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ABSTRACT

The Laser Powder Bed Fusion (LPBF) process is characterized by rapid thermal cycles that induce complex
thermo-mechanical phenomena such as significant plastic strain accumulation and residual stress formation.
Simulation models for the process are gaining popularity due to the limitations of experimental techniques but
are often extensive and computationally demanding, limiting their practical application for process optimization.
In this study, a thermo-elastoplastic model for simulating the LPBF process at the track level is developed. The
model uses a moving Goldak heat source along with temperature-dependent material properties and phase
changes to accurately capture transient thermal distributions and is coupled with an elastoplastic model. The
model strives for an effective balance between efficiency and accuracy and is compared with other experimentally
validated simulation models. A key contribution of this study is the comparative analysis of numerical strategies
for plasticity. A conventional fully consistent implicit Newton solver for the nonlinear mechanical problem, is
compared against a Quasi-Newton fixed point approach, where nonlinear terms of the tangent stiffness matrix
are relocated to the right-hand side of the weak form and treated explicitly. This formulation is designed to
maintain accuracy while offering improved computational efficiency. Preliminary runs on simple elastoplastic
models in the past have shown good computational improvements by reducing calculation times thus simplifying
the computational cost of plastic fidelity.
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1. INTRODUCTION

The Laser Powder Bed Fusion (LPBF) has emerged as a feasible and flexible alternative to classical manufactur-
ing techniques for the manufacturing of complex parts with a variety of features and structures.1,2 This technique
focuses on building a part through the selective heating and cooling of individual layers of powder material and
upon solidification, the sequential joining of these layers forms the final component in an additive manner. In this
way, it is a cost effective manufacturing strategy in terms of material waste as well as minimzation of processing
steps.3 Nevertheless, the LPBF process has its challenges due to the use of an extermely focused energy source –
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laser beam – to process the material.4,5 The large amounts of energy deposition lead to extermely large temper-
ature gradients which lead to unwanted build up of residual stresses and post-manufacturing distortion.6 These
large temperatures also limit the feasibility of experimental techniques that can be performed to measure these
temperatures, especially in the near field of the laser beam or molten material region, known as the meltpool.7,8

Thus, to improve understanding of the process, for analysis and better process control, simulations of the LPBF
process serve considerable benefit in being able to recreate the process conditions and thus trying to model and
predict the thermal and mechanical deformation during the process. These simulations are considerably complex
and require suitable approximations and modelling strategies to make them physically valid and computationally
feasible simulateneously.9,10 Therefore, considerable research as been invested in building accurate models of the
LPBF process that can also be executed in reasonable timeframes. However, many simulations are conducted
on commercial Finite Element Method (FEM) software which are not only costly but also are limited in terms
of what flexibilities can be implemented, when compared to fully open-source, programmable models.11–13

Earlier models have been developed primarily for the thermal computations of the process. These models
study the process at different length and time scales to investigate various phenomena, and have varying levels
of complexity to make the approach both computationally feasible and accurate.10,14 Some of these models
focused on approximating the shape of the heat source that generates the energy deposition of the laser beam.15

Further approximations of the energy deposition were necessary to demand feasible computation times of models
at the part level or multiple layers.16 Also, there are models that assume constant or temperature-independent
properties which affect accurate computations of meltpool shapes and temperature distribution, especially in
the regions of high temperature gradients. These approximations sometimes lead to deficiencies in the overall
modelling of the thermal evolution, to make the computation feasible. Most of the eariler models were limited
to just the temperature simulation and did not model mechanical deformation to better evaluate the build up
of stresses inside the part.

Recently, more and more studies have investigated full thermomechanical modelling of the process to better
understand stress and strain build up but they are also only feasible when running mechanical models for a
few layers or small test parts.15 This is because even though track level modelling of the temperatures can still
be feasibly achieved with current hardware, a full part level simulation with all of the microscale aspects (at
the scale of laser beam) takes unreasonably large times to compute, especially for desktop computers.10,14,17

Large High Performance Compute (HPCs) Clusters are needed for such a full simulation. Thus, it is difficult
to find models that study both thermal and mechanical deformation at the scale of multiple tracks. However,
these models are also essential since track level models can highlight the necessity for keeping track of plastic
strain evolution on the microscale due to areas of high stress left over from many heating and cooling cycles
in non-overlapping regions of the laser beam.17,18 This leads to embedded plastic strains that can accumulate
over time as more and more tracks are scanned and whole hatches and layers accumulate. To resolve this issue,
some researchers have used the inherent strain method, to approximate plastic strain evolution for full part level
simulations by modelling a pre-stressed part with plastic strains (extracted from track or hatch level models),
however they are usually constant/averaged for the whole duration of the simulation and do not model the plastic
strains as a true distribution generated by multiple tracks overlapping with each other.17–20 Tangestani et al.
have proposed a track level model to keep track of local stresses and plasticity variations using a Hybrid-Line
heat source but that model is also very computationaly complex and thus requires several hours to solve for
a single track.21 Consequently, very few full thermomechanical models for the track level simulation of LPBF
are published especially those that can achieve a suitable balance between accuracy (of local stress and strain
history) and computational feasibility, thus limiting the effectiveness at which information can be transferred to
a larger scale.

The focus of this work is to build a robust and effective thermomechanical model for the LPBF process that
is also computationally efficient. Thus, the model will have two main parts. The first part, for the thermal
calculation will focus on solving the heat conduction equation with temperature-dependent material properties
and a parametric heat source to effectively model a physical valid temperature distribution that represents the
moving laser beam and associated meltpool for multiple laser beam scan paths/tracks. This will then be coupled
to a mechanical model in small enough increments to keep track of the associated mechanical deformation due to
the thermal strain. The mechanical model will track the overall plastic deformation by using the input thermal
strains as mechanical loading for the overall nonlinear problem. For each iteration of the nonlinear problem,



a constitutive model will be solved in conjuction with an appropriate return mapping approach should plastic
deformation occur. The full model will then be studied on a thermomechanical benchmark problem. The model
will also be compared with other relevant thermal models which have already been experimentally validated and
subsequently, an overall computational performance analysis of the model will be presented. The eventual goal is
to then have a model that can be easily scaled up to different length and time scales such as the patch/hatch level
and even more so on the modelling of multiple layers. As this model is implemented using open-source libraries
in the Python language, it is completely open-source and flexible due to modularity. It allows for additional
complexities to be introduced and can take advantage of cutting-edge computational speedup approaches that
have not yet been incorporated into commerical FEM software.

Due to the nature of the problem, especially for larger geometries and meshes, the mechanical problem can
be far more computationally demanding than the thermal problem. Thus, one additional aspect of this research
is the implementation and investigation of an explicit approach for solving the nonlinear mechanical weak form.
The goal of this approach would focus on being able to simplify the bilinear form/stiffness matrix on the left
hand side, so that it must not be assembled and reinverted in every iteration of the problem and the nonlinear
(plasticity) terms can be incorporated explicitly into the linear form on the right hand side, essentially treating
this as a fixed-point problem. Preliminary runs have shown this is significantly faster per iteration and shows
potential for overall improvement in computational time compared to the classical approach.

2. GOVERNING EQUATIONS

A combined thermomechanical model first begins with the partial differential equations of heat conduction and
solid elasticity. These are the strong forms of the problem that are represented in a purely continuum sense. The
heat conduction problem models temperature variation in both time and space and thus must be solved with
suitable boundary and initial conditions i.e., an Initial Boundary Value Problem (IBVP) whereas the mechanical
problem is a problem of elastoplasticity defined for displacement, stress and plastic strains over the spatial
domain for predefined timesteps of the thermal problem, its loading stems from thermal strains generated by
the temperature variation. Solving the strong forms is implemented via spatial discretization techniques such
as the Finite Element Method (FEM) by first converting the strong form into a weak form which represent the
thermal and mechanical problem in a variational sense over the entire domain. These weak forms are then used
to incorporate boundary conditions as well time discretization of the problem. They can then be assembled into
matrix vector systems (system of algebraic equations) which can be solved via commercial FEM programs or
open source FEM implementations.

2.1 Strong form - Thermal

For the thermal problem, the first step is to begin with the three dimensional heat equation that solves for the
temperature T for a given time t and position x = (x, y, z) in a domain Ω such that

ρ(T )cp(T )
∂T (x, t)

∂t
−∇ · (k(T )∇T (x, t)) = Q(x, t) in Ω × (0, tfinal) , (1)

where ρ(T ) is the density, cp(T ) is the specific heat capacity, k(T ) is the thermal conductivity, and Q(x, t) is a
volumetric heat source term representing a moving laser. The domain is assumed to be sufficiently large enough
such that surface boundaries far away from the heat source can be modelled with a general convection boundary
condition. However, the surface upon which the laser beam is incident Γl, needs to be modelled with a suitable
radiation boundary condition due to the larger temperature gradients. The base of the domain (bottom surface)
Γb is in this case assumed to be considerably far away from the heat source such that it can be considered
clamped at T0 during the movement of the laser beam. Thus, the boundary conditions are

−k(T )∇T · n = σϵ(T 4 − T 4
0 ) on Γl ,

T = T0 on Γb ,

−k(T )∇T · n = h(T − T0) on ∂Ω \ (Γl ∪ Γb) , (2)



The initial condition over the entire domain is

T (x, 0) = T0 in Ω , (3)

where T0 is the room (ambient) temperature, h is the convection coefficient, ϵ is the emissivity and σ is the
Stefan-Boltzmann constant. The convection boundary condition is physically justified, if the boundaries are
sufficient characteristic diffusion lengths away from the laser spot.22–24 A common choice for the source function
that simulates a moving laser in LPBF is a 3D Gaussian distribution25,26

Q(x, t) =
3
√

3ηP

π3/2r2d
exp

(
−3(x− x0(t))2

r2
− 3(y − y0(t))2

r2
− 3(z − z0(t))2

d2

)
, (4)

where η is laser absorption efficiency, P is laser power, r is the radial spread of the distribution (usually laser
beam radius), d is the depth of the heat source, and (x0(t), y0(t), z0(t)) is the moving center of the heat source.
However, Goldak et. al. showed that the Gaussian source underestimates the penetration depth of the heat for
very high power density sources, such as a laser beam, which is why they suggested replacing it with a hemi-
spherical model which did overcome this challenge but did not approximate the meltpool geometry well. They
finally proposed a double ellipsoidal model to better overcome these limitations and to improve the temperature
gradients approximated from previous models.27 A detailed expression of this heat source is elaborated in Sec
4.1.

