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Since the inception of information theory by Shannon in 1948, a vast amount of research has 
been conducted concerning error correcting codes for communication over noisy channels. 
Low-Density Parity-Check (LDPC) codes represent one important class of such channel codes 
that are capable of closely approaching the fundamental capacity limits for suffi ciently large 
code lengths. This thesis especially accounts for the growing heterogeneity and the varying 
requirements of future (mobile) communication systems by exploring fl exible LDPC codes with 
respect to their code rate, length, and decoding complexity.

As foundation, the traditional design process of LDPC codes is reviewed, which consists of 
two disciplines:
- asymptotic analysis that predicts the average performance of a code ensemble and
- code construction that comprises fi nite length effects and actual error correction capabilities.

The following main results introduce a novel fl exible design of multi-rate and multi-length 
LDPC codes:
- multi-rate capabilities by joint consideration of information shortening and parity puncturing,
- multi-length LDPC codes by concurrent shortening and puncturing,
- multi-length quasi-cyclic (QC) LDPC codes by jointly optimized lifting matrix construction.

All proposed designs are based on a single mother code, enabling effi cient hardware implemen-
tations that reduce the complexity compared to current state-of-the-art methods. Furthermore, 
the results are combined into a multi-rate-and-multi-length LDPC code design that surpasses the 
fl exibility of previously known approaches.

Advances in terms of fl exible decoding algorithms and their implementations are also investi-
gated to meet the demands of the growing variety of heterogeneous devices with different com-
putational capabilities and their manifold requirements in terms of error correction performance, 
computational complexity, and convergence speed.
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Abstra
t

Sin
e the in
eption of information theory by Shannon in 1948, a vast amount of re-

sear
h has been 
ondu
ted 
on
erning error 
orre
ting 
odes for 
ommuni
ation over

noisy 
hannels. Low-Density Parity-Che
k (LDPC) 
odes represent one important


lass of su
h 
hannel 
odes that are 
apable of 
losely approa
hing the fundamental


apa
ity limits for su�
iently large 
ode lengths. One observable trend in the 
onven-

tional design pro
ess is that the 
loser a 
ode performs within the given theoreti
al

limits, the more spe
i�
ally it needs to be tailored towards the exa
t 
onsidered trans-

mission setup. This pro
ess, however, does not a

ount for the growing heterogeneity

and varying requirements of future (mobile) 
ommuni
ation systems.

Fa
ilitating this heterogeneity, an alternative design strategy is developed in this the-

sis that is not restri
ted to a single transmission s
enario but instead enables a uni�ed

design of highly �exible LDPC 
odes. As foundation, the traditional design pro
ess

of LDPC 
odes is reviewed, whi
h 
onsists of two dis
iplines: the asymptoti
 analysis

that predi
ts the average performan
e of a 
ode ensemble and the a
tual 
onstru
tion

of a spe
i�
 
ode 
omprising �nite length e�e
ts that ultimately determine the 
ode's

error 
orre
tion 
apabilities.

The main part of this thesis introdu
es and analyzes novel 
on
epts for the design

of multi-rate LDPC 
odes and multi-length LDPC 
odes, denoting 
odes that are

based on a single mother 
ode but are 
apable of a
hieving several 
ode rates or

lengths, respe
tively. This design enables e�
ient transmission and re
onstru
tion of

data at several 
hannel qualities, delay requirements, and data rates, while redu
ing

the 
omplexity 
ompared to 
urrent state-of-the-art 
on
epts to a large extent. To

a
hieve multi-rate 
apabilities, a novel joint 
onsideration of the well-known informa-

tion shortening and parity pun
turing te
hniques is introdu
ed, in
luding analysis and

optimization of both asymptoti
 ensemble performan
e as well as �nite length e�e
ts.

Furthermore, two new 
on
epts are introdu
ed and evaluated to add multi-length

features into LDPC 
ode design to further enhan
e �exibility: multi-length LDPC


odes by 
on
urrent shortening and pun
turing and multi-length quasi-
y
li
 (QC)

LDPC 
odes by jointly optimized lifting matrix 
onstru
tion. Both of these 
on
epts

are shown to be dire
tly 
ompatible with the proposed multi-rate design, resulting in


ombined multi-rate-and-multi-length LDPC 
odes that surpass the �exibility of all

previously known LDPC 
ode designs.



vi

Advan
es in terms of �exible de
oding algorithms and their implementations are

presented to also meet the demands of the growing variety of heterogeneous devi
es

with di�erent 
omputational 
apabilities and their manifold requirements in terms

of error 
orre
tion performan
e, 
omputational 
omplexity, and 
onvergen
e speed.

Two novel de
oder s
hedules are introdu
ed that are motivated by these kinds of

�exibility requirements. Finally, the �rst fully generi
 non-binary LDPC de
oder

implementation on a graphi
s pro
essing unit (GPU) is presented, that is 
apable of

a
hieving high speedups without any algorithmi
 approximations.
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Notations, Symbols & Abbreviations

Notations

Ve
tors, Matri
es, and S
alars

x bold, itali
 lower 
ase letters represent ve
tors

xn s
alar ve
tor elements are denoted by itali
 lower 
ase letters

L bold, itali
 upper 
ase letters represent ve
tors

H bold upper 
ase letters represent matri
es

H∗,n bold, itali
 upper 
ase letters represent 
olumn ve
tors of a matrix

Hm,∗ bold, itali
 upper 
ase letters represent row ve
tors of a matrix

Hm,n itali
 upper 
ase letters represent s
alar matrix or ve
tor elements

(x,p) 
on
atenation of two ve
tors

(A,B) 
on
atenation of two matri
es

H[i→j] the submatrix 
onsisting of 
olumns i to j of H

Sets and Intervals

V 
alligraphi
 upper 
ase letters represent sets

{x, . . . , y} dis
rete set of all values between x and y

[x, y] 
ontinuous interval of all values between x and y in
luding x and y

(x, y) 
ontinuous interval of all values between x and y ex
luding x and y

Probabilities

P(x = 0) dis
rete probability of x = 0

p(x) 
ontinuous probability density fun
tion

L(y) log-likelihood ratio of y

E{X} expe
ted value of random variable X



xii Notations, Symbols & Abbreviations

Mis
ellaneous Mathemati
al Fun
tions and Operators

ker kernel of a matrix

rank rank of a matrix

min minimum of a set

max maximum of a set

argmin the argument at whi
h a minimum is a
hieved

argmax the argument at whi
h a maximum is a
hieved

|x| number of non-zero elements of a ve
tor

|H| number of non-zero elements of a matrix

|V| 
ardinality of a set

‖x‖ the magnitude of a s
alar

‖x‖ the Eu
lidean norm of a ve
tor

tanh hyperboli
 tangent

atanh inverse hyperboli
 tangent

ex exponential fun
tion of x

log logarithm to the base e

log2 logarithm to the base 2

log10 logarithm to the base 10

logα(α
i) yields exponent i of a Galois �eld element in exponential representation

δ(x) Dira
 delta fun
tion

φ(x) phi fun
tion from [CRU01℄

φ−1(x) inverse phi fun
tion from [CRU01℄

h(s, x) auxiliary fun
tion in density evolution

a mod b modulo operation

⊞ the boxplus operator

⊞
∑

a sum using the boxplus operation

\ ex
lusion from a set, e.g., {1, 2, 3} \ {2} = {1, 3}
⊛ 
onvolution

(x)⊛(j−1) (j − 1)-fold 
onvolution of x

≈ approximately equal to

≮ not less than

→ goes to

∪ union of two sets⋃
union of multiple sets

∀ for all

∃ exists

∈ element of

/∈ not an element of

O(·) 
omplexity 
lass in big O notation



Notations, Symbols & Abbreviations xiii

N (µ, σ2) Gaussian distribution with mean µ and varian
e σ2

(
k
j

)
binomial 
oe�
ient

x|
dB


onversion of the value x to the dB s
ale

Q(x) quantized value of x

⌈x⌉ largest integer less than or equal to x

⌊x⌋ smallest integer greater than or equal to x

⌈x⌋ integer value 
losest to x (fair rounding)

Γ(·) transform of pdf to logarithmi
 domain from [RSU01℄

Γ−1(·) inverse transform of pdf from [RSU01℄

F(·) Fast Fourier Transform

F−1(·) inverse Fast Fourier Transform

x̃ a permuted version of ve
tor x

x̂ an estimated version of ve
tor x

P
T

the transpose of a matrix

P
−1

the inverse of a matrix

List of Prin
ipal Symbols

Latin Symbols

A lifting matrix of a quasi-
y
li
 LDPC 
ode

Ã permuted lifting matrix A

ACEm minimum ACE of all shortest 
y
les passing through the 
urrent variable

node and 
he
k node m during PEG pro
essing, assuming an edge was

pla
ed between them

ACE

[Zi]
m (n) minimum ACE of all shortest 
y
les passing through the 
urrent variable

node n and 
he
k node m during PEG pro
essing, assuming an edge was

pla
ed between them in the 
he
k matrix expanded by lifting fa
tor Zi

b number of quantization bits

bi basis ve
tor of a 
ode

c 
onvergen
e parameter of Simulated Annealing

c 
ounter for pun
tured nodes during PEG pro
essing

cm,n 
he
k-to-variable message

c
(i)
m,n 
he
k-to-variable message in i-th iteration

c
urrentm,n 
urrent value of a 
he
k-to-variable message

cupdatedm,n value of a 
he
k-to-variable message after a 
he
k node update

C(·) 
ost fun
tion of optimization problem

C set of 
he
k nodes in a Tanner graph

c a set of 
ode words, i.e., a 
ode

d



maximum 
he
k node degree (= row weight of the 
he
k matrix)

d̄



average 
he
k node degree (= row weight of the 
he
k matrix)
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d



sequen
e of 
he
k node degrees (= row weights)

d

,m degree of 
he
k node m (= weight of row m of the 
he
k matrix)

d
v

maximum variable node degree (= 
olumn weight of the 
he
k matrix)

d̄
v

average variable node degree (= 
olumn weight of the 
he
k matrix)

d
v

sequen
e of variable node degrees (= 
olumn weights)

d
v,n degree of variable node n (= weight of 
olumn n of the 
he
k matrix)

dRC
v

rate-
ompatible degree sequen
e

dRC
v,n degree of n variable node in rate-
ompatible degree sequen
e

D matrix 
ontaining pairwise distan
e of all variable nodes

Di,j distan
e between variable nodes i and j

e(k) probability of a variable-to-
he
k message to be zero due to pun
turing

E number of edges in a Tanner graph

E[r
s

]
number of edges in a shortened Tanner graph

E set of edges in a Tanner graph

E
b

energy spent per information symbol by the transmitter

E
s

energy spent per modulation symbol by the transmitter

fc→v(·) fun
tion that 
omputes 
he
k-to-variable messages

fv→c(·) fun
tion that 
omputes variable-to-
he
k messages

F2 the �nite �eld with 2 elements, i.e., the binary values {0, 1}
Fq the �nite �eld (also Galois �eld) with q elements

F+
q the �nite �eld Fq with the zero element ex
luded

g gap of approximately triangulated 
he
k matrix

g the girth, i.e., the shortest 
y
le in a Tanner graph

g ve
tor with lo
al girths of all variable nodes

gI minimum 
y
le o

urring within information nodes

g
max

maximum lo
al girth of all variable nodes

gn lo
al girth of variable node n

G generator matrix

G[i→j] submatrix 
onsisting of 
olumns i to j of the generator matrix

G Tanner graph

H (parity) 
he
k matrix

H̃ a permuted 
he
k matrix

HT
∗,n a single 
olumn of the 
he
k matrix

Hm,∗ a single row of the 
he
k matrix

H[i→j] submatrix 
onsisting of 
olumns i to j of the 
he
k matrix

H
[Z]


he
k matrix of a quasi-
y
li
 LDPC 
ode

i∗ optimal index in Maximum Distan
e optimization

I set of information nodes in a Tanner graph

I
avg

average number of exe
uted de
oding iterations

I
e�

equivalent number of de
oding iterations

I
max

maximum number of de
oding iterations

IK identity matrix of dimension K ×K

I
s

identity matrix 
y
li
ally shifted to the right by one position
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I
−1
s

square all zero matrix

I
Am′,n′

s

identity matrix 
y
li
ally shifted to the right by Am′,n′
position

k̄ average re
overability level of pun
tured nodes

k
s

relative shortened information word length

K number of information bits per binary 
ode word

K
d

number of shortened bits

K
s

shortened information word length

Kq number of information symbols per non-binary 
ode word

K
ACE

set of 
he
k node 
andidates with maximum ACE value during PEG

pro
essing

K
girth

set of 
he
k node 
andidates that maximize girth during PEG pro
essing

K
weight

set of 
he
k node 
andidates of minimum degree during PEG pro
essing

K[Zi]
set of all 
he
k node 
andidates for lifting fa
tor Zi during PEG pro
ess-

ing

K[Zi]
girth

set of 
he
k node 
andidates that maximize girth for lifting fa
tor Zi

during PEG pro
essing

K[Zi]
weight

set of 
he
k node 
andidates of minimum degree for lifting fa
tor Zi

during PEG pro
essing

l length of path or 
y
le in a Tanner graph

L ve
tor 
ontaining 
onditional log-likelihood ratios of 
hannel output

Ln n-th element of ve
tor with 
hannel output log-likelihood ratios

Ln q-dimensional 
onditional LLR ve
tor of n-th non-binary 
hannel output

L
[a]
n element of Ln 
orresponding to Galois �eld element a

L(y|z) ve
tor 
ontaining 
onditional log-likelihood ratios of 
hannel output

L(yn|zn) 
onditional log-likelihood ratios of one 
hannel output value

L(ỹ|z) ve
tor 
ontaining 
onditional log-likelihood ratios of 
hannel output in-


luding values for dummy bits

L(ybin|z) ve
tor 
ontaining 
onditional log-likelihood ratios of 
hannel output

L
q
(y|z) ve
tor 
ontaining q-dimensional 
onditional LLR ve
tors of 
hannel out-

put

L
q
(yn|z(n−1)p+1, . . . , znp) q-dimensional 
onditional LLR ve
tor of 
hannel output

m
p

relative pun
tured parity word length

M number of parity bits per binary 
ode word

M ′
height of the lifting matrix of a quasi-
y
li
 LDPC 
ode

M
d

number of pun
tured bits

M
d,i number of pun
tured variable nodes of degree i

M
e

number of extended bits

M
p

pun
tured parity word length

Mq number of parity symbols per non-binary 
ode word

M ′
q height of non-binary quasi-
y
li
 lifting matrix

M(n) set of 
he
k nodes dire
tly 
onne
ted to variable node n

Ml(m) set of 
he
k nodes rea
hable from node m by a path of exa
t length l

n ve
tor 
ontaining 
hannel noise samples
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n∗
optimal index in Breaking Cy
les optimization

n
e�

e�e
tive relative 
ode length after shortening and/or pun
turing

n̄
e�

average e�e
tive relative 
ode length of a multi-rate 
ode

n̄⋆
e�

maximum average e�e
tive relative 
ode length

nℓ relative redu
ed 
ode length by 
on
urrent shortening and pun
turing

n
p

relative pun
tured 
ode word length

n
s

relative shortened 
ode length

N length of a binary 
ode word

N ′
width of the lifting matrix of a quasi-
y
li
 LDPC 
ode

N̄ average 
ode length

N0 power spe
tral density of the AWGN 
hannel

N
e


ode length after extension

Ni number of variable nodes of degree i

Nℓ redu
ed 
ode length by 
on
urrent shortening and pun
turing

N
p

pun
tured 
ode word length

N
s

shortened 
ode word length

N
s,i number of variable nodes of degree i after shortening

Nq length of a non-binary 
ode word

N ′
q width of non-binary quasi-
y
li
 lifting matrix

N (m) set of variable nodes dire
tly 
onne
ted to 
he
k node m

N l(n) set of variable nodes rea
hable from node n by a path of exa
t length l

N the natural numbers in
luding zero

N+
the natural numbers ex
luding zero

p the number of bits per Galois �eld symbol, q = 2p

p ve
tor 
ontaining one parity word

p̃ a permuted parity word

p boolean pun
turing ve
tor 
ontaining ones for pun
tured positions and

zeros otherwise

pi i-th entry in boolean pun
turing ve
tor p

p̃ permuted boolean pun
turing ve
tor

p̃i i-th entry in permuted boolean pun
turing ve
tor p̃

P permutation matrix

Pa permutation of LLR ve
tor 
orresponding multipli
ation with Galois

�eld element a
P

−1
a inverse permutation of LLR ve
tor

P



a 
olumn permutation matrix

P
r

a row permutation matrix

P
RC

rate-
ompatible permutation matrix

P set of parity nodes in a Tanner graph

P
[k]
error

de
oding error probability in k-th iteration

P
[k]

,error probability of 
he
k-to-variable message to be in error in k-th iteration

P
[g]
n updating probability of variable node n in probabilisti
 de
oder s
hed-

ules
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P
removed

probability of an edge being removed by shortening

P
AWGN,LLR

pmf of quantized 
hannel log-likelihood ratios

P
[k]



pmf of quantized 
he
k-to-variable messages in k-th iteration

P
[k]

,j pmf of quantized outgoing messages of degree-j 
he
k nodes in k-th

iteration

P
[k]

,0(x) joint pmf of 
he
k-to-variable messages that are zero in k-th iteration

due to pun
turing

P
[k]

,6=0(x) joint pmf of 
he
k-to-variable messages that are non-zero in k-th itera-

tion

P
[k]

| 6=0(x) 
onditional pmf of 
he
k-to-variable messages that are non-zero in k-th

iteration

P
[k]
v

pmf of quantized variable-to-
he
k messages in k-th iteration

P
[k]
v,0(x) pmf of variable-to-
he
k messages that are zero in k-th iteration due to

pun
turing

P
[k]
v, 6=0(x) joint pmf of variable-to-
he
k messages that are non-zero in k-th itera-

tion

P
[k]
v| 6=0(x) 
onditional pmf of variable-to-
he
k messages that are non-zero in k-th

iteration

p
AWGN,LLR

pdf of 
hannel log-likelihood ratios

p
[k]



pdf of 
he
k-to-variable messages in k-th iteration

p
[k]

,j pdf of outgoing messages of degree-j 
he
k nodes in k-th iteration

p
[k]
v

pdf of variable-to-
he
k messages in k-th iteration

p
[k]
v,i pdf of outgoing messages of degree-i variable nodes in k-th iteration

q the number of Galois �eld elements, q = 2p

q(r) minimum 
hannel quality at whi
h error-free de
oding is possible with


ode rate r, also referred to 
hannel 
apa
ity limit

Q message queue for (L)QRD s
hedules

Qn non-binary a posteriori LLR ve
tor

Q
[a]
n element of Rm,n 
orresponding to Galois �eld element a

Qn,m non-binary variable-to-
he
k message 
ontaining 
onditional LLR ve
tor

Q̃n,m permuted non-binary variable-to-
he
k message 
ontaining 
onditional

LLR ve
tor

r 
ode rate

r⋆ mother 
ode rate at whi
h maximum average relative 
ode length n̄⋆
e�

is

a
hieved

r
e


ode rate after extension

rk k-th 
ode rate of a multi-rate 
ode

r
min

minimum 
ode rate of multi-rate 
ode

r
max

maximum 
ode rate of multi-rate 
ode

rµ mother 
ode rate

r
p

pun
tured 
ode rate

r
p,ℓ virtual pun
tured 
ode rate of 
on
urrent shortening and pun
turing

r
s

shortened 
ode rate
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r
s,ℓ virtual shortened 
ode rate of 
on
urrent shortening and pun
turing

r
target

target 
ode rate

r(·) residual of a message

r
max

maximum residual of all messages

r
thresh

adaptive threshold for residuals to be added to message queue

R(x) 
he
k node degree distribution in node perspe
tive

Ri 
oe�
ient of 
he
k node degree distribution in node perspe
tive

R′(x) derivative with respe
t to x of R(x)

R[r
s

](x) shortened 
he
k node degree distribution in node perspe
tive

R
[r
s

]
j 
oe�
ient of shortened 
he
k node degree distribution in node

perspe
tive

Rm,n non-binary 
he
k-to-variable message 
ontaining 
onditional LLR ve
tor

R̃m,n permuted non-binary 
he
k-to-variable message

s auxiliary variable in Gaussian approximated density evolution

s ordered ve
tor with dummy bit positions

s[Z](m) shift value in lifting matrix with lifting fa
tor Z 
orresponding to 
on-

ne
tion of �rst variable node within a group to 
he
k node m in the


he
k matrix

t[k] auxiliary variable in Gaussian approximated density evolution

T temperature (
onvergen
e parameter) of Simulated Annealing pro
ess

T
s

modulation symbol duration

T l
n set of nodes rea
hable from node n by a path up to length l

Tm,n auxiliary message ve
tors in layered non-binary BP de
oding

T̃m,n permuted auxiliary message ve
tors in layered non-binary BP de
oding

U total number of message updates

U
avg

average number of exe
uted message updates

vn,m variable-to-
he
k message

v
(i)
n,m variable-to-
he
k message in i-th iteration

V set of variable nodes in a Tanner graph

V(i)
a
tive

set of a
tive variable nodes within a de
oding iteration

V
d

set of variable nodes that are shortened from a Tanner graph

wk weight representing importan
e of the k-th 
ode rate of a multi-rate 
ode

x ve
tor 
ontaining one information word

x̂ ve
tor 
ontaining estimated information word

x̃ a permuted information word or an information word 
ontaining dummy

bits

ˆ̃x ve
tor 
ontaining estimated information word in
luding dummy bits

xbin ve
tor 
ontaining one binary information word

x̂bin ve
tor 
ontaining estimated binary information word

∆x width of quantization intervals

y ve
tor 
ontaining one 
ode word

ŷ ve
tor 
ontaining estimated 
ode word

ỹ a permuted 
ode word or a 
ode word 
ontaining dummy bits
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ybin ve
tor 
ontaining one binary 
ode word

ŷbin ve
tor 
ontaining estimated binary 
ode word

z ve
tor 
ontaining noisy 
hannel output samples

Z lifting fa
tor of a quasi-
y
li
 LDPC 
ode

Z
min

minimum lifting fa
tor of a multi-length quasi-
y
li
 LDPC 
ode

Z
max

maximum lifting fa
tor of a multi-length quasi-
y
li
 LDPC 
ode

Greek Symbols

α the primitive element of a �nite �eld

α adaptive fa
tor 
ontrolling the threshold r
thresh

for residuals to be added

to message queue

αI
l number of all 
y
les of length in
ident to information nodes (
ounted

node-wise)

α 
y
le histogram of a Tanner graph

αn lo
al 
y
le histogram of variable node n

αn,l number of 
y
les of length l running through variable node n

βn,m normalization term used in non-binary belief propagation

γ gap of ensemble threshold to the 
apa
ity limit

γk gap of ensemble threshold to 
apa
ity limit at k-th 
ode rate of a multi-

rate 
ode

γ
ded

gap to 
apa
ity limit of a dedi
ated 
ode

γ[BER]
gap of 
hannel quality at whi
h target BER is rea
hed to 
apa
ity limit

γ
[10−4]
BER

gap to 
apa
ity limit at BER 10−4

γ
[10−2]
FER

gap to 
apa
ity limit at FER 10−2

γ
[10−4]
µ,k gap of τ

[10−4]
µ,k to 
apa
ity limit

γ̄ mean gap of ensemble thresholds to 
apa
ity limit

γ̄
ml

mean gap to 
apa
ity limit of a multi-length 
ode

γ̄
mr

mean gap to 
apa
ity limit of a multi-length-by-multi-rate 
ode

γ̄µ mean gap to 
apa
ity limit for mother 
ode rate rµ

γ̄
[10−4]
ded

mean gap to 
apa
ity limit at BER 10−4
of a set of dedi
ated 
odes

γ̄
[10−4]
µ mean gap to 
apa
ity limit at BER 10−4

of multi-rate 
ode with mother


ode rate rµ
∆γ̄[10−4]

di�eren
e between mean gaps in dB of two multi-rate setups

∆[r
s

](x) degree distribution of shortened nodes in node perspe
tive

∆
[r
s

]
i 
oe�
ient of degree distribution of shortened nodes in node perspe
tive

ε(k) probability of a 
he
k-to-variable message to be zero due to pun
turing

ζ number of supported 
ode rates of a multi-rate 
ode

η ACE spe
trum

ηn lo
al ACE spe
trum of variable node n

θ̃m,n permuted non-binary 
he
k-to-variable message in signed log domain

θ̃sm,n sign of θ̃m,n
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θ̃mm,n magnitude of θ̃m,n

Θ̃m,n Fourier transform of θ̃m,n

Θ̃
s

m,n sign of Θ̃m,n

Θ̃
m

m,n magnitude of Θ̃m,n

λ(x) variable node degree distribution in edge perspe
tive

λi 
oe�
ient of variable node degree distribution in edge perspe
tive

λ′(x) derivative with respe
t to x of λ(x)

λ̃ 
andidate solution of λ during optimization

λ⋆
lo
al optimum of λ during optimization

λ[r
s

](x) shortened variable node degree distribution in edge perspe
tive

λ
[r
s

]
i 
oe�
ient of shortened variable node degree distribution in edge

perspe
tive

Λ(x) variable node degree distribution in node perspe
tive

Λi 
oe�
ient of variable node degree distribution in node perspe
tive

Λ′(x) derivative with respe
t to x of Λ(x)

Λ[r
s

](x) shortened variable node degree distribution in node perspe
tive

Λ
[r
s

]
i 
oe�
ient of shortened variable node degree distribution in node

perspe
tive

µ index of mother 
ode rate

µL mean of 
hannel log-likelihood ratios

µ
[k]



mean of 
he
k-to-variable messages in k-th iteration

µ
[k]

,j mean of outgoing messages of degree-j 
he
k nodes in k-th iteration

µ
[k]
v

mean of variable-to-
he
k messages in k-th iteration

µ
[k]
v,i mean of outgoing messages of degree-i variable nodes in k-th iteration

ξ number of supported 
ode lengths of a multi-length 
ode

Π
[r
p

]
(x) pun
turing polynomial at 
ode rate r

p

Π
[r
p

]
i 
oe�
ient of pun
turing polynomial at 
ode rate r

p

Π̃
[r
p

]
(x) normalized pun
turing polynomial at 
ode rate r

p

Π̃
[r
p

]
i 
oe�
ient of normalized pun
turing polynomial at 
ode rate r

p

Π̆[nℓ](x) s
aled pun
turing polynomial for 
on
urrent shortening and pun
turing

Π̆
[nℓ]
i 
oe�
ient of s
aled pun
turing polynomial for 
on
urrent shortening and

pun
turing

̺ density of entries in a matrix

ρ(x) 
he
k node degree distribution in edge perspe
tive

ρi 
oe�
ient of 
he
k node degree distribution in edge perspe
tive

ρ′(x) derivative with respe
t to x of ρ(x)

ρ̃ 
andidate solution of ρ during optimization

ρ⋆ lo
al optimum of ρ during optimization

ρ[rs](x) shortened 
he
k node degree distribution in edge perspe
tive

ρ
[r
s

]
j 
oe�
ient of shortened 
he
k node degree distribution in edge perspe
-

tive
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σ2
L varian
e of 
hannel log-likelihood ratios

σ2
n varian
e of AWGN 
hannel noise

τ ensemble threshold

τ̃ ensemble threshold of 
andidate solution during optimization

τ⋆ lo
al optimum of the ensemble threshold

τ [BER]

hannel quality at whi
h BER 
urve rea
hes target BER

τ
DDE

ensemble threshold 
omputed by dis
retized density evolution

τ
GADE

ensemble threshold 
omputed by Gaussian approximated density

evolution

τk ensemble threshold at k-th 
ode rate of a multi-rate 
ode

τ(λ, ρ) threshold of (λ, ρ) ensemble

τ(Λ, R) threshold of (Λ, R) ensemble

τ(Λ, R,Π[r
p

]) threshold of (Λ, R) ensemble if pun
tured with Π[r
p

]

τ
[10−4]
µ,k 
hannel quality at whi
h multi-rate 
ode with mother 
ode rate rµ

rea
hes BER 10−4
for e�e
tive 
ode rate rk

∆τ |
dB

the di�eren
e in dB of a 
andidate threshold to the 
urrent optimum

during optimization

ϕ̃n,m permuted non-binary variable-to-
he
k message in signed log domain

ϕ̃s

n,m sign of ϕ̃n,m

ϕ̃m

n,m magnitude of ϕ̃n,m

Φ̃n,m Fourier transform of ϕ̃n,m

Φ
exp

expanded ACE spe
trum

Φ

y


ACE-
y
le histogram

χ(k)
i,l auxiliary term used in pun
tured density evolution

ωm distan
e of 
urrent variable node to 
he
k nodem during PEG pro
essing

List of Abbreviations

∞-SR ∞-step-re
overable

ACE approximate 
y
le extrinsi
 message degree

AMR Adaptive Multi-Rate

ARBP approximate residual belief propagation

as
PEG as
ending progressive edge-growth

AWGN additive white Gaussian noise

BER bit error rate

BIAWGN binary input additive white Gaussian noise

BP belief propagation

BPSK binary phase-shift keying

BreakCy
 breaking 
y
les

CNP 
he
k node pro
essor

CPU 
entral pro
essing unit

CUDA Compute Uni�ed Devi
e Ar
hite
ture
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dB de
ibel

DDE dis
retized density evolution

DE density evolution

DVB Digital Video Broad
ast

EMD extrinsi
 message degree

EXIT extrinsi
 information transfer

FEC forward error 
orre
tion

FER frame error rate

FFT Fast Fourier Transform

GA Gaussian approximation

GADE Gaussian approximated density evolution

GPU graphi
s pro
essing unit

GSM Global System for Mobile Communi
ations

HARQ hybrid automati
 repeat request

i.i.d. independent and identi
ally distributed

IDS informed dynami
 s
heduling

IEEE Institute of Ele
tri
al and Ele
troni
s Engineers

iPEG improved progressive edge-growth

IRA irregular repeat a

umulate

k-SR k-step-re
overable

LDPC Low-Density Parity-Che
k

LLR log-likelihood ratio

LTE Long Term Evolution

LQRD lazy queue residual de
oding

MD-DBI maximum distan
e dummy bit insertion

ML maximum-likelihood

ML-by-MR multi-length by multi-rate

ModBreakCy
 modi�ed breaking 
y
les

MuLiPEG multi-length improved progressive edge-growth

MuLQPEG multi-length quasi-
y
li
 progressive edge-growth

MuRiPEG multi-rate improved progressive edge-growth

MuRMuLQiPEG multi-rate multi-length quasi-
y
li
 improved progressive edge-growth

NB non-binary

NS node-wise s
heduling

NWRBP node-wise residual belief propagation

pdf probability density fun
tion

PEG progressive edge-growth

pmf probability mass fun
tion

QC quasi-
y
li


QRD queue residual de
oding

R-DBI random dummy bit insertion

RAM random-a

ess memory

RBP residual belief propagation
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SA Simulated Annealing

SimpBreakCy
 simpli�ed breaking 
y
les

SNR signal to noise ratio

uBER undete
ted bit error rate

uFER undete
ted frame error rate

UMTS Universal Mobile Tele
ommuni
ations System

VNP variable node pro
essor

w.l.o.g. without loss of generality

WiMAX Worldwide Interoperability for Mi
rowave A

ess

WLAN Wireless Lo
al Area Network
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1

Introdu
tion

The main driver in the development of the 3rd and 4th generations of mobile 
ellular

networks (3G and 4G) was � and still is � the exponentially in
reasing tra�
 volume

that needs to be delivered to the rapidly in
reasing number of mobile users. This

trend of exponential tra�
 growth will further 
ontinue and more densely populated

smaller 
ells have to provide in
reased peak data rates. At the same time, the 
over-

age should be improved also for users that are qui
kly moving or lo
ated at the 
ell

edges. Besides the tra�
 growth various additional 
hallenges are predi
ted to domi-

nate the evolution of the next mobile network generation 5G [Eri13, CFH14℄. One key


hallenge is the expanding heterogeneity in many aspe
ts of future 
ommuni
ation

systems. Not only will there be more and more devi
es, but also the types of devi
es

will diversify. While smart phones, tablets, and laptop 
omputers be
ome more pow-

erful, the vision of the Internet of Things and a strong in
rease inMa
hine to Ma
hine


ommuni
ation will a

ommodate a variety of new devi
es serving new appli
ations.

This evolution of the mobile networks 
omes with 
hara
teristi
s and requirements

that di�er from the 
urrent human-
entri
 design. Safety-related appli
ations, e.g.,

in tra�
 
ontrol, ele
tri
al grid management, or industrial produ
tion, might require

guaranteed laten
ies of only a few millise
onds. Low-
ost battery-powered sensor

networks, in 
ontrast, are less laten
y dependent but need to transmit very small

amounts of data with very little energy 
onsumption.

A 
entral 
omponent of ea
h 
ommuni
ation system is its forward error 
orre
tion

(FEC) fun
tionality. The inherent noise that is present on every transmission 
hannel

requires prote
tion by 
hannel 
odes to enable reliable 
ommuni
ation. Sin
e Shan-

non's fundamental information theoreti
 results [Sha48℄ on the maximum a
hievable

transmission rate for 
ommuni
ation over noisy 
hannels, de
ades of resear
h on 
han-

nel 
oding s
hemes have passed. A major breakthrough on the way to the 
apa
ity

limits was marked by the advent of iterative de
oding te
hniques in the 90s. The inven-

tion of Turbo 
odes [BGT93℄ and shortly thereafter the redis
overed of Low-Density

Parity-Che
k (LDPC) 
odes [Gal62, Gal63, MN95, Ma
99℄ have established the �rst

pra
ti
ally de
odable 
hannel 
odes to a
hieve performan
e within fra
tions of a de
i-

bel (dB) of the theoreti
al limits for su�
iently large 
ode lengths [tB00, CFRU01℄.

The iterative ex
hange of so 
alled extrinsi
 soft information enables superior error


orre
tion performan
e, even though these iterative de
oders are often not optimal
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in a maximum-likelihood (ML) sense. The superior performan
e together with the

linear de
oding 
omplexity (in the 
ode length) are the key features that have lead

to the su

ess of iterative 
hannel de
oding.

Conventional FEC 
ode designs do not a

ount for the des
ribed heterogeneity but

fo
us on the optimization of 
odes with a �xed 
ode rate determined by a worst-


ase 
hannel 
ondition at whi
h the system should still be able to operate. The

key drawba
k of this design approa
h is that the system is not able to bene�t from


hannel qualities better than the one it was designed for. However, su
h systems

typi
ally need to be operated well above the worst-
ase 
hannel 
ondition to avoid

outages due to the probabilisti
 variations in the 
hannel quality over time. As a

result, most of the time the 
hannel 
ode rate is lower than ne
essary, resulting in a

waste of resour
es and a de
reased throughput of user data. For a more e�
ient use

of the available resour
es, it is indispensable for FEC s
hemes to support multiple


hannel 
ode rates providing more �exibility to adapt to di�erent 
hannel 
onditions.

Furthermore, it is advantageous to operate at multiple 
ode lengths. In prin
iple,

long 
odes are desirable as they 
an a
hieve better error 
orre
tion performan
e than

shorter 
odes. At the same time, however, the length of a 
ode impli
ates a 
ertain

algorithmi
 delay 
aused by the blo
k-wise pro
essing of 
ode words. For appli
ations

with delay 
onstraints � and espe
ially for those with low transmission data rates �

it 
an, thus, be ne
essary to restri
t the 
ode length to a 
ertain maximum value.

In 
urrent LDPC 
ode based standards like IEEE 802.16 (WiMAX [IEE09a℄), IEEE

802.11 (WLAN [IEE09b℄), or di�erent Digital Video Broad
ast (DVB) standards

(DVB-T2 [Eur09b℄, DVB-S2 [Eur09a℄), separate 
odes are spe
i�ed for the supported


ode rates and lengths (with up to 22 
odes in DVB-S2). While ea
h of these 
odes

was optimized with respe
t to its spe
i�
 
ode rate and length, transmitters and re-


eivers have to support all spe
i�ed 
odes, whi
h hinders an e�
ient implementation

and leads to an in
reased hardware 
omplexity.

This thesis introdu
es new design methods for LDPC 
odes that rely only on a single

en
oder and de
oder implementation and still a

ount for the �exibility requirements

of heterogeneous transmission systems. Several original 
ontributions towards multi-

rate and multi-length LDPC 
odes with new dimensions of �exibility in terms of 
ode

rate and length are presented. Additionally, advan
es in terms of de
oding algorithms

that are adjustable to di�erent requirements, e.g., low residual error rates, low 
om-

plexity, or fast 
onvergen
e, and their implementation are presented to a

ount for

devi
es with di�erent hardware 
apabilities.

Stru
ture and Contributions of the Thesis

In Chapter 2, a foundation for the subsequent 
ontributions is laid, by introdu
ing

the 
onsidered transmission system model and reviewing the basi
 de�nitions and

properties of LDPC 
odes. The typi
al two-step pro
ess of designing LDPC 
odes

is presented. The �rst step 
onsists of the optimization of the 
ode ensemble perfor-

man
e, whi
h is fa
ilitated by tools like density evolution (DE) [RU01b℄ or extrinsi
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information transfer (EXIT) 
harts [tB01℄. In this 
ontext, a novel ensemble opti-

mization te
hnique is introdu
ed that 
ombines density evolution with a Simulated

Annealing (SA) [KGJV83℄ approa
h and is parti
ularly suitable for the multi-rate

optimization presented further below. In the se
ond step of the LDPC 
ode design

pro
ess, a spe
i�
 
ode instan
e is 
hosen from an ensemble by 
onstru
ting an a
-

tual parity 
he
k matrix with desirable properties, i.e., so-
alled �nite length e�e
ts.

At last, the basi
 
on
epts of the pra
ti
ally relevant 
ases quasi-
y
li
 (QC) LDPC


odes and non-binary (NB) LDPC 
odes are 
overed.

Chapter 3 in
ludes the main 
ontributions towards a new design of multi-rate LDPC


odes. These 
odes are based on a single so-
alled mother 
ode but are 
apable of

a
hieving several 
ode rates, and thus enable an e�
ient re
onstru
tion of data for

several transmission 
hannel qualities. They are attra
tive 
andidates to improve


urrently spe
i�ed standards by repla
ing the multiple dedi
ated LDPC 
odes with

a single multi-rate 
ode. This way, more spe
i�
ally optimized hardware implemen-

tations 
an be employed, as they 
an be tailored towards a single LDPC 
ode, rather

than having to en
ode and de
ode several di�erent 
odes. While various known meth-

ods exist to adapt the 
ode rate of LDPC 
odes, all of them are either restri
ted to

spe
ially stru
tured LDPC 
odes or 
an only support good error 
orre
tion perfor-

man
e for limited ranges of 
ode rates.

Striving for an improved and more generi
 multi-rate design method, the well known

information shortening and parity pun
turing te
hniques are revisited, where infor-

mation shortening de
reases and parity pun
turing in
reases the 
ode rate of a given

mother 
ode. The 
ontributions in
lude a detailed asymptoti
 analysis and optimiza-

tion of both methods. Furthermore, two novel �nite length shortening s
hemes and

a novel pun
turing s
heme that allows pun
turing to arbitrarily high 
ode rates are

introdu
ed. Extending the fundamental ideas of [TJ05℄, a novel joint ensemble opti-

mization of shortening and pun
turing leads to multi-rate LDPC 
odes that a
hieve

arbitrary 
ode rate ranges between 0 and 1. In addition to these asymptoti
 results,

the optimized 
he
k matrix 
onstru
tion methodmulti-rate improved progressive edge-

growth (MuRiPEG) is introdu
ed. Together with the asymptoti
 optimization results,

this method is shown to o�er a novel degree of �exibility in terms of the supported


ode rate range and at the same time to outperform previously known multi-rate

LDPC 
ode 
onstru
tion methods.

In Chapter 4 novel design methods for multi-length LDPC 
odes are presented. As a

sub
lass of linear blo
k 
odes, LDPC 
odes have an inherently �xed 
ode length that

needs to be 
hosen at the time of 
ode 
onstru
tion. Yet, the 
ode length entails a

trade-o� between potentially 
apa
ity approa
hing performan
e at large 
ode lengths

and low delay features at small 
ode lengths. To still o�er �exibility at operation

time, two methods for the 
onstru
tion of multi-length LDPC 
odes are illustrated

that are only based on a single en
oder and de
oder for the mother 
ode.

The �rst presented method introdu
es and analyzes the 
on
ept of 
ode length redu
-

tion by 
on
urrent shortening and pun
turing. This approa
h 
ombines two te
hniques

that are originally intended for 
ode rate adaptation to redu
e the 
ode length of a

mother LDPC 
ode while keeping its 
ode rate 
onstant. Again, asymptoti
 analysis
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and optimization te
hniques are presented. The proposed 
he
k matrix 
onstru
tion

method multi-length improved progressive edge-growth (MuLiPEG) is shown to be

suitable to �exibly redu
e the 
ode length by up to one order of magnitude

The se
ond method o�ers even more �exibility regarding the supported 
ode lengths

but is restri
ted to the pra
ti
ally relevant 
ase of QC LDPC 
odes. A joint opti-

mization of the QC LDPC 
ode's lifting matrix for expansion to parity 
he
k ma-

tri
es of several sizes is proposed by multi-length quasi-
y
li
 progressive edge-growth

(MuLQPEG). The resulting multi-length QC LDPC 
ode supports 
ode length ranges

spanning more than two orders of magnitude. At the same time, it o�ers error 
orre
-

tion performan
e that is nearly identi
al to that of separately optimized 
odes. This

approa
h is further 
ombined with the multi-rate fun
tionality, yielding multi-rate-

and-multi-length QC LDPC 
odes with �exibility surpassing all previous approa
hes

and ex
eptional error 
orre
tion performan
e.

Chapter 5 presents advan
es in terms of de
oding algorithms by introdu
ing novel

de
oder s
hedules for belief propagation (BP) de
oding. Due to the growing variety of

devi
es with di�erent 
omputational 
apabilities that parti
ipate in mobile networks,

de
oding algorithms that are �exibly adjustable to di�erent requirements, e.g., low

residual error rates, low 
omplexity, or fast 
onvergen
e, are of spe
ial interest. The

�rst presented probabilisti
 sequential de
oder s
hedule 
ombines fast 
onvergen
e of

iterative de
oding with improved error 
orre
tion performan
e while indu
ing only

negligible additional 
omplexity. The se
ond 
ontribution introdu
es (lazy) queue

residual de
oding ((L)QRD) as a generalization of re
ently developed informed dy-

nami
 s
heduling (IDS) te
hniques [CGW10℄. While these IDS strategies generally

in�i
t a signi�
ant amount of additional 
omplexity 
ompared to the 
onventional

BP de
oder, they a
hieve mu
h faster 
onvergen
e in return. The proposed (L)QRD

s
hemes redu
e the 
omputational overhead of previous IDS strategies to a great ex-

tent. At the same time they maintain the fast 
onvergen
e properties and are even


apable of a
hieving lower residual error rates.

Finally, in Chapter 6 a fully generi
 non-binary BP de
oder implementation on a

graphi
s pro
essing unit (GPU) is presented. While 
lose-to-
apa
ity error 
orre
tion

performan
e is possible with long binary LDPC 
odes, espe
ially for moderate 
ode

lengths the performan
e 
an be further improved by non-binary (NB) LDPC 
odes

over higher order Galois �elds [DM98a℄. This performan
e gain in
reases with larger

Galois �eld orders but 
omes at the 
ost of a rapidly growing de
oding 
omplexity. To

speed up the de
oding pro
ess, the proposed de
oder ar
hite
ture exploits novel ways

of massive parallelization without any algorithmi
 approximations or requirements

regarding the 
ode stru
ture. It is the �rst de
oding ar
hite
ture that generally ap-

plies to arbitrary NB LDPC 
odes and a
hieves large speedup values while providing

exa
t BP performan
e.

Parts of the results of this thesis have been pre-published in the following referen
es:

[Bee10, BSV11, BV11, BBV11, BV13, BMSV13, BV14, BWV14, BMSV15℄. These

referen
es are marked by an underlined label throughout the thesis.
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Low-Density Parity-Che
k Codes

This 
hapter des
ribes the transmission system that is 
onsidered throughout this the-

sis and provides an overview of Low-Density Parity-Che
k (LDPC) 
odes, in
luding

en
oding, de
oding, typi
al performan
e measures, and some 
ode design methods.

2.1 Low-Density Parity-Che
k Codes

This thesis fo
uses on the generi
 design of �exible LDPC 
odes for the prote
tion

against transmission errors of arbitrary binary data 
ontent, transmitted over a noisy

Additive White Gaussian Noise (AWGN) 
hannel, also denoted BIAWGN 
hannel in


ase of binary input values. Real wireless transmission 
hannels exhibit additional

detrimental e�e
ts whi
h need to be taken 
are of by 
hannel estimation, equalization,

and demodulation whi
h, however, are not in the fo
us of this thesis. Nevertheless,


ondu
ting these operations prior to 
hannel de
oding leads to an equivalent 
hannel

that 
an be a

urately modeled as BIAWGN 
hannel with a 
onstant noise power per

transmitted blo
k of data. How exa
tly this noise power 
hanges over time depends

on the exa
t 
onsidered transmission 
hannel but is not of interest in this thesis, sin
e

the design of �exible LDPC 
odes for di�erent s
enarios is dealt with but not any


ontrol s
hedules to de
ide whi
h 
ode 
on�guration to use at any given moment.

The 
onsidered baseband transmission system model, whi
h is depi
ted in Figure 2.1,

takes information words x = (x1, . . . , xK) 
ontaining K independent and identi
ally

distributed (i.i.d.) bits

1

with equiprobable values 0 and 1 as input. These information

words x are mapped to 
ode words y = (y1, . . . , yN ) of length N by an LDPC en
oder

(Se
tion 2.4) of 
ode rate

r =
K

N
. (2.1)

1

It should be noted that throughout this thesis, the transmitted data is always in binary rep-

resentation independent of what kind of LDPC 
ode is used. In 
ase of non-binary LDPC 
oding

over Fq , before en
oding and de
oding p = log2 q binary values are mapped to one q-ary symbol,

and likewise after en
oding and de
oding ea
h q-ary symbol is mapped ba
k to p values in binary

representation (see Se
tion 2.10).
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PSfrag repla
ements

x y

n

z x̂

E
s

/N0

4

AWGN


hannel

BPSK with

E
s

= 1

LDPC

en
oder

0 → +1
1 → −1

LDPC

de
oder

Bits

Symbols

Symbols

Bits

Non-Binary

LDPC

En
oder

Non-Binary

LDPC

De
oder

L(y|z)

Figure 2.1: Baseband transmission system 
onsidered throughout this thesis with

LDPC 
oding, BPSK modulation, and AWGN 
hannel.

Ea
h 
ode bit is mapped to a Binary Phase Shift Keying (BPSK) symbol (0 → +1
and 1 → −1). Sin
e no 
ases of joint 
hannel 
oding and modulation are explored in

this thesis, it su�
es to 
onsider only BPSK modulation as no additional insights for

the 
hannel 
ode 
an be expe
ted by using higher order modulation 
onstellations.

The resulting signal has 
onstant power 1, yielding the 
onstant transmission energy

per modulation symbol of E
s

= 1 (per normalized symbol duration T
s

= 1). The


ode words in this bipolar representation are subje
t to an additive noise ve
tor n


ontaining N random i.i.d. noise values with Gaussian distribution of zero mean and

varian
e

σ2
n =

N0

2
=

1

2E
s

/N0
(2.2)

(as E
s

= 1 is assumed), where

E
s

N0
denotes the 
hannel signal-to-noise ratio (SNR) and

is 
ommonly used to spe
ify the 
hannel quality. In some 
ases, the alternative 
hannel

quality

E
b

N0
is used for a fair 
omparison, with E

b

= E
s

r
denoting the average energy

spent per information bit by the transmitter

2

, whereby the e�e
t of redu
ing the

throughput by redu
ing the 
ode rate is taken into a

ount. At the re
eiver, mat
hed

�ltering and inter symbol interferen
e free sampling is assumed. Soft demodulation

is then realized by multiplying the re
eived noisy samples z with 4 E
s

N0
, yielding the

ve
tor of (
onditional) 
hannel log-likelihood ratios (LLRs) [HOP96℄

L(y|z) = (L(y1|z1), . . . , L(yN |zN ))

=

(
log

P(y1 = 0|z1)
P(y1 = 1|z1)

, . . . , log
P(yN = 0|zN )

P(yN = 1|zN )

)

=

(
4
E
s

N0
z1, . . . , 4

E
s

N0
zN

)
=: (L1, . . . , LN ) = L, (2.3)

where equiprobable values of the 
ode bits P(yn = 0) = P(yn = 1) = 0.5 are assumed.

In the following, this ve
tor L will be referred to as the ve
tor of 
hannel LLRs Ln.

Finally, a soft de
ision LDPC de
oder (Se
tion 2.5) is fed with these 
hannel LLRs

to produ
e an estimate x̂ of the originally sent information word x.

2

Sin
e only additive noise but no attenuation of the transmitted symbols is modeled here, the

average energy spent per information bit by the transmitter is equal to the average energy that is

available per information bit at the re
eiver.
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The remaining se
tions of this 
hapter give an introdu
tion to LDPC 
odes and their

appli
ation to the 
onsidered transmission system, in
luding some renowned state-

of-the-art methods for en
oding, de
oding, and 
ode design. While the des
ribed

s
enario is in prin
iple well-investigated, superior performan
e is usually only a
hieved

for a �xed setup, in
luding a dedi
ated 
ode designed with �xed input blo
k length

K, a �xed 
ode rate r, and a �xed 
hannel quality

E
s

N0
. In Chapters 3 and 4 several

methods are developed to over
ome these restri
tions by introdu
ing multi-rate 
ode

design, multi-length 
ode design, and 
ombinations thereof.

2.2 Basi
 De�nitions

For ease of notation, most de�nitions will be given spe
i�
ally for binary LDPC 
odes.

However, in most 
ases the same de�nitions also hold for non-binary LDPC 
odes if

the �nite �eld F2 = {0, 1} is repla
ed by the �nite �eld Fq =
{
0, 1, α, . . . , αq−2

}
. It

will be mentioned whenever restri
tions to only the binary 
ase apply. Furthermore,

all required modi�
ations for non-binary LDPC 
odes will be summarized in Se
-

tion 2.10.

Linear Blo
k Codes

For K,N ∈ N+
and

3 K < N , a binary linear (N,K) blo
k 
ode over the �nite �eld F2

has the 
ode rate r = K
N
, where K is denoted the information (word) length and N is

denoted the 
ode (word) length. The 
ode is de�ned by a K-dimensional linear sub-

spa
e of the ve
tor spa
e FN
2 . This subspa
e 
onstitutes the set c of valid 
ode words

whi
h 
ontains 2K distin
t row ve
tors y = (y1, . . . , yN ) ∈ FN
2 of length N (in
luding

the all-zero ve
tor (0, . . . , 0)). A 
orresponding en
oder fun
tion realizes a bije
tive

mapping of the set of all 2K possible information words x = (x1, . . . , xK) ∈ FK
2 of

length K to the set c of 
ode words. Sin
e the 
ode subspa
e is K-dimensional, this

mapping 
an be des
ribed by means of K linearly independent ve
tors b1, . . . , bK of

c forming a basis of the subspa
e. Arranging these K basis ve
tors of length N as

rows of a matrix results in the generator matrix

G =




b1
.

.

.

bK


 =




G1,1 · · · G1,N

.

.

.

.

.

.

.

.

.

GK,1 · · · GK,N


 ∈ FK×N

2 . (2.4)

The mapping of an information word x to a 
ode word y is then given by

y = x ·G, (2.5)

3

The notation (·)+ = (·) \ 0 denotes the ex
lusion of the zero element from a set. A

ordingly,

N+ = N\0 = {1, 2, 3, . . .} denotes the set of all positive integers and F+q = Fq \0 = {1, α, . . . , αq−2}
denotes all non-zero elements of Fq.
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and the set c of 
ode words y is given by the row spa
e of G:

c =
{
y ∈ FN

2 : y = x ·G, x ∈ FK
2

}
. (2.6)

In general, for one 
ode c, di�erent generator matri
es exist, sin
e di�erent bases

of c 
an be found. Slightly abusing this de�nition, throughout this thesis, a 
ode is

referred to as a 
on
rete, �xed mapping, and is thus des
ribed by a unique generator

matrix. Most 
ommonly this unique des
ription is 
hosen as the systemati
 form of

a generator matrix

G =
(
IK , G[K+1→N ]

)
=




1 0 · · · 0 G1,K+1 · · · G1,N

0 1 · · · 0 G2,K+1 · · · G2,N

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

︸ ︷︷ ︸
IK

0 0 · · · 1
︸ ︷︷ ︸

G[K+1→N ]

GK,K+1 · · · GK,N


 , (2.7)

where IK denotes the K × K identity matrix and G[i→j] denotes the submatrix


onsisting of 
olumns i to j of G. In this form a 
ode word 
ontains the information

word x in the �rstK positions and the parity word p = (p1, . . . , pM ) withM = N−K
in positions K + 1 to N :

y = (y1, . . . , yK , yK+1, . . . , yN ) = (x1, . . . , xK , p1, . . . , pM ) = (x,p). (2.8)

The so-
alled parity-
he
k matrix (for short 
he
k matrix ) is denoted

H = (HT
∗,1, . . . ,H

T
∗,N ) =




H1,∗

.

.

.

HM,∗


 =




H1,1 · · · H1,N

.

.

.

.

.

.

.

.

.

HM,1 · · · HM,N


 ∈ FM×N

2 , (2.9)

where HT
∗,n = (H1,n, . . . , HM,n)

T
denotes the n-th 
olumn ve
tor of H, while the

m-th row ve
tor of H is denoted Hm,∗ = (Hm,1, . . . , Hm,N ). The 
he
k matrix of

a 
ode with generator matrix G is de�ned as any full rank matrix from FM×N
2 for

whi
h

G ·HT = 0 (2.10)

holds. Sin
e for a given matrix G there are NM unknown entries in H but only KM
equations in (2.10), the system is under-determined with potentiallyNM−KM =M2

degrees of freedom, and up to 2(M
2)
di�erent solutions may exist. For ea
h 
ode word

y ·HT = 0 ⇔





y ·HT
1,∗ =

∑N
n=1 ynH1,n = 0

.

.

.

y ·HT
M,∗ =

∑N
n=1 ynHM,n = 0

(2.11)

holds, where y ·HT
m,∗ = 0 is 
alled the m-th (parity-)
he
k equation. The set of 
ode

words is thus given by the kernel of the 
he
k matrix

c = ker(H) =
{
y ∈ FN

2 : y ·HT = 0
}
. (2.12)
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Low-Density Parity-Che
k Codes

A Low-Density Parity-Che
k 
ode is a linear blo
k 
ode with a sparse 
he
k matrixH,

i.e., the number of non-zero elements is mu
h smaller than the number of zero elements

inH, or equivalently, the density ̺ = |H|
MN is 
lose to zero. The operator |·| denotes the

number of non-zero entries if the argument is a ve
tor or a matrix, and the 
ardinality

(i.e., the number of elements) if the argument is a set. This low density of the 
he
k

matrix is in fa
t the key innovation of LDPC 
odes, as it enables low 
omplexity

iterative de
oding (
f. Se
tion 2.5). To ensure this important sparseness property,

LDPC 
odes are designed solely based on their 
he
k matrix. The fa
t that �nding the

sparsest 
he
k matrix for a given generator matrix is an NP-
omplete problem [Moo05℄

renders any generator matrix based approa
h pra
ti
ally infeasible. Even though

multiple 
he
k matri
es might de�ne the same set of 
ode words, in this thesis ea
h


he
k matrix is referred to as spe
ifying a unique LDPC 
ode. The reason for this

is that iterative de
oders whi
h are based on a 
he
k matrix des
ription potentially

produ
e di�erent results for di�erent 
he
k matri
es, even though these de�ne the

same 
ode c a

ording to (2.12). Furthermore, only the systemati
 representation of

LDPC 
odes with 
ode word stru
ture a

ording to (2.8) is 
onsidered.

As mentioned earlier, the 
he
k matrix H is 
ommonly assumed to have full rank

rank(H) = M . For matri
es with a rank defe
t, a smaller full rank matrix of dimen-

sion rank(H)×N 
an be 
onstru
ted by removing M − rank(H) linearly dependent

rows, whi
h then de�nes an (N,N − rank(H)) LDPC 
ode of in
reased 
ode rate

r = N−rank(H)
N . Although some LDPC 
ode 
onstru
tion methods expli
itly use 
he
k

matri
es with rank defe
t, only full rank 
he
k matri
es are 
onsidered throughout

this thesis unless stated otherwise.

The sparsity of the 
he
k matrix 
an be exploited to e�
iently store its entries using

one short list of indi
es per row (or 
olumn, respe
tively). The set

N (m) = {n : Hm,n 6= 0} (2.13)


ontains the indi
es of all 
olumns that have a non-zero entry in row m, i.e., the posi-

tions of all 
ode word symbols that parti
ipate in the m-th 
he
k equation. Likewise,

M(n) = {m : Hm,n 6= 0} (2.14)


ontains the indi
es of all rows with a non-zero entry in 
olumn n, i.e., the indi
es

of all 
he
k equations in whi
h the n-th 
ode word symbol parti
ipates. This way

the memory requirement is redu
ed from O(N2) memory units

4

, whi
h are needed to

store a general (dense) matrix, to only O(N). For non-binary 
odes, i.e., for q > 2,
in addition to the position also the value of ea
h non-zero element has to be stored

in a similar fashion, whi
h is, however, still possible with O(N) memory lo
ations.

4

The big O notation O(·) is used throughout this thesis to 
lassify the 
omplexity of algorithms

both in terms of runtime and memory requirements.
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Regular and Irregular LDPC Code Ensembles

When originally proposed in [Gal62℄, only the 
lass of regular (d
v

, d



) LDPC 
odes

was 
onsidered, in whi
h all 
olumns of the 
he
k matrixH have the same (Hamming)

weight (i.e., number of non-zero entries)

|H∗,1| = · · · = |H∗,N | = d
v

, (2.15)

and also all rows have equal weight

|H1,∗| = · · · = |HM,∗| = d



. (2.16)

A regular (d
v

, d



) LDPC 
ode (with a full rank 
he
k matrix) has the 
ode rate

r = 1− d
v

d



, (2.17)

whi
h dire
tly follows from the fa
t that the total number of non-zero entries |H|
must be the same when 
ounted 
olumn-wise or row-wise:

|H| =
N∑

n=1

|H∗,n| =
M∑

m=1

|Hm,∗| (2.18)

⇔ Nd
v

= Md



⇔ 1− d
v

d



=
N −M

N
= r.

The 
lass of irregular LDPC 
odes was introdu
ed mu
h later in [LMSS98a, LMSS98b,

LMSS01℄ and allows an arbitrary weight |H∗,n| = d
v,n for ea
h 
olumn n and an

arbitrary weight |Hm,∗| = d

,m for ea
h row m. The weights of all 
olumns and all

rows are given by the degree sequen
es

d
v

= (d
v,1, . . . , dv,N ) and d




= (d

,1, . . . , d
,M ). (2.19)

The distribution of di�erent 
olumn and row weights is des
ribed by a degree distri-

bution pair in the following polynomial notation either in edge perspe
tive

λ(x) =

d
v∑

i=2

λix
i−1

and ρ(x) =

d

∑

j=2

ρjx
j−1

(2.20)

or in node perspe
tive

Λ(x) =

d
v∑

i=2

Λix
i

and R(x) =

d

∑

j=2

Rjx
j . (2.21)

Here, d
v

is the maximum 
olumn weight and d



is the maximum row weight. The


oe�
ients λi and ρj of the edge perspe
tive des
ribe the proportion of non-zero

entries found in 
olumns of weight i and in rows of weight j, respe
tively. The
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oe�
ients Λi and Rj of the node perspe
tive 
orrespond to the proportion of 
olumns

of weight i and rows of weight j, respe
tively. Thus, λ(x) and Λ(x) are also 
alled


olumn degree distribution while ρ(x) and R(x) are 
alled row degree distribution. A

valid degree distribution has 
oe�
ients between zero and one and Λ(1) = R(1) =
λ(1) = ρ(1) = 1 holds. Node and edge perspe
tive are related by

λ(x) =
d

dxΛ(x)
d

dx
Λ(x)

∣∣
x=1

=
Λ′(x)

Λ′(1)
and ρ(x) =

d

dxR(x)
d

dx
R(x)

∣∣
x=1

=
R′(x)

R′(1)
. (2.22)

The 
onne
tion between the 
ode rate and the degree distribution pair is given by

r = 1−
∑d

v

i=2 iΛi∑d



j=2 jRj

= 1−
∑d




j=2 ρj/j∑d
v

i=2 λi/i
= 1− d̄

v

d̄



, (2.23)

with d̄
v

and d̄



denoting the mean 
olumn and row weights. A regular LDPC 
ode is

a spe
ial 
ase of irregular LDPC 
odes with λ(x) = xd
v

−1
and ρ(x) = xd




−1
.

The so-
alled (λ, ρ) ensemble 
ontains all LDPC 
odes of arbitrary length and with

any (randomly 
onstru
ted) 
he
k matrix that has 
olumn degree distribution λ(x)
and row degree distribution ρ(x). The more restri
ted (N,λ, ρ) ensemble 
ontains

only those LDPC 
odes from the (λ, ρ) ensemble that have length N and thus 
he
k

matri
es of dimension N(1−r)×N with r as given by (2.23). The notion of an LDPC

ode ensemble is of parti
ular interest, sin
e the average error 
orre
tion performan
e

of an ensemble 
an be determined (semi-) analyti
ally (for N → ∞) [RU01b, RSU01℄

(
f. Se
tion 2.7). The error 
orre
tion 
apabilities of a 
on
rete 
ode realization of

�nite length, on the other hand, are mu
h harder to predi
t, and ex
ept for spe
ial


ases they 
an only by determined by time-
onsuming Monte Carlo methods.

2.3 Tanner Graph Des
ription

A representation of LDPC 
odes by bipartite graphs was introdu
ed in [Tan81℄. To-

day, this representation is often 
alled Tanner graph and is widely used espe
ially

to des
ribe and analyze most LDPC de
oding algorithms. Being bipartite, a Tanner

graph G = (V ∪ C, E) 
onsists of the two disjun
t sets V and C of N variable nodes

and M 
he
k nodes, respe
tively, as well as the set E of edges with ea
h edge 
on-

ne
ting one variable node to one 
he
k node. The n-th variable node 
orresponds to

the n-th 
he
k matrix 
olumn and represents one 
ode word symbol yn. The m-th


he
k node 
orresponds to the m-th 
he
k matrix row and represents the m-th 
he
k

equation yHT
m,∗ = 0. A

ordingly, an edge is pla
ed between variable node n and

5


he
k node m if and only if Hm,n 6= 0. For non-binary 
odes this edge is assigned

a weight Hm,n ∈ F+
q , while for binary 
odes the edge weights are usually dis
arded

sin
e all weights are equal to one. For systemati
 
odes with a 
ode word stru
ture

5

To simplify notation, the same variable is used to denote the index of a node and the node itself.

E.g., the n-th variable node is simply referred to as variable node n.
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as in (2.8), the variable nodes V = {I ∪ P} 
an be further partitioned into K infor-

mation nodes I and M parity nodes P . In this form the �rst K 
olumns of H and

likewise the �rst K variable nodes 
orrespond to the systemati
 information symbols,

thus the name information nodes, while the remaining M 
olumns and variable nodes


orrespond to the parity symbols, thus the name parity nodes. Below some properties

of Tanner graphs are given (
f., e.g., [RL09℄). An exemplary Tanner graph is depi
ted

in Figure 2.2 on page 15 to illustrate these properties.

• Node degree: The degree of a node is de�ned as the number of in
ident edges.

The degree d
v,n of variable node n is equal to the weight of the n-th 
olumn

of H. The degree d

,m of 
he
k node m is equal to the weight of the m-th row.

• Path: A path of length l is de�ned by a sequen
e of l+1 nodes, su
h that ea
h

pair of 
onse
utive nodes is 
onne
ted by an edge and no node appears more

than on
e.

• Cy
le: A 
y
le of length l is de�ned as a 
losed path of length l, starting
and ending at the same node. In 
ase of (bipartite) Tanner graphs, all 
y
les

have even length due to the fa
t that the 
losed path de�ning a 
y
le is an

alternating sequen
e of variable nodes and 
he
k nodes. Sin
e Tanner graphs

have no parallel edges (i.e., no two edges are in
ident to the same pair of nodes),

the shortest possible 
y
le length is 4.

• Girth: The shortest 
y
le length in a graph is 
alled its girth and is denoted g.

• Distan
e: The distan
e is de�ned as the length of the shortest path between

two nodes. The distan
e from a node to itself is de�ned as zero.

• Neighborhood of depth l: For l ∈ N, l odd, the neighborhood of depth l of
variable node n is denoted Ml(n) and 
ontains all 
he
k nodes m, su
h that

the distan
e between variable node n and 
he
k node m is l. For l even, the
neighborhood N l(n) of depth l of variable node n 
ontains all variable nodes n′

,

su
h that the distan
e between variable node n and variable node n′
is l. These

neighborhoods are 
omputed re
ursively by:

N 0(n) = {n}, (2.24)

M1(n) = M(n), (2.25)

and for l > 1

N l(n) =
{⋃

m∈Ml−1(n) N (m) \⋃l′∈{0,2,...,l−2} N l′(n)
}
, l even, (2.26)

Ml(n) =
{⋃

n′∈N l−1(n) M(n′) \⋃l′∈{1,3,...,l−2} Ml′(n)
}
, l odd. (2.27)

The neighborhoods Ml(m) and N l(m) of a 
he
k node m are de�ned in an

analogous manner.

• Tree up to depth l: The tree up to depth l originating in variable node n
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ontains all variable and 
he
k nodes in the neighborhoods up to depth l:

T l
n =




⋃

l′∈{0,2,...,l}

N l′(n)


 ∪




⋃

l′∈{1,3,...,l}

Ml′(n)


 . (2.28)

Again, an analogous de�nition holds for trees T l
m originating in a 
he
k node m.

Cy
les, Girth, and ACE of LDPC Codes

As will be illustrated in Se
tion 2.5, the 
y
le stru
ture of Tanner graphs has a

substantial impa
t on the performan
e of message-passing de
oders. In general, the

shorter a 
y
le the more likely it is to deteriorate the de
oding pro
ess as it in�i
ts

statisti
al dependen
ies between ex
hanged messages. Some measures quantifying

this impa
t are reviewed in the following.

• Girth: Undoubtedly, the most widely used measure � and at the same time

the least informative one � is the girth g of a Tanner graph.

6

Even though the

minimum 
y
le length does not reveal any detailed 
y
le stru
ture of a graph,

in many 
ases it 
an still be assumed that most LDPC 
odes with higher girth

will perform better than most 
odes with lower girth. Already in the original

publi
ation [Gal62℄, the role of the girth was realized and LDPC 
odes were

proposed to be 
onstru
ted with girth six or higher only.

• Lo
al girth: Besides the global girth of a graph, also the lo
al girth is of

interest. The lo
al girth gn of ea
h variable node n is de�ned as the length of

the shortest 
y
le running through that node. The ve
tor 
ontaining the lo
al

girths of all variable nodes is denoted g = (g1, . . . , gN ), where g = min
∀n

gn holds.

• Cy
le histogram: A more detailed view than just the shortest 
y
le length is

given by the 
y
le histogram up to length l
max

denoted α = (α4, α6, . . . , αl
max

),
where αl 
orresponds to the total number of distin
t 
y
les of length l that are
found in the graph. The number of 
y
les in a Tanner graph qui
kly grows with

the 
y
le length, and at the same time the in�uen
e of 
y
les on the de
oding

performan
e qui
kly diminishes with in
reasing length. Thus, the number of


y
les is usually only of interest up to some maximum length. An algorithm to


ount the number of 
y
les of length g, g+2, and g+4 was proposed in [HC06℄.

Another algorithm with lower 
omplexity that is 
apable of 
ounting 
y
les of

lengths from g up to 2g − 2 was presented in [KB10, KB13℄.

• Lo
al 
y
le histogram: For ea
h variable node n, the lo
al 
y
le histogram

αn = (αn,4, αn,6, . . . , αn,l
max

) 
ontains the number of 
y
les of length 4 to l
max

running through that variable node.

• ACE [TJVW04℄: The approximate 
y
le extrinsi
 message degree (ACE) of a


y
le is

∑
i(dv,i−2), where the sum is taken over all variable nodes parti
ipating

6

Equivalently, an LDPC 
ode is said to have a 
ertain girth if its Tanner graph has that girth.

The same also holds for other quantities that are te
hni
ally graph � not 
ode � properties.
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in the 
y
le. The ACE provides an easily 
omputable upper bound to the

extrinsi
 message degree (EMD) of a 
y
le, whi
h is de�ned as the number of


he
k nodes that are singly 
onne
ted to variable nodes of that 
y
le. Thus, the

ACE provides a measure for the amount of extrinsi
 knowledge that is 
onveyed

into a 
y
le by message-passing de
oding (
f. Se
tion 2.5), where large ACE

values are advantageous as they represent high amounts of extrinsi
 information.

• ACE spe
trum [VS09℄: The ACE spe
trum η = (η4, η6, . . . , ηl
max

) is 
om-

posed of the minimum ACE values ηl of all 
y
les of length l for 
y
le lengths
from 4 to some maximum 
y
le length l

max

. If a graph does not have 
y
les of

length l, the value ηl is set to ∞.

• Lo
al ACE spe
trum [VS09℄: For ea
h variable node n, the lo
al ACE spe
-

trum ηn = (ηn,4, . . . , ηn,l
max

) 
ontains the minimum ACE values ηn,l of all


y
les of length l running through that variable node for 
y
le lengths from 4
to some maximum 
y
le length l

max

.

• Expanded ACE spe
trum [VS09℄: The expanded ACE spe
trum Φ
exp

is


ompiled by the numbers Φexp

η,l of variable nodes that have η as the minimum

ACE value at 
y
le length l, i.e., for whi
h ηn,l = η holds:

Φ
exp =




Φexp

0,4 Φexp

0,6 · · · Φexp

0,l
max

Φexp

1,4 Φexp

1,6 · · · Φexp

1,l
max

.

.

.

.

.

.

.

.

.

.

.

.

Φexp

η
max

,4 Φexp

η
max

,6 · · · Φexp

η
max

,l
max


 , with 0 ≤ Φexp

η,l ≤ N.

(2.29)

The expanded ACE spe
trum is only 
omputed up to a maximum length l
max

and up to a maximum ACE value η
max

.

• ACE-
y
le histogram: The ACE-
y
le histogram is 
ompiled by the num-

bers Φ
y


η,l of 
y
les of length exa
tly l and with ACE exa
tly η and is represented
by the matrix

Φ

y
 =




Φ
y


0,4 Φ
y


0,6 · · · Φ
y


0,l
max

Φ
y


1,4 Φ
y


1,6 · · · Φ
y


1,l
max

.

.

.

.

.

.

.

.

.

.

.

.

Φ
y


η
max

,4 Φ
y


η
max

,6 · · · Φ
y


η
max

,l
max


 . (2.30)

As above, 
y
les are only 
ounted up to a maximum length l
max

and up to a

maximum ACE value η
max

.

Knowing about the detrimental e�e
t of 
y
les, the attempt of designing 
odes with


y
le-free graphs seems reasonable. However, it was shown in [ETV99℄ that 
y
le-

free graphs 
annot support good 
odes, meaning that they have very low minimum

Hamming distan
e and also are very likely to perform poorly in the waterfall region.

Moreover, it was shown that to support good 
odes, the number of 
y
les in a graph

even needs to grow exponentially with the 
ode length.
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Two 
onstru
tion methods for 
he
k matri
es that are based on the 
y
le properties

of LDPC 
odes are given in Se
tion 2.8 on pages 38 �.

Exemplary LDPC Code

To illustrate some of the properties introdu
ed above, the following exemplary 
he
k

matrix of dimension 9× 12 is 
onsidered:

H =




0 0 0 1 0 0 0 1 0 1 0 0
0 1 0 0 1 0 0 0 0 0 1 0
0 1 0 0 0 0 0 1 1 0 0 0
0 0 1 1 1 1 0 0 0 0 0 0
1 0 1 0 0 0 0 1 0 0 0 0
0 0 0 0 0 1 1 0 1 0 1 0
0 0 1 0 0 0 1 0 0 0 0 1
1 0 0 0 0 0 0 0 0 1 1 0
0 0 0 0 0 1 0 0 0 1 0 1




. (2.31)

The 
orresponding Tanner graph in Figure 2.2 has M = 9 
he
k nodes and N = 12
variable nodes, where the latter ones are 
omposed of K = 3 information and M = 9
parity nodes. Sin
e the 
he
k matrix has full rank, the 
ode rate equals r = 12−9

12 = 1
4 .

The neighborhoods M(1) and N (1) of depth 1 are indi
ated by the dotted lines for

the �rst variable and 
he
k node. The degree distribution pair is given by

λ(x) =
14

29
x+

15

29
x2, ρ(x) =

21

29
x2 +

8

29
x3

(edge perspe
tive)

or Λ(x) =
7

12
x2 +

5

12
x3, R(x) =

7

9
x3 +

2

9
x4

(node perspe
tive).

The bold line shows a 
y
le of length 6 with ACE (d
v,3−2)+(d

v,6−2)+(d
v,7−2) = 2.

The lo
al girth of all variable nodes, the 
y
le histogram up to length l
max

= 10, the

1 2 3 4 5 6 7 8 9 10 11 12

1 2 3 4 5 6 7 8 9

C = {1, . . . , 9}, M = 9

I = {1, 2, 3} P = {4, . . . , 12}
V = {1, . . . , 12}, N = 12

d

,9 = 3

d
v,12 = 2

N (1) = {4, 8, 10}

M(1) = {5, 8}

6-
y
le
with ACE 2

Figure 2.2: Tanner graph of LDPC 
ode example.
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ACE spe
trum up to length l
max

= 10, the expanded ACE spe
trum up to length

l
max

= 10 and up to ACE η
max

= 2, as well as the ACE-
y
le histogram up to length

l
max

= 10 and up to ACE η
max

= 5 are given below:

g = (g1, . . . , g12) = (6, 6, 6, 6, 6, 6, 6, 6, 6, 6, 6, 6) (lo
al girths),

α = (α4, α6, α8, α10) = (0, 9, 25, 34) (
y
le histogram),

η = (η4, η6, η8, η10) = (∞, 1, 1, 1) (ACE spe
trum),

Φ
exp =



Φexp

0,4 · · · Φexp

0,10
.

.

.

.

.

.

.

.

.

Φexp

2,4 · · · Φexp

2,10


 =



0 0 0 0
0 6 9 8
0 6 3 4




(exp. ACE spe
trum),

Φ

y
 =



Φ
y


0,4 · · · Φ
y


0,10
.

.

.

.

.

.

.

.

.

Φ
y


5,4 · · · Φ
y


5,10


 =




0 0 0 0
0 2 2 1
0 6 13 6
0 1 9 18
0 0 1 8
0 0 0 1




(ACE-
y
le histogram).

2.4 En
oding

The en
oding 
omplexity is a major 
on
ern when implementing LDPC 
odes, as in

the most general 
ase the exe
ution time s
ales quadrati
ally with the 
ode length, i.e.,

it lies in O(N2). For in
reasing 
ode lengths this qui
kly be
omes 
omputationally

infeasible and alternative approa
hes that require spe
ial 
ode stru
tures have to be

employed. The en
oding methods des
ribed in this se
tion are appli
able to both

binary and non-binary LDPC 
odes.

Multipli
ation with the Generator Matrix

In general, for any LDPC 
ode de�ned by its (full rank) 
he
k matrix H, the system-

ati
 generator matrix G 
an be uniquely determined. With the systemati
 represen-

tation (2.7), the expression G ·HT (2.10)

= 0 
an be rephrased to

(
IK , G[K+1→N ]

)
·
(
H[1→K], H[K+1→N ]

)T
= 0

⇔ G[K+1→N ] ·HT
[K+1→N ] = H

T
[1→K]. (2.32)

For this system of linear equations with K · M unknown entries in G and K · M
equations to be uniquely solvable, H[K+1→N ] is required to have full rank. Conse-

quently, for systemati
 en
oding the 
ondition of H having full rank is w.l.o.g. further


on�ned to the rightmost M 
olumns of H being linearly independent. Having 
om-

puted the parity part G[K+1→N ] of the generator matrix, en
oding is a
hieved by


opying the information word x to the �rst K positions of the 
ode word y and

�lling the remaining M positions with the parity word p whi
h is 
omputed by
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p = xG[K+1→N ]. While being generally appli
able, this method has the major

drawba
k of quadrati
 memory and time 
omplexity: storing the generator matrix

requires O(KM ) = O(r(1 − r)N2) = O(N2) memory elements and 
omputing the

parity symbols requires O(KM ) = O(r(1− r)N2) = O(N2) operations.

Approximate Triangulation of the Che
k Matrix [RU01a℄

An e�
ient en
oding algorithm that is generally appli
able to LDPC 
odes was intro-

du
ed in [RU01a℄. Merely by reordering 
olumns and rows � and thus not 
hanging

the density � of the 
he
k matrixH, the M×M parity part H[K+1→N ] is transformed

into approximate upper triangular form H[K+1→N ] =

(
T A

E C

)
, with T being an up-

per triangular matrix of dimension (M − g) × (M − g) with non-zero entries on the

main diagonal, and arbitrary stru
ture of A, E, and C. With this modi�ed represen-

tation, en
oding 
an be a

omplished with time 
omplexity O(N + g2). By using a

greedy algorithm for the approximate triangulation of the 
he
k matrix, a small size g

of the so-
alled gap 
an be a
hieved, resulting in quasi linear en
oding 
omplexity.

Details on the greedy approximate triangulation and the subsequent en
oding pro
ess


an be found in [RU01a, RU08℄.

Novel Approximate Triangulation for En
oding without Column Swaps

A drawba
k of en
oding by approximate triangulation as proposed in [RU01a℄ is that

the greedy algorithm swaps many 
olumns and rows in the 
he
k matrix to a
hieve a

small gap g. The swapping of 
olumns 
oin
ides with a 
orresponding reordering of

the 
ode symbol positions. For 
odes that have been spe
i�
ally optimized to have

a 
ertain order of 
olumns, this reordering is undesirable. One reason for the im-

portan
e of the 
olumn order 
an be spe
i�
 roles that are assigned to spe
i�
 
ode

symbol positions, like 
ertain symbols being 
andidates for adapting the 
ode rate by

shortening or pun
turing (see Chapter 3) or di�erent symbols having unequal error

prote
tion (UEP) levels. Another reason 
an be de
oder ar
hite
tures using sophisti-


ated message-passing s
hedules (see Chapter 5) whi
h perform message updates in

spe
i�
ally optimized orders, and thus being sus
eptible to 
hanges in the order of


he
k matrix 
olumns as well as rows. To a

ount for these e�e
ts, an alternative

approximate triangulation and en
oding method is proposed in the following.

The 
entral requirement of this method is that the original 
he
k matrix H 
an be

used for de
oding without modi�
ations. This is a
hieved by �nding a reordered

matrix H̃ whi
h enables e�
ient en
oding and subsequently applying a permutation

to the resulting 
ode word to ensure 
ompatibility with the original matrix H. For

systemati
 en
oding, the parity 
he
k equations (2.11) 
an be rephrased as follows:

(x,p) ·
(
H[1→K], H[K+1→N ]

)T
= 0

⇔ p ·HT
[K+1→N ] = x ·HT

[1→K] (2.33)

⇔ p = x ·HT
[1→K] ·

(
H

T
[K+1→N ]

)−1

. (2.34)
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Using (2.33), en
oding � whi
h means �nding p for a given x � 
ould be done in

linear time by ba
k substitution if the square full rank matrix H[K+1→N ] had upper

triangular form, whi
h is not the 
ase in general. To approximate this triangular

form, the modi�ed 
he
k matrix

H̃ = P
r

·
(
H[1→K],H[K+1→N ] ·P


)
=
(
P
r

·H[1→K],Pr ·H[K+1→N ] ·P

)

(2.35)

is 
onstru
ted by arbitrarily ex
hanging rows and ex
hanging 
olumns only within

the parity part of H su
h that P
r

·H[K+1→N ] ·P
 is in approximate upper triangular

form, where the gap size g is as small as possible. The M×M permutation matrix P
r

des
ribes the row ex
hanges while theM×M permutation matrix P



des
ribes the 
ol-

umn ex
hanges within the parity part.

7

In 
ontrast to the approa
h of [RU01a℄, here

no ex
hanges of 
olumns between the information part and parity part are allowed

to ensure that the information symbol positions are not 
hanged. This is a
hieved by

using the greedy algorithm in [RU08, Appendix A.2℄ in a modi�ed version that only


hooses 
olumns in the range K + 1 to N . Although, the resulting gap g is generally

larger than for the original greedy triangulation, empiri
al observations show that in

many 
ases g ≪ M still holds and near linear time en
oding 
an thus be a
hieved.

Using the modi�ed 
he
k matrix H̃ and (2.33), en
oding results in the 
ode word

ỹ = (x, p̃) with

p̃ · H̃T
[K+1→N ] = x · H̃T

[1→K]

⇔ p̃ ·
(
P
r

·H[K+1→N ] ·P

)T

= x ·
(
P
r

·H[1→K]

)T

⇔ p̃ ·PT



·HT
[K+1→N ] ·PT

r

= x ·HT
[1→K] ·PT

r

⇔ p̃ ·PT



= x ·HT
[1→K] ·

(
H

T
[K+1→N ]

)−1

⇒ p = p̃ ·PT



= p̃ ·P−1



. (2.36)

It follows, that the desired 
ode word y = (x,p) 
an be easily 
omputed from ỹ by ap-

plying the inverse permutation P
−1



to the parity word p̃. Using this method, e�
ient

en
oding 
an be realized by using the modi�ed matrix H̃ and the permutation P
−1



,

while the de
oder 
an use the matrix H without any modi�
ations.

Stru
tured LDPC Codes

Although the methods des
ribed above are generally appli
able to LDPC 
odes, in

pra
ti
al systems even more e�
ient en
oders are desirable that do not have to store a

spe
i�
 en
oding matrix (i.e., neither the generator matrix nor a triangulated version

7

A permutation matrix is de�ned as a binary square matrix that has exa
tly one 1-entry in ea
h

row and 
olumn and zeros elsewhere. When a matrix M is multiplied by a permutation matrix from

the left, a 1 in the i-th row and j-th 
olumn of the permutation matrix moves the j-th row of M to

the i-th position. On the other hand, when a matrix M is multiplied by a permutation matrix from

the right, a 1 in the i-th row and j-th 
olumn of the permutation matrix moves the i-th 
olumn of

M to the j-th position. Furthermore, the inverse of a permutation matrix equals its transpose, i.e.,

P−1 = PT
.
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of the 
he
k matrix). This is 
ommonly a
hieved by using LDPC 
odes with spe
ially

stru
tured 
he
k matri
es for whi
h spe
i�
 linear time en
oders are available. The

most prominent examples in
lude:

• irregular repeat-a

umulate (IRA) 
odes [JKM00℄ as used, e.g., in the digital

video broad
ast standards DVB-S2 [Eur09a℄ for satellite and DVB-T2 [Eur09b℄

for terrestrial transmission,

• quasi-
y
li
 (QC) LDPC 
odes (see Se
tion 2.9) as used, e.g., in the wire-

less standards IEEE 802.11n (WLAN) [IEE09b℄ and IEEE 802.16e (WiMAX)

[IEE09a℄,

• and LDPC 
onvolutional 
odes [JFZ99℄ as used, e.g., in IEEE 1901-2010 (broad-

band over power lines) [IEE10℄.

2.5 Message-Passing De
oding

It was shown in [Gal63℄ that the minimum distan
e of randomly 
onstru
ted LDPC


odes grows linearly with in
reasing 
ode length if the 
he
k matrix is su�
iently

sparse. Furthermore, it was proved in [Ma
99℄ that the Shannon 
apa
ity [Sha48℄


an be approa
hed arbitrarily 
losely with LDPC 
odes if the 
ode length goes to

in�nity and optimal maximum-likelihood (ML) de
oding is applied. While this prop-

erty has also been shown for other 
odes before, the reason for the su

ess of LDPC


odes is the availability of de
oding algorithms with 
omplexity growing only linear

with the 
ode length. The most widely used LDPC de
oding algorithms belong to

the 
lass of message-passing algorithms whi
h iteratively 
ompute and pass messages

between nodes in the graph representation of a 
ode. Unfortunately, these de
oding

algorithms are suboptimal in the sense that they not always yield the ML solution.

This suboptimality is in�i
ted by 
y
les within the graph, whi
h 
ause messages

to transport statisti
ally dependent information after some iterations. Nevertheless,

empiri
al results indi
ate that even under suboptimal message-passing de
oding, er-

ror 
orre
tion performan
e very 
lose to the theoreti
al Shannon 
apa
ity 
an be

a
hieved [CFRU01℄ with linear 
omplexity, whereas generally ML de
oding has expo-

nential 
omplexity [Var97℄. A brief des
ription of message-passing de
oding in general

and the prevalent instan
e of the belief propagation (BP) (or sum-produ
t) de
oder

are presented in the following.

Given the bipartite Tanner graph des
ription of an LDPC 
ode, a message-passing

de
oder is determined by four main 
omponents.

1. The message generating fun
tion fv→c(·) that 
omputes messages vn,m sent

from variable node n to 
he
k node m:

vn,m = fv→c

(
cm1,n

, . . . , cmd
v,n

,n

)
∀n ∈ {1, . . . , N}, mi ∈ M(n). (2.37)
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2. The message generating fun
tion fc→v(·) that 
omputes messages cm,n sent

from 
he
k node m to variable node n:

cm,n = fc→v

(
vn1,m, . . . , vnd


,m
,m

)
∀m ∈ {1, . . . ,M}, ni ∈ N (m). (2.38)

3. A message-passing s
hedule that determines in whi
h order messages are 
om-

puted and passed to neighboring nodes.

4. A stopping rule that is used to de
ide when to �nalize the message-passing

pro
ess.

A tremendous variety of message-passing algorithms di�ering in all four 
omponents

has been proposed for the de
oding of LDPC 
odes, e.g., [FMI99℄, [MB01a℄, [ZF02℄,

[Ho
04℄, [CGW07a℄, [YEK

+
07℄. Nevertheless, only the instan
e of belief propagation

de
oding in the LLR domain for binary LDPC 
odes is introdu
ed here. For the 
ase

of non-binary 
odes over Fq, a generalized, though more 
omplex, de
oder is given

in Se
tion 2.10. Furthermore, a more extensive analysis of de
oders with di�erent

message-passing s
hedules is 
ondu
ted in Chapter 5.

Belief Propagation De
oding for Binary LDPC Codes

As only transmission over the AWGN 
hannel is 
onsidered, BP de
oding always

starts by initializing all variable-to-
he
k messages vn,m with the 
hannel LLRs Ln:

vn,m = Ln = 4
E
s

N0
zn, ∀n ∈ {1, . . . , N}, m ∈ M(n). (2.39)

Then, in the so-
alled 
he
k node update (or horizontal step) the outgoing messages

of all 
he
k nodes are 
omputed using the message generating fun
tion fc→v:

cm,n = fc→v

(
vn1,m, . . . , vnd


,m
,m

)

= 2 atanh




∏

n′∈N (m)\n

tanh
(vn′,m

2

)



(2.40)

= ⊞

∑

n′∈N (m)\n

vn′,m ∀m ∈ {1, . . . ,M}, n ∈ N (m), (2.41)

where the operator \ denotes ex
lusion from a set and ⊞
∑

represents a summation

using the boxplus operator ⊞ [HOP96℄. Thus, an outgoing message of a 
he
k node

represents the extrinsi
 (boxplus) summation of all in
oming messages of that 
he
k

node, ex
ept for the one that 
ame from the same edge the message is sent to. In

the subsequent variable node update (also verti
al step) the outgoing messages of all

variable nodes are 
omputed using the message generating fun
tion fv→c:

vn,m = fv→c

(
cm1,n

, . . . , cmd
v,n

,n

)

= Ln +
∑

m′∈M(n)\m

cm′,n ∀n ∈ {1, . . . , N},m ∈ M(n). (2.42)
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An outgoing message of a variable node is 
omputed by adding the 
hannel LLR Ln

and the extrinsi
 knowledge of all in
oming messages, ex
ept for the one that 
ame

from the same edge the message is sent to. This summation is motivated by the

assumption that all in
oming messages are statisti
ally independent. In general, this

assumption only holds for 
y
le free graphs. As mentioned above, LDPC 
odes do

not have 
y
le free graphs, but rather exhibit a large number of 
y
le. This 
auses

ina

ura
ies in the message updates sin
e after only a few iterations statisti
ally

dependent knowledge is summed up. The exa
t tra
king of all statisti
al dependen
ies

of messages is prohibitively 
omplex su
h that the resulting ina

ura
ies have to be

tolerated.

The default message-passing s
hedule used in BP de
oding is the so-
alled �ooding

s
hedule. In the 
he
k node update all 
he
k-to-variable messages are 
omputed in

parallel and propagated (�ooded) to the 
onne
ted variable nodes. Likewise, in the

subsequent variable node update all variable-to-
he
k messages are 
omputed in par-

allel and propagated to the 
onne
ted 
he
k nodes. One iteration of the �ooding

s
hedule, thus, 
onsists of the 
omputation and propagation of |H| 
he
k-to-variable
messages followed by the 
omputation and propagation of |H| variable-to-
he
k mes-

sages.

The default stopping rule 
onsists of two 
riteria. Firstly, after ea
h iteration the

parity 
he
k equations are evaluated using a hard de
ision

ŷn =

{
0 if vn ≥ 0

1 if vn < 0
, ∀n ∈ {1, . . . , N} (2.43)


omputed from the 
urrent a posteriori LLRs

vn = Ln +
∑

m∈M(n)

cm,n ∀n ∈ {1, . . . , N}, (2.44)

whi
h 
ontain the 
hannel knowledge Ln and all extrinsi
 information gathered from

neighboring 
he
k nodes. If all 
he
k equations are ful�lled, de
oding is stopped

by de
laring a de
oding su

ess, and the estimates ŷ1, . . . , ŷK of the transmitted

information symbols are forwarded. If, on the other hand, no valid 
ode word is found

after a prede�ned maximum number I
max

of �ooding iterations, de
oding is aborted

by de
laring a de
oding failure and, depending on the appli
ation, the (erroneous)

estimates ŷ1, . . . , ŷK 
an be forwarded to the next blo
k in the re
eiver 
hain. In

summary, there are three possible out
omes of the de
oding pro
ess:

1. No 
ode word is found:

Errors are still present in the de
oder output and the de
oder de
lares a failure.

2. The 
orre
t 
ode word is found:

The de
oder de
lares a su

ess and there are no errors in the output.

3. A wrong 
ode word is found:

The de
oder de
lares a su

ess but there are still errors in the output. These

errors are 
alled undete
ted errors.
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2.6 Performan
e Measures

Throughout this thesis, several measures are used to evaluate the performan
e of

LDPC 
ode ensembles and of spe
i�
 
ode instan
es regarding error 
orre
tion 
apa-

bilities, 
onvergen
e speed of iterative de
oding, and 
omputational 
omplexity.

2.6.1 Ensemble Performan
e

It is well-known that the degree distributions λ(x) and ρ(x) of an LDPC 
ode strongly

in�uen
e its error 
orre
ting 
apabilities [LMSS01, RSU01℄. To evaluate a degree dis-

tribution pair, the asymptoti
 behavior of message-passing de
oding of the (N,λ, ρ)
ensemble 
ontaining all LDPC 
odes of length N with degree distributions λ(x)
and ρ(x) is examined.

Ensemble Threshold

Under the assumption of in�nite 
ode length N → ∞ and a 
y
le-free Tanner graph, a

so-
alled ensemble threshold τ(λ, ρ) = (E
b

/N0)
thresh

exists that represents the lowest


hannel quality (E
b

/N0)
thresh

at whi
h error-free de
oding is theoreti
ally possible

with an LDPC 
ode from the (λ, ρ) ensemble [RU01b℄. Di�erent methods to 
ompute

this ensemble threshold are dis
ussed in Se
tion 2.7. In this sense, a 
ode with a


ertain degree distribution pair (λ, ρ) 
an on average be expe
ted to have better error


orre
tion properties than a 
ode with a di�erent degree distribution pair (λ̃, ρ̃) if the


orresponding ensemble threshold τ(λ, ρ) is lower than τ(λ̃, ρ̃).

Gap of Ensemble Threshold to Capa
ity

For the BIAWGN 
hannel, a minimum 
hannel quality q(r) = (E
b

/N0)r,min

for whi
h

error free de
oding is theoreti
ally possible with a 
hannel 
ode of rate r 
an be


omputed from the Shannon 
apa
ity [Sha48℄ by restri
ting the 
hannel input to

binary values (see, e.g., [Bre14, Appendix A.3℄). For an easier 
omparison of the

performan
e of 
odes of di�erent 
ode rates, the gap of the ensemble threshold τ(λ, ρ)
to the respe
tive 
apa
ity limit q(r) is employed as performan
e indi
ator and denoted

γ(λ, ρ)|
dB

= τ(λ, ρ)|
dB

− q(r)|
dB

, (2.45)

where the notation x|
dB

= 10 log10(x) is used to 
onvert a value to the dB s
ale. The

resulting linear expression is thus given by

γ(λ, ρ) =
τ(λ, ρ)

q(r)
. (2.46)

Consequently, a gap of the ensemble threshold to 
apa
ity of, e.g., 3 dB means that

a 
ode from the 
onsidered ensemble needs at least two times more energy for error-

free transmission than a perfe
tly 
apa
ity-a
hieving 
ode. It should be noted that

ensemble thresholds as well as gaps to 
apa
ity will be mostly given on the dB s
ale

if presented as numeri
al results.
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Stability Condition

Given a degree distribution pair (λ, ρ), the so-
alled stability 
ondition [RSU01℄ pro-

vides a lower bound on the ensemble threshold, that is mu
h easier to 
ompute than

the exa
t threshold and thus is 
ommonly used as additional 
onstraint during the op-

timization of degree distributions. For the BIAWGN 
hannel the stability 
ondition

is given by [RSU01℄

λ′(0)ρ′(1) < e
1

2σ2n , (2.47)

where λ′(x) = d

dxλ(x) and ρ′(x) = d

dxρ(x) denote the derivatives with respe
t to x
and σ2

n denotes the AWGN 
hannel noise varian
e whi
h for 
ode rate r is given by

σ2
n =

N0

2rE
b

=
1

2rE
b

/N0
=
↑

at threshold

1

2rτ(λ, ρ)
. (2.48)

By inserting the resulting noise varian
e (2.48) at the ensemble threshold, the stability


ondition (2.47) 
an be rewritten as

λ′(0)ρ′(1) < erτ(λ,ρ)

⇔ τ(λ, ρ) >
ln (λ′(0)ρ′(1))

r
, (2.49)

yielding a lower bound on the ensemble threshold. Another formulation of the stability


ondition is often used to upper bound the fra
tion of degree 2 variable nodes during
the optimization of degree distributions:

λ′(0)ρ′(1) = λ2

d

∑

j=2

ρj(j − 1) < erτ(λ,ρ)

⇔ λ2 <
erτ(λ,ρ)

∑d



j=2 ρj(j − 1)
. (2.50)

2.6.2 Code Performan
e

On
e a spe
i�
 
ode has been 
hosen from an ensemble, i.e., a 
he
k matrix H has

been 
onstru
ted, its performan
e is evaluated by Monte Carlo simulations.

Bit Error Rate (BER)

The bit error rate (BER) is measured by transmitting and de
oding a su�
ient num-

ber of random information words and observing the fra
tion of erroneous bits at the

de
oder output. The measured BER is, thus, an estimate of the bit error probability

of the transmission system in
luding forward error 
orre
tion. In 
ase of non-binary


odes, the de
oded symbols are expanded to their binary representation before the

BER is measured.
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Frame Error Rate (FER)

The frame error rate (FER) or word error rate is measured by transmitting and

de
oding a su�
ient number of random information words and observing the fra
tion

of de
oded words that 
ontain at least one error at the de
oder output. Again, the true

frame error probability of the transmission system in
luding forward error 
orre
tion

is estimated by the FER.

Undete
ted BER (uBER) and undete
ted FER (uFER)

Whenever the de
oder 
onverges to a wrong 
ode word, the resulting errors are


ounted as undete
ted bit errors and undete
ted frame errors, respe
tively. The rela-

tions

uBER ≤ BER and (2.51)

uFER ≤ FER (2.52)

hold, sin
e all undete
ted errors are also in
luded in the overall error rates.

BER Threshold

In some 
ases, rather than the shape of the BER versus 
hannel quality 
urve, it is

only of interest at whi
h 
hannel quality a 
ertain target BER is a
hieved by a 
ode.

This 
hannel quality is referred to as BER threshold and the 
orresponding E
b

/N0

value is denoted τ [BER]
. Due to a �nite 
ode length, the BER threshold is lower

bounded by the respe
tive ensemble threshold:

τ [BER] > τ(λ, ρ). (2.53)

Gap of BER Threshold to Capa
ity

Equivalently to the ensemble threshold, the gap of the BER threshold τ [BER]
to the

respe
tive 
apa
ity limit q(r) is employed for an easier 
omparison of 
odes with

di�erent 
ode rates and denoted

γ[BER]
∣∣∣
dB

= τ [BER]
∣∣∣
dB

− q(r)|
dB

⇔ γ[BER] =
τ [BER]

q(r)
. (2.54)

Again, the gap of the BER threshold is lower bounded by the gap of the ensemble

threshold:

γ[BER] > γ(λ, ρ). (2.55)

Average Number of Iterations / Message Updates

While message-passing de
oders are usually 
onstrained by the maximum number of

de
oding iterations I
max

, the average 
omputational 
omplexity is governed by the

average number of de
oding iterations I
avg

that are exe
uted at di�erent 
hannel

qualities. For a fair 
omparison of 
ases in whi
h the 
omplexity per iteration is not


onstant, the average number U
avg

of messages that are updated in total is employed

instead.
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Convergen
e Speed

Espe
ially for low-
omplexity appli
ations, the BER performan
e after only a few

iterations is of interest. To evaluate the 
onvergen
e speed of de
oding for di�erent


odes, the BER or FER is measured at the end of ea
h iteration. This way, the

behavior of the error rate at di�erent stages of the de
oding pro
ess 
an easily be


ompared for di�erent 
odes and/or di�erent de
oders.

2.7 Ensemble Optimization

The optimization of LDPC 
odes is 
ommonly divided into two parts: �nding a degree

distribution pair (λ, ρ) with a su�
iently good ensemble threshold τ(λ, ρ), followed
by �nding a 
ode instan
e of desired length and with su�
iently good error 
orre
tion

performan
e from this ensemble (i.e., 
onstru
ting a 
he
k matrix H of 
orresponding

size). The �rst part is referred to as ensemble optimization and 
overed for the 
ase

of binary LDPC 
odes in this se
tion, while the se
ond part is referred to as 
ode


onstru
tion whi
h is 
overed for the 
ase of binary LDPC 
odes in Se
tion 2.8.

Before the ensemble optimization pro
ess is explained in Se
tion 2.7.2, di�erent meth-

ods of 
omputing the ensemble threshold τ(λ, ρ) are presented in Se
tion 2.7.1, sin
e

they are needed to evaluate the obje
tive fun
tion of the optimization.

2.7.1 Density Evolution for Binary LDPC Codes

In [RU01b℄ density evolution (DE) was introdu
ed as a te
hnique for 
omputing

the ensemble thresholds of LDPC 
ode ensembles. It is based on the idea of asymp-

toti
ally tra
king the probability density fun
tions (pdfs) of the messages that are


omputed by a message-passing de
oder to evaluate if it potentially 
onverges to zero

error probability. This pro
ess is brie�y reviewed for the BIAWGN 
hannel and BP

de
oding of binary LDPC 
odes in the following and is depi
ted in Figure 2.3.

Due to the linearity of LDPC 
odes, w.l.o.g. only the transmission of the all-zero 
ode

word is 
onsidered. With E
s

= 1, the 
hannel output LLRs 
an then be des
ribed

by a Gaussian random variable with mean µL = 4 E
s

N0
, varian
e σ2

L = 2µL = 8 E
s

N0
, and

pdf [tB01℄

p
AWGN,LLR

(x) =
1√
2πσ2

L

exp

(
− (x− µL)

2

2σ2
L

)

=
1

4
√
π E

s

N0

exp


−

(
x− 4 E

s

N0

)2

16 E
s

N0


 . (2.56)
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Figure 2.3: Blo
k diagram of message-passing de
oding with 
orresponding pdfs.

In the initialization step (2.39) of the BP de
oder, all variable-to-
he
k messages are

initialized with the 
hannel output LLRs. Thus, the initial pdf of these messages is

p[0]
v

= p
AWGN,LLR

. (2.57)

To simplify the notation, pdfs are written without their argument, e.g., p
[0]
v

= p
[0]
v

(x).

Deriving the pdf p
[k]

,j of an outgoing message of a degree-j 
he
k node after the k-th

iteration a

ording to the BP 
he
k node update (2.41) is rather laborious and thus

not expli
ated here. A detailed des
ription is found in [RSU01℄ and 
an be stated as

p
[k]

,j = Γ−1

((
Γ
(
p[k−1]
v

))⊛(j−1)
)
, (2.58)

where the transformation Γ to a spe
ial logarithmi
 domain is 
hosen in su
h a way,

that the boxplus operation of two transformed random variables results in the 
onvo-

lution of the transformed pdfs. The 
orresponding inverse transform is denoted Γ−1
.

Finally, (·)⊛(j−1)
denotes the (j−1)-fold 
onvolution resulting from the boxplus sum-

mation of (j − 1) in
oming messages whi
h is performed at a degree j 
he
k node.

More pre
isely, x⊛0 := δ(x), x⊛1 = x, x⊛2 = x⊛ x, and so forth, where δ(x) denotes
the Dira
 delta fun
tion. The edge interleaving is assumed to be random, su
h that

ea
h edge is 
onne
ted to a degree j 
he
k node with probability ρj . Thus, the pdf p
[k]
v

at the input of the variable node de
oder is given by

p[k]



= Γ−1




d

∑

j=2

ρj ·
(
Γ
(
p[k−1]
v

))⊛(j−1)


 =: Γ−1

(
ρ
(
Γ
(
p[k−1]
v

)))
. (2.59)

The variable node de
oder assumes all in
oming messages to be statisti
ally inde-

pendent and 
omputes the outgoing messages of a degree i variable node as the

summation of its 
hannel LLR and (i − 1) in
oming messages from the 
onne
ted


he
k nodes. This summation translates to a 
onvolution of the 
orresponding pdfs,

and the output pdf is given by

p
[k]
v,i = p

AWGN,LLR

⊛

(
p[k]



)⊛(i−1)

. (2.60)

Again, due to the random edge interleaving, ea
h edge is 
onne
ted to a degree i

variable node with probability λi, su
h that the pdf p
[k]
v

at the input of the 
he
k
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node de
oder is given by

p[k]
v

= p
AWGN,LLR

⊛

d
v∑

i=2

λi ·
(
p[k]



)⊛(i−1)

=: p
AWGN,LLR

⊛ λ
(
p[k]



)
. (2.61)

In summary, the DE re
ursion for the outgoing variable node pdf after the k-th
iteration 
an be written as

p[k]
v

= p[0]
v

⊛ λ
(
Γ−1

(
ρ
(
Γ
(
p[k−1]
v

))))
, for k > 0, (2.62)

with p
[0]
v

= p
AWGN,LLR

. Sin
e the all-zero 
ode word was sent, a variable node message

is in error if and only if it 
arries a negative LLR. The probability of an erroneous

variable node message after the k-th iteration, thus, results in

P[k]
error

=

∫ 0

−∞

p[k]
v

(x) dx. (2.63)

If P
[k]
error

→ 0 for k → ∞, the hard de
isions of all messages are 0, resulting in asymp-

toti
ally error-free de
oding, as transmission of the all-zero 
ode word is 
onsidered

due to the linearity of the LDPC 
ode.

The DE re
ursion (2.62) only depends on the degree distribution pair (λ, ρ) and

the 
hannel quality E
s

/N0. Thus, to 
he
k if a 
hannel quality E
s

/N0 lies above

the ensemble threshold τ(λ, ρ), it has to be evaluated whether P
[k]
error

→ 0 for k → ∞;

otherwise, the tested 
hannel quality lies below the ensemble threshold. To determine

τ(λ, ρ) up to a desired pre
ision, a binary sear
h strategy 
an be employed. Starting

in the middle of a range of 
hannel qualities, the DE re
ursion is evaluated until

either P
[k]
error

≈ 0 or P
[k]
error

stops de
reasing, i.e., P
[k]
error

≮ P
[k−1]
error

for a su�
iently large

number of iterations. Depending on the out
ome, the 
onsidered range is either set

to the lower or upper half of the previous range. This pro
ess is repeated until the

range 
ontaining the threshold τ(λ, ρ) has rea
hed the target pre
ision.

It should be noted that the evaluation of the DE re
ursion only des
ribes the asymp-

toti
 behavior of an ensemble for N → ∞. At �nite 
ode lengths however, the

presen
e of 
y
les of length 2l violates the assumption of statisti
al independen
e of

messages after l iterations. Consequently, for all pra
ti
al 
ode lengths the ensemble
threshold 
an be understood as a lower bound for the 
hannel quality at whi
h near

error-free de
oding 
an be a
hieved. In [CFRU01℄ a 
ode of length 107 was presented
that a
hieves BER 10−6

only 0.025 dB above its ensemble threshold. Furthermore, it

was shown that for large maximum variable node degrees d
v

, the ensemble threshold


onverges towards the 
hannel 
apa
ity [RSU01, CFRU01℄.

The problem of 
omputing the DE re
ursion (2.62) remains, sin
e in general it 
annot

be analyti
ally solved for 
ontinuous pdfs. Two approa
hes to deal with this issue

are reviewed in the following: the so-
alled Gaussian approximated density evolution

(GADE) [CRU01℄ and the dis
retized density evolution (DDE) [CFRU01℄.
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Gaussian Approximated Density Evolution (GADE) [CRU01℄

In GADE the pdfs of all messages are approximated by Gaussian distributions that

ful�ll the so-
alled symmetry 
ondition f(x) = f(−x)ex [RSU01℄, whi
h for Gaussian

distributions N (µ, σ2) redu
es to σ2 = 2µ. This way, ea
h message pdf 
an be

fully des
ribed by only its mean µ, and the DE re
ursion (2.62) simpli�es to an

expression that is analyti
ally tra
table as follows. The mean of the 
hannel output

pdf is denoted µL as before. The mean of an outgoing message of a degree-i variable

node after the k-th iteration is denoted µ
[k]
v,i and that of a degree-j 
he
k node is

denoted µ
[k]

,j , respe
tively. Taking the mean on both sides of the variable node update

equation (2.42) for a degree-i variable node yields the mean

µ
[k]
v,i = µL + (i− 1)µ[k]




. (2.64)

with µ
[k]



=
∑d




j=2 ρjµ
[k]

,j due to random edge interleaving. Additionally, taking the

mean on both sides of the 
he
k node update equation (2.41), the following relation


an be derived [CRU01℄

µ
[k]

,j = φ−1


1−

(
1−

d
v∑

i=2

λiφ
(
µ
[k]
v,i

))j−1

 , (2.65)

where the fun
tion φ(x) for x ≥ 0 is de�ned as

φ(x) =





1− 1√

4πx

∫ ∞

−∞

tanh
(u
2

)
e−

(u−x)2

4x
du, for x > 1

1, for x = 0.

(2.66)

Finally, the GADE re
ursion is given by

µ[k]



=

d

∑

j=2

ρjφ
−1


1−

(
1−

d
v∑

i=2

λiφ
(
µL + (i− 1)µ[k−1]




))j−1

 , (2.67)

for k ≥ 1 and with µ
[0]



= 0. In this form, the error probability P
[k]
error

goes to zero if

and only if µ
[k]



→ ∞ for k → ∞. The lowest 
hannel quality for whi
h this is the


ase is 
alled the GADE threshold τ
GADE

(λ, ρ).

The 
omputational 
omplexity of 
omputing the GADE threshold is very low, making

it suitable for rapid performan
e evaluation during ensemble optimization. However,

the assumption of pdfs being Gaussian does not exa
tly model the behavior of the

BP de
oder, sin
e espe
ially the 
he
k node output pdf does not mat
h a Gaussian

distribution very well. Thus, the values of GADE thresholds τ
GADE

(λ, ρ) only approx-
imate the true ensemble thresholds τ(λ, ρ). As shown further below in Figure 2.4 on

page 31 for some exemplary ensembles, the approximation be
omes better for higher


ode rates r and also for lower maximum variable node degrees d
v

.
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Dis
retized Density Evolution [CFRU01℄

Rather than restri
ting pdfs to 
ertain forms, the approa
h of DDE models a message-

passing de
oder in whi
h all in
oming and outgoing LLR messages (in
luding the


hannel LLRs) are (uniformly) quantized a

ording to

Q(x) =






⌈
max(x, x

min

)

∆x
− 1

2

⌉
·∆x, for x ≤ −∆x

2

0, for − ∆x

2
≤ x ≤ ∆x

2⌊
min(x, x

max

)

∆x
+

1

2

⌋
·∆x, for x ≥ ∆x

2

, (2.68)

where ∆x =
x
max

−x
min

2b−1
is the quantization interval width, b is the number of quan-

tization bits, and x
max

and x
min

are the maximum and minimum LLR values to be

represented. In this quantized form all messages are 
hara
terized by a dis
rete prob-

ability mass fun
tion (pmf) P(x = c∆x) = P(c∆x), 
ontaining the 2b probabilities for
c = ⌈x

min

∆x − 1
2⌉, . . . ,−1, 0, 1, . . . , ⌊x

max

∆x + 1
2⌋. The variable node update then results

in the dis
rete 
onvolution

P[k]
v

= P
AWGN,LLR

⊛

d
v∑

i=2

λi

(
P[k]



)⊛(i−1)

, (2.69)

with P
[k]
v

and P
[k]



denoting the pmf of in
oming 
he
k node messages and in
oming

variable node messages, respe
tively, both at the k-th iteration, and P
AWGN,LLR

de-

noting the pmf of the quantized 
hannel LLRs. Ea
h of the dis
rete 
onvolutions of

two 2b-point pmfs in (2.69) 
an be e�
iently 
omputed using a 2b-point Fast Fourier

Transform (FFT). The output pmf P
[k]

,j of a degree j 
he
k node 
an be 
omputed by

P
[k]

,j(c∆x) =

∑

(c1,...,cj−1):
Q(c1∆x⊞ ···⊞ cj−1∆x)=c∆x

j−1∏

j′=1

P[k−1]
v

(
cj′∆x

)
, (2.70)

for c = ⌈x
min

∆x
− 1

2
⌉, . . . , ⌊x

max

∆x
+ 1

2
⌋. Thus, the probability P

[k]

,j(c∆x) that the outgoing

LLR is equal to c∆x is 
omputed by summing over all possible 
ombinations of the

j−1 quantized input LLRs c1∆x, . . . , cj−1∆x su
h that their boxplus sum equals c∆x
(after quantization). After random edge interleaving the pmf of the variable node

input results in

P[k]



(c∆x) =

d

∑

j=2

ρj
∑

(c1,...,cj−1):
Q(c1∆x⊞ ···⊞ cj−1∆x)=c∆x

j−1∏

j′=1

P[k−1]
v

(
cj′∆x

)
. (2.71)

The DDE re
ursion is thus given by the alternating 
omputation of (2.69) and (2.71)

for k ≥ 1, where the initial pmf P
[0]



= δ(c∆x) has all mass at c∆x = 0. The
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probability of a 
he
k-to-variable message to be in error after k iterations is 
omputed

by

P[k]

,error =

−1∑

c=
⌈x

min

∆x
− 1

2

⌉
P[k]



(c∆x) +
1

2
P[k]



(0), (2.72)

i.e., the sum over the probabilities of all negative quantization intervals and half of the

quantization interval around zero. The lowest 
hannel quality for whi
h P
[k]

,error → ∞

for k → ∞ is denoted the DDE threshold τ
DDE

(λ, ρ). This threshold approa
hes

the true ensemble threshold τ(λ, ρ) for an in
reasing number b of quantization bits.

However, the 
omputation of the pdf after the 
he
k node update (2.70) entails a


omputational 
omplexity that grows quadrati
ally with the number of quantization

intervals, i.e., it lies in O(22b), whi
h qui
kly be
omes infeasible if a high resolution

is used, e.g., in global optimization s
hemes.

Exemplary Ensemble Thresholds

Several exemplary degree distribution pairs (λ, ρ) of optimized LDPC 
ode ensembles

with maximum variable node degrees d
v

∈ {4, 30} and 
ode rates r ∈ {0.1, . . . , 0.9}
are given in Table 2.1. All have so-
alled 
on
entrated 
he
k node degree distributions

ρ(x) = ρjx
j−1+ρj+1x

j

ontaining only two 
onse
utive degrees j and j + 1 [CRU01℄.

λ(x)

r λ2 λ3 λ4 λ5 λ20 λ30 ρ(x)

d

v

=
4

0.1 0.618 0.086 0.296 - - - 0.223x+ 0.777x2

0.2 0.552 0.105 0.343 - - - 0.808x2 + 0.192x3

0.3 0.472 0.077 0.451 - - - 0.145x2 + 0.855x3

0.4 0.418 0.093 0.489 - - - 0.347x3 + 0.653x4

0.5 0.379 0.047 0.574 - - - 0.23x4 + 0.77x5

0.6 0.356 0.146 0.498 - - - 0.865x6 + 0.135x7

0.7 0.32 0.105 0.575 - - - 0.144x8 + 0.856x9

0.8 0.275 0.088 0.637 - - - 0.653x14 + 0.347x15

0.9 0.217 0.228 0.555 - - - 0.068x29 + 0.932x30

d

v

=
3
0

0.1 0.349 0.175 0.092 0.092 0.116 0.176 0.087x2 + 0.913x3

0.2 0.267 0.205 0.091 0.081 0.189 0.167 0.089x3 + 0.911x4

0.3 0.224 0.185 0.109 0.078 0.162 0.242 0.838x5 + 0.162x6

0.4 0.218 0.135 0.099 0.164 0.165 0.219 0.63x6 + 0.37x7

0.5 0.182 0.163 0.08 0.116 0.167 0.292 0.307x8 + 0.693x9

0.6 0.172 0.154 0.113 0.047 0.326 0.188 0.327x11 + 0.673x12

0.7 0.15 0.141 0.106 0.109 0.195 0.299 0.45x16 + 0.55x17

0.8 0.127 0.138 0.141 0.071 0.181 0.342 0.13x26 + 0.87x27

0.9 0.114 0.141 0.161 0.078 0.171 0.335 0.349x54 + 0.651x55

Table 2.1: LDPC 
ode ensembles (λ, ρ) with maximum variable node degrees

d
v

∈ {4, 30} and 
ode rates r ∈ {0.1, . . . , 0.9}.
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The thresholds τ
GADE

(λ, ρ) and τ
DDE

(λ, ρ) of all degree distribution pairs are 
omputed

using GADE and DDE. Sin
e both the 
omplexity as well as the a

ura
y of the

threshold predi
tion of DDE in
rease with the number b of quantization bits, di�erent
values of b ∈ {4, 5, 6, 7, 8, 12} are examined to identify whi
h value o�ers the best trade-

o� between 
omplexity and a

ura
y. The range for the pdfs of DDE was empiri
ally


hosen as [x
min

, x
max

] = [−5, 30].

For an easier 
omparison of di�erent 
ode rates, the gaps γ(λ, ρ) in dB of the found

thresholds to the Shannon 
apa
ity at the 
orresponding rates are shown in Figure 2.4.

