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Abstract

A mathematical framework based on the higher order Grad’s moment equations for study-
ing processes in rarefied gas-mixtures is developed. The fully non-linear Grad’s N x13-moment
(NxG13) and Grad’s Nx26-moment (N xG26) equations for a gaseous mixture comprised of
N monatomic-inert-ideal gases are derived. The strategy for computing the production terms
(or Boltzmann collision integrals) associated with the moment equations for gaseous mixtures
interacting with any interaction potential is presented. Employing this strategy, the explicit ex-
pressions of the non-linear production terms associated with the N xG13 and N xG26 equations
are computed and presented for Maxwell as well as hard-sphere interaction potentials.

The boundary conditions complementing the NxG13 and NxG26 equations are derived
by extending the Maxwell’s accommodation model for a single gas to a gaseous mixture. The
moment equations and the boundary conditions are then restricted to binary gas mixtures and
the linear stability analysis is performed to conclude that the Grad’s 2x13-moment (2xG13)
and Grad’s 2x26-moment (2xG26) equations for a binary gas-mixture are linearly stable for
both Maxwell as well as hard-sphere interaction potentials.

Next, the 2xG13 and 2xG26 equations, specialized to Maxwell and hard-sphere interaction
potentials, along with the boundary conditions are exploited to study some benchmark problems
of fluid mechanics in simple geometries. The heat transfer in a binary gas-mixture confined
between two infinite plates having different temperatures is analyzed with all four types of
moment systems (2xG13 and 2xG26 equations, both with Maxwell and hard-sphere interaction
potentials) and the results are compared with those existing in the literature. Furthermore,
a one-dimensional problem of binary gas-mixture having one component infinitely diluted is
solved analytically with all four types of moment systems in order to study the flow of the
diluted component in the mixture.

The numerical method based on finite differences for solving the aforementioned moment sys-
tems is demonstrated and employed to various problems in order to study the convergence of the
numerical method. The convergence is analyzed for the above one-dimensional problems as well
as for the standard two-dimensional problems of bottom-heated and lid-driven square cavities.
The preliminary results on heat transfer for the latter two problems are also presented. However,
the detailed comparison of the results with those obtained with highly accurate (particle based)
methods is left for the future.

Moreover, for model reduction, the Grad’s moment equations for a binary gas-mixture with
Maxwell interaction potential are regularized by employing the order of magnitude method and
the regularized 17-moment (R17) equations for a binary gas-mixture with Maxwell interaction
potential are derived; the R17 equations are third order accurate in the Knudsen number.
The linear stability of R17 equations is analyzed and it is concluded empirically that the R17
equations are linearly stable for binary gas-mixtures with small and moderate mass differences

while unstable for those with large mass differences.
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Chapter 1

Introduction

The accurate and efficient modeling of non-equilibrium processes in gases is a real challenge,
especially when gases are rarefied. The conventional fluid dynamical descriptions of processes in
gases rely on the underlying assumption that the mean-free-path is sufficiently small in compar-
ison to a macroscopic length scale pertaining to the geometry of the problem [18, 62, 102]. This
assumption is characterized by a dimensionless parameter, the Knudsen number (Kn), which is
defined as the ratio of mean-free-path (A) to a macroscopic length scale (L) in the system. A
gas is said to be in equilibrium when Kn < 1 or, in other words, when the mean-free-path is
very small in comparison to a macroscopic length scale pertaining to the problem. Thus, the
conventional fluid dynamical description of processes in a gas—e.g., by Euler equations or by
Navier—Stokes and Fourier (NSF) equations—is valid only when the gas is in local equilibrium
or very close to equilibrium, i.e., the Knudsen number is very close to zero.

For rarefied gases, the mean-free-path is not sufficiently small in comparison to the macro-
scopic length scale. Thus, the fundamental assumption of fluid dynamics extirpates for rarefied
gas flows. Consequently, the conventional fluid dynamical equations—e.g., Euler equations or
NSF equations—are inadequate for describing non-equilibrium processes in rarefied gases, and
therefore more sophisticated models are required for describing them. The typical examples of
the non-equilibrium rarefied gas flows are atmospheric re-entry flows and high altitude flights
in the outer atmosphere of the earth, and gas flows in complex conduits of micro devices—
commonly known as micro flows. In the outer atmosphere of the earth, the density of gases is so
low that the mean-free-path ranges in several meters and, therefore, it becomes comparable to a
macroscopic length scale (e.g., the length of vehicle) resulting into a large Knudsen number. On
the other hand, the size of a micro device is so small that the macroscopic length scale (e.g., the
size of device) becomes comparable with the mean-free-path even under standard conditions,

again resulting into a large Knudsen number.

1.1 Flow regimes and rarefaction

Depending on the Knudsen number, gas flows can be classified into different regimes [24, 55, 70,
80, 102, 125]:

(a) Hydrodynamic regime (Kn < 0.01): Gases in the hydrodynamic regime are close to equilib-
rium, and therefore processes in this regime can be well-described by the traditional fluid

dynamical equations, e.g. by NSF equations.

(b) Slip flow regime (0.01 < Kn < 0.1): Processes in the slip flow regime may still be described
with the NSF equations, however they must be furnished with appropriate velocity slip and

temperature jump boundary conditions.
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(c¢) Transition regime (0.1 < Kn < 10): Due to strong non-equilibrium, the NSF equations are
inadequate for describing processes in the transition regime and a particle based treatment—
e.g. by the direct simulation Monte Carlo (DSMC) method [9] or by the Boltzmann equation,

which is the fundamental equation in kinetic theory—is required for the flow description.

(d) Free molecular flow regime (Kn 2 10): In this regime, gas molecules move in free flight
without interacting with each other. Therefore, the collisions among the molecules can be
neglected in this regime and the flow is governed mainly by the collisions of molecules with

walls. Molecular dynamic simulations can be employed to describe processes in this regime.

The transition regime can further be split into two parts: 0.1 < Kn < 1 and 1 < Kn < 10.
The latter part (regime with 1 < Kn < 10) is sometimes referred to as the kinetic regime
[115]. In the kinetic regime, non-equilibrium is so strong that it becomes indispensable either to
solve the Boltzmann equation directly or to use the DSMC method for describing a process, even
though both the methods are computationally expensive. Nevertheless, in the former part of the
transition regime (regime with 0.1 < Kn < 1), processes can still be described macroscopically
by considering larger set of field variables. Moreover, direct solutions of the Boltzmann equation
or DSMC method are increasingly expensive in this regime.

In terms of the above classification of flow regimes, a gas is said to be rarefied when it is
outside the hydrodynamic regime, i.e., when the NSF equations, usually, start loosing their
validity [102]. The rarefied gases exhibit several interesting effects, such as velocity slip and
temperature jump [24, 25, 51, 95, 127], Knudsen layers [63, 94, 95, 107], thermal creep or
transpiration [53, 55, 76, 77, 91], thermal stress [92, 94, 96], heat flux without temperature
gradients [2, 3, 79, 112], etc. These effects are referred to as the non-equilibrium effects and
they are solely the manifestation of rarefaction. Although, the thermal creep and the velocity
slip and temperature jump can be construed by the NSF equations when supplemented with
the appropriate boundary conditions, the other rarefaction effects cannot be captured by NSF

equations and, therefore, more sophisticated models are required to capture these effects.

1.2 Elements of kinetic theory

1.2.1 Single gases

It is generally accepted that processes in rarefied gases can be described by means of kinetic
theory based on the statistical description of the gas. The fundamental quantity in kinetic
theory is the velocity distribution function (also referred to as the phase density or just the
distribution function) of the gas. The governing equation for the velocity distribution function
is the Boltzmann equation [12], which is capable of describing processes in all flow regimes
[19, 46, 102, 105, 125]. Nevertheless, it is not easy to deal with the Boltzmann equation due to
the presence of the Boltzmann collision operator (the right-hand side of the Boltzmann equa-
tion), which incorporates the collisions among gas molecules and have very involved mathemat-
ical structure that renders the Boltzmann equation to become a non-linear integro-differential
equation. For the mathematical details and treatment of the Boltzmann equation the reader

is referred to the textbook [22] and the treatise [121]. Owing to the mathematical structure
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of the Boltzmann collision operator, obtaining the exact solution of the Boltzmann equation is
a chimera whereas its direct numerical solutions are forbiddingly expensive, especially in the
transition regime.

Alternatively, kinetic theory offers the approximate solutions of the Boltzmann equation.
Aiming to simplify the formidable Boltzmann collision operator—which is essentially the main
source of difficulty in dealing with the Boltzmann equation—while retaining its basic attributes,
few simplified models for the Boltzmann collision operator were introduced in the literature.
These models are generically referred to as the kinetic models. One of the oldest kinetic
model which replaces the Boltzmann collision operator in the Boltzmann equation with a sim-
ple integral-free relaxation model is the well-known Bhatnagar-Gross-Krook (BGK) model [8].
The BGK model retains some of the basic properties of the Boltzmann collision operator (e.g.,
conservation laws and H-theorem), but fails to yield the correct value of the Prandtl number for
monatomic gases [20, 60, 102]. Nevertheless, the BGK model has been extensively used in the
literature, since it preserves the basic features of the Boltzmann equation reasonably well. There
exist other popular kinetic models, e.g., ES-BGK model [50], S-model [85], etc., in the literature
which produce the correct value of the Prandtl number for monatomic gases, nonetheless these
kinetic models usually exhibit very different behaviour from the realistic one in the transition
regime and are beyond the scope of this thesis.

In kinetic theory, the two most celebrated and classical techniques—which consider the full
Boltzmann equation—for finding the approximate solutions of the Boltzmann equation are the
Chapman—FEnskog expansion method [13, 23, 28, 40, 65] and the Grad’s method of moments
[35, 36, 71]. Both these methods can be found in the standard textbooks, e.g., [18, 19, 33, 49,
57, 60, 102, 119].

The Chapman—Enskog expansion method is applicable to processes, which are close to equi-
librium (Kn — 0). The method relies on an asymptotic analysis in powers of the Knudsen
number. In this method, the velocity distribution function is expanded in powers of the Knud-
sen number around the velocity distribution function in equilibrium (also termed as equilibrium
distribution function). The expansion for the velocity distribution function is substituted into
the Boltzmann equation and the coefficients of each power of the Knudsen number are compared
on both sides of the equation. The procedure leads to the constitutive relations of different or-
ders for the well-known conservation laws of fluid dynamics. At zeroth order, the method gives
the Euler equations; at first order, it yields the classical NSF equations; at second order, it
results into Burnett equations; at third order, it leads to the so-called super-Burnett equations
and so on. The super-Burnett equations are already so involved that the full super-Burnett
equations do not seem to exist in present day literature. Besides the complex structure due to
presence of the higher order derivatives, the Burnett equations are known to suffer from inherent
(linear) instabilities [10, 11, 120]. Additionally, the Burnett equations lack the proper boundary
conditions [102].

In the Grad’s method of moments, the Boltzmann equation is supplanted by a system of
first order partial differential equations, referred to as moment equations. Moment equations
are the evolution equations for the quantities, called moments, which are directly related to the

velocity distribution function. Furthermore, moment equations form an infinite set of coupled
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first order partial differential equations, which is not closed. The Grad’s method of moments
truncates this infinite set at a certain level and to close the set at this level, it approximates
the velocity distribution function by an expansion in orthogonal polynomials—usually, Hermite
polynomials—in (peculiar) velocity of the molecule and the unknown coefficients in the expansion
are obtained by satisfying the definition of the moments considered at that level. The moment
equations resulting from the Grad’s method of moments (in case of single gases) are always
linearly stable [10]. Unfortunately, the Grad’s method of moments does not, a priori, grant the
touchstone on which and how many moments need to be considered for describing a process with
a given Knudsen number. However, it can be stated empirically that the number of moments
considered ought to be increased with increasing Knudsen number [106]. Furthermore, due
to their hyperbolic nature, the well-known Grad’s 13-moment (G13) equations obtained via
Grad’s method of moments manifest the non-physical sub-shocks for flows with Mach numbers
above 1.65 [71, 122] and do not capture the Knudsen boundary layers [99, 101]. Nevertheless,
by considering more moments, the Knudsen boundary layers can be captured [82, 99] and the
smooth shock structure can be obtained for higher Mach numbers [122].

In order to surmount the deficiencies inherent to both Chapman—Enskog expansion method
and Grad’s method of moments, Struchtrup and Torrilhon [106] introduced a new method,
often referred to as the regularized moment method, which regularizes the original G13 equa-
tions by means of a Chapman-Enskog expansion around a pseudo-equilibrium leading to the
regularized 13-moment (R13) equations. The method has been developed initially for Maxwell
interaction potential as well as for BGK model [100, 102, 106] and subsequently also for hard-
sphere interaction potential [108]. The R13 equations retain the enviable features of both the
Chapman—Enskog expansion method and the Grad’s method of moments while avert their
shortcomings. The R13 equations are always linearly stable and engender to smooth shock
structures for all Mach numbers [106, 117]. Since their derivation, the R13 equations have
been successfully employed to describe several rarefaction effects, see e.g., [39, 79, 81, 89, 109—
111, 113, 114, 116, 117, 123].

There are other models—for instance, the maximum-entropy model [54, 62, 71] and its
variants [68, 84]—as well in the literature for describing the non-equilibrium processes in the

transition regime, nonetheless they are also beyond the scope of this thesis.

1.2.2 Gaseous mixtures

In practice, the gaseous mixtures are encountered more often than a single gas. Owing to
different masses and different mean molecular velocities of different constituents in a gas-mixture,
it is futile to consider a single velocity distribution function, i.e., the velocity distribution function
of the whole mixture, for describing processes in gaseous mixtures. Therefore, the state of a gas-
mixture comprising of N components is fully described by N velocity distribution functions (the
velocity distribution function for each constituent in the mixture), which are governed by the N
Boltzmann equations. The Boltzmann collision operators present in the Boltzmann equations
for a gas-mixture are mathematically more intricate than those present in a single gas because
the molecules of a constituent in the mixture collide with the molecules of the same constituent

as well as with those of other constituents. Obviously, the direct solutions of the Boltzmann



1.2 Elements of kinetic theory 5

equations or the DSMC solutions for gas-mixture flows are also computationally expensive in
the transition regime.

Again, other alternatives for modeling flows of gaseous mixtures are offered by kinetic theory.
Although, there are not as many kinetic models for gas-mixtures as for single gases, several
authors have attempted for a BGK-like model for gas-mixtures, see e.g., [1, 14, 15, 32, 47, 64,
69, 90], however most of these models either fail to reproduce the correct transport coefficients
or do not satisfy some fundamental properties. The recent works [14, 15] first consider the
transport coefficients computed either by hydrodynamic limit of the Boltzmann equation or by
experiments and then construct the BGK-like model by fitting these coefficients into the model,
however both the works are restricted to obtain only correct Fick’s and Newton’s laws.

Both the Chapman—Enskog expansion method and the Grad’s method of moments have also
been developed for gaseous mixtures, see the textbook [23] for the former, and the references [128,
130] and the textbook [129] for the latter. Nonetheless, the use of higher order equations (beyond
hydrodynamic level) resulting from the Chapman—Enskog expansion is not recommended due
to aforementioned reasons in case of a single gas.

Moment equations for gaseous mixtures have been considered in the context of extended
thermodynamics in [48] and have further been studied in [4, 5, 59]. However, typically, simplified
models for the Boltzmann collision operators have been used and specific equations have only
been given up to 13 moments for each constituent. Reference [128] can be regarded as pioneering
work, which studies Grad’s method of moments in a multi-component approach for gas-mixtures
by considering 13 moments for each constituent. Reference [130] discusses the higher order
Grad’s moment equations too, however, it does not include—for example—the third rank tensors
in the velocity distribution functions. Moreover, references [128, 130] consider the production
terms or Boltzmann collision integrals—the terms resulting through the Boltzmann collision
operator while deriving the moment equations—based on the linearized Boltzmann collision
operators.

Consequently, the regularized moment method for gas-mixtures does not exist in the present
literature, because the derivation of regularized moment equations requires the higher order
moment equations of Grad (see [100, 102, 106]), which were not available in the literature until
recently, see [45].

Despite the success of the Grad’s method of moments and its variants—e.g., regularized
moment method of Struchtrup and Torrilhon [106], globally hyperbolic regularization method of
Cai et al. [17], etc.—in case of a single gas, the Grad’s method of moments for gas-mixtures has
received much less attention because—among other reasons—the proper boundary conditions
associated with the Grad’s moment equations for gas mixtures were also not available in the
literature until recently (see [45]) and the computation of the full production terms for moment
equations is overwhelmingly arduous, particularly in multi-temperature theory illustrated below.

The multi-temperature theory which considers different temperatures for different species in
a gas-mixture is more authentic than the single temperature theory which assumes a common
average temperature for the whole gas-mixture and in many physical situations—especially, in
plasma physics—it becomes indispensable to use the former [83, 129]. Nevertheless, the latter is

used more often than the former in the literature for simplicity, see e.g., [6, 23, 60, 73]. References
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[4, 5, 48, 59, 128-130] also employ a single temperature theory, although the reference [48] and
the textbook [129] consider the multi-temperature theory to explain its importance but switches

promptly to a single temperature theory for simplicity.

1.3 Present work and organization of the thesis

1.3.1 Present work

The goal of the present thesis is to provide a framework of higher order Grad’s moment equations
for studying the non-equilibrium processes in the context of gaseous mixture. This work con-
tains the derivation of fully non-linear Grad’s N x 13-moment (N xG13) equations and Grad’s
N x 26-moment (N xG26) equations for a gaseous mixture consisting of N monatomic-inert-
ideal (simple) gases interacting with (a) Maxwell and (b) hard-sphere interaction potentials
(the gas molecules interacting with Maxwell interaction potential are commonly referred to as
Maxwell molecules and those interacting with hard-sphere interaction potential are commonly
referred to as hard spheres in the literature), including the computation of explicit produc-
tion terms for these equations. The present work also derives the complete set of boundary
conditions—accompanying the aforementioned moment equations—based on Maxwell accom-
modation model. Further, the linear stability of the derived moment equations in case of binary
gas-mixtures is verified and the linearized equations are exploited to study some of the bench-
mark problems for binary gas-mixtures in one and two dimensions. Additionally, the regularized
moment equations are derived for binary gas-mixtures interacting with Maxwell interaction po-

tential.

1.3.2 Organization of the thesis

Chapter 2

The chapter starts with the dynamics of a binary collision. Further, it introduces the phase
densities and the Boltzmann equations for gaseous mixtures, and relates the physical quantities
with the phase densities through the definition of moments. After this, the Boltzmann H-
theorem for gas-mixtures is proved. Finally, the Grad’s method of moments is detailed and the

NxG13 and N xG26 equations for N-component gaseous mixture are derived.

Chapter 3

This chapter demonstrates the methodology for computing the production terms associated with
moment equations for gas-mixtures and presents the explicit expressions of the production terms

for (a) Maxwell and (b) hard-sphere interaction potentials.

Chapter 4

The chapter addresses the issue of boundary conditions and extends the Maxwell accommodation
model for single gases to gaseous mixtures in order to derive the complete set of boundary

conditions complementing the moment equations for gaseous mixtures.
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Chapter 5

In this chapter, the linear stability analysis is performed in order to verify that the 2xG13
and 2xG26 equations for binary gas-mixtures interacting with (a) Maxwell and (b) hard-sphere

interaction potentials are stable with respect to linear wave perturbations.

Chapter 6

This chapter bears on the study of one-dimensional benchmark problem of heat transfer in binary
gas-mixtures confined between two infinite parallel plates having different temperatures, and
compares the results with those existing in the literature. Furthermore, another one-dimensional
problem of a binary gas-mixtures with one component infinitely diluted is considered in this
chapter, and for this problem, the analytical solutions are obtained and compared with the

corresponding solutions obtained through the first order Chapman—FEnskog expansion.

Chapter 7

The chapter discusses a numerical framework—for the linearized moment equations detailed in
chapter 5—based on finite differences and applies it to solve a few one- and two-dimensional
problems of binary gas-mixtures. The main focus of this chapter is on studying the convergence
of the numerical method for different problems; in one dimension, the convergence is analyzed
for the problems of chapter 6 whereas for the convergence analysis of two-dimensional problems,
the two-dimensional benchmark problems of bottom-heated square cavity and lid-driven square

cavity are considered.

Chapter 8

The chapter focuses on the detailed derivation of regularized moment equations for binary gas-

mixtures interacting with Maxwell interaction potential via the order of magnitude method.

Chapter 9

The final conclusions and the outlook are presented in this chapter.



Chapter 2

Moment equations for gaseous

mixtures

It is generally accepted that the description of a process in a gas through the infinite hierarchy
of moment equations is equivalent to its description with the Boltzmann equation [102]. This
chapter presents the derivation of moment equations for a mixture of monatomic-inert-ideal

gases.

2.1 Boltzmann equations for mixture

2.1.1 Dynamics of binary collision

A binary collision between two molecules of masses m, and mg in a gaseous mixture leads to

the following velocity transformation [60]:

= o — 2ugkap(kas - 9up); cs = 3+ 2uakas(Kap - 9ap), (2.1)

where ¢/, and cé are the velocities of the molecules o and 3 after the collision while ¢, and
cp are the velocities prior to the collision, k,z is the unit vector pointing from the center of
a-molecule to that of S-molecule at the time of collision, g,3 = ¢4 — ¢g is the relative velocity
of a-molecule with respect to S-molecule, and po = mq/(mq + mg) and pg = mg/(mq + mg)
are the mass ratios of a and 3 molecules, respectively; the notations p, and pg for the mass
ratios have been adopted from the textbook [28]. For more details on the dynamics of binary

collision, the reader is referred to the textbook [60].

2.1.2 Boltzmann equations

The state of a gaseous mixture consisting of N monatomic-inert-ideal gases in the phase space
is characterized by N velocity distribution functions of individual gases in the mixture, i.e., by
fa = fa(r,ca,t) for a = 1,2,...,N. Here, r = (2,9,2)", co = (cg‘”,cg‘l’,cé‘l’)T and ¢ stand
for position, instantaneous velocity of the a-constituent and time; moreover, we shall also use
the notation z; for a general component of the position vector r. Each distribution function
fa is such that f, drde, gives the number of molecules of the a-constituent at time ¢ in an
infinitesimal volume dr centred around position r whose velocities belong to an infinitesimal

volume de¢,, in velocity space located around ¢,. Thus, the number density of the a-constituent



2.2 Moments of phase density 9

is given by

a(r,t) = /fadca. (2.2)
RS

In (2.2) and throughout this thesis, the integration over any velocity space stands for the volume
integrals over all components of that velocity, e.g., dc, = dcgca)dcéa)dc( ), and the limits of
integration for each component of the velocity extend over R, unless otherwise stated.

The N velocity distribution functions in a N-component gas-mixture are governed by N

Boltzmann equations

N 21 oo

afoz (oz)afoz oz) 8foz Iy

- T 8—%+ le ///(fafﬁ—fafg)gagbdbded05, a=12,...,N.
= R30 O

(2.3)

In (2.3), F, = (Fm(a), Fy(a), Fz(a))T is the external force per unit mass acting on the a-constituent,
the phase densities with primes correspond to the phase densities with post-collisional velocities
(el cé), e.g., fo = falr,cl,t), bis the collision parameter, the angle € describes the orientation
of the collision plane, and repeated indices (throughout the thesis except the indices n, t; and
tj in chapter 4) imply Einstein summation convention. The right-hand side of the Boltzmann
equation (2.3) accounts for the collisions among various molecules in the mixture and is termed
as Boltzmann collision operator for the gas-mixture. The equilibrium state of the gas-mixture
is defined in such a way that it renders the Boltzmann collision operator in the Boltzmann
equation (2.3) to vanish for each a.

Henceforth, unless necessary, only one integration symbol without mentioning limits will be

used for integrations over all variables in order to make the notations compact.

2.2 Moments of phase density

For a quantity, v, = ¥(r,ca,t), its average value (1),) is defined in terms of the distribution

function f, as

nalia) = [tafadea. (2.4)

The quantity on the right-hand side of (2.4) is referred to as the moment of phase density with
respect to ¥,

The average value of 1), for the whole mixture, (), is given by

N N N
= Zna<1/)a> = Z /¢afa de,, where n = Zna (2.5)
a=1 a=1 a=1

is the number density of the whole gas-mixture and the quantity n(1) is referred to as the total
quantity of the whole gas-mixture corresponding to ns(¢q).

Some of the physical quantities for a-species, e.g., number density nq(r,t), mass density
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pa(r, t), macroscopic velocity v, (7, t), temperature T, (7, ), stress tensor o, (r,t) and heat flux
q,(r,t) of a-constituent are expressed in form of moments of phase density on choosing 1, as
1, Ma, Ca, 2ma02 manx)C(.a) lmanCi(a) in (2.4):

Jy 2
number density No = N (l) = /fa deg,
mass density Pa = Na(Mg) = Mg /fa de, = mona,
macroscopic velocity NaVa = Ng (Co) = /cafa deg,
3 3 1 (26)
temperature §pa9a = §kna w Qna <ma6’2 /C fadeq,
stress tensor Z(]a) = Ng <maC<(a)C(a = Mgy /C’(a ,a fadeq,
(0% 1 (0% (0%
heat flux qz( ) — 5”@ <maC2C( /C2C( fadeg.
/

In (2.6), 0, = kT, /m, is the temperature of the a-constituent in energy units with k being the
Boltzmann constant, Cy (7, c,,t) = cq — v(7,t) is the peculiar velocity of an a-molecule with
respect to the gas-mixture with v(r,t) being the hydrodynamic velocity (or the mass average
velocity [49] or the mass-velocity [23] or the barycentric velocity [48]) of the gas-mixture (defined
below), and the angular brackets around the indices indicate the symmetric and trace-free tensor
[102]. Denoting the total density, total pressure, total stress tensor and total heat flux for
the whole gas-mixture by p, p, o and g, respectively, and average molecular velocity, average

temperature for the whole gas-mixture by (c) and T, respectively, (2.5) and (2.6) imply

N N N
p:Zpa, n(c)zZna’va, p=knT = Zkzna o O'Z]—ZO'Z] ) qi:Zqia).
a=1 a=1 a=1 (27)

The hydrodynamic velocity v(r,t) is defined as the ratio of total momentum density to total

density:

N N
1 1
= - E PaVaq = — E Mo, /cafa deg, (2.8)
pa:l P a=1

In general, the hydrodynamic velocity v is different from the average molecular velocity (c) as
well as from the macroscopic velocity of each component v,. In a gaseous mixture, this fact
leads to a phenomenon called diffusion of one component with respect to another. The diffusion
is characterized by the diffusion velocity of each component, which can be defined as either the
difference between macroscopic velocity of the component v, and hydrodynamic velocity of the
gas-mixture v or the difference between macroscopic velocity of the component v, and average
molecular velocity of the gas-mixture (¢). The diffusion velocity of the a-constituent in the
former case is u, = v, — v while that in the latter case is U, = v, — (c).

Generally speaking, u,, is appropriate for describing acceleration and friction driven processes
whereas U, is sometimes more appropriate for describing some processes in slow moving gases

[28]. Nevertheless, in this thesis, we shall adopt only the former (u,) as a definition of the
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diffusion velocity of the constituent « in a gaseous mixture.

Owing to relations (2.7); and (2.8), the diffusion velocity u, satisfies

N
> patta =0. (2.9)
a=1

For any other value of 1, than those chosen above, the moments defined by (2.4) do not
have physical meanings in general. Nevertheless, it is worth introducing the generic form of a

trace-free moment for species of type a as

uf = (e, ) = mq / C2 el O fadea with a,n € N, (2.10)
Clearly,
po =10, poul® =, poba = L@, ol =ul® and ¢* = L@ (@)

3 v
2.3 Boltzmann’s H-theorem for gas-mixture

Consider a uniform (space independent) N-component simple gaseous mixture (i.e., the phase
densities f, of the constituents do not depend on 7) whose molecules are subject to no external

forces, i.e., F, = 0 for all a. The Boltzmann equation (2.3) for each « reduces to

0fa < »
O _ > [ a5 = £uds) gusdbdedes. (2.12)

The Boltzmann’s H-theorem for gas-mixtures states that in a uniform gas-mizture when no

external forces act upon the molecules, the quantity

N
H= Z/fa In f, deq (2.13)
a=1

s always a non-increasing function of time. The proof of the theorem is as follows.

The partial derivative of H with respect to t yields

N
OH Ofa
a7 1+1n £,) 2% qe,.
ot azl / (Lo fa) 5 de
Owing to (2.12), the above equation reads

OH

N
ot Z /(1 +1n fo) (fafs — fafs) gas bdbdede, deg.

a7ﬁ:1



12 Chapter 2. Moment equations for gaseous mixtures

Using the symmetry property of the collision integral [28], it further simplifies to

0
a—i]:l Z / In fo +1n fg —1In fg hlfﬁ) (f fﬁ fozfﬁ)gaﬁbddedcad05
76 1
=1 Z / <fafﬁ> fafs = fafs) gap bdbdedeq dep. (2.14)
7/3 1

Since

In <§a§g> 0 iff fufs = flf4 and 1n<;2;2>:o iff  fofs = fLf4

it follows that

OH
5 <0, (2.15)
i.e., H is a non-increasing function of time. This completes the proof of the theorem.

The equality in (2.15) holds if fofg = fofs or In fo+In fz = In fo+1In f§ for all o, 3. In other
words, the equality in (2.15) holds if In f, for all « are the summational invariants. Conversely,
if In f,, for all a are the summational invariants, then (2.12) implies 0f, /0t = 0 for each o and
(2.14) implies 0H /0t = 0. Now, in the equilibrium state, the Boltzmann collision operators for

each o must vanish, i.e.,

N
> /(f;fé—fafﬁ)gaﬁbdbdedcﬁ:o Vo« (2.16)
B=1

It turns out that (2.16) admits one and only one solution which must be such that In f, for each
a is a summational invariant [28]. Further, since In f,, for each « is a summational invariant, it
must be expressed as a linear combination of known summational invariants: mass, momentum

and energy of the respective constituent, so that
1 2
In foleqh = MaAa + MaCo - Ba + §macaDa, (2.17)

where the unknown coefficients A, B, and D, are independent of r and ¢, since the equilibrium
state corresponds to uniform steady state. These unknown coefficients are obtained by using the
definitions of the hydrodynamic variables: n, for all o, v and T'. The details of the calculation
are omitted here and they can be found in the textbooks [28, 60]. Finally, one obtains the

equilibrium distribution functions as

ma \3/2 maC2
fa|eqb - na <m) eXp <_ QkT ) fOI‘ o = 17 2, e 7]\/Y. (218)




2.4 Moment equations 13

2.4 Moment equations

The governing equation for the moment (2.4) is obtained by multiplying the Boltzmann equation

(2.3) with 1, and subsequently integrating over the velocity space cq:

Ofa (o O fa a) Ofa al Iy
/1/1 <0t +c )3 +F )aC(O‘)dca:; /1%4 (fafﬁ_fafﬁ)gagbdbdedcadcﬁ_

i

Using the symmetry property of the Boltzmann collision operator, the above equation reads

D o) () dv; 3%[
b [tafadea+ 5= [0aC fudea+ 52 [vafuden - [

_ /(Dwa i awa ) Jadeq = Z / 1/104 fozfﬁ Jap bdbdedeq dcﬁ’ (2.19)

Dt
where gt = % + v -V is the material derivative. We refer to (2.19) as the transfer equation and
it is also the moment equation for the quantity n, ().
The moment equations for various moments are obtained by choosing various values of 1,
in the transfer equation (2.19). However, the underlined term in the transfer equation (2.19)—
no matter what the value of v, is chosen—always render to produce higher order moments.
Therefore, the moment equations form an infinite hierarchy of partial differential equations.