2.2 Strong form - Mechanical

After solving the thermal problem, the thermal strains are computed from the temperature field to be used for
the mechanical part of the problem. The strong form of a problem in elasticity is

∇ · σ(x) + b(x) = 0 in Ω , (5)

where σ is the Cauchy stress tensor and b is the body force per unit volume. For a rectangular domain
Ω = [0, Lx] × [0, Ly] × [0, Lz], the dirichlet boundary conditions are applied on the displacement u to constraint
the bottom end of the domain

u(x) = 0 on ΓD = {x ∈ ∂Ω | z = 0} , (6)

while the Neumann boundary condition is enforced as a zero traction boundary condition on all other boundaries

σ · n = 0 on ΓN = ∂Ω \ ΓD , (7)

where n is the outward unit normal to the boundary. The stress tensor σ is computed from the constitutive
tensor C (assumed isotropic material) and the elastic part of the total strain tensor

σ = C :
(
ε− εp − εth

)
= λ tr(ε− εp − εth)I + 2µ(ε− εp − εth) , (8)

where ε = 1
2 (∇u+∇u⊤) is the total strain, εth = α(T − T0)I is the thermal strain and εp represents the plastic

strain. λ = Eν
(1+ν)(1−2ν) and µ = E

2(1+ν) are the First and Second Lamé parameters respectively. Additionally, α

is the coefficient of thermal expansion, T0 is the initial temperature and E and ν are the Young’s Modulus and
Poisson’s ratio, respectively.

To compute the plastic strain tensor εp, a yield criterion for the stress has to be defined. In this work, the
von Mises yield criterion with isotropic hardening (using the J2 flow rule) is used28

f(σ, p) =

√
3

2
s : s− σy(p) ≤ 0 , (9)

where

• s = σ − 1
3 tr(σ)I is the deviatoric part of the stress tensor,



• σy(p) = σy0 + Hp is the temperature-dependent yield stress with linear isotropic hardening parameter H,

• and p is the accumulated plastic strain.

The associated flow rule for the yield criterion is

ε̇p = λ̇
∂f

∂σ
= λ̇

3

2

s√
3
2s : s

, (10)

with consistency condition λ̇ ≥ 0, f ≤ 0, λ̇f = 0 and the accumulated plastic strain rate is

ṗ =

√
2

3
ε̇p : ε̇p. (11)

The term ∂f
∂σ represents the normal to the convex yield surface. Further simplification yields

∂f

∂σ
=

∂f

∂σij
=

∂σeq

∂σij
=

3

2

s

σeq
, (12)

where σeq =
√

3
2s : s. Substituting the expression for ε̇p in Eq. (10) into Eq. (11)

ṗ =

√
2

3
ε̇p : ε̇p =

√
2

3

(
λ̇
∂f

∂σ

)
:

(
λ̇
∂f

∂σ

)
=

√
2

3

(
λ̇

3

2

s

σeq

)
:

(
λ̇

3

2

s

σeq

)
= λ̇

√
3

2

s : s

σ2
eq

= λ̇

√
3

2

s : s
3(s:s)

2

= λ̇. (13)

Thus, Equation (10) can be reformulated to show that ε̇p = ṗ
3

2σeq
s. The flow theory of plasticity states, that

these equations are modelled as rate equations to model evolution of plastic deformation. Thus, analogous to
time dependent problems, the algorithmic implementation requires solving the mechanical problem in incremental
form to ensure stability of the solver, essentially an incremental integration algorithm over a pseudo-time.29,30

Further discussion of the implementation of this algorithm is done in Sec. 3.

2.3 Weak form - thermal

For solving the heat conduction, the weak form is needed to implement the FEM. A test function v ∈ V is
multiplied by the strong form and integrated over the domain Ω, and then applying integration by parts leads
to ∫

Ω

ρcp
∂T

∂t
v dV +

∫
Ω

k(T )∇T · ∇v dV +

∫
∂Ω\Γl

h(T − T0)v dS +

∫
Γl

σϵ(T 4 − T 4
0 )v dS =

∫
Ω

Q(x, t)v dV , (14)

where V is the space of test functions (e.g., H1(Ω)).31 The Neumann radiation and convection boundary
appear naturally, as surface integrals, but the Dirichlet boundary condition will be explicitly enforced (when this
form is assembled into a matrix). The trial function in the radiation boundary condition makes the weak form
nonlinear. The radiation term contains higher order terms of the trial function i.e. (T )4 which is computationally
not possible for a linear problem in FEM since basis functions usually belong to the function space of polynomials
with maximum C0 continuity i.e., T, v ∈ H1(Ω). This requires solving a nonlinear problem, or using complex
function spaces, which is computationally challenging. To circumvent this, the radiation boundary condition
can be replaced with a convection term with a heat transfer coefficient hrad that is usually orders of magnitude
higher than the normal convection coefficient i.e., hrad ≫ h. This modifies the radiation boundary condition,
which can now be modelled as an approximate convection boundary condition32∫

Ω

ρcp
∂T

∂t
v dV +

∫
Ω

k(T )∇T ·∇v dV +

∫
∂Ω\(Γl∪Γb)

h(T −T0)v dS+

∫
Γl

hrad(T −T0)v dS =

∫
Ω

Q(x, t)v dV . (15)



This better approximates the higher temperature gradients and the higher heat loss due to radiation at the laser
beam surface Γl. It also allows for the radiation boundary condition to be represented with a T term of linear
order which can be approximated by standard linear FEM basis functions. The weak form in Eq. (15) is the
basis of the time dependent heat transfer problem which will be solved with relevant time-stepping schemes in
the computational approach. For one or more timesteps, the change in temperature distribution i.e., thermal
increment, will be the source of incremental loading/strain for the mechanical problem i.e, a weakly coupled
thermomechanical problem.

2.4 Weak form - mechanical

In the mechanical problem, for a given number of thermal increment(s)/step(s), a nonlinear problem needs to be
solved for the displacement u because the plastic deformation creates a nonlinear stress-strain relation. Thus,
the problem must be formulated in the form of a linearized equlibrium balance, i.e., residual (to use Newton’s
method) before it can be discretized. Integrating a test function w with the strong form, it can be shown that∫

Ω

w · (∇σ + b) dV = 0 . (16)

Integrating the divergence term by parts (and vanishing zero traction boundary condition terms) and rearranging
leads to

R(u) =

∫
Ω

∇w : σ(u) dV −
∫
Ω

w · b dV = 0 . (17)

Substituting σ(u) = C :
(
ε(u) − εth − εp

)
gives

R(u) =

∫
Ω

∇w :
[
C : (ε(u) − εth − εp)

]
dV −

∫
Ω

w · b dV = 0 , (18)

where ε(u = 1
2

(
∇u + (∇u)T

)
. This form represents the global force equilibrium between applied external

loads and interal stress states. Due to nonlinearity between stress and strain relations, it must be appropriately
linearized to drive this residual to zero (equilibrium) through iterative correction using Newton’s method (solving
a linear system to determine the next correction to the solution). This linearization of R is sought at current
iterate u(k), such that u(k+1) = u(k) + ∆u. Thus, ∆u is sought so that the residual increment vanishes to first
order (Taylor approximation) for

R(u(k) + ∆u) ≈ R(u(k)) + DR[∆u] = 0 , (19)

where the Gateaux derivative DR[∆u] =
∫
Ω
∇w : δσ dV . This leads to

DR[∆u] =

∫
Ω

∇w :
∂σ

∂ε
:
(
ε(∆u) − δεp − δεth

)
dV , (20)

where the thermal strain increment δεth is already known and can be subtracted before hand. The plastic strain
increment δεp is determined from the return-mapping procedure (discussed in the following section), which
determines the correction to the stress state for the current uk. The final system to solve via Newton’s method
is ∫

Ω

∇w :
∂σ

∂ε
: (ε(∆u)) dV = −R(u(k)) . (21)

Due to the fact that plastic deformations are modelled as rate equations as per the flow theory, the problem
must be solved using the finite thermal strain increment for every mechanical load step. The solution, is a fixed
displacement increment ∆u instead of the total displacement u. Thus, the Newton method seeks a correction
δu to this increment, in every iteration k, to drive the linearized residual to zero (maintaining equilibrium) while
also ensuring the return mapping procedure (constitutive update) is satisfied.



