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iii

I hereby declare that I have created this work completely on my own and
used no other sources or tools than the ones listed, and that I have marked
any citations accordingly.

Hiermit versichere ich, dass ich die vorliegende Arbeit selbständig verfasst
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Abstract

Biomolecular simulations, realized by molecular dynamics (MD) and
enhanced-sampling approaches, are very powerful tools for studying the
structural dynamics, kinetics, and energetics of biological systems. In com-
bination with high-performance computing (HPC), increasingly larger sys-
tems and longer timescales can be simulated. However, the sequential na-
ture of MD’s time evolution imposes a hard parallel limit, resulting in re-
duced scalability and hence under-utilization of HPC systems. As a result,
standard MD does not reach the typical timescale (millisecond and beyond)
required to study many biological processes. Enhanced-sampling tech-
niques, such as umbrella sampling, metadynamics, and replica-exchange
MD, do simulate these long processes but often require various techniques
to retrieve kinetic and thermodynamic properties and do not scale well. The
arrival of exascale computers has made the need for highly scalable algo-
rithms for MD simulations even more urgent. This doctoral thesis reports on
my efforts to address these important issues via algorithmic optimization,
design and development. The first was an attempt to speed up MD simula-
tions by means of an alternative parallel 3D discrete Fourier transform (3D
DFT) algorithm, which was implemented and benchmarked on the JUWELS
Cluster, showing comparable scaling performance to the state-of-the-art. In
the second, the software apparatus required for a massively parallel MD
strategy was constructed within the highly popular GROMACS code and
the PLUMED library. The implementation is capable of both multi-CPU
and multi-GPU parallelism and was optimized and benchmarked on the
JUWELS Booster. The results revealed its multi-modal scalability in that
simulations using it can be both efficiently sped up and also greatly ex-
tended for a small increase in runtime. The implementation was shown to
scale up to 94% of the JUWELS Booster (3,500 GPUs and 42,000 CPUs) with
excellent parallel efficiency. Moreover, a plateauing of parallel efficiency
was observed at 50% of the JUWELS Booster, which hints at its ability to
scale to even higher node counts. This software has the potential to acceler-
ate MD and thereby enable the study of more complex biological processes
than was previously practicable.
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Zusammenfassung
Biomolekulare Simulationen, die durch Molekulardynamik (MD) und
”Enhanced-Sampling”-Methoden realisiert werden, sind sehr leis-
tungsfähige Werkzeuge zur Untersuchung der strukturellen Dynamik,
Kinetik und Energetik biologischer Systeme. In Kombination mit Hochleis-
tungsrechnen (HPC) können immer größere Systeme und längere Zeit-
skalen simuliert werden. Allerdings setzt die sequentielle Natur der
Zeitentwicklung der MD-Simulation eine harte Parallelitätsgrenze, was
zu einer verringerten Skalierbarkeit und damit zu einer Unterauslas-
tung von HPC-Systemen führt. Daher erreicht die Standard-MD die
typischen Zeitskalen (Millisekunden und darüber hinaus) nicht, die
für die Untersuchung vieler biologischer Prozesse erforderlich sind.
Enhanced-Sampling-Techniken wie Umbrella Sampling, Metadynamik und
Replica-Exchange-MD ermöglichen die Simulation dieser langen Prozesse,
erfordern jedoch häufig verschiedene Methoden, um kinetische und
thermodynamische Eigenschaften zu extrahieren, und skalieren zudem
nicht gut. Mit dem Aufkommen von Exascale-Computern ist der Bedarf
an hochskalierbaren Algorithmen für MD-Simulationen noch dringlicher
geworden. Diese Dissertation berichtet über meine Bemühungen, diese
wichtigen Herausforderungen durch Optimierung, Entwurf und Entwick-
lung von Algorithmen anzugehen. Die erste Arbeit war ein Versuch,
MD-Simulationen durch einen alternativen parallelen Algorithmus zur
3D diskreten Fourier-Transformation (3D DFT) zu beschleunigen, der auf
dem JUWELS-Cluster implementiert und getestet wurde und dabei eine
mit dem aktuellen Stand der Technik vergleichbare Skalierbarkeitsleistung
zeigte. In der zweiten Arbeit wurde die für eine massiv parallele MD-
Strategie erforderliche Softwarevorrichtung innerhalb des weit verbreiteten
GROMACS-Codes und der PLUMED-Bibliothek erstellt. Die Implemen-
tierung unterstützt sowohl Multi-CPU- als auch Multi-GPU-Parallelismus
und wurde auf dem JUWELS Booster optimiert und getestet. Die Ergeb-
nisse zeigten eine multimodale Skalierbarkeit, da Simulationen damit
sowohl effizient beschleunigt als auch bei geringer Laufzeiterhöhung deut-
lich verlängert werden können. Es zeigte sich, dass die Implementierung
mit exzellenter parallelen Effizienz auf bis zu 94% des JUWELS Boosters
(3.500 GPUs und 42.000 CPUs) skalierbar ist. Zudem wurde ein Plateau der
parallelen Effizienz bei 50% des JUWELS Boosters beobachtet, was auf die
Fähigkeit der Implementierung hindeutet, auf noch höhere Node-Anzahlen
skalieren zu können. Diese Software hat das Potenzial, MD-Simulationen
zu beschleunigen und damit die Untersuchung komplexerer biologischer
Prozesse zu ermöglichen, als bisher praktikabel war.
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Conventions

Throughout this thesis we use the following conventions.

1. If a technical term is supported by a definition in the text, it is marked
by ✶. The reader can expect to find the definition in that page or an
adjacent page, and the definition is set off in a coloured box. For ex-
ample:

”The total force✶ acting on each atom is computed...”

DEFINITION : FORCE

A quantifiable theoretical construct in physics which is the cause of
any change in the state of motion of material objects. Forces are re-
sponsible for starting, increasing/decreasing the rate of and stopping
motion.

2. A term is italicized if it

(a) comes with a definition (in a definition box as explained by the
previous point),

(b) is weakly defined i.e., it is a recurring concept that does not have
a definition box, or,

(c) serves to emphasize or highlight a particular sentence.

3. If a term is to be abbreviated for convenience, the abbreviation is set in
parentheses immediately after it. If the term is a standard abbreviation
or a name, the first letter of each word will be set in capital. If an
abbreviation has not been expanded at all, please refer to the ”List of
Abbreviations”.

4. Footnotes will be provided to give extra information, mention de-
tails, provide intuition and author’s comments without interrupting
the flow of the main text.



xx Conventions

5. Figures will be made as self-sufficient as possible.

6. Source code and names of implementation details e.g., of variables,
functions, classes etc., are written in typewriter-style text e.g., myC
lass. Similarly, code listings are written in C++ in the following for-
mat:

void exampleFunction()
{

std::printf("Hello World!");
}

Listing 1: Sample Listing

The whole thesis is written in English.
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Chapter 1

Introduction

As a computer experiment1, the Molecular Dynamics (MD) simulation has
become invaluable for its predictive power —its ability to accurately and
consistently predict physical quantities that can be verified by future, real-
world experiments [1, 2]. Since recent years, it has increasingly found ap-
plication in the study of complex biological processes [3–6]. In this context,
MD can not only predict the thermodynamics, but also, in contrast to other
simulation techniques such as traditional Monte Carlo methods [1], the kinet-
ics of the process under study. This property is crucial because biochemical
events must often occur at the right time in complex cascades called signal-
ing pathways. Therefore, a correct description of biological events requires
the elucidation of their timescales. The residence time of ligands in their tar-
get receptors is hence a very important kinetic property in computer-aided
drug design (CADD).

At least in theory, like any computer experiment, MD is scalable; its size
parameters (atom count and simulated time) can be increased indefinitely,
any number of simulations can be conducted simultaneously using multiple
computers, and, most importantly, each simulation can be accelerated dra-
matically by harnessing the power of High-Performance Computing (HPC).
However, the time evolution of the MD simulation is inherently sequential;
the computational work associated with separate points in time cannot be
done in parallel2. Moreover, MD relies heavily on statistical mechanics, one
of the core tenets of which makes the accuracy of simulation contingent on
its sampling an enormous number of distinct ”snapshots” of the system.
The combination of these two caveats results in the time-scale problem. It is
difficult to overstate the severity of this requirement —to use MD as an ef-
fective tool, it is necessary to run very long simulations, which themselves

1If real-world experiments disagree with simulation, the model of simulation must be adapted. Then, using a
sufficiently validated model, simulation can predict or confirm real-world phenomena.

2This would require the prediction of a future state in a causality-driven process.
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take long to complete.

Added to this, the computational work of the MD simulation increases non-
linearly with the atom count3 and realistic descriptions of biological sys-
tems involve large atom counts [7]. Fortunately, the use of HPC systems has
helped overcome this obstacle greatly; with the use of GPUs (and other spe-
cialized auxiliary processors), simulating protein systems in the microsec-
ond time-scale is no longer a challenge and even the millisecond time-scale4

has been attained [7, 8]. All the same, without methodological assistance,
the sampling efficiency of conventional MD is typically low. Studying a pro-
tein’s conformational5 changes requires observing the (rare) event multiple
times, which is made possible only by running extremely long simulations
or multiple (very long) simulations. Further, events such as the unbinding
of a drug-like molecule from its target, which is interesting from the per-
spective of residence time (which e.g., influences the therapeutic efficacy of
the drug), could take several minutes, which puts studying them outside
the reach of conventional MD altogether [7, 9].

As a result, it is not surprising that there is a very strong motivation to im-
prove the performance of MD. On the one hand, we have creative tech-
niques called enhanced-sampling methods that aim at extending the reach
of MD by increasing its sampling efficiency. These methods attempt to
sidestep the time-scale problem (to some extent) by cleverly and artifi-
cially increasing the probability of sampling the physical event of inter-
est. However, when using such methods, retrieving the kinetics is gener-
ally not a straightforward task [10–12]. On the other hand, recent develop-
ments in HPC have brought exascale performance within our reach; bigger
and increasingly more powerful computing systems are being (and have
been) built to achieve an incredible billion billion operations per second.
However, sheer hardware is not enough; we need scalable algorithms and
well-implemented software to properly leverage the machinery and deliver
even a fraction of the expected performance. Therefore, there is a growing
awareness that a good approach to tackling the challenges at hand must at-
tack both methodologically (”MD front”) as well as algorithmically (”HPC
front”).

My doctoral project was conceptualized and realized within the interface
between these two fronts, as a collaborative effort between the Institute of
Neuroscience and Medicine (INM-9) and the Jülich Supercomputing Center
(JSC) at the Forschungszentrum Jülich (FZJ), as part of the Supercomputing

3In the naı̈ve implementation, simulating 𝑁 mutually interacting atoms requires roughly 𝑁2 computations
per time step.

4Since the timestep is commonly specified in femtosecond, a millisecond is a trillion (1012) time steps.
5A protein’s conformation is a dynamic variation of its atomic structure realized by internal and environmental

interactions that confers a biologically functional property to the protein.
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and Modeling for the Human Brain (SMHB) project. Its objective was to
improve the scalability of existing algorithms and implement new, highly
scalable algorithms that enable efficient hardware resource utilization. In it,
I have pursued two separate endeavours to attain my project goals:

1. Investigating the performance improvement of the 3D Discrete Fourier
Transform (3D DFT), which is a mathematical operation used in sev-
eral instances in the context of MD —e.g., to compute long-range non-
bonded interactions via Ewald-type methods and in plain wave basis
set implementations of Density Functional Theory (DFT)-based quantum
mechanical (QM) MD simulations. There is evidence to suggest that it
becomes the performance bottleneck at high core counts in highly op-
timized MD codes [8].

2. Designing, implementing, testing and optimizing the software com-
ponents of a massively parallel MD strategy that combines path-based
MD with the enhanced-sampling technique of metadynamics, within
the GROMACS code suite and the PLUMED library. The resulting
algorithms have been benchmarked using up to 94% of the JUWELS
Booster (3500 GPUs and 42,000 CPU cores) at the JSC, revealing an
unprecedented scaling performance with ≥70% weak-scaling parallel
efficiency.

The work of the second endeavour represents a way to overcome the time-
scale problem, since it effectively converts it into a size-scale problem that
closely resembles a type of perfectly scalable application. Moreover, it al-
lows us to increase the sampling efficiency via metadynamics, with the valu-
able advantage that it is possible to retrieve the kinetics of the simulated
process. Through several benchmarks and performance analyses, I have
attempted to demonstrate the outstanding performance of my implemen-
tation and the dual-mode versatility of how it can be deployed (i.e., using
OpenMP and MPI in the multicore/multinode setting and CUDA and MPI
in the multi-GPU/multinode setting). Further, our correctness tests have
established its basic feasibility and identified its strengths and limitations.
Its practical feasibility in tackling a real-world research problem must now
be ascertained by applying it to study a suitable problem.

1.1 Thesis Contents

Chapter 2 titled ”Introduction to Parallel Computing” provides the reader
with reference material for the HPC topics that are relevant to the contents of
this thesis. Similarly, chapter 3 titled ”Introduction to Simulations of Molec-
ular Dynamics” introduces the basics of MD theory and highlights the exact
contexts from within which the works of chapters 4 and 5 originate.
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Chapter 4 titled ”Metadynamics of Paths” details the theory, algorithmic
and implementation details, and the correctness and performance testing
and results of the second research endeavour.

Chapter 5 titled ”Scalability of 3D DFT by Block-Tensor-Matrix Multiplica-
tion on the JUWELS Cluster” details the theory, algorithmic and implemen-
tation details, and the performance testing and results of the first research
endeavour.

1.2 List of Publications

In accordance with §5(3) of the doctoral regulations extracts of this thesis
have been published or submitted for publication in the following papers:

(A.) Nitin Malapally, Viacheslav Bolnykh, Estela Suarez, Paolo Carloni,
Thomas Lippert and Davide Mandelli. Scalability of 3D DFT by Block-
Tensor-Matrix Multiplication on the JUWELS Cluster. Journal of Paral-
lel and Distributed Computing, 193:104945, 2024.

Publication (A.) corresponds to chapter 5, ”Scalability of 3D DFT by Block-
Tensor-Matrix Multiplication on the JUWELS Cluster”. In accordance with
§5(3) of the doctoral regulations I state my contribution to this publication:

(A.) In collaboration with Dr. Viacheslav Bolnykh, I conceptualized and
designed the algorithm reported by the publication. I implemented
the algorithm in the form of an open-source C++ library called S3DFT
and validated it. In consultation with Dr. Viacheslav Bolnykh and Dr.
Davide Mandelli, I conducted the primary investigation. I wrote the
original draft and, along with my co-authors, participated in its review
and editing.
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Chapter 2

Introduction to Parallel
Computing

This monograph serves as the report of a doctoral project that was concep-
tualized to address the requirement of developing, implementing, testing
and optimizing advanced algorithms that show good hardware resource
utilization on multi-level-parallel clusters. Therefore, to make the contents
of chapters 4 and 5 more accessible to the reader, in this chapter, we will
present the basics of parallel computing. Further, we will discuss a pow-
erful technique of performance analysis that was used extensively in our
work.

This chapter is laid out as follows: the first section introduces modern
approaches to computing, the second discusses multicore computers, the
third illustrates the topic of parallelism from a theoretical viewpoint and the
fourth presents a tool developed and used within the scope of this project
that enables a unique approach to performance analysis.

2.1 Concepts of Modern Computing

In 1965, Gordon Moore, co-founder of Intel Corp., made an observation that
the number of transistors on integrated circuits doubles every year. Ten
years later, he revised this observation to a doubling approximately every
two years. Remarkably, since then, this de facto law has held true and the
transistor count on chips has grown exponentially. Even though increasing
the transistor count introduces more complexity, processor designers have
maintained pace by means of resourceful techniques collectively known as
Instruction-Level Parallelism (ILP) and strategies such as caching and using
instruction sets that enable more optimization [13]. These innovations have
put computing performance more or less in direct relation to the transistor
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count; not only has the transistor count grown exponentially till the early
2000s, but the computing performance has matched it [14].

In recent years, this trend has started to waver and processor designers
are finding it harder to push the performance limits of processors. One
reason is that there are many instances in which the instruction stream
cannot make proper use of all available transistors, resulting in hardware
under-utilization. Moreover, increased clock speed has proven to be an in-
evitable requirement to gaining performance, which unfortunately also re-
sults in increased heat generation and hence loss of efficiency [14]. Among
other approaches to solving the problem of improving computing perfor-
mance despite the above difficulties, the solution of multicore processing
has emerged to be most promising, resulting in a paradigm shift that em-
phasizes multi-level parallelism [13, 14].

Parallelism begins at the level of the simplest sequential processor that is
ascending in terms of transistor count-based complexity. How can such a
processor ensure maximum hardware utilization to ultimately maximize its
performance? To answer this question, we begin by presenting important
concepts of modern computer systems that constitute the basics of HPC.

2.1.1 Von Neumann Architecture

Figure 2.1: A figure illustrating the basic components of the von Neumann
machine.
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The term von Neumann architecture refers to a type of computer comprising
a processor that executes programs, an undivided memory in which both
programs and data are stored, and input/output modules. This concept,
although historical, nevertheless offers a view on computing from a very
high level of abstraction, and can thus be used to understand the vast ma-
jority of computer systems [15]. In fact, most modern computer architec-
tures have evolved from it, distinguishing themselves from the theoretical
von Neumann machine primarily by their technique of caching instructions
and data separately, close to the processor.

The computational work of a program is done by functional units that spe-
cialize in integer and floating-point operations. The rest of the processor,
which is the majority of it, consists of components that are responsible for
the administrative logic that ultimately ensures that the functional units are
uninterruptedly fed with instructions and operand data [13]. The cycle of
operation can be summarized so [15]:

1. the next instruction is fetched from the store,

2. the instruction is decoded i.e., it is mapped to its corresponding func-
tional units and its operands are identified and located,

3. the operand data is fetched from the store,

4. the operation is executed, and,

5. if required, the results are written back to the store.

In modern architectures like the x86 architecture, program code consisting
of complex instructions is decomposed on the fly into much simpler micro-
operations1 that execute quickly, requiring only a few clock cycles to com-
plete [13]. The advantage of this strategy is that techniques of ILP can then
be applied to these micro-operations to optimize work on a very low level,
resulting in better hardware utilization than if complex instructions were to
be directly executed.

2.1.2 Instruction Pipelining

Since a single instruction may require multiple cycles2 to be executed [15],
a fully sequential Single Instruction Stream, Single Data Stream (SISD, as per
Flynn’s taxonomy [16]) machine will have an instruction throughput✶ less
than one instruction per cycle.

1Intel calls them ”𝜇Ops” and AMD calls them ”rOps”.
2For brevity, henceforth ”clock” will be omitted when referring to clock cycles.
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DEFINITION : INSTRUCTION THROUGHPUT

The number of instructions executed per cycle averaged over a period
of time.

However, since instructions coming from an instruction stream may be un-
related to one another and could be processed by different functional units,
they can be executed parallely [14]. This ILP technique is referred to as
instruction pipelining. Consider a simplified example in which execution
involves the following steps:

1. fetch instruction,

2. decode instruction,

3. load operand 1,

4. load operand 2,

5. perform integer/floating-point operation 1 on operands 1 and 2,

6. perform integer/floating-point operation 2 on operands 1 and 2, and,

7. store the result.

In this example, assuming (for simplicity) that each step requires one cycle
to complete, results are available every 7 cycles, as shown in figure 2.2.

Figure 2.2: A figure showing the execution of a simplified example task
involving seven steps, each requiring one cycle to be completed, performed
sequentially. It can be seen that one instruction is executed every 7 cycles.

On the other hand, since instructions operating on different data are not
dependent on each other, if the steps are executed parallely in a pipeline,
starting from cycle 5, results are available every cycle, as shown in figure 2.3.

In this way, using instruction pipelining can result in an ideal throughput
of one instruction per cycle when the pipeline is full. However, pipelines
are prone to ”hazards”, which can lead to stalling of the pipeline [17]; data
and control hazards can cause the processor to delay the execution of sub-
sequent instructions to resolve the hazard, resulting in pipeline ”bubbles”
that prevent the attainment of ideal throughput.
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Figure 2.3: A figure showing the execution of a simplified example task
involving seven steps, each requiring one cycle to be completed, performed
using instruction pipelining. It can be seen that starting with cycle 5, one
instruction is executed every cycle. Note that the figure depicts a replicated
load unit, which is an example of superscalarity (see subsection 2.1.3).

2.1.3 Superscalarity

Superscalarity✶ is an important feature of modern CPUs that is used to boost
instruction throughput beyond one instruction per cycle.

DEFINITION : SUPERSCALARITY

A microarchitectural technique that enables the issuing of multiple,
independent instructions from a single instruction stream every cycle
by utilizing replicated functional units.

Modern processors are usually 2-6 way superscalar [17], which means that
(in combination with instruction pipelining) they can ideally execute that
many instructions every cycle. To achieve this type of ILP, a superscalar pro-
cessor incorporates replicated functional units, such as two or more floating-
point units, arithmetic logic units and load/store units. Also, it makes use
of an instruction dispatcher that reads instructions from a single instruction
stream, dynamically resolves data dependencies and issues instructions to
the appropriate execution unit. To fully exploit superscalarity, processors
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must utilize out-of-order execution3, optimized assembly code and instruc-
tion pipelining [13].

2.1.4 Vector Extensions

Figure 2.4: A figure contrasting scalar addition against Intel’s SSE4, AVX2
and AVX512 vector additions. The scalar instruction operates on a single
datum, whereas the vector instructions operate on different data in parallel.

Instructions that operate on single-datum operands are called scalar instruc-
tions. Prior to execution, their operands are fetched from memory and
stored in units of temporary storage known as registers that are located very
close to the required functional units. During execution, the functional units
read the operands from the registers, perform the necessary operation and
store the result in another register. After execution, the result may be written
back to memory [13].

In contrast to scalar instructions, modern processors feature vector func-
tional units capable of executing vector instructions, which operate on mul-
tiple operand data in parallel [14]. This approach is referred to as Single In-
struction stream, Multiple Data stream (SIMD) as per Flynn’s taxonomy [16].
The execution of vector instructions is made possible by ”wide” registers
that can typically store 128-512 bits of operand or result data. Before execu-
tion, multiple operand data i.e., 16-64 8-bit, 4-16 32-bit or 2-8 64-bit (integer,
single- or double-precision floating-point) values are fetched and ”packed”
into such registers. Following this, a single instruction is executed that op-
erates on the packed data simultaneously (see figure 2.4 for an illustration).
Finally, the results may be written back to memory or retained for further
processing.

3An ILP technique by which instructions from a single instruction stream may be executed in a different order
than they appear in the program code, based on the availability of operand data and functional units.
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DEFINITION : VECTORIZATION

The process of optimizing a numerical computation to exploit SIMD
parallelism, by ensuring the generation of vector instructions either
by the compiler (referred to as auto-vectorization) via compiler flags
and pragma directives, or by manually writing vector instructions via
inline assembly or compiler intrinsics.

DEFINITION : DATA LOCALITY

Temporal data locality refers to the frequency of access of given data
within a short period of time. Spatial data locality refers to the prox-
imity of given data to some other related data as determined by the
data structure’s organization in memory and the algorithmic data ac-
cess pattern.

The use of vector instructions can boost peak performance considerably, es-
pecially when the memory system is fast enough to keep the vector units
busy [13]. Therefore, vectorization✶ becomes invaluable when data locality✶ is
given, which is often the case in programs that perform intensive numerical
work in nested loops. Thankfully, most modern compilers are very good
at auto-vectorizing most loops. If a compiler is unable to auto-vectorize
(which could happen if it is unable to establish the absence of data depen-
dencies), manual vectorization must be performed, which requires special-
ized, in-depth knowledge towards efficiently manipulating data using vec-
tor instructions. It is important to note that the degree to which vectoriza-
tion can be efficiently performed is ultimately dependent on both the hard-
ware and the nature of the numerical computation.

2.1.5 Multithreading

For modern processors, instruction pipelining (see subsection 2.1.2) is cru-
cial for efficiency and high performance, which is the reason why most
modern processors are ”superpipelined” i.e., deeply pipelined [14, 17].
However, a variety of factors such as poorly generated assembly code,
insufficient loop size and failed branch prediction4 can cause bubbles in
pipelines [13]. At the same time, the nature of the instruction stream from
which the instructions are drawn into the pipeline may not allow further
parallelism.

4An ILP technique by which processors attempt to anticipate the outcome of conditional branching prior to
their resolution using either simple, static assumptions or complex, dynamically gathered statistical information,
to prevent pipeline stalling.
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Figure 2.5: A figure illustrating the concept of SMT at a high level of abstrac-
tion using a simplified example with two threads. Although the hardware
components of a processor (and its associated memory) are not replicated,
multiple logical instances of a core are given access to them to improve the
hardware utilization.

To overcome the efficiency problem caused by pipeline bubbles, a differ-
ent mode of parallelism referred to as Thread-Level Parallelism (TLP) can be
employed, in which the logical5 architectural state of a single core✶ is repli-
cated [13]. This allows the processor to execute multiple instruction streams
concurrently✶ , behaving as though it contains more processors within it than
it actually might. It is crucial to note that each of these instances of execu-
tion, referred to as a thread✶ , is a purely logical entity with the processor
core being its hardware counterpart.

DEFINITION : CORE

A subset of the components of a processor including control logic, reg-
isters, functional units and cache memory that is capable of fetching,
decoding, and executing instructions on its own.

DEFINITION : THREAD

A light-weight, logical unit of execution that maintains its own execu-
tion context viz., general/special-purpose registers, program counter
(also called instruction pointer) and stack.

5”logical” is a commonly used term in computer science taken to refer to entities on a higher level of abstraction
than hardware. For example, variables are logical instances whose hardware counterparts are registers.
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DEFINITION : CONCURRENCY

Concurrency is the ability of a computer to do multiple units of work
in an overlapping period of time. Since this concept is not bound
by the requirement of simultaneous execution, it distinguishes itself
from parallelism in that the work may be performed intermittently by
sharing hardware resources.

Multithreading refers to a set of techniques that implement TLP for the
concurrent execution of instructions belonging to distinct execution con-
texts. To increase the hardware utilization efficiency and ultimately the
instruction throughput, multithreading often requires multiple threads to
share the hardware resources of a single core. This can be achieved by
switching the context rapidly (fine-grained multithreading) or whenever a
pipeline stalls (coarse-grained multithreading)[14]. A more advanced tech-
nique that has asserted itself is Simultaneous MultiThreading (SMT), in which
fine-grained multithreading is combined with superscalarity and dynamic
scheduling [14] to allow concurrent execution of threads, as illustrated by
the simplified example in figure 2.5. However, it must be noted that highly
optimized code may not benefit from SMT, especially if threads require the
same hardware resources.

Ultimately, the common strategy of these techniques is to ”pop” pipeline
bubbles and keep as many transistors simultaneously busy as possible. Of
course, TLP can also be applied to multicore processors such that a single
thread is run on each core. In this case, the objective becomes changed;
the emphasis is no longer on improving hardware utilization efficiency but
rather to enable truly parallel (as opposed to ”merely” concurrent) process-
ing, typically leading to much greater speedups, provided the program’s
algorithm exposes sufficient parallelism.

Threads serve as a construct to divide the work of a program for concur-
rent execution. However, unlike in ILP, the concurrency of multithreading
is typically not automatically safeguarded by hardware or software, mak-
ing it the responsibility of the programmer to ensure that the conditions for
correct execution are met. Therefore, when using multithreading, the pro-
grammer must ensure the absence of data dependencies and synchronize
the activity of the threads whenever necessary.

2.1.6 Memory System

Processor idling is inevitable if the processor cannot be constantly fed with
data [17]. This makes the memory system a critical limiter of runtime per-
formance [13].
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The data transfer rate✶ from the memory to the processor is very slow com-
pared to the computation rate✶ of the processor. For example, let us consider
a simple array addition given by c[i] = a[i] + b[i]. To perform each
loop iteration, one datum each of a, b and c has to be fetched from mem-
ory. When the data is available, one floating-point computation viz., one
addition, can be performed. Finally, the result datum c[i] has to be writ-
ten back to memory. Assuming that each datum is sized 4 B, this means
that for every GFLOP/s of performance, we would need 16 GB/s of band-
width. Now, even desktop processors of recent years are capable of peak
performances in the range of hundreds to thousands of GFLOP/s6. Even
for a processor with a relatively humble peak performance at 100 GFLOP/s,
we would still need the extremely high memory bandwidth of 1.6 TB/s,
whereas the peak memory bandwidth of today’s consumer-grade comput-
ers is usually ∼ 50 GB/s and of server-grade computers ∼ 200 GB/s.

DEFINITION : DATA TRANSFER RATE (BANDWIDTH)

The amount of data transferred by a data path in unit time, typically
measured in GB/s (109 B/s) or GiB/s (10243 B/s).

DEFINITION : COMPUTATION RATE (PERFORMANCE)

The number of floating-point operations (FLOPs) that a processor can
effectively perform in unit time, typically measured in GFLOP/s (109

FLOP/s). The peak performance can be estimated as [21]:

𝑃peak = Instructions Per Cycle *Max. Clock Frequency (2.1)

This relative slowness of the memory system with respect to the proces-
sor is not only historical but also relevant for the future because processors
are projected to get faster while memory bandwidth is expected to fail to
keep pace [13]. Using the insight that typical data access patterns offer data
locality (see definition provided in subsection 2.1.4), memory systems mit-
igate the performance effect of slow memory access by utilizing fast (albeit
small), temporary data storage located on the processor chip referred to as
cache memory.

Modern processors commonly have up to three levels of cache memory with
increasing access speeds and decreasing sizes, with the last level cache being
4-6 times as fast as the main memory [13]. The level one (L1) cache is usually

6For example, Intel’s mid-2010s’ Haswell processors (Intel Celeron® [18] to Core i7TM [19]) combining AVX2
and fused multiply-add (FMA) units on two ports [20], offer between ∼140 GFLOP/s and ∼760 GFLOP/s.
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split into two, L1I for storing instructions and L1D for storing data. If data
is unavailable in L1, the processor looks for it in the L2 and L3 caches, one
after the other. Finally, if the data could not be found in the caches, it must
be fetched from main memory.

To ensure that data is readily available in the caches, data is fetched in
the form of contiguous cache lines of fixed size7. Moreover, a technique
called prefetching is used to supply the caches with data prior to their ac-
tual requirement by observing and anticipating the current access pattern.
Prefetching could be done by hardware, which limits its use to a limited set
of access patterns implemented by the hardware prefetcher, or by software,
in which case the programmer or compiler must use the required instruc-
tions at the right time in code to initiate proper prefetching [17].

2.2 Multicore Computers

2.2.1 Multicore Processors

As the name suggests, a multicore processor incorporates more than one
core on a single chip. Usually, each core has private L1 and L2 caches, and
it shares the L3 cache with the other cores. Since copies of a cache line can
exist in the private caches of multiple cores, consistency between cached
copies and the corresponding data in the main memory must be assured.
This is most often done by hardware in compliance with a cache-coherence
protocol [13].

Since all cores share the same logical view of the data in memory i.e., all
cores take a given memory address to point to the same physical location
in memory, we refer to such a system as a shared-memory computer. How-
ever, although all cores8 of a multicore processor access a unified logical
memory, the processor may be based on Uniform Memory Access✶ (UMA) or
Non-Uniform Memory Access✶ (NUMA) architectures. See figures 2.6 and 2.7
for simplified examples illustrating the concepts of UMA and NUMA.

DEFINITION : UNIFORM MEMORY ACCESS

A shared-memory architecture in which there exists a single main
memory in relation to which all processors have the same latency and
bandwidth.

7The most common cache-line size is 64 B i.e., long enough to include 16 single-precision or 8 double-precision
floating-point values in a single transfer.

8Here, ”cores” can also be taken to mean ”processors” because even multisocket setups i.e., with multiple
(possibly multicore) processors, can be operated as shared-memory computers by connecting the processors via
so-called interconnects.
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Figure 2.6: A figure showing a simplified layout of the Intel Xeon® Plat-
inum 8168 processor based on UMA architecture.

DEFINITION : NON-UNIFORM MEMORY ACCESS

A shared-memory architecture in which the main memory is divided
amongst the system’s processor cores such that subsets of cores have
their own dedicated memory units, resulting in varying latencies and
bandwidths depending on which core accesses which memory. Mem-
ory access involving low latency and high bandwidth is referred to as
local access, whereas memory access involving high latency and low
bandwidth is referred to as non-local access. The NUMA architecture
is a strategy to combat the exacerbated memory bottleneck caused by
cores competing against each other for memory access.

Shared-memory computing references a unified address space, which
greatly simplifies writing parallel programs in this paradigm. The most
commonly used implementation of shared-memory parallelism is multi-
threading (see subsection 2.1.5). However, as we’ve highlighted previously,
the onus of writing correct multithreaded programs is on the programmer,
requiring them to be aware of common pitfalls such as race conditions✶ and
false sharing✶ and how to avoid them e.g., using atomic sections when writ-
ing to shared data and using padding in the data structure, respectively,
among numerous other strategies. Moreover, programmers developing ap-
plications that may run on NUMA-based systems must avoid writing code
that makes non-local accesses as much as possible, since non-local accesses
require using interconnects, which makes them distinctly slower than local
accesses.
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Figure 2.7: A figure showing a simplified layout of the AMD EPYC 7402
processor with NUMA architecture. Here, the NPS4 setting is portrayed, by
which the processor has 4 NUMA domains, each with 2 memory channels.

DEFINITION : RACE CONDITION

Erroneous behaviour of a parallel program in which concurrent data
accesses occur with at least one write access, resulting in an incon-
sistent state. Race conditions can occur when the programmer does
not taken measures to guarantee either the correct order of accesses or
exclusive write accesses in a context in which concurrent execution is
possible.

DEFINITION : FALSE SHARING

Undesirable behaviour of a shared-memory parallel program in
which multiple threads repeatedly modify (possibly different) data
from the same cache line causing that cache line to be invalidated,
evicted and reloaded to cache frequently (as imposed by the cache-
coherence protocol) resulting thereby in degraded performance.
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2.2.2 Graphics Processing Units (GPUs)

In scientific computing, the use of GPUs is widespread. Due to the speedups
they offer over CPUs and their low power consumption, their popularity
is increasing [22]. In fact, nine of the top 10 most powerful supercomput-
ers owe their peak performance figures to their use of GPUs. When the
application is well-suited for processing by GPUs and the program is well-
optimized, a single modern GPU can reach 14 TFLOP/s [23], making it 4-6
times as powerful as their modern, high-performing CPU counterparts.

On a very abstract level, the key difference between CPUs and GPUs is that
the former is task-parallel whereas the latter is data-parallel [24]. In other
words, GPUs perform especially well when the same operations are to be
done on different data simultaneously [22]. As the name suggests, GPUs
were originally conceptualized to perform graphics-based processing e.g.,
texture mapping, pixel shading, vertex calculations [25] etc., and as such,
made good use of SIMD parallelism. With the release of NVIDIA’s Tesla
architecture (see figure 2.8 for a simplified layout) in 2006, the hitherto-
employed fixed-purpose pipelines were replaced by universal Streaming
Multiprocessors (SM) containing general-purpose scalar functional units re-
ferred to as SM cores9. Moreover, the new architecture combined SIMD
parallelism with fine-grained SMT into a new mode of parallelism NVIDIA
refers to as Single Instruction Multiple Threads (SIMT). In SIMT, the SM
cores host a large number of threads simultaneously (SMT aspect), with
each thread executing the same instruction on different data (SIMD aspect),
in groups called warps [26]. By switching contexts when warps stall (pos-
sibly due to their waiting for data from memory) and letting other warps
continue execution, GPUs attempt to increase hardware resource utilization
and hide memory latency.

A potential bottleneck when using GPUs in combination with CPUs is the
low bandwidth of the PCI Express connection between them [8]. This makes
the use of GPUs feasible either when the latency of data transfer is small in
relation to the potential speedup, when data transfers can be overlapped
with computations or when the data transfers are infrequent. Added to
this, the programmer must be aware that the problem data size must be
sufficiently large to fully exploit a GPU.

2.2.3 Supercomputers

Large-scale scientific projects such as climate simulations, simulations of the
human brain and artificial intelligence-based research require large-scale
computational machines commonly referred to as supercomputers [27–29].

9Since these ”cores” do not independently decode instructions, they are fundamentally different from the CPU
core as defined in subsection 2.1.5.
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Figure 2.8: A figure showing a simplified layout of a Texture/Processor
Cluster in NVIDIA’s Tesla GPU architecture. A Tesla-based GPU contains an
array of multiple such independent units. Here, ”Core” denotes SM cores,
”I Cache” denotes the instruction cache, ”C Cache” a read-only cache and
”SFU” represents a special-function unit. This image was created with the
help of descriptions provided by ref. [25] and [26].

A supercomputer or HPC cluster is a computing system that aims to achieve
its peak performance by leveraging multi-level parallelism across thou-
sands of interconnected processing elements✶ (PEs). It is the result of extrap-
olating on-chip parallelism into an increasingly multi-chip context. There-
fore, moving from a single computer to a cluster, the most important perfor-
mance metric becomes scalability✶ .

DEFINITION : PROCESSING ELEMENT

An abstraction referring to any device capable of performing compu-
tations such as CPUs, GPUs, Many Integrated Core (MIC) chips, Ac-
celerated Processing Units (APUs), Field-Programmable Gate Arrays
(FPGAs), Application-Specific Integrated Circuits (ASICs) etc.
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DEFINITION : SCALABILITY

The capacity of the system to efficiently add hardware resources to-
wards either solving a computational problem faster or solving larger
problems in the same approximate time. Here, ”system” can refer to
either the code or the computer. Scalability is typically expressed in
terms of a performance metric and the amount of hardware resources
used to achieve it.

The peak performance of supercomputers has increased from the terascale
(1,000 GFLOP/s) in the early 2000’s to the petascale (1 million GFLOP/s) in
the early 2010’s and entered the exascale (1 billion GFLOP/s) in the early
2020’s [30]. Today, the most powerful supercomputer is El Capitan at the
Lawrence Livermore National Laboratory, USA, with ∼11 million cores,
recorded to have reached 1.7 EFLOP/s [31]. On a lower scale, another ex-
ample is the JUWELS supercomputer at the Jülich Supercomputing Centre
(JSC) [32], Germany. Its Cluster module has 114,480 cores, was ranked the
44th most powerful supercomputer by the end of 2020 [33] and is currently
ranked 180. Its Booster module has 449,280 cores, was ranked 7 by the end
of 2020 and is currently ranked 33 at 44.12 PFLOP/s [34]. These examples
should serve to give the reader a glimpse of the level of scalable perfor-
mance that one can expect in recent times.

Compute Node

The prefix ”super-” hints at the supercomputer’s composition of subordinate
computers. Indeed, supercomputers are assemblages of building blocks
called compute nodes that are connected to each other by means of a net-
work. The compute node brings together multiple PEs and connects them
to the network via a network interface card. These are typically one or more
multicore CPUs and one or more accelerators such as GPUs. For example,
the compute node of the Cluster module of the JUWELS supercomputer has
two 24-core Intel Xeon® Platinum 8168 chips in NUMA configuration (see
figure 2.6 for a simplified layout of a single chip). The compute node of the
Booster has two 24-core AMD EPYCTMRome 7402 chips (see figure 2.7 for
a simplified layout of a single chip) along with four NVIDIA Ampere A100
GPUs.

Distributed-Memory Parallelism

The physical memory of a supercomputer is available separately in the com-
pute nodes, each of which is connected to the others via the network.
However, as seen in the case of NUMA architectures, a physical separa-
tion in memory must not necessarily imply a separation in its logical rep-
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resentation. Nevertheless, although shared-memory models for this setup
are available [14], large-scale supercomputers almost exclusively employ a
distributed-memory model [13]. Unlike in shared-memory computing (see
subsection 2.2.1), in distributed-memory computing, the logical representa-
tion of the total memory is distributed [15]; a memory address to one PE
does not point to a meaningful physical location in another PE’s memory.
Hence, distributed-memory computing is characterized by message passing
between PEs to transfer data as per requirement. Historically, the program-
ming model put forth by the Message-Passing Interface (MPI) standard has
asserted itself in scientific computing communities ubiquitously, thereby
becoming the most commonly used programming approach to distributed-
memory computing.

In MPI’s programming model, each logical unit of execution (analogous to
the thread of shared-memory computing) is the process, which is an instance
of a program that is granted its own memory space, execution environment
and access to system resources by the operating system. Each MPI pro-
cess, referred to as an MPI task, is capable of communicating with other
MPI tasks within a given MPI communicator, a construct that helps isolate
message-passing events to mutually isolated contextual spaces. In this way,
MPI tasks can belong to multiple communicators, in each of which they are
given a unique MPI rank. The model offers flexibility and defines a feature-
rich and broad Application Programming Interface (API) to help programmers
implement a variety of message-passing techniques. Although it is intended
for distributed-memory computing, it is not uncommon to see MPI-parallel
programs in the shared-memory context as well.

Network

The description of the connections between compute nodes, possibly
through intermediate devices such as switches, encompassing all aspects
of inter-node communication is referred to as the network’s topology. The
choice of the network topology significantly influences the system’s scala-
bility and performance, and it is motivated by the requirements of the su-
percomputer viz., high bandwidth, fault tolerance, cost-effective scalability
etc [35].

A network can connect compute nodes either directly (such as in mesh net-
works) or indirectly through switches. Switched networks are widely em-
ployed [14]. In switched networks such as fat-tree and dragonfly networks,
the compute nodes are divided into groups. Due to their grouping, the time
of communication is not the same for all communicating pairs [13]. A met-
ric to measure the communication latency between two communicating ele-
ments in a switched network is the ”hop” count viz., the number of switches
a message has to cross on its path between them [14]. As a result, with the
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hop count, the communication time increases and the communication rate
decreases.

A programmer developing software for HPC applications can benefit from
acquainting themselves with the behaviour of the network of their target
supercomputer. This can be done by running microbenchmark programs
implementing well-known communication patterns at different node-count
scales to develop an intuition for the effective communication rate at those
scales. Further, knowledge about the network topology can be used to guide
them to look for and use options provided by the workload/cluster man-
agement system to realize specific test- and use-cases, such as allocation of
contiguous nodes, setting of a maximum switch count limit etc.

2.3 Theory of Parallel Performance

2.3.1 Strong Scaling

Although the objective of parallelism is to speed up work, while paralleliz-
ing✶ , we focus rather on engaging multiple workers to work at the same
rate instead of accelerating the rate of work of any worker.

DEFINITION : PARALLELIZATION

The process of converting a procedure executable by one worker into
a new procedure that attains the same objectives faster by allowing
execution by multiple workers (if the original procedure does not al-
ready allow it).

Let us assume that one worker requires unit time to perform the work of a
particular procedure. In an ideal world, assigning 𝑛 identical workers to the
same procedure would complete the work in 1

𝑛
time. Then, we could keep

assigning workers until the work would take no time to complete. How-
ever, in reality, we can observe that (at least) three factors prevent us from
realizing perfect parallelization:

• there might be some parts of the procedure that can only be performed
by any one worker (serial component),

• the workers might need to communicate with one another (during
which time they may not be able to work) and

• they might need to synchronize✶ .
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DEFINITION : SYNCHRONIZATION

The requirement in a parallelized procedure that one or more workers
must coordinate their activity with other workers i.e., wait for them
to finish certain tasks, wait for their turn to access shared resources
etc., so that the procedure can be conducted in its correct sequence of
operations and maintain internal consistency to attain its objectives.
As a result of the unavoidable waiting, synchronization is associated
with an overhead that reduces parallelism.

DEFINITION : SPEEDUP

The factor by which a parallel procedure is faster than its serial ana-
logue (i.e., the parallel procedure using one worker) for a problem of
fixed size. This is given by 𝑆 = 𝑃𝑁

𝑃1
where 𝑃𝑁 is the performance of

the parallel procedure using 𝑁 workers and 𝑃1 the performance of its
serial analogue. Using the performance metric 𝑃 = 1

𝑇
where 𝑇 is the

runtime, the speedup is given by

𝑆 =
𝑇1
𝑇𝑁

.

We begin by analysing the speedup✶ of parallelization by only considering
the effect of the serial component of the work. If 𝑠 is the fraction of the time
corresponding to the serial component and 𝑝 the fraction corresponding to
that component of the work that can be perfectly parallelized, the speedup
is given by

𝑆 =
𝑠+ 𝑝

𝑠+ 𝑝
𝑁

Now, since we’ve assumed that the work is only composed of a serial and a
parallel component, we have 𝑠+ 𝑝 = 1, which implies

𝑆 =
1

𝑠+ 1−𝑠
𝑁

. (2.2)

In the above equation, it is clear that if 𝑁 ≫ 1, 𝑆 ≈ 1
𝑠
. This is Amdahl’s

law [13–15], also referred to as the law of diminishing returns; as the num-
ber of workers increases, the speedup continuously decreases to converge
to a constant value determined solely by the serial component. In other
words, once the parallel limit has been reached, engaging additional work-
ers becomes practically useless. Beyond the limit, performance can only be
further improved by speeding up the serial component of the work.
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If the parallel procedure involves communication, the combination of the
multilateral nature of communication and the uncontrolled parallelism of
the procedure imposes a synchronization requirement; when it is necessary
for a group of workers to communicate, all workers in that group must wait
for those workers that are not yet ready to participate in the communica-
tion. Consequently, there is a reduction in parallelism and a corresponding
reduction in speedup. Moreover, the act of communicating itself is time con-
suming, which further increases the time of the parallel procedure. Left and
right subfigures in figure 2.9 demonstrate Amdahl’s law for fictitious par-
allel procedures without and with these additional overheads, respectively.

Figure 2.9: Figures illustrating the strong-scaling performance of fictitious
parallel procedures with varying serial components. In the left subfigure, it
is assumed that no overheads apply. In the right subfigure, the time fraction
of the combined communication and synchronization overhead is modeled
by a function that linearly interpolates between 0% at𝑁 = 1 to 5% at𝑁 = 15.

DEFINITION : STRONG SCALING

A mode of scaling in which additional workers are used to speed up
a fixed quantity of work.

Amdahl’s law explains the strong-scaling✶ behaviour of parallel procedures.
However, rather than as a realistic model of parallel execution, it should
be understood as a source of insight yielding the concept of the parallel
limit. Therefore, the serial/parallel time fraction is rarely computed during
performance analyses. Instead, the efficiency of strong scaling (sometimes,
simply ”parallel efficiency”) is used to quantify scaling performance. It is
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calculated as
𝐸(𝑁) =

𝑆

𝑁
. (2.3)

Rigorously justifying the identification of a procedure’s practical parallel
limit is not a trivial task because useful speedups can still be had at low
parallel efficiencies. Therefore, it boils down to a decision made on a cost-
vs-benefit basis. Some conventions simply consider the limit to be reached
at 50% parallel efficiency. This gives us the (rather arbitrary) categorization
of acceptable scaling when 50% ≤ 𝐸 < 75% and excellent scaling when
𝐸 ≥ 75%.

2.3.2 Weak Scaling

The scaling performance of a parallel procedure must be considered based
ultimately on its use case. In the previous subsection, we saw that strong-
scaling analysis is conducted when the goal of parallelization is to perform
work as fast as possible. However, the scope of parallelization is not ex-
clusively limited to increasing the speed of work; in many cases, it is to be
able to do more work in the same time. This use case is referred to as weak
scaling✶ .

DEFINITION : WEAK SCALING

A mode of scaling in which additional workers are used to complete
more work in the same time.

In the case of weak scaling, we start with one worker and some quantity
of work. As we start scaling up, the quantity of work is not maintained
constant as in the case of strong scaling, it is instead also scaled up —ide-
ally such that the quantity of work per worker remains constant. If this re-
quirement is met, each worker will take the same time to complete its task.
Therefore, the time will neither drop nor increase at higher worker counts.
The time plot of a perfectly weak-scaling application (showing time in the
y-axis and worker count in the x-axis) features a straight line at a particular
time.

In reality, however, as in the case of strong scaling, communication and syn-
chronization overheads are unavoidable, resulting commonly in a weak-
scaling plot with a time curve that gradually increases as it progresses along
the x-axis. Once again, the weak-scaling performance can be quantified by
means of efficiency:

𝐸(𝑁) =
𝑇1
𝑇𝑁

, (2.4)
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Figure 2.10: A figure comparing the weak-scaling parallel efficiency of the
ideal case to that of a realistic case.

where 𝑇1 is the time of the single-worker case and 𝑇𝑁 the time of the 𝑁 -
worker case. See figure 2.10 for a comparison between the ideal weak-
scaling efficiency plot and a realistic one.

2.4 Semi-Empirical Roofline Analysis

Until now, we have used this chapter to introduce the reader to the basics
of parallel computing. Now, we will discuss a performance analysis model
and a practical technique aimed at simplifying its application. Additionally,
we will present a library that we’ve implemented to help us conduct per-
form optimization: by analysing performance, deducing the next direction
of optimization and implementing the optimization in a cycle until satisfac-
tory results are obtained. The reader is advised to look at appendix subsec-
tion A.1 for a tutorial to using this library.

2.4.1 Introduction to the Roofline Model

The roofline model provides essential insights for analyzing the perfor-
mance of software components by transforming the naı̈ve question, ”How
well does my code perform?” into one that orientates us towards a theoreti-
cal footing i.e., ”How well can my code perform?”. It directs us to look at the
nature of the code as a deciding factor of attainable performance, connecting
it with machine capacity to establish a theoretical performance upper bound
—the roofline. Based on this, the basic direction of necessary optimization (if
optimization is at all possible) can be discovered.
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The performance of a particular code depends both on the properties of
the code and on the properties of the target machine. These properties are
captured by the concepts of code balance [13] and machine balance [36], respec-
tively. From the viewpoint of measuring the performance of the code, both
concepts represent a priori information.

The code balance answers the question, ”How much data must be moved
along a data path to perform a single floating-point operation?”,

𝐵𝑐 =
Data traffic (B)
Work (FLOP)

. (2.5)

The machine balance answers the question, ”In the time it takes for one
floating-point operation, how much data can this computer transfer?”,

𝐵𝑚 =
Peak Bandwidth (GB/s)

Peak performance (GFLOP/s)
=
𝑏max

𝑃max
. (2.6)

Importantly, these concepts highlight the possibility of data movement and
computational work being separate, potential performance limiters. Now,
we can estimate the peak performance by factoring in both the code’s de-
mands and the capabilities of the machine [13]

𝑃roof = min
(︂

Pmax,Pmax
𝐵𝑚

𝐵𝑐

)︂
= min

(︂
Pmax,

𝑏max

𝐵𝑐

)︂
. (2.7)

The code balance can be estimated solely by inspecting the code, whereas
it is left to the analyst to ascertain 𝑃max and 𝑏max by referring to techni-
cal datasheets published by hardware vendors. A theoretical estimate for
𝑃max can be calculated using equation (2.1) (from “Computation Rate (Per-
formance)” p. 16) if the instruction with the highest throughput and the
number of its available independent pipelines are known. Using utilities
that benchmark the memory bandwidth (which are sometimes provided by
vendors e.g., Intel MLC), 𝑏max can be obtained. Applying different machine
balances corresponding to different data paths of the machine, the various
roofs are often reported on a 2D chart with arithmetic intensity (given by
𝐼 = 1

𝐵𝑐
) along the X-axis and the performance along the Y-axis as shown in

figure 2.11.

If the bandwidth actually attained by the code during its execution is
known, it is possible to estimate the corresponding performance as follows

𝑃attained =
𝑏attained

𝐵𝑐

. (2.8)

Alternatively, it can be measured by instrumenting the code with perfor-
mance counters and running it in the target setting. Once the performances
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Figure 2.11: Example roofline chart illustrating the rooflines for the data
paths of the memory and the caches. The red circles depict the target func-
tions (i.e., functions under analysis).

are known, the target functions can be plotted in the roofline chart as de-
picted by the red circles in the example in figure 2.11. In the example, the
analyst can conclude that kernels 1 and 3 are performing sub-optimally,
whereas kernel 2 has already attained its peak performance and does not
require further optimization in code. Moreover, it can be seen that kernels 1
and 2 are memory bound✶ whereas kernel 3 is core bound✶ .

DEFINITION : MEMORY-BOUND CODE

Code whose performance can only be improved by improving the
memory bandwidth utilization. On a roofline chart, it is located under
the slanted roof.

DEFINITION : CORE-BOUND CODE

Code whose performance can only be improved by improving the
processor utilization. On a roofline chart, it is located under the hori-
zontal roof.

Knowing the roof and knowing whether the code is memory- or code-
bound is crucial for the analyst to decide the next steps of optimization.
Without this knowledge, they might
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1. stop optimizing before the code is optimally performing,

2. continue attempting optimization when the code is already optimally
performing, or,

3. attempt to improve memory/core utilization when the code is
core/memory-bound.

Therefore, the roofline model acts as a ”compass” of optimization for the
analyst navigating the (2D) ”sea of performance”.

2.4.2 A Semi-Empirical Approach

While it is possible to measure 𝑏attained from equation (2.8) using performance
counters, it can be replaced by a value that is calculated using the runtime
and the data traffic requirement of the code as

𝑏effective =
Data traffic required (GB)

Time (s)
. (2.9)

In this way, we have deduced an effective bandwidth10 which can be used
to estimate a corresponding effective performance in the same fashion as in
equation (2.7), as

𝑃effective =
𝑏effective

𝐵𝑐

=
Work required (GFLOP)

Time (s)
. (2.10)

To help the reader gain a solid understanding of how data traffic and com-
putational work requirements (and hence, code balance) can be estimated
using a priori information contained in the code, we have dedicated ap-
pendix subsection A.1 to providing real-world examples in which the semi-
empirical roofline analysis is conducted.

We consider the above to be a semi-empirical approach because it does
not involve actually measuring either the data traffic or the computational
work, relying instead only on a code balance model and a reliable mea-
surement of the runtime of the code. In a fully empirical approach, perfor-
mance must be measured, which requires using performance counters via
tools that are hardware- and operating system-dependent. Instrumenting
the code, configuring the tool and analyzing the measured information11 is
often not straightforward. On top of that, hardware performance counters
can sometimes be unreliable. The semi-empirical approach represents an
alternative to them, especially one that is portable, relatively easy to apply,
easy to interpret and reliable.

10”effective” is used to indicate the fact that the bandwidth is not actually measured.
11For example, measurements relating to cache events are notoriously difficult to analyze.
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2.4.3 TiXL: Timed eXperiments in Loops

At the beginning of this doctoral project, inspired by the possibility of a
semi-empirical approach to performance analysis, we conceptualized a sim-
ple library that could perform microbenchmarking✶ by means of an intuitive
and easy-to-use API. The result of this inspiration is the open-source C++
library, TiXL [37]. Throughout the course of this doctoral project and for all
the work of which the results have been reported in this thesis, TiXL was
used to conduct semi-empirical roofline analysis. Later in the project, a pro-
filer module was also developed and integrated12.

DEFINITION : MICROBENCHMARK

A microbenchmark program (or simply, microbenchmark) is designed
to measure the performance of a single software component in isola-
tion. A high-quality microbenchmark reliably measures simple and
well-defined quantities such as the runtime. It can be used to elimi-
nate the influences of peripheral software components that unavoid-
ably interact with the component of interest during system-level tests.

In practice, writing a valid microbenchmark can be tricky and error prone,
with many factors influencing the accuracy of measurement. TiXL takes
care of some of these matters internally.

• Dynamic frequency scaling: Modern microprocessors regulate their
clock frequencies dynamically to conserve energy and/or prevent
overheating. However, microbenchmarking assumes a constant and
high clock frequency, which cannot be immediately guaranteed. As
a countermeasure, TiXL calls the target function in a loop to properly
”warm up” the system, to simulate the conditions under which the
target function will be intensively executed.

• Choice of clock: TiXL uses wallclock time to measure the runtime of
the target function. Wallclock time is a better choice for microbench-
marking than CPU clock time because it measures contributions from
input/output, context switches etc. On the one hand, measuring wall-
clock time will undoubtedly result in the introduction of noise in the
measurements. On the other hand, since those effects are also present
in the target setting, it can be argued that they should be reported.

• Experimental robustness: The runtime environment is unpredictable
due to complex background activity resulting in measurement noise.
This leads to outliers in the microbenchmarking measurements. To

12A tool used to identify hot spots i.e., components of code that account for the major fractions of the runtime.
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combat measuring atypical noise, TiXL performs many experiments
and computes statistical details (such as minimum, maximum and av-
erage time, standard deviation etc.) using the samples. Using this
information, the experiment count can be adjusted until the standard
deviation is acceptably low13.

• Treatment of argument data before each experiment: If the argument
data of the target function is located in the caches when the timed
experiment is conducted, it is impossible to measure certain quanti-
ties e.g., the memory bandwidth, which requires the data to be avail-
able only in the main memory. To ensure this, each timed experiment
should allocate data afresh and take special measures to evict the data
from the caches. TiXL enables this through its API design.

The main interface of TiXL’s microbenchmarking module (which makes cold
microbenchmarking✶ its goal14) is an abstract class that requires the user to
implement three functions:

class experiment_functor
{
public:

virtual void init() = 0;
virtual void perform_experiment() = 0;
virtual void finish() = 0;

};

The first should allocate argument data and apply pre-experiment treatment
on it, the second should call the target function and the third should de-
allocate argument data and reset its state.

DEFINITION : COLD MICROBENCHMARKING

A type of microbenchmarking in which measures are taken to ensure
the presence of operand data only in the main memory at the start of
each experiment.

Having implemented this class, the user can call the
function perform_experiments (for MPI support,
mpi_perform_experiments) to perform the microbenchmarking. Once
the experiments have been conducted, the function write_measurements

13A low standard deviation may not be enough to ensure high-quality benchmarking. We recommend writing
the measurements to a file and plotting them to visually inspect them.

14Perfect cold microbenchmarking is very hard, since data notoriously clings to caches. One way is by using
the compiler intrinsic _mm_clflush, which causes the compiler to emit the CLFLUSH instruction to evict cache
lines to memory.
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can be used to write the measured times to an output file for plot-
ting. Further, the function compute_statistics (for MPI support,
mpi_compute_statistics) can be used to compute the statistics of the
measured times and the function output_results can be used to print
the statistics to console output.
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Naturally arranged atoms arranging atoms to find out how atoms move.
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Chapter 3

Introduction to Simulations of
Molecular Dynamics

As MD is at the overarching objective of this doctoral project, it is first nec-
essary to discuss basic theoretical concepts of MD to provide the context of
the original work reported in chapters 4 and 5. Hence, we will devote this
chapter to that purpose and pinpoint the exact contexts (in subsection 3.2.2
and section 3.4) of the work reported in the above-mentioned chapters.

This chapter is organized as follows. We begin with the basic theory of
classical MD (cMD), followed by a discussion of the modeling of potential
energy. Next, we present core ideas of QM-based MD and the quantum-
mechanical/molecular-mechanical (QM/MM) hybrid strategy and introduce
foundational concepts of statistical mechanics. Finally, we conclude by dis-
cussing the motivation of enhanced-sampling techniques.

3.1 Basics of Classical Molecular Dynamics

3.1.1 Roots in Classical Physics

The concept of the atomistic cMD1 simulation is based on the assumption
that Newtonian dynamics can be applied to study the motion of atomic
nuclei [38]. By iteratively solving time-discretized Newton’s equations of
motions, a cMD simulation generates a trajectory as a sequence of atomic
configurations✶ in time.

1Henceforth, any occurrences of cMD/MD are to be taken to mean atomistic cMD/MD.
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DEFINITION : CONFIGURATION

A specific arrangement of atoms belonging to a system represented
by a position vector R ∈ R3𝑁 where 𝑁 is the number of atoms. Alter-

natively, R =
(︁ r1

r2
...
r𝑄

)︁
, where each vector r𝑖 ∈ R3 represents the position

coordinates of one atom.

We begin by establishing the roots of cMD in physics and presenting how
cMD simulations can be realized using computers. In a system of 𝑁 atoms
with position coordinates R ∈ R3𝑁 and atomic masses 𝑚𝑖 for 1 ≤ 𝑖 ≤ 𝑁 , we
have the total energy

𝐸tot =
1

2
Ṙ

⊺
𝑀Ṙ + 𝑈(R), (3.1)

where the first term captures the kinetic energy and the second term, the
potential energy. The block diagonal mass tensor 𝑀 ∈ R3𝑁×3𝑁 is given by

𝑀 =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎡⎣𝑚1 0 0
0 𝑚1 0
0 0 𝑚1

⎤⎦ 0 ... 0

0

⎡⎣𝑚2 0 0
0 𝑚2 0
0 0 𝑚2

⎤⎦ ... 0

... ... ... ...

0 0 ...

⎡⎣𝑚𝑁 0 0
0 𝑚𝑁 0
0 0 𝑚𝑁

⎤⎦

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
.

Now, if this system is governed by energy-conserving dynamics, we have
𝑑𝐸tot
𝑑𝑡

= 0, therefore,

𝑑𝐸tot

𝑑𝑡
=

1

2
R̈

⊺
𝑀Ṙ +

1

2
Ṙ

⊺
𝑀R̈ +∇𝑈(R)

⊺
Ṙ = 0,

where Ṙ = 𝑑R
𝑑𝑡

. Since 𝑀 is a symmetric square matrix, this results in

R̈
⊺
𝑀Ṙ +∇𝑈(R)

⊺
Ṙ = 0,

𝑀R̈ +∇𝑈(R) = 0

𝑀R̈ = −∇𝑈(R)

=⇒ F = −∇𝑈(R), (3.2)

which yields the equation for a conservative force. In the context of MD,
equation (3.1) has been traditionally formulated as the Hamiltonian given by

ℋ(R,P) =
1

2
P

⊺
𝑀−1P + 𝑈(R), (3.3)
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where P ∈ R3𝑁 ,P = 𝑀Ṙ is the momentum. Hamilton’s equations of mo-
tion are equivalent to Newton’s equations and are given as

Ṙ =
𝜕ℋ
𝜕P

, Ṗ = −𝜕ℋ
𝜕R

. (3.4)

Figure 3.1: Figure illustrating the concept of time discretization in a com-
puter simulation. Time seems to progress in the form of ”steps” in a stair-
case, thus inspiring the term timestep.

Equation (3.2) expresses time-independent (i.e., static) quantities. When we
consider the dynamic problem of simulating the motion of atoms, it is nec-
essary to replace R with R(𝑡), which gives us

F(R; 𝑡) = −∇𝑈(R; 𝑡). (3.5)

DEFINITION : TIMESTEP

The unit of time used to approximate the smallest possible duration
of an MD simulation.

An MD simulation iteratively solves equation (3.5) by discretizing time (see
figure 3.1 for an illustration) using timesteps✶ , which must be chosen by the
user to be small enough such that even the fastest modes of the system con-
form with equation (3.5) [8]. This procedure is referred to as the time evolu-
tion of the system. An integration scheme is required, which uses the force
vectors to compute the new position vector for the subsequent iteration.
These schemes are typically derived from the Taylor series

R(𝑡) =
∞∑︁
𝑛=0

R(𝑛)(𝑡− 1)

𝑛!
∆𝑡,
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where R(𝑛) = 𝑑𝑛R
𝑑𝑡𝑛

and ∆𝑡 is the timestep. Since infinitely differentiable
functions cannot be represented by computers, we settle for 𝑘-term approx-
imations

R(𝑡) =
𝑘∑︁

𝑛=0

R(𝑛)(𝑡− 1)

𝑛!
∆𝑡+𝒪(∆𝑡𝑘+1),

which introduce an error represented by the last term. Two widely
used integration schemes based on approximate Taylor expansions are the
leapfrog [39] and the velocity-verlet schemes [40, 41]. Although quite simi-
lar, the former computes half-step velocities and full-step positions

V(𝑡+
1

2
∆𝑡) = V(𝑡− 1

2
∆𝑡) + ∆𝑡𝑀−1F(𝑡)

R(𝑡+∆𝑡) = R(𝑡) + ∆𝑡V(𝑡+
1

2
∆𝑡)

whereas the latter computes full-step positions and velocities

R(𝑡+∆𝑡) = R(𝑡) + ∆𝑡V(𝑡) +
1

2
∆𝑡2𝑀−1F(𝑡)

V(𝑡+∆𝑡) = V(𝑡) +
1

2
∆𝑡𝑀−1 [F(𝑡) + F(𝑡+∆𝑡)] .

The velocity-verlet integration scheme is typically more accurate when a
temperature/pressure coupling is used [39].

3.1.2 Potential Energy Function

A potential energy function✶ (PEF) is computed as the sum of contributions of
multiple modes

𝐸 = 𝜑1 + 𝜑2 + 𝜑3 + ...,

where 𝜑1 is the sum of potential energies that are not due to atomic interac-
tions (e.g., external potentials) and 𝜑𝑛 the sum of potential energies due to
𝑛-atom interactions [42].

DEFINITION : POTENTIAL ENERGY FUNCTION

A mathematical model that calculates the potential energy of a system
based on the atomic spatial arrangement.

The terms of the PEF fall into the categories of bonded and non-bonded inter-
actions [43, 44]. The former is primarily used to model covalent bonds and
is further classified as follows:

1. bonds (two-atom),
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2. angles (three-atom) and

3. proper/improper dihedral angles (four-atom),

whereas the latter is used to model long-range interactions such as

1. Van der Waal’s forces and

2. electrostatic forces.

A good PEF not only faithfully captures the behaviour of a system’s poten-
tial energy, it is also computationally efficient as it is intended ultimately to
extend the timescale of MD simulations [45]. However, the PEF is only the
first prerequisite for conducting realistic cMD simulations. It provides the
foundational model, which is open ended in that it leaves many parame-
ters undetermined. Therefore, the second prerequisite is the parameter set,
which refers to the values of all the parameters required to implement the
model. The parameterization is commonly very elaborate [46], fitted using
empirical data from physics and chemistry, and QM calculations [43, 46].

DEFINITION : FORCE FIELD

A combination of a PEF and a parameter set.

The force field✶ is a central concept to cMD. Some commonly used force fields
in biophysics are [47]:

1. AMBER —proteins, RNA and DNA,

2. CHARMM —proteins, nucleic acids and lipids,

3. GROMOS —proteins, nucleotides, and sugars, and,

4. OPLS —condensed phase simulations and biomolecules.

Additionally, since recently, many machine learning-based force fields such
as GEMS [48], CHARMM-NN [49] and BIGDML [50] have gained popular-
ity for providing accuracy comparable to QM-based MD.

A given force field may treat an atom very specifically to its context or chem-
ical environment, e.g., oxygen in a water molecule may be parameterized
differently from oxygen in a carbonyl group [51]. Making ad hoc changes
to a force field’s parameters or choosing the wrong force field can result in
drastic, unpredictable changes, leading to incorrect simulations [52, 53]2.
Consequently, a well-informed (at best, tested for the specific use case)

2When this happens, the scientist becomes acutely aware of the fine line between conducting valid cMD sim-
ulations and playing computer games.
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choice of force fields is a crucial pre-step to rigorous scientific study via
simulation.

3.1.3 Bonded Interactions

Figure 3.2: Figure showing commonly used bonded force fields —bonds,
angles and dihedral angles.

