(uT ). For a
solenoidal vector field, we have

P∆u∣Γ = (∆u ⋅ gα)gα∣Γ = 2 (div E3u ⋅ gα)gα∣Γ .
Using equation (3.2.29), the following relation can be derived

(div E3u) ⋅ gα∣Γ = gβγ (Ê3αγ∣β + ĤαβÊ3γ3)∣
Γ
+O(ε2) = gβγ Ê3αγ∣β ∣Γ +O(ε2),

cf. [NRV19, equation (B17)]. Using ÊΓαγ = 1
2 ((ûT )α∣γ + (ûT )γ∣α), we get

Ê3αγ ∣Γ = 1
2
(ûα∣γ + ûγ∣α)∣

Γ
= 1

2
(ûT α∣γ + ûT γ∣α) + uNĤαγ = ÊΓαγ + uNĤαγ .

Combining these results and using Lemma 2.2.10, we obtain

P∆u∣Γ = 2 (div E3 ⋅ gα)gα∣Γ= 2gβγÊ3αγ∣βgα∣
Γ
+O(ε2)

= 2gβγ (ÊΓαγ∣β + uNĤαγ∣β)gα +O(ε2)
= 2(ÊΓ

βµ∣β + uNĤ
βµ∣β) gαµgα +O(ε2)

= 2(ÊΓ
βµ∣β + uNĤ

βµ∣β)gµ +O(ε2)
= 2P divΓ(EΓ + uN H) +O(ε2),

which completes the proof. ◻
Remark 3.2.8
We observe that (3.2.33) appears to differ from the first equation of (B21) in [NRV19].
This discrepancy arises due to the use of different definitions for the surface divergence
operators when applied to operator-valued functions. Let d̃ivΓ denote the surface diver-
gence operator employed in [NRV19]. For an operator-valued function T, the relations
d̃ivΓT = P divΓ T holds. Using this and 2EΓ(uT ) = ∇ΓuT + ∇T

ΓuT , it follows that the
first identity in [NRV19, equation (B21)] and equation (3.2.33) coincide. ◇
Combining the results from Lemmas 3.2.5, 3.2.6, and 3.2.31, equation (3.2.33), and
performing the thin film limit ε → 0, we obtain the tangential Navier–Stokes equations
on the surface Γ(t) in local coordinates

⎧⎪⎪⎪⎨⎪⎪⎪⎩
∂t(ûβ

T )gβ +∇uT
Γ uT − uN∇ΓuN + 2uN HuT = −∇Γp + 2µ0P divΓ (EΓ(uT ) + uN H) ,

divΓ uT = −uNκ,

(3.2.34)
cf. [NRV19, equation (B27)-(B28)].
We rewrite the time derivative to get a closed formulation independent of the choice of
the parametrization. Therefore, we use the following relation.
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Lemma 3.2.9
On the surface Γ, the tangential part of the time derivative of the velocity field uT can
be represented as

P∂tuT = ∂t(ûT
β)gβ + uN HuT .

Proof
On the surface Γ(t), we have the following relations

∂tuT = ∂t ((uT ⋅ gβ)gβ) = ∂t(ûT
β)gβ + ûT

β∂tgβ = ∂t(ûT
β)gβ + ûT

β∂t∂βR
n

= ∂t(ûT
β)gβ + ûT

β ∂β∂tR
n = ∂t(ûT

β)gβ + ûT
β ∂β (uN n) (3.2.35)

and
ĤαβûT

βgα = Ĥαβ (uT ⋅ gβ)gα = Ĥαβ (gα ⊗ gβ)uT =HuT . (3.2.36)

Combining these results, we obtain

P∂tuT = (∂tuT ⋅ gα)gα (3.2.35)= [(∂t(ûT
β)gβ + ûT

β ∂β (uN n)) ⋅ gα]gα

= ∂t(ûT
β)gαβgα + ûT

β[ (∂βuN) (n ⋅ gα)´¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¶=0
+uN (∂βn ⋅ gα)´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶=Ĥαβ

]gα

= ∂t(ûT
β)gαβgα + ûT

βuNĤαβgα (3.2.36)= ∂t(ûT
β)gβ + uN HuT ,

which completes the proof. ◻
Hence, the tangential surface Navier–Stokes equations (3.2.34) posed on the surface Γ(t)
can be rewritten as
⎧⎪⎪⎪⎨⎪⎪⎪⎩

P∂tūT +∇uT
Γ uT − uN∇ΓuN + uN HuT = −∇Γp + 2µ0P divΓ(EΓ(uT ) + uN H),

divΓ uT = −uNκ,
(3.2.37)

cf. [NRV19, equation (B30)-(B31)].
Remark 3.2.10 (Full surface Navier–Stokes system)
In a further publication (cf. [RNV20]), the authors of [NRV19] claim that, similar to
the presentation above, one can also derive a full surface Navier–Stokes system which
includes the normal velocity uN as an additional unknown. This system is given in
[RNV20, equations (2.3) - (2.5) and (2.7) - (2.8)]. Furthermore, the authors of [NRV19]
claim that the full surface Navier–Stokes system from [RNV20] is equivalent to the one
derived in [JOR18] and [EHZ07] that we presented in (3.2.11) and (3.2.16). ◇
3.3 Discussion of surface Navier–Stokes equations

In this section we compare the different equations and discuss a directional splitting into
an equation for the tangential and one for the normal component of the velocity. For
the surface differential operators, we use the notation without .̂ We recall the resulting
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equations from approach (1) and (2), cf. (3.2.7), (3.2.11), with ρ = 1:

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

●u − 2µ0 divΓ EΓ(u) + ∇Γp − pκn = f on Γ(t),
divΓ u = 0 on Γ(t),

d
dt

X(x, t) = u(X(x, t), t), X(x,0) = x ∈ Γ(0).
(3.3.1)

In the approaches (3), (4), and (5), the evolution of the evolving surface is assumed to be
given, and thus the surface parametrization, which is an unknown in (3.3.1), is a known
quantity.
The approach (3) yields the system (3.2.16), which reads (with normalized density ρ = 1)

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

u ⋅ n = VΓ on Γ(t),
●u − 2µ0 divΓ EΓ(u) + ∇Γp − pκn = 0 on Γ(t),

divΓ u = 0 on Γ(t).
(3.3.2)

Obviously, the second and third equations of (3.3.2) coincide with the first two equations
in (3.3.1), with f = 0. Due to the fact that the normal velocity is known, (3.3.2) is an
overdetermined system. Below we derive a (closed) projected system for the tangential
velocity, cf. (3.3.8).
We recall the system of equations posed on the surface Γ(t) resulting from ansatz (4),
cf. (3.2.20) ⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

u ⋅ n = VΓ on Γ(t),
●u − 2µ0 divΓ EΓ(u) + ∇Γp + p1n = 0 on Γ(t),

divΓ u = 0. on Γ(t).
(3.3.3)

Here, an additional unknown scalar function p1 appears that is not present in the other
systems.
In approach (5) (only) a tangential surface Navier–Stokes system on the surface Γ(t) is
derived, given in (3.2.37), which we repeat here:

⎧⎪⎪⎨⎪⎪⎩
P∂tūT +∇ΓuT uT = −∇Γp + 2µ0P divΓ(EΓ(uT ) + VΓH) + VΓ(∇ΓVΓ −HuT ),

divΓ uT = −VΓκ.
(3.3.4)

Remark 3.3.1
The systems differ in the known and unknown variables. We focus on the unknowns
of each system. In equation (3.3.1), the surface is not predetermined, resulting in both
the tangential and normal components of velocity being an unknown quantity of the
system. Conversely, in (3.3.2), (3.3.3), and (3.3.4), the evolution of the surface is given.
Since the surface velocity has to match the normal component of the material velocity,
this leads to the equation u ⋅ n = VΓ defining the normal component of the material
velocity. This equation is present in (3.3.2) and (3.3.3). In these systems, the material
velocity u is the unknown quantity and its normal component is defined by the first
equation. This indicates that these systems are overdetermined. In contrast, equation
(3.3.4) lacks an equation defining the normal component of velocity; consequently, this
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system is classified as a tangential surface Navier–Stokes system where uT is the quantity
of interest. ◇
In the following, we derive a splitting of the equations based on the splitting of the
velocity u = uT + uN n for (3.3.1), (3.3.2), and (3.3.3). We gain coupled equations for
uT , p (“tangential surface Navier–Stokes”) depending on the normal velocity uN and for
uN (normal velocity) depending on uT . Firstly, we split the incompressibility equation
using (2.5.5) leading to

divΓ u = 0 ⇔ divΓ uT = −uNκ.

Furthermore, we use the relations

P ●u = ●uT + ( ●n ⋅ uT )n + uN
●n, (3.3.5)

●u ⋅ n = ●
uN − uT ⋅ ●n, (3.3.6)

n ⋅ divΓ EΓ(u) = − tr(H∇ΓuT ) − uN tr(H2), (3.3.7)

that are derived in [JOR18, Lemma 2.1, equation (3.9)]. Applying the tangential pro-
jection P to the first equation in (3.3.1) leads to

0 = P ( ●u − 2µ0 divΓ EΓ(u) + ∇Γp − pκn − f)
(3.3.5)= ●uT + ( ●n ⋅ uT )n + uN

●n − 2µ0P divΓ EΓ(u) + ∇Γp −Pf
(2.5.1)= ●uT + ( ●n ⋅ uT )n + uN

●n − 2µ0P divΓ (EΓ(uT ) + uN H) + ∇Γp − fT .

This results in the following equation for the tangential velocity uT and the pressure p
from system (3.3.1)

●uT = fT −∇Γp + 2µ0P divΓ (EΓ(uT ) + uN H) − ( ●n ⋅ uT )n − uN
●n. (3.3.8)

To get an equation for the normal velocity uN , we multiply the first equation from (3.3.1)
with n to obtain

0 = n ⋅ ( ●u − 2µ0 divΓ EΓ(u) + ∇Γp − pκn − f)
(3.3.6)= ●

uN − uT ⋅ ●n − 2µ0 divΓ EΓ(u) ⋅ n − pκ − f ⋅ n
(3.3.7)= ●

uN − uT ⋅ ●n + 2µ0 (tr(H∇ΓuT ) + uN tr(H2)) − pκ − fN .

Thus, for the normal velocity uN , we get the equation
●
uN = fN − 2µ0( tr(H∇ΓuT ) + uN tr(H2)) + pκ + uT ⋅ ●n. (3.3.9)

We used the splitting f = fT + fN n. Note that ●uT denotes the material derivative (along
u) of uT and not ( ●u)T = P ●u; similarly for ●

uN . We call the system (3.3.8) tangential
surface Navier–Stokes equations. Note that in these equations the normal velocity uN

occurs. Obviously, the second equation in system (3.3.2) from ansatz (3) leads to the
same splitting with f = fT = fN = 0.
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Remark 3.3.2 (Derivation of tangential Navier–Stokes equations in [GKL17])
The variational principle used in [GKL17] to derive (3.2.16) also facilitates a formulation
of a tangential surface Navier–Stokes system when the set of “admissible” velocities
w in the definitions of the terms Fcons and Fdiss is restricted to tangential functions
(Pw =w). This restriction results in tangential force expressions given by Fcons = −ρP ●u
and Fdiss = 2µ0P divΓ EΓ(u). Consequently, the momentum equation for tangential
motion aligns with the first equation presented in (3.3.8), where fT = 0 holds. ◇
Remark 3.3.3
A proof of the relation ●n =HuT −∇ΓuN (3.3.10)

can be found in [JOR18, Lemma 2.2]. Inserting this relation into the normal equation
(3.3.9), one obtains that no time derivative ( ∂

∂t) is involved in ●n and thus also no time
derivative is involved in the right-hand side of (3.3.9). This indicates that the equation
(3.3.9) determines the time dynamics of the normal velocity uN(⋅, t), and thus of the
geometric evolution of the surface Γ(t), whereas the tangential surface Navier–Stokes
equations (3.3.8) determine the time dynamics of the tangential velocity uT (⋅, t). ◇
Using the same procedure as above, we split the Navier–Stokes system (3.3.3) from
ansatz (4) into tangential and normal components. Firstly, we apply the tangential
projection P to the second equation in (3.3.3). Here, the term p1Pn vanishes, and the
remaining terms are the same as in the projected version of the first equation in (3.3.1),
cf. (3.3.8). It follows that system (3.3.3) results in the same tangential surface Navier–
Stokes equations as in (3.3.8) (with fT = 0). Next, we take the scalar product of the
second equation in (3.3.3) with the normal n and get

0 = n ⋅ ( ●u − 2µ0 divΓ EΓ(u) + ∇Γp + p1n)
(3.3.6)= ●

uN − ●n ⋅ uT +∇Γp ⋅ n + p1(n ⋅ n) − 2µ0 divΓ EΓ(u) ⋅ n
(3.3.7)= ●

uN − ●n ⋅ uT + p1 + 2µ0 (tr(H∇ΓuT ) + uN tr(H2)) .
This leads to the following equation for the normal component uN of the velocity

●
uN = −2µ0 (tr(H∇ΓuT ) + uN tr(H2)) − p1 + ●n ⋅ uT .

This equals the normal velocity equation in (3.3.9) (with fN = 0) if and only if for the
first order term p1 the relation p1 = −pκ holds. Since the first order pressure term is
defined by the assumed Taylor expansion (3.2.19b), it holds p1 ≠ −pκ in general.
Finally, we compare the tangential Navier–Stokes equations (3.3.8) and the tangential
equations (3.3.4) derived from ansatz (5). Using n ⋅ ●uT = − ●n ⋅ uT , which follows from
n ⋅ uT = 0, we rewrite the left-hand side of (3.3.8) by

●uT = P ●uT + (n ⋅ ●uT )n = P ●uT − ( ●n ⋅ uT )n.
Using this relation, we rewrite the tangential momentum equation (3.3.8), with fT = 0,
as

P ●uT = −∇Γp + 2µ0P divΓ (EΓ(uT ) + uN H) − uN
●n

(3.3.10)= −∇Γp + 2µ0P divΓ (EΓ(uT ) + uN H) − uN (HuT −∇ΓuN) .
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The right-hand side of this equation is the same as the right-hand side of (3.3.4) if the
normal component of the fluid velocity equals the velocity of the surface (uN = VΓ). For
the left-hand side of system (3.3.4), we obtain

P∂tūT +∇ΓuT uT = P(∂tūT +∇ue
T uT )

(3.2.25)= P( ○uT +∇ue
T uT )

(3.2.27)= P(∂tue
T +∇ue

T wR +∇ue
T uT )

= P(∂tue
T + uN∇ue

T n +∇ue
T uT )

= P(∂tue
T +∇ue

T u)
= P ●uT ,

where in the last equality we used Lemma 2.3.2. Hence, we conclude that the two
tangential momentum equations in (3.3.8) and (3.3.4) are the same (for fT = 0).

In summary, we have demonstrated that all five derivations (1) – (5) yield identical
tangential surface Navier–Stokes equations as represented in (3.3.8). Furthermore, the
derivations from (1) – (3) result in the same expression for the normal velocity, in
particular (3.3.9).

Remark 3.3.4
In the study of fluid dynamics, particularly concerning the Navier–Stokes equations
on evolving surfaces, there exists further literature modeling similar problems besides
the presented ones. For a comprehensive discussion on these topics, one may refer to
[CCD17] and [JOR18, Section 3.2]. For stationary surfaces, foundational works include,
e.g., [EM70; Tay92; MT01]. Furthermore, the dynamics of evolving surfaces have been
explored in detail, e.g., in [AD09]. Some, but not all, of the surface Navier–Stokes
equations from the literature, that are not mentioned in this chapter, are similar to the
ones we presented. ◇
3.4 Surface Navier–Stokes equations

At the end of this chapter, we present the formulation of the surface Navier–Stokes
equations, that we will use in the subsequent chapters. We will derive a discretization
method for a surface Navier–Stokes system based on (3.3.1), since it provides equations
for both the tangential and normal components of the velocity and the surface Γ(t).
In this system, all terms describe some physical quantity, in contrast to p1 in equation
3.3.3 from ansatz (4). Additionally, several papers, cf. e.g., [JOR18; EHZ07; RNV20;
PSW20] have already modeled or used this system underlying its significance in recent
literature. For simplicity, we consider the density ρ = 1.
We revisit a simplified formulation of the surface Navier–Stokes equations, wherein we
assume that both the normal velocity uN and the surface Γ(t) are predetermined. This
system is referred as the tangential surface Navier–Stokes equations and is articulated
as follows.
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Problem 3.4.1: Tangential surface Navier–Stokes equations
For given initial value uT,0, viscosity coefficient µ0, surface Γ(t), normal velocity uN ,
and force term fT , find uT and p satisfying

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩
P ●uT − 2µ0P divΓ EΓ(uT ) + ∇Γp + uN HuT = f t on Γ(t),

divΓ uT = fdiv on Γ(t),
uT ⋅ n = 0 on Γ(t),

(3.4.1)

with f t = fT + 2µ0P divΓ (uN H) + uN∇ΓuN and fdiv = −uNκ.

In the following chapters, we will derive a numerical method for the full surface Navier–
Stokes system, which includes the normal velocity uN as an additional unknown. It is
given by the following problem.

Problem 3.4.2: Surface Navier–Stokes equations
For given initial values u0, Γ0, viscosity coefficient µ0, and force term f , find u, p, and
X satisfying

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

●u − 2µ0 divΓ EΓ(u) + ∇Γp − pκn = f on Γ(t),
divΓ u = 0 on Γ(t),

d
dt

X(x, t) = u(X(x, t), t), X(x,0) = x ∈ Γ(0),
(3.4.2)

with Γ(t) =X(Γ0, t).
When discretizing the equations, we will describe the surface Γ(t) implicitly by a level set
function ϕ(x, t), cf. Section 2.6 for further details. Thus, instead of the third equation
of Problem 3.4.2 defining the trajectories X of the surface particles, we will add the level
set equation (2.6.2) to the system. We will solve the level set equation in a sufficiently
large narrow band around Γ(t) with a reasonable extension of the velocity u off the
surface.
The system under consideration (3.4.2) exhibits a strong nonlinearity. The velocity field
u is governed by the first two equations, which depend on the surface Γ(t) and its associ-
ated geometric properties, namely the normal vector n and curvature κ. Conversely, the
surface itself is described by the third equation, which incorporates the velocity u. This
interdependence establishes a strong nonlinear relationship between the surface Γ(t) and
the velocity field u, rendering the solution of system (3.4.2) particularly challenging. To
date, there exists no well-posedness results for this problem in the literature. Recently, in
[ORZ22] a well-posed weak formulation of the tangential surface Navier–Stokes problem
3.4.1 was derived.
In Chapter 5, we will present and analyse a numerical method to solve system (3.4.1),
including a stability and error analysis. In Chapter 7, we will introduce a numerical
method aimed at discretizing system (3.4.2).
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Chapter 4
Trace Finite Element Method

In this chapter, we introduce the Trace finite element method (TraceFEM) for discretiz-
ing partial differential equations (PDEs) posed on surfaces. We give basic definitions
and properties of the method and discuss the construction of the finite element spaces
for a stationary surface and an Eulerian method based on the TraceFEM for evolving
surfaces. The method is based on the idea of using finite element spaces defined on a
background domain to solve PDEs on a surface by taking the traces of finite element
functions. In the following chapters, we will use a Trace finite element method to solve
the tangential surface Navier–Stokes Problem 3.4.1 and the full surface Navier–Stokes
Problem 3.4.2 on an evolving surface.
We first take a look at different approaches to solve surface PDEs from the literature. A
general overview of such finite element techniques is given in [DE13]. A well-established
finite element method, named SurfaceFEM, for discretizing partial differential equations
on surfaces, as initiated in [Dzi88], involves approximating the surface Γ with a piecewise
polygonal surface mesh Γh and employing a finite element space defined on this discrete
surface. Thus, a regular surface mesh with its nodes located on the exact surface is
used. The SurfaceFEM method and higher order versions of it were further used and
analysed, e.g., in [Dem09; Fri18] for scalar- and vector-valued problems. In the recent
paper [Reu24], a comprehensive discretization error analysis of the Taylor-Hood-SFEM
for a Stokes problem on a time-independent surface is derived. The method has been
adapted to solve equations on evolving surfaces, cf. [EV15; KKV23; NNV19; RNV20;
RV18]. In case of a time-dependent surface, SurfaceFEM is mostly based on a La-
grangian tracking of the surface evolution. This methodology necessitates the use of
time-dependent triangulations and finite element spaces, which entails significant data
management and programming efforts. In scenarios where a surface experiences strong
deformations, topological changes, or is implicitly defined – such as being represented
as the zero level of a level set function – numerical methods that utilize a Lagrangian
framework face disadvantages and limitations. To circumvent the need for remeshing
and to advantage from the implicit definition of a surface as the zero level of a level set
function, it was initially proposed in [Ber+01] to extend the partial differential equation
from the surface to a region of positive Lebesgue measure in R3. This leads to a PDE
solved in one higher dimension using a mesh that does not need to be aligned with the
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surface. Such extension methodologies have been examined, e.g., in [Gre05] for finite
difference approximations and in [DE08; OS15] using finite element methods, including
applications to PDEs on moving surfaces. Another technique is the so-called closest
point method, which embeds surface problems within a Cartesian bulk framework; see
[PR16; RM08]. This method utilizes the closest point projection to extend the problem
from the surface into a small neighborhood surrounding it, where standard Cartesian
finite differences are employed for discretizing differential operators. The surface PDE is
subsequently embedded and discretized within this neighborhood. Successful implemen-
tation necessitates either knowledge of or calculation of the closest point on the surface
corresponding to any given point in its vicinity. A similar approach based on extension
of the PDE was introduced in [Dec+09]. Methods that embed a surface PDE within a
bulk PDE are known to encounter specific challenges, such as requirements for artificial
boundary conditions and difficulties associated with geometrical singularities; we refer
to [Gre05] for further discussion.
In this thesis, we use a different technique for solving partial differential equations nu-
merically defined on a surface, namely the Trace finite element method (TraceFEM).
The key idea of the TraceFEM is to utilize time- and surface independent finite ele-
ment spaces induced by triangulations of an “outer” domain containing the surface to
discretize the PDE on the surface by taking the traces of finite element functions. This
motivates the name TraceFEM. The technique is considered to be part of the CutFEM
class that has originally been developed as unfitted finite element methods for interface
problems, cf. the overview paper [Bur+14]. In TraceFEM one “cuts” of the parts on both
sides of the surface and only keeps the part on the surface. In contrast to the approach
detailed, e.g., in [Gre05], we do not extend the surface partial differential equation but
instead restrict the functions defined on the background mesh to functions defined on
the discrete surface approximation. TraceFEM does not utilize a surface mesh (as it is
done in SurfaceFEM), but a background mesh that is independent of the surface Γ and
does not have to be aligned with it. This is an advantage of the TraceFEM for time-
dependent surfaces, since no expensive re-meshing is needed. The method is particularly
advantageous for problems where the surface is implicitly defined by a level set function.
The asymptotic behavior of the number of unknowns in the algebraic systems arising
from TraceFEM is analogous to that in methods based on SurfaceFEM. For a detailed
comparison between SurfaceFEM and TraceFEM, we refer to [Bra+22], where a Stokes
problem on a stationary surface is solved using both finite element methods.
We give basic definitions and properties of TraceFEM mainly taken from the literature.
TraceFEM was introduced in [ORG09] for scalar elliptic problems. Optimal order of
convergence for the TraceFEM applied on the Laplace-Beltrami problem was shown,
e.g., in [Reu14] where the geometric errors induced by the calculation of surface integrals
are neglected. In [Leh16], the authors tackle the problem of accurately approximating
surface integrals when the surface is described via a higher order level set function. They
use a parametric mapping to calculate integrals on curved surfaces by integrating over
linear approximations leading to a computationally efficient and flexible method. We
will use this technique in the remainder of the thesis. Other integrating techniques on
surfaces are discussed in, e.g., [OS16; Say15; SW13]. The parametric TraceFEM was
used to discretize the surface Stokes problem in [JOR18] and [BR20]. TraceFEM was
also used and analysed for non-stationary surfaces. A space-time TraceFEM method for
differential equations on evolving surfaces has been introduced in [SR23] and analysed
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in [SR26]. In [HLP23] a space-time TraceFEM for a PDE on an evolving domain has
been derived. In [LOX18], an Eulerian TraceFE method for solving a scalar partial
differential equation posed on an evolving surface is introduced. It does not utilize a
space-time approach and is further used and analysed in [WRL21; LL22; ORZ22]. The
key ingredient of this method is a stabilization technique applied in a narrow band
around the surface. We will use this Eulerian method in the following chapters.
This chapter is organized as follows. In Section 4.1 we introduce the basic definitions
and properties of the TraceFEM for solving partial differential equations on a stationary
surface. We define the finite element spaces on the background domain and the surface
approximation, and introduce a parametric mapping to calculate surface integrals ac-
curately and efficiently. In Section 4.2, we discuss stabilization techniques used in the
TraceFEM to ensure stability and solvability of the resulting linear systems. At the end
of this chapter, we extend the method to solve partial differential equations on an evolv-
ing surface. We introduce a fully Eulerian formulation of the TraceFEM and discuss an
extension technique used in the method.

4.1 Basics of the TraceFEM for stationary surfaces

We start with the basic definitions and properties of the TraceFEM for solving partial
differential equations on a stationary surface Γ. We assume there exists a polygonal
domain Ω ⊂ R3 and an underlying sufficiently smooth level set function ϕ ∈ C2(Ω) such
that the surface is implicitly described by the zero level

Γ = {x ∈ Ω ∣ ϕ(x) = 0} ⊂ Ω.

This implicit description of the surface is a key assumption of the method. Note that ϕ
is not necessarily a signed distance function, but it is close to a signed distance function
in the sense that there exists a constant c > 0 and a tubular neighborhood N δ

Γ of Γ for
some δ > 0 such that ∥∇ϕ∥ ≈ 1 and ∥∇2ϕ∥ ≤ c in N δ

Γ (4.1.1)

hold. This assumption on the level set function to be close to a signed distance function
can always be satisfied when the surface is sufficiently smooth, cf. [DE13, Lemma 2.8.]
and the neighborhood N δ

Γ is sufficiently small. We assume that the level set function ϕ is
sufficiently smooth such that the geometric quantities on the surface can be represented
in terms of ϕ and its derivatives. For further details on the level set function and its
properties, we refer to Section 2.6.
We denote a family of consistent shape regular triangulations of Ω into simplices T with
mesh size hT = diam(T ) and h = maxT ∈Th

hT by {Th}h>0. The grid size h is assumed to
be sufficiently small such that h < δ holds with δ denoting the size of the neighborhoodN δ

Γ where the signed distance function d is smooth, cf. (2.2.9).
We define the base finite element space on the background domain Ω for some k ∈ N as

Vh,k ∶= {q ∈ C(Ω) ∣ q∣T ∈ Pk(T ) for all T ∈ Th} , (4.1.2)

where Pk(T ) denotes the space of polynomials of degree k on T . For vector-valued
functions, we define the space Vh,k = (Vh,k)3. These are standard continuous finite
element spaces independent of the surface Γ and how it cuts through the mesh. We define
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two interpolation operators. The first one is the standard nodal interpolation operator
Ik

h into Vh,k or Vh,k, respectively. The second is an Oswald-type quasi interpolation
operator, that uses L2−projections on each element T ∈ Th and averaging over element
interfaces. It is denoted by Πk

h ∶ (L2(Ω))l → (Vh,k)l with l = 1 or l = 3, respectively. See
[Leh16, Section 2.5] for a formal definition of the Oswald quasi interpolation operator.
Since the surface Γ is an unknown in the surface Navier–Stokes equations, the exact level
set function ϕ is not known explicitly and only a discrete approximation ϕh ∈ Vh,kg with
some kg ∈ N of the level set function is available. We assume ϕh satisfies the following
error estimate ∥ϕ − ϕh∥L∞(N δ

Γ) + h∥∇ϕ −∇ϕh∥L∞(N δ
Γ) ≲ hkg+1. (4.1.3)

Here and in the remainder, we use the notation a ≲ b for the inequality a ≤ cb with
a generic constant c > 0 that is independent of the mesh size h and of the position
of the surface Γ in the background mesh. The notations a ∼ b and a ≳ b are defined
along the same lines. Note that the error estimate (4.1.3) is satisfied both for the nodal
interpolation ϕh = Ikg

h ϕ and the Oswald quasi interpolation ϕh = Πkg

h ϕ when the exact
level set function ϕ is given, cf. [Leh16]. The zero level of ϕh is given by

Γ̃h ∶= {x ∈ Ω ∣ ϕh(x) = 0} .
We use the notation with the tilde here, because the symbol Γh (without a tilde) will be
used for another discrete surface approximation that we will introduce in the following
section. The accuracy of the approximation ϕh is crucial for the higher order parametric
method that we will use in the remainder. If the level set function becomes too steep∥∇ϕh∥ >> 1 or too flat ∥∇ϕh∥ << 1, it is difficult to compute the zero level of ϕh (and
thus the surface) accurately.

4.1.1 Parametric Finite Element Spaces

From (4.1.1) and (4.1.3) it follows

dist(Γ̃h,Γ) ≲max
x∈Γh

∣ϕ(x)∣ =max
x∈Γh

∣ϕ(x) − ϕh(x)∣ ≤ ∥ϕ − ϕh∥L∞(N δ
Γ) ≲ hkg+1.

Thus, the discrete surface approximation Γ̃h represents a higher order approximation of
the exact surface Γ. However, the integration over this surface is hard to realize numer-
ically for kg > 1 and Γ̃h is not feasible for the TraceFEM. Instead, we aim to construct
a method where all surface integrals can be calculated using standard quadrature rules
for piecewise planar surfaces. The linear approximation of the level set function is given
by ϕ̂h ∶= I1

hϕh and the planar surface approximation by

Γlin
h ∶= {x ∈ Ω ∣ ϕ̂h(x) = 0} .

This discrete surface satisfies
dist (Γ,Γlin

h ) ≲ h2

and since it is piecewise planar, integrals on Γlin
h can be calculated accurately using

standard quadrature rules.
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The cut elements and the domain formed by these elements are denoted by

TΓ = T lin
Γ ∶= {T ∈ Th ∣ T ∩ Γlin

h ≠ ∅} and ΩΓ = Ωlin
Γ ∶= ⋃

T ∈TΓ

T. (4.1.4)

Since h is assumed to be sufficiently small, it holds ΩΓ ⊂ N δ
Γ.

In the following, we construct a transformation Θh that is a finite element function, such
that Θh(Γlin

h ) ≈ Γ holds. This transformation provides a higher order approximation of
the surface Γ where integrals over the approximation can be computed efficiently using
the piecewise planar surface Γlin

h . For a detailed derivation and implementation aspects
concerning the transformation, we refer to [Leh16] were the method is introduced.
We start with the construction of an ideal (and in general not available) transformation
Ψ that maps the piecewise planar surface Γlin

h onto the exact surface Γ. It should satisfy

ϕ̂h = ϕ ○Ψ on ΩΓ.

Since we are discretizing a PDE on the surface Γ, we only need to apply the transfor-
mation to the cut elements TΓ and not on the whole mesh. The transformation satisfies

x ∈ Γlin
h ⇔ 0 = ϕ̂h(x) = (ϕ ○Ψ) (x) = ϕ (Ψ(x)) ⇔ Ψ(x) ∈ Γ.

Thus, we obtain Ψ(Γlin
h ) = Γ. If the exact level set function ϕ were known, the trans-

formation Ψ would be constructed by defining d̃(x) as the smallest number in absolute
value such that

ϕ(x + d̃(x)∇ϕ(x)) = ϕ̂h(x) for x ∈ ΩΓ

holds. Taking h sufficiently small, leads to a well defined d̃(x). The transformation Ψ
is then defined by

Ψ(x) ∶= x + d̃(x)∇ϕ(x) for x ∈ ΩΓ.

Note that this mapping is not available in general since it needs the unknown exact level
set function ϕ. But only replacing ϕ with the approximation ϕh will not lead to a well-
posed and efficiently computable transformation. The low order level set function ϕ̂h is in
general not smooth across mesh facets. This leads to a non smooth transformation within
the elements when replacing ϕ by ϕh, see [Leh16] for further details. For this reason,
we construct the transformation more locally on each element separately. We use the
polynomial extension ET ∶ Pkg(T ) → Pkg(R3) defined by (ET qh)∣T = qh∣T for qh ∈ Vh,kg

and T ∈ TΓ. Due to this local construction, the computation of the transformation can
be done in parallel, which leads to a computationally efficient method.
Another issue is that the gradient ∇ϕh is in general discontinuous across mesh facets.
This leads to a discontinuity which can either be handled by a projection into a finite
element space for the whole mapping Ψh or by projecting the gradient ∇ϕh into a vector
valued finite element space. The latter approach is used in the following and we replace∇ϕh with Πkg

h (∇ϕh)(x) in the construction of Ψh.
To construct the discrete transformation Θh, we define d̃h(x) as the smallest number in
absolute value such that it holds

ETϕh(x + d̃h(x) Πkg

h (∇ϕh)(x)) = ϕ̂h(x) for x ∈ T ∈ TΓ.
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Chapter 4. Trace Finite Element Method

Then, the mapping Ψh is defined by

Ψh(x) ∶= x + d̃h(x) Πkg

h (∇ϕh)(x) for x ∈ T ∈ TΓ.

Note that the projection of the gradient ∇ϕh into the vector valued finite element space
is not necessary for the construction and sometimes omitted in the literature. Since
Ψh is discontinuous across mesh facets, we project it into the finite element space using
the Oswald-type projection operator Πkg

h and extend it as the identity (which is a finite
element function) outside of ΩΓ. On the cut elements, the parametric mapping is given
by

Θh ∶= Πkg

h Ψh ∈Vh,kg .

We define the transformed cut domain by

ΩΘ
Γ ∶= Θh(ΩΓ)

and the transformed surface by

Γh ∶= Θh(Γlin
h ) = {x ∈ ΩΘ

Γ ∣ ϕ̂h (Θ−1
h (x)) = 0} .

See Figure 4.1.1 for an illustration of the transformation Θh applied on the piecewise
planar surface and the cut elements.

Γlin
h

ΩΓ
Γh

ΩΓ
Θ

Θh

Figure 4.1.1: Transformation of Γlin
h and TΓ under parametric mapping Θh.

The discrete surface satisfies
dist (Γ,Γh) ≲ hkg+1,

cf. [LR17, Lemma 3.8] for a proof. Thus, it defines a higher order approximation of the
exact surface Γ. Using the equation

∫
Γh

f ds = ∫
Θh(Γlin

h
)
f ds = ∫

Γlin
h

(f ○Θh)det(DΘh)ds,
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4.1. Basics of the TraceFEM for stationary surfaces

it is possible to accurately approximate integrals over the surface Γh only using surface
integration with respect to the low order geometry Γlin

h and the explicitly available mesh
transformation Θh ∈ Vh,kg . Since the surface Γlin

h is planar, these integrals can be
computed efficiently using standard quadrature rules.
The (scalar) parametric finite element space on ΩΘ

Γ is defined by

Vh,k,kg ∶= {qh ○Θ−1
h ∣ qh ∈ (Vh,k) ∣ΩΓ

}.
We denote Vh,k,kg ∶= (Vh,k,kg)3. Note that the subscript kg indicates the dependence on
the precision of the geometric approximation. We introduce the notations Vh,k ∶= Vh,k,kg

and Vh,k ∶= Vh,k,kg for the parametric finite element spaces, when the geometric order
kg is clear from the context. We call the finite element space Vh,k,kg isoparametric finite
element space when k = kg holds. The parametric interpolation operator is denoted byIk ∶ (C(ΩΘ

Γ ))l → (Vh,k)l for l ∈ {1,3} and defined by the relation (Ikq) ○Θh = Ik(q ○Θh).
The parametric mapping Θh is implemented in the finite element code add-on ngsxfem
[Leh+], that we will use in the following chapters.

4.1.2 Geometric quantities

We define several geometric quantities for the discrete surface approximations and cite
error estimates from the literature. A natural extension of the normal vector n is given
by the constant normal extension ne = n○p with p the closest point projection defined in
Section 2.2.2. This extension can be formulated in terms of the signed distance function
d by n = ∇d. Since we do not assume the level set function ϕ to be a signed distance
function, the closest point projection is not available. For this reason we use another
(smooth) extension of the normal vector which is given in terms of the exact level set
function by

n(x) = ∇ϕ(x)∥∇ϕ(x)∥
for x in a localized vicinity around Γ. Note that in general this normal vector differs
from the natural extended normal ne outside of Γ but equals it on Γ. If the level set
function equals the signed distance function (ϕ = d), this normal fulfills n = ne since the
signed distance function satisfies ∥∇d∥ = 1. Based on the level set approximation, we
define the following normal approximations.

Definition 4.1.1
An approximate low-order normal is given by

nlin
h = nlin

h (T ) ∶= ∇ϕ̂h(x)∥∇ϕ̂h(x)∥ for x ∈ ΩΓ.

We further define a normal approximation within the transformed active domain by

nh (Θh(x)) ∶= ∇Θh(x)−T nlin
h∥∇Θh(x)−T nlin
h ∥ for x ∈ ΩΓ.
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Chapter 4. Trace Finite Element Method

Note that besides the normal nh that is computed using the level set function ϕh with
polynomial degree kg, we introduce the so called improved normal ñh. As will be dis-
cussed in subsequent sections of this thesis, the normal vector nh does not provide
sufficient accuracy to achieve optimal bounds for discretization errors when discretizing
the tangential Navier–Stokes system from Problem 3.4.1. The improved normal is given
in the following definition.

Definition 4.1.2
A higher order normal approximation is given by

ñh ∶= ∇ϕ̃h(x)∥∇ϕ̃h(x)∥ for x ∈ ΩΘ
Γ ,

with ϕ̃h ∈ Vh,kg+1 a higher order level set approximation satisfying ∥ϕ−ϕ̃h∥L∞(N δ
Γ) ≲ hkg+2.

The improved normal will be used in a penalty term in Chapter 5 to obtain a tangential
velocity field, but not in the construction of the method for solving the “full” surface
Navier–Stokes problem in Chapter 7 since the solution of this problem is in general not
tangential and we do not need penalty term for the normal component.
On the cut elements TΓ, we introduce discrete versions of the tangential projection P,
and the Weingarten mapping H in the following definition.

Definition 4.1.3
We define discrete tangential projections given by

Ph = Ph(x) ∶= I − nh(x)nh(x)T and P̃h = P̃h(x) ∶= I − ñh(x)ñh(x)T for x ∈ ΩΘ
Γ .

Utilizing both normals, we introduce two approximations of the Weingarten mapping
denoted by

Hh ∶= Ph∇(Πkg−1
h nh)Ph and H̃h ∶= Ph∇(Πkg

h ñh)Ph.

Using the discrete Weingarten mapping, a discrete mean curvature is defined by

κh ∶= tr (Hh) .

We give some comments on the discrete geometric quantities.
Remark 4.1.4
Note that nlin

h (x) with x ∈ Γlin
h constitutes a normal to Γlin

h and nh defines a normal
vector on Γh for points x ∈ Γlin

h . Since the surface Γlin
h is only continuous (and not

smooth) over facets of the triangulation, its normal direction is ambiguous for x ∈ T1∩T2
with T1, T2 ∈ TΓ, T1 ≠ T2. Thus, the normal nlin

h is discontinuous across facets of the
triangulation.
When the exact level set function ϕ is known, a possible choice for ϕ̃h is given by
ϕ̃h = Ikg+1ϕ.
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4.2. Stabilization techniques

In the definition of the discrete Weingarten mappings Hh and H̃h, we multiply the
discrete projection Ph from the left and the right to obtain discrete analogous of the
properties Hn = 0 and PHP =H, reading Hhnh = 0 and PhHhPh =Hh (same for H̃h).

◇
In [GLR18], the following estimates regarding approximation are proven.

Lemma 4.1.5
The normal vectors nh and ñh satisfy the following error estimates

∥n − nh∥L∞(ΩΘ
Γ ) ≲ hkg and ∥n − ñh∥L∞(ΩΘ

Γ ) ≲ hkg+1. (4.1.5)

From this error estimates, the following estimates are directly obtained. It holds

∥P −Ph∥L∞(ΩΘ
Γ ) ≲ hkg and ∥P − P̃h∥L∞(ΩΘ

Γ ) ≲ hkg+1.

The Weingarten mappings Hh and H̃h satisfy

∥H −Hh∥L∞(ΩΘ
Γ ) ≲ hkg−1 and ∥H − H̃h∥L∞(ΩΘ

Γ ) ≲ hkg .

We define discrete versions of the surface differential operators.

Definition 4.1.6
The discrete approximations of the surface gradient for a scalar function q ∈ Vh,k and a
vector valued functions v ∈Vh,k and the surface divergence for a vector valued functions
are given by

∇Γh
q ∶= Ph∇q, ∇Γh

v ∶= Ph∇vPh, and divΓh
v ∶= tr (∇Γh

v) .

4.2 Stabilization techniques

For each T ∈ TΓ, the surface element ΓT ∶= Γh ∩ T is either a (curved) triangle or a
quadrilateral. This surface triangulation of Γh does not necessarily fullfil regularity
conditions; that is, the elements ΓT may exhibit very small internal angles, and there
can be huge variation in the sizes of neighboring elements. This can result in occurrences
of so-called “small cuts”. A small cut is characterized by a scenario where the surface
intersects an element T ∈ TΓ such that ΓT = Γ ∩ T is much smaller than the intersection
of the surface with other elements. In such cases, the condition number of the resulting
mass and stiffness matrices may blow up, leading to linear systems that are severely
ill-conditioned and difficult to solve. An illustrative example of this phenomenon can be
found in [GR11, Remark 13.2.7]. Furthermore, a formal definition of a small cut along
with a proof regarding the increase in condition number when a domain intersects with
a not aligned background mesh is provided in [Bur10, Lemma 3.1].
We introduce two stabilization techniques from the literature that will be employed to
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Chapter 4. Trace Finite Element Method

stabilize our method. Stabilization will be achieved through the application of a bilinear
form, which is selected to ensure optimal discretization error bounds while yielding a
bound on the condition number of the linear systems of order O(h−2). The formal
criteria governing this optimal behavior are given in [GLR18, equation (6.8)]. Also,
the stabilization should be easy to implement and should not increase to computational
effort too much. The first stabilization technique discussed is known as “ghost penalty”
stabilization, while the second technique is referred to as “volume normal derivative”
stabilization. In each stabilization, a weight ρ > 0 that may depend on the mesh size
h will appear. We discuss the choice of this weight in the subsequent sections. We
will present the stabilizations for scalar functions, but they can be easily extended to
vector-valued functions.

4.2.1 Ghost penalty stabilization

The first stabilization technique is the so-called “ghost penalty” stabilization which is
introduced in [Bur10] as a stabilization mechanism for an unfitted finite element method
to discretize a PDE posed on a domain cutting through a background mesh. The au-
thors of [BHL15] were the first who used this stabilization for a TraceFEM with linear
polynomials of a surface PDE, namely the Laplace-Beltrami equation. We introduce
relevant notations. The set of active facets is given by

FΓ
h ∶= {T1 ∩ T2 ∣ T1, T2 ∈ TΓ, T1 ≠ T2, meas2(T1 ∩ T2) > 0}.

For a face F = T1∩T2 ∈ FΓ
h , we define the facet patch ωF as the union of the two elements

T1 and T2 that share the face F . It is given by ωF ∶= T1 ∪ T2.
There are different versions of the ghost-penalty stabilization, cf. [LO19, section 4.3]
for an overview. The first version of the ghost penalty stabilization has been proposed
in [Bur10]. It is called an lps-type (local projection stabilization) version of the ghost
penalty method. Here, the deviation from a polynomial on the facet patches ωF is
penalized. The bilinear form is given by

sgp, lps
h (u, v) ∶= ρ ∑

F ∈FΓ
h

∫
ωF

(u −ΠωF
u) (v −ΠωF

v) dx,

where ΠωF
∶ L2(ωF ) → Pk(ωF ) is an L2-projection into the space of polynomials on ωF

up to degree k. This stabilization only leads to optimal results for linear finite element
methods.
The most well-known version is the derivative jump version where jumps in the (higher
order) derivatives across facets are penalized. It is used in, e.g., [Bur+14; Mas+14;
SW14]. The corresponding bilinear form when polynomials of degree k are used is given
by

sgp, jump
h (u, v) ∶= ρ ∑

F ∈FΓ
h

k∑
m=0

h2m−1

m!2 ∫F
J∂m

nF
uKJ∂m

nF
vKdx,

where ∂m
nF

is the m−th directional derivative in the direction of the facet normal nF

and J⋅K denotes the jump across the facet. The summand corresponding to m = 0 is
not required in an implementation when the bilinear form is applied on finite element
functions from Vh,k due to the continuity of these functions. The used higher order
derivatives in this stabilization increase the computational cost of the stabilization. For
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4.2. Stabilization techniques

that reason, we will stick to another variant of the ghost penalty methodology.
We will use the third version of the ghost penalty stabilization, the so-called “direct”
one. It has been introduced in [Pre18]. The bilinear form of the stabilization with scaling
parameter α ∈ Z and weight constant cρ > 0 is given by

sgp,α
h (u, v) ∶= cρ

hα ∑
F ∈FΓ

h

∫
ωF

(u1 − u2)(v1 − v2)dx, (4.2.1)

where we use the notation ui = ETiu∣Ti for u ∈ Vh,k, i = 1,2, and ET ∶ Pk(T ) → Pk(R3) is
the canonical extension of a polynomial to R3. The distinct advantage of this method
is that an implementation of this bilinear form is only implicitly (through the extensionET ) depending on the polynomial degree k.
For the error analysis in Chapter 6, we need the bilinear form sgp,α

h to be defined for
arbitrary functions u, v ∈ L2(Ω). Therefore, we define ui = ET ΠTiu∣Ti

, where ΠTi is the
L2(Ti)-projection into Pk(Ti) for i = 1,2. For u ∈ Vh,k it holds ΠTiv∣Ti

= v∣Ti
. With

this definition, the bilinear form sgp,α
h from (4.2.1) is well defined for arbitrary functions

u, v ∈ L2(ΩΓ).
We will use the direct ghost penalty stabilization in Chapter 6 in the construction of an
extension operator and in Chapter 7 as a stabilization method.

4.2.2 Volume normal derivative stabilization

The second stabilization technique we will use is the so-called “volume normal derivative”
or “volume normal” stabilization. It was introduced in [Bur+18] for linear finite elements
on embedded manifolds of arbitrary codimensions and in [GLR18] for a higher order
isoparametric TraceFEM. The bilinear form of the stabilization is given by

svn
h (u, v) ∶= ρ∫ΩΘ

Γ

(∇u ⋅ nh) (∇v ⋅ nh) dx

with nh as in Definition 4.1.1. Note that the implementation of this stabilization fits
well to the structure of many finite element codes. The bilinear form yields optimal
stabilization results not only for linear polynomial but also for higher order methods.
We briefly comment on the idea behind the normal derivative stabilization. Let u ∈ C(Γ)
denote a differentiable scalar function defined on Γ which is extended constantly in
normal direction. The extension is given by ue(x) = u(p(x)) with the closest point
projection p on ΩΓ. It satisfies

∇ue ⋅ n = ∇(u ○ p) ⋅ n = [∇p (∇u ○ p)] ⋅ n = [P (∇u ○ p)] ⋅ n = 0,

where we used the identity ∇p = P from Lemma 2.5.3. Thus, functions that are constant
in normal direction are in the kernel of the bilinear form svn

h when the exact normal is
used. The stabilization can be seen as a penalization leading to functions that are quasi
constant in normal direction off the surface.
Remark 4.2.1 (Full gradient stabilization)
There are more stabilization techniques available in the literature. Similar to the volume
normal derivative stabilization, there is a so-called “full gradient” stabilization. Its
surface variant was introduced in [DER14; Reu14]. The stabilization does not result in
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a uniform bound on the condition number for k > 1; cf. [Reu14, Remark 6.5]. Another
full gradient stabilization was introduced in [Bur+16]. It uses the full gradient in a
volume integral. It is easy to implement this stabilization, but the stabilization yields
suboptimal convergence rates for k > 1; cf. [Bur+16, Lemma 6.2, Term III] and [GLR18].

◇
4.2.3 Example: The Laplace-Beltrami equation

We briefly show how the TraceFEM can be applied to the Laplace-Beltrami equation on
a surface Γ. The Laplace-Beltrami operator is defined as the problem: Find u ∈ H1(Γ)
with ∫Γ uds = 0 such that

divΓ∇Γu = f on Γ

holds for a right-hand side f ∈ L2(Γ) with ∫Γ f ds = 0. A weak formulation of this
problem is given by: Find u ∈H1(Γ) with ∫Γ uds = 0 such that

∫Γ
∇Γu ⋅ ∇Γv ds = ∫Γ

fv ds for all v ∈H1(Γ).
This formulation is well-posed, cf. [Dzi88]. A discrete TraceFEM formulation of this
problem is given by: Find uh ∈ Vh,k with ∫Γh

uh dsh = 0 such that

∫Γh

∇Γh
uh ⋅ ∇Γh

vh dsh + sh(uh, vh) = ∫Γh

fhvh dsh for all vh ∈ Vh,k,

with some extension fh of f defined on Γh and sh = svn
h with h ≲ ρ ≲ h−1 or sh = sgp,2

h

with cρ ∼ 1. In [GLR18] optimal error bounds for k = kg ≥ 1 in the H1-norm on Γ have
been shown.

4.3 TraceFEM for evolving surfaces

In this section, we introduce an Eulerian method based on a TraceFEM for evolving
surfaces. We combine a finite difference scheme in time, namely the Backwards Dif-
ferentiation Formula (BDF), with an extension of functions defined on Γ(t) onto the
successive surface Γ(t +∆t) for a time step size ∆t > 0. We will realize the extension
using a volume normal derivative stabilization similar to the one described in the pre-
vious section. The method was introduced for a scalar problem on an evolving surface
in [LOX18] and adapted for a vector-valued PDE in [ORZ22]. It was further used for
PDEs on moving domains in [LL22; WRL21].
Firstly, we fix some notations. Let tend > 0 be a fixed end time and [0, tend] the
time interval that is partitioned into N intervals In = [tn−1, tn] with time steps
0 = t0 < t1 < . . . < tN = tend.
The time step sizes ∆tn ∶= tn − tn−1 for n = 1, . . . ,N are assumed to be fixed for all
n = 1, . . . ,N (∆tn =∆t) in this section. We note, however, that the methods introduced
are also applicable for varying time step sizes. We denote the time-dependent surface by
Γn = Γ(tn) with its discrete approximation Γn

h = Γh(tn). The cut elements, associated
domains, and the active facets are denoted by T n

Γ , Ωn
Γ, and FΓn

h , respectively. We use
the notation fn = f(⋅, tn) for time-dependent functions.
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4.3. TraceFEM for evolving surfaces

As in the previous sections, let Ω ⊂ R3 be a polygonal domain such that Γ(t) ⊂ Ω holds
for all t ∈ [0, tend] and {Th}h>0 denotes a consistent family of shape regular triangulations
of Ω that is independent of the surface Γ(t).
The evolving surface Γ(t) is advected by a smooth velocity field w = w(x, t). For
each time step n, let ϕn

h be a discrete level set approximation of ϕn which is a level
set function of the surface Γn satisfying (4.1.1) and (4.1.3) and Θn

h be the parametric
mapping introduced above. We assume that the surface is sufficiently regular in time
such that the level set approximation satisfies

∥ϕn+1
h − ϕn

h∥L∞(Ω) ≲∆t∥wN∥L∞(Ω×In+1), (4.3.1a)

∥∇ϕn+1
h −∇ϕn

h∥L∞(Ω) ≲∆t (∥wN∥L∞(Ω×In+1) + ∥∇wN∥L∞(Ω×In+1)) (4.3.1b)

for n = 0, . . . ,N − 1 with wN =w ⋅ n.
In the following chapters, we will see that solving a surface Navier–Stokes system needs
significant computational effort for each time step. Consequently, we aim to avoid ex-
plicit time-stepping schemes, as they are known to require very small time steps to
maintain stability. Instead, we will employ A-stable or at least A(α)-stable Backward
Differentiation Formulas (BDF(R)), which permit the use of much larger time steps. The
literature on BDF schemes is extensive; for a comprehensive overview, see [HW96]. Our
primary focus will be on schemes of order R < 4 for discretizing the partial derivative
∂tu(t) = f(t,u). These schemes are defined by

BDF(1): un+1 − un

∆t
= f(tn+1,un+1),

BDF(2): 3un+1 − 4un + un−1

2∆t
= f(tn+1,un+1),

BDF(3): 11un+1 − 18un + 9un−1 − 2un−2

6∆t
= f(tn+1,un+1).

In this section, we focus on the BDF(1) scheme (or implicit Euler method), but the
ideas presented below are also applicable to higher order time stepping schemes, see
Remark 4.3.2. Note that for the time stepping, the difference un+1 − un needs to be
evaluated on Γn+1. Also for other time stepping schemes (not only for the BDF), this
difference is needed.
Given the dynamic nature of the surface, we have Γn+1 ≠ Γn, and consequently, the
velocity field un, which is defined solely on Γn, is not defined on Γn+1. As a result, the
difference un+1−un is not well defined. To address this issue, we extend the function un

from Γn to a neighborhood that includes Γn+1. Ensuring well-posedness of this extension
needs assumptions regarding the time-step size and the regularity of the surface Γ(t) that
we address now. As detailed in Section 2.2, there exists a constant δ > 0, independent
of time, such that the signed distance function is smooth within the tubular domainN δ

Γ(t). We aim to construct a method that is well defined without using a smooth
signed distance function. We only need a normal defined in a vicinity around Γ(t). We
introduce a neighborhood O(Γ(t)) of the surface Γ(t) as the domain where the level set
function satisfies ∥∇ϕ∥ ≥ c > 0. In this neighborhood the normal vector n = ∇ϕ/∥∇ϕ∥ is
well defined. In general, it holds N δ

Γ(t) ⊂ O(Γ(t)).
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Within this domain, we define an extensions operator Ee ∶ C1(Γn) → C(O(Γn)) by

⎧⎪⎪⎨⎪⎪⎩
Eef = f on Γn,

∇(Eef) ⋅ nn = 0 in O(Γn).
Thus, Eef is the constant extension in normal direction of the surface. We assume ∆t
to be sufficiently small (compared to δ), such that

Γn+1 ⊂ O(Γn) (4.3.2)

holds. This relation ensures the well-posedness of the difference un+1−Eeun on Γn+1 and
thus it also guarantees the well-posedness of the time-stepping scheme. See Figure 4.3.1
for a visualization of equation (4.3.2).

O(Γn)Γn

Γn+1

Figure 4.3.1: The neighborhood O(Γn) of Γn containing the surface Γn+1.

We construct a numerical analogue of the extension operator Ee using the volume normal
derivative stabilization. To define the extension domain, we specify the thickness

δn ∶= cδ∆t∥wN∥L∞(Ω×In), (4.3.3)

with wN =w ⋅ n and a constant cδ > 0. The extension elements are given by

Tδ = T n
δ ∶= {T ∈ Th ∶ ∣ϕn

h(x)∣ ≤ δn for some x ∈ T} (4.3.4)

with the corresponding extension domain

Ωδ = Ωn
δ ∶= ⋃

T ∈Tδ

T. (4.3.5)

We assume the extension domain Ωn
δ , the cut domain Ωn+1

Γ , and the domain O(Γn),
where the exact extension operator Ee is defined, satisfy

Ωn
δ ⊂ O(Γn) and Ωn+1

Γ ⊂ O(Γn).
This assumption can be ensured by choosing ∆t and h sufficiently small.
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4.3. TraceFEM for evolving surfaces

For x ∈ Ωn+1
Γ it holds ∣ϕn+1

h (x)∣ ≲ h and the level set function ϕn
h satisfies

∣ϕn
h(x)∣ ≤ ∣ϕn

h(x) − ϕn+1
h (x)∣ + ∣ϕn+1

h (x)∣ (4.3.1a)≲ ∆t∥wN∥L∞(Ω×In+1) + h
≲ cδ∆t∥wN∥L∞(Ω×In) (4.3.3)= δn,

for ∆t sufficiently small and cδ sufficiently large. This implies the crucial relation

Γn+1
h ⊂ Ωn+1

Γ ⊂ Ωn
δ . (4.3.6)

Thus, when an extension Ee
h from the surface Γn

h to the neighborhood Ωn
δ is performed,

the needed difference un+1
h − Ee

hun
h is well defined on Γn+1

h . Here, un
h denotes a finite

element approximation of un. See Figure 4.3.2 for a visualization of (4.3.6).

= Γn+1
h

= Γn
h

= Ωn+1
Γ

= Ωn
Γ

= Ωn
δ

= O(Γn)

= Γn+1
h

= Γn
h

= Ωn+1
Γ

= Ωn
Γ

= Ωn
δ

= O(Γn)

Figure 4.3.2: The discrete extension domain Ωn
δ of Γn

h containing the surface Γn+1
h .

We will define the discrete extension operator Ee
h implicitly through a volume normal

derivative stabilization. We apply the volume normal derivative stabilization introduced
in the previous section within the extension domain Ωn

δ . The bilinear form associated
with this stabilization is defined by

sext
h (u, v) ∶= ρ∫Ωn

δ

(∇u ⋅ nh) (∇v ⋅ nh) dx,

with some ρ > 0 that may depend on h. This stabilization is added to a finite element
weak formulation to perform the discrete extension Ee

h in a weak form.
To illustrate the extension, we consider a scalar model problem characterized by a well
defined weak formulation. During the discretization process of the first equation of either
the Navier–Stokes system (3.4.2) or the tangential system (3.4.1), weak formulations
similar to this model problem appear. Thus, the extension technique applied in the
model problem can be directly transferred to the surface Navier–Stokes discretizations.
The model problem reads: Find u ∈ V such that it holds

∫Γ(t) ∂tu(t) ⋅ v ds + a(u(t), v) = l(v) for all v ∈ V, (4.3.7)
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where V is a “suitable” function space, a(⋅, ⋅) represents a bilinear form, and l(⋅) denotes
a linear form. We assume both a(⋅, ⋅) and l(⋅) do not contain any time derivatives of u
or v and a(u(t), v) is well defined for functions u(t) and v defined on Γ(t).
We discretize the model problem (4.3.7) in time using the BDF(1) scheme and in space
using a TraceFEM. The steps to perform one time step of the discretization are summa-
rized in the following algorithm.

Algorithm 4.3.1
Input:

• un
h defined on Ωn

δ ▷ FE approximation of un

• ϕn+1
h ∈ Vh,kg ▷ FE approximation of ϕn+1 defining Γn+1

h

Procedure Perform one time step
Step 1: Check if Ωn+1

Γ ⊂ Ωn
δ holds. If not → break

Step 2: δn+1 ← cδ∆t∥wN∥L∞(Ω×In+1) ▷ thickness of extension domain

Step 3: Define Ωn+1
δn+1

along (4.3.4) and (4.3.5) ▷ extension domain

Step 4: V n+1
h ← Vh,k∣Ωn+1

δn+1
▷ restricted FE space

Step 5: Find un+1
h ∈ V n+1

h such that

∫Γn+1
h

un+1
h − un

h

∆t
⋅ vh ds + a(un+1

h , vh) + sext
h (un+1

h , vh) = l(vh) (4.3.8)

holds for all vh ∈ V n+1
h .

end Procedure

Output:

• un+1
h defined on Ωn+1

δ

We comment on the steps in the algorithm. Note that it is crucial that a level set
approximation ϕn+1

h is available for this method. When solving the tangential Navier–
Stokes system (3.4.1) in Chapter 5 the (approximative) level set function is known for
each time step and can be used in the algorithm. In Chapter 7, when a full Navier–Stokes
system is solved, the level set function is an unknown of the system and we will provide a
method to construct an approximative level set function depending on the fluid velocity
u in Chapter 6.
In the first step of the algorithm, we check if the extension domain of the previous step
is large enough. If this is not the case, the algorithm breaks since the input function un

h

is not defined on the surface Γn+1
h and the BDF scheme is not applicable. In this case,

one can restart the algorithm with a larger cδ. In Steps 2 – 4, the extension domain and
the restricted finite element space on this domain are defined. We use a restricted finite
element space to improve the computational efficiency. In Step 5, the solution un+1

h of
the semi-discrete model problem (4.3.8) at time step tn+1 is computed. The solution
un+1

h holds ∇un+1
h ⋅ nh ≈ 0 in Ωn+1

δ when ρ is sufficiently large and is thus well defined
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4.3. TraceFEM for evolving surfaces

on Ωn+1
δ and (due to (4.3.6)) on Γn+2

h . Hence, un+1 serves as an appropriate input for
following time steps.
In [LOX18] the presented method is analysed and stability results and optimal error
bounds are derived for a scalar surface PDE.
Remark 4.3.2 (Higher order time derivative)
If a higher order time derivative, e.g., a BDF(R)-scheme with R > 1 is used, we need
the functions un−i, i = 0, . . . ,R − 1 to be defined on Γn+1. Hence, we need the domainsO(Γn−i), where the exact extension operator is well defined, and the domains Ωn−i

δn−i
,

where the discrete extension is performed, to satisfy

Γn+1
h ⊂ ⋂

i=0,...,R−1
O(Γn−i) and Ωn+1

Γ ⊂ ⋂
i=0,...,R−1

Ωn−i
δn−i

instead of (4.3.2) and (4.3.6). ◇
Remark 4.3.3 (Time dependence of parametric mapping Θh)
As the surface evolves over time, it generally holds Γn ≠ Γn+1. Thus, the parametric
mapping Θh is time-dependent, and we denote the mapping at time step n by Θn

h.
Consequently, the finite element spaces Vh,k which depend on the mapping Θn

h, are also
time-dependent. We denote the space at time step n by Vk

h,n and let un
h ∈ Vk

h,n be a
finite element function at time step n. It follows that un

h ∉ Vk
h,n+1 holds. In [LL22], a

projection operator that maps functions from Vk
h,n to Vk

h,n+1 is introduced and analysed.
The analysis demonstrates that the application of this projection at each time step does
not lead to suboptimal accumulation of errors. This projection will be used to project the
solutions of our system from one time step to the subsequent ones in the implementations
in Chapters 5 and 7. ◇
In the following Chapters 5 and 7 we will apply the introduced TraceFEM (including the
higher order parametric mapping, the BDF scheme and the extension done by the vol-
ume normal derivative stabilization) to the (tangential and full) Navier–Stokes systems
derived in Chapter 3.
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Chapter 5
Discretization of Tangential Surface Navier–Stokes Equations

This chapter is based on the work [ORS24].

5.1 Introduction

In this chapter, we develop a numerical approach to solve the tangential surface Navier–
Stokes system formulated in Problem 3.4.1. The system is a simplified version of the
complete surface Navier–Stokes equations, where the normal component of the velocity
is given by the known surface velocity VΓ. It can be interpreted as a PDE posed on a
passively evolving surface embedded in R3. The tangential component uT of the velocity
and the surface pressure p are the unknown quantities.
A weak variational formulation of TSNS was shown to be well-posed for any finite final
time and without smallness conditions on the data in [ORZ22]. For that variational
formulation, we introduce a discretization method based on a trace finite element method
(TraceFEM) to discretize the system in space, and a backward differentiation formula
(BDF) for the time discretization, as described in the previous chapter. The combination
of both methods leads to a fully Eulerian finite element method that does not need a
surface parametrization and uses tangential calculus in the embedding space R3.
A variant of the method under consideration has been applied to time-dependent Stokes
equations in a moving volume domain Ω(t) ⊂ R3 in [WRL21; BFM22]. In the work by
Lehrenfeld et al. [WRL21], Taylor–Hood finite elements are employed, whereas Bur-
man et al. [BFM22] utilize equal order finite element spaces combined with continuous
interior penalty pressure stabilization for spatial discretization. Both studies present
comprehensive discretization error analyses, resulting in suboptimal error bounds for
velocity and pressure in [WRL21], and suboptimal pressure error bounds in [BFM22].
The authors of both papers attribute this suboptimality primarily to the absence of a
uniform discrete pressure stability bound, cf. [WRL21, Remark 5.11], [BFM22, Section
4.1].
In [ORS24], a novel argument is introduced, leading to a discrete pressure stability bound
that is uniform within the parameter range h2 ≲ ∆t. This advancement facilitated the
derivation of error estimates for velocity and pressure that are optimal within the param-
eter range h2 ≲ ∆t ≲ h. These parameter restrictions are reasonable when considering
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Chapter 5. Discretization of Tangential Surface Navier–Stokes Equations

BDF(1) or BDF(2) time discretization methods combined with low-order finite element
pairs such as Taylor–Hood P2-P1 elements. Stability results for the system under con-
sideration are proven, and optimal order error estimates are derived in an energy norm
for velocity and a special H1-type norm for pressure. This study presents the first nu-
merical analysis of fluid PDE systems posed on evolving surfaces, with results confirmed
by numerical experiments.
Recently, there has been a growing interest in the numerical analysis and computational
method development for fluid equations on surfaces; see, e.g., [RV18; Fri18; BDL20;
Bra+22; Ols+18; OY19; ORZ21; Jan+21; ORZ22; KKV23]. While many of these stud-
ies focus on method development, those addressing numerical error analysis primarily
consider the simplified case of homogeneous viscous surface fluid flow on a steady smooth
surface. Particularly relevant to the present work are the stability and error analyses
of finite element discretizations for the Stokes problem on a steady surface, presented
in [BDL20; ORZ21; Jan+21]. The authors analysed H(div)–conforming finite elements
(cf. [BDL20]), unfitted P2-P1 elements (cf. [ORZ21]), and higher order Taylor–Hood
bulk elements (cf. [Jan+21]).
The latter two papers provide a comprehensive convergence analysis under the assump-
tion of exact numerical integration over the curvilinear surface. This assumption was
subsequently relaxed in [Jan+21], which also extended the analysis to higher order trace
Taylor–Hood-type elements. Additionally, in the papers [Gro+18; JR20; HLL19] the
surface FEM of Dziuk and TraceFEM for the surface vector-Laplace problem, closely
related to the surface Stokes problem, are analysed. Results from these studies are used
in our error analysis.
In [KKV23] a problem similar to the one considered in this chapter is discretized using
a SurfaceFEM. The authors also use a penalization term to obtain a tangential discrete
velocity, but they employ the penalization in the continuous system, leading to a slightly
different method. They present various numerical experiments and show numerically the
convergence of their penalization technique.
The remainder of this chapter is structured as follows. In Section 5.2 the tangential
Navier-Stokes system is repeated. In Section 5.3 the discretization method is intro-
duced, starting with the numerical time integration approach before presenting the fully
discrete method. Section 5.4 contains the main results of the error analysis, outlining
coercivity and continuity estimates for the discrete problem and demonstrating key ideas
for deriving a stability result. Substituting the continuous solution in the discrete vari-
ational formulation results in consistency terms for which bounds are derived by using
an established approach, based on discrete stability, consistency error bounds and inter-
polation error bounds. The main result of the analysis is Theorem 5.4.8, which yields
optimal order error estimates for the velocity in an energy norm and for pressure in a
special H1-type norm. We discuss the main ideas of the proof without giving all the
details. Results of numerical experiments presented in Section 5.5 illustrate the optimal
order convergence of the method.

5.2 Problem formulation

In this section, we recall the tangential surface Navier–Stokes equations that are treated
in this chapter. Consider, for t ∈ [0, tend], a closed surface Γ(t) embedded in R3 as defined
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in Chapter 2, with a density distribution ρ(x, t) and the density flow field u(x, t), for
x ∈ Γ(t). Here, we assume that the geometric evolution of Γ(t) is known beforehand and
is determined by a given smooth velocity field w = w(x, t), which passively advects the
initial surface Γ0 ∶= Γ(0). This velocity field is normal to the surface, i.e., w = wN n = VΓn
holds. The surface Γ(t) is given by the image of the initial surface under the flow map
XN(z, t), i.e.,

Γ(t) = {x ∈ R3 ∣ x =XN(z, t), z ∈ Γ0} , (2.1.2)

cf. Chapter 2. Here, XN(z, t) represent the trajectories uniquely defined by the problem

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
XN(z,0) = z,

d
dt

XN(z, t) =w (XN(z, t), t) for t ∈ [0, tend],
for all z ∈ Γ0, see (2.1.3). This induces the smooth space-time manifold

S = ⋃
t∈[0,tend]Γ(t) × {t} ⊂ R

4.

The definitions of geometric quantities on Γ(t) (e.g., the normal n, the tangential pro-
jection P, and the Weingarten mapping H), the extension of functions off the surface ge,
the differential operators (surface gradient, surface divergence, and material derivative),
and the rate-of-strain tensor EΓ are given in Chapter 2.
Besides the material derivative along trajectories evolved by the fluid flow u (as intro-
duced in Definition (2.3.1)), denoted by

●
f , we also consider a second material derivative,

denoted by
○
f , which describes the variation of f along trajectories of points on Γ(t) in-

duced by the surface flow field w. It is defined along the same lines as the representation
of the material derivative from Lemma 2.3.3. It holds

○
f(y, t) ∶= d

ds
f (Xw,y,t(t + s), t + s) ∣

s=0 for (y, t) ∈ S,
for a scalar- or vector-valued function f defined on S, with Xw,y,t defined by equation
(2.3.2) with u replaced by w. This material derivative is also used in Section 3.2.
Similarly to the Cartesian representation of the material derivative ●v from Lemma 2.3.2,
the material derivative ○v can be represented in Cartesian coordinates as

○v ∶= ∂

∂t
ve +∇vew on S, (5.2.1)

for vector-valued functions v defined on S and extended off the surface. Again, we split
velocity fields defined on Γ(t) into tangential and normal components

v = vT + vN = vT + vN n, with vT = Pv and vN = v ⋅ n.
Particles on the surface must have the same normal velocity as the surface itself, since
they cannot leave the surface. Thus, the normal component of the fluid velocity u is
completely determined by the ambient flow w, i.e., uN = wN holds on Γ(t). We derive
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a relation between the material derivatives ●v and ○v given by
○v = ●v −∇veuT on S.

Using this relation, we derive the following representation of the tangential component
of the material derivative of uT . It holds

P ●uT = P ( ○uT +∇ue
T uT ) = P ○uT +P∇ue

T PuT = P ○uT +∇ΓuT uT . (5.2.2)

One could also consider an ambient surface velocity w that is not normal, i.e., Pw ≠ 0,
leading to an ambient normal flow wN that moves the surface itself and a tangential
flow wT that moves the particles on the surface. The tangential flow induced by the
tangential surface Navier–Stokes equations uT also moves particles on the surface but
does not change the surface evolution. The whole tangential movement of particles on
the surface would be given by wT +uT , leading to a more complex system of equations,
which is not considered in this work. We stick to a normal ambient flow w = wN n.
Based on system (3.4.1) derived in Chapter 3 and equation (5.2.2), we obtain the fol-
lowing problem.

Problem 5.2.1: Tangential surface Navier–Stokes equations (TSNS)
For a given closed, smooth surface Γ(t) that evolves smoothly in time with surface
velocity w, viscosity µ0, and a (tangential) force term fT , find the velocity uT satisfying
the initial condition uT (0) = u0

T and the pressure p, that satisfy

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩
P ○uT +∇ΓuT uT − 2µ0P divΓ EΓ(uT ) + ∇Γp +wN HuT = f t on Γ(t),

divΓ uT = fdiv on Γ(t),
uT ⋅ n = 0 on Γ(t),

(5.2.3)

with the right-hand sides f t = fT + 2µ0P divΓ (wN H) +wN∇ΓwN and fdiv = −wNκ. We
call this system the tangential surface Navier–Stokes equations (TSNS).

Note that ○uT is the material derivative of uT and not the tangential component of the
material derivative of the full velocity field u, that is P ○u. The system can be regarded
as an idealized representation of the dynamics of a thin fluid layer situated within a bulk
fluid, where frictional forces between the surface and the bulk fluids are disregarded,
along with any influence of the layer on the overall flow of the bulk fluid. System (5.2.3)
can also be viewed as an auxiliary problem when directional splitting is applied to the
complete set of equations that govern the evolution of a material inextensible fluidic
surface; cf. Chapter 3 for further details.

5.3 Discretization method

In this section, we treat a discretization method for the tangential surface Navier–Stokes
system (TSNS) (5.2.3). We use a trace finite element method (TraceFEM) for the spatial
discretization, combined with a BDF scheme for the time discretization. The combina-
tion yields a fully Eulerian finite element method. The used TraceFEM is introduced in

80



5.3. Discretization method

Chapter 4. To get a well-posed finite element formulation on the moving surface Γ(t)
we use an extension via volume normal derivative stabilization in a narrow band around
the surface, cf. Section 4.3. To simplify the representation, we do not consider the para-
metric TraceFEM that is used to obtain higher order discretizations and assume that all
occurring surface integrals on discrete surfaces can be calculated sufficiently accurate.
In the implementation, we use the parametric TraceFEM introduced in Chapter 4.
Remark 5.3.1 (Generic constants)
In this chapter, some generic positive constants such as C, c, c0, c1, etc. appear. These
constants are independent of the discretization parameters (like h,∆t), the time t, and
the position of Γ within the background mesh. However, they may depend on variables
such as wN , S, u, and the shape regularity of the mesh. To minimize repetitive usage
of these constants, we utilize the notation x ≲ y that states that there exists a generic
constant c > 0 such that the inequality x ≤ cy holds for quantities x and y. Similarly, we
use x ≳ y to indicate that there exists a constant satisfying the reverse inequality, while
the notation x ≃ y means that both relations x ≲ y and x ≳ y are valid. ◇
We recall some notations and definitions. We assume a given sufficiently smooth level
set function ϕ = ϕ(x, t) such that the surface is implicitly described by the equation

Γ(t) ∶= {x ∈ R3 ∣ ϕ(x, t) = 0} for t ∈ [0, tend].
Note that ϕ is not necessarily a signed distance function, but it is close to a signed
distance function in the sense that ∥∇ϕ∥ ≈ 1 and ∥∇ϕ∥ ≥ c hold with a constant c > 0 inO(S). Here, O(S) denotes a neighborhood of S. We assume that the level set function
ϕ is sufficiently smooth such that the geometric quantities can be represented in terms
of ϕ and its derivatives in O(S).
In the remainder, we start with the discretization of the time derivative ∂tuT in the
material derivative ○uT and introduce the time-stepping scheme. Then, we present the
spatial discretization of the tangential surface Navier–Stokes equations (5.2.3) using
TraceFEM.

5.3.1 Time-stepping scheme

We start the discretization of equation (5.2.3) by focusing on the discretization of the
time derivative ∂tue

T that appears in the material derivative ○uT , cf. equation (5.2.1).
For a conventional time discretization approach such as a Backward Differentiation
Formula (BDF) scheme or a Runge-Kutta method, the computation of the difference
uT (t1) − uT (t2) for two distinct time points t1, t2 ∈ [0, tend] is required. However, due
to the surface’s movement, this difference is in general not well defined in our context
since uT (t2) is not defined on Γ(t1) and vice versa. To address this issue, we extend
functions defined on a fixed surface Γ(t⋆) so that they are also well defined on the surface
at the following time point, namely Γ(t⋆ +∆t) with some ∆t > 0. This extension al-
lows a consistent comparison between values at different time steps despite the evolving
geometry of the surface. The extension is performed using a volume normal derivative
stabilization, introduced in Chapter 4.
For simplicity, we use a uniform time step ∆t = tend

N with some N > 0. We define time
nodes tn = n∆t, In = [tn−1, tn] and Γn = Γ(tn) for 1 ≤ n ≤ N . If not stated otherwise,
the geometric quantities n, P, w, wN , H and κ refer to the actual surface Γn, i.e.,
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n = nn = n(⋅, tn). Let un−1
T ∶ Γn−1 → R3 denote the function uT (⋅, tn−1) defined on the

surface Γ(tn−1). Again, let O(Γn−1) be a sufficiently large neighborhood of Γn−1 such
that

Γn ⊂ O(Γn−1) for all n = 1, . . . ,N (5.3.1)

holds. This assumption is crucial for the extension method. In each time step, un−1
T

is extended constantly in normal direction in O(Γn−1) off the surface. We denote the
extension by Eun−1

T . Hence, Eun−1
T is also defined on Γn, and the implicit Euler (or

BDF(1)) scheme

∂tuT (tn) ≈ un
T − Eun−1

T

∆t
is well defined on Γn. We will impose the extension condition in a weak sense in the full
discrete system later. As described in Remark 4.3.2, higher order BDF schemes can be
applied. Since the surface velocity w is assumed to be normal, i.e., w = wN n, it holds∇(Ev)w = wN∇(Ev)n = 0 and thus the last term in (5.2.1) vanishes, and we have

○(Ev) = ∂

∂t
(Ev) on S. (5.3.2)

Based on this simplification of the material derivative, we introduce the normal time
derivative approximation

P
○(EuT ) = P ∂

∂t
EuT ≈ uT (tn) −P(tn)EuT (tn−1)

∆t
on Γ(tn). (5.3.3)

We simplify the notations and use un
T = EuT (⋅, tn) and pn = p(⋅, tn), respectively. Based

on (5.3.3) we introduce the following time discretization method for (5.2.3). Given
u0

T in O(Γ0), for n = 1, . . . ,N , find un
T , defined in O(Γn) and tangential to Γn, i.e.,(un

T ⋅ n)∣Γn = 0, and pn defined on Γn such that

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
un

T −Pun−1
T

∆t
+ (∇Γun

T )un−1
T − 2µ0P divΓ EΓ(un

T ) + ∇Γp
n +wn

N Hun
T = fn

t

divΓ un
T = fn

div

(5.3.4a)

holds on Γn and in O(Γn) it holds

∇un
T n = 0. (5.3.4b)

Here, we use the notations wn
N ∶= wN(tn), fn

t ∶= f t(tn), fn
div ∶= fdiv(tn).

The time discretization employed in equation (5.3.4a) is done via a first-order Backward
Differentiation Formula (BDF(1)), which has an error of O(∆t). We employ a linear
approximation of the quadratic nonlinearity that maintains first-order accuracy with re-
spect to ∆t; specifically, the term (∇Γun

T )un
T is replaced by (∇Γun

T )un−1
T . This approach

allows a straightforward extension to higher order schemes in terms of ∆t, as further
discussed in Remark 5.3.3. The spatial discretization associated with equation (5.3.4)
will be explained in the next section.
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5.3.2 Space discretization method

We now explain the spatial discretization of (5.3.4) using a TraceFE method as described
in Chapter 4. Consider a fixed polygonal domain Ω ⊂ R3 that strictly contains Γ(t) for
all t ∈ [0, tend]. Let {Th}h>0 be a family of shape-regular consistent triangulations of Ω,
with h =maxT ∈Th

diam(T ). We repeat the definition of the standard bulk finite element
space of piecewise polynomial continuous functions of a fixed degree k ≥ 1. As in (4.1.2),
it is given by

Vh,k = {q ∈ C(Ω) ∣ q∣T ∈ Pk(T ) for all T ∈ Th}. (4.1.2)

The bulk velocity and pressure finite element spaces are standard Taylor–Hood spaces,
denoted by

Uh =Vh,m+1, Qh = Vh,m, with m ≥ 1. (5.3.5)

As described in Chapter 4, we do not need an explicit parametric representation of Γ(tn)
or the exact level set function ϕ(⋅, tn). Instead, we use a finite element approximation
of ϕ. This is a more realistic assumption, as the exact level set function is not known in
systems in which the normal component of the velocity is unknown, and finding Γ(tn)
is part of the problem. In turn, this results in approximation of all geometric quantities
involved in (5.2.3). This issue of geometry approximation is explained in the section
below.

Geometry approximation

We revisit the definitions and properties of the discrete level set function, along with
other geometric quantities as outlined in Section 4.1. To simplify the notation in this
section and throughout the subsequent error analysis, we assume that integrals over the
discrete surface approximations can be computed accurately. As discussed in Chapter 4,
this assumption is easy to satisfy for piecewise linear level set approximations. However,
it becomes more challenging in higher order cases. In our implementation, we employ
the parametric finite element technique introduced in the previous chapter to ensure
sufficiently accurate approximations of these integrals.
For any fixed t ∈ [0, tend], let ϕh = ϕh(⋅, t) ∈ Vh,kg be a continuous piecewise polynomial
approximation of ϕ(⋅, t) with some kg ≥ 1. We use the notation ϕn

h(x) = ϕh(x, tn) for
n = 0, . . . ,N . The discrete level set function ϕh is assumed to satisfy the approximation
properties (4.1.3) and (4.3.1). It holds

∥ϕ − ϕh∥L∞(Ω) + h∥∇(ϕ − ϕh)∥L∞(Ω) ≲ hkg+1, (4.1.3)

and

∥ϕn−1
h − ϕn

h∥L∞(Ω) ≲∆t∥wN∥L∞(Ω×In) (4.3.1a)

∥∇ϕn−1
h −∇ϕn

h∥L∞(Ω) ≲∆t (∥wN∥L∞(Ω×In) + ∥∇wN∥L∞(Ω×In)) (4.3.1b)

for n = 1, . . . ,N . Therefore, the exact level set function ϕ has to be sufficiently smooth,
i.e., ϕ(⋅, t) ∈ Ckg+1(Ω) is assumed to hold. Additionally, we assume that ∣∇ϕh∣ ≥ C > 0 inO(Γ(t)) for t ∈ [0, tend].
The discrete Lipschitz surface Γh ≈ Γ is defined as the zero level of ϕh. It is given by

Γh(t) ∶= {x ∈ R3 ∣ ϕh(x, t) = 0}.
83



Chapter 5. Discretization of Tangential Surface Navier–Stokes Equations

The geometric quantities on Γh are given by the discrete normal nh, its finite element
approximation nh, the tangential projection Ph, and the discrete Weingarten mapping
Hh. They are defined in terms of the level set function ϕh and its derivatives by

nh = ∇ϕh∥∇ϕh∥ , nh = Πkg−1
h nh Ph = I − nhnT

h , and Hh = ∇Γh
nh, (5.3.6)

with Πkg−1
h nh the (componentwise) Oswald-type interpolation operator that maps into

the finite element space Vh,kg−1. Moreover, we need the “improved” normal approxima-
tion ñh from Definition 4.1.2. The discrete geometric quantities satisfy the approxima-
tion properties given in Lemma 4.1.5. We emphasize that all bounds in this lemma are
uniform in t.
The data wN , fdiv, f t are extended (sufficiently accurate) such that they are also defined
on Γh. We also denote these extensions by wN , fdiv, and f t.

Fully discrete method

As described in Section 5.3.1, we need to extend the functions from the surface to a
small neighborhood. For this, we use the volume normal derivative extension introduced
in Section 4.3. We recall the definitions of the cut elements from (4.1.4) and the used
narrow band around Γn

h = Γh(tn) (4.3.4) – (4.3.5). They are given by

T n
Γ = {T ∈ Th ∣ T ∩ Γn

h ≠ ∅} and Ωn
Γ = ⋃

T ∈T n
Γ

T (4.1.4)

and T n
δ = T n

δn
= {T ∈ Th ∶ ∣ϕn

h(x)∣ ≤ δn for some x ∈ T} and Ωn
δ = ⋃

T ∈T n
δ

T,

with the thickness
δn = cδ∆t∥wN∥L∞(Ω×In), (4.3.3)

with a constant cδ > 0.
We restrict the time-independent bulk spaces Uh and Qh to the narrow bands Ωn

δ and
Ωn

Γ to get the finite element spaces

Un
h ∶= {v∣Ωn

δ
∣ v ∈Uh } and Qn

h ∶= {q∣Ωn
Γ
∣ q ∈ Qh}.

Note that the velocity space is defined on the narrow band Ωn
δ , while the pressure space

is solely defined on the cut elements. Since no pressure time derivative is involved in the
system, we do not need to extend the pressure onto the next surface, and it is sufficient
to define it on the cut elements Ωn

Γ. We also use the notation V n
h,m ∶= {v∣Ωn

δ
∣ v ∈ Vh,m}.

Now, we have all ingredients to give a full discrete approximation of the semi discrete
tangential surface Navier–Stokes system (5.3.4).
We have to consider three critical aspects: the tangentiality of un

T , the constant extension
of the velocity in normal directions as specified in equation (5.3.4b), and the handling
of the nonlinear inertia term.
It is impossible to construct H1-conforming tangential finite element spaces on the sur-
face approximation. We have to weaken the tangentiality condition or the continuity.
We relax the requirement for the solution to be tangential to Γn by allowing Un

h to serve

84



5.3. Discretization method

as trial and test velocity space. The tangentiality condition is weakly enforced through
a penalty approach, which is commonly used in finite element methods for vector-valued
surface partial differential equations, cf. e.g., [HLL19; Ols+18; OY19]. The penalty
term reads

rn
τ (uh,vh) ∶= τ ∫Γn

h

(uh ⋅ ñh)(vh ⋅ ñh)ds
with penalty parameter τ > 0 and the improved normal ñh from Definition 4.1.2. From
the literature, it is known that such a more accurate normal in this penalty term is
needed for optimal order discretization errors, cf. [HLL19; JR20].
Furthermore, we also relax the constraint presented in equation (5.3.4b). We employ
it weakly through a penalty (or stabilization) method that is standard in trace finite
element frameworks. This involves augmenting the discrete bilinear form with a volume
normal derivative term, as detailed in Section 4.3. The needed additional volumetric
term reads

sn
h,u(uh,vh) ∶= ρu∫Ωn

δ

(∇uhnh) ⋅ (∇vhnh) dx,

scaled by the parameter ρu > 0. Moreover, we also need a similar stabilization term for
the pressure, which is given by

sn
h,p(ph, qh) ∶= ρp∫Ωn

Γ

(∇ph ⋅ nh) (∇qh ⋅ nh) dx,

with the stabilization parameter ρp > 0. Note the difference in the stabilization terms
for the velocity and pressure: while the integral in sn

h,u is taken over the narrow band
Ωn

δ , the integral in sn
h,p is taken over the cut elements Ωn

Γ.
The bilinear form sn

h,u plays a twofold role. Firstly, due to this term, instabilities caused
by “small cuts” are damped, resulting in satisfactory conditioning of the stiffness matrix
for the velocity. Secondly, this term weakly enforces the extension condition (5.3.4b)
with O(Γn) replaced by Ωn

δ . The second stabilization term sn
h,p is added for the purpose

of numerical stabilization of pressure, both with respect to finite element (LBB) stability
and the conditioning of the resulting matrix, cf. [ORZ21]. Due to these stabilizations,
the algebraic system (in each time step) is well-posed and has conditioning properties
comparable to those of a discretized linearized Navier–Stokes system in Euclidean do-
mains. For further details on the stabilization terms, the difficulties caused by small
cuts, and possible alternative stabilization techniques, we refer to Section 4.2.
The treatment of inertia also follows an established approach. We rewrite the corre-
sponding trilinear form by

∫Γ
(∇ΓuT uT ) ⋅vT ds = 1

2 ∫Γ
(∇ΓuT uT ) ⋅vT −(∇ΓvT uT ) ⋅uT ds− 1

2 ∫Γ
divΓ uT (uT ⋅vT )ds.

Using divΓ uT = fdiv on Γ, the second term on the right-hand side becomes linear. The
first term is linearized using an extrapolation (in time) of the uT approximations from
the previous time steps. When using a BDF(1) scheme, the extrapolation simply consists
of the last velocity approximation un−1

T .
We define the bilinear form bn

h(⋅, ⋅) that covers the pressure and divergence term from
(5.3.4a) by

bn
h(qh,vh) ∶= ∫Γn

h

∇Γh
qh ⋅ vh dsh
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and the antisymmetric bilinear form, which is convenient for the stability analysis of the
discretization by

an
h(uh,vh) ∶=∫Γn

h

⎛⎝uh − un−1
h

∆t
+wn

N Hhuh

⎞⎠ ⋅Phvh dsh

+ 2µ0∫Γn
h

EΓh
(Phuh) ∶ EΓh

(Phvh)dsh

+ 1
2 ∫Γn

h

(∇Γh
(Phuh)un−1

h ) ⋅ vh − (∇Γh
(Phvh)un−1

h ) ⋅ uh dsh

− 1
2 ∫Γn

h

fn
divuh ⋅Phvh dsh.

Putting these components together leads to the following fully discrete problem for one
time step: For given un−1

h ∈Un−1
h find un

h ∈Un
h, pn

h ∈ Qn
h, satisfying

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
an

h(un
h, vh) + bn

h(pn
h, vh) + sn

h,u(un
h, vh) + rn

τ (un
h, vh) = (fn

t , vh)Γn
h

for all vh ∈Un
h

−bn
h(qh, un

h) + sn
h,p(pn

h, qh) = (fn
div, qh)Γn

h

for all qh ∈ Qn
h,

(5.3.8)

where we use the notation (⋅, ⋅)Γn
h

for the L2-scalar product over Γn
h.

Here, we use the discrete surface differential operators from Definition 4.1.6. For ex-
ample, ∇Γh

vh = Ph∇vhPh holds. The fully discrete system (5.3.8) is consistent up to
geometric errors: If the discrete surface Γn

h and its geometric quantities are replaced by
the exact surface Γn and geometric quantities (e.g., Hh by H), then the equations in
(5.3.8) are satisfied with un

h, pn
h, un−1

h replaced by the exact solution un, pn and un−1 of
(5.3.4).
We will comment on the choice of the parameters, ρu, ρp, τ , and cδ in the next section.

5.3.3 Discussion of the method

We summarize the parameters of the discrete formulation (5.3.8) and discuss their choice.
Besides the mesh and time step size h and ∆t, the finite element method involves:

• ρu : volume normal derivative stabilization and extension parameter for the veloc-
ity,

• ρp : volume normal derivative stabilization parameter for the pressure,

• τ : penalty parameter for the tangentiality constraint,

• cδ : narrow band parameter to define the width δn at time tn.

We assume that the mesh size and the time step size are sufficiently small, i.e., h ≤ c1, and
∆t ≤ c2 with c1, c2 sufficiently small O(1) constants. The stabilization and penalization
parameters are chosen as

ρu = cρuh
−1, ρp = cρph, and τ = cτh

−2, (5.3.9)

where cρu , cρp and cτ are sufficiently large O(1) constants independent of the parameters,
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time, and position of Γh in the mesh. The width of the narrow band is chosen as (4.3.3)
with cδ sufficiently large.
The parameter conditions outlined in (5.3.9) are known from the literature concerning
trace finite element methods. The requirement for a sufficiently large value of cρu is
essential for achieving adequate control over the velocity extension within the narrow
band; this condition is instrumental in establishing a crucial estimate, as detailed in
Lemma 5.4.2. The parameter τ , as specified in (5.3.9), ensures that the tangentiality
condition for the discrete velocity is satisfied with sufficient accuracy. Strongly increasing
τ may result in a phenomenon known as ‘locking’.
Regarding the lower bound on δn, we note that during a time step from tn−1 to tn,
the surface Γ(t) can move a maximum distance of ∆t supt∈In

∥wN∥L∞(Γ(t)) in the nor-
mal direction. Under the assumption stated in equation (4.3.1a), it follows that the
maximum distance between Γn

h and Γn−1
h is also proportional to ∆t supt∈In

∥wN∥L∞(Γ(t)).
Consequently, we can select cδ in equation (4.3.3) such that

Ωn
Γ ⊂ Ωn−1

δ (5.3.10)

holds. This condition serves as a discrete analog of equation (5.3.1) and is critical for
ensuring the well-posedness of the finite element formulation.
The parameters τ and δn have to satisfy the conditions

∆t ≥ 2τ−1, (5.3.11a)
∆t ≲ δn ≲ h. (5.3.11b)

Equation (5.3.11a) represents a technical condition necessary for establishing the stabil-
ity estimate presented in Theorem 5.4.5. The upper bound specified in (5.3.11b) for the
narrow band parameter δn ensures that the complexity of the method remains optimal,
specifically that the number of active degrees of freedom is O(h−2) at each time step.
The assumptions expressed in (5.3.11) can be fulfilled by choosing ∆t and h such that
they satisfy the scaling conditions

h2 ≲∆t ≲ h.
These scalings are reasonable. Consider Taylor–Hood elements with m = 1. For optimal
convergence of order O(h2) in the energy norm associated with equation (5.3.8), it is
necessary to set ∆t ≃ h2. In contrast, for enhanced temporal accuracy using the BDF(2)
scheme (our practical choice, as discussed in Remark 5.3.3), selecting ∆t ≃ h yields
convergence at an order of O(h2) in the energy norm, while setting ∆t ≃ h3/2 aligns with
achieving optimal convergence at an order of O(h3) in the velocity L2-norm.
We briefly address further aspects of the method, its adaption to the case of a level
set function that is not a signed distance function, the extension to higher order BDF
schemes, and details on the implementation of surface differential operators, in the re-
marks below.
Remark 5.3.2
In practice, we typically do not have a level set function possessing the signed distance
property. Thus, the extension does not satisfy (5.3.4b), but is approximately constant
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along the normals to the level lines, and, instead of P ○uT = P∂uT

∂t , cf. (5.3.2), one uses
the general relation

P ○uT = P(∂uT

∂t
+∇uT wN),

as the basis for the discretization. Hence, for the case of a general level set function, we
include the term ∫Γn

h

[∇(Phun
h)wN ] ⋅Phvh dsh

in (5.3.8). We will use this additional term in our numerical experiments. ◇
Remark 5.3.3
The finite element formulation (5.3.8) can be extended to higher order time discretiza-
tions using, e.g., a BDF(2) or BDF(3) method (other time discretization schemes are also
possible, but in this thesis we stick to BDF methods). The BDF(2) and BDF(3) variants
are very similar to the method introduced above. The time difference un

h − un−1
h in the

first line of (5.3.8) is then replaced by 3
2

un
h − 2un−1

h + 1
2

un−2
h for the BDF(2) method and

by 11
6

un
h − 3un−1

h + 3
2

un−2
h − 1

3
un−3

h for the BDF(3) method. For the linearization of the
inertia term, we use 2un−1

h − un−2
h or 3un−1

h − 3un−2
h + un−3

h instead of un−1
h . All other

terms in (5.3.8) remain the same.
For BDF(2), in addition to (5.3.10), one has to guarantee that additionally Ωn

Γ ⊂ Ωn−2
δ

and, for BDF(3), Ωn
Γ ⊂ Ωn−3

δ is fulfilled. For that reason, the narrow bands Ωn
δ

have to be taken broader than in the BDF(1) method. This is done by taking
δn = cδ∆t∥wN∥L∞(Ω×In)R with R = 2 for BDF(2) and R = 3 for BDF(3). The choice of
the parameters ρu, ρp, τ , and cδ remains the same.
To use BDF(R) methods with R > 1, we also need initial values. One possibility is to
start with BDF(1) steps with a smaller time step size and then switch to BDF(R). For
simplicity, we will use a different approach. We start with initial values backwards in
time, namely u−1 = u(−∆t), . . . ,u−R+1 = u(−(R− 1)∆t). Obviously, this is only possible
if we have an approximation of the velocity at these time points. We will use this
approach in our numerical experiments, where a manufactured solution is available. ◇
Remark 5.3.4
In the surface gradient operators ∇Γh

associated with the inertia term, and the surface
rate-of-strain tensor EΓh

(⋅), we utilize projected vector fields Phv. However, differen-
tiating the projector Ph, which is generally discontinuous across element faces, results
in a loss of H1 conformity, as discussed in [JR20]. To circumvent the differentiation of
Ph, we use the relation ∇ΓvT = ∇Γv − vN H, and consequently we substitute ∇Γh

Phvh

with ∇Γh
vh − (nh ⋅ vh)Hh in our method’s implementation. This adjustment avoids is-

sues related to the discontinuity of the projector while maintaining the accuracy of the
method. ◇
For our method, it is essential to have a sufficiently accurate finite element approximation
ϕn

h of ϕn. It is possible to obtain the level set approximation by taking the Oswald-type
interpolation of the exact level set function Πkg

h ϕ
n, when the exact level set function is

known. However, in some scenarios, the exact level set function may not be available.
Importantly, the method is not limited to the specific choice of ϕh = Πkg

h ϕ
n. The discrete

level set function may be computed, e.g., using a transport method.
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5.4. Error analysis

We summarize our discretization method in the following algorithm, where a BDF(1)
scheme is used.

Algorithm 5.3.5: TraceFEM for TSNS

1: Input: u0, ϕh, f t, fdiv

2: u0
h ← Πm+1

h u0 ∈Uh

3: t← 0
4: Procedure
5: for n from 1 to N do
6: t← t +∆t
7: ϕn

h ← approximation of ϕn

8: ΩΓ ← {x ∈ T ∈ Th ∣ T ∩ Γn
h ≠ ∅}

9: if n > 1 and ΩΓ ⊄ Ωδ then
10: break
11: end if
12: δn ← cδ∆t∥wN∥L∞(Ω×In)
13: Ωδ ← {x ∈ T ∈ Th ∶ ∣ϕn

h(y)∣ ≤ δn for some y ∈ T}
14: Un

h ←Vh,m+1∣Ωδ
, Qn

h ← Vh,m∣ΩΓ

15: un
h ∈Un

h, pn
h ∈ Qn

h ← solution of (5.3.8):

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
an

h(un
h,vh) + bn

h(pn
h,vh) + sn

h,u(un
h,vh) + rn

τ (un
h,vh) = (fn

t , vh)Γn
h

for all vh ∈Un
h,

−bn
h(qh,un

h) + sn
h,p(pn

h, qh) = (fn
div, qh)Γn

h

for all qh ∈ Qn
h,

16: end for
17: end Procedure

The algorithm is stopped if the narrow band condition (5.3.10) is not fulfilled. This is a
crucial condition for the well-posedness of the method.

5.4 Error analysis

In this section, we give an overview of the error analysis of the finite element scheme
stated in (5.3.8). We show that the method is stable and convergent with optimal error
bounds. Since the analysis is technical, we do not include all details in this thesis.
Especially, the proofs concerning the stability and error estimates for the pressure are
omitted. We only give the main results and ideas of the proofs. The detailed proofs
of the stability and convergence results can be found in the corresponding publication
[ORS24].
To simplify the presentation and analysis, we assume the following properties hold
throughout this section, even if these assumptions do not hold in practice usually.
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Assumption 5.4.1
We assume that the data extensions of wN , fdiv, f t are constant extensions along the
normal n. The level set function ϕ is sufficiently smooth, and it has the signed dis-
tance property. The solution of (5.2.3) is sufficiently smooth, at least u ∈Wm+2,∞(S)3,
p ∈Wm+1,∞(S). We assume that the parameters are taken as in (5.3.9) and fulfill the
conditions (5.3.11) with h,∆t sufficiently small. As common in the analysis of incom-
pressible fluid problems, we assume a homogeneous divergence condition. The right-hand
side fdiv satisfies

fdiv = 0.

In practice, one typically uses other (sufficiently smooth) data extensions and one does
not have a global signed distance function. In addition, the homogeneous divergence
condition is typically not fulfilled, since fdiv = −wNκ holds on the surface Γ(t) and in
general, wN and κ do not vanish.
To represent the discrete problem in a compact form, we introduce the trilinear and
bilinear forms

an(z; u,v) ∶= ân(u,v) + cn(z; u,v),
with ân(u,v) ∶= ∫Γn

h

wn
N v ⋅Hhu dsh + 2µ0∫Γn

h

(EΓh
(Phu) ∶ (EΓh

(Phv))dsh

+ rn
τ (u,v) + sn

h,u(u,v), (5.4.1)

cn(z; u,v) ∶= 1
2 ∫Γn

h

[∇Γh
(Phu)z] ⋅ v − [∇Γh

(Phv)z] ⋅ u dsh,

bn(p,v) ∶= ∫Γn
h

∇Γh
p ⋅ v dsh.

Using this, the discrete problem can be rewritten as follows (recall that fdiv = 0): given
un−1

h ∈Un−1
h find un

h ∈Un
h, pn

h ∈ Qn
h such that for all (vh, qh) ∈Un

h ×Qn
h

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
(un

h − un−1
h

∆t
,Phvh)

Γn
h

+ an(un−1
h ; un

h,vh) + bn(pn
h,vh) = (fn

t ,Phvh)Γn
h

bn(qh,un
h) = sn

h,p(pn
h, qh)

(5.4.2)

holds.
We use the notation (⋅, ⋅)U and ∥ ⋅ ∥U to denote the L2-scalar product and L2-norm over
a surface or volumetric domain U . We introduce the following natural energy norm for
the velocity

∣∣∣v∣∣∣2n ∶= 1
2
∥v∥2Γn

h
+ 2µ0∥EΓh

(Phv)∥2Γn
h
+ τ

2
∥ñh ⋅ v∥2Γn

h
+ ρu∥∇vnh∥2Ωn

δ
.

With some slight abuse of notation, we reuse the notation of the velocity energy norm
for the scaled H1(Ωn

Γ)-norm for the pressure. It is defined by

∣∣∣q∣∣∣n ∶= h 1
2 ∥∇q∥Ωn

Γ
. (5.4.3)
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Note that this norm is equivalent to the scaled H1(Γ(tn)) norm in the following
sense. Assume Γ(tn) ⊂ Ωn

Γ and qe is the normal extension of q ∈ H1(Γ(t)). Then,
h∥∇Γq∥Γ(t) ∼ ∣∣∣qe∣∣∣n holds.
For vector-valued functions, we define componentwise H1-norms by

∥v∥2H1(Γ(tn)) ∶= 3∑
i=1 ∥vi∥2H1(Γ(tn)) for v ∈H1(Γ(tn))3,

and similarly on Γn
h.

We outline the structure of the error analysis. We first collect some preliminary results
and a few useful estimates, with a particular emphasis on uniformness in discretization
parameters, time, and the surface position in the bulk mesh. Using these results, it is
easy to derive suitable coercivity and continuity estimates for the trilinear form an(⋅; ⋅, ⋅).
In Theorem 5.4.5, stability results for the discrete solution (un

h, p
n
h) of (5.4.2) are given.

The stability for the velocity is given in a natural energy norm, and a proof based on
rather straightforward arguments is given. We do not give the proof for the pressure
stability, which is given in a specific (non-standard) norm, because it is more involved
and technical. In Section 5.4.4, we study the consistency error that quantifies geometric
errors resulting from the approximation of surface and geometric quantities (normal
vectors, tangential projectors, curvatures) in the finite element formulation. We analyse
the consistency error, using some results already available in the literature on surface
vector-Laplace and Stokes problems. Finally, in Section 5.4.5, we provide discretization
error bounds. For the proof, the discretization error is split into an interpolation error
and an error component in the finite element space. Bounds for the latter can be derived
using the discrete stability, consistency error bounds, and bounds for the linearization
error. With respect to the interpolation error, a key point is that in the Euclidean setting
of this trace method, we can use a (nodal) interpolation operator on a fixed bulk mesh.
Due to this, the time differentiation and interpolation operator commute, which then
leads to optimal bounds for the difference of interpolation errors at t = tn and t = tn−1.

5.4.1 Preliminaries

We start with some auxiliary results from the literature. We use a lifting vℓ of functions
v defined on Γn

h to a neighborhood O(Γn
h), defined for y ∈ O(Γn

h) by

vℓ(y) ∶= v(x) for x ∈ Γn
h such that pn(y) = pn(x),

where pn is the closest point projection on Γn. Note that the closest point projection and
thus the lifting is well defined in a neighborhood of Γn. We need uniform interpolation
and Korn-type inequalities given by

∥v∥L4(Γn
h
) ≲ ∥v∥ 1

2
Γn

h
∥v∥ 1

2
H1(Γn

h
) for all v ∈H1(Γn

h)3, (5.4.4)
∥v∥H1(Γn

h
) ≲ ∣∣∣v∣∣∣n for all v ∈Un

h. (5.4.5)

The first equation follows from [ORZ22, Lemma 3.4] and [JR20, Lemma 5.14]. The
Korn-type inequality follows from [ORZ22, Lemma 3.2], [JR20, Lemma 5.14] and [JR20,
Lemma 5.16], cf. [ORS24] for details.
The following lemma provides a bound for the trace of a function on Γn

h through its trace
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on Γn−1
h and the volume normal derivative. A proof can be found in [LOX18].

Lemma 5.4.2
The inequality

∥vh∥2Γn
h
≤ (1 + c∆t)∥vh∥2Γn−1

h
+ 1

2
ρu∆t∥∇vh ⋅ nn−1

h ∥2Ωn−1
δ

holds for all vh ∈ V n−1
h,m .

5.4.2 Coercivity and continuity estimates

We derive coercivity and continuity estimates for the trilinear form an(⋅ ; ⋅, ⋅). The
coercivity result is given in the following lemma.

Lemma 5.4.3
For arbitrary z ∈ L2(Γn

h) and vh ∈Un
h the inequality

an(z; vh,vh) ≥ ∣∣∣vh∣∣∣2n − ξh∥Phvh∥2Γn
h

holds with ξh ∶= 1 +maxn=0,...,N ∥wn
N Hh(tn)∥L∞ .

Proof
From the error estimate for the discrete normal approximation (4.1.5), it follows that,
for h sufficiently small, v ∈ R3 satisfies

∣v∣2 ≤ ∣nh ⋅ v∣2 + ∣Phv∣2 ≤ (1 + chkg)(∣ñh ⋅ v∣2 + ∣Phv∣2).
Using this inequality, cn(z; vh,vh) = 0, the tangentiality of H (Hh = PhHhPh), and
τ ≥ 1 + chkg (for h sufficiently small and τ defined as in (5.3.9)), we obtain for all vh ∈Un

h

the lower estimate

an(z; vh,vh) = ân(vh,vh) = (wn
N vh,Hhvh)Γn

h
+ ∣∣∣vh∣∣∣2n + τ2 ∥ñh ⋅ v∥2Γn

h
− 1

2
∥vh∥2Γn

h

≥ ∣∣∣vh∣∣∣2n − (∥wn
N Hh(tn)∥L∞ + 1

2
(1 + chkg))∥Phvh∥2Γn

h
,

from which the result follows. ◻
A continuity result is given in the next lemma.

Lemma 5.4.4
For z ∈ L4(Γn

h) and u,v ∈Un
h the uniform estimate

an(z; u,v) ≲ (∥Phz∥L4(Γn
h
) + 1)∣∣∣u∣∣∣n∣∣∣v∣∣∣n

holds.
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Proof
For the terms in the trilinear form a(⋅ ; ⋅, ⋅) that do not depend on the first argument, cf.
(5.4.1), we apply the Cauchy-Schwarz inequality which results in

∣̂an(u,v)∣ ≲ ∣∣∣u∣∣∣n∣∣∣v∣∣∣n. (5.4.6)

We now consider the term ∫Γn
h
(z ⋅ ∇Γh

Phu) ⋅v dsh. The term ∫Γn
h
(z ⋅ ∇Γh

Phv) ⋅u dsh can
be treated similarly. Using (5.4.4) and (5.4.5) we obtain

∣ ∫Γn
h

[∇Γh
(Phu)z] ⋅ v dsh∣ ≲ ∥Phz∥L4(Γn

h
)∣∣∣u∣∣∣n∣∣∣v∣∣∣n.

Combining this with the same estimate for the other trilinear term and with (5.4.6) we
obtain the desired result. ◻
5.4.3 Stability estimate

In this section, we present stability results for the discrete velocity and pressure functions.
We only include the proof of the stability result for the velocity. For the pressure
stability result we need the technical assumptions from [ORS24, Assumption 4.1] to
hold. Using these assumptions, the velocity stability result, a suitable discrete inf-sup
property, and results taken from [ORZ21], the stability result for the pressure can be
shown, cf. [ORS24]. We define the upper bound Fn = Fn(u0

h, f t) used in the stability
theorem below by

Fn(u0
h, f t) ∶= exp(c tn)⎛⎝∥u0

h∥2Γ0
h
+∆t∣∣∣u0

h∣∣∣20 +∆t
n∑

k=0 ∥fk
t ∥2Γk

h

⎞⎠ ,
with c independent of h, ∆t, and n.

Theorem 5.4.5
The discrete problem (5.4.2) has a unique solution (un

h, p
n
h) that satisfies

∥un
h∥2Γn

h
+ n∑

k=1 ∥Phuk
h − uk−1

h ∥2Γk
h
+∆t

n∑
k=1(∣∣∣uk

h∣∣∣2k + 2ρp∥∇pk
h ⋅ nh∥2Ωk

Γ
) ≲ Fn(u0

h, f t)
and

∆t
n∑

k=1 ∣∣∣pk
h∣∣∣k ≲ Fn + ( h√

∆t
+ 1)F 1

2
n ≲ Fn +F

1
2
n .

Proof
We test (5.4.2) with vh = un

h and qh = pn
h. Adding the two identities leads to

1
2
(∥Phun

h∥2Γn
h
+ ∥Phun

h − un−1
h ∥2Γn

h
) +∆tan(un−1

h ; un
h,u

n
h) +∆tρp∥∇pn

h ⋅ nh∥2Ωn
Γ

= 1
2
∥un−1

h ∥2Γn
h
+∆t(fn

t ,Phun
h)Γn

h
.

93



Chapter 5. Discretization of Tangential Surface Navier–Stokes Equations

We use the coercivity bound from Lemma 5.4.3 and apply Lemma 5.4.2 to obtain

∥Phun
h∥2Γn

h
+ ∥Phun

h − un−1
h ∥2Γn

h
+ 2∆t (∣∣∣un

h ∣∣∣2n + ρp∥∇pn
h ⋅ nh∥2Ωn

Γ
)

≤ (1 + c∆t)∥un−1
h ∥2Γn−1

h
+ 1

2
∆tρu∥∇un−1

h ⋅ nn−1
h ∥2Ωn−1

δ
+C∆t∥un

h∥2Γn
h
+∆t∥fn

t ∥2Γn
h
,

(5.4.7)

with some c and C independent of h, ∆t and n. Equation (5.3.11a) yields

1
2

∆t∣∣∣un
h ∣∣∣2n ≥ ∥un

h ⋅ nh∥2Γn
h
− c∆t h2kg∥un

h∥2Γn
h
. (5.4.8)

Using this and ∥un
h∥2Γn

h
= ∥Phun

h∥2Γn
h
+ ∥nh ⋅ un

h∥2Γn
h

in (5.4.7), we obtain

∥un
h∥2Γn

h
+ ∥Phun

h − un−1
h ∥2Γn

h
+ 3

2
∆t∣∣∣un

h ∣∣∣2n + 2∆t ρp∥∇pn
h ⋅ nh∥2Ωn

Γ

≤ (1 + c∆t)∥un−1
h ∥2Γn−1

h
+ 1

2
∆t∣∣∣un−1

h ∣∣∣2n−1 +C∆t∥un
h∥2Γn

h
+∆t∥fn

t ∥2Γn
h
.

We sum up the inequalities for n = 1, . . . , k, and with c∗ = c +C we get

∥uk
h∥2Γk

h
+ k∑

n=1 ∥Phun
h − un−1

h ∥2Γn
h
+∆t

k∑
n=1 (∣∣∣un

h ∣∣∣2n + 2ρp∥∇pn
h ⋅ nh∥2Ωn

Γ
)

≤ (1 + c∆t)∥u0
h∥2Γ0

h
+ 1

2
∆t∣∣∣u0

h∣∣∣20 +∆t
k∑

n=0 c
∗∥un

h∥2Γn
h
+∆t

k∑
n=0 ∥fn

t ∥2Γn
h
.

Finally, we shift the term ∆t c∗∥uk
h∥2Γk

h

from the right-hand side to the left-hand side and
apply, for ∆t ≤ (2c∗)−1, a discrete Gronwall inequality, which yields the desired result
for the velocity stability. ◻
Remark 5.4.6 (Discussion of the stability bound for the pressure)
The stability bound for the discrete pressure ph ensures stability in an L1(H1)-type norm
with a uniform constant when h2 ≲ ∆t holds, which is typical for practical parameter
choices for m = 1 (the lowest order Taylor–Hood pair). Specifically, ∆t ∼ h2 for BDF(1)
and ∆t ∼ h for BDF(R) with R ≥ 2 are common scenarios. The stability bound can
be compared to those derived in the literature, cf. [BFM22] and [WRL21], where a
similar discretization method for the Stokes problem on moving domains is examined.
These analyses provide a uniform pressure bound in terms of ∆t and h, but only for
the quantity ∆t2∑n

k=1 ∥pk
h∥Ωk

. Notice the square in the scaling factor ∆t2 in this term.
Consequently, these analyses do not yield uniform bounds for ∆t∑n

k=1 ∥pk
h∥Ωk

in the cases
∆t ∼ h or ∆t ∼ h2. ◇
5.4.4 Consistency error analysis

In this section, we summarize estimates for the consistency error. The analysis employs
a standard methodology and relies on existing estimates in the literature of TraceFEM
discretizations of surface vector-Laplace and surface Stokes equations on stationary sur-
faces. To establish the consistency and error bounds, we use estimates on the derivatives
of the extended solution ue(x, t) = u(p(x), t) within the domain O(S), where again p
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denotes the closest point projection. For notational simplicity, we denote the extension
of (scalar or vector-valued) functions v defined on S by the same symbol v, i.e., with
some abuse of notation, it holds v = ve.
We define the consistency error En

C(vh) collecting consistency terms due to geometric
errors, time derivative approximation, and linearization. It is given by

En
C(vh) ∶= ∫Γn

h

(un − un−1

∆t
) ⋅Phvh dsh − ∫Γn

ut(tn) ⋅ vℓ
h ds

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶=∶ I1

+ ρu∫Ωn
δ

((nh − n) ⋅ ∇un)(nh ⋅ ∇vh)dx

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶=∶ I2

+ 1
2 ∫Γn

h

[∇Γh
(Phun)un−1] ⋅ vh − [∇Γh

(Phvh)un−1] ⋅ un dsh

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶=∶ I3(1)
−1

2 ∫Γn
[∇Γunun] ⋅ vℓ

h − [∇Γ(Pvℓ
h)un] ⋅ un ds´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶=∶ I3(2)

+ 2µ0∫Γn
h

EΓh
(Phun) ∶ EΓh

(Phvh)dsh − 2µ0∫Γn
EΓ(un) ∶ EΓ(Pvℓ

h)ds´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶=∶ I4

+ ∫Γn
h

wn
N vh ⋅Hhun dsh − ∫Γn

wn
N vℓ

h ⋅Hun ds
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶=∶ I5

+ τ ∫Γn
h

(ñh ⋅ un)(ñh ⋅ vh)dsh − τ ∫Γn
(n ⋅ un)(n ⋅ vℓ

h)ds´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶=∶ I6

+ ∫Γn
h

∇Γh
pn ⋅ vh dsh − ∫Γn

∇Γp
n ⋅ vℓ

h ds
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶=∶ I7

.

(5.4.9)

We use the notation I3 ∶= I3(1) + I3(2).
Using this definition, we observe that the smooth solution pn = p(tn), un = u(tn),
un−1 = u(tn−1) = u(tn−1)e of (5.2.3) satisfies the identity

∫Γn
h

(un − un−1

∆t
) ⋅Phvh ds + an(un−1; un,vh) + bn(pn,vh)

= En
C(vh) + ∫Γn

fn
t ⋅ vℓ

h ds,
(5.4.10)

for any vh ∈Un
h.

In Lemma B.1 in the Appendix, we collect error bounds for the terms I1, I2, I4, I6,
and I7 known from the literature. Error bounds for the terms I3 and I5 are derived
in Lemma B.2. Combining these results and equation (5.4.5) we obtain the following
corollary.
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Corollary 5.4.7
For the consistency error, the uniform estimate

∣En
C(vh)∣ ≲ (∆t + hkg)∣∣∣vh∣∣∣n for all vh ∈Un

h

holds.

5.4.5 Error estimates

In this section, we derive a bound for the velocity error and the pressure error defined
by

En
u ∶= un − un

h ∈H1(Ωn
δ ) and En

p ∶= pn − pn
h ∈H1(Ωn

Γ).
Let u0

h = u0
I ∈U0

h be a suitable interpolant to u0 ∈ O(Γ0
h). From (5.4.2) and (5.4.10), we

get the error equation for arbitrary vh ∈Un
h. It is given by

1
∆t
(En

u −En−1
u ,Phvh)Γn

h
+ cn(En−1

u ; un,vh) + an(un−1
h ;En

u,vh) + bn(En
p ,vh)

= En
C(vh) + En

f (vh),
(5.4.11)

with the data error term

En
f (vh) ∶= ∫Γn

fn
t ⋅ vℓ

h ds − ∫Γn
h

(fn
t Ph) ⋅ vℓ

h dsh.

We proceed by splitting the errors En
u and En

p into approximation and finite element
parts. Let un

I ∈ Un
h and pn

I ∈ Qn
h be the nodal interpolants for un in Ωn

δ and pn in Ωn
Γ,

respectively. The splittings of the errors are given by

En
u = (un − un

I )´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶=∶ en
u,I

+(un
I − un

h)´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶=∶ en
u,h

and En
p = (pn − pn

I )´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶=∶ en
p,I

+(pn
I − pn

h)´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶=∶ en
p,h

.

Using an(un−1
h ;En

u,vh) = ân(en
u,I ,vh) + ân(en

u,h,vh) + cn(un−1
h ;En

u,vh) equation (5.4.11)
can be reformulated as

1
∆t
(en

u,h − en−1
u,h ,Phvh)Γn

h
+ ân(en

u,h,vh) + bn(pn
I − pn

h,vh)
= En

C(vh) + En
I (vh) + Cn(vh) + En

f (vh),
(5.4.12)

with the interpolation and nonlinear terms given by

En
I (vh) ∶= − 1

∆t
(en

u,I − en−1
u,I ,Phvh)Γn

h
− ân(en

u,I ,vh) − bn(en
p,I ,vh),

Cn(vh) ∶= −cn(En−1
u ; un,vh) − cn(un−1

h ;En
u,vh).

Estimates for these terms are given in [ORS24, Lemma 4.12 and 4.13].
Now, we show the main result of the error analysis. Again, we only show the proof for
the velocity error. The proof of the pressure error estimate is based on the proof of the
stability result for the pressure. It can be found in [ORS24]. We assume the inequalities
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in [ORS24, Assumption 4.1] to hold.

Theorem 5.4.8
Let (u, p) be the solution of (5.2.3) and un

h, pn
h, n = 1, . . . ,N , be the finite element

solution of (5.4.2). It holds

∥En
u∥2Γn

h
+ 1

8
∆t

n∑
k=1 (∣∣∣Ek

u∣∣∣2k + ρp∥nh ⋅ ∇Ek
p∥2Ωn

Γ
) ≲ exp(c tn)(∆t2 + h2(m+1) + h2kg), (5.4.13)

∆t
n∑

k=1 ∣∣∣Ek
p ∣∣∣n ≲ exp(c tn)(∆t + hm+1 + hkg), (5.4.14)

with c depending on the problem data and independent of h, ∆t, n, and the positions
of the surface in the background mesh.

Proof
We only outline the proof of the error bound for the discrete velocity. For details, see
[ORS24]. The arguments we use largely repeat those used to show the stability result in
Theorem 5.4.5 and involve estimates from Corollary 5.4.7 to bound the arising right-hand
side terms. Setting vh =∆ten

u,h in (5.4.12) and using Lemma 5.4.3 yields

∥Phen
u,h∥2Γn

h
+ ∥Phen

u,h − en−1
u,h ∥2Γn

h
+ 2∆t∣∣∣en

u,h∣∣∣2n + 2∆t bn(en
p,h,e

n
u,h)

≤ ∥en−1
u,h ∥2Γn

h
+ c∆t∥en

u,h∥2Γn
h
+ 2∆t (∣En

C(en
u,h)∣ + ∣En

I (en
u,h)∣ + ∣Cn(en

u,h)∣ + ∣En
f (en

u,h)∣) .
As in (5.4.8) we get

∥en
u,h∥2Γn

h
≤ ∥Phen

u,h∥2Γn
h
+ 1

2
∆t∣∣∣en

u,h∣∣∣2n + c∆t h2kg ∥en
u,h∥2Γn

h
.

Using this inequality, Lemma 5.4.2, and some calculations, one gets

∥en
u,h∥2Γn

h
+ ∥Phen

u,h − en−1
u,h ∥2Γn

h
+ 3

2
∆t∣∣∣en

u,h∣∣∣2n + 2∆tρp∥∇en
p,h ⋅ nh∥2Ωn

Γ

≤ ∥en−1
u,h ∥2Γn−1

h
+ c∆t(∥en−1

u,h ∥2Γn−1
h
+ ∥en

u,h∥2Γn
h
) + 1

2
∆t∣∣∣en−1

u,h ∣∣∣2n−1

+ 2∆t (∣En
I (en

u,h)∣ + ∣En
C(en

u,h)∣ + ∣Cn(en
u,h)∣)

+ 2∆t (∣En
f (en

u,h)∣ + ∣Es(en
p,h)∣ + ∣bn(en

p,h,u
n
I )∣) ,

(5.4.15)

with Es(en
p,h) ∶= ρp (∇pn

I ⋅ nh,−∇en
p,h ⋅ nh)Ωn

Γ
. We estimate the terms in the last line of

(5.4.15). One can show the following bounds, cf. [ORS24].
The pressure error terms satisfy

∣Es(en
p,h)∣ ≲ (h2m+2 + h2kg+1) + 1

2
ρp∥∇en

p,h ⋅ nh∥2Ωn
Γ
,

∣bn(en
p,h,u

n
I )∣ ≲ hm+1∣∣∣en

p,h∣∣∣n + hkg ∣∣∣en
p,h∣∣∣n.
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and the velocity error terms satisfy

∣En
I (en

u,h)∣ ≲ (h2m+2 + h2kg) + 1
16
∣∣∣en

u,h∣∣∣2n,
∣En

C(en
u,h)∣ ≲ (∆t2 + h2kg) + 1

16
∣∣∣en

u,h∣∣∣2n,
∣Cn(en

u,h)∣ ≲ (h2m+2(1 + ∣∣∣un−1
h ∣∣∣n−1) + ∥en−1

u,h ∥2Γn−1
h
+ h2∣∣∣en−1

u,h ∣∣∣2n−1) + 1
16
∣∣∣en

u,h∣∣∣2n,
∣En

f (en
u,h)∣ ≲ h2kg + 1

2
∥en

u,h∥2Γn
h
,

Collecting these estimates, we obtain an upper bound (up to a constant C̃) of the last
line in (5.4.15) by

∣En
I (en

u,h)∣ + ∣En
C(en

u,h)∣ + ∣Cn(en
u,h)∣ + ∣En

f (en
u,h)∣ + ∣Es(en

p,h)∣ + ∣bn(en
p,h,u

n
I )∣

≤ 3
16
∣∣∣en

u,h∣∣∣2n + 1
2
ρp∥∇en

p,h ⋅ nh∥2Ωn
Γ
+ ∥en−1

u,h ∥2Γn−1
h
+Ch2∣∣∣en−1

u,h ∣∣∣2n−1 +∆t2 + h2kg

+ h2m+2(1 + ∣∣∣un−1
h ∣∣∣n−1) + (hm+1 + hkg)∣∣∣en

p,h∣∣∣n.
The first two terms in this expression can be shifted to the left in (5.4.15). Assuming h
is sufficiently small, we get

∥en
u,h∥2Γn

h
+ ∥Phen

u,h − en−1
u,h ∥2Γn

h
+∆t∣∣∣en

u,h∣∣∣2n +∆tρp∥∇en
p,h ⋅ nh∥2Ωn

Γ

≤ ∥en−1
u,h ∥2Γn−1

h
+ c∆t(∥en−1

u,h ∥2Γn−1
h
+ ∥en

u,h∥2Γn
h
) + 5

8
∆t∣∣∣en−1

u,h ∣∣∣2n−1

+C∆t(∆t2 + h2kg + h2m+2(1 + ∣∣∣un−1
h ∣∣∣n−1) + (hm+1 + hkg)∣∣∣en

p,h∣∣∣n).
(5.4.16)

We need an upper bound for ∣∣∣en
p,h∣∣∣n. For this, we use the same approach as in the proof

of Theorem 5.4.5, which is not included in this thesis. See [ORS24] for details. This
then yields

∣∣∣en
p,h∣∣∣n ≲ h

∆t
∥Phen

u,h − en−1
u,h ∥Γn

h
+ ρp

1
2 ∥∇en

p,h ⋅ nh∥Ωn
Γ
+ ∣∣∣en−1

u,h ∣∣∣2n−1 + ∣∣∣en
u,h∣∣∣2n

+ ∣∣∣en−1
u,h ∣∣∣n + ∣∣∣en

u,h∣∣∣n +∆t + hm+1 + hkg + ∣∣∣un−1
h ∣∣∣ 12n−1(hm+1 + ∣∣∣en

u,h∣∣∣n).
Using this, we obtain that the last term in (5.4.16) satisfies

C∆t(hm+1 + hkg)∣∣∣en
p,h∣∣∣n ≤ 1

2
∥Phen

u,h − en−1
u,h ∥2Γn

h
+ 1

2
∆tρp∥∇en

p,h ⋅ nh∥2Ωn
Γ

+ 1
8

∆t (∣∣∣en−1
u,h ∣∣∣2n−1 + ∣∣∣en

u,h∣∣∣2n) +C∆t(∆t2 + (h2kg + h2m+2) (1 + ∣∣∣un−1
h ∣∣∣n−1))

for h sufficiently small. Substituting this in (5.4.16) and shifting terms from the right to
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the left-hand side, we get

∥en
u,h∥2Γn

h
+ 7

8
∆t∣∣∣en

u,h∣∣∣2n + 1
2

∆tρp∥∇en
p,h ⋅ nh∥2Ωn

Γ

≤ ∥en−1
u,h ∥2Γn−1

h
+ c1∆t(∥en−1

u,h ∥2Γn
h
+ ∥en

u,h∥2Γn
h
) + 6

8
∆t∣∣∣en−1

u,h ∣∣∣2n−1

+ c2∆t(∆t2 + (h2kg + h2m+2) (1 + ∣∣∣un−1
h ∣∣∣n−1)) .

We sum over n = 1, . . . , k, apply a discrete Gronwall inequality, and use the discrete
stability estimate ∆t∑k

n=1 ∣∣∣un−1
h ∣∣∣n−1 ≤ C to get

Qe,k ∶= ∥ek
u,h∥2Γk

h
+ 1

8
∆t

k∑
n=1 (∣∣∣en

u,h∣∣∣2n + ρp∥∇en
p,h ⋅ nh∥2Ωn

Γ
) ≲ exp(c tk)(∆t2 + h2m+2 + h2kg).

The triangle inequality and standard FE interpolation properties give

∥Ek
u∥2Γk

h
+ 1

8
∆t

k∑
n=1 (∣∣∣En

u∣∣∣2n + ρp∥∇En
p ⋅ nh∥2Ωn

Γ
)

≤ 2Qe,k + 2∥ek
u,h∥2Γk

h
+ 1

4
∆t

k∑
n=1 (∣∣∣en

u,h∣∣∣2n + ρp∥∇en
p,I ⋅ nh∥2Ωn

Γ
) ≲ Qe,k +Ch2m+2.

From this, we obtain the velocity error estimate. ◻
Both bounds in Theorem 5.4.8 are optimal in terms of convergence order in ∆t and h.

5.5 Numerical experiments

In this section, we present results of numerical experiments designed to validate our
method. We consider three geometry evolutions. The first one is a simple evolution,
namely that of a slowly moving sphere which does not change its shape. In the second
one, we start with an ellipsoid that deforms into a sphere. The last example is a so-
called Kite geometry with high curvature that moves slowly. In all the experiments, we
take the time interval I = [0,1] and the evolving surfaces are embedded in the domain
Ω = [−7

3 ,
7
3]3. Using Maple [Map], we calculate corresponding exact force terms f t and

fdiv to our manufactured solutions. The viscosity is set to µ0 = 0.05.
The method introduced in this chapter is implemented in Netgen/NGSolve [Sch97;
Sch14] with the add-on ngsxfem [Leh+]. For each example, an exact level set func-
tion ϕ is known and a discrete level set function ϕh is constructed based on an Oswald
type quasi-interpolation Πkg

h in the finite element space Vh,kg (cf. (4.1.2)). The used
discrete geometric quantities are defined by

ϕn
h = Πkg

h (ϕ(⋅, tn)) , ϕ̃n
h = Πkg+1

h (ϕ(⋅, tn)) , nn
h ∶= ∇ϕn

h∥∇ϕn
h∥ , ñn

h ∶= ∇ϕ̃n
h∥∇ϕn
h∥ ,

and Hn
h = ∇Γh

Πkg−1
h nn

h.

The parameter choices we use are consistent with (5.3.9). For the stabilization and the
penalization, we take ρu = h−1, ρp = h and τ = h−2 with h the corresponding mesh size.
As described in Chapter 4, the thickness of the narrow band Ωδ has to be chosen large
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enough such that Ωn
Γ ⊂ Ωn−i

δ holds for i = 1, . . . ,R, where R is the order of the used
BDF–scheme, cf. (5.3.10). A possible choice is δn = cδR∆t∥wN∥L∞(Ω×In), cf. (4.3.3).
We approximate ∥wN∥L∞(Ω×In) by the maximum of the absolute values of the linear
interpolation of wn+1

N at the nodes of the cut elements Ωn
Γ. In our implementation, we

check in each step whether δn is sufficiently large such that Ωn
Γ ⊂ Ωn−i

δ , i = 1, . . . ,R, holds.
If not, we stop the calculation.
We use Taylor–Hood pairs (cf. (5.3.5)), of different orders, i.e., m = 1,2, and consider
kg = 1,2,3. For the case kg > 1, the zero level of ϕn

h is not easy to determine, and we use
the parametric finite element technique outlined in Section 4.1. We start with a uniform
tetrahedral triangulation of Ω with maximum mesh size h0 = 0.5. In each refinement
step, the mesh size is halved. For the time discretization, we use the BDF(R) schemes
with R = 1, . . .4. As initial time step size, we chose ∆t0 = 0.2. In each spatial refinement
step we halve the time step size in the higher order BDF-schemes, and we divide it by
four when the BDF(1) scheme is used.
For the non linear term ∇Γh

un
hun

h we use a linearization of the form ∇Γh
un

hun
h ≈ ∇un

hũh
n,

where ũh
n is a linear combination of the previous velocity approximations. In case of

the BDF(1) scheme, we use the first order accurate linearization (∇Γh
un)un−1

h , cf. Sec-
tion 5.3. For higher order BDF schemes, we consider higher order accurate linearizations
given by

BDF(2): ũh
n ∶= 2un−1

h − un−2
h ,

BDF(3): ũh
n ∶= 3un−1

h − 3un−2
h + un−3

h ,

BDF(4): ũh
n ∶= 4un−1

h − 6un−2
h + 4un−3

h − un−4
h .

(5.5.1)

The error quantities we use are defined as follows. The velocity errors and pressure
errors in each time step are denoted by En

u = un − un
h and En

p = pn − pn
h for n = 1, . . . ,N .

The energy norms are given by

∣∣∣v∣∣∣2n = 1
2
∥v∥2Γn

h
+ 2µ0∥EΓh

(Phv)∥2Γn
h
+ τ

2
∥ñh ⋅ v∥2Γn

h
+ ρu∥∇vnh∥2Ωn

δ
,

∣∣∣q∣∣∣n = h 1
2 ∥∇q∥Ωn

Γ
.

Note that the norm ∣∣∣ ⋅ ∣∣∣n for the pressure is closely related (cf. discussion below (5.4.3))
to the scaled H1(Γn

h) norm h∥∇ ⋅ ∥Γn
h
, consistent with the error term hm+1 in (5.4.14).

This error is only of interest, when the exact pressure function is extended constantly in
normal direction off the surface. It is hard to realize manufactured solutions that have
this property. We will only measure the error in the ∣∣∣ ⋅ ∣∣∣n-norm in those experiments,
where an exact signed distance function is available and the manufactured solution can
be extended using the signed distance function.
In the velocity energy error, the term ∥∇(uh − u)nh∥Ωn

δ
occurs. This term is also only

reasonable, when the exact solution is extended constant along normals, i.e., it holds∇un = 0 on Ωn
δ . Since the construction of an exact solution with this property is

difficult when no signed distance function is available, we approximate the error term by∥∇(uh − u)nh∥Ωn
δ
≈ ∥∇uhnh∥Ωn

δ
. This is a reasonable approximation, since a (sufficient

smooth) exact solution that is constant in normal direction, satisfies

∥∇(uh − u)nh∥ ≤ ∥∇uhnh∥ + ∥∇unh∥ ≤ ∥∇uhnh∥ + ∥∇un∥´¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¶=0
+∥∇u(n − nh)∥≤ ∥∇uhnh∥ +O(hkg).
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In our experiments, we measure the following error quantities

(eu,2)2 ∶=∆t
N∑

n=1 ∥En
u∥2Γn

h
, (eu,e)2 ∶=∆t

N∑
n=1 ∣∣∣En

u∣∣∣2n,
(ep,2)2 ∶=∆t

N∑
n=1 ∥En

p∥2Γn
h
, ep,e ∶=∆t

N∑
n=1 ∣∣∣En

p ∣∣∣n,
with ∥ ⋅ ∥2Γn

h
= ∥ ⋅ ∥2L2(Γn

h
). The pressure p is only defined up to a constant by the TSNS

equations. For that reason, we scale the pressure such that ∫Γh
ph ds ≈ ∫Γh

pds ≈ 0 holds.
This scaling is done by subtracting the mean value of the pressure function from itself.
The error ep,e is then calculated by using the scaled pressure functions ph and p.

5.5.1 Surface with constant curvature

In the first example, we consider a sphere slowly moving to the right. The exact level
set function is given by

ϕ(x, y, z, t) ∶= (x + 0.1 − 0.2t)2 + y2 + z2 − 1

We choose a tangential divergence free velocity ũT = P(n×∇Γψ) with the stream function
ψ = xy − 2t. This function is added to the constant velocity uc = (0.2,0,0)T that fits
to the desired evolution of the surface Γ(t). The full velocity is given by u = ũT + uc,
holding divΓ u = 0. The pressure is taken as p = (x−0.2t)yz, which satisfies ∫Γ(t) pds = 0
for t ∈ [0,1]. For the width of the extension domain, we take cδ = 2.5.

Low order Taylor–Hood, BDF(1)

We start with results for the BDF(1) method combined with Taylor–Hood with m = 1,
thus quadratic polynomials for the velocity and linear ones for the pressure, and kg = 1
and kg = 2. The results are presented in Figure 5.5.1.

10−1.5 10−1 10−0.5
10−4

10−3

10−2

10−1

Mesh size h

eu,2
eu,e
ep,2
ep,eO(h)O(h2)

(a) kg = 1

10−1.5 10−1 10−0.5

10−4

10−3

10−2

10−1

Mesh size h

eu,2
eu,e
ep,2
ep,eO(h2)

(b) kg = 2

Figure 5.5.1: Errors of TSNS approximations on a sphere with m = 1, BDF(1), and
∆t ∼ h2.

The errors in Figure 5.5.1(a) are derived by using linear polynomials for the level set
function (kg = 1). The first order convergence for the error eu,e shows that the geometric

101



Chapter 5. Discretization of Tangential Surface Navier–Stokes Equations

error bound hkg for this term in (5.4.13) is sharp. The slightly better convergence rate
for the pressure error ep,e indicates that the geometric error term hkg in (5.4.14) might
be not sharp. But it is also possible that the error behavior is pre-asymptotic. The
results in Figure 5.5.1(b) for eu,e and ep,e where kg = 2 is used, confirm the second order
convergence predicted by Theorem 5.4.8.
Although we did not derive a bound for the L2−errors eu,2 and ep,2 in the analysis, these
errors have the expected (approximately) second order convergence in Figure 5.5.1 both
for kg = 1 and kg = 2. Due to use of a BDF(1) method and the scaling ∆t ∼ h2, this
error is optimal in the time discretization and suboptimal for the space discretization for
the velocity. The L2-error of the pressure is optimal in time and in space, since linear
polynomials are used to discretize the pressure function.

Low order Taylor–Hood, BDF(2) and BDF(3)

We claim that our theoretical analysis from Theorem 5.4.8 can be extended to higher
order time discretizations by using BDF(R) schemes with R > 1. Then, the time dis-
cretization error terms ∆t in (5.4.13)-(5.4.14) would be replaced by ∆tR. Results for
the BDF(2) method are shown in Figure 5.5.2 for a piecewise linear level set function
(kg = 1) and piecewise quadratic level set function (kg = 2) and in Figure 5.5.3 for the
BDF(3) method combined with kg = 2.
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(a) kg = 1
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eu,e
ep,2
ep,eO(h2)O(h3)

(b) kg = 2

Figure 5.5.2: Errors of TSNS approximations on a sphere with m = 1 and BDF(2).

The asymptotic behavior for the errors eu,e and ep,e equals the behavior of the errors
when the BDF(1) method is used with ∆t ∼ h2, cf. Figure 5.5.1. These errors are optimal
and in accordance with our expectation, that the theory (Theorem 5.4.8) also holds true
for higher order time discretizations. The L2-errors for the pressure and the velocity
are slightly better in the BDF(2) case than in the BDF(1) case. For example, the error
eu,2 shows almost third order convergence, which is optimal considering the polynomials
used in space and better than expected concerning the used time discretization.
By employing the BDF(3) time integration with m = 1 and kg = 2, we achieve optimal
convergence rates of eu,e ∼ ep,e ∼ O(h2) and eu,2 ∼ O(h3). Additionally, the L2−pressure
error ep,2 is slightly better than the optimal bound of O(h2).
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ep,eO(h2)O(h3)

Figure 5.5.3: Errors of TSNS approximations on a sphere with m = 1, BDF(3), and
kg = 2.

Higher order Taylor–Hood, BDF(3) and BDF(4)

We also present results obtained by using higher order Taylor–Hood spaces, specifically
with m = 2 in combination with kg = 3. According to Theorem 5.4.8, our method con-
verges at the optimal rate of O(h3) for the errors eu,e and ep,e. The optimal convergence
rates related to the spatial discretization in the L2−norm are given by ep,2 ∼ O(h3) and
eu,2 ∼ O(h4).
These optimal error convergence rates can be observed in Figure 5.5.4(b), where the
BDF(4) method is employed. For the BDF(3) method, we get optimal error rates for
the errors eu,e, ep,e, and ep,2; however, we find slightly suboptimal convergence rates for
eu,2 due to the third-order time integration, cf. Figure 5.5.4(a).
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(a) BDF(3)
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(b) BDF4

Figure 5.5.4: Errors of TSNS approximations on a sphere with m = 2 and kg = 2.
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5.5.2 Surfaces with varying curvature

In the next examples, we consider surfaces with varying curvature, namely an ellipsoid
deforming into a sphere and a Kite geometry moving to the right with a constant velocity.
In both cases, the exact tangential velocity is taken as uT = P(1−2t,0,0)T . The normal
component is given by the relation wN = − ∂tϕ

n⋅∇ϕ , and the pressure is chosen as p = xyz.
In these examples, the velocity is not (surface) divergence free, so we change the second
equation of the continuous problem (5.2.3) to divΓ uT = fdiv, with fdiv = divΓ u − wNκ

instead of fdiv = −wNκ. The pressure is not constant in normal direction. For that
reason, we do not measure errors in the pressure norms and stick to the energy norm in
the velocity. We use cδ = 3 for the choice of the narrow band thickness. We use Taylor–
Hood pairs with m = 1 and m = 2 and combine them with kg = m + 1 and BDF(R)
schemes with R = m + 1. Following the results of the previous example and the theory,
we expect optimal convergence rates for the velocity in the energy norm.

Ellipsoid to sphere

A level set function for an ellipsoid deforming into a sphere is given by

ϕ = (x2 + y2 + z2

0.752 − 1) (1 − t) + (x2 + y2 + z2 − 1) t for t ∈ [0,1].
The results for m = 1 and m = 2 are shown in Figure 5.5.5. The optimal convergence
rates for the velocity energy error can be observed for both m = 1 and m = 2 in the
BDF(R) schemes with R = m + 1 and kg = m + 1. The results are in accordance with
the theoretical predictions and show that our method is also applicable to surfaces with
curvature that varies over time.

10−1.5 10−1 10−0.5
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100
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m = 2O(h2)O(h3)

Figure 5.5.5: eu,e errors of TSNS approximations on a deforming ellipsoid for m ∈ {1,2}
with BDFm and kg =m.
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Kite to right

The Kite geometry that moves to the right is described by the level set function

ϕ = ((x + 0.1 − 0.2t) + z2)2 + y2 + z2 − 1.

The surface is taken from [Dzi88]. Figure 5.5.6 shows the shape of the “kite”–like ge-
ometry. The surface Γ(t) is asymmetric, and its curvature varies. On the left side,
the surface exhibits a higher curvature, due to two peaks. On the right-hand side, the
surface is smoother, leading to a lower curvature κ. The geometry is evolving with a
constant velocity to the right.

Figure 5.5.6: Errors in uT from blue (low) to red (high) at end time point t = 1 on the
kite geometry for h = 2−4, m = 1, BDF(2), and kg = 2.

In Figure 5.5.7, the velocity error in the energy norm is presented for m = 1 and m = 2.
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Figure 5.5.7: eu,e errors of TSNS approximations on a deforming kite for m ∈ {1,2} with
BDFm and kg =m.
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The convergence observed at coarser mesh sizes is relatively slow, while optimal conver-
gence rates are approximately attained for finer meshes for m = 1 and m = 2. This phe-
nomenon suggests that the results obtained from the coarse meshes are pre-asymptotic.
Note that the errors are much larger than in the previous experiments.
We take a closer look at the errors and the influence of the curvature on the errors. We
fix t = tend = 1. In Figure 5.5.6, the error ∥uT − uh∥ is shown for h = 0.0625 and m = 1.
We observe higher errors in the tips of the surface on the left side than at the tip on
the right side, which has a smaller curvature. In the flat regions, e.g., in the middle of
the picture, we observe the smallest errors. This behavior shows the influence of the
surface curvature on the quality of the discretization. We also validate the observed
error behavior by measuring ∥uT −uh∥ on the left and the right side of the surface. For
that we sample points on the left and right half of the surface respectively and evaluate
the error pointwise. We approximate the L∞-norm of the error by the maximum of the
error at the sampled points for the left and the right half. These errors are displayed in
Table 5.5.8 for the different refinement levels.

m = 1 m = 2
h left rate right rate left rate right rate

5 · 10−1 6.9 · 10−1 – 1.9 · 10−1 – 6.4 · 10−1 – 1.6 · 10−1 –
2.5 · 10−1 4.6 · 10−1 0.56 4.7 · 10−2 2 3.4 · 10−1 0.92 1.8 · 10−2 3.16
1.3 · 10−1 2.2 · 10−1 1.08 9.4 · 10−3 2.31 1.8 · 10−1 0.95 2.1 · 10−3 3.16
6.3 · 10−2 5.8 · 10−2 1.93 2 · 10−3 2.24 2.4 · 10−2 2.88 2.3 · 10−4 3.16
3.1 · 10−2 6.1 · 10−3 3.23 3.7 · 10−4 2.43 1.4 · 10−3 4.07 1.7 · 10−5 3.75

Figure 5.5.8: L∞−errors at the end time point (∥uT − uh∥L∞(ΓN )) on different areas of
the sphere with m ∈ {1,2}.
We observe that the errors on the left side are higher than on the right side, and the
convergence rates are optimal on the right side for the coarse and the fine meshes. The
convergence rates for the error on the left side are suboptimal for the coarse meshes and
optimal for the fine meshes. This indicates, that the mesh has to be sufficiently fine to
resolve the high curvature regions. The results show that the method is applicable to
surfaces with varying curvature and that the error behavior is in accordance with the
theoretical predictions.
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Chapter 6
Narrow band method for the level set equation

This chapter is based on the paper [ORS25].

6.1 Introduction

In the process of solving the surface Navier–Stokes equations on a moving surface Γ(t)
the geometric evolution of Γ(t) depends on the material velocity u and is itself an
unknown in the system. To apply a trace finite element method to solve a PDE posed
on the surface, Γ(t) has to be represented as the zero level of a level set function. Thus,
we need a method that describes the change of the level set function over time depending
on the material flow field u.
In this chapter, we introduce a narrow-band transport algorithm to describe the evolution
of the surface in terms of the level set function. The surface velocity u is extended to
a velocity field that transports the level set function and is defined in a narrow band
around the surface. For a closed hypersurface Γ ∶ [0, tend] → Rd moving with speed VΓ
in its normal direction, we consider the following Eulerian formulation of its evolution
in a domain Ω ⊂ Rd such that the surface is contained in Ω for all times t ∈ [0, tend]:

∂ϕ

∂t
+ u ⋅ ∇ϕ = 0, (2.6.2)

where u ∶ Ω → Rd and the surface normal velocity are related by u ⋅ n = VΓ on the zero
level set of ϕ. Here n denotes the outer unit normal on Γ(t). In this chapter, we assume
a given smooth velocity u defined in a sufficiently large neighborhood of the surface.
In this thesis, for the surface Navier–Stokes system, we have d = 3, where d is the
dimension of the background space in which the surface Γ ⊂ Rd is embedded. There exists
no equivalent system with a one-dimensional surface Γ ⊂ R2. However, the transport
equation (2.6.2) can be applied in 2D and 3D. The method we propose is applicable in
both cases. Thus, in this section it holds d = 2 or d = 3.
There are many numerical approaches in the literature to solve transport equations.
In [KMS99], a finite volume scheme for the Hamilton-Jacobi problem which includes a
transport equation is proposed. Several papers published by Sethian, e.g., [Set96; A96]
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and his monograph [Set99a] describe finite difference-based methods and their analysis.
Other authors also use finite difference methods to solve the transport equation, cf.
[OF03]. Another numerical scheme is the streamline-upwind Petrov-Galerkin (SUPG)
method, where numerical viscosity in the direction of the flow u is added to the classical
Galerkin approach to improve the stability of the method. It was developed in [BH82]
and further used and analysed for example in [JNP84].
Also, discontinuous (DG) finite element methods are known to be very suitable for
convection-dominated or pure transport problems, cf. e.g., [BMS04; DF15; FŠ04;
BQS10]. We use a DG scheme in space that was introduced and analysed in [BDF16].
The given analysis provides an L2−error bound O(hkg+ 1

2 ) for the space semi–discrete
scheme, where piecewise polynomials of degree kg are used. The analysis of that paper
applies also if the velocity field is not divergence-free.
For the time discretization, the authors of [BDF16] also use a discontinuous Galerkin
method. Alternatively, Runge-Kutta (RK) schemes are used for the time discretization,
cf. [MRC06; CS89; CHS90]. In our work, we use a backward differentiation formula
(BDF) scheme. The BDF scheme was used for solving transport equations, e.g., in
[DF04]. The combination of a discontinuous Galerkin method with a BDF scheme was
analysed, e.g., in [SVD06; vS08].
In certain applications, the underlying physics yields a velocity field u that is defined
in the whole domain Ω. A prototypical example from this category is the two-phase
immiscible flow problem, where the interface evolution is determined by the continuous
flow field associated with the two fluid phases [AS14; GR11]. In these scenarios, it
can be computationally advantageous to solve the level set equation (2.6.2) within a
narrow band surrounding the interface rather than in the entire domain Ω. In other
problem classes, such as the surface Navier–Stokes system (3.4.2) treated in Chapter 3,
the surface (normal) velocity is known only at the surface, necessitating the construction
of an extension velocity u. The governing partial differential equations in this model
are formulated on the evolving surface Γ(t), with the evolution of the surface geometry
being part of the unknown solution. An Eulerian numerical framework for this and
similar interface problems, such as geometric flows, typically employs a level set method
for implicit surface representation. The required velocity in the level set equation is
derived from the PDE posed on the surface. In our context, the velocity is provided by a
TraceFEM discretization of the surface PDE, and is not only defined on the surface but
also within a narrow band Ωδ. Consequently, we focus on developing a finite element
solver for (2.6.2) that operates within a thin tube that contains the surface, termed as
"narrow band."
These locality requirements and efficiency benefits have driven advancements in narrow
band level set methods, e.g., [LDM14; NC17; Xue+21].
In this chapter, we treat a novel finite element narrow band level set method based on
a specific extension technique introduced in [ORS25]. For simplicity, we assume that
within a narrow band there is a bulk velocity u available. Narrow band methods for
(2.6.2) necessitate an extension procedure. To illustrate why, we assume that at time
tn, an approximation ϕn

h of ϕ(⋅, tn) within a neighborhood Ωn surrounding Γn
h ≈ Γ(tn)

is given, and that we know beforehand that Γn+1
h ⊂ Ωn; refer to Fig. 6.2.1. Within an

Eulerian framework, numerical time integration over [tn, tn+1] yields an approximation
ϕn+1

h of ϕ(⋅, tn+1) in Ωn, which defines Γn+1
h . To proceed to the subsequent time step
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from tn+1 to tn+2, one has to extend computed approximations ϕn+1
h on Ωn to suitable

initial values on Ωn+1, ensuring that Γn+2
h ⊂ Ωn+1 holds.

In narrow-band methods from the existing literature, such extensions mostly rely upon
reinitialization techniques. A prominent example is the fast marching method (FMM),
initially described by Sethian [A96], which approximates the distances from points to
the given surface. The original FMM from Sethian is first-order accurate. Second-
order accurate finite difference adaptations are presented in [Set99b]. A drawback of
using re-initialization in level set methods is the difficulty in controlling the change of
the surface position. To address this issue several finite difference-based approaches
have been introduced [AS99]. Alternative strategies to extend or reinitialize a level set
function are based on employing time dependent PDEs generating stationary solutions
that satisfy the Eikonal equation, cf. [SF99; TE00]. These methods, however, have
certain disadvantages such as parameter selections and substantial computational costs
in a narrow band setting. Elliptic-PDE-based approaches [BK13; Xue+21] circumvent
temporal progressions towards stationary solutions but require nonlinear problem-solving
and the construction of artificial boundary conditions. To the best of our knowledge,
none of these techniques from the literature offer rigorous error estimates that would fit
the finite element analysis of the entire narrow band discretization method.
In this chapter another approach for the extension of ϕn+1

h on Ωn
Tr is proposed. This

extension method is based on a finite element L2− or H1−projection combined with a
ghost-penalty method. The ghost-penalty method is widely used to enhance the stability
of finite element formulations [Bur10; Bur+14]. More recently, it was also used and
analysed as an implicit extension procedure for an Eulerian finite element formulation
of PDEs posed in time-dependent domains, cf. [LO19; WRL21]. We will use the ghost-
penalty similarly as an explicit extension operator. The resulting extension procedure
can be formulated as a linear variational problem in a narrow band around the surface.
This makes it both computationally efficient and amenable to rigorous error analysis.
An important consideration in any narrow band level set method is the selection of ap-
propriate artificial boundary conditions for the level set equation at the inflow boundary
of the transport domain. The extension method we propose allows flexibility in selecting
domains for local projection and ghost-penalty stabilization. With a suitable choice of
these domains, it is possible to achieve higher order approximations of the zero level of ϕ,
i.e., the surface, even when numerical boundary data possess only lower-order accuracy.
The remainder of this chapter is structured as follows. In Section 6.2, we outline our
assumptions regarding the level set function and describe the framework of the nar-
row band discretization method. Section 6.3 addresses the issue of numerical boundary
conditions at the inflow boundary of the narrow band. In Section 6.4, we explain the
methods employed for spatial and temporal discretization of the level set equation. The
extension method is explained, and accuracy bounds are derived in Section 6.5, where
we also present results from numerical experiments with this extension method. In
Section 6.6, we combine the components resulting in a narrow band algorithm for dis-
cretizing the level set equation. Finally, Section 6.7 showcases the performance of this
algorithm through numerical experiments.

109



Chapter 6. Narrow band method for the level set equation

6.2 Level set equation and structure of the narrow band method

In this section, we formulate the problem that we aim to solve and provide an overview
of our narrow band level set method. We assume that the evolving surface is given by
the zero level of a sufficiently smooth level set function ϕ defined in Ω × [0, tend] with Ω
a polygonal domain that contains the surface Γ(t) for t ∈ [0, tend]. The surface is given
by

Γ(t) = {x ∈ Ω ∣ ϕ(x, t) = 0}.
Here, we assume the level set function ϕ to be close to a signed distance function in the
sense that for fixed constants c1, c2 it fulfills

0 < c1 ≤ ∣∇ϕ(x, t)∣ ≤ c2 for x ∈ O(Γ(t)), t ∈ [0, tend],
where O(Γ(t)) = Ωϵ(t) ∶= {x ∈ Rd ∶ ∣ϕ(x, t)∣ < ϵ} denotes a neighborhood of the surface,
with fixed width ϵ > 0.
The geometric evolution of the surface is driven by the material flow field u. The
connection between the surface evolution in terms of the level set function and the
velocity u is described in Section 2.6.1. The level set function is the unique solution of

∂ϕ

∂t
+ u ⋅ ∇ϕ = 0 on ⋃

t∈(0,tend]O(Γ(t)) × {t},
with a suitable initial condition ϕ(x,0) = ϕ0(x) for x ∈ O(Γ(0)).
It is important to observe that inflow boundary conditions are unnecessary in this
setting due to the fact that the spatial boundary of the space-time neighborhood⋃t∈(0,tend]O(Γ(t)) × {t} is a characteristic boundary. Our primary focus is the accu-
rate recovery of Γ(t) and not the accurate approximation of the function ϕ in the
entire neighborhood ⋃t∈[0,tend]O(Γ(t)). Consequently, it suffices to obtain an accurate
approximation of ϕ within a smaller subdomain that contains Γ(t) for t ∈ [0, tend].
We outline the construction of our narrow–band method, starting with the time step-
ping procedure and the choice of the narrow bands Ωn

Tr. We chose a fixed time step
size ∆t = tend/N for some N > 0, but the method also works for varying time step sizes
with minor modifications. The time nodes are denoted by tn =∆tn, n = 0, . . . ,N with
0 = t0 < t1 < . . . < tN = tend. We use the notations fn(⋅) = f(⋅, tn) and Γn = Γ(tn) for time-
dependent functions and surfaces. In the background domain Ω we assume a family of
shape regular quasi-uniform simplicial triangulations {Th}h>0. The subset of simplices
that are “cut” by Γ(tn) is again denoted by T n

Γ = {T ∈ Th ∣ measd−1(T ∩ Γn) > 0}. We
focus on narrow bands consisting of the “cut” elements with some layers of neighboring el-
ements added. We introduce the notation to add layers of elements to a sub-triangulation
τh ⊂ Th by

N 1(τh) = N(τh) ∶= {T ∈ Th ∣ T ∩ τh ≠ ∅} and N j(τh) = N(N j−1(τh)), j ≥ 2. (6.2.1)

The narrow bands Ωn
Tr for 1 ≤ n ≤ N are defined by adding LT layers of elements to the

“cut” elements. They are given by

Ωn
Tr = NLT (T n

Γ ).
110



6.2. Level set equation and structure of the narrow band method

Thus, for h sufficiently small we have the embedding T n
Γ ⊂ Ωn

Tr ⊂ O(Γ(tn)). The number
of element layers LT in the narrow band has to be chosen sufficiently large (or the time
step size ∆t sufficiently small), such that Γn+1 is contained in Ωn

Tr. This is a crucial
condition for our method, and we will test it in each time step. See Fig. 6.2.1 for a 1D
illustration. In Section 6.6 we discuss how this condition is handled in our algorithm.

Ωn
Tr

Ωn+1
Tr

Γ(t)

tn

tn+1

tn+2

Ωε(t)

T n+1
Γ

Figure 6.2.1: Sketch of narrow band O(Γ(t)) = Ωϵ(t) and successive time slabs of trans-
port domains Ωn

Tr × [tn, tn+1], Ωn+1
Tr × [tn+1, tn+2]

.

In an Eulerian framework, we (approximately) solve the level set equation on a space-
time subdomain Ωn

Tr × [tn, tn+1] and then proceed to the next space-time subdomain
Ωn+1

Tr ×[tn+1, tn+2]. It is evident that for a well-posed formulation of the level set equation
on Ωn

Tr ×[tn, tn+1], we need initial data on Ωn
Tr for t = tn as well as boundary data on the

inflow part of the piecewise planar boundary of Ωn
Tr. The inflow boundary is defined by

∂Ωn,in
Tr (t) = {x ∈ ∂Ωn

Tr ∣ u(x, t) ⋅ nΩn
T
(x) < 0} for t ∈ [tn, tn+1],

where nΩn
T

denotes the outward pointing unit normal on ∂Ωn
Tr. For simplicity, in the

remainder we assume that the inflow boundary is constant in each time interval, i.e.,
∂Ωn,in

Tr (t) is independent of t ∈ [tn, tn+1]. We denote Dirichlet boundary data on this
inflow boundary by ϕn

D.
Given the narrow bands Ωn

Tr for n = 0, . . . ,N − 1, that satisfy the condition Γn+1
h ⊂ Ωn

Tr,
we outline the structure of our narrow band method and the following sections: As a
first step, Dirichlet boundary data ϕn

D on the inflow boundary ∂Ωn,in
Tr are constructed. In

Section 6.3, an approach for the construction is explained. Next, the level set equation
is solved on the narrow band using a Galerkin DG discretization in space combined with
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BDF in time as detailed in Section 6.4. Note that the choice of the discretization scheme
is not crucial and the narrow band algorithm is also combinable with other transport
schemes. The final extension step is performed using a ghost penalty technique, which
is explained in Section 6.5.
In Algorithm 6.2.1, we summarize the structure of one time step of the narrow band
method.

Algorithm 6.2.1: One time step structure
Input: ϕn

h,u
n defined on Ωn

Tr
Procedure

Step 1: ϕn
D ← boundary conditions on the inflow boundary ∂Ωn,in

Tr

Step 2: ϕ̃n+1
h ← solve level set equation on Ωn

Tr × [tn, tn+1]
Step 3: ϕn+1

h ← extension of ϕ̃n+1
h from Ωn

Tr to Ωn+1
Tr

end Procedure
Output: ϕn+1

h defined on Ωn+1
Tr

6.3 Construction of inflow boundary data

In this section, we discuss the construction of Dirichlet boundary data used in Step 1
in Algorithm 6.2.1. To construct Dirichlet boundary data on ∂Ωn,in

Tr we use a (linear)
mapping Bn that defines ϕn

D = ϕn
D(x, t), x ∈ ∂Ωn,in

Tr , t ∈ [tn, tn+1] from the previous
approximations ϕn

h, ϕ
n−1
h , . . . , ϕn−R+1

h . Here, R is the number of approximations from
previous time steps that are used to construct the boundary data. The choice of R
depends on the time stepping scheme (BDF(R)) that is used. To define Bn, we give two
approaches. The first one resembles the straightforward idea used in equation (5.5.1).
It consists of a simple extrapolation (in time) of the restriction of previous level set
approximations to the inflow boundary. For a BDF(1) method, we use

ϕn
D = Bn(ϕn

h) ∶= ϕn
h ∣∂Ωn,in

Tr
. (6.3.1)

If one uses BDF(2) it is natural to incorporate information of ϕn−1
h in the boundary data.

An analogous choice of the boundary data is given by

ϕn
D = Bn(ϕn

h, ϕ
n−1
h ) ∶= 2ϕn

h ∣∂Ωn,in
Tr
− ϕn−1

h ∣∂Ωn,in
Tr
. (6.3.2)

These choices for the boundary data are independent of t ∈ [tn, tn+1]. If ϕn
h(x) = ϕ(x, tn)

and ϕn−1
h (x) = ϕ(x, tn−1) for x ∈ Ωn

Tr hold, this construction yields boundary data that
are first order (for BDF(1)) or second order (for BDF(2)) accurate in ∆t. Along the
same lines as in equation (5.5.1) one can also construct higher order accurate boundary
data for BDF(R) schemes with R > 2.
A second, more accurate (in ∆t) approximation of the boundary data is obtained by
using the structure of the level set equation. For BDF(1) it is given by

ϕn
D = Bn(ϕn

h,u
n) ∶= ϕn

h ∣∂Ωn,in
Tr
− (t − tn)(un ⋅ ∇ϕn

h)∣∂Ωn,in
Tr
. (6.3.3)
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For ϕn
h = ϕn (and thus ∇ϕn

h = ∇ϕn), this choice of boundary data is second order accurate
in ∆t. Along the same lines, one can construct higher order approximations for higher
order BDF schemes. Both options (6.3.1) and (6.3.3) are natural choices in a BDF(1)
time stepping procedure.
In Section 6.6, we will demonstrate that it is possible to achieve higher order discretiza-
tion accuracy of the level set function close the surface, even when using low-order (in
∆t) accurate Dirichlet boundary data. This phenomenon is related to the transport
nature of the level set problem. In the transport equation, errors occurring on a level
set defined by ∣ϕ(⋅, tn)∣ = ch do not propagate into the region formed by the level sets
where ∣ϕ(⋅, t)∣ < ch for all times t ≥ tn.
The default boundary data operator that we use in our numerical experiments is the
one in (6.3.2) for BDF(2) or its higher order variants for other BDF(R) schemes. We
will discuss the choice of the boundary data in Section 6.7. We observe that increasing
the order (in time) of the boundary data operator does not necessarily lead to a better
approximation of the surface, but increases the computational cost. In Table 6.7.4, the
results of different boundary data operators are compared.

6.4 Discretization of the level set equation

This section introduces the method we use in step 2 of Algorithm 6.2.1. The method
discretizes the level set equation (2.6.2) on one time slab Ωn

Tr × [tn, tn+1]. For simplicity,
we drop the time slab superscript n and write ΩTr, ϕh, ϕD instead of Ωn

Tr, ϕn
h, ϕn

D in this
section. The Dirichlet boundary data ϕD is assumed to be given on the inflow boundary
∂Ωin

Tr = ∂Ωn,in
Tr .

We employ a discontinuous Galerkin (DG) method for the spatial discretization and
combine it with a backward differentiation formula (BDF) scheme for the time dis-
cretization. The DG method is detailed in [BDF16] and is briefly summarized in the
following section. Unlike most of the methods in the literature, this DG method does
not require the velocity u to be divergence-free, which is beneficial for applications that
motivated this work. See Remark 6.4.2 for a discussion of this topic.
The discontinuous finite element space is given by

V DG
h,kg
(ΩTr) ∶= {ψ ∈ L2(ΩTr) ∣ ψ∣T ∈ Pkg(T ) ∀T ∈ T Tr

h }, (6.4.1)

where T Tr
h ∶= Th ∩ΩTr is the set of tetrahedra in the narrow band ΩTr.

As common in DG methods, we use upwind fluxes and a suitable jump operator across
the faces in Th. The boundary of an element T ∈ T Tr

h is split into its inflow and outflow
part, given by

∂T−(t) ∶= {x ∈ ∂T ∶ u(x, t) ⋅ nT (x) < 0} ,
∂T+(t) ∶= {x ∈ ∂T ∶ u(x, t) ⋅ nT (x) ≥ 0} ,

where nT denotes the outward pointing unit normal on T . It holds ∂T = ∂T− ∪ ∂T+.
Due to the discontinuity of ϕh ∈ V DG

h,kg
over the faces of the tetrahedra, the values of

the finite element functions on the boundary of the tetrahedra are not uniquely defined.
More precisely, let T̂ be an adjacent tetrahedron to T , such that T and T̂ are connected
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over the face F , see Figure 6.4.1 for a visualization. Then, nT denotes the normal to F
pointing outward of T (and into T̂ ). For the evaluation of the finite element function ϕh

on F , one can choose ϕh∣F = ϕh∣T or ϕh∣F = ϕh∣T̂ .
We evaluate ϕh on F depending on the direction of the flow field u. Since the information
is transported in the direction of the velocity field, it is a natural choice to take the
value of ϕh that flows “into” the face. Here, “into” means that we take ϕh∣F = ϕh∣T if
the velocity u points from the tetrahedron T into F (and thus from T into T̂ ), i.e., we
evaluate ϕh on F as

ϕh∣F ∶=
⎧⎪⎪⎪⎨⎪⎪⎪⎩
ϕh∣T , u ⋅ nT ≥ 0,

ϕh∣T̂ , u ⋅ nT < 0.
(6.4.2)

To simplify the notation, we keep T as the primary tetrahedron if nothing else is stated
and write ϕh = ϕh∣T and ϕ̂h = ϕh∣T̂ .

F

TT̂
nT

Figure 6.4.1: Adjacent Triangles T and T̂ sharing the face F .

We summarize the derivation of a semi-discrete DG finite element formulation of (2.6.2)
from [BDF16]. To obtain a weak formulation, we replace ϕ with an approximation
ϕh ∈ V DG

h,kg
, multiply with a test function ψh ∈ V DG

h,kg
, and integrate over a tetrahedron

T ∈ T Tr
h with nT the outward pointing normal to ∂T . Since ϕh and ψh are smooth on

T , we can use Green’s formula inside T . We replace ϕh with (6.4.2) in the boundary
integral and get

∫
T
(ψhu) ⋅ ∇ϕh dx = −∫

T
div (ψhu)ϕh dx + ∫

∂T
ϕhψh u ⋅ nT ds

= − ∫
T

div (ψhu)ϕh dx + ∫
∂T− ϕ̂hψh u ⋅ nT ds + ∫

∂T+ ϕhψh u ⋅ nT ds

Green= ∫
T
ψh (u ⋅ ∇ϕh) dx − ∫

∂T
ϕhψh (u ⋅ nT ) ds + ∫

∂T− ϕ̂hψh u ⋅ nT ds

+ ∫
∂T+ ϕhψh u ⋅ nT ds

= ∫
T
ψh (u ⋅ ∇ϕh) dx − ∫

∂T− ϕhψh (u ⋅ nT ) ds + ∫
∂T− ϕ̂hψh u ⋅ nT ds

= ∫
T
ψh (u ⋅ ∇ϕh) dx − ∫

∂T− (ϕh − ϕ̂h)ψh (u ⋅ nT ) ds.

On the boundary of the computational domain ∂ΩTr we cannot use the values of ϕh from
the neighboring elements (because there are no neighboring elements). Thus, we replace
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ϕ̂h with the Dirichlet boundary data ϕD on ∂Ωin
Tr . We introduce the jump operator,

given by [ϕh] = [ϕh]∣F = ϕh∣T − ϕh∣T̂ = ϕh − ϕ̂h.

