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Introduction

We consider modular forms for orthogonal groups O(2, [ + 2) with particular emphasis on
the case [ = 3. Modular forms for O(2, 3) correspond to Siegel modular forms of degree
2. In the 1960’s Igusa [Ig64] used theta constants in order to describe the graded ring of
Siegel modular forms of degree 2. Using Igusa’s method Freitag [Fr67] was able to deter-
mine the graded ring of symmetric Hermitian modular forms of degree 2 over the Gaussian
number field Q(v/—1) which corresponds to the case of modular forms for O(2,4). Na-
gaoka [Na96], Ibukiyama [[b99b] and Aoki [AIOS] completed the description the graded
ring in terms of generators and relations. Other cases corresponding to modular forms for
O(2,4) where dealt with by Dern and Krieg. They determined the graded rings of Her-
mitian modular forms of degree 2 including the Abelian characters for the number fields
Q(v—1), Q(v/—2) and Q(+/=3) (cf. [De01], [DKO03], [DK04]). Instead of using estima-
tions on theta series as in Igusa’s approach they applied the theory of Borcherds products
(cf. [B098]) in order to obtain Hermitian modular forms with known zeros. Then a similar
reduction process as the one used by Igusa and Freitag yields their structure theorems. The
general case of modular forms for O(2, [ + 2) was studied by Freitag and Hermann [FHOO]
from a geometrical point of view. They derived partial results on modular forms for O(2, 5)
by embedding suitable lattices into the Hurwitz quaternions.

Using similar methods as Dern and Krieg we will characterize the graded rings of or-
thogonal modular forms for two maximal discrete subgroups of O(2,5). Let S be an even
positive definite symmetric matrix of rank [/, and let

00 1 001
Sp 1= (0—50),81:: <os o).
100 100

The bilinear form associated to Sy is given by (a,b)y = 'aSyb for a,b € R™*? and the
corresponding quadratic form is ¢y = %(, -)o- The attached half-space is

[=}

Hs = {w =u+iv € C™2; v € Py},

where Ps = {v € R"*2; (v,v)g > 0, (v,e) > 0}, e = {1,0,...,0,1). The orthogonal

group
O(S1;R) = {M € Mat(l + 4;R); ‘MS, M = S}

acts on Hg U (—Hs) as group of biholomorphic rational transformations via

w— M{(w) = (—qo(w)b + Aw + ¢) j(M,w)™"  for M = (

2o Q
o g
SR

) € O(51;R),
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where j(M,w) = —yqo(w) + dw + ¢. The orthogonal modular group is given by
s ={M € O(S;;R); M(Hg) =Hs, MA; = A}

An orthogonal modular form of weight k£ € Z with respect to an Abelian character v of ['g
is a holomorphic function f : Hg — C satisfying

(flxM)(w) == (M, w)™" f(M{w)) = v(M) f(w) forallw € Hg, M € Is.

The vector space [I'g, k, v] of those functions is finite dimensional. If f; € [I's, k;, vj],
7 =1, 2, then f1f2 c [FS, ki + kQ’ V1V2]. Thus

A(Ts) = PIrs. k1] and  AT) = P @ (s, kv,

ke KEZ yerap

where T is the commutator subgroup of I's and T'? is the group of Abelian characters of
I'g, form graded rings. Our main goal is the explicit description of those graded rings in
terms of generators for

It turns out that in both cases the graded ring A(I'g) is a polynomial ring in six (alge-
braically independent) generators while the graded rings A(I"y) are free R-modules of
rank 2 and 4, respectively, where in both cases R is an extension of degree two of A(I'g).
In the case of S = A3 we can simply take certain Eisenstein series and Borcherds products
as generators. In the other case we determine the invariant ring of a finite representation
which is given by the action of a subgroup of the quaternionic symplectic group on quater-
nionic theta series. The restrictions of the primary invariants and some Borcherds products
generate the graded rings for S = A§3). In both cases Borcherds products play an impor-
tant role. In a first step the explicitly known zeros of the Borcherds products allow us to
reduce the problem of determining the graded ring A(I'y) of modular forms with Abelian
characters to the problem of determining the graded ring A(I"s) of modular forms of even
weight with respect to the trivial character. In the next step we use the fact that we already
know the generators of the graded rings of modular forms living on certain submanifolds
of Hs on which suitable Borcherds products vanish of first order. In the case of S = A3 we
can derive our results from Dern’s result for Q(1/—3), and in the case of S = Ag?’) we use
the results for Q(v/—1). As an application of our results we describe the attached fields of
orthogonal modular functions.

We now briefly describe the content of this thesis:

In the first chapter we collect the necessary facts and results about orthogonal groups. In
particular, we explicitly determine generators and Abelian characters of certain orthogonal
modular groups I['g, and we introduce the paramodular subgroup of I'g.

In the second chapter we define the main object of our studies, the orthogonal modu-
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lar forms, and state some fundamental results. In particular, we show that, unlike elliptic
modular forms, orthogonal modular forms automatically possess an absolutely and locally
uniformly convergent Fourier series due to Koecher’s principle. Moreover, we introduce
the notion of cusp forms and show that, as usual, the subspace of cusp forms can be char-
acterized by Siegel’s ®-operator. Then we consider a certain differential operator which
allows us to construct non-trivial orthogonal modular forms from a number of algebraically
independent orthogonal modular forms. The next two sections deal with Jacobi forms and
the Maal} space. An explicit formula for the dimension of certain Maal} spaces is derived
from a dimension formula for spaces of Jacobi forms. Next we take a look at restrictions
of orthogonal modular forms to submanifolds and give a brief introduction into Hermitian
and quaternionic modular forms of degree 2. We translate the results about graded rings of
Hermitian modular forms of degree 2 from the symplectic point of view to our terminol-
ogy, and we define orthogonal Eisenstein series for S = Az and S = A§3) as restrictions of
quaternionic Eisenstein series. Finally, we consider a 5-dimensional finite representation of
r AP determine its invariant ring using the MAGMA and get five algebraically independent

modular forms for I' ,s) whose restrictions to a certain submanifold generate the graded
1

ring of orthogonal modular forms of even weight and trivial character corresponding to
Hermitian modular forms over the Gaussian number field.

In the third chapter we recall fundamental facts about vector-valued elliptic modular
forms for the metaplectic group Mp(2; Z). We focus on holomorphic vector-valued modu-
lar forms with respect to the Weil representation pg attached to a certain quadratic module
(A*/A,Gg) associated to S. A dimension formula for spaces of holomorphic vector-valued
modular forms is given, and two classes of vector-valued modular forms whose Fourier
expansions can be explicitly calculated are introduced: Eisenstein series and theta series.
Moreover, so-called nearly holomorphic vector-valued modular forms, that is vector-valued
modular forms with a pole in the cusp oo, are defined.

In the fourth chapter we briefly review the theory of Borcherds products specializing
Borcherds’s results to our setting. Borcherds products are constructed from nearly holo-
morphic vector-valued modular forms of weight —[/2 with respect to the dual Weil repre-
sentation p’g. They are orthogonal modular forms, but in general they are not holomorphic.
The most remarkable property of a Borcherds product is the fact that its zeros and poles
are completely determined by the principal part of the nearly holomorphic modular form
the Borcherds product is constructed from. The zeros and poles lie on so-called rational
quadratic divisors which correspond to embedded orthogonal half-spaces of codimension
1. It is intuitively clear that it is desirable to find holomorphic Borcherds products with as
few zeros of as low order as possible. The existence of nearly holomