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Since the inception of information theory by Shannon in 1948, a vast amount of research has
been conducted concerning error correcting codes for communication over noisy channels.
Low-Density Parity-Check (LDPC) codes represent one important class of such channel codes
that are capable of closely approaching the fundamental capacity limits for sufficiently large
code lengths. This thesis especially accounts for the growing heterogeneity and the varying
requirements of future (mobile) communication systems by exploring flexible LDPC codes with
respect to their code rate, length, and decoding complexity.

As foundation, the traditional design process of LDPC codes is reviewed, which consists of
two disciplines:

- asymptotic analysis that predicts the average performance of a code ensemble and

- code construction that comprises finite length effects and actual error correction capabilities.

The following main results introduce a novel flexible design of multi-rate and multi-length
LDPC codes:

- multi-rate capabilities by joint consideration of information shortening and parity puncturing,
- multi-length LDPC codes by concurrent shortening and puncturing,

- multi-length quasi-cyclic (QC) LDPC codes by jointly optimized lifting matrix construction.

All proposed designs are based on a single mother code, enabling efficient hardware implemen-
tations that reduce the complexity compared to current state-of-the-art methods. Furthermore,
the results are combined into a multi-rate-and-multi-length LDPC code design that surpasses the
flexibility of previously known approaches.

Advances in terms of flexible decoding algorithms and their implementations are also investi-
gated to meet the demands of the growing variety of heterogeneous devices with different com-
putational capabilities and their manifold requirements in terms of error correction performance,
computational complexity, and convergence speed.
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Abstract

Since the inception of information theory by Shannon in 1948, a vast amount of re-
search has been conducted concerning error correcting codes for communication over
noisy channels. Low-Density Parity-Check (LDPC) codes represent one important
class of such channel codes that are capable of closely approaching the fundamental
capacity limits for sufficiently large code lengths. One observable trend in the conven-
tional design process is that the closer a code performs within the given theoretical
limits, the more specifically it needs to be tailored towards the exact considered trans-
mission setup. This process, however, does not account for the growing heterogeneity
and varying requirements of future (mobile) communication systems.

Facilitating this heterogeneity, an alternative design strategy is developed in this the-
sis that is not restricted to a single transmission scenario but instead enables a unified
design of highly flexible LDPC codes. As foundation, the traditional design process
of LDPC codes is reviewed, which consists of two disciplines: the asymptotic analysis
that predicts the average performance of a code ensemble and the actual construction
of a specific code comprising finite length effects that ultimately determine the code’s
error correction capabilities.

The main part of this thesis introduces and analyzes novel concepts for the design
of multi-rate LDPC codes and multi-length LDPC codes, denoting codes that are
based on a single mother code but are capable of achieving several code rates or
lengths, respectively. This design enables efficient transmission and reconstruction of
data at several channel qualities, delay requirements, and data rates, while reducing
the complexity compared to current state-of-the-art concepts to a large extent. To
achieve multi-rate capabilities, a novel joint consideration of the well-known informa-
tion shortening and parity puncturing techniques is introduced, including analysis and
optimization of both asymptotic ensemble performance as well as finite length effects.
Furthermore, two new concepts are introduced and evaluated to add multi-length
features into LDPC code design to further enhance flexibility: multi-length LDPC
codes by concurrent shortening and puncturing and multi-length quasi-cyclic (QC)
LDPC codes by jointly optimized lifting matriz construction. Both of these concepts
are shown to be directly compatible with the proposed multi-rate design, resulting in
combined multi-rate-and-multi-length LDPC codes that surpass the flexibility of all
previously known LDPC code designs.



Vi

Advances in terms of flexible decoding algorithms and their implementations are
presented to also meet the demands of the growing variety of heterogeneous devices
with different computational capabilities and their manifold requirements in terms
of error correction performance, computational complexity, and convergence speed.
Two novel decoder schedules are introduced that are motivated by these kinds of
flexibility requirements. Finally, the first fully generic non-binary LDPC decoder
implementation on a graphics processing unit (GPU) is presented, that is capable of
achieving high speedups without any algorithmic approximations.
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Notations, Symbols & Abbreviations

Notations

Vectors, Matrices, and Scalars

bold, italic lower case letters represent vectors

scalar vector elements are denoted by italic lower case letters
bold, italic upper case letters represent vectors

bold upper case letters represent matrices

bold, italic upper case letters represent column vectors of a matrix
bold, italic upper case letters represent row vectors of a matrix
italic upper case letters represent scalar matrix or vector elements
concatenation of two vectors

concatenation of two matrices

the submatrix consisting of columns ¢ to j of H

Sets and Intervals

calligraphic upper case letters represent sets
discrete set of all values between z and y
continuous interval of all values between x and y including = and y

x,y) continuous interval of all values between x and y excluding x and y
Probabilities

P(z =0) discrete probability of x =0

p(z) continuous probability density function

L(y) log-likelihood ratio of y

expected value of random variable X
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Notations, Symbols & Abbreviations

Miscellaneous Mathematical Functions and Operators

ker
rank
min
max
arg min

arg max

)®(j—1)
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~—

kernel of a matrix

rank of a matrix

minimum of a set

maximum of a set

the argument at which a minimum is achieved
the argument at which a maximum is achieved
number of non-zero elements of a vector
number of non-zero elements of a matrix
cardinality of a set

the magnitude of a scalar

the Fuclidean norm of a vector

hyperbolic tangent

inverse hyperbolic tangent

exponential function of x

logarithm to the base e

logarithm to the base 2

logarithm to the base 10

yields exponent i of a Galois field element in exponential representation
Dirac delta function

phi function from [CRUO1]

inverse phi function from [CRUO1]

auxiliary function in density evolution

modulo operation

the boxplus operator

a sum using the boxplus operation

exclusion from a set, e.g., {1,2,3}\ {2} = {1,3}
convolution

(j — 1)-fold convolution of =

approximately equal to

not less than

goes to

union of two sets

union of multiple sets

for all

exists

element of

not an element of

complexity class in big O notation
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P—l

Gaussian distribution with mean p and variance o2

binomial coefficient

conversion of the value x to the dB scale
quantized value of x

largest integer less than or equal to x
smallest integer greater than or equal to x
integer value closest to x (fair rounding)
transform of pdf to logarithmic domain from [RSUO1]
inverse transform of pdf from [RSUO1]
Fast Fourier Transform

inverse Fast Fourier Transform

a permuted version of vector x

an estimated version of vector x

the transpose of a matrix

the inverse of a matrix

List of Principal Symbols

Latin Symbols

Cm,n
(2)
Cm,n
current
Cm,n
Cupdated
m,n

c()

QL N
a

¢l

lifting matrix of a quasi-cyclic LDPC code

permuted lifting matrix A

minimum ACE of all shortest cycles passing through the current variable
node and check node m during PEG processing, assuming an edge was
placed between them

minimum ACE of all shortest cycles passing through the current variable
node n and check node m during PEG processing, assuming an edge was
placed between them in the check matrix expanded by lifting factor Z;
number of quantization bits

basis vector of a code

convergence parameter of Simulated Annealing
counter for punctured nodes during PEG processing
check-to-variable message

check-to-variable message in i-th iteration

current value of a check-to-variable message

value of a check-to-variable message after a check node update
cost function of optimization problem

set of check nodes in a Tanner graph

a set of code words, i.e., a code

maximum check node degree (= row weight of the check matrix)
average check node degree (= row weight of the check matrix)



XIV Notations, Symbols & Abbreviations
d. sequence of check node degrees (= row weights)

dem degree of check node m (= weight of row m of the check matrix)

dy maximum variable node degree (= column weight of the check matrix)
dy average variable node degree (= column weight of the check matrix)
d, sequence of variable node degrees (= column weights)

dy p degree of variable node n (= weight of column n of the check matrix)
diC rate-compatible degree sequence

df}g degree of n variable node in rate-compatible degree sequence

D maftrix containing pairwise distance of all variable nodes

D; ; distance between variable nodes ¢ and j

e(k) probability of a variable-to-check message to be zero due to puncturing
E number of edges in a Tanner graph

Elrs] number of edges in a shortened Tanner graph

& set of edges in a Tanner graph

Ey energy spent per information symbol by the transmitter

FEq energy spent per modulation symbol by the transmitter

femso(®) function that computes check-to-variable messages

foe(®) function that computes variable-to-check messages

Fo the finite field with 2 elements, i.e., the binary values {0, 1}

F, the finite field (also Galois field) with ¢ elements

IE';IL the finite field F, with the zero element excluded

g gap of approximately triangulated check matrix

g the girth, i.e., the shortest cycle in a Tanner graph

g vector with local girths of all variable nodes

gz minimum cycle occurring within information nodes

Jmax maximum local girth of all variable nodes

In local girth of variable node n

G generator matrix

Gisgl submatrix consisting of columns 7 to j of the generator matrix

g Tanner graph

H (parity) check matrix

H a permuted check matrix

H *T " a single column of the check matrix

H,, . a single row of the check matrix

Hj submatrix consisting of columns ¢ to j of the check matrix

H(“ check matrix of a quasi-cyclic LDPC code

" optimal index in Maximum Distance optimization

z set of information nodes in a Tanner graph

Iovg average number of executed decoding iterations

Iog equivalent number of decoding iterations

Tnax maximum number of decoding iterations

Ix identity matrix of dimension K x K

I identity matrix cyclically shifted to the right by one position
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I;! square all zero matrix

I?m""/ identity matrix cyclically shifted to the right by A,, ., position

k average recoverability level of punctured nodes

ks relative shortened information word length

K number of information bits per binary code word

Ky number of shortened bits

K shortened information word length

K, number of information symbols per non-binary code word

KACE set of check node candidates with maximum ACE value during PEG
processing

Kgirth set of check node candidates that maximize girth during PEG processing

Kweight set of check node candidates of minimum degree during PEG processing

Klzil set of all check node candidates for lifting factor Z; during PEG process-
ing

ngzlfgh set of check node candidates that maximize girth for lifting factor Z;

during PEG processing

ICEVZeiiLht set of check node candidates of minimum degree for lifting factor Z;
during PEG processing

l length of path or cycle in a Tanner graph

L vector containing conditional log-likelihood ratios of channel output

L, n-th element of vector with channel output log-likelihood ratios

L, g-dimensional conditional LLR vector of n-th non-binary channel output

L[ff ] element of L, corresponding to Galois field element a

L(y|z) vector containing conditional log-likelihood ratios of channel output

L(vn|2n) conditional log-likelihood ratios of one channel output value

L(y|z) vector containing conditional log-likelihood ratios of channel output in-
cluding values for dummy bits

L(yP"|2) vector containing conditional log-likelihood ratios of channel output

% (y|z) vector containing g-dimensional conditional LLR vectors of channel out-

ut

If(yn]z(n_l)p:f, ..., Znp) g-dimensional conditional LLR vector of channel output

mp relative punctured parity word length

M number of parity bits per binary code word

M’ height of the lifting matrix of a quasi-cyclic LDPC code

Mgy number of punctured bits

Mg ; number of punctured variable nodes of degree i

M, number of extended bits

M, punctured parity word length

M, number of parity symbols per non-binary code word

M, height of non-binary quasi-cyclic lifting matrix

M(n) set of check nodes directly connected to variable node n

M (m) set of check nodes reachable from node m by a path of exact length [

n vector containing channel noise samples
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n* optimal index in Breaking Cycles optimization

Neff effective relative code length after shortening and/or puncturing

Neft average effective relative code length of a multi-rate code

Mg maximum average effective relative code length

Ny relative reduced code length by concurrent shortening and puncturing

Np relative punctured code word length

Ng relative shortened code length

N length of a binary code word

N’ width of the lifting matrix of a quasi-cyclic LDPC code

N average code length

Ny power spectral density of the AWGN channel

No code length after extension

N; number of variable nodes of degree i

Ny reduced code length by concurrent shortening and puncturing

Ny punctured code word length

Ny shortened code word length

Ns.i number of variable nodes of degree i after shortening

N, length of a non-binary code word

N, width of non-binary quasi-cyclic lifting matrix

N(m) set of variable nodes directly connected to check node m

N(n) set of variable nodes reachable from node n by a path of exact length [

N the natural numbers including zero

N+ the natural numbers excluding zero

P the number of bits per Galois field symbol, g = 27

P vector containing one parity word

|7 a permuted parity word

P boolean puncturing vector containing ones for punctured positions and
zeros otherwise

P; i-th entry in boolean puncturing vector p

p permuted boolean puncturing vector

P i-th entry in permuted boolean puncturing vector p

P permutation matrix

P, permutation of LLR vector corresponding multiplication with Galois
field element a

P! inverse permutation of LLR vector

P. a column permutation matrix

P, a row permutation matrix

Prc rate-compatible permutation matrix

P set of parity nodes in a Tanner graph

Pgﬁ}ror decoding error probability in k-th iteration

P([;lférror probability of check-to-variable message to be in error in k-th iteration

PLLg} updating probability of variable node n in probabilistic decoder sched-

ules
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P1rem0ved

PAWGN,LLR

pi¥

k
PL;O(:U)

k
Pf[:lléo(x)
piY

k
Prb ()

k
P[v,};éo(x)

k
P[v|};réo(35)

Pawaen,Lir

probability of an edge being removed by shortening
pmf of quantized channel log-likelihood ratios

pmf of quantized check-to-variable messages in k-th iteration

pmf of quantized outgoing messages of degree-j check nodes in k-th
iteration

joint pmf of check-to-variable messages that are zero in k-th iteration
due to puncturing

joint pmf of check-to-variable messages that are non-zero in k-th itera-
tion

conditional pmf of check-to-variable messages that are non-zero in k-th
iteration

pmf of quantized variable-to-check messages in k-th iteration

pmf of variable-to-check messages that are zero in k-th iteration due to
puncturing

joint pmf of variable-to-check messages that are non-zero in k-th itera-
tion

conditional pmf of variable-to-check messages that are non-zero in k-th
iteration

pdf of channel log-likelihood ratios

pdf of check-to-variable messages in k-th iteration
pdf of outgoing messages of degree-j check nodes in k-th iteration
pdf of variable-to-check messages in k-th iteration

pdf of outgoing messages of degree-i variable nodes in k-th iteration
the number of Galois field elements, ¢ = 27

minimum channel quality at which error-free decoding is possible with
code rate r, also referred to channel capacity limit

message queue for (L)QRD schedules

non-binary a posteriori LLR vector

element of R,, ,, corresponding to Galois field element a

non-binary variable-to-check message containing conditional LLR vector
permuted non-binary variable-to-check message containing conditional
LLR vector

code rate

mother code rate at which maximum average relative code length 7% is
achieved

code rate after extension

k-th code rate of a multi-rate code

minimum code rate of multi-rate code

maximum code rate of multi-rate code

mother code rate

punctured code rate

virtual punctured code rate of concurrent shortening and puncturing
shortened code rate
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Ts.0 virtual shortened code rate of concurrent shortening and puncturing

Ttarget target code rate

() residual of a message

Umax maximum residual of all messages

Cthresh adaptive threshold for residuals to be added to message queue

R(z) check node degree distribution in node perspective

R; coefficient of check node degree distribution in node perspective

R/ (x) derivative with respect to z of R(x)

Rls] () shortened check node degree distribution in node perspective

RBTS coefficient of shortened check node degree distribution in node
perspective

R, , non-binary check-to-variable message containing conditional LLR vector

-ﬁm,n permuted non-binary check-to-variable message

s auxiliary variable in Gaussian approximated density evolution

S ordered vector with dummy bit positions

s4l(m) shift value in lifting matrix with lifting factor Z corresponding to con-
nection of first variable node within a group to check node m in the
check matrix

t1] auxiliary variable in Gaussian approximated density evolution

T temperature (convergence parameter) of Simulated Annealing process

T modulation symbol duration

T, set of nodes reachable from node n by a path up to length [

T auxiliary message vectors in layered non-binary BP decoding

fmm permuted auxiliary message vectors in layered non-binary BP decoding

U total number of message updates

Uaveg average number of executed message updates

Un.,m variable-to-check message

vq(f)m variable-to-check message in i-th iteration

V set of variable nodes in a Tanner graph

V;i)tive set of active variable nodes within a decoding iteration

Va set of variable nodes that are shortened from a Tanner graph

W weight representing importance of the k-th code rate of a multi-rate code

T vector containing one information word

T vector containing estimated information word

T a permuted information word or an information word containing dummy

) bits

T vector containing estimated information word including dummy bits

xPin vector containing one binary information word

abin vector containing estimated binary information word

Az width of quantization intervals

QLS

vector containing one code word
vector containing estimated code word
a permuted code word or a code word containing dummy bits
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vector containing one binary code word

vector containing estimated binary code word

vector containing noisy channel output samples

lifting factor of a quasi-cyclic LDPC code

minimum lifting factor of a multi-length quasi-cyclic LDPC code
maximum lifting factor of a multi-length quasi-cyclic LDPC code

Greek Symbols

the primitive element of a finite field

adaptive factor controlling the threshold tin.esn for residuals to be added
to message queue

number of all cycles of length incident to information nodes (counted
node-wise)

cycle histogram of a Tanner graph

local cycle histogram of variable node n

number of cycles of length [ running through variable node n
normalization term used in non-binary belief propagation

gap of ensemble threshold to the capacity limit

gap of ensemble threshold to capacity limit at k-th code rate of a multi-
rate code

gap to capacity limit of a dedicated code

gap of channel quality at which target BER is reached to capacity limit

gap to capacity limit at BER 10~
gap to capacity limit at FER 1072

[107%]
gap of 7,
mean gap of ensemble thresholds to capacity limit

mean gap to capacity limit of a multi-length code

to capacity limit

mean gap to capacity limit of a multi-length-by-multi-rate code

mean gap to capacity limit for mother code rate r,
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Introduction

The main driver in the development of the 3rd and 4th generations of mobile cellular
networks (3G and 4G) was — and still is — the exponentially increasing traffic volume
that needs to be delivered to the rapidly increasing number of mobile users. This
trend of exponential traffic growth will further continue and more densely populated
smaller cells have to provide increased peak data rates. At the same time, the cover-
age should be improved also for users that are quickly moving or located at the cell
edges. Besides the traffic growth various additional challenges are predicted to domi-
nate the evolution of the next mobile network generation 5G [Eril3, CFH14|. One key
challenge is the expanding heterogeneity in many aspects of future communication
systems. Not only will there be more and more devices, but also the types of devices
will diversify. While smart phones, tablets, and laptop computers become more pow-
erful, the vision of the Internet of Things and a strong increase in Machine to Machine
communication will accommodate a variety of new devices serving new applications.
This evolution of the mobile networks comes with characteristics and requirements
that differ from the current human-centric design. Safety-related applications, e.g.,
in traffic control, electrical grid management, or industrial production, might require
guaranteed latencies of only a few milliseconds. Low-cost battery-powered sensor
networks, in contrast, are less latency dependent but need to transmit very small
amounts of data with very little energy consumption.

A central component of each communication system is its forward error correction
(FEC) functionality. The inherent noise that is present on every transmission channel
requires protection by channel codes to enable reliable communication. Since Shan-
non’s fundamental information theoretic results [Sha48] on the maximum achievable
transmission rate for communication over noisy channels, decades of research on chan-
nel coding schemes have passed. A major breakthrough on the way to the capacity
limits was marked by the advent of iterative decoding techniques in the 90s. The inven-
tion of Turbo codes [BGT93| and shortly thereafter the rediscovered of Low-Density
Parity-Check (LDPC) codes [Gal62, Gal63, MN95, Mac99| have established the first
practically decodable channel codes to achieve performance within fractions of a deci-
bel (dB) of the theoretical limits for sufficiently large code lengths [tB00, CFRUO1].
The iterative exchange of so called extrinsic soft information enables superior error
correction performance, even though these iterative decoders are often not optimal
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in a maximum-likelihood (ML) sense. The superior performance together with the
linear decoding complexity (in the code length) are the key features that have lead
to the success of iterative channel decoding.

Conventional FEC code designs do not account for the described heterogeneity but
focus on the optimization of codes with a fixed code rate determined by a worst-
case channel condition at which the system should still be able to operate. The
key drawback of this design approach is that the system is not able to benefit from
channel qualities better than the one it was designed for. However, such systems
typically need to be operated well above the worst-case channel condition to avoid
outages due to the probabilistic variations in the channel quality over time. As a
result, most of the time the channel code rate is lower than necessary, resulting in a
waste of resources and a decreased throughput of user data. For a more efficient use
of the available resources, it is indispensable for FEC schemes to support multiple
channel code rates providing more flexibility to adapt to different channel conditions.
Furthermore, it is advantageous to operate at multiple code lengths. In principle,
long codes are desirable as they can achieve better error correction performance than
shorter codes. At the same time, however, the length of a code implicates a certain
algorithmic delay caused by the block-wise processing of code words. For applications
with delay constraints — and especially for those with low transmission data rates —
it can, thus, be necessary to restrict the code length to a certain maximum value.

In current LDPC code based standards like IEEE 802.16 (WiMAX [IEE09a]), IEEE
802.11 (WLAN [IEE09b]), or different Digital Video Broadcast (DVB) standards
(DVB-T2 [Eur09b], DVB-S2 [Eur09al), separate codes are specified for the supported
code rates and lengths (with up to 22 codes in DVB-S2). While each of these codes
was optimized with respect to its specific code rate and length, transmitters and re-
ceivers have to support all specified codes, which hinders an efficient implementation
and leads to an increased hardware complexity.

This thesis introduces new design methods for LDPC codes that rely only on a single
encoder and decoder implementation and still account for the flexibility requirements
of heterogeneous transmission systems. Several original contributions towards multi-
rate and multi-length LDPC codes with new dimensions of flexibility in terms of code
rate and length are presented. Additionally, advances in terms of decoding algorithms
that are adjustable to different requirements, e.g., low residual error rates, low com-
plexity, or fast convergence, and their implementation are presented to account for
devices with different hardware capabilities.

Structure and Contributions of the Thesis

In Chapter 2, a foundation for the subsequent contributions is laid, by introducing
the considered transmission system model and reviewing the basic definitions and
properties of LDPC codes. The typical two-step process of designing LDPC codes
is presented. The first step consists of the optimization of the code ensemble perfor-
mance, which is facilitated by tools like density evolution (DE) [RUO1b] or extrinsic
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information transfer (EXIT) charts [tBO1]. In this context, a novel ensemble opti-
mization technique is introduced that combines density evolution with a Simulated
Annealing (SA) [KGJV83] approach and is particularly suitable for the multi-rate
optimization presented further below. In the second step of the LDPC code design
process, a specific code instance is chosen from an ensemble by constructing an ac-
tual parity check matriz with desirable properties, i.e., so-called finite length effects.
At last, the basic concepts of the practically relevant cases quasi-cyclic (QC) LDPC
codes and non-binary (NB) LDPC codes are covered.

Chapter 3 includes the main contributions towards a new design of multi-rate LDPC
codes. These codes are based on a single so-called mother code but are capable of
achieving several code rates, and thus enable an efficient reconstruction of data for
several transmission channel qualities. They are attractive candidates to improve
currently specified standards by replacing the multiple dedicated LDPC codes with
a single multi-rate code. This way, more specifically optimized hardware implemen-
tations can be employed, as they can be tailored towards a single LDPC code, rather
than having to encode and decode several different codes. While various known meth-
ods exist to adapt the code rate of LDPC codes, all of them are either restricted to
specially structured LDPC codes or can only support good error correction perfor-
mance for limited ranges of code rates.

Striving for an improved and more generic multi-rate design method, the well known
information shortening and parity puncturing techniques are revisited, where infor-
mation shortening decreases and parity puncturing increases the code rate of a given
mother code. The contributions include a detailed asymptotic analysis and optimiza-
tion of both methods. Furthermore, two novel finite length shortening schemes and
a novel puncturing scheme that allows puncturing to arbitrarily high code rates are
introduced. Extending the fundamental ideas of [TJ05], a novel joint ensemble opti-
mization of shortening and puncturing leads to multi-rate LDPC codes that achieve
arbitrary code rate ranges between 0 and 1. In addition to these asymptotic results,
the optimized check matrix construction method multi-rate improved progressive edge-
growth (MuRiPEG) is introduced. Together with the asymptotic optimization results,
this method is shown to offer a novel degree of flexibility in terms of the supported
code rate range and at the same time to outperform previously known multi-rate
LDPC code construction methods.

In Chapter 4 novel design methods for multi-length LDPC codes are presented. As a
subclass of linear block codes, LDPC codes have an inherently fixed code length that
needs to be chosen at the time of code construction. Yet, the code length entails a
trade-off between potentially capacity approaching performance at large code lengths
and low delay features at small code lengths. To still offer flexibility at operation
time, two methods for the construction of multi-length LDPC codes are illustrated
that are only based on a single encoder and decoder for the mother code.

The first presented method introduces and analyzes the concept of code length reduc-
tion by concurrent shortening and puncturing. This approach combines two techniques
that are originally intended for code rate adaptation to reduce the code length of a
mother LDPC code while keeping its code rate constant. Again, asymptotic analysis
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and optimization techniques are presented. The proposed check matrix construction
method multi-length improved progressive edge-growth (MuLiPEG) is shown to be
suitable to flexibly reduce the code length by up to one order of magnitude

The second method offers even more flexibility regarding the supported code lengths
but is restricted to the practically relevant case of QC LDPC codes. A joint opti-
mization of the QC LDPC code’s lifting matriz for expansion to parity check ma-
trices of several sizes is proposed by multi-length quasi-cyclic progressive edge-growth
(MuLQPEG). The resulting multi-length QC LDPC code supports code length ranges
spanning more than two orders of magnitude. At the same time, it offers error correc-
tion performance that is nearly identical to that of separately optimized codes. This
approach is further combined with the multi-rate functionality, yielding multi-rate-
and-multi-length QC LDPC codes with flexibility surpassing all previous approaches
and exceptional error correction performance.

Chapter 5 presents advances in terms of decoding algorithms by introducing novel
decoder schedules for belief propagation (BP) decoding. Due to the growing variety of
devices with different computational capabilities that participate in mobile networks,
decoding algorithms that are flexibly adjustable to different requirements, e.g., low
residual error rates, low complexity, or fast convergence, are of special interest. The
first presented probabilistic sequential decoder schedule combines fast convergence of
iterative decoding with improved error correction performance while inducing only
negligible additional complexity. The second contribution introduces (lazy) queue
residual decoding ((I)QRD) as a generalization of recently developed informed dy-
namic scheduling (IDS) techniques [CGW10]. While these IDS strategies generally
inflict a significant amount of additional complexity compared to the conventional
BP decoder, they achieve much faster convergence in return. The proposed (L)QRD
schemes reduce the computational overhead of previous IDS strategies to a great ex-
tent. At the same time they maintain the fast convergence properties and are even
capable of achieving lower residual error rates.

Finally, in Chapter 6 a fully generic non-binary BP decoder implementation on a
graphics processing unit (GPU) is presented. While close-to-capacity error correction
performance is possible with long binary LDPC codes, especially for moderate code
lengths the performance can be further improved by non-binary (NB) LDPC codes
over higher order Galois fields [DM98a]. This performance gain increases with larger
Galois field orders but comes at the cost of a rapidly growing decoding complexity. To
speed up the decoding process, the proposed decoder architecture exploits novel ways
of massive parallelization without any algorithmic approximations or requirements
regarding the code structure. It is the first decoding architecture that generally ap-
plies to arbitrary NB LDPC codes and achieves large speedup values while providing
exact BP performance.

Parts of the results of this thesis have been pre-published in the following references:
[Beel0, BSV11, BV11, BBVI11, BV13, BMSV13, BVi4, BWV14, BMSV15]. These
references are marked by an underlined label throughout the thesis.




Low-Density Parity-Check Codes

This chapter describes the transmission system that is considered throughout this the-
sis and provides an overview of Low-Density Parity-Check (LDPC) codes, including
encoding, decoding, typical performance measures, and some code design methods.

2.1 Low-Density Parity-Check Codes

This thesis focuses on the generic design of flexible LDPC codes for the protection
against transmission errors of arbitrary binary data content, transmitted over a noisy
Additive White Gaussian Noise (AWGN) channel, also denoted BIAWGN channel in
case of binary input values. Real wireless transmission channels exhibit additional
detrimental effects which need to be taken care of by channel estimation, equalization,
and demodulation which, however, are not in the focus of this thesis. Nevertheless,
conducting these operations prior to channel decoding leads to an equivalent channel
that can be accurately modeled as BIAWGN channel with a constant noise power per
transmitted block of data. How exactly this noise power changes over time depends
on the exact considered transmission channel but is not of interest in this thesis, since
the design of flexible LDPC codes for different scenarios is dealt with but not any
control schedules to decide which code configuration to use at any given moment.

The considered baseband transmission system model, which is depicted in Figure 2.1,
takes information words & = (z1,...,xx) containing K independent and identically
distributed (i.i.d.) bits! with equiprobable values 0 and 1 as input. These information
words x are mapped to code words y = (y1,...,yn) of length N by an LDPC encoder
(Section 2.4) of code rate

= (2.1)

11t should be noted that throughout this thesis, the transmitted data is always in binary rep-
resentation independent of what kind of LDPC code is used. In case of non-binary LDPC coding
over Fg, before encoding and decoding p = logg g binary values are mapped to one g-ary symbol,
and likewise after encoding and decoding each g-ary symbol is mapped back to p values in binary
representation (see Section 2.10).
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Figure 2.1: Baseband transmission system considered throughout this thesis with
LDPC coding, BPSK modulation, and AWGN channel.

Each code bit is mapped to a Binary Phase Shift Keying (BPSK) symbol (0 — +1
and 1 — —1). Since no cases of joint channel coding and modulation are explored in
this thesis, it suffices to consider only BPSK modulation as no additional insights for
the channel code can be expected by using higher order modulation constellations.
The resulting signal has constant power 1, yielding the constant transmission energy
per modulation symbol of F; = 1 (per normalized symbol duration 7y = 1). The
code words in this bipolar representation are subject to an additive noise vector n
containing N random i.i.d. noise values with Gaussian distribution of zero mean and
variance

5 No 1

0, = ——

"~ 2 T 2E,/N,

(2.2)

(as E5 = 1 is assumed), where ﬁ—; denotes the channel signal-to-noise ratio (SNR) and
is commonly used to specify the channel quality. In some cases, the alternative channel
quality % is used for a fair comparison, with E}, = % denoting the average energy
spent per information bit by the transmitter?, whereby the effect of reducing the
throughput by reducing the code rate is taken into account. At the receiver, matched

filtering and inter symbol interference free sampling is assumed. Soft demodulation
is then realized by multiplying the received noisy samples z with 4]’\9,—;, yielding the

vector of (conditional) channel log-likelihood ratios (LLRs) [HOP96|

L(y|z) = (L(y1]21), ..., L(yn|2N))
= (10 M 1o P(yn :OlzN)>

Pyp = 1|z1)" 7 gP(yNZUZN)
FE FE
=[4—z,....4— = (Lqy,...,.Lny) =L 2.3
( Nozla y NOzN> ( 1, y N) ) ( )

where equiprobable values of the code bits P(y,, = 0) = P(y,, = 1) = 0.5 are assumed.
In the following, this vector L will be referred to as the vector of channel LLRs L,,.
Finally, a soft decision LDPC decoder (Section 2.5) is fed with these channel LLRs

to produce an estimate @ of the originally sent information word x.

2Since only additive noise but no attenuation of the transmitted symbols is modeled here, the
average energy spent per information bit by the transmitter is equal to the average energy that is
available per information bit at the receiver.
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The remaining sections of this chapter give an introduction to LDPC codes and their
application to the considered transmission system, including some renowned state-
of-the-art methods for encoding, decoding, and code design. While the described
scenario is in principle well-investigated, superior performance is usually only achieved
for a fixed setup, including a dedicated code designed with fixed input block length
K, a fixed code rate r, and a fixed channel quality ﬁ—g. In Chapters 3 and 4 several
methods are developed to overcome these restrictions by introducing multi-rate code
design, multi-length code design, and combinations thereof.

2.2 Basic Definitions

For ease of notation, most definitions will be given specifically for binary LDPC codes.
However, in most cases the same definitions also hold for non-binary LDPC codes if
the finite field Fy = {0, 1} is replaced by the finite field F, = {0, 1,a,..., aq_2}. It
will be mentioned whenever restrictions to only the binary case apply. Furthermore,
all required modifications for non-binary LDPC codes will be summarized in Sec-
tion 2.10.

Linear Block Codes

For K, N € N* and® K < N, a binary linear (IV, K) block code over the finite field F
has the code rate r = %, where K is denoted the information (word) length and N is
denoted the code (word) length. The code is defined by a K-dimensional linear sub-
space of the vector space FY. This subspace constitutes the set € of valid code words
which contains 2 distinct row vectors y = (y1,...,yn) € FY of length N (including
the all-zero vector (0,...,0)). A corresponding encoder function realizes a bijective
mapping of the set of all 2% possible information words x = (x1,...,xx) € FX of
length K to the set € of code words. Since the code subspace is K-dimensional, this
mapping can be described by means of K linearly independent vectors by, ...,bx of
C forming a basis of the subspace. Arranging these K basis vectors of length N as
rows of a matrix results in the generator matrix

b, Gin -+ Gin
G=|:|= S ; € FExN, (2.4)
bx Gk1 -+ GgrnN

The mapping of an information word « to a code word y is then given by

y=x- G, (2.5)

3The notation (-)* = (-) \ 0 denotes the exclusion of the zero element from a set. Accordingly,
NT =N\0 = {1,2,3,...} denotes the set of all positive integers and IE";IF =Fg\0={1,qa,...,a972}
denotes all non-zero elements of Fg.
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and the set C of code words y is given by the row space of G:
c={yeFY:y=z -G, z€F{}. (2.6)

In general, for one code €, different generator matrices exist, since different bases
of € can be found. Slightly abusing this definition, throughout this thesis, a code is
referred to as a concrete, fixed mapping, and is thus described by a unique generator
matrix. Most commonly this unique description is chosen as the systematic form of
a generator matrix

1 0 -+ 0 Gigy1 - Gin
01 --- 0 Gg2rxs1 - GanN
G = (Ix, Ggi158)) = S : . : ; (2.7)
00 -~ 1 Grgs1 - Grn
;[; G[K—I—)N}

where Ix denotes the K x K identity matrix and Gy;_,; denotes the submatrix
consisting of columns ¢ to j of G. In this form a code word contains the information
word  in the first K positions and the parity word p = (p1,...,py) with M = N—K
in positions K + 1 to N:

Yy = (yl:---:yK:yK—l—la---;yN) = (331,...,£L'K,p1,...,pM) = (:c,p) (28)

The so-called parity-check matriz (for short check matriz) is denoted

H, . Hyy --- Hin
H=(H],,....H]\) = ; = ; : e TN (2.9)
Hy; Hyp -+ Hyn
where H*Tn = (Hip,.- .,HMm)T denotes the n-th column vector of H, while the

m-th row vector of H is denoted H,, . = (Hmn1,...,Hmn n). The check matrix of
a code with generator matrix G is defined as any full rank matrix from Iﬁ‘éw *Nfor
which

G-H =0 (2.10)

holds. Since for a given matrix G there are N M unknown entries in H but only K M
equations in (2.10), the system is under-determined with potentially NM — K M = M?

degrees of freedom, and up to 2(M ?) different solutions may exist. For each code word
Yy Hir,* = 2521 ynHl,n =0

y-H =0 & ; (2.11)
yH]T/[,* :Zivzl ynHM,n =0

holds, where y - HL* = 0 is called the m-th (parity-)check equation. The set of code
words is thus given by the kernel of the check matrix

C=ker(H)={yecF) :y -H =0}. (2.12)
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Low-Density Parity-Check Codes

A Low-Density Parity-Check code is a linear block code with a sparse check matrix H,
i.e., the number of non-zero elements is much smaller than the number of zero elements
in H, or equivalently, the density o = % is close to zero. The operator |-| denotes the
number of non-zero entries if the argument is a vector or a matrix, and the cardinality
(i.e., the number of elements) if the argument is a set. This low density of the check
matrix is in fact the key innovation of LDPC codes, as it enables low complexity
iterative decoding (cf. Section 2.5). To ensure this important sparseness property,
LDPC codes are designed solely based on their check matrix. The fact that finding the
sparsest check matrix for a given generator matrix is an NP-complete problem [Moo05]
renders any generator matrix based approach practically infeasible. Even though
multiple check matrices might define the same set of code words, in this thesis each
check matrix is referred to as specifying a unique LDPC code. The reason for this
is that iterative decoders which are based on a check matrix description potentially
produce different results for different check matrices, even though these define the
same code € according to (2.12). Furthermore, only the systematic representation of

LDPC codes with code word structure according to (2.8) is considered.

As mentioned earlier, the check matrix H is commonly assumed to have full rank
rank(H) = M. For matrices with a rank defect, a smaller full rank matrix of dimen-
sion rank(H) x N can be constructed by removing M — rank(H) linearly dependent
rows, which then defines an (N, N — rank(H)) LDPC code of increased code rate
r= N_%nk(ﬂ) Although some LDPC code construction methods explicitly use check
matrices with rank defect, only full rank check matrices are considered throughout

this thesis unless stated otherwise.

The sparsity of the check matrix can be exploited to efficiently store its entries using
one short list of indices per row (or column, respectively). The set

N(m)={n: Hy,, # 0} (2.13)

contains the indices of all columns that have a non-zero entry in row m, i.e., the posi-
tions of all code word symbols that participate in the m-th check equation. Likewise,

M(n) = {m: Hpp # 0} (2.14)

contains the indices of all rows with a non-zero entry in column n, i.e., the indices
of all check equations in which the n-th code word symbol participates. This way
the memory requirement is reduced from O(N?) memory units*, which are needed to
store a general (dense) matrix, to only O(N). For non-binary codes, i.e., for ¢ > 2,
in addition to the position also the value of each non-zero element has to be stored
in a similar fashion, which is, however, still possible with O(/N) memory locations.

4The big O notation O(-) is used throughout this thesis to classify the complexity of algorithms
both in terms of runtime and memory requirements.
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Regular and Irregular LDPC Code Ensembles

When originally proposed in [Gal62], only the class of regular (d,,d.) LDPC codes
was considered, in which all columns of the check matrix H have the same (Hamming)
weight (i.e., number of non-zero entries)

|H. 1| = =|H.n|=dy, (2.15)
and also all rows have equal weight

‘Hl,*

= = |Hy| = do. (2.16)

A regular (dy,d.) LDPC code (with a full rank check matrix) has the code rate
r=1-2= (2.17)

which directly follows from the fact that the total number of non-zero entries |H]
must be the same when counted column-wise or row-wise:

N M
H| =) |H.,|= ) |H,y. (2.18)
n=1 m=1
== Nd, = Md.
- & _N-M _
d. = N =r.

The class of irreqgular LDPC codes was introduced much later in [LMSS98a, LMSS98b,
LMSS01] and allows an arbitrary weight |H, ,| = d,, for each column n and an
arbitrary weight |H,, .| = dc., for each row m. The weights of all columns and all
rows are given by the degree sequences

dv = (dv,la---adv,N) and dc = (dc,la---adc,M)- (219)

The distribution of different column and row weights is described by a degree distri-
bution pair in the following polynomial notation either in edge perspective

dv dC
AMz) = Z Nzt and  p(x) = Z pjxd 1 (2.20)
i=2 j=2
or in node perspective
dy . de |
Alx) = ZAim’ and R(z) = Z Rjx’. (2.21)
i=2 =2

Here, d, is the maximum column weight and d. is the maximum row weight. The
coefficients \; and p; of the edge perspective describe the proportion of non-zero
entries found in columns of weight ¢ and in rows of weight j, respectively. The
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coefficients A; and R; of the node perspective correspond to the proportion of columns
of weight i and rows of weight j, respectively. Thus, A(z) and A(x) are also called
column degree distribution while p(x) and R(zx) are called row degree distribution. A
valid degree distribution has coefficients between zero and one and A(1) = R(1) =
A(1) = p(1) =1 holds. Node and edge perspective are related by

_ mA@) N . 4R@) R(x)
A(a:)—d%‘j\(x)} =N and p(x)—%‘;%(x)} =R (2.22)

The connection between the code rate and the degree distribution pair is given by

. d .
Z?;2 i\ 1 Zin pilJ B

p=1-£i=200 2=l g

de p dy .
23:2 JR; > it Aifi

with d, and d. denoting the mean column and row weights. A regular LDPC code is
a special case of irregular LDPC codes with A\(z) = 2% ! and p(z) = %1

= 2.23
dc, ( )

The so-called (), p) ensemble contains all LDPC codes of arbitrary length and with
any (randomly constructed) check matrix that has column degree distribution A(z)
and row degree distribution p(z). The more restricted (N, A, p) ensemble contains
only those LDPC codes from the (A, p) ensemble that have length N and thus check
matrices of dimension N (1—7)x N with r as given by (2.23). The notion of an LDPC
code ensemble is of particular interest, since the average error correction performance
of an ensemble can be determined (semi-) analytically (for N — oo) [RUO1b, RSUO01]
(cf. Section 2.7). The error correction capabilities of a concrete code realization of
finite length, on the other hand, are much harder to predict, and except for special
cases they can only by determined by time-consuming Monte Carlo methods.

2.3 Tanner Graph Description

A representation of LDPC codes by bipartite graphs was introduced in [Tan81]. To-
day, this representation is often called Tanner graph and is widely used especially
to describe and analyze most LDPC decoding algorithms. Being bipartite, a Tanner
graph G = (VUC, &) consists of the two disjunct sets V and C of N wvariable nodes
and M check nodes, respectively, as well as the set £ of edges with each edge con-
necting one variable node to one check node. The n-th variable node corresponds to
the n-th check matrix column and represents one code word symbol y,,. The m-th
check node corresponds to the m-th check matrix row and represents the m-th check
equation yH;rM = 0. Accordingly, an edge is placed between variable node n and®
check node m if and only if H,,, # 0. For non-binary codes this edge is assigned
a weight H,, ,, € IE':IL, while for binary codes the edge weights are usually discarded
since all weights are equal to one. For systematic codes with a code word structure

5To simplify notation, the same variable is used to denote the index of a node and the node itself.
E.g., the n-th variable node is simply referred to as variable node n.
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as in (2.8), the variable nodes V = {Z U P} can be further partitioned into K infor-
mation nodes Z and M parity nodes P. In this form the first K columns of H and
likewise the first K variable nodes correspond to the systematic information symbols,
thus the name information nodes, while the remaining M columns and variable nodes
correspond to the parity symbols, thus the name parity nodes. Below some properties
of Tanner graphs are given (cf., e.g., [RL09]). An exemplary Tanner graph is depicted
in Figure 2.2 on page 15 to illustrate these properties.

Node degree: The degree of a node is defined as the number of incident edges.
The degree d, ,, of variable node n is equal to the weight of the n-th column
of H. The degree d. ,, of check node m is equal to the weight of the m-th row.

Path: A path of length [ is defined by a sequence of [ + 1 nodes, such that each
pair of consecutive nodes is connected by an edge and no node appears more
than once.

Cycle: A cycle of length [ is defined as a closed path of length [, starting
and ending at the same node. In case of (bipartite) Tanner graphs, all cycles
have even length due to the fact that the closed path defining a cycle is an
alternating sequence of variable nodes and check nodes. Since Tanner graphs
have no parallel edges (i.e., no two edges are incident to the same pair of nodes),
the shortest possible cycle length is 4.

Girth: The shortest cycle length in a graph is called its girth and is denoted g.

Distance: The distance is defined as the length of the shortest path between
two nodes. The distance from a node to itself is defined as zero.

Neighborhood of depth [: For [ € N, [ odd, the neighborhood of depth [ of
variable node n is denoted M'(n) and contains all check nodes m, such that
the distance between variable node n and check node m is [. For [ even, the
neighborhood N'(n) of depth I of variable node n contains all variable nodes n/,
such that the distance between variable node n and variable node n’ is [. These
neighborhoods are computed recursively by:

NO(n) = {n}, (2.24)
M(n) = M(n), (2.25)
and for [ > 1

Nl(n) = {UmEMl_l(n) N(m) \ Ul’E{O,Q,...,l—Q} Nl/ (n)} ) l even, (226)
Ml(”) = {Un/ENl_l(n) M)\ Ul/e{1,3,...,l—2} Ml/(”)} , Lodd.  (2.27)

The neighborhoods M!(m) and N'(m) of a check node m are defined in an
analogous manner.

Tree up to depth [: The tree up to depth [ originating in variable node n
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contains all variable and check nodes in the neighborhoods up to depth I:

T! = U NM@)|u U M@, (2.28)

'€{0,2,...,1} 'e{1,3,...,1}

Again, an analogous definition holds for trees 7,! originating in a check node m.