Summing over all tetrahedra in T Tr
h = Th ∩ΩTr leads to the semi-discrete formulation of

(2.6.2), given by: Find ϕh(t) ∈ V DG
h,kg
(ΩTr) that satisfies ϕh(tn) = ϕn

h and

∑
T ∈T Tr

h

(∫
T

∂ϕh

∂t
ψh dx + ∫

T

(u ⋅ ∇ϕh)ψh dx −∫
∂T−/∂ΩTr

[ϕh]ψh(u ⋅ nT )ds)
−∫
∂Ωin

Tr

ϕhψh(u ⋅ nΩTr
)ds = −∫

∂Ωin
Tr

ϕDψh (u ⋅ nΩTr
) ds

(6.4.3)

for all ψh ∈ V DG
h,kg
(ΩTr) for t ∈ [tn, tn+1]. Note that u and ϕD may depend on t. This

formulation equals the one given in [BDF16, Definition 2.4.].
To obtain a fully discrete method, we discretize the time derivative of ϕh. There are
different schemes available, e.g., in [BDF16] a discontinuous Galerkin scheme is used
for the spatial and the time discretization, in, e.g., [MRC06; DLP06] a discontinuous
Galerkin method in space is combined with a Runge-Kutta time discretization scheme.
We aim to combine the transport equation for the level set function ϕ with the surface
Navier–Stokes equation for the material velocity u. Thus, we want to minimize the
evaluations of u, since for each evaluation a computationally expensive surface PDE
has to be solved. For that reason, we use implicit BDF schemes that only need one
new evaluation of u in each time step and are easily implemented within our finite
element software. Specifically, the BDF(1) scheme (implicit Euler) leads to the following
fully discrete problem within a single time interval: For given ϕn

h ∈ V DG
h,kg
(ΩTr), find

ϕ̃n+1
h ∈ V DG

h,kg
(ΩTr) such that

∑
T ∈T Tr

h

(∫
T

ϕ̃n+1
h − ϕn

h

∆t
ψh dx + ∫

T

(un+1 ⋅ ∇ϕ̃n+1
h )ψh dx − ∫

∂T−/∂ΩTr

[ϕ̃n+1
h ]ψh(un+1 ⋅ nT )ds)

− ∫
∂Ωn,in

Tr

ϕ̃n+1
h ψh (un+1 ⋅ nΩTr

) ds = −∫
∂Ωn,in

Tr

ϕD ψh (un+1 ⋅ nΩTr
) ds (6.4.4)

holds for all ψh ∈ V DG
h,kg
(ΩTr). The extension of this method to higher order BDF (used

in the numerical experiments in Section 6.7) is straightforward.
The extension method discussed in the next section applies to continuous finite element
functions (H1−conforming). However, from the DG method we obtain finite element
approximations that in general are discontinuous across the edges/faces of the triangu-
lation. Therefore, we use an Oswald-type quasi-interpolation operator that maps (with
optimal order of accuracy) the DG finite element functions into the H1-conforming La-
grange finite element space with the same polynomial degree. The Oswald interpolation
operator Πk

h was also used in Section 4.1. See [GE17] for further details. Using this
quasi-interpolation operator, we obtain a continuous approximation Γh(tn) of the zero
level Γ(tn).
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Remark 6.4.1
The specific choice of the discretization method for the level set equation in step 2 of
Algorithm 6.2.1 is not crucial for the performance of our narrow band level set method.
Given that the level set equation is a pure transport equation, a finite element discon-
tinuous Galerkin (DG) technique is an appropriate choice. Related DG techniques can
be found in [SVD06; vS08; CS89; CHS90]. Alternatively, a stabilized conforming finite
element method, such as the streamline diffusion finite element method (cf. [RST08]),
could be used. ◇
Remark 6.4.2 (Divergence of flow field)
In our case, the flow field u that transports the level set function is determined by the
surface Navier–Stokes equations. These equations include an inextensibility condition
(divΓ u = 0 on Γ). The finite element scheme that we will introduce in the next chap-
ter, constructs approximations uh of u that are approximately constant in the normal
direction (∇uhnh ≈ 0) in a thin vicinity around the surface. Hence,

div uh = tr(∇uh) ≈ tr(∇uh −∇uhnh´¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¶≈0
nT

h ) = tr (∇uhPh) = tr(Ph∇uhPh) = tr (∇Γh
uh)

= divΓh
uh ≈ 0.

Thus, the flow (which is extended constant in normal direction) is divergence-free. How-
ever, in the application of the method the inextensibility and the extension are only
enforced weakly. In addition, the divergence of the extended velocity depends strongly
on the choice of the extension method. One could also use different extension meth-
ods that do not conserve the divergence free property. Thus, the level set function is
transported by a finite element approximation of the flow field uh which does not satisfy
div uh = 0 in Ωn

Tr pointwise. For that reason, it is important to use a numerical scheme
that does not need the velocity field to be divergence-free. ◇
Remark 6.4.3 (Analysis of transport method)
We do not give an analysis of the method presented in (6.4.4) and refer to the literature.
In [BDF16] the semi-discrete discretization scheme (6.4.3) on a fixed polygonal domain
Ω ⊂ Rd (instead of our h dependent domain ΩTr) and a fully discrete formulation us-
ing a DG method in time is analysed also for the higher order case. The fully discrete
method is similar to our method (6.4.4) in case of a first-order approximation of the time
derivative. In [BDF16, Theorem 3.6, 3.7], the authors derive a suboptimal error bound
for the L2-norm of the level set function for the semi and fully discrete formulation of
order hkg+ 1

2 . However, in their numerical experiments, they observe an optimal order
of convergence indicating that the error bounds in the analysis are not sharp. In other
literature, different discretization schemes have been analysed. A space-time discontinu-
ous Galerkin method for an advection-diffusion problem was analysed in [SVD06; vS08].
The discontinuous Galerkin method combined with a Runge-Kutta time discretization
for the transport problem in a conservative form (i.e., with a divergence-free flow field)
has been analysed, e.g., in [CS89; CHS90]. ◇
6.5 Extension of the level set function

In this section we describe and analyse a particular extension method for step 3 of
Algorithm 6.2.1, the extension of ϕ̃n+1

h defined on Ωn
Tr to ϕn+1

h defined on Ωn+1
Tr .
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6.5. Extension of the level set function

One approach to extend the level set function from the literature is the so-called Fast
Marching Method (FMM), cf. [GR11; LOX18]. It uses a greedy algorithm to calculate
an approximative distance to the surface in each mesh point. The method is computa-
tionally expensive on unstructured grids and achieving higher order accuracy using the
FMM is difficult.
Thus, we will not use the FMM and propose an extension method that uses a ghost-
penalty technique. Several variants of the ghost-penalty method are known in the litera-
ture. The original version, known as local projection stabilization (LPS), was introduced
in [Bur10]. Another variant is the normal derivative jump stabilization, extensively dis-
cussed in works such as [Bur+14; BHL15; Mas+14] for its first-order version, and in
[Leh17; SW14] for higher order versions. In this work, we restrict ourselves to the so-
called “volumetric jump” or “direct” formulation of the ghost penalty stabilization. It
was derived in [Pre18] and further investigated and analysed, e.g., in [LO19; WRL21].
We refer to [LO19] for a comparison of different ghost penalty techniques. To the best
of our knowledge, there is no existing literature where the ghost penalty technique is
applied within the framework of a narrow band level set method.
We derive and analyse our extension method in a more general setting. Assume an
unknown sufficiently smooth function ϕ defined on a polygonal domain Ω with an
approximation ϕ̃ ∈ H1(ΩPr) that is only known in ΩPr ⊂ Ω. We extend ϕ̃ from the
projection-subdomain ΩPr to some extension-domain ΩEx that satisfies ΩPr ⊂ ΩEx ⊂ Ω.
The difference between ΩPr and its extension is denoted by ΩDiff ∶= ΩEx/ΩPr. The result
of the extension method will be a continuous finite element function ϕh ∈H1(ΩEx). We
will use an L2- or H1-projection inside ΩPr. Thus, ϕ̃ and ϕh will not coincide in ΩPr.
In Section 6.6, we apply this method for an extension from Ωn

Tr to Ωn+1
Tr in step 3 of

Algorithm 6.2.1, where ϕ̃ corresponds to a finite element approximation of the level set
function ϕn.
In our setting, both domains (ΩPr and ΩEx) consist of unions of simplices from Th, more
specifically layers of tetrahedra around the surface Γh. These form tubular neighbor-
hoods of width ∼ h around Γh. We want ΩEx to be an extension of the domain ΩPr by a
few additional layers of elements, cf. Fig. 6.5.1. However, this specific structure of ΩPr
and ΩEx is not required in the analysis of the extension method. Instead, the following
more general assumption is made.

Assumption 6.5.1
We assume that ΩPr consists of a subset of elements T ∈ Th such that it is path-connected
and such that any T ⊂ ΩPr has a common face (3D) or edge (2D) with another T ⊂ ΩPr.
The union of simplices ΩEx is such that it contains ΩPr and for any T ∈ ΩDiff there is a
path of length at most ch, with a uniform constant c, that is completely contained in
ΩEx and connects T with an element contained in ΩPr.

For simplicity, we identify a set of simplices with the domain defined by the union of
the elements. The space of continuous finite element functions on a triangulated domain
τh ⊂ Th is denoted by

Vh,kg(τh) ∶= {ψh ∈ C(τh) ∶ ψh∣T ∈ Pkg(T ) ∀T ∈ τh}
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Chapter 6. Narrow band method for the level set equation

with the same kg ≥ 1 as in (6.4.1). The set of ghost penalty faces FGP
h is given by

FGP
h ∶= {F ⊂ ∂T ∣ T ∈ ΩDiff, F /⊂ ∂ΩEx} ∪ {F ⊂ ∂T ∣ T ∈ ΩPr, T ∩ ∂ΩPr ≠ ∅} .

This definition ensures that all faces inside the “new” elements ΩDiff and their “inner
neighbors” in ΩPr are included. The faces on ∂ΩEx are not included, since these do not
have two neighboring elements in ΩEx. See Figure 6.5.1 for an illustration of ΩPr, ΩEx
(ΩDiff), and the corresponding faces FGP

h .

= ΩDiff

= ΩPr

= FGP
h

Figure 6.5.1: Sketch of the projection domain (ΩPr), the extension domain (ΩEx), and
the corresponding faces FGP

h .

For a face F = T1 ∩ T2 ∈ FGP
h , the corresponding patch is defined as ω(F ) = T1 ∪ T2. For

a finite element function ψ ∈ Vh,kg(ω(F )), we denote ψi = EPψ∣Ti
using the canonical

polynomial extension operator EP ∶ Pkg(T ) → Pkg(Rd). The ghost penalty bilinear form
is formulated as

s
(α)
h (ϕ,ψ) ∶= γexth−α ∑

F ∈FGP
h

∫
ω(F )

(ϕ1 − ϕ2)(ψ1 − ψ2)dx, for ϕ,ψ ∈ Vh,kg(ΩEx), (6.5.1)

with a parameter γext > 0 and an exponent α.
For the error analysis, the ghost penalty bilinear form s

(α)
h (⋅, ⋅) has to be well defined

for function from L2(ΩEx) and not only for finite element functions. For that reason,
we define ψi = EP ΠTiψ∣Ti

for i = 1,2, where ΠTi represents the L2(Ti)-projection into
Pkg(Ti), i = 1,2, cf. [LO19]. If ψ ∈ Vh,kg(ΩEx), it holds ΠTiψ∣Ti

= ψ∣Ti
. Consequently, this

allows to extend the bilinear form (6.5.1) to L2(ΩEx) ×L2(ΩEx).
This operator will be employed to define values of ϕh on the domain ΩDiff. For obvious
reasons, we want to maintain proximity between values of ϕh and those of ϕ on ΩPr.
To achieve this, we use a projection on ΩPr and define the extension bilinear forms on
Vh,kg(ΩEx) × Vh,kg(ΩEx) as

aext
h (ϕh, ψh) ∶= (ϕh, ψh)ΩPr

+ s(0)h (ϕh, ψh)
and aext

1,h(ϕh, ψh) ∶= (ϕh, ψh)1,ΩPr
+ s(2)h (ϕh, ψh),
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6.5. Extension of the level set function

where (⋅, ⋅)ΩPr
and (⋅, ⋅)1,ΩPr

denote the L2- and H1-inner product on ΩPr, respectively.
The choice of scaling with exponents α = 0 and α = 2 in these bilinear forms stems from
numerical experiments and error analysis from forthcoming sections.
The corresponding extension problems are as follows: Given a function ϕ̃ defined on ΩPr,
determine ϕh ∈ Vh,kg(ΩEx) such that

aext
h (ϕh, ψh) = (ϕ̃, ψh)ΩPr

holds for all ψh ∈ Vh,kg(ΩEx), (6.5.2a)

aext
1,h(ϕh, ψh) = (ϕ̃, ψh)1,ΩPr

holds for all ψh ∈ Vh,kg(ΩEx). (6.5.2b)

The extension method from equation (6.5.2a) is illustrated in Figure 6.5.2 for a simple
2D example. The input is a level set function of a sphere on ΩPr (marked in blue), and
the output is the extended level set function on ΩEx (marked in red). The extension
is performed with the parameters γext = 1. We observe a smooth transition from the
known values on ΩPr to the extended values on ΩEx.

(a) Input of extension method (b) Output of extension method

Figure 6.5.2: Example of the extension of level set function of a sphere in 2D with kg = 1.

In Section 6.6, we apply the first extension method in the context of the narrow band
level set method, cf. step 3 of the Algorithm 6.2.1. Both formulations will be analysed
in the next section.

6.5.1 Error analysis of the extension.

In this section, we derive optimal error estimates for the extension methods on ΩEx in
the L2- and H1-norm denoted by ∥ ⋅ ∥ΩEx and ∥ ⋅ ∥1,ΩEx , respectively. We also use the
energy norms given by ∥⋅∥a = √aext

h (⋅, ⋅) and ∥⋅∥1,a = √aext
1,h(⋅, ⋅). We start the analysis by

citing useful results from the literature. In Theorem 6.5.3 we derive the error estimates
for the L2-based extension method (6.5.2a). Theorem 6.5.4 provides the error estimates
for the H1-based extension method (6.5.2b). Again, we use the notation a ≲ b that
means that the inequality a ≤ c b holds with a constant c which is independent of h and
the position of Γ in the background mesh.
In the following lemma, we summarize some useful results from [LO19]. Therefore, we
denote the Lagrange interpolation operator into the finite element space Vh,kg by Ih.
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Chapter 6. Narrow band method for the level set equation

Lemma 6.5.2
ψh ∈ Vh,kg (ΩEx) and ψ ∈Hkg+1 (ΩEx) satisfy

∥ψh∥2ΩEx
≲ ∥ψh∥2ΩPr

+ s(0)h (ψh, ψh), (6.5.3)

∥∇ψh∥2ΩEx
≲ ∥∇ψh∥2ΩPr

+ s(2)h (ψh, ψh), (6.5.4)

s
(0)
h (ψ,ψ) ≲ h2kg+2∥ψ∥2

Hkg+1(ΩEx), (6.5.5)

s
(0)
h (ψ − Ihψ,ψ − Ihψ) ≲ h2kg+2∥ψ∥2

Hkg+1(ΩEx). (6.5.6)

Proof
See [LO19, Lemma 5.2] for the proof of inequalities (6.5.3)–(6.5.4) and [LO19, Lemma
5.5] for the proof of inequalities (6.5.5)–(6.5.6). ◻
Using (6.5.3) and (6.5.4) we conclude that

aext
h (ψh, ψh) ≳ ∥ψh∥2ΩEx

for all ψh ∈ Vh,kg(ΩEx), (6.5.7)

aext
1,h(ψh, ψh) ≳ ∥ψh∥21,ΩEx

for all ψh ∈ Vh,kg(ΩEx) (6.5.8)

hold. Thus, the bilinear forms aext
h (⋅, ⋅) and aext

1,h(⋅, ⋅) are elliptic on Vh,kg(ΩEx) and the
equations (6.5.2a) and (6.5.2b) are uniquely solvable.
For the error analysis we assume a ϕ ∈ Hkg+1(ΩEx), and ϕ̃ used in (6.5.2) is meant to
be an approximation of this ϕ on ΩPr. Since ϕ is defined on ΩEx, the error of interest
ϕ − ϕh is well defined on ΩEx.
We start with the error analysis of the L2-based extension method (6.5.2a).

Theorem 6.5.3
Let ϕ ∈Hkg+1(ΩEx) be given and ϕh ∈ Vh,kg(ΩEx) the solution of (6.5.2a). The following
stability and error estimates hold

∥ϕh∥a ≤ (∥ϕ̃∥2ΩPr
− s(0)h (ϕh, ϕh)) 1

2 ≤ ∥ϕ̃∥ΩPr
, (6.5.9)

∥ϕ − ϕh∥ΩEx ≲ ∥ϕ − ϕ̃∥ΩPr
+ hkg+1∥ϕ∥Hkg+1(ΩEx), (6.5.10)

∥ϕ − ϕh∥1,ΩEx ≲ h−1∥ϕ − ϕ̃∥ΩPr
+ hkg∥ϕ∥Hkg+1(ΩEx). (6.5.11)

Proof
Let ϕh ∈ Vh,kg(ΩEx) be the solution of problem (6.5.2a). Using Cauchy Schwarz and the
Binomial theorem yields

∥ϕh∥2a = aext
h (ϕh, ϕh) = (ϕ̃, ϕh)ΩPr

≤ ∥ϕ̃∥ΩPr
∥ϕh∥ΩPr

≤ 1
2
∥ϕ̃∥2ΩPr

+ 1
2
(∥ϕh∥2a − s(0)h (ϕh, ϕh)) .
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From this inequality, the stability estimate follows. Let ϕ̂h ∈ Vh,kg(ΩEx) be such that

aext
h (ϕ̂h, ψh) = (ϕ,ψh)ΩPr

for all ψh ∈ Vh,kg(ΩEx).
Hence, it holds ∥ϕ − ϕh∥ΩEx ≤ ∥ϕh − ϕ̂h∥ΩEx + ∥ϕ − ϕ̂h∥ΩEx . We derive bounds for
the two terms on the right-hand side. For the first one we use (6.5.7), the identity
aext

h (ϕh − ϕ̂h, ψh) = (ϕ̃ − ϕ,ψh)ΩPr
and the stability bound yielding

∥ϕh−ϕ̂h∥2ΩEx
≲ aext

h (ϕh−ϕ̂h, ϕh−ϕ̂h) ≤ (ϕ̃−ϕ,ϕh−ϕ̂h)ΩPr
≤ ∥ϕ̃−ϕ∥ΩPr

∥ϕh−ϕ̂h∥ΩPr
. (6.5.12)

To bound the second term, we use (6.5.7) and note that

∥ϕ − ϕ̂h∥ΩEx ≤ ∥ϕ − Ihϕ∥ΩEx + ∥Ihϕ − ϕ̂h∥ΩEx≲ hkg+1∥ϕ∥Hkg+1(ΩEx) + ∥Ihϕ − ϕ̂h∥ΩEx≲ hkg+1∥ϕ∥Hkg+1(ΩEx) + ∥Ihϕ − ϕ̂h∥a
(6.5.13)

holds. We need a bound for the last term (∥Ihϕ − ϕ̂h∥a). Using

aext
h (ϕ − ϕ̂h, ψh) = aext

h (ϕ,ψh) − aext
h (ϕ̂h, ψh)

= (ϕ,ψh)ΩPr
+ s(0)h (ϕ,ψh) − aext

h (ϕ̂h, ψh)
= (ϕ,ψh)ΩPr

+ s(0)h (ϕ,ψh) − (ϕ,ψh)ΩPr= s(0)h (ϕ,ψh) for all ψh ∈ Vh,kg ,

(6.5.14)

and the Cauchy Schwarz inequality, we get

∥Ihϕ − ϕ̂h∥2a = aext
h (Ihϕ − ϕ, Ihϕ − ϕ̂h) + aext

h (ϕ − ϕ̂h, Ihϕ − ϕ̂h)
(6.5.14)= aext

h (Ihϕ − ϕ, Ihϕ − ϕ̂h) + s(0)h (ϕ, Ihϕ − ϕ̂h)
≤ ∥Ihϕ − ϕ∥a∥Ihϕ − ϕ̂h∥a +√s(0)h (ϕ,ϕ)∥Ihϕ − ϕ̂h∥a.

Dividing by ∥Ihϕ − ϕ̂h∥a yields

∥Ihϕ − ϕ̂h∥a ≤ ∥Ihϕ − ϕ∥a +√s(0)h (ϕ,ϕ). (6.5.15)

With the help of (6.5.6) and (6.5.5) we obtain

∥Ihϕ − ϕ̂h∥a ≤ ∥Ihϕ − ϕ∥ΩPr
+√s(0)h (Ihϕ − ϕ, Ihϕ − ϕ) +√s(0)h (ϕ,ϕ)≲ hkg+1∥ϕ∥Hkg+1(ΩEx).

(6.5.16)

Combining this estimate with the results in (6.5.12) and (6.5.13) yields the bound in
the L2-norm (6.5.10). We derive the estimate in the H1-norm. We start with the
triangle inequality ∥ϕ − ϕh∥1,ΩEx ≤ ∥ϕ − ϕ̂h∥1,ΩEx + ∥ϕ̂h − ϕh∥1,ΩEx and derive bounds for
both terms. For the first term we use an interpolation property of Ihϕ, a finite element
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inverse inequality, estimates (6.5.7), and (6.5.16) and get

∥ϕ − ϕ̂h∥1,ΩEx ≤ ∥ϕ − Ihϕ∥1,ΩEx + ∥Ihϕ − ϕ̂h∥1,ΩEx ≲ hkg∥ϕ∥Hkg+1(ΩEx) + h−1∥Ihϕ − ϕ̂h∥ΩEx≲ hkg∥ϕ∥Hkg+1(ΩEx) + h−1∥Ihϕ − ϕ̂h∥a ≲ hkg∥ϕ∥Hkg+1(ΩEx).
For the second term we use a finite element inverse equality and (6.5.12) to obtain

∥ϕ̂h − ϕh∥1,ΩEx ≲ h−1∥ϕ̂h − ϕh∥ΩEx ≲ h−1∥ϕ̃ − ϕ∥ΩPr
.

Combining these results yields the bound (6.5.11). ◻
Now, we give an error analysis for the extension problem (6.5.2b).

Theorem 6.5.4
Let ϕ ∈Hkg+1(ΩEx) be given and ϕh ∈ Vh,kg(ΩEx) the solution of (6.5.2b). The following
stability and error estimates hold

∥ϕh∥1,a ≤ (∥ϕ̃∥21,ΩPr
− s(2)h (ϕh, ϕh)) 1

2 ≤ ∥ϕ̃∥1,ΩPr
,

∥ϕ − ϕh∥1,ΩEx ≲ ∥ϕ − ϕ̃∥1,ΩPr
+ hkg∥ϕ∥Hkg+1(ΩEx).

Proof
The proof uses the same arguments as the proof of Theorem 6.5.3. Again, we define ϕ̂h

as the solution of (6.5.2b) with ϕ̃ replaced by ϕ. Along the same lines as (6.5.12), we
obtain ∥ϕh − ϕ̂h∥1,ΩEx ≲ ∥ϕ̃ − ϕ∥1,ΩPr

.

Applying the triangle inequality, an interpolation property of Ihϕ and (6.5.8), we obtain
the estimate

∥ϕ − ϕ̂h∥1,ΩEx ≤ ∥ϕ − Ihϕ∥1,ΩEx + ∥Ihϕ − ϕ̂h∥1,ΩEx ≲ hkg∥ϕ∥Hkg+1(ΩEx) + ∥Ihϕ − ϕ̂h∥1,a.

Repeating the estimates (6.5.14)–(6.5.15) with aext
h and ∥ ⋅ ∥a replaced by aext

1,h and ∥ ⋅ ∥1,a,
respectively, we get

∥Ihϕ − ϕ̂h∥1,a ≤ ∥Ihϕ − ϕ∥1,a +√s(2)h (ϕ,ϕ).
With the help of (6.5.5) and (6.5.6) we obtain

∥Ihϕ− ϕ̂h∥1,a ≤ ∥Ihϕ−ϕ∥1,ΩPr
+√s(2)h (Ihϕ − ϕ, Ihϕ − ϕ) +√s(2)h (ϕ,ϕ) ≤ hkg∥ϕ∥Hkg+1(ΩEx),

and so the desired error estimate. ◻
Remark 6.5.5
We compare the results of the extension using the L2- and the H1-projection. The error
estimates in the H1-norm from Theorems 6.5.3 and 6.5.4 are independent of the choice of
the projection. Both are of the same optimal order. Besides the errors in the H1-norm,
we also obtain optimal error bounds in the L2-norm for the L2-projection, but not for
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the H1-projection.
We compare the errors measured in the energy norm for both methods in a more re-
alistic setting. We extend a finite element function. Let ϕ̃h ∈ Vh,kg(ΩEx) be a given
finite element approximation of ϕ ∈ Hkg+1(ΩEx). In case of the narrow band level set
algorithm, ϕ̃h is the result of step 2 of Algorithm 6.2.1 and ϕ is the exact level set
function. The numerical solutions of (6.5.2a) and (6.5.2b) with this ϕ̃h are denoted by
ϕh, ϕ1,h ∈ Vh,kg(ΩEx), respectively. The corresponding errors are given by

eh ∶= ϕ̃h − ϕh and e1,h ∶= ϕ̃h − ϕ1,h.

Note that eh, e1,h ∈ Vh,kg(ΩEx). For all ψh ∈ Vh,kg(ΩEx) it holds

aext
h (eh, ψh) = aext

h (ϕ̃h, ψh) − aext
h (ϕh, ψh)

= (ϕ̃h, ψh)ΩPr
+ s(0)h (ϕ̃h, ψh) − aext

h (ϕh, ψh)
= s(0)(ϕ̃h, ψh) = h2s(2)(ϕ̃h, ψh)
= h2 (s(2)(ϕ̃h, ψh) + (ϕ̃h, ψh)1,ΩPr

− aext
1,h(ϕ1,h, ψh))

= h2aext
1,h(e1,h, ψh).

In this equation, we replace ψh by eh and use the inverse inequality

h2aext
1,h(eh, eh) ≲ aext

h (eh, eh)
to get ∥eh∥2a = h2aext

1,h(e1,h, eh) ≲ c ∥e1,h∥a∥eh∥a
and thus ∥ϕ̃h − ϕh∥a ≲ ∥ϕ̃h − ϕ1,h∥a
holds. Hence, measured in the energy norm ∥ ⋅ ∥a, up to a constant c, the error using the
L2-projection is always smaller than the error using the H1-projection. ◇
The following reasons support the use of the L2-projection over the H1-projection in the
application of the extension method:

• The L2-projection has slightly lower computational costs than the H1-projection.

• We have optimal error bounds in the L2− and the H1-norm for the L2-projection,
but only in the H1-norm for the H1-projection.

• The error in the energy norm is smaller (up to a constant) for the L2-projection
than for the H1-projection, see Remark (6.5.5).

Thus, in the application of the extension method in the transport algorithm, we will use
the L2-projection.
In Section 6.5.3, we present results of numerical experiments that confirm the optimal ap-
proximation properties for both extension methods (based on the L2- andH1-projection).
These numerical experiments also show that there are no significant differences in the
approximation quality between the methods based on L2- and H1-projection.
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6.5.2 Long-time behavior.

We also examine another stability aspect of the extension method. In the narrow band
level set method, the extension is applied repeatedly in each time step, cf. Section 6.2.
Thus, it is important to assess its behavior when applied repeatedly (n times). For large
n, this provides insight into the long-term behavior of the method.
In this section, we restrict the treatment to the L2-projection. Similar results hold for
the method based on H1-projection.
For a smooth given ϕ, we consider ϕ0

h ∶= Ihϕ and define a sequence of approximations(ϕn
h)n∈N as follows: Given ϕn

h ∈ Vh,kg(ΩPr) define ϕn+1
h ∈ Vh,kg(ΩEx) such that it holds

aex
h (ϕn+1

h , ψh) = (ϕn+1
h , ψh)ΩPr

+ s(0)h (ϕn+1
h , ψh) = (ϕn

h, ψh)ΩPr
(6.5.17)

for all ψh ∈ Vh,kg(ΩEx).
We use the notation ∥ψ∥s ∶= √s(0)h (ψ,ψ) and note that for all ψh ∈ Vh,kg(ΩEx), the
sequence (ϕn

h)n∈N satisfies

(ϕn+1
h − ϕn

h, ψh)ΩPr
+ s(0)h (ϕn+1

h , ψh) = 0

and (ϕn
h − ϕ0

h, ψh)ΩPr
= − n∑

k=1 s
(0)
h (ϕk

h, ψh). (6.5.18)

In the following lemma, we show two long-time stability results.

Lemma 6.5.6
The following bounds hold with a constant c independent of n and h:

∥ϕn
h∥ΩPr

≤ ∥ϕ0
h∥ΩPr

, (6.5.19)
∥ϕn

h − ϕ0
h∥ΩPr

≤ cmin{1,√nhkg+1}∥ϕ∥Hkg+1(ΩEx). (6.5.20)

Proof
We replace ψh by ϕn+1

h in (6.5.17) and obtain

∥ϕn+1
h ∥2ΩPr

+ ∥ϕn+1
h ∥2s ≤ ∥ϕn

h∥ΩPr
∥ϕn+1

h ∥ΩPr
≤ 1

2
∥ϕn

h∥2ΩPr
+ 1

2
∥ϕn+1

h ∥2ΩPr
,

which yields (6.5.19).
Now, we replace ψh by ϕn+1

h −ϕn
h in the first identity in (6.5.18), use the Cauchy Schwarz

inequality and get

∥ϕn+1
h ∥2s = s(0)h (ϕn+1

h , ϕn+1
h ) ≤ ∥ϕn+1

h − ϕn
h∥2ΩPr

+ s(0)h (ϕn+1
h , ϕn+1

h )
= s(0)h (ϕn+1

h , ϕn
h) ≤ ∥ϕn+1

h ∥2s∥ϕn
h∥2s

= 1
2
∥ϕn+1

h ∥2s + 1
2
∥ϕn

h∥2s.
This yields ∥ϕn+1

h ∥s ≤ ∥ϕn
h∥s and so ∥ϕn

h∥s ≤ ∥ϕ0
h∥s. Hence, properties (6.5.5) and (6.5.6)
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6.5. Extension of the level set function

imply ∥ϕn
h∥s ≤ ∥ϕ0∥s ≤ ∥Ihϕ − ϕ∥s + ∥ϕ∥s ≤ chkg+1∥ϕ∥Hkg+1(ΩEx). (6.5.21)

Using ψh = ϕn
h − ϕ0

h in the second equality of (6.5.18) and ∥ϕn+1
h ∥s ≤ ∥ϕn

h∥s, we get

∥ϕn
h − ϕ0

h∥2ΩPr
= − n∑

k=1 s
(0)
h (ϕk

h, ϕ
n
h − ϕ0

h)
≤ n∑

k=1 ∥ϕk
h∥s (∥ϕn

h∥s + ∥ϕ0
h∥s)

≤ n max
1≤k≤n ∥ϕk

h∥s (∥ϕn
h∥s + ∥ϕ0

h∥s)
≤ 2n∥ϕ0

h∥2s.
Combining this bound with (6.5.21) yields (6.5.20) with c

√
nhkg+1∥ϕ∥Hkg+1(ΩEx) at the

right-hand side. This can be complemented with ∥ϕn
h −ϕ0

h∥ΩPr
≤ 2∥ϕ0

h∥ΩPr
, which follows

from a triangle inequality and (6.5.19). Finally, note that the initial approximation ϕ0
h

satisfies ∥ϕ0
h∥ΩPr

= ∥Ihϕ∥ΩPr
≤ c∥ϕ∥Hkg+1(ΩEx). ◻

The result in (6.5.20) is expected to be sharp in terms of dependence on n, since the initial
growth of ∥ϕn

h −ϕ0
h∥ΩPr

with
√
n is observed in numerical experiments, cf. Section 6.5.3.

Remark 6.5.7
We note that the choice ϕ0

h ∶= Ihϕ slightly simplified the analysis, but causes no loss of
generality. Indeed, if ϕ̃n

h is the sequence defined as in (6.5.17), with some general ϕ0
h = ϕ̃,

then using (6.5.9) we obtain that ϕ̃n
h and ϕn

h stay fullfil

∥ϕ̃n
h − ϕn

h∥a ≤ ∥ϕ̃ − Ihϕ∥ΩPr
≤ ∥ϕ̃ − ϕ∥ΩPr

+ chkg+1∥ϕ∥Hkg+1(ΩPr)
which shows, that they uniformly close in n. ◇
6.5.3 Numerical experiments with the extension method.

We present the findings from numerical experiments using the ghost penalty extension
method as defined in (6.5.2). The exact level set function in all experiments is given by
ϕ(x) ∶= (x1 − x2

3)2 + x2
2 + x2

3 − 1. The corresponding zero level set delineates a geometry
referred to as “Kite”, which has also been employed in [BR20; Dzi88]. A visualization
of this surface is provided in Figure 6.7.1.
The computational domain is chosen as Ω = [−5

3 ,
5
3]3, and we take a uniform tetrahedral

mesh characterized by the initial mesh size h0 = 0.5. In each refinement step, the mesh
size is halved. Consistent with the error analysis, we use the parameter values α = 0
for the L2-projection and α = 2 for the H1-projection. The coefficient γext is chosen as
γext = 1 if not stated otherwise. We define the domain ΩPr as the elements intersected
by the surface, denoted by TΓ, along with two layers of neighboring elements added, i.e.,
ΩPr = N 2(TΓ). For the input function, we use an Oswald-type interpolation of ϕ in the
finite element space Vh,kg(ΩPr) to get ϕ̃ = Πkg

h ϕ. The solution derived from the extension
based on the L2-projection is denoted by ϕh (refer to equation (6.5.2a)), while that based
on the H1-projection is labeled as ϕ1,h (refer to equation (6.5.2b)). For the polynomial
degree in the finite element space Vh,kg we consider kg = 1 and kg = 2. The extension
elements are selected to include either one or two layers of neighbors surrounding ΩPr,
resulting in ΩEx = N(ΩPr) or ΩEx = N 2(ΩPr).
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Chapter 6. Narrow band method for the level set equation

We investigate the L2- and the h1-errors for the L2- and the H1-projection. Since the
domains ΩPr and ΩEx depend on the mesh size h, we use scaled integrals given by∮ΩEx

f dx = ∫ΩEx
f dx/∥1∥2ΩEx

. The error quantities read

(eEx)2 ∶= ∮ΩEx
(ϕ − ϕh)2 dx, (e∇Ex)2 ∶= ∮ΩEx

∇(ϕ − ϕh)2 dx,

(e1,Ex)2 ∶= ∮ΩEx
(ϕ − ϕ1,h)2 dx, (e∇1,Ex)2 ∶= ∮ΩEx

∇(ϕ − ϕ1,h)2 dx.

The results of the experiments with one extension layer (ΩEx = N(ΩPr)) are shown in
Figure 6.5.3 and with two layers (ΩEx = N 2(ΩPr)) in Figure 6.5.4.
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Figure 6.5.3: Ghost penalty extension of the level set function on one extension layer,
ΩEx = N 1(ΩPr).
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Figure 6.5.4: Ghost penalty extension of the level set function on two extension layers,
ΩEx = N 2(ΩPr).
We observe convergence rates O(h2) for the L2-errors and O(h) for the h1-errors in
the case kg = 1. For kg = 2 we observe convergence rates O(h3) for the L2-errors and
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6.5. Extension of the level set function

O(h2) for the h1-errors. These (optimal) orders of convergence are consistent with the
error analysis in Theorems 6.5.3 and 6.5.4. Note that the errors both for the L2- and
H1-projection are very similar.
Increasing the polynomial degree up to kg = 4 in the extension method, we observe errors
close to machine accuracy (∼ 10−11) for the L2− and the H1−projection. Our method
is (close to) exact in this setting, since the exact level set function is a polynomial of
degree four in this example.
Now, we consider the repeated application of the extension method. We validate the
theoretical results from Lemma 6.5.6 and the estimate (6.5.20). We start with the initial
function ϕ0

h = Πkg

h ϕ and determine (ϕn
h)N ⊂ Vh,kg(ΩEx) such that

(ϕn+1
h , ψh)ΩPr

+ s(0)h (ϕn+1
h , ψh) = (ϕn

h, ψh)ΩPr
for all ψh ∈ Vh,kg(ΩEx)

holds. As in the experiments above we use the Kite-geometry and choose ΩPr = N 2(TΓ)
and ΩEx = N 2(ΩPr). The polynomial degrees in the finite element space are chosen as
kg = 1 and kg = 2 and the mesh size is taken as h = 2−4. The error quantities are defined
as

eΩPr
= ∥ϕn

h − ϕ0
h∥ΩPr∥1∥ΩPr

, eΩEx = ∥ϕn
h − ϕ0

h∥ΩEx∥1∥ΩEx

,

The results for 0 ≤ n ≤ 1000 are shown in Figure 6.5.5.
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Figure 6.5.5: Long–time behavior of extension method: Fixed mesh size h and varying
iteration number n.

For kg = 1 we observe for eΩPr
a
√
n dependence on n, consistent with (6.5.20). For

kg = 2 it seems that the dependence is milder.
In the next experiment, we test the robustness of the extension procedure with respect
to the weight parameter γext. We present results using the 2D version of the Kite-
geometry, defined by the zero level of the level set function ϕ(x) ∶= (x1+x2

2)2+x2
2−1. The

ghost penalty technique is employed to extend the Oswald-type interpolation of ϕ from
ΩPr = N 1(TΓ) to ΩEx = N(ΩPr) using polynomial degree kg = 1. In the presented results,
the L2−projection is used, but similar outcomes are observed with the H1 projection.
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Chapter 6. Narrow band method for the level set equation

We vary the parameter γext from 0.01 to 50, and investigate both the L2− and the
h1−errors, that are shown in Figure 6.5.6.
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Figure 6.5.6: Different values for the weight parameter γext in the level set extension
method.

We observe that the asymptotical behavior of our method does not depend on the choice
of γext ∈ [0.01,50]. Furthermore, smaller values appear to perform slightly better than
larger ones. For simplicity, we will use γext = 1 for the rest of this chapter, as varying
this parameter does not significantly enhance the extension solution.

6.6 A level set narrow band algorithm

We have introduced and described all ingredients needed in the narrow band level set
transport as outlined in Algorithm 6.2.1. In this section, we discuss some implementation
aspects and present more explanation on the method. For simplicity, we assume the
velocity field u is given in a sufficiently large narrow band (cf. Remark 6.6.2).
An important aspect of the method is the choice of the domains Ωn

Tr where the level
set equation is solved in the time interval [tn, tn+1] and the subdomain Ωn

Pr where the
projection in the extension method (6.5.2) is applied. We stick to transport domains ΩTr
that consist of layers of elements around T n

Γ , the domain formed by the tetrahedra cut
by Γn

h, i.e., it holds Ωn
Tr = NLT (T n

Γ ), with some LT > 0. Since we use a fixed time step
size ∆t, we have to take ΩTr large enough such that Γn+1

h (the zero level of ϕh(⋅, tn+1))
is included in Ωn

Tr (see Fig. 6.2.1).
Motivated by the maximal displacement of Γ in one time slab In = [tn, tn+1] given by
∆tmaxt∈In ∥VΓ∥L∞(Γ(t)), we choose LT ≈ 1+4∆t

h ∥VΓ∥L∞(ΩΓ) but at least LT = 3. Here, VΓ
denotes the surface velocity (in normal direction). Since the flow u is defined in a narrow
band of the zero level set, VΓ is defined on TΓ. We use an approximation of ∥VΓ∥L∞(ΩΓ)
instead of ∥VΓ∥L∞(Γ) since it is much easier to compute in our finite element software.
In each step, we check if LT was taken large enough. If not, which happens only in
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6.6. A level set narrow band algorithm

very rare cases, we redo the transport step with a larger transport domain (we add one
layer). This procedure is repeated until the condition is satisfied. Using this strategy, we
observe that 3 ≤ LT ≤ 6 holds in our experiments. Thus, we have few element layers in
the transport domain and our method is efficient and applicable with u defined “close”
to the zero level set.
At each time step, the level set equation is solved on a narrow band domain of width∼ h. The level set approximation at t = tn+1, denoted by ϕ̃n+1

h and defined on Ωn
Tr, is then

extended to ϕn+1
h defined on Ωn+1

Tr using the extension method (6.5.2). There are different
possible choices for the projection domain Ωn+1

Pr in the extension method. Clearly the
projection domain Ωn+1

Pr has to be a subdomain of both the current transport domain Ωn
Tr

where ϕ̃n+1
h is given and the next transport domain Ωn+1

Tr where ϕn+1
h has to be defined.

Thus, the maximal possible projection domain is Ωn+1
Pr = Ωn

Tr∩Ωn+1
Tr . However, this choice

leads to suboptimal results in the numerical experiments. The reason is that we do not
have access to exact boundary data on the inflow boundary ∂Ωn,in

Tr of Ωn
Tr. This is a key

challenge in narrow band level set methods: obtaining accurate numerical boundary data
on the inflow boundary. An inaccuracy of boundary data at t = tn on the inflow boundary
∂Ωn,in

Tr can significantly affect the solution of the level set equation in Ωn
Tr × [tn, tn+1].

However, due to the transport nature of the flow, such errors remain (essentially) on
the same level line. For instance, an error at a point z on ∂Ωn,in

Tr with ϕ(z, tn) = ch is
transported along a trajectory z(t) with ϕ(z(t), tn) = ch for t ∈ [tn, tn+1]. Therefore,
these boundary errors do not enter the domain {z ∈ Ωn

Tr ∣ ∣ϕ(z, tn+1)∣ < ch}. Although
this property does not hold exactly for the discrete approximation ϕh, it is expected to
hold approximately for an accurate discretization of the level set equation. Motivated
by this observation, we use a smaller projection domain Ωn+1

Pr than the maximal one
Ωn

Tr ∩Ωn+1
Tr .