It is generally sufficient to model bonded interactions using simple har-
monic PEFs [44]. Two-atom interactions are modeled as linear springs,

𝑈bond(r𝛼, r𝛽) =
1

2
𝑘𝛼𝛽(||r𝛽 − r𝛼|| − 𝑟𝑒)2,

where parameters 𝑘𝛼𝛽 and 𝑟𝑒 are the stiffness coefficient and equilib-
rium length, respectively. Three-atom interactions are modeled as angular
springs as

𝑈angle(𝜃) =
1

2
𝑘𝜃(𝜃 − 𝜃𝑒)2,

where parameters 𝑘𝜃 and 𝜃𝑒 are the stiffness coefficient and equilibrium an-
gle, respectively. Four-body interactions are modeled as (proper) dihedral
angles and improper dihedral angles [8]. The former is modeled as a multi-
term periodic expansion,

𝑈dihedral(𝜔) =
1

2

∑︁
𝑚

𝑘𝑚(1 + 𝑐𝑜𝑠(𝑚𝜔 − 𝜔𝑚)),
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where parameters 𝑘𝑚 and 𝜔𝑚 are the stiffness coefficients and equilibrium
angles, respectively. Improper dihedral angles are modeled as angular
springs:

𝑈dihedral(𝜉) =
1

2
𝑘𝜉(𝜉 − 𝜉𝑒)2.

These models are illustrated by figure 3.2.

The above are the most commonly used models. Apart from them, there are
a variety of other models, such as the anharmonic Morse model [54], non-
linear cubic models [55, 56] and the harmonic Urey-Bradley model [57].

3.1.4 Non-Bonded Interactions

Van der Waal’s interactions are most commonly modeled using the Lennard-
Jones (LJ) potential, the Buckingham potential and the Exponential-6 poten-
tial [58, 59]. The first is the most commonly used and is given by

𝑈𝐿𝐽 =
𝑁∑︁
𝑖=0

𝑁∑︁
𝑗>𝑖

4𝜀

[︂
(

𝜎

||R𝑖 −R𝑗||
)12 − (

𝜎

||R𝑖 −R𝑗||
)6
]︂

(3.6)

where 𝜎 and 𝜀 are parameters. Electrostatic interactions are computed as
per Coulomb’s law as

𝑈𝐶 =
𝑁∑︁
𝑖=0

𝑁∑︁
𝑗>𝑖

𝑞𝑖𝑞𝑗
4𝜋𝜀||R𝑖 −R𝑗||

, (3.7)

where parameters 𝑞𝑖 and 𝑞𝑗 are charges, and 𝜀 is the permittivity.

Computing the above interactions requires 𝒪(𝑁2) computations and it rep-
resents the most computationally intensive work in an MD simulation. To
mitigate the computational costs, spherical/cubic truncation methods are
widely employed, in which interactions between pairs separated by any
distance greater than a cut-off value are ignored [60–62]. However, it has
been observed that e.g., when simulating polar fluids, cut-off techniques re-
sult in strongly changed orientational structures [60], dielectric properties
and translational and rotational motions [63]. Avoiding these effects seems
to be only possible by providing a full treatment. Making matters worse, to
reduce boundary effects, PBCs are also applied to mimic a very large sys-
tem, which makes computing the interactions between all pairs even more
expensive [64].

As a result, techniques that are derivatives or variants of the Ewald summa-
tion method are extensively used, which make use of the Fourier transform
to not only ensure the convergence of the calculation but to also speed it
up [61, 65]. The general approach is to decompose the calculation into part-
calculations: one in the real space and the other in the Fourier (or reciprocal)
space, each of which converges quickly.
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3.1.5 Ewald-Type Methods

We will now provide a brief overview of the basic technique employed
by variants of the Ewald summation using the specific example of the
Coulomb interaction3. Consider a three dimensional lattice of points 𝐿 =
{r1, r2, r3, ..., r𝑁}, with corresponding point charges 𝑞1, 𝑞2, 𝑞3, ..., 𝑞𝑁 . The
electrostatic potential field at coordinates r with respect to a single charge is
given by

𝜑𝑖(r) =
1

4𝜋𝜀

𝑞𝑖
||r − r𝑖||

, (3.8)

where 𝜀 is the permittivity constant. The potential energy contribution of a
charge 𝑞𝛼 at r𝛼 in the electric field of another charge 𝑞𝛽 at r𝛽 is,

𝑈(r𝛼, r𝛽) = 𝑞𝛼𝜑𝛽(r𝛼) =
1

4𝜋𝜀

𝑞𝛼𝑞𝛽
||r𝛼 − r𝛽||

,

using which, we get the potential energy of the lattice by summing up all
possible interactions as

𝐸 =
1

4𝜋𝜀

𝑁∑︁
𝑖=1

𝑁∑︁
𝑗>𝑖

𝑞𝑖𝑞𝑗
||r𝑗 − r𝑖||

. (3.9)

More often than not, MD simulations make use of PBC as shown in fig-
ure 3.3. Hence, we will consider an infinite lattice composed of cells, each
of which is a repetition of 𝐿. This is a set:

𝐿∞ = {𝐿 ∪ 𝐿(1) ∪ 𝐿(2) ∪ 𝐿(3) ∪ ...},
𝐿∞ = {r𝜆 ∈ R3 | r𝜆 = r +𝑅𝜆p𝜆 ∀ r ∈ 𝐿, ∀ 𝜆 ∈ Z},

where 𝑅𝜆 ∈ R3×3 represents a rotation matrix and p𝜆 ∈ Z3 represents the
repetition vector, both of which are uniquely associated with the 𝜆-th cell.
For convenience, we define a function e𝑐 : (Z+,Z+) → 𝐿∞ that allows us to
enumerate the coordinates within each cell such that

e𝑐(𝑖, 𝑗) = r𝑗 ∈ 𝐿(𝑖).

Using this, we can now adapt equation 3.9 for the infinite lattice so:

𝑈∞ =
1

4𝜋𝜀

1

2

∞∑︁
𝑛1=0

∞∑︁
𝑛2=0

𝑁∑︁
𝑖=1

𝑁∑︁
𝑗=1

’
𝑞𝑖𝑞𝑗

||e𝑐(𝑛1, 𝑗)− e𝑐(𝑛2, 𝑖)||
,

where ’ is used to denote the exclusion of the self-interaction term for which
𝑖 = 𝑗 when 𝑛1 = 𝑛2. The calculation of this infinite sum converges not only

3The same technique can be used for the Van der Waal’s interaction as well.
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Figure 3.3: Figure illustrating the use of 2D PBCs, using which the 3D case
can be easily imagined. The whole lattice 𝐿 is repeated infinitely in all pos-
sible directions.

slowly but also conditionally, depending on the order of the summation
[61, 66].

The above equations actually describe the case of point charge distribution,
for which the charge distribution function may be defined as follows,

𝜌𝑖(r) = 𝑞𝑖𝛿(r − r𝑖), (3.10)

where 𝛿 is the Dirac delta distribution (also called the unit impulse). The
charge distribution function can be split into short- and long-range terms

𝜌𝑖(r) = 𝜌𝑠𝑟𝑖 (r) + 𝜌𝑙𝑟𝑖 (r)

𝜌𝑙𝑟𝑖 (r) = 𝑞𝑖𝐺𝜎(r − r𝑖)

𝜌𝑠𝑟𝑖 (r) = 𝑞𝑖𝛿(r − r𝑖)− 𝑞𝑖𝐺𝜎(r − r𝑖)

where 𝐺𝜎 is the Gaussian distribution function, given as

𝐺𝜎(r) =
1

(2𝜋𝜎2)
3
2

exp
(︂
−||r||

2

2𝜎2

)︂
lim
𝜎→0

𝐺𝜎(r) = 𝛿(r).

Similar to the charge distribution, using the solution of Poisson’s equation

∇2𝜑𝑖(r) = −
𝜌𝑖(r)

𝜀
,
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we can derive the split electric potential fields,

𝜑𝑖(r) = 𝜑𝑠𝑟
𝑖 (r) + 𝜑𝑙𝑟

𝑖 (r). (3.11)

The above splitting results in a splitting of the energy terms as well, result-
ing in

𝐸 = 𝐸𝑠𝑟 + 𝐸𝑙𝑟.

Now, the characteristic idea is to exploit the fact that the short- and long-
range terms converge rapidly in the real and reciprocal spaces, respectively.
In the classical Ewald method, this strategy yields the following equation:

𝐸 = 𝐸𝑠𝑟 + 𝐸𝑙𝑟 − 𝐸self,

where the short-range sum is

𝐸𝑠𝑟 =
1

4𝜋𝜀

1

2

∞∑︁
𝑛1=0

∞∑︁
𝑛2=0

𝑁∑︁
𝑖=1

𝑁∑︁
𝑗=1

’
𝑞𝑖𝑞𝑗

||e𝑐(𝑛1, 𝑗)− e𝑐(𝑛2, 𝑖)||
erfc

(︂
||e𝑐(𝑛1, 𝑗)− e𝑐(𝑛2, 𝑖)||√

2𝜎

)︂
,

where ’erfc’ denotes the complementary error function. The long-range sum
is,

𝐸𝑙𝑟 =
1

2𝑉 𝜀

∑︁
k ̸=0

𝑒−𝜎2||k||2/2

||k||2
||𝑆(k)2||,

in which the summation is over the reciprocal lattice, 𝑉 denotes the volume
of the periodic cell and the so-called structure factor is given by

𝑆(k) =
𝑁∑︁
𝑖=1

𝑞𝑖𝑒
𝑖kr𝑖 .

Finally, the self-interaction term is given by,

𝐸self =
1

4𝜋𝜀

1√
2𝜋𝜎

𝑁∑︁
𝑖=1

𝑞2𝑖 .

It can be observed that 𝐸𝑠𝑟 is truncated by the ’erfc’-factor and 𝐸𝑙𝑟 by
𝑒−𝜎2||k||2/2 [67]. Well-optimized implementations of the classical Ewald
method can achieve a complexity of 𝑂(𝑁

3
2 ) [64].

The most commonly used methods are the Particle-Mesh Ewald method
(PME), the Smooth Particle-Mesh Ewald method (SPME) and the Particle-
Particle-Particle-Mesh method (P3M). These techniques mainly differ in
how the particle properties are evaluated on the grid and then transferred
back to the particles. Most implementations make use of the FFT to compute
the Fourier transform, which allows them to further reduce the complexity
to 𝑂(𝑁𝑙𝑜𝑔2𝑁) [64].
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3.2 ab initio Molecular Dynamics

Combining concepts of cMD and QM electronic structure calculations has
resulted in a family of techniques know as ab initio Molecular Dynamics
(aiMD) [68]. In contrast to cMD, instead of depending on the kind of ex-
tensive empirical modeling that force fields represent (as presented in sec-
tion 3.1.2), aiMD relies only on QM first principles 4 to compute forces on
the fly. This enables accurate simulations of bond breaking or formation,
electronic polarization effects and quantum effects. Moreover, aiMD simu-
lations can show new phenomena happening as necessary, which were not
anticipated prior to simulation [68].

3.2.1 Born-Oppenheimer Approximation

DEFINITION : WAVE FUNCTION

A complex-valued function that encodes the state of an isolated quan-
tum particle or system at any given time.

It is well-known that the determinism of classical mechanics gives way to
the probabilistic descriptions of quantum mechanics. This is captured by
the notion of the complex-valued wave function✶ [69]. According to the Born
interpretation, the wave function has the property that the modulus of its
square is the probability density function of finding the particle at a partic-
ular location at that time [70] i.e., in one dimension,

𝜌(𝑥) =

∫︁ 𝑏

𝑎

𝑑𝑥|Ψ(𝑥, 𝑡)|2 for 𝑥 ∈ [𝑎, 𝑏],

1 =

∫︁ ∞

−∞
𝑑𝑥|Ψ(𝑥, 𝑡)|2.

The non-relativistic5 Hamiltonian considering the electronic and nuclear de-
grees of freedom {r𝑖} and {R𝐼}, respectively, is an operator6 acting on the
wave function that is the solution of the time-dependent Schrödinger wave
equation given by

𝑖ℏ
𝜕

𝜕𝑡
Ψ({r𝑖}, {R𝐼}; 𝑡) = ℋ̂Ψ({r𝑖}, {R𝐼}; 𝑡) (3.12)

4A first principle is a proposition that cannot be deduced from any other proposition.
5A non-relativistic concept assumes that all velocities are much lower than that of light and hence ignores

effects such as time dilation or mass-energy equivalence.
6Generally speaking, the relationship between an operator and its operand function is analogous to that be-

tween a matrix and vector.
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where ℏ is the reduced Planck’s constant [68]. The Hamiltonian can be writ-
ten as,

ℋ̂ = 𝑇𝑛 + 𝑈̂𝑛𝑛 + ℋ̂𝑒 with

ℋ̂𝑒 = 𝑇𝑒 + 𝑈̂𝑛𝑒 + 𝑈̂𝑒𝑒,

where 𝑇 represents the kinetic energy operator, 𝑈̂ the potential energy op-
erator and subscripts 𝑛𝑛, 𝑛𝑒 and 𝑒𝑒 represent nucleus-nucleus, nucleus-
electron and electron-electron interactions, respectively.

The difficulty of solving equation (3.12) can be lessened by applying the
Born-Oppenheimer approximation. Since the mass of the nucleus is three
orders of magnitude greater than that of an electron, it moves correspond-
ingly much slower as well. This means that every change in the nuclear
geometry will be followed by a rapid electronic structural adaption in re-
sponse to it [69]. This lets us assume that during the adiabatic motion of the
nuclei, there is no change in the electronic structure. Applying this approx-
imation results in the factorization of the wave function into an electronic
and a nuclear wave function as follows,

Ψtotal({r𝑖}, {R𝐼}; 𝑡) = 𝜓electron({r𝑖}, {R𝐼}; 𝑡)Φnucleus({R𝐼}; 𝑡).

Luckily, this approximation is applicable to a large number of problems.
With it, we can solve the time-independent Schrödinger wave equation (TISE)
as if the nuclei were stationary. This is given as

ℋ̂𝑒𝜓𝑘({r𝑖}; {R𝐼}) = 𝐸𝑘({R𝐼})𝜓𝑘({r𝑖}; {R𝐼}), (3.13)

where the electronic wave function 𝜓𝑘 denotes the 𝑘-th quantum eigenstate
and the corresponding eigenvalue 𝐸𝑘 the energy associated with it.

At this point, it would be necessary to solve the TISE for the nuclear wave
function using the obtained 𝐸𝑘. However, an additional approximation can
be applied by neglecting potential nuclear quantum effects i.e., the nuclei
can be treated classically. Hence, similarly to cMD (see subsection 3.1.1), the
time evolution of the nuclei is performed by computing the forces on the
nuclei as the negative gradient of the Born-Oppenheimer effective potential
𝑈𝐵𝑂 obtained by solving equation (3.13) for the 𝑘-th state:

𝑀R̈ = −∇𝑈𝐵𝑂
𝑘 (R) = −∇𝐸𝑘(R),

for R = (R⊺
𝐼)

⊺. Hence, the forces are ultimately a function of the nuclear
coordinates.
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3.2.2 Density Functional Theory

Density Functional Theory (DFT) is a powerful and versatile technique to
solve the TISE (equation (3.13)) for many-particle systems. Instead of at-
tempting to solve the challenging problem as it is (which is the approach
of wave function-based methods), DFT reduces the complexity imposed by
the exact treatment of the many-particle problem by avoiding the explicit
calculation of the electron-electron interactions in the TISE. This is made
possible by an approximation converting the many-particle problem effec-
tively into a single-particle problem [71]. To achieve this, our focus must
initially shift from the wave function to the electron density as the quantity
central to solution [69].

Equation (3.13) for a many-particle system can be written as78:⎡⎢⎢⎢⎢⎣
𝑁∑︁
𝑗=1

−(ℏ∇𝑗)
2

2𝑚⏟  ⏞  
I

+
𝑁∑︁
𝑗=1

𝑣ext(r𝑗)⏟  ⏞  
II

+
𝑁∑︁

𝛼=1

𝑁∑︁
𝛽>𝛼

𝑞2

||r𝛼 − r𝛽||⏟  ⏞  
III

⎤⎥⎥⎥⎥⎦Ψ𝑘({r1→𝑁}) = 𝐸𝑘Ψ𝑘({r1→𝑁}),

(3.14)
where the first and third terms represent the kinetic operator and electro-
static repulsive interactions between the system’s electrons, respectively,
and are referred to as the universal part of the electronic Hamiltonian. The
second term stands for interactions with an abstract, external (local) poten-
tial, which is defined with respect to the system’s nuclei (i.e, similar to 𝑈𝑛𝑒 in
our previous formulation of the electronic Hamiltonian) [69, 71]. DFT con-
ceptually isolates this term, recognizing that it is the system-specific part of
the electronic Hamiltonian.

The Hohenberg–Kohn (HK) theorems, which are instrumental in develop-
ing the DFT, state [72]:

1. (the first theorem can be expressed by equivalent statements)

(a) the ground-state energy𝐸0 is uniquely determined by a functional9

of the ground-state electron density 𝑛0;

(b) there is a one-to-one correspondence between the external po-
tential, the non-degenerate ground state |Ψ0⟩ and the associated
ground-state electron density;

(c) there cannot be multiple external potentials for a given ground-
state electron density;

7Strictly speaking, a complete description must include spin as well, which we neglect here for simplicity.
8In this subsection, 𝑁 refers to the number of electrons and not the number of atoms.
9Intuitively, a functional is a function of a function i.e., it takes a function as an input and provides a scalar as

an output. It corresponds to the linear form in vector spaces.
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2. the required ground-state electron density minimizes the above-
mentioned functional.

We will now attempt to illustrate that, using these theorems, we can con-
vert the difficult task of solving equation (3.14) for a wave function of𝒪(𝑁)
variables into a task of effectively solving the following equation for 𝒪(1)
variables: [︂

−ℏ2∇2

2𝑚
+ 𝑣𝑠(r)

]︂
𝜓𝑘(r) = 𝜀𝑘𝜓𝑘(r). (3.15)

Using Dirac’s notation for a continuous basis, we can express the following
example relation:

⟨𝑎(r)|𝑂̂|𝑏(r)⟩ =
∫︁
𝑑3r′

∫︁
𝑑3r 𝑎*(r′) 𝑂̂ 𝑏(r),

for arbitrary state functions 𝑎(r) and 𝑏(r), operator 𝑂̂ (which takes on a ma-
trix representation within the integral) and 𝑎*(r) denoting the complex con-
jugate of 𝑎(r). In the same way, the electron density for the many-particle
problem can be expanded from

𝑛(r) = ⟨Ψ𝑘|𝑛̂|Ψ𝑘⟩,

where Ψ𝑘 is the 𝑘-th state wave function and 𝑛̂ is the electron density oper-
ator, which gives the spatial distribution of electrons as

𝑛̂(r) =
𝑁∑︁
𝑖=1

𝛿(r − r𝑖).

Now, the functional conceptualized by the HK theorems can be defined as
follows (for arbitrary quantum eigenstate and electron density):

𝐸[𝑛] = ⟨Ψ[𝑛]|𝑇 + 𝑈̂ + 𝑉 |Ψ[𝑛]⟩,

= ⟨Ψ[𝑛]|𝑇 + 𝑈̂ |Ψ[𝑛]⟩+
∫︁
𝑑r𝑣ext(r)𝑛(r) (3.16)

The universality of 𝑇 and 𝑈̂ lets us define the ground-state wave function
Ψ0 that minimizes the first term above and reproduces 𝑛0. This double re-
quirement sufficiently constrains Ψ0 in terms of 𝑛0 so that it is not necessary
to specify 𝑣ext(r) explicitly [71].

The equivalence of the ground-state electron density and the ground-state
wave function as suggested by the HK theorems theoretically makes the
latter redundant [71]. Therefore, if we know 𝑣ext(r) and can adequately ap-
proximate 𝑇 and 𝑈̂ , we could minimize

𝐸𝑣[𝑛] = 𝑇approx[𝑛] + 𝑈approx[𝑛] + 𝑉 [𝑛]
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with respect to 𝑛(r) to obtain the ground-state energy and electron density,
thus avoiding having to solve the many-particle TISE altogether. However,
in practice, not all observables can be computed so straightforwardly in this
manner. The solution of this minimization problem is also a non-trivial nu-
merical problem and does not represent the most efficient method.

One widely used strategy to indirectly solve the minimization problem
is via the Kohn-Sham scheme, which facilitates the previously mentioned
mapping of the interacting many-particle (primary) problem onto a hy-
pothetical, non-interacting single-particle (auxiliary) problem as shown in
equation (3.15). The fictitious system’s Hamiltonian 𝐻̂𝑠 = 𝑇 + 𝑉𝑠

10 yields
the energy functional as

𝐸𝑠[𝑛] = ⟨𝜓[𝑛]|𝑇 + 𝑉𝑠|𝜓[𝑛]⟩ = 𝑇𝑠[𝑛] +

∫︁
𝑑r𝑣ext(r)𝑛(r).

Keeping these quantities in mind, we can revisit the many-particle energy
functional of equation (3.16) to decompose it:

𝑇 [𝑛] = 𝑇𝑠[𝑛] + 𝑇𝑐[𝑛]

= − ℏ2

2𝑚

𝑁∑︁
𝑖=1

∫︁
𝑑3r𝜑*

𝑖 (r)∇2𝜑𝑖(r) + 𝑇𝑐[𝑛],

𝑈 [𝑛] = 𝑈𝐻 [𝑛] + 𝑈𝑠𝑖[𝑛]

=
𝑞2

2

∫︁
𝑑3r′

∫︁
𝑑3r

𝑛(r′)𝑛(r)

||r′ − r||
+ 𝑈𝑠𝑖.

Now, in the above decompositions, the kinetic energy term has been di-
vided into a single-particle component and a ”correlation” component, and
the interaction energy has been approximated by the Hartree energy with
a remainder term representing the self-interactions [72]. If we allow the
latter components in each decomposition to wander into a separate term
called the exchange-correlation energy functional 𝐸𝑥𝑐[𝑛], we can formulate
the many-particle energy functional so:

𝐸[𝑛] = 𝑇𝑠[𝑛] + 𝑈𝐻 [𝑛] + 𝑉 [𝑛] + 𝐸𝑥𝑐[𝑛],

where the exchange-correlation functional represents a mathematical cor-
rection term. A large number of these functionals e.g., the Local Density Ap-
proximation (LDA) and the Generalized Gradient Approximation (GGA),
have been developed to represent different classes of systems [8].

Through a derivation that is not presented here, 𝑣𝑠(r) can be obtained,
which realizes the link between the primary and the auxiliary problems
when [71]

𝑣𝑠(r) = 𝑣ext(r) + 𝑣𝐻(r) + 𝑣𝑥𝑐(r),

10The subscript ’s’ indicates quantities belonging to the single-particle problem.
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where,

𝑣ext(r) =
𝛿𝑉

𝛿𝑛(r)
; 𝑣𝐻(r) =

𝛿𝑈𝐻

𝛿𝑛(r)
; 𝑣𝑥𝑐(r) =

𝛿𝐸𝑥𝑐

𝛿𝑛(r)
.

Inserting it in equation (3.15), we get the Kohn-Sham equations. By solving
these equations, the Kohn-Sham orbitals are obtained, which can be used to
compute the ground-state density of the primary problem by

𝑛0(r) =
∑︁
𝑖

|𝜓𝑖(r)|2. (3.17)

The orbitals are typically expanded in a finite basis set known as the plain
wave basis set, which is represented in the Fourier space for efficiency and
simplicity. The Fourier transform is most commonly performed using the
parallel FFT, which (although highly efficient) represents a performance bot-
tleneck (both here and in the Ewald-type computations detailed in subsec-
tion 3.1.5) [8]. Hence, we attempted to improve on the performance of the
parallel 3D FFT in the work reported by chapter 5.

RESEARCH FOCAL POINT

Investigate the possibility of improving the performance of the 3D
DFT.

The Kohn-Sham equations can be solved in a self-consistent manner using
the following numerical, iterative procedure:

1. start with an initial guess for the electron density 𝑛(0)(r) using simple
models or previous calculations,

2. compute 𝑣𝑠(r) using the current 𝑛(𝜆)(r),

3. solve the auxiliary problem (Kohn-Sham equations) to update the
Kohn-Sham orbitals 𝜓(𝜆)

𝑖 (r),

4. update the electron density 𝑛(𝜆+1)(r) using equation (3.17),

5. check for convergence ||𝑛(𝜆+1)(r)− 𝑛(𝜆)(r)|| < 𝜀tol

6. if converged, done; otherwise, go to step 2 and repeat.

The method typically converges in a few dozen iterations and it rarely fails
to converge [71].

DFT offers accurate computational models even for crude approximations
of the exchange-correlation energy. However, a strict limitation of DFT is
that we cannot obtain the wave function using it. Another downside is its



3.2 ab initio Molecular Dynamics 53

requirement of having to choose from a variety of different functionals with
slightly different performances for different, specific properties [69]. It finds
widespread applications in diverse fields of physics, chemistry and even
biophysics.

3.2.3 Multiscale MD —QM/MM

Multiscale methods bring together theoretical approaches of different
timescales into a hybrid approach to extend the scope of study. This is es-
pecially useful when the simulated system consists of a large part that can
be treated using a computationally less expensive method and a small part
that needs a more accurate (and hence, expensive) treatment.

Figure 3.4: Figure illustrating the ”representation of the p38𝛼 MAPK
enzyme in complex with a ligand. The N-lobe (cyan) and the C-
lobe (orange) of the enzyme are connected via a hinge region (green).
The ligand binding pocket is located in between the lobes (blue ellip-
sis)”. The image was originally published in the article [73], which
is an Open Access publication licensed under CC-BY 4.0 (as per
https://creativecommons.org/licenses/by/4.0/).

QM/MM methods recognize that it is often sufficient to treat only a small
part of the simulated system using the QM approach (core region or QM
region) while treating the rest of it using the approach of cMD (i.e., with
force fields) [8, 74]. Implementations of QM/MM differ in how they han-
dle boundary zone interactions (subtractive or additive energy terms) and
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in how they couple QM and MM regions to model their mutual interac-
tions (mechanical or electrostatic embedding) [8, 74]. QM/MM techniques
are used in research areas such as metalloprotein structures, RNA-protein
interactions and transition state analogues of enzymes [75].

Subtractive QM/MM is a relatively simple scheme in which the energy of
the hybrid system is obtained as

𝐸total = 𝐸QM
𝑞 + 𝐸MM

𝑞+𝑐 − 𝐸MM
𝑐 ,

where superscripts ’QM’ and ’MM’ refer to the level of treatment provided
and 𝑞 and 𝑐 refer to the QM and MM subsystems, respectively. Using this
scheme, it is easy to setup more than two methods and their associated sub-
systems [76]. Another advantage is the lack of communication between the
codes handling the subsystems. The disadvantages are that a special force
field is required for the QM subsystem that is flexible enough to handle re-
actions and that the polarization of the electron density of the QM periphery
by the MM environment cannot be described [77]. Example software for this
scheme are ONIOM and COMQUM [8, 76, 77].

Additive QM/MM uses cross-terms of interaction between the QM and MM
subsystems. The total energy is given by

𝐸total = 𝐸QM
𝑞 + 𝐸MM

𝑐 + 𝐸QM/MM
𝑞+𝑐 .

Here, only the interactions within the MM subsystem are given an MM
treatment. In bonded interactions, if a chemical bond crosses the boundary
between the subsystems, it is saturated using either a fictitious hydrogen
atom or a specially built pseudopotential [8, 77]. Non-bonded interactions
are mostly handled via mechanical and electrostatic embeddings11.

When using the mechanical embedding, all interactions between the QM
and MM subsystems are handled using force fields. For the electrostatic
interactions, the QM region can be approximated as having a fixed set of
charges, or the charges can be fitted periodically to reproduce the electro-
static potential using a large grid [78]. Parameters of the LJ potential are
usually not changed during the simulation. This embedding has the disad-
vantage that the MM subsystem cannot polarize the QM subsystem [77].

In case of the electrostatic embedding, the computation of the electrostatic
interactions between the subsystems is integrated into the computation of
the QM wave function; interactions with the atomic charges of the MM sub-
system appear within the external potential term of the TISE formulation.
In this approach, the polarization of atoms in the QM subsystem by those

11The most realistic results can be obtained using the polarization embedding, for which polarizable force fields
are typically necessary.
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in the MM subsystem can be simulated. However, ensuring realistic simu-
lation of the same may require adapting the parameterization of both force
fields and the LJ potential of the MM subsystem. [77]. Electrostatic em-
bedding is also compatible with fully periodic boundary conditions, which
enables the systems to be smaller and improves energy conservation. [8].

3.3 Statistical Mechanics

3.3.1 Ensemble Averages

The output of MD simulations consists of a large number of microstates, each
of which comprises the positions and velocities of every individual atom of
the system. However, the motivation of the scientist performing MD simu-
lations is to observe macroscopic quantities under the simulated conditions.
The necessary bridge between the microscopic level of atomic motion and
the macroscopic level of thermodynamics is provided by statistical mechan-
ics [38].

One of the key insights that lets us build this bridge is the notion of degen-
eracy —that multiple, (in fact, a large number of) distinct microstates of the
system can correspond to a given macroscopic quantity [1]. Therefore, to
observe a macroscopic quantity, it is not necessary to provide a description
of the microstate that is exact on the atomic level, rather it is sufficient to
average across a vast number of plausible descriptions. This leads us to the
concept of the ensemble✶ .

DEFINITION : ENSEMBLE

A vast collection of hypothetical copies of a system subject to given
macroscopic constraints (volume, particle count, energy etc.) that are
consistent with a given set of macroscopic (i.e., thermodynamic) prop-
erties.

DEFINITION : PHASE SPACE

The space containing all possible vectors x ∈ R6𝑁 , x =
(︁

R
P

)︁
, each

capturing a microstate of a system.

Let us imagine a volume element 𝑑x moving through the phase space✶ , sam-
pling microstates corresponding to multiple trajectories. Then, at a given
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time 𝑡, we can use the ensemble distribution function 𝑓(x, 𝑡)12 to ascertain
the relative likeliness13 of finding the system (under the constraints of the en-
semble) at the phase space point x [38]. Now, a theoretical pillar of MD is
provided by Liouville’s theorem, which states that for systems propagating
Hamilton’s laws of motion (see equation (3.4), 𝑓 is time independent i.e.,
𝑑𝑓
𝑑𝑡

= 0.

Liouville’s theorem lets us link every macroscopic quantity 𝐴 of a system to
a microscopic phase space function 𝑎(x) as follows:

𝐴 =

∫︁
𝑑x𝑓(x)𝑎(x).

The ensemble distribution function is given as

𝑓(x) =
1

𝒵
ℱ(ℋ(x)),

where 𝒵 is called the partition function and normalizes ℱ ,

𝒵 =

∫︁
𝑑xℱ(ℋ(x))

and ℱ is a function that relates the form of the ensemble distribution func-
tion to the Hamiltonian. Considering that the link between 𝐴 and 𝑎(x) is
realized by means of a normalized distribution and an integral, it becomes
clear that 𝐴 represents an average, which we refer to as the ensemble average.

The concept of the ensemble average reflects how statistical mechanics for-
wards one of the core requirements of statistics viz., adequate sampling;
converged results14 are obtainable only if the set of sampled microstates is
large enough. Consequently, if we want to use a trajectory that is the out-
put of an MD simulation to compute ensemble averages, it must be long
enough to meet the requirement of adequate sampling. Moreover, the im-
portant assumption of ergodicity15 needs to be made —that given enough
time, a system will explore its phase space completely.

3.3.2 Microcanonical Ensemble

A system for which time evolution is performed based on Hamilton’s equa-
tions of motion 3.4 conserves energy [38]

ℋ(x, 𝑡) = 𝐸;
𝑑ℋ(x)
𝑑𝑡

= 0.

12This is a probability density function, i.e., 𝑓(x, 𝑡) ≥ 0 and
∫︀
𝑑x𝑓(x, 𝑡) = 1 over the whole phase space.

13Although microstates either correspond to ensemble members (or not), 𝑓 provides a probabilistic (i.e., non-
binary) view.

14The results of simulating a system are said be converged if the macroscopic quantities of interest become
stationary i.e., do not fluctuate significantly over sufficiently long periods of simulated time.

15This assumption is formally referred to as the ergodic hypothesis.
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Such a system belongs to a microcanonical or constant atom count (N), vol-
ume (V) and energy (E) ensemble, for which,

ℱ(ℋ(x)) = 𝒩 𝛿(ℋ(x)− 𝐸),

𝒵 =

∫︁
𝑑x𝒩 𝛿(ℋ(x)− 𝐸)

and hence, the ensemble distribution function is

𝑓(x) =
𝒩
𝑍
𝛿(ℋ(x)− 𝐸),

where 𝒩 is a normalizing constant. The Dirac delta distribution 𝛿 is useful
in ”sifting” values; it weights all 𝜆 ̸= 0 with 0 and provides an infinite boost
at 𝜆 = 0 such that 𝛿(𝜆) ≥ 0 and

∫︀
𝑑𝜆𝛿(𝜆) = 1.

The microcanonical ensemble is useful when studying fundamental proper-
ties of systems for which the conservation of energy is a necessary require-
ment.

3.3.3 Canonical Ensemble

The microcanonical ensemble is naturally realized by ergodic Hamiltonian
dynamics. However, it can only describe perfectly isolated systems, which
are not easily found in reality. Observable systems typically maintain con-
stant pressure rather than constant volume. Nevertheless, an ensemble that
fixes the atom count (N), volume (V) and temperature (T) can still serve as
a good approximation of real systems at large atom counts [38].

A system at a constant temperature is in interaction with surrounding sys-
tems and exchanges energy with them. Yet, simulating a system interact-
ing with its surroundings might require the simulation of a number of sur-
rounding systems16. Therefore, we simplify our model by considering the
immersion of the system in a perfectly elastic thermal bath as shown in fig-
ure 3.5.

