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Abstract

In this dissertation, we consider concurrent programs, probabilistic programs and especially the com-
bination of both. To reason about concurrent programs, we facilitate (classical) separation logic to
derive axiomatic semantics. Separation logic allows us to declare a separation of heaps. That is, we can
declare that predicates hold at different locations in the heap. We can thus partition the heap into a
sub-heap used by each thread and a sub-heap used by multiple threads: the shared memory. This idea
constitutes concurrent separation logic. For probabilistic programs, we use quantitative logics, which
allow us to define a mapping from a random variable and an initial state to the expected value of the
respective random variable after executing the given probabilistic program with the given initial state.
A quantitative logic differs from a classical logic in that it does not map models to Boolean values, but
to real values. Our used quantitative logics also allow for separation operations and thus constitute
quantitative separation logics. Using this quantitative logic, we can derive axiomatic semantics to
prove an upper bound on the expected value of a random variable. To finally reason about concurrent
and probabilistic programs, we combine the techniques to reason about concurrent programs and to
reason about probabilistic programs. We thus introduce a fuzzy separation logic for concurrent and
probabilistic programs by combining the method to deal with shared memory in concurrent separation
logic and the method to deal with expected values in quantitative separation logic. A fuzzy logic maps
models to real values between zero and one. This enables us to derive axiomatic semantics to reason
about lower bounds of the probability that the program terminates in a certain set of states or does not
terminate.

The usage of the presented axiomatic semantics requires entailments in the respective logic to be
proven. A quantitative or fuzzy entailment is the point-wise lifting of the less-than-or-equals relation.
This constitutes a challenge as entailments in the logic without restrictions are undecidable. We thus
consider one technique to reason about entailments in fuzzy separation logic and one technique to
reason about entailments in quantitative separation logic with user-defined predicates. To reason
about entailments in fuzzy separation logic, we transform the entailment into an entailment in classical
separation logic. This allows the use of a rich landscape of tools designed for entailments in classical
separation logic. We present a restricted syntax which allows the fuzzy part to be solved automatically,
while discharging the separation logic part to separation logic entailment checkers. This restricted
syntax allows formulae whose semantics has finite image. The second technique allows proving
entailments in quantitative separation logic with quantitative user-defined predicates. Quantitative
user-defined predicates are given using recursive specifications. With these, we can define predicates
that describe the shape for data structures or measure their size. To reason about recursively-defined
predicates, we use cyclic proofs. A cyclic proofs allows back-linking in proofs to reuse previous proof
statements. Such a proof is unsound in general. We introduce a progress criterion on these proofs to
guarantee soundness. It turns out that the classic progress criterion using unfoldings of predicates on
the left-hand side of the entailment is not easily applicable to quantitative logics. Instead we use heap
sizes as our progress criterion. In experiments, the progress criterion does not seem to be a limitation
in the applicability of the proof system.

Some parts of this dissertation were also formalized in the proof assistant language Lean and thus
allow the usage of the formalized proof rules to reason about concurrent and probabilistic programs
in Lean.





Zusammenfassung

In dieser Dissertation betrachten wir nebenläufige Programme, probabilistische Programme und ins-
besondere die Kombination beider. Um über nebenläufige Programme zu argumentieren, benutzen
wir (klassische) Separationslogik um eine axiomatische Semantik abzuleiten. Separationslogik erlaubt
es uns, die Separation von dynamischem Speicher zu deklarieren. Das bedeutet, dass wir ausdrücken
können, dass Prädikate an verschiedenen Adressen im dynamischen Speicher gelten können. Wir
können also den dynamischen Speicher in Teil-Speicher unterteilen, eines für jeden Prozess und
eines das von allen Prozessen genutzt werden kann: den geteilten Speicher. Diese Idee begründet
nebenläufige Separationslogik. Für probabilistische Programme benutzen wir eine quantitative Logik.
Diese erlaubt es uns eine Abbildung von Zufallsvariablen und einem initialen Zustand des Speichers
zu dem Erwartungswert der jeweiligen Zufallsvariable nach Ausführung des probabilistischen Pro-
grams im gegebenem Initialzustand zu definieren. Eine quantitative Logik unterscheidet sich von
einer klassischen Logik in dem Sinne, dass sie nicht Modelle in Boolesche Werte abbildet, sondern
stattdessen in Werte in den reellen Zahlen. Die von uns genutzten quantitative Logiken erlauben
außerdem die Benutzung von Separationsoperatoren and bilden damit quantitative Separationslogiken.
Mit dieser quantitativen Logik können wir nun axiomatische Semantiken ableiten, die es uns erlaubt
eine obere Grenze auf dem Erwartungswert einer Zufallsvariable zu beweisen. Um schließlich über
nebenläufige und probabilistische Programme zu argumentieren, kombinieren wir die Techniken um
über nebenläufige und über probabilistische Programme zu argumentieren. Wir führen also eine Fuzzy
und Separationslogik für nebenläufige und probabilistische Programme ein, indem wir die Ideen von
nebenläufige Separation Logic und von quantitativer Separation Logic vereinen. Eine Fuzzylogik bildet
Modelle auf reelle Zahlen zwischen null und eins ab. Dies ermöglicht uns eine axiomatische Semantik
abzuleiten, mit der wir über untere Grenzen der Wahrscheinlichkeit in einer bestimmten Menge von
Zustände zu terminieren oder nicht zu terminieren argumentieren können.

Die Nutzung der vorgestellten axiomatischen Semantiken erfordert es, Implikationen in den entspre-
chenden Logiken zu beweisen. Eine quantitative oder fuzzy Implikation ist die punktweise Erweiterung
der Kleiner-Gleich Relation. Dies stellt jedoch eine Herausforderung dar, da Implikationen in diesen
Logiken ohne Restriktionen unentscheidbar sind. Daher betrachten wir eine Technik um über Implika-
tionen in Fuzzy- und Separationslogik zu argumentieren und eine Technik um über Implikationen in
quantitativer Separationslogik mit Nutzer-definierten Prädikaten zu argumentieren. Für Implikationen
in der Fuzzy- und Separationslogik transformieren wir eine fuzzy Implikation in klassische Separa-
tionslogik. Dies erlaubt es uns eine reiche Auswahl an Werkzeugen für klassische Separationslogik
zu nutzen. Wir präsentieren eine eingeschränkte Syntax für Fuzzy- und Separationslogik, die es uns
erlaubt den fuzzy Anteil automatisch zu lösen, während wir den Separationslogik Teil an ein Programm
übergeben, welches Implikationen in Separationslogik beweisen kann. Diese eingeschränkte Syntax
erlaubt nur Formeln, deren Semantik eine endliche Wertemenge haben. Die zweite Technik erlaubt es
uns Implikationen in der quantitative Separationslogik mit quantitativen Nutzer-definierten Prädikaten
zu beweisen. Quantitative Nutzer-definierte Prädikate sind mithilfe von rekursiven Spezifikationen
gegeben. Mit diesen können wir sowohl Prädikate die die Form von Datenstrukturen beschreiben,
als auch für deren Länge definieren. Um über rekursiv-definierte Prädikate zu argumentieren, be-
nutzen wir zyklische Beweise. Ein zyklischer Beweis erlaubt es uns Rückverbindungen zu vorherigen
Beweis-Ausdrücken zu bilden. Solche Beweise sind im Allgemeinen nicht gültig. Daher führen wir eine
festgelegte Terminierungsbedingung auf diesen Beweisen ein. Es stellt sich heraus, dass die klassische
Terminierungsbedingung, die Ausfaltungen von Prädikaten auf den linken Seiten von Implikationen
nutzt, nicht leicht auf quantitative Logiken anwendbar ist. Stattdessen nutzen wir die Größe des dynami-
schen Speichers als Terminierungsbedingung. In Experimenten scheint diese Terminierungsbedingung
kein limitierender Faktor für die Anwendbarkeit des Beweissystems zu sein.

Einige Teile dieser Dissertation wurden in der Beweis-Assistenten Sprache Lean geschrieben. Dies



erlaubt es uns die formalisierten Beweisregeln zu nutzen, um über nebenläufige und probabilistische
Programme in Lean zu argumentieren.
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Introduction 1.
Erroneous software is both live-risking and costs trillions of dollars [1, 2]. As such,
techniques to reduce errors in software is a means to safe lives and to safe money.
Guaranteeing the absence of bugs has been the focus of the research on deductive
verification of programs. This dissertation focuses on the deductive verification
of probabilistic, concurrent and heap-manipulating programs. Such programs are
thus able to flip coins to make decisions, consist of multiple threads running
concurrently and manipulate an addressable memory, which we call heap.

1.1. A Journey through Probabilistic, Concurrent and
Heap-manipulating Programs

Deterministic programs are a means to computing. However, programs can
be used to model various problems. Program verification is then used to verify
certain statements on the problem that wemodeled as a program. This application
is prevalent in various fields.

In mathematics, the famous Curry-Howard correspondence [3–5] allows us to
model proofs of theorems as programs. We will make use of this correspondence
in the sense that we use the proof assistant Lean [6] to formalize parts of this
dissertation. Lean uses the calculus of constructions [7], which is based on the
Curry-Howard correspondence.

Probabilistic Programs Probabilistic programs are programs that may flip a
coin to introduce a probabilistic form of non-determinism. Probabilistic programs
are widely used to implement efficient randomized algorithms, implement proba-
bilistic protocols, implement artificial intelligence or even to model stochastic
experiments.

Probabilistic programs may be used to model stochastic events in fields such as
psychology [8, 9]. It is also used in computer graphics to generate randomly-
behaving structures such as trees [10]. In artificial intelligence, we can implement
agents to solve problems in an uncertain environment in a probabilistic program-
ming language [11].

In computation, we want to use probabilistic programming to solve problems in
an approximated way efficiently or to improve the runtime of classical programs.
In the first case, we solve the problem approximately correct in expectation. An
example for such an algorithm is an algorithm to compute the circle constant 𝜋:
We randomly pick points in the square from -1 to 1. Then we count all points
with an euclidean distance smaller than 1. This number multiplied with 4 and
divided by the number of all points is an estimate for 𝜋. In the second case, we
usually obtain an improvement of the runtime in expectation. That is, runtime or
the correctness of the solution may only be achieved with a certain probability.
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Probabilistic and Heap-manipulating Programs An example for the sec-
ond kind of algorithms is randomized quicksort [12]. There we sort an unsorted
array by choosing an element from the array to partition it into elements greater
or equal than the chosen element and to elements lesser than the chosen element.
The sub-arrays are then recursively partitioned with new randomly chosen ele-
ments. If we pick by chance bad elements, the runtime of this algorithm may be
quadratic, but is optimal in case we randomly choose good elements. Another
example involves computing minimal spanning trees. A spanning tree of a graph
is a connected sub-graph that contains all vertices. For a weighted graph, a span-
ning tree is minimal if of all spanning trees, it contains the least sum of weights.
The theoretical minimal worse-case running time of a deterministic algorithm to
find such a minimal spanning tree is unknown. If we allow probabilistic computa-An optimal algorithm

to find a minimal span-
ning tree is, however,
known [13].

tion, an algorithm running in expected linear time is, however, known [14]. Such
algorithms use data structures (i.e. arrays or graphs). There are also examples
of data structures that use randomization to enhance the efficiency of the data
structure such as bloom filters [15]. Bloom filters implement sets where we can
only query membership with a certain probability and non-membership cer-
tainly. Such examples justify the necessity of probabilistic and heap-manipulation
programming languages.

Probabilistic and Concurrent Programs When we include concurrency
in our programming language, we are able to model communication protocols.
Many such protocols use probabilities to either model the environment or to
resolve symmetries. For example, the unreliability of a cable can be modeled by
a communication failing with a certain probability. Collisions when using a bus
system may introduce such a failing communication. The CSMA/CD [16] proto-
col uses probabilistically chosen waiting times to resolve such collisions. Some
decentralized network architectures require the election of a leader node in the
network to make decisions. Unfortunately, it is known that such a leader cannot
be elected deterministically in any network if the nodes are non-distinguishable
[17]. However, with randomized algorithms this is possible [18]. To model prob-
abilistic programs in networks we propose the use of probabilistic and concurrent
programs.

Probabilistic, Concurrent and Heap-manipulating Programs However,
we can also find randomized and parallel programs such as [19], where we use
randomization and parallelization to find the shortest path from a single-source.
Indeed, here we also have to use data-structures to model the graph on which
the algorithm is executed. In turn, we require probabilistic, concurrent and heap-
manipulating programming languages for such algorithms.

1.2. A History of Deductive Program Verification

We use deductive verification in this dissertation to gainmathematical guarantees
on the absence of errors in program. We follow here the Floyd-Hoare [20, 21]
style of deductive verification. That is, we use specifications of the form

⊢ {Φ } 𝐶 {Ψ }



1.2. A History of Deductive Program Verification 3

to say that the program 𝐶 starting in an initial state satisfying Φ will either
not terminate or terminate in a state satisfying Ψ. For this reason, we call Φ a
precondition and Ψ a postcondition. A reformulation of such specifications has
been done by Dijkstra in terms of weakest (liberal) preconditions [22]. That is, for
a given program 𝐶 and a postcondition Ψ, we can compute the maximal set of
initial states guaranteeing non-termination of fulfillment of the postcondition —
which we call weakest liberal preconditions. The weakest precondition excludes
non-termination. The previous Floyd-Hoare specification is then equivalent
to an entailment between the given precondition Φ and the weakest liberal
precondition wlp[𝐶](Ψ):

⊢ {Φ } 𝐶 {Ψ } ⟺ Φ ⊨ wlp[𝐶](Ψ)

Both, the proof system for Floyd-Hoare specifications and the entailment for
weakest liberal preconditions require us to check entailment in the used logic.
An entailment between two formulae states that whenever a model satisfies
the left-hand side formula, then so should the model satisfy the right-hand side
formula. For ordinary programs, we usually use first order logic and can thus use
off-the-shelf techniques to solve entailments for both proof systems for Floyd-
Hoare specifications and weakest liberal preconditions entailments. We will see
that checking entailments is a reoccurring challenge for other specifications of
this style.

Separation Logic To reason about heaps, many successful techniques use
separation logic [23, 24] instead of first order logic. Separation logic extends first
order logic by separating operations, most prominently the separating conjunction.
The separating conjunction states that the two statements connected by the
conjunction hold in disjoint sub-heaps. This allows to localize reasoning for heaps
containing multiple but separate data and data-structures.

However, the use of separation logic instead of first order logic introduces the
challenge that off-the-shelf entailment checkers are not applicable anymore. As
such, new entailment checkers specialized for separation logic were developed.

Another ground-breaking discovery is the additional use of the separating con-
junction to model data ownership in the presence of concurrency. Indeed, it turns
out that we can use separation logic to develop an elegant proof system for con-
current programs [25, 26]. To model the shared memory, we introduce another
component in the specification, called the resource invariant 𝜉. We thus have that
the specification

𝜉 ⊢ {Φ } 𝐶 {Ψ }

means that the program 𝐶 starting in an initial state satisfying Φ

1. has only executions such that for any “change of the shared memory
adhering to the resource invariant”, after every execution-step the shared
memory still satisfies 𝜉, and

2. execution either does not terminate or terminates in a state satisfying Ψ.

The first guarantees a certain inference freeness of the program and the second
guarantees us functional correctness of the program. For the definition of this
specification, the shared memory is not included in the used state. Instead we
add it before every execution-step and remove it after every execution-step again.
This way we can simulate arbitrary changes to the shared memory adhering to
the resource invariant done by the environment.
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Probabilistic Weakest Precondition Concurrently to the development of
separation logic, there has also been development to extend weakest precondition
style reasoning to probabilistic programs [27–29]. For this, we use a quantitativeWe will later call this

probabilistic weakest
precondition the
weakest expectation
instead.

logic instead of ordinary first order logic. A quantitative logic maps a models
not to Booleans, but to (some subset of) the reals. The weakest precondition
yields the expected value of a random variable after execution and parameterized
by the initial state. There also exists a form of conservativity. If the program
is deterministic, the random variable is the indicator function

The indicator function
maps to 1 if the model
is in the corresponding
set and 0 otherwise.

of a formula in
first order logic and the parameterized expected value is the indicator function
of a formula in first order logic, then the probabilistic weakest precondition and
the ordinary weakest precondition coincide. With this probabilistic weakest
precondition, we obtain specifications of the form

𝑋 ⋈ wp[𝐶](𝑌).

We can use this to gain various styles of specifications, for example

▶ if⋈=≤ and 𝑌(𝜎) = 1 if 𝜎 ∈ 𝐴 else 0, we specify that the program 𝐶 starting
in the initial state 𝜎 terminates in a state contained in 𝐴 with a probability
of at least 𝑋(𝜎); and

▶ if ⋈=≥ and 𝑌(𝜎) = 𝜎(𝑥) for a program variable 𝑥, then we specify that
the expected value of 𝑥 after executing the program 𝐶 in the initial state 𝜎
is at most 𝑋(𝜎).

Separation Logics for Probabilistic Programs It may not be surprising that
in the presence of a logic to reason about probabilistic programs and a logic to
reason about heaps and concurrency, there is also interest in a logic to reason
about probabilistic programs which may manipulate a heap and act concurrently.
By combining the idea of quantitative logics and separation logic, we obtain
quantitative separation logic [30, 31] and fuzzy separation logic [31–33]. The first
is a separation logic which maps variable assignments and heaps to non-negative
reals with a top element, the second is a separation logic which maps to reals in
the interval between zero and one. This gives rise to weakest precondition calculi
for probabilistic and heap-manipulating programs [30] and weakest liberal pre-
condition calculi for probabilistic, concurrent and heap-manipulating programs
[33], respectively. In case of the second, we also obtain resource invariants in
fuzzy separation logic. It may not be surprisingly that in the probabilistic setting
we may not get certain inference freeness by using resource invariants in fuzzy
separation logic, but only inference freeness with a certain probability. We will
go into more detail for both of these calculi in this dissertation.

Similar to separation logic, we require newly developed techniques to solve en-
tailments in quantitative and fuzzy separation logic. We will see two techniques
to verify entailments in this dissertation. The first transforms fuzzy separation
logic formulae into classical separation logic formulae, to be able to facilitate en-
tailment checkers for classical separation logic. The second uses cyclic reasoning
to allow for a proof system capable to prove entailments on recursively-defined
predicates. Cyclic reasoning requires a special soundness criterion. The classic
soundness criterion is troublesome for qualitative logics. As such, we use a new
soundness criterion based on heap-sizes for quantitative separation logic.
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1.3. Synopsis

This dissertation is structured in two parts and ten chapters. The first two
chapters are introductory and are thus not included in any of the two parts. In
Figure 1.1, we present how topics are dependent on each other. In order to read
a certain chapter, we recommend reading all chapters it depends on.

You are currently reading Chapter 1, in which we introduce the content of this
dissertation. Chapter 2 introduces foundations on order theory and fixed point
theory based on monotonic functions in ordered sets that contain least upper
bounds and greatest lower bounds for all subsets.

First Part The first part consists of Chapters 3 to 7 and introduces deductive
program verification for programs with various features.

In Chapter 3, we introduce seminal work on concurrent separation logic. We
first introduce classical separation logic. Then we introduce a programming
language supporting heap-manipulation and concurrency and its operational
semantics. Finally we define a weakest liberal precondition and Floyd-Hoare
style specifications in separation logic for this programming language, and a
corresponding proof system.



6 1. Introduction

In Chapter 4we introduce foundations for probabilistic semantics, namelyMarkov
decision processes. This gives rise to a probabilistic and heap-manipulating pro-
gramming language, of which the operational semantics is indeed a Markov
decision process. Finally we introduce quantitative separation logic, a probabilis-
tic weakest precondition using quantitative separation logic and Floyd-Hoare
style specifications for such programs. Finally we introduce a proof system for
these specifications.

In Chapter 5 we develop a fuzzy quantitative separation logic and present its
formalization in Lean.

A concurrent fuzzy separation logic is introduced in Chapter 6. There we define
a programming language supporting probabilistic branching, concurrency and
heap-manipulating and define its operational semantics as a Markov decision
process. We further develop a weakest liberal precondition calculus using fuzzy
separation logic, introduce Floyd-Hoare style specifications for such programs
and present a proof system for such specifications. The operational semantics for
probabilistic, concurrent and heap-manipulating programs and the corresponding
proof system for specifications on such programs are also formalized in Lean.

We conclude this part and present related work in Chapter 7.

My contributions are found in Chapters 5 and 6. In Chapter 5, I contributed the
formalization of fuzzy separation logic as a logic of truncated operations, as well
as a formalization in Lean. I also contributed the content of Chapter 6 and its
Lean formalization.

Second Part The second part consists of Chapters 8 to 10 and introduces one
technique to solve entailments in fuzzy separation logic and one technique to
solve entailments in quantitative separation logic with user-defined predicates.

A transformation from fuzzy separation logic to classical separation logic is intro-
duced in Chapter 8. We first present generic proof rules to transform entailments
in fuzzy separation logic to multiple entailments in classical separation logic.
Then we present a fragment of fuzzy separation logic that allows automatic dis-
charging the resulting entailments in entailment checker for classical separation
logic and analyze the runtime complexity of the transformation.

A proof system for quantitative separation logic is presented in Chapter 9. First
we introduce the notion of recursively-defined predicates, which are equations
that define predicates. These predicates may be defined mutually and are allowed
to occur in entailments to be checked. The proof system allows for cyclic proofs,
for which we then introduce an additional soundness criterion. Since the classical
soundness criterion is not sufficient, we introduce a soundness criterion based
on heap sizes and prove its correctness.

Finally in Chapter 10, we conclude the second part and present related work.

I contributed to the content in Chapter 8 and contributed the Lean formalization
of this transformation. Moreover, I contributed the development of proof systems
for qualitative logics presented in Chapter 9 and the soundness criterion based
on heap sizes.
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1.4. Contributions to Published Papers

During my PhD, I published three peer-review papers. In the following I will
outline my contribution to all of those.

[34] Ira Fesefeldt, Christoph Matheja, Thomas Noll, and Johannes Schulte.
“Automated Checking and Completion of Backward Confluence for Hyperedge
Replacement Grammars.” In: Graph Transformation. Ed. by Fabio Gadducci and
Timo Kehrer. Cham: Springer International Publishing, 2021, pp. 283–293.

The initiative for conducting this research came from Christoph Matheja. I have
contributed to the evaluation of the presented tool and the writing of the paper.

[32] Kevin Batz, Ira Fesefeldt, Marvin Jansen, Joost-Pieter Katoen, Florian Keßler,
Christoph Matheja, et al. “Foundations for Entailment Checking in Quantitative
Separation Logic.” In: Programming Languages and Systems. Ed. by Ilya Sergey.
Cham: Springer International Publishing, 2022, pp. 57–84. doi: 10.1007/978-
3-030-99336-8_3.

The initiative for conducting this research came from Christoph Matheja and
Thomas Noll. I have contributed to the theory, the case studies and the writing
of the paper. My contributions to this paper are presented in Chapter 8.

[33] Ira Fesefeldt, Joost-Pieter Katoen, and Thomas Noll. “Towards Concurrent
Quantitative Separation Logic.” In: 33rd International Conference on Concurrency
Theory (CONCUR 2022). Ed. by Bartek Klin, Sławomir Lasota, and Anca Muscholl.
Vol. 243. Leibniz International Proceedings in Informatics (LIPIcs). Dagstuhl,
Germany: Schloss Dagstuhl – Leibniz-Zentrum für Informatik, 2022, 25:1–25:24.
doi: 10.4230/LIPIcs.CONCUR.2022.25.

The initiative for conducting this research came from me. I have contributed to
the theory, the case studies and the writing of the paper. My contributions to
this paper are presented in Chapter 6.

https://doi.org/10.1007/978-3-030-99336-8_3
https://doi.org/10.1007/978-3-030-99336-8_3
https://doi.org/10.4230/LIPIcs.CONCUR.2022.25




Fixed Point Theory 2.
Throughout this thesis, we assume the reader to be familiar with both order
theory and fixed point theory. We thus often drop details on these fixed points
for brevity and concentrate on new contributions. This chapter aims to give
readers unfamiliar to these concepts a gentle introduction.

As an introduction to this chapter’s content, we consider a small example. We de-
fine the extended non-negative reals ℝ∞≥0 as the set of non-negative reals extended
with a top element we call infinity. We denote the non-negative reals without
that top element as ℝ≥0. Let us now consider the function

𝑓∶ ℝ∞≥0 → ℝ∞≥0, 𝑎 ↦
𝑎 + 1
𝑎 + 2

.

Here we define division with infinity as

∀𝑎 ∈ ℝ∞≥0.
𝑎
∞

= 0 and ∀𝑎 ∈ ℝ≥0.
∞
𝑎

= ∞.

We do not need to define division by zero here as 𝑎 + 2 is always positive. The
main goal of this chapter is to find methods to prove that a value 𝑎 is a fixed point
of 𝑓, i.e. 𝑓(𝑎) = 𝑎, and how to describe (and sometimes even compute) the least
and greatest fixed points. In general, a least and greatest fixed point must not
exist. However, in Section 2.2 we will see why the function 𝑓 definitely has them.
For now, we observe that 𝑓 is monotone. That is, whenever we take two ordered
values 𝑎 ≤ 𝑏 we also have that 𝑓(𝑎) ≤ 𝑓(𝑏), where ≤ is the usual order on ℝ≥0
with ∀𝑎 ∈ ℝ∞≥0. 𝑎 ≤ ∞. The dual property that for 𝑎 ≤ 𝑏 we have 𝑓(𝑏) ≤ 𝑓(𝑎)
is called antitonicity. Monotonicity of 𝑓 guarantees us that 𝑓 has a least and a
greatest fixed point due to a fixed point theorem we introduce in this chapter.

A different property, that 𝑓 can have and which will be helpful, is (co-)𝜔-Scott- Scott-continuity is
named after Dana
Scott to differentiate
it from topological
continuity.

continuity. This requires us that 𝑓 distributes over suprema (infima) using (co-)𝜔-
chains. The function 𝑓 does not distribute over suprema using 𝜔-chains as the
following example shows.

An 𝜔-chain chain ∶ ℕ → ℝ∞≥0 is a map from natural numbers to values such that
it is monotonic. Co-𝜔-chains are antitone. For the 𝜔-chain

chain ∶ ℕ → ℝ∞≥0, 𝑛 ↦ 𝑛

we have that

sup
⎧
⎨
⎩

chain(𝑖) + 1
chain(𝑖) + 2

| 𝑖 ∈ ℕ
⎫
⎬
⎭
= 1,

however we also have that

sup { chain(𝑖) | 𝑖 ∈ ℕ } + 1
sup { chain(𝑖) | 𝑖 ∈ ℕ } + 2

=
∞ + 1
∞ + 2

= 0.

Indeed, the problem lies with infinity. It behaves in some sense differently
in the finite cases then in the infinite case. This shows that 𝑓 is not 𝜔-Scott-
continuous.
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The function 𝑓 is co-𝜔-Scott-continuous. For that we require that for every
co-𝜔-chain we have

inf { 𝑓(chain(𝑖)) | 𝑖 ∈ ℕ } = 𝑓(inf { chain(𝑖) | 𝑖 ∈ ℕ }).

This does indeed hold as we either have the constant chain chain(𝑖) = ∞ or we
have some 𝑖 for which all 𝑗 > 𝑖 satisfy chain(𝑗) < ∞. In the first case, we have

inf { 𝑓(chain(𝑖)) | 𝑖 ∈ ℕ } = ∞ = 𝑓(inf { chain(𝑖) | 𝑖 ∈ ℕ }),

and in the second case we can use that division distributes over limits (thus also
the limit of the chain) in the reals, if they are defined in the reals. They are
defined in the reals and equal the infimum because the chain is bounded below
by zero and is antitone. Since 𝑓 is co-𝜔-Scott-continuous, we can express the
greatest fixed point as the infimum of the following infinite iteration

greatest fixed point of 𝑓 = inf { 𝑓𝑖(∞) | 𝑖 ∈ ℕ } ,

where 𝑓0(𝑎) = 𝑎 and 𝑓𝑖+1(𝑎) = 𝑓(𝑓𝑖(𝑎)). Unsurprisingly, we can easily compute
this value as ∞ is indeed the greatest fixed point.

We will also learn how to express the least fixed point of 𝑓 in a similar way using
ordinals.

2.1. Order Theory

In the introduction we saw the need for orders to define monotonicity, least upper
and greatest lower bounds. While we gave a high-level overview there, we now
go into details starting with the definition of a partial order.

Definition 2.1.1 (Partial Order) We call (𝐴, ≼) a partial order if and only if
the relation ≼ is

▶ reflexive ∀𝑎 ∈ 𝐴. 𝑎 ≼ 𝑎,
▶ transitive ∀𝑎, 𝑏, 𝑐 ∈ 𝐴. 𝑎 ≼ 𝑏 ⇒ 𝑏 ≼ 𝑐 ⇒ 𝑎 ≼ 𝑐, and
▶ anti-symmetric ∀𝑎, 𝑏 ∈ 𝐴. 𝑎 ≼ 𝑏 ⇒ 𝑏 ≼ 𝑎 ⇒ 𝑎 = 𝑏.

Example 2.1.1 The natural numbers form a partial order, where we define

𝑎 ≤ 𝑏 ⟺ ∃𝑐 ∈ ℕ. 𝑎 + 𝑐 = 𝑏.

Now we prove that (ℕ, ≤) is a partial order.

▶ (ℕ, ≤) is reflexive: For any 𝑎 ∈ ℕ we have 𝑎 + 0 = 𝑎, thus also 𝑎 ≤ 𝑎.
▶ (ℕ, ≤) is transitive: Assume we have 𝑎 ≤ 𝑏 and 𝑏 ≤ 𝑐, then there are 𝑎′

and 𝑏′ such that

𝑎 + 𝑎′ = 𝑏 and 𝑏 + 𝑏′ = 𝑐.

Thus we also have
𝑎 + 𝑎′ + 𝑏′ = 𝑐,

which proves that we have 𝑎 ≤ 𝑐.
▶ (ℕ, ≤) is anti-symmetric: Assume we have 𝑎 ≤ 𝑏 and 𝑏 ≤ 𝑎, then there
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are 𝑎′ and 𝑏′ such that

𝑎 + 𝑎′ = 𝑏 and 𝑏 + 𝑏′ = 𝑎.

Thus we have that

𝑏 + 𝑏′ + 𝑎′ = 𝑏 ⟺ 𝑏′ + 𝑎′ = 0.

However, there is only the one solution with 𝑏′ = 𝑎′ = 0. Thus we have
that

𝑎 + 0 = 𝑎 = 𝑏.

Example 2.1.2 This thesis involves
many pointwise de-
fined functions and the
monotonicity behavior
of them.

Let (𝐴, ≼) be a partial order and 𝑋 a set. The pointwise
extensions of the order on 𝐴 to maps from 𝑋 to 𝐴 form a partial order, where
we define

𝑎 ⊑ 𝑏 ⟺ ∀𝑥 ∈ 𝑋. 𝑎(𝑥) ≼ 𝑏(𝑥).

We now prove that (𝑋 → 𝐴,⊑) is a partial order.

▶ (𝑋 → 𝐴,⊑) is reflexive: Since we have for any 𝑎(𝑥) ≼ 𝑎(𝑥), we also
have 𝑎 ⊑ 𝑎.

▶ (𝑋 → 𝐴,⊑) is transitive: Assume we have 𝑎 ⊑ 𝑏 and 𝑏 ⊑ 𝑐. To prove
that 𝑎 ⊑ 𝑐 we have to prove that for any 𝑥 ∈ 𝑋 we have 𝑎(𝑥) ≼ 𝑐(𝑥). By
definition, we have 𝑎(𝑥) ≼ 𝑏(𝑥) and 𝑏(𝑥) ≼ 𝑐(𝑥) and thus by transitivity
of ≼ we also have 𝑎(𝑥) ≼ 𝑐(𝑥).

▶ (𝑋 → 𝐴,⊑) is anti-symmetric: Assume we have 𝑎 ⊑ 𝑏 and 𝑏 ⊑ 𝑎. To
prove that 𝑎 = 𝑏, we use functional extensionality. That is, we need to
prove that

∀𝑥 ∈ 𝑋. 𝑎(𝑥) = 𝑏(𝑥).

We assume an arbitrary 𝑥 ∈ 𝑋. We have by definition that 𝑎(𝑥) ≼ 𝑏(𝑥)
and 𝑏(𝑥) ≼ 𝑎(𝑥). By anti-symmetry of ≼ we have that 𝑎(𝑥) = 𝑏(𝑥).
Thus we also have that 𝑎 = 𝑏.

A function is monotone if ordered elements are mapped to equally ordered ele-
ments. That is, if we have 𝑎 ≼ 𝑏, a function 𝑓∶ 𝐴 → 𝐴 is monotone if we have
𝑓(𝑎) ≼ 𝑓(𝑏). Since (𝐴, ≼) is partial, a function 𝑓∶ 𝐴 → 𝐴 that is not monotone
has for some values 𝑎 ≼ 𝑏 that either 𝑓(𝑏) ≺ 𝑓(𝑎) or that they are not compara-
ble. A function is antitone if ordered elements are mapped to exactly reversed
ordered elements.

Definition 2.1.2 (Monotone and Antitone) Let (𝐴1, ≼1) and (𝐴2, ≼2) be partial
orders and 𝑓∶ 𝐴1 → 𝐴2 a map.
We call 𝑓 monotone if and only if

∀𝑎, 𝑏 ∈ 𝐴1. 𝑎 ≼1 𝑏 ⇒ 𝑓(𝑎) ≼2 𝑓(𝑏).

We call 𝑓 antitone if and only if

∀𝑎, 𝑏 ∈ 𝐴1. 𝑎 ≼1 𝑏 ⇒ 𝑓(𝑏) ≼2 𝑓(𝑎).
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Example 2.1.3 We define the function 𝑓 as

𝑓∶ ℕ → (ℕ → ℕ), 𝑎 ↦ (𝑏 ↦ 𝑎).

We prove now that 𝑓 is monotone using the partial orders from Examples 2.1.1
and 2.1.2. For this, we assume elements 𝑎, 𝑏 ∈ ℕ with 𝑎 ≤ 𝑏. Now we need to
prove that 𝑓(𝑎) ⊑ 𝑓(𝑏). But this holds if we have that

∀𝑐 ∈ ℕ. 𝑓(𝑎)(𝑐) ≤ 𝑓(𝑏)(𝑐).

Thus we assume such an element 𝑐 ∈ ℕ. Since we have that 𝑓(𝑎)(𝑐) = 𝑎 and
𝑓(𝑏)(𝑐) = 𝑏, it is sufficient to prove that 𝑎 ≤ 𝑏, which we have as assumption.

In contrast to partial orders, an order is linear if all elements are always orderedA linear oder is some-
times also called total
order.

in one way or the other. Total orders grant access to the binary minimum
and maximum operations, which maps elements to the lower and greater one
respectively. It does not guarantee the existence of minima and maxima of
infinitely many elements.

Definition 2.1.3 (Linear Order) A partial order (𝐴, ≼) is linear if and only if

∀𝑎, 𝑏 ∈ 𝐴. 𝑎 ≼ 𝑏 ∨ 𝑏 ≼ 𝑏.

Example 2.1.4 The order (ℕ, ≤) is a linear order. To prove this, we let 𝑎, 𝑏 ∈ ℕ.
We prove the claim by induction on 𝑎.
First we let 𝑎 = 0. Then we have that 𝑎 + 𝑏 = 0 + 𝑏 = 𝑏 and thus 𝑎 ≤ 𝑏.
Next we let 𝑎 = 𝑎′+1. By the induction hypothesis we have that 𝑎′ ≤ 𝑏∨𝑏 ≤ 𝑎′.
We do case distinction on this

▶ If 𝑎′ ≤ 𝑏, then we have that there is 𝑐 with 𝑎′ + 𝑐 = 𝑏. Again, we do a
case distinction on 𝑐.
If 𝑐 = 0 then 𝑎′ = 𝑏 and thus we also have 𝑎′ + 1 = 𝑏 + 1 by congruence.
Then we have by definition that 𝑏 ≤ 𝑎′ + 1 = 𝑎.
If 𝑐 = 𝑐′ + 1 then 𝑎′ + 𝑐′ + 1 = 𝑏 then also (𝑎′ + 1) + 𝑐′ = 𝑎 + 𝑐′ = 𝑏 and
therefore also 𝑎 ≤ 𝑏.

▶ If 𝑏 ≤ 𝑎′, then we have that there is 𝑐 with 𝑏 + 𝑐 = 𝑎′. By congruence
we also have that 𝑏 + 𝑐 + 1 = 𝑎′ + 1 = 𝑎, and therefore by definition we
have 𝑏 ≤ 𝑎.

Linear orders yield binary minima ⋏ and maxima ⋎, but not arbitrary ones. We
will not consider maxima and minima of arbitrarily many elements, but instead
consider the more useful notion of the least upper and greatest lower bound of
arbitrarily many elements. A complete lattice guarantees the existence of these.
We call the least upper bound the supremum and the greatest lower bound the
infimum. An order that guarantees their existence for arbitrary elements is called
a complete lattice. It suffices to show that either the supremum or the infimum
always exists for a complete lattice, as we can construct one from the other one.

We can construct the infimum⋏ from the supremum⋎ by

⋏𝑋 = ⋎{𝑎 ∈ 𝐴 |∀𝑥 ∈ 𝑋. 𝑎 ≼ 𝑥 } .

As⋎ always exists, the right side is defined and is the least upper bound of that
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set. It follows immediately that it is greater than or equal to any lower bound.
Thus we require that this element is also itself a lower bound. That is, we need
to prove

∀𝑥 ∈ 𝑋.⋎ {𝑎 ∈ 𝐴 | ∀𝑥 ∈ 𝑋. 𝑎 ≼ 𝑥 } ≼ 𝑥.

Assuming any 𝑥 ∈ 𝑋, we need to prove that for any 𝑎 ∈ 𝐴 with ∀𝑥 ∈ 𝑋. 𝑎 ≼ 𝑥
we have 𝑎 ≼ 𝑥. But due to ∀𝑥 ∈ 𝑋. 𝑎 ≼ 𝑥, we already have that 𝑎 ≼ 𝑥.

Similarly we can construct the supremum⋎ from the infimum⋏ by

⋎𝑋 = ⋏{𝑎 ∈ 𝐴 |∀𝑥 ∈ 𝑋. 𝑥 ≼ 𝑎 } .

Definition 2.1.4 (Complete Lattice and Complete Linear Order) A partial
order (𝐴, ≼) is a complete lattice if and only if for any subset 𝑋 ⊆ 𝐴 there is an
infimum⋏𝑋 such that

∀𝑥 ∈ 𝑋.⋏𝑋 ≼ 𝑥 and ∀𝑎 ∈ 𝐴. (∀𝑥 ∈ 𝑋. 𝑎 ≼ 𝑥) ⇒ 𝑎 ≼ ⋏𝑋,

and there is a supremum⋎𝑋 such that

∀𝑥 ∈ 𝑋. 𝑥 ≼ ⋎𝑋 and ∀𝑎 ∈ 𝐴. (∀𝑥 ∈ 𝑋. 𝑥 ≼ 𝑎) ⇒ ⋎𝑋 ≼ 𝑎.

A complete lattice that is additionally a total order is called a complete linear
order.

Example 2.1.5 The natural numbers (ℕ, ≤) are not a complete lattice (and
thus also not a complete linear order). As a counterexample, we consider the
set ℕ, which is trivially a subset of ℕ.
We have for this set the infimum inf ℕ = 0 as ∀𝑎 ∈ ℕ. 0 ≤ 𝑎 and there is no
other lower bound. To prove the second, we can consider any other lower
bound 𝑎 and disprove that it is a lower bound. Since 𝑎 ≠ 0 we have 𝑎 = 𝑎′ + 1.
But then we have 𝑎′ ≤ 𝑎, disproving that 𝑎 is a lower bound.
But we do not have a supremum sup ℕ, because there is no upper bound for
ℕ. Assume 𝑎 is an upper bound in order to lead this to a contradiction. We
have that 𝑎 ≤ 𝑎 + 1, disproving the assumption.

Complete lattices require the set 𝐴 to have a least element (bottom element) and
a greatest element (top element) as they require the existence of the infimum of
the whole set⋏𝐴 and the existence of the supremum of the whole set⋎𝐴.

Example 2.1.6 We can extend the natural numbers with a top element ℕ∞ =
ℕ ∪ {∞ }. We extend the order ≤ with ∀𝑎 ∈ ℕ∞. 𝑎 ≤ ∞ and like before if the
right side is not ∞. To prove that this is a complete linear order, we now need
to adapt all previous proofs.

▶ (ℕ∞, ≤) is reflexive: Let 𝑎 ∈ ℕ∞. If 𝑎 ∈ ℕ, the proof is already given. If
𝑎 = ∞ we have by definition that 𝑎 = ∞ ≤ ∞.

▶ (ℕ∞, ≤) is transitive: We have that 𝑎 ≤ 𝑏 and 𝑏 ≤ 𝑐. If 𝑐 = ∞ we
directly have 𝑎 ≤ ∞ = 𝑐. If 𝑏 = ∞, we have ∞ ≤ 𝑐 ⟺ 𝑐 = ∞ and
thus 𝑎 ≤ ∞ = 𝑐. Similarly for 𝑎 = ∞. If neither is infinity, the reason
from before holds.

▶ (ℕ∞, ≤) is anti-symmetric: We have that 𝑎 ≤ 𝑏 and 𝑏 ≤ 𝑎. If 𝑎 = ∞ we
have that ∞ = 𝑎 ≤ 𝑏 ⟺ 𝑏 = ∞, proving the statement. Analogous
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for 𝑏 = ∞. If neither are infinite, we have the same reason as before.
▶ (ℕ∞, ≤) is linear: We have 𝑎, 𝑏 ∈ ℕ∞. Let be 𝑎 = ∞, then we have

𝑏 ≤ ∞ = 𝑎. We have an analogous proof for 𝑏 = ∞. If neither are
infinite, we previous proof can be applied

Lastly we need to show that the supremum and infimum always exist. As
discussed before, it suffices to show that one exist. We will thus show that
the infimum always exists. For this, let 𝑋 ⊆ ℕ∞ be some subset. If 𝑋 = ∅
we have that every element is an lower bound. The greatest element of all
is ∞, therefore we have inf 𝑋 = inf ∅ = ∞. If 𝑋 ≠ ∅, than we can find the
least element in 𝑋 be counting up from 0 to a number 𝑎 such that 𝑎 ∈ 𝑋. By
counting up, we know that 𝑎 is the least element in 𝑋, making it trivially the
greatest lower bound.

2.2. Knaster-Tarski’s Fixed Point Theorem

In this section, we will take a closer look at fixed points and the closely related
notion of pre- and post-fixed points. A fixed point of a function 𝑓∶ 𝐴 → 𝐴 is an
element 𝑎 ∈ 𝐴 such that 𝑓(𝑎) = 𝑎. A function may not have any fixed points, can
have exactly one and can have multiple fixed points. However, if the function is
monotone and its domain is a complete lattice, it is guaranteed to have at least
one fixed point. A pre-fixed point of a function 𝑓 is an element 𝑎 ∈ 𝐴 such that
𝑓(𝑎) ≼ 𝑎. A pre-fixed point is an element which is decreased by applying the
function on it. Dually, a post-fixed point of a function 𝑓 is an element 𝑎 ∈ 𝐴 such
that 𝑎 ≼ 𝑓(𝑎), that is an element which is increased by applying the function
on it. The intuition behind the nomenclature is that a pre-fixed point has theWe need to ignore the

possibility of mirror-
ing the symbol — or
consider the mirrored
version a different rela-
tion.

function placed before the order sign, a post-fixed point has the function placed
after the order sign.

Definition 2.2.1 (Fixed, Pre-Fixed and Post-Fixed Points) Let (𝐴, ≼) be a
partial order and 𝑓∶ 𝐴 → 𝐴 be a function.

▶ An element 𝑎 ∈ 𝐴 is a fixed point if and only if 𝑓(𝑎) = 𝑎.
▶ An element 𝑎 ∈ 𝐴 is a pre-fixed point if and only if 𝑓(𝑎) ≼ 𝑎.
▶ An element 𝑎 ∈ 𝐴 is a post-fixed point if and only if 𝑎 ≼ 𝑓(𝑎).

Example 2.2.1 We consider again the natural numbers with top element
(ℕ∞, ≤) and the function

𝑓∶ ℕ∞ → ℕ∞, 𝑎 ↦ if (𝑎 ≤ 5) then 5 else 6.

The function 𝑓 has two fixed points, six post-fixed points and infinitely many
pre-fixed points. The fixed points of the function are 𝑓(5) = 5 and 𝑓(6) = 6.
The post-fixed points are 𝑎 = 0, 1, 2, 3, 4, 5 ≤ 5 = 𝑓(𝑎) and 𝑎 = 6 ≤ 6 = 𝑓(𝑎).
Finally, the pre-fixed points are all numbers 𝑎 greater than or equal to 6, i.e.
𝑓(𝑎) = 6 ≤ 𝑎, or equal to 5 as 𝑓(𝑎) = 5 ≤ 5. The bottom element is always
trivially a post-fixed point and the top element is always trivially a pre-fixed
point.
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A fixed point is always also a pre-fixed and a post-fixed point due to reflexivity of
the partial order. If the order is a complete lattice, we can also take the infimum
of all pre-fixed points and the supremum of all post-fixed points. It turns out that
these are fixed points if the function is monotone. The infimum of all pre-fixed
points is the least fixed point and the supremum of all post-fixed points is the
greatest fixed point.

We show a proof sketch for the least fixed point here. For that, we prove

𝑓(⋏ {𝑎 ∈ 𝐴 | 𝑓(𝑎) ≼ 𝑎 }) = ⋏{𝑎 ∈ 𝐴 | 𝑓(𝑎) ≼ 𝑎 } .

First we apply anti-symmetry and are required to prove that

𝑓(⋏ {𝑎 ∈ 𝐴 | 𝑓(𝑎) ≼ 𝑎 }) ≼ ⋏{𝑎 ∈ 𝐴 | 𝑓(𝑎) ≼ 𝑎 } ,

which follows by first eliminating the right infimum to receive one arbitrary
pre-fixed point 𝑏 and applying transitivity together with the pre-fixed property
to receive

𝑓(⋏ {𝑎 ∈ 𝐴 | 𝑓(𝑎) ≼ 𝑎 }) ≼ 𝑓(𝑏).

Now we can use monotonicity of 𝑓 and obtain the obviously true statement as 𝑏
is a pre-fixed point that

⋏{𝑎 ∈ 𝐴 | 𝑓(𝑎) ≼ 𝑎 } ≼ 𝑏.

Next we need to prove the second premise of anti-symmetry, i.e. that

⋏{𝑎 ∈ 𝐴 | 𝑓(𝑎) ≼ 𝑎 } ≼ 𝑓(⋏ {𝑎 ∈ 𝐴 | 𝑓(𝑎) ≼ 𝑎 }).

We observe that if

𝑓(⋏ {𝑎 ∈ 𝐴 | 𝑓(𝑎) ≼ 𝑎 }) ∈ { 𝑎 ∈ 𝐴 | 𝑓(𝑎) ≼ 𝑎 } ,

the statement holds. We thus need to prove that applying the function on the
infimum still yields a pre-fixed point, i.e. that

𝑓(𝑓(⋏ {𝑎 ∈ 𝐴 | 𝑓(𝑎) ≼ 𝑎 })) ≼ 𝑓(⋏ {𝑎 ∈ 𝐴 | 𝑓(𝑎) ≼ 𝑎 }).

By applying monotonicity, we obtain the statement we already proved first

𝑓(⋏ {𝑎 ∈ 𝐴 | 𝑓(𝑎) ≼ 𝑎 }) ≼ ⋏{𝑎 ∈ 𝐴 | 𝑓(𝑎) ≼ 𝑎 } .

Theorem 2.2.1 (Least and Greatest Fixed Points [35, 36]) Let (𝐴, ≼) be a
complete lattice and 𝑓∶ 𝐴 → 𝐴 a monotone function.
The least fixed point of 𝑓 (denoted as lfp(𝑓)) is

lfp(𝑓) = ⋏{𝑎 ∈ 𝐴 | 𝑓(𝑎) ≼ 𝑎 } .

The greatest fixed point of 𝑓 (denoted as gfp(𝑓)) is

gfp(𝑓) = ⋎{𝑎 ∈ 𝐴 | 𝑎 ≼ 𝑓(𝑎) } .

Example 2.2.2 We consider again the natural numbers with top element
(ℕ∞, ≤) and the function

𝑓∶ ℕ∞ → ℕ∞, 𝑎 ↦ if (𝑎 ≤ 5) then 5 else 6.
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We have that

lfp(𝑓) = inf { 𝑎 ∈ ℕ∞ | 𝑓(𝑎) ≤ 𝑎 } = inf { 𝑎 ∈ ℕ∞ | 5 ≤ 𝑎 } = 5,

as all values greater than or equal to 5 are pre-fixed points. We also have that

gfp(𝑓) = sup { 𝑎 ∈ ℕ∞ | 𝑎 ≤ 𝑓(𝑎) } = sup { 0, 1, 2, 3, 4, 5, 6 } = 6,

as these values are all post-fixed points.

Knaster-Tarski’s theorem states something even stronger. If we take a set of fixedAlthough interesting,
this will only play ami-
nor role in thesis. We
remark it here for com-
pleteness.

points on a monotone function 𝑓, their suprema and infima are always defined.
That is, the fixed points of a monotone function form again a complete lattice.

Theorem 2.2.2 (Knaster-Tarski’s Theorem [35, 36]) Let (𝐴, ≼) be a complete
lattice and 𝑓∶ 𝐴 → 𝐴 a monotone function. The set of fixed points on 𝑓
({ 𝑎 ∈ 𝐴 | 𝑓(𝑎) = 𝑎 } , ≼) is a complete lattice.

As a last part of this section, we will investigate a theorem allowing approxima-
tions using pre- and post-fixed points. Least and greatest fixed points are often
used to define the semantics of recursively defined objects. Gaining lower and
upper bounds on these objects is an often occurring problem. In terms of program
verification, we often define the semantics of programs as least or greatest fixed
points of characteristic functions. To approximate these semantics, we use so
called invariants, sub-invariants or super-invariants. These refer to pre-fixed andThe word invariant

is sometimes used in-
terchangably for sub-
invariant.

post-fixed points in our order theoretical sense. If we need to over-approximate
a least fixed point, it is sufficient to guess a pre-fixed point and prove that it is a
pre-fixed point and dually for greatest fixed points with post-fixed points.

Theorem 2.2.3 (Park’s Induction [37]) Let (𝐴, ≼) be a complete lattice, 𝑓∶ 𝐴 →
𝐴 a monotonic function, 𝑎 ∈ 𝐴 a pre-fixed point of 𝑓 and 𝑏 ∈ 𝐴 a post-fixed point
of 𝑓. We have that

lfp(𝑓) ≼ 𝑎 and 𝑏 ≼ gfp(𝑓).

We have that for any fixed point 𝑐 of 𝑓 that lfp(𝑓) ≼ 𝑐 ≼ gfp(𝑓). This does not
hold for pre-fixed and post-fixed points. A pre-fixed point may be greater than
the greatest fixed point and a post-fixed point may be less than the least fixed
point.

2.3. Folklore’s and Cousot’s Fixed Point Theorems

In this section, we will consider two theorems about defining least and greatest
fixed points as the supremum or infimum of chains. Sometimes this is called a
constructive approach to defining these fixed points. In practice, these are often
useful as they allow connecting the fixed point to other concepts and to allowWe will use the con-

structive approach in
Chapter 6 to prove the
adequacy of the pre-
sented semantics.

for induction on the chain’s index.

A chain is usually considered a monotone or antitone function where the co-
domain is a linear order. This extracts a linear subset of a potential partial order.
Moreover, chains are often especially considered monotone or antitone functions
mapping from natural numbers to a partial order. However, for our second fixed
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point theorem in this section, we will see chains which use ordinals as indices
instead. We will call chains on natural numbers 𝜔-chains and chains on ordinals
ordinal-chains.

The first kind of chain we will consider is the iterated application of a function
to some initial value.

Definition 2.3.1 (Natural Function Iteration) Let 𝑓∶ 𝐴 → 𝐴 be a function. We
define the natural function iteration for 𝑛 ∈ ℕ steps of 𝑓 on 𝑎 ∈ 𝐴 as

𝑓𝑛(𝑎) =
⎧
⎨
⎩

𝑎 if 𝑛 = 0
𝑓(𝑓𝑛−1(𝑎)) else.

If 𝑓 is monotone and 𝑎 is a post-fixed point of 𝑓, then the natural function
iteration of 𝑓 on 𝑎 yields a (monotone) 𝜔-chain. Dually, if 𝑓 is monotone and 𝑎
is a pre-fixed point of 𝑓, then the natural function iteration of 𝑓 on 𝑎 yields an
(antitone) co-𝜔-chain. If the function satisfies a property called𝜔-Scott-continuity,
then the supremum of the chain from a pre-fixed point yields the least fixed point
greater than or equal to 𝑎 and dually if the function is co-𝜔-Scott-continuous, the
infimum of the chain from a post-fixed point yields the greatest fixed point less
than or equal to 𝑎.

Definition 2.3.2 (Co- and 𝜔-Scott-Continuity) Let (𝐴, ≼) be a complete lattice
and 𝑓∶ 𝐴 → 𝐴 a function.
The function 𝑓 is 𝜔-Scott-continuous if and only if for any 𝜔-chain, that is a
monotone function chain ∶ ℕ → 𝐴, we have

⋎{𝑓(chain(𝑖)) | 𝑖 ∈ ℕ } = 𝑓(⋎ { chain(𝑖) | 𝑖 ∈ ℕ }).

The function 𝑓 is co-𝜔-Scott-continuous if and only if for any 𝜔-chain, that is an
antitone function chain ∶ ℕ → 𝐴, we have

⋏{𝑓(chain(𝑖)) | 𝑖 ∈ ℕ } = 𝑓(⋏ { chain(𝑖) | 𝑖 ∈ ℕ }).

From 𝜔-Scott-continuity and co-𝜔-Scott-continuity of a function 𝑓 follows that 𝑓
is monotone. As such, Knaster-Tarski’s theorem applies as soon as the function
is one of them. The fixed point theorem we present here is usually called Kleene’s
fixed point theorem. However, its origin is unclear [38]. As such we agree with
Lassez, Nguyen and Sonenberg and consider it a folklore theorem.

Theorem 2.3.1 (The Folklore’s Fixed Point Theorem [38]) Let (𝐴, ≼) be a
complete lattice and 𝑓∶ 𝐴 → 𝐴 be a function.
If 𝑓 is 𝜔-Scott-continues, we have that

𝑓𝑖(⊥) is a monotone𝜔-
chain and 𝑓𝑖(⊤) is an
antitone 𝜔-chain.

lfp(𝑓) = ⋎{𝑓𝑖(⊥) | 𝑖 ∈ ℕ } ,

where ⊥ is the least element in 𝐴.
If 𝑓 is co-𝜔-Scott-continues, we have that

gfp(𝑓) = ⋏{𝑓𝑖(⊤) | 𝑖 ∈ ℕ } ,

where ⊤ is the greatest element in 𝐴.
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Example 2.3.1You may also want to
reconsider the exam-
ple from the introduc-
tion of this chapter
with the new gained
insights.

We consider again the natural numbers with top element
(ℕ∞, ≤) and the function

𝑓∶ ℕ∞ → ℕ∞, 𝑎 ↦ if (𝑎 ≤ 5) then 5 else 6.

First we need to check whether 𝑓 is 𝜔-Scott-continuous and co-𝜔-Scott-
continuous.
𝑓 is 𝜔-Scott-continues as for any chain chain ∶ ℕ → ℕ∞ we have that if
sup { chain(𝑖) | 𝑖 ∈ ℕ } ≤ 5 we have

sup { 𝑓(chain(𝑖)) | 𝑖 ∈ ℕ } = 5 = 𝑓(sup { chain(𝑖) | 𝑖 ∈ ℕ }),

and if 6 ≤ sup { chain(𝑖) | 𝑖 ∈ ℕ } we have

sup { 𝑓(chain(𝑖)) | 𝑖 ∈ ℕ } = 6 = 𝑓(sup { chain(𝑖) | 𝑖 ∈ ℕ }).

For similar reasons, 𝑓 is also co-𝜔-Scott-continues.
Using Folklore’s fixed point theorem, we obtain that

lfp(𝑓) = sup { 𝑓𝑖(0) | 𝑖 ∈ ℕ } = sup { 0, 5 } = 5

as expected, and that

gfp(𝑓) = inf { 𝑓𝑖(∞) | 𝑖 ∈ ℕ } = inf {∞, 6 } = 6,

also as expected.

Our next fixed point theorem requires a new type of indices. These are an
extension to natural numbers, similar to how integers are an extension of natural
numbers. Instead of continuing below zero, as we do for integers, we continue
with a limit after all natural numbers. This new number, exceeding every natural
number, is called 𝜔. From there, we can again count upwards. These constitute
the ordinals. There are many ways to construct ordinals.

In set theory, ordinals are usually constructed by first constructing natural num-
bers as sets. For this, we say that

0 = ∅ and 𝑛 + 1 = {𝑛 } ∪⋃𝑛.

Using this rule, one can construct the numbers from 0 to 3 as

0 = ∅, 1 = {∅ } , 2 = { { ∅ } , ∅ } , 3 = { { { ∅ } , ∅ } , { ∅ } , ∅ } .

This has the nice property that we can define the less-than-or-equal relation by
the set membership relation. However, since we are in set theory we can also
take the supremum — that is the union — of all natural numbers and obtain the
ordinal 𝜔.In the most widely ap-

plied set theory ZFC,
the collection of all or-
dinals is however not
a set.

𝜔 = ⋃{𝑛 | 𝑛 ∈ ℕ } = ℕ.

From 𝜔, we can again construct their successors 𝜔 + 1, 𝜔 + 2,… to obtain a
new sequence of which we construct a new limit ordinal. This process may be
repeated arbitrarily often.



2.3. Folklore’s and Cousot’s Fixed Point Theorems 19

Definition 2.3.3 (Ordinals) We define the collection of ordinals, denoted as
Ordinal, as the least collection such that

∅ ∈ Ordinal

if 𝑎 ∈ Ordinal then { 𝑎 } ∪ ⋃𝑎 ∈ Ordinal

if 𝐵 ⊂ Ordinal then ⋃𝐵 ∈ Ordinal

The order on ordinals is constructed using the “set membership” relation. Ordinals
are special in that they generalize all well orders. A well order is a linear order
for which all nonempty sets contain their infimum. This is equivalent to saying
that the order has no infinitely strictly decreasing co-chain. Any well order is
equivalent to an initial segment of the ordinals. An initial segment are all ordinals
smaller than a certain ordinal. This also constitutes a second construction of
the ordinals. Instead one may define the ordinals as the equivalence classes of
well orders, where well orders are equivalent if there exists a bijection mapping
ordered elements to equally ordered elements.

Lemma 2.3.2 (Partial and Well Order on Ordinals [39]) The order (Ordinal, ≤),
where

𝑎 ≤ 𝑏 ⟺ 𝑎 ∈ 𝑏 ∨ 𝑎 = 𝑏,

is linear and for every non-empty set of ordinals, their infimum is contained.

We compare ordinals also by cardinality. The cardinality of an ordinal 𝑎 is less
than or equal to 𝑏 if there exists an injection inj ∶ 𝑎 → 𝑏. Their cardinality is
equal if there exists a bijection bij ∶ 𝑎 → 𝑏. A cardinal is the least ordinal with
equal cardinality. Since the ordinals are well ordered, there always exists such
a cardinal. We also have cardinality for other sets. Luckily, every set has a
cardinality equal to some cardinal.

Definition 2.3.4 (Cardinals) We say 𝐴 has less or equal cardinality than 𝐴′ if
and only if there exists an injection inj ∶ 𝐴 → 𝐴′, and 𝐴 and 𝐴′ have the same
cardinality if and only if there exists a bijection bij ∶ 𝐴 → 𝐴′.
We define the collection of cardinals, denoted asCardinal, as the greatest collection
such that for all 𝑎 ∈ Cardinal and for all 𝑏 ∈ Ordinal, if 𝑎 and 𝑏 have same
cardinality, then 𝑎 ≤ 𝑏.
The successor of a cardinal 𝑎, denoted as succ(𝑎), is the smallest cardinal 𝑏
greater than 𝑎.
We say the cardinality of a set 𝐴, denoted as #𝐴, is the (unique) cardinal with
cardinality equal to 𝐴.

We will use ordinals now as indices of chains, which approximate the least and
greatest fixed point similar to Theorem 2.3.1. This time, however, we do not
require continuity of the function. For this we introduce upward and downard
function iterations on ordinals. The reason we now need two function iteration
maps is because ordinals, in contrast to natural numbers, also feature limit
numbers, for which we either take a supremum or an infimum respectively.
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Figure 2.1.: Visual-
ization of the coun-
terexample from Ex-
ample 2.3.2 depicting a
transition system start-
ing from a state 0 and
branching infinitely to
finite paths of arbi-
trary length.
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Definition 2.3.5 (Upward and Downward Function Iterations) Let (𝐴, ≼) be a
complete lattice and 𝑓∶ 𝐴 → 𝐴 be a monotone function.
We define the upward function iteration of 𝑓 asRemark that< is equiv-

alent to ∈ for ordinals
and cardinals. ↑𝑓𝑎 = sup { 𝑓(↑𝑓𝑏) ∈ 𝐴 | 𝑏 < 𝑎 } .

We define the downward function iteration of 𝑓 as

↓𝑓𝑎 = inf { 𝑓(↓𝑓𝑏) ∈ 𝐴 | 𝑏 < 𝑎 } .

The upward and downward function iterations take the supremum of values
indexes by smaller ordinals. Using this definition, we also have backed in a base
case since for the least ordinal, the set is empty and thus we always start with
the least and greatest element respectively. Using these new function iterations,
we can express the generalization for the Folklore’s fixed point theorem to the
one shaped by Cousot and Cousot.

Theorem 2.3.3 (Cousot’s Fixed Point Theorem [40]) Let (𝐴, ≼) be a complete
lattice and 𝑓∶ 𝐴 → 𝐴 be a monotone function.
The least fixed point of 𝑓 is

lfp(𝑓) = ↑𝑓succ(#𝐴),

and the greatest fixed point if 𝑓 is

gfp(𝑓) = ↓𝑓succ(#𝐴).

Example 2.3.2 Let (Σ,→) be a transition system. We have thatWith Pow(Σ) we de-
note the powerset of Σ.

(Pow(Σ), ⊆)
is a complete lattice. Let further allstep ∶ Pow(Σ) → Pow(Σ) be the function
that maps a set of goal states to the set of states which can reach only goal
states in one step, i.e. 𝜎 ∈ allstep(𝐵) if and only if for all states 𝜎′ ∈ Σ with
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𝜎 → 𝜎′, we have 𝜎′ ∈ 𝐵.
allstep is not𝜔-Scott-continues for all transition systems. For a counterexample
consider the transition system defined as

Σ = { (𝑖, 𝑗) ∈ ℕ × ℕ | 𝑗 ≤ 𝑖 } ∪ { 0 } ,
∀𝑖 ∈ ℕ. 0 → (𝑖, 0) and ∀𝑖 ∈ ℕ. ∀𝑗 < 𝑖. (𝑖, 𝑗) → (𝑖, 𝑗 + 1)

and visualized in Figure 2.1.
Now we consider the chain

chain ∶ ℕ → Pow(ℕ), 𝑛 → { (𝑖, 𝑗) ∈ ℕ × ℕ | 𝑗 ≤ 𝑖 ≤ 𝑛 } ,

for which the supremum

⋃{ chain(𝑖) | 𝑖 ∈ ℕ } = { (𝑖, 𝑗) ∈ ℕ × ℕ | 𝑗 ≤ 𝑖 }

are all tuples, but not the 0 state. When now applying allstep to each element
of the chain, we obtain

allstep(chain(𝑛)) = { (𝑖, 𝑗) ∈ ℕ × ℕ | 𝑗 ≤ 𝑖 ≤ 𝑛 } ∪ { (𝑖, 𝑗) ∈ ℕ × ℕ | 𝑖 = 𝑗 } ,

as states without any outgoing transitions are always included in allstep and
other only have one transition going to a goal state. The supremum of all of
these are all tuples, but not the 0 state, i.e.

⋃{ allstep(chain(𝑛)) | 𝑛 ∈ ℕ } = { (𝑖, 𝑗) ∈ ℕ × ℕ | 𝑗 ≤ 𝑖 } .

But when we apply allstep on the supremum of the chain, we obtain

allstep({ (𝑖, 𝑗) ∈ ℕ × ℕ | 𝑗 ≤ 𝑖 }) = { (𝑖, 𝑗) ∈ ℕ × ℕ | 𝑗 ≤ 𝑖 } ∪ { 0 } ,

as all successor states of 0 are contained in { (𝑖, 𝑗) ∈ ℕ × ℕ | 𝑗 ≤ 𝑖 }. Since

⋃{ allstep(chain(𝑛)) | 𝑛 ∈ ℕ } ≠ allstep(⋃ { chain(𝑛) | 𝑛 ∈ ℕ }),

the function allstep is not 𝜔-Scott-continues.
However, allstep is monotone. For this, consider 𝐵 ⊆ 𝐵′. We now prove that if
𝜎 ∈ allstep(𝐵) then also 𝜎 ∈ allstep(𝐵′). Since we have 𝜎 ∈ allstep(𝐵), we also
have that for all states 𝜎′ ∈ Σ with 𝜎 → 𝜎′, we have 𝜎′ ∈ 𝐵. Since 𝐵 ⊆ 𝐵′, we
have 𝜎′ ∈ 𝐵′ and thus also 𝜎 ∈ allstep(𝐵′).
Since allstep is monotone, it has a least fixed point. We can approximate the
least fixed point using Theorem 2.3.3. Let us find the least fixed point of the
before mentioned transition system using this fixed point theorem. For this, we
need to find the value of ↑allstepsucc(#ℕ). Assuming the The famous but un-

provable continuum
hypothesis states that
succ(#ℕ) = #ℝ.

continuum hypothesis,
we have that the least fixed point is ↑allstep#ℝ. To not be irritated about the
reals popping up, we will use the standard notation ℵ1 = #ℝ for the cardinality
of the reals. We thus now need to find the value of ↑allstepℵ1 . We have for
𝑛 ∈ ℕ that

↑allstep𝑛 = { (𝑖, 𝑗) ∈ ℕ | 0 ≤ 𝑖 − 𝑗 < 𝑛 } .

Taking the supremum of all these, we obtain the value for the ordinal 𝜔, i.e.
we have

↑allstep𝜔 = ⋃{ ↑allstep𝑛 | 𝑛 ∈ ℕ } = { (𝑖, 𝑗) ∈ ℕ | 𝑗 ≤ 𝑖 } .
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When we proceed with one more step, i.e. to 𝜔 + 1 we finally have that

↑allstep𝜔+1 = allstep({ (𝑖, 𝑗) ∈ ℕ | 𝑗 ≤ 𝑖 }) = Σ,

and since Σ is also the greatest element, it necessarily is the least and greatest
(and thus unique) fixed point of allstep. Since ↑allstep𝑎 stabilizes at the fixed
point, we also have that

↑allstepℵ1 =↑allstep𝜔+1 = Σ.
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Concurrent Separation Logic 3.
For didactic reasons and in order to increase complexity slowly we will first
investigate reasoning about non-probabilistic concurrent programs. This has the
benefit that we can first concentrate on separation logic (SL) as a propositional
logic and later deal with quantitative separation logic and fuzzy separation logic.
We will here explain a version of concurrent separation logic that is similar to
the original version from O’Hearn in 2004 [25] and formalized by Vafeiadis in
2011 [26] in Isabelle and later in Coq. This formalization is very different from
the formalization of modern logics such as Iris [41].

The basic idea of concurrent separation logic is to divide memory in form of the
heap (and read here especially data-structures and their data) in smaller heaps
for every thread of the concurrent program. This allows every thread to have
exclusive access to “its heap”, but also limits any communication between threads
to shared parameters. In order to relax this restriction, we also allow a heap that
is used for shared memory over which threads can communicate.

In order to reason about multiple executions, we abstract sets of heaps by logical
propositions in separation logic. We do not differentiate between formulae in
separation logic and their semantics. Instead we call the composition of logical
operations propositions as it is custom when dealing with theorem provers. For
sake of concreteness, let us consider a simple example. If you struggle with

the syntax of this pro-
gram, you may like to
peak in the descrip-
tion of this program-
ming syntax in Sec-
tion 3.2. We generally
follow here the syntax
of WHILE-languages
with a basic feature set
for our purpose.

<𝑟> := −1 ;

<𝑟> := 0 ‖
𝑥 := <𝑟> ;
while ( 𝑥 = −1 ) { 𝑥 := <𝑟> } ;

This program implements a simple busy-waiting communication between two
threads. We first set the value at the heap location 𝑟 to −1. We thus assume that
the heap is initially at least allocated at location 𝑟. Next we spawn two threads.
The left thread only manipulates the value in location 𝑟 to 0. The right thread
reads the value at location 𝑟 in the variable 𝑥 and waits for the initial value at 𝑟
to change.

We will introduce the
notation mentioned
here such as 𝑟 ↦ −1
and ∗ in all necessary
detail in Section 3.1.
If this explanation
leaves you confused,
you may want to come
back to it later.

Indeed, the challenge of the above program lies in the fact that the value at
location 𝑟 may change, but we do not know when it changes. Nevertheless,
we try now to solve this by defining propositions that describe the state of the
memory between every two statements. Let us start with the initial state. It does
not actually matter which value the variables 𝑥 and 𝑟 have, it only matters that
the heap is allocated at location 𝑟. Next we change the value at location 𝑟. The
proposition thus changes to 𝑟 ↦ −1. Now we split the heap in three parts: one
part for the left thread, one part for the right thread and one part for both threads.
Since the heap only contains this allocated location 𝑟 and this is used by both
threads, we give the threads the empty heap, which we capture by the predicate
emp. We denote this splitting operation as the proposition emp ∗ emp ∗ 𝑟 ↦ −1.
It means: I can split the heap in three disjoint parts. One is empty, the next is
also empty and the last one only contains the location 𝑟 with value −1.

We can now proceed by considering every thread on its own. The left thread
changes the value of the heap at location 𝑟 to 0. Thus we change the shared
memory proposition to 𝑟 ↦ 0. For the right thread we now have a problem.
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We have two kinds of propositions that describe the shared memory, the initial
one 𝑟 ↦ −1 and 𝑟 ↦ 0, which we obtain after executing the left thread. Indeed,
if we (falsely) considered only one of these, we get a wrong result. Choosing
𝑟 ↦ −1 yields that the left thread will never (under every thread scheduling) finish.
Choosing 𝑟 ↦ 0 yields that the left thread always (again under every scheduling)
terminates. However, both answers are wrong. If we let the left thread (unfairly)
starve, we will never leave the loop in the right thread. If we let the left thread
execute, the right thread will terminate.

The idea to fix this, is to establish an invariant that holds for both threads. We
thus need: (1) change the proposition for the shared memory to the invariant
𝑟 ↦ −1 ∨ 𝑟 ↦ 0 and (2) guarantee its invariance, i.e. that no manipulation of the
heap invalidates the invariant. Luckily, this proposition also holds between every
two program statements. This new invariant also allows us to see the possibility
for both, to never terminate and to actually terminate. Although we can now see
the possibility of both the terminating and the non-terminating scenario ad-hoc,
the soundness theorems for this framework unfortunately can not differentiate
between successful execution and non-termination and therefore reasons about
partial-correctness. A fully annotated program with concurrent separation logic
annotations is the following:

In this notation, a
proposition behind (
means that — given
that the initial state
satisfies the first
condition — everytime
the execution reaches
that position in the
program, the state of
the program satisfies
this proposition. Later
we will see a different
interpretation of
this notation, that is
more useful in the
probabilistic case.

( ∃𝑎. 𝑟 ↦ 𝑎
<𝑟> := −1 ;
( 𝑟 ↦ −1
( emp ∗ emp ∗ (𝑟 ↦ −1 ∨ 𝑟 ↦ 0)

( emp ∗ (𝑟 ↦ −1 ∨ 𝑟 ↦ 0)
<𝑟> := 0
( emp ∗ (𝑟 ↦ −1 ∨ 𝑟 ↦ 0)

‖‖‖‖‖‖‖‖
‖

( emp ∗ (𝑟 ↦ −1 ∨ 𝑟 ↦ 0)
𝑥 := <𝑟> ;
( emp ∗ (𝑟 ↦ −1 ∨ 𝑟 ↦ 0)
while ( 𝑥 = −1 ) { 𝑥 := <𝑟> } ;
( emp ∗ (𝑟 ↦ −1 ∨ 𝑟 ↦ 0)

( emp ∗ emp ∗ (𝑟 ↦ −1 ∨ 𝑟 ↦ 0)

The annotations over-approximates the possible memory configuration as the
value at location 𝑟 is never −1 after termination when executing the program.
We will not go into details how to circumvent this problem (but see for example
[41, 42]) and instead concentrate on the foundations.

3.1. Separation Logic
We call classical sepa-
ration logic here quali-
tative in order to differ-
entiate it from the two
different versions we
will see later. Usually,
we drop the descrip-
tor qualitative, but not
the descriptors quanti-
tative and fuzzy.

(Qualitative) separation logic is an extension of first order logic introducing the
separating operator. In our setting, we will also consider the magic wand, which
is the adjoint operation of the separating operator.

The separating operator — in the setting of qualitative logic we call it the sep-
arating conjunction — takes an object of the domain and asserts that it can be
split in two disjoint objects such that they satisfy the left and right side of the
operator respectively. In our setting, the objects of interest are heaps, that is
partial functions mapping from locations to values. Disjointness of heaps refers
to the disjointness of the domains of the heaps. Other works also include the
assumption that heaps are finite. We drop this to ease the proofs and reintroduce
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finiteness when convenient. Usually, this requirement is used to guarantee that
the memory allocation never fails. However, we assume instead that memory
allocation deadlocks when the heap has no free locations remaining instead of
failing and thus make our lives a bit easier by not assuming the defined domain
of heaps to be finite. We model the partiality of our heap by allowing two kinds
of values for heaps: (1) actual rational values that are stored and (2) undefined
values which are open for allocation. Our union prioritizes the left side. That is,
if both sides are allocated at a location, we take the value on the left.

Definition 3.1.1 (Heaps) A heap ℎ ∶ ℕ>0 → ℚ∪ { undef } is a partial mapping
from locations to values. We denote an undefined value at location ℓ in a heap ℎ
with ℎ(ℓ) = undef. We denote the set of all heaps as Heaps. We denote the heap
where every location is undef as ∅.

We adopt a set notation to denote defined mappings in the heap. That is, the set
{ 1 ↦ 0, 2 ↦ 1 } denotes the heap ℎ with ℎ(1) = 0, ℎ(2) = 1 and ℎ(𝑎) = undef
else.

For the values of program variables, we use a function mapping program variables
to their value. We consider the initial values of the program variables as inputs
to the program. We call these functions stacks. When we define our logic in
some meta logic (like Lean), we will generally be able to use variables that are
connected to this meta logic and not the program. Formalizations of separation
logic not using this kind of notation of meta logic usually encode variables that
are bound by quantifiers as stack variables. We will differ here and explicitly use
logical variables to differentiate program variables and logical variables. Logical
variables yield their value by the function 𝜂 mapping logical variables from
LVars to values. Since the logical variables are borrowed from the meta logic, we
generally have the expressivity of the meta logic here.

Definition 3.1.2 (Stacks, Program States and Logical Variables) Let Vars be a
(possibly infinite) set of program variables.

▶ A stack 𝑠 ∶ Vars → ℚ is a mapping from variables to values. We denote the
set of all stacks as Stacks.

▶ We call a program state 𝜎 ∈ Stacks × Heaps a stack heap pair. We denote
the set of all stack heap pairs States.

▶ Let LVars be a set of logical variables. The function 𝜂∶ LVars → ℚ maps
logical variables to values. We denote the set of all functions mapping
logical variables to values as LStacks.

For simplicity, we assume that locations are positive natural numbers and values
are rational numbers. In programs, we use expressions which we abstract as total
functions from stacks to some value. We only let the set of program and logical
variables be generic. Logical variables are used to represent variables that are
bound by quantifiers. When defining a quantifier, we will need to change the
value of certain variables. We call this operation a substitution.
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We use lambda expres-
sions such as 𝜆𝑎. …
for an anonymous
function with one
argument named 𝑎.

Definition 3.1.3 (Substitution) The substitution of a variable 𝑎 ∈ LVars by the
value 𝑣 ∈ LVars in 𝜂 ∈ LStacks is

𝜂 [𝑎 ≔ 𝑣] = 𝜆𝑏.
⎧
⎨
⎩

𝑣 if 𝑏 = 𝑎
𝜂(𝑏) else

and analogous for 𝑥 ∈ Vars, 𝑠 ∈ Stacks and 𝑠 [𝑥 ≔ 𝑣] as well as for ℓ ∈ ℕ>0,
ℎ ∈ Heaps and ℎ [ℓ ≔ 𝑣].

Disjointness of two heaps is defined by requiring that for any location at least
one heap is undefined. We define the union as left-prioritizing. That is, a location
maps to undefined if both heaps are undefined at that location, maps to the value
of the defined location if only one heap is defined at that location and maps to
the left value if both locations are defined.

Definition 3.1.4 (Disjointness and Union) Let ℎ1, ℎ2 ∈ Heaps. We say ℎ1 and
ℎ2 are disjoint, written ℎ1 ⊥ ℎ2, if for all ℓ ∈ ℕ>0 we have ℎ1(ℓ) = undef or
ℎ2(ℓ) = undef. The (left-prioritizing) union of ℎ1 and ℎ2 is defined as

ℎ1 ∪ ℎ2 = 𝜆ℓ.
⎧⎪⎪
⎨
⎪⎪
⎩

undef if ℎ1(ℓ) = undef and ℎ2(ℓ) = undef
ℎ1(ℓ) if ℎ1(ℓ) ≠ undef
ℎ2(ℓ) if ℎ1(ℓ) = undef and ℎ2(ℓ) ≠ undef

Lemma 3.1.1 The following statements hold for ℎ1, ℎℎ2, ℎ3 ∈ Heaps:

ℎ1 ⊥ ℎ2 ⟺ ℎ2 ⊥ ℎ1 (Symmetry of Disjointness)

ℎ1 ∪ (ℎ2 ∪ ℎ3) = (ℎ1 ∪ ℎ2) ∪ ℎ3 (Associativity of Union)

if ℎ1 ⊥ ℎ2 then ℎ1 ∪ ℎ2 = ℎ2 ∪ ℎ1 (Commutativity of Union)

Proof. See [43] at LeanFSL.Program.State.