In the top left plot, gaps for the d
v

= 4 ensembles are depi
ted over the 
ode rate.

Sin
e for more than about b = 8 quantization bits the 
omputed DDE thresholds are

no longer 
hanging, their values 
an be assumed to 
losely mat
h the true ensemble

thresholds. Both the predi
tion of thresholds by DDE with b = 6 quantization bits

and by GADE slightly overestimate the gap to 
apa
ity by about 0.1 dB on average,
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Figure 2.4: Comparison of thresholds of ensembles from Table 2.1, 
omputed with

GADE and DDE with di�erent numbers of quantization bits.
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where gaps are predi
ted more pre
isely with in
reasing 
ode rate. For DDE with

only b = 4 bits the estimation error is greater than 2 dB at low rates and about

0.2 dB at high rates. In the bottom left plot, a similar behavior 
an be observed

for the ensembles with d
v

= 30. Again, b = 8 bits seem to su�
e to predi
t the

thresholds reasonably well, while for 4 bits large predi
tion errors o

ur. However,

opposed to the 
ase of d
v

= 4, GADE as well as DDE with b = 6 are not 
apable of

predi
ting the ensemble thresholds with su�
ient pre
ision. In agreement with the

results in [CRU01℄, the des
ending slope of all 
urves also indi
ate that at a 
onstant

maximum variable node degree, LDPC 
ode ensembles of high rates are 
apable of

performing 
loser to the theoreti
al 
apa
ity limit than ensembles of low rates.

The plots on the right-hand side of Figure 2.4 show the gaps to 
apa
ity in dB over

the number of quantization bits for 
ode rates r ∈ {0.1, 0.5, 0.9}. It 
an be observed

that all DDE 
urves 
onverge to their �nal values at about b = 8 quantization bits.

Sin
e no quantization is used in GADE, the GADE thresholds are independent of b
and are therefore shown as horizontal lines for 
omparison.

As a summary, it 
an be stated that using DDE with b = 8 quantization bits results

in a very good predi
tion of ensemble thresholds at all 
ode rates up to a maximum

variable node degree of at least d
v

= 30. For even higher variable node degrees it might

be
ome ne
essary to use a �ner quantization. The threshold predi
tion by GADE


an be 
omputed very qui
kly. However, it should only be used for 
ombinations of


ode rates and maximum variable node degrees for whi
h it is 
on�rmed to yield an

adequate pre
ision.

2.7.2 Optimization Problem

Depending on whi
h of the des
ribed methods is used to 
ompute the obje
tive

fun
tion, i.e., the ensemble threshold τ(λ, ρ), di�erent approa
hes exist to solve the

optimization problem of �nding a good degree distribution pair. A 
ommon sim-

pli�
ation is the 
onsideration of only 
on
entrated 
he
k node degree distributions

ρ(x) = ρjx
j−1 + ρj+1x

j
, su
h that only the variable node degree distribution λ(x) has

to be optimized. This simpli�
ation is motivated by the observation that virtually

all good degree distribution pairs have su
h 
on
entrated 
he
k node degree distribu-

tions [CRU01℄, and the restri
tion to only these does not involve a noti
eable perfor-

man
e loss. Throughout this thesis, 
on
entrated 
he
k node degree distributions are

used unless stated otherwise. Given the variable node degree distribution λ(x) and a

target 
ode rate r, the 
he
k node degree distribution is then fully determined by

ρ(x) = ρ⌊d̄



⌋x
⌊d̄



⌋−1 +
(
1− ρ⌊d̄




⌋

)
x⌊d̄




⌋
(2.73)

=

⌊
d̄



⌋

d̄



(
1−

(
d̄



−
⌊
d̄



⌋))
x⌊d̄




⌋−1 +

(
1−

⌊
d̄



⌋

d̄



(
1−

(
d̄



−
⌊
d̄



⌋))
)
x⌊d̄




⌋

with

d̄



=
d̄
v

1− r
=

1

(1− r)
∑d

v

i=2
λi
i

, (2.74)
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whi
h 
an be derived from the two relations

ρj + ρj+1 = ρ⌊d̄



⌋ + ρ⌊d̄



⌋+1 = 1 (2.75)

and

d̄



from (2.23)

=
1

∑d



j=2

ρj
j

=
1

ρ⌊d̄



⌋

⌊d̄



⌋
+

ρ⌊d̄



⌋+1

⌊d̄



⌋+1

. (2.76)

Problem Formulation

For a given target 
ode rate r and a maximum variable node degree d
v

, a general

formulation of the optimization problem of �nding the degree distribution pair (λ, ρ)
with 
on
entrated ρ(x) and lowest ensemble threshold τ(λ, ρ) is given by

min τ(λ, ρ) (2.77a)

subje
t to λi ≥ 0, i = 2, . . . , d
v

(2.77b)

λ(1) =

d
v∑

i=2

λi = 1 (2.77
)

ρ(x) and d̄



from (2.73) and (2.74) (2.77d)

λ2

(2.50)

<
erτ(λ,ρ)

∑d



j=2 ρj(j − 1)
=

erτ(λ,ρ)

⌊d̄



⌋ 2d̄



−⌊d̄



⌋−1

d̄



, (2.77e)

where 
onstraints (2.77b) and (2.77
) ensure that the 
oe�
ients λi are non-negative

and sum up to one, whereas (2.77d) assures the 
he
k node degree distribution to

be 
on
entrated and the obtained degree distribution pair to result in 
ode rate r
a

ording to (2.23). The additional 
onstraint (2.77e) is the stability 
ondition in

the form (2.50) whi
h upper bounds the fra
tion of degree two variable nodes as a

ne
essary 
ondition for the ensemble to 
onverge to zero-error probability at 
hannel

quality τ(λ, ρ).

In this general form and without further approximations, the optimization problem


an only be solved using heuristi
s and global sear
h strategies like random hill


limbing algorithms (e.g., in [RSU01℄) or geneti
 algorithms (e.g., di�erential evo-

lution [SP97℄) sin
e the obje
tive fun
tion (2.77a) is not known to be 
onvex.

Global Optimization Using DDE and Simulated Annealing

The most generally appli
able approa
h is to use DDE with an appropriate quan-

tization resolution � sin
e it gives reliable threshold predi
tions � and to resort to

a global optimization te
hnique. In this thesis, a heuristi
 based on a Simulated

Annealing

8

(SA) strategy [KGJV83℄ is introdu
ed.

8

Simulated Annealing was inspired by the annealing of solids in metallurgy in whi
h materials

are heated and slowly 
ooled down to rea
h low-energy 
on�gurations of their 
rystal stru
tures.
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Initialization The optimization variables λi are either initialized randomly to values

between zero and one su
h that

∑
i λi = 1, or a prede�ned starting position 
an

be used. The initial ensemble threshold τ = τ
DDE

(λ, ρ) is 
omputed using DDE.

The 
urrent lo
al optimum is denoted λ⋆ = λ with the 
orresponding threshold

τ⋆ = τ
DDE

(λ, ρ). The temperature T is initially set to T = 1 and 
ontrols the 
on-

vergen
e of the optimization pro
ess.

Rearrangement The so-
alled rearrangement of the 
urrent solution λ with threshold

τ applies a small random 
hange to the optimization variables λi, taking into a

ount

all 
onstraints, yielding a new 
andidate solution λ̃. The 
orresponding 
on
entrated

he
k node degree distribution ρ̃(x) for the new 
andidate variable node degree distri-

bution λ̃(x) is 
omputed using (2.73) and (2.74) and the resulting 
andidate threshold

τ̃ = τ
DDE

(λ̃, ρ̃) is 
omputed. If the 
andidate threshold τ̃ is lower than the 
urrent

threshold τ , the new 
andidate is a

epted as 
urrent solution λ = λ̃, ρ = ρ̃, and
τ = τ̃ . Furthermore, if the 
urrent threshold is the lowest of all thresholds that have

been seen so far, the 
urrent solution is stored as the new optimum λ⋆ = λ̃, ρ⋆ = ρ̃,
and τ⋆ = τ̃ . If however, τ̃ is greater than the 
urrent τ , the 
andidate solution will

still be a

epted as 
urrent solution with probability

P(∆τ |
dB

, T ) = exp

(
−∆τ |

dB

c · T

)
= exp

(
− τ̃ |

dB

− τ |
dB

c · T

)
, (2.78)

whi
h is high if the degradation ∆τ |
dB

is small and low if ∆τ |
dB

is high. Additionally,

with de
reasing temperature T it be
omes less likely to a

ept a degradation of the


urrent solution. This me
hanism of probabilisti
ally a

epting degradations avoids

getting stu
k in high lo
al minima, while preserving the general 
onvergen
e to low

threshold values. The 
onstant value c has to be 
hosen empiri
ally depending on

the range of the temperature as well as the expe
ted range of ∆τ |
dB

. For very high

values of c the probability P(∆τ |
dB

, T ) is mostly 
lose to one, and the SA pro
ess

almost behaves like a pure random sear
h. For very low values of c, on the other

hand, almost no degradations are a

epted and the SA pro
ess degenerates to a pure

downhill sear
h strategy, whi
h easily gets stu
k in lo
al minima.

Iteration and Cooling Down Depending on the desired optimization time, a 
ertain

number of rearrangements are performed at a 
onstant temperature T . After that,

the temperature T is de
reased a

ording to a prede�ned annealing s
hedule. Here,

an exponentially de
reasing temperature is employed, su
h that a relatively large

amount of time is spent at low temperatures allowing the optimization to lo
ally


onverge towards the end of the pro
ess.

Freezing the System Several stopping rules 
an be employed to �nalize the optimiza-

tion pro
ess. Commonly, optimization is either stopped if a minimum temperature

has been rea
hed or no new solution has been a

epted for a prede�ned number of

temperature steps. In both 
ases the system is 
onsidered frozen. The �nal output

of the optimizer is the best found degree distribution λ⋆
with threshold τ⋆.
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Figure 2.5: Simulated Annealing optimization of a variable node degree distribution

with d
v

= 20 and r = 1
2
. DDE with b = 8 quantization bits is used. The

bold gray lines show the temperature T and the bla
k lines show the

tanh(·) of the 
urrent gap to 
apa
ity γ(λ, ρ)|
dB

during optimization.

On the left c = 0.85 and on the right c = 0.085 is 
hosen.

In Figure 2.5 two exemplary runs of the SA degree distribution optimizer lasting

for about 9 minutes on a standard Intel Core i7 desktop CPU are shown. The

temperature T is shown in bold gray lines and the tanh(·) of the 
urrent gap to


apa
ity γ(λ, ρ)|
dB

in dB during the optimization is shown in bla
k.

9

The target


ode rate is 
hosen as r = 1
2 and the maximum variable node degree as d

v

= 20.
DDE with b = 8 quantization bits is used to 
ompute the ensemble thresholds. The

annealing s
hedule is set to exponentially de
rease the temperature step-by-step from

T = 1 to T = 0.001. On the left-hand side the 
onstant in (2.78) is set to c = 0.85
resulting in a relatively high a

eptan
e probability. For the right-hand side c = 0.085
� and thus a lower a

eptan
e probability � is used and a better �nal solution is found.

Linearization Using GADE

An alternative method whi
h enables a mu
h faster � though less a

urate � opti-

mization 
an be derived by linearizing the optimization problem (2.77) using the

Gaussian Approximation (GA) algorithm from above (Se
tion 2.7.1). This lineariza-

tion was proposed in [CRU01℄ and is brie�y reviewed here. As mentioned before,


on
entrated 
he
k node degree distributions are 
onsidered in this thesis.

9

For an easier illustration and 
omparison, rather than dire
tly plotting the threshold τ , the
tanh(γ|

dB

) of the 
orresponding gap to 
apa
ity γ in dB is depi
ted. By using the gap to 
apa
ity,

the range of values is shifted by a 
onstant o�set from (q(r),+∞) to (0,+∞). Additionally, taking
the tanh(·), monotoni
ally maps the range (0,+∞) to (0, 1). Sin
e tanh(x) ≈ x for small values of x,
the most relevant s
ope of thresholds 
lose to 
apa
ity is not noti
eably biased. This way, the values

are in the same range for all setups making them easily 
omparable.



36 2 Low-Density Parity-Che
k (LDPC) Codes

In the GADE re
ursion (2.67), the auxiliary variable t[k−1]
is introdu
ed by

µ[k]



(2.67)

=

d

∑

j=2

ρjφ
−1

(
1−

(
1−

d
v∑

i=2

λiφ
(
µL + (i− 1)µ[k−1]




)

︸ ︷︷ ︸
=:t[k−1]

)j−1
)

su
h that the re
ursion 
an be rephrased to a variable node perspe
tive as

t[k] =

d
v∑

i=2

λiφ

(
µL + (i− 1)

d

∑

j=2

ρjφ
−1

(
1−

(
1− t[k−1]

)j−1
)

︸ ︷︷ ︸
=µ

[k]



)
(2.79)

=: h(µL, t
[k−1]) (2.80)

for k ≥ 1 and with t[0] = φ(µL). Using this de�nition of the auxiliary fun
tion

h(µL, t), it was shown in [CRU01℄ that the error probability goes to zero if and only

if t[k−1] > t[k] for all k > 0, whi
h is equivalent to

x > h(µL, x), ∀x ∈ (0, φ(µL)). (2.81)

This inequality is 
alled the 
onvergen
e 
ondition and is a linear expression in all

values λi, sin
e h(s, t) is linear in λi. With the help of this 
onvergen
e 
ondition, the

following optimization strategy 
an be realized to �nd the best variable node degree

distribution of a given target 
ode rate r
target

and a given maximum degree d
v

. A

visualization of the pro
ess is presented in Figure 2.6.

At �rst, a low �xed mean 
he
k node degree d̄



, de�ning the 
he
k node degree

distribution ρ(x) by (2.73), and a high �xed 
hannel quality

E
s

N0
=

µL
4

are 
hosen.

d̄



τ
best threshold

for r = r
target

r too

low

in
rease d̄



r too high

de
rease E
s

/N0

r 
orre
t,

save result

in
rease d̄



r too high

de
rease E
s

/N0

r 
orre
t,

save result

in
rease d̄



r too high

de
rease E
s

/N0

r 
orre
t,

save result

in
rease d̄



r too low, stop and

output saved result

Figure 2.6: Visualization of linearized optimization pro
ess by maximizing the 
ode

rate. At ea
h 
ir
le the linear program (2.82) is solved on
e. The y-axis
represents the 
urrent ensemble threshold τ . The x-axis represents the

urrent mean 
he
k node degree d̄




.
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Then, a variable node degree distribution λ(x) is optimized by maximizing the 
ode

rate r
(2.23)

= 1 −
∑

j ρj/j∑
i λi/i

, su
h that the 
onvergen
e 
ondition (2.81) as well as the

stability 
ondition (2.50) are ful�lled. Sin
e the ρj are 
onsidered �xed, maximizing r
is equivalent to maximizing

∑
i λi/i. This problem of �nding the degree distribution

with the highest rate is stated in the following linear program:

max

d
v∑

i=2

λi

i
(2.82a)

subje
t to λi ≥ 0, i = 2, . . . , d
v

(2.82b)

λ(1) =

d
v∑

i=2

λi = 1 (2.82
)

λ2 <
e
r·µL
4

∑d



j=2 ρj(j − 1)
(2.82d)

x
(2.81)

> h(µL, x), ∀x ∈ (0, φ(µL)), (2.82e)

where the obje
tive fun
tion as well as all 
onstraints are linear in λi. Linear pro-

grams 
an be e�
iently solved using, e.g., the simplex method or an interior point

method [BV04℄. If the resulting 
ode rate is lower than the target 
ode rate r
target

,

the 
urrent 
hannel quality 
annot be a
hieved as threshold with the 
urrent 
he
k

node degree distribution. Thus, the mean 
he
k node degree d̄



is in
reased slightly,

yielding a new 
he
k node degree distribution (2.73). Again, the optimization prob-

lem (2.82) is solved. This is repeated until the optimized 
ode rate lies above the

target 
ode rate. At this point, the 
hannel quality under test is slightly de
reased

until the output 
ode rate of the optimizer exa
tly mat
hes the target 
ode rate (up

to a desired pre
ision). On
e this lowest a
hievable 
hannel quality is found, the mean


he
k node degree is again slightly in
reased and the whole pro
ess is exe
uted again

to 
he
k if an even lower 
hannel quality 
an be a
hieved with the modi�ed 
he
k

node degree distribution. Finally, as soon as the 
hannel quality 
annot be improved

any further by in
reasing the mean 
he
k node degree, the optimization pro
ess is

stopped and the best degree distribution pair with the desired target 
ode rate has

been found.

Linearization Using EXIT Charts

Another well-known approa
h of transforming the ensemble optimization problem

into an e�
iently solvable program is to employ extrinsi
 information transfer (EXIT)


harts, whi
h were originally introdu
ed in [tB01℄ in the 
ontext of Turbo 
odes and

later also applied to LDPC 
odes, e.g., in [tBKA04, SAL06℄. Similarly to the 
ase

of Gaussian approximated density evolution, for the appli
ation of EXIT 
harts, the

message probability densities are assumed to be Gaussian. Under this assumption,

EXIT 
harts provide a very illustrative des
ription of the iterative de
oding pro
ess

by quantifying the mutual information that is ex
hanged between 
he
k nodes and
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variable nodes [tBKA04℄. Using this des
ription, the ensemble optimization 
an be

transformed into a simple least squares 
urve �tting problem [TH02℄. Sin
e, however,

EXIT 
hart based te
hniques su�er from the same a

ura
y problems as other meth-

ods that use a Gaussian assumption, they are not further elaborated here. Through-

out this thesis, all ensemble optimization pro
edures are instead based on density

evolution te
hniques.

2.8 Code Constru
tion

After having found an optimized degree distribution pair (λ, ρ) or equivalently (Λ, R)
in node perspe
tive, the se
ond part in the design of an LDPC 
ode is the 
onstru
tion

of a parity 
he
k matrix H of the required size M ×N that 
omplies with the given

degree distribution pair. This 
he
k matrix 
onstru
tion 
orresponds to 
hoosing a


on
rete 
ode realization from the given ensemble (N,λ, ρ). The �rst step 
onsists of

determining the variable node and 
he
k node degree sequen
es d
v

and d



from (2.19),


ontaining the degrees d
v,n and d


,m of the n-th variable node and the m-th 
he
k

node, respe
tively. The total number of degree-i variable nodes and degree-j 
he
k

nodes are given by

Ni = ΛiN, i = 2, . . . , d
v

(2.83)

and

Mj = RjM, j = 2, . . . , d



, (2.84)

respe
tively, where appropriate rounding ⌈·⌋ needs to ensure that ⌈ΛiN⌋ and ⌈RjM⌋
are mapped to integer values and

∑d
v

i=2 ⌈ΛiN⌋=N and

∑d



j=2 ⌈RjM⌋=M hold. The

variable node degree sequen
e in as
ending order is, thus, given by

d
v

= (d
v,1, . . . , dv,N ) =

(
2, . . . , 2︸ ︷︷ ︸
N2 times

, . . . , i, . . . , i︸ ︷︷ ︸
Ni times

, . . . , d
v

, . . . , d
v︸ ︷︷ ︸

Nd
v

times

)
(2.85)

and likewise the 
he
k node degree sequen
e in as
ending order by

d



= (d

,1, . . . , d
,M ) =

(
2, . . . , 2︸ ︷︷ ︸
M2 times

, . . . , j, . . . , j︸ ︷︷ ︸
Mj times

, . . . , d



, . . . , d

︸ ︷︷ ︸

Md



times

)
. (2.86)

Ea
h variable (
he
k) node n (m) 
an now be seen as having d
v,n (d


,m) free so
k-

ets that need to be 
onne
ted to di�erent 
he
k (variable) nodes. Choosing a ran-

dom 
ode from the ensemble, thus, means to �nd a random permutation from the∑N
n=1 dv,n = E variable node so
kets to the

∑M
m=1 d
,m = E 
he
k node so
kets,

where E denotes the total number of edges. Thereby, double edges have to be avoided,

i.e., no two so
kets of one node may be 
onne
ted to two so
kets of another node.

Commonly, this random 
onstru
tion is extended by the additional rule of not 
on-

ne
ting any two variable nodes to two (or more) 
ommon 
he
k nodes, whi
h avoids

the 
reation of 
y
les of length 4 in the Tanner graph.
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Besides the des
ribed random 
onstru
tion, two widely-used methods for 
onstru
t-

ing an LDPC 
he
k matrix from a given degree distribution pair are the progressive

edge-growth (PEG) algorithm [HEA01, HEA05℄ and the ACE 
onstrained 
onstru
-

tion presented in [TJVW04℄. In the following, the original PEG algorithm and the

improved PEG algorithm [XB04℄, whi
h in
orporates the ACE optimization proposed

in [TJVW04℄, are brie�y reviewed, as they are later used as a starting point for an

optimized multi-rate 
ode 
onstru
tion method developed in Chapter 3.

2.8.1 Progressive Edge-Growth [HEA05℄

The PEG algorithm was �rst presented in [HEA01, HEA05℄. It is a greedy algorithm

that 
onstru
ts the Tanner graph of an LDPC 
he
k matrix of given size M × N
and variable node degree sequen
e d

v

with as
ending degrees in a variable-node-by-

variable-node manner trying to maximize its girth g. Starting at the lowest index,

ea
h variable node n is 
onne
ted to d
v,n 
he
k nodes one after another, where the

obje
tive in ea
h step is to maximize the length of the 
y
le that is (potentially)


reated by the edge to be established next. For this purpose, in ea
h step, starting

from the 
urrent variable node n, the tree T l
n is 
onstru
ted (see (2.28)) up to the

depth l at whi
h either no new nodes 
an be added from depth l to depth l + 1 or

all nodes are in
luded in T l
n. In the �rst 
ase, an edge is added between the 
urrent

variable node and a random 
he
k node of minimal 
urrent degree amongst all 
he
k

nodes that are 
urrently not rea
hable, sin
e this edge will not 
reate a new 
y
le.

In the latter 
ase, all 
he
k nodes 
an already be rea
hed and the edge is 
onne
ted

to a random 
he
k node of minimal 
urrent degree from the neighborhood Ml(n) of
depth l (see (2.27)). In this 
ase, the 
reation of a new 
y
le 
annot be avoided, but

its length l + 1 is maximized by sele
ting one of the most distant 
he
k nodes. The

PEG 
onstru
tion is summarized in Algorithm 1.

No expli
it 
he
k node degree distribution is given as input to the PEG algorithm.

Instead, sin
e 
onne
ted 
he
k nodes are always 
hosen from all 
andidates with 
ur-

rently minimal degree, the degrees of all 
he
k nodes grow uniformly, resulting in

(nearly) 
on
entrated 
he
k node degree distributions. However, if a spe
i�
 
he
k

node degree distribution is desired, a straightforward modi�
ation of the PEG algo-

rithm 
an be used, in whi
h ea
h 
he
k node is assigned a number of so
kets a

ord-

ing to an targeted 
he
k node degree sequen
e d



. On
e all so
kets of a 
he
k node

are 
onne
ted, it is no longer available as a 
andidate during further PEG pro
ess-

ing [Win11℄.

2.8.2 Improved Progressive Edge-Growth [XB04℄

A spe
i�
 extension of the PEG algorithm to improve the ACE properties of the

resulting 
odes was proposed in [XB04℄ and is simply termed improved PEG (iPEG).

It introdu
es a modi�ed rule of 
hoosing a 
he
k node to 
onne
t to, only for the


ase that new 
y
les 
annot be avoided (lines 10 � 11 in Algorithm 1) and multiple


andidates with the same degree are present at maximum depth. Where the original
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Algorithm 1 Progressive Edge-Growth (PEG) algorithm [HEA05℄.

1: Input: M , N , and d
v

= (d
v,1, . . . , dv,N )

2: Initialize V = {1, . . . , N}, C = {1, . . . ,M}, and E = ∅
3: Initialize d




= (d

,1, . . . , d
,M ) = (0, . . . , 0)

4: for n = 1, . . . , N do

5: Conne
t �rst edge to random 
he
k node of minimal degree:

6: E = E ∪ {(n,m)} and d

,m = d


,m + 1, with m ∈ argminm′∈C d
,m′

7: for i = 2, . . . , d
v,n do

8: Expand T l
n up to depth l until no nodes are added from depth l to l + 1

9: if T l
n 
ontains all 
he
k nodes then

10: Conne
t edge to random 
he
k node at maximal depth of minimal degree:

11: E = E ∪ {(n,m)} and d

,m = d


,m + 1, with m ∈ argminm′∈Ml(n) d
,m′

12: else

13: Conne
t edge to random unrea
hable 
he
k node of minimal degree:

14: E = E ∪ {(n,m)} and d

,m = d


,m + 1, with m ∈ argmin
m′ /∈T l

n
d

,m′

15: end if

16: end for

17: end for

PEG algorithm would simply randomly 
hoose a 
he
k node in this 
ase, the iPEG

algorithm 
hooses the 
he
k node that maximizes the minimum ACE value that is


reated by the new 
y
les. This modi�ed rule does not in�uen
e the length of the

newly introdu
ed 
y
les in ea
h step but avoids the 
reation of 
y
les with low ACE

value whenever possible. This method was shown to improve the error 
orre
tion

performan
e espe
ially in the error �oor region sin
e 
y
les with low ACE values are

known to have parti
ularly detrimental e�e
ts.

2.9 Quasi-Cy
li
 LDPC Codes

A drawba
k of the 
ode 
onstru
tion methods presented above is that the resulting


he
k matri
es do not posses any spe
ial stru
ture, i.e., their entries are arranged

in a random manner. This makes storing the 
he
k matrix ine�
ient and is also

unfavorable for parallelizing the de
oder due to the random data dependen
ies during

the variable and 
he
k node updates. For these reason, most LDPC 
odes that are

implemented today are so-
alled quasi-
y
li
 (QC) LDPC 
odes [KLF01℄. They have

a parity 
he
k matrix with a stru
ture that allows for inherent parallelization and

that 
an be e�
iently stored. Furthermore, very e�
ient methods for fast en
oding

of QC LDPC 
odes exist [MYK05, LCZ

+
06℄. Almost all LDPC 
odes that are utilized

in pra
ti
e belong to the 
lass of QC LDPC 
odes. The following des
ription of QC

LDPC 
odes is given for the binary 
ase only, but 
an also be extended to the non-

binary 
ase [PC07, HLZZ10, BPL13℄.
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The M ×N 
he
k matrix of a QC LDPC 
ode is given by

H
[Z] =




I
A1,1
s

I
A1,2
s

· · · I
A1,N ′
s

I
A2,1
s

I
A2,2
s

· · · I
A2,N ′
s

.

.

.

.

.

.

.

.

.

.

.

.

I
A
M ′,1

s

I
A
M ′,2

s

· · · I
A
M ′,N ′

s




, (2.87)

with the integer lifting fa
tor Z ∈ N+
and N ′ = N/Z as well as M ′ = M/Z. The

submatri
es I
Am′,n′

s

in (2.87) are either all-zero matri
es of size Z × Z or identity

matri
es of size Z × Z 
y
li
ally shifted to the right by Am′,n′
positions.

10

Thus,

I
Am′,n′

s


an be represented as

I
Am′,n′

s

=




0 1 0 · · · 0 0
0 0 1 · · · 0 0
.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

0 0 0 · · · 0 1
1 0 0 · · · 0 0




Am′,n′

,

where I
s

denotes the Z × Z identity matrix 
y
li
ally shifted to the right by one

position. Ea
h multipli
ation of I
s

with itself leads to an additional 
y
li
 right shift

by one position. Slightly abusing notation, the matrix I
−1
s

is de�ned as the Z×Z all-

zero matrix. The QC 
he
k matrix 
an thus be fully des
ribed by only the shift values

Am′,n′
whi
h are assembled in the so-
alled lifting matrix of dimension M ′ ×N ′

:

A =




A1,1 · · · A1,N ′

.

.

.

.

.

.

.

.

.

AM ′,1 · · · AM ′,N ′


 . (2.88)

Groups of Z 
onse
utive 
olumns or rows (variable or 
he
k nodes) in the expanded


he
k matrix H
[Z]


orresponding to one entry Am′,n′ in A (i.e., 
olumns in the range

(n′ − 1)Z + 1, . . . , n′Z and rows in the range (m′ − 1)Z + 1, . . . ,m′Z) are referred

to as a blo
k or group of 
olumns or rows (variable or 
he
k nodes), respe
tively.

An important property of QC LDPC 
odes is that no variable node is 
onne
ted

to one su
h blo
k of 
he
k nodes more than on
e. This property is important for

realizing e�
ient parallel de
oders and is exploited by the layered BP implementation

presented in Se
tion 6.3.

Due to the unity 
olumn and row weights of the (shifted) identity matrix I
Am′,n′

s

,

both 
olumn and row degree distributions of the expanded parity 
he
k matrix H
[Z]

10

Quasi-
y
li
 LDPC 
odes 
an also be more generally de�ned as being 
omposed of arbitrary

square 
ir
ulant matri
es, in whi
h ea
h row is the 
y
li
 right shift by one position to the right

of the row above. By most authors, however, these 
ir
ulants are restri
ted to be 
y
li
ally shifted

identity matri
es, whi
h enables many advantages regarding the hardware implementation. As long

as the dimensions of the lifting matrix A are su�
iently large, this restri
tion does not impose a

notable loss in error 
orre
tion performan
e.
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H
[4] = H

[8] = H
[12] =

Figure 2.7: Three exemplary QC 
he
k matri
es 
onstru
ted by repla
ing ea
h 1-

entry in the example matrix (2.31) by a randomly shifted identity matrix

of size Z ∈ {4, 8, 12}. All three matri
es have the same 
ode rate and de-

gree distribution pair as the matrix in (2.31), but di�erent 
ode lengths

N ′Z = N ∈ {48, 96, 144}. Ea
h dot represents a 1-entry and the grid

lines illustrate the Z × Z blo
k stru
ture.

are equivalent to the 
olumn and row degree distributions of the lifting matrix A if

the weight of a 
olumn (row) in A is de�ned as the number of entries Am′,n′ 6= −1.
Therefore, the design of a QC LDPC 
ode ensemble 
an be redu
ed to optimizing the

degree distribution pair of the lifting matrix, as all 
he
k matri
es expanded from this

lifting matrix with arbitrary lifting fa
tor Z will maintain the same degree distribution

pair. For the 
onstru
tion of a 
on
rete QC 
ode realization the positions of the non-

zero submatri
es as well as the 
orresponding shift values have to be determined. For

this, variations of the above presented 
onstru
tion methods as PEG or ACE 
an

be employed by adding an additional 
ir
ulant 
onstraint to the sele
tion of matrix

entries whi
h ensures that a 
he
k matrix is 
onstru
ted 
onsisting of either all-zero

matri
es or 
y
li
ally shifted identity matri
es ea
h of size Z ×Z (
f. [LK04℄). Some

exemplary randomly 
onstru
ted QC 
he
k matri
es are depi
ted in Figure 2.7.

In the 
ontext of QC LDPC 
odes, the 
on
ept of a so-
alled protograph des
ription

is 
ommonly used. The protograph representation of a lifting matrix A is a (small)

Tanner graph with N ′
variable nodes, M ′


he
k nodes, and 
onne
tions between

variable and 
he
k nodes a

ording to the positions of non-negative entries in A

(where the exa
t value is irrelevant). Ea
h node of this protograph de�nes a 
ertain

type of node in terms of how many 
onne
tions it has and to whi
h other types of

nodes it is 
onne
ted. In the example in Figure 2.8, e.g., ea
h 
he
k node of type �2�

has to be 
onne
ted to exa
tly one variable node of type �a� and one variable node

of type �
�.

PSfrag repla
ements

a b



d

1 2 3

protograph

A =




1 0 −1 −1
2 −1 1 −1

−1 1 −1 2




Figure 2.8: Exemplary 3×4 lifting matrixA and its protograph representation with

4 variable nodes and 3 
he
k nodes.
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2.10 Non-Binary LDPC Codes

It has been shown that the error 
orre
tion performan
e of LDPC 
odes under

message-passing de
oding 
an be improved by extending 
odes to higher order �nite

�elds Fq yielding so 
alled non-binary LDPC 
odes [DM98a, DM98b℄. Espe
ially for

short to medium 
ode lengths these non-binary LDPC 
odes are promising 
andidates

for a
hieving further gains 
ompared to traditional binary LDPC 
odes, however, at

the 
ost of an in
reased de
oding 
omplexity. The only di�eren
e in the de�nition

of binary and non-binary LDPC 
odes is that in 
ase of non-binary LDPC 
odes

the information words x ∈ F
Kq
q , the 
ode words y ∈ F

Nq
q , and the 
he
k matrix

H ∈ F
Mq×Nq
q are de�ned over the �nite �eld Fq, with q = 2p and p > 1.

2.10.1 Transmission System and Non-Binary LLR Ve
tors

To 
omply with the transmission system model introdu
ed in Se
tion 2.1, a slightly

modi�ed notation is used. The binary information and 
ode words are denoted xbin

and ybin, respe
tively. The transmission system still operates in the binary repre-

sentation as introdu
ed above, only di�ering in the internal representation of values

inside the LDPC en
oder and de
oder, as illustrated in Figure 2.9.

The binary input word xbin ∈ FK
2 of length K is 
onverted to a q-ary input word

x ∈ F
Kq
q of length Kq = K

p by grouping p su

essive bits from xbin at a time and

mapping them to the �eld element a ∈ Fq with the 
orresponding binary representa-

tion

11

. En
oding is then performed as des
ribed in Se
tion 2.4 using the q-ary 
he
k

matrix H ∈ F
Mq×Nq
q of 
ode rate r =

Kq
Nq

. The resulting q-ary 
ode word y ∈ F
Nq
q

of length Nq = N
p

onsists of Kq information symbols and Mq = M

p
parity symbols.

PSfrag repla
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Figure 2.9: Transmission system with binary input and output data, a binary input

AWGN 
hannel, and non-binary LDPC en
oding and de
oding.

11

A detailed des
ription of how �nite �elds are generated and represented 
an be found, e.g.,

in [RL09℄
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Ea
h 
ode symbol is then mapped ba
k to p 
ode bits by expanding the �eld ele-

ment to its binary representation, yielding the binary 
ode word ybin ∈ FN
2 . This

binary 
ode word 
an then be mapped to BPSK symbols and transmitted over the bi-

nary input AWGN 
hannel, after whi
h the re
eiver 
omputes binary 
hannel LLRs

12

L
(
ybin|z

)
from the 
hannel output z just like in the pure binary 
ase. While ea
h

of these binary LLRs des
ribes the (
onditional) probabilities of one 
ode bit being

equal to 0 or 1, for the non-binary LDPC de
oder a suitable 
orresponding logarithmi


domain representation of the q probabilities of a 
ode symbol being equal to ea
h of

the q �eld elements (
onditioned on the respe
tive 
hannel output values) is required.

For this purpose, the notion of a q-dimensional (
onditional) LLR ve
tor [WSM04℄ is

introdu
ed

L
q
(yn|z(n−1)p+1, . . . , znp) =

(
log

P
(
yn = 0|z(n−1)p+1, . . . , znp

)

P
(
yn = 0|z(n−1)p+1, . . . , znp

) ,

log
P
(
yn = 1|z(n−1)p+1, . . . , znp

)

P
(
yn = 0|z(n−1)p+1, . . . , znp

) , . . . , log
P
(
yn = αq−2|z(n−1)p+1, . . . , znp

)

P
(
yn = 0|z(n−1)p+1, . . . , znp

)
)

=:
(
L[0]
n , L[1]

n , . . . , L[αq−2]
n

)
= Ln. (2.89)

The 
onditioning of yn on the p 
hannel output values z(n−1)p+1, . . . , znp is due to

the fa
t that these values are the noisy observations of the p su

essive 
ode bits

ybin(n−1)p+1, . . . , y
bin

np from ybin from whi
h the 
ode symbol yn has been assembled.

Although the �rst entry seems redundant as it is always equal to zero, it is often still

in
luded for implementational reasons.

13

Let a ∈ Fq be an arbitrary �eld element

with binary representation a = a1a2 . . . ap, with ai ∈ F2. Under the assumption of

independent 
hannel noise samples, the 
onditional probability of a 
ode symbol yn
being equal to a 
an then be rewritten as

P
(
yn = a︸ ︷︷ ︸

↓

|z(n−1)p+1, . . . , znp

)

= P
( ︷ ︸︸ ︷
ybin(n−1)p+1 = a1, . . . , y

bin

np = ap |z(n−1)p+1, . . . , znp

)

= P
(
ybin(n−1)p+1 = a1|z(n−1)p+1

)
· . . . · P

(
ybinnp = ap|znp

)

=

p∏

i=1

P
(
ybin(n−1)p+i = ai|z(n−1)p+i

)
. (2.90)

Using (2.90) and the fa
t that the binary representation of 0 ∈ Fq is 0 . . . 0︸ ︷︷ ︸
p times

, the LLR

12

It should be noted that, in this 
ontext, the term binary LLR does not impli
ate the LLR itself

having a binary value, but that the LLR des
ribes the probabilities of a binary random variable.

13

Of 
ourse, just like in the binary 
ase, only q−1 logarithmi
 values are required to represent the

q probabilities, due to the additional 
onstraint of their sum being equal to one. However, the 
hoi
e

of whi
h �eld element is used in the denominator of the probability ratios in (2.89) is somewhat

arbitrary and might be 
hanged during the de
oding pro
ess to in
rease numeri
al stability.
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representation of ea
h �eld element a ∈ Fq 
an be rephrased to

L[a]
n = log

P
(
yn = a|z(n−1)p+1, . . . , znp

)

P
(
yn = 0|z(n−1)p+1, . . . , znp

)

= log

∏p
i=1 P

(
ybin(n−1)p+i = ai|z(n−1)p+i

)

∏p
i=1 P

(
ybin(n−1)p+i = 0|z(n−1)p+i

)

= log
∏

1≤i≤p: ai=1

P
(
ybin(n−1)p+i = 1|z(n−1)p+i

)

P
(
ybin(n−1)p+i = 0|z(n−1)p+i

)

= −
∑

1≤i≤p: ai=1

log
P
(
ybin(n−1)p+i = 0|z(n−1)p+i

)

P
(
ybin(n−1)p+i = 1|z(n−1)p+i

)

= −
∑

1≤i≤p: ai=1

L
(
ybin(n−1)p+i|z(n−1)p+i

)
, (2.91)

where in the summation only those indi
es are 
onsidered at whi
h the binary repre-

sentation of a has a one entry, sin
e all terms 
orresponding to zero entries are present

in the numerator and denominator and thus 
an
el out. Using (2.91), ea
h group of p

su

essive binary 
hannel LLRs L
(
ybin(n−1)p+i|z(n−1)p+i

)
, . . . , L

(
ybinnp |znp

)
are mapped

to one q-dimensional LLR ve
tor Ln = L
q
(yn|z(n−1)p+1, . . . , znp). These LLR ve
tors

are fed into the non-binary LDPC de
oder to produ
e an estimate x̂ of the q-ary
information word x, whi
h is �nally mapped to the binary estimate x̂bin. The rela-

tionships between 
ode bits, 
ode symbols, binary LLRs, and non-binary LLR ve
tors

are visualized in Table 2.2.

y1 . . . yNq︷ ︸︸ ︷ ︷ ︸︸ ︷
ybin1 . . . ybinp . . . ybin(Nq−1)p+1 . . . ybinNqp

↓ . . . ↓ . . . ↓ . . . ↓
z1 . . . zp . . . z(Nq−1)p+1 . . . zNqp

↓ . . . ↓ . . . ↓ . . . ↓
L
(
ybin1 |z1

)
. . . L

(
ybinp |zp

)
. . . L

(
ybin(Nq−1)p+1|z(Nq−1)p+1

)
. . . L

(
ybinNqp

|zNqp

)

︸ ︷︷ ︸ ︸ ︷︷ ︸
L
q
(y1|z1, . . . , zp) . . . L

q
(
yNq |z(Nq−1)p+1, . . . , zNqp

)

Table 2.2: Mapping of symbols to bits and binary LLRs to non-binary LLR ve
tors.

2.10.2 Non-Binary Belief Propagation De
oding

14

A de
oding algorithm for non-binary LDPC 
odes over Fq has already been des
ribed

in [DM98a℄. This algorithm uses the Fast Fourier Transform (FFT) over Fq for

14

The des
ription of non-binary BP de
oding in this se
tion follows the one in [BMSV15℄.
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e�
iently 
omputing the 
he
k node operations (see also [BD03℄). Its drawba
k is

that the implementation needs to be 
arried out in the probability domain and thus

is not well suited for an a
tual deployment due to potential numeri
al instabilities.

An implementation in the logarithmi
 domain has been given in [WSM04℄, whi
h,

however, does not make use of the Fourier transform for a low-
omplexity 
omputation

of the 
he
k node operation (whi
h 
onsiderably redu
es the 
omplexity for large �eld

sizes q). Here, the approa
h of [SC03, BT04℄ is followed whi
h uses an FFT and a

representation of messages in the signed log domain to 
arry out the 
he
k node

update, thereby resulting in exa
t BP de
oding. Other approa
hes only approximate

BP de
oding and instead aim at redu
ing the 
omplexity by 
omputing only the

most relevant terms of the update equation [VDV

+
10℄, thus, losing some performan
e


ompared to the signed log domain algorithm a

ording to [BT04℄ whi
h is brie�y

des
ribed in the following.

All messages in the message-passing pro
ess are represented by non-binary LLR ve
-

tors, and all summations and multipli
ations of LLR ve
tors are performed element-

wise. As des
ribed above, the binary 
hannel LLRs are initially mapped to the

non-binary LLR ve
tors Ln, n ∈ {1, . . . , Nq} by (2.91).

The message ve
tor sent from variable node n to 
he
k node m is denoted Qn,m and

the a posteriori LLR ve
tor of the n-th symbol is denoted Qn. Both the variable-

to-
he
k messages and the a posteriori messages are initialized with the 
hannel

output Ln, for n ∈ {1, . . . , Nq}. The messages Rm,n whi
h are passed from 
he
k

node m to variable node n are initialized with zeros.

While the 
he
k node update is given by a single equation (2.41) for the binary 
ase,

the non-binary 
he
k node update 
onsists of multiple steps. First, the elements of

ea
h variable-to-
he
k message ve
tor are permuted a

ording to the 
he
k matrix

entry a = Hm,n ∈ F+
q

Q̃n,m = Qn,m ·Pa, ∀n ∈ {1, . . . , Nq}, m ∈ M(n). (2.92)

The q − 1 permutation matri
es Pa, with a ∈ F+
q , move the i-th element of Qn,m to

position j in Q̃n,m, with j = logα
(
a · αi−2

)
+ 2 and for 2 ≤ i ≤ q. The �rst element

(i = 1) always remains in its position. The fun
tion logα(·) here simply yields the

exponent of an Fq element in exponential representation. The permuted messages are

then transformed to the signed log domain [BT04℄ a

ording to

ϕ̃n,m =
(
ϕ̃s

n,m, ϕ̃m

n,m

)
, ∀n ∈ {1, . . . , Nq}, m ∈ M(n)

with ϕ̃s

n,m = (1, . . . , 1︸ ︷︷ ︸
q times

), ϕ̃m

n,m = Q̃n,m, (2.93)

where the supers
ript (·)s denotes the sign and the supers
ript (·)m denotes the mag-

nitude of a signed log domain value. To transform these values to the Fourier domain,

the q-point FFT F(·) is applied [BT04℄:

Φ̃n,m = F(ϕ̃n,m) , ∀n ∈ {1, . . . , Nq}, m ∈ M(n). (2.94)
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Finally, the 
he
k node update equations 
an be written as

Θ̃
s

m,n =
∏

n′∈N (m)\{n}

Φ̃
s

n′,m (2.95a)

and Θ̃
m

m,n =
∑

n′∈N (m)\{n}

Φ̃
m

n′,m, ∀m ∈ {1, . . . ,Mq}, n ∈ N (m). (2.95b)

Before the resulting message is sent ba
k to a variable node, the inverse Fourier

transform

θ̃m,n = F−1
(
Θ̃m,n

)
, ∀m ∈ {1, . . . ,Mq}, n ∈ N (m) (2.96)

is 
omputed, the magnitude is extra
ted from the signed log domain

R̃m,n = θ̃mm,n, ∀m ∈ {1, . . . ,Mq}, n ∈ N (m), (2.97)

and the inverse permutation (with a = Hm,n ∈ F+
q )

Rm,n = R̃m,n ·P−1
a , ∀m ∈ {1, . . . ,Mq}, n ∈ N (m) (2.98)

is applied to the message ve
tor, whi
h 
on
ludes the non-binary 
he
k node update.

The variable node update is exe
uted a

ording to

Qn,m = Ln+




∑

m′∈M(n)\{m}

Qm′,n


−βn,m, ∀n ∈ {1, . . . , Nq}, m ∈ M(n). (2.99)

The normalization 
onstant βn,m = maxa∈Fq Q
[a]
n,m helps to avoid numeri
al problems.

Furthermore, the a posteriori LLR ve
tor

Qn = Ln +
∑

m∈M(n)

Rm,n, ∀n ∈ {1, . . . , Nq} (2.100)

is 
omputed for ea
h variable node and a hard de
ision is performed a

ording to

ŷn = argmax
a∈Fq

Q[a]
n , ∀n ∈ {1, . . . , Nq}. (2.101)

Based on this hard de
ision, the parity 
he
k equations ŷHT
are evaluated at the end

of ea
h iteration. The 
he
k and variable node updates are exe
uted until all 
he
k

equations are satis�ed or the maximum iteration 
ounter I
max

is rea
hed. At the

end of the de
oding pro
ess, the non-binary values in ŷ are expanded to their binary

representation as des
ribed in Se
tion 2.10.1, yielding the binary de
oder output

ve
tor ŷbin.
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2.10.3 Ensemble Optimization and Code Constru
tion

In prin
iple, the same methods as introdu
ed for binary LDPC 
odes 
an also be used

for the optimization of non-binary LDPC 
odes with only some required modi�
ations.

For the ensemble optimization, the DE algorithm needs to be modi�ed to 
orre
tly

model the behavior of the non-binary BP de
oder [RU05, LFK09, WZZ

+
11℄. Using

an implementation of this non-binary DE, the problem formulation for �nding an

optimized degree distribution pair follows the one given in Se
tion 2.7.2 and 
an be

solved using methods similar to those developed in Se
tion 2.7.2. It was shown that

for in
reasing �eld order q, the average variable and 
he
k node degrees of optimized

degree distributions tend towards smaller values [DM98a, DM98b℄. In fa
t, for �eld

orders of about q ≥ 64, regular non-binary LDPC 
odes with variable node degree 2
are found to show the best error 
orre
tion performan
e [DM98a℄, su
h that there is

no need to further optimize degree distributions for these 
ases.

For the 
onstru
tion of a non-binary 
he
k matrix, besides the lo
ations of non-zero

elements also the non-zero values have to be 
hosen for ea
h position. A noti
eable

performan
e gain 
an already be a
hieved 
ompared to binary LDPC 
odes by �rst


onstru
ting a binary 
he
k matrix with an algorithm of 
hoi
e and then repla
ing

ea
h 1 entry by a randomly 
hosen non-zero element from Fq. More re
ently, also

more sophisti
ated methods have been proposed for the 
hoi
e of non-zero values,

e.g., [KGP06, PFD08, ZLT

+
08℄.

As the spe
i�
 optimization of non-binary LDPC 
odes is not the fo
us of this thesis,

no further investigation of non-binary 
ode design is 
ondu
ted here.
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Multi-Rate LDPC Codes

Virtually all modern 
ommuni
ation systems � most notably in the �eld of wireless


ommuni
ations � have to deal with (qui
kly) varying transmission 
hannel 
onditions.

At the same time, the demanded data rate and required strength of error prote
tion

strongly depend on the supported servi
es, like, e.g., spee
h, video, or data transmis-

sion. Furthermore, in systems where transmission resour
es, e.g., radio spe
trum, are

shared by multiple users, the a
tual number of a
tive users 
auses mutual interferen
e

and requires an adaptation of data rates and error prote
tion me
hanisms.

The FEC fun
tionality of su
h systems allows for the adaptation to these varying


onditions by supporting multiple 
hannel 
ode rates in order to make e�
ient use

of the available resour
es. The Long Term Evolution (LTE) system [3rd10, 3rd08℄,

e.g., uses a rate-1/3 turbo 
ode [BGT93, BG96℄ and applies bit pun
turing to a
hieve


ode rates higher than 1/3 and bit repetition to a
hieve 
ode rates lower than 1/3. In
LDPC 
ode based standards like WiMAX, WLAN, or some DVB versions, separate


odes are spe
i�ed for ea
h supported 
ode rate (up to 22 
odes in DVB-S2). An

exemplary overview is given in Table 3.1. As a 
onsequen
e, transmitter and re
eiver

have to support all spe
i�ed 
odes, whi
h hinders an e�
ient implementation and

leads to in
reased hardware 
omplexity.

Rather than using separate 
odes, there exist some alternative te
hniques for the


onstru
tion of LDPC 
odes whi
h are 
apable of realizing multiple 
ode rates using

only a single so-
alled mother 
ode. In [LN02, HKM04, HKKM06℄ parity pun
turing

number of

LDPC 
odes

supported


ode rates

IEEE 802.16e (WiMAX) [IEE09a℄ 6

1
2 ,

2
3 ,

3
4 ,

5
6

IEEE 802.11n (WLAN) [IEE09b℄ 12

1
2 ,

2
3 ,

3
4 ,

5
6

DVB-T2 [Eur09b℄ 13

1
4 ,

1
2 ,

3
5 ,

2
3 ,

3
4 ,

4
5 ,

5
6

DVB-S2 [Eur09a℄ 22

1
4
, 1
3
, 2
5
, 1
2
, 3
5
, 2
3
, 3
4
, 4
5
, 5
6
, 8
9
, 9
10

Table 3.1: Numbers and 
ode rates of LDPC 
odes spe
i�ed in di�erent 
ommuni-


ation standards.
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was studied to 
onstru
t LDPC 
odes of higher 
ode rates from a low rate mother 
ode.

In [LN02, YB04℄ spe
ial approa
hes of 
ode extension were proposed to a
hieve lower


ode rates starting from a high rate mother 
ode. [TJ05℄ was the �rst publi
ation to

propose a 
ombined approa
h using information shortening (whi
h was also termed

dummy bit insertion in [XR00℄) and parity pun
turing to 
over 
ode rates 0.1 to 0.9
with a single mother 
ode.

In this thesis, a multi-rate LDPC 
ode is referred to as a 
ode that requires only one

en
oder and de
oder implementation (usually for the mother 
ode) and is 
apable of

realizing multiple 
ode rates. In the following, multi-rate LDPC 
odes based on a


ombination of information shortening and parity pun
turing as introdu
ed in [TJ05℄

are investigated. The goal of the investigation is to design a single mother LDPC 
ode

that 
an be used to en
ode and de
ode 
ode words of arbitrary target 
ode rates, thus,

providing a highly �exible FEC me
hanism that 
an be adapted to di�erent error

prote
tion levels on-the-�y. As additional 
onstraint, the rate adaptation must not

require any 
hanges to the en
oder and de
oder hardware, su
h that the hardware

implementation 
an be fully optimized based only on the mother 
ode and still be

used at any of the supported 
ode rates. To a
hieve this, information shortening

(Se
tion 3.1) and parity pun
turing (Se
tion 3.2) are reviewed and novel optimization

te
hniques are presented. After that, a method to jointly employ shortening and

pun
turing to 
over very wide 
ode rate ranges with 
lose-to-optimal error 
orre
tion

performan
e is developed (Se
tion 3.3). Finally, the performan
e of the novel s
heme

is 
ompared to that of several multi-rate s
hemes from the literature (Se
tion 3.4.1).

3.1 Information Shortening

The te
hnique of information shortening inserts known bits (dummy bits) into the in-

formation bit sequen
e before en
oding with the mother 
ode. This way arbitrary 
ode

rates lower than the mother 
ode rate 
an be realized. In the literature, di�erent terms

have been used to des
ribe this te
hnique, in
luding �pruning� (e.g., [CH93℄), �
ode

or information shortening� (e.g., [TJ05℄), and �dummy bit insertion� (e.g., [XR00℄).

After introdu
ing the general approa
h of information shortening by des
ribing the

en
oder and de
oder for a shortened 
ode, at �rst, an asymptoti
 analysis of shortened


odes is 
ondu
ted. The asymptoti
 e�e
t of information shortening on the ensemble

performan
e of LDPC 
odes was �rst analyzed in [TJ05℄ and later extended to the


ontext of a Hybrid Automati
 Repeat reQuest (HARQ) s
heme in [Oka08℄. Addi-

tionally, �nite length e�e
ts of shortening have been dealt with in [LWZ09, BBV11,

XLG

+
11, BV13℄. The novel te
hniques pre-published in [BBV11, BV13℄ will be re-

viewed in Se
tions 3.1.3 and 3.1.4.

3.1.1 En
oding and De
oding

1

In Figure 3.1 blo
k diagrams of en
oder and de
oder using information shortening are

shown. The most important property is that the 
ore implementations of the original

1

The des
ription of information shortening in this se
tion follows the one given in [BV13℄.



3.1 Information Shortening 51

PSfrag repla
ements

insert

dummy

bits

LDPC

en
oder

remove

dummy

bits

x x̃ ỹ y
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Figure 3.1: En
oding and de
oding using a �xed mother en
oder and de
oder and

information shortening to adapt the 
ode rate. The di�erent 
olors

visualize exemplary positions of information, dummy, and parity bits.

LDPC en
oder and de
oder are left untou
hed and only some low-
omplexity pre-

and post-pro
essing in the form of inserting or removing 
onstant values is added.

En
oding

At generally arbitrary positions, K
d

known dummy bits are inserted into the original

information word x of (shortened) length K
s

, yielding the intermediate information

word x̃ of length K = K
s

+K
d

. In the following, all dummy bits are assumed to be

set to zero w.l.o.g.. The systemati
 en
oder of the rate r = K
N mother 
ode appends

M = 1−r
r

(K
s

+K
d

) parity bits. After this, the dummy bits that are in
luded in

the intermediate 
ode word ỹ are removed (pun
tured), sin
e they are known at the

re
eiver and therefore do not need to be transmitted. The resulting 
ode word y has

length N
s

= K
s

+M and is passed to the modulator for transmission.

While the inner LDPC en
oder has input length K, output length N , and 
ode rate r,
the resulting system in
luding information shortening has e�e
tive input length K

s

,

e�e
tive output length N
s

, and e�e
tive 
ode rate r
s

, whi
h are related by

r
s

=
K
s

N
s

=
K
s

K
s

+M
=

K
s

K
s

+ 1−r
r

(K
s

+K
d

)

=
k
s

k
s

+ 1−r
r

, (3.1)

where the relative shortened information word and 
ode word lengths are de�ned

as k
s

and n
s

by

k
s

:=
K
s

K
=

r−1 − 1

r−1
s

− 1
, (3.2)

n
s

:=
N
s

N
=

1− r

1− r
s

. (3.3)
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Any 
ode rate 0 < r
s

≤ r 
an be a
hieved by an a

ordant 
hoi
e of k
s

(of 
ourse only

in dis
rete steps, depending on the absolute values of K
s

and K). If no dummy bits

are used (i.e., k
s

= 1) r
s

= r follows, and if the number of information bits approa
hes

zero (i.e., k
s

→ 0), the e�e
tive 
ode rate also approa
hes zero.

De
oding

At the re
eiver, the dummy bits and their positions are known and thus provide

perfe
t a priori information whi
h is inserted into the information positions of the

re
eived sequen
e L(y|z) of LLRs in form of values +∞ (a

ording to the known bit

value of 0) yielding the LLR sequen
e L(ỹ|z). Then, straightforward LDPC de
oding

of this padded sequen
e of LLRs is 
ondu
ted. Finally, the dummy bits are removed

from the output.

The positions with perfe
t knowledge in�uen
e the message-passing de
oding as fol-

lows. If a parity 
he
k equation of the form y1+y2+ . . . yη = 0 is 
onsidered, in whi
h

one or more dummy bits parti
ipate that are known to be 0, the equation 
an be equiv-
alently des
ribed by simply dis
arding those bits from the equation, due to yi + 0 = yi.
An analogous equivalen
e also holds for the 
omputation of messages in the LLR

domain during a 
he
k node update a

ording to (2.41), sin
e Li ⊞+∞ = Li. Con-

sequently, the outgoing messages of variable nodes that are asso
iated with dummy

bits (these nodes are also denoted dummy nodes in the following) do not have to be


onsidered in any 
he
k node update sin
e their values are +∞. Sin
e there is no

need for improving the reliability of a dummy bit's (known) value, also the in
oming

messages of dummy nodes are of no parti
ular use. A

ording to this observation,

all edges 
onne
ted to dummy nodes 
an be removed from the Tanner graph without

any in�uen
e on the de
oding pro
ess. Hen
e, the e�e
tive graph as �seen� by the

de
oder is the graph of the mother 
ode with all dummy nodes (and all 
onne
ted

edges) simply removed. A

ordingly, the e�e
tive parity 
he
k matrix is a
hieved by

removing the 
olumns asso
iated with dummy bit positions from the mother 
ode's

parity 
he
k matrix.

As a 
onsequen
e, even though the 
ode length of the employed mother 
ode is N , the


omplexity of de
oding is equivalent to that of de
oding an LDPC 
ode with smaller


ode length N
s

and 
ode rate r
s

if the dummy nodes are simply dea
tivated. However,

it is not mandatory to remove any nodes or edges at all but it just serves redu
ing


omplexity. Existing de
oder implementations do not have to be 
hanged in any way

and are fully 
ompatible with this rate adaptation te
hnique.

It should further be noted that due to the 
orresponden
e of ea
h 
ode word position

to a 
he
k matrix 
olumn, en
oding and de
oding with arbitrary positions of dummy

bits 
an be simpli�ed. Instead of inserting dummy bits at the desired prede�ned

positions before ea
h en
oding and de
oding pro
ess, the 
he
k matrix 
olumns 
an

simply be reordered on
e in advan
e su
h that dummy bits 
an always be appended,

e.g., at the beginning or the end of the information word.
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3.1.2 Asymptoti
 Analysis and Optimization

As des
ribed above, de
oding of a shortened LDPC 
ode is equivalent to de
oding

in the Tanner graph with all dummy nodes (and asso
iated edges) removed. For the

asymptoti
 analysis of a shortened 
ode of rate r
s

, the shortened degree distribution

pair (in node perspe
tive) of this pruned graph is of interest and is denoted

Λ[r
s

](x) =

d
v∑

i=2

Λ
[r
s

]
i xi

and R[r
s

](x) =

d

∑

j=2

R
[r
s

]
j xj , (3.4)

in analogy to the un-shortened degree distributions Λ(x) and R(x) from (2.21).

Shortened Variable Node Degree Distribution

The number of variable nodes of degree i before shortening is given by

Ni
(2.83)

= ΛiN,

while the number of variable nodes of degree i after shortening is

N
s,i = Λ

[r
s

]
i N

s

= Λ
[r
s

]
i n

s

N (3.5)

The original variable node degree distribution Λ(x) and the shortened variable node

degree distribution Λ[r
s

](x) 
an, thus, be related by the degree distribution ∆[r
s

](x)
of all dummy nodes by

∆[r
s

](x) =

d
v∑

i=2

∆
[r
s

]
i xi =

1

N −N
s

d
v∑

i=2

(Ni −N
s,i)x

i
(3.6)

where Ni − N
s,i 
orresponds to the number of degree-i dummy nodes and N − N

s


orresponds to the total number of dummy nodes. This equation 
an be further

rewritten as

∆[r
s

](x) =

d
v∑

i=2

(
ΛiN − Λ

[r
s

]
i n

s

N

(1− n
s

)N

)
xi

=

d
v∑

i=2

(
Λi

1− r
s

r − r
s

− Λ
[r
s

]
i

1− r

r − r
s

)
xi

(3.7)

⇔ Λ
[r
s

]
i =

ΛiN −∆[r
s

](N −N
s

)

N
s

,

= Λi
1− r

s

1− r
−∆

[r
s

]
i

r − r
s

1− r
, i ∈ {2, . . . , d

v

}. (3.8)

Given a �xed mother LDPC 
ode, the shortened variable node degree distribution 
an

be 
ontrolled by (3.8) and by 
hoosing the dummy node degree distribution ∆[r
s

](x),
whi
h is realized by inserting the dummy bits at positions with the respe
tive target
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degrees. Of 
ourse, there are 
onstraints regarding the values of the Λ
[r
s

]
i , as, e.g.,

no new variable node degrees 
an be 
reated by only removing variable nodes from a

graph. These 
onstraints 
an be expressed as bounding the 
oe�
ients ∆[r
s

]
of the

dummy node degree distribution between zero and one:

0 ≤ ∆
[r
s

]
i

(3.8)

= Λi
1− r

s

r − r
s

− Λ
[r
s

]
i

1− r

r − r
s

⇔ N
s,i ≤ Ni

⇔ Λ
[r
s

]
i ≤ Λi

1− r
s

1− r
, i ∈ {2, . . . , d

v

} (3.9)

and

1 ≥ ∆
[r
s

]
i

(3.8)

= Λi
1− r

s

r − r
s

− Λ
[r
s

]
i

1− r

r − r
s

⇔ N −N
s

≥ Ni −N
s,i

⇔ Λ
[r
s

]
i ≥ Λi

1− r
s

1− r
− r − r

s

1− r
, i ∈ {2, . . . , d

v

}. (3.10)

Together with the trivial 
onstraint of 0 ≤ Λ
[r
s

]
i ≤ 1 this yields

max

(
0,Λi

1− r
s

1− r
− r − r

s

1− r

)
≤ Λ

[r
s

]
i ≤ min

(
1,Λi

1− r
s

1− r

)
, i ∈ {2, . . . , d

v

}.
(3.11)

Shortened Che
k Node Degree Distribution

The shortened 
he
k node degree distribution R[r
s

]
strongly depends on how dummy

nodes are sele
ted. If no spe
ial attention is paid to the 
he
k node degrees during

sele
tion, a 
ertain randomness 
an be expe
ted in the resulting 
he
k node degree

distribution. To quantify this randomness, at �rst, the probability of an arbitrary

edge in the original graph to be removed after shortening is 
onsidered:

P
removed

= P(�edge is removed�) = P(�edge 
onne
ted to dummy node�)

=

d
v∑

i=2

P

(
�edge 
onne
ted to

degree i variable node�

)

︸ ︷︷ ︸
=λi

P

(
�degree i variable node

is dummy node�

)

︸ ︷︷ ︸
=
# degree i dummy nodes

# degree i variable nodes

=

d
v∑

i=2

λi
∆

[r
s

]
i (N −N

s

)

ΛiN
=

d
v∑

i=2

λi
ΛiN − Λ

[r
s

]
i N

s

ΛiN

=

d
v∑

i=2

λi

(
1− Λ

[r
s

]
i N

s

ΛiN

)
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= 1− N
s

N

d
v∑

i=2

λi

Λi
Λ
[r
s

]
i

with(2.22)

= 1− N
s

N

∑d
v

i=2 iΛ
[r
s

]
i∑d

v

i=2 iΛi

= 1− E[r
s

]

E
, (3.12)

where E denotes the number of edges in the original graph and E[r
s

]
the number of

edges in the shortened graph. The number of remaining edges of a degree-k 
he
k

node (
n) after shortening then follows a binomial distribution with

P(�
n has j edges after shortening� | �
n has k edges before shortening�)

=

(
k

j

)
(1− P

removed

)
j
P
k−j
removed

, (3.13)

yielding the probability of a degree-j 
he
k node after shortening by marginalizing:

R
[r
s

]
j = P(�
n has j edges after shortening�)

=

d

∑

k=2

P

(
�
n has j edges
after shortening�

∣∣∣∣
�
n has k edges

before shortening�

)
P

(
�
n has k edges

before shortening�

)

︸ ︷︷ ︸
=Rk

=

d

∑

k=2

Rk

(
k

j

)
(1− P

removed

)
j
P
k−j
removed

. (3.14)

The shortened 
he
k node degree distribution is �nally given by

R[r
s

](x) =

d

∑

j=0

R
[r
s

]
j xj

=

d

∑

j=0

(
d

∑

k=2

Rk

(
k

j

)
(1− P

removed

)
j
P
k−j
removed

)
xj . (3.15)

This degree distribution potentially 
ontains degree-0 and degree-1 
he
k nodes (de-

pending on the original 
he
k node degree distribution and on how many nodes are

shortened) whi
h are undesirable, as they do not serve any purpose during message-

passing de
oding. To avoid these degree 0 and 1 
he
k nodes, an easy strategy is to

simply not 
hoose a variable node as dummy node if this 
auses one or more 
he
k

nodes to redu
e their degree to below 2.

Threshold Computation

The asymptoti
 error 
orre
tion performan
e of a shortened 
ode of e�e
tive rate r
s

is

determined by the shortened degree distribution pair

(
Λ[r

s

], R[r
s

]
)
. For the asymptoti



ase (i.e., at in�nite 
ode length), it does not make a di�eren
e whether a 
ode from

the

(
Λ[r

s

], R[r
s

]
)
ensemble was 
onstru
ted dire
tly or by shortening a 
ode from

another ensemble. Thus, the performan
e of shortened LDPC 
odes 
an be evaluated

using the methods introdu
ed for LDPC 
ode ensembles in Se
tion 2.6.1 by simply


onsidering the shortened degree distribution pairs.
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Constrained Optimization

Given a �xed mother 
ode degree distribution pair (λ, ρ) with 
orresponding node

perspe
tive (Λ, R) and 
ode rate r, the asymptoti
 performan
e of a shortened 
ode

of 
ode rate r
s


an be optimized by minimizing the ensemble threshold τ
(
λ[r

s

], ρ[rs]
)
of

the shortened degree distribution pair

(
λ[r

s

], ρ[rs]
)
with node perspe
tive

(
Λ[r

s

], R[r
s

]
)
.

The optimization problem is given by

min τ
(
λ[r

s

], ρ[rs]
)

(3.16a)

subje
t to λ[r
s

](1) =

d
v∑

i=2

λ
[r
s

]
i = 1 (3.16b)

λ
[r
s

]
i ≥ 0, i = 2, . . . , d

v

(3.16
)

Λi
1− r

s

1− r
− r − r

s

1− r

(3.11)

≤ Λ
[r
s

]
i

(3.11)

≤ Λi
1− r

s

1− r
, i = 2, . . . , d

v

(3.16d)

R[r
s

](x) from (3.15) (3.16e)

λ
[r
s

]
2

(2.50)

<
e
rτ

(
λ[rs],ρ[rs]

)

∑d



j=2 ρ
[r
s

]
j (j − 1)

, (3.16f)

where the trivial 
onstraints (3.16b) and (3.16
) ensure λ[r
s

]
to be a valid degree distri-

bution and (3.16d) resembles the shortening spe
i�
 
onstraint introdu
ed by (3.11).

Additionally, the stability 
onstraint (2.50) is in
luded as 
onstraint (3.16f). Finally,

a random sele
tion of the shortened 
olumns of the mother 
ode matrix is assumed in


onstraint (3.16e), resulting in the 
he
k node degree distribution given by (3.15). If

the 
he
k node degree distribution R(x) of the mother 
ode is 
on
entrated (as de�ned

by (2.73)), the 
olumn sele
tion strategy 
an be tailored in su
h a way that the short-

ened 
he
k node degree distribution R[r
s

](x) is also (nearly) 
on
entrated (see Se
-

tion 3.3.2). This 
olumn sele
tion strategy 
an be in
orporated into the optimization

problem by repla
ing 
onstraint (3.16e) by the 
he
k 
on
entration 
onstraint

ρ[rs] and d̄ [r
s

]
c from (2.73) and (2.74). (3.17)

For both 
ases (randomly shortened 
he
k node degree distribution or 
on
entrated

shortened 
he
k node degree distribution), the global optimization using DDE or the

linearization using GADE as des
ribed in Se
tion 2.7.2 
an in prin
iple be used. It

should, however, be 
onsidered that the GADE approa
h does not give very reliable

results for 
ode rates lower than about 0.5.

This 
onstrained optimization te
hnique was already used in [TJ05℄ to su

essively

optimize shortened variable node degree distributions for multiple 
ode rates, starting

from a �xed mother 
ode of rate 0.5. These referen
e results will be presented later

in Se
tion 3.4.1.
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3.1.3 Finite Length Optimization: Maximum Distan
e

2

Besides the asymptoti
 performan
e des
ribed above, also �nite length e�e
ts of in-

formation shortening are of interest. In this 
ontext, �nite length e�e
ts are those

that are not related to the degree distributions but to the 
on
rete stru
ture of a


he
k matrix of �nite size. One su
h �nite length optimization based on a maximum

distan
e optimization was introdu
ed in [BBV11℄ and is reviewed in the following.

Instead of simply appending dummy bits to the information bits or sele
ting the

dummy bit positions randomly, this approa
h determines optimized dummy bit posi-

tions within the information bit sequen
e. The approa
h is inspired by the argumen-

tation of [BEV11℄, where dummy bits are inserted equidistantly into the information

bit ve
tor before 
onvolutional en
oding. While 
onvolutional 
odes introdu
e strong

dependen
ies between neighboring bits, the relation between 
ode bits of an LDPC


ode is not determined by the positions within a frame but solely by the 
onne
tions

of nodes in the Tanner graph. Thus, distributing variable nodes with perfe
t knowl-

edge (i.e., dummy nodes) throughout the Tanner graph as uniformly as possible is

not as trivial as for 
onvolutional 
odes. Sin
e the proposed method sele
ts optimized

dummy bit positions of a �xed given LDPC 
ode, it 
an be dire
tly in
orporated into

existing systems to add �exibility in terms of the supported 
ode rates.

The following greedy heuristi
 is proposed to maximize the average minimum pairwise

distan
e (i.e., the length of the shortest path) between a given number of K
d

dummy

nodes whi
h are to be sele
ted in a given Tanner graph.

3

First, a simple breadth �rst

sear
h is applied to �nd the minimum pairwise distan
es between all K information

nodes. The result is given by the K ×K distan
e matrix D ∈ NK×K
, where matrix

entry Di,j denotes the minimum distan
e between information node i and information

node j. The distan
e matrixD is symmetri
 and has zeros on the main diagonal, sin
e

the Tanner graph is undire
ted. After the distan
e matrix has been determined, K
d

information nodes are sele
ted and added to the set of dummy nodes V
d

in a node-

by-node manner. The �rst two nodes that are added to V
d

are 
hosen as i
max

and

j
max

with

(i
max

, j
max

) ∈ argmax

∀i,j
Di,j , (3.18)

i.e., two information nodes that are most distant from ea
h other. From the third

node on, the node to be sele
ted next is the information node i∗ that maximizes the

average distan
e to all information nodes j that have already been sele
ted:

i∗ ∈ argmax

∀i 6∈V
d

1

|V
d

|
∑

∀j∈V
d

Di,j = argmax

∀i 6∈V
d

∑

∀j∈V
d

Di,j , (3.19)

where |V
d

| denotes the 
ardinality of V
d

, and thus the number of dummy nodes already

sele
ted. The algorithm stops when K
d

nodes have been added to V
d

(i.e., |V
d

| = K
d

).

A summary is given in Algorithm 2.

2

The des
ription in this se
tion follows the pre-published paper [BBV11℄.

3

To avoid dummy nodes that are very 
lose in the Tanner graph, rather than maximizing the

average distan
e, an alternative approa
h that maximizes the minimum distan
e 
an be employed,

but is not further followed up upon here.
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Algorithm 2 Maximum Distan
e Dummy Bit Insertion (MD-DBI).

1: Compute distan
e matrix D with distan
es between all K information nodes

2: Choose randomly two most distant nodes (i
max

, j
max

) ∈ argmax

∀i,j
Di,j

3: Initialize V
d

= {i
max

, j
max

}
4: while |V

d

| < K
d

do

5: Choose randomly i∗ ∈ argmax

∀i 6∈V
d

∑
∀j∈V

d

Di,j

6: V
d

= V
d

∪ {i∗}
7: end while

When rate-adaptation is used, the 
ode rate r
s

(and thus the number K
d

of dummy

bits) is typi
ally not �xed but possibly varies from one frame to the next. However, in

this 
ase it is still su�
ient to run the proposed algorithm on
e using the maximum

possible number of dummy bits K
d

= K and keep tra
k of the order in whi
h dummy

nodes are added to V
d

, resulting in an ordered list of potential dummy bit positions

of length K. For ea
h requested 
ode rate r
s

smaller than the original 
ode rate r,
the 
orresponding number of dummy bit positions 
an simply be obtained as the �rst

K
d

entries of this list.

In Figure 3.2 an exemplary Tanner graph is shown with �ve parity nodes and �ve

information nodes, three of whi
h are used for dummy bits. In the left example, the

dummy bit positions are simply 
hosen as the last three information bit positions

resulting in an average pairwise distan
e of 2.67 edges between dummy nodes. In the

right example, on the other hand, the �rst, se
ond, and fourth node are sele
ted as

dummy nodes a

ording to the proposed algorithm, resulting in an in
reased average

pairwise distan
e of 4 edges.

Simulation Results

To evaluate the performan
e of the proposed optimized dummy bit insertion, the

LDPC 
odes spe
i�ed in the IEEE 802.16e WiMAX standard [IEE09a℄ are 
onsid-

ered. Belief Propagation de
oding as des
ribed in Se
tion 2.5 with a maximum of

I
max

= 200 iterations is 
ondu
ted. The following three setups are 
onsidered:

PSfrag repla
ements

information nodes dummy nodes parity nodes 
he
k nodes

Simple 
ode shortening
Maximum distan
e shortening

Figure 3.2: Exemplary Tanner graph with three shortened nodes. Simple 
ode

shortening (left) results in the average pairwise distan
e 2.67. The

proposed maximum distan
e shortening (right) results in the in
reased

average pairwise distan
e of 4.
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Referen
e 
odes (Ref.): The 
odes from the WiMAX standard with 
ode length

N = 576 and 
ode rates r ∈ { 1
2
, 2
3
, 3
4
, 5
6
}.

Random dummy bit insertion (R-DBI): Dummy bits are randomly 
hosen amongst

the information positions. Rate r = 5
6
WiMAX 
odes of 
ode length N

s

= 576
after shortening are used as mother 
odes and 40%, 60%, and 80% of the

available information bits are dummy bits in order to mat
h the shortened 
ode

rates r
s

= 3
4 , rs =

2
3 , and r

s

= 1
2 , respe
tively.

Maximum distan
e dummy bit insertion (MD-DBI): Same as for the setup R-DBI,

but dummy bits are now inserted at optimized positions a

ording to the max-

imum distan
e heuristi
 from Algorithm 2.

The 
ode lengthsN of the mother 
odes for the R-DBI and MD-DBI setups are 
hosen

to result in the same shortened 
ode length N
s

= n
s

N = 576 of the transmitted frame

as for the referen
e 
odes (i.e., N = 864 for r
s

= 3
4 , N = 1152 for r

s

= 2
3 andN = 1728

for r
s

= 1
2
). While this setup does not allow a rate-adaptation to all 
ode rates with

the same mother 
ode, it is 
hosen to provide a fair 
omparison of the resulting

shortened 
odes to the original WiMAX 
odes of 
ode length N = 576. This way the

simulation results for ea
h shown 
ode rate also exhibit the same 
ode length su
h

that the 
urves a not biased due to di�erent 
ode lengths but only show the in�uen
e

of the di�erent rate-adaptation methods.

Note that despite the in
reased 
ode lengths of the 
odes using dummy bit insertion,

de
oding 
omplexity is not in
reased sin
e all additional nodes and edges of the Tanner

graph are asso
iated with dummy bits. Thus, as mentioned above in Se
tion 3.1.1,

these nodes and edges do not have to be 
onsidered during de
oding, sin
e they hold

messages with values +∞, whi
h is the identity element of the boxplus operator.

The upper plot in Figure 3.3 shows the frame error rate performan
e over the 
hannel

quality E
s

/N0 in dB. For a shortened 
ode rate of r
s

= 3
4
, the waterfall behavior of all

three setups is nearly identi
al. Yet, the error �oor performan
e is slightly degraded

for the non-optimized setup R-DBI and slightly enhan
ed for the optimized 
ase MD-

DBI. Ex
ept for a small loss in the waterfall region, a similar behavior is observed for

a shortened 
ode rate of r
s

= 2
3 . The most evident di�eren
e between setups R-DBI

and MD-DBI 
an be seen for the 
ode rate r
s

= 1
2 . For the non-optimized 
ase R-DBI,

the error �oor already starts at a frame error rate of about 10−2
, in 
ontrast to the

optimized 
ase MD-DBI whi
h 
omes very 
lose to the original rate-1/2 
ode with a

loss of less than 0.2 dB near the waterfall and even less in the error �oor region.

In the three lower plots of Figure 3.3, the 
onvergen
e behavior is depi
ted for the

three di�erent setups. For ea
h shortened 
ode rate r
s

, the frame error rate is plotted

over the number of de
oding iterations for exemplary �xed E
s

/N0 values. For rs =
1
2

and E
s

/N0|
dB

= 0.99 dB (left plot), it 
an be seen that 
onvergen
e is mu
h slower

for setup R-DBI than for the referen
e 
ode and setup MD-DBI. The setup MD-

DBI, however, 
onverges even faster than the original rate-1/2 
ode, but a
hieves

a slightly higher frame error rate if the number of de
oding iterations is high. For

r
s

= 2
3 and E

s

/N0|
dB

= 2.64 dB (
enter plot), a very similar behavior is observed.

For r
s

= 3
4
and E

s

/N0|
dB

= 3.75 dB (right plot), the original rate-3/4 
ode exhibits
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Figure 3.3: FER over 
hannel quality E
s

/N0 after Imax

= 200 iterations is shown in

the upper plot. The 
onvergen
e (FER over iterations) at �xed E
s

/N0

values for the three shortened 
ode rates is shown in the lower plots.

the slowest 
onvergen
e of all setups but still 
onverges to a lower frame error rate

than for setup R-DBI. The optimized dummy bit insertion (MD-DBI), however, has

the fastest 
onvergen
e and also a
hieves the best frame error rate for small as well

as for high numbers of iterations.

In summary, the proposed optimization ensures that the perfe
t knowledge provided

by known dummy bits is evenly distributed throughout the 
ode's Tanner graph. Sim-

ulation results show that signi�
ant gains in terms of frame error rate performan
e and


onvergen
e speed 
an be a
hieved by this approa
h as 
ompared to non-optimized

insertion of dummy bits at the end of the payload. It should be noted, however, that

no 
are was taken at all to 
ontrol the shortened degree distribution in the 
ondu
ted

experiments. Of 
ourse, this �nite length optimization 
an be 
ombined with the

asymptoti
 optimization presented in Se
tion 3.1.2 by modifying the algorithm to


hoose a 
orresponding number of dummy nodes for ea
h degree to also a
hieve a

good degree distribution after shortening.

3.1.4 Finite Length Optimization: Breaking Cy
les

4

Another �nite length optimization termed breaking 
y
les is presented in this se
tion.

It has been pre-published in [BV13℄ and is based on the idea of exploiting dummy

4

The des
ription in this se
tion follows the pre-published paper [BV13℄.
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nodes for �breaking� short 
y
les to improve the message-passing de
oding perfor-

man
e. Similarly to the maximum distan
e optimization of the previous se
tion, the

presented approa
h is appli
able to arbitrary LDPC 
odes and 
an thus be easily

integrated into existing systems.

As des
ribed before, from a message-passing de
oder's point of view, inserting dummy

bits means removing edges from the Tanner graph. The breaking 
y
les method

basi
ally 
hooses the positions for the dummy bits su
h that the removal of edges

�breaks� as many shortest 
y
les as possible. More pre
isely, sin
e removing a node

also removes all 
y
les running through it, the nodes 
hosen for dummy bits are the

ones with most 
y
les running through them.

Naturally, this approa
h will tend to sele
t many high degree nodes, sin
e these are

more likely to have a high number of 
y
les. If the resulting shortened graph is desired

to have a spe
i�
 predetermined variable node degree distribution, this 
an easily be

a
hieved by a minor modi�
ation of the proposed approa
h (i.e., pre-
ompute the

required number of dummy bits for ea
h degree and stop 
hoosing these degrees as

soon as the target quantity is rea
hed). However, this approa
h solely fo
uses on

the removal of 
y
les and the e�e
t on the degree distribution is disregarded for the

moment (the in�uen
e of a modi�ed degree distribution will also be dealt with in the

simulation results on page 64).

In [KB10, KB13℄, an e�
ient message-passing algorithm for 
ounting the number

of 
y
les of length up to 2g − 2 was presented, with g being the girth, i.e., the

length of the shortest 
y
le in the graph. The 
omplexity of the algorithm grows as

O
(
gE2

)
= O

(
N2
)
(with E denoting the number of edges in the Tanner graph) whi
h

is only feasible for moderate 
ode lengths. Here, a slight modi�
ation of this algorithm

is used that does not 
ount the global number of 
y
les, i.e., the 
y
le histogram

α = (α4, α6, . . . , α2g−2), but the lo
al 
y
le histogram αn = (αn,4, αn,6, . . . , αn,2g−2)
of ea
h information node n ∈ I (i.e., ea
h potential 
andidate for a dummy node).

A Tanner graph G = (I∪P∪C, E) with the set of information nodes I, the set of parity
nodes P , the set of 
he
k nodes C, and the set of 
onne
ting edges E is 
onsidered.

The proposed algorithm sele
ts information nodes from I to be used for dummy bits

in a node-by-node manner until all K information nodes have been sele
ted to identify

the order in whi
h dummy bits should be allo
ated. In ea
h step, the sele
ted node

n∗
is the one with the largest number of 
y
les αn∗,gI of the 
urrently shortest length

gI in the set I.5 After node n∗
has been removed from the graph, the numbers in the

lo
al 
y
le histograms αn of other nodes are potentially redu
ed, and the shortest


y
le length gI might in
rease. Thus, gI and αn,gI have to be re
omputed for all

remaining nodes n after ea
h step. If a short 
y
les exists that is only 
onne
ted to

parity nodes, it is theoreti
ally possible that at some stage the value gI be
omes larger

than 2g − 2 (with g still denoting the 
urrent global girth). In this 
ase, the values

αn,gI 
an no longer be 
omputed by the algorithm from [KB10, KB13℄. However, in

pra
ti
e this only happens after almost all K nodes from the set I have already been

5

Cy
les that are shorter than gI but are only 
onne
ted to parity nodes are not 
onsidered, as

they 
annot be eliminated by information shortening.
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sele
ted, so that the few remaining nodes 
an simply be 
hosen in some arbitrary

fashion. Finally, the algorithm yields the ordered ve
tor s of size K 
ontaining the

order in whi
h bits should be shortened. For ea
h mother 
ode, this algorithm has to

be exe
uted only on
e o�ine to �nd the ve
tor s. To realize any shortened 
ode rate

r
s

< r, the �rst K
d

= K −K
s

positions in s are then simply 
hosen as dummy bits.

A detailed des
ription is given in Algorithm 3.

Of 
ourse, the 
olumns of the parity 
he
k matrix 
an simply be reordered a

ording

to s. This allows to a
hieve the performan
e gain of the proposed method by append-

ing the desired number of dummy bits to the end (or likewise to the beginning) of

the information bits.

One drawba
k of this approa
h is its high 
omputational 
omplexity, sin
e the algo-

rithm of [KB10, KB13℄ for 
ounting the 
y
les has to be exe
uted K times (line 10

of Algorithm 3), whi
h leads to an overall 
omplexity of O
(
KN2

)
= O

(
N3
)
. Al-

though the method is mainly intended to be used for moderate 
ode lengths N and

only has to be exe
uted on
e in advan
e for a given 
ode, this 
omplexity be
omes

qui
kly infeasible for 
ode lengths of about a few thousand bits. To deal with this


omplexity problem, a simpli�ed version of Algorithm 3 is additionally presented

whi
h has been pre-published in [BV13℄. This simpli�ed breaking 
y
les algorithm

only 
omputes the lo
al 
y
le histograms αn on
e in advan
e and sele
ts dummy bit

positions solely based on these pre-
omputed values. Consequently, the 
omplexity is

redu
ed to only O
(
N2
)
whi
h is given by the algorithm of [KB10, KB13℄ for 
ounting

the 
y
les. This simpli�ed version is des
ribed in Algorithm 4.

Empiri
al investigations suggest that for this simpli�ed breaking 
y
les algorithm,

Algorithm 3 Breaking Cy
les algorithm �nds optimized order s of dummy bits.

1: Given a Tanner graph G = (I ∪ P ∪ C, E)
2: Initialize I ′ = I, E ′ = E , G′ = G
3: Initialize ve
tor of dummy nodes s = ( ) // empty ve
tor

4: while size(s) < K do

5: Find the length g of the shortest 
y
le in G′

6: Find the length gI
′
of the shortest 
y
le running through any information node

n ∈ I ′

7: if (gI
′ > 2g − 2) then

8: break // 
y
les 
annot be found with [KB10℄

9: end if

10: Compute αn,g
I
′
for all n ∈ I ′

11: Find n∗ = argmax

∀n∈I′
αn,g

I
′

12: s = (s, n∗) // append n∗
to s

13: I ′ = I ′ \{n∗} // remove n∗
from I ′

14: E ′ = E ′ \ En∗ // En∗ denotes all edges 
onne
ted to variable node n∗

15: G′ = (I ′ ∪ P ∪ C, E ′)
16: end while

17: Append all remaining nodes from I ′
to s
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Algorithm 4 Simpli�ed Breaking Cy
les algorithm for �nding optimized order s of

dummy bit positions.

1: Given a Tanner graph G = (I ∪ P ∪ C, E)
2: Initialize I ′ = I
3: Initialize ve
tor of dummy nodes s = ( ) // empty ve
tor

4: Find the lo
al girth gn for all n ∈ I
5: Compute αn,gn for all n ∈ I
6: Set αn,2t = 0 for all n ∈ I and all t with 2 ≤ t < gn/2
7: while size(s) < K do

8: Find l = min

∀n∈I′
gn

9: Find n∗ = argmax

∀n∈I′
αn,l

10: s = (s, n∗) // append n∗
to s

11: I ′ = I ′ \{n∗} // remove n∗
from I ′

12: end while

the amount by whi
h the number of short 
y
les in the graph is redu
ed is almost

the same as for the more 
omplex Algorithm 3. In Table 3.2 the numbers of 
y
les

are given for an optimized rate-1/2 PEG LDPC 
ode with 
ode length N = 2304,
K = 1152, girth g = 6, and degree distributions (in node perspe
tive)

Λ(x) = 0.45x2 + 0.37x3 + 0.03x4 + 0.15x11

and R(x) = 0.47x7 + 0.53x8.

In the upper part of the table, the global numbers of 
y
les αl of lengths l∈{4, 6, 8, 10}
are shown, while the lower part shows the number of only those 
y
les that are running

through information nodes I denoted by αI
l . These numbers are of spe
ial interest

sin
e only these 
y
les 
an be eliminated by dummy bits. To 
ompute the numbers

αI
l , the numbers of 
y
les are 
ounted at ea
h node in a node-by-node manner leading

to 
y
les potentially being 
ounted multiple times, whi
h is why the values αI
l 
an be

larger than the 
orresponding values αl. In addition to the 
y
les of the mother 
ode,

the a

ording numbers are also given if dummy bit insertion with K
d

= K −K
s

= 768
is used to a
hieve r

s

(3.1)

= K
s

N
s

= 1152−768
2304−768 = 1

4 . Four di�erent approa
hes of �nd-

ing optimized dummy bit positions are 
onsidered: the maximum distan
e heuristi


from Se
tion 3.1.3 presented in [BBV11℄, the proposed Algorithm 3 and the proposed

simpli�ed Algorithm 4, as well as the approa
h presented in [LWZ09℄, whi
h tries to

maximize the extrinsi
 sum of the dummy nodes, i.e., preferably shortens low-degree

variable nodes that are 
onne
ted to high-degree 
he
k nodes.

While the approa
h of [LWZ09℄ and the MD-DBI only redu
e the number of 
y
les

of length 6 by about 20�25%, both breaking 
y
les approa
hes a
hieve a redu
tion

by about 90%. A similar behavior is observed for the 
y
les of length 8 and 10. It

is worth noting that within the information nodes I (in the lower part of the table),

in fa
t, the breaking 
y
les approa
hes eliminate all 
y
les of length 6 and more than

99% of the 
y
les of lengths 8 and 10.
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global 
y
les α4 α6 α8 α10

Mother 
ode, K
d

= 0 0 2 285 141 934 3 379 631

Approa
h of [LWZ09℄, K
d

= 768 0 1 768 101 415 2 202 533

Alg. 2 (MD-DBI), K
d

= 768 0 1 822 104 556 2 294 903

Alg. 3 (BreakCy
), K
d

= 768 0 269 9 573 119 791

Alg. 4 (SimpBreakCy
), K
d

= 768 0 269 10 438 128 547

node wise 
y
les of all n ∈ I αI
4 αI

6 αI
8 αI

10

Mother 
ode, K
d

= 0 0 3 506 281 903 8 414 973

Approa
h of [LWZ09℄, K
d

= 768 0 2 436 183 644 4 989 422

Alg. 2 (MD-DBI), K
d

= 768 0 2 559 190 889 5 249 099

Alg. 3 (BreakCy
), K
d

= 768 0 0 1 086 21 745

Alg. 4 (SimpBreakCy
), K
d

= 768 0 0 1 990 31 124

Table 3.2: Cy
les of rate 1/2 PEG LDPC mother 
ode with N = 2304.

Simulation Results

To numeri
ally evaluate the performan
e of the 
onsidered shortening method, the

rate-1/2 PEG LDPC 
ode with 
ode length N = 2304 from above is used as mother


ode, and dummy bit insertion withK
d

∈ {768, 1024} dummy bits is applied to realize

shortened 
ode rates r
s

∈ { 1
4 ,

1
10}. The following �ve setups are 
onsidered:

• Approa
h of [LWZ09℄ ([LWZ09℄)

• Maximum distan
e approa
h from Algorithm 2 (MD-DBI)

• Breaking 
y
les from Algorithm 3 (BreakCy
)

• Simpli�ed breaking 
y
les from Algorithm 4 (SimpBreakCy
)

• Referen
e PEG 
odes (Referen
e PEG)

The referen
e PEG 
odes (in
luding the used mother 
ode) are optimized for their

spe
i�
 
ode rates and serve for 
omparison only. They have 
ode rates r ∈ { 1
2
, 1
4
, 1
10
}

and 
ode lengths N ∈ {2304, 1536, 1280}, whi
h 
orrespond to the shortened 
ode

rates r
s

and 
ode lengths N
s

a
hieved by the dummy bit insertion.

Frame Error Rate Results

Belief Propagation de
oding as des
ribed in Se
tion 2.5 with a maximum of I
max

=100
iterations is 
ondu
ted. In Figure 3.4 the frame error rate performan
e over the


hannel quality E
s

/N0 in dB is shown. For r
s

= 1
4
(solid lines) it 
an be seen that

for the approa
h of [LWZ09℄ and MD-DBI, there is a performan
e gap of about

1 dB 
ompared to the optimized PEG 
ode. Both of the breaking 
y
les approa
hes,

however, perform even a little better than the optimized PEG 
ode in the waterfall

region, but show a slight error �oor for error rates below 10−4
. At an error rate of 10−4

,

a gain of about 0.9 dB is a
hieved 
ompared to [LWZ09℄ and MD-DBI. For r
s

= 1
10
,
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Figure 3.4: FER results for rate-

1
2 PEG mother 
ode with 
ode length N = 2304

and four di�erent approa
hes of dummy bit insertion. As referen
e,

optimized PEG 
odes of rates

1
4 and

1
10 are also shown.

the breaking 
y
les approa
hes show a performan
e gap of about 0.6 dB 
ompared to

the referen
e PEG 
ode, but still 
learly outperform the approa
h of [LWZ09℄ and

also MD-DBI by about 1.5 dB. Furthermore, the simulation results show that in

terms of error 
orre
tion performan
e the simpli�ed Algorithm 4 performs very 
lose

to Algorithm 3, whi
h 
omplies with the observation that it also redu
es the number

of short 
y
les to almost the same extent.

In�uen
e of Degree Distributions

As already indi
ated above, di�erent algorithms for the sele
tion of dummy bit po-

sitions 
an result in di�erent shortened degree distributions if the allowed degrees

of the dummy nodes are not prede�ned. The variable node degree distributions of

the mother 
ode, the shortened rate-

1
10


ode after dummy bit insertion a

ording

to [LWZ09℄ and a

ording to BreakCy
, as well as the optimized rate-

1
10

PEG 
ode

are shown in Table 3.3. The DDE thresholds τ
DDE

in terms of E
s

/N0 values are


omputed under the assumption of 
on
entrated 
he
k node degree distributions.

Sin
e these varying degree distributions obviously have an in�uen
e on the frame

error rate results from the previous se
tion, the following additional experiments for

Λi or Λ
[r
s

]
i , i : 2 3 4 11 τ

DDE

|
dB

Mother 
ode, r = 1
2 0.450 0.370 0.030 0.150 −2.63

[LWZ09℄, r
s

= 1
10

0.403 0.334 0.028 0.235 −6.42

BreakCy
, r
s

= 1
10 0.492 0.345 0.028 0.135 −8.34

Optimized PEG, r = 1
10

0.718 0.136 0.098 0.048 −11.03

Table 3.3: Original and shortened variable node degree distributions Λ(x) and

Λ[r
s

](x) in node perspe
tive and ensemble thresholds τ
DDE

with the as-

sumption of 
on
entrated 
he
k node degree distributions.
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the e�e
tive rate r
s

are 
ondu
ted: 20 random sele
tions of dummy bit positions (i.e.,

random shortening) are instantiated with the same degree distribution as resulting

from BreakCy
. Furthermore, by prede�ning the allowed number of dummy nodes

for ea
h degree, the breaking 
y
les Algorithm 3 is 
onstrained to exa
tly mat
h the

degree distribution as a
hieved by [LWZ09℄, denoted by ModBreakCy
. This way,

di�erent shortened 
odes with the same degree distribution 
an be 
ompared. The

results are shown in Figure 3.5.

It 
an be seen that the BreakCy
 a
hieves better performan
e than random dummy

bit insertion with the same degree distribution. Moreover, also for the degree distri-

bution a
hieved by the algorithm from [LWZ09℄ with a mu
h higher threshold, the

ModBreakCy
 method still outperforms the referen
e algorithm.

Altogether, the breaking 
y
les approa
h is an e�e
tive method to �nd an optimized

set of dummy bit positions that shows superior error 
orre
tion performan
e for short-

ening of a given mother 
ode. It 
an easily be used in 
onjun
tion with a predeter-

mined optimized shortened degree distribution to a
hieve near 
apa
ity performan
e

over a wide range of 
ode rates (e.g., 0.5 to 0.1 as presented here).

It should further be noted that the breaking 
y
les method does not rely on any spe-


i�
 
ode 
onstru
tion algorithm. In this se
tion the PEG 
onstru
tion was merely

used as an example sin
e it is one of the most prominent 
ode 
onstru
tion methods.

Even though, for this spe
i�
 
ombination of 
ode 
onstru
tion and dummy bit in-

sertion, it might be possible to in
orporate the 
y
le breaking approa
h dire
tly into

the pro
ess of 
onstru
ting the PEG 
ode (whi
h is also based on the idea of avoiding

short 
y
les), here, both pro
esses are 
onsidered as separate entities for the sake of

generality.
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e of di�erent degree distributions on the breaking 
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les Algo-

rithm 3 (BreakCy
) and [LWZ09℄ for shortened 
ode rate r
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.
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3.2 Parity Pun
turing

The previous se
tion des
ribes a te
hnique to �exibly redu
e the 
ode rate of a mother


ode with �xed 
ode rate r. The method of parity pun
turing, on the other hand,

in
reases the 
ode rate r
p

, with r < r
p

≤ 1, by simply dis
arding an arbitrary

number of the parity bits generated by the mother 
ode before transmission. Parity

pun
turing is a well-known method that was developed espe
ially for 
onvolutional


odes at �rst [CCG79, Hag88℄. In [LN02℄ the 
on
ept was extended to the 
ase of

regular LDPC 
odes and later also to irregular LDPC 
odes in [HM03a, HKM04℄.

In the following, the general 
on
ept of parity pun
turing is introdu
ed, followed by an

asymptoti
 analysis on the ensemble performan
e and some �nite length optimization

te
hniques for sele
ting the exa
t bit positions to be pun
tured.

3.2.1 En
oding and De
oding

6

In Figure 3.6 blo
k diagrams of en
oder and de
oder using parity pun
turing are

shown. As in the 
ase of information shortening, the 
ore implementation of the

mother en
oder and de
oder 
an be used without modi�
ations and only the removal

and insertion �xed values has to be exe
uted additionally.

En
oding

The (N,K) mother 
ode of rate r takes the information word x of length K as

input and generates M = 1−r
r

K parity bits at the output. Then, M
d

of the parity

bits are simply dis
arded prior to transmission. Thus, the transmitted 
ode word

y only 
onsists of the K information bits and the remaining M
p

= M −M
d

parity

bits, resulting in an (N −M
d

,K) 
ode with e�e
tive 
ode length N
p

= K +M
p

and

e�e
tive 
ode rate

r
p

=
K

N
p

=
K

K +M
p

=
r

1−r

r
1−r +

M
p

M

=
1

1 + 1−r
r m

p

, (3.20)

where the relative pun
tured parity word and 
ode word lengths are de�ned as m
p

and n
p

by

m
p

:=
M

p

M
=

r−1
p

− 1

r−1 − 1
, (3.21)

and

n
p

:=
N
p

N
=

r

r
p

. (3.22)

Any 
ode rate r ≤ r
p

≤ 1 
an be a
hieved by an a

ordant 
hoi
e of m
p

(again only

in dis
rete steps, depending on the absolute values of M
p

and M ). If no bits are

pun
tured (i.e., m
p

= 1), r
p

= r follows and if all M parity bits are pun
tured (i.e.,

m
p

= 0), the e�e
tive 
ode rate is r
p

= 1.

6

The des
ription in this se
tion follows the pre-published paper [BV14℄.
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Figure 3.6: En
oding and de
oding using a �xed mother en
oder and de
oder and

parity pun
turing to adapt the 
ode rate. The di�erent 
olors visualize

exemplary positions of information, parity, and pun
tured bits.

De
oding

At the re
eiver, no 
hannel information about the pun
tured bits is available and, thus,

zeros are inserted into the re
eived LLR sequen
e L(y|z) a

ording to the pun
tured
positions, yielding the LLR sequen
e L(ỹ|z). LLRs with value zero 
orrespond to


omplete un
ertainty as the binary values 0/1 are equally likely. For the 
omputation

of messages a

ording to the BP 
he
k node update, the messages with 
omplete

un
ertainty are dominant in the sense of Li ⊞ 0 = 0 (see, e.g., [HOP96℄). Due to this
dominan
e of un
ertainty, pun
tured nodes �rst have to be re
overed by neighboring

unpun
tured nodes, before a 
onne
ted 
he
k node 
an pass non-zero messages to

other variable nodes. This behavior degrades the de
oding performan
e and has

to be 
onsidered in the design of e�
ient pun
turing patterns. As in the 
ase of

information shortening, existing de
oder implementations of the mother 
ode do not

have to be modi�ed.

In analogy to information shortening, en
oding and de
oding with arbitrary positions

of pun
tured bits 
an be equivalently realized by simply reordering the 
he
k matrix


olumns su
h that the pun
tured positions are in the last M
d

positions.

3.2.2 Asymptoti
 Analysis and Optimization

While shortened positions are des
ribed by a degree distribution (with 
oe�
ients

summing up to one) in the previous se
tion, a di�erent representation is 
ommonly


hosen to des
ribe the pun
tured positions. In a

ordan
e with [HKM04℄, the pun
-

turing polynomial of e�e
tive rate r
p

is de�ned by

Π
[r
p

]
(x) =

d
v∑

i=2

Π
[r
p

]
i xi, (3.23)
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where 0 ≤ Π
[r
p

]
i ≤ 1 denotes the fra
tion of pun
tured degree-i variable nodes. More

pre
isely, the absolute number of pun
tured variable nodes of degree i is given by

M
d,i := Π

[r
p

]
i ΛiN = Π̃

[r
p

]
i N. (3.24)

It should be noted that the 
oe�
ients Π
[r
p

]
i do not sum up to one (as in the 
ase of

a degree distribution), but instead are related to the mother 
ode by

Π̃
[r
p

]
(x)
∣∣∣
x=1

=

d
v∑

i=2

Π̃
[r
p

]
i =

d
v∑

i=2

Π
[r
p

]
i Λi

=

d
v∑

i=2

M
d,i

N
=

M
d

N
= 1− n

p

(3.22)

= 1− r

r
p

. (3.25)

Threshold Computation using Gaussian Approximation

The asymptoti
 e�e
t of pun
tured bits on the ensemble threshold was in
orporated

into density evolution using a Gaussian approximation (
f. Se
tion 2.7.1) in [HM03a,

HM03b, HKM04℄ and is brie�y reviewed in the following. The ensemble threshold

of a pun
tured 
ode of e�e
tive rate r
p

is determined by the triple

(
λ, ρ,Π[r

p

]
)
, i.e.,

by the degree distribution pair of the mother 
ode and the pun
turing polynomial,

spe
ifying how many nodes of ea
h degree are pun
tured (where a random sele
tion

of the pun
tured nodes is assumed for ea
h degree in the following ensemble threshold

analysis). Firstly, let e(k) := P(�v
(k)
n,m = 0 in k-th iteration�) denote the probability of

an arbitrary variable-to-
he
k message v
(k)
n,m being equal to zero in the k-th iteration

due to pun
turing and likewise ε(k) := P(�c
(k)
m,n = 0 in k-th iteration�) the probability

of an arbitrary 
he
k-to-variable message c
(k)
m,n being equal to zero in the k-th iteration

due to pun
turing. As des
ribed above, a 
he
k-to-variable message is zero if at least

one of the in
oming variable-to-
he
k messages that are summed up (using the boxplus

operation) is equal to zero. Thus, the probability ε(k) 
an be written as

ε(k) =

d

∑

j=2

P

(
�edge 
onne
ted to

degree j 
he
k node�

)

︸ ︷︷ ︸
= ρj

P

(
�at least one of j − 1

in
oming messages is zero�

)

=

d

∑

j=2

ρj

(
1−

(
1− e(k)︸ ︷︷ ︸

spe
i�
 message 6= 0

)j−1

︸ ︷︷ ︸
all j − 1 messages 6= 0

)

︸ ︷︷ ︸
at least one message = 0

. (3.26)

A variable-to-
he
k message, on the other hand, is only equal to zero if the 
hannel

LLR is zero, i.e., the respe
tive variable node is pun
tured, and all in
oming 
he
k-
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to-variable messages are zero.

7

Thus, the probability e(k) is given by

e(k) =

d
v∑

i=2

P

(
�edge 
onne
ted to

deg. i variable node�

)

︸ ︷︷ ︸
= λi

P

(
�degree i variable
node is pun
tured�

)

︸ ︷︷ ︸
= Π

[r
p

]
i

P

(
�all in
oming

messages zero�

)

=

d
v∑

i=2

λiΠ
[r
p

]
i

(
ε(k−1)
︸ ︷︷ ︸

spe
i�
 message = 0

)i−1

︸ ︷︷ ︸
all i − 1 messages = 0

. (3.27)

By inserting (3.26) into (3.27), the re
ursion

e(k) =

d
v∑

i=2

λiΠ
[r
p

]
i




d

∑

j=2

ρj

(
1−

(
1− e(k−1)

)j−1
)


i−1

, (3.28)

is obtained for k ≥ 0, where the initial value is set to e(−1) = 1. Under the Gaussian
assumption [CRU01℄, the message probability densities 
an be des
ribed by a mixture

of a 
ontinuous Gaussian density and a dis
rete point mass (i.e., a Dira
 impulse)

at zero 
orresponding to the 
urrent probability of a message to be equal to zero.

Similarly to the unpun
tured 
ase (des
ribed in Se
tion 2.7.2) a re
ursion for the

mean µ
[k]



of the 
ontinuous part of the density 
an be derived whi
h takes into

a

ount the probabilities e(k) and ε(k) of erased messages [HKM04℄:

µ[k]



=

d

∑

j=2

ρjφ
−1

(
1− 1

(
1− e(k)

)j−1

(
1−

d
v∑

i=2

(
λiΠ

[r
p

]
i

i−1∑

l=0

χ(k−1)
i−1,l φ

(
lµ[k−1]




)

+ λi

(
1− Π

[r
p

]
i

) i−1∑

l=0

χ(k−1)
i−1,l φ

(
lµ[k−1]




+ µL

)))j−1
)
. (3.29)

Where φ(·) was introdu
ed in (2.66) on page 28 and the auxiliary term χ(k−1)
i−1,l des
ribes

the binomial distribution

χ(k−1)
i−1,l =

(
i− 1

l

)(
ε(k−1)

)i−1−l (
1− ε(k−1)

)l
. (3.30)

Furthermore, it was shown in [HKM04℄ that the probability of error for the informa-

tion bits 
an only approa
h zero if also all (pun
tured) parity bits are su

essfully

re
overed, i.e., if e(k) → 0 and ε(k) → 0 for k → ∞. Using the same methods as

des
ribed in Se
tion 2.7.1 for the unpun
tured 
ase, the pun
tured ensemble thresh-

old τ
GADE

(λ, ρ,Π[r
p

]) 
an be 
omputed using re
ursion (3.29). However, due to the

Gaussian approximation, the pre
ision of the predi
ted ensemble thresholds strongly

depends on the 
ode rate and the maximum variable node degree.

7

With �xed point arithmeti
, a message 
an also be equal to zero if multiple non-zero messages

are added. This 
ase, however, does not need to be 
onsidered, sin
e here only the zero-messages

that are 
aused by pun
turing are of interest.
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Threshold Computation using DDE

To a
hieve higher pre
ision of the pun
tured ensemble threshold predi
tion, espe
ially

for 
ode rates below 0.5 and/or large maximum variable node degrees, the e�e
t

of pun
turing 
an also be in
orporated into the DDE method (
f. Se
tion 2.7.1).

Combining the analysis of pun
turing with DDE was brie�y mentioned in [HKM04℄

but not spe
i�
ally des
ribed in detail. Thus, in the following, a des
ription of how

to integrate pun
turing into the DDE analysis is provided.

With the same notation as introdu
ed in Se
tion 2.7.1 for DDE and re
ursions (3.26)

and (3.27) for e(k) and ε(k), pun
turing 
an be in
orporated into the DDE method as

follows. The probability mass fun
tion P
[k]
v

(x = c∆x) of a variable-to-
he
k message

after the k-th iteration is de
omposed into two parts:

P[k]
v

(x) = P
[k]
v,0(x) + P

[k]
v,6=0(x) = e(k)δ(x) +

(
1− e(k)

)
P
[k]
v| 6=0(x), (3.31)

where P
[k]
v,0(x) = e(k)δ(x) des
ribes the point mass at zero that is indu
ed by the pun
-

turing of variable nodes, and P
[k]
v,6=0(x) des
ribes the 
ontribution of unpun
tured or

already re
overed messages. The evolution of P
[k]
v,0(x) is fully determined by re
ur-

sion (3.27), while P
[k]
v,6=0(x) is 
omputed by the modi�ed variable node update

P
[k]
v, 6=0 =

d
v∑

i=2

λiΠ
[r
p

]
i

i−1∑

l=1

χ(k)
i−1,l

(
P
[k]

| 6=0

)⊛l

+ λi

(
1− Π

[r
p

]
i

) i−1∑

l=0

χ(k)
i−1,l

(
P
[k]

| 6=0

)⊛l

⊛ p
AWGN,LLR

, (3.32)

summing over only those probabilities with 
ontributions of at least one unpun
tured

term. The auxiliary term

χ(k)
i,l is given by (3.30). The same de
omposition is done

for the pmf P
[k]



(x = c∆x) of a 
he
k-to-variable message after the k-th iteration:

P[k]



(x) = P
[k]

,0(x) + P

[k]

,6=0(x) = ε(k)δ(x) +

(
1− ε(k)

)
P
[k]

| 6=0(x), (3.33)

where P
[k]

,0(x) = ε(k)δ(x) des
ribes the point mass at zero that represents zero 
he
k-

to-variable messages of 
he
k nodes that are 
onne
ted to pun
tured variable nodes

and P
[k]

, 6=0(x) des
ribes the 
ontribution of 
he
k nodes 
onne
ted to unpun
tured or

already re
overed variable nodes (and P
[k]

| 6=0(x) des
ribes the respe
tive 
onditional

pdf). Then P
[k]

,0(x) is fully determined by re
ursion (3.26), while P

[k]

| 6=0(x) 
an be
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omputed by the modi�ed 
he
k node update

P
[k]

| 6=0(c∆x) =

d

∑

j=2

ρj
∑

(c1,...,cj−1):
Q(c1∆x⊞ ···⊞ cj−1∆x)=c∆x

j−1∏

j′=1

P
[k−1]
v| 6=0

(
cj′∆x

)

=

d

∑

j=2

ρj
∑

(c1,...,cj−1):
Q(c1∆x⊞ ···⊞ cj−1∆x)=c∆x

j−1∏

j′=1

P
[k−1]
v,6=0

(
cj′∆x

)

1− e(k−1)

=

d

∑

j=2

ρj
(1− e(k−1))j−1

∑

(c1,...,cj−1):
Q(c1∆x⊞ ···⊞ cj−1∆x)=c∆x

j−1∏

j′=1

P
[k−1]
v,6=0

(
cj′∆x

)
,

(3.34)

for c = ⌈x
min

∆x − 1
2⌉, . . . , ⌊

x
max

∆x + 1
2⌋. Equations (3.32) and (3.34) together with (3.26)

and (3.27) are evaluated re
ursively, starting with e(−1) = 1, P
[0]

| 6=0(x) = δ(x), and

P
[0]
v| 6=0 = P

AWGN,LLR

, to evaluate if error-free de
oding is asymptoti
ally possible at

a given 
hannel quality with a 
ode from the pun
tured ensemble

(
λ, ρ,Π[r

p

]
)
. By

evaluating 
onvergen
e at multiple 
hannel qualities as des
ribed in Se
tion 2.7.1, the

pun
tured ensemble threshold τ
DDE

(
λ, ρ,Π[r

p

]
)

an be 
omputed.

Constrained Optimization

Given a �xed mother 
ode degree distribution pair (λ, ρ) with 
ode rate r, the asymp-

toti
 performan
e of a pun
tured 
ode of 
ode rate r
p


an be optimized by minimizing

the pun
tured ensemble threshold of the triple

(
λ, ρ,Π[r

p

]
)
, where λ and ρ are �xed

and the 
oe�
ients of Π[r
p

]
are the optimization variables. Under the assumption that

the mother 
ode degree distribution pair (λ, ρ) ful�lls the stability 
ondition (2.50),

the pun
tured ensemble automati
ally also ful�lls the stability 
ondition sin
e

λ2

(2.50)

<
erτ(λ,ρ)

∑d



j=2 ρj(j − 1)
<

e
r
p

τ
(
λ,ρ,Π[r

p

]
)

∑d



j=2 ρj(j − 1)
(3.35)

dire
tly follows from (2.50) and r
p

> r as well as τ
(
λ, ρ,Π[r

p

]
)
≥ τ(λ, ρ), where the

latter inequality holds be
ause the ensemble threshold 
annot be redu
ed (i.e., im-

proved) by dis
arding the information of pun
tured bits. Instead, a similar 
ondition

is proposed here for the pun
turing fra
tion Π
[r
p

]
2 as a ne
essary 
ondition for the

residual pun
turing probability e(k) (or equivalently ε(k)) to 
onverge to zero. For

this purpose, the �rst-order Taylor series approximation of the re
ursion (3.28) is ex-

amined in the following. Firstly, (3.28) is 
onsidered as des
ribing e(k) as a fun
tion

of e(k−1)
:

e(k) = f(e(k−1)). (3.36)
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The derivative of f(e(k−1)) with respe
t to e(k−1)
is denoted f ′(e(k−1)). To evaluate

the behavior of this fun
tion 
lose to the point zero, the �rst-order Taylor series is

determined around e(k−1) = 0 by

e(k) = f
(
e(k−1)

)
≈ f

(
e(k−1) = 0

)

︸ ︷︷ ︸
=0

+
f ′
(
e(k−1) = 0

)

1!︸ ︷︷ ︸
=λ2Π

[r
p

]
2

ρ′(1)

·
(
e(k−1) − 0

)

= e(k−1)λ2Π
[r
p

]
2 ρ′(1), (3.37)

with ρ′(1) = dρ(x)
dx

|x=1. The value f
′(e(k−1) = 0) 
an be obtained by derivating (3.28).

Altogether, for e(k) to 
onverge to zero, the linear fa
tor in re
ursion (3.37) needs to

be less than 1:

e(k)

e(k−1)
≈ λ2Π

[r
p

]
2 ρ′(1)

!
< 1

⇔ Π
[r
p

]
2

!
<

1

λ2ρ′(1)
=

1

λ2

d

∑

j=2

ρj(j − 1)

. (3.38)

This inequality will be referred to as pun
turing stability 
ondition. Similarly to

the stability 
ondition (2.50), it 
an be used as additional 
onstraint during the

optimization of a pun
turing polynomial as it is a ne
essary 
ondition for 
onvergen
e

to zero error probability.

Assuming stability of the mother 
ode ensemble, the optimization problem of �nding

a good pun
turing polynomial is then given by

min τ
(
λ, ρ,Π[r

p

]
)

(3.39a)

subje
t to

d
v∑

i=2

Π
[r
p

]
i Λi

(3.25)

= 1− r

r
p

(3.39b)

0 ≤ Π
[r
p

]
i ≤ 1, i = 2, . . . , d

v

(3.39
)

Π
[r
p

]
2

(3.38)

<
1

λ2ρ′(1)
. (3.39d)

This problem 
an be solved using global optimization with DDE or a linearization

based on the GA (details on the linearization are found in [HKM04℄).

3.2.3 Finite Length Optimization: Guaranteed

Re
overability

As in the 
ase of information shortening, �nite length e�e
ts 
aused by parity pun
-

turing des
ribe e�e
ts that are not related to the pun
tured ensemble performan
e
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but to the 
on
rete stru
ture of a pun
tured 
ode realization. A number of detri-

mental e�e
ts of pun
tured nodes in the Tanner graph and matrix 
onstru
tion al-

gorithms taking these e�e
ts into a

ount have been investigated in the literature,

e.g., [HKKM06, ZMGC12, AB13℄. The most important and widely used property of

pun
tured nodes is the so-
alled k-step-re
overability [HKKM06℄. Before de
oding

starts, no intrinsi
 information about a pun
tured parity bit is available from the


hannel observation. Thus, the value of the parity bit has to be re
overed during

iterative de
oding by 
olle
ting extrinsi
 information from the 
he
k nodes 
onne
ted

to the pun
tured variable node. A pun
tured node is said to be k-step-re
overable
(k-SR) if it re
eives at least one non-zero message for the �rst time in the k-th itera-

tion, assuming that a �ooding s
hedule is used.

8

It 
an roughly be assumed that the

earlier a pun
tured node is re
overed, the more reliable its re
overy is. Following this

assumption, a typi
al �nite length optimization 
onsists in sele
ting the pun
tured

variable nodes su
h that as many nodes as possible with low k-step-re
overability are


reated. Examples of su
h algorithms have been presented in [HKKM06℄ and more

re
ently in [AB13℄.

Strongly Pun
tured Codes with Guaranteed Re
overability

9

The more parity bits are pun
tured, the more likely it be
omes to 
reate unre
over-

able pun
tured nodes, also 
alled ∞-step-re
overable (∞-SR). This usually happens

very suddenly at a spe
i�
 pun
tured 
ode rate, and as soon as one node be
omes

unre
overable, almost all other pun
tured nodes will also be unre
overable due to

mutual dependen
ies. On
e this happens, the error 
orre
tion performan
e of the

pun
tured 
ode be
omes very poor, as nearly the whole graph is dea
tivated by the

unre
overable nodes no matter how many iterations are exe
uted.

