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Abstract We calculate the logarithmic contributions to the
massive Wilson coefficients for deep-inelastic scattering in
the asymptotic region Q% > m? to 3-loop order in the fixed
flavor number scheme and present the corresponding expres-
sions for the massive operator matrix elements needed in
the variable flavor number scheme. Explicit expressions are
given in Mellin N-space.

1 Introduction

The heavy flavor corrections to deep-inelastic structure func-
tions amount to sizeable contributions, in particular in the
region of small values of the Bjorken variable x. Starting from
lower values of the virtuality, over a rather wide kinematic
range, their scaling violations are very different from those of
the massless contributions. Currently, the heavy flavor cor-
rections are known in semi-analytic form to 2-loop (NLO)
order [1-3].1:% The present accuracy of the deep-inelastic
data reaches the order of 1 % [9]. It therefore requires the
next-to-next-to-leading order (NNLO) corrections for pre-
cision determinations of both the strong coupling constant
o (M%) [10] and the parton distribution functions (PDFs)
[11-21], as well as the detailed understanding of the heavy
flavor production cross sections in lepton—nucleon scattering
[22-29]. The precise knowledge of these quantities is also of
central importance for the interpretation of the physics results
at the Large Hadron Collider, LHC, [30-32], and a high-

! The leading order contributions were given in Refs. [4-8].

2 Precise representations in Mellin space to O (asz) were derived in [3].

#e-mail: Johannes.Bluemlein @desy.de

luminosity facility studying deep-inelastic scattering as the
EIC [33,34].

In the kinematic region at HERA, where the twist-2 con-
tributions to the deep-inelastic scattering (DIS) dominate,
cf. [35],3, ie., Q?/m? > 10, with m = m, the charm-
quark mass, it has been proven in Ref. [37] that the heavy
flavor Wilson coefficients factorize into massive operator
matrix elements (OMEs) and the massless Wilson coeffi-
cients. The massless Wilson coefficients for the structure
function F>(x, Q2) are known to 3-loop order [38]. In the
region Q2 > m?2, where Q2 = —q2, with g the space-
like 4-momentum transfer and m the heavy quark mass, the
power corrections O ((m?> /Qz)k), k > 1 to the heavy quark
structure functions become very small.

In Ref. [39], a series of fixed Mellin moments N up to
N =10, ..., 14, depending on the respective transition, has
been calculated for all the OMEs at 3-loop order.* Also the
moments of the transition coefficients needed in the variable
flavor scheme (VENS) have been calculated. Here, the mas-
sive OMEs for given total spin N were mapped onto massive
tadpoles which have been computed using MATAD [41].

In the present paper, we calculate the logarithmic con-
tributions to a series of unpolarized massive Wilson coeffi-
cients in the asymptotic region Q% > m? to 3-loop order
and the massive OMEs needed in the VENS. These include
the logarithmic terms log(Q?/m?) and those parts of the
constant term, which are obtained through renormalization,

cf. [39]. Since the results for the OMEs Ag} and the fla-

3 For higher order corrections to the gluonic contributions in the thresh-
old region, cf. [36].

4 For the corresponding contributions in case of transversity see [40].
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vor non-singlet Wilson coefficients for the structure func-
tion F>(x, Q%) have been calculated completely in the mean-
time and have been published in [42,43], the corresponding
expressions are not presented here. Results given in [36] will
be discussed in Sect. 4. In the following, we set the factor-
ization and renormalization scales equal ur = ur = n
and exhibit the log(m2 /u?) dependence on the Wilson coef-
ficients, besides their dependence on the virtuality Q. The
logarithmic contributions are determined by the lower order
massive OMEs [44-49], the mass and coupling constant
renormalization constants, and the anomalous dimensions
[50-52], as has been worked out in Ref. [39]. For the struc-
ture function F (x, Q?), the asymptotic heavy flavor Wilson
coefficients at O (af) for tagged heavy flavor were calculated
in [53]. Here, we present the result considering the inclu-
sive final state for this structure function. In both cases, the
asymptotic representation becomes effective only at much
higher scales of Q2 [37] if compared to those for F>(x, Q2),
however. We first choose the fixed flavor number scheme to
express the heavy flavor contributions to the structure func-
tions F>(x, Q2) and Fp (x, Qz). This scheme has to be con-
sidered as the genuine scheme in quantum field theoretic
calculations since the initial states, the twist-2 massless par-
tons, can, at least to a good approximation, be considered as
LSZ-states. The representations in the VFNS can be obtained
using the respective transition coefficients within the appro-
priate regions, where one single heavy quark flavor becomes
effectively massless. Here, appropriate matching scales have
to be applied, which vary depending on the observable con-
sidered, cf. [54].

The constant contributions of the un-renormalized OMEs
have been calculated in two cases APS (N )and Agg o (N),
in Ref. [55]. Here, we present both the renormalized OMEs
and the corresponding massive Wilson coefficients, which
contribute first at 2- and 3-loop order. We also derive numer-
ical results for the Wilson coefficients. The quantities being
presented in the present paper derive from OMEs which were
computed in terms of generalized hypergeometric functions
[56,57] and sums thereof, prior to the expansion in the dimen-
sional variable ¢ = D —4, cf. [58-62]. Finally, they are repre-
sented in terms of nested sums over products of hypergeomet-
ric terms and harmonic sums, which can be calculated using
modern summation techniques [63—76]. They are based on a
refined difference field of [77] and generalize the summation
paradigms presented in [78] to multi-summation. The results
of this computation can be expressed in terms of nested har-
monic sums [79,80]. The results in Mellin N-space can be
continued to complex values of N as has been described in
Refs. [58-60,81-84].

It is the aim of the present paper to provide a detailed doc-
umentation of formulae in N-space for all logarithmic contri-
butions and the terms implied by renormalization contribut-
ing to the constant part of the heavy flavor Wilson coefficients

@ Springer

of the structure functions F;(x, QZ) and Fr(x, QZ) and the
massive OMESs needed in the variable flavor number scheme
upto O (ag’ ) and to compare to results in the literature. Here,
we refer to a minimal representation, i.e., we use all the alge-
braic relations between the harmonic sums and the harmonic
polylogarithms, respectively, leading to a minimal number of
basic functions. Based on the known Mellin moments [39]
we also perform numerical comparisons between the dif-
ferent contributions to the Wilson coefficients and massive
OME:s at O(ag’) referring to the parton distributions [21].
The paper is organized as follows. In Sect. 2, we briefly
summarize the basic formalism. The Wilson coefficients Lqu

and L? , are discussed in Sect. 3. As they are known in com-
plete form we also present numerical results. In Sect. 4, the
logarithmic contributions to the Wilson coefficients H 32 and

H P2 are derived and discussed. The corresponding inclusive
Wllson coefficients for the longitudinal structure function
Fy(x, Q?) in the asymptotic region are presented in Sect. 5.
In Sect. 6, we compare the different loop contributions to the
massive Wilson coefficients and OME:s for a series of Mellin
moments in terms of the dependence on the virtuality Q2.
Section 7 contains the conclusions. In Appendix A, the mas-
sive OME:s dealt with in the present paper which are needed
in the VENS are given in Mellin N-space.

2 The heavy flavor Wilson coefficients in the asymptotic
region

We consider the heavy flavor contributions to the inclusive
unpolarized structure functions F>(x, 0?%) and Fr(x, 0%)
in deep-inelastic scattering, cf. [85,86], in case of single
electro-weak gauge boson exchange at large virtualities Q2.
At higher orders in the strong coupling constant these cor-
rections receive both contributions from massive and mass-
less partons in the hadronic final state, which is summed over
completely. In the latter case, the heavy flavor corrections are
also due to virtual contributions. We consider the situation
in which the contributions to the twist-2 operators dominate
in the Bjorken limit. Here, transverse momentum effects of
the initial state do not contribute. In the present paper, we
consider only heavy flavor contributions due to Nr massless
and one massive flavor of mass m.> The Wilson coefficients
are calculable perturbatively and are denoted by
2 2
CoRSNS (x, Net1 2 m—2> : (1)
we
Here, x denotes the Bjorken variable, the index i refers to the
respective initial state on-shell parton i = g, g being a quark

> At 3-loop order, there are also contributions by graphs carrying heavy
quark lines of different mass. These are dealt with elsewhere [87,88].
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or gluon, and S, PS, NS label the flavor singlet, pure-singlet
and non-singlet contributions, respectively.

The massless flavor contributions in (1) may be identified
and separated in the Wilson coefficients into a purely light
part C; 2,1, and a heavy part by:

2 2
S,PS,NS 0 m
C (x’NF+15_5_>
i,(2,L) 22 02
2
S,PS,NS 0
=Ci,(2,L) (x,NF,F>

2 2
+H S (x, Np +1, % F)
+LSFPSNS <x Nr +1 1% m—z) )
i.2.L) ET R )

The heavy flavor Wilson coefficients are defined by L; ;
and H; ;, depending on whether the exchanged electro-weak
gauge boson couples to a light (L) or heavy (H) quark line.
From this it follows that the light flavor Wilson coefficients
C;,j depend on N light flavors only, whereas H; ; and L; ;
may contain light flavors in addition to the heavy quark, indi-
cated by the argument N + 1. L(i (2.1, can be split into the
flavor non-singlet and pure-singlet contributions

S _ tNS PS
Ly =L tLin, (€)

andat O (af) only the non-singlet term contributes. The pure-
singlet term emerges at 3-loop order.

The heavy quark contribution to the structure functions
Fo,)(x, Q?) for one heavy quark of mass m and N light
flavors is then given by, cf. [44], in case of pure photon
exchange®

1 —
SFSE G Np+1.0% m?)
Nr 2 2
2] ;Ns 0" m
=Zek‘Lq,<2,L>(x’NF+1’ﬁ’7)
k=1 L

®[ fix. 12 NF) + fix, w2, Nr)

1 PS 2
+N7FL"’(2’L) X, NF+1 ® X(x, u", Nr)
1

+—L§’(2qL) (x Np + 1,

2
2
2
Nr u?

® S(x, 1%, Nf)

5 5s)
)@G(x,/ﬂ,zvp)}
=)

+ep [qu oL (x Np +1,

Q2 m? 2
+H o | X Nr+ 1, MZ,F QGx,u”,Nrp)|. (@)

The meaning of the argument (Ng + 1) in Eq. (4) in the mas-
sive Wilson coefficients shall be interpreted as Nr massless

6 For the heavy flavor corrections in case of W*-boson exchange up to
O(a?) see [89-92].

and one massive flavor. The symbol ® denotes the Mellin
convolution,’

1,1
[A® B](x) = / / dxidxy §(x — x1x2)A(x1)B(x2).
0o Jo
(%)

The charges of the light quarks are denoted by e; and that
of the heavy quark by eg. The scale w? is the factorization
scale, and fi, fz, ¥ and G are the quark, anti-quark, flavor
singlet and gluon distribution functions, with

Nf
(w2 Np) = Y[ fibe w2 Ne) + fre i Np) |
k=1

(6)

The representations in Mellin N-space are obtained perform-
ing the transformation

1
ML f (x)](N) = /0 dx N1 F o). ™

An important part of the kinematic region in case of heavy
flavor production in DIS is located at larger values of Q2, cf.,
e.g.,[93,94]. As has been shown in Ref. [37], the heavy flavor
Wilson coefficients H; j, L; ; factorize in the limit 0% > m?
into massive operator matrix elements Ag; and the massless
Wilson coefficients C; j, if one heavy quark flavor and Ng
light flavors are considered. The massive OMEs are process-
independent quantities and contain all the mass dependence
except for the power corrections < (m2/Q%)*, k > 1.
The process dependence is implied by the massless Wilson
coefficients. This allows the analytic calculation of the NLO
heavy flavor Wilson coefficients, [37,46]. Comparing these
asymptotic expressions with the exact LO and NLO results
obtained from Refs. [4-8] and [1-3], respectively, one finds

that this approximation becomes valid in case of FZQQ for
Q?%/m?* > 10. These scales are sufficiently low and match
with the region analyzed in deeply inelastic scattering for

precision measurements. In case of F LQ 2 this approxima-
tion is only valid for Q>/m? > 800, [37]. The different
behavior if compared to F>(x, 0?) is due to the emergence
of terms o (m?/Q?) In(m?*/Q?), which only vanish slowly
in the limit Q*/m? — oo. Here, we present the inclusive
corrections for the structure function itself. The renormalized
massive OMEs depend on the ratio mz/ uz, while the scale
ratio in the massless Wilson coefficients is >/ Q2. The latter
are pure functions of the momentum fraction z, or the Mellin
variable N, if one sets /L2 = Q2. The mass dependence on
the heavy flavor Wilson coefficients in the asymptotic region

7 Note that the heavy flavor threshold in the limit Q2 > m? is again x
and not x (1 + 4m? / 0?), which is the case retaining also power correc-
tions.

@ Springer
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derives from the un-renormalized massive OMEs

1 1 1
3 3),3 3),2 3 1 3),0
A( )(8) l(j) + _82ai(j) + - 8 ( ) —l—a( ) , (8)

applying mass, coupling constant, and operator renormaliza-
tion, as well as mass factorization, cf. Ref. [39]. The renor-
malized massive OMEs obey then the general structure

2 2 2
m 4 m 4 m
w w w

~(3),1 m? ~(3),0
+a ln<—2)+a-.’ . ©
w

~

U

The subsequent calculations will be performed in the MS
scheme for the coupling constant and the on-shell scheme
for the heavy quark mass m. The transition to the scheme
in which m is renormalized in the MS-scheme is described
in Ref. [39]. The strong coupling constant is obtained as the
perturbative solution of the equation

das (1) _
din(u?)

= Bal (u?) (10)
=0

to 3-loop order, where B are the expansion coefficients of
the massless QCD B-function and u? denotes the renormal-
ization scale. For simplicity, we identify the factorization
(1 F) and renormalization (ug) scales from now on. In the
subsequent sections, we present explicit expressions of the
asymptotic heavy flavor Wilson coefficients in Mellin N-
space. They depend on the logarithms

Q2 m2
Lo=In|—= and Ly =In|— ), (11)
e <M2) " <M2)

where 4 = wr = ug.

Besides the Wilson coefficients (2), the massive OMEs
are important themselves to establish the matching condi-
tions in the variable flavor number scheme in describing the
process of a single massive quark becoming massless® at
large enough scales /,LZ, [39,44]. Here, the PDFs for Ny + 1
massless quarks are related to the former N massless quarks
process independently. The corresponding relations to 3-loop
order read, cf. also [44]°:

2
nw
SeNE+ 102 + frNp +1,0%) = 430 o (Nr. =)

® [ AWr i) + f(Np. 1)
2
%
+ X550 (Nr 5 ) @ BV 1)
2

"
+ A5, (Ve 55 ) @ G 1) (12)

8 For the VENS in case of both the bottom and charm quarks transmut-
ing into massless states, see [87,88].

9 We have corrected some typographical errors in (13-15) in [44], in
accordance with the appendix of Ref. [44].
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2
foroWNr +1, 1% = A% (NF, " ) ® (Nr, %)

2
+ 45 (Nr B5) @ Gk i) (13)

2
GNp +1.1%) = 45, o(Nr. =5 ) ® T(VF. 1)

2
+ Agg 0 (NF, ) ® G(Nr, 1% (14)

2
S(Np+1, %) = A [ qu<NF, )

2 bs 2
+ NFAqq 0 (NF, W) +Ap, (NF, W)}

® D(Nr, 1%

2 MZ
et (v i)+ 4% (v 1) |
® G(NF, 1?). (15)

The meaning of the symbols f and f applied to a function
here and in the following was defined in [39], Egs. (2.3) and
(2.4). Here, the Nr-dependence of the OME:s is understood
as functional and ;” denotes the matching scale, which for
the heavy-to-light transitions is normally much larger than
the mass scale m?, [54]. We will present the corresponding
OME:s in Appendix A. The results of the calculations given in
the subsequent sections have been obtained making mutual
use of the packages HarmonicSums [95-98] and Sigma
[63-70].

3 The Wilson coefficients L;’SZ and L? 2

The constant parts of the un-renormalized massive OMEs
Af;qs and AS 4 have been calculated in Ref. [55]. The
OMEs contrlbute for the first time at 3- and 2-loop order,
respectively, and stem from processes in which the virtual
electro-weak gauge boson couples to a massless quark. Here
and in the following N denotes the number of massless
flavors.
As a shorthand notation, we define the function
2
f;)g_—“NN +N+2 ’ (16)
(N+ DN +2)

denoting the kinetic part of the leading order anomalous
dimension )/q(g) separating off the corresponding color factor.

In Mellin N-space the Wilson coefficient L(';Sz reads:

LS =1 [1+ Y]

32PL7,
9N — N3 (N + 1)3(N +2)2
N LQ[ 64 Pg
27(N — )N*(N + D*(N +2)3

a?{CFNFT[%[—
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256 P (— N

2702 (N +2)L3,

"~ 9(N — DNZ(N + 1)3(N +2)3

3(N = 1)

64(N* + N +2)(8N? + 13N? 4 27N + 16)
[ 9N — HNZ(N + D3(N +2)
64(N2 + N +2)°5,
T 3(N — DNZ(N + D2(N + 2)] M

5128,
T3NS DONON LDV + 2)]
32P4L3,
9N — )N3(N + 1)3(N +2)2
32P

+ [_27(1\] — DN4(N + D*(N +2)3

64P>S;
T3NS DM £ PN 1272

N2+ N +2) 32
- 1()N2(N n 1)2)(N T3 8- Sz)]LM
32Py

© 243(N — DNS(N + D3(N + 2)*

32PgS
TSIV DNY N + DAN 1203

16P;57
~ 27(N — )N3(N + 1)3(N +2)?

16 P55,
"~ 27(N — DN3(N + 1D3(N +2)2

32L}(N? + N +2)°
+
9(N — 1)N2(N + 1)2(N +2)
32(N2+ N +2)°L3,
9N — DN2(N + )2(N +2)
(N> + N +2)°
T WS DNV AN +2)
64 32 16083 2563

x [_ESS 9SSt g ]]

+ NpCES “’(NF)}

with the polynomials

P; = 4N® + 22N° + 48N* + 53N> + 45N?