Cycles, Girth, and ACE of LDPC Codes

As will be illustrated in Section 2.5, the cycle structure of Tanner graphs has a
substantial impact on the performance of message-passing decoders. In general, the
shorter a cycle the more likely it is to deteriorate the decoding process as it inflicts
statistical dependencies between exchanged messages. Some measures quantifying
this impact are reviewed in the following.

e Girth: Undoubtedly, the most widely used measure — and at the same time
the least informative one — is the girth ¢ of a Tanner graph.® Even though the
minimum cycle length does not reveal any detailed cycle structure of a graph,
in many cases it can still be assumed that most LDPC codes with higher girth
will perform better than most codes with lower girth. Already in the original
publication [Gal62], the role of the girth was realized and LDPC codes were
proposed to be constructed with girth six or higher only.

e Local girth: Besides the global girth of a graph, also the local girth is of
interest. The local girth g,, of each variable node n is defined as the length of
the shortest cycle running through that node. The vector containing the local
girths of all variable nodes is denoted g = (¢1,...,9n), where g = Hvlinn gn holds.

e Cycle histogram: A more detailed view than just the shortest cycle length is
given by the cycle histogram up to length [,,x denoted oo = (g, ag, - -+, Apax ),
where «; corresponds to the total number of distinct cycles of length [ that are
found in the graph. The number of cycles in a Tanner graph quickly grows with
the cycle length, and at the same time the influence of cycles on the decoding
performance quickly diminishes with increasing length. Thus, the number of
cycles is usually only of interest up to some maximum length. An algorithm to
count the number of cycles of length g, g+ 2, and g+ 4 was proposed in [HC06].
Another algorithm with lower complexity that is capable of counting cycles of
lengths from g up to 2g — 2 was presented in [KB10, KB13|.

e Local cycle histogram: For each variable node n, the local cycle histogram
Oy, = (O a, Qn 6y - - - O imax ) CONtains the number of cycles of length 4 to [yax
running through that variable node.

e ACE [TJVWO04]: The approximate cycle extrinsic message degree (ACE) of a
cycleis ), (dy,; —2), where the sum is taken over all variable nodes participating

6Equivalently, an LDPC code is said to have a certain girth if its Tanner graph has that girth.
The same also holds for other quantities that are technically graph — not code — properties.
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in the cycle. The ACE provides an easily computable upper bound to the
extrinsic message degree (EMD) of a cycle, which is defined as the number of
check nodes that are singly connected to variable nodes of that cycle. Thus, the
ACE provides a measure for the amount of extrinsic knowledge that is conveyed
into a cycle by message-passing decoding (cf. Section 2.5), where large ACE
values are advantageous as they represent high amounts of extrinsic information.

ACE spectrum [VS09]: The ACE spectrum 1 = (04,76, - - -, Mimax) 1S COM-
posed of the minimum ACE values 7; of all cycles of length [ for cycle lengths
from 4 to some maximum cycle length /,,.x. If a graph does not have cycles of
length [, the value 7; is set to oo.

Local ACE spectrum [VS09]: For each variable node n, the local ACFE spec-
trum Mp = (Mnds- - Mnimax) coOntains the minimum ACE values n,; of all
cycles of length [ running through that variable node for cycle lengths from 4
to some maximum cycle length [, ..

Expanded ACE spectrum [VS09]: The expanded ACE spectrum ®°P is
compiled by the numbers ®*F of variable nodes that have 7 as the minimum
ACE value at cycle length [, i.e., for which 7, ; = n holds:

@E!Xp @(EXP . @(EXP
0,4 0,6 0,1
¢eXp (I)exp .. (I)exrgna'x
exp 174 176 17lmax . exp
T = . : _ _ , with 0 < P < N.
exp exp . exp
(I)nmaxA Nmax,6 (I)nmax,lmax

(2.29)

The expanded ACE spectrum is only computed up to a maximum length /.«
and up to a maximum ACE value 7y ax-

ACE-cycle histogram: The ACFE-cycle histogram is compiled by the num-
bers @' of cycles of length exactly [ and with ACE exactly 7 and is represented
by the matrix

cyc cyc . cyc
Sos 20 e
(I)cyc ¢174 @176 T (I)lea.x (2 30)
(I)cyé cyé . cyc )
Nmax,4 Nmax,6 Nmax,lmax

As above, cycles are only counted up to a maximum length /.« and up to a
maximum ACE value 7.

Knowing about the detrimental effect of cycles, the attempt of designing codes with
cycle-free graphs seems reasonable. However, it was shown in [ETV99] that cycle-
free graphs cannot support good codes, meaning that they have very low minimum
Hamming distance and also are very likely to perform poorly in the waterfall region.
Moreover, it was shown that to support good codes, the number of cycles in a graph
even needs to grow exponentially with the code length.
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Two construction methods for check matrices that are based on the cycle properties
of LDPC codes are given in Section 2.8 on pages 38 ff.

Exemplary LDPC Code

To illustrate some of the properties introduced above, the following exemplary check
matrix of dimension 9 x 12 is considered:

000 10O0UO0OT1TO0T1F0 q
01 00100O0O0O0T1SF0
01 0000O0T1T1TU0TUO0DO0
0011 11000U0TUO00
H=|1 01000010000 (2.31)
000O0O0OT1T1TO0T1TU0T1F0
001 00O0OT1O0UO0TU0TO01
1 00 00O0OO0OOGOT1T1O0
000O0O0OT1TO0O0TUO0T1TV01

The corresponding Tanner graph in Figure 2.2 has M = 9 check nodes and N = 12
variable nodes, where the latter ones are composed of K = 3 information and M =9
parity nodes. Since the check matrix has full rank, the code rate equals r = % = %.
The neighborhoods M(1) and N (1) of depth 1 are indicated by the dotted lines for
the first variable and check node. The degree distribution pair is given by

14 1 21
Az) = 2_933 + 2—33327 p(x) = 2—9£L’2 + %LEB (edge perspective)
2
or A(x) = %LEQ + Exg, R(z) = §:U3 + §x4 (node perspective).

The bold line shows a cycle of length 6 with ACE (dy 3 —2)+(dy 6 —2)+(dy,7—2) = 2.

The local girth of all variable nodes, the cycle histogram up to length [, = 10, the
V={1,...,12}, N =12

={1,2,3} P={4,...,12}

c={1,...,9}, M =09

Figure 2.2: Tanner graph of LDPC code example.
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ACE spectrum up to length [, = 10, the expanded ACE spectrum up to length
Imax = 10 and up to ACE nnax = 2, as well as the ACE-cycle histogram up to length
lmax = 10 and up to ACE 1. = 5 are given below:

g=1(9g,.-..,912) = (6,6,6,6,6,6,6,6,6,6,6,6) (local girths),

a = (a4, a6, as,a19) = (0,9,25,34) (cycle histogram),
n= (7747 ULTRIEE 7710) = (007 17 17 1) (ACE SpeCtrum)a
o5y o Poio 000 0
PP = =10 6 9 8 (exp. ACE spectrum),
opf - egh) \0 634
0O 0 0 O
r a2
cyc __ . . . _ _ :
PV = éyc . C:y )T o1 9 s (ACE-cycle histogram).
D5y 0 Pl 0 0 1 8
0O 0 0 1

2.4 Encoding

The encoding complexity is a major concern when implementing LDPC codes, as in
the most general case the execution time scales quadratically with the code length, i.e.,
it lies in O(N?). For increasing code lengths this quickly becomes computationally
infeasible and alternative approaches that require special code structures have to be
employed. The encoding methods described in this section are applicable to both
binary and non-binary LDPC codes.

Multiplication with the Generator Matrix

In general, for any LDPC code defined by its (full rank) check matrix H, the system-
atic generator matrix G can be uniquely determined. With the systematic represen-

tation (2.7), the expression G - HT @19 () can be rephrased to

N
(Ix, Gigt1-n)) - (Hpsk), Higpion) =0
= Glk+1-N] 'H[TK+1_>N} - H[T1—>K]- (2.32)

For this system of linear equations with K - M unknown entries in G and K - M
equations to be uniquely solvable, Hix ] is required to have full rank. Conse-
quently, for systematic encoding the condition of H having full rank is w.l.o.g. further
confined to the rightmost M columns of H being linearly independent. Having com-
puted the parity part Gxi1-,n] of the generator matrix, encoding is achieved by
copying the information word x to the first K positions of the code word y and
filling the remaining M positions with the parity word p which is computed by
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p = ®Gg11,n]. While being generally applicable, this method has the major
drawback of quadratic memory and time complexity: storing the generator matrix
requires O(KM) = O(r(1 — r)N?) = O(N?) memory elements and computing the
parity symbols requires O(KM) = O(r(1 — r)N?) = O(N?) operations.

Approximate Triangulation of the Check Matrix [RU01a]

An efficient encoding algorithm that is generally applicable to LDPC codes was intro-
duced in [RUO1a]. Merely by reordering columns and rows — and thus not changing
the density — of the check matrix H, the M x M parity part H{x 1,y is transformed
T A
E C
per triangular matrix of dimension (M — g) x (M — g) with non-zero entries on the
main diagonal, and arbitrary structure of A, E, and C. With this modified represen-
tation, encoding can be accomplished with time complexity O(N + g?). By using a
greedy algorithm for the approximate triangulation of the check matrix, a small size g
of the so-called gap can be achieved, resulting in quasi linear encoding complexity.
Details on the greedy approximate triangulation and the subsequent encoding process
can be found in [RUO1a, RUOS].

into approrimate upper triangular form Hyx 1, n) = , with T being an up-

Novel Approximate Triangulation for Encoding without Column Swaps

A drawback of encoding by approximate triangulation as proposed in [RU01a] is that
the greedy algorithm swaps many columns and rows in the check matrix to achieve a
small gap g. The swapping of columns coincides with a corresponding reordering of
the code symbol positions. For codes that have been specifically optimized to have
a certain order of columns, this reordering is undesirable. One reason for the im-
portance of the column order can be specific roles that are assigned to specific code
symbol positions, like certain symbols being candidates for adapting the code rate by
shortening or puncturing (see Chapter 3) or different symbols having unequal error
protection (UEP) levels. Another reason can be decoder architectures using sophisti-
cated message-passing schedules (see Chapter 5) which perform message updates in
specifically optimized orders, and thus being susceptible to changes in the order of
check matrix columns as well as rows. To account for these effects, an alternative
approximate triangulation and encoding method is proposed in the following.

The central requirement of this method is that the original check matrix H can be
used for decoding without modifications. This is achieved by finding a reordered
matrix H which enables efficient encoding and subsequently applying a permutation
to the resulting code word to ensure compatibility with the original matrix H. For
systematic encoding, the parity check equations (2.11) can be rephrased as follows:

.
(z,p) - (Hpox), Hixi1on) =0
And p- HF—K—H—>N} =& HEI—1—>K} (2.33)

~1
= p=x- H[T1—>K} ' (H[TK+1—>N}) : (2.34)
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Using (2.33), encoding — which means finding p for a given & — could be done in
linear time by back substitution if the square full rank matrix Hjg -,y had upper
triangular form, which is not the case in general. To approximate this triangular
form, the modified check matrix

H=P,- (Hpsr Higpion)  Pe) = (Pe-HpL g, Pe- Higping - Pe)  (2.35)

is constructed by arbitrarily exchanging rows and exchanging columns only within
the parity part of H such that P, - Hjx 1, n) - Pc is in approximate upper triangular
form, where the gap size g is as small as possible. The M x M permutation matrix P,
describes the row exchanges while the M x M permutation matrix P, describes the col-
umn exchanges within the parity part.” In contrast to the approach of [RU01a], here
no exchanges of columns between the information part and parity part are allowed
to ensure that the information symbol positions are not changed. This is achieved by
using the greedy algorithm in [RUO08, Appendix A.2| in a modified version that only
chooses columns in the range K + 1 to N. Although, the resulting gap g is generally
larger than for the original greedy triangulation, empirical observations show that in
many cases g < M still holds and near linear time encoding can thus be achieved.
Using the modified check matrix H and (2.33), encoding results in the code word

y = (x, p) with

D H[TK+1—>N} = H[T1—>K]

~ T T
S p-(Po-Hgpion - P) =z (Po-HpyLk)
s PP H[TK+1—>N] Pl =z H[T1—>K] P!
—1
o= p-Pl==x H[T1—>K] : (H[TK+1—>N])
N p=p-Pl =p-P L (2.36)

It follows, that the desired code word y = (&, p) can be easily computed from y by ap-
plying the inverse permutation P! to the parity word p. Using this method, efficient
encoding can be realized by using the modified matrix H and the permutation P71,
while the decoder can use the matrix H without any modifications.

Structured LDPC Codes

Although the methods described above are generally applicable to LDPC codes, in
practical systems even more efficient encoders are desirable that do not have to store a
specific encoding matrix (i.e., neither the generator matrix nor a triangulated version

A permutation matrix is defined as a binary square matrix that has exactly one 1-entry in each
row and column and zeros elsewhere. When a matrix M is multiplied by a permutation matrix from
the left, a 1 in the i-th row and j-th column of the permutation matrix moves the j-th row of M to
the i-th position. On the other hand, when a matrix M is multiplied by a permutation matrix from
the right, a 1 in the i¢-th row and j-th column of the permutation matrix moves the i-th column of
M tlo the_lj_'—th position. Furthermore, the inverse of a permutation matrix equals its transpose, i.e.,
P~t=P'.
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of the check matrix). This is commonly achieved by using LDPC codes with specially
structured check matrices for which specific linear time encoders are available. The
most prominent examples include:

o irregular repeat-accumulate (IRA) codes [JKMOO] as used, e.g., in the digital
video broadcast standards DVB-S2 [Eur09a| for satellite and DVB-T2 [Eur09b]
for terrestrial transmission,

e quasi-cyclic (QC) LDPC codes (see Section 2.9) as used, e.g., in the wire-
less standards IEEE 802.11n (WLAN) [IEE09b] and IEEE 802.16e (WiMAX)
[IEE09a],

e and LDPC convolutional codes [JFZ99] as used, e.g., in IEEE 1901-2010 (broad-
band over power lines) [IEE10].

2.5 Message-Passing Decoding

It was shown in [Gal63] that the minimum distance of randomly constructed LDPC
codes grows linearly with increasing code length if the check matrix is sufficiently
sparse. Furthermore, it was proved in [Mac99] that the Shannon capacity [Sha4§]
can be approached arbitrarily closely with LDPC codes if the code length goes to
infinity and optimal maximum-likelihood (ML) decoding is applied. While this prop-
erty has also been shown for other codes before, the reason for the success of LDPC
codes is the availability of decoding algorithms with complexity growing only linear
with the code length. The most widely used LDPC decoding algorithms belong to
the class of message-passing algorithms which iteratively compute and pass messages
between nodes in the graph representation of a code. Unfortunately, these decoding
algorithms are suboptimal in the sense that they not always yield the ML solution.
This suboptimality is inflicted by cycles within the graph, which cause messages
to transport statistically dependent information after some iterations. Nevertheless,
empirical results indicate that even under suboptimal message-passing decoding, er-
ror correction performance very close to the theoretical Shannon capacity can be
achieved [CFRUO1]| with linear complexity, whereas generally ML decoding has expo-
nential complexity [Var97]. A brief description of message-passing decoding in general
and the prevalent instance of the belief propagation (BP) (or sum-product) decoder
are presented in the following.

Given the bipartite Tanner graph description of an LDPC code, a message-passing
decoder is determined by four main components.

1. The message generating function f,_.(-) that computes messages v,, ,,, sent
from variable node n to check node m:

Vnom = foose (Cm17”""’cmdvn7”) Vne{l,...,N}, m; € M(n). (2.37)



20 2 Low-Density Parity-Check (LDPC) Codes

2. The message generating function f._,(-) that computes messages ¢, , sent
from check node m to variable node n:

Cn = feso (Unhm""’vndcm’m) Vme {l,...,M}, n; € N(m). (2.38)

3. A message-passing schedule that determines in which order messages are com-
puted and passed to neighboring nodes.

4. A stopping rule that is used to decide when to finalize the message-passing
process.

A tremendous variety of message-passing algorithms differing in all four components
has been proposed for the decoding of LDPC codes, e.g., [FMI99], [MBO01a], [ZF02],
[Hoc04], [CGWO0T7a), [YEKT07]. Nevertheless, only the instance of belief propagation
decoding in the LLR domain for binary LDPC codes is introduced here. For the case
of non-binary codes over F,, a generalized, though more complex, decoder is given
in Section 2.10. Furthermore, a more extensive analysis of decoders with different
message-passing schedules is conducted in Chapter 5.

Belief Propagation Decoding for Binary LDPC Codes

As only transmission over the AWGN channel is considered, BP decoding always
starts by initializing all variable-to-check messages v,, ,,, with the channel LLRs L,,:

E
vnym:anélﬁszn, Vne{l,...,N}, m € M(n). (2.39)
0
Then, in the so-called check node update (or horizontal step) the outgoing messages
of all check nodes are computed using the message generating function f._,,:

Cm,n = fc—)v (Unl,ma SR Undc,m’m)
Un! .m
= 2atanh H tanh ( 2’ ) (2.40)
n/ eN(m)\n
= E Vnl m Vm e {l,...,M}, ne N(m), (2.41)
n/ €N (m)\n

where the operator \ denotes exclusion from a set and M represents a summation
using the bozplus operator B [HOP96]. Thus, an outgoing message of a check node
represents the extrinsic (boxplus) summation of all incoming messages of that check
node, except for the one that came from the same edge the message is sent to. In
the subsequent variable node update (also vertical step) the outgoing messages of all
variable nodes are computed using the message generating function f,_,.:

Un,m = fv—)c (le,Tw SR Cmdv n,n)

=L, + Z Ct Y €{L,...,N},m e M(n). (2.42)
m/eM(n)\m
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An outgoing message of a variable node is computed by adding the channel LLR L,,
and the extrinsic knowledge of all incoming messages, except for the one that came
from the same edge the message is sent to. This summation is motivated by the
assumption that all incoming messages are statistically independent. In general, this
assumption only holds for cycle free graphs. As mentioned above, LDPC codes do
not have cycle free graphs, but rather exhibit a large number of cycle. This causes
inaccuracies in the message updates since after only a few iterations statistically
dependent knowledge is summed up. The exact tracking of all statistical dependencies
of messages is prohibitively complex such that the resulting inaccuracies have to be
tolerated.

The default message-passing schedule used in BP decoding is the so-called flooding
schedule. In the check node update all check-to-variable messages are computed in
parallel and propagated (flooded) to the connected variable nodes. Likewise, in the
subsequent variable node update all variable-to-check messages are computed in par-
allel and propagated to the connected check nodes. One iteration of the flooding
schedule, thus, consists of the computation and propagation of |H| check-to-variable
messages followed by the computation and propagation of |H| variable-to-check mes-
sages.

The default stopping rule consists of two criteria. Firstly, after each iteration the
parity check equations are evaluated using a hard decision

0 ifv,>0
j { Pn=T Wne{1,...,N} (2.43)

T e, <0
computed from the current a posteriori LLRs

Un=Ln+ Y Cmn Yne{l,... N} (2.44)

which contain the channel knowledge L,, and all extrinsic information gathered from
neighboring check nodes. If all check equations are fulfilled, decoding is stopped
by declaring a decoding success, and the estimates ¢1,...,Jx of the transmitted
information symbols are forwarded. If, on the other hand, no valid code word is found
after a predefined maximum number I,,,, of flooding iterations, decoding is aborted
by declaring a decoding failure and, depending on the application, the (erroneous)
estimates ¥1,...,Yx can be forwarded to the next block in the receiver chain. In
summary, there are three possible outcomes of the decoding process:

1. No code word is found:
Errors are still present in the decoder output and the decoder declares a failure.

2. The correct code word is found:
The decoder declares a success and there are no errors in the output.

3. A wrong code word is found:
The decoder declares a success but there are still errors in the output. These
errors are called undetected errors.
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2.6 Performance Measures

Throughout this thesis, several measures are used to evaluate the performance of
LDPC code ensembles and of specific code instances regarding error correction capa-
bilities, convergence speed of iterative decoding, and computational complexity.

2.6.1 Ensemble Performance

It is well-known that the degree distributions A(x) and p(z) of an LDPC code strongly
influence its error correcting capabilities [LMSS01, RSUO1|. To evaluate a degree dis-
tribution pair, the asymptotic behavior of message-passing decoding of the (N, A, p)
ensemble containing all LDPC codes of length N with degree distributions A(x)
and p(x) is examined.

Ensemble Threshold

Under the assumption of infinite code length N — oo and a cycle-free Tanner graph, a
so-called ensemble threshold T(\, p) = (E1/No)ipresn €Xists that represents the lowest
channel quality (Eh/No)pees, @t Which error-free decoding is theoretically possible
with an LDPC code from the (), p) ensemble [RUO1b]. Different methods to compute
this ensemble threshold are discussed in Section 2.7. In this sense, a code with a
certain degree distribution pair (A, p) can on average be expected to have better error
correction properties than a code with a different degree distribution pair (X, p) if the

corresponding ensemble threshold (), p) is lower than 7(X, 7).

Gap of Ensemble Threshold to Capacity

For the BIAWGN channel, a minimum channel quality q(r) = (Eb/No),. ,;, for which
error free decoding is theoretically possible with a channel code of rate r can be
computed from the Shannon capacity [Sha48]| by restricting the channel input to
binary values (see, e.g., [Brel4, Appendix A.3]). For an easier comparison of the
performance of codes of different code rates, the gap of the ensemble threshold 7(, p)
to the respective capacity limit q(r) is employed as performance indicator and denoted

YA P)lag = T(A P)lag — a(r)lap - (2.45)
where the notation z|;5 = 10log;,(x) is used to convert a value to the dB scale. The
resulting linear expression is thus given by

Y\ p) = TEI?;)[))-

Consequently, a gap of the ensemble threshold to capacity of, e.g., 3dB means that
a code from the considered ensemble needs at least two times more energy for error-
free transmission than a perfectly capacity-achieving code. It should be noted that
ensemble thresholds as well as gaps to capacity will be mostly given on the dB scale
if presented as numerical results.

(2.46)
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Stability Condition

Given a degree distribution pair (A, p), the so-called stability condition [RSUO1] pro-
vides a lower bound on the ensemble threshold, that is much easier to compute than
the exact threshold and thus is commonly used as additional constraint during the op-
timization of degree distributions. For the BIAWGN channel the stability condition
is given by [RSUO1]

1

N (0)p'(1) < e2i (2.47)
where X' (z) = 2 \(z) and p/(z) = <Lp(z) denote the derivatives with respect to z
and o2 denotes the AWGN channel noise variance which for code rate r is given by

N, 1 1
o2 0 (2.48)

" 9By 2rEy/N T 2t p)
el " b/ 0 at thrLshold TT( ,0)

By inserting the resulting noise variance (2.48) at the ensemble threshold, the stability
condition (2.47) can be rewritten as

N(0)p/(1) < &)

& ) > D (X@pl(l)), (2.49)

yielding a lower bound on the ensemble threshold. Another formulation of the stability
condition is often used to upper bound the fraction of degree 2 variable nodes during
the optimization of degree distributions:

dc
NOW1) =20 il — 1) < @O0

j=2
e"T(Ap)

> pi(i = 1)

~ Ay < (250)

2.6.2 Code Performance

Once a specific code has been chosen from an ensemble, i.e., a check matrix H has
been constructed, its performance is evaluated by Monte Carlo simulations.

Bit Error Rate (BER)

The bit error rate (BER) is measured by transmitting and decoding a sufficient num-
ber of random information words and observing the fraction of erroneous bits at the
decoder output. The measured BER is, thus, an estimate of the bit error probability
of the transmission system including forward error correction. In case of non-binary
codes, the decoded symbols are expanded to their binary representation before the
BER is measured.
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Frame Error Rate (FER)

The frame error rate (FER) or word error rate is measured by transmitting and
decoding a sufficient number of random information words and observing the fraction
of decoded words that contain at least one error at the decoder output. Again, the true
frame error probability of the transmission system including forward error correction
is estimated by the FER.

Undetected BER (uBER) and undetected FER (uFER)

Whenever the decoder converges to a wrong code word, the resulting errors are
counted as undetected bit errors and undetected frame errors, respectively. The rela-
tions
uBER < BER and (2.51)
uFER < FER

hold, since all undetected errors are also included in the overall error rates.

BER Threshold

In some cases, rather than the shape of the BER versus channel quality curve, it is
only of interest at which channel quality a certain target BER is achieved by a code.
This channel quality is referred to as BER threshold and the corresponding E}, /Ny
value is denoted 7[BFRl, Due to a finite code length, the BER threshold is lower
bounded by the respective ensemble threshold:

FBER S () ). (2.53)

Gap of BER Threshold to Capacity

Equivalently to the ensemble threshold, the gap of the BER threshold 7(BFRI to the
respective capacity limit ¢(r) is employed for an easier comparison of codes with
different code rates and denoted

BER
)y e PR T (2.54)
q T dB ’Y q(r) . .

~[BER] ‘

_ ,[BER] ‘

dB dB

Again, the gap of the BER threshold is lower bounded by the gap of the ensemble
threshold:

ABER] 5 (X, p). (2.55)
Average Number of Iterations / Message Updates

While message-passing decoders are usually constrained by the maximum number of
decoding iterations I.x, the average computational complexity is governed by the
average number of decoding iterations I,,, that are executed at different channel
qualities. For a fair comparison of cases in which the complexity per iteration is not
constant, the average number U,,, of messages that are updated in total is employed
instead.
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Convergence Speed

Especially for low-complexity applications, the BER performance after only a few
iterations is of interest. To evaluate the convergence speed of decoding for different
codes, the BER or FER is measured at the end of each iteration. This way, the
behavior of the error rate at different stages of the decoding process can easily be
compared for different codes and/or different decoders.

2.7 Ensemble Optimization

The optimization of LDPC codes is commonly divided into two parts: finding a degree
distribution pair (A, p) with a sufficiently good ensemble threshold 7(), p), followed
by finding a code instance of desired length and with sufficiently good error correction
performance from this ensemble (i.e., constructing a check matrix H of corresponding
size). The first part is referred to as ensemble optimization and covered for the case
of binary LDPC codes in this section, while the second part is referred to as code
construction which is covered for the case of binary LDPC codes in Section 2.8.

Before the ensemble optimization process is explained in Section 2.7.2, different meth-
ods of computing the ensemble threshold 7(\, p) are presented in Section 2.7.1, since
they are needed to evaluate the objective function of the optimization.

2.7.1 Density Evolution for Binary LDPC Codes

In [RUO1b] density evolution (DE) was introduced as a technique for computing
the ensemble thresholds of LDPC code ensembles. It is based on the idea of asymp-
totically tracking the probability density functions (pdfs) of the messages that are
computed by a message-passing decoder to evaluate if it potentially converges to zero
error probability. This process is briefly reviewed for the BIAWGN channel and BP
decoding of binary LDPC codes in the following and is depicted in Figure 2.3.

Due to the linearity of LDPC codes, w.l.o.g. only the transmission of the all-zero code
word is considered. With E5 = 1, the channel output LLRs can then be described
by a Gaussian random variable with mean p = 45—8, variance of = 2y = 8]]:3,—(5), and

pdf [tBO1]

1 T — 2
Pawan,Lir(T) = = exp (_ﬂ)

2rof 208
1 ($—4]€S)2
= ———exXp ——EO . (2.56)
4 W% 16N_3
0
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%}Li%?ﬁl Pawen 1R [7 o riable node _ ec}ge
pL_’k] decoder ka]l interleaver
7'('_1 T
check node
plHl decoder pl¥
¢,

Figure 2.3: Block diagram of message-passing decoding with corresponding pdfs.

In the initialization step (2.39) of the BP decoder, all variable-to-check messages are
initialized with the channel output LLRs. Thus, the initial pdf of these messages is

[0]

Py~ = Pawen,LLR: (2.57)

To simplify the notation, pdfs are written without their argument, e.g., pE,O} = pE,O} ().

Deriving the pdf p[ck; of an outgoing message of a degree-j check node after the k-th

iteration according to the BP check node update (2.41) is rather laborious and thus
not explicated here. A detailed description is found in [RSUO1| and can be stated as

prl =1t <(F( Lk‘lJ))®(j_1)> , (2.58)

where the transformation I' to a special logarithmic domain is chosen in such a way,
that the boxplus operation of two transformed random variables results in the convo-
lution of the transformed pdfs. The corresponding inverse transform is denoted I'"!.
Finally, (-)®U~1 denotes the (j — 1)-fold convolution resulting from the boxplus sum-
mation of (j — 1) incoming messages which is performed at a degree j check node.
More precisely, 20 := §(z), 2®! = z, 2¥2? = 2 ® x, and so forth, where §(x) denotes
the Dirac delta function. The edge interleaving is assumed to be random, such that
each edge is connected to a degree j check node with probability p;. Thus, the pdf pw
at the input of the variable node decoder is given by

= (S5 (o)) <) e

The variable node decoder assumes all incoming messages to be statistically inde-
pendent and computes the outgoing messages of a degree ¢ variable node as the
summation of its channel LLR and (i — 1) incoming messages from the connected
check nodes. This summation translates to a convolution of the corresponding pdfs,
and the output pdf is given by

®(’i—1)
ka}]Z = Pawan,LLr ® (P([;k]) . (2.60)

Again, due to the random edge interleaving, each edge is connected to a degree ¢

variable node with probability )\;, such that the pdf p*l at the input of the check
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node decoder is given by

d .
v ®(i—1)
ka] = Pawcn,tir @ g Aq - (p([;k}) = Pawen,LLr ® )\(p([;k]) . (2.61)
=2

In summary, the DE recursion for the outgoing variable node pdf after the k-th
iteration can be written as

pl = pll @ A(F—l (p(r( [vk—11)))) , fork >0, (2.62)

with pE,O] = Pawenir. Since the all-zero code word was sent, a variable node message

is in error if and only if it carries a negative LLLR. The probability of an erroneous
variable node message after the k-th iteration, thus, results in

0
S / ol (2) de. (2.63)

— 00

If Pgﬂor — 0 for k — oo, the hard decisions of all messages are 0, resulting in asymp-
totically error-free decoding, as transmission of the all-zero code word is considered
due to the linearity of the LDPC code.

The DE recursion (2.62) only depends on the degree distribution pair (), p) and
the channel quality F5/Ny. Thus, to check if a channel quality F5/Ng lies above
the ensemble threshold 7(\, p), it has to be evaluated whether PL’ilor — 0 for k — oo;
otherwise, the tested channel quality lies below the ensemble threshold. To determine
7(A, p) up to a desired precision, a binary search strategy can be employed. Starting
in the middle of a range of channel qualities, the DE recursion is evaluated until
either PL’;?]M ~ (0 or PL’ilor stops decreasing, i.e., PL’ilor £ PL’E;)}J for a sufficiently large
number of iterations. Depending on the outcome, the considered range is either set
to the lower or upper half of the previous range. This process is repeated until the

range containing the threshold 7(, p) has reached the target precision.

It should be noted that the evaluation of the DE recursion only describes the asymp-
totic behavior of an ensemble for N — oo. At finite code lengths however, the
presence of cycles of length 2] violates the assumption of statistical independence of
messages after [ iterations. Consequently, for all practical code lengths the ensemble
threshold can be understood as a lower bound for the channel quality at which near
error-free decoding can be achieved. In [CFRUO01] a code of length 107 was presented
that achieves BER 1079 only 0.025 dB above its ensemble threshold. Furthermore, it
was shown that for large maximum variable node degrees d,, the ensemble threshold
converges towards the channel capacity [RSU01, CFRUO1].

The problem of computing the DE recursion (2.62) remains, since in general it cannot
be analytically solved for continuous pdfs. Two approaches to deal with this issue

are reviewed in the following: the so-called Gaussian approximated density evolution
(GADE) [CRUO1] and the discretized density evolution (DDE) [CFRUO1].



28 2 Low-Density Parity-Check (LDPC) Codes

Gaussian Approximated Density Evolution (GADE) [CRUO01]

In GADE the pdfs of all messages are approximated by Gaussian distributions that
fulfill the so-called symmetry condition f(x) = f(—x)e® [RSUO1], which for Gaussian
distributions A (p, 0?) reduces to 02 = 2u. This way, each message pdf can be
fully described by only its mean p, and the DE recursion (2.62) simplifies to an
expression that is analytically tractable as follows. The mean of the channel output
pdf is denoted p as before. The mean of an outgoing message of a degree-i variable

node after the k-th iteration is denoted ,uJE,]Z and that of a degree-j check node is

denoted u([: } .. respectively. Taking the mean on both sides of the variable node update
equation (2 42) for a degree-i variable node yields the mean

pt = e+ (i — Dl (2.64)

with M[CM = Z o2 Pj ,u([:; due to random edge interleaving. Additionally, taking the

mean on both sides of the check node update equation (2.41), the following relation
can be derived [CRUO1]

dy i1
= 1- (1 - Zkiqﬁ(u@)) , (2.65)
=2

where the function ¢(x) for x > 0 is defined as

<u—w>2
tanh 4z du, forax >1
P(x) = - Virz (2.66)

17 for x = 0.

Finally, the GADE recursion is given by

de dv j—1
=> pio |1 (1 - Zw(m +(i— 1>u£ﬁ‘”)> , (2.67)
j=2 i=2

for £ > 1 and with u[co] = 0. In this form, the error probability Pgﬂor goes to zero if
and only if u([;k} — oo for k — oco. The lowest channel quality for which this is the

case is called the GADFE threshold Tqape (A, p)-

The computational complexity of computing the GADE threshold is very low, making
it suitable for rapid performance evaluation during ensemble optimization. However,
the assumption of pdfs being Gaussian does not exactly model the behavior of the
BP decoder, since especially the check node output pdf does not match a Gaussian
distribution very well. Thus, the values of GADE thresholds 7¢.ps (A, p) only approx-
imate the true ensemble thresholds 7(\, p). As shown further below in Figure 2.4 on
page 31 for some exemplary ensembles, the approximation becomes better for higher
code rates r and also for lower maximum variable node degrees d, .
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Discretized Density Evolution [CFRUO01]

Rather than restricting pdfs to certain forms, the approach of DDE models a message-
passing decoder in which all incoming and outgoing LLR messages (including the
channel LLRs) are (uniformly) quantized according to

GRS IOV
Ax 2 ’ 2
Az A
Q(x) =40, for — - <w< 71” (2.68)
min(z, Tmax) 1 Az
—max) S Ag, for > —
(|~ Az T3 om rre

where Az = =max—min is the quantization interval width, b is the number of quan-

tization bits, and x,ax and x i, are the maximum and minimum LLR values to be
represented. In this quantized form all messages are characterized by a discrete prob-
ability mass function (pmf) P(x = cAx) = P(cAaj), containing the 2° probabilities for

¢ = [Spn — %1, ..,—1,0,1,..., [Fpax 4 j The variable node update then results
in the discrete convolution
®(1—1)
PEIk} = AWGN LLR @ Z >\ ( ) ) (269)

with P and P denoting the pmf of incoming check node messages and incoming
variable node messages, respectively, both at the k-th iteration, and P,wey o de-
noting the pmf of the quantized channel LLRs. Each of the discrete convolutions of
two 2°-point pmfs in (2.69) can be efficiently computed using a 2°-point Fast Fourier

Transform (FFT). The output pmf P[ ] of a degree j check node can be computed by

P([:k; (cAx) = Z 1:[ (cjiAz), (2.70)

(Cl,...,Cj,1)2
Q(clAw EH EH ijle):cAaj

for c = [Zmin 27 | ®max 4 1] Thus, the probability plHl i(cAx) that the outgoing
LLR is equal to cAx is computed by summing over all p0551ble combinations of the
Jj—1 quantized input LLRs ¢; Az, ..., c;—1 Az such that their boxplus sum equals cAx
(after quantization). After random edge interleaving the pmf of the variable node

input results in

leAx) Z p; Z 1:[ (cjiAz). (2.71)

(017"'7Cj—1):
HAer Az H--- EEchflAa:):cAa:

The DDE recursion is thus given by the alternating computation of (2.69) and (2.71)
for k > 1, where the initial pmf P = d(cAz) has all mass at cAxz = 0. The
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probability of a check-to-variable message to be in error after k iterations is computed
by

—1

1
PH e = Y P (cAz) + S PE(0), (2.72)
o= Zin 11

i.e., the sum over the probabilities of all negative quantization intervals and half of the
quantization interval around zero. The lowest channel quality for which P([f(]error — 00
for k — oo is denoted the DDE threshold Tope(\, p). This threshold approaches
the true ensemble threshold 7(, p) for an increasing number b of quantization bits.
However, the computation of the pdf after the check node update (2.70) entails a
computational complexity that grows quadratically with the number of quantization
intervals, i.e., it lies in O(22%), which quickly becomes infeasible if a high resolution

is used, e.g., in global optimization schemes.

Exemplary Ensemble Thresholds

Several exemplary degree distribution pairs (), p) of optimized LDPC code ensembles
with maximum variable node degrees d, € {4,30} and code rates r € {0.1,...,0.9}
are given in Table 2.1. All have so-called concentrated check node degree distributions
p(x) = pjx?~' + p;j1127 containing only two consecutive degrees j and j + 1 [CRUO1].

()
r A2 A3 A4 A5 A20 A30 p(x)
0.1 0.618 0.086 0.296 - - - 0.223z + 0.77722
0.2 0.552 0.105 0.343 - - - 0.808z2 4 0.19223
0.3 0.472 0.077 0.451 - - - 0.14522 + 0.85523
< 0.4 0.418 0.093 0.489 - - - 0.34723 + 0.653x*
I 0.5 0.379 0.047 0574 - - - 0.23z% 4+ 0.772°
< 0.6 0.356 0.146 0.498 - - - 0.86525 + 0.13527
0.7 0.32 0.105 0.575 - - - 0.1442% 4+ 0.8562°
0.8 0.275 0.088 0.637 - - - 0.653z14 + 0.34721°
0.9 0.217 0228 0.555 - - - 0.068227 4 0.93223°

0.1 0.349 0.175 0.092 0.092 0.116 0.176 0.087x2 + 0.91323

0.2 0.267 0.205 0.091 0.081 0.189 0.167 0.08923 + 0.911z*

0.3 0.224 0.185 0.109 0.078 0.162 0.242 0.8382° + 0.1622°

0.4 0.218 0.135 0.099 0.164 0.165 0.219 0.632% + 0.3727

I 0.5 0.182 0.163 0.08 0.116 0.167 0.292 0.3072% + 0.6932°

< 0.6 0.172 0.154 0.113 0.047 0.326 0.188 0.327x'! 4 0.673212
0.7 0.15 0.141 0.106 0.109 0.195 0.299 0.4521% 4+ 0.55217
0.8 0.127 0.138 0.141 0.071 0.181 0.342 0.132%6 + 0.87227
0.9 0.114 0.141 0.161 0.078 0.171 0.335 0.34925%% + 0.6512°°

30

Table 2.1: LDPC code ensembles (A, p) with maximum variable node degrees
dy € {4,30} and code rates r € {0.1,...,0.9}.
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The thresholds 7gape (A, p) and oo (A, p) of all degree distribution pairs are computed
using GADE and DDE. Since both the complexity as well as the accuracy of the
threshold prediction of DDE increase with the number b of quantization bits, different
values of b € {4,5,6,7,8,12} are examined to identify which value offers the best trade-
off between complexity and accuracy. The range for the pdfs of DDE was empirically
chosen as [Tmin, Tmax] = [—5, 30].

For an easier comparison of different code rates, the gaps (X, p) in dB of the found
thresholds to the Shannon capacity at the corresponding rates are shown in Figure 2.4.
In the top left plot, gaps for the d, = 4 ensembles are depicted over the code rate.
Since for more than about b = 8 quantization bits the computed DDE thresholds are
no longer changing, their values can be assumed to closely match the true ensemble
thresholds. Both the prediction of thresholds by DDE with b = 6 quantization bits
and by GADE slightly overestimate the gap to capacity by about 0.1 dB on average,
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sl sl
& Z
S 15} © 1.5}
: :
g g | —
° 1 ° r=0.5
= Co0sh~_
05¢ o Vor ~~—____ . _ _ _ _ _ _
Cb%;) 0 b — 8 b e 12 I I §0 0 I I I I I
0.2 04 0.6 0.8 4 6 8 10 12
code rate r number b of quantization bits
d, = 30 d, = 30
3.5f ' ' — m 3.5F] ! ' '
% DDE o DDE
£ 3 — — —GADE |{ & 3
< <
ff: 2.5 5: 2.5
' 2t ' 2t
Z & | oxd
EREL S 15}
:
S 1t N S 1t
e |38~ 8
o 05F &\\\ | 2 0.5
Cgo 0 b — 1.2 | l — \.‘ - 20 0 . . i : .
0.2 04 0.6 0.8 4 6 8 10 12
code rate r number b of quantization bits

Figure 2.4: Comparison of thresholds of ensembles from Table 2.1, computed with
GADE and DDE with different numbers of quantization bits.
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where gaps are predicted more precisely with increasing code rate. For DDE with
only b = 4 bits the estimation error is greater than 2dB at low rates and about
0.2dB at high rates. In the bottom left plot, a similar behavior can be observed
for the ensembles with d, = 30. Again, b = 8 bits seem to suffice to predict the
thresholds reasonably well, while for 4 bits large prediction errors occur. However,
opposed to the case of d, = 4, GADE as well as DDE with b = 6 are not capable of
predicting the ensemble thresholds with sufficient precision. In agreement with the
results in [CRUO1], the descending slope of all curves also indicate that at a constant
maximum variable node degree, LDPC code ensembles of high rates are capable of
performing closer to the theoretical capacity limit than ensembles of low rates.

The plots on the right-hand side of Figure 2.4 show the gaps to capacity in dB over
the number of quantization bits for code rates r € {0.1,0.5,0.9}. It can be observed
that all DDE curves converge to their final values at about b = 8 quantization bits.
Since no quantization is used in GADE, the GADE thresholds are independent of b
and are therefore shown as horizontal lines for comparison.

As a summary, it can be stated that using DDE with b = 8 quantization bits results
in a very good prediction of ensemble thresholds at all code rates up to a maximum
variable node degree of at least d, = 30. For even higher variable node degrees it might
become necessary to use a finer quantization. The threshold prediction by GADE
can be computed very quickly. However, it should only be used for combinations of
code rates and maximum variable node degrees for which it is confirmed to yield an
adequate precision.

2.7.2 Optimization Problem

Depending on which of the described methods is used to compute the objective
function, i.e., the ensemble threshold 7(}, p), different approaches exist to solve the
optimization problem of finding a good degree distribution pair. A common sim-
plification is the consideration of only concentrated check node degree distributions
p(x) = pjx?~t + p; 1127, such that only the variable node degree distribution A(x) has
to be optimized. This simplification is motivated by the observation that virtually
all good degree distribution pairs have such concentrated check node degree distribu-
tions [CRUO1], and the restriction to only these does not involve a noticeable perfor-
mance loss. Throughout this thesis, concentrated check node degree distributions are
used unless stated otherwise. Given the variable node degree distribution A\(z) and a
target code rate r, the check node degree distribution is then fully determined by

pa) = piag et + (1 - pLJcJ) zlel (2.73)

- @~ ) ) £

L g gy (1 12

d. = - -, (2.74)
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which can be derived from the two relations

Pt P = Py Pl = )
and
; from (2.23) 1 B 1
e N ch L] © Plde] Plde|+1 (276)
I=2T Tde) T lde)+1

Problem Formulation

For a given target code rate r and a maximum variable node degree d,, a general
formulation of the optimization problem of finding the degree distribution pair (X, p)
with concentrated p(x) and lowest ensemble threshold 7(A, p) is given by

min  7(\, p) (2.77a)
subject to A\; >0, i=2,...,d, (2.77b)
dv
AL =) N =1 (2.77¢)
i=2
p(z) and d. from (2.73) and (2.74) (2.77d)
(2.50) e’ (Ap) erT(Ap)
Ay < : = —— , (2.77e)
SEap = 1) |42l

where constraints (2.77b) and (2.77c) ensure that the coefficients \; are non-negative
and sum up to one, whereas (2.77d) assures the check node degree distribution to
be concentrated and the obtained degree distribution pair to result in code rate r
according to (2.23). The additional constraint (2.77e) is the stability condition in
the form (2.50) which upper bounds the fraction of degree two variable nodes as a
necessary condition for the ensemble to converge to zero-error probability at channel
quality 7(A, p).

In this general form and without further approximations, the optimization problem
can only be solved using heuristics and global search strategies like random hill
climbing algorithms (e.g., in [RSUO1]) or genetic algorithms (e.g., differential evo-
lution [SP97]) since the objective function (2.77a) is not known to be convex.

Global Optimization Using DDE and Simulated Annealing

The most generally applicable approach is to use DDE with an appropriate quan-
tization resolution — since it gives reliable threshold predictions — and to resort to
a global optimization technique. In this thesis, a heuristic based on a Simulated
Annealing® (SA) strategy [KGJV83] is introduced.

8Simulated Annealing was inspired by the annealing of solids in metallurgy in which materials
are heated and slowly cooled down to reach low-energy configurations of their crystal structures.
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Initialization The optimization variables \; are either initialized randomly to values

between zero and one such that ) . A\; = 1, or a predefined starting position can
be used. The initial ensemble threshold 7 = 7Tppg(A, p) is computed using DDE.
The current local optimum is denoted \* = A\ with the corresponding threshold

7" = Tppe(A, p). The temperature T is initially set to 7" = 1 and controls the con-
vergence of the optimization process.