Using disjointness and union of heaps, we can introduce a partial ordering on
heaps that orders two heaps if the lesser has a subset of defined locations and
they agree on the values of the subset of locations.

Definition 3.1.5 (Subset on Heaps) Let ℎ1, ℎ2 ∈ Heaps be heaps. We say that
ℎℎ1 is a subset of ℎ2, written as ℎ1 ⊆ ℎ2 if

∃ℎ′ ∈ Heaps. ℎ1 ⊥ ℎ′ ∧ ℎ2 = ℎ1 ∪ ℎ′

Lemma 3.1.2 (Partial Order on Heaps) The relation ℎ ⊆ ℎ′ is a partial order.

Proof. See [43] at LeanFSL.Program.State.

Statements in separation logic (SL) are maps from states together with values for
values for logical variables to truth and false values. We take a model theoretical
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Table 3.1.: This is a list for the semantics for various operations in qualitative separation logic. (𝑠, ℎ) is a stack heap pair. For
the expressions 𝑒 and 𝑒′ of the atoms we will not give semantics for brevity. We also have first order connectives and the two
separation operators the separating conjunction and the qualitative magic wand. Θ∶ ℕ → SLProp is a map from natural numbers to
SL propositions.

Φ (𝑠, ℎ) ⊧𝜂 Φ

true always holds
false never holds
emp ℎ = ∅
𝑒 ↦ 𝑒′ ℎ(𝑒(𝜂, 𝑠)) = 𝑒′(𝜂, 𝑠) and ℎ(ℓ) = undef for ℓ ≠ 𝑒(𝜂, 𝑠)
𝑒 = 𝑒′ 𝑒(𝜂, 𝑠) = 𝑒′(𝜂, 𝑠)
Φ [𝑥 ≔ 𝑒] (𝑠 [𝑥 ≔ 𝑒(𝑠)] , ℎ) ⊧𝜂 Φ
¬Ψ not (𝑠, ℎ) ⊧𝜂 Ψ
Ψ1 ∧Ψ2 (𝑠, ℎ) ⊧𝜂 Ψ1 and (𝑠, ℎ) ⊧𝜂 Ψ2

Ψ1 ∨Ψ2 (𝑠, ℎ) ⊧𝜂 Ψ1 or (𝑠, ℎ) ⊧𝜂 Ψ2

∃𝑎. Ψ exists 𝑣 ∈ ℚ with (𝑠, ℎ) ⊧𝜂[𝑎≔𝑣] Ψ
∀𝑎. Ψ for all 𝑣 ∈ ℚ we have (𝑠, ℎ) ⊧𝜂[𝑎≔𝑣] Ψ
Ψ1 ∗ Ψ2 exists ℎ1, ℎ2 with ℎ1 ⊥ ℎ2, ℎ1 ∪ ℎ2 = ℎ, (𝑠, ℎ1) ⊧𝜂 Ψ1 and (𝑠, ℎ2) ⊧𝜂 Ψ2

𝑛∗
𝑖=0

Θ
⎧
⎨
⎩

emp if 𝑛 = −1

Θ(𝑛) ∗
𝑛−1∗
𝑖=0

Θ if 𝑛 > −1

Ψ1 −−∗ Ψ2 for all ℎ′ with (𝑠, ℎ′) ⊧𝜂 Ψ1 and ℎ ⊥ ℎ′ we have (𝑠, ℎ ∪ ℎ′) ⊧𝜂 Ψ2

view on these statements, which we will call propositions. The usage of proposi-
tions originally come from type theory, where the type proposition is used to
express logical statements. In type theory, this is useful as these propositions can
now be a type themselves and have proofs as elements if they hold. Since this
thesis is partly formalized in the dependent type theory Lean, we will use this
nomenclature and call statements in Separating Logic SLProp.

Definition 3.1.6 (Propositions in Separation Logic) A proposition in separa-
tion logic is a map Φ∶ States × LStacks → { true, false }. We call the set of all
propositions in separation logic SLProp. We write (𝑠, ℎ) ⊧𝜂 Φ if Φ yields true for
(𝑠, ℎ) and 𝜂.

We now have all ingredients for defining the key operator in separation logic:
the separating conjunction. Given a stack 𝑠 and a heap ℎ, a proposition with the
separating conjunction Φ ∗ Ψ requires that ℎ can be split in two disjoint heaps
ℎ1, ℎ2, i.e. that ℎ1 ⊥ ℎ2, such that their union is again ℎ, i.e. ℎ = ℎ1∪ℎ2 and such
that the sub heaps satisfy the left and right side respectively, i.e. (𝑠, ℎ1) ⊧𝜂 Φ and
(𝑠, ℎ2) ⊧𝜂 Ψ.

The magic wand −−∗ is the adjoint operator of the separating conjunction. That is,
Φ1 ∗ Φ2 impliesΦ3 if and only ifΦ1 impliesΦ2 −−∗ Φ3. For a stack heap pair (𝑠, ℎ) Here the word “im-

plies” refers to the en-
tailment between sep-
aration logic proposi-
tions.

to satisfy the magic wand Φ −−∗ Ψ, we require for all heaps ℎ′ which are disjoint
to ℎ, i.e. ℎ ⊥ ℎ′, and satisfy the left side of the proposition, i.e. (𝑠, ℎ′) ⊧𝜂 Φ, that
the union of both satisfy the right side, i.e. (𝑠, ℎ ∪ ℎ′) ⊧𝜂 Ψ. A comprehensive
list of atoms, first order connectives and the separation logic connectives can be
found in Table 3.1. For the atoms, we omit semantics for their expressions. These
expressions include arithmetic operations, variables and rounding operators.
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In order to avoid many brackets in our propositions, we will use traditional
precedence rules for first order operations. Separating conjunctions bind the
same as regular conjunctions and the magic wand bounds the same as regular
implication. That is, negation binds the strongest, separating conjunction and
regular conjunction bind equally strong and are right-associative, conjunction
binds stronger than disjunction, disjunction binds stronger than magic wand and
quantifiers bind the strongest. Thus the following propositions are the same:

∀𝑎. emp ∗ emp ∧ emp −−∗ emp −−∗ emp

= ∀𝑎. ((emp ∗ (emp ∧ emp)) −−∗ (emp −−∗ emp))

We need to be careful when using both regular conjunction and separating
conjunction, as they do not commute, but have the same precedence. We will
stick with this precedence for the other versions of separation logic as well.

Example 3.1.1 Let ℎ = { 1 ↦ 2, 2 ↦ 3 } be a heap. Furthermore we let 𝑠(𝑥) =
1 for all 𝑥. We want to check whether this holds:

(𝑠, ℎ) ⊧𝜂 𝑥 ↦ 2 ∗ 2 ↦ 3

▶ We have that (𝑠, ℎ) ⊧𝜂 𝑥 ↦ 2 ∗ 2 ↦ 3We shorten the expres-
sion 𝜆(𝑠, 𝜂). 𝑠(𝑥) ↦
𝜆(𝑠, 𝜂). 2 here and
elsewhere as the
notation 𝑥 ↦ 2.

as we can split ℎ into the heap
ℎ1 = { 1 ↦ 2 } and the heap ℎ2 = { 2 ↦ 3 }. We also have that ℎ1 ⊥ ℎ2
and ℎ = ℎ1 ∪ ℎ2.

▶ Next, we check that (𝑠, ℎ1) ⊧𝜂 𝑥 ↦ 2. Since 𝑠(𝑥) = 1 we need to check
whether ℎ1 = { 1 ↦ 2 }. Indeed, this is the case.

▶ Lastly, we check that (𝑠, ℎ2) ⊧𝜂 2 ↦ 3. For this we check that ℎ2 =
{ 2 ↦ 3 }. Indeed, this is the case.

Example 3.1.2 Let ℎ = { 1 ↦ 2 } be a heap. Furthermore we let 𝑠(𝑥) = 1 for
all 𝑥. We want to check whether this holds:

(𝑠, ℎ) ⊧𝜂 2 ↦ 3 −−∗ (1 ↦ 2 ∗ 2 ↦ 3)

▶ We have that ℎ′ with ℎ′ = { 2 ↦ 3 } is disjoint with ℎ, i.e. ℎ ⊥ ℎ′. We
will prove that ℎ′ is the only heap satisfying the left side of the magic
wand.

▶ For (𝑠, ℎ′) ⊧𝜂 2 ↦ 3 we need to check that ℎ′ is the only heap with
ℎ′ = { 2 ↦ 3 }, which is the case.

▶ We have that (𝑠, ℎ∪ℎ′) ⊧𝜂 1 ↦ 2 ∗ 2 ↦ 3 holds because of Example 3.1.1.

Commonly, we are interested in entailments between propositions. An entailment
encodes that for a stack heap pair and values for logical variables, given the
proposition on the left side satisfies these, then also the proposition on the right
side satisfies these. This allows us to prove and conclude theorems given various
assumptions and is thus a key ingredient for logical reasoning.

Definition 3.1.7 (Qualitative Entailments) Let Φ,Ψ ∈ SLProp be SL proposi-
tions. We define the entailment between these as

Φ ⊨ Ψ iff for all (𝑠, ℎ), 𝜂, we have if (𝑠, ℎ) ⊧𝜂 Φ then (𝑠, ℎ) ⊧𝜂 Ψ.

We have commutativity and associativity for separating conjunction. This justi-
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fies leaving out brackets around separating conjunctions — we still stick with
the convention that separating conjunction and regular conjunction bind equally,
even though they are not commutativity and associativity with each other.

Theorem 3.1.3 (Commutativity and Associativity) Let Φ1, Φ2, Φ3 ∈ SLProp be
SL propositions. The following statements hold:

Φ1 ∗ Φ2 ⊨ Φ2 ∗ Φ1 (Commutativity)

Φ1 ∗ (Φ2 ∗ Φ3) ⊨ (Φ1 ∗ Φ2) ∗ Φ3 (Associativity)

Proof. See [43] at LeanFSL.SL.ClassicalProofrules.

A key theorem of the magic wand in separation logic is called adjointness. This
property allows us to introduce the left side of a magic wand on the right side
of an entailment into a separating conjunction on the left side of an entailment.
Another important property is modus ponens, which allows us to eliminate
magic wands on the left side of an entailment, given that the left side includes
the antecedent. Transforming magic wands into propositions without the magic The antecedent is the

left side of an implica-
tion.

wand is in praxis how we deal with it. Indeed, this is not surprising as this is
also how we deal with regular implication. The only difference is that in the
separating version of modus ponens, we loose that the antecedent still holds.
Lastly we also have monotonicity of the separating conjunction.

Theorem 3.1.4 (Adjointness and Modus Ponens) Let Φ1, Φ2, Φ3, Φ4 ∈ SLProp
be SL propositions. The following statements hold:

Φ1 ⊨ Φ2 and Φ3 ⊨ Φ4 then Φ1 ∗ Φ3 ⊨ Φ2 ∗ Φ4 (Monotonicity)

Φ1 ∗ Φ2 ⊨ Φ3 iff Φ1 ⊨ Φ2 −−∗ Φ3 (Adjointness)

Φ1 ∗ (Φ1 −−∗ Φ2) ⊨ Φ2 (Modus Ponens)

Proof. See [43] at LeanFSL.SL.ClassicalProofrules.

3.2. Syntax and Operational Semantics of the Programming
Language

We will now formally define the syntax of a concurrent programming language
supporting heap manipulation (but not probabilistic execution). This language
supports assignments to variables, manipulation of a heap, including allocation
and deallocation, conditional branching, loops and concurrent execution. We will
define an operational semantics for this programming language, onwhichwe base
the soundness of our axiomatic semantics. We leave the syntax for expressions
open and instead use appropriate functions, which we call expressions. We will
abuse notation when dealing with expressions. That is, we write in expressions
𝑥 instead of 𝑠(𝑥) and do not use lambda functions to explicitly state them as
anonymous functions. The syntax of the programming language is defined as a
context-free language in Backus-Naur form.
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Definition 3.2.1 (Concurrent Programming Language) We define the concur-
rent programming language cPL as the language generated by this grammar:
𝒞 ∶∶= skip empty program

| 𝑥 := 𝑒 assignment
| <𝑒> := 𝑒′ heap mutation
| 𝑥 := <𝑒> heap lookup
| 𝑥 := CAS(𝑒1, 𝑒2, 𝑒3) compare and set
| 𝑥 := new (𝑒) allocation
| free(𝑒, 𝑒′) deallocation
| if ( 𝑒𝑏 ) {𝒞 } else {𝒞 } conditional branching
| while ( 𝑒𝑏 ) {𝒞 } looping
| 𝒞 ; 𝒞 program composition
| 𝒞 ‖ 𝒞 concurrent execution

where 𝑒, 𝑒′, 𝑒1, 𝑒2, 𝑒3 ∶ Stacks×LStacks → ℚ are value expression and 𝑒𝑏 ∶ Stacks×
LStacks → { true, false } are Boolean expressions. We denote the set of value ex-
pressions as ValExpr and the set of Boolean expressions as BoolExpr. We use ↓ to
depict terminated programs and  to depict erroneous programs.

Both ↓ and  are deadlocking statements. When reaching, the program does not
further execute. The difference is their interpretation. A program reaching ↓ has
successfully terminated, but a program reaching  has unsuccessfully terminated
— you may say the program crashed. We will usually not write actual code
with these constructs. Instead, we use these to define program transformations
enabling operational semantics. The programs skip, 𝑥 := 𝑒,<𝑒> := 𝑒′, 𝑥 :=
<𝑒>, 𝑥 := CAS(𝑒1, 𝑒2, 𝑒3), 𝑥 := new (𝑒) and free(𝑒, 𝑒′) terminate after one step.
skip does nothing in this one step. 𝑥 := 𝑒 changes the value of 𝑥 to the value
after evaluating 𝑒 on the programs state. <𝑒> := 𝑒′ changes the value at the
location to which 𝑒 evaluates on the current program state to the value which
𝑒′ evaluates on the current program state. 𝑥 := <𝑒> looks up the value at
the location to which 𝑒 evaluates in the current program state and assigns 𝑥
this value.

Compare and set
is sometimes also
referred to as compare
and swap with same or
similar semantics. Ar-
guably, compare and
set is a better name for
that operation.

𝑥 := CAS(𝑒1, 𝑒2, 𝑒3) compares the value of 𝑒2 with the value at the
location 𝑒1. If these values coincide, it assigns 1 to 𝑥 and changes the value at
location 𝑒1 to 𝑒3, else it assigns 0 to 𝑥. All of this happens atomically. Compare
and set is crucial to implement mutual exclusion locks in our programming
language. Allocation 𝑥 := new (𝑒) takes an arbitrary group of 𝑒 free consecutive
locations, assigns them 0 as initial value and returns the starting location to 𝑥.
If 𝑒 does not evaluate to a natural number, the program crashes. The program
free(𝑒, 𝑒′) does the opposite and sets the values of the locations 𝑒 + 0,… , 𝑒 +
(𝑒′ − 1) to undef if they were all defined. All programs accessing the heap
and finding an undef location when they expected an allocated one will crash.
The program constructs if ( 𝑒𝑏 ) { 𝐶1 } else { 𝐶2 }, while ( 𝑒𝑏 ) { 𝐶 }, 𝐶1 ; 𝐶2 and
𝐶1 ‖ 𝐶2 allow controlling the flow of the atomic programs from before. The
conditional branching statement if ( 𝑒𝑏 ) { 𝐶1 } else { 𝐶2 } evaluates the Boolean
condition 𝑒𝑏. If it is evaluated to true, we execute 𝐶1, if it is evaluated to false,
we execute 𝐶2. The looping statement while ( 𝑒𝑏 ) { 𝐶 } executes 𝐶 as long as
𝑒𝑏 evaluates to true and terminates otherwise. Sequential composition 𝐶1 ; 𝐶2
executes first 𝐶1 and then 𝐶2 provided 𝐶1 successfully terminates. Finally, the
concurrent execution 𝐶1 ‖ 𝐶2 interleaves the execution of 𝐶1 and 𝐶2 in some
arbitrary way. If one part of the program crashes, we immediately terminate the
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SKIP
skip, (𝑠, ℎ) −→ ↓, (𝑠, ℎ)

ASSIGN𝑥 := 𝑒, (𝑠, ℎ) −→ ↓, (𝑠 [𝑥 ≔ 𝑒(𝑠)] , ℎ)

𝑒(𝑠) ∈ dom (ℎ)
LOOKUP𝑥 := <𝑒>, (𝑠, ℎ) −→ ↓, (𝑠 [𝑥 ≔ ℎ(𝑒(𝑠))] , ℎ)

𝑒(𝑠) ∉ dom (ℎ)
LOOKUP-ABT𝑥 := <𝑒>, (𝑠, ℎ) −→  , (𝑠, ℎ)

𝑒(𝑠) ∈ dom (ℎ)
MUT

<𝑒> := 𝑒′, (𝑠, ℎ) −→ ↓, (𝑠, ℎ [𝑒(𝑠) ≔ 𝑒′(𝑠)])
𝑒(𝑠) ∉ dom (ℎ)

MUT-ABT
<𝑒> := 𝑒′, (𝑠, ℎ) −→  , (𝑠, ℎ)

𝑒1(𝑠) ∈ dom (ℎ) ℎ(𝑒1) ≠ 𝑒2(𝑠) CAS-FALSE𝑥 := CAS(𝑒1, 𝑒2, 𝑒3), (𝑠, ℎ) −→ ↓, (𝑠 [𝑥 ≔ 0] , ℎ)

𝑒1(𝑠) ∈ dom (ℎ) ℎ(𝑒1) = 𝑒2(𝑠) CAS-TRUE𝑥 := CAS(𝑒1, 𝑒2, 𝑒3), (𝑠, ℎ) −→ ↓, (𝑠 [𝑥 ≔ 1] , ℎ [𝑒1(𝑠) ≔ 𝑒3(𝑠)])

𝑒1(𝑠) ∉ dom (ℎ)
CAS-ABT𝑥 := CAS(𝑒1, 𝑒2, 𝑒3), (𝑠, ℎ) −→  , (𝑠, ℎ)

𝑒(𝑠) = 𝑛 ∈ ℕ ℓ,… , ℓ + 𝑛 − 1 ∈ ℕ>0 ∖ dom (ℎ) ℎ′ = ℎ ∪ { ℓ ↦ 0,… , ℓ + 𝑛 − 1 ↦ 0 }
ALLOC

𝑥 := new (𝑒) , (𝑠, ℎ) −→ ↓, (𝑠 [𝑥 ≔ ℓ] , ℎ′)

𝑒(𝑠) ∉ ℕ
ALLOC-ABT𝑥 := new (𝑒) , (𝑠, ℎ) −→  , (𝑠, ℎ)

𝑒(𝑠) + 0,…𝑒(𝑠) + 𝑒′(𝑠) − 1 ∈ dom (ℎ) ℎ′ = ℎ [𝑒(𝑠) + 0 ≔ undef]… [𝑒(𝑠) + 𝑒′(𝑠) − 1 ≔ undef]
FREE

free(𝑒, 𝑒′), (𝑠, ℎ) −→ ↓, (𝑠, ℎ′)

∃𝑖 ∈ { 0,… , 𝑒′(𝑠) − 1 } . 𝑒(𝑠) + 𝑖 ∉ dom (ℎ)
FREE-ABT

free(𝑒, , )(𝑠, ℎ) −→  , (𝑠, ℎ)

Figure 3.1.: Operational semantics for all statements in cPL. Heap manipulating statements may abort due to the accessed location
not being allocated. Compare and set changes the value at a certain location only if the value is as expected.

execution in the failing state  .

Instead of a compare and set statement as we introduced it here, we could also
have supported atomic regions. These are sub-programs which are guaranteed
to run in one execution steps. Indeed, this is the solution of [26]. We do not
use arbitrary atomic regions as it increases complexity. Many programming
languages usually only offer a limited number of atomic statements instead of
general atomic regions anyway. In principle, adding atomic regions is possible
— even for probabilistic programs where atomic programs are not probabilistic
[33].

Example 3.2.1 We will consider the following example as a running example
throughout this chapter:

𝑟 := new (1) ;

<𝑟> := 1 ‖
𝑥 := 0 ;
while ( 𝑥 = 0 ) { 𝑥 := <𝑟> }

The program first allocates 𝑟with a size of one. By assumption this is initialized
with 0. Then we concurrently execute two programs. The first overrides the
value at location 𝑟 with 1. The other loops until the value at location 𝑟 is 1.
Lastly, we read the value at location 𝑟 into the variable 𝑥, thus we expect 𝑥 to
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𝐶 ′
1 ≠  𝐶1, (𝑠, ℎ) −→ 𝐶 ′

1, (𝑠
′, ℎ′)

SEQ
𝐶1 ; 𝐶2, (𝑠, ℎ) −→ 𝐶 ′

1 ; 𝐶2, (𝑠
′, ℎ′) SEQ-END

↓ ; 𝐶2, (𝑠, ℎ) −→ 𝐶2, (𝑠, ℎ)

𝐶1, (𝑠, ℎ) −→  , (𝑠, ℎ)
SEQ-ABT

𝐶1 ; 𝐶2, (𝑠, ℎ) −→  , (𝑠, ℎ) SEQ-ABT-2
 ; 𝐶2, (𝑠, ℎ) −→  , (𝑠, ℎ)

𝑒𝑏(𝑠) = true
IF-T

if ( 𝑒𝑏 ) { 𝐶1 } else { 𝐶2 } , (𝑠, ℎ) −→ 𝐶1, (𝑠, ℎ)
𝑒𝑏(𝑠) = false

IF-F
if ( 𝑒𝑏 ) { 𝐶1 } else { 𝐶2 } , (𝑠, ℎ) −→ 𝐶2, (𝑠, ℎ)

𝑒𝑏(𝑠) = true
WHILE-T

while ( 𝑒𝑏 ) { 𝐶1 } , (𝑠, ℎ) −→ 𝐶1 ; while ( 𝑒𝑏 ) { 𝐶1 }, (𝑠, ℎ)

𝑒𝑏(𝑠) = false
WHILE-F

while ( 𝑒𝑏 ) { 𝐶1 } , (𝑠, ℎ) −→ ↓, (𝑠, ℎ)

𝐶 ′
1 ≠  𝐶1, (𝑠, ℎ) −→ 𝐶 ′

1, (𝑠
′, ℎ′)

CON-L
𝐶1 ‖ 𝐶2 , (𝑠, ℎ) −→ 𝐶 ′

1 ‖ 𝐶2 , (𝑠
′, ℎ′)

𝐶 ′
2 ≠  𝐶2, (𝑠, ℎ) −→ 𝐶 ′

2, (𝑠
′, ℎ′)

CON-R
𝐶1 ‖ 𝐶2 , (𝑠, ℎ) −→ 𝐶1 ‖ 𝐶 ′

2 , (𝑠
′, ℎ′)

𝐶1, (𝑠, ℎ) −→  , (𝑠, ℎ)
CON-L-ABT𝐶1 ‖ 𝐶2 , (𝑠, ℎ) −→  , (𝑠, ℎ)

𝐶2, (𝑠, ℎ) −→  , (𝑠, ℎ)
CON-R-ABT𝐶1 ‖ 𝐶2 , (𝑠, ℎ) −→  , (𝑠, ℎ)

CON-L-ABT-2 ‖ 𝐶2 , (𝑠, ℎ) −→  , (𝑠, ℎ) CON-R-ABT-2𝐶1 ‖  , (𝑠, ℎ) −→  , (𝑠, ℎ)

CON-END↓ ‖ ↓ , (𝑠, ℎ) −→ ↓, (𝑠, ℎ)

Figure 3.2.: Operational Semantics for all flow related program constructs in cPL. Sequencing and concurrency are defined
inductively, branching and looping are defined transitionally. In any case, we immediately transition to an abort statement when an
underlying command fails.

have the value 1 after terminating. The program may however not terminate
when the interleaving is unfair and only the loop is executed.

We will next introduce the first of two kinds of semantics. This is common
praxis for precondition-postcondition semantics as we will introduce them in
Section 3.3. Usually, compilers are based on operational semantics. It is thus
easier to verify that the operational semantics is the “correct” one. After that,
we can prove that the axiomatic semantics match the operational semantics. We
will leave this proof out for the semantics from Chapters 3 and 4 for the sake of
brevity and refer to the relevant sources where this proof is given instead. The
formal operational semantics are given in Figures 3.1 and 3.2.

Example 3.2.2 Wewill now provide the operational semantics for the program
from Example 3.2.1 denoted by 𝐶 on the input (𝑠, ℎ) where 𝑠(𝑥) = 0, 𝑠(𝑟) = 0
and ℎ = ∅. For convenience we let 𝑠𝑛 be such that 𝑠𝑛(𝑥) = 0 and 𝑠𝑛(𝑟) = 𝑛
and 𝑠′𝑛 be such that 𝑠′𝑛(𝑥) = 1 and 𝑠′𝑛(𝑟) = 𝑛.
We start with the state𝐶, (𝑠, ℎ). We like to verify that at every terminating state
↓, (𝑠′, ℎ′) we have 𝑠′(𝑥) = 1. That is, the value 1 was successfully transmitted
to 𝑥.
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We first apply the sequencing rule and thus have

𝑥 := new (1) , (𝑠, ℎ) −→↓, (𝑠𝑛, { 𝑛 ↦ 0 })

for any 𝑛. Now we need to apply every possible interleaving. First we consider
the case where only the right thread is executed, as it will lead us into an
infinite loop: The proof here is only

possible since the pro-
gram has only finitely
many states. If the
program has infinitely
many states, we need
to use different seman-
tics or proof rules.

<𝑟> := 1 ‖ 𝑥 := 0 ; while ( 𝑥 = 0 ) { 𝑥 := <𝑟> } , (𝑠𝑛, { 𝑛 ↦ 0 })
−→∗ <𝑟> := 1 ‖ while ( 𝑥 = 0 ) { 𝑥 := <𝑟> } , (𝑠𝑛, { 𝑛 ↦ 0 })
−→∗ <𝑟> := 1 ‖ 𝑥 := <𝑟> ; while ( 𝑥 = 0 ) { 𝑥 := <𝑟> } , (𝑠𝑛, { 𝑛 ↦ 0 })
−→∗ <𝑟> := 1 ‖ while ( 𝑥 = 0 ) { 𝑥 := <𝑟> } , (𝑠𝑛, { 𝑛 ↦ 0 })

Remark, that we skip some steps involving the rule SEQ-END and thus take
the transitive closure of −→, which we denote as −→∗. At any of the above
depicted states, the left side of the concurrent execution can be executed. Let
us consider all of them one after the other:

▶ If at state
<𝑟> := 1 ‖ 𝑥 := 0 ; … , (𝑠𝑛, { 𝑛 ↦ 0 })

the left side is executed, we get the following sequence of transitions:

<𝑟> := 1 ‖ 𝑥 := 0 ; while ( 𝑥 = 0 ) { 𝑥 := <𝑟> } , (𝑠𝑛, { 𝑛 ↦ 0 })
−→∗ ↓ ‖ 𝑥 := 0 ; while ( 𝑥 = 0 ) { 𝑥 := <𝑟> } , (𝑠𝑛, { 𝑛 ↦ 1 })
−→∗ ↓ ‖ while ( 𝑥 = 0 ) { 𝑥 := <𝑟> } , (𝑠𝑛, { 𝑛 ↦ 1 })
−→∗ ↓ ‖ 𝑥 := <𝑟> ; while ( 𝑥 = 0 ) { 𝑥 := <𝑟> } , (𝑠𝑛, { 𝑛 ↦ 1 })
−→∗ ↓ ‖ while ( 𝑥 = 0 ) { 𝑥 := <𝑟> } , (𝑠′𝑛, { 𝑛 ↦ 1 })
−→∗ ↓ ‖ ↓ , (𝑠′𝑛, { 𝑛 ↦ 1 }) −→↓, (𝑠′𝑛, { 𝑛 ↦ 1 })

We thus reach our goal that 𝑥 is assigned 1 in the final state of this
interleaving. Now we consider the next possible interleaving.

▶ If at state

<𝑟> := 1 ‖ while ( 𝑥 = 0 ) { 𝑥 := <𝑟> } , (𝑠𝑛, { 𝑛 ↦ 0 })

the left side is executed, we get the following transition:

<𝑟> := 1 ‖ while ( 𝑥 = 0 ) { 𝑥 := <𝑟> } , (𝑠𝑛, { 𝑛 ↦ 0 })
−→∗ ↓ ‖ while ( 𝑥 = 0 ) { 𝑥 := <𝑟> } , (𝑠𝑛, { 𝑛 ↦ 1 })

This is followed by the transitions depicted above.
▶ If at state

<𝑟> := 1 ‖ 𝑥 := <𝑟> ; while ( 𝑥 = 0 ) { 𝑥 := <𝑟> } , (𝑠𝑛, { 𝑛 ↦ 0 })

the left side is executed, we get the following transition:

<𝑟> := 1 ‖ 𝑥 := <𝑟> ; while ( 𝑥 = 0 ) { 𝑥 := <𝑟> } , (𝑠𝑛, { 𝑛 ↦ 0 })
−→∗↓ ‖ 𝑥 := <𝑟> ; while ( 𝑥 = 0 ) { 𝑥 := <𝑟> } , (𝑠𝑛, { 𝑛 ↦ 1 })

This is followed by the transitions depicted above.

Thus, all possible (terminating) transition sequences end up in a state 𝑠′𝑛.
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3.3. Axiomatic Semantics

Axiomatic semantics define proof rules to prove certain specifications. This is
in contrast to the operational semantics in the previous section, which lets us
examine the possible program’s executions. The sort of specifications we want to
investigate are partial correctness properties consisting of pre- and postconditions
expressed in separation logic. If an initial state satisfies the precondition, we want
every terminating path to lead to a state that satisfies the postcondition. Partial
correctness here means that we ignore non-terminating paths in our specification.
We denote this specification as triples. However, when dealing with concurrency,These triples are usu-

ally calledHoare triples
in literature.

these triples are usually not enough to prove non-trivial specifications in the
presence of shared memory. To describe the shared memory, we use another
proposition in separation logic in the specification called resource invariant. Thus
we will define our axiomatic semantics over quadruples consisting of the resource
invariant, the program, the pre- and the postcondition. For sake of this, we first
define the weakest resource-safe liberal precondition.

Weakest liberal pre-
condition is usually re-
ferred to as denota-
tional semantics. We
will use it here to de-
fine axiomatic seman-
tics to deal with con-
currency.

We can then define the
quadruples as an implication between our precondition and the weakest resource-
safe liberal precondition.

A weakest liberal precondition takes a postcondition and a program and gives
us the precondition for which we have exactly the initial states for which the
program’s execution will either non-terminate or terminate in a state satisfying
the postcondition. Often we have even tighter specifications than the ones given
by the weakest liberal preconditions. Thus, checking that this specification is
stronger requires checking an entailment. Weakest resource-safe liberal precon-
ditions require a special resource condition. It states — intuitively speaking —
that the resource invariant must hold after every manipulation operation to the
shared memory. We enforce this by not including the shared memory into our
state, but instead adding every possible shared memory into the state before the
operation and removing it again after the operation. This way, we require an
invariance over every execution on the shared memory. One may wonder now,
how we can change shared memory in the presence of such invariants anymore.
However, the resource invariants can express multiple options for the value of
shared memory. Changes to the shared memory is thus permitted as long as the
resource invariant is still guaranteed after any atomic step.

Definition 3.3.1 (Weakest Resource-Safe Liberal Precondition) Let 𝐶 be a cPL
program, Φ ∈ SLProp a postcondition and 𝜉 ∈ SLProp a resource invariant. The
weakest resource-safe liberal precondition wrlp is the greatest solution of the
equivalence

wrlpJ𝐶K (Φ ∣ 𝜉) ⟺
⎧⎪⎪
⎨
⎪⎪
⎩

false if 𝐶 =  
Φ if 𝐶 = ↓
𝜉 −−∗ stepJ𝐶K (𝜆𝐶 ′.wrlpJ𝐶 ′K (Φ ∣ 𝜉) ∗ 𝜉) else

where stepJ𝐶K (𝑓) for a cPL program 𝐶, (𝑠, ℎ) ∈ States, 𝜂 ∈ LStacks and a
function 𝑓 mapping programs to SL is defined as

(𝑠, ℎ) ⊧𝜂 stepJ𝐶K (𝑓)

⟺ ∀𝐶 ′, 𝑠′, ℎ′. 𝐶, (𝑠, ℎ) −→ 𝐶 ′, (𝑠′, ℎ′) ⇒ 𝐶 ′ ≠  ∧ (𝑠′, ℎ′) ⊧𝜂 𝑓(𝐶 ′).

We set the value of executions leading to an abort statement to false in two
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instances: When terminating and in the step function. This eases some of the
proofs. Definition 3.3.1 is a reformulated and slightly changed version of the one
presented in [26]. We formulated it here like this to have as much separation
logic in the definition. The formulation here also matches more closely logics
such as Iris [41], where the full definition is formulated inside of separation logic.
Intuitively, when we still have a program left to execute, we first introduce a
possible shared heap into the current (possible local) heap using the magic wand,
execute one step of the program and finally remove a valid shared heap again
using the separating conjunction. Both, a possible and a valid shared heap is
one that satisfies the resource invariant. However, the interpretation is different.
When we introduce a shared heap, we consider all possible heaps satisfying the
resource invariant. If we remove the shared heap, we want to validate that the
resulting heap satisfies the resource invariant. The required fixed point does
exist as the underlying function defining the equation is monotone, that is for
the precondition Φ ∈ SLProp and a resource invariant 𝜉 ∈ SLProp, the function

𝜆𝑓. 𝜆𝐶. 𝜉 −−∗ stepJ𝐶K (𝜆𝐶 ′. 𝑓(𝐶 ′) ∗ 𝜉)

is monotone and thus the greatest fixed point exists.

Example 3.3.1 To make weakest resource-safe preconditions a bit more
tangible, we will consider a very easy example with the following program 𝐶:

<𝑟1> := 1 ;
<𝑟2> := 1

We consider the resource invariant

𝜉 = 𝑟1 ↦ 0 ∗ 𝑟2 ↦ 0 ∨ 𝑟1 ↦ 1 ∗ 𝑟2 ↦ 1

and check whether the stack with 𝑠(𝑟1) = 1, 𝑠(𝑟2) = 2 and heap ℎ = ∅ satisfies
the weakest resource-safe liberal precondition wrlpJ𝐶K (true ∣ 𝜉). Remark that
since we use resource invariants, the shared heap is not part of the initial state.
The stack heap pair (𝑠, ℎ) will satisfy the weakest resource-safe liberal precon-
dition exactly when the resource invariant holds, since our postcondition is
only asking for true. Applying the equation from Definition 3.3.1 we have:

(𝑠, ℎ) ⊧𝜂 wrlpJ𝐶K (true ∣ 𝜉)

⟺ (𝑠, ℎ) ⊧𝜂 𝜉 −−∗ stepJ𝐶K (𝜆𝐶 ′.wrlpJ𝐶 ′K (true ∣ 𝜉) ∗ 𝜉)

⟺ (𝑠, { 1 ↦ 0, 2 ↦ 0 }) ⊧𝜂 stepJ𝐶K (𝜆𝐶 ′.wrlpJ𝐶 ′K (true ∣ 𝜉) ∗ 𝜉)

and (𝑠, { 1 ↦ 1, 2 ↦ 1 }) ⊧𝜂 —"—

Note, that the disjunction in the resource invariant converts to a conjunction
into our proof obligation as the magic wand requires us to prove the statement
for every heap satisfying the resource invariant. Thus it needs to hold for both
satisfying heaps. If we now also resolve the step function and the separating
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conjunction, we get:

(𝑠, { 1 ↦ 0, 2 ↦ 0 }) ⊧𝜂 stepJ𝐶K (𝜆𝐶 ′.wrlpJ𝐶 ′K (true ∣ 𝜉) ∗ 𝜉)

and (𝑠, { 1 ↦ 1, 2 ↦ 1 }) ⊧𝜂 —"—

⇒ (𝑠, { 1 ↦ 1, 2 ↦ 0 }) ⊧𝜂 wrlpJ<𝑟2> := 1K (true ∣ 𝜉) ∗ 𝜉

and (𝑠, { 1 ↦ 1, 2 ↦ 1 }) ⊧𝜂 —"—

⇒ false and (𝑠, ∅) ⊧𝜂 wrlpJ<𝑟2> := 1K (true ∣ 𝜉)

Since the heap { 1 ↦ 1, 2 ↦ 0 } has neither the form 𝑟1 ↦ 0 ∗ 𝑟2 ↦ 0 nor the
form 𝑟1 ↦ 1 ∗ 𝑟2 ↦ 1, the resource invariant is violated after the first step and
the specification does not hold.
We consider now instead the resource invariant

𝜉 = (𝑟1 ↦ 0 ∨ 𝑟1 ↦ 1) ∗ (𝑟2 ↦ 0 ∨ 𝑟2 ↦ 1)

and check whether the stack with 𝑠(𝑟1) = 1, 𝑠(𝑟2) = 2 and heap ℎ = ∅ satisfies
the weakest resource-safe liberal precondition wrlpJ𝐶K (true ∣ 𝜉). Applying the
equation from Definition 3.3.1 and resolving the magic wand, we obtain:

(𝑠, ℎ) ⊧𝜂 wrlpJ𝐶K (true ∣ 𝜉)

⇒ (𝑠, { 1 ↦ 0, 2 ↦ 0 }) ⊧𝜂 stepJ𝐶K (𝜆𝐶 ′.wrlpJ𝐶 ′K (true ∣ 𝜉) ∗ 𝜉)

and (𝑠, { 1 ↦ 0, 2 ↦ 1 }) ⊧𝜂 —"—

and (𝑠, { 1 ↦ 1, 2 ↦ 0 }) ⊧𝜂 —"—

and (𝑠, { 1 ↦ 1, 2 ↦ 1 }) ⊧𝜂 —"—

Further resolving similarly to the example above yields:

(𝑠, { 1 ↦ 0, 2 ↦ 0 }) ⊧𝜂 stepJ𝐶K (𝜆𝐶 ′.wrlpJ𝐶 ′K (true ∣ 𝜉) ∗ 𝜉)

and (𝑠, { 1 ↦ 0, 2 ↦ 1 }) ⊧𝜂 —"—

and (𝑠, { 1 ↦ 1, 2 ↦ 0 }) ⊧𝜂 —"—

and (𝑠, { 1 ↦ 1, 2 ↦ 1 }) ⊧𝜂 —"—

⇒ (𝑠, { 1 ↦ 1, 2 ↦ 0 }) ⊧𝜂 wrlpJ<𝑟2> := 1K (true ∣ 𝜉) ∗ 𝜉

and (𝑠, { 1 ↦ 1, 2 ↦ 1 }) ⊧𝜂 —"—

⇒ (𝑠, ∅) ⊧𝜂 wrlpJ<𝑟2> := 1K (true ∣ 𝜉)

This time, every possible heap after the transformation has a form that is
permitted in the resource invariant. The very same can be done for the rest of
the program, yielding:

(𝑠, ∅) ⊧𝜂 wrlpJ<𝑟2> := 1K (true ∣ 𝜉)

⇒ (𝑠, { 1 ↦ 0, 2 ↦ 0 }) ⊧𝜂 stepJ<𝑟2> := 1K (𝜆𝐶 ′.wrlpJ𝐶 ′K (true ∣ 𝜉) ∗ 𝜉)

and (𝑠, { 1 ↦ 0, 2 ↦ 1 }) ⊧𝜂 —"—

and (𝑠, { 1 ↦ 1, 2 ↦ 0 }) ⊧𝜂 —"—

and (𝑠, { 1 ↦ 1, 2 ↦ 1 }) ⊧𝜂 —"—

⇒ (𝑠, ∅) ⊧𝜂 wrlpJ↓K (true ∣ 𝜉)

⇒ (𝑠, ∅) ⊧𝜂 true
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We denote specifications in concurrent separation logic as 𝜉 ⊢ {Φ } 𝐶 {Ψ },
which states that for every initial state satisfying the precondition Φ every ter-
minating run of 𝐶 terminates in a state satisfying the postcondition Ψ, such
that between every transitions the current shared state (which is not part of the
input) satisfies 𝜉. The shared state is always introduced between one atomic step
and then removed again after the step. We define this as the entailment of the
precondition and the weakest resource-safe liberal precondition as below.

Definition 3.3.2 (Specifications for cPL programs) Let 𝐶 be a cPL program,
Φ ∈ SLProp a precondition, Ψ ∈ SLProp a postcondition and 𝜉 ∈ SLProp a
resource invariant. We define:

𝜉 ⊢ {Φ } 𝐶 {Ψ } ⟺ Φ⇒ wrlpJ𝐶K (Ψ ∣ 𝜉) .

We can also express now for some of these specifications, what they actually
mean semantically:

Theorem 3.3.1 (Adequacy [26]) Let 𝐶 be a cPL program, Φ ∈ SLProp a precon-
dition and Ψ ∈ SLProp a postcondition. If we have

emp ⊢ {Φ } 𝐶 {Ψ }

then for every initial (𝑠, ℎ) ∈ States and 𝜂 ∈ LVars if (𝑠, ℎ) ⊧𝜂 Φ then for every
possible execution of 𝐶 terminating with the stack-heap pair (𝑠′, ℎ′) we have
(𝑠′, ℎ′) ⊧𝜂 Ψ.

For this quadruple, we define various proof rules which are given in Figure 3.3
and explain each of them in the following.

Skip programs skip coincide on precondition and postcondition, since they do
not change the state.

Assignment programs 𝑥 := 𝑒 change the value of variable 𝑥 to the value of
𝑒 in the stack. We can represent this in the postcondition by swapping every
occurrence of the variable 𝑥 on the left side of the assignment by the value 𝑒 on
the right side of the assignment.

Lookup programs 𝑥 := <𝑒> change the value of variable 𝑥 in the stack corre-
sponding to the value at the evaluated location 𝑒 in the heap. To access a value
in the heap, we ask for the value 𝑎 such that this is the value of the heap at the
location 𝑒. In separation logic, we first remove the value from the heap using the
separating conjunction 𝑒 ↦ 𝑎 ∗ … and afterwards add it again using the magic
wand 𝑒 ↦ 𝑎 −−∗ … This is the reverse order we did to introduce shared memory.
Now we can update the postcondition with the value 𝑎 using substitution similar
to assignments.

Mutation programs <𝑒> := 𝑒′ change the value at the location 𝑒 to the value 𝑒′
in the heap. To verify that the heap location is allocated, we remove it from the
heap using the separating conjunction (∃𝑎. 𝑒 ↦ 𝑎) ∗ … Next, we introduce the
location back with the new value 𝑒′ using the magic wand 𝑒 ↦ 𝑒′ −−∗ …

For allocation and deallocation programs, we allow to set a dynamic value for
the size of the chunk to be allocated or deallocated. To model this, we use a big
operation notation for separating conjunction.
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skip
𝜉 ⊢ {Φ } skip { Φ }

𝑥 ∉ Vars (𝜉)
assign

𝜉 ⊢ {Φ [𝑥 ≔ 𝑒] } 𝑥 := 𝑒 {Φ }

𝑥 ∉ Vars (𝜉)
lookup

𝜉 ⊢ { ∃𝑎. 𝑒 ↦ 𝑎 ∗ (𝑒 ↦ 𝑎 −−∗ Φ [𝑥 ≔ 𝑎]) } 𝑥 := <𝑒> { Φ }

mut
𝜉 ⊢ { (∃𝑎. 𝑒 ↦ 𝑎) ∗ (𝑒 ↦ 𝑒′ −−∗ Φ) } <𝑒> := 𝑒′ { Φ }

𝑥 ∉ Vars (𝜉)
alloc

𝜉 ⊢ { 𝑒 ∈ ℕ ∧ ∀𝑎.
𝑒−1∗
𝑖=0

𝑎 + 𝑖 ↦ 0 −−∗ Φ [𝑥 ≔ 𝑎] } 𝑥 := new (𝑒) { Φ }

dealloc
𝜉 ⊢ { 𝑒′ ∈ ℕ ∧ (

𝑒′−1∗
𝑖=0

∃𝑎. 𝑒 + 𝑖 ↦ 𝑎) ∗ Φ} free(𝑒, 𝑒′) { Φ }

𝑥 ∉ Vars (𝜉)
cas-true

𝜉 ⊢ { 𝑒𝑙 ↦ 𝑒𝑐 ∗ (𝑒𝑙 ↦ 𝑒𝑠 −−∗ Φ [𝑥 ≔ 1]) } 𝑥 := CAS(𝑒𝑙, 𝑒𝑐, 𝑒𝑠) { Φ }

𝑥 ∉ Vars (𝜉)
cas-false𝜉 ⊢ { ∃𝑎. (𝑒𝑙 ↦ 𝑎 ∧ 𝑎 ≠ 𝑒𝑐) ∗ (𝑒𝑙 ↦ 𝑎 −−∗ Φ [𝑥 ≔ 0]) } 𝑥 := CAS(𝑒𝑙, 𝑒𝑐, 𝑒𝑠) { Φ }

𝜉 ⊢ {Φ1 } 𝐶1 {Ψ } 𝜉 ⊢ {Φ2 } 𝐶2 {Ψ }
if𝜉 ⊢ { 𝑒𝑏 ∧ Φ1 ∨ ¬𝑒𝑏 ∧ Φ2 } if ( 𝑒𝑏 ) { 𝐶1 } else { 𝐶2 } {Ψ }

𝜉 ⊢ {Φ } 𝐶1 {Ψ } 𝜉 ⊢ {Ψ } 𝐶2 { Θ } seq
𝜉 ⊢ {Φ } 𝐶1 ; 𝐶2 { Θ }

𝐼 ⊨ 𝑒𝑏 ∧ Φ ∨ ¬𝑒𝑏 ∧Ψ 𝜉 ⊢ {Φ } 𝐶 { 𝐼 }
while𝜉 ⊢ { 𝐼 } while ( 𝑒𝑏 ) { 𝐶 } {Ψ }

𝜉 ⊢ {Φ1 } 𝐶1 {Ψ1 } 𝜉 ⊢ {Φ2 } 𝐶2 {Ψ2 } ∀𝑖 ∈ { 1, 2 } . Write(𝐶𝑖) ∩ Vars (𝐶3−𝑖, Ψ3−𝑖, 𝜉) = ∅
concur

𝜉 ⊢ {Φ1 ∗ Φ2 } 𝐶1 ‖ 𝐶2 {Ψ1 ∗ Ψ2 }

𝜉 ∗ 𝜋 ⊢ {Φ } 𝐶 {Ψ }
share𝜉 ⊢ {Φ ∗ 𝜋 } 𝐶 {Ψ ∗ 𝜋 }

emp ⊢ {Φ ∗ 𝜉 } 𝐶 {Ψ ∗ 𝜉 } 𝐶 is a terminating atom
atom

𝜉 ⊢ {Φ } 𝐶 {Ψ }

𝜉 ⊢ {Φ } 𝐶 {Ψ } 𝜉 ⊢ {Φ′ } 𝐶 {Ψ′ }
disj

𝜉 ⊢ {Φ ∨ Φ′ } 𝐶 {Ψ ∨ Ψ′ }

𝜉 ⊢ {Φ } 𝐶 {Ψ } 𝜉 ⊢ {Φ′ } 𝐶 {Ψ′ } 𝜉 precise
conj

𝜉 ⊢ {Φ ∧ Φ′ } 𝐶 {Ψ ∧ Ψ′ }

𝜉 ⊢ {Φ } 𝐶 {Ψ } Write(𝐶) ∩ Vars (Θ) = ∅
frame𝜉 ⊢ {Φ ∗ Θ } 𝐶 {Ψ ∗ Θ }

Φ ⊨ Φ′ 𝜉 ⊢ {Φ′ } 𝐶 {Ψ′ } Ψ′ ⊨ Ψ
conseq

𝜉 ⊢ {Φ } 𝐶 {Ψ }

Figure 3.3.: Axiomatic semantics using the notation defined in Definition 3.3.2. We use here semantics similar to denotation
semantics in order to closely match the axiomatic semantics in later chapters. The first proof rules deal with atomic statements,
followed by flow related programs, then proof rules dealing with the resource invariant and lastly elimination proof rules.
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Allocation programs 𝑥 := new (𝑒) allocate 𝑒 many consecutive locations in the
heap. Since the starting address is chosen non-deterministically, we need to cover
every possibility. We can do this using an all-quantifier and the magic wand to
introduce the heap location. Since we can dynamically allocate arbitrary many
values, the program may crash if we use non-natural numbers as inputs.

In the Lean formaliza-
tion, we define the big
operations slightly dif-
ferent to avoid using
negative numbers.Remark

here, that we want to allocate 𝑒 many pointers and use zero as starting index,
thus we need to iterate from 0 to 𝑒 − 1.

Deallocation programs free(𝑒, 𝑒′) deallocate 𝑒′ consecutive locations starting
from the one at 𝑒 in the heap. We can encode this by using the separating
conjunction to remove that part in the postcondition, i.e. we use a proposition of
the form (∗𝑒−1

𝑖=0 ∃𝑎. 𝑥 + 𝑖 ↦ 𝑎) ∗ … to remove this part of the heap. Again, we
have to use 𝑒 − 1 as our index starts with 0.

Compare and set programs 𝑥 := CAS(𝑒𝑙, 𝑒𝑐, 𝑒𝑠) have two cases, for which we
differentiate. In order to keep the premises small, we split these two cases into
two rules. The first rule applies if the value at location 𝑒𝑙 is indeed 𝑒𝑐. Again,
we verify this using the separating conjunction method. Then we reintroduce
the location 𝑒𝑙 but with the new value 𝑒𝑠 using the magic wand. Lastly, we
update 𝑥 to 1 to indicate success using substitution. In the other case, the value at
location 𝑒𝑙 does not match 𝑒𝑐. We verify this similarly to the other case. Next, we
reintroduce the location 𝑒𝑙 but now with the unchanged value using the magic
wand and set 𝑥 to 0 using substitution.

Sequential programs 𝐶1 ; 𝐶2 execute first the left program 𝐶1 and then the right
program 𝐶2. To express this, we split the proof obligation into two. First we
need to prove a specification for some new separation logic proposition Ψ for
the left side program 𝐶1, i.e. the proof obligation 𝜉 ⊢ {Φ } 𝐶1 {Ψ } and then the
corresponding one 𝜉 ⊢ {Ψ } 𝐶2 { Θ } for the right program 𝐶2. The word conditional

branching may
sound superficial as
we only have one
sort of branching
command. However,
we differntiate later
between conditional
and probabilistic
branching.

Conditional branching programs if ( 𝑒𝑏 ) { 𝐶1 } else { 𝐶2 } execute either the
first or the second program, depending on the evaluation of 𝑒𝑏 on the stack. Thus
we require three things: (1) We need to differentiate on the evaluation of 𝑒𝑏, (2)
prove the proof obligation 𝜉 ⊢ {Φ1 } 𝐶2 {Ψ } for the left program 𝐶1, (3) prove
the proof obligation 𝜉 ⊢ {Φ2 } 𝐶2 {Ψ } for the right program 𝐶2.

Looping programs while ( 𝑒𝑏 ) { 𝐶 } execute 𝐶 until 𝑒𝑏 does not hold. Since we
consider a liberal interpretation of looping programs, the semantics of the loop
correspond to a greatest fixed point. This allows us to use any pre-fixed point
— which we will call loop invariants — to prove a specification on it. Indeed,
invariants may only contain less non-terminating states than the greatest invari-
ant. Given such a loop invariant 𝐼, we need to prove the invariance, which is
𝐼 ⊨ 𝑒𝑏 ∧ wrlpJ𝐶K (𝐼 ∣ 𝜉) ∨ ¬𝑒𝑏 ∧Ψ. We split this into the two proof obligations
𝐼 ⊨ 𝑒𝑏 ∧ Φ ∨ ¬𝑒𝑏 ∧Ψ and 𝜉 ⊢ {Φ } 𝐶 { 𝐼 } for convenience.

Concurrent programs 𝐶1 ‖ 𝐶2 execute both programs by interleaving it arbitrar-
ily. This makes reasoning about them a hurdle. Attempting to reason about each
thread 𝐶1 and 𝐶2 locally seems difficult. However, here our resource invariants
shine. Indeed, the presence of a resource invariant together with a split of the
heap into the local heaps for each thread allows us the reason about 𝐶1 and
𝐶2 locally! We thus get the two proof obligations 𝜉 ⊢ {Φ1 } 𝐶1 {Ψ1 } and
𝜉 ⊢ {Ψ2 } 𝐶2 {Ψ2 }. Since the resource invariant only depicts shared heap mem-
ory, we cannot allow shared variables and require local variables or constants
in each thread.

The concurrency proof
rule is not possible on
any programming lan-
guage. We rely here on
the fact that the pro-
gramming language al-
lows framing of mem-
ory.

To check that variables are either local or constants, we use two
helper functions. The first collects all variables that are (syntactically) written to,
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the second one collects all variables that the separation logic propositions depend
on. If their intersection is empty, every variable is either local or a constant.

Definition 3.3.3 Let 𝐶 be a cPL Program. We define Write(𝐶) as the set of
variables which occur on the left side of an assignment or lookup in 𝐶. We define
Vars (𝐶) as all variables occurring in the program 𝐶.
Let Φ ∈ SLProp be an SL proposition, we define Vars (Φ) as the set of variables
such that 𝑥 ∈ Vars (Φ) if and only if there exists (𝑠, ℎ) ∈ States, 𝜂 ∈ LStacks and
a value 𝑣 ∈ ℚ such that

(𝑠, ℎ) ⊧𝜂 Φ ⟺ (𝑠 [𝑥 ≔ 𝑣] , ℎ) ⊧̸𝜂 Φ.

We use the shorthand notation Vars (𝐶, Φ,Ψ) = Vars (𝐶) ∪ Vars (Φ) ∪ Vars (Ψ).

While Write(𝐶) can be checked statically, for Vars (Φ) we can resort to statically
calculating an over-approximation.

Sharing allows us to extend the resource invariant in our proof obligation. That
is, the specification 𝜉 ∗ 𝜋 ⊢ {Φ } 𝐶 {Ψ } is stronger than the specification
𝜉 ⊢ {Φ ∗ 𝜋 } 𝐶 {Ψ ∗ 𝜋 }. Thus proving the prior also proves the latter.

Atomic programs can access the shared memory, but need to realize the resource
invariant after execution immediately again. This allows us to get access to the
resource invariant during the proof, i.e. effectively reversing the share proof
rule for exactly one step. This is of course necessary when the program actually
operates on the shared memory. We call programs on which we can apply this
rule terminating atomic. The loop statement for example is also executed in one
atomic step, but does not terminate in exactly one step.

Definition 3.3.4 (Terminating Atomic) We call a program𝐶 terminating atomic
if for all 𝐶, (𝑠, ℎ) −→ 𝐶 ′, (𝑠′, ℎ′) we have 𝐶 ′ =↓.

Disjunction elimination can be achieved by proving the proof obligation for each
part of the conjunction separately. The proof rule does, however, require both
the precondition and the postcondition to be a disjunction.

Conjunction elimination is a bit more tricky. Indeed, it turns out that for con-
junction contrary to disjunction, we need an additional condition on the resource
invariant. This is because we coupled the resource invariant in the weakest
resource-safe liberal precondition using the separating conjunction. But the sep-
arating conjunction does not distribute over conjunction — except if the resource
invariant is precise. Preciseness requires that for any heap satisfying the proposi-
tion, there is only maximally one smaller heap satisfying the proposition.

Definition 3.3.5 (Preciseness [44]) We call the SL proposition Φ ∈ SLProp
precise if for every (𝑠, ℎ) ∈ States and 𝜂 ∈ LStacks, there exists ℎ′ ∈ Heaps with
ℎ′ ⊆ ℎ, such that we have for every ℎ″ ∈ Heaps with ℎ′ ⊆ ℎ and ℎ′ ≠ ℎ″ we
have (𝑠, ℎ″)⊧̸𝜂Φ.

For precise left-hand sides of a separating conjunction, conjunction distributed
over the separating conjunction on the right-hand side.
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Theorem 3.3.2 (Distributivity with Preciseness [44]) Let Φ,Ψ1, Ψ2 ∈ SLProp
be SL propositions and Φ be precise. We have

Φ ∗ (Ψ1 ∧Ψ2) ⟺ (Φ ∗ Ψ1) ∧ (Φ ∗ Ψ2).

Something similar also
exists for a combina-
tion of a magic wand
with a disjunction. As
this is not of relevance
for us, we will not con-
sider this further here.

Example 3.3.2 The proposition 1 ↦ 1 ∨ 1 ↦ 1 ∗ 2 ↦ 1 is not precise as we
can extend the heap ℎ = { 1 ↦ 1 } to the heap ℎ′ = { 1 ↦ 1, 2 ↦ 1 } and both
satisfy the proposition. We now do not have the following implication:

((1 ↦ 1 ∨ 1 ↦ 1 ∗ 2 ↦ 1) ∗ 2 ↦ 1 ∗ 3 ↦ 1)
∧ ((1 ↦ 1 ∨ 1 ↦ 1 ∗ 2 ↦ 1) ∗ 3 ↦ 1)

⇏ (1 ↦ 1 ∨ 1 ↦ 1 ∗ 2 ↦ 1) ∗ ((2 ↦ 1 ∗ 3 ↦ 1) ∧ 3 ↦ 1)

Let us investigate a counterexample to that implication. We have that for the
heap ℎ = { 1 ↦ 1, 2 ↦ 1, 3 ↦ 1 } the propositions

(1 ↦ 1 ∨ 1 ↦ 1 ∗ 2 ↦ 1) ∗ 2 ↦ 1 ∗ 3 ↦ 1 is satisfied by ℎ,
(1 ↦ 1 ∨ 1 ↦ 1 ∗ 2 ↦ 1) ∗ 3 ↦ 1 is satisfied by ℎ,
(1 ↦ 1 ∨ 1 ↦ 1 ∗ 2 ↦ 1) ∗ ((2 ↦ 1 ∗ 3 ↦ 1) ∧ 3 ↦ 1) is not satisfied by ℎ,

as (2 ↦ 1 ∗ 3 ↦ 1)∧3 ↦ 1 is unsatisfiable. Thus the implication above cannot
hold. However the proposition 1 ↦ 1 ∨ 2 ↦ 1 is precise as every satisfying
heap can not be extended and we have the following equivalence:

((1 ↦ 1 ∨ 2 ↦ 1) ∗ 2 ↦ 1 ∗ 3 ↦ 1)
∧ ((1 ↦ 1 ∨ 2 ↦ 1) ∗ 3 ↦ 1)

⇔ (1 ↦ 1 ∨ 2 ↦ 1) ∗ ((2 ↦ 1 ∗ 3 ↦ 1) ∧ 3 ↦ 1)

Here both sides are unsatisfiable, which makes them equivalent.

Framing allows to exclude a part of the heap that is not relevant for the programs
execution. Such rules are useful when we reason locally about programs that
only operate on a part of the heap. For example, if the heap consists of two lists,
we like to reason about inserting into one of these without tracking that the other
remains unchanged. Framing allows this. We prove that the functionality does
not access the second list, since after framing accessing it yields a runtime error,
invalidating our proof.

Framing can also be considered a special case of the concurrency rule. We can
transform every program 𝐶 into the equivalent program 𝐶 ‖ skip . Applying the
concurrency rule on this program yields the same result as applying the framing
rule on 𝐶 directly.

The consequence rule allows us make the precondition stronger and the post-
condition weaker. We will later call this property monotonicity. Indeed for
postconditions the proof rule is derived from the monotonicity of the weakest
resource-safe liberal preconditions.

Sound means here that
for every proof rule,
if the premises (state-
ments over the lines)
hold, then also the con-
clusion (statements un-
der the line) holds.Theorem 3.3.3 (Soundness [26]) The proof rules from Figure 3.3 are sound.
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We will not prove the soundness of the axiomatic semantics presented here —
even if they differ in some details to the one from [26]. Instead we give a proof
for semantics for probabilistic programs, which are conservative towards these
and thus supersede most of them.

Sometimes, we will use a special notation that annotates the program. This
notation has the style

( Φ
𝐶
( Ψ

and means 𝜉 ⊢ {Φ } 𝐶 {Ψ } for some 𝜉 that is clear from the context. If we want
to denote the resource invariant explicitly, we also write

( Φ | 𝜉
𝐶
( Ψ | 𝜉

for 𝜉 ⊢ {Φ } 𝐶 {Ψ }. Remark, that the resource invariant needs to be equal.
When using the rules share and atom, this notation may result in confusing
notations, as this example demonstrates:

Example 3.3.3 Consider the following annotated program:

( 𝑥 ↦ 1 | emp

( emp | 𝑥 ↦ 1
( 𝑥 ↦ 1 | emp

<𝑥> := 1
( 𝑥 ↦ 1 | emp

( emp | 𝑥 ↦ 1
( 𝑥 ↦ 1 | emp

The proof of this annotation works like this:

1. We like to prove

emp ⊢ { 𝑥 ↦ 1 } <𝑥> := 1 { 𝑥 ↦ 1 } .

2. We apply the share rule and have to prove next

𝑥 ↦ 1 ⊢ { emp } <𝑥> := 1 { emp } .

3. We apply the atom rule and have to prove

emp ⊢ { 𝑥 ↦ 1 } <𝑥> := 1 { 𝑥 ↦ 1 } .

4. We lastly apply the mutation rule and are left to prove that

𝑥 ↦ 1 ⊨ (∃𝑎. 𝑥 ↦ 𝑎) ∗ (𝑥 ↦ 1 −−∗ 𝑥 ↦ 1),

which also holds.

The notation may even result in wrong interpretations. Consider for this the
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following annotated program:

( 𝑥 ↦ 1 | emp

( emp | 𝑥 ↦ 1
skip

( emp | 𝑥 ↦ 1
( 𝑥 ↦ 1 | emp

<𝑥> := 2
( 𝑥 ↦ 2 | emp

<𝑥> := 1
( 𝑥 ↦ 1 | emp

( emp | 𝑥 ↦ 1
skip

( emp | 𝑥 ↦ 1
( 𝑥 ↦ 1 | emp

What happens here is that for the quadruple emp ⊢ { 𝑥 ↦ 1 } skip { 𝑥 ↦ 1 }
we choose to introduce a resource invariant, but do not use one for the program

<𝑥> := 2
<𝑥> := 1

as this would be unsound. Indeed, between those mutations, the resource
invariant is violated. However, one may think that this notation gives us the
quadruple 𝑥 ↦ 1 ⊢ { emp } <𝑥> := 2 ; <𝑥> := 1 { emp }, which is wrong.
Thus, we need to be very careful that we apply all proof rules correctly and
read the interpretations correctly when using this notation.

Using this notation, we will now prove the desired property for the running
example from the introduction section.

Example 3.3.4 With the tools explained in this chapter, we will look again at
our initial example, the following program 𝐶:

<𝑟> := −1 ;

<𝑟> := 0 ‖
𝑥 := <𝑟> ;
while ( 𝑥 = −1 ) { 𝑥 := <𝑟> } ;

We will prove now that the specification

emp ⊢ { 𝑟 ↦ 0 ∗ 𝑥 = 0 } 𝐶 { (𝑟 ↦ −1 ∨ 𝑟 ↦ 0) ∗ 𝑥 = 0 }

holds. By Theorem 3.3.1 we can then deduce that every terminating execution
of 𝐶 in an initial state satisfying 𝑟 ↦ 0 ∗ 𝑥 = 0 will end in a state satisfying
(𝑟 ↦ 0 ∨ 𝑟 ↦ −1) ∗ 𝑥 = 0. We prove this specification in three steps
with annotated programs. During the explanation, we will not mention the
application of the sequential proof rule, but use it implicitly.
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▶ The first part looks just at the sequential part of the program.

( 𝑥 = 0 ∗ 𝑟 ↦ 0 | emp

<𝑟> := −1 ;
( 𝑥 = 0 ∗ 𝑟 ↦ −1 | emp

( 𝑥 = 0 ∗ (𝑟 ↦ −1 ∨ 𝑟 ↦ 0) | emp

( 𝑥 = 0 | (𝑟 ↦ −1 ∨ 𝑟 ↦ 0)
( true ∗ 𝑥 = 0 | (𝑟 ↦ −1 ∨ 𝑟 ↦ 0)

We explain the program from top to bottom. For other logics we may
prefer the other direction. However, for qualitative separation logic this
way is usually more intuitive. First, we apply the mutation rule to assign
−1 to the location of 𝑟. The very next thing is an application of the
consequence rule allowing us to weaken the condition on 𝑟 to also allow
for the value 0. We do this, in order to transform the part about 𝑟 into
a useful resource invariant. Indeed, the next rule we apply is the share
rule allowing us to move the part about 𝑟 into the resource invariant.
Lastly, we add true in order to enable applying the concurrency rule:

( true ∗ 𝑥 = 0 | (𝑟 ↦ −1 ∨ 𝑟 ↦ 0)

<𝑟> := 0 ‖
𝑥 := <𝑟> ;
while ( 𝑥 = −1 ) { 𝑥 := <𝑟> } ;

( true ∗ 𝑥 = 0 | (𝑟 ↦ −1 ∨ 𝑟 ↦ 0)
( 𝑥 = 0 | (𝑟 ↦ −1 ∨ 𝑟 ↦ 0)
( (𝑟 ↦ −1 ∨ 𝑟 ↦ 0) ∗ 𝑥 = 0 | emp

From this point on, we will locally consider each thread on its own.
▶ For the left part of the concurrent execution, we have the following

annotated program:

( true | 𝑟 ↦ −1 ∨ 𝑟 ↦ 0
( true ∗ (𝑟 ↦ −1 ∨ 𝑟 ↦ 0) | emp

<𝑟> := 0
( true ∗ 𝑟 ↦ 0 | emp

( true ∗ (𝑟 ↦ −1 ∨ 𝑟 ↦ 0) | emp

( true | 𝑟 ↦ −1 ∨ 𝑟 ↦ 0

From the concurrency rule we had given the precondition true, the
postcondition true and the resource invariant 𝑟 ↦ −1 ∨ 𝑟 ↦ 0. In order
to reason now about the mutation <𝑟> := 0, we apply the atom rule and
are left with

emp ⊢
⎧
⎨
⎩

true
∗ (𝑟 ↦ −1 ∨ 𝑟 ↦ 0)

⎫
⎬
⎭

<𝑟> := 0
⎧
⎨
⎩

true
∗ (𝑟 ↦ −1 ∨ 𝑟 ↦ 0)

⎫
⎬
⎭
.

Applying the mutation rule, we have finally left to prove

true ∗ (𝑟 ↦ −1 ∨ 𝑟 ↦ 0)
⊨ (∃𝑎. 𝑟 ↦ 𝑎) ∗ (𝑟 ↦ 0 −−∗ true ∗ (𝑟 ↦ −1 ∨ 𝑟 ↦ 0)) ,
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which holds. We can match ∃𝑎. 𝑟 ↦ 𝑎 with 𝑟 ↦ −1 ∨ 𝑟 ↦ 0. For
𝑟 ↦ 0 −−∗ true ∗ (𝑟 ↦ −1 ∨ 𝑟 ↦ 0), we first introduce 𝑟 ↦ 0 and match
it with 𝑟 ↦ −1 ∨ 𝑟 ↦ 0, which leaves us with the tautology true ⊨ true.

▶ For the right part of the concurrent execution, we have the annotated
program:

( 𝑥 = 0 | 𝑟 ↦ −1 ∨ 𝑟 ↦ 0
( 𝑥 = 0 ∗ (𝑟 ↦ −1 ∨ 𝑟 ↦ 0) | emp

𝑥 := <𝑟> ;
( (𝑥 = −1 ∨ 𝑥 = 0) ∗ (𝑟 ↦ −1 ∨ 𝑟 ↦ 0) | emp

( 𝑥 = −1 ∨ 𝑥 = 0 | 𝑟 ↦ −1 ∨ 𝑟 ↦ 0
while ( 𝑥 = −1 ) {
( 𝑥 = −1 ∨ 𝑥 = 0 | 𝑟 ↦ −1 ∨ 𝑟 ↦ 0
( (𝑥 = −1 ∨ 𝑥 = 0) ∗ (𝑟 ↦ −1 ∨ 𝑟 ↦ 0) | emp

𝑥 := <𝑟>
( (𝑥 = −1 ∨ 𝑥 = 0) ∗ (𝑟 ↦ −1 ∨ 𝑟 ↦ 0) | emp

( 𝑥 = −1 ∨ 𝑥 = 0 | 𝑟 ↦ −1 ∨ 𝑟 ↦ 0
} ;
( 𝑥 = 0 | 𝑟 ↦ −1 ∨ 𝑟 ↦ 0

We first consider the lookup 𝑥 := <𝑟>. For this, we apply the atom rule,
followed by the lookup rule, which requires us to prove the entailment

𝑥 = 0 ∗ (𝑟 ↦ −1 ∨ 𝑟 ↦ 0)
⊨ ∃𝑎. 𝑟 ↦ 𝑎 ∗ (𝑟 ↦ 𝑎 −−∗ (𝑎 = −1 ∨ 𝑎 = 0) ∗ (𝑟 ↦ −1 ∨ 𝑟 ↦ 0)),

which holds. We assume the stack heap pair (𝑠, ℎ) has the form restricted
by the left side. Then ℎ(𝑠(𝑟)) = −1 or ℎ(𝑠(𝑟)) = 0. We pick 𝑎 as one
of these. Without loss of generality, we let 𝑎 = 0. Then we remove the
heap part with location 𝑠(𝑟) and add it again right after. The right part
of

𝑟 ↦ 𝑎 −−∗ (𝑎 = −1 ∨ 𝑎 = 0) ∗ (𝑟 ↦ −1 ∨ 𝑟 ↦ 0)

needs to have the heap ℎ2 = { 𝑠(𝑟) ↦ 0 }, which is then satisfied. The
rest of the heap goes to the left part, where 𝑎 = 0 holds by assumption.
For 𝑎 = 1 the reasoning is similar.
Next we consider the loop. For this, we need to guess a loop invariant
and check its validity. We guess the loop invariant 𝑥 = −1∨𝑥 = 0. Then
we need to check that

𝑟 ↦ −1 ∨ 𝑟 ↦ 0 ⊢ { 𝑥 = −1 ∨ 𝑥 = 0 } 𝑥 := <𝑟> { 𝑥 = −1 ∨ 𝑥 = 0 } .

Applying first the atom rule and then the lookup rule, we are required
to check the entailment

(𝑥 = −1 ∨ 𝑥 = 0) ∗ (𝑟 ↦ −1 ∨ 𝑟 ↦ 0)
⊨ ∃𝑎. 𝑟 ↦ 𝑎 ∗ (𝑟 ↦ 𝑎 −−∗ (𝑎 = −1 ∨ 𝑎 = 0) ∗ (𝑟 ↦ −1 ∨ 𝑟 ↦ 0)),

which holds for a very similar reason to the previous lookup. Lastly, we



48 3. Concurrent Separation Logic

need to check the entailment

𝑥 = −1 ∨ 𝑥 = 0
⊨ 𝑥 = −1 ∧ (𝑥 = −1 ∨ 𝑥 = 0) ∨ ¬𝑥 = −1 ∧ 𝑥 = 0,

which holds by an easy case distinction over the disjunction on the left.



Quantitative Separation Logic 4.
When reasoning about probabilistic programs, qualitative logics are often un-
wieldy. They require expressing probability distributions explicitly, even when
the distribution is not of interest. Usually, only certain specifications are of
interest, such as “the probability of something good should be at least 0.3” or
“The expected value of the random variable is at most 10”. For these questions, a
different solution is appropriate. Instead of phrasing our specification in logic,
we change our axiomatic semantics in such a way, that specifications of this style
are naturally encodable. The semantics we will work towards in this chapter are
called expectation-based. As probabilities are only a special case of expectations,
reasoning about expectations is sufficient to reason about both.

As a first example, we consider the following program that chooses with proba-
bility 0.3 to execute 𝑥 := 1 and with probability 0.7 to execute 𝑥 := 2: We will later see, that

the probability distri-
bution of a program’s
output values also de-
pends on the initial
state. We are thus also
interested in specifica-
tions that are valid for
all initial states.

pif ( 0.3 ) { 𝑥 := 1 } else { 𝑥 := 2 }

Say, we want to check that if we start in an initial state where 𝑥 is −1, whether
the probability that in the final state the variable 𝑥 has value 1 is 0.3, phrased
formally as ℙ(𝑥 = 1) = 0.3. We now calculate ℙ(𝑥 = 1) by going throw the
program bottom-up with respect to the control flow. The probabilistic choice tells
us, that the left-hand side is executed with probability 0.3. If the left-hand side
will validate our condition 𝑥 = 1, we know that this will happen with probability
0.3. The same holds for the right-hand side of the program with probability 0.7.
However, only the left program validates the condition 𝑥 = 1, as the right-hand
side sets 𝑥 to 2. Thus we have ℙ(𝑥 = 1) = 0.3 ⋅ true + 0.7 ⋅ false. This equation
is unfortunately type incorrect. We cannot multiply a rational number with a
Boolean value. Instead we use Iverson brackets [45], which cast the proposition
into a function that is 1 if the state satisfies the propositions and 0 else. This
translates our equation into

ℙ(𝑥 = 1) = 0.3 ⋅ [true] + 0.7 ⋅ [false] = 0.3.

For a more challenging problem, we consider a program which is commonly
called the geometric loop:

𝑥 = 1 ;
𝑦 = 0 ;
while ( 𝑥 = 1 ) {

pif ( 0.5 ) { 𝑥 := 0 } else { 𝑥 := 1 } ;
𝑦 := 𝑦 + 1

}

Now, we specify a bound on the expected value of a random variable. We like
to verify that the expected value of 𝑦 is exactly 2, phrased formally as 𝔼(𝑦) = 2.
Again we reason bottom-up. Thus we first need to resolve the loop. Similar to the
reasoning style from Chapter 3, we need to find an invariant property. Now our
invariant is not a proposition but a random variable. This may sound confusing, as
we wanted to compute expected values. However, if we parametrize an expected
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value by its input, we have a function mapping states to values, which is what we
consider a random variable. It turns out, that the invariant random variable is

[𝑥 = 1] ⋅ (𝑦 + 2) + [𝑥 ≠ 1] ⋅ 𝑦.

We will discuss later in more detail why this is correct and instead continue with
the calculation. When now using the information that initially 𝑥 = 1 and 𝑦 = 0,
we can simplify our result and obtain

𝔼(𝑦) = [1 = 1] ⋅ (0 + 2) + [1 ≠ 1] ⋅ 0 = 2.

4.1. Markov Decision Processes

Probabilistic programs are operationally often modelled as Markovian models.
Our programming language features two kinds of non-determinism. Probabilistic
and non-probabilistic non-determinism differ in the amount of knowledge we
have about them. Probabilistic non-determinism follow a certain distribution,
while non-probabilistic non-determinism is resolved arbitrarily. We require a
model that features both, probabilistic non-determinism and non-probabilistic
non-determinism. These models are called Markov decision processes. In order
to introduce these models, this section will guide you through the jungle of
probability theory.

In probability theory, we consider sets of events to calculate their probability.
The sets of events need to form a sigma algebra.

Pow(𝑆) is the power-
set of 𝑆 and 𝐴̄ is the
complement with re-
spect to 𝑆.

Definition 4.1.1 (Sigma Algebra [46]) We call a set 𝒮 ⊆ Pow(𝑆) a sigma
algebra of 𝑆, if

▶ ∅ ∈ 𝒮,
▶ if 𝐴 ∈ 𝒮 then 𝐴̄ ∈ 𝒮, and
▶ if for all 𝑛 ∈ ℕ we have 𝐴𝑛 ∈ 𝒮 then also ⋃𝑛∈ℕ 𝐴𝑛 ∈ 𝒮.

It makes sense to define our possible events like this, as these are the operations
we require for common tasks in probability theory. Complements give rise to
the negation of a certain condition, countable unions allow us to sum up disjoint
events. A probability space now enriches the sigma algebra with a probability
distribution sometimes called probability measure due to the foundational work
on measure theory.

Definition 4.1.2 (Probability Space [46]) A probability space is a triple
(Ω,ℱ, ℙ) where Ω is a non-empty set, ℱ is a sigma algebra of Ω and for
ℙ∶ ℱ → [0, 1] we have

▶ ℙ(∅) = 0,
▶ ℙ(Ω) = 1, and
▶ for pairwise disjoint sets 𝐴𝑛, we have ℙ(⋃𝑛∈ℕ 𝐴𝑛) = ∑𝑛∈ℕ ℙ(𝐴𝑛).

We call Ω the sample space, ℱ the event space and ℙ the probability function
or just distribution. A random variable in a probability space is nothing more
than a map from events to real values. If we calculate the expected value of
something, we always calculate the expected value of some random variable. In
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the case where the events are countable and every singleton is contained in the
sigma algebra, the expected value is the weighted sum of the probability of an
event times the value of the random variable for that event. If we do not have
countability, we need to resort to integrals. We will avoid introducing integrals
and the accompanied measure theory but refer to [46] for excellent lecture notes
on probability theory, measure theory and integrals.

Definition 4.1.3 (Random Variables and Expected Values [46]) Let (Ω,ℱ, ℙ)
be a probability space. We call a map from events to non-negative extended reals
𝑋∶ Ω → ℝ∞≥0 a random variable. The expected value of 𝑋 is This integral is called

Lebesque integral and
is essential to measure
theory.𝔼(𝑋) = ⌠

⌡Ω
𝑋(𝜔) ℙ(𝑑𝜔).

When Ω is countable and for every 𝜔 ∈ Ω we have { 𝜔 } ∈ ℱ, the expected value
of 𝑋 is

𝔼(𝑋) = ∑
𝜔∈Ω

𝑋(𝜔) ⋅ ℙ({ 𝜔 }).

Example 4.1.1 We define the following probability space:

▶ Let Ω = { 𝑎, 𝑏, 𝑐 } be a sigma algebra with
▶ ℱ = {∅, { 𝑎 } , { 𝑏 } , { 𝑐 } , { 𝑎, 𝑏 } , { 𝑏, 𝑐 } , { 𝑎, 𝑐 } , { 𝑎, 𝑏, 𝑐 } }.
▶ We define ℙ as the unique distribution with

• ℙ({ 𝑎 }) = 0.2,
• ℙ({ 𝑏 }) = 0.5, and
• ℙ({ 𝑐 }) = 0.3.

Moreover, we let 𝑋 be a random variable with 𝑋(𝑎) = 1, 𝑋(𝑏) = 2 and
𝑋(𝑐) = 3.
We have that the expected value of 𝑋 is

𝔼(𝑋) = 0.2 ⋅ 1 + 0.5 ⋅ 2 + 0.3 ⋅ 3
= 0.2 + 1 + 0.9
= 2.1

We model our program operationally as Markovian models. These are gener-
alizations of transition systems to the probabilistic world. Since we do not
want to resolve concurrency and allocation randomly, but instead want to prove
judgments about all possible allocations and all possible thread schedules. The
appropriate model for these requirements is called Markov decision process and is
based on the (discrete-time) Markov chain.