+ 36N + 8
Py = N7 — 15N> — 58N* — 92N — 76N?
— 48N — 16
Py = N7 —37N® — 248N° — 799N*
— 1183N3 — 970N? — 580N — 168

Py = 1IN +37N® + 53N> + N4
— 68N> — 56N? — 80N — 48
Ps = 49N7 4+ 185N° + 340N° 4 287N*
+ 65N + 62N? — 196N — 168
Ps = 85N'0 + 530N + 1458N® + 2112N"

7

(18)

19)

(20)

21

(22)

+ 1744N% 4+ 2016N° + 3399N* + 2968 N>

+ 1864N? + 1248N + 432 (23)
Py = 143N'0 + 838N° + 1995N% + 1833N”

—1609N% — 5961 N> — 7503N* — 6928N?

— 4024N? — 816N + 144 (24)
Py = 176N"" + 973N + 1824N® — 948N

— 10192N® — 19173N° — 20424N* — 16036N*

— 7816N? — 1248N + 288 (25)

Py = 1717N"3 4+ 16037N'2 + 66983 N !
+ 161797N 10 + 241447N° + 216696 N® + 86480N"
— 67484N° — 170003N° — 165454N*
— 81976N3 — 15792N? — 1008N — 864. (26)

For the massless 3-loop Wilson coefficients Ck i we refer to
Ref. [38]. Here and in the following, their expression will
be kept symbolically. The harmonic sums are defined recur-
sively by, cf. [79,80],

N . k
Spavy = 30 SO o

161
k=1 k

b,a; e Z\{O}, N e N,N > 1,5y =1. (27

The color factors are Cp = (NC2 — 1)/(2N.),Cs = N¢,
= 1/2for SU(N.) and N, = 3 for QCD.
Likewise the Wilson coefficient L?_yz is given by:

4
LS,=1 [1 + (—1)N] {afT,%NF{LMLngsl
16(N3 —4N? — N —2)
3N2(N + (N +2)
450 Lot NpTE| L3, 16*"5
3ngQM+a Fly 9qg1
64(N> —4N2—N-2)7 16 _, )
- — 5 VeeLoLy
IN2(N + 1)(N +2) 9 a8
64(N>+ N +1)(N? + N +2)
9(N — DN2(N + DA(N +2)2
64(—1)V (N3 +4N? + 7N +5)
3(N + D3(N +2)3

+ CANFT,%H

8 3
+ 9ngsl:|LQ + |:
8Ps
PO DNV DIV 127
32(8N* —7N3 + 5N? — 17N — 13)5)
9(N — DN(N + D2(N +2)
64N>+ N+1)(N>+N+2) 8
M[ 3N DN2(N + D2(N +2)2 3% %’Sl]
+ i;;[—gsz 4% + is HHQ
32(8N* —7N3 + 5N — 17N — 13) 57
{* 9N — DN(N + 1)2(N +2)
128(=1)N (N3 + 4N? + 7N +5)5;
3(N + 1D3(N +2)3
32P4 S
T 27(N = DN2(N + 1D3(N +2)
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64(=D)" Pig
9(N — DNZ(N + D*(N +2)*
16Ps5;
~ 27(N = DN3(N + D*(N +2)*
5 [64(N? + N+ 1)(N* + N +2)
[3(N — DN2(N + D3N +2)?
8 32(8N* + 13N3 — 22N? — 9N —26)5,
5}"1&’51] 9N — DN(N + (N +2)2
128(N? + N —1)S;
IN(N + DN +2)
64(8N> + 15N* + 6N* + 11N? + 16N + 16)S_,
9N — DN (N + DA(N +2)2
32P%
[9(1\/ — DN3(N + D3(N +2)3
128(—=1)N(N? +4N? + TN +5)
3(N +1)3(N +2)3
64(2N — 1)(N* +9N? + 7N +7)S
9N — DN(N + D2(N +2)
8 88 16 2]] _128(N?+ N +3)53

~0 2
S 224 2y
+”qg[ 3T 3T 3NN + DN +2)

+

+

+ Ly

T8 32
+y§g[§s,3 — 85,8 + ?S2_1:|

256S72_1 (N - 1)[%45_251 — 32(3]
NN+ DN 1 2) NN+ D) e
N 16P> 57
8IN(N + 1)3(N +2)3
8 P39

T N DNV + 1SNV 12
512 (N> 4+ N+1)(N*+ N +2)
9 (N—DNZ(N + D2(N +2)2°°
8 P36
243(N — DN*(N + D*(N +2)4
T [_64(N2 + N+ 1)(N*+N+2)
MLON — NN + D2(N +2)
8 16P13S>
9”‘“31] T BIN(N + D3(N +2)3
64(SN* + 38N> + 59N? + 31N +20)S3
8IN(N + D2(N +2)2
32(121N? +293N2 4+ 414N +224)S_,
8IN(N + 1)2(N +2)
iy [_64<—1>N(N3 +4N%+7N +5)
M 3(N+ 13N +2)°
8Ps
9(N — DN3(N + 13(N +2)3
32(8N* —7N3 + 5N2 — 17N — 13)5)
9(N — HN(N + D2(N +2)
gt s
128(5N% + 8N + 10)S_3
2IN(N + D(N +2)
(5N4+20N3+41N2+49N+20)[§%S§ 28,8+ ‘zgsz_l]

+

+

+

N(N + DN +2)?
32(2N° +21N* + 27N3 + 11N? + 25N — 14)5?
[ 9(N — DN(N + D2(N +2)2
16P»7 Sy
T UN DN T DN + 2

+ Ly
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128(—DN (N3 +4N2 + 7N +5)S1 16 50
3(N 4+ 1D3(N +2)3 T3 s
64(=D" Py
9(N — DN2(N + 13N +2)4
16P34
T AN DN + YN + )
32(2N° +21N* + 51N3 + 23N — 1IN — 14)$,
- 9(N — DN(N + D2(N +2)2
6483
3(N+2)
64(2N5 +21N* + 36N — TN? — 68N — 56)5_
9(N — DN(N + D2(N +2)2
%&2.1 — 1728573
N(N + 1)(N +2)
(N =1(§528 —32;@)} 450 [ 1 5t gszs%
N(N+1) 27 9
[ESZ - 4053] 64 1484

27 S1 +fC3S1 + 952+T

S8

kY) 32 16 5
+35—4+ 35341 - 352,1,1] + CrNpTg

16(N>+ N +1)(N? + N +2)(3N* + 6N3 — N2 — 4N + 12)
) 9N — DN3(N + (N +2)2

16
+Ej/ng1 LQ

4P3 16 P> S

+[_9(1v DN3N + DFN +2)° 90V — DNS(N + D3(N +2)2

208, 5
+ng[ . 43]

8(N2+N+2)P10 8 ]:|

L —
+ M|:3(N DN+ 13N +22 T3 TaeSi

1623, (N2 + N +2)°
[(N — DN3(N + D3(N +2)2

16Py 57
C 9N — DN3(N + 1)3(N +2)?
64(—1)N Py
+45(N —2)(N — D2N3(N + D*(N +2)*(N +3)3
4Py
45(N — 2NN + 1)S(N +2)%(N +3)3
8 P30S
T 9(N — DNA(N + D*(N +2)3
16P»3 5,

TSN DNV + PN 127

16 P
3(N — )N*(N + D*(N +2)3

16 P17 165, 16 ,
3 3 7|5 - 38
3(N—1)N (N+ 1’ (N+2) 3 3

256(N? 4+ N +1)S;
" 3N(N + DN +2)
64 Pi16S_»
3(N —2)(N — )NZ(N + 1)2(N +2)2(N +3)

+Lm |:—

o8 32
+yq°g[§sl3 — 85,8 — ?52_1}

5%251 S_o+ 2%65—3 - %S—z,l 64(N — 1){3]L
NN + (N +2) NN+ |°

64 (N? + N +2)Piog3

9 (N — N3 (N 4+ D3N +2)2
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. 8(215N* 4+ 481N3 + 930N2 + 748N + 120)S?
8IN2(N + 1)2(N +2)
Pao

2B — DNV + DSV + 209
4P3585,
243(N — DNS(N + 1)5(N +2)2
8(N?+ N +2)Py 8
L 70
+ M|:9(N “ONN + D3N 422 T glee
4p
+L3, 2
9(N — DN4(N + D*(N +2)°
16 Py S; -0 4 5
— g2 2
SN - DN(N + PN+ 22 ng[ 371

N 8(109N* +291N3 + 478N? + 324N + 40)S>
27TNZ(N + )2(N +2)
(103 + 13N + 29N +6)[ - 457 - 16551
N2(N + 1)(N +2)
32(5N% — 16N? + N — 6) 53
BIN2(N + I)(N +2)

+

oF 1 2., 8 64 1,
e[~ 3751 = 58T = 981 - aasi - 555+
+LM|:* 8P1oS?
9N — DN3(N + 1)3(N +2)2
16P33S;
T 27(N — NN + DA(N +2)3
64(— )N P3g

48,
3

TSN DN — DINI(N + DN £ (N 1 37
8(N2+N+2)Pi1$;
9N — DN3(N + 1)3(N +2)2
4Py
+ 135(N — D2N5(N + D3(N + 2)*(N +3)3
64P1sS_»
TIN 2N —DNZ(N £ DE(N + 22N +3)
+J740g<2513 - 25251 - gjsz,l)
%S]S,Z + 2%6.9,3 - ¥S72_1
N(N + 1)(N +2)

N — 1)(64¢3 — 853 s
!

where

Plo = 3N® +9N° — N* — 17N3 —38N? — 28N — 24

(28)

(29)

Pii = 47N® 4+ 141N° + 59N* — 117N +2N? + 84N + 72

Piy = 65N® +455N° + 1218N*
+1820N> + 1968N? + 1460N + 448

P13 = 139N® + 1093N° + 3438N*
+5776N> + 5724N? + 3220N + 752

P14 = 9N’ + 7IN® + 214N° + 320N*
+275N3 4+ 215N% 4 160N + 32

P15 = N® 4+ 8N7 —2N% — 60N> — 23N*
+108N3 +96N? + 16N + 48

Pis = N® +8N7 —2N°® — 60N> + N*
+156N3 + 24N? — 80N — 240

(30)

€1V}

(32)

(33)

(34)

(35)

P17 =

Pig

Py

P

P

P3

Py

Pos

3N® + 8N7 —2NO — 24N7 + 15N

+88N> + 152N + 96N + 48 (36)
Pig = 5N® —8N7 — 137N% — 436N°

—713N* — 672N3 — 407N? — 192N — 32 37

TIN® +4N7 — 90N® — 224N — 21N*

+388N> + 608N? + 336N + 144 (38)

10N® +46N7 4+ 105N + 139N?

+87N* — 17N? + 50N? + 84N + 72 (39)

19N® + 70N7 4+ 63N — 41N°

—192N* — 221N? — 142N? — 60N — 72 (40)

38N® + 146N7 + 177N 4 35N°

—249N* — 373N% — 218N? — 60N — 72 41)

S56N® +194N7 4-213N® + 83N°

—231N* — 469N? — 290N? — 60N — 72 (42)

113N8 + 348N7 + 109N® — 289N

—272N* — 859N3 — 778N? — 172N + 72 43)

9N? + 54N8 + 56N7 — 110N® — 381N°

—568N* — 364N3 — 72N? + 128N + 96 (44)

P

P9

Ps)

P33

9N® + 54N% + 167N + 397N° 4 780N?

+1241N* + 1448N3 + 1200N2 + 608N + 144  (45)

55N +336N% +218N7 — 2180N° — 6529N°

—9764N* — 9368N> — 6032N% — 2448N — 576 (46)

N —56N° —236N® — 373N7 + 82N°

+1244N° + 2330N* + 2560N° 4 1712N?

+896N + 288 (47)

33N 4+ 231N 4+ 662N + 1254N8 + 1801N

+2759N® + 5440N° + 9884N* 4 12512N°

+9200N2 + 5184N + 1728 (48)

45N +383N10 4 958N 4 526N — 763N

+1375N° 4 7808N° + 13028 N* + 12976N?

+8016N? + 4608N + 1728 (49)

8IN'! + 483N 4+ 1142N° + 1086N® — 767N’

—4645N% — 8936N° — 11980N*

—12352N3 — 8272N? — 4800N — 1728 (50)

120N 4+ 1017N10 4-2737N° 4 1292N8

—8086N7 — 20743N% — 24563N° — 16702N*

—6840N> + 120N? + 2432N + 960 (51)

121N - 988 N0 + 3554N° + 6972N8

+7131N7 — 846 NS — 14806N° — 25354N*

—26096N> — 16752N? — 8352N — 2592 (52)

27N 4+ 441N 4+ 2206N'° + 5360N°

+7445N% 4+ 8555N7 + 18766N° 4 44852 N°

+67572N* 4 63960N> + 39632N2 + 15648 N + 2880
(53)

P35 = 2447N'2 + 16902N'! 4 59649N10

+125860N° + 128761 N® — 36530N7 — 248341 N°
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—304460N° — 162188N* — 11724N° apart from those defining the massless 3-loop Wilson coef-
429160N? + 19440N + 7776 (54) ficients [38].10 In the above g = Z,fil l/kl,l eN,[>2

Py = 3361N 12 +23769N"'! + 62338N10 4 5999219 denote the Riemann ¢-values, which are convergent har-
_63303N° — 317823N7 — 585520N° monic sums’ in the limit' N —> .oo. In the constant part of

GA0602N° — 4301328 — 167536N° the other Wilson coefficients it is expected that more com-
5 plicated multiple zeta values emerge, which have been dealt
—27?:18N + 9?;)4N + 51814; ; (55) with in [101].

P37 =76N ™ 4 802N~ +2979N "~ + 1847TN In Eq. (28), denominator terms oc 1/(N — 2) occur. They
—19377N1° — 58253N° — 26543N% + 170601N cancel in the complete expression and the rightmost singular-
+362177N® +225119N° — 103240N* — 193092N°3 ityislocatedat N = 1 as expected for this Wilson coefficient.
—137160N2 — 117072N — 25920 (56)  Let us now consider both the small- and large-x dominant

P = 76N + 1042N"3 + 5979812 4 16367N!! terms for both Wilson coefficients. Those of the massless
L11883N10 — 47693N9 — 125723N° — 86079N” parts were given in [38] before. Both Wilson coefficients

6 5 4 3 contain terms o 1/(N — 1). For simplicity, we consider the
+36437N° + 22559N° — 51700N~ + 24828 N . 2 2 .

5 choice of scale Q- = p©~ here. The expansion of the heavy

+1328?§)N + 1162?48]\’ +25920 5 " G7 favor contribution, subtracting the massless 3-loop Wilson

P39 = 3180N 7 + 38835N ™ + 188728N '~ + 456065N coefficients, denoted by L;, around N = 1(x — 0) and in
+460954N ' — 40676 1IN0 — 1972948 N° the limit N — oo(x — 1), setting Q% = 2, is given by
—2827653N® — 1857970N" + 109786 N°® ] 1004
+1302824N° + 1092456 N* + 265888 N LIS(N - 1) N ICFTFNF{ —7 5
—227616N% — 194688N — 44928 (58) o1

Py = 28503N"7 +297639N "0 + 1232041N '3 ~ 73 |:54L3 —81L3, +342Ly + 500] } (63)
+2461407N ' 4 2169615N 13 + 662941 N 12 | 512
+2110979N"" 4 5346653N "0 + 2021366 N° LS,(N — 1) x v o1 {CATFZ‘NF{EQ
~7290864N® — 11721384N7 — 3689680N° .
+15676192N7 + 32276800N* + 31869312N" - =59 [108L +540L%, + 54Ly + 3091] }
+18809856N2 + 6856704N + 1244160 59)

Py = 75N'8 +3330N17 + 35497N16 n CFTFNF{ 1224 £ — 322 [108L3 _ 6412,
+175010N15 + 486862N "4 + 966996N 13 + 2037362N 12 7 729

1 10 9
+3604404N"" — 1625689N 10 — 29506022N 1314, — 1091“} (64)
—78753403N% — 107977014N7 — 71548880N°
18344016N° + 89016048 N* + 92657952N° ~ 64 In3(N
- T y EPS(N — 00) o — 2 CpTENp ) (65)
+58942080N~ + 25505280N + 5598720 (60) ’ 27 N
_ 18 17 16 _ 15 — 4 (N =2)In*(N

Py = 325N"® +4280N"7 + 17759N'° — 14880N £S,(N = 00) & — = ( )2 ( )(CA TN,
—412326N'* — 1696848 N 1% — 3216546N 2 ’ 27 N
—1169232N"" + 8956857N ' + 23914216N? (66)

8 7 6
+31536899N" + 25361392N" + 9982840N The corresponding limits for the contributions of the massless
—10154128N° — 26098704N* — 26761536 N Wilson coefficients behave like
—17642880N2 — 8087040N — 1866240. 61)

In all the representations of the massive Wilson coefficients
and OMEs in N-space we apply algebraic reduction [99]. The
2-loop term in (28) is purely multiplicative and induced by
renormalization only, while the 3-loop contributions require
the calculation of massive OMEs. The above Wilson coeffi-
cients depend on the harmonic sums

S1,8-2, 82,853,853, 854,84, 821, 5,1, 53,1, S2,1,1, (62)

@ Springer
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Np CPS NN > 1) 5 lcFTgNF
22 32 128 ] . -
720 92t 78

4
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|: 572 160 64

720 T 72t 79

10 For the algebraically reduced representations see [100].
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0.016
0.014 | 0(a?) contribution of LYS,
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0.004 +
0.002 +
0 1 1 1
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Fig. 1 The O(af) contribution by L;Sé to the structure function

F>(x, 0%) or m¢ = 1.59 GeV and the parton distribution functions
[21]

45468 512 128
CrT2N i+ — 38] (68
+ CrTy F|:729 274“2 4“3:“[ ] (68)
N 64

NrCESONp)(N — 00) o In’ )CFTFNFE (69)

2 n“(N)
NpCs P (NFYN — 00) o

68 28
X 27CFTFNF + — 77 CATFNF (70)

where N = N exp(yg) and yx denotes the Euler—Mascheroni
constant.