Obvious candidates are the domain formed by elements cut by Γn+1
h , namely T n+1

Γ ,
the “cut” elements and their direct neighbors NLP (T n+1

Γ ) with some LP < LT , or the
smallest set of simplices containing a level set h-tube {x ∈ Rd ∣ ∣ϕ̃n+1

h (x)∣ ≤ ch}, with
some c > 0. In the numerical experiments, we use ΩPr = NLT (T n+1

Γ ), since this domain
is independent of the scaling of ϕh and is easy to compute. Important effects of this
choice of the projection domain are illustrated in numerical experiments in Section 6.7,
cf. Figure 6.7.9.
If a BDF(R) scheme with R > 1 is used, we do not have enough input level set approxi-
mations for the BDF scheme in the first R−1 time steps. In this case, we use lower order
BDF schemes with smaller time steps for the first R − 1 time steps. This is a common
approach in practice and is also used in the numerical experiments in Section 6.7.
An important feature of this approach is that higher order approximations can be easily
achieved by using a higher order time and space discretization method for the level set
equation and a higher order finite element space in the extension method. Although
no rigorous error analysis of the entire algorithm is available yet, rigorous error bounds
for the three components (numerical boundary data, space and time discretization of
the level set equation, and the extension method) that form the algorithm have been
derived.
Note that in this approach, we do not use any re-initialization of the level set function. In
numerical experiments (see Section 6.7), we observed that for cases with smoothly evolv-
ing level sets, our approach appears to work satisfactory even without re-initialization.
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Chapter 6. Narrow band method for the level set equation

Summarizing, we obtain Algorithm 6.6.1.

Algorithm 6.6.1: Narrow band level set transport

1: Parameters: kg, ∆t, h, LP

2: ϕ0
h ← Initialization

3: Procedure
4: for n from 1 to N do:
5: LT ←max {3, [1 + 4∆t

h ∥VΓ∥L∞(ΩΓ)]}
6: Ωn

Tr ←NLT (T n
Γ̃ )

7: if n > 1 then
8: Ωn

Pr ←NLP (T n
Γ̃ )

9: ϕn
h ← extension step (6.5.2a) of ϕ̃h to Ωn

Tr

10: for i from 1 to R − 1 do ▷ for BDF(R) method
11: ϕn−i

h ← extension step (6.5.2a) of ϕn−i
h to Ωn

Tr

12: end for
13: end if
14: ϕn

D ← determine boundary data on ∂Ωn,in
Tr , e.g., (6.3.2) for BDF(2)

15: ϕ̃h ← transport step on Ωn
Tr×[tn, tn+1] using (6.4.4) and project into Vh,kg(Ωn

Tr)
16: if NLP (T n

Γ̃ ) /⊂ Ωn
Tr then

17: Ωn
Tr ←N(Ωn

Tr), redo extension if n > 1 and go to line 14
18: end if
19: end for
20: end Procedure

We comment on the algorithm. In line 5, we use the rounding operator [⋅], since LT has
to be an integer. The extension step in lines 7 to 13 is not used in the first time step,
since ϕ0

h is given on the whole computational domain. Since ϕn
h will be extended to Ωn

Tr
in line 9 in time step n, it has to be extended once again to Ωn+1

Tr in the following step
if a BDF(R) scheme with R > 1 is used. That is why the extension of the “old” level
set approximations ϕn−i

h in line 10 to 12 is needed. In line 16, we check if the transport
domain was large enough. If not, we add one layer of elements to the transport domain
and redo the transport step.
Remark 6.6.2 (Extrapolation of the velocity)
In this chapter, we assume the flow field u is known in the narrow band, but this is
usually not the case in practice. The velocity field will be determined by a surface Navier–
Stokes equation, in the next chapter. We will use TraceFEM for the discretization of
the velocity, which will lead to an approximation of the velocity field known in a narrow
band. In such cases, there is a strong coupling between the PDE on the surface (which
depends on Γ and determines u) and the level set equation (which depends on u and
determines Γ). To obtain a reasonable approximation of un+1 for use in (6.4.4), one
can extrapolate the velocity in time based on previous time steps, as in [EGK22]. If
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6.7. Numerical experiments with the narrow band algorithm

the velocity is defined in a narrow band around the surface (e.g., from TraceFEM), the
extension method (6.5.2) can extend it to a wider band, or an implicit extension can be
used as suggested in [LOX18]. ◇
6.7 Numerical experiments with the narrow band algorithm

We give results of numerical experiments to illustrate the performance of the nar-
row band level set algorithm from Algorithm 6.6.1. All examples are implemented in
NGSolve/netgen, cf. [Sch97; Sch14] with the add-on ngsxfem, cf. [Leh+].
We give numerical results for the level set equation (2.6.2) on narrow bands in 2D and
3D. If not stated otherwise the time interval is taken as I = [0,1]. To obtain optimal
order convergence, we use BDF(R) schemes with R = kg + 1 for the time discretization.
To get sufficiently good initial values for the BDF(2) or BDF(3) scheme, we initialize ϕ0

h

as an interpolation of the exact level set function and start with BDF(1) time steps with
a sufficiently small time step size. If not stated otherwise we start with 10 BDF(1) time
steps with time step size ∆t

10 , and then switch to the BDF(R) scheme with time step size
∆t.
In case of the BDF(2) method, for the inflow boundary condition we use (6.3.2). If
BDF(3) is used, we apply an analogous time extrapolation using the values at t ∈{tn, tn−1, tn−2}.
The narrow band scheme is applied on the cut elements with LT layers of neighboring
elements added, Ωn

Tr ∶= NLT (T n
Γ ), where LT depends on ∆t, h, and ∥VΓ∥L∞(ΩΓ). For

the projection domain in the extension method, we use Ωn
Pr = NLP (T n

Γ ), unless stated
otherwise. We use LP ∈ {1,2}. At each time step, we check that the projection elements
for the next time step are contained in Ωn

Tr. For the ghost penalty extension, we use the
L2-projection with α = 0 and γext = 1.
We are interested in the error quantities

(eΓ)2 ∶=∆t
N∑

n=1 ∮Γn
h

(ϕn)2 ds, (eΩTr
)2 ∶=∆t

N∑
n=1 ∮Ωn

Tr

(ϕn − ϕn
h)2 dx,

and e∞Γ = max
1≤n≤N ∥ϕn∥L∞(Γn

h
),

where ∥ϕn∥L∞(Γn
h
) is an approximation of the maximal (absolute) value of the exact level

set function ϕn on Γn
h.

Note that the integrals over Γn
h cannot be computed exactly when using polynomials of

degree kg > 1, and standard quadrature rules cannot be applied. For this reason, we
use the so-called parametric approach described in Chapter 4 to approximate the error
quantities with sufficiently high accuracy. The quantities eΓ and e∞Γ are a measure for
the approximation error in Γn

h ≈ Γ(tn).
We present results for the following test cases:

• Deforming kite. In this study, we investigate the deformation of a kite geometry
into a sphere in three-dimensional space (denoted as kite(3D)) and into a circle
in two-dimensional space (denoted as kite(2D)), as illustrated in Figure 6.7.1. We
present results for linear polynomials combined with a BDF(2) scheme, and the
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Chapter 6. Narrow band method for the level set equation

BDF(3) scheme combined with kg = 2. Additionally, for the case of kite(2D) using
BDF(2) and kg = 1, we analyse the influence of varying inflow boundary conditions
on the results. Furthermore, we investigate the differences between using a normal
flow field (uT = 0) and a flow field with a tangential component (uT ≠ 0).

• Ball in a rotating flow field. We examine a spherical object in a rotating flow field,
represented in both three dimensions (sphere) and two dimensions (circle), which
completes a full rotation as depicted in Figure 6.7.6. The analysis includes error
quantities for BDF(2) with kg = 1 and BDF(3) with kg = 2. In the two-dimensional
scenario, we analyse the implications of using a larger projection domain in the
extension procedure. In contrast, for the three-dimensional scenario, we focus on
investigating properties related to volume conservation.

• Strongly deforming sphere. Lastly, we explore a more complex and less smooth
example involving a sphere subjected to significant deformation into a thin tube
due to vortex flow dynamics. Various configurations are considered, and accuracy
results are presented for both BDF(2) with kg = 1 and BDF(3) with kg = 2.

The computational domain is chosen as Ω = [−7
3 ,

7
3]d for the first two geometries and as

Ω = [0,1]3 for the deforming sphere example.

Deforming kite (2D, 3D)

We start with the deformation of a “Kite”-geometry into a sphere (in 3D) that was
also used in Section 6.5.3. The exact level set function of the kite is given by
ϕ(x, t = 0) = (x1 + x2

2)2 + x2
2 − 1 in 2D and ϕ(x, t = 0) = (x1 − x2

3)2 + x2
2 + x2

3 − 1 in 3D.
We use a convex combination to deform the kite into a circle (or a sphere) with level set
function ϕ(x, t = 1) = x2

1 + x2
2 − 1, or ϕ(x, t = 1) = x2

1 + x2
2 + x2

3 − 1 in 2D and 3D, respec-
tively. The geometry evolution for the 3D case is illustrated in Figure 6.7.1.

(a) t = 0 (b) t = 0.5 (c) t = 1

Figure 6.7.1: Snapshots of Kite geometry deforming into a sphere. The coloring shows
the values of ∣uN ∣ from blue (low) to red (high).

The velocity field u used in the level set equation has a normal component that is
determined by the level set evolution. From the transport equation (2.6.2) we get

u ⋅ n = VΓ = −∂ϕ/∂tn ⋅ ∇ϕ.
To illustrate that our approach is not restricted to cases with normal velocity fields, we
add a tangential component uT to VΓn to obtain the full flow field u. The tangential
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component of the velocity does not change the evolution of the level set function in
(2.6.2). Thus, it should not change the accuracy of the level set approximation. We
use uT = curlΓ(x1x2x3) as a tangential component with the curl operator defined as in
[BR20; Reu18] in 3D and the tangential component of (x2,−x1)T in the 2D case.
The mesh size start as h0 = 0.5, the initial time step size is taken as ∆t0 = 0.1. The
mesh size h and the time step size ∆t are halved it in each refinement step. For the
projection domain, we use one layer of neighboring elements to the cut elements, i.e.,
Ωn

Pr = N(T n
Γ ). The results are shown in Fig. 6.7.2 for the 2D case and in Fig. 6.7.3 for

the 3D case.
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(a) BDF(2), kg = 1
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Figure 6.7.2: Kite deforming to a circle in 2D.
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(b) BDF(3), kg = 2

Figure 6.7.3: Kite deforming to a sphere in 3D.

We observe convergence rates that are close to the optimal rates of O(h2) for kg = 1 andO(h3) for kg = 2 for all error measures in two and three dimensions.
We examine the effect of the choice of the inflow boundary data, cf. Section 6.3. Con-
structing higher order boundary data is not straightforward. Since we are interested in
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Chapter 6. Narrow band method for the level set equation

the influence of the boundary data on the accuracy of the surface approximation and
not of the level set approximation in the whole narrow band, the more important error
measure is eΓ, but we also display the errors eΩTr

. We consider the kite geometry that
deforms to a circle in 2D with BDF(2) scheme, kg = 1, and LP = 1. For the bound-
ary data we use the first order (in time) boundary data from (6.3.1), the second order
boundary values from (6.3.2) and a fourth order version of the boundary data similar to
(6.3.3). The results are shown in Table 6.7.4.

eΓ eΩ
Tr

h Low Medium High Low Medium High
0.5 0.16 0.16 0.17 2.78 2.82 3.87
0.25 5.63 ⋅ 10−2 5.63 ⋅ 10−2 5.64 ⋅ 10−2 1.04 1.06 2.84
0.125 1.78 ⋅ 10−2 1.78 ⋅ 10−2 1.78 ⋅ 10−2 0.18 0.18 0.18
0.0625 7.46 ⋅ 10−3 7.45 ⋅ 10−3 7.47 ⋅ 10−3 5.05 ⋅ 10−2 5.08 ⋅ 10−2 5.06 ⋅ 10−2
0.0313 2.61 ⋅ 10−3 2.61 ⋅ 10−3 2.61 ⋅ 10−3 1.5 ⋅ 10−2 1.51 ⋅ 10−2 1.5 ⋅ 10−2
0.0156 7.84 ⋅ 10−4 7.84 ⋅ 10−4 7.83 ⋅ 10−4 4.39 ⋅ 10−3 4.42 ⋅ 10−3 4.4 ⋅ 10−3

Figure 6.7.4: Errors using different boundary values for level set equation of a kite
deforming to a circle.

We observe almost no difference in both errors for all choices of the boundary values
except that the error in the narrow band eΩTr

is worse for the higher order boundary data
for the first two mesh refinement levels. The larger errors for the higher order boundary
data may occur because these boundary values are only higher order accurate in time
when the previous level set approximations are sufficiently accurate in the H1−norm in
space. In contrast to the medium and lower order boundary values, the gradient of the
level set approximations from previous time steps are used for the higher order boundary
values. We expect that for the relatively coarse mesh sizes, these gradients are not
accurate enough and thus, the boundary values are worse than the choices independent
of the gradients, even if they are higher order in time. The results demonstrate that
due to the choice of a suitable (sufficiently small) projection domain in the extension
method we obtain higher order accuracy in the surface approximation even with low order
accurate inflow boundary data. Based on these results, we will stick to the “medium”
order boundary data (6.3.2) for the rest of the chapter.
As a last experiment for the kite geometry, we investigate the robustness of the method
with respect to a change in the tangential component of the flow field. The exact
transport equation (2.6.2) is independent of the tangential component of the flow field,
since uT ⋅ ∇ϕ = 0 holds, where uT denotes the tangential component of the velocity,
cf. (2.1.1). Thus, we expect our method to be robust with respect to the choice of
the tangential component. We use the kite geometry that deforms to a circle in 2D
with BDF(2) scheme, kg = 1, and LP = 1, but similar results hold for higher order
approximations. We compare the results for a normal flow field (uT = 0) and a flow field
with a tangential component (uT ≠ 0). The tangential component is taken as in the
previous experiments. The norms of the different flows on the surface read¿ÁÁÁÁÀ∆t

N∑
n=1 ∮Γn

h

u ⋅ u ds ≈ 0.98 and

¿ÁÁÁÁÀ∆t
N∑

n=1 ∮Γn
h

uN ⋅ uN ds ≈ 0.25.

134



6.7. Numerical experiments with the narrow band algorithm

Thus, we see that the tangential component has a significant impact on the L2−norm
of the flow field. The errors on the surface and in the transport domain are shown in
Figure 6.7.5.
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Figure 6.7.5: Errors in the level set approximation of the Kite geometry with kg = 1
using different flow fields.

We observe that the errors are almost identical for both flow fields. This is in accordance
with our expectations, since the tangential component of the flow field does not influence
the evolution of the level set function. The results indicate that our method is robust
with respect to the choice of the tangential component of the flow field.

Ball in a rotating flow field (2D, 3D)

As the next geometry example, we consider a sphere (or circle) that makes a full ro-
tation around the origin for t ∈ [0,1]. The velocity field of the rotation is given by
u(x) = 2π(−x2, x1)T in 2D and u(x) = 2π(−x2, x1,0)T in 3D. It is independent of the
time t. The exact level set function reads ϕ(x, t) = (x1 − cos(2πt))2 + (x2 − sin(2πt))2 − 1

2
in 2D and is given by ϕ(x, t) = (x1 − cos(2πt))2 + (x2 − sin(2πt))2 + x2

3 − 1
2 in 3D. The ge-

ometry evolution is shown in Figure 6.7.6 in 3D.

(a) t = 0.25 (b) t = 0.5 (c) t = 0.75

Figure 6.7.6: Snapshots of a sphere making a full rotation around the origin.
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Chapter 6. Narrow band method for the level set equation

We start with a test of the convergence rates in 2D and 3D. The coarsest mesh and time
step sizes are h0 = 0.5 and ∆t = 0.1, and we halve both in each refinement step. Again,
we use the low order level set approximation kg = 1 with BDF(2) and the higher order
approximation kg = 2 with a BDF(3) for the time discretization. The projection domain
is chosen as Ωn

Pr = NLP (T n
Γ ) with two layers of elements added (LP = 2). The results

are shown in Fig. 6.7.7 for the 2D case and in Fig. 6.7.8 for the 3D case.
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(b) kg = 2

Figure 6.7.7: Errors of level set approximation of a circle rotating around the origin in
2D.
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(a) kg = 1
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(b) kg = 2

Figure 6.7.8: Errors of level set approximation of a sphere rotating around the origin in
3D.

We observe that the asymptotic error behavior is quite similar for one dimensional and
two dimensional surfaces (embedded in R2 or R3). In all simulations, we get optimal
convergence rates of O(h2) for linear polynomials (kg = 1) combined with BDF(2) andO(h3) for quadratic polynomials (kg = 2) combined with BDF(3) for all error measures
after the second mesh refinement step. On the second mesh level (h = 0.25, ∆t = 0.05),
we observe smaller errors than expected for linear polynomials (kg = 1) and higher errors
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6.7. Numerical experiments with the narrow band algorithm

for quadratic polynomials (kg = 2). It seems that this behavior is pre asymptotic and the
optimal convergence rates are reached after the second refinement, leading to smaller
errors for higher order level set approximations. The results indicate that the method
also yields satisfactory results for a stronger movement of the surface.
In the next experiment, we investigate how a “too large” projection domain in the ghost
penalty extension method affects the accuracy of the discretization method. We compare
results where the projection domain consists of one layer added to the cut elements
(ΩPr = N 1(TΓ)) with the maximal possible projection domain (Ωn

Pr = Ωn
Tr∩Ωn+1

Tr ). Again,
we use first order polynomials in space (kg = 1) and a BDF(2) method in time. We use
a smaller initial time step of ∆t0 = 0.05 and a small time interval with I = [0,0.1].
Increasing the time step size or the end time, leads to a break of our code when the
maximal projection domain is used. The surface errors (L2- and L∞-errors) for the 2D
case are shown in Figure 6.7.9.
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(a) L2 surface errors eΓ
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(b) L∞ surface errors e∞Γ
Figure 6.7.9: Errors of level set approximation of a circle rotating around the origin in
2D while using different projection domains in the extension method with kg = 1.

We observe that using the maximal projection domain (Ωn
Pr = Ωn

Tr ∩Ωn+1
Tr ) leads to less

accurate results, and we do not obtain an (almost) optimal rate of convergence in this
case. After two refinement steps, we even lose convergence for both measured errors.
This supports our choice of ΩPr = NLP (TΓ) for the projection domain in the extension
method. We believe that this behavior arises because the errors caused by inexact inflow
boundary values are transported inside the transport domain and the extension with a
small projection domain neglects these errors, while the choice of the maximal projection
domain does not. For more explanation, see the heuristics discussed in Section 6.6.
In the final experiment, we investigate volume conservation in 3D. Since the velocity field
that rotates the sphere is divergence-free (div u = 0), the volume enclosed by the surface
is conserved over time in the continuous problem. We measure the enclosed volume of
the numerical approximation Γh(tn) in each time step for the lower (kg = 1) and higher
(kg = 2) order narrow band scheme with mesh size h = 0.0625. The results are shown in
Figure 6.7.10, and show that using higher order polynomials (kg = 2), leads to a strong
increase in the accuracy of the volume conservation. Note that we do not enforce volume
conservation by a Lagrange multiplier or a similar method.
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Figure 6.7.10: Errors in enclosed volume of level set approximation of a sphere rotating
around the origin in 3D.

Strongly deforming sphere (3D)

As a last geometry, we consider a sphere that is subjected to significant deformation into
a thin tube due to vortex flow dynamics. As an initial surface we take a sphere with
radius 0.15 centered at (0.5,0.75,0.5). A corresponding level set function is given by
ϕ(x, t = 0) = (x1 −0.5)2 +(x2 −0.75)2 +(x3 −0.5)2 −0.152. The sphere is transported and
deformed by the velocity field that given by

u(x, t) = cos( π

tend
t)⎛⎜⎜⎝

−2 sin(πx1)2 sin(πx2) cos(πx2)
2 sin(πx2)2 sin(πx1) cos(πx1)

0

⎞⎟⎟⎠ , t ∈ [0, tend].
Due to the periodic t-behavior of this velocity field the exact surface will deform until
t = tend/2 is reached and then return to the initial spherical shape at t = tend. Thus, the
level set function satisfies ϕ(x, t = 0) = ϕ(x, t = tend). The surface exhibits a spiral-like
deformation. Increasing tend results in stronger deformed shapes of Γ(t) at the time
point of maximal deformation (t = tend/2). Similar test cases are widely used to test
interface capturing and interface tracking methods, cf. [DLP06; MRC06]. In Figure
6.7.11 we show resulting deformations of the sphere for tend = 2 and tend = 4.

(a) tend = 2, t = 0.5 (b) tend = 2, t = 1 (c) tend = 4, t = 1 (d) tend = 4, t = 2

Figure 6.7.11: Snapshots of the deformation of a sphere in a vortex.
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6.7. Numerical experiments with the narrow band algorithm

We apply the transport scheme on the cut elements augmented by four layers of neigh-
boring elements, while the projection domain in the extension method consists of the
cut elements with two layers of neighboring elements added, i.e., LT = 4 and LP = 2. We
use the BDF(2) and BDF(3) schemes combined with finite elements of degree kg = 1 and
kg = 2, respectively. The time step size is taken as ∆t = h. The initial mesh and time
step sizes are taken as h0 = ∆t0 = 2−4 = 0.0625 and are halved in each refinement step.
In this example the exact level set function is not known for t ∉ {0, tend}. As a measure
of accuracy we use ∣eΓ,N ∣2 = ∮

Γh(tend)
ϕ2 ds,

which quantifies the deviation of the discrete zero level set from the spherical shape at
the final time t = tend. We present results of our method applied to this deforming sphere
example for tend = 2 in Figure 6.7.12.
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Figure 6.7.12: Surface error at the end time point tend = 2 (eΓ,N ) for the strongly
deforming sphere.

We observe a convergence rate of (approximately) O(h1.5) for kg = 1 and second order
convergence for kg = 2.
We show the values of eΓ,N for different end times tend in Table 6.7.13. For certain
combinations of end times tend and refinement levels, we cannot report errors due to
insufficient mesh resolution (the surface vanishes in these examples).

tend = 1 tend = 2 tend = 3 tend = 4
h k = 1 k = 2 k = 1 k = 2 k = 1 k = 1

eΓ,N rate eΓ,N rate eΓ,N rate eΓ,N rate eΓ,N rate eΓ,N rate
6.3 · 10−2 4.2 · 10−3 – 2 · 10−3 – 1.2 · 10−2 – 3.4 · 10−3 – – – – –
3.1 · 10−2 1.5 · 10−3 1.4 3.7 · 10−4 2.5 4.4 · 10−3 1.5 9.7 · 10−4 1.8 9.9 · 10−3 – 1.6 · 10−2 –
1.6 · 10−2 4 · 10−4 2 6.3 · 10−5 2.5 1.3 · 10−3 1.8 2.4 · 10−4 2 3.1 · 10−3 1.7 6 · 10−3 1.4
7.8 · 10−3 1.3 · 10−4 1.6 1 · 10−5 2.7 6.1 · 10−4 1.1 7.3 · 10−5 1.7 1.1 · 10−3 1.5 1.9 · 10−3 1.6

Figure 6.7.13: Surface errors (eΓ,N ) for different final times tend for the deforming drop.

By taking sufficiently small h and kg = 1, we can handle the case tend = 4 in which a
very strong deformation occurs. For tend = 3 and tend = 4 we do not have results for
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Chapter 6. Narrow band method for the level set equation

kg = 2 since the zero level of the level set function leaves the transport domain Ωn
Tr for

the given time step size ∆t = h and the algorithm breaks down. As expected, the errors
are smaller for smaller tend values. The convergence rates in the table vary between 1
and 2 for kg = 1 and between 1.5 and 2.5 for kg = 2.
The suboptimal rates in this experiment can be explained by the rather poor mesh
resolution. We do not use an adaptive mesh refinement strategy and the mesh resolution
is too low to resolve the strong deformations of the sphere. In Figure 6.7.14 we show a
zoom of the narrow tail of the deformed sphere for tend = 4, t ≈ 2 and kg = 1.

Figure 6.7.14: Zoom of the narrow tail of the deformed sphere, h = 2−6.

The mesh shown is for h = 2−6 ≈ 0.016 (second refinement level). The cut elements are
marked in red and the transport elements in blue. As one can see from this figure, we
have a poor resolution of the part of the surface that is most strongly deformed. Thus, the
error in the surface approximation is therefore larger than in the previous experiments.
To overcome this problem one could use an adaptive mesh refinement strategy, which is
a topic of further research. On the other hand, one may conclude that even with this
relatively poor resolution we obtain fairly good results, which indicates that our method
has good robustness properties with respect to strong shape deformations.
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Chapter 7
Discretization of Surface Navier–Stokes Equations

7.1 Introduction

In the final chapter of the thesis, we put all derived ingredients from previous chapters
together to get an algorithm that discretizes the surface Navier–Stokes equations (SNS).
We do not assume a known level set evolution or a known surface (normal) velocity and
solve the Navier–Stokes system as a free surface problem. This is a highly nonlinear
problem. Besides the nonlinearity occurring in the material derivative of the velocity
which is easy to handle, the surface Navier–Stokes equations are highly nonlinear due to
the coupling between the surface evolution and the velocity field. The surface Navier–
Stokes PDE is posed on the evolving surface Γ(t), but the evolution of the surface
depends on the solution u of the SNS equations. Thus, there exists a strong coupling
between the velocity u and the surface Γ(t) making the surface Navier–Stokes system a
difficult numerical challenge.
The level set equation is solved on a transport domain ΩTr consisting of layers of neigh-
boring elements of the cut elements. The resulting level set function is extended to the
next transport domain, using a variant of the method introduced in Chapter 6. We
introduce a new method to extend the velocity off the surface. The method is based
on the volume normal derivative stabilization introduced in Chapter 4. The surface
Navier–Stokes equations are solved using the TraceFEM method introduced in Chap-
ter 4 combined with a BDF scheme to discretize the time derivative. We also introduce
a method to construct a smooth normal approximation on the surface. The method is
based on the L2-projection of a discontinuous normal vector approximation and a ghost
penalty stabilization. We validate our algorithm in various numerical experiments.
The remainder of this chapter is organized as follows: We recall the Navier-Stokes prob-
lem and give a short overview over the algorithm in Section 7.2. In the following sections,
we introduce the velocity extension method (Section 7.3), the level set transport and ex-
tension (Section 7.4), the normal construction method (Section 7.5), and the TraceFEM
formulation for the surface Navier-Stokes equations (Section 7.6). In Section 7.7, we sum-
marize the full algorithm to solve the surface Navier-Stokes equations. Finally, we show
convergence properties of the method in numerical experiments and illustrate physical
phenomena of the numerical solution when no outer force term is acting in Section 7.8.

141



Chapter 7. Discretization of Surface Navier–Stokes Equations

7.2 Problem formulation and structure of the method

In this section, we repeat the problem formulation of the surface Navier–Stokes equations
and give an overview of the method to solve the system numerically. We outline the used
algorithm and the main components of the method.
We recall the Navier-Stokes system from Problem 3.4.2: For initial values u0, Γ0, viscos-
ity coefficient µ0 and force term f find the velocity u, the pressure p, and the parametriza-
tion of the surface X satisfying

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

●u − 2µ0 divΓ EΓ(u) + ∇Γp − pκn = f on Γ(t),
divΓ u = 0 on Γ(t),

d
dt

X(x, t) = u(X(x, t), t), X(x,0) = x ∈ Γ0.

(7.2.1)

In this system, the mean curvature κ of the surface Γ(t) occurs explicitly. This is a
geometric quantity that is hard to approximate with higher order accuracy. For exam-
ple, when a level set function ϕ1 ∈ Vh,1 of polynomial degree one is used, the canonical
normal approximation n1 = ∇ϕ1∥∇ϕ1∥ is constant on each tetrahedron T ∈ Th. The simplest
approximation of the mean curvature is then given by κ1 = divΓh

n1 = 0, since the mean
curvature consists of second derivatives of the level set function. Thus, we do not have
convergence of the mean curvature approximation when using the lowest order polyno-
mials for the level set function. It is possible to construct the mean curvature vector
κn using Lemma 2.5.6 and a weak formulation. However, this approach needs careful
stabilization and another linear system has to be solved in each time step increasing the
computational costs.
For this reason, we reformulate the surface Navier–Stokes system to avoid the explicit
use of the mean curvature. We use Lemma 2.5.5 that states

divΓ(pP) = ∇Γp − pκn,

for a scalar function p. With this equation, we can rewrite the first equation from the
Navier-Stokes system as

●u − 2µ0 divΓ EΓ(u) + divΓ(pP) = f .

As explained in Section 2.6, we use the level set function ϕ to describe the surface Γ(t).
The surface is then given by

Γ(t) = {x ∣ ϕ(x, t) = 0}
and the last equation of the system is replaced by the level set equation describing the
evolution of the level set function given by

∂tϕ +∇ϕ ⋅ u = 0,

cf. Section 2.6.1 for more details. This equation requires the velocity field u to be
defined on a neighborhood around a surface and not only on Γ(t). The surface Navier-
Stokes equations define the values of u on Γ(t), and we have some freedom to define the
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velocity field outside Γ(t). It is known from the literature, that a constant velocity along
normals to the surface is desirable for the level set equation, cf. e.g., [Set99a, Section
11.3] or [AS99]. More precisely, in [BS25] it is shown, that solving the level set transport
equation with a velocity that is constant along the surface normal and a signed distance
function as initial condition leads to a signed distance function as the solution at each
time point. Thus, it holds

⎧⎪⎪⎪⎨⎪⎪⎪⎩
∂tϕ +∇ϕ ⋅ u = 0,
ϕ(x,0) = d(x,0) ⇒ ϕ(x, t) = d(x, t),

when the level set transport equation is solved exactly with a velocity field that is
constant in normal direction. This motivates the choice of a constant extension along
normals for u. The extension can be formulated by the equation

∇un = 0 in O(Γ),
with O(Γ) being a small tubular neighborhood around Γ(t). When solving the Navier–
Stokes system, we use a TraceFEM formulation with a volume normal derivative sta-
bilization term added. This stabilization leads to a velocity field that is approximately
constant along the normal vector approximation nh on the cut domain ΩΓ. In Sec-
tion 7.3, we introduce a method to extend the velocity from ΩΓ to O(Γ). The level set
function ϕ is then transported with this extended velocity field which is also denoted by
u.
This leads to the following Navier–Stokes problem.

Problem 7.2.1: Surface Navier–Stokes equations
For given initial values u0, ϕ0, viscosity coefficient µ0, time interval I = [0, tend], and
force term f find u, p, and ϕ satisfying

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

●u − 2µ0 divΓ EΓ(u) + divΓ(pP) = f on Γ(t),
divΓ u = 0 on Γ(t),
∇un = 0 in O(Γ),

∂tϕ +∇ϕ ⋅ u = 0 in O(Γ).
(7.2.2)

for t ∈ I, with Γ(t) = {x ∣ ϕ(x, t) = 0} and O(Γ) denotes a small tubular neighborhood
around Γ(t).

We emphasize that there is no well-posedness result for this problem. We even do
not have conditions that guarantee the existence of a solution to this problem. The
nonlinearity between the level set function defining the surface and the velocity field
defined on the surface makes this problem difficult to analyse. Since the system is derived
by suitable physical arguments, we expect the system to be uniquely solvable when the
initial values are chosen sufficiently smooth and the end time tend is small enough. In
the numerical experiments, we will show in various examples that our method converges
to a manufactured exact solution.
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We give a short overview of the method to solve the surface Navier–Stokes equations
numerically. We use a fixed time step size ∆t and time nodes tn = n∆t satisfying
0 = t0 < t1 < . . . < tN = tend. Again, we use the notations fn(⋅) = f(⋅, tn) and Γn

h = Γh(tn)
for time-dependent functions and surfaces. We assume a given polygonal background
domain Ω that includes the surface Γ(t) for each time point t ∈ [0, tend]. In this back-
ground domain Ω we use a family of shape regular quasi-uniform simplicial triangulations{Th}h>0 with maximal mesh size h. The subset of simplices that are “cut” by Γ(tn) is
again denoted by T n

Γ = {T ∈ Th ∣ meas2(T ∩ Γn) > 0}. In the development of the dis-
cretization method for the level set equation in Chapter 6, we introduced the projection
domain ΩPr = NLP (TΓ) and the transport domain ΩTr = NLT (TΓ) consisting of TΓ aug-
mented with layers of neighboring elements. See equation (6.2.1) for a definition of the
narrow band layers and Figure 6.5.1 for a visualization.
The level set equation is solved on ΩTr using the DG scheme from Chapter 6. As
explained in Section 6.2, we need to extend the level set function from Ωn

Pr to Ωn
Tr to

construct initial and boundary values for the level set equation in the following time
step. The transport domain ΩTr has to be chosen large enough such that

Ωn+1
Γ ⊂ Ωn

Tr for all 0 < n < N (7.2.3)

holds. If this relation is violated, the surface leaves the transport domain, and the
algorithm breaks down. In our implementation, we check (7.2.3) in each time step.
On the surface, we use a TraceFEM as introduced in Chapter 4 to construct a velocity
field uh. The used volume normal derivative stabilization from Section 4.2, leads to
an approximation un

h defined on the cut elements T n
Γ . In Section 7.3, we introduce a

method to extend the velocity off the surface. Using this extended velocity, we solve the
level set equation. Moreover, relation (7.2.3), states that the extended velocity from the
previous time step is well defined on Γh and thus, we can use a BDF scheme for the time
discretization in the TraceFEM to solve the PDE on the surface.
The structure of the method (for one time step) is as follows:

Algorithm 7.2.2: One time step structure

Input: ϕn
h defined on Ωn−1

Tr , un
h defined on Ωn−1

Γ

Procedure
Step 1: ϕn

h,u
n
h defined on Ωn

Tr ← extension of input functions

Step 2: ϕn+1
h ← solve level set equation on Ωn

Tr × [tn, tn+1]
Step 3: nn+1

h ← smooth normal approximation

Step 4: un+1
h ← solve Navier-Stokes system with TraceFEM on Ωn

Γ

end Procedure

In step 3 of the algorithm, we construct a smooth approximation of the normal vector
n on the surface. The canonical normal approximation which was used in the previous
chapters is discontinuous across facets of the triangulation which leads to problems when
discretizing the (full) surface Navier–Stokes system.
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In many transport algorithms known from the literature, one has to reinitialize the level
set function after some time steps to keep it “close” to a signed distance function. When
we start with a level set function that is close to a signed distance function in our method,
we do not need to reinitialize. Extending the velocity u constantly along the normal
vector nh seems to be a suitable choice of the velocity to keep the level set function close
to a signed distance function. Moreover, the choice of the projection domain ΩPr in the
level set extension method is crucial to avoid error accumulation at the boundary of the
transport domain, see Section 6.2 for more details.

7.3 Velocity extension

In this section, we introduce a method to extend the velocity which is used in Step 1
of Algorithm 7.2.2. There are different extension procedures used in the literature. It
is possible to use the extension via a ghost penalty method as in Chapter 6. Also, the
Fast Marching Method can be applied to extend a vector-valued function. As described
in Section 7.2, a velocity that is constant along the normal is desirable for the level set
transport equation. There are different ways to construct a velocity field that solves the
surface Navier-Stokes system (first two equations of (7.2.2)) and is constant in normal
direction off the surface (third equation of (7.2.2)). In Chapter 4 we introduced a
stabilization term added to the TraceFEM discretization, namely the volume normal
derivative stabilization. This term is used to stabilize the method, but it also extends
the velocity off the surface. This stabilization is achieved by adding the bilinear form

sh(u,v) = ρ∫Ωh

∇unh ⋅ ∇vnh dx

to the TraceFEM formulation. Here, nh is a normal vector approximation and Ωh is
some domain consisting of tetrahedra that contains the surface Γ. Adding this bilinear
form leads to a velocity that is approximately constant along the normal nh (in a weak
sense), cf. Section 4.2.2. This (implicit) extension method is used in Chapter 5 to extend
the velocity off the surface for the tangential surface Navier–Stokes equations.
We will use the idea of the volume normal derivative term but decouple the extension
from the surface PDE. Since the volume normal derivative stabilization is used to stabi-
lize the TraceFEM method in (7.6.2), the output of step 4 of Algorithm 7.2.2 is a velocity
field un

h that is defined on the domain ΩΓ formed by the cut elements. Thus, we con-
struct a method to extend this velocity field to a domain ΩEx satisfying ΩΓ ⊂ ΩEx ⊂ Ω.
In Algorithm 7.2.2 the extension domain will be chosen as the subsequent transport
domain, i.e., ΩEx = Ωn

Tr.
The extension is done componentwise using the bilinear form

sext
h (u, v) ∶= ∫

ΩEx/ΩΓ

(∇u ⋅ nh)(∇v ⋅ nh)dx,

where nh = ∇ϕh/∥∇ϕh∥ denotes the canonical normal approximation defined on ΩEx.
We formulate vector-valued finite element functions as uh = ∑i uh,iei ∈ Vh,ku , where(ei)i=1,2,3 denotes the standard Cartesian basis and Vh,ku the finite element space intro-
duced in Chapter 4.
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Chapter 7. Discretization of Surface Navier–Stokes Equations

The extension procedure reads: For a given uin
h ∈Vh,ku(ΩΓ), find the extended velocity

uout
h ∈Vh,ku(ΩEx/ΩΓ) such that for i = 1,2,3 it holds

⎧⎪⎪⎪⎨⎪⎪⎪⎩
sext

h (uout
h,i , v) = 0 for all v ∈ Vh,ku(ΩEx/ΩΓ),
uout

h,i = uin
h,i on ∂ΩΓ.

(7.3.1)

Remark 7.3.1 (Well-posedness of the extension problem)
In [Lou21, Section 5.1.1], it is shown that the continuous version of the extension problem
(7.3.1) can be rewritten as an anisotropic elliptic diffusion problem, that reads

⎧⎪⎪⎨⎪⎪⎩
div (T∇uout) = 0 in ΩEx/ΩΓ,

uout = uin on ∂ΩΓ,
(7.3.2)

with T = n ⊗ n = nnT denoting a tensor valued diffusion coefficient. Adding suitable
Neumann boundary conditions on the boundary ∂ΩEx/∂ΩΓ makes (7.3.2) a well-posed
problem, as long as the normal vector n is unambiguously defined on ΩEx. Since we
assume Γ to be sufficiently smooth and the width of ΩEx scales with h, the normal
vector n is well-defined on ΩEx for sufficiently small values of h. ◇
We summarize the method in the following algorithm.

Procedure DoVelocityExtension
Input:

● cut and extension domain: ΩΓ ⊂ ΩEx● velocity on ΩΓ: uh ∈Vh,ku(ΩΓ)● normal on ΩEx: n

Output:

● velocity on ΩEx: uh ∈Vh,ku(ΩEx)
end Procedure

With some abuse of notation the extended velocity will also be denoted as uh.
We test the extension method in a numerical experiment, using a surface Stokes system
on a stationary sphere as explained in [Bra+22]. The exact velocity u (taken from
[Bra+22]) is extended constantly in normal direction off the surface. We are interested
in the quality of our extension method.
Firstly, we extend the exact velocity field u from ΩΓ to ΩEx = N(ΩΓ) and denote
the extended velocity by uext. We measure the difference between the exact velocity
and the extended velocity on the extension domain ΩEx by eΩEx ∶= ∥u − uext∥ΩEx/∥1∥ΩEx .
Moreover, we consider the L2-norm of ∇uextnh which measures the normal derivative
of the extended velocity field. This quantity is denoted by e∇n ∶= ∥∇uextnh∥ΩEx/∥1∥ΩEx .
The L2-norm on a domain U is denoted by ∥ ⋅ ∥U . The scaling of the norms by the factor∥1∥ΩEx is needed, since the extension domain ΩEx depends on the mesh size h.
We employ a second, more realistic, test case. In Algorithm 7.2.2, our extension method
is applied to a function constructed by a TraceFE method. Thus, we use the TraceFE
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7.3. Velocity extension

method explained and analysed in [Jan+21] with P2P1–Taylor–Hood finite elements
and a level set approximation with kg = 2 to solve the surface Stokes system. The
output of the TraceFEM is given by uh. Since a volume normal derivative stabilization
term is added to the TraceFEM formulation, the velocity field uh is approximately
constant along the normal vector nh on the cut elements. Now, we use our method to
extend uh from ΩΓ to ΩEx and denote the extended velocity by uext

h . We measure the
errors eh

ΩEx
∶= ∥u − uext

h ∥ΩEx/∥1∥ΩEx and eh∇n ∶= ∥∇uext
h nh∥ΩEx/∥1∥ΩEx . The results of both

extension procedures are shown in Figure 7.3.1.

10−1.5 10−1 10−0.510−5
10−4
10−3
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Mesh size h

eΩEx

ehΩEx
e∇n

eh∇nO(h2)O(h3)

Figure 7.3.1: Errors of steady surface Stokes equations using an explicit volume normal
derivative extension.

We observe optimal orders of convergence for all error quantities. The errors eΩEx and
eh

ΩEx
converge with convergence rate O(h3) and the errors e∇n and eh∇n converge with

convergence rate O(h2). Note that the error e∇n is almost identical to the error eh∇n

which indicates that the extension method works similar for the exact velocity field and
the finite element approximation constructed by the TraceFEM. We conclude, that our
method is able to extend the velocity field off the surface with optimal convergence rates.
In Chapter 5 we used the volume normal derivative stabilization to extend the velocity
field off the surface onto an extension domain implicitly in the TraceFEM formulation.
This method leads to a similar accuracy of the resulting approximation, but it is com-
putationally expensive. In our experiments, we observed that the decoupling of the
extension from the surface PDE leads to up to six times faster computations in the
example of the surface Stokes system. This is due to the fact that the explicit extension
method can be applied component wise which reduces the size of the linear system to be
solved. Moreover, the extension method can be applied to different domains without the
need of solving the surface PDE again. When using the extension via the stabilization
term added to the TraceFEM formulation, one has to solve the surface PDE again when
changing the extension domain. This is not the case when using the explicit extension
method we presented in this section. For these reasons, we use the explicit extension
method in the following experiments.
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Chapter 7. Discretization of Surface Navier–Stokes Equations

7.4 Transport and extension of the level set function

In this section, we summarize the methods to solve the level set equation on the transport
domain ΩTr and to extend the level set function. Both methods were introduced in
Chapter 6.