However, in practice, only a finite number of moment equations are used.

The moment equations for physical quantities of the a-constituent (« = 1,2,...,N) are
obtained by choosing ¥, as ma, maCi(a), 2moéCQ manf)Cj(.;x), QmaC2C( %) in the transfer

equation (2.19). They read

Dpq N 8(pau§a)) n ov;

— pO(@)
Dt 31‘2 Pa 8.%'1 P ’ (2.20)

i i @0V | (@) Ovi Duvi () 0(a)
N ol o [ — — F@) =Y (991
Dt 0z, 0w 7" o, TP gy, TP (Dt i ) P @2y
3D(paba) 04 5 0v; e 0v; (@) (Dv; (@) L 1(a)
3 ; (@) (2% _ p@)) _ lpla 2.99
5 Di T os T areleqy T oz, TP\ Dy T ST (2.22)
(a) 0(c) (a)
Doy’ | gk, 4006 | 0ok o @)y, o OV
Dt 8.%'k 5 3$]> Y 31‘k k(i 8.%'k ¢ aa.%'j>

Duv.
(@) 7 (@) ) _ po(a)
w2y (5 7)< P 22
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Do 10wy 1063 e By T D T, 2 00y
Dt 2 Ox;j 6 Ox; ik Qx5 Ox; 577 0Ox; 57 Ouxy
o 5 Dvj @) _ Lot
where
P =, Z c ---C'(O‘)—02“0(0‘)---0(0‘)}]‘ #5gasbdbdedeades (2.25)
Piy i in) a (i in) [ J)BYaB €dCq dCp .

are referred to as the Boltzmann collision integrals or the production terms. The evaluation of
them will be treated in detail in chapter 3. Equations (2.20)—(2.24) may be referred to as the
partial mass, momentum, energy, stress and heat flux balance equations, respectively.

The conservation laws—the mass, momentum and energy balance equations—for whole mix-

ture can be obtained by summing each of (2.20)—(2.22) over o

D 0
mass balance equation: p —|— avz =0,
xl
D doi; 0
momentum balance equation: p < DQ: — E) + (9?; + 3 f @' =0,
3. D(nT 0 5 0
energy balance equation: k: (];Lt ) an + 5 avl 2]8 Z,Oau(a io‘ =0,

where

1 N
:_ZpaFou
pa:l

and conservation of mass, momentum and energy rendered the right-hand sides of the conser-
vation laws vanish.
In three dimensions (3D), (2.20)—(2.24) represent 13N equations in 13N + 3 variables—p,,

uga), 0o, Z(]a), ql( ) for q = 1,2,..., N, and v;—along with the unknown higher order moments
u?j(;:), ujj(a), u*® and unknown production terms. However, owing to (2.9), equations (2.21)

for « = 1,2,...,N in 3D result only into 3N — 3 independent equations. Therefore, in 3D
(2.20), (2.22)—(2.24) for « = 1,2,..., N and (2.21) for any N — 1 constituents along with (2.26)
form the system of so-called 13N moment equations for N-component gas-mixture, however,
due to presence of unknown variables, the system of 13N moment equations is not yet closed.
Alternatively, the definitions of total density and average temperature (2.7); 3 make it possible to
include total mass and energy balance equations (2.26) 3 in system of 13N moment equations—
in that case (2.20) and (2.22) for any N — 1 constituents can be used to get 13N independent
equations again.

In order to close the system of moment equations (moment system), either the unknowns
should be expressed in terms of the variables considered or the new governing equations for the

unknown moments may be used. The problem with the latter approach is that the governing
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equations for the unknown moments will contain even higher moments and this will go on, unless
one uses the former approach. In the next sections, the closed set of 13N and 26N equations

will be derived using both the approaches.

2.5 Grad’s closure

For closing the moment system in case of a single gas, Grad [35] approximated the velocity
distribution function with a finite linear combination of the n-dimensional Hermite polyno-
mials [34]—%’;572)M(C) in dimensionless peculiar velocity C—and he evaluated the unknown
coefficients in the expansion by satisfying the definitions of the moments considered with the
approximated velocity distribution function, see [34, 35] for more details. Following Grad’s strat-
egy for a single gas, we also approximate the velocity distribution function for each component
in a gas-mixture with a finite linear combination of the n-dimensional Hermite polynomials in

dimensionless peculiar velocity of that component with respect to the whole mixture as

N
o 1 o n
W A fjﬁd) Z ) agli)z...in %flgln for a=1,2,...,N, (2.27)
n=0
where
3/2 2
(@) _ r(a) _ Mg - maCy
far = (1, ca,t) =ng <27Tk3Ta> exp( QkTa> (2.28)

(a)

@  _,
1192...0n  4112...0n

cients and 2™ . = ™ (Ca / \/6?@) are the n-dimensional Hermite polynomials. It should

1112...00 1112...0n

is the Maxwellian distribution function [129], a (r,t) are the unknown coeffi-
be noted that f](\? is a local Maxwellian but not the equilibrium distribution function fyjeqn,
since ng, T, and C,, in (2.28) may depend on r and t while they do not depend on r and ¢ in
(2.18) and, additionally, all the gases in the mixture have the common temperature 7" in equi-
librium (cf. (2.18) and (2.28)). The unknown coefficients in (2.27) are evaluated by satisfying
the definitions of moments considered with the approximated distribution function (2.27).

For the 13N moment theory, one expands the velocity distribution function for each compo-
nent as

~ _ (@) 0) 4 4@ 5 1 (@) @ 1 (a) 03
fo = fajc1s = fy <a(a)%ﬂ( VA + 3% M5+ 50 i )

and by satisfying the definitions of the physical quantities (2.6) with f,q13, the unknown coef-

ficients turn out to be

(@) (@) (@)
(@) _ (@ _ Y (@) _ (@ _ i (@ _ 6 Ny
a 17 a; \/@7 Ay 07 a’(z‘j) pae ’ al_]j 5 a03/2 (229)

where

hy =q, — =pabatin (2.30)
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is referred to as the reduced partial heat fluz [130]. We refer to fq)q13 as Grad 13-moment (G13)

distribution function for species «, and owing to (2.29), it reads

(@) (@) (@) @) @) (@ @) /e
_ (@) u; G 1oy Ci &5 1h G (Cy
Jajgrs = far |1+ 0. T3 o +z o2 \a, 5 (2.31)
2.6 Grad’s N x 13-moment equations
0(a)

In order to close the 13N moment equations of § 2.4, the unknown higher order moments—u,;;.
uilj(a) and u*® for a = 1,2,..., N—are evaluated with the G13 distribution functions (2.31),
this yields

u?](gl)Gl?) =0, ui;f&:a = 79aa§?) and uf((}% = 15p,0> for a=1,2,...,N. (2.32)
Furthermore, the use of (2.31) for the velocity distribution functions of each constituent makes it
possible to evaluate the production terms. Nevertheless, the evaluation procedure for a general
interaction potential is not easy and it is detailed in chapter 3. Here, we shall just append the
subscript “|G13” in the production terms to denote that they have been evaluated with the G13
distribution functions (2.31). The closed set of 13N moment equations obtained in this way are
referred to as the Grad’s N x 13-moment (N xG13) equations. They read

Dpqa 5(Pau§a)) ov; ()

TR e = Pletas (2.33)
« (o)
D(paul™) 905" 9(pabla) (@) OV; ) Ov; Du; (@) 0(a)
: — — F, =P 2.34
IR 5, g+ Pat o, -+ ot aijr oy — B ) = Pidh, (234)
3 D(paba) aqz(a) 5 ov; (o) 8UZ a) (Dv; @)\ 11
2o o + 5 Pabl 70, T i oz, -+ potry” (o~ ) = 5Peis (2.35)
Doy | 404 @ o @) oy OV @) (DY) @) o)
Dt T 5, T oy T K gy TPy, T oy ) T Plaas

(2.36)

Dq(a)

1

Dt

a) 9v;
(9::3@-

(a)
7 Oo 7 (@)% 50(pa02) T

)5' Z()avz
(933] 2% Oz 2 O 5 K

v L2
d; ox; 5%

D (03 (0%
+<( + poﬁaéw < o >:§P3(G1>3, (2.37)

where (2.34) is considered for any N — 1 constituents along with (2.26)2 while the rest of the

equations are considered for all the constituents.
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2.7 Grad’s N x 26-moment equations

In order to incorporate more moments into the 13N moment system of §2.4, one includes the

equations for the unknown moments—u?](:), ui](a) and 42 (¢ =1,2,...,N)—into the system

instead of closing the system with G13 distribution functions. The equations for the unknown

moments—u?](:), uil}a) and w2 —result by choosing v, as maCéia)C](»a)C,S‘), manéCéia)C](.?),
and m,C2 in the transfer equation (2.19):
o 0(a 1(a)
Duid L0 du Oy L30T oo Ou 12 (e 9v
Dt ijk 31‘[ 8.%'1 7 8.%'@ Uij 8 5) < 31‘j
+3 gg’( > P, (2.38)
1(a @) 2(a)
Duj;” @ vk Ouij; L 20U Ty 0w L 6 1) Oy 4 1) 90
Dt K 8.%'k 31‘k 5 Oz j) ikl 31‘[ 7 <Z] 8.%' 9 k(i 31‘)
v 14 ov Dv 28 j
1(a) 9Y5) 2(a) 9V 0(e) [PV po(a) 28 (o) (PY%) @) _ pll@)
+ 2uy; R + g 9z, + 2uyjy, (Dt Fy >+ = 9 < n Ey ) =Py, (239)
Du?® 7, O 6u2(a) ov; Du;
— (a)_l 4 1(0“/)_2 (Oé) Z F(a) — 2(04) 2 4
Dt 3" Ox; t 0w Ox; + 0x; + 8 Dt g P (2.40)

Inclusion of (2.38)—(2.40) into the 13N moment system of §2.4 leads to the system of 26N

moment equations in 3D. Nevertheless, the system of 26N moment equations is not closed

because the higher order moments—u?](:l), ul(@) 2@

ik » W —and the production terms are not known.

Often, it is more convenient to write the moment equations in terms of the new variables

(@) _ 0(a) 0@  _  0(a)
Mg = Yije — Yijkic13 = Yijk
() _  1(a) YY) U (@)
Ry = w7 = Uy5a03 = Uy — 0005, (2.41)
_ 2 2(a) W2 2
Ay = u?® — UGy = (@) _ 15405,

In terms of the new variables (2.41), the governing equations for stresses and heat fluxes
(egs. (2.23) and (2.24)) change to

(@) () (o)
Doy Omi 4% | @O o @O o 0%
Dt axk 9 a$]> K axk k(i 8£Ck @ aa$j>
Du;
(o) J) (@) ) _ po(e)

[} o a)
Dy 10RY 7, aa§j 7 00 194, .- 50(pa) | (@) v
Dt 2 dz; @ 2 2% 9z, T 6 am, Oz, Gk gy,

Bz
Dy 1
T2 T 7 @00 2 @0 +< @ pa(g %) (ﬂ_p@) _Lpl@ (g4

5% 5z, 759 ar; 59 Ba; Dt I 3

5
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The governing equations for the new variables (2.41) result from (2.38)—(2.42) and they read

(@) 0(a) (o) ()
szjk; m(a) % aul]k‘l _|_ §8R<'U _|_ 39 8O'<Z] _|_ 3 ( ) 890‘ + 3m(a) 8Uk;>
Dt ik 9, ox; 7 8:Ck> a$k> s a$k> Hij 9x,
12 (a) vk @ (P @) _ 0@
DR}’ ple dvr | OU w20 o 28, 0q;;” 0@ % 40 (@) 9)
- 2., —— — — 4 / 4 e
Dt Y Oz + oxy, + 5 Oxj 2k ox; 5 ¢ oy * k(i oy 4 kG Oz,
(o) (@)
8y @Ou M1 0g 141 () (a)0uk @9 -1 (@) (a)0Pa
3 %4 oxy, 3 an@'j oxy 3 paaw Tkl oz, + 7000 ij oxy, +7pa6auk 7ij oxy
om'Y 6 Oy 4 D vy 14 . Oy D
B ijh | 0 p@O%) 45 0k | @9 14 0% @ (Do )
7a Oy, * 7R<ij T, * 5Rk<i Oy + Rk(i Oy, * 15 a(?:cj> M Dt k
28 ( (@ 5 @) (P% _ p@) _ 14 @, @ (Do @
5 (q@ “ppebor ) oy —E ) g e (o
1(a) 0@ 7 (1 S L) (0)po(a)
Pij " = T0aPy " — 304 P ( )+7p_9a% P, (2.45)
DA, 7. 0v; @) () OV; aq(“) 2(9 () 9 ( )0
’ e (cx 7 1 ) OPq
Dt T 3500m T am a%i gy~ 200, by T 00t
TR 2 g (e 5, @) (RU @)} Z prer _106,p1@). (2.46)
7O I AN o

Equations (2.20)—(2.22), and (2.42)—(2.46) along with (2.26)2 form the system of 26N moment
equations, where (2.21) needs to be considered for any N — 1 constituents while the other
equations need to be considered for all the constituents.

The system of 26N moment equations obtained above is closed by approximating the velocity

distribution function for each constituent with Grad 26-moment (G26) distribution function

(@) i G ij i Y gk 7
fajg2e = far |1+ 0, + 2 pab? + 5 pab? Ou 6 pat3

4D o@Dl 1A @ <02 > 1% et ol

(0) (@) (@)
Rl /e > 4
1 Ry ey (c 7> 1A, < 202 10) (247

il 1—2%a = Yo
8 pull A 2\ 739, T34z

With the G26 distribution functions (2.47), the unknown higher order moments and the produc-
tion terms are expressed in terms of the 26N moments considered; the unknown higher order
moments become

C)

Uikl Go6 = =0, ul 99am(q) W2 289aq2(a) 35pa93u§a) for a=1,2,...,N

ijk|G26 ijk> 1|G26
(2.48)

and, again, the evaluation of the production terms is detailed in chapter 3—however, here, we

shall just append the subscript “|G26” in the production terms to denote that they have been
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evaluated with the G26 distribution functions (2.47). The closed set of 26N moment equations

obtained in this way are referred to as the Grad’s N x 26-moment (N xG26) equations. They

read
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DA, 7, v () O g™ L , 0l 2. (0 Opa
—_— = 0O L 2 -2 0 -2 9
D T 38ap, T80y Dz, 00 gm, T Gy, 20pabay 200

(@) 00 (a >avz (@ O @) (Dvi ) 2() 1(a)
— 70pa9au (9— + 4R i o, + 8 (ql — §pa9aui Dr F; P‘G% 106 P‘G%

(2.56)

Equations (2.49)—(2.56) along with (2.26)2 in 3D represent the N xG26 equations, where (2.50)
needs to be considered for any N —1 constituents while the other equations need to be considered

for all the constituents.



Chapter 3

Boltzmann collision integrals

The procedure for computing the production terms for a gaseous mixture is not very different
from that for a single gas and the procedure for the latter can be found in many textbooks,
e.g., [60, 102]. Nevertheless, computing the full non-linear production terms—even for a single
gas—is not easy due to the presence of enormous number of terms at intermediate steps during
the procedure.

In this chapter, we present the procedure for evaluating the general production terms (2.25)
for gaseous mixtures by assuming that the distribution functions for all the constituents in the
mixture are approximated with (a) G13 distribution functions and (b) G26 distribution func-
tions. We have implemented the procedure in the computer algebra software MATHEMATICA®.
The findings have been published in [44] and the source code for the computation is available

t [41]. Using this source code the fully non-linear production terms for a single gas, a granu-
lar gas or a gaseous mixture can be computed—in principle, for any interaction potential and
for any number of moments. However, due to their cumbersome form, we restrict ourselves
to the production terms for 13- and 26-moment case and present them for the a-constituent
(e =1,2,...,N) in a gaseous mixture comprising of N simple gases interacting with (a) Maxwell

(b) hard-sphere interaction potentials.

3.1 Procedure

The goal is to compute the production term (2.25), which can be written as

(
P, ZP“ ) (3.1)
where

P =y, / (i@ el — el CiYV} fafs gasbdbdedeades.  (3.2)
However, since the squared velocities in (3.2) can easily be expressed in index notation using
Einstein summation convention, for instance C2? = CZ(:)CZ((?), and the indices in each term of

(3.2) can be adjusted accordingly, we shall first compute

P = m, / Ci -l = O fafs gap bdbdedeg des (3.3)

instead of computing (3.1) directly. In the end, we take the trace of each term in the result
and that will give the contribution from the collisions of the a-gas molecules with the (5-gas

molecules. Finally, the result is summed over § to include the contribution from each type of

21
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collision and that would be the required production term.

3.1.1 General idea

Similar to a single gas, the general idea behind how to compute (3.3) is to reduce the integrals
over velocity spaces in (3.3) into two integrals, which can be separated. When a common
temperature for all the gases in the mixture as well as for the whole mixture is assumed (viz.,
in the single temperature theory), the transformation of the velocities ¢, and cg to the relative
velocity and the velocity of the center of mass converts the integrals over the velocity spaces
co and cg in (3.3) into two separate integrals—one over the relative velocity and the other
over the center of mass velocity, see e.g. [23, 28, 60]. Unfortunately, the same trick does not
work if different temperatures for different constituents in the mixture are considered (viz., in
the multi-temperature theory). Indeed, the two separate integrals in this case are obtained by
transforming the velocities ¢, and ¢g into the relative velocity g,g = co —cg = Co — Cp and
another velocity hog = (3Cq + 6,C )/, where ¥ can be anything having the dimensions of
temperature in energy units. The two transformations are related via the relation dc, dcg =
dC,dCjs = (79/(26))3dga5dha5, where 6 = (6, + 63)/2. This transformation leads to

c: C3 o1/, 9
o =5 _ 1 AT I 4
0o 05 20 <ga5 T 9u05 aﬁ) (3.4)

Zhdanov [129] chooses ¥ as 26 so that the Jacobian of the transformation is unity. However,
following [42], here we choose ¥ as 2,/6405 . Although, the Jacobian of the transformation is
not unity in this case, but if one scales the velocities ¢, and C,, with /0, (v € {o, 8}), and 9o
and h,g with V0, the Jacobian with respect to scaled velocities turns to unity. Since, we shall
be dealing with the dimensionless velocities, the latter definition of ¥ is more adequate for our

description. Therefore, hereafter, we shall use

3.1.2 Full tensorial expression

Let us first replace the post-collisional velocities in (3.3) with pre-collisional velocities by using
relation (2.1); in different form Ci/(a) = C’i(a) — 2,ugki(aﬁ)ga5 cos O3, where O3 is the angle
between contact vector ko, and the relative velocity g,3. For better readability, we drop
the superscript “(a3)” and the subscript “af” from the contact vector and the transformed

velocities. The product of post-collisional velocities in (3.3) turns into

C,/(a) e CAI(Q) = Z(—Qlu,ﬁ)j (;L) k‘(“ kiy -+ ki C(a) s C(a) C(a))gj cos? @aﬁa (36)

i in Y In—1"in
J=0
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where the round brackets around the indices denote the symmetric part of the corresponding
tensor [102]. Substituting (3.6) into (3.3), one obtains

0(as = i(n a a) g
P = ma 325 (7) [ 604,80, €09 fo e des, (3.7)
J:
where
L i = /kil -+ ki, cos" Oz gbdbde (3.8)

is termed as the scattering vector integral. The structure of the integrand in (3.8) suggests that

I

i1 Will have the form

w3

12]
Gia; i,
T o™ Sinin -~ Oiny ving 241 Z_)’ (3.9)

(
J
— g 9

.

() _ (n)

where the coefficients a ; =a; (g) are unknowns and depend only on the relative speed g. The
computation of the coefficients a ") is detailed in §3.1.2.1. The use of (3.9), eventually, unveils

the tensorial structure of PO( B ) . We have

oL~

[4]
0 «
zl( zﬁ) = ZZ (—2pp) < ) (ivia " " Oigy_yimy

7=11=0

X /al] (9) gzlgimﬂ . Cz(;)f1 . Ci(:))fafg de, deg, (3.10)
where all the collision aspects are hidden in the coefficients al(j )(g). Expression (3.10) is entered
as the starting point in MATHEMATICA® program.

For general interaction potentials, specific forms of the distribution functions f, and fz must
be provided in order to compute P“(af ) further. Here, we approximate both the distribution
functions f, and fg with (a) G13 distribution functions (2.31) and (b) G26 distribution functions
(2.47).

3.1.2.1 Computation of the coefficients a(-n)

(n)

The unknown coefficients a; follow by appropriately contracting the two forms of I;, ; in (3.8)

and (3.9) with comblnamons of g;/g and with combinations of Kronecker deltas d;; successively,
and this leads to scalar relations that provide a linear system for the coeflicients depending on

the scalar integrals
™ = /COS2n Onpgbdbde = 27 /0082” ©q39bdb, where n € N. (3.11)
From (3.8) and (3.9), one has

IZ:/kicose)aggbdbde:aél)%.
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Contracting the above equation with g;/¢g and using the relation k;g; = gcos 4, it, readily,

follows
al) =10, (3.12)

Again, from (3.8) and (3.9), one has

= / kik; cos? ©,5 gbdbde = a? g;g; + a5,

Contracting the above equation with (gi gj) /g? and with d;; successively, one obtains
7@ = a(()Q) + a§2) and 10 = aéQ) + 3(1%2)7
and, thus
@ _ 1 (370 _ @ _ L (0 _ e
ag 5 (3[ 1 ) and a 5 (I I ) . (3.13)

The next integrals are treated analogously and one, eventually, finds

o = % (51(3> - 31(2>> and af? = ; (I @71 (3>> , (3.14)
1
al?) = = <35I<4> —3010) 431 (2>> . dW = —Z (51(4> —6I®) 41 (2))

and a$V) = g (I<4> —21® 4 1(2)) , (3.15)

and so on.

By changing the angle ©,4 to the scattering angle x,g = m—20,43 and exploiting the identity

a-ar =3 (1) a-w).

j=1

the integrals 1(™ in (3.11) can be expressed in another form, which is more close to standard

Omega integrals [60]
[eelNe o]
((lﬁr // ~ap 72r+3 (1 — cos Xaﬁ) bdbdyag, (3.16)
00

where x5 = ™ — 20,3 is the scattering angle. In terms of the scattering angle, 1 (") becomes

n 1 —cos xap
I ):27r/<f> bdb = o 12 ( >/(1—coija5)gbdb (3.17)
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3.1.3 Integration over velocity spaces

To perform the remaining integrals in (3.10), the velocities ¢, and cg are transformed to g and h
using (3.5). With the G13 or G26 distribution functions for f, and f3, and using relation (3.5),
one obtains two separate integrals—one over g and other over h. The precise expression of the

)

integrals are involved as the transformation of velocities acts on velocity components Ci(a ’s as
well as on both the distribution functions f, and fz approximated with G13 or G26 distribution
functions. However, any single integration over h results into a combination of Kronecker deltas,

since it has the form

h2
/hQ" hiy -+ - hi, exp <—?>dh with n,p € Np. (3.18)

The integral in (3.18) vanishes if p is an odd integer. For even p, the integration is performed

by transforming h into spherical coordinate system. It follows

o) 2t
h? h?
/h2" hiy - -+ by, exp (—;) dh = /h2"+p+2 exp <—?> dh - // Vi V4, sin© dO dy

0 00
1 2nip+s 2n+p+3 4
=50 F( 2 > o O disia iy i)y (3:19)

where v; = h;/h = {sin © cos p, sin O sin ¢, cos O}; are components of the direction vector.

The remaining integral in onl(afn) is the integration over g. This integral is also performed
by transforming g into spherical coordinate system. The vectorial part in the integral, i.e., the
integrals over polar angle and azimuthal angle, are evaluated in terms of Kronecker deltas as
above. The remaining scalar part, i.e., the integral over g, cannot be fully performed as the
integrand contains the unknowns I which have appeared through the unknown coefficients
a(j)(g), see §3.1.2.1. Nevertheless, by changing the variable g to 21/ Yags Where v,4 is dimen-
sionless relative speed of a-gas molecules with respect to S-gas molecules, the integral over g
can be expressed in terms of the Omega integrals (3.16). As soon as one specifies the interaction

potential, the Omega integrals are known and integral over g can also be fully performed.

3.1.4 Dimensionless scaling

In MATHEMATICA® program, the dimensionless quantities are used. The quantities in (3.3)
have been scaled as follows.
o 93/2

()
S Y N & At _ G : o N
9i=""F#=, hi=—, C'= = H(Cy) = f+(Cy), v €{a, B}
\/g Y Y n’y Y Y

9 1 9 C@ - 9
Vo NG NG

Additionally, a reference differential cross section By is chosen to define bdb="b db/By. In terms

of the dimensionless variables defined above, expression (3.3) reads

0(aB)
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with collision frequency Z = nBBO\/E. The dimensionless distribution functions in the above

equation are replaced with corresponding dimensionless G13 or G26 distribution functions (v €

{a, B}):

X 1\ 3/2 (2 oD ) 1 JZ('Y) A 1 B ) A
fyiais = (—) exp [——=L | |1+ —=C" + - —L-CCY + - —L_CV(C2 —5
Bl o 2 NCR 2 p,0, W (€5 =5)

(€D
1 Mk~ amam . LB amam s 1A, [ 2.0 1y
+ o5 Cl OO + 5 cc(CF 7)+8—p79?y =300+ =0

It should be noted that in the MATHEMATICA® program we have not used the dimensionless
moments in the distribution functions for convenience; nevertheless, one can also use the dimen-
sionless moments scaled with appropriate powers of p, and 6, without any problem. Moreover,
the dimensionless quantities are not explicitly marked in the MATHEMATICA® program in order

to simplify the notations.

3.2 Production terms

Implementing the procedure of §3.1 in MATHEMATICA® program, we compute the production
terms associated with NxG13 equations and N xG26 equations for any interaction potential.
Nevertheless, due to their cumbersome forms, we present them only for (a) Maxwell and (b)
hard-sphere interaction potentials. In the following, we present the production terms for the
a-constituent (o = 1,2,..., N) associated with systems of NxG13 and N xG26 equations. In

case of hard-sphere interaction potential, we shall also use the following abbreviation for brevity.

paba — psbls  1E(To —Tp)

Ab = — ,
0 0 mq+mg

(3.20)

It is worth pointing out that the production terms below are written in such a way that all the
linear terms appear first followed by the non-linear terms. Moreover, the linear and non-linear
terms which on replacing 8 with « vanish are written before the corresponding linear and non-
linear terms which on replacing 8 with « do not vanish. With such an arrangement of terms,
one can readily obtain the production terms for a single gas a by ignoring the summation and

replacing 8 with a.

3.2.1 Production terms in NxG13 system

3.2.1.1 Maxwell interaction potential

0(a) _
P13 =0, (3.21)
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N
(6% 4 (6%
PZO|(Gl)3 gawaZm 1g <uz( - ugﬁ)) ; (3.22)
p=1
al 1
5P = —01 3 v ko (T = T5) = 50t = ool | (329
p=1
PO _ Y e — 9 — e @ 4 Lidas — 3 (@) _ Pa_(®)
ZJ‘G13 Zyaﬁ:uﬁ 3( ai )(lua lu’ﬁ)o-zj + 3( ai )Iu’ﬁ O-'U pﬁ z]
-2 {:m T 20 (1o m}paug)ugﬂ | (3.24)

N
1 _1(a 2 o a a
3 21‘(Gl)3 =3 g VaBl3 [th )y 2(3a1 — 1) (pta — Mﬁ)hz( )y 10a1 1150 pa (ug ) ugﬁ))
B=1

+4(2a; — 1) (hﬁ“) - g—;hﬁﬁ)> + 20 pip ( Pal) 4 Z—;uga)%(f))

(o = ) (30 + 20100 = 1)) + dan — iy b)) '}

+ 5pa {Qaluga) + (2u5 + a1 (fta — 3,u5)> < Ea) - u§6)>} M} (3.25)

Mo + Mg

3.2.1.2 Hard-sphere interaction potential

0() _
Piers =0, (3.26)

o) () _ ,8) L (@)  Pa, (8
Picis = ZVaB:“B[ Pa(z’ Uy >+6_<hi _%h@' >

L@@ Pa B @) 11 @8 _(B)p(a)

0 <O’Z-j u; pgaij u; + 60 907 (UZ-]» hj i hj ) ) (3.27)
N 11

—P\ém > vapns [5pa6Ae—§5u5 (hi‘”uiﬁ’ ﬁ—;h(ﬁ’ “")
ps=1

N ) (8) 11(a)<>_31<a><5> 31 (@),
3(/%4 Mﬁ)pﬁ <5pozp6ui U, 29 UU 2092h2 h™ + = 9[) sh;

1T w @) L 3f5 @@ 1 1 @ » L (@,
+20pahi u, 2A0 3paui u,; +12p590ij 0. 20p HZh’ h;
L@, (8) | Pag(B), ()

50 (hi u;” + o h;" u, , (3.28)
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(3.30)
3.2.2 Production terms in N xG26 system
3.2.2.1 Maxwell interaction potential
0(a) _
Pigas = 0; (3.31)
4 N
0(a «
Pi|(G’2)6 = T 3Wpa Z Vap Hp <“z( ) UEB)) ) (3.32)
B=1
al 1
P\G(zb‘ —day Z Vaplp [,uakna(Ta —Tp) — g(ua - Mﬁ)ﬂauga)ugﬁ) ; (3.33)

B=1
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3.2.2.2 Hard-sphere interaction potential

0(a) _
Pigas =0, (3.39)
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3.2.3 Collision frequencies and coefficients a;’s in the production

terms

The collision frequencies appearing in the production terms are defined as

= DV 0l BT e o) (3.47)

with QZ(.JZ,’Q) = Qﬁ’m. It should be noted that the collision frequencies are such that the total
number of collisions between the a- and 3-gas molecules remains balanced, i.e., novag = ngrga

[27, 124]. In case of hard spheres, QZ(-JZ.’Q) are given by

. . 2
0f? - (414) e (3.48)

where d, and dg are the diameters of the a- and -gas molecules, respectively.
The constants a; are defined as a; = A;/As [60] with

w/4 w/2

A_f/ C"”Odm W/ﬂ_sm

sin?(2¢)

(3.49)

2 ¢ sin® wl

The numerical values of first few constants are a; = 0.9673 ~ 29/30, ay = 1, ag = 1.3416 ~
51/38.