3. NUMERICAL IMPLEMENTATION

An implementation of the thermal and mechanical weak forms can be carried out using the Finite Element
Method.33,34 However, FEM is only a spatial discretization technique, and therefore the thermal weak form
must be also be discretized for the time domain, so that the finite temperature increments can be computed,
as well as the subsequent thermal strain increments which are then coupled to the mechanical problem. For
the mechanical problem, each strain increment generates an external loading state, defining the residual, and
the global force equilibrium to be solved. The Newton solve is performed for this residual until convergence, to
determine the displacement increment. During each iteration of this Newton solve, a consistent tangent matrix
needs to be built from the bilinear part of the weak form since linearization of the weak form must also include
proper linearization of the stress computation algorithm.35 Thus, while solving the global equilibrium, a local
constitutive problem must also be solved. This local problem ensure that the stress is appropriately adjusted or
projected (in each Newton iteration) within the yield surface to ensure algorithmic consistency (should plastic
deformation be present). In short, the full mechanical problem consist of simulateneously solving a global force
equilibrium for the displacements, as well as local constitutive equilibrium for the strains, for every iteration of
the Newton solver. The global problem is solved for the nodal degrees of freedom of the FEM mesh (due to
nodal interconnectivity), while the local problem is solved for the Gauss-points (since it is a material balance
and thus purely within the element).36

3.1 Time stepping scheme

For a temporal discretization of the thermal weak form, a time stepping scheme is necessary. Let time be
discretized as tn+1 = tn + ∆t (where t0 = 0), with Tn = T (x, tn). Here, the Crank–Nicolson scheme is used
which is a semi-implicit time time stepping scheme.37 Here n is the index of the current time step and n + 1 is
the index of the next timestep, hence

∂T

∂t
≈ Tn+1 − Tn

∆t
, T ≈ Tn+1 + Tn

2
. (22)

Thus, find Tn+1 ∈ V such that for all v ∈ V :∫
Ω

ρcp
Tn+1 − Tn

∆t
v dx +

∫
Ω

k∇
(
Tn+1 + Tn

2

)
· ∇v dx

+

∫
∂Ω\(Γl∪Γb)

h

(
Tn+1 + Tn

2
− T0

)
v dS

+

∫
Γl

hrad

(
Tn+1 + Tn

2
− T0

)
v dSv dS =

∫
Ω

Qn+1(x)v dx (23)

where Qn+1(x) is evaluated explicitly using the known position of the moving heat source at time tn+1. The time
step size ∆t is chosen by taking both stable advection diffusion into consideration, via the Courant-Friedrichs-
Lewy condition (CFL), as well as limiting heat source movement over a sufficiently fine resolution of the mesh
in every time step.38 Therefore, two time step sizes, ∆tΩ and ∆tL, are computed

∆tΩ = CFL
(∆s)2

κ
, ∆tL = RL

∆l

vs
, (24)

where CFL is set to 0.5, ∆s is the smallest element size, vs is the velocity of the laser beam and ∆l is the element
size in the movement direction. RL is the relative beam shift to limit the movement step to a fraction of the
element size (in this case 0.4) ensuring temperature variation is well approximated by basis functions within the
element. Thus, the accepted time step ∆t is

∆t = min(∆tΩ,∆tL) . (25)

Thermal properties at different temperatures have been extracted from literature. Implementation was based
on a conditional check of the temperature field, to update material properties in the weak form where needed,



during each time step. Some simplifications and assumptions have been made to allow for computational fea-
sibility. The thermal model tapers off the upper temperature limit to the vaporization temperature using a
basic latent heat flux model to simulate high energy losses at vaporization although these temperature were not
reached during the simulation. For plastic analysis and solidification study, where surface level effects or keyhole
physics are of little interest, this assumption also allows for reasonable computational speedup as the meltpool
(including the vapor capillary) itself is stress free.

3.2 Linearized Residual

The plasticity calculations are computed in increments of stress and strain due to the rate form in the flow rule.
Therefore, it is necessary to solve the global mechanical problem (force equilibrium) for displacement increments
∆u instead of displacement. This allows for control of the loading step size for the problem and thus maintains
stable convergence of the Newton solver during plastic deformation by appropriately recomputing the Gateaux
derivative (or tangent stiffness) of the problem during plastic evolution. Thus, in an incremental sense, the
mechanical weak form becomes

Rn+1(∆u) =

∫
Ω

∇w : σ(un + ∆u) dV −
∫
Ω

w · b dV = 0 , (26)

where
σ(un + ∆u) = C :

(
ε(un + ∆u) − εth(∆T ) − εp

)
, (27)

and εth(∆T ) = α∆T I. Further simplification leads to

Rn+1(∆u) =

∫
Ω

∇w : C :
(
ε(un + ∆u) − εth − εp

)
dV −

∫
Ω

w · b dV = 0 . (28)

Instead of solving for the whole displacement in one load step, the solution is now sought in increments of
displacement for given load increments (applied via the thermal strain increments), where the global force
equilibrium must be solved for an unknown displacement increment ∆u. The linearization of this incremental
form is now focused on determining a correction to the displacement increment δu such that

∆u(k+1) = ∆u(k) + δu , (29)

and then
Rn+1(∆u(k) + δu) ≈ Rn+1(∆u(k)) + DR[δu] = 0 , (30)

where the Gateaux derivative is

DR[δu] =

∫
Ω

∇w :
∂σ

∂ε
:
(
ε(δu) − δεp − δεth

)
dV . (31)

Solving this system results in the correction to the displacement increment δu, which is then used to adjust
the value of the increment itself ∆u according to Eq. (29), until convergence is reached (∥R∥ ≈ 0). The final
increment ∆uk, at the end of the converged iteration k, is then used to update the total displacement u at the
end of every load step.

3.3 Return mapping - Stress projection

Concurrent to solving the global force equilibrium, the local constitutive equilibrium must also be solved in every
iterative correction. This ensures that (in case of plastic deformation) the stress is the true stress state σn+1

which will be used by the global weak form. The term C :
(
ε(un + ∆u) − εth − εp

)
is the stress after correction.

This thermal strain can be computed explicitly but for plastic strain, a return mapping procedure must be
employed to determine it which will subsequently also determine the stress correction to the stress state (should
stress surpass yield). This correction projects this stress state back on to the yield surface, thus maintaining the
consistency condition, in every iteration, once plastic deformation has started (otherwise the correction is zero
during elastic deformation). This is done via the return mapping procedure, which checks the yield condition to



determine plastic deformation quantities like the yield surface normal ∂f
∂σ , the plastic multiplier ∆λ = ∆p and

the stress correction.39,40

The plastic multiplier ∆p is itself a function of the strain increment ∆ε, generated by the given displacement
increment ∆u, which in turn is a function of stress σ but it is also this stress that depends on the plastic strain
increment. Hence, in most cases, the local constitutive solve is also a nonlinear problem for the plastic strain
increment. However, for this case, it can be directly computed, as an explicit closed-form solution because of
the given von Mises yield criterion.41 The starting point of the return mapping begins with computing the trial
stress σtr which is the sum of the stress at previous load state (already projected back or previously elastic), and
the stress increment generated from the current displacement increment (adjusted for the precalculated thermal
strains)

σtr
n+1 = σn + C : (ε(∆u) − εth) . (32)

Defining sn+1 = σtr
n+1 − 1

3 tr(σtr
n+1)I, as the deviatoric part of stress and σeq =

√
3
2 (s : s), the yield function can

be stated as
f = (σeq)n+1 − σ0 −Hpn . (33)

This yield function compares the previous stress state σn and the current trial state σtr
n+1 to determine if

yielding has occured during the current displacement increment ∆u. In case plastic deformation occurs on the
given increment, the accumulated plastic strain δp needs to be computed. For the given von Mises yield criterion,
this term can be derived from the constraint on the flow rule, due to the consistency conditions i.e., f(σ, p) = 0
and thus

δf =
∂f

∂σ
: δσ +

∂f

∂p
: δp = 0 , (34)

where ∂f
∂p = H. Additionally, via the constitutive law, δσ = C : (δε − δεp). Also from the flow rule ε̇p = ṗ ∂f

∂σ ,
the plastic strain can be written as

δεp = δp
∂f

∂σ
+ pδ

( ∂f
∂σ

)
. (35)

During return mapping algorithm, the yield surface normal ∂f
∂σ is treated as fixed so δεp = δp

(
∂f
∂σ

)
. Thus, the

final expression for δσ is δσ = C :
(
δε− δp ∂f

∂σ

)
which when substituted into Eq. (34) gives

δf =
∂f

∂σ
:

[
C :

(
δε− δp

∂f

∂σ

)]
+

∂f

∂p
: δp = 0

⇒ δp =
∂f
∂σ : C : δε

∂f
∂σ : C : ∂f

∂σ + H
. (36)

With this, an expression for the plastic multiplier δp has been derived. Since this is dependent on the actual
strain increment δε, an iterative process is needed to find a solution. However, for a von Mises yield criterion
with isotropic hardening, a closed-form solution for ∆p can be derived for a finite strain increment ∆ε. Given
∂σeq

∂σij
= ∂f

∂σ ( ∂f
∂σ is the gradient of σeq), the yield criterion f = (σeq)n+1 − σ0 −Hpn can also be written as

f = (σeq)n+1 − σ0 −Hpn

⇒ =
∂σeq

∂σ
: σtr

n+1 − σ0 −Hpn =
∂f

∂σ
: σtr

n+1 − σ0 −Hpn

⇒ =
∂f

∂σ
: [σn + C : (ε(∆u) − εth)] − σ0 −Hpn . (37)

During plastic deformation, the previous stress state is already on the yield surface (or projected back on to it),
i.e. ∂f

∂σ : σtr
n+1 = σ0 −Hpn, thus

f =
∂f

∂σ
: C : (ε(∆u) − εth) =

∂f

∂σ
: C : ∆ε , (38)



where ε(∆u)−εth) = ∆ε is the current strain increment. Using the constitutive relation for an isotropic material
and the von Mises yield criterion, it can be shown that ∂f

∂σ : C : ∂f
∂σ = 3µ. Inserting this and the expression of f

from Eq. (38), into the expression of δp from Eq. (36) gives

∆p =
f

3µ + H
. (39)

This is a finite incremental solution of the plastic multiplier for the given trial stress state (computed from strain
increment ∆ε) = ε(∆u). The value of ∆p is automatically set to 0 if f < 0 (elastic deformation). This is an
exact solution to the plastic multiplier which can be used to determine the stress projection on to the yield
surface in one iteration (closed-form). To determine this projection/correction, the plastic strain increment ∆εp

is computed

∆εp = ∆p
3

2σeq
s . (40)

The trial stress state σtr can now be corrected for the plastic strain

σn+1 = σtr
n+1 − C : ∆εp = σn+1 = σtr

n+1 − C :

(
∆p

3

2σeq
s

)
, (41)

which leads to

⇒ σn+1 = σtr
n+1 − 3µ

(
f

3µ + H

)
∂f

∂σ
, (42)

This stress correction, along with the yield surface normal ∂f
∂σ = 3

2
s

σeq
and plastic multiplier ∆p are all auto-

matically set to 0 should the deformation be in the elastic regime i.e., f < 0. In the plastic regime, the stress is
projected back onto the yield surface and the values of ∂f

∂σ and ∆p are stored for computing the algorithmically
consistent tangent stiffness matrix to solve the global force equilibrium for displacement increments.

3.4 Consistent tangent matrix

The stress correction is a local process happening on integration points but must also be algorithmically rep-
resented at a global level for the force equilibrium, thus ensuring consistent calculation of the displacement
increment correction δu.35 This is due to incremental nature of the variational problem and thus a stable and
consistent expression for the term ∂σ

∂ε (in the bilinear form) is needed. It must be corrected appropriately for
plastic strain (in case yielding has occured), which is why it consists of the elastic constitutive tensor C adjusted
with an additional term Cp to adjust the stiffness during plastic deformation

∂σ

∂ε
= C− Cp , (43)

where Cp = 0 when f < 0 and Cp = C : ∂εp

∂σ : C when f = 0. This is why this term is also known as the
consistent tangent operator. Using the expression for δp, the expression for δσ can be reformulated to derive the
algorithmically consistent tangent operator

δσ = C :
(
δε− δp

∂f

∂σ

)
= C : δε−

(
∂f
∂σ : C : δε

∂f
∂σ : C : ∂f

∂σ + H

)
C :

∂f

∂σ
=

[
C− (C : ∂f

∂σ ) ⊗ ( ∂f
∂σ : C)

∂f
∂σ : C : ∂f

∂σ + H

]
: δε

⇒ δσ

δε
= C− (C : ∂f

∂σ ) ⊗ ( ∂f
∂σ : C)(

∂f
∂σ : C : ∂f

∂σ

)
+ H

, (44)

where the term being subtracted from C vanishes in case of elastic deformation, but adjusts the stiffness in case
of plastic deformation. Normally calculating this operator for the Newton solver is not possible in closed form
and relies on automatic diffrentiation. However, considering the given yield criterion, an analytical expression



can be derived for an isotropic material, i.e., C : (ε− εp) = λ tr(ε− εp) + 2µ(ε− εp). This leads to the following
expression for the consistent tangent operator

δσ

δε
= C− 3µ

(
3µ

3µ + H
− 3µ(∆p)

σeq

)
∂f

∂σ
⊗ ∂f

∂σ
− 2µ

3µ(∆p)

σeq
DEV , (45)

where DEV is the deviatoric operator on a fourth order tensor. Here, the plastic multiplier ∆p and the yield
surface normal ∂f

∂σ , computed from the stress projection step, are used for evaluating this operator. Upon
discretizing this in the weak form via the FEM, this operator is then appropriately called tangent stiffness
matrix. In a more general sense, it is the ratio of the infinitesmal change in stress for an infinitesmal change in
strain.

With the stress projection, plastic increment and tangent stiffness matrix determined, the weak form of the
linearized residual can be solved to compute the correction to the displacement increment δu(k) which adjusts
the displacement increment ∆un in every iteration. The convergence criteria here is to drive the norm of the
linearized residual to a small enough value i.e, ∥R(k)∥ < tolNR (establish force equilibrium). The final projected
stress σproj is then lying on the yield surface and can be stored as the stress σn+1 = σproj and the currently
calculated plastic multiplier ∆p will be added to the total accumulated plastic strain pn+1 = pn + ∆p, for the
next load step. At the next load step, the current displacement increment (adjusted for corrections via iterations)

∆un+1 = ∆u
(k)
n is then used for determining the strain for the trial stress, and so the sequence is repeated for

all load steps. The complete algorithm for the entire elastoplastic calculation is shown in Appendix A.

Essentially, the algorithm solves the local problem and global problem simulateneously in every iteration of the
Newton-Raphson scheme such that local changes are reflected in the global problem and vice versa. Thus, both
local variables such as stress and plastic strain, as well as global displacements, are updated every iteration. The
implementation of the complete algorithm is carried out in the open source library for solving PDEs: FENICs.36

Its interface in Python, DOLFINx, is used to implement the entire framework of the problem in a variational
form for the FEM.42 The Python interface, which allows for more intuitive implementation of weak forms using
the Unified Form Language, is balanced by the computational speed up provided by the C++ code compiled
in real time.43 Another advantage is that it allows more freedom in the use of a variety of preconditioners and
solvers as well as parallel programming capabilities.44–46

3.5 Proposed Approach for Mechanical Problem

An additional aspect of this work is the investigation of a more efficient approach for the mechanical model,
particularly the acceleration of solving the global problem during the plasticity load steps. It is well established
that the mechanical problem (especially if it is nonlinear) can take upto 10 times longer to solve per step
compared to a thermal problem iteration.47 Primarily, this stems from the fact that a displacement vector has
3 components, and thus 3 degrees of freedom (DOFs), per mesh vertex, compared to temperature which is a
scalar48 and has only one DOF per vertex. Moreover, for a nonlinear problem the material update can also involve
solving a nonlinear system locally (at every integration point) to enforce plasticity.49,50 Also, a nonlinear problem
requires multiple solves/iterations of the linearized residual system for one step. Additionally, the stiffness matrix
for such nonlinear problems is not always symmetric and requires more expensive assembly operations.51,52 Thus,
it is worth investigating computational approaches to accelerate displacement and accompanying stress/plastic
strain calculations for computational efficiency. This study aims to investigate a novel way to solve the nonlinear
mechanical weak form such that the plasticity calculations can be accelerated.

Explicit integration schemes for incremental stepping approaches are used for time integration of dynamic
problems.51 Since plastic evolution in rate-independent plasticity is analogous to pseudo-time stepping, explicit
integration schemes can also be used for local material updates. Such techniques strive to reduce computational
effort of the global force equilibrium problem as well. One such way is to investigate a purely explicit approach
to the global problem as well, provided the plastic variables and stress projection in plastic deformation can
be analytically computed beforehand. These approaches have showcased that as the degrees of freedom (DOF)
grow, such explicit approaches can outperform classical implicit approaches.49 Thus, in to save the computational
effort of computing the nonlinear terms of the consistent tangent stiffness (those that correspond to plastic



deformation), the proposed approach in this study, moves these nonlinear terms onto the right side of the weak
form as part of the residual as a quasi additional internal force. This is essentially, a fixed point linearization
of the problem about the current plastic deformation state, treating its contribution to the weak form explicitly
rather than implicitly as is normally done in case of a Newton solve. This approach will henceforth be stated
as a Quasi-Newton scheme when compared with the traditional True-Newton scheme for the purposes of this
study.

To showcase the modified Quasi-Newton approach, the linearized form of the residual derived previously
(ignoring any body forces) is stated∫

Ω

∇w :
∂σ

∂ε
: ε(δu) dV = −

∫
Ω

σproj

(
ε(∆u) − εp − εth

)
: ∇w dV . (46)

With w = δutest and knowing that ∂σ
∂ε = C− Cp, for a Newton iterate k it can be written∫

Ω

ε(δutest) : (C− Cp) : ε(δu(k)) dV = −R(k)(ε(∆u)) : [(δutest)] , (47)

i.e., in matrix form
(K−Kp) δU(k) = −R(k) . (48)

This is the typical iteration for a True-Newton (Newton-Raphson) which usually yields quadratic convergence
locally.53 However, this requires the computation and inversion of the stiffness K−Kp at every iteration k. As
mentioned earlier, it consists of an elastic stiffness K and plastic correction Kp. For the Quasi-Newton approach,
only the elastic part of the tangent stiffness is kept on the left and plastic correction is treated explicitly (by
moving towards the right)

K δU(k) = −R(k) + Kp δU(k−1) , (49)

which then updates
∆U(k) = ∆U(k−1) + δU(k) , (50)

until convergence is reached. This is now a fixed point linearization of the already linearized weak form which
solves the problem around the current plastic state (Picard iteration).48,54,55 The advantage here being that
the stiffness, having only elastic contribution, must only be computed and inverted once in the beginning of the
load step

K(0) δU(k) = −R(k) + Kp δU(k−1) . (51)

The disadvantage of this approach is the loss of the convergence rate since we do not solve for the true linearized
tangent stiffness (it is not algorithmically consistent anymore) at every iteration which introduces additional
truncation errors that lead to less accurate solutions, by causing overshoots or undershoots, unless the residual
is driven to lower tolerance or smaller load steps. This stems from the fact that the plastic state essentially
lags behind the true state by one iteration solve. Additionally, the inclusion of the plastic terms in the residual
introduces a modified global force equilibrium, as the plastic terms are being essentially applied as extra quasi
forces. This leads to more iterations needed to reach convergence for a specific load step, especially when plastic
deformation is large. However, in large degree of freedom systems, the benefit of the single time factorization
of the stiffness (and the simple back solve) can be magnitudes of order cheaper than refactorization every time
which usually outweights the cost of additional iterations.56 One way to stabilize the stiffness matrix (for Quasi-
Newton) overshoots and undershoots, as we near the root is by dampening the explicit (nonlinear) parts of the
residual which can help to prevent oscillations of the residual norm near the root

K0 δU
(k) = −R(k) + ωKp δU(k−1) , (52)

where ω is the damp factor and is 0 ≤ ω ≤ 1. This approach, admittedly, leads to slower convergence because
the steps taken to get to the root are smaller, and thus it takes longer converge. Nevertheless, fine-tuning the
damping factor results in reaching a stable solution, during plastic deformation, even with a constant stiffness
by minimizing these spurious oscillations.
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Figure 1: (a) 3D representation of thermomechanical benchmark problem. The heat source Q moves in the +x
direction at the beginning starting at center C = (x0, y0, z0) (b) A typical scan strategy for a moving laser beam
with track length xl and track spacing ∆y.

4. PROBLEM DEFINITION

The main goal of this research is to showcase track level simulation of the LPBF process, to illustrate the
efficacy and validity of the proposed thermomechanical model. Therefore, an appropriate thermomechanical
benchmark problem will be defined to ensure the model produces physically feasible and valid results that can
eventually be studied and analyzed. However, further variation and flexibility in the model parameters will also
be implemented for validating with other similar models. To investigate and highlight computational efficiency
of the Quasi-Newton approach, a seperate mechanical benchmark is also studied which will be used to analyze
and illustrate potential benefits of the Quasi-Newton approach as the size of DOFs increases.

4.1 Thermomechanical benchmark problem

The governing equations, weak form and boundary conditions defined in Sec. 2 are used to study a rectangular
domain on which the laser beam will be incident. The heat source modelling will therefore be on the top surface
as well as the radiation boundary condition will be on the top surface Γl. As shown in Fig. 1a, the heat
source Q begins its movement on top of the top domain in the +x direction. After moving a certain track
length xl, the heat source jumps in the +y direction by a certain track spacing ∆y before rotating 180 degrees
and moving backwards in the −x direction and so onwards, as shown in Fig. 1b. The domain size is set to
Ω = {(x, y, z) | 0 ≤ x ≤ 2.2,−0.8 ≤ y ≤ 1, 0 ≤ z ≤ 0.5} in mm. xl = 1 mm and ∆y = 0.05mm, with the
following track sequence

Track 1 – Start: (0.44, 0.1) End: (1.44, 0.1) ,

Track 2 – Start: (1.44, 0.15) End: (0.44, 0.15) ,

Track 3 – Start: (0.44, 0.2) End: (1.44, 0.2) ,

Track 4 – Start: (1.44, 0.25) End: (0.44, 0.25) ,

Track 5 – Start: (0.44, 0.3) End: (1.44, 0.3) ,

where the movement is on the very top surface (incidence of laser beam) z = 0.5mm. The track spacing has
been selected to ensure sufficient overlap and thus sufficient melting of powder but also to limit overheating and
excessive melting of the powder.15 A practical choice for the heat source, as mentioned in Sec. 2, is the Goldak
heat source, illustrated in Fig. 2. The Goldak heat source accurately models the depth of heat deposition into
the material for high power intensity sources such as the laser. Furthermore, it estimates the peak temperatures
inside the meltpool and thus approximates the meltpool shape better.27 It has the following analytical expression
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Figure 2: A schematic of the 3D double ellipsoidal heat source model proposed by Goldak et al. with center C
and dimensions: front radius (af ), rear radius (ar), half width (b) and depth (c).
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(53)

where P is laser power, v is scan speed along x, and η is absorptivity. The relative distribution of the heat
source is governed by the distribution ff and fr where

ff =
2

1 +
af
ar

, fr =
2

1 +
ar
af

. (54)

The two terms ff and fr represent the relative fractions of heat deposited to the front part and the rear part of
the heat source respectively. They are defined such that fr +ff = 2. Normally, the front radius af and halfwidth
b are set to the beam radius rb while the rear radius ar and depth c are calibrated from process parameters to
properly simulate both laser beam and generated meltpool. Since calibration is not the focus of this study, the
dimensions have been adopted from previously published calibration studies.57 The constant parameters for the
thermomechanical benchmark are listed in Table 1. Thermal conductivity k, specific heat capacity cp, material
density ρ and yield stress σy are treated as temperature dependent. For the sake of computational efficiency,
the property value is based on temperature ranges as stated in Table 2. These material and process parameters
were adopted from a more complex capillary-based and potential flow meltpool model which studies meltpool
dynamics during LPBF of IN 718, and was published by the authors’ project partner.58 The temperature
dependence was approximated from their results and also supplemented from other literature.59The approximate
radiation coefficient hrad is linearized around a temperature difference Tn − T0 according to:60

hrad = ϵσ (Tn + T0) (T 2
n + T 2

0 ) . (55)

The temperature Tn here is the current, solved for, temperature at a given timestep. Since powder and liquid
phase have negligible stiffness, and thus negligible influence on stress and mechanical deformation, the Young’s
Modulus E and thermal expansion coefficient α are set to extremely small values (1% of dense material) for
these phases in the mechanical simulation.

Computational efficiency for the full thermomechanical model is evaluated using central processing unit (CPU)
times for different DOFs to see how the performance improves with multiple processors. To maintain reasonably
accuracy with computational effort, the mechanical problem is solved after every few number of thermal steps.



Table 1: Material and process parameters - Thermomechanical benchmark.

Quantity Value (unit)

Track length (xl) 1 mm

Track spacing (∆y) 0.05 mm

Laser beam radius (rb) 80 µm

Laser power (P ) 285 W

Scan speed (v) 960 mm
s

Absorption coefficient (η) 0.7

Melting temperature (Tmelt) 1620 K

Ambient temperature (T0) 294 K

Convection heat transfer coefficient (h) 1 × 10−4 W
mm² K

Thermal expansion coefficient (α) 1.3 × 10−5 K−1

Young’s Modulus (E) 200 GPa

Poisson ratio (ν) 0.3

Initial yield stress (σy) 1100 MPa

Because direct experimental measurements were not available for this track level model, validation relied on
inter-model comparison with other relevant simulation models, that have previously been validated against
experiments. Those models conducted verification either through implementing upscaling approaches to make
simulations feasible or by running them for much longer time periods to fully model all track level phenomena on
the large scale. While this provides useful evidence of model capability within the explored parameter space, it
cannot entirely substitute for direct experimental validation of the specific geometry and material combination.

4.2 Mechanical benchmark problem

The Quasi-Newton approach higlighted in Sec. 3 is compared with a traditional True-Newton scheme using a
benchmark problem. The benchmark mechanical problem is that of a hollow cylinder under internal pressure.61

The 2D problem is solved under the plane strain assumption, thus even though x and y components are pertinent
to the analysis, the problem will store stress, strain and other relevant quantities as full 3D tensors for the weak
form but then the integrals are evaluated on the 2D function space defined for the displacements. For stress
correction during the Newton iterations, the tensor components such as projected stress and the yield surface
normal are stored in Voigt notiations as 4-component vectors (2 in-plane normal components, 1 in-plane shear

Table 2: Temperature-dependent material properties.

Phase Temp. range (K) ρ
(

kg
mm³

)
k
(

W
mm K

)
cp

(
J

kg K

)
σy

(
MPa

)
Solid

T0 ≤ T < 600 8.2 × 10−6 22 × 10−3 500 1100

600 ≤ T < 1400 8.1 × 10−6 26 × 10−3 560 500

1400 ≤ T < Tmelt 7.9 × 10−6 29 × 10−3 620 100

Liquid T > Tmelt 7.4 × 10−6 35 × 10−3 750 —

Powder T = T0 3.0 × 10−6 5 × 10−3 440 —
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Figure 3: Quarter of the mechanical benchmark shown due to symmetric boundary conditions with inner Ri and
outer Re radii

component and 1 out-of-plane component) to take advantage of symmetry and thus simplifying linear algebra
operations (not to mention it is good for memory management). They are appropriately projected to their full
3D tensor space during implementation in the weak form. For simplicity, the symmetrical nature of the problem
allows for solving only one quarter of the cylinder’s domain, with appropriate boundary conditions on the top
left edge and bottom right edge of the quarter-cylinder, as shwon in Fig. 3. The uniform internal pressure p is
gradually increased in load steps from 0 to just larger than the following

∥p∥ =
2

3
σ0 log

[
Re

Ri

]
, (56)

which is the analytical collapse pressure for a perfectly-plastic material.62 The loading is applied with nonlinear
spacing with smaller increments as the loading approaches yield limit. The remaining geometrical and material
properties for this problem are mentioned in Table 3.

Table 3: Material and geometrical properties - Mechanical benchmark.

Quantity Value (unit)

External radius (Re) 1300 mm

Internal radius (Ri) 1100 mm

Young’s Modulus (E) 70,000 MPa

Poisson’s ratio (ν) 0.3

Initial yield stress (σ0) 250 MPa

The isotropic hardening parameter H is determined by first calculating a softer tangent modulus Et to model
reduced stiffness during plastic deformation in the case of isotropic hardening.29 The hardening parameter is
then:

H =
Et E

E − Et
, (57)

where Et = E/100 for this case. Computational efficiency is evaluated using CPU times for different DOFs.
The mechanical problem provides key insight into the efficiency and accuracy between both the True-Newton
and Quasi-Newton approaches due to the smaller scale of the problem, thus allowing for greater flexibility for
parametric studies. Error analysis for global norms as well as local point wise evaluation is conducted for
comparison.



5. RESULTS AND DISCUSSION

Since the main focus of the research is the full thermomechanical model, its effectiveness and performance is
studied in more detail. For that purpose, the thermomechanical model as mentioned in Sec. 3 will still use the
classical True-Newton approach for solving the mechanical part and showcasing mechanical computation results.
However, it is much harder to validate the mechanical part since there are very few track level models out there
that show single track results for quantities such as displacements or stress. This is to be expected since the
mechanical computational takes a much longer time, as illustrated, in Sec. 5.1.4 and thus the temperature history
is allowed to evolve for long enough time periods over a larger scale in order to make the mechanical mesh both
sufficiently accurate yet feasibly coarse for noticeable mechanical effects. Nevertheless, it is key to track the track
level mechanical information as well, since, as the results will show, stress levels start to rise near track ends and in
non-overlapping passes of the laser beams such that plastic strain deformation can take place in those regions due
to the rapid heating and cooling cycles. This stems from the fact that the yield stress limit is reduced in regions
of large temperatures, and thus requires knowledge of track-level mechanical information to keep track of local
changes in stresses and plastic strains. This, then has an effect on the accuracy of larger hatch/patch level, layer
level and full part level simulations.21,47 As mentioned, an additional investigation focuses on acceleration of the
computation of the mechanical problem such that the problem time can be reduced for larger and larger DOFs.
To showcase that, it is reasonable to analyze the mechanical benchmark (which allows for rapid computational
parameter variations) from Sec. 3 and highlight the overall solution accuracy and time for both the classical True-
Newton and the proposed Quasi-Newton approach, thus highlighting any potential benefits of the Quasi-Newton
approach.

5.1 Thermomechanical model

The full thermomechanical benchmark problem is a time-dependent problem and thus meaningful output data
is showcased for both overall static simulation-end snapshots as well as individual track data. To further study
temporal variance, plots of key quantities have also been generated and analyzed for various coordinates. Ad-
ditionally, due to the lack of raw experimental data, model validations has been conducted with similar models
in literature (that have been experimentally validated) and an in-depth computational performance analysis is
also showcased.

5.1.1 Full simulation

At the end of the full 5-track simulation, snapshots of temperature, phase change, Z-component of displacement
and Von Mises stress have been plotted in Fig. 4. Furthermore, temporal variation over time is plotted in
Fig. 5 to showcase the evolution of stress with respect to temperature illustrating the effects of melting and
remelting on stress development. A point based temperature plot for various probe locations is highlighted in
Fig. 6 and showcases the temperature variation over time for these locations. The markers • in the plots do not
individually correspond to each timestep since there are too many timesteps and that would oversaturate the
plot, thus markers are added after every 10 timesteps to allow for better visualization of each plot.

Temperature variation shows that as the as the later tracks are deposited, the previous tracks start to cool
down and corresponding phase change shows how full solidification starts to occur. For the more recent tracks,
many areas are still molten although a smooth distinction between liquid and solid is limited by mesh resolution
and visualization. Regions which cool down sooner lie at track ends and shrinked downwards due to the nearby
powder, while the relatively hot newly solidifed regions have expanded upwards. Figure 5 showcases a track-by-
track comparison between temperature and stress which further illustrates the stress concentration regions as
they develop. It can be seen that maximum stress accumulation occurs in those same faster cooled regions where
solid has not been remelted after solidification. This is likely because of the constraints by surrounding powder
material and thus expansion and contraction generates the areas of stress concentration. However, further tracks
need to be deposited for the yield limit in these high regions to be crossed. For the probe plots highlighted in
Fig. 6, the heating and cooling cycles are evident as the heat source makes successive passes. For points P1 and
P2, the cyclic effect is most dominant since the scan strategy causes significant reheating in the successive passes
close to these points but points P5 and P6 do not see the cyclic variation since they are heated near the end of
the simulation (lie on the last track).



The track level model showcases how regions of non-overlapping scan paths lead to the accumulation of
stress which can eventually reach the yield limit and generate trapped plastic strains (due to the reduction in
yield stress at high temperatures). Rapid heating and cooling cycles, especially after 30 to 40 tracks have been
deposited, can lead to different regions where such plastic strains lead to embedded residual stresses. In this
study, the plastic limit is not yet reached since the results have only been showcased for the first 5 tracks, and the
max stress reached is apprxoimate 75 MPa. However, as showcased in Table 2, this is already close to the yield
limit which has dropped in regions of high temperatures to around 100 MPa. Thus, if more tracks are studied,
they will be at much higher temperatures when cooling down and lead to eventual plastic yielding. One further
investigation could be to now implement a modular approach to this model for studying multiple parametric
variations of larger track lengths and numbers along with a variety of scan strategies (to measure the effect of
overlap). Likewise, the cooling down period after all 5 tracks was not investigated in this study. Given sufficient
time, the cooldown would allow remaining molten regions to reach solid state and would cause further stress
buildup as this solid state will be at very high temperatures.21

Linear approximation of higher order terms does approximate poorly in regions of higher temperature gra-
dients but the boundaries being sufficiently far away from the heat source means the temperature difference
will not be significant enough to pollute the boundary term with noticeable errors. Moreover, the radiation and
convective terms allow for approximation of necessary heat loss at the boundaries. Nevertheless, its worth con-
sidering solving the thermal problem as a nonlinear problem with the radiation boundary term but it can lead to
additional computational overhead. It must also be noted, that this model is more suited to process parameters
(vl, P , rb) which generate a conduction-based meltpool. Thus, keyhole generation due to deep laser penetration
is not studied and rather, a very simple approximation for vapor based absorption reduction is implemented.
While modelling such detailed physics is not the focus of this study, due to computational feasibility, it can
nevertheless be meaningful to approximate the capillary formation through other level-set techniques, such that
the simulation model can be made more robust for a broader parameter set.63

(a) Temperature (K) (b) Phase - 0: Powder, 1: Liquid, 2: Solid

(c) Z-Component of displacement (mm) (d) Von Mises stress σvm (MPa)

Figure 4: The resulting distributions of the thermomechanical benchmark: (a) Temperature, (b) Phase change,
(c) Z-component of displacement and (d) Von Mises stress, for the material properties from Table 1. The top
view is shown of the surface on which laser beam is incident.
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Figure 5: Temporal evolution of temperature (top row) and Von Mises stress (bottom row) at the end of the 1st

track (left), 2nd track (middle) and 3rd track (right) respectively.

5.1.2 Single track

Single track variations of key quantities are also presented to study temporal variation at specific locations for
steady state motion. The temperature evolution at the end of the single track is shown in Fig. 7 to better
visualize what the steady state meltpool looks like from the modelled heat source. In similar fashion, the various
components of displacement are also studied for the temporal evolution during first track with the X and Y
components plotted on the top surface (z = 0). The X and Y displacement plots are shown in Fig. 8. Figure
7 illustrates how the heat source size influences the meltpool size. The black solid line represents the spatial
extent of the heat source extracted from the heat source calibration studies. The front radius af and width 2b
of this source are set fixed to beam radius rb. The white solid line represents the spatial extent of the meltpool
which is defined as the location of the isosurface where melting temperature is reached, Tiso = Tmelt. Calibrated
heat sources aid in developing robust simulation models but they must be recalibrated for different parameters
sets. For the parameters and properties in Table 1, the heat source parameters are ar = c = 2rb. As shown and
is the case for most heat source models, the actual meltpool is usually considerably longer than the heat source
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Figure 6: (a) Probe locations and (b) corresponding temperature plots over time.



and the front extent of the meltpool is also longer to accurately simulate the deeper penetration of the moving
laser beam.57

The displacement evolution clearly highlights the fact, that as temperature starts to rise, thermal expansion
causes positive displacements in the x and y direction. Two situations need to be considered here, namely near
the beginning of the track (left most snapshots in Fig. 8) and the end of the track (right most snapshots in

XY view Temperature (K)

XZ view YZ view

Figure 7: Orthographic views of the temperature distribution for the first track. The implemented heat source
shape is marked by the black line while the resulting meltpool shape is denoted by the white line.
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3
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3
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Figure 8: X-displacement (top row) and Y-displacement (bottom row) on the top surface of the domain during
the evolution of the first track (x coordinates on top and y coordinates on left of snapshots).
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Figure 9: Von Mises stress, on the XZ cross-section of plane Y= 0.1 during the evolution of the first track (x
coordinates on bottom and z coordinates on left of snapshots).

Fig. 8). In the beginning of the track, the starting track region is still molten and thus shrinkage occurs on
its +x side. This shrinkage leads to negative x displacements and the material upstream counters this with +x
displacements. Likewise this shrinkage leads to y displacements in opposing directions around the track line
y = 0.1 with positive displacements in the area close to y > 0.1 and negative displacements in the area close
to y < 0.1. Since the material is still powder, the displacements are considered small and almost negligible.
At the end of the track deposition process, however, the molten region has now solidified but is still at high
temperatures and thus expands in the +x direction (this time with noticeable displacement) and the newly molten
region upstream counters this through shrinkage. The y displacements then invert themselves appropriately to
maintain equilibrium as the previously molten region is now a hot solid region (larger displacements) and a
newly molten region exists upstream of it (smaller displacements). For stress variation, depth based evolution
along the first track is showcased for the cross-section of the domain at the plane Y= 0.1. The snapshots are
presented for the track evolution in Fig. 9. The variation shows what is observed in the complete simulation,
but clearly highlights how initial powder and newly molten regions have no stiffness and thus no stress but upon
solidification of the molten regions (near the start of the track), the stress rises sharply where the track began,
as there it is mostly constrained by powder material.

5.1.3 Model validation

The complete model is compared with relevant models in literature using parameters of already published
models. Since experimental results for direct comparisons are not always easily available, parameters and material
models have been adapted from other models in literature, where experimental validation is conducted usually
by comparing meltpool geometry. It must be noted, exact quantitative comparisons of thermal or mechanical
quantities are not easily possible due to differences in model assumptions or lack of raw data, as other studies
usually only publish visual representations of their simulations e.g., snapshots or plots. Additionally, at the track
scale it was hard to locate studies publishing mechanical results of the models (most models studied mechanical
deformation at the scale of the part or a few layer to give enough cooldown and relaxation time) but the authors
were able to conduct qualitative stress comparisons along a single track from one other model in literature. For
thermal comparison, the meltpool (and the region in its immediate vicinity) contains the largest temperature
gradients and thus, temperature distributions are compared for meltpool regions to showcase how well this
papers’ model recreates the meltpool isosurface (since temperature variation will determine the location of this
isosurface).

As mentioned in Sec. 4.1, the authors’ project partners have conducted their own simulations which were
more focused on a highly detailed process model calibrated from experiments for IN 718,58 and was implemented
using an open-source solver FreeFEM written using the FORTRAN language.64 This model was computationally
more challenging and restricted to the meltpool modelling itself rather than full track evolution (due to extermely
large computational times) but considered the meltpool physics such as forces and effects within the meltpool
as well as the formation of the vapor capillary and thus was more detailed in terms of meltpool formation and
evolution from laser beam matter interaction. That is why their temperature distribution contains very large
temperature values for the capillary. These were added from a seperate model because the capillary contains
vapor and the complex plasma-vapor absorption characteristics make it challenging to model the vapor in a



(a) Model presented here (b) Model from project partners

Figure 10: The meltpool shape comparison for this papers’ model with the model from project partners58

computationally efficient model (a much finer mesh is needed to accurately capture temperature variations within
the vapor capillary). Their model was computationally more intensive as it simultaneously modelled the flow
of potential on the meltpool surface as well as the evolution and movement of the meltpool surface itself. Still,
the project partners have conducted their modelling using the same parameters as in Table 1 and it is feasible
to compare meltpool dimensions to showcase the validity of the model presented in this research. The results of
this comparison are shown in Fig. 10. For consistency, the meltpool length is measured as the maximum spatial
extent in x direction, the width is the maximum spatial extent in the y direction and the depth is the maximum
extent in z direction of the isotherm T = Tmelt. Since, the model of the project partners (Ref. 58) uses two
seperate meshes for modelling the complete meltpool, the second mesh, which actually encapsulated the liquid
region, is what is directly comparible to the model presented here. For that region, the approximate meltpool
width, depth and length that they reach is around 0.14 mm, 0.12 mm and 0.4 mm respectively. In contrast, with
the model presented here, the generated meltpool is approximately 0.11mm wide, 0.1 mm deep and 0.44 mm
long which is in reasonable agreement. It is understable, that even if the extents agree, the overall shape of the
isotherm differs due to their model being more complex in terms of studying more detailed physics of the phase
change, potential flow and dynamics of the meltpool but that is exactly why their model is computationally
more demanding. Moreover, it is likely that with a finer mesh, the meltpool shape can be refined for the model
described here.

Another study conducted by Ross et al.,57 which focuses on accurate and quick calibrations of the heat source,
has also been compared here in Fig. 11. They have published a thermal model after using an optimization
technique to tune the heat source parameters to match experiments to their simulation results. The process
parameters they use here are beam radius rb = 25µm, laser power P = 200W , absorption factor η = 0.73 and
scan speed v = 700mm/s, whereas they used SS316L material properties. These parameters and properties
were also used to run the simulation with this papers’ model. Single track models have been compared. Here,
the authors from Ross et al. have visually clipped the maximum temperature to melting temperature, for clear
visualization of the meltpool shape and boundaries, and thus the same is done for this papers’ model. The
meltpool is marked with a solid white line in both models to highlight its size and shape. The model from Ross
et al. formed a meltpool with width ≈ 140µm, depth ≈ 95µm and length ≈ 480 µm. In comparison, the model
presented here, generated a meltpool with width ≈ 110µm, depth ≈ 90µm and length ≈ 560 µm. Here, the
current model overestimates the length somewhat but has good agreement in depth and width. This discrepancy



Figure 11: The meltpool shape and temporal distribution between this papers’ model (top) and the model from
Ross et al.(bottom). The solid white lines represent the computed meltpool boundaries for both models.

can also stem from the fact that Ross et al. used a different ratio between front and rear fractions of the heat
source, to specifically minimise their heat source length to distribute more power to the front of the meltpool
resulting in a better calibration of their heat source. However, even with an overestimated length, this papers’
model better mimics the overall shape of the isosurface when compared with their model. The distortions in the
white line for this papers’ model are due to insufficient mesh resolution.

Next, the authors’ compared their model with the model by Jonaet et al.65 which was also a similar model
albeit they used a combination of a Gaussian heat source for the heat flux in X and Y and a Lambert-Beer Law
for the depth heat flux in Z direction respectively. Their model was implemented in the commercial COMSOL
Multiphysics Modeling Software. Fine tuning the radii of the double ellipsoid heat source in this papers’ model,
the Goldak source could be shaped similar to their model. The choice of material this time was Ti6Al4V
with absorption criteria taken from different experimental studies.66,67 The key process parameters for this
comparison are beam radius rb = 50µm, laser power P = 120W , absorption factor η = 0.75 and scan speed
v = 1000mm/s. This comparison could only be done for meltpool length and width (only top XY view) since the
study by Jonaet et al. did simulations for a single layer and uses much longer tracks. The comparison is shown
in Fig. 12. Here, the approximate width and length of the model from Jonaet et al. is 0.1 mm and 0.24 mm,
whereas this papers’ model predicted a meltpool width of 0.08mm and meltpool length of 0.2 mm respectively,

(a) Model presented here (b) Model from Jonaet et al.

Figure 12: Temperature contours for isosurfaces of the meltpool for (a) this model and (b) the one presented by
Jonaet et al.. Dimensions shown in mm for both images.



0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00
Track Length (mm)

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1.0

No
rm

al
ize

d
Vo

n
M

ise
sS

tr
es

s

This Model
ED Model by Tangestani et al.

(a)

0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00
Track Length (mm)

500

1000

1500

2000

2500

3000

Te
m

pe
ra

tu
re

(K
)

This Model
ED Model by Tangestani et al.

(b)

Figure 13: The variation of (a) normalized von Mises stress vs track length and (b) temperature vs track length
for this papers’ model and model by Tangestani et al.

once again demonstrating good agreement with their model. The temperature distribution within the meltpool
can also be illustrated as the contour-based variation matches very well with the model from Jonaet et al. and
even the maximum temperature within the meltpool is comparable.

The authors were also able to locate a track level thermomechanical model by Tangestani et al., to showcase
an appropriate mechanical comparison. They have developed a track level model, which also accomodates the
relative beam shift approach and is called a hybrid-line (HL) model.21 They use ABAQUS® and a sequence
of external subroutines to develop their single track models. The quantitative comparison for stress values was
not possible directly due to different computational setup and differing geometry of track and domain (due to
their meshing strategy). Nonetheless, the authors’ were able to modify the model presented here to simulate
their cooling and relaxation of BCs. This was done by explicitly defining a timestep (at the end of the track),
where the heat source was turned off (set to zero) and then at another timestep, the new relaxed BCs were
applied to the mechanical problem which was then solved from that timestep onwards. Hence, the Von Mises
stress variation along the single track path could be compared. Since absolute values differed (due to the
aformentioned discrepancies in meshing setup), a plot of normalized von Mises stress vs track length is shown.
Additionally to showcase thermal validity, their thermal model was also compared for temperature along the
track path (no normalization was not needed). Their plots have been digitized for raw data extraction using plot
digitization tools.68 This comparison is shown in Fig. 13. Their ED model is used since they use it as a baseline
for accuracy test of their own model variations. The process parameters here were power P = 200W , absorption
η = 0.5, scan velocity v = 1000mm/s and beam radius rb = 60µm. The material used is Nickel Super Alloy
Rene 65™. The temperature comparison is done when the heat source has just passed 90% (1.8 mm) of the track
length as per their work. Both plots show good agreement as the comparison illustrates but this papers’ model
underestimates the peak temperature reached which could be attributed to the different heat source shape used
by Tangestani et al. They used an exponential decay for the depth direction of the heat flux whereas the model
in this paper uses a Gaussian decay. The exponential decay results in a fast initial energy drop in the z-direction
and thus (for the same total energy) the maximum energy flux, at the heat source center, is higher. Moreover,
there is a certain plateau of Tangestani’s model, as the temperature rises towards the location of the heat source,
which could not be recreated with the model presented here. Aside from these discrepancies, the overall spatial
variation and the temperature near the track starting point, are both well within reasonable margins. The stress
comparison shows (as they also mentioned) that the stress is concentrated in the solidified regions and that
the powder bed has no stress due to negligible stiffness, whereas not considering the stress-free status of the
powder can lead to overestimation of stresses.69 They also observed that the maximum stress occurs, in the
center of track, where expansion and contraction are most constrained by surrounding material. Both they and
the authors’ obseved that the stress is lowest closest to the boundaries where the solidified material is free from
constraints. Overall, the variation of stress has good agreement with their model.
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Figure 14: CPU walltimes for each load step for multiple CPUs at different mesh sizes

Proper calibration of the heat source is necessary to recreate unique meltpool shapes and temperature dis-
tributions for a valid model. This usually requires optimization and minimization approaches augmented into
the model.70,71 One such approach could be to incorporate machine learning models but that will require ad-
ditional computational modelling effort to train the model.72 To save time on recalibration requirements as the
temperature changes during the process, the authors have also proposed an approach where a fixed temperature
distribution (from a more detailed process model) can be used to mimic a quasi-static heat source for good
approximation and reasonable computation times.73 Another approach is to try a different heat source since
some studies have shown that a heat source, with properly tailored combinations of an exponentially decaying
depth function in conjuction with an in-plane Gaussian decay, can better reproduce temperatures for LPBF pro-
cesses (fast moving source) compared to the traditional Goldak model, especially for thermally varying material
properties.74,75 Since the mechanical model is challenging to simulate with such fine detail for many individual
tracks, researchers use an aggregrate/staggered approach to solve a full thermomechanical problem. In this case,
the thermal history is allowed to accumulate for a large scale before a mechanical calculation step is conducted
but this is then limited to larger scales thus restricting track level comparisons.

5.1.4 Computational efficiency

The model has been programmed in Python using DOLFINx/FENICs libraries for solving partial differential
equations using the FEM. Therefore, these libraries take advantage of parallel processing techniques through the
use of the Message Passing Interface (MPI).44 Hence, the efficiency can be scaled by implementing the use of
multiple processors as the degrees of freedom (DOFs) grow to maintain reasonable computational times. The
computation times are calculated for one loadstep of the temperature increment i.e., thermal problem, and for
the corresponding mechanical loadstep, which are shown in Fig. 14. As mentioned, the mechanical step is
computationally more demanding than the thermal step. However with the model presented here, both steps
gain equal computational advantage when the computation is split over multiple processors. For the largest mesh
i.e. 270,000 Nodes, the thermal step requires around 100 seconds in single CPU performance and is accelerated
upto more than 10 times when using 16 CPUs while the mechanical step requires around 500-600 seconds for
single CPU and approximately 1/10th of that when splitting over 16 CPUs.

Mesh resolution is a key factor in determining how much computational time is gained by using multiple
processors.44,76 This is because, increasing the number of CPUs also means additional computational overhead
as all processors must communicate with each other as well. This leads to a stagnation in any computational time
gained if this computational overhead becomes more costly than the savings gained from splitting the problem.
Mesh resolution must also be considered in the regions of high temperature gradient. A dynamic/adaptive mesh
refinement strategy is not yet implemented here but can serve to balance computational efficiency (coarse mesh
in regions far away from the meltpool) with reasonable accuracy (finer mesh in regions close to and within
the meltpool). Moreover, the mechanical problem is solved after every 5 thermal time steps, however since
plastic deformation acrues in longer time and larger length scales (especially with cooldown and relaxation), the
mechanical problem can be further accelerated by solving it after accumulation of even more thermal time steps
of the thermal problem.33,34
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Figure 15: (a) A comparison of iteration times vs DOFs for both approaches (different colors represent DOFs
while different line styles show which approach), (b) the relative error norm for the cumulative plastic strain
over the domain, (c) the relative error of the X-displacement at Point 4 over all load steps and (d) the relative
error norm for both X-displacement at Point 4 and cumulative plastic strain against increasing DOFs.

5.2 Mechanical model

To evaluate performance of the Quasi-Newton, the mechanical benchmark (showcased in Sec. 4.2) is a suitable
small scale problem that can easily be manipulated for rapid parametric variations and is a well established
benchmark for plasticity models. Performance gain is measured as the comparison for iteration time against
degrees of freedom to showcase the relative cost of a True-Newton solve vs the Quasi-Newton solve as the system
size increases or mesh is refined. Iteration time during the plastic deformation, which includes key load steps such
as the start of plastic deformation and final load step, has been analyzed. For accuracy assessment, the relative
error-difference between both approaches, for each load step/increment is studied using a pointwise comparison
of the x-component of displacement, at inner radius vertex on the bottom horizonal edge (Point 4 of Fig. 3).
Further accuracy checks are performed for the L2 norm of the relative error of this displacement component. To
evaluate the global accuracy, the L2 norm of the relative error of the overall cumulative plastic strain p is also
computed. To highlight stability,the comparison between both approaches is conducted over increasing DOFs.
Additionally, the computational gains in both approaches upon using multi-processing are also highlighted to
showcase that the Quasi-Newton’s unchanging stiffness per iteration is a computational saving that gains from
more processors.

Different results for iteration times, relative errors and mesh size stability have been illustrated in Fig. 15.
In Fig. 15a, the computation times per iteration ( during plastic deformation) is plotted for both Quasi-Newton
and True-Newton approaches to showcase how both approaches scale with increased number of processors and
how the Quasi-Newton approach also takes full advantage of the gains in matrix assembly and back solve with



more CPUs. Figure 15b showcases the overall relative error norm for the cumulative plastic strain p of the
Quasi-Newton compared to True-Newton. In Fig. 15c, the relative error for X-displacement for each loadstep, is
shown between both approaches and lastly, Fig. 15d shows how the relative error norms, for both the pointwise
displacement and the overall cumulative plastic strain, vary with increasing DOFs, thus highlighting the stability
of both approaches. Unlike the True-Newton where 8 CPUs become a limiting factor for computational time
gained, the Quasi-Newton still scales well with that many CPUs and further gains computational speedup. This
is because, as mentioned in Sec. 5.1.4, for the True-Newton additional CPUs demands more overhead than
computational savings gained per extra CPU. On the other hand, splitting the problem up further among CPUs
still results in a faster iteration time for the Quasi-Newton, as there is no additional effort for each CPU to invert
the matrix, thus computational time is still gained even with that additional overhead. The Quasi-Newton
approach also maintains reasonable error margins, compared with True-Newton, for pointwise (< 5%) as well
as global error norms (< 4%), which also remain within reasonable margins at larger mesh sizes. Thus, larger
matrix sizes do not introduce any additional stiffness or instability when using the Quasi-Newton approach. The
point-wise displacement variations remain well below reasonable tolerances (10−5) when the loadsteps are elastic
and are still in acceptable margins during plastic deformation steps.

An expected disadvantage of treating the nonlinear (plastic) terms explicitly means the tangent stiffness
matrix is not consistent anymore, but rather an approximation. This reduces the convergence of the Newton
solve to linear (or superlinear with careful damping).35 This leads to more iterations needed to reach convergence
(based on tolerance threshold) even with a full recomputation for smaller residual norms. However, the iteration
computation time itself is considerably reduced, since the tangent stiffness matrix is not reassembled and inverted
in every time iteration of the Newton solve. Nevertheless, this approach uses Picard-style iterative approach
which, although slower to converge, is not prone to divergence problems unlike the True Newton, which is
susceptible to this based on the initial guess and might require additional stabilization especially for more
complex elastoplastic laws, where the local constitutive update (stress correction) must also be computed as
an iterative solve to a nonlinear problem.77,78 Potential for overall improvement exists, when larger and larger
DOFs are needed, since the gap between both approaches starts to narrow in terms of computation time for
the whole problem as DOFs increase. This is because as the per iteration time for the True-Newton grows with
larger DOFs, the total load step time for the True-Newton (which is a product of per iterations and number of
iterations) will get closer and closer to the Quasi-Newton (which has more iterations but each iteration is faster)
and eventually will get slower than the Quasi-Newton load step time when the DOFs get very large.

Thus, better overall performance is still possible for a thermomechanical model as well, considering the fact
that the mechanical load step takes orders of magnitude longer to solve than the thermal increment calculation.
Therefore, any benefit in the overall mechanical computation per thermal step is still beneficial, especially
at larger scales where the mechanical calculation should be performed for every thermal step to ensure the
displacement increment remains small enough for a stable convergence of the mechanical solver. Thus, as the
degrees of freedom grow, as is the case with LPBF, the benefit of time saved per iteration should start to outweigh
the disadvantage of slower convergence. Moreover, even if the tangent stiffness is now not algorithmically
consistent, the drop in accuracy of the solution is not significant and is within acceptable tolerances. Nevertheless,
further investigation is needed to see at which level of mesh size or DOFs does per iteration time for True-Newton
gets large enough that it influences the load step (even if the number of iterations is less) to be slower than the
equivalent load step time of Quasi-Newton.

6. CONCLUSION AND OUTLOOK

A computationally efficient, accurate and flexible thermomechanical model for the LPBF process has been
presented in this research. Consideration to temperature dependent properties, nonlinear radiation boundary
conditions as well as computationally valid heat sources has been incorporated into the thermal model. The
mechanical model is coupled and incorporates plastic deformation and yielding with isotropic hardening. The
approach focuses on making a an effective and accurate model for track level modelling of the moving laser beam.
This is useful in keeping track of localized thermal and stress evolution to better study the localized buildup
of plastic strains and can be further accelerated through the use of parallelization over multiple CPUs. Rapid
development of computer hardware and accelerated computation on GPUs, can accelerate this model even further



for larger scales. Detailed validation has also been conducted with other relevant models in literature which have
already been validated with experimental results. The model can be expanded to larger scales such that far-
field temperature variations and mechanical deformations can be validated with larger scale thermomechanical
models. Unfortunately, mechanical validation was difficult due to the lack of small scale track level mechanical
models and thus expanding this model to larger scales will be the focus of subsequent investigations.

Additionally, to investigate acceleration of the nonlinear mechanical problem, a framework, titled the Quasi-
Newton approach, is presented. It treats the incremental mechanical problem as an explicit problem of plasticity
whereby the nonlinear plastic correction in the left hand side of the system is modelled as an explicit plastic
load on the right hand side instead. To illustrate and investigate the computational benefits of this approach
(over the standard fully implicit approach), a purely mechanical benchmark was investigated. The approach
showcases per iteration speedup considerable but requires more iterations to reach a stable solution. While the
effective use of multi-processing helps accelerate the Quasi-Newton approach, further investigation is needed to
see at what scale of CPUs and DOFs is it a overall more effective approach than the classic True-Newton.

To circumvent the challenges of modelling the absorption and heat transer effects of vaporization and plasma
generation, a simple absorption reduction model is implemented to limit laser beam power in vapor regions.
This is coarse approximation and should be refined with an approximate exponential vapor flux law to better
model the reduced absorption as well as deep penetration meltpools. The rapid heating and cooling cycles of
the LPBF process are accompanied by cycles of yielding and unyielding, therefore a kinematic hardening term
should also be incorporated into the yield criterion. More appropriate heat source models will also be a focus for
future investigations. Cooling effects should also be modelled, as well as the analysis of more tracks to see how
plastic strain accumulates. This will aid in developing an approximation strategy for multi-scale models that can
transfer localized small scale information from such models to larger coarser models where the meshes are coarse
and computational strategies can be made more efficient. This will allow for rapid re-runs and updates of the
larger models but with improved fine scale information. Currently a strategy to actually track residual stresses
is also being implemented which will dynamically change boundary conditions during the cool down phase to
simulate part relaxation.

APPENDIX A. ALGORITHM FOR ELASTOPLASTIC COMPUTATION

To illustrate the complete process of solving the mechanical problem (including yield check, local stress correction
and global tangent stiffness), Algorithm 1 showcases all the steps needed.
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Algorithm 1 Load-Step and Newton–Raphson Iteration for Thermo-Elasto-Plasticity36
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σproj ← σtrial, ∆p← 0, pnew ← pn, Cp ← 0

8: else
9: Plastic return-mapping:

{σproj,
∂f

∂σtrial
, ∆p} = ReturnMap

(
∆εtrial, {pn, σn}

)

10: Update local variables:
pnew ← pn +∆p, Cp ← Cp( ∂f

∂σtrial
, ∆p

)
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