A low-
omplexity approa
h that, during 
onstru
tion of a 
he
k matrix, e�e
tively

avoids the 
reation of unre
overable nodes even at very high pun
tured rates is pre-

sented. This approa
h has also been employed in the 
ode 
onstru
tion method intro-

du
ed in [BWV14℄. The presen
e of pun
tured nodes in the Tanner graph, whi
h have

to be re
overed before they 
an forward extrinsi
 information, unavoidably indu
es a

performan
e loss 
ompared to a dedi
ated unpun
tured 
ode of the same rate. While

this penalty is relatively small for moderate fra
tions of pun
tured nodes, it strongly

in
reases for large pun
turing fra
tions. In 
ontrast to most previous approa
hes, the

proposed method does not aim at optimizing the performan
e at low to moderate

pun
turing fra
tions, but instead enables pun
turing up to an arbitrarily high pun
-

tured 
ode rate without 
reating unre
overable nodes. This is a
hieved by modifying

the underlying 
ode 
onstru
tion method (e.g., the PEG algorithm) as follows.

Before starting the 
onstru
tion of the parity 
he
k matrix, the desired number M
d

of the variable nodes are marked as pun
tured nodes. Ea
h of these nodes needs to

8

It should be noted that this de�nition of the re
overy of a pun
tured node does not a

ount for

whether a node is a
tually re
overed 
orre
tly, but simply measures the number of iterations that

have to be exe
uted until any non-zero message arrives at that parti
ular node.

9

The des
ription of this algorithm follows the des
ription given in the pre-published pa-

per [BWV14℄.
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be made sure to be re
overable at the end of the matrix 
onstru
tion pro
ess. To

a
hieve this, for ea
h pun
tured variable one dedi
ated guaranteed survived 
he
k

node [HKKM06℄ is reserved, whi
h is guaranteed to be 
apable of re
overing the


onne
ted pun
tured node. Thus, M
d

(arbitrary) 
he
k nodes are initially marked as

guaranteed survived 
he
k node and the remaining M
p

= M −M
d


he
k nodes are

de
lared as potentially dead 
he
k node [HKKM06℄, as they are not known to have

any guaranteed properties. Whenever pro
essing one of the pun
tured variable nodes

during 
ode 
onstru
tion, it is �rst 
onne
ted to exa
tly one of the reserved guaranteed

survived 
he
k nodes. Sin
e none of these 
he
k nodes has been 
onne
ted to any

other pun
tured node so far, the 
urrent pun
tured node will be 1-SR as it 
an be

dire
tly re
overed by the guaranteed survived 
he
k node within one iteration. Before

pro
eeding, the 
onne
ted guaranteed survived 
he
k node is marked as potentially

dead 
he
k node, as re
overability 
annot be guaranteed by this 
he
k node if another

pun
tured node is also 
onne
ted to it. Sin
e, however, this 
he
k node might later

be 
onne
ted to other pun
tured nodes, not all pun
tured nodes will remain 1-SR.

For the remaining 
onne
tions of the 
urrent variable nodes no further guaranteed

survived 
he
k node but only potentially dead 
he
k nodes 
an be 
hosen. As long as

the underlying 
ode 
onstru
tion algorithm exhibits a 
ertain randomness, 
reating

long 
hains of dependent pun
tured nodes with the proposed method is very unlikely.

Empiri
al observations show that if the proposed method is 
ombined with the PEG

algorithm, nearly all (up to 98% in the example below) of the parity bits 
an be

pun
tured and still be re
overable within a few iterations. An intermediate step

during 
ode 
onstru
tion with the proposed modi�
ation is shown in Figure 3.7.

Simulation Results

To evaluate the proposed method of guaranteed re
overability, a rate-1/2 LDPC

mother 
ode of length N = 2394 is 
onstru
ted with the PEG algorithm and the

optimized degree distribution λ(x) from Table 3.4. The SA optimizer des
ribed
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r Λ2 Λ3 Λ4 Λ5 Λ10 τ
DDE

(Λ, R)|
dB

0.5 0.490 0.320 0.010 0.035 0.145 −2.631

r
p

Π
[r
p

]
2 Π

[r
p

]
3 Π

[r
p

]
4 Π

[r
p

]
5 Π

[r
p

]
10 τ

DDE

(
Λ, R,Π[r

p

]
)∣∣
dB

0.6 0.205 0.084 0.000 0.293 0.202 −1.305

0.7 0.349 0.176 0.000 0.486 0.285 −0.012

0.8 0.435 0.307 0.000 0.594 0.297 1.378

0.9 0.531 0.346 0.000 0.824 0.306 3.594

0.95 0.518 0.463 0.407 0.176 0.423 4.937

0.98 0.534 0.479 0.423 0.192 0.439 e(k) 9 0

Table 3.4: Mother 
ode degree distribution λ(x) for r = 0.5 and pun
turing polyno-

mials Π[r
p

](x) for pun
tured 
ode rates r
p

∈ {0.6, 0.7, 0.8, 0.9, 0.95, 0.98}
optimized with SA and DDE with 8 quantization bits.

in Se
tion 2.7.2 with DDE and 8 bit quantization is used to optimize pun
turing

polynomials for pun
tured 
ode rates r
p

∈ {0.6, 0.7, 0.8, 0.9, 0.95, 0.98} a

ording to

the optimization problem (3.39). The results are given in Table 3.4. For r
p

= 0.98
no pun
turing polynomial 
ould be found for whi
h the residual pun
turing fra
tion

e(k) (and thus the error probability) 
onverges to zero. For all other 
ode rates, the

DDE thresholds τ
DDE

in terms of E
s

/N0 values are given in the table.

The following three setups of pun
turing are 
ompared.

Random : Π
[r
p

]
i ΛiN pun
tured nodes are sele
ted randomly from all degree-i variable

nodes at ea
h pun
tured 
ode rate r
p

and ea
h degree i.

Proposed guaranteed re
overability : during PEG 
onstru
tion, for ea
h pun
tured


ode rate r
p

and for ea
h degree i, the a

ording number M
d,i = Π

[r
p

]
i ΛiN of

pun
tured nodes are made sure to be 
onne
ted to exa
tly one still guaranteed

survived 
he
k node. The remaining 
onne
tions of the pun
tured variable

nodes are then 
hosen only from the potentially dead 
he
k nodes by the PEG

algorithm.

Referen
e [HKKM06℄: Pun
tured nodes are sele
ted a

ording to the intentional

referen
e pun
turing s
heme based on grouping and sorting (and irrespe
tive of

the pun
turing polynomials from Table 3.4).

In Figure 3.8 histograms of the k-step-re
overability of pun
tured nodes are shown

for the three des
ribed setups and all pun
tured rates r
p

. At 
ode rates r
p

= 0.6 and
r
p

= 0.7 the random sele
tion and the proposed approa
h show very similar distribu-

tions of k-step-re
overability between k = 1 and k = 5, while the referen
e approa
h
[HKKM06℄ produ
es only 1-SR nodes and very few additional 2-SR nodes at r

p

= 0.7.
At r

p

= 0.8, the referen
e s
heme still produ
es the lowest average re
overability

level k̄ but the proposed s
heme already a
hieves better re
overability than the ran-

dom s
heme. The situation 
hanges at r
p

= 0.9, where the random s
heme already

su�ers from unre
overable nodes and also the referen
e s
heme starts to exhibit large



3.2 Parity Pun
turing 77

0

0.5

1

PSfrag repla
ements

Random

Proposed alg.

[HKKM06℄

relativeo

urren
eamongpun
turednodes

re
overability level

M
d

/M = 33% ⇒ r
p

= 0.6

k̄
rand

= 1.31

k̄
prop

= 1.45

k̄
[HKKM06℄

= 1.00

d p

rand

prop

[HKKM06℄

d p

rand

prop

[HKKM06℄

d p

rand

prop

[HKKM06℄

d p

.95

rand

prop

[HKKM06℄

d p

rand

prop

[HKKM06℄

0

0.5

1

PSfrag repla
ements

Random

Proposed alg.

[HKKM06℄

relativeo

urren
eamongpun
turednodes

re
overability level

d p

rand

prop

[HKKM06℄

M
d

/M = 57% ⇒ r
p

= 0.7

k̄
rand

= 2.04

k̄
prop

= 1.95

k̄
[HKKM06℄

= 1.02

d p

rand

prop

.42

[HKKM06℄

d p

rand

prop

[HKKM06℄

d p

rand

prop

[HKKM06℄

d p

rand

prop

[HKKM06℄

0

0.5

1

PSfrag repla
ements

Random

Proposed alg.

[HKKM06℄

relativeo

urren
eamongpun
turednodes

re
overability level

d p

rand

prop

[HKKM06℄

.00

d p

rand

prop

[HKKM06℄

M
d

/M = 75% ⇒ r
p

= 0.8

k̄
rand

= 4.01

k̄
prop

= 2.42

k̄
[HKKM06℄

= 1.40

d p

rand

prop

[HKKM06℄

d p

rand

prop

[HKKM06℄

d p

rand

prop

[HKKM06℄

0

0.5

1

PSfrag repla
ements

Random

Proposed alg.

[HKKM06℄

∞

r

e

l

a

t

i

v

e

o







u

r

r

e

n




e

a

m

o

n

g

p

u

n




t

u

r

e

d

n

o

d

e

s

re
overability level

d p

rand

prop

[HKKM06℄

d p

rand

prop

[HKKM06℄

d p

rand

prop

[HKKM06℄

M
d

/M = 89% ⇒ r
p

= 0.9

k̄
rand

= ∞
k̄
prop

= 2.88

k̄
[HKKM06℄

= 4.22

d p

rand

prop

[HKKM06℄

d p

rand

prop

[HKKM06℄

0

0.5

1

PSfrag repla
ements

Random

Proposed alg.

[HKKM06℄

relativeo

urren
eamongpun
turednodes

re
overability level

d p

rand

prop

[HKKM06℄

d p

rand

prop

[HKKM06℄

d p

rand

prop

[HKKM06℄

d p

rand

prop

[HKKM06℄

M
d

/M = 95% ⇒ r
p

= 0.95

k̄
rand

= ∞
k̄
prop

= 3.59

k̄
[HKKM06℄

= ∞
d p

rand

prop

[HKKM06℄

1 2 3 4 5 6 7 8 9 10 11 12 13 14
0

0.5

1

PSfrag repla
ements

Random

Proposed alg.

[HKKM06℄

∞

relativeo

urren
eamongpun
turednodes

re
overability level k

d p

rand

prop

[HKKM06℄

d p

rand

prop

[HKKM06℄

d p

rand

prop

[HKKM06℄

d p

rand

prop

[HKKM06℄

d p

rand

prop

[HKKM06℄

M
d

/M = 98% ⇒ r
p

= 0.98

k̄
rand

= ∞
k̄
prop

= 4.36

k̄
[HKKM06℄

= ∞

Figure 3.8: Histograms of k-step-re
overability of three pun
turing s
hemes.



78 3 Multi-Rate LDPC Codes

re
overability levels of up to 14. While it still manages to 
reate the largest number

of 1-SR nodes, the referen
e s
heme is outperformed by the proposed s
heme in terms

of the average re
overability k̄. Finally, at r
p

= 0.95 and r
p

= 0.98 both the random

and the referen
e s
heme 
reate unre
overable nodes, while the proposed s
heme e�e
-

tively avoids these and at the same time manages to keep the average re
overability

level k̄
prop

as low as 4.36 for r
p

= 0.98. This is espe
ially noteworthy sin
e for this

pun
tured rate almost all (98%) of the parity bits are pun
tured, and also the den-

sity evolution analysis predi
ted the presen
e of unre
overable nodes (sin
e for the

employed pun
turing polynomial e(k) 9 0).

The behavior observed for the re
overability levels of the three 
onsidered setups is


on�rmed by the BER simulations with I
max

= 100 iterations of BP de
oding shown

in Figure 3.9. The referen
e s
heme [HKKM06℄ shows best performan
e for 
ode rates

r
p

∈ {0.6, 0.7, 0.8} for whi
h it also exhibits the lowest average re
overability level.

For 
ode rates r
p

∈ {0.9, 0.95, 0.98}, however, the proposed s
heme shows the best

performan
e, as expe
ted from the re
overability histograms. The random s
heme

shows the worst performan
e for all pun
tured 
ode rates. It 
an also be seen, that

all 
ases at whi
h unre
overable nodes are present (i.e., r
p

∈ {0.9, 0.95, 0.98} for the

random s
heme and r
p

∈ {0.95, 0.98} for the referen
e s
heme) show the same poor

performan
e, whi
h also 
orresponds to the BER 
urve of un
oded transmission.

Altogether, the proposed guaranteed re
overability s
heme is a very low-
omplexity

extension, suitable for many 
ode 
onstru
tion methods that 
onne
t variable nodes in

a node-by-node manner. While for moderate pun
turing fra
tions more sophisti
ated

methods provide better performan
e, the main strength of the proposed s
heme is

that an arbitrarily large fra
tion of the parity nodes 
an be pun
tured (resulting in


ode rates arbitrarily 
lose to 1) without 
reating any unre
overable nodes.
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3.3 Jointly Optimized Information Shortening and

Parity Pun
turing

For supporting very wide ranges of 
ode rates with a single mother 
ode, using only

either information shortening or parity pun
turing is not very pra
ti
al. Both te
h-

niques have the drawba
k of de
reasing the e�e
tive shortened or pun
tured 
ode

length to n
s

N = 1−r
1−r

s

N and n
p

N = r
r
p

, respe
tively. This redu
ed length 
auses

a performan
e loss whi
h is parti
ularly distin
tive if the mother 
ode length N is

already relatively small (e.g., below 1000). If the range r
min

= 0.1 to r
max

= 0.9 is


overed by only either shortening or pun
turing, the resulting e�e
tive 
ode length

will be redu
ed by up to almost one order of magnitude (to

N
9
). Furthermore, the

additional penalty that is 
aused by pun
tured nodes qui
kly be
omes dominant if the

pun
tured 
ode rate is far away from the mother 
ode rate. This makes it virtually

impossible to a
hieve 
ode rate 0.9 by pun
turing a mother 
ode of 
ode rate 0.1.

Mu
h better performan
e 
an on average be a
hieved if shortening and pun
turing

are 
ombined, using a single mother 
ode of some intermediate 
ode rate r, with
r
min

< r < r
max

. Lower 
ode rates r
s

(with r
min

≤ r
s

< r) 
an then be a
hieved by

information shortening, while higher 
ode rates r
p

(with r < r
p

≤ r
max

) are a
hieved

by parity pun
turing. This way, the disadvantages of having too many pun
tured

nodes and a too heavily redu
ed 
ode length are 
ompensated to a great extent.

Figure 3.10 shows the e�e
tive relative 
ode length n
e�

= n
s

= N
s

N when shortening

is used and n
e�

= n
p

=
N
p

N when pun
turing is used over the e�e
tive 
ode rate

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

PSfrag repla
ements

e�e
tive 
ode rate r
e�

e

�

e




t

i

v

e

r

e

l

a

t

i

v

e




o

d

e

l

e

n

g

t

h

n

e

�

1/9

2/9

3/9

4/9

5/9

6/9

7/9

8/9

1

r = 0.1 r = 0.2 · · · r = 0.9

n̄
e

�

= 0.27

n̄
e

�

= 0.49

n̄
e

�

= 0.63

n̄
e

� = 0.71

n̄
e

�

= 0.73

n̄
e

�

= 0.71

n̄
e

�

= 0.63

n̄
e

�

= 0.49

n̄
e

�

= 0.27

Figure 3.10: E�e
tive relative 
ode length n
e�

when shortening is used to a
hieve


ode rates r
e�

< r and pun
turing is used to a
hieve 
ode rates r
e�

> r
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r
e�

= r
s

or r
e�

= r
p

, respe
tively, for di�erent mother 
ode rates from r = 0.1 (light


olor) to r = 0.9 (dark 
olor). Ea
h 
urve is additionally labeled with its respe
tive

average relative e�e
tive 
ode length, denoted n̄
e�

. To minimize the performan
e loss

due to a de
reased 
ode length, the 
on�guration with the maximum average 
ode

length should be 
hosen. In this 
ase, the largest average 
ode length is a
hieved

if the mother 
ode rate is 
hosen exa
tly in the middle of the supported 
ode rate

range. In general, however, this is not the 
ase. Instead, under the assumption of

equiprobable and densely spa
ed 
ode rates in the range r
min

to r
max

, it 
an be shown

that the maximum average relative 
ode length

n̄⋆
e�

=
log (1 + r

max

− r
min

)

r
max

− r
min

(3.40)

is attained at the mother 
ode rate

r⋆ =
1

1 +
1−r

min

r
max

. (3.41)

A derivation of this maximum relative 
ode length is provided in Appendix A.

It should be noted, however, that being the optimal 
hoi
e for the mother 
ode rate

in terms of maximizing the average relative 
ode length n̄
e�

, does not imply that r⋆

is also optimal in terms of ensemble thresholds or error 
orre
tion performan
e in

general. This issue will be dis
ussed in more detail below in Se
tion 3.3.3.

In the following, a novel joint optimization strategy of shortening and pun
turing

is presented to realize a multi-rate LDPC 
ode ensemble with one mother 
ode of

rate r. The presented method has been pre-published in [BV14℄. A similar 
ombi-

nation of shortening and pun
turing was already used in [TJ05℄, where the authors

su

essively optimized shortening parameters for a given �xed mother 
ode with a

given �xed pun
turing s
heme. In 
ontrast, the novelty here lies in the joint opti-

mization of all supported 
ode rates, in
luding the optimization of the mother 
ode

itself, as well as all parameters of information shortening and parity pun
turing. For

simpli
ity of en
oding and de
oding, shortening and pun
turing is performed in a

rate-
ompatible fashion, meaning that bits that are shortened at a 
ode rate r
s

also

have to be shortened at all lower rates r′
s

< r
s

, and that bits that are pun
tured at a

rate r
p

also have to be pun
tured at all higher rates r′
p

> r
p

. Furthermore, for ease of

notation, the 
olumns of the mother 
ode's 
he
k matrix are always ordered in su
h

a way that shortening is performed 
olumn-by-
olumn (i.e., bit-by-bit) starting from

the lowest index and pun
turing is performed 
olumn-by-
olumn starting from the

highest index. The 
ode word stru
ture of this rate-
ompatible s
heme is depi
ted

exemplarily for a mother 
ode of rate r = 1/2 in Figure 3.11.

3.3.1 Asymptoti
 Analysis and Optimization

10

As dis
ussed in Se
tions 3.1.2 and 3.2.2, the asymptoti
 performan
e of shortening

and pun
turing depends on the shortened degree distribution pair and the pun
-

turing polynomial, respe
tively. Given a sequen
e of ζ as
ending target 
ode rates

10

The des
riptions and results in this se
tion follow the pre-published paper [BV14℄.
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r1 < r2 < · · · < rζ in an arbitrary range between 0 and 1, the obje
tive of the pro-

posed joint rate-
ompatible optimization pro
ess is to �nd a mother 
ode degree

distribution pair of rate r = rµ ∈ {r1, . . . , rζ} and 
orresponding shortened degree

distribution pairs for the 
ode rates below r as well as pun
turing polynomials for the


ode rates above r, su
h that 
lose to 
apa
ity performan
e is possible at all target

rates. The output of the optimization 
onsists of ζ polynomials:

• Λ[rµ](x) = Λ(x): a variable node degree distribution for the mother 
ode of rate

r = rµ ∈ {r1, . . . , rζ},

• Λ[r
s

](x): a shortened variable node degree distribution for ea
h target 
ode rate

r
s

∈ {r1, . . . , rµ−1} with r
s

< r,

• Π[r
p

](x): a pun
turing polynomial for ea
h target 
ode rate r
p

∈ {rµ+1, . . . , rζ}
with r

p

> r.

Additionally, at all rates, the e�e
tive 
he
k node degree distributions are assumed

to be 
on
entrated (whi
h is only valid if the 
he
k matrix is 
onstru
ted a

ordingly,


f. Se
tion 3.1.2).

Constraints

There are �ve 
onstraints that are ne
essary for the joint optimization to yield a valid

rate-
ompatible solution. The interrelations of the involved quantities are visualized

in Figure 3.12.

1. Sin
e shortening is performed in a rate-
ompatible way, the shortened 
olumns
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of ea
h rate must also be in
luded at the next lower rate (for all degrees i):

ΛiN
(3.9)

≥ Λ
[rµ−1]
i nµ−1N ≥ · · · ≥ Λ

[r1]
i n1N

⇔ Λi

1− r
≥ Λ

[rµ−1]
i

1− rµ−1
≥ · · · ≥ Λ

[r1]
i

1− r1
. (3.42)

This is equivalent to ∆
[rk]
i ≥ 0, ∀k.

2. When shortening from one rate rk to the next lower one rk−1 (k ∈ {2, . . . , µ}),
the number of shortened nodes of any degree i 
annot ex
eed the total number

of shortened nodes for that spe
i�
 rate di�eren
e:

(1− rk−1) Λ
[rk ]
i − (1− rk) Λ

[rk−1]
i

(3.10)

≤ rk − rk−1. (3.43)

This is equivalent to ∆
[rk]
i ≤ 1, ∀k.

3. Pun
tured and shortened nodes must be disjun
t, and thus the number of pun
-

tured nodes M
d,i = Π̃

[rζ ]
i N of ea
h degree i at the highest rate rζ must be less

than or equal to the number N
s,i = Λ

[r1]
i n1N of degree-i nodes remaining in

the degree distribution of the lowest shortened rate r1:

Π̃
[rζ ]
i = Π

[rζ ]
i Λi ≤ n1Λ

[r1]
i =

1− r

1− r1
Λ
[r1]
i . (3.44)

4. Sin
e pun
turing is performed in a rate-
ompatible fashion, the pun
tured nodes

of ea
h rate must also be in
luded at the next higher rate (for all degrees i):

Π
[rµ+1]
i ≤ Π

[rµ+2]
i ≤ · · · ≤ Π

[rζ ]
i . (3.45)

5. For ea
h rate r
p

∈ {rµ+1, . . . , rζ} the pun
turing polynomial Π[r
p

]
in 
onjun
-

tion with the mother 
ode degree distribution Λ(x) must result in the 
orre
t

total number of pun
tured bits:

Π̃[r
p

](1) =

d
v∑

i=2

Π
[r
p

]
i Λi

(3.25)

= 1− r

r
p

. (3.46)

Cost Fun
tion

The (mother/shortened/pun
tured) ensemble thresholds τk are 
omputed for ea
h

rate rk ∈ {r1, . . . , rζ} of the 
andidate solution by means of the methods des
ribed

in Se
tions 3.1.2 and 3.2.2. The performan
e is assumed to be of equal importan
e at

ea
h target 
ode rate rk. Therefore, the mean gap to 
apa
ity is de�ned as a single
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for the joint optimization of shortened degree distributions and pun
-

turing polynomials.

value for a multi-rate ensemble with ζ 
ode rates by

γ̄|
dB

=
1

ζ

ζ∑

i=1

γk|
dB

=
1

ζ

ζ∑

i=1

(τk|
dB

− q(rk)|
dB

) (3.47)

=
1

ζ

(
(τ(Λ, R)|

dB

− q(r)|
dB

)︸ ︷︷ ︸
mother 
ode

+

µ−1∑

k=1

(
τ
(
Λ[rk ], R[rk]

)∣∣∣
dB

− q(rk)|
dB

)

︸ ︷︷ ︸
shortened 
odes

+

ζ∑

k=µ+1

(
τ
(
Λ, R,Π[rk ]

)∣∣∣
dB

− q(rk)|
dB

)

︸ ︷︷ ︸
pun
tured 
odes

)
.

in dB s
ale or equivalently by

γ̄ =
ζ

√√√√
ζ∏

i=1

γk =
ζ

√√√√
ζ∏

i=1

τk
q(rk)

(3.48)
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in linear s
ale. The value γ̄|
dB

illustrates how many dB the multi-rate ensemble

performs on average away from the 
hannel 
apa
ity, while the linear value γ̄ 
an be

understood as the average fa
tor in additional energy that is required for error free

transmission 
ompared to a set of perfe
tly 
apa
ity-a
hieving 
odes.

To ensure a 
ertain ��atness� of a solution's sequen
e of gaps γk|
dB

, the 
ost fun
tion

C(γ1, . . . , γζ) of the optimization pro
ess 
an alternatively be de�ned as the mean

square gap to 
apa
ity

C(γ1, . . . , γζ) =
1

ζ

ζ∑

k=1

(
γk|

dB

)2
. (3.49)

While the mean of squared logarithmi
 values does not have a parti
ularly illustrative

meaning, its usage as 
ost fun
tion 
an be motivated as follows. By using squared

values, the optimization at 
ode rates with 
urrently large gaps is rated more impor-

tant than at those that already have 
lose-to-
apa
ity ensemble thresholds. E.g., if

two ensemble thresholds are 2 dB and 1 dB away from 
apa
ity, improving the �rst

one from 2 dB to 1.5 dB is preferred over improving the se
ond one from 1 dB to

0.5 dB. Sin
e rates are jointly optimized, it is even possible to a

ept a degradation

at one rate to enable an improvement at other rates, whi
h might be ne
essary due

to 
onstraints between the rates. In the following the mean square gap from (3.49) is

used as 
ost fun
tion.

Additionally, it is possible to in
orporate unequal importan
e levels of target 
ode

rates (e.g., due to more or less preferred operating points of a transmission system)

into the optimization by assigning an appropriate weight wk to ea
h 
ode rate and

using an a

ordingly weighted mean distan
e or mean square distan
e

1

ζ

ζ∑

k=1

wk γk|
dB

or

1

ζ

ζ∑

k=1

wk γk|2
dB

(3.50)

as 
ost fun
tion.

Optimization Problem

Using the 
ost fun
tion and 
onstraints des
ribed above, the joint multi-rate opti-

mization problem is stated as

min
1

ζ

ζ∑

k=1

(τk|
dB

− q(rk)|
dB

)
2

(3.51a)

subje
t to

Λ
[rk ]
i

1− rk

(3.42)

≥ Λ
[rk−1]
i

1− rk−1
, ∀ k ∈ {2, . . . , µ} (3.51b)

(1− rk−1) Λ
[rk ]
i − (1− rk) Λ

[rk−1]
i

(3.43)

≤ rk − rk−1, ∀ k ∈ {2, . . . , µ}
(3.51
)
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Π
[rζ ]
i Λi

(3.44)

≤ 1− r

1− r1
Λ
[r1]
i (3.51d)

Π
[rk]
i

(3.45)

≤ Π
[rk+1]
i , ∀ k ∈ {µ+ 1, . . . , ζ − 1} (3.51e)

d
v∑

i=2

Π
[rk]
i Λi

(3.46)

= 1− r

rk
, ∀ k ∈ {µ+ 1, . . . , ζ} (3.51f)

0 ≤ Π
[rk]
i ≤ 1, ∀ k ∈ {µ+ 1, . . . , ζ} (3.51g)

Λ[rk ](1) = 1, Λ
[rk]
i ≥ 0, ∀ k ∈ {1, . . . , µ} (3.51h)

R[rk](x) from (3.15), ∀ k ∈ {1, . . . , µ} (3.51i)

λ
[rk]
2

(2.50)

<
e
rkτ

(
Λ[rk],R[rk]

)

∑d



j=2 ρ
[rk]
j (j − 1)

, ∀ k ∈ {1, . . . , µ} (3.51j)

Π
[rζ ]
2

(3.38)

<
1

λ2

d

∑

j=2

ρj(j − 1)

. (3.51k)

The 
onstraints (3.51b) � (3.51f) are the �ve 
onstraints ensuring rate-
ompatibility

that were introdu
ed above as (3.42) � (3.46). Furthermore, the trivial 
onstraints

(3.51g) and (3.51h) of all 
oe�
ients lying between 0 and 1 and the degree distri-

butions' 
oe�
ients summing up to 1 are in
luded. Constraint (3.51i) ensures all


he
k node degree distributions to be in 
on
entrated form. Finally, the stability


ondition (2.50) for the mother 
ode rate and all shortened rates, as well as the

novel pun
turing stability 
ondition (3.38) for the highest 
ode rate rζ are in
luded

as 
onstraints (3.51j) and (3.51k).

11

To enable reliable optimization results for arbitrary ranges of 
ode rates, threshold


omputation is a

omplished by DDE and the optimization problem is solved by the

SA method presented in Se
tion 2.7.2. Even though the sear
h spa
e of the multi-rate

optimization problem is mu
h larger than that of optimizing only a single shortened

degree distribution, the heuristi
 SA approa
h still manages to �nd very good results.

To redu
e the optimization time, splitting the SA pro
ess into two phases as depi
ted

in Figure 3.13 has proven useful:

• Left: Degree distributions Λ[rk ]
(k ∈ {1, . . . , µ}) and pun
turing polynomials

Π[rk ]
(k ∈ {µ + 1, . . . , ζ}) are jointly optimized at all rates subje
t to all 
on-

straints in (3.51). The 
urrent solution ve
tor 
onsisting of all polynomial 
o-

e�
ients is randomly modi�ed in ea
h step, and the 
ost fun
tion is evaluated.

If an improvement is found, the modi�ed ve
tor will always be a

epted as new


urrent solution, while a degradation is only a

epted with the probability given

by (2.78).

• Right: Starting at the rate rk that has the largest 
urrent gap to 
apa
ity γk

11

Due to 
onstraint (3.51e), the pun
turing stability 
ondition is also automati
ally ful�lled for

all pun
tured 
ode rates if it is ful�lled for the highest 
ode rate rζ .
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Figure 3.13: A
tive 
onstraints of two-phase Simulated Annealing pro
ess.

and ending at the rate with the smallest 
urrent gap to 
apa
ity, the optimiza-

tion pro
ess tries to improve ea
h rate without violating any 
onstraints in an

iterative round-robin s
heme.

The �rst phase tries to �nd the �deepest� lo
al minimum by slowly 
ooling down the

temperature T (i.e., the 
onvergen
e parameter of SA) to avoid getting stu
k in lo
al

minima. In the se
ond phase, only downhill movements are allowed to make sure the

�nal solution is maneuvered towards the bottom of the 
urrent lo
al minimum.

Optimization Results

To 
on�rm the e�e
tiveness of the proposed optimization strategy, ensemble threshold

results are presented for the 
hallenging 
ase of 
overing the range of (relevant) 
ode

rates from 0.1 to 0.9 in steps of 0.1 using only a single mother 
ode and a maximum

variable node degree of d
v

= 10. It should be noted that these ensemble threshold

results do not a

ount for the redu
tion in e�e
tive relative 
ode length sin
e an

in�nitely large 
ode length N → ∞ is assumed for the threshold 
omputation. For


omparison, two di�erent previous results from the literature are 
onsidered: the

rate-
ompatible s
heme presented in [TJ05℄ with the same set of 
ode rates, the

same maximum variable node degree, and a mother 
ode rate of 0.5, as well as the
results of [CRU01, Fig. 10℄ as a ben
hmark as to the best a
hievable performan
e for

d
v

= 10 if dedi
ated degree distributions are optimized for ea
h of the target 
ode

rates without any rate-
ompatible features.

With the proposed s
heme, multi-rate ensembles with mother 
odes of rates between

0.2 and 0.8 are optimized. Figure 3.14 shows the performan
e of �ve setups:

• M2: Proposed optimization with rµ = 0.2

• M5: Proposed optimization with rµ = 0.5
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Figure 3.14: Gaps of ensemble thresholds to 
apa
ity over e�e
tive (shortened or

pun
tured) 
ode rate rk.

• M8: Proposed optimization with rµ = 0.8

• [TJ05℄: Referen
e results with rµ = 0.5

• [CRU01℄: a
hievable gaps for independent 
odes without rate-
ompatibility.

Detailed optimization results of setups M5 and M8 are given in Table 3.5.

In Figure 3.14, the gaps γk|
dB

of the ensemble thresholds to 
apa
ity in dB as pro-

du
ed by the optimization algorithm are depi
ted for all e�e
tive 
ode rates rk. It


an be seen that for the four rate-
ompatible setups, the respe
tive minimal gap is

a
hieved at the mother 
ode rate and the gap in
reases when moving away from

this rate. The values of the mean square gaps are given for all �ve 
urves. The

proposed setup M5 outperforms the referen
e results [TJ05℄ with the same mother


ode rate in terms of the mean square gap, and also at ea
h single e�e
tive 
ode rate

ex
ept 0.9. Setup M2 seems to strongly su�er from the fa
t that a large range of


ode rates from 0.3 to 0.9 has to be a
hieved by pun
turing. The best performan
e

of the rate-
ompatible s
hemes is a
hieved by setup M8 whi
h is very 
lose to the

ben
hmark s
heme [CRU01℄ whi
h does not o�er any rate-
ompatibility. As stated

earlier, these results 
on�rm that the proposed optimization strategy yields 
lose to

optimal performan
e sin
e it 
omes very 
lose to the 
ase of un
onstrained individual


ode optimization.

In Figure 3.15 the mean gaps γ̄µ|
dB


omputed by (3.47) as a
hieved by the proposed

optimization algorithm for several mother 
ode rates rµ ∈ {0.2, . . . , 0.8} are shown.

These results 
learly suggest that the proposed optimization strategy favors mother


ode rates 
lose to the upper limit of the supported e�e
tive 
ode rate range, i.e., the

resulting shortened 
odes seem to be more e�e
tive than the pun
tured ones. This
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degree 2 3 4 5 10 τk in dB γk in dB

M

5

:

r µ
=

0
.5

Λ[0.1] 0.669 0.199 0.000 0.053 0.08 −0.43 0.86
Λ[0.2] 0.625 0.242 0.001 0.049 0.083 −0.66 0.30
Λ[0.3] 0.571 0.270 0.005 0.044 0.110 −0.36 0.26
Λ[0.4] 0.529 0.297 0.004 0.039 0.131 −0.02 0.22
Λ 0.490 0.320 0.010 0.035 0.145 0.38 0.19
Π[0.6] 0.205 0.084 0.000 0.292 0.202 0.88 0.20
Π[0.7] 0.349 0.176 0.000 0.486 0.285 1.50 0.24
Π[0.8] 0.435 0.307 0.000 0.595 0.297 2.35 0.31
Π[0.9] 0.531 0.346 0.000 0.824 0.306 3.88 0.68

M

8

:

r µ
=

0
.8

Λ[0.1] 0.687 0.218 0.029 0.001 0.064 −0.90 0.38
Λ[0.2] 0.620 0.235 0.051 0.002 0.092 −0.67 0.30
Λ[0.3] 0.572 0.257 0.045 0.011 0.116 −0.36 0.25
Λ[0.4] 0.532 0.279 0.041 0.014 0.133 −0.02 0.22
Λ[0.5] 0.498 0.297 0.040 0.015 0.150 0.38 0.19
Λ[0.6] 0.460 0.328 0.033 0.012 0.167 0.85 0.17
Λ[0.7] 0.426 0.355 0.026 0.009 0.184 1.41 0.14
Λ 0.390 0.386 0.017 0.006 0.200 2.16 0.12
Π[0.9] 0.136 0.098 0.343 0.034 0.071 3.38 0.19

Table 3.5: Optimized multi-rate ensembles for rµ = 0.5 and rµ = 0.8.


an be explained by the fa
t that in the 
onsidered asymptoti
 
ase (i.e., at in�nite


ode length) the shortened 
odes do not su�er from any redu
tion in 
ode length, and

in terms of the ensemble thresholds do not behave di�erently from an un-shortened

ensemble. In 
ase of pun
turing, however, there is an inherent loss in performan
e


aused by the pro
ess of having to re
over the pun
tured nodes. Consequently, in

the asymptoti
 
ase, where only ensemble thresholds are 
onsidered, the optimal

solutions favor multi-rate ensembles with many shortened 
odes over those with many
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pun
tured 
odes. The fully rate-
ompatible proposed s
heme not only outperforms

setup [TJ05℄ but even approa
hes the performan
e of the un
onstrained optimization

of individual 
odes a

ording to [CRU01℄ (whi
h is depi
ted as a �at line, as it does

not have a dedi
ated mother 
ode but 
onsists of separately optimized 
odes) if a

high rate mother 
ode is used.

If 
on
rete 
ode realizations are 
onsidered instead of just the asymptoti
 ensemble

thresholds, 
ertainly, the optimal lo
ation of the mother 
ode rate will be in�uen
ed by

�nite length e�e
ts su
h as, e.g., the redu
ed e�e
tive 
ode length that was dis
ussed

above on pages 79 �. These �nite length e�e
ts are 
onsidered in the following se
tion.

3.3.2 Optimized Code Constru
tion

Given an optimized multi-rate ensemble des
ribed by its mother 
ode degree dis-

tribution pair (Λ, R), the shortened degree distribution pairs (Λ[r
s

], R[r
s

]), and the

pun
turing polynomials Π
[r
p

]
(x) as des
ribed in the previous se
tion, the problem of


onstru
ting an a

ording multi-rate LDPC 
ode 
onsists in �nding a 
he
k matrix

that 
omplies with all given parameters in a rate-
ompatible fashion (see Figures 3.11

and 3.12 on pages 81 and 83). This is a
hieved for the variable node degree distri-

butions

12

by ensuring the 
he
k matrix to mat
h the rate-
ompatible variable node

degree sequen
e dRC
v

=
(
dRC
v,1 , . . . , d

RC

v,N

)
, whi
h is de�ned analog to the mother degree

sequen
e (2.85) but 
ompiled a

ording to Algorithm 5. An appropriate rounding

needs to be in
orporated, su
h that k
start

and k
end

are integer values and that the

number of totally assigned degrees is 
orre
t for ea
h 
ode rate. The total number of

entries of ea
h degree is the same as in the mother degree sequen
e d
v

given by (2.85),

but the ordering of degrees is su
h that the 
orre
t shortened and pun
tured variable

node degree distributions are a
hieved when bits are shortened starting at the lowest

index and pun
tured starting at the highest index. The 
he
k matrix 
an either be

�rst 
onstru
ted by an arbitrary algorithm using the mother degree sequen
e and

then have its 
olumns reordered to mat
h the rate-
ompatible degree sequen
e, or

the 
onstru
tion algorithm 
an dire
tly be 
onstrained to yield a matrix with the

desired 
olumn degree ordering. An exemplary mother degree sequen
e and the rate-


ompatible degree sequen
e a

ording to Algorithm 5 are shown in Figure 3.16 for

the multi-rate ensemble given in Table 3.5 with rµ = 0.5 and N = 504.

In the following, �nite length e�e
ts in�uen
ing the performan
e of an LDPC 
ode


onstru
ted with the PEG algorithm and a rate-
ompatible degree sequen
e will be

dis
ussed. Thereafter, a 
onstru
tion algorithm taking all dis
ussed e�e
ts into a
-


ount will be presented.

Guaranteed Re
overability

As des
ribed in Se
tion 3.2.3, it is of utmost importan
e to ensure that all pun
tured

nodes are re
overable. To a
hieve this, the rightmost M
d

= (1 − nζ)N =
rζ−rµ

rζ
N

12

To also in
orporate arbitrary (shortened) 
he
k node degree distributions, some more e�ort

is required. Sin
e here mostly 
on
entrated 
he
k node degree distributions are 
onsidered, the

following des
riptions fo
us on this 
ase only.
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Algorithm 5 Compilation of rate-
ompatible degree sequen
e dRC
v

.

1: nk =
1−rµ
1−rk

, for k = 1, . . . , µ

2: nk =
rµ
rk

, for k = µ+ 1, . . . , ζ

3: ∆
[rk+1→rk]
d′ = Λ

[rk+1]
d′

1−rk
rk+1−rk

− Λ
[rk]
d′

1−rk+1
rk+1−rk

, for k = 1, . . . , µ− 1, d′ = 2, . . . , d
v

4: for k = µ− 1, . . . , 1 do
5: for d = 2, . . . , d

v

do

6: i
start

= 1 +
∑µ−1

k′=k+1 N (nk+1 − nk) +
∑d−1

d′=2 ∆
[rk+1→rk]
d′ N (nk+1 − nk)

7: i
end

=
∑µ−1

k′=k+1 N (nk′+1 − nk′) +
∑d

d′=2∆
[rk+1→rk]
d′ N (nk+1 − nk)

8: for i = i
start

, . . . , i
end

do

9: dRC
v,i = d

10: end for

11: end for

12: end for

13: for d = 2, . . . , d
v

do

14: i
start

= (1− n1)N + 1 +
∑d−1

d′=2 Λ
[r1]
d′ n1N − Π

[rζ ]
d′ Λd′N

15: i
end

= (1− n1)N +
∑d

d′=2Λ
[r1]
d′ n1N − Π

[rζ ]
d′ Λd′N

16: for i = i
start

, . . . , i
end

do

17: dRC
v,i = d

18: end for

19: end for

20: for k = ζ, . . . , µ+ 1 do
21: for d = 2, . . . , d

v

do

22: i
start

= nζN + 1 +
∑ζ

k′=k+1 (nk′−1 − nk′)N +
∑d−1

d′=2

(
Π[rk] −Π[rk−1]

)
Λd′N

23: i
end

= nζN +
∑ζ

k′=k+1 (nk′−1 − nk′)N +
∑d

d′=2

(
Π[rk] − Π[rk−1]

)
Λd′N

24: for i = i
start

, . . . , i
end

do

25: dRC
v,i = d

26: end for

27: end for

28: end for

positions in the rate-
ompatible degree sequen
e are marked as being pun
tured. For

this purpose, let the boolean ve
tor p = (p1, . . . , pN ) 
ontain a 0 at indi
es that are

not pun
tured and a 1 at indi
es that are pun
tured:

pi =

{
0, for 1 ≤ i < nζN

1, for nζN ≤ i ≤ N.
(3.52)

Re
overability 
an then be guaranteed for all pun
tured nodes by modifying the PEG

algorithm to follow the rule introdu
ed in Se
tion 3.2.3 for guaranteed re
overability

whenever edges are 
onne
ted to a pun
tured variable node.

The originally proposed PEG algorithm uses a sorted degree sequen
e and thus 
on-

ne
ts variable nodes in a node-by-node manner in as
ending variable node degree

order. To obey this rule of as
ending degrees, the following strategy 
an be employed.
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Figure 3.16: Mother degree sequen
e d
v

(left) and rate-
ompatible degree se-

quen
e dRC
v

(right) of length N = 504.

First, let P
RC

denote the N × N permutation matrix that 
onverts the as
ending

mother degree sequen
e d
v

into the rate-
ompatible degree sequen
e dRC
v

:

dRC
v

= d
v

P
RC

. (3.53)

An intermediate 
he
k matrix H̃ is now 
onstru
ted by the modi�ed PEG algo-

rithm, using the mother degree sequen
e d
v

(with as
ending degrees) and the ve
tor

p̃ = pP
−1
RC

, with p from (3.52), 
ontaining the permuted information about whi
h

nodes are pun
tured (sin
e these are no longer simply the ones with highest indi
es).

The �nal rate-
ompatible matrix H is then obtained by applying the permutation

P
RC

to the 
onstru
ted matrix:

H = H̃P
RC

. (3.54)

This way, the �nal 
he
k matrix has the desired rate-
ompatible degree sequen
e dRC
v

and the (1− nζ)N nodes with highest indi
es are guaranteed to be re
overable.

Con
entrated Shortened Che
k Node Degree Distributions

A major drawba
k of the method that was just presented is the 
he
k node degree

distribution of the resulting shortened 
odes. While the desired variable node degree

distribution is mat
hed by the rate-
ompatible degree sequen
e, the 
he
k node degree

distribution will have a form similar to that of a randomly shortened 
ode given

by (3.15) on page 55. Using this method, the shortened 
odes might even have

degree-0 and degree-1 
he
k nodes, whi
h should be avoided in any 
ase.

13

This is

due to the fa
t, that typi
ally a large number of 
olumns are swapped to transform

the mother degree sequen
e into the rate-
ompatible degree sequen
e, resulting in a

random-like sele
tion of the shortened 
olumns with respe
t to the matrix H̃.

13

These degree 0 and 1 
he
k nodes 
an in most 
ases be easily avoided by performing a small

number of additional 
olumn swaps of 
olumns with equal degrees. However, none of the pun
tured


olumns 
an be swapped into the shortened parts, as they were expli
itly 
onstru
ted to ensure

re
overability whi
h 
ould be violated by using other 
olumns for the pun
tured positions.
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Better performan
e is expe
ted for 
on
entrated 
he
k node degree distributions of

the shortened 
odes, whi
h was also assumed during the multi-rate optimization pre-

sented in Se
tion 3.3.1. To a
hieve this, the following property of the PEG algorithm

is exploited. Sin
e the PEG algorithm works in a variable-node-by-variable-node man-

ner and all 
he
k node degrees grow approximately uniformly, ea
h submatrixH[1→N ′]


onsisting of the N ′

olumns of H that were pro
essed �rst has a nearly 
on
entrated


he
k node degree distribution. Sin
e here shortening is assumed to start at the low-

est index, the shortened 
odes 
orrespond to the submatri
es H[(1−n
s

)N+1→N ] of the


olumns with highest indi
es. These submatri
es 
an be 
onstru
ted to be 
he
k node


on
entrated by dire
tly using the rate-
ompatible degree sequen
e dRC
v

and letting

the PEG algorithm pro
eed in a node-by-node manner starting from the highest index

and moving towards lower indi
es. This pro
edure is visualized in Figure 3.17.
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Figure 3.17: PEG pro
essing starting from highest index to obtain 
he
k node 
on-


entrated shortened matri
es. Ik denotes the range of indi
es added

to extend the matrix of rate rk−1 to rate rk (for k ≥ 2).

Improving ACE Properties

The modi�ed order of degrees within the rate-
ompatible degree sequen
e proposed

above deviates from the as
ending order of the originally proposed PEG algorithm.

Empiri
al observations show that when 
reating a 
he
k matrix with the PEG algo-

rithm, the order of degrees strongly in�uen
e the resulting ACE properties (
f. Se
-

tion 2.3). To illustrate this behavior, �ve 
he
k matri
es of dimension 504× 1008 are

onstru
ted with the PEG algorithm using di�erent degree orders:

• as
ending degree order: as originally proposed,

• des
ending degree order: inverted order,

• randomized degree order: original degree sequen
e is randomly permuted,

• rate-
ompatible degree order: degree sequen
e from Algorithm 5,

• iPEG + rate-
ompatible degree order: degree sequen
e from Algorithm 5 and ad-

ditionally the improved, ACE optimized PEG algorithm is used (
f. Se
tion 2.8.2

on page 39).
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The degree distribution is in all 
ases the one of rate 0.5 from the multi-rate ensem-

ble given in Table 3.5 on page 88 with rµ = 0.5. A

ordingly, the rate-
ompatible

degree sequen
e was 
onstru
ted using the distributions of this multi-rate ensemble.

Exemplary degree sequen
es for all setups are depi
ted in Figure 3.18, where the last

two setups use the same rate-
ompatible degree sequen
e. The ACE properties are

des
ribed in terms of the ACE spe
trum η = (η4, η6, η8, η10) up to 
y
le length 10
(
f. Se
tion 2.3). The ACE spe
tra of all setups are given in Figure 3.18 together

with BER simulation results of all 
onstru
ted 
he
k matri
es after I
max

= 100 BP

de
oding iterations.

Sin
e all 
odes have the same degree distribution, the BER 
urves are very similar

in the waterfall region up to around 1.8 dB. In the error �oor region, however, dif-

ferent behavior is observed for the di�erent setups, whi
h 
an be explained by the

di�erent ACE spe
tra. As all matri
es have girth 6, there are no 
y
les of length 4
and, thus, by de�nition the �rst value in the ACE spe
trum is ∞. The randomized

degree order shows the highest error �oor, whi
h agrees with its ACE spe
trum hav-

ing the smallest values (4, 0, 1), meaning that its 
y
les are most harmful as they

have the lowest 
onne
tivity to nodes delivering extrinsi
 information. The rate-


ompatible ordering also has a poor ACE spe
trum, but the absen
e of 
y
les with

ACE 0 (η
r
,8 = 1 > 0 = η

rand,8) already improves the error �oor 
ompared to the
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0

5

10

1 1008 1 1008 1 1008

1.2 1.4 1.6 1.8 2 2.2 2.4 2.6 2.8
10

−6

10
−5

10
−4

10
−3

10
−2

PSfrag repla
ements

d

e

g

r

e

e

variable node index variable node indexvariable node indexvariable node index

as
ending
des
ending

randomized
rate-
ompatible

η
as


= (∞, 8, 8, 4)
η
des


= (∞, 14, 1, 1)
η
rand

= (∞, 4, 0, 1)
η
r


= (∞, 4, 1, 1)
η
r
,iPEG

=(∞, 9, 4, 1)

B

E

R

E
b

/N0 in dB

as
ending,

des
ending,

randomized,

rate-
ompatible,

rate-
ompatible+ iPEG,

Figure 3.18: BER results after I
max

= 100 BP de
oding iterations for PEG 
odes

with N = 1008 and r = 0.5 for di�erent degree sequen
e orderings.

Additionally, the ACE spe
tra η of all 
he
k matri
es are given.
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randomized order. The des
ending order has the same minimum ACE value as the

rate-
ompatible order for 
y
les of length 8 and 10, but the in
reased ACE value

for 
y
les of length 6 (η
des
,6 = 14 > 4 = η

r
,6) further improves the error �oor as


ompared to the rate-
ompatible order. Another small gain is a
hieved by the rate-


ompatible order together with the iPEG rule whi
h has a lower ACE value at 
y
le

length 6 (η
r
,iPEG,6 = 9 < 14 = η

des
,6), however, a higher value at 
y
le length 8
(η

r
,iPEG,8 = 4 > 1 = η
des
,8). This agrees with the observation of [TJVW04℄ that

longer 
y
les 
an be more detrimental than shorter 
y
les if their ACE values are

smaller. Finally, the original as
ending degree order exhibits the best error �oor

performan
e and has an ACE value of at least 4 for all 
onsidered 
y
le lengths.

Altogether, the rate-
ompatible degree order together with the iPEG improvement

is the most suitable 
hoi
e, sin
e only the as
ending order shows better error �oor

behavior but does not allow 
onstru
ting rate-
ompatible 
odes with 
on
entrated

shortened degree distributions as des
ribed above.

Proposed Che
k Matrix Constru
tion MuRiPEG

A novel 
he
k matrix 
onstru
tion algorithm termed MuRiPEG (multi-rate improved

PEG) is introdu
ed, taking into a

ount all previously des
ribed �nite length e�e
ts

in�uen
ing the performan
e of the resulting multi-rate LDPC 
ode. As input, it

requires the desired mother 
ode dimensions N and M as well as an optimized set of

degree distributions and pun
turing polynomials as produ
ed by the above proposed

asymptoti
 multi-rate optimization in Se
tion 3.3.1. The resulting output is a mother


ode 
he
k matrix that 
an be shortened from the left and pun
tured from the right

(
f. Figure 3.11 on page 81). A detailed des
ription is given in Algorithm 6, whi
h is

explained in the following.

Firstly, Algorithm 5 is used to determine the rate-
ompatible degree sequen
e dRC
v

of

length N from the degree distributions and pun
turing polynomials of the optimized

multi-rate ensemble. Sin
e pun
turing is to be done from the right, as many values

at the end of the ve
tor p are set to 1 as are needed to a
hieve the highest pun
tured


ode rate rζ .

The original goal of reordering the degrees was to a
hieve (nearly) 
he
k 
on
entrated

shortened 
odes. When shortened to the lowest rate r1, the e�e
tive 
he
k matrix


onsists of the rightmost n1N =
1−rµ
1−r1

N 
olumns of the mother 
he
k matrix. For

the ACE properties of this most shortened submatrix (index set I1 in Figure 3.17 on

page 92) it proofs bene�
ial to reorder the degree sequen
e within these positions in

as
ending order, 
onstru
t the matrix with ordered degrees, and at the end reorder

the 
olumns of the matrix a

ording to the original rate-
ompatible degree sequen
e.

This way, the same 
he
k 
on
entration is a
hieved for all shortened submatri
es,

while simultaneously slightly improving the ACE properties due to a less random-like

degree order. Thus, a permuted degree sequen
e d̃RC
v

= dRC
v

P (lines 3 � 4) is used

during PEG pro
essing and afterwards the 
orresponding inverse permutation P
−1

is

applied to the 
onstru
ted matrix (line 34). The ve
tor p indi
ating whi
h positions
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Algorithm 6 Proposed MuRiPEG 
he
k matrix 
onstru
tion algorithm.

1: Input: N , M , rµ = N−M
N

, r1 < · · · rµ < · · · rζ , dRC
v

from Algorithm 5

2: Mark the last

rζ−rµ

rζ
N positions as pun
tured in ve
tor p (
f. (3.52))

3: Compute d̃RC
v

by sorting the last n1N =
1−rµ
1−r1

N entries in dRC
v

in as
ending order

4: Let P denote the permutation matrix su
h that d̃RC
v

= dRC
v

P

5: Compute the permuted pun
tured positions p̃ = pP

6: Initialize empty 
he
k matrix H̃ = 0

7: Initialize 
he
k node degrees d



= (d

,1, . . . , d
,M ) = (0, . . . , 0)

8: Initialize 
ounter for pun
tured nodes c = 0
9: for n = N, . . . , 1 do
10: if p̃n = 1 then

11: H̃n,M−c = 1 and d

,M−c = 1

12: c = c+ 1
13: end if

14: end for

15: Reset 
ounter for pun
tured nodes c = 0
16: for n = N, . . . , 1 do
17: if p̃n = 0 then

18: H̃n,m = 1 and d

,m = d


,m + 1, with m randomly from argmin
∀m′

d

,m′

19: end if

20: for i = 2, . . . , d̃RC
v,n do

21: Initialize ωm = ∞, ∀m
22: Expand T l

n up to depth l, setting ωm = j for all 
he
k nodes m that are

rea
hed for the �rst time at depth j, until no more nodes 
an be added

23: During tree expansion, also 
ompute ACEm for all rea
hable 
he
k nodes m
as the minimum ACE value of any shortest 
y
le passing through variable

node n and 
he
k node m assuming an edge was pla
ed between n and m
24: if p̃n = 1 then
25: Set ωm = 0, ∀m > M − c to ensure re
overability

26: end if

27: K
girth

= argmax
∀m′

ωm′

28: K
weight

= argmin
m′∈K

girth

d

,m′

29: K
ACE

= argmax
m′∈K

weight

ACEm′

30: H̃n,m = 1 and d

,m = d


,m + 1, with m randomly from K
ACE

31: end for

32: if p̃n = 1 then c = c+ 1
33: end for

34: The output is then given by the permuted matrix H = H̃P
−1
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orrespond to pun
tured nodes also needs to be permuted by p̃ = pP to ensure that

the pun
tured nodes are in the rightmost positions of the �nal 
he
k matrix.

Before the a
tual PEG pro
essing (lines 16 � 33) starts, the following pre-initialization

(lines 9 � 14) is done to simplify the 
onstru
tion of guaranteed re
overable pun
tured

nodes. Starting at the highest variable node index and moving towards lower indi
es,

whenever a pun
tured 
olumn is rea
hed, a 1 is pla
ed in the row with highest index

that does not yet have a 1 entry (i.e., the unique guaranteed survived 
he
k node

that is 
onne
ted to ea
h pun
tured node). Later, during PEG pro
essing of pun
-

tured 
olumns, no 1 is allowed to be pla
ed at higher indi
es than this pre-initialized

position, assuring guaranteed re
overability. In Algorithm 6 this is realized by set-

ting the �distan
e� ωm to all 
he
k nodes m with indi
es higher than the one of the

pre-initialized row to zero, avoiding any further 
onne
tion to them (line 25).

The a
tual PEG pro
essing starts at line 16. For unpun
tured 
olumns, the �rst 1
entry is pla
ed in a random row m of minimum 
urrent weight d


,m. This is not

required for pun
tured 
olumns, as their �rst 1 entry was already pla
ed in the pre-

initialization step. After that, the remaining d̃RC
v,n − 1 entries are pla
ed one-by-one

a

ording to the following 
riteria. From the set K
girth

of all 
he
k nodes m′
that

have maximum distan
e ωm′ to the 
urrent variable node (or are not rea
hable, i.e.,

ωm′ = ∞), the ones with minimum 
urrent degree d

,m′ are sele
ted as 
andidates

K
weight

. Then, from all 
andidates in K
weight

that additionally have the maximum

ACE value ηm′ (set K
ACE

) one is 
hosen randomly for 
onne
tion.

3.3.3 Simulation Results

For the evaluation of the proposed multi-rate ensemble optimization (Se
tion 3.3.1)

together with the novel matrix 
onstru
tion algorithm (Se
tion 3.3.2), extensive BER

simulations are 
ondu
ted. The parameters of the multi-rate setup are 
hosen as:

• supported 
ode rates rk ∈ {r1, r2, . . . , r9} = {0.1, 0.2, . . . , 0.9},
• mother 
ode rate rµ ∈ {0.2, 0.3, . . . , 0.8}, i.e., µ ∈ {2, 3, . . . , 8},
• maximum variable node degree d

v

= 10,

• 
on
entrated 
he
k node degree distributions,

• mother 
ode length N = 1008.

In the beginning of Se
tion 3.3 it was shown that the optimal mother 
ode position in

terms of maximum average relative 
ode length n̄
e�

lies 
lose to the 
enter of the target


ode rate range (
f. (3.40) and (3.41) and Figure 3.10). In 
ontrast, a result of the

asymptoti
 multi-rate optimization in Se
tion 3.3.1 (i.e., for 
ode length N → ∞) was

that the mother 
ode rate should be 
hosen 
lose to the upper limit of the 
ode rate

range to minimize the asymptoti
 performan
e degradation of re
overing pun
tured

nodes. Consequently, at �nite 
ode lengths, both of these e�e
ts 
an be expe
ted to

superpose, su
h that the optimal mother 
ode position in terms of BER performan
e

lies somewhere in between and needs to be determined empiri
ally at ea
h mother
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ode length N . To this end, seven multi-rate ensembles with seven di�erent mother


ode rates rµ ∈ {0.2, 0.3, . . . , 0.8} and otherwise identi
al parameters are optimized as

des
ribed in Se
tion 3.3.1. The mean gaps γ̄µ to 
apa
ity of the ensemble thresholds

a
hieved by these seven multi-rate ensembles are shown in Figure 3.15 on page 88.