Now, our composite system satisfies the requirement of a microcanonical
ensemble since it can be considered to be in complete isolation. Its partition
function can be given by

𝒵 = 𝒩
∫︁
𝑑x2𝑑x1𝛿(ℋ1(x1) +ℋ2(x2)− 𝐸),

where 𝒩 is a normalizing constant and quantities with indices 1 and 2 be-
long to the system and the thermal bath, respectively. Using the assumption

16Taken to the theoretical extreme, the perfectly accurate model must include the entire universe!
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Figure 3.5: Figure illustrating the modeling of our system as immersed in a
thermal bath.

thatℋ2(x2)≫ ℋ1(x1), it can be shown that

𝒵1 = 𝐶𝑁

∫︁
𝑑x1𝑒

−𝛽ℋ1(x1),

where 𝐶𝑁 is a normalizing constant, 𝛽 = 1
𝑘𝑏𝑇

for Boltzmann constant 𝑘𝑏 and
temperature 𝑇 . Correspondingly, the ensemble distribution function is

𝑓(x1) =
1

𝒵1

𝑒−𝛽ℋ1(x1) (3.18)

and it is referred to as the Boltzmann distribution.

When the thermal bath has a sufficiently high heat capacity and is at a fixed
temperature, the energy of our system will fluctuate so as to maintain that
temperature. This fluctuation ∆𝐸 can be shown to satisfy

∆𝐸

𝐸
∼ 1√

𝑁

for total energy 𝐸, which is extensive in 𝑁 . Therefore, at atom counts ap-
proaching infinity, i.e., 𝑁 → ∞ =⇒ ∆𝐸 → 0, the canonical ensemble
becomes a microcanonical ensemble [38].

3.3.4 Langevin Dynamics

Simulations of canonical ensembles do not actually use the above model,
since it would result in the additional computational cost for the degrees
of freedom✶ of the thermal bath. In practice, there are more efficient ways
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to model the required (virtual) thermal interactions. One such method is
provided by Langevin Dynamics (LD).

DEFINITION : DEGREE OF FREEDOM

An independent parameter that defines a system’s microstate and
manifests energy —either by a distinct mode of motion (kinetic en-
ergy) or by virtue of location (potential energy). A system’s degrees
of freedom relate to the number of agents who can express them and
its physical dimensionality. In cMD, a system has 6𝑁 degrees of free-
dom.

The generalized Langevin equation represents a phenomenological descrip-
tion of the dynamics of a system using both deterministic and random
forces [38]:

𝑀Q̈(𝑡) = −∇𝑈(Q; 𝑡)−
∫︁ 𝑡

0

𝑑𝑠Q̇(𝑠)𝐾(𝑡− 𝑠) +R𝑛(𝑡),

where Q are generalized position coordinates. The first term is the deter-
ministic component, the second is a friction component (that depends on
past states) and the final term is a random function. This reduces to the
standard Langevin equation when the so-called memory kernel 𝐾(𝑡 − 𝑠) is
replaced by the Dirac delta distribution 2𝜁𝛿(𝑡 − 𝑠) (which removes its de-
pendence on past states) and the random function by a white noise func-
tion [79],

𝑀R̈(𝑡) = −∇𝑈(R; 𝑡)− 𝜁Ṙ(𝑡) +

√︃
2𝜁

𝛽
W(𝑡),

where 𝜁 is the friction tensor17 and W is a stationary Gaussian process sat-
isfying ⟨W(𝑡)⟩ = 0 and ⟨W(𝑡).W(𝑡′)⟩ = 𝛿(𝑡− 𝑡′).

In case we are interested in simulating a highly viscous system in which
friction forces dominate over inertial forces, we can derive the equation for
overdamped Langevin or Brownian Dynamics (BD) by neglecting the inertial
term:

0 = −∇𝑈(R; 𝑡)− 𝜁Ṙ(𝑡) +

√︃
2𝜁

𝛽
W(𝑡),

Ṙ(𝑡) = −𝐷𝛽∇𝑈(R; 𝑡) +
√
2𝐷W(𝑡),

where 𝐷 = 1
𝜁𝛽

is referred to as the diffusion coefficient.

17𝜁 = 𝛾𝑀 , where 𝛾 is called the damping coefficient with units time−1
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Depending on the applicability of their approximations, LD/BD can be used
as simple and efficient thermostatting methods in MD simulations to gener-
ate an approximation of the canonical ensemble [38].

3.3.5 Isothermal-Isobaric Ensemble

The constant atom count (N), pressure (P) and temperature (T) ensemble
most closely reflects real-world experimental conditions. To keep the pres-
sure constant, it must be permissible that the volume of the system changes.
As we demonstrated the modeling of our thermal-bath coupling for the
NVT system, so can we model a pressure coupling for an isobaric system,
which involves a piston compressing or expanding the system in response
to fluctuations of pressure so as to keep it constant.

In MD simulations, approximations of NPT ensembles can be generated us-
ing barostats. However, since the ensembles that are most relevant to our
work are canonical ensembles, we will not discuss the details of NPT en-
sembles and barostats here.

3.4 Enhanced Sampling

As of today, state-of-the-art cMD software allow simulating microsecond
timescales for systems containing many hundred thousand atoms [8]. Still,
there is a strong motivation to be able to simulate longer timescales be-
cause phenomena such as drug-receptor binding, phase transitions, protein
folding, slow diffusion in solids and chemical reactions occur e.g., on the
millisecond timescale [12, 80]. This is due to the fact that such simulation
systems present several metastable states that are separated by high free-
energy barriers. In such cases, the transition between such metastable states
becomes a ”rare event” that requires very long simulations in order to be
spotted [81]. So much so, that such simulations are often not even feasible
using modern HPC infrastructure. Moreover, observing a single transition
is often not enough; we need to study numerous transitions to obtain mean-
ingful results. Out of this necessity, myriad advanced techniques have been
invented, which are collectively referred to as enhanced-sampling methods.

Enhanced-sampling methods are varied and numerous. Some examples are
umbrella sampling, replica exchange, parallel tempering, potential smooth-
ing, temperature-accelerated MD, conformational flooding, adaptive bias-
ing force, variationally enhanced sampling, hyperdynamics and metady-
namics [82]. To guide the simulation, many methods make use of collec-
tive variables✶ (CVs), whose fluctuations are critical for the rare event to take
place [81]. In metadynamics, sampling is accelerated by adding a time-
dependent external potential (i.e., the bias, which is a function of the CVs) to
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the Hamiltonian. However, as a consequence, this addition of bias changes
the natural dynamics of the system. On the one hand, we can rely on sev-
eral re-weighting approaches that have been designed to retrieve the correct
statistics of the unbiased Hamiltonian. On the other hand, retrieving kinetic
information from biased enhanced-sampling trajectories is less straightfor-
ward; it can typically only be achieved by using an especially engineered
bias [12]. Although more general methods have also been proposed to re-
cover dynamic properties from biased trajectories, they are prone to numer-
ical instabilities [83].

DEFINITION : COLLECTIVE VARIABLES

A set of low-dimensional degrees of freedom used to simplify the de-
scription of a transition process while (selectively) reflecting essential
quantities, the variations of which are indicative of progress toward-
s/regression from the target metastable state.

Based on theory involving the Onsager-Machlup action, there are other
methods that focus on sampling the trajectory space (as opposed to the con-
figuration space) to find reactive paths between the metastable states. One
such path-based method is the Monte Carlo-based approach known as Tran-
sition Path Sampling (TPS), which connects two a priori known metastable
states. Although highly successful and widely used, this method has the
limitation that the initial and final states, as well as at least one reactive path
between them, must be known prior to simulation. Moreover, if multiple re-
active paths exist, an algorithmic tendency to get drawn into a nearby sad-
dle, thereby ”getting trapped” by a local reactive path, is not uncommon,
which requires special, corrective measures [84].

RESEARCH FOCAL POINT

Extend the reach of enhanced-sampling techniques by designing and
implementing a robust and highly scalable MD algorithm.

Combining CV-based enhanced-sampling with TPS, Mandelli et al. pro-
posed a method called Metadynamics of Paths (MoP) that can sample mul-
tiple reactive paths in a single run without requiring the final state to be
chosen. Using this method, in spite of applying bias, dynamic properties
of the system can be retrieved using established, exact re-weighting tech-
niques. Recently, the method has also been used to design optimal data-
driven CVs for free energy calculations [85]. However, so far, MoP has only
been applied to small ”toy” systems using a proof-of-concept implementa-
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tion in LAMMPS. To pave the way to its application to real-world biological
problems, we have implemented the required software components in the
GROMACS suite of codes [86] and the PLUMED library [87], the algorith-
mic design, implementation and performance testing of which are detailed
in chapter 4.
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I’m told that, to see rare things, one must climb mountains.
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Chapter 4

Metadynamics of Paths

In section 3.4 of chapter 3, we mentioned an advanced scheme in which
path-based MD can be combined with metadynamics to effectively extend
the simulation timescale. As the name suggests, this scheme involves sam-
pling entire trajectories instead of configurations as in cMD. In this chapter,
we will discuss the theory behind MoP, detail the implementation of a MoP
algorithm in a high-performing MD code and present the performance re-
sults of this implementation.

4.1 Theory

4.1.1 Path Molecular Dynamics for Stochastic Trajectories

We begin by looking into how a path-based MD technique can generate a set
of trajectories instead of a set of configurations. Let us consider a molecu-
lar system with 𝑄 atoms interacting via a time-dependent potential 𝑈(R; 𝑡)
where R ∈ R3𝑄 is the atomic coordinates vector. We also assume that this
system is coupled to a thermal bath at temperature 𝑇 . Further, BD is appli-
cable, described by

𝑀𝛾Ṙ(𝑡) = F(R; 𝑡) + 𝜉(𝑡), (4.1)
F(R; 𝑡) = −∇𝑈(R; 𝑡)

where F(R; 𝑡) is the time-dependent force associated with the potential, 𝑀
is the diagonal mass tensor, 𝛾 is the damping coefficient and 𝜉(𝑡) is a white
noise function. Under this assumption, it can be shown that the probability
of observing a specific time-discretized trajectory R0 → R1 → ... → R𝑁−1

starting in a metastable state R0 having Boltzmann probability 𝑒−𝛽𝑈(R0) and
ending in an arbitrary state R𝑁−1, respectively, after 𝑁 time steps of size ∆𝑡,
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Figure 4.1: An illustration of pMD’s fictitious polymer with 𝑁 beads.

is

𝑃 ({R0,R1, ...,R𝑁−1}) ∝ exp
(︀
−𝛽𝑉poly({R0,R1, ...,R𝑁−1})

)︀
, (4.2)

which has the form of a Boltzmann distribution in the enlarged phase space
spanned by all possible 𝑁 -configuration trajectories of the system, with 𝛽 =
1

𝑘𝐵𝑇
and 𝑘𝐵 the Boltzmann constant [80]. Here,

𝑉poly = 𝑈(R0) +
1

2
𝐾

𝑁−2∑︁
𝑛=0

||R𝑛+1 −R𝑛 − L𝑛||2 (4.3)

defines the polymer potential. Using it, equation (4.2) can be interpreted as the
potential of a harmonic fictitious polymer whose beads correspond to the set of
configurations {R0,R1, ...,R𝑁−1} sequentially visited by the system along
the time-discretized trajectory (see figure 4.1). Adjacent beads interact via
”springs” of constant 𝐾 = 𝛾

2Δ𝑡
𝑀 and equilibrium length L𝑛 = Δ𝑡

𝛾
𝑀−1F𝑛,

where F𝑛 = −∇𝑈(R𝑛) is the time-independent force acting on the (arbi-
trary) 𝑛-th bead1.

Now, equation (4.2) effectively converts the time-dependent problem of
finding a trajectory R0 → R1 → ... → R𝑁−1 that is a solution of equa-
tion (4.1) into a time-independent problem of sampling a polymer config-
uration {R0,R2, ...,R𝑁−1} distributed according to equation (4.2). By run-

1Henceforth, any unexplained mention of 𝑛 should be taken to mean an arbitrary bead index 0 ≤ 𝑛 < 𝑁 .
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ning a finite-temperature MD simulation of the fictitious polymer, we effec-
tively generate a complete trajectory of the system in every time step. This
is done by evolving the dynamics of the polymer according to Newton’s
equations of motion

Fpoly(R
𝑛; 𝜏) =ℳR̈𝑛 = −∇𝑛𝑉poly(R

𝑛; 𝜏) (4.4)

in combination with a suitable thermostat. In the above equation, 𝜏 refers
to the time associated with the time evolution of the fictitious polymer. It
is important to note thatℳ ∈ R3𝑄 is a fictitious mass tensor, which can be
considered a tuning parameter of the polymer simulation. Further, Fpoly is
called the polymer force and is given by three cases:

F0
poly = F0 +𝐾𝜂0 +

1

2
𝐻𝑈(R

0)𝜂0, (4.5)

F𝑛
poly = 𝐾(𝜂𝑛 − 𝜂𝑛−1) +

1

2
𝐻𝑈(R

𝑛)𝜂𝑛, (4.6)

F𝑁−1
poly = −𝐾𝜂𝑁−2, (4.7)

for the first bead, any middle bead (with 0 < 𝑛 < 𝑁 − 1) and the last bead,
respectively. In equations (4.5) and (4.6),

𝜂𝑛 = R𝑛+1 −R𝑛 − L𝑛 (4.8)

can be referred to as the inter-bead displacement vector and 𝐻𝑈 refers to the
Hessian matrix of the potential 𝑈 .

Henceforth, we will refer to the concept represented by equation (4.4) as path
MD (pMD) and to any algorithm that details a structured approach towards
performing MD simulations of the associated fictitious polymer as a pMD
algorithm. Further, we will refer to MD in configuration space as standard
MD, to distinguish it from pMD.

In equations 4.5 and 4.6, to avoid the requirement of an analytical formula-
tion of the Hessian matrix for all possible PEFs, Mandelli et al. suggested
an algorithm that employs the Finite Difference Method (FDM) to compute
the derivative [80], making it applicable to generic PEFs and thereby auto-
matically extending its scope of use. This is done in the same fashion as
suggested by Putrino et al. [88] i.e., we have the central difference formula,

𝐻𝑈(R
𝑛)𝜂𝑛 =

F(R𝑛 + 𝜀𝜂𝑛)− F(R𝑛 − 𝜀𝜂𝑛)

2𝜀
, (4.9)

where 𝜀 represents the discretization step.
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4.1.2 Metadynamics of Paths

When studying a rare transition, we are fundamentally interested in find-
ing trajectories that connect two metastable states. The ensemble of all
these trajectories is called the transition path ensemble, which can be ana-
lyzed to obtain microscopic information about the molecular mechanism
of the reaction, and to compute kinetic rates [80, 89]. Trajectories belong-
ing to the transition path ensemble are characterized by vanishingly small
Boltzmann weights of the corresponding polymer configuration (given by
equation (4.2)). Therefore, sampling such polymer configurations during
unbiased pMD simulations is a rare event. To overcome this problem, one
can use any enhanced-sampling technique. Here, we focus on metadynam-
ics [90–93], the basic concept of which will now be briefly described.

Figure 4.2: A figure demonstrating how modifying the Hamiltonian by
adding bias can help accelerate phase space exploration by filling out a free-
energy basin, thereby helping the system to escape it.

Let us consider two metastable states separated by a high free-energy bar-
rier (> 𝑘𝐵𝑇 ). If the system starts in either metastable state and we are inter-
ested in studying its transition to the other metastable state over the barrier,
simply running an unbiased simulation could very likely result in the sys-
tem oscillating around the local equilibrium state, thus getting stuck [81].
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Applying the technique of metadynamics, an external (bias) potential is con-
structed dynamically during the simulation as a sum of Gaussian ”hills”,
modifying the Hamiltonian as follows

𝐻 = 𝑇 + 𝑉 +
∑︁

𝑉bias(𝑠1, 𝑠2, ..., 𝑠𝑑; 𝑡),

where𝐻 is the Hamiltonian, 𝑇 the kinetic energy, 𝑉 the potential energy and
𝑉bias the accumulated bias. This results in the filling up of the free-energy
basin as shown in figure 4.2, which raises the system and helps it to transi-
tion to the target metastable state. In addition to this ”lifting” effect, metady-
namics can amplify CV fluctuations, which is crucial for making transitions
more probable. Importantly, exact re-weighting techniques [94–100] can be
used to recover the natural (unbiased) Boltzmann statistics to compute the
correct ensemble averages excluding the effect of the added bias potential.

As presented in the above equation, the bias is constructed as a function of
one or more carefully defined CVs 𝑠1, 𝑠2, ..., 𝑠𝑑, which themselves are (usu-
ally non-linear) functions of the atomic coordinates 𝑠 = 𝑠(R). Although the
technique of metadynamics is popular for being somewhat insensitive to the
choice of CVs, properly choosing CVs results in speedy convergence [81].
In particular, a necessary condition is that the CVs should be able to dis-
tinguish between all the relevant metastable states of interest. Ideally, they
should also provide a description of the slow degrees of freedom underly-
ing the studied physical process [81].

To apply metadynamics in the context of pMD, we need to define CVs
capable of enhancing the sampling of polymer configurations represent-
ing trajectories belonging to the transition path ensemble. Previous re-
search [80, 101] has shown that a good CV for this task is provided by a
generalized polymer end-to-end distance, expressed as the difference between
values of an order parameter 𝑠(R) evaluated for the last and first beads as

𝑆𝑒2𝑒 = 𝑠(R𝑁−1)− 𝑠(R0). (4.10)

It is important that 𝑠(R) be able to distinguish between the starting state (A)
and the final state (B) i.e., 𝑠𝐴 ̸= 𝑠𝐵. If this condition is met, trajectories in
which the system visits only one of the two targeted metastable states (i.e.
trajectories that are not reactive paths) will correspond to values of 𝑆𝑒2𝑒 ≈ 0.
On the other hand, trajectories that are reactive paths that sample transition
events will correspond to values of |𝑆𝑒2𝑒| = |𝑠𝐵− 𝑠𝐴|. By enhancing the fluc-
tuations of 𝑆𝑒2𝑒, the metadynamics bias increases the chances of sampling
the reactive paths of interest.
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4.2 Implementation

A proof-of-concept implementation of our pMD algorithm has been made
in LAMMPS [102] and it has been used to test ”toy” systems [80]. How-
ever, to apply MoP in the realm of complex biological systems, a new im-
plementation prioritizing optimization and scalability was necessary. The
new implementation would have to be capable of comprehensive, multi-
level parallelism using heterogeneous computing systems✶ and it would have
to be efficient on every level of parallelism. Based on these requirements,
we chose GROMACS as the MD code that would serve as the base for it.

DEFINITION : HETEROGENEOUS COMPUTING SYSTEM

A computing system that makes use of a combination of different
types of PEs to boost performance while maintaining energy effi-
ciency. The most commonly implemented combination is CPU-GPU,
but CPU-MIC, APUs (CPU and GPU on a single chip) and CPU-FPGA
combinations are also widespread.

This section is organized as follows. We begin by justifying our choice of
MD code. Next, we discuss the parallelization scheme developed for our
pMD implementation. We then explain the key details of the polymer force
and energy computations and present error-correction strategies. Following
this, we discuss algorithms used to improve the hardware resource utiliza-
tion of our pMD implementation and highlight how GPU-based parallelism
can be used with it. Finally, we show how metadynamics can be coupled
with our pMD implementation.

4.2.1 Choice of MD Code: Why GROMACS?

GROMACS is a highly popular, open-source software package for MD sim-
ulations known for its performance and efficiency [103–105], which is the
result of extensive algorithmic optimizations [106]. It uses an ambitious
bottom-up approach to parallelism with the goal of leveraging it from the
lowest to the highest level [104, 107]. This manifests itself in hand-crafted
compute kernels that make use of explicit vector instructions, multithread-
ing via OpenMP (or, alternatively, the thread-MPI library), NUMA-aware
optimizations and, on the highest level, the MPI library for large-scale,
process-based parallelism2. Beyond this, it is capable of dynamic run-time
performance tuning with the help of its PME-tuning tool and dynamic load-
balancing feature [106, 107].

2Vectorization increases hardware utilization within a core, multithreading within a node and multiprocess
parallelism across nodes.
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GROMACS is also well-known for its support for GPU-based computing
via CUDA, OpenCL and SYCL [107]. Since GROMACS 2020, it allows the
use of the ”GPU-resident mode”, in which all the key computational sec-
tions are run on the GPU, which eliminates the overhead of repetitive CPU-
GPU data transfers [103]. Additionally, it recognizes GPU-aware MPI im-
plementations, taking care to perform inter-GPU communication wherever
necessary [107]. The above, key details have made GROMACS one of the
most highly-performing MD codes available today [103–106].

GROMACS is also known for its versatility, offering a wide range of force
fields, solvent models and free-energy algorithms [104]. It brings with it
multiple integrators (e.g., for BD/LD), time-stepping algorithms and tem-
perature and pressure couplings. Importantly, the community already pro-
vides a patch for GROMACS to perform metadynamics simulations via the
PLUMED library [87, 104, 108], which can allow us to conveniently employ
the technique of MoP.

For the above reasons of performance and versatility, as well as for
its strong community support, we chose GROMACS (v2024) for the
implementation of our pMD algorithm. The commit merging the
multi-simulation feature was copied into a separate Gitlab repository
(https://gitlab.com/anxiousprogrammer/gmx pmd.git), which was dedi-
cated to the implementation.

4.2.2 Parallelization Scheme

As explained in subsection 4.1.1, the core concept of pMD involves prop-
agating the dynamics of a fictitious polymer composed of several beads.
This, coupled with the fact that the concept exposes a new dimension of
parallelism, lets intuition suggest that an approach to parallelism with one
or more standalone parallel instances (viz., processes) doing the work of
simulating a single bead will be both easy to implement and highly effi-
cient.

Multi-Simulation

Since v2024, GROMACS provides the MPI-based multi-simulation feature,
which allows the instantiation of several replicas of the simulated system3,
each of which can be simulated by independent MPI tasks. Although these
simulations may run completely independently of one another, the feature
is nonetheless outfitted with a dedicated MPI communicator that allows
message passing between the replicas, which is required for techniques such
as the replica exchange [39]. Since this existent feature suits our requirement

3In the context of this thesis, the word ”system” can mean computing systems as well as simulated systems.
Hence, we will take care to specify it.
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very closely, it provides the basis for the implementation of our pMD algo-
rithm in GROMACS.

Domain Decomposition

Internally, GROMACS also makes use of MPI within its system of domain
decomposition (DD), which refers to the technique of splitting up the com-
putational work of a simulation such that multiple PEs can share the work.
In GROMACS, DD can be activated in two modes —for the computation
of the short-ranged, non-bonded interactions referred to as particle-particle
(PP) interactions and for the computation of the long-ranged, non-bonded
interactions referred to as PME electrostatics. Since the implementation of
our pMD algorithm is not affected by PME-based DD, we will not discuss it
here.

Figure 4.3: An illustration of GROMACS’ spatial PP-based DD with 2×2×2
cells.

For the PP interactions, GROMACS uses the eighth shell technique, which
is a spatial DD; the simulation box is divided into multiple spatial domains
such that each domain (along with the atoms geometrically located in it) can
be handled by an MPI task running on a single PE. An example of this type
of DD is presented in figure 4.3. Not only does each MPI task do the work of
the force computation (excluding PME electrostatics, if separate PME tasks
are active) but also of the key steps of the simulation such as the updating
of coordinates and the parallel constraints algorithm, always operating on
its home atoms✶ only.
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DEFINITION : HOME ATOMS

A subset of the system’s atoms that is allocated to a particular domain
by DD.

It has been documented that DD provides superior performance to
OpenMP-based multithreading on multicore computers. To confirm this,
we performed strong-scaling tests of GROMACS simulations by means of
the example system lysozyme and benzene in explicit water (with ∼ 100k
atoms) on the JUWELS Booster. The results proved not only that the per-
formance improves when moving from OpenMP-based multithreading to-
wards DD, but also that the simulation shows good strong-scaling perfor-
mance via DD within a single node. Moreover, significant performance
boosts can be attained applying DD beyond the single node, saturating at
about 20 nodes (albeit at a low strong-scaling efficiency) as shown in fig-
ure 4.4. Therefore, to utilize hardware resources well, the conceptualized
implementation of our pMD algorithm would have to make use of DD.

Figure 4.4: Subfigures show the strong-scaling performance of standard MD
using DD on the intra-node level (left) and on the inter-node level (right) of
the JUWELS Booster. The label ’LYSOBENZ’ refers to the system lysozyme
and benzene in explicit water (with ∼ 100𝑘 atoms). Here, only the short-
range non-bonded interactions are computed using separate MPI tasks.

pMD’s Double-Layered Scheme

The combination of the multi-simulation feature and DD results in a double-
layered, MPI-based parallelization scheme in which each layer has its own
MPI communicator. In this scheme, there is a unique MPI task for each bead
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Figure 4.5: An illustration of the double-layered MPI-based parallelization
scheme that serves as the base for our pMD implementation in GROMACS.

that has access to the multi-simulation communicator (in which it has a main
rank✶ ) and a unique MPI task for each of the bead’s domains that has access
to the DD communicator (in which it has a domain rank✶ ). An MPI task
corresponding to a main rank has access to both communicators and thus
serves as the links between the two levels, as illustrated by figure 4.5. Using
this scheme, it can be ensured that inter- and intra-bead message passing
events take place within their own mutually insulated spaces.

DEFINITION : BEAD’S MAIN RANK

The MPI rank that is responsible for a unified representation of its
bead’s information and for coordinating its domain ranks.

DEFINITION : BEAD’S DOMAIN RANK

The MPI rank that is employed primarily to do work within the con-
text of the particular domain with which it is associated by DD.

Our pMD implementation has been conceived to seamlessly integrate this
scheme so that we can make full and efficient use of the already existing
structures in GROMACS. Given the multinode scaling performance enabled
by DD and taking into account that the typical application uses 500-5,000
beads, the envisioned pMD implementation in GROMACS should theoreti-
cally be capable of exploiting more parallelism than can be provided by even
very large clusters.
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4.2.3 Polymer Force and Energy Computations

To be able to use as many features as possible, we planned to place the
implementation of our pMD algorithm within the legacy code base of
GROMACS. Here, the primary point of change can be found at that loca-
tion in code where the internal function do_force is called to compute
the forces of the simulated system for each time step. When running a
pMD simulation, since we are essentially performing the time evolution of
the fictitious polymer, this function call is replaced by a call to our new
function computePolymerForces —which computes the polymer forces
by including the spring-like inter-bead contributions described by equa-
tions (4.5), (4.6) and (4.7). The procedure for this new function —and hence
our pMD algorithm itself —is depicted, detailing its computations and com-
munications, by the flowchart shown in figure 4.6.

Communication

The new function presupposes inter-bead communication at various stages,
since position and force vectors belonging to neighbouring beads are re-
quired by the numerical calculations at these stages. For example, the com-
putation represented by equation (4.6) for a given bead requires the position
vectors from its neighbours on the left and the right. The inter-bead commu-
nication pattern in all communication events is the well-known open ring
messaging pattern illustrated by figure 4.7. There are three communication
events in computePolymerForces: position vectors are sent to both left
and right neighbours, and force vectors are sent to the right neighbour.

Our implementation ensures that the communication is performed asyn-
chronously using non-blocking MPI functions, taking care to ensure that
calls to MPI_Irecv are made prior to calling MPI_Isend. Moreover, to en-
able parallelism of communication and computation, calls to the most com-
putationally intensive functions have been placed in between calls to MPI_
Irecv/MPI_Isend and the calls to their corresponding waiting functions.
The time window for MPI communications is extended as much as possi-
ble by placing the calls to MPI_Irecv/MPI_Isend as early as possible and
those to their waiting functions as late as possible in code.

Computation

Within computePolymerForces, the vast majority of the computational
effort is concentrated in three separate calls to the function do_force. The
first call computes the non-polymer forces of the simulated system and the
energy and virial tensor as and when necessary. The second and third calls
are required by the FDM computation from equation (4.9) to numerically
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Figure 4.6: Flowchart for computePolymerForces highlighting the de-
tails of communication and computation. The second and third calls to
do_force are referred to as ”lean runs” because they do not perform en-
ergy and virial computations.
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Figure 4.7: An illustration of the ring messaging pattern that is required by
the pMD algorithm. Position vectors are sent to both left and right neigh-
bours, whereas force vectors are only sent to the right neighbour.

compute the product 𝐻𝑛
𝑈𝜂

𝑛. For the latter, since energy and virial computa-
tions are not required, we disabled them by turning off the corresponding
bits in the force flags argument for efficiency. The remaining work is han-
dled by new pMD kernels (numbered 1-7 in the flowchart):

1. computeEtas:
computation of the displacement vectors, observing the minimum-
image convention4 (MIC),

𝜂𝑛 = R𝑛+1 −R𝑛 − 1

2
𝐾−1F𝑛

2. plusMinus:
coordinate perturbation (pre-step to FDM computation)

R𝑛(±) = R𝑛 ± 𝜀𝜂𝑛

3. computeHessianUTimesEtas:
computation of the finite difference expression

𝐻𝑛
𝑈𝜂

𝑛 =
F(R𝑛(+))− F(R𝑛(−))

2𝜀
,

4. computePolymerForcesFirstBead:
computation of the polymer forces in the first bead (MIC applies here
as well)

F0
poly =

1

2
F0 +𝐾(R1 −R0) +

1

2
𝐻𝑛

𝑈𝜂
𝑛,

4The minimum image convention ensures that each atom interacts only with that image of every other atom
in the periodic system that is closest to it, thereby preventing double interactions.
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5. computePolymerForcesLastBead:
computation of the polymer forces in the last bead (MIC applies here
as well)

F𝑁−1
poly =

1

2
F𝑁−2 −𝐾(R𝑁−1 −R𝑁−2),

6. computePolymerForcesInBetween:
computation of the polymer forces in any other bead (MIC applies
here as well)

F𝑛
poly =

1

2
(F𝑛−1 − F𝑛)−𝐾(2R𝑛 −R𝑛+1 −R𝑛−1) +

1

2
𝐻𝑛

𝑈𝜂
𝑛

for 0 < 𝑛 < 𝑁 − 1, and

7. accumulateEtaSqTimesMass:
computation of the inter-bead spring energy

𝑄𝑛 =
1

2
𝐾||𝜂𝑛||2.

These core functions have been parallelized using OpenMP-based vector-
ization and multithreading. The computation of the numerical derivative
via FDM, carried out by the functions plusMinus and computeHessianU
TimesEtas, has been adapted for stability, as presented in subsection 4.2.4.
Support for using GROMACS’ main parallelization strategies has been pro-
vided, including the possibility to use DD and GPU offloading, as explained
in subsections 4.2.6 and 4.2.9.

In GROMACS, the computation of the energies is periodic, as per the fre-
quency provided by the user in the input .mdp file. During a pMD simula-
tion, in an energy computation step, the polymer potential energy is com-
puted according to equation (4.3) using the function accumulateEtaSqT
imesMass. If DD is active, the value returned by this function only includes
the contributions of the reference domain’s5 home atoms. Similarly, if the
value is computed at the bead level, it only includes the contributions of the
reference bead. Therefore, these values have to be summed across domains
(if DD is active) and across beads to compute their corresponding values on
the polymer level. Moreover, the kinetic energy is computed on the bead
level internally elsewhere in the code base. It too must be summed across
beads to compute the polymer kinetic energy. These summations are imple-
mented by means of MPI_Reduce such that only the main rank of the first
bead has these polymer-level values. The polymer temperature is computed
by averaging the temperatures of all beads.

5Here, ”reference domain” is used in place of ”that domain” or ”current domain”; it is to be taken to mean an
arbitrary domain that is the point of orientation for a description or example.
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After the polymer forces and energies have been computed, the simulation
can proceed as in a standard MD simulation: external forces, e.g., the meta-
dynamics force can be added, constraints can be enforced, the coordinates
of atoms can be updated etc.

4.2.4 FDM Stabilization

Initial testing of our pMD implementation showed considerable total en-
ergy drift in constant-energy simulations. By comparing the output of the
FDM computation with that of an analytical Hessian function for a sim-
plified system, we attributed the high total energy drift to the FDM-based
error.

In its naı̈ve implementation, for any given bead (except the last bead), the
kernel computeHessianUTimesEtas computes

𝐻𝑛
𝑈𝜂

𝑛 =
F (R𝑛 + 𝜀𝜂𝑛)− F (R𝑛 − 𝜀𝜂𝑛)

2𝜀
for 𝜀 ∈ (0, 1) . (4.11)

Here, 𝜀 is the discretization step used to approximate an infinitely disap-
pearing value. Hence, to reduce the truncation error (∝ 𝜀2), its value must
be as low as can still be properly represented, which for the above central
difference scheme is 𝜖1/3𝑚 , where 𝜖𝑚 represents the machine precision6 [109].

To begin with, it must be noted that in equation (4.11), we are not approxi-
mating 𝐻𝑛

𝑈 , rather we are approximating the linear transformation of the dis-
placement vector 𝜂𝑛 by it i.e., the row vectors of 𝐻𝑛

𝑈 are projected onto 𝜂𝑛.
Here, if 𝜂𝑛 is a large value, then vectors R𝑛 + 𝜀𝜂𝑛 and R𝑛 − 𝜀𝜂𝑛 become
separated by a large distance. Similarly, if 𝜂𝑛 is a very small value, the vec-
tors come too close to each other. Both cases introduce error in the FDM
calculation. To counter this, we adapted the calculation using a stabilization
technique that is very similar to the one provided by Ref. [110]. We define
the unit vector,

𝜂𝑛 = 𝑁𝜂𝑛, where 𝑁 =
1

||𝜂𝑛||∞
. (4.12)

Moreover, analogously to equation (4.11), we have,

𝐻𝑛
𝑈𝜂

𝑛 =
F (R𝑛 + 𝜀𝜂𝑛)− F (R𝑛 − 𝜀𝜂𝑛)

2𝜀
. (4.13)

Now, substituting (4.12) in (4.13), we get,

𝐻𝑛
𝑈𝜂

𝑛 =
F (R𝑛 + 𝜀𝑁𝜂𝑛)− F (R𝑛 − 𝜀𝑁𝜂𝑛)

2𝜀𝑁
, (4.14)

6The machine precision of a computer is the smallest positive floating-point number that, when added to 1,
results in a value distinguishable from 1.
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which reduces the error of (4.11) because ||𝑁𝜂𝑛||∞ = 1 is self-balancing.
Equation (4.14) is therefore a more robust way to compute the required vec-
tor than equation (4.11).