Chapter 4

Boundary conditions

In order to solve the boundary value problems with moment equations derived in chapter 2,
the moment equations must be supplemented with the boundary conditions, which describe the
interaction between gas molecules and the solid wall (boundary). Since the moment equations are
derived from the Boltzmann equation by considering the appropriate moments of the velocity
distribution function, the boundary conditions associated with the moment equations can be
expected to follow by taking the appropriate moments of the velocity distribution function in its
boundary condition. Nevertheless, since the gas molecules interact with the solid wall in a very
complicated way that depends on the microscopic surface structure of the wall as well as on the
interaction potential between the gas molecules and the wall and, usually, it is not possible to
accurately describe this interaction [20, 102], the topic of boundary conditions is debatable.

Often, simplified wall-gas interaction models—which assume smooth wall—are used in the
literature. The most common and one of the simplest model is the Maxwell accommodation
model [66]. It considers a (constant) single accommodation coefficient, which is a physical quan-
tity characterizing the behaviour of gas molecules in their collision with the solid wall. The
other well-known model for the gas-surface interaction is the Cercignani-Lampis model [21],
which considers two accommodation coefficients. Recently, Struchtrup [104] proposed a modifi-
cation of the Maxwell accommodation model that considers velocity dependent accommodation
coefficients. However, the latter two models are yet to be exploited in the context of moment
equations.

The work of Gu and Emerson [38] may be regarded as the pioneering work which constructs
the boundary conditions for the R13 equations based on the Maxwell accommodation model.
Reference [118] advances the topic of boundary conditions by overcoming the inconsistencies in
[38]. Reference [39] further applies the Maxwell accommodation model to derive the bound-
ary conditions for the regularized 26-moment (R26) equations. Our paper [45] extends the
Maxwell accommodation model to gaseous mixtures in order to derive the boundary conditions
for NxG26 equations.

In this chapter, the Maxwell accommodation model for a single gas is extended to gaseous

mixtures in order to derive the boundary conditions for N xG13 and N xG26 equations.

4.1 Boundary conditions for a single gas

4.1.1 Maxwell accommodation model

Maxwell [66] speculated that the gas molecules colliding with the solid wall can be rebounded
after the collision in two ways, namely specular reflection and diffuse reflection. In a specular

reflection, the tangential component of the velocity of a molecule hitting the wall does not

37



38 Chapter 4. Boundary conditions

change while the normal component of that merely changes its sign and, therefore, no energy
is transferred during the process. On the contrary, in a diffuse reflection, the molecules hitting
the wall accommodate at the wall and return to the gas—after interaction—with the properties
(e.g., temperature and velocity) of the wall.

Maxwell accommodation model states that a fraction x of the gas molecules hitting the wall
is diffusively reflected while the remaining fraction (1 —y) of those undergoes specular reflection.
It, further, annexes that the diffusively reflected molecules enter the gas with the distribution

function of the thermalized gas molecules at the wall, f,,, which is a Maxwellian and given by

3/2
Jw(Cy) = %ﬂ (27T19w> / exp <—%>, where 6, = k% and Cy,=c—vy,. (4.1)
The symbol y in Maxwell accommodation model is the accommodation coefficient which has to
be given or measured. In principle, the accommodation coefficient xy depends on the velocity
of the molecules [102, 104], however—for simplicity—it is assumed constant in Maxwell accom-
modation model. In (4.1), m is the mass of the gas molecule; ¢ is the instantaneous velocity
of the molecule; p,, is the density of the thermalized molecules at the wall (also referred to as
wall density occasionally) and it is determined by ensuring that there is no accumulation of the
molecules at the wall; T;, and v,, are the temperature and the velocity of the wall, respectively;
and C, is the velocity of the molecule in the reference frame of the wall. Let us introduce the
unit normal n on the wall pointing into the gas so that n - C,, < 0 for the molecules hitting
the wall while n - C,, > 0 for the molecules rebounding from the wall. Typically, the velocity of
the gas v is different from the wall velocity v,,, so that the gas has a non-vanishing slip velocity
V = v — v,,. Furthermore, we assume that gas cannot penetrate the wall; consequently, the
normal component of the slip velocity vanishes, i.e., n -V = 0. Thus, the slip velocity of the
gas is parallel to the wall.

According to Maxwell’s accommodation model, the velocity distribution function in the

infinitesimal neighbourhood of the wall is given by

i g [xR@ra—0r@, nouso )
f(C), nngo

where f is the distribution function of molecules hitting the wall, f* is the distribution function
of specularly reflected molecules from the wall, and the subscript ‘nw’ is used to denote ‘near
wall’. The distribution function f* follows from f analogously by reversing the sign of normal

component of velocity, ¢,,.

4.1.2 Boundary conditions

The boundary condition for the velocity distribution function is determined by the fact that
it should be continuous near the wall. In other words, the distribution function of the gas, f,
should be equal to the distribution function of the gas in the infinitesimal neighbourhood of the
wall, fow, given by (4.2). Therefore, the boundary condition for any function ¢ = ¥ (r,¢,t) is

obtained by assuming that the moment of the velocity distribution function with respect to
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should be continuous near the wall, i.e.,

Jes@de= [v fuie)de (4.3)

Thus, by choosing the value of v same as that considered while deriving the moment equation
for [¢ f(c)de, the boundary condition associated with the moment equation can be obtained.
Nevertheless, by choosing the value of ¢ same as that considered while deriving the corresponding
moment equation, condition (4.3) provides more boundary conditions than required. However,
by considering the special case of no accommodation (x = 0), Grad [35] concluded that only
those moments which are of odd degree in C,,—where C,, = n - C is the normal component of
the peculiar velocity of the gas, C = ¢ — v—need to be considered for deriving the meaningful
boundary conditions. Therefore, without loss of generality, let us assume that v is of odd degree
in C),.

It is easy to understand the derivation of boundary conditions for the case when the normal
on the wall coincides with one of the axis in Cartesian coordinate system. Let the normal from
the wall (into the gas) be pointing towards positive xz-axis and 1 be of odd degree in C,. The
boundary condition (4.3) in the light of (4.2) reads

Jucscyae= [ | /O () (Cy) dC, AC, dC,

R R —o0

+ [ [ [ocalutuca+ - vs-co]acac,dc., @)
R R O

where we have used the relations C',, = C +V and V, = 0 in f,, and explicitly mentioned only
the normal component of the velocity (C,) in the arguments of the functions, though all the
functions may still depend on position, time and other components of the velocities C' and/or
V. Additionally, the relation de = dC has also been used on the right-hand side. Since, v is of
odd degree in Cy, (4.4) further simplifies to

Jucaseade=x[ [ <7w<cx>fw<cx>dcm+ /O w<c$>f<cx>dcx>dcydcz. (4.5)
R R 0 —00

The underlined integral in (4.5) can be further reduced by decomposing the velocity distribution
function into even and odd functions in C, i.e., f(Cp) = fE*N(C,) + £ (C,). It should

be noted that this decomposition is possible, at least, for Grad-type distribution functions
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considered in this thesis. One can write the underlined term in (4.5) as follows.

0

/ H(Cs) F(Ca) dCs = / H(C) FOD(Cy) dC, + / B(Cy) £ () dC,
- / (Cy) 19(C,) dC, / H(Ca) 1 (C,) dC,

:éfwcx)f )dC, / $(C) SO (C) dC, (4.6)

where the fact that ¢ is an odd function in C, has been exploited at every step. Also, in the
last step we could drop the superscript on f and could integrate the complete f owing to the
fact that 1 (C,) x v (C,) is an odd function is C, and, therefore, the integral of it over R
vanishes. Insertion of (4.6) into (4.5) yields

/@waﬂ@mk=5??!!<ZQmmm ) dC, /w fleven)( mc)a&&;

(4.7)

Since the integral over f,, could depend on the other components of velocities C' and V, it is
easier, indeed, to evaluate the integral containing f,, by transforming the variable from C' to
C, using the relation C = C,, — V' in boundary condition (4.7). With this transformation, the

boundary condition can be written as

Jucareyae=2 1 [ [ 7w<cw,x>fw<cw>dcwdcw,ydcw,z

R R O

///w (even) (€,) dC, dC, dAC, | (4.8)

R R O

where C,,; for i € {x,y, 2z} are the components of C,, and, again, only the normal components
of the velocities are explicitly mentioned in the arguments of the functions.
The boundary condition for a general normal direction m can be derived analogously. It

reads

/ch) f(Cn) an dCt1 dCtg = 22_—XX ///w(cw,n)fw(cw,n) de,n de,tl de,tg

R3 R R O

- [[[searemeniononi). s

RRO

where t; and ¢, are the two orthonormal directions in the plane of the wall and, again, only the
normal components of the velocities are explicitly mentioned in the arguments of the functions.

The boundary conditions associated with Grad’s moment equations are derived by replacing
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fin (4.9) by the Grad distribution function and choosing the appropriate values for 1 similar to
those chosen while deriving the Grad’s moment equations (but only those which are of odd degree
in C,,). Moreover, the full- and half-space integrals in (4.7) can be performed by employing the
procedure detailed in the appendix of the textbook [102].

An extra condition is, often, required along with the boundary conditions constructed by
Maxwell accommodation model for solving the boundary value problems in a given domain. This
extra condition results from physics by the fact that the mass of the gas in a given domain I’
must be equal to a given value My because gas molecules cannot permeate through the boundary

of the domain, i.e.,

/p dy = My, (4.10)
r

where dV is infinitesimal control volume in the domain I'.

4.2 Boundary conditions for gaseous mixtures

4.2.1 Maxwell accommodation model

We extend the Maxwell accommodation model to gaseous mixtures in a natural way by consid-
ering the Maxwell accommodation model for each component in the mixture separately like in
case of a single gas. In other words, we say that according to Maxwell accommodation model
for gaseous mixture, a fraction x, of the a-gas molecules (« = 1,2,..., N) hitting the wall is
diffusively reflected while the remaining fraction (1 — x,,) of those undergoes specular reflection.
Moreover, the diffusively reflected a-gas molecules rebound from the wall with the distribution

function of the thermalized a-gas molecules on the wall, fl(va), which is given by

(a) 3/2 (@))2
fzga)(cgva)) — Pw " ( 1 ) exp <_m>’ (4.11)

Mo \ 270 20

(a)

where py,” is the density of the thermalized a-gas molecules at the wall and is determined by

ensuring that there is no accumulation of the a-gas molecules at the wall; qu,a) = kT /mq with

T, being the temperature of the wall; Cﬁ,f‘)

= ¢, — Uy, is the velocity of the a-gas molecule in
the reference frame of the wall, with v,, being the velocity of the wall. The symbol y, is the
accommodation coeflicient for the a-constituent and, similar to a single gas case, it may also
depend on the velocity of the a-gas molecules, however—for simplicity—we assume that the
accommodation coefficients for all components in the mixture are constants (but not necessarily
same for all the constituents).

Thus, according to Maxwell accommodation model for gaseous mixture, the velocity distri-

bution function of the a-constituent (o« = 1,2,..., N) in an infinitesimal neighbourhood of the
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wall is given by

(@) C(Oé) 4+ (1— * . C(a) >0
frggv)(Ca) _ Xa Jw ( w ) ( Xa)fa(ca)v n w (4.12)
foz(ca)a n'Cgua) <0

where m is, again, the unit normal on the wall pointing into the gas and f is the distribution
function of the specularly reflected a-gas molecules which is obtained by just reversing the sign
of the normal component of ¢, in f,. The slip velocity of the mixture, V' = v — v,, is parallel
to the wall, i.e., its normal component—again—vanishes by assuming that none of the gases in
the mixture can permeate through the wall. It is emphasized here that v is the hydrodynamic

velocity of the mixture.

4.2.2 Boundary conditions

As none of the gas molecules can seep through the wall, the normal components of the diffusion
velocities of the gases in the mixture also vanish at the wall. This leads to boundary conditions

(o)
Up, ‘Wall

=0 for aa=1,2,...,N. (4.13)

The other boundary condition for any function ¢, = (T, €qa,t) is constructed—in a similar
way as for a single gas—Dby the fact that the moment of the velocity distribution function of

a-constituent with respect to ¥, should be continuous near the wall, i.e.,

/ Ve falCa)deq = / Yo £ (ca) deg. (4.14)

Boundary condition (4.14) for any moment, again, yields more boundary conditions than re-
quired and the correct number of boundary conditions for a constituent « is obtained by bor-
rowing Grad’s strategy for a single gas. We say that only those moments which are of odd degree
in Cr(ba)(: n - C,) are needed for computing the required boundary conditions associated with
the moment equations for the a-constituent.

Similar to a single gas case, by assuming—without loss of generality—that v, is of odd

a)

degree in C’,S , boundary condition (4.14) simplifies to

/ Pa(C) fo(C@) dC® aC aC()

2XQ 6% 6% 6% (0% (e}
= 92 _ Xa /// woz Cw, (C( ))dcl(v,n dCl(U t)l dC1(U t)g

///w f(eVeH)( (a))dc(a) dct(ff) dCt(;X) 7 (4.15)

where t; and ¢ are, again, the two orthonormal directions in the plane of the wall and only the

normal components of the velocities are explicitly mentioned in the arguments of the functions.
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The integrals in (4.15) can also be computed by replacing the distribution function for the a-
constituent in (4.15) by Grad distribution function for the a-constituent, and using the procedure
detailed in the appendix of the textbook [102] for evaluating the full- and half-space integrals.
The required extra conditions in case of gaseous mixture, again, result from physics by the
fact that the mass of the a-constituent (aw = 1,2,...,N) in a given domain I' must be equal

)

to a given value Méa because the gas molecules cannot permeate through the boundary of the

domain, i.e.,

/padV:MO(a) for a=1,2,...,N (4.16)
I

where dV is infinitesimal control volume in the domain T'.
We have implemented the evaluation strategy of the boundary conditions too in the computer
algebra software MATHEMATICA® in order to compute the boundary conditions associated with

moment equations for a single gas (not presented here) as well as for a gaseous mixture.

4.2.2.1 Boundary conditions for NxG13 equations

In addition to boundary conditions (4.13) and (4.16), the other boundary conditions associated
with N xG13 equations are derived by replacing the distribution function of the a-constituent
(¢ =1,2,...,N)in (4.15) with the G13 distribution function for a-constituent (2.31). Moreover,
Grad’s strategy restricts the choices for v, to

Yo = Mg {C,(La),C,(LO‘)CS), %CiC’,(LO‘)} , where i€ {1,2}.

For the first choice, i.e., 1, = maC,(La), boundary condition (4.15) in view of (4.13) provides the

definition of pgf,l ),

P, 1
p&?‘) =men!® = —=2  where P,= paba + —ola) (4.17)

DR gy e

The other choices of 1, yield the boundary conditions corresponding to stress and heat flux of

the a-constituent. These boundary conditions read (i € {1,2})

X 2 1 1
g = - X 2 2P, (04 — 0)) + leaa@ - 1Pav2 . (4.19)
n 2~ xa V 70, w ) gYaf%n Ty
Obviously, (4.17)—(4.19) are valid only at the wall. Equations (4.13), (4.16), (4.18) and (4.19)
for a = 1,2,..., N form the complete set of non-linear boundary conditions for the NxG13

equations derived in chapter 2.
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4.2.2.2 Boundary conditions for N xG26 equations

In addition to boundary conditions (4.13) and (4.16), the other boundary conditions associated
with N xG26 equations are derived by replacing the distribution function of the a-constituent
(¢ =1,2,...,N)in (4.15) with the G26 distribution function for a-constituent (2.47). Moreover,
Grad’s strategy restricts the choices for v, to

Vo =m {C(a) C(a)c(a) 1020(04) C(a)c(a)c(a) C(a)c(a)c(a) CQC(a)C(CY)}
(&4 @ Yy~n »¥n ti’Qan’nnn’n ti tj YT an ti

where 7,7 € {1,2}. Again, for the first choice, i.e., 1, = maCr(La), boundary condition (4.15) in

view of (4.13) provides the definition of pL?‘):

P = man() . where P, = pabfa + 205”1) - - (4.20)

\/7\/—’ 28 0, 120 6,

The other choices of 1), yield the following boundary conditions (i,j € {1,2})

on = _ﬁ‘/ﬁ [Pthi + pabouy” + 5q( )+ 2m§m)ti] : (4.21)
(@) _ __Xa i 2P.(0 9(04) 9 (a) (a) —A _lp 2 4.99
ap, 2_Xav779a|: A )+ a0py + R +15 WVal, (4.22)
m@ — _Xa_ [ 2 |Zp p 0 pl)y 79 @ _ L p T A 3pve] ()
L N N I 5 %" 14-m" 5
m@ —_ Xe 2y gy Ly g g @ Lpe 1
nt;t; 2 _ Yo 7T9a 5 w 5 nn titi 14 tit; 150
+épav2 - Pthf} : (4.24)
(@) Xa 2 @ o 1
Mptity = _m E eao-tth + ﬂRtth - Pa‘/;gl V;fg 5 (4.25)
R = Xa 2 6P (0 — 0NV, + PaBLV g2y _ Ly @
nti—m 70, (0o — 057 )Vi, + Paba Vi, + _paat, _gaqti
1
—iaamfmﬁ .y VQVt} . (4.26)

Obviously, (4.20)—(4.26) are also valid only at the wall. Equations (4.13), (4.16), and (4.21)—
(4.26) for a = 1,2,...,N form the complete set of non-linear boundary conditions for the

N x(G26 equations derived in chapter 2.
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Linear stability analysis

It is extremely important for the validity of a model that the solutions from the model are
stable to small perturbations [26, 120]. For a single gas case, Bobylev [10] concluded that the
Burnett and other higher order equations resulting from the Chapman—Enskog expansion of the
Boltzmann equation are linearly unstable whereas the Grad’s moment equations are linearly
stable. It entails to scrutinize the validity of the Grad’s moment equations for gaseous mixtures
derived in chapter 2.

This chapter and the following chapters of this thesis focus on binary gas-mixtures of simple
gases. In this chapter, the linear stability analysis is performed on the Grad’s 2 x 13-moment
(2xG13) and Grad’s 2 x 26-moment (2xG26) equations for binary gas-mixtures in order to
examine their stability. Moreover, the linear stability is scrutinized for two types of gas molecules:

(a) Maxwell molecules and (b) hard spheres.

5.1 Linearized moment equations for binary gas-mixtures

Consider a binary gas-mixture comprised of two gases « and 8 without any external forces
acting on them. For linear stability analysis, we linearise the 2xG26 equations for the mixture
by perturbing the field variables around their respective ground states, i.e.,

()

ij

Vi = ETi, My =5+ ET, T,Y:TO+5T7, uZ(V):sﬂEW), o =5

1y
) B (5.1)
o =cd?, mfl=enl, RY =R, Ay=cA, for 7 {af)

o
0

constituent (v € {«, 8}), T, is the ground state value of temperature of the mixture, the ground

In (5.1), € is a small parameter, nS is the ground state value of number density of the 7-
state values of the other field variables are zeros, and the quantities with tilde are the cor-
responding perturbations in the field variables from their ground state values. Note that the
temperature difference T,, =T = ¢ (Ta -T 3) is also a small quantity. Moreover, in order to write
the 2xG13 and 2xG26 equations in more efficacious form, we express them in dimensionless

form using the scaling (v € {a, 5})

- . ~ ~(7) ~(7)
Ui . Ny 2 QAN ) U; ~(v) _ %ij
,[: = —, = _, T prm— _, . = 7’ .. = B
T Ty T Y T e T T e
() ~ () H(7) X (5:2)
N M) = Mijk R — Ry A Ay

TP T s (05)7

where p = mqyng, 05 = KT, /m~, v is a velocity scale and hats over the quantities denote the
dimensionless perturbations in field variables from their respective ground states. Furthermore,

the space and time are scaled by scaling: &; = x;/L and ¢ = t (v,/L). The velocity scale v,

45
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hereafter wherever required in this thesis, is taken as v, = \/m—where m = XgMqa +Xgmg
is the mean molecular mass of the mixture, and x2, = ng /n, and X = ng /no are the mole
fractions of the gases av and [, respectively, in the ground state with n, = ng, + nj being the
total number density in the ground state—so that in the limiting cases of x2 = 0 or X% =0, the
linear-dimensionless system of moment equations (see below) for the non-vanishing component
in the binary gas-mixture reduces to the corresponding system of Grad moment equations for

the single gas 8 or «, respectively.

5.1.1 Dimensionless equations

5.1.1.1 2xG26 equations

The linear-dimensionless G26 equations for the a-constituent in a binary gas-mixture consisting

of o and [ gases read

vo (O 00\ 00
NS (W * 8—551) P (5-3)
v 90 o2 0, a&%“) T,  Ona 1 ol (o) @ ®
Joe oi 65 af | 0&; | 0%  0&  KnQ” [5 i+ 02q; 0 — 030 — dag ] ;
(5.4)
vo (30T, 08\ 304 04" 1 A
NGR (2 ot a@) T2 08 | 04, Koo [55(T — 1) + 06Aa —57%], (5.5)

o () . () 5(2)
Vo ao_ij +9 8U<z + ammk + éaq(z

ot O ) ot 5 0%
1

~ TKnQ [x200 (657 + 0 RS ) 4+ x5 (806 + 010 R —on6) —6B)], (56)

v 04" 50w 10RY 706 10A. 0T, 500

= Py = — — 5 —
\/92 ot + 293 ot + 2 afj * 2 afj * 6 01; + ox; + 2 0%
1 2 « o [ed o ~a ~(a o
=~ Koo [gxgﬁa <q@( ) ) E )> +x3 <513q§ ) _ 514U§ ) 51561@( ) 516u(5))} , (5.7)
~ (a A(Oé) A(og)
Vo (9ml(.jlg 38R<ij OUW 1 ) " )
\/68 65 ? af@ +3 aik} o _KDQ |:2XaQamljk + XB <617mz]k - 518m2]k):| (58)

=5 [xgsza (519R§]9¥> +520&§;¥>) +x5 (521 R+ 5306 — 533 B — 6 U(B))} C59)
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v 0A, 03 _ 0dl” 1 D A .
/oo ot +8 i, 20 93, KnQ [ Xg {2 ol +x3 {525Aa — 026Ag +527(Ta —Tg)}] .
(5.10)
In (5.3)~(5.10),
Kn = % with ¢ = > (5.11)

164/ no (XO 0?4 X%Qgﬁz))

is the Knudsen number and L is a macroscopic length scale pertaining to the problem under

consideration;
Q22 (;62)
Q T~ and Q= (5.12)
REPNCE) NG
Qaﬁ Qaﬁ

are the ratios directly related to collisional cross sections; €2 = x2 €, —i—x‘éQ 3; and the coefficients
ds, 019, 099 are constants while the other §;’s depend only on the mass ratios of the constituents.

The coefficients §;’s for Maxwell interaction potential are given by

2v2 2v/2 ‘
01 = —3 Vs, 02 =0, d3= 3 M1V

64=0, 065 =2V2a1pa\/li5, 06 =0,
2
07 =0, 08=0, 0dg= %(4611/@ + 3us)\/1s;s
2
010=0, 1= g(‘lal = 3)par/13, 012 =0,

22
013 = T(?ﬂwi + 2papp + aw%)\/# )

10v/2
014 = —{l‘ﬁ + a1 (o — pp) }ttar/H5,
442
015 = T(%l — Dtappy/tas
5\/_ (5.13)

016 = —3 11— 2(2a1 — 1) pta i3 } v/Hoars

V2
517 = ?{6(11/% + 9,ua,u5 + (5@3 - 3@1)#%},/# y

J

V2
O1s = —~(5az + 3a1 = Nuakgv/iia; G19= 5, 20 =0,

V2
021 = —- [3% + 2ua{4a1ui +4ptapp + (303 + a1 — 3)"%}} Vi,

3
2v/2
bo0 =0, do3 = T(?)ag + 5ay — 7)#3”5,/# ,

8v/2
524 = O, 525 = Tﬂa(alui + Hallp + alM%)\/'u’_7
8v/2
026 = T(Qal — D)u2pg/R5, 627 =0,

(@)
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while those for hard-sphere interaction potential are given by

5y = 6f(+mwr,@=§%wﬂﬂ &Zé%ﬂﬂmﬁﬁ

9 1 1
5=—m/ o 05 = ——pa /1§, 06 = —rMalip\/, O7=—r—Hi\/HB,

1 V2 1
0s = —, 0= —~=(3+2ua)/liz, O10=——(3+4 NI
8 287 9 3 ( + MO{) M3, 10 21\/—( + /1/04)/1/6 )
2v/2 2v/2 1
m—;WimF—%ﬁ:msﬂw%w@ﬁz
21 2v/2
5) 1
014 = W(G —13p0 + 27p2) /115, 015 = 6—(5 + 27115) o/ Fars
5 1 5.14
016 = m(m — 34pta + 2Tp2 )/ Bas 017 = 7(16 + 1040 + 92 /105 (5.14)
205 1
18 =— 7\/—MaMB vV o 19 168’ 20 9’
1 2 3
021 = m(m + 3240 — 635 + 120u,) /g,
V2 2012
02 = ?(3 + 4#(1),%\/,“ ;023 = Tﬂaﬂﬁ\/ )
44/2 V2
024 = —3 Hatp\/HG; 025 = ?,Ua(l?) — 18ta + 15u2) /15,

026 = 5V2u2pa /g,  O27 = 10V 200 /13-

While writing the coefficients ¢;’s, the relation p, + g = 1 has been exploited. It should be
noted that QEJQ»’Q)’S for hard-sphere interaction potential are given by (3.48).

The G26 equations for the [S-constituent follow by interchanging o and § in (5.3)—(5.10)
and also in (5.13) and (5.14). Note that the G26 equations for the a-constituent, (5.3)—(5.10),
as well as the similar equations for the S-constituent contain the dimensionless hydrodynamic
velocity © whose governing equation is the dimensionless momentum balance equation for the

mixture

vz 0b; | 99 (31 ' on.  oT v2 B9 %(f ' ons 0Ty
o _O_AZ ? o o ° —O—AZ i _0 1
- (93 ot "oy tom om ) T \es o o, 0w om0 1)

Therefore, (5.3)—(5.10) and the similar equations for the S-constituent along with (5.15)
form the system of dimensionless 2xG26 equations for a binary gas-mixture comprising of «
and (3 gases, where one needs to consider only one of the two balance equations for the diffusion

velocities in the light of relation p,u. + pgug = 0 for binary gas-mixture.

5.1.1.2 2xG13 equations

In the system of 2x G13 equations for a binary gas-mixture comprising of a and 5 gases, the G13

equations for the a-constituent are equations (5.3)—(5.7) upon setting the higher moments—

A (o)

m R and A,—to zero in them, and the G13 equations for the S-constituent follow by

ijk> “Mig
interchanging « and (3 in the G13 equations for the a-constituent. Again, owing to aforemen-

tioned reason, the dimensionless total momentum balance equation (5.15) is included in the
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system of 2x G13 equations while one of the two balance equations for the diffusion velocities is
discarded.

5.1.2 Moment equations in one dimension

In the next section, we shall analyze the behaviour of linear waves anticipated by 2xG13 and
2xG26 equations for both Maxwell and hard-sphere interaction potentials. To this end, we

consider the systems of dimensionless moment equations in one-dimensional setting.

5.1.2.1 2xG26 equations

The one-dimensional G26 equations for the a-constituent in a binary gas-mixture comprising of

« and (3 gases read

Vo (Oha O0p\  OulY
=0 5.16
,/93<at+8:c>+ or (5.16)
vo Oi”  0200; | 0617 T, | Ohe _ 1 x5 (1) + 824 — 30 — 6,0
e of 03 0f | o0& o0& 03 Kang o \"Mw TGt mostet )
(5.17)
vw (30T, 0\ 30 a¢™ 1 A
V03 (2 o 355) 279z o T KuQ® [55(T —Ts) + 66Aq —67A5}, (5.18)

ve (0619 400,\ on'Y 8 oGl
— + === + —
V05 ot 3 0% ox 15 0%
1

= %m0 [x Q ( @) +5gR<a>) + x5 (5ga< )+ 610R) — 6,6 )_512R(ﬁ)>]  (5.19)

vo 04" 50200, 10RS | 7067  10A, 0T, | 500,
/03 ot 205 ot 2 0% 2 0i 6 Ot or 2 0%

1 2 & o 5 o ) A

() A(a) (a)
Vo OM 9 OR 9 06 1

Yo Ofaa | 9 ORag | 9002w _ (@) L oo @
oz of 3 02 5 o Kn Q [ Sofdamitas X5 <5”mm 518mmm)}’

(5.21)
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ve ORY  amlY. 5695 28 9ul®

Ji o T or 15or 3 o3
1 . . R
== [XgQa (5193(05;) + 5206(0‘)) +x3 <521R§£? + 0296%%) — Gos YY) — 524&3(5@)] , (5:22)

KnQ @ ey
Vo 8Aa + 8@&04) B 206’&&“) _ 1 EXOQ A —|—XO {5 A _5 A 45 (T —T )}
N oz 95 KnQ |3TetaSa T Xg 02580 702655 T 027\la T LB) [ | -

(5.23)

The one-dimensional G26 equations for the S-constituent follow by interchanging o and § in
(5.16)—(5.23), and the dimensionless momentum balance equation for the mixture in one dimen-
sion (1D) reads

o2 ot oz or | oz

w200,  06%Y  on, O, w200,  06%)  ong  oT;
o o T T @ & o _O_iv e = 0. 24
XO‘( + T X o 5 T o Tar o 0. (524

Therefore, the system of linear one-dimensional 2xG26 equations consists of equations
(5.16)—(5.23), similar equations for the S-constituent and equation (5.24), where we shall discard
the equation for diffusion velocity of the S-constituent and eliminate the diffusion velocity of

the [-constituent in other equations by the diffusion velocity of the a-constituent.