For the 
onstru
tion of 
he
k matri
es, three di�erent setups are 
onsidered:

as
PEG : the original PEG algorithm with as
ending degree order is used to 
on-

stru
t the mother 
he
k matrix of the optimized multi-rate ensemble. To obtain

useful pun
tured 
odes for very high 
ode rates, the guaranteed re
overability

from Se
tion 3.2.3 is in
orporated into the PEG pro
essing. After 
onstru
tion,

the 
he
k matrix 
olumns are reordered to mat
h the rate-
ompatible degree

sequen
e dRC
v

.

MuRiPEG : the proposed MuRiPEG algorithm (Algorithm 6) is used to 
onstru
t

the mother 
he
k matrix of the optimized multi-rate ensemble.

dedi
ated : as referen
e, this setup uses one dedi
ated, optimized 
ode for ea
h 
ode

rate without any rate adaptation. For this purpose, for ea
h 
ode rate one

degree distribution with the same maximum variable node degree as for the

multi-rate ensemble is optimized. Using these degree distributions and the

original PEG algorithm, one dedi
ated 
he
k matrix of 
ode rate rk and length

nkN is 
onstru
ted, where N and rµ are the length and rate of the mother


ode in the multi-rate setup and nkN 
orresponds to the e�e
tive (shortened

or pun
tured) 
ode length in the multi-rate setup.

Ea
h of these three setups is employed at ea
h mother 
ode rate rate rµ. Then,

one BER simulation with I
max

= 100 BP de
oding iterations is 
ondu
ted at ea
h

target 
ode rate rk (using shortening or pun
turing in the �rst two setups and the

respe
tive dedi
ated 
ode in the third setup). This results in 189 BER 
urves, one

for ea
h 
ombination of matrix 
onstru
tion method, mother 
ode rate, and target


ode rate. For easier 
omparison of the di�erent approa
hes, for ea
h BER 
urve the

BER threshold τ
[10−4]
µ,k is determined, denoting the E

b

/N0 value at whi
h BER 10−4

is rea
hed

14

for mother 
ode rate rµ and e�e
tive 
ode rate rk. The resulting gap of

the BER threshold to the respe
tive 
apa
ity limit in dB is denoted (
f. Se
tion 2.6.2)

γ
[10−4]
µ,k

∣∣∣
dB

= τ
[10−4]
µ,k

∣∣∣
dB

− q(rk)|
dB

. (3.55)

Furthermore, to 
ompare the di�erent multi-rate ensembles, for ea
h mother 
ode

rate and ea
h matrix 
onstru
tion method, the mean gap of the BER thresholds to


apa
ity in dB is 
omputed by

γ̄[10−4]
µ

∣∣∣
dB

=
1

9

9∑

k=1

γ
[10−4]
µ,k

∣∣∣
dB

. (3.56)

14

The BER of 10−4
is 
hosen to primarily 
ompare the waterfall performan
e. Some of the

MuRiPEG 
odes exhibit error �oors starting around BER 10−4
and some as
PEG 
odes even show

error �oors at 
onsiderably higher BERs.
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Figure 3.19: Mean gaps γ̄
[10−4]
µ to 
apa
ity at BER 10−4

after I
max

= 100 BP

de
oding iterations for di�erent mother 
ode rates rµ.

Using this measure, the performan
e of the three matrix 
onstru
tion methods is


ompared in Figure 3.19 for all mother 
ode rates rµ. The novel MuRiPEG approa
h


learly outperforms the as
PEG approa
h at all mother 
ode rates with improve-

ments between 0.16 dB and 1.29 dB in terms of mean gap to 
apa
ity. While the

as
PEG 
urve exhibits a distin
t minimum of γ̄
[10−4]
6 |

dB

= 2.81 dB at mother 
ode

rate rµ = 0.6, the MuRiPEG 
urve is less bent and a
hieves almost 
onstant minimal

mean gaps of about γ̄
[10−4]
µ |

dB

= 2.65 dB at mother 
ode rates rµ ∈ {0.5, 0.6, 0.7}.
Furthermore, at mother 
ode rates 0.7 and 0.8 the MuRiPEG approa
h on aver-

age performs less than 0.06 dB away from the referen
e setup that uses dedi
ated


odes at ea
h rate. As expe
ted, the referen
e setup a
hieves its minimum value of

γ̄
[10−4]
5 |

dB

= 2.39 dB at mother 
ode rate rµ = 0.5, as it does not su�er from any

pun
turing penalty and thus bene�ts from the maximum average 
ode length n̄
e�

at

the 
enter of the 
ode rate range.

A more detailed 
omparison of all setups is provided in Figure 3.20, in
luding all BER

over E
s

/N0 
urves (larger plots) and the respe
tive BER gaps to 
apa
ity γ
[10−4]
µ,k |

dB

over the e�e
tive 
ode rate (smaller plots). Here, it is espe
ially noti
eable that

very early error �oor behavior manifests in many 
ases for the as
PEG approa
h.

Moreover, it 
an be seen that the MuRiPEG outperforms the as
PEG espe
ially at

low 
ode rates, as it bene�ts from the 
on
entrated 
he
k node degree distributions

of the shortened 
odes.

3.4 Con
luding Remarks

In this 
hapter, a highly �exible design methodology for multi-rate LDPC 
odes based

on a single mother 
ode with information shortening and parity pun
turing was ex-

plored. It in
ludes the asymptoti
 threshold optimization on degree distribution level
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and also the 
onstru
tion of a 
on
rete parity 
he
k matrix. While the asymptoti


results suggest that 
lose-to-
apa
ity error 
orre
tion performan
e 
an be a
hieved by


hoosing the mother 
ode rate 
lose to the upper limit of the 
ode rate range, �nite

length 
onsiderations show that the optimal position depends on the 
hosen range

of target 
ode rates and also the mother 
ode length N . For the 
hallenging 
ase

of 
overing the wide 
ode rate range from 0.1 to 0.9 with a relatively small mother


ode length of N = 1008 bits, it was shown that with only a single mother 
ode the

proposed approa
h 
an perform within 0.06 dB of the 
ase of using one dedi
ated


ode for ea
h 
ode rate. For smaller ranges of 
ode rates (e.g., 1/2 to 5/6 as used in

WLAN and WiMAX) the proposed method 
an be expe
ted to perform even better,

as performan
e degradation is espe
ially observed at 
ode rates that are far away from

the mother 
ode rate. Due to limited spa
e, however, no further simulation results

are shown here.

3.4.1 Comparison to other Multi-Rate S
hemes

In this se
tion, the performan
e of the proposed MuRiPEG s
heme is 
ompared to

several results from the literature. Only 
ases of multi-rate LDPC 
odes that are

based on a single mother 
ode are 
onsidered. The gaps γ
[10−4]
BER

to the 
apa
ity limit of

the error rate 
urves at BER 10−4
that are a
hieved by di�erent methods at di�erent

e�e
tive 
ode rates are 
ompared (solid lines in Figure 3.21). In 
ases where only FER


urves are available, gaps γ
[10−2]
FER

to the 
apa
ity limit are determined at FER 10−2

(dashed lines in Figure 3.21). Sin
e for di�erent methods the e�e
tive 
ode rate

has a di�erent impa
t on the e�e
tive 
ode length (shortening and pun
turing both

de
rease the e�e
tive 
ode length, whereas extension

15

in
reases the e�e
tive 
ode

length), it is not possible to 
ompare all results with exa
tly the same 
ode lengths.

However, the results are split into three plots, ea
h of whi
h only 
ontains setups with

approximately the same average 
ode lengths. The top plot in Figure 3.21 
ontains

setups with mother 
ode length N ≈ 1024, the 
enter plot shows setups with average


ode lengths N̄ ≈ 1920 (for MuRiPEG the mother 
ode length is 
hosen su
h that

the same average 
ode length is obtained within the range of 
ode rates supported by

the referen
e s
hemes), and the bottom one 
ompares two setups with mother 
ode

length N = 10080. The 
onsidered s
hemes are summarized in Table 3.6.

The proposed MuRiPEG s
heme outperforms all of the other s
hemes for nearly all


on�gurations. It is outperformed only at some single e�e
tive 
ode rates, whi
h is

mostly 
aused by a higher e�e
tive 
ode length of the referen
e s
heme at that parti
-

ular 
ode rate. At the same time, it the most �exible s
heme allowing for an arbitrary


hoi
e of 
ode rate range, mother 
ode rate and 
ode length. The only other s
heme

that 
overs the whole relevant 
ode rate range is [TJ05℄, whi
h is, however, 
onsider-

ably inferior to the proposed s
heme espe
ially at high 
ode rates. Furthermore, the

15

A mother 
ode's 
he
k matrix 
an be extended by an appropriate number M
e

of rows and


olumns to de
rease the 
ode rate from rµ = N−M
N to r

e

= N−M
N+M

e

. At the same time the e�e
tive


ode length is in
reased from N to N
e

= N +M
e

.
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rµ N

ode rate

range

lower


ode rates

higher


ode rates

[HKKM06℄

1
2 1024 1

2 . . . 45 - pun
turing

[VF09℄

1
2 1000 1

2 . . . 34 - pun
turing

[ZMC12℄

1
2 1008 1

2 . . . 34 - pun
turing

[AB13℄

1
2 1024 1

2 . . . 9
10 - pun
turing

MuRiPEG

3
5 1008 1

10 . . . 9
10 shortening pun
turing

[LN02℄

4
7 1792 2

5 . . . 8
11 extension pun
turing

[YB04℄

8
13 1664 8

19 . . . 45 extension pun
turing

[BP06℄

2
3 1536 8

19 . . . 45 extension pun
turing

MuRiPEG

3
5 2310 1

10 . . . 9
10 shortening pun
turing

[TJ05℄

1
2 10080 1

10 . . . 9
10 shortening pun
turing

MuRiPEG

1
2 10080 1

10 . . . 9
10 shortening pun
turing

Table 3.6: Several multi-rate s
hemes based on single LDPC mother 
odes.

proposed s
heme 
an even easily be extended to yield QC LDPC 
odes, whi
h makes

it also suitable for the design of 
odes for pra
ti
al appli
ations.

16

3.4.2 Spe
ial Consideration of Non-Binary LDPC Codes

In general, all methods presented in this 
hapter are also appli
able to non-binary

LDPC 
odes if a suitable density evolution implementation for the threshold 
om-

putation of non-binary 
odes is used. However, it was shown by multiple authors

that in the non-binary 
ase shortening (pun
turing) 
an be improved by distributing

single shortened (pun
tured) bits over the binary representation of multiple Galois

�eld symbols, instead of shortening (pun
turing) the symbols as a whole [KHM08,

ZBX10, GSD10℄. More re
ently, in [KDPS10, KDPS11, PDN14℄ multipli
ative repe-

tition was introdu
ed. This te
hnique starts with a single high rate mother 
ode and

a
hieves arbitrarily low 
ode rates by simply repeating 
ode words and multiplying

them with pseudo-random Galois �eld elements. Surprisingly, this very simple s
heme

yields low-rate 
odes that are better than any 
urrently known low-rate binary LDPC


odes [KDPS11℄.

16

This extension to the 
ase of QC LDPC 
ode is in
luded in the multi-length optimization

presented in Se
tion 4.2.4.



4

Multi-Length LDPC Codes

Besides operating at multiple 
ode rates, for most 
ommuni
ation systems it is also ad-

vantageous to operate at multiple 
ode lengths. In prin
iple, long 
odes are desirable

as they 
an a
hieve better error 
orre
tion performan
e than shorter 
odes. At the

same time, however, the length of a blo
k 
ode inherently impli
ates a 
ertain delay


aused by the blo
k-wise pro
essing of 
ode words. For appli
ations with delay 
on-

straints � and espe
ially for those with low transmission data rates � the 
ode length


an be limited to a 
ertain maximum value. Figure 4.1 exemplarily shows the inher-

ent algorithmi
 delay (= 
ode length · 
ode rate
data rate

) that results from using a blo
k 
ode of

length N for di�erent 
ode rates r and data rates. A typi
al data rate of 12.2 kBit

s

for

voi
e 
ommuni
ation is given by the highest mode of the Adaptive Multi-Rate (AMR)

spee
h 
ode
 [Eur00℄ that is used in the Global System for Mobile Communi
ations

(GSM) and Universal Mobile Tele
ommuni
ations System (UMTS) 
ellular mobile

networks. A maximum tolerable delay of 150ms is often assumed for voi
e 
ommuni-


ation, resulting in a maximum 
ode length around a 
ouple of thousand bits for this

appli
ation, depending on the employed 
ode rate.
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The a
tual end-to-end delay of a transmission system 
an be even higher due to ad-

ditional interleaving, the employed sour
e 
oding, the signal propagation time itself,

and the time required for signal pro
essing, resulting in an even smaller appli
able


ode length. Additional reasons for using short 
odes 
an be limited memory avail-

ability and low 
omputational power, that prohibit storing and pro
essing long 
ode

words. To a

ount for low delay and low data rate appli
ations (or 
heap, low 
om-

plexity trans
eivers) and still enable in
reased error 
orre
tion performan
e for delay

insensitive and/or high data rate appli
ations (or more advan
ed trans
eivers) it is

essential for the forward error 
orre
tion fun
tionality of a 
ommuni
ation system to

o�er a range of possible 
ode lengths.

Traditionally, the resear
h on LDPC 
odes is divided into the asymptoti
 analysis

of (very long) 
odes on the one hand, and the 
onsideration of �nite length e�e
ts

that are predominant at short 
ode lengths on the other hand. However, sin
e LDPC


odes are blo
k 
odes, they have an inherently �xed 
ode length and most of the

resear
hed 
ode design methods are spe
i�
 to one 
ertain 
ode length. To still

support multiple 
ode lengths, 
urrent systems either spe
ify separate LDPC 
odes

(e.g., WLAN and DVB) or use quasi-
y
li
 (QC) LDPC 
odes that are expanded

by di�erent lifting fa
tors (e.g., WiMAX). An exemplary overview of the ranges of

supported 
ode lengths and the total numbers of spe
i�ed LDPC 
odes of di�erent

systems is given in Table 4.1.

As in the multi-rate 
ase of the previous 
hapter, here, a multi-length 
ode is 
on-

sidered as an LDPC mother 
ode that supports multiple 
ode lengths and 
an be

en
oded and de
oded with a single en
oder and de
oder implementation. To 
on-

stru
t su
h multi-length LDPC 
odes, two approa
hes are 
onsidered in the following.

First, 
on
urrent information shortening and parity pun
turing is investigated as a

method to redu
e the 
ode length of an arbitrary LDPC mother 
ode of �xed 
ode

rate. The se
ond approa
h is based on a joint optimization of a QC LDPC mother


ode of �xed dimension for multiple lifting fa
tors to a
hieve di�erent 
ode lengths

of the expanded 
he
k matri
es.

number of

LDPC 
odes

supported


ode lengths

un
oded

lengths

IEEE 802.16e (WiMAX) [IEE09a℄ 6 576 � 2304 288 � 1920

IEEE 802.11n (WLAN) [IEE09b℄ 12 648 � 1944 324 � 1620

DVB-T2 [Eur09b℄ 13 16200, 64800 3240�54000

DVB-S2 [Eur09a℄ 22 16200, 64800 3240�58320

Table 4.1: Numbers and 
ode lengths of LDPC 
odes spe
i�ed in di�erent 
ommu-

ni
ation standards.
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4.1 Length Redu
tion by Con
urrent Shortening

and Pun
turing

Information shortening and parity pun
turing were introdu
ed in the previous 
hapter

as te
hniques to �exibly adapt the 
ode rate of a �xed rate mother 
ode. In 
ontrast

to adapting the 
ode rate, in this se
tion 
on
urrent shortening and pun
turing is


onsidered to redu
e the e�e
tive 
ode length while keeping the 
ode rate 
onstant.

A similar approa
h was proposed in [KCY12℄ to adapt the length of irregular repeat-

a

umulate (IRA) 
odes. While very good performan
e is a
hieved for this 
lass of


odes, the method of [KCY12℄ is not generally appli
able to other kinds of LDPC


odes and is, thus, not further 
onsidered in this se
tion.

1

In the following the general pro
ess of 
on
urrent shortening and pun
turing is in-

trodu
ed by explaining the en
oding and de
oding steps. After this, an asymptoti


analysis of the a
hievable ensemble threshold performan
e is provided and a length-


ompatible joint optimization problem for �nding shortened degree distributions and

pun
turing polynomials for length redu
tion is proposed. The e�e
tiveness of the

proposed method is 
on�rmed by 
omparing ensemble threshold as well as BER per-

forman
e simulation results to that of dedi
ated 
odes that are spe
i�
ally optimized

for ea
h supported 
ode.

4.1.1 En
oding and De
oding

When a mother 
ode of rate r = K
K+M

is shortened to the lower 
ode rate r
s

= K
s

K
s

+M
,

at the same time a

ording to (3.2) the e�e
tive number of information bits is redu
ed

to

K
s

(3.2)

= k
s

K =
r−1 − 1

r−1
s

− 1
K.

Likewise, when the mother 
ode is pun
tured to the higher 
ode rate r
p

= K
K+M

p

,

a

ording to (3.21) the number of transmitted parity bits is redu
ed to

M
p

(3.21)

= m
p

M =
r−1
p

− 1

r−1 − 1
M. (4.1)

By 
ombining these two e�e
ts, the resulting relative 
ode word length is redu
ed to

nℓ :=
Nℓ

N
=

k
s

K +m
p

M

N
. (4.2)

To ensure the resulting 
ode rate

r′ =
k
s

K

k
s

K +m
p

M
(4.3)

1

As the method of [KCY12℄ is restri
ted to a spe
ial 
lass of 
odes it will instead be 
ompared

to the approa
h presented in Se
tion 4.2 whi
h is also only appli
able to a spe
ial 
lass of 
odes.
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after both shortening and pun
turing to be equal to the mother 
ode rate r = K
K+M ,

the following 
onstraint must be ful�lled:

r′
!
= r ⇔ k

s

K

k
s

K +m
p

M
=

K

K +M

⇔ k
s

K2 + k
s

KM = k
s

K2 +m
p

KM

⇔ k
s

= m
p

. (4.4)

Together with (4.2), this results in the rule that redu
ing the relative 
ode length

to nℓ is a
hieved by 
on
urrently shortening and pun
turing the same fra
tions

k
s

= m
p

= nℓ of the information and parity words, respe
tively. The virtual shortened

and pun
tured 
ode rates that would result if only either one of the two operations

were 
ondu
ted alone are given by

r
s,ℓ =

nℓK

nℓK +M
=

nℓ

nℓ + r−1 − 1
(4.5)

for shortening and

r
p,ℓ =

K

K + nℓM
=

r

r + nℓ(1− r)
(4.6)

for pun
turing, respe
tively. Thus, ea
h redu
ed relative 
ode length nℓ that should

be a
hieved, 
an be represented by a pair (r
s,ℓ, rp,ℓ) of shortened and pun
tured 
ode

rates whi
h need to be realized 
on
urrently. Using these virtual 
ode rates, en
oding

and de
oding of a length-redu
ed 
ode word exa
tly follow the des
riptions of shorten-

ing and pun
turing given in Se
tion 3.1.1 and Se
tion 3.2.1, respe
tively. Shortened

positions are initialized with zeros before en
oding and the 
orresponding systemati


positions as well as the pun
tured positions are dis
arded before transmission. In

the de
oder, shortened positions are initialized with LLRs +∞ and pun
tured po-

sitions with LLRs 0. This way, for both en
oding and de
oding the mother 
ode

implementation 
an be used without modi�
ations.

The exemplary 
ode word stru
tures of a rate-2/3 mother 
ode and 
ode words with

lengths redu
ed to n3 = 0.75, n2 = 0.5, and n1 = 0.25 of the original length are

shown in Figure 4.2. For ea
h length, also the respe
tive 
ode rate pair (r
s,ℓ, rp,ℓ) is

given. In analogy to the rate-
ompatible s
heme from Se
tion 3.3 (
f. Figure 3.11 on

page 81), the redu
tion of the 
ode word length is done in a length-
ompatible fashion,

meaning that bits are shortened from left and pun
tured from right su

essively. As in

the rate-
ompatible 
ase of the previous 
hapter, this is either enabled by reordering

the 
he
k matrix 
olumns a

ording to the positions that should be shortened and

pun
tured or by dire
tly 
onstru
ting the 
he
k matrix of the mother 
ode to have

all potentially shortened positions on the left and all potentially pun
tured positions

on the right.

4.1.2 Asymptoti
 Analysis and Optimization

For 
on
urrent utilization of shortening and pun
turing, the individual asymptoti


analysis of message-passing de
oding for both te
hniques from Se
tions 3.1.2 and 3.2.2
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redu
ed to n3 = 0.75, n2 = 0.5, and n1 = 0.25.

is still valid. The shortening of variable nodes (and 
onne
ted edges) 
an still be mod-

eled by simply removing them from the Tanner graph, sin
e the additional presen
e

of erased messages (LLRs 0 at the pun
tured variable nodes) does not 
hange the ef-

fe
t of the perfe
t knowledge (LLRs +∞ at shortened variable nodes). Consequently,

the asymptoti
 behavior of the proposed length redu
tion 
an be des
ribed by �rst

applying shortening to the mother 
ode and then pun
turing the resulting interme-

diate shortened 
ode. The ensemble threshold τ of the length-redu
ed 
ode 
an thus

be 
omputed using the density evolution for pun
tured 
odes as introdu
ed in Se
-

tion 3.2.2 on pages 68 �.

Threshold Computation

In a

ordan
e with Chapter 3, the variable node degree distribution (in node per-

spe
tive) of the mother 
ode is denoted Λ(x), the shortened degree distribution at

virtual 
ode rate r
s,ℓ is denoted Λ[r

s,ℓ](x), and the pun
turing polynomial of virtual


ode rate r
p,ℓ is denoted Π

[r
p,ℓ](x). For the 
omputation of the ensemble threshold

after length redu
tion, the pun
turing polynomial �rst needs to be res
aled as follows.

A

ording to its de�nition, the 
oe�
ient Π
[r
p,ℓ]

i denotes the fra
tion of degree i nodes

that are pun
tured in the mother 
ode, resulting in a total number of Π
[r
p,ℓ]

i ΛiN pun
-

tured degree i nodes. The shortened 
ode whi
h is to be pun
tured here, however,

has a di�erent total number of nodes N
s

< N and also potentially di�erent fra
tions

Λ
[r
s,ℓ]

i of nodes of ea
h degree i. To still pun
ture the 
orre
t total number of nodes,

the 
oe�
ients of Π
[r
p,ℓ](x) are res
aled a

ording to

Π̆
[nℓ]
i Λ

[r
s,ℓ]

i N
s

!
= Π

[r
p,ℓ]

i ΛiN

⇔ Π̆
[nℓ]
i = Π

[r
p,ℓ]

i

Λi

Λ
[r
s,ℓ]

i

N

N
s

=
Π

[r
p,ℓ]

i Λi

Λ
[r
s,ℓ]

i (1− (1− nℓ) r)
, (4.7)
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resulting in the s
aled pun
turing polynomial

Π̆[nℓ](x) =

d
v∏

i=2

Π̆
[nℓ]
i xi. (4.8)

The ensemble threshold τ(Λ[r
s,ℓ], R[r

s,ℓ], Π̆[nℓ]) of the length-redu
ed 
ode 
an then

be 
omputed by density evolution of the pun
tured ensemble (Λ[r
s,ℓ], R[r

s,ℓ], Π̆[nℓ])
using the Gaussian approximation (GA) or the dis
retized density evolution (DDE)

from Se
tion 3.2.2. The 
he
k node degree distribution R[r
s,ℓ](x) depends on the

exa
t sele
tion of 
olumns that are shortened and will take the binomial form (3.15)

if a random-like sele
tion is performed. In the following a 
olumn sele
tion strategy

that ensures a 
on
entrated form (2.73) of R[r
s,ℓ](x) is assumed.

Joint Optimization Problem

Given a mother 
ode rate r and a sequen
e of ξ as
ending relative target 
ode lengths2

0 < n1 < n2 < · · · < nξ = 1, a joint length-
ompatible optimization of shortening

and pun
turing similar to the one presented in Se
tion 3.3.1 for the multi-rate 
ase

is proposed in the following. The same 
ost fun
tions as introdu
ed in Se
tion 3.3.1


an be employed in general, where here the mean square gap to 
apa
ity is 
hosen.

Thus, the obje
tive of the optimization is to minimize the mean square gaps γℓ|
dB

of the ensemble thresholds τℓ|
dB

to 
apa
ity at all e�e
tive relative 
ode lengths nℓ

with 
orresponding virtual 
ode rate pairs (r
s,ℓ, rp,ℓ) from (4.5) and (4.6), i.e.,

C(γ1, . . . , γξ) =
1

ξ

ξ∑

ℓ=1

(
γℓ|

dB

)2
=

1

ξ

ξ∑

ℓ=1

(τℓ|
dB

− q(r)|
dB

)
2

(4.9)

=
1

ξ

((
τ(Λ, R)|

dB

− q(r)|
dB︸ ︷︷ ︸

mother 
ode

)2
+

ξ−1∑

ℓ=1

(
τ
(
Λ[r

s,ℓ], R[r
s,ℓ], Π̆[nℓ]

)∣∣∣
dB

− q(r)|
dB

︸ ︷︷ ︸
length-redu
ed 
odes

)2
)
.

The optimization variables are, thus, the 2ξ − 1 polynomials:

• Λ(x) =: Λ[r
s,ξ ](x): a variable node degree distribution for the mother 
ode at

the original 
ode length (i.e., nξ = 1),

• Λ[r
s,ℓ](x): a shortened variable node degree distribution for ea
h virtual short-

ened 
ode rate r
s,ℓ, with ℓ = 1, . . . , ξ − 1,

• Π
[r
p,ℓ](x): a pun
turing polynomial for ea
h virtual pun
tured 
ode rate r

p,ℓ,

with ℓ = 1, . . . , ξ − 1.

As mentioned above, all shortened 
he
k node degree distributions R[r
s,ℓ](x) are in


on
entrated form, whi
h 
an later be ensured by the employed 
he
k matrix 
on-

stru
tion method.

2

The original 
ode length is always in
luded as the highest one, i.e., nξ = 1.
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To make the resulting multi-length ensemble length-
ompatible, 
onstraints (3.42)

to (3.46) from the multi-rate optimization in Se
tion 3.3.1 are in
luded in the pro-

posed multi-length optimization problem, with appropriately adjusted indexing of the

(virtual) 
ode rates.

The proposed multi-length optimization problem is then given by

min
1

ξ

ξ∑

ℓ=1

(
γℓ|

dB

)2
(4.10a)

subje
t to

Λ
[r
s,ℓ]

i

1− r
s,ℓ

(3.42)

≥ Λ
[r
s,ℓ−1]

i

1− r
s,ℓ−1

, ℓ = 2, . . . , ξ (4.10b)

(1−r
s,ℓ−1)Λ

[r
s,ℓ]

i − (1−r
s,ℓ) Λ

[r
s,ℓ−1]

i

(3.43)

≤ r
s,ℓ − r

s,ℓ−1, ℓ = 2, . . . , ξ
(4.10
)

Π
[r
p,1]

i Λi

(3.44)

≤ 1− r

1− r
s,1

Λ
[r
s,1]

i (4.10d)

Π
[r
p,ℓ]

i

(3.45)

≤ Π
[r
p,ℓ−1]

i , ℓ = 2, . . . , ξ − 1 (4.10e)

d
v∑

i=2

Π
[r
p,ℓ]

i Λi
(3.46)

= 1− r

r
p,ℓ

= 1 + nℓr − nℓ − r, ℓ = 1, . . . , ξ − 1

(4.10f)

0 ≤ Π
[r
p,ℓ]

i ≤ 1, ℓ = 1, . . . , ξ − 1 (4.10g)

Λ[r
s,ℓ](1) = 1, Λ

[r
s,ℓ]

i ≥ 0, ℓ = 1, . . . , ξ (4.10h)

R[r
s,ℓ](x) from (3.15), ℓ = 1, . . . , ξ (4.10i)

λ2

(2.50)

<
erτ(Λ,R)

∑d



j=2 ρj(j − 1)
(4.10j)

λ
[r
s,ℓ]

2 <
e
rτ

(
Λ[r

s,ℓ],R[r
s,ℓ],Π̆[nℓ]

)

∑d



j=2 ρ
[r
s,ℓ]

j (j − 1)
, ℓ = 1, . . . , ξ − 1 (4.10k)

Π
[r
p,ℓ]

2 <
1

λ
[r
s,ℓ]

2

∑d



j=2 ρ
[r
s,ℓ]

j (j − 1)
, ℓ = 1, . . . , ξ − 1. (4.10l)

Constraints (4.10b) � (4.10i) are in a

ordan
e with the 
onstraints of the multi-rate

optimization (3.51) on page 85. A slight modi�
ation is required for the stability


onditions (4.10j) � (4.10l), though. The original stability 
ondition as introdu
ed

in (2.50) is only appli
able to the mother 
ode here and represented by (4.10j). The

shortened degree distributions Λ[r
s,ℓ]

are not a
tually used at the respe
tive short-

ened 
ode rates r
s,ℓ, but employed together with the pun
turing polynomials Π[r

p,ℓ]

resulting in the original mother 
ode rate r. In the stability 
ondition (4.10k) for

the shortened 
odes, the noise varian
e σ2
n is, thus, determined by the threshold τ
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together with the mother 
ode rate r instead of the shortened 
ode rate r
s,ℓ by

1

σ2
n

= 2rτ
(
Λ[r

s,ℓ], R[r
s,ℓ], Π̆[nℓ]

)
. (4.11)

Following the same argumentation, the pun
turing stability 
ondition (3.38) is in-


luded in 
onstraint (4.10l) for all 
ode rate pairs (r
s,ℓ, rp,ℓ), for ℓ = 1, . . . , ξ − 1,

to a

ount for the fa
t that pun
turing is applied to the respe
tive shortened 
ode

at ea
h 
ode length. For the multi-rate optimization, in 
ontrast, the pun
turing

stability 
ondition is only in
luded for the mother 
ode degree distribution in 
onne
-

tion with the highest pun
tured 
ode rate, sin
e pun
turing is always applied to the

mother 
ode.

This multi-length optimization problem 
an be solved in exa
tly the same way as the

multi-rate optimization problem (3.51) using the Simulated Annealing (SA) method

from Se
tion 2.7.2 on pages 33 �. To enable reliable optimization results for arbitrary

ranges of 
ode lengths, the DDE method with pun
turing and b = 8 quantization bits

is used to 
ompute all thresholds. Moreover, the same two-phase approa
h is used

that was introdu
ed in Se
tion 3.3.1 and is depi
ted in Figure 3.13.

4.1.3 Simulation Examples

To evaluate the performan
e of the proposed multi-length optimization method from

the previous se
tion, the following multi-length setups are 
onsidered:

• supported relative 
ode lengths nℓ ∈ {n1, n2, . . . , n6} =
{

1
16
, 1
8
, 1
4
, 1
2
, 3
4
, 1
}
,

• maximum variable node degree d
v

= 5,

• 
on
entrated 
he
k node degree distributions,

• 
ode rates r ∈ {0.1, 0.2, . . . , 0.9}.
To this end, for ea
h 
ode rate r one separate multi-length ensemble is optimized by

solving (4.10) using the SA approa
h.

Ensemble Thresholds

The gaps to 
apa
ity γ of the optimized ensemble thresholds for 
ode rates 0.2, 0.5,
and 0.9 are shown in dB over the relative 
ode lengths nℓ in Figure 4.3 (solid lines).

3

As referen
e, the dotted lines show the ensemble thresholds that are obtained if a

dedi
ated degree distribution is optimized for ea
h of the three 
ode rates 0.2, 0.5,
and 0.9 without any multi-length support. In this referen
e 
ase, a dedi
ated 
ode

3

Even though the 
ode length is redu
ed in this setup, it should be noted that the 
onsideration

of ensemble thresholds does not a

ount for any �nite length e�e
ts. That means that the asymptoti


analysis assumes the mother 
ode length as well as the redu
ed 
ode length to both tend to in�nity.

For this reason the threshold values of the dedi
ated 
ase are 
onstant for all relative 
ode lengths

in Figure 4.3, whereas the penalty that is observed for the multi-length setups is 
aused solely by

the asymptoti
 e�e
ts of 
on
urrent shortening and pun
turing.
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Figure 4.3: Gaps of ensemble thresholds to 
apa
ity over the relative redu
ed 
ode

length nℓ for di�erent 
ode rates r. Gaps are shown for the proposed

multi-length optimization, the multi-length by multi-rate 
ase, and the


ase of using a dedi
ated 
ode for ea
h 
ode length.

needs to be 
onstru
ted for ea
h target 
ode length, and sin
e these 
odes 
an all

use the same optimized degree distribution, the ensemble threshold is equal at all


ode lengths. Obviously, for all shown 
ode rates, at relative 
ode length nℓ = 1 the

ensemble thresholds of the multi-length setup are quasi identi
al to the dedi
ated 
ase

and in
reasingly deviate from it for smaller relative 
ode lengths nℓ < 1.

The question arises, whether it is possible to a
hieve similar multi-length performan
e

by simply using results from the multi-rate optimization (3.51) from the previous


hapter. By using the appropriate (virtual) 
ode rates (4.5) and (4.6) as input to the

multi-rate optimization, the same multi-length 
on�guration 
an be obtained. The re-

sults of this optimization are shortened degree distributions with ensemble thresholds

optimized for the shortened 
ode rates r
s,ℓ and pun
turing polynomials optimized for

the pun
tured 
ode rates r
p,ℓ. Unfortunately, simply 
ombining these good shortened

degree distributions with the good pun
turing polynomials does not nearly result in

the same threshold performan
e as the proposed multi-length optimization. This

setup is denoted multi-length by multi-rate (ML-by-MR) and results for this abuse of

a multi-rate ensemble for length redu
tion are in
luded in Figure 4.3 (dashed lines)

for the same 
on�guration as for the multi-length ensemble. It 
an be seen that

the ML-by-MR setup yields almost identi
al ensemble thresholds as the multi-length

setup for moderate redu
tions of 
ode length (nℓ ≥ 1
2 ). For very short relative 
ode

lengths, however, the thresholds obtained from the ML-by-MR optimization strongly

deviate from those of the multi-length 
ase by up to as mu
h as 3 dB for r = 0.5
and nℓ = 1

16
. This trend be
omes more pronoun
ed at large 
ode rates and is less

apparent at low 
ode rates. For r = 0.9 and nℓ =
1
16

the ML-by-MR ensemble does

not even 
onverge to a valid ensemble threshold, as the pun
turing stability 
ondition

is violated.

Altogether, the penalty of using a single mother 
ode and redu
ing its 
ode length
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by pun
turing and shortening 
ompared to the 
ase of using dedi
ated 
odes depends

on the 
ode rate and the minimum relative 
ode length nℓ = n
min

that is supported.

As a similar observation to the multi-rate 
ase, this penalty is mainly 
aused by the

inherent performan
e degradation of pun
tured 
odes. In 
ontrast to the multi-rate


ase, where only small pun
turing fra
tions have to be used if a high mother 
ode rate

is 
hosen, the mother 
ode rate of the multi-length ensemble has to be equal to the

target 
ode rate r. The maximum pun
turing fra
tion is, thus, fully determined by the

minimum relative 
ode length n
min

. The range of 
ode lengths that 
an be a
hieved

for a spe
i�
 
ode rate depends on the penalty in ensemble threshold performan
e

that 
an be tolerated as trade o� for the redu
ed hardware 
omplexity gained by using

only a single mother 
ode. To quantify this e�e
t, the mean gap of the multi-length

ensemble thresholds to that of the dedi
ated 
ase (i.e., the mean distan
e between

the solid and dotted lines in Figure 4.3) is 
omputed for ea
h 
ode rate and denoted

γ̄
ml

|
dB

− γ
ded

|
dB

. By 
omputing this measure for di�erent minimum relative 
ode

lengths n
min

, a set of 
urves is obtained and depi
ted in Figure 4.4. The values of

these 
urves answer the question: For a given 
ode rate r and a given minimum

relative 
ode length n
min

, what is the average penalty in threshold performan
e of

using the proposed length redu
tion to a
hieve relative 
ode lengths between n
min

and 1 
ompared to the 
ase of using dedi
ated 
odes? As expe
ted, the penalty

be
omes smaller for in
reasing minimum relative 
ode lengths n
min

at all 
ode rates.

Furthermore, for de
reasing n
min

, the di�eren
e between the 
ode rates be
omes more

pronoun
ed, where 
ode rates around 0.5 feature the smallest penalty and smaller


ode rates su�er from a larger penalty than larger 
ode rates. For 
omparison, the x-

markers

4

show the mean gaps γ̄
mr

|
dB

− γ
ded

|
dB

of the ML-by-MR ensemble thresholds
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ode lengths n
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a
hieved for the ML-by-MR optimization.

4

There is no x-marker for r = 0.9 and n
min

= 1
16 as no valid threshold was found for this 
ase

due to a violation of the pun
turing stability 
ondition.
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to that of the dedi
ated 
ase (i.e., the mean distan
e between the dashed and dotted

lines in Figure 4.3). This 
omparison 
on�rms, that for a redu
tion of relative 
ode

length down to n
min

= 1
2
, results of the ML-by-MR optimization 
an be (ab)used

for length adaptation with almost no average performan
e loss to the multi-length

optimization. For n
min

< 1
2 , however, this average performan
e loss qui
kly in
reases

and renders the ML-by-MR optimization unsuitable for length adaptation.

It should again be noted, that no multi-rate features are 
onsidered for any of the

shown setups in this se
tion. The s
heme that is referred to as �multi-length by

multi-rate� uses the proposed multi-rate optimization from the previous 
hapter, but

is solely used for length redu
tion by 
on
urrent shortening and pun
turing here.

BER Performan
e

In addition to the asymptoti
 threshold results, BER simulations are 
ondu
ted

for the multi-length optimization and the dedi
ated 
ase with BP de
oding and

I
max

= 100 de
oding iterations. For ea
h of the nine multi-length ensembles with


ode rates r = 0.1, . . . , 0.9, one mother 
ode of length N = 10080 is 
onstru
ted using

the optimized matrix 
onstru
tion Algorithm 6 (MuRiPEG) on page 95. Even though

this algorithm is originally intended to be used in the 
ontext of multi-rate ensem-

bles, the �nite length e�e
ts (
he
k node 
on
entration, re
overability of pun
tured

bits, ACE properties) that were 
onsidered are equally appli
able to the s
enario of

using 
on
urrent shortening and pun
turing for length redu
tion. The target 
ode

rate r is spe
i�ed as mother 
ode rate rµ and the virtual 
ode rates 
orresponding to

the relative target 
ode lengths nℓ ∈ { 1
16 ,

1
8 ,

1
4 ,

1
2 ,

3
4} are spe
i�ed as e�e
tive short-

ened and pun
tured 
ode rates as input to Algorithm 6. This 
onstru
tion method is

referred to as multi-length improved progressive edge-growth (MuLiPEG) in the follow-

ing. Additionally, 54 referen
e 
odes � one for ea
h 
ode rate r and ea
h 
ode length

nℓN ∈ {630, 1260, . . . , 7560, 10080} � are 
onstru
ted with the dedi
ated optimized

degree distributions from the previous se
tion and the PEG algorithm.

In the upper plot of Figure 4.5 the BER over E
s

/N0 
urves for the MuLiPEG

method and the dedi
ated PEG 
odes are shown for 
ode rates 0.2, 0.5, and 0.9. For
MuLiPEG, 
urves are shown for e�e
tive relative 
ode lengths nℓ ∈ { 1

16 ,
1
8 ,

1
4 ,

1
2 , 1},

while for the dedi
ated PEG 
odes only 
urves for the largest and smallest relative


ode lengths nℓ ∈ { 1
16
, 1} are in
luded. As predi
ted by the ensemble threshold re-

sults in Figure 4.3, at all three shown 
ode rates in Figure 4.5 the MuLiPEG 
odes

perform almost identi
al

5

to the dedi
ated PEG 
odes at the maximum 
ode length

and su�er from a distin
tly in
reasing performan
e degradation for de
reasing 
ode

lengths. This behavior is highlighted by the lower plot of Figure 4.5, in whi
h the gaps

γ[10−4]
of the BER 
urves to 
apa
ity at BER 10−4

are shown in dB over the relative


ode length nℓ for both setups. Notably, at r = 0.9, the MuLiPEG 
odes perform

mu
h 
loser to the dedi
ated 
odes than predi
ted by the ensemble thresholds.

5

Espe
ially at low 
ode rates, the mother 
odes 
onstru
ted by the MuLiPEG algorithm even

show better waterfall performan
e than the original PEG 
odes, whi
h is 
aused by the di�erent

degree sequen
e ordering. The drawba
k of this improvement in the waterfall region is a degradation

of the error �oor behavior (
f. Se
tion 3.3.2 and espe
ially Figure 3.18).
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Equivalently to the illustration for ensemble thresholds in Figure 4.4, an additional

representation of all BER results is provided in Figure 4.6 to answer the question:

For a given 
ode rate r and a given minimum relative 
ode length n
min

, what is the

average penalty in BER performan
e of using the proposed length redu
tion to a
hieve

relative 
ode lengths between n
min

and 1 
ompared to the 
ase of using dedi
ated PEG


odes? The mean gap γ̄[10−4]|
dB

−γ̄
[10−4]
ded

|
dB

of the BER 
urves to the dedi
ated 
ase at

BER 10−4
is shown for minimum relative 
ode lengths n

min

∈ { 1
16
, 1
8
, 1
4
, 1
2
}. There are

two notable di�eren
es to the ensemble threshold predi
tions from Figure 4.4. First,

for small values of n
min

the average BER penalty (almost) monotoni
ally de
reases

with in
reasing rate, whereas the average penalty in ensemble threshold exhibits a

minimum at r = 0.5 in Figure 4.4. Se
ond, for n
min

= 1
2 the BER penalty even takes

negative values at some 
ode rates, whi
h is explained by the fa
t that the mother


odes 
onstru
ted by the MuLiPEG algorithm in some 
ases show better waterfall

behavior than the original PEG 
odes due to the di�erent degree sequen
e ordering.

4.1.4 Joint Multi-Length and Multi-Rate Considerations

Due to the similarity between the multi-rate optimization presented in Se
tion 3.3 and

the multi-length optimization presented here, a straightforward generalization to the


ase of jointly a
hieving multi-rate and multi-length 
apabilities by shortening and

pun
turing is possible. In the multi-rate optimization only the appli
ation of either

shortening or pun
turing at any moment is 
onsidered. The multi-length optimization,

on the other hand, allows 
on
urrent shortening and pun
turing but is restri
ted to

�xed (virtual) 
ode rate pairs to redu
e the 
ode length while keeping the 
ode rate

un
hanged. By allowing 
on
urrent shortening and pun
turing using arbitrary virtual


ode rate pairs, a simultaneous adaptation of the 
ode rate and the 
ode length 
an

be a
hieved. For the exemplary 
ase of mother 
ode rate r = 0.5 and (virtual) 
ode

rates from 0.1 to 0.9, the a
hievable 
ombinations of 
ode rates and lengths for these

three methods are depi
ted in a �length-rate-plane� in Figure 4.7. Allowing 
on
urrent

shortening and pun
turing with arbitrary 
ombinations of the pre-de�ned (virtual)


ode rates results in an in
reased variety of length and rate 
ombinations. However,

to ensure good performan
e, an expli
it optimization problem has to be formulated

that takes into a

ount all of these 
ombinations. The derivation of this problem and

its solution dire
tly follows the multi-length optimization problem (4.10), with the

only di�eren
e being that all 
ombinations of shortened and pun
tured 
ode rates

need to be 
onsidered instead of just some pre-de�ned �xed pairs. In the example

of Figure 4.7, e.g., the 
ost fun
tion has to 
ompute the mean square gap to 
apa
ity

of 25 ensembles instead of just 5 for the pure multi-length 
ase or 9 for the pure

multi-rate 
ase.

This approa
h 
an be taken even further, by allowing a �smooth� adaptation of 
ode

rates and lengths to rea
h arbitrary points in the gray shaded area in Figure 4.7.

Instead of having to optimize dedi
ated degree distributions and pun
turing polyno-

mials for ea
h of the additionally a
hievable points, however, a simple interpolation

of the 
oe�
ients 
an be employed. This is a
hieved as follows. By 
hoosing an arbi-

trary 
ombination of nℓ and r
e�

from the gray shaded area, the resulting shortening
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heme proposed in this se
tion, and a joint 
onsideration

of multi-rate and multi-length 
apabilities.

and pun
turing fra
tions k
s

and m
p


an be determined by (4.2) and (4.3) on page 105.

These values in turn de�ne the virtual shortened and pun
tured 
ode rates r
s

and

r
p

a

ording to (3.1) on page 51 and (3.20) on page 67, respe
tively. The shortened

degree distribution for the virtual shortened 
ode rate r
s

is then obtained by linear

interpolation of the 
oe�
ients of the pre-optimized degree distributions Λ[ri]
and

Λ[ri+1]
of the two neighboring 
ode rates. Equally, the pun
turing polynomial for the

virtual pun
tured 
ode rate r
p

is obtained by linear interpolation of the 
oe�
ients

of the pre-optimized pun
turing polynomials Π[rj ]
and Π[rj+1]

of the two neighboring


ode rates. As optimized degree distributions and pun
turing polynomials for neigh-

boring 
ode rates obey a 
ertain 
ontinuity, the interpolated values at (virtual) 
ode

rates in between will be very 
lose to the optimal ones as long as the (virtual) 
ode

rates are not too far apart.

This joint multi-rate and multi-length s
heme o�ers a tremendous amount of �exibil-

ity in terms of supported 
ode rates and lengths. However, for 
ases in whi
h large

fra
tions of the parity bits are pun
tured, it su�ers the same performan
e degradation

as the pure multi-rate and multi-length approa
hes. Still, if only moderate ranges

of 
ode rates and lengths need to be supported, 
on
urrent shortening and pun
tur-

ing o�ers performan
e that is 
ompetitive to the 
ase of using one dedi
ated 
ode

per 
ombination of 
ode rate and length but requires only a single en
oder and de-


oder implementation of the mother 
ode that 
an be used for all setups without any

additional 
omplexity.
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4.1.5 Con
luding Remarks: MuLiPEG

Con
urrently shortening and pun
turing a mother 
ode word is an e�e
tive method

of very low-
omplexity to �exibly redu
e the 
ode length using only a single LDPC

mother en
oder and de
oder. No other method is 
urrently known that provides

the same �exibility and is generally appli
able to LDPC 
odes.

6

Furthermore, a

straightforward 
ombination of the proposed MuLiPEG method with the multi-rate


apabilities presented in Se
tion 3.3 is possible.

The investigations in this se
tion show that a spe
ial multi-length optimization is

superior to simply using optimized shortening and pun
turing s
hemes. The BER

simulations for a mother 
ode length of N = 10080 
on�rm, that for high 
ode rates

the average performan
e loss of the proposed s
heme to the 
ase of using one dedi
ated


ode per 
ode length is very small even if the 
ode length is redu
ed to only

N
16

= 630,
e.g., about 0.11 dB average penalty for r = 0.9 and about 0.21 dB average penalty for

r = 0.8. For 
ode rates below 0.5, however, this penalty qui
kly in
reases if similarly

low relative 
ode lengths have to be a
hieved.

4.2 Multi-Length Quasi-Cy
li
 LDPC Codes

The stru
ture of QC LDPC 
odes inherently allows the 
onstru
tion of 
odes with

di�erent lengths from one mother lifting matrix A of �xed dimensions M ′ ×N ′
. As

des
ribed in Se
tion 2.9, the parity 
he
k matrixH
[Z]

of a QC LDPC 
ode is obtained

by repla
ing ea
h entry Am′,n′
of the lifting matrix by the Z×Z matrix I

Am′,n′

s

(whi
h

is either a 
y
li
ally shifted identity matrix or an all-zero matrix). The resulting


ode length is given by N = ZN ′
, while the 
ode rate r = ZN ′−ZM ′

ZN ′ = N ′−M ′

N ′ is

independent of the lifting fa
tor Z. By using di�erent values for Z, 
odes with �xed


ode rate and di�erent 
ode lengths are obtained from the mother lifting matrix A.

4.2.1 En
oding and De
oding

To qualify as a multi-length LDPC 
ode, en
oder and de
oder have to be able to

pro
ess the 
odes of all resulting lengths based on only one 
ommon implementation

for the mother lifting matrix. It 
an be shown that this 
onstraint is ful�lled for most

typi
al hardware ar
hite
tures used in 
onne
tion with QC LDPC 
odes.

Most QC LDPC de
oder ar
hite
tures follow either the 
ir
ulant perspe
tive or the

protograph perspe
tive [RN03, Zha07, JDA

+
07, RL09℄ whi
h are illustrated in Fig-

ure 4.8. Both of these start from the protograph representation of the lifting matrix

as introdu
ed in Se
tion 2.9 on page 42.

6

As mentioned above, the approa
h of [KCY12℄ also uses 
on
urrent shortening and pun
turing

to redu
e the 
ode length. This approa
h, however, is only appli
able to IRA 
odes � a spe
ial

sub
lass of LDPC 
odes � whi
h is why no fair 
omparison to the proposed method is possible.
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Figure 4.8: Constru
tion of a 
ode's Tanner graph with N = ZN ′ = 12 vari-

able and M = ZM ′ = 9 
he
k nodes from the lifting matrix of size

M ′ ×N ′ = 3× 4 with lifting fa
tor Z = 3 by a 
opy-and-permute oper-

ation using the 
ir
ulant perspe
tive (left) and the protograph perspe
-

tive (right). Ea
h of the dotted boxes represents one variable (VNP) or


he
k node pro
essor (CNP) that is employed by an a

ording hardware

ar
hite
ture.

In the 
ir
ulant perspe
tive ea
h node of this protograph is 
opied Z times resulting

in groups of nodes of the same type. Then, the edges between ea
h pair of groups are


y
li
ally permuted a

ording to the entry in A that 
onne
ts the two types. E.g.,

in Figure 4.8 before permutation the �rst 
he
k node of type �2� is 
onne
ted to the

�rst variable node of type �a�, and after 
y
li
 permutation by two position (a

ording

to the lifting matrix entry A2,1 = 2) it is 
onne
ted to the third variable node of

type �a�. The Tanner graph that is 
onstru
ted this way 
orresponds to the 
he
k

matrix H
[Z]

that is obtained from A as des
ribed in Se
tion 2.9. A de
oder that is

based on this representation, is 
omposed of N ′
variable node pro
essing units andM ′


he
k node pro
essing units, one for ea
h type (or group) of nodes. These units are


onne
ted by memory elements a

ording to the lifting matrix entries, ea
h of whi
h

stores Z extrinsi
 messages that are ex
hanged between Z variable and 
he
k nodes

of the respe
tive group. Ea
h pro
essing unit 
an only 
ompute one variable-to-
he
k

or 
he
k-to-variable message at a time, whi
h is why the Z nodes in ea
h group are

pro
essed sequentially by the pro
essing unit. The only requirement this ar
hite
ture

needs to ful�ll to be 
ompatible with using multiple lifting fa
tors Z1, . . . , Zmax

are

memory elements that 
an store the maximum number of Z
max

messages. If Z < Z
max

is used, some of the memory lo
ations are simply not addressed, and the next BP
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de
oding iteration starts as soon as ea
h pro
essing unit has 
omputed Z messages

sequentially.

The protograph perspe
tive, on the other hand, starts from the same protograph but


onsiders the initial Z-fold 
opying as a Z-fold dupli
ation of that whole protograph.

The subsequent permutation 
an then be seen as spreading the edges a
ross the di�er-

ent protographs, again a

ording to the 
orresponding entries in the lifting matrix A.

Ex
ept for a di�erent order of rows and 
olumns, this representation results in the

same 
he
k matrix as for the 
ir
ulant perspe
tive. A de
oder following this ar
hite
-

tural design perspe
tive 
onsists of Z
max

identi
al 
onstituent de
oders, ea
h with one

variable node and one 
he
k node unit. The i-th 
onstituent de
oder updates all vari-

able and all 
he
k nodes within the i-th 
opy of the protograph sequentially. This 
an

be seen as one large ve
tor pro
essor 
omposed of Z
max

identi
al 
onstituent variable

and 
he
k node pro
essors [RN03℄. This ar
hite
ture also dire
tly supports multiple

values of Z by simply dea
tivating a number of pro
essors for Z < Z
max

. The mas-

sively parallelized implementation of the layered BP de
oder presented in Se
tion 6.3

is an example for an ar
hite
ture in the protograph perspe
tive.

For the en
oding of QC LDPC 
odes, several methods have been proposed that are

based only on the lifting matrixA and exploit the quasi-
y
li
 property by using Z bit

wide feedba
k shift registers [LCZ

+
06, RL09℄. To employ su
h a de
oder for varying

values of Z, the shift registers need to be of width Z
max

, and the position of the

feedba
k tap needs to be adaptable to enable 
y
li
 shifting for values Z < Z
max

.

Altogether, for one �xed mother lifting matrix, a multi-length QC LDPC 
ode 
an

be realized by expanding this lifting matrix with di�erent lifting fa
tors Z as long as

a suitable en
oder and de
oder ar
hite
ture is employed.

4.2.2 Jointly Optimized Lifting Matrix Constru
tion

For the design of a good multi-length QC LDPC 
ode, a lifting matrix A needs to be

found that delivers good performan
e for multiple lifting fa
tors Z. The expanded

Tanner graphs for all values of Z are 
onstru
ted from the same protograph and

thus share the same degree distribution and the same lo
al stru
ture, leading to the

same asymptoti
 performan
e behavior in terms of their density evolution thresholds.

Consequently, asymptoti
 analysis and optimization solely needs to be done for the

lifting matrix and no spe
i�
 multi-length properties have to be 
onsidered. It is,

thus, su�
ient to use degree distribution pairs optimized for the 
ase of �xed 
ode

rate and �xed 
ode length (
f. Se
tion 2.7) for the 
onstru
tion of the lifting matrix.

While the asymptoti
 behavior is the same for all lifting fa
tors Z, the exa
t pla
ement

and values of the non-negative entries in the lifting matrix A distin
tively in�uen
es

the �nite length performan
e of the di�erent expanded 
odes. In the following, an

optimized lifting matrix 
onstru
tion method is developed that jointly 
onsiders mul-

tiple lifting fa
tors Z
min

= Z1 < Z2 < · · · < Zξ = Z
max

. The dimension M ′ × N ′

and the variable node degree distribution Λ(x) are assumed to be given as input. As

the proposed method is based on an extension of the PEG algorithm to the 
ase of
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QC LDPC 
odes as presented in [LK04℄, an explanation of how to 
onstru
t a lifting

matrix using the PEG algorithm is �rst provided.

PEG for QC LDPC Codes [LK04℄

The PEG algorithm 
an easily be 
onstrained to yield QC LDPC 
odes as follows.

In the (initially empty) expanded 
he
k matrix, for ea
h group of Z variable nodes


orresponding to one 
olumn of the lifting matrix, only the �rst variable node is


onsidered and 
onne
ted to a 
he
k node 
hosen by the PEG method. To obtain a

QC LDPC 
ode, after this 
hoi
e for the initial variable node, the remaining variable

nodes in the same group are 
onne
ted to those 
he
k nodes that result in a 
y
li
ally

shifted identity matrix in the 
urrent variable and 
he
k node group. This dependen
y

of nodes within one group is referred to as 
ir
ulant 
onstraint and is illustrated

in Figure 4.9. Relations between node indi
es in the expanded 
he
k matrix and

group indi
es and shift values in the lifting matrix 
an easily be derived:

• The �rst index in (variable or 
he
k node) group i′ is given by i = (i′ − 1)Z +1.

• The last index in (variable or 
he
k node) group i′ is given by i = i′Z.

• Given an arbitrary (variable or 
he
k node) index i, the 
orresponding group

index is given by i′ = ⌈ i
Z
⌉, where ⌈·⌉ denotes rounding up.

• If the �rst variable node n = (n′−1)Z+1 in group n′
is 
onne
ted to any 
he
k

node m, the shift value of the 
orresponding lifting matrix entry is given by

A⌈m
Z

⌉,n′ = s[Z](m) := Z − 1− (m− 2) mod Z, (4.12)

with (−1) mod Z := Z − 1.

Furthermore, whenever a 
he
k node is 
onne
ted to the 
urrent variable node, all


he
k nodes from the same group have to be ex
luded from the set of 
andidates that

may be 
hosen for further 
onne
tions to the same variable node. If all 
onne
tions

have been pla
ed at the �rst variable node of a group, the whole group is �nished

and the pro
essing 
ontinues at the �rst variable node of the next group.
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Proposed Multi-Length Quasi-Cy
li
 PEG (MuLQPEG) Algorithm

7

Usually, the shift values Am′,n′
in the lifting matrix are restri
ted to the range 0

to Z − 1, as this is su�
ient to des
ribe all Z possible 
y
li
ally shifted identity

matri
es I
Am′,n′

s

. In the 
ase of multiple lifting fa
tors, as 
onsidered here, shift

values in the range 0 to Z
max

− 1 are allowed. This yields the maximum degree of

freedom for the largest lifting fa
tor and at the same time does not restri
t any of the

smaller lifting fa
tors, sin
e a 
y
li
 shift of a Zk ×Zk matrix by s > Zk − 1 positions

an be equivalently des
ribed as a 
y
li
 shift by s̃ = s mod Zk positions.