In our implementation, the kernel computeEtas determines and returns
||𝜂𝑛||∞. When DD is active, the returned value represents the 𝐿∞ norm of
only the part of the global vector that is associated with the reference do-
main. To ensure that all domains have the value of ||𝜂𝑛||∞ computed on the
global vector, MPI_Allreduce is used, which (we speculated at the outset)
should reduce parallelism by imposing an implicit barrier on the DD com-
municator in each time step. Therefore, to retain performance while simulta-
neously improving the stability, we decided to give the user the possibility
to apply the stabilization periodically. The period of applying stabilization
is decided by a frequency provided by the user in the input .mdp file. In
the time steps in which the stabilization is not performed, the ||𝜂𝑛||∞ value
from the previous stabilization step is used as an approximation, under the
assumption that ||𝜂𝑛||∞ changes continuously and slowly over time.

4.2.5 Centre of Mass Motion Removal

In an MD simulation, the numerical integration introduces a slow error in
the centre-of-mass velocity, which correspondingly leads to a slowly grow-
ing error in the kinetic energy. In case of very long simulations, if this
accumulation is not checked, it can result in incorrect or unrealistic re-
sults [111]. This effect has also been attributed to velocity rescaling in finite-
temperature simulations [86, 112]. To counter this effect, MD codes com-
monly utilize a strategy called centre-of-mass motion (COMM) removal in
which the centre-of-mass velocity is subtracted from each atomic velocity.

The GROMACS-native COMM removal cannot be employed straightfor-
wardly in pMD simulations because it can only be applied to each simu-
lation (i.e., bead) individually, which leads to inconsistencies in the inter-
bead force computations. Therefore, it was necessary to develop a COMM
removal strategy that considers the fictitious polymer as a whole. Our strat-
egy removes COMM contributions in both polymer forces as well as veloc-
ities.

Polymer Forces Removal

Before the temperature coupling is applied, the polymer forces comprise of
purely conservative terms. Hence, by Newton’s third law, the total force on
the polymer must be equal to zero, and any residual, non-zero value can be
attributed to floating-point error. Now, this requirement can be expressed
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as,

if F𝑛
poly =

⎛⎜⎜⎝
f𝑛0
f𝑛1
...

f𝑛𝑄−1

⎞⎟⎟⎠ , fCOM =
𝑁−1∑︁
𝑛=0

𝑄−1∑︁
𝑘=0

f𝑛𝑘
!
= 0.

To prevent the accumulation and propagation of this error, it can be re-
moved periodically, with a frequency that is provided by the user in the
input .mdp file. The procedure for removal is given as follows (actions are
performed by all domain ranks):

1. compute f𝑛local =
∑︀𝑄*−1

𝑘=0 f𝑛𝑘 locally (where 𝑄* is the number of atoms
present locally),

2. if DD is active, all-reduce f𝑛bead =
∑︀

domains f
𝑛
local across domains by sum-

mation,

3. all-reduce fCOM =
∑︀𝑁−1

𝑛=0 f𝑛bead across beads by summation,

4. compute the average atomic force favg = 1
𝑄𝑁

fCOM, and,

5. set f𝑛𝑘 ← f𝑛𝑘 − favg ∀ 0 ≤ 𝑘 < 𝑄*.

By subtracting the average atomic force on the whole polymer from each
atomic force, we thus ensure that this residual, non-zero value is removed.

Velocity Removal

The centre-of-mass velocity is obtained as the time-derivative of the centre
of mass of the fictitious polymer. If there is no COMM, it must be equal to
zero, i.e.,

ṙCOM =

∑︀𝑁−1
𝑛=0

∑︀𝑄−1
𝑘=0 𝑚𝑘ṙ

𝑛
𝑘

𝑁
∑︀𝑄−1

𝑘=0 𝑚𝑘

!
= 0,

where entries𝑚𝑘 represent the main diagonal entries ofℳ viz., the fictitious
atomic masses.

Since the denominator of the above equation does not change during the
simulation, it can be computed at the beginning. During the simulation,
COMM removal can be periodically enforced by the following procedure
(actions are performed by all domain ranks):

1. compute p𝑛
local =

∑︀𝑄*−1
𝑘=0 𝑚𝑘ṙ

𝑛
𝑘 locally,

2. if DD is active, all-reduce p𝑛
bead =

∑︀
domains p

𝑛
local across domains by

summation,

3. all-reduce pCOM =
∑︀𝑁−1

𝑛=0 p𝑛
bead across beads by summation,
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4. compute the centre-of-mass velocity ṙCOM = 1

𝑁
∑︀𝑄−1

𝑘=0 𝑚𝑘
pCOM, and,

5. set ṙ𝑛𝑘 ← ṙ𝑛𝑘 − ṙCOM ∀ 0 ≤ 𝑘 < 𝑄*.

We implemented both removals as separate functions. The force removal is
performed immediately after computing the polymer forces. The velocity
removal is performed at that location in code where the COMM removal of
standard MD is performed.

4.2.6 pMD and DD

DEFINITION : TWIN

The replica of an atom or domain of the reference bead in another
bead.

Out-of-the-box DD support is not possible for the pMD algorithm because
of their incompatibilities in regard to the inter-bead communication. In
a pMD simulation, each atom in the reference bead has a corresponding
twin✶ atom in every other bead. Recall from subsection 4.2.3 that during
each inter-bead communication event, every bead must acquire a vector ar-
ray7 of its atoms’ twins from a neighbouring bead. With DD active, the
exact procedure for this communication becomes ambiguous. The first in-
compatibility arises from the fact that the communication can no longer be
performed by a single MPI task —simply because no single MPI task pos-
sesses the global vector array. Now, there are two possible solutions for this
problem. In the first solution, the main rank of the reference bead gath-
ers the global vector array from its domain ranks and sends it to the main
rank of the neighbouring bead, which then distributes the vectors correctly
to its domain ranks. In the second solution, each domain rank of the ref-
erence bead communicates directly and independently with those domain
ranks in the neighbouring bead which —prior to the communication event
—have been identified as its communicating partners.

However, after accepting either solution, the second incompatibility be-
comes apparent: in a pMD simulation, each atom’s twin is slightly spatially
displaced with respect to it8. Hence, it cannot be ruled out that, at the time
of communication, an atom’s twin could have been re-partitioned✶ to a dif-
ferent domain in the neighbouring bead as shown in figure 4.8. In the first
solution, this complicates the problem of distributing the vectors to the cor-
rect domain ranks. In the second solution, it complicates the problem of

7Here, a vector V ∈ R3𝑄 is being re-interpreted as an array of 3D vectors i.e., 𝑉 = {v𝑖|v𝑖 ∈ R3 ∀ 𝑖 ∈ [0, 𝑄)}.
8Each atom is one time step behind/ahead of its right/left twin on the level of the BD given by equation (4.1).
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identifying each domain rank’s communicating partners.

DEFINITION : RE-PARTITIONING

GROMACS periodically re-assesses the allocation of atoms to do-
mains based on the geometric locations of the (constantly moving)
atoms. The frequency of re-partitioning is either provided as input in
the .mdp file or internally estimated.

Figure 4.8: Different re-partitioning of atoms in beads 0 and 1 results in a
problem for communication in the pMD algorithm. Here, atoms with global
atomic indices 2, 3, 10 and 26 are no longer in the same domains in bead 1
as in bead 0.

To solve these problems, we developed algorithms based on the above-
mentioned first and second solutions, which we refer to as the centralized
and decentralized twin-finding algorithms, respectively.

4.2.7 Centralized Twin-Finding Algorithm

DEFINITION : GLOBAL ATOMIC INDEX

A unique identifier for every atom in a GROMACS simulation. In a
pMD simulation, GAIs are conserved across beads.

Of the two algorithms, the centralized twin-finding algorithm follows the
simplest approach. It consists of a twin-finding phase in which the inter-
bead communication pattern is predetermined and a communication phase
in which the communication actually takes place.
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Twin-Finding Phase

The twin-finding phase of this algorithm takes place immediately upon re-
partitioning. In this phase, the reference bead’s main rank begins by gath-
ering the global atomic indices✶ (GAIs) of all atoms from its domain ranks in
a list, and saves the domain GAI counts and GAI offsets so that the order of
the sub-lists with respect to the domain indices is preserved. Having partic-
ipated in the gather operation, the non-main ranks have no further work to
do and thus return from the function.

Figure 4.9: A GAI list is sorted and copied into an output double buffer that
saves the list indices in its second row.

Next, the main rank of the reference bead sends its gathered GAI list to its
neighbours and receives the same from its neighbours. Once the transfers
are completed, the main rank executes a sort-and-copy operation on each
received GAI list, requiring 𝒪(𝑛 log 𝑛) accesses, copying the sorted items
into an output double buffer. This operation takes care to save the index
of every item in the second row of the output double buffer, as shown in
figure 4.9.

Finally, the main rank iterates through its own GAI list via a loop in-
dex9, searching for each iterated GAI in the sorted double buffer using the
well-known binary search algorithm, which requires 𝒪(log 𝑛) accesses per
search. All GAIs are required to be found in this process, failing which an
error is thrown. The result of each search gives the index in the received
GAI list at which the iterated GAI was found10, which is then saved at the
current loop index in an array called the scatter mapper✶ . This concept is
explained by figure 4.10 using an example. The mapping is processed for
the left and right neighbours, resulting in two scatter mappers.

9This simply refers to the for-loop counter used to iterate through the list.
10The double buffer is required to propagate this information, since it preserves the indices of the sorted list.
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DEFINITION : SCATTER MAPPER

An array used to record the order-preserving mapping between ele-
ments of an incoming message and the domains in the receiving bead
to which they must be sent.

Figure 4.10: An example illustrating the concept of the scatter mapper.
Here, the GAI 3 at loop index 0 in the reference rank’s GAI list is found
at index 1 in the received GAI list, which is saved at index 0 in the scatter
mapper. Similarly, the GAI 5 at loop index 1 in the reference rank’s GAI list
is found at index 10 in the received GAI list, which is saved at index 1 in the
scatter mapper. This procedure is repeated for all the GAIs in the reference
rank’s GAI list, resulting in the scatter mapper.

Communication Phase

During the communication phase, using the saved domain GAI counts and
offsets, the sending bead’s main rank gathers the vector array from its do-
main ranks in the same order as the GAI sub-lists in the twin-finding phase
and sends it to the receiving bead’s main rank. Upon receiving the vec-
tor array, the receiving bead’s main rank copies the vectors from the re-
ceive buffer into a scatter buffer according to the mapping provided by its
scatter mapper i.e., scatterBuffer[ii] = receiveBuffer[scatter
Mapper[ii]]. Finally, the contents of the scatter buffer are scattered to
the domain ranks. This ensures that every domain rank of the receiving
bead gets the vectors of its home atoms’ twins in the correct order from the
sending bead. This procedure is illustrated by figure 4.11.
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Figure 4.11: An illustration of the communication phase of the centralized
twin-finding algorithm. The black arrows indicate the gathering of the vec-
tors by the sending bead’s main rank from its domain ranks. The blue arrow
indicates the sending of a unified message by the sending bead’s main rank
to the receiving bead’s main rank. The green lines indicate the scattering of
the received vectors by the receiving bead’s main rank to its domain ranks
according to its scatter mapper.

The centralized twin-finding algorithm introduces one gather and one scat-
ter operation in each of the three communication events, in every time step of
the pMD algorithm. Theoretically, this should be detrimental to the paral-
lel performance because each gather/scatter operation imposes an implicit
barrier on the DD communicator, which increases the synchronization over-
head and reduces parallelism.

On the other hand, the relatively low complexity of this algorithm allowed
us to implement it as a first step towards tackling the problem of providing
DD support for our pMD implementation. We tested the implementation
for correctness using the outputs of simulations run without DD as refer-
ences of comparison. Finally, we conducted a performance analysis of the
implementation by benchmarking on the JUWELS Booster, the results of
which are presented in subsection 4.3.5.

4.2.8 Decentralized Twin-Finding Algorithm

To eliminate the gather/scatter operations of the centralized twin-finding
algorithm, we conceptualized the decentralized twin-finding algorithm,
which makes use of point-to-point communication patterns only. Just like
the former, the latter also has a twin-finding phase and a communication
phase. In the twin-finding phase, which also occurs immediately upon re-
partitioning, associations are established between each domain of the refer-
ence bead and one or more domains of the reference bead’s neighbours that
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Figure 4.12: An illustration of the communication phase of the decentral-
ized twin-finding algorithm. The black arrows indicate the direct and par-
allel message passing between inter-bead ranks and their communicating
partners as per the associations made in the twin-finding phase.

contain at least one of its home atoms’ twins. In the communication phase,
multiple messages are exchanged parallely and directly according to the as-
sociations made in the twin-finding phase, as shown in figure 4.12.

Search Space Ranks

Figure 4.13: An example illustrating the construction of the left search space
for rank 27 in a 2D with 16 PP ranks per bead. Here, rank 27 in bead 1
has twin rank 11 in bead 0. Therefore, the left search space of rank 27 is
composed of rank 11 and those ranks that are adjacent to rank 11 i.e., ranks
6, 7, 4, 10, 11, 8, 14, 15 and 12. Ranks 4, 8 and 12 are adjacent to rank 11 by
periodicity.

In this algorithm, since domain ranks must communicate with partners out-
side their DD communicator, a suitable MPI communicator must be created
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before starting the simulation. Accounting for the possibility that PP and
PME ranks may be interleaved, a new communicator called the inter-bead
communicator is created at the start of the simulation by splitting GRO-
MACS’ world-level communicator based on the condition that a given rank
must be a PP rank. This communicator identifies a set of MPI ranks given
by {0, 1, 2, ...𝑁𝑛𝑝𝑝 − 1}, where 𝑛𝑝𝑝 is the number of PP ranks per bead. For
convenience, in this subsection, unless specified otherwise, the word rank
will be used to mean an MPI rank in the inter-bead communicator.

To simplify the following description, the procedure for only one inter-bead
direction will be considered, given that the same procedure applies for the
other direction as well. To begin with, it is necessary to construct a search
space✶ for each rank, under the reasonable assumption that atoms will not
cross two domains in any single re-partitioning event, which holds true if
the maximum force is not too large. As per our definition, for 1D, 2D and 3D
DDs, there can be 3, 9 and 27 search space ranks, respectively. Figure 4.13
illustrates the concept by means of an example.

DEFINITION : SEARCH SPACE

The set of ranks of those domains in the neighbouring bead, in which
all of the reference domain’s home atoms’ twins are assumed to be
found. We identified this to be the set of ranks that are adjacent to
the reference rank’s twin rank in the neighbouring bead, including the
twin rank itself.

Twin-Finding Phase

In the twin-finding phase, since different ranks in a search space can have
different home atom counts, the reference rank sends its home atom count
to all ranks in its search space. Hence, it also receives the home atom count
of each of its search space ranks. After this initial communication, it has
an array of GAI counts and another of GAI offsets, which can be taken to-
gether to indicate distinct sub-arrays of a single, over-sized receiving buffer
in which the GAI lists of the search space ranks are to be received. Next, it
sends its GAI list to all ranks in its search space, and accordingly receives a
GAI list from each rank in its search space.

In this algorithm, two kinds of mapping need to be processed, one for out-
going messages and another for incoming messages.

To process the mapping of outgoing messages, the GAI list of the reference
rank is first sorted using the previously mentioned sort-and-copy technique,
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Figure 4.14: An example illustrating the processing of the outgoing mapper
with search space size 3. Here, received GAI 3 is found at index 3 in the
reference rank’s GAI list, which is saved in the outgoing mapper. Received
GAI 5 is not findable in the reference rank’s GAI list, so control continues
with the next iteration. Next, received GAI 1 is found at index 0 in the
reference rank’s GAI list, which is also saved in the outgoing mapper. This
process is repeated for all the GAIs in the received GAI list. The mapper
shows that the vectors at indices 3, 0 and 2 of the reference rank must be
sent to the first search space rank, the vector at index 1 must be sent to the
second search space rank, and no vectors need to be sent to the third search
space rank.

using an output double buffer as explained in subsection 4.2.7 (and demon-
strated in figure 4.9). Then, iterating through the received GAI list, the iter-
ated GAI is searched for in the sorted double buffer using the binary search
algorithm. If it cannot be found, it is not considered an error since another
rank in the reference bead could have it. On the other hand, if it is found,
the result of the search operation (which is the index in the reference rank’s
GAI list at which the iterated GAI was found), is recorded in the outgoing
mapper✶ in distinct sub-arrays that are reserved for the search space ranks,
as illustrated in the example of figure 4.14.

DEFINITION : OUTGOING MAPPER

A device (an array with book-keeping structures) used to record the
mapping of the contributions of the reference rank to its search space
ranks.

In the centralized algorithm, the received vector array of the communication
phase has the same size and order as the received GAI list of the twin-finding
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phase. However, in this algorithm, the received GAI list of the twin-finding
phase references all atoms in the search space ranks, whereas the received
vector array of the communication phase contains only the contributions that
are relevant to the reference rank. Moreover, the order of the contributions is
determined by the outgoing mappings of the sending ranks in its search
space. Therefore, the incoming mapping must take care to acknowledge
these differences, and is consequentially a more involved procedure than in
the centralized algorithm.

Figure 4.15: An example illustrating the processing of the incoming mapper
with search space size 3. Here, reference rank GAI 1 is found at index 2 in
the received GAI list. Hence, its loop index 0 is saved at index 2 in the
intermediate mapper. Similarly, reference rank GAI 0 is found at index 5
in the received GAI list. Hence, its loop index 1 is saved at index 5 in the
intermediate mapper. The procedure is repeated for GAIs 9 and 3. Next,
the incoming mapper is extracted from the intermediate mapper. Finally, it
is sorted within sub-arrays reserved for the search space ranks, resulting in
the final incoming mapper.

DEFINITION : INTERMEDIATE MAPPER

A temporary mapper array used to record the contributions of a refer-
ence rank’s search space ranks to it without explicit order information.
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To begin with, an oversized array called the intermediate mapper✶ is initial-
ized11 with the value −1. Next, the received GAI list is sorted using the
sort-and-copy technique, resulting in the double buffer that has been previ-
ously discussed. Then, iterating through the GAI list of the reference rank
via a loop index, the iterated GAI is searched for in the double buffer. If
the iterated GAI could not be found, an error is thrown because it implies
that an atom’s twin does not exist in the search space, which could be a
sign that the core assumption of the algorithm —that atoms will not cross
two domains in any single re-partitioning event —was proven to be false.
Now, at the location in the intermediate mapper accessed using the result of
the search operation as index (which is the index in the received GAI list at
which the iterated GAI was found), the loop index is saved.

At the end of this procedure, the intermediate mapper contains the informa-
tion about the contributions of the individual search space ranks, with the
background value −1 signalling atoms that are irrelevant to the reference
rank. Accordingly, the values which are not −1 are extracted into an array
known as the incoming mapper✶ . Finally, this incoming mapper is sorted
within the distinct sub-arrays that are reserved for the search space ranks.
The incoming mapper then reflects both the contributions of the search
space ranks as well as the order in which they are sent to the reference rank.
This procedure is explained by means of an example in figure 4.15.

DEFINITION : INCOMING MAPPER

A device (an array with book-keeping structures) used to record the
order-preserving mapping of the contributions of a reference rank’s
search space ranks to it.

At the end of the twin-finding phase, every rank knows which ranks in the
neighbouring bead need which vectors from it by consulting its outgoing
mapper. Similarly, each rank knows which ranks in the neighbouring bead
will provide it with which vectors it needs and in what order, by consulting
its incoming mapper.

Communication Phase

During the communication phase, while sending a vector array, a single,
over-sized communication buffer is used. Reading from the vector array to
be sent, vectors are copied into the communication buffer via the indices
provided by the outgoing mapper i.e. commBuffer[ii] = sendBuffer
[outgoingMapper[ii]]. Then, iterating over the search space ranks, if

11This ”background” value works because GAIs are always positive.



92 4 Metadynamics of Paths

the count of vectors to be sent to the iterated rank as reflected by the out-
going mapper is non-zero, a message is sent to the iterated rank using the
distinct sub-array of the communication buffer reserved for it.

Similarly, while receiving a vector array, a single, over-sized communication
buffer is used. Iterating over the search space ranks, if the count of vectors
to be received from the iterated rank as indicated by the incoming mapper
is non-zero, a message is received from the iterated rank in the distinct sub-
array reserved for it. After all messages have been received, the output vec-
tor array of the function reads the vectors from the communication buffer
via the indices provided by the incoming mapper i.e., receiveBuffer[
incomingMapper[ii]] = commBuffer[ii]. Ultimately, each rank in
the receiving bead will acquire the vectors of its home atoms’ twins from
the sending bead.

In this algorithm, a rank could send or receive up to 27 messages in a com-
munication event. Since asynchronous communication is employed, the or-
der of completion of receiving/sending cannot be predicted. In code, this
means that fixing the order of calls to MPI_Wait would necessarily reduce
the asynchronicity in an unpredictable way. Therefore, to retain maximum
asynchronicity, since waiting for the completion of communication takes
place in two distinct phases, effort was taken to arrange MPI_Requests
stage-wise in contiguous arrays such that a single MPI_Waitall can be
used at each stage.

We implemented the decentralized twin-finding algorithm and, as in the
case of the centralized twin-finding algorithm, tested it for correctness us-
ing the outputs of simulations run without DD as references for comparison.
Finally, we conducted a performance analysis of the implementation by test-
ing on the JUWELS Booster, whose results are presented in subsection 4.3.5.

4.2.9 pMD and GPU Offloading

The key procedures in a time step of a GROMACS simulation are the force
computation and what is commonly referred to as the ”update”, which is
the combined procedure of updating atomic coordinates (by numerical inte-
gration) and applying constraints. The force computation is the most time-
consuming procedure, accounting for 95% − 98% of the total runtime (as
ascertained by profiling, see subsection 4.3.4). It is comprised of largely in-
dependent part computations that can be performed in parallel, with their
results being combined at the end to compute the overall force vector.

By means of command-line options given to the mdrun program, the user
can specify which of these part computations are to be performed by CPUs
and which by GPUs. The same applies for the update procedure as well.
These options are: -bonded (bonded interactions), -nb (short-range, non-
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bonded interactions), -pme (long-range, non-bonded interactions by PME)
and -update (the update procedure).

DEFINITION : FORCE-OFFLOADING MODE

In this mode, only the force computations are offloaded to GPUs
whereas the update is performed by CPUs.

Recall from subsection 4.2.3 that the non-polymer forces of the simulated
system are computed by the function called do_force. Since this func-
tion internally handles the CPU-GPU data transfers, force-offloading✶ works
out of the box for our pMD implementation. As in the case of standard
MD simulations, the user needs only specify any combination of the above
command-line options in their mdrun call, followed each time by gpu. Of
course, this requires a GPU-enabled GROMACS build, which is configured
using the CMake option -DGMX_GPU followed by either =CUDA, =OpenCL
or =SYCL, as per availability and requirement.

As a side note, it must be mentioned that since GROMACS v2020, we have
the GPU-resident mode feature, in which both the force computation and
the update are performed on GPUs [107, 113]. This eliminates the CPU-
GPU transfer overheads, which, depending on the hardware, can poten-
tially speed up simulations twofold [103]. However, the resident-mode can
only be accessed when certain conditions are met e.g., in our pMD imple-
mentation code base at v2024, only the leap-frog integrator is supported (as
ascertained by the initial test reported in subsection 4.3.6). Moreover, the
new kernels 1-7 of the pMD algorithm as listed in subsection 4.2.3 have not
been written for processing on GPUs, which means they must necessarily
run on the CPUs. Therefore, currently, pMD simulations do not yet support the
GPU-resident mode.

4.2.10 Support for Metadynamics using PLUMED

PLUMED (PLUgin for MolEcular Dynamics) is an open-source and a
community-developed library for enhanced-sampling algorithms, free-
energy methods and tools to analyze MD simulation data [87]. Some MD
codes e.g., Amber, CP2K and LAMMPS, provide support for the PLUMED
library natively, whereas others e.g., Quantum ESPRESSO and GROMACS,
can be patched to provide support [108].

If we were to run a pMD simulation using an out-of-the-box PLUMED-
patched GROMACS build, every bead would make independent calls to
the PLUMED library at the required time points. Since these calls have ac-
cess to the atomic coordinates of the reference bead only, computing a CV
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across beads is impossible. To enable the definition of CVs that are functions
of atomic coordinates of multiple beads, such as the end-to-end distance
from equation (4.10), we have modified the Custom function class within
the PLUMED library as follows.

Firstly, we introduced a new, optional keyword MULTIREP to allow the
user to signal a multi-replica simulation. Secondly, we introduced the op-
tional keyword REPLICAS=... that allows the user to provide a comma-
separated list of indices of the active beads✶ to the class. Since the MPI tasks of
all active beads must participate in an MPI_Allgather call every time the
Custom function is computed, using the REPLICAS keyword to limit the
number of active beads can greatly ameliorate the potential performance
loss associated with this all-to-all communication. Finally, we adapted the
functionality of the FUNC keyword such that its associated expression may
reference variable names suffixed with a bead index to refer to a quantity
computed in that particular bead.

DEFINITION : ACTIVE BEAD

A bead is said to be active if its MPI tasks communicate their atomic
coordinates to each other for the computation of CVs of the fictitious
polymer.

Following the above changes in the PLUMED library, which were made in a
yet unreleased version initialized from v2.9.0, it was also necessary to adapt
the PLUMED patch for GROMACS such that the calls to PLUMED func-
tions acknowledge our pMD implementation and its specific details. The
examples shown in listing 4.1 highlight the differences between standard
MD and pMD in the usage of the Custom function in a PLUMED input file.
Figure 4.16 visualizes the example CV polymer end-to-end distance for pMD
simulations.

# standard MD
com: COM ATOMS=1-22
p: POSITION ATOM=com cm: CUSTOM ARG=p.x,p.y,p.z
FUNC=sqrt(x*x + y*y + z*z) PERIODIC=NO

# Path MD
com: COM ATOMS=1-22
p: POSITION ATOM=com
e2e: CUSTOM MULTIREP ARG=p.x,p.y,p.z
FUNC=sqrt((x0-x7)*(x0-x7)+(y0-y7)*(y0-y7)+(z0-z7)
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*(z0-z7)) PERIODIC=NO REPLICAS=0,7
Listing 4.1: An example demonstrating the difference between PLUMED
inputs for standard MD and pMD. For the former, the distance of the centre
of mass of atoms 1-22 from the origin is computed. For the latter, the
distance between the centre of mass of atoms 1-22 in bead 0 and the centre
of mass of the same set of atoms in bead 7 is computed, which is referred to
as the polymer end-to-end distance (see figure 4.16 for an illustration of the
CV for this input).

Figure 4.16: An illustration of an example CV for pMD simulations referred
to as the polymer end-to-end distance. The distance between the centre of
mass of a specific set of atoms in bead 0 and the centre of mass of the same
set of atoms in bead 7 is monitored to identify very different states of the
fictitious polymer.

After testing the functionality of the Custom class in isolation, we tested the
entire software chain for correctness by running metadynamics simulations
of simple test systems.

4.3 Testing

To quantitatively describe the overall performance of our pMD implementa-
tion, we conceptualized tests and performance models for its various com-
ponents. However, owing to bug fixes, performance improvements etc.,
our pMD implementation evolved considerably during the course of this
project. Therefore, as and when our pMD implementation advanced in its
maturity, it was ”frozen” in version control as a series of tags. The results
presented in this subsection are for pMD v1.3.10. A further release pMD
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v1.4.0 is planned, which addresses minor bugs and integrates measures for
performance improvement.

This section presents the test results and is organized as follows. We be-
gin by listing all simulation systems used in our tests. Next, we present
the tests relating to the correctness of our pMD implementation. Following
this, we discuss the performance of the pMD kernels described in subsec-
tion 4.2.3. Next, we describe the performance analyses of our pMD im-
plementation with and without the algorithms for DD support detailed in
subsections 4.2.7 and 4.2.8. Then, we present the results of the performance
tests of our pMD implementation using force-offloading to GPUs. Finally,
we show the excellent weak-scaling performance of our pMD implementa-
tion with and without PLUMED using nearly the whole JUWELS Booster.

4.3.1 Systems used for testing and benchmarking

The following simulation systems have been used for the various tests de-
scribed in this section.

Many-body LJ (”DROPLET”) with 27 atoms A ”droplet” of 27 atoms with
unit mass, unit 𝜎 and unit 𝜀 is distributed on the vertices of a regular cubic
grid of side 4.5 nm before being perturbed slightly, randomly 12. It is centred
in a cubic simulation box of side 16.0 nm.

Acetone in water (”ACE”) with ∼ 1.4k atoms An acetone molecule is cen-
tred in a cubic simulation box of side 2.4 nm, which is then filled with water
molecules modeled using the Simple Point Charge (SPC) model, which is
GROMACS’ default solvent model. The force fields, starting configuration
and other simulation parameters were obtained from Ref. [114].

Lysozyme in water (”LYSOBENZ”) with ∼ 50k, ∼ 100k, ∼ 150k and ∼ 200k
atoms The protein lysozyme T4 L99A variant in complex with benzene is
placed in cubic simulation boxes of sides 8.0 nm, 10.2 nm, 11.6 nm and 12.7
nm, which, following solvation with SPC water molecules, results in sys-
tems with the above-mentioned atom counts. The force fields, starting con-
figuration and other simulation parameters were obtained from Ref. [115].

Human adenosine receptor (”A2A-ZMA”) with ∼ 150k atoms The class
A GPCR human adenosine receptor type 2A (hA2AR) in complex with its
high-affinity antagonist ZM241385, embedded in a lipid bilayer and sol-
vated in explicit water. The simulation box is sized 14.3× 10.8× 9.6 nm. The
force fields, starting configuration and other simulation parameters were
obtained from Ref. [116].

12Computers cannot generate truly random values and thus make use of functions to generate pseudo-random
values.
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4.3.2 Correctness of the pMD Implementation

The initial phase of testing for correctness involved a series of highly sim-
plified systems in which the total energy conservation were tested. Some
examples are:

1. a single-atom NVE simulation with 480 beads,

2. a 64-atom LJ NVE simulation cooled to a temperature close to zero,

3. a two-atom simulation with a single bond between the atoms,

4. a three-atom simulation with a single angle between the atoms, etc.

These tests specifically targeted basic aspects of the implementation. After
the initial phase, we conducted several higher-level tests ranging from sim-
ple to realistic simulation systems, as detailed in this subsection. These tests
followed the given procedure:

1. energy minimization to as low an energy state as possible,

2. standard MD equilibration to target temperature, and (if applicable)
target pressure,

3. LD simulation in which bead-starting configurations are generated by
writing to the output trajectory in every frame,

4. LD pMD equilibration to target temperature, and

5. long NVT and/or NVE pMD simulation.

Here, for all equilibration and NVT simulations, LD was used via the
stochastic dynamics (sd) integrator, as it was found to be effective in sam-
pling the distribution given by equation (4.2). For all pMD simulations, the
FDM stabilization was enabled with maximum frequency. The COMM cor-
rection was enabled only for the NVE pMD simulations. The timestep sizes
were determined by trial and error. Unless otherwise specified, all simula-
tions were conducted in single precision.

DROPLET

This simulated system represents the simplest test since it features only non-
bonded interactions modeled using the LJ potential.

Following energy minimization, the simulated system was equilibrated to a
temperature of 70 units13 by means of an LD simulation (200,000 timesteps
with ∆𝑡 = 1 fs). Following this, a short LD simulation was conducted in
which the configuration of the system was written to the output trajectory

13Here, we refer to ”units” instead of Kelvin because the simulated system uses unit sigma and epsilon values
i.e., the so-called reduced units.
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in every timestep. Using each frame of this trajectory as the bead-starting
configuration, a fictitious polymer of 480 beads was constructed.

Next, this fictitious polymer was equilibrated by means of an LD pMD sim-
ulation (500,000 timesteps with ∆𝑡 = 1 fs) to 70 K. As illustrated by fig-
ure 4.17, the non-polymer potential energies of all beads were seen to clus-
ter closely around a specific value. Moreover, the target temperature was
stably maintained throughout the course of the simulation.

Figure 4.17: Left subfigure shows the variation of temperature during the
LD pMD equilibration simulation of DROPLET. Right subfigure shows the
non-polymer potential energies of all beads. The near-constant value is in-
dicative of attainment of thermal equilibrium.

Figure 4.18: A plot showing the polymer potential, kinetic and total energies
in an NVE simulation of DROPLET. It can be seen that the total energy is
adequately conserved.

Finally, an NVE pMD simulation (2 million timesteps with ∆𝑡 = 0.1 fs) was
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performed with energies as shown in figure 4.18. With a total energy drift
of 0.03%, it is clear that the total energy is conserved very well. However,
it must be noted that a low timestep size ( 1

10
th of that of a typical standard

MD simulation) was found to be necessary for a stable simulation.

ACE

This simulated system represents a typical use case since it is modeled us-
ing bonds, angles, dihedrals, LJ potentials and Coulomb interactions. More-
over, it uses LINCS constraints for its hydrogen atoms14.

Following energy minimization, the simulated system was equilibrated to
100 K by means of an LD simulation (100,000 timesteps and ∆𝑡 = 1 fs) and
then to 1 bar using the Parrinello-Rahman barostat by means of a second LD
simulation (100,000 timesteps and ∆𝑡 = 1 fs). Then, by means of an LD sim-
ulation writing to the output trajectory in every timestep, the bead-starting
configurations for a 480-bead long fictitious polymer were generated.

Figure 4.19: Left subfigure shows how the temperature is stably maintained
during the LD pMD equilibration simulation of ACE. Right subfigure shows
the non-polymer potential energies of all beads.