In Fig. 1, we illustrate the contribution of L(';”S2 to the
structure function F>(x, Q%) using the PDFs of Ref. [21],
cf. Eq. (4). Likewise, Figs. 2 and 3 show the corresponding
contributions by L?yz at O(asz) and O(QS3 ), respectively. The
numerical results have been obtained using the representa-
tions in z-space, cf. Sect. 7, using numerical representations
given in [102,103].!! Note that the O(a?)-terms, cf. also
Ref. [49], are smaller than those at O(af), which is caused
by terms o 1/z in the momentum fraction Z-space represen-
tation of the 3-loop contribution to LS, which are absent at
2-loop order.

These contributions emerging at 2- and 3-loop level are
minor compared to the values of the structure function
F>(x, 0%), for which typical values are given in Table 1.!% A
global comparison of all heavy flavor contributions up to 3-
loop order can presently only be performed using the known
number of Mellin moments, cf. [39], given in Sect. 6.

While the expression for L PS 5 is the same in the MS and on-

8.2

mass-shell scheme to O(a3 ), L in its 3-loop contribution,

8,2’

T For other implementations see [104].

12 Note that the kinematic region at small x probed at HERA is limited
to values x > Q%/(yS), with § ~ 10° GeV? and y € [0, 1].

0.002 - :
O(a?) contribution of L$ ,
0.0015 0% = 1000 GeV?
02 =100 GeV? — —
0.001 | 02 =20 GeV? - — -
0.0005 |
< ot
-0.0005 [ P
VPR
0001 F £ 7
v
200015 |,/
-0.002 L L L "
10-5 104 10-3 102 10-1!

Fig. 2 The O(a?) contribution by L?,z to the structure function

F>(x, Q%) for me = 1.59 GeV and the parton distribution functions
[21]

0.07 . .
0(a?) contribution of Liz
0.06 0% =1000 GeV?
02 =100 GeV? — —
0.05 02 =20 GeV? - —
0.04
&
0.03
0.02
0.01
0 . : .
1073 1074 1073 1072 107!

Fig. 3 The O(ag) contribution by L?_z to the structure function

F(x, Q2) for m, = 1.59 GeV and the parton distribution functions
[21]

Table 1 Values of the structure function F>(x, Q?) in the low x region
using the PDF-parameterization [21]

x 0% =20 GeV? 0% = 100 GeV?2 0% = 1000 GeV?
1074 1.946 3.200 5.340
103 1.141 1.702 2.526
1072 0.641 0.825 1.040
10-1  0.400 0.409 0.412

changes by the term

332
Lo MW = LE O (N)+al S CRTENF BLy—4]
(N2+N+2) (N3 —4N? - N -2)
NN+ DN +2)" " NN + DN +2)

(71)

setting Q> = u”. Here, we have identified the logarithms
L s in both schemes symbolically. In applications, either the
on-shell or the MS mass has to be used here.
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4 The logarithmic contributions to Hgs2 and to H;g at
0(ad)

The Wilson coefficient Hgsz, except for the constant contri-

bution aS;’O, is given by:

4(N3 —4N? - N —2)
N2(N + 1)(N +2)

16(N® —4N? — N —2)
3NZ(N + (N +2) ] M}

Hgs’2 =31+ (—1)N]{asTF{—)7[?gLQ - + )7q0g51 + ?fgLM}

4 4 4
" ag{rg[gy;g@ A LoLut [gyggsl -

T 2(N*4+ N +2)(3N? 43N +2) 250 s 112 4 4Ps3
P NZ(N + D2(N +2) Vg 20T TNIIN + 13N + 2)
4(3N* 42N —9N? — 16N — 12)S, Ll 4(N*+ N +2)(3N?* +3N +2) 430
N2(N + D2(N +2) NZ(N + D2(N +2) Yag>!
2(9N* + 6N3 — I5N? — 28N — 20)57
~0 2 1
s (452 _451)]LQ N N2(N + 1)2(N +2)
N 16(—1)Y Pjo4 e 2(N*+ N +2)(3N? 4+ 3N +2)
IS(N = 2)(N — D2N2(N + D*(N +2)4(N +3)3 = M NZ(N + DX(N +2)

B 4P 4PygS 4 Ps3
+2V§g51} n 207 4851 [

L
BN 2NN+ PN+ 2PN 13 T MO+ DV 12 - M N DN +2)
1IN* +42N3 + 43N? — 4N — 12)5,
N2(N + D2(N +2)
1285152+ 6453 — 12855 1
N(N + 1)(N +2)

4(3N* +2N3 —9N2 — 16N — 12)S 2

_ AN )1+)7°[4512—452] LA
N2(N + 1)2(N +2) %

16 P455_»

T NN L )N £ (N £ 3)

+ 70257 - 25281 — 482 | +

(N — 1)[484“3 - 1653] . 16(N? + N +1)(N>+ N +2) a0 s 2
+ NN+ D) * (N—DN (N + D2(N 122 1 “Yag> |Fo
N 32(—DN(N? + 4N+ 7N +5) 8 P12 16(N? + 1)(N2 —4N — 1)$,
(N+1)3(N +2)3 (N — N3 (N + D2(N +2)3 (N —1N(N + 1)2(N +2)
16 P1g75 4(2N° —3N* = 5N3 —3N? — 33N - 6)S}
~0 2 10791 1
-2 28 +4S_,||Lo — —
g 287 4252 + 4 2]] 0T NS DN(N + DEN +2)° (N— DNV + D2(N 1 2)2
16(—=DN Pigo 8 P13 32(—DN (N3 +4N% + 7N +5)S;
3(N—1)N2(N + D*(N +2)*  3(N — DN4(N + D*(N +2)* (N 4+ 1)3(N +2)3
Ll 16(N? + N +1)(N? + N +2) 250 s |4 4Py S) N 8(3N% 43N +2)S3
MITTN S DNZN + D2(N 22 Tt | T NS ONI(N + 12N +2)2 T NN + DN +2)
L [32(=)V (N3 +4N% + 7N +5) 8 P03 32(2N +3)S)
Ml (N + D3(N +2)3 (N—DN3(N+ 13N +23 (N + 12N +2)?
- 16(N> — N* —5N3 +3N? + 14N + 12)S_
~0 2
—287 — 28, —4S_
T Vag| 7201 T 2% 2]] + (N — DN(N + D2(N +2)2

16(N? + N +4)S_3 N (N — 1)[165—251 - 165—2,1] N (N*=N—-4)16(=D"S_»  6(5N*+5N —6)¢3

N(N + DN +2) N(N +1) (N + D(N +2)? NN+ DN +2)
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. 3
+ ygg[—gslsz — 4(—1)NS—251 - 2(_1)NS—3 + 481 - E( 1)N§3i|i|}
16 16
3 3 ~0 73 ~0 2 —
T3 —=50713 — —591,02% + S
as{ F[ 9 Yagtm 9 Yagt0tm |: 9 Yag®! ON2(N + 1)(N +2)

AT 64(N?+ N + 1)(N? + N +2) 80,2 64(—DN(N? +4N? + 7N +5)
ATFI QN — DNE(N + D2(N +2)2 + 9lag>! |70 3(N + 1)3(N +2)3

16 _, 64(N®> —4N? — N — 2)] 5 16y§g;3]
2 _
9

N 8 P36 N 32(8N* —7N3 +5N% — 17N — 13)S,
9(N — DN3(N + 1)3(N +2)3 9(N — )N(N + D2(N +2)
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N 64(—DHN Py1p 16Py75 5 [64(N?+ N+1)(N* + N +2) L850
9N — DNZ(N+DAN + 27 21(N—DN3(N+ DA (N+2)% M| 3(N — DN2(N + D2(N +2)2 3748

32(8N* + I13N3 — 22N? —9N —26)S;  64(8N7 + I5N* + 6N3 + 11IN? + 16N + 16)S_,
SN -DNN DN +22 9N — DN(N + D2(N +2)?
128(N2+ N —1)83 . [_ 128(—)N(N? +4N% + 7N +5) N 32P 13
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ST ] g 165 ]

371t 3T

g 25653 1 (N = D[ %5281 = 3243
= : L
9 NN + DV +2) NN+ 1) } ©

32(N3 +8N% + 1IN +2)53 N 8PosS? P1430o

ON(N + 1)2(N +2)2 27TN(N + 1)3(N 4 2)3 (N — )N3(N + 1)3(N +2)3
8 P56 32, 4 3 2 (=DNg
—Z(2N*+3N>? + 10N> + 37N + 35

+ 81(N — )NS(N + D)3(N +2)3 * 3( AN * * )(N+1)3(N+2)3

32 (ON° — 4N* + N3 + 92N? + 42N + 28)¢3 8Pi91 5]

9 (N — DN2(N + D2(N +2)2 8L(N — DN*(N + D*(N +2)*
32 (5N* +8N3 + 17N? + 43N +20)¢, .3 448(N? + N +1)(N*+N+2) 56 _, S
9 N(N + D2(N +2)2 M| TQN ZDNE(N + D2(N +2)2 9 Jas”!

N 8P1345) 32(3N? — 12N? — 27N —2)5:5;

3(N — )N3(N + 1)3(N +2)3 AN(N + D2(N +2)2

256(N° + 10N* +9N3 + 3N + 7N +6)S; .2 64(—DN(N? +4N? + 7N +5)

I(N — DNZ(N + D2(N +2)2 M (N + 13N +2)3
8 P41 N 32(8N3 + 9N* — 57N — 3IN? + 25N —26)S,

9(N — I)N3(N + 1)3(N +2)3 9(N — DN(N + D2(N +2)?

128(— )N (N* +2N3 + TN? 4+ 22N +20)S_»
3(N + D3(N +2)3

3 32
S7 — 88581 + —52,1] +

~0
+ 7| 3

N
9

20
~O 2
+y [__g1_4g2_8g 2] +
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(N> =N —4) 256 N 128 256 128
NI I 5 DY - DSt TS - DY sin

160S; 64 2
)sl +353

- =S

2., 20 32
an \N 02, 20,0 32 oy
2DV |+ 70551+ T 55T + S (—DVSa8+ ( =

9 3
8 N 32 v 32y
+ 5(—2+9=DM)a8 + S (S (-DVSE+ T (DY)
16 16 32 32 16 64 2
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3(N + 1)3(N +2)3 27(N — I)N3(N + 1)3(N +2)3 3N(N + 1)
64(—1)N Pyg N 16 P34 64(7N% 4+ 7N +8)S3
9N — DN2(N + D3(N +2)* = 27(N — DN4(N + D4H(N +2)* * ON(N 4+ 1)(N +2)
64 P46 S 64(2N° + 21N* + 36N — TN? — 68N — 56)S_,
9(N — 1)N2(N + 1)2(N +2)2 9N — )N(N + 1)2(N +2)2
1285_3 128551  (N?=N-4)2DVs_, 16(3N?+3N —2)¢3
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32 32
16P5,5 GN + 2)[—35f - TSZSl] 32(3N* + 48N + 43N2 — 22N —8)S;
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N(N + 1)(N +2) NN +1) ¢ 9 (N — DN4(N + H*(N +2)3
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16 ¢3 16
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@ Springer



Eur. Phys. J. C (2014) 74:3033 Page 19 of 54 3033

64(N? —3N —2)Sy | . 8(49N* + 122N3 + 213N? + 164N + 12) S}
3N2(N + 1)(N +2) INZ(N + D*(N +2)

_ 8 P20 n 8 Pgg S B 8P126S52
ON —DN3(N +1D5S(N+2)%  ON3(N+ 13N +2) 9N — DHN3(N + D3N +2)2
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with the polynomials
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Pyg
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Pyg

Pyo

Pso
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Psp

Ps3

Psy

Pss

Pse

Ps7

Psg

Psg

Peo

Pe1

Pe2

Pe3

Pey

Pes

= N®— 81N’ —264N* — 185N

— 307N? — 256N — 204
= N®+6N° +7N* +4N?

+18N2 4 16N — 8
= N®+7N° —7N* — 39N

+ 14N? + 40N + 48
= N® 4+ 21N> +57N* + 31N?

+ 26N? + 20N + 24
=2N® — 7N —41N* - 31N?

—29N? —-22N — 16
= 2N® —7N° — 24N*

— 35N3 —44N% — 44N — 16
= 3N+ 5N +27N*

+ 35N +6N% + 12N + 8
=3N®+ 9N — N*

— 17N% —38N% — 28N — 24
=3N° +9N3 +2N*
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= 3N® +30N° + 15N* — 64N

— 56N> —20N —8
= 4N°® 4+ 5N — 10N*

— 39N3 —40N? — 24N — 8
= 6N® — 12N° + 17N*

+ 106N> + 127N? 4 104N + 84
= 6N® + 18N’ + 7N*

— 16N3 —31N2 — 20N — 12
= 7N® — 93N> — 327N

— 287N3 —316N% — 112N — 24
= 7N® — 20N> — 176N*

— 335N3 —276N? — 116N — 16
= 7N® — 19N° — 171N*

— 325N% —264N? — 108N — 16
= 7N® 4+ 21N> + 5N*

— 25N3 —204N? — 188N — 192
= 8N° + 13N° — 111N*

— 193N3 — 89N? — 56N — 20
=9NO + 21N’ 4+ 11N*

— 5N — 104N% — 76N — 144
= 9N® + 39N 4 53N*

+ 25N3 +94N? + 44N + 312
= 10N® + 18N> — 111N*

— 164N3 — 61N? — 16N + 36
= 10N® + 63N> + 105N*

+ 31N +17N? + 14N + 48
= 11N® — 15N° — 327N*
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Pgo = 65N° + 199N + 197N*
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Poy = 7IN® + 339N> — 105N*
— 487N3 — 356N? — 668N — 240
Py = 80N® + 60N> 4+ 9N*
+ 230N3 +901N? + 988N + 1188
Poy = 8IN® +211N° — 23N*
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— 353N*% —314N3 — 272N? — 200N — 144
P11y = 5SN® —8N7 — 137N°® — 436N°

(119)

(120)

(121)

(122)

(123)

(124)

(125)

(126)

(127)

(128)

(129)

(130)

(131)

(132)

(133)

(134)

(135)

(136)

(137)

(138)

(139)

(140)

(141)

Pii3

Pria

Piis

P16

P17

Prig

P19

P12

Pipy

P12

Pi23

Pio4

P12s

P

Py

Piag

Py

Pi30

P31

— 713N* — 672N3 — 407N? — 192N — 32 (142)
7N8 + 40N7 + 110N® + 193N
+ 261N* +313N3 4 260N? 4+ 96N + 16 (143)

N8 +54N7 + 80N® — 110N°
— 645N* — 1168N> — 1132N% — 672N — 160  (144)
10N8 + 46N7 + 87NS + 85N

— 75N* — 251N —274N? — 132N — 72 (145)
11N® +74N7 4+ 213N6 4+ 281N?

— 30N* — 427N> — 446N? — 180N — 72 (146)
15N% +36N7 4+ 50N® — 252N3

— 357N* + 152N% — 68N? + 88N + 48 (147)

18N + 101N7 + 128N° + 208N°
+ 190N* — 769N3 — 1200N? — 212N — 48 (148)
19N® + 70N7 + 63N° — 41N°

— 192N* — 221N? — 142N? — 60N — 72 (149)
21N® + 42N7 — 38N% — 360N°

— 631N* — 730N> — 472N* — 216N — 48 (150)
23N% +2N7 — 135N° + 29N°

+ 210N* — 151N3 — 350N% — 132N — 72 (151)
27N® —36N7 — 956N® — 1724N°

+ 187N* + 1288N3 + T0N? — 224N — 72 (152)
38N® + 146N7 + 177N 4 35N

— 249N* — 373N% — 218N? — 60N — 72 (153)
41N® +5N7 —195N° — 97N?