Transport of the level set equation

The level set equation is solved on ΩTr using a DG scheme combined with a BDF method.
For a BDF(1) method it reads: For given ϕn

h ∈ V DG
h,kg
(ΩTr), find ϕn+1

h ∈ V DG
h,kg
(ΩTr) such

that

∑
T ∈T Tr

h

(∫
T

ϕn+1
h − ϕn

h

∆t
ψh dx + ∫

T

(un+1 ⋅ ∇ϕn+1
h )ψh dx − ∫

∂T−/∂ΩTr

[ϕn+1
h ]ψh (un+1 ⋅ nT ) ds)

− ∫
∂Ωn,in

Tr

ϕn+1
h ψh (un+1 ⋅ nΩTr

) ds = −∫
∂Ωn,in

Tr

ϕD ψh (un+1 ⋅ nΩTr
) ds

holds for all ψh ∈ V DG
h,kg
(ΩTr), cf. (6.4.4). See Section 6.4 for more details. The Dirichlet

boundary data ϕD is constructed from the previous level set functions ϕn
h, . . . , ϕ

n−R+1
h

using a linear extrapolation as explained in (6.3.2). Here, R denotes the order of the
BDF method used in the transport scheme.
The input and output of the transport method are summarized in the following algo-
rithm.

Procedure DoTransportStep
Input:

● transport domain ΩTr● velocity u on ΩTr● previous level set functions ϕn
h, . . . , ϕ

n−R+1
h ∈ Vh,kg(ΩTr)

Output:

● level set function ϕn+1
h ∈ Vh,kg(ΩTr)

end Procedure

Extension of the level set equation

The extension method is introduced in Chapter 6, where a ghost penalty technique
is combined with an L2−projection. It is given in (6.5.2): For given projection and
extension domains holding ΩPr ⊂ ΩEx and an input function ϕin

h ∈ Vh,kg(ΩPr) defined on
ΩPr, determine ϕout

h ∈ Vh,kg(ΩEx) that satisfies

(ϕout
h , ψh)ΩPr

+ s(0)h (ϕout
h , ψh) = (ϕin

h , ψh)ΩPr
for all ψh ∈ Vh,kg(ΩEx),

with
s
(0)
h (ϕ,ψ) = γext ∑

F ∈FGP
h

∫
ω(F )

(ϕ1 − ϕ2)(ψ1 − ψ2)dx.
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7.4. Transport and extension of the level set function

Here, FGP
h denotes the set of facets in the extension domain ΩEx, ω(F ) is a facet patch

and γext > 0 a weight parameter. See Section 6.5 for more details and an error analysis
of the method.
The extended level set function does not satisfy ϕout

h = ϕin
h on ΩPr, but the difference∥ϕout

h −ϕin
h ∥L2(ΩPr) converges with optimal order. Following Lemma 6.5.6 and the results

from the numerical experiment in Figure 6.5.5, the error on the projection domain is
slowly increasing when the extension is applied multiple times. Since the extension
method will be applied in each time step of the surface Navier–Stokes algorithm 7.2.2
with an only slightly different projection domain, we expect that the use of the L2-
projection adds a small error to the level set function on the projection domain and
thus on the discrete representation of the surface. To avoid this error, we modify the
extension method. We improve the method such that ϕout

h = ϕin
h on ΩPr holds. We

replace the L2−projection by a Dirichlet boundary condition: the extended function
ϕout

h should satisfy ϕout
h = ϕin

h on the boundary ∂ΩPr (similar to the velocity extension)
and the system is solved on the degrees of freedom on ΩEx ∩ΩPr only. On the degrees
of freedom of the projection domain, the values of the input function ϕin are copied to
the extended function ϕout

h . Thus, the extended function equals the input function on
ΩPr and the size of the linear system is reduced since only the DOFs on ΩEx ∩ΩPr are
involved. This extension does not need any parameter γext. We expect that the error
analysis from Section 6.5 can be adapted to this modified extension method, leading to
optimal convergence rates.
We summarize the extension in the following algorithm.

Procedure DoLevelSetExtension
Input:

● extension domain ΩEx● projection domain ΩPr ⊂ ΩEx● level set function ϕin
h ∈ Vh,kg(ΩPr)

Output:

● level set function ϕout
h ∈ Vh,kg(ΩEx)

end Procedure

Again, with some abuse of notation, we will denote the input and the output of the
extension method as ϕh in the remainder.
We test the modified extension method for kg = 1, using the kite geometry described by
the level set function ϕ(x) = (x1 − x2

3)2 + x2
2 + x2

3 − 1. See Figure 6.7.1 for a visualization
of the geometry. As projection and extension domains, we use one layer of neighboring
elements to the cut elements (ΩPr = N(ΩΓ)) and three layers (ΩEx = N 3(ΩΓ)). The
input function ϕh is given by an Oswald-type quasi interpolation of the exact level set
function ϕ on the projection domain. We perform the extension using the new method,
utilizing the Dirichlet boundary values (with the solution denoted by ϕBnd) and the old
method, utilizing the L2-projection on the projection domain (with the solution denoted
by ϕL2).
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Chapter 7. Discretization of Surface Navier–Stokes Equations

The errors of interest are given by

eBnd(ω) ∶= ∥ϕBnd − ϕ∥ω∥1∥ω , eL2(ω) ∶= ∥ϕL2 − ϕ∥ω∥1∥ω ,

with ω = ΩPr to measure the errors on the projection domain and ω = ΩEx/ΩPr to measure
the errors on the extension domain.
We perform two tests: In the first test, we apply the extension methods once, to see if
the modified method obtains optimal order of convergence. In the second test, we apply
the extension methods 25 times, to simulate the situation of repeatedly applying the
extension method in the Navier–Stokes algorithm. A similar experiment was performed
in Section 6.5.3.
The errors are shown in Figure 7.4.1 with the left-hand plot showing the errors after a
single extension step and the right-hand plot showing the errors after 25 applications of
the extension methods.
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(a) Applied the extensions once.
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(b) Applied the extensions 25 times.

Figure 7.4.1: Errors of extension of the kite level set function using the L2-projection or
the boundary values with kg = 1.

We observe optimal error convergence rates of at least O(h2) for each error quantity.
The errors obtained by the modified method (eBnd) are slightly smaller that the errors
obtained by the L2-projection method (eL2) both on the projection domain and on the
extension domain. Moreover, we observe a slight increase of the error on the extension
domain when applying the method based on the L2-projection multiple times and a
large increase of this error on the projection domain. Note that the O(h2) reference
line has the same values in both figures. Meanwhile, the errors (both on the extension
and on the projection domain) of the modified method do not increase when applying
the method repeatedly. This indicates that no error accumulates when applying the
modified extension method multiple times. Since the extension method is applied in
each time step of the Navier–Stokes algorithm and an accumulation of the error in ϕh

leads to an accumulation of an error in the position of Γh, we conclude that the modified
extension method is more suitable for our purpose. The modified extension method is
also slightly computationally cheaper since the size of the linear system is reduced.
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7.5 Improved normal approximation

In this section, we introduce a method to construct a smooth normal approximation.
The normal vector n is a crucial quantity in the Navier–Stokes system. It is used to
construct the tangential projection P = I − nnT that is used to calculate the surface
differential operators like the surface gradient ∇Γu = P∇uP, the surface divergence
divΓ u = tr(P∇uP), and the surface rate of strain tensor EΓ(u) = 1

2(∇Γu +∇T
Γu).

The canonical way to approximate the normal vector is given by the normalized gradient
of the level set function, i.e.,

nh = ∇ϕh∥∇ϕh∥ .
This approximation is the standard normal approximation used in the literature on
TraceFEM, e.g., in [BR20]. We use it to define Ph and the surface differential operators
when solving the tangential surface Navier–Stokes system (TSNS) in Chapter 5. This
normal approximation converges with order O(hkg) in the L2−norm if the approximation
of the level set function converges with optimal rate of O(hkg+1) in the L2−norm.
In contrast to the TSNS system, the (full) surface Navier–Stokes equations (SNS) contain
a derivative of the tangential projector P in the term divΓ(pP). Thus, in the SNS system,
the discretization of P (and the normal vector n) plays a more important role. Also, if
we use a different formulation of the SNS system, e.g., the one from (7.2.1), where no
derivative of the tangential projector appears, we still need a good approximation of the
normal vector to define the mean curvature κ = divΓ n.
In the numerical experiments, we observe that the canonical normal approximation is
not sufficiently accurate to approximate the SNS system. One reason might be that the
canonical normal approximation is discontinuous across elements of the triangulation.
We introduce a method to construct a smooth finite element approximation of the normal
vector on the surface which is more accurate than the canonical approximation.
We use an L2−projection on the surface of the canonical normal approximation and
stabilize it with a ghost penalty term. In Section 4.2, we introduced the following
notations: the canonical extension of a polynomial ET ∶ Pk(T ) → Pk(R3), the extensions
vi = ETiv∣Ti for v ∈ Vh,kg , and the facet patch ωF ∶= T1 ∪ T2. We introduce the bilinear
form

sh,n(n,v) = ∫Γh

n ⋅ v ds + ρn ∑
F ∈FΓ

h

∫
ωF

(n1 − n2) ⋅ (v1 − v2)dx,

with FΓ
h ∶= {F = T1 ∩ T2 ∣ T1, T2 ∈ TΓ, T1 ≠ T2,meas2(F ) > 0}. The improved normal

approximation is given by: Find ñh ∈Vh,kg(ΩΓ) such that

sh,n(ñh,v) = ∫Γh

nh ⋅ v ds for all v ∈Vh,kg(ΩΓ),
where nh = ∇ϕh/∥∇ϕh∥ denotes the canonical normal vector approximation defined on
the surface Γh.
Note, that this normal approximation is defined on the cut domain ΩΓ. We will use it
to define the surface differential operators and the tangential projection P. Since they
are only evaluated on the surface Γh, it is sufficient to define the improved normal on
ΩΓ.
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The method for normal construction is summarized in the following algorithm.

Procedure CalculateSurfaceNormal
Input:

● surface Γh● discontinuous normal nh = ∇ϕh∥∇ϕh∥ on Γh

Output:

● ñh ∈Vh,kg(ΩΓ)
end Procedure

We investigate the quality of our method in a numerical experiment. We employ the
introduced method and compare the quality of the “improved” normal ẽh ∶= ∥ñh − n∥Γh

with the quality of the canonical normal eh ∶= ∥nh − n∥Γh
, where n denotes the exact

normal. The initial mesh size is chosen as h0 = 0.5 (halved in each refinement), the
polynomial degree as kg = 1, and the stabilization parameter as ρn = 1

h3 . We use the kite
and torus geometries as introduced in Sections 5.5 and 7.8. The level set approximation
used to construct the canonical normal is given by an Oswald type interpolation of the
exact level set function. The results are shown in Figure 7.5.1.
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Figure 7.5.1: Errors of improved and canonical normal computation on a kite and a
torus geometry.

We observe optimal rates of at least O(h) for the improved and the canonical normal ap-
proximation, which is expected since the level set approximation is of order O(h2) and
the normal approximations consist of first derivatives of the level set approximation.
More interesting, we notice that the absolute errors in the improved normal approxima-
tions are indeed smaller than the absolute errors in the canonical normal approximation.
For the torus example, the error is reduced by a factor of 10 on the finest mesh level,
and we observe convergence rates of O(h2). This improvement of accuracy may be ex-
plained by the fact, that the improved normal approximation is a finite element function
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7.6. TraceFEM for the surface Navier–Stokes equations

of degree kg, while the canonical normal approximation is a piecewise polynomial of
degree kg − 1. Thus, the improved normal approximation is continuous across facets of
the triangulation and has a higher degree. The result indicates, that our new method
is an improvement over the canonical normal approximation concerning the accuracy of
the normal vector.
In the numerical experiments in Section 7.8, we use the improved normal approximation
to construct a converging scheme for the surface Navier–Stokes equations. We observed,
that the canonical normal approximation leads to a non-converging scheme in our ex-
amples and thus, the improved normal is a crucial ingredient for the method.

7.6 TraceFEM for the surface Navier–Stokes equations

In this section, we derive a TraceFEM formulation for the surface Navier–Stokes equation
in one time step, which will be used in Step 4 of Algorithm 7.2.2. We start with the
Navier–Stokes system (7.2.2) and derive a weak formulation. By multiplying the left-
hand side of the first equation of (7.2.2) with a sufficiently smooth test function v, and
applying integration by parts, we get

∫Γ(t)
●u ⋅ v ds − 2µ0∫Γ(t) divΓ EΓ(u) ⋅ v ds + ∫Γ(t) divΓ(pP) ⋅ v ds

=∫Γ(t)(∂tu +∇uu) ⋅ v ds + 2µ0∫Γ(t)EΓ(u) ∶ EΓ(v)ds − ∫Γ(t) p P ∶ ∇Γv´¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¶=tr(PT∇Γv)
ds

=∫Γ(t)(∂tu +∇uu) ⋅ v + 2µ0EΓ(u) ∶ EΓ(v) − pdivΓh
v ds.

(7.6.1)

To obtain a TraceFEM formulation, we use the Taylor-Hood finite element spaces Vh,ku

for the velocity and Vh,ku−1 for the pressure with some ku ≥ 2. The finite element spaces
are defined as in Chapter 4. Motivated by (7.6.1), we introduce the bilinear forms

ah(ũh; uh,vh) ∶= ∫Γh

∇uhũh ⋅ vh + 2µ0EΓh
(uh) ∶ EΓh

(vh)ds
and bh(uh, qh) ∶= ∫Γh

divΓh
uh ⋅ qh ds,

where ũh is some approximation of u used to linearize the system.
As explained in Section 4.2, we need to stabilize the method to fulfill the Ladyzhenskaya–
Babuška–Brezzi (LBB) condition and to obtain a well conditioned linear system. We
use the volume normal derivative stabilizations from [Bur+18] for the velocity and the
pressure which are given by

su
h(u,v) ∶= ρu∫ΩΓ

∇uñh ⋅ ∇vñh dx and sp
h(p, q) ∶= ρp∫ΩΓ

(∇p ⋅ ñh) (∇q ⋅ ñh) dx,

with some stabilization parameters ρu ∼ h−1 and ρp ∼ h. Note, that in contrast to
Chapter 5, we apply the stabilization on the cut domain ΩΓ only and not on an extended
domain. We perform the extension of the velocity explicitly using the method from
Section 7.3 in Step 1 of Algorithm 7.2.2.
The partial time derivative is discretized using the backward Euler method. The Trace-

153



Chapter 7. Discretization of Surface Navier–Stokes Equations

FEM formulation for BDF(1) is given by: Find (un
h, p

n
h) ∈Vh,ku × Vh,ku−1 such that

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩
∫Γn

h

un
h − un−1

h

∆t
⋅ v ds + ah(un−1

h ; un
h,vh) − bh(vh, p

n
h) + su

h(un
h,vh) = ∫Γn

h

fn ⋅ vh ds,

−bh(un
h, qh) + sp

h(pn
h, qh) = 0,

(7.6.2)
holds for all (vh, qh) ∈Vh,ku ×Vh,ku−1. Note that in this equation, the surface differential
operators ∇Γh

and divΓh
are defined using the normal vector ñh as constructed in the

previous section and the previous velocity un−1
h has to be well defined on the surface Γn

h.
The extension to higher–order BDF(R) methods is possible as explained in Remark 7.6.1.
A short overview of the input and output of the TraceFEM for the surface Navier–Stokes
equations is given in the following algorithm.

Procedure DoNavierStokesStep
Input:
● velocities from previous time steps un−1

h , . . . ,un−R
h ∈Vh,ku(Ωn−1

Tr )● outer force fn

● surface Γn
h with its cut elements T n

Γ● normal approximations nn
h and ñn

h

Output:

● un
h ∈Vh,ku(Ωn

Γ)
end Procedure

Remark 7.6.1 (Higher order BDF version)
As in the TraceFEM for the tangential surface Navier–Stokes equations, cf. Re-
mark 5.3.3, the method can be extended to higher order BDF schemes to discretize
the time derivative. The time difference in (7.6.2) is then replaced by

∂tu ≈ 3un − 4un−1 + un−2

2∆t
for BDF(2)

and ∂tu ≈ 11un − 18un−1 + 9un−2 − 2un−3

6∆t
for BDF(3).

For the linearization of the inertia term we replace ũn
h = un−1

h by

ũn
h = 2un−1

h − un−2
h for BDF(2)

and ũn
h = 3un−1

h − 3un−2
h + un−3

h for BDF(3).

Note that when a higher order BDF scheme is used, not only the velocity un−1 has to be
defined on Γn, but also the velocity un−2 for BDF(2) and un−2 and un−3 for BDF(3) have
to be defined on Γn. We will use the extension procedure from Section 7.3 to extend the
used velocities. ◇
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7.7 The full surface Navier–Stokes discretization method

In this section, we summarize the whole algorithm for the surface Navier–Stokes sys-
tem. We use the methods introduced in the previous sections to perform the extension,
transport the level set, construct an improved normal approximation, and solve the
Navier–Stokes system on the surface. The needed input of the method is given by

• ϕ0, u0: initial level set function and velocity (defined in a neighborhood of the
initial surface),

• Ω ⊂ R3: polygonal domain such that Γ(t) ⊂ Ω holds,

• tend: end time,

• f : outer force term,

• µ0: viscosity coefficient.

The parameters of the algorithm are given by

• ku, kg: polynomial degrees for velocity and level set function,

• R: order of BDF scheme for level set equation and Navier–Stokes,

• ∆t, h: time step and mesh size,

• N = ⌈ tend
∆t
⌉: number of time steps,

• LP : layers used in projection in level set extension,

• ρu and ρp: stabilization parameters for velocity and pressure in TraceFEM

• ρn: stabilization parameter for the normal approximation

The number of layers used to define the transport domain depends on the maximal
displacement of Γ in one time step, given by ∆tmaxt∈[tn,tn+1] ∥VΓ(t)∥L∞(Γ). We choose
it as

LT =max{1 + 4∆t
h
∥un

h ⋅ nn
h∥L∞(ΩΓ),3},

to ensure that Ωn
Tr is large enough to contain the surface Γn+1

h and the projection domain
Ωn

Pr. This choice is further motivated and explained in Section 6.6.
Remark 7.7.1
It is known from the literature (cf. e.g. [BR20; ORS24]), that the stabilization pa-
rameters ρu and ρp should be chosen as ρu = cρuh

−1 and ρp = cρph and that varying
the constants cρu , cρp does not have a huge impact on the quality of the approxima-
tion. From numerical experiments and [Lou21], we follow that ρn should be chosen as
ρn = cρnh

−3. In the numerical experiments we will stick to the values

ρu = 1
h
, ρp = h, and ρn = 1

h3 ,

for the stabilization parameters. ◇
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We summarize the whole method to approximate the surface Navier–Stokes system in
the following algorithm.

Algorithm 7.7.2: Surface Navier–Stokes algorithm

1: Procedure

2: for n from 0 to N − 1 do:
3: LT ←max {3, [1 + 4∆t

h ∥un
h ⋅ nn

h∥L∞(ΩΓ)]}
4: Ωn

Tr ←NLT (Ωn
Γ)

5: if n > 0 then

6: Ωn
Pr ←NLP (Ωn

Γ)
7: ϕn

h ← DoLevelSetExtension(Ωn
Tr, Ωn

Pr, ϕn
h)

8: un
h ← DoVelocityExtension(Ωn

Γ, Ωn
Tr, un

h, nn
h)

9: for i from 1 to R − 1 do

10: ϕn−i
h ← DoLevelSetExtension(Ωn

Tr, Ωn
Pr, ϕn−i

h )
11: un−i

h ← DoVelocityExtension(Ωn−1
Tr ∩Ωn

Tr, Ωn
Tr, un−i

h , nn
h)

12: end for

13: end if

14: ũn
h ← extrapolation in time of ui

h for i = n, . . . , n −R + 1
15: ϕn+1

h ← DoTransportStep(Ωn
Tr, ũn

h, ϕn
h, . . . , ϕ

n−R+1
h )

16: Γn+1
h ← {x ∣ ϕn+1

h (x) = 0}
17: nn+1

h ← ∇ϕn+1
h /∥∇ϕn+1

h ∥
18: ñh ← CalculateSurfaceNormal(Γn+1

h ,nn+1
h )

19: un+1
h ← DoNavierStokesStep(un

h, . . . ,u
n−R+1
h , fn+1, Γn+1

h , nn+1
h , ñh)

20: end for

21: end Procedure

With some abuse of notation, we denote the extended functions by the same symbol
as the original function, e.g., ϕn

h denotes the level set approximation on the projection
domain Ωn

Pr and the transport domain Ωn
Tr in line 7 of the algorithm.

7.7.1 Illustration of the algorithm

We illustrate one time step of Algorithm 7.7.2 in the following figures using a one di-
mensional example, to provide an overview of the method and the domains used (ΩTr,
ΩPr, and ΩΓ). In all figures, the x-axis denotes the space variable and the y-axis the
time variable. For each time point, the surface consists of a single point, i.e. Γ(t) ∈ R
for all t ∈ [0, tend]. We consider the case of a BDF(1) scheme and time step n > 0. The
input data of one time step is given by the level set approximation ϕn

h defined on the
previous transport domain Ωn−1

Tr and the velocity approximation un
h defined on the cut

domain Ωn
Γ.
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We start by illustrating line 7 of the algorithm, where the level set function ϕn
h is extended

to the transport domain Ωn
Tr. For this extension, we use the given approximation ϕn

h on
the projection domain Ωn

Pr which is smaller than the transport domain Ωn−1
Tr , where ϕn

h

is defined. As explained in Chapter 6, the choice of the smaller projection domain is
important to prevent error accumulation induced by low order boundary data.
We illustrate the extension of ϕn

h from the projection domain (blue) to the transport
domain (red) in Figure 7.7.1.

Input

tn
x

t

Output

tn
x

t

= Ωn
Tr = Ωn

Pr = ϕn
h

Figure 7.7.1: Line 7 of Algorithm 7.7.2: Level set extension. The level set function ϕn
h

is extended from Ωn
Pr to the transport domain Ωn

Tr.

For the velocity extension, we use the maximal possible projection domain, namely the
cutted elements Ωn

Γ. Since no boundary values are needed in the surface Navier–Stokes
solver, we do not have to choose a smaller projection domain. The velocity extension is
shown in Figure 7.7.2.

Input

tn
x

t

Output

tn
x

t

= Ωn
Tr = Ωn

Γ = un
h

Figure 7.7.2: Line 8 of Algorithm 7.7.2: Velocity extension. The velocity function un
h is

extended from Ωn
Γ to the transport domain Ωn

Tr.

Now, we have the level set approximation ϕn
h and the velocity approximation un

h defined
on the transport domain Ωn

Tr. In line 15 of Algorithm 7.7.2, we solve the transport
equation to obtain the new level set approximation ϕn+1

h on the transport domain Ωn
Tr.

We use an extrapolation in time of the previous level set approximations ϕn
h, . . . , ϕ

n−R+1
h

to obtain Dirichlet boundary values. In line 14 of Algorithm 7.7.2, we extrapolate the
velocity approximations un

h, . . . ,u
n−R+1
h to obtain a velocity function ũn

h that is used in
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the transport step. The extrapolation is done by taking a linear combination of the
previous velocity approximations. In the case of a BDF(1) scheme, we simply use the
previous velocity approximation, i.e. ũn

h = un
h holds. The transport step is illustrated in

Figure 7.7.3.

Input Output

tn

tn+1
t

x

tn

tn+1
t

x

= Ωn
Tr = ũh = ϕn

h = ϕn+1
h

Figure 7.7.3: Line 15 of Algorithm 7.7.2: Transport step. The level set approximation
ϕn+1

h is constructed by solving the transport equation on the transport domain Ωn
Tr.

The resulting level set approximation ϕn+1
h , defines the surface Γn+1

h = {x ∣ ϕn+1
h (x) = 0}

and the cut domain Ωn+1
Γ . On the surface Γn

h, we solve the surface Navier–Stokes system
in line 19 of Algorithm 7.7.2. This method requires the previous velocity approximation
un

h given on the surface Γn
h. Since we extended this velocity approximation to the

transport domain Ωn
Tr (see Figure 7.7.2), it is well defined on Γn+1

h . The used stabilization
in the TraceFEM leads to a resulting velocity approximation un+1

h defined on the cut
domain Ωn+1

Γ . We visualize the surface Navier–Stokes step in Figure 7.7.4.

Input Output

tn

tn+1
t

x

tn+1
t

x

= Ωn
Tr = Ωn+1

Γ
= un

h = un+1
h

Figure 7.7.4: Line 19 of Algorithm 7.7.2: Navier–Stokes step. The velocity un+1
h is

constructed by solving the surface Navier–Stokes system on the cut domain Ωn+1
Γ .

The resulting velocity approximation un+1
h and the level set approximation ϕn+1

h are used
as input in the next time step.
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7.8 Numerical experiments

In this section, we present numerical experiments to validate the method and to illustrate
some (mathematical and physical) phenomena connected to the surface Navier–Stokes
system. We start with simple validation examples, where the velocity is constant in
space and time and the surface is moved with constant speed in a constant direction.
As a next step, we consider more complex examples, where the velocity is not constant
anymore, and the surface deforms over time. In the last validation example, we solve the
Navier–Stokes system on a surface that exhibits a topological change. In all validation
examples, a manufactured solution is available, and we calculate the accuracy of our
numerical approximation.
After the validation of our algorithm, we present some examples to investigate the behav-
ior of the numerical solution of the surface Navier–Stokes system. In the first example,
in Section 7.8.3, we consider the continuous dependence of the solution on the initial
data. In the last examples, we investigate the influence of the viscosity coefficient µ0 on
the solution of the surface Navier–Stokes system.
Throughout all experiments, we use the parameters ku = 2 (kp = 1), kg = 1, and employ
BDF(2) time discretization schemes. To obtain the second initial values for the BDF(2)
scheme, we start with two time steps with time step size ∆t

2 , and apply a BDF(1) scheme.
In the extension method, we use LP = 1. The linear system resulting from discretizing
the transport step is solved using a stabilized BCGS method with an incomplete LU
decomposition as a preconditioner. All other linear systems are solved using a direct
solver from the Intel MKL library. If not stated otherwise, the time interval is taken as
I = [0,1], the evolving surfaces are embedded in the domain Ω = [−7

3 ,
7
3]3, the viscosity

is set to µ0 = 0.05. The initial mesh size is h = 0.5. The mesh size h and the time
step size ∆t are halved in each refinement step. We implement our methods using the
finite element library Netgen/NGSolve [Sch97; Sch14] with the add-on ngsxfem [Leh+].
In the validation examples, we use Maple [Map] for computing the exact force terms
corresponding to our manufactured solutions. [Sch25] contains the code used to perform
the numerical experiments. The error metrics of interest are given by

(eu)2 ∶=∆t
N∑

n=1 ∥un
h − un∥2Γn

h
, (e1,u)2 ∶=∆t

N∑
n=1 ∥∇Γh

un
h −∇Γh

un∥2Γn
h
,

(ep)2 ∶=∆t
N∑

n=1 ∥pn
h − pn∥2Γn

h
, (eΓ)2 ∶=∆t

N∑
n=1 ∥ϕn∥2Γn

h
/∥1∥2Γn

h
,

where ∥ ⋅ ∥Γn
h

denotes the L2-norm on the surface Γn
h. To construct time dependent level

set functions, we start with the following exact stationary level set functions:

• ϕSphere(x) = x2
1 + x2

2 + x2
3 − 1,

• ϕBicon(x) = (x2
1 + x2

2 − 0.3)2 + x2
3 − 0.4,

• ϕTorus(x) = (√x2
1 + x2

2 − 1)2 + x2
3 − 0.52,

• ϕKite(x) = (−x2
3 − x1)2 + x2

2 + x2
3 − 1.

The first surface is a sphere, the second one is called a biconcave shape, the third one is a
torus, and the last one is called ’kite’-geometry. We construct time dependent surfaces.
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The first evolutions are the ones of surfaces (sphere, biconcave shape, and torus) slowly
moving to the right and not changing the shape. In addition, we consider the evolution
of a biconcave shape and a torus transforming into a sphere. The corresponding level
set functions are given by

• ϕS→(x, t) = ϕSphere(x1 − 0.2t, x2, x3),
• ϕB→(x, t) = ϕBicon(x1 − 0.2t, x2, x3),
• ϕT→(x, t) = ϕTorus(x1 − 0.2t, x2, x3),
• ϕB→S(x, t) = (1 − t) ⋅ ϕBicon(x) + t ⋅ ϕSphere(x),
• ϕT→S(x, t) = (1 − t) ⋅ ϕTorus(x) + t ⋅ ϕSphere(x).

7.8.1 Validation examples I

We start the validation with a simple case, where the exact velocity is constant, and the
exact pressure is zero. We choose a constant (in space) velocity u0 as the initial velocity
and f = 0 as the force term. It holds ∇Γu0 = EΓu0 = divΓ u0 = 0. Consequently, the exact
pressure is zero (p = 0), and the velocity remains constant in both space and time, i.e.,
u(x, t) = u0 holds for all t ≥ 0. The exact solution of the velocity and the pressure are
independent of the initial level set function and thus also independent of the surface
and its curvature. Since the exact velocity is constant, the exact surface is transported
constantly in the direction of the (fixed) velocity.
The initial velocity u0 = (0.2,0,0)T and level set functions ϕ0 ∈ {ϕSphere, ϕBicon, ϕTorus}
lead to the corresponding exact level set functions given by ϕS→, ϕB→, and ϕT→, respec-
tively.
This system is solved exactly (apart from rounding errors) using our method. The errors
eu, e1,u, and ep are within machine accuracy limits, since the solution is contained in the
finite element spaces. The error in the level set function converges at an order between
1.5 and 2, which is nearly optimal since we use kg = 1. These results demonstrate that
our method achieves optimal accuracy for this case.

7.8.2 Validation examples II

In the more complex validation examples, we consider three examples. The first one is
a sphere moving to the right, where a (time-dependent) divergence free manufactured
velocity field is used. The second example is a biconcave shape transforming into a
sphere, where we show that our method is able to deal with varying curvature of the
surface. The last example is a torus transforming into a sphere, where a topological
change occurs, which makes this example more challenging. In all examples, the exact
pressure is given by p(x, t) = x1x2x3.

Sphere moving to the right

We use the exact level set function ϕS→, which describes a sphere evolving with constant
velocity to the right. The curvature of the surface remains constant in both space and
time.
We define a tangential divergence-free velocity as ũT = P(n × ∇Γψ) with the stream
function ψ(x, t) = x1x2 − 2t. This function was also employed in the numerical experi-
ments presented in Chapter 5. We add the constant velocity uc = (0.2,0,0)T that aligns
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with the desired evolution of the surface Γ(t). The full velocity is given by u = ũT +uc,
satisfying divΓ u = 0. We choose the initial time step size as ∆t0 = 0.25. The results of
our method are shown in Figure 7.8.1.

10−1.5 10−1 10−0.5
10−4

10−3

10−2

10−1

Mesh size h

ep eΓ
e1,u euO(h)

Figure 7.8.1: Navier–Stokes convergence test with sphere moving to the right.

The results demonstrate convergence of our method across all displayed error metrics.
The convergence orders vary between 1 and 2 for the velocity and the level set function
and between 0.5 and 1.5 for the pressure. The h1-error of the velocity is larger than the
L2-error, which is an expected behavior.
The convergence rates are not optimal, which may be due to the strong nonlinearity
between the velocity and the level set function. We use a simple extrapolation of the
velocity field for the transport step, which may not be sufficient to achieve optimal
convergence rates. The results indicate that our method is capable of solving the surface
Navier–Stokes system with a moving surface, even in the presence of strong nonlinearity.

Biconcave shape transforming into a sphere

In the next example, we present a convergence test on a surface with varying curvature.
We select the exact level set function ϕ = ϕB→S which describes a biconcave shape that
deforms into a sphere. Since the surface evolution is prescribed by the level set function
in this manufactured example, we can express the normal component of the velocity in
terms of the level set function by

u ⋅ n = uN = VΓ = − ∂tϕ

n ⋅ ∇ϕ.
The tangential component of the velocity is chosen as uT = Pe1 with e1 = (1,0,0)T . This
velocity does not satisfy the divergence-free condition, i.e., divΓ u ≠ 0 holds. To obtain
a closed system, we substitute the second equation (divΓ u = 0) of the Navier–Stokes
system (7.2.2) with the modified equation divΓ u = q where q represents the divergence
of the manufactured velocity.
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The surface evolution and the velocity are shown in Figure 7.8.2.

(a) t = 0 (b) t = 0.5 (c) t = 1

Figure 7.8.2: Snapshots of biconcave shape deforming into a sphere. The glyphs represent
the velocity field u. The coloring is done by the value of ∥u∥2 from blue (low) to red
(high).

The initial time step size is chosen as ∆t0 = 0.1 and halved in each refinement step.
Figure 7.8.3 displays the results of the convergence test.

10−1.5 10−1 10−0.5

10−2

10−1

Mesh size h

ep eΓ
e1,u euO(h)

Figure 7.8.3: Navier–Stokes convergence test with a biconcave surface deforming to a
sphere.

We observe that the method is convergent with order one in all error quantities. Errors
exceed those seen previously due to varying curvature present in this example. This
experiment indicates, that the proposed method is able to approximate the solution of
the Navier–Stokes system on a surface with varying curvature.
Gradient of level set function
We use the example of the biconcave shape deforming into a sphere, to take a closer look
at the level set approximation ϕh close to the surface. In Chapter 4, where we introduced
the TraceFEM, we discussed the necessity of a level set function that is “close” to a signed
distance function. This is important for the trace finite element method, as it allows us
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accurate determination of the zero level set and thus the surface. If the level set function
becomes too steep or too flat, the numerical approximation of the surface and surface
integrals deteriorates. In existing literature, one often employs reinitializing methods for
the level set functions after some time steps, to maintain proximity to a signed distance
function. These reinitialization techniques are often computationally expensive, and the
zero level set is often not preserved exactly during the reinitialization process. To avoid
this, we choose a tailor made velocity field extension (normal aligned), that should (as
the velocity in the transport step) keep the level set function close to a signed distance
function over time. See the explanation in Section 7.2. One way to measure the quality
of the level set function, with respect to the signed distance property, is via the Eikonal
equation ∥∇ϕ∥2 = 1,

which is fulfilled for signed distance functions. We measure the quality of our level set
function (in terms of approximating a signed distance function) by the following error
quantity

e∇ϕ,T ∶= ∮
T

∥∇ϕ∥2 dx, for T ∈ Th.

For a level set function ϕ that fulfills the Eikonal equation, it holds e∇ϕ,T = 1 for all
T ∈ Th.
In Figure 7.8.4, we show the maximal and minimal size of e∇ϕ,T on the cut elements TΓ
and on the elements within the transport domain ΩTr for each time step. We use a mesh
with resolution h = 2−5.

0.0 0.2 0.4 0.6 0.8 1.0
time t

1

2

3

4

5

6
min
T∈TΓ

e∇φ,T

max
T∈TΓ

e∇φ,T

min
T∈ΩTr

e∇φ,T

max
T∈ΩTr

e∇φ,T

Figure 7.8.4: Eikonal error e∇ϕ,T on ΩΓ and ΩTr over time.

The results show that the error quantity e∇ϕ,T is between 1 and 3 for all time steps on
the cut elements and between ∼ 0.8 and 4 on the elements of the transport domain after
the first time step. In the literature, cf. [GR11], one usually employs reinitialization
techniques if the condition 1

c ≤ e∇ϕ,T ≤ c for some T with a constant c ∈ [5,10] is
violated. Thus, no reinitialization would be used in this example. We emphasize, that
the deviation of the level set function from a signed distance function is not increasing
over time. This indicates that our method is able to solve the level set equation without
the need of reinitialization, and we have a stable implementation concerning the level
set quality for this smooth example.
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Torus transforming into a sphere

In the last example with a manufactured solution, we test if our method is able to perform
topology changes. In general, a topology change is a challenging problem for numerical
methods. Surface finite element methods (SFEM), which are Lagrangian approaches,
are not suitable to discretize topology changes, since the surface mesh needs to be split
or merged. In contrast, trace finite element methods (which are Eulerian) are in general
suited for topology changes, cf. the recent paper [OR25]. We test if our method is able
to solve the Navier–Stokes system on a surface that undergoes a topology change. We
use the exact level set function ϕ = ϕT→S which describes a torus (genus 1) that deforms
into a sphere (genus 0), cf. Figure 7.8.5 for a visualization.

(a) t = 0 (b) t ≈ 0.5 (c) t = 1

Figure 7.8.5: Snapshots of Γh describing a torus deforming into a sphere.

The normal component of the velocity is given by the predefined surface evolution.
Again, we choose the tangential component as uT = Pe1. The initial time step size is
taken as ∆t0 = 0.1 and the divergence free condition is again replaced as in the previous
example.
The results of the convergence test are shown in Figure 7.8.6.

10−1.5 10−1 10−0.5
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ep eΓ
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Figure 7.8.6: Navier–Stokes convergence test with a torus surface deforming to a sphere.
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Once more, we observe convergence of order close to one for the L2− error of the velocity
(eu) and the surface error (eΓ). However, the errors in the gradient of the velocity (e1,u)
and in the pressure (ep) do not converge. Notably higher errors arise than in the previous
examples. We assume the loss of convergence and the higher errors are caused by the
topology change. See [OR25] for a discussion of the challenges arising from topology
changes.

7.8.3 Continuous dependence on initial values

In this section, we test the dependence of the solution on initial values. As we mentioned
when introducing the surface Navier–Stokes system, there is no theory available for the
well-posedness of the system. Thus, we do not know if the solution is continuously
depending on the initial values. If there is no continuous dependence, small perturbations
(e.g., caused by the numerical scheme), may strongly increase over time and lead to
a blow-up of the solution; thus constructing stable numerical schemes becomes more
complicated. For the surface Stokes system, it is known, that perturbations in the initial
values are damped over time. We test if similar results hold for the surface Navier–Stokes
system.
We use the three examples from the previous section. The exact level set function is taken
as ϕ ∈ {ϕS→, ϕB→S, ϕT→S} with the exact velocity and pressure functions as described in
the previous examples. We disturb the initial level set function or the initial velocity by
adding an error with high frequency. The initial error is given by

eInit(x) = sin(50πx1x2x3)
102 .

We run two test cases. In the first one we perturb the initial level set function. We solve
the system with the exact (ϕ0

Ex = ϕ(0)) and the disturbed (ϕ0
dis = ϕ(0) + eInit) level set

function and the exact velocity as initial value. The error of interest is given by

en
ϕ = ∥ϕn

Ex∥L2(Γn
dis), for n = 0, . . . ,N,

where Γdis is the surface generated by the disturbed level set function ϕdis. In Table 7.8.7,
we show the errors in the initial functions at n = 0 and the errors at the final time step
N and the growth rate (rate = eN

ϕ /e0
ϕ).

ϕS→ ϕB→S ϕT→S

h e0ϕ eNϕ rate e0ϕ eNϕ rate e0ϕ eNϕ rate

0.5 6.1 ⋅ 10−3 8.8 ⋅ 10−3 1.4 5.9 ⋅ 10−3 8.3 ⋅ 10−2 14.1 6.98 ⋅ 10−3 1.51 ⋅ 10−2 2.2

0.25 5.1 ⋅ 10−3 1.1 ⋅ 10−3 0.2 5.4 ⋅ 10−3 3.2 ⋅ 10−3 0.6 7.83 ⋅ 10−3 4.27 ⋅ 10−3 0.5

0.125 8 ⋅ 10−3 1.5 ⋅ 10−3 0.2 9 ⋅ 10−3 4 ⋅ 10−3 0.4 1.09 ⋅ 10−2 1 ⋅ 10−2 0.9

0.063 1.5 ⋅ 10−2 4.2 ⋅ 10−3 0.3 1.5 ⋅ 10−2 6.8 ⋅ 10−3 0.4 1.66 ⋅ 10−2 6.13 ⋅ 10−3 0.4

0.031 2.2 ⋅ 10−2 1.4 ⋅ 10−2 0.7 2.1 ⋅ 10−2 1.6 ⋅ 10−2 0.7 2.47 ⋅ 10−2 1.59 ⋅ 10−2 0.6

Figure 7.8.7: Comparison of the initial errors and the errors at the final time in the
geometry when perturbing the initial values.

In the second test case, we perturb the initial velocity instead of the initial level
set function. We solve the system with the exact (u0

Ex = u0) and the disturbed
(u0

dis = u0 + eInit ⋅ (1,1,1)T ) velocity as initial value and the exact level set function. The
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error of interest is given by

en
u = ∥un

Ex − un
dis∥L2(Γn

Ex), for n = 0, . . . ,N,

where Γn
Ex is the surface generated using the exact initial values. We show the errors in

the initial functions at time step n = 0 and the errors at the final time step n = N and
the growth rate (rate = eN

u /e0
u) in Table 7.8.8.

ϕS→ ϕB→S ϕT→S

h e0u eNu rate e0u eNu rate e0u eNu rate

0.5 3 ⋅ 10−2 1.4 ⋅ 10−2 0.5 2.9 ⋅ 10−2 1.5 ⋅ 10−2 0.5 4.18 ⋅ 10−2 0.11 2.6

0.25 3.5 ⋅ 10−2 1 ⋅ 10−2 0.3 3.6 ⋅ 10−2 1 ⋅ 10−2 0.3 4.4 ⋅ 10−2 1.3 ⋅ 10−2 0.3

0.125 5 ⋅ 10−2 1.2 ⋅ 10−2 0.2 4.6 ⋅ 10−2 1.4 ⋅ 10−2 0.3 5.21 ⋅ 10−2 6.82 ⋅ 10−2 1.3

0.063 4.4 ⋅ 10−2 2.2 ⋅ 10−2 0.5 4.2 ⋅ 10−2 9.7 ⋅ 10−3 0.2 5.75 ⋅ 10−2 2.25 ⋅ 10−2 0.4

0.031 4.5 ⋅ 10−2 6.1 ⋅ 10−2 1.4 4.2 ⋅ 10−2 3.2 ⋅ 10−2 0.8 5.65 ⋅ 10−2 0.13 2.2

Figure 7.8.8: Comparison of the initial errors and the errors at the final in the velocity
time when perturbing the initial values.