Next, an LD pMD simulation (500,000 timesteps with ∆𝑡 = 1 fs) was per-
formed to equilibrate the fictitious polymer to 100 K. As shown in fig-
ure 4.19, the non-polymer potential energies of all beads were clustered
around a specific value and the target temperature was stably maintained.
Moreover, the written trajectories were visually inspected to ascertain the
absence of anomalies.

Following the equilibration, an NVT (LD) pMD simulation (2 million
timesteps with ∆𝑡 = 1 fs) was performed. The RMSD15 values of the ace-

14Constraining atoms is a technique by which specific degrees of freedom of a molecule are fixed for computa-
tional efficiency, allowing thereby for simulations with larger timestep sizes.

15The Root Mean Square Deviation refers to the average deviation of the atoms of a (particularly structured)
biomolecule from their corresponding images in the biomolecule’s reference structure.
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Figure 4.20: Left subfigure shows the mean, minimum and maximum
RMSD values of all beads during an NVT (LD) pMD simulation of ACE.
Right subfigure shows the instantaneous RMSD values for bead 450 of the
fictitious polymer.

tone’s ”backbone” were computed for all beads, with results as shown in fig-
ure 4.20. Firstly, it is clear that the RMSD values have plateaued. Secondly,
the maximum RMSD value is < 0.5 Å, which indicates minimal structural
deviation i.e., the physical structure of the acetone molecule was preserved
at all times during the simulation.

Figure 4.21: A plot showing the total energy drift of short NVE pMD sim-
ulations of ACE (with 480 beads and 100,000 timesteps) as a function of
timestep ∆𝑡. As the timestep size is reduced, the total energy drift is seen
to first fall to a minimum value before sharply rising to a high value. This
can be taken to be indicative of increased numerical rounding errors at low
timestep sizes.

Finally, an NVE pMD simulation (2 million timesteps with ∆𝑡 = 1 fs)
was performed, during which a rather high total energy drift of 3.4% was
observed. Hoping to observe lower total energy drifts at lower timestep
sizes, we performed short (100,000 timestep-long) NVE pMD simulations
for various timestep sizes. The results (as shown in figure 4.21) are counter-
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intuitive; as the timestep size decreased, the total energy drift dropped to a
minimum value before sharply rising to a high value. One plausible expla-
nation for this behaviour is increased numerical rounding errors at timestep
sizes < 0.5 fs. Therefore, using our current implementation in single preci-
sion, the above total energy drift value is the lowest that can be expected.

Running the same simulation in double precision lowered the total energy
drift to 0.2%. Moreover, in double precision, the total energy drift consis-
tently decreases with the timestep size, which provides us an alternative for
use cases in which a very low total energy drift is a necessity.

LYSOBENZ

This simulated system closely represents a practical use case of MD in the
context of biological systems.

As per protocol, we began by performing the energy minimization of the
simulated system. Next, it was equilibrated to 300 K by means of an LD
simulation (100,000 timesteps and ∆𝑡 = 1 fs) and then to 1 bar using
the Parrinello-Rahman barostat by means of a second simulation (100,000
timesteps and ∆𝑡 = 1 fs). Then, by means of an LD simulation writing to
the output trajectory in every timestep, the bead-starting configurations for
a 480-bead long fictitious polymer were generated.

Figure 4.22: Left subfigure shows how the temperature is stably maintained
during the LD pMD equilibration simulation of LYSOBENZ. Right subfig-
ure shows the non-polymer potential energies of all beads.

Next, an LD pMD simulation (100,000 timesteps with ∆𝑡 = 0.5 fs) was
performed to equilibrate the fictitious polymer to 300 K. As shown in fig-
ure 4.22, the non-polymer potential energies of all beads were distributed
within a certain range and the target temperature was stably maintained.
Moreover, the written trajectories were visually inspected to ascertain the
absence of anomalies.
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Figure 4.23: A plot showing the instantaneous RMSD values for bead 240 of
the fictitious polymer. It can be seen that the values are slowly approaching
a plateau and that the maximum value is < 1 Å, indicating that the physical
structure of the protein is preserved at all times during the simulation.

Following the equilibration, an NVT (LD) pMD simulation (12 million
timesteps with ∆𝑡 = 0.5 fs) was performed using GPU force-offloading. The
RMSD values of the protein’s ”backbone” were computed for all beads, with
results as shown in figure 4.23. Although the values are slowly approaching
a plateau towards the end of the simulation, it is clear that a longer simula-
tion is necessary to observe the plateau. The maximum RMSD value is < 1
Å, which indicates that the physical structure of the protein was preserved
at all times during the simulation.

Finally, an NVE pMD simulation (500,000 timesteps with ∆𝑡 = 0.5 fs) was
performed, during which a total energy drift of 3.4% was observed. Run-
ning the same simulation in double precision lowered the total energy drift
to 0.05%.

4.3.3 Performance of pMD Kernels

The kernels 1-7 of the pMD algorithm are memory-bound functions i.e., their
performance is limited solely by the memory bandwidth. Hence, their per-
formance can be most appropriately quantified in relation to the peak read-
write memory bandwidth. First, to estimate this roof for the JUWELS Clus-
ter, we microbenchmarked the well-known DAXPY loop16 using the utility
Intel® MLC, obtaining a peak read-write memory bandwidth of 205 GB/s

16For 𝑛-dimensional arrays x and y, and scalar a, the DAXPY loop computes y[i] = y[i] + a*x[i] in
double precision.
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for the single JUWELS Cluster node.

Figure 4.24: Strong-scaling performances of some of the pMD kernels
within a single node of the JUWELS Cluster showing their peak effective
bandwidths in relation to the peak read-write memory bandwidths attained
by the utility Intel® MLC in the single- and dual-socket modes, which are
represented by the dark red and red dotted lines, respectively.

Next, to test the performance of the newly implemented kernels, we wrote
a microbenchmarking program for each kernel using the open-source mi-
crobenchmarking library TiXL [37]. In these programs, each kernel is called
repeatedly with dummy input and output data and the wall-clock time of
each call is measured using a monotonic clock. For each repetition, data is
allocated afresh, the first word of each page is modified and each cache line
is evicted from the caches using the intrinsic _mm_clflush. This is done
to prevent timing page faults and simultaneously avoid having data in the
caches at the time of the function call. The first 20 of 100 repetitions are not
timed, allowing the program to adequately warm up.

Using the above programs, we conducted strong-scaling tests of
all kernels on a single node of the JUWELS Cluster for a fixed,
large array size of 1 GiB. The results of the test showed that
the kernels scale very well with core count, as demonstrated for
example kernels computeEtas, computeHessianUTimesEtas and
computePolymerForcesInBetween in figure 4.24. Here, we see that e.g.,
the kernel computeEtas attained a peak effective bandwidth of 179 GB/s,
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which yields an efficiency of 87% in relation to the roof. This way, the effi-
ciencies of all kernels were found to be 87%− 90%, on the basis of which we
concluded that the kernels are well-optimized.

4.3.4 Benchmarking pMD without DD

At first, it may seem that modeling the performance of the pMD algorithm
to gauge the performance of our implementation is complicated by having
to estimate the performance of the internal GROMACS function do_force.
However, since improving the performance of this function is not one of the
goals of our work, the performance of our pMD implementation can simply
be expressed in terms of it.

We began by running standard MD simulations using the LYSOBENZ sys-
tem for atom counts of ∼ 50𝑘, ∼ 100𝑘, ∼ 150𝑘 and ∼ 200𝑘 on a single node
of the JUWELS Booster. These simulations were conducted using one MPI
rank with access to 12 OpenMP threads distributed across 2 NUMA do-
mains with SMT disabled. The profiling tables in the simulation log files
consistently showed that do_force accounts for 97% of the total runtime
of the standard MD simulation.

Next, we profiled pMD simulations with the help of TiXL’s MPI Spot Pro-
filer using the same simulated system, with identical input options, starting
configurations17 and atom counts as above. These simulations were con-
ducted with three beads, one MPI rank/bead, each MPI rank in a separate
JUWELS Booster node and the same OpenMP thread count and affinity plan
as above. The results revealed that do_force accounts for 96% of the total
runtime of the pMD simulation.

Now, in standard MD, do_force is called once per time step. On the other
hand (as detailed in subsection 4.2.3), in our pMD implementation, it is
called three separate times per time step. Taking into account the fact that
the function makes up the vast majority (> 95%) of the runtimes of both
standard MD and pMD simulations, a simple performance model of this
pMD algorithm is given by

𝑡𝑆 ≈ 𝑛steps 𝑡do force,

𝑡𝑃 ≈ 𝑛steps 3𝑡do force,

∴ 𝑡𝑃 ≈ 3𝑡𝑆,

where 𝑛steps is the number of simulated time steps, 𝑡do force the time of
do_force, 𝑡𝑃 the runtime of a pMD simulation and 𝑡𝑆 the runtime of its
analogous standard MD simulation. This model provides us with the per-

17The same starting configuration was used for all beads.
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formance indicator
𝑡𝑃
𝑡𝑆
≈ 3, (4.15)

according to which the performance of an implementation of the pMD al-
gorithm described in subsection 4.2.3 is said to be optimal if its runtime is at
most thrice that of its analogous standard MD simulation.

Figure 4.25: A plot relating the runtimes of pMD simulations of the system
LYSOBENZ with various atom counts to the runtimes of their analogous
standard MD simulations on the JUWELS Booster. The factor-of-three in
runtime, which can be seen consistently for all atom counts, is a first indica-
tion of good performance.

To analyze the performance of our pMD implementation on the basis of the
above indicator, we benchmarked standard MD and pMD simulations us-
ing the same simulated system and atom counts as in the profiling runs on
the JUWELS Booster. Also, the inputs, simulation parameters and setup (in-
cluding the OpenMP thread count and affinity plan) remained unchanged.
Using separate PME ranks was disabled by passing -npme 0 to mdrun. The
simulations were run for 30,000 time steps, with timers and performance
counters being reset after 25,000 time steps to avoid measuring the auto-
tuning and optimization phase that takes place at the start of GROMACS
simulations. Comparing the standard MD runtime to the pMD runtime✶ ,
we observed the factor-of-three as shown in the plot of figure 4.25.
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DEFINITION : PMD RUNTIME

The maximum runtime of all replicas of the multi-simulation that is
the pMD simulation. The runtime of each replica is obtained from its
GROMACS log file.

The close alignment of the experimental results with the prediction of the
performance indicator from equation (4.15) should not be taken as a defini-
tive indicator of optimal or even near-optimal performance. The low node
count was chosen specifically to reduce MPI-parallel effects (e.g., commu-
nication time and synchronization overhead) that are notoriously difficult
to accurately model. It is possible that a sub-optimally performing pMD
implementation could perform similarly at this node count but significantly
worse at higher node counts. Therefore, for a complete performance analy-
sis, one must factor in the performance at various node counts, which we’ve
done via our strong-scaling test reported in subsection 4.3.6 and our weak-
scaling test reported in subsection 4.3.7. Nevertheless, the results of the
above experiments can be understood to be the first indication of good per-
formance.

4.3.5 Benchmarking pMD with DD

To analyze the performances of the centralized and the decentralized twin-
finding algorithms and to compare them with one another, we performed
strong-scaling tests of pMD simulations using these algorithms for the sys-
tem LYSOBENZ (with∼ 100𝑘 atoms) on the JUWELS Booster. To reproduce
these tests for a different simulated system, we repeated them for A2A-
ZMA, the results of which are presented separately (for clarity) in appendix
section B.1.

Strong Scaling Within Single Node

In these strong-scaling tests, since we were interested in analyzing the per-
formance of DD, it was necessary to minimize the noise introduced by the
bead-level parallelism. Consequently, the size of the fictitious polymer was
limited to three beads, with each bead being allocated a separate JUWELS
Booster node. The core count per bead was increased successively in terms
of the number of MPI tasks dedicated to DD. To eliminate the performance
effects of OpenMP-based parallelism, each MPI task was assigned a single
thread pinned to a single core. Since the two twin-finding algorithms per-
tain only to PP-based DD, allocation of separate PME ranks was disabled.
As in the performance tests of the previous subsection, each simulation was
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Figure 4.26: Left subfigure shows the strong-scaling performances of pMD
simulations using DD via the centralized and the decentralized twin-finding
algorithms. Right subfigure shows the runtime factor-of-three of pMD sim-
ulations using DD via the decentralized twin-finding algorithm with respect
to their analogous standard MD simulations. In both subfigures, the simu-
lations are of the system LYSOBENZ (with ∼ 100𝑘 atoms).

run for 30,000 time steps and the clocks and performance counters were re-
set after 25,000 time steps. Here, FDM stabilization was disabled18.

The results are presented in figure 4.26. As originally hypothesized, we
could confirm that the decentralized twin-finding algorithm performs sig-
nificantly better than the centralized one, making it the algorithm of choice
for DD support. Comparing the strong-scaling performance of our pMD im-
plementation using DD via the decentralized twin-finding algorithm to that
of standard MD (as shown for the analogous runs depicted in figure 4.4), it
can be seen that they scale very similarly. Further, as seen in the right subfig-
ure of figure 4.26, even when using DD (via the decentralized twin-finding
algorithm), the desirable runtime factor-of-three could be observed.

Strong Scaling Beyond Single Node

To analyze the performance of our pMD implementation when transcend-
ing the single node, we also conducted a strong-scaling test using DD via
the decentralized twin-finding algorithm with three beads and going up to
20 JUWELS Booster nodes per bead. Here, the allocation of separate PME
ranks was enabled. The results of this test showed that good speedups could
be achieved, with the simulation ultimately running 10 times faster, albeit at

18For completeness, FDM stabilization was enabled with maximum frequency for the tests reported in appendix
section B.1.
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Figure 4.27: A plot demonstrating the runtime factor-of-three for pMD
simulations of the system LYSOBENZ (with ∼ 100𝑘 atoms) using DD via
the decentralized twin-finding algorithm with three beads, using up to 20
JUWELS Booster nodes per bead and with separate PME ranks enabled.
Good speedups were obtained, albeit at progressively degrading strong-
scaling efficiencies.

a low strong-scaling efficiency of 37%. Also here, the factor-of-three could
be observed, as presented in figure 4.27.

Energy Consumption

Figure 4.28: A plot relating the energy consumption of pMD simulations
of the system LYSOBENZ (with ∼ 100𝑘 atoms) with three beads for 30,000
time steps to the number of MPI ranks given to DD (via the decentralized
twin-finding algorithm). The energy consumption dropped by a factor of
27 from when DD was disabled to when it was enabled with as many MPI
ranks as cores in one JUWELS Booster node.

Another interesting aspect of running pMD simulations using DD is the
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sharp reduction in energy consumption. Using the monitoring infrastruc-
ture LLview developed by the Jülich Supercomputing Center [117], we were
able to report the energy consumption of the strong-scaling test simulations.
As shown in figure 4.28, the energy required to run a pMD simulation for
30,000 time steps reduced strongly and progressively as the number of MPI
ranks dedicated to DD increased, with a total reduction by a factor of 27.
Extrapolating from this information, running a pMD simulation for 10 mil-
lion time steps would need ∼ 1.453 MWh without DD and only ∼ 53 kWh
with DD at 48 MPI ranks per bead.

To conclude, the above results have made it clear that the decentralized
twin-finding algorithm is preferable to the centralized twin-finding algo-
rithm. Further, our pMD implementation showed excellent strong-scaling
performance when using DD via the decentralized twin-finding algorithm.
Moreover, the factor-of-three observed in all tests indicates that the perfor-
mance of our pMD implementation is good at low node counts.

4.3.6 Benchmarking with GPU Offloading

As detailed in subsection 4.2.9, enabling GPU offloading in pMD simula-
tions is achieved by providing the mdrun program any combination of the
command-line options, -bonded, -nb, -pme and -update, followed each
time by gpu. For this to work, a GPU-enabled GROMACS build is required,
for which we built GROMACS with CUDA support. Since each combina-
tion can potentially have different performance implications, we performed
pMD simulations of the A2A-ZMA system (with ∼ 150𝑘 atoms), once for
each combination, on one node of the JUWELS Booster with access to four
GPUs. The results of these runs are provided in table 4.1.

gpu -nb -bonded -pme -update
-nb 53.734 33.684 Error1

-bonded Error2 Error3
-pme Error2

-update (Symmetric Entries)
-nb -bonded -pme -update Error1
-nb -bonded -pme 32.364

Error1 Only the md integrator is supported.
Error2 Nonbonded interactions must also run on GPUs.
Error3 Short-ranged, non-bonded interactions must also run on GPUs.

Table 4.1: Runtime (in seconds) with different GPU-offloading combina-
tions. However, as can be seen, some combinations resulted in errors.

These simulations were performed for a fictitious polymer with four beads,
with one bead/GPU. As in the tests conducted in subsections 4.3.4 and 4.3.5,
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they were run for 30,000 time steps of which only the last 5,000 time steps
were timed. Importantly, the stochastic dynamics (SD) integrator was used,
which, we had established during the testing-for-correctness phase, can be
used to sample the distribution of equation (4.2). However, this resulted in
Error1 for the combinations with -update, which tells us that this option
is only supported for the default leap-frog integrator. As table 4.1 makes it
clear, not all combinations are feasible.

Of the three viable combinations, It can be seen that -nb gpu -bonded
gpu -pme gpu is the fastest19. We note that it is much faster than pMD
using DD. Using DD, a pMD simulation of three beads across three nodes
(with one bead/node) takes∼ 68 s, whereas using force-offloading to GPUs,
the same pMD simulation but with four beads and a single node takes ∼
32 s. Neglecting scaling effects for the small difference in node counts, in
the time it takes to simulate one bead in the former mode, 8 beads can be
simulated in the latter mode.

Increasing GPU Utilization and Throughput

DEFINITION : OVERLAY FACTOR

The number of beads processed by a single GPU.

Using the information from LLview, it was observed that, despite the excel-
lent performance, the average GPU utilization was quite low, at 30%. Since
there is information suggesting that running multiple simulations per GPU
in parallel can increase overall GPU utilization, we decided to investigate
it [103]. To this end, we conducted the ”overlay” test —a series of pMD sim-
ulations of the system A2A-ZMA using the four GPUs of a single JUWELS
Booster node in which we studied the effects of overlaying increasing num-
bers of beads on each GPU. Specifically, we were interested in seeing the
relationship between the overlay factor✶ and average GPU utilization and
throughput✶ . The test simulations were run after starting the CUDA Multi-
Process Service (MPS) for better hardware utilization [103].

DEFINITION : PMD THROUGHPUT

The size of the fictitious polymer (viz., the number of beads) that can
be simulated in a given time.

19From now on, any mention of force-offloading to GPUs must be taken to mean this combination.
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Figure 4.29: Subfigures showing the results of the overlay test conducted
using the four GPUs of one JUWELS Booster node by running pMD sim-
ulations of the system A2A-ZMA (with ∼ 150𝑘 atoms) with four beads for
30,000 time steps. Top left subfigure shows how the average GPU utiliza-
tion increases with the overlay factor, from 30% at 1 bead/GPU to 74% at
12 beads/GPU. Top right subfigure shows the runtime increasing with the
overlay factor. Bottom subfigure shows the increase in throughput with in-
creasing overlay factor in terms of number of beads simulated per hour.

The results of this test are visualized by the plots in figure 4.29. As expected,
the average GPU utilization of the simulations increased with the overlay
factor, from 30% at 1 bead/GPU to 74% at 12 beads/GPU. On the other
hand, the runtime of the simulations also increased by a total factor of 6 in
the same range. Nevertheless, as a result of better average GPU utilization,
the throughput also increased sharply.

This information puts the user at the crossroads of throughput and speed;
overlaying helps increase the GPU utilization (and hence throughput) sig-
nificantly but also simultaneously increases the runtime noticeably. In prac-
tice, however, the resolution to this dilemma comes easily. Firstly, over-
laying becomes unavoidable when the simulation requirement approaches
the hardware-resource limit (viz., the number of GPUs available) and the
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fictitious polymer has too many beads to be accommodated. Secondly, in-
creasing the throughput is a good way of saving computing time, espe-
cially when it is a limited resource. For example, in the overlay test, we
noticed that overlaying 12 beads/GPU effectively halved the core-hour us-
age as compared to when not overlaying.

Strong Scaling Across JUWELS Booster

To investigate the strong-scaling performance of our pMD implementation
when using force-offloading to GPUs, we conducted a series of strong-
scaling tests by running pMD simulations of the system A2A-ZMA in the
size scales of small (with 384-2,400 beads), medium (with 5,760 beads) and
large (with 9,600 beads) involving 8 to 800 JUWELS Booster nodes. The
results of these tests are provided in the subfigures of figure 4.30.

Figure 4.30: Subfigures showing the results of the strong-scaling tests of
pMD simulations of the system A2A-ZMA (with ∼ 150𝑘 atoms) using the
JUWELS Booster’s GPUs. The top two subfigures represent the small scale,
with 8 to 200 JUWELS Booster nodes. The bottom-left subfigure represents
the medium scale, with 180 to 480 JUWELS Booster nodes. The bottom-right
subfigure represents the large scale, with simulations using 480, 600 and 800
JUWELS Booster nodes.
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To conclude, even without making use of the GPU-resident mode, we re-
port excellent speedups of pMD simulations when using force-offloading
to GPUs compared to when using DD. Following up on a valuable hint
provided by previous research, we identified a way to increase the aver-
age GPU utilization and hence improve throughput on GPUs. Finally, our
strong-scaling tests reveal the excellent scaling performance of the combi-
nation of our pMD implementation and GPU offloading, spanning multiple
scales and large node counts.

4.3.7 Extreme Weak Scaling to 94% of JUWELS Booster

Figure 4.31: Illustration of the affinity policy used for the weak-scaling tests
on the JUWELS Booster.

Perhaps the most remarkable characteristic of the pMD algorithm is that
it converts the time-scale problem of standard MD i.e., ”How long can we
simulate?”, into a size-scale problem i.e., ”How many beads can we simu-
late?”, by virtue of its theoretical foundation. This has a profound perfor-
mance implication —the inherently serial nature of the time evolution in
standard MD is exchanged for the inherently parallel approach of the pMD
algorithm. The beads of the pMD algorithm’s fictitious polymer represent
work that can be very efficiently parallelized; by allocating hardware to ev-
ery new bead, the fictitious polymer can be extended indefinitely. In theory,
this makes it the perfect weak-scaling application.

To determine the veracity of the above statement in actual practice, we per-
formed a large-scale weak-scaling test of our pMD implementation on the
JUWELS Booster. In this test, pMD simulations of the system A2A-ZMA
(with∼ 150𝑘 atoms) were performed with force-offloading to GPUs without
bead overlaying, in which the node count —and hence, automatically, the
bead count —was progressively increased. In each node, each bead was al-
located one GPU (for the force computations) and 12 closely placed threads
(for the update) with SMT disabled and exactly one direct connection to the
GPU. The affinity policy is as shown in figure 4.31. The results of the weak-
scaling test are shown in figure 4.32. Going up to 875 JUWELS Booster nodes
and making use of 3,500 GPUs and 42,000 CPUs, we observed at least 72%
weak-scaling parallel efficiency, which (at this scale) is outstanding weak-
scaling performance. Moreover, a plateauing of the efficiency can be ob-
served at about 50% of the JUWELS Booster.
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Figure 4.32: A plot showing the excellent weak-scaling performance of
our pMD implementation on the JUWELS Booster, with force-offloading to
GPUs.

As mentioned in subsection 4.2.1, our primary motivation to implement our
pMD algorithm was to be able to carry out MoP simulations. Therefore, to
look into the weak-scaling performance of metadynamics simulations per-
formed using our pMD implementation coupled with the PLUMED library,
we conducted a weak-scaling test identical to the above test with the only
difference being the use of a PLUMED input file that defines a polymer end-
to-end CV. This file is provided in the appendix section B.2. Of course, to
correctly interpret and execute the instructions contained in this input file,
this test had to be conducted using a GROMACS build that was modified
using our PLUMED patch, linking with our modified version of PLUMED
v2.9.0 that integrates the changes mentioned in subsection 4.2.10. Here, the
results are quite similar to the tests run without PLUMED. They show the
excellent weak-scaling performance of the combined software, with at least
70% weak-scaling parallel efficiency going up to 875 JUWELS Booster nodes
and making use of 3,500 GPUs and 42,000 CPUs as shown in figure 4.33.
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Figure 4.33: A plot showing the excellent weak-scaling performance of our
pMD implementation on the JUWELS Booster, patched using our PLUMED
patch and linking with our modified version of PLUMED v2.9.0, with force-
offloading to GPUs.

4.4 Conclusion

In this work, we’ve designed a pMD algorithm to perform trajectory-space
simulations and implemented it in GROMACS v2024. We’ve optimized
its communication to reduce waiting time for all communicators, and its
computational kernels for OpenMP-based auto-vectorization and shared-
memory parallelism. During initial testing, we discovered the need for sta-
bilization of an internal FDM computation and subsequently implemented
an error-reduction strategy that reduces the total energy drift considerably.
Moreover, we implemented a scheme to mitigate the error caused by COM
motion, to increase the overall accuracy of the simulation. After the im-
plementation was completed, we ran correctness tests using several sys-
tems that highlighted the strengths and limitations of our pMD implemen-
tation. By benchmarking our pMD implementation on the JUWELS Booster
and with the help of the factor-of-three performance modeling, we demon-
strated that it is efficient at low node counts.

Since the pMD algorithm was conceived to ultimately serve as a tool to ap-
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ply MoP, we’ve adapted our pMD implementation to make it compatible
with the metadynamics engine available in the PLUMED library. Similarly,
we’ve adapted the PLUMED patch for GROMACS to allow our pMD im-
plementation to make the necessary PLUMED function calls. Moreover,
we’ve adapted the PLUMED interface to signal, parameterize and control
MoP simulations by means of the PLUMED Custom function, and imple-
mented the necessary changes in a yet unreleased copy of the PLUMED
library v2.9.0. Further, we’ve tested the adapted interface for correctness
and conducted preliminary testing of the complete MoP machinery.

To be able to leverage the performance advantage offered by GROMACS’
DD, we invented two algorithms to provide our pMD implementation with
the extensions necessary for this mode of parallelism. Further, we imple-
mented both algorithms and optimized them for high asynchronicity of
communication. By benchmarking simulations with either algorithm on
the JUWELS Booster, we observed that the decentralized twin-finding al-
gorithm provides the best performance. In fact, it was shown that this
algorithm meets the requirement of the factor-of-three model at low node
counts. Moreover, using it, our pMD implementation showed very simi-
lar strong-scaling performance to standard MD, both within and beyond
the single node. Applying DD across multiple nodes via the decentralized
twin-finding algorithm resulted in significant performance improvements,
albeit at low strong-scaling parallel efficiencies.

Finally, we’ve shown how our pMD implementation can make use of GRO-
MACS’ native force-offloading to GPUs and that it can be much faster
than single-node DD on the JUWELS Booster. We’ve analyzed the perfor-
mance of force-offloading to GPUs for hardware resource utilization, high-
lighted how simulation throughput can be increased and conducted ex-
tensive strong-scaling tests at various node counts to reveal the excellent
strong-scaling parallel efficiency of our implementation in this mode. Most
importantly, we’ve shown its excellent weak-scaling performance in large-
scale tests going up to 875 nodes of the JUWELS Booster with at least 72%
parallel efficiency even at large node counts. Furthermore, we conducted
the same tests with PLUMED to demonstrate similar performance with a
minimum 70% weak-scaling parallel efficiency.

This work has paved the road to studying complex biophysical processes
by enhanced sampling via MoP. The resulting code has been shown to be
high-performing and efficient, and its efficacy can now be determined by
applying it to study real scientific systems.
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For those who believe that things are best understood with a paper and pen.
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Chapter 5

Scalability of 3D DFT by
Block-Tensor-Matrix
Multiplication on the JUWELS
Cluster

This chapter is based on publication (A.) “List of Publications” (p. 4). Ver-
batim quotes of this publication are indicated as ”...” (A.). They may extend
over several pages and have been reformatted to fit in this monograph.

5.1 Introduction and Motivation

”Many fields of numerical simulation such as astrophysics, plasma physics
and molecular dynamics (MD) involve computing the pair-wise long-range
interactions between the physical system’s constituents [118–120]. Some
examples are gravitational forces, Van der Waals and electrostatic interac-
tions. This computation is time-consuming and often restricts sizes and time
scales. For example, in atomistic MD simulations of bio-physical systems,
the sizes to be simulated can be very large —ranging up to 109 [38] particles
—and computing the long-range interactions is typically responsible for 90
% of the total run-time. This problem is particularly relevant in the field of
quantum mechanics-based MD simulations [73]. To limit the computational
costs and improve scaling, techniques derived from the Ewald summation
method are extensively used, which utilize the three dimensional Discrete
Fourier Transform (3D DFT) —both to ensure the convergence of the calcu-
lation and to gain speed-up [61, 65, 121]. Therefore, improving the scala-
bility of the parallel 3D DFT is very desirable as it will extend the scope of
these simulations —enabling the study of larger and more complex systems
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and for longer times —exploiting modern, massively parallel computer ar-
chitectures [122].

The DFT operation is typically applied using any of the set of algorithms
known collectively under the name of Fast Fourier Transform (FFT) [123].
Specifically, variants of the Cooley-Tukey FFT algorithm are the most com-
monly employed. They break the original DFT problem down into a tree of
smaller DFT problems, which are sometimes solved recursively and more
often non-recursively [124]. This results in a drastic reduction of arithmetic
complexity from 𝑂(𝑁2) of the naı̈ve algorithm, down to 𝑂(𝑁𝑙𝑜𝑔2𝑁). Sim-
ilarly, the 3D FFT operation reduces the arithmetic complexity from 𝑂(𝑁4)
to 𝑂(𝑁3𝑙𝑜𝑔2𝑁). Depending on the size of the problem, this may consider-
ably reduce the run-time of computer applications. However, in the context
of distributed-memory computers, the run-time of the 3D FFT is dominated
by communication, which can make up to 80-95% of it [125, 126], and so
there is still interest in improving the scaling performance of the 3D FFT
algorithm [125–128].

Reports suggest that the high fraction of communication time of the 3D FFT
is due to its unavoidable use of all-to-all communications [125, 129]. Further,
on the Fugaku supercomputer, it has been shown that 3D FFT algorithms
that make use of point-to-point communication scale better than those that
make use of all-to-all communication [126]. This indicates that one may
profit from 3D DFT algorithms that achieve better scalability by means of
alternative communication patterns.

In order to achieve better scalability by swapping all-to-all for point-to-point
communication, in 2015, Sedukhin et al. studied the scalability of an alterna-
tive algorithm that makes use of point-to-point communication to compute
the 3D DFT, albeit at the significantly higher arithmetic complexity of𝑂(𝑁4)
as compared to that of 𝑂(𝑁3 log𝑁) of the 3D FFT algorithm. Their work
implemented a point-to-point orbital algorithm that targeted the IBM Blue
Gene/Q computer, which is based on a 5D torus topology. Their bench-
marking revealed worse overall performance of their implementation com-
pared to that of the standard 3D FFT implementations of the time. How-
ever, the authors noted that, for a single node, their implementation of the
core computational operation of the algorithm —the tensor-matrix multi-
plication —achieved 20% of the corresponding peak performance, and con-
cluded with the speculation that a more efficient implementation could out-
perform the 3D FFT algorithm for very large node counts [130]. Since then,
the computational power of CPUs has grown more than the speed of the
interconnects between the nodes [131], a fact which leans in favour of this
alternative approach.

Inspired by the work of Ref. [130], we have designed and implemented a
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new 3D DFT algorithm that makes use of point-to-point communication,
and benchmarked it on the JUWELS Cluster [32] at the Jülich Supercomput-
ing Center. This cluster is based on the fat tree network topology, which
is one of the most commonly adopted network topologies nowadays. Our
algorithm —which we refer to as 3D DFT by block tensor-matrix multiplica-
tion —is based on specially adapted variants of Cannon’s algorithm, which,
in its original form, is an efficient distributed-memory matrix-matrix mul-
tiplication algorithm suited for square matrices [132–134]. We chose this
algorithm because of its scalability [133] and the simplicity of its implemen-
tation. Our adaptations not only make it possible to use tensor operands,
but also enable the utilization of the well-known strategy of overlapping
communication and computation —by dedicating a thread to communica-
tion with the help of a custom work-sharing function for OpenMP-based
multithreading —in an effort to hide the latency of communication. Fur-
ther, by carefully applying only static scheduling, which almost entirely
eliminates the use of processor interconnects in a non-uniform memory ac-
cess (NUMA) setup, our implementation enables the efficient use of mul-
tithreading across NUMA domains. This avoids the use of distributed-
memory parallelism within a shared-memory space, thereby increasing the
efficiency of hardware resource utilization on the single node level.

We have implemented our algorithm as a C++ library that we named S3DFT
and compared it with two competitive FFT implementations, namely, the
FFTW3 library [124] and the Intel Math Kernel Library (MKL). This choice
is motivated by the fact that these libraries are well-established, high-
performing and arguably the most used worldwide in various applica-
tions1. The results demonstrate strong scaling of S3DFT up to the maxi-
mum number of 16, 464 cores considered. However, we found its overall
performance to fall behind those of its competitors. A detailed analysis un-
covered the source of the problem in two of its distributed-memory compo-
nents that scale poorly owing to how their intrinsic communication patterns
are mapped in subsets of the fat tree topology. Algorithmic variants of these
components designed to overcome this problem significantly improved the
strong-scaling performance of S3DFT, but did not lead to overall increase of
its performance due to the overhead of the additional global data transpo-
sitions required.

Summarizing the main contributions of our work:

• We have designed and implemented a 3D DFT algorithm that uses
only point-to-point communication.