Rearrangement The so-called rearrangement of the current solution A with threshold
7 applies a small random change to the optimization variables A;, taking into account
all constraints, yielding a new candidate solution A\. The corresponding concentrated
check node degree distribution p(z) for the new candidate variable node degree distri-
bution A(z) is computed using (2.73) and (2.74) and the resulting candidate threshold
T = TDDE(X, p) is computed. If the candidate threshold 7 is lower than the current
threshold 7, the new candidate is accepted as current solution A\ = X, p = p, and
7 = 7. Furthermore, if the current threshold is the lowest of all thresholds that have
been seen so far, the current solution is stored as the new optimum A\* = A, p* = p,
and 7* = 7. If however, T is greater than the current 7, the candidate solution will
still be accepted as current solution with probability

P(AT|;5,T) = exp <—7ACT.|%B> = exp (——T|dBC : TT|dB> : (2.78)
which is high if the degradation Ar|,y is small and low if A7|,y is high. Additionally,
with decreasing temperature 7' it becomes less likely to accept a degradation of the
current solution. This mechanism of probabilistically accepting degradations avoids
getting stuck in high local minima, while preserving the general convergence to low
threshold values. The constant value ¢ has to be chosen empirically depending on
the range of the temperature as well as the expected range of A7|;z. For very high
values of ¢ the probability P(AT|,5,7") is mostly close to one, and the SA process
almost behaves like a pure random search. For very low values of ¢, on the other
hand, almost no degradations are accepted and the SA process degenerates to a pure
downhill search strategy, which easily gets stuck in local minima.

Iteration and Cooling Down Depending on the desired optimization time, a certain
number of rearrangements are performed at a constant temperature 7. After that,
the temperature 7' is decreased according to a predefined annealing schedule. Here,
an exponentially decreasing temperature is employed, such that a relatively large
amount of time is spent at low temperatures allowing the optimization to locally
converge towards the end of the process.

Freezing the System Several stopping rules can be employed to finalize the optimiza-
tion process. Commonly, optimization is either stopped if a minimum temperature
has been reached or no new solution has been accepted for a predefined number of
temperature steps. In both cases the system is considered frozen. The final output
of the optimizer is the best found degree distribution A* with threshold 7*.



2.7 Ensemble Optimization 35
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Figure 2.5: Simulated Annealing optimization of a variable node degree distribution
with d, = 20 and r = % DDE with b = 8 quantization bits is used. The
bold gray lines show the temperature 7' and the black lines show the
tanh(-) of the current gap to capacity (A, p)| g during optimization.
On the left ¢ = 0.85 and on the right ¢ = 0.085 is chosen.

In Figure 2.5 two exemplary runs of the SA degree distribution optimizer lasting
for about 9 minutes on a standard Intel Core i7 desktop CPU are shown. The
temperature 7' is shown in bold gray lines and the tanh(-) of the current gap to
capacity v(\, p)|;g in dB during the optimization is shown in black.” The target

code rate is chosen as 7 = 1 and the maximum variable node degree as d, = 20.

DDE with b =8 quantizafcion2 bits is used to compute the ensemble thresholds. The
annealing schedule is set to exponentially decrease the temperature step-by-step from
T =1to T = 0.001. On the left-hand side the constant in (2.78) is set to ¢ = 0.85
resulting in a relatively high acceptance probability. For the right-hand side ¢ = 0.085

— and thus a lower acceptance probability — is used and a better final solution is found.

Linearization Using GADE

An alternative method which enables a much faster — though less accurate — opti-
mization can be derived by linearizing the optimization problem (2.77) using the
Gaussian Approximation (GA) algorithm from above (Section 2.7.1). This lineariza-
tion was proposed in [CRUO1| and is briefly reviewed here. As mentioned before,
concentrated check node degree distributions are considered in this thesis.

9For an easier illustration and comparison, rather than directly plotting the threshold 7, the
tanh( | 5) of the corresponding gap to capacity v in dB is depicted. By using the gap to capacity,
the range of values is shifted by a constant offset from (q(r), +00) to (0,+oc0). Additionally, taking
the tanh(+), monotonically maps the range (0, +o0) to (0,1). Since tanh(z) ~ z for small values of z,
the most relevant scope of thresholds close to capacity is not noticeably biased. This way, the values
are in the same range for all setups making them easily comparable.
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In the GADE recursion (2.67), the auxiliary variable t*~! is introduced by

de dy j—1
(2.67) _ . _
=T oo 1<1—(1—Zw(m+(z—1)u¥“ ”)) )
j=2 i=2 )
:~tﬁfr—1]

such that the recursion can be rephrased to a variable node perspective as

dv dc i
¢ = Z/\m(m +(i=1))  pjo! (1 - (1 -~ t[’“—”)j 1)) (2.79)
i=2 j=2

J/

= h(pg, 1) e (2.80)

for k > 1 and with t© = ¢(u ). Using this definition of the auxiliary function
h(p,t), it was shown in [CRUO1] that the error probability goes to zero if and only
if ttF=1 > ¢[F for all k > 0, which is equivalent to

x> h(p,x), Vxe (0,o(u)). (2.81)

This inequality is called the convergence condition and is a linear expression in all
values \;, since h(s,t) is linear in \;. With the help of this convergence condition, the
following optimization strategy can be realized to find the best variable node degree
distribution of a given target code rate 7iarget and a given maximum degree d,. A
visualization of the process is presented in Figure 2.6.

At first, a low fixed mean check node degree d., defining the check node degree

distribution p(z) by (2.73), and a high fixed channel quality ﬁ—; = L are chosen.

T A
best threshold

\ for r = Ttarget

increase dc  r too high

r too
low

decrease Eg/N

increase de 7 too high

r correct,

save result decrease Eg /N

increase dc 7 too high

T correct, idecrease Es /Ny

save result r too low, stop and

»

A >
r correct, increase de output saved result J
save result c

Figure 2.6: Visualization of linearized optimization process by maximizing the code
rate. At each circle the linear program (2.82) is solved once. The y-axis
represents the current ensemble threshold 7. The z-axis represents the
current mean check node degree d...
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Then, a variable node degree distribution A(z) is optimized by maximizing the code

rate r 29 éj ij jj, such that the convergence condition (2.81) as well as the
(2

stability condition (2.50) are fulfilled. Since the p; are considered fixed, maximizing r
is equivalent to maximizing ), A;/i¢. This problem of finding the degree distribution
with the highest rate is stated in the following linear program:

dv
_Z 2.82
max ; - ( a)
subject to A\; >0, i=2,...,dy (2.82b)
dv
AL =) N =1 (2.82¢)
i=2
T
e 4
Aoy < do : (2.82(1)
> ilapi(j—1)
(2.81)
x > h(u,z), Vze (0,¢(u)), (2.82e)

where the objective function as well as all constraints are linear in \;. Linear pro-
grams can be efficiently solved using, e.g., the simplex method or an interior point
method [BVO04]. If the resulting code rate is lower than the target code rate riarget,
the current channel quality cannot be achieved as threshold with the current check
node degree distribution. Thus, the mean check node degree d. is increased slightly,
yielding a new check node degree distribution (2.73). Again, the optimization prob-
lem (2.82) is solved. This is repeated until the optimized code rate lies above the
target code rate. At this point, the channel quality under test is slightly decreased
until the output code rate of the optimizer exactly matches the target code rate (up
to a desired precision). Once this lowest achievable channel quality is found, the mean
check node degree is again slightly increased and the whole process is executed again
to check if an even lower channel quality can be achieved with the modified check
node degree distribution. Finally, as soon as the channel quality cannot be improved
any further by increasing the mean check node degree, the optimization process is
stopped and the best degree distribution pair with the desired target code rate has
been found.

Linearization Using EXIT Charts

Another well-known approach of transforming the ensemble optimization problem
into an efficiently solvable program is to employ eztrinsic information transfer (EXIT)
charts, which were originally introduced in [tBO1] in the context of Turbo codes and
later also applied to LDPC codes, e.g., in [tBKA04, SAL06]. Similarly to the case
of Gaussian approximated density evolution, for the application of EXIT charts, the
message probability densities are assumed to be Gaussian. Under this assumption,
EXIT charts provide a very illustrative description of the iterative decoding process
by quantifying the mutual information that is exchanged between check nodes and



38 2 Low-Density Parity-Check (LDPC) Codes

variable nodes [tBKA04]. Using this description, the ensemble optimization can be
transformed into a simple least squares curve fitting problem [TH02]. Since, however,
EXIT chart based techniques suffer from the same accuracy problems as other meth-
ods that use a Gaussian assumption, they are not further elaborated here. Through-
out this thesis, all ensemble optimization procedures are instead based on density
evolution techniques.

2.8 Code Construction

After having found an optimized degree distribution pair (A, p) or equivalently (A, R)
in node perspective, the second part in the design of an LDPC code is the construction
of a parity check matrix H of the required size M x N that complies with the given
degree distribution pair. This check matrix construction corresponds to choosing a
concrete code realization from the given ensemble (N, A, p). The first step consists of
determining the variable node and check node degree sequences d, and d, from (2.19),
containing the degrees d, , and d. ,, of the n-th variable node and the m-th check
node, respectively. The total number of degree-: variable nodes and degree-; check
nodes are given by

N, =MAN,N, i=2,....d, (2.83)
and
M; =R;M, j=2,...,d, (2.84)

respectively, where appropriate rounding |- | needs to ensure that [A; V| and [R;M |
are mapped to integer values and fo; [A;N]=N and Z?; [R;M | =M hold. The
variable node degree sequence in ascending order is, thus, given by

dy=(dv1,.. . dvn)=(2,..,2, i, dy, . dy) (2.85)
—— —— —_——
N5 times N; times Ng, times

and likewise the check node degree sequence in ascending order by

de = (dep,-- - denr) = (2,002,000 foees oo ydey e yde). (2.86)
—— —— —_———
M times M; times Mg, times

Each variable (check) node n (m) can now be seen as having dy ,, (d. ) free sock-
ets that need to be connected to different check (variable) nodes. Choosing a ran-
dom code from the ensemble, thus, means to find a random permutation from the
22;1 dy., = E variable node sockets to the Zn]\le dem = FE check node sockets,
where E denotes the total number of edges. Thereby, double edges have to be avoided,
i.e., no two sockets of one node may be connected to two sockets of another node.
Commonly, this random construction is extended by the additional rule of not con-
necting any two variable nodes to two (or more) common check nodes, which avoids

the creation of cycles of length 4 in the Tanner graph.



2.8 Code Construction 39

Besides the described random construction, two widely-used methods for construct-
ing an LDPC check matrix from a given degree distribution pair are the progressive
edge-growth (PEG) algorithm [HEAO01, HEAO5] and the ACE constrained construc-
tion presented in [TJVWO04]. In the following, the original PEG algorithm and the
improved PEG algorithm [XB04], which incorporates the ACE optimization proposed
in [TJVWO04], are briefly reviewed, as they are later used as a starting point for an
optimized multi-rate code construction method developed in Chapter 3.

2.8.1 Progressive Edge-Growth [HEAO05]

The PEG algorithm was first presented in [HEA01, HEAO05|. It is a greedy algorithm
that constructs the Tanner graph of an LDPC check matrix of given size M x N
and variable node degree sequence d, with ascending degrees in a variable-node-by-
variable-node manner trying to maximize its girth g. Starting at the lowest index,
each variable node n is connected to dy , check nodes one after another, where the
objective in each step is to maximize the length of the cycle that is (potentially)
created by the edge to be established next. For this purpose, in each step, starting
from the current variable node n, the tree 7! is constructed (see (2.28)) up to the
depth [ at which either no new nodes can be added from depth [ to depth [ + 1 or
all nodes are included in 7,!. In the first case, an edge is added between the current
variable node and a random check node of minimal current degree amongst all check
nodes that are currently not reachable, since this edge will not create a new cycle.
In the latter case, all check nodes can already be reached and the edge is connected
to a random check node of minimal current degree from the neighborhood M!(n) of
depth [ (see (2.27)). In this case, the creation of a new cycle cannot be avoided, but
its length [ + 1 is maximized by selecting one of the most distant check nodes. The
PEG construction is summarized in Algorithm 1.

No explicit check node degree distribution is given as input to the PEG algorithm.
Instead, since connected check nodes are always chosen from all candidates with cur-
rently minimal degree, the degrees of all check nodes grow uniformly, resulting in
(nearly) concentrated check node degree distributions. However, if a specific check
node degree distribution is desired, a straightforward modification of the PEG algo-
rithm can be used, in which each check node is assigned a number of sockets accord-
ing to an targeted check node degree sequence d.. Once all sockets of a check node
are connected, it is no longer available as a candidate during further PEG process-
ing [Winl11].

2.8.2 Improved Progressive Edge-Growth [XBO04]

A specific extension of the PEG algorithm to improve the ACE properties of the
resulting codes was proposed in [XB04] and is simply termed improved PEG (iPEG).
It introduces a modified rule of choosing a check node to connect to, only for the
case that new cycles cannot be avoided (lines 10 — 11 in Algorithm 1) and multiple
candidates with the same degree are present at maximum depth. Where the original
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Algorithm 1 Progressive Edge-Growth (PEG) algorithm [HEAO5].

1: Input: M, N,and dy = (dv1,...,dv N)

2: Tnitialize V = {1,...,N},C={1,..., M}, and € = 0
3: Initialize d. = (dc1,...,dc.ar) = (0,...,0)

4: forn=1,...,N do

5:  Connect first edge to random check node of minimal degree:

6: E=EU{(n,m)} and de s = de,p + 1, with m € argmin,, e d,.

7. fori=2,...,d,, do

8: Expand 7,! up to depth [ until no nodes are added from depth I to [ + 1
9: if 7,' contains all check nodes then

10: Connect edge to random check node at maximal depth of minimal degree:
11: E=EU{(n,m)} and d¢ , = decm + 1, with m € arg min, e gl () Qem?
12: else

13: Connect edge to random unreachable check node of minimal degree:
14: E=EU{(n,m)} and d¢ , = decm + 1, with m € arg min, ;.1 Ao m!

15: end if

16: end for

17: end for

PEG algorithm would simply randomly choose a check node in this case, the iPEG
algorithm chooses the check node that maximizes the minimum ACE value that is
created by the new cycles. This modified rule does not influence the length of the
newly introduced cycles in each step but avoids the creation of cycles with low ACE
value whenever possible. This method was shown to improve the error correction
performance especially in the error floor region since cycles with low ACE values are
known to have particularly detrimental effects.

2.9 Quasi-Cyclic LDPC Codes

A drawback of the code construction methods presented above is that the resulting
check matrices do not posses any special structure, i.e., their entries are arranged
in a random manner. This makes storing the check matrix inefficient and is also
unfavorable for parallelizing the decoder due to the random data dependencies during
the variable and check node updates. For these reason, most LDPC codes that are
implemented today are so-called quasi-cyclic (QC) LDPC codes [KLLF01|. They have
a parity check matrix with a structure that allows for inherent parallelization and
that can be efficiently stored. Furthermore, very efficient methods for fast encoding
of QC LDPC codes exist [MYKO05, LCZ106]. Almost all LDPC codes that are utilized
in practice belong to the class of QC LDPC codes. The following description of QC
LDPC codes is given for the binary case only, but can also be extended to the non-
binary case [PC07, HL.ZZ10, BPL13].
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The M x N check matrix of a QC LDPC code is given by

A1 A1,2 ALN7
: I. U
Ao q Ag o IA2,N’
S S S
H? = : (2.87)
Ayt Aml 2 IAM’,N’
. . U

with the integer lifting factor Z € NT and N’ = N/Z as well as M’ = M/Z. The

m’.n’ .

A
submatrices I in (2.87) are either all-zero matrices of size Z x Z or identity
matrices of size Z x Z cyclically shifted to the right by A, positions.!® Thus,

I?m’ ,n’

can be represented as

01 0 0 0\ *mn
00 1 0 0
Am/n/
L = 0
000 --- 0 1
100 --- 0 0

where Iy denotes the Z x Z identity matrix cyclically shifted to the right by one
position. Each multiplication of I5 with itself leads to an additional cyclic right shift
by one position. Slightly abusing notation, the matrix I7! is defined as the Z x Z all-
zero matrix. The QC check matrix can thus be fully described by only the shift values
Ay which are assembled in the so-called lifting matriz of dimension M’ x N':

Ay o Al
A — : : : (2.88)
AM/,l ct AM’,N’

Groups of Z consecutive columns or rows (variable or check nodes) in the expanded
check matrix HI?! corresponding to one entry A, in A (ie., columns in the range
(n —=1)Z+1,...,n'Z and rows in the range (m' —1)Z +1,...,m'Z) are referred
to as a block or group of columns or rows (variable or check nodes), respectively.
An important property of QC LDPC codes is that no variable node is connected
to one such block of check nodes more than once. This property is important for
realizing efficient parallel decoders and is exploited by the layered BP implementation
presented in Section 6.3.

m/’,n’

)

[Z]

A
Due to the unity column and row weights of the (shifted) identity matrix I
both column and row degree distributions of the expanded parity check matrix H

10Quasi-cyclic LDPC codes can also be more generally defined as being composed of arbitrary
square circulant matrices, in which each row is the cyclic right shift by one position to the right
of the row above. By most authors, however, these circulants are restricted to be cyclically shifted
identity matrices, which enables many advantages regarding the hardware implementation. As long
as the dimensions of the lifting matrix A are sufficiently large, this restriction does not impose a
notable loss in error correction performance.
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Figure 2.7: Three exemplary QC check matrices constructed by replacing each 1-
entry in the example matrix (2.31) by a randomly shifted identity matrix
of size Z € {4,8,12}. All three matrices have the same code rate and de-
gree distribution pair as the matrix in (2.31), but different code lengths
N'Z = N € {48,96,144}. Each dot represents a 1-entry and the grid
lines illustrate the Z x Z block structure.

are equivalent to the column and row degree distributions of the lifting matrix A if
the weight of a column (row) in A is defined as the number of entries A,/ ,» # —1.
Therefore, the design of a QC LDPC code ensemble can be reduced to optimizing the
degree distribution pair of the lifting matrix, as all check matrices expanded from this
lifting matrix with arbitrary lifting factor Z will maintain the same degree distribution
pair. For the construction of a concrete QC code realization the positions of the non-
zero submatrices as well as the corresponding shift values have to be determined. For
this, variations of the above presented construction methods as PEG or ACE can
be employed by adding an additional circulant constraint to the selection of matrix
entries which ensures that a check matrix is constructed consisting of either all-zero
matrices or cyclically shifted identity matrices each of size Z x Z (cf. [LK04]). Some
exemplary randomly constructed QC check matrices are depicted in Figure 2.7.

In the context of QC LDPC codes, the concept of a so-called protograph description
is commonly used. The protograph representation of a lifting matrix A is a (small)
Tanner graph with N’ variable nodes, M’ check nodes, and connections between
variable and check nodes according to the positions of non-negative entries in A
(where the exact value is irrelevant). Each node of this protograph defines a certain
type of node in terms of how many connections it has and to which other types of
nodes it is connected. In the example in Figure 2.8, e.g., each check node of type “2”
has to be connected to exactly one variable node of type “a” and one variable node
of type “c”.

1 0 -1 -1 protograph

A= 2 -1 1 -1 —_—
—1 1 -1 2

1 2 3

Figure 2.8: Exemplary 3 x4 lifting matrix A and its protograph representation with
4 variable nodes and 3 check nodes.
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2.10 Non-Binary LDPC Codes

It has been shown that the error correction performance of LDPC codes under
message-passing decoding can be improved by extending codes to higher order finite
fields F, yielding so called non-binary LDPC codes [DM98a, DM98b|. Especially for
short to medium code lengths these non-binary LDPC codes are promising candidates
for achieving further gains compared to traditional binary LDPC codes, however, at
the cost of an increased decoding complexity. The only difference in the definition
of binary and non-binary LDPC codes is that in case of non-binary LDPC codes

the information words x € Ff 7 the code words y € Févq, and the check matrix
H c F(]quXNq are defined over the finite field F,, with ¢ = 2P and p > 1.

2.10.1 Transmission System and Non-Binary LLR Vectors

To comply with the transmission system model introduced in Section 2.1, a slightly
modified notation is used. The binary information and code words are denoted "™
and y"", respectively. The transmission system still operates in the binary repre-
sentation as introduced above, only differing in the internal representation of values
inside the LDPC encoder and decoder, as illustrated in Figure 2.9.

The binary input word x™ € FX of length K is converted to a g-ary input word
T € Fé{ ? of length K, = % by grouping p successive bits from z"™ at a time and
mapping them to the field element a € F, with the corresponding binary representa-
tion!!. Encoding is then performed as described in Section 2.4 using the g-ary check
matrix H € FéquNq of code rate r = %. The resulting g-ary code word y € Févq
of length N, = % consists of K, information symbols and M, = % parity symbols.

E, /Ny
BPSK with v v
Es = ' ?«4
bin bin I ! bin ~bin
T LDPC (¥ | 0—+1 | Cl 28 Liy*"|z)| LpPC |2
encoder 1— -1 ! | decoder
) - 'AWGN, -

.channel: __.--7" :
r_/:___. ___________________________ ) _\::.; I:::’_’_j__________________________________\I
E bits | .. Inon-binary y symbols| E bits |a (y|z)| non-binary | 4 symbols E
~ + = LbpC = | P> |+ == LDPC = | p
' |symbols encoder bits | i ! |symbols decoder bits |

____________________________________________________________________________

Figure 2.9: Transmission system with binary input and output data, a binary input
AWGN channel, and non-binary LDPC encoding and decoding.

1A detailed description of how finite fields are generated and represented can be found, e.g.,
in [RL09]
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Each code symbol is then mapped back to p code bits by expanding the field ele-
ment to its binary representation, yielding the binary code word y®™ € FY. This
binary code word can then be mapped to BPSK symbols and transmitted over the bi-
nary input AWGN channel, after which the receiver computes binary channel LLRs!?
L(ybin\z) from the channel output z just like in the pure binary case. While each
of these binary LLRs describes the (conditional) probabilities of one code bit being
equal to 0 or 1, for the non-binary LDPC decoder a suitable corresponding logarithmic
domain representation of the ¢ probabilities of a code symbol being equal to each of
the ¢ field elements (conditioned on the respective channel output values) is required.
For this purpose, the notion of a g-dimensional (conditional) LLR vector [WSM04] is
introduced

P<yn = 0|Z(n—1)p+17 ) znp)
P(yn = O‘z(n—l)p—l—la SR znp)

Y

Iﬂ(ynlz(n—l)p—kla S znp) = <log

P(yn = 1|Z(n—1)p—|—17 <y an)

P n — -2 n— IR )
log ,...,log (y - |z( Lp+l z p)
P<yn = O‘Z(n—l)p—l—la ) an) P<yn = O’z(n—l)p—l—la SR znp)
_. (LL?],LQL...,L%H]) — I, (2.89)
The conditioning of y, on the p channel output values z(,_1),11,--.,2np is due to

the fact that these values are the noisy observations of the p successive code bits
ybqiril)p w10 Ypnt from yP™ from which the code symbol g, has been assembled.
Although the first entry seems redundant as it is always equal to zero, it is often still
included for implementational reasons.'® Let a € F, be an arbitrary field element
with binary representation a = ajas...ap, with a; € Fp. Under the assumption of
independent channel noise samples, the conditional probability of a code symbol y,,

being equal to a can then be rewritten as

P(yn =aqa |Z(n—1)p—|—17 ceey an)
i
= P(y})qill_l)p+1 =dag,... ’y;t;;)n = Qp |Z(n—1)p—|—17 cees znp)
= P(sh i = @l oo - P(UR = aplen)
b
= TP (vh s = ailztn-npss) (2.90)

1

~

Using (2.90) and the fact that the binary representation of 0 € F, is 0...0, the LLR

p times

121¢ should be noted that, in this context, the term binary LLR does not implicate the LLR itself
having a binary value, but that the LLR describes the probabilities of a binary random variable.

13of course, just like in the binary case, only g— 1 logarithmic values are required to represent the
q probabilities, due to the additional constraint of their sum being equal to one. However, the choice
of which field element is used in the denominator of the probability ratios in (2.89) is somewhat
arbitrary and might be changed during the decoding process to increase numerical stability.
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representation of each field element a € F, can be rephrased to

P<yn = a’Z(n—l)p—l—la ) an)
P(yn = 0|z(n—1)p+17 SER) an)

i1 P(yl(ofibn—l)pﬂ - ai’Z(n—l)pH)
L P (b s = Olzu-vyos)

= log H

1<i<p:a;=1 P(yl(oribn_npﬂ - O’z(n—l)pﬂ')

Ll = log

n

= log

P (yl(oribn—l)pqtz‘ ol |z(n—1)p+i)

P(y&n—l)P—l—i = 0|Z(n—1)p+i>
= — Z log .
P ( bin

1<i<p:a;=1 y(n—l)p—l—i = 1|Z(n_1)p+i)

1<i<p:a;=1

where in the summation only those indices are considered at which the binary repre-
sentation of a has a one entry, since all terms corresponding to zero entries are present
in the numerator and denominator and thus cancel out. Using (2.91), each group of p

successive binary channel LLRs I—(ya,iln_l)p+i‘z(n—1)p+’i) e L(y%n\ Znp) are mapped
to one g-dimensional LLR vector L,, = I (yn|2(n—1)p+1, - - - » Znp)- These LLR vectors

are fed into the non-binary LDPC decoder to produce an estimate & of the g-ary
information word @, which is finally mapped to the binary estimate &"®. The rela-
tionships between code bits, code symbols, binary LLLRs, and non-binary LLR vectors
are visualized in Table 2.2.

bin bin bin bin
y1 yZl y(qul)erl y]iqp
21 o Zp e Z(Ng—1)p+1 . ZNgp
1 i
LB ) o L) e L0 el op) - L(5RE o)
Hy1]z1, -5 2p) If(qu|z(Nq_1)p+1,...,qup)

Table 2.2: Mapping of symbols to bits and binary LLRs to non-binary LLR vectors.

2.10.2 Non-Binary Belief Propagation Decoding'*

A decoding algorithm for non-binary LDPC codes over F, has already been described
in [DM98a]. This algorithm uses the Fast Fourier Transform (FFT) over [, for

14he description of non-binary BP decoding in this section follows the one in [BMSV15].
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efficiently computing the check node operations (see also [BD03]). Its drawback is
that the implementation needs to be carried out in the probability domain and thus
is not well suited for an actual deployment due to potential numerical instabilities.
An implementation in the logarithmic domain has been given in [WSM04|, which,
however, does not make use of the Fourier transform for a low-complexity computation
of the check node operation (which considerably reduces the complexity for large field
sizes ¢). Here, the approach of [SC03, BT04] is followed which uses an FFT and a
representation of messages in the signed log domain to carry out the check node
update, thereby resulting in exact BP decoding. Other approaches only approximate
BP decoding and instead aim at reducing the complexity by computing only the
most relevant terms of the update equation [VDV*10], thus, losing some performance
compared to the signed log domain algorithm according to [BT04]| which is briefly
described in the following.

All messages in the message-passing process are represented by non-binary LLR vec-
tors, and all summations and multiplications of LL.R vectors are performed element-
wise. As described above, the binary channel LLRs are initially mapped to the
non-binary LLR vectors L,,, n € {1,..., N,} by (2.91).

The message vector sent from variable node n to check node m is denoted @Q,, ,,, and
the a posteriori LLR vector of the n-th symbol is denoted @,. Both the variable-
to-check messages and the a posteriori messages are initialized with the channel
output L,, for n € {1,...,N;}. The messages R,,, which are passed from check
node m to variable node n are initialized with zeros.

While the check node update is given by a single equation (2.41) for the binary case,
the non-binary check node update consists of multiple steps. First, the elements of
each variable-to-check message vector are permuted according to the check matrix
entry a = Hy, , € Ff

Qn,m :Qn,m'PCU vne {17"'7Nq}7 mEM(n) (292)

The ¢ — 1 permutation matrices P,, with a € IF;IL, move the i-th element of @, », to

position j in én,m) with 7 = log, (a . ozi_2) + 2 and for 2 <4 < q. The first element
(i = 1) always remains in its position. The function log,(-) here simply yields the
exponent of an F, element in exponential representation. The permuted messages are
then transformed to the signed log domain [BT04] according to

Pnm = (cﬁ/ibym,ﬁﬁm), vne{l,...,N,}, m € M(n)
with &, =(1,...,1), &%, =Qum, (2.93)
b )

q times

where the superscript (-)® denotes the sign and the superscript (-)™ denotes the mag-
nitude of a signed log domain value. To transform these values to the Fourier domain,
the g-point FFT F(-) is applied [BT04]:

Brn = F(@nm), ¥n € {1,.... N}, m € M(n). (2.94)
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Finally, the check node update equations can be written as

©..= I . (2.95a)
n! €N (m)\{n}
and  On, = > @ . Vme{l,...,My}, ne N(m). (295b)

n’eN(m)\{n}

Before the resulting message is sent back to a variable node, the inverse Fourier
transform

Oy = F! (ém,n) . Yme{l,..., M.}, neN@m) (2.96)

is computed, the magnitude is extracted from the signed log domain

R, ,=0,, Ymec{l,. .. Mg}, necN(m), (2.97)

and the inverse permutation (with a = H,, n, € F})

Rm,n = ﬁm,n : P_17 vm e {17 DR Mq}7 n e N(m) (2'98)

a

is applied to the message vector, which concludes the non-binary check node update.

The variable node update is executed according to

Qnm = L+ ST Qi | Bam, Ve {l.. N me Mn). (2.99)
m/eM(n)\{m}

The normalization constant 5, ;, = maxaer, QL?’ ]m helps to avoid numerical problems.
Furthermore, the a posteriori LLR vector

Q=L+ > Run Wne{l,....Nj} (2.100)
meM(n)

is computed for each variable node and a hard decision is performed according to

g = argmax QI Vn e {1,...,N,}. (2.101)
aEFq

Based on this hard decision, the parity check equations gH' are evaluated at the end
of each iteration. The check and variable node updates are executed until all check
equations are satisfied or the maximum iteration counter I, ,x is reached. At the
end of the decoding process, the non-binary values in y are expanded to their binary
representation as described in Section 2.10.1, yielding the binary decoder output
vector yP".
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2.10.3 Ensemble Optimization and Code Construction

In principle, the same methods as introduced for binary LDPC codes can also be used
for the optimization of non-binary LDPC codes with only some required modifications.
For the ensemble optimization, the DE algorithm needs to be modified to correctly
model the behavior of the non-binary BP decoder [RU05, LFK09, WZZ'11]. Using
an implementation of this non-binary DE, the problem formulation for finding an
optimized degree distribution pair follows the one given in Section 2.7.2 and can be
solved using methods similar to those developed in Section 2.7.2. It was shown that
for increasing field order ¢, the average variable and check node degrees of optimized
degree distributions tend towards smaller values [DM98a, DM98b]. In fact, for field
orders of about ¢ > 64, regular non-binary LDPC codes with variable node degree 2
are found to show the best error correction performance [DM98a], such that there is
no need to further optimize degree distributions for these cases.

For the construction of a non-binary check matrix, besides the locations of non-zero
elements also the non-zero values have to be chosen for each position. A noticeable
performance gain can already be achieved compared to binary LDPC codes by first
constructing a binary check matrix with an algorithm of choice and then replacing
each 1 entry by a randomly chosen non-zero element from F,. More recently, also
more sophisticated methods have been proposed for the choice of non-zero values,
e.g., [KGP06, PFD08, ZLT*08|.

As the specific optimization of non-binary LDPC codes is not the focus of this thesis,
no further investigation of non-binary code design is conducted here.



Multi-Rate LDPC Codes

Virtually all modern communication systems — most notably in the field of wireless
communications — have to deal with (quickly) varying transmission channel conditions.
At the same time, the demanded data rate and required strength of error protection
strongly depend on the supported services, like, e.g., speech, video, or data transmis-
sion. Furthermore, in systems where transmission resources, e.g., radio spectrum, are
shared by multiple users, the actual number of active users causes mutual interference
and requires an adaptation of data rates and error protection mechanisms.

The FEC functionality of such systems allows for the adaptation to these varying
conditions by supporting multiple channel code rates in order to make efficient use
of the available resources. The Long Term Evolution (LTE) system [3rd10, 3rd08§],
e.g., uses a rate-1/3 turbo code [BGT93, BG96] and applies bit puncturing to achieve
code rates higher than 1/3 and bit repetition to achieve code rates lower than 1/3. In
LDPC code based standards like WiMAX, WLAN, or some DVB versions, separate
codes are specified for each supported code rate (up to 22 codes in DVB-S2). An
exemplary overview is given in Table 3.1. As a consequence, transmitter and receiver
have to support all specified codes, which hinders an efficient implementation and
leads to increased hardware complexity.

Rather than using separate codes, there exist some alternative techniques for the
construction of LDPC codes which are capable of realizing multiple code rates using
only a single so-called mother code. In [LN02, HKM04, HKKMO6| parity puncturing

number of supported
LDPC codes code rates
IEEE 802.16e (WiMAX) [TEE09a] 6 5,2,32
IEEE 802.11n (WLAN) [IEE09b] 12 2,232
DVB-T2 [Eur09b] 13 1,48, 2324°5
DVB-S2 [Eur09a] 22 54,4,5,3,23 228 3

Table 3.1: Numbers and code rates of LDPC codes specified in different communi-
cation standards.
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was studied to construct LDPC codes of higher code rates from a low rate mother code.
In [LNO2, YBO04] special approaches of code extension were proposed to achieve lower
code rates starting from a high rate mother code. [TJ05] was the first publication to
propose a combined approach using information shortening (which was also termed
dummy bit insertion in [XR00]) and parity puncturing to cover code rates 0.1 to 0.9
with a single mother code.

In this thesis, a multi-rate LDPC code is referred to as a code that requires only one
encoder and decoder implementation (usually for the mother code) and is capable of
realizing multiple code rates. In the following, multi-rate LDPC codes based on a
combination of information shortening and parity puncturing as introduced in [TJ05]
are investigated. The goal of the investigation is to design a single mother LDPC code
that can be used to encode and decode code words of arbitrary target code rates, thus,
providing a highly flexible FEC mechanism that can be adapted to different error
protection levels on-the-fly. As additional constraint, the rate adaptation must not
require any changes to the encoder and decoder hardware, such that the hardware
implementation can be fully optimized based only on the mother code and still be
used at any of the supported code rates. To achieve this, information shortening
(Section 3.1) and parity puncturing (Section 3.2) are reviewed and novel optimization
techniques are presented. After that, a method to jointly employ shortening and
puncturing to cover very wide code rate ranges with close-to-optimal error correction
performance is developed (Section 3.3). Finally, the performance of the novel scheme
is compared to that of several multi-rate schemes from the literature (Section 3.4.1).

3.1 Information Shortening

The technique of information shortening inserts known bits (dummy bits) into the in-
formation bit sequence before encoding with the mother code. This way arbitrary code
rates lower than the mother code rate can be realized. In the literature, different terms
have been used to describe this technique, including “pruning” (e.g., [CH93|), “code
or information shortening” (e.g., [TJ05]), and “dummy bit insertion” (e.g., [XR00]).

After introducing the general approach of information shortening by describing the
encoder and decoder for a shortened code, at first, an asymptotic analysis of shortened
codes is conducted. The asymptotic effect of information shortening on the ensemble
performance of LDPC codes was first analyzed in [TJ05] and later extended to the
context of a Hybrid Automatic Repeat reQuest (HARQ) scheme in [Oka08|. Addi-
tionally, finite length effects of shortening have been dealt with in [LWZ09, BBV11,
XLGT11, BV13]. The novel techniques pre-published in [BBV11, BV13] will be re-
viewed in Sections 3.1.3 and 3.1.4.

3.1.1 Encoding and Decoding!

In Figure 3.1 block diagrams of encoder and decoder using information shortening are
shown. The most important property is that the core implementations of the original

1The description of information shortening in this section follows the one given in [BV13].
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Figure 3.1: Encoding and decoding using a fixed mother encoder and decoder and
information shortening to adapt the code rate. The different colors
visualize exemplary positions of information, dummy, and parity bits.

LDPC encoder and decoder are left untouched and only some low-complexity pre-
and post-processing in the form of inserting or removing constant values is added.

Encoding

At generally arbitrary positions, K4 known dummy bits are inserted into the original
information word x of (shortened) length K, yielding the intermediate information

word x of length K = K 4+ K4. In the following, all dummy bits are assumed to be
set to zero w.l.o.g.. The systematic encoder of the rate r = % mother code appends

M = =2 (K + Kq) parity bits.  After this, the dummy bits that are included in
the intermediate code word y are removed (punctured), since they are known at the
receiver and therefore do not need to be transmitted. The resulting code word y has

length Ny = Ky + M and is passed to the modulator for transmission.

While the inner LDPC encoder has input length K, output length N, and code rate r,
the resulting system including information shortening has effective input length K,
effective output length Ny, and effective code rate ry, which are related by

K, K, K,
Ve == — = =
Ny Ko+ M K+ S5(K+ Ky)
ks
S — 3.1
ks + =1 (8:-1)

where the relative shortened information word and code word lengths are defined
as ks and ng by

K r~t—1
fy = — = : 3.2
STK T ot (3.2)
NS 1—7’
= — = . 3.3
TN T 1o (3:3)
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Any code rate 0 < rs < r can be achieved by an accordant choice of ks (of course only
in discrete steps, depending on the absolute values of K and K). If no dummy bits
are used (i.e., ks = 1) ry = r follows, and if the number of information bits approaches
zero (i.e., ks — 0), the effective code rate also approaches zero.

Decoding

At the receiver, the dummy bits and their positions are known and thus provide
perfect a priori information which is inserted into the information positions of the
received sequence L(y|z) of LLRs in form of values +o00 (according to the known bit
value of 0) yielding the LLR sequence L(y|z). Then, straightforward LDPC decoding
of this padded sequence of LLLRs is conducted. Finally, the dummy bits are removed
from the output.

The positions with perfect knowledge influence the message-passing decoding as fol-
lows. If a parity check equation of the form y; +y2+. ..y, = 0 is considered, in which
one or more dummy bits participate that are known to be 0, the equation can be equiv-
alently described by simply discarding those bits from the equation, due to y; + 0 = y;.
An analogous equivalence also holds for the computation of messages in the LLR
domain during a check node update according to (2.41), since L; B +oo = L;. Con-
sequently, the outgoing messages of variable nodes that are associated with dummy
bits (these nodes are also denoted dummy nodes in the following) do not have to be
considered in any check node update since their values are 4+0co0. Since there is no
need for improving the reliability of a dummy bit’s (known) value, also the incoming
messages of dummy nodes are of no particular use. According to this observation,
all edges connected to dummy nodes can be removed from the Tanner graph without
any influence on the decoding process. Hence, the effective graph as “seen” by the
decoder is the graph of the mother code with all dummy nodes (and all connected
edges) simply removed. Accordingly, the effective parity check matrix is achieved by
removing the columns associated with dummy bit positions from the mother code’s
parity check matrix.

As a consequence, even though the code length of the employed mother code is N, the
complexity of decoding is equivalent to that of decoding an LDPC code with smaller
code length Ng and code rate rg if the dummy nodes are simply deactivated. However,
it is not mandatory to remove any nodes or edges at all but it just serves reducing
complexity. Existing decoder implementations do not have to be changed in any way
and are fully compatible with this rate adaptation technique.

It should further be noted that due to the correspondence of each code word position
to a check matrix column, encoding and decoding with arbitrary positions of dummy
bits can be simplified. Instead of inserting dummy bits at the desired predefined
positions before each encoding and decoding process, the check matrix columns can
simply be reordered once in advance such that dummy bits can always be appended,
e.g., at the beginning or the end of the information word.
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3.1.2 Asymptotic Analysis and Optimization

As described above, decoding of a shortened LDPC code is equivalent to decoding
in the Tanner graph with all dummy nodes (and associated edges) removed. For the
asymptotic analysis of a shortened code of rate rg, the shortened degree distribution
pair (in node perspective) of this pruned graph is of interest and is denoted

dv dC
APl @) =S Al and - RISl(@) = RIS, (34)
i=2 Jj=2

in analogy to the un-shortened degree distributions A(z) and R(z) from (2.21).

Shortened Variable Node Degree Distribution

The number of variable nodes of degree i before shortening is given by

(

N; "2 AN,

while the number of variable nodes of degree ¢ after shortening is

Ny = AN = Alslp v (3.5)

%

The original variable node degree distribution A(z) and the shortened variable node
degree distribution Al"s!(z) can, thus, be related by the degree distribution Al"sl(x)
of all dummy nodes by

dv dV
oy 1 ‘
MW@:EAHﬂ:N_NE(M—Mﬂﬂ (3.6)
i=2 S i=2

where N; — N ; corresponds to the number of degree-i dummy nodes and N — Ny
corresponds to the total number of dummy nodes. This equation can be further
rewritten as

dv [rs]
AN — A ngN'\
[rs] _ 2 7 S %
A @»_§:< (1 —ng)N )x

1=2
dy
1— 1— .
:§:<m Ts _ Al r>x1 (3.7)
P r—Ts r—Ts
AN — AlSI(N — N)
A[Ts] _ S
~ i N. ,
_Al—rs [rs] T — T

— Al

1 1=’

ie{2,...,d.)}. (3.8)

Given a fixed mother LDPC code, the shortened variable node degree distribution can
be controlled by (3.8) and by choosing the dummy node degree distribution Al"sl(z),
which is realized by inserting the dummy bits at positions with the respective target
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[rs]

degrees. Of course, there are constraints regarding the values of the A; ™, as, e.g.,
no new variable node degrees can be created by only removing variable nodes from a
graph. These constraints can be expressed as bounding the coefficients Al"s! of the
dummy node degree distribution between zero and one:

O<A[rs] (3__8)A1_ _A[Ts}l_r
-t "r—rg r—Trg
& Ngi < N;
. 1— 7 .
e A< i1_:’ i€ {2,... dy} (3.9)
and
12A£rs} (3:8)A21_ _A[rs]l_r
r—re r—re
& N—N, >N-—Ns,l-
o A pLTT T i€{2,...,d.}. (3.10)

1—r 1—7r

Together with the trivial constraint of 0 < AETS} < 1 this yields

1—ry r—rg [rs] 1—rg ,
; — < < _ .
max(O,AZl_r 1—7“) A; mm(l A21 ),16{2, ,dy}
(3.11)

Shortened Check Node Degree Distribution

The shortened check node degree distribution R!["s! strongly depends on how dummy
nodes are selected. If no special attention is paid to the check node degrees during
selection, a certain randomness can be expected in the resulting check node degree
distribution. To quantify this randomness, at first, the probability of an arbitrary
edge in the original graph to be removed after shortening is considered:

Premoved = P(“edge is removed”) = P(“edge connected to dummy node”)

_ f: P< “edge connected to ) P <“degree i variable node)

degree 7 variable node” is dummy node”

=X; _ # degree i dummy nodes
~ # degree ¢ variable nodes
d
v Agm( A; N AWN
O ZA
i=2 ¢
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EPEEL NG
N i
1=2
_ NS Al i
Wlth(:2.22) _4¥s Zi:Q LA —-1— (3 ]_2)
N oA B

where E denotes the number of edges in the original graph and E!"s! the number of
edges in the shortened graph. The number of remaining edges of a degree-k check
node (cn) after shortening then follows a binomial distribution with

P(“cn has j edges after shortening

k . .
N (.]) (1 N Prem()ved)‘j Pferrlljoved7 (313)

yielding the probability of a degree-j check node after shortening by marginalizing:

) ’((

cn has k edges before shortening”)

RE-TS} = P(“cn has j edges after shortening”)
B i P “cn has j edges
o after shortening”
k=2 -—
de =Ry,

k S
- Z Rk( ) (1 B Premoved)J Pferﬁjoved' (3-14)

k=2 J

“cn has k edges “cn has k edges
before shortening” before shortening”

N J/

The shortened check node degree distribution is finally given by

dc
R[Ts} (3’}) — Z RBTS}'IJ
7=0
de [ dc k . . ‘
= (Z Rk < ) (1 - Premoved)J Pfe?rfoved) xj' (315)
7=0 \k=2 J

This degree distribution potentially contains degree-0 and degree-1 check nodes (de-
pending on the original check node degree distribution and on how many nodes are
shortened) which are undesirable, as they do not serve any purpose during message-
passing decoding. To avoid these degree 0 and 1 check nodes, an easy strategy is to
simply not choose a variable node as dummy node if this causes one or more check
nodes to reduce their degree to below 2.