5.1.2.2 2xG13 equations

The system of linear one-dimensional 2xG13 equations for a binary gas-mixture comprising of
a and [ gases contains equations (5.16)—(5.20) upon setting m;‘?x, Ag(cax) and A, to zero, similar
equations for the S-constituent which follow by interchanging « and 5 in the equations for the a-
constituent and equation (5.24), where we shall again discard the equation for diffusion velocity
of the B-constituent and eliminate the diffusion velocity of the 8-constituent in other equations

by the diffusion velocity of the a-constituent.

5.2 Dispersion relations

For the linear stability analysis of a system, the plane wave solution of the form
U =Ujexp{i(kz —wt)}

is assumed. Here, ¢ is the imaginary unit, x is the wavenumber, w is the complex frequency,
U contains all the field variables in the system with Ug containing their respective complex
amplitudes. The imaginary part of the frequency w evinces a disturbance which grows with
time (unstable) or decays with time (stable), depending on whether the imaginary part of w is
positive or negative, respectively.

Let the length scale be the inverse of the wavenumber x and scale for the frequency w be kv,

so that the dimensionless position is & = kz and the dimensionless frequency is @ = w/(kv,). For
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the above one-dimensional systems of moment equations, we assume the plane wave solutions
U = Ugexp {i(z — &b)}, (5.25)
where the vector U for the 2xG13 equations in 1D is

ﬁ = {ﬁa’ a;‘a)’fa’ 6.(06) (j(a)’ﬁﬁa Tﬁa 6£ﬁ$)a Q;ﬁ)aﬁm}—r (526)

T ) 1T

and that for the 2xG26 equations in 1D is

U = {fa, 0, T0, 6%, 4

xT Tx

. A A A A . . A AoAT
éa), m:(vozév):m Réom[)’ Ag, ng, Tﬁ’ Uéé)’ qg:ﬁ) ) mgﬁm)m’ Ré@’ Aﬁ’ UJB} ’ (5'27)
and Uy contains the complex amplitudes of the corresponding field variables in the respective
systems. In this case, the Knudsen number appearing in the moment equations above is Kn = ¢k,
which now takes the role of dimensionless wavenumber. Each system of moment equations can

be written as

A

A(@, Kn, x5, fta; Qa, 23)U = 0. (5.28)

For the non-trivial solution U of (5.28), the determinant of matrix A(@, Kn, x2, fia, Qa, 23) must
vanish, i.e., det{A(@,Kn,x3, fta, Qa,23)} = 0, which provides the so-called dispersion relation
between w and k (between & and Kn here).

For spatial disturbances, the wavenumber k is real and the frequency w is complex. The
corresponding wave has phase velocity vp, = Re(w)/x and damping ¢ = Im(w). For stability,

the damping must be non-positive, i.e., ¢ < 0.

5.3 Results

In order to analyze the linear stability of the 2xG13 and 2xG26 equations, we consider three
binary gas-mixtures of noble gases: neon-argon (Ne-Ar), helium-argon (He-Ar) and helium-
xenon (He-Xe) with mole fractions of the lighter gases in each mixture as 0.25, 0.50 and 0.75
as our examples. The mixtures considered are in order of small-to-large mass differences. The
molecular masses of the gases in these mixtures are myge = 4.0026, mye = 20.1791, ma, = 39.948,
mxe = 131.293 in atomic units. The parameters €1, and g for these mixtures in case of hard-
sphere interaction potential are computed by calculating the diameters through the exact formula
for viscosity of a single gas given in [86, 97] and the experimental data on the viscosities of the
single gases at temperature 300 K given in [56]. However, the computation of parameters Q, and
(15 in case of Maxwell interaction potential is not so straightforward, since one needs explicit
viscosity formulas for a single gas as well as for a gas-mixture which may be obtained through
the rigorous Chapman—Enskog expansion to first order on the respective Boltzmann equations or
on the respective moment equations. Here, in case of Maxwell interaction potential, we compute
the viscosity formulas for single gases and binary gas-mixtures by performing Chapman—Enskog
expansion on respective Grad’s moment equations, see chapter 8, and use the experimental data

on the viscosities of the single gases and binary gas-mixtures at temperature 300 K given in [56].
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Interaction potential Mixture Mole fraction (x9,) Qq Qs
xR = 0.25 0.7155 1.4154
Ne-Ar xR = 0.50 0.7158 1.4162
X = 0.75 0.7153 1.4151
X% = 0.25 0.5825 1.6154
Mazcwell He-Ar X5pe = 0.50 0.5808 1.6106
X% = 0.75 0.5772 1.6007
X% = 0.25 0.4439 2.1997
He Xe X% = 0.50 0.4407 2.1842
X%, = 0.75 0.4355 2.1582
Ne-Ar 0.6907 1.3664
Hard-sphere He-Ar 0.5631 1.5615
He Xe 0.3843 1.9046

Table 5.1: Parameters 2, and {15 for different binary gas-mixtures.

Nevertheless, since only a limited viscosity data from experiments is available in the literature
(available only for the mole fractions 0.25, 0.5 and 0.75 in [56]), the parameters Q, and €3 for
Maxwell molecules could be computed only for mole fractions 0.25, 0.5 and 0.75. The parameters
1, and Qg for both the interaction potentials are illustrated in table 5.1. It can be seen from
the table that the relative difference in the values of both €2, and €5 for Maxwell interaction
potential in comparison to their corresponding values for hard-sphere interaction potential is
within 4% for Ne-Ar and He—Ar mixtures while approximately 15% for He—Xe mixture which

has the largest mass difference among the considered binary mixtures.

5.3.1 General remarks about eigenmodes

The 2xG13 equations for Maxwell molecules as well as for hard spheres contain 10 eigenmodes

o

which result from the eigenvalues of the matrix A(w,Kn,x$

10 x 10 for 2xG13 equations (cf. (5.26)), while the 2xG26 equations for Maxwell molecules
as well as for hard spheres contain 16 eigenmodes because the matrix A(w, Kn, g, fta, Qa, 23)

has dimension 16 x 16 for 2xG26 equations (cf. (5.27)). The eigenmodes for all type of Grad’s

moment systems considered are plotted in figures 5.1-5.4.

s Mas a,€2) that has dimension

Figures 5.1-5.4 illustrate the eigenmodes in the considered binary gas-mixtures computed
with the systems of 2xG13 equations for Maxwell molecules, 2xG26 equations for Maxwell
molecules, 2x G13 equations for hard spheres and 2xG26 equations for hard spheres, respectively,
in (9pn,<) plane, where 9, = vpn/vo is the dimensionless phase velocity and ¢ = ¢//v, is the

dimensionless damping. The top, middle and bottom rows in each of figures 5.1-5.4 depict the
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Figure 5.1: Eigenmodes for mixtures of Ne-Ar (top row), He-Ar (middle row) and He—Xe
(bottom row) computed with 2xG13 equations for Maxwell molecules, and those for a single
gas computed with G13 equations for Maxwell molecules. The red and blue curves represent
the single gas and binary gas-mixture modes, respectively. The black dots depict the starting
point of the binary gas-mixture modes at Kn = x = 0. (a) Ne-Ar (x3, = 0.25), (b) Ne-Ar
(x}e = 0.50), (c) Ne-Ar (x3, = 0.75), (d) He-Ar (xp, = 0.25), (e) He-Ar (xp, = 0.50), (f)
He-Ar (x§}, = 0.75), (g) He-Xe (xf, = 0.25), (h) He-Xe (xf;, = 0.50), (i) He-Xe (x§, = 0.75).

modes for the mixtures of Ne-Ar, He—Ar and He—Xe, respectively, whereas the left, middle and
right columns in each of figures 5.1-5.4 show the modes when the mole fractions of lighter gases
in the mixtures are 0.25, 0.50 and 0.75, respectively. For all the plots in figures 5.1-5.4, the
Knudsen number (Kn) varies from 0 to 5 along the curves and the black dots represent the
starting points of the eigenmodes of binary gas-mixtures at Kn = x = 0. The blue curves in
each plot of figures 5.1-5.4 delineate the eigenmodes for mixtures while the red curves display
those for a single gas; the (red) curves for a single gas are included only for comparison. In
the limiting case when a component in the mixture is negligible, the eigenmodes for the other
component in the mixture coincide with those for a single gas. Notice that for the 2xG26
systems (figures 5.2 and 5.4), there are two single gas modes (red curves) having non-zero phase
velocities and non-zero damping in each sub-figure of figures 5.2 and 5.4; however, the single
gas modes (red curves) having non-zero phase velocities and non-zero damping are not present
in the figures for 2xG13 systems (figures 5.1 and 5.3). In the limiting cases when a component

in the mixture is negligible, the starting points of two mixture modes (black dots) from the
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Figure 5.2: Eigenmodes for mixtures of Ne-Ar (top row), He-Ar (middle row) and He—Xe
(bottom row) computed with 2xG26 equations for Maxwell molecules, and those for a single
gas computed with G26 equations for Maxwell molecules. The red and blue curves represent
the single gas and binary gas-mixture modes, respectively. The black dots depict the starting
point of the binary gas-mixture modes at Kn = x = 0. (a) Ne-Ar (x3, = 0.25), (b) Ne-Ar
(x}e = 0.50), (c) Ne-Ar (x3, = 0.75), (d) He-Ar (xp, = 0.25), (e) He-Ar (xp, = 0.50), (f)
He-Ar (x§}, = 0.75), (g) He-Xe (xf, = 0.25), (h) He-Xe (xf;, = 0.50), (i) He-Xe (x§, = 0.75).

2xG26 systems begin approaching the starting points of aforementioned single gas modes when
the mole fraction of either component in the mixture starts approaching 0 or 1, and the two
mixture modes merge with the corresponding single gas modes when the mole fraction of either
component in the mixture is very close to 0 or 1.

In each plot of figures 5.1-5.4, two sound modes—the modes starting with zero damping—
commence with non-zero velocities and one with zero velocity at Kn = x = 0. The other
modes in each plots of figures 5.1-5.4 are pure diffusion modes—the modes beginning with zero
velocity—having negative damping; some of these modes in each plot bifurcate into damped
propagating waves for larger value of the Knudsen number, Kn.

As the mass ratios of the lighter gases in the gas-mixtures of Ne-Ar, He-Ar and He—Xe
are une = 0.3356, ppe = 0.0911 and ppe = 0.0296, respectively, we observe that the damping
increases with the increase in mass ratio of the lighter gas in the mixture for any mole fraction
and any Grad’s moment system considered. Moreover, for any mixture damping also increases

with increase in the mole fraction of the lighter gas in the mixture for any Grad’s moment



5.3 Results 55

FCIP N D G L S P G L D DA
_04] 1t F—A 1t Nﬁ—"—-ﬁA
_0.6F L R 11 (—~ ——) 11 — |~
< os 4 1y I N
~1.0F 1t & /
—1.2\\ . 11 e
14l — - ‘ N ‘ ‘
2 -1 o0 2 -1 0 1 2
000y NN ‘ ‘ ‘ ‘ ® A~
-05; B S it 11 TS
~1.0-
S _15f \f/
_2.0F
_2‘57 0ee o X o oo
6 -4 -2 0 -4 ) 0 2 4
00/(g) IJT @
-1.0t 1 - T
e 20 \ .
—3.0\
_4.0f
10 -5 0 6 -4 -2 0 2 4 6

vph

Figure 5.3: Eigenmodes for mixtures of Ne-Ar (top row), He-Ar (middle row) and He—Xe
(bottom row) computed with 2xG13 equations for hard spheres, and those for a single gas
computed with G13 equations for hard spheres. The red and blue curves represent the single
gas and binary gas-mixture modes, respectively. The black dots depict the starting point of the
binary gas-mixture modes at Kn = x = 0. (a) Ne-Ar (x3, = 0.25), (b) Ne-Ar (x3, = 0.50), (c)
Ne-Ar (x}, = 0.75), (d) He-Ar (x§j, = 0.25), (e) He-Ar (xp, = 0.50), (f) He-Ar (x§, = 0.75),
(g) He-Xe (xf, = 0.25), (h) He-Xe (xf;, = 0.50), (i) He-Xe (xj, = 0.75).

system considered. It is apparent from figures 5.1-5.4 that the propagating waves from all
the four Grad’s moment systems considered travel faster on decreasing the mass ratio of the
lighter gas in the mixture for any mole fraction in general while they usually travel slower with
increasing the mole fraction of the lighter gas in a binary gas-mixture. Also, the starting values
of diffusion modes (the values at black dots) for Maxwell molecules are slightly bigger than those
for hard spheres both in case of 2xG13 systems (cf. figures 5.1 and 5.3) as well as in case of
2xG26 systems (cf. figures 5.2 and 5.4).

5.3.2 Concluding remarks

We have examined the value of damping ¢ for several different permissible values of the param-
eters Kn, xg,, fta, 2o, 23, and found that the damping ¢ remains always non-positive, which
is visible in figures 5.1-5.4 as well for the binary gas-mixtures considered. Thus, we conclude,

empirically, that the 2x G13 equations and 2xG26 equations for binary gas-mixture are linearly
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Figure 5.4: Eigenmodes for mixtures of Ne-Ar (top row), He-Ar (middle row) and He—Xe
(bottom row) computed with 2xG26 equations for hard spheres, and those for a single gas
computed with G26 equations for hard spheres. The red and blue curves represent the single
gas and binary gas-mixture modes, respectively. The black dots depict the starting point of the
binary gas-mixture modes at Kn = x = 0. (a) Ne-Ar (x3, = 0.25), (b) Ne-Ar (x3, = 0.50), (c)
Ne-Ar (x}, = 0.75), (d) He-Ar (x§j, = 0.25), (e) He-Ar (xp, = 0.50), (f) He-Ar (x§, = 0.75),
(g) He-Xe (xf, = 0.25), (h) He-Xe (xf;, = 0.50), (i) He-Xe (xj, = 0.75).

stable, at least for Maxwell and hard-sphere interaction potentials.



Chapter 6

Heat transfer in one dimension

Heat transfer in a gas confined between two infinite parallel plates having different temperatures
is a classical problem in rarefied gas dynamics, since the steady heat flux is one of the simplest
example of non-equilibrium through which different methods and approaches can be examined
and compared. The problem has been well studied by many researchers in the context of single
gases, see e.g., [7, 29, 37, 61, 74, 75, 88] and the references cited in [74, 75, 98]. However,
the same problem has certainly been less studied in the context of gaseous mixtures and there
exists very few papers in the literature on this problem in the context of gaseous mixtures
[4, 30, 31, 45, 58, 78, 87, 97, 126]. To the best of author’s knowledge, the first paper on heat
transfer between parallel plates in the context of binary gas-mixtures goes back to 1970s [126].
More recently, Kosuge et al. [58] have investigated the non-linear heat transfer based on the
numerical solution of the Boltzmann equations. Reference [30] studies the problem using the
linearized McCormack kinetic model [67] of the Boltzmann equations. Reference [87] also reports
the results based on McCormack kinetic model, but uses two interaction potentials, namely, hard-
sphere interaction potential and the so-called realistic potential. References [31, 78] study the
problem on the basis of linearized Boltzmann equations for binary gas-mixtures with hard-sphere
interaction potential. Reference [4] studies the problem via linearized extended thermodynamics
with 13 moments for each constituent in a binary gas-mixture. Reference [97] reports the results
based on the DSMC method with an implementation of ab initio potential. We have studied the
same problem with Grad’s 26-moment equations for each component in a binary gas-mixtures
with Maxwell molecules in [45].

In this chapter, we shall investigate the heat transfer problem of binary gas-mixtures confined
between two infinite parallel plates having different temperatures with the 2xG13 and 2xG26
equations, both for Maxwell and hard-sphere interaction potentials. Moreover, we shall also
study the one-dimensional steady state flow of the infinitely diluted component in a binary
gas-mixture. The infinitely diluted component in the mixture is like a contaminant, whose
motion may not be described by particle based methods, e.g., DSMC method, due to insufficient
number of molecules. Interestingly, for this problem, the system of equations for the non-diluted
component decouples from that for the diluted one as the former behaves like a single gas and,

consequently, this problem possesses the analytical solution too.

6.1 Heat transfer between parallel plates

6.1.1 Problem description

Let us consider a binary gas-mixture of gases « and § confined between two infinite parallel
plates placed at = +L/2 and let the temperature of the left plate (at z = —L/2) and that of

o7
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Figure 6.1: Schematic for the heat transfer problem in a binary gas-mixture confined between
infinite parallel plates having different temperatures; y-axis is included just for illustration pur-
poses.

the right plate (at = = L/2) be TY = T, + ¢ AT,,/2 and TR} = T, — ¢ AT, /2, respectively. The
schematic of the problem is shown in figure 6.1. Owing to the temperature difference between the
plates, the heat transfer takes place in the normal direction to the plates, i.e., in the z-direction,
and therefore, the y-axis in figure 6.1 is just for illustration purposes. The temperature difference
between the plates € AT, is taken very small in comparison to T, so that the linearized equations
and linearized boundary conditions are sufficient for the description of the process; notice the
smallness parameter ¢ as a multiplier in the temperature difference, this parameter is same as
that used in the linearization (cf. (5.1)). The scales used for non-dimensionalization are same as
those in (5.2). Moreover, it should be noted that in contrast to the length scale adopted while
studying the linear stability in the previous chapter, the length scale for the present problem is
L, the gap between the plates.

6.1.2 Method of solution

The goal is to study the heat transfer in steady and rest state for the aforementioned problem. To
this end, the systems of linear-dimensionless 2xG13 and 2xG26 equations in 1D are obtained by
substituting d(-)/0f = 0 and 9, = 0 in the moment equations detailed in §5.1.2; also, recall that
the velocity scale v, is given by v, = \/m with m = xgma—l—xgmg being the mean molecular
mass of the mixture. The relevant boundary conditions for the above one-dimensional problem
are (4.13), (4.16), (4.18), (4.19) in case of 2xG13 equations, and (4.13), (4.16), (4.21)—(4.23) in
case of 2x(G26 equations—all for both the species.

Boundary conditions (4.18) as well as (4.21) for the problem under consideration just imply
that the slip velocity vanishes, i.e, V = 0, and the other boundary conditions—for the problem
under consideration—in linear-dimensionless form are as follows. Boundary conditions (4.13)
and (4.16) read

1/2 1/2

/ﬁadfzo, /ﬁgdfc:O, (6.1)

—-1/2 —-1/2
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ol <_l> _ 4@ (l) _a® <_l> _ ) (l) _o (6.2)
2 2 2 2

The remaining boundary condition associated with 2xG13 equations, (4.19), reads (v € {a, 5})

) L\ﬁ o7 _ o ATw) 1.0
& n:'32—Xw T 7T | TR0 (63)

while the remaining boundary conditions associated with 2xG26 equations, (4.22) and (4.23),
read (v € {«, 8})

R % 2 . AT, 1. 5 . 1.
¢ = Mo g —VXV = 2 (T7 —ny 2w> + 509(%) + %35&) + EA“/ g (6.4)
) X 2|2 (. AT, 7. 1. 1
il = e Vx5 <Ty B G v R L B (6.5)
where
1 for left plate A AT,
n, = P and AT, = <.

—1 for right plate

It is worth reminding that the conditions (6.2)—(6.5) are valid only at the left and right walls,
ie,at & =+1/2.

The above-mentioned systems of moment equations for the problem along with the above-
mentioned boundary conditions are solved numerically using the finite difference method, for
which the (dimensionless) gap between the plates is discretized into 101 equispaced points (or
into 100 intervals of equal size) and the method gives solution within less than a couple of
seconds for both the interaction potentials. We skip the details of the numerical method here
and they can be found in §7.1 where we shall also study its convergence. Nevertheless, it may
be perceived from chapter 7 that for numerical solutions, the moment equations are slightly
modified by adding few small terms in some equations so that boundary conditions (6.1) are not
needed, although they are automatically implemented with an error which is of the same order

as the order of error from the numerical method.

6.1.3 Results

Following [87], we shall compute the dimensionless total heat flux between the plates ., given

by,

X q HaXg + 1pXg (X0, X5 1

4 = o _[HeXaT B ( o sl0) _ﬁqga)) L (6.6)
V2nokTovo AT, 2 Vi VB AT,

for three noble gas mixtures: Ne—Ar, He—Ar and He—Xe through the 2xG13 and 2xG26 equa-

tions, both for Maxwell and hard-sphere interaction potentials, and compare the results with

those for the same problem in [87] obtained via a direct discretization of the Boltzmann equa-
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tions with an implementation of the so-called realistic interaction potential. It should be noted
that the total heat flux in (6.6) is scaled with \/inoszovoATw only for comparing the results
with [87], albeit later in chapter 8, we shall use the scaling n.kTov, for non-dimensionlization
of the total heat flux. The ideas behind using such a scaling here for the non-dimensionlization
of the total heat flux are that the velocity scale in the present thesis is taken as v, = \/m
while that in [87] is taken as (v/2v,), and the extra factor AT}, in the scaling of the total heat
flux renders the dimensionless total heat flux independent of AT},

Further, the diffuse scattering boundary conditions considered in [87] correspond to the
boundary conditions with accommodation coefficients x, = xg = 1 derived in the present
thesis. It should also be noticed that the rarefaction parameter § = LkTono/ (\/5 Nv,) used in
[87] relates to the Knudsen number (5.11); by Kn = 1/(1/26), which leads to an expression for

the viscosity of a binary gas-mixture

5 VET,m
7’] = .
16 0 (2:2) 0(2:2)
ﬁ(XaQaa + %3055 )

(6.7)

This expression gives reasonable agreement with viscosities of binary gas-mixtures obtained
through experimental data at 300 K given in [56]. Nevertheless, a viscosity formula for binary
gas-mixtures can also be obtained through a rigorous Chapman—Enskog expansion on the mo-
ment equations, see chapter 8.

Once again, the mixtures considered are in order of small-to-large mass differences and the
molecular masses of the gases in these mixtures are mye = 4.0026, mye = 20.1791, ma, = 39.948,
mxe = 131.293 in atomic units. However, since only a limited viscosity data from experiments
is available in the literature (available only for the mole fractions 0.25, 0.5 and 0.75 in [56]),
for the problem under consideration and henceforth wherever required, the ratios of collisional
cross sections (5.12) in case of Maxwell molecules are approximated with those in case of hard
spheres. In other words, for both Maxwell as well as hard-sphere interaction potentials, we shall
use only the values corresponding to hard-sphere interaction potential in table 5.1 for 2, and
Qg.

Figures 6.2 and 6.3 illustrate the variation of the total heat flux with change in mole frac-
tion of the lighter gas in each mixture for Kn = 0.0707 (6 = 10) and Kn = 0.7071 (§ = 1),
respectively. The small circles in figures 6.2 and 6.3 denote the data from [87] obtained by a
direct discretization of the Boltzmann equations and using the realistic potential. The red, blue
and green colors (for small circles as well as for the lines) in each figure correspond to results
for Ne-Ar, He-Ar and He—Xe mixtures, respectively. Moreover, in both figures 6.2 and 6.3, the
top and bottom rows depict the solutions for Maxwell and hard-sphere interaction potentials,
respectively, whereas the left and right columns show the solutions from 2xG13 equations and
2xG26 equations, respectively.

From figures 6.2 and 6.3, the following points are deduced.

(i) The total heat flux of the mixture increases with increasing rarefaction. All types of
Grad’s moment system under consideration for both Maxwell and hard-sphere interaction
potentials confirm this. A detailed quantitative comparison of the total heat fluxes, even

for high Knudsen numbers, in case of 2xG26 equations with Maxwell molecules can be
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Figure 6.2: Dimensionless total heat flux ¢, plotted over the mole fraction of the lighter gases
x2 in the mixtures of Ne—-Ar, He-Ar and He—Xe for Kn = 0.0707. The circles denote the data
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from [87] obtained using realistic potential. The top and bottom rows of the figure depict the
solutions for Maxwell and hard-sphere interaction potentials, respectively, whereas the left and
right columns show the solutions through 2xG13 equations and 2x G26 equations, respectively.

found in [45]. It should also be noticed that although both the Grad’s moment systems
(2xG13 as well as 2xG26) for Maxwell interaction potential overestimate the actual results

in general, the results from them are not very far from those of [87].

In general, the results obtained through 2xG26 equations—in comparison with those ob-

tained through 2xG13 equations—are more close to the results of [87].

In case of Maxwell interaction potential (top row in each figure), the results are more close
to those from [87] when the mixture is less rarefied, i.e., for the smaller Knudsen number
(Kn = 0.0707). This means that as rarefaction increases, the results starts deviating more
from the actual ones. Consequently, it might be necessary to include more and more

moments into the system with increasing rarefaction.

On the contrary, the results in case of hard-sphere interaction potential (bottom row in
each figure) match very well with those from [87] when the mixture is more rarefied (fig-
ure 6.3) whereas when the mixture is less rarefied the results from the moment equations
underestimate the actual results significantly, although the qualitative behaviour of the
former remains very similar to the latter. It is also clear from the bottom row of fig-
ure 6.2 that the significant difference in results from moment equations and those from [87]
is for He—Xe mixture, which is case of large mass differences; for small mass differences
(Ne—Ar), the two results match quite well when the rarefaction is small (Kn = 0.0707).
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Figure 6.3: Dimensionless total heat flux ¢, plotted over the mole fraction of the lighter gases
x2 in the mixtures of Ne—-Ar, He-Ar and He—Xe for Kn = 0.7071. The circles denote the data
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from [87] obtained using realistic potential. The top and bottom rows of the figure depict the
solutions for Maxwell and hard-sphere interaction potentials, respectively, whereas the left and
right columns show the solutions through 2xG13 equations and 2x G26 equations, respectively.

In other words, for small rarefaction and hard-sphere interaction potential (bottom row
of figure 6.2), the deviation in results from the moment equations and the actual results
increases with increasing mass differences in the mixture. In fact, the authors of [87] have
also pointed out that in the hydrodynamic/slip-flow regime, i.e., when Kn < 0.0707, the
total heat flux computed with hard-sphere interaction potential can deviate up to 15%
from that computed with realistic potential whereas in the transition regime, i.e., when
Kn 2 0.7071, the difference in heat flux computed with hard-sphere interaction potential

and that computed with realistic potential remains less than 5%.

(v) Similar to [87], the results from all types of moment equations under consideration also
confirm that the maximum heat flux is observed when the mole fraction of the lighter gas

in the mixture is around 0.62.

Clearly, the results from the moment systems under consideration agree with those of [87], at
least qualitatively, including the results for hard-sphere interaction potential at Kn = 0.0707
(bottom row of figure 6.2). Still, possible reasons for the deviations in the results are the use
of an interaction potentials based on Maxwell molecules and hard spheres which influence the
form of the productions terms in the moment system, and the use of a simplified expression for
the mean free path (5.11)y implying the viscosity formula (6.7). It may also be inferred from

figures 6.2 and 6.3 as well as from the above discussion that as an alternative to the realistic
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potential, the Maxwell interaction potential could be a preferable choice over the hard-sphere
interaction potential in the hydrodynamic/slip-flow regime while the hard-sphere interaction
potential could be a preferable choice over the Maxwell interaction potential in the transition
regime. Thus, the moment equations for gas-mixtures derived in the present thesis provide an

enticing and reliable framework as an alternative to the computationally expensive method.

6.2 One-dimensional flow of the infinitely diluted component in

a binary gas-mixture

6.2.1 Problem description

We again consider a mixture of two gases o and S—in which the component « is infinitely diluted
(i.e., ng ~ 0)—confined in a one-dimensional channel of length L, and let the temperatures of
the left wall (at * = —L/2) and that of right wall (at ¥ = L/2) of the channel be T =
T + 6Afw/2 and T} = T, — eATw/Q, respectively, see figure 6.4. Thus, the set-up is very
similar to the previous problem, however, now the B-component in the mixture behaves like
a single gas while the a-component acts as a contaminant. We are interested in studying the
flow of the contaminant, i.e., of the a-constituent, in the background of the [-component.
The problem is interesting because firstly it possesses the analytical solution—thanks to the
decoupling of equations for the B-constituent from those for the a-constituent, secondly the flow
of the infinitely diluted (a-)component may not be traced by particle based methods, such as
DSMC method, due to insufficient number of particles, and thirdly it can be taken as motivation

to set up experiments where one would like to collect the contaminant.

Y

A
0 g

L

Figure 6.4: Schematic of a one-dimensional channel with the walls having different temperatures;
y-axis is included just for illustration purposes.

6.2.2 Method of solution

We are interested in solving the problem analytically. To this end, the systems of linear-
dimensionless 2xG13 and 2x(G26 equations in 1D are obtained by substituting d(-)/df = 0,
Uy = 0, xg, = 0 and X% = 1 in the moment equations detailed in §5.1.2; moreover, for the
problem under consideration, the velocity scale v, becomes v, = \/W , 2 = Qg, and the
Knudsen number Kn becomes the Knudsen number for the single gas 8 (cf. (5.11)). The required
boundary conditions are exactly same as those in §6.1.2, and the momentum balance equation
of the mixture for the problem under consideration is exactly same as the balance equation for

diffusion velocity of the -constituent. Moreover, for the problem under consideration, both the
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2xG13 and 2xG26 systems simplify a lot; the equations for the a-constituent in 2x G26 system

read
dis” _
az
4% ar, da 1
za a a_ @) _ 5 #(8)
& Tdz T & Kuqp (52% 010 )
dgt 1 . ) )
%~ Kn Qg [55 (Ta — Tg) + d6Aq — 57A5] ,
Al 8 4G\ 1
arz _ () @ _ 5. 508 _ s p0B
4 15 dz | Knqp (3005) + 0103 — 0612 — i)
1dRY  7d6'® 1dA, _dT, 5dig 1

z z z 5 Z = _
2 dz +2 dz +6 dz - d£+2d£ Kn Qg

9 dR\Y 946l 1
35 di 5 di Kn (g ( 171 18mm) :
Al 56 dgL 1 ) )
2——= = - So1 R & 50060 — 5. RB) _ 5,,508)
dz 15 dz Kn Qﬁ ( 2100, + 02204, 2340, 240'3333) ,
dg” 1 X ) o
“ar T TKao, 02580 = 2625 + 8o (T~ Ts).

and the equations for the S-constituent in 2x G26 system read

da
d@

:07

dz d dz '
dis” _ |
dz 7

(513 o) — 515@§;6)> ;

(6.8)

(6.9)

(6.10)

(6.11)

(6.12)

(6.13)

(6.14)

(6.15)

(6.16)

(6.17)

(6.18)

(6.19)
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Aﬁ Aﬁ ~ al ~
LdRy | 7doy)  1dAs  dT bdig _ 21 .5

- z — 6.20
2 dz 2 di 6 di @ 2 dz 3Knl® (6.20)
ng;@ gd&g‘? — § L 5,8 (6.21)
35 d& 5 d@ | 2Kn eww '
an®, s56dd® 1 A
p = —— (619RY) 4 53569 6.22
dz 15 di " Kn ( 1 fey + 200”) ’ ( )
dA(B) 51 .
— _Z__ A, 6.23
81 3Kn ? (6.23)

While writing (6.8)—(6.23), we have also used the results ) = o) = 0, which follow from (6.8)
and (6.16) on using boundary conditions (6.2), in order to simplify other equations. It should
also be noted that (6.16)—(6.23) are the one-dimensional linear-dimensionless G26 equations in
steady and rest state for a single gas, where the mass balance equation (6.16) is identically
satisfied. Again, 2xG13 equations for the present problem are (6.8)—(6.12) and (6.16)—(6.20)
upon setting m%, R;‘;?, Aa, mg@x, Ré@ and Ag to zero.