Continous-time
Markov chains also
exist in literature, but
are of no interest in
this thesis.

Definition 4.1.4 (Markov Chains [47]) A Markov chain is a tuple (𝑆,P, 𝑠0)
where

▶ 𝑆 is a countable nonempty set of states,
▶ P ∶ 𝑆 × 𝑆 → [0, 1] is the transition probability function such that for all

states 𝑠:
∑
𝑠′∈𝑆

P(𝑠, 𝑠′) = 1,

▶ 𝑠0 ∈ 𝑆 is an initial state.
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Although we limit our Markov Chains to countable state spaces 𝑆, the sample
space of our resulting probability space is still uncountable. This is because the
sample space in aMarkov chain is its infinite paths, of which there are uncountable
many — even if the state space is finite.

Example 4.1.2 The following graph depicts a representation of the Markov
chain 𝑀 with 𝑆 = { 𝑞0, 𝑞1, 𝑞2 } and P as drawn:

𝑞0

start

𝑞1 𝑞2

0.5 0.5

1 1

We only connect states in this depiction if they have nonzero transition prob-
ability. The infinite paths in 𝑀 with non-zero probability are all infinite
sequences composed of the sub-sequences 𝑞0, 𝑞1 and 𝑞0, 𝑞2. As we can repre-
sent every real number in the open interval between 0 and 1 in binary form
with these sequences, we have uncountable many infinite paths.

Since we are interested in reachability properties — that is the probability of
eventually reaching a certain state — we need to consider the infinite paths of
a Markov chain. Indeed, this is how we define the sample space of a Markov
chain.

Definition 4.1.5 (Probability Space of a Markov Chain [47]) Let (𝑆,P, 𝑠0) be
a Markov chain𝑀 and 𝜋̂ = 𝑠0…𝑠𝑛 be a finite path in𝑀. We define the cylinder
set of 𝜋̂ as

𝐶𝑦𝑙(𝜋̂) = { 𝜋 is an infinite path in𝑀| 𝜋̂ is a prefix of 𝜋 } .

We define the probability space of𝑀 as (Ω,ℱ, ℙ) where

▶ Ω is the set of all infinite paths,
▶ ℱ is the smallest sigma algebra that contains all cylinder sets 𝐶𝑦𝑙(𝜋̂), and
▶ ℙ is the unique probability function with

ℙ(𝐶𝑦𝑙(𝑠0…𝑠𝑛)) = ∏
0≤𝑖<𝑛

P(𝑠𝑖, 𝑠𝑖+1).

The uniqueness of both the sigma algebra and the probability function follow
from common probability theory concepts [47]. The probability space defined
here now allows us to compute the reachability probability of a state as well. Say,
we want to compute the probability for reaching state 𝑠. Then we take all finite
sequences of states up to but without 𝑠 and append 𝑠 to them. All of these paths
are prefix free and thus the cylinder sets are disjoint. Moreover, there are only
countable many finite paths. Then we can compute the probability to reach state
𝑠 by summing over the probability of all these cylinder sets.
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Definition 4.1.6 (Reachability Probability in a Markov Chain [47]) Let
(𝑆, ℙ, 𝑠0) be a Markov chain𝑀 and 𝐵 ⊆ 𝑆 a set of goal states. The probability to
reach a state in 𝐵 is

ℙ𝑀(⋄𝐵) = ∑
𝑠0…𝑠𝑛 with ∀𝑖<𝑛. 𝑠𝑖∈𝑆∖𝐵 and 𝑠𝑛∈𝐵

ℙ(𝐶𝑦𝑙(𝑠0,… 𝑠𝑛)).

Example 4.1.3 Revisiting Example 4.1.2, we now want to compute the proba-
bility to reach state 𝑞2. Thus we have

ℙ(⋄𝑞2) = ∑
𝑞0…𝑠𝑛 with ∀𝑖<𝑛. 𝑠𝑖∈𝑆∖{𝑞2 } and 𝑠𝑛=𝑞2

ℙ(𝐶𝑦𝑙(𝑠0,… 𝑠𝑛))

=
∞
∑
𝑖=0

ℙ(𝐶𝑦𝑙((𝑞0, 𝑞1)𝑛𝑞0, 𝑞2))

=
∞
∑
𝑖=0

0.5𝑛 ⋅ 0.5

=
0.5

1 − 0.5

=
0.5
0.5

= 1.

The probability to eventually reach 𝑞2 is thus 1.

As we are only interested in the result of the program, we will consider a special
case of reachability probability: the probability for reaching a final state. We
introduce dedicated final states from which one may not further traverse.

Definition 4.1.7 (Final States and Final State Probability Space) Let (𝑆,P, 𝑠0)
be a Markov chain𝑀 and 𝐹 ⊆ 𝑆 be a set of final states such that for all 𝑠 ∈ 𝐹 we
have that they are absorbing: P(𝑠, 𝑠) = 1.
We define the probability space on final states for a Markov chain as (Ω,ℱ, ℙ)
where

▶ the sample set is the set of final states including a symbol for non-
termination Ω = 𝐹 ∪ {⊥ },

▶ the event spaceℱ is the powerset of the sample space, and
▶ the probability function is the unique reachability function

ℙ(𝑠) = ℙ𝑀(⋄𝑠).

The final state probability space justifies defining random variables on the final
states. Theoretically, we could also define them on non-termination. Practically,
this is not a good idea, as we will later see that defining it on the final states
gives us nice equations. Instead our random variables will only be defined on
the final states and how non-termination is included is decided by the flavor of
the calculus. The uniqueness of this function follows from the disjointness of the
corresponding cylinder sets and classical probability theory concepts.

As previously mentioned, Markov chains do not offer non-probabilistic non-
determinism. To enrich a Markov model with non-determinism, we can, however,
assign every node a set of transition probability functions depending on some
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non-deterministic choice. This idea gives rise to the Markov decision processes.
There we introduce a set A of actions, from which a scheduler can choose for
each node. Each action is associated with a transition probability function, which
we apply if the corresponding action was chosen. This adds another layer in the
reasoning process. A Markov decision process does not have one probability
space, but instead for every possible resolving — that is for every scheduler — we
have a probability space.

Definition 4.1.8 (Markov Decision Process [48]) A Markov decision process is
a tuple (𝑆,Act,P, 𝑠0) where

▶ 𝑆 is a countable nonempty set of states,
▶ Act ∶ 𝑆 → Pow(A) is a map from states to enabled actions,
▶ P ∶ 𝑆 × A × 𝑆 → [0, 1] is the transition probability function such that for

all states 𝑠 and actions 𝑎 ∈ Act(𝑠):

∑
𝑠′∈𝑆

P(𝑠, 𝑎, 𝑠′) = 1,

▶ 𝑠0 ∈ 𝑆 is an initial state.

Schedulers are some-
times also called poli-
cies.

We call a function 𝔰 ∶ 𝑆∗ → A that maps a history of states to some next enabled
action a (deterministic, history dependent) scheduler. It is partly-defined in case
the set of enabled actions is empty for some state.

Example 4.1.4 Consider the following Markov decision process where we
annotated the action next to the probability:

𝑞0

start

𝑞1 𝑞2

a, 0.5 a, 0.5

a, 1

b, 1

a, 1

b, 1

There are infinitely many schedulers. Every time we arrive at 𝑞1 or 𝑞2 —which
we will definitely do —, we can choose either action 𝑎 or action 𝑏. If we choose
the scheduler that always chooses 𝑎, we obtain paths that match exactly the
ones from Example 4.1.2. In the next definition, we will formalize the relation
between Markov decision processes and Markov chains.

We will consider here the infinite-horizon problem. This means that we consider
paths in the Markov decision process not limited by any step number. Indeed,
when using this for program verification, a limit on the number of steps would not
allow us to reason about all programs, but only on programs with static runtime
bounds. We consider here a deterministic and history dependent resolution of
the non-determinism. Other schedulers may also allow randomization. It turns
out, that the values we are interested in — that is the greatest lower bound on the
expected values regarding the probability distribution of a probabilistic program
— is the same for deterministic, history dependent schedulers and for randomized,
history dependent schedulers.
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Definition 4.1.9 (Induced Markov Chain [48]) Let (𝑆,Act,P, 𝑠0) be a Markov
decision process𝑀. We define the Markov chain of𝑀 induced by scheduler 𝔰 as
(𝑆′,P𝔰, 𝑠0) with

▶ the states as paths on theMarkov decision process 𝑆′ = {𝜋 ∈ 𝑆∗ | 𝜋 = 𝑠0,… }
and

▶ the transition probability function P𝔰 as induced by the transition proba-
bility function of𝑀:

P𝔰((𝑠0,… 𝑠𝑛), (𝑠0,… 𝑠𝑛, 𝑠𝑛+1)) = P(𝑠𝑛, 𝔰(𝑠0,… 𝑠𝑛), 𝑠𝑛+1).

In case that Act(𝑠𝑛) = ∅ we define:
Having an empty set
of enabled actions
is somewhat non-
standard, but handy
for defining final
states. We resolve
empty enabled actions
here by self-loops.

P𝔰((𝑠0,… 𝑠𝑛), (𝑠0,… 𝑠𝑛, 𝑠𝑛+1)) =
⎧
⎨
⎩

1 if 𝑠𝑛 = 𝑠𝑛+1
0 else.

Relating back to Definition 4.1.6, we also use the notation ℙ𝔰(⋄𝑠) for ℙ𝑀(⋄𝑠)
where 𝑀 is the by 𝔰 induced Markov chain of its Markov decision process.

Since we use Markov decision processes to represent operational semantics of
probabilistic programs, we are interested in reachability probabilities for states
that we define as final states. These final states encode a terminating program.
In order to lift the Hoare triple reasoning from the last chapter, we assign values
to those final states using random variables — usually called rewards. For this
definition, we reuse final states from Definition 4.1.7 and lift it by using the
induced Markov chains from Definition 4.1.9.

Definition 4.1.10 (Final Rewards and Minimal Expected Value) Let
(𝑆,Act,P, 𝑠0) be a Markov decision process𝑀. Let 𝐹 ⊆ 𝑆 be a set of final states
for𝑀 where every enabled action set is empty: for all 𝑠 ∈ 𝐹 we have Act(𝑠) = ∅.
Final rewards are random variables on final states. We define the minimal
expected value of a random variable 𝑋∶ 𝐹 → ℝ∞≥0 as

𝔼(𝑋) = inf
𝔰
∑
𝑠∈𝐹

𝑋(𝑠) ⋅ ℙ𝔰(⋄𝑠).

Computing the minimal expected value seems dawning. How should one proceed,
even if the state space is finite? Indeed, there is a solution! The minimal expected
value can be computed using fixed points on the Markov decision process. These
fixed points are given by the Bellman equation and allow local reasoning for
every state.

Definition 4.1.11 (Bellman Equation [48]) Usually the Bellman
equation is stated us-
ing a random variable
𝑋∶ 𝑆 → ℝ≥0 defined
on the whole set of
states and with 𝑋(𝑠)
added in the recur-
sive part of the equa-
tion. However, if we
set 𝑋(𝑠) = 0 for 𝑠 ∉
𝐹 and add a transition
from final states to a
sink state, we get a sim-
ilar result.

Let (𝑆,Act,P, 𝑠0) be a Markov
decision process𝑀. Let 𝐹 ⊆ 𝑆 be a set of final states for𝑀 and let 𝑋∶ 𝐹 → ℝ∞≥0
be a random variable.
The Bellman equation is defined as

Φ𝑋(𝑠) =
⎧
⎨
⎩

𝑋(𝑠) if 𝑠 ∈ 𝐹
inf

𝑎∈Act(𝑠)
∑
𝑠′∈𝑆

Φ𝑋(𝑠′) ⋅ ℙ(𝑠, 𝑎, 𝑠′) else.

Crucially, we require here that Act(𝑠) is not empty, as otherwise the Bellman
equation assigns the state s the value 1, whereas the expected value assigns paths
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with this state value 0. The Bellman equation now gives rise to an easier method
to computing the expected value of a random variable. Instead of solving the
infimum over an infinite sum, we only need to find the least solution to the
Bellman equation. In a perfect world, this result would already be proven in its
most generality. However, this is unfortunately not the case yet. The following
thus remains a conjecture.

Conjecture 4.1.1 (Least Bellman Solution) Let (𝑆,Act,P, 𝑠0) be a Markov deci-
sion process 𝑀. Let 𝐹 ⊆ 𝑆 be a set of final states for 𝑀 such that all non final
states 𝑠 ∉ 𝐹 are non-blocking Act(𝑠) ≠ ∅ and let 𝑋∶ 𝐹 → ℝ∞≥0 be a random
variable over final states.
The expected value 𝔼(𝑋) is the least solution to the Bellman equation.

[30, 31] attempted to prove it. Unfortunately the proofs have some hard to spot
mistakes. However, [49] provides us instead with the following theorem.

Theorem 4.1.2 (Least Bellman Solution of Random Variables for Finitly
Branching MDPs [49]) Let (𝑆,Act,P, 𝑠0) be a Markov decision process 𝑀. Let
𝐹 ⊆ 𝑆 be a set of final states for𝑀 such that all non final states 𝑠 ∉ 𝐹 are non-
blocking Act(𝑠) ≠ ∅ and such that𝑀 is finitely branching and let 𝑋∶ 𝐹 → ℝ∞≥0
be a random variable.
The expected value 𝔼(𝑋) is the least solution to the Bellman equation.

This result is unfortunately not strong enough for the crucial non-determinism
used in this chapter, as allocation is always infinitely branching non-deterministic
if there are infinitely many unallocated locations in the heap.

Example 4.1.5 We consider the Markov decision process from Example 4.1.4.
We added a new state 𝑞3 that serve as final state. Moreover, we removed the
transition from 𝑞2 to 𝑞0. Otherwise, the minimal probability to reach the final
state 𝑞3 would have been 0, as we can always choose to not go into the final
state.

𝑞0

start

𝑞1 𝑞2 𝑞3

a, 0.5 a, 0.5

a, 1

b, 1

a, 1

b, 1

c, 1

In the above Markov decision process we let the set of final states be 𝐹 = {𝑞3 }
and calculate the expected value of 𝑋(𝑞3) = 1, that is, the minimal probability
to reach 𝑞3. The scheduler achieving the minimal value is the scheduler that
takes first 𝑎 and then 𝑏. Indeed, in this case, the program can never reach 𝑞3
and thus we have 𝔼(𝑋) = 0.
Consider instead the following Markov decision process:

𝑞0

start

𝑞1 𝑞2 𝑞3

a, 0.5 a, 0.5

b, 1

a, 1
a, 1
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Again, we let the set of final states be 𝐹 = {𝑞3 } and calculate the expected
value of 𝑋(𝑞3) = 1. The scheduler archiving the minimal value is the scheduler
that chooses 𝑏 in 𝑞1 (and everywhere else has no choice). Now, the program
will take action 𝑎 in the first step. With probability 0.5 we definitely reach 𝑞3.
The rest of the probability mass ends up in the loop in 𝑞1 which is evaluated
to 0. Thus we have 𝔼(𝑋) = 0.5.

The least solution of
the Bellman-equation
guarantees that non-
terminating paths are
assigned the least ele-
ment 0.

It is easy to verify that both examples also satisfy the Bellman-equation.

4.2. Operational Semantics for Probabilistic Programs

As detailed out in the previous section, we will model probabilistic programs as
Markov decision processes and their functional correctness as expected values of
random variables over final states. The Markov decision process has — similar to
the transition systems in Chapter 3 — pairs of programs and stack heap pairs as
the Markov decision process states.

To mimic the notation from Chapter 3, we will use a special notation for the
transition probability function:

P(𝑠, 𝑎, 𝑠′) = 𝑝 ⟺ 𝑠 𝑝−→
a
𝑠′

This sometimes hides the behavior of the transition to be a function and not a
relation. Again, to stress this, the notation 𝑠 𝑝−→

a
𝑠′ denotes a function that maps

the parameters 𝑠, 𝑎 and 𝑠′ to the value 𝑝.

The programming language for probabilistic programs contains all statements of
cPL except for concurrency, but with probabilistic branching.

Definition 4.2.1 (Probabilistic Programming Language) We define the proba-
bilistic programming language pPL as the language generated by this grammar:
𝒞 ∶∶= skip empty program

| 𝑥 := 𝑒 assignment
| <𝑒> := 𝑒′ heap mutation
| 𝑥 := <𝑒> heap lookup
| 𝑥 := CAS(𝑒1, 𝑒2, 𝑒3) compare and set
| 𝑥 := new (𝑒) allocation
| free(𝑒, 𝑒′) deallocation
| if ( 𝑒𝑏 ) {𝒞 } else {𝒞 } conditional branching
| pif ( 𝑒𝑝 ) {𝒞 } else {𝒞 } probabilistic branching
| while ( 𝑒𝑏 ) {𝒞 } looping
| 𝒞 ; 𝒞 program composition

where 𝑒, 𝑒′, 𝑒1, 𝑒2, 𝑒3 ∈ ValExpr are value expressions, 𝑒𝑏 ∈ BoolExpr are Boolean
expressions and 𝑒𝑝 ∶ Stacks × LStacks → [0, 1] are probabilistic expressions. We
call the set of probabilistic expressions ProbExpr. We use ↓ to depict terminated
programs and  to depict erroneous programs.
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SKIP
skip, (𝑠, ℎ) 1−−→

Det
↓, (𝑠, ℎ)

ASSIGN
𝑥 := 𝑒, (𝑠, ℎ) 1−−→

Det
↓, (𝑠 [𝑥 ≔ 𝑒(𝑠)] , ℎ)

𝑒(𝑠) ∈ dom (ℎ)
LOOKUP

𝑥 := <𝑒>, (𝑠, ℎ) 1−−→
Det

↓, (𝑠 [𝑥 ≔ ℎ(𝑒(𝑠))] , ℎ)

𝑒(𝑠) ∉ dom (ℎ)
LOOKUP-ABT

𝑥 := <𝑒>, (𝑠, ℎ) 1−−→
Det

 , (𝑠, ℎ)

𝑒(𝑠) ∈ dom (ℎ)
MUT

<𝑒> := 𝑒′, (𝑠, ℎ) 1−−→
Det

↓, (𝑠, ℎ [𝑒(𝑠) ≔ 𝑒′(𝑠)])

𝑒(𝑠) ∉ dom (ℎ)
MUT-ABT

<𝑒> := 𝑒′, (𝑠, ℎ) 1−−→
Det

 , (𝑠, ℎ)

𝑒1(𝑠) ∈ dom (ℎ) ℎ(𝑒1) ≠ 𝑒2(𝑠) CAS-FALSE
𝑥 := CAS(𝑒1, 𝑒2, 𝑒3), (𝑠, ℎ)

1−−→
Det

↓, (𝑠 [𝑥 ≔ 0] , ℎ)

𝑒1(𝑠) ∈ dom (ℎ) ℎ(𝑒1) = 𝑒2(𝑠) CAS-TRUE
𝑥 := CAS(𝑒1, 𝑒2, 𝑒3), (𝑠, ℎ)

1−−→
Det

↓, (𝑠 [𝑥 ≔ 1] , ℎ [𝑒1(𝑠) ≔ 𝑒3(𝑠)])

𝑒1(𝑠) ∉ dom (ℎ)
CAS-ABT

𝑥 := CAS(𝑒1, 𝑒2, 𝑒3), (𝑠, ℎ)
1−−→

Det
 , (𝑠, ℎ)

𝑒(𝑠) = 𝑛 ∈ ℕ ℓ,… , ℓ + 𝑛 − 1 ∈ ℕ>0 ∖ dom (ℎ) ℎ′ = ℎ ∪ { ℓ ↦ 0,… , ℓ + 𝑛 − 1 ↦ 0 }
ALLOC

𝑥 := new (𝑒) , (𝑠, ℎ) 1−−−−−→
Alloc ℓ

↓, (𝑠 [𝑥 ≔ ℓ] , ℎ′)

𝑒(𝑠) ∉ ℕ
ALLOC-ABT

𝑥 := new (𝑒) , (𝑠, ℎ) 1−−→
Det

 , (𝑠, ℎ)

𝑒(𝑠) + 0,…𝑒(𝑠) + 𝑒′(𝑠) − 1 ∈ dom (ℎ) ℎ′ = ℎ [𝑒(𝑠) + 0 ≔ undef]… [𝑒(𝑠) + 𝑒′(𝑠) − 1 ≔ undef]
FREE

free(𝑒, 𝑒′), (𝑠, ℎ) 1−−→
Det

↓, (𝑠, ℎ′)

∃𝑖 ∈ { 0,… , 𝑒′(𝑠) − 1 } . 𝑒(𝑠) + 𝑖 ∉ dom (ℎ)
FREE-ABT

free(𝑒, 𝑒′), (𝑠, ℎ) 1−−→
Det

 , (𝑠, ℎ)

Figure 4.1.: Operational semantics for all statements in pPL. Heap manipulating statements may abort due to the accessed location
not being allocated. Compare and set changes the value at a certain location only if the value is as expected.

Probabilistic expressions map states to values in the closed interval between 0
and 1. As in Chapter 3, we do not give a concrete syntax for these expressions
for reasons of brevity.

Probabilistic branching allows us to pick one branch randomly. That is, the
evaluated value of the probabilistic “guard” gives the probability to execute the
left branch and the remaining probability mass is the probability to execute the
right branch. This already is sufficient to implement a lot of distributions and
probabilistic programs, especially all distributions that a probabilistic Turing
machine can compute.
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Example 4.2.1 Wewill use the following program in pPL as a running example
for this chapter:

𝑥 = 1 ;
𝑦 = 0 ;
while ( 𝑥 = 1 ) {

pif ( 0.5 ) {
𝑥 := 0

}else {
𝑥 := 1

} ;
𝑦′ := new (1) ;
<𝑦′> := 𝑦 ;
𝑦 := 𝑦′

}

In this program, we loop until we (probabilistically) assign 0 to 𝑥. This happens
with a probability of 0.5 in each iteration. We also create a list in this loop,
whose size is incremented every iteration by one. Thus the interesting question
in this example is the expected size of the list after termination.

The semantics of the language defined in Definition 6.1.1 can be seen in Figures 4.1
and 4.2. Whenever we do not assign any value to a transition, we assume it
to be 0. We use the action “Det” for transitions that are either deterministic
or probabilistic. We use the other (infinite set of) actions “Alloc ℓ” for the
non-deterministic allocation statement. Actions are enabled, if we define some
non-zero probability transition for them.

A relevant property of the operational semantics presented here is that they are
actually a Markov decision process. For this, we need to check that for every
enabled action, the probability adds up to one.

Theorem 4.2.1 The semantics from Figures 4.1 and 4.2 yield a Markov decision
processes for every initial state, that is, for all pPL programs 𝐶 and (𝑠, ℎ) ∈ States
and for every enabled action 𝑎 ∈ Act(𝐶, (𝑠, ℎ)) we have:

∑
𝐶,(𝑠,ℎ)

𝑝−→
a
𝐶′,(𝑠′,ℎ′)

𝑝 = 1.

Proof. By induction over 𝐶.

Example 4.2.2 The program from Example 4.2.1 has unfortunately an infinite
state space for the initial state where 𝑠(𝑧) = 0 for all 𝑧 ∈ Vars and ℎ = ∅ as we
can reach each state with a list of arbitrary size. The following graph depicts
the structure of an induced Markov chain, where 𝑞𝑛 represents the state before
the while loop and where the heap is of the form ℎ = { 𝑗𝑛 ↦ 𝑗𝑛−1,… , 𝑗0 ↦ 0 }
for some heap locations 𝑗0,… 𝑗𝑛. Moreover, 𝑞′𝑛 is the corresponding terminated
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𝐶 ′
1 ≠  𝐶1, (𝑠, ℎ)

𝑝−→
a
𝐶 ′
1, (𝑠

′, ℎ′)
SEQ

𝐶1 ; 𝐶2, (𝑠, ℎ)
𝑝−→
a
𝐶 ′
1 ; 𝐶2, (𝑠

′, ℎ′)
SEQ-END

↓ ; 𝐶2, (𝑠, ℎ)
1−−→

Det
𝐶2, (𝑠, ℎ)

𝐶1, (𝑠, ℎ)
𝑝−→
a
 , (𝑠, ℎ)

SEQ-ABT
𝐶1 ; 𝐶2, (𝑠, ℎ)

𝑝−→
a
 , (𝑠, ℎ)

SEQ-ABT-2
 ; 𝐶2, (𝑠, ℎ)

1−−→
Det

 , (𝑠, ℎ)

𝑒𝑏(𝑠) = true
IF-T

if ( 𝑒𝑏 ) { 𝐶1 } else { 𝐶2 } , (𝑠, ℎ)
1−−→

Det
𝐶1, (𝑠, ℎ)

𝑒𝑏(𝑠) = false
IF-F

if ( 𝑒𝑏 ) { 𝐶1 } else { 𝐶2 } , (𝑠, ℎ)
1−−→

Det
𝐶2, (𝑠, ℎ)

𝑒𝑝(𝑠) = 𝑝
PIF-T

pif ( 𝑒𝑝 ) { 𝐶1 } else { 𝐶2 } , (𝑠, ℎ)
𝑝−−→
Det

𝐶1, (𝑠, ℎ)

𝑒𝑝(𝑠) = 𝑝
PIF-F

pif ( 𝑒𝑝 ) { 𝐶1 } else { 𝐶2 } , (𝑠, ℎ)
1−𝑝−−−→
Det

𝐶2, (𝑠, ℎ)

𝑒𝑏(𝑠) = true
WHILE-T

while ( 𝑒𝑏 ) { 𝐶1 } , (𝑠, ℎ)
1−−→

Det
𝐶1 ; while ( 𝑒𝑏 ) { 𝐶1 }, (𝑠, ℎ)

𝑒𝑏(𝑠) = false
WHILE-F

while ( 𝑒𝑏 ) { 𝐶1 } , (𝑠, ℎ)
1−−→

Det
↓, (𝑠, ℎ)

Figure 4.2.: Operational Semantics for all flow related program constructs in pPL. Sequencing is defined inductively, branching
and looping are defined transitionally. Probabilistic branching executes either path, but only with a certain probability and is the
only statement having probabilistic behavior. In any case, we immediately transition to an abort statement when an underlying
command fails.

state with the same heap.

𝑞0start 𝑞1 𝑞2 𝑞3 …

𝑞′1 𝑞′2 𝑞′3

1 0.5

0.5

0.5

0.5

0.5

0.5

In the Markov decision process, every allocation would yield infinitely many
successor states, one for every free location. In every induced Markov chain,
we have one infinite path. This infinite path, however, has probability 0.
Moreover, the expected size of the list is

∑
𝑖∈ℕ>0

𝑖 ⋅ 0.5𝑖 = 2.

4.3. Quantitative Logic

Our goal in this section is to describe a logic similar to qualitative separation logic
from Chapter 3 that enabled us to express both random variables and expected
values. Indeed, it turns out that in programs, the expected value of a random
variable is again a random variable. Why is that? A random variable is a map
from stack heap pairs to non-negative reals or infinity and the expected value of



4.3. Quantitative Logic 61

such a random variable depends on the initial state of the program, thus it is also
a map from stack heap pairs to non-negative reals or infinity. Indeed, we can also
break down a program into two sequentially composed parts and consider the
expected value of the latter part to be the random variable for the computation of
the first part. In this sense, every object we will argue with, is a random variable
and some of them are also expected values. The literature usually uses the other
choice of nomenclature and calls these objects expectations instead of random
variables as all but one are expected values of a random variable. The logic we
will use to express these random variables is called quantitative separation logic
(QSL). The version we present here is based on [30].

Definition 4.3.1 (Random Variables in Quantitative Separation Logic) A
random variable in quantitative separation logic 𝑋∶ States × LStacks → ℝ∞≥0 is
a map from stack heap pairs and values of logical variables to extended non-
negative reals. We denote the set of random variables in quantitative separation
logic as RV∞.

To express these random variables, we use operations from fuzzy logics [50].
We can cast propositions into 0 and 1 — to 0 if the stack heap pair satisfies the
proposition and to 1 if stack heap pair does not satisfy the proposition. We lift
conjunction and disjunction to minimum and maximum respectively, we lift
quantifiers to suprema and infima respectively and so on and so forth. However,
since we want to express values outside of the interval between 0 and 1 in order
to express sizes of data structures and expected values, our domain needs to
be the non-negative extended reals, that is the non-negative reals with positive
infinity. In this domain, some operations, unfortunately, do not exist. Especially,
we do not have a meaningful operation for negation. Multiplication by in-

ifinity is infininty ex-
cept when multiplied
by zero, then its zero.Additionally to the lifting of Boolean operations, we require addition and mul-

tiplication to express weighted sums. Indeed, a weighted sum is essential for
encoding probabilistic branching. We already observed in Chapter 3, how a logic
can have multiple conjunctions. It turns out, that multiplication in our domain is
also such an additional possible candidate for conjunction. Indeed, multiplication
behaves conservative towards logical conjunction if we identify 0 with false and
1 with true. This observation gives rise to define a separating operation that uses
multiplication instead of minimum. At this point, this choice seems arbitrary.
However, multiplication is usually more useful to express probabilities and expec-
tations in practice. We thus get this definition for the separating multiplication in
quantitative separation logic:

We use different sym-
bols for Fuzzy/Quan-
tiative separation logic
(⋆) and qualitative sep-
aration logic (∗) to
make them sufficiently
differentiable.

(𝑋 ⋆ 𝑌)(𝑠, ℎ, 𝜂) = sup { 𝑋(𝑠, ℎ1, 𝜂) ⋅ 𝑌(𝑠, ℎ2, 𝜂) | ℎ1 ⊥ ℎ2 ∧ ℎ = ℎ1 ∪ ℎ2 } .

Like in qualitative separation logic, the separating multiplication in QSL has its
adjoint, which we confusingly also call the magic wand — or to differentiate them
the quantitative magic wand :

(𝑋 −−⋆ 𝑌)(𝑠, ℎ, 𝜂) = inf
⎧
⎨
⎩

𝑌(𝑠, ℎ ∪ ℎ′, 𝜂)
𝑋(𝑠, ℎ′, 𝜂)

| ℎ ⊥ ℎ′
⎫
⎬
⎭
.

We define for all 𝑎 that
division by ∞ is zero,
i.e. that 𝑎

∞ = 0 and
division of infinity by
some nonzero and non-
infinite value is infin-
ity, i.e. that ∞

𝑎 = ∞.
A list with connectives in qualitative separation logic and their semantics can
be found in Table 4.1.

An entailment in this logic is the pointwise lifting of the less-than-or-equal
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Table 4.1.:This is a list
for semantics for vari-
ous operations in qual-
itative separation logic.
(𝑠, ℎ) is a stack heap
pair. Logical variables
𝜂 are now explicitly
part of the parameters.
Iverson brackets [Φ]
allow the use of quanti-
tative separation logic.
𝑍∶ ℕ → RV∞ is a map
from natural numbers
to random variables.

𝑋 𝑋(𝑠, ℎ, 𝜂)

[Φ] 1 if (𝑠, ℎ) ⊧𝜂 Φ and 0 else
⟨𝑒⟩ 𝑒(𝑠, 𝜂)
𝑌 [𝑥 ≔ 𝑒] 𝑌(𝑠 [𝑥 ≔ 𝑒(𝑠)] , ℎ, 𝜂)
𝑌1 ⊓ 𝑌2 min { 𝑌1(𝑠, ℎ, 𝜂), 𝑌2(𝑠, ℎ, 𝜂) }
𝑌1 ⊔ 𝑌2 max { 𝑌1(𝑠, ℎ, 𝜂), 𝑌2(𝑠, ℎ, 𝜂) }
S𝑎. 𝑌 sup { 𝑌(𝑠, ℎ, 𝜂 [𝑎 ≔ 𝑣]) | 𝑣 ∈ ℚ }
I 𝑎. 𝑌 inf { 𝑌(𝑠, ℎ, 𝜂 [𝑎 ≔ 𝑣]) | 𝑣 ∈ ℚ }
𝑌1 + 𝑌2 𝑌1(𝑠, ℎ, 𝜂) + 𝑌2(𝑠, ℎ, 𝜂)
𝑌1 ⋅ 𝑌2 𝑌1(𝑠, ℎ, 𝜂) ⋅ 𝑌2(𝑠, ℎ, 𝜂)
𝑌1 ⋆ 𝑌2 sup { 𝑌1(𝑠, ℎ1, 𝜂) ⋅ 𝑌2(𝑠, ℎ2, 𝜂) | ℎ1 ⊥ ℎ2 ∧ ℎ = ℎ1 ∪ ℎ2 }
𝑛
★
𝑖=0

𝑍
⎧
⎨
⎩

[emp] if 𝑛 = −1

𝑍(𝑛) ⋆
𝑛−1
★
𝑖=0

𝑍 if 𝑛 > −1

𝑌1 −−⋆ 𝑌2 inf { 𝑌2(𝑠,ℎ∪ℎ′,𝜂)
𝑌1(𝑠,ℎ′,𝜂)

| ℎ ⊥ ℎ′ }

relation on the extended reals.

Definition 4.3.2 (Entailments in QSL) Let 𝑋, 𝑌 ∈ RV∞ be random variables in
QSL. The entailment in QSL, denoted as 𝑋 ⊨ 𝑌, is:

𝑋 ⊨ 𝑌 ⟺ for all (𝑠, ℎ), 𝜂, we have that 𝑋(𝑠, ℎ, 𝜂) ≤ 𝑌(𝑠, ℎ, 𝜂).

Example 4.3.1 Consider the following entailment:

[1 ↦ 2] ⋆ [2 ↦ 3] ⊨ [true] ⋆ S𝑎. [1 ↦ 𝑎]

We note, that we use here Iverson brackets to transform a qualitative separation
logic proposition like 1 ↦ 2 into a QSL random variable [1 ↦ 2].
To prove that the entailment above holds, we apply the definition of entailments
and have now to prove for arbitrary 𝑠, ℎ and 𝜂 that

([1 ↦ 2] ⋆ [2 ↦ 3])(𝑠, ℎ, 𝜂) ≤ ([true] ⋆ S𝑎. [1 ↦ 𝑎])(𝑠, ℎ, 𝜂).

we first eliminate the separating multiplication on the left side. We thus obtain
that there are heaps ℎ1, ℎ2 with ℎ1 ⊥ ℎ2 and ℎ = ℎ1 ∪ ℎ2 and need to prove
that

[1 ↦ 2] (𝑠, ℎ1, 𝜂) ⋅ [2 ↦ 3] (𝑠, ℎ2, 𝜂) ≤ ([true] ⋆ S𝑎. [1 ↦ 𝑎])(𝑠, ℎ, 𝜂).

We have ℎ1 = { 1 ↦ 2 } and ℎ2 = { 2 ↦ 3 } as otherwise the left side would
be zero and the states satisfies the entailment. With these assignments, the
left side is 1. We thus need to prove that the right side is also (at least) 1.
Eliminating the right separating multiplication, we choose ℎ2 for the left part
and ℎ1 for the right part and thus have left to prove that

1 ≤ [true] (𝑠, ℎ2, 𝜂) ⋅ ( S𝑎. [1 ↦ 𝑎])(𝑠, ℎ1, 𝜂).
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[true] (𝑠, ℎ2, 𝜂) is vacuously one and thus we are left with

1 ≤ ( S𝑎. [1 ↦ 𝑎])(𝑠, ℎ1, 𝜂).

Eliminating the supremum by choosing 𝑎 = 2, i.e. using 𝜂′ = 𝜂 [𝑎 ≔ 2], we
finally obtain

1 ≤ [1 ↦ 2] (𝑠, ℎ1, 𝜂′) = 1,

which holds by reflexivity of the less-than-or-equal relation.

Example 4.3.2 Consider the following entailment:

⟨0.4⟩ ⋅ [1 ↦ 2] + ⟨0.6⟩ ⋅ [1 ↦ 3] ⊨ S𝑎. [1 ↦ 𝑎]

This entailment does not contain any separating connectives. It does however
illustrate that the logic is quantitative. Again we eliminate our entailment
relation and have to prove for arbitrary 𝑠, ℎ and 𝜂 that

(⟨0.4⟩ ⋅ [1 ↦ 2] + ⟨0.6⟩ ⋅ [1 ↦ 3])(𝑠, ℎ, 𝜂) ≤ ( S𝑎. [1 ↦ 𝑎])(𝑠, ℎ, 𝜂).

We eliminate the piecewise operations on the left and obtain

0.4 ⋅ [1 ↦ 2] (𝑠, ℎ, 𝜂) + 0.6 ⋅ [1 ↦ 3] (𝑠, ℎ, 𝜂) ≤ ( S𝑎. [1 ↦ 𝑎])(𝑠, ℎ, 𝜂).

Since [1 ↦ 2] (𝑠, ℎ, 𝜂) is only one if ℎ = { 1 ↦ 2 } and [1 ↦ 3] (𝑠, ℎ, 𝜂) is only
one if ℎ = { 1 ↦ 3 } and both cannot hold at the same time, we have that the
left side is either 0, 0.4 or 0.6. If the left side is 0, the states vacuously satisfies
the entailment. Thus we have two cases left: It is common in

these quantitative
logics to make a case
distinction when
dealing with addition.

▶ We have to prove that with ℎ = { 1 ↦ 2 } we have

0.4 ≤ ( S𝑎. [1 ↦ 𝑎])(𝑠, ℎ, 𝜂).

Eliminating the supremum on the right by choosing the value 𝑎 = 2, i.e.
using 𝜂′ = 𝜂 [𝑎 ≔ 2], we have that

0.4 ≤ [1 ↦ 2] (𝑠, ℎ, 𝜂′) = 1,

which holds trivially.
▶ We have to prove that with ℎ = { 1 ↦ 3 } we have

0.6 ≤ ( S𝑎. [1 ↦ 𝑎])(𝑠, ℎ, 𝜂).

Eliminating the supremum on the right by choosing the value 𝑎 = 3, i.e.
using 𝜂″ = 𝜂 [𝑎 ≔ 3], we have that

0.6 ≤ [1 ↦ 3] (𝑠, ℎ, 𝜂″) = 1,

which holds trivially.
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As with separating conjunction, we also have commutativity and associativity
for the separating multiplication.

Theorem 4.3.1 (Commutativity and Associativity [30]) Let 𝑋1, 𝑋2, 𝑋3 ∈ RV∞

be random variables in QSL. The following statements hold:

𝑋1 ⋆ 𝑋2 ⊨ 𝑋2 ⋆ 𝑋1 (Commutativity)

𝑋1 ⋆ (𝑋2 ⋆ 𝑋3) ⊨ (𝑋1 ⋆ 𝑋2) ⋆ 𝑋3 (Associativity)

Proof. See [43] at LeanFSL.SL.QuantitativeProofrules.

Quantitative separation logic shares a lot of properties with qualitative sepa-
ration logic. This is not surprising, since qualitative separation logic behaves
conservative towards qualitative separation logic. That means, if we do not use
any real valued atoms and use the obvious analogous operations, an entailment
in the one logic holds if and only if the entailment holds in the other. Formally
we can phrase this like the following theorem.

Theorem 4.3.2 (Conservativity [30]) Let Φ,Ψ ∈ SLProp be SL propositions. We
have:

▶ ([Φ] ⊓ [Ψ])(𝑠, ℎ, 𝜂) = 1 if and only if (𝑠, ℎ) ⊧𝜂 Φ ∧Ψ,
▶ ([Φ] ⊔ [Ψ])(𝑠, ℎ, 𝜂) = 1 if and only if (𝑠, ℎ) ⊧𝜂 Φ ∨Ψ,
▶ ( S𝑎. [Φ])(𝑠, ℎ, 𝜂) = 1 if and only if (𝑠, ℎ) ⊧𝜂 ∃𝑎. Φ,Infimum is not

conservative towards
all quantification in
this sense if the type
we quantifier over is
empty as in that case
the infimum would
yield∞ and not 1. The
rationals are, however,
nonempty.

▶ ( I 𝑎. [Φ])(𝑠, ℎ, 𝜂) = 1 if and only if (𝑠, ℎ) ⊧𝜂 ∀𝑎. Φ,
▶ ([Φ] + [Ψ])(𝑠, ℎ, 𝜂) ≥ 1 if and only if (𝑠, ℎ) ⊧𝜂 Φ ∨Ψ,
▶ ([Φ] ⋅ [Ψ])(𝑠, ℎ, 𝜂) = 1 if and only if (𝑠, ℎ) ⊧𝜂 Φ ∧Ψ,
▶ ([Φ] ⋆ [Ψ])(𝑠, ℎ, 𝜂) = 1 if and only if (𝑠, ℎ) ⊧𝜂 Φ ∗ Ψ, and
▶ ([Φ] −−⋆ [Ψ])(𝑠, ℎ, 𝜂) ≥ 1 if and only if (𝑠, ℎ) ⊧𝜂 Φ −−∗ Ψ.

Proof. See [43] at LeanFSL.SL.Conservativity.

As for qualitative separation logic, we also have monotonicity, modus ponens
and adjointness for quantitative separation logic. Monotonicity allows us to
eliminate separating multiplication when they are on both sides of the entail-
ment and have appropriate left- and right-hand sides. Adjointness allows us to
eliminate quantitative magic wands on the right side of an entailment. This is
fully analogous to the adjointness in qualitative separation logic and is possible
as multiplication and division are (except for null values) adjoint. Modus Ponens
allows us to eliminate quantitative magic wands on the left side of entailments.
Contrary to qualitative separation logic, there are now actually two reasons that
modus ponens is eliminating. That is, if we eliminate a magic wand on the
left side, we also loose access to the premise we used to eliminate it. For once,
we have that the operation is spatial: Removing a heap using the separating
operation and recreating it using the magic wand is eliminating. Secondly, we
have that multiplication with division is also eliminating, i.e. for 𝑏 ≠ 0 we have
that 𝑎

𝑏 ⋅ 𝑏 = 𝑎 but not necessarily that 𝑎
𝑏 ⋅ 𝑏 ≤ 𝑎 ⋅ 𝑏.

Since 0.5
0.5 ⋅0.5 = 0.5 but

0.5
0.5 ⋅ 0.5 ≰ 0.5 ⋅ 0.5.
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Theorem 4.3.3 (Monotonicity, Adjointness and Modus Ponens [30]) Let
𝑋1, 𝑋2, 𝑋3, 𝑋4 ∈ RV∞ be random variables in QSL. We have that:

𝑋1 ⊨ 𝑋2 and 𝑋3 ⊨ 𝑋4 then 𝑋1 ⋆ 𝑋3 ⊨ 𝑋2 ⋆ 𝑋4 (Monotonicity)

𝑋1 ⋆ 𝑋2 ⊨ 𝑋3 iff 𝑋1 ⊨ 𝑋2 −−⋆ 𝑋3 (Adjointness)

𝑋1 ⋆ (𝑋1 −−⋆ 𝑋2) ⊨ 𝑋2 (Modus Ponens)

Proof. See [43] at LeanFSL.SL.QuantitativeProofrules.

Example 4.3.3 Consider the following entailment:

[1 ↦ 2] ⊨ [2 ↦ 3] −−⋆ [1 ↦ 2] ⋆ [2 ↦ 3]

Using adjointness, we have that

[1 ↦ 2] ⋆ [2 ↦ 3] ⊨ [1 ↦ 2] ⋆ [2 ↦ 3] ,

which holds by reflexivity of the entailment.
Without using adjointness, we can first eliminate the entailment and have to
prove for arbitrary 𝑠, ℎ, 𝜂 that

[1 ↦ 2] (𝑠, ℎ, 𝜂) ≤ ([2 ↦ 3] −−⋆ ([1 ↦ 2] ⋆ [2 ↦ 3]))(𝑠, ℎ, 𝜂).

Eliminating the magic wand we get that we need to prove for a heap ℎ′ with
ℎ ⊥ ℎ′ and [2 ↦ 3] (𝑠, ℎ′, 𝜂) ≠ 0 that

The division is well-
defined as the denomi-
nator is not zero.

[1 ↦ 2] (𝑠, ℎ, 𝜂) ≤
([1 ↦ 2] ⋆ [2 ↦ 3])(𝑠, ℎ ∪ ℎ′, 𝜂)

[2 ↦ 3] (𝑠, ℎ′, 𝜂)
.

Using now the adjointness of the division, we can transform this into

[1 ↦ 2] (𝑠, ℎ, 𝜂) ⋅ [2 ↦ 3] (𝑠, ℎ′, 𝜂) ≤ ([1 ↦ 2] ⋆ [2 ↦ 3])(𝑠, ℎ ∪ ℎ′, 𝜂).

Lastly, we eliminate the separating multiplication by choosing ℎ and ℎ′ re-
spectively and obtain

[1 ↦ 2] (𝑠, ℎ, 𝜂) ⋅ [2 ↦ 3] (𝑠, ℎ′, 𝜂) ≤ [1 ↦ 2] (𝑠, ℎ, 𝜂) ⋅ [2 ↦ 3] (𝑠, ℎ′, 𝜂),

which holds by reflexivity.

Example 4.3.4 Consider the following entailment:

[2 ↦ 3] −−⋆ [1 ↦ 2] ⋆ [2 ↦ 3] ⊨ [2 ↦ 3] −−⋆ [true] ⋆ [2 ↦ 3]

Using first adjointness, we receive the proof obligation

([2 ↦ 3] −−⋆ [1 ↦ 2] ⋆ [2 ↦ 3]) ⋆ [2 ↦ 3] ⊨ [true] ⋆ [2 ↦ 3] .

Using transitivity of the entailment and modus ponens, our next proof obliga-
tion is

[1 ↦ 2] ⋆ [2 ↦ 3] ⊨ [true] ⋆ [2 ↦ 3] .

Using monotonicity of the separating multiplication, reflexivity and that for
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all (𝑠, ℎ), 𝜂 we have [1 ↦ 2] (𝑠, ℎ, 𝜂) ≤ 1, the entailment holds.
Without using adjointness or modus ponens, we first unfold the definition of
entailments and have to prove for arbitrary 𝑠, ℎ, 𝜂 that

([2 ↦ 3] −−⋆ [1 ↦ 2] ⋆ [2 ↦ 3])(𝑠, ℎ, 𝜂)
≤ ([2 ↦ 3] −−⋆ [true] ⋆ [2 ↦ 3])(𝑠, ℎ, 𝜂).

We eliminate the magic wand on the right-hand side and need to prove that
for an arbitrary ℎ′ with ℎ ⊥ ℎ′ and [2 ↦ 3] (𝑠, ℎ′, 𝜂) ≠ 0 we have that

([2 ↦ 3] −−⋆ [1 ↦ 2] ⋆ [2 ↦ 3])(𝑠, ℎ, 𝜂) ≤
([true] ⋆ [2 ↦ 3])(𝑠, ℎ ∪ ℎ′, 𝜂)

[2 ↦ 3] (𝑠, ℎ′, 𝜂)
.

Since [2 ↦ 3] (𝑠, ℎ′, 𝜂) ≠ 0, we have that ℎ′ = { 2 ↦ 3 }. On the left-hand side,
we also eliminate the magic wand by choosing ℎ′. Thus we now need to prove
that

([1 ↦ 2] ⋆ [2 ↦ 3])(𝑠, ℎ ∪ ℎ′, 𝜂)
[2 ↦ 3] (𝑠, ℎ′, 𝜂)

≤
([true] ⋆ [2 ↦ 3])(𝑠, ℎ ∪ ℎ′, 𝜂)

[2 ↦ 3] (𝑠, ℎ′, 𝜂)
.

We can now reduce the fraction as the fraction on both sides have the same
denominator. We are left with

([1 ↦ 2] ⋆ [2 ↦ 3])(𝑠, ℎ ∪ ℎ′, 𝜂) ≤ ([true] ⋆ [2 ↦ 3])(𝑠, ℎ ∪ ℎ′, 𝜂).

We will now shorten ℎ ∪ ℎ′ as ℎ″. Eliminating the separating multiplication
on the left-hand side, we have some ℎ1, ℎ2 with ℎ1 ⊥ ℎ2 and ℎ″ = ℎ1 ∪ ℎ2 and
need to prove that

[1 ↦ 2] (𝑠, ℎ1, 𝜂) ⋅ [2 ↦ 3] (𝑠, ℎ2, 𝜂) ≤ ([true] ⋆ [2 ↦ 3])(𝑠, ℎ″, 𝜂).

We can eliminate the right separating multiplication by choosing ℎ1 and ℎ2
respectively and are left with

[1 ↦ 2] (𝑠, ℎ1, 𝜂) ⋅ [2 ↦ 3] (𝑠, ℎ2, 𝜂) ≤ [true] (𝑠, ℎ1, 𝜂) ⋆ [2 ↦ 3] (𝑠, ℎ2, 𝜂).

We have that ℎ1 = { 1 ↦ 2 } and ℎ2 = { 2 ↦ 3 } as otherwise the left-hand
side would be zero and the state satisfies the entailment vacuously. Then we
also have that the right-hand side evaluates to 1 and thus by reflexivity, the
entailment holds.

4.4. Axiomatic Semantics for Probabilistic Programs

In a similar manner how we defined the weakest precondition semantics in
Chapter 3, we will now define the weakest expectation of some random variable.
In this calculus, the expectation refers to the expected value of the random variable
and takes the role of the precondition. The random variable takes the role of
the postcondition. The prefix “weakest” still reflects its origin from the weakest
precondition calculi.

In literature, this calcu-
lus is usually refered to
as weakest preexpecta-
tion. It computes the greatest lower bound over all possible

expected values for an initial value. We choose the lower bound as we assume
the worst schedule for allocation. This is in contrast to concurrency, where we
usually like to reason about bounds on all possible schedules. Since the weakest
expectation is not liberal, we do not take non-terminating runs in consideration.
More precisely, our random variables need to assign 0 to non-terminating runs.
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On the other side, we need to make sure that the weakest expectation is memory
safe. That is, non-memory safe runs should also be assigned the value 0. This
is achieved by requiring that runs finishing in  are also assigned 0. Thus
random variables may only assign values to runs finishing in ↓. We therefore
give no option to assign values to different programs, but only to the stack heap
pairs (𝑠, ℎ). Choosing some arbitrary assignment of values for logical variables,
we naturally have quantitative separation logic as a foundation for specifying
random variables. As the expected value of this random variable is parametrized
by the initial state — which is again a stack heap pair (𝑠, ℎ) — we also have that
quantitative separation logic is suited for specifying the expected value. This
concludes that we can express the relation between the random variable, the
program and their expected value relation similar to Chapter 3 as triples.

As we aim to give an axiomatic semantics for over-approximating the expected
value, we require over-approximating rules for each of the statements. Un-
fortunately, the rule for allocation does not translate nicely with our current
assumptions. The problem is that we never required finiteness of the heap until
now. If the heap is total — i.e. every location is allocated — allocation will not
be able to allocate anything. In the semantics, this is encoded as dead-locking.
Dead-locking yields the top element in the weakest expectation as we take the
greatest lower bound of all next actions. Since there are no further actions, the
top element is the greatest lower bound. However, since this path has no final
state and thus no reward, we will account for it with 0 as the expected value.
Thus we do not yield equality between the weakest expectation operation and
the actual expected value defined earlier. However, restricting the programs to
finite heaps guarantees us this equality. To yield valid over-approximations, we
will thus require now that heaps have a finitely defined domain. This ensures
that we have never empty action sets for allocation statements.

Definition 4.4.1 (Weakest Expectation) Let 𝐶 be a pPL program and 𝑋 ∈ RV∞

be a random variable in QSL. We define the weakest expectation we as the least
solution of the following equation over finite heaps:

weJ𝐶K (𝑋) =
⎧⎪⎪
⎨
⎪⎪
⎩

0 if 𝐶 =  
𝑋 if 𝐶 = ↓
stepJ𝐶K (𝜆𝐶 ′.weJ𝐶 ′K (𝑋)) else

where stepJ𝐶K (𝑓) for a pPL program 𝐶, (𝑠, ℎ) ∈ States, where ℎ is finite, and a
function 𝑓 mapping programs to quantitative separation logic is defined as

stepJ𝐶K (𝑓) (𝑠, ℎ, 𝜂)

= inf
⎧⎪
⎨
⎪
⎩

∑
(𝑠,ℎ)

𝑝−→
a
𝐶′,(𝑠′,ℎ′) and 𝐶′≠ 

𝑝 ⋅ 𝑓(𝐶 ′)(𝑠, ℎ, 𝜂)
||
| 𝑎 ∈ Act(𝐶, (𝑠, ℎ))

⎫⎪
⎬
⎪
⎭
.

Unsurprisingly, the equation on which we is defined, is a variant of the Bellman-
equation we saw in Section 4.1. We do not include any resource invariant in
this version, as we do not feature concurrency. As such, we also do not need the
overhead with adding shared heap to local heap before each step and removing
the shared heap again after each step.
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Example 4.4.1 We compute the value of

weJpif ( 0.5 ) { 𝑥 := 1 } else { 𝑥 := 2 }K (⟨𝑥⟩) ,

that is, an upper bound to the expected value of 𝑥 after executing the program.
The program itself assigns randomly with probability 0.5 the values 1 or 2 to
𝑥. We thus expect the following equation to hold:

weJpif ( 0.5 ) { 𝑥 := 1 } else { 𝑥 := 2 }K (⟨𝑥⟩) = ⟨1.5⟩

Unfolding the fixed point of we twice on some arbitrary (𝑠, ℎ) and 𝜂, we have

weJpif ( 0.5 ) { 𝑥 := 1 } else { 𝑥 := 2 }K (⟨𝑥⟩) (𝑠, ℎ, 𝜂)
= 0.5 ⋅ weJ↓K (⟨𝑥⟩) (𝑠 [𝑥 ≔ 1] , ℎ, 𝜂) + 0.5 ⋅ weJ↓K (⟨𝑥⟩) (𝑠 [𝑥 ≔ 2] , ℎ, 𝜂)
= 0.5 ⋅ ⟨𝑥⟩(𝑠 [𝑥 ≔ 1] , ℎ, 𝜂) + 0.5 ⋅ ⟨𝑥⟩(𝑠 [𝑥 ≔ 2] , ℎ, 𝜂)
= 0.5 ⋅ 1 + 0.5 ⋅ 2 = 1.5.

Similar to Chapter 3, we define triples (and not quadruples due to the lack of the
resource invariant) which encode that a value is an upper bound on the weakest
expectation.

Definition 4.4.2 (Upper Bound Specification for pPL Programs) Let 𝐶 be a pPL
program, 𝑋 ∈ RV∞ a parametrized bound on the expected value and 𝑌 ∈ RV∞ a
random variable. We define:

{ 𝑋 }≥ 𝐶 {𝑌 } ⟺ weJ𝐶K (𝑌) ⊨ 𝑋.

Example 4.4.2 Consider the specification

{ ⟨1.5⟩ }≥ pif ( 0.5 ) { 𝑥 := 1 } else { 𝑥 := 2 } { ⟨𝑥⟩ } .

This is equivalent to

weJpif ( 0.5 ) { 𝑥 := 1 } else { 𝑥 := 2 }K (𝑥) ⊨ ⟨1.5⟩.

We already know the value of the left-hand side for an arbitrary stack heap
pair and values for logical variables, so we can replace it to

⟨1.5⟩ ⊨ ⟨1.5⟩,

which holds by reflexivity of the entailment relation.

We choose here to only consider over-approximations of the expected value as we
consider a least fixed point. Indeed, since the fixed point is the least one, we can
choose any pre-fixed point for looping programs to obtain an over-approximation.
Under-approximations for least fixed points on the other hand, are challenging.
We depict our proof rules for the specifications following Definition 4.4.2 in
Figure 4.3. A lot of the proof rules in Figure 4.3 are very similar to the ones we
introduced in Chapter 3 and indeed also hold for very similar reasons.

For once, we dropped rules for concurrency and resource invariants as those are
not present or needed in this programming language. However, some notable
differences we explain in the following are the different while loop, the lack of a
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framing rule, the change from the consequence rule to the monotonicity rule and
the missing of a maximum rule. Moreover, we have now a rule for eliminating
addition called linearity.

The proof rule for while loops now include the dual version for least fixed points.
Since our semantics are defined as a least fixed point and we require that our
invariant is a pre-fixed point as all pre-fixed points are upper bounds to the least
fixed point. This is exactly what our proof rule encodes. This is different to the
weakest resource-safe liberal precondition, which is defined as a greatest fixed
point and thus is lower bounded by all post-fixed points.

The lack of the framing rule is a bit more intricate. Indeed, we allows the framing
rule

weJ𝐶K (𝑋) ⋆ 𝑌 ⊨ weJ𝐶K (𝑋 ⋆ 𝑌) ,

given that Write(𝐶) ∩ Vars (𝑌) = ∅, where Write(𝐶) and Vars (𝑌) are defined
analogous to the qualitative case. Unfortunately, the entailment is the wrong
way around. Framing allows us to compute lower bounds and not upper bounds.
Indeed, if we instead constructed axiomatic semantics for lower bounding, the
framing rule could be included. However, reasoning about lower bounds for
loops has increase difficulty instead. In case one requires lower bounds, there
are also proof rules for loops that allow proving lower bounds for least fixed
point semantics, making an axiomatic semantics for lower bound reasoning also
feasible [51].

Linearity allows us to eliminate addition from our specification. However, we
require that the program does not feature allocation. This is because addition
does not nicely distribute over infimum for upper bounds — which we introduce
when we have any non-probabilistic non-determinism. With allocation, we can
only hope for lower bounds similar to the framing rule:

⟨𝑎⟩ ⋅ weJ𝐶K (𝑌1) + weJ𝐶K (𝑌2) ⊨ weJ𝐶K (⟨𝑎⟩ ⋅ 𝑌1 + 𝑌2)

Since allocation is the only source for non-probabilistic non-determinism, having
programs without allows us to use linearity of the expected value.

The consequence rule is now called monotonicity. This is because the relevant
property for this is the monotonicity of the we underlying the triple. However,
we may also notice that the entailments switched around. This is because we
now compute upper bounds and thus it is sufficient to show the proof obligation
for a greater random variable and for a lesser expected value. This results in the
entailment sequence

weJ𝐶K (𝑌) ⊨ weJ𝐶K (𝑌 ′) ⊨ 𝑋 ′ ⊨ 𝑋,

where the first entailment follows from monotonicity. The whole sequence of
entailments justify the monotonicity proof rule.

The lack of a rule for eliminating maxima in the triples rely on the missing dis-
tributivity between addition and the maximum and minimum operation. Instead,
we have sub- and super-distributivity respectively. That is, we have

min { 𝑎, 𝑏 } +min { 𝑐, 𝑑 } ≤ min { 𝑎 + 𝑐, 𝑏 + 𝑑 }
max { 𝑎, 𝑏 } +max { 𝑐, 𝑑 } ≥ max { 𝑎 + 𝑐, 𝑏 + 𝑑 }

This limits how we can use them with the weakest expectation. The maximum
allows a proof rule for lower bounds and the minimum allows a proof rule for
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skip
{ 𝑋 }≥ skip { 𝑋 }

assign
{ 𝑋 [𝑥 ≔ 𝑒] }≥ 𝑥 := 𝑒 { 𝑋 }

lookup
{ S𝑎. [𝑒 ↦ 𝑎] ⋆ ([𝑒 ↦ 𝑎] −−⋆ 𝑋 [𝑥 ≔ 𝑎]) }≥ 𝑥 := <𝑒> { 𝑋 }

mut
{ ( S𝑎. [𝑒 ↦ 𝑎]) ⋆ ([𝑒 ↦ 𝑒′] −−⋆ 𝑋) }≥ <𝑒> := 𝑒′ { 𝑋 }

alloc
{ [𝑒 ∈ ℕ] ⋅ I 𝑎.

𝑒−1
★
𝑖=0

[𝑎 + 𝑖 ↦ 0] −−⋆ 𝑋 [𝑥 ≔ 𝑎] }
≥
𝑥 := new (𝑒) { 𝑋 }

dealloc
{ [𝑒′ ∈ ℕ] ⋅ (

𝑒′−1
★
𝑖=0

S𝑎. [𝑒 + 𝑖 ↦ 𝑎]) ⋆ 𝑋}
≥
free(𝑒, 𝑒′) { 𝑋 }

cas-true
{ [𝑒𝑙 ↦ 𝑒𝑐] ⋆ ([𝑒𝑙 ↦ 𝑒𝑠] −−⋆ 𝑋 [𝑥 ≔ 1]) }≥ 𝑥 := CAS(𝑒𝑙, 𝑒𝑐, 𝑒𝑠) { 𝑋 }

cas-false{ S𝑎. ([𝑒𝑙 ↦ 𝑎] ⋅ [¬𝑎 = 𝑒𝑐]) ⋆ ([𝑒𝑙 ↦ 𝑎] −−⋆ 𝑋 [𝑥 ≔ 0]) }≥ 𝑥 := CAS(𝑒𝑙, 𝑒𝑐, 𝑒𝑠) { 𝑋 }

{ 𝑋1 }≥ 𝐶1 { 𝑌 } { 𝑋2 }≥ 𝐶2 { 𝑌 }
if{ [𝑒𝑏] ⋅ 𝑋1 ⊔ [¬𝑒𝑏] ⋅ 𝑋2 }≥ if ( 𝑒𝑏 ) { 𝐶1 } else { 𝐶2 } { 𝑌 }

{ 𝑋1 }≥ 𝐶1 { 𝑌 } { 𝑋2 }≥ 𝐶2 { 𝑌 }
pif

{ ⟨𝑒⟩ ⋅ 𝑋1 + ⟨1 − 𝑒⟩ ⋅ 𝑋2 }≥ pif ( 𝑒 ) { 𝐶1 } else { 𝐶2 } { 𝑌 }

{ 𝑋 }≥ 𝐶1 { 𝑌 } { 𝑌 }≥ 𝐶2 { 𝑍 } seq
{ 𝑋 }≥ 𝐶1 ; 𝐶2 { 𝑍 }

[𝑒𝑏] ⋅ 𝑋 ⊔ [¬𝑒𝑏] ⋅ 𝑌 ⊨ 𝐼 { 𝑋 }≥ 𝐶 { 𝐼 }
while{ 𝐼 }≥ while ( 𝑒𝑏 ) { 𝐶 } { 𝑌 }

{ 𝑋 }≥ 𝐶 {𝑌 } { 𝑋 ′ }≥ 𝐶 {𝑌 ′ }
min

{ 𝑋 ⊓ 𝑋 ′ }≥ 𝐶 {𝑌 ⊓ 𝑌 ′ }

𝑎 ∈ ℝ∞≥0 𝐶 does not contain allocation { 𝑋1 }≥ 𝐶 {𝑌1 } { 𝑋2 }≥ 𝐶 {𝑌2 } linearity
{ ⟨𝑎⟩ ⋅ 𝑋1 + 𝑋1 }≥ 𝐶 { ⟨𝑎⟩ ⋅ 𝑌1 + 𝑌2 }

𝑋 ′ ⊨ 𝑋 {𝑋 ′ }≥ 𝐶 {𝑌 ′ } 𝑌 ⊨ 𝑌 ′

monotonicity
{ 𝑋 }≥ 𝐶 {𝑌 }

Figure 4.3.: Axiomatic semantics using the notation defined in Definition 4.4.2. We use here semantics similar to denotational
semantics, as they are usually depicted denotational and not axiomatic. The first proof rules deal with atomic statements, followed
by flow related programs and lastly elimination proof rules.

upper bounds. Since we aim for upper bounds, and since the minimum also is
distributive over infimum, we gain the minimum rule.

We do not go over all proof rules from Figure 4.3, but instead only explain the
proof rule for mutation and for compare and set. The proofs and more details for
the proof rules (sometimes stated slightly different) can be found in [30, 31].

Allocation 𝑥 := new (𝑒) generates a number of 𝑒(𝑠, 𝜂) allocations initialized with
zero. If 𝑒 is not a natural number, the program crashes which we assign with
reward zero. The minimal expected value of 𝑋 after executing 𝑥 := new (𝑒) is
the minimal value of 𝑋 where ℎ has additionally 𝑒 allocated with zero assigned
locations and additionally the stack has 𝑥 assigned the first location. We can
encode this by taking the location, that minimizes the value where we add 𝑒
many locations to the heap using the magic wand. Since the left side of that
magic wand is quantitative it behaves similar to the qualitative magic wand. We
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encode changing the value of 𝑥 by a substitution on 𝑋.

Compare and set 𝑥 := CAS(𝑒𝑙, 𝑒𝑐, 𝑒𝑠) is a composure of mutation, lookups and
assignments. When the location 𝑒𝑙 has the value 𝑒𝑐, we need to lookup the
value of 𝑒𝑙 without changing it, but changing the value of 𝑥 to 0. Thus we use a
rule similar to the lookup rule together with the comparison [¬𝑎 ≠ 𝑒𝑐], which
compares the value at location 𝑒𝑙 with the value 𝑒𝑐 and sets the value of 𝑥 to zero
similarly to the assignment rule. If however the values are the same, we instead
mutate the value at location 𝑒𝑙 to 𝑒𝑠 similarly to the mutation rule and set 𝑥 to
one similar to the assignment rule.

We will not look deeper into the soundness proofs (and will not prove any
more general statement) for other proof rules and instead in later chapters focus
on one key problem of this axiomatic semantics in Chapter 9: How to prove
the entailments that result from the axiomatic semantics? We will see there
one technique that enables creating proof systems for entailments involving
inductively defined data structures that require some user input but are otherwise
automatic.

Theorem 4.4.1 (Soundness [30]) The proof rules from Figure 4.3 are sound.

We will use annotated programs for the expectation specification triples similar
to Chapter 3. Here we use the annotations with a greater-than-or-equal symbol
to highlight that we prove upper bounds like

(≥ 𝑋
𝐶
(≥ 𝑌

to express that
{ 𝑋 }≥ 𝐶 {𝑌 } .

Contrary to the annotated program annotation in Chapter 3, this notation does
not lead to confusing or wrong interpretations. This is because we can not
share resources anymore. We do, however, need to keep in mind that we are
over-approximating expected values. This results in different semantics than in
Chapter 3, as there we were under-approximating the precondition.

Example 4.4.3 We reconsider the program from Example 4.2.1:

𝑥 = 1 ; 𝑦 = 0 ;
while ( 𝑥 = 1 ) {

pif ( 0.5 ) { 𝑥 := 0 } else { 𝑥 := 1 } ;
𝑦′ := new (1) ;
<𝑦′> := 𝑦 ;
𝑦 := 𝑦′

}

We program allocates a list of arbitrary size. One may think that this violates
our assumption of finite heaps. However, our program only allocated arbitrary
sized finite heaps, and never actually reaches the limit heap which would be
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infinite. Thus we can continue reasoning about this program with finite heaps
only.
For our specification, we introduce a predicate [ls] that holds if and
only if the heap is a list. That is, a stack heap pair (𝑠, ℎ) with values
for logical variables 𝜂 satisfies the predicate (𝑠, ℎ) ⊧𝜂 [ls] (𝑥) if ℎ =
{ 𝑠(𝑥) ↦ ℓ1,…ℓ𝑛−1 ↦ ℓ𝑛, ℓ𝑛 ↦ 0 } or 𝑠(𝑥) = 0 and ℎ = ∅. We will use the
quantitative lifting of the list predicates using Iverson brackets: [ls] (𝑥). More-
over, we introduce the predicate size, which represents exactly the size of the
heap. That is, we define the predicate size as size(𝑠, ℎ, 𝜂) = |ℎ|.
We now aim to prove the specification

{ ⟨2⟩ }≥ 𝐶 { size ⋅ [ls] (𝑦) } ,

that is, we create a list in the program, and its size is in expectation at most 2.
The following annotated program shows the proof outline for the specification:

(≥ ⟨2⟩ ⋅ [emp]
𝑥 = 1 ;
(≥ [𝑥 ≠ 1] ⋅ [emp] ⊔ [𝑥 = 1] ⋅ ⟨2⟩ ⋅ [emp]
(≥ [𝑥 ≠ 1] ⋅ size ⋅ [ls] (0) ⊔ [𝑥 = 1] ⋅ (size + ⟨2⟩) ⋅ [ls] (0)
𝑦 = 0 ;
(≥ [𝑥 ≠ 1] ⋅ size ⋅ [ls] (𝑦) ⊔ [𝑥 = 1] ⋅ (size + ⟨2⟩) ⋅ [ls] (𝑦)
while ( 𝑥 = 1 ) {

(≥ (size + ⟨2⟩) ⋅ [ls] (𝑦)
(≥ ⟨0.5⟩ ⋅ (size + ⟨1⟩) ⋅ [ls] (𝑦) + ⟨0.5⟩ ⋅ (size + ⟨3⟩) ⋅ [ls] (𝑦)
pif ( 0.5 ) { 𝑥 := 0 } else { 𝑥 := 1 } ;
(≥ [𝑥 ≠ 1] ⋅ (size + ⟨1⟩) ⋅ [ls] (𝑦) ⊔ [𝑥 = 1] ⋅ (size + ⟨3⟩) ⋅ [ls] (𝑦)
𝑦′ := new (1) ;

(≥

⎧
⎨
⎩

[𝑥 ≠ 1] ⋅ ((size + ⟨1⟩) ⋅ [ls] (𝑦)) ⋆ ( S𝑎. [𝑦′ ↦ 𝑎])
⊔ [𝑥 = 1] ⋅ ((size + ⟨3⟩) ⋅ [ls] (𝑦)) ⋆ ( S𝑎. [𝑦′ ↦ 𝑎])

<𝑦′> := 𝑦
(≥ [𝑥 ≠ 1] ⋅ size ⋅ [ls] (𝑦′) ⊔ [𝑥 = 1] ⋅ (size + ⟨2⟩) ⋅ [ls] (𝑦′)
𝑦 := 𝑦′

(≥ [𝑥 ≠ 1] ⋅ size ⋅ [ls] (𝑦) ⊔ [𝑥 = 1] ⋅ (size + ⟨2⟩) ⋅ [ls] (𝑦)
}
(≥ size ⋅ [ls] (𝑦)

We will go through the proof from bottom to top (and leave out some details
related to heap-reasoning for brevity). We start with the random variable for
which we want to prove an upper bound on its expected value. The random
variable asserts a list starting from location 𝑦 and is evaluated with its size.
We are thus asking for the expected size of the data structure. We need to find
an invariant (sometimes called super-invariant as we aim for upper bounds).
This invariant isSome authors prefer

to use addition instead
of maximimum here.
Since the left and right
sides are mutually ex-
clusive, the addition
andmaximum behaves
equivalently here.

𝐼 = [𝑥 ≠ 1] ⋅ size ⋅ [ls] (𝑦) ⊔ [𝑥 = 1] ⋅ (size + ⟨2⟩) ⋅ [ls] (𝑦).
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It states intuitively that either if 𝑥 = 0, then there is nothing that will be done
and thus its expected value is just the random variable itself. However, if 𝑥 = 1,
we will execute the loop, which executes a geometric distribution to randomly
select a list. This will then yield an addition of 2 list elements in expectation.
Let us verify this. First we need to find a value 𝑋 for { 𝑋 }≥ 𝐶𝑏𝑜𝑑𝑦 { 𝐼 }, where
𝐶𝑏𝑜𝑑𝑦 is the loops body. The annotated program already suggests to pick
𝑋 = (size+⟨2⟩) ⋅ [ls] (𝑦). We will skip over most of the proof and instead focus
on two parts and lastly the entailment that the loop rule requires.

▶ We investigate the specification from the following annotated program:

(≥ [𝑥 ≠ 1] ⋅ (size + ⟨1⟩) ⋅ [ls] (𝑦) ⊔ [𝑥 = 1] ⋅ (size + ⟨3⟩) ⋅ [ls] (𝑦)
𝑦′ := new (1) ;

(≥

⎧
⎨
⎩

[𝑥 ≠ 1] ⋅ ((size + ⟨1⟩) ⋅ [ls] (𝑦)) ⋆ ( S𝑎. [𝑦′ ↦ 𝑎])
⊔ [𝑥 = 1] ⋅ ((size + ⟨3⟩) ⋅ [ls] (𝑦)) ⋆ ( S𝑎. [𝑦′ ↦ 𝑎])

For the validity of this, we need to reason that the following entailment
holds:

([1 ∈ ℕ>0]) ⋅ I 𝑎. [𝑎 ↦ 0] −−⋆
[𝑥 ≠ 1] ⋅ ((size + ⟨1⟩) ⋅ [ls] (𝑦)) ⋆ ( S𝑏. [𝑎 ↦ 𝑏])

⊔ [𝑥 = 1] ⋅ ((size + ⟨3⟩) ⋅ [ls] (𝑦)) ⋆ ( S𝑏. [𝑎 ↦ 𝑏])
⊨ [𝑥 ≠ 1] ⋅ (size + ⟨1⟩) ⋅ [ls] (𝑦) ⊔ [𝑥 = 1] ⋅ (size + ⟨3⟩) ⋅ [ls] (𝑦)

Firstly, we can drop [1 ∈ ℕ>0] as 1 is a natural number and thus the
Iverson bracket evaluates to one. Next we eliminate the infimum and
now need to provide an 𝑎 such that

[𝑎 ↦ 0] −−⋆
[𝑥 ≠ 1] ⋅ ((size + ⟨1⟩) ⋅ [ls] (𝑦)) ⋆ ( S𝑏. [𝑎 ↦ 𝑏])

⊔ [𝑥 = 1] ⋅ ((size + ⟨3⟩) ⋅ [ls] (𝑦)) ⋆ ( S𝑏. [𝑎 ↦ 𝑏])
⊨ [𝑥 ≠ 1] ⋅ (size + ⟨1⟩) ⋅ [ls] (𝑦) ⊔ [𝑥 = 1] ⋅ (size + ⟨3⟩) ⋅ [ls] (𝑦)

Indeed, it does not matter, which 𝑎we choose, as long as 𝑎 is not allocated
in the heap. Choosing such one, we first introduce it using the magic
wand and later remove it again due to the subpart ⋯ ⋆ ( S𝑏. [𝑎 ↦ 𝑏]).
Indeed, the supremum there is only non-zero if 𝑏 = 0, thus choosing
this value. Together, we can eliminate both operations with each other
and have left

[𝑥 ≠ 1] ⋅ ((size + ⟨1⟩) ⋅ [ls] (𝑦))
⊔ [𝑥 = 1] ⋅ ((size + ⟨3⟩) ⋅ [ls] (𝑦))

⊨ [𝑥 ≠ 1] ⋅ (size + ⟨1⟩) ⋅ [ls] (𝑦) ⊔ [𝑥 = 1] ⋅ (size + ⟨3⟩) ⋅ [ls] (𝑦),

which holds by reflexivity.
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▶ We also investigate the specification from the following annotated pro-
gram:

(≥ (size + ⟨2⟩) ⋅ [ls] (𝑦)
(≥ ⟨0.5⟩ ⋅ (size + ⟨1⟩) ⋅ [ls] (𝑦) + ⟨0.5⟩ ⋅ (size + ⟨3⟩) ⋅ [ls] (𝑦)
pif ( 0.5 ) { 𝑥 := 0 } else { 𝑥 := 1 } ;
(≥ [𝑥 ≠ 1] ⋅ (size + ⟨1⟩) ⋅ [ls] (𝑦) ⊔ [𝑥 = 1] ⋅ (size + ⟨3⟩) ⋅ [ls] (𝑦)

The lower part boils down to the entailment

⟨0.5⟩ ⋅ [0 ≠ 1] ⋅ (size + ⟨1⟩) ⋅ [ls] (𝑦)
⊔ [0 = 1] ⋅ (size + ⟨3⟩) ⋅ [ls] (𝑦)

+ ⟨0.5⟩ ⋅ [1 ≠ 1] ⋅ (size + ⟨1⟩) ⋅ [ls] (𝑦)
⊔ [1 = 1] ⋅ (size + ⟨3⟩) ⋅ [ls] (𝑦)

⊨ ⟨0.5⟩ ⋅ (size + ⟨1⟩) ⋅ [ls] (𝑦) + ⟨0.5⟩ ⋅ (size + ⟨3⟩) ⋅ [ls] (𝑦),

which holds by eliminating [0 = 1] and [1 ≠ 1] which are always zero,
eliminating [0 ≠ 1] and [1 = 1], which are always one and propagating
the zero to the maximum, at which point we can eliminate the maximum.
The upper part requires us to prove the entailment

⟨0.5⟩ ⋅ (size + ⟨1⟩) ⋅ [ls] (𝑦) + ⟨0.5⟩ ⋅ (size + ⟨3⟩) ⋅ [ls] (𝑦)
⊨ (size + ⟨2⟩) ⋅ [ls] (𝑦).

We can use distributivity and have to proof at the end that ⟨0.5⟩ ⋅ size +
⟨0.5⟩ ⋅ size ⊨ size, which holds, and that ⟨0.5⟩ ⋅ ⟨1⟩ + ⟨0.5⟩ ⋅ ⟨3⟩ ⊨ ⟨2⟩,
which also holds.

▶ Lastly we have to prove that the invariant is actually an invariant, thus
we have to prove that

[𝑥 = 1] ⋅ (size + ⟨2⟩) ⋅ [ls] (𝑦) ⊔ [𝑥 ≠ 1] ⋅ size ⋅ [ls] (𝑦)
⊨ [𝑥 ≠ 1] ⋅ size ⋅ [ls] (𝑦) ⊔ [𝑥 = 1] ⋅ (size + ⟨2⟩) ⋅ [ls] (𝑦),

which holds by commutativity of maximum.

Thus we have proven that 2 is an upper bound of the expected value of the
list’s size.



Fuzzy Separation Logic 5.
In the previous chapter, we investigated a logic mapping states to the extended
non-negative reals. This enabled us to reason about both, probabilities and about
expected values. It has, however, the downside that reasoning about loops is
easier for upper bounds, while the framing rule for which separation logic is
prominent, does not yield upper bounds. A solution to this is considering liberal
semantics. For liberal semantics, we assign the top element of our domain to
non-terminating runs. If we continue to use random variables mapping to non-
negative reals, we immediately run into the problem, that programs which are
not certainly terminating yield the expected value infinite. While this could Certain termination re-

quires that every pos-
sible run is finite. Runs
with probability zero
also need to be finite.

itself make up calculi of interest, we take the typical route from the literature
[52, 53] and restrict our domain instead to values in the unit interval, i.e. to
values in the closed interval from 0 to 1. In this domain, we assign the value
1 to non-terminating runs. This enables us to reason with liberal semantics
about probabilities of conditions, where we always add the probability of non-
termination on top. That is, if the program is almost-surely terminating for at
least one schedule, our liberal semantics yields the expected value of the given
random variable. Moreover, these liberal semantics grant us simple proof rules
for lower bounds and thus let us apply the frame rule. Finally, this setting also
admits proof rules for concurrent programs, thus yielding a combination of the
ideas from Chapters 3 and 4. We will deal with these considerations in more
detail in Chapter 6 and instead focus on representing random variables on the unit
interval as a separation logic in this chapter first.

In fuzzy logics, propositions map to values between zero and one. For our
application, this is ideal to represent probabilities depending on some initial
valuation of variables. By lifting operations from classical logic to real values, we
obtain the maximum as a logical or, the minimum as a logical and, suprema for
existence quantifiers and infima for universal quantifiers. Contrary to the last
chapter, we now also have negation. Indeed, 1 − 𝑎 is a useful interpretation for
negation. However, for probability theory, weighted sums 𝑎 ⋅ 𝑏 + (1 − 𝑎) ⋅ 𝑐 are
crucial as well. We now have two possibilities to deal with weighted sums:

1. We can introduce an operator with three parameters for weighted sums.
The three parameters are the weight, the left side of the addition and the
right side of the addition. This has the advantage that the operation is well
defined. For every three parameters in the unit interval, the result of this
operation is again a value in the unit interval. It has, however, also one
big drawback. We now are always required to express random variables in
this operation — which is cumbersome.

2. We can also introduce a truncated addition. This addition cuts off values
to one which exceed one. Indeed, this operation still has a lot of nice
properties which are worth to be examined. Moreover, expressing random
variables with this operation is easier, but less intuitive. For example, we
lose distributivity over multiplication.

We decided to choose the second option and express operations in our logic when
necessary as truncated versions. Truncated operations gives rise to a truncated
version of arithmetic.
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As an example, let us investigate the problem with distributivity of the truncated
addition. We would like to have that for 𝑎, 𝑏, 𝑐 ∈ [0, 1] we have

𝑎 ⋅ (𝑏 + 𝑐) ?= 𝑎 ⋅ 𝑏 + 𝑎 ⋅ 𝑐.

Now we set 𝑏 = 𝑐 = 1 and 𝑎 = 0.5. Then we have that

𝑏 + 𝑐 = 1,

as, remember, the real valued addition results in 2. But the truncated addition
truncates the value to 1. On the other hand, we have

𝑎 ⋅ 𝑏 = 0.5 𝑎 ⋅ 𝑐 = 0.5.

We have on the left side of our false distributivity law that

𝑎 ⋅ (𝑏 + 𝑐) = 𝑎 ⋅ 1 = 0.5

and on the right side of our false distributivity law that

𝑎 ⋅ 𝑏 + 𝑎 ⋅ 𝑐 = 0.5 + 0.5 = 1.As you may already
see here, subdistribu-
tivity still holds. Together we unfortunately have falsified the distributivity law.

5.1. Truncated Arithmetic on the Unit Interval

Fuzzy logics have the unit interval [0,1] as its co-domain. In this section, we
will introduce all necessary operations and statements about the unit interval
sufficient to introduce fuzzy separation logic.

The maximum and minimum operations serve as liftings for Boolean disjunctions
and conjunctions, respectively. Similarly, the supremum and infimum operations
serve as liftings for the existence and universal quantifiers. Indeed, we already
observed in Theorem 4.3.2 that those operations behave conservatively towards
qualitative reasoning. We can establish a similar relation to fuzzy reasoning. For
now, it suffices that maxima, minima, suprema and infima exist, i.e. that the unit
interval is a complete linear order.

Theorem 5.1.1 The unit interval [0,1] is a complete linear order.

Proof. See [43] at LeanFSL.Mathlib.Probabilities.

We already saw previously, that addition, subtraction and multiplication will play
a crucial role in order to reason about probabilities, namely to state weighted
sums of the form 𝑎 ⋅ 𝑏 + (1 − 𝑎) ⋅ 𝑐. We will consider all of these in detail.

Multiplication is well defined in the unit interval. That is, for any value in the
unit interval 𝑎, 𝑏, we have that 𝑎 ⋅ 𝑏 ∈ [0, 1]. This means of course, that we also
inherit all properties of the multiplication from the reals. Moreover, we have that
multiplication is monotone in both parameters on the unit interval.



5.1. Truncated Arithmetic on the Unit Interval 77

Lemma 5.1.2 The following statements hold:

∀𝑎, 𝑏 ∈ [0, 1]. 𝑎 ⋅ 𝑏 ∈ [0, 1] (Well-Defined)

∀𝑎, 𝑏 ∈ [0, 1]. 𝑎 ⋅ 𝑏 = 𝑏 ⋅ 𝑎 (Commutativity)

∀𝑎, 𝑏, 𝑐 ∈ [0, 1]. 𝑎 ⋅ (𝑏 ⋅ 𝑐) = (𝑎 ⋅ 𝑏) ⋅ 𝑐 (Associativity)

∀𝑎 ∈ [0, 1]. 0 ⋅ 𝑎 = 0 ∀𝑎 ∈ [0, 1]. 1 ⋅ 𝑎 = 1 (Zero and Neutral)

∀𝑎1, 𝑎2, 𝑏1, 𝑏2 ∈ [0, 1]. 𝑎1 ≤ 𝑎2 ∧ 𝑏1 ≤ 𝑏2 ⇒ 𝑎1 ⋅ 𝑏1 ≤ 𝑎2 ⋅ 𝑏2 (Monotonicity)

Proof. See [54] and [43] at LeanFSL.Mathlib.Probabilities.

We only have a multiplicative inverse for exactly one value in the unit interval —
the value 1. However, we can still define a division, that will become useful later. Consider for example

the inverse of 0.5,
which is 2 and thus
not in the unit interval

This division is our first truncated operator. Division between two values in the
unit interval always yields a positive (or undefined) value. Our strategy here is
to truncate the value to one if it exceeds one and define the value of division by
zero as one. All of this guarantees adjointness with respect to multiplication. We
call this operator the truncated division.

Definition 5.1.1 (Truncated Division) We define the truncated division 𝑎 ⋅/𝑏 as

𝑎 ⋅/ 𝑏 =
⎧
⎨
⎩

𝑎/𝑏 if 𝑎 < 𝑏
1 else.

The truncated division is well-defined. The main property we like to have from
this division is being adjoint towards multiplication — which it is. Zero in the first
parameter is yielding zero if the second one is not zero, and zero in the second
parameter is yielding one. One is behaving neutral in the second parameter. We
can observe regular division behavior whenever the first parameter is less than
the second and truncated behavior otherwise. Moreover, as ordinary division, it
is monotone in the first and antitone in the second argument.

Lemma 5.1.3 The following statements hold:

∀𝑎, 𝑏 ∈ [0, 1]. 𝑎 ⋅/ 𝑏 ∈ [0, 1] (Well-Defined)

∀𝑎, 𝑏, 𝑐 ∈ [0, 1]. 𝑎 ≤ 𝑏 ⋅/ 𝑐 ⟺ 𝑎 ⋅ 𝑐 ≤ 𝑏 (Adjointness)

∀𝑎 ∈ [0, 1]. 𝑎 ≠ 0 ⇒ 0 ⋅/ 𝑎 = 0 ∀𝑎 ∈ [0, 1]. 𝑎 ⋅/ 0 = 1 (Zero Element)

∀𝑎 ∈ [0, 1]. 𝑎 ⋅/ 1 = 𝑎 (Neutral Element)

∀𝑎, 𝑏 ∈ [0, 1]. 𝑏 ≠ 0 ⇒ 𝑎 ⋅ 𝑏 ⋅/ 𝑏 = 𝑎 (Cancelation)

∀𝑎1, 𝑎2, 𝑏1, 𝑏2 ∈ [0, 1]. 𝑎1 ≤ 𝑎2 ∧ 𝑏1 ≥ 𝑏2 ⇒ 𝑎1 ⋅/ 𝑏1 ≤ 𝑎2 ⋅/ 𝑏2
(Antitonicity & Monotonicity)

Proof. See [43] at LeanFSL.Mathlib.Probabilities.

Next, we move forward to addition and subtraction. For addition, the regular
addition is unfortunately not well-defined. We will instead use the truncated addi-
tion. Similar to division, the truncated addition truncates every value exceeding
one to one.
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Definition 5.1.2 (Truncated Addition) Let 𝑎, 𝑏 ∈ [0, 1]. We define the truncated
addition 𝑎 ⋅+ 𝑏 as

𝑎 ⋅+ 𝑏 = min { 1, 𝑎 + 𝑏 } .

The truncated addition is well-defined. Since zero is neutral for addition and this
value is preserved under the minimum, zero is also a neutral element for truncated
addition. For truncated addition, one is absorbing. Adding one to anything will
always yield one. Indeed, this behavior is one of the main disadvantages as it is
unintuitive to an inexperienced user. Truncated addition is also commutative,
associative and monotone in both arguments.

Lemma 5.1.4 The following statements hold:

∀𝑎, 𝑏 ∈ [0, 1]. 𝑎 ⋅+ 𝑏 ∈ [0, 1] (Well-Defined)

∀𝑎 ∈ [0, 1]. 𝑎 ⋅+ 0 = 𝑎 (Neutral Element)

∀𝑎 ∈ [0, 1]. 𝑎 ⋅+ 1 = 1 (Absorbing Element)

∀𝑎, 𝑏 ∈ [0, 1]. 𝑎 ⋅+ 𝑏 = 𝑏 ⋅+ 𝑎 (Commutativity)

∀𝑎, 𝑏, 𝑐 ∈ [0, 1]. 𝑎 ⋅+ (𝑏 ⋅+ 𝑐) = (𝑎 ⋅+ 𝑏) ⋅+ 𝑐 (Associativity)

∀𝑎1, 𝑎2, 𝑏1, 𝑏2 ∈ [0, 1]. 𝑎1 ≤ 𝑎2 ∧ 𝑏1 ≤ 𝑏2 ⇒ 𝑎1
⋅+ 𝑏1 ≤ 𝑎2

⋅+ 𝑏2
(Monotonicity)

Proof. See [43] at LeanFSL.Mathlib.Probabilities.

Lemma 5.1.4 proves that ([0, 1], ⋅+) is an ordered commutative monoid [55]. This
is important as it allows us moving forward to infinite sums. For now, we will
proceed with distributivity and subtraction and revisit this topic later.

We have certain sub- and superdistributivity laws with multiplication and trun-When the truncated
operations behave reg-
ular, we regain regular
distributivity of course

cated division. We already saw in the introduction to this chapter, that distribu-
tivity unfortunately does not hold for multiplication — neither does it hold for
truncated division.

Lemma 5.1.5 The following statements hold:

∀𝑎, 𝑏, 𝑐 ∈ [0, 1]. 𝑎 ⋅ (𝑏 ⋅+ 𝑐) ≤ 𝑎 ⋅ 𝑏 ⋅+ 𝑎 ⋅ 𝑐 (Subdistributivity)

∀𝑎, 𝑏, 𝑐 ∈ [0, 1]. 𝑏 ⋅/ 𝑎 ⋅+ 𝑐 ⋅/ 𝑎 ≤ (𝑏 ⋅+ 𝑐) ⋅/ 𝑎 (Superdistributivity)

Proof. See [43] at LeanFSL.Mathlib.Probabilities.

There are two kinds of subtraction, we will consider. The first is a unary sub-
traction, which subtracts a value from one. This subtraction is well-defined
in the unit interval and serves as our basis for negation. The second kind of
subtraction is binary truncated subtraction and is playing only a minor role in
this dissertation.
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Lemma 5.1.6 (One Minus Symmetries) The following statements hold:

∀𝑎, 𝑏 ∈ [0, 1]. 𝑎 ≤ 1 − 𝑏 ⟺ 𝑏 ≤ 1 − 𝑎
∀𝑎, 𝑏 ∈ [0, 1]. 1 − 𝑎 ≤ 𝑏 ⟺ 1− 𝑏 ≤ 𝑎
∀𝑎, 𝑏 ∈ [0, 1]. 𝑎 < 1 − 𝑏 ⟺ 𝑏 < 1 − 𝑎
∀𝑎, 𝑏 ∈ [0, 1]. 1 − 𝑎 < 𝑏 ⟺ 1− 𝑏 < 𝑎

Proof. See [54].

Truncated subtraction on the other hand enables us to prove that summation
is canonic. We call our addition canonic if we can define the less-or-equal-than
order over the addition operator as

𝑎 ≤ 𝑏 ⟺ ∃𝑐 ∈ [0, 1]. 𝑎 ⋅+ 𝑐 = 𝑏.

To prove this, truncated subtraction is helpful as this allows us to define 𝑐 in
terms of 𝑎 and 𝑏. Truncated subtraction truncates every negative value to zero.

Definition 5.1.3 (Truncated Subtraction) In literature, this
operation is usually
called monus. For
consistency reasons,
we stick to the
“truncated” naming
scheme.

We define for 𝑎, 𝑏 ∈ [0, 1] the trun-
cated subtraction 𝑎 ⋅− 𝑏 as

𝑎 ⋅− 𝑏 = max { 0, 𝑎 − 𝑏 } .

Truncated subtraction is well-defined and most importantly, it allows us (condi-
tionally) to cancel addition.

Lemma 5.1.7 The following statements hold:

∀𝑎, 𝑏 ∈ [0, 1]. 𝑎 ⋅− 𝑏 ∈ [0, 1] (Well-Defined)

∀𝑎, 𝑏 ∈ [0, 1]. 𝑎 ≤ 𝑏 ⇒ 𝑎 ⋅+ (𝑏 ⋅− 𝑎) = 𝑏 (Cancelation)

Proof. See [43] at LeanFSL.Mathlib.Probabilities.

This enables us to prove that summation is canonic.

Lemma 5.1.8 The following statement holds:

∀𝑎, 𝑏 ∈ [0, 1]. 𝑎 ≤ 𝑏 ⟺ ∃𝑐. 𝑎 ⋅+ 𝑐 = 𝑏 (Canonicily)

Proof. See [43] at LeanFSL.Mathlib.Probabilities.

Example 5.1.1 Let us consider the inequality

0.5 ≤ 1 − (𝑎 ⋅ 0.5 ⋅+ 0.1) ⋅/ 0.25

and solve for 𝑎. First, we use Lemma 5.1.6 and obtain the proof goal

(𝑎 ⋅ 0.5 ⋅+ 0.1) ⋅/ 0.25 ≤ 1 − 0.5 = 0.5.
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The division is unfortunately on the wrong side of the inequality in order to
use adjointness. Thus, we instead make a case distinction:

𝑎 ⋅ 0.5 ⋅+ 0.1 < 0.25: Then we can use the statement converting truncated divi-
sion to regular division from Lemma 5.1.3 so that we have

(𝑎 ⋅ 0.5 ⋅+ 0.1)/0.25 ≤ 0.5 ⟺ 𝑎 ⋅ 0.5 ⋅+ 0.1 ≤ 0.5 ⋅ 0.25 = 0.125.

Next we can equate 0.125 = min { 1, 0.025 + 0.1 } = 0.025 ⋅+ 0.1, thus
using monotonicity from Lemma 5.1.4 yields

𝑎 ⋅ 0.5 ⋅+ 0.1 ≤ 0.125 = 0.025 ⋅+ 0.1 ⇐ 𝑎 ⋅ 0.5 ≤ 0.025 ∧ 0.1 ≤ 0.1.

0.1 ≤ 0.1 holds by reflexivity, leaving us with

𝑎 ⋅ 0.5 ≤ 0.025,

which holds when 𝑎 ≤ 0.05. Thus for 0 ≤ 𝑎 ≤ 0.05, the equation holds.
𝑎 ⋅ 0.5 ⋅+ 0.1 ≥ 0.25: Then we can use Lemma 5.1.3 so that we have

(𝑎 ⋅ 0.5 ⋅+ 0.1) ⋅/ 0.25 = 1 ≤ 0.5,

which cannot hold, therefore there is no 𝑎 satisfying these conditions.

Together, the inequality holds for 0 ≤ 𝑎 ≤ 0.05.

Example 5.1.2 Now we want to prove that the inequality

𝑎 ⋅+ 𝑏 ≤ (0.5 ⋅ 𝑎 ⋅+ 0.5 ⋅ 𝑏) ⋅/ 0.5

holds for all 𝑎 and 𝑏. First, we can apply adjointness from Lemma 5.1.3 and
commutativity from Lemma 5.1.2 to obtain the new proof goal

0.5 ⋅ (𝑎 ⋅+ 𝑏) ≤ 0.5 ⋅ 𝑎 ⋅+ 0.5 ⋅ 𝑏.

The resulting inequality already holds because of Lemma 5.1.5. For didactic
reasons, we will investigate the proof of sub-distributivity for this example.

𝑎 + 𝑏 ≤ 1: Thus we have that 𝑎 ⋅+ 𝑏 = 𝑎 + 𝑏 and therefore

0.5 ⋅ (𝑎 ⋅+ 𝑏) = 0.5 ⋅ (𝑎 + 𝑏) = 0.5 ⋅ 𝑎 + 0.5 ⋅ 𝑏

and are left to prove that

0.5 ⋅ 𝑎 + 0.5 ⋅ 𝑏 ≤ 0.5 ⋅ 𝑎 ⋅+ 0.5 ⋅ 𝑏 = min { 1, 0.5 ⋅ 𝑎 + 0.5 ⋅ 𝑏 } .

We can eliminate the minimum on the right side by proving that the left
side is smaller than both of them. Since we have 𝑎 +𝑏 ≤ 1, we also have
0.5 ⋅ 𝑎 + 0.5 ⋅ 𝑏 ≤ 1. Lastly, we have

0.5 ⋅ 𝑎 + 0.5 ⋅ 𝑏 ≤ 0.5 ⋅ 𝑎 + 0.5 ⋅ 𝑏

by reflexivity, proving the inequality.
𝑎 + 𝑏 > 1: Thus we have that 𝑎 ⋅+ 𝑏 = 1 and therefore

0.5 ⋅ (𝑎 ⋅+ 𝑏) = 0.5 ⋅ 1 = 0.5.
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We now need to prove that

0.5 ≤ 0.5 ⋅ 𝑎 ⋅+ 0.5 ⋅ 𝑏 = min { 1, 0.5 ⋅ 𝑎 + 0.5 ⋅ 𝑏 } .

Again, we prove that both parameters of the minimum of the right side
is at least the left. For 1 this is trivial as 0.5 ≤ 1. For the other side we
have

0.5 = 0.5 ⋅ 1 < 0.5 ⋅ (𝑎 + 𝑏) = 0.5 ⋅ 𝑎 + 0.5 ⋅ 𝑏,

thus proving the claim.

Infinite truncated summation is the sum over an infinite set using a function
mapping the elements of the set to some added value. Finite summation is the
same for finite sets. As truncated addition is a commutative monoid, it is easy
to see that finite truncated summation is well-defined. That infinite truncated
summation is also well-defined is not that easy. To work towards this goal, we
first formally introduce finite truncated summation.

Definition 5.1.4 (Truncated Summation over Finite Sets) Let 𝐴 ⊆ 𝐵 be a finite
set and 𝑓∶ 𝐵 → [0, 1] be a function. We define the finite truncated summation as

finite
∑
𝑎∈𝐴

𝑓(𝑎) =
⎧⎪
⎨
⎪
⎩

0 if 𝐴 = ∅

𝑓(𝑏) ⋅+
finite
∑

𝑎∈𝐴∖{ 𝑏 }
𝑓(𝑎) for some 𝑏 ∈ 𝐴

As we have In the Lean formaliza-
tion [43] we use the
formalization of Math-
lib [54], which uses a
lifting of summation
on lists instead.

𝑓(𝑏) ⋅+ 𝑓(𝑐) ⋅+
finite
∑

𝑎∈𝐴∖{ 𝑏,𝑐 }
𝑓(𝑎) = 𝑓(𝑐) ⋅+ 𝑓(𝑏) ⋅+

finite
∑

𝑎∈𝐴∖{ 𝑐,𝑏 }
𝑓(𝑎),

due to commutativity and associativity, Definition 5.1.4 is well-defined.

Infinite summation is the limit process on summation over all finite subsets.
We can understand this limit over finite subsets as the value that all limits over In the Lean formaliza-

tion, we use a different
formalization using
filters from topology
used in Mathlib [54].

sequences on finite subsets converging to the set take. In this definition we have
two kinds of limits. A limit over sequences of unit interval values and a limit over
sequences of (finite) subsets. The limit over sequences of unit interval values is
standard. We say that

lim
𝑖∈ℕ

𝑎𝑖 = 𝑏 ⟺ ∀𝜖 ∈ [0, 1]. ∃𝑗 ∈ ℕ. ∀𝑗 ≤ 𝑖 ∈ ℕ. |𝑏 − 𝑎𝑖| ≤ 𝜖.

The limits on sequences of (finite) subsets is similar. Here the difference is
measured in an element of the set. That is, we say for finite 𝐴𝑖 ⊆ 𝐵 that

lim
𝑖∈ℕ

𝐴𝑖 = 𝐵 ⟺ ∀𝑏 ∈ 𝐵. ∃𝑗 ∈ ℕ. ∀𝑗 ≤ 𝑖 ∈ ℕ. 𝑏 ∈ 𝐴𝑖.

If the limits for all sequences mapping finite subsets of a set 𝐵 to some value do
not yield the same value, the infinite limit over sets is undefined, and otherwise
the value is this one unique value. We say that this limit is defined as

lim
𝐴→𝐵

𝑓(𝐴) = 𝑏 ⟺ ∀𝐴1, 𝐴2,⋯ ⊆ 𝐵. lim
𝑖→∞

𝐴𝑖 = 𝐵 ⇒ lim
𝑖→∞

𝑓(𝐴𝑖) = 𝑏,

where 𝐴 and all 𝐴𝑖 are finite.
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Definition 5.1.5 (Truncated Summation over Infinite Sets) Let 𝐵 be a set and
𝑓∶ 𝐵 → [0, 1] be a function. We define the infinite truncated summation as

•
∑
𝑎∈𝐵

𝑓(𝑎) = lim
𝐴→𝐵

finite
∑
𝑎∈𝐴

𝑓(𝑎).

For simplicity, we will refer to the infinite truncated summation as just truncated
summation. Indeed, for finite sets, both operators agree on the value. Nowwe still
have the problem, that we do not know if the truncated sum is defined. Luckily,
it is well defined for all possible functions 𝑓∶ 𝐵 → [0, 1]! For the proof, we need
two more ingredients. First, the finite truncated summation is monotone:

∀𝐴 ⊆ 𝐴′,
finite
∑
𝑎∈𝐴

𝑓(𝑎) ≤
finite
∑
𝑎∈𝐴′

𝑓(𝑎).

This follows from the fact that truncated addition is canonical as we established
in Lemma 5.1.8. Assume we have 𝐴 ⊆ 𝐴′, then there is some 𝐴″ with 𝐴′ = 𝐴 ∪𝐴″

and 𝐴 and 𝐴″ are disjoint, so then we have

finite
∑
𝑎∈𝐴

𝑓(𝑎) +
finite
∑
𝑎∈𝐴″

𝑓(𝑎) =
finite
∑
𝑎∈𝐴′

𝑓(𝑎) ⇒
finite
∑
𝑎∈𝐴

𝑓(𝑎) ≤
finite
∑
𝑎∈𝐴′

𝑓(𝑎).

Secondly, since the finite truncated sum, which the limit takes its values of, is
monotone and the unit interval [0,1] is a complete lattice, we can use a version
of the monotone convergence theorem guaranteeing the existence of the limit.

Theorem 5.1.9 (Monotone Convergence Theorem) Let 𝐵 be a set and
𝑓∶ Pow(𝐵) → [0, 1] be a monotone function. Then we have that

lim
𝐴→𝐵

𝑓(𝐴) = sup
𝐴⊆𝐵

𝑓(𝐴).

Thus the limit on the left side is always defined.

Proof. See [54].[54] proves something
much more general.

Together, we can finally conclude that truncated summation is always well-
defined, even for infinite sets:

Theorem 5.1.10 (Truncated Summation is Well-Defined) Let 𝐵 a set and
𝑓∶ 𝐵 → [0, 1] be a function. We have that

•
∑
𝑎∈𝐵

𝑓(𝑎) ∈ [0, 1]

and thus is always defined.

Proof. See [43] at LeanFSL.Mathlib.Probabilities.
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Example 5.1.3 Consider the set

𝐵 = { 𝑠 ∈ Stacks | 𝑠(𝑥) ∈ ℕ, 𝑠(𝑦) ∈ { 2, 3 } , ∀𝑧 ∉ { 𝑥, 𝑦 } . 𝑠(𝑧) = 0 } .

We sum over this set using the mapping

𝑓∶ 𝐵 → [0, 1], 𝑠 ↦ if (𝑠(𝑥) = 1) then
1

𝑠(𝑦)
else 0.

Thus, we now want to compute the value

•
∑
𝑠∈𝐵

𝑓(𝑠) =
•
∑
𝑠∈𝐵

if (𝑠(𝑥) = 1) then
1

𝑠(𝑦)
else 0.

As all null values can be ignored, we can filter the set 𝐵 according to the
condition 𝑠(𝑥) = 1 and have

•
∑
𝑠∈𝐵

if (𝑠(𝑥) = 1) then
1

𝑠(𝑦)
else 0 =

•
∑

𝑠∈𝐵∖{ 𝑠 | 𝑠(𝑥)≠1 }

1
𝑠(𝑦)

.

Since 𝐵 ∖ { 𝑠 | 𝑠(𝑥) ≠ 1 } is finite, we have that
•
∑

𝑠∈𝐵∖{ 𝑠 | 𝑠(𝑥)≠1 }

1
𝑠(𝑦)

=
1
2
⋅+
1
3

=
5
6
.

Example 5.1.4 Consider the set

𝐵 = { 𝑠 ∈ Stacks | 𝑠(𝑥) ∈ ℕ, 𝑠(𝑦) ∈ { 2, 3 } , ∀𝑧 ∉ { 𝑥, 𝑦 } . 𝑠(𝑧) = 0 } .

We sum over this set using the mapping

𝑓∶ 𝐵 → [0, 1], 𝑠 ↦
1

𝑠(𝑦)
⋅

1
2𝑠(𝑥)+2

.

Thus, we now want to compute the value

•
∑
𝑠∈𝐵

𝑓(𝑠) =
•
∑
𝑠∈𝐵

1
𝑠(𝑦)

⋅
1

2𝑠(𝑥)+2
.

Since there are finitely many choices for 𝑦, we can rewrite it as the two sums

•
∑
𝑠∈𝐵

1
𝑠(𝑦)

⋅
1

2𝑠(𝑥)+2
=

•
∑

𝑠∈𝐵∖{ 𝑠 | 𝑠(𝑦)≠2 }

1
2
⋅

1
2𝑠(𝑥)+2

⋅+
•
∑

𝑠∈𝐵∖{ 𝑠 | 𝑠(𝑦)≠3 }

1
3
⋅

1
2𝑠(𝑥)+2

.

We will not formally prove this. However, since for 0 < 𝑎

0 ≤ ∑
𝑠∈𝐵∖{ 𝑠 | 𝑠(𝑦)≠3 }

1
𝑎
⋅

1
2𝑠(𝑥)+2

≤ 1,

we have that •
∑

𝑠∈𝐵∖{ 𝑠 | 𝑠(𝑦)≠3 }

1
𝑎
⋅

1
2𝑠(𝑥)+2

behaves regular, i.e. the same as its non-truncated counterpart. Thus we have
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that
•
∑

𝑠∈𝐵∖{ 𝑠 | 𝑠(𝑦)≠3 }

1
𝑎
⋅

1
2𝑠(𝑥)+2

= ∑
𝑠∈𝐵∖{ 𝑠 | 𝑠(𝑦)≠3 }

1
𝑎
⋅

1
2𝑠(𝑥)+2

=
1
𝑎
⋅ ∑
𝑠∈𝐵∖{ 𝑠 | 𝑠(𝑦)≠3 }

1
2𝑠(𝑥)+2

.

This infinite sum is now the famous geometric sum and thus we have that

1
𝑎
⋅ ∑
𝑠∈𝐵∖{ 𝑠 | 𝑠(𝑦)≠3 }

1
2𝑠(𝑥)+2

=
1
𝑎
⋅
1
2
.

Plugging this back into our equation, we have that

•
∑

𝑠∈𝐵∖{ 𝑠 | 𝑠(𝑦)≠2 }

1
2
⋅

1
2𝑠(𝑥)+2

⋅+
•
∑

𝑠∈𝐵∖{ 𝑠 | 𝑠(𝑦)≠3 }

1
3
⋅

1
2𝑠(𝑥)+2

=
1
2
⋅
1
2
⋅+
1
3
⋅
1
2
.

Wrapping everything up, we have that

•
∑
𝑠∈𝐵

𝑓(𝑠) =
1
2
⋅
1
2
⋅+
1
3
⋅
1
2

=
5
12
.

5.2. Fuzzy Separation Logic

We will now introduce a fuzzy variant of quantitative separation logic. This logic
maps states to values in the unit interval. We coin this logic fuzzy separation
logic (FSL)

FSL is often called QSL
in literature (e.g. [31])
as well. We pick differ-
ent names to differen-
tiate them.

. Fuzzy separation logic gives rise to random variables mapping only
to the unit interval. For brevity, we will also call these random variables when it
is clear from the context that they map to the unit interval.

Definition 5.2.1 (Random Variables in Fuzzy Separation Logic) A random
variable in fuzzy separation logic 𝑋∶ States × LStacks → [0, 1] is a map from
stack heap pairs and values of logical variables to the unit interval. We denote
the set of random variables in fuzzy separation logic as RV1.

Entailments in this logic are defined similar to the entailments in quantitative
separation logic.

Definition 5.2.2 (Entailments in Fuzzy Separation Logic) Let 𝑋, 𝑌 ∈ RV1 be
random variables in FSL. The entailment in FSL 𝑋 ⊨ 𝑌 is defined as

𝑋 ⊨ 𝑌 ⟺ ∀𝑠, ℎ, 𝜂. 𝑋(𝑠, ℎ, 𝜂) ≤ 𝑌(𝑠, ℎ, 𝜂).

We define operations in fuzzy separation logic in Table 5.1. We will explain these
operations in the following in more detail.

In fuzzy separation logic, we have the same atomic random variables as in
quantitative separation logic. The only difference is that we cannot introduce
reals beyond one. Since our logic only allows for values in the closed interval
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𝑋 𝑋(𝑠, ℎ, 𝜂)

[Φ] 1 if (𝑠, ℎ) ⊧𝜂 Φ and 0 else
⟨𝑒⟩ 𝑒(𝑠, 𝜂)
𝑌 [𝑥 ≔ 𝑒] 𝑌(𝑠 [𝑥 ≔ 𝑒(𝑠)] , 𝜂)
∼𝑌 1 − 𝑌(𝑠, ℎ, 𝜂)
𝑌1 ⊓ 𝑌2 min { 𝑌1(𝑠, ℎ, 𝜂), 𝑌2(𝑠, ℎ, 𝜂) }
𝑌1 ⊔ 𝑌2 max { 𝑌1(𝑠, ℎ, 𝜂), 𝑌2(𝑠, ℎ, 𝜂) }
S𝑎. 𝑌 sup { 𝑌(𝑠, ℎ, 𝜂 [𝑎 ≔ 𝑣]) | 𝑣 ∈ ℚ }
I 𝑎. 𝑌 inf { 𝑌(𝑠, ℎ, 𝜂 [𝑎 ≔ 𝑣]) | 𝑣 ∈ ℚ }
𝑌1

⋅+ 𝑌2 𝑌1(𝑠, ℎ, 𝜂)
⋅+ 𝑌2(𝑠, ℎ, 𝜂)

𝑌1 ⋅ 𝑌2 𝑌1(𝑠, ℎ, 𝜂) ⋅ 𝑌2(𝑠, ℎ, 𝜂)
𝑌1 ⋆ 𝑌2 sup { 𝑌1(𝑠, ℎ1, 𝜂) ⋅ 𝑌2(𝑠, ℎ2, 𝜂) | ℎ1 ⊥ ℎ2 ∧ ℎ = ℎ1 ∪ ℎ2 }
𝑛
★
𝑖=0

𝑍
⎧
⎨
⎩

[emp] if 𝑛 = −1

𝑍(𝑛) ⋆
𝑛−1
★
𝑖=0

𝑍 if 𝑛 > −1

𝑌1 −−○⋆ 𝑌2 inf { 𝑌2(𝑠, ℎ ∪ ℎ′, 𝜂) ⋅/ 𝑌1(𝑠, ℎ′, 𝜂) | ℎ ⊥ ℎ′ }

Table 5.1.: This is a
list for semantics for
various operations in
fuzzy separation logic.
(𝑠, ℎ) is a stack heap
pair. Logical variables
𝜂 are explicitly part of
the parameters. Iver-
son brackets [Φ] al-
low the use of quali-
tative separation logic.
𝑍∶ ℕ → RV1 is a map
from natural numbers
to random variables.

from zero to one, every construct in the logic needs to guarantee that its image
is in this interval. The operations we introduced in Section 5.1 will help us here
as we now already have the required low level operations on the unit interval for
these.

Namely, Iverson brackets cast a propositionΦ into a random variable which maps
a stack heap pair (𝑠, ℎ) with values for logical variables 𝜂 to one if they satisfy
the proposition Φ and zero otherwise. We allow casting expressions mapping
stacks 𝑠 and values for logical variables 𝜂 to values in the unit interval into a
random variable in fuzzy separation logic.

The fuzzy version of quantitative separation logic now also supports a candidate
for negation. We called this operator in Section 5.1 the “one minus” operator.
Indeed, it holds that “one minus” [true] is mapped to [false]. There are, however,
some caveats. One may be wondering if our negation allows for the excluded
middle. That is, whether we have that [true] ⊨ 𝑋 ⊔∼𝑋. This is unfortunately not
the case. For this, consider 𝑋(𝑠, ℎ, 𝜂) = 0.5. Then we have ∼𝑋 = 𝑋, 𝑋 ⊔ 𝑋 = 𝑋
and [true] ⊭𝑋, disproving excluded middle. This also disproves any kind of weak
excluded middle, in which we “just need to negate often enough”, as 𝑋 is a fixed
point on the negation.

We also have the pointwise liftings of the lattice operations on the unit interval,
namely the minimum on random variables 𝑋 ⊓ 𝑌, the maximum on random
variables 𝑋 ⊔ 𝑌, the supremum on a random variable parametrized by a logical In our lean formal-

ization, we allow any
type instead of ratio-
nals for the supremum
and infimum.

variable S𝑎. 𝑋(𝑎) and the infimum on a random variable parametrized by a
logical variable I 𝑎. 𝑋(𝑎).

Next we add the arithmetic operators 𝑋 ⋅+ 𝑌 and 𝑋 ⋅ 𝑌 lifting the operators from
the previous section to random variables.
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Example 5.2.1 Let us prove that the entailment

[emp] ⊔ ([1 = 𝑥] ⋅ ⟨0.5⟩) ⊨ [emp] ⋅+ ⟨0.5⟩

holds. We use the definition of the entailment on fuzzy separation logic and
have thus to prove that for all stack heap pairs (𝑠, ℎ) and values for logical
variables 𝜂 we have

([emp] ⊔ ([1 = 𝑥] ⋅ ⟨0.5⟩))(𝑠, ℎ, 𝜂) ≤ ([emp] ⋅+ ⟨0.5⟩)(𝑠, ℎ, 𝜂).

We eliminate the left maximum by considering either choice separately.

1. We have to prove that

[emp] (𝑠, ℎ, 𝜂) ≤ ([emp] ⋅+ ⟨0.5⟩)(𝑠, ℎ, 𝜂) = [emp] (𝑠, ℎ, 𝜂) ⋅+ 0.5.

Since 0 is neutral towards truncated addition, the previous proof obliga-
tion is equivalent to

[emp] (𝑠, ℎ, 𝜂) ⋅+ 0 ≤ [emp] (𝑠, ℎ, 𝜂) ⋅+ 0.5.

Using monotonicity of truncated addition, we have to prove that

[emp] (𝑠, ℎ, 𝜂) ≤ [emp] (𝑠, ℎ, 𝜂) and 0 ≤ 0.5,

which holds.
2. We have to prove that

([1 = 𝑥] ⋅ ⟨0.5⟩)(𝑠, ℎ, 𝜂) ≤ ([emp] ⋅+ ⟨0.5⟩)(𝑠, ℎ, 𝜂).

After simplification, we are left to prove that

[1 = 𝑥] (𝑠, ℎ, 𝜂) ⋅ 0.5 ≤ [emp] (𝑠, ℎ, 𝜂) ⋅+ 0.5.

Again, we use that 0 is neutral towards truncated addition and have that

0 ⋅+ [1 = 𝑥] (𝑠, ℎ, 𝜂) ⋅ 0.5 ≤ [emp] (𝑠, ℎ, 𝜂) ⋅+ 0.5.

Using monotonicity of truncated addition, we are left with

0 ≤ [emp] (𝑠, ℎ, 𝜂) and [1 = 𝑥] (𝑠, ℎ, 𝜂) ⋅ 0.5 ≤ 0.5.

The left part vacuously holds. For the right part, we use that 1 is neutral
towards multiplication. We thus transform the right into

[1 = 𝑥] (𝑠, ℎ, 𝜂) ⋅ 0.5 ≤ 1 ⋅ 0.5.

Using monotonicity of multiplication, we are then finally left with

[1 = 𝑥] (𝑠, ℎ, 𝜂) ≤ 1 and 0.5 ≤ 0.5,

which holds.

The separation operation is defined analogously compared to the one from quan-
titative separation logic, thus we call it also separating multiplication. For a stack
heap pair (𝑠, ℎ) and values for logical variables 𝜂, we define the separating multi-
plication 𝑋 ⋆ 𝑌 as a supremum over the multiplication 𝑋(𝑠, ℎ1, 𝜂) ⋅ 𝑌(𝑠, ℎ2, 𝜂).
Each side receives a heap, ℎ1 and ℎ2 respectively, which are disjoint ℎ1 ⊥ ℎ2 and
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the union of which is the original heap ℎ = ℎ1 ∪ ℎ2. Since the multiplication
of two values in the unit interval is again in the unit interval, the separating
multiplication of two random variables on the unit interval is also a random
variable on the unit interval. Together, we have

(𝑋 ⋆ 𝑌)(𝑠, ℎ, 𝜂) = sup { 𝑋(𝑠, ℎ1, 𝜂) ⋅ 𝑌(𝑠, ℎ2, 𝜂) | ℎ1 ⊥ ℎ2 ∧ ℎ = ℎ1 ∪ ℎ2 } .

For the separating multiplication in fuzzy separation logic, we also have commu-
tativity and associativity.

Theorem 5.2.1 (Commutativity and Associativity) Let 𝑋1, 𝑋2, 𝑋3 ∈ RV1 be
random variables in FSL. The following statements hold:

𝑋1 ⋆ 𝑋2 ⊨ 𝑋2 ⋆ 𝑋1 (Commutativity)

𝑋1 ⋆ (𝑋2 ⋆ 𝑋3) ⊨ (𝑋1 ⋆ 𝑋2) ⋆ 𝑋3 (Associativity)

Proof. See [43] at LeanFSL.SL.FuzzyProofrules.

The magic wand in fuzzy separation logic is defined slightly different compared
to the quantitative magic wand. This is not surprising as the quantitative magic
wand would be ill defined in fuzzy separation logic, as it has values exceeding one.
Instead we make use of the truncated division to obtain the truncated fuzzy magic
wand . For a stack heap pair (𝑠, ℎ) and values for logical variables 𝜂, the truncated
fuzzy magic wand 𝑋 −−○⋆ 𝑌 takes a heap ℎ′ that is disjoint to the original one
ℎ ⊥ ℎ′. Then we take the infimum for all these heaps over the truncated division
𝑌(𝑠, ℎ ∪ ℎ′, 𝜂) ⋅/ 𝑋(𝑠, ℎ′, 𝜂), dividing the right side with the union of these heaps
ℎ ∪ ℎ′ by the left side with the new heap ℎ′. Together we have

(𝑋 −−○⋆ 𝑌)(𝑠, ℎ, 𝜂) = inf { 𝑌(𝑠, ℎ ∪ ℎ′, 𝜂) ⋅/ 𝑋(𝑠, ℎ′, 𝜂) | ℎ ⊥ ℎ′ } .

Example 5.2.2 Let us prove the entailment

(𝑌1
⋅+ 𝑌2) ⊨ 𝑋 −−○⋆ ((𝑋 ⊔ [emp]) ⋆ (𝑌1

⋅+ 𝑌2))

in fuzzy separation logic. First, we apply the definition of the entailment and
thus now have to prove for any stack heap pair (𝑠, ℎ) and values for logical
variables 𝜂 that

(𝑌1
⋅+ 𝑌2)(𝑠, ℎ, 𝜂) ≤ (𝑋 −−○⋆ ((𝑋 ⊔ [emp]) ⋆ (𝑌1

⋅+ 𝑌2)))(𝑠, ℎ, 𝜂).

We first consider the right side. For this, we introduce some arbitrary ℎ′ such
that ℎ ⊥ ℎ′ in order to eliminate the truncated fuzzy magic wand. Thus we
need to prove that

(𝑌1
⋅+ 𝑌2)(𝑠, ℎ, 𝜂) ≤ ((𝑋 ⊔ [emp]) ⋆ (𝑌1

⋅+ 𝑌2))(𝑠, ℎ ∪ ℎ′, 𝜂) ⋅/ 𝑋(𝑠, ℎ′, 𝜂).

To eliminate the separating multiplication, we pick the heaps ℎ′ and ℎ for the
left and right side respectively, obtaining

(𝑌1
⋅+ 𝑌2)(𝑠, ℎ, 𝜂) ≤ ((𝑋 ⊔ [emp])(𝑠, ℎ′, 𝜂) ⋅ (𝑌1

⋅+ 𝑌2)(𝑠, ℎ, 𝜂)) ⋅/ 𝑋(𝑠, ℎ′, 𝜂).

Now, let us do a case distinction on the value of [emp] (𝑠, ℎ′, 𝜂)
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1. If [emp] (𝑠, ℎ′, 𝜂) = 0, then we have

(𝑋 ⊔ [emp])(𝑠, ℎ′, 𝜂) = 𝑋(𝑠, ℎ′, 𝜂)

and thus we need to prove that

(𝑌1
⋅+ 𝑌2)(𝑠, ℎ, 𝜂) ≤ (𝑋(𝑠, ℎ′, 𝜂) ⋅ (𝑌1

⋅+ 𝑌2)(𝑠, ℎ, 𝜂)) ⋅/ 𝑋(𝑠, ℎ′, 𝜂).

Using adjointness of the truncated division, we get

𝑋(𝑠, ℎ′, 𝜂) ⋅ (𝑌1
⋅+ 𝑌2)(𝑠, ℎ, 𝜂) ≤ 𝑋(𝑠, ℎ′, 𝜂) ⋅ (𝑌1

⋅+ 𝑌2)(𝑠, ℎ, 𝜂),

which holds by reflexivity.
2. If [emp] (𝑠, ℎ′, 𝜂) = 1, then we have

(𝑋 ⊔ [emp])(𝑠, ℎ′, 𝜂) = 1

and thus we need to prove that

(𝑌1
⋅+ 𝑌2)(𝑠, ℎ, 𝜂) ≤ (1 ⋅ (𝑌1

⋅+ 𝑌2)(𝑠, ℎ, 𝜂)) ⋅/ 𝑋(𝑠, ℎ′, 𝜂).

Simplification gives us

(𝑌1
⋅+ 𝑌2)(𝑠, ℎ, 𝜂) ≤ (𝑌1

⋅+ 𝑌2)(𝑠, ℎ, 𝜂) ⋅/ 𝑋(𝑠, ℎ′, 𝜂),

and using adjointness of truncated division yields

𝑋(𝑠, ℎ′, 𝜂) ⋅ (𝑌1
⋅+ 𝑌2)(𝑠, ℎ, 𝜂) ≤ (𝑌1

⋅+ 𝑌2)(𝑠, ℎ, 𝜂).

Using 1 as a neutral element of multiplication, we obtain

𝑋(𝑠, ℎ′, 𝜂) ⋅ (𝑌1
⋅+ 𝑌2)(𝑠, ℎ, 𝜂) ≤ 1 ⋅ (𝑌1

⋅+ 𝑌2)(𝑠, ℎ, 𝜂),

and using monotonicity of multiplication, we require to prove that

𝑋(𝑠, ℎ′, 𝜂) ≤ 1 and (𝑌1
⋅+ 𝑌2)(𝑠, ℎ, 𝜂) ≤ (𝑌1

⋅+ 𝑌2)(𝑠, ℎ, 𝜂),

both of which hold.

5.3. Proof Rules for Fuzzy Separation Logic

Whereas we skimmed over proof rules for qualitative and quantitative separation
logic in Chapters 3 and 4, we will give more details about the fuzzy versions, as
they play a more important role in this dissertation. To this end, we will begin
with the classic proof rules for our separation operators. We have monotonicity
for separating multiplication in both arguments. We have antitonicity in the
first and monotonicity in the second argument for the fuzzy truncated magic
wand. This allows eliminating these operators if they occur on both sides of the
entailment and the sub-random variables are appropriate.
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Theorem 5.3.1 (Monotonicity and Antitonicity of Separating Multiplication
and Fuzzy Truncated Magic Wand) Let 𝑋1, 𝑋2, 𝑌1, 𝑌2 ∈ RV1 be random variables
in FSL. We have that:

𝑋1 ⊨ 𝑋2 ∧ 𝑌1 ⊨ 𝑌2 ⇒ 𝑋1 ⋆ 𝑌1 ⊨ 𝑋2 ⋆ 𝑌2
𝑋2 ⊨ 𝑋1 ∧ 𝑌1 ⊨ 𝑌2 ⇒ 𝑋1 −−○⋆ 𝑌1 ⊨ 𝑋2 −−○⋆ 𝑌2

Proof. See [43] at LeanFSL.SL.FuzzyProofrules.

If the magic wand is on the right side of an entailment, adjointness allows us
to transform it into a separating multiplication on the left side of the entail-
ment. Modus Ponens allows us to eliminate magic wands on the left side, if an
appropriate separating multiplication is available.

Theorem 5.3.2 (Adjointness and Modus Ponens) Let 𝑋1, 𝑋2, 𝑋3, 𝑋4 ∈ RV1 be
random variables in FSL. We have that:

𝑋1 ⋆ 𝑋2 ⊨ 𝑋3 iff 𝑋1 ⊨ 𝑋2 −−○⋆ 𝑋3 (Adjointness)

𝑋1 ⋆ (𝑋1 −−○⋆ 𝑋2) ⊨ 𝑋2 (Modus Ponens)

Proof. See [43] at LeanFSL.SL.FuzzyProofrules.

In Chapters 3 and 4 we only referred to the possibility of eliminating substitution
and gave an example. In this section, we are more rigorous and give explicit
proof rules eliminating them.

Lemma 5.3.3 (Substitution Proof Rules) Let 𝑋, 𝑌 ∈ RV1 be random variables
in FSL, 𝑒 ∈ ValExpr a value expression and 𝑥 ∈ Vars a variable. We have that:

[Φ] [𝑥 ≔ 𝑒] = [Φ [𝑥 ≔ 𝑒]]
⟨𝑒′⟩ [𝑥 ≔ 𝑒] = ⟨𝑒′ [𝑥 ≔ 𝑒]⟩

(∼𝑋) [𝑥 ≔ 𝑒] = ∼𝑋 [𝑥 ≔ 𝑒]
(𝑋 ⊓ 𝑌) [𝑥 ≔ 𝑒] = 𝑋 [𝑥 ≔ 𝑒] ⊓ 𝑌 [𝑥 ≔ 𝑒]
(𝑋 ⊔ 𝑌) [𝑥 ≔ 𝑒] = 𝑋 [𝑥 ≔ 𝑒] ⊔ 𝑌 [𝑥 ≔ 𝑒]
(𝑋 ⋅+ 𝑌) [𝑥 ≔ 𝑒] = 𝑋 [𝑥 ≔ 𝑒] ⋅+ 𝑌 [𝑥 ≔ 𝑒]
(𝑋 ⋅ 𝑌) [𝑥 ≔ 𝑒] = 𝑋 [𝑥 ≔ 𝑒] ⋅ 𝑌 [𝑥 ≔ 𝑒]
( S𝑎. 𝑋) [𝑥 ≔ 𝑒] = S𝑎. 𝑋 [𝑥 ≔ 𝑒]
( I 𝑎. 𝑋) [𝑥 ≔ 𝑒] = I 𝑎. 𝑋 [𝑥 ≔ 𝑒]
(𝑋 ⋆ 𝑌) [𝑥 ≔ 𝑒] = 𝑋 [𝑥 ≔ 𝑒] ⋆ 𝑌 [𝑥 ≔ 𝑒]

(
𝑛
★
𝑖=0

𝑋) [𝑥 ≔ 𝑒] =
𝑛
★
𝑖=0

𝑋 [𝑥 ≔ 𝑒]

(𝑋 −−○⋆ 𝑌) [𝑥 ≔ 𝑒] = 𝑋 [𝑥 ≔ 𝑒] −−○⋆ 𝑌 [𝑥 ≔ 𝑒]

Proof. See [43] at LeanFSL.SL.FuzzySubstSimp.
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In this chapter, we will also take the time to explore the relationship of the
atomic proposition [emp] with the separating operations. For the separating
multiplication, [emp] acts as a neutral element on both sides, for the magic
wand only on the left side. Moreover, we can distribute a multiplied [emp] over
separating multiplication.

Lemma 5.3.4 (Empty Heap Predicate) Let 𝑋, 𝑌 ∈ RV1 be random variables in
FSL. We have that:

[emp] ⋆ 𝑋 = 𝑋
[emp] ⋅ (𝑋 ⋆ 𝑌) = ([emp] ⋅ 𝑋) ⋆ ([emp] ⋅ 𝑌)

[emp] −−○⋆ 𝑋 = 𝑋

Proof. See [43] at LeanFSL.SL.FuzzySubstSimp.

We remark here some differences to first order logic about the lattice theoretical
operations in separation logic. For once, we have

[true] ⋆ 𝑋 ≠ [true] and [true] −−○⋆ 𝑋 ≠ 𝑋

as [true] allows the heap to be arbitrarily expanded. Instead, we have

[true] ⋆ 𝑋 ⊨ [true] ,

as one expects from the top element of the lattice. On the other side, we have

[false] ⋆ 𝑋 = [false] and [false] −−○⋆ 𝑋 = [true] .

Example 5.3.1 We want to prove the entailment

([𝑥 = 𝑦] ⊓ [𝑥 ↦ 𝑦]) ⋆ [true] ⊨ [𝑥 ↦ 𝑥] ⋆ ([𝑥 ↦ 0] −−○⋆ [𝑦 ≠ 0] [𝑦 ≔ 𝑥]).

First, we apply monotonicity and obtain the two new proof goals

[𝑥 = 𝑦] ⊓ [𝑥 ↦ 𝑦] ⊨ [𝑥 ↦ 𝑥] and [true] ⊨ [𝑥 ↦ 0] −−○⋆ [𝑦 ≠ 0] [𝑦 ≔ 𝑥] .

We first consider the entailment

[𝑥 = 𝑦] ⊓ [𝑥 ↦ 𝑦] ⊨ [𝑥 ↦ 𝑥] .

For any (𝑠, ℎ) and 𝜂, we do a case distinction. If 𝑠(𝑥) ≠ 𝑠(𝑦), then the left
side is zero, making the entailment vacuously true. Thus we assume the
equality. Then we can replace 𝑦 in [𝑥 ↦ 𝑦] by 𝑥, making the entailment hold
by reflexivity.
Secondly we prove the entailment

[true] ⊨ [𝑥 ↦ 0] −−○⋆ [𝑦 ≠ 0] [𝑦 ≔ 𝑥] .

We use adjointness to transform it into the entailment

[true] ⋆ [𝑥 ↦ 0] ⊨ [𝑦 ≠ 0] [𝑦 ≔ 𝑥] .
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Next, we eliminate substitution and obtain

[true] ⋆ [𝑥 ↦ 0] ⊨ [𝑥 ≠ 0] .

Finally, let us consider any (𝑠, ℎ) and 𝜂 and do a case distinction. If 𝑠(𝑥) = 0,
then the left side is zero as [𝑥 ↦ 0] requires 𝑠(𝑥) to be positive. But when the
left side is zero, the entailment vacuously holds. Thus we assume that 𝑠(𝑥) ≠ 0.
But then the right side is one, making the entailment hold vacuously again.

Another property that we also discussed in quantitative separation logic is conser-
vativity. That is, the possibility to transform propositions in qualitative separation
logic into random variables in fuzzy separation logic.

Theorem 5.3.5 (Conservativity of Fuzzy Separation Logic) Let Φ,Ψ ∈ SLProp
be propositions in SL and Θ∶ ℕ → SLProp a map from natural numbers to
propositions in SL. The following statements hold: We will in Chapter 8

see a different ap-
proach to translate a
subset of FSL random
variables into SL
propositions as well.

∼ [Φ] = [¬Φ]

[Φ] ⊓ [Ψ] = [Φ ∧ Ψ]

[Φ] ⊔ [Ψ] = [Φ ∨ Ψ]

[Φ] ⋅+ [Ψ] = [Φ ∨ Ψ]

[Φ] ⋅ [Ψ] = [Φ ∧ Ψ]
S𝑎. [Φ] = [∃𝑎. Φ]
I 𝑎. [Φ] = [∀𝑎. Φ]

[Φ] ⋆ [Ψ] = [Φ ∗ Ψ]
[Φ] −−○⋆ [Ψ] = [Φ −−∗ Ψ]

𝑛
★
𝑖=0

[Θ] = [
𝑛∗
𝑖=0

Θ]

Proof. See [43] at LeanFSL.SL.Conservativity.

We depict the conservativity here slightly different to Theorem 4.3.2. The reason
is that in quantitative separation logic, we cannot relate addition to logical
disjunction using an equation. We instead had to say that

([Φ] + [Ψ])(𝑠, ℎ, 𝜂) ≥ 1 ⟺ (𝑠, ℎ) ⊧𝜂 Φ ∨Ψ.

In the fuzzy variant, we have that 𝑎 ≥ 1 ⟺ 𝑎 = 1 and thus we can make a
direct connection using equalities. Further using that

[Φ] (𝑠, ℎ, 𝜂) = 1 ⟺ (𝑠, ℎ) ⊧𝜂 Φ,

we obtain the results from Theorem 4.3.2. Theorem 5.3.5, however, allows us to
directly transform random variables in-place instead of replacing an entailment,
thus we prefer this version.
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Example 5.3.2 We want to prove the entailment

(
𝑛
★
𝑖=0

𝜆𝑖. [𝑥 + 𝑖 ↦ 𝑖]) ⋆ [0 ≤ 𝑘 < 𝑛] ⊨ [𝑥 + 𝑘 ↦ 𝑘] ⋆ [true] .

There are multiple ways of approaching this entailment. Our solution here
is to use conservativity as SL is often easier to reason about. Translating the
random variable into SL yields

(
𝑛∗
𝑖=0

𝜆𝑖. 𝑥 + 𝑖 ↦ 𝑖) ∗ 0 ≤ 𝑘 < 𝑛 ⊨ 𝑥 + 𝑘 ↦ 𝑘 ∗ true.

Now, we prove the claim using induction on 𝑛.
For 𝑛 = 0, We simplify the proof obligation to

[emp] ∗ 0 ≤ 𝑘 < 0 ⊨ 𝑥 + 𝑘 ↦ 𝑘 ∗ true,

where 0 ≤ 𝑘 < 0 is unsatisfiable, thus the entailment vacuously holds.
For 𝑛 > 0, we unfold the separating conjunction once to have

(
𝑛−1∗
𝑖=0

𝜆𝑖. 𝑥 + 𝑖 ↦ 𝑖) ∗ 𝑥 + 𝑛 − 1 ↦ 𝑛 − 1 ∗ 0 ≤ 𝑘 < 𝑛 ⊨ 𝑥 + 𝑘 ↦ 𝑘 ∗ true.

We now do a case distinction. Either we have 𝑘 = 𝑛 − 1 or 𝑘 < 𝑛 − 1, as we
definitely have 𝑘 < 𝑛 as otherwise the left side would not be satisfied, making
the entailment hold vacuously.

𝑘 = 𝑛 − 1: Then we can rearrange the entailment as

𝑥+𝑛−1 ↦ 𝑛−1 ∗ (
𝑛−1∗
𝑖=0

𝜆𝑖. 𝑥 + 𝑖 ↦ 𝑖) ∗ 0 ≤ 𝑘 < 𝑛 ⊨ 𝑥+𝑘 ↦ 𝑘 ∗ true,

and using monotonicity of the separating conjunction, we have to prove

𝑥 + 𝑛 − 1 ↦ 𝑛 − 1 ⊨ 𝑥 + 𝑘 ↦ 𝑘,

which holds as 𝑘 = 𝑛 − 1, and

(
𝑛−1∗
𝑖=0

𝜆𝑖. 𝑥 + 𝑖 ↦ 𝑖) ∗ 0 ≤ 𝑘 < 𝑛 ⊨ true,

which holds vacuously due to true on the right side.
𝑘 < 𝑛 − 1: By rearranging the entailment, we obtain

((
𝑛−1∗
𝑖=0

𝜆𝑖. 𝑥 + 𝑖 ↦ 𝑖) ∗ 0 ≤ 𝑘 < 𝑛) ∗ 𝑥 + 𝑛 − 1 ↦ 𝑛 − 1

⊨ (𝑥 + 𝑘 ↦ 𝑘 ∗ true) ∗ true.

Again using monotonicity of separating conjunction, we are left with

(
𝑛−1∗
𝑖=0

𝜆𝑖. 𝑥 + 𝑖 ↦ 𝑖) ∗ 0 ≤ 𝑘 < 𝑛 ⊨ 𝑥 + 𝑘 ↦ 𝑘 ∗ true,

which by 𝑘 < 𝑛 − 1 can be rewritten into

(
𝑛−1∗
𝑖=0

𝜆𝑖. 𝑥 + 𝑖 ↦ 𝑖) ∗ 0 ≤ 𝑘 < 𝑛 − 1 ⊨ 𝑥 + 𝑘 ↦ 𝑘 ∗ true.
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This holds by the induction hypothesis. The other proof obligation

𝑥 + 𝑛 − 1 ↦ 𝑛 − 1 ⊨ true

holds vacuously because of the true on the right side of the entailment.

Finally, we consider distributivity of the separating multiplication and the magic
wand with maxima, minima, addition, multiplication and quantifiers. That is, we
are investigating rules with some operation op of the form

𝑋 ⋆ (𝑌 op 𝑍) = (𝑋 ⋆ 𝑌) op (𝑋 ⋆ 𝑍)

for distributivity of separating multiplication,

𝑋 ⋆ (𝑌 op 𝑍) ⊨ (𝑋 ⋆ 𝑌) op (𝑋 ⋆ 𝑍)

for sub-distributivity of separating multiplication,

(𝑋 −−○⋆ 𝑌) op (𝑋 −−○⋆ 𝑍) = 𝑋 −−○⋆ (𝑌 op 𝑍)

for distributivity of the magic wand, and

(𝑋 −−○⋆ 𝑌) op (𝑋 −−○⋆ 𝑍) ⊨ 𝑋 −−○⋆ (𝑌 op 𝑍)

for super-distributivity of the magic wand. For quantifiers these look analo-
gous.

First, we consider distributivity for separating multiplication. Over maximum
we have distributivity. This is because separating multiplication is defined over
a supremum and a multiplication. Both distribute over maxima, thus obtaining
our result. This does not hold for minimum, as supremum and minimum do not
distribute. More concrete, the inequality

sup {min { 𝑋(𝑠1), 𝑌(𝑠2) } | (𝑠1, 𝑠2) ∈ 𝐴 }
≤ min { sup { 𝑋(𝑠1) | (𝑠1, 𝑠2) ∈ 𝐴 }, sup { 𝑌(𝑠2) | (𝑠1, 𝑠2) ∈ 𝐴 } } ,

holds, but not the other direction

sup {min { 𝑋(𝑠1), 𝑌(𝑠2) } | (𝑠1, 𝑠2) ∈ 𝐴 }
≱ min { sup { 𝑋(𝑠1) | (𝑠1, 𝑠2) ∈ 𝐴 }, sup { 𝑌(𝑠2) | (𝑠1, 𝑠2) ∈ 𝐴 } } .

For addition, we have a similar problem and thus only have sub-distributivity.
Multiplication is in general not distributive. However, when restricting the
minor side of the separating multiplication to qualitative values, multiplication
degrades to minima, therefore the same reasoning as for minimum holds. Lastly
for quantifiers, we have distributivity for suprema and sub-distributivity for
infima. For quantifiers, we require that the minor side does not have the bound
variable as a free logical variable.

We define free variables and free logical variables analogously to free variables
in Chapter 3. We say that a variable 𝑥 is free if there is a stack for which we
can change the value of 𝑥 in some way in order to yield a different value of the
random variable. Statically checking which variables occur in any expression
for random variables may only give an over-approximation of the free variables.
For free logical variables we similarly say that a variable 𝑎 is free if there is a
mapping from logical variables to values for which we can change the value of 𝑎
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in some way in order to obtain a different value of the random variable.

Definition 5.3.1 (Free Variables) Let 𝑋 ∈ RV1 be a random variable in FSL.
The set Vars (𝑋) of free variables of 𝑋 is such that 𝑥 ∈ Vars (𝑋) if and only if
there exists (𝑠, ℎ) ∈ States, 𝜂 ∈ LStacks and value 𝑣 ∈ ℚ with

𝑋(𝑠, ℎ, 𝜂) ≠ 𝑋(𝑠 [𝑥 ≔ 𝑣] , ℎ, 𝜂).

The set LVars (𝑋) of free logical variables of 𝑋 is such that 𝑎 ∈ LVars (𝑋) if and
only if there exists (𝑠, ℎ) ∈ States, 𝜂 ∈ LStacks and value 𝑣 ∈ ℚ with

𝑋(𝑠, ℎ, 𝜂) ≠ 𝑋(𝑠, ℎ, 𝜂 [𝑎 ≔ 𝑣]).

Theorem 5.3.6 (Sub- and Distributivity of Separating Multiplication) Let
𝑋, 𝑌, 𝑍 ∈ RV1 be random variables in FSL and Φ ∈ SLProp a separation logic
proposition. The following holds:

𝑋 ⋆ (𝑌 ⊔ 𝑍) = (𝑋 ⋆ 𝑌) ⊔ (𝑋 ⋆ 𝑌)
𝑋 ⋆ (𝑌 ⊓ 𝑍) ⊨ (𝑋 ⋆ 𝑌) ⊓ (𝑋 ⋆ 𝑌)
𝑋 ⋆ (𝑌 ⋅+ 𝑍) ⊨ (𝑋 ⋆ 𝑌) ⋅+ (𝑋 ⋆ 𝑌)

[Φ] ⋆ (𝑌 ⋅ 𝑍) ⊨ ([Φ] ⋆ 𝑌) ⋅ ([Φ] ⋆ 𝑍)
In our Lean formaliza-
tion, we do not need to
check for free logical
variables due to inter-
nal renaming by Lean.

𝑎 ∉ LVars (𝑋) ⇒ 𝑋 ⋆ S𝑎. 𝑌 = S𝑎. 𝑋 ⋆ 𝑌
𝑎 ∉ LVars (𝑋) ⇒ 𝑋 ⋆ I 𝑎. 𝑌 ⊨ I 𝑎. 𝑋 ⋆ 𝑌

Proof. See [43] at LeanFSL.SL.FuzzyProofrules.

Example 5.3.3 Let us prove the validity of the entailment

([𝑥 ↦ 5] ⋆ ([𝑦 ↦ 0] ⊓ [𝑦 ↦ 1])) ⊔ ([𝑥 ↦ 5] ⋆ ([𝑦 ↦ 1] ⊓ [𝑦 ↦ 0]))
⊨ [𝑥 ↦ 5] ⋆ [𝑦 ↦ 0] ⊓ [𝑥 ↦ 5] ⋆ [𝑦 ↦ 1] .

First, we can use distributivity with maximum to simplify and obtain

[𝑥 ↦ 5] ⋆ ([𝑦 ↦ 0] ⊓ [𝑦 ↦ 1]) ⊔ ([𝑦 ↦ 1] ⊓ [𝑦 ↦ 0])
⊨ [𝑥 ↦ 5] ⋆ [𝑦 ↦ 0] ⊓ [𝑥 ↦ 5] ⋆ [𝑦 ↦ 1] .

Using commutativity of minimum and that themaximum of two equal elements
is the element itself, we further simplify the left side to

[𝑥 ↦ 5] ⋆ ([𝑦 ↦ 0] ⊓ [𝑦 ↦ 1])
⊨ [𝑥 ↦ 5] ⋆ [𝑦 ↦ 0] ⊓ [𝑥 ↦ 5] ⋆ [𝑦 ↦ 1] .

The remaining proof obligation holds by sub-distributivity with minimum.

We also introduce super-distributivity and distributivity of the magic wand.
The dual idea and problem arises when dealing with the magic wand. As the
magic wand is defined as an infimum, we have no problem distributing it over
a minimum, but only have super-distributivity for the maximum. We also only
have super-distributivity for addition. For suprema and infima, we have a similar
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situation as for maxima and minima. The magic wand admits super-distributivity
for suprema and distributivity for infima.

Theorem 5.3.7 (Super- and Distributivity of Separating Multiplication) Let
𝑋, 𝑌, 𝑍 ∈ RV1 be random variables in FSL. The following holds:

(𝑋 −−○⋆ 𝑌) ⊔ (𝑋 −−○⋆ 𝑍) ⊨ 𝑋 −−○⋆ (𝑌 ⊔ 𝑍)
(𝑋 −−○⋆ 𝑌) ⊓ (𝑋 −−○⋆ 𝑍) = 𝑋 −−○⋆ (𝑌 ⊓ 𝑍)
(𝑋 −−○⋆ 𝑌) ⋅+ (𝑋 −−○⋆ 𝑍) ⊨ 𝑋 −−○⋆ (𝑌 ⋅+ 𝑍)

𝑎 ∉ LVars (𝑋) ⇒ S𝑎. 𝑋 −−○⋆ 𝑌 ⊨ 𝑋 −−○⋆ ( S𝑎. 𝑌)
𝑎 ∉ LVars (𝑋) ⇒ I 𝑎. 𝑋 −−○⋆ 𝑌 = 𝑋 −−○⋆ ( I 𝑎. 𝑌)

Proof. See [43] at LeanFSL.SL.FuzzyProofrules.

We can gain distributivity of separating multiplication with certain operations by
requiring an additional condition called preciseness. This will help us later to gain
access to a (weaker) linearity proof rule. Preciseness for fuzzy separation logic is And indeed there is

also a very similar
analogous for Quanti-
tative Separation Logic
[31].

similar to preciseness for qualitative separation logic. For a random variable to
be precise, we require that for every heap, there is at most one included or equal
heap which makes the random variable non-zero. Equivalently, for every heap,
there exists one smaller or equal heap, such that all heaps which are different,
yield zero for the random variable.

Definition 5.3.2 (Preciseness for Random Variables) Let 𝑋 ∈ RV1 be a random
variable in FSL. 𝑋 is precise if and only if for all stack heap pairs (𝑠, ℎ) and
values of logical variables 𝜂 we have

∃ℎ′ ⊆ ℎ. ∀ℎ″ ⊆ ℎ. ℎ′ ≠ ℎ″ ⇒ 𝑋(𝑠, ℎ″, 𝜂) = 0.

Preciseness essentially eliminates all but one possibility to split up the heap in
case of separating multiplication, if we do not want to have zero as result. This
allows us to regain distributivity with truncated addition and with minima.

Theorem 5.3.8 (Distributivity of Separating Multiplication with Preciseness)
Let 𝑋, 𝑌, 𝑍 ∈ RV1 be random variables in FSL and 𝑋 precise. The following holds:

𝑋 ⋆ (𝑌 ⊓ 𝑍) = (𝑋 ⋆ 𝑌) ⊓ (𝑋 ⋆ 𝑌)
𝑋 ⋆ (𝑌 ⋅+ 𝑍) = (𝑋 ⋆ 𝑌) ⋅+ (𝑋 ⋆ 𝑌)

𝑎 ∉ LVars (𝑋) ⇒ 𝑋 ⋆ I 𝑎. 𝑌 = I 𝑎. 𝑋 ⋆ 𝑌

Proof. See [43] at LeanFSL.SL.FuzzyProofrules.

A similar condition called strictly-exact also exists to allow distributivity laws
for the magic wand. Since this condition does not play a role in this thesis, we
instead refer to [31] for more details.





Concurrent Probabilistic Programs 6.
In this chapter, we combine the insights from Chapters 3 to 5 to define operational
semantics and axiomatic semantics for concurrent probabilistic programs. We
use the idea of resource invariants from Chapter 3, the idea of using random
variables as the objects to reason about programs as proposed in Chapter 4 and
the fuzzy logic to reason about random variables presented in Chapter 5. The
reason to use a fuzzy logic instead of a quantitative logic lies in the way non-
termination is handled in this semantics. Since we will define a liberal semantics,
non-terminating runs are assigned the top element. In the shown quantitative
logic, the top element is infinity and thus the weakest expectation of a program
on an initial state that has non-terminating runs — even if the non-terminating
runs have probability mass zero — is infinite. To avoid this behavior, we use
fuzzy logics that still enable us to reason about the probability of a certain end
result for a given initial state.

We adopt the example program from Chapter 3 and extend it with a proba-
bilistic behavior by using the probabilistic branching operation we introduced in
Chapter 4:

<𝑟> := −1 ;

pif ( 0.5 ) {
<𝑟> := 0

}else {
<𝑟> := 1

}

‖‖‖‖‖‖‖‖
‖

𝑥 := <𝑟> ;
while ( 𝑥 = −1 ) { 𝑥 := <𝑟> } ;

This time the program can realize the postcondition 𝑥 = 0 only with probability
0.5 (or not terminate at all). We thus expect to be able to prove the specification
that the probability that on termination 𝑥 = 0 plus the probability to not terminate
is lower bounded by 0.5. Indeed, if we restrict ourselves to fair schedulers, the
program actually terminates and the probability that on termination 𝑥 = 0 is
indeed exactly 0.5 given that 𝑟 is allocated.

We use resource invariants to capture the behavior of the environment during
concurrent execution. Threads can rely on the environment remaining invariant, Environment here

refers to the memory
shared between
threads.

but whenever they change the environment, they need to guarantee that the
environment still satisfies the invariant. Both the invariant and the environment
are concepts that a programmer maybe have during programming, but usually
does not encode syntactically in the program. Instead, when we prove the
validity of a statement on that program, we use the concepts of invariance of the
environment to help us with the proof. In this example, 𝑟 is the environment
and our invariant is that 𝑟 points either to −1 or 0. That seems curious since a
careful examination of the program reveals that the program also manipulates
the value at 𝑟 to 1 (with probability 0.5). So why does our resource invariant not
include this possibility? Remember that we want to prove that 𝑥 = 0, finally.
However, when 𝑟 ↦ 1, then we also have that 𝑥 ≠ 0. In a way, we are not
interested in this kind of behavior, and thus we exclude it from the invariant.
In the presence of probabilistic (or non-deterministic) behavior, we thus only
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include those behaviors in the invariant that will yield the end result we aim
for.

Large parts of this chapter have been formalized in Lean. We formalized most
of the proofs, excluding the adequacy theorem. The adequacy states the ax-
iomatic semantics in terms of probability theory terms similar to Conjecture 4.1.1
and Theorem 4.1.2. Adequacy was out of scope for this dissertation as it requires
to formalize larger parts of infinite sums, as well as theory for Markov decision
processes. We formalized the examples, although the current framework does
not offer a great support for entailment checking. However, we discuss some
work on entailment checking for fuzzy separation logic in Chapter 8.

6.1. Concurrent Probabilistic Programs

We combine the syntax from concurrent programs as defined in Chapter 3 and
the syntax from probabilistic programs as defined in Chapter 4 to obtain the
syntax for concurrent probabilistic programs. Such programs feature probabilistic
behavior and non-deterministic behavior due to the allocation of memory and
concurrent interleaving.

Definition 6.1.1 (Concurrent Probabilistic Programming Language) We de-
fine the concurrent probabilistic programming language cpPL as the language
generated by this grammar:
𝒞 ∶∶= skip empty program

| 𝑥 := 𝑒 assignment
| <𝑒> := 𝑒′ heap mutation
| 𝑥 := <𝑒> heap lookup
| 𝑥 := CAS(𝑒1, 𝑒2, 𝑒3) compare and set
| 𝑥 := new (𝑒) allocation
| free(𝑒, 𝑒′) deallocation
| if ( 𝑒𝑏 ) {𝒞 } else {𝒞 } conditional branching
| pif ( 𝑒𝑝 ) {𝒞 } else {𝒞 } probabilistic branching
| while ( 𝑒𝑏 ) {𝒞 } looping
| 𝒞 ; 𝒞 program composition
| 𝒞 ‖ 𝒞 concurrent execution

where 𝑒, 𝑒′, 𝑒1, 𝑒2, 𝑒3 ∈ ValExpr are value expressions, 𝑒𝑏 ∈ BoolExpr are Boolean
expressions and 𝑒𝑝 ∈ ProbExpr are probabilistic expressions. We use ↓ to depict
terminated programs and  to depict erroneous programs.

We define the semantics operationally as Markov decision processes. A program
is transformed into a (possibly infinite but countable) Markov decision process.
In case of unbounded loops, the Markov decision process is infinite. Concurrency
is modelled as non-determinism in the Markov decision process, where we use a
recursive structure to model arbitrary nesting of concurrency. The concurrency
operator admits two threads, a left thread and a right thread.

The operational semantics largely match the semantics from Chapter 4. For
completeness, we include all rules again. We thus have the same semantics
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for statements in cpPL as shown in Figure 6.1. As in Chapter 4, we denote the
probability transition function with

𝜎 𝑝−→
a
𝜎′ ⇒ P(𝜎, 𝑎, 𝜎′) = 𝑝

and whenever a rule is missing, we have that P(𝜎, 𝑎, 𝜎′) = 0. Actions are enabled
if they occur in a rule. We formally define the enabled actions in Definition 6.1.2.
We differ from the semantics of Chapter 4 by having concurrent executions. In
Figure 6.2 we depict all rules for flow related operations, including concurrent
execution.

Definition 6.1.2 (Enabled Actions) Let 𝐶 be a cpPL program, terminated
program or an erroneous program, and (𝑠, ℎ) a stack heap pair. We define the set
of enabled actions Act(𝐶, (𝑠, ℎ)) in the MDP corresponding to 𝐶 with transition
probabilities defined in Figures 6.1 and 6.2 as

Act(↓, (𝑠, ℎ)) = ∅,
Act( , (𝑠, ℎ)) = ∅,
Act(skip, (𝑠, ℎ)) = {Det } ,
Act(𝑥 := 𝑒, (𝑠, ℎ)) = {Det } ,
Act(<𝑒> := 𝑒′, (𝑠, ℎ)) = {Det } ,
Act(𝑥 := <𝑒>, (𝑠, ℎ)) = {Det } ,
Act(𝑥 := CAS(𝑒1, 𝑒2, 𝑒3), (𝑠, ℎ)) = {Det } ,
Act(𝑥 := new (𝑒) , (𝑠, ℎ)) = {Alloc ℓ | 𝑒(𝑠) ∈ ℕ

∧ ℎ(ℓ + 0) = undef ∧…∧ ℎ(ℓ + 𝑒(𝑠) − 1) = undef }
∪ {Det | 𝑒(𝑠) ∉ ℕ } ,

Act(free(𝑒, 𝑒′), (𝑠, ℎ)) = {Det } ,
Act(if ( 𝑒𝑏 ) { 𝐶1 } else { 𝐶2 } , (𝑠, ℎ)) = {Det } ,

Act(pif ( 𝑒𝑝 ) { 𝐶1 } else { 𝐶2 } , (𝑠, ℎ)) = {Det } ,

Act(while ( 𝑒𝑏 ) { 𝐶 } , (𝑠, ℎ)) = {Det } ,
Act(𝐶1 ; 𝐶2, (𝑠, ℎ)) = {Det | 𝐶1 =↓ ∨𝐶1 =  } ∪ Act(𝐶1, (𝑠, ℎ)),
Act(𝐶1 ‖ 𝐶2 , (𝑠, ℎ)) = {Det | 𝐶1 =↓ ∧𝐶2 =↓ ∨𝐶1 =  ∨ 𝐶2 =  }

∪ { Left 𝑎 | 𝑎 ∈ Act(𝐶1, (𝑠, ℎ)) }
∪ {Right 𝑎 | 𝑎 ∈ Act(𝐶2, (𝑠, ℎ)) } .

We depict here the enabled actions explicitly, contrary to Chapter 4. However,
the set of enabled actions for non-concurrent probabilistic programs are the same.

Similar to Chapter 4, we use the action Det both for deterministic transitions and
for probabilistic transitions. The action Alloc ℓ depicts the action for allocating
memory starting from location ℓ, of which there are countably infinite. Concur-
rent execution either allows to execute the left or the right thread, given that its
not yet terminated or that it will not abort. We use the recursive structure that
allows either Left 𝑎 or Right 𝑎 for an action 𝑎. The left action yields an execution
of the left thread and the right action yields an execution of the right thread. In
case either thread aborts taking this action, the concurrent execution aborts. For
technical reasons, we also include the case that we execute an abort statement. In
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SKIP
skip, (𝑠, ℎ) 1−−→

Det
↓, (𝑠, ℎ)

ASSIGN
𝑥 := 𝑒, (𝑠, ℎ) 1−−→

Det
↓, (𝑠 [𝑥 ≔ 𝑒(𝑠)] , ℎ)

𝑒(𝑠) ∈ dom (ℎ)
LOOKUP

𝑥 := <𝑒>, (𝑠, ℎ) 1−−→
Det

↓, (𝑠 [𝑥 ≔ ℎ(𝑒(𝑠))] , ℎ)

𝑒(𝑠) ∉ dom (ℎ)
LOOKUP-ABT

𝑥 := <𝑒>, (𝑠, ℎ) 1−−→
Det

 , (𝑠, ℎ)

𝑒(𝑠) ∈ dom (ℎ)
MUT

<𝑒> := 𝑒′, (𝑠, ℎ) 1−−→
Det

↓, (𝑠, ℎ [𝑒(𝑠) ≔ 𝑒′(𝑠)])

𝑒(𝑠) ∉ dom (ℎ)
MUT-ABT

<𝑒> := 𝑒′, (𝑠, ℎ) 1−−→
Det

 , (𝑠, ℎ)

𝑒1(𝑠) ∈ dom (ℎ) ℎ(𝑒1) ≠ 𝑒2(𝑠) CAS-FALSE
𝑥 := CAS(𝑒1, 𝑒2, 𝑒3), (𝑠, ℎ)

1−−→
Det

↓, (𝑠 [𝑥 ≔ 0] , ℎ)

𝑒1(𝑠) ∈ dom (ℎ) ℎ(𝑒1) = 𝑒2(𝑠) CAS-TRUE
𝑥 := CAS(𝑒1, 𝑒2, 𝑒3), (𝑠, ℎ)

1−−→
Det

↓, (𝑠 [𝑥 ≔ 1] , ℎ [𝑒1(𝑠) ≔ 𝑒3(𝑠)])

𝑒1(𝑠) ∉ dom (ℎ)
CAS-ABT

𝑥 := CAS(𝑒1, 𝑒2, 𝑒3), (𝑠, ℎ)
1−−→

Det
 , (𝑠, ℎ)

𝑒(𝑠) = 𝑛 ∈ ℕ ℓ,… , ℓ + 𝑛 − 1 ∈ ℕ>0 ∖ dom (ℎ) ℎ′ = ℎ ∪ { ℓ ↦ 0,… , ℓ + 𝑛 − 1 ↦ 0 }
ALLOC

𝑥 := new (𝑒) , (𝑠, ℎ) 1−−−−−→
Alloc ℓ

↓, (𝑠 [𝑥 ≔ ℓ] , ℎ′)

𝑒(𝑠) ∉ ℕ
ALLOC-ABT

𝑥 := new (𝑒) , (𝑠, ℎ) 1−−→
Det

 , (𝑠, ℎ)

𝑒(𝑠) + 0,…𝑒(𝑠) + 𝑒′(𝑠) − 1 ∈ dom (ℎ) ℎ′ = ℎ [𝑒(𝑠) + 0 ≔ undef]… [𝑒(𝑠) + 𝑒′(𝑠) − 1 ≔ undef]
FREE

free(𝑒, 𝑒′), (𝑠, ℎ) 1−−→
Det

↓, (𝑠, ℎ′)

∃𝑖 ∈ { 0,… , 𝑒′(𝑠) − 1 } . 𝑒(𝑠) + 𝑖 ∉ dom (ℎ)
FREE-ABT

free(𝑒, 𝑒′), (𝑠, ℎ) 1−−→
Det

 , (𝑠, ℎ)

Figure 6.1.: Operational semantics for all statements in cpPL. Heap manipulating statements may abort due to the accessed location
not being allocated. Compare and set changes the value at a certain location only if the value is as expected.

this case, the concurrent execution also aborts. If both threads are terminated, we
terminate the concurrent execution. The difference to the operational semantics
from Chapter 3 is that we have to introduce explicit actions for executing the
left or the right thread due to our choice of a Markov decision process as our
semantic model.