Algorithm 7 Multi-Length Quasi-Cy
li
 PEG (MuLQPEG)

1: Input: M ′, N ′; Z1, . . . , Zξ; d
v

= (d
v,1, . . . , d

v,N ′)
2: Initialize Am′,n′ = −1, ∀m′, n′

3: Initialize 
he
k node group degrees d



= (d

,1, . . . , d


,M ′) = (0, . . . , 0)
4: for n′ = 1, . . . , N ′

do

5: for d = 1, . . . , d
v,n′

do

6: if d = 1 then
7: Choose m′ ∈ argmin

∀m′′

d

,m′′

and Am′,n′ ∈ {0, . . . , Zξ − 1} randomly

8: Update d

,m′ = d


,m′ + 1
9: else

10: K[Z1] =
⋃

∀m′:Am′,n′=−1

{(m′ − 1)Z1 + 1, . . . ,m′Z1}

11: for i = 1, . . . , ξ do
12: Initialize ωm = ∞, ∀m
13: Using H

[Zi]
and starting at variable node n = (n′ − 1)Zi + 1, expand

a tree until no more nodes 
an be added, setting ωm = j for all 
he
k

nodes m that are rea
hed for the �rst time at depth j

14: K[Zi]
girth

= argmax
∀m∈K[Zi]

ωm

15: K[Zi]
weight

= argmin

∀m∈K
[Zi]
girth

d

,⌈m/Zi⌉

16: if i < ξ then

17: K[Zi+1]=
{
m∈{1, . . . , Zi+1M

′} :∀j ≤ i, ∃m̃ ∈ K[Zj ]
weight

, ⌈ m
Zi+1

⌉ = ⌈ m̃
Zj

⌉
∧ s[Zi+1](m) mod Zj = s[Zj ](m̃)

}
18: end if

19: end for

20: Choose m ∈ K[Zξ]
weight

randomly

21: A⌈m/Zξ⌉,n
′ = s[Zξ ](m) and d


,⌈m/Zξ⌉
= d


,⌈m/Zξ⌉
+ 1

22: end if

23: end for

24: end for

7

The proposed jointly optimized lifting matrix des
ription follows the des
ription in the Master's

thesis [Wi
14℄.
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The proposedmulti-length quasi-
y
li
 PEG (MuLQPEG) algorithm is fully des
ribed

in Algorithm 7 and operates as follows. In ea
h step of the algorithm and for ea
h

lifting fa
tor Zi, the expanded 
he
k matrix that 
orresponds to the 
urrent lifting

matrix A is denoted H
[Zi]

. The variable node group degree sequen
e d
v

is 
omputed

from the given variable node degree distribution in as
ending order by (2.85). Pro
ess-

ing starts with an empty lifting matrixA (i.e., a matrix with all elements equal to −1)
and all 
he
k node group degrees d


,m′
set to zero. In a group-by-group manner, for

ea
h variable node group n′
(
olumn in the lifting matrix) d

v,n′

he
k node groups m′

(rows in the lifting matrix) and asso
iated shift values Am′,n′
are determined. For

the �rst 
onne
tion of ea
h group, a random 
he
k node group of 
urrently lowest

degree d

,m′

and a random shift value between 0 and Zξ − 1 = Z
max

− 1 is 
hosen.

For the remaining 
onne
tions, a set K[Zi]
of 
he
k node 
andidates (i.e., rows in the

expanded 
he
k matrix) is 
omposed by su

essively 
onsidering all expanded 
he
k

matri
esH
[Zi]

. The initial set K[Z1]

ontains the 
he
k nodes (m′−1)Z1+1, . . . ,m′Z1

for ea
h 
he
k node group m′
that is not (yet) 
onne
ted to the 
urrent variable node

group n′
. These 
andidates represent the 
ombinations of all un
onne
ted 
he
k node

groups and all shift values between 0 and Z1−1. For all lifting fa
tors Zi the following

three steps are then performed:

• Compose K[Zi]
girth

as all 
he
k node 
andidates from K[Zi]
that are unrea
hable or

otherwise have maximum distan
e from the �rst variable node n = (n′−1)Zi+1
in the 
urrent group n′

.

• Compose K[Zi]
weight

as all 
he
k node 
andidates m from K[Zi]
girth

that belong to a

group m′ = ⌈m
Zi
⌉ with minimum 
urrent degree d


,m′
.

• If i < ξ, 
ompose K[Zi+1]
as all 
he
k nodes m ∈ {1, . . . , Zi+1M

′} for whi
h for

all smaller lifting fa
tors Zj , j ≤ i, a 
he
k node m̃ exists in K[Zj ]
weight

su
h that

m and Zi+1 result in the same group index as m̃ and Zj and the shift value

s[Zi+1](m), if taken modulo Zj , is equal to the shift value s[Zj ](m̃).

At the smallest lifting fa
tor Z1, 
he
k node 
andidates are simply 
hosen a

ording

to the PEG rule of maximizing the girth and uniformly growing row weights. The key

element of the algorithm is the su

essive extension of the 
andidate set before any

node is a
tually 
hosen. The 
andidates K[Zi+1]

ontain all 
he
k nodes in H

[Zi+1]

su
h that the group indi
es and shift values are still equivalent with respe
t to all

smaller lifting fa
tors Zj , with j ≤ i. An example for this extension of 
andidate

sets within one 
he
k node group for lifting fa
tors Z1 = 3, Z2 = 4, and Z3 = 7 is

illustrated in Figure 4.10.

After the 
andidate set K[Zξ]
weight

for the largest lifting fa
tor has been found, one


he
k node 
andidate m is randomly 
hosen resulting in the lifting matrix entry

A⌈m/Zξ⌉,n
′ = s[Zξ](m). For ea
h variable node group, this pro
ess is repeated until

the desired number of 
onne
tions is found, before pro
essing 
ontinues with the next

variable node group.
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K[3] = {4, 5} ⇒

s[3](m) ∈ {0, 2}

Z2 = 4

K[4] = {5, 6,7} ⇒

s[4](m) ∈ {0,2, 3}

s[4](m) mod 3 ∈ {0, 2}

Z3 = 7

K[7] = {8,9, 12, 13}

s[7](m) ∈ {0, 2, 3,6}

s[7](m) mod 3 ∈ {0, 2}

s[7](m) mod 4 ∈ {0, 2, 3}

Only 
he
k node group 2 is 
onsidered.

Candidate rows are marked by a �
�.

For the exemplary 
hoi
e Am′,n′ = 6


orresponding values are shown in bold and

the resulting ones in the 
he
k matri
es in gray.

Figure 4.10: Exemplary extension of the 
andidate set K[Zi]
from Z1 = 3 to Z2 = 4

and Z3 = 7 for 
he
k node group m′ = 2 only.

4.2.3 Simulation Examples

Code lengths 630 to 10080, 
ode rate 1/2

As a �rst proof of 
on
ept, the proposed MuLQPEG method is 
ompared to three ref-

eren
e s
hemes for 
ode lengths N ∈ {630, 1260, 2520, 5040, 7560, 10080} and 
ode

rate r = 0.5, a
hieved with a lifting matrix size of 35 × 70 and lifting fa
tors

Z ∈ {9, 18, 36, 72, 108, 144}.
MuLQPEG : A jointly optimized lifting matrix is 
onstru
ted with Algorithm 7 and

expanded to all target 
ode lengths.

Dumb modulo : A lifting matrix is 
onstru
ted with the 
onventional QC PEG algo-

rithm [LK04℄ based on only the largest lifting fa
tor Z
max

= 144 (i.e., entries

are in the range 0, . . . , 143). The resulting mother lifting matrix is expanded by

all values Z ∈ {9, 18, 36, 72, 108, 144} to obtain the target 
ode lengths, where

all shift values s larger than the 
urrent value of Z result in the equivalent shift

by s mod Z positions.

Dumb expand : A lifting matrix is 
onstru
ted with the 
onventional QC PEG algo-

rithm [LK04℄ based on only the smallest lifting fa
tor Z
min

= 9 (i.e., entries are
in the range 0, . . . , 8). The resulting mother lifting matrix is simply expanded

by all values Z ∈ {9, 18, 36, 72, 108, 144} to obtain the target 
ode lengths.
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Figure 4.11: BER 
urves of the proposed MuLQPEG multi-length 
ode 
ompared

to dumb modulo (left) and dumb expand (
enter) for N = 10080 and

N = 630 as well as to the 
ase of dedi
ated 
odes (right) for 
ode

lengths N ∈ {630, 1260, 2520, 5040, 7560, 10080}.

Dedi
ated : A dedi
ated QC LDPC 
ode without any multi-length 
onsideration

is 
onstru
ted for ea
h 
ode length N with the 
onventional QC PEG algo-

rithm [LK04℄.

In all 
ases, the employed degree distribution with d
v

= 5 is the same as the one that

was used for the dedi
ated referen
e 
odes in Se
tion 4.1.

In Figure 4.11, BER over E
b

/N0 
urves after BP de
oding with a maximum of

I
max

= 100 iterations are shown. For the largest and smallest 
ode lengths N = 10080
and N = 630, the proposed MuLQPEG multi-length 
ode is 
ompared to the dumb

modulo s
heme in the left plot and to the dumb expand s
heme in the 
enter plot.

In the right plot, 
urves are shown for all 
ode lengths N for MuLQPEG and the

dedi
ated 
ase. It is 
learly visible, that the dumb modulo s
heme performs equal

to MuLQPEG for N = 10080 and mu
h worse for N = 630, while the dumb ex-

pand s
heme shows equal performan
e to MuLQPEG for N = 630 and is inferior at

N = 10080. This agrees with the design 
on
ept of the two s
hemes, as the lifting

matrix is optimized for the largest lifting fa
tor by the dumb modulo s
heme and for

the smallest one by the dumb expand s
heme. In these 
ases, using di�erent lifting

fa
tors potentially 
reates additional 
y
les, whi
h might have been avoidable, had

these lifting fa
tors been 
onsidered during lifting matrix 
onstru
tion. The 
ompar-

ison of MuLQPEG to the dedi
ated 
ase even reveals that for this setup using only

one multi-length mother 
ode does not in�i
t any penalty in BER performan
e as


ompared to using one dedi
ated 
ode per 
ode length.

Code lengths 140 to 32760, 
ode rates 0.2, 0.5, and 0.9

To even further explore the potential of the proposed MuLQPEG method, lifting ma-

tri
es of width N ′ = 70 are 
onstru
ted for 
ode rates r = 0.2, r = 0.5, and r = 0.9
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that are optimized for lifting fa
tors Z ∈ {2, 4, 9, 18, 36, 72, 108, 144, 288, 378, 468} re-
sulting in a
hievable 
ode lengths between N = 140 and N = 32760. In Figure 4.12

BER results are shown for MuLQPEG and again for the referen
e 
ase of one ded-

i
ated QC LDPC 
ode per 
ode length. In the upper plot, the BER over E
s

/N0 is

shown for the four 
ode lengths N = 140, N = 630, N = 10080, and N = 32760.
The three lower plots show the gap to 
apa
ity at BER 10−4

over the 
ode length N .

Apparently, even for this in
reased 
ode length range and also for di�erent 
ode rates,

nearly no performan
e penalty is in�i
ted by the use of only one jointly optimized

MuLQPEG mother lifting matrix 
ompared to using dedi
ated 
odes for ea
h 
ode

length.

Additionally, in Figure 4.13 the proposed MuLQPEG s
heme is 
ompared to results

for the MuLiPEG s
heme from Se
tion 4.1 (whi
h a
hieves length redu
tion by 
on-


urrent shortening and pun
turing) and to two approa
hes from the literature:

[MY05℄ : This method takes a lifting matrix for lifting fa
tor Z as input and outputs

a modi�ed lifting matrix for a pre-de�ned lifting fa
tor c · Z, where c is an

integer greater than one. The modi�ed lifting matrix is 
onstru
ted to result

in as few short 
y
les as possible when expanded with c · Z, while yielding the

same expanded 
he
k matrix for the original lifting fa
tor Z. By applying this

method repeatedly, a multi-length QC LDPC 
ode 
an be 
onstru
ted, in whi
h

ea
h 
ode length must be an integer multiple of the 
ode length dire
tly below.

The initial lifting matrix of width N ′ = 70 is 
onstru
ted for Z1 = 3 in the same

way as for the MuLQPEG method (with the same optimized degree distribution

and the QC PEG algorithm [LK04℄). This lifting matrix is then su

essively

modi�ed to be used for lifting fa
tors Z ∈ {9, 18, 36, 72, 144, 288} resulting in


ode lengths from N = 210 to N = 20160.

[KCY12℄ : A spe
ial method to a
hieve multiple lengths by 
on
urrent shortening

and pun
turing of IRA 
odes. The 
ode rate and the supported 
ode lengths 
an

be arbitrarily 
hosen. This method is used to 
onstru
t one IRA 
ode of length

N = 32760 for ea
h 
ode rate r = 0.2, r = 0.5, and r = 0.9. For r = 0.5 and

r = 0.9 the same optimized degree distributions as for the MuLQPEG s
heme

are used. For r = 0.2, however, a separately optimized degree distribution

has to be used sin
e the number of degree 2 variable nodes needs to be at

least M for IRA 
odes, whi
h is not ful�lled by the degree distribution used

for MuLQPEG. The 
ode length of ea
h of the three IRA 
odes is redu
ed to

values N ∈ {26460, 20160, 10080, 7560, 5040, 2520, 1260, 630, 450, 280, 140}.
The 
urves for the MuLQPEG s
heme in Figure 4.13 are the same as in Figure 4.12

and are nearly identi
al to the 
ase of dedi
ated QC LDPC 
odes whi
h are not again

shown here. At its smallest 
ode length N = 210, the method of [MY05℄ slightly

outperforms MuLQPEG as it is based on an un
onstrained optimized initial lifting

matrix at the smallest 
ode length, while MuLQPEG uses a jointly optimized lifting

matrix. However, for in
reasing 
ode lengths the method of [MY05℄ is not 
apable

of keeping up with the performan
e of MuLQPEG and is the only s
heme that for

all three 
ode rates rea
hes a point where is does not gain from further in
reasing

the 
ode length. The IRA 
odes 
onstru
ted by the method of [KCY12℄ show very
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similar performan
e to MuLQPEG for 
ode rates r = 0.5 and r = 0.9. For r = 0.2,
however a distin
t performan
e loss is visible, whi
h is mainly 
aused by the inferior

degree distribution with above 80% variable nodes of degree two, that has to be

used to 
onstru
t an IRA 
ode. Finally, for 
omparison the results of the MuLiPEG

s
heme from Se
tion 4.1 are also in
luded. Even though its results support a smaller

range of 
ode rates, the performan
e of MuLiPEG is distin
tly inferior to that of the

MuLQPEG s
heme, espe
ially at low 
ode rates. As remedy, it is the only s
heme that

is generally appli
able to LDPC 
odes and does not require a QC or IRA stru
ture.

Besides the performan
e 
onsiderations that were just dis
ussed, the referen
e s
hemes

from the literature have a number of additional drawba
ks. The method of [MY05℄ is

not very �exible in terms of the supported 
ode lengths, as ea
h 
ode length needs to

be an integer multiple of the previous one. Furthermore, the su

essive 
onstru
tion

of the lifting matrix has by far the highest 
omplexity of all 
onsidered s
hemes

8

.

The IRA s
heme of [KCY12℄ is very �exible in terms of the 
ode length but does

not yield good performan
e for low 
ode rates. Furthermore, a 
ru
ial assumption

must be made for this method to yield a true multi-length 
ode: if the 
on
urrent

shortening and pun
turing is exe
uted as proposed in [KCY12℄ a very large number

of iterations (e.g., multiple thousand) needs to be 
ondu
ted for the standard BP

de
oder to 
onverge. Instead, a de
oder that is 
apable of removing all pun
tured

nodes from the Tanner graph and instead merging the two neighboring 
he
k nodes

needs to be assumed. Whether or not su
h a de
oder ar
hite
ture exists and still

ful�lls the assumption of a
hieving multiple 
ode lengths with only one en
oder and

de
oder implementation is not further dis
ussed here.

4.2.4 Multi-Rate and Multi-Length Quasi-Cy
li
 LDPC

Codes

9

The fa
t that the proposed optimization of a multi-length QC LDPC 
ode is based

on only a single mother lifting matrix des
ription allows a straightforward integration

of the multi-rate optimization based on shortening and pun
turing presented in Se
-

tion 3.3. If shortening and pun
turing is 
onsidered solely based on the lifting matrix

(i.e., shortening and pun
turing groups of variable nodes instead of single nodes), it

be
omes independent of the a
tual lifting fa
tor Z and is equally appli
able to all


ode lengths supported by the multi-length QC LDPC 
ode. The 
ombination of

these two methods, thus, results in a highly �exible multi-rate and multi-length QC

LDPC 
ode based on a single en
oder and de
oder implementation.

The asymptoti
 optimization of degree distributions and pun
turing polynomials

from Se
tion 3.3.1 on pages 80 �. 
an be dire
tly applied to the 
ase of QC LDPC


odes by using the rate-
ompatible degree sequen
e from Algorithm 5 on page 90 dur-

ing 
onstru
tion of the lifting matrix A. Furthermore, all �nite length 
onsiderations

8

Exe
uting the algorithm proposed in [MY05℄ to 
onstru
t the 
ode for 
ode rate 0.9 and length

10080 took 13 hours. For the 
orresponding 
ases, the algorithm of [KCY12℄ runs a 
ouple of minutes

and the proposed MuLQPEG algorithm only takes a few se
onds.

9

The des
riptions and results in this se
tion follow the pre-published paper [BWV14℄.
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(re
overability, 
he
k node 
on
entration, ACE properties) that are 
onsidered in Se
-

tion 3.3.2 on pages 89 �. for the optimized 
he
k matrix 
onstru
tion MuRiPEG

(Algorithm 6 on page 95) are equally valid for the 
he
k matri
es H
[Z]

that are ex-

panded from the mother lifting matrixA. By restri
ting all 
olumn and row sele
tions

during 
he
k matrix 
onstru
tion to a group-wise sele
tion (whi
h is automati
ally

ensured by the 
ir
ulant 
onstraint, 
f. Figure 4.9 on page 120), a QC LDPC 
he
k

matrix 
an be 
onstru
ted.

The proposed jointly optimized multi-rate and multi-length quasi-
y
li
 improved

PEG (MuRMuLQiPEG) algorithm was pre-published in [BWV14℄ and 
ombines the

multi-rate s
heme MuRiPEG (Algorithm 6 on page 95) with the multi-length quasi-


y
li
 approa
h MuLQPEG (Algorithm 7 on page 121). A full des
ription is given

in Algorithm 8.

The input 
omprises the lifting matrix dimensions M ′ × N ′
, the supported lifting

fa
tors Z1 < · · · < Zξ, the supported 
ode rates, and the rate-
ompatible degree

sequen
e dRC
v

that is determined by Algorithm 5 on page 90 together with the opti-

mized shortened degree distributions and pun
turing polynomials obtained by solv-

ing problem (3.51) on page 85. The pro
essing order of variable node group degrees

d̃RC
v

= (d̃RC
v,1 , . . . , d̃

RC

v,N ′) and the 
orresponding pun
tured positions p̃ = (p̃1, . . . , p̃N ′)
are determined a

ording to the pro
edure in Algorithm 6 on page 95. Before the

a
tual PEG-like pro
essing starts, ea
h pun
tured variable node group is 
onne
ted

to a unique 
he
k node group whi
h later ensures re
overability of all variable nodes

in that group (
f. Se
tion 3.3.2 on page 89). The respe
tive shift value is 
hosen

randomly between 0 and the largest lifting fa
tor Zξ as it does not in�uen
e re
ov-

erability. Then, the variable node groups are pro
essed in reversed order, 
hoosing

the �rst 
onne
tion of unpun
tured groups randomly and the remaining d̃RC
v,n′ −1 
on-

ne
tions by su

essively extending a 
andidate set for all lifting fa
tors in a

ordan
e

with Algorithm 7 on page 121. Additionally, the ACE optimization from Se
tion 3.3.2

on page 92 is in
luded during the sele
tion of 
andidates. For this, during tree expan-

sion the value ACE

[Zi]
m (n) is determined for ea
h rea
hable 
he
k node m, denoting

the minimum ACE value of any shortest 
y
le passing through variable node n and


he
k node m assuming an edge was pla
ed between n and m. Pun
tured nodes are

ensured not to be 
onne
ted to indi
es larger than their �rst intentionally pla
ed 
on-

ne
tion for guaranteed re
overability. The �nal lifting matrix needs to be permuted

by P
−1

to re-establish the original rate-
ompatible degree sequen
e dRC
v

. Finally, the

algorithm yields a single lifting matrix A that 
an be expanded by lifting fa
tors

Z1, . . . , Zξ, and at the same time all resulting 
he
k matri
es H
[Zi]


an be shortened

from the left and pun
tured from the right (ea
h in groups of Zi bits) to realize

the 
ode rates r1, . . . , rζ , whi
h is equivalently a
hieved by dire
tly shortening and

pun
turing 
olumns (i.e., variable node groups) of the lifting matrix.

Simulation Results

To 
on�rm the enormous �exibility and the ex
ellent error 
orre
tion performan
e

of the proposed MuRMuLQiPEG approa
h, a single mother lifting matrix with the

following parameters is 
onstru
ted:
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Algorithm 8 Multi-Rate Multi-Length QC improved PEG (MuRMuLQiPEG)

1: Input: M ′, N ′; Z1, . . . , Zξ; r1, · · · , rζ ; dRC
v

= (d
v,1, . . . , d

v,N ′) from Algorithm 5

2: With rµ = N ′−M ′

N ′ , mark the last

rζ−rµ
rζ

N ′
positions as pun
tured in ve
tor p

3: Compute d̃RC
v

by sorting the last

1−rµ
1−r1

N ′
entries in dRC

v

in as
ending order

4: Let P denote the permutation matrix su
h that d̃RC
v

= dRC
v

P

5: Compute the permuted pun
tured positions p̃ = pP

6: Initialize Ãm′,n′ = −1, ∀m′, n′
and 
he
k node group degrees d


,m′ = 0, ∀m′

7: Initialize 
ounter for pun
tured groups c = 0
8: for n′ = N ′, . . . , 1 do
9: if p̃n′ = 1 then
10: Choose Ãn′,M ′−c randomly from {0, . . . , Zξ − 1}
11: Set d


,M ′−c = 1 and c = c+ 1
12: end if

13: end for

14: Reset 
ounter for pun
tured groups c = 0
15: for n′ = N ′, . . . , 1 do
16: if p̃n′ = 0 then
17: Choose m′ ∈ argmin

∀m′′

d

,m′′

and Ãm′,n′ ∈ {0, . . . , Zξ − 1} randomly

18: Update d

,m′ = d


,m′ + 1
19: end if

20: for d = 2, . . . , d̃RC
v,n′ do

21: K[Z1] =
⋃

∀m′:Am′,n′=−1

{(m′ − 1)Z1 + 1, . . . ,m′Z1}

22: for i = 1, . . . , ξ do
23: Initialize ωm = ∞, ∀m
24: Using H

[Zi]
and starting at variable node n = (n′ − 1)Zi + 1, expand a tree

until no more nodes 
an be added, setting ωm = j for all 
he
k nodes m that

are rea
hed for the �rst time at depth j
25: if p̃n′ = 1 then Set ωm = 0, ∀m > (M ′ − c)Zi to ensure re
overability

26: K
[Zi]
girth

= argmax
∀m∈K[Zi]

ωm; K
[Zi]
weight

= argmin

∀m∈K
[Zi]
girth

d

,⌈m/Zi⌉

27: K
[Zi]
ACE

= argmax

∀m∈K
[Zi]
weight

ACE

[Zi]
m (n)

28: if i < ξ then

29: K[Zi+1]=
{
m∈{1, . . . , Zi+1M

′} :∀j ≤ i,∃m̃ ∈ K
[Zj ]
ACE

, ⌈ m
Zi+1

⌉ = ⌈ m̃
Zj

⌉

∧ s[Zi+1](m) mod Zj = s[Zj ](m̃)
}

30: end if

31: end for

32: Choose m ∈ K
[Zξ ]
ACE

randomly

33: Ã⌈m/Zξ⌉,n
′ = s[Zξ](m) and d


,⌈m/Zξ⌉
= d


,⌈m/Zξ⌉
+ 1

34: end for

35: if p̃n′ = 1 then c = c+ 1
36: end for

37: The output is the permuted lifting matrix A = ÃP
−1
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• N ′ = 70, M ′ = 21, 
ode rate rµ = 0.7,

• lifting fa
tors Z ∈ {3, 9, 18, 36, 72, 144, 288} resulting in expanded 
ode lengths

N ∈ {210, 630, 1260, 2520, 5040, 10080, 20160},
• shortened 
ode rates r ∈ {0.1, 0.2, 0.3, 0.4, 0.5, 0.6} and pun
tured 
ode rates

r ∈ {0.8, 0.9},
• degree distributions and pun
turing polynomials from optimized multi-rate en-

semble with maximum variable node degree d
v

= 10 from Se
tion 3.3.1.

For 
omparison, for ea
h of the 63 
ombinations of 
ode lengths and rates, a dedi
ated
PEG 
ode of the same resulting e�e
tive 
ode length and rate and with an optimized

degree distribution of same maximum degree is 
onstru
ted. BER simulations are


ondu
ted with BP de
oding and a maximum of I
max

= 100 de
oding iterations and

gaps of the BER 
urves to 
apa
ity are measured at BER 10−4
.

In Figure 4.14 one plot per mother 
ode length N is shown, 
ontaining BER over

E
s

/N0 
urves for all 
ode rates r for both MuRMuLQiPEG and the dedi
ated PEG


odes. Additionally, in the bottom right 
orner one 
urve per 
ode length of the gaps

to 
apa
ity γ[10−4]|
dB

at BER 10−4
over the 
ode rate is depi
ted. The di�eren
e of

the mean gaps ∆γ̄[10−4]|
dB

= γ̄
[10−4]
MuRMuLQiPEG

|
dB

− γ̄
[10−4]
ded

|
dB

of both approa
hes is also

given for ea
h 
ode length. The results illustrate, that the proposed s
heme performs

very 
lose to the 
ase of dedi
ated optimized PEG 
odes over the range of 
ode rates

from 0.1 to 0.9 and 
ode lengths from 210 to 20160. Averaging over all 
ode rates and
lengths, the total penalty is only 0.076 dB, whi
h e�e
tively means that it is possible

to repla
e 63 dedi
ated 
odes by only a single multi-rate and multi-length 
ode with

almost no performan
e loss.

4.2.5 Con
luding Remarks: MuLQPEG and

MuRMuLQiPEG

The multi-length QC LDPC 
odes (MuLQPEG) presented in this se
tion support

multiple 
ode lengths by using a �xed mother lifting matrix that 
an be expanded by

multiple lifting fa
tors. The only prerequisite for these multi-rate 
odes is an en
oder

and de
oder ar
hite
ture that is based only on the lifting matrix instead of the fully

expanded 
he
k matrix. A variety of su
h ar
hite
tures have been presented and well

investigated in the literature, as nearly all LDPC 
odes used in pra
ti
al systems are

QC LDPC 
odes.

The multi-length QC LDPC 
odes 
onstru
ted by MuLQPEG are 
apable of a
hiev-

ing very wide ranges of 
ode lengths (e.g., 140 to 32760) with only negligible perfor-

man
e loss 
ompared to the 
ase of using one dedi
ated LDPC 
ode for ea
h 
ode

length. Furthermore, a straightforward 
ombination of these multi-length 
odes with

the multi-rate features presented in Chapter 3 leads to a �exibly adaptable multi-

rate and multi-length QC LDPC 
ode (MuRMuLQiPEG). In an exemplary s
enario

of supporting 
ode rates from 0.1 to 0.9 and 
ode lengths from 210 to 20160, a sin-

gle mother 
ode designed by the proposed MuRMuLQiPEG method performs (on

average) within 0.076 dB 
ompared to a set of 63 dedi
ated optimized 
odes.
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dB

of MuRMuLQiPEG to the dedi
ated 
ase for all 
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Furthermore, the proposed method MuLQPEG, that is based on QC LDPC 
odes,

results in better performan
e than the MuLiPEG method from Se
tion 4.1, that

realizes length redu
tion by 
on
urrent shortening and pun
turing. The advantage

of the latter one, however, is that it does not rely on a spe
i�
 
ode stru
ture and is,

thus, appli
able to arbitrary LDPC 
odes.

Altogether, the proposed MuLQPEG and MuRMuLQiPEG methods enable new de-

grees of �exibility in the design of FEC s
hemes for 
ommuni
ation systems and at

the same time signi�
antly redu
es hardware requirements.



5

Optimized Message-Passing S
hedules

The standard BP de
oder uses the �ooding s
hedule as introdu
ed in Se
tion 2.5: �rst

the information for all the 
he
k nodes is evaluated and then ��ooded� to the variable

nodes. Then all the variable nodes are evaluated, and the resulting information is

�ooded ba
k to the 
he
k nodes. Several di�erent s
heduling approa
hes for improving

the BP performan
e have been presented in the literature. A probabilisti
 s
hedule

has been introdu
ed in [MB01a, MB01b℄. This approa
h takes into a

ount the

lo
al girth of ea
h node. To ea
h variable node a probability depending on the lo
al

girth is assigned and at ea
h iteration, the outgoing messages of ea
h variable node

are updated with this probability, whereas outgoing 
he
k node messages are always

updated. This approa
h improves the de
oding performan
e of LDPC 
odes in terms

of residual BER, however, the 
onvergen
e properties slightly 
hange for the worse.

In order to improve the 
onvergen
e properties of BP de
oding, manifold sequen-

tial s
hedules have been presented in the literature, e.g. [KK03, ZF02, MS03, Ho
04,

SLG04, SLG07℄. Two examples are shu�ed BP de
oding [ZF02℄ and the dual 
he
k-

shu�ed or layered BP de
oding [SLG04, Ho
04℄. These algorithms exploit the fa
t

that new information obtained while updating single nodes 
an immediately be used

in the updates of other nodes within the same iteration. This 
an lead to a faster de-


oding 
onvergen
e and thus to a better BER performan
e in the 
ase of a 
onstrained

number of iterations.

More re
ently, in [CGW07a, CGW07b, CGW10℄ Informed Dynami
 S
heduling (IDS)

was introdu
ed as the �rst message passing s
hedule for LDPC 
odes that dynami-


ally updates those parts of the graph that have not 
onverged yet. IDS determines

the order of messages to be updated and propagated using a metri
 
alled residual,

measuring how far a message is from 
onvergen
e. It was shown that this dynami
 ap-

proa
h has the 
apability of 
onverging with mu
h fewer message updates than other

s
hedules and, in addition, is able to solve many so-
alled trapping set errors [Ri
03℄,

enabling them to a
hieve lower error rates than traditional te
hniques even if a large

number of iterations is 
arried out.

In this 
hapter, a number of novel de
oder s
hedules, whi
h have been pre-published

in [BSV11, BV11℄, are presented and evaluated. First, two probabilisti
 sequential

s
hedules 
ombining fast 
onvergen
e with improved error 
orre
tion performan
e
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are introdu
ed in Se
tion 5.1. Additionally, a new 
lass of dynami
 s
hedules is es-

tablished in Se
tion 5.2, whi
h greatly redu
es the 
omplexity of previously proposed

dynami
 s
hedules and at the same time maintains and in some 
ases even surpasses

their error 
orre
tion 
apabilities.

5.1 Probabilisti
 Sequential De
oding

1

It has been shown in [SLG07℄ that by sequentially updating and propagating messages

in a node-by-node manner throughout the de
oding pro
ess, the 
onvergen
e speed

of the BP de
oder 
an be up to twi
e as fast as for the �ooding strategy. This is

explained by the faster spreading of information when reusing extrinsi
 information

that is generated during the update of single nodes already within the same de
oding

iteration. In [YEK

+
07℄ and [VDV

+
10℄ the e�e
ts of this sequential updating strategy

has also been examined for the de
oding of non-binary LDPC 
odes over Fq. Similarly

to the binary 
ase, the de
oding pro
ess 
an be a

elerated by a fa
tor of up to two.

As pointed out in [MB01a, MB01b℄, it is advantageous to 
onsider the stru
ture of the

Tanner graph of a 
ode in the de
oding pro
ess. As mentioned in Chapter 2, it is well-

known that the presen
e of short 
y
les degrades the performan
e of BP de
oding.

Let g
max

= max∀n gn denote the maximal lo
al girth gn o

urring at any variable

node n. After gn/2 iterations the information in a 
y
le of length gn is propagated

ba
k to its origin, and the assumption of statisti
al independen
e of the in
oming

extrinsi
 knowledge and the own knowledge does no longer hold. By only updating

variable node n with probability P
[g]
n = gn/gmax

in ea
h iteration, the violation of the

statisti
al independen
e 
an on average be postponed.

In the pre-published paper [BSV11℄, a 
ombination of the shu�ed [ZF02℄ and 
he
k-

shu�ed [SLG04℄ approa
hes with the girth-based probabilisti
 approa
h [MB01a,

MB01b℄ has been introdu
ed for the de
oding of both binary and non-binary LDPC


odes and is des
ribed in the following. It is shown that the performan
e in terms

of BER 
an be improved 
ompared to other sequential s
heduling strategies with (al-

most) no additional operations. The drawba
k is a slight loss in 
onvergen
e speed,

however, the 
onvergen
e is still faster than for the standard BP de
oding with simple

�ooding and the standard probabilisti
 parallel approa
h of [MB01b℄.

5.1.1 Probabilisti
 Shu�ed S
heduling

The �rst proposed s
heduling strategy follows the idea of the shu�ed s
hedule [ZF02℄

and adds a probabilisti
 
omponent similar to the one presented in [MB01b℄. In a

pre-pro
essing step the lo
al girth gn of ea
h variable node n is 
al
ulated and divided

by the maximal lo
al girth g
max

to yield the updating probability P
[g]
n = gn/gmax

. All

1

The des
ription of probabilisti
 sequential de
oding in this se
tion follows the one given

in [BSV11℄.
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variable-to-
he
k messages v
(0)
n,m are initially set to the 
hannel LLRs Ln and all 
he
k-

to-variable messages c
(0)
m,n are set to zero. At the beginning of the i-th iteration all


he
k-to-variable messages c
(i−1)
m,n and all variable-to-
he
k messages v

(i−1)
n,m are avail-

able as result of the previous iteration i−1. In ea
h iteration the de
oder traverses all

variable nodes in a serial fashion and randomly de
ides with probability P
[g]
n whether

to update the in
oming and outgoing messages of ea
h node or not.

2

The probabilisti


shu�ed s
heduling is des
ribed in Algorithm 9.

It should be noted that the iteration 
ounter i does not exa
tly 
orrespond to the

number of iterations in a �ooding or a simple serial s
hedule, sin
e � depending

on the girth stru
ture of the 
ode � this s
hedule performs fewer message updates

per iteration as some variable nodes will not be updated due to the probabilisti



omponent. To allow for a fair 
omparison of the di�erent s
hedules, the a
tual

number of message updates is 
ounted and denoted U , and the number of equivalent

(�ooding) iterations needed by a s
hedule is de�ned as I
e�

=
⌊

U
2E + 1

2

⌋
, with E

denoting the number of edges in the Tanner graph and ⌊x⌋ denoting the largest

integer smaller than or equal to x.

Algorithm 9 Probabilisti
 Shu�ed Belief Propagation

1: Initialize v
(0)
n,m = Ln, ∀n,m

2: Initialize c
(0)
m,n = 0, ∀n,m

3: Initialize i = 1
4: while stopping rule not satis�ed do

5: for n = 1, . . . , N do

6: if rand(0, 1) ≤ P
[g]
n then

7: Compute all in
oming messages of variable node n, i.e. ∀m ∈ M(n):

c(i)m,n = 2 atanh




∏

n′∈N (m)

n′<n

tanh


v

(i)

n′,m

2


 ·

∏

n′∈N (m)

n′>n

tanh


v

(i−1)

n′,m

2







8: Compute all outgoing messages of variable node n, i.e. ∀m ∈ M(n) pro
ess

v
(i)
n,m a

ording to the variable node update equation (2.42)

9: else

10: Set c
(i)
m,n = c

(i−1)
m,n and v

(i)
n,m = v

(i−1)
n,m for all m ∈ M(n)

11: end if

12: end for

13: Start next iteration by setting i = i+ 1
14: end while

15: Output hard de
ision ŷn, ∀n a

ording to (2.43)

2

The random de
ision 
an be done using an arbitrary (pseudo-) random number generator or

even by reading pseudo-random numbers one after another from a pre
omputed look-up table (and

restarting at its beginning on
e the end has been rea
hed). The only requirement regarding the size

of the look-up table is that it should be 
oprime with the number of variable nodes, to avoid the

same random number to be used for the same variable node in ea
h iteration.
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The formal des
ription of this s
hedule is similar to the lazy s
heduling approa
h

presented in [LSL07℄. However, in lazy s
heduling an updating probability is 
hosen

dynami
ally a

ording to some reliability measure to avoid unne
essary message 
om-

putations and redu
e the overall 
omplexity of the de
oding pro
ess. The presented

approa
h of probabilisti
 shu�ed s
heduling, by 
ontrast, uses �xed (girth dependent)

updating probabilities and a

epts a slight in
rease in the overall de
oding 
omplexity

while it aims at a
hieving lower residual bit error rates.

5.1.2 Probabilisti
 Che
k-Shu�ed S
heduling

The se
ond proposed s
heduling is des
ribed as a dual version of the probabilisti


shu�ed s
heduling from the previous se
tion, iterating over the 
he
k nodes rather

than the variable nodes, just as the s
heduling in [SLG04℄ is des
ribed as a dual version

of the shu�ed s
hedule in [ZF02℄. Again the updating probability of variable node n

is denoted P
[g]
n . Further, let V(i)

a
tive

denote the set of variable nodes that parti
ipate in

updates of iteration i, i.e., the a
tive variable nodes. After the same initialization as

for the probabilisti
 shu�ed s
hedule, at the beginning of ea
h iteration the de
oder

de
ides for ea
h variable node whether it is a
tive or not (i.e., whether it sends and

re
eives updated messages) with probability P
[g]
n . Then all 
he
k nodes are traversed

serially, and in
oming and outgoing messages are only updated for those edges that

are 
onne
ted to a
tive variable nodes. This probabilisti
 
he
k-shu�ed s
heduling

is des
ribed in Algorithm 10.

Again the total number of message updates U is 
ounted and the number of equiva-

lent (�ooding) iterations I
e�

is determined as des
ribed for the probabilisti
 shu�ed

s
hedule to allow a fair 
omparison to other s
hedules.

5.1.3 Adaptation to De
oding of Non-Binary LDPC Codes

The di�eren
e between the Tanner-graph representation of binary LDPC 
odes and

non-binary LDPC 
odes over Fq is that in the non-binary 
ase a weight a

ording

to the value of the 
orresponding 
he
k matrix element is assigned to ea
h edge of

the (weighted) Tanner-graph. Still, the de�nition of the lo
al girth as the length

of the shortest 
y
le passing through a node is the same in both 
ases, sin
e it is

independent of the edge weights. Furthermore, the presen
e of (short) 
y
les 
auses

the same degradation on the de
oding performan
e due to the statisti
al dependen
e

of messages after a 
ertain number of de
oding iterations. With this analogy it 
an

be expe
ted that the additional probabilisti
 
omponent, taking into a

ount the

girth stru
ture of a 
ode has the same e�e
t on the de
oding of both binary and

non-binary LDPC 
odes. Results of [YEK

+
07℄ and [VDV

+
10℄ indi
ate that applying

serial updating s
hemes to the de
oding of non-binary LDPC 
odes has the same

advantage of in
reasing the 
onvergen
e speed as for the binary 
ase.

In analogy to [BSV11℄, the e�e
ts of the probabilisti
 s
hedule of [MB01b℄ and the

novel probabilisti
 shu�ed s
hedule (Se
tion 5.1.1) are investigated for an adaptation
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Algorithm 10 Probabilisti
 Che
k-Shu�ed Belief Propagation

1: Initialize v
(0)
n,m = Ln and c

(0)
m,n = 0, ∀n,m

2: Initialize i = 1
3: while stopping rule not satis�ed do

4: Set V(i)
a
tive

= ∅
5: for n = 1, . . . , N do

6: if rand(0, 1) ≤ P
[g]
n then

7: A
tivate variable node n, i.e., set V(i)
a
tive

= V(i)
a
tive

∪ {n}
8: end if

9: end for

10: for m = 1, . . . ,M do

11: for n ∈ N (m) do

12: if n ∈ V(i)
a
tive

then

13: Compute v(i)n,m = Ln +
∑

m′∈M(n)

m′<m

c
(i)

m′,n
+

∑

m′∈M(n)

m′>m

c
(i−1)

m′,n

14: else

15: Set v
(i)
n,m = v

(i−1)
n,m

16: end if

17: end for

18: for n ∈ N (m) do

19: if n ∈ V(i)
a
tive

then

20: Compute c
(i)
m,n a

ording to the 
he
k node update equation (2.41)

21: else

22: Set c
(i)
m,n = c

(i−1)
m,n

23: end if

24: end for

25: end for

26: Start next iteration by setting i = i+ 1
27: end while

28: Output hard de
ision ŷn, ∀n a

ording to (2.43)

to the non-binary 
ase. For this purpose, the non-binary BP de
oding algorithm

as presented in Se
tion 2.10.2 is modi�ed to allow for the employment of di�erent

s
hedules. Results for the 
ombination of the non-binary BP de
oder with �ooding,

probabilisti
, shu�ed, and probabilisti
 shu�ed s
hedules are presented below.

5.1.4 Simulation Results

Binary LDPC Codes

In order to evaluate the performan
e of both probabilisti
 sequential (i.e., shu�ed

and 
he
k-shu�ed) approa
hes for the binary 
ase, the WiMAX LDPC 
ode of rate

r = 1/2 and length N = 576 is 
onsidered.
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Figure 5.1: Di�erent s
hedules for BP de
oding of WiMAX rate-1/2 length 576
LDPC 
ode. Top left: BER performan
e at I

max

= 200 iterations. Top

right: Convergen
e at 2.5 dB. Bottom left: Average number of equiv-

alent iterations (solid) and fra
tion of iterations 
ompared to �ooding

s
hedule (dashed) at I
max

= 40 iterations.

The top left plot in Figure 5.1 depi
ts the BER as a fun
tion of E
b

/N0. It 
an be

seen that the probabilisti
 shu�ed and probabilisti
 
he
k-shu�ed algorithms outper-

form the other four s
hedules (�ooding, probabilisti
, shu�ed, and 
he
k-shu�ed) if a

large number of iterations (here I
max

= 200) is exe
uted. In the top right plot of Fig-

ure 5.1 the 
onvergen
e (BER as a fun
tion of the number of equivalent iterations)

at E
b

/N0|dB = 2.5 dB is shown. As expe
ted, the 
onvergen
e of the probabilis-

ti
 (
he
k-) shu�ed s
hedules is slightly slower than for the non-probabilisti
 (
he
k-)

shu�ed approa
hes [ZF02, SLG04℄, however it still outperforms the �ooding and prob-

abilisti
 [MB01a℄ s
hedules. For more than 30 iterations, the probabilisti
 shu�ed

s
hedule also slightly outperforms the shu�ed s
hedule and yields the lowest BER.

The bottom left plot in Figure 5.1 shows the average number of equivalent de
oding
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iterations needed for 
onvergen
e against the E
b

/N0 for the di�erent s
hedules (solid

lines). Here, the maximum number of iterations is only I
max

= 40. The dashed lines

show the ratio of the number of iterations needed by the �ooding s
hedule and the

number of iterations needed by the other s
hedules. It 
an be seen that the probabilis-

ti
 (
he
k-) shu�ed s
hedules require slightly more (equivalent) iterations than the

non-probabilisti
 (
he
k-) shu�ed s
hedules, but the saving 
ompared to the �ooding

s
hedule is still as high as 28%.

Although the probabilisti
 
he
k-shu�ed s
hedule performs slightly worse than the

probabilisti
 shu�ed s
hedule in this example, it exhibits the same advantages re-

garding implementation aspe
ts as indi
ated for the non-probabilisti
 
he
k-shu�ed

approa
h in [SLG04℄. Finally, it should be noted that strategies like group shuf-

�ing [ZF02℄ (allowing parallelization) 
an be dire
tly integrated into the probabilisti


(
he
k-) shu�ed s
hedules.

Non-Binary LDPC Codes

For the evaluation of the non-binary 
ase, two non-binary PEG 
odes from [HEA05℄

are 
onsidered. The non-binary BP de
oding algorithm from Se
tion 2.10.2 is used

with di�erent s
hedules. Results of �ooding, probabilisti
 [MB01b℄, shu�ed [ZF02℄,

and the probabilisti
 shu�ed (Se
tion 5.1.1) s
hedules are shown for two 
odes over

F8 and F64 with rate 1/2 and a binary 
ode length of N = 1008 information bits.

Results for the 
he
k-shu�ed and the proposed probabilisti
 
he
k-shu�ed s
hedules

are not shown here sin
e they are similar to those of the shu�ed and probabilisti


shu�ed approa
hes.

The top left plot in Figure 5.2 shows the BER as a fun
tion of E
b

/N0 with a maximum

number of I
max

= 100 de
oding iterations. Similarly to the binary 
ase the proba-

bilisti
 shu�ed s
hedule outperforms the three other s
hedules for both 
odes and

for all shown 
hannel qualities. In the top right plot of Figure 5.2, the 
onvergen
e

at E
b

/N0|dB = 1.9 dB is depi
ted. Again a behavior similar to the binary 
ase 
an

be observed. The initial 
onvergen
e speed is slightly higher for the non-probabilisti


s
hedules (�ooding and shu�ed), but after a 
ertain number of iterations, lower bit

error rates 
an be a
hieved by the probabilisti
 s
hedules. For more than 35 (resp.

40) iterations the probabilisti
 shu�ed s
hedule yields the lowest bit error rate for

the 
ode over F8 (resp. F64). Finally, in the bottom left 
orner of Figure 5.2 the

average number of equivalent iterations needed by the non-binary BP de
oder with

di�erent s
hedules is shown for varying 
hannel qualities E
b

/N0. For the sake of


larity, the results of the 
ode over F64 are omitted in this �gure. However, they show

the same 
hara
teristi
s as those for the F8 
ode with the di�eren
e that the absolute

number of iterations needed is slightly lower for the F64 
ode. This is mainly due to

the fa
t that for larger Galois �elds a smaller non-binary 
ode length Nq is required

to a
hieve the same binary 
ode length N . The probabilisti
 shu�ed s
hedule needs

slightly more (equivalent) iterations than the shu�ed s
hedule but still up to 28%

an be saved 
ompared to the �ooding s
hedule.
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Figure 5.2: Di�erent s
hedules for non-binary BP de
oding of two non-binary rate-

1/2 LDPC 
odes over F8 and F64 with binary 
ode length N = 1008.
Top left: BER performan
e at I

max

= 100 iterations. Top right: Conver-
gen
e at 1.9 dB. Bottom left: Average number of equivalent iterations

(solid) and fra
tion of iterations 
ompared to �ooding s
hedule (dashed)

at I
max

= 40 iterations for the 
ode over F8 only.

5.2 Improved Residual Belief Propagation

3

The �rst instan
e of a so-
alled informed dynami
 s
heduling (IDS) strategy for gen-

eral message-passing algorithms � and not espe
ially related to LDPC 
odes � was

presented in [EMK06℄ under the name of Residual Belief Propagation (RBP). This

approa
h was adopted and extended for the de
oding of LDPC 
odes in [CGW07a,

CGW07b, CGW10℄. IDS approa
hes are based on the so 
alled residual whi
h is

de�ned as the norm of the di�eren
e between a message before and after an update.

3

The des
riptions in this se
tion follow the pre-published results in [BV11℄.
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The residual r(cm,n) of a 
he
k-to-variable message cm,n is de�ned as [CGW10℄

r(cm,n) =
∥∥cupdatedm,n − c
urrentm,n

∥∥ . (5.1)

The 
urrent value of the message is denoted by c
urrentm,n and the value if it was updated

at this stage is denoted by cupdatedm,n . In 
ase of binary 
odes, the messages are s
alar

LLRs and the norm 
orresponds to the absolute value. From this de�nition it dire
tly

follows that messages with large residuals are still far from 
onvergen
e, while small

residuals indi
ate messages that have already 
onverged to a �nal state. In IDS

the residuals are used to determine the order in whi
h messages are updated. By

only updating messages with large residuals, 
onvergen
e of the de
oding pro
ess has

been observed to be a
hieved with mu
h fewer overall message 
omputations than

for traditional (�ooding or sequential) message-passing s
hedules. It was also shown

that 
ertain IDS strategies 
an 
orre
t more errors than other s
hedules sin
e they

are able to over
ome 
ertain trapping sets [Ri
03℄.

The short
oming of IDS, however, is that the 
omputation of residuals and the se-

le
tion of the messages to be updated 
ause a signi�
ant in
rease in 
omputational


omplexity. Many more residuals are 
al
ulated than messages are updated, and for

ea
h message update all residuals have to be sear
hed through beforehand. The �rst

problem has been addressed in [CGW07a, CGW07b, CGW10℄. Ea
h 
al
ulation of a

residual requires the evaluation of the BP update equations (2.41) or (2.42). However,

the 
omputed values are only needed to determine the order of message updates. To

redu
e this additional 
omplexity it was proposed to use the min-sum approxima-

tion [FMI99℄ for the 
al
ulation of residuals, while still using the exa
t BP equations

for the a
tual message update. This approa
h was shown to redu
e the 
omplexity

without losing error 
orre
tion or 
onvergen
e speed performan
e as 
ompared to us-

ing exa
t 
al
ulation of residuals. While this redu
tion of overhead 
aused by the


omputation of residuals has been addressed already, the pre-published paper [BV11℄

was the �rst work in whi
h e�orts are made to redu
e the se
ond 
omponent of

additional 
omplexity, whi
h is the 
ontinuous sear
h for large residuals.

Two novel de
oding algorithms from [BV11℄ are presented in the following, whi
h

address the issue of 
omputational 
omplexity by signi�
antly redu
ing the number

of sear
h operations needed per equivalent iteration. Furthermore, it is shown that

these algorithms maintain � and in some 
ases even ex
eed � the 
onvergen
e speed

and also the error rate performan
e of previously known IDS strategies.

At �rst, the s
hemes RBP and Node-Wise RBP (NWRBP) from [CGW07a℄ are de-

s
ribed. Following this, the two novel dynami
 s
hedules lazy queue residual de
oding

(LQRD) and queue residual de
oding (QRD) are presented.

5.2.1 Residual Belief Propagation (RBP)

RBP was introdu
ed in [CGW07a℄ and is a greedy message-passing s
hedule, whi
h

always updates the 
he
k-to-variable message with the largest residual as des
ribed

in Algorithm 11. In a

ordan
e with [CGW07a℄, E exe
utions of the main loop (lines
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Algorithm 11 Residual Belief Propagation

1: Initialize all vn,m = Ln

2: Initialize all cm,n = 0
3: Compute all r(cm,n) a

ording to (5.1)

4: while stopping rule not satis�ed do

5: Find message cm,n with largest residual r(cm,n)
6: Update message cm,n

7: Set r(cm,n) = 0
8: for m′ ∈ M(n) \m do

9: Update message vn,m′

10: for n′ ∈ N (m′) \ n do

11: Compute r
(
cm′,n′

)

12: end for

13: end for

14: end while

4 � 14) are de�ned as one equivalent iteration, where E denotes the number of edges in

the Tanner graph. With this de�nition, in one equivalent iteration of RBP the same

number of 
he
k-to-variable messages is updated as in one iteration of a 
onventional

(�ooding or serial) s
hedule. In the following, this 
riterion of equal numbers of 
he
k-

to-variable message updates is used to de�ne an equivalent iteration for all 
onsidered

s
hedules. At �rst glan
e this de�nition does not a

ount for the fa
t that in RBP

after a single 
he
k-to-variable message cm,n is updated (line 6), d
v,n − 1 variable

messages have to be updated (line 9). However, these variable message updates 
an

be realized by a single addition ea
h, sin
e only one in
oming message of ea
h variable

node n has 
hanged, so that the outgoing messages to all 
he
k nodes ex
ept m will

vary by the same value as the in
oming message cm,n. Therefore, the 
omplexity of

those d
v,n − 1 variable message updates is the same as for the 
omputation of one


onventional variable message update in whi
h d
v,n in
oming values are added up.

It 
an be seen that the additional 
omplexity introdu
ed by RBP is 
aused by the

sear
h for the largest residual (line 5) and the 
al
ulation of residuals (lines 10 �

12). Sin
e ea
h 
al
ulation of a residual requires the evaluation of the 
he
k node

update equation (2.41), but is only needed to determine the order of message updates,

Approximate RBP (ARBP) was introdu
ed in [CGW07a℄ to redu
e the 
omputational

overhead. In ARBP the min-sum approximation [FMI99℄ is used instead of (2.41) for

the 
al
ulation of residuals, while the a
tual message updates still use the exa
t BP

equations (2.41) and (2.42). This approa
h was shown to perform nearly as well as

the one using exa
t residuals.

However, it turns out that for medium to large 
ode lengths (e.g., larger than 1000) the

omplexity of the sear
h for the largest residual dominates the whole RBP de
oding,

sin
e it raises the overall de
oding 
omplexity fromO(N) toO(N2). This is due to the
fa
t that for ea
h message update, a list of length E has to be sear
hed. In fa
t, if the

residuals are organized as an ordered list and reordered whenever a residual 
hanges,

it is possible to implement RBP with 
omplexity O(N · log(N)). Nevertheless, the
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linear 
omplexity property is lost and with in
reasing N a signi�
ant amount of the


omputational overhead is 
aused by this managing of an ordered list.

Node-Wise RBP (NWRBP)

Another drawba
k of RBP originates from its greediness. As shown in [CGW07b℄,


ertain types of errors 
annot easily be 
orre
ted by RBP 
ausing a distin
t error �oor

behavior. A partial remedy to this behavior is a

omplished by what was termed

node-wise RBP (NWRBP) in [CGW07a℄ and simply node-wise s
heduling (NS) later

in [CGW10℄. In this less greedy approa
h, not only the message having the largest

residual is updated in ea
h step, but all outgoing messages of the 
orresponding 
he
k

node instead. A more detailed des
ription of NWRBP is not in
luded here but 
an

be found in [CGW07a℄ and [CGW10℄. It was shown that NWRBP 
an rea
h lower

error rates than other strategies while 
onverging only slightly slower than RBP.

Nevertheless, the 
omputational overhead of 
al
ulating residuals and sear
hing (or

sorting) a list is similar to RBP. While the same number of residuals has to be


al
ulated per iteration, the number of sear
h operations is slightly redu
ed sin
e

for ea
h largest residual that was found on average d̄




he
k messages instead of

just one are updated. The average 
he
k node degree d̄



, however, is only a small


onstant 
ompared to the number E of edges in the Tanner graph, su
h that the

overall 
omplexity is only slightly redu
ed.

5.2.2 Novel Queue Residual De
oding

Two novel �exible dynami
 s
hedules, pre-published in [BV11℄, that are 
apable of

signi�
antly redu
ing the average number of sear
h operations exe
uted per iteration

are presented here. At the same, time both of these approa
hes 
an over
ome the

problem of RBP's greediness to an even greater extent than NWRBP does. Further-

more, while NWRBP 
onverges slower than RBP, the presented approa
hes 
onverge

as fast as RBP and show superior performan
e even when the maximum number of

de
oding iterations is very small.

The proposed s
hedules are based on the idea of not only updating one single message

that has the largest residual r
max

, but updating all messages whose residuals are

greater than an adaptive threshold r
thresh

= α ·r
max

whi
h is determined by a fa
tor α
(with 0 ≤ α ≤ 1) and the 
urrent value r

max

. For this purpose an updating queue Q is

introdu
ed, to whi
h only messages with residuals greater than the 
urrent threshold

are appended. In the following the two novel approa
hes are des
ribed in detail.

Lazy Queue Residual De
oding (LQRD)

LQRD is des
ribed in Algorithm 12 and is based on RBP as it likewise updates a

single 
he
k message in ea
h exe
ution of the main loop (lines 4 � 18). In 
ontrast

to RBP, however, this message is not sele
ted by sear
hing through all residuals but

simply obtained from the head of a message queue Q. At the start of de
oding, Q
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Algorithm 12 Lazy Queue Residual De
oding (LQRD)

1: Initialize all vn,m = Ln

2: Initialize all cm,n = 0
3: Compute all r(cm,n)
4: while stopping rule not satis�ed do

5: if Q is empty then

6: Find message with largest residual r
max

= max

∀m,n
r(cm,n) and append it to Q

7: Append all messages r(cm,n) with r(cm,n) > α · r
max

to Q
8: end if

9: Remove message cm,n from head of Q
10: Update message cm,n

11: Set r(cm,n) = 0
12: for m′ ∈ M(n) \m do

13: Update message vn,m′

14: for n′ ∈ N (m′) \ n do

15: Compute r
(
cm′,n′

)

16: end for

17: end for

18: end while

is initialized and only modi�ed when it runs empty. Every time this happens, the

value r
max

of the 
urrently largest residual is determined and all messages with resid-

uals r(cm,n) > α · r
max

are appended to Q. Then, pi
king messages one after another

from the head of Q, message updates are performed until either the stopping rule is

satis�ed or the queue runs empty again. This pro
edure is motivated as follows.

If at some stage of de
oding there are large outliers in the values of the residuals,

LQRD will fo
us on updating the 
orresponding messages �rst sin
e the threshold

r
thresh

= α · r
max

for a message to be added to Q will be very high and 
onsequently

only the outliers will be updated. This 
onforms with the original idea of RBP whi
h

enables 
onvergen
e with very few overall message updates. If, on the other hand,

there are no outliers, RBP will spend a lot of e�ort on �nding the largest residual

whi
h will, in fa
t, not be mu
h di�erent from, e.g., the se
ond or third largest

residuals. In these 
ases, LQRD will behave di�erently, sin
e the threshold r
thresh

will be relatively small and many messages will be added to Q. Thus, while still


onstantly fo
using on parts of the graph that have not yet 
onverged, LQRD is far

less greedy (depending, of 
ourse, on the 
hoi
e of α) than RBP or even NWRBP.

It 
an easily be seen that the fa
tor α dire
tly in�uen
es the frequen
y of Q running

empty and 
onsequently the amount of 
omputational 
omplexity that is saved for

sear
h operations. If a large value is 
hosen for α, fewer messages will be added

to Q and a

ordingly it will run empty more often. At the same time, however, if α
is 
hosen too small, many messages with relatively small residuals will be updated,

whi
h 
on�i
ts with the main idea of IDS strategies.