6.2.2.1 Analytical solution

The equations for the [-constituent (egs. (6.16)—(6.23)) are decoupled from those for the a-
constituent. Therefore, one can easily solve them to obtain the solution for the background (the

B-constituent):

. o N 4 1 . .
ng = ¢ — 1p, ugﬁ) =0, 1= —1—5K—C29U + ¢3, O’é@ =0, qéﬁ) =y (6.24)

in case of 2xG13 equations, and

R - 4 1 2+a
g =c—Ty—old), al?) =0, Tﬁ:_1_5K_c5x+c6_( 5 o2,
1
60) = creRal® g R, ) = 5, ), = - (ereRe — e, (6:25)

R =as), Ay=0

in case of 2xG26 equations. The constants a and b are given by

2 — 35 -
o = Y20 L b= < Y19 — 78720 > (6.26)
79 — 278 6 \2— 1475 + Ty19 — 720

the integration constants ¢y, ¢o and c¢3—which follow from boundary conditions (6.1)s and (6.3)

at both the walls for the S-constituent—turn out to be

(2 XB)fAT

Xs 2’
I+ 15 Kn<2fxﬁ> ™

€1 = ¢C3 = 0 and €y = (6.27)
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and the integration constants cg,¢s,...,cg follow from boundary conditions (6.1)2 and (6.4),
(6.5) at both the walls for the [S-constituent, however, except ¢g which is zero, the values of
other integration constants are too cumbersome to write here.

The above solutions for the §-constituent are inserted into the respective systems of equa-
tions for the a-constituent (egs. (6.9)—(6.12) upon setting mgc(;)a;, f%;‘;?, A, 1 55235, R(x) and Ag to
zero in case of 2xG13 equations, and egs. (6.9)—(6.15) in case of 2xG26 equations; notice that
(6.8) is omitted here while considering the system of equations for the a-constiuent because (6.8)

(a)

along with boundary condition (6.2) merely implies that 4y ' = 0), which now turn into inho-

mogeneous systems of first order ordinary differential equations of the form Acéq = BU + g(z)
with A and B being constant matrices, g(Z) being the vector containing solutions from the
B-system, and U being the vector containing unknowns—U = {na,Ta, 0;(&), ngja) }T in case of
2x G13 equations while U = {na,Ta,ﬁg),c}é&),mﬁé,ﬁéa),Aa} in case of 2xG26 equations.
Nevertheless, for both 2xG13 and 2xG26 cases, the matrix A is not invertible since the di-
mension of null space of A is non-zero (1 in case of 2xG13 equations and 2 in case of 2xG26
equations). The null space of matrix (A)T is now used to express some of the unknowns in
terms of others. The null space of ( is {{O 15, 1,0} } in case of 2xG13 equations and

{{0, —-8,0,0,0,0,1}7, {0, —3, -2.,0,0, 1,0} } in case of 2xG26 equations, which leads to

8 05 ¢ )
5l _ 295 58
Osa = 17 5 (To —Tp) + 5 Gy (6.28)

in case of 2xG13 equations, and
A do7 — 805
Ay ==2L—=) (T, - T
( 880 — 0 ) [5),

~ 1 [ (56527 — 05025

(@) _
= 8¢ — d25

" = oo = 2010) >(T —T) (6.29)

+ (209 — 022)5') + { (024 — 2011) + a(da3 — 2012)}6 (P

in case of 2xG26 equations. Therefore, equation (6.11) in case of 2x G13 equations and equations
(6.14) and (6.15) in case of 2x G26 equations are omitted from the respective systems of equations
for the a-constituent, and solution (6.28) in case of 2xG13 equations and solution (6.29) in
case of 2xG26 equations is substituted into the remaining equations for a-constituent. In
this way, the remaining equations for the a-constiuent again turn into inhomogeneous systems
of first order ordinary differential equations of the form A% = BU + g(#) with A and B
being constant matrices, g(2) being the vector containing solutions from the 3-system, and U
being the vector containing unknowns—U = {ﬁa, Ta, (jg(ga) }T in case of 2xG13 equations while

{na,Ta,ag),(ﬁa), 7 xm} in case of 2xG26 equations, but the matrix A is invertible
this time for both the cases of 2xG13 and 2xG26 equations as well as for both Maxwell and
hard-sphere interaction potentials.

The general solution of system AQ = BU + g(#) is the solution of corresponding homoge-

neous problem, AU o = = BU, plus a particular solution of AU i = = BU + g(#). The solution of

A@

homogeneous problem, = BU, is obtained by computlng the eigenvalues and eigenvectors

of the matrix A~'B and a particular solution of AU 1 = = BU + g(&) can be computed by the



6.2 One-dimensional flow of the infinitely diluted component in a binary gas-mixture 67

variation of parameters method. In the final solution of A%g] = BU + g(&), the integration
constants—three in cases of 2xG13 equations and five in case of 2xG26 equations—are com-
puted using remaining three boundary conditions (6.1); and (6.3) at both the walls in case of
2xG13 equations and remaining five boundary conditions (6.1)1, (6.4) and (6.5) at both the

walls in case of 2x(G26 equations.

6.2.2.2 First order Chapman—Enskog solution

In order to perform a comparative study of the analytical solution obtained via moment equations
with standard hydrodynamic laws, we perform a Chapman—Enskog (CE) like expansion on the
moment equations. To first order, the expansion leads to Fick, Navier—Stokes and Fourier laws,
see chapter 8 for more details, and we shall refer to these solutions as first order CE solution. We
expand the non-conserved quantities (¥) in a given moment system in powers of the Knudsen

number (Kn) as
¥ =Wo+Kn¥ +Kn*¥p+ ...,
where, for the moment systems of §6.2.2,

o e {al®, T, — Tp,6, 4,60, ¢}

xx ) dx )T xxT ) AT

in case of 2xG13 equations while

T )Y1xr ) XTI T )

ve {af™, Ty - 15,605, 4 i), RE), A, 60,47 i, R, Ag}

in case of 2xG26 equations, and the quantities ¥y, ¥|1, ¥z, ... are of order O(Kn"). Notice
that we have not included a§f ) in the list of non-conserved quantities, since we have already
concluded that it vanishes for the problem under consideration (the gas  behaves like a single
gas). The value of quantity ¥ truncated to Kn', ie, ¥ = Yo+ Kn¥); is the first order solution
for ¥, which we are interested in.

We insert these expansions into the balance equations (in different moment systems) of non-
conserved quantities and compute %)y and ¥ for all the quantities by comparing the coefficients
of Kn™! and Kn® on both sides of the equations, respectively. It readily follows that Yo = 0 for
all the non-conserved quantities. The quantities ¥|; along with the remaining equations in their

respective moment systems and boundary conditions yield the first order CE solution:

5o + 3 (01592—01364) ) A 3\
h(@) = |12 2 AT, &, (@) = AT, 7,
2 013 — 502
al(@) = all(2) = 0, To(d) = Tp(d) = ~ATu @, 6{3 (%) = 60)(&) =0, (6.30)
Qp + 3 (815 — 26 . 1 .
i@ (3) = 2Kn |21 2 (915 — 504) ATy, 4©)(3) = 2Kn AT,
* 2 513 — 36 T 4
13 — 502

(a)

for both the 2xG13 and 2xG26 systems and, additionally, for 2xG26 system, Mgy (Z) =
fn;@x(@) = R () = R (2) = Au(#) = Ag(#) = 0. Tt can also be noted that for Maxwell
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interaction potential, the number densities of both the constituents from first order CE solution
are equal and are negative of their temperatures, i.e., 1, = fig = Ty = —Tﬁ = AT, T, since

b9 = 64 = 0 and 913 # 0 for Maxwell interaction potential.

6.2.3 Results

We again consider the three binary mixtures of noble gases: Ne—Ar, He-Ar and He—Xe as
our examples. However, as the general behaviours of the macroscopic quantities are somewhat
similar in all the mixtures, here, we present the results only for Ne-Ar mixture with Ne being the
infinitely diluted component, and Ne—Ar mixture with Ar being the infinitely diluted component
and the similar results for He—Ar and He—Xe mixture are presented in appendix A. Furthermore,
even though the amount of the infinitely diluted component in a mixture is so small that its
own temperature, normal stress and heat flux do not influence the properties of the mixture
significantly, yet we shall also discuss the temperature, normal stress and heat flux of the diluted
component in addition to its number density.

Figures 6.5-6.8 illustrate the variations of the number density, temperature, normal stress
and heat flux, respectively, of the infinitely diluted component in the Ne—Ar mixture with Ne
being the diluted component in the right half of the channel. The results are shown only in the
right half of the channel owing to the symmetry of the problem. The values of other parameters
for figures 6.5-6.8 are AT, = 0.5, Xa = 1 and xg = 0.1. In all figures 6.5-6.8, the top and
bottom rows show the plots for the 2xG13 and 2xG26 equations, respectively, whereas the left
and right columns depict them for Maxwell and hard-sphere interaction potentials, respectively.
Furthermore, in each figure, the continuous and dashed lines denote the analytical and first
order CE solutions, respectively. As can be seen from (6.30) that except the heat fluxes of
the constituents, no other quantity depends on the Knudsen number in first order CE solution,
therefore all the dashed lines (for different Knudsen numbers) in figures 6.5-6.7 are overlapped.
In general, the results for Maxwell and hard-sphere interaction potentials are qualitatively similar
for both the 2xG13 and 2xG26 systems for any physical quantity (compare the plots in the left
and right columns of each figure). However, the first order CE solutions are not even close to

the analytical solutions for any case.

Number density: Figure 6.5 displays the variation of the number density of the infinitely
diluted component (Ne) in the right half of the channel. All the plots in the figure elucidate
that the molecules of the infinitely diluted gas tend to stay near the colder side of the channel.
Nevertheless, the quantitative values of the number densities from the 2xG13 systems are much
bigger than those from the 2xG26 systems for both Maxwell and hard-sphere interaction poten-
tials (compare the plots in the top and bottom rows). Moreover, the quantitative values of the
number densities for Maxwell interaction potential are also higher than those for hard-sphere
interaction potential. The values of number densities from any moment system under considera-
tion are much smaller than those from first order CE solution, which do not even depend on the
Knudsen number. When increasing the Knudsen number, the number density increases until
its profile becomes almost a straight line and then it starts decreasing with increasing Knudsen
number. Indeed, this happens due to the Knudsen layers which are present for all the quanti-

ties but visible near the walls only for small Knudsen numbers (red and blue curves) because
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Figure 6.5: Number density of the infinitely diluted (lighter) component in Ne-Ar mixture,
niNe(Z), plotted in right half of the channel for different Knudsen numbers and for different
moment systems. The top and bottom rows show the plots for the 2xG13 and 2x G26 equations,
respectively, while the left and right columns depict the plots for Maxwell and hard-sphere
interaction potentials, respectively. The continuous and dashed lines (overlapped here) denote

the analytical and first order CE solutions, respectively. The values of other parameters are
ATy, = 0.5, Xo = 1 and xg = 0.1.

they starts covering more and more region of the channel with increasing Knudsen number.
The Knudsen layers are relatively more visible when the heavier component in the mixture is
infinitely diluted (see figures corresponding to mixtures with heavier component being infinitely
diluted in appendix A). For the mixtures with high mass differences and lighter component being
diluted, the number density profile is almost a straight line already at Kn = 0.05, and therefore

it continuously decreases with increasing Knudsen number (compare figures 6.5, A.5 and A.13).

Temperature: Figure 6.6 exhibits the variation of the temperature of the infinitely diluted
component (Ne) in the right half of the channel. The quantitative values of the temperature
for a given Knudsen number are approximately same for all types of moment systems under
consideration. Nevertheless, its values from the 2xG13 systems are slightly higher than those
from the corresponding 2xG26 systems. In contrast to number density, the temperature slightly
decreases until its profile becomes almost a straight line and then it starts increasing with increas-
ing Knudsen number. The values of temperatures from any moment system under consideration
are much higher than those from the first order CE solution, which also do not depend on the
Knudsen number. For the mixtures with high mass differences and lighter component being
diluted, the temperature profile too is almost a straight line already at Kn = 0.05, and therefore
it continuously increases with increasing Knudsen number (compare figures 6.6, A.6 and A.14).

Apparently, the temperature profiles are opposite of the corresponding number density profiles,
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Figure 6.6: Temperature of the infinitely diluted (lighter) component in Ne-Ar mixture, Tie(Z),
plotted in right half of the channel for different Knudsen numbers and for different moment sys-
tems. The top and bottom rows show the plots for the 2x G13 and 2x G26 equations, respectively,
while the left and right columns depict the plots for Maxwell and hard-sphere interaction po-
tentials, respectively. The continuous and dashed lines (overlapped here) denote the analytical
and first order CE solutions, respectively. The values of other parameters are same as those in
figure 6.5.

at least qualitatively, in general.

Normal stress: Figure 6.7 illustrates the variation of the normal stress of the infinitely diluted
component (Ne) in the right half of the channel. First of all, from all the plots in the figure, it
can be deduced that all the moment systems yield the non-zero normal stresses (of the diluted
component)—although they are small—for all Knudsen numbers in contrast to the first order
CE solution which always produces zero normal stress. Interestingly, on one hand, the normal
stresses are qualitatively similar for Maxwell and hard-sphere interaction potentials (compare
the plots on the left and right columns); on the other hand, the normal stresses obtained with the
2xG13 systems are quite different from those obtained with the 2xG26 systems (compare the
plots on the top and bottom rows). The 2xG26 systems (bottom row) depict both positive and
negative values for the normal stresses whereas the 2xG13 systems (top row) delineate only the
negative values for the same; in particular, for large Knudsen numbers (green and pink curves),
the 2xG13 systems yield negative normal stresses while 2x G26 systems yield positive normal
stresses. This is due to the coupling of the balance equation for stress with the higher order
moments in the 2xG26 systems, which apparently induces the secondary Knudsen layers. The
Knudsen layers can be better understood from the figures corresponding to normal stress of the
diluted component in the mixtures with heavier components being diluted (figures A.3, A.11

and A.19). For small Knudsen number (red curves in these figures), the stress from 2xG13
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Figure 6.7: Normal stress of the infinitely diluted (lighter) component in Ne-Ar mixture,

&e) (2), plotted in right half of the channel for different Knudsen numbers and for different

moment systems. The top and bottom rows show the plots for the 2xG13 and 2x G26 equations,
respectively, while the left and right columns depict the plots for Maxwell and hard-sphere
interaction potentials, respectively. The continuous and dashed lines (overlapped here) denote
the analytical and first order CE solutions, respectively. The values of other parameters are
same as those in figure 6.5.

system is almost zero in the middle of the channel and decreases when moving towards the
right wall; however, the stress from 2xG26 system is also almost zero in the middle of the
channel, nevertheless, while moving towards the right wall, it first decreases but starts increasing
afterwards due to secondary Knudsen layer. The normal stresses of the diluted components in
He—-Ar and He—Xe mixtures with lighter (or heavier) component being diluted are qualitatively
similar to that in Ne-Ar mixtures with Ne (or Ar) being diluted (compare figures 6.7, A.7
and A.15, and figures A.3, A.11 and A.19). Nevertheless, for all the moment systems, the
absolute value of the normal stress of the diluted component decreases with increasing mass
ratio when the lighter component in each mixture is diluted whereas the same is not true when

the heavier component in each mixture is diluted.

Heat flux: Figure 6.8 shows the variation of the heat flux of the infinitely diluted component
(Ne) in the right half of the channel. From (6.30), the heat flux from the first order CE solution
is constant but depends on the Knudsen number. The values of heat flux from the first order
CE solution for Knudsen numbers 0.5 and 1 are 1.16 and 2.32 in case of Maxwell interaction
potential while 1.017 and 2.034 in case of hard-sphere interaction potential, and therefore they do
not appear in the plots. The plot ranges are shown in this way for clarity. For a given Knudsen
number, the value of heat flux from any moment system is much smaller than that from the

first order CE solution. In contrast to heat flux from the first order CE solution, the heat flux
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Figure 6.8: Heat flux of the infinitely diluted (lighter) component in Ne-Ar mixture, Q;(ENG)(Q%),
plotted in right half of the channel for different Knudsen numbers and for different moment
systems. The top and bottom rows show the plots for the 2xG13 and 2xG26 equations, respec-
tively, while the left and right columns depict the plots for Maxwell and hard-sphere interaction
potentials, respectively. The continuous and dashed lines denote the analytical and first order
CE solutions, respectively. The values of other parameters are same as those in figure 6.5. The
green and pink dashed lines lie outside the range of plots.

from any moment system has a non-constant profile for all Knudsen numbers (when zoomed in
for high Knudsen number). It may be argued that the heat flux from any moment system under
consideration is also constant in the bulk of channel but not near the walls, where it is non-
constant due to Knudsen layers. Similar to the first order CE solution, the heat flux from any
moment system also increases with increasing Knudsen number. Again, the values of heat flux
from the moment systems with Maxwell interaction potential are slightly higher than those from
the corresponding moment systems with hard-sphere interaction potential (compare the plots on
the left and right columns). Similarly, for both Maxwell and hard-sphere interaction potentials,
the heat flux from the 2xG26 system is slightly higher than that from the corresponding 2xG13
system (compare the plots on the top and bottom rows). The heat flux profiles for He-Ar and
He—Xe mixtures are qualitatively (as well as quantitatively to some extent) similar to those for
Ne—Ar mixture (compare figures 6.8, A.8 and A.16, and figures A.4, A.12 and A.20).

As we have seen, the first order CE solution has very limited scope, for example, it can not
take care for the accommodation coefficients. On the contrary, many possibilities are still there
with the moment systems; one can analyze the same properties with different moment systems
by varying different parameters, for instance, with xg = 1 and all other parameters same as
above the heat flux profile is inverted. However, these are beyond the scope of the present thesis

and will be considered elsewhere.



Chapter 7

Numerical method for moment

equations

For most practical problems, the associated differential equations do not possess analytical
solution in general. Therefore, it often becomes imperative to solve the problem numerically,
and thus numerical simulation is undoubtedly a valuable tool to solve practical problems.

In this chapter, we shall employ the finite difference method—which is the simplest numerical
method for solving the differential equations—in order to solve the (linear) Grad’s moment
equations for binary gas-mixtures detailed in chapter 5. Particularly, we shall focus on the

convergence of the numerical method for different problems in one and two dimensions.

7.1 Flow of infinitely diluted component in a binary gas-mixture

The problem is described in §6.2.1 and we have seen that it was possible to solve the problem
analytically. In this section, we shall solve the same problem numerically and analyze the
convergence of numerical method towards the analytical solution. To this end, we again consider
the system of one-dimensional linear-dimensionless 2xG13 and 2xG26 equations detailed in
§5.1.2 in steady and rest state, i.e., by substituting 9(-)/0t = 0, 9, = 0, but without inserting
the particular values of x, and x3 so that the equations and the numerical method would also
be applicable to the problem of §6.1.1 as well as to any other one-dimensional problems of
binary gas-mixtures in which none of the component is necessarily diluted. In the end, one
can substitute x; = 0 and xj = 1 or vice-versa in the results in order to obtain the numerical
solution for the present problem under consideration.

From the mass balance equations of both the constituents (eq. (5.16) and similar equation
for the S-constituent) and the boundary conditions for the diffusion velocities (6.2), it readily
agf‘) = @;ﬁ) = 0, for

one-dimensional problems in steady and rest state. Therefore, the relation p,un + pgug = 0

follows that the diffusion velocities of both the constituents vanish, i.e.,

is automatically satisfied for these problems and, moreover, it is not necessary to include the
momentum balance equation of the mixture into the system since v, = 0 (in all other equa-
tions) due to rest state. Therefore, for the numerical solution, we shall omit the momentum
balance equation of the mixture and include the balance equation for diffusion velocity of the
[-constituent instead, in order to maintain the symmetry. Furthermore, owing to the numerical
stabilization, small terms €17, and GQTa are added on the left-hand sides of mass and energy
balance equations for the a-constituent (egs. (5.16) and (5.18) in steady and rest state), respec-
tively, and €175 and ezfﬁ are added on the left-hand sides of mass and energy balance equations
for the [-constituent, analogously. Here, all ¢;’s are constants whose values can be chosen in

such a way that the accuracy of the solution is maintained, we shall come back to the discussion
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on values of ¢;’s after describing the numerical method. Owing to the addition of these small
terms, boundary conditions (6.1) are not required for the numerical solution.

The resulting 2xG13 and 2xG26 systems of moment equations can be written as

dU

P
dz

+QU =0, (7.1)
where P and () are constant matrices and U is the vector containing all the unknowns

U = {1, @), T, 62, () g, ), T, 648, ¢}

rx ’QJB {L'{L'?q{L'

in case of 2xG13 equations while

U= {ﬁa,ﬁ;a),fa,&éi), A:g:a)7m:(vofc):mR§nm)7Aa7n57 ®) Tﬁv (m)v :gzﬁ)v g@:ngfc 7A5}
in case of 2xG26 equations. We now discretize the dimensionless channel width (dimensionless
gap between the plates in the other one-dimensional problem), which is 1, into NN; identical
intervals of size Az = 1/N~ using (N~ —|— 1) equispaced nodes x; = —3 + j Az where j =
0,1,...,Ny; clearly, o = —3 L and N, = 5. With this discretization, (7.1) at each node z; for
j€40,1,...,N;} takes the form

PU;+QU; =0, (7.2)

where U; = U (z;) and Uj is the numerical approximation for the derivative in (7.1) at point
xj. At the interior nodes (i.e., at x1,x2,...,2n,—1), the derivative is approximated with the
central difference scheme whereas at the left and right corners (i.e., at nodes z¢ and xy;), it is
approximated with the forward and backward difference schemes, respectively. In other words,

the derivative in (7.1) is approximated with

Uj+1=U;

— for j =0,
Uj = 9elict g je{1,2,...,N, -1}, (7.3)
LXQ*I for j=N;.

Furthermore, at the left and right corners (i.e., at nodes zp and zy;,, respectively), one needs
to incorporate the remaining boundary conditions—(6.2) and (6.3) in case of 2x G13 equations,
and (6.2), (6.4) and (6.5) in case of 2xG26 equations. For this, in case of 2xG13 equations,
we replace the moment equations for variables ﬁﬁ?‘), §f ), (jg(ca) and q(ﬁ ) in (7.2) for j = 0, N;
with the corresponding boundary conditions (in discretized form) for these quantities at the left
and right walls. Similarly, in case of 2xG26 equations, we replace the equations for variables
@;(L«a), aéﬁ), (j;(ra), qﬁf}), mf,f;);,; and m;(fm)m in (7.2) for j = 0, N; with the corresponding boundary
conditions (in discretized form) for these quantities at the left and right walls. Combining all
the discrete vectors Uj’s into a vector X = {UO, Up,...,Uyp; }T, the full system of discretized
moment equations can be written in form of AX = b where A is a constant matrix while b is
a known constant vector. Nevertheless, matrix A still contains the constants ¢;’s. Since, the

central difference scheme gives second order convergence (which will be verified below), i.e., the
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error in numerical results will be of order O(Az?), the constants ¢;’s are taken proportional
to Az? with each proportionality constant having a suitable value such that the error due to
extra added terms and the error due to the numerical scheme will be of same order, and thus
overall accuracy of the results will not be affected because of additional terms; we have taken
€1 = €3 = cAx?, with ¢ < 1. The algebraic system AX = b, can then be solved for X using
any standard iterative method, such as Gauss—Seidel method, for solving a linear system of

equations.

Order of convergence: The error in numerical solution is computed in L*°-norm (the max-

imum norm) which for a field variable g is given by

Jerr(e)loc = max [0 ;) - ™™, (7.4)
where o) (x;) and g(-num) are the exact and numerical solutions, respectively, for the quantity

o at node j.

We have computed the error in numerical solution in L*°-norm for all the field variables in
several binary gas-mixtures with different permissible values of the parameters and found second
order convergence, i.e., the error in numerical solution is of order O(Az?), in all the cases. As an
example, we show the convergence results for the mixture of He—Xe—which has the largest mass
ratio among Ne-Ar, He-Ar and He-Xe mixtures—in figure 7.1, which illustrates the log;,-log;,
plots of the error in numerical solution of the number densities of the lighter (left column) and
heavier (right column) components in the mixture over number of intervals in discretization
N; = 20, 50,100, 200, 500, 1000 for Knudsen numbers Kn = 0.05,0.1,0.5,1 and different moment
systems considered: (top row) 2xG13 equations with Maxwell interaction potential, (second
row from top) 2xG13 equations with hard-sphere interaction potential, (third row from top)
2xG26 equations with Maxwell interaction potential, and (bottom row) 2xG26 equations with
hard-sphere interaction potential. The values of other parameters for figure 7.1 are AT, = 0.5,
Xa = Xg = 1. The black line in each sub-figure of figure 7.1 has slope —2 and is included only

for comparison.

7.2 Flow of a binary gas-mixture in one-dimension

Here, we consider the similar problem as above but none of the component in the mixture is
necessarily diluted. The numerical method for the problem is exactly same as explained above,
however, the exact solution is not easy to obtain this time. In numerical studies, when the exact
solution is not available, it is prevalent to use a reference numerical solution obtained with very
refined grid for studying the convergence of a numerical method. Therefore, for the present
problem, we study the convergence of the numerical method through the reference numerical
solution obtained by discretizing the dimensionless channel width into 2001 equispaced nodes
(or 2000 intervals of equal size). Again, we compute the error in numerical solution in L*°-norm

which for a field variable p is now given by

lerr(0) oo = max [0 — ™™, (7.5)
J
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(ref) (num)
; and 0;
the quantity ¢ at node j.

where o are the reference solution and the numerical solution, respectively, for

We have again computed the error in numerical solution in L°°-norm for all the field variables
in several binary gas-mixtures with different permissible values of the parameters and, again,
found second order convergence in all the cases. As an example, we show the convergence
results anew for the He—Xe mixture with mole fraction of the lighter component in the mixture as
Xt = 0.75—in figure 7.2, which illustrates the log;(-log;q plots of the error in numerical solution
of number densities of the lighter (left column) and heavier (right column) components in the
mixture over number of intervals in discretization IN; = 20, 50, 100, 200, 500 for Knudsen numbers
Kn = 0.05,0.1,0.5,1 and different moment systems considered: (top row) 2xG13 equations
with Maxwell interaction potential, (second row from top) 2xG13 equations with hard-sphere
interaction potential, (third row from top) 2xG26 equations with Maxwell interaction potential,
and (bottom row) 2xG26 equations with hard-sphere interaction potential. The values of other
parameters for figure 7.2 are also AT, = 0.5, Xa = xg = 1. The black line in each sub-figure of

figure 7.2 has slope —2 and is included only for comparison.

7.3 Flow of a binary gas-mixture in a bottom-heated square

cavity

In micro-devices, it is quite common to have a hot plate surrounded by several other cold plates
maintained at ambient temperature, and to close and package this system in vacuum. Rarefied
(or non-rarefied) gases are usually present in the package and the heat transfer takes place
from hot to cold plates [16, 81, 93, 94]. Here, we consider the heat transfer in a binary gas-
mixture confined in a square cavity whose bottom wall is heated while all other walls at a cold
temperature and present the results on numerical convergence. The preliminary results for the

same problem are demonstrated in chapter 9.

7.3.1 Problem description

We consider a binary mixture of gases o and § in steady state confined in a square cavity
of side length L. Let the bottom of the cavity be hot in comparison to its other sides; let the
temperature of the bottom of the cavity be Ty = T, +¢ T while the temperatures of its all other
sides be Tex = To; and let all the walls of the cavity are stationary (i.e., v,, = 0 for all the walls).
The schematic of the problem is shown in figure 7.3. The temperature difference between the
hot wall and any cold wall of the cavity T — T = e Ty is again taken very small in comparison
to T so that the linearized equations and linearized boundary conditions are sufficient for the
description of the process; notice again that the smallness parameter € as a multiplier in the
temperature difference is same as that used in the linearization (cf. (5.1)). The third dimension z
of the cavity is assumed very long so that heat transfer takes place essentially in two dimensions
(x and y), and thus z-axis in figure 7.3 is just for illustration purposes. The scales used for
non-dimensionalization are same as those in (5.2); additionally, the length scale for the present
problem is L, the side length of the square cavity, and the velocity and temperature of the walls

are scaled with v, and T, respectively.
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Figure 7.2: Convergence of the numerical method for number densities of the lighter (left
column) and heavier (right column) components in He-Xe mixture with xg;, = 0.75 for different
moment systems: (top row) 2xG13 equations with Maxwell interaction potential, (second row
from top) 2xG13 equations with hard-sphere interaction potential, (third row from top) 2xG26
equations with Maxwell interaction potential, and (bottom row) 2xG26 equations with hard-
sphere interaction potential. The black line has slope —2 and is included only for comparison.
The other parameters are same as those for figure 7.1.
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Figure 7.3: Schematic of a two-dimensional bottom heated square cavity; z-axis is included just

for illustration purposes.