The semantics in Figures 6.1 and 6.2 are indeed a Markov decision process, that
is for every state and action, the probabilities add up to 1.

Theorem 6.1.1 The semantics from Figures 6.1 and 6.2 yield Markov decision
processes for every initial state, that is, for all cpPL programs𝐶 and (𝑠, ℎ) ∈ States
and for every enabled action 𝑎 ∈ Act(𝐶, (𝑠, ℎ)) we have:Notice that we use

the non-truncated sum
here. ∑

𝐶,(𝑠,ℎ)
𝑝−→
a
𝐶′,(𝑠′,ℎ′)

𝑝 = 1.

Proof. See [43] at LeanFSL.Program.SumOne.
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𝐶 ′
1 ≠  𝐶1, (𝑠, ℎ)

𝑝−→
a
𝐶 ′
1, (𝑠

′, ℎ′)
SEQ

𝐶1 ; 𝐶2, (𝑠, ℎ)
𝑝−→
a
𝐶 ′
1 ; 𝐶2, (𝑠

′, ℎ′)
SEQ-END

↓ ; 𝐶2, (𝑠, ℎ)
1−−→

Det
𝐶2, (𝑠, ℎ)

𝐶1, (𝑠, ℎ)
𝑝−→
a
 , (𝑠, ℎ)

SEQ-ABT
𝐶1 ; 𝐶2, (𝑠, ℎ)

𝑝−→
a
 , (𝑠, ℎ)

SEQ-ABT-2
 ; 𝐶2, (𝑠, ℎ)

1−−→
Det

 , (𝑠, ℎ)

𝑒𝑏(𝑠) = true
IF-T

if ( 𝑒𝑏 ) { 𝐶1 } else { 𝐶2 } , (𝑠, ℎ)
1−−→

Det
𝐶1, (𝑠, ℎ)

𝑒𝑏(𝑠) = false
IF-F

if ( 𝑒𝑏 ) { 𝐶1 } else { 𝐶2 } , (𝑠, ℎ)
1−−→

Det
𝐶2, (𝑠, ℎ)

𝑒𝑝(𝑠) = 𝑝
PIF-T

pif ( 𝑒𝑝 ) { 𝐶1 } else { 𝐶2 } , (𝑠, ℎ)
𝑝−−→
Det

𝐶1, (𝑠, ℎ)

𝑒𝑝(𝑠) = 𝑝
PIF-F

pif ( 𝑒𝑝 ) { 𝐶1 } else { 𝐶2 } , (𝑠, ℎ)
1−𝑝−−−→
Det

𝐶2, (𝑠, ℎ)

𝑒𝑏(𝑠) = true
WHILE-T

while ( 𝑒𝑏 ) { 𝐶1 } , (𝑠, ℎ)
1−−→

Det
𝐶1 ; while ( 𝑒𝑏 ) { 𝐶1 }, (𝑠, ℎ)

𝑒𝑏(𝑠) = false
WHILE-F

while ( 𝑒𝑏 ) { 𝐶1 } , (𝑠, ℎ)
1−−→

Det
↓, (𝑠, ℎ)

𝐶 ′
1 ≠  𝐶1, (𝑠, ℎ)

𝑝−→
𝑎
𝐶 ′
1, (𝑠

′, ℎ′)
CON-L

𝐶1 ‖ 𝐶2 , (𝑠, ℎ)
𝑝−−−−→

Left 𝑎
𝐶 ′
1 ‖ 𝐶2 , (𝑠

′, ℎ′)

𝐶 ′
2 ≠  𝐶2, (𝑠, ℎ)

𝑝−→
𝑎
𝐶 ′
2, (𝑠

′, ℎ′)
CON-R

𝐶1 ‖ 𝐶2 , (𝑠, ℎ)
𝑝−−−−−→

Right 𝑎
𝐶1 ‖ 𝐶 ′

2 , (𝑠
′, ℎ′)

𝐶1, (𝑠, ℎ)
𝑝−→
𝑎
 , (𝑠, ℎ)

CON-L-ABT
𝐶1 ‖ 𝐶2 , (𝑠, ℎ)

𝑝−−−−→
Left 𝑎

 , (𝑠, ℎ)

𝐶2, (𝑠, ℎ)
𝑝−→
𝑎
 , (𝑠, ℎ)

CON-R-ABT
𝐶1 ‖ 𝐶2 , (𝑠, ℎ)

𝑝−−−−−→
Right 𝑎

 , (𝑠, ℎ)

CON-L-ABT-2
 ‖ 𝐶2 , (𝑠, ℎ)

1−−→
Det

 , (𝑠, ℎ)
CON-R-ABT-2

𝐶1 ‖  , (𝑠, ℎ) 1−−→
Det

 , (𝑠, ℎ)

CON-END
↓ ‖ ↓ , (𝑠, ℎ) 1−−→

Det
↓, (𝑠, ℎ)

Figure 6.2.: Operational Semantics for all flow related program constructs in cpPL. Sequencing is defined inductively, branching
and looping are defined transitionally. Probabilistic branching executes either path, but only with a certain probability and is the
only statement having probabilistic behavior. In any case, we immediately transition to an abort statement when an underlying
command fails. Concurrency can either execute the left thread with an action Left 𝑎 and the right thread with an action Right 𝑎,
where 𝑎 is the action of the thread. Concurrency aborts when either thread aborts or when an abort statement is to be executed. We
terminate concurrent execution when both threads terminated.

Example 6.1.1 We reconsider the example program 𝐶 from the introduction:

<𝑟> := −1 ;

pif ( 0.5 ) {
<𝑟> := 0

}else {
<𝑟> := 1

}

‖‖‖‖‖‖‖‖
‖

𝑥 := <𝑟> ;
while ( 𝑥 = −1 ) { 𝑥 := <𝑟> }
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We construct the operational semantics of this program. Similarly to Exam-
ple 3.2.2, we leave out the SEQ-END steps for brevity. Remark that the state
space for a fixed initial state is finite. We thus fix the initial state (𝑠, ℎ) with
∀𝑥 ≠ 𝑟. 𝑠(𝑥) = 0, 𝑠(𝑟) = 1 and ℎ = { 1 ↦ 0 }. We use the short-hand notation
𝑠𝑎(𝑦) = if (y = x) then 𝑎 else 𝑠(𝑦) and ℎ𝑎 = { 1 ↦ 𝑎 }. We further notate the
program with variables as <𝑟> := −1 ; (𝐶1 ‖ 𝐶2 ). We first have the execution
of <𝑟> := −1, thus obtaining this part of the MDP:

𝐶, (𝑠0, ℎ0)

start

𝐶1 ‖ 𝐶2 , (𝑠0, ℎ−1)
Det, 1

Next we have the choice to either execute the left thread or the right thread.
Executing the left thread will resolve the probabilistic choice. Executing the
right thread will change the stack. We thus obtain

… 𝐶1 ‖ 𝐶2 , (𝑠0, ℎ−1)

<𝑟> := 0 ‖ 𝐶2 , (𝑠0, ℎ−1)

<𝑟> := 1 ‖ 𝐶2 , (𝑠0, ℎ−1)

𝐶1 ‖ 𝐶 ′
2 , (𝑠−1, ℎ−1)

Det, 1

Left Det, 0.5

Left Det, 0.5

Right Det, 1

where 𝐶 ′
2 is the loop of the right thread while ( 𝑥 = −1 ) { 𝑥 := <𝑟> }.

We first continue with the states obtained from executing the left thread as
these will be easy. Executing the manipulation changes the heap once again
and leaves the left threads as terminated:

…

<𝑟> := 0 ‖ 𝐶2 , (𝑠0, ℎ−1)

<𝑟> := 1 ‖ 𝐶2 , (𝑠0, ℎ−1)

↓ ‖ 𝐶2 , (𝑠0, ℎ0)

↓ ‖ 𝐶2 , (𝑠0, ℎ1)

<𝑟> := 0 ‖ 𝐶 ′
2 , (𝑠−1, ℎ−1)

<𝑟> := 1 ‖ 𝐶 ′
2 , (𝑠−1, ℎ−1)

Left Det, 0.5

Left Det, 0.5

Left Det, 1

Left Det, 1

Right Det, 1

Right Det, 1

For both left executing paths we now have the following straightforward paths
and do not enter the loop:
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⋮⋮

↓ ‖ 𝐶2 , (𝑠0, ℎ0)↓ ‖ 𝐶2 , (𝑠0, ℎ1)

↓ ‖ 𝐶 ′
2 , (𝑠0, ℎ0)↓ ‖ 𝐶 ′

2 , (𝑠1, ℎ1)

↓ ‖ ↓ , (𝑠0, ℎ0)↓ ‖ ↓ , (𝑠1, ℎ1)

↓, (𝑠0, ℎ0)↓, (𝑠1, ℎ1)

Left Det, 1Left Det, 1

Right Det, 1Right Det, 1

Right Det, 1Right Det, 1

Det, 1Det, 1

Nowwe further follow the other reachable states from state 𝐶1 ‖ 𝐶 ′
2 , (𝑠−1, ℎ−1).

We can again either execute the left thread or the right thread. We notice
however, that states reappear:

… 𝐶1 ‖ 𝐶 ′
2 , (𝑠−1, ℎ−1)

<𝑟> := 0 ‖ 𝐶 ′
2 , (𝑠−1, ℎ−1)

<𝑟> := 1 ‖ 𝐶 ′
2 , (𝑠−1, ℎ−1)

𝐶1 ‖ 𝐶2 , (𝑠−1, ℎ−1)

Right Det, 1

Left Det, 0.5

Left Det, 0.5

Right Det, 1

Since the loop condition is still valid in the state (𝑠−1, ℎ−1), execut-
ing the right branch transitions the state 𝐶1 ‖ 𝐶 ′

2 , (𝑠−1, ℎ−1) to the state
𝐶1 ‖ (𝑥 := <𝑟> ; 𝐶 ′

2) , (𝑠−1, ℎ−1). Since 𝑥 := <𝑟> ; 𝐶 ′
2 is the same as 𝐶2, we

denote this state instead as 𝐶1 ‖ 𝐶2 , (𝑠−1, ℎ−1). Taking the transition for the
left thread yields a state that already appeared. We continue with the execution
from this state and obtain:

We obtained the cur-
rent state twice, as
such we depict two
sources with dots.
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⋮

<𝑟> := 0 ‖ 𝐶 ′
2 , (𝑠−1, ℎ−1)

⋮

↓ ‖ 𝐶 ′
2 , (𝑠−1, ℎ0) <𝑟> := 0 ‖ 𝐶2 , (𝑠−1, ℎ−1)

↓ ‖ 𝐶2 , (𝑠−1, ℎ0)

Left Det, 0.5Right Det, 1

Left Det, 1
Right Det, 1

Right Det, 1
Left Det, 1

Right Det, 1

We observe that the loop may not terminate in case we always pick the ac-
tion Right Det. Indeed, to guarantee termination, we require fairness of the
schedule here. We already investigated the transitions that are possible from
state ↓ ‖ 𝐶2 , (𝑠0, ℎ0), thus we do not repeat them. The transitions from state
<𝑟> := 1 ‖ 𝐶 ′

2 , (𝑠−1, ℎ−1) are analogous. Thus we are only left with the state
𝐶1 ‖ 𝐶2 , (𝑠−1, ℎ−1). For every possible transition from this state, we obtain a
state that we already considered:

We depict the state
𝐶1 ‖ 𝐶 ′

2 , (𝑠−1, ℎ−1)
here special to
highlight, that we
obtained the state
𝐶1 ‖ 𝐶2 , (𝑠−1, ℎ−1)
from there.

𝐶1 ‖ 𝐶2 , (𝑠−1, ℎ−1) <𝑟> := 0 ‖ 𝐶2 , (𝑠−1, ℎ−1)

<𝑟> := 1 ‖ 𝐶2 , (𝑠−1, ℎ−1)

𝐶1 ‖ 𝐶 ′
2 , (𝑠−1, ℎ−1)… …

Left Det, 0.5

Left Det, 0.5

Right Det, 1 Right Det, 1

The two states <𝑟> := 0 ‖ 𝐶2 , (𝑠−1, ℎ−1) and <𝑟> := 1 ‖ 𝐶2 , (𝑠−1, ℎ−1) oc-
curred in the previous representation. The state 𝐶1 ‖ 𝐶 ′

2 , (𝑠−1, ℎ−1) is where
we come from. Since it forms a cycle with our investigated state, we depict it
here again.
The Markov decision process is now fully constructed and careful observation
reveals that the program does not terminate (due to non-fair schedule) or the
program terminates with probability 0.5 in a state with 𝑠0(𝑥) = 0 and with
probability 0.5 in a state with 𝑠1(𝑥) = 1.

6.2. Weakest Resource-Safe Liberal Expectation

In order to reason about the possibly infinite MDP semantics introduced in
the previous section, we use axiomatic semantics similar to the ones used in
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Chapters 3 and 4. We use weakest expectation semantics to justify the soundness
of the axiomatic semantics. However, similar to Chapter 3, we require liberal
semantics to enable a rule for concurrency and resource invariants to reason about
shared memory.

Resource invariants are used to describe an invariant behavior of shared memory.
Their use can be lifted to the probabilistic setting. However, for weakest expec-
tations, we now also allow the use of fuzzy invariants. As such, an invariant Remark that [33] only

allows qualitative in-
variants.

can “save” and “transmit” collected probability mass between threads. We use
a technique to introduce resource invariants similar to the one used in Defini-
tion 3.3.1: Before every execution step we add a heap “satisfying” the resource
invariant to the state, execute the step, and then remove a heap “satisfying” the
resource invariant again. This way, we always need to guarantee that the shared
memory does indeed “satisfy” the resource invariant — otherwise there is nothing
to remove. We put satisfaction into quotation marks here as fuzzy separation
logic does not offer a satisfaction relation. A more precise description is that we
add heaps with a weight and remove heaps with a weight. Unfortunately this is
not as illustrative.

Executing one step is performed similar to the way we defined executing one
step in Definition 4.4.1: For one action, we take the weighted sum ∑𝜎 𝑝𝜎 ⋅ 𝑋(𝜎)
for every possible transition to state 𝜎 over the random variable 𝑋(𝜎) to evaluate
weighted by the probability of that transition. We exclude aborting transitions as
we always weight erroneous executions with 0 and since some proofs are easier
when we exclude aborting transitions. We then take the infimum of these sums
over all enabled actions since we reason about lower bounds for any action.

In this sense, we combine the definition of weakest expectation (Definition 4.4.1
on page 67) with the definition of weakest resource-safe liberal precondition
(Definition 3.3.1 on page 36) to obtain semantics for concurrent probabilistic
programs. We will later in this section see that this also transfers to the axiomatic
semantics and that we obtain axiomatic semantics reflecting a combination of
those for concurrent programs and those for probabilistic programs.

Definition 6.2.1 (Weakest Resource-Safe Liberal Expectation) Let 𝐶 be a cpPL
program, 𝑋 ∈ RV1 a random variable in fuzzy separation logic and 𝑅 ∈ RV1 a
resource invariant. The weakest resource-safe liberal expectation wrle is the
greatest solution of the equivalence We encourage com-

paring this definition
with Definitions 3.3.1
and 4.4.1 to see both
similarities and differ-
ences.

wrleJ𝐶K (𝑋 | 𝑅) =
⎧⎪⎪
⎨
⎪⎪
⎩

0 if 𝐶 =  
𝑋 if 𝐶 = ↓
𝑅 −−○⋆ stepJ𝐶K (𝜆𝐶 ′.wrleJ𝐶 ′K (𝑋 | 𝑅) ⋆ 𝑅) else

where stepJ𝐶K (𝑓) for a cpPL program 𝐶, (𝑠, ℎ) ∈ States, 𝜂 ∈ LStacks and a
function 𝑓 mapping programs to RV1 is defined as

stepJ𝐶K (𝑓) (𝑠, ℎ, 𝜂)

= inf
𝑎∈Act(𝐶,(𝑠,ℎ))

•
∑

𝐶,(𝑠,ℎ)
𝑝−→
a
𝐶′,(𝑠′,ℎ′),𝐶′≠ 

𝑝 ⋅ 𝑓(𝐶 ′)(𝑠′, ℎ′, 𝜂).

The weakest resource-safe liberal expectation is a liberal semantics, which means
that it weights non-termination with the top value. One may wonder now if that
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causes any problems in the presence of unfair schedulers. An unfair scheduler
starves one thread in favor of a busy waiting thread, thus stopping any further
progress. This yields spurious non-terminating behavior. Usually we assume that
in a system allowing multiple threads, the scheduler never starves any thread.
This is however not an actual problem. Consider an initial state (𝑠, ℎ) for which
one schedule never terminates (e.g. an unfair schedule) and one schedule that
terminates with a certain probability. Since we take the infimum over schedules
and non-terminating schedules will yield the top value, the value of a terminating
schedule will always be lower and wrle always prefers fair schedules over unfair
schedules.

We can formalize the connection between the weakest resource-safe liberal
expectation and the weakest resource-safe liberal precondition by means of
conservativity. Indeed, the wrle yields exactly the same results as wrlp if applied
to non-probabilistic programs and 1 interpreted as true and 0 interpreted as
false.

Theorem 6.2.1 (Conservativity of wrle) Let 𝐶 be a cPL program, Φ ∈ SLProp
a postcondition and 𝜉 ∈ SLProp a resource invariant in qualitative separation
logic. We have that

[wrlpJ𝐶K (Φ ∣ 𝜉)] = wrleJ𝐶K ([Φ] | [𝜉]) .

Proof. Follows from applying Theorem 2.3.3 and transfinite induction on the
ordinals. Finally, using conservativity from Theorem 5.3.5, it only remains to
prove that the step functions behave the same. Since no probability is present,
the addition in the wrle step function degrades into 𝑓(𝐶 ′)(𝑠′, ℎ′, 𝜂) if for all
𝑎, 𝐶 ′, 𝑠′, ℎ′ with 𝑎 ∈ Act(𝐶, (𝑠, ℎ)) and 𝐶, (𝑠, ℎ) 𝑝−→

a
𝐶 ′, (𝑠′, ℎ′) we have 𝐶 ′ ≠  ,

and zero otherwise. Note that when 𝑎 ∈ Act(𝐶, (𝑠, ℎ)) we have 𝐶, (𝑠, ℎ) −→
𝐶 ′, (𝑠′, ℎ′) for wrlp and vice versa. Thus we have the equality.

We prove a similar adequacy to the one we hypothesize in Conjecture 4.1.1. If
we take every terminating path, and sum the probability of that path multiplied
with the random variable applied to final states with program ↓ of the path, we
obtain the expected value regarding the random variable. If we now also add
the probability of divergence, we obtain a notion of liberal expected value. We
encode diverging runs here by not reaching the final states, which are states with
program ↓ or  . Runs resulting in  are thus always weighted with 0. The weakest
resource-safe liberal expectation with resource invariant [emp] is indeed equal
to the liberal expected value of one-bounded non-negative random variables.
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Theorem 6.2.2 (Adequacy of Weakest Resource-Safe Liberal Expectation) Let
𝐶 be a cpPL program, 𝑋 ∈ RV1 a random variable, (𝑠, ℎ) ∈ States a program
state and 𝜂 ∈ LVars assignments for logical variables. We denote with ℙ𝐶,(𝑠,ℎ)𝔰 the
probability transition function for the induced Markov chain with scheduler 𝔰
from initial state 𝐶, (𝑠, ℎ). We have the following equality between the weakest
resource-safe liberal expectation and the liberal expected value That means that wrle

with empty resource
invariant and for the
random variable 𝑋 is
equal to the value of
inf𝔰 𝔼(𝑋) + ℙ(¬term).

wrleJ𝐶K (𝑋 | [emp]) (𝑠, ℎ, 𝜂)

= inf
𝔰∈𝕊

∑
↓,(𝑠′,ℎ′)

ℙ𝐶,(𝑠,ℎ)𝔰 (⋄ ↓, (𝑠′, ℎ′)) ⋅ 𝑋(𝑠′, ℎ′, 𝜂)

+ 1 − ∑
𝐶,(𝑠′,ℎ′),𝐶∈{ ↓, }

ℙ𝐶,(𝑠,ℎ)𝔰 (⋄𝐶, (𝑠′, ℎ′)).

In order to prove this theorem, another theorem is helpful. We can transform
the fixed point defined in Definition 6.2.1 into an infimum using Theorem 2.3.1.
This brings us already one step closer to verifying the equality in Theorem 6.2.2.
We could also use Theorem 2.3.3 to do this, however, unifying the resulting
expressions seem difficult. To apply Theorem 2.3.1, we need to prove that wrle
is co-𝜔-Scott-continues.

Theorem 6.2.3 For a cpPL program 𝐶, the weakest resource-safe liberal expecta-
tion 𝜆𝑋.wrleJ𝐶K (𝑋 | [emp]) is co-𝜔-Scott-continues.

Proof. See [43] at LeanFSL.CFSL.Cocontinous.

We now proceed to prove Theorem 6.2.2. This proof has not been formalized
in Lean due to lack of formalization of the necessary theorems and definitons
for the right side of the equation concerning MDP semantics, which were out of
scope for this thesis.

Proof of Theorem 6.2.2. Wewill transform both sides of the equation into different
forms that are easier to handle and which allow the use of natural induction to
reason about.

First, we can transform the equation defining wrleJ𝐶K (𝑋 | [emp]) using that the
resource invariant is emp into the equation

wrleJ𝐶K (𝑋 | [emp]) (𝑠, ℎ, 𝜂)

=

⎧⎪⎪⎪⎪
⎨
⎪⎪⎪⎪
⎩

0 if 𝐶 =  
𝑋 if 𝐶 = ↓

inf
𝑎∈Act(𝐶,(𝑠,ℎ))

•
∑

𝐶,(𝑠,ℎ)
𝑝−→
a
𝐶′,(𝑠′,ℎ′),𝐶′≠ 

𝑝 ⋅ wrleJ𝐶 ′K (𝑋 | [emp]) (𝑠′, ℎ′, 𝜂) else

We can extract the characteristic function from this equation defining a fixed
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point and obtain that for the characteristic function

wrlestepJ𝐶K (𝑋 | [emp]) (𝑌)(𝑠, ℎ, 𝜂)

=

⎧⎪⎪⎪⎪
⎨
⎪⎪⎪⎪
⎩

0 if 𝐶 =  
𝑋 if 𝐶 = ↓

inf
𝑎∈Act(𝐶,(𝑠,ℎ))

•
∑

𝐶,(𝑠,ℎ)
𝑝−→
a
𝐶′,(𝑠′,ℎ′),𝐶′≠ 

𝑝 ⋅ 𝑌(𝐶 ′)(𝑠′, ℎ′, 𝜂) else,

we have that

wrleJ𝐶K (𝑋 | [emp]) = gfp wrlestepJ𝐶K (𝑋 | [emp]) .

We can furthermore prove (see [43] at LeanFSL.CFSL.Bellman) that the charac-
teristic function is equivalent to the one of the Bellman equation, thus obtaining
the equality

wrlestepJ𝐶K (𝑋 | [emp]) (𝑌)(𝑠, ℎ, 𝜂)

=

⎧⎪⎪⎪⎪
⎨
⎪⎪⎪⎪
⎩

0 if 𝐶 =  
𝑋 if 𝐶 = ↓

inf
𝑎∈Act(𝐶,(𝑠,ℎ))

•
∑

𝐶,(𝑠,ℎ)
𝑝−→
a
𝐶′,(𝑠′,ℎ′)

𝑝 ⋅ 𝑌(𝐶 ′)(𝑠′, ℎ′, 𝜂) else.

Moreover, since in each step we only have convex sums (of even only two
elements), we also have that the sum behaves regular and thus the following
equality also holds

wrlestepJ𝐶K (𝑋 | [emp]) (𝑌)(𝑠, ℎ, 𝜂)

=

⎧⎪⎪⎪
⎨
⎪⎪⎪
⎩

0 if 𝐶 =  
𝑋 if 𝐶 = ↓

inf
𝑎∈Act(𝐶,(𝑠,ℎ))

∑
𝐶,(𝑠,ℎ)

𝑝−→
a
𝐶′,(𝑠′,ℎ′)

𝑝 ⋅ 𝑌(𝐶 ′)(𝑠′, ℎ′, 𝜂) else.

Finally we can apply Theorem 2.3.1 because of Theorem 6.2.3 and obtain that
the weakest resource-safe liberal expectation wrleJ𝐶K (𝑋 | [emp]) with empty
resource invariant is equivalent to the infimum of the natural fixed point iteration

wrleJ𝐶K (𝑋 | [emp]) = inf
𝑛∈ℕ

wlestep𝑛J𝐶K (𝑋)

where we define wlestep𝑛J𝐶K (𝑋) as

wlestep0J𝐶K (𝑋) (𝑠, ℎ, 𝜂) = 1
wlestep𝑛+1J𝐶K (𝑋) (𝑠, ℎ, 𝜂)

=

⎧⎪⎪⎪
⎨
⎪⎪⎪
⎩

0 if 𝐶 =  
𝑋 if 𝐶 = ↓

inf
𝑎∈Act(𝐶,(𝑠,ℎ))

∑
𝐶,(𝑠,ℎ)

𝑝−→
a
𝐶′,(𝑠′,ℎ′)

𝑝 ⋅ wlestep𝑛J𝐶 ′K (𝑋) (𝑠′, ℎ′, 𝜂) else

Secondly, we transform the right side of the equation in Theorem 6.2.2 using
monotone convergence and the definition of reachability probabilities ℙ𝐶,(𝑠,ℎ)𝔰
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with initial state 𝐶, (𝑠, ℎ) into

inf
𝑛∈ℕ

inf
𝔰∈𝕊

∑
|𝜋|≤𝑛,𝜋1=𝐶,(𝑠,ℎ),𝜋𝑘=↓,(𝑠𝑘,ℎ𝑘)

⎛
⎝
∏

1≤𝑖<𝑘
ℙ𝐶,(𝑠,ℎ)𝔰 (𝜋𝑖, 𝜋𝑖+1)⎞

⎠
⋅ 𝑋(𝑠𝑘, ℎ𝑘, 𝜂)

+ 1 − ∑
|𝜋|≤𝑛,𝜋1=𝐶,(𝑠,ℎ),𝜋𝑘=𝐶𝑘,(𝑠𝑘,ℎ𝑘),𝐶𝑘∈{ ↓, }

∏
1≤𝑖<𝑘

ℙ𝐶,(𝑠,ℎ)𝔰 (𝜋𝑖, 𝜋𝑖+1),

where 𝜋 is a path in the MDP, |𝜋| the length of path, 𝜋𝑖 the 𝑖th element of the path
and 𝜋𝑖 are the first 𝑖 elements of the path. If the value for the above expression is
equal to wlestep𝑛J𝐶K (𝑋) (𝑠, ℎ, 𝜂) for every 𝑛, the infimum of these is also equal.
Thus we proceed by using natural induction to prove the equivalence. We generalize over the

programs 𝐶 and states
(𝑠, ℎ) for this induc-
tion.

For 𝑛 = 0 we have that wlestep0J𝐶K (𝑋) (𝑠, ℎ, 𝜂) = 1 and since |𝜋| = 0 means
that 𝜋 is empty, we have that the other expression is

inf
𝔰∈𝕊

∑
|𝜋|≤0,𝜋1=𝐶,(𝑠,ℎ),𝜋𝑘=↓,(𝑠𝑘,ℎ𝑘)

⎛
⎝
∏

1≤𝑖<𝑘
ℙ𝐶,(𝑠,ℎ)𝔰 (𝜋𝑖, 𝜋𝑖+1)⎞

⎠
⋅ 𝑋(𝑠𝑘, ℎ𝑘, 𝜂)

+ 1 − ∑
|𝜋|≤0,𝜋1=𝐶,(𝑠,ℎ),𝜋𝑘=𝐶𝑘,(𝑠𝑘,ℎ𝑘),𝐶𝑘∈{ ↓, }

∏
1≤𝑖<𝑘

ℙ𝐶,(𝑠,ℎ)𝔰 (𝜋𝑖, 𝜋𝑖+1)

= inf
𝔰∈𝕊

0 + 1 − 0 = 1.

We obtain as induction hypothesis that for a fixed but arbitrary 𝑛 and for all 𝐶
and (𝑠, ℎ) we have

wlestep𝑛J𝐶K (𝑋) (𝑠, ℎ, 𝜂)

= inf
𝔰∈𝕊

∑
|𝜋|≤𝑛,𝜋1=𝐶,(𝑠,ℎ),𝜋𝑘=↓,(𝑠𝑘,ℎ𝑘)

⎛
⎝
∏

1≤𝑖<𝑘
ℙ𝐶,(𝑠,ℎ)𝔰 (𝜋𝑖, 𝜋𝑖+1)⎞

⎠
⋅ 𝑋(𝑠𝑘, ℎ𝑘, 𝜂)

+ 1 − ∑
|𝜋|≤𝑛,𝜋1=𝐶,(𝑠,ℎ),𝜋𝑘=𝐶𝑘,(𝑠𝑘,ℎ𝑘),𝐶𝑘∈{ ↓, }

∏
1≤𝑖<𝑘

ℙ𝐶,(𝑠,ℎ)𝔰 (𝜋𝑖, 𝜋𝑖+1).

For the induction step, we need to prove that

wlestep𝑛+1J𝐶K (𝑋) (𝑠, ℎ, 𝜂)

= inf
𝔰∈𝕊

∑
|𝜋|≤𝑛+1,𝜋1=𝐶,(𝑠,ℎ),𝜋𝑘=↓,(𝑠𝑘,ℎ𝑘)

⎛
⎝
∏

1≤𝑖<𝑘
ℙ𝐶,(𝑠,ℎ)𝔰 (𝜋𝑖, 𝜋𝑖+1)⎞

⎠
⋅ 𝑋(𝑠𝑘, ℎ𝑘, 𝜂)

+ 1 − ∑
|𝜋|≤𝑛+1,𝜋1=𝐶,(𝑠,ℎ),𝜋𝑘=𝐶𝑘,(𝑠𝑘,ℎ𝑘),𝐶𝑘∈{ ↓, }

∏
1≤𝑖<𝑘

ℙ𝐶,(𝑠,ℎ)𝔰 (𝜋𝑖, 𝜋𝑖+1).

In case that 𝐶 =  we immediately have that both sides are 0 since  is a final
state and the addition does not add values ending in  . In case that 𝐶 =↓ we
immediately have that both sides are 𝑋 since ↓ is a final state. Thus we assume
that 𝐶 ∉ { ↓, }.
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By extracting the first element of the big product we obtain:

inf
𝔰∈𝕊

∑
|𝜋|≤𝑛+1,𝜋1=𝐶,(𝑠,ℎ),𝜋𝑘=↓,(𝑠𝑘,ℎ𝑘)

⎛
⎝
∏

1≤𝑖<𝑘
ℙ𝐶,(𝑠,ℎ)𝔰 (𝜋𝑖, 𝜋𝑖+1)⎞

⎠
⋅ 𝑋(𝑠𝑘, ℎ𝑘, 𝜂)

+ 1 − ∑
|𝜋|≤𝑛+1,𝜋1=𝐶,(𝑠,ℎ),𝜋𝑘=𝐶𝑘,(𝑠𝑘,ℎ𝑘),𝐶𝑘∈{ ↓, }

∏
1≤𝑖<𝑘

ℙ𝐶,(𝑠,ℎ)𝔰 (𝜋𝑖, 𝜋𝑖+1)

= inf
𝔰∈𝕊

∑
|𝜋|≤𝑛+1,𝜋1=𝐶,(𝑠,ℎ),𝜋𝑘=↓,(𝑠𝑘,ℎ𝑘)

ℙ𝐶,(𝑠,ℎ)𝔰 (𝜋1, 𝜋1𝜋2)

⋅ ⎛
⎝
∏

2≤𝑖<𝑘
ℙ𝐶,(𝑠,ℎ)𝔰 (𝜋𝑖, 𝜋𝑖+1)⎞

⎠
⋅ 𝑋(𝑠𝑘, ℎ𝑘, 𝜂)

+ 1 − ∑
|𝜋|≤𝑛+1,𝜋1=𝐶,(𝑠,ℎ),𝜋𝑘=𝐶𝑘,(𝑠𝑘,ℎ𝑘),𝐶𝑘∈{ ↓, }

ℙ𝐶,(𝑠,ℎ)𝔰 (𝜋1, 𝜋1𝜋2)

⋅ ∏
2≤𝑖<𝑘

ℙ𝐶,(𝑠,ℎ)𝔰 (𝜋𝑖, 𝜋𝑖+1).

Now we can split the sum by first summing over all possible transitions in the
first step and then the rest of the path:

= inf
𝔰∈𝕊

∑
𝐶,(𝑠,ℎ)

𝑝−−−−−−−→
𝔰(𝐶, (𝑠, ℎ))

𝐶′,(𝑠′,ℎ′)

∑
|𝜋|≤𝑛,𝜋1=𝐶,(𝑠,ℎ),𝜋2=𝐶′,(𝑠′,ℎ′),𝜋𝑘=↓,(𝑠𝑘,ℎ𝑘)

ℙ𝐶,(𝑠,ℎ)𝔰 (𝜋1, 𝜋1𝜋2) ⋅ ⎛
⎝
∏

2≤𝑖<𝑘
ℙ𝐶,(𝑠,ℎ)𝔰 (𝜋𝑖, 𝜋𝑖+1)⎞

⎠
⋅ 𝑋(𝑠𝑘, ℎ𝑘, 𝜂)

+ 1 − ∑
𝐶,(𝑠,ℎ)

𝑝−−−−−−−→
𝔰(𝐶, (𝑠, ℎ))

𝐶′,(𝑠′,ℎ′)

∑
|𝜋|≤𝑛,𝜋1=𝐶,(𝑠,ℎ),𝜋2=𝐶′,(𝑠′,ℎ′),𝜋𝑘=𝐶𝑘,(𝑠𝑘,ℎ𝑘),𝐶𝑘∈{ ↓, }

ℙ𝐶,(𝑠,ℎ)𝔰 (𝜋1, 𝜋1𝜋2) ⋅ ∏
2≤𝑖<𝑘

ℙ𝐶,(𝑠,ℎ)𝔰 (𝜋𝑖, 𝜋𝑖+1).

Using distributivity we can extract the probability of the first transition and
replace ℙ𝐶,(𝑠,ℎ)𝔰 (𝜋1, 𝜋1𝜋2) = 𝑝 to obtain:

= inf
𝔰∈𝕊

∑
𝐶,(𝑠,ℎ)

𝑝−−−−−−−→
𝔰(𝐶, (𝑠, ℎ))

𝐶′,(𝑠′,ℎ′)

𝑝 ⋅ ∑
|𝜋|≤𝑛,𝜋1=𝐶,(𝑠,ℎ),𝜋2=𝐶′,(𝑠′,ℎ′),𝜋𝑘=↓,(𝑠𝑘,ℎ𝑘)

—"—

+ 1 − ∑
𝐶,(𝑠,ℎ)

𝑝−−−−−−−→
𝔰(𝐶, (𝑠, ℎ))

𝐶′,(𝑠′,ℎ′)

𝑝

⋅ ∑
|𝜋|≤𝑛,𝜋1=𝐶,(𝑠,ℎ),𝜋2=𝐶′,(𝑠′,ℎ′),𝜋𝑘=𝐶𝑘,(𝑠𝑘,ℎ𝑘),𝐶𝑘∈{ ↓, }

—"—.

Further using distributivity and associativity/commutativity of addition, we
obtain

= inf
𝔰∈𝕊

∑
𝐶,(𝑠,ℎ)

𝑝−−−−−−−→
𝔰(𝐶, (𝑠, ℎ))

𝐶′,(𝑠′,ℎ′)

𝑝 ⋅ ( ∑
|𝜋|≤𝑛,𝜋1=𝐶,(𝑠,ℎ),𝜋2=𝐶′,(𝑠′,ℎ′),𝜋𝑘=↓,(𝑠𝑘,ℎ𝑘)

—"—

+ 1 − ∑
|𝜋|≤𝑛,𝜋1=𝐶,(𝑠,ℎ),𝜋2=𝐶′,(𝑠′,ℎ′),𝜋𝑘=𝐶𝑘,(𝑠𝑘,ℎ𝑘),𝐶𝑘∈{ ↓, }

—"—).

We can split the infimum inf𝔰∈𝕊… into inf𝑎∈Act(𝐶,(𝑠,ℎ)) inf𝔰∈𝕊… since from the
scheduler 𝔰 we can construct the action 𝔰(𝜎) ∈ Act(𝜎) and the scheduler 𝔰′(𝜋) =
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𝔰(𝜎𝜋) to achieve the same value and vice verse we can construct from an action
𝑎 ∈ Act(𝜎) and a scheduler 𝔰 the new scheduler defined as 𝔰′(𝜎) = 𝑎 and
𝔰′(𝜎1…𝜎𝑘) = if (𝜎1 = 𝜎) then 𝔰(𝜎2…𝜎𝑘) else 𝔰(𝜎1…𝜎𝑘). Thus we obtain

= inf
𝑎∈Act(𝐶,(𝑠,ℎ))

inf
𝔰∈𝕊

∑
𝐶,(𝑠,ℎ)

𝑝−→
a
𝐶′,(𝑠′,ℎ′)

𝑝 ⋅—"—

= inf
𝑎∈Act(𝐶,(𝑠,ℎ))

∑
𝐶,(𝑠,ℎ)

𝑝−→
a
𝐶′,(𝑠′,ℎ′)

𝑝

⋅ inf
𝔰∈𝕊

⎛
⎝

∑
|𝜋|≤𝑛,𝜋1=𝐶′,(𝑠′,ℎ′),𝜋𝑘=↓,(𝑠𝑘,ℎ𝑘)

⋅ ⎛
⎝
∏

1≤𝑖<𝑘
ℙ𝐶

′,(𝑠′,ℎ′)
𝔰 (𝜋𝑖, 𝜋𝑖+1)⎞

⎠
⋅ 𝑋(𝑠𝑘, ℎ𝑘, 𝜂)

+ 1 − ∑
|𝜋|≤𝑛,𝜋1=𝐶′,(𝑠′,ℎ′)𝜋𝑘=𝐶𝑘,(𝑠𝑘,ℎ𝑘),𝐶𝑘∈{ ↓, }

∏
1≤𝑖<𝑘

ℙ𝐶
′,(𝑠′,ℎ′)

𝔰 (𝜋𝑖, 𝜋𝑖+1)⎞
⎠
.

By applying now the induction hypothesis, we obtain

= inf
𝑎∈Act(𝐶,(𝑠,ℎ))

∑
𝐶,(𝑠,ℎ)

𝑝−→
a
𝐶′,(𝑠′,ℎ′)

𝑝 ⋅ wlestep𝑛J𝐶 ′K (𝑋) (𝑠′, ℎ′, 𝜂).

Example 6.2.1 Revisiting Example 6.1.1, we compute the weakest resource-
safe liberal expectation with respect to the random variable [𝑥 = 0] ad-hoc for
the MDP presented there. That is, for the program 𝐶 given as

<𝑟> := −1 ;

pif ( 0.5 ) {
<𝑟> := 0

}else {
<𝑟> := 1

}

‖‖‖‖‖‖‖‖
‖

𝑥 := <𝑟> ;
while ( 𝑥 = −1 ) { 𝑥 := <𝑟> }

we compute wrleJ𝐶K ([𝑥 = 0] | [emp]) (𝑠, ℎ) where the initial program state
𝑠, ℎ is defined as ∀𝑥 ≠ 𝑟. 𝑠(𝑥) = 0, 𝑠(𝑟) = 1 and ℎ = { 1 ↦ 0 }. We apply
Theorem 6.2.2 in order to avoid computing the largest fixed point. It is now
sufficient to compute the value for the actions realizing the smallest value. This
is the case for any fair schedule. Indeed (but without proof), any fair schedule
will realize the same value in this example. We thus consider the schedule that
first always picks the thread on the left-hand side and then the thread on the
right-hand side. Furthermore, since any fair schedule will yield a finite induced
Markov chain, it is sufficient to consider a sufficiently big 𝑛 for transition steps.

This demonstrates that
we can indeed com-
pute probabilities for
realizing a condition
after termination.

Following the reasoning of Example 6.1.1, we can conclude that we reach a
state ↓, (𝑠, ℎ) with 𝑠(𝑥) = 1 with probability 0.5 and furthermore we have that
[𝑥 = 0] (𝑠, ℎ) = 1, thus we obtain wrleJ𝐶K ([𝑥 = 0] | [emp]) (𝑠, ℎ) = 0.5.

Example 6.2.2 In this example we will consider an alternative view on re-
source invariants. For this, we explore an alternative (less elegant) way to
handle concurrency. Instead of defining rules to handle concurrency locally,
one may also transform a concurrent program into a sequential program with
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non-determinism and verify the sequential program instead. Consider a pro-
gram of the form 𝐶1 ‖ 𝐶2 and let 𝑥, 𝑦1, 𝑦2 be fresh variables. Then we can
write a program that non-deterministically either assigns 𝑥 = 1 or 𝑥 = 2. If
𝑥 = 1, we execute a step in program 𝐶1 at step 𝑦1 and if 𝑥 = 2, we execute a
step in program 𝐶1 at step 𝑦2. Let us be more concrete and say we transform
the program

<𝑧> := 1 ‖ <𝑧> := 2

into the program

𝑦1 := 0 ;
𝑦2 := 0 ;
while ( 𝑦1 ≠ −1 ∨ 𝑦2 ≠ −1 ) {
if (nondet ) { 𝑥 := 1 } else { 𝑥 := 2 } ;
if ( 𝑥 = 1 ∨ 𝑦2 = −1 ) {
<𝑧> := 1 ;
𝑦1 := −1

}
if ( 𝑥 = 2 ∨ 𝑦1 = −1 ) {
<𝑧> := 2 ;
𝑦2 := −1

}
}

to reason about this instead. A resource invariant for the original program, for
example [𝑧 ↦ 1]∨[𝑧 ↦ 2] is now also a loop invariant for the transformed pro-
gram. That is, a resource invariant can be used with possibly minor adaptions
as a loop invariant in the sequential program simulating the execution flow
of the concurrent program. Remark that the other way does not work. Loop
invariants may have access to variables 𝑦1, 𝑦2, 𝑥, which the resource invariant
has no access to.

6.3. Axiomatic Semantics for Lower Bounds on Concurrent
Probabilistic Programs

Computing the Markov decision process semantics and its induced Markov chain
is not always possible as the (1) the Markov chain is usually infinite, (2) the
Markov decision process may be infinite, and (3) we would like to reason about
the Markov decision process for each initial state and not only for one. While
problem (1) can be solved by computing the value on the MDP immediately
instead, the other two problems require different semantics. We propose here to
use axiomatic semantics in order to deal with concurrency, which is otherwise
difficult to handle. The semantics we offer allow proving a lower bound of wrle
and thus can especially be used to compute lower bounds of probabilities for a
certain condition to hold. In principle, we can also compute the lower bounds of
expected values for random variables. However, it is rare that we are interested in
the expected value of a random variable that is bound in the unit interval [0, 1].
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We notate lower bound specifications in a tuple containing the lower bound, the
program, the random variable and the resource invariant. This is analogous to
the specifications we introduced in Chapter 3.

Definition 6.3.1 (Lower Bound Specification for cpPL Programs) We let
𝑋, 𝑌, 𝑅 ∈ RV1 be random variables and 𝐶 a cpPL program. We define the
lower bound specification 𝑅 ⊢ {𝑋 }≤ 𝐶 {𝑌 } as

𝑅 ⊢ {𝑋 }≤ 𝐶 {𝑌 } ⟺ 𝑋 ⊨ wrleJ𝐶K (𝑌 | 𝑅) .

From Theorem 6.2.1, we can already and immediately derive the next conserva-
tivity theorem concerning lower bound specifications.

Corollary 6.3.1 Let𝐶 be a cPL program,Φ ∈ SLProp a precondition,Ψ ∈ SLProp
a postcondition and 𝜉 ∈ SLProp a resource invariant in qualitative separation
logic. We have that

[𝜉] ⊢ { [Φ] }≤ 𝐶 { [Ψ] } ⟺ 𝜉 ⊢ {Φ } 𝐶 {Ψ } ,

where the right-hand side is as defined in Definition 3.3.2.

Using the specifications from Definition 6.3.1, we define proof rules shown in
Figure 6.3 allowing the verification of such specifications. These proof rules
constitute the axiomatic semantics for concurrent probabilistic programs. The
proof rules look very similar to the proof rules from Figures 3.3 and 4.3. We have
proof rules for every program construct. A key difference between the proof We could also add a

proof rule combining
cas-true and cas-false.
Our Lean implementa-
tion also features this
additional proof rule.

rules presented here and the proof rules from Chapter 4 is that we swapped the
order of the entailment relation again (in the rules for loops and monotonicity),
as we now argue about lower bounds instead of upper bounds. This also enables
us to eliminate maxima instead of minima. We do not have a rule for minima at
all, not even if the resource invariant is precise. The reason is that the weakest
liberal expectation does not nicely behave for minima. This is different

in the qualitative
setting where we
have a conjunction
elimination rule.

Example 6.3.1 Consider the program

𝐶 = pif ( 0.5 ) { 𝑥 := 1 } else { 𝑥 := 2 } .

Then we have that wrleJ𝐶K ([𝑥 = 1] ⊓ [𝑥 = 2] | [emp]) = [false] as we have
[𝑥 = 1] ⊓ [𝑥 = 2] = [false] and as wrle is monotone. Moreover, remark that
[emp] is precise. However, if we would eliminate the minima using an un-
sound minima elimination rule, we have wrleJ𝐶K ([𝑥 = 1] | [emp]) = ⟨0.5⟩ and
wrleJ𝐶K ([𝑥 = 2] | [emp]) = ⟨0.5⟩, and it should hold that

⟨0.5⟩ ⊓ ⟨0.5⟩ ⊨ wrleJ𝐶K ([𝑥 = 1] ⊓ [𝑦 = 1] | [emp]) .

However, we have that

⟨0.5⟩ ⊓ ⟨0.5⟩ = ⟨0.5⟩ ⊭ [false] = wrleJ𝐶K ([ ] | 𝑥 = 1) ⊓ [𝑦 = 1] [emp].

Therefore the rule is wrong.

Since in FSL we have introduced the quantitative negation ∼𝑋, we also use
the quantitative negation and replace the qualitative negation inside of Iverson
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skip
𝑅 ⊢ {𝑋 }≤ skip { 𝑋 }

𝑥 ∉ Vars (𝑅)
assign

𝑅 ⊢ {𝑋 [𝑥 ≔ 𝑒] }≤ 𝑥 := 𝑒 { 𝑋 }

𝑥 ∉ Vars (𝑅)
lookup

𝑅 ⊢ { S𝑎. [𝑒 ↦ 𝑎] ⋆ ([𝑒 ↦ 𝑎] −−○⋆ 𝑋 [𝑥 ≔ 𝑎]) }≤ 𝑥 := <𝑒> { 𝑋 }

mut
𝑅 ⊢ { ( S𝑎. [𝑒 ↦ 𝑎]) ⋆ ([𝑒 ↦ 𝑒′] −−○⋆ 𝑋) }≤ <𝑒> := 𝑒′ { 𝑋 }

𝑥 ∉ Vars (𝑅)
alloc

𝑅 ⊢ { [𝑒 ∈ ℕ] ⋅ I 𝑎.
𝑒−1
★
𝑖=0

[𝑎 + 𝑖 ↦ 0] −−○⋆ 𝑋 [𝑥 ≔ 𝑎] }
≤
𝑥 := new (𝑒) { 𝑋 }

dealloc
𝑅 ⊢ { [𝑒′ ∈ ℕ] ⋅ (

𝑒′−1
★
𝑖=0

S𝑎. [𝑒 + 𝑖 ↦ 𝑎]) ⋆ 𝑋}
≤
free(𝑒, 𝑒′) { 𝑋 }

𝑥 ∉ Vars (𝑅)
cas-true

𝑅 ⊢ { [𝑒𝑙 ↦ 𝑒𝑐] ⋆ ([𝑒𝑙 ↦ 𝑒𝑠] −−○⋆ 𝑋 [𝑥 ≔ 1]) }≤ 𝑥 := CAS(𝑒𝑙, 𝑒𝑐, 𝑒𝑠) { 𝑋 }

𝑥 ∉ Vars (𝑅)
cas-false𝑅 ⊢ { S𝑎. ([𝑒𝑙 ↦ 𝑎] ⋅ ∼ [𝑎 = 𝑒𝑐]) ⋆ ([𝑒𝑙 ↦ 𝑎] −−○⋆ 𝑋 [𝑥 ≔ 0]) }≤ 𝑥 := CAS(𝑒𝑙, 𝑒𝑐, 𝑒𝑠) { 𝑋 }

𝑅 ⊢ {𝑋1 }≤ 𝐶1 { 𝑌 } 𝑅 ⊢ {𝑋2 }≤ 𝐶2 { 𝑌 }
if𝑅 ⊢ { [𝑒𝑏] ⋅ 𝑋1 ⊔ ∼ [𝑒𝑏] ⋅ 𝑋2 }≤ if ( 𝑒𝑏 ) { 𝐶1 } else { 𝐶2 } { 𝑌 }

𝑅 ⊢ {𝑋1 }≤ 𝐶1 { 𝑌 } 𝑅 ⊢ {𝑋2 }≤ 𝐶2 { 𝑌 }
pif

𝑅 ⊢ { ⟨𝑒⟩ ⋅ 𝑋1 + ∼⟨𝑒⟩ ⋅ 𝑋2 }≤ pif ( 𝑒 ) { 𝐶1 } else { 𝐶2 } { 𝑌 }

𝑅 ⊢ {𝑋 }≤ 𝐶1 { 𝑌 } 𝑅 ⊢ { 𝑌 }≤ 𝐶2 { 𝑍 } seq
𝑅 ⊢ {𝑋 }≤ 𝐶1 ; 𝐶2 { 𝑍 }

𝐼 ⊨ [𝑒𝑏] ⋅ 𝑋 ⊔ ∼ [𝑒𝑏] ⋅ 𝑌 𝑅 ⊢ {𝑋 }≤ 𝐶 { 𝐼 }
while𝑅 ⊢ { 𝐼 }≤ while ( 𝑒𝑏 ) { 𝐶 } { 𝑌 }

𝑅 ⊢ {𝑋1 }≤ 𝐶1 { 𝑌1 } 𝑅 ⊢ {𝑋2 }≤ 𝐶2 { 𝑌2 } ∀𝑖 ∈ { 1, 2 } . Write(𝐶𝑖) ∩ Vars (𝐶3−𝑖, 𝑌3−𝑖, 𝑅) = ∅
concur

𝑅 ⊢ {𝑋1 ⋆ 𝑋2 }≤ 𝐶1 ‖ 𝐶2 { 𝑌1 ⋆ 𝑌2 }

𝑅 ⋆ 𝑄 ⊢ {𝑋 }≤ 𝐶 {𝑌 }
share𝑅 ⊢ {𝑋 ⋆ 𝑄 }≤ 𝐶 {𝑌 ⋆ 𝑄 }

[emp] ⊢ { 𝑋 ⋆ 𝑅 }≤ 𝐶 {𝑌 ⋆ 𝑅 } 𝐶 is a terminating atom
atom

𝑅 ⊢ {𝑋 }≤ 𝐶 {𝑌 }

𝑅 ⊢ {𝑋 }≤ 𝐶 {𝑌 } 𝑅 ⊢ {𝑋 ′ }≤ 𝐶 {𝑌 ′ }
max

𝑅 ⊢ {𝑋 ⊔ 𝑋 ′ }≤ 𝐶 {𝑌 ⊔ 𝑌 ′ }

𝑅 ⊢ {𝑋 }≤ 𝐶 {𝑋 ′ } Write(𝐶) ∩ Vars (𝑌) = ∅
frame

𝑅 ⊢ {𝑋 ⋆ 𝑌 }≤ 𝐶 {𝑋 ′ ⋆ 𝑌 }

𝑅 ⊢ {𝑋 }≤ 𝐶 {𝑌 } 𝑅 ⊢ {𝑋 ′ }≤ 𝐶 {𝑌 ′ } 𝑅 is precise Write(𝐶) ∩ Vars (𝑒) = ∅
weight

𝑅 ⊢ { ⟨𝑒⟩ ⋅ 𝑋 ⋅+ ∼⟨𝑒⟩ ⋅ 𝑋 ′ }≤ 𝐶 {𝑌 ⊔ 𝑌 ′ }

𝑋 ⊨ 𝑋 ′ 𝑅 ⊢ {𝑋 ′ }≤ 𝐶 {𝑌 ′ } 𝑌 ′ ⊨ 𝑌
monotonicity

𝑅 ⊢ {𝑋 }≤ 𝐶 {𝑌 }

Figure 6.3.: Axiomatic semantics using the notation defined in Definition 6.3.1. We use here semantics similar to denotational
semantics, as they are usually depicted denotational and not axiomatic. The first proof rules deal with atomic statements, followed
by flow related programs and lastly elimination proof rules.
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brackets. We use the quantitative negation to express the convex sum in the pif
rule and the weight rule.

For the frame rule, the weight rule and the concurrency rule, we have extra
conditions on the variables that are written to in the program. We define the
variables that are written to as the variables that appear left of an assignment or
a lookup. The atom rule is only applicable for terminating atoms. A terminating
atom is a program that terminates after exactly one step. This is similar to how
we defined these in Chapter 3.

Definition 6.3.2 Let 𝐶 be a cpPL Program.

▶ We define Write(𝐶) as the set of variables which occur on the left-hand
side of an assignment or lookup in 𝐶.

▶ We define Vars (𝐶) as the set of variables occurring in 𝐶 and we use the
shorthand notation Vars (𝐶, 𝑋, 𝑌) = Vars (𝐶) ∪ Vars (𝑋) ∪ Vars (𝑌).

▶ We say 𝐶 is a terminating atom if for 𝐶, (𝑠, ℎ) 𝑝−→
a
𝐶 ′, (𝑠, ℎ′) with 𝑝 > 0

we always have 𝐶 ′ ∈ { ↓, }.

The soundness of the proof rules is proven using induction on the fixed point
defined in Definition 6.2.1. Remark that we have not proved that wrle is co-𝜔-
Scott-continuous. We only proved this for empty resource invariants. We thus
perform transfinite induction on ordinals using Theorem 2.3.3 to prove the sound-
ness.

Theorem 6.3.2 The proof rules in Figure 6.3 are sound.

Proof. See [43] at LeanFSL.CFSL.SafeTuple.

We will also use an annotated program style of representing proofs for specifica-
tion. Similarly to Chapter 3, we have that

(≤ 𝑋
𝐶
(≤ 𝑌

means 𝑅 ⊢ {𝑋 }≤ 𝐶 {𝑌 } for some 𝑅 that is clear from the context. If we want
to denote the resource invariant explicitly, we also write

(≤ 𝑋 | 𝑅
𝐶
(≤ 𝑌 | 𝑅

for 𝑅 ⊢ {𝑋 }≤ 𝐶 {𝑌 }. Remark, that the resource invariant needs to be equal.
When using the rules share and atom, this notation may result in confusing
notations, similar to the notation used in Chapter 3.
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Example 6.3.2 We will now finally prove the specification of the running
example from Examples 6.1.1 and 6.2.1. That is, for the program 𝐶 given as

<𝑟> := −1 ;

pif ( 0.5 ) {
<𝑟> := 0

}else {
<𝑟> := 1

}

‖‖‖‖‖‖‖‖
‖

𝑥 := <𝑟> ;
while ( 𝑥 = −1 ) { 𝑥 := <𝑟> }

we aim to verify the specification

[emp] ⊢ { ⟨0.5⟩ ⋆ S𝑎. [𝑟 ↦ 𝑎] }≤ 𝐶
⎧
⎨
⎩

[true] ⋆ [𝑥 = 0]
⋆ ([𝑟 ↦ −1] ⊔ [𝑟 ↦ 1])

⎫
⎬
⎭
.

We will now use 𝑅 = [𝑟 ↦ −1] ⊔ [𝑟 ↦ 0] to shorten what will become the
resource invariant in our proof. It is easy to spot that the location of 𝑟 is a
shared memory, thus it is also naturally to include it in the resource invariant.
We include the possible values −1 and 0 since we know that if the heap location
ever stores 1, the random variable [𝑥 = 0]will yield zero, thus not contributing
to the probability mass. An annotated version of the program is the following

(≤ ⟨0.5⟩ ⋆ S𝑎. [𝑟 ↦ 𝑎] | [emp]
<𝑟> := −1 ;

(≤ ⟨0.5⟩ ⋆ [true] ⋆ ([𝑟 ↦ −1] ⊔ [𝑟 ↦ 1]) | [emp]
(≤ ⟨0.5⟩ ⋆ [true] | 𝑅

(≤ ⟨0.5⟩ | 𝑅
pif ( 0.5 ) {
(≤ [true] | 𝑅
<𝑟> := 0

(≤ [true] | 𝑅
}else {
(≤ [false] | 𝑅
<𝑟> := 1

(≤ [false] | 𝑅
}

‖‖‖‖‖‖‖‖‖‖‖‖‖‖‖‖‖‖‖‖‖
‖

(≤ [true] | 𝑅
𝑥 := <𝑟> ;
(≤ [𝑥 = 0] ⊓ [𝑥 = 1] | 𝑅
while ( 𝑥 = −1 ) { 𝑥 := <𝑟> }
(≤ [𝑥 = 0] | 𝑅

(≤ [true] ⋆ [𝑥 = 0] | 𝑅
(≤ [true] ⋆ [𝑥 = 0] ⋆ ([𝑟 ↦ −1] ⊔ [𝑟 ↦ 1]) | [emp]

to help follow our proof.
For the proof, we now apply the seq proof rule to obtain the two proof obliga-
tions

[emp] ⊢ { ⟨0.5⟩ ⋆ S𝑎. [𝑟 ↦ 𝑎] }≤ <𝑟> := −1 { ⟨0.5⟩ ⋆ [𝑟 ↦ −1] } ,
[emp] ⊢ { ⟨0.5⟩ ⋆ [𝑟 ↦ −1] }≤ 𝐶1 ‖ 𝐶2 { [true] ⋆ [𝑥 = 0] ⋆ 𝑅 } ,

where 𝐶1 and 𝐶2 are the two threads.
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Initialization. The first proof obligation can be proven by first applying the
frame rule to frame away ⟨0.5⟩, then applying monotonicity and proving the
entailment

S𝑎. [𝑟 ↦ 𝑎] ⊨ ( S𝑎. [𝑟 ↦ 𝑎]) ⋆ ([𝑟 ↦ −1] −−○⋆ [𝑟 ↦ −1]),

followed by applying the mut proof rule. The entailment holds by extending it
with [emp], using monotonicity of the separating multiplication to get rid of
S𝑎. [𝑟 ↦ 𝑎], followed by using adjointness of the magic wand.
Concurrency. We prove the proof obligation

[emp] ⊢ { ⟨0.5⟩ ⋆ [𝑟 ↦ −1] }≤ 𝐶1 ‖ 𝐶2 { [true] ⋆ [𝑥 = 0] ⋆ 𝑅 }

by first applying monotonicity and prove the entailment ⟨0.5⟩ ⋆ [𝑟 ↦ −1] ⊨
⟨0.5⟩ ⋆ 𝑅 to obtain

[emp] ⊢ { ⟨0.5⟩ ⋆ 𝑅 }≤ 𝐶1 ‖ 𝐶2 { [true] ⋆ [𝑥 = 0] ⋆ 𝑅 } .

Applying the share proof rule, we obtain the proof obligation

[emp] ⋆ 𝑅 ⊢ { ⟨0.5⟩ }≤ 𝐶1 ‖ 𝐶2 { [true] ⋆ [𝑥 = 0] } .

We have that [emp] ⋆ 𝑅 is equal to 𝑅. We will not mention this equality further
and use it whenever convenient. Now we can rewrite ⟨0.5⟩ to ⟨0.5⟩ ⋆ [true] to
obtain

𝑅 ⊢ { ⟨0.5⟩ ⋆ [true] }≤ 𝐶1 ‖ 𝐶2 { [true] ⋆ [𝑥 = 0] }

and apply the concur proof rule. With this we obtain the four new proof
obligations A specification with

[true] on the right-
hand side and a re-
source invariant 𝑅 is
not trivial, as we re-
quire that 𝑅 is always
reestablished.

𝑅 ⊢ { ⟨0.5⟩ }≤ 𝐶1 { [true] } ,
𝑅 ⊢ { [true] }≤ 𝐶2 { [𝑥 = 0] } ,

Write(𝐶1) ∩ Vars (𝐶2, [𝑥 = 0] , 𝑅) = ∅,
Write(𝐶2) ∩ Vars (𝐶1, [true] , 𝑅) = ∅.

The last two proof obligations are simple: Write(𝐶1) = ∅ since there is no
assign or lookup, thus the obligation holds immediately, and Write(𝐶2) = { 𝑥 },
but 𝑥 ∉ Vars (𝐶1, [true] , 𝑅).
First Thread. For the proof obligation

𝑅 ⊢ { ⟨0.5⟩ }≤ 𝐶1 { [true] }

we apply monotonicity and by proving the entailment

⟨0.5⟩ ⊨ ⟨0.5⟩ ⋅ [true] ⋅+ ∼⟨0.5⟩ ⋅ [false]

(which is simple), we obtain the proof obligation

𝑅 ⊢ { ⟨0.5⟩ ⋅ [true] ⋅+ ∼⟨0.5⟩ ⋅ [false] }≤ 𝐶1 { [true] } .

We apply the pif proof rule and obtain the two new proof obligations We remark that ev-
ery specification with
[false] on the left-hand
side holds as it simpli-
fies to an inequality of
the form 0 ≤ … and 0
is the bottom element.

𝑅 ⊢ { [true] }≤ <𝑟> := 0 { [true] }
𝑅 ⊢ { [false] }≤ <𝑟> := 1 { [true] } .
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We apply the atom proof rule on the first to obtain the proof obligations

[emp] ⊢ { [true] ⋆ 𝑅 }≤ <𝑟> := 0 { [true] ⋆ 𝑅 } ,
<𝑟> := 0 is a terminating atom.

The second proof obligation is trivial to prove. For the first two, we apply
monotonicity to obtain

[emp] ⊢ { ( S𝑎. [𝑟 ↦ 𝑎]) ⋆ ([𝑟 ↦ 1] −−○⋆ 𝑋) }≤ <𝑟> := 0 { 𝑋 } ,

where 𝑋 = [true] ⋆ 𝑅 by proving the entailment

[true] ⋆ 𝑅 ⊨ ( S𝑎. [𝑟 ↦ 𝑎]) ⋆ ([𝑟 ↦ 0] −−○⋆ [true] ⋆ 𝑅).

We apply commutativity and monotonicity of the separating multiplication
and it remains to prove that

[true] ⊨ [𝑟 ↦ 0] −−○⋆ [true] ⋆ 𝑅,
𝑅 ⊨ S𝑎. [𝑟 ↦ 𝑎] .

The first entailment holds using adjointness of the magic wand, getting rid of
[true] using monotonicity of the separating multiplication, and choosing the
right-hand side of the maximum in 𝑅 to match against. The second entailment
holds by applying a case distinction on the maximum in 𝑅 and choosing 𝑎
adequately. The proof obligation

[emp] ⊢ { ( S𝑎. [𝑟 ↦ 𝑎]) ⋆ ([𝑟 ↦ 1] −−○⋆ 𝑋) }≤ <𝑟> := 0 { 𝑋 }

is proven using the mut proof rule.
For the proof obligation

𝑅 ⊢ { [false] }≤ <𝑟> := 1 { [true] } ,

we do not need to use the atom proof rule. Notice that nothing stops us from
using the mut proof rule without first gaining access to the resource invariant,
even if we change shared memory. We may, however, obtain trivial results.
This is also here the case, where we prove the trivial lower bound [false]. Thus
by using monotonicity we obtain

𝑅 ⊢ { ( S𝑎. [𝑟 ↦ 𝑎]) ⋆ ([𝑟 ↦ 1] −−○⋆ [true]) }≤ <𝑟> := 1 { [true] } ,

which we prove using the mut proof rule.
Second Thread. For the proof obligation

𝑅 ⊢ { [true] }≤ 𝐶2 { [𝑥 = 0] } ,

we first apply the seq rule to eliminate sequential composition. We obtain the
proof obligations

𝑅 ⊢ { [true] }≤ 𝑥 := <𝑟> { [𝑥 = −1] ⊔ [𝑥 = 0] } ,
𝑅 ⊢ { [𝑥 = −1] ⊔ [𝑥 = 0] }≤ while ( 𝑥 = −1 ) { 𝑥 := <𝑟> } { [𝑥 = 0] } .

For the first proof obligation, we apply the atom proof rule to obtain

[emp] ⊢ { [true] ⋆ 𝑅 }≤ 𝑥 := <𝑟> { 𝑋 ⋆ 𝑅 } ,
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wherewe shorten𝑋 = [𝑥 = −1]⊔[𝑥 = 0]. Furthermore, we applymonotonicity
by proving the entailment

[true] ⋆ 𝑅 ⊨ S𝑎. [𝑟 ↦ 𝑎] ⋆ ([𝑟 ↦ 𝑎] −−○⋆ (𝑋 ⋆ 𝑅) [𝑥 ≔ 𝑎])

to obtain a specification that we prove by using the lookup proof rule. The
entailment is proven by first applying distributivity of separatingmultiplication
with maxima and then eliminating the maximum on the left to obtain the
entailments

[true] ⋆ [𝑟 ↦ −1] ⊨ S𝑎. [𝑟 ↦ 𝑎] ⋆ ([𝑟 ↦ 𝑎] −−○⋆ (𝑋 ⋆ 𝑅) [𝑥 ≔ 𝑎]),
[true] ⋆ [𝑟 ↦ 0] ⊨ S𝑎. [𝑟 ↦ 𝑎] ⋆ ([𝑟 ↦ 𝑎] −−○⋆ (𝑋 ⋆ 𝑅) [𝑥 ≔ 𝑎]).

We prove both analogously: We first pick 𝑎 as −1 and 0 respectively, use
commutativity and monotonicity of the separating multiplication to remove
[𝑟 ↦ −1] and [𝑟 ↦ 0] respectively, apply adjointness of the magic wand, elim-
inate the substitution and apply monotonicity to obtain the proof obligations

[true] ⊨ [−1 = −1] ⊔ [0 = −1] ,
[𝑟 ↦ −1] ⊨ [𝑟 ↦ −1] ⊔ [𝑟 ↦ 0] ,
[true] ⊨ [0 = −1] ⊔ [−1 = −1] ,
[𝑟 ↦ 0] ⊨ [𝑟 ↦ −1] ⊔ [𝑟 ↦ 0] ,

which we can all prove by choosing the adequate side of the maximum and
simplifying equations.
For the second proof obligation, we need to find a loop invariant. We choose
the value 𝑋 = [𝑥 = −1] ⊔ [𝑥 = 0] and apply the while proof rule to obtain the
proof obligations

[𝑥 = −1] ⊔ [𝑥 = 0] ⊨ [𝑥 = −1] ⋅ 𝑋 ⊔ ∼ [𝑥 = −1] ⋅ [𝑥 = 0]
𝑅 ⊢ {𝑋 }≤ 𝑥 := <𝑟> { [𝑥 = −1] ⊔ [𝑥 = 0] }

Since 𝑋 = [𝑥 = −1] ⊔ [𝑥 = 0] the entailment is straightforward to prove. The
second proof obligation is proven analogously to the previous specification
for a lookup.
This concludes the proof for the given specification. This proof has also been
formalized in [43] at LeanFSL.Examples.SendData.

6.4. Lossy Producer Consumer Example

In this section, we will prove a specification on a program that is not easily also
proven using model checking techniques by deriving a Markov decision process
from the program semantics. In this example, the program provided in Figure 6.4
consists of three threads: (1) a producer who generates some data and saves it
in a shared array at location 𝑧1, (2) a lossy channel that takes the values from
the shared array at location 𝑧1, may discards the value and replaces it by an
invalid data with a certain probability 𝑝 and saves it in another array at location
𝑧2 shared with the last thread, and finally (3) a consumer that reads the value
from the shared array at location 𝑧2 and counts how many data items of the 𝑦+1
transmitted were valid.
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𝑙 := 0 ;
𝑦1 := 𝑦 ; 𝑦2 := 𝑦 ; 𝑦3 := 𝑦 ;

while ( 0 ≤ 𝑦1 ) {
pif ( 0.5 ) {
𝑥1 := 1

}else {
𝑥1 := 2

} ;
<𝑧1 + 𝑦1> := 𝑥1 ;
𝑦1 := 𝑦1 − 1

}

‖‖‖‖‖‖‖‖‖‖‖‖‖‖‖‖‖‖‖‖‖‖‖‖‖‖
‖

while ( 0 ≤ 𝑦2 ) {
𝑥2 := <𝑧1 + 𝑦2> ;
if ( 𝑥2 ≠ 0 ) {
pif ( 𝑝 ) {
<𝑧2 + 𝑦2> := 𝑥2

}else {
<𝑧2 + 𝑦2> := −1

}
𝑦2 := 𝑦2 − 1

}
}

‖‖‖‖‖‖‖‖‖‖‖‖‖‖‖‖‖‖‖‖‖‖‖‖‖‖
‖

while ( 0 ≤ 𝑦3 ) {
𝑥3 := <𝑧2 + 𝑦3> ;
if ( 𝑥3 ≠ 0 ) {
if ( 𝑥3 ≠ −1 ) {𝑙 := 𝑙 + 1} ;
𝑦3 := 𝑦3 − 1

}
}

Figure 6.4.: A program modeling a producer consumer protocol that is extended by a third thread modeling a lossy channel between
both other threads. The producer thread (left) generates data and saves it in an array that the lossy channel has access to. The lossy
channel (middle) discards the data with a certain probability and saves the result in a second array that the consumer has access to.
The consumer (right) counts the amount of valid data.

We generally encode with 1 and 2 generated values, with 0 an unused location
and with −1 an invalid (corrupted) value. Since for each array only one thread
only writes and only one thread only reads, we do not need any mechanisms
to guarantee exclusive access. At several places we use conditional branching
without else branch. In these cases, the else branch consists of a skip and is left
out for brevity reasons. We also leave out allocation and freeing of the shared
memory for brevity reasons. For an easier proof, we assume 𝑦 ∈ ℕ and 𝑝 ∈ [0, 1]
to be constants and not program variables. However, the proof can also be done
with both of these as program variables.

The specification we are interested in is the probability that all data is send
successfully depending on the probability 𝑝. Lower bounding this probability is
useful in order to find values for 𝑝 which guarantee a certain probability on the
successful transmission of the generated data. It turns out that this probability is
actually 𝑝𝑦+1. We also have to guarantee the existence of the arrays, which we
can do using the random variable 𝑅𝑅 will become the re-

source invariant later.

𝑅 =
𝑦
★
𝑖=0

([𝑧1 + 𝑖 ↦ 0] ⊔ [𝑧1 + 𝑖 ↦ 1] ⊔ [𝑧1 + 𝑖 ↦ 2])

⋆
𝑦
★
𝑖=0

([𝑧2 + 𝑖 ↦ 0] ⊔ [𝑧2 + 𝑖 ↦ 1] ⊔ [𝑧2 + 𝑖 ↦ 2]) .

For 𝐶 as in Figure 6.4, we thus verify the specification

[emp] ⊢ { ⟨𝑝𝑦+1⟩ ⋆ 𝑅 }≤ 𝐶 { [𝑙 = 𝑦 + 1] ⋆ 𝑅 } .

Intuitively the specification holds as we require that for every iteration of the loop
in the second thread, the probabilistic branching needs to pick the first branch.
This happens only with probability 𝑝𝑦+1. We also require that the initial values
for 𝑦1, 𝑦2 and 𝑦3 are valid, i.e. at least 0 to avoid trivial specifications where no
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array exists in the heap. The following proof for this specification has also been
formalized in [43] at LeanFSL.CFSL.Examples.ProducerConsumer.lean.

To prove that the specification holds, we additionally need that 𝑦1, 𝑦2, 𝑦3 are
always natural numbers until the loop condition does not hold anymore, at which
point it is −1. Otherwise we would later not be able to extract the one index from
the big separating multiplication in 𝑅. Thus we apply monotonicity to obtain the
specification

[emp] ⊢ { ⟨𝑝𝑦+1⟩ ⋆ 𝑅 }≤ 𝐶 { [𝑙 = 𝑦 + 1] ⋆ [𝑦𝑖 ∈ {−1,… , 𝑦 }] ⋆ 𝑅 } ,

where we shorten [𝑦𝑖 ∈ ℤ] ⋅ [−1 ≤ 𝑦𝑖 ≤ 𝑦] with the expression [𝑦𝑖 ∈ {−1,… , 𝑦 }]
and the expression [𝑦1 ∈ {−1,… , 𝑦 }] ⋅ [𝑦2 ∈ {−1,… , 𝑦 }] ⋅ [𝑦3 ∈ {−1,… , 𝑦 }] as the
expression [𝑦𝑖 ∈ {−1,… , 𝑦 }].

In order to prove this specification, we first split the program into the initial
part and the concurrent part. For the first thread, we prove that the thread
adheres to the resource invariant (which will be 𝑅) and that 𝑦1 remains well-
formed, thus we use 𝑋1 = [𝑦1 ∈ {−1,… , 𝑦 }] as random variable and lower bound.
For the second thread, we want to prove that the thread adheres to the resource
invariant with probability 𝑝𝑦+1 and that 𝑦2 remains well-formed. Thus we use the
lower bound 𝑋2 = [𝑦2 ∈ { 0,… , 𝑦 }] ⋅ ⟨𝑝𝑦2+1⟩ ⊔ [𝑦2 < 0] ⋅ [𝑦2 ∈ {−1,… , 𝑦 }] and the
random variable [𝑦2 ∈ {−1,… , 𝑦 }]. Remark that we require the extra condition
for 𝑦2 = −1 here to be inductive. Since 𝑦2 = 𝑦 ∈ ℕ, this case is superfluous,
however. Finally, the last thread is supposed to count all successful transmits,
thus we use the random variable [𝑦3 = −1] ⋅ [𝑙 = 𝑦 − 𝑦3] and the lower bound
𝑋3 = [𝑦3 ∈ {−1,… , 𝑦 }] ⋅ [𝑙 = 𝑦 − 𝑦3]. We require 𝑦3 = −1 in the random variable
to guarantee that after the loop we have 𝑙 = 𝑦 + 1. We will adjust the random
variables to these in a later step. After applying the seq proof rule, we obtain the
two new proof obligations:

[emp] ⊢ { ⟨𝑝𝑦+1⟩ ⋆ 𝑅 }≤ 𝐶𝑖𝑛𝑖𝑡 { 𝑋1 ⋆ 𝑋2 ⋆ 𝑋3 ⋆ 𝑅 }

[emp] ⊢ { 𝑋1 ⋆ 𝑋2 ⋆ 𝑋3 ⋆ 𝑅 }≤ 𝐶1 ‖ 𝐶2 ‖ 𝐶3
⎧
⎨
⎩

[𝑙 = 𝑦 + 1]
⋆ [𝑦𝑖 ∈ {−1,… , 𝑦 }] ⋆ 𝑅

⎫
⎬
⎭

Initialization We can prove the first obligation straightforwardly by apply-
ing the monotonicity proof rule, the seq proof rule and the assign proof rule
adequately and finally have the entailment. Due to the assignments of 𝑦1, 𝑦2
and 𝑦3 to 𝑦, we can replace them by 𝑦 and thus the cases [𝑦2 < 0] and [𝑦3 < 0]
can be canceled and the other parts can be simplified. The last assignment then
finally allows canceling any remaining condition containing 𝑙. The following is
an annotated program depicting these steps:

(≤ ⟨𝑝𝑦+1⟩ ⋆ 𝑅
(≤ ⟨𝑝𝑦+1⟩ ⋆ [true] ⋆ 𝑅
𝑙 := 0 ;
(≤ ⟨𝑝𝑦+1⟩ ⋆ [𝑙 = 0] ⋆ 𝑅
(≤ [true] ⋆ ⟨𝑝𝑦+1⟩ ⋆ [𝑙 = 0] ⋆ 𝑅
𝑦1 := 𝑦 ; 𝑦2 := 𝑦 ; 𝑦3 := 𝑦 ;
(≤ 𝑋1 ⋆ 𝑋2 ⋆ 𝑋3 ⋆ 𝑅



122 6. Concurrent Probabilistic Programs

Concurrency For the second proof obligation, we apply the share proof rule to
𝑅 and the monotonicity proof rule to match the right-hand side for an application
of the concur proof rule as discussed previously. Thus we obtain the proof
obligation:

𝑅 ⊢ {𝑋1 ⋆ 𝑋2 ⋆ 𝑋3 }≤ 𝐶1 ‖ 𝐶2 ‖ 𝐶3
⎧⎪
⎨
⎪
⎩

[𝑦1 ∈ {−1,… , 𝑦 }]
⋆ [𝑦2 ∈ {−1,… , 𝑦 }]
⋆ ([𝑦3 = −1] ⋅ [𝑙 = 𝑦 − 𝑦3])

⎫⎪
⎬
⎪
⎭

Applying the concur proof rule, we obtain the three proof obligations

𝑅 ⊢ {𝑋1 }≤ 𝐶1 { [𝑦1 ∈ {−1,… , 𝑦 }] } ,
𝑅 ⊢ {𝑋2 }≤ 𝐶2 { [𝑦2 ∈ {−1,… , 𝑦 }] } ,

𝑅 ⊢ {𝑋3 }≤ 𝐶3 { [𝑦3 = −1] ⋅ [𝑙 = 𝑦 − 𝑦3 + 1] }

and additionally the four proof obligations

Write(𝐶1) ∩ (Vars (𝐶2 ‖ 𝐶3 )
∪Vars ([𝑦2 ∈ {−1,… , 𝑦 }] ⋆ ([𝑦3 = −1] ⋅ [𝑙 = 𝑦 − 𝑦3]), 𝑅)) = ∅,

Write(𝐶2 ‖ 𝐶3 ) ∩ Vars (𝐶1, [𝑦1 ∈ {−1,… , 𝑦 }] , 𝑅) = ∅,
Write(𝐶2) ∩ Vars (𝐶3, [[𝑦3 = −1] ⋅ [𝑙 = 𝑦 − 𝑦3]] , 𝑅) = ∅,

Write(𝐶3) ∩ Vars (𝐶2, [𝑦2 ∈ {−1,… , 𝑦 }] , 𝑅) = ∅.