+ 326N* + 424N° + 208N? 4+ 72N + 16 (154)
56N% + 194N7 4 213N® + 83N

— 231N* — 469N3 — 290N? — 60N — 72 (155)
T9N® + 196N7 4 132N° + 274N3

+ 465N* + 82N> + 332N? + 456N + 288 (156)

105N% + 978N7 + 1688N° — 1330N°
— 5245N* — 4672N3 — 2212N% — 544N — 288 (157)
113N% + 348N7 + 109NS — 289N°

— 272N* — 859N3 — 778N? — 172N + 72 (158)
170N® + 369N — 521N° — 1393N°

— 761N* — 952N3 — 544N? 4 32N + 144 (159)
264N8 4 1407N7 + 2246N° + 1746N°

+ 804N* — 1069N> — 674N?> — 92N — 24 (160)

283N® + 838N7 4 1482N° 4 628N°
— 1497N* — 1130N? — 772N? + 456N + 288  (161)

P13 = 633N% 4+ 2532N7 4 5036N° + 6142N°

+ 4275N* + 1118N> — 176N? — 184N —48  (162)

P13z = N +2IN® + 85N7 4+ 105N° + 42N°

+ 290N* + 600N3 + 456N? 4 256N + 64 (163)

P34 = 4N° 4+ 53N8 + 193N7 4 233N° + 87N°

+ 554N* 4+ 1172N° 4 904N? + 512N + 128 (164)

Pi3s = 6N° +93N8 4+ 576N7 4 1296N® + 586N°

+ 359N* 4+ 2000N> 4 1996 N> + 1488N + 384 (1653)
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Pi3s = ON° + 54N8 + 56N7 — 110N°®
— 381N° — 568N* — 364N — 72N? + 128N + 96
(166)
Pi37 = 9N + 54N8 + 167N7 + 397N® + 780N° + 1241N*

+ 1448N> + 1200N? + 608N + 144 (167)
Pi3g = 11N° + 78N® + 214N7 + 335N6 + 383N°
+ 57IN* +916N> + 876 N? 4 480N + 96 (168)

Pi3g = 35N° + 150N® + 232N7 + 137N°
+ 119N° + 661N* + 1174N°> + 876N? + 480N + 96
(169)
Piao = 37N° + 210N® — 52N7 — 2738N°® — 7249N°
— 9368N* — 8216N> — 5888N?% — 2448N — 576
(170)
P14 = 45N° 4+ 270N® + 820N7 + 1478N° + 1683N°
+ 1996N* +2356N> + 2328 N2 + 1408N + 288
(171)
Py = 5TN° + 624N% 4+ 1756 N7 4 1092N°® — 1803N°
— 1512N* + 966N> + 1116N> + 920N + 528
(172)
Pisz = 69N 4+ 366N + 1124N7 + 1966N° + 2523N°
+ 5228N* + 7340N?3 + 5352N% + 3008N + 672
(173)
Pias = 94N° + 597N% + 1616N7 4 2410N® + 1841N°
+ 1165N* +2191N3 4+ 3802N% 4 2916N + 648
(174)
Pis = 121N° + 696N® + 1535N7 4 1585N°
+ 416N° — 7T49N* — 836N> + 16N> + 528N + 144
(175)
Piag = 197N° + 1242N% 4+ 2938N7 + 3524N6 + 2713N°
+ 2234N* + 3680N> + 6176 N? + 4080N + 864
(176)
Pi47 = 439N° + 2634N% + 6008N’
+ 6694N® + 3545N5 + 736N* + 2008 N>
+ 6208N? + 5136N + 1152
Piag = 538N° + 3333N% + 7802N
+ 7630N°® + 458N° — 1415N* + 7786 N>
+ 12340N? 4 5592N + 864
P9 = 664N° + 3861N% + 9038N’
+ 11830N° 4 9344N> + 3793N* + 3874N°
+ 11044N? 4 9624N + 2592
Piso = 891N + 4455N% + 16078N”
+ 28774N° 4 37047N° + 45835N* + 42192N3
+ 28888N2 + 10640N + 1776
Pis; = 923N° + 5208N% + 11824N7
+ 12854N° + 2185N° — 7030N*
+ 1436N> + 15032N2 + 12864N + 3456
Piso = 965N + 4884N® 4 10816N7 + 20810N°

(177)

(178)

(179)

(180)

(181)
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Pis3

Pisq

Piss

Pis6

P57

Piss

Pis9

P10

Pie1

P12

Pis3

Piea

Pies

+ 36895N°> + 40442N* + 27692N°3

+ 22712N? + 14496 N + 3456

2N — 46N° — 98N8

+ 282N7 4 1063N°® + 1569N° + 1275N*
+ 403N3 — 94N? — 108N — 24

2N'0 4+ 12N% 4 24N8 + 11N7 — 48N® — 151N
— 282N* — 480N> — 664N% — 576N — 288

1IN'0 + 44N° + 74N3

+ 196N7 +31N% — 1426 N° — 3044N*
— 2762N® — 1476N? — 480N — 96
1IN 476N 4 138N® — 204N

— 1041N® — 988N° + 752N* + 1896N?
+ 944N? — 384N — 576

37N'0 4+ 392N +2106N® + 6514N”

+ 9211N° + 1258N° — 9218N* — 6116N3
— 72N%* — 752N — 192

85N10 1+ 425N 4 902N® + 932N

— 521N® — 685N +2022N* 4 2928N3
+ 968N? — 1296N — 576

103N + 575N + 1124N8

— 334N7 — 1505N°® + 3755N° + 4926 N*
+ 36N> — 472N% — 2160N — 864
118N'0 4+ 425N° + 197N® + 86N”

+ 1240N® + 2489N° + 4401 N* + 3480N3
+ 524N? — 1728N — 864

118N'0 4+ 557N + 461N® — 94N”

+ 1300N® + 3521 N> + 4509N* + 1920N3
— 1132N?% — 2376N — 1008

127N10 4+ 536N° + 611N8 4 602N

+ 1474N° + 2099N° + 798 N*

— 2301N3 — 4486N% — 3708N — 936
170N + 883N° + 2041N® + 2998 N7

— 448N° — 5465N° + 129N*

+ 6624N3 + 1132N% — 2016N — 864
170N + 1213N° 4 3235N% + 2794N"
— 2692N°® — 3767N° — 1293N*

— 1632N3 — 5324N% — 6240N — 2016
226N'0 +317N% — 811N®

+ 662N +4552N° + 3857N> + 3933N*
+ 2364N3 + 236N — 1656N — 720

Piss = 489N '0 4+ 2934N° 4+ 9364N8

Pie7

+ 18830N7 + 18627N° + 124N° — 19856 N*

— 19296N> — 10640N> — 2880N — 1152
3N 4 42N10 4 144N + 74N8 — 459N
— 1060N® — 1152N° — 1424N* — 1688N>
— 1232N% — 736N — 192

Pies = 1IN +37N10 — 27N?

(182)

(183)

(184)

(185)

(186)

(187)

(188)

(189)

(190)

(191)

(192)

(193)

(194)

(195)

(196)

(197)
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Pieo

P70

P71

P17

P73

P74

Py7s

P76

P77

P78

P79

Pigo

Pig1

Pig

— 118N% +21N7 — 249N% — 1097N°
— 1138N* + 552N3 + 3448N?
+ 3456N + 2016

= 21N" 4+ 231N 4 1334N° + 4086 N8
+ 6277N” +1775N°® — 9488N° — 18076 N*
— 18208N> — 11344N? — 5568N — 1728

= 33N 4+ 231N + 698N + 1290N8
+ 1513N7 + 1463N% + 2236N° + 5096 N*
+ 7328N3 + 5456 N2 + 3456N + 1152

= 45N" +383N10 4 958N 4 526N
— 763N7 + 1375N% + 7808N° 4 13028 N*
+ 12976N3 + 8016N? + 4608N + 1728

=5IN'"" +269N'0 4 46N — 1934N8 — 3973N
— 875N + 7364N°> + 14972N* + 16768N?
+ 10896N? + 5376N + 1728

=5IN" 4 357N + 1238N? + 2586 N8 + 2755N7
— 1435N® — 9212N° — 15028 N* — 15280N°
— 9808N% — 5184N — 1728

= 8IN" + 483N 4+ 1142N° + 1086 N8
— 767N7 — 4645N° — 8936 N> — 11980N*
— 12352N3 — 8272N? — 4800N — 1728

= 120N +1017N'0 + 2737N° + 1292N8
— 8086N7 — 20743N® — 24563N° — 16702N*
— 6840N> + 120N? + 2432N + 960

= 243N" + 1701N'° 4 5378 N° + 10350N8
+ 11479N7 + 1193N°® — 14684N> — 20572N*
— 16288N> — 8944N? — 4992N — 1728

= 333N +2331N1° + 6556 N7 + 9270N®
+ 5081N7 — 6701N® — 17554N° — 20036 N*
— 15680N> — 9200N? — 5664N — 1728

=753N" + 4809N 0 4 13174N° + 20466N8
+ 17717N7 4 6829N° + 3908 N> + 15304N*
+ 25408N3 4 20272N? + 8448N + 1152

= 837N +7757N'0 + 30120N° + 68575N°8
+ 119176N7 + 191350N° + 262979N°>
+ 258308N* + 163106N> + 63360N?
+ 14848N + 1536

= 1017N"" +6195N'° + 14050N°
+ 12738N% — 2023N7 — 5093N° + 27548 N°
+ 69760N* 4 80752N? + 54064N?
+ 20928N + 3456

=3N"2 421N +17N'0 — 202N° — 842N8
— 1924N7 — 3378N% — 5059N° — 6008N*
— 4860N> — 2536N? — 960N — 192

=9N"? + 63N +38N'0 — 414N — 1035N8
— 1341N7 — 1511N® — 2972N° — 6011N*
— 8038N> — 6892N? — 3432N — 864

(198)

(199)

(200)

(201)

(202)

(203)

(204)

(205)

(206)

(207)

(208)

(209)

(210)

@211)

212)

Pigz = ON'2 + 63N + 7IN10 — 381 N7 — 1536N8

Pig4q

Pigs

Pige6

Pig7

Pigg

Pigo

Proo

Pioy

Py

Pio3

Prog

Pios

— 2529N7 — 1946N® — 1331N° — 2096 N*
— 4036N°> — 4144N% — 2304N — 576

(213)

39N'2 + 585N +2938N10 + 7136 N + 9083N®

+ 7745N7 + 14668 N°® + 38246N° + 59856 N*
+ 55560N73 + 32144N? + 12480N + 2304

(214)

48N'2 + 459N 4 2322N10 4+ 8290N7 + 20159N®

+ 30862N7 + 28247N° + 16109N° + 9312N*
+ 7488N> + 4064N2 + 1328N + 192

61N'2 + 302N +531N10 4+ 348N9 — 349N8

(215)

— 786N + 457N° + 2524N° + 2012N* + 204N3

— 360N? — 240N — 96

92N"'2 + 796N + 3089N 10

+ 7550N° + 10547N8 + 1029N7 — 19496 N°©
— 24199N° — 8960N* + 736N

+ 1744N? + 816N + 192

201N"? 4 1845N ' + 6910N10

+ 12854N° + 8915N® — 7741N7 — 17126 N®
— 4294N° + 16260N* + 22080N>

+ 12416N? 4 4128N + 576

239N'2 + 1338N! +3137N10 4 3164N°

— 983N — 6640N7 — 8123N6 — 4526N°

— 342N* 4+ 1232N° + 848N? 4+ 256N + 32
255N 12 +2169N!! 4 6496 N 1°

+ 7694N° — 127N8 — 6973N7 + 4132N°

+ 25502N° + 31956 N* + 22656 N

+ 9632N? + 864N — 576

581N'2 +7035N"! 4+ 37826N1°

+ 112904N° + 190293N8 + 174327N”

+ 92032N° + 69438 N> + 78364 N*

+ 44464N3 + 11520N? — 3168N — 1728
825N 12 + 7363N ! +25396N 10 + 40686 N°
+ 26213N% — 12749N7 — 55498 N

— 89796N°> — 110552N* — 134960N°

— 127584N% — 64704N — 12672

69N '3 + 420N"1% + 794N 1

— 1357N'% — 10401 N° — 15678 N?®

+ 532N7 4 239N% — 40018N° — 69432N*
— 69152N3 — 43792N? — 18336N — 3456
76N +922N1? 4+ 4479N'! +9107N 10

— 3747N° — 52973N® — 76133N7 + 42261 N°
+ 199307N° + 123839N* — 77470N?

— 84132N? — 2160N — 432

295N13 4+ 2387N"'% + 8005N !

+ 13687N "0 4+ 10883N° + 389N® — 2641N7
+ 6029N% + 11034N° + 6644N* + 1384N3
+ 80N2 + 128N + 64

(216)

(217)

(218)

(219)

(220)

221)

(222)

(223)

(224)

(225)
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Piog = 296N13 +2368N12 + 10916N 1

P17

Piog

Pryg

Pyo

Pro1

Py

Pro3

P4

Poos

Po6

+ 27006 N0 + 23644N° — 19764N8 — 61931N”
— 63733N% — 52001 N° — 56865N*

— 38104N3 + 2664N? + 7344N + 432

377N + 4649N'? 4+ 21813N !

+ 38539N'0 — 39339N7 — 272611 N3 — 332971N’

+ 220377N° 4 801934N3 + 384958 N* — 362030N3

— 297864N? — 1080N — 864 (227)
859N '3 + 7376 N2 + 25294N 1!

+ 47088N'° + 63868 N’ + 80876 NS + 63648N’
— 35856N° — 146697N° — 157168N*

— 91320N3 — 34800N? — 8640N — 1152
1211N" 4 5680N "2 + 3338N!!

— 17355N 1% — 31517N° — 48486N® — 139667N’

— 278026N°® — 340745N° — 269457N* — 138568N°

(226)

(228)

— 34632N?% 4+ 9072N + 3888 (229)
70N 4+ 555N + 1599812 + 119281

— 4430N'0 — 13305N° — 11835N® + 8440N”

+ 35816N® + 57126 N> + 60340N* + 44464 N>

+ 27808N? + 12768N + 2880 (230)

76N + 802N +2979N 12 + 1847N 1!
— 19377N"% — 58253N° — 26543N8 + 170601 N’

+ 362177N° + 225119N° — 103240N* — 193092N°

— 137160N% — 117072N — 25920 (231)
76N 4+ 1042N1% 4+ 5979N 12 4+ 16367N 1!

+ 11883N10 — 47693N° — 125723N% — 86079N”

+ 36437N® + 22559N° — 51700N* + 24828 N>
+ 132840N2 + 116208N + 25920

4N £ 50N + 267N + 765N 12

+ 1183N'1 + 682N'0 — 826 N° — 1858 N8

— 1116N7 + 457N° + 1500N° + 2268 N* + 2400N?

+ 1392N? + 448N + 64 (233)
26N" 4+ 314N +1503N 13 + 3222N 12

+ 2510N'"1 +1996N 1 + 15041 N° + 40728 N3
+ 54008N7 4 44956N° + 31936N° + 30416N*
+ 29568N> + 16704N> + 5376N + 768

101N + 1234N™ 4+ 6867N '3 + 21904N 12

+ 40098N'! 4 32226 N0 — 22057N° — 86972N8
— 114557N7 — 111416N® — 89204N°> — 37312N*

+ 13392N3 + 23040N2 + 9792N + 1536 (235)
390N +5121N ™ + 30556N 13

+ 114173N'2 + 321958 N ! 4 771597N 10

+ 1583594N° + 2637549N8 + 3381542N7
+ 3199120N% + 2183360N° + 1123200N*
+ 489952N7 + 178176 N? + 48384N + 6912

(232)

(234)

(236)

Pyy7 = 75N'0 + 124581 4 8291 N 14

+ 27609N "3 + 43437N'2 + 14221N !
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Poos

Prog

P

P11

P12

P13

P14

P15

—5995N 10 + 182937N? + 488696 N8

+ 296818N7 — 452292N° — 730430N°

— 186180N* 4 259728 N3

+ 241056N? + 116640N + 25920

115N'0 + 1838N15 + 11829N 14

+ 36114N"3 +30900N % — 133946 N

— 454068N'0 — 457420N° + 249211N8

+ 864716N7 + 312979N°® — 634466N°

— 587862N* — 19556N> + 104832N>

+ 9504N + 1728

185N 16 42988 N1 + 19694 N 1

+ 62954N "3 + 64470N 1% — 207876N !

— 792388N 10 — 861230N° + 437231N8

+ 1750616N7 + 869954N% — 1016136 N°

— 1130122N* — 96596N?

+ 199872N% + 31104N + 1728

939N 0 4 10527N " 4 37207N 1

+ 18679N '3 — 202006N'2 — 617170N !

— 930025N'0 — 882917N° — 157123 N8

+ 1388549N” + 2739376 N® + 2837500N°

+ 2088640N* + 1259696 N> + 622464 N>

+ 211392N + 34560

1155N10 + 12417N " + 37693N 14

— 12293N "3 —285754N'2 — 613900N !

— 571735N ' — 134309N° + 778901 N8

+ 2698745N7 + 4995724 N° 4 5915740N°

+ 4978144N* + 3161840N°> + 1498752N?

+ 479808N + 76032

1665N "6 +33005N 15 + 287646N 1

+ 1402624N "3 4 4031902N "2 + 6199846 N !
+ 1054640N 10 — 16668628 N° — 37272559N8
— 38892027N7 — 17387942N° + 3962700N°
+ 15625800N* + 26960688 N> + 27379296 N2
+ 12985920N + 2332800

87N + 1099N'® 4+ 6055N 15 + 19019N 14

+ 37119N " 4 45159N 12 4 29583N ! — 2639N10
— 30218N? — 40778 N® — 39994N7 — 35844N°
— 30808N°> — 30384N* — 28256N°

— 16064N? — 5248N — 768

829N'7 + 13413N 10 + 83461N 15 + 226391N 1
+ 55508N13 — 1239070N 1% — 2862466N !

— 1217372N "0 + 3372689N° + 2779147N3

— 2705687N" + 171733N° + 8617302N°

+ 5817902N* — 3127236N°3

— 3652560N2 — 336096 N — 25920

1407N"7 + 18107N "6 4+ 103463N 13

+ 347083N'* +760095N '3 + 1142715N 12

(237)

(238)

(239)

(240)

(241)

(242)

(243)

(244)
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+ 1220067N " 4 983393N'0 4 702746 N°
+ 533822N8 + 337702N7 — 3552N° — 300296 N7
— 332160N* — 188128 N> — 63232N2
— 13184N — 1536
Pais = 95N'® +3940N 7 4 48989N'© 4 308380N 1
+ 1166094N % 4+ 2843192N '3 + 4428234 N 12
+ 3171928N'! — 4692053N 10 — 19875244 N°
— 34305831N% — 34774388N7 — 16392680N°
+ 11584912N° + 30493776 N* + 29700864 N3
+ 18783360N2 + 8294400N + 1866240
Py17 = 325N '8 + 4280N"7 + 17759N16 — 14880N 1
— 412326N'* — 1696848 N 1% — 3216546N 2
— 1169232N'! 4 8956857N'0 + 23914216N°
+ 31536899N°% + 25361392N7 + 9982840N°
— 10154128N° — 26098704N* — 26761536N°
— 17642880N2 — 8087040N — 1866240
Py1g = 500N '8 4 8215N17 + 56287N 16 + 201810N 1°
+ 361782N'* + 98826N 13 — 759348 N 12
— 495786N" + 3942186 N0 + 11896133 N°
+ 16709737N% 4 13315736 N7 + 3779660N°
— 7306454N° — 14232852N* — 13254768 N>
— 8367840N2 — 3771360N — 855360
Pojg = 150N 4+ 2815N '8 + 24285N17 + 131358 N'1©
+ 511310N" + 1515954N'* 4 3372978 N 13
+ 5213980N 1% + 4715522N'" + 980739N 1°
— 2709391N° — 3741506N® — 4630558 N’
— 5623132N° — 2333736N° + 3419632N*
+ 5238496N° + 3231936N2 + 1123200N
+ 172800 (249)
Py = 5410N" +98215N 18 4+ 764965N'7 + 3280996 N '©
+ 8031920N 1 + 8939378 N4 — 7608074N 13
— 44964380N'? — 74768226N"'" — 57879177N'°
— 5243187N° + 13745888N® — 28158216N"
— 49672024N° 4 14757808 N> + 94650144 N*
+ 100507392N7 4 53764992N2 + 15655680 N
+ 1866240 (250)
Py = T060N0 4 123495N " + 898682N '8 + 3394183 N7
+ 6222824N'° 4+ 376386 N 13 — 22032204N 4
— 39912378N "3 — 13976964N 1% 4 31985011N !
+ 4994394N 10 — 91499501 N° — 97243208 N3
+ 54501988N7 + 183103272N° + 127073120N°
— 20272608N* — 88410816 N> — 62225280N°
— 21772800N — 3110400.