Threshold Computation

The asymptotic error correction performance of a shortened code of effective rate ry is
determined by the shortened degree distribution pair (Al"sl, RI"sl). For the asymptotic
case (i.e., at infinite code length), it does not make a difference whether a code from
the (A[TS],R[’"S}) ensemble was constructed directly or by shortening a code from
another ensemble. Thus, the performance of shortened LDPC codes can be evaluated
using the methods introduced for LDPC code ensembles in Section 2.6.1 by simply
considering the shortened degree distribution pairs.
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Constrained Optimization

Given a fixed mother code degree distribution pair (A, p) with corresponding node
perspective (A, R) and code rate r, the asymptotic performance of a shortened code
of code rate rs can be optimized by minimizing the ensemble threshold 7(Al"s), pl"s]) of
the shortened degree distribution pair (A"sl, pI"sl) with node perspective (Al"sl, RI™sl).
The optimization problem is given by

min T()\[TS],p[TS}) (3.16a)
dy
subject to  A"sl(1) = Z)\Ers] =1 (3.16b)
=2
Asl>o =2 d, (3.16¢)
_ _ o (3.11) (3.11) _
A LT T B p i PV g LT g (3.16d)
1—r 1—r ' 1—r
RI"sl(z) from (3.15) (3.16€)
[rs] ,lrs]
o1 (2.50) e”(A P )
e P T (3.16f)
Zj:Q Pj (-1

where the trivial constraints (3.16b) and (3.16¢) ensure A["s! to be a valid degree distri-
bution and (3.16d) resembles the shortening specific constraint introduced by (3.11).
Additionally, the stability constraint (2.50) is included as constraint (3.16f). Finally,
a random selection of the shortened columns of the mother code matrix is assumed in
constraint (3.16e), resulting in the check node degree distribution given by (3.15). If
the check node degree distribution R(x) of the mother code is concentrated (as defined
by (2.73)), the column selection strategy can be tailored in such a way that the short-
ened check node degree distribution RI"s/(x) is also (nearly) concentrated (see Sec-
tion 3.3.2). This column selection strategy can be incorporated into the optimization
problem by replacing constraint (3.16e) by the check concentration constraint

pl"sl and d["s! from (2.73) and (2.74). (3.17)

For both cases (randomly shortened check node degree distribution or concentrated
shortened check node degree distribution), the global optimization using DDE or the
linearization using GADE as described in Section 2.7.2 can in principle be used. It
should, however, be considered that the GADE approach does not give very reliable
results for code rates lower than about 0.5.

This constrained optimization technique was already used in [TJ05] to successively
optimize shortened variable node degree distributions for multiple code rates, starting
from a fixed mother code of rate 0.5. These reference results will be presented later
in Section 3.4.1.
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3.1.3 Finite Length Optimization: Maximum Distance?

Besides the asymptotic performance described above, also finite length effects of in-
formation shortening are of interest. In this context, finite length effects are those
that are not related to the degree distributions but to the concrete structure of a
check matrix of finite size. One such finite length optimization based on a maximum
distance optimization was introduced in [BBV11]| and is reviewed in the following.

Instead of simply appending dummy bits to the information bits or selecting the
dummy bit positions randomly, this approach determines optimized dummy bit posi-
tions within the information bit sequence. The approach is inspired by the argumen-
tation of [BEV11], where dummy bits are inserted equidistantly into the information
bit vector before convolutional encoding. While convolutional codes introduce strong
dependencies between neighboring bits, the relation between code bits of an LDPC
code is not determined by the positions within a frame but solely by the connections
of nodes in the Tanner graph. Thus, distributing variable nodes with perfect knowl-
edge (i.e., dummy nodes) throughout the Tanner graph as uniformly as possible is
not as trivial as for convolutional codes. Since the proposed method selects optimized
dummy bit positions of a fixed given LDPC code, it can be directly incorporated into
existing systems to add flexibility in terms of the supported code rates.

The following greedy heuristic is proposed to maximize the average minimum pairwise
distance (i.e., the length of the shortest path) between a given number of K3 dummy
nodes which are to be selected in a given Tanner graph.® First, a simple breadth first
search is applied to find the minimum pairwise distances between all K information
nodes. The result is given by the K x K distance matrix D € N *X  where matrix
entry D; ; denotes the minimum distance between information node ¢ and information
node j. The distance matrix D is symmetric and has zeros on the main diagonal, since
the Tanner graph is undirected. After the distance matrix has been determined, Kg
information nodes are selected and added to the set of dummy nodes V3 in a node-
by-node manner. The first two nodes that are added to V4 are chosen as 7,,,x and
Jmax With

(Ymax, Jmax) € argmax D; ;, (3.18)

Vi,j

i.e., two information nodes that are most distant from each other. From the third
node on, the node to be selected next is the information node ¢* that maximizes the
average distance to all information nodes j that have already been selected:

1
i* € argmax — Z D, j = argmax Z D, ;, (3.19)

vigvy |Va vievy VigVa v,

where V4| denotes the cardinality of V4, and thus the number of dummy nodes already
selected. The algorithm stops when K4 nodes have been added to Vq (i.e., [Vq| = Kq).
A summary is given in Algorithm 2.

2The description in this section follows the pre-published paper [BBV11].

3To avoid dummy nodes that are very close in the Tanner graph, rather than maximizing the
average distance, an alternative approach that maximizes the minimum distance can be employed,
but is not further followed up upon here.
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Algorithm 2 Maximum Distance Dummy Bit Insertion (MD-DBI).

Compute distance matrix D with distances between all K information nodes
Choose randomly two most distant nodes (imax, jmax) € argmax D; ;
Initialize Vg = {imax, Jmax Vi,
while |Vy| < K4 do

Choose randomly ¢* € arg max Zwevd D, ;

Vd — Vd U {Z*} VigVyq
end while

When rate-adaptation is used, the code rate rs (and thus the number K4 of dummy
bits) is typically not fixed but possibly varies from one frame to the next. However, in
this case it is still sufficient to run the proposed algorithm once using the maximum
possible number of dummy bits K3 = K and keep track of the order in which dummy
nodes are added to V4, resulting in an ordered list of potential dummy bit positions
of length K. For each requested code rate ry smaller than the original code rate r,
the corresponding number of dummy bit positions can simply be obtained as the first
K4 entries of this list.

In Figure 3.2 an exemplary Tanner graph is shown with five parity nodes and five
information nodes, three of which are used for dummy bits. In the left example, the
dummy bit positions are simply chosen as the last three information bit positions
resulting in an average pairwise distance of 2.67 edges between dummy nodes. In the
right example, on the other hand, the first, second, and fourth node are selected as
dummy nodes according to the proposed algorithm, resulting in an increased average
pairwise distance of 4 edges.

Simulation Results

To evaluate the performance of the proposed optimized dummy bit insertion, the
LDPC codes specified in the IEEE 802.16e WiMAX standard [IEE09a] are consid-
ered. Belief Propagation decoding as described in Section 2.5 with a maximum of
Iinax = 200 iterations is conducted. The following three setups are considered:

Simple code shortening Maximum distance shortening

@ information nodes (O dummy nodes @ parity nodes [ ]check nodes

Figure 3.2: Exemplary Tanner graph with three shortened nodes. Simple code
shortening (left) results in the average pairwise distance 2.67. The
proposed maximum distance shortening (right) results in the increased
average pairwise distance of 4.
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Reference codes (Ref.): The codes from the WiMAX standard with code length
_ 1235
N =576 and code rates r € {3, 5,5, 3 }-

Random dummy bit insertion (R-DBI): Dummy bits are randomly chosen amongst
the information positions. Rate r = % WiMAX codes of code length Ny = 576
after shortening are used as mother codes and 40 %, 60 %, and 80 % of the
available information bits are dummy bits in order to match the shortened code

rates rg = %, ry = %, and rg = %, respectively.

Moaximum distance dummy bit insertion (MD-DBI): Same as for the setup R-DBI,
but dummy bits are now inserted at optimized positions according to the max-

imum distance heuristic from Algorithm 2.

The code lengths IV of the mother codes for the R-DBI and MD-DBI setups are chosen
to result in the same shortened code length Ny = ngN = 576 of the transmitted frame
as for the reference codes (i.e., N = 864 forry = 3, N = 1152 forry = 2 and N = 1728
for ry = %) While this setup does not allow a rate-adaptation to all code rates with
the same mother code, it is chosen to provide a fair comparison of the resulting
shortened codes to the original WiMAX codes of code length N = 576. This way the
simulation results for each shown code rate also exhibit the same code length such
that the curves a not biased due to different code lengths but only show the influence
of the different rate-adaptation methods.

Note that despite the increased code lengths of the codes using dummy bit insertion,
decoding complexity is not increased since all additional nodes and edges of the Tanner
graph are associated with dummy bits. Thus, as mentioned above in Section 3.1.1,
these nodes and edges do not have to be considered during decoding, since they hold
messages with values +oo, which is the identity element of the boxplus operator.

The upper plot in Figure 3.3 shows the frame error rate performance over the channel
quality Es/Ny in dB. For a shortened code rate of rs = %, the waterfall behavior of all
three setups is nearly identical. Yet, the error floor performance is slightly degraded
for the non-optimized setup R-DBI and slightly enhanced for the optimized case MD-
DBI. Except for a small loss in the waterfall region, a similar behavior is observed for
a shortened code rate of ry = % The most evident difference between setups R-DBI
and MD-DBI can be seen for the code rate ry = % For the non-optimized case R-DBI,
the error floor already starts at a frame error rate of about 1072, in contrast to the
optimized case MD-DBI which comes very close to the original rate-1/2 code with a
loss of less than 0.2 dB near the waterfall and even less in the error floor region.

In the three lower plots of Figure 3.3, the convergence behavior is depicted for the
three different setups. For each shortened code rate rg, the frame error rate is plotted

over the number of decoding iterations for exemplary fixed Es/Ny values. For rq = %

and FEs/No|,z = 0.99dB (left plot), it can be seen that convergence is much slower
for setup R-DBI than for the reference code and setup MD-DBI. The setup MD-
DBI, however, converges even faster than the original rate-1/2 code, but achieves

a slightly higher frame error rate if the number of decoding iterations is high. For
2

rs = 5 and Es/Nglygz = 2.64dB (center plot), a very similar behavior is observed.

For ry = 2 and E;/No|ss = 3.75dB (right plot), the original rate-3/4 code exhibits
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Figure 3.3: FER over channel quality Fs/Ny after Inax = 200 iterations is shown in
the upper plot. The convergence (FER over iterations) at fixed Eg/Ny
values for the three shortened code rates is shown in the lower plots.

the slowest convergence of all setups but still converges to a lower frame error rate
than for setup R-DBI. The optimized dummy bit insertion (MD-DBI), however, has
the fastest convergence and also achieves the best frame error rate for small as well
as for high numbers of iterations.

In summary, the proposed optimization ensures that the perfect knowledge provided
by known dummy bits is evenly distributed throughout the code’s Tanner graph. Sim-
ulation results show that significant gains in terms of frame error rate performance and
convergence speed can be achieved by this approach as compared to non-optimized
insertion of dummy bits at the end of the payload. It should be noted, however, that
no care was taken at all to control the shortened degree distribution in the conducted
experiments. Of course, this finite length optimization can be combined with the
asymptotic optimization presented in Section 3.1.2 by modifying the algorithm to
choose a corresponding number of dummy nodes for each degree to also achieve a
good degree distribution after shortening.

3.1.4 Finite Length Optimization: Breaking Cycles*

Another finite length optimization termed breaking cycles is presented in this section.
It has been pre-published in [BV13] and is based on the idea of exploiting dummy

4The description in this section follows the pre-published paper [BV13].
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nodes for “breaking” short cycles to improve the message-passing decoding perfor-
mance. Similarly to the maximum distance optimization of the previous section, the
presented approach is applicable to arbitrary LDPC codes and can thus be easily
integrated into existing systems.

As described before, from a message-passing decoder’s point of view, inserting dummy
bits means removing edges from the Tanner graph. The breaking cycles method
basically chooses the positions for the dummy bits such that the removal of edges
“breaks” as many shortest cycles as possible. More precisely, since removing a node
also removes all cycles running through it, the nodes chosen for dummy bits are the
ones with most cycles running through them.

Naturally, this approach will tend to select many high degree nodes, since these are
more likely to have a high number of cycles. If the resulting shortened graph is desired
to have a specific predetermined variable node degree distribution, this can easily be
achieved by a minor modification of the proposed approach (i.e., pre-compute the
required number of dummy bits for each degree and stop choosing these degrees as
soon as the target quantity is reached). However, this approach solely focuses on
the removal of cycles and the effect on the degree distribution is disregarded for the
moment (the influence of a modified degree distribution will also be dealt with in the
simulation results on page 64).

In [KB10, KB13|, an efficient message-passing algorithm for counting the number
of cycles of length up to 29 — 2 was presented, with g being the girth, i.e., the
length of the shortest cycle in the graph. The complexity of the algorithm grows as
(’)(gE2) = O(N 2) (with E denoting the number of edges in the Tanner graph) which
is only feasible for moderate code lengths. Here, a slight modification of this algorithm
is used that does not count the global number of cycles, i.e., the cycle histogram
o = (ou, g, ..., 0a4_2), but the local cycle histogram o, = (v 4, 06, - - -, Qp 29-2)
of each information node n € Z (i.e., each potential candidate for a dummy node).

A Tanner graph G = (ZUPUC, &) with the set of information nodes Z, the set of parity
nodes P, the set of check nodes C, and the set of connecting edges £ is considered.
The proposed algorithm selects information nodes from Z to be used for dummy bits
in a node-by-node manner until all K information nodes have been selected to identify
the order in which dummy bits should be allocated. In each step, the selected node
n* is the one with the largest number of cycles a,,« 4, of the currently shortest length
g- in the set Z.5 After node n* has been removed from the graph, the numbers in the
local cycle histograms «,, of other nodes are potentially reduced, and the shortest
cycle length g, might increase. Thus, g; and «,, 4, have to be recomputed for all
remaining nodes n after each step. If a short cycles exists that is only connected to
parity nodes, it is theoretically possible that at some stage the value g; becomes larger
than 2g — 2 (with ¢ still denoting the current global girth). In this case, the values
Qp,g, can no longer be computed by the algorithm from [KB10, KB13|. However, in
practice this only happens after almost all K nodes from the set Z have already been

5Cycles that are shorter than gz but are only connected to parity nodes are not considered, as
they cannot be eliminated by information shortening.
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selected, so that the few remaining nodes can simply be chosen in some arbitrary
fashion. Finally, the algorithm yields the ordered vector s of size K containing the
order in which bits should be shortened. For each mother code, this algorithm has to
be executed only once offline to find the vector s. To realize any shortened code rate
rs < r, the first K4 = K — K positions in s are then simply chosen as dummy bits.
A detailed description is given in Algorithm 3.

Of course, the columns of the parity check matrix can simply be reordered according
to s. This allows to achieve the performance gain of the proposed method by append-
ing the desired number of dummy bits to the end (or likewise to the beginning) of
the information bits.

One drawback of this approach is its high computational complexity, since the algo-
rithm of [KB10, KB13] for counting the cycles has to be executed K times (line 10
of Algorithm 3), which leads to an overall complexity of O(K N 2) = O(N 3). Al-
though the method is mainly intended to be used for moderate code lengths N and
only has to be executed once in advance for a given code, this complexity becomes
quickly infeasible for code lengths of about a few thousand bits. To deal with this
complexity problem, a simplified version of Algorithm 3 is additionally presented
which has been pre-published in [BV13]. This simplified breaking cycles algorithm
only computes the local cycle histograms a,, once in advance and selects dummy bit
positions solely based on these pre-computed values. Consequently, the complexity is
reduced to only O(N?) which is given by the algorithm of [KB10, KB13] for counting
the cycles. This simplified version is described in Algorithm 4.

Empirical investigations suggest that for this simplified breaking cycles algorithm,

Algorithm 3 Breaking Cycles algorithm finds optimized order s of dummy bits.

1: Given a Tanner graph G = (ZUP UC,€E)

2: Initialize 7/ =7,&8 =&,G' =G

3: Initialize vector of dummy nodes s = () // empty vector
4: while size(s) < K do

5. Find the length g of the shortest cycle in G’

6:  Find the length g;/ of the shortest cycle running through any information node

nel
7. if (9 > 29 —2) then
8: break '/ cycles cannot be found with [KB10]
9: end if

10:  Compute a4, for all n € T’
11:  Find n* = argmax a, 4,

vneZ!
12: s =(s,n%) // append n* to s
13 I/ =T1'"\{n*} // remove n* from 7'
14: &' =E&"\E // E,+ denotes all edges connected to variable node n*

15 G =(T'UPUCE)
16: end while
17: Append all remaining nodes from 7’ to s
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Algorithm 4 Simplified Breaking Cycles algorithm for finding optimized order s of
dummy bit positions.

Given a Tanner graph G = (ZUP UC,E)
Initialize 7' =7
Initialize vector of dummy nodes s = () // empty vector
Find the local girth g, for alln € Z
Compute ay, 4, foralln € 7
Set v, 00 =0 for all n € Z and all ¢t with 2 <t < g,,/2
while size(s) < K do
Find [ = min g,
vneZ/
9:  Find n* = argmax ay,
10 s=(s,n") vnet! // append n* to s
11: ' =7'"\{n*} // remove n* from 7'
12: end while

the amount by which the number of short cycles in the graph is reduced is almost
the same as for the more complex Algorithm 3. In Table 3.2 the numbers of cycles
are given for an optimized rate-1/2 PEG LDPC code with code length N = 2304,
K = 1152, girth g = 6, and degree distributions (in node perspective)

A(z) = 0.452% 4 0.372% + 0.032* + 0.152"
and R(z) = 0.47z" + 0.5325.

In the upper part of the table, the global numbers of cycles «; of lengths [ €{4,6,8,10}
are shown, while the lower part shows the number of only those cycles that are running
through information nodes Z denoted by af. These numbers are of special interest
since only these cycles can be eliminated by dummy bits. To compute the numbers
af | the numbers of cycles are counted at each node in a node-by-node manner leading
to cycles potentially being counted multiple times, which is why the values a7 can be
larger than the corresponding values «;. In addition to the cycles of the mother code,
the according numbers are also given if dummy bit insertion with K3 = K — K, = 768
is used to achieve rq b %: = % = i. Four different approaches of find-
ing optimized dummy bit positions are considered: the maximum distance heuristic
from Section 3.1.3 presented in [BBV11], the proposed Algorithm 3 and the proposed
simplified Algorithm 4, as well as the approach presented in [LWZ09]|, which tries to
maximize the extrinsic sum of the dummy nodes, i.e., preferably shortens low-degree

variable nodes that are connected to high-degree check nodes.

While the approach of [LWZ09] and the MD-DBI only reduce the number of cycles
of length 6 by about 20-25 %, both breaking cycles approaches achieve a reduction
by about 90 %. A similar behavior is observed for the cycles of length 8 and 10. Tt
is worth noting that within the information nodes Z (in the lower part of the table),
in fact, the breaking cycles approaches eliminate all cycles of length 6 and more than
99 % of the cycles of lengths 8 and 10.
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global cycles «y o Qs Qaqo

Mother code, Kq =0 0 2285 141934 3379631

Approach of [LWZ09], K4 =768 0 1768 101415 2202533

Alg. 2 (MD-DBI), Kq =768 0 1822 104556 2294903

Alg. 3 (BreakCyc), Kq =768 0 269 9573 119791

Alg. 4 (SimpBreakCyc), Kq =768 0 269 10438 128547
node wise cycles of allm € T of ol ak o,

3506 281903 8414973
2436 183644 4989422
2559 190889 5249099

Mother code, K4 =0
Approach of [LWZ09|, K4 = 768
Alg. 2 (MD-DBI), K4 = 768
Alg. 3 (BreakCyc), K4 = 768 0 1086 21745
Alg. 4 (SimpBreakCyc), K4 = 768 0 1990 31124

Table 3.2: Cycles of rate 1/2 PEG LDPC mother code with N = 2304.

o O O O O

Simulation Results

To numerically evaluate the performance of the considered shortening method, the
rate-1/2 PEG LDPC code with code length N = 2304 from above is used as mother
code, and dummy bit insertion with K4 € {768,1024} dummy bits is applied to realize
shortened code rates 75 € {%, %} The following five setups are considered:

e Approach of [LWZ09] ([LWZ09])
e Maximum distance approach from Algorithm 2 (MD-DBI)
e Breaking cycles from Algorithm 3 (BreakCyc)
e Simplified breaking cycles from Algorithm 4 (SimpBreakCyc)
e Reference PEG codes (Reference PEG)

The reference PEG codes (including the used mother code) are optimized for their
specific code rates and serve for comparison only. They have code rates r € {2, I 10}
and code lengths N € {2304, 1536, 1280}, which correspond to the shortened code
rates rs and code lengths Ny achieved by the dummy bit insertion.

Frame Error Rate Results

Belief Propagation decoding as described in Section 2.5 with a maximum of I, =100
iterations is conducted. In Figure 3.4 the frame error rate performance over the
channel quality Es/Ny in dB is shown. For g = { (solid lines) it can be seen that
for the approach of [LWZ09] and MD-DBI, there is a performance gap of about
1dB compared to the optimized PEG code. Both of the breaking cycles approaches,
however, perform even a little better than the optimized PEG code in the waterfall
region, but show a slight error floor for error rates below 10~%. At an error rate of 104,

a gain of about 0.9dB is achieved compared to [LWZ09] and MD-DBI. For ry = 7,
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O Reference PEG 1T BreakCyc * SimpBreakCyc O MD-DBI [LWZ09]

FER

Es/Np in dB

Figure 3.4: FER results for rate—% PEG mother code with code length N = 2304
and four different approaches of dummy bit insertion. As reference,
optimized PEG codes of rates % and % are also shown.

the breaking cycles approaches show a performance gap of about 0.6 dB compared to
the reference PEG code, but still clearly outperform the approach of [LWZ09] and
also MD-DBI by about 1.5dB. Furthermore, the simulation results show that in
terms of error correction performance the simplified Algorithm 4 performs very close
to Algorithm 3, which complies with the observation that it also reduces the number
of short cycles to almost the same extent.

Influence of Degree Distributions

As already indicated above, different algorithms for the selection of dummy bit po-
sitions can result in different shortened degree distributions if the allowed degrees
of the dummy nodes are not predefined. The variable node degree distributions of
the mother code, the shortened rate-% code after dummy bit insertion according
to [LWZ09] and according to BreakCyc, as well as the optimized rate—l% PEG code
are shown in Table 3.3. The DDE thresholds m,pe in terms of E5/Ny values are
computed under the assumption of concentrated check node degree distributions.

Since these varying degree distributions obviously have an influence on the frame
error rate results from the previous section, the following additional experiments for

Ajor Al 4. 9 3 4 11 Tooslys

0.450 0.370 0.030 0.150 —2.63
0.403 0.334 0.028 0.235 —6.42
0.492 0345 0.028 0.135 —8.34
0.718 0.136 0.098 0.048 —11.03

Mother code, r =
[LWZ09], rs =
BreakCyc, ry =
Optimized PEG, r =

Sl=Sl-sl= i

Table 3.3: Original and shortened variable node degree distributions A(x) and
A[TS](m) in node perspective and ensemble thresholds 7,pr with the as-
sumption of concentrated check node degree distributions.
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the effective rate rg are conducted: 20 random selections of dummy bit positions (i.e.,
random shortening) are instantiated with the same degree distribution as resulting
from BreakCyc. Furthermore, by predefining the allowed number of dummy nodes
for each degree, the breaking cycles Algorithm 3 is constrained to exactly match the
degree distribution as achieved by [LWZ09]|, denoted by ModBreakCyc. This way,
different shortened codes with the same degree distribution can be compared. The
results are shown in Figure 3.5.

It can be seen that the BreakCyc achieves better performance than random dummy
bit insertion with the same degree distribution. Moreover, also for the degree distri-
bution achieved by the algorithm from [LWZ09] with a much higher threshold, the
ModBreakCyc method still outperforms the reference algorithm.

Altogether, the breaking cycles approach is an effective method to find an optimized
set of dummy bit positions that shows superior error correction performance for short-
ening of a given mother code. It can easily be used in conjunction with a predeter-
mined optimized shortened degree distribution to achieve near capacity performance
over a wide range of code rates (e.g., 0.5 to 0.1 as presented here).

It should further be noted that the breaking cycles method does not rely on any spe-
cific code construction algorithm. In this section the PEG construction was merely
used as an example since it is one of the most prominent code construction methods.
Even though, for this specific combination of code construction and dummy bit in-
sertion, it might be possible to incorporate the cycle breaking approach directly into
the process of constructing the PEG code (which is also based on the idea of avoiding
short cycles), here, both processes are considered as separate entities for the sake of
generality.

100 _A*—I T T T T ]
== s = — ©- — Reference PEG |}
BN N -

10 B N N §§\ N Q — Y% — ModBreakCyc
N \k\\ \\\ % — +—= = BreakCyc ]
- 10~ ] N \\ R | —— - Random 3
= oy N |
= NN §\ \
NN §§\ \A same degree
4 \ \ \\ distribution |
10 o % /
same degree ]
s distribution A\\% ]

10 L L I |
9 3 7 -6 _5 4 3
Es/Np in dB

Figure 3.5: Influence of different degree distributions on the breaking cycles Algo-

rithm 3 (BreakCyc) and [LWZ09] for shortened code rate ry = 15.
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3.2 Parity Puncturing

The previous section describes a technique to flexibly reduce the code rate of a mother
code with fixed code rate r. The method of parity puncturing, on the other hand,
increases the code rate r,, with » < r, < 1, by simply discarding an arbitrary
number of the parity bits generated by the mother code before transmission. Parity
puncturing is a well-known method that was developed especially for convolutional
codes at first [CCGT9, Hag88]. In [LNO02] the concept was extended to the case of
regular LDPC codes and later also to irregular LDPC codes in [HM03a, HKMO04].

In the following, the general concept of parity puncturing is introduced, followed by an
asymptotic analysis on the ensemble performance and some finite length optimization
techniques for selecting the exact bit positions to be punctured.

3.2.1 Encoding and Decoding®

In Figure 3.6 block diagrams of encoder and decoder using parity puncturing are
shown. As in the case of information shortening, the core implementation of the
mother encoder and decoder can be used without modifications and only the removal
and insertion fixed values has to be executed additionally.

Encoding

The (N, K) mother code of rate r takes the information word x of length K as
input and generates M = %K parity bits at the output. Then, My of the parity
bits are simply discarded prior to transmission. Thus, the transmitted code word
y only consists of the K information bits and the remaining M, = M — My parity
bits, resulting in an (N — My, K) code with effective code length N, = K + M, and
effective code rate
-
o = LS K L ! , (3.20)

Np:K"‘Mp:ﬁ%—%:l"_l:Tmp

where the relative punctured parity word and code word lengths are defined as m,
and n, by

M. r-1—1
mp == (3.21)
and
N, T
S 3.22
np N Tp ( )

Any code rate r < r, <1 can be achieved by an accordant choice of m,, (again only
in discrete steps, depending on the absolute values of M, and M). If no bits are
punctured (i.e., mp, = 1), r, = r follows and if all M parity bits are punctured (i.e.,
myp = 0), the effective code rate is r, = 1.

6The description in this section follows the pre-published paper [BV14].
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Figure 3.6: Encoding and decoding using a fixed mother encoder and decoder and
parity puncturing to adapt the code rate. The different colors visualize
exemplary positions of information, parity, and punctured bits.

Decoding

At the receiver, no channel information about the punctured bits is available and, thus,
zeros are inserted into the received LLR sequence L(y|z) according to the punctured
positions, yielding the LLR sequence L(y|z). LLRs with value zero correspond to
complete uncertainty as the binary values 0/1 are equally likely. For the computation
of messages according to the BP check node update, the messages with complete
uncertainty are dominant in the sense of L; HO = 0 (see, e.g., [HOP96]). Due to this
dominance of uncertainty, punctured nodes first have to be recovered by neighboring
unpunctured nodes, before a connected check node can pass non-zero messages to
other variable nodes. This behavior degrades the decoding performance and has
to be considered in the design of efficient puncturing patterns. As in the case of
information shortening, existing decoder implementations of the mother code do not
have to be modified.

In analogy to information shortening, encoding and decoding with arbitrary positions
of punctured bits can be equivalently realized by simply reordering the check matrix
columns such that the punctured positions are in the last My positions.

3.2.2 Asymptotic Analysis and Optimization

While shortened positions are described by a degree distribution (with coefficients
summing up to one) in the previous section, a different representation is commonly
chosen to describe the punctured positions. In accordance with [HKMO04], the punc-
turing polynomial of effective rate r, is defined by

vl () =3 nlely, (3.23)

=2
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where 0 < 11lP] < 1 denotes the fraction of punctured degree-i variable nodes. More

%

precisely, the absolute number of punctured variable nodes of degree i is given by

Mg =TI N =TIy, (3.24)

7

It should be noted that the coefficients ngp} do not sum up to one (as in the case of
a degree distribution), but instead are related to the mother code by

dv dv
H[Tp}(x) _ Zﬁyp] _ Z HETP]AZ
r=1
=2 =2
dv
Ma; My (3.22) r
= LAl =1 - — 3.25
ZZ:; N N b o ( )

Threshold Computation using Gaussian Approximation

The asymptotic effect of punctured bits on the ensemble threshold was incorporated
into density evolution using a Gaussian approximation (cf. Section 2.7.1) in [HMO03a,
HMO03b, HKMO04]| and is briefly reviewed in the following. The ensemble threshold
of a punctured code of effective rate r, is determined by the triple ()\, P, H[TP]), ie.,
by the degree distribution pair of the mother code and the puncturing polynomial,
specifying how many nodes of each degree are punctured (where a random selection
of the punctured nodes is assumed for each degree in the following ensemble threshold
analysis). Firstly, let e(*) := P(“vgf%@ = 0 in k-th iteration”) denote the probability of

an arbitrary variable-to-check message vﬁbkq)n being equal to zero in the k-th iteration

due to puncturing and likewise £(®) := P(“c\¥), = 0 in k-th iteration”) the probability
of an arbitrary check-to-variable message c,(fﬂf)n being equal to zero in the k-th iteration
due to puncturing. As described above, a check-to-variable message is zero if at least
one of the incoming variable-to-check messages that are summed up (using the boxplus

operation) is equal to zero. Thus, the probability £(%) can be written as

dc « « -
S(k) Z P( edge connected to ) P< at least one of j — 1 )

degree j check node” incoming messages is zero”

J=4 7
-~

_ épj <1 - ( 1= )j_1> . (3.26)

specific message # 0

all j — 1 messages # 0
TV
at least one message = 0

A variable-to-check message, on the other hand, is only equal to zero if the channel
LLR is zero, i.e., the respective variable node is punctured, and all incoming check-
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to-variable messages are zero.” Thus, the probability e(*) is given by

(k) _i P “edge connected to P “degree 7 variable P “all incoming
© = deg. ¢ variable node” node is punctured” messages zero”

1=2 -~ ~—
= A — q1l"p]
dv i—1
i ( c(h=1) ) , (3.27)
1=2 specific message = 0

all ¢ — 1 messages = 0

By inserting (3.26) into (3.27), the recursion

i—1

dv dc i
oF) — Z AT ij <1 _ (1 _ G(k_l))J 1) : (3.28)
=2 =2

is obtained for k > 0, where the initial value is set to e(~" = 1. Under the Gaussian
assumption [CRUO1], the message probability densities can be described by a mixture
of a continuous Gaussian density and a discrete point mass (i.e., a Dirac impulse)
at zero corresponding to the current probability of a message to be equal to zero.
Similarly to the unpunctured case (described in Section 2.7.2) a recursion for the
mean u[ck} of the continuous part of the density can be derived which takes into
account the probabilities ¢®) and £(*) of erased messages [HKMO04]:

dc
1—1 7j—1
+)\2(1—H£Tp])z Eklll)(b( +NL))> ) (329)

=0

Where ¢(-) was introduced in (2.66) on page 28 and the auxiliary term Xglizll) describes
the binomial distribution

- (7)) )

Furthermore, it was shown in [HKMO04]| that the probability of error for the informa-
tion bits can only approach zero if also all (punctured) parity bits are successfully
recovered, i.e., if e*) — 0 and ¢* — 0 for & — oco. Using the same methods as
described in Section 2.7.1 for the unpunctured case, the punctured ensemble thresh-
old Taaps(A, p, H[TP}) can be computed using recursion (3.29). However, due to the
Gaussian approximation, the precision of the predicted ensemble thresholds strongly
depends on the code rate and the maximum variable node degree.

TWith fixed point arithmetic, a message can also be equal to zero if multiple non-zero messages
are added. This case, however, does not need to be considered, since here only the zero-messages
that are caused by puncturing are of interest.
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Threshold Computation using DDE

To achieve higher precision of the punctured ensemble threshold prediction, especially
for code rates below 0.5 and/or large maximum variable node degrees, the effect
of puncturing can also be incorporated into the DDE method (cf. Section 2.7.1).
Combining the analysis of puncturing with DDE was briefly mentioned in [HKMO04]
but not specifically described in detail. Thus, in the following, a description of how
to integrate puncturing into the DDE analysis is provided.

With the same notation as introduced in Section 2.7.1 for DDE and recursions (3.26)
and (3.27) for e(®) and £(®)| puncturing can be incorporated into the DDE method as

follows. The probability mass function plA (r = cAx) of a variable-to-check message
after the k-th iteration is decomposed into two parts:

P (@) = PYb(2) + PIL (@) = eWi(a) + (1= e®) PYL (@), (3.31)

where PLIC’%)(LE) = e"§(x) describes the point mass at zero that is induced by the punc-
turing of variable nodes, and PL’f;O(m) describes the contribution of unpunctured or
already recovered messages. The evolution of PLMO(LE) is fully determined by recur-

sion (3.27), while ng;o(x) is computed by the modified variable node update

®!
Z)\H ZX’L 1l( c|7é0)
rp (k) (plk] ®!
+ A (11— ZX 1,1 C|?§0 ® PawGeN,LLR> (3-32)

summing over only those probabilities with contributions of at least one unpunctured
term. The auxiliary term Xgl? is given by (3.30). The same decomposition is done

for the pmf P (x = c¢Ax) of a check-to-variable message after the k-th iteration:
k k
P () = P (@) + PIL o (2) = () + (1 - 9) P (), (3.33)

where P[Ck(])(m) = ¢ §(x) describes the point mass at zero that represents zero check-
to-variable messages of check nodes that are connected to punctured variable nodes

and P[C ;0( ) describes the contribution of check nodes connected to unpunctured or

already recovered variable nodes (and P[|Lé0

pdf). Then P([:,(})(a:) is fully determined by recursion (3.26), while P[H#O( ) can be

() describes the respective conditional
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computed by the modified check node update

Pc|7£0 (cAx) ZPJ Z H v|7£0 c /Aaf;)
1Az E%CMEE(E;:?A&:):CAQ: -
de i—1 ple_ll (c 1 Az)
v,#0
- ij Z H 1 — o(k—1)
j:2 (Cl,...,Cj_l): j/:1

A1 Az B --Hej_1Az)=cAzx

_Z 1_€(k 1) Z H v;é()C'Am)

(Cl,...,Cj_l)S :
A1 AzH---H cj_lAm):cAm

(3.34)
for ¢ = [Hpin — 17 |Zmax 4 1| FEquations (3.32) and (3.34) together with (3.26)
and (3.27) are evaluated recursively, starting with e~ = 1, P[I]#O( ) = d(x), and
PEIOH 20 = Pawaen.r, to evaluate if error-free decoding is asymptotically possible at

a given channel quality with a code from the punctured ensemble (A, p,II"Pl). By
evaluating convergence at multiple channel qualities as described in Section 2.7.1, the
punctured ensemble threshold 7ppg ()\, 0, H[’"P]) can be computed.

Constrained Optimization

Given a fixed mother code degree distribution pair (A, p) with code rate r, the asymp-
totic performance of a punctured code of code rate r, can be optimized by minimizing
the punctured ensemble threshold of the triple ()\, 0, H[TP]), where A and p are fixed
and the coefficients of I1["P] are the optimization variables. Under the assumption that
the mother code degree distribution pair (), p) fulfills the stability condition (2.50),
the punctured ensemble automatically also fulfills the stability condition since

(2.50) 67’7'()\,/)) 67”p7‘(>\7p71—[[rp])
Ay < =

< d .
Zg 207 —1) Zin pi(G—1)

directly follows from (2.50) and r, > r as well as 7(\, p, II'Pl) > 7(X, p), where the
latter inequality holds because the ensemble threshold cannot be reduced (i.e., im-
proved) by discarding the information of punctured bits. Instead, a similar condition
is proposed here for the puncturing fraction H[;p} as a necessary condition for the
residual puncturing probability e*) (or equivalently (*)) to converge to zero. For
this purpose, the first-order Taylor series approximation of the recursion (3.28) is ex-
amined in the following. Firstly, (3.28) is considered as describing e(*) as a function

of ek=1).

(3.35)

e®) = fetF=1). (3.36)
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The derivative of f(e*~1)) with respect to e*~1) is denoted f’(e*~1)). To evaluate
the behavior of this function close to the point zero, the first-order Taylor series is
determined around e(*~1) = ( by

o(k) — f(e(k—l)) %;f(e(k—l) _ 0) n f/(e(k;) = 0)/. (e(k—l) _ 0)

=0

:>‘2H[2rp}p/(1)

= (=D \, 11V 5/ (1), (3.37)

with p'(1) = d’é—(f)u:l. The value f/(e*~1) = 0) can be obtained by derivating (3.28).
Altogether, for e(*) to converge to zero, the linear factor in recursion (3.37) needs to
be less than 1:

e(k) o] s
m %)\2H2pp(1) < 1

TS| 1
& bl < = . (3.38)

dc
A2 22 pi(j —1)

J

This inequality will be referred to as puncturing stability condition. Similarly to
the stability condition (2.50), it can be used as additional constraint during the
optimization of a puncturing polynomial as it is a necessary condition for convergence
to zero error probability.

Assuming stability of the mother code ensemble, the optimization problem of finding
a good puncturing polynomial is then given by

min T(A, 0, H“p}) (3.39a)
dv 3.25 r
subject to ZHETP]AZ- 625 _ - (3.39b)
T
i=2 p
o<l <1, i=2...d, (3.39¢)
(3.38) 1
el e . 3.39d
2 A2p'(1) ( )

This problem can be solved using global optimization with DDE or a linearization
based on the GA (details on the linearization are found in [HKMO04]).

3.2.3 Finite Length Optimization: Guaranteed
Recoverability

As in the case of information shortening, finite length effects caused by parity punc-
turing describe effects that are not related to the punctured ensemble performance
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but to the concrete structure of a punctured code realization. A number of detri-
mental effects of punctured nodes in the Tanner graph and matrix construction al-
gorithms taking these effects into account have been investigated in the literature,
e.g., [HKKMO06, ZMGC12, AB13]. The most important and widely used property of
punctured nodes is the so-called k-step-recoverability [HKKMO06]. Before decoding
starts, no intrinsic information about a punctured parity bit is available from the
channel observation. Thus, the value of the parity bit has to be recovered during
iterative decoding by collecting extrinsic information from the check nodes connected
to the punctured variable node. A punctured node is said to be k-step-recoverable
(k-SR) if it receives at least one non-zero message for the first time in the k-th itera-
tion, assuming that a flooding schedule is used.® It can roughly be assumed that the
earlier a punctured node is recovered, the more reliable its recovery is. Following this
assumption, a typical finite length optimization consists in selecting the punctured
variable nodes such that as many nodes as possible with low k-step-recoverability are
created. Examples of such algorithms have been presented in [HKKMO06] and more
recently in [AB13].

Strongly Punctured Codes with Guaranteed Recoverability®

The more parity bits are punctured, the more likely it becomes to create unrecover-
able punctured nodes, also called oco-step-recoverable (oo-SR). This usually happens
very suddenly at a specific punctured code rate, and as soon as one node becomes
unrecoverable, almost all other punctured nodes will also be unrecoverable due to
mutual dependencies. Once this happens, the error correction performance of the
punctured code becomes very poor, as nearly the whole graph is deactivated by the
unrecoverable nodes no matter how many iterations are executed.

A low-complexity approach that, during construction of a check matrix, effectively
avoids the creation of unrecoverable nodes even at very high punctured rates is pre-
sented. This approach has also been employed in the code construction method intro-
duced in [BWV14]. The presence of punctured nodes in the Tanner graph, which have
to be recovered before they can forward extrinsic information, unavoidably induces a
performance loss compared to a dedicated unpunctured code of the same rate. While
this penalty is relatively small for moderate fractions of punctured nodes, it strongly
increases for large puncturing fractions. In contrast to most previous approaches, the
proposed method does not aim at optimizing the performance at low to moderate
puncturing fractions, but instead enables puncturing up to an arbitrarily high punc-
tured code rate without creating unrecoverable nodes. This is achieved by modifying
the underlying code construction method (e.g., the PEG algorithm) as follows.

Before starting the construction of the parity check matrix, the desired number My
of the variable nodes are marked as punctured nodes. Each of these nodes needs to

81t should be noted that this definition of the recovery of a punctured node does not account for
whether a node is actually recovered correctly, but simply measures the number of iterations that
have to be executed until any non-zero message arrives at that particular node.

9The description of this algorithm follows the description given in the pre-published pa-
per [BWV14].
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be made sure to be recoverable at the end of the matrix construction process. To
achieve this, for each punctured variable one dedicated guaranteed survived check
node [HKKMO6] is reserved, which is guaranteed to be capable of recovering the
connected punctured node. Thus, My (arbitrary) check nodes are initially marked as
guaranteed survived check node and the remaining M, = M — My check nodes are
declared as potentially dead check node [HKKMO06], as they are not known to have
any guaranteed properties. Whenever processing one of the punctured variable nodes
during code construction, it is first connected to exactly one of the reserved guaranteed
survived check nodes. Since none of these check nodes has been connected to any
other punctured node so far, the current punctured node will be 1-SR as it can be
directly recovered by the guaranteed survived check node within one iteration. Before
proceeding, the connected guaranteed survived check node is marked as potentially
dead check node, as recoverability cannot be guaranteed by this check node if another
punctured node is also connected to it. Since, however, this check node might later
be connected to other punctured nodes, not all punctured nodes will remain 1-SR.
For the remaining connections of the current variable nodes no further guaranteed
survived check node but only potentially dead check nodes can be chosen. As long as
the underlying code construction algorithm exhibits a certain randomness, creating
long chains of dependent punctured nodes with the proposed method is very unlikely.
Empirical observations show that if the proposed method is combined with the PEG
algorithm, nearly all (up to 98 % in the example below) of the parity bits can be
punctured and still be recoverable within a few iterations. An intermediate step
during code construction with the proposed modification is shown in Figure 3.7.

Simulation Results

To evaluate the proposed method of guaranteed recoverability, a rate-1/2 LDPC
mother code of length N = 2394 is constructed with the PEG algorithm and the
optimized degree distribution A(z) from Table 3.4. The SA optimizer described

. p p -
! [

. p p -
[ |

potentially
dead check
nodes

potentially
dead check

nodes

guaranteed
survived

survived
check nodes

SN~~—n030w

check nodes

}
] guaranteed
1[

already
processed

Figure 3.7: Achieving guaranteed recoverability by connecting every punctured
node (columns marked by “p”) to exactly one guaranteed survived check
node (i.e., placing a one in the upper right corner of the light gray
shaded area) during code construction with node-by-node processing of
the check matrix.
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r As A3 Ay As A1o Tooe (A, R)|4p
0.5 0.490 0.320 0.010 0.035 0.145 —2.631
ol (A R
0.6 0.205 0.084 0.000 0.293 0.202 —1.305

0.7 0.349 0.176 0.000 0.486 0.285 —0.012

0.8 0.435 0.307 0.000 0.594 0.297 1.378

0.9 0.531 0.346 0.000 0.824 0.306 3.594
0.95 0.518 0.463 0.407 0.176 0.423 4.937
0.98 0.534 0.479 0.423 0.192 0.439 e®) 0

Table 3.4: Mother code degree distribution A(x) for r = 0.5 and puncturing polyno-
mials TTI"p] () for punctured code rates r, € {0.6,0.7,0.8,0.9,0.95,0.98}
optimized with SA and DDE with 8 quantization bits.

in Section 2.7.2 with DDE and 8 bit quantization is used to optimize puncturing
polynomials for punctured code rates r, € {0.6,0.7,0.8,0.9,0.95,0.98} according to
the optimization problem (3.39). The results are given in Table 3.4. For r, = 0.98
no puncturing polynomial could be found for which the residual puncturing fraction
e(®) (and thus the error probability) converges to zero. For all other code rates, the
DDE thresholds Tppe in terms of Eg/Ny values are given in the table.

The following three setups of puncturing are compared.

Random HETP]AZ’N punctured nodes are selected randomly from all degree-i variable
nodes at each punctured code rate r, and each degree <.

Proposed guaranteed recoverability : during PEG construction, for each punctured
code rate r, and for each degree i, the according number Mgy ; = H[Tp]AiN of

i
punctured nodes are made sure to be connected to exactly one still guaranteed
survived check node. The remaining connections of the punctured variable
nodes are then chosen only from the potentially dead check nodes by the PEG

algorithm.

Reference [HKKMO6]: Punctured nodes are selected according to the intentional
reference puncturing scheme based on grouping and sorting (and irrespective of
the puncturing polynomials from Table 3.4).