From Tables 7.8.7 and 7.8.8, we observe that for most examples and mesh sizes, the
difference between the solution using the exact initial errors and the ones using the
disturbed initial errors is decreasing over time for all examples. The growth rate is
below one for almost all examples and all mesh resolutions after the first refinement.
In the examples where an increase of the error is observed, the growth rate is still not
larger than 2.2 after the first refinement, so the error does not blow up significantly.
These experiments suggest that the underlying smooth problem could possibly be well-
posed, meaning that the solution might depend continuously on the initial values.

7.8.4 Influence of the viscosity coefficient µ0

We have shown, that we have a stable method to discretize the surface Navier–Stokes
system. Now, we investigate the behavior of the velocity and the surface, when no outer
force term is present, i.e., f = 0 holds. For the best of our knowledge, there are no
experimental studies available in the literature for this setting. In the related works
where the surface Navier–Stokes system is discretized, cf. [KV23; RV18], an additional
bending term is added to stabilize the system. This bending term is not present in this
section.
We investigate the influence of the viscosity coefficient µ0 on the solution of the surface
Navier–Stokes system. We use different initial level set functions ϕ0 and different initial
velocities u0 and show the resulting surfaces for different values for µ0. There are no
exact solutions available in these examples, thus we can only measure the error in the
surface divergence divΓh

uh of the velocity which should vanish. In each experiment in
this section, we use a mesh with a maximum mesh size of h = 2−5 = 0.03125 and time
step size ∆t = 0.2 ⋅ 2−4 = 0.0125 if not stated otherwise. The viscosity coefficient µ0 is
varied between 0.01 and 100. The time interval is taken as I = [0,1]. In all figures, the
glyphs represent the velocity field uh. The coloring is done by the value of ∥uh∥2 from
blue (low) to red (high).
We show results for different choices of initial surfaces and velocities. The initial sur-
faces represent a sphere or a kite geometry, the corresponding level set functions are
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taken as ϕ0 ∈ {ϕSphere, ϕKite}. The initial velocities are given by u0 ∈ {u↺,u→} where
u↺ = (−x2, x1,0)T is a rotation around the x3-axis which is tangential to the sphere
(given by the zero level of ϕSphere). The discontinuous velocity u→ is locally pointing to
the right for x1 > 0.5 and zero otherwise, i.e., it is given by

u→ =
⎧⎪⎪⎪⎨⎪⎪⎪⎩
(0.5,0,0)T , if x1 > 0.5
(0,0,0)T , else.

Example 1: Sphere with rotation

In the first test case, we choose ϕ0 = ϕSphere and u0 = u↺. For this example, we examine
the convergence rates of the surface divergence in the approximated velocity field. We
investigate the L2L2−divergence error, which is given by

e2
divΓ
∶=∆t

N∑
n=1 ∥divΓh

un
h∥2Γn

h
/∥1∥2Γn

h
.

In Figure 7.8.9, we show the L2L2−divergence error for initial mesh and time step sizes
h0 = 0.25 and ∆t0 = 0.1.

10−1.6 10−1.4 10−1.2 10−1 10−0.8 10−0.6

10−4

10−3

10−2

10−1

Mesh size h

µ0 = 0.01
µ0 = 100O(h)

Figure 7.8.9: L2L2−divergence error edivΓ for ϕ0 = ϕSphere, u0 = u↺, and µ0 ∈ {0.01,100}.
The results show that the divergence error is converging with convergence rate O(h),
which is expected, since we used a linear level set approximation to define Γh and divΓh

.
The errors are larger for the low viscosity coefficient µ0 = 0.01 compared to the high
viscosity coefficient µ0 = 100. We assume that the larger errors are caused by the higher
curvature (as shown in the following figures) that results from the lower viscosity.
The convergence of the surface divergence error suggests that our method generally
is converging to a solution of the surface Navier–Stokes system. When we combine
this finding with the validation results from previous sections, we can conclude that
our method is likely able to accurately approximate the solution of the surface Navier-
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Stokes system. Therefore, we can expect that the behavior shown in the following figures
represents this solution.
We take a look at the evolution of the surface over time. Snapshots of the surface and
the velocity field at different time steps for µ0 = 0.01 are shown in Figure 7.8.10 and for
µ0 = 100 in Figure 7.8.11.

Figure 7.8.10: Surface and velocity over time for ϕ0 = ϕSphere, u0 = u↺, and µ0 = 0.01.

Figure 7.8.11: Surface and velocity over time for ϕ0 = ϕSphere, u0 = u↺, and µ0 = 100.

168



7.8. Numerical experiments

We observe that in the low viscosity case (µ0 = 0.01), the surface becomes “flatter” over
time, i.e., the curvature decreases close to the x3-axis and increases in regions further
away from the x3-axis. The deformation can be explained by the acting of “centrifugal-
like” forces induced by the rotation u↺. The initial velocity field is tangential to the
surface, but it does not stay tangential over time and the surface is deforming. This
illustrates, that in the surface Navier–Stokes system, normal velocities can arise, even if
the initial velocity field is purely tangential.
Increasing the viscosity coefficient to µ0 = 100 leads to a different behavior of the surface.
We observe that the surface is only deforming very slowly, i.e., the curvature is nearly
constant over time. The velocity field is also nearly constant over time. When we
compare the initial surface with the final one, we see that the surface is a bit “flatter”
than the initial surface, but the deformation is very small.
Also, we compare the final surfaces (at t = tend = 1) for varying viscosity coefficients
µ0 ∈ {0.01,0.1,1,10,100}. We take a “slice” of the surface at x2 = 0 to be able to compare
different surfaces in one single plot. The results are shown in Figure 7.8.12.

−1.0 −0.5 0.0 0.5 1.0
x1

−1.0

−0.5

0.0

0.5
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µ0 = 0.01
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µ0 = 1

µ0 = 10

µ0 = 100

Figure 7.8.12: Slice of surfaces at t = 1 for different viscosity coefficients µ0 for initial
values ϕ0 = ϕSphere and u0 = u↺.

We observe that the dependence of the surface deformation on the viscosity coefficient
is “anti-proportional” in the sense that decreasing the viscosity leads to a stronger de-
formation of the final surface. It seems like the strength of the deformation depends
continuously on the viscosity coefficient µ0.

Example 2: Kite with rotation

In the second test case, we choose the initial values ϕ0 = ϕKite and u0 = u↺. The initial
velocity field u0 is not tangential to the surface in this case and the initial surfaces
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has varying curvature. The results for the low viscosity case µ0 = 0.01 are shown in
Figure 7.8.13.

Figure 7.8.13: Surface and velocity over time for ϕ0 = ϕKite, u0 = u↺, and µ0 = 0.01.

Increasing the viscosity coefficient to µ0 = 100 leads to the results shown in Figure 7.8.14.

Figure 7.8.14: Surface and velocity over time for ϕ0 = ϕKite, u0 = u↺, and µ0 = 100.

We observe similar behavior as in the first example. In the low viscosity case (µ0 = 0.01),
the surface becomes “flatter” over time, e.g. the curvature on the left side of the initial
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surface is getting smaller. We observe that the surface is rotating around the x3-axis.
This rotation was difficult to observe in the first test case, since the initial surface was
an axis-symmetric sphere. The figures indicate a local influence of the surface curvature
on the velocity field. On the left side of the initial surface, the curvature is higher than
on the right side. We see that the velocity in the regions with higher curvature behaves
differently over time from the velocity in the regions with lower curvature. While the
velocity stays close to the initial rotation in the smoother regions of Γh, it changes
the direction in the regions with higher curvature. This indicates the influence of the
curvature on the velocity field.
In the high viscosity case (µ0 = 100), the surface is only slightly deformed, i.e., the
curvature is nearly constant over time. The velocity field is also nearly constant over
time. The surface is rotating around the x3-axis, but it does not deform significantly.

Example 3: Sphere with velocity pointing to the right

In the third test case, we choose ϕ0 = ϕSphere and u0 = u→. The velocity field u→ is
locally pointing to the right for x1 > 0.5. Thus, the velocity is nonzero only on the right
side of the initial surface.
For the low viscosity coefficient µ0 = 0.01, the results are shown in Figure 7.8.15.

Figure 7.8.15: Surface and velocity over time for ϕ0 = ϕSphere, u0 = u→, and µ0 = 0.01.

We observe that the surface is moving to the right, where the far right side of the surface
is moving faster than the left side. This leads to a deformation of the surface. One can
distinguish two parts of the surface: the right part, which is moving faster to the right,
and the left part, which is almost spherical and stays nearly unchanged. The norm of
the velocity field is getting smaller over time, but the velocity still points to the right at
the right-hand side of the surface and is almost zero on the left-hand side. In another
experiment, we have seen that increasing the final time leads to a separation of the
surface into two parts, where the right smaller part is moving faster than the left part.
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The results for the high viscosity coefficient µ0 = 100 are shown in Figure 7.8.16.

Figure 7.8.16: Surface and velocity over time for ϕ0 = ϕSphere, u0 = u→, and µ0 = 100.

We see that the velocity is nearly constant after a short time (the second image is taken
at the first time step at t = 0.0125). After the first time step, the velocity is constantly
pointing to the right on the whole surface, and we do not see any local difference anymore.
This constant velocity field leads to a constant movement of the surface to the right and
no deformation of the surface. The surface keeps its spherical shape and is slowly moving
to the right.

Summary and heuristic explanation

We describe a heuristic that explains the behavior of the surface and the velocity in
the shown examples. Summarizing the similarities in the behavior of the solutions from
the test cases, we observe that the surface is in general deformed strongly for the small
viscosity coefficient µ0 = 0.01, while its shape is nearly unchanged for the large viscosity
coefficient µ0 = 100. For example, in the second test case (ϕKite, u↺), the surface keeps
its kite-like shape for µ0 = 100 and is only rotated by the velocity field. When the small
viscosity coefficient µ0 = 0.01 is used, the surface is also rotated, but additionally it is
deformed strongly, such that the final surface is much “flatter” than the initial one.
The change (over time) in the velocity obtained by the surface Navier–Stokes system,
can be expressed by the first equation of (7.2.2) with f = 0, given by

●u = 2µ0 divΓ EΓu − divΓ(pP).
Thus, for a large µ0 ≫ 1, the first term (divΓ EΓu) dominates the evolution of u and
for small µ0 ≪ 1, the second term (divΓ(pP)) dominates. We first consider the case for
high viscosity coefficients µ0 ≫ 1. The dominating term is the diffusion term divΓ EΓu,
that leads to a dissipation of the kinetic energy. In the third test case (ϕSphere, u→),
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the velocity field has huge local differences at t = 0, i.e., it is zero on the left-hand side
of the surface and non-zero on the right-hand side. The diffusion term smooths the
velocity field over time, such that the velocity field becomes nearly constant over the
whole surface after one time step. When the velocity field is constant (in space), it stays
unchanged by the surface Navier–Stokes system (cf. Section 7.8.1), and thus the surface
moved to the right without changing its shape. In the first two test cases, the initial
velocity field u↺ satisfies EΓu↺ = 0, i.e., u↺ is a so-called “Killing vector field”. Thus,
the diffusion term divΓ EΓu has no influence on the velocity, and it stays nearly constant
over time. This leads to a rotation of the surface around the x3-axis, which is an axis of
symmetry of the sphere (ϕ = ϕSphere).
In the case of small viscosity coefficients µ0 ≪ 1, the second term (divΓ(pP) = ∇Γp−pκn
with κ being the mean curvature of Γ(t)) dominates the evolution of the velocity field.
It takes the surface curvature into account. Thus, we have a stronger influence of the
surface curvature on the velocity. We clearly observe this in the second test case (ϕKite,
u↺), where the surface is deformed strongly, and the velocity depends on the local
curvature of the surface.
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Chapter 8
Summary and Outlook

The final chapter of this thesis is organized into two parts. In Section 8.1, we summarize
the key findings and contributions made in the research on the discretization of surface
Navier-Stokes equations. Potential future research directions and open problems are
discussed in Section 8.2.

8.1 Summary

In this doctoral thesis, we explored a TraceFEM-based discretization of Navier-Stokes
equations on evolving surfaces. Our primary focus was on the development of novel
computational techniques that integrate advanced concepts from TraceFEM for surface
PDEs, BDF methods for discrete time derivatives, DG schemes for level set transport
equations, and ghost penalty methods for extending level set functions. The motivation
for this work stemmed from the increasing relevance of modeling fluid flows on deformable
surfaces in various scientific and engineering applications, such as biological membranes.
We began by establishing the mathematical framework for describing evolving surfaces
by introducing two coordinate systems. The local (curvilinear) coordinate system is
well-suited for modeling more complex fluid properties, while the global (Cartesian)
coordinate system is more convenient for numerical computations. Both coordinate
systems are commonly used in the literature. The different bases lead to different rep-
resentations of surface differential operators, such as the surface gradient, the surface
divergence, and the covariant derivative. In Chapter 2, we provided a comprehensive
overview of these operators and demonstrated relations between them in the local and
global coordinate system. These relations are essential for comparing partial differential
equations formulated in the different coordinate systems. We also presented a level set
approach to describe evolving surfaces as the zero level of a scalar function, which is
crucial for using TraceFEM to discretize surface PDEs.
In Chapter 3, we closely examined the derivation of surface Navier–Stokes equations.
As a foundation for our numerical methods, we summarized various derivations known
from the literature and based on different physical principles, such as conservation laws
of surface mass and momentum, volume conservation laws combined with thin film limit
techniques, or an energetic variational approach. The derivations were performed using
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either local or global coordinate systems, resulting in strongly different looking equa-
tions. We summarized the main ingredients and techniques used in these derivations,
we compared the resulting equations, and highlighted their similarities and differences.
The derivations led to two systems: the tangential surface Navier-Stokes system (TSNS)
and the full surface Navier-Stokes system (SNS). The TSNS is characterized by a known
surface where only the tangential component of the velocity and the pressure are un-
known; within the SNS framework both surface geometry and flow field (including its
normal and tangential components) are unknowns. We showed that all compared deriva-
tions lead to an identical TSNS system, a result that confirms consistency across different
approaches.
Our numerical approach is based on the Trace Finite Element Method (TraceFEM), in-
troduced in Chapter 4. TraceFEM serves as a standard tool for discretizing surface PDEs
using a background mesh that does not align with the surface itself. This method al-
lows flexible handling of complex geometries without requiring remeshing when surfaces
evolve over time. We presented fundamental concepts related to TraceFEM including
definitions of finite element spaces, an isoparametric mapping to obtain higher order
surface approximations, along with construction techniques for discrete geometric quan-
tities. Due to arbitrary cuts between background mesh and surface, instabilities in the
discretization and the linear discrete systems can arise. Therefore, we introduced stabi-
lization techniques such as a volume normal derivative stabilization. We also discussed
an extension of TraceFEM to handle time-dependent surfaces using an implicit extension
procedure.
In Chapter 5, we adapted the TraceFEM framework specifically to discretizing tangential
surface Navier-Stokes equations (TSNS). We presented a novel numerical method com-
bining TraceFEM with implicit extensions alongside backward differentiation formulas
(BDF) used to discretize the time derivative. Furthermore, we summarized main results
of a full error and stability analysis, which shows optimal convergence rates in suitable
energy norms.
As described in Chapter 4, for applying TraceFEM it is very natural to represent surfaces
implicitly as the zero level set of scalar functions. In the case of the full surface Navier-
Stokes equations (SNS), the evolution of this level set function, describing the evolution
of the surface, is an unknown of the system. Thus, we need to solve a transport equation
for the level set function. In Chapter 6, we formulated a discontinuous Galerkin (DG)
method for the transport equation that is known from the literature. We explained
the need for a suitable extension method for the level set function. Since the material
velocity of the surface can only be approximated in a narrow band around the surface,
we need to extend the level set function in each time step. We introduced a new ghost
penalty technique that allows us to extend the level set function from a narrow band
around the surface to a wider domain. We presented an error and stability analysis of
the ghost penalty technique, and combined the extension method with the DG method
to obtain an efficient narrow band level set method. To demonstrate the accuracy of
our transport method, we performed several numerical experiments that validate the
theoretical results and show optimal convergence rates.
In the final Chapter 7, we combined previously developed methods into one framework
to discretize the full surface Navier-Stokes equations (SNS). The main ingredients of our
method are a TraceFEM based discretization of the surface PDE in space, a BDF method
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for the time derivative, a narrow band level set method for the evolution of the surface, a
volume normal derivative based extension method for the velocity, and a ghost penalty
based method to construct a smooth discrete normal approximation. These methods
are combined to obtain a fully discrete numerical scheme for the SNS system. The main
difficulties in the discretization arise from the highly nonlinear coupling between u and
Γ(t). The surface PDE posed on Γ(t) defines the velocity u, which is used in the level set
transport equation that defines the evolution of the surface Γ(t). We presented various
numerical experiments to demonstrate the accuracy of our method. We observed that
our method achieves convergence for different surface geometries and flow conditions,
including geometries with a topological change. Moreover, we showcased the behavior of
the solution of the SNS system when no outer force is present. As far as we know, this
is the first time that a fully discrete numerical method for the full surface Navier-Stokes
equations based on TraceFEM has been presented. The method is capable of handling
complex geometries and evolving surfaces without requiring remeshing or reinitializing.
In summary, this work advances understanding of fluid dynamics on evolving surfaces
by providing new theoretical insights and practical computational tools. Especially, our
method to discretize the surface Navier–Stokes system, handling the strong nonlinear-
ity and the coupling of the surface PDE with the level set transport equation, forms
a new contribution in the field. The developed TraceFEM-based approach allows for
flexible and efficient simulations of fluid flows on deformable surfaces, which is crucial
for applications in various scientific and engineering domains.

8.2 Outlook

We briefly discuss a few topics that we consider to be of interest for further research in
this field.

Analysis

The authors of [ORZ22] prove the existence and uniqueness of a weak solution for the
tangential surface Navier-Stokes equations (TSNS), confirming that the TSNS system is
well-posed. There are, however, no such results for the full surface Navier-Stokes system
(SNS) in the literature. The nonlinear interaction between the surface PDE and surface
evolution presents major challenges in proving well-posedness. Future research could
focus on developing a suitable formulation of the SNS system and proving existence
and uniqueness of solutions. This would be a major step forward in understanding its
mathematical properties.
For the TSNS system, we demonstrated optimal convergence rates through error analysis
in natural energy norms in Chapter 5. However, our analysis lacks L2-error bounds for
the pressure. Experiments in Chapter 5 suggest that the pressure converges optimally in
the L2-norm, but a proof is missing. For the full surface Navier-Stokes system (SNS), an
error analysis for our TraceFEM-based discretization remains an open problem. As far
as we know, also for other discretization methods, such as surface finite element methods
(SFEM), no error analysis exists for the full SNS system.
It is well known that for unfitted finite element methods such as the TraceFEM there is
an issue with algebraic stability. For the Laplace-Beltrami equation, it is known that the
spectral condition number of the resulting stiffness matrix is bounded by O(h−2) if the

177



Chapter 8. Summary and Outlook

volume normal derivative stabilization in the trace finite element formulation is used.
We expect that similar results can be derived for the trace finite element methods for
the surface Navier–Stokes system, but there is no such theoretical result available yet.

Improvement of numerical methods

The strong nonlinearity of the surface Navier-Stokes equations poses challenges for both
analysis and numerical simulation. We used a simple approach by extrapolating velocity
from previous time steps as input for the level set equation. Future research might de-
velop more advanced techniques to handle nonlinearity more effectively, such as iterating
between solving surface PDE and the level set equation.
Discretizing surface Navier-Stokes equations leads to large linear systems posing com-
putational challenges. We used direct solvers from the Intel MKL to solve the linear
systems. Due to high computational cost and memory needs, these solvers become
impractical as the size of the linear systems grows. A solution of very large sparse
systems, which is more efficient in terms of computational and memory effort, requires
the application of iterative solvers and tailor-made preconditioners. Developing suitable
preconditioners and iterative solvers specifically designed for these large systems could
significantly enhance solver efficiency and increase the applicability of the method to
larger and more complex problems.
A crucial ingredient of our algorithms is the numerical discretization of the surface
normal vector. Depending on the formulation of the problem and on the chosen dis-
cretization scheme, the approximation of the normal vector plays an import role. For
example, in the TSNS system, the normal vector approximation used for the penal-
ization of the normal component has to have a higher order of accuracy than the one
needed for the approximation of the normal vector used to define the surface differential
operators. A comprehensive study of the influence of the normal vector approximation
on the accuracy of the numerical solution (for the TSNS and for the SNS) is missing in
the literature.
While we focused on TraceFEM to discretize the PDEs on the surfaces in this thesis,
there are other tailor-made methods for surface PDEs, e.g., surface Finite Element Meth-
ods (SFEM). It would be interesting to conduct comparative studies between different
methods. Understanding their relative strengths and weaknesses when applied to evolv-
ing surfaces will improve our understanding of the problem and can help to validate the
different methods.

Other applications

Experimental validation is crucial to further extend applicability of our computational
framework. Validating numerical results against physical experiments involving fluid
flows on deformable surfaces can reveal model limitations guiding refinements in model-
ing and numerical techniques.
As a next step, one might explore the surface Navier-Stokes equations on dynamic sur-
faces within a two-phase flow context. Unfitted finite element techniques have been
employed for the numerical simulation of two-phase flows involving Navier-Stokes equa-
tions in the bulk phases, while also considering the influence of a viscous surface fluid or
the movement of a surfactant at the interface (see [GR11; RZ13]). The numerical model-
ing of comparable two-phase flow scenarios utilizing Lagrangian tracking approaches for
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the surface, such as surface finite elements and/or Arbitrary Lagrangian–Eulerian finite
element methods, has been examined in [BGN15]. Initially, it is necessary to develop a
model that connects the surface Navier-Stokes problem with the Navier-Stokes flow in
the surrounding medium.
Another extension of our model could be a two-phase surface Navier–Stokes system. One
way to model these type of systems is to couple the surface Navier-Stokes equations with
a Cahn–Hilliard equation on the surface, which describes the evolution of a phase field.
This approach has been used in [Bac+23].
In [KV23], the authors present a method for solving the surface Navier-Stokes equations
combined with a constraint for the enclosed volume. This method is based on a Lagrange
multiplier approach, which enforces the volume constraint during the simulation. Our
method does not include such a constraint, and it would be interesting to extend our
framework to incorporate a volume constraint. This could be particularly relevant for
applications where the volume of the fluid domain is critical, such as in some biological
systems.
In conclusion, while this thesis has made a step forward in understanding and computing
fluid flows on evolving surfaces through novel methodologies, numerous challenges lie
ahead that will deepen our understanding of fluid dynamics.
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Appendix A
Chapter 2: Basic Notations and Differential Operators

Chain rule

We give a representation of the chain rule for vector-valued functions, which is known
from the literature.

Theorem A.1: Chain rule
Let U ⊂ Rn, V ⊂ Rm open, F ∶ U → Rm differentiable in a ∈ U with F (U) ⊂ V and
G ∶ V → Rp differentiable in b = F (a). Then, H ∶= G ○ F ∶ U → Rp is a differentiable
function in a satisfying

∇(G ○ F )(a) = (∇G)(F (a))(∇F )(a),
i.e.,

∂

∂xj
H(a) ⋅ ei = m∑

k=1 [
∂

∂yk
G(F (a)) ⋅ ei] [ ∂

∂xj
F (a) ⋅ ek]

holds for 1 ≤ i ≤ p, 1 ≤ j ≤ n.

Proof of equation (2.2.3)

We give a proof of equation (2.2.3). Let A = Âij(gi ⊗ gj) = Âij(gi ⊗ gj) = Aij(ei ⊗ ej)
be a matrix. The trace of the matrix in Cartesian coordinates is defined as tr(A) ∶= Aii.
A direct calculation gives

tr(A) = Akk =Aij(ei ⋅ ek)(ej ⋅ ek) = ek ⋅ [Aij(ei ⊗ ej)ek] = ek ⋅ (Aek)= (gi ⋅ ek)gi ⋅ (A(gj ⋅ ek)gj) = (ek ⋅ gi)(ek ⋅ gj)gi ⋅ (Agj) = (gi ⋅ gj)gi ⋅ (Agj)
= gi ⋅ (Agi).

Analogously, we get tr(A) = gi ⋅Agi. In addition, it holds

tr(A) = gi ⋅Agi = gi ⋅ Âkl(gk ⊗ gl)gi = gikÂklδ
l
i = Âi

i,

which completes the proof of (2.2.3).
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Proof of Lemma 2.2.4

We give a proof of Lemma 2.2.4. We start with the representation of the projection in
mixed components. Since it holds Pgβ = gβ and Pn = Pg3 = 0, it follows

P i
β = gi ⋅ (Pgβ) = gi ⋅ gβ = δi

β, and P i
3 = gi ⋅ (Pg3) = 0.

We prove the representation of the Weingarten mapping in local components. From
Hn = 0, it follows immediately that Ĥ i

3 = gi ⋅Hg3 = 0 and Ĥ3
i = 0. Using the relation(∂Γ

αn ⋅ gβ)gβ = (∂Γ
αn ⋅ gβ)gβ + ∂Γ

αn ⋅ nn = ∂Γ
αn yields

H = ∇Γn = gα ⊗ ∂Γ
αn = gα ⊗ [(∂Γ

αn ⋅ gβ)gβ] = (∂Γ
αn ⋅ gβ)(gα ⊗ gβ)

Thus, it follows Ĥαβ = (∂Γ
αn ⋅ gβ). The identities from the lemma follow from Defini-

tion 2.2.5 as well as the equation ∂Γ
αgβ ⋅g3 = ∂Γ

α (gβ ⋅ g3)−gβ ⋅∂Γ
αg3 = −gβ ⋅∂Γ

αg3. Finally,
a straight–forward computation yields

Ĥβ
α = gβ ⋅ (Hgα) = [(gβ ⋅ gσ)gσ] ⋅ (Hgα) = (gβ ⋅ gσ)(gσ ⋅Hgα)
= gβσĤσα.

Proof of equation (2.2.5)

We give a proof of the first equality in (2.2.5). The second equality can be derived in
the same way. The product rule, (2.2.4), and the symmetry of the Christoffel symbols
yield

∂Γ
γ T = ∂Γ

γ T̂αβ(gα ⊗ gβ) + T̂αβ [(∂Γ
γ gα ⊗ gβ) + (gα ⊗ ∂Γ

γ gβ)]
= ∂Γ

γ T̂αβ(gα ⊗ gβ) + T̂αβ [(−Γα
γµgµ − Ĥα

γ g3) ⊗ gβ + gα ⊗ (−Γβ
γµgµ − Ĥβ

γ g3)]
= [∂Γ

γ T̂αβ − T̂µβΓµ
γα − T̂αµΓµ

γβ] (gα ⊗ gβ) − T̂αβĤ
α
γ (g3 ⊗ gβ) − T̂αβĤ

β
γ (gα ⊗ g3)

= T̂αβ∣γ(gα ⊗ gβ) − T̂αβĤ
α
γ (g3 ⊗ gβ) − T̂αβĤ

β
γ (gα ⊗ g3).

Proof of Lemma 2.2.10

We give a proof of Lemma 2.2.10. The first equality follows using the definition of the
divergence and Theorem 2.2.6. It holds

d̂ivΓv = ∂Γ
αv ⋅ gα = [(v̂β∣α + Ĥβ

α v̂3)gβ + (v̂3∣α − Ĥαβ v̂
β)g3] ⋅ gα

= (v̂β∣α + Ĥβ
α v̂3)gβ ⋅ gα

= v̂α∣α + Ĥα
α v̂3.

We represent T in local coordinates as T = T̂αβ(gα ⊗ gβ). From the definition of the
divergence and Theorem 2.2.6, we get the following relation for the divergence of a
tensor-valued function T:
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d̂ivΓT = (∂Γ
αT)T gα = [T̂ γβ∣α(gγ ⊗ gβ) − T̂ γβĤαγ(g3 ⊗ gβ) − T̂ γβĤαβ(gγ ⊗ g3)]T gα

= [T̂ γβ∣α(gβ ⊗ gγ) − T̂ γβĤαγ(gβ ⊗ g3) − T̂ γβĤαβ(g3 ⊗ gγ)]gα

= T̂ γβ∣αgβ(gγ ⋅ gα

´¹¹¹¹¹¹¸¹¹¹¹¹¹¶
δα

γ

) − T̂ γβĤαγgβ(g3 ⋅ gα´¹¹¹¹¹¸¹¹¹¹¹¹¶=0
) − T̂ γβĤαβg3(gγ ⋅ gα

´¹¹¹¹¹¹¸¹¹¹¹¹¹¶=δα
γ

)
= T̂αβ∣α gβ − T̂αβĤαβg3,

which proves the first equality. The second equality follows with the same arguments.

Proof of Lemma 2.5.1

We give a proof of the differential rules from Lemma 2.5.1.
Equations (i) to (iii), and (v) to (viii) are proven by direct calculations given by

(i) ∇Γ(p ⋅ q)i = Pij∂j(p ⋅ q) = Pij∂jpq + Pij∂jqp = (∇Γp)i ⋅ q + (∇Γq)i ⋅ p,
(ii) ∇Γ(q ⋅ v)ij = Pik ⋅ (∂lq ⋅ vk + q ⋅ ∂lvk) ⋅ Plj = (Pv)i(∇Γq)j + q ⋅ (∇Γv)ij= (Pv∇T

Γq +∇Γvq)ij ,
(iii) ∇Γv = ∇Γ(vT + vN n) = ∇ΓvT +∇Γ(vN n) (ii)= ∇ΓvT + vN∇Γn +Pn∇T

ΓuN= ∇ΓvT +HvN ,

(v) divΓ(qv) = Plk ⋅ ∂kq ⋅ vl + Plk∂kvl ⋅ q = (∇Γq)l ⋅ vl + divΓ v ⋅ q = ∇Γq ⋅ v + q divΓ v,

(vi) divΓ(qT)i = divΓ(qTei) (v)= ∇Γq ⋅ (Tei) + q divΓ(Tei)= (TT∇Γq) ⋅ ei + q divΓ(T)i,
(vii) ∇Γ(vi)j = (P∇vi)j = Pjk (∇vi)k = Pjk (∇v)ik = (∇vP)ij .

Equation (iv) is proven by using the splitting w =wT +wN n. It holds

∇Γ(v ⋅w)i = ∇Γ(v ⋅ (wT +wN n))i = ∇Γ(v ⋅wT )i +∇Γ(vN ⋅wN)i.
For the first addend, we get

∇Γ(v ⋅wT )i = Pij∂j(v ⋅ (Pw)) = Pij∂j((Pv)k(Pw)k)= Pij∂j(vT )k ⋅ (Pw)k + Pij(Pv)k ⋅ ∂j(wT )k= Pij∂j(vT )kPklwl + Pij∂j(wT )kPklvl= (∇ΓvT )liwl + (∇ΓwT )livl = (∇T
ΓvT w +∇T

ΓwT v)i
and for the second addend, we get ∇Γ(vN ⋅ wN) = wN∇ΓvN + vN∇ΓwN using equation
(i). This completes the proof.
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Appendix B
Chapter 5: Discretization of Tangential Surface Navier–Stokes

Equations

For completeness, we proof technical auxiliary results and error estimates used in Chap-
ter 5: Discretization of Tangential Surface Navier–Stokes Equations.

B.1 Preliminaries

We give some auxiliary results that are used in the proofs below.
Differentiating the identities vℓ(y) = vℓ(pn(y)) with the lifted function vℓ one obtains
the useful transformation relation

∇vℓ(y) = ∇vℓ(pn(y))(P(y) − d(y)H(y)), v ∈H1(Γn
h)3, (B.1.1)

with d the signed distance function for Γn.
We define B = B(x, t) = P(I − dH)Ph for x ∈ Γh(t). Geometry approximation assump-
tions from Section 5.3.2 imply that B is invertible on the range of P (for h small enough)
and the following uniform in time and discretization parameters estimates hold

∥B∥L∞(Γh) ≤ C, ∥PhB−1P∥L∞(Γh) ≤ C,∥PhB−1P −PhP∥L∞(Γh) ≤ Chkg+1, ∥1 − ∣det(B)∣ ∥L∞(Γh) ≤ Chkg+1 (B.1.2)

cf. [HLL19].

B.2 Proof of consistency error bounds

We give bounds for the consistency errors defined in (5.4.9). Combining these results
proves Corollary 5.4.7. All terms from (5.4.9) except I3 have been considered in con-
sistency analyses of TraceFEM in the literature, [LOX18; JR20; Jan+21]. In the next
lemma we collect results which are essentially known and then treat the term I3 in
Lemma B.2.
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Lemma B.1
The following uniform estimates hold

∣I1∣ ≲ (∆t + hkg)∥vh∥Γn
h

(B.2.1)

∣I2∣ ≲ hkgρu
1
2 ∥nh ⋅ ∇vh∥Ωn

δ
(B.2.2)

∣I4∣ ≲ hkg (∥vh∥H1(Γn
h
) + h−1∥ñh ⋅ vh∥Γn

h
) (B.2.3)

∣I6∣ ≲ hkg+1τ∥ñh ⋅ vh∥Γn
h
≲ hkgτ

1
2 ∥ñh ⋅ vh∥Γn

h
(B.2.4)

∣I7∣ ≲ hkg∥vh∥Γn
h

(B.2.5)

where kg + 1 is the order of geometry recovery defined in (4.1.3) and (5.3.6).

Proof
Componentwise application of the arguments presented in the proof of [LOX18, Lemma
11], combined with the estimate ∥Ph − P∥L∞(Γn

h
) ≲ hkg , leads to the derivation of the

bound (B.2.1). Moreover, in the same proof, the result (B.2.2) is established, using
equation (5.3.9). Recall that EΓh

(Phvh) represents EΓh
(vh) − (nh ⋅ vh)Hh, cf. Re-

mark 5.3.4. Equation (B.2.3) can be proven by [JR20, Lemma 5.15 and equation (5.42)]
combined with norm equivalences from [JR20, Lemma 5.14] and geometric approxima-
tion inequalities from Section 5.3.2. Similarly, inequality (B.2.4) can be derived using
similar arguments, employing the second equation from (4.1.5), as outlined in the proof
of [JR20, Lemma 5.18]. The bound (B.2.5) is obtained analogously. ◻
The nonlinear term requires a more careful handling, which is carried out below.

Lemma B.2
It holds ∣I3∣ ≲ (∆t + hkg)∥vh∥H1(Γn

h
) and ∣I5∣ ≲ hkg∥vh∥H1(Γn

h
).

Proof
We begin with the bound for I5. Using definition H = P∇nP, equality Pun = un and
the product rule given by ∇(w ⋅ n)T =w ⋅ ∇n + n ⋅ ∇w we get

∫Γn
wn

N vℓ
h ⋅Hun ds = ∫Γn

wn
N∇(Pvℓ

h ⋅ n) ⋅ un ds − ∫Γn
wn

N n ⋅ ∇(Pvℓ
h)un ds

=∫Γn
wn

N∇Γ(vℓ
h ⋅Pn) ⋅ un ds − ∫Γn

wn
N n ⋅ ∇(Pvℓ

h)un ds = −∫Γn
wn

N n ⋅ ∇(Pvℓ
h)un ds.

(B.2.6)

Using the definition Hh = ∇Γh
nh = Ph∇nℓ

hPh, the transformation formula (B.1.1) ap-
plied to nh, ∥d∥L∞(Γn

h
) ≲ hkg+1, ∥P−Ph∥L∞(Γn

h
) ≲ hkg , the bound for the surface measure

change in (B.1.2) and the smoothness of u we obtain

∣∫Γn
h

wn
N [vh ⋅ (Hhun)] dsh − ∫Γn

wn
N [vℓ

h ⋅ (P∇nℓ
hPun)] ds∣ ≲ hkg∥vh∥Γn

h
. (B.2.7)
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We apply partial integration as in (B.2.6), which yields

∫Γn
wn

N [vℓ
h ⋅ (P∇nℓ

hPun)] ds

= ∫Γn
wn

N∇Γ(vℓ
h ⋅Pnℓ

h) ⋅ un ds − ∫Γn
wn

N [nℓ
h ⋅ (∇(Pvℓ

h)un)] ds.

For the first term on the right-hand side we apply partial integration and using the
identity ∥Pnℓ

h∥L∞(Γn) = ∥P(nℓ
h − n)∥L∞(Γn) ≲ hkg , cf. (5.3.6), we get

∣∫Γn
wn

N∇Γ(vℓ
h ⋅Pnℓ

h) ⋅ un ds∣ = ∣∫Γn
(vℓ

h ⋅Pnℓ
h)divΓ(wn

N un)ds∣ ≲ hkg∥vh∥Γn
h
. (B.2.8)

With the results derived above we get, using again (5.3.6),

∣I5∣ ≤ ∣∫Γn
wn

N n ⋅ ∇(Pvℓ
h)un ds − ∫Γn

wn
N nℓ

h ⋅ ∇(Pvℓ
h)un ds∣ + hkg∥vh∥Γn

h

= ∣∫Γn
wn

N(n − nℓ
h) ⋅ ∇(Pvℓ

h)un ds∣ + hkg∥vh∥Γn
h
≲ hkg∥vh∥H1(Γn

h
),

which completes the proof for I5.
Now, we derive the bound for I3. Recall that the spatial-normal extension of u to O(S)
is denoted by u, too. We start with estimating the differences between the quadratic
nonlinear terms, i.e., the third and fourth terms in I3, and the corresponding linearized
ones on the exact surface at time tn. For the fourth term in I3 we use the smoothness
of u and get

∣∫Γn
[∇Γ(Pvℓ

h)un] ⋅ un − [∇Γ(Pvℓ
h)un−1] ⋅ un ds∣ = ∣∫Γn

[∇Γ(Pvℓ
h)∫ tn

tn−1
ut dt] ⋅ un ds∣

≤∆t ∥∇ΓPvℓ
h∥L2(Γn) ≲∆t∥vℓ

h∥H1(Γn) ≲∆t∥vh∥H1(Γn
h
).

With very similar arguments applied on the third term in I3, we obtain

∣∫Γn
[∇Γunun] ⋅ vℓ

h ds − ∫Γn
[∇Γunun−1] ⋅ vℓ

h ds∣ ≲∆t∥vh∥Γn
h
.

For the approximate surface ∇Γh
Phw represents ∇Γh

w − (nh ⋅w)Hh. We now compare
the linearized terms on the approximate surface Γn

h (first and second one in I3) with the
corresponding ones on the exact surface. For the second term in I3 we get

∣∫Γn
h

[∇Γh
(Phvh)un−1] ⋅ un dsh − ∫Γn

[∇Γ(Pvℓ
h)un−1] ⋅ un ds∣

≤ ∣∫Γn
h

[∇Γh
vhun−1] ⋅ un dsh − ∫Γn

[∇Γvℓ
hun−1] ⋅ un ds∣

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶=∶ J1

+ ∣∫Γn
h

(vh ⋅ nh) [un−1 ⋅ (Hhun)] dsh − ∫Γn
(vℓ

h ⋅ n) [un−1 ⋅ (Hun)] ds∣
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶=∶ J2

For the term J1 we use ∇Γh
vh = Ph∇vℓ

hPh, the transformation relation (B.1.1) applied
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to vh, the relation ∥P − Ph∥L∞(Γn
h
) ≲ hkg and the bound in (B.1.2) for the change in

surface measure. Thus, we get

J1 ≲ hkg∥vℓ
h∥H1(Γn) ≲ hkg∥vh∥H1(Γn

h
).

For the term J2 we proceed as in the derivation of the bound for I5. As in (B.2.6) we
obtain

∫Γn
(n ⋅ vℓ

h) [un−1 ⋅ (Hun)] ds = −∫Γn
(n ⋅ vℓ

h) [n ⋅ (∇(Pun−1)un)] ds. (B.2.9)

In the other term in J2 we replace nh by n, with error bounded by Chkg∥vh∥Γn
h
. With

the same arguments as in (B.2.7)–(B.2.8) the resulting term ∫Γn
h
(n ⋅ vh)un−1 ⋅Hhun dsh

can be replaced by −∫Γn(n ⋅vℓ
h)nℓ

h ⋅ ∇(Pun−1)un ds with error bounded by Chkg∥vh∥Γn
h
.

Comparing the latter term with the one on the right-hand side in (B.2.9) we get, using
the assumption (5.3.6), a bound Chkg∥vh∥Γn

h
. Summarizing we get

J1 + J2 ≲ hkg∥vh∥H1(Γn
h
).

For the remaining first term in I3 we use similar arguments. First note

∣∫Γn
h

[∇Γh
(Phun)un−1] ⋅ vh dsh − ∫Γn

[∇Γunun−1] ⋅ vℓ
h ds∣

≤ ∣∫Γn
h

[∇Γh
unun−1] ⋅ vh dsh − ∫Γn

[∇Γunun−1] ⋅ vℓ
h ds∣

+ ∣∫Γn
h

(nh ⋅ un) [un−1 ⋅ (Hhvh)] dsh∣ .
The first term of the right-hand side can be bounded by Chkg∥vh∥Γn

h
using the same

arguments as for J1 above. For the second term we also obtain such a bound using
nh ⋅ un = (nh − n) ⋅ un and ∥nh − n∥L∞(Γn

h
) ≲ hkg . Combining these estimates we obtain

the desired result. ◻
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