(245)

(246)

(247)

(248)

251)

Our result for H, S , differs from the one given in Eq. (B.7) in
z-space in Ref. [36] which misses the term

4(N?+ N +2)
N(N + 1)(N +2)

given here in N-space. Note that the result of [36] is based
on the calculation carried out by part of the present authors
in Ref. [39], including the renormalization formulae being
derived there. We have checked, however, that our result
Eq. (72) is in full agreement with Eq. (2.15) of Ref. [39]
and the moments having been calculated.

For the logarithmic contributions to the pure-singlet Wil-

son coefficient HqP g, leaving the constant part of the un-
PS,(3),0

CrTENF (282, — 69], (252)

renormalized OME a symbolic, we agree with the
result given in [36]. Therefore, we refrain from presenting the
corresponding expressions, also for the OME, contributing
to the VENS. The results on Ag;’PS will be given elsewhere.

5 The asymptotic Wilson coefficients for the
longitudinal structure function

The Wilson coefficients in the asymptotic region have been
calculated in Ref. [53] for exclusive heavy flavor production,
consisting of three contributions only. In total also here five
Wilson coefficients contribute and the expressions are mod-
ified in the inclusive case of the complete structure function
Fr.(x, Q%) cf. [39]. In Mellin N-space they read:
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Q20 = N® +8N> +23N* + 54N3 + 94N% + 72N + 8
021 = 2N® + 6N’ + 7TN* + 4N3 + 9N + 8N + 12
02 = 3N® 43N> — 121N* — 391N> — 474N> — 308N — 80
023 = 10N® 4+ 30N + N* — 48N> — 89N2 — 60N — 36
Q24 = 6N7 +24N% + 47N> + 104N*
+219N3 + 316N? + 208N + 48
0>5 = 11IN® + 66N7 + 106N — 121N° — 775N*
—1325N% — 1130N? — 552N — 96

@ Springer

(276)
277)
(278)
(279)
(280)

(281)

(282)

I

(275)

026

027

03

029

030

033

034

035

036

037

039

Qa0

[

= 12N8 + 52N7 + 132N% + 216N°
+191N* + 54N> — 25N> — 20N — 4

= 15N% + 60N7 + 572N° + 1470N° + 2135N*
+1794N3 + 722N% — 24N — 72

= 133N% + 430N7 — 271N® — 1361N°
+110N* +2023N3 + 1684N? — 12N — 144

= 26N? + 539N8 + 3244N7 + 8465N® + 9342\
+841N* — 5720N3 — 2193N?
+2484N + 1404

= N0 —138% —39N8 +222N7 + 1132N°
+1787N° +913N* +392N3
+645N% — 324N — 108

= 3N —48N° — 856N% — 2702N7 — 1961 N®
+2142N° + 3122N* — 1924N°
—5552N% — 4032N — 1152

= 15N"" +75N° + 112N% + 14N7 — 61N°
+107N° + 170N* + 36N?
—36N? — 32N — 16

=35N"0 4+ 372N° + 1263N% + 673N7 — 5090N°
—11596N> — 8413N* + 2305N°
+8049N? + 3078N + 108

=2N" 4+ 41N 4 226N° + 556N
+963N7 +2733N% + 7160N°> + 8610N* + 1969N>
—2748N? — 864N — 216

=2N'2 4+ 20N +86N10 + 192N 4+ 199N8 — N7
—297N% — 495N — 514N* — 488N3
—416N? — 176N — 32

= 12NB + 143N'2 + 591N 4 954N10 4 371 N°
+1658N8 + 11559N7 + 26626 N°
+29129N° + 14011N* — 2374N3 — 6576N? — 1944N — 432

(293)

(283)

(284)

(285)

(286)

(287)

(288)

(289)

(290)

(291)

(292)

= 95N + 1218N'? 4+ 6096N ' + 14484N10
+11570N° — 28440N8 — 117844N’
—225884N° — 238953N° — 83290N*
+57660N> + 122040N2 + 182304N + 77760

= 185N"3 +2582N'2 + 15584N ' + 53036 N 10
+109190N° + 124040N® + 12604N7
—200836N°® — 294247N> — 116270N* + 85260N°
+158760N? + 193536N + 77760

= 35N + 465N + 1962N'% — 348N
—32130N'° — 131686N° — 280396 N ®
—363984N7 — 290209N°® — 122547N°
+6730N* +47316N3 + 11928 N?
—21600N — 5184

= 1255N" 4+ 18165N "% 4 107824N"? + 331744N !
+515430N 0 + 132498 N
—1057432N8 — 2202648N7 — 1979173N° — 534079N°
+350880N* — 29088N°
—519264N? — 382320N — 62208

= 1INY —2N" + 308N "3 4 5275N 2 + 24535N !

(294)

(295)

(296)

(297)
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+52925N10 + 50941 N° — 5977N8
—85550N7 — 191059N° — 294877N°> — 248414N*
—64728N> + 57636N? + 28944 N + 6480

Q4 = 1255N" 4+ 16338N'* + 76085N 3 + 117654N 12
—198422N" — 971844N10
—1002678N° + 1019372N8 + 3525323 N7
+3236906N° + 272625N° — 1523746N*
—632844N3 4 606888N2 + 635904 N + 129600.

(298)

(299)

As has been outlined for the 2-loop results in Ref. [37]
already, the scales at which the asymptotic expressions are
dominating are estimated to be Q/m? > 800. They are far
outside the kinematic region in which the structure function
Fy (x, Q%) can presently be measured in deep-inelastic scat-
tering. At LHeC [105], the region of large values of Q2 can
be probed and the corresponding expressions may be used in
phenomenological analyses there.

6 Comparison of Mellin moments for the Wilson
coefficients and OMEs

To compare the relative impact of the different Wilson coef-
ficients on the structure function F»(x, 02), we will con-
sider the Mellin moments for N = 2 to 10 in the following,
convolved with the moments of the respective parton dis-
tribution functions in the flavor singlet case, i.e., the gluon
G (x, 0?) and quark-singlet density X (x, Q%) for Ny = 3
and characteristic values of Q2. Since only a series of Mellin
moments has been calculated at large momentum transfer Q2
in Ref. [39], a detailed numerical comparison is only possi-
ble in this way at the moment. The numerical results for
the moments of the contributing parton densities are given in
Table 2. Note that for N > 2, the moments for the singlet dis-
tribution are mostly larger than those of the gluon. We apply
these parton densities to study the relative contributions of
the different Wilson coefficients, normalizing to ng within
the respective order in a; using the following ratios:

S
S s _ CNp Lg,ZG
R\Lga Hen)=—75—
’ ’ co Hg,2G
PS
ps s\ _ Nrlga X
R Lq 2 ng = ——3s
’ ’ co Hg’zG
PS
ps ;5\ _ CeH 3 X
R(Hy5 Hyr ) = S v
’ ’ co Hg’zG
where
Nr
1 2
CNr = — e;, cop=¢e (300)
F Nr 1; k o 0

In the numerical examples, we set eg = e, = 2/3 and use
me = 1.59 GeV.

Table 2 The moments N = 2, ..., 10 of the gluon and quark-singlet
momentum density using the parton distribution functions [21]

0%  20GeV?

N 2 4 6 8 10

G 0.4583  0.0044  0.0003 3.62x 107>  7.78 x 107°
) 0.5417  0.0353  0.0070 2.10x 1073  8.01 x 10~*
0%  100GeV?

N 2 4 6 8 10

G 0.4819  0.0038  0.0002 3.60x 107>  8.55x 10°°
> 0.5181  0.0296  0.0056 1.61 x 1073 597 x 10~*
0% 1000 GeV?

N 2 4 6 8 10

G 0.5042  0.0032  0.0002 3.14x 1075  7.60 x 107°
b 0.4958  0.0244  0.0043 1.20x 1073  4.32x 1073

Before we discuss quantitative results, a remark on the
contributions by the color factor d,pcdype to the massless
Wilson coefficients contributing to Eq. (2) is in order. Here
we refer to Refs. [106-108] and [38,109]. For SU (n), one
obtains

% —=1n? -4
E—

dapedabe = (301)

It emerges weighted by 1/N, and 1/Ny4 for external quark
and gluon lines, respectively, with N, = nand Ny = n”> —1.
In Refs. [106—108], this group-theoretic expression has been
used, while in [38,109], a factor of 16 has been taken out and
was absorbed into the Lorentz structure of the corresponding
contribution to the Wilson coefficient. We agree with the
Np-dependence as given in Refs. [106—108]. Furthermore,
we note a typographical error in Eq. (4.13) of [38]. Here, the
corresponding term reads correctly'?

3) Ly )
cz’g(z) ~ —932.089NF7..., with Lo = In(z).

(302)

Also in the pure-singlet case, the massless Wilson coeffi-
cients contain terms X dgpcdgpe, although with a generally
different charge-weight factor, cf. [106—108].

Let us now consider the relative impact of the individual
massive Wilson coefficients. The ratios at O(af) and O(af)
for different values of Q2 and the moments N = 2 to 10 are
given in Table 3. One first notes that at low values of Q2 the

ratio R(L;z, H:z) changes sign, which is also the case for

R(Hqug, H:z) in the whole region up to 0% = 1000 GeV?2.

At O(a?) L?’z is small for low moments and grows to 24 %
for N = 10 comparedto H ;2 at Q2 =100 GeVz, with lower

13 The expression in the parameterization given at http:/www.liv.ac.
uk/~avogt/ is correct, however.
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Table 3 Relative impact of the moments N = 2, ..., 10 of the indi-
vidual massive Wilson coefficients, weighted by moments of the corre-
sponding parton distributions [21], at O(af) and O(af) normalized to
the contribution to ng for Q2 =20, 100 and 1000 GeV?2

02 20 GeV?

N 2 4 6 8 10

/G 11821  7.9967  25.847  57.965 103.06

0(&2)'

R(LS,, HP,) 00387 0.1349 17000 —02592  —0.1384
R(HPS, HS)) —0.2588 —03018 19946 —1.6153  —1.7222
0(ad):

R(LS, HP,) 00829 0.1983  0.6628 —25018  —0.5957
R(LFS, HS,) 00438 01042 07483 —57476  —2.3762
R(HFS, HY,) —0.2259 —0.3472 03387 —9.3371 —4.5870
0? 100 GeV?

/G 1.0753 77514 22797 44.660 69.888
0((12).

R(LS, HS,) 00313 0.0687  0.1071  0.1587 0.2418
R(HSS, HSZ) —0.2496 —0.3753 —0.5429 —0.6531  —0.6743
0(@a):

R(LS, HY)) 00533 00853  0.1449 02186 0.3195
R(L;Sz,Hsz) 0.0340 0.0378  0.1006  0.2600 0.5828
R(HS, HS)) —0.3062 —0.5165  —0.7070 —0.7471  —0.5637
0? 1000 GeV?

/G 0.9833  7.5948  20.958  38.236 56.876
0(02)'

R(LS,, HS,) 00243 0.0420 00531  0.0615 0.0687
R(HPS, HS)) —0.2837 —0.4085 —0.5690 —0.6707 ~ —0.7237
0(ad):

R(LS,, HS,) 00337 0.0392 00597  0.0764 0.0907
R(LYS, HSy) 00313 00209  0.0297  0.0505 0.0828
R(HFS, HS,) —03825 —0.5903  —0.8058  —0.9253  —0.9679

values at higher Q2. A comparable tendency is observed at
0(a3) The fraction |R(H 7 2, 22)| moves between 25 %

and 170 % comparing the moments N = 2 to 10 at Q> =
20 GeV? and upper values of ~ 70 % at Q% = 1000 GeV?>.

In the case of the comparison of the massive OMEs, we
normalize to A, with PDFs according to their appearance
in the singlet and gluon transitions from Np — Np + 1
massless flavors in the variable flavor number scheme,
cf. Egs. (13-15):

PS
A G AT° %
R(Age 0, Apy) = 8897 p (A A ) — [
(Agg, 0, Agg) Age G Qq> 10¢g Ao G
ANS » A 5
R (ANS , A ) — 44,0 , R(A , A _ 89,0
qq.Q° 108 Age G (Agq.0, Agg) = Ay G

@ Springer

Table4 Relative impact of the moments N = 2, ..., 10 of the individ-
ual massive OMEs, weighted by moments of the corresponding parton
distributions [21], at the different orders in a; normalized to the contri-
bution to A g, for 02 = 20 and 100 GeV?

0? 20 GeV?
N 2 4 6 8 10
/G 11821 7.9967 25847  57.965 103.06
0(ay):
R(Agg.0, Agg) —1.0000 —1.8182 —2.5455 —3.2432 —3.9286
0@})
R(Agg,0, Agg) —1.0000 —1.6395 —2.3808 —3.1781 —4.0262
R(ATS, Agg)  —0.1259 —0.3656 —0.7822 —13339 —1.9352
R(ANS 5. Agg) —0.0584 —1.1306 —6.3206 —20.735 —49.508
R(Agq 0. Agg) 0.1843  1.1422  3.9956  9.8073  18.995
0(ad):
R(Agg.0, Agg) —1.0051 —1.3397 —1.8466 —2.4306 —3.0890
R(ATS, Agg)  —0.1604 —0.4838 —0.9635 —1.5449 —2.1295
R(Aqq‘Q,AQg) —0.0404 —0.5832 —2.9406 —9.1817 —21.375
R(Agq.0-Age) 0.1473  1.1265 37972  8.9925  16.961
R(Age.0.Agg)  0.0051 —0.0202 —0.0326 —0.0445 —0.0567
R(APS ) Agy) 00534 01093 02460 04678  0.7619
02 100 GeV?
/G 1.0753 77514 22797  44.660  69.888
0(ay):
R(Agg.0, Agg) —1.0000 —1.8182 —2.5455 —3.2432 —3.9286
0(a?):
R(Agg.0, Agg) —1.0000 —1.7746 —2.6448 —3.5805 —4.5771
R(ATS, Agg)  —0.1884 —0.4246 —0.7627 —1.0887 —13514
R(ANS ), Agy) —0.1247 —24385 —12.377 —35460 —74.510
R(Agq.0-Age) 03131  1.3950  3.9075  7.7692  12.560
0(ad):
R(Agg.0, Agg) —1.0048 —1.6120 —2.3201 —3.0734 —3.8667
R(ADS, Agg)  —02799 —0.5808 —0.9473 —12540 —14615
R(ANS ). Agg) —0.1772 —2.8698 —13.694 —37.928 —77.874
R(Agg 0. Agg) 03924 14140 34078  6.0520  8.9253
R(Agg.0-Age)  0.0048 —0.0375 —0.0491 —0.0580 —0.0657
R(AFS ). Agg) 00647 00984 01726 02553  0.3319
A G APS v
R(Agg. 0, Agg) = %, R(AFS 0. Age) = %.

Here, we have included also the moments of the OME
ANS since it contributes to the singlet term in the VFNS.
These ratios describe the relative impact, within the corre-
sponding order in ag, of the massive OMEs in the variable
flavor number scheme for the flavor singlet contributions.
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Table 5 The same as Table 4 for Q2 = 1000 Ge V>

02 1000 GeV?

N 2 4 6 8 10

/G 0.9833 75948  20.958 38236  56.876

O(ay):

R(Agge 0. Agg) —1.0000 —1.8182  —2.5455 —3.2432 —3.9286

0(a?):

R(Agg 0. Agg) —1.0000 —2.0101  —3.0170 —4.0596 —5.1403

R(APQE,AQg) —0.2555 —0.4521  —0.6997 —0.8850 —1.0072
NS

R(ADS 5. Agg) —0.2048 —3.7111 —16.978 —44.037 —85.945

R(Agq 0. Agg) 04603 15427 35816  6.1302  8.8857

0(ad):

R(Agg 0. Agg) —1.0054 —1.7515  —2.4980 —3.2560 —4.0291

R(ALS. Agg)  —0.3731 —0.6275  —0.9067 —1.0906 —1.1928
NS

R(ANS ). Agg) —02930 —4.1599 —17.532 —43.424 —82.110

R(Agg 0.Agg) 05934 1.5060 29692  4.5100  5.9397

R(Agg 0. Agg) 0.0054 —0.0469  —0.0561 —0.0624 —0.0675
PS

R(AFS ). Agg) 0.0727 00902  0.1341  0.1721 02011

The numerical values for different scales of QO are given
in Tables 4 and 5. |Ag, o/ A ggl rises from about 1 to higher
values from N = 2 to 10, irrespective of the values of Q>
and the order in a;. The smallest contributions are |A g o
and APS contributing the ratios R by ~0.5-5 % and form
~5—~10 % respectively, for N = 2 and 4, i.e., in the region
dominated by lower values of the Bjorken variable x. The
OMEs |AF’S | and Agy o have contributions of 16-62 and
14-150 % respectrvely, for N = 2 and 4. Also the flavor
non-singlet Wilson coefficient |ANqS 0 | [43] contributes in the
flavor singlet transitions and is weighted by the distribution
¥ here. Its relative impact rises with Q2 and amounts from
~4 to 370 % for the R-ratio considering the lower moments
N =2and N = 4 only.