In Figure 3.8 histograms of the k-step-recoverability of punctured nodes are shown
for the three described setups and all punctured rates r,. At code rates r, = 0.6 and
rp = 0.7 the random selection and the proposed approach show very similar distribu-
tions of k-step-recoverability between k = 1 and k = 5, while the reference approach
[HKKMO06] produces only 1-SR nodes and very few additional 2-SR nodes at r, = 0.7.
At r, = 0.8, the reference scheme still produces the lowest average recoverability
level k but the proposed scheme already achieves better recoverability than the ran-
dom scheme. The situation changes at r, = 0.9, where the random scheme already
suffers from unrecoverable nodes and also the reference scheme starts to exhibit large
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Figure 3.8: Histograms of k-step-recoverability of three puncturing schemes.
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recoverability levels of up to 14. While it still manages to create the largest number
of 1-SR nodes, the reference scheme is outperformed by the proposed scheme in terms
of the average recoverability k. Finally, at rp = 0.95 and r, = 0.98 both the random
and the reference scheme create unrecoverable nodes, while the proposed scheme effec-
tively avoids these and at the same time manages to keep the average recoverability
level kprop as low as 4.36 for r, = 0.98. This is especially noteworthy since for this
punctured rate almost all (98 %) of the parity bits are punctured, and also the den-
sity evolution analysis predicted the presence of unrecoverable nodes (since for the
employed puncturing polynomial e(®) - 0).

The behavior observed for the recoverability levels of the three considered setups is
confirmed by the BER simulations with I, = 100 iterations of BP decoding shown
in Figure 3.9. The reference scheme [HKKMO06| shows best performance for code rates
rp € {0.6,0.7,0.8} for which it also exhibits the lowest average recoverability level.
For code rates r, € {0.9,0.95,0.98}, however, the proposed scheme shows the best
performance, as expected from the recoverability histograms. The random scheme
shows the worst performance for all punctured code rates. It can also be seen, that
all cases at which unrecoverable nodes are present (i.e., r, € {0.9,0.95,0.98} for the
random scheme and 7, € {0.95,0.98} for the reference scheme) show the same poor
performance, which also corresponds to the BER curve of uncoded transmission.

Altogether, the proposed guaranteed recoverability scheme is a very low-complexity
extension, suitable for many code construction methods that connect variable nodes in
a node-by-node manner. While for moderate puncturing fractions more sophisticated
methods provide better performance, the main strength of the proposed scheme is
that an arbitrarily large fraction of the parity nodes can be punctured (resulting in
code rates arbitrarily close to 1) without creating any unrecoverable nodes.

— — - Random

Proposed alg.
------- [HKKMO6] ]
rp >0.95 for [ HKKMO06]
P >0.9 for random

BER

Es/Np in dB

Figure 3.9: BER results for BP decoding with I,,,x = 100 iterations for the mother
code of rate 1/2 and three different puncturing schemes achieving punc-
tured code rates r, € {0.6,0.7,0.8,0.9,0.95,0.98}.
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3.3 Jointly Optimized Information Shortening and
Parity Puncturing

For supporting very wide ranges of code rates with a single mother code, using only
either information shortening or parity puncturing is not very practical. Both tech-
niques have the drawback of decreasing the effective shortened or punctured code
length to nsN = 11_;:51\7 and np, N = respectively. This reduced length causes

a performance loss which is particularly distinctive if the mother code length N is
already relatively small (e.g., below 1000). If the range rpin = 0.1 to rpax = 0.9 is
covered by only either shortening or puncturing, the resulting effective code length
will be reduced by up to almost one order of magnitude (to 4). Furthermore, the
additional penalty that is caused by punctured nodes quickly becomes dominant if the
punctured code rate is far away from the mother code rate. This makes it virtually
impossible to achieve code rate 0.9 by puncturing a mother code of code rate 0.1.

xr
’r'p’

Much better performance can on average be achieved if shortening and puncturing
are combined, using a single mother code of some intermediate code rate r, with
Tmin < T < Fmax. Lower code rates s (with ry;, < rg < r) can then be achieved by
information shortening, while higher code rates r, (with r < r, < rpyax) are achieved
by parity puncturing. This way, the disadvantages of having too many punctured
nodes and a too heavily reduced code length are compensated to a great extent.

Figure 3.10 shows the effective relative code length ne.g = ng = % when shortening
is used and neg = np, = % when puncturing is used over the effective code rate
r = 0 1 r = 0 2 T = 0.9
;q::) 1 C T T T T T T T T T ]
=8/9F "~~ .
&0 ’ ~ ~
E_) 7/9 | .
L6/9r -~ 64613 -
S50 & _om Tog’— g -
L 4ol - £ y 71|
= ~ 063 Mg —
< e eff = 0.63
©3/9r A9 7 i
° Neff = 0 Neff = 0.49
£297 7 ; T
Sjg| Ier=02 Teff = 0.27
[}
&=
(D] 1 1 1 1 1 1 1 1 1

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
effective code rate rog
Figure 3.10: Effective relative code length neg when shortening is used to achieve
code rates rog < r and puncturing is used to achieve code rates reg > r
for different mother code rates from r = 0.1 (light) to » = 0.9 (dark).
Each curve is labeled with its average relative code length 7.
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Teff = TI's OF Teff = T'p, respectively, for different mother code rates from r = 0.1 (light
color) to r = 0.9 (dark color). Each curve is additionally labeled with its respective
average relative effective code length, denoted 7ieg. To minimize the performance loss
due to a decreased code length, the configuration with the maximum average code
length should be chosen. In this case, the largest average code length is achieved
if the mother code rate is chosen exactly in the middle of the supported code rate
range. In general, however, this is not the case. Instead, under the assumption of
equiprobable and densely spaced code rates in the range 7y, t0 Tmax, it can be shown
that the maximum average relative code length

1 1 max — !/ min
e — 08 (L F Mmax = Pimin) (3.40)

Tmax — Tmin

is attained at the mother code rate
1

o 1+ I —"min
"max

*

r (3.41)

A derivation of this maximum relative code length is provided in Appendix A.

It should be noted, however, that being the optimal choice for the mother code rate
in terms of maximizing the average relative code length neg, does not imply that r*
is also optimal in terms of ensemble thresholds or error correction performance in
general. This issue will be discussed in more detail below in Section 3.3.3.

In the following, a novel joint optimization strategy of shortening and puncturing
is presented to realize a multi-rate LDPC code ensemble with one mother code of
rate r. The presented method has been pre-published in [BV14]. A similar combi-
nation of shortening and puncturing was already used in [TJ05], where the authors
successively optimized shortening parameters for a given fixed mother code with a
given fixed puncturing scheme. In contrast, the novelty here lies in the joint opti-
mization of all supported code rates, including the optimization of the mother code
itself, as well as all parameters of information shortening and parity puncturing. For
simplicity of encoding and decoding, shortening and puncturing is performed in a
rate-compatible fashion, meaning that bits that are shortened at a code rate ry also
have to be shortened at all lower rates 1} < rs, and that bits that are punctured at a
rate r}, also have to be punctured at all higher rates r, > r,. Furthermore, for ease of
notation, the columns of the mother code’s check matrix are always ordered in such
a way that shortening is performed column-by-column (i.e., bit-by-bit) starting from
the lowest index and puncturing is performed column-by-column starting from the
highest index. The code word structure of this rate-compatible scheme is depicted
exemplarily for a mother code of rate r = 1/2 in Figure 3.11.

3.3.1 Asymptotic Analysis and Optimization!®

As discussed in Sections 3.1.2 and 3.2.2, the asymptotic performance of shortening
and puncturing depends on the shortened degree distribution pair and the punc-
turing polynomial, respectively. Given a sequence of ( ascending target code rates

10The descriptions and results in this section follow the pre-published paper [BV14].
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mother code of rate r = r5 mother code of rate r = r5
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Figure 3.11: Exemplary rate-1/2 code word shortened to code rates 71, ..., r4 (left)
and punctured to code rates rg,...,rg (right).

r1 <rg <--- <r¢ in an arbitrary range between 0 and 1, the objective of the pro-
posed joint rate-compatible optimization process is to find a mother code degree
distribution pair of rate r = r, € {ri,...,r¢} and corresponding shortened degree
distribution pairs for the code rates below r as well as puncturing polynomials for the
code rates above r, such that close to capacity performance is possible at all target
rates. The output of the optimization consists of ( polynomials:

o Al"ul(z) = A(z): a variable node degree distribution for the mother code of rate
r=r,€{ry,...,rc},

e Al'sl(z): a shortened variable node degree distribution for each target code rate
rs € {ri,...,ry—1} with ry <r,

e I1I"pl(z): a puncturing polynomial for each target code rate rp € {Tut1,-..,7¢}
with r, > r.

Additionally, at all rates, the effective check node degree distributions are assumed
to be concentrated (which is only valid if the check matrix is constructed accordingly,
cf. Section 3.1.2).

Constraints

There are five constraints that are necessary for the joint optimization to yield a valid
rate-compatible solution. The interrelations of the involved quantities are visualized
in Figure 3.12.

1. Since shortening is performed in a rate-compatible way, the shortened columns
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of each rate must also be included at the next lower rate (for all degrees i):

G2 ) ) (1]
AZN = Airp—l nM_lN > 2 A,L-rl nlN
A Alru—1] Alril
& ——> > > (3.42)
1—17r 1-— rﬂ—l 1-— T
This is equivalent to AW >0, Vk.
. When shortening from one rate r; to the next lower one ry_1 (k € {2,...,u}),

the number of shortened nodes of any degree ¢ cannot exceed the total number
of shortened nodes for that specific rate difference:

(3.10)
(1 — rk—l) AETk} — (1 — Tk) Agrk_ﬂ S Tk — Tk—1- (343)

This is equivalent to A8 < 1, k.

%

. Punctured and shortened nodes must be disjunct, and thus the number of punc-

tured nodes Mg ; = ﬁETC}N of each degree i at the highest rate r. must be less

than or equal to the number Ng,; = AETl]nlN of degree-i nodes remaining in

the degree distribution of the lowest shortened rate r;:

- 1—
¢! = mlrdp; < myAli) = == Al (3.44)

v 1—7”1

. Since puncturing is performed in a rate-compatible fashion, the punctured nodes

of each rate must also be included at the next higher rate (for all degrees 7):

HETWVl] <mliet2l < o< HE”C]. (3.45)

— 1

. For each rate r, € {r,41,...,7r¢} the puncturing polynomial I"p! in conjunc-

tion with the mother code degree distribution A(x) must result in the correct
total number of punctured bits:

flrel(1) = Somiely, C20y - L (3.46)

r
i=2 p

Cost Function

The (mother/shortened/punctured) ensemble thresholds 74, are computed for each

rate ry € {r1,...,r¢} of the candidate solution by means of the methods described

in Sections 3.1.2 and 3.2.2. The performance is assumed to be of equal importance at
each target code rate ri. Therefore, the mean gap to capacity is defined as a single
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Figure 3.12: Visualization of relevant submatrices and rate-compatible constraints

for the joint optimization of shortened degree distributions and punc-
turing polynomials.

value for a multi-rate ensemble with ( code rates by

7

_ 1 1
Vg = ¢ Velap = ZZ Tklag — 9(rk)lap) (3.47)
i=1 i=1
1 i
= Z(ST(A’ R)|4s — |dB + k_lgT(A[rk]’ R[T’“]) ‘dB — CI(Tk)|dB)J
mother code -

TV
shortened codes

¢ 3 (r(an)], - aols) )

k=p+1

TV
punctured codes

in dB scale or equivalently by

¢ ¢
y={Tw= {1l (3.48)
i=1

=5 a(rk)
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in linear scale. The value 7|,y illustrates how many dB the multi-rate ensemble
performs on average away from the channel capacity, while the linear value 4 can be
understood as the average factor in additional energy that is required for error free
transmission compared to a set of perfectly capacity-achieving codes.

To ensure a certain “flatness” of a solution’s sequence of gaps 7|45, the cost function
C(v1,...,7¢) of the optimization process can alternatively be defined as the mean
square gap to capacity

1

¢
C(’Yl, e ,’)/C E Z ’Wf‘dB . (349)
k

While the mean of squared logarithmic values does not have a particularly illustrative
meaning, its usage as cost function can be motivated as follows. By using squared
values, the optimization at code rates with currently large gaps is rated more impor-
tant than at those that already have close-to-capacity ensemble thresholds. E.g., if
two ensemble thresholds are 2dB and 1dB away from capacity, improving the first
one from 2dB to 1.5dB is preferred over improving the second one from 1dB to
0.5dB. Since rates are jointly optimized, it is even possible to accept a degradation
at one rate to enable an improvement at other rates, which might be necessary due
to constraints between the rates. In the following the mean square gap from (3.49) is
used as cost function.

Additionally, it is possible to incorporate unequal importance levels of target code
rates (e.g., due to more or less preferred operating points of a transmission system)
into the optimization by assigning an appropriate weight wy to each code rate and
using an accordingly weighted mean distance or mean square distance

¢ ¢

1 1 2

E E Wy Vk’dB E E Wy 'Yk‘dB (3.50)
k=1 k

as cost function.

Optimization Problem

Using the cost function and constraints described above, the joint multi-rate opti-
mization problem is stated as

¢
1
—Z (Tklap — rk)’dB) (3.51a)
gt
ARl (3.42) pAlE—1]
subject to —* > ——— Vke{2,...,u} (3.51b)
1-— Tk 1— Tlk—1

(3.43)
(1= re_)AE (=) A=) < ey VEE {2, 0}
(3.51c)
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(3.44) 1 _
iy, < 22T Al (3.51d)
1-— T
[re] (3.45) [ ]
el T el vk e {p41,...,¢— 1} (3.51e)
dy
S onlela, €29 1—}, Vke{utl,....0} (3.51f)
i—2 k
o<nlsl <1, Vke{p+1,...,¢} (3.51g)
Al )y =1, Al >0, vee{1,..., 0 (3.51h)
REl(2) from (3.15), VEke{l,...,u} (3.51i)
[ry,] (2:50) ’"kT(A[Tk]’R[rk} vk e {1 ) (3.51))
r . ) G AR /’[‘ * .]
e, Pl (G~ 1)
.1 (3.38) 1
Irdd P2 - (3.51k)
A2 3o pi(j—1)
j=2

The constraints (3.51b) —(3.51f) are the five constraints ensuring rate-compatibility
that were introduced above as (3.42) —(3.46). Furthermore, the trivial constraints
(3.51g) and (3.51h) of all coefficients lying between 0 and 1 and the degree distri-
butions’ coefficients summing up to 1 are included. Constraint (3.51i) ensures all
check node degree distributions to be in concentrated form. Finally, the stability
condition (2.50) for the mother code rate and all shortened rates, as well as the
novel puncturing stability condition (3.38) for the highest code rate r. are included
as constraints (3.51j) and (3.51k).!!

To enable reliable optimization results for arbitrary ranges of code rates, threshold
computation is accomplished by DDE and the optimization problem is solved by the
SA method presented in Section 2.7.2. Even though the search space of the multi-rate
optimization problem is much larger than that of optimizing only a single shortened
degree distribution, the heuristic SA approach still manages to find very good results.
To reduce the optimization time, splitting the SA process into two phases as depicted
in Figure 3.13 has proven useful:

o Left: Degree distributions A"sl (k € {1,...,}) and puncturing polynomials
el (k€ {u+1,...,¢}) are jointly optimized at all rates subject to all con-
straints in (3.51). The current solution vector consisting of all polynomial co-
efficients is randomly modified in each step, and the cost function is evaluated.
If an improvement is found, the modified vector will always be accepted as new
current solution, while a degradation is only accepted with the probability given
by (2.78).

e Right: Starting at the rate r; that has the largest current gap to capacity yx

1 Duye to constraint (3.51e), the puncturing stability condition is also automatically fulfilled for
all punctured code rates if it is fulfilled for the highest code rate r¢.
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being optimized is fixed

Figure 3.13: Active constraints of two-phase Simulated Annealing process.

and ending at the rate with the smallest current gap to capacity, the optimiza-
tion process tries to improve each rate without violating any constraints in an
iterative round-robin scheme.

The first phase tries to find the “deepest” local minimum by slowly cooling down the
temperature T' (i.e., the convergence parameter of SA) to avoid getting stuck in local
minima. In the second phase, only downhill movements are allowed to make sure the
final solution is maneuvered towards the bottom of the current local minimum.

Optimization Results

To confirm the effectiveness of the proposed optimization strategy, ensemble threshold
results are presented for the challenging case of covering the range of (relevant) code
rates from 0.1 to 0.9 in steps of 0.1 using only a single mother code and a maximum
variable node degree of d, = 10. It should be noted that these ensemble threshold
results do not account for the reduction in effective relative code length since an
infinitely large code length N — oo is assumed for the threshold computation. For
comparison, two different previous results from the literature are considered: the
rate-compatible scheme presented in [TJ05] with the same set of code rates, the
same maximum variable node degree, and a mother code rate of 0.5, as well as the
results of [CRUO1, Fig. 10] as a benchmark as to the best achievable performance for
dy = 10 if dedicated degree distributions are optimized for each of the target code
rates without any rate-compatible features.

With the proposed scheme, multi-rate ensembles with mother codes of rates between
0.2 and 0.8 are optimized. Figure 3.14 shows the performance of five setups:

e M2: Proposed optimization with r, = 0.2
e M5: Proposed optimization with r, = 0.5
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Figure 3.14: Gaps of ensemble thresholds to capacity over effective (shortened or
punctured) code rate 7.

e MS8: Proposed optimization with r, = 0.8
e [TJO5]: Reference results with r, = 0.5
e [CRUO1]: achievable gaps for independent codes without rate-compatibility.

Detailed optimization results of setups M5 and M8 are given in Table 3.5.

In Figure 3.14, the gaps x| g of the ensemble thresholds to capacity in dB as pro-
duced by the optimization algorithm are depicted for all effective code rates ry. It
can be seen that for the four rate-compatible setups, the respective minimal gap is
achieved at the mother code rate and the gap increases when moving away from
this rate. The values of the mean square gaps are given for all five curves. The
proposed setup M5 outperforms the reference results [TJ05] with the same mother
code rate in terms of the mean square gap, and also at each single effective code rate
except 0.9. Setup M2 seems to strongly suffer from the fact that a large range of
code rates from 0.3 to 0.9 has to be achieved by puncturing. The best performance
of the rate-compatible schemes is achieved by setup M8 which is very close to the
benchmark scheme [CRUO1| which does not offer any rate-compatibility. As stated
earlier, these results confirm that the proposed optimization strategy yields close to
optimal performance since it comes very close to the case of unconstrained individual
code optimization.

In Figure 3.15 the mean gaps 7,|,5 computed by (3.47) as achieved by the proposed
optimization algorithm for several mother code rates r, € {0.2,...,0.8} are shown.
These results clearly suggest that the proposed optimization strategy favors mother
code rates close to the upper limit of the supported effective code rate range, i.e., the
resulting shortened codes seem to be more effective than the punctured ones. This
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degree 2 3 4 5 10 T, in dB v in dB
AP 0,669 0.199 0.000 0.053 0.08 —0.43 0.86
A2 0625 0.242 0.001 0.049 0.083 —0.66 0.30
2 A3 0571 0.270  0.005 0.044 0.110 —0.36 0.26
A4 0529 0297 0.004 0.039 0.131 —0.02 0.22
= A 0.490 0.320 0.010 0.035 0.145  0.38 0.19
. -6 0.205 0.084 0.000 0.292 0.202  0.88 0.20
= 1107 0349 0.176 0.000 0.486 0.285  1.50 0.24
o8 0435 0.307 0.000 0595 0.297  2.35 0.31
Ilo9 0531 0.346 0.000 0.824 0.306  3.88 0.68
AL 0,687 0.218 0.029 0.001 0.064 —0.90 0.38
A2 0620 0.235 0.051 0.002 0.092 —0.67 0.30
2 A3 0572 0.257 0.045 0.011 0.116 —0.36 0.25
. A4 0532 0279 0.041 0.014 0.133 —0.02 0.22
= A5 0498 0.297 0.040 0.015 0.150  0.38 0.19
% ALS 0460 0.328 0.033 0.012 0.167  0.85 0.17
=  APT 0426 0355 0.026 0.009 0.184  1.41 0.14
A 0.390 0.386 0.017 0.006 0.200  2.16 0.12
o9 0.136 0.098 0.343 0.034 0.071  3.38 0.19

Table 3.5: Optimized multi-rate ensembles for r, = 0.5 and r, = 0.8.

can be explained by the fact that in the considered asymptotic case (i.e., at infinite
code length) the shortened codes do not suffer from any reduction in code length, and
in terms of the ensemble thresholds do not behave differently from an un-shortened
ensemble. In case of puncturing, however, there is an inherent loss in performance
caused by the process of having to recover the punctured nodes. Consequently, in
the asymptotic case, where only ensemble thresholds are considered, the optimal
solutions favor multi-rate ensembles with many shortened codes over those with many
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mother code rate r,

Figure 3.15: Mean gap to capacity 7, achieved by the proposed optimization with
different mother code rates r,.
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punctured codes. The fully rate-compatible proposed scheme not only outperforms
setup [TJ05] but even approaches the performance of the unconstrained optimization
of individual codes according to [CRUO1] (which is depicted as a flat line, as it does
not have a dedicated mother code but consists of separately optimized codes) if a
high rate mother code is used.

If concrete code realizations are considered instead of just the asymptotic ensemble
thresholds, certainly, the optimal location of the mother code rate will be influenced by
finite length effects such as, e.g., the reduced effective code length that was discussed
above on pages 79 ff. These finite length effects are considered in the following section.

3.3.2 Optimized Code Construction

Given an optimized multi-rate ensemble described by its mother code degree dis-
tribution pair (A, R), the shortened degree distribution pairs (As!, R[™s]), and the

puncturing polynomials s (x) as described in the previous section, the problem of
constructing an according multi-rate LDPC code consists in finding a check matrix
that complies with all given parameters in a rate-compatible fashion (see Figures 3.11
and 3.12 on pages 81 and 83). This is achieved for the variable node degree distri-
butions'? by ensuring the check matrix to match the rate-compatible variable node
degree sequence df}c = (df}ff, cee df,{g\,), which is defined analog to the mother degree
sequence (2.85) but compiled according to Algorithm 5. An appropriate rounding
needs to be incorporated, such that kgiar¢ and keng are integer values and that the
number of totally assigned degrees is correct for each code rate. The total number of
entries of each degree is the same as in the mother degree sequence d, given by (2.85),
but the ordering of degrees is such that the correct shortened and punctured variable
node degree distributions are achieved when bits are shortened starting at the lowest
index and punctured starting at the highest index. The check matrix can either be
first constructed by an arbitrary algorithm using the mother degree sequence and
then have its columns reordered to match the rate-compatible degree sequence, or
the construction algorithm can directly be constrained to yield a matrix with the
desired column degree ordering. An exemplary mother degree sequence and the rate-
compatible degree sequence according to Algorithm 5 are shown in Figure 3.16 for
the multi-rate ensemble given in Table 3.5 with r, = 0.5 and N = 504.

In the following, finite length effects influencing the performance of an LDPC code
constructed with the PEG algorithm and a rate-compatible degree sequence will be
discussed. Thereafter, a construction algorithm taking all discussed effects into ac-
count will be presented.

Guaranteed Recoverability

As described in Section 3.2.3, it is of utmost importance to ensure that all punctured

nodes are recoverable. To achieve this, the rightmost Mg = (1 —n¢)N = TCT_CW N

1276 also incorporate arbitrary (shortened) check node degree distributions, some more effort
is required. Since here mostly concentrated check node degree distributions are considered, the
following descriptions focus on this case only.
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Algorithm 5 Compilation of rate-compatible degree sequence df,{c.

1—7”/_1/

1: nkzl_rk,fOI‘k‘Zl,...,u

2: nk:%, fork=p+1,...,C

3. Al pleed 1o AT por =1 =1, d =2, dy
k+17Tk Tk+1"Tk

4: fork::u—l,...,l do

50 ford=2,...,d, do

6: istart = 1+ Z N (g — ) + X0 AN (g — )

7 lend = Z k+1 N (g1 —ngr) + Zd’:2 AEICHI—WHN (Ng+1 — 1)

8: for : = igtart, ..., %nq dO

9: d\l:,{’? =d

10: end for

11: end for

12: end for

13: ford=2,...,d, do

14 dspart = (1 —nl)N+1+Z A N -l A, N

15: lend = (1 — n1)N + Zd’ 2 / } 1N Hg/ }Ad’

16:  for i = igtarty .- -, tend O

17: d39 =d

18: end for

19: end for

20: for k=(,...,u+1do
21: ford=2,...,d, do

22: istart = n(:N + 1+ Zi’:k—i—l (nk/_l — nk/) N + 227:12 (H[rk] — H[Tk*ﬂ) Ad/N
23: lend = n(:N + Zi’:k—i—l (nk/_l — nk/) N + 23,22 (H[Tk] — H[kaﬂ) Ay N

24: for i = istart: e 7iend do

25: dys =d

26: end for

27:  end for

28: end for

positions in the rate-compatible degree sequence are marked as being punctured. For
this purpose, let the boolean vector p = (py,...,pn) contain a 0 at indices that are
not punctured and a 1 at indices that are punctured:

(3.52)

_ )0, for 1<i<neN
Pi = 1, for neN <i<N.

Recoverability can then be guaranteed for all punctured nodes by modifying the PEG
algorithm to follow the rule introduced in Section 3.2.3 for guaranteed recoverability
whenever edges are connected to a punctured variable node.

The originally proposed PEG algorithm uses a sorted degree sequence and thus con-
nects variable nodes in a node-by-node manner in ascending variable node degree
order. To obey this rule of ascending degrees, the following strategy can be employed.
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Figure 3.16: Mother degree sequence d, (left) and rate-compatible degree se-
quence d2¢ (right) of length N = 504.

First, let Prc denote the N x N permutation matrix that converts the ascending
mother degree sequence d, into the rate-compatible degree sequence dX°:

d° = d,Pgc. (3.53)

An intermediate check matrix H is now constructed by the modified PEG algo-
rithm, using the mother degree sequence d, (with ascending degrees) and the vector
p= pP;{é, with p from (3.52), containing the permuted information about which
nodes are punctured (since these are no longer simply the ones with highest indices).
The final rate-compatible matrix H is then obtained by applying the permutation

PRrc to the constructed matrix:

H = HPgc. (3.54)
This way, the final check matrix has the desired rate-compatible degree sequence dX¢
and the (1 — n¢)N nodes with highest indices are guaranteed to be recoverable.

Concentrated Shortened Check Node Degree Distributions

A major drawback of the method that was just presented is the check node degree
distribution of the resulting shortened codes. While the desired variable node degree
distribution is matched by the rate-compatible degree sequence, the check node degree
distribution will have a form similar to that of a randomly shortened code given
by (3.15) on page 55. Using this method, the shortened codes might even have
degree-0 and degree-1 check nodes, which should be avoided in any case.!® This is
due to the fact, that typically a large number of columns are swapped to transform
the mother degree sequence into the rate-compatible degree sequence, resulting in a
random-like selection of the shortened columns with respect to the matrix H.

13These degree 0 and 1 check nodes can in most cases be easily avoided by performing a small
number of additional column swaps of columns with equal degrees. However, none of the punctured
columns can be swapped into the shortened parts, as they were explicitly constructed to ensure
recoverability which could be violated by using other columns for the punctured positions.
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Better performance is expected for concentrated check node degree distributions of
the shortened codes, which was also assumed during the multi-rate optimization pre-
sented in Section 3.3.1. To achieve this, the following property of the PEG algorithm
is exploited. Since the PEG algorithm works in a variable-node-by-variable-node man-
ner and all check node degrees grow approximately uniformly, each submatrix Hp; _, /]
consisting of the N’ columns of H that were processed first has a nearly concentrated
check node degree distribution. Since here shortening is assumed to start at the low-
est index, the shortened codes correspond to the submatrices Hy; _4)n1-n) of the
columns with highest indices. These submatrices can be constructed to be check node
concentrated by directly using the rate-compatible degree sequence d2C and letting
the PEG algorithm proceed in a node-by-node manner starting from the highest index
and moving towards lower indices. This procedure is visualized in Figure 3.17.

Alrp—1] Alral Alri]
A /

/

H-—

I/.L

|
]
N N\ /

g

information part parity part

Figure 3.17: PEG processing starting from highest index to obtain check node con-
centrated shortened matrices. I denotes the range of indices added
to extend the matrix of rate r,_y to rate ry (for k > 2).

Improving ACE Properties

The modified order of degrees within the rate-compatible degree sequence proposed
above deviates from the ascending order of the originally proposed PEG algorithm.
Empirical observations show that when creating a check matrix with the PEG algo-
rithm, the order of degrees strongly influence the resulting ACE properties (cf. Sec-
tion 2.3). To illustrate this behavior, five check matrices of dimension 504 x 1008 are
constructed with the PEG algorithm using different degree orders:

e ascending degree order: as originally proposed,

e descending degree order: inverted order,

e randomized degree order: original degree sequence is randomly permuted,
e rate-compatible degree order: degree sequence from Algorithm 5,

e (PEG + rate-compatible degree order: degree sequence from Algorithm 5 and ad-
ditionally the improved, ACE optimized PEG algorithm is used (cf. Section 2.8.2
on page 39).
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The degree distribution is in all cases the one of rate 0.5 from the multi-rate ensem-
ble given in Table 3.5 on page 88 with r, = 0.5. Accordingly, the rate-compatible
degree sequence was constructed using the distributions of this multi-rate ensemble.
Exemplary degree sequences for all setups are depicted in Figure 3.18, where the last
two setups use the same rate-compatible degree sequence. The ACE properties are
described in terms of the ACE spectrum n = (14,76, 78, 710) up to cycle length 10
(cf. Section 2.3). The ACE spectra of all setups are given in Figure 3.18 together
with BER simulation results of all constructed check matrices after I,,,x = 100 BP
decoding iterations.

Since all codes have the same degree distribution, the BER curves are very similar
in the waterfall region up to around 1.8dB. In the error floor region, however, dif-
ferent behavior is observed for the different setups, which can be explained by the
different ACE spectra. As all matrices have girth 6, there are no cycles of length 4
and, thus, by definition the first value in the ACE spectrum is co. The randomized
degree order shows the highest error floor, which agrees with its ACE spectrum hav-
ing the smallest values (4,0,1), meaning that its cycles are most harmful as they
have the lowest connectivity to nodes delivering extrinsic information. The rate-
compatible ordering also has a poor ACE spectrum, but the absence of cycles with
ACE 0 (fre,s = 1 > 0 = 7pand,s) already improves the error floor compared to the

ascending descending randomized rate-compatible

10
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—H&— rate-compatible, Mre = (00,4,1,1)
—%— rate-compatible +iPEG, n,.ippg=(00,9,4,1)
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1.2 14 16 18 2 22 24 26 28
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Figure 3.18: BER results after I,,x = 100 BP decoding iterations for PEG codes
with NV = 1008 and » = 0.5 for different degree sequence orderings.
Additionally, the ACE spectra n of all check matrices are given.
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randomized order. The descending order has the same minimum ACE value as the
rate-compatible order for cycles of length 8 and 10, but the increased ACE value
for cycles of length 6 (7desc,6 = 14 > 4 = 1nyc,6) further improves the error floor as
compared to the rate-compatible order. Another small gain is achieved by the rate-
compatible order together with the iPEG rule which has a lower ACE value at cycle
length 6 (McipEG.6 = 9 < 14 = 7Ndesc,6), however, a higher value at cycle length 8
(Mec,ipEG,8 = 4 > 1 = Ndesc,s). This agrees with the observation of [TJVWO04] that
longer cycles can be more detrimental than shorter cycles if their ACE values are
smaller. Finally, the original ascending degree order exhibits the best error floor
performance and has an ACE value of at least 4 for all considered cycle lengths.

Altogether, the rate-compatible degree order together with the iPEG improvement
is the most suitable choice, since only the ascending order shows better error floor
behavior but does not allow constructing rate-compatible codes with concentrated
shortened degree distributions as described above.

Proposed Check Matrix Construction MuRiPEG

A novel check matrix construction algorithm termed MuRiPEG (multi-rate improved
PEG) is introduced, taking into account all previously described finite length effects
influencing the performance of the resulting multi-rate LDPC code. As input, it
requires the desired mother code dimensions N and M as well as an optimized set of
degree distributions and puncturing polynomials as produced by the above proposed
asymptotic multi-rate optimization in Section 3.3.1. The resulting output is a mother
code check matrix that can be shortened from the left and punctured from the right
(cf. Figure 3.11 on page 81). A detailed description is given in Algorithm 6, which is
explained in the following.

Firstly, Algorithm 5 is used to determine the rate-compatible degree sequence d*° of
length N from the degree distributions and puncturing polynomials of the optimized
multi-rate ensemble. Since puncturing is to be done from the right, as many values
at the end of the vector p are set to 1 as are needed to achieve the highest punctured
code rate r¢.

The original goal of reordering the degrees was to achieve (nearly) check concentrated
shortened codes. When shortened to the lowest rate ri, the effective check matrix
consists of the rightmost ny N = %’11]\7 columns of the mother check matrix. For

the ACE properties of this most shortened submatrix (index set I; in Figure 3.17 on
page 92) it proofs beneficial to reorder the degree sequence within these positions in
ascending order, construct the matrix with ordered degrees, and at the end reorder
the columns of the matrix according to the original rate-compatible degree sequence.
This way, the same check concentration is achieved for all shortened submatrices,
while simultaneously slightly improving the ACE properties due to a less random-like
degree order. Thus, a permuted degree sequence di° = dRCP (lines 3—4) is used
during PEG processing and afterwards the corresponding inverse permutation P~1 is
applied to the constructed matrix (line 34). The vector p indicating which positions
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Algorithm 6 Proposed MuRiPEG check matrix construction algorithm.

1:

—
<

e e e ]
ISAE ANl e

23:

24:
25:
26:
27:

28:

29:

30:
31:
32:
33:
34:

Input: N, M, r, = W, Ty <y < T, d2C from Algorithm 5

Mark the last TCT;T“N positions as punctured in vector p (cf. (3.52))

1—r .. . .
£ N entries in d®© in ascending order

Compute Jf}c by sorting the last ny N = =
Let P denote the permutation matrix such that J\F,‘C = dRCP
Compute the permuted punctured positions p =pP
Initialize empty check matrix H = 0
Initialize check node degrees d. = (dc.1,...,dec ) = (0,...,0)
Initialize counter for punctured nodes ¢ = 0
forn=N,...,1do
if p,, = 1 then
ﬁn,M—c =1 and dc,M—c =1
c=c+1
end if

. end for

Reset counter for punctured nodes ¢ = 0

: forn=N,...,1do
17:
18:
19:
20:
21:
22:

if p,, = 0 then
ﬁn,m =1 and dc »m = dcm + 1, with m randomly from arg min de/

end if N vm/

for i =2,...,d% do
Initialize w,, = oo, Vm
Expand 7! up to depth [, setting w,, = j for all check nodes m that are
reached for the first time at depth j, until no more nodes can be added
During tree expansion, also compute ACE,,, for all reachable check nodes m
as the minimum ACE value of any shortest cycle passing through variable
node n and check node m assuming an edge was placed between n and m
if p,, = 1 then

Set w,, =0, Ym > M — c to ensure recoverability

end if
Kgirth = argmax w,,s
vm/
Kweight = argmin d, ,,,/
m/EKgirth
Kace = argmax ACE,
m/e’cweight

H,.m =1and dcm = dem + 1, with m randomly from Kacgr
end for
if p, =1thenc=c+1
end for B
The output is then given by the permuted matrix H = HP !
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correspond to punctured nodes also needs to be permuted by p = pP to ensure that
the punctured nodes are in the rightmost positions of the final check matrix.

Before the actual PEG processing (lines 16 —33) starts, the following pre-initialization
(lines 9—14) is done to simplify the construction of guaranteed recoverable punctured
nodes. Starting at the highest variable node index and moving towards lower indices,
whenever a punctured column is reached, a 1 is placed in the row with highest index
that does not yet have a 1 entry (i.e., the unique guaranteed survived check node
that is connected to each punctured node). Later, during PEG processing of punc-
tured columns, no 1 is allowed to be placed at higher indices than this pre-initialized
position, assuring guaranteed recoverability. In Algorithm 6 this is realized by set-
ting the “distance” w,, to all check nodes m with indices higher than the one of the
pre-initialized row to zero, avoiding any further connection to them (line 25).

The actual PEG processing starts at line 16. For unpunctured columns, the first 1
entry is placed in a random row m of minimum current weight d.,,. This is not
required for punctured columns, as their first 1 entry was already placed in the pre-
initialization step. After that, the remaining df}g — 1 entries are placed one-by-one
according to the following criteria. From the set Cgirn of all check nodes m' that
have maximum distance w,,, to the current variable node (or are not reachable, i.e.,
Wy, = 00), the ones with minimum current degree d.. ,,/ are selected as candidates
Kweight- Then, from all candidates in Kyeignt that additionally have the maximum
ACE value n,,, (set Kacg) one is chosen randomly for connection.

3.3.3 Simulation Results

For the evaluation of the proposed multi-rate ensemble optimization (Section 3.3.1)
together with the novel matrix construction algorithm (Section 3.3.2), extensive BER
simulations are conducted. The parameters of the multi-rate setup are chosen as:

e supported code rates r € {ry,ra,...,79} = {0.1,0.2,...,0.9},
e mother code rate r, € {0.2,0.3,...,0.8}, i.e.,, p € {2,3,...,8},
e maximum variable node degree d, = 10,

e concentrated check node degree distributions,

e mother code length N = 1008.

In the beginning of Section 3.3 it was shown that the optimal mother code position in
terms of maximum average relative code length n.g lies close to the center of the target
code rate range (cf. (3.40) and (3.41) and Figure 3.10). In contrast, a result of the
asymptotic multi-rate optimization in Section 3.3.1 (i.e., for code length N — oo) was
that the mother code rate should be chosen close to the upper limit of the code rate
range to minimize the asymptotic performance degradation of recovering punctured
nodes. Consequently, at finite code lengths, both of these effects can be expected to
superpose, such that the optimal mother code position in terms of BER performance
lies somewhere in between and needs to be determined empirically at each mother
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code length N. To this end, seven multi-rate ensembles with seven different mother
code rates r, € {0.2,0.3,...,0.8} and otherwise identical parameters are optimized as
described in Section 3.3.1. The mean gaps 7, to capacity of the ensemble thresholds
achieved by these seven multi-rate ensembles are shown in Figure 3.15 on page 88.

For the construction of check matrices, three different setups are considered:

ascPEG : the original PEG algorithm with ascending degree order is used to con-
struct the mother check matrix of the optimized multi-rate ensemble. To obtain
useful punctured codes for very high code rates, the guaranteed recoverability
from Section 3.2.3 is incorporated into the PEG processing. After construction,
the check matrix columns are reordered to match the rate-compatible degree
sequence diC.

MuRiPEG : the proposed MuRiPEG algorithm (Algorithm 6) is used to construct
the mother check matrix of the optimized multi-rate ensemble.

dedicated : as reference, this setup uses one dedicated, optimized code for each code
rate without any rate adaptation. For this purpose, for each code rate one
degree distribution with the same maximum variable node degree as for the
multi-rate ensemble is optimized. Using these degree distributions and the
original PEG algorithm, one dedicated check matrix of code rate r; and length
ni N is constructed, where IV and r, are the length and rate of the mother
code in the multi-rate setup and ni N corresponds to the effective (shortened
or punctured) code length in the multi-rate setup.

Each of these three setups is employed at each mother code rate rate r,. Then,
one BER simulation with I, = 100 BP decoding iterations is conducted at each
target code rate r; (using shortening or puncturing in the first two setups and the
respective dedicated code in the third setup). This results in 189 BER curves, one
for each combination of matrix construction method, mother code rate, and target
code rate. For easier comparison of the different approaches, for each BER curve the

BER threshold T/[i(]);‘l] is determined, denoting the Ej, /Ny value at which BER 1074

is reached!* for mother code rate r,, and effective code rate ry. The resulting gap of
the BER threshold to the respective capacity limit in dB is denoted (cf. Section 2.6.2)

[1074]

[1074]
Yk -

aB Mk

. a(re)lgqs - (3.55)

Furthermore, to compare the different multi-rate ensembles, for each mother code
rate and each matrix construction method, the mean gap of the BER thresholds to
capacity in dB is computed by

(3.56)

14The BER of 104 is chosen to primarily compare the waterfall performance. Some of the
MuRiPEG codes exhibit error floors starting around BER 10~4 and some ascPEG codes even show
error floors at considerably higher BERs.
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Figure 3.19: Mean gaps 7, to capacity at BER 10~* after I,.,, = 100 BP
decoding iterations for different mother code rates r,,.

Using this measure, the performance of the three matrix construction methods is
compared in Figure 3.19 for all mother code rates r,,. The novel MuRiPEG approach
clearly outperforms the ascPEG approach at all mother code rates with improve-
ments between 0.16dB and 1.29dB in terms of mean gap to capacity. While the
ascPEG curve exhibits a distinct minimum of 7 |qs = 2.81dB at mother code
rate r,, = 0.6, the MuRIiPEG curve is less bent and achieves almost constant minimal

mean gaps of about ffyl[fof4]|dB = 2.65dB at mother code rates r, € {0.5,0.6,0.7}.
Furthermore, at mother code rates 0.7 and 0.8 the MuRiPEG approach on aver-
age performs less than 0.06dB away from the reference setup that uses dedicated
codes at each rate. As expected, the reference setup achieves its minimum value of
7&10_4]\(13 = 2.39dB at mother code rate r, = 0.5, as it does not suffer from any
puncturing penalty and thus benefits from the maximum average code length 7.g at

the center of the code rate range.

A more detailed comparison of all setups is provided in Figure 3.20, including all BER
over F3/Ny curves (larger plots) and the respective BER gaps to capacity 7570_4] laB
over the effective code rate (smaller plots). Here, it is especially noticeable that
very early error floor behavior manifests in many cases for the ascPEG approach.
Moreover, it can be seen that the MuRiPEG outperforms the ascPEG especially at
low code rates, as it benefits from the concentrated check node degree distributions

of the shortened codes.

3.4 Concluding Remarks

In this chapter, a highly flexible design methodology for multi-rate LDPC codes based
on a single mother code with information shortening and parity puncturing was ex-
plored. It includes the asymptotic threshold optimization on degree distribution level
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100 3 Multi-Rate LDPC Codes

and also the construction of a concrete parity check matrix. While the asymptotic
results suggest that close-to-capacity error correction performance can be achieved by
choosing the mother code rate close to the upper limit of the code rate range, finite
length considerations show that the optimal position depends on the chosen range
of target code rates and also the mother code length N. For the challenging case
of covering the wide code rate range from 0.1 to 0.9 with a relatively small mother
code length of N = 1008 bits, it was shown that with only a single mother code the
proposed approach can perform within 0.06 dB of the case of using one dedicated
code for each code rate. For smaller ranges of code rates (e.g., 1/2 to 5/6 as used in
WLAN and WiMAX) the proposed method can be expected to perform even better,
as performance degradation is especially observed at code rates that are far away from
the mother code rate. Due to limited space, however, no further simulation results
are shown here.

3.4.1 Comparison to other Multi-Rate Schemes

In this section, the performance of the proposed MuRiPEG scheme is compared to
several results from the literature. Only cases of multi-rate LDPC codes that are
based on a single mother code are considered. The gaps 7][31%;] to the capacity limit of
the error rate curves at BER 10~% that are achieved by different methods at different
effective code rates are compared (solid lines in Figure 3.21). In cases where only FER
curves are available, gaps ’Y]E}EO]E{Q} to the capacity limit are determined at FER 102
(dashed lines in Figure 3.21). Since for different methods the effective code rate
has a different impact on the effective code length (shortening and puncturing both
decrease the effective code length, whereas extension'® increases the effective code
length), it is not possible to compare all results with exactly the same code lengths.
However, the results are split into three plots, each of which only contains setups with
approximately the same average code lengths. The top plot in Figure 3.21 contains
setups with mother code length N ~ 1024, the center plot shows setups with average
code lengths N ~ 1920 (for MuRiPEG the mother code length is chosen such that
the same average code length is obtained within the range of code rates supported by
the reference schemes), and the bottom one compares two setups with mother code

length N = 10080. The considered schemes are summarized in Table 3.6.