7.3.2 Relevant moment equations and boundary conditions

The steady state two-dimensional 2xG13 and 2xG26 equations in linear-dimensionless form

follow from the three-dimensional equations of §5.1.1 in a straightforward way on substituting

d(:)/0t = 0 and using the relations

200 _ 10Uy
90 39z 303 for
b _J1ody 100 g
35% 2 92 2795
_ 10Uy | 20Uy
39z T 305 for
and
(30sn 2 0ay
5 0% 507
7 la'l,z)zz ialﬁxy _ 2 alﬁyy
31/’@‘3’ _ ) 370y + 570z 15 0f
oz l@@?}m ﬁalﬁwy lal&yy
k) 15 08 + 1595 370
_ 20y + 3 0yy
5 02 50§

i=j=uz,
i#jand i, j€ {z,y},
i=j=y
for i=j=nux,
for i=j=xand k=y,
for i=zand j=k=y,
for i=j5=uy.

The relevant boundary conditions for the problem are (4.13), (4.16), (4.18), (4.19) in case of
2xG13 equations, and (4.13), (4.16), (4.21)—(4.24), (4.26) in case of 2xG26 equations—all for
both the species. The boundary conditions for the present problem in linear-dimensionless form

are as follows. Boundary conditions (4.13) and (4.16) read (y € {a, 5})

1
//}%d@dg:o,

a0(0,9) = 4 (1y) = ) (2,0) = ) (2,1) = 0.

(7.6)
(7.7)

The remaining boundary conditions for the 2xG13 equations—(eqs. (4.18) and (4.19))—read

Xy f2 Y o sy Lo 1)
“2—x{¢;[¢@0“ tw) + 50"+

(7.8)
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o = —nL\/g {2(1% ~T,) + %6533} : (7.9)

2_X’Y

while the remaining boundary conditions for the 2xG26 equations—(eqs. (4.21)—(4.24) and
(4.26))—read

N X 2| v . . 1. 1. 1.
o = g2 [ (o) + i+ 2+ §mm] | 710)
g X 20 iyl S pm LA 1
n 2—x, w[(y w) + 50mn g a5 8| (7.11)
2D _ L\/?ET_TA T _Lam LA 19
mnnn nz_X’\/ T 5( Y w) 50nn 14Rnn+75 Y| (7 )
. X 201 . . 1. ) 1. 1 .
iy = —“ﬁ\/; [g( Y = Tw) — 50533 +o1) + ﬁR;?) EAW/} : (7.13)
5(7) Xy [2] Y o oy B oy 1)
=n—22 /2 — b)) + —a — =g = = , 14
Rnt u2 . X’\/\/; [\/@(vt v ) + 2 ut 5 Qt 2mnnt (7 )
where
1 for left and bottom walls,
Y€ {O"ﬁ}; n=

—1 for right and top walls;

n = x and t = y for the left and right walls of the cavity whereas n = y and t = z for the
bottom and top walls of the cavity; 0y,, T, denote the dimensionless perturbations in velocity
and temperature, respectively, of a wall of the cavity from their respective ground state values.
For the present problem, 9, = 0 for all the walls, and T}, = 0 for the left, right and top walls
while T, = T} for the bottom wall with Ty = Ty /Ts.

Similar to a single gas case, we include the balance equations for the diffusion velocities of
both the constituent into the moment systems while discard the momentum balance equation
for the mixture in order to maintain symmetry. Nonetheless, the total velocity of the mixture
v is still present in the moment systems. To get rid of the total velocity v, we replace the
diffusion velocities of the constituents and the total velocity of the mixture in terms of the
individual macroscopic velocities v, and vg by using the dimensionless form of the relations
Uy = Vo — U, PU = PaVq + pgvg and pauq + pgug = 0 in the moment systems and boundary
conditions. Again, similar to a single gas case, we need to add some small terms in some of the
equations and boundary conditions owing to numerical stability; €174, 62@1@) and e3T,, are added
on the left-hand sides of the balance equations for mass, diffusion velocity and energy of the a-
constituent, and analogous terms are also added on the left-hand sides of the balance equations
for mass, diffusion velocity and energy of the [S-constituent; moreover, boundary conditions
(7.7)—which after changing the variables read ) 0,y) = f);(ry)(l, y) = f)?(f/) (x,0) = f)?(f/) (,1)=0
for v € {a, f}—are modified as 173([7)(0,3/) = ﬁg(g)(l,y) = @5”(35,0) = @5”(35,1) = —gqnn,, for
v € {a,f}. Obviously, €; and e here might be different from those for the one-dimensional
problems. We shall discuss the values of small parameters ¢;’s after describing the numerical

method. Again, owing to the addition of these small terms, boundary conditions (7.6) are not
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required for the numerical solution.

7.3.3 Numerical method

The resulting 2xG13 and 2xG26 systems of moment equations can be written as

oUu oUu

P P.
13x+ 28@

+ RU =0, (7.15)
where P;, P, and R are constant matrices and U is the vector containing all the unknowns

~ (@) sla) P ala) ala) ala) sla) Ala) o o ~ ~ ~ ~ T
U = {71, 0@, 00, T, 50,6 600 4@ 4@ 75 50 58) 5 68, 68,60 ¢®) 4N

in case of 2xG13 equations while

A

U = {i,0{, ("), 10, 6,520,600 ¢ 6l mlo) w2 ml@) ml) R RO R A,

6060, T3, 0, 50,500 0w G ) 3, R, B, B A}

in case of 2xG26 equations. We now discretize the dimensionless spatial domain of the cavity
into N, x N, identical cells using the equispaced grid points x; = ¢ Az and y; = j Ay where
i=0,1,...,Ny and j = 0,1,..., Ny; clearly, 20 = 0, zn, = 1, yo = 0 and yn, = 1. With this
discretization, (7.15) at each point (x;,y;) for i =0,1,..., N, and j =0,1,..., N, assumes the

form
P (0@U)i7j + PQ(@QU)Z'J‘ +RU;; =0, (7.16)

where U; ; = U(x;,y;), and (0;U);; and (03U );; are the numerical approximations for the
derivatives in (7.15) at point (z;,y;). At the interior grid points, both & and § derivatives are
approximated with the central difference scheme; at the left and right walls, the & derivative is
approximated with the forward and backward difference schemes, respectively, at all grid points
on the wall whereas the g derivative is approximated with the central difference scheme at all
grid points other than the corners, where it is approximated with forward difference scheme at
the bottom and with backward difference scheme at the top; at the bottom and top walls, the g
derivative is approximated with the forward and backward difference schemes, respectively, at
all grid points on the wall whereas the & derivative is approximated with the central difference
scheme at all points other than the corners, where it is approximated with forward difference
scheme at the left and with backward difference scheme at the right. In other words, the

derivatives in (7.15) are approximated with

Yerilii for (i,5) € {0} x {0,1,...,N,},
(0:0)iy = Yo" Uicta gor (5, 5) € {1,2,..., N, =1} x {0, 1,..., N, }, (7.17)
Ui, j—U;_1,5

VAN T for (i,7) € {Nz} x{0,1,..., Ny}
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and
Gor 2l for (i,5) €{0,1,..., Ny} x {0},
(05U)ig = | Bt 5e=L for  (i,5) €{0,1,..., No} x {1,2,...,N, — 1}, (7.18)

Garmduizt for (i,§) € {0,1,..., No} x {N,}.

The boundary conditions at the walls are applied in exactly same way as for a single gas
by including the boundary condition for a moment in discretized form instead of its balance
equation, see §7.1. Combining all the discrete vectors U ;’s into a vector X = {Ui,j\(i,j) €
{0,1,...,N,} x {0,1,... ,Ny}}T, the full system of discretized moment equations can again
be written in form of AX = b where b is a known constant vector and A is a constant ma-
trix consisting of the constants ¢;’s. Since, the central difference scheme gives second order
convergence (which will be scrutinized below), i.e., the error in numerical results will be at
least of order O(max{Az? Ay?}), the constants ¢;’s are taken proportional to min{Az?, Ay?}
with each proportionality constant having a suitable value such that the error due to extra
added terms and the error due to the numerical scheme will be of same order, and thus over-
all accuracy of the results will not be affected because of additional terms; we have taken
€1 = €2 = €3 = ¢4 = ¢ x min{Axz?, Ay?}, with ¢ < 1. The algebraic system AX = b, can then
be solved for X using any standard iterative method, such as Gauss—Seidel method, for solving

a linear system of equations.

Order of convergence: The error in numerical solution for the problem under consideration

is computed in L'-norm which for a field variable g is given by

Nz NZJ

lerr(o)ll = 33 Aw Ay |0 (a1, y5) — o™, (7.19)
=0 j=0

where o(*™) (;,y;) and ggr}um)

are the exact and numerical solutions, respectively, for the quantity
o0 at node (i, 7).

The exact solution is again approximated with a reference numerical solution obtained by
discretizing the domain of the cavity into 400 x 400 identical cells. In figure 7.4, we present the
convergence results for the shear stress of the lighter component and the number density of the
heavier component in He-Xe mixture as examples. Figure 7.4 delineates the log;y-log;q plots
of the error in numerical solutions of the shear stress of the lighter component (left column)
and the number density of the heavier component (right column) in the mixture over number of
discretization intervals in x-direction N, = 20,40, 80,100 for Knudsen numbers Kn = 0.05,0.1
and different moment systems: (top row) 2xG13 equations with Maxwell interaction potential,
(second row from top) 2x G13 equations with hard-sphere interaction potential, (third row from
top) 2xG26 equations with Maxwell interaction potential, and (bottom row) 2xG26 equations
with hard-sphere interaction potential. The values of other parameters for figure 7.4 are Ty =0.1
and xo = xg = 1. The continuous and dashed black lines in each sub-figure of figure 7.4 have
slopes —2 and —1, respectively, and are included only for comparison. We have also checked
the convergence for other field variables of the mixture and found that our numerical method

for two-dimensional problems is not second order convergent in general, which is also apparent
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Figure 7.4: Convergence of the numerical method for shear stress of the lighter component (left
column) and number density of the heavier component (right column) in He—Xe mixture with
Xp. = 0.25 for different moment systems: (top row) 2xG13 equations with Maxwell interaction
potential, (second row from top) 2x G13 equations with hard-sphere interaction potential, (third
row from top) 2xG26 equations with Maxwell interaction potential, and (bottom row) 2xG26
equations with hard-sphere interaction potential. The continuous and dashed black lines have
slopes —2 and —1, respectively, and are included only for comparison. The other parameters
are Ty = 0.1 and Xa =Xxg = 1.
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from figure 7.4. The order of convergence is slightly more than one but less than two for most of
the field variables. For some field variables, we obtain approximately second order convergence
at small Knudsen numbers (see the red lines in the two sub-figures from top in the right column
of figure 7.4 for example; also see figure 7.6) but the order of convergence decreases towards one
with increasing Knudsen number. The reason for not obtaining the second order convergence
could be the discontinuities in temperature at the boundaries as well as the discretization at the
boundaries which is of first order (forward/backward differences) in normal directions and the
first order errors in solution at the boundaries might be influencing the errors at the interior
points. Therefore, we need to investigate the numerical method for two-dimensional problems

again in future.

7.4 Flow of a binary gas-mixture in a lid-driven square cavity

The fluid flow in a lid-driven square cavity is another classical problem of fluid dynamics and
has been studied by a few authors in the context of a (rarefied) single gas, see e.g., [52, 72, 79].
Unfortunately, the same problem in the context of gaseous mixtures has received much less
attention. In this section, we present the numerical convergence results for the problem of
binary gaseous mixture flow in a lid driven square cavity. The preliminary results for the same

problem are also demonstrated in chapter 9.

7.4.1 Problem description

We anew consider a binary mixture of gases o and g in steady state confined in a square cavity
of side length L. Let the temperatures of all the walls of the cavity be same and equal to a
constant value T}, = T, +¢ Tp; moreover, let the top wall (lid) of the cavity be moving in positive
x-direction with velocity v;q = € 99. The schematic of the problem is shown in figure 7.5. The
third dimension z of the cavity is again assumed very long so that the flow takes place essentially
in two dimensions (z and y) and thus z-axis in figure 7.5 is also just for illustration purposes.

The scales used for non-dimensionalization are same as those for the problem described in §7.3.

Ya
! Vlid
: >
L
X - >
i | x
o ¥ L

Figure 7.5: Schematic of a two-dimensional lid-driven square cavity; z-axis is included just for
illustration purposes.
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Figure 7.6: Convergence of the numerical method for shear stress of the lighter component (left
column) and number density of the heavier component (right column) in He—Xe mixture with
Xp, = 0.25 for different moment systems: (top row) 2xG13 equations with Maxwell interaction
potential, (second row from top) 2x G13 equations with hard-sphere interaction potential, (third
row from top) 2xG26 equations with Maxwell interaction potential, and (bottom row) 2xG26
equations with hard-sphere interaction potential. The continuous and dashed black lines have
slopes —2 and —1, respectively, and are included only for comparison. The other parameters
are Uy = 1, T(]:Oandxazxﬁzl.
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7.4.2 Numerical method and its convergence

The moment equations, the boundary conditions and the numerical method are very similar
to those demonstrated in §7.3; only we need to consider ¢,, = ¥ for the top wall and 0, = 0
for the left, right and bottom walls whereas T, = TO for all the walls, where 99 = 7y/v, and
Ty = Ty /Ts. Without loss of generality, let Ty = 0.

For the present problem, we again consider the He-Xe mixture with xp;, = 0.25 and plot the
error in numerical solutions of shear stress of the lighter component (left column) and number
density of the heavier component (right column) in the mixture over number of discretization
intervals in z-direction N, = 20,40, 80, 100—on log;,-log;, scale—for Knudsen numbers Kn =
0.05,0.1 and different moment systems: (top row) 2xG13 equations with Maxwell interaction
potential, (second row from top) 2x G13 equations with hard-sphere interaction potential, (third
row from top) 2xG26 equations with Maxwell interaction potential, and (bottom row) 2xG26
equations with hard-sphere interaction potential in figure 7.6. The reference numerical solution
is again obtained by discretizing the domain of the cavity into 400 x 400 identical cells. The
values of other parameters for figure 7.6 are 0, = 1, T = 0 and Xa = X3 = 1. The continuous
and dashed black lines in each sub-figure of figure 7.6 also have slopes —2 and —1, respectively,
and are included only for comparison.

Figure 7.6 shows that this time for the same field variables as considered in figure 7.4, we
obtain almost second order convergence for small Knudsen numbers (except in the shear stress
computed with 2xG13 equations for Maxwell interaction potential as well as for hard-sphere
interaction potential, where it is slightly less than 2). Moreover, the order of convergence does
not significantly decrease (in comparison to figure 7.4) on increasing the Knudsen number. In
fact, for most of the other field variables too, we obtain almost second order convergence for

small Knudsen numbers, which decreases towards one with increasing Knudsen number.



Chapter 8

Regularized moment equations for

binary gas-mixtures

In kinetic theory of single gases, the Chapman—Enskog expansion method and the Grad’s method
of moments are the two most avowed techniques for solving the Boltzmann equation approxi-
mately. Nonetheless, both the techniques come with shortcomings. Although, the former has
great success in educing the constitutive equations of Navier—Stokes and Fourier with explicit ex-
pressions for viscosity and heat conductivity, the higher order expansions from it lead to Burnett
and super-Burnett equations which are unstable [10, 11, 120]. On the other hand, the equa-
tions resulting from the latter are always linearly stable, but they admit unphysical sub-shocks
above a critical Mach number due to their hyperbolic nature [71, 122]. In case of a single gas,
Struchtrup and Torrilhon [106] derived the regularized 13-moment (R13) equations by coalescing
the propitious features of the two methods while avoiding their undesirable features. The R13
equations are always linearly stable and exhibit smooth shock structure for all Mach numbers.

For single gases, Struchtrup [100] further introduced a method, which accounts for the order
of magnitude of moments and of each term in moment equations in powers of the Knudsen
number. The method provides highly accurate equations and, concurrently, resolves the issue
of how many moments need to be considered for describing a process with certain accuracy.
For Maxwell molecules and hard spheres, the method has been developed up to third order
[100, 108]. The method yields Euler equations at zeroth order, Navier—Stokes equations at first
order, Grad’s 13-moment equations (without a non-linear term) at second order and a variant of
the original R13 equations [106] at third order. For general interaction potentials, the method
has been developed only up to second order, where it provides a generalization to Grad’s 13-
moment equations [103].

In this chapter, we shall extend the order of magnitude method to binary gas-mixtures in
order to regularize the Grad’s moment equations for them derived in chapter 2. For simplicity,
we shall derive the regularized moment equations for binary mixture of gases interacting with
Mazwell interaction potential only. Moreover, only the derivation of linear regularized moment
equations will be considered here. The derivation of non-linear regularized moment equations for
binary mixture of gases interacting with Maxwell interaction potential as well as the derivation
of regularized moment equations for binary mixture of gases interacting with other non-Maxwell
interaction potential, including hard-sphere interaction potential, will be considered elsewhere

in future.

87
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8.1 Outline of order of magnitude method

The order of magnitude method for finding the proper equations with order of accuracy Ag in

the Knudsen number comprises of the following three steps [100, 102].

1. Determination of order of magnitude A of the moments:

The goal at this step is to determine the order of magnitude of moments in powers of
smallness parameter (¢) which is usually the Knudsen number. To this end, a (non-

conserved) moment ¢ is expanded in powers of ¢ as below.

¢ = o +ep1+e%pa+ ...

It should be noticed that the above expansion performed on a moment ¢ is somewhat
similar to Chapman-Enskog expansion, which is performed on the velocity distribution
function. However, unlike the approach of Chapman—Enskog expansion which aims at
computing ¢;’s (i = 0,1,2,...), the focus in this method is just to find out the leading
order of ¢. The leading order of ¢ is determined by inserting the above expansion into
complete set of moment equations. A moment ¢ is said to be of leading order A if ¢; =0

for all i < A. The leading order of a moment is the order of magnitude of that moment.

2. Construction of a system of moment equations having minimum number of moments at a

given order of accuracy A:

At this step, some of the originally chosen moments are combined linearly in order to
introduce new variables in the system. The new variables are constructed in such a way
that on replacing the original moments in the moment equations with the new variables,
the number of moments at a given order A is minimum. This step not only provides an
unambiguous set of moments at order A but also guarantees that the final equations will

be independent of the initial choice of moments.

3. Deletion of all terms in all equations that would lead to contributions of orders A > )y in

the conservation laws:

At this step, we adopt the following definition of the order of accuracy .

Definition 8.1. A set of equations for binary gas-mixtures is said to be accurate of order
Ao, when the diffusion velocities (of both the components), total stress and total heat flux

in the mizture are known up to the order O(e0).

The adoption of this definition relies on the fact that all moment equations are strongly
coupled. This connotes that each term in any of the moment equations has some influence
on all other equations, particularly on the conservation laws. The influence of each term
can be weighted by some power in the Knudsen number, and is related, but not equal
to the order of magnitude of the moments present in that term. A theory of order Ag
considers only those terms—in all the equations—whose leading order of influence in the

conservation laws is A < Ag, and the terms not fulfilling this condition are simply ignored.
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In order to apply this condition, it suffices to start with the conservation laws, and add the
relevant terms step-by-step, order-by-order. We start with order O(°) equations (Euler),
then add the relevant terms to obtain order O(e!) equations (Fick, Navier-Stokes, and

Fourier equations) and so on.

8.2 Relevant moment equations

As we shall be deriving the linear regularized moment equations for a binary mixture of
gases a and f interacting with Mazwell interaction potential, it is better to start with linear-
dimensionless moment equations of §5.1.1 for Maxwell molecules. Furthermore, we would also
need the mass and energy balance equations of the mixture in linear-dimensionless form, which
are obtained from (2.26) by using (5.1), (5.2) and ignoring the external forces.

Let us introduce the new variables: average temperature 7' (cf. (2.7)3) and temperature
difference AT defined as

Nala + n[gTﬁ
Ng +Ng

T = and AT =T, —1Tp.

Now, we linearize the average temperature and temperature difference around their respective
ground states, i.e., T =T, +eT and AT = ¢ AT. Thus, T = T/T, and AT = AT /T, denote
the linear-dimensionless perturbations to average temperature and temperature difference from
their respective ground states, respectively. It is emphasized that all the quantities with over
hats except ¢ and 2;’s always mean the linear-dimensionless perturbations to their respective
ground states; although in the following, sometimes they are referred with their actual names for
simplicity. We shall see below that replacing 1., and Tﬁ with 7" and AT in the moment equations
is worth because even though the leading orders of T, Tg and T are zero, the leading order of
AT is two. Moreover, it is also better to use the reduced partial heat fluxes (2.30) instead of
usual partial heat fluxes of the constituents, since the right-hand sides of the moment equations
for the reduced heat fluxes decouple from the diffusion velocities. The linearization and scaling
for the reduced heat fluxes are analogous to the corresponding heat fluxes. The dimensionless

reduced heat fluxes for the constituents in the mixture are given by

h = ) _

(2 3

@ 7 ~ 5 ~
@@ and B = ¢® — iugﬁ)

Do | Ot

Additionally, we shall also use the following abbreviations in order to simplify the notations.

Vo Vo

VNG

Note that s becomes 1 on taking the velocity scale as v, = \/kTo/m with m = x{mq + Xgmg.
()

i

=g, X0xl+ X%%g = .

In the following, we shall write the moment equations of §5.1.1 by replacing T, Tﬁ, q;’ and

cjlm ) with T, AT, ﬁga) and Y. Consequently, we shall write the moment equations for the new

i
variables—1', AT, Bz(a) and hgﬁ )_instead of those for the variables Ta, Tﬁ, (jga) and qi(ﬁ), and we
shall also rename Kn to €. Therefore, hereafter ¢ is always the Knudsen number. The moment

equations for the new variables can be obtained by the appropriate linear combinations of those
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for the old ones.

8.2.1 Moment equations in new variables

The mass balance equations for the individual constituents and for the mixture, and the mo-

mentum and energy balance equations for the mixture (the conservation laws for the mixture)

read

N +8ﬂ’(a)—0
“\ ot 0% oz,

A N ~(8)
s <8n@ N 3v2> N auZA _o,

(9 o ~ o A ° o a@
a_f(“ oXgha + 1exXpig) + (HaXg + Hexp) agzz =0
0v; O [ o.(0) o8 o .. - o
%8—5 + 8—53] <Xa0'z']q +X60'z'j ) + oz, (xana —i—xﬁnﬁ) + 8—:?31 =0,

30T  ou; x5 (oh\™ ad\ x5 [(oh®  oal”)
+ == + = - = 0.

207 "o o \ 05, T o 95, | o,

zp
The linear-dimensionless balance equation for the temperature difference reads

)

0; 0;
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2 0ot Ao

0; 0;
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30AT 1 <aﬁ§.“) +aa(“>> 1 (aﬁgm +aﬁ§5)> I

The other balance equations for the individual constituents read
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(8.1)

(8.5)

(8.6)

(8.7)



8.2 Relevant moment equations

91

1 ~la o ~
= ) {XaQaO'Z(j) + Xg (590'( ) 51102(]-6) } ,
o6 oo\ oml) 40ny o)
i 42 (i + ijk a7 492 (i
E ot 0T ; 0% 5 0% Ery
7) 7) 3)

1 N o A ~(a
= __Q {ngﬁafjﬁ) + X, <790'@(]ﬁ) - '7110'7%) } y

oh™ 1 OR . 95" 1 0Aq LB oT I AT
7 5 = <A~ —X
“eTof T2 08; | 0i; 601 208 27 0d

B)
1 (2 @) el ila .
= {gxgﬁahlﬁ D (Ssh — 515h§5>)} :

on? | 1R 95l)  10A, 50T 5o AT
Bof 2 oz, | 03; | 60%; 208 2.° 0
1
:_eQ{ XﬁQBh(6)+X <W13h(6 —715h( }
om'®  g0RY 95 1
ik | 9 7 (ij @ _ ° O 1 . (a) 5 ()_5
“ ot 7 Oy, +3a@k> aQ{ ¥a*talMijp +X6( 177055, — 018770

(8)

ijk

on'®  3oRY) a6l 1
ijk 2 (17 (ij _ (B) o - (8) (@)
8 ot * 7 85Aﬂk> +3 8;Ek> €Q { Xﬁgﬁmwk + X <71 ngk ’Ylsmwk

)}
)}

ORS) oy 280l 1 (7 o o " i
PP T S| -t U {EXZ{Q&R@(]‘) +x3 <521R§j) - 5233%3))} ;

ot 0y 5 afﬁ e

()

v]

6R(5) am@ 28 8h(@) 1 7 .
) ijk (i (5) (8)
o TP oa, T 5 0k, | 20 { xE R+ () e
A, _ ohl™ 1 (2 ) A )
— L= 1Z2x°0.A, © (Gys Ay — Gos A 7
Ha of +8(%i 69{3% +X5<25 26 5)}
oA, WP 1

2 A ~ ~
—Z —_ _ OQ A o A _ Aa ‘
ot 8 0%, o) {3){5 BAB + X, <W25 B — V26 )}

)}

(8.9)

(8.10)

(8.11)

(8.12)

(8.13)

(8.14)

(8.15)

(8.16)

(8.17)

(8.18)



92 Chapter 8. Regularized moment equations for binary gas-mixtures

In (8.6)—(8.8), we have also used the relations

1 X %,
b5 = [P = 25 oy = [P0 =225 and 3 =[PPy = T2
Vs ® s ps B oo Ha

8.3 The order of magnitude of moments

We shall now assign the orders of magnitude to the moments and then construct new sets of
moments in such a way that we have minimum number of variables at each order.
In order to examine the order of magnitude of moments, we expand the non-conserved

quantities (¥) in powers of the Knudsen number () as
=g+l + Vo +...,

3@ 5(B) s(@) £(B) fla) §(B) ~(a) o (B) pla) AB)
where ¥ € {AT U504 0y hZ Jh Uowe Uk,RU ,RU ,A

ties Yo, Y1, Yo, ... are of order O(e 0). Now, we shall substitute the above expansions in

s AB}, and the quanti-

(8.6)—(8.18) and compare the coefficients of each power of ¢.
Comparing coefficients of ! on both sides of (8.6)~(8.18) one readily finds that ¥jq = 0 for

all ¥ e {AT A(a), 55), AZ(]O‘), Aff),hga) h(ﬁ) 7 §j137 Efg,Rff),Rff),Aa,Ag} because there are no

terms of order O(¢~1) on the left-hand sides of the balance equations for these quantities. This

concludes that the leading orders of all the non-conserved quantities are at least one.
A(e)  ~(B) (a)

Comparing coefficients of €? on both sides of (8.6)—(8.18), it turns out that ., , i, , &

i1 Wi i
Y Z(B), h(a), 7% do not vanish whereas
ig|1° il i1
P () ) pla) _ AB) A A
ATy =il =) = R = R = Ay = Agy =0, (8.19)

see appendix B for details. In other words, the leading orders of the diffusion velocities, stresses
and heat fluxes of the both the constituents are one while the leading orders of temperature
difference and other higher moments for both the constituents are at least two.

Comparing the coefficients of e! on both sides of (8.6) and (8.13)—(8.18), it turns out that
none of AT‘Q, mgj.‘,zm, Ef 2‘2, Rfﬁ)w Rffl)z, AQ‘Q, and AB‘Q vanish, see appendix B again for details.
Therefore, the leading orders of all these quantities are two.

We shall not go further as it would be sufficient for obtaining the third order accurate

(regularized) moment equations.

8.4 Minimum number of moments at a given order

8.4.1 Minimum number of moments of O(¢)

We have established in § 8.3 that zll(a), ﬁgﬁ ), 61(?), Z(jﬁ ), h(a) h(ﬁ ) are the moments of order O(e).

In order to have minimum number of moments of order O(e), let us first write down their leading

order contributions (by solving (B.2) along with the relation pouqs + pgug = 0 in dimensionless



8.4 Minimum number of moments at a given order 93

form, (B.3) and (B.4) of appendix B), which read
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Equations (8.20) are the Fick’s law of diffusion (in linearized form) for the mixture. Equations
(8.21) represent the Navier-Stokes law for the components in the mixture, with 7, and ng
being the expressions for dimensionless viscosities of the constituents in the mixture. Equations
(8.22) represent the Fourier’s law for the components in the mixture, with x, and xg being the
expressions for dimensionless heat conductivities of the constituents in the mixture. It should
be noted that the usual heat fluxes in case of binary gas-mixtures will depend on the gradients
of number densities as well whereas the reduced heat fluxes of the components are proportional

to the gradient of the average temperature only, like in Fourier’s law for a single gas.

As the diffusion velocities @ga) and ﬂl(ﬂ) depend on each other, one can use any one of them
in the moment equations. Moreover, the other first order quantities—the stresses &Z(]?‘) and &Z(jﬁ ),

and the reduced heat fluxes ﬁga) and iLEﬁ ) are linearly combined as below in order to have

minimum number of moments of order O(e). We introduce

6y = x561 +x5609, S — .
. o X3 . . . . 8.23
hi = X_ahga) + ihfﬁ), Ah; = /ighga) — rah(?,

Ao %B

where ;; and h; are the (dimensionless) total stress and the (dimensionless) total reduced heat

flux in the mixture, respectively, and

K1 = zﬁ(XZQa + X%(Sg) + %aXZ'Ylla Ko = %a(X%Qﬁ + Xg’yg) + %5X%511,
2 (o] o (o] 2 (o] (] (o] (8‘24)
K3 = gXaQa +x3013 | + Xo 715, K4 = gxggﬁ +xoM13 | +x3015,

so that the leading orders of the total stress &;; and the total reduced heat flux h; are one while
the leading orders of Ad;; and AfLi are two. Notice that the total stress (0;;) and the total
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reduced heat flux (h;) are scaled as

Thus, the minimum moments of order O(e) are any one of the two diffusion velocities of the
constituents, let us say ﬂga), the total stress 6;; and the total reduced heat flux h;.

From (8.23), one can obtain the expressions for the stresses and the reduced heat fluxes of
the individual components in terms of the other variables. These will be needed in getting the
minimum number of moments of order O(g?), and are as follows.