Right after having obtained a series of moments for the
massive OMEs at 3-loops in [39], it became clear that the
logarithmic contributions are of comparable order to the con-
stant term. Moreover, there is a strong functional dependence
w.rt. N, as displayed in Tables 2, 3, 4 and 5. To obtain a
definite answer, the calculation of the constant parts of the
un-renormalized OMEs a(j) 0" as a function of N € C is nec-
essary. In particular, predictions for the range of small values
x =~ 10™* appear to be rather difficult using constraints by a
low number of moments only.

7 Conclusions

We have derived the contributions of the massive Wil-
son coefficients to the structure functions F»(x, Q%) and

F(x, Q%) in deep-inelastic scattering and the correspond-
ing massive OMEs to 3-loop order in the asymptotic region
Q? > m? in Mellin N-space, except for the constant parts
al.(;)’o of the un-renormalized OMEs, which are not known
for all quantities yet. Here, we retained both the scale depen-
dence due to the virtuality Q2 and the factorization and renor-
malization scales ,u2, which were set equal. This allows for
scale variation studies in applications. Two of the Wilson
coefficients, Lqu and L?yz, are known in complete form,
and the corresponding results for LNg are given in [43]. In
the variable flavor number scheme being applied to describe
the process through which an initially massive quark trans-
mutes into a massless one at high momentum scales, more-
over, the matching coefficients A;; are needed. Here, APS
and A, o are known in complete form to 3-loop order and
the results for Ag, and AN 7 q o are given in [42] and [43],
respectively.

We have given numerical results for the Wilson coeffi-
cients LZ”S2 and L?’z. Using the available Mellin moments
we have performed a numerical comparison of the different
Wilson coefficients and operator matrix elements within the
respective order in the coupling constant for the moments N
=2-10and in the Q? range between 20 and 1000 GeV?2. Here
we have included also the OME from [42] and the Wilson
coefficient and OME in the pure-singlet case for complete-
ness. For numerical results in the non-singlet case see [43].
While some of the quantities studied are of minor impor-
tance, several others for the Wilson coefficients and OMEs
are of similar size, which is varying in the kinematic range of
experimental interest for present and future precision mea-
surements. Even in case of the charm-quark contributions,
the logarithmic terms are not dominant over the constant
contributions in wide kinematic ranges, as, e.g., at HERA.
Moreover, corrections of O (0.5-1 %) are important, given
that the experimental resolution at HERA reaches 1 %. Much
higher accuracies are expected at planned facilities as the
EIC [33,34] and in part of the kinematical region at LHeC
[105].

We have also derived the z-space expressions for all quan-
tities given in the present paper, which were obtained from the
N-space expressions using the package HarmonicSums
[95-98]. Here, we have also reduced all expressions alge-
braically to obtain a compact basis representation [99].
These and the expressions in N-space may be obtained in
form of computer-readable files on request via e-mail to
Johannes.Bluemlein@desy.de.
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Appendix A: The massive operator matrix elements
in NV-space

In this appendix, we present the massive OMEs in Mellin
space to be used in the matching coefficients in the variable
flavor number scheme Eqgs. (12—15). Thus far, the OMEs
Asc? 0 and Ay o are known completely. The other OMEs

have been presented except for the 3-loop constant part al.(j)‘o

in the un-renormalized OMEs. The OMEs AquS 0 and A? 7.0
are presented elsewhere [42,43].

The transition matrix elements A;i o and Ay o are given
by:

ASSQ =31+ (=D

q.
32(N2+ N +2)°s
x {afCFNFTg {L,zw[ ( ) 'S

3(N — DN2(N + D2(N +2)

32P)
~ 9N — DN3(N + D3(N + 2)2]
N {_ 32Px4
27(N — )N4(N + D*(N +2)3

64 P27 S1
J’_
9(N — )N3(N + 1)3(N +2)2

2 2 32 ¢2 328
(N +N+ 2) I:_i:; Sl —_ 732]
M

(N — DNZ(N + DX(N +2)

32 Py
243(N — DNS(N + D3(N +2)*
32Px»5S)
J’_
81(N — DN*(N + D*(N +2)3

32(N2 4+ N +2)° I
9N —DHN2(N + 12(N +2) M
16 165
P223[_ﬁ512 - T72]

(N — DHN3(N + D3(N +2)2

2
(V2 + N +2)°[ 857 + 9550 + 198 + 250 |

+ (N — DN2(N + D2(N +2) ’
(303)
with
Py = 8N +37N® + 83N> + 85N
+61N3 +58N2 — 20N — 24 (304)

@ Springer

Py3 = 40N7 + 185N + 430N°> + 521N*

+ 452N3 4+ 404N% — 16N — 96 (305)
Proy = 95N + 712N + 2379N® 4 4269N7

+ 4763N° + 4569N° + 3309N* + 200N?

— 808N? — 48N + 144 (306)

Pys = 233N'0 + 1744N° 4 5937N® + 11454N7
+ 14606N° 4 15396N° + 12030N* 4 3272N3
— 928N? — 96N + 288 (307)
Prys = 1330N"3 + 13931N"% 4+ 66389N ! + 187681 N!0
+ 354532N° + 492456N8 + 532664N”

+ 423970N° + 204541 N> + 34274N*

— 11704N3 — 3408 N? — 1008 N — 864 (308)
and
Age.0 = 31+ (=DV]

x {aﬁ{cmﬂg[[gw f(lj\)’;::g:lz))fzzl et gffgsl]qu

n 4 P33
9(N — DN*(N + DA (N +2)3

32(5N3 +8N2 + 19N +6)S; 4 48,
- ( 2 ) +7«?x[_7512_ 7] Ly,
IN2(N + I)(N +2) 3 3

16(10N3 + 13N + 29N + 6)S?
ON2(N + 1)(N +2)
16(103N* 4+ 257N3 4 594N? + 524N + 120) 5,
27TN2(N + D2(N +2)

4 P35
27(N — h)NS(N + D)S(N +2)*

+

16(10N? +25N2 + 29N +6)S,
ONZ(N + 1)(N +2)

o4 4 1653
+ V:g[§S? + 33251 - T]}LM

. 8(215N* +481N3 + 930N2 + 748N + 120) 57
81N2(N + 1)2(N +2)

64 (N?+ N +2) P83
9 (N — )N3(N + 1)3(N +2)2

n P37
243(N — DNS(N + DO(N +2)

16(1523N5 + 5124N* + 11200N° + 14077N? + 7930N + 1344)35,

243N2(N + 1*(N +2)
. 8(109N* +291N3 + 478N2 + 324N +40)5,
27TN2(N + DA(N +2)
(10N + 13N2 4+ 29N +6)[ {957 — 1655
N2(N + D(N +2)
32(5N3 — 16N? + N —6)5;
8IN2(N + 1)(N +2)

+
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0 [77 2 8 64 1
Yag| 7271 7 9 27 9 9

GNP ENHD(NEN+2) 8

Yas S‘i|

CANpTE| L3 b
+ CaNF F|: M|: 9(N—1)N2(N+I)Z(N+2)2 9

N |: 8 P31
9N — DN2(N + 1)3(N +2)
32(SN* +20N3 + 47N2 + 58N +20) S,
IN(N + D2(N +2)2
4 48, 8

~0 2 2
+ ng[gsl + T + 55—2]1|LM

N 32(SN* +20N3 + 41N? + 49N +20)S?
IN(N + DN +2)?

" 16 P234
27(N — )N4(N + D*(N +2)*
32(5N* +26N3 + 47N? + 43N +20)S,
IN(N + 1)2(N +2)?
16 P03 S| 64(5N? 4 8N +10)S_»
27N (N + 1)3(N +2)3 IN(N + 1)(N +2)
4 8s; 16
3 -_— —_——_———
Sl + 35251 9 3 S_3
6 16 P20 S?
- —S Ly— ————=— 1
3 2"]] M7 SINN + 13N +2)°
8P
243(N — )NS(N + 1)5(N +2)3
512 o

4
~0
7[5

+

1 145,
SH— 2858 — 558 — 3 — ~ 82+ T“H

+ 7(N2+N+ (N + N +2)
N 16Py3 Sy
243(N — DN2(N + D3N +2)*
16 P23052
CBINV+ 1PN +2)8
64(SN* + 38N> + 59N + 31N +20)S3
8IN(N + D2(N +2)2
32(121N3 + 293N + 414N +224)S_,
SIN(N + D2(N +2)
128(5N? + 8N + 10)S5_3
2IN(N + )(N +2)

+

(N — 1)N2(N 4+ D*(N +2)?

(SN* +20N° + 41N2 + 49N +20)[ 257 - 5281 + F 5]

N(N + D2(N +2)?

or L 2
+ 75 375 - 5525

27 9
16 4083
+[9 2,1 27 1
+64 s +152+1454+32S +325 16S
9531 92 9 9 —4F sl g S

with the polynomials

i}

(309)

Pyy7 = 3N® £ ON° — N* — 17N3 — 38N% — 28N — 24

Prg = 94N® + 631N° 4+ 2106N* + 4243N°
+ 4878N? + 2812N + 680

Pyg = 103N® + 694N° 4 2148N* + 3991 N3
+ 4494N? 4 2704N + 680

(310)

(311)

(312)

P30

Pr3

Pz

P33

P34

P35

P36

P37

= 139N + 1093N> + 3438N*
1+ 5776N°> 4 5724N?% + 3220N + 752 (313)
=9N® +54N7 + 56N°® — 182N°

—717N* — 1120N3 — 1012N?% — 672N — 160
(314)

= 1244N'0 4+ 10557N° + 40547 N® + 90323 N7
+ 114495N° + 49344N° — 69902N*

— 115200N? — 64352N% — 11264N + 864  (315)
=33N"" +231N'0 + 698 N? + 1290N® + 1513N7

+ 1463N°% + 2236 N> + 5096 N* + 7328 N3

4 5456N? + 3456N + 1152 (316)

=99N"'2 + 891N +2902N 10 + 3392N7 — 4300N 8
—20914N7 — 33059N° — 28357N°

— 11406N* + 3840N?> + 7568N? + 4176N + 864
(317)

= 159N + 1590N 13 + 7223N 12 4 20982 N !
+43703N'0 4+ 65162N° + 62553N% + 30282N
— 28286N% — 145968 N> — 257720N* — 241760N°

— 158112N? — 73728N — 17280 (318)

=3315N"'° +39780N'* + 194011N '3 + 471164N 12
+ 416251N" — 860568 N 10 — 3525799 N°
— 6015120N8 — 6333994N7 — 4373672N°
— 1907512N° — 499824N* — 217952N°
—264192N% — 160128N — 34560 (319)

=13923N"'7 + 180999N '® 4 1064857 N 1
+ 3812487N'* 4 9348807N 13 + 16391845N 12
+20248499N'" + 17070917N'° + 11536274N°
+ 11303496 N® + 13846104N7 + 16104128 N©
+ 22643488 N> + 29337472N* + 26395008 N3

+ 15388416N? + 5612544 N + 995328, (320)

Next, we present the OMEs, which are known except for the

constant term in the un-renormalized massive OME at 3-loop
order, a/>°

ij
(3).0

The OME A g except for the term a ™ reads:
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5 4
Age = 31+ (=DM x {asyqogTFLM +as{3ngTFL2 + CrTF

433N +2)S?  4(N*— N3 —20N? — 10N —4)S, N 2Px3
N2(N +2) NZ(N + 1)2(N +2) NA(N + DN +2)
2(N*+ N +2)(3N?+3N + 2) 4Ps 165
L} St|+Lm|— 70 1282 — 28
M[ NZ(N + D2(N +2) 274 ‘] + M[ N3(N + D3(N +2) [ 2]]

4(N*+ 17N + 17N? — 5N = 2)5,
N2(N + DX(N +2)

I 5 483
+ng[35 + 58 — 3 ]

4(N3 +8N? + 1IN +2)8? 4P>41 ) N 4P3))
N(N 4+ 1)2(N +2)? N(N +1)3(N+2)3 (N —1)N*(N + D*N +2)*
16(N?+ N +1)(N*+N+2) __, 4(7N° 4+ 21N* + 13N? 4+ 21N? + 18N + 16)5,
(N—DN2(N + )2(N +2)2  Tas”! (N —DN2(N + D2(N 1 2)2
8 P9 32(2N +3)5;
(N=DN3N +1)3(N+2)3 (N + D2(N +2)?

+CATF|:_ +L/2w

+ Ly

+7 [ 252 - 252—452]]

(N2 — N —4)
(N + D2(N +2)2
R PEIRL 50 3 167,83 R 32(N3 +8N? + 1IN +2)S} N 8Py S?
F| g Yagtm 9 F IN(N + 1)2(N +2)2 3N(N + 1D3(N +2)3
16P3145) 32 (SN* +8N3 + 17TN? + 43N +20) 0,
SI(N — DN2(N + D*(N +2)* 9 N(N 4+ 1)2(N +2)?
32(3N% — 12N? — 27N —2)5,5; N 4 P3002
3N(N + D2(N +2)2 9 (N — N3N + 1)3(N +2)3
N 8 P335 N 32(9N° —4N* + N3 + 92N? + 42N +28)(3
81(N — )N3(N + 1)5(N +2)3 9(N — HN2(N + D2(N +2)2
s [ 448(N*+N+1)(N?+N+2) 56 50 g 8P235,
M TN DNIN + RN +22 974 | T3NS DNV 4 D3N + 2)°
256(N° + 10N* + 9N? + 3N? + 7N +6)S3
9(N — 1)N2(N + 1)2(N +2)2
12 8 Pyog N 32(5N* 4+ 20N3 — N2 — 14N +20)S)
M| 7 9(N — HN3(N + 1)3(N +2)3 IN(N + 1)2(N +2)2

8S
— 355 — 4DV 8 - =7 — 2DV + 45_2,1]”

ol
16(=HVS_, + yqog[—gsf

1

(N* +2N3 + 7TN? + 22N + 20)[%(—1)NS_2 + 63—4(—1)N§2]
(N + 1)3(N +2)3

+ ;@‘}[—4512 — 48, — 8S_2H +

(V2= N = 4)[ =BV 8180 = BV S+ B850 — BV 815 - 32(- 1)V |

" (N + D2(N +2)?
20 32 16083 64
44 2, 9%, N o4
+ng[95 7 52851+ 5 (DT85S +[ 3 72,1]51
8 2 32 32
+ 6( —2+4+9(-DY)58 + 555 + S_z(—(—l)NSlz + —(—1)N52) + 128,
16 16 32 32 16 64 2
+?(—1)N 4——531——5 22——5 %1——5211—1-—5 211+[ (=3+8(-DY)st
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2 4 16 P33
348DV S + (1 +4(—=DN)s_ L
#3384 044052+ M[27(N—1)N4(N+1)4(N~|—2)4
32(SN* +23N3 + 65N? 4 82N +26) S} 16Py72S) 32PugS»
ON(N + 12(N +2)2 2IN(N + 1D3(N +2)3 9N — )NZ(N + DZ(N +2)2
64(5N2 +8N +10)S> (N> =N —4)1B(-DVs_,
IN(N + 1)(N +2) (N + 1)2(N +2)?
4 20 32 16 16 32
~0 3 N N
=8 — 858 — = (=DNVS_58 =853 — —(1+ (=DHY)S_3 — —5§ =s_
+J/qg[31 3 5251 3() 251 3 3(—l—())3 3521t 3 2,1]}]
16(N3 4+ 8N? + 11N 42)S3 8 P24 S?
+CAT1~%NF[ ( 2 2) -t 242 . 3
ON(N + 1)2(N +2) 3N(N + 1D3(N +2)°
4 Prgato
_|_ —
9 (N — HN3(N + 1)3(N +2)2
16 P>79S} N 16 P33> 16(3N? — 12N? — 27N —2)S5,5,
AN(N 4+ DN +2)* * 3(N — )N3(N + 1)3(N +2)° 3N(N + D2(N +2)2
16 (SN* + 32N + 47N% 4+ 28N +20) 2, L 16 (ON5 — 14N* — 19N? + 52N? + 12N + 8)¢3
9 N(N + D2(N +2)? 'y (N — DNZ(N + DA(N +2)2

— TSt
9(N — 1)N2(N + 1)2(N +2)2 9748

3[ 64(N>+ N+ 1)(N>+N+2) 38 }Jr 8P2025>
31—

3(N — )N3(N + D3(N +2)3

128(N° 4+ 10N* + 9N +3N? +7N +6)S3 8Pos>
9N — DN2(N + DA(N +2)? ML 9N — DN2(N + 1D3(N +2)
32(SN* +20N3 + 47N? 4+ 58N +20)S) 450 [ 4o 49 8 ]
IN(N + D2(N +2)2 Yag -2

37033
(N*+2N° + TN + 22N +20)[ SV S + R (- 1)V
(N + D3N +2)3

(N? - N —4) 128 64
N+ D2N 122 ¢ [__(—1) S18_5 — ?(_1) S_4

+

3

128 64 N oflw 10, 16
+ - Sea1 = (DY = 16=1)Ves | + 75 551 + T 8257 + F =DV
80S; 32 4 N 1, 16 v, 16
[ = TS [si+ 5 (= THODN) 6 + 55+ 5o TV + DY ]
8 8 16 16 8 32 4
684+ =(—DVNS_4 — =831 — —S 07— —83,—=S =s_ —(=142(=DN)s?
+ 4+3( ) S 330 - 3822 55813 21,1 + 3 2,1,1+[3( +2(=D")S;

16(10N* +43N3 + 106N? + 131N + 46)57
IN(N + D2(N +2)?
8 P34 n 16 P25 51 _ 16 P>53.52
27(N — DN4(N + D*(N +2)* " 2IN(N + D3 (N +2)3  9(N — DN2(N + 1)2(N +2)?
64(5N? +8N +10)S_,  (N*—N—4) 64
IN(N+D(N+2)  (N+D>*(N+2)?3
4083 8