The last four proof obligations are straightforward to verify using various trivial
approximations for the free variables in the random variables. The first three
proof obligations we will further investigate in the following subsections.

The first proof obligation will require us to prove that any change to the shared
memory performed by the producer adheres to the resource invariant. For the
second proof obligation, we have to prove that the resource invariant is only
maintained in the channel with a probability of ⟨𝑝𝑦2+1⟩. Finally, for the third
proof obligation, we will prove that if the resource invariant is adhered, for 𝑙 to
be 𝑦 after the consumer terminates, 𝑙 needs to be 𝑦 − 𝑦3 before the consumer
runs.

Producer

We restate program 𝐶1, the producer

while ( 𝑦1 ≥ 0 ) {
pif ( 0.5 ) { 𝑥1 := 1 } else { 𝑥1 := 2 } ;
<𝑧1 + 𝑦1> := 𝑥1 ;
𝑦1 := 𝑦1 − 1

}

and the specification to prove

𝑅 ⊢ { [𝑦1 ∈ {−1,… , 𝑦 }] }≤ 𝐶1 { [𝑦1 ∈ {−1,… , 𝑦 }] } .

For this we will prove both that the resource invariant is always adhered to and
that 𝑦1 remains in the interval { −1,… , 𝑦 }. The following annotated program
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illustrates the idea behind the following proof:

(≤ [𝑦1 ∈ {−1,… , 𝑦 }]
while ( 0 ≤ 𝑦1 ) {

(≤ [𝑦1 ∈ { 0,… , 𝑦 }]
pif ( 0.5 ) { 𝑥1 := 1 } else { 𝑥1 := 2 } ;
(≤ ([𝑥1 = 1] ⊔ [𝑥1 = 2]) ⋅ [𝑦1 ∈ { 0,… , 𝑦 }]
<𝑧1 + 𝑦1> := 𝑥1 ;
(≤ [𝑦1 ∈ { 0,… , 𝑦 }]
𝑦1 := 𝑦1 − 1
(≤ [𝑦1 ∈ {−1,… , 𝑦 }]

}
(≤ [𝑦1 ∈ {−1,… , 𝑦 }]

Loop Applying the while proof rule, we are required to provide the random
variable 𝑋 = [𝑦1 ∈ { 0,… , 𝑦 }] and need to prove that Remark that we as-

sume here that 𝑦1 is
always natural at the
start of the loop.

[𝑦1 ∈ {−1,… , 𝑦 }] ⊨ [𝑦1 ≥ 0] ⋅ 𝑋 ⊔ ∼ [𝑦1 ≥ 0] ⋅ [𝑦1 ∈ {−1,… , 𝑦 }] ,

𝑅 ⊢ {𝑋 }≤ 𝐶𝑏𝑜𝑑𝑦
1 { [𝑦1 ∈ {−1,… , 𝑦 }] }

where 𝐶𝑏𝑜𝑑𝑦
1 is the loop body of 𝐶1. The first obligation holds trivially.

For the remaining obligation, we can apply the seq proof rule to gain the new
proof obligations

𝑅 ⊢ {𝑋 }≤
pif ( 0.5 ) { 𝑥1 := 1 }

else { 𝑥1 := 2 }
{ ([𝑥1 = 1] ⊔ [𝑥1 = 2]) ⋅ 𝑋 }

𝑅 ⊢ { ([𝑥1 = 1] ⊔ [𝑥1 = 2]) ⋅ 𝑋 }≤ <𝑧1 + 𝑦1> := 𝑥1 { 𝑋 }
𝑅 ⊢ {𝑋 }≤ 𝑦1 := 𝑦1 − 1 { [𝑦1 ∈ {−1,… , 𝑦 }] }

Random Choice For the first proof obligation, we apply monotonicity (and
proving the trivial entailment 𝑋 ⊨ ⟨0.5⟩ ⋅ 𝑋 + ∼⟨0.5⟩ ⋅ 𝑋) to obtain the proof
obligations

𝑅 ⊢
⎧
⎨
⎩

⟨0.5⟩ ⋅ 𝑋
+∼⟨0.5⟩ ⋅ 𝑋

⎫
⎬
⎭≤

pif ( 0.5 ) { 𝑥1 := 1 }
else { 𝑥1 := 2 }

{ ([𝑥1 = 1] ⊔ [𝑥1 = 2]) ⋅ 𝑋 } .

Now we apply the proof rule pif to obtain the two proof obligations

𝑅 ⊢ {𝑋 }≤ 𝑥1 := 1 { ([𝑥1 = 1] ⊔ [𝑥1 = 2]) ⋆ 𝑋 } ,
𝑅 ⊢ {𝑋 }≤ 𝑥1 := 2 { [𝑥1 = 1] ⊔ [𝑥1 = 2] ⋆ 𝑋 } ,

which we handle by applying monotonicity and proving the simple entailments
𝑋 ⊨ (([𝑥1 = 1] ⊔ [𝑥1 = 2]) ⋆ 𝑋) [𝑥1 ≔ 𝑎] with 𝑎 ∈ { 1, 2 }, and finish the proof
obligations with the assign proof rule.
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Mutation We prove the second proof obligation

𝑅 ⊢ { ([𝑥1 = 1] ⊔ [𝑥1 = 2]) ⋆ 𝑋 }≤ <𝑧1 + 𝑦1> := 𝑥1 { 𝑋 } .

For this we require access to the resource invariant. Since the mutation is atomic,
we can apply the atom proof rule to gain access to the resource invariant and
thus have to prove that

[emp] ⊢ { ([𝑥1 = 1] ⊔ [𝑥1 = 2]) ⋆ 𝑋 ⋆ 𝑅 }≤ <𝑧1 + 𝑦1> := 𝑥1 { 𝑋 ⋆ 𝑅 } .

To prove this, we apply monotonicity and the mut proof rule and are thus left to
prove the entailment

([𝑥1 = 1] ⊔ [𝑥1 = 2]) ⋆ 𝑋 ⋆ 𝑅
⊨ ( S𝑎. [𝑧1 + 𝑦1 ↦ 𝑎]) ⋆ ([𝑧1 + 𝑦1 ↦ 𝑥1] −−○⋆ 𝑋 ⋆ 𝑅)

Since we have 𝑦1 ∈ { 0,… , 𝑦 }, we can extract the 𝑦1th element from the first array
in 𝑅 to obtain

([𝑥1 = 1] ⊔ [𝑥1 = 2]) ⋆ 𝑋
⋆ ([𝑧1 + 𝑦1 ↦ 0] ⊔ [𝑧1 + 𝑦1 ↦ 1] ⊔ [𝑧1 + 𝑦1 ↦ 2])

⋆
𝑦
★
𝑖=0
([𝑖 ≠ 𝑦1] ⊓ ([𝑧1 + 𝑖 ↦ 0] ⊔ [𝑧1 + 𝑖 ↦ 1] ⊔ [𝑧1 + 𝑖 ↦ 2])

⊔ [𝑖 = 𝑦1] ⊓ [emp])

⋆
𝑦
★
𝑖=0

([𝑧2 + 𝑖 ↦ 0] ⊔ [𝑧2 + 𝑖 ↦ 1] ⊔ [𝑧2 + 𝑖 ↦ 2])

⊨ ( S𝑎. [𝑧1 + 𝑦1 ↦ 𝑎]) ⋆ ([𝑧1 + 𝑦1 ↦ 𝑥1] −−○⋆ 𝑋 ⋆ 𝑅) .

We use monotonicity of separating multiplication to split away the points to at
location 𝑧1 + 𝑦1 to obtain the entailments

[𝑧1 + 𝑦1 ↦ 0] ⊔ [𝑧1 + 𝑦1 ↦ 1] ⊔ [𝑧1 + 𝑦1 ↦ 2] ⊨ S𝑎. [𝑧1 + 𝑦1 ↦ 𝑎] ,
([𝑥1 = 1] ⊔ [𝑥1 = 2]) ⋆ 𝑋

⋆
𝑦
★
𝑖=0
([𝑖 ≠ 𝑦1] ⊓ ([𝑧1 + 𝑖 ↦ 0] ⊔ [𝑧1 + 𝑖 ↦ 1] ⊔ [𝑧1 + 𝑖 ↦ 2])

⊔ [𝑖 = 𝑦1] ⊓ [emp])

⋆
𝑦
★
𝑖=0

([𝑧2 + 𝑖 ↦ 0] ⊔ [𝑧2 + 𝑖 ↦ 1] ⊔ [𝑧2 + 𝑖 ↦ 2])

⊨ [𝑧1 + 𝑦1 ↦ 𝑥1] −−○⋆ 𝑋 ⋆ 𝑅.

The first entailment is proven using a case distinction on the maximum on the
left and matching the correct 𝑎 for the supremum on the right. For the second
entailment, we apply adjointness of separating multiplication and the truncated
magic wand to obtain

—"— ⋆ [𝑧1 + 𝑦1 ↦ 𝑥1] ⊨ 𝑋 ⋆ 𝑅.
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We can upper bound the expression ([𝑥1 = 1]⊔ [𝑥1 = 2]) ⋆ [𝑧1 + 𝑦1 ↦ 𝑥1] by the
expression [𝑧1 + 𝑦1 ↦ 0] ⊔ [𝑧1 + 𝑦1 ↦ 1] ⊔ [𝑧1 + 𝑦1 ↦ 2], thus obtaining

𝑋
⋆ ([𝑧1 + 𝑦1 ↦ 0] ⊔ [𝑧1 + 𝑦1 ↦ 1] ⊔ [𝑧1 + 𝑦1 ↦ 2])

⋆
𝑦
★
𝑖=0
([𝑖 ≠ 𝑦1] ⊓ ([𝑧1 + 𝑖 ↦ 0] ⊔ [𝑧1 + 𝑖 ↦ 1] ⊔ [𝑧1 + 𝑖 ↦ 2])

⊔ [𝑖 = 𝑦1] ⊓ [emp])

⋆
𝑦
★
𝑖=0

([𝑧2 + 𝑖 ↦ 0] ⊔ [𝑧2 + 𝑖 ↦ 1] ⊔ [𝑧2 + 𝑖 ↦ 2])

⊨ 𝑋 ⋆ 𝑅.

Finally, recombining the big separating multiplication we obtain

𝑋

⋆
𝑦
★
𝑖=0

([𝑧1 + 𝑖 ↦ 0] ⊔ [𝑧1 + 𝑖 ↦ 1] ⊔ [𝑧1 + 𝑖 ↦ 2])

⋆
𝑦
★
𝑖=0

([𝑧2 + 𝑖 ↦ 0] ⊔ [𝑧2 + 𝑖 ↦ 1] ⊔ [𝑧2 + 𝑖 ↦ 2])

⊨ 𝑋 ⋆ 𝑅,

which holds by reflexivity.

Decrementation of Index We prove the third proof obligation

𝑅 ⊢ {𝑋 }≤ 𝑦1 := 𝑦1 − 1 { [𝑦1 ∈ {−1,… , 𝑦 }] }

by applying monotonicity, proving the easy to verify entailment

[𝑦1 ∈ { 0,… , 𝑦 }] ⊨ [𝑦1 ∈ {−1,… , 𝑦 }] [𝑦1 ≔ 𝑦1 − 1]

and applying the assign proof rule.

Lossy Channel

We restate program 𝐶2, the lossy channel

while ( 0 ≤ 𝑦2 ) {
𝑥2 := <𝑧1 + 𝑦2> ;
if ( 𝑥2 ≠ 0 ) {
pif ( 𝑝 ) {<𝑧2 + 𝑦2> := 𝑥2 } else {<𝑧2 + 𝑦2> := −1 }
𝑦2 := 𝑦2 − 1

}
}

and the specification to prove

𝑅 ⊢
⎧
⎨
⎩

[𝑦2 ∈ { 0,… , 𝑦 }] ⋅ ⟨𝑝𝑦2+1⟩
⊔ [𝑦2 < 0] ⋅ [𝑦2 ∈ {−1,… , 𝑦 }]

⎫
⎬
⎭≤

𝐶2 { [𝑦2 ∈ {−1,… , 𝑦 }] } .
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The following proof is illustrated as this annotated program:

(≤ [𝑦2 ∈ { 0,… , 𝑦 }] ⋅ ⟨𝑝𝑦2+1⟩ ⊔ [𝑦2 < 0] ⋅ [𝑦2 ∈ {−1,… , 𝑦 }]
while ( 0 ≤ 𝑦2 ) {

(≤ [𝑦2 ∈ { 0,… , 𝑦 }] ⋅ ⟨𝑝𝑦2+1⟩
𝑥2 := <𝑧1 + 𝑦2> ;
(≤ [𝑦2 ∈ { 0,… , 𝑦 }] ⋅ ⟨𝑝𝑦2+1⟩ ⋅ [𝑥2 ∈ { 0, 1, 2 }]
if ( 𝑥2 ≠ 0 ) {

(≤ [𝑦2 ∈ { 0,… , 𝑦 }] ⋅ ⟨𝑝𝑦2+1⟩ ⋅ [𝑥2 ∈ { 1, 2 }]
pif ( 𝑝 ) {<𝑧2 + 𝑦2> := 𝑥2 } else {<𝑧2 + 𝑦2> := −1 }
(≤ [𝑦2 ∈ { 0,… , 𝑦 }] ⋅ ⟨𝑝𝑦2⟩
𝑦2 := 𝑦2 − 1
(≤ [𝑦2 ∈ { 0,… , 𝑦 }] ⋅ ⟨𝑝𝑦2+1⟩ ⊔ [𝑦2 < 0] ⋅ [𝑦2 ∈ {−1,… , 𝑦 }]

}
(≤ [𝑦2 ∈ { 0,… , 𝑦 }] ⋅ ⟨𝑝𝑦2+1⟩ ⊔ [𝑦2 < 0] ⋅ [𝑦2 ∈ {−1,… , 𝑦 }]

}
(≤ [𝑦2 ∈ {−1,… , 𝑦 }]

Loop First we apply the while proof rule and thus have to provide 𝑋 =
[𝑦2 ∈ { 0,… , 𝑦 }] ⋅ ⟨𝑝𝑦2+1⟩. We obtain the proof obligations

[𝑦2 ∈ { 0,… , 𝑦 }] ⋅ ⟨𝑝𝑦2+1⟩
⊔ [𝑦2 < 0] ⋅ [𝑦2 ∈ {−1,… , 𝑦 }]

⊨
[0 ≤ 𝑦2] ⋅ [𝑦2 ∈ { 0,… , 𝑦 }] ⋅ ⟨𝑝𝑦2+1⟩
⊔∼ [0 ≤ 𝑦2] ⋅ [𝑦2 ∈ {−1,… , 𝑦 }]

𝑅 ⊢ { [𝑦2 ∈ { 0,… , 𝑦 }] ⋅ ⟨𝑝𝑦2+1⟩ }≤ 𝐶𝑏𝑜𝑑𝑦
2

⎧
⎨
⎩

[𝑦2 ∈ { 0,… , 𝑦 }] ⋅ ⟨𝑝𝑦2+1⟩
⊔ [𝑦2 < 0] ⋅ [𝑦2 ∈ {−1,… , 𝑦 }]

⎫
⎬
⎭
.

The entailment is straightforward to prove. For the second one, we apply the seq
proof rule and obtain the new proof obligations

𝑅 ⊢ {—"— }≤ 𝑥2 := <𝑧1 + 𝑦2>
⎧
⎨
⎩

[𝑦2 ∈ { 0,… , 𝑦 }]
⋅⟨𝑝𝑦2+1⟩ ⋅ [𝑥2 ∈ { 0, 1, 2 }]

⎫
⎬
⎭

𝑅 ⊢
⎧
⎨
⎩

[𝑦2 ∈ { 0,… , 𝑦 }]
⋅⟨𝑝𝑦2+1⟩ ⋅ [𝑥2 ∈ { 0, 1, 2 }]

⎫
⎬
⎭≤

if ( 𝑥2 ≠ 0 ) {… } {—"— } .

Lookup For the first specification, we apply the atom proof rule, monotonicity
proof rule and the lookup proof rule and need to verify the entailment

([𝑦2 ∈ { 0,… , 𝑦 }] ⋅ ⟨𝑝𝑦2+1⟩) ⋆ 𝑅
⊨ S𝑎. [𝑧1 + 𝑦2 ↦ 𝑎] ⋆ ( [𝑧1 + 𝑦2 ↦ 𝑎]

−−○⋆ (([𝑦2 ∈ { 0,… , 𝑦 }] ⋅ ⟨𝑝𝑦2+1⟩ ⋅ [𝑥2 ∈ { 0, 1, 2 }]) ⋆ 𝑅) [𝑥2 ≔ 𝑎] ).

We prove this by first extracting [𝑧1 + 𝑦2 ↦ 0]⊔[𝑧1 + 𝑦2 ↦ 1]⊔[𝑧1 + 𝑦2 ↦ 2] from
𝑅 on the left-hand side, which we can do as 𝑦2 ∈ { 0,… , 𝑦 }. Next we distinguish
between each case of the value at the location 𝑧1+𝑦2. For each case, we eliminate
the supremum by matching the case. Then we apply monotonicity of separating
multiplication and match [𝑧1 + 𝑦2 ↦ 𝑎]. Lastly we apply adjointness to regain
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the location 𝑧1 + 𝑦2 and re-add it to 𝑅. Finally, [𝑥2 ∈ { 0, 1, 2 }] [𝑥2 ≔ 𝑎] simplifies
and both sides are equal.

Conditional Branching For the conditional branching, we applymonotonicity
and the if proof rule (and the skip proof rule for the empty else branch) to obtain
the to be proven entailment

[𝑦2 ∈ { 0,… , 𝑦 }] ⋅ ⟨𝑝𝑦2+1⟩ ⋅ [𝑥2 ∈ { 0, 1, 2 }]
⊨ [𝑥2 ≠ 0] ⋅ [𝑦2 ∈ { 0,… , 𝑦 }] ⋅ ⟨𝑝𝑦2+1⟩ ⋅ [𝑥2 ∈ { 1, 2 }]

⊔ ∼ [𝑥2 ≠ 0] ⋅ ([𝑦2 ∈ { 0,… , 𝑦 }] ⋅ ⟨𝑝𝑦2+1⟩ ⊔ [𝑦2 < 0] ⋅ [𝑦2 ∈ {−1,… , 𝑦 }])

and the to be proven specification

𝑅 ⊢
⎧
⎨
⎩

[𝑦2 ∈ { 0,… , 𝑦 }]
⋅⟨𝑝𝑦2+1⟩ ⋅ [𝑥2 ∈ { 1, 2 }]

⎫
⎬
⎭≤

pif ( 𝑝 ) {… } ; … {—"— } .

The entailment is straightforward to prove by distinction on the value of 𝑥2. For
the specification, we apply the seq proof rule and need to prove that

𝑅 ⊢
⎧
⎨
⎩

[𝑦2 ∈ { 0,… , 𝑦 }]
⋅⟨𝑝𝑦2+1⟩ ⋅ [𝑥2 ∈ { 1, 2 }]

⎫
⎬
⎭≤

pif ( 𝑝 ) {… } { [𝑦2 ∈ { 0,… , 𝑦 }] ⋅ ⟨𝑝𝑦2⟩ }

𝑅 ⊢ { [𝑦2 ∈ { 0,… , 𝑦 }] ⋅ ⟨𝑝𝑦2⟩ }≤ 𝑦2 := 𝑦2 − 1
⎧
⎨
⎩

[𝑦2 ∈ { 0,… , 𝑦 }] ⋅ ⟨𝑝𝑦2+1⟩
⊔ [𝑦2 < 0] ⋅ [𝑦2 ∈ {−1,… , 𝑦 }]

⎫
⎬
⎭
.

Probabilistic Branching We prove the specification

𝑅 ⊢
⎧
⎨
⎩

[𝑦2 ∈ { 0,… , 𝑦 }]
⋅⟨𝑝𝑦2+1⟩ ⋅ [𝑥2 ∈ { 1, 2 }]

⎫
⎬
⎭≤

pif ( 𝑝 ) {… } { [𝑦2 ∈ { 0,… , 𝑦 }] ⋅ ⟨𝑝𝑦2⟩ }

by applying monotonicity and the pif proof rule. For this we prove the entail-
ment

[𝑦2 ∈ { 0,… , 𝑦 }]
⋅⟨𝑝𝑦2+1⟩ ⋅ [𝑥2 ∈ { 1, 2 }]

⊨
⟨𝑝⟩ ⋅ [𝑦2 ∈ { 0,… , 𝑦 }] ⋅ ⟨𝑝𝑦2⟩ ⋅ [𝑥2 ∈ { 1, 2 }]

+∼⟨𝑝⟩ ⋅ [false]
,

which is straightforward to prove and thus are left with

𝑅 ⊢
⎧
⎨
⎩

[𝑦2 ∈ { 0,… , 𝑦 }]
⋅⟨𝑝𝑦2⟩ ⋅ [𝑥2 ∈ { 1, 2 }]

⎫
⎬
⎭≤

<𝑧2 + 𝑦2> := 𝑥2 { [𝑦2 ∈ { 0,… , 𝑦 }] ⋅ ⟨𝑝𝑦2⟩ }

𝑅 ⊢ { [false] }≤ <𝑧2 + 𝑦2> := −1 { [𝑦2 ∈ { 0,… , 𝑦 }] ⋅ ⟨𝑝𝑦2⟩ } .

The first specification is analogous to the mutation in the producer thread and
the second specification is trivial as there is [false] on the left.

Decrementation of Index For the decrementation of the index, we apply
monotonicity and the assign proof rule and thus need to prove the entailment

[𝑦2 ∈ { 0,… , 𝑦 }] ⋅ ⟨𝑝𝑦2⟩ ⊨
[𝑦2 − 1 ∈ { 0,… , 𝑦 }] ⋅ ⟨𝑝𝑦2−1+1⟩

⊔ [𝑦2 − 1 < 0] ⋅ [𝑦2 − 1 ∈ {−1,… , 𝑦 }]
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By simplifying, we obtain

[𝑦2 ∈ { 0,… , 𝑦 }] ⋅ ⟨𝑝𝑦2⟩ ⊨
[𝑦2 ∈ { 1,… , 𝑦 + 1 }] ⋅ ⟨𝑝𝑦2⟩

⊔ [𝑦2 < 1] ⋅ [𝑦2 ∈ { 0,… , 𝑦 + 1 }]
.

When 𝑦2 = 0, we have that 𝑝𝑦2 = 𝑝0 = 1, thus the right-hand side of the
maximum matches. Otherwise the left-hand side of the maximum matches.

Consumer

We restate program 𝐶3, the consumer

while ( 0 ≤ 𝑦3 ) {
𝑥3 := <𝑧2 + 𝑦3> ;
if ( 𝑥3 ≠ 0 ) {
if ( 𝑥3 ≠ −1 ) {𝑙 := 𝑙 + 1} ;
𝑦3 := 𝑦3 − 1

}
}

and the specification to prove

𝑅 ⊢ { [𝑦3 ∈ {−1,… , 𝑦 }] ⋅ [𝑙 = 𝑦 − 𝑦3] }≤ 𝐶3
⎧
⎨
⎩

[𝑦3 = −1]
⋅ [𝑙 = 𝑦 − 𝑦3]

⎫
⎬
⎭
.

This specification requires us to prove that the program always adheres to the
resource invariant and that when the resource invariant is adhered to, that the
variable 𝑙 has value 𝑦 − 𝑦3 before the loop is executed. This annotated program
illustrates the following proof:

(≤ [𝑦3 ∈ {−1,… , 𝑦 }] ⋅ [𝑙 = 𝑦 − 𝑦3]
while ( 0 ≤ 𝑦3 ) {

(≤ [𝑦3 ∈ { 0,… , 𝑦 }] ⋅ [𝑙 = 𝑦 − 𝑦3]
𝑥3 := <𝑧2 + 𝑦3> ;

(≤ [𝑦3 ∈ { 0,… , 𝑦 }] ⋅ [𝑙 = 𝑦 − 𝑦3] ⋅ [𝑥3 ∈ { 0, 1, 2 }]
if ( 𝑥3 ≠ 0 ) {

(≤ [𝑦3 ∈ { 0,… , 𝑦 }] ⋅ [𝑙 = 𝑦 − 𝑦3] ⋅ [𝑥3 ∈ { 1, 2 }]
if ( 𝑥3 ≠ −1 ) {𝑙 := 𝑙 + 1} ;
(≤ [𝑦3 ∈ { 0,… , 𝑦 }] ⋅ [𝑙 = 𝑦 − 𝑦3 + 1]
𝑦3 := 𝑦3 − 1
(≤ [𝑦3 ∈ {−1,… , 𝑦 }] ⋅ [𝑙 = 𝑦 − 𝑦3]

}
(≤ [𝑦3 ∈ {−1,… , 𝑦 }] ⋅ [𝑙 = 𝑦 − 𝑦3]

}
(≤ [𝑦3 = −1] ⋅ [𝑙 = 𝑦 − 𝑦3]
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Loop We prove the the specification by first applying the while proof rule and
thus have to prove that

[𝑦3 ∈ {−1,… , 𝑦 }] ⋅ [𝑙 = 𝑦 − 𝑦3]
⊨ [0 ≤ 𝑦3] ⋅ [𝑦3 ∈ { 0,… , 𝑦 }] ⋅ [𝑙 = 𝑦 − 𝑦3]

⊔ ∼ [0 ≤ 𝑦3] ⋅ [𝑦3 = −1] ⋅ [𝑙 = 𝑦 − 𝑦3] ,

which follows immediately, and that

𝑅 ⊢ { [𝑦3 ∈ { 0,… , 𝑦 }] ⋅ [𝑙 = 𝑦 − 𝑦3] }≤ 𝐶𝑏𝑜𝑑𝑦
3 { [𝑦3 ∈ {−1,… , 𝑦 }] ⋅ [𝑙 = 𝑦 − 𝑦3] } .

We apply the seq proof rule to split the loop body into the two proof obligations

𝑅 ⊢ {—"— }≤ 𝑥3 := <𝑧2 + 𝑦3>
⎧
⎨
⎩

[𝑦3 ∈ { 0,… , 𝑦 }] ⋅ [𝑙 = 𝑦 − 𝑦3]
⋅ [𝑥3 ∈ { 0, 1, 2 }]

⎫
⎬
⎭

𝑅 ⊢
⎧
⎨
⎩

[𝑦3 ∈ { 0,… , 𝑦 }]
⋅ [𝑙 = 𝑦 − 𝑦3] ⋅ [𝑥3 ∈ { 0, 1, 2 }]

⎫
⎬
⎭≤

if ( 𝑥3 ≠ 0 ) {… } {—"— } .

The first specification is proven similarly to the lookup for the channel thread.

Conditional Branching For the other specification, we apply monotonicity
to get the left-hand side into the right form and apply the if proof rule to obtain
a new proof obligation. Thus together, we obtain the to be proven entailment

[𝑦3 ∈ { 0,… , 𝑦 }] ⋅ [𝑙 = 𝑦3 − 𝑦] ⋅ [𝑥3 ∈ { 0, 1, 2 }]
⊨ [𝑥3 ≠ 0] ⋅ [𝑦3 ∈ { 0,… , 𝑦 }] ⋅ [𝑙 = 𝑦 − 𝑦3] ⋅ [𝑥3 ∈ { 1, 2 }]

⊔ ∼ [𝑥3 ≠ 0] ⋅ [𝑙 = 𝑦 − 𝑦3] ⋅ [𝑦3 ∈ {−1,… , 𝑦 }]

and the to be proven specification

𝑅 ⊢
⎧
⎨
⎩

[𝑦3 ∈ { 0,… , 𝑦 }]
⋅ [𝑙 = 𝑦 − 𝑦3] ⋅ [𝑥3 ∈ { 1, 2 }]

⎫
⎬
⎭≤

if ( 𝑥3 ≠ −1 ) {… } ; … {—"— } .

Note that the else branch where 𝑦3 = −1 can not be reached under our resource
invariant. Thus we can associate this branch with [false] and thus have to prove We also already adjust

the information about
𝑙 for the next state-
ment.

[𝑦3 ∈ { 0,… , 𝑦 }] ⋅ [𝑙 = 𝑦 − 𝑦3] ⋅ [𝑥3 ∈ { 1, 2 }]
⊨ [𝑦3 ≠ −1] ⋅ [𝑦3 ∈ { 0,… , 𝑦 }] ⋅ [𝑙 + 1 = 𝑦 − 𝑦3 + 1]

⊔ ∼ [𝑦3 ≠ −1] ⋅ [false] ,

𝑅 ⊢
⎧
⎨
⎩

[𝑦3 ∈ { 0,… , 𝑦 }]
⋅ [𝑙 + 1 = 𝑦 − 𝑦3 + 1]

⎫
⎬
⎭≤

𝑙 := 𝑙 + 1
⎧
⎨
⎩

[𝑦3 ∈ { 0,… , 𝑦 }]
⋅ [𝑙 = 𝑦 − 𝑦3 + 1]

⎫
⎬
⎭
,

𝑅 ⊢ { [false] }≤ skip
⎧
⎨
⎩

[𝑦3 ∈ { 0,… , 𝑦 }]
⋅ [𝑙 = 𝑦 − 𝑦3 + 1]

⎫
⎬
⎭
,

𝑅 ⊢
⎧
⎨
⎩

[𝑦3 ∈ { 0,… , 𝑦 }]
⋅ [𝑙 = 𝑦 − 𝑦3 + 1]

⎫
⎬
⎭≤

𝑦3 := 𝑦3 − 1
⎧
⎨
⎩

[𝑦3 ∈ {−1,… , 𝑦 }]
⋅ [𝑙 = 𝑦 − 𝑦3]

⎫
⎬
⎭
,

where all four obligations are now proven similarly to previous proofs.
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Separation Logics for Concurrent Programs The work presented in Chap-
ter 3 is based on [25, 26], which presented the first concurrent separation logics
able to use resource invariants in order to reason about interaction between
concurrent threads. They use separation logic [23, 24] to describe separation of
heap in the presence of multiple threads that may use local memory or shared
memory. The semantics presented in Chapter 3 differ from [26] by not embedding
framing in the wrlp function. Instead we require that the operational semantics
of the program enables framing.

The logic and tool VerCors [56] allows annotating programs with preconditions,
postconditions and resource invariants to allow automatic verification of pro-
gram specifications in a concurrent separation logic. It does so by generating
verification conditions in the sequential intermediate language of the separation
logic verifier Viper [57].

A major step towards more expressive logics was the introduction of abstract
predicates [58], which allowed embedding resource invariants in the pre- and
postconditions instead of carrying them separately in the specification. Opening
a resource invariant is allowed by using a repartitioning operator. This work Opening a resource

invariant correspond
to applying the atom
proof rule.

ultimately sparked the creation of new logics for program verification. To allow
for a wider range of atomicity, TaDa [59] introduces a notion of non-atomic
programs for which we may open the resource invariant as well. FCSL [60] builds
upon the idea of having abstract predicates to reason about resource invariants,
but extends predicates to state transition systems to model the possible changes
in a concurrent system. Iris [41] lifts the idea of abstract predicates to allow
arbitrary resources, whose definition can again include Iris propositions to allow
for resource invariants as resources. However, this means that the definition of
the Iris proposition type is recursive. For this to be well-defined, Iris defines the
type of its propositions as a fixed point, which is guaranteed to exist. Iris and its
extension have been implemented in the Rocq theorem prover [61].

The Rocq theorem
prover was previously
known as Coq.

Separation Logics for Probabilistic Programs In order to support proba-
bilistic programs, various attempts using separation logic are found in literature.
[62, 63] use separation to encode independence of random variables. Two random
variables are independent if their joint cumulative distribution functions is the
product of the individual cumulative distribution functions. This allows — similar
to heap and resource based separation logic — a prover to apply a frame rule on
random variables.

The expressiveness of the Iris logic allows the development of various logics
on top of the base logic to reason about probabilistic programs. Polaris [64]
allows a prover to prove relations between probabilistic concurrent programs by
using (synchronous) coupling between samplings in the program. This way,
we can express or approximate the expected value for some random variable
with respect to a complex probabilistic program in terms of the expected value
of the same random variable with respect to a simple probabilistic program.
Computing the expected value of the random variable in the simple program
is then assumed to be easy. The logic Clutch [65] extends this idea to allow
asynchronous couplings between related probabilistic non-concurrent programs.
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To achieve this, they use presampling tapes which allows sampling a value at an
earlier position in the program in order to synchronise the sampling between the
programs. Error credits in the Iris-based logic Eris [66] were introduced to reason
about the probability to abort in probabilistic non-concurrent programs. This can
be employed to also reason about the probability to fail a certain specification and
thus also to reason about lower bounds to satisfy a certain specification. Tachis
[67] further extends the logic Eris and allows for more general notions of credits.
Separately from that, ExpIris [68] was developed to reason about expected credits
on probabilistic concurrent programs.

Outcome logic [69] is a logic that allows the prover to reason about outcomes
and to split outcomes by the outcome conjunction (similar to the separating con-
junction in separation logic). This allows the prover to reason about reachability
of incorrect states, only reachability of correct states and also to reason about
probabilistic programs. Outcome separation logic [70] extends this by the sepa-
rating conjunction to also reason about separation of heaps. This combination
then also allowed the development of a concurrent outcome logic [71].

Other Semantics for Probabilistic Concurrent Programs There have also
been axiomatic and denotational semantics for probabilistic and concurrent pro-
grams that are not based on separation logic. The rely-guarantee calculus has
been extended to probabilistic programs, which allows a prover to use rely-
guarantee reasoning for probabilistic concurrent programs [72]. A semantics for
probabilistic and concurrent programs [73] was developed using an equivalence
class of directed acyclic graphs that model the execution of the program, which
they call pomsets. By enriching the pomsets with formulae, the authors can
differentiate between conditional branching and probabilistic branching. Con-
current execution can be resolved using a linearization, which then allows us to
gain a monadic view on their semantics.

Weakest Expectation The function we call weakest expectation in Chapters 4
and 6 is usually called in literature weakest pre-expectation [29], which was
first introduced in [27, 28]. This was later extended by using the quantitative
separation logic as introduced in Chapter 4 by [30]. Quantitative separation
logic extends classical separation logic by mapping states not to Boolean values
but to non-negative reals. By further introducing operations for multiplication,
addition and especially separatingmultiplication, the authors are able to construct
denotational semantics for probabilistic and heap-manipulating programs. A
different separation logic aimed to reason about expected (amortized) runtimes
(instead of general expected values) is [74]. There the authors use a separating
addition, which allows the definition of a runtime calculus for heap-manipulating
programs and for amortized runtimes. The axiomatic semantics as presented
in Chapter 6 allow a prover to reason about lower bounds on the probability to
reach a certain set of final states in probabilistic and concurrent programs by
using resource invariants to reason about shared memory [33].

Concurrent Fuzzy Separation Logic

We combine ideas from concurrent separation logic [25, 26] and quantitative
separation logic [30] to develop concurrent fuzzy separation logic [33]. We use
the idea of introducing resource invariants that are invariant over the span of the
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program and combine it with the idea to generalize Boolean separation logic to a
logic mapping to non-negative reals. In order to avoid the problem of assigning
infinity to non-terminating runs, we use a variant which we coin fuzzy separation
logic that maps states to reals in the interval between zero and one. This allows
us to reason about lower bounds of probabilities to reach a certain set of final
states or to not terminate. We develop semantics in terms of fuzzy separation
logic called the weakest resource-safe liberal expectation and provide proof rules
to reason about specifications in these semantics.

By staying close to the inspiration of [25, 26], we gain conservativity towards
concurrent separation logic. This means that any specification stated in con-
current separation logic can also be stated in concurrent fuzzy separation logic.
Unfortunately we lost access to the minimum rule, which corresponds to the
conjunction rule in concurrent separation logic. This rule allows eliminating
minima in the specification. Since wrle is defined using a sum and sums behave
ill with minima, we do not have a rule for minima.

We state the adequacy of our weakest liberal expectation semantics in terms of
path semantics. That is, we sum the random variable assigned to the final state
over all paths weighted by the probability of that path and add additionally the
probability to not terminate. An equality between weakest liberal expectation
and this notion is established.

Future Work Weakest liberal resource-safe expectations are linear in case the
resource invariant is empty and the program is almost surely terminating [33].
This can be easily derived from our adequacy theorem. However, we conjecture
that wrle is also linear when the resource invariant is strictly-exact. A random
variable is strictly-exact if for any stack there is at most one heap for which the
random variable is not zero. When the left-hand side of a quantitative or fuzzy
magic wand is strictly-exact, the addition on the right-hand side of the magic
wand distributes. This may allow developing a similar adequacy theorem for
strictly-exact resource invariants and allow proving linearity for almost surely
terminating programs.

We have hinted towards a liberal expectation semantics on the non-negative reals.
This would mean in consequence that runs that are not terminating are weighted
with infinity. Loops that allow infinite runs — even if the runs have probability
zero — may then evaluate to infinity for any random variable. However in liberal
semantics, it is easier to reason about about lower bounds of the expected value
of random variables. Whenever the program is terminating (for at least one
scheduler), the value of a liberal expectation semantics corresponds to the value
of a non-liberal expectation semantics. Moreover, liberal semantics over non-
negative reals may give access to a concurrency rule for non-negative random
variables. Some ground work towards weakest liberal expectations on the non-
negative reals for probabilistic programs have been laid out in [75].

The probabilistic program

pif ( 0.5 ) {<𝑟> := 𝑥 } else {<𝑟> := 𝑦 }

is not atomic. Nevertheless, its effect is atomic in nature. There is no differ-
ence between another thread interfering with this thread before the probabilistic
branching and after (and thus before the mutation). As such, we would assume
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that it is also sound to open the resource invariant for such a program. For-
mulating a notion of atomicity for non-atomic programs may help to improve
modularity of the wrle semantics.

It is known that the current information present in the state may not be enough
to reason about the possible final states. For example, it is difficult to prove that
for the program 𝐶 as

<𝑟> := 0 ;

𝑥 := <𝑟> ;
<𝑟> := 𝑥 + 2

‖
𝑥 := <𝑟> ;

<𝑟> := 𝑥 + 2

the final state [𝑟 ↦ 0] is not reachable. That is, the specification

[emp] ⊢ { S𝑎. [𝑟 ↦ 𝑎] }≤ 𝐶 { [𝑟 ↦ 2] ⊔ [𝑟 ↦ 4] }

is difficult to prove. In qualitative separation logic, ghost states [76] or ghost code
[77] help to gain the necessary additional knowledge to verify such specifications.
Developing ghost states or ghost code for weakest expectation reasoning styles
is therefore desirable.

Proof Assistant Support

We formalized parts of Chapter 6 in the proof assistant Lean [6]. This especially
includes a definition of the weakest resource-safe liberal expectation, which is
defined as a fixed point on the characteristic function transitioning one step in
the underlying Markov decision process while guaranteeing the validity of the
resource invariant. We furthermore formalized the presented proof rules and
their soundness proofs to allow reusing the proof rules when using Lean to verify
probabilistic programs in our given programming language.

Similar verified frameworks have been developed prior. A verified framework
in Isabelle HOL [78] integrates probabilistic computation into the underlying
functional programming language of Isabelle such that reasoning about distribu-
tions computed by a probabilistic program can be done directly in Isabelle HOL
[79]. An approach in the Rocq theorem prover to verify probabilistic programs
using an interpretation of probabilistic programs as monadic transformers using
maps from states to the unit interval has been presented in [80]. Further verified
proof system in the Rocq theorem prover for probabilistic programs include the
previous mentioned extensions of Iris [64–68].

There has also been prior work done to provide a verified proof system for expec-
tation based approaches. For probabilistic programs that are neither concurrent
nor heap manipulating, [75, 81] provide formalizations of weakest expectation
semantics in Isabelle HOL. A formalization of quantitative separation logic and
its weakest expectation as presented in Chapter 4 has been formalized in [82]. All
of these, including this dissertation, lack a formalization of the adequacy theorem.
That is, none of these prove an equivalence between the expected reward on a
Markov model and the weakest expectation.

Future Work Formalizing Theorem 6.2.2, which guarantees us the adequacy
ofwrle, has multiple advantages. A formalization gives more trust into the proof,
which is prominently error prone [49]. Additionally, we can use it to formalize
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a proof for the linearity of wrle in case of an empty resource invariant and an
almost surely terminating program. It further allows to derive new conclusions
from specification for a user of the framework.

In the current formalization, no tactics are provided to ease the use of the proof
system. That makes using it a hurdle. Tactics that apply various trivial theorems
at once or prove easy entailments automatically may help to ease the use of the
proof system.





Entailments in Fuzzy and Quantitative
Separation Logic





Transforming Fuzzy Separation Logic into
Qualitative Separation Logic 8.

Assertions about quantitative properties introduce new complexities in the rea-
soning process. For that reason, it is beneficial to split quantitative and qualitative
reasoning in two separate proof obligations instead of reasoning about them
simultaneously. That is, our goal is to decompose entailments in fuzzy separa-
tion logic into entailments in real arithmetic and into entailments in qualitative
separation logic.

Let us for example consider the entailment

⟨0.3⟩ ⋆ [𝑥 ↦ 𝑦] ⋅+ ⟨0.4⟩ ⋆ [𝑦 ↦ 𝑥] ⊨ ⟨1⟩ ⋆ [𝑥 ↦ 𝑦] ⊔ ⟨1⟩ ⋆ [𝑦 ↦ 𝑥] .

Ad hoc we observe that the left-hand side has the three possible evaluations An evaluation here is
an element of the im-
age.

0, 0.3, 0.4 and 0.7. The right-hand side has the evaluations 0 and 1. For the
entailment to hold, we need to guarantee that the evaluation of a left-hand side is
never greater than the evaluation of the right-hand side. Instead of checking that
for these evaluations the entailment does not hold, we can also check that certain
entailments need to hold in qualitative separation logic. For this, we transform
a random variable 𝑋 into the proposition 𝑎 ≤ 𝑋(𝑠, ℎ, 𝜂), where 𝑎 is a possible
evaluation. The entailments thus become qualitative by this transformation. It We give more details

about the soundness of
this approach in the
next section.

turns out, that we can transform the expression 𝑎 ≤ 𝑋(𝑠, ℎ, 𝜂) for certain fuzzy
separation logic random variables 𝑋 into equivalent qualitative separation logic
propositions, such that we can leverage techniques to solve qualitative separation
logic entailments so as to solve fuzzy separation logic entailments. The idea
of this transformation is to take those parts of the formula that translate into
evaluations greater than the target value and connect them in a disjunction.

Let us consider this more concretely for our example. We consider all four
evaluations.

▶ For the evaluation 0, we can form the qualitative separation logic proposi-
tion

0 ≤ ([𝑥 ↦ 𝑦] ⊔ [𝑦 ↦ 𝑥])(𝑠, ℎ, 𝜂) ⟺ (𝑠, ℎ) ⊧𝜂 true.

Since the right-hand side of the qualitative entailment is true, the resulting
entailment vacuously holds.

▶ For the evaluation 0.3, we need to transform both sides into formulae which
hold when their evaluation is greater than 0.3. For the left, we have that
this is the case when

true ∗ [𝑥 ↦ 𝑦] ∨ true ∗ [𝑦 ↦ 𝑥] ∨ true ∗ ([𝑥 ↦ 𝑦] ∧ [𝑦 ↦ 𝑥]),

as these yield either 0.3, 0.4 or 0.7. For the right, we have that the only
evaluation that is at least 0.3 is 1, thus the formula

true ∗ [𝑥 ↦ 𝑦] ∨ true ∗ [𝑦 ↦ 𝑥]

is equivalent to the right term. It is now easy to verify that the qualitative
entailment

true ∗ [𝑥 ↦ 𝑦] ∨ true ∗ [𝑦 ↦ 𝑥] ∨ true ∗ ([𝑥 ↦ 𝑦] ∧ [𝑦 ↦ 𝑥])
⊨ true ∗ [𝑥 ↦ 𝑦] ∨ true ∗ [𝑦 ↦ 𝑥]
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actually holds.
▶ For the evaluation 0.4, the left-hand side transforms similarly to the propo-

sition
true ∗ [𝑦 ↦ 𝑥] ∨ true ∗ ([𝑥 ↦ 𝑦] ∧ [𝑦 ↦ 𝑥]).

Not every state satisfying true ∗ [𝑥 ↦ 𝑦] would yield a weight at least 0.4,
thus it is left out of the outermost disjunction. The right-hand side again
transforms into

true ∗ [𝑥 ↦ 𝑦] ∨ true ∗ [𝑦 ↦ 𝑥] .

The resulting qualitative entailment is

true ∗ [𝑦 ↦ 𝑥] ∨ true ∗ ([𝑥 ↦ 𝑦] ∧ [𝑦 ↦ 𝑥])
⊨ true ∗ [𝑥 ↦ 𝑦] ∨ true ∗ [𝑦 ↦ 𝑥] ,

which also holds.
▶ The evaluation 0.7 is only reached when both sides of the addition are

satisfied. Thus we have for the left-hand side the transformed proposition

true ∗ ([𝑥 ↦ 𝑦] ∧ [𝑦 ↦ 𝑥]).

The right-hand side again transforms into

true ∗ [𝑥 ↦ 𝑦] ∨ true ∗ [𝑦 ↦ 𝑥] ,

and we obtain the qualitative entailment

true ∗ ([𝑥 ↦ 𝑦] ∧ [𝑦 ↦ 𝑥])
⊨ true ∗ [𝑥 ↦ 𝑦] ∨ true ∗ [𝑦 ↦ 𝑥] .

This entailment also holds.

Since we checked all entailments for each possible evaluations of the left-hand
side, we know that the fuzzy entailment indeed holds.

8.1. The At-Least Predicate

Given a fuzzy entailment 𝑋 ⊨ 𝑌. To transform this into a qualitative entailment
Φ ⊨ Ψ, we first need to transform 𝑋 and 𝑌 into qualitative statements. The idea
to do this is by considering all possible values of the domain of 𝑋. Indeed, we have
that 𝑎 ≤ 𝑏 if and only if ∀𝑐. 𝑐 ≤ 𝑎 ⇒ 𝑐 ≤ 𝑏. We will exploit this equivalence to
construct a transformation from fuzzy into qualitative entailments.

Let us investigate this equivalence in more detail. First, we assume that 𝑎 ≤ 𝑏
and that 𝑐 ≤ 𝑎. Then by transitivity 𝑐 ≤ 𝑏. For the other direction, we assume
that for all 𝑐 with 𝑐 ≤ 𝑎 we have that 𝑐 ≤ 𝑏. Then we choose 𝑐 with 𝑐 = 𝑎, and
so we have that 𝑎 ≤ 𝑏.

Definition 8.1.1 (At-least Predicate) Let 𝑋 ∈ RV1 be a random variable in
fuzzy separation logic and 𝑎 ∈ [0, 1] a real number in the unit interval. We
define the at-least predicate in qualitative separation logic as

(𝑠, ℎ) ⊧𝜂 𝑎 ≤ 𝑋 ⟺ 𝑎 ≤ 𝑋(𝑠, ℎ, 𝜂).
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We can already define the transformation from fuzzy separation logic into qual-
itative separation logic with the previous equivalence. However, there is still
one more goal to reach. Say, the image of the random variables is finite — we
thus have only finitely many evaluations. Do we then obtain a finite number of
entailments? With the previous explained approach, this is not true. However,
we can find a slightly different formulation of this theorem to also obtain that a
finite domain yields finite entailments.

Definition 8.1.2 (Image of a Function) Let 𝑋∶ 𝐴 → 𝐵 be a function. The image
of 𝑋 is

image(𝑋) = { 𝑏 ∈ 𝐵 | ∃𝑎 ∈ 𝐴. 𝑋(𝑎) = 𝑏 } .

Theorem 8.1.1 Let 𝑋, 𝑌 ∈ RV1 be random variables in fuzzy separation logic
and let image(𝑋) ⊆ 𝐴. Notice that we quan-

tify over a possible
over-approximation of
the image.

We have that

𝑋 ⊨ 𝑌 ⟺ ∀𝑎 ∈ 𝐴. 𝑎 ≤ 𝑋 ⊨ 𝑎 ≤ 𝑌.

Proof. See [43] at LeanFSL.Entailments.FSL2SL.

The proof is very similar to the one not restricted to an over-approximation of
the image. The only difference is that we are required to prove that 𝑎 ∈ 𝐴 where
image(𝑋) ⊆ 𝐴 for the second direction now. However, in our case we have that
𝑎 = 𝑋(𝑠, ℎ, 𝜂) for some 𝑠, ℎ and 𝜂, making this obligation trivially true.

Example 8.1.1 We like to verify the fuzzy entailment

⟨0.3⟩ ⋆ [𝑥 ↦ 𝑦] ⋅+ ⟨0.4⟩ ⋆ [𝑦 ↦ 𝑥] ⊨ ⟨0.7⟩ ⋆ [𝑥 ↦ 𝑦] ⋅+ ⟨0.7⟩ ⋆ [𝑦 ↦ 𝑥] ,

which is a slightly adapted version of the introductory example in this chapter.
In order to translate this entailment into a qualitative entailment using Theo-
rem 8.1.1, we first need to compute (an over-approximation of) the image of
the left hand-side. We can over-approximate it by considering all points-to
random variables as either 0 or 1, obtaining the possible values 0, 0.3, 0.4 and
0.7. This then yields the entailments

0 ≤ ⟨0.3⟩ ⋆ [𝑥 ↦ 𝑦] ⋅+ ⟨0.4⟩ ⋆ [𝑦 ↦ 𝑥]
⊨ 0 ≤ ⟨0.7⟩ ⋆ [𝑥 ↦ 𝑦] ⋅+ ⟨0.7⟩ ⋆ [𝑦 ↦ 𝑥] ,

0.3 ≤ ⟨0.3⟩ ⋆ [𝑥 ↦ 𝑦] ⋅+ ⟨0.4⟩ ⋆ [𝑦 ↦ 𝑥]
⊨ 0.3 ≤ ⟨0.7⟩ ⋆ [𝑥 ↦ 𝑦] ⋅+ ⟨0.7⟩ ⋆ [𝑦 ↦ 𝑥] ,

0.4 ≤ ⟨0.3⟩ ⋆ [𝑥 ↦ 𝑦] ⋅+ ⟨0.4⟩ ⋆ [𝑦 ↦ 𝑥]
⊨ 0.4 ≤ ⟨0.7⟩ ⋆ [𝑥 ↦ 𝑦] ⋅+ ⟨0.7⟩ ⋆ [𝑦 ↦ 𝑥] ,

0.7 ≤ ⟨0.3⟩ ⋆ [𝑥 ↦ 𝑦] ⋅+ ⟨0.4⟩ ⋆ [𝑦 ↦ 𝑥]
⊨ 0.7 ≤ ⟨0.7⟩ ⋆ [𝑥 ↦ 𝑦] ⋅+ ⟨0.7⟩ ⋆ [𝑦 ↦ 𝑥] ,

which we will have to translate into a form using standard operations from
qualitative separation logic.
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We can also give explicit rules to compute the over-approximations for a variety of
fuzzy separation logic operations. For random variables with infinite image, the
image may not include limit points. Suprema and infima will, however, include
these limit points. Thus we need to make sure that limit points are included in
the over-approximation. This is achieved by the closure of that set. The closure
includes all these limit points. Whenever a set of reals is finite, the closure of the
set is equal to the set itself. For this reason, we do not need the closure of that
set whenever the image is finite. Similarly we require the closure for separating
multiplication and the truncated magic wand due the underlying supremum and
infimum respectively in the definition. If we assume that heaps only have finite
allocated locations, we can drop the closure for the separating multiplication as
well as then the separating multiplication takes the supremum over finitely many
values. This is not the case for the truncated magic wand, as for heap ℎ there
may exist infinitely many heaps ℎ′ even if we require both to have only finitely
many locations.

Definition 8.1.3 Let 𝐴 ⊆ [0, 1] be a set of reals in the unit interval. The closure
of 𝐴, denoted as closure(𝐴), is the smallest superset such thatTopologically speak-

ing, the closure is the
smallest superset that
is closed.

∀𝑎0, 𝑎1,⋯ ∈ closure(𝐴). lim
𝑖∈ℕ

𝑎𝑖 ∈ closure(𝐴).

Theorem 8.1.2 Let 𝑋, 𝑌, 𝑋 ′, 𝑌 ′ ∈ RV1 be random variables in fuzzy separation
logic, where 𝑋 ′ and 𝑌 ′ have finite image. We have that:

image([true]) = { 1 }
image([false]) = { 0 }

image([Φ]) ⊆ { 0, 1 }Remark that the image
of [Φ] can be { 0 }, { 1 }
or { 0, 1 }, but not ∅. image(⟨𝑒⟩) = image(𝑒)

image(𝑋 [𝑥 ≔ 𝑒]) ⊆ image(𝑋)
image(∼𝑋) = { 1 − 𝑎 | 𝑎 ∈ image(𝑋) }

image(𝑋 ⊓ 𝑌) ⊆ {min { 𝑎, 𝑏 } | 𝑎 ∈ image(𝑋) ∧ 𝑏 ∈ image(𝑌) }
image(𝑋 ⊔ 𝑌) ⊆ {max { 𝑎, 𝑏 } | 𝑎 ∈ image(𝑋) ∧ 𝑏 ∈ image(𝑌) }
image(𝑋 ⋅+ 𝑌) ⊆ { 𝑎 ⋅+ 𝑏 | 𝑎 ∈ image(𝑋) ∧ 𝑏 ∈ image(𝑌) }
image(𝑋 ⋅ 𝑌) ⊆ { 𝑎 ⋅ 𝑏 | 𝑎 ∈ image(𝑋) ∧ 𝑏 ∈ image(𝑌) }
image( S𝑎. 𝑋) ⊆ closure(image(𝑋))
image( S𝑎. 𝑋 ′) ⊆ image(𝑋 ′)
image( I 𝑎. 𝑋) ⊆ closure(image(𝑋))
image( I 𝑎. 𝑋 ′) ⊆ image(𝑋 ′)
image(𝑋 ⋆ 𝑌) ⊆ closure({ 𝑎 ⋅ 𝑏 | 𝑎 ∈ image(𝑋) ∧ 𝑏 ∈ image(𝑌) })

image(𝑋 ′ ⋆ 𝑌 ′) ⊆ { 𝑎 ⋅ 𝑏 | 𝑎 ∈ image(𝑋) ∧ 𝑏 ∈ image(𝑌) }
image(𝑋 −−○⋆ 𝑌) ⊆ closure({ 𝑏 ⋅/ 𝑎 | 𝑎 ∈ image(𝑋) ∧ 𝑏 ∈ image(𝑌) })

image(𝑋 ′ −−○⋆ 𝑌 ′) ⊆ { 𝑏 ⋅/ 𝑎 | 𝑎 ∈ image(𝑋) ∧ 𝑏 ∈ image(𝑌) }

Proof. See [43] at LeanFSL.Entailments.FSL2SL.

Theorems 8.1.1 and 8.1.2 allow us to generate (possibly infinite) many qualitative
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entailments for the given operations. If the image of the random variables are,
however, finite, we can fully automate the process as both theorems admit full
automatization in that case. It is now left to also transform the at-least predicate
into classical operations in qualitative separation logic.

8.2. Proof Rules for the At-Least Predicate

Reasoning about the predicate 𝑎 ≤ 𝑋 is still hard, so it would be nice if we could
translate this predicate into the logic we are already custom to.

Whenever we have 𝑎 = 0, we have that the left-hand side of the inequality is
zero and thus the proposition trivially holds. Therefore we have 0 ≤ 𝑋 = true.
Because of this, we may assume that 0 < 𝑎.

Lemma 8.2.1 For a random variable 𝑋 ∈ 𝐹𝑆𝐿 in fuzzy separation logic, we have
that

0 ≤ 𝑋 ⟺ true.

Proof. See [43] at LeanFSL.Entailments.FSL2SL.

For the random variables [true] and [false], the transformation is trivial. We have
𝑎 ≤ [true] is equivalent to true and if 0 < 𝑎 then 𝑎 ≤ [false] is equivalent to false
and otherwise 𝑎 ≤ [false] is equivalent to true.

Lemma 8.2.2 For a positive real in the unit interval 𝑎 ∈ (0, 1] we have that

𝑎 ≤ [true] ⟺ true, and
𝑎 ≤ [false] ⟺ false.

Proof. See [43] at LeanFSL.Entailments.FSL2SL.

For a proposition Φ, [Φ] evaluates to 0 or 1. However, 1 values are trivial anyway
as 𝑎 ≤ 1 holds always. So we only need to care for the 0 values and we have for
0 < 𝑙𝑎 that 𝑎 ≤ [Φ] is equivalent to Φ.

For an expression 𝑒, we have that 𝑎 ≤ ⟨𝑒⟩ is equivalent to 𝑎 ≤ 𝑒. We leave out
here how to reasoning about the expression 𝑒. However, if 𝑒 is a constant, we
can check the inequality statically.

Lemma 8.2.3 For a positive real in the unit interval 𝑎 ∈ (0, 1], a separation logic
proposition Φ ∈ 𝑆𝐿, and a probabilistic expression 𝑒 we have that

𝑎 ≤ [Φ] ⟺ Φ, and
𝑎 ≤ ⟨𝑒⟩ ⟺ 𝜆(𝑠, ℎ, 𝜂). 𝑎 ≤ 𝑒(𝑠, 𝜂).

Proof. See [43] at LeanFSL.Entailments.FSL2SL.
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Substitution 𝑋 [𝑥 ≔ 𝑒] distributes nicely over the at-least predicate, so we obtain
that 𝑎 ≤ 𝑋 [𝑥 ≔ 𝑒] is equivalent to (𝑎 ≤ 𝑋) [𝑥 ≔ 𝑒].

The quantitative negation ∼𝑋 is a bit more involved. We transform 𝑎 ≤ ∼𝑋 into
the separation logic proposition

¬ (inf { 𝑏 ∈ 𝐴 | 1 − 𝑎 < 𝑏 } ≤ 𝑋)

with image(𝑋) ⊆ 𝐴. One direction holds without any further assumptions. We
will first concentrate on this direction. If the above proposition holds, then so does
𝑎 ≤ ∼𝑋. For the proof, we transform (𝑠, ℎ) ⊧𝜂 𝑎 ≤ ∼𝑋 into 𝑎 ≤ 1−𝑋(𝑠, ℎ, 𝜂) for
arbitrary (𝑠, ℎ) and 𝜂. Due to symmetries of “1−” in the unit interval (compare
Lemma 5.1.6), this is equivalent to ¬ (1 − 𝑎 < 𝑋(𝑠, ℎ, 𝜂)). Now we can apply
contraposition and instead show that when 1 − 𝑎 < 𝑋(𝑠, ℎ, 𝜂), we have that
(𝑠, ℎ) ⊧𝜂 inf { 𝑏 ∈ image(𝑋) | 1 − 𝑎 < 𝑏 } ≤ 𝑋. We can simplify and eliminate the
left infimum by proving that 𝑋(𝑠, ℎ, 𝜂) ∈ image(𝑋) ∧ 1 − 𝑎 < 𝑋(𝑠, ℎ, 𝜂). The
first part vacuously holds, the second part holds by 1 − 𝑎 < 𝑋(𝑠, ℎ, 𝜂). When
proving the validity of an entailment, this direction is the one that interests us,
since when we prove an entailment with these propositions, it also tells us that
the quantitative entailment holds.

Nevertheless, we can also establish the other direction if we assume that

1 − 𝑎 < inf { 𝑏 ∈ 𝐴 | 1 − 𝑎 < 𝑏 } .

This condition can be guaranteed if 𝐴 is finite and 0 < 𝑎. When 𝑎 = 0, we
have again that 𝑎 ≤ ∼𝑋 = [true]. If 0 < 𝑎, we have that 1 − 𝑎 < 1. Now we
consider two cases. Either { 𝑏 ∈ 𝐴 | 1 − 𝑎 < 𝑏 } is empty or not. If it is empty,
then inf { 𝑏 ∈ 𝐴 | 1 − 𝑎 < 𝑏 } = 1 and since 1 − 𝑎 < 1 = inf { 𝑏 ∈ 𝐴 | 1 − 𝑎 < 𝑏 },Remark that since the

unit interval is a com-
plete lattice, we have
inf∅ = 1.

the statement is proven. Otherwise if it is nonempty, we have that 1 − 𝑎 <
inf { 𝑏 ∈ 𝐴 | 1 − 𝑎 < 𝑏 } as the infimum takes a value of its set on finite sets.

The other direction holds, since if we assume that 𝑎 ≤ 1 − 𝑋(𝑠, ℎ, 𝜂) for some
(𝑠, ℎ) and 𝜂, using symmetries from Lemma 5.1.6, we have that 𝑋(𝑠, ℎ, 𝜂) ≤ 1−𝑎.
And since 1−𝑎 < inf { 𝑏 ∈ 𝐴 | 1 − 𝑎 < 𝑏 }, it is𝑋(𝑠, ℎ, 𝜂) < inf { 𝑏 ∈ 𝐴 | 1 − 𝑎 < 𝑏 },
which is equivalent to what we needed to show.

Lemma 8.2.4 For a real 𝑎 ∈ [0, 1] in the unit interval, a random variable
𝑋 ∈ 𝐹𝑆𝐿 in fuzzy separation logic, a variable 𝑥 ∈ Vars, a value expression 𝑒 and
an over-approximation image(𝑋) ⊆ 𝐴 of the image of 𝑋 we have that

𝑎 ≤ 𝑋 [𝑥 ≔ 𝑒] ⟺ (𝑎 ≤ 𝑋) [𝑥 ≔ 𝑒] , and
𝑎 ≤ ∼𝑋 ⇐ ¬(inf { 𝑏 ∈ 𝐴 | 1 − 𝑎 < 𝑏 } ≤ 𝑋) .

If additionally we have that 1 − 𝑎 < inf { 𝑏 ∈ 𝐴 | 1 − 𝑎 < 𝑏 } then

𝑎 ≤ ∼𝑋 ⟺ ¬(inf { 𝑏 ∈ 𝐴 | 1 − 𝑎 < 𝑏 } ≤ 𝑋) .

Proof. See [43] at LeanFSL.Entailments.FSL2SL.

The predicate 𝑎 ≤ 𝑋 ⊓ 𝑌 is satisfied by (𝑠, ℎ) and 𝜂 when both 𝑎 ≤ 𝑋 and 𝑎 ≤ 𝑌
are satisfied by (𝑠, ℎ) and 𝜂. Thus the predicate is equivalent to 𝑎 ≤ 𝑋 ∧𝑎 ≤ 𝑌.

Similarly, the predicate 𝑎 ≤ 𝑋⊔𝑌 is satisfied by (𝑠, ℎ) and 𝜂when 𝑎 ≤ 𝑋 or 𝑎 ≤ 𝑌
is satisfied by (𝑠, ℎ) and 𝜂. Thus the predicate is equivalent to 𝑎 ≤ 𝑋 ∨ 𝑎 ≤ 𝑌.
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Lemma 8.2.5 For a real 𝑎 ∈ [0, 1] in the unit interval and random variables
𝑋, 𝑌 ∈ 𝐹𝑆𝐿 in fuzzy separation logic we have that

𝑎 ≤ 𝑋 ⊔ 𝑌 ⟺ 𝑎 ≤ 𝑋 ∨ 𝑎 ≤ 𝑌, and
𝑎 ≤ 𝑋 ⊓ 𝑌 ⟺ 𝑎 ≤ 𝑋 ∧ 𝑎 ≤ 𝑌.

Proof. See [43] at LeanFSL.Entailments.FSL2SL.

The at-least predicate with addition 𝑎 ≤ 𝑋 ⋅+ 𝑌 is satisfied by (𝑠, ℎ) and 𝜂 exactly
when for some 𝑎1 ∈ image(𝑋), 𝑎2 ∈ image(𝑌) with 𝑎 ≤ 𝑎1

⋅+ 𝑎2 we have that
both 𝑎1 ≤ 𝑋 and 𝑎2 ≤ 𝑌 are satisfied by (𝑠, ℎ) and 𝜂. For the first direction, we
assume that (𝑠, ℎ) ⊧𝜂 𝑎 ≤ 𝑋 ⋅+ 𝑌. Then we have that 𝑎 ≤ 𝑋(𝑠, ℎ, 𝜂) ⋅+ 𝑌(𝑠, ℎ, 𝜂).
Thus with 𝑎1 = 𝑋(𝑠, ℎ, 𝜂) and 𝑎2 = 𝑌(𝑠, ℎ, 𝜂), we have that 𝑎1 ≤ 𝑋(𝑠, ℎ, 𝜂) as
well as 𝑎2 ≤ 𝑌(𝑠, ℎ, 𝜂). For the other direction, we have that 𝑎 ≤ 𝑎1

⋅+ 𝑎2 ≤
𝑋(𝑠, ℎ, 𝜂) ⋅+ 𝑌(𝑠, ℎ, 𝜂), which is what was to show.

Multiplication works very similar and thus we have that 𝑎 ≤ 𝑋 ⋅ 𝑌 is satisfied
by (𝑠, ℎ) and 𝜂 exactly when there are some 𝑎1 ∈ image(𝑋), 𝑎2 ∈ image(𝑌) with
𝑎 ≤ 𝑎1 ⋅ 𝑎2 such that we have that both predicates 𝑎1 ≤ 𝑋 and 𝑎2 ≤ 𝑌 are satisfied
by (𝑠, ℎ) and 𝜂.

Similarly to Lemma 8.2.4, we allow over-approximations of the images to ease
automatic reasoning.

Lemma 8.2.6 For a real 𝑎 ∈ [0, 1] in the unit interval, the random variables
𝑋, 𝑌 ∈ 𝐹𝑆𝐿 in fuzzy separation logic and the over-approximations image(𝑋) ⊆
𝐵, image(𝑌) ⊆ 𝐶 of the image of 𝑋 and 𝑌 we have that

𝑎 ≤ 𝑋 ⋅+ 𝑌 ⟺ ∃𝑏 ∈ 𝐵, 𝑐 ∈ 𝐶. 𝑎 ≤ 𝑏 ⋅+ 𝑐 ∧ 𝑏 ≤ 𝑋 ∧ 𝑐 ≤ 𝑌, and
𝑎 ≤ 𝑋 ⋅ 𝑌 ⟺ ∃𝑏 ∈ 𝐵, 𝑐 ∈ 𝐶. 𝑎 ≤ 𝑏 ⋅ 𝑐 ∧ 𝑏 ≤ 𝑋 ∧ 𝑐 ≤ 𝑌.

Proof. See [43] at LeanFSL.Entailments.FSL2SL.

The infimum 𝑎 ≤ I 𝑏. 𝑋 can be translated into an all-quantification. The at-least
predicate with infimum is satisfied by (𝑠, ℎ) and 𝜂 exactly when there is an 𝑎
such that 𝑎 ≤ 𝑋. This follows from the definition of the infimum.

The reasoning does not work for the supremum. The predicate 𝑎 ≤ S𝑏. 𝑋 is only
equivalent to ∃𝑏. 𝑎 ≤ 𝑋 if

sup { 𝑎 | ∃𝑣. 𝑋(𝑠, ℎ, 𝜂 [𝑏 ≔ 𝑣]) = 𝑎 } ∈ { 𝑎 | ∃𝑣. 𝑋(𝑠, ℎ, 𝜂 [𝑏 ≔ 𝑣]) = 𝑎 } ,

that is, if the respective supremum is actually achieved. This of course holds if the
image of 𝑋 is finite (and non-empty). The first direction holds without assuming
this extra condition. That is, if (𝑠, ℎ) ⊧𝜂 ∃𝑏. 𝑎 ≤ 𝑋 then also (𝑠, ℎ) ⊧𝜂 𝑎 ≤ S𝑏. 𝑋.
For this, it is sufficient to show that 𝑎 is smaller than any upper bound 𝑐 of
𝑋(𝑠, ℎ, 𝜂 [𝑏 ≔ 𝑣]). Then we have that 𝑎 ≤ 𝑋(𝑠, ℎ, 𝜂 [𝑏 ≔ 𝑣]) ≤ 𝑐 due to our
assumption and since 𝑐 is an upper bound. For the other direction, we assume that
(𝑠, ℎ) ⊧𝜂 𝑎 ≤ S𝑏. 𝑋. By our extra condition, we have that 𝑋(𝑠, ℎ, 𝜂 [𝑏 ≔ 𝑣]) =
sup { 𝑎 | ∃𝑣. 𝑋(𝑠, ℎ, 𝜂 [𝑏 ≔ 𝑣]) = 𝑎 } for some 𝑣. Thus using 𝑣 in the existential
quantification, we have to prove that 𝑎 ≤ sup { 𝑎 | ∃𝑣. 𝑋(𝑠, ℎ, 𝜂 [𝑏 ≔ 𝑣]) = 𝑎 },
which is the assumption.
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Lemma 8.2.7 For a real 𝑎 ∈ [0, 1] in the unit interval, a random variable
𝑋 ∈ 𝐹𝑆𝐿 in fuzzy separation logic and an over-approximation image(𝑋) ⊆ 𝐵 of
the image of 𝑋 we have that

𝑎 ≤ I 𝑏. 𝑋 ⟺ ∀𝑏. 𝑎 ≤ 𝑋, and
𝑎 ≤ S𝑏. 𝑋 ⇐ ∃𝑏. 𝑎 ≤ 𝑋.

If additionally we have that for all stack heap pairs (𝑠, ℎ) and values 𝜂 for logical
variables we have that

sup { 𝑐 | ∃𝑣. 𝑋(𝑠, ℎ, 𝜂 [𝑏 ≔ 𝑣]) = 𝑐 } ∈ { 𝑐 | ∃𝑣. 𝑋(𝑠, ℎ, 𝜂 [𝑏 ≔ 𝑣]) = 𝑐 } ,

then
𝑎 ≤ S𝑏. 𝑋 ⟺ ∃𝑏. 𝑎 ≤ 𝑋.

Proof. See [43] at LeanFSL.Entailments.FSL2SL.

For the separating multiplication, two previous ideas come together. We have
both the problem that the maximum may not be achieved since we did not
assume that heaps are finite and we have an arithmetic operation which needs a
similar treatment as for multiplication or addition. We have that if there are 𝑎1 ∈
image(𝑋), 𝑎2 ∈ image(𝑌) with 𝑎 ≤ 𝑎1 ⋅ 𝑎2 such that (𝑠, ℎ) ⊧𝜂 𝑎1 ≤ 𝑋 ∗ 𝑎2 ≤ 𝑌,
then also (𝑠, ℎ) ⊧𝜂 𝑎 ≤ 𝑋 ⋆ 𝑌. This direction holds since if we can split ℎ in ℎ1
and ℎ2 such that (𝑠, ℎ1) ⊧𝜂 𝑎1 ≤ 𝑋 and (𝑠, ℎ2) ⊧𝜂 𝑎2 ≤ 𝑌, then we also have that
𝑎 ≤ 𝑎1 ⋅ 𝑎2 ≤ 𝑋(𝑠, ℎ1, 𝜂) ⋅ 𝑌(𝑠, ℎ2, 𝜂) ≤ (𝑋 ⋆ 𝑌)(𝑠, ℎ, 𝜂). For the other direction,
we require that for all (𝑠, ℎ) and 𝜂 we have

(𝑋 ⋆ 𝑌)(𝑠, ℎ, 𝜂) ∈ { 𝑋(𝑠, ℎ1, 𝜂) ⋅ 𝑌(𝑠, ℎ2, 𝜂) | ℎ1 ⊥ ℎ2 ∧ ℎ = ℎ1 ∪ ℎ2 } ,

as then we can use the achieved maximum heap split as the split for the existential
quantification. To guarantee the extra condition, we can either require that the
images of 𝑋 and 𝑌 are finite or that heaps are finite.

Lemma 8.2.8 For a real 𝑎 ∈ [0, 1] in the unit interval, the random variables
𝑋, 𝑌 ∈ 𝐹𝑆𝐿 in fuzzy separation logic and the over-approximations image(𝑋) ⊆ 𝐵,
image(𝑌) ⊆ 𝐶 of the image of 𝑋 and 𝑌 we have thatRemark that we now

use the separating con-
junction instead of the
regular conjunction to
connect the at-least
predicates.

𝑎 ≤ 𝑋 ⋆ 𝑌 ⇐ ∃𝑏 ∈ 𝐵, 𝑐 ∈ 𝐶. 𝑎 ≤ 𝑏 ⋅ 𝑐 ∧ (𝑏 ≤ 𝑋) ∗ (𝑐 ≤ 𝑌) .

If additionally we have that for all stack heap pairs (𝑠, ℎ) and values for logical
variables 𝜂 we have that

(𝑋 ⋆ 𝑌)(𝑠, ℎ, 𝜂) ∈ { 𝑋(𝑠, ℎ1, 𝜂) ⋅ 𝑌(𝑠, ℎ2, 𝜂) | ℎ1 ⊥ ℎ2 ∧ ℎ = ℎ1 ∪ ℎ2 } ,

then

𝑎 ≤ 𝑋 ⋆ 𝑌 ⟺ ∃𝑏 ∈ 𝐵, 𝑐 ∈ 𝐶. 𝑎 ≤ 𝑏 ⋅ 𝑐 ∧ (𝑏 ≤ 𝑋) ∗ (𝑐 ≤ 𝑌) .

Proof. See [43] at LeanFSL.Entailments.FSL2SL.

Lastly, we investigate truncated fuzzy magic wand. For division, the field looks
much more complicated. A naïve approach may assume, similar to how we did
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this before, that if for all stack heap pairs (𝑠, ℎ) and values for logical variables 𝜂
we have

(𝑋 −−○⋆ 𝑌)(𝑠, ℎ, 𝜂) ∈ { 𝑌(𝑠, ℎ ∪ ℎ′, 𝜂) ⋅/ 𝑋(𝑠, ℎ′, 𝜂) | ℎ′ ∪ ℎ } ,

then we also have that

𝑎 ≤ 𝑋 −−○⋆ 𝑌 ⟺ ∃𝑏 ∈ image(𝑋), 𝑐 ∈ image(𝑌). 𝑎 ≤ 𝑐 ⋅/ 𝑏 ∧ 𝑏 ≤ 𝑋 −−∗ 𝑐 ≤ 𝑌.

Unfortunately, this is unsound. As a counterexample, we consider 𝑠(𝑥) = 0
ℎ = ∅, 𝜂(𝑎) = 0, and 𝑋 and 𝑌 where for all (𝑠′, ℎ′), 𝜂′ we have 𝑋(𝑠′, ℎ′, 𝜂′) = 0
and

𝑌(𝑠′, ℎ′, 𝜂′) =
⎧
⎨
⎩

ℎ′(1) ℎ′(1) ≠ undef ∧ 0 < ℎ′(1) ∧ ℎ′(1) ≤ 1
1 else.

Now we have that (𝑋 −−○⋆ 𝑌)(𝑠′, ℎ′, 𝜂′) = 1 as 𝑋(𝑠′, ℎ′, 𝜂′) = 0 and we also have
that 1 ≤ (𝑋 −−○⋆ 𝑌)(𝑠′, ℎ′, 𝜂′) vacuously. However, we do not have that

∃𝑏 ∈ 𝐵, 𝑐 ∈ 𝐶. 1 ≤ 𝑐 ⋅/ 𝑏 ∧ 𝑏 ≤ 𝑋 −−∗ 𝑐 ≤ 𝑌

for (𝑠, ℎ) and 𝜂. Let 𝑏 and 𝑐 be such values, ℎ′ a heap with ℎ ∪ ℎ′ and (𝑠, ℎ′) ⊧𝜂
𝑏 ≤ 𝑋. Since we have that 𝑐 ∈ image(𝑌), we have that 0 < 𝑐. However, for
any fixed chosen 𝑐, we can always find ℎ′ such that ℎ′(1) = 𝑐

2 , thus we have
𝑐 > 𝑌(𝑠, ℎ ∪ ℎ′, 𝜂), which shows that the naïve approach does not work. A
formalization of this argument can be found in [43] at LeanFSL.Entailments.
FSL2SLCounter.

It is still unclear which variants will make this work. One very restrictive ap-
proach is to limit the left-hand side of the magic wand to qualitative random
variables, i.e. random variables that map only to 0 and 1. Then we have that

𝑎 ≤ 𝑋 −−○⋆ 𝑌 ⟺ 1 ≤ 𝑋 −−∗ 𝑎 ≤ 𝑌.

Again we consider both directions separately. For the first direction, we assume
for arbitrarily (𝑠, ℎ) and 𝜂 that (𝑠, ℎ) ⊧𝜂 𝑎 ≤ 𝑋 −−○⋆ 𝑌. If the left-hand side of
the fuzzy magic wand is qualitative, we know that 𝑌(𝑠, ℎ ∪ ℎ′, 𝜂) ⋅/ 𝑋(𝑠, ℎ′, 𝜂)
is either equal to 1 or to 𝑌(𝑠, ℎ ∪ ℎ′, 𝜂). Assuming that we have 1 ≤ 𝑋(𝑠, ℎ′, 𝜂)
allows us then to reason that 𝑎 ≤ 𝑌(𝑠, ℎ ∪ ℎ′, 𝜂).