(a) _ F20ij + x3AGi; 5(8) _ F10ij — XgAdy;

a'u = =
7 ? z
J X9 Ko + X%Iﬂ J X9 Ko + X%m

A N . . 8.25
(@ _ 2o (kargh; + XOBAhi) HON »g(kgrahi — xg,Ah;) ( )

XS K43 + X%Iig%a v XQ K43 + X%Iig%a

8.4.2 Minimum number of moments of O(g?)

We have established in § 8.3 that the order O(£2?) quantities are AT, AGyj, Ahg, 7 5],2, mﬁfg, RE}I),

Rz(f), A, and Aﬁ. Notice from the leading order contributions of AT, Ad;; and Ah; (cf. (B.9),

(D.8)2 and (D.9)s) that AT, Aéy; and Ah; can neither be linearly combined among themselves

nor with any other moments in order to produce a quantity of order higher than order O(£?).

a) . (B a) B
E]k’ mEjk):’ Rz(] ) jo)a

combined to produce some quantities of order O(g3). To this end, let us first write down the

(@) 5 B)  ple)  p6)
leading order contributions of 7, ik M RU , RU ,

(B.11) and (B.12) of appendix B and using (8.25)), which read

However, the other moments in the list—m A, and Ag—can be linearly

A, and Ag (by solving equations (B.10),
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For better readability, the coefficients cﬁﬁ ), cﬁﬁ ), cgg), cﬁ?), c(Aa) and c(f)

@ =) pe) B A

igk ""Vigks iy 0 iy o

are given in appendix C.
The quantities, m « and Aﬁ are now linearly combined as below in order

to have minimum number of moments of order O(¢?). We introduce

. _Xa . (a), XB..(8) (a) @ )
ml]k' - %_(:ml‘?k‘ + %_Bijk;’ Am ik = l{5m1jk - K6m@]k,
A Xo A@) , X8 A8 3)
Rij = %—éR%“ + %—/%jo), AR;; = rrR — ks R, (8.27)
~ XZ ~ X% N N N N
A=-"A,+ —2AB, AA = koA, — I{loAﬁ,
72 s
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95

where m;;y, Rij and A are the respective (dimensionless) total higher moments in the mixture,

and

3 (] o o
K5 = K1 <§XaQa + X5517> + K2Xq 718,

7 o (o] (]
K7 = K3 <6XaQa + X5521> + KaXq 723,

2 . . o
K9 = K3 <§XQQCV + X6625> + R4X 726,

3 o o o

K6 = K2 §X595 +xa717 | + K1X35018,
7 (o] o o

K8 = K4 EXBQB + XaV21 + K3Xﬁ623,

2 (o] (o] (o]
K10 = K4 gXBQB + Xq725 | + K3Xgd2,

(8.28)

so that the leading orders of 7, }?ij and A are two while the leading orders of A, A]fiij
and AA are three. Thus, the minimum moments of order O(£?) are AT, AGyj, Ah;, M, Rij

and A. Notice, again, that the total higher order moments (m;jx, R;j, A) are scaled as

A

Mijk 3 a8
knoTov2’

mgkp Ry A
kEnoTovs’ Y kn w2 an

Myjk =

From (8.27), one can obtain the expressions for the higher moments of the individual com-

ponents in terms of the other variables. These will be needed later and are as follows.

%a(K6%5mijk + X%A’I’ﬁzjk)

(@) = (8) _ 78K 7atitih — X Aiyj)
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A %g{(mong +x3AA) Ag B %%(mgxiA —x0AA)
a — 5 = 5 .
xgﬁloxg + X3 ko4 xgﬁloxg + XG ko4

8.5 Moment equations with \*! order accuracy

8.5.1 New system of equations

(a)

In the following, we shall write (8.3)-(8.18) in new variables @, &;;, Adij, hi, Ahg, hijk,
A, }?ij, A}A{ij, A, AA using (8.23) and (8.27). It is emphasized, however, that this change of
variables is required only for deriving the third order accurate equations, which we are interested
in, and it may not be required to change all the variables for the derivation of zeroth, first and
second order accurate equations. Additionally, we shall write each moment by assigning its
magnitude in powers of ¢ (“in gray colour”) in the new equations. These gray coloured =’s are
included just for finding the terms of correct order while comparing the powers of ¢ on both
sides (see below) and, of course, the value of gray coloured ¢ is essentially 1.
The conservation laws (egs. (8.1)—(8.5)) in new variables read
O 00\ | 0l
%O‘< o7 +8§:i>+ﬂ ;

- 0T

=0, (8.30)
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0 0%;
a_f(,uax;ﬁa + Mﬁx%ﬁﬁ) + (:“aX + /‘BXﬁ) 83} =0, (8.31)
b, 96ij D, dng  OT
~ 4 ¢ o Y. = .32
o T am, Feam T o, 0, (8.32)
307  o0v; b o
Vi b ey el ., (8.33)

297 Yoz, oz, i

Note that the mass balance equation for the S-constituent, (8.2), is not included in this system

as it can be obtained from (8.30) and (8.31). The other equations in new variables read

o0 L BAJU Lo OAT
o ~ E=% € - XgE S
ot ol T s, T T P o
— 5= — (52— 8.34
12052 [ X5 5 B@m %ap, ~ a5 || (8.34)
3 L OAT oh IND o' 1 65 o .
—ef— e—0 e ! € = —— 2 AT .
5 i S4 9z, + G5 9z, + < B, PN ) (8.35)
aa”l] F)am'ljk? 4 . ah<l 2 ,aﬂgf) 1 A 2 a’{}@ ,2A A 8 36
oi T a5 03, WV aa, e T\ 7u TG, ) T A% (8.36)
NGy L Omge  ,O0Nmg, 4 Ohy 4 0Ahg oa)
€ - 5 . € - =69 + =C106" =7 + 26116 ==
0 8.%'k 0 k 5 3$]> 5 8-%']) 8-%'])
1 ) o .
YY) [W?’ <:aij 2 8:&j>> Ay } ’ (8.57)
Oh; w00 wOAGy 1 0Ry 1, OA 5 OAT
o T ez, T8 Taz, T2 ar; 6 0m 2™ o
1 . orT
= |= (:hZ + 61{0@) + g’ Ah; | (8.38)
L, 0AM, Lo D0 w08y 1 OR;; R L OAR;;
Sy C15¢ 9%, 16¢ 0z, 5S17° 9%, 55187 0%,

+ §19~ aA‘+—§20‘ 07, + =€ Ery

1 ,0A 1 L0AA 5 OAT 1[ (
5 = wr | €
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SOMiie 3. 6f2<~ , OAG ;5 1 . 96 i .
..”2 L) _..”2 LY ..”2 Y [ ,,ﬂz .. £ Y :5A M.
& T G13¢ Ox, —q |0 © Mk +&Cm D, + @i0c” Ak |
(8.40)
A, 3 LORy 3 LOARy; NG
3 ”}Jk_i__g - A(]+_23:3 A(]+3§24;_ A<J
ot 7 8xk> 7 8xk> 8:Ck>
- s+ €ne ) 4 12 A (8.41)
720 W11 | € Myjk T EGmE afm w128 AMyjk | .
OR;; , O 0N 28 OAhy;
29 | o ij DY ij 2 2
5 + 269 9% + 2¢2 Dir 5 S27 89%
1 2 h ah@ 3A T
= __Q w13 | € RU + ECR:@@'j) + w4e ARZ']‘ , (8.42)
LOAR;; L Ong i, LOAmG, 28, 0Ahy,
H,; 1) 1 3 1] 2
E —— 2 S 2 g — S
Py G28 By ) D 5 $30 By,
=—— |w “Rii + eCRre 8iL<i + w6 ARy (8.43)
Q 15 | © i RE 633]> 16- 5 | s .
,OA L, OAh; 1 )4 oh; A
g2 = g2 b= A e— SAA 44
5 + 8a7 0% q | @ < +eCa 85@) + w18 ) (8.44)
LOAA , OAh; 1 54 oh; .
g3 — g2 L= A £ “AA 4
57 + 8¢31 5% —q |Fw < +eCa 3@1‘) + wao ) (8.45)
where
Q 5Q /x° X% x2 X%
= — = ° ° = - — a _ = o _— _4
n w1 Xalla + X' and K 2 ws <%3 + %§> o Ko + 5 kg (8 6)

are the dimensionless viscosity and the dimensionless heat conductivity of the whole mixture,

respectively, and all other coefficients are given in appendix C for better readability.

Ath order accuracy: Clearly, the conservation laws (8.30)(8.33) do not form a closed set of
equations for 7, fig, ;, T because they contain the additional variables ﬂga), Oij h;. We shall
speak of a theory with A™ order accuracy, when ﬁga)

order O(e*).

, 0i; and h; are accurately known up to

8.5.2 Zeroth order accuracy: Euler equations

The equations with zeroth order accuracy result by setting the first order quantities to zero, i.e.,

by ignoring the terms with the factor ¢ in the conservation laws (8.30)—(8.33). This yields the
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(linearized) Euler equations for the binary gas-mixture:

Oong  Ov;
—Q = O,
ot * 0z;
a o A o~ o o a@
a_tA(,U'ozXanoz + Mﬁxﬁnﬁ) + (,U'ozxa + Mﬁxﬁ) 6@2 = 07
(A
N A
0b | O Oy OT _ (847)
4 = X X =0,
ot @ 0z; B 0z; 0z;
30T 0,
——+ — =0.
20t 0y

8.5.3 First order accuracy: Fick, Navier—Stokes, and Fourier
equations
For first order accuracy, one needs to include all the terms with factor € and ¢!. That means

all the terms in the conservation laws (8.30)—(8.33) are retained and therefore, the conservation

laws at this order (on setting gray coloured ¢ to 1) read

(P, 00 +aa§a’ 0
“\ ot 0% or;

a o ~ O ~ o o 867/
a_f(lu'ozxanoz + Mﬁxgnﬁ) + (,uaxa + Mﬁxg) Ere =0,
o ) ) ) 8.48
0v; n 064 4O ONg O Ong n or 0. ( )

or T or; 0w  Pom | 0m
397 0o, oh;  9a\®

i
o — 0,
2 Ot + 6352 856@ o1 6332

where we need to find ﬁl(-a), 0;5 and iL, accurately up to first order, i.e., to their leading orders. For
the leading orders of these quantities, only the terms up to order O(¢°) in the balance equations
for these quantities (in egs. (8.34), (8.36) and (8.38)) need to be considered and, obviously, there
are no terms of order O(e%) on the left-hand sides of (8.34), (8.36) and (8.38). Thus, we readily
)

obtain the first order accurate ﬂl(-a , 0;; and iLi, which are the laws of Fick, Navier—Stokes, and

Fourier:
2 N ~ ~ )
(@) o€827p 2 Ol o Ofg 2 9, OT
i =% 51 E (Kﬁ 6332 G 6332 B (%a B %5)6332 ’
R 6@<Z-
045 = _26778jj>’ (849)
. oT
h;i = — .
N om

8.5.4 Second order accuracy: 17 equations

At this order, we need to find ﬁga), 0;5 and iLZ’, appearing in the conservation laws, with second
order accuracy. Therefore, one needs to consider all terms having factors € and ¢! in the balance

equations of these quantities (i.e., in egs. (8.34), (8.36) and (8.38)), we have (on setting gray
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coloured ¢ to 1)

8ﬂ(a) 86’1‘7 1 A(Oé) o 89 %B 28ﬁa 2 8ﬁ5 2 2 aT
“or T2, Urana |M TG e e s e e )|
(8.50)
06y , 4 0hy P augj‘) L 510 4 2en 200 Aé 8.51
2 gf‘)ﬂ%j> + 2¢1 a}) =-q w | G4 + En(?@) + waAGy; |, (8.51)
oh; 06 1 A oT A
— =-—— i Ah; |, 02
En =+ <19 8@'] o) w5 (h + Eﬂa.@i> + g h] (8 5 )

where Ag;; and AiLZ‘ are needed to be second order accurate. The second order accurate Ad;;
and Ah; follow from their respective balance equations (egs. (8.37) and (8.39)) on considering

terms up to order O(e), we have

. o - (@)
o0y eQ (4 Ohy Oty
ANbi; mAGD = T (g 9en L) _E [ 2Ty o U 8.53
U] UZ] Ty U] + 5778:?3]) w4y 5§9 8:?3]> + oi1 (9:?3]> ’ ( )
Ah; N R — (hi + ek (9A ) — E—§15 UAJ. (8.54)
ws 8::3@ ws aﬁﬂj

where the superscript ‘(2)” denotes the second order accurate contributions.

Thus, in the system of second order accurate equations, we have the conservation laws (8.48)
and the governing equations for ﬂga), Gi; and hi (eqs. (8.50)(8.52))—total 17 equations in 3D—
and the system is closed with the second order accurate contributions of Ag;; and AiLZ‘, given

by (8.53) and (8.54). The second order accurate equations in the closed form read

(aﬁa a@i> o'
Ao + + :0,

ot 0%y 0,
9 o o o o 0,
a—f(,uaxana + npxpig) + (HaXg + 1px3) 89%1- =0,
7
L A ) X (8.55)
%(%i 064 o ONg Lo ong 0T 0.

of "oz eom; T Pon; o
307  ov; 0oh;  0dl™

(3
2 — 0,
5ot "0z T 9a T o,

o0\ 96, 1 [ oeQ55 [ 2000 o005 o 5 OT
o TR0, T ea™ |t TN oa s, e, e gy, ) |- (850)
- (@) )
85¢j 8h(z 8u<z 1 A 81}@
. = ——ay (64 +2 : .
P + as 93, + a3 92, g% <JJ + enag%) (8.57)
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oh; 96 1 - oT

— =—— h; . 8.58

5 +as oz, % | it Abrs (8.58)
The coefficients ag, as, ..., ag are given in appendix C for better readability.

8.5.5 Third order accuracy: regularized moment equations

8.5.5.1 Intermediate result: 25 equations

At this order, we need to find zlz(a), 0;5 and ﬁi, appearing in the conservation laws, with third
0

order accuracy. Therefore, one need to consider all terms having factors €°, ! and 2 in the
balance equations of these quantities (i.e., in egs. (8.34), (8.36) and (8.38)), we get (on setting

gray coloured = to 1)

o0 96y,  0AGy OAT
Ao — + 2 +G3

i 9%, oz, | P oz

= -0 P 2 ) +x 551 ol a%, P oz, (5, %5)8@- ) (8.59)
05ij | O +48;L<i +2 G _ i+ 2en 220 4y (8.60)
of o, | bomy | toay,  eq|TH\T9 T T g, ) TR '
oh; L0 OAGy ] OR;; N 10A 5 OAT
of %or; B Tar;, 208  60& 20w
=—— |ws (hl —|—€I€g§;-> + wgAh; (861)

Now, we have the additional variables AT, AGyj, Ah;, Mk, Rl-j and A in the system. The
variables Ag;; and Ah; not only appear on the left-hand sides of (8.59)~(8.61) where only their
leading order contributions are required but also on the right-hand sides of (8.60) and (8.61)
where they are required up to order O(e?). Therefore, we need to include the terms up to order
O(£?) in the balance equations for them (eqs. (8.37) and (8.39)), which gives

00y | O 4 Ohy 4§10 oMby 2§116a§“’
ot oz Tl 5 3$]> 8A> 8-%'])
1 R 00y R
= _g_Q |:w3 <Uij + 25”3@'])) + W4A0'ij:| , (862)
@ aal s ONGy; 1 ORy; N 1§19 dA N 5§216AT
ot 8A ; 8@']‘ 2 8@']‘ 3A 3A

(8.63)

. o1 .
w7 (hl + 6K8@-> + W8Ahl
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Fortunately, all other additional variables— AT y Mk, Rij and A—appear only on the left-hand
sides of (8.59)—(8.63). Therefore, for the third order accurate @ga), Gij, hi, AGyj, Ah;, only the
second order accurate contributions of AT s Mk, Rij and A are needed and these follow from
their respective balance equations (egs. (8.35), (8.40), (8.42), (8.44), respectively) by considering

only the terms up to order O(e), we have

. s, [ Oh a0
AT = —e Q22 i i
s, <§4ay t %6 5, )
. ) (8.64)
04 » Ohg 4 b
S L A= _ ]
Mijk €Gm 856@ > Rz] e(R 856]) ) QN ErS

Thus, the system of third order accurate equations consists of the conservation laws (8.48) and
the governing equations for zlz(a), Gij, hi, Ag;; and Ah; (egs. (8.59)—(8.63))—total 25 equations
in 3D—and the system is closed with the second order accurate contributions of AT, Mijks Rij
and A, given by (8.64).

8.5.5.2 Further reduction

As one can notice that (8.62) and (8.63) have been included in the system of third order accurate
equations just because Ag;; and Ah; are present on the right-hand sides of (8.60) and (8.61).
Nevertheless, the explicit third order accurate expressions for Ag;; and Ah; can be obtained by
using ideas somewhat similar to Chapman—Enskog expansion, also used in [108], so that we only
have 17 equations and the third order accurate values of Ad;; and Aﬁi can be included in the
closures.

For finding the third order accurate Ag;; and AiLZ’, it suffices to consider their second order
accurate contributions on the left-hand sides of (8.62) and (8.63). In other words, (8.62) and

(8.63) can be rewritten as

PN L O 4 Ohy; L oAb s oay
8tA S7 8@]{: 5§9 aii']> 5§10 &’Ej) C11

_ 1 L
T oo [T\ T s

0% j

> +w4A&Zj} : (8.65)

oAk a2y Gy L OBy 1 0A 5 OAT
oF Pz, T ez, 2o T 60 | 27 04

e

o (8.66)

. T .
wr (hl + R 0 ) + ’ZﬂgAhZ

From (8.53) and (8.54), we have

BN @0 (o
= ———— | Gy
ot wa 0f \ 79T

LIV T Ohy o O
03, )  wa\5 0z, oi | oi; oi )

(8.67)

N < a_T) eQ 9 96y

= == - ——G = ~ .
ot wg Ot ws 15533j ot
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As we want to evaluate the time derivatives of the second order accurate Ad;; and Aﬁi, it is
natural to use the second order accurate balance equations for ﬂga), 0;; and h; (egs. (8.50),
(8.57) and (8.58)) for replacing the time derivatives in the underlined terms in (8.67). Moreover,
the underbraced terms in (8.67) are order O(¢?) contributions to the total stress and the total
reduced heat flux and it suffices to use only the precise values of order O(g?) contributions of
these quantities in (8.67). The precise values of order O(g2) contributions to the total stress
and the total reduced heat flux can be obtained by performing Chapman—Enskog like expansion
either on the second order accurate balance equations (egs. (8.50), (8.57) and (8.58)) or on the
full system of moment equations (egs. (8.34)—(8.45)) and we get (cf. (D.12) and (D.14))
05 02

5ii + 2 — _ 2 Py A T 3
Gij + en&% € e (bln + banig + b3 ) + O(e?),

. oT Q /2 0% 9 0
hi =—— | =2 : %)
T T (3“6@6@ 1% 5% a@j) +0()

(8.68)

The values of the coefficients by, bo, b3 are given in appendix D. For second order accurate

g‘m; in the right-hand side of (8.68), and it

underbraced terms in (8.67), we can use 6;; &~ —2en

will not affect the accuracy. Thus, we have

00 i 82 T
6@']’ + 2¢en A< ~ —62 = (blﬁa + b2ﬁﬁ + bBT)’
0i;j) 0% j) (8.69)
Bt oT Q (2 2 9%0; ta eaa'ij .
i R~ —— | =K N ~ N .
%4 ag \3  01,;0%; ° 0i;

Now, we apply the time derivative and immediately replace the time derivative of the total
stress with its second order accurate balance equation (8.51) and the time derivatives of number
densities, velocity and temperature using the conservation laws with ﬁga) = ﬁgﬁ ) = 0 = h; =0

(i.e., using Euler equations) to get

0 (927<,~ 2 9 0?2 0y,
— |0 +2 - ~ > A~
9 (O'j + 2emn > ([11 + by + 3bg> 5 3$<i1‘j> Dy

)

o (- o1 20Kk , 92 0 X

2 R g Sia + Xgig + T

m( ““a@) 3ag s 01,0%; 01, (xaita + x50 +T) (8.70)

N Q 0 Ohy; . 3112?) L — 9oy,
ag a5€85€j a2 633]> a3 633]> €Qa4 ij €n6£j>
Y,

The temperature gradient in (8.70) is replaced by heat flux as before, however, the elimination
of gradients of number densities is a bit tricky. The trick is the following. Similar to above,

without affecting the accuracy, one can use

2 ~ ~ A
u; & _Xﬁﬁﬁ (%B 95, P 9, (55 — %ﬁ)a—i“i and



8.5 Moment equations with A\*" order accuracy 103

in order to get

()

1 51 32 Ol 2 910k 2( y 0% 2 0% >
—=— —e( —ng)——— et (g — e ——— | . (8.71)
Q %5 0y L 0y B@x@@xj) 02 ;0%
Moreover, one can again use h; ~ —ang—T in (8.69); to obtain
8{)(1' 0? b3 ah(z
Gij + 2en— ) ~ —g2 — b1y + bgﬁg +e——, (8.72)
< / 0z jy 0T ;T ( ) K O
On solving (8.71) with (8.72), one obtains
, 0% 1 15,52 o 1 0hy;
=~ —e————=b b —b - -
¢ 8@'@3@&) (51%3 + bQ%%) €X% Q %[23 2 3$j> +€{ 3% 2(% %ﬁ)} 31‘j
00y
— 52 <a + 2 A<Z> , (8.73)
’ Oty
5 (@)
0% 1 16y 52 0O 1 8h
2 B 1 (i
3 —— b —
c 0% ;0% (b2 + bg%%) lex% Q % 63:]> + 6{ 1% %B) O jy
— %% <5¢j + 2¢en 8?3@) ] . (8.74)
The relation
o 2 o
0% 0% ;T ) 30%;0%; 015" "

is also used for replacing the gradients of number densities and temperature in (8.70). Further-
more, the right-hand side of (8.70); is simplified by using an expression obtained by taking the

deviatoric gradient of (8.69)2. After all replacements and some algebra, we finally get

0 0y as 1 /_n G2\ O 00k
Z (6 +2 Q2= (51 _ 232\ _“
ot (O-J + enai'ﬁ) ay > (5,'45 ot > 8.%'k 0L )
06 1 G32 0 ~ 6T
o (5 g+ )(%j) <h<i+em(%<i>, (8.75)
o (: ar 002 r\ 0 Ohg  _oag w\ o oy
o\ e | B <°‘5‘%> 9%, 03, ' © a—6< —%> a3, 0%,
ay k\ 0 (. d0;
b ) =2 (6. 42 )
+ ” <a5 277) 9z, <a,j + 67789%) , (8.76)

where the coefficient ¢35 is also given in appendix C for better readability. Therefore, equa-
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tions (8.67) on using (8.50), (8.57), (8.58), (8.75) and (8.76) yield

A6 T ¢ 4 1 o 061
i Q[ s 4 wmsln s32 ki

ot w4y [2 Ko +a5{ R <5 T )H "0, ;)
, ) ) .
% s O @) 0EQF ( a0ha 2 0hs o g OT
%a%gwmfcj)[ ot org  eom, e Do,

4 1 o |- oT
L8 [_gg sl (sh ey %_2)] (h@. +ex ) , (8.77)
w4y ) ag x K ;

+ 201

6AiL(2) Q w7 K o Oh i o ou i
i ( (
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8

of "0z, Ot )

ay wy K o (. 00
M = T (as = Z V| L (645 4 2en— ) 8.78
T [% ag <a5 277” 0z; <Uj " 8775%)) (878)

On using (8.53), (8.54), (8.77) and (8.78), equations (8.65) and (8.66) provide the third order

accurate expressions for Ag;; and Ah;:

. - NE) .
) w3 (. 9 eQ (4 Ohy 6u<i eQ  Omyjp
Adij = 2 (G54 2o ) — 5[ Sgomnt 4 20 | — g
ij Ty (U] + 8778.%’j>> Ty <5 98.%’j> + 8-%']) TIyg 7 8.%'k
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» <1 O (a) e 7p 9 ONg 5 ONg 9 9 oT
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e ag 4 w3 1 n C32 4@7 0 A~ [
_ = 2 (5L 22) 0 — 22 — | hy; 8.79
- [ 4{5<9+ o %( ~ gt ﬂ)} 5 oo 10 5, <z+ef~@%<i , (8.79)
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e [ ay wr K 4gc16] 9 Ohy
- — 3 15— — {85 — 5~ “r— | 32 Aa

ws ws ag 277 5 w4 8.%']‘ 8-%'])
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w8 w8 ag 277 Wy 31‘j 3$j>
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LU DN (el o PR N G| B PRSP LA 8.80
p— [ws {§15 ” <a5 277>} §16w4:| o3, (U] + 57733% (8.80)

Now, inserting the second order accuarate value of Ag;; from (8.53) into (8.59), we obtain the

. . oT O 96y Q1 0OR; 1 O0A 5 OAT
Ahz‘%—ﬂ(hﬁ-&ﬁ—)—g—qf) Ou _~ < L+ G195 + oo )

third order accurate balance equation for the diffusion velocity of the a-constituent

ou,” 0% 0 i+ 2e 00 — age 0 3112?) — age 0 8iL<i X3 OAT
ot T %or;,  Mor, TV oy, ) T %05, 05y, 08085 0 0k
=6 —— | L - — (52— 81
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The coefficients a7, ag and ag are given in appendix C for better readability. Inserting the second
order accuarate value of Ag;; from (8.53) and the third order accurate values of Ag;; and Aﬁi
from (8.79) and (8.80), respectively, into (8.60) and (8.61), we obtain the third order accurate

balance equations for the total stress and the total reduced heat flux:
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8.5.5.3 Regularized 17-moment equations

The system of regularized 17-moment (R17) equations for binary gas-mixtures consists of the
conservation laws (8.48) and the governing equations for ﬂga), Gij, hi (eqs. (8.81)-(8.83))total
17 equations in 3D—and the system is closed with the second order accurate contributions of AT,
Mk, ]%ij and A, given by (8.64). We write the system of regularized 17-moment equations in

. 9 9 _ 2 9 9nu | 10%
the closed form—using (8.64) for the unknowns and the relation Bix Doy, — 500r O3, T3 oa
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The coefficients ag, a1,...,a2 in the R17 equations are also given in appendix C for better

readability. The underlining in (8.85)—(8.87) is used for distinguishing terms of different order
in €, the single underline denotes the terms of order O(¢) and the double underlines denote
the terms of order O(g?). For zeroth order accuracy, obviously, the conservation laws (8.84)
are closed by setting ﬂga), ;5 and h; to zero, which leads to the Euler equations for binary
gas-mixtures (8.47). For first order accuracy in the Knudsen number, it suffices to consider the
non-underlined terms in (8.85)—(8.87), i.e., the terms on the left-hand sides of these equations
are set to zero, which leads to the laws of Fick, Navier-Stokes, and Fourier (8.49). For second
order accuracy, one also needs to consider the single-underlined terms along with right-hand
sides in (8.85)—(8.87), which indeed leads to the second order accurate equations (8.55)—(8.58).
For third order accuracy, the double underlined terms should also be considered, and then the
third order accurate equations are the full R17 equations. Thus, the zeroth, first and second
order accurate equations for the binary gas-mixtures are inherently contained in the third order
accurate R17 equations for binary gas-mixtures.

Interestingly, in the limiting case when the binary mixture reduces to just a single gas,
the R17 equations for binary gas-mixtures (egs. (8.84)—(8.87)) reduce to the well-known R13
equations (in linear form) of Struchtrup and Torrilhon [106] and of Struchtrup [100] for Maxwell
molecules. The limiting case arises when either the mole fraction of any component in the
mixture is zero (i.e., x3 = 0 or x3 = 0) or when one component is replaced with the other (i.e.,
B — aor a — [3). In all the possible four cases, it suffices to consider the mass balance equation
for the mixture (8.84)2 and, therefore, one can ignore (8.84);. Moreover, the coefficient ¢; in

(8.84)4 vanishes that means we do not need the balance equation for the diffusion velocity (8.85)
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in the system any more, this agrees with the fact that there should not be any term/equation of
the diffusion velocity in single gas case because there is no diffusion in single gases. Furthermore,
owing to same reason, the reduced heat flux h; in the mixture changes to the usual heat flux
¢; in single gas case (see the definition of reduced heal flux). In all these limiting cases, all the
coefficients except aig and agg in (8.86) and (8.87) immediately reduce to the coefficients in R13

equations for Maxwell molecules, i.e., they reduce to
4 2 12
A= 04= g, ag=dpp=at3=a=0, m=a5=1, G6=0a15=73, M7= ", alg= 2.

For x) =0 or 8 — a or @ — f3 cases, one immediately gets a;3= ago= 0. Although, for the case

of x‘é = 0, both a;g and agg themselves are non-zero, but together with ﬁga) they let the whole

(a) (a)

terms vanish, i.e., a;gd, ' = agot, ~ = 0, since the diffusion velocities for both the components

in the mixture vanish.

8.6 Discussion on linear stability of the equations

The Euler equations (8.47) for binary gas-mixtures are always linearly stable for all gas-mixtures.
It is trivial to check their linear stability, therefore we omit the details of their stability analysis.
In order to scrutinize the linear stability of other sets of equations derived in this chapter,
we follow exactly the same procedure as detailed in §5.2 and assume a plane wave solution
of the form (5.25) for each set in one dimension. Recall from §5.2 that the length scale L
used for non-dimensionalization of equations is taken as inverse of the wavenumber so that the
wavenumber is proportional to the Knudsen number e (here) and stability requires damping
¢ to be non-positive, i.e., ¢ < 0 for stability. For the other sets of equations (except Euler
equations), owing to large number of parameters, it is not easy to check the stability for all
gas-mixtures. Nevertheless, we have checked the linear stability by considering many different
permissible values of the parameters and found empirically that the first order accurate equations
(egs. (8.48) and (8.49))—i.e., Fick, Navier—Stokes, and Fourier equations—as well as the second
order accurate equations (egs. (8.55)—(8.58)) are linearly stable for all gas-mixtures. As an
example, we plot the dimensionless damping over the Knudsen number for He—Xe mixture with
Xf, = 0.75 in figure 8.1, in which figure 8.1(a) illustrates the dispersion modes obtained with the
first order accurate (Fick, Navier—Stokes, and Fourier) equations (egs. (8.48) and (8.49)) while
figure 8.1(b) depicts the dispersion modes obtained with the second order accurate equations
(egs. (8.55)—(8.58)). Figure 8.1(a) delineates four modes where two modes coincide with each
other for small Knudsen numbers (for e < 0.323) and for large Knudsen numbers they split into
two distinct modes. Similarly, figure 8.1(b) displays seven modes where three modes have quite
small damping for very small Knudsen numbers and two modes coincide. For large Knudsen
numbers some of the modes coincide with each other. It can be seen from figure 8.1 that the
damping remains always non-positive resulting into stability for both first and second order
accurate equations.

The R17 equations (eqgs. (8.84)—(8.87)), on the other hand, turn out to be stable for the
mixtures with small or moderate mass differences but, unfortunately, unstable for the mixtures

with large mass differences. We have analyzed the stability for three mixtures: Ne—Ar, He—Ar,
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Figure 8.1: Dispersion modes in He-Xe mixture with xj;, = 0.75 obtained with (a) first order
accurate (Fick, Navier—Stokes, and Fourier) equations (egs. (8.48) and (8.49)), and (b) second
order accurate equations (egs. (8.55)—(8.58)).