§ . 8 16y v 16 16
oS s = (VS — =2 20 (—1)V) Sy — — s
X[ 951 35251 3( ) S_28) 5 3( +(=DY)S_3 3Sz,1~|— 35 2,1]i|i|

4 8
+3(— 142DV + 3(—1)Ns_2];2] + LM[—

_|_

N ~0
(_1) S—2 + ng
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(3N* +54N3 + 139N% + 120N +36)S}  4(18N° — ISN* — 180N? — 111N? — 40N — 4)53
3N2(N + 1)2(N +2) 3N3(N + 1D2(N +2)

2Pr67S? 4(3N* + 14N3 + 43N? + 48N +20)(» @
+ N3 (N +1D3(N+2) N2(N + 1)2(N +2) :
2(3N3 +24N? + 27N + 10) 5,57 4P306S1 4Py535,5)
NZ(N + 1) CNS(N+ 1SN +2) N3N+ D3N +2)
8(9N* + 102N3 + 97N? — 36N — 12) 838 16(3N* +2N3 + 19N? + 28N + 12) 5, 1 5)
3NZ(N + 1)2(N +2) - N2(N + D(N +2)

8Px16251 P3p 2, 5 4 3 2
— — —(N N +2)(153N 306 N 165N 12N +4
N3N+ 13(N+2) NS(N + 1)S(N +2) T3V N2 * + +12N +4)

5 & o 2(N2+ N +2)3N2+3N +2)°  16(N2+ N +2)Si(3N*+3N +2) 8 @
NN+ 13N +2) M 3NN+ DN +2) 3NZ(N + D2(N +2) 37481
N 2P755) N 4P>70S3 16(N? —=3N —2)(3N? + 3N +2) 8>,
N4(N + D4(N 4+2)  3N3(N +1)3(N +2) N3(N + D2(N +2)
L2 4(3N* + 14N> + 43N? + 48N +20) S} 8 P61 N Ps6
M N2(N + D2(N +2) N3 (N +1D3(N+2)  NYN+D*N +2)
12(N? + N +2)(3N* +3N +2)S;  32(N?+ N +2)S_»
N2(N + 1)2(N +2) NZ(N + 1)2(N +2)
Proo2 16(N2 + N + 2)5!2@'2
2NY (N + D*(N+2)  N2(N + D3N +2)

+ C2Tp [—

+ 7457 — 125,81 — 16525,

853 — 85_3 + 165, 1]} n + 9672, log(2)¢

64(N + 1)S3 8Py S? N 16(N* + 10N? + 3N? — 18N —4)5, S8
MITNZ(N+2) N3N+ 1)3(N +2) N2(N + D2(N +2)

n 8 P30St P31y 8(N2+5N+2)(3N2—N+2)S3
N4 (N + D*(N +2) 2N5(N + 1)3(N +2) N2(N + 12(N +2)

N 4PysS) 32(2N3 +4N* = N3+ N2 —2N +8)S_»  64(N — 1)S_3
N3(N + 1)3(N +2) N3(N + 1)2(N +2) (N+ 13N +2)
64N+ N +2)s5, (NP=N+ 2)[1285_2,1 - 1285_251]

T NN+ DX(N +2) NZ(N + (N +2)

+7°, [25‘1* +48:87 + 328381 + (2453 — 328,1) S

+ 682 + 852, + 16S_2S5 + 2084 +40S_4 — 8831 — 16S_25 — 325_3 + 2432,1,1]

BN=D(BN* 43N —2)53] (N2 +N +2)(3N>+3N + 2)[—522 8008 + 684 — 1683 + 3285211 — %651;3]
N2(N+1)2 ]+ N2(N 4+ D2(N +2)

o1 | 8 8
+ 70 [—5515 — 25,83 + [—§s3 165,15 - SaSt+ -3+ 654 = 16531 + 328,115,

Pys4 St
483 +85,5) + 8S_2S| + 4S5 +4S_3 — 85 ] ] 2T |
480485251 85281 4453 +453 -85 2 o] | + ATPLON ZDNZ(N + D2(N +2)2
B 4PygsS3 4 P60 S0 n 2P5035?
9N — DNZ(N + 1)3(N +2)3 3 (N — DNZ2(N + D2(N +2)2 ' 3(N — DN2(N + D¥(N +2)*
N 2(N —2)(55N° 4 347N* + 379N3 + 213N? + 326N + 120)$,5? 4 P14 8183
3(N — )N2(N + 1)2(N +2)2 9 (N — 1)N2(N + 1)2(N +2)?

@ Springer



Eur. Phys. J. C (2014) 74:3033 Page 41 of 54 3033

4 P3105182 B 4P33351 _ 4P2045281
ON—1D2N3(N+ 1D3(N+2)3 3(N—DNS(N+D5(N+2)5 3(N— DN3(N + D3N +2)3

n 16 P28 S35 2 P3782 4(11N4 +22N3 —35N2 — 46N — 24)P332
9N — DNZ(N + D2(N +2)2 9 (N — DEN4 (N + D*(N 1 2)* 3(N — DENS(N + 1)O(N + 2)6

4(11N* 4+ 22N — 35N — 46N — 24)(9N°> — 14N* — 19N3 + 52N% + 12N + 8)¢3
9N — 1)2N3(N + 1)3(N +2)3
8(N?+ N +2)(1IN* + 22N3 — 59N? — 70N — 48)S,;
9N — )N2(N + D2(N +2)?
16(N? + N +1)(N? + N +2)(11N* + 22N — 35N? — 46N — 24)
* 9(N — D2N3(N + 1)3(N +2)3 ]
2(11N* 4+ 22N3 — 35N? — 46N — 24) P2, S, » (N>+N+1)(N*+ N +2)
- 3(N — D2N*(N + D*(N +2) TN = DNEN + DN +2)2 7P
32(1IN* +22N3 — 35N% — 46N — 24)(N° + 10N* + 9N + 3N + 7N +6)S3
9N — D2N3(N + 1)3(N +2)3

8
13 ~0 o2
+ M|:§ngSl_

2 4P258S% 8P30951
3(N — DN2(N + D2(N +2)2  9(N — 1)2N3(N + 1)3(N +2)3
N 16 P3¢ 4(N? + N +2)(11N* +22N3 — 83N? — 94N — 72) S,
9(N — 1)2N4(N + D*(N +2)* 3(N — )N2(N + D2(N +2)2

8(N? + N +2)(11N* 4+ 22N3 — 59N? — 70N — 48)S_»
3(N — DN2(N + D2(N +2)2

+ 70 [4513 F1285,8) + 165_58) + 453 +4S_3 — 8S_, 1]}

N (N*+2N3 + 7N? + 22N +20)(11N* + 22N3 — 35N? — 46N — 24)
(N = 1)N(N + D*(N +2)4

16 8
x [~ DY s - S -DVg]

(SN = 131N° = S8N2 4 232N +96)| Z(=DVS15-2 + (=112

* (N — )N(N + 1)2(N +2)3

6
Prso[ 2 -DVS28F + DY 0S| (N2 4 N 4+ 2) (1IN + 2287 — 35N2 — 46N — 24)

+

(N — 1)N2(N + 1)2(N + 2)2 (N — 1)N2(N + 1)3(N +2)?2
1, 16 8 8 16 16 8 32
— — (=17 S_»S 6S. —(=D"S_4—=831——S 92— —85 31 —=S —S_
X [3 5+ 3( )8 28 + 684 + 3( )" S84 PR R R 21,1+ 3 S-2.1

8 8
+ (5D + 3 (=DVS2) |

(N> = N — 4)(11N* + 22N% — 35N2 — 46N — 24)[%(—1)1*’3_3 — 25,4 4(—1)Ng3]

* (N — DN(N + 1)3(N +2)3

(11N5 4 34N* — 49N3 — 24N2 — 68N — 48)[%6(—1)’\’51 S 3 — 32855, + 4(—1)Nslg3]

" (N~ DNZ(N + D(N + 22
or 1 805 4
n yqog[ = 357 = 108:5] — 16(=1)"S_357 + [325_2,1 - T]sf — (=7 4908

8=V S_4S) + [—sg — 1884 + 8831 + 16522 + 16531 + 85211 — 325,2,1,1]51
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+ 5_2[—16<—1>st - 16(—1>N5251] + [—4( —14+2(=DY)8} = 8(=1)V %28 —4(1 +2(-DY)S 18

LS e o6 s ]]+L 8(1IN* +26N3 — 139N? — 218N + 8)S}
3 e e A IN(N + D2(N +2)?

N 4P51,5? B 8P32851

9N — D2N3(N + D3(N +2)3  27(N — D2N*(N + D*(N +2)*

8Py555,5) 32(2N°—23N* — 32N3+13N? + 4N —12)S_» S 23 P75
3(N—D)N2(N+1)2(N+2)2 (N—1)N2(N+1)2(N +2)? (N—1)N2(N+1)2(N+2)2
4 P336 4P3135,

— +

27(N — 1)2N3(N + 1D3(N +2)°  9(N — 1)2N3(N + 1)3(N +2)3

8P6953 16 P32S_2

O —DNXN £ DEN +22 9N — DNV + DN £ 203

n 16 P2s56S 2,1 _ 16 P2575_3

3(N — DNZ(N + D2(N +2)2  3(N — DN2(N + D2(N +2)2

16(N? + N +2)(11N* + 22N3 + 13N? + 2N +24) 55|
- 3(N — DN2(N + D2(N +2)2

(N? — N —4)(11N* + 22N3 — 35N% — 46N — 24) 2 (-1)V5_,
B (N — )N(N 4+ 1)3(N +2)3

(LINS + 34N* — 49N3 — 24N? — 68N — 48) L2 (— DV §; 5,

(N — 1)N2(N + 1)(N +2)2

(N?+ N +2)(11N* + 22N3 — 35N2 — 46N — 24)[—%(—1)NS_3 _ 2(—1)N;3]

+ (N~ DN2(N + DN +2)2

+ 75,251 +283
+328,87 +8(8 + (=DN)S_38; + [4053 — 1685 — 805_2,1]31 +6( =5+ (=DV)za8; + 1252,
+ S_2[8(3 +2(=1)V)s? + 1652] A4Sy +445_4 + 16831 — 568_20 — 64S_31 + 965_2,1,1]]}

16(N? + N +2) Pao 32 4P313
CrT? =508 L3, + | -
e F[[9(N—1)N3(N+1)3(N+2)2 o Vag 1} M+[ ON — DN (N + DA(N +2)°

32(5N3 + 14N? + 3TN + 18)S1 o1, n 457],, [16(10N? +31N? 4 59N + 18)57
ngI:4Sl - _:I LM

IN2(N + 1)(N +2) 3 IN2(N + 1)(N +2)
16(29N* + 163N3 + 786N? + 592N + 192)5; N 2P33
27N2(N 4+ D2(N +2) 27(N — DHN3(N + DS5(N +2)4
16(2N* +39N3 + 42N%? — 5N —2)S 4 16(N* —5N3 —32N? — 18N — 4)5?
( ) 2450 [—S§+4sgsl—853] Ly — ( )Si
3N2(N + D2(N +2) 13 3N2(N + D2(N +2)
16 (N?+ N +2)Paot3 2 P31982
9 (N —DN3N+1D3(N+2)2 " 9(N — HNHN + DHH(N +2)3
N 32(2N% —2N* — 1IN? — 19N? — 44N — 12)5; 2 P39
3N2(N + 1)3(N +2) 3(N — )NO(N + 1)O(N +2)2
80 (N3 +4N2 + 1IN +6)¢, 16 P24 S> BN +2)(— %58} - 2585)
9 NXN+DWIN+2) ' 3NN+ 1PN +2) N2(N +2)
32(3N* +48N3 +43N%? — 22N —8)S3  128(N? —3N —2)$y
IN2(N + 1)2(N +2) 3N2(N + 1)(N +2)
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of 2. 4 16 32 32
+ ygg[—gsj‘ — 35St + (- 353 — S 521)81 = 01— —52 +4584
32 64 8(N? + N +2) Pos3 .8
- =5 —S 25, — Vg CrTAN Si|L3,
3 St S+ (28— 3 1){2]}+ FIE F[[9(N—1)N3(N+ )3(N+2)2 ng 1}
9N — DN*(N + 3N +2)° ONZ(N + (N +2) 7al3 3173

32(19N* + 77N3 + 303N? + 251N + 78)S)

M

2P330

32(5N? + 11N? + 22N +6) S}
IN2(N + 1)(N +2)

27N2(N + 1)2(N +2)

+ 27(N — 1)N>(N + 1)3(N + 2)4

8 (N?+N+2)Pat3

8(N* —5N3 —32N2 — 18N —4)S? 2

16 P>775> n [SS n SS s 5653]
3N DN + 3N 122 Tas[g81 35S m g

P30

9 (N — HN3(N + 1)3(N +2)2

3NZ(N + D2(N +2) 9 (N — DN*(N + D*(N +2)3

16(2N° —2N* — 11N — 19N? — 44N — 12)S; 16 (SN + 11N? + 28N + 12){»
+ 3NZ(N + 1)3(N +2) T 9 NXN+D(N+2) !
B 4 P333 _ 8P31552

3(N — )NO(N + DO(N +2)5  3(N — DN4(N + D*(N +2)3

(3N+2)[—— - %stl] 16 Py 3
+ NZ(N +2) T 9(N — DN3(N + D3(N +2)2

N 64(N? —3N —2)S,
3N2(N + 1)(N +2)

+ J7t?g[__

2
St — §52512

4 8 16 8 1., 16 32
— 5(231 + [—553 - ?52,1]51 — 5{351 - §52 + 284 — ?53,1 + ?52,1,1]}
2P23854 8P296S
+CrCalr [_ 9(N — DN(N + 11)2(N 22 TON—DNI(N + 3N +2)°
8 P52 S350 4P517S?
C3(N—=DN2(N+ 1)2(N +2)2  3(N — DN3(N + D*(N +2)*
4P 5,57 4 Pr718183
SN DNV DN 122 9N — DN2(N + DE(N 1 2)2
8 P33481 ‘_l Prg785182
3(N— )NS(N + 1)5(N+2)5 9 (N — N3N + 1)3(N +2)2
N 8P299.5, 51 8P2765351
3(N — DN3(N + D3(N +2)3 " 9(N — DN2(N + D2(N +2)2
16(11N° + 45N* —3N3 — 145N? — 176N — 20)55,1S1 2 P393
B 3(N — HN(N + D2(N +2)2 T 9 (N — DN3(N + D3(N +2)2
2(N*+ N +2)(N*+2N3 — 16N> — 17N —6)S3 1 P52

3(N — HN2(N + DZ(N +2)2

P337

3(N — N3N + DO(N +2)°
16 ~0
S7

+ L3 |-

2(N*+ N +2)(3N? + 3N +2)(11N* + 22N? — 59N?

18 (N — HN3(N + D*(N +2)2
5[ 8(N?+N+42)(N*+ N +6)(TN? + 7N +4)S,
[ 9(N — )N2(N + 1)2(N +2)?

3ngl

4P3075>2

9(N — )N3(N + 13 (N +2)?

— 70N — 48)]

(N> + N +2)(3N*+ 6N+ TN? + 4N +4)(,

" 3(N — DN3(N + DA(N +2)3

4PrggS3

(N — DNZ(N + D2(N +2)? 2

4(N? 4+ N +2)(19N* + 38N3 — 22N? — 41N — 30) S,

9(N — DN3(N + 1)3(N +2)2

(N — )N2(N + 1)2(N +2)2
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16(N? —3N —2)(1IN* +22N3 — 35N? — 46N —24) S, |
3(N — DN3(N + 1)2(N +2)?

8(N2+ N +2)(31N* 4+ 62N — 73N* — 104N — 60) S5, .2 [ 8Py39S7
3(N — DN2(N + 1)2(N +2)? MI3(N = 1)N2(N + 1)2(N +2)2
8 P2975) P304 8(N?+ N +2)(N*+2N3 +8N2 + 7N + 18)5,
9N — DN3(N + D3(N +2)3 * 9(N — )N3(N + 1)3(N +2)3 * 3(N — )NZ(N + 1)2(N +2)2

8(N?+ N +2)(35N* +70N? — 137N? — 172N — 84)S1.1.1
3(N — DN2(N + 1)2(N +2)2

+ yqog[—ssf +483+65 2 +4S3 — 85_2,1]] +

B EN+2)S 6 S P [16(-1)YS 2 +8(~1)V 5o
N2(N 4+ 1D*(N +2) % N(N + D*(N +2)3
Paso[32(=DVS1S_2 + 16(=DV$152] (BN +4N* + 31N + 62N + 20N +8) [ 16(~1)V S5} + 8(~ 1)V 5287
NNV + D3N +27° * NZ(N + D2(N +2)?
(N?>+ N +2)(3N? + 3N +2)
NZ(N + D2(N +2)

+

x [[8(-1)”32 + 8(-1)”5_2];2 +16(=DHVS_28 +8(—=DHVS_4

(6N° +33N* + 66N? + 77TN? + 58N + 16)

N(N + 1)3(N +2)?
3N? 4+ 8N* 4+ 27N> + 46N* + 20N + 8)
N2(N + D?(N +2)?