For the other direction, we assume that whenever 1 ≤ 𝑋(𝑠, ℎ′, 𝜂) we also have
that 𝑎 ≤ 𝑌(𝑠, ℎ ∪ℎ′, 𝜂). When 𝑋(𝑠, ℎ ∪ℎ′, 𝜂) is not 1 (and thus 0), we know that
𝑎 ≤ 1 = 𝑌(𝑠, ℎ ∪ ℎ′, 𝜂) ⋅/ 𝑋(𝑠, ℎ′, 𝜂). Thus we assume that 𝑋(𝑠, ℎ ∪ ℎ′, 𝜂) = 1.
From there we can derive that 𝑎 ≤ 𝑌(𝑠, ℎ ∪ ℎ′, 𝜂) = 𝑌(𝑠, ℎ ∪ ℎ′, 𝜂) ⋅/ 𝑋(𝑠, ℎ′, 𝜂).
In our naïve approach, this was not possible as we have allowed the left-hand
side of the fuzzy magic wand to require a lower bound of 0.

Lemma 8.2.9 For a real 𝑎 ∈ [0, 1] in the unit interval and random variables
𝑋, 𝑌 ∈ 𝐹𝑆𝐿 in fuzzy separation logic such that image(𝑋) ∈ { 0, 1 } we have that

𝑎 ≤ 𝑋 −−○⋆ 𝑌 ⟺ 1 ≤ 𝑋 −−∗ 𝑎 ≤ 𝑌.

Proof. See [43] at LeanFSL.Entailments.FSL2SL.
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8.3. Complexity of a Syntactic Transformation

In this section, we will discuss the complexity of the transformations presented in
the previous section on a certain syntax of which the semantics allow automatic
reasoning of the fuzzy aspects of the entailments. Since up to this point, we did
not formally introduce a syntax, arguing about runtime complexity is hard. As
such, we will define formally a syntax for fuzzy and qualitative separation logic in
this section, define a size measure on both of them and give a proof how the size
measure changes after using the transformation rules from the previous chapter.
We do not give semantics of these formulae formally, however, by mapping them
to the already introduced operations, we obtain the appropriate semantics.

The results from this section were not formalized in Lean since FSL and SL are
defined extensional in Lean and thus do not offer a concise syntax. We define
it like this as we do not currently know guarantees that the semantics from
Chapters 4 and 6 are expressible in a certain FSL and SL syntax respectively. For
the results in this chapter, however, we do require a certain syntax.

Definition 8.3.1 (A Syntax for Qualitative Separation Logic) Qualitative
separation logic formulae are generated by the following grammar
𝜑 ∶∶= Φ predicates

| 𝜑 [𝑥 ≔ 𝑒] substitution
| ¬𝜑 negation
| 𝜑 ∧ 𝜑 conjunction
| 𝜑 ∨ 𝜑 disjunction
| ∃𝑎. 𝜑 existential quantifier
| ∀𝑎. 𝜑 universal quantifier
| 𝜑 ∗ 𝜑 separating conjunction
| 𝜑 −−∗ 𝜑 qualitative magic wand

where Φ is a predicate symbol from a predefined set of predicates with given
semantics and 𝑥 ∈ Vars ∪ LVars is a variable and 𝑒∶ Stacks × LStacks → ℚ are
value expressions.

We assume our fragment of qualitative separation logic to be instantiated by some
set of predicates. We do not concern ourselves with decidability of entailments in[83–97] may provide

the reader with liter-
ature about suitable
fragments in qualita-
tive separation logic.

the qualitative separation logic formulae, thus leave finding a suitable fragment
in qualitative separation logic with suitable predicates to the reader.

We will limit the possible syntax for our fuzzy separation logic fragment to allow
a transformation in which fuzzy aspects can be checked automatically. This
especially involves requiring constant quantitative expressions, such that these
can be handled during the computation of qualitative separation logic formulae.
Moreover, due to the problems about magic wands we discussed in the previous
section, we require magic wands to be guarded by a qualitative formula.
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Definition 8.3.2 (A Syntax for Fuzzy Separation Logic) Fuzzy separation logic
formulae are generated by the following grammar
𝑓 ∶∶= [𝜑] iverson brackets

| ⟨𝑏⟩ rational number
| 𝑓 [𝑥 ≔ 𝑒] substitution
| ∼ 𝑓 fuzzy negation
| 𝑓 ⊔ 𝑓 maximum
| 𝑓 ⊓ 𝑓 minimum
| 𝑓 ⋅+ 𝑓 addition
| 𝑓 ⋅ 𝑓 multipication
| S𝑎. 𝑓 supremum quantifier
| I 𝑎. 𝑓 infimum quantifier
| 𝑓 ⋆ 𝑓 separating multiplication
| [𝜑] −−○⋆ 𝑓 guarded magic wand

where 𝜑 is a formula in the syntax for qualitative separation logic from Defi-
nition 8.3.1, 𝑏 ∈ [0, 1] ∩ ℚ is a rational number in the unit interval, 𝑥, 𝑒 as in
Definition 8.3.1.

Since the correctness of the translations follows from Lemmas 8.2.1 to 8.2.9,
we concentrate on the complexity of our transformation and do not introduce
a formal semantics for the formulae. However, their semantics is obtained by
replacing the respective symbols with the operations for which we used the same
symbols in fuzzy and qualitative separation logic. The transformation fsl2sl(𝑎, 𝑓)
can be used to transform the predicate 𝑎 ≤ 𝑓 into a formula using the syntax from
Definition 8.3.1. For some of these lemmas, we also allowed over-approximations
of the images. Computing the exact image is infeasible, thus we introduce an
over-approximation apImg(𝑓) of the image using Theorem 8.1.2.

Definition 8.3.3 (Over-approximation of Fuzzy Separation Logic Images) We
define the over-approximation apImg(𝑓) for 𝑓 as in Definition 8.3.2 as

apImg([𝜑]) = { 0, 1 }
apImg(⟨𝑏⟩) = { 0, 𝑏, 1 }

We only include 0
and 1 in the over-
approximation of
apImg(⟨𝑏⟩) to ease the
complexity reasoning
later.

apImg(𝑓 [𝑥 ≔ 𝑒]) = apImg(𝑓)
apImg(∼ 𝑓) = { 1 − 𝑎 | 𝑎 ∈ apImg(𝑓) }

apImg(𝑓 ⊔ 𝑔) = apImg(𝑓) ∪ apImg(𝑔)
apImg(𝑓 ⊓ 𝑔) = apImg(𝑓) ∪ apImg(𝑔)
apImg(𝑓 ⋅+ 𝑔) = { 𝑎 ⋅+ 𝑏 | 𝑎 ∈ apImg(𝑓) ∧ 𝑏 ∈ apImg(𝑔) }
apImg(𝑓 ⋅ 𝑔) = { 𝑎 ⋅ 𝑏 | 𝑎 ∈ apImg(𝑓) ∧ 𝑏 ∈ apImg(𝑔) }
apImg( S𝑎. 𝑓) = apImg(𝑓)
apImg( I 𝑎. 𝑓) = apImg(𝑓)
apImg(𝑓 ⋆ 𝑔) = { 𝑎 ⋅ 𝑏 | 𝑎 ∈ apImg(𝑓) ∧ 𝑏 ∈ apImg(𝑔) }

apImg([𝜑] −−○⋆ 𝑓) = apImg(𝑓)

We later prove that
{ 0, 1 } ⊆ apImg(𝑓),
thus we do not explic-
itly add these values
for the image of the
magic wand.where 𝜑, 𝑏, 𝑥, 𝑒 are as in Definition 8.3.2.
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The approximation does not require computing any closures as the set is always
finite. This is guaranteed as the syntax we introduced only allows constants in
quantitative expressions. Finiteness of the images also guarantee us the side
conditions from Lemmas 8.2.4, 8.2.7 and 8.2.8. Due to this and Theorem 8.1.2,
apImg(𝑓) does indeed yield an over-approximation of the image of the semantics
of 𝑓.

Definition 8.3.4 (Transformation) We define the transformation fsl2sl(𝑎, 𝑓)
for 𝑎 ∈ [0, 1] ∩ ℚ and 𝑓 as in Definition 8.3.2 as

fsl2sl(𝑎, [𝜑]) =
⎧
⎨
⎩

true if 𝑎 = 0
𝜑 else

fsl2sl(𝑎, ⟨𝑏⟩) =
⎧
⎨
⎩

true if 𝑎 ≤ 𝑏
false else

fsl2sl(𝑎, 𝑓 [𝑥 ≔ 𝑒]) = fsl2sl(𝑎, 𝑓) [𝑥 ≔ 𝑒]

fsl2sl(𝑎, ∼ 𝑓) =
⎧
⎨
⎩

true if 𝑎 = 0
¬fsl2sl(inf { 𝑏 ∈ 𝐴 | 1 − 𝑎 < 𝑏 } , 𝑓) else

fsl2sl(𝑎, 𝑓 ⊔ 𝑔) = fsl2sl(𝑎, 𝑓) ∨ fsl2sl(𝑎, 𝑔)
fsl2sl(𝑎, 𝑓 ⊓ 𝑔) = fsl2sl(𝑎, 𝑓) ∧ fsl2sl(𝑎, 𝑔)
fsl2sl(𝑎, 𝑓 ⋅+ 𝑔) = ⋁

𝑏∈apImg(𝑓),𝑐∈apImg(𝑔)
𝑎≤𝑏 ⋅+𝑐

fsl2sl(𝑏, 𝑓) ∧ fsl2sl(𝑐, 𝑔)

fsl2sl(𝑎, 𝑓 ⋅ 𝑔) = ⋁
𝑏∈apImg(𝑓),𝑐∈apImg(𝑔)

𝑎≤𝑏⋅𝑐

fsl2sl(𝑏, 𝑓) ∧ fsl2sl(𝑐, 𝑔)

fsl2sl(𝑎, S𝑎. 𝑓) = ∃𝑎. fsl2sl(𝑎, 𝑓)
fsl2sl(𝑎, I 𝑎. 𝑓) = ∀𝑎. fsl2sl(𝑎, 𝑓)
fsl2sl(𝑎, 𝑓 ⋆ 𝑔) = ⋁

𝑏∈apImg(𝑓),𝑐∈apImg(𝑔)
𝑎≤𝑏⋅𝑐

fsl2sl(𝑏, 𝑓) ∗ fsl2sl(𝑐, 𝑔)

fsl2sl(𝑎, [𝜑] −−○⋆ 𝑓) = 𝜑 −−∗ fsl2sl(𝑎, 𝑓)

where 𝜑, 𝑏, 𝑥, 𝑒 are as in Definition 8.3.2.

Definition 8.3.4 applies Lemmas 8.2.1 to 8.2.9 to formulae in the syntax from
Definition 8.3.2 and thus yields sound equivalences for 𝑎 ≤ 𝑋. The existential
quantification for values in the images of 𝑓 and 𝑔 transform to disjunctions
as the images are finite. Side conditions are automatically satisfied due to the
finiteness of the images. Indeed, we see that the soundness of the here presented
transformation relies on the finiteness of the images.

Next, we define size measures for the formulae to define the increase of size by
applying fsl2sl(𝑎, 𝑓). We define these simply by assuming that every operation
application increases the size by one.
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Definition 8.3.5 (Size of Qualitative Separation Logic Formulae) We define
the size of a formula in the syntax from Definition 8.3.1 as

|𝜑| = 1
|𝜑 [𝑥 ≔ 𝑒]| = |𝜑| + 1

|¬𝜑| = |𝜑| + 1
|𝜑 ∧ 𝜓| = |𝜑| + |𝜓| + 1
|𝜑 ∨ 𝜓| = |𝜑| + |𝜓| + 1
|∃𝑎. 𝜑| = |𝜑| + 1
|∀𝑎. 𝜑| = |𝜑| + 1
|𝜑 ∗ 𝜓| = |𝜑| + |𝜓| + 1

|𝜑 −−∗ 𝜓| = |𝜑| + |𝜓| + 1

where 𝜑, 𝑥, 𝑒 are as in Definition 8.3.2.

Definition 8.3.6 (Size of Fuzzy Separation Logic Formulae) We define the size
of a formula in the syntax from Definition 8.3.2 as

|[𝜑]| = |𝜑|
|⟨𝑏⟩| = 1

|𝑓 [𝑥 ≔ 𝑒]| = |𝑓| + 1
|∼ 𝑓| = |𝑓| + 1

|𝑓 ⊔ 𝑔| = |𝑓| + |𝑔| + 1
|𝑓 ⊓ 𝑔| = |𝑓| + |𝑔| + 1
|𝑓 ⋅+ 𝑔| = |𝑓| + |𝑔| + 1
|𝑓 ⋅ 𝑔| = |𝑓| + |𝑔| + 1
| S𝑎. 𝑓| = |𝑓| + 1
| I 𝑎. 𝑓| = |𝑓| + 1
|𝑓 ⋆ 𝑔| = |𝑓| + |𝑔| + 1

|[𝜑] −−○⋆ 𝑓| = |𝜑| + |𝑓| + 1

where 𝜑, 𝑥, 𝑒 are as in Definition 8.3.2.
We define a different size of a formula in the syntax from Definition 8.3.2 as

|𝑓|𝑝 counts the
operations contribut-
ing to exponential
complexity in the
transformation. The p
here stands for prod-
uct, as the operations
we count induce set
products in the given
over-approximations.

|[𝜑]|𝑝 = 0

|⟨𝑏⟩|𝑝 = 1

|𝑓 [𝑥 ≔ 𝑒]|𝑝 = |𝑓|𝑝
|∼ 𝑓|𝑝 = |𝑓|𝑝

|𝑓 ⊔ 𝑔|𝑝 = |𝑓|𝑝 + |𝑔|𝑝
|𝑓 ⊓ 𝑔|𝑝 = |𝑓|𝑝 + |𝑔|𝑝
|𝑓 ⋅+ 𝑔|𝑝 = |𝑓|𝑝 + |𝑔|𝑝 + 1

|𝑓 ⋅ 𝑔|𝑝 = |𝑓|𝑝 + |𝑔|𝑝 + 1

| S𝑎. 𝑓|𝑝 = |𝑓|𝑝
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| I 𝑎. 𝑓|𝑝 = |𝑓|𝑝
|𝑓 ⋆ 𝑔|𝑝 = |𝑓|𝑝 + |𝑔|𝑝 + 1

|[𝜑] −−○⋆ 𝑓|𝑝 = |𝑓|𝑝

where 𝜑, 𝑥, 𝑒 are as in Definition 8.3.2.

We will now progress to the complexity proofs aimed for in this section. We
aim for three results. First, we like to estimate the complexity of the over-
approximations apImg(𝑓). Indeed, the size of this set also influences the size
of the formula generated by fsl2sl(𝑎, 𝑓). The second result thus considers the
size of the generated formula. Lastly, we combine the two results to obtain an
asymptotic complexity on the number of formulae and their sizes. This gives us
an estimate how much work this approach costs us when we want to check an
FSL formula in the syntax from Definition 8.3.2 using SL entailment solvers.

The size of the set apImg(𝑓) is quadratically increased every time we encounter
an operation that may generate new values, e.g. for addition we have for some
𝑔1 and 𝑔2 that

apImg(𝑔1
⋅+ 𝑔2) ≈ |apImg(𝑔1)| ⋅ |apImg(𝑔2)|.

Maxima and minima on the other side only generate a linear complexity increase,
i.e. we have that

apImg(𝑔1 ⊔ 𝑔2) ≤ 2 ⋅max { |apImg(𝑔1)|, |apImg(𝑔2)| } .

The number of quadratic increases depend on the size of the formula. Thus we
obtain an exponential complexity in the size of the formula 𝑓.

Theorem 8.3.1 Let 𝑓 be a formula as in Definition 8.3.2. We have that

|apImg(𝑓)| ≤ 2|𝑓|𝑝+1.

Proof. We prove this by induction on the grammar of the formula 𝑓. For the
induction base we have

|apImg([𝜑])| = | { 0, 1 } | = 21 = 2|[𝜑]|𝑝+1, and

|apImg(⟨𝑏⟩)| = | { 0, 𝑏, 1 } | = 3 ≤ 22 = 2|⟨𝑏⟩|𝑝+1.

Thus we now assume as induction hypothesis that |apImg(𝑔1)| ≤ 2|𝑔1|𝑝+1 and
|apImg(𝑔2)| ≤ 2|𝑔2|𝑝+1 holds. We prove four cases. All other cases are analogous.

1. For 𝑔1 [𝑥 ≔ 𝑒] we have that

|apImg(𝑔1 [𝑥 ≔ 𝑒])| = |apImg(𝑔1)|
𝐼𝐻
≤ 2|apImg(𝑔1)|+1 = 2|apImg(𝑔1[𝑥≔𝑒])|+1.

2. For ∼𝑔1 we have since 1 − 𝑎 is a bijection that

|apImg(∼𝑔1)| = | { 1 − 𝑎 | 𝑎 ∈ apImg(𝑔1) } | = |apImg(𝑔1)|
𝐼𝐻
≤ 2|apImg(𝑔1)|+1 = 2|apImg(∼𝑔1)|+1.

3. For 𝑔1 ⊔ 𝑔2 we require a little lemma:
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Lemma 8.3.2 This lemma would not
hold if we instead had
apImg(⟨𝑏⟩) = { 𝑏 }.

For an arbitrary formula 𝑔 defined as in Definition 8.3.2, we
have that { 0, 1 } ⊆ apImg(𝑔).

Proof. By induction over 𝑔.

We now differentiate three cases.
For |𝑔1|𝑝 = 0 we have by the induction hypothesis

|apImg(𝑔1)| ≤ 2

and therefore by the previous lemma that

apImg(𝑔1) = { 0, 1 } and { 0, 1 } ⊆ apImg(𝑔2).

Then we also have that

|apImg(𝑔1 ⊔ 𝑔2)| = |apImg(𝑔1) ∪ apImg(𝑔2)| = |apImg(𝑔2)|

≤ |apImg(𝑔2)|
𝐼𝐻
≤ 2|𝑔2|𝑝+1 = 2|𝑔1⊔𝑔2|𝑝+1

The proof for |𝑔2|𝑝 = 0 is similar to the proof for |𝑔1|𝑝 = 0.
Lastly, for 0 < |𝑔1|𝑝 and 0 < |𝑔2|𝑝, we have that

|apImg(𝑔1 ⊔ 𝑔2)| = |apImg(𝑔1) ∪ apImg(𝑔2)|

≤ |apImg(𝑔1)| + |apImg(𝑔2)|
𝐼𝐻
≤ 2|𝑔1|𝑝+1 + 2|𝑔2|𝑝+1

Since we have that 0 < |𝑔1|𝑝 and 0 < |𝑔2|𝑝, we also have the following
inequality

2|𝑔1|𝑝+1 + 2|𝑔2|𝑝+1 ≤ 2|𝑔1|𝑝+|𝑔2|𝑝+1

and thus
|apImg(𝑔1 ⊔ 𝑔2)| ≤ 2|𝑔1|𝑝+|𝑔2|𝑝+1 = 2|𝑔1⊔𝑔2|𝑝+1.

4. For 𝑔1
⋅+ 𝑔2 we have that

|apImg(𝑔1
⋅+ 𝑔2)| = | { 𝑎 ⋅+ 𝑏 | 𝑎 ∈ apImg(𝑔1) ∧ 𝑏 ∈ apImg(𝑔2) } |

≤ |apImg(𝑔1)| ⋅ |apImg(𝑔2)|
𝐼𝐻
≤ 2|𝑔1|𝑝+1 ⋅ 2|𝑔2|𝑝+1

= 2|𝑔1|𝑝+|𝑔2|𝑝+2 = 2|𝑔1
⋅+𝑔2|𝑝+1

The previous theorem yielded an upper bound on the size of apImg(𝑓). To have a
proper complexity estimate for the entailments we obtain by the transformation
fsl2sl(𝑎, 𝑓), we also require the size of the resulting formula of fsl2sl(𝑎, 𝑓). It may
not be surprising that the formula is also exponential in the size of 𝑓, because
the size of the set apImg(𝑓) is exponential in the size of 𝑓.

Theorem 8.3.3 Let 𝑎 ∈ [0, 1] ∩ ℚ be a rational number in the unit interval and
𝑓 be a formula as in Definition 8.3.2. We have that

|fsl2sl(𝑎, 𝑓)| ≤ 2 ⋅ |𝑓| ⋅ 2(|𝑓|𝑝+1)
2
.

Proof. We prove this by induction on the grammar of the formula 𝑓 for all
rationals 𝑎 ∈ [0, 1] ∩ ℚ in the unit interval.
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For the base cases [𝜑] we have if 𝑎 = 0 then

|fsl2sl(𝑎, [𝜑])| = |true| ≤ 1 ≤ 2 ⋅ |[𝜑]| ⋅ 2(|[𝜑]|𝑝+1)
2

and if 0 < 𝑎 then

|fsl2sl(𝑎, [𝜑])| = |𝜑| ≤ 2 ⋅ |[𝜑]| ⋅ 2(|[𝜑]|𝑝+1)
2
.

For the base case ⟨𝑏⟩ we have if 𝑎 ≤ 𝑏 then

|fsl2sl(𝑎, ⟨𝑏⟩)| = |true| = 1 ≤ 2 ⋅ |⟨𝑏⟩| ⋅ 2(|⟨𝑏⟩|𝑝+1)
2

and similarly for the other case.

As induction hypothesis we now assume that

|fsl2sl(𝑎, 𝑔1)| ≤ 2 ⋅ |𝑔1| ⋅ 2
(|𝑔1|𝑝+1)

2
,

|fsl2sl(𝑎, 𝑔2)| ≤ 2 ⋅ |𝑔2| ⋅ 2
(|𝑔2|𝑝+1)

2
.

For 𝑔1 [𝑥 ≔ 𝑒] we have that

|fsl2sl(𝑎, 𝑔1 [𝑥 ≔ 𝑒])| = |fsl2sl(𝑎, 𝑔1) [𝑥 ≔ 𝑒]|

= |fsl2sl(𝑎, 𝑔1)| + 1
𝐼𝐻
≤ 2 ⋅ |𝑔1| ⋅ 2

(|𝑔1|𝑝+1)
2
+ 1

≤ 2 ⋅ |𝑔1 [𝑥 ≔ 𝑒]| ⋅ 2(|𝑔1[𝑥≔𝑒]|𝑝+1)
2
.

For ∼𝑔1 we distinguish between the case 𝑎 = 0, where

|fsl2sl(𝑎, ∼𝑔1)| = |true| ≤ 2 ⋅ |𝑔1| ⋅ 2
(|𝑔1|𝑝+1)

2

and where 0 < 𝑎, for which the proof is very similar to the case 𝑔1 [𝑥 ≔ 𝑒].

For 𝑔1 ⊔ 𝑔2 we have that

|fsl2sl(𝑎, 𝑔1 ⊔ 𝑔2)|
= |fsl2sl(𝑎, 𝑔1) ∨ fsl2sl(𝑎, 𝑔2)|
= |fsl2sl(𝑎, 𝑔1)| + |fsl2sl(𝑎, 𝑔2)| + 1
𝐼𝐻
≤ 2 ⋅ |𝑔1| ⋅ 2

(|𝑔1|𝑝+1)
2
+ 2 ⋅ |𝑔2| ⋅ 2

(|𝑔2|𝑝+1)
2
+ 1

≤ 2 ⋅ |𝑔1| ⋅ 2
(|𝑔1|𝑝+|𝑔2|𝑝+1)

2
+ 2 ⋅ |𝑔2| ⋅ 2

(|𝑔1|𝑝+|𝑔2|𝑝+1)
2
+ 2 ⋅ 2(|𝑔1|𝑝+|𝑔2|𝑝+1)

2

= 2 ⋅ (|𝑔1| + |𝑔2| + 1) ⋅ 2(|𝑔1|𝑝+|𝑔2|𝑝+1)
2

= 2 ⋅ |𝑔1 ⊔ 𝑔2| ⋅ 2
(|𝑔1⊔𝑔2|𝑝+1)

2
.

The proof for 𝑔1 ⊓ 𝑔2 is analogous to 𝑔1 ⊔ 𝑔2.

For 𝑔1
⋅+ 𝑔2 we have that

|fsl2sl(𝑎, 𝑔1
⋅+ 𝑔2)|

= | ⋁
𝑏∈apImg(𝑔1),𝑐∈apImg(𝑔2),𝑎≤𝑏

⋅+𝑐
fsl2sl(𝑏, 𝑔1) ∧ fsl2sl(𝑐, 𝑔2)|
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Now for 𝑏 and 𝑐 maximizing |fsl2sl(𝑏, 𝑔1)| and |fsl2sl(𝑐, 𝑔2)|, we have that

|fsl2sl(𝑎, 𝑔1
⋅+ 𝑔2)|

≤ |apImg(𝑔1)| ⋅ |apImg(𝑔2)| ⋅ (|fsl2sl(𝑏, 𝑔1)| + |fsl2sl(𝑐, 𝑔2)| + 2).

Furthermore using Theorem 8.3.1 and the induction hypothesis, we obtain

|fsl2sl(𝑎, 𝑔1
⋅+ 𝑔2)|

≤ |apImg(𝑔1)| ⋅ |apImg(𝑔2)| ⋅ (|fsl2sl(𝑏, 𝑔1)| + |fsl2sl(𝑐, 𝑔2)| + 2)

≤ 2|𝑔1|𝑝+1 ⋅ 2|𝑔2|𝑝+1 ⋅ (2 ⋅ |𝑔1| ⋅ 2
(|𝑔1|𝑝+1)

2
+ 2 ⋅ |𝑔2| ⋅ 2

(|𝑔2|𝑝+1)
2
+ 2) (†)

Remark that by assumption we have 0 < |𝑔1
⋅+ 𝑔2|𝑝. We now distinguish two

cases. Either |𝑔1
⋅+ 𝑔2|𝑝 = 1, then we have |𝑔1|𝑝 = |𝑔2|𝑝 = 0 and

|fsl2sl(𝑎, 𝑔1
⋅+ 𝑔2)|

≤ 2|𝑔1|𝑝+1 ⋅ 2|𝑔2|𝑝+1 ⋅ (2 ⋅ |𝑔1| ⋅ 2
(|𝑔1|𝑝+1)

2
+ 2 ⋅ |𝑔2| ⋅ 2

(|𝑔2|𝑝+1)
2
+ 2) (see †)

= 21 ⋅ 21 ⋅ (2 ⋅ |𝑔1| ⋅ 21 + 2 ⋅ |𝑔2| ⋅ 21 + 2) (|𝑔1|𝑝 = |𝑔2|𝑝 = 0)

= 24 ⋅ (|𝑔1| + |𝑔2| + 1/2)
≤ 24 ⋅ |𝑔1

⋅+ 𝑔2|

≤ 2 ⋅ |𝑔1
⋅+ 𝑔2| ⋅ 2

(|𝑔1
⋅+𝑔2|𝑝+1)

2
. (|𝑔1

⋅+ 𝑔2|𝑝 = 1)

If we have 1 < |𝑔1
⋅+ 𝑔2|𝑝 then we have

|fsl2sl(𝑎, 𝑔1
⋅+ 𝑔2)|

≤ 2|𝑔1|𝑝+1 ⋅ 2|𝑔2|𝑝+1 ⋅ (2 ⋅ |𝑔1| ⋅ 2
(|𝑔1|𝑝+1)

2
+ 2 ⋅ |𝑔2| ⋅ 2

(|𝑔2|𝑝+1)
2
+ 2) (see †)

= 2|𝑔1
⋅+𝑔2|𝑝+1 ⋅ (2 ⋅ |𝑔1| ⋅ 2

(|𝑔1|𝑝+1)
2
+ 2 ⋅ |𝑔2| ⋅ 2

(|𝑔2|𝑝+1)
2
+ 2)

= 2 ⋅ |𝑔1| ⋅ 2
(|𝑔1|𝑝+1)

2
⋅ 2|𝑔1

⋅+𝑔2|𝑝+1

+ 2 ⋅ |𝑔2| ⋅ 2
(|𝑔2|𝑝+1)

2
⋅ 2|𝑔1

⋅+𝑔2|𝑝+1

+ 2 ⋅ 2|𝑔1
⋅+𝑔2|𝑝+1

≤ 2 ⋅ (|𝑔1| + |𝑔2|) ⋅ 2
(|𝑔1|𝑝+|𝑔2|𝑝+1)

2
⋅ 2|𝑔1

⋅+𝑔2|𝑝+1

+ 2 ⋅ (|𝑔1| + |𝑔2|) ⋅ 2
(|𝑔1|𝑝+|𝑔2|𝑝+1)

2
⋅ 2|𝑔1

⋅+𝑔2|𝑝+1

+ 2 ⋅ 2|𝑔1
⋅+𝑔2|𝑝+1

= 2 ⋅ 2 ⋅ (|𝑔1| + |𝑔2|) ⋅ 2
(|𝑔1|𝑝+|𝑔2|𝑝+1)

2
⋅ 2|𝑔1

⋅+𝑔2|𝑝+1 + 2 ⋅ 2|𝑔1
⋅+𝑔2|𝑝+1

≤ 2 ⋅ 2 ⋅ |𝑔1
⋅+ 𝑔2| ⋅ 2

(|𝑔1|𝑝+|𝑔2|𝑝+1)
2
⋅ 2|𝑔1

⋅+𝑔2|𝑝+1 + 2 ⋅ 2|𝑔1
⋅+𝑔2|𝑝+1

= 2 ⋅ 2 ⋅ |𝑔1
⋅+ 𝑔2| ⋅ 2

(|𝑔1
⋅+𝑔2|𝑝)

2
⋅ 2|𝑔1

⋅+𝑔2|𝑝+1 + 2 ⋅ 2|𝑔1
⋅+𝑔2|𝑝+1

= 2 ⋅ |𝑔1
⋅+ 𝑔2| ⋅ 2

(|𝑔1
⋅+𝑔2|𝑝)

2+|𝑔1
⋅+𝑔2|𝑝+2 + 2 ⋅ 2|𝑔1

⋅+𝑔2|𝑝+1

≤ 2 ⋅ |𝑔1
⋅+ 𝑔2| ⋅ (2

(|𝑔1
⋅+𝑔2|𝑝)

2+|𝑔1
⋅+𝑔2|𝑝+2 + 2|𝑔1

⋅+𝑔2|𝑝+1)
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For the last step we need the following side lemma:

Lemma 8.3.4 For all natural numbers 1 < 𝑛 we have 2𝑛
2+𝑛+2 + 2𝑛+1 ≤ 2(𝑛+1)

2
.

Proof. By induction over 𝑛.

For the base case 𝑛 = 2 we have 22
2+2+2 + 22+1 = 28 + 23 < 28 + 28 = 2(2+1)

2
.

As induction hypothesis we assume that 2𝑛
2+𝑛+2 + 2𝑛+1 ≤ 2(𝑛+1)

2
.

We show that

2(𝑛+1)
2+𝑛+1+2 + 2𝑛+1+1

= 2𝑛
2+2𝑛+1+𝑛+1+2 + 2𝑛+1+1

= 22𝑛+2 ⋅ 2𝑛
2+𝑛+2 + 2 ⋅ 2𝑛+1

≤ 22𝑛+2 ⋅ 2𝑛
2+𝑛+2 + 22𝑛+2 ⋅ 2𝑛+1

≤ 22𝑛+2 ⋅ (2𝑛
2+𝑛+2 + 2𝑛+1)

≤ 22𝑛+2 ⋅ (2(𝑛+1)
2
) (IH)

= 2𝑛
2+4𝑛+3

≤ 2𝑛
2+4𝑛+4

= 2(𝑛+1+1)
2
.

Using the previous lemma, we finally have that

|fsl2sl(𝑎, 𝑔1
⋅+ 𝑔2)|

≤ 2 ⋅ |𝑔1
⋅+ 𝑔2| ⋅ (2

(|𝑔1
⋅+𝑔2|𝑝)

2+|𝑔1
⋅+𝑔2|𝑝+2 + 2|𝑔1

⋅+𝑔2|𝑝+1)

≤ 2 ⋅ |𝑔1
⋅+ 𝑔2| ⋅ 2

(|𝑔1
⋅+𝑔2|𝑝+1)

2

The proof for 𝑔1 ⋅ 𝑔2 is analogous to 𝑔1
⋅+ 𝑔2.

The proof for S𝑎. 𝑔1 is analogous to 𝑔1 [𝑥 ≔ 𝑒].

The proof for I 𝑎. 𝑔1 is analogous to 𝑔1 [𝑥 ≔ 𝑒].

The proof for 𝑔1 ⋆ 𝑔2 is analogous to 𝑔1
⋅+ 𝑔2.

For [𝜑] −−○⋆ 𝑔1 we have that

|fsl2sl(𝑎, [𝜑] −−○⋆ 𝑔1)|
= |𝜑 −−∗ fsl2sl(𝑎, 𝑔1)|
= |𝜑| + |fsl2sl(𝑎, 𝑔1)| + 1

≤ |𝜑| + 2 ⋅ |𝑔1| ⋅ 2
(|𝑔1|𝑝+1)

2
+ 1 (IH)

≤ 2 ⋅ |𝑔1| ⋅ 2
(|[𝜑]−−○⋆ 𝑔1|𝑝+1)

2
+ (|𝜑| + 1) ⋅ 2(|[𝜑]−−○⋆ 𝑔1|𝑝+1)

2

= 2 ⋅ (|𝑔1| + (|𝜑| /2 + 1/2)) ⋅ 2(|[𝜑]−−○⋆ 𝑔1|𝑝+1)
2

≤ 2 ⋅ |[𝜑] −−○⋆ 𝑔1| ⋅ 2
(|[𝜑]−−○⋆ 𝑔1|𝑝+1)

2
.
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The previous two theorems give us all ingredients to obtain the overall complexity
for generating SL entailments from an FSL entailment in the syntax given from
Definition 8.3.2. Indeed, when we have an entailment of the form 𝑓 ⊨ 𝑔, we can
transform this entailment into the entailments

∀𝑎 ∈ apImg(𝑓). fsl2sl(𝑎, 𝑓) ⊨ fsl2sl(𝑎, 𝑔).

We know that this will be at most 2|𝑓|𝑝+1 many entailments due to Theorem 8.3.1
and each entailment will have size at most 2 ⋅ |𝑓| ⋅ 2(|𝑓|𝑝+1)

2
+ 2 ⋅ |𝑔| ⋅ 2(|𝑔|𝑝+1)

2
due

to Theorem 8.3.3. Therefore, we obtain an exponential overhead in the sizes |𝑓|
and |𝑔| by this procedure.

Discharging the obtained entailments to a qualitative separation logic entailment
checker may increase the complexity further. We offer an overview over some
common entailment checkers in Table 8.1. Deciding which fragment is necessary
depends on the obtained operations from the transformation. We mark in this
table an operation as “pure” if it is only allowed to be used with pure predicates,
i.e. for which changing the heap does not change the validity. The symbol +
means that this operation is (with potentially minor restrictions) supported. The
symbol – means that this fragment does not support this symbol. The mark “flat”
means that this quantifier is only allowed on the outermost part of the formula.
∗ means that there are stronger restrictions on the use of these operations, but
they are generally supported. For inductive predicates, some supports Lists
marginnote[96] also supports lists of lists, i.e. 2 dimensional lists.. User defined
predicates are predicates for which the user has to give a definition in some kind
of framework. Often this is done by means of recursive definitions (compare also
Chapter 9). We provide the respective complexity bounds if known in the table
as well to estimate the obtained complexity for the technique presented in this
section if we were to discharge the resulting entailments with this algorithm.

In order to verify which fragment is required by using the transformation from
Definition 8.3.4, we provide a table that gives a quick hint. Whenever an FSL
entailment includes an operation which we list on the left-hand side, the corre-
sponding operations on the right-hand side are required to be supported by the
algorithm to check the SL entailment. Some of the fragments in Table 8.1 have
special requirements. How these requirements translate into the FSL fragment
is currently not clear and requires further research in order to apply them. The
substitution operation is usually not supported by entailment checkers. However,
usually we are able to eliminate substitution syntactically.
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Table 8.1.: We offer in this table various fragments in 𝑆𝐿 for which the entailment problem is decidable. We also provide hints on
their support for various operations, the supported predicates for data structures and the complexity, if it is known. + means it is
supported, ∗ means it is supported under restrictions, “pure” means it is supported for non-heap related predicates, “flat” means the
quantifier is supported on the highest level of the formula and – means that it is not supported.

Paper ¬ ∧ ∨ −−∗ ∃ ∀ Ind. predicates Complexity

[83] pure pure pure – flat – user defined ExpTime-hard
[84] [85] – pure – – – – Lists Polynomial
[86] – – – – + – user defined 2-ExpTime-complete
[87] – – + – + – user defined 2-ExpTime-complete
[88] – + – – flat – user defined ?
[89] – pure – – flat – user defined ExpTime-complete
[90] – – – – + – user defined 2-ExpTime
[91] ∗ + + ∗ – – user defined 2-ExpTime
[92] + + + + – – – ?
[95] pure + + – + – – Polynomial
[93] + + + – – – Lists PSpace-complete
[97] + + + + – – Lists PSpace-complete
[96] + + + – – – Lists (of Lists) PSpace-complete
[94] + + + ∗ ∗ ∗ – PSpace-complete

Table 8.2.: SL opera-
tions required to dis-
charge the entailments
obtained by using the
transformation from
FSL to SL.

FSL fragment contains SL contains/is closed under

[Ψ] Ψ, true
⟨𝑎⟩ true, false
𝑋 [𝑥 ≔ 𝑒] [𝑥 ≔ 𝑒]
∼𝑋 ¬, true
𝑋 ⊔ 𝑌 ∨
𝑋 ⊓ 𝑌 ∧
𝑋 ⋅+ 𝑌 ∧, ∨
𝑋 ⋅ 𝑌 ∧, ∨
S𝑎. 𝑋 ∃
I 𝑎. 𝑋 ∀
𝑋 ⋆ 𝑌 ∗, ∨
[Ψ] −−○⋆ 𝑋 Ψ −−∗ ⋅



Cyclic Proofs for Quantitative Separation
Logic 9.

Separation logic is aiming to reason about heaps. Heaps are often used to im-
plement various data structures such as singly linked lists, doubly linked lists,
trees and many more. There is no direct way to express such data structures
in separation logic natively. In this chapter, we use recursively-defined random
variables. These are random variables in quantitative separation logic which
are defined over equations. The random variable maps stack heap pairs to a
value that is the (least) solution of that equation. Using this equation system, we
can define predicates that are one whenever the heap consists of a certain data
structure, thus obtaining predicates describing these data structures.

For example, we can define a random variable mapping stack heap pairs to one if
and only if it is a singly linked list by the equation

[ls] (𝑎, 𝑐) = ([emp] ⋅ [𝑎 = 𝑐]) ⊔ ( S𝑏. [𝑎 ↦ 𝑏] ⋆ [ls] (𝑏, 𝑐)).

Note that this equation system now is over parameterized random variables. That
is, the free variable in this equation is [ls] (𝑎, 𝑐), which represents a function
ℤ × ℤ → RV∞. We can also define the size of a list by the equation Remark that we need

to use [ls] on the right-
hand side of the addi-
tion to guarantee that
the heap has the same
form in both sides of
the addition.

ls-size(𝑎, 𝑐) = S𝑏. [𝑎 ↦ 𝑏] ⋆ ls-size(𝑏, 𝑐) + [𝑎 ↦ 𝑏] ⋆ [ls] (𝑏, 𝑐).

Defining these predicates by an equation is very elegant, but often requires some
form of induction to reason about entailments containing them. And, even worse,
since the predicate may not necessarily be 𝜔-Scott-continuous, we cannot use
natural induction by using Theorem 2.3.1, but instead need to use trans-finite
induction by using Theorem 2.3.3. Both of these induction principles require
that a user needs to guess the induction hypothesis. Automatizing guessing an
induction hypothesis may be possible in certain cases, but is hard (and even
impossible) in general. We choose to use a different principle, the principle
of infinite descent. For infinite descent, we create proof trees that may have
backlinks, i.e. edges that connect a node back to a previous node and thus create a
cyclic graph. We call such a cyclic proof graph a pre-proof. In this pre-proof, we
need to find certain values that decreases infinitely often in cycles present in the
pre-proof. We then additionally require that the values are over a domain that
does not contain any infinitely descending sequences. By performing a proof by
contradiction, we can then obtain a contradiction to the previous found infinitely
descending chain.

For an example, let us consider the entailment

ls-size(𝑥, 𝑦) ⋆ [ls] (𝑦, 𝑧) ⊨ ls-size(𝑥, 𝑧).

It expresses that the size of a sub-list is smaller than the size of the whole list. But
how can we prove this? Since we have equations for the predicates ls-size(𝑥, 𝑦)
and [ls] (𝑦, 𝑧), we could replace them with the other side of the equation. This is
called unfolding. However, unfolding predicates only introduces new predicates,
which we may need to unfold again. Constructing a proof tree to illustrate this
problem looks like the proof in Figure 9.1. Indeed, eventually we see the same
entailment reappear. It opens the question, whether we could somehow reuse
the existing proof to prove this later statement. In a sense, could we create a
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ls-size(𝑎, 𝑦) ⋆ [ls] (𝑦, 𝑧) ⊨ ls-size(𝑎, 𝑧)
⋮

[ls] (𝑎, 𝑦) ⋆ [ls] (𝑦, 𝑧) ⊨ [ls] (𝑎, 𝑧)
ls-size(𝑎,𝑦)⋆[ls](𝑦,𝑧)

+[ls](𝑎,𝑦)⋆[ls](𝑦,𝑧) ⊨ ls-size(𝑎,𝑧)
+[ls](𝑎,𝑧)

[𝑥 ↦ 𝑎] ⋆ ls-size(𝑎,𝑦)⋆[ls](𝑦,𝑧)
+[ls](𝑎,𝑦)⋆[ls](𝑦,𝑧) ⊨ [𝑥 ↦ 𝑎] ⋆ ls-size(𝑎,𝑧)

+[ls](𝑎,𝑧)

[𝑥↦𝑎]⋆ls-size(𝑎,𝑦)⋆[ls](𝑦,𝑧)
+[𝑥↦𝑎]⋆[ls](𝑎,𝑦)⋆[ls](𝑦,𝑧) ⊨ [𝑥↦𝑎]⋆ls-size(𝑎,𝑧)

+[𝑥↦𝑎]⋆[ls](𝑎,𝑧)

[𝑥↦𝑎]⋆ls-size(𝑎,𝑦)⋆[ls](𝑦,𝑧)
+[𝑥↦𝑎]⋆[ls](𝑎,𝑦)⋆[ls](𝑦,𝑧) ⊨ S𝑎. [𝑥↦𝑎]⋆ls-size(𝑎,𝑧)

+[𝑥↦𝑎]⋆[ls](𝑎,𝑧)

[𝑥↦𝑎]⋆ls-size(𝑎,𝑦)⋆[ls](𝑦,𝑧)
+[𝑥↦𝑎]⋆[ls](𝑎,𝑦)⋆[ls](𝑦,𝑧) ⊨ ls-size(𝑥, 𝑧)

( S𝑎. [𝑥↦𝑎]⋆ls-size(𝑎,𝑦)
+[𝑥↦𝑎]⋆[ls](𝑎,𝑦) ) ⋆ [ls] (𝑦, 𝑧) ⊨ ls-size(𝑥, 𝑧)

ls-size(𝑥, 𝑦) ⋆ [ls] (𝑦, 𝑧) ⊨ ls-size(𝑥, 𝑧)

Figure 9.1.: A proof tree demonstrating reasoning about entailments in QSL which eventually lead to proof obligations matching a

previous statement. These matching statements marked in blue can be backlinked to create a pre-proof. Another check is required
to prove infinite descent.

link from this leaf to the root? Not in general. Such proofs are cyclic and cyclic
proofs are unsound in general. However, if we can prove that for any concrete
stack heap pair and values for logical variables, this cyclic pre-proof is finite, we
prove the entailment. In some sense, these cyclic proofs are templates which we
can use to instantiate any model to obtain a proper finite proof tree.

Checking whether a pre-proof is a cyclic proof requires us to check that every
cycle in the proof is infinitely descending. Different proof systems may use
different metrics to measure the infinite descent. For qualitative separation logic,
unfoldings on the left side of the entailment yield descents [98]. For quantitative
separation logic, it seems difficult to prove or disprove the soundness of this
method. Insteadwe use heap sizes as themetric for descent, which for quantitative
separation logic is usually sufficient.

9.1. Recursively-Defined Quantitative Separation Logic
Predicates

Similarly how we defined a syntax for FSL in Section 8.3, we will also define a
syntax for QSL in order to allow syntactic reasoning about sequents of formulae
in a proof tree. The syntax for this chapter is more limited compared to the
syntax in Section 8.3 in order to guarantee monotonicity of the characteristic
functions that are induced by the equation defining a predicate. Moreover, since
our main focus in this chapter will be the soundness criterion for infinite descent
in order to check whether a pre-proof is a cyclic proof, we will limit ourselves to
a simple syntax.

A predicate 𝑃 has a fixed number of parameters. We denote this fixed number
as |𝑃|. For now, we assume predicates are not recursively defined. Instead the
semantics of predicates is assumed to be given. Later, we will introduce recursive
definitions and define their semantics.
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Definition 9.1.1 (Syntax for Quantitative Separation Logic) For a set of pred-
icate symbols 𝒫, quantitative separation logic formulae are generated by the
following grammar:

𝑓 ∶∶= [𝑘 = 𝑜] equality
| [𝑘 ≠ 𝑜] inequality
| [𝑘 ↦ 𝑜] points to
| [emp] empty heap
| ⟨𝑏⟩ rational number
| 𝑓 ⊔ 𝑓 maximum
| 𝑓 + 𝑓 addition
| 𝑓 ⋅ 𝑓 multiplication
| S𝑎. 𝑓 supremum quantifier
| 𝑓 ⋆ 𝑓 separating multiplication
| 𝑃(𝑘1,… , 𝑘|𝑃|) predicate symbol

for variables 𝑘, 𝑜, 𝑘1,… , 𝑘𝑛 ∈ Vars ∪ LVars, 𝑎 ∈ LVars, non-negative rational
numbers 𝑏 ∈ ℚ≥0 and predicate symbols 𝑃 ∈ 𝒫.

We define the semantics for this syntax as the straightforward mapping to the
operations introduced in Chapter 4. We indeed require to do this here in order
to argue both for the necessity of our different soundness criterion, but also to
prove the correctness of our soundness criterion.

We not only fix the allowed operations, but also the expressions. Real expressions
are only allowed to be constant rationals and value expressions are only allowed
to be either logical or program variables. We also use the notation

𝑘(𝑠, 𝜂) =
⎧
⎨
⎩

𝑠(𝑘) if 𝑘 ∈ Vars

𝜂(𝑘) if 𝑘 ∈ LVars

for 𝑘 ∈ Vars ∪ LVars to avoid writing conditionals on the type of 𝑘 every time
we evaluate 𝑘.

We will use in this chapter substitutions on formulae 𝑓 [𝑘 ≔ 𝑜]. We mean here a
syntactic substitution, that is changing every free occurrence of 𝑘 in 𝑓 by 𝑜.

The semantics of predicates are parameterized random variables. A parameterized
random variable with 𝑛 parameters maps 𝑛 values to a random variable.

Definition 9.1.2 (Parameterized Random Variable) Let 𝑛 ∈ ℕ be a natural
number. A parameterized random variable with 𝑛 parameters is a map 𝑋∶ ℤ𝑛 →
RV∞ from 𝑛 values to a random variable.

For now, we define the semantics of (recursively-defined) predicates as given.
We represent the given semantics as a finite indexed sequence. An indexed
sequence (𝑋𝑃)𝑃∈𝒫 maps a predicate symbol 𝑃 to a parameterized random variable
𝑋𝑃 ∶ ℤ|𝑃| → RV∞ with correct parameter count.
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J[𝑘 = 𝑜]K(𝑋𝑃)𝑃∈𝒫(𝑠, ℎ, 𝜂) = if 𝑘(𝑠, 𝜂) = 𝑜(𝑠, 𝜂) then 1 else 0

J[𝑘 ≠ 𝑜]K(𝑋𝑃)𝑃∈𝒫(𝑠, ℎ, 𝜂) = if 𝑘(𝑠, 𝜂) ≠ 𝑜(𝑠, 𝜂) then 1 else 0

J[𝑘 ↦ 𝑜]K(𝑋𝑃)𝑃∈𝒫(𝑠, ℎ, 𝜂) = if ℎ = {𝑘(𝑠, 𝜂) ↦ 𝑜(𝑠, 𝜂) } then 1 else 0

J[emp]K(𝑋𝑃)𝑃∈𝒫(𝑠, ℎ, 𝜂) = if ℎ = ∅ then 1 else 0

J⟨𝑏⟩K(𝑋𝑃)𝑃∈𝒫(𝑠, ℎ, 𝜂) = 𝑏

J𝑔1 ⊔ 𝑔2K(𝑋𝑃)𝑃∈𝒫(𝑠, ℎ, 𝜂) = max { J𝑔1K(𝑋𝑃)𝑃∈𝒫(𝑠, ℎ, 𝜂), J𝑔2K(𝑋𝑃)𝑃∈𝒫(𝑠, ℎ, 𝜂) }

J𝑔1 + 𝑔2K(𝑋𝑃)𝑃∈𝒫(𝑠, ℎ, 𝜂) = J𝑔1K(𝑋𝑃)𝑃∈𝒫(𝑠, ℎ, 𝜂) + J𝑔2K(𝑋𝑃)𝑃∈𝒫(𝑠, ℎ, 𝜂)

J𝑔1 ⋅ 𝑔2K(𝑋𝑃)𝑃∈𝒫(𝑠, ℎ, 𝜂) = J𝑔1K(𝑋𝑃)𝑃∈𝒫(𝑠, ℎ, 𝜂) ⋅ J𝑔2K(𝑋𝑃)𝑃∈𝒫(𝑠, ℎ, 𝜂)

J S𝑎. 𝑔K(𝑋𝑃)𝑃∈𝒫(𝑠, ℎ, 𝜂) = sup { J𝑔K(𝑋𝑃)𝑃∈𝒫(𝑠, ℎ, 𝜂 [𝑎 ≔ 𝑣]) | 𝑣 ∈ ℤ }

J𝑔1 ⋆ 𝑔2K(𝑋𝑃)𝑃∈𝒫(𝑠, ℎ, 𝜂) = sup
⎧
⎨
⎩
J𝑔1K(𝑋𝑃)𝑃∈𝒫(𝑠, ℎ1, 𝜂) ⋅ J𝑔2K(𝑋𝑃)𝑃∈𝒫(𝑠, ℎ2, 𝜂) |

ℎ1 ⊥ ℎ2,
ℎ = ℎ1 ∪ ℎ2

⎫
⎬
⎭

J𝑄(𝑘1,… , 𝑘|𝑄|)K(𝑋𝑃)𝑃∈𝒫(𝑠, ℎ, 𝜂) = 𝑋𝑄(𝑘1(𝑠, 𝜂),… , 𝑘|𝑄|(𝑠, 𝜂))(𝑠, ℎ, 𝜂).

Figure 9.2.: Semantics for the syntax defined in Definition 9.1.1 without recursive definitions. Instead the semantics of undefined
predicate are given when applying the semantics. Otherwise the semantics matches the operations from Table 4.1.

Definition 9.1.3 (Semantics of Quantitative Separation Logic)[99] chooses a slightly
different semantics to
ease automatization.

For an indexed
sequence of predicate semantics (𝑋𝑃)𝑃∈𝒫, we define the semantics J𝑓K(𝑋𝑃)𝑃∈𝒫 of a
formula 𝑓 from Definition 9.1.1 as in Figure 9.2.

The semantics from Definition 9.1.3 match exactly how we defined the corre-
sponding operations in Table 4.1 to avoid any confusing. Only predicates symbols
are newly introduced. We represent the semantics here again as we now formally
introduce a syntax.

Recursive definitions are equations where the left side is a predicate symbol 𝑃
and the right side is a formula 𝑓 from the syntax of Definition 9.1.1:

𝑃(𝑎1,… , 𝑎|𝑃|) = 𝑓.

Since the left side of a recursive definition is always a predicate symbol, these
definitions give rise to characteristic functions. These functions happen to be
monotone for the allowed operations (as we show in Theorem 9.1.1) and thus
guarantee the existence of a fixed point. We will use the least fixed point of
this characteristic function to define the semantics of recursively-defined predi-
cates.

Definition 9.1.4 (Recursive Definitions) For formulae 𝑓𝑃 from the syntax of
Definition 9.1.1, we call the indexed tupleLiterature usually al-

lows multiple defini-
tions for one predicate.
However, this is here
syntactic sugar.

(𝑃(𝑎1,… , 𝑎|𝑃|) = 𝑓𝑃)𝑃∈𝒫

recursive definitions for the predicates in𝒫.
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Example 9.1.1 We repeat here the ex-
ample from the intro-
duction to give more
details.

A list may be empty. In that case head and tail correspond to
the same (possibly null) value. If a list is not empty, we can follow the pointer
from the head and have a tail list remaining. By the following recursive
equation, we define a predicate [ls] (𝑎, 𝑐) such that it is one for a heap if and
only if the heap consists of a list from head 𝑎 to tail 𝑐:

[ls] (𝑎, 𝑐) = [𝑎 = 𝑐] ⊔ S𝑏. [𝑎 ↦ 𝑏] ⋆ [ls] (𝑏, 𝑐).

Whenever the predicate occurs in a formula, we can unfold it. Unfolding means
here that we replace an occurrence of the left side of the equation by the right
side. The other direction is called a folding.
The predicate above is qualitative. It maps only to zero and one. We can also
have quantitative predicates. These usually map to some size information, for
example to the size of the heap. By the following recursive equation, we define
a predicate ls-size(𝑎, 𝑐) such that it is the size of the list (i.e. the number of
pointers) if the heap is indeed a list:

ls-size(𝑎, 𝑐) = S𝑏. [𝑎 ↦ 𝑏] ⋆ ls-size(𝑏, 𝑐) + [𝑎 ↦ 𝑏] ⋆ [ls] (𝑏, 𝑐).

Here we do not have two “options” but instead use that an empty list has size
0. Thus we only consider the case of non-empty lists. The size of a non-empty
list is the size of the tail incremented by one if the heap is actually a list.
Since we need to guarantee that the heap is actually a list, we increment by
[𝑎 ↦ 𝑏] ⋆ [ls] (𝑏, 𝑐). This way we only increment if the heap is a list.

The recursive definitions give rise to the characteristic function which takes
semantics for predicates (𝑋𝑃)𝑃∈𝒫 and transforms it into new semantics for pred-
icates (𝑌𝑃)𝑃∈𝒫. The new semantics are obtained by defining each predicate 𝑄
by its formula J𝑓𝑄K(𝑋𝑃)𝑃∈𝒫 , where we use (𝑋𝑃)𝑃∈𝒫 as the semantics for predicate
symbols in the formula. The variable parameters are overwritten with the given
values.

Definition 9.1.5 (Characteristic Function of Recursive Definitions) Let 𝒟 =
(𝑃(𝑎1,… , 𝑎|𝑃|) = 𝑓𝑃)𝑃∈𝒫 be recursive definitions for the predicates in 𝒫. We
define the characteristic function Γ𝒟 of 𝒟 as the function mapping semantics for
predicates (𝑋𝑃)𝑃∈𝒫, a predicate symbol 𝑄 ∈ 𝒫 and values 𝑣1,… , 𝑣|𝑄| ∈ ℤ to the
random variable

Γ𝒟((𝑋𝑃)𝑃∈𝒫)𝑄(𝑣1,… , 𝑣|𝑄|)
= 𝜆𝑠, ℎ, 𝜂. J𝑓𝑄K(𝑋𝑃)𝑃∈𝒫(𝑠, ℎ, 𝜂 [𝑎1 ≔ 𝑣1]… [𝑎|𝑄| ≔ 𝑣|𝑄|]).

Monotonicity of the characteristic function guarantees the existence of fixed
points. We thus proceed proving that the characteristic function is always mono-
tone.

Theorem 9.1.1 Let 𝒟 = (𝑃(𝑎1,… , 𝑎|𝑃|) = 𝑓𝑃)𝑃∈𝒫 be recursive definitions for
the predicates in𝒫. The characteristic function Γ𝒟 is monotone.

Proof. See [43] at LeanFSL.Entailments.QSLSystem.
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Example 9.1.2 An application of the characteristic function to semantics for
predicate will “include one more unfolding” in the semantics. A fixed point of
the characteristic function thus “includes all possible unfoldings”. Assume we
have the definitions from Example 9.1.1 and call them 𝒟. We can demonstrate
this by applying the characteristic functions to the semantics

𝑋[ls](𝑣1, 𝑣2)(𝑠, ℎ, 𝜂) = 0 and 𝑋ls-size(𝑣1, 𝑣2)(𝑠, ℎ, 𝜂) = 0.

We now have for the list predicate that

Γ𝒟((𝑋𝑃)𝑃∈𝒫)[ls](𝑣0, 𝑣1)(𝑠, ℎ, 𝜂)
= J𝑓[ls]K(𝑋𝑃)𝑃∈𝒫(𝑠, ℎ, 𝜂 [𝑎0 ≔ 𝑣0] [𝑎1 ≔ 𝑣1])

⋮

=
⎧
⎨
⎩

1 if 𝑣0 = 𝑣1 ∧ ℎ = ∅
0 else

and for the list size predicate that

Γ𝒟((𝑋𝑃)𝑃∈𝒫)ls-size(𝑣0, 𝑣1)(𝑠, ℎ, 𝜂)
= J𝑓ls-sizeK(𝑋𝑃)𝑃∈𝒫(𝑠, ℎ, 𝜂 [𝑎0 ≔ 𝑣0] [𝑎1 ≔ 𝑣1])

⋮
= 0

since for the first unfolding we do not add anything.Here we assume that
the empty list is of size
zero, therefore we do
not add anything in
the first step.

Applying the function to this result again, we obtain one more unfolding and
thus have for the list predicate that

Γ𝒟(Γ𝒟((𝑋𝑃)𝑃∈𝒫))[ls](𝑣0, 𝑣1)(𝑠, ℎ, 𝜂)
= J𝑓[ls]K(𝑋𝑃)𝑃∈𝒫(𝑠, ℎ, 𝜂 [𝑎0 ≔ 𝑣0] [𝑎1 ≔ 𝑣1])

⋮

=
⎧
⎨
⎩

1 if (𝑣1 = 𝑣2 ∧ ℎ = ∅) ∨ ℎ = { 𝑣0 ↦ 𝑣1 }
0 else

and this time the list size changes due to the new value of 𝑋[ls] after the first
iteration to

Γ𝒟(Γ𝒟((𝑋ls-size)))(𝑣0, 𝑣1)(𝑠, ℎ, 𝜂)
= J𝑓ls-sizeK(𝑋𝑃)𝑃∈𝒫(𝑠, ℎ, 𝜂 [𝑎0 ≔ 𝑣0] [𝑎1 ≔ 𝑣1])

⋮

=
⎧
⎨
⎩

1 if ℎ = { 𝑣0 ↦ 𝑣1 }
0 else

to reflect that the list containing one pointer has length 1.
Further applying the function to the initial value will increase the value of the
semantics. A fixed point satisfies now the equation system of 𝒟 and allows
arbitrary many unfoldings.

Since the characteristic function Γ𝒟 is monotone, it also has a least fixed point
according to Theorem 2.2.1. We use the least fixed point to define the semantics
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of recursively-defined predicates.

Definition 9.1.6 (Semantics of Quantitative Separation Logic with Recursive
Definitions) Let 𝒟 = (𝑃(𝑎0,… , 𝑎|𝑃|) = 𝑓𝑃)𝑃∈𝒫 be recursive definitions for the
predicates in𝒫 and 𝑔 a formula obeying the syntax of Definition 9.1.1. We define
the semantics with recursive definitions of 𝑔 as We use lfp to refer to

the least fixed point of
some function.J𝑔K = J𝑔Klfp(Γ𝒟).

9.2. Cyclic Proofs

Reasoning about recursively-defined predicates requires the reasoner to use
techniques to argue about structures of arbitrary size. This is not surprising as we
want to use recursively-defined predicates to model data structures of arbitrary
size in the first place! The classical approach is using complete induction. When
we apply induction, we have to guess a potentially weaker induction hypothesis
fromwhichwe can show the entailment at hand. Thenwe show that the induction
hypothesis holds for base cases and progressing cases. In progressing cases, we
usually have the induction hypothesis given for certain sub-structures. Guessing
an induction hypothesis is, however, hard.

[98] proposes a different solution. Instead of guessing an induction hypothesis, we
allow proofs to be cyclic. A cyclic proof can reason about structures of arbitrary
size by picking any previous node in the proof tree as a proof. In some sense,
we can choose an hypothesis from all previous proof states. Cyclic proofs are in
general unsound — we could just start with a statement 𝐴 and argue that 𝐴 holds
because 𝐴 holds. Thus cyclic proofs require a special soundness criterion that
makes a pre-proof an actual proof.

Proofs itself are composed of inference rules which transform one proof obligation
into possibly more (easier) proof obligations or into no proof obligation. The
latter are axioms and thus finish a proof. With inference rules we can construct
a derivation tree. By allowing backlinks that connect a leave of this tree to other
nodes, the proof “tree” is instead a “graph” in case there are backlinks inducing
cycles. We call these graphs pre-proofs. Proof obligations are called sequents,
which may be arbitrary chosen for this framework. Usually the set of sequents
are chosen to fit the purpose of the proof system. Classic choices for sequents
are logical entailments.

Definition 9.2.1 (Inference Rules and Pre-Proofs) Let𝒮 be a set of sequents.
An inference rule 𝑅∶ 𝒮 × 𝒮∗ transforms a sequent into a (possibly empty)
sequence of other sequents. We call the first sequent the conclusion and the other
sequents premises. We denote the set of inference rules as ℛ. We denote an
inference rule 𝑅 = (𝑆, 𝑆1,… , 𝑆𝑛) using inference notation as

𝑆1,… , 𝑆𝑛 R𝑆
for a natural number 𝑛 ∈ ℕ.

We use here a non-
standard definition for
edges to make it easier
to reason about infer-
ence rules used in the
pre-proof

A pre-proof is a directed tree (𝑉, 𝐸,Rule, Label, Link) for a finite set of vertices
𝑉 equipped for some 𝑉 ′ ⊆ 𝑉 with edges 𝐸∶ 𝑉 ∖ 𝑉 ′ → 𝑉∗, a map for the used
rules Rule ∶ 𝑉 ∖ 𝑉 ′ → ℛ, a labeling function Label ∶ 𝑉 → 𝒮 and a backlinking
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function Link ∶ 𝑉 ′ → 𝑉 such that

▶ for 𝑣 ∈ 𝑉 ∖ 𝑉 ′ we have Rule(𝑣) = (𝑆, 𝑆1,… , 𝑆𝑛) and 𝐸(𝑣) = (𝑣1,… , 𝑣𝑛)
such that Label(𝑣) = 𝑆, Label(𝑣1) = 𝑆1,… , Label(𝑣𝑛) = 𝑆𝑛, and

▶ for 𝑣 ∈ 𝑉 ′ we have Label(𝑣) = Label(Link(𝑣)).

Example 9.2.1 Let the sequents be 𝒮 = {𝐴, 𝐵, 𝐶,𝐷, 𝐸 } and the inference
rules be ℛ = { (𝐴, 𝐵, 𝐶), (𝐵), (𝐶, 𝐷), (𝐷, 𝐵, 𝐶), (𝐸, 𝐴, 𝐸) }. We remark that the
inference rule (𝐸, 𝐴, 𝐸) looks nonsensical. It requires us to prove 𝐸 to prove
𝐸. However, if the inference rule allows progress, it still can be useful in a
cyclic proof! In a later example, 𝐸 will however be invalid to avoid making
this example trivial. The pre-proof (𝑉, 𝐸,Rule, Label, Link) is defined as

▶ 𝑉 = { 𝑣0, 𝑣1, 𝑣2, 𝑣3, 𝑣4, 𝑣5 }, 𝑉 ′ = { 𝑣5 },
▶ 𝐸(𝑣0) = (𝑣1, 𝑣2), 𝐸(𝑣1) = (), 𝐸(𝑣2) = (𝑣3), 𝐸(𝑣3) = (𝑣4, 𝑣5), 𝐸(𝑣4) = (),
▶ Rule(𝑣0) = (𝐴, 𝐵, 𝐶), Rule(𝑣1) = (𝐵), Rule(𝑣2) = (𝐶,𝐷), Rule(𝑣3) =
(𝐷, 𝐵, 𝐶), Rule(𝑣4) = (𝐵),

▶ Label(𝑣0) = 𝐴, Label(𝑣1) = 𝐵, Label(𝑣2) = 𝐶, Label(𝑣3) = 𝐷, Label(𝑣4) =
𝐵, Label(𝑣5) = 𝐶, and

▶ Link(𝑣5) = 𝑣2,

and is visually represented asWe will later use
names instead of
tuples to denote rules.

(B)
B

(B)
B C (D,B,C)

D (C,D)
C (A,B,C)

A
In the visual representation, we leave out names for the vertices and instead
only use labels to denote them. Edges in the tree are represented as inference
lines. The rule of a vertex is denoted next to inference line above it. Backlinks
(i.e. the one between the two 𝐶 labeled vertices) are represented with an arrow.

A pre-proof does not necessarily prove the sequent in the root, as pre-proofs
allow unsound cyclic reasoning. To guarantee soundness, we have to impose a
soundness criterion. This soundness criterion requires that every infinite path
has a tail with an infinite descending (or progressing) trace. We map an edge in
the tree to a set of pairs of trace values.

Classically, trace values are used to keep track of different progress conditions
concurrently. When progress is achieved by unfoldings, we need to keep track
which predicate was unfolded. Every trace value is identifying one predicate
and the progress of this predicate in this setting. Since we will not use predicate
unfoldings, we will only have a single trace value.

A trace is a (possibly infinite) path (𝑡𝑖)𝑖∈ℕ through a pre-proof such that the trace
values 𝑡𝑖 of every node and the trace value 𝑡𝑖+1 of a successor of that node is
included in the set of trace value pairs that we associate to that edge. These
trace values are then further associated with a value of a well order. A well
order guarantees that infinite descending chains do not exist. Thus we obtain
a sequence of values of the well order, which we require to be a co-chain. If
an associated value of the well order decreases strictly, the corresponding trace
value pair is called decreasing or progressing. If there are infinitely many such
progressing points on the trace, the trace is called progressing.
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Requiring that a pre-proof has only infinite pathswith infinitelymany progressing
points, corresponds to the idea that if we instantiate the sequent in the root with
a fixed model, we could construct a proof tree from the pre-proof, that would
be finite. In this sense, a cyclic proof is a template of proofs for each model. A
model here is some object used to interpret truth values for sequents. In this
dissertation, models are stack heap pairs with values for logical variables.

Definition 9.2.2 (Trace Values, Traces and Cyclic Proofs) Let
(𝑉, 𝐸,Rule, Label, Link) be a pre-proof and𝒯 set of trace values. Trace values are

merely markers.
They can be used
for example to mark
different predicates.
Trace values are also
not ordered.

▶ We call 𝛿∶ 𝒮×ℛ×𝒮 → Pow(𝒯×𝒯×{ true, false }) a trace pair function
where 𝛿(𝑆, 𝑅, 𝑆′) is finite and computable.

▶ For an infinite path (𝑣𝑖)𝑖∈ℕ in the pre-proof, we call (𝑡𝑖)𝑖≥𝑛 with
𝑡𝑖 ∈ 𝒯 for some 𝑛 ∈ ℕ a trace following the path tail (𝑣𝑖)𝑖≥𝑛
if for all 𝑛 ≤ 𝑖 we have either for some 𝑏 that (𝑡𝑖, 𝑡𝑖+1, 𝑏) ∈
𝛿(Label(𝑣𝑖),Rule(𝑣𝑖), Label(𝑣𝑖+1)) or Link(𝑣𝑖) = 𝑣𝑖+1 and 𝑡𝑖 = 𝑡𝑖+1. For
(𝑡, 𝑡′, 𝑏) ∈ 𝛿(Label(𝑣𝑖),Rule(𝑣𝑖), Label(𝑣𝑖+1)), we call (𝑡, 𝑡′) a trace pair
and it is progressing if 𝑏 = true.

▶ A cyclic proof is the tuple (𝑉, 𝐸,Rule, Label, Link, 𝛿) where for every infi-
nite path (𝑣𝑖)𝑖∈ℕ in the pre-proof, there is a tail of the path (𝑣𝑖)𝑖≥𝑛 such that
there is a trace (𝑡𝑖)𝑖≥𝑛 following the tail and for infinitely many distinct 𝑖
we have that the trace pair (𝑡𝑖, 𝑡𝑖+1) is progressing.

A classical choice for trace values are labels for recursively-defined predicates.
In the case where we model the semantics of predicates as sets, this works.
Since we can approximate the least fixed point of the characteristic function
Γ𝒟 of the recursively-defined predicate as an ordinal-indexed sequence ↑Γ𝒟𝑎

of semantics (compare Theorem 2.3.3), we can also ask for a certain state 𝜎
which ordinal 𝑎 is the least such that 𝜎 ∈↑Γ𝒟𝑎. In this setting, it turns out that
unfolding the predicate once and applying changes to the state due to variable
assignments, decreases the ordinal 𝑎′ for which with the resulting state 𝜎′ we
have 𝜎′ ∈↑Γ𝒟𝑎′ and 𝑎′ < 𝑎. The later result justifies calling the associated trace
pair progressing.

To formulate soundness in the context of trace values, we define a criterion that
the components of the system, i.e. the sequents, the inference rules and the trace
pair function, together with an interpretation of the sequent and a mapping from
trace values to ordinals need to satisfy. If they indeed satisfy this global soundness
criterion, we can use the following theorem to guarantee that we only obtain
valid sequents, i.e. sequents with valid interpretation, from the proof system. The
proof of this theorem boils down to constructing infinite paths for a certain state
in the cyclic proof. Since these infinite paths are infinite decreasing in a well
order, we obtain a contradiction.

Definition 9.2.3 (Global Soundness Criterion) Let𝒮 be a set of sequents,ℛ be
a set of inference rules and 𝛿 be a trace pair function for a set of trace values𝒯.

▶ The interpretation function I ∶ States → Pow(𝒮) maps states to a set of
sequents.

▶ The ordinal trace function 𝜌∶ States×𝒯 → Ordinal maps states and trace
values to an ordinal.

Using a well order or
ordinals is equivalent
as every well order is
contained in the ordi-
nals.▶ The global soundness criterion is satisfied for𝒮,ℛ, 𝛿, I and 𝜌 if for any
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state 𝜎 ∈ States, sequent 𝑆 ∈ 𝒮 and inference rule (𝑆, 𝑆1,… 𝑆𝑛) = 𝑅 ∈ ℛ
if 𝑆 ∉ I (𝜎) then there exists 1 ≤ 𝑖 ≤ 𝑛 and 𝜎′ ∈ States such that

• 𝑆𝑖 ∉ I (𝜎′),
• if (𝑡, 𝑡′, true) ∈ 𝛿(𝑆, 𝑅, 𝑆𝑖) then 𝜌(𝜎′, 𝑡′) < 𝜌(𝜎, 𝑡), and
• if (𝑡, 𝑡′, false) ∈ 𝛿(𝑆, 𝑅, 𝑆𝑖) then 𝜌(𝜎′, 𝑡′) ≤ 𝜌(𝜎, 𝑡).

Theorem 9.2.1 (Correctness of the Global Soundness Criterion) Let𝒮 be a
set of sequents,ℛ be a set of inference rules, 𝛿 be a trace pair function, I be an
interpretation function and 𝜌 be an ordinal trace function such that they satisfy
the global soundness criterion. Further let (𝑉, 𝐸,Rule, Label, Link, 𝛿) be a cyclic
proof for𝒮 and ℛ. Then we have for the root of the cyclic proof 𝑣 that for all
𝜎 ∈ States it is Label(𝑣) ∈ I (𝜎).

A formalization of this
proof as well as the
related framework
in Lean was unfortu-
nately out of scope for
this dissertation.

Proof. For a contradiction we assume that for the root 𝑣 we have that Label(𝑣) ∉
I (𝜎). Due to the global soundness criterion, we can construct a path (𝑣𝑖)𝑖∈ℕ
where 𝑣0 is the root and states (𝜎𝑖)𝑖∈ℕ such that Label(𝑣𝑖) ∉ I (𝜎𝑖) for all 𝑖. Since
in a cyclic proof every infinite path (𝑣𝑖)𝑖∈ℕ has a tail (𝑣𝑖)𝑖≥𝑛 with a trace (𝑡𝑖)𝑖≥𝑛
that is infinitely progressing, we can apply again the global soundness criterion
to obtain an ordinal trace (𝜌(𝜎𝑖, 𝑡𝑖))𝑖≥𝑛 such that 𝜌(𝜎𝑖+1, 𝑡𝑖+1) ≤ 𝜌(𝜎𝑖, 𝑡𝑖) for
all 𝑖 ≥ 𝑛 and for infinitely many 𝑖 we also have 𝜌(𝜎𝑖+1, 𝑡𝑖+1) < 𝜌(𝜎𝑖, 𝑡𝑖). This
however contradicts that the ordinals are a well order.

Example 9.2.2 We reconsider Example 9.2.1 and use the pre-proof

(B)
B

(B)
B C (D,B,C)

D (C,D)
C (A,B,C)

A
For sake of our example, we choose the interpretation I (𝑥) = { 𝐴, 𝐵, 𝐶,𝐷 } for
the set of states States = ℕ. For this interpretation, 𝐸 is unsatisfiable and all
other sequents are valid. Knowing this interpretation, proving that 𝐴 is valid,
is of course trivial. However, usually I is not computable.
We use as trace values the singleton set 𝒯 = { 𝑡 } and the trace pair function 𝛿
defined as

𝛿(𝑆, 𝑅, 𝑆′) =
⎧⎪⎪
⎨
⎪⎪
⎩

(𝑡, 𝑡, true) if 𝑅 = (𝐷, 𝐵, 𝐶) ∧ 𝑆′ = 𝐶
(𝑡, 𝑡, false) if 𝑅 = (𝐶,𝐷)
∅ else.

Since the only cycle lays on 𝐶,𝐷, 𝐶, we only need trace pairs on these edges.
We do not need trace pairs for backlinks as a valid cyclic proofs guarantees
the equality of trace values. The respective ordinal function also must map
to equal values as we adopt the state and have guaranteed equal trace values.
We now observe that the pre-proof is indeed a cyclic proof as the only infinite
path 𝐴, 𝐶,𝐷, 𝐶,… has the tail 𝐶,𝐷, 𝐶,… with a trace which is progressing
from 𝐷 to 𝐶.
Next we need an ordinal trace function 𝜌 that we define as 𝜌(𝑛, 𝑡) = 𝑛 with 𝑛
then interpreted as the 𝑛th ordinal.
Checking the global soundness criterion is now trivial. We only have 𝑆 ∉ I (𝜎)
for 𝑆 = 𝐹, thus with 𝑅 = (𝐹, 𝐴, 𝐹), there exists state 𝜎 and the sequent 𝐹
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such that 𝐹 ∉ I (𝜎) and 𝛿(𝐹, (𝐹, 𝐴, 𝐹), 𝐹) = ∅, successfully proving the global
soundness criterion.
The proof of the global soundness criterion may seem too easy. This is merely
because the sequents are finite and the interpretation is easy. We will later
prove this criterion for the previously introduced fragment of 𝑄𝑆𝐿, which
follows a proof that is a bit more difficult.

9.3. Heap Size as Global Soundness Criterion

Classically, i.e. in Boolean logics, we define the trace pair function 𝛿 such that
every instance of a predicate symbol on the left of an entailment has a unique
trace value. If a symbol occurs multiple times, every occurrence receives a
unique trace value. The trace pair is progressing when this predicate is unfolded.
If the predicate is not unfolded but is also not removed from the sequent, we
have a trace value pair that is not progressing for this predicate symbol. If the
predicate symbol disappears (for whichever reason), the corresponding trace
value also disappears. The soundness of this approach is proven using the ordinal
approximations of least fixed points. More precisely, we say 𝜌 maps a state 𝜎
and a trace value 𝑡𝑃(𝑎1,…𝑎|𝑃|) to the smallest ordinal 𝑎 with 𝜎 ⊧↑Γ𝒟𝑎

𝑃(𝑎1,…𝑎|𝑃|).
For Boolean logics, we can interpret ⊧ as a set membership and obtain This proof sketch

is highly simplified.
A complete and
technical proof is
given in [98].

𝜎 ∈↑Γ𝒟𝑎
𝑃(𝑎1,…𝑎|𝑃|)

⟺ 𝜎 ∈ ⋃
𝑏<𝑎

Γ𝒟(↑Γ𝒟𝑏)𝑃(𝑎1,…𝑎|𝑃|)

⟺ ∃𝑏 < 𝑎. 𝜎 ∈ Γ𝒟(↑Γ𝒟𝑏)𝑃(𝑎1,…𝑎|𝑃|),

where 𝑏 is the smaller ordinal that the ordinal trace function maps to for the
state and trace value for 𝑃(… ). We will not go into the details of this proof (and
indeed, it is very technical). Instead we observe from the equivalences above a
couple of complications:

1. What is the quantitative analogue of set membership? One may be tempted
to say that the random variable has to evaluate to a certain value — be it
one or infinity. However, there are ample predicates that may not evaluate
to either? Answering this question remains open.

2. Secondly, even if we have a quantitative analogous operation for set mem-
bership, we also face the problem that

𝜎 ⊧ sup
𝑏<𝑎

Γ𝒟(↑Γ𝒟𝑏)𝑃(𝑎1,…𝑎|𝑃|)

⟺ ∃𝑏 < 𝑎. 𝜎 ⊧ Γ𝒟(↑Γ𝒟𝑏)𝑃(𝑎1,…𝑎|𝑃|),

may not hold (depending on the exact meaning of ⊧) in the reals as the
supremum of the characteristic function can be a value not realized by any
previous iteration (i.e. being a limit of a sequence of reals).

There is another way to see the problems of using the global soundness criterion
based on unfolding predicates. That is, we can construct a proof for a valid
entailment in QSL that would also be checked as sound by the proof system
— however, it is not clear that the underlying ordinal trace function is actually
progressing. For this we introduce the predicate ∞ that maps each state to
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infinity. We define this predicate recursively as

∞() = ∞() + ⟨1⟩.