1The Intel Math Kernel Library is the fastest and most-used math library for Intel-based systems (data from
Evans Data Software Developer survey, 2022). The reference publication discussing the implementation of
FFTW3 [124] has more than 3,200 citations in papers and more than 40 citations in patents.
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• In this endeavour, we have designed, implemented and analyzed the
performance of variants of Cannon’s algorithm with adaptations that
extend its use for block tensor-matrix multiplications on volumetri-
cally decomposed domains.

• We have exposed a potential drawback when running block-wise par-
allel algorithms on machines with a fat tree network.

• We have compared the strong scaling performance of S3DFT with that
of FFTW3 and Intel MKL on the pre-exascale JUWELS Cluster at the
Jülich Supercomputing Center. This represents useful information for
researchers who routinely use these popular 3D FFT libraries on simi-
lar machines.

The paper is organized as follows. Section 5.2 introduces the notation used
throughout the paper, reviews key concepts needed to describe our 3D DFT
algorithm, and describes the modeling of the overlapping of the communi-
cation and the computation used to select the combination of block size and
node count in the performance analysis of the distributed-memory block
tensor-matrix multiplication algorithm. Section 5.3 outlines the details of
the actual implementation of S3DFT. Section 5.4 provides the specifications
of the JUWELS Cluster that was used for the benchmarking. Section 5.5
presents a performance analysis of the core functions and provides insights
into the overall performance of the algorithm. Finally, sections 5.6 and 5.7
discuss the results of comparisons of S3DFT with FFTW3 and Intel MKL
and put forward our conclusions” (A.).

5.2 Theory

5.2.1 3D DFT by Block Tensor-Matrix Multiplication

The DFT for a sequence of 3D operand data 𝑥(𝑙,𝑚, 𝑛) ∈ C can be written
as [130]2

𝑦(𝑖, 𝑗, 𝑘) =
𝑁−1∑︁
𝑛=0

𝑁−1∑︁
𝑚=0

𝑁−1∑︁
𝑙=0

𝑥(𝑙,𝑚, 𝑛) 𝑐(𝑙, 𝑖) 𝑐(𝑚, 𝑗) 𝑐(𝑛, 𝑘) (5.1)

where the coefficients

𝑐(𝑛1, 𝑛2) = exp(−𝑖 2𝜋
𝑁
𝑛1𝑛2) ∀ 0 ≤ 𝑛1, 𝑛2 < 𝑁

define the DFT matrix 𝐶 ∈ C𝑁×𝑁 . Making use of the formalism of Kolda
et al. [135], the operand data 𝑥(𝑙,𝑚, 𝑛) can be viewed as an order-3 tensor3

2In this work, we only consider the case in which the operand data 𝑥(𝑙,𝑚, 𝑛) can be arranged as a cube, i.e.,
0 ≤ 𝑙,𝑚, 𝑛 < 𝑁 . To extend the functionality to irregular cuboids, load balancing schemes must be additionally
developed, which goes beyond the scope of this work.

3For brevity, henceforth, we shall take ”tensor” to mean the order-3 tensor.
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𝑋 ∈ C𝑁×𝑁×𝑁 existing in a 3D space defined by orthogonal directions 1, 2, 3,
with the data 𝑥(𝑙,𝑚, 𝑛) arranged as a cubic mesh. Now, we introduce a right
product of 𝑋 and a matrix 𝐴 ∈ C𝑁×𝑁 in terms of their mode-3 product as

𝑍𝑅 = 𝜌𝑅(𝑋,𝐴) = 𝑋 ×3 𝐴
𝑇 , (5.2)

and a left product in terms of their mode-2 product* as

𝑍𝐿 = 𝜌𝐿(𝑋,𝐴) = 𝑋 ×2 𝐴
𝑇 , (5.3)

where 𝑍𝑅, 𝑍𝐿 ∈ C𝑁×𝑁×𝑁 .” (A.)

DEFINITION : TENSOR

Multi-dimensional arrangement of real or complex values that gen-
eralizes vectors (order-1 tensors) and matrices (order-2 tensors) to arbi-
trary dimensions. Just as a matrix can be viewed in terms of its row
and column vectors, so can a tensor be viewed in terms of its fibres and
slices in at least six distinct ways.

”These products can be conceived as a set of independent matrix-matrix
multiplications as detailed in algorithms 1 and 2. To visualize this, one can
view 𝑋 as a stack of 𝑁 matrices 𝑋(𝑟) ∈ C𝑁×𝑁 for 0 ≤ 𝑟 < 𝑁 , which we shall
call the slices of the tensor, piled up along any of the 3 orthogonal directions.
In practice, to ensure a contiguous memory layout for optimal data access,
we fix the piling direction to direction 1, as illustrated in figure 5.1.” (A.)
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Algorithm 1 Procedure to perform the tensor-matrix multiplication 𝜌𝑅.
Here, 𝑍(𝑟)

𝑅 , 𝑋(𝑟) and 𝐴 are matrices. The tensors 𝑍𝑅, 𝑋 can be obtained
by stacking their slices 𝑍(𝑟)

𝑅 , 𝑋(𝑟) along dimension 1 (see figure 5.1a).
1: for 𝑟 ← 0 to 𝑁 do
2: 𝑍

(𝑟)
𝑅 ← 𝑋(𝑟)𝐴

3: end for

Algorithm 2 Procedure to perform the tensor-matrix multiplication 𝜌𝐿.
Here, 𝑍(𝑟)

𝐿 , 𝑋(𝑟) and𝐴 are matrices. The tensors 𝑍𝐿, 𝑋 are obtained by stack-
ing the slices 𝑍(𝑟)

𝑅 , 𝑋(𝑟) along dimension 1 (see figure 5.1b).
1: for 𝑟 ← 0 to 𝑁 do
2: 𝑍

(𝑟)
𝐿 ← 𝐴𝑇𝑋(𝑟)

3: end for

DEFINITION : 𝑛-MODE PRODUCT

The 𝑛-mode product (referred to specifically as ”mode-3” and ”mode-
2” products in (A.)) is obtained by multiplying each mode-𝑛 fibre of
𝑋 ∈ C𝑁×𝑁×𝑁 with a matrix𝐴 ∈ C𝑁×𝑁 and is represented by𝑋×𝑛𝐴. If
𝑋 were to be unfolded into a matrix 𝑋(𝑛) i.e., the data in 𝑋 is arranged
such that the mode-𝑛 fibres of 𝑋 are the column vectors of 𝑋(𝑛), then
𝑋 ×𝑛 𝐴 = 𝑈𝑋(𝑛).

Figure 5.1: ”Visualization of the procedures to compute the tensor-matrix
multiplications (a) 𝜌𝑅 and (b) 𝜌𝐿, as a set of independent matrix-matrix mul-
tiplications” (A.).

”Using the products defined by equations (5.2) and (5.3), it can be shown
that the 3D DFT equation (5.1) can be rewritten in terms of tensor-matrix
multiplications as

𝑌 = 𝜏2(𝜌𝑅(𝜏2(𝜌𝐿(𝜌𝑅(𝑋,𝐶), 𝐶)), 𝐶)) (5.4)
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where 𝑋, 𝑌 ∈ C𝑁×𝑁×𝑁 are the input and output tensors respectively, and
𝐶 ∈ C𝑁×𝑁 is the DFT matrix. The operation 𝜏𝑘 : C𝑁×𝑁×𝑁 → C𝑁×𝑁×𝑁

indicates the transposition of the slices along piling direction 𝑘 ∈ {1, 2, 3} of
the operand tensor. In this specific case, this is applied along direction 𝑘 = 2.

In the implementation, the calculation of the transform via equation (5.4)
can be performed in three stages [130]. In the first stage, the tensor-matrix
multiplication of the input data with the DFT matrix is carried out as per
algorithm 1,

𝑌̇ = 𝜌𝑅(𝑋,𝐶). (5.5)

In the second stage, a similar procedure is performed, this time using the
output of the first stage, and as per algorithm 2,

𝑌 = 𝜌𝐿(𝑌̇ , 𝐶). (5.6)

In the third stage, the piling direction for the tensor-matrix multiplication
changes from 1 to 3. Consequently, in order to ensure a contiguous memory
layout for the subsequent multiplication, a preliminary step must be per-
formed in which 𝑌 is subjected to the transpose operation represented by
𝜏2. After this, the final tensor-matrix multiplication is carried out as per al-
gorithm 1. At the end, the transpose operation 𝜏2 is applied once more to
arrange the result in the same spatial layout as the input tensor 𝑋 . Putting
everything together, the third and final stage implements the following op-
erations:

𝑌 = 𝜏2(𝜌𝑅(𝜏2(𝑌 ), 𝐶)). (5.7)

The tensor 𝑌 contains the result of the forward DFT operation of equa-
tion (5.4)” (A.).

For brevity’s sake, we have focused only on the forward transform and
omitted an explanation of the inverse transform, which can be obtained in a
straightforward and similar fashion using the inverse DFT matrix.

5.2.2 Adaptation of Cannon’s Algorithm for Block Tensor-
Matrix Multiplication

”In this subsection, we provide the designs of the procedures which make
use of the basic idea of Cannon’s algorithm [132] to perform the operations
of equations (5.5), (5.6), (5.7), resulting in three unique distributed-memory
block tensor-matrix multiplication algorithms.

In order to enable the use of as many Processing Elements (PEs) as pos-
sible, the tensors 𝑋 and 𝑌 from equation (5.4) are subjected to the vol-
umetric domain decomposition [126, 129, 130], resulting in a cubic mesh
comprising 𝑝3 PEs (see figure 5.2). Each PE(𝑖, 𝑗, 𝑘) is accessible via indices
0 ≤ 𝑖, 𝑗, 𝑘 < 𝑝, and has locally allocated operand and result block tensors
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Figure 5.2: ”A tensor and a matrix are broken down into 𝑝3 and 𝑝2 blocks
(here, 𝑝 = 3), respectively. Each block is located in the memory of its corre-
sponding PE, as indicated by the number in the circles” (A.).

𝑋
(𝑏)
𝑖,𝑗,𝑘, 𝑌

(𝑏)
𝑖,𝑗,𝑘 ∈ C𝑏×𝑏×𝑏, and an operand block matrix 𝐶

(𝑏)
𝑗,𝑘 ∈ C𝑏×𝑏, which is

obtained by matrix decomposition. The block size is given by 𝑏 = 𝑁/𝑝.

Figure 5.2 is a schematic representation of volumetrically decomposed data
with 𝑝 = 3. In this example, it is shown how a tensor can be decomposed
into 𝑝3 block tensors, each of which is associated with and contained in the
memory of an independent PE. Moreover, it can be seen how an operand
matrix can be distributed to PEs in each block plane by decomposing it into
𝑝2 block matrices and assigning each block to a PE. A pictorial definition of
the block plane is also provided. To help the reader, in Table 5.1 we report
the notation used in the following discussion of the algorithms to indicate
the key elements depicted in figure 5.2” (A.).

DEFINITION : BLOCK PLANE

The plane containing all the block tensors that can be identified using
a particular direction-1 index 0 ≤ 𝑖 < 𝑝.

”We will start by focusing on the block tensor-matrix multiplication in-
volved in the first stage, given by equation (5.5). From the description of
𝜌𝑅 in algorithm 1 we recall that the slices of 𝑋 along piling direction 1 are



5.2 Theory 127

Table 5.1: ”Notation used in algorithms 3, 4, 5, 6 and 7. See figure 5.2 for
a schematic representation of the PE mesh and the corresponding locally
allocated block tensors and block matrices. More details are provided in the
text” (A.).

PE(𝑖, 𝑗, 𝑘) A PE located at indices (𝑖, 𝑗, 𝑘) in the cubic mesh
𝑋

(𝑏)
𝑖,𝑗,𝑘 Locally allocated operand block tensor

𝑌
(𝑏)
𝑖,𝑗,𝑘 Locally allocated result block tensor
𝐶

(𝑏)
𝑖,𝑗 Locally allocated DFT block matrix

𝑋
(𝑏)
𝑖,𝑗,𝑘 * 𝐶

(𝑏)
𝑗,𝑘 Tensor matrix multiplication (algorithm 1)

𝐶
(𝑏)𝑇
𝑗,𝑘 *𝑋

(𝑏)
𝑖,𝑗,𝑘 Tensor matrix multiplication (algorithm 2)

to be multiplied with 𝐶 (see also figure 5.1a). Analogously, here, the block
tensors in each plane orthogonal to piling direction 1 are to be multiplied
with 𝐶. The multiplication of each such block plane with 𝐶 can be executed
independently, and hence, parallely. It is for this multiplication that we can
utilize a scheme similar to that of the original Cannon’s algorithm, with the
essential deviation that one of the operand matrices and the result matrix
are replaced by operand and result tensors, respectively. The adapted algo-
rithm is composed of an alignment phase and a computation phase, with a
total of 𝑝 communication events. We define here a communication event as
a set of multiple, parallel message passing calls4. The alignment phase con-
sists of a single communication event involving 2𝑝2(𝑝−1) parallel messages,
whereas the computation phase consists of 𝑝−1 communication events, each
involving 2𝑝3 parallel messages respectively.

The algorithm for 𝜌𝑅 is as outlined in algorithm 3. In the alignment phase,
the block tensors 𝑋𝑏

𝑖,𝑗,𝑘 and block matrices 𝐶𝑏
𝑖,𝑗 are redistributed to differ-

ent PEs following the rules detailed in lines 1-6 of the procedure. In the
computation phase, the operation in line 8, which we refer to as the local
update, can be performed slice-wise as per algorithm 1, either sequentially,
or, when additional computational resources are available to each PE, using
a separate mode of parallelism, giving rise to multi-level parallelism. Addi-
tionally, the communication event (lines 10 and 11) and the local update can
be executed in parallel. At the end of the computation phase, the block ten-
sor 𝑌 (𝑏)

𝑖,𝑗,𝑘 located in each PE contains the block result of the desired product.
We observe here that the communication of block tensors (line 10) occurs
between PEs that are neighbours along direction 3 of the PE mesh.

The algorithm for the multiplication of the second stage, given by equa-
tion (5.6), is outlined in algorithm 4. It is very similar to that of the first

4Conceptually, parallel messages are passed independently and simultaneously by all PEs and thus the dura-
tion of a single communication event is decided by the most time-consuming message passing.
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Algorithm 3 ”Procedure of the adapted Cannon’s algorithm for the function
𝑌 = 𝜌𝑅(𝑋,𝐶). See Table 5.1 for definitions” (A.).

◁ Alignment phase:
1: if 𝑗 ̸= 0 then
2: send 𝑋

(𝑏)
𝑖,𝑗,𝑘 : PE(𝑖, 𝑗, 𝑘)→ PE(𝑖, 𝑗, (𝑘 + 𝑝− 𝑗) mod 𝑝)

3: end if
4: if 𝑘 ̸= 0 then
5: send 𝐶

(𝑏)
𝑗,𝑘 : PE(𝑖, 𝑗, 𝑘)→ PE(𝑖, (𝑗 + 𝑝− 𝑘) mod 𝑝, 𝑘)

6: end if
◁ Computation phase:

7: for 𝑟 ← 0 to 𝑝 do
8: 𝑌

(𝑏)
𝑖,𝑗,𝑘 ← 𝑌

(𝑏)
𝑖,𝑗,𝑘 +𝑋

(𝑏)
𝑖,𝑗,𝑘 * 𝐶

(𝑏)
𝑗,𝑘

9: if 𝑟 < 𝑝− 1 then
10: send 𝑋

(𝑏)
𝑖,𝑗,𝑘 : PE(𝑖, 𝑗, 𝑘)→ PE(𝑖, 𝑗, (𝑘 + 𝑝− 1) mod 𝑝)

11: send 𝐶
(𝑏)
𝑗,𝑘 : PE(𝑖, 𝑗, 𝑘)→ PE(𝑖, (𝑗 + 𝑝− 1) mod 𝑝, 𝑘)

12: end if
13: end for

Algorithm 4 ”Procedure of the adapted Cannon’s algorithm for the function
𝑌 = 𝜌𝐿(𝑋,𝐶). See Table 5.1 for definitions” (A.).

◁ Alignment phase:
1: if 𝑘 ̸= 0 then
2: send 𝑋

(𝑏)
𝑖,𝑗,𝑘 : PE(𝑖, 𝑗, 𝑘)→ PE(𝑖, (𝑗 + 𝑝− 𝑘) mod 𝑝, 𝑘)

3: end if
4: send 𝐶

(𝑏)
𝑗,𝑘 : PE(𝑖, 𝑗, 𝑘)→ PE(𝑖, 𝑘, (𝑗 + 𝑝− 𝑘) mod 𝑝)

◁ Computation phase:
5: for 𝑟 ← 0 to 𝑝 do
6: 𝑌

(𝑏)
𝑖,𝑗,𝑘 ← 𝑌

(𝑏)
𝑖,𝑗,𝑘 + 𝐶

(𝑏)𝑇
𝑗,𝑘 *𝑋

(𝑏)
𝑖,𝑗,𝑘

7: if 𝑟 < 𝑝− 1 then
8: send 𝑋

(𝑏)
𝑖,𝑗,𝑘 : PE(𝑖, 𝑗, 𝑘)→ PE(𝑖, (𝑗 + 𝑝− 1) mod 𝑝, 𝑘)

9: send 𝐶
(𝑏)
𝑗,𝑘 : PE(𝑖, 𝑗, 𝑘)→ PE(𝑖, 𝑗, (𝑘 + 𝑝− 1) mod 𝑝)

10: end if
11: end for

stage, albeit with minor changes in the pattern of communication. Here, it
is worth highlighting the fact that the communication of block tensors (line
8) occurs between PEs that are aligned along direction 2 of the PE mesh.

The algorithm for the third stage needs to incorporate the transpose opera-
tions represented by 𝜏2 in equation (5.7). Although these global transposi-
tions are unavoidable, we can avoid communication events by transposing
the PE mesh instead of the data itself. All the same, a local (i.e., not involv-
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Algorithm 5 ”Procedure of the adapted Cannon’s algorithm for the function
𝑌 = 𝜏2(𝜌𝐿(𝜏2(𝑋), 𝐶)). See Table 5.1 for definitions” (A.).

◁ First local transposition:
1: 𝑋

(𝑏)
𝑖,𝑗,𝑘 ← 𝜏2(𝑋

(𝑏)
𝑖,𝑗,𝑘)

◁ Alignment phase:
2: if 𝑗 ̸= 0 then
3: Send 𝑋

(𝑏)
𝑖,𝑗,𝑘 : PE(𝑖, 𝑗, 𝑘)→ PE((𝑖+ 𝑝− 𝑗) mod 𝑝, 𝑗, 𝑘)

4: end if
5: Send 𝐶

(𝑏)
𝑗,𝑘 : PE(𝑖, 𝑗, 𝑘)→ PE(𝑘, (𝑗 + 𝑝− 𝑘) mod 𝑝, 𝑖)

◁ Computation phase:
6: for 𝑟 ← 0 to 𝑝 do
7: 𝑌

(𝑏)
𝑖,𝑗,𝑘 ← 𝑌

(𝑏)
𝑖,𝑗,𝑘 +𝑋

(𝑏)
𝑖,𝑗,𝑘 * 𝐶

(𝑏)
𝑗,𝑘

8: if 𝑟 < 𝑝− 1 then
9: send 𝑋

(𝑏)
𝑖,𝑗,𝑘 : PE(𝑖, 𝑗, 𝑘)→ PE((𝑖+ 𝑝− 1) mod 𝑝, 𝑗, 𝑘)

10: send 𝐶
(𝑏)
𝑗,𝑘 : PE(𝑖, 𝑗, 𝑘)→ PE(𝑖, (𝑗 + 𝑝− 1) mod 𝑝, 𝑘)

11: end if
12: end for

◁ Final local transposition:
13: 𝑌

(𝑏)
𝑖,𝑗,𝑘 ← 𝜏2(𝑌

(𝑏)
𝑖,𝑗,𝑘)

ing communication) data transpose function is still required to perform the
transposition of the operand and result block tensors. The procedure of the
adapted Cannon’s algorithm for the third stage is provided in algorithm 5.
Note that, in this case, the communication of block tensors (line 9) occurs
between PEs that are aligned along direction 1 of the PE mesh” (A.).

5.2.3 Global Transpose Variants

”Our performance analysis of the distributed-memory block tensor-matrix
multiplication functions (see subsection 5.5.2) showed that the direction
along the PE mesh in which point-to-point communication between neigh-
bours takes place crucially decides the time of communication. This is due
to how the communication patterns of the algorithms are mapped into sub-
sets of the fat tree topology. To understand this, let us consider a simplified
visual example with 𝑝 = 2 and a fat tree network with two servers per edge,
as shown in figure 5.3. In the PE mesh, neighbours along all three directions
are equidistant pairs. However, in the network, depending on the stride be-
tween the neighbours, messages may cross 1, 3 or 5 switches, which leads
to three possible, distinct communication rates.

In practice, similarly, if 𝑝 is large enough in relation to the number of nodes
on the server level in the allocation, up to three distinct communication rates
can be realized. In our tests, we observed that the communication rate is the
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Figure 5.3: ”Neighbours along directions 3, 2 and 1 in the PE mesh (not
shown here) are 1-strided, 2-strided and 4-strided, respectively. This means
that messages between neighbours along directions 3, 2 and 1 must cross
1, 3 and 5 switches, respectively. This leads to different communication
rates” (A.).

highest for direction 3 in the PE mesh, followed by direction 2 and finally,
direction 1.

From algorithms 3, 4 and 5, it can be seen that the computation phase in-
volves 𝑝− 1 more communication events than the alignment phase, a num-
ber which scales linearly with the node count. To limit the communica-
tion to direction 3 as much as possible, we implemented variants of algo-
rithms 4 and 5, in which the data is globally transposed in the alignment
phase such that, in the computation phase, communication only occurs
between neighbours along direction 3. This strategy has additional costs:
(i) both procedures include an additional communication event after the
computation phase, in which the transposed data is transposed back; (ii)
in both procedures, local data transpositions become necessary before the
alignment phase and after the computation phase. The procedures for these
variants are provided in algorithms 6 and 7” (A.).

5.2.4 Modeling the overlapping of the communication and
the computation

”In the computation phase of all the distributed-memory algorithms dis-
cussed in the previous subsections, the communication event and the local
update can be overlapped to hide the latency of communication. To identify
configurations of block size and node count for which the highest efficiency
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Algorithm 6 ”Procedure of the global transpose variant of the adapted Can-
non’s algorithm for the function 𝑌 = 𝜌𝐿(𝑋,𝐶). See Table 5.1 for defini-
tions” (A.).

◁ First local transposition:
1: 𝑋

(𝑏)
𝑖,𝑗,𝑘 ← 𝜏1(𝑋

(𝑏)
𝑖,𝑗,𝑘)

◁ Alignment phase:
2: send 𝑋

(𝑏)
𝑖,𝑗,𝑘 : PE(𝑖, 𝑗, 𝑘)→ PE(𝑖, 𝑘, (𝑗 + 𝑝− 𝑘) mod 𝑝)

3: if 𝑘 ̸= 0 then
4: send 𝐶

(𝑏)
𝑗,𝑘 : PE(𝑖, 𝑗, 𝑘)→ PE(𝑖, (𝑗 + 𝑝− 𝑘) mod 𝑝, 𝑘)

5: end if
◁ Computation phase:

6: for 𝑟 ← 0 to 𝑝 do
7: 𝑌

(𝑏)
𝑖,𝑗,𝑘 ← 𝑌

(𝑏)
𝑖,𝑗,𝑘 +𝑋

(𝑏)
𝑖,𝑗,𝑘 * 𝐶

(𝑏)
𝑗,𝑘

8: if 𝑟 < 𝑝− 1 then
9: send 𝑋

(𝑏)
𝑖,𝑗,𝑘 : PE(𝑖, 𝑗, 𝑘)→ PE(𝑖, 𝑗, (𝑘 + 𝑝− 1) mod 𝑝)

10: send 𝐶
(𝑏)
𝑗,𝑘 : PE(𝑖, 𝑗, 𝑘)→ PE(𝑖, (𝑗 + 𝑝− 1) mod 𝑝, 𝑘)

11: end if
12: end for

◁ Global transpose:
13: send 𝑌

(𝑏)
𝑖,𝑗,𝑘 : PE(𝑖, 𝑗, 𝑘)→ PE(𝑖, 𝑘, 𝑗)

◁ Final local transposition:
14: 𝑌

(𝑏)
𝑖,𝑗,𝑘 ← 𝜏1(𝑌

(𝑏)
𝑖,𝑗,𝑘)

of a block tensor-matrix multiplication algorithm can be attained, it is use-
ful to separately model the time of the communication event and the time
of the local update in the problem size range of interest, as a function of the
block size. To this end, microbenchmark programs that exactly imitate the
communication event and the local update can be used. The obtained times
can then be fitted as polynomials. The points of intersection of the two fitted
curves fulfill the condition of maximum efficiency of the overlapping under
which the algorithm does not incur any communication overhead. This is
also the case in block size intervals in which the time of the local update is
always greater than that of communication. We used this approach to select
the configurations of block size and node count in our performance analysis
in subsection 5.5.2” (A.).
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Algorithm 7 ”Procedure of the global transpose variant of the adapted Can-
non’s algorithm for the function 𝑌 = 𝜏2(𝜌𝐿(𝜏2(𝑋), 𝐶)). See Table 5.1 for
definitions” (A.).

◁ First local transposition:
1: 𝑋

(𝑏)
𝑖,𝑗,𝑘 ← 𝜏2(𝑋

(𝑏)
𝑖,𝑗,𝑘)

◁ Alignment phase:
2: Send 𝑋

(𝑏)
𝑖,𝑗,𝑘 : PE(𝑖, 𝑗, 𝑘)→ PE(𝑘, 𝑗, (𝑖+ 𝑝− 𝑗) mod 𝑝)

3: if 𝑘 ̸= 0 then
4: Send 𝐶

(𝑏)
𝑗,𝑘 : PE(𝑖, 𝑗, 𝑘)→ PE(𝑖, (𝑗 + 𝑝− 𝑘) mod 𝑝, 𝑘)

5: end if
◁ Computation phase:

6: for 𝑟 ← 0 to 𝑝 do
7: 𝑌

(𝑏)
𝑖,𝑗,𝑘 ← 𝑌

(𝑏)
𝑖,𝑗,𝑘 +𝑋

(𝑏)
𝑖,𝑗,𝑘 * 𝐶

(𝑏)
𝑗,𝑘

8: if 𝑟 < 𝑝− 1 then
9: send 𝑋

(𝑏)
𝑖,𝑗,𝑘 : PE(𝑖, 𝑗, 𝑘)→ PE(𝑖, 𝑗, (𝑘 + 𝑝− 1) mod 𝑝)

10: send 𝐶
(𝑏)
𝑗,𝑘 : PE(𝑖, 𝑗, 𝑘)→ PE(𝑖, (𝑗 + 𝑝− 1) mod 𝑝, 𝑘)

11: end if
12: end for

◁ Global transpose:
13: send 𝑌

(𝑏)
𝑖,𝑗,𝑘 : PE(𝑖, 𝑗, 𝑘)→ PE(𝑘, 𝑗, 𝑖)

◁ Final local transposition:
14: 𝑌

(𝑏)
𝑖,𝑗,𝑘 ← 𝜏2(𝑌

(𝑏)
𝑖,𝑗,𝑘)

5.3 Details of Implementation

”The 3D DFT by block tensor-matrix multiplication algorithm was imple-
mented as a C++ library named S3DFT, which has a distributed-memory
Application Programming Interface (API —the set of functions which are
to be used to compute the 3D DFT) in both single and double precision.
The library was built using the Intel compiler and the Intel MKL and In-
tel MPI libraries, which are part of the Intel OneAPI v2021.4.0 toolkit suite.
It is open-source software available for use under the GNU Lesser General
Public License v3 (LGPL) [136].

S3DFT combines the use of shared- and distributed-memory parallelism by
means of an OpenMP/MPI hybrid approach. On the shared-memory level,
the computational work is identified by a set of slices of the operand ten-
sor. In all shared-memory functions, we use a custom work-sharing func-
tion, which (provided the number of threads is constant) always returns the
same set of indices of operand tensor slices for any given thread. This tac-
tic ensures that the association between operand data and threads does not
change. Combined with proper run-time thread pinning, it strongly reduces
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the number of non-local memory accesses in NUMA systems, which are sig-
nificantly slower than local memory accesses. This design makes sure that
S3DFT can be run with threads distributed across NUMA domains without
a performance drop. The excellent scaling of S3DFT across NUMA domains
is demonstrated by the performance analysis presented in subsection 5.5.1.

Initial profiling of the distributed-memory block tensor-matrix multiplica-
tion functions that implement algorithms 3, 4 and 5 (see subsection 5.5.2)
revealed that the time of communication significantly exceeds that of the lo-
cal update, which confirms our initial speculation that the communication
(and not the computation) would be the bottleneck. To hide the latency
of communication, we decided to dedicate one thread to communication.
Our work-sharing function fulfills this requirement by returning an empty
set for the communicating thread and distributing the slices of the operand
tensor amongst the remaining threads in a round-robin fashion.

The local update mentioned in subsection 5.2.2 has been realized by a
shared-memory tensor-matrix multiplication function, which computes the
product as a set of parallel matrix-matrix multiplications as shown in al-
gorithms 1 and 2. For this, we used the CBLAS implementation provided
by the Intel MKL v2021.4.0. We see from the strong scaling of the function
(figure 5.4b) that the difference in performance when all 48 cores are used
and when 47 cores are used is small, with the performance decreasing only
slightly from 88% to 85% of the single node peak performance. Hence, the
use of a dedicated communication thread does not reduce the performance
of the local update much” (A.).

5.4 Specifications of the JUWELS Cluster

”All benchmarks and tests in this work have been executed on the JUWELS
Cluster [32], which uses a fat tree network with InfiniBand interconnects.
The standard compute node has two cache-coherent NUMA domains. The
salient specifications are listed in table 5.2, and the peak bandwidths as ob-
tained with the Intel Advisor tool [137], in table 5.3. These numbers were
used as reference values while analysing the performance of the core func-
tions of the implementation.

Since Intel did not explicitly provide information on peak performance in
terms of FLOP/s at the time of writing of this article [138], the peak perfor-
mance of the compute node had to be estimated using the published speci-
fications. The base frequency of the Intel Xeon® Platinum 8168 processor is
2.7 GHz [139]. However, when all cores are active and the use of AVX-512
instructions is maximized, the clock frequency drops to 2.5 GHz [139]. The
processor is equipped with 2 AVX-512 Fused Multiply-Add (FMA) units per
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Table 5.2: ”Specifications of the standard compute node of the JUWELS
cluster” (A.).

Processor Intel Xeon® Platinum 8168 (Skylake)
CPU count 2 (sockets)
Core count 48 cores (24 cores per CPU)
SMT/HT Available, 96 threads (48 threads per CPU)

Clock frequency [1.2 - 3.7 GHz], base @ 2.7 GHz
Cache L1 - 32 kB, L2 - 1 MB, L3 - 33 MB
DRAM 96 GB DDR4 @ 2666 MHz

Table 5.3: ”Cache and memory bandwidths according to Intel Advi-
sor” (A.).

Bandwidth
1x NUMA 2x NUMA

L1 11.6 TB/s 23.2 TB/s
L2 5.5 TB/s 11.0 TB/s
L3 649 GB/s 1299 GB/s

DRAM 115 GB/s 230 GB/s

core, which yields a theoretical peak performance of 3840 GFLOP/s. Cor-
roborating this estimation, Intel Advisor’s roofline chart includes informa-
tion about the double-precision FMA peak performance [137], which in this
case is 3812 GFLOP/s. Henceforth, we refer to this value when we speak
about the peak performance of the node”(A.).

5.5 Performance Analysis of Components

”In this section, we present the performance analysis of the core functions
of the S3DFT implementation. For this analysis, the functions were mi-
crobenchmarked on the JUWELS Cluster in double precision. The open-
source library TiXL, which is available under the LGPL v3, was used for
this purpose [37].

The microbenchmark programs consist of (i) an initialization phase, in
which operand/result data are allocated afresh, and each OpenMP thread
(excepting the communication thread) accesses the first word of each mem-
ory page of its associated data —thereby ruling out the measuring of page-
faults, (ii) an experiment phase, in which the function of interest is run, and
(iii) a clean-up phase, in which all data is freed. Each benchmark test was
concluded by performing 20 warm-up and 100 timed runs. The experiment
phase of only the latter runs was used to measure the duration of the func-
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tion of interest. The result was calculated as the geometric mean of these
measurements.

Via mircobenchmarking, we present a breakdown of the run time of the
main API function in table 5.4 for node count 343 (i.e., 𝑝 = 7) and prob-
lem size 𝑁 = 4200. Since the shared-memory tensor zeroing and transpose
functions constitute a negligible fraction of the total run time, they have
been excluded from the section. For completeness, a performance analysis
of the local transpose function is still reported in C.1” (A.).

Table 5.4: ”Breakdown of S3DFT’s main API function for 𝑝 = 7 and 𝑁 =
4200” (A.).

Distributed-Memory Function Run Time
Percentage

Block Tensor-Matrix Multiplication (algorithm 3) 21%
Transp. Block Matrix-Tensor Multiplication (algorithm 4) 35%
Transp. Block Tensor-Matrix Multiplication (algorithm 5) 44%

Shared-Memory Function
Tensor-Matrix Multiplication, 9%

Transp. Matrix-Tensor Multiplication
Set Zero Tensor 0.8%

Transpose Tensor 1%

5.5.1 Shared-Memory Tensor-Matrix Multiplication

”This function performs the local update operation of the distributed-
memory tensor-matrix multiplication as mentioned in subsection 5.2.2.

We began the analysis by running problem scaling tests using all available
cores in the single and dual NUMA configurations to identify the problem
sizes at which peak performances of the function can be expected. Next,
we conducted strong scaling tests for these problem sizes. The results are
reported in figure 5.4. We observed a peak performance of 1671 GFLOP/s
at 𝑁 = 900 and of 3373 GFLOP/s at 𝑁 = 1100 for the single and dual
NUMA configurations, respectively. This corresponds to 88% of the peak
performance. As shown in the right panel of figure 5.4, the function scales
well.