LQRD 
an be seen as a generalization of RBP sin
e it in
ludes RBP as a spe
ial
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ase for α = 1. In this 
ase whenever r
max

is determined, only the message with the

largest residual is appended toQ, sin
e there 
an be no message with r(cm,n) > α·r
max

.

After this message is updated, the queue will be empty and again the largest residual

is determined. For α = 0, on the other hand, every time r
max

is determined, all

messages with residuals greater than zero are added to Q (note that messages in Q
are in no spe
i�
 order, though). In this 
ase, LQRD is similar to (non-dynami
)

message passing s
hedules that perform serial 
he
k node updates as presented, e.g.,

in [MS03, SLG04℄. The only di�eren
e is that in ea
h iteration the message that


hanges most is updated �rst and messages that do not 
hange, i.e., have residual 0,
are not updated at all. Hen
e, the fa
tor α allows for a �exible adjustment of the


omputational overhead 
aused by the sear
h for the largest residual � the smaller the

value of α the smaller the overhead. At the same time, if α 
hanges, the 
onvergen
e

speed and the error rate performan
e of LQRD 
hange. In general, a higher value

of α results in faster 
onvergen
e. However, as α in
reases the algorithm be
omes

more and more greedy and a similar error �oor behavior as for RBP is observed in

the simulation results below.

Queue Residual De
oding (QRD)

The se
ond proposed algorithm QRD is a modi�
ation of LQRD and has the potential

of redu
ing the 
omputational overhead even further, while providing similar results

in terms of 
onvergen
e speed and error rate performan
e. The di�eren
e between

QRD and LQRD is that in the latter one, the message queue is generated on
e

at the beginning of de
oding and then only regenerated if it runs empty regardless

of the values of the residuals that have been 
omputed in the meantime (thus the

name �lazy�). QRD, in 
ontrast, allows for a message to be appended to Q as soon

as its residual ex
eeds the threshold r
thresh

= α · r
max

. This 
an be realized by

simply 
he
king whether a residual is greater than the 
urrent threshold whenever

it is re
omputed and if so, adding the 
orresponding message to Q. Additionally, in
QRD a message that has already been added to Q is not updated if its residual has

dropped below the 
urrent threshold r
thresh

sin
e the time it has been appended. This

more instantaneous handling of the message queue lets it run empty less frequently,

whi
h means that on average fewer sear
h operations have to be exe
uted per iteration.

The exa
t des
ription of QRD is given in Algorithm 13.

5.2.3 Simulation Results

In order to 
ompare the performan
e of di�erent dynami
 s
hedules, the WiMAX

(576, 288) rate-1/2 LDPC 
ode is 
onsidered. The presented simulation results in
lude

six di�erent de
oding strategies:

• BP, �ooding : the 
onventional BP algorithm with �ooding s
hedule,

• prob. shu�ed : BP de
oding with the probabilisti
 shu�ed s
hedule presented

in Algorithm 9 in Se
tion 5.1.1,

• RBP : the RBP algorithm from [CGW07a℄,
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Algorithm 13 Queue Residual De
oding (QRD)

1: Initialize all vn,m = Ln

2: Initialize all cm,n = 0
3: Compute all r(cm,n)
4: while stopping rule not satis�ed do

5: if Q is empty then

6: Find message with largest residual r
max

= max

∀m,n
r(cm,n) and append it to Q

7: Append all messages cm,n with r(cm,n) > α · r
max

to Q
8: end if

9: Remove message cm,n from head of Q
10: if r(cm,n) > α · r

max

then

11: Update message cm,n

12: Set r(cm,n) = 0
13: for m′ ∈ M(n) \m do

14: Update message vn,m′

15: for n′ ∈ N (m′) \ n do

16: Compute r
(
cm′,n′

)

17: if cm′,n′ not in Q and r
(
cm′,n′

)
> α · r

max

then

18: Append message cm′,n′ to Q
19: end if

20: end for

21: end for

22: end if

23: end while

• NWRBP : the NWRBP algorithm from [CGW07a℄,

• LQRD : the novel presented IDS strategy from Algorithm 12,

• QRD : the novel presented IDS strategy from Algorithm 13.

Bit Error Rate and Convergen
e Speed

In Figure 5.3 the BER performan
e of LQRD and QRD for values of α between 0.0
and 1.0 in steps of 0.1 is shown after 20 equivalent iterations. While the 
omplexity

heavily depends on the 
hoi
e of α, the BER performan
e is only in�uen
ed marginally

in 
ase of QRD and slightly more in the error �oor region in 
ase of LQRD. This allows

for a �exible 
hoi
e of α while almost maintaining the BER performan
e. Here, the

best BER is a
hieved at α = 0.9 for QRD and at α = 0.5 for LQRD, but needs

to be determined empiri
ally for ea
h 
ode and ea
h desired number of maximum

iterations.

Figure 5.4 shows the BER as a fun
tion of E
b

/N0 after 5 (left) and 20 (right) equiv-

alent iterations for all 
onsidered s
hedules, where α = 0.9 is 
hosen for LQRD and

α = 0.5 for QRD. It 
an be seen that while NWRBP performs poorly for 5 iterations,

RBP performs well but, in 
ontrast to NWRBP, does hardly improve for a higher num-

ber of iterations. The performan
e of LQRD and QRD, however, is superior for both
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Figure 5.4: BER over E
b

/N0 after 5 (left) and 20 (right) equivalent iterations.

5 and 20 iterations and outperforms all other de
oding strategies for all shown 
han-

nel qualities in
luding the probabilisti
 shu�ed s
hedule proposed in Se
tion 5.1.1. It


an also be seen that for the 
hosen values of α, LQRD slightly outperforms QRD

espe
ially for smaller numbers of iterations.

Additionally, Figure 5.5 depi
ts the 
onvergen
e properties of the di�erent s
hedules.

In the left plot, the BER over the number of equivalent iterations for E
b

/N0 = 3 dB
is shown. The previous results are 
on�rmed, as the 
onvergen
e of QRD is almost as

fast as that of RBP for smaller numbers of iterations while the performan
e roughly


onverges to that of NWRBP for higher numbers of iterations. LQRD on the other

hands shows the fastest 
onvergen
e and the best BER performan
e of all shown
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algorithms and for all numbers of iterations.

The right plot in Figure 5.5 shows the average number of equivalent iterations as

de�ned in se
tion 5.2.1 over E
b

/N0 in dB. For LQRD, QRD, and RBP the smallest

number of iterations has to be 
ondu
ted over the whole range of 
hannel qualities.

This redu
ed number of iterations 
an be seen as partial remedy to the in
reased


omplexity per iteration of the IDS strategies as 
ompared to non-dynami
 s
hedules.

Complexity Comparison

As des
ribed in Se
tion 5.2.2, LQRD and QRD are 
apable of redu
ing the additional


omplexity of IDS 
aused by the 
ontinuous sear
h for the largest residual. In order

to 
ompare LQRD and QRD to RBP and NWRBP the average number of sear
h

operations performed per equivalent iteration are 
ounted for the di�erent s
hedules

and for di�erent values of E
b

/N0.

In Figure 5.6 the average number of times the largest residual has to be determined

per iteration is depi
ted as a fun
tion of E
b

/N0 (where a logarithmi
 s
ale is used for

the y-axis). As explained in Se
tion 5.2.1, the savings of NWRBP 
ompared to RBP

are in the order of the average 
he
k node degree d̄



≈ 6.3 of the employed WiMAX

LDPC 
ode. For LQRD and QRD 
urves are shown for values of α ∈ {0.1, 0.5, 0.9, 1.0}
(where the 
urve for LQRD and α = 1.0 
orresponds to that of RBP). The setups

LQRD with α = 0.5 and QRD with α = 0.9 are highlighted by markers sin
e for these


on�gurations the BER results are shown above. The number of sear
h operations

de
reases signi�
antly as α de
reases. At E
b

/N0|dB = 1 dB, e.g., for QRD with
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h operations per iteration needed for


onvergen
e over E
b

/N0 for QRD (left) and LQRD (right).

α = 0.1 the number of sear
h operations is redu
ed by a fa
tor of up to 12000

ompared to RBP and up to 2100 
ompared to NWRBP.

All things 
onsidered, LQRD and QRD are ultimately superior to the 
urrently known

IDS strategies RBP and NWRBP sin
e they show equal � and in some 
ases even

ex
eeding � performan
e while 
onsiderably redu
ing the additional 
omplexity intro-

du
ed by IDS.

5.3 Con
luding Remarks

This 
hapter presents two novel types of de
oder s
hedules: probabilisti
 sequential

s
heduling (Se
tion 5.1) and (lazy) queue residual de
oding (Se
tion 5.2). These

advan
ed s
hedules provide an in
reased �exibility in the 
hoi
e of suitable de
oding

algorithms for devi
es with di�erent requirements and 
omputational 
apabilities.

The probabilisti
 sequential s
hedules are shown to 
ombine the fast 
onvergen
e of

previous sequential s
hedules with improved error 
orre
tion performan
e for both

binary and non-binary LDPC 
odes. Sin
e the additionally indu
ed 
omplexity is

negligible, they are suited for low-
omplexity devi
es requiring small numbers of iter-

ations and also delay-insensitive appli
ations with low error rates requirements.

Even faster 
onvergen
e and also lower error rates 
an be a
hieved by IDS strate-

gies. The proposed queue residual de
oding methods improve upon 
urrently known

IDS approa
hes in terms of both error 
orre
tion performan
e and 
omplexity while
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maintaining the same fast 
onvergen
e. They also outperform the probabilisti
 se-

quential s
hedules but generally exhibit a mu
h higher per-iteration 
omplexity then

non-dynami
 s
hedules. Consequently, they are parti
ularly suitable for devi
es with

high 
omputational 
apabilities to a

omplish very low de
oding delay with best pos-

sible error 
orre
tion performan
e.

All presented de
oding algorithms are dire
tly appli
able to the multi-rate and multi-

length LDPC 
odes presented in Chapters 3 and 4 as the de
oders of these 
odes are

based only on a single underlying mother 
ode.



6

GPU Implementation of Non-Binary

LDPC De
oding

1

The performan
e gain that 
an be a
hieved by using non-binary LDPC 
odes as

introdu
ed in Se
tion 2.10 on pages 43 �. 
omes at the 
ost of rapidly in
reasing

de
oding 
omplexity. To deal with this in
reased 
omplexity, an e�
ient implemen-

tation of a signed log domain FFT de
oder for non-binary irregular LDPC 
odes

was presented in [BMSV13, BMSV15℄, whi
h exploits the inherent massive paral-

lelization 
apabilities of message-passing de
oders. Nvidia's Compute Uni�ed Devi
e

Ar
hite
ture (CUDA) was employed to in
orporate the available pro
essing power of

state-of-the-art Graphi
s Pro
essing Units (GPUs). Furthermore, a CUDA implemen-

tation of the signed log domain FFT de
oder using the layered update rule [Ho
04℄,

in whi
h 
he
k nodes are updated one after another, was presented in [BMSV15℄.

This sequential updating of nodes has been shown to 
onverge about twi
e as fast

as the traditional �ooding s
heme. To a
hieve a high speedup of the layered CUDA

implementation, quasi-
y
li
 non-binary LDPC 
odes are employed sin
e they allow

to update multiple neighboring 
he
k nodes in parallel without any performan
e loss.

The most important 
on
epts and results of this GPU implementation are presented

in the following.

6.1 GPU Programming

The massive 
omputational power of state-of-the-art graphi
 
ards has led to the uti-

lization of Graphi
s Pro
essing Units (GPUs) for signal pro
essing appli
ations, e.g.,

[CC09℄, [NH09℄. Graphi
 
ards with GPUs by Nvidia Corporation 
an be elegantly

programmed in a language similar to C using Nvidia's CUDA [Hal08℄. Sin
e more

re
ently, GPUs from other manufa
turers 
an also be utilized using the more general

OpenCL spe
i�
ation [Khr℄. The main advantage of GPUs is the large amount of pro-


essing 
ores available on the pro
essor, even in low-end, low-
ost produ
ts. These


an be used for a parallelized exe
ution of algorithms from numerous �elds.

1

The des
riptions in this 
hapter follow the ones given in [BMSV15℄.
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The �rst work des
ribing a generi
 (i.e., not tailored to a spe
i�
 
ode) implementation

of binary and non-binary LDPC 
odes is [Mon10℄. This implementation of non-binary

LDPC de
oders based on the signed log domain FFT des
ribed in Se
tion 2.10.2 has

been presented in detail in [BMSV13℄. Related work des
ribing the implementation

of non-binary LDPC de
oders on GPUs are found in [AFSK13℄ and [WSY

+
12℄, where

the FFT-based algorithm in the probability domain as introdu
ed in [DM98a, DM98b℄

is employed, whi
h su�ers from numeri
al instabilities as 
ompared to LLR based

pro
essing. The implementation presented here, on the other hand, is based on

LLR arithmeti
 whi
h has been shown to have appealing properties in pra
ti
al im-

plementations, e.g., the requirement of relatively short bit widths to represent the

messages and an improved numeri
al stability. Furthermore, all multipli
ations in

a probability domain implementation 
an be repla
ed by additions, further simpli-

fying the realization. A GPU-based implementation of a shu�ed non-binary LDPC

de
oder has been presented in [RC12℄. Besides using 
omputations in the probability

domain, the authors of [RC12℄ realize a shu�ed de
oder from a variable node perspe
-

tive [ZF02℄. Although this shu�ed de
oder has a similar performan
e to the layered

de
oder [Ho
04℄ implemented here, the latter has several advantages related to the

implementation, espe
ially for higher rate 
odes. It is for instan
e one of the most

widely used de
oder implementations in �ber opti
 
ommuni
ations [LS13℄.

6.2 Log-FFT Belief Propagation for Non-Binary

LDPC Codes

A massively parallelized implementation of the signed log domain FFT based de-


oder [BT04℄ as des
ribed in Se
tion 2.10.2 is presented. The implementation is

generi
, i.e., it works for arbitrary �eld sizes q and irregular 
odes and does not re-

quire any spe
ial 
ode stru
ture. For an e�e
tive GPU implementation, two main

points have to be 
onsidered: the arrangement of the data in the devi
e memory and

the use of the 
apabilities of the hardware for a

elerating the data pro
essing. An

introdu
tion to the CUDA terminology and spe
i�
s 
an be found in [Coo12℄.

6.2.1 Des
ription of the Memory Arrangement

The most important stru
tures are the messages Qn,m and Rm,n that are passed

between variable nodes and 
he
k nodes and the a posteriori values Qn. All of these

are a

essed very frequently in most CUDA kernels of the main loop (in CUDA termi-

nology, a kernel denotes an en
losed subroutine). LDPC 
odes of di�erent sizes and

degree distributions as well as di�erent Galois �eld dimensions should be supported,

su
h that the potentially required amount of memory for these message ve
tors 
an

be
ome too large for on-
hip memory. In addition, the need for quasi-random a

ess

to the message stru
tures only leaves the global devi
e memory as suitable solution.

Although the data is stored as a one-dimensional array in the devi
e, it is interpreted

as 2D (Qn) or 3D (Qn,m and Rm,n) stru
tures, depending on the indexing as shown
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Figure 6.1: Three-dimensional stru
tures used for message ve
tors and 
orrespond-

ing linear data allo
ation in the global devi
e memory.

exemplarily for the 3D 
ase in Figure 6.1. For the 3D arrays, the �rst index is

pertinent to the node, the se
ond to the node 
onne
tion and the third to the Galois

�eld element that 
orresponds to one entry of an LLR ve
tor. The 2D arrays are

indexed �rst by the node and se
ond by the Galois �eld element. This indexing points

to the exa
t position of one element in the stru
ture. By arranging the data in this

order, it is possible to a

ess the memory in a 
oales
ed way, su
h that multiple �oat

values are handled in only one read/write memory a

ess. If ea
h of the q adja
ent

LLR ve
tor entries are a

essed by q adja
ent threads, this a

ess will be 
oales
ed,

whi
h is a 
riti
al requirement for a
hieving high throughput performan
e.

2

This

arrangement boosts the performan
e with in
reasing q. CUDA requires �xed sizes for

data stru
tures, and sin
e irregular LDPC 
odes do not have a 
onstant number of

Tanner graph edges per node, it is obligatory to set the node 
onne
tion dimension

to the maximum value of all node degrees, taking 
are of not a

essing the invalid

positions during the pro
essing. Temporary data that is needed within the kernels is

either stored in fast on-
hip registers or in the on-
hip shared memory if the data is

required by multiple threads. The shared memory is generally faster than the global

memory but only available to the threads within one blo
k of threads, whi
h denotes

a unit that is guaranteed to be exe
uted on the same pro
essing unit by the CUDA

ar
hite
ture. A more extensive des
ription of the employed data stru
tures 
an be

found in [Mon10℄.

Another GPU-spe
i�
 implementation detail is the employment of the GPU's texture

memory for the Galois �eld arithmeti
. Two-dimensional lookup tables of size q × q
for the addition and multipli
ation of Galois �eld elements as well as one-dimensional

lookup tables for the inversion of Galois �eld elements (size q− 1) and the 
onversion

between exponential and de
imal representation (size q) are initialized in the texture

memory and are thus available to all kernels.

6.2.2 Des
ription of the CUDA Kernels

The implementation follows the algorithm des
ribed in Se
tion 2.10.2 and is depi
ted

in Figure 6.2. Ea
h of the gray shaded blo
ks 
orresponds to one CUDA kernel.

2

This feature is 
hara
teristi
 for GPU ar
hite
tures and similar to the SIMD (single instru
tion

multiple data) 
on
ept, in whi
h the same operation is performed on multiple input data elements

by multiple pro
essing units in parallel.
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oding algorithm. Ea
h
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k 
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Initially, the number of iterations is zero. After initialization, the input data is

transferred to the CUDA devi
e for an initial 
he
k of the parity equations. If they

are not ful�lled, the main de
oding loop is exe
uted until they are, or until a maximum

number of iterations is rea
hed. When the iterative de
oding pro
ess �nishes, a hard

de
ision is 
ondu
ted to obtain the �nal binary de
oding result. In the following,

the most important aspe
ts of the main loop's CUDA kernel implementations are

explained.

Permute Message Ve
tors Qn,m (2.92) and R̃m,n (2.98)

Before and after the 
he
k node update, the elements of the message LLR-ve
tors

have to be permuted a

ording to the Galois �eld element at the 
orresponding 
he
k

matrix position (
f. Se
tion 2.10 and [BT04℄). A shared memory blo
k is used as

temporary memory, allowing a parallel implementation of the permute operation. For

permuting R̃m,n a

ording to (2.98), the shared memory stores the input data using

the permuted indi
es a

ording to the matrix entry Hm,n (using the texture tables

for multipli
ation), and writes the output data dire
tly. For the permutation of Qn,m

a

ording to (2.92) the shared memory reads the input values dire
tly, but the output

is written using the permuted indi
es as shown in Figure 6.3. This way, one thread

(i.e., one of the many pro
essing units of the GPU) per node, per node 
onne
tion, and

per Galois �eld element 
an be employed. The total number of threads for this kernel
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is Nq · dv · q for the permutation of Qn,m and Mq · d
 · q for the inverse permutation

of R̃m,n, respe
tively, where d
v

denotes the maximum variable node degree and d



denotes the maximum 
he
k node degree.

Signed Log Domain FFT of ϕ̃n,m (2.94) and Θ̃m,n (2.96)

The implementations of the signed log FFT and the inverse signed log FFT are iden-

ti
al and follow a butter�y diagram as shown in Figure 6.4. As explained in [BT04℄,

additions in the log domain 
onsist of two separate operations for the magnitude and

the sign, whi
h is why two shared memory blo
ks are required for this purpose (i.e.,

ea
h shared memory blo
k depi
ted in Figure 6.4 a
tually 
onsists of two separate

equally sized blo
ks). Both operations are exe
uted simultaneously in the CUDA

kernel implementation. The signed log FFT is applied independently to ea
h LLR-

ve
tor of size q. Thus, the CUDA blo
k width is �xed to q. For ea
h node and ea
h

Galois �eld element, one thread pro
esses all node 
onne
tions in a loop to 
ompute

the signed log FFT. The exe
ution of the butter�y is supervised by a small loop of

log2 q iterations.

The exponential and logarithm fun
tions that are needed for the signed log domain

operations [BT04℄ are realized by the fast hardware implemented fun
tions whi
h

are provided by the GPU. The transfer of data between the global memory and the

shared memory is done in a 
oales
ed way, whi
h is ensured by proper indexing.

Che
k Node Update of Θ̃m,n (2.95)

The implementation is visualized in Figure 6.5 and uses one thread per node and

Galois �eld element to 
ompute the outgoing message LLR-ve
tors for ea
h edge of

the 
orresponding 
he
k node. Sin
e the 
omputations are performed in the signed log

domain, magnitude and sign 
omputations are performed separately. In ea
h thread,

a �rst loop over the node's edges 
al
ulates the total sum of the magnitude values
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.

and the total produ
t of the sign values. In a se
ond loop, the 
urrent magnitude

value is subtra
ted from the total magnitude sum to a
quire the extrinsi
 sum, and

the total sign is multiplied by the 
urrent sign value for ea
h edge. Shared memory is

not required sin
e all memory a

esses are exe
uted in a 
oales
ed fashion and, thus,

provide high throughput performan
e.

Variable Node Update of Qn,m (2.99)

The kernel pro
esses one thread per variable node and Galois �eld dimension (see Fig-

ure 6.6). An internal loop pro
esses all the node 
onne
tions within one thread. Ea
h

thread �rst reads the input LLR Ln into a shared memory blo
k and then adds all ex-

trinsi
 information from Rm,n for the 
urrent edge. In a se
ond shared memory blo
k,

the maximum resulting element βn,m of the LLR-ve
tor is found and subtra
ted from

ea
h entry from the �rst shared memory blo
k before the result is written into Qn,m.

Update A Posteriori Values Qn (2.100)

The implementation of this kernel follows the one for the variable node update, ex
ept

that the sear
h and subtra
tion of the maximum element βn,m is omitted and the

information of all edges (rather than all but one) is added to the input LLR to yield

the a posteriori LLR-ve
tors Qn.

Evaluate Che
k Equations

First, one thread per variable node is employed to determine a hard de
ision of the

node's a posteriori LLR-ve
tor by looping over the Galois �eld dimension to �nd
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the maximum element. After this, one thread per 
he
k node loops over its edges

and utilizes the texture tables for Galois �eld addition and multipli
ation to add up

the hard de
ision values. If and and only if the result is zero, the 
he
k equation

is ful�lled, resulting is a boolean ve
tor of length Mq. To de
ide if de
oding 
an be

stopped, a parallelized redu
tion algorithm is applied to sum up the (0 or 1) elements

of this ve
tor in log2 M steps (over the natural numbers). The parity equations are

fully satis�ed if the result of the sum is zero (i.e., all boolean values are zero).

6.3 Layered De
oding for Non-Binary QC LDPC

Codes

The CUDA implementation presented above was also extended by the layered 
he
k

node update rule as proposed for de
oding of binary LDPC 
odes in [Ho
04℄. To

enable a high speedup for this inherently sequential s
hedule, QC LDPC 
odes are

employed. Virtually all LDPC 
odes used in pra
ti
al systems today belong to this


lass and allow for a partial parallelization of the sequential de
oder. The CUDA

framework is employed to adapt a single-
ore referen
e CPU implementation to be

exe
uted on one of Nvidia's general purpose GPUs. De
oder throughput results are

presented for the CPU as well as the GPU implementations for di�erent Galois �eld

dimensions.

In the following, the layered s
hedule for the log-FFT BP algorithm is introdu
ed,

and the most important modi�
ations that were required for its implementation will

be explained.
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6.3.1 Log-FFT Belief Propagation with Layered S
hedule

The layered de
oding or row-de
oding as introdu
ed in [Ho
04℄ is parti
ularly relevant

for the de
oding of pra
ti
al 
odes, as it allows an in
rease in the speed of 
onvergen
e

of the iterative de
oder by about 50% (depending on the 
ode). This means that the

number of required de
oding iterations 
an by signi�
antly redu
ed 
ompared to the

�ooding implementation des
ribed in Se
tion 6.2. Espe
ially in the 
ase of quasi-


y
li
 LDPC 
odes, the layered de
oder is an attra
tive de
oding ar
hite
ture, as it

allows realizing a 
ertain level of parallelism with good 
ommuni
ation performan
e

at relatively low hardware 
osts.

The main loop of the layered de
oder 
onsists of three main steps. First, a simple

preparation step generates the 
he
k node input data Tn,m. Then, the 
he
k node

update (in
luding permutation and log-FFT transform) and thus the generation of

new extrinsi
 data Rm,n is exe
uted. Finally, the a posteriori memoryQn is updated.

The de
oder 
arries out these three steps sequentially for ea
h row (or group of rows)

of the parity 
he
k matrix H. After all rows have been 
onsidered, a single de
oding

iteration has been 
arried out. Starting from the re
eived 
hannel values Ln, the

layered de
oder 
ontinuously updates an estimate of the a posteriori values Qn. It

should be noted that in 
ontrast to the implementation of the �ooding s
hedule, there

is no expli
it variable node update.

In the following, the three steps for a single row m of H are des
ribed. The �rst

preparation step 
onsists in 
omputing |N (m)| temporary message ve
tors

Tm,n = Qn −Rm,n, ∀n ∈ N (m) (6.1)

for all non-zero entries (indexed by n) of the m-th row of H. At the beginning of the

de
oding of a single frame, all Rm,n are initialized by zero and are then 
ontinuously

updated.

In the se
ond step of the layered s
hedule, the a
tual de
oding takes pla
e. The

temporary values Tm,n, 
orresponding to the messages at the inbound edges of 
he
k

nodes, are used to 
ompute the 
he
k node update. First, the |N (m)| elements of

Tm,n are permuted a

ording to the matrix entry a = Hm,n ∈ F+
q with

T̃m,n = Tm,n ·Pa (6.2)

where the q − 1 permutation matri
es Pa 
orrespond to the ones introdu
ed in Se
-

tion 6.2 and (2.92). Following the permutation, the values T̃m,n are transformed into

the signed log domain a

ording to ϕ̃n,m =
(
ϕ̃s

n,m, ϕ̃m

n,m

)
=
(
1, T̃m,n

)
. Following the

appli
ation of the FFT F(·), the 
he
k node update a

ording to (2.95a) and (2.95b),

and the inverse transform F−1(·) yielding θ̃m,n =
(
θ̃sm,n, θ̃

m

m,n

)
and R̃m,n = θ̃mm,n,

the output information of the 
he
k node update 
an be 
omputed as

Rm,n
(2.98)

= R̃m,n ·P−1
a .
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Finally, in the last step of the pro
essing for row m, the a posteriori memory is

updated a

ording to

Qn = Tm,n +Rm,n, ∀n ∈ N (m). (6.3)

This last step 
on
ludes the update of a single 
he
k equation and row m, and the

de
oder 
an 
ontinue with de
oding the next row (or group of rows).

Using the layered s
hedule, the memory requirements are also signi�
antly redu
ed


ompared to the �ooding strategy. Only a single type of edge messages must be stored

in the memory (Rm,n), and the de
oder basi
ally 
ontinuously updates a posteriori

values Qn.

In this general des
ription of the layered s
hedule, the di�erent a posteriori memory

lo
ations are updated several times per iteration (depending on the variable node

degree of the parity-
he
k matrix), ea
h time with newly re�ned extrinsi
 information

from the asso
iated 
he
k node update. This means that in the most general 
ase,

the three operations des
ribed above need to be 
arried out in a sequential manner.

This sequential exe
ution and the use of re�ned information is also responsible for

the good 
onvergen
e behavior of the layered s
hedule. If, however, QC LDPC 
odes

as introdu
ed in Se
tion 2.9 are employed, the independen
e of the Z 
he
k nodes

in ea
h of the M ′
q groups 
an be exploited to parallelize the preparation step, the


he
k node update step, and the a posteriori update step. A �ow
hart of the layered

de
oding algorithm tailored to QC LDPC 
odes is shown in Figure 6.7.

6.3.2 Des
ription of the Memory Arrangement

As des
ribed in the previous se
tion, the layered de
oder only needs to store the 
he
k

node messages Rm,n and the a posteriori values Qn from one iteration to the next.

As before, due to their potential size, these stru
tures are stored as 3D (Rm,n) and

2D (Qn) stru
tures in the global devi
e memory. Sin
e in ea
h inner iteration, the

messages of only Z 
he
k nodes are updated, the temporary three dimensional memory

for the LLR message ve
tors only needs to be of size Z · d



· q. Thus, the memory

requirements for this temporary memory is redu
ed by a fa
tor of M ′
q = Mq/Z.

6.3.3 Des
ription of the CUDA Kernels

The implementation follows the des
ription inSe
tion 6.3.1 and the �ow
hart given

in Figure 6.7, where again gray shaded blo
ks represent CUDA kernels.

After initialization of the a posteriori values, the 
he
k equations are evaluated a
-


ording to Se
tion 6.2.2 to 
he
k if a valid 
ode word has been re
eived. If they are

not ful�lled, the main de
oding routine is entered. It 
onsists of an outer loop for the

de
oding iterations and an inner loop whi
h sequentially pro
esses groups of Z 
he
k

nodes (and thus performs M ′
q = Mq/Z passes in ea
h outer iteration). The inner

iteration 
ounter is denoted c and indi
ates that 
he
k nodes with indi
es (c−1)Z+1
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to cZ are 
urrently pro
essed. The only input to ea
h pass of the inner loop are

the 
urrent a posteriori values Qn and the 
he
k-to-variable messages Rm,n of 
he
k

nodes (c − 1)Z + 1 to cZ of the last outer iteration. The output of ea
h pass of the

inner loop are updated a posteriori values Qn and the updated 
he
k-to-variable mes-

sages Rm,n of 
he
k nodes (c− 1)Z + 1 to cZ. While ea
h 
he
k-to-variable message

is 
omputed exa
tly on
e during an outer iteration, the a posteriori values at ea
h

variable node n are updated d
v,n times, where d

v,n denotes the degree of variable node

n, always using the most up-to-date 
he
k node information. Sequentially updating

the a posteriori values is the reason for the layered s
hedule to 
onverge faster than

the traditional �ooding s
hedule.

In the following, ea
h CUDA kernel of the inner loop is explained.

Compute Extrinsi
 Che
k Node Input Tm,n (6.1)

Instead of having a variable node update to 
ompute the variable-to-
he
k messages,

the extrinsi
 
he
k node input is 
omputed for ea
h of the Z 
he
k nodes in the


urrent group c at the beginning of ea
h inner iteration from the a posteriori values

and the previous 
he
k-to-variable message. For this, one thread per 
he
k node

in the 
urrent group c and per Galois �eld element (i.e., Z · q threads) is initiated

and 
omputes the extrinsi
 information at ea
h in
oming edge in a loop a

ording to

Tm,n
(6.1)

= Qn −Rm,n for (c− 1)Z + 1 ≤ m ≤ cZ.

Permute Message Ve
tors /Signed Log Domain FFT/Che
k Node Update

These three kernels are identi
al to the ones in the implementation of the �ooding

s
hedule. Sin
e only Z 
he
k nodes 
an be pro
essed in parallel, however, only Z ·d



·q
threads are initiated as opposed to Mq · d
 · q in the �ooding s
hedule, resulting in a

redu
tion of M ′
q = Mq/Z in the total number of threads.

Update of A Posteriori Values Qn (6.3)

While having the same purpose, this kernel is di�erent from the 
orresponding imple-

mentation for the �ooding s
hedule. In the latter one, all 
he
k-to-variable messages



6.4 Performan
e Evaluation 161

are 
omputed in parallel, su
h that afterwards all in
oming messages of a variable

node are summed up (together with the 
hannel LLR ve
tor) to yield the a posteriori

LLR ve
tor. During one iteration of the layered s
hedule, however, 
he
k nodes are

updated sequentially and, thus, the a posteriori LLR ve
tors are updated multiple

times, sin
e ea
h variable node is 
onne
ted to multiple 
he
k nodes. Due to the

stru
ture of QC LDPC 
odes, in a group of Z 
he
k nodes that are pro
essed in par-

allel, no two 
he
k nodes are 
onne
ted to the same variable node. As a result, in one

inner iteration, no a posteriori LLR ve
tor is a�e
ted by more than one 
he
k node

update. Consequently, this allows all a�e
ted a posteriori values to be updated in

parallel without any memory 
on�i
ts. To a
hieve this, one thread for ea
h of the Z

urrent 
he
k nodes and for ea
h Galois �eld element (i.e., Z ·q) is used to update the

a posteriori values with respe
t to the updated 
he
k-to-variable messages a

ording

to Qn
(6.3)

= Tm,n+Rm,n for (c−1)Z+1 ≤ m ≤ cZ. The di�erent edges of ea
h 
he
k

node are pro
essed by ea
h thread in a loop.

6.4 Performan
e Evaluation

Results for the �ooding s
hedule and the layered s
hedule are presented separately

in Se
tions 6.4.1 and 6.4.2, respe
tively.

6.4.1 Flooding S
hedule

The CUDA implementation of the �ooding s
hedule is exe
uted under the same set-

tings as a single-threaded CPU referen
e implementation, and the de
oder throughput

is measured at several E
b

/N0 values and for 
odes over di�erent Galois �elds Fq, with

q = 2p and p between 1 and 8. It should be noted that the obtained results are related
to the hardware ar
hite
ture used in the simulations and will di�er if di�erent CPUs

and/or GPUs are used. Here, the following standard hardware was used:

• CPU: Intel Core i7-920, 2.67GHz, 6GB RAM

• GPU: GeFor
e GTX 580, 512 CUDA 
ores, 1536 MB RAM, CUDA Compute

Capability 2.0.

Table 6.1 shows the di�erent non-binary rate-

1
2
LDPC 
odes used for obtaining the

results in this se
tion. Sin
e one Galois �eld symbol is 
omposed of p bits, the 
ode

size Nq is always 
hosen a

ording to Nq = N/p, su
h that the equivalent number N
of bits per 
ode word is 
onstant. Con
entrated 
he
k node degree distributions are

used for all 
odes. The non-binary 
he
k matri
es are 
onstru
ted with the PEG

algorithm [HEA05℄, by �rst 
onstru
ting a binary matrix of the given dimensions and

subsequently repla
ing all ones by non-zero Galois �eld elements 
hosen uniformly at

random. A maximum number of I
max

= 100 de
oding iterations are 
ondu
ted. For

all employed 
odes, the error rate results of the GPU and the CPU implementation

are identi
al.
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q = 2p Nq=
N
p Mq Λ2 Λ3 Λ4 Λ5

2 2304 1152 0.549 0.144 0.001 0.306

4 1152 576 0.537 0.302 0.042 0.119

8 768 384 0.643 0.150 0.194 0.013

16 576 288 0.773 0.102 0.115 0.010

32 462 231 0.848 0.143 0.009 0

64 384 192 0.940 0.050 0.010 0

128 330 165 0.852 0 0.148 0

256 288 144 0.990 0.010 0 0

Table 6.1: Dimensions and variable node degree distributions of employed non-

binary rate-

1
2 LDPC 
odes. Degree distributions for 2p ∈ {8, 16, 32, 64}

are taken from [HEA05℄.

In Figure 6.8 the average total throughput of (
oded) bits that is pro
essed by the

CPU referen
e implementation (dashed lines) as well as the GPU implementation

(solid lines) is depi
ted over the 
hannel quality E
b

/N0 in dB. The bottom plot shows

the 
urves for the CPU implementation in more detail. The very low total throughput

at E
b

/N0 values below 1 dB is due to the high maximum number of 100 de
oding
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E
b

/N0|dB F2 F4 F8 F16 F32 F64 F128 F256

0 dB 17.2 18.0 29.6 43.9 61.1 83.6 112 128

1 dB 18.3 19.8 29.9 47.2 65.9 92.1 124 148

2 dB 15.2 16.8 25.2 39.2 56.2 75.8 109 113

3 dB 13.0 14.5 22.2 33.5 47.5 65.2 100 100

Table 6.2: A
hieved Speedup

throughput GPU

throughput CPU

of �ooding s
hedule.

iterations that are almost always exe
uted, before the waterfall region of the 
ode's

error rate 
urve is rea
hed. For higher E
b

/N0 values, the total throughput steadily

in
reases, sin
e fewer de
oding iterations have to be exe
uted until a 
orre
t 
ode

word is re
overed.

The speedup a
hieved by the GPU implementation with respe
t to the CPU im-

plementation is shown in Table 6.2 for several E
b

/N0 values. The speedup hugely

in
reases from below 20 to almost 150 at 1 dB with in
reasing Galois �eld dimension.

The in
reasing speedup is mainly due to the fa
t that groups of q Galois �eld elements

are stored in 
ontinuous memory positions, whi
h leads to in
reased e�
ien
y of the


oales
ed memory a

ess. This in
reasing e�
ien
y of the GPU implementation leads

to the interesting e�e
t that the average throughput is not monotoni
ally de
reasing

with the Galois �eld dimension (
f. Figure 6.9), even though the de
oding 
omplexity

in
reases as O(N2p).

In Figure 6.9 the throughput results from above are plotted against the number of

bits p per Galois �eld symbol for di�erent E
b

/N0 values. Again, a zoomed region

is shown for the CPU implementation. As expe
ted, the throughput of the CPU

implementation qui
kly de
reases with p. The GPU implementation, on the other
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hand, shows an in
reasing throughput up to around 4 bits per symbol before it also

starts to de
rease. This behavior 
an be explained by the fa
t that, for moderate

Galois �eld dimensions, the in
reasing 
omputational 
omplexity is over
ompensated

by the more e�
ient use of the GPU's 
apabilities due to the 
oales
ed memory a

ess

of q addresses at on
e. However, for larger Galois �eld dimensions q ≥ 25 a saturation
o

urs and the throughput starts to de
rease.

6.4.2 Layered S
hedule

The hardware setup for the evaluation of the CUDA implementation of the layered

s
hedule is the same as for the �ooding setup in Se
tion 6.4.1. As mentioned be-

fore, QC LDPC 
odes are used to allow a high speedup of the layered s
hedule. For

Galois �eld dimensions q ∈ {2, 4, 16, 64, 256}, lifting matri
es A of rate 1/2 are 
on-

stru
ted with the PEG algorithm using the optimized degree distributions from Ta-

ble 6.1. The lifting fa
tor is 
hosen as Z = 32 and the size of the lifting matri
es

are 
hosen as N ′
q ∈ {96, 48, 24, 16, 12} to result in an equivalent binary blo
k size

of N = p ·N ′
q · Z = 3072. The non-zero elements in ea
h resulting parity 
he
k ma-

trix are repla
ed by random non-zero elements of the respe
tive Galois �eld. The

maximum number of de
oding iterations is set to only I
max

= 10 to emphasize the

di�eren
e between the slowly 
onverging �ooding s
hedule and the layered s
hedule,

whi
h shows mu
h faster 
onvergen
e.

The BER results for q ∈ {2, 16, 256} shown in Figure 6.10 
learly 
on�rm the in
reased


onvergen
e speed of the layered s
hedule as 
ompared to the �ooding s
hedule. After

10 iterations and at BER 10−4
, the layered s
hedule outperforms the parallel s
hedule

by about 0.5 dB for q = 2, by about 0.4 dB for q = 16, and by about 0.25 dB for

q = 256. The BER results also illustrate the performan
e gain that is a
hieved by
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and I
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= 10 de
oding iterations.
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Figure 6.11: Average de
oder throughput of 
oded bits over E
b

/N0 of the layered

s
hedule at a maximum of I
max

= 10 iterations.

in
reasing the Galois �eld dimension. The F16 
ode outperforms the binary 
ode by

about 0.28 dB and the F256 
ode improves the BER performan
e by another 0.13 dB.

Figure 6.11 shows the average total throughput of 
ode bits pro
essed by the single-

threaded CPU implementation (dashed lines) as well as the GPU implementation

(solid lines) over E
b

/N0. Like for the �ooding s
hedule, throughput values in
rease

with in
reasing E
b

/N0 sin
e fewer de
oding iterations have to be exe
uted. While the

CPU implementation exhibits best throughput performan
e for the binary 
ode, the

layered GPU implementation attains the highest throughput for the 
ode over F64.

This observation is 
on�rmed by Figure 6.12 in whi
h the throughput is plotted

against the number of bits per symbol p for di�erent �xed E
b

/N0 values. A zoomed

region is shown for the CPU implementation. Similar to the �ooding s
hedule in Fig-

ure 6.9, the 
urves of the CPU implementation are steadily de
reasing with in
reasing

Galois �eld dimension. For the GPU implementation, however, the 
urves of the lay-

ered s
hedule a
hieve a maximum at q = 64, whereas this maximum was lo
ated

between p = 3 and p = 4 for the �ooding s
hedule. This behavior is explained by the

larger number of threads that are initiated for ea
h kernel for the �ooding s
hedule

(Mq ·q) as 
ompared to the layered s
hedule (Z ·q = q ·Mq/M
′
q). To laun
h a su�
ient

number of threads � and thus fully exploit the 
ompute 
apability of the GPU � a

higher Galois �eld dimension q is required for the layered s
hedule.
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hedule for

E
b
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Finally, the speedup a
hieved by the GPU implementation with respe
t to the CPU

implementation is shown in Table 6.3 for several E
b

/N0 values. Clearly, for small

Galois �eld dimensions, the speedup is mu
h smaller than for the �ooding implemen-

tation. However, the larger the Galois �eld dimension gets (and thus the number of

threads), the 
loser the speedup values approa
h the ones a
hieved by the �ooding

s
hedule.

E
b

/N0|dB F2 F4 F16 F64 F256

0 dB 1.03 2.2 9.6 37 109

1 dB 1.12 2.4 11.3 43 110

2 dB 1.38 2.9 12.1 42 111

3 dB 1.47 3.1 12.2 41 92

Table 6.3: A
hieved Speedup

throughput GPU

throughput CPU

of layered s
hedule.
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Summary

To fa
ilitate the in
reasingly diverse requirements of 
urrent and future heterogeneous


ommuni
ation systems and the parti
ipating devi
es, new design strategies for e�-


ient forward error 
orre
tion s
hemes need to be developed. To meet this demand,

this thesis presents di�erent 
ontributions that in
orporate enhan
ed �exibility into

the design of LDPC 
odes and their de
oding algorithms. They in
lude highly �exible

design methods for the optimization and 
onstru
tion of multi-rate LDPC 
odes and

multi-length LDPC 
odes as well as 
ombinations of multi-rate and multi-length 
a-

pabilities. The goal of these methods is to provide a general LDPC 
oding framework

that renders the spe
i�
ation of multiple separate LDPC 
odes unne
essary. Instead,


ommuni
ation systems are enabled to �exibly adapt the 
ode rate and length using

uni�ed en
oder and de
oder implementations for only a single LDPC mother 
ode.

To guarantee an e�
ient use of resour
es it is ne
essary to minimize the inherent

performan
e degradation that 
omes with this restri
tion to a single LDPC 
ode. Ad-

ditionally, 
ontributions are presented that 
an be in
orporated into existing systems

to in
rease their �exibility and/or improve their de
oding performan
e.

Design of Multi-Rate LDPC Codes

One main result of this thesis is a novel design method for multi-rate LDPC 
odes.

Information shortening inserts known dummy bit values to some information bit po-

sitions before en
oding to a
hieve 
ode rates lower than that of the mother 
ode. By

analyti
ally modeling the shortened degree distributions, an optimization method is

presented to obtain shortened 
ode ensembles with 
lose-to-
apa
ity error 
orre
tion

performan
e. Furthermore, two �nite length optimization te
hniques that sele
t spe-


i�
 positions within the information word of a given LDPC 
ode are presented. Their

obje
tive is a uniform distribution of perfe
t knowledge throughout the Tanner graph

(Maximum Distan
e) and the removal of as many short 
y
les as possible (Break-

ing Cy
les), respe
tively. A signi�
ant performan
e gain over previous shortening

strategies is illustrated by error rate simulations. Furthermore, both approa
hes are

dire
tly appli
able to existing LDPC 
odes and 
an, thus, be integrated into existing

systems with almost no additional 
omplexity.

A
hieving higher 
ode rates than that of the mother 
ode, in 
ontrast, is a

om-

plished by parity pun
turing, i.e., by simply dis
arding a number of parity bits before
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transmission. Good pun
tured 
ode ensembles are 
onstru
ted by an asymptoti
 opti-

mization method that in
orporates an analyti
al model for the e�e
t of pun
tured bits

at the de
oder. In addition, a �nite length optimization (Guaranteed Re
overability)

enables pun
turing of a mother 
ode up to arbitrarily high 
ode rates. This method

is 
apable of sustaining good performan
e for very high pun
turing fra
tions, whi
h

is not possible with most previously presented �nite length pun
turing s
hemes.

To support arbitrary 
ode rate ranges between 0 and 1, a 
ombination of shorten-

ing and pun
turing is proposed. By 
onstraining shortening and pun
turing to be

applied in a rate-
ompatible manner, a multi-rate s
heme is obtained that 
an be re-

alized in terms of a single en
oder/de
oder pair for the mother 
ode without adding


omplexity. A joint optimization problem is formulated and solved, that results in

asymptoti
ally optimal shortening and pun
turing rules. The obtained asymptoti


ensemble thresholds surpass those of previous approa
hes that o�er the same de-

gree of �exibility. Based on this and the well-known progressive edge-growth (PEG)

algorithm, the optimized 
ode 
onstru
tion algorithm multi-rate improved progres-

sive edge-growth (MuRiPEG) is proposed. It in
ludes �nite length 
onsiderations in

terms of avoiding short 
y
les, improving the approximate 
y
le extrinsi
 message de-

gree (ACE) properties, a
hieving 
on
entrated 
he
k node degree distributions, and

redu
ing the impairment 
aused by pun
tured bits. In extensive bit error rate (BER)

simulations, MuRiPEG outperforms several previous approa
hes known from liter-

ature and simultaneously o�ers an in
reased �exibility in terms of supported 
ode

rates. For the exemplarily presented and 
hallenging 
ode rate range from 0.1 to 0.9,
a 
ode length of 1008 bits, and a single mother 
ode of rate 0.7, MuRiPEG is 
apable

to a
hieve almost the same average performan
e as using one dedi
ated LDPC 
ode

per 
ode rate. An average performan
e penalty of only 0.06 dB is demonstrated.

The presented advan
es in the design of multi-rate LDPC 
odes allow to redu
e the

hardware 
omplexity as 
ompared to 
urrently spe
i�ed systems to a large extent.

Multiple separately optimized 
odes 
an be repla
ed by one properly designed multi-

rate LDPC 
ode. The same �exibility in terms of supported 
ode rates is a
hieved

with an average performan
e loss of only fra
tions of a de
ibel. Additionally, more

spe
i�
ally optimized hardware implementations of en
oder and de
oder 
an be em-

ployed, sin
e they 
an be tailored towards a single LDPC 
ode.

Design of Multi-Length LDPC Codes

A further key a
hievement is the optimization and 
onstru
tion of multi-length LDPC


odes. Con
urrently shortening and pun
turing a mother 
ode word is introdu
ed as

an e�e
tive method of very low-
omplexity whi
h is 
apable of �exibly redu
ing the


ode length of an arbitrary LDPC mother 
ode. No other method to adapt the 
ode

length has been presented in the literature that provides the same �exibility and is

generally appli
able to LDPC 
odes. The proposed method shortens and pun
tures

equal fra
tions of bits, resulting in a redu
ed 
ode length while maintaining the same


ode rate. After introdu
ing asymptoti
 analysis and optimization, a matrix 
on-

stru
tion method termed multi-length improved progressive edge-growth (MuLiPEG)

is proposed in analogy to the MuRiPEG algorithm. Exemplary ensemble threshold
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results as well as extensive BER simulations 
on�rm that the range of 
ode lengths for

whi
h MuLiPEG o�ers good error 
orre
tion performan
e depends on the target 
ode

rate. While for 
ode rates of 0.4 and above, good performan
e is demonstrated for a

redu
tion of the relative 
ode length down to 6.25%, the performan
e penalty qui
kly

in
reases for smaller 
ode rates. This is 
aused by the large number of bits that need

to be pun
tured in these 
ases. The 
on
eptional similarity to the multi-rate s
heme

MuRiPEG opens up the possibility to 
ombine it with MuLiPEG to realize a single

LDPC 
ode with multi-rate and multi-length 
apabilities � a promising approa
h for

further future studies.

The se
ond presented multi-length approa
h o�ers even more �exibility regarding

the supported 
ode lengths but is restri
ted to the 
ase of quasi-
y
li
 (QC) LDPC


odes, whi
h are, however, widely used in pra
ti
al systems. Assuming a QC en
oder

and de
oder ar
hite
ture that is based only on the lifting matrix, a multi-length QC

LDPC 
ode 
an be realized by expanding this lifting matrix with several lifting fa
tors.

The novel method multi-length quasi-
y
li
 progressive edge-growth (MuLQPEG) 
on-

stru
ts a lifting matrix by jointly 
onsidering the performan
e of all expanded 
he
k

matri
es. This method yields a multi-length QC LDPC 
ode de�ned by a single lift-

ing matrix that supports several 
ode lengths. BER simulations for the range of 
ode

lengths from 140 to 32760 show that MuLQPEG does not 
ause a noti
eable perfor-

man
e degradation 
ompared to the 
ase of spe
i�
ally optimized 
odes at all 
ode

lengths. This remarkable a
hievement distinguishes MuLQPEG from two 
ompara-

ble approa
hes from literature and also from MuLiPEG, sin
e all of these exhibit an

expli
it performan
e loss. As a resulting design guideline for multi-length setups, QC

LDPC 
odes together with MuLQPEG should be the �rst 
hoi
e to enable extensive

�exibility.

Combination of Multi-Rate and Multi-Length LDPC Codes

Finally, the 
onstru
tion of a highly �exible multi-rate-and-multi-length QC LDPC


ode by 
ombining MuRiPEG and MuLQPEG 
on
ludes the presented 
ode design

methodology. No other method is 
urrently known that 
an simultaneously support

arbitrary ranges of 
ode rates and 
ode lengths with only a single mother 
ode. While

being the �rst method to a
tually o�er this 
onsiderable �exibility, in addition, the

presented algorithm 
losely approa
hes the performan
e of dedi
ated LDPC 
odes for

ea
h 
ombination of 
ode rate and length. In an exemplary simulation setup with


ode rates between 0.1 and 0.9 and 
ode lengths between 210 and 32760, a single

proposed 
ode is 
ompared to 63 dedi
ated LDPC 
odes. If averaging over all 
ode

rate and length 
ombinations, the total penalty of repla
ing these 63 
odes by a single

ode is only 0.076 dB and thus pra
ti
ally negligible.

Altogether, the 
ontributions presented in the �elds of multi-rate and multi-length

LDPC 
ode design establish a novel degree of �exibility. While most 
urrent systems

spe
ify multiple LDPC 
odes, wide ranges of 
ode rates and 
ode lengths 
an now

be 
overed by a single mother 
ode. With almost no penalty in error 
orre
tion

performan
e, the 
omplexity of en
oding and de
oding 
an be signi�
antly redu
ed to
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that of only the 
ommon mother LDPC 
ode. As a result, the provided LDPC 
oding

framework now meets the requirements of future mobile 
ommuni
ation systems.

Advan
ed De
oding Algorithms and Implementation Aspe
ts

Besides in
orporating more �exibility into LDPC 
ode design, also advan
es in the

�exibility of LDPC de
oding algorithms are a
hieved. Two novel 
lasses of de
oder

s
hedules for belief propagation (BP) de
oding are introdu
ed, that are suitable for

di�erent types of devi
es by meeting di�erent requirements in terms of residual error

rates, 
omputational 
omplexity, and 
onvergen
e speed.

The proposed probabilisti
 sequential de
oder s
hedules 
ombine the idea of su

es-

sively updating single nodes within ea
h iteration with a girth dependent updating

probability. For both binary and non-binary LDPC 
odes, they are shown to exhibit

similarly fast 
onvergen
e as previous sequential s
hedules. At the same time they

a
hieve lower residual error rates if a large number of iterations is 
ondu
ted. Sin
e

the additionally indu
ed 
omplexity is negligible, these s
hedules are equally suited

for low-
omplexity devi
es that 
an only exe
ute a small number of iterations and for

delay-insensitive appli
ations that target lowest possible error rates.

Moreover, two novel informed dynami
 s
heduling (IDS) strategies termed (lazy)

queue residual de
oding ((L)QRD) are proposed. They improve the 
on
ept of previ-

ous IDS methods by maintaining an adaptive list of messages that have a large impa
t

on de
oding 
onvergen
e, i.e., that have residuals greater than a �exibly adjustable

threshold. Thereby, the 
omplexity of sear
hing for messages to be updated is re-

du
ed by multiple orders of magnitude. At the same time, lower error rates and in

some 
ases even faster 
onvergen
e speed is a
hieved 
ompared to previous IDS and

also non-dynami
 strategies. Consequently, the proposed (L)QRD s
hedules are suit-

able for high-end devi
es that o�er high 
ompute 
apabilities and target extremely

fast 
onvergen
e (e.g., for low-delay purposes) and/or best possible error 
orre
tion

performan
e.

Finally, pra
ti
al implementation aspe
ts of non-binary BP de
oding are dis
ussed

and a generi
 implementation on a graphi
s pro
essing unit (GPU) is presented. Non-

binary LDPC 
odes over higher order Galois �elds are of spe
ial interest, as they

outperform binary LDPC 
odes espe
ially for moderate 
ode lengths and are, thus,

attra
tive 
andidates to improve the error 
orre
tion performan
e of low-delay appli-


ations. The presented massively parallelized de
oder ar
hite
ture is the �rst design

that is generally appli
able to arbitrary LDPC 
odes without any algorithmi
 approx-

imations of the BP algorithm. It a
hieves up to 148-fold speedup in the presented

simulation examples. As alternative to the 
onventional �ooding s
hedule, a paral-

lelized ar
hite
ture for the layered de
oding of non-binary QC LDPC 
odes with up

to 110-fold speedup is presented, whi
h is of parti
ular pra
ti
al relevan
e due to

many advantages in terms of hardware aspe
ts of both the layered s
hedule and also

QC LDPC 
odes.



A

Derivation of Maximum Average

Relative Code Length

In Se
tion 3.3 on pages 79 �., the s
enario of 
overing an arbitrary 
ode rate range r
min

to r
max

with a single mother 
ode of rate r (with r
min

≤ r ≤ r
max

) using information

shortening to a
hieve 
ode rates r
s

< r and parity pun
turing to a
hieve 
ode rates

r
p

> r is 
onsidered. In this 
ontext, it is stated that the maximum average relative


ode length is given by

n̄⋆
e�

(3.40)

=
log (1 + r

max

− r
min

)

r
max

− r
min

and that it is attained at the mother 
ode rate

r⋆
(3.41)

=
1

1 +
1−r

min

r
max

.

A proof of this statement is given in the following.

Under the assumption of equiprobable and densely spa
ed target 
ode rates between

r
min

and r
max

, and with E{·} denoting the expe
tation operator, the average relative


ode length n̄
e�

is given by

n̄
e�

= P(�shortening is used�)E{n
s

}+ P(�pun
turing is used�)E{n
p

}

=
r − r

min

r
max

− r
min

E{n
s

}+ r
max

− r

r
max

− r
min

E{n
p

}

=
r − r

min

r
max

− r
min

r∫

r
min

n
s

p(r
s

) dr
s

+
r
max

− r

r
max

− r
min

r
max∫

r

n
p

p(r
p

) dr
p
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=
r − r

min

r
max

− r
min

r∫

r
min

n
s

r − r
min

dr
s

+
r
max

− r

r
max

− r
min

r
max∫

r

n
p

r
max

− r
dr

p

=
1

r
max

− r
min

r∫

r
min

n
s

dr
s

+
1

r
max

− r
min

r
max∫

r

n
p

dr
p

=
1

r
max

− r
min




r∫

r
min

1− r

1− r
s

dr
s

+

r
max∫

r

r

r
p

dr
p




=
1

r
max

− r
min

(
(1− r) [− log(1− r

s

)]
r
r
min

+ r [log(r
p

)]
r
max

r

)

=
1

r
max

− r
min

(
(1− r) log

1− r
min

1− r
+ r log

r
max

r

)
. (A.1)

The �rst derivative of n̄
e�

with respe
t to r is 
omputed by:

dn̄
e�

dr
=

d

dr

(
1

r
max

− r
min

(
(1− r) log

1− r
min

1− r
+ r log

r
max

r

))

=
d

dr

(
(1− r) log(1− r

min

)− (1− r) log(1− r) + r log(r
max

)− r log(r)
)

= − log(1− r
min

) + 1 + log(1− r) + log(r
max

)− 1− log(r)

= log
1− r

r
− log

1− r
min

r
max

. (A.2)

Setting the �rst derivative of n̄
e�

to zero yields the optimal mother 
ode rate r⋆:

dn̄
e�

dr

!
= 0

⇔ log
1− r

r
− log

1− r
min

r
max

= 0

⇔ 1− r

r
=

1− r
min

r
max

⇔ (1− r)r
max

= (1− r
min

)r

⇔ r⋆ =
r
max

r
max

+ 1− r
min

⇔ r⋆ =
1

1 +
1−r

min

r
max

. (A.3)

Sin
e the se
ond derivative

d

2n̄
e�

dr2
=

d

dr

(
log

1− r

r
− log

1− r
min

r
max

)

=
−1

(r
max

− r
min

)(1− r)r
< 0, for 0 < r < 1 (A.4)
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is always less than zero, the extreme value is indeed a maximum. Inserting the optimal

mother 
ode rate r⋆ from (A.3) into n̄
e�

from (A.1) yields the maximum relative 
ode

length n̄⋆
e�

as

n̄⋆
e�

=
1

r
max

− r
min

(
(1− r⋆) log

1− r
min

1− r⋆
+ r⋆ log

r
max

r⋆

)

=
log (1 + r

max

− r
min

)

r
max

− r
min

. (A.5)
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