The proposed MuRiPEG scheme outperforms all of the other schemes for nearly all
configurations. It is outperformed only at some single effective code rates, which is
mostly caused by a higher effective code length of the reference scheme at that partic-
ular code rate. At the same time, it the most flexible scheme allowing for an arbitrary
choice of code rate range, mother code rate and code length. The only other scheme
that covers the whole relevant code rate range is [TJ05|, which is, however, consider-
ably inferior to the proposed scheme especially at high code rates. Furthermore, the

15A mother code’s check matrix can be ertended by an appropriate number Me of rows and

columns to decrease the code rate from r;, = w to re = ]]\\{%}%}. At the same time the effective

code length is increased from N to Ne = N + Me.
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code rate lower higher

Ty N range code rates  code rates
[HKKMO6] % 1024 % o % - puncturing
[VFo9] & 1000  3...3 - puncturing
[zMC12] & 1008 1...3 - puncturing
[AB13] % 1024 % o % - puncturing
MuRiPEG % 1008 % e % shortening puncturing
[LN02] % 1792 % S extension  puncturing
[YBO4] 1% 1664 % o % extension  puncturing
[BPO6] 2 1536 5. % extension  puncturing
MuRiPEG % 2310 % e % shortening puncturing
[TJO5] 5 10080 {5...75 shortening puncturing
MuRiPEG % 10080 1% e 1% shortening puncturing

Table 3.6: Several multi-rate schemes based on single LDPC mother codes.

proposed scheme can even easily be extended to yield QC LDPC codes, which makes
it also suitable for the design of codes for practical applications.®

3.4.2 Special Consideration of Non-Binary LDPC Codes

In general, all methods presented in this chapter are also applicable to non-binary
LDPC codes if a suitable density evolution implementation for the threshold com-
putation of non-binary codes is used. However, it was shown by multiple authors
that in the non-binary case shortening (puncturing) can be improved by distributing
single shortened (punctured) bits over the binary representation of multiple Galois
field symbols, instead of shortening (puncturing) the symbols as a whole [KHMOS,
ZBX10, GSD10]. More recently, in [KDPS10, KDPS11, PDN14| multiplicative repe-
tition was introduced. This technique starts with a single high rate mother code and
achieves arbitrarily low code rates by simply repeating code words and multiplying
them with pseudo-random Galois field elements. Surprisingly, this very simple scheme
yields low-rate codes that are better than any currently known low-rate binary LDPC
codes [KDPS11].

16This extension to the case of QC LDPC code is included in the multi-length optimization
presented in Section 4.2.4.



Multi-Length LDPC Codes

Besides operating at multiple code rates, for most communication systems it is also ad-
vantageous to operate at multiple code lengths. In principle, long codes are desirable
as they can achieve better error correction performance than shorter codes. At the
same time, however, the length of a block code inherently implicates a certain delay
caused by the block-wise processing of code words. For applications with delay con-
straints — and especially for those with low transmission data rates — the code length
can be limited to a certain maximum value. Figure 4.1 exemplarily shows the inher-

ent algorithmic delay (= <4 legig ;a‘ézde rate) that results from using a block code of

length N for different code rates r and data rates. A typical data rate of 12.2 % for
voice communication is given by the highest mode of the Adaptive Multi-Rate (AMR)
speech codec [Eur00] that is used in the Global System for Mobile Communications
(GSM) and Universal Mobile Telecommunications System (UMTS) cellular mobile
networks. A maximum tolerable delay of 150 ms is often assumed for voice communi-
cation, resulting in a maximum code length around a couple of thousand bits for this
application, depending on the employed code rate.

1st
150ms |

kBit
12.2kBit

Imsy

delay

1ns ' '

10? 10° 10*
code length N

Figure 4.1: Algorithmic delay of block channel codes for different data rates, code
rates, and code lengths.
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The actual end-to-end delay of a transmission system can be even higher due to ad-
ditional interleaving, the employed source coding, the signal propagation time itself,
and the time required for signal processing, resulting in an even smaller applicable
code length. Additional reasons for using short codes can be limited memory avail-
ability and low computational power, that prohibit storing and processing long code
words. To account for low delay and low data rate applications (or cheap, low com-
plexity transceivers) and still enable increased error correction performance for delay
insensitive and/or high data rate applications (or more advanced transceivers) it is
essential for the forward error correction functionality of a communication system to
offer a range of possible code lengths.

Traditionally, the research on LDPC codes is divided into the asymptotic analysis
of (very long) codes on the one hand, and the consideration of finite length effects
that are predominant at short code lengths on the other hand. However, since LDPC
codes are block codes, they have an inherently fixed code length and most of the
researched code design methods are specific to one certain code length. To still
support multiple code lengths, current systems either specify separate LDPC codes
(e.g., WLAN and DVB) or use quasi-cyclic (QC) LDPC codes that are expanded
by different lifting factors (e.g., WiMAX). An exemplary overview of the ranges of
supported code lengths and the total numbers of specified LDPC codes of different
systems is given in Table 4.1.

As in the multi-rate case of the previous chapter, here, a multi-length code is con-
sidered as an LDPC mother code that supports multiple code lengths and can be
encoded and decoded with a single encoder and decoder implementation. To con-
struct such multi-length LDPC codes, two approaches are considered in the following.
First, concurrent information shortening and parity puncturing is investigated as a
method to reduce the code length of an arbitrary LDPC mother code of fixed code
rate. The second approach is based on a joint optimization of a QC LDPC mother
code of fixed dimension for multiple lifting factors to achieve different code lengths
of the expanded check matrices.

number of supported uncoded
LDPC codes code lengths lengths

IEEE 802.16¢ (WiMAX) [IEE09a] 6 576 — 2304 288 — 1920
IEEE 802.11n (WLAN) [IEE09b] 12 648 — 1944 324 — 1620
DVB-T2 [Eur09b] 13 16200, 64800  3240-54000
DVB-S$2 [Eur09a] 22 16200, 64800  3240-58320

Table 4.1: Numbers and code lengths of LDPC codes specified in different commu-
nication standards.
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4.1 Length Reduction by Concurrent Shortening
and Puncturing

Information shortening and parity puncturing were introduced in the previous chapter
as techniques to flexibly adapt the code rate of a fixed rate mother code. In contrast
to adapting the code rate, in this section concurrent shortening and puncturing is
considered to reduce the effective code length while keeping the code rate constant.
A similar approach was proposed in [KCY12| to adapt the length of irregular repeat-
accumulate (IRA) codes. While very good performance is achieved for this class of
codes, the method of [KCY12] is not generally applicable to other kinds of LDPC
codes and is, thus, not further considered in this section.’

In the following the general process of concurrent shortening and puncturing is in-
troduced by explaining the encoding and decoding steps. After this, an asymptotic
analysis of the achievable ensemble threshold performance is provided and a length-
compatible joint optimization problem for finding shortened degree distributions and
puncturing polynomials for length reduction is proposed. The effectiveness of the
proposed method is confirmed by comparing ensemble threshold as well as BER per-
formance simulation results to that of dedicated codes that are specifically optimized
for each supported code.

4.1.1 Encoding and Decoding

When a mother code of rate r = KfM is shortened to the lower code rate ry = KS[iLSM,
at the same time according to (3.2) the effective number of information bits is reduced
to

~1
: -1
K, P kr=""""Kk
/rs - ]_
Likewise, when the mother code is punctured to the higher code rate r, = %Mp,
according to (3.21) the number of transmitted parity bits is reduced to
~1
. ro-—1
M, C2Y oM = e L (4.1)
r J—

By combining these two effects, the resulting relative code word length is reduced to

Ny kK +myM

: = 4.2
ne = = ~ (4.2)
To ensure the resulting code rate
ks K
! & (4.3)

" T hK + mpM

1 As the method of [KCY12] is restricted to a special class of codes it will instead be compared
to the approach presented in Section 4.2 which is also only applicable to a special class of codes.
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after both shortening and puncturing to be equal to the mother code rate r = Kf i
the following constraint must be fulfilled:
oL ks K _ K
ksK +myM K+ M
& kK*+ kKM = kK% + m,KM
& ks = myp. (4.4)

Together with (4.2), this results in the rule that reducing the relative code length
to ny is achieved by concurrently shortening and puncturing the same fractions
ks = mp = ny of the information and parity words, respectively. The virtual shortened
and punctured code rates that would result if only either one of the two operations
were conducted alone are given by

ngK Ny
= — 4.5
Ts.t neK+M ny+r-1-1 (4.5)
for shortening and
K r
rp7‘€ (4'6)

T K +ndM r+mne(l—r)

for puncturing, respectively. Thus, each reduced relative code length n, that should
be achieved, can be represented by a pair (rs ¢, 7p¢) of shortened and punctured code
rates which need to be realized concurrently. Using these virtual code rates, encoding
and decoding of a length-reduced code word exactly follow the descriptions of shorten-
ing and puncturing given in Section 3.1.1 and Section 3.2.1, respectively. Shortened
positions are initialized with zeros before encoding and the corresponding systematic
positions as well as the punctured positions are discarded before transmission. In
the decoder, shortened positions are initialized with LLRs +oco and punctured po-
sitions with LLRs 0. This way, for both encoding and decoding the mother code
implementation can be used without modifications.

The exemplary code word structures of a rate-2/3 mother code and code words with
lengths reduced to ng = 0.75, no = 0.5, and n; = 0.25 of the original length are
shown in Figure 4.2. For each length, also the respective code rate pair (rg ¢, 7p¢) is
given. In analogy to the rate-compatible scheme from Section 3.3 (cf. Figure 3.11 on
page 81), the reduction of the code word length is done in a length-compatible fashion,
meaning that bits are shortened from left and punctured from right successively. As in
the rate-compatible case of the previous chapter, this is either enabled by reordering
the check matrix columns according to the positions that should be shortened and
punctured or by directly constructing the check matrix of the mother code to have
all potentially shortened positions on the left and all potentially punctured positions
on the right.

4.1.2 Asymptotic Analysis and Optimization

For concurrent utilization of shortening and puncturing, the individual asymptotic
analysis of message-passing decoding for both techniques from Sections 3.1.2 and 3.2.2
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mother code, r = %

M parity bits

hortent l length furi
shortening . puncturing
reduction i ——
ng =3 b (rs,0,7p,0) = (5= 11)
1 1 4
i

neM|punctured bits| (rg ¢, 7 ¢) = (%7 %)

ng = % dummy bits

Figure 4.2: Exemplary code word structure of mother code with rate 2/3 and length
reduced to ng = 0.75, ny = 0.5, and n; = 0.25.

is still valid. The shortening of variable nodes (and connected edges) can still be mod-
eled by simply removing them from the Tanner graph, since the additional presence
of erased messages (LLRs 0 at the punctured variable nodes) does not change the ef-
fect of the perfect knowledge (LLRs +o0o at shortened variable nodes). Consequently,
the asymptotic behavior of the proposed length reduction can be described by first
applying shortening to the mother code and then puncturing the resulting interme-
diate shortened code. The ensemble threshold 7 of the length-reduced code can thus
be computed using the density evolution for punctured codes as introduced in Sec-
tion 3.2.2 on pages 68 ff.

Threshold Computation

In accordance with Chapter 3, the variable node degree distribution (in node per-
spective) of the mother code is denoted A(x), the shortened degree distribution at
virtual code rate rs ¢ is denoted Al"s,¢)(z), and the puncturing polynomial of virtual
code rate 7y ¢ is denoted 11"p.¢! (). For the computation of the ensemble threshold
after length reduction, the puncturing polynomial first needs to be rescaled as follows.
According to its definition, the coefficient ngpvé] denotes the fraction of degree i nodes

that are punctured in the mother code, resulting in a total number of HETP,E]AiN punc-
tured degree ¢ nodes. The shortened code which is to be punctured here, however,
has a different total number of nodes Ny < N and also potentially different fractions

AETS:Z] of nodes of each degree 7. To still puncture the correct total number of nodes,

the coefficients of I1"P./ (x) are rescaled according to

v

fird Al d v = bl g, N

o fiinel _ qirp.el i
i i A[Ts,e]

.
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resulting in the scaled puncturing polynomial
dy
11 (z) = H ng]azz. (4.8)
i=2

The ensemble threshold T(A[rs,ﬂ},R[rs,E],ﬁ[”E}) of the length-reduced code can then
be computed by density evolution of the punctured ensemble (A[TS,Z],R[TS,Z],I![[W])
using the Gaussian approximation (GA) or the discretized density evolution (DDE)
from Section 3.2.2. The check node degree distribution Rl"s.¢!(z) depends on the
exact selection of columns that are shortened and will take the binomial form (3.15)
if a random-like selection is performed. In the following a column selection strategy
that ensures a concentrated form (2.73) of RI"s.¢}(x) is assumed.

Joint Optimization Problem

Given a mother code rate r and a sequence of ¢ ascending relative target code lengths?
0<ni <ng <--- <ng =1, ajoint length-compatible optimization of shortening
and puncturing similar to the one presented in Section 3.3.1 for the multi-rate case
is proposed in the following. The same cost functions as introduced in Section 3.3.1
can be employed in general, where here the mean square gap to capacity is chosen.
Thus, the objective of the optimization is to minimize the mean square gaps | g
of the ensemble thresholds 7|,z to capacity at all effective relative code lengths n,
with corresponding virtual code rate pairs (rs ¢, 7p ) from (4.5) and (4.6), i.e

1

£ £
Cly,--7e) = EZ 'Yé|d]3 Z Telap — |dB) (4.9)
E:

(=
-1

((\T(A,R)‘di_ q(r)’dBJ)2 + (T(A[ S,E},R[ s,g],ﬁ[ng}) )dB B Q(T)\dB)2>_

/=1~ ~~ 4
length-reduced codes

m ml»a
_

=

mother code

The optimization variables are, thus, the 2 — 1 polynomials:

e A(z) = Al's,¢l(z): a variable node degree distribution for the mother code at
the original code length (i.e., ng = 1),

e Al"s.dl(2): a shortened variable node degree distribution for each virtual short-
ened code rate 754, with £ =1,...,& -1

° H[rpﬂ(a:): a puncturing polynomial for each virtual punctured code rate rp, g,
with £ =1,...,&— 1.

As mentioned above, all shortened check node degree distributions Rl"s.¢!(z) are in
concentrated form, which can later be ensured by the employed check matrix con-
struction method.

2The original code length is always included as the highest one, i.e., ne = 1.



4.1 Length Reduction by Concurrent Shortening and Puncturing 109

To make the resulting multi-length ensemble length-compatible, constraints (3.42)
to (3.46) from the multi-rate optimization in Section 3.3.1 are included in the pro-
posed multi-length optimization problem, with appropriately adjusted indexing of the
(virtual) code rates.

The proposed multi-length optimization problem is then given by

3
. 1
min EZ ’Yﬁ’dB (4.10a)
/=1
Alrs, el (3.42) Alrse—1l
subject to L > 4\ (=2,...,¢ (4.10b)
—Tse 1— Ts,e—1
. ] (343)
(1 Ts,o— 1)A "5, (1 rsE)A "s,¢~1 < rs,E_rs,£—1a€:2a---7§
(4.10c)
1ip,1] ¢(3.44) 1-r Alrsal (4.10d)
7 - 1_ Ts.1 7
g (845) }
nied < el p—0 e (4.10e)
dv
ZH "poel, (3.46) 1—L—1+ngr—ng—r (=1,...,6 -1
1=2 Tpé
(4.10f)
o< <1, 0=1,... . ¢6-1 (4.10g)
Arsdy =1, Alsd >0, v=1,.. ¢ (4.10h)
Rlrs.dl(z) from (3.15), £=1,....¢ (4.10i)
\ (2.50) r7(AR) (4.10)
2 < dc -1U)
ZJ =2 IOJ ('] ]‘)
TT(A[ s,0) Rl"s ,4]71“1[”3])
Als.d < (=1,...,6-1 (4.10k)
d Y bl Y
Z]Cng Sd(] - 1)
§ 1
Tl < L l=1,...,6—1. (4.101)

Ayselsde, plrsdl(j 1)

Constraints (4.10b) —(4.10i) are in accordance with the constraints of the multi-rate
optimization (3.51) on page 85. A slight modification is required for the stability
conditions (4.10j)—(4.101), though. The original stability condition as introduced
in (2.50) is only applicable to the mother code here and represented by (4.10j). The
shortened degree distributions Al"s.¢) are not actually used at the respective short-
ened code rates ry ¢, but employed together with the puncturing polynomials IIl"p,e]
resulting in the original mother code rate r. In the stability condition (4.10k) for
the shortened codes, the noise variance o2 is, thus, determined by the threshold T
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together with the mother code rate r instead of the shortened code rate 75 by

1
52

— 9 ( Alrs,e) Rlrs.el ﬁw]) , (4.11)
g

Following the same argumentation, the puncturing stability condition (3.38) is in-
cluded in constraint (4.101) for all code rate pairs (rs ¢, mpe), for £ = 1,...,6 — 1,
to account for the fact that puncturing is applied to the respective shortened code
at each code length. For the multi-rate optimization, in contrast, the puncturing
stability condition is only included for the mother code degree distribution in connec-
tion with the highest punctured code rate, since puncturing is always applied to the
mother code.

This multi-length optimization problem can be solved in exactly the same way as the
multi-rate optimization problem (3.51) using the Simulated Annealing (SA) method
from Section 2.7.2 on pages 33 ff. To enable reliable optimization results for arbitrary
ranges of code lengths, the DDE method with puncturing and b = 8 quantization bits
is used to compute all thresholds. Moreover, the same two-phase approach is used
that was introduced in Section 3.3.1 and is depicted in Figure 3.13.

4.1.3 Simulation Examples

To evaluate the performance of the proposed multi-length optimization method from
the previous section, the following multi-length setups are considered:

e supported relative code lengths ng € {ny,na,...,n6} = {5, 5. 5.3 5.1},
e maximum variable node degree d, = 5,

e concentrated check node degree distributions,

e code rates r € {0.1,0.2,...,0.9}.

To this end, for each code rate r one separate multi-length ensemble is optimized by
solving (4.10) using the SA approach.

Ensemble Thresholds

The gaps to capacity v of the optimized ensemble thresholds for code rates 0.2, 0.5,
and 0.9 are shown in dB over the relative code lengths n, in Figure 4.3 (solid lines).?
As reference, the dotted lines show the ensemble thresholds that are obtained if a
dedicated degree distribution is optimized for each of the three code rates 0.2, 0.5,
and 0.9 without any multi-length support. In this reference case, a dedicated code

3Even though the code length is reduced in this setup, it should be noted that the consideration
of ensemble thresholds does not account for any finite length effects. That means that the asymptotic
analysis assumes the mother code length as well as the reduced code length to both tend to infinity.
For this reason the threshold values of the dedicated case are constant for all relative code lengths
in Figure 4.3, whereas the penalty that is observed for the multi-length setups is caused solely by
the asymptotic effects of concurrent shortening and puncturing.
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Figure 4.3: Gaps of ensemble thresholds to capacity over the relative reduced code
length ny for different code rates r. Gaps are shown for the proposed
multi-length optimization, the multi-length by multi-rate case, and the
case of using a dedicated code for each code length.

needs to be constructed for each target code length, and since these codes can all
use the same optimized degree distribution, the ensemble threshold is equal at all
code lengths. Obviously, for all shown code rates, at relative code length ny, = 1 the
ensemble thresholds of the multi-length setup are quasi identical to the dedicated case
and increasingly deviate from it for smaller relative code lengths n, < 1.

The question arises, whether it is possible to achieve similar multi-length performance
by simply using results from the multi-rate optimization (3.51) from the previous
chapter. By using the appropriate (virtual) code rates (4.5) and (4.6) as input to the
multi-rate optimization, the same multi-length configuration can be obtained. The re-
sults of this optimization are shortened degree distributions with ensemble thresholds
optimized for the shortened code rates rs » and puncturing polynomials optimized for
the punctured code rates r, . Unfortunately, simply combining these good shortened
degree distributions with the good puncturing polynomials does not nearly result in
the same threshold performance as the proposed multi-length optimization. This
setup is denoted multi-length by multi-rate (ML-by-MR) and results for this abuse of
a multi-rate ensemble for length reduction are included in Figure 4.3 (dashed lines)
for the same configuration as for the multi-length ensemble. It can be seen that
the ML-by-MR setup yields almost identical ensemble thresholds as the multi-length
setup for moderate reductions of code length (n, > %) For very short relative code
lengths, however, the thresholds obtained from the ML-by-MR optimization strongly
deviate from those of the multi-length case by up to as much as 3dB for » = 0.5
and ny, = %. This trend becomes more pronounced at large code rates and is less
apparent at low code rates. For r = 0.9 and ny, = % the ML-by-MR ensemble does
not even converge to a valid ensemble threshold, as the puncturing stability condition
is violated.

Altogether, the penalty of using a single mother code and reducing its code length
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by puncturing and shortening compared to the case of using dedicated codes depends
on the code rate and the minimum relative code length n, = n.,;, that is supported.
As a similar observation to the multi-rate case, this penalty is mainly caused by the
inherent performance degradation of punctured codes. In contrast to the multi-rate
case, where only small puncturing fractions have to be used if a high mother code rate
is chosen, the mother code rate of the multi-length ensemble has to be equal to the
target code rate r. The maximum puncturing fraction is, thus, fully determined by the
minimum relative code length n.,;,. The range of code lengths that can be achieved
for a specific code rate depends on the penalty in ensemble threshold performance
that can be tolerated as trade off for the reduced hardware complexity gained by using
only a single mother code. To quantify this effect, the mean gap of the multi-length
ensemble thresholds to that of the dedicated case (i.e., the mean distance between
the solid and dotted lines in Figure 4.3) is computed for each code rate and denoted
Ymilgg — Yded|qg- By computing this measure for different minimum relative code
lengths nmin, a set of curves is obtained and depicted in Figure 4.4. The values of
these curves answer the question: For a given code rate r and a given minimum
relative code length n;,, what is the average penalty in threshold performance of
using the proposed length reduction to achieve relative code lengths between nin
and 1 compared to the case of using dedicated codes? As expected, the penalty
becomes smaller for increasing minimum relative code lengths n,;, at all code rates.
Furthermore, for decreasing nnin, the difference between the code rates becomes more
pronounced, where code rates around 0.5 feature the smallest penalty and smaller
code rates suffer from a larger penalty than larger code rates. For comparison, the x-
markers* show the mean gaps Ymrlgp — Yded|qp Of the ML-by-MR ensemble thresholds
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Figure 4.4: Mean gaps of the multi-length thresholds to the ones of the dedicated
degree distributions over the code rate for different minimum relative
code lengths n,;,. The x-markers show corresponding values that are
achieved for the ML-by-MR optimization.

4There is no x-marker for r = 0.9 and ny;, = % as no valid threshold was found for this case
due to a violation of the puncturing stability condition.
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to that of the dedicated case (i.e., the mean distance between the dashed and dotted
lines in Figure 4.3). This comparison confirms, that for a reduction of relative code
length down t0 nmin = 3, results of the ML-by-MR optimization can be (ab)used
for length adaptation with almost no average performance loss to the multi-length
optimization. For n;, < %, however, this average performance loss quickly increases

and renders the ML-by-MR optimization unsuitable for length adaptation.

It should again be noted, that no multi-rate features are considered for any of the
shown setups in this section. The scheme that is referred to as “multi-length by
multi-rate” uses the proposed multi-rate optimization from the previous chapter, but
is solely used for length reduction by concurrent shortening and puncturing here.

BER Performance

In addition to the asymptotic threshold results, BER simulations are conducted
for the multi-length optimization and the dedicated case with BP decoding and
Inax = 100 decoding iterations. For each of the nine multi-length ensembles with
code rates r = 0.1, ...,0.9, one mother code of length N = 10080 is constructed using
the optimized matrix construction Algorithm 6 (MuRiPEG) on page 95. Even though
this algorithm is originally intended to be used in the context of multi-rate ensem-
bles, the finite length effects (check node concentration, recoverability of punctured
bits, ACE properties) that were considered are equally applicable to the scenario of
using concurrent shortening and puncturing for length reduction. The target code
rate r is specified as mother code rate r, and the virtual code rates corresponding to
the relative target code lengths n, € {%, %, %, %, %} are specified as effective short-
ened and punctured code rates as input to Algorithm 6. This construction method is
referred to as multi-length improved progressive edge-growth (MuLiPEG) in the follow-
ing. Additionally, 54 reference codes — one for each code rate r and each code length
neN € {630,1260,...,7560,10080} — are constructed with the dedicated optimized

degree distributions from the previous section and the PEG algorithm.

In the upper plot of Figure 4.5 the BER over E;/N; curves for the MuLiPEG
method and the dedicated PEG codes are shown for code rates 0.2, 0.5, and 0.9. For
MuLiPEG, curves are shown for effective relative code lengths n, € {%, %, %, %, 1},
while for the dedicated PEG codes only curves for the largest and smallest relative
code lengths ny € {{,1} are included. As predicted by the ensemble threshold re-
sults in Figure 4.3, at all three shown code rates in Figure 4.5 the MuLiPEG codes
perform almost identical® to the dedicated PEG codes at the maximum code length
and suffer from a distinctly increasing performance degradation for decreasing code
lengths. This behavior is highlighted by the lower plot of Figure 4.5, in which the gaps
~[107% of the BER curves to capacity at BER 10~* are shown in dB over the relative
code length ny for both setups. Notably, at » = 0.9, the MuLiPEG codes perform
much closer to the dedicated codes than predicted by the ensemble thresholds.

5Especially at low code rates, the mother codes constructed by the MuLiPEG algorithm even
show better waterfall performance than the original PEG codes, which is caused by the different
degree sequence ordering. The drawback of this improvement in the waterfall region is a degradation
of the error floor behavior (cf. Section 3.3.2 and especially Figure 3.18).
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Figure 4.5: Top: BER over E;/Ny for r € {0.2,0.5,0.9}. For MuLiPEG curves
are shown for ny € {15, %, 1,3, 1}, for the dedicated PEG codes curves
are shown only for n, € {%, 1}. Bottom: gaps " "l|45 to capacity at
BER 10~% over relative code length n, € {%6, %, %, %, 1} for both setups.
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Equivalently to the illustration for ensemble thresholds in Figure 4.4, an additional
representation of all BER results is provided in Figure 4.6 to answer the question:
For a given code rate r and a given minimum relative code length n,;,, what is the
average penalty in BER performance of using the proposed length reduction to achieve
relative code lengths between n,,;, and 1 compared to the case of using dedicated PEG

codes? The mean gap 7 "|45 —'_yg;d_ﬂ lap of the BER curves to the dedicated case at
BER 10~% is shown for minimum relative code lengths nmin € {%, %, %, %} There are
two notable differences to the ensemble threshold predictions from Figure 4.4. First,
for small values of n;, the average BER penalty (almost) monotonically decreases
with increasing rate, whereas the average penalty in ensemble threshold exhibits a
minimum at » = 0.5 in Figure 4.4. Second, for nyi, = % the BER penalty even takes
negative values at some code rates, which is explained by the fact that the mother
codes constructed by the MuLLiPEG algorithm in some cases show better waterfall

behavior than the original PEG codes due to the different degree sequence ordering.

4.1.4 Joint Multi-Length and Multi-Rate Considerations

Due to the similarity between the multi-rate optimization presented in Section 3.3 and
the multi-length optimization presented here, a straightforward generalization to the
case of jointly achieving multi-rate and multi-length capabilities by shortening and
puncturing is possible. In the multi-rate optimization only the application of either
shortening or puncturing at any moment is considered. The multi-length optimization,
on the other hand, allows concurrent shortening and puncturing but is restricted to
fixed (virtual) code rate pairs to reduce the code length while keeping the code rate
unchanged. By allowing concurrent shortening and puncturing using arbitrary virtual
code rate pairs, a simultaneous adaptation of the code rate and the code length can
be achieved. For the exemplary case of mother code rate r = 0.5 and (virtual) code
rates from 0.1 to 0.9, the achievable combinations of code rates and lengths for these
three methods are depicted in a “length-rate-plane” in Figure 4.7. Allowing concurrent
shortening and puncturing with arbitrary combinations of the pre-defined (virtual)
code rates results in an increased variety of length and rate combinations. However,
to ensure good performance, an explicit optimization problem has to be formulated
that takes into account all of these combinations. The derivation of this problem and
its solution directly follows the multi-length optimization problem (4.10), with the
only difference being that all combinations of shortened and punctured code rates
need to be considered instead of just some pre-defined fixed pairs. In the example
of Figure 4.7, e.g., the cost function has to compute the mean square gap to capacity
of 25 ensembles instead of just 5 for the pure multi-length case or 9 for the pure
multi-rate case.

This approach can be taken even further, by allowing a “smooth” adaptation of code
rates and lengths to reach arbitrary points in the gray shaded area in Figure 4.7.
Instead of having to optimize dedicated degree distributions and puncturing polyno-
mials for each of the additionally achievable points, however, a simple interpolation
of the coefficients can be employed. This is achieved as follows. By choosing an arbi-
trary combination of n, and reg from the gray shaded area, the resulting shortening
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Figure 4.7: Length-rate-plane with combinations achievable by shortening and
puncturing according to the multi-rate scheme from Section 3.3, the
multi-length scheme proposed in this section, and a joint consideration
of multi-rate and multi-length capabilities.

and puncturing fractions kq and m,, can be determined by (4.2) and (4.3) on page 105.
These values in turn define the virtual shortened and punctured code rates ry and
rp according to (3.1) on page 51 and (3.20) on page 67, respectively. The shortened
degree distribution for the virtual shortened code rate ry is then obtained by linear
interpolation of the coefficients of the pre-optimized degree distributions Al"il and
Al"i+1] of the two neighboring code rates. Equally, the puncturing polynomial for the
virtual punctured code rate r, is obtained by linear interpolation of the coefficients
of the pre-optimized puncturing polynomials IT["s] and III"j+1! of the two neighboring
code rates. As optimized degree distributions and puncturing polynomials for neigh-
boring code rates obey a certain continuity, the interpolated values at (virtual) code
rates in between will be very close to the optimal ones as long as the (virtual) code
rates are not too far apart.

This joint multi-rate and multi-length scheme offers a tremendous amount of flexibil-
ity in terms of supported code rates and lengths. However, for cases in which large
fractions of the parity bits are punctured, it suffers the same performance degradation
as the pure multi-rate and multi-length approaches. Still, if only moderate ranges
of code rates and lengths need to be supported, concurrent shortening and punctur-
ing offers performance that is competitive to the case of using one dedicated code
per combination of code rate and length but requires only a single encoder and de-
coder implementation of the mother code that can be used for all setups without any
additional complexity.
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4.1.5 Concluding Remarks: MuLiPEG

Concurrently shortening and puncturing a mother code word is an effective method
of very low-complexity to flexibly reduce the code length using only a single LDPC
mother encoder and decoder. No other method is currently known that provides
the same flexibility and is generally applicable to LDPC codes.® Furthermore, a
straightforward combination of the proposed MuLLiPEG method with the multi-rate
capabilities presented in Section 3.3 is possible.

The investigations in this section show that a special multi-length optimization is
superior to simply using optimized shortening and puncturing schemes. The BER
simulations for a mother code length of N = 10080 confirm, that for high code rates
the average performance loss of the proposed scheme to the case of using one dedicated
code per code length is very small even if the code length is reduced to only % = 630,
e.g., about 0.11 dB average penalty for » = 0.9 and about 0.21 dB average penalty for
r = 0.8. For code rates below 0.5, however, this penalty quickly increases if similarly
low relative code lengths have to be achieved.

4.2 Multi-Length Quasi-Cyclic LDPC Codes

The structure of QC LDPC codes inherently allows the construction of codes with
different lengths from one mother lifting matrix A of fixed dimensions M’ x N'. As
described in Section 2.9, the parity check matrix H?! of a QC LDPC code is obtained

by replacing each entry A,/ s of the lifting matrix by the Z x Z matrix IS o (which

is either a cyclically shifted identity matrix or an all-zero matrix). The resulting

code length is given by N = ZN’, while the code rate r = ZNZ zm' _ N ,M is

independent of the lifting factor Z. By using different values for Z, codes Wlth fixed
code rate and different code lengths are obtained from the mother lifting matrix A.

4.2.1 Encoding and Decoding

To qualify as a multi-length LDPC code, encoder and decoder have to be able to
process the codes of all resulting lengths based on only one common implementation
for the mother lifting matrix. It can be shown that this constraint is fulfilled for most
typical hardware architectures used in connection with QC LDPC codes.

Most QC LDPC decoder architectures follow either the circulant perspective or the
protograph perspective [RN03, Zha07, JDAT07, RL09] which are illustrated in Fig-
ure 4.8. Both of these start from the protograph representation of the lifting matrix
as introduced in Section 2.9 on page 42.

6 As mentioned above, the approach of [KCY12] also uses concurrent shortening and puncturing
to reduce the code length. This approach, however, is only applicable to TRA codes — a special
subclass of LDPC codes — which is why no fair comparison to the proposed method is possible.
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Figure 4.8: Construction of a code’s Tanner graph with N = ZN’' = 12 vari-
able and M = ZM’ = 9 check nodes from the lifting matrix of size
M’ x N’ = 3 x 4 with lifting factor Z = 3 by a copy-and-permute oper-
ation using the circulant perspective (left) and the protograph perspec-
tive (right). Each of the dotted boxes represents one variable (VNP) or
check node processor (CNP) that is employed by an according hardware
architecture.

In the circulant perspective each node of this protograph is copied Z times resulting
in groups of nodes of the same type. Then, the edges between each pair of groups are
cyclically permuted according to the entry in A that connects the two types. E.g.,
in Figure 4.8 before permutation the first check node of type “2” is connected to the
first variable node of type “a”, and after cyclic permutation by two position (according
to the lifting matrix entry As; = 2) it is connected to the third variable node of
type “a”. The Tanner graph that is constructed this way corresponds to the check
matrix H!4! that is obtained from A as described in Section 2.9. A decoder that is
based on this representation, is composed of N’ variable node processing units and M’
check node processing units, one for each type (or group) of nodes. These units are
connected by memory elements according to the lifting matrix entries, each of which
stores Z extrinsic messages that are exchanged between Z variable and check nodes
of the respective group. Each processing unit can only compute one variable-to-check
or check-to-variable message at a time, which is why the Z nodes in each group are
processed sequentially by the processing unit. The only requirement this architecture
needs to fulfill to be compatible with using multiple lifting factors Z,..., Z,.x are
memory elements that can store the maximum number of Z,,,,x messages. If Z < Zax
is used, some of the memory locations are simply not addressed, and the next BP
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decoding iteration starts as soon as each processing unit has computed Z messages
sequentially.

The protograph perspective, on the other hand, starts from the same protograph but
considers the initial Z-fold copying as a Z-fold duplication of that whole protograph.
The subsequent permutation can then be seen as spreading the edges across the differ-
ent protographs, again according to the corresponding entries in the lifting matrix A.
Except for a different order of rows and columns, this representation results in the
same check matrix as for the circulant perspective. A decoder following this architec-
tural design perspective consists of Z,,., identical constituent decoders, each with one
variable node and one check node unit. The ¢-th constituent decoder updates all vari-
able and all check nodes within the i-th copy of the protograph sequentially. This can
be seen as one large vector processor composed of Z .« identical constituent variable
and check node processors [RN03]. This architecture also directly supports multiple
values of Z by simply deactivating a number of processors for 7 < Z,,.x. The mas-
sively parallelized implementation of the layered BP decoder presented in Section 6.3
is an example for an architecture in the protograph perspective.

For the encoding of QC LDPC codes, several methods have been proposed that are
based only on the lifting matrix A and exploit the quasi-cyclic property by using Z bit
wide feedback shift registers [LCZ106, RL09|. To employ such a decoder for varying
values of Z, the shift registers need to be of width Z,x, and the position of the
feedback tap needs to be adaptable to enable cyclic shifting for values Z < Z,,.«.

Altogether, for one fixed mother lifting matrix, a multi-length QC LDPC code can
be realized by expanding this lifting matrix with different lifting factors Z as long as
a suitable encoder and decoder architecture is employed.

4.2.2 Jointly Optimized Lifting Matrix Construction

For the design of a good multi-length QC LDPC code, a lifting matrix A needs to be
found that delivers good performance for multiple lifting factors Z. The expanded
Tanner graphs for all values of Z are constructed from the same protograph and
thus share the same degree distribution and the same local structure, leading to the
same asymptotic performance behavior in terms of their density evolution thresholds.
Consequently, asymptotic analysis and optimization solely needs to be done for the
lifting matrix and no specific multi-length properties have to be considered. It is,
thus, sufficient to use degree distribution pairs optimized for the case of fixed code
rate and fixed code length (cf. Section 2.7) for the construction of the lifting matrix.

While the asymptotic behavior is the same for all lifting factors Z, the exact placement
and values of the non-negative entries in the lifting matrix A distinctively influences
the finite length performance of the different expanded codes. In the following, an
optimized lifting matrix construction method is developed that jointly considers mul-
tiple lifting factors Zmin = Z1 < Z3 < -+ < Zg = Zmax. The dimension M’ x N’
and the variable node degree distribution A(z) are assumed to be given as input. As
the proposed method is based on an extension of the PEG algorithm to the case of
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Figure 4.9: Visualization of the circulant constraint. If a 1 is placed at row m and
column n in the expanded check matrix (left), the remaining entries in
this group of variable and check nodes have to form an identity matrix,
cyclically shifted by Z—1—(m—2)mod Z positions.

QC LDPC codes as presented in [LKO04], an explanation of how to construct a lifting
matrix using the PEG algorithm is first provided.

PEG for QC LDPC Codes [LK04]

The PEG algorithm can easily be constrained to yield QC LDPC codes as follows.
In the (initially empty) expanded check matrix, for each group of Z variable nodes
corresponding to one column of the lifting matrix, only the first variable node is
considered and connected to a check node chosen by the PEG method. To obtain a
QC LDPC code, after this choice for the initial variable node, the remaining variable
nodes in the same group are connected to those check nodes that result in a cyclically
shifted identity matrix in the current variable and check node group. This dependency
of nodes within one group is referred to as circulant constraint and is illustrated
in Figure 4.9. Relations between node indices in the expanded check matrix and
group indices and shift values in the lifting matrix can easily be derived:

e The first index in (variable or check node) group 4’ is given by i = (i’ —1)Z + 1.
e The last index in (variable or check node) group i is given by i = ¢/ Z.

e Given an arbitrary (variable or check node) index i, the corresponding group

index is given by ¢ = [£], where [-] denotes rounding up.

e If the first variable node n = (n’—1)Z +1 in group n’ is connected to any check
node m, the shift value of the corresponding lifting matrix entry is given by

Ay =8P (m)=Z—-1—(m—2) mod Z, (4.12)

AL
with (=1) mod Z .= Z — 1.

Furthermore, whenever a check node is connected to the current variable node, all
check nodes from the same group have to be excluded from the set of candidates that
may be chosen for further connections to the same variable node. If all connections
have been placed at the first variable node of a group, the whole group is finished
and the processing continues at the first variable node of the next group.
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Proposed Multi-Length Quasi-Cyclic PEG (MuLQPEG) Algorithm”

Usually, the shift values A, ,  in the lifting matrix are restricted to the range 0
to Z — 1, as this is sufficient to describe all Z possible cyclically shifted identity
matrices I?m/’"/ In the case of multiple lifting factors, as considered here, shift
values in the range 0 to Zy,ax — 1 are allowed. This yields the maximum degree of
freedom for the largest lifting factor and at the same time does not restrict any of the
smaller lifting factors, since a cyclic shift of a Z;, x Z; matrix by s > Z; — 1 positions

can be equivalently described as a cyclic shift by s = s mod Zj positions.

Algorithm 7 Multi-Length Quasi-Cyclic PEG (MuLQPEG)

1: Input: M', N's Zy,...,Z¢; dy = (dy1, ..., dy )

2: Initialize A, v = —1, Vm/,n’

3: Initialize check node group degrees d. = (dc1,...,d. pr) = (0,...,0)
4: forn’ =1,...,N’' do

5 ford=1,...,dy, do

6: if d =1 then

7: Choose m’ € argmind, ,,» and A,y € {0, ..., Z¢ — 1} randomly

8: Update dc :Vcﬂlzym/ +1

9: else

10: ’C[Zl] = U {(m/— 1)21 —|—1,...,m/21}

Y/ Apys s =—

11: fori=1,...,£ do

12: Initialize w,, = co, Vm

13: Using H%il and starting at variable node n = (n’ — 1)Z; + 1, expand

a tree until no more nodes can be added, setting w,, = j for all check
nodes m that are reached for the first time at depth j
14: IdgiZI}'t}h = argmax Wy,
vmek[Zi]
15: IC\[szeii}ght = argmin dc,fm/ZH
VmEIC[Zi}
girth

16: if i <& then

e KlZitt) = {me{l,..., Zu M'}:V) < i, 3 € Ky [72-] = 2]
18: end if A sZit1l(m) mod Z; = sl%il(m)}
19: end for
20: Choose m € IC‘[Nifl]ght randomly
21: A(m/ZgLn’ = S[ZE}(m) and dc,(m/Z£1 = dc,(m/Zg] +1
22: end if
23: end for
24: end for

"The proposed jointly optimized lifting matrix description follows the description in the Master’s
thesis [Wicl4].
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The proposed multi-length quasi-cyclic PEG (MuLQPEG) algorithm is fully described
in Algorithm 7 and operates as follows. In each step of the algorithm and for each
lifting factor Z;, the expanded check matrix that corresponds to the current lifting
matrix A is denoted H!Zil. The variable node group degree sequence d, is computed
from the given variable node degree distribution in ascending order by (2.85). Process-
ing starts with an empty lifting matrix A (i.e., a matrix with all elements equal to —1)
and all check node group degrees d. ,,’ set to zero. In a group-by-group manner, for
each variable node group n’ (column in the lifting matrix) dy ,,» check node groups m/
(rows in the lifting matrix) and associated shift values A,/ , are determined. For
the first connection of each group, a random check node group of currently lowest
degree d. s and a random shift value between 0 and Z; — 1 = Z,,x — 1 is chosen.
For the remaining connections, a set [Zil of check node candidates (i.e., rows in the
expanded check matrix) is composed by successively considering all expanded check
matrices HIZil, The initial set C[#1] contains the check nodes (m/—1)Z;41,...,m'Z;
for each check node group m’ that is not (yet) connected to the current variable node
group n/. These candidates represent the combinations of all unconnected check node
groups and all shift values between 0 and Z; —1. For all lifting factors Z; the following
three steps are then performed:
e Compose Kéiit]h as all check node candidates from K!“i) that are unreachable or
otherwise have maximum distance from the first variable node n = (n' —1)Z;+1
in the current group n’'.

(Z;]

(Z;]

e Compose Kt as all check node candidates m from K[giit]h that belong to a

group m’ = [Z-] with minimum current degree d. .
(]

o If i < &, compose K[Zi+1] as all check nodes m € {1,..., Z;; 1 M'} for which for

all smaller lifting factors Z;, j <4, a check node m exists in ngi{]ght such that
m and Z;y; result in the same group index as m and Z; and the shift value
slZi+1l(m), if taken modulo Z;, is equal to the shift value s%j!(m).

At the smallest lifting factor Z;, check node candidates are simply chosen according
to the PEG rule of maximizing the girth and uniformly growing row weights. The key
element of the algorithm is the successive extension of the candidate set before any
node is actually chosen. The candidates KC[%i+1] contain all check nodes in H!Zi+1]
such that the group indices and shift values are still equivalent with respect to all
smaller lifting factors Z;, with j < 7. An example for this extension of candidate
sets within one check node group for lifting factors Z; = 3, Z5 = 4, and Z3 = 7 is
illustrated in Figure 4.10.

After the candidate set K%\, for the largest lifting factor has been found, one

weight
check node candidate m is randomly chosen resulting in the lifting matrix entry
A[m/ZgLn’ = s[Zé](m). For each variable node group, this process is repeated until

the desired number of connections is found, before processing continues with the next
variable node group.
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Z1=3 Zo =4 Z3 =1
KBl = {4,5} = KWl =1{5617} = Kkl ={8,9,12,13}
sBl(m) € {0,2} slt(m) € {0,2,3} sl (m) € {0,2,3,6}
sl4l(m) mod 3 € {0,2} sl7l(m) mod 3 € {0,2}
Wf T sl7l(m) mod 4 € {0,2, 3}
1 1 1
19 2 2 2
16 =0} 1+
4 |¢ 4 |=2 1 1< 4
29 5 |c|1l 5 |c 1 5
6 1 6 |c 1 6
L 2 < -
[ 7T |¢ 7 6
(n' —1)Z1 + 1 8 1 8 |°¢ 1
I 9 |¢
(n' —1)Z5 + 1 10 1
2<11 1
Only check node group 2 is considered. 12 ¢ 1
Candidate rows are marked by a “c”.
. 13 |c 1
For the exemplary choice A,/ ,,; =6 e I
corresponding values are shown in bold and L
the resulting ones in the check matrices in gray.
(n’ — 1)Z3 +1

Figure 4.10: Exemplary extension of the candidate set K%l from Z; = 3 to Z, = 4
and Z3 = 7 for check node group m’ = 2 only.

4.2.3 Simulation Examples

Code lengths 630 to 10080, code rate 1/2

As a first proof of concept, the proposed MuLLQPEG method is compared to three ref-
erence schemes for code lengths N € {630, 1260, 2520, 5040, 7560, 10080} and code
rate r = 0.5, achieved with a lifting matrix size of 35 x 70 and lifting factors
Z €{9,18,36,72,108, 144}.

MuLQPEG : A jointly optimized lifting matrix is constructed with Algorithm 7 and
expanded to all target code lengths.

Dumb modulo : A lifting matrix is constructed with the conventional QC PEG algo-
rithm [LLK04| based on only the largest lifting factor Zy.x = 144 (i.e., entries
are in the range 0, ..., 143). The resulting mother lifting matrix is expanded by
all values Z € {9, 18,36, 72,108,144} to obtain the target code lengths, where
all shift values s larger than the current value of Z result in the equivalent shift
by s mod Z positions.

Dumb expand : A lifting matrix is constructed with the conventional QC PEG algo-
rithm [LKO04] based on only the smallest lifting factor Zy;, = 9 (i.e., entries are
in the range 0,...,8). The resulting mother lifting matrix is simply expanded
by all values Z € {9, 18,36, 72,108, 144} to obtain the target code lengths.
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Figure 4.11: BER curves of the proposed MuLQPEG multi-length code compared
to dumb modulo (left) and dumb expand (center) for N = 10080 and
N = 630 as well as to the case of dedicated codes (right) for code
lengths N € {630, 1260, 2520, 5040, 7560, 10080}.

Dedicated : A dedicated QC LDPC code without any multi-length consideration
is constructed for each code length N with the conventional QC PEG algo-
rithm [LKO04].

In all cases, the employed degree distribution with d, = 5 is the same as the one that
was used for the dedicated reference codes in Section 4.1.

In Figure 4.11, BER over Ey/Ny curves after BP decoding with a maximum of
Iinax = 100 iterations are shown. For the largest and smallest code lengths N = 10080
and N = 630, the proposed MuL@QPFEG multi-length code is compared to the dumb
modulo scheme in the left plot and to the dumb expand scheme in the center plot.
In the right plot, curves are shown for all code lengths N for MuLQPEG and the
dedicated case. It is clearly visible, that the dumb modulo scheme performs equal
to MuLQPFEG for N = 10080 and much worse for N = 630, while the dumb ex-
pand scheme shows equal performance to MulL QPFEG for N = 630 and is inferior at
N = 10080. This agrees with the design concept of the two schemes, as the lifting
matrix is optimized for the largest lifting factor by the dumb modulo scheme and for
the smallest one by the dumb expand scheme. In these cases, using different lifting
factors potentially creates additional cycles, which might have been avoidable, had
these lifting factors been considered during lifting matrix construction. The compar-
ison of MuLQPEG to the dedicated case even reveals that for this setup using only
one multi-length mother code does not inflict any penalty in BER performance as
compared to using one dedicated code per code length.

Code lengths 140 to 32760, code rates 0.2, 0.5, and 0.9

To even further explore the potential of the proposed MuLLQPEG method, lifting ma-
trices of width N/ = 70 are constructed for code rates r = 0.2, r = 0.5, and r = 0.9
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that are optimized for lifting factors Z € {2,4,9,18,36,72,108, 144, 288, 378,468} re-
sulting in achievable code lengths between N = 140 and N = 32760. In Figure 4.12
BER results are shown for MuLQPEG and again for the reference case of one ded-
icated QC LDPC code per code length. In the upper plot, the BER over Es/Nj is
shown for the four code lengths N = 140, N = 630, N = 10080, and N = 32760.
The three lower plots show the gap to capacity at BER 10~* over the code length V.
Apparently, even for this increased code length range and also for different code rates,
nearly no performance penalty is inflicted by the use of only one jointly optimized
MuLQPEG mother lifting matrix compared to using dedicated codes for each code
length.

Additionally, in Figure 4.13 the proposed MuLQPEG scheme is compared to results
for the MuLiPEG scheme from Section 4.1 (which achieves length reduction by con-
current shortening and puncturing) and to two approaches from the literature:

[MY05] : This method takes a lifting matrix for lifting factor Z as input and outputs
a modified lifting matrix for a pre-defined lifting factor ¢ - Z, where c is an
integer greater than one. The modified lifting matrix is constructed to result
in as few short cycles as possible when expanded with ¢ - Z, while yielding the
same expanded check matrix for the original lifting factor Z. By applying this
method repeatedly, a multi-length QC LDPC code can be constructed, in which
each code length must be an integer multiple of the code length directly below.
The initial lifting matrix of width N/ = 70 is constructed for Z; = 3 in the same
way as for the MuLQPEG method (with the same optimized degree distribution
and the QC PEG algorithm [LKO04]). This lifting matrix is then successively
modified to be used for lifting factors Z € {9,18, 36,72, 144,288} resulting in
code lengths from N = 210 to N = 20160.

[KCY12] : A special method to achieve multiple lengths by concurrent shortening
and puncturing of IRA codes. The code rate and the supported code lengths can
be arbitrarily chosen. This method is used to construct one IRA code of length
N = 32760 for each code rate » = 0.2, »r = 0.5, and » = 0.9. For r = 0.5 and
r = 0.9 the same optimized degree distributions as for the MuLQPEG scheme
are used. For r = 0.2, however, a separately optimized degree distribution
has to be used since the number of degree 2 variable nodes needs to be at
least M for TRA codes, which is not fulfilled by the degree distribution used
for MuLQPEG. The code length of each of the three IRA codes is reduced to
values N € {26460, 20160, 10080, 7560, 5040, 2520, 1260, 630, 450, 280, 140}.

The curves for the MuLQPEG scheme in Figure 4.13 are the same as in Figure 4.12
and are nearly identical to the case of dedicated QC LDPC codes which are not again
shown here. At its smallest code length N = 210, the method of [MYO05] slightly
outperforms MuLQPEG as it is based on an unconstrained optimized initial lifting
matrix at the smallest code length, while MuLQPEG uses a jointly optimized lifting
matrix. However, for increasing code lengths the method of [MYO05] is not capable
of keeping up with the performance of MuLQPEG and is the only scheme that for
all three code rates reaches a point where is does not gain from further increasing
the code length. The IRA codes constructed by the method of [KCY12] show very
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Figure 4.12: Top: BER over E/Ny for r € {0.2,0.5,0.9}. For both MuLQPEG and
the dedicated case, curves are shown for N € {140, 630, 10080, 32760} .
Bottom: gaps Aylro=] laB to capacity at BER 10~* over code length N.
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Figure 4.13: Gaps to capacity at BER 10~ over code length N in logarithmic scale
for MuLQPEG, MuLiPEG and two reference schemes.
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similar performance to MuLQPEG for code rates r = 0.5 and r = 0.9. For r = 0.2,
however a distinct performance loss is visible, which is mainly caused by the inferior
degree distribution with above 80% variable nodes of degree two, that has to be
used to construct an IRA code. Finally, for comparison the results of the MuLiPEG
scheme from Section 4.1 are also included. Even though its results support a smaller
range of code rates, the performance of MuLiPEG is distinctly inferior to that of the
MuLQPEG scheme, especially at low code rates. As remedy, it is the only scheme that
is generally applicable to LDPC codes and does not require a QC or IRA structure.

Besides the performance considerations that were just discussed, the reference schemes
from the literature have a number of additional drawbacks. The method of [MYO05] is
not very flexible in terms of the supported code lengths, as each code length needs to
be an integer multiple of the previous one. Furthermore, the successive construction
of the lifting matrix has by far the highest complexity of all considered schemes®.
The TRA scheme of [KCY12] is very flexible in terms of the code length but does
not yield good performance for low code rates. Furthermore, a crucial assumption
must be made for this method to yield a true multi-length code: if the concurrent
shortening and puncturing is executed as proposed in [KCY12] a very large number
of iterations (e.g., multiple thousand) needs to be conducted for the standard BP
decoder to converge. Instead, a decoder that is capable of removing all punctured
nodes from the Tanner graph and instead merging the two neighboring check nodes
needs to be assumed. Whether or not such a decoder architecture exists and still
fulfills the assumption of achieving multiple code lengths with only one encoder and
decoder implementation is not further discussed here.

4.2.4 Multi-Rate and Multi-Length Quasi-Cyclic LDPC
Codes’

The fact that the proposed optimization of a multi-length QC LDPC code is based
on only a single mother lifting matrix description allows a straightforward integration
of the multi-rate optimization based on shortening and puncturing presented in Sec-
tion 3.3. If shortening and puncturing is considered solely based on the lifting matrix
(i.e., shortening and puncturing groups of variable nodes instead of single nodes), it
becomes independent of the actual lifting factor Z and is equally applicable to all
code lengths supported by the multi-length QC LDPC code. The combination of
these two methods, thus, results in a highly flexible multi-rate and multi-length QC
LDPC code based on a single encoder and decoder implementation.

The asymptotic optimization of degree distributions and puncturing polynomials
from Section 3.3.1 on pages 80 ff. can be directly applied to the case of QC LDPC
codes by using the rate-compatible degree sequence from Algorithm 5 on page 90 dur-
ing construction of the lifting matrix A. Furthermore, all finite length considerations

8Executing the algorithm proposed in [MY05] to construct the code for code rate 0.9 and length
10080 took 13 hours. For the corresponding cases, the algorithm of [KCY12] runs a couple of minutes
and the proposed MuLQPEG algorithm only takes a few seconds.

9The descriptions and results in this section follow the pre-published paper [BWV14].
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(recoverability, check node concentration, ACE properties) that are considered in Sec-
tion 3.3.2 on pages 89 ff. for the optimized check matrix construction MuRiPEG
(Algorithm 6 on page 95) are equally valid for the check matrices HI?! that are ex-
panded from the mother lifting matrix A. By restricting all column and row selections
during check matrix construction to a group-wise selection (which is automatically
ensured by the circulant constraint, cf. Figure 4.9 on page 120), a QC LDPC check
matrix can be constructed.

The proposed jointly optimized multi-rate and multi-length quasi-cyclic improved
PEG (MuRMuLQiPEG) algorithm was pre-published in [BWV14]| and combines the
multi-rate scheme MuRiPEG (Algorithm 6 on page 95) with the multi-length quasi-
cyclic approach MuLQPEG (Algorithm 7 on page 121). A full description is given
in Algorithm 8.

The input comprises the lifting matrix dimensions M’ x N’ the supported lifting
factors Z; < --- < Z¢, the supported code rates, and the rate-compatible degree
sequence dRC that is determined by Algorithm 5 on page 90 together with the opti-
mized shortened degree distributions and puncturing polynomials obtained by solv-
ing problem (3.51) on page 85. The processing order of variable node group degrees
dRC = (glv\F,‘?, e 6759\,,) and the corresponding punctured positions p = (p1,...,pn")
are determined according to the procedure in Algorithm 6 on page 95. Before the
actual PEG-like processing starts, each punctured variable node group is connected
to a unique check node group which later ensures recoverability of all variable nodes
in that group (cf. Section 3.3.2 on page 89). The respective shift value is chosen
randomly between 0 and the largest lifting factor Z¢ as it does not influence recov-
erability. Then, the variable node groups are processed in reversed order, choosing
the first connection of unpunctured groups randomly and the remaining d\f,{fb, —1 con-
nections by successively extending a candidate set for all lifting factors in accordance
with Algorithm 7 on page 121. Additionally, the ACE optimization from Section 3.3.2
on page 92 is included during the selection of candidates. For this, during tree expan-
sion the value ACE%Z'}(n) is determined for each reachable check node m, denoting
the minimum ACE value of any shortest cycle passing through variable node n and
check node m assuming an edge was placed between n and m. Punctured nodes are
ensured not to be connected to indices larger than their first intentionally placed con-
nection for guaranteed recoverability. The final lifting matrix needs to be permuted
by P~ to re-establish the original rate-compatible degree sequence dX°. Finally, the
algorithm yields a single lifting matrix A that can be expanded by lifting factors
Zi,...,4¢, and at the same time all resulting check matrices H!Zil can be shortened
from the left and punctured from the right (each in groups of Z; bits) to realize
the code rates rq,...,7¢, which is equivalently achieved by directly shortening and
puncturing columns (i.e., variable node groups) of the lifting matrix.

Simulation Results

To confirm the enormous flexibility and the excellent error correction performance
of the proposed MuRMulLLQiPEG approach, a single mother lifting matrix with the
following parameters is constructed:
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Algorithm 8 Multi-Rate Multi-Length QC improved PEG (MuRMuLQiPEG)

N =

© 0 N O U W

10:
11:
12:
13:

14
15

16:
17:

18:
19:
20:

21:

22:
23:
24:

25:
26:

27:

28:
29:

30:
31:
32:

33:
34:
35:
36:

37

: Input: M’', N';: Zy,..., Zey 11,0057 diC = (dy,1,-..,dy ) from Algorithm 5
: With r, = w, mark the last - N7 positions as punctured in vector p
: Compute &50 by sorting the last 11::’; N’ entries in d\r,{C in ascending order
: Let P denote the permutation matrix such that &50 = d\P,{CP
: Compute the permuted punctured positions p =pP
: Initialize A,/ 0 = —1, Vm/,n’ and check node group degrees demr =0, vm/
: Initialize counter for punctured groups ¢ =0
: forn’ =N',...,1do
if p,, =1 then
Choose A,/ p/—. randomly from {0, ..., Z¢ — 1}
Set de ppr—c =1land c=c+1
end if
end for

: Reset counter for punctured groups ¢ =0
: forn’ =N',...,1do
if En’ =0 then "
Choose m’ € argminde . and A,y € {0, ..., Z¢ — 1} randomly

vm'!

Update dc,m’ = dc,m’ +1
end if
ford=2,...,d%%, do

v,n’
KlZ1l = U {((m' = 1)Zy +1,...,m' 7}
vm/': Am’,n’:_l
fori=1,...,£ do
Initialize wy, = oo, Vm
Using HIZil and starting at variable node n = (n’ — 1)Z; + 1, expand a tree
until no more nodes can be added, setting wy, = j for all check nodes m that
are reached for the first time at depth j

if p,y = 1 then Set wy, = 0, Vm > (M’ — ¢)Z; to ensure recoverability
K% — argmax wm; KZl — argmin d
girth & ms weight & c,[m/Z;]
vmeklZil VmEIC[.i
clzil [2;] girth
ACE = arg r[naix ACE;," (n)
Z.
Vme’Cwelight

if © < ¢ then
kit = {mef1,..., Zi M’} ) < i,3m e KIZL, (2751 =12
end if A slZi+1l(m) mod Zj = S[Zj](’ffl)}
end for
Choose m € ICE%Z&]E randomly
g(m/zg‘hn/ = S[Zf] (m) and dCJm/Zgw = dcjm/zgw -+ 1
end for
if p,y =1thenc=c+1
end for

: The output is the permuted lifting matrix A = ApP~!
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e N'=170, M' =21, code rate r, = 0.7,

lifting factors Z € {3,9, 18,36, 72, 144, 288} resulting in expanded code lengths
N € {210,630, 1260, 2520, 5040, 10080, 20160},

shortened code rates r € {0.1,0.2,0.3,0.4,0.5,0.6} and punctured code rates
r € {0.8,0.9},

degree distributions and puncturing polynomials from optimized multi-rate en-
semble with maximum variable node degree d, = 10 from Section 3.3.1.

For comparison, for each of the 63 combinations of code lengths and rates, a dedicated
PEG code of the same resulting effective code length and rate and with an optimized
degree distribution of same maximum degree is constructed. BER simulations are
conducted with BP decoding and a maximum of [, = 100 decoding iterations and
gaps of the BER curves to capacity are measured at BER 10,

In Figure 4.14 one plot per mother code length N is shown, containing BER over
Eg /Ny curves for all code rates r for both MuRMuLQiPEG and the dedicated PEG
codes. Additionally, in the bottom right corner one curve per code length of the gaps
to capacity 10" lap at BER 10~% over the code rate is depicted. The difference of
the mean gaps A0~ lap = fyﬁgfjumipth — ffyéleofﬂ lap of both approaches is also
given for each code length. The results illustrate, that the proposed scheme performs
very close to the case of dedicated optimized PEG codes over the range of code rates
from 0.1 to 0.9 and code lengths from 210 to 20160. Averaging over all code rates and
lengths, the total penalty is only 0.076 dB, which effectively means that it is possible
to replace 63 dedicated codes by only a single multi-rate and multi-length code with
almost no performance loss.

4.2.5 Concluding Remarks: MuLQPEG and
MuRMuLQiPEG

The multi-length QC LDPC codes (MuLQPEG) presented in this section support
multiple code lengths by using a fixed mother lifting matrix that can be expanded by
multiple lifting factors. The only prerequisite for these multi-rate codes is an encoder
and decoder architecture that is based only on the lifting matrix instead of the fully
expanded check matrix. A variety of such architectures have been presented and well
investigated in the literature, as nearly all LDPC codes used in practical systems are

QC LDPC codes.

The multi-length QC LDPC codes constructed by MuLQPEG are capable of achiev-
ing very wide ranges of code lengths (e.g., 140 to 32760) with only negligible perfor-
mance loss compared to the case of using one dedicated LDPC code for each code
length. Furthermore, a straightforward combination of these multi-length codes with
the multi-rate features presented in Chapter 3 leads to a flexibly adaptable multi-
rate and multi-length QC LDPC code (MuRMuLQiPEG). In an exemplary scenario
of supporting code rates from 0.1 to 0.9 and code lengths from 210 to 20160, a sin-
gle mother code designed by the proposed MuRMuLQiPEG method performs (on
average) within 0.076 dB compared to a set of 63 dedicated optimized codes.
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Furthermore, the proposed method MuLQPEG, that is based on QC LDPC codes,
results in better performance than the MuLiPEG method from Section 4.1, that
realizes length reduction by concurrent shortening and puncturing. The advantage
of the latter one, however, is that it does not rely on a specific code structure and is,
thus, applicable to arbitrary LDPC codes.

Altogether, the proposed MuLQPEG and MuRMuLQiPEG methods enable new de-
grees of flexibility in the design of FEC schemes for communication systems and at
the same time significantly reduces hardware requirements.



Optimized Message-Passing Schedules

The standard BP decoder uses the flooding schedule as introduced in Section 2.5: first
the information for all the check nodes is evaluated and then “flooded” to the variable
nodes. Then all the variable nodes are evaluated, and the resulting information is
flooded back to the check nodes. Several different scheduling approaches for improving
the BP performance have been presented in the literature. A probabilistic schedule
has been introduced in [MBOla, MB0O1b]. This approach takes into account the
local girth of each node. To each variable node a probability depending on the local
girth is assigned and at each iteration, the outgoing messages of each variable node
are updated with this probability, whereas outgoing check node messages are always
updated. This approach improves the decoding performance of LDPC codes in terms
of residual BER, however, the convergence properties slightly change for the worse.

In order to improve the convergence properties of BP decoding, manifold sequen-
tial schedules have been presented in the literature, e.g. [KK03, ZF02, MS03, Hoc04,
SLGO04, SLG07]. Two examples are shuffled BP decoding [ZF02] and the dual check-
shuffled or layered BP decoding [SL.G04, Hoc04]. These algorithms exploit the fact
that new information obtained while updating single nodes can immediately be used
in the updates of other nodes within the same iteration. This can lead to a faster de-
coding convergence and thus to a better BER performance in the case of a constrained
number of iterations.

More recently, in [CGWO07a, CGW07b, CGW10| Informed Dynamic Scheduling (IDS)
was introduced as the first message passing schedule for LDPC codes that dynami-
cally updates those parts of the graph that have not converged yet. IDS determines
the order of messages to be updated and propagated using a metric called residual,
measuring how far a message is from convergence. It was shown that this dynamic ap-
proach has the capability of converging with much fewer message updates than other
schedules and, in addition, is able to solve many so-called trapping set errors [Ric03],
enabling them to achieve lower error rates than traditional techniques even if a large
number of iterations is carried out.

In this chapter, a number of novel decoder schedules, which have been pre-published
in [BSV11, BV11]|, are presented and evaluated. First, two probabilistic sequential
schedules combining fast convergence with improved error correction performance
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are introduced in Section 5.1. Additionally, a new class of dynamic schedules is es-
tablished in Section 5.2, which greatly reduces the complexity of previously proposed
dynamic schedules and at the same time maintains and in some cases even surpasses
their error correction capabilities.

5.1 Probabilistic Sequential Decoding’

It has been shown in [SLGO7] that by sequentially updating and propagating messages
in a node-by-node manner throughout the decoding process, the convergence speed
of the BP decoder can be up to twice as fast as for the flooding strategy. This is
explained by the faster spreading of information when reusing extrinsic information
that is generated during the update of single nodes already within the same decoding
iteration. In [YEKT07] and [VDV*10] the effects of this sequential updating strategy
has also been examined for the decoding of non-binary LDPC codes over IF,. Similarly
to the binary case, the decoding process can be accelerated by a factor of up to two.

As pointed out in [MB01a, MBO1b], it is advantageous to consider the structure of the
Tanner graph of a code in the decoding process. As mentioned in Chapter 2, it is well-
known that the presence of short cycles degrades the performance of BP decoding.
Let gmax = maxy, g, denote the maximal local girth g, occurring at any variable
node n. After g,/2 iterations the information in a cycle of length g, is propagated
back to its origin, and the assumption of statistical independence of the incoming
extrinsic knowledge and the own knowledge does no longer hold. By only updating
variable node n with probability PLLg} = gn/9gmax in each iteration, the violation of the
statistical independence can on average be postponed.

In the pre-published paper [BSV11], a combination of the shuffled [ZF02] and check-
shuffled [SL.G04] approaches with the girth-based probabilistic approach [MBO1a,
MBO01b] has been introduced for the decoding of both binary and non-binary LDPC
codes and is described in the following. It is shown that the performance in terms
of BER can be improved compared to other sequential scheduling strategies with (al-
most) no additional operations. The drawback is a slight loss in convergence speed,
however, the convergence is still faster than for the standard BP decoding with simple
flooding and the standard probabilistic parallel approach of [MBO01b].

5.1.1 Probabilistic Shuffled Scheduling

The first proposed scheduling strategy follows the idea of the shuffled schedule [ZF02]
and adds a probabilistic component similar to the one presented in [MBO1b]. In a

pre-processing step the local girth g,, of each variable node n is calculated and divided

by the maximal local girth gmax to yield the updating probability P = g, /gmax. All

1The description of probabilistic sequential decoding in this section follows the one given
in [BSV11].
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variable-to-check messages v,&% are initially set to the channel LLRs L,, and all check-

to-variable messages cﬁi?n are set to zero. At the beginning of the i-th iteration all

check-to-variable messages cg,i,_nl) and all variable-to-check messages vﬁf@l) are avail-

able as result of the previous iteration ¢ — 1. In each iteration the decoder traverses all

variable nodes in a serial fashion and randomly decides with probability PLLg] whether
to update the incoming and outgoing messages of each node or not.? The probabilistic
shuffled scheduling is described in Algorithm 9.

It should be noted that the iteration counter ? does not exactly correspond to the
number of iterations in a flooding or a simple serial schedule, since — depending
on the girth structure of the code — this schedule performs fewer message updates
per iteration as some variable nodes will not be updated due to the probabilistic
component. To allow for a fair comparison of the different schedules, the actual
number of message updates is counted and denoted U, and the number of equivalent
(flooding) iterations needed by a schedule is defined as I.g = L% + %J, with E
denoting the number of edges in the Tanner graph and |x| denoting the largest
integer smaller than or equal to x.

Algorithm 9 Probabilistic Shuffled Belief Propagation
(0)

1: Initialize vn,m = L,, Yn,m
2. Tnitialize ¢{o = 0, ¥n,m
3: Initialize i = 1
4: while stopping rule not satisfied do
50. forn=1,...,N do
6. if rand(0,1) < P! then
7: Compute all incoming messages of variable node n, i.e. Vm € M(n):
M0 oD
(i) — 9atanh H tanh wm | H tanh n’,m
Cm.n 2 2
n' eN(m) n’' eN(m)
n <n n/>n

8: Compute all outgoing messages of variable node n, i.e. Ym € M(n) process

vﬁf)m according to the variable node update equation (2.42)

9: else

10: Set, cq(%)n = cq(%_nl ) and vg)m = v,(f;zl) for all m € M(n)
11: end if

12: end for

13:  Start next iteration by setting ¢ =7+ 1

14: end while

15: Output hard decision g, Vn according to (2.43)

2The random decision can be done using an arbitrary (pseudo-) random number generator or
even by reading pseudo-random numbers one after another from a precomputed look-up table (and
restarting at its beginning once the end has been reached). The only requirement regarding the size
of the look-up table is that it should be coprime with the number of variable nodes, to avoid the
same random number to be used for the same variable node in each iteration.
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The formal description of this schedule is similar to the lazy scheduling approach
presented in [LSLO7]. However, in lazy scheduling an updating probability is chosen
dynamically according to some reliability measure to avoid unnecessary message com-
putations and reduce the overall complexity of the decoding process. The presented
approach of probabilistic shuffled scheduling, by contrast, uses fixed (girth dependent)
updating probabilities and accepts a slight increase in the overall decoding complexity
while it aims at achieving lower residual bit error rates.

5.1.2 Probabilistic Check-Shufled Scheduling

The second proposed scheduling is described as a dual version of the probabilistic
shuffled scheduling from the previous section, iterating over the check nodes rather
than the variable nodes, just as the scheduling in [SL.G04] is described as a dual version
of the shuffled schedule in [ZF02]. Again the updating probability of variable node n

is denoted PLLg]. Further, let V;?tive denote the set of variable nodes that participate in
updates of iteration i, i.e., the active variable nodes. After the same initialization as
for the probabilistic shuffled schedule, at the beginning of each iteration the decoder

decides for each variable node whether it is active or not (i.e., whether it sends and

receives updated messages) with probability PL%? Then all check nodes are traversed
serially, and incoming and outgoing messages are only updated for those edges that
are connected to active variable nodes. This probabilistic check-shuffled scheduling
is described in Algorithm 10.

Again the total number of message updates U is counted and the number of equiva-
lent (flooding) iterations Iog is determined as described for the probabilistic shuffled
schedule to allow a fair comparison to other schedules.

5.1.3 Adaptation to Decoding of Non-Binary LDPC Codes

The difference between the Tanner-graph representation of binary LDPC codes and
non-binary LDPC codes over I, is that in the non-binary case a weight according
to the value of the corresponding check matrix element is assigned to each edge of
the (weighted) Tanner-graph. Still, the definition of the local girth as the length
of the shortest cycle passing through a node is the same in both cases, since it is
independent of the edge weights. Furthermore, the presence of (short) cycles causes
the same degradation on the decoding performance due to the statistical dependence
of messages after a certain number of decoding iterations. With this analogy it can
be expected that the additional probabilistic component, taking into account the
girth structure of a code has the same effect on the decoding of both binary and
non-binary LDPC codes. Results of [YEKT07] and [VDV*10] indicate that applying
serial updating schemes to the decoding of non-binary LDPC codes has the same
advantage of increasing the convergence speed as for the binary case.

In analogy to [BSV11], the effects of the probabilistic schedule of [MBO1b] and the
novel probabilistic shuffled schedule (Section 5.1.1) are investigated for an adaptation
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Algorithm 10 Probabilistic Check-Shuffled Belief Propagation

1: Tnitialize v{") = L, and ¢{0n = 0, ¥n,m

2: Initialize ¢+ = 1
3: while stopping rule not satisfied do
4 Set V. =

active

5 forn=1,...,N do

6: if rand(0,1) < P then

7: Activate variable node n, i.e., set V;?tive = V;?tive U{n}
8 end if

9: end for

10: form=1,...,M do

11: for n € N(m) do

12: if ne V). then

13: Compute vfﬂn =L, + Z cf;), .t Z cq(qi,_ib)
14: else m’eM(n) m’ e M(n)

15: Set Uq(f)m = Uq(j’;ll) m/<m m/>m

16: end if

17: end for

18: for n € N(m) do

19: it ne V). . then

20: Compute c%)n according to the check node update equation (2.41)
21: else

22: Set c%)n = cq(qi,_nl)

23: end if

24: end for

25:  end for

26:  Start next iteration by setting i =17+ 1

27: end while

28: Output hard decision ¢,, Vn according to (2.43)

to the non-binary case. For this purpose, the non-binary BP decoding algorithm
as presented in Section 2.10.2 is modified to allow for the employment of different
schedules. Results for the combination of the non-binary BP decoder with flooding,
probabilistic, shuffled, and probabilistic shuffled schedules are presented below.

5.1.4 Simulation Results

Binary LDPC Codes

In order to evaluate the performance of both probabilistic sequential (i.e., shuffled
and check-shuffled) approaches for the binary case, the WiMAX LDPC code of rate
r = 1/2 and length N = 576 is considered.
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Figure 5.1: Different schedules for BP decoding of WiMAX rate-1/2 length 576
LDPC code. Top left: BER performance at I, = 200 iterations. Top
right: Convergence at 2.5dB. Bottom left: Average number of equiv-
alent iterations (solid) and fraction of iterations compared to flooding
schedule (dashed) at I, = 40 iterations.

The top left plot in Figure 5.1 depicts the BER as a function of Ey/Ny. It can be
seen that the probabilistic shuffled and probabilistic check-shuffled algorithms outper-
form the other four schedules (flooding, probabilistic, shuffled, and check-shuffled) if a
large number of iterations (here I, = 200) is executed. In the top right plot of Fig-
ure 5.1 the convergence (BER as a function of the number of equivalent iterations)
at Ey,/Nolag = 2.5dB is shown. As expected, the convergence of the probabilis-
tic (check-) shuffled schedules is slightly slower than for the non-probabilistic (check-)
shuffled approaches [ZF02, SL.G04], however it still outperforms the flooding and prob-
abilistic [MBO1a] schedules. For more than 30 iterations, the probabilistic shuffled
schedule also slightly outperforms the shuffled schedule and yields the lowest BER.
The bottom left plot in Figure 5.1 shows the average number of equivalent decoding
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iterations needed for convergence against the Ey, /Ny for the different schedules (solid
lines). Here, the maximum number of iterations is only Iy.x = 40. The dashed lines
show the ratio of the number of iterations needed by the flooding schedule and the
number of iterations needed by the other schedules. It can be seen that the probabilis-
tic (check-) shuffled schedules require slightly more (equivalent) iterations than the
non-probabilistic (check-) shuffled schedules, but the saving compared to the flooding
schedule is still as high as 28 %.

Although the probabilistic check-shuffled schedule performs slightly worse than the
probabilistic shuffled schedule in this example, it exhibits the same advantages re-
garding implementation aspects as indicated for the non-probabilistic check-shuffled
approach in [SLGO04]. Finally, it should be noted that strategies like group shuf-
fling [ZF02] (allowing parallelization) can be directly integrated into the probabilistic
(check-) shuffled schedules.

Non-Binary LDPC Codes

For the evaluation of the non-binary case, two non-binary PEG codes from [HEAQ5|
are considered. The non-binary BP decoding algorithm from Section 2.10.2 is used
with different schedules. Results of flooding, probabilistic [MBO01b]|, shuffled [ZF02],
and the probabilistic shuffled (Section 5.1.1) schedules are shown for two codes over
Fs and Fgq with rate 1/2 and a binary code length of N = 1008 information bits.
Results for the check-shuffled and the proposed probabilistic check-shuffled schedules
are not shown here since they are similar to those of the shuffled and probabilistic
shuffled approaches.

The top left plot in Figure 5.2 shows the BER as a function of E, /Ny with a maximum
number of I, = 100 decoding iterations. Similarly to the binary case the proba-
bilistic shuffled schedule outperforms the three other schedules for both codes and
for all shown channel qualities. In the top right plot of Figure 5.2, the convergence
at Ey,/Nolap = 1.9dB is depicted. Again a behavior similar to the binary case can
be observed. The initial convergence speed is slightly higher for the non-probabilistic
schedules (flooding and shuffled), but after a certain number of iterations, lower bit
error rates can be achieved by the probabilistic schedules. For more than 35 (resp.
40) iterations the probabilistic shuffled schedule yields the lowest bit error rate for
the code over Fg (resp. Fgs). Finally, in the bottom left corner of Figure 5.2 the
average number of equivalent iterations needed by the non-binary BP decoder with
different schedules is shown for varying channel qualities F},/Ny. For the sake of
clarity, the results of the code over Fg4 are omitted in this figure. However, they show
the same characteristics as those for the Fg code with the difference that the absolute
number of iterations needed is slightly lower for the [Fg4 code. This is mainly due to
the fact that for larger Galois fields a smaller non-binary code length N, is required
to achieve the same binary code length N. The probabilistic shuffled schedule needs
slightly more (equivalent) iterations than the shuffled schedule but still up to 28 %
can be saved compared to the flooding schedule.



140 5 Optimized Message-Passing Schedules

BER

0 20 40 60 80 100
equivalent iterations I.g

O flooding

V probabilistic[MBO01a]

O shuffled [ZF02]

% probabilistic shuffled
(Alg. 9)

Surpooy 03 paredurod
SUOT}RId)I JO UOI}ORI]

=-)

average equivalent iterations (—)

0 0.5 1 1.5 2 2.5
Ey,/Ny in dB

Figure 5.2: Different schedules for non-binary BP decoding of two non-binary rate-
1/2 LDPC codes over Fg and Fgy4 with binary code length N = 1008.
Top left: BER performance at I,,,x = 100 iterations. Top right: Conver-
gence at 1.9dB. Bottom left: Average number of equivalent iterations
(solid) and fraction of iterations compared to flooding schedule (dashed)
at Iax = 40 iterations for the code over Fg only.

5.2 Improved Residual Belief Propagation®

The first instance of a so-called informed dynamic scheduling (IDS) strategy for gen-
eral message-passing algorithms — and not especially related to LDPC codes — was
presented in [EMKO06] under the name of Residual Belief Propagation (RBP). This
approach was adopted and extended for the decoding of LDPC codes in [CGW07a,
CGWO07b, CGW10]. IDS approaches are based on the so called residual which is
defined as the norm of the difference between a message before and after an update.

3The descriptions in this section follow the pre-published results in [BV11].
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The residual t(cy, ,,) of a check-to-variable message ¢y, ,, is defined as [CGW10]

(em) = espioes — e 5.1

current

mon " and the value if it was updated

The current value of the message is denoted by ¢

at this stage is denoted by cﬁﬁ%ated. In case of binary codes, the messages are scalar
LLRs and the norm corresponds to the absolute value. From this definition it directly
follows that messages with large residuals are still far from convergence, while small
residuals indicate messages that have already converged to a final state. In IDS
the residuals are used to determine the order in which messages are updated. By
only updating messages with large residuals, convergence of the decoding process has
been observed to be achieved with much fewer overall message computations than
for traditional (flooding or sequential) message-passing schedules. It was also shown
that certain IDS strategies can correct more errors than other schedules since they
are able to overcome certain trapping sets [Ric03].

The shortcoming of IDS, however, is that the computation of residuals and the se-
lection of the messages to be updated cause a significant increase in computational
complexity. Many more residuals are calculated than messages are updated, and for
each message update all residuals have to be searched through beforehand. The first
problem has been addressed in [CGW07a, CGW07b, CGW10|. Each calculation of a
residual requires the evaluation of the BP update equations (2.41) or (2.42). However,
the computed values are only needed to determine the order of message updates. To
reduce this additional complexity it was proposed to use the min-sum approxima-
tion [FMI99] for the calculation of residuals, while still using the exact BP equations
for the actual message update. This approach was shown to reduce the complexity
without losing error correction or convergence speed performance as compared to us-
ing exact calculation of residuals. While this reduction of overhead caused by the
computation of residuals has been addressed already, the pre-published paper [BV11]
was the first work in which efforts are made to reduce the second component of
additional complexity, which is the continuous search for large residuals.

Two novel decoding algorithms from [BV11]| are presented in the following, which
address the issue of computational complexity by significantly reducing the number
of search operations needed per equivalent iteration. Furthermore, it is shown that
these algorithms maintain — and in some cases even exceed — the convergence speed
and also the error rate performance of previously known IDS strategies.

At first, the schemes RBP and Node-Wise RBP (NWRBP) from [CGW07a] are de-
scribed. Following this, the two novel dynamic schedules lazy queue residual decoding
(LQRD) and queue residual decoding (QRD) are presented.

5.2.1 Residual Belief Propagation (RBP)

RBP was introduced in [CGWO07a] and is a greedy message-passing schedule, which
always updates the check-to-variable message with the largest residual as described
in Algorithm 11. In accordance with [CGWO0T7a], E executions of the main loop (lines
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Algorithm 11 Residual Belief Propagation

1: Initialize all vy, , = L,

2: Initialize all ¢, , = 0

3: Compute all t(cy, ,,) according to (5.1)
4: while stopping rule not satisfied do

5. Find message ¢, , with largest residual t(cy, )
6: Update message ¢, p

7: Set ‘C(Cmyn) =0

8: for m’ € M(n)\m do

9: Update message v,, ,,,/

10: for ' € N(m') \ n do

11: Compute t(cm’,n')

12: end for

13: end for

14: end while

4 —14) are defined as one equivalent iteration, where E denotes the number of edges in
the Tanner graph. With this definition, in one equivalent iteration of RBP the same
number of check-to-variable messages is updated as in one iteration of a conventional
(flooding or serial) schedule. In the following, this criterion of equal numbers of check-
to-variable message updates is used to define an equivalent iteration for all considered
schedules. At first glance this definition does not account for the fact that in RBP
after a single check-to-variable message ¢, , is updated (line 6), dy , — 1 variable
messages have to be updated (line 9). However, these variable message updates can
be realized by a single addition each, since only one incoming message of each variable
node n has changed, so that the outgoing messages to all check nodes except m will
vary by the same value as the incoming message c,, ,. Therefore, the complexity of
those d, , — 1 variable message updates is the same as for the computation of one
conventional variable message update in which d, ,, incoming values are added up.

It can be seen that the additional complexity introduced by RBP is caused by the
search for the largest residual (line 5) and the calculation of residuals (lines 10 —
12). Since each calculation of a residual requires the evaluation of the check node
update equation (2.41), but is only needed to determine the order of message updates,
Approximate RBP (ARBP) was introduced in [CGWO07a] to reduce the computational
overhead. In ARBP the min-sum approximation [FMI99] is used instead of (2.41) for
the calculation of residuals, while the actual message updates still use the exact BP
equations (2.41) and (2.42). This approach was shown to perform nearly as well as
the one using exact residuals.

However, it turns out that for medium to large code lengths (e.g., larger than 1000) the
complexity of the search for the largest residual dominates the whole RBP decoding,
since it raises the overall decoding complexity from O(N) to O(N?). This is due to the
fact that for each message update, a list of length F has to be searched. In fact, if the
residuals are organized as an ordered list and reordered whenever a residual changes,
it is possible to implement RBP with complexity O(N -log(/V)). Nevertheless, the
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linear complexity property is lost and with increasing N a significant amount of the
computational overhead is caused by this managing of an ordered list.

Node-Wise RBP (NWRBP)

Another drawback of RBP originates from its greediness. As shown in [CGWO0T7b],
certain types of errors cannot easily be corrected by RBP causing a distinct error floor
behavior. A partial remedy to this behavior is accomplished by what was termed
node-wise RBP (NWRBP) in [CGWO07a| and simply node-wise scheduling (NS) later
in [CGW10]. In this less greedy approach, not only the message having the largest
residual is updated in each step, but all outgoing messages of the corresponding check
node instead. A more detailed description of NWRBP is not included here but can
be found in [CGWO07a| and [CGW10]. It was shown that NWRBP can reach lower
error rates than other strategies while converging only slightly slower than RBP.

Nevertheless, the computational overhead of calculating residuals and searching (or
sorting) a list is similar to RBP. While the same number of residuals has to be
calculated per iteration, the number of search operations is slightly reduced since
for each largest residual that was found on average d. check messages instead of
just one are updated. The average check node degree d., however, is only a small
constant compared to the number F of edges in the Tanner graph, such that the
overall complexity is only slightly reduced.

5.2.2 Novel Queue Residual Decoding

Two novel flexible dynamic schedules, pre-published in [BV11], that are capable of
significantly reducing the average number of search operations executed per iteration
are presented here. At the same, time both of these approaches can overcome the
problem of RBP’s greediness to an even greater extent than NWRBP does. Further-
more, while NWRBP converges slower than RBP, the presented approaches converge
as fast as RBP and show superior performance even when the maximum number of
decoding iterations is very small.

The proposed schedules are based on the idea of not only updating one single message
that has the largest residual t,,,x, but updating all messages whose residuals are
greater than an adaptive threshold tipresn = - tmax Which is determined by a factor o
(with 0 < o < 1) and the current value t,,x. For this purpose an updating queue Q is
introduced, to which only messages with residuals greater than the current threshold
are appended. In the following the two novel approaches are described in detail.

Lazy Queue Residual Decoding (LQRD)

LQRD is described in Algorithm 12 and is based on RBP as it likewise updates a
single check message in each execution of the main loop (lines 4 — 18). In contrast
to RBP, however, this message is not selected by searching through all residuals but
simply obtained from the head of a message queue Q. At the start of decoding, Q
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Algorithm 12 Lazy Queue Residual Decoding (LQRD)

1: Initialize all vy, , = Ly,

2: Initialize all ¢, , = 0

3: Compute all t(cy, )

4: while stopping rule not satisfied do
5. if Q is empty then

6: Find message with largest residual tpax = \Enax t(¢m,n) and append it to Q
m,n

7 Append all messages t(¢y, ) With (¢ n) > @« thmax to Q

8: end if

9:  Remove message ¢, , from head of Q
10:  Update message ¢, »

11:  Set t(cmpn) =0

12:  for m’ € M(n)\ m do

13: Update message v,, ,,,/
14: for ' € N(m/) \ n do
15: Compute t(cm/,n/)
16: end for

17:  end for
18: end while

is initialized and only modified when it runs empty. Every time this happens, the
value vy, of the currently largest residual is determined and all messages with resid-
uals t(¢m.n) > a - thmax are appended to Q. Then, picking messages one after another
from the head of Q, message updates are performed until either the stopping rule is
satisfied or the queue runs empty again. This procedure is motivated as follows.

If at some stage of decoding there are large outliers in the values of the residuals,
LQRD will focus on updating the corresponding messages first since the threshold
Tthresh = (¢ - Tmax fOr a message to be added to Q will be very high and consequently
only the outliers will be updated. This conforms with the original idea of RBP which
enables convergence with very few overall message updates. If, on the other hand,
there are no outliers, RBP will spend a lot of effort on finding the largest residual
which will, in fact, not be much different from, e.g., the second or third largest
residuals. In these cases, LQRD will behave differently, since the threshold tiphresh
will be relatively small and many messages will be added to Q. Thus, while still
constantly focusing on parts of the graph that have not yet converged, LQRD is far
less greedy (depending, of course, on the choice of ) than RBP or even NWRBP.

It can easily be seen that the factor o directly influences the frequency of O running
empty and consequently the amount of computational complexity that is saved for
search operations. If a large value is chosen for «, fewer messages will be added
to Q and accordingly it will run empty more often. At the same time, however, if «
is chosen too small, many messages with relatively small residuals will be updated,
which conflicts with the main idea of IDS strategies.

LQRD can be seen as a generalization of RBP since it includes RBP as a special
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case for a = 1. In this case whenever t,,x is determined, only the message with the
largest residual is appended to Q, since there can be no message with t(¢;, ) > @ tmax-
After this message is updated, the queue will be empty and again the largest residual
is determined. For a = 0, on the other hand, every time t,,,x is determined, all
messages with residuals greater than zero are added to Q (note that messages in Q
are in no specific order, though). In this case, LQRD is similar to (non-dynamic)
message passing schedules that perform serial check node updates as presented, e.g.,
in [MS03, SLGO04|. The only difference is that in each iteration the message that
changes most is updated first and messages that do not change, i.e., have residual 0,
are not updated at all. Hence, the factor « allows for a flexible adjustment of the
computational overhead caused by the search for the largest residual — the smaller the
value of o the smaller the overhead. At the same time, if a changes, the convergence
speed and the error rate performance of LQRD change. In general, a higher value
of o results in faster convergence. However, as « increases the algorithm becomes
more and more greedy and a similar error floor behavior as for RBP is observed in
the simulation results below.

Queue Residual Decoding (QRD)

The second proposed algorithm QRD is a modification of LQRD and has the potential
of reducing the computational overhead even further, while providing similar results
in terms of convergence speed and error rate performance. The difference between
QRD and LQRD is that in the latter one, the message queue is generated once
at the beginning of decoding and then only regenerated if it runs empty regardless
of the values of the residuals that have been computed in the meantime (thus the
name “lazy”). QRD, in contrast, allows for a message to be appended to Q as soon
as its residual exceeds the threshold tinresh = @ - tmax. This can be realized by
simply checking whether a residual is greater than the current threshold whenever
it is recomputed and if so, adding the corresponding message to Q. Additionally, in
QRD a message that has already been added to Q is not updated if its residual has
dropped below the current threshold tipresh since the time it has been appended. This
more instantaneous handling of the message queue lets it run empty less frequently,
which means that on average fewer search operations have to be executed per iteration.
The exact description of QRD is given in Algorithm 13.

5.2.3 Simulation Results

In order to compare the performance of different dynamic schedules, the WiMAX
(576, 288) rate-1/2 LDPC code is considered. The presented simulation results include
six different decoding strategies:

e BP, flooding: the conventional BP algorithm with flooding schedule,

e prob. shuffled: BP decoding with the probabilistic shuffled schedule presented
in Algorithm 9 in Section 5.1.1,

e RBP: the RBP algorithm from [CGWO07a,
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Algorithm 13 Queue Residual Decoding (QRD)

1: Initialize all vy, , = Ly,

2: Initialize all ¢, , = 0

3: Compute all t(cy, )

4: while stopping rule not satisfied do
5. if Q is empty then

6: Find message with largest residual tpax = \Enax t(¢m,n) and append it to Q
m,n

: Append all messages ¢, n, With t(¢p.n) > @ tmax to Q
8: end if
9:  Remove message ¢, , from head of Q
10:  if t(cm,n) > @ - tymax then

11: Update message ¢, p,

12: Set t(cmpn) =0

13: for m’ € M(n)\ m do

14: Update message v,, ,,,/

15: for ' € N(m/)\ n do

16: Compute t(c,,/ /)

17: if ¢,/ v not in Q and t(c,,s /) > @ - tmax then
18: Append message c,,/ ,,» to Q
19: end if

20: end for

21: end for

22:  end if

23: end while

e NWRBP: the NWRBP algorithm from [CGWO07a/,
e LQRD: the novel presented IDS strategy from Algorithm 12,
e QRD: the novel presented IDS strategy from Algorithm 13.

Bit Error Rate and Convergence Speed

In Figure 5.3 the BER performance of LQRD and QRD for values of a between 0.0
and 1.0 in steps of 0.1 is shown after 20 equivalent iterations. While the complexity
heavily depends on the choice of o, the BER performance is only influenced marginally
in case of QRD and slightly more in the error floor region in case of LQRD. This allows
for a flexible choice of o while almost maintaining the BER performance. Here, the
best BER is achieved at a = 0.9 for QRD and at a = 0.5 for LQRD, but needs
to be determined empirically for each code and each desired number of maximum
iterations.

Figure 5.4 shows the BER as a function of Ey, /Ny after 5 (left) and 20 (right) equiv-
alent iterations for all considered schedules, where o = 0.9 is chosen for LQRD and
a = 0.5 for QRD. It can be seen that while NWRBP performs poorly for 5 iterations,
RBP performs well but, in contrast to NWRBP, does hardly improve for a higher num-
ber of iterations. The performance of LQRD and QRD, however, is superior for both
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Figure 5.3: BER performance of QRD and LQRD for o between 0.1 (light) and 1.0
(dark) in steps of 0.1 after 20 equivalent iterations.
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Figure 5.4: BER over E;, /Ny after 5 (left) and 20 (right) equivalent iterations.

5 and 20 iterations and outperforms all other decoding strategies for all shown chan-
nel qualities including the probabilistic shuffled schedule proposed in Section 5.1.1. It
can also be seen that for the chosen values of a, LQRD slightly outperforms QRD
especially for smaller numbers of iterations.

Additionally, Figure 5.5 depicts the convergence properties of the different schedules.
In the left plot, the BER over the number of equivalent iterations for Ey, /Ny = 3dB
is shown. The previous results are confirmed, as the convergence of QRD is almost as
fast as that of RBP for smaller numbers of iterations while the performance roughly
converges to that of NWRBP for higher numbers of iterations. LQRD on the other
hands shows the fastest convergence and the best BER performance of all shown
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Figure 5.5: Left: BER over number of equivalent iterations at 3dB. Right: average
number of equivalent iterations over Ey, /Ny at Iax = 20.

algorithms and for all numbers of iterations.

The right plot in Figure 5.5 shows the average number of equivalent iterations as
defined in section 5.2.1 over Ey, /Ny in dB. For LQRD, QRD, and RBP the smallest
number of iterations has to be conducted over the whole range of channel qualities.
This reduced number of iterations can be seen as partial remedy to the increased
complexity per iteration of the IDS strategies as compared to non-dynamic schedules.

Complexity Comparison

As described in Section 5.2.2, LQRD and QRD are capable of reducing the additional
complexity of IDS caused by the continuous search for the largest residual. In order
to compare LQRD and QRD to RBP and NWRBP the average number of search
operations performed per equivalent iteration are counted for the different schedules
and for different values of E},/Ny.

In Figure 5.6 the average number of times the largest residual has to be determined
per iteration is depicted as a function of E}, /Ny (where a logarithmic scale is used for
the y-axis). As explained in Section 5.2.1, the savings of NWRBP compared to RBP
are in the order of the average check node degree d, ~ 6.3 of the employed WiMAX
LDPC code. For LQRD and QRD curves are shown for values of a € {0.1,0.5,0.9,1.0}
(where the curve for LQRD and o = 1.0 corresponds to that of RBP). The setups
LQRD with o = 0.5 and QRD with o« = 0.9 are highlighted by markers since for these
configurations the BER results are shown above. The number of search operations
decreases significantly as « decreases. At Ey/Nolagg = 1dB, e.g., for QRD with
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convergence over F}, /Ny for QRD (left) and LQRD (right).

a = 0.1 the number of search operations is reduced by a factor of up to 12000
compared to RBP and up to 2100 compared to NWRBP.

All things considered, LQRD and QRD are ultimately superior to the currently known
IDS strategies RBP and NWRBP since they show equal — and in some cases even
exceeding — performance while considerably reducing the additional complexity intro-
duced by IDS.

5.3 Concluding Remarks

This chapter presents two novel types of decoder schedules: probabilistic sequential
scheduling (Section 5.1) and (lazy) queue residual decoding (Section 5.2). These
advanced schedules provide an increased flexibility in the choice of suitable decoding
algorithms for devices with different requirements and computational capabilities.

The probabilistic sequential schedules are shown to combine the fast convergence of
previous sequential schedules with improved error correction performance for both
binary and non-binary LDPC codes. Since the additionally induced complexity is
negligible, they are suited for low-complexity devices requiring small numbers of iter-
ations and also delay-insensitive applications with low error rates requirements.

Even faster convergence and also lower error rates can be achieved by IDS strate-
gies. The proposed queue residual decoding methods improve upon currently known
IDS approaches in terms of both error correction performance and complexity while
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maintaining the same fast convergence. They also outperform the probabilistic se-
quential schedules but generally exhibit a much higher per-iteration complexity then
non-dynamic schedules. Consequently, they are particularly suitable for devices with
high computational capabilities to accomplish very low decoding delay with best pos-
sible error correction performance.

All presented decoding algorithms are directly applicable to the multi-rate and multi-
length LDPC codes presented in Chapters 3 and 4 as the decoders of these codes are
based only on a single underlying mother code.



GPU Implementation of Non-Binary
LDPC Decoding'

The performance gain that can be achieved by using non-binary LDPC codes as
introduced in Section 2.10 on pages 43 ff. comes at the cost of rapidly increasing
decoding complexity. To deal with this increased complexity, an efficient implemen-
tation of a signed log domain FFT decoder for non-binary irregular LDPC codes
was presented in [BMSV13, BMSV15], which exploits the inherent massive paral-
lelization capabilities of message-passing decoders. Nvidia’s Compute Unified Device
Architecture (CUDA) was employed to incorporate the available processing power of
state-of-the-art Graphics Processing Units (GPUs). Furthermore, a CUDA implemen-
tation of the signed log domain FFT decoder using the layered update rule [Hoc04],
in which check nodes are updated one after another, was presented in [BMSV15].
This sequential updating of nodes has been shown to converge about twice as fast
as the traditional flooding scheme. To achieve a high speedup of the layered CUDA
implementation, quasi-cyclic non-binary LDPC codes are employed since they allow
to update multiple neighboring check nodes in parallel without any performance loss.
The most important concepts and results of this GPU implementation are presented
in the following.

6.1 GPU Programming

The massive computational power of state-of-the-art graphic cards has led to the uti-
lization of Graphics Processing Units (GPUs) for signal processing applications, e.g.,
[CC09], [NHO09]. Graphic cards with GPUs by Nvidia Corporation can be elegantly
programmed in a language similar to C using Nvidia’s CUDA [Hal08]. Since more
recently, GPUs from other manufacturers can also be utilized using the more general
OpenCL specification [Khr|. The main advantage of GPUs is the large amount of pro-
cessing cores available on the processor, even in low-end, low-cost products. These
can be used for a parallelized execution of algorithms from numerous fields.

1The descriptions in this chapter follow the ones given in [BMSV15].
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The first work describing a generic (i.e., not tailored to a specific code) implementation
of binary and non-binary LDPC codes is [Mon10]. This implementation of non-binary
LDPC decoders based on the signed log domain FFT described in Section 2.10.2 has
been presented in detail in [BMSV13]. Related work describing the implementation
of non-binary LDPC decoders on GPUs are found in [AFSK13] and [WSY*12], where
the FFT-based algorithm in the probability domain as introduced in [DM98a, DM98b]
is employed, which suffers from numerical instabilities as compared to LLR based
processing. The implementation presented here, on the other hand, is based on
LLR arithmetic which has been shown to have appealing properties in practical im-
plementations, e.g., the requirement of relatively short bit widths to represent the
messages and an improved numerical stability. Furthermore, all multiplications in
a probability domain implementation can be replaced by additions, further simpli-
fying the realization. A GPU-based implementation of a shuffled non-binary LDPC
decoder has been presented in [RC12]. Besides using computations in the probability
domain, the authors of [RC12] realize a shuffled decoder from a variable node perspec-
tive [ZF02]. Although this shuffled decoder has a similar performance to the layered
decoder [Hoc04| implemented here, the latter has several advantages related to the
implementation, especially for higher rate codes. It is for instance one of the most
widely used decoder implementations in fiber optic communications [LS13].

6.2 Log-FFT Belief Propagation for Non-Binary
LDPC Codes

A massively parallelized implementation of the signed log domain FFT based de-
coder [BTO04] as described in Section 2.10.2 is presented. The implementation is
generic, i.e., it works for arbitrary field sizes ¢ and irregular codes and does not re-
quire any special code structure. For an effective GPU implementation, two main
points have to be considered: the arrangement of the data in the device memory and
the use of the capabilities of the hardware for accelerating the data processing. An
introduction to the CUDA terminology and specifics can be found in [Coo12].

6.2.1 Description of the Memory Arrangement

The most important structures are the messages Q. ., and R, , that are passed
between variable nodes and check nodes and the a posteriori values Q,,. All of these
are accessed very frequently in most CUDA kernels of the main loop (in CUDA termi-
nology, a kernel denotes an enclosed subroutine). LDPC codes of different sizes and
degree distributions as well as different Galois field dimensions should be supported,
such that the potentially required amount of memory for these message vectors can
become too large for on-chip memory. In addition, the need for quasi-random access
to the message structures only leaves the global device memory as suitable solution.

Although the data is stored as a one-dimensional array in the device, it is interpreted
as 2D (Q,,) or 3D (Q,,.,», and R,, ,,) structures, depending on the indexing as shown
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Figure 6.1: Three-dimensional structures used for message vectors and correspond-
ing linear data allocation in the global device memory.

exemplarily for the 3D case in Figure 6.1. For the 3D arrays, the first index is
pertinent to the node, the second to the node connection and the third to the Galois
field element that corresponds to one entry of an LLR vector. The 2D arrays are
indexed first by the node and second by the Galois field element. This indexing points
to the exact position of one element in the structure. By arranging the data in this
order, it is possible to access the memory in a coalesced way, such that multiple float
values are handled in only one read/write memory access. If each of the ¢ adjacent
LLR vector entries are accessed by ¢ adjacent threads, this access will be coalesced,
which is a critical requirement for achieving high throughput performance.? This
arrangement boosts the performance with increasing g. CUDA requires fixed sizes for
data structures, and since irregular LDPC codes do not have a constant number of
Tanner graph edges per node, it is obligatory to set the node connection dimension
to the maximum value of all node degrees, taking care of not accessing the invalid
positions during the processing. Temporary data that is needed within the kernels is
either stored in fast on-chip registers or in the on-chip shared memory if the data is
required by multiple threads. The shared memory is generally faster than the global
memory but only available to the threads within one block of threads, which denotes
a unit that is guaranteed to be executed on the same processing unit by the CUDA
architecture. A more extensive description of the employed data structures can be
found in [Mon10].

Another GPU-specific implementation detail is the employment of the GPU’s texture
memory for the Galois field arithmetic. Two-dimensional lookup tables of size ¢ X ¢
for the addition and multiplication of GGalois field elements as well as one-dimensional
lookup tables for the inversion of Galois field elements (size ¢ — 1) and the conversion
between exponential and decimal representation (size ¢) are initialized in the texture
memory and are thus available to all kernels.

6.2.2 Description of the CUDA Kernels

The implementation follows the algorithm described in Section 2.10.2 and is depicted
in Figure 6.2. Each of the gray shaded blocks corresponds to one CUDA kernel.

2This feature is characteristic for GPU architectures and similar to the SIMD (single instruction
multiple data) concept, in which the same operation is performed on multiple input data elements
by multiple processing units in parallel.
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Figure 6.2: Flowchart of the signed log domain FFT BP decoding algorithm. Each
gray shaded block corresponds to one CUDA kernel.

Initially, the number of iterations is zero. After initialization, the input data is
transferred to the CUDA device for an initial check of the parity equations. If they
are not fulfilled, the main decoding loop is executed until they are, or until a maximum
number of iterations is reached. When the iterative decoding process finishes, a hard
decision is conducted to obtain the final binary decoding result. In the following,
the most important aspects of the main loop’s CUDA kernel implementations are
explained.

Permute Message Vectors Q,, ., (2.92) and ﬁmm (2.98)

Before and after the check node update, the elements of the message LLLR-vectors
have to be permuted according to the Galois field element at the corresponding check
matrix position (cf. Section 2.10 and [BT04]). A shared memory block is used as
temporary memory, allowing a parallel implementation of the permute operation. For
permuting R,, ,, according to (2.98), the shared memory stores the input data using
the permuted indices according to the matrix entry H,,, (using the texture tables
for multiplication), and writes the output data directly. For the permutation of Q,, »,
according to (2.92) the shared memory reads the input values directly, but the output
is written using the permuted indices as shown in Figure 6.3. This way, one thread
(i.e., one of the many processing units of the GPU) per node, per node connection, and
per Galois field element can be employed. The total number of threads for this kernel
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Figure 6.3: Permutation of message vectors Q,, .
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Figure 6.4: Butterfly network for FFT implementation.

is N, - dy - q for the permutation of Q,, ,, and M, - d. - ¢ for the inverse permutation

of R,, , respectively, where d, denotes the maximum variable node degree and d.
denotes the maximum check node degree.

Signed Log Domain FFT of @, ,, (2.94) and ©,,,, (2.96)

The implementations of the signed log FFT and the inverse signed log FFT are iden-
tical and follow a butterfly diagram as shown in Figure 6.4. As explained in [BT04],
additions in the log domain consist of two separate operations for the magnitude and
the sign, which is why two shared memory blocks are required for this purpose (i.e.,
each shared memory block depicted in Figure 6.4 actually consists of two separate
equally sized blocks). Both operations are executed simultaneously in the CUDA
kernel implementation. The signed log FFT is applied independently to each LLR-
vector of size q. Thus, the CUDA block width is fixed to ¢q. For each node and each
Galois field element, one thread processes all node connections in a loop to compute
the signed log FFT. The execution of the butterfly is supervised by a small loop of
log, q iterations.

The exponential and logarithm functions that are needed for the signed log domain
operations [BT04| are realized by the fast hardware implemented functions which
are provided by the GPU. The transfer of data between the global memory and the
shared memory is done in a coalesced way, which is ensured by proper indexing.

Check Node Update of @)mm (2.95)

The implementation is visualized in Figure 6.5 and uses one thread per node and
Galois field element to compute the outgoing message LLR-vectors for each edge of
the corresponding check node. Since the computations are performed in the signed log
domain, magnitude and sign computations are performed separately. In each thread,
a first loop over the node’s edges calculates the total sum of the magnitude values
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Figure 6.5: Check node update of message vectors @)mm = (@)inn, @)f,lm)

and the total product of the sign values. In a second loop, the current magnitude
value is subtracted from the total magnitude sum to acquire the extrinsic sum, and
the total sign is multiplied by the current sign value for each edge. Shared memory is
not required since all memory accesses are executed in a coalesced fashion and, thus,
provide high throughput performance.

Variable Node Update of Q,, ,, (2.99)

The kernel processes one thread per variable node and Galois field dimension (see Fig-
ure 6.6). An internal loop processes all the node connections within one thread. Each
thread first reads the input LLR L,, into a shared memory block and then adds all ex-
trinsic information from R,, ,, for the current edge. In a second shared memory block,
the maximum resulting element 3, ,,, of the LLR-vector is found and subtracted from
each entry from the first shared memory block before the result is written into Q, .

Update A Posteriori Values Q,, (2.100)

The implementation of this kernel follows the one for the variable node update, except
that the search and subtraction of the maximum element 3, ,, is omitted and the
information of all edges (rather than all but one) is added to the input LLR to yield
the a posteriori LLR-vectors Q.,,.

Evaluate Check Equations

First, one thread per variable node is employed to determine a hard decision of the
node’s a posteriori LLR-vector by looping over the Galois field dimension to find
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the maximum element. After this, one thread per check node loops over its edges
and utilizes the texture tables for Galois field addition and multiplication to add up
the hard decision values. If and and only if the result is zero, the check equation
is fulfilled, resulting is a boolean vector of length M,. To decide if decoding can be
stopped, a parallelized reduction algorithm is applied to sum up the (0 or 1) elements
of this vector in log, M steps (over the natural numbers). The parity equations are
fully satisfied if the result of the sum is zero (i.e., all boolean values are zero).

6.3 Layered Decoding for Non-Binary QC LDPC
Codes

The CUDA implementation presented above was also extended by the layered check
node update rule as proposed for decoding of binary LDPC codes in [Hoc04]. To
enable a high speedup for this inherently sequential schedule, QC LDPC codes are
employed. Virtually all LDPC codes used in practical systems today belong to this
class and allow for a partial parallelization of the sequential decoder. The CUDA
framework is employed to adapt a single-core reference CPU implementation to be
executed on one of Nvidia’s general purpose GPUs. Decoder throughput results are
presented for the CPU as well as the GPU implementations for different Galois field
dimensions.

In the following, the layered schedule for the log-FFT BP algorithm is introduced,
and the most important modifications that were required for its implementation will
be explained.



158 6 GPU Implementation of Non-Binary LDPC Decoding

6.3.1 Log-FFT Belief Propagation with Layered Schedule

The layered decoding or row-decoding as introduced in [Hoc04] is particularly relevant
for the decoding of practical codes, as it allows an increase in the speed of convergence
of the iterative decoder by about 50% (depending on the code). This means that the
number of required decoding iterations can by significantly reduced compared to the
flooding implementation described in Section 6.2. Especially in the case of quasi-
cyclic LDPC codes, the layered decoder is an attractive decoding architecture, as it
allows realizing a certain level of parallelism with good communication performance
at relatively low hardware costs.

The main loop of the layered decoder consists of three main steps. First, a simple
preparation step generates the check node input data T, ,,. Then, the check node
update (including permutation and log-FFT transform) and thus the generation of
new extrinsic data R,, ,, is executed. Finally, the a posteriori memory Q),, is updated.
The decoder carries out these three steps sequentially for each row (or group of rows)
of the parity check matrix H. After all rows have been considered, a single decoding
iteration has been carried out. Starting from the received channel values L,,, the
layered decoder continuously updates an estimate of the a posterior: values Q,,. It
should be noted that in contrast to the implementation of the flooding schedule, there
is no explicit variable node update.

In the following, the three steps for a single row m of H are described. The first
preparation step consists in computing [N (m)| temporary message vectors

Tm,n - Qn - Rm,na Vn € N(m) (61)

for all non-zero entries (indexed by n) of the m-th row of H. At the beginning of the
decoding of a single frame, all R,, ,, are initialized by zero and are then continuously
updated.

In the second step of the layered schedule, the actual decoding takes place. The
temporary values T, ,, corresponding to the messages at the inbound edges of check
nodes, are used to compute the check node update. First, the |N(m)| elements of
T, are permuted according to the matrix entry a = H,, , € F] with

Tm,n = Tm,n : Pa (62)

where the ¢ — 1 permutation matrices P, correspond to the ones introduced in Sec-
tion 6.2 and (2.92). Following the permutation, the values T, ,, are transformed into
the signed log domain according to @, ,, = (Q'Ef%m, g’o?glm) = (1, f’mn) Following the
application of the FFT F(-), the check node update according to (2.95a) and (2.95b),
and the inverse transform F1(-) yielding é{m’n = (gfnn,gﬁn) and Iém’n = gﬁn,

the output information of the check node update can be computed as

Rpn "2V R, P

) a
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Finally, in the last step of the processing for row m, the a posteriori memory is
updated according to

Qn=Tnn+ Ryn YneN(@m). (6.3)

This last step concludes the update of a single check equation and row m, and the
decoder can continue with decoding the next row (or group of rows).

Using the layered schedule, the memory requirements are also significantly reduced
compared to the flooding strategy. Only a single type of edge messages must be stored
in the memory (R,, ), and the decoder basically continuously updates a posteriori
values Q,,.

In this general description of the layered schedule, the different a posteriori memory
locations are updated several times per iteration (depending on the variable node
degree of the parity-check matrix), each time with newly refined extrinsic information
from the associated check node update. This means that in the most general case,
the three operations described above need to be carried out in a sequential manner.
This sequential execution and the use of refined information is also responsible for
the good convergence behavior of the layered schedule. If, however, QC LDPC codes
as introduced in Section 2.9 are employed, the independence of the Z check nodes
in each of the Mé groups can be exploited to parallelize the preparation step, the
check node update step, and the a posteriori update step. A flowchart of the layered
decoding algorithm tailored to QC LDPC codes is shown in Figure 6.7.

6.3.2 Description of the Memory Arrangement

As described in the previous section, the layered decoder only needs to store the check
node messages R,, , and the a posterior: values Q,, from one iteration to the next.
As before, due to their potential size, these structures are stored as 3D (R,, ) and
2D (Q,,) structures in the global device memory. Since in each inner iteration, the
messages of only Z check nodes are updated, the temporary three dimensional memory
for the LLR message vectors only needs to be of size Z - d. - q. Thus, the memory
requirements for this temporary memory is reduced by a factor of M é =M,/Z.

6.3.3 Description of the CUDA Kernels

The implementation follows the description inSection 6.3.1 and the flowchart given
in Figure 6.7, where again gray shaded blocks represent CUDA kernels.

After initialization of the a posteriori values, the check equations are evaluated ac-
cording to Section 6.2.2 to check if a valid code word has been received. If they are
not fulfilled, the main decoding routine is entered. It consists of an outer loop for the
decoding iterations and an inner loop which sequentially processes groups of Z check
nodes (and thus performs M; = M,/Z passes in each outer iteration). The inner
iteration counter is denoted ¢ and indicates that check nodes with indices (c—1)Z +1
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Figure 6.7: Flowchart of the signed log domain FFT BP decoder with layered sched-
ule. Each gray shaded block corresponds to one CUDA kernel.

to ¢Z are currently processed. The only input to each pass of the inner loop are
the current a posteriori values @, and the check-to-variable messages R,, ,, of check
nodes (¢ —1)Z + 1 to ¢Z of the last outer iteration. The output of each pass of the
inner loop are updated a posteriori values Q,, and the updated check-to-variable mes-
sages R,, , of check nodes (¢ —1)Z 41 to ¢Z. While each check-to-variable message
is computed exactly once during an outer iteration, the a posteriori values at each
variable node n are updated dy ,, times, where d, ,, denotes the degree of variable node
n, always using the most up-to-date check node information. Sequentially updating
the a posteriori values is the reason for the layered schedule to converge faster than
the traditional flooding schedule.

In the following, each CUDA kernel of the inner loop is explained.

Compute Extrinsic Check Node Input T, , (6.1)

Instead of having a variable node update to compute the variable-to-check messages,
the extrinsic check node input is computed for each of the Z check nodes in the
current group c at the beginning of each inner iteration from the a posterior: values
and the previous check-to-variable message. For this, one thread per check node
in the current group ¢ and per Galois field element (i.e., Z - ¢ threads) is initiated

and computes the extrinsic information at each incoming edge in a loop according to
6.1
T () Qn— Ry, for (c—1)Z+1<m<cZ.

Permute Message Vectors / Signed Log Domain FFT / Check Node Update

These three kernels are identical to the ones in the implementation of the flooding
schedule. Since only Z check nodes can be processed in parallel, however, only Z-d.-q
threads are initiated as opposed to M, - d. - ¢ in the flooding schedule, resulting in a
reduction of M; = M,/Z in the total number of threads.

Update of A Posteriori Values Q,, (6.3)

While having the same purpose, this kernel is different from the corresponding imple-
mentation for the flooding schedule. In the latter one, all check-to-variable messages
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are computed in parallel, such that afterwards all incoming messages of a variable
node are summed up (together with the channel LLR vector) to yield the a posteriori
LLR vector. During one iteration of the layered schedule, however, check nodes are
updated sequentially and, thus, the a posteriori LLR vectors are updated multiple
times, since each variable node is connected to multiple check nodes. Due to the
structure of QC LDPC codes, in a group of Z check nodes that are processed in par-
allel, no two check nodes are connected to the same variable node. As a result, in one
inner iteration, no a posteriori LLR vector is affected by more than one check node
update. Consequently, this allows all affected a posteriori values to be updated in
parallel without any memory conflicts. To achieve this, one thread for each of the Z
current check nodes and for each Galois field element (i.e., Z - q) is used to update the

a posteriori values with respect to the updated check-to-variable messages according
to Q. (65 Tyn+ Ry p for (c—1)Z+1 <m < cZ. The different edges of each check

node are processed by each thread in a loop.

6.4 Performance Evaluation

Results for the flooding schedule and the layered schedule are presented separately
in Sections 6.4.1 and 6.4.2, respectively.

6.4.1 Flooding Schedule

The CUDA implementation of the flooding schedule is executed under the same set-
tings as a single-threaded CPU reference implementation, and the decoder throughput
is measured at several E},/Nj values and for codes over different Galois fields F,, with
q = 2P and p between 1 and 8. It should be noted that the obtained results are related
to the hardware architecture used in the simulations and will differ if different CPUs
and/or GPUs are used. Here, the following standard hardware was used:

e CPU: Intel Core i7-920, 2.67GHz, 6GB RAM

e GPU: GeForce GTX 580, 512 CUDA cores, 1536 MB RAM, CUDA Compute
Capability 2.0.

Table 6.1 shows the different non-binary rate—% LDPC codes used for obtaining the
results in this section. Since one Galois field symbol is composed of p bits, the code
size N, is always chosen according to N, = N/p, such that the equivalent number N
of bits per code word is constant. Concentrated check node degree distributions are
used for all codes. The non-binary check matrices are constructed with the PEG
algorithm [HEAO05], by first constructing a binary matrix of the given dimensions and
subsequently replacing all ones by non-zero Galois field elements chosen uniformly at
random. A maximum number of I, = 100 decoding iterations are conducted. For
all employed codes, the error rate results of the GPU and the CPU implementation
are identical.
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q = 2P Nq = % Mq AQ A3 A4 A5
2 2304 1152 0.549 0.144 0.001 0.306
4 1152 576  0.537 0.302 0.042 0.119
8 768 384 0.643 0.150 0.194 0.013
16 276 288 0.773 0.102 0.115 0.010
32 462 231 0.848 0.143 0.009 0
64 384 192 0.940 0.050 0.010 0
128 330 165  0.852 0 0.148 0
256 288 144 0.990 0.010 0 0

Table 6.1: Dimensions and variable node degree distributions of employed non-
binary rate—% LDPC codes. Degree distributions for 27 € {8, 16, 32,64}
are taken from [HEAO5].

In Figure 6.8 the average total throughput of (coded) bits that is processed by the
CPU reference implementation (dashed lines) as well as the GPU implementation
(solid lines) is depicted over the channel quality Ey, /Ny in dB. The bottom plot shows
the curves for the CPU implementation in more detail. The very low total throughput
at F}, /Ny values below 1dB is due to the high maximum number of 100 decoding
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Figure 6.8: Average total decoder throughput of coded bits over Ey /Ny for the
flooding schedule (Section 6.2) at a maximum of I, = 100 iterations.
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Ey/Nola o Fy Fs Fi6 [Fzz Fea Fiog [Fosg

0dB 172 18.0 29.6 439 61.1 &83.6 112 128
1dB 18.3 19.8 299 472 659 921 124 148
2dB 15.2 16.8 252 39.2 56.2 758 109 113
3dB 13.0 145 222 335 475 652 100 100

Table 6.2: Achieved Speedup tﬂﬁﬁg}ﬁﬁﬁz ggg of flooding schedule.

iterations that are almost always executed, before the waterfall region of the code’s
error rate curve is reached. For higher E}, /Ny values, the total throughput steadily
increases, since fewer decoding iterations have to be executed until a correct code
word is recovered.

The speedup achieved by the GPU implementation with respect to the CPU im-
plementation is shown in Table 6.2 for several E}, /Ny values. The speedup hugely
increases from below 20 to almost 150 at 1 dB with increasing Galois field dimension.
The increasing speedup is mainly due to the fact that groups of ¢ Galois field elements
are stored in continuous memory positions, which leads to increased efficiency of the
coalesced memory access. This increasing efficiency of the GPU implementation leads
to the interesting effect that the average throughput is not monotonically decreasing
with the Galois field dimension (cf. Figure 6.9), even though the decoding complexity
increases as O(NN2P).

In Figure 6.9 the throughput results from above are plotted against the number of
bits p per Galois field symbol for different E}, /Ny values. Again, a zoomed region
is shown for the CPU implementation. As expected, the throughput of the CPU
implementation quickly decreases with p. The GPU implementation, on the other
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Figure 6.9: Throughput over Galois field dimension of the flooding schedule for
Ey/Nolas € {0dB, 1dB,2dB, 3dB}.
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hand, shows an increasing throughput up to around 4 bits per symbol before it also
starts to decrease. This behavior can be explained by the fact that, for moderate
Galois field dimensions, the increasing computational complexity is overcompensated
by the more efficient use of the GPU’s capabilities due to the coalesced memory access
of ¢ addresses at once. However, for larger Galois field dimensions ¢ > 2° a saturation
occurs and the throughput starts to decrease.

6.4.2 Layered Schedule

The hardware setup for the evaluation of the CUDA implementation of the layered
schedule is the same as for the flooding setup in Section 6.4.1. As mentioned be-
fore, QC LDPC codes are used to allow a high speedup of the layered schedule. For
Galois field dimensions ¢ € {2,4, 16, 64,256}, lifting matrices A of rate 1/2 are con-
structed with the PEG algorithm using the optimized degree distributions from Ta-
ble 6.1. The lifting factor is chosen as Z = 32 and the size of the lifting matrices
are chosen as N, € {96,48,24,16,12} to result in an equivalent binary block size
of N=p-N,-Z =3072. The non-zero elements in each resulting parity check ma-
trix are replaced by random non-zero elements of the respective Galois field. The
maximum number of decoding iterations is set to only I,,x = 10 to emphasize the
difference between the slowly converging flooding schedule and the layered schedule,
which shows much faster convergence.

The BER results for ¢ € {2,16,256} shown in Figure 6.10 clearly confirm the increased
convergence speed of the layered schedule as compared to the flooding schedule. After
10 iterations and at BER 104, the layered schedule outperforms the parallel schedule
by about 0.5dB for ¢ = 2, by about 0.4dB for ¢ = 16, and by about 0.25dB for
q = 256. The BER results also illustrate the performance gain that is achieved by
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Figure 6.10: BER over E}, /Ny of layered and flooding schedules for g € {2, 16,256}
and I,,x = 10 decoding iterations.
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Figure 6.11: Average decoder throughput of coded bits over Ey, /Ny of the layered
schedule at a maximum of I, = 10 iterations.

increasing the Galois field dimension. The Fi4 code outperforms the binary code by
about 0.28 dB and the Fo54 code improves the BER performance by another 0.13 dB.

Figure 6.11 shows the average total throughput of code bits processed by the single-
threaded CPU implementation (dashed lines) as well as the GPU implementation
(solid lines) over Ey,/Ny. Like for the flooding schedule, throughput values increase
with increasing Ey, /Ny since fewer decoding iterations have to be executed. While the
CPU implementation exhibits best throughput performance for the binary code, the
layered GPU implementation attains the highest throughput for the code over Fg4.

This observation is confirmed by Figure 6.12 in which the throughput is plotted
against the number of bits per symbol p for different fixed E}, /Ny values. A zoomed
region is shown for the CPU implementation. Similar to the flooding schedule in Fig-
ure 6.9, the curves of the CPU implementation are steadily decreasing with increasing
Galois field dimension. For the GPU implementation, however, the curves of the lay-
ered schedule achieve a maximum at ¢ = 64, whereas this maximum was located
between p = 3 and p = 4 for the flooding schedule. This behavior is explained by the
larger number of threads that are initiated for each kernel for the flooding schedule
(Mjg-q) as compared to the layered schedule (Z-q = q-M,/M,). To launch a sufficient
number of threads — and thus fully exploit the compute capability of the GPU — a
higher Galois field dimension ¢ is required for the layered schedule.
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Figure 6.12: Throughput over Galois field dimension of the layered schedule for
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Finally, the speedup achieved by the GPU implementation with respect to the CPU
implementation is shown in Table 6.3 for several Ey /Ny values. Clearly, for small
Galois field dimensions, the speedup is much smaller than for the flooding implemen-
tation. However, the larger the Galois field dimension gets (and thus the number of
threads), the closer the speedup values approach the ones achieved by the flooding

schedule.
Ey/Nolas  Fo  Fy TFig Fes  TFase
0dB 1.03 2.2 9.6 37 109
1dB 1.12 24 11.3 43 110
2dB 1.38 29 12.1 42 111
3dB 147 3.1 12.2 41 92

Table 6.3: Achieved Speedup

throughput GPU

of layered schedule.

throughput CPU



Summary

To facilitate the increasingly diverse requirements of current and future heterogeneous
communication systems and the participating devices, new design strategies for effi-
cient forward error correction schemes need to be developed. To meet this demand,
this thesis presents different contributions that incorporate enhanced flexibility into
the design of LDPC codes and their decoding algorithms. They include highly flexible
design methods for the optimization and construction of multi-rate LDPC codes and
multi-length LDPC codes as well as combinations of multi-rate and multi-length ca-
pabilities. The goal of these methods is to provide a general LDPC coding framework
that renders the specification of multiple separate LDPC codes unnecessary. Instead,
communication systems are enabled to flexibly adapt the code rate and length using
unified encoder and decoder implementations for only a single LDPC mother code.
To guarantee an efficient use of resources it is necessary to minimize the inherent
performance degradation that comes with this restriction to a single LDPC code. Ad-
ditionally, contributions are presented that can be incorporated into existing systems
to increase their flexibility and/or improve their decoding performance.

Design of Multi-Rate LDPC Codes

One main result of this thesis is a novel design method for multi-rate LDPC codes.
Information shortening inserts known dummy bit values to some information bit po-
sitions before encoding to achieve code rates lower than that of the mother code. By
analytically modeling the shortened degree distributions, an optimization method is
presented to obtain shortened code ensembles with close-to-capacity error correction
performance. Furthermore, two finite length optimization techniques that select spe-
cific positions within the information word of a given LDPC code are presented. Their
objective is a uniform distribution of perfect knowledge throughout the Tanner graph
(Maximum Distance) and the removal of as many short cycles as possible (Break-
ing Cycles), respectively. A significant performance gain over previous shortening
strategies is illustrated by error rate simulations. Furthermore, both approaches are
directly applicable to existing LDPC codes and can, thus, be integrated into existing
systems with almost no additional complexity.

Achieving higher code rates than that of the mother code, in contrast, is accom-
plished by parity puncturing, i.e., by simply discarding a number of parity bits before
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transmission. Good punctured code ensembles are constructed by an asymptotic opti-
mization method that incorporates an analytical model for the effect of punctured bits
at the decoder. In addition, a finite length optimization (Guaranteed Recoverability)
enables puncturing of a mother code up to arbitrarily high code rates. This method
is capable of sustaining good performance for very high puncturing fractions, which
is not possible with most previously presented finite length puncturing schemes.

To support arbitrary code rate ranges between 0 and 1, a combination of shorten-
ing and puncturing is proposed. By constraining shortening and puncturing to be
applied in a rate-compatible manner, a multi-rate scheme is obtained that can be re-
alized in terms of a single encoder/decoder pair for the mother code without adding
complexity. A joint optimization problem is formulated and solved, that results in
asymptotically optimal shortening and puncturing rules. The obtained asymptotic
ensemble thresholds surpass those of previous approaches that offer the same de-
gree of flexibility. Based on this and the well-known progressive edge-growth (PEG)
algorithm, the optimized code construction algorithm multi-rate improved progres-
sive edge-growth (MuRiPEG) is proposed. It includes finite length considerations in
terms of avoiding short cycles, improving the approrimate cycle extrinsic message de-
gree (ACE) properties, achieving concentrated check node degree distributions, and
reducing the impairment caused by punctured bits. In extensive bit error rate (BER)
simulations, MuRiPEG outperforms several previous approaches known from liter-
ature and simultaneously offers an increased flexibility in terms of supported code
rates. For the exemplarily presented and challenging code rate range from 0.1 to 0.9,
a code length of 1008 bits, and a single mother code of rate 0.7, MuRiPEG is capable
to achieve almost the same average performance as using one dedicated LDPC code
per code rate. An average performance penalty of only 0.06 dB is demonstrated.

The presented advances in the design of multi-rate LDPC codes allow to reduce the
hardware complexity as compared to currently specified systems to a large extent.
Multiple separately optimized codes can be replaced by one properly designed multi-
rate LDPC code. The same flexibility in terms of supported code rates is achieved
with an average performance loss of only fractions of a decibel. Additionally, more
specifically optimized hardware implementations of encoder and decoder can be em-
ployed, since they can be tailored towards a single LDPC code.

Design of Multi-Length LDPC Codes

A further key achievement is the optimization and construction of multi-length LDPC
codes. Concurrently shortening and puncturing a mother code word is introduced as
an effective method of very low-complexity which is capable of flexibly reducing the
code length of an arbitrary LDPC mother code. No other method to adapt the code
length has been presented in the literature that provides the same flexibility and is
generally applicable to LDPC codes. The proposed method shortens and punctures
equal fractions of bits, resulting in a reduced code length while maintaining the same
code rate. After introducing asymptotic analysis and optimization, a matrix con-
struction method termed multi-length improved progressive edge-growth (MuLiPEG)
is proposed in analogy to the MuRiPEG algorithm. Exemplary ensemble threshold
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results as well as extensive BER simulations confirm that the range of code lengths for
which MuLiPEG offers good error correction performance depends on the target code
rate. While for code rates of 0.4 and above, good performance is demonstrated for a
reduction of the relative code length down to 6.25 %, the performance penalty quickly
increases for smaller code rates. This is caused by the large number of bits that need
to be punctured in these cases. The conceptional similarity to the multi-rate scheme
MuRIiPEG opens up the possibility to combine it with MuLiPEG to realize a single
LDPC code with multi-rate and multi-length capabilities — a promising approach for
further future studies.

The second presented multi-length approach offers even more flexibility regarding
the supported code lengths but is restricted to the case of quasi-cyclic (QC) LDPC
codes, which are, however, widely used in practical systems. Assuming a QC encoder
and decoder architecture that is based only on the lifting matriz, a multi-length QC
LDPC code can be realized by expanding this lifting matrix with several lifting factors.
The novel method multi-length quasi-cyclic progressive edge-growth (MuLQPEG) con-
structs a lifting matrix by jointly considering the performance of all expanded check
matrices. This method yields a multi-length QC LDPC code defined by a single lift-
ing matrix that supports several code lengths. BER simulations for the range of code
lengths from 140 to 32760 show that MuLLQPEG does not cause a noticeable perfor-
mance degradation compared to the case of specifically optimized codes at all code
lengths. This remarkable achievement distinguishes MuLLQPEG from two compara-
ble approaches from literature and also from MuLiPEG, since all of these exhibit an
explicit performance loss. As a resulting design guideline for multi-length setups, QC
LDPC codes together with MuLLQPEG should be the first choice to enable extensive
flexibility.

Combination of Multi-Rate and Multi-Length LDPC Codes

Finally, the construction of a highly flexible multi-rate-and-multi-length QC LDPC
code by combining MuRiPEG and MuLLQPEG concludes the presented code design
methodology. No other method is currently known that can simultaneously support
arbitrary ranges of code rates and code lengths with only a single mother code. While
being the first method to actually offer this considerable flexibility, in addition, the
presented algorithm closely approaches the performance of dedicated LDPC codes for
each combination of code rate and length. In an exemplary simulation setup with
code rates between 0.1 and 0.9 and code lengths between 210 and 32760, a single
proposed code is compared to 63 dedicated LDPC codes. If averaging over all code
rate and length combinations, the total penalty of replacing these 63 codes by a single
code is only 0.076 dB and thus practically negligible.

Altogether, the contributions presented in the fields of multi-rate and multi-length
LDPC code design establish a novel degree of flexibility. While most current systems
specify multiple LDPC codes, wide ranges of code rates and code lengths can now
be covered by a single mother code. With almost no penalty in error correction
performance, the complexity of encoding and decoding can be significantly reduced to
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that of only the common mother LDPC code. As a result, the provided LDPC coding
framework now meets the requirements of future mobile communication systems.

Advanced Decoding Algorithms and Implementation Aspects

Besides incorporating more flexibility into LDPC code design, also advances in the
flexibility of LDPC decoding algorithms are achieved. Two novel classes of decoder
schedules for belief propagation (BP) decoding are introduced, that are suitable for
different types of devices by meeting different requirements in terms of residual error
rates, computational complexity, and convergence speed.

The proposed probabilistic sequential decoder schedules combine the idea of succes-
sively updating single nodes within each iteration with a girth dependent updating
probability. For both binary and non-binary LDPC codes, they are shown to exhibit
similarly fast convergence as previous sequential schedules. At the same time they
achieve lower residual error rates if a large number of iterations is conducted. Since
the additionally induced complexity is negligible, these schedules are equally suited
for low-complexity devices that can only execute a small number of iterations and for
delay-insensitive applications that target lowest possible error rates.

Moreover, two novel informed dynamic scheduling (IDS) strategies termed (lazy)
queue residual decoding ((L)QRD) are proposed. They improve the concept of previ-
ous IDS methods by maintaining an adaptive list of messages that have a large impact
on decoding convergence, i.e., that have residuals greater than a flexibly adjustable
threshold. Thereby, the complexity of searching for messages to be updated is re-
duced by multiple orders of magnitude. At the same time, lower error rates and in
some cases even faster convergence speed is achieved compared to previous IDS and
also non-dynamic strategies. Consequently, the proposed (L)QRD schedules are suit-
able for high-end devices that offer high compute capabilities and target extremely
fast convergence (e.g., for low-delay purposes) and/or best possible error correction
performance.

Finally, practical implementation aspects of non-binary BP decoding are discussed
and a generic implementation on a graphics processing unit (GPU) is presented. Non-
binary LDPC codes over higher order Galois fields are of special interest, as they
outperform binary LDPC codes especially for moderate code lengths and are, thus,
attractive candidates to improve the error correction performance of low-delay appli-
cations. The presented massively parallelized decoder architecture is the first design
that is generally applicable to arbitrary LDPC codes without any algorithmic approx-
imations of the BP algorithm. It achieves up to 148-fold speedup in the presented
simulation examples. As alternative to the conventional flooding schedule, a paral-
lelized architecture for the layered decoding of non-binary QC LDPC codes with up
to 110-fold speedup is presented, which is of particular practical relevance due to
many advantages in terms of hardware aspects of both the layered schedule and also
QC LDPC codes.



Derivation of Maximum Average
Relative Code Length

In Section 3.3 on pages 79 ff., the scenario of covering an arbitrary code rate range rmin
to rmax With a single mother code of rate r (with rpi, < r < rpax) using information
shortening to achieve code rates ry < r and parity puncturing to achieve code rates
rp > r is considered. In this context, it is stated that the maximum average relative
code length is given by

. (3ﬁ0) log (1 + T"max — rmin)
Neg —

"max — T"min
and that it is attained at the mother code rate
) 1
* (3 :41) : .
1+ ~"min
T"max

A proof of this statement is given in the following.

Under the assumption of equiprobable and densely spaced target code rates between
Tmin and Tmax, and with E{-} denoting the expectation operator, the average relative
code length neg is given by

Neff = P(“shortening is used”) E{ns} + P(“puncturing is used”) E{n,}
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The first derivative of n.g with respect to r is computed by:
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Setting the first derivative of neg to zero yields the optimal mother code rate r*:
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Since the second derivative
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is always less than zero, the extreme value is indeed a maximum. Inserting the optimal

mother code rate r* from (A.3) into neg from (A.1) yields the maximum relative code
length nyg as

1 1-— min max
nog = ——— <(1—r*)log—r+r*logr = )

Tmax — "min 1 —r* r*

_ log (1 + Tmax — Tmin)
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