Now we construct the pre-proof using the defined proof rules from Figures 9.3
and 9.4

∞() ⊢ ∞() + 1 id1 ⊢ 1
addition∞() + 1 ⊢ ∞() + 1 + 1

unfold-r∞() + 1 ⊢ ∞() + 1
unfold-l∞() ⊢ ∞() + 1

which is also a cyclic proof according to the trace pair function that progresses
whenever an unfolding happens on a left-hand side of the entailment for the
respective trace value’s predicate. Now we go through the soundness proof of
Theorem 9.2.1 to investigate the problem occurring. Considering an arbitrary
state 𝜎 (for which we assume that J∞()K(𝜎) > J∞()+1K(𝜎)), we have 𝜌(𝑡∞, 𝜎) =
𝑎 for some ordinal 𝑎. However, neither 𝑡∞ nor 𝜎 is “manipulated” by any of theWe quote “manipu-

lated” as inference
rules formally do
not manipulate the
state. In the soundness
proof of the rule, we
manipulate states.
As such we need to
prove that there is
no soundness proof
in which the state is
manipulated.

inference rules. Instead, the inference rules only “manipulate” the evaluation
of the state. As such, in a naïve approach, we assign the same ordinal 𝑎 to any
vertex on the cycle. But then we do not obtain an infinitely progressing chain.

This is unfortunately not a formal counter-example, as we did not prove that
there is no choice of 𝜎′ for which we have infinitely decreasing ordinals. Proving
that there is indeed no such state 𝜎′ is an open problem.

We will not further investigate the problems of the classic global soundness
criterion and instead propose a new one that is especially designed to work well
for separation logics. This new global soundness criterion uses the size of the
heap as ordinals. Frame rules allow decreasing the size of a heap and thus yield
progressing trace pairs.

We will not aim for a cyclic proof system that is especially powerful or especially
performant. Insteadwewill consider a toy proof system powerful enough to proveWe refer to [100] for a

proof system with this
aim.

the examples we give and concentrate on the proposed global soundness criterion
as the main contribution. Sequents in this proof system are syntactic entailments.
To differentiate them from semantic entailments, we write 𝑓 ⊢ 𝑔 for syntactic
entailments between the formulae 𝑓 and 𝑔. We will depict inference rules as fami-
lies of inference rules as shown in Figures 9.3 and 9.4. We highlight that these are
indeed families as formulae in sequents are not allowed to have placeholders for
formulae or non-formulae side-conditions. Checking the side-conditions is thus
a task for the automated theorem prover generating a valid proof. The interpre-
tation of syntactic entailments I (𝑠, ℎ, 𝜂) = { 𝑓 ⊢ 𝑔 | J𝑓K(𝑠, ℎ, 𝜂) ≤ J𝑔K(𝑠, ℎ, 𝜂) }
is the entailment between the random variables obtained from applying the
semantics.

For the soundness theorem of the inference rules of Figures 9.3 and 9.4, we are still
missing a trace pair function, an ordinal trace function and the proof connecting
these. As mentioned earlier, we will use decreasing heap sizes as our definition of
progress. For this we need to assume that heaps are always finite. This matches
nicely our assumption in Chapter 4, where we also have to require finite heaps
for sound axiomatic program semantics.
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S𝑎. 𝑓𝑃 [𝑎1 ≔ 𝑘1]… [𝑎|𝑃| ≔ 𝑘|𝑃|] ⋆ 𝑓 + 𝑓′ ⊢ 𝑔
unfold-l

S𝑎. 𝑃(𝑘1,…𝑘|𝑃|) ⋆ 𝑓 + 𝑓′ ⊢ 𝑔

𝑓 ⊢ S𝑎. 𝑓𝑃 [𝑎1 ≔ 𝑘1]… [𝑎|𝑃| ≔ 𝑘|𝑃|] ⋆ 𝑔 + 𝑔′
unfold-r

𝑓 ⊢ S𝑎. 𝑃(𝑘1,…𝑘|𝑃|) ⋆ 𝑔 + 𝑔′

𝑓 [𝑎 ≔ 𝑘] ⊢ 𝑔 𝑘 not free in 𝑓 and 𝑔
sup-l

S𝑎. 𝑓 ⊢ 𝑔
𝑓 ⊢ 𝑔 [𝑎 ≔ 𝑘] sup-r
𝑓 ⊢ S𝑎. 𝑔

𝑓 [𝑘 ≔ 𝑜] ⊢ 𝑔 [𝑘 ≔ 𝑜]
equal-sub

([emp] ⋅ [𝑘 = 𝑜]) ⋆ 𝑓 ⊢ 𝑔
𝑓 ⊢ 𝑔

equal-triv-r
𝑓 ⊢ ([emp] ⋅ [𝑜 = 𝑜]) ⋆ 𝑔

S𝑎. [𝑘 ↦ 𝑜] ⋆ (𝑓1 + 𝑓2) ⊢ 𝑔
pt-dist-l

S𝑎. [𝑘 ↦ 𝑜] ⋆ 𝑓1 + [𝑘 ↦ 𝑜] ⋆ 𝑓1 ⊢ 𝑔
𝑓3 ⋆ 𝑓1 + 𝑓3 ⋆ 𝑓1 ⊢ 𝑔

subdist-l𝑓3 ⋆ (𝑓1 + 𝑓2) ⊢ 𝑔

𝑓 ⊢ S𝑎. [𝑘 ↦ 𝑜] ⋆ (𝑔1 + 𝑔2) pt-dist-r
𝑓 ⊢ S𝑎. [𝑘 ↦ 𝑜] ⋆ 𝑔1 + [𝑘 ↦ 𝑜] ⋆ 𝑔2

𝑓 ⊢ ([emp] ⋅ [𝑜 = 𝑢]) ⋆ 𝑔
frame[𝑘 ↦ 𝑜] ⋆ 𝑓 ⊢ [𝑘 ↦ 𝑢] ⋆ 𝑔

𝑓 [𝑘 ≔ 𝑜] ⊢ 𝑔 [𝑘 ≔ 𝑜] 𝑜 not in 𝑓 and 𝑔
rename

𝑓 ⊢ 𝑔

Figure 9.3.: First part of the proof system used to prove entailments in quantitative separation logic. We use this proof system
to show how to use heap sizes as a global soundness criterion. Unfold rules replace an occurrence of a predicate symbol by its
definition and substitute the parameter variables in the definition by the actual parameter values. Variables bound by a supremum
on the left can be eliminated by using an unused variable and replacing the bound variable by this new variable. Supremum on the
right can be eliminated by replacing the bound variable by any value. Equalities on the left allow substituting all occurrences of
one part of the equation by the other. Since the points-to predicate is precise, we have distributivity for it, allowing the pt-dist-l
and pt-dist-r rules. We can also use sub-distributivity on the left. Framing allows removing outer points-to predicates with same
locations and yields a proof obligation stating that the values pointed to are equal. Renaming allows replacing one variable by a
new fresh one. This is usually used for backlinking.

𝑓1 ⊢ 𝑔1 𝑓2 ⊢ 𝑔2 add𝑓1 + 𝑓2 ⊢ 𝑔1 + 𝑔2

𝑓1 ⊢ 𝑔1 𝑓2 ⊢ 𝑔2 mul𝑓1 ⋅ 𝑓2 ⊢ 𝑔1 ⋅ 𝑔2

𝑓 ⊢ 𝑔1 ⋆ 𝑔3 max-r1
𝑓 ⊢ (𝑔1 ⊔ 𝑔2) ⋆ 𝑔3

𝑓 ⊢ 𝑔2 ⋆ 𝑔3 max-r2
𝑓 ⊢ (𝑔1 ⊔ 𝑔2) ⋆ 𝑔3

𝑓1 ⋆ 𝑓3 ⊢ 𝑔 𝑓2 ⋆ 𝑓3 ⊢ 𝑔
max-l(𝑓1 ⊔ 𝑓2) ⋆ 𝑓3 ⊢ 𝑔

sub-id𝑓 ⊢ 𝑓 + 𝑔 id𝑓 ⊢ 𝑓

Figure 9.4.: Second part of the proof system used to prove entailments in quantitative separation logic. For addition andmultiplication
we allow using monotonicity. Maximum on the left requires us to prove the entailment for both options, on the right it allows us to
choose one. The sub-identity axiom requires the right side to have more summands. In case the left and right are identical, we can
use the identity axiom.
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Definition 9.3.1 (Heap Size) The size of a heap ℎ ∈ Heaps is

|ℎ| = | { ℓ | ℎ(ℓ) ≠ undef } |.

We assume |ℎ| to be finite.

Since we are generally only interested in the state that is applied to the entailment,
we do not need to differentiate between trace values. We thus use as trace value
a constant 𝑡. The ordinal trace function maps this constant trace value and a
state 𝑠, ℎ, 𝜂 to the ordinal corresponding to the size of the heap |ℎ|. Our ordinal
trace function thus only maps to natural numbers instead of the whole collection
of ordinals. In our inference rules from Figures 9.3 and 9.4 there is only one
inference rule that decreases the heap size (namely the frame rule) and all other
rules preserve the heap size. We thus obtain that 𝛿(𝑆, 𝑅, 𝑆′) = { (𝑡, 𝑡, true) } if 𝑅
has 𝑆 as the conclusion, 𝑆′ is a premise and 𝑅 is (an instance of) the framing rule
and that 𝛿(𝑆, 𝑅, 𝑆′) = { (𝑡, 𝑡, false) } if 𝑅 has 𝑆 as the conclusion, 𝑆′ as a premise
and 𝑅 is not (an instance of) the framing rule.

Definition 9.3.2 (Cyclic Proof System for Quantitative Separation Logic) We
define the cyclic proof system for quantitative separation logic as

▶ 𝒮 = {𝑓 ⊢ 𝑔 | 𝑓, 𝑔 formulae following the syntax of Definition 9.1.1 },
▶ ℛ = see Figures 9.3 and 9.4, where non-sequent premises are side-conditions,
▶ 𝒯 = { 𝑡 } for some constant 𝑡,

▶ 𝛿(𝑆, 𝑅, 𝑆′) =
⎧⎪⎪
⎨
⎪⎪
⎩

{ (𝑡, 𝑡, true) } 𝑅 = (𝑆,… , 𝑆′,… ) ∧ 𝑅 is framing,
{ (𝑡, 𝑡, false) } 𝑅 = (𝑆,… , 𝑆′,… ) ∧ 𝑅 is not framing,
∅ else,

▶ I (𝑠, ℎ, 𝜂) = { 𝑓 ⊢ 𝑔 | J𝑓K(𝑠, ℎ, 𝜂) ≤ J𝑔K(𝑠, ℎ, 𝜂) }, and
▶ 𝜌((𝑠, ℎ, 𝜂), 𝑡) = |ℎ|.

We guard some of the inference rules by suprema, additions and separating
multiplications as it may not always be possible to eliminate all guarding op-
erations before applying the inference rule. Unfold-rules are such an example.
We can unfold a predicate symbol by replacing it with its definition together
with substitutions. Since this may reveal equations or points-to predicate, which
may be necessary for other inference rules, we may not be able to eliminate
other operations before an unfold. Since an unfold is rewriting the formula by
an equation, we can generally apply unfolding anywhere. The inference rule
depicted here, however, is limited to a certain kind of form that is common.

Instantiation rules for suprema differ on the left and on the right. Suprema on
the left can be instantiated by replacing the bound variable with an unused fresh
variable. On the right, we can eliminate the supremum by replacing it with any
variable — unused or not.

Equalities on the left allow substitution of one side of the equality by the other.
We require the equality to be guarded by an empty heap predicate to allow
eliminating the predicate. The equal-sub inference rule allows us this reasoning
step. For trivial equalities we allow elimination also on the right side of the
sequent.

Since points-to is a precise predicate, we have distributivity with it for separating
multiplication and addition (c.f. [31, Theorem 6.25]). This is reflected by the



9.3. Heap Size as Global Soundness Criterion 173

inference rules pt-dist-l and pt-dist-r that allow applying distributivity in the
given context. Again, we can apply distributivity anywhere, but the form in
this inference rule is common. We remark here that we allow 𝑎, 𝑘 and 𝑜 to be
identical. Moreover, we allow applying distributivity on the left for arbitrary
formulae due to the subdistributivity of separating multiplication and addition
(c.f. [31, Theorem 6.16]).

The inference rule for framing is a special case of the general framing rule.
Here we only allow framing using points-to predicates. Indeed, for increased
expressivity, more formulae should be allowed to frame. For our examples,
framing points-to predicates is sufficient. When we frame a points-to predicate,
we also know that the right part of the separating multiplication is receiving a
smaller heap as the points-to predicate is only one if it exactly matches a heap
part. Note that the word “framing” may be confusing as it differs from the framing
rules used in Chapters 3 and 6. Instead, this framing argument uses monotonicity
of the separating multiplication. Using our heap-size argument, we now can
reason that the heap size is indeed decreasing applying the framing inference
rule and thus we obtain progress.

In order to ease creating backlinks, we allow renaming variables to match exact
sequents in different parts of the proof tree.

For addition and multiplication, we use their monotonicity.

Maxima behave different on the left and on the right of an entailment. On the
left, they yield two new proof goals. On the right, we can pick which proof goal
we want to prove. This is analogous to the behavior of disjunction in Boolean
settings.

The sub-identity inference rule allows a bit more than identities. We ask whether
the summands on the left are contained in the summands on the right, thus
making the right a greater value — which is fine for our definition of entailment
as a pointwise less-than-or-equal relation. The identity inference rule then also
allows both sides to be equal.

Generally we assume ths proof system to be implemented such that associativ-
ity and commutativity is always allowed to be used. That is, when necessary
summands or multiplicands are reordered to match the proof rules.

Showing that the system established in Definition 9.3.2 only allows cyclic proofs
for valid sequents, requires us now to prove the global soundness criterion from
Definition 9.2.3. Then we can use Theorem 9.2.1 to obtain that if 𝑓 ⊢ 𝑔 is provable
in the cyclic proof system, then the entailment J𝑓K ⊨ J𝑔K holds.

Example 9.3.1 We reconsider the proof tree shown in Figure 9.1, but this
time use rules to rigorously prove the claim. We will also consider all possible
cycles to examine the progress condition further. We split the proof in three
parts for better readability.
The first two proofs establish the sequent [ls] (𝑎, 𝑦) ⋆ [ls] (𝑦, 𝑧) ⊢ [ls] (𝑎, 𝑧)
which was left open with three dots in Figure 9.1. The first of the two proofs
establishes a lemma used for the base case (i.e. an empty list) of the second
proof. In the second, we unfold on both sides. For the unfold on the left,
we obtain the base case † for which we use the first proof tree. The second
case boils down to preparing the formula to apply framing, cleaning up and
obtaining the same sequent we started with. Thus we obtain a pre-proof. The
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id[ls] (𝑎, 𝑧) ⊢ [ls] (𝑎, 𝑧)
equal-sub

[emp] ⋅ [𝑎 = 𝑦] ⋆ [ls] (𝑦, 𝑧) ⊢ [ls] (𝑎, 𝑧)
†

†

[ls] (𝑎, 𝑦) ⋆ [ls] (𝑦, 𝑧) ⊢ [ls] (𝑎, 𝑧)
rename

[ls] (𝑏, 𝑦) ⋆ [ls] (𝑦, 𝑧) ⊢ [ls] (𝑏, 𝑧)
equal-triv-r

[ls] (𝑏, 𝑦) ⋆ [ls] (𝑦, 𝑧) ⊢ ([emp] ⋅ [𝑏 = 𝑏]) ⋆ [ls] (𝑏, 𝑧)
frame—"— ⊢ [𝑎 ↦ 𝑏] ⋆ [𝑎 ↦ 𝑏] ⋆ [ls] (𝑏, 𝑧) sup-r

—"— ⊢ S𝑏. [𝑎 ↦ 𝑏] ⋆ [𝑎 ↦ 𝑏] ⋆ [ls] (𝑏, 𝑧)
max-r2

—"— ⊢ [emp] ⋅ [𝑎 = 𝑦] ⊔ S𝑏. [𝑎 ↦ 𝑏] ⋆ [ls] (𝑏, 𝑧)
unfold-r[𝑎 ↦ 𝑏] ⋆ [ls] (𝑏, 𝑦) ⋆ [ls] (𝑦, 𝑧) ⊢ [ls] (𝑎, 𝑧)
sup-l

S𝑏. [𝑎 ↦ 𝑏] ⋆ [ls] (𝑏, 𝑦) ⋆ [ls] (𝑦, 𝑧) ⊢ [ls] (𝑎, 𝑧)
max-l([emp] ⋅ [𝑎 = 𝑦] ⊔ S𝑏. [𝑎 ↦ 𝑏] ⋆ [ls] (𝑏, 𝑦)) ⋆ [ls] (𝑦, 𝑧) ⊢ [ls] (𝑎, 𝑧)
unfold-l[ls] (𝑎, 𝑦) ⋆ [ls] (𝑦, 𝑧) ⊢ [ls] (𝑎, 𝑧)

††

Figure 9.5.: Proof for the (qualitative) entailment that two disjoint lists sharing and end and a start node, respectively, form again a
list. We use the proof system from Definition 9.3.2. This is used as a sub-proof for proof tree in Figure 9.6.

pre-proof is also a cyclic proof since on this cycle we apply the frame rule
once.
The third proof is a proper version of the proof shown in Figure 9.1. Unfolding
yields only one case. Since we define the size of the empty list as 0, we do not
need to have an explicit base case. Similar to the previous proof, this proof
also boils down to preparing both sides for the frame rule and cleaning up to
obtain the same sequent which we started with. Again, the obtained cycle in
the proof tree employs the frame rule once, as such we obtain a progressing
path.

Theorem9.3.1 (Global Soundness Criterion for QSL) The cyclic proof system for
quantitative separation logic from Definition 9.3.2 satisfies the global soundness
criterion from Definition 9.2.3.

Corollary 9.3.2 (Soundness of the Cyclic Proof System for QSL) Whenever
𝑓 ⊢ 𝑔 is provable in the cyclic proof system for quantitative separation logic from
Definition 9.3.2, we have that J𝑓K ⊨ J𝑔K.

Proof of Theorem 9.3.1. We have to prove the soundness criterion for every state
𝑠, ℎ, 𝜂, sequent 𝑆 and inference rule 𝑅. We now consider every possible inference
rule individually.

Proof for unfold-l: Assuming that S𝑎. 𝑃(𝑘1,…𝑘|𝑃|) ⋆ 𝑓 + 𝑓′ ⊢ 𝑔 ∉ I (𝑠, ℎ, 𝜂),
we obtain

( S𝑎. J𝑃(𝑘1,…𝑘|𝑃|)K ⋆ J𝑓K + J𝑓′K)(𝑠, ℎ, 𝜂) ≰ J𝑔K((𝑠, ℎ, 𝜂)).
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ls-size(𝑥, 𝑦) ⋆ [ls] (𝑦, 𝑧) ⊢ ls-size(𝑥, 𝑧)
rename

ls-size(𝑎, 𝑦) ⋆ [ls] (𝑦, 𝑧) ⊢ ls-size(𝑎, 𝑧) ††
addls-size(𝑎, 𝑦) ⋆ [ls] (𝑦, 𝑧) + [ls] (𝑎, 𝑦) ⋆ [ls] (𝑦, 𝑧) ⊢ ls-size(𝑎, 𝑧) + [ls] (𝑎, 𝑧)
frame[𝑥 ↦ 𝑎] ⋆ —"— ⊢ [𝑥 ↦ 𝑎] ⋆ (ls-size(𝑎, 𝑧) + [ls] (𝑎, 𝑧))

pt-dist-r
[𝑥 ↦ 𝑎] ⋆ —"— ⊢ [𝑥 ↦ 𝑎] ⋆ ls-size(𝑎, 𝑧) + [𝑥 ↦ 𝑎] ⋆ [ls] (𝑎, 𝑧) sup-r

[𝑥 ↦ 𝑎] ⋆ —"— ⊢ S𝑎. [𝑥 ↦ 𝑎] ⋆ ls-size(𝑎, 𝑧) + [𝑥 ↦ 𝑎] ⋆ [ls] (𝑎, 𝑧)
unfold-r[𝑥 ↦ 𝑎] ⋆ (ls-size(𝑎, 𝑦) ⋆ [ls] (𝑦, 𝑧) + [ls] (𝑎, 𝑦) ⋆ [ls] (𝑦, 𝑧)) ⊢ ls-size(𝑥, 𝑧)

pt-dis-l
[𝑥 ↦ 𝑎] ⋆ ls-size(𝑎, 𝑦) ⋆ [ls] (𝑦, 𝑧) + [𝑥 ↦ 𝑎] ⋆ [ls] (𝑎, 𝑦) ⋆ [ls] (𝑦, 𝑧) ⊢ ls-size(𝑥, 𝑧)

sup-l
( S𝑎. [𝑥 ↦ 𝑎] ⋆ ls-size(𝑎, 𝑦) + [𝑥 ↦ 𝑎] ⋆ [ls] (𝑎, 𝑦)) ⋆ [ls] (𝑦, 𝑧) ⊢ ls-size(𝑥, 𝑧)

unfold-lls-size(𝑥, 𝑦) ⋆ [ls] (𝑦, 𝑧) ⊢ ls-size(𝑥, 𝑧)

Figure 9.6.: Proof for the quantitative entailment that two lists, where they share a start and an end respectively, form again a list
and the first list is smaller than both together. We use the proof system from Definition 9.3.2. At the ††, we place the proof-tree
from Figure 9.5 as a sub-proof.

Using that J𝑃(𝑘1,…𝑘|𝑃|)K is defined as lfp(Γ𝒟)𝑃(𝑘1,…𝑘|𝑃|), we can replace it
with the fixed point and obtain

J𝑃(𝑘1,…𝑘|𝑃|)K(𝑠, ℎ, 𝜂) = lfp(Γ𝒟)𝑃(𝑠, ℎ, 𝜂 [𝑎0 ≔ 𝑣0]… [𝑎|𝑃| ≔ 𝑣|𝑃|])

with 𝑣𝑖 = 𝑘𝑖(𝑠, 𝜂) and further obtain

lfp(Γ𝒟)𝑃(𝑠, ℎ, 𝜂 [𝑎0 ≔ 𝑣0]… [𝑥|𝑃| ≔ 𝑣|𝑃|])
= J𝑓𝑃K(𝑠, ℎ, 𝜂 [𝑎0 ≔ 𝑣0]… [𝑎|𝑃| ≔ 𝑣|𝑃|]).

Finally we can rewrite this in the original entailment and have

( S𝑎. J𝑓𝑃K [𝑎1 ≔ 𝑘1]… [𝑎|𝑃| ≔ 𝑘|𝑃|] ⋆ J𝑓K + J𝑓′K)(𝑠, ℎ, 𝜂) ≰ J𝑔K(𝑠, ℎ, 𝜂),

which is equivalent to

J S𝑎. 𝑓𝑃 [𝑎1 ≔ 𝑘1]… [𝑎|𝑃| ≔ 𝑘|𝑃|] ⋆ 𝑓 + 𝑓′K(𝑠, ℎ, 𝜂) ≰ J𝑔K(𝑠, ℎ, 𝜂).

Finally we obtain that

S𝑎. 𝑓𝑃 [𝑎1 ≔ 𝑘1]… [𝑎|𝑃| ≔ 𝑘|𝑃|] ⋆ 𝑓 + 𝑓′ ⊢ 𝑔 ∉ I (𝑠, ℎ, 𝜂).

Moreover, we see that the heap is unchanged, therefore 𝜌 is also unchanged.

Proof for unfold-l: Analogous to the proof for unfold-r.

Proof for sup-l: We assume that S𝑎. 𝑓 ⊢ 𝑔 ∉ I (𝑠, ℎ, 𝜂), thus we have that
J S𝑎. 𝑓K(𝑠, ℎ, 𝜂) ≰ J𝑔K(𝑠, ℎ, 𝜂). Further we consider the case that 𝑘 is a logical
variable. The case where 𝑘 is a program variable is analogous. Then there exists a
value 𝑣 such that J𝑔K(𝑠, ℎ, 𝜂) < J𝑓K(𝑠, ℎ, 𝜂 [𝑎 ≔ 𝑣]), and expressed equivalently
J𝑔K(𝑠, ℎ, 𝜂) < J𝑓K(𝑠, ℎ, 𝜂 [𝑎 ≔ 𝑘(𝑠, 𝜂)] [𝑘 ≔ 𝑣]) in case 𝑘 is not a free variable in
𝑓 and 𝑔. Thus finally we have J𝑔K(𝑠, ℎ, 𝜂′) < J𝑓 [𝑎 ≔ 𝑘]K(𝑠, ℎ, 𝜂′) for some 𝜂′
and thus also 𝑓 [𝑎 ≔ 𝑘] ⊢ 𝑔 ∉ I (𝑠, ℎ, 𝜂′). Note that ℎ is unchanged, thus there is
no progress.
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Proof for sup-r: Weassume that 𝑓 ⊢ S𝑎. 𝑔 ∉ I (𝑠, ℎ, 𝜂), therefore J𝑓K(𝑠, ℎ, 𝜂) ≰
J S𝑎. 𝑔K(𝑠, ℎ, 𝜂), or equivalently J S𝑎. 𝑔K(𝑠, ℎ, 𝜂) < J𝑓K(𝑠, ℎ, 𝜂). Therefore we also
have that J𝑔 [𝑎 ≔ 𝑘]K(𝑠, ℎ, 𝜂) = J𝑔K(𝑠, ℎ, 𝜂 [𝑎 ≔ 𝑘(𝑠, 𝜂)]) < J𝑓K(𝑠, ℎ, 𝜂), as this
makes the left side smaller. Finally we then have 𝑓 ⊢ 𝑔 [𝑎 ≔ 𝑘] ∉ I (𝑠, ℎ, 𝜂). As
ℎ is unchanged, there is no progress.

Proof for equal-sub: We assume that ([emp] ⋅ [𝑘 = 𝑜]) ⋆ 𝑓 ⊢ 𝑔 ∉ I (𝑠, ℎ, 𝜂),
thus we have J([emp] ⋅ [𝑘 = 𝑜]) ⋆ 𝑓K(𝑠, ℎ, 𝜂) ≰ J𝑔K(𝑠, ℎ, 𝜂). If the left hand-side
was zero, the inequality would hold, therefore we assume that the left hand-side
is not zero. Then we have that 𝑘(𝑠, 𝜂) and 𝑜(𝑠, 𝜂) have the same value. Therefore
we can substitute every occurrence of 𝑘 by 𝑜 in 𝑓 and 𝑔 and obtain J([emp] ⋅
[𝑘 = 𝑜]) ⋆ 𝑓 [𝑘 ≔ 𝑜]K(𝑠, ℎ, 𝜂) ≰ J𝑔 [𝑘 ≔ 𝑜]K(𝑠, ℎ, 𝜂). Since the left hand-side of
the separating multiplication is only one for the empty heap, the heap for the
right hand-side is unchanged and thus we also have that J𝑓 [𝑘 ≔ 𝑜]K(𝑠, ℎ, 𝜂) ≰
J𝑔 [𝑘 ≔ 𝑜]K(𝑠, ℎ, 𝜂) and therefore 𝑓 [𝑘 ≔ 𝑜] ⊢ 𝑔 [𝑘 ≔ 𝑜] ∉ I (𝑠, ℎ, 𝜂). Since ℎ is
unchanged, there is no progress.

Proof for equal-triv-r: We assume that 𝑓 ⊢ ([emp] ⋅ [𝑜 = 𝑜]) ⋆ 𝑔 ∉ I (𝑠, ℎ, 𝜂),
and thus have J𝑓K(𝑠, ℎ, 𝜂) ≰ J([emp] ⋅ [𝑜 = 𝑜]) ⋆ 𝑔K(𝑠, ℎ, 𝜂). Since we have
[𝑜 = 𝑜] (𝑠, ℎ′, 𝜂) = 1 and J[emp] ⋅ ⟨1⟩ ⋆ 𝑔K(𝑠, ℎ, 𝜂) = J𝑔K(𝑠, ℎ, 𝜂), we also have
that J𝑓K(𝑠, ℎ, 𝜂) ≰ J𝑔K(𝑠, ℎ, 𝜂) and thus 𝑓 ⊢ 𝑔 ∉ I (𝑠, ℎ, 𝜂). Since ℎ remains
unchanged, there is no progress.

Proof for pt-dist-l: We assume that

S𝑎. [𝑘 ↦ 𝑜] ⋆ 𝑓1 + [𝑘 ↦ 𝑜] ⋆ 𝑓2 ⊢ 𝑔 ∉ I (𝑠, ℎ, 𝜂).

Therefore we have that

J S𝑎. [𝑘 ↦ 𝑜] ⋆ 𝑓1 + [𝑘 ↦ 𝑜] ⋆ 𝑓2K(𝑠, ℎ, 𝜂) ≰ J𝑔K(𝑠, ℎ, 𝜂).

Using distributivity on the precise predicate [𝑘 ↦ 𝑜] (see [31, Theorem 6.25])
we have that J S𝑎. [𝑘 ↦ 𝑜] ⋆ (𝑓1 + 𝑓2)K(𝑠, ℎ, 𝜂) ≰ J𝑔K(𝑠, ℎ, 𝜂) and therefore
S𝑎. [𝑘 ↦ 𝑜] ⋆ (𝑓1 + 𝑓2) ⊢ 𝑔 ∉ I (𝑠, ℎ, 𝜂). Since ℎ is unchanged, there is no

progress.

Proof for subdist-l: We assume that 𝑓3 ⋆ (𝑓1 + 𝑓2) ⊢ 𝑔 ∉ I (𝑠, ℎ, 𝜂) and
therefore we have that J𝑓3 ⋆ (𝑓1 + 𝑓2)K(𝑠, ℎ, 𝜂) ≰ J𝑔K(𝑠, ℎ, 𝜂). Equivalently we
also have that J𝑔K(𝑠, ℎ, 𝜂) < J𝑓3 ⋆ (𝑓1 + 𝑓2)K(𝑠, ℎ, 𝜂). By sub-distributivity (see
[31, Theorem 6.16]), we have that J𝑔K(𝑠, ℎ, 𝜂) < J𝑓3 ⋆ (𝑓1 + 𝑓2)K(𝑠, ℎ, 𝜂) ≤ J𝑓3 ⋆
𝑓1 + 𝑓3 ⋆ 𝑓2K(𝑠, ℎ, 𝜂). Finally we have that 𝑓3 ⋆ 𝑓1 + 𝑓3 ⋆ 𝑓1 ⊢ 𝑔 ∉ I (𝑠, ℎ, 𝜂). Since
ℎ remains unchanged, there is no progress.

Proof for pt-dist-r: Analogous to the proof for pt-dist-l.
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Proof for frame: We assume that [𝑘 ↦ 𝑜] ⋆ 𝑓 ⊢ [𝑘 ↦ 𝑢] ⋆ 𝑔 ∉ I (𝑠, ℎ, 𝜂),
thus we have that J[𝑘 ↦ 𝑜] ⋆ 𝑓K(𝑠, ℎ, 𝜂) ≰ J[𝑘 ↦ 𝑢] ⋆ 𝑔K(𝑠, ℎ, 𝜂). Equivalently,
we have that J[𝑘 ↦ 𝑢] ⋆ 𝑔K(𝑠, ℎ, 𝜂) < J[𝑘 ↦ 𝑜] ⋆ 𝑓K(𝑠, ℎ, 𝜂). If we do not have
ℎ = ℎ′ ∪ {𝑘(𝑠, 𝜂) ↦ 𝑜(𝑠, 𝜂) }, we would have that J[𝑘 ↦ 𝑜] ⋆ 𝑓K(𝑠, ℎ, 𝜂) is zero.
Then the strict inequality cannot hold. Therefore we assume this form for ℎ.
We also assume without loss of generality that ℎ ⊥ ℎ′. Furthermore, there is
only one splitting of ℎ that does not necessarily make either side zero, thus the
splitting of the heap ℎ into ℎ′ and { 𝑘(𝑠, 𝜂) ↦ 𝑜(𝑠, 𝜂) } is taken in both separating
multiplication. We obtain the strict inequality 1 ⋅ J𝑔K(𝑠, ℎ′, 𝜂) < 1 ⋅ J𝑓K(𝑠, ℎ′, 𝜂)
if 𝑢(𝑠, 𝜂) = 𝑜(𝑠, 𝜂) and 0 < 1 ⋅ J𝑓K(𝑠, ℎ′, 𝜂) otherwise. We can combine the
cases (and remove multiplication by the identity) again as the strict inequality
([emp] ⋅ [𝑜 = 𝑢]) ⋆ J𝑔K(𝑠, ℎ′, 𝜂) < J𝑓K(𝑠, ℎ′, 𝜂). Finally we obtain 𝑓 ⊢ ([emp] ⋅
[𝑜 = 𝑢]) ⋆ 𝑔 ∉ I (𝑠, ℎ′, 𝜂). Since |ℎ′| < |ℎ|, we have progress.

Proof for rename: We assume that 𝑓 ⊢ 𝑔 ∉ I (𝑠, ℎ, 𝜂) and thus we also
have that J𝑓K(𝑠, ℎ, 𝜂) ≰ J𝑔K(𝑠, ℎ, 𝜂). We assume that both 𝑘 and 𝑜 are program
variables. For other combinations of program variables and logical variables, the
program is analogous. Since 𝑜 does not appear in either 𝑓 or 𝑔, we also have
that J𝑓K(𝑠 [𝑘 ≔ 𝑠(𝑜)] [𝑜 ≔ 𝑠(𝑘)] , ℎ, 𝜂) ≰ J𝑔K(𝑠 [𝑘 ≔ 𝑠(𝑜), 𝜂] [𝑜 ≔ 𝑠(𝑘)] , ℎ, 𝜂),
which is equivalent to the statement that

J𝑓 [𝑘 ≔ 𝑜]K(𝑠 [𝑜 ≔ 𝑠(𝑘)] , ℎ, 𝜂) ≰ J𝑔 [𝑘 ≔ 𝑜]K(𝑠 [𝑜 ≔ 𝑠(𝑘)] , ℎ, 𝜂)

and we further have 𝑓 [𝑘 ≔ 𝑜] ⊢ 𝑔 [𝑘 ≔ 𝑜] ∉ I (𝑠 [𝑜 ≔ 𝑠(𝑘)] , ℎ, 𝜂). Since ℎ is
unchanged, there is no progress.

Proof for add: We assume that 𝑓1+𝑓2 ⊢ 𝑔1+𝑔2 ∉ I (𝑠, ℎ, 𝜂). Therefore we have
that J𝑓1 + 𝑓2K(𝑠, ℎ, 𝜂) ≰ J𝑔1 + 𝑔2K(𝑠, ℎ, 𝜂). Using contraposition of monotonicity
we have that either J𝑓1K(𝑠, ℎ, 𝜂) ≰ J𝑔1K(𝑠, ℎ, 𝜂) or J𝑓2K(𝑠, ℎ, 𝜂) ≰ J𝑔2K(𝑠, ℎ, 𝜂) and
thus either 𝑓1 ⊢ 𝑔1 ∉ I (𝑠, ℎ, 𝜂) or 𝑓2 ⊢ 𝑔2 ∉ I (𝑠, ℎ, 𝜂). Since ℎ is unchanged in
both cases, there is no progress.

Proof for mul: Analogous to the proof for addition.

Proof for max-r1: We assume that 𝑓 ⊢ (𝑔1 ⊔𝑔2) ⋆ 𝑔3 ∉ I (𝑠, ℎ, 𝜂) and thus we
have that J𝑓K(𝑠, ℎ, 𝜂) ≰ J(𝑔1 ⊔ 𝑔2) ⋆ 𝑔3K(𝑠, ℎ, 𝜂). This means equivalently that
J(𝑔1 ⊔ 𝑔2) ⋆ 𝑔3K(𝑠, ℎ, 𝜂) < J𝑓K(𝑠, ℎ, 𝜂). Now we assume an arbitrary decompo-
sition ℎ1 ∪ ℎ2 = ℎ with ℎ1 ⊥ ℎ2 and obtain that J𝑔1K(𝑠, ℎ1, 𝜂) ⋅ J𝑔3K(𝑠, ℎ2, 𝜂) ≤
J(𝑔1⊔𝑔2)K(𝑠, ℎ1, 𝜂) ⋅ J𝑔3K(𝑠, ℎ2, 𝜂) < J𝑓K(𝑠, ℎ, 𝜂). Since we choose the splitting ar-
bitrary, this holds for any splitting and thus we also have that J𝑔1 ⋆ 𝑔2K(𝑠, ℎ, 𝜂) <
J𝑓K(𝑠, ℎ, 𝜂) and finally that 𝑓 ⊢ 𝑔1 ⋆ 𝑔3 ∉ I (𝑠, ℎ, 𝜂). Since ℎ is unchanged, there
is no progress.

Proof for max-r2: Analogous to the proof for max-r1.
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Proof for max-l: We assume that (𝑓1 ⊔ 𝑓2) ⋆ 𝑓3 ⊢ 𝑔 ∉ I (𝑠, ℎ, 𝜂) and thus
we have that J(𝑓1 ⊔ 𝑓2) ⋆ 𝑓3K(𝑠, ℎ, 𝜂) ≰ J𝑔K(𝑠, ℎ, 𝜂). Equivalently, we have that
J𝑔K(𝑠, ℎ, 𝜂) < J(𝑓1 ⊔ 𝑓2) ⋆ 𝑓3K(𝑠, ℎ, 𝜂). Thus we have for some ℎ1 ∪ ℎ2 = ℎ
that J𝑔K(𝑠, ℎ, 𝜂) < J(𝑓1 ⊔ 𝑓2)K(𝑠, ℎ1, 𝜂) ⋅ J𝑓3K(𝑠, ℎ2, 𝜂). Then we have that either
J𝑔K(𝑠, ℎ, 𝜂) < J𝑓1K(𝑠, ℎ1, 𝜂) ⋅ J𝑓3K(𝑠, ℎ2, 𝜂) ≤ J𝑓1 ⋆ 𝑓3K(𝑠, ℎ, 𝜂) or J𝑔K(𝑠, ℎ, 𝜂) <
J𝑓2K(𝑠, ℎ1, 𝜂) ⋅ J𝑓3K(𝑠, ℎ2, 𝜂) ≤ J𝑓2 ⋆ 𝑓3K(𝑠, ℎ, 𝜂). Finally we have then either
𝑓1 ⋆ 𝑓3 ⊢ 𝑔 ∉ I (𝑠, ℎ, 𝜂) or 𝑓2 ⋆ 𝑓3 ⊢ 𝑔 ∉ I (𝑠, ℎ, 𝜂). In either case ℎ remains
unchanged, thus there is no progress.

Proof for sub-id: We assume that 𝑓 ⊢ 𝑓+𝑔 ∉ I (𝑠, ℎ, 𝜂), and thus we have that
J𝑓K(𝑠, ℎ, 𝜂) ≰ J𝑓 + 𝑔K(𝑠, ℎ, 𝜂). However, we obviously have that J𝑓K(𝑠, ℎ, 𝜂) ≤
J𝑓K(𝑠, ℎ, 𝜂) + J𝑔K(𝑠, ℎ, 𝜂). Since we have a contradiction, the assumption was
wrong.

Proof for id: Analogous to the proof for sub-identity.

9.4. Automatization

The proof system presented and proven soundness for in Definition 9.3.2 is not
ideal for automatization. Many of the presented rules allow ambiguities, which
introduce complexity in the automatization process. For example, on the left, we
can always distribute in both directions when we use a points-to predicate (see
pt-dist-l and subdist-l). Even worse, we require the program to guess a variable
when we use a supremum on the right (see sup-r). A tool for automatization thus
needs to use proof rules that guarantee an amount of choices that do not blow
up. As such, in the master’s thesis of Patrick Nossol [100], we investigate a proof
system more adequate for automatization that applies these rules only when we
can limit the possible choices.

Normal Form We introduce a normal form of random variables to allow
for an efficient representation. This normal form always has the form 𝑓 =
S𝑎1…𝑎𝑛. ∑𝑖★𝑗 𝑓𝑖,𝑗, that is, formulae consist of suprema over sums of separating

multiplications on atoms 𝑓𝑖,𝑗 that are either recursively-defined predicates, points-
to predicates or (non-)equality predicates. We can introduce a limited number
of other operations by certain elimination rules. For example, maxima can be
eliminated using the max-r1, max-r2 and max-l rules. Multiplication of constants
with the empty heap predicate can be eliminated in three steps:

Normalization does
not guarantee that
the values of the
functions are natural
as recursively-defined
predicates can still
have non-natural
values.

1. we multiply every summand by a constant such that all appearing constants
are natural,

2. we rewrite any (⟨𝑛 + 1⟩ ⋅ [emp]) ⋆ 𝑓 as (⟨𝑛⟩ ⋅ [emp]) ⋆ 𝑓 + 𝑓 (repeatedly),
and

3. we rewrite any (⟨1⟩ ⋅ [emp]) ⋆ 𝑓 as 𝑓.

This normalization also motivates the use of a different semantics for ⟨𝑎⟩ than
the one introduced in this dissertation. Instead we would define ⟨𝑎⟩ as 𝑎 for the
empty heap and otherwise zero. We will stick with the semantics used in this
dissertation for consistency reasons.
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Table 9.1.:We depict runtimes, depth and number of backlinks of proofs for entailments in qualitative separation logic and compare
the results of our proof system for quantitative separation logic with the results for the proof system for qualitative separation logic
[101] in the theorem prover cyclist [102].

Quantitative Cyclist Classical Cyclist

Entailment Time (sec) Depth Backlinks Time (sec) Depth Backlinks

List-List-le-List 0.01 2 1 0.02 3 1
List-RList-le-List 0.03 3 3 0.03 4 3
DLL-DLL-le-DLL 0.2 2 1 0.04 3 1
BTS-BTS-le-BTS 0.03 2 2 0.07 3 2
BTS-BT-le-BT 0.02 2 3 0.06 3 2

We will not go into further detail how the proof system in [100] avoids runtime
blowups and instead focus on the hurdles that arise when developing such an
automatization in a quantitative setting by means of experiments done on this
implementation.

Experimental Setup We show the strengths and weaknesses of this imple-
mentation by various experiments we conducted. These experiments were run in
parallel on a Debian Linuxmachine with two Intel Xeon Platinum 8160, 48 threads
each of which has 2.1 GHz processor speed, and 384GB RAM. The experiments
timed out (marked with TO) when they ran for longer than 24 hours.

Qualitative Entailments As a first sanity check, we verify that we can still
solve entailments in qualitative separation logic. For qualitative entailments,
we do not require the sum. In these cases, the formulae degrade into the form
𝑓 = S𝑎1…𝑎𝑛. ★𝑗 𝑓𝑗. We depict five entailments involving a variety of recursively-
defined predicates. The List predicate is defined analogous to [ls] from earlier.
The RList predicate is defined from tail to head instead. The 𝐷𝐿𝐿 predicate is a
recursively-defined predicates for doubly linked lists. The predicates BinTreeSeg
(abbreviated BTS) and BinTree (abbreviated BT) are both predicates defining some
part of a binary tree. BinTreeSeg(𝑎, 𝑏)models a binary tree with root 𝑎, for which
every leaf is null except for one which is 𝑏. BinTree(𝑎) instead is a binary tree
with root 𝑎 for which all leafs are null.

The entailments we use for the evaluation are:

List(𝑥, 𝑦) ⋆ List(𝑦, 𝑧) ⊢ List(𝑥, 𝑧) (List-List-le-List)

List(𝑥, 𝑦) ⋆ RList(𝑦, 𝑧) ⊢ List(𝑥, 𝑧) (List-RList-le-List)

𝐷𝐿𝐿(𝑥, 𝑦, 𝑧,𝑤) ⋆ 𝐷𝐿𝐿(𝑎, 𝑥,𝑤, 𝑏) ⊢ 𝐷𝐿𝐿(𝑎, 𝑦, 𝑧, 𝑏) (DLL-DLL-le-DLL)

BinTreeSeg(𝑥, 𝑦) ⋆ BinTreeSeg(𝑦, 𝑧) ⊢ BinTreeSeg(𝑥, 𝑧)
(BTSeg-BTSeg-le-BTSeg)

BinTreeSeg(𝑥, 𝑦) ⋆ BinTree(𝑦) ⊢ BinTree(𝑥) (BTSeg-BT-le-BT)

We observe in Table 9.1 that the proofs have similar computation time, depth and The depth is always off
by one due to some
proof steps being com-
bined.

number of backlinks compared to the reference implementation for qualitative
separation logic [101]. Thus we argue that the proofs by our proof system are
similar.
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Table 9.2.: We depict runtimes and depth of proofs for entailments in quantitative separation logic without recursively-defined
predicates and compare the results of our proof system for quantitative separation logic with the decision procedure envisioned in
[32, Section 3.4].

Quantitative Cyclist Decision Procedure from [32]

Entailment Time (sec) Depth Time (sec)

add-conflict-le [31] ≤ 0.01 1 0.07
le-add-conflict [31] ≤ 0.01 1 0.06
le-add-zero [32] 0.02 1 0.07

Addition When allowing addition in formulae, we face two challenges:

1. The general addition rule in Figure 9.4 does not support any suprema in
front of the addition to be split. And indeed, if there is a supremum on the
right-hand side, this rule also only holds if the summands on the right do
not share variables bound by the supremum. We thus only obtain the rule:

S𝑎. 𝑓1 ⊢ S𝑏. 𝑔1 S𝑎. 𝑓2 ⊢ S𝑐. 𝑔2 𝑐 not in 𝑔1 𝑏 not in 𝑔2
S𝑎. (𝑓1 + 𝑓2) ⊢ S𝑏. S𝑐. (𝑔1 + 𝑔2)

2. The second challenge arises with regard to runtime complexity. Since
summation is associative, commutative and neutral towards ⟨0⟩, there are
many ways to match summands on the left to summands on the right.
Indeed, any map from summands of the left to summands on the right may
be possible. In case the map is not an injection, we match the remaining
summands on the right with ⟨0⟩ and have a trivial correct sequent. However,
assuming there are 𝑎 many summands on the left and 𝑏 many summands
on the right, we have 𝑏𝑎 many choices to map summands to each other.

To handle both problems simultaneously, we choose to only split summands as
late as possible. This has unfortunately also the problem that we lose access to
easier proofs that use addition in an early step to simplify the proof. EspeciallyWe will later see this

problems arising in the
experiments.

when addition is used to connect different data structures, we may fail to apply
the frame proof rule and thus cannot obtain a proof at all. Finding heuristics to
make summation feasible in earlier steps in the proof is still an open problem.

Quantitative Entailments without Recursion Now equipped with addition,
we apply another sanity check and see how we can handle quantitative entail-
ments that do not contain recursively-defined predicates. We compare this with
a prototype implementation of the decision procedure envisioned in [32, Section
3.4]. This decision procedure essentially uses the transformation from Chapter 8
and hands it over to CVC5, which is able to decide entailments in a fragment of
qualitative separation logic [92].

The entailmens we use to compare our implementation with the decision proce-
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dure from [32] are:

⟨0.333⟩ ⋅ [emp] + (⟨0.666⟩ ⋅ [emp]) ⋆ [𝑥 ↦ 𝑦] ⋆ [𝑥 ↦ 𝑧] ⊢ ⟨0.333⟩ ⋅ [emp]
(add-conflict-le)

⟨0.333⟩ ⋅ [emp] ⊢ ⟨0.333⟩ ⋅ [emp] + (⟨0.666⟩ ⋅ [emp]) ⋆ [𝑥 ↦ 𝑦] ⋆ [𝑥 ↦ 𝑧]
(le-add-conflict)

(⟨0.98⟩ ⋅ [emp]) ⋆ [𝑥 ↦ 𝑧2] ⋆ [𝑦 ↦ 𝑧1]
⊢ (⟨0.999⟩ ⋅ [emp]) ⋆ [𝑥 ↦ 𝑧2] ⋆ [𝑦 ↦ 𝑧1] + (⟨0.001⟩ ⋅ [emp]) ⋆ ⟨0⟩

(le-add-zero)

The first two are the same entailment with swapped sides to prove the equivalence.
The proof boils down to the idea that [𝑥 ↦ 𝑦] ⋆ [𝑥 ↦ 𝑧] simplifies to zero as we
cannot have two points-to assertions sharing the same location. The last one
boils down to verifying that 0.98 is smaller than 0.999 and that we can remove
the summand with 0. In Table 9.2 we depict runtimes for both methods and
also depict the depth of the cyclic proof. Since we do not have any recursively-
defined predicate, we have no cycles. The depth is not surprisingly always
1 as we immediately apply simple matching rules. Both methods handle the
entailments with ease. We remark however that the size of the normal form for
the entailment le-add-zero blows up as we require to expand the formulae to
almost 1000 summands due to the weights. Furthermore, the implementation of
the decision procedure from [32] writes to the file system to interact with CVC5
and thus has higher runtimes due to that.

Quantitative EntailmentswithRecursion Lastly we look at entailments that
are both quantitative and involve recursively-defined predicates. The predicates
used here evaluate to the sizes of data structures. ListLen and RListLen evaluate These predicates eval-

uate to zero if the data
structure is not the cor-
rect data structure.

to the length of a List, where the second one is defined from tail to head. The list
predicates do not evaluate to one for the empty heap. To also allow for empty lists,
ListEmpty and ListEmptyLen provide definitions, where the second considers an
empty heap as a list of size one. ListOLen and ListELen evaluate to the length
of an odd and even list, respectively. We define these two predicates mutually
recursive with each other. DLLLen evaluates to the length of a doubly linked list.
BinTreeSegHeight and BinTreeHeight evaluates to the height of the tree (segment)
and BinTreeSize to the number of pointer in the tree, where a tree consisting of a
root with two null children has height one. We also have the predicates spTrue,
spTrueSize and spTrue2Size, which evaluate always to one and to the size of the
heap, respectively. The 2 in spTrue2Size refers to the fact that there we require
heap values to consist of two fields instead, which is useful for data structures
such as trees.

We go through the entailments in Table 9.3 step by step. First we have entailments
involving various list data structures:

ListLen(𝑎, 𝑏) ⋆ [𝑏 ↦ 𝑐] ⊢ ListLen(𝑎, 𝑐) (ListLen-le-ListLen)

ListLen(𝑎, 𝑏) ⋆ [𝑏 ↦ 𝑐] ⊢ RListLen(𝑎, 𝑐) (ListLen-le-RListLen)

ListLen(𝑎, 𝑏) ⊢ spTrueSize(𝑎, 𝑏) (ListLen-le-size)

[𝑎 ↦ 𝑏] ⋆ 𝑅𝐿𝑖𝑠𝑡𝐿𝑒𝑛(𝑏, 𝑐) ⊢ 𝐿𝑖𝑠𝑡𝐿𝑒𝑛(𝑎, 𝑐) (RListLen-le-ListLen)

[𝑎 ↦ 𝑏] ⋆ RListLen(𝑏, 𝑐) ⊢ RListLen(𝑎, 𝑐) (RListLen-le-RListLen)

ListLen(𝑎, 𝑏) ⋆ List(𝑏, 𝑐) ⊢ ListLen(𝑎, 𝑐) (ListLen-List-le-ListLen)
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RListLen(𝑎, 𝑏) ⋆ List(𝑏, 𝑐) ⊢ ListLen(𝑎, 𝑐) (RListLen-List-le-ListLen)

ListLen(𝑎, 𝑏) ⋆ RList(𝑏, 𝑐) ⊢ ListLen(𝑎, 𝑐) (ListLen-RList-le-ListLen)

RListLen(𝑎, 𝑏) ⋆ RList(𝑏, 𝑐) ⊢ RListLen(𝑎, 𝑐) (RListLen-RList-le-RListLen)

ListLen(𝑎, 𝑏) ⋆ List(𝑏, 𝑐) ⊢ RListLen(𝑎, 𝑐) (ListLen-List-RListLen)

ListOLen(𝑎, 𝑏) ⋆ [𝑏 ↦ 𝑐] ⊢ ListLen(𝑎, 𝑐) (ListOLen-le-ListLen)

ListLen(𝑎, 𝑏) ⋆ [𝑏 ↦ 𝑐] + List(𝑎, 𝑐) ⊢ ListLen(𝑎, 𝑐)
(ListLen-add-List-le-ListLen)

ListLen(𝑎, 𝑏) ⋆ [𝑏 ↦ 𝑐] + List(𝑎, 𝑐) ⊢ spTrue() + ListLen(𝑎, 𝑐)
(ListLen-add-List-le-true-add-List)

ListLen(𝑎, 𝑏) ⋆ List(𝑏, 𝑐) + ListLen(𝑏, 𝑐) ⋆ List(𝑎, 𝑏) ⊢ ListLen(𝑎, 𝑐)
(ListLen-add-LenList)

We are able to solve many of them, however are unable to solve those involving
addition. This not because we are not able to deal with addition in principle.
Unrolling the length predicates will always introduce addition operations as well
and we are clearly able to deal with those. However, we are not able to deal with
the addition from ListLen-add-List-le-ListLen, ListLen-add-List-le-true-add-List
and ListLen-add-LenList, as we require eliminating addition at an early position.
Since the implementation only eliminates addition during identity axioms and
backlinks, it fails to prove these entailments. It is also obversable that entailments
with high runtime usually have many backlinks or a great depth. This thus
suggests that a runtime can be decreased by further speeding up the process of
checking the soundness criterion, for which certain methods exists [103, 104].

We also evaluate our tool on some entailments occurring in literature [31]:

([𝑐 = 𝑜] ⋅ ⟨0.5⟩ ⋅ [emp]) ⋆ ListEmptyLen(ℎ𝑑, 𝑛𝑖𝑙)
+ ([𝑐 = 𝑜] ⋅ ⟨0.5⟩ ⋅ [emp]) ⋆ ListEmptyLen(ℎ𝑑, 𝑛𝑖𝑙)
+ ([𝑐 = 𝑜] ⋅ [emp]) ⋆ spTrue()
+ ([𝑐 ≠ 𝑜] ⋅ [emp]) ⋆ ListEmptyLen(ℎ𝑑, 𝑛𝑖𝑙)

⊢ ListEmptyLen(ℎ𝑑, 𝑛𝑖𝑙) + ([𝑐 = 𝑜] ⋅ [emp]) ⋆ spTrue()

(constant-adds-ListEmptyLen)

([ℎ𝑑 = 𝑛𝑖𝑙] ⋅ [emp]) ⋆ ListEmptyLen(𝑟𝑣, 𝑛𝑖𝑙)
+ (⟨1⟩ ⋅ [ℎ𝑑 ≠ 𝑛𝑖𝑙] ⋅ [emp]) ⋆ ListEmptyLen(𝑟𝑣, 𝑛𝑖𝑙) ⋆ ListEmpty(ℎ𝑑, 𝑛𝑖𝑙)
+ (⟨0.5⟩ ⋅ [ℎ𝑑 ≠ 𝑛𝑖𝑙] ⋅ [emp]) ⋆ ListEmpty(𝑟𝑣, 𝑛𝑖𝑙) ⋆ ListEmptyLen(ℎ𝑑, 𝑛𝑖𝑙)

⊢ ListEmptyLen(𝑟𝑣, 𝑛𝑖𝑙) ⋆ ListEmpty(ℎ𝑑, 𝑛𝑖𝑙)
+ (⟨0.5⟩ ⋅ [ℎ𝑑 ≠ 𝑛𝑖𝑙] ⋅ [emp]) ⋆ ListEmptyLen(ℎ𝑑, 𝑛𝑖𝑙) ⋆ ListEmpty(𝑟𝑣, 𝑛𝑖𝑙)

(head-adds-ListEmptyLen)

There are two problems occurring here:

1. On the one hand, we again have additions in the entailment, which may
require us to eliminate addition at an earlier stage than the implementation
currently applies.

2. On the other hand, we require to introduce some kind of case distinction
to introduce cases for [𝑐 = 𝑜] and [𝑐 ≠ 𝑜], and [ℎ𝑑 = 𝑛𝑖𝑙] and [ℎ𝑑 ≠ 𝑛𝑖𝑙],
respectively.

Both of these are difficult to implement efficiently, but may help to solve these
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kind of entailments.

For doubly linked list and binary trees we can observe a similar pattern that we
already observed for the singly linked list. We used the following entailments:

Points-to predicates
may have two fields
here.

DLLLen(𝑟1, 𝑙1, 𝑙2, 𝑟2) ⋆ [𝑙1 ↦ 𝑥, 𝑙2] ⊢ DLLLen(𝑟1, 𝑥, 𝑙1, 𝑟2) (DLLLen-le-DLLLen)
DLLLen(𝑚1, 𝑙1, 𝑙2,𝑚2) ⋆ DLL(𝑟1,𝑚1,𝑚2, 𝑟2)
+DLL(𝑚1, 𝑙1, 𝑙2,𝑚2) ⋆ DLLLen(𝑟1,𝑚1,𝑚2, 𝑟2)

⊢ DLLLen(𝑟1, 𝑙1, 𝑙2, 𝑟2)

(DLLLen-add-DLL-le-DLLLen)

BinTreeSeg(𝑎, 𝑏) ⋆ BinTreeSegHeight(𝑏, 𝑐) ⊢ BinTreeHeight(𝑎)
(BTSeg-BTSegHeight-le-BTHeight)

BinTreeSegHeight(𝑎, 𝑏) ⋆ BinTreeSeg(𝑏, 𝑐) ⊢ BinTreeSize(𝑎)
(BTSegHeight-BTSeg-le-BTSize)

BinTreeSegHeight(𝑎, 𝑏) ⊢ BinTreeSize(𝑎) (BTSegHeight-le-BTSize)

We observe here again, that whenever an early elimination of addition is required,
the implementation fails to prove the entailment.

We also experimented with predicates that model the size of the whole heap.
These should always be greater than some size predicate:

BinTreeSize(𝑎) ⊢ spTrue2Size() (BTSize-le-2size)

BinTreeHeight(𝑎) ⊢ spTrue2Size() (BTHeight-le-2size)

BinTreeSegHeight(𝑎) ⊢ spTrue2Size() (BTSegHeight-le-2size)

Due to the large amount of options that these size predicates on the right-hand
side of these entailments allow, we either fail to find a proof or need an extensive
amount of time to find them.

In Chapter 4, we introduced preciseness of random variables. Separating multipli-
cation with precise predicates is distributivity with respect to addition. Thus we
may gain access to further proof rules, which may also help to find proofs for such
precise predicates easier. This hypothesis was not validated in our experiments.
We use precise versions of the list predicates called ListLenPrec and RListLenPrec
for the following entailments:

ListLenPrec(𝑎, 𝑏) ⋆ [𝑏 ↦ 𝑐] ⋆ ([𝑏 ≠ 𝑐] ⋅ [emp]) ⊢ ListLenPrec(𝑎, 𝑐)
(ListLenPrec-le-ListLenPrec)

ListLenPrec(𝑎, 𝑏) ⊢ spTrueSize(𝑎, 𝑐) (ListLenPrec-le-size)

([𝑎 ≠ 𝑏] ⋅ [emp]) ⋆ [𝑎 ↦ 𝑏] ⋆ RListLenPrec(𝑏, 𝑐) ⊢ ListLenPrec(𝑎, 𝑐)
(RListLenPrec-le-ListLenPrec)

As we observe, we can only validate the entailment ListLenPrec-le-size. This
is because preciseness introduces negated equalities, which in some cases are
harder to handle.
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Table 9.3.: We depict runtimes, depth and number of backlinks of proofs for entailments in quantitative separation logic with
recursively-defined predicates. As there is currently no method for such entailments, we do not give any comparison.

Entailment Time (sec) Depth Backlinks

ListLen-le-ListLen 0.01 2 1
ListLen-le-RListLen 1.39 6 2
ListLen-le-size 0.01 2 1
RListLen-le-ListLen 6.35 6 2
RListLen-le-RListLen 0.01 2 1
ListLen-List-le-ListLen 0.01 2 1
RListLen-List-le-ListLen 10.06 6 4
ListLen-RList-le-ListLen 0.05 3 3
RListLen-RList-le-RListLen 0.01 2 1
ListLen-List-RListLen 3.58 6 4
ListOLen-le-ListLen 0.08 4 1
ListLen-add-List-le-ListLen TO
ListLen-add-List-le-true-add-List TO
ListLen-add-LenList TO
constant-adds-ListEmptyLen [31] TO
head-adds-ListEmptyLen [31] TO
DLLLen-le-DLLLen 0.03 3 1
DLLLen-add-DLL-le-DLLLen TO
BTSeg-BTSegHeight-le-BTHeight 0.19 3 4
BTSegHeight-BTSeg-le-BTSize 0.31 3 4
BTSegHeight-le-BTSize 0.03 2 2
BTSize-le-2size TO
BTHeight-le-2size 947.57 10 13
BTSegHeight-le-2size 3889.44 11 5
ListLenPrec-le-ListLenPrec TO
ListLenPrec-le-size 0.01 2 1
RListLenPrec-le-ListLenPrec TO
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Checking entailments is a crucial part for verifying properties of programs using
denotational or axiomatic semantics. In semantics such as those studied in
Chapters 4 and 6, weakening or strengthening random variables is crucial to
apply certain proof rules and especially to gain inductivity of random variables
to reason about loops. However, verifying that the weakening or strengthening
of a random variable to a different random variable is valid, requires checking an
entailment between these. In these scenarios, it is usually also more important
to gain confidence that the entailment holds and not that the entailment does
not hold. As such, sound but possibly non-terminating approaches for verifying
entailments also gain attraction.

To reason about fuzzy and quantitative separation logic, techniques for handling
both quantities and separation logic are required. Both features pose challenges
in their own regard and are well studied. The combination is a less well studied
field on the other hand, but necessary for semantics such as the one presented in
Chapters 4 and 6.

Checking entailments in separation logic has a long history, starting with simple
techniques supporting only a limited number of predicates for data structures [84,
85, 93, 96]. This has soon been extended to user definable predicates [83, 86–91],
similarly to how users can define predicates in the logic defined in Chapter 9.
Additional effort went into supporting magic wands [91, 92, 94, 97], which are
well-known to be particularly hard to deal with. While most of these techniques
have non-polynomial runtime complexity, some effort was also put into offering
polynomial runtime [84, 85, 95]. This rich history motivated our work towards a
method to facilitate these techniques for entailment checking in fuzzy separation
logic presented in Chapter 8 and [32].

A source of verifying separation logic entailments that is especially relevant for
ourwork are cyclic proofs. Cyclic proof systems have been developed that support
verification of entailments between separation logic formulae [101, 105–107] and
program verification with separation logic [108]. Some of these techniques such
as [105] then even gave rise to decidability results in their fragment.

A less automatic approach to verifying separation logic entailments facilitates the
use of theorem proof assistants. One prominent such framework, which allows
reasoning about separation logic entailments, is MoSeL [109] implemented in
the Rocq prover language [61]. MoSeL implements a proof assistant designed for Rocq prover was previ-

ously known as Coq.the use of separating conjunction and magic wands and is thus a powerful tool
to reason about separation logic entailments.

Quantitative reasoning has a long history, dating back to one of the first decision
procedures for quantitative “entailments” involving first-order formulae over
linear inequalities in the natural numbers by Mojżesz Presburger [110] and recent
extensions to it [111]. The famous simplex algorithm [112] gave rise to checking
and even optimizing a solution for linear inequalities in the real numbers, bet-
ter known as linear programming in modern times. Further development also
yielded (possibly incomplete) techniques to verify or reject formulae in non-linear
arithmetic over reals [113–116]. These advancements have been exploited by



186 10. Second Epilogue

a transformation that convert the quantitative logic HeyLO into a satisfiabil-
ity modulo theory problem for which the previous mentioned techniques can
yield verification results. This transformation then gave rise to a verification
infrastructure for probabilistic programs. [117]

Decision Procedures for Fuzzy Separation Logic

In Chapter 8, we investigated a procedure to transform random variables in
fuzzy separation logic into qualitative separation logic predicates. For this, we
converted the entailment between random variables into a qualitative entailment
between at-least predicates. At-least predicates can then be turned into expres-
sions using operations from qualitative separation logic. The transformation
introduces various predicates over real arithmetic, that most entailment checkers
for separation logic are not able to handle. While a tool like MoSeL may be
applicable, automated reasoning is thus not possible yet. However, by limiting
the allowed random variables to the syntax we introduced in Section 8.3, the
conditions on real arithmetic become decidable and we thus obtain qualitative
separation logic formulae that can be discharged to standard separation logic
entailment checkers. The complexity of this transformation is exponential in the
length of the formula.

This approach yields various decidable fragments in fuzzy separation logic. Pro-
cedures that are tailored to solve the entailment on the quantitative level directly
— instead of transforming it into a qualitative separation logic problem — may be
beneficial, however. Such procedures may be able achieve better runtime com-
plexity. Moreover, procedures tailored to these problems may also yield better
coverage, especially they may be able to check entailments between random
variables with infinite support.

Cyclic Proofs for Quantitative Separation Logic

Cyclic proofs have been used for more than a decade to verify entailments in
qualitative logics, especially in first order logic [118, 119] and in qualitative
separation logic [101, 105–108]. Cyclic proofs are useful when reasoning about
predicates defined as fixed points over some function. Reasoning about fixed
points usually requires induction. Cyclic reasoning introduces the dual of in-
duction called infinite descent. As a progress measure for the infinite descent,
unfolding of recursively-defined predicates is used. Quantitative recursively-
defined predicates are useful to define sizes of data structures. As such, it is
useful to lift cyclic reasoning to quantitative separation logic. It turns out that
lifting the classic progress measure in the quantitative setting is non-trivial. We
found counter examples for a naïve lifting of the proof, which we presented in
Section 9.3. Instead of using the classic unfolding progress measure, we presented
an approach using heap sizes as a progress measure.

It is imaginable that a proof system may also use both the classic unfolding
progress measure and the heap size progress measure. Indeed, in a qualitative
setting this is feasible. In quantitative settings however, this requires to verify
when it is valid to apply the unfolding progress measure. Deciding if a predicate
is qualitative (i.e. only maps to 0 or 1), is difficult and may even be undecidable
in certain fragments of the logic.
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In principle, a cyclic proof system for fuzzy separation logic is also feasible. The
problem here is that it seems there is no use-case for fuzzy recursively-defined
predicates. Indeed, we either are interested in defining data structures or their
sizes — the latter is non-fuzzy in nature.

Cyclic proofs have also been used to reason about programs and to verify prop-
erties such as termination [108] of a program. Adapting these techniques to
the quantitative setting using the heap size as progress measure may yield a
cyclic proof system that allows reasoning about probabilistic heap-manipulating
programs, especially also about such programs which are looping and where the
loop is iterating over some form of data structure. In such loops, it is imaginable
that frame rules can be applied to obtain progress.

The validity of the unfolding progress measure is still unclear. There are argu-
ments that the current framework may not be sufficient to express the validity
of the unfolding progress measure. We believe that either an extension of the
current soundness framework from Definition 9.2.3 is necessary, or that there is a
proper counter example for that soundness criterion, i.e. a proof using unfoldings
on the left of the entailment verifying an invalid sequent.

Cyclic proofs have rich tool support [102, 120, 121]. The approach presented here
was implemented in the Cyclist [102] tool with a different set of inference rules
compared to the rules presented in this dissertation. The implementation aims to
be efficient and loses expressivity instead [100]. Since this implementation does
not require changes to the framework of the tool, we believe that adapting this
implementation to other tools for cyclic proofs is not difficult.

Proof Assistant Support for Fuzzy and Quantitative Logics

Implementing program semantics in a proof assistant also requires us to prove
entailments in the proof assistant’s language. Since we implemented the seman-
tics from Chapter 6 in the proof assistant Lean, a natural question that arises
is concerning support to reason about entailments in the proof assistant Lean.
Unfortunately, there is currently only limited support for this.

The logic Iris [41] has an infrastructure for reasoning about Iris separation logic
formulae called MoSeL [109]. Naturally, one may ask two questions:

1. Can we adapt MoSeL for quantitative logics?
2. Is it possible to build an analogous of MoSeL for quantitative logics?

We do not answer any of these questions in this dissertation, but can give some
insights.

TheMoSeL framework is targeted at logics that are based on bunched implications
(BI) [122]. The version of BI used by MoSeL uses various operations, including
classic conjunction∧ and disjunction∨, separating conjunction∗, and a persistent
modality ⊡ and axioms on these. The persistent modality is used to make a
predicate in that logic “persistent”. The exact meaning of persistent differs from
logic to logic, but an important property of persistence is that it is duplicatable. Duplicatable here

means that both
⊡𝑃 ⊨ (⊡𝑃) ∗ (⊡𝑃),
(⊡𝑃) ∗ (⊡𝑃) ⊨ ⊡𝑃
holds.

For an entailment relation ⊨, important axioms for our considerations are

1. and-elim: For 𝑃 ⊨ 𝑄 and 𝑃 ⊨ 𝑅 we have 𝑃 ⊨ 𝑄 ∧ 𝑅,
2. or-elim: For 𝑃 ⊨ 𝑅 and 𝑄 ⊨ 𝑅 we have 𝑃 ∨ 𝑄 ⊨ 𝑅, and
3. pers-conj-elim: (⊡𝑃) ∧ 𝑄 ⊨ 𝑃 ∗ 𝑄.
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The first two axioms are standard. The third tells us that a proposition 𝑃 that is
persistent “should not add any heap” to𝑄. A classic way of defining the semantics
for the persistent modality is to require that the proposition it is guarding holds
for the empty heap.

Some authors [31, pp. 170-171] may reasonably suggest using multiplication to
model conjunction of Boolean predicates. A fair idea is thus to also try it the other
way around. Unfortunately, multiplication fails the and-elim axiom both in fuzzy
and quantitative logic: 0.5 ≤ 0.55 and 0.5 ≤ 0.55 but 0.5 ≰ 0.55 ⋅ 0.55 = 0.3025.
The same also holds for using addition as disjunction, which may be tempting
to try considering the conservativity properties we found in Theorems 4.3.2
and 5.3.5. We unfortunately have for or-elim: 0.5 ≤ 0.6 and 0.4 ≤ 0.6 but
0.5 + 0.4 = 0.9 ≰ 0.6. Thus it seems necessary to use infima and suprema for
conjunction and disjunction respectively. However, a classic definition of the
persistence modality requires that the conjunction and the separating conjunction
use the same underlying operation in order for the pers-conj-elim operation to be
valid. If we choose infima for conjunction, the separating operation should also
be defined by an infimum instead of the product. But then we loose quantitative
reasoning completely. It thus seems that adapting MoSeL for reasoning in fuzzy
or quantitative separation logic is difficult. Runtime separation logic [123] may
be another contender to be instantiated in MoSeL. There we use addition as
conjunction but associate true with zero and false with infinity. Whether runtime
separation logic can be reasonably instantiated into MoSeL is part of future
work.

The second question goes in a direction that may be more fruitful in the long run.
We have many separation logics (fuzzy, quantitative and runtime) to reason about
quantities. A unifying framework to reason about all of them would allow to use
one tool for each of them. This tool would need to be able to be general enough
for every one of them be instantiable, but concrete enough to allow reasoning of
statements that only hold in one but not the other logic. Finding such a unifying
framework seems challenging.

While Iris is popular for its easy-to-use proof assistant support due to MoSeL, it
also features easily defined recursive predicates that are not limited to monotonic
functions like the ones in Chapter 9. This is realized by defining Iris as a step-
indexing logic [41] that allows defining predicates recursively with the syntactic
restriction that every recursive occurrence of a predicate must be guarded by a
special operator called the later modality. This modality allows the step-counterNote that the step-

counter is part of the
logic and not of any
program semantics.

to decrease by one. The fixed point of the predicate is then defined by a sequence
of increasingly stronger predicates. Induction allows reasoning about these
sequences. Adapting these for fuzzy, quantitative or runtime separation logic may
yield a powerful tool to define and reason about recursively-defined predicates.
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Notation

General Math
Symbol Type Meaning

𝑎, 𝑏, 𝑐 logical variables
𝑛, 𝑖, 𝑗 ℕ Natural numbers
𝑝, 𝑞 [0, 1] Probabilities

Programs

Symbol Type Meaning

𝑥, 𝑦, 𝑧, 𝑟,… Vars Program variables
𝑘, 𝑜, 𝑢 either logical or program variables
𝑒, 𝑒′, 𝑒1,… Expressions Expressions mapping the program state to

values in ℚ, Booleans or values between 0 and 1

General Separation Logic

Symbol Type Meaning

𝑠, 𝑠′, 𝑠1, 𝑠2,… Stacks Mappings from variables to rationals
ℎ, ℎ′, ℎ1, ℎ2,… Heaps Mappings from locations (natural numbers) to rationals
ℓ, ℓ′, ℓ1, ℓ2,… ℕ Locations in an heap
𝜂 LVars → ℚ Mappings from logical variables to values

Qualitative Separation Logic

Symbol Type Meaning

𝜑,𝜓 Formulae in qualitative separation logic
Φ,Ψ,Θ 𝑆𝐿 Separation logic propositions
𝜉, 𝜋 𝑆𝐿 Resource invariants in separation logic
emp 𝑆𝐿 Empty heap predicate proposition
Φ ∗ Ψ 𝑆𝐿 Separating conjunction connecting the propositions Φ and Ψ
Φ −−∗ Ψ 𝑆𝐿 Magic wand connecting the propositions Φ and Ψ



Quantitative and Fuzzy Separation Logic

Symbol Type Meaning

𝑓, 𝑔 Formulae in quantitative or fuzzy separation logic
𝑋, 𝑌, 𝑍 𝑄𝑆𝐿, 𝐹𝑆𝐿 Quantitative separation logic random variables
𝑅,𝑄 𝑄𝑆𝐿, 𝐹𝑆𝐿 Resource invariants in quantitative separtion logic
[emp] 𝑄𝑆𝐿, 𝐹𝑆𝐿 Empty heap predicate random variable
∼𝑋 𝐹𝑆𝐿 The negation of a random variable 𝑋, i.e. 1 − 𝑋
𝑋 ⊔ 𝑌 𝑄𝑆𝐿, 𝐹𝑆𝐿 The maximum of the random variables 𝑋 and 𝑌
𝑋 ⊓ 𝑌 𝑄𝑆𝐿, 𝐹𝑆𝐿 The minimum of the random variables 𝑋 and 𝑌
𝑋 + 𝑌 𝑄𝑆𝐿 The addition of the random variables 𝑋 and 𝑌
𝑋 ⋅+ 𝑌 𝐹𝑆𝐿 The truncated addition of the random variables 𝑋 and 𝑌
S𝑥. 𝑋 𝑄𝑆𝐿, 𝐹𝑆𝐿 Supremum with bounded variable x in the random variable 𝑋
I 𝑥. 𝑋 𝑄𝑆𝐿, 𝐹𝑆𝐿 Supremum with bounded variable x in the random variable 𝑋
𝑋 ⋆ 𝑌 𝑄𝑆𝐿, 𝐹𝑆𝐿 Separating conjunction connecting the random variables 𝑋 and 𝑌
𝑋 −−⋆ 𝑌 𝑄𝑆𝐿 Magic wand connecting the random variables 𝑋 and 𝑌
𝑋 −−○⋆ 𝑌 𝐹𝑆𝐿 Truncated magic wand connecting the random variables 𝑋 and 𝑌



Alphabetical Index

at-least predicate, 140

bound
greatest lower, 12
least upper, 12

cardinal, 19
cardinality, 19
chain, 16

𝜔-, 17
ordinal-, 17

classical separation logic, see also separation
logic

closure of a set, 142
cyclic proof, 167

global soundness criterion, 167

finite truncated summation, 81
fixed point, 14

greatest, 15
least, 15
post-, 14
pre-, 14

folding, 163
free variable, 42, 115
function

𝜔-Scott-continuous, 17
antitone, 11
co-𝜔-Scott-continuous, 17
image, 141
monotone, 11

fuzzy separation logic, 84, 149
entailment, 84
free variable, 94
precise, 95
random variable, 84
separating multiplication, 87
specification, 113
truncated fuzzy magic wand, 87

heap, 27
disjoint, 28
partial order, 28
subset, 28
union, 28

heap size, 172

inference rule, 165

infimum, 13
infinite truncated summation, 82

logical variable, 27

Markov chain, 51
cylinder set, 52
final state, 53
probability space, 52
reachability, 53

Markov decision process, 54
Bellman equation, 55
enabled action, 54
final states, 55
induced Markov chain, 55
reward, 55
scheduler, 54

one minus operation, 78
order

complete lattice, 13
complete linear, 13
linear, 12
partial, 10

ordinal, 19

partial correctness, 36
postcondition, 36
pre-proof, 165
precondition, 36
probability space, 50

distribution, 50
event space, 50
expected value, 51
probability function, 50
random variable, 51
sample space, 50

program
cPL, 32
cpPL, 98
pPL, 57

program state, 27

qualitative entailment, 30
qualitative separation logic, see also

separation logic
quantitative separation logic, 61, 161

entailment, 62



parameterized random variable, 161
quantitative magic wand, 61
random variable, 61
separating multiplication, 61
specification, 68

separation logic, 29, 148
entailment, 30
free variable, 42
precise, 42
specification, 39

sigma algebra, 50
size

fuzzy separation logic, 151
separation logic, 151

stack, 27
stack heap pair, see also program state
substitution

for values of logical variables, 28
in a heap, 28
in a stack, 28
on a formula, 161

supremum, 13

terminating atomic, 42, 115
trace, 167
trace value, 167
truncated addition, 78
truncated division, 77
truncated subtraction, 79
truncated summation, see also infinite

truncated summation

unfolding, 163

we, see also weakest expectation
weakest expectation, 67
weakest resource-safe liberal expectation,

105
weakest resource-safe liberal precondition,

36
written variable, 42, 115
wrlp, see also weakest resource-safe liberal

precondition


	Acknowledgments
	Abstract
	Zusammenfassung
	Declaration of Authorship
	Contents
	Introduction
	A Journey through Probabilistic, Concurrent and Heap-manipulating Programs
	A History of Deductive Program Verification
	Synopsis
	Contributions to Published Papers

	Fixed Point Theory
	Order Theory
	Knaster-Tarski's Fixed Point Theorem
	Folklore's and Cousot's Fixed Point Theorems

	Separation Logic in Program Verification
	Concurrent Separation Logic
	Separation Logic
	Syntax and Operational Semantics of the Programming Language
	Axiomatic Semantics

	Quantitative Separation Logic
	Markov Decision Processes
	Operational Semantics for Probabilistic Programs
	Quantitative Logic
	Axiomatic Semantics for Probabilistic Programs

	Fuzzy Separation Logic
	Truncated Arithmetic on the Unit Interval
	Fuzzy Separation Logic
	Proof Rules for Fuzzy Separation Logic

	Concurrent Probabilistic Programs
	Concurrent Probabilistic Programs
	Weakest Resource-Safe Liberal Expectation
	Axiomatic Semantics for Lower Bounds on Concurrent Probabilistic Programs
	Lossy Producer Consumer Example

	First Epilogue

	Entailments in Fuzzy and Quantitative Separation Logic
	Transforming Fuzzy Separation Logic into Qualitative Separation Logic
	The At-Least Predicate
	Proof Rules for the At-Least Predicate
	Complexity of a Syntactic Transformation

	Cyclic Proofs for Quantitative Separation Logic
	Recursively-Defined Quantitative Separation Logic Predicates
	Cyclic Proofs
	Heap Size as Global Soundness Criterion
	Automatization

	Second Epilogue

	Bibliography
	Notation
	Alphabetical Index