He—Xe with mole fraction of the lighter component in each mixture as x{, € {0.25,0.5,0.75} and
found that the R17 equations are stable for Ne—-Ar and He—Ar mixtures with any mole fraction
from the above list while unstable for He-—Xe mixture. Figure 8.2 illustrates the dimensionless
damping in the dispersion modes from the R17 equations for the three mixtures (a) Ne-Ar, (b)
He—Ar and (c) He—Xe with mole fraction of each gas in each mixture being 0.5. Each sub-figure
of figure 8.2 displays seven modes, three of them have quite small damping at very small Knudsen
numbers and two modes coincide with each other. It is also clear from figure 8.2 that the R17
equations are not stable for He—Xe mixture since it is the mixture with large mass difference
but they are stable for the other two mixtures. In order to have more insight into region of
instability, we plot the zero contours of maximum (dimensionless) damping in figure 8.3 which
illustrates them in (x3, jto) plane for fixed values of €, and Qg: (a) Q4 = 1, Q3 =1 and (b)
Qq = 0.5, Q3 = 1.5. The Knudsen number (g) varies from 0.001 to 5000. The white color
represents the regions in which the R17 equations are stable while the gray color portrays the
regions in which they are unstable. Of course, in the limiting cases of p, =~ 0 and p, ~ 1, the

R17 equations reduce to the linearized R13 equations for a single gas and become stable. It

o 2 4 6 8 10 o 2 4 6 8 10 %0 05 10 15 20
Kn (or &) Kn (or &) Kn (or &)
(a) Ne-Ar (b) He-Ar (c) HeXe

Figure 8.2: Dispersion modes in different binary gas-mixtures computed with R17 equations

(egs. (8.84)-(8.87)): (a) Ne-Ar (x}, = 0.5), (b) He-Ar (xf;, = 0.5) and (c) He-Xe (xf, = 0.5).

can be stated from figure 8.3 that for plausible values of €2, and g, the R17 equations seem to
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Figure 8.3: Zero contours of maximum (dimensionless) damping for different mole fractions
(x5,) and different mass ratios (fo) with fixed values of Q, and Qg: (a) Qo =1, 23 = 1 and

(67

(b) Q4 = 0.5, 23 = 1.5. The Knudsen number (¢) varies from 0.001 to 5000. The white color
represents the regions in which the R17 equations are stable while the gray color portrays the
regions in which they are unstable.

< 0.9 for any mole fractions.

~

be stable for the mixtures with mass ratios 0.1 < pq

On investigating closely, we find that the third order accurate 25 equations (egs. (8.48) and
(8.59)—(8.64)) at intermediate step themselves are not stable for any of the three mixtures above
and luckily the R17 equations have come out stable for mixtures with small and moderate mass
differences. We have noticed that if we include the equation for temperature difference with
these 25 equations, the resulting 26 equations become stable. The equation for temperature
difference may be included in the system of 25 equations by modifying definition 8.1 for the
order of accuracy; one will have to say that a set of equations for binary gas-mixtures is said
to be accurate of order Ao, when the diffusion velocities (of both the components), temperature
difference, total stress and total heat flux in the mixture are known up to the order O(g*0).
However, this modification of the definition too does not stabilize the final 18 equations (R17
equations + equation for the temperature difference). Furthermore, we have also scrutinized the
case of single temperature theory. In this case, the third order accurate 25 equations (eqgs. (8.48)
and (8.59)—(8.64)) are stable for most of the binary mixtures, at least for all the mixtures
considered in this chapter. However, the R17 equations are again unstable for He-Xe mixture,

although they are stable for Ne—Ar and He—Ar mixtures.



Chapter 9

Conclusion and outlook

9.1

Summary

Unlike single gases, the existing kinetic theory for gaseous mixtures is not so mature. The

present study is an attempt to ameliorate the kinetic theory for gaseous mixtures and has been

concerned with developing models—based on moment equations—for describing processes in

rarefied gaseous mixtures. Some of the models have been applied to some benchmark problems

of fluid mechanics in simple geometries and it has been demonstrated that these models can

serve as exemplary alternates to the computationally expensive particle-based methods (such

as DSMC method) for studying processes in (moderately) rarefied gaseous mixtures. Original

contributions of the present thesis are as follows.

The full non-linear N xG13 and N xG26 equations for a mixture of N monatomic-inert-

ideal gases have been derived.

The methodology for computing the Boltzmann collision integrals associated with the
moment equations for gaseous mixtures interacting with any interaction potential has been
demonstrated and employed to obtain the explicit expressions of the non-linear production
terms associated with the NxG13 and NxG26 equations, both for Maxwell as well as

hard-sphere interaction potentials.

The boundary conditions for NxG13 and N xG26 equations have been derived through
Maxwell’s accommodation model by writing the boundary conditions for each component

in the mixture separately.

The moment equations and the boundary conditions have then been restricted to binary
gas mixtures and the linear stability analysis has been performed to examine the stability of
the 2xG13 and 2xG26 equations for binary gas-mixtures and it has been found empirically
that 2xG13 and 2xG26 equations are linearly stable for both Maxwell as well as hard-

sphere interaction potentials.

Some benchmark problems of fluid mechanics in simple geometries have been studied
through all four types of moment systems (2xG13 and 2xG26 equations, both for Maxwell
and hard-sphere interaction potentials) and derived boundary conditions. Heat transfer
in a binary gas-mixture confined between two infinite parallel plates having different tem-
peratures has been analyzed with all four types of moment systems, and the results are
compared with those in [87] obtained via the direct discretization of the Boltzmann equa-
tion with the implementation of realistic potential. The results have been found in good
agreement with those in [87]. Furthermore, a one-dimensional problem of binary gas-

mixture having one component infinitely diluted has been solved analytically with all four

110
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types of moment systems in order to study the flow of diluted component, which acts as a
contaminant, in the mixture. Heat transfer problems of binary gaseous mixtures confined
in bottom-heated and lid-driven square cavities have also been studied (see below) and

the preliminary results have been presented.

e The numerical methods based on finite differences for solving one- and two-dimensional
problems through the moment systems considered in the present thesis have been demon-
strated and employed to various benchmark problems in order to study the convergence
of numerical methods. The convergence has been analyzed for all the aforementioned one-
and two-dimensional problems. For one-dimensional problems, the method has been found
to be second order convergent in L°°-norm for any moment system considered. However,
for two-dimensional problems, the method has been found slightly more than first order

convergent in L'-norm, in general.

e Grad’s moment equations for a binary gas-mixture with Maxwell interaction potential
have then been regularized by employing the order of magnitude method and the (linear)
regularized 17-moment (R17) equations for a binary gas-mixture interacting with Maxwell
interaction potential have been derived; the R17 equations are third order accurate in the
Knudsen number. The linear stability of R17 equation has also been analyzed in order
to conclude empirically that the R17 equations with Maxwell interaction potential are
linearly stable for binary gas-mixtures with small and moderate mass differences while

unstable for those with large mass differences.

The models derived in this thesis can provide a better understanding of processes in gaseous
mixtures at low computational cost. For example, it can be seen from figures 6.2 and 6.3 that
on the one hand, the results from moment equations for the problem of heat transfer in a
binary gas-mixture confined between two infinite parallel plates having different temperatures
agree with those in [87] fairly well even for high Knudsen numbers (see also tables in [45]), at
least qualitatively; on the other hand, the results for this problem from any moment system
considered in the present thesis just take a couple of seconds to be computed. By comparing the
results for the same problem from moment equations with those in [87], it may be stated that as
an alternative to the realistic potential, the Maxwell interaction potential could be a preferable
choice over the hard-sphere interaction potential in the hydrodynamic/slip-flow regime whereas
the hard-sphere interaction potential could be a preferable choice over the Maxwell interaction
potential in the transition regime. Furthermore, the models derived in this thesis are capable
of describing the flow of a contaminant in a gas-mixture (see §6.2.1), which the particle-based
methods may not describe due to insufficient number of molecules of the contaminant in the
mixture.

In the following, we shall also present the preliminary results on the problems of bottom-
heated and lid-driven square cavities described in §7.3 and § 7.4, although these results require
further investigation and comparison with those obtained with highly accurate methods, such as
DSMC method. All the quantities plotted and described below are the dimensionless perturba-
tions from their respective ground states. All the results for both the cavity problems presented

here have been computed by discretizing the domain of the cavity in 100 x 100 identical cells.



112 Chapter 9. Conclusion and outlook

Each computation shown below with (unoptimized) MATHEMATICA® code on a standard com-
puter takes around 2 minutes with 2xG13 equations for Maxwell molecules and 15-20 minutes
with other moment systems. A similar computation with DSMC method takes days even in case

of a single gas [79].

9.2 Heat transfer in a bottom-heated square cavity

9.2.1 Problem description

We consider a binary mixture of gases o and S in steady state confined in a square cavity of
side length L. Let the temperature of the bottom of the cavity be Ty = T + & Ty while the
temperatures of its all other sides be T = Ty; and let all the walls of the cavity are stationary
(i.e., vy = O for all the walls). The schematic of the problem is shown in figure 9.1. The third
dimension z of the cavity is assumed very long so that heat transfer takes place essentially in
two dimensions (x and y) and thus z-axis in figure 9.1 is just for illustration purposes. The

moment equations and the boundary conditions for the problem are exactly same as in §7.3.

Ya
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To Tc L
Ty
X__3
A | x
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Figure 9.1: Schematic of a two-dimensional bottom heated square cavity; z-axis is included just
for illustration purposes.

9.2.2 Preliminary results

As an example, we compute the results for He-Xe mixture with xfj, = 0.25. The other param-
eters for the problem are taken as Kn = 0.05, Ty = 0.1 and yo = Xg = 1. Similar preliminary
results for Ne-Ar gas mixture can be found in [43].

Figure 9.2 exhibits the velocity streamlines superimposed over the temperature contours
of the lighter component (He) in the mixture for different moment systems considered in the
present thesis. Each sub-figure of figure 9.2 delineates four (two primary and two secondary)
antipodal-rotating vortices, symmetrical about yz-plane passing through the center of the cavity.
The primary vortices are induced due to acute temperature differences at the lower corners of
the cavity—leading to thermal transpiration—while the secondary vortices are generated due

to the coupling of the shear stress with velocity slip and tangential component of the heat flux
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Figure 9.2: Velocity streamlines and temperature contours for He in He-Xe mixture with xp, =
0.25 computed with different moment systems at Kn = 0.05: (a) 2xG13 equations for Maxwell
molecules, (b) 2xG13 equations for hard spheres, (¢) 2xG26 equations for Maxwell molecules
and (d) 2xG26 equations for hard spheres. The other parameters are Ty = 0.1 and Xa =X = 1.
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Figure 9.3: Plots of various field variables in He-Xe mixture with xf, = 0.25 computed with
2xG26 equations for Maxwell molecules at Kn = 0.05: (a) number density contours and diffusion
velocity lines for He and (b) average temperature and hydrodynamic velocity streamlines of the
mixture. The other parameters are T = 0.1 and Xa =Xxp =L
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in the velocity slip boundary condition (boundary conditions (7.8) and (7.10)), see [81]. The
secondary vortices are prominent for 2xG26 equations (figures 9.2(c) and 9.2(d)) but not so
much for 2xG13 equations (figures 9.2(a) and 9.2(b)). Furthermore, the DSMC and R13 results
of [81] in case of a single gas show that the secondary vortices are induced only along the vertical
walls at Kn = 0.05, in that sense the result only with 2xG26 equations for Maxwell molecules
is somewhat close to that of [81]. This again asserts that the hard-sphere interaction potential
may not be a suitable choice for low Knudsen number processes. Nevertheless, it should be kept
in mind that the results of [81] are computed with non-linear moment equations and boundary
conditions whereas the results presented here are computed only with linear moment equations
and boundary conditions.

Figure 9.3 illustrates the plots of various field variables computed with 2xG26 equations for
Maxwell molecules. Figure 9.3(a) depicts the diffusion velocity lines of the lighter component
(He) in the mixture superposed over the contours of its number density. Figure 9.3(a) shows that
the gas molecules tend to stay towards colder sides of the cavity. Furthermore, the diffusion
velocity at the bottom of the cavity is directed upwards, i.e., from the region of low density
towards the region of high density which is due to the strong temperature gradient between the
hot and cold plates. It should be noted that by Fick’s law of diffusion in case of gaseous mixtures,
the diffusion velocity of a constituent not only depends on its number density gradient but also on
the number density gradients of the other constituents in the mixture as well as on the average
temperature of the mixture, see (8.49);. Figure 9.3(b) delineates the hydrodynamic velocity
streamlines of the whole mixture superposed over the average temperature of the mixture. In
addition to primary and secondary vortices, figure 9.3(b) also shows two tertiary counter-rotating
vortices. These tertiary vortices have also been observed in case of a single gas through R13
equations as well as through DSMC method (see [81]), but at relatively high Knudsen numbers
(Kn 2 0.1).

9.3 Heat transfer in a lid-driven square cavity

9.3.1 Problem description

We again consider a binary mixture of gases o and ( in steady state confined in a square cavity
of side length L. Let the temperatures of all the walls of the cavity be same and equal to a
constant value T,, = T, +& Tp; moreover, let the top wall (lid) of the cavity be moving in positive
z-direction with velocity viq = € 99. The schematic of the problem is shown in figure 9.4. The
third dimension z of the cavity is again assumed very long so that the flow takes place essentially
in two dimensions (x and y) and thus z-axis in figure 9.4 is also just for illustration purposes.
The moment equations and the boundary conditions for the problem are exactly same as in
§7.4.

9.3.2 Preliminary results

As an example, we again compute the results for He-Xe mixture with x7;, = 0.25. The other

parameters for the problem are taken as Kn = 0.05, 0, = 1, Ty = 0 and Xa = Xp = 1 (see
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Figure 9.4: Schematic of a two-dimensional lid-driven square cavity; z-axis is included just for
illustration purposes.

§7.4.2).

Figure 9.5 delineates the total heat flux lines superimposed over the temperature contours of
the lighter component (He) in the mixture for different moment systems considered in the present
thesis. Owing to the motion of the lid in positive z-direction, the gases in the cavity expand
at the top-left corner while compress at the top-right corner, resulting into low temperature at
the top-left corner while high temperature at the top-right corner. Each sub-figure of figure 9.5
depicts that the heat flows from cold to hot. This is a non-Fourier effect, which the Fick, Navier—
Stokes and Fourier equations cannot capture, and have been confirmed by DSMC as well as by
R13 equations in case of a single gas, see [79]. The reason for the non-Fourier heat transfer is the
coupling of heat flux not only with the temperature gradient but also with the stress gradient
in the moment equations for heat fluxes of the constituents; when the stress gradient dominates
over the temperature gradient, the heat may flow from cold to hot; and owing to the moving
lid, the stress gradient for the present problem is strong near the top wall of the cavity. The
2xG13 equations show the low and high temperatures only at the top-left and top-right corners,
respectively, see figures 9.5(a) and 9.5(b), whereas the 2xG26 equations show them somewhat
below the top-left and top-right corners, respectively, and tiny areas with opposite temperatures
(high and low temperatures at the top-left and top-right corners, respectively), see figures 9.5(c)
and 9.5(d); these opposite temperatures in case of 2x G26 equations may be due to our treatment
of boundary conditions at corners which need to be analyzed further. In fact, the DSMC and
R13 results of [79] for a single gas also show that the heat flux lines are not symmetric about
yz-plane passing through the center of the cavity whereas they are apparently symmetric in our
results. The asymmetry in heat flux lines of [79] is due to the non-linear moment equations and
boundary conditions used in that work.

Figure 9.6 illustrates the plots of various field variables computed with 2xG26 equations for
Maxwell molecules. Figure 9.6(a) depicts the diffusion velocity lines of the lighter component
(He) in the mixture superposed over the contours of its number density. Figure 9.6(a) shows
that the gas molecules of He in the mixture diffuse from their high density region towards low

density region along the walls of the cavity while the other way round in the bulk of the cavity.
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Figure 9.5: Heat flux lines and temperature contours for He in He-Xe mixture with xg, = 0.25
computed with different moment systems at Kn = 0.05: (a) 2xG13 equations for Maxwell
molecules, (b) 2xG13 equations for hard spheres, (¢) 2xG26 equations for Maxwell molecules
and (d) 2xG26 equations for hard spheres. The other parameters are Ty = 0, Dy = Xa
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Figure 9.6: Plots of various field variables in He-Xe mixture with xf, = 0.25 computed with
2xG26 equations for Maxwell molecules at Kn = 0.05: (a) number density contours and diffusion
velocity lines for He and (b) average temperature and total heat flux lines of the mixture. The

other parameters are Ty = 0, 9, = Xo = Xg = 1.
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For this problem, the diffusion is dominated mainly by the number density gradients of the
constituents since the temperature gradients are very small. Figure 9.6(b) delineates the hydro-
dynamic velocity streamlines of the whole mixture superposed over the average temperature of
the mixture. Again, the figure shows that the heat flows from cold to hot which is a non-Fourier

effect as explained above.

9.4 Outlook

Based on this work, there are many possibilities which are to be explored in future. Some of

them are listed below.

e For the bottom-heated square cavity and lid-driven square cavity problems, a detailed
investigation and comparison with highly accurate results from DSMC or some other

method will be considered in future.

e In this thesis, we mainly focused on solving the problems with linear equations in steady
state and in simple geometries (one- and two-dimensional problems in Cartesian coordinate
system). A glance at our results on lid-driven square cavity problem and those in [79]
immediately demands extending the numerical method to non-linear problems. It remains
to extend the method for solving the problems in 3D, in curvilinear coordinate systems,

for non-linear processes and for time-dependent problems.

e [t has been learned in chapter 7 that our numerical method based on finite differences is not
second order convergent for large Knudsen numbers in case of two-dimensional problems
mainly due to the discretization at the boundaries which was performed with one-sided
finite (forward or backward) difference schemes in normal directions. The discretization
at the boundaries (and corners of the square cavity), perhaps, can be performed more
ingeniously in order to get convergence of order close to two. Therefore, the numerical

method for two-dimensional problems will be scrutinized again.

e Also, it motivates to develop more advanced numerical methods, such as finite volume
method, with structured and unstructured grids for the moment systems derived in this

thesis in order to solve the problems in complex geometries.

e The system of Grad’s moment equations derived in the present thesis can further be
extended by including the full fourth order moment in order to describe the processes with

high Knudsen numbers.

e The R17 equations for binary gas-mixtures are derived only for Maxwell molecules and
only in linearized form, although one may concur that the derivation of linear R17 equa-
tions for binary gas-mixtures of Maxwell molecules is already not so straightforward, see
chapter 8. Moreover, the derivation of the regularized moment equations for hard spheres
is so intricate even in case of single gas that they have been derived only in linearized
form till now, see [104]. Therefore, the derivation of non-linear R17 equations for binary
gas-mixtures of Maxwell molecules as well as the derivation of linear and non-linear R17

equations for hard-sphere gas-mixtures will be considered elsewhere in future. Moreover,
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the R17 equations for Maxwell interaction potential derived in this thesis are not stable
for all binary gas-mixtures. The procedure for the derivation will be investigated again in

prospect of stabilizing the R17 equations for all binary gas-mixtures.

e The R13 equations for a single gas have been very successful in describing many non-
equilibrium effects and several processes in early transition regime. Nevertheless, owing
to time constraint, no problems have been studied through R17 equations for binary gas-
mixtures in the present thesis, and the application of R17 equations for binary gas-mixtures

will be explored in future.

o After deriving the NxG13 and N xG26 equations and their associated boundary condi-
tions, we promptly switched to binary gas-mixtures. In future, the gas-mixtures comprised

of more than two gases may also be explored using these equations.

e It can be taken as a motivation and challenge to develop and exploit the higher order and

regularized moment equations for polyatomic and granular gas-mixtures.

Apparently, the moment equations derived in this thesis appear to be promising alternatives
to the computationally expensive particle based methods for studying the processes in gaseous
mixtures in the transition regime since they help in understanding the non-intuitive behaviours—
for instance, the non-Fourier heat flow—in rarefied gases, at least qualitatively, although many

things are yet to be explored.



Appendix A

Additional results on the problem of
§6.2.1

Figures A.1-A .4 illustrate the number density, temperature, normal stress and heat flux, respec-
tively, of the infinitely diluted component in Ne-Ar mixture with Ar being the diluted component.
Furthermore, figures A.5—A.8 show the same quantities, respectively, for the infinitely diluted
component in He-Ar mixture with He being the diluted component whereas figures A.9-A.12
display them, respectively, for the same mixture with Ar being the diluted component. Similarly,
figures A.13-A.16 depict the same quantities, respectively, for the infinitely diluted component
in He-Xe mixture with He being the diluted component whereas figures A.17-A.20 delineate
them, respectively, for the same mixture with Xe being the diluted component.

All the plots in each figure are shown in the right half of the channel and the values of other
parameters for all the figures are AT, = 0.5, Xa = 1 and xg = 0.1. In all the figures, the top
and bottom rows show the plots for the 2xG13 and 2xG26 equations, respectively, whereas
the left and right columns depict them for Maxwell and hard-sphere interaction potentials,
respectively. Moreover, in each figure, the continuous and dashed lines denote the analytical and
first order Chapman—Enskog solutions, respectively. The dashed lines for all Knudsen numbers
are overlapped in all the figures except in the figures for heat flux (figures A.4, A.8, A.12, A.16
and A.20) since the number density, temperature and normal stress of the diluted component
do not vary with the Knudsen number. Moreover, the (constant) values of the heat flux from
the first order Chapman—Enskog solution for Knudsen numbers 0.5 and 1 are higher than the
plot ranges shown, and therefore the green and pink dashed lines do not appear in figures
figures A.4, A.8, A.12, A.16 and A.20. The plot ranges are taken this way for clarity.
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Figure A.1: Number density of the infinitely diluted (heavier) component in Ne-Ar mixture,
niar (), plotted in right half of the channel for different moment systems.
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Figure A.5: Number density of the infinitely diluted (lighter) component in He-Ar mixture,
niie(2), plotted in right half of the channel for different moment systems.
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Figure A.6: Temperature of the infinitely diluted (lighter) component in He-Ar mixture, Tte(Z),
plotted in right half of the channel for different moment systems.
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Figure A.9: Number density of the infinitely diluted (heavier) component in He-Ar mixture,
nar(Z), plotted in right half of the channel for different moment systems.
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Tar(Z), plotted in right half of the channel for different moment systems.



125

0.00 F T z L L L L L B = e e e i e el e e e e e ek e e e S 9 0.00 7‘ I . [y My — fp— S p— S p—"———— |
~0.01} 1 ~0.01F i
—0.02f ~0.02f 1
~0.03f ~0.03] 1
—0.04f ~0.04f 1
-0.05| m Kn=0.05 1 -0.05| @ Kn=0.05 1

[ m Kn=0.1 ] 0 06: m Kn=0.1

-0.06 - g Kn=0.5 ] 095w Kn=0.5 ]
007 " @ Kn=1.0 2xG13, MM ] oo7bm Kn=1.0 2xG13, HS ]
“0.0 0.1 0.2 0.3 0.4 0.5 0.0 0.1 0.2 0.3 0.4 0.5
FmKn=0.05  oger vl 2] 002 e R20.08 | o E

g =0. 2xG26, MM ] g =0. 9xC26, HS
0.020f m Knco 1 ] 0.020f m Knco.1 ]
t W Kn=0.5 1 [ m Kn=0.5 ]

0.015F & Kn=1.0 ] 0.015 m Kn=1.0 E

0.010F ] 0.010F 1

0.005 1 0.005 1

0.000 | € mmmmmm m ———m e - 0.000 [ = mmmpmcmmm = m—m———— e -
~0.005¢ 1 ~0.005F 1
~0.010F 3 ~0.010F i

Ly o0 vy T—— ] By o0y — ]
0.0 0.1 0.2 0.3 0.4 0.5 0.0 0.1 0.2 0.3 0.4 0.5
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plotted in right half of the channel for different moment systems.
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Figure A.13: Number density of the infinitely diluted (lighter) component in He-Xe mixture,
Nie(2), plotted in right half of the channel for different moment systems.
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Figure A.14: Temperature of the infinitely diluted (lighter) component in He-Xe mixture,
Tie(Z), plotted in right half of the channel for different moment systems.
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Figure A.15: Normal stress of the infinitely diluted (lighter) component in He-Xe mixture,
He) (Z), plotted in right half of the channel for different moment systems.
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Figure A.16: Heat flux of the infinitely diluted (lighter) component in He-Xe mixture, cjg(EHe)(i"),

plotted in right half of the channel for different moment systems.
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Figure A.17: Number density of the infinitely diluted (heavier) component in He-Xe mixture,
nxe(2), plotted in right half of the channel for different moment systems.

0.00f 0.00F

o]

-0.02F . -0.02F

-0.04 1 -0.04 .

-0.06 1 -0.06} 1

-0.08} 1 -0.08F 1
- m Kn=0.05 ] | m Kn=0.05

_0'10: m Kn=0.1 S ] _0'10: m Kn=0.1
r m Kn=0.5 AN ] - m Kn=0.5

-0.12f . -0.12F .
[ | Kn=1.0 ‘ ‘ \\ ‘ ‘ ] [ Kn=1.0 ‘ ]
0.0 0.1 0.2 0.3 0.4 0.5 0.0 0.1 0.2 0.3 0.4 0.5

0.00F 0.00 F ‘

|

-0.02} -0.02}

-0.04f -0.04f .

-0.06 -0.06F 1

-0.08F . ] -0.08F 1
L m Kn=0.05 \ ] L m Kn=0.05

~0.10 ® Kn=0.1 AN ] ~0.10 ® Kn=0.1 ]
[ m Kn=0.5 \\ ] [ m Kn=0.5

~0.12] ® Kn=1.0 Y ‘ ‘ ] -0.12| W Kn=10 ]
0.0 0.1 0.2 0.3 0.4 0.5 0.0 0.1 0.2 0.3 0.4 0.5

Figure A.18: Temperature of the infinitely diluted (heavier) component in He-Xe mixture,
Txe(%), plotted in right half of the channel for different moment systems.
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Appendix B

Leading orders of higher moments

Comparing coefficients of €’ on both sides of (8.6) and (8.7)—(8.18), one obtains:
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Equations (B.1)-(B.7) on using the relation pouqa + pgug = 0 in dimensionless form imply that
2@ B 5@ 5B j@) (6) 44 not vanish, whereas

i1 Wi i Tigiee M M
no_ o) 2 (B) _ pla) »(8) A AL
ATj, = Mk = Mk = RUU R”l1 Ay =Agp =0. (B.8)

Thus, the leading orders of the diffusion velocities, stresses and heat fluxes of both the con-
stituents are one while the leading orders of temperature difference and other higher moments

for both the constituents are at least two.
Comparing the coefficients of e! on both sides of (8.6) and (8.13)—(8.18), one obtains
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From (B.10)—(B.12), it is clear that mij‘lz'z, mgflzp, RZ(]O“)Q, ]Eil(%, AQ‘Q, and A5|2 do not vanish

and therefore the leading orders of these quantities are two. Also, one can verify from (B.9)—
by inserting the values of u(‘l), Aiﬁ), hiﬁ) and h(ﬁ) from (8.20) and (8.22)—that AT|2 is also
non-zero. Therefore, the leading order of AT|2 is two as well.
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Coeflicients in chapter 8

The coefficients in (8.26) are as follows.
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Appendix D

Burnett order equations: second

order contributions to 7;; and h;

To obtain the precise values of second order contributions to ¢;; and fli, let us perform the
Chapman-Enskog like expansion on the new system of moment equations (8.34)—(8.45). We

again expand the non-conserved quantities (¥) in powers of the Knudsen number () as
U="g+e¥+Vp+...,

where ¥ € {ﬂga),AT, &Z-j,Ac}ij,f}i,Aﬁi,mijk,Amijk,Rij,ARU,A,AA} and the quantities ¥,
Y1, ¥, ... are of order O(£%). Now, we shall substitute the above expansions in the new system
of moment equations (8.34)-(8.45) and compare the coefficients of each power of .

Comparing coefficients of e~! on both sides of (8.34)-(8.45), it immediately follows that
W = 0 for all ¥ € {a\", AT, 61, Adij, b, A, thije, v, Rijy ARij, A, AAY.

Comparing coefficients of €* on both sides of (8.34)—(8.45), it follows that
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AT}y = Aéyjp = Ahyy = e = Rijn = Ay = Arigjep = ARy = AA = 0.

Comparing coefficients of e* on both sides of (8.34)-(8.45), it follows that
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138 Appendix D. Burnett order equations: second order contributions to &;; and h

. 5 ~ ()
0oy 4 0hup Ay 1 R R
of T5om, TV as, — a (@furt @A),
o (fl : (D.4)
4 Bhy Obgp 1, .
3§9W<jl> + 2§11W<j|> = 0 (WBUij|2 + W4A0m2) )
8;% 3}» 1 ~ o
ajl + <12 ;Aj“l =-q (WShi|2 + WGAhip) )
t i (D.5)
90 _ L (i 4 i)
S15— >~ = o \@rly)2 — w2 |,
31‘j Q | |
Gt Ohun  ; oh;
Niikl2 = —Cm , Ry . Ap=-— - D.6
Mjk|2 T jl2 = —Cr . 12 Caaxi (D.6)
and
Amjge = ARjjp = AAjy = 0. (D.7)
From (D.4) and (D.5), we have
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From (D.1)23 on using momentum and energy balance equations (egs. (8.32) and (8.33)) with
@ga) = 6i; = ¢; = 0 (i.e., on using the Euler equations), we have
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Therefore, equations (D.8) and (D.9) on using (D.1) yield
. 0? . . A
Uij|2 = —W (blna + bQ?’Lﬁ + []3T>, (D12)
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Therefore, if the conservation laws for mixture are closed with up to second order corrections in

the diffusion velocity (of one constituent), total stress and total reduced heat flux, i.e., with

ﬂg ) = Eu(ll) +e u(|2) 6'” = Ea’ij‘l + 826'ij|2, iLZ = Eilﬂl + €QiLi‘2, (D16)

ﬁgg), G2 and iLi‘Q are given by (D.1)123, (D.2), (D.12) (D.14), we

essentially get the (linear) Burnett order equations for a binary gas-mixture made up of Maxwell

~(@) A 7
where ’U,Z-|1, Uij|17 hi|17

molecules.
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