To estimate the corresponding effective bandwidth5, we must first model
the traffic and computation requirements of algorithm 1. For a tensor
of side 𝑁 , a computer can perform 8𝑁4 floating point operations6 after

5The effective bandwidth is calculated using the run time and the a priori data traffic estimation.
6Each complex number addition and multiplication involves at least 2 and 6 FLOPs respectively.
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Figure 5.4: ”Subfigures show (a) problem scaling as a function of block size
and (b) strong scaling of the shared-memory tensor-matrix multiplication.
Grey and blue curves are for single (24 cores) and dual (48 cores) NUMA
confgurations, with 𝑁 = 900 and 𝑁 = 1100, respectively. The red line in
subfigure (b) indicates the peak performance of the single node, while the
grey dashed line indicates ideal linear scaling” (A.).

2𝑁3(𝑁 + 1) transfers. For double precision, we have the code balance
given by 𝐵𝑐 = 4(𝑁+1)

𝑁
≈ 4 B/FLOP. Using the roofline model, we can cal-

culate the effective bandwidth as 𝑏𝑠 = 𝐵𝑐𝑃 , where 𝑃 is the attained per-
formance [13, p. 66]. Following this, we can estimate peak effective band-
widths 𝑏𝑠 = 6.7 TB/s and 𝑏𝑠 = 13.5 TB/s for the single and dual NUMA
configurations, respectively, which are greater than the corresponding L2-
cache bandwidths listed in table 5.3. This can be taken to conclude that the
function makes excellent use of caching” (A.).

5.5.2 Distributed-Memory Block Tensor-Matrix Multiplica-
tion

”In this analysis, we consider the implementations of algorithms 3, 4 and 5.

First, following the approach outlined in subsection 5.2.4, we identified
the configurations of block size and node count for which the highest ef-
ficiency of the algorithm 3 can be reached. For this purpose, we designed
microbenchmark programs which exactly imitate the communication event
and the local update, respectively, and ran them for 𝑝 = 2, 3, 4, 5, 6 and
𝑏 ∈ [100, 1300]. As shown in figure 5.5, we then fitted the obtained times
with cubic polynomials to model the time of the communication event for
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the node count of interest (continuous curve), and a quartic polynomial for
that of the local update (dotted curves). The optimal block sizes for the
above-stated node counts were found to be 𝑏 > 750 for the 2 MPI tasks/n-
ode (single NUMA) and 𝑏 > 600 for the 1 MPI task/node (dual NUMA)
configurations, respectively.

Figure 5.5: ”Fitted curves model the time of the communication event (con-
tinuous lines) and that of the local update (dashed line) as functions of block
size. The black dots indicate the intersections at which perfect overlapping
can be expected. Subfigures (a) and (b) report results obtained in 2 MPI
tasks/node and 1 MPI task/node configurations, respectively” (A.).

Figure 5.6: ”The blue curves in subfigures (a), (b) and (c) show the strong
scaling performance of the implementations of algorithm 3, algorithm 4
and algorithm 5, respectively, at problem size 𝑁 = 4200, in the 1 MPI
task/node configuration. The grey dashed lines indicate ideal linear scal-
ing. The red curves in subfigures (b) and (c) show the results obtained using
the global transpose variants 6 and 7, respectively” (A.).
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Figure 5.7: ”Communication rate as a function of node count with 𝑏 = 900.
The continuous, dashed and dotted lines correspond to the communication
rates of neighbours along directions 3, 2 and 1, respectively” (A.).

Next, we conducted strong scaling tests for the algorithms 3, 4 and 5 in the
1 MPI task/node configuration for the problem size 𝑁 = 4200 and 𝑝 =
4, 5, 6, 7, corresponding to block sizes 𝑏 = 1050, 840, 700, 600, at which the
latency of the communication event is expected to be completely hidden
by the overlapping (see figure 5.5b). The results are reported in figure 5.6,
showing parallel efficiencies7 in the ranges of 81% − 95%, 58% − 77% and
51%− 68% for algorithms 3, 4 and 5, respectively.

To understand the poor scaling of algorithms 4 and 5, we microbench-
marked the code of the communication event in the computation phase of
the three block tensor-matrix multiplication algorithms. As shown in fig-
ure 5.7, the results revealed that the communication rate varies considerably
with the direction along which the neighbours are identified, as the node
count is increased. Interestingly, the communication rate between neigh-
bours along direction 3 in the PE mesh is the highest, followed by direc-
tion 2 and finally, direction 1. As noted in subsection 5.2.2, in the computa-
tion phase of the algorithms 3, 4 and 5, most of the communication occurs
between neighbours along directions 3, 2 and 1, respectively. This explains
the scaling performance of each algorithm.

Finally, on another note, we observe that the performance of the local up-

7Here, the parallel efficiency has been evaluated relative to 𝑝 = 4 case (i.e., with 64 nodes) which is the mini-
mum number of nodes we could use for the given problem size due to memory limitations.
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date reduces with reducing block size (see the left panel of figure 5.4), which
warns us of a reduction in the shared-memory resource utilization as the
node count scales up, which predicts an additional cause for the worsening
of the strong-scaling performance of the above-mentioned algorithms” (A.).

5.5.3 Global Transpose Variants

”In an attempt to overcome the problem discussed in the previous section,
we implemented variants of algorithms 4 and 5 in which the transposition
of the PE mesh is replaced by the global transposition of the data, as out-
lined by algorithms 6 and 7. This resulted in improvements in the strong-
scaling performance (see red curves in figures 5.6b and 5.6c), with parallel
efficiencies of 65%−81% and 70%−95% for algorithms 6 and 7, respectively.
However, the overall performance was found to suffer considerably due to
the additional communication events required” (A.).

5.6 Comparison with Intel MKL and FFTW3

”Here, we present the results of the benchmarking of S3DFT against two
competitive 3D FFT implementations: Intel MKL v2021.4.08 and FFTW3
v3.3.10. The benchmarking procedure is identical to that outlined in sec-
tion 5.5, with the exception that 70 warm-up runs and 50 timed experiments
were conducted. In the plots included in this subsection, we report the geo-
metric mean of the run time. In the programs that recorded the performance
of the cluster-based Intel MKL/FFTW3 libraries, multithreading was initial-
ized as per the manual [140]. The FFTW-plan [124] was created in the initial-
ization phase of the program using the flag FFTW_MEASURE. To be able to
benchmark under reproducible conditions, contiguous node allocation was
requested. Within a single compute node, a thread-placement policy of 1
thread/core was applied. Further, each thread was pinned to avoid thread
migrations by the operating system during runtime.

Initial testing showed that both Intel MKL and FFTW3 performed much bet-
ter when launched with 2 MPI tasks/node, which corresponds to 1 NUMA
domain/MPI task. Therefore, their benchmarking programs were always
run using this configuration. S3DFT was found to perform similarly in both
the 1 MPI task/node and 2 MPI tasks/node configurations.

In what we call small problem scale, strong scaling comparisons were con-
ducted for problem sizes 𝑁 = 120, 240, 480, 600, 840. Similarly, in the large
problem scale, we did the strong scaling comparisons for problem sizes
𝑁 = 2520, 3360, 4200. Moreover, these comparisons were conducted two-

8We made use of the convenient FFTW3 wrapper interface provided by Intel MKL, which makes use of its
implementation of cluster FFT functions.
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fold, with S3DFT in the 1 MPI task/node and 2 MPI tasks/node configu-
rations. In all these comparisons, we observed similar scaling behaviours
and performances for all investigated problem sizes. The results for sizes
𝑁 = 840, 3360 are provided in figures 5.8 and 5.9.

Figure 5.8: ”Subfigures show (a) the time-to-solution and (b) the speed-up
for 𝑁 = 840. In subfigure (a), the lower border of the shading underneath
the lines indicates the minimum time. Here, S3DFT was run using 2 MPI
tasks/node” (A.).

Results show that Intel MKL was consistently the fastest across all prob-
lem sizes and node counts, followed by FFTW3. On average, in the small
problem scale and with S3DFT in the 2 MPI tasks/node configuration, In-
tel MKL was 2.5 times faster and FFTW3 was 1.8 times faster than S3DFT.
With S3DFT in the 1 MPI task/node configuration, Intel MKL was 2.2 times
faster and FFTW3 was 1.5 times faster than S3DFT. Frequently, for small
node counts, S3DFT was found to be slightly faster than FFTW3 (see, e.g.,
figure 5.8a). In the large problem scale, Intel MKL was 3.7 times faster and
FFTW3 was 2.3 times faster than S3DFT.

The benchmarking was repeated for the same problem scales, sizes, node
counts and MPI tasks/node configurations with the implementations of al-
gorithms 4 and 5 being replaced by the global transpose variants (GTV) 6
and 7. As can be seen in figures 5.10 and 5.11, the result of the comparison
with FFTW3 and Intel MKL remained essentially unchanged, even in the
large problem scale, despite the significant improvement of S3DFT’s scal-
ing. Specifically, in the small problem scale and with S3DFT in the 2 MPI
tasks/node configuration, Intel MKL was 3.0 times faster and FFTW3 was
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Figure 5.9: ”Subfigures show (a) the time-to-solution and (b) the speed-up
for 𝑁 = 3360. In subfigure (a), the lower border of the shading underneath
the lines indicates the minimum time. Here, S3DFT was run using 1 MPI
task/node” (A.).

Figure 5.10: ”In this comparison, S3DFT uses the global transpose variants
as detailed in subsection 5.2.3. Subfigures show (a) the time-to-solution
and (b) the speed-up for 𝑁 = 840. In subfigure (a), the lower border of
the shading underneath the lines indicates the minimum time. Here, S3DFT
was run using 2 MPI tasks/node” (A.).

2.2 times faster than S3DFT. With S3DFT in the 1 MPI task/node config-
uration, Intel MKL was 2.4 times faster and FFTW3 was 1.7 times faster
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Figure 5.11: ”In this comparison, S3DFT uses the global transpose variants
as detailed in subsection 5.2.3. Subfigures show (a) the time-to-solution
and (b) the speed-up for 𝑁 = 3360. In subfigure (a), the lower border of
the shading underneath the lines indicates the minimum time. Here, S3DFT
was run using 1 MPI task/node” (A.).

than S3DFT. In the large problem scale, Intel MKL was 3.6 times faster and
FFTW3 was 2.2 times faster than S3DFT.

We note that other parallel 3D FFT implementations might have higher scal-
ing limits than FFTW3 and Intel MKL. This is to be expected especially for
libraries that make use of the pencil decomposition, such as FFTK [128],
for which scaling up to 160𝑘 cores has been demonstrated. A comparison
of S3DFT with FFTK is provided in C.2. Briefly, FFTK was found to be on
average 4 times faster than S3DFT” (A.).

5.7 Conclusions

”We have presented a new parallel algorithm that exploits block tensor-
matrix multiplication to compute the 3D DFT of a volumetrically decom-
posed, cubic domain using point-to-point communication. The algorithm
has been implemented as a C++ library called S3DFT capable of utilizing
shared-memory parallelism across multiple NUMA domains within a sin-
gle node and distributed-memory parallelism across multiple nodes. In
the process, we designed, developed and tested three adapted variants of
Cannon’s algorithm. These adaptations enable the use of tensor operands,
realize multi-level parallelism and make efficient use of the technique of
overlapping computation and communication with the help of a custom
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work-sharing function for OpenMP-based multithreading. S3DFT has been
optimized for the JUWELS Cluster and its core functions have been ana-
lyzed to show their efficiency. Finally, the performance of S3DFT has been
compared with those of well-established, widely-used libraries for a wide
range of problem sizes.

Our analysis by microbenchmarking has shown that S3DFT has a highly
efficient implementation on the shared-memory level. On the other hand,
we found that while one of the three required distributed-memory block
tensor-matrix multiplication algorithms scales excellently, the other two
scale poorly. We identified the origin of this problem in the mapping of
their communication patterns in subsets of the fat tree topology: this result
exposes a potential drawback of running block-wise parallel algorithms on
systems with fat tree networks, which is caused by increased communica-
tion latencies along specific Cartesian directions in the PE mesh.

In an effort to improve the scalability of S3DFT, we designed algorithmic
variants of the poorly scaling components in which the majority of the com-
munication occurs between PEs aligned along the Cartesian direction in
which the communication was found to be the fastest. This was made pos-
sible by performing global data transpositions instead of transposing the
PE mesh, which comes at the cost of additional communication events. Al-
though these variants improved the strong-scaling performance of S3DFT,
its overall performance did not change considerably.

Our results let us speculate that at the current stage, the 3D DFT by block
tensor-matrix multiplication is not a viable alternative to modern FFT-based
approaches on computer clusters using fat tree networks. Different results
might be expected on different computer clusters. For example, it is possible
that S3DFT performs and scales considerably better on a computer cluster
based on a network topology which is isomorphic to the PE mesh. Unfor-
tunately, we did not have access to such a system to verify this hypothe-
sis” (A.).
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Chapter 6

Summary and Outlook

In this doctoral project, we have attempted to improve the scalability of MD
simulations in two separate endeavours. In the first endeavour, based on
evidence that the parallel 3D FFT becomes a bottleneck in QM/MM sim-
ulations at high core counts, we conducted a very specific investigation in
which we looked into the possibility of improving the performance of the
3D DFT using an alternative parallel approach. In the second endeavour,
we crafted a high-performing implementation of a massively parallel MD
strategy called MoP in the GROMACS code and PLUMED library.

6.0.1 Improving the Performance of the 3D DFT

Researchers in the past have attempted to study the scalability of a 3D
DFT algorithm that uses volumetric decomposition (with scaling limit at
𝑁3, where 𝑁 is the side length of cubic data) in an attempt to obtain bet-
ter performance than the parallel 3D FFT algorithm, which is most com-
monly implemented using slab (scaling limit at 𝑁 ) or pencil (scaling limit at
𝑁2) decompositions. Additionally, the algorithm they implemented made
use of point-to-point communication instead of parallel 3D FFT’s all-to-all
communication. As a trade-off, the algorithm required more computational
work to be done. The motivation of the investigators was to be able to scale
to higher node counts (and therefore obtain better performance) and to elim-
inate all-to-all communication. The algorithm was implemented and tested
on the IBM Blue Gene/Q (with a 5D torus network). However, their im-
plementation could only make use of 20% of the hardware resources of the
single node [130]. The authors concluded with the statement, ”Based on
the scalability evaluation, we can expect that highly-parallel implementa-
tion of the 3D DFT with 3D data decomposition can be faster than that of
the 3D FFT with existing 2D data decomposition especially in the extreme
case when the number of nodes is close to the size of problem, i.e., close to
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𝑁3.”

Five years after this pioneering investigation, we were inspired to look into
the viability of such an alternative approach, albeit using adapted Cannon’s
algorithms for block tensor-matrix multiplications, which also make use
of only point-to-point communication between neighbours. Moreover, we
planned to conduct our investigation on the JUWELS Cluster, which uses
a fat-tree network topology. Therefore, the algorithmic and network dif-
ferences made our work a new investigation in its own right, instead of a
re-investigation. Our work was motivated by findings in the literature that
a major portion of the parallel 3D FFT’s time is spent in participating in
all-to-all communication, and by the fact that there is data to suggest that,
depending on the cluster, point-to-point communication could scale better
than all-to-all communication. We speculated that, even with the additional
computational work, the communication would ultimately be the bottle-
neck.

We implemented our algorithm as a C++ library called S3DFT, which
showed a much higher hardware resource utilization of 85% of the single
node than the implementation of Ref. [130]. Moreover, as speculated, the
communication was found to be the bottleneck of S3DFT. This means that
improving the computational performance e.g., by porting to GPUs, can-
not improve the overall performance of the algorithm. In spite of its highly
efficient implementation, we observed unimpressive strong-scaling perfor-
mance of our algorithm. Our analysis revealed poor scaling of two (of the
three) adapted Cannon’s algorithms for block tensor-matrix multiplications.
Experiments showed that this was caused by a combination of the algo-
rithmic requirement of communication in all directions of the PE mesh and
the network characteristic that communication tended to be slower in cer-
tain directions. To combat this, we implemented algorithmic variants of the
poorly functioning components that only communicate in that direction of
the PE mesh that corresponds to the network’s fastest communication rate.
However, this came with the price of additional global transpose operations.
The result improved the scalability of our algorithm considerably but also
significantly worsened the initial performance.

State-of-the-art parallel 3D FFTs are still considerably faster than our algo-
rithm. This may be attributed to their advanced optimization measures
such as runtime performance tuning [124, 141], network topology-aware
re-mapping and rotating the PE mesh to incur minimum performance
loss [142] and using non-blocking all-to-all communication to overlap com-
putation and communication [141]. Simply put, it has been possible to con-
siderably optimize parallel 3D FFT’s all-to-all communication. However, to
the best of our knowledge, the same cannot be said of methods that make
use of block tensor-matrix multiplication to compute the 3D DFT. There-
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fore, future research in this direction would do well to focus on improving
the communication of such methods.

6.0.2 High-Performance Implementation of MoP

Studying a physical phenomenon by means of cMD commonly involves
navigating a rugged free-energy landscape with many local minima corre-
sponding to metastable states of the simulated system. Studying the transi-
tion of the system from one metastable state to another arbitrary metastable
state by natural dynamics, when they are separated by a large free-energy
barrier, would require impractically long simulations. In this scenario, since
we are interested in sampling the transition path but ultimately sample
many paths that do not describe the transition, we say the simulation has
low sampling efficiency. To increase the sampling efficiency, numerous spe-
cialized techniques have been developed that are collectively referred to
as enhanced-sampling methods. One such technique is metadynamics, in
which the Hamiltonian of the system is modified cumulatively by adding a
bias potential, which accelerates the transition by lifting the simulated sys-
tem out of the minimum.

The accumulation of bias potentials changes the natural dynamics of the
system, which can only be recovered if a specially engineered bias potential
is used. There have been some efforts to invent a generalized way to achieve
this recovery but the proposed solution is prone to numerical instabilities.
Here, as presented by Ref. [80], one could use a method called MoP that
combines path-based MD with metadynamics since it provides a way to ap-
ply metadynamics in a manner that preserves the kinetics of the transition.
Further, MoP can also be used to design optimal data-driven CVs for free
energy calculations.

To be able to run MoP simulations of real-world systems of scientific in-
terest, it was first necessary to provide a high-performing and efficient im-
plementation of pMD, which samples a Boltzmann-like distribution in the
enlarged phase space corresponding to all possible (same-sized) trajectories
of the system under BD. The distribution references a potential energy func-
tion that effectively describes a fictitious polymer whose beads interact with
one another in a harmonic fashion. By evolving the finite-temperature dy-
namics of this fictitious polymer, the technique generates an entire trajectory
in each MD step (as opposed to a configuration in standard MD). This inher-
ently parallel algorithm has the potential to be parallelized very efficiently
and can scale to very large node counts.

First, we designed and implemented our pMD algorithm in GROMACS,
which is a widely used and highly efficient MD code capable of compre-
hensive, multi-level parallelism. During initial testing, we identified issues
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responsible for increased total energy drift and implemented solutions to
mitigate them. Having run correctness tests using several simulation sys-
tems, we ascertained the proper functioning of our pMD implementation
and highlighted its strengths and limitation. The tests revealed that NVE
pMD simulations tend to show a relatively higher total energy drift (com-
pared to standard MD) in single precision. Running the same tests in dou-
ble precision, we showed that it can be used to obtain very low total energy
drift values. Alternatively, it might be necessary to implement a four-point
central-differences scheme to reduce the truncation error in the FDM com-
putation, which would accordingly lead to much lower total energy drift
values, also in single precision.

After preliminary tests of our pMD implementation for correctness, we con-
ceptualized and implemented interface changes in the PLUMED library
to enable the computation of CVs of the fictitious polymer. Accordingly,
we made the necessary changes in our pMD implementation within GRO-
MACS and adapted the PLUMED patch of GROMACS to enable metady-
namics simulations of the fictitious polymer. After these changes were in-
corporated, we conducted preliminary tests of the complete MoP machin-
ery.

Next, to improve the hardware resource utilization, we identified the ob-
stacles towards making our pMD implementation compatible with GRO-
MACS’ system of DD and designed and implemented solutions as two dif-
ferent algorithms. We benchmarked these algorithms separately on the
JUWELS Booster and identified the best-performing algorithm. This al-
gorithm, named the decentralized twin-finding algorithm, shows excellent
strong-scaling performance comparable to that of standard MD. Further, we
came up with a performance model to compare the runtime of our pMD im-
plementation with that of standard MD, using which we were able to con-
firm that the former is at least as efficient as the latter at low bead counts.

Moreover, we tested our pMD implementation with force-offloading to
GPUs and analyzed its performance, thereby identifying a technique to im-
prove the pMD throughput by increasing GPU utilization. We also con-
ducted several strong-scaling tests of our pMD implementation in the force-
offloading mode, which revealed excellent strong-scaling performances at
various node-count scales from 8 to 800 nodes of the JUWELS Booster. Fi-
nally, we conducted large-scale weak-scaling tests of our implementation
in the force-offloading mode with and without PLUMED, going up to 94%
of the JUWELS Booster and making use of 3,500 GPUs and 42,000 CPUs.
Here, we observed a minimum weak-scaling parallel efficiency of 72% and
70%, respectively, with the weak-scaling curves plateauing at these values
at about 50% of the JUWELS Booster.
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At this point, the road ahead for our MoP implementation is clear; it is time
to test its functionality with regards to its primary objective viz., to study
complex biological systems.



150 6 Summary and Outlook



151

Appendix A

Appendix to ”Introduction to
Parallel Computing”

A.1 TiXL Tutorial

Figure A.1: Figures depicting the performance of the target function
vector_sum. The left subfigure shows the strong-scaling performance of
the function and the right subfigure depicts the location of the function’s
performance (red circle) in relation to its roofline.

Vector Sum The STREAM benchmark[143] operation that is placed leftmost
on the roofline chart i.e., of the other operations, it has the highest code
balance. To see how we can compute it, we refer to the core region within
the function:
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for (auto ii = std::size_t{}; ii < n; ++ii)
{

x_[ii] = y_[ii] + z_[ii]; // fp: 1, traffic: 3+1
}

Clearly, it shows us how much computational work is to be done but only
partially tells us how much data needs to be moved to perform the work.
The remaining information must be acquired elsewhere —in the form of a
data traffic model. For example, McCalpin uses a code balance model that
does not account for write back and arrives at 24 B/FLOP in ref. [143]. Here,
we consider cache line write back in our model. To perform each floating-
point addition, at least three scalars x_, y_ and z_ have to be fetched. After
the addition, x_ must be written back to memory. Therefore, the data traffic
per index is 4 double or 32 B, and the code balance is 32 B/FLOP. The total
data traffic is computed over the array size as 32n B, using which we can
compute the effective bandwidth.

We implemented the microbenchmark using TiXL and optimized the func-
tion using OpenMP-based multithreading and vectorization, and ran 50 ex-
periments on a single node of the JUWELS Cluster. To ensure adequate
workload, we used an array size amounting to 1 GB of memory. The re-
sults are presented in figure A.1, with the left subfigure showing the strong-
scaling performance and the right subfigure showing the result of the semi-
empirical roofline analysis. From these plots, it’s clear that the implementa-
tion has come very close to its roofline.

Matrix-Vector Product The widely used function multiplying a matrix with
a vector requires 𝒪(𝑛2) operations and involves the following operation

for (auto ii = std::size_t{}; ii < n; ++ii)
{

for (auto jj = std::size_t{}; jj < n; ++jj)
{

// fp: 2, traffic: 3+1
res[ii] += mat[ii * n + jj] * vec[jj];

}
}

The estimation of data traffic is not as straightforward as in the case of
vector_sum. Here, the data traffic must be estimated by looking at trans-
fers over the whole procedure. To complete 2n2 floating-point operations,

1. operand matrix mat sized n2 double must be fetched once,

2. operand vector vec sized n double must be fetched once, and,
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Figure A.2: Figures depicting the performance of the target function
matvec. The left subfigure shows the strong-scaling performance of the
function and the right subfigure depicts the location of the function’s per-
formance (red circle) in relation to its roofline.

3. result vector res sized n double must be fetched once and written
back to memory once.

Using this information, the total data traffic is given by 8(n2 + 3n) GB, which
translates to a code balance of 4+ 3

2
n∼ 4 B/FLOP. There is some potential for

caching as the operand vector is reused n times. However, the vast majority
of the data does not benefit from being cached.

Having implemented this microbenchmark using TiXL and optimized the
function using OpenMP-based multithreading and vectorization, we ran
50 experiments on a single node of the JUWELS Cluster using a problem
size of n=20000 (i.e., matrix size ∼ 3.2 GB). The results are presented in fig-
ure A.2, with the left subfigure showing the strong-scaling performance and
the right subfigure showing the result of the semi-empirical roofline analy-
sis. From these plots, it’s clear that the implementation has come very close
to its roofline.

Bidirectional Open Ring Messaging The pattern is a common use case
for MPI-parallel programs. It involves only point-to-point communication
since each MPI rank sends a message to its left and right neighbours. This
pattern is referred to as the ”open” ring because the first rank has no left
neighbour and the last rank, no right neighbour i.e., the ring is not cyclically
closed. As the message passing occurs simultaneously, an implementation
of this pattern has the potential to be very efficient.
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Figure A.3: Figures depicting the weak-scaling performance of the bidirec-
tional open ring messaging program. The left subfigure shows the runtime
and the right subfigure depicts the drop in weak-scaling parallel efficiency,
followed by a series of plateaus as generalized by figure 2.10.

To demonstrate a pseudo-weak-scaling program, we wrote a microbench-
mark using TiXL’s MPI-based library that initiates asynchronous receiving
and sending of square matrices first, transposes another same-sized matrix
and finally waits for the messages to be either sent or to arrive. The (naive)
transpose function is meant to represent perfectly scalable work since each
rank operates on the same problem size and executes identical instructions.
We ran this program on the JUWELS Cluster using up to 300 nodes with
results shown in figure A.3.
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Appendix B

Appendix to ”Metadynamics of
Paths”

B.1 Benchmarking pMD with DD (A2A-ZMA)

In subsection 4.3.5, we presented the results of strong-scaling tests of pMD
simulations of the system LYSOBENZ (with ∼ 100𝑘 atoms) using the cen-
tralized and the decentralized twin-finding algorithms, to study their per-
formances individually and to compare them. For completeness, we re-
peated these tests for a different system A2A-ZMA (with∼ 150𝑘 atoms), the
results of which are presented here. The tests were conducted with identi-
cal input options, simulation parameters and setup but with one change:
the FDM stabilization was enabled with maximum frequency i.e. it was
performed in every time step.

As seen in figures B.1, the results are almost identical to those obtained for
the system LYSOBENZ. Similarly, figure B.2 shows the reduction in energy
consumption as the number of MPI ranks dedicated to DD is increased.
Here, we see a total reduction by a factor of 25.
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Figure B.1: Left subfigure shows the strong-scaling performances of pMD
simulations using DD via the centralized and the decentralized twin-finding
algorithms. Right subfigure shows the runtime factor-of-three of pMD sim-
ulations using DD via the decentralized twin-finding algorithm with respect
to their analogous standard MD simulations. In both subfigures, the simu-
lations are of the system A2A-ZMA (with ∼ 150𝑘 atoms) with FDM stabi-
lization being performed in every time step.

Figure B.2: A plot relating the energy consumption of pMD simulations of
the system A2A-ZMA (with ∼ 150𝑘 atoms) with three beads for 30,000 time
steps to the number of MPI ranks given to DD (via the decentralized twin-
finding algorithm). The energy consumption dropped by a factor of 24 from
when DD was disabled to when it was enabled with as many MPI ranks as
cores in one JUWELS Booster node.
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B.2 PLUMED Input for Weak-Scaling Tests

Here, we present the PLUMED input file that was used to conduct the
large-scale weak-scaling tests on the JUWELS Booster as reported in subsec-
tion 4.3.7. In it, we define an end-to-end distance of the fictitious polymer
for various bead counts. In each file, the placeholder ’XXX’ must be replaced
by the value 𝑁 − 1, where 𝑁 is the bead count.

# ------------- plumed.dat -------------
#RESTART

# PLUMED descriptors
# Compute COM and distance between atoms of the
ligand (ZMA) and the binding pocket (cBS). Atoms are
ordered as in the trajectory files and their
numbering starts from 1.
ZMA: COM
ATOMS=5227,5259,5231,5232,5234,5236,5238,5239,5242,5245,5247,
5248,5249,5250,5253,5254,5255,5256,5257,5258,5259,5260,5262,
5264,5266
cBS: COM
ATOMS=121,951,994,1013,1238,1254,2525,2545,2588,2618,2670,
3862,3936, 3981,4081,4092,4196,4263,4328
Dcom: DISTANCE ATOMS=ZMA,cBS

# end-to-end distance CV
CUSTOM ...
LABEL=CV
ARG=Dcom
VAR=cv
FUNC=(cvXXX-cv0)
MULTIREP
REPLICAS=0,XXX
PERIODIC=NO

... CUSTOM

# Apply METAD bias
metad: METAD ARG=CV TEMP=310 PACE=500 HEIGHT=1.2
BIASFACTOR=15 SIGMA=0.05

# Print on a file named "COLVAR" every k steps.
PRINT ARG=* FILE=Colvar FMT=%20.15E STRIDE=500
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Appendix C

Appendix to ”Scalability of
3D-DFT by Block Tensor-Matrix
Multiplication on the JUWELS
Cluster”

C.1 Performance Analysis of the Transpose Func-
tion

”Here, we take a closer look at the performance of our implementation of
the local transpose function, 𝜏 of equation (5.7). The transpose function
can be viewed as a streaming function because in a perfect implementation
it would closely resemble a copy operation. Thus, one way to assess the
performance of our implementation is to compare it to that of a suitably
similar streaming function having an excellent memory bandwidth utiliza-
tion. As a reference, we decided to use the DAXPY loop, by measuring the
performance of the operation 𝑌 = 𝑌 + 𝑎𝑋 on the target computer, where
𝑌,𝑋 ∈ R𝑁 are double-precision arrays and 𝑎 ∈ R is a double-precision
scalar. We performed the microbenchmarking with 𝑁 = 720, at which size
the performance of the loop was found to saturate. The black lines in figure
C.1 illustrate the increase of the effective bandwidth of this reference loop as
a function of the number of cores, for the single as well as dual NUMA con-
figurations. The recorded corresponding peak performances are 103 GB/s
and 202 GB/s, respectively. We used these values as reference to measure
the efficiency of our implementation of the transpose function.

The performance of the naı̈ve implementation of the transpose function is
shown by the red curves in figure C.1 for the size 𝑁 = 720. Building on
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Figure C.1: ”Subfigures show (a) strong scaling in single NUMA configura-
tion and (b) strong scaling in dual NUMA configuration. In both subfigures,
𝑁 = 720” (A.).

it, we improved the cache utilization by applying loop-blocking with the
help of an intermediate array so small as to fit into the cache. The optimal
blocking size was experimentally found to be 36 kiB. Upon optimization,
only a small improvement in performance could be observed, as shown by
the blue curves in figure C.1. Indeed, we found the performance of the
näive implementation to be quite high, which we attributed to the size of
the processor’s L3-cache, by virtue of which good cache-line reuse can be
achieved even for relatively large matrix sizes.

In the single NUMA configuration, the optimized transpose function at-
tained a peak efficiency of 91% as compared to that of 73% of the naive
function. However, we note that the efficiencies drop to 63% and 53% re-
spectively, when the dual NUMA configuration is applied. This can be
attributed to unavoidable non-local memory accesses arising from the fact
that the functions make use of a different multithreading work-sharing plan
as compared to the other kernels in the implementation. Although an adap-
tation of the algorithm to minimize these non-local memory accesses is con-
ceivable, the expected performance gain did not justify its design and im-
plementation within the scope of this study” (A.).

C.2 Comparison with FFTK

”Figures C.2 and C.3 show the benchmarking results of S3DFT (using the
global transpose variants described in subsection 5.2.3) and FFTK. In the
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small problem scale, with S3DFT in the 2 MPI tasks/node configuration, on
average, FFTK was 3.8 times faster than S3DFT. In the large problem scale,
with S3DFT in the 1 MPI task/node configuration, on average, FFTK was
4.3 times faster than S3DFT” (A.).

Figure C.2: ”In this comparison, S3DFT uses the global transpose variants
as detailed in subsection 5.2.3. Subfigures show (a) the time-to-solution and
(b) the speed-up for 𝑁 = 840. In subfigure (a), the lower border of the
shading underneath the lines indicates the minimum time. Here, S3DFT
was run using 2 MPI tasks/node” (A.).



162
C Appendix to ”Scalability of 3D-DFT by Block Tensor-Matrix

Multiplication on the JUWELS Cluster”

Figure C.3: ”In this comparison, S3DFT uses the global transpose variants
as detailed in subsection 5.2.3. Subfigures show (a) the time-to-solution and
(b) the speed-up for 𝑁 = 3360. In subfigure (a), the lower border of the
shading underneath the lines indicates the minimum time. Here, S3DFT
was run using 1 MPI task/node” (A.).
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[48] Oliver T. Unke, Martin Stöhr, Stefan Ganscha, Thomas Unterthiner,
Hartmut Maennel, Sergii Kashubin, Daniel Ahlin, Michael Gastegger,
Leonardo Medrano Sandonas, Joshua T. Berryman, Alexandre
Tkatchenko, and Klaus-Robert Müller. Biomolecular dynamics with
machine-learned quantum-mechanical force fields trained on diverse
chemical fragments. Science Advances, 10(14):eadn4397, 2024.

[49] Pan Zhang and Weitao Yang. Toward a general neural network force
field for protein simulations: Refining the intramolecular interaction
in protein. J. Chem. Phys., 159(2), July 2023.

[50] Huziel E. Sauceda, Luis E. Gálvez-González, Stefan Chmiela,
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