—16S_25 — 165_31 + 325,2,1,1] + [16(—1)”5,3

— 3281 + 12(-DV6 | + ( [16(-1)" 5153 = 328152,
2
3

4
+ 5( —54+9(=DM) 387 + 8(—=DNS_4S) + [2522 + 1284 + 8531 — 165 22 — 165 3.1 — 4085 1.1

) 885
+ 12(—1)”5143] + y;g[ §3 4+ 125,83 + 16(—1)V 5_382 + [?3 1685, — 325_2,1]5%

n 325_2,1,1]51 + S_2[16(—1)NS% L 16—V S5, + 32] 4 [8(—1)st +4(—1+2(=DN)S_,S8

(11N> — 46N* — 499N3 — 866N> — 496N — 144) S}
IN2(N + D2(N +2)2

2855 —28 5+ 45_2,1];2] + LM[

4P301 57 8(N +3)(I13N° + 114N* + 93N3 + 52N? + 8N + 8) 515,
9N — DN3(N + D3(N +2)3 3(N —1NZ(N + 1)3(N +2)2
8 P33 S 64(N* — 13N? — 14N — 2)S_,5, 6 P63
TON DM N DN T NMNT RN (N = DNAN + DAV £ 2)2
_ P35 n 4P955>
S4(N — DNS(N + DH(N +2)3 7 3(N — DN3(N + D3 (N +2)3
8Pr7353 16(3N° — 40N* — 87N3 — 54N? — 10N + 12)S_,
TON—DNAN+ DA(N 4272 N3N + 13(N +2)
16(3N* + 8N3 —5N2 — 6N +8)S_3  16(3N* +2N3 +39N? + 32N — 12)S_5
N2(N + 1%(N +2) + N2(N 4+ 12(N +2)
48(N2+ N +2)82, (N? =N —4)(3N? + 3N +2)16(—DHV5_,
(N=DN(N + 1N +2?2 N(N + DN +2)?
(3N’ + 8N*+27N3 + 46N? + 20N +8)16(— 1)V § S_» N (N>*+N+2)(3N? +3N+2)( = 8(—DNS_3-6(—1)"N¢3)
N2(N+1)*(N+2)? N2(N 4+ D2(N+2)

+ ffg[—4si‘ — 365,57 —8(3 +2(=DHN)S_287 — 8(-=1)V 535,
+ (= 3285 + 48521 +165_5.1)S1 — 6( — 5 + (—1)V) 38 + 853 — 1257, — 205_4 — 853,

— 8800 — 24811 + 325_2,1,1]}] + a(Q?’g,’O”, (321)

@ Springer



Eur. Phys. J. C (2014) 74:3033

Page 45 of 54 3033

where

Prg = N® — 93N> — 444N* — 317N?
+329N? + 296N + 84

Py3o = N® — 9N’ — 120N* — 137N
+29N? + 56N + 36

Pryo = N® + 6N + TN* + 4N3
+18N% 4+ 16N — 8

Pyg; = N® + 8N + 23N* + 54N3
+94N? + 72N + 8

Py = 2N® + 11N + 8N* —IN?
+14N? 4+ 12N — 24

Pry3 = 3N® +9N3 — N* — 17N?
—38N2 — 28N —24

Pyys = 3N® 4+ 30N’ 4+ 15N* — 64N>
—56N? —20N — 8

Pyys = 5N® + 15N° + 36N* + 51N°3
+25N?+8N +4

Poe = SNO + 18N° + S5IN* + 84N?
+60N? + 34N + 12

Py47 = 5N® 4+ 26N> + 97N* + 160N°
+135N% + 79N + 22

Prig = 5NO + 42N + 84N* + 35N°
+40N? + 34N 448

P9 = 6N° + 18N> + 7N* — 16N?
—3IN? = 20N — 12

Pyso = 6N® + 47N> + 136N* + 223N°3
+256N? + 172N + 32

Pys; = 9N® 4+ 27N — 65N* — 319N?
—404N? — 200N — 40

Prsy = 10N® — 6N° — 39N* — 44N3
—97N? 4+ 20N + 12

Pys3 = 10N® + 63N> + 105N* + 31N3
+17N? + 14N + 48

Pysy = 1IN® — 15N° — 327N* — 181N
+292N% — 20N — 48

Pyss = 11N® + 15N° — 285N* — 319N3
—254N? — 368N — 240

Pyse = 11N® + 33N> — 189N* — 361 N3
—194N% —92N — 72

Pys7 = 11N® 4+ 33N° — 114N* — 247N°
—263N? — 176N — 108

Pysg = 11NS +33N° — 87N* — 85N
+4N? — 116N — 48

(322)

(323)

(324)

(325)

(326)

(327)

(328)

(329)

(330)

(331)

(332)

(333)

(334)

(335)

(336)

(337)

(338)

(339)

(340)

(341)

(342)

Pyso = 11N® + 57N> — 39N+ — 109N
—44N? — 116N — 48

Prsp = 1IN® + 81N° + 9N* — 133N3
—92N% — 116N — 48

Pys1 = 13N® + 36N> + 39N* + 8N
—2IN?—29N — 10

Pysy = 17N® + 51N> + 390N* + 359N?
—389N? — 200N — 84

Pys3 = 18NS + 87N> 4+ 57N* — 119N3
—131N? — 60N — 20

Prgq = 23NS + 39N + 75N* + 157N?
+96N? + 70N + 28

Pyss = 29N 4+ 176N> + 777N* + 1820N>
+ 1878N? 4 776N + 232

Pyss = 45N 4+ 135N° — 91N+ — 407N
—214N? + 12N — 248

Prs7 = 51N® + 140N> + 227N* + 208 N3
—202N? —96N — 8

Pysg = 55N® 4+ 141N° — 195N* — 401 N3
—772N? — 748N — 384

Prgo = 55N 4+ 165N° — 420N* — 899N?
— 1561N? — 1336N — 1188

Py70 = 5TN® 4+ 297N + 519N* + 399N3
+92N% — 68N — 16

Py71 = 6IN® + 93N> + 351N* 4 259N
— 1054N? — 556N — 312

Py7 = 76N°® + 487N> + 1692N* 4 3271N?
+ 3186N? + 1516N + 536

Py73 = TIN® 4+ 195N + 627N* + 977N3
— 128N? — 452N + 432

Py7s = TIN® 4 339N° — 105N* — 487N
—356N? — 668N — 240

Py75 = 83N® 4+ 249N° — 111N* — 637N
—956N? — 596N — 624

Py76 = 9TN® 4+ 591N + 1311N* + 229N
— 712N? 4 308N + 192

Py;7 = N +24N7 + 62N® + 8N° — 123N*
— 128N3 — 108N? — 72N — 48

(343)

(344)

(345)

(346)

(347)

(348)

(349)

(350)

(351)

(352)

(353)

(354)

(355)

(356)

(357)

(358)

(359)

(360)

(361)

Pyg = N® +427N7 + 1133N° + 697N° — 434N*

— 636N> — 244N? — 64N — 16

(362)
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Py79 = 2N® + 22N7 + 117N% + 386 N> + 759N*

+ 810N + 396N? + 72N + 32 (363)
Pygo = 2N3 +29N7 + 179N® + 441N> 4 529N*
+332N3 + 172N% + 92N + 24 (364)
Pyg1 =3NS +54N7 + 118N® — 44N> — 353N*
—314N3 —272N? — 200N — 144 (365)
Prgo = IN® +54N7 + 56N® — 182N° — 717N*
— 1120N3 — 1012N? — 672N — 160 (366)
Prg3 = 12N% + 52N7 4+ 132N° 4 216N° + 191N*
+54N3 — 25N> — 20N — 4 (367)
Pygs = 15N® +36N7 + 50N° — 252N° — 357N*
+152N3 — 68N? + 88N + 48 (368)
Prgs = 18N® 4+ 101N7 4 128N 4 208N° + 190N*
—769N3 — 1200N? — 212N — 48 (369)
Prgs = 33N® 4+ 132N7 4 350N° + 636N° + 685N*
+528N3 +292N? + 128N + 32 (370)

Pyg7 = 121N8 +370N7 + 924N% + 358 N5 — 381N*
+ 184N — 1096N? — 48N + 144 (371)
Pygg = 321N8 +1674N7 + 2360N% — 1378 N> — 6565N*
—5992N3 — 1972N? + 128N — 96 (372)
Prgg = 507N® +2190N7 + 3002N° + 1692N° — 681N*
— 2554N3 — 404N? 4 664N + 192 (373)
Prog = 633N8 +2532N7 4 5036 N® + 6174N° + 4307N*

+ 1182N% — 176N* — 184N — 48 (374)
Pro; = N° +6N8 + 15N7 +25N° + 36N> + 85N*
+ 128N + 104N? + 64N + 16 (375)

Proy = N° + 21N3 + 85N7 + 105N® + 42N> + 290N*
+ 600N> + 456 N? + 256N + 64 (376)
Proz = 4N° + 53N% + 193N7 + 233N% + 87N° + 554N*
+1172N> 4+ 904N? + 512N + 128 (377)
Pros = 6N° +93N% + 576 N7 + 1296 N® + 586N°
+ 359N* 4 2000N3 + 1996 N>

+ 1488N + 384 (378)

Pros = 25N° — 43N® — 424N7 + 462N°
+ 4345N° + 7513N* + 6446 N>
+ 4020N? + 1944N + 480

Pyos = 36N° 4+ 156N® — 115N7 — 1116N°
— 1251N° — 78N* + 300N
+84N% — 128N — 48

(379)

(380)
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Pyg7 = 40N° 4+ 273N® + 635N7 + 613N°®
+ 119N° —2N* — 314N? — 668N?
+ 24N + 144

Pyog = 45N° 4+ 270N® + 724N7 + 1262N°

+ 1731N° + 2740N* 4 3484N3 + 2928 N?
+ 1696N + 384

P9 = 66N° 4 534N + 1409N7 + 1080N°
— 933N — 1116N* + 588N + 996 N2
+ 736N + 240

P30 = 69N° 4 366N® 4+ 1100N7 + 1894N°®
+ 2451N° + 5276 N* 4 7460N> + 5352N?
+ 3008N + 672

P3o1 = 80N° + 441N + 568N7 — 592N
— 1202N° + 2003N* + 4106N> + 3116N?
+2712N + 864

P302 = 94N° 4+ 597N® + 1508N”
+ 2086N° + 1517N° + 1381N* + 2731N?
+ 3802N? +2916N + 648

P33 = 251N + 1586N® + 4206N7
+ 6764N° + 4008N> — 2242N*

+13N3 +7122N?
+6156N + 1944
P304 = 489N° + 2934N3 + 7636N”

(381)

(382)

(383)

(384)

(385)

(386)

(387)

+ 12206N°® + 6675N° — 12692N*
— 24608 N3 — 16272N?
— 2864N + 2304

P05 = 891N° + 5751N% + 15070N"
+ 21430N° 4 37623N°> + 55339N*
+ 44064N3 + 25144N?
+ 9488N + 1776

P36 = 10N'0 + 62N + 407N

(388)

(389)

+ 1119N7 + 1405N° + 889N?

+240N* — 90N> — 114N?

— 48N — 38 (390)

P37 = 36N'0 + 456 N° + 2448 N8
+7171IN7 + 12399N° + 13213N?

+ 8997N* + 5000N?> + 2888 N2
+992N + 112
Pyos = 37N +392N° +2106N8

(391)
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+6514N7 + 9211N® + 1258N°
— 9218N* — 6116N> — 72N?
— 752N — 192

P00 = 85N10  425N° + 830N®
+ 788N’ — 521N® — 325N°
+2238N* 4 2568N> + 968 N>
— 1296N — 576

P310 = 103N10 + 575N 4+ 1124N8
—334N7 — 1505N° + 3755N°
+4926N* + 36N> — 472N?
—2160N — 864

P31 = 149N'0 + 793N° 4 2368 N8
+5026N" + 6853N° + 6277N°
+5062N* + 3168N> + 1296 N?
+ 400N + 96

P35 = 170N'0 4 883N°
+ 1897N8 +2710N7 — 448N°®
— 4745N° 4 561N* + 5904N°
+ 1132N% — 2016N — 864

P33 = 170N'0 4+ 1213N°
+3091N8 +2506N7 — 2692N°
—3047N° — 861 N* — 2352N?
—5324N% — 6240N — 2016

P314 = 436N"" + 3960N° + 15787N®
+36343N7 + 46431N° + 17745N°
— 28270N* — 33648N°
— 11056N? — 1936N + 864

P35 =3N'" +42N'0 4 144N°
+ 74N® — 459N7 — 1060N°
— 1152N° — 1424N* — 1688N*
— 1232N% — 736N — 192

P316 = 33N +231N'0 4 698N°
+ 1290N% +1513N7 + 1463N°
+2236N° + 5096 N* + 7328 N?
+ 5456N? + 3456N + 1152

P37 = 95N +853N10 4 3599 N°
+9245N8 +12320N7 — 282N°
— 23342N° — 26920N*

(392)

(393)

(394)

(395)

(396)

(397)

(398)

(399)

(400)

— 10832N3 — 1712N? — 416N — 192 (401)
P33 = 129N + 903N 10 4 2894 N°

+ 5730N8 + 6505N7 + 383N°® — 9464N°

— 13912N* — 11680N?

— 6640N? — 3648N — 1152 (402)
P319 = 243N ' 4+ 1701N'0 + 5378 N°

+ 10350N% + 11479N7 + 1193N°®

— 14684N° — 20572N*

— 16288N> — 8944N? — 4992N — 1728 (403)
P30 = 333N + 2331810 + 6556 N

+9270N® + 5081N7 — 6701 N°

— 17554N° — 20036N*

— 15680N3 — 9200N? — 5664N — 1728 (404)
P31 = 2N'2 420N + 86N 10

+ 192N° + 19988 — N7 —297N°®

—495N° — 514N* — 488N?

— 416N? — 176N — 32 (405)
Py =23N'2 +138N'1 = 311N10

—3148N° — 7605N® — 8462N"

— 4163N° + 246N° + 1540N*

+ 1066N> + 444N? + 120N + 16 (406)
P33 = 111IN'"2 + 103581

+3634N'0 4 5168N° — 2662N8

—21724N" — 37157TN°® — 34963 N>

— 19122N* — 4560N3

+ 80N? + 1008N + 288 (407)
P3os = 201N'? 4 1845N!!

+ 6742N'0 4 11990N°

+7139N% — 8917N7 — 15710N°

—2110N° + 16644N* + 22080N>

+ 12416N? + 4128N + 576 (408)
P3ps5 = 7299N 12 + 53973 N1

+206656N " + 532170N°

+ 820775N8 + 650149N”

+ 204230N° + 189820N°

+ 606016 N* + 664624 N

+ 372192N? + 143424 N + 27648 (409)
Pie = N3 + 72N"2 + 101N

—511N'"0 —2325N7 — 4428 N8
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— 4619N7 — 3841N° — 4462N° — 6012N*
— 6992N° — 5296 N? — 2592N — 576
P37 = 69N '3 + 420N"2 + 794N 1
— 1501N'0 — 11265N°
— 18414N8® — 4436N7 — 5017N°
— 41818N° — 65616N* — 62960N>
—39184N? — 17184N — 3456
P = 296N 13 + 2368 N 12
4 9908N ! 422254 N10
+13564N° — 31716 N® — 71723N”
— 71221N°® — 44369N°> — 33249N*
— 26584N3 + 4968N? + 7344N + 432
P39 = 385N 4+ 2567N 13
+ 6877N 12 4 9235N 11
+5375N1° — 1207N° — 3313N8
+ 905N 4 3876N® + 1676N° + 256 N*
+ 1544N3 + 1616N? + 736N + 192
P339 = 531N 4 5454N 13
+25877N "2 + 77604N !
+ 159437N'0 + 205070N° + 82971 N8
—207408N7 — 490544 N° — 694320N°
— 735104N* — 562304N°
—355584N2% — 158976N — 34560
P33 = 1773N'* + 18018N 13
+ 80795N 1% 4+ 214620N !
+371423N'0 + 398930N° + 154773 N8
—228072N7 — 435356N° — 492936 N°

— 534656N* — 453440N3 — 299712 N2
— 144000N — 34560

P33 = 4N 450N 4 267N 1
+765N"2 + 1183N'! 4+ 682N 10
— 826N — 1858N® — 1116N7 + 457N°
+ 1500N° + 2268N* + 2400N*
+ 1392N? 4 448N + 64
P33 = 26N "5 + 314N
+1503N13 + 3222N 12
+2510N! + 1996 N 1°
+ 15041N° + 40728 N® + 54008 N’
+ 44956N% + 31936N° + 30416N*
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(410)

411)

(412)

(413)

(414)

(415)

(416)

+29568N°> + 16704N? + 5376N + 768 (417)
Pizq = 28N +335N14 4+ 1953 N 13
+6497N'2 + 11508 N 4 6624N10

— 11753N° — 27541N® — 33352N7 — 40915N°®

— 40468N°> — 16628 N* + 7584N> + 10416N?

+ 4032N + 576 (418)
Py3s = 435N 1 4+ 5436N 14 + 32317N 13

+ 119006N 2 +307057N ' + 620328 N 1°

+ 1065977N° + 1575060N 8 + 1889534N’

+ 1704634N% + 1113248 N> + 592440N*

+ 328672N7 + 165984N2 + 59904N + 10368
(419)

P336 = 939N 0 + 10527N "3 + 47251 N1
+101719N "3 + 66350N 2 — 155710N !
—322813N'9 — 16829N° + 702425N8
+1332497N" + 1596952N° + 1640548 N>

+ 1506496 N* + 1099952N3 + 604032N>

+ 211392N + 34560 (420)
P337 = 1623N' + 20963N " + 119399N 14

+394315N 13 + 831483N % 4 1160715N !

+1086519N 0 4 712841 N° 4 425270N®

+337718N7 4 207634N°® — 73752N°

—261272N* — 200160N> — 64672N?

— 4480N + 1408 (421)
P333 = 87N + 1099N "6 + 6055N 13

+ 19019N'* + 37119N 13 + 45159 N 12

+29583N!'! —2639N10 — 30218N°

—40778N8 —39994N7 — 35844 N°

—30808N°> — 30384N* — 28256 N

— 16064N? — 5248N — 768. (422)

The operator matrix element Ag, o except for the term
PONY
88,0

is given by:
4 16
Agg0 = %[1 + (=D x {1 +as3TFLM +af{ET§L%,,

euT 16(N? + N +1) 8517,
MEIBN-DNNF DN +2) 3 M

+ 16 P34 80S; L
IN-DNEN+ DN +2 9 |V

" 2P3s59 4(56N +47)S;
27(N — 1)N3(N + 1)3(N +2) 27(N + 1)



L
(N =DN3N + 13N +2)

(N — DN2(N + 1)2(N +2)
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4N+ N +2)° , . Baon? +80N° +T3N? £33N +54)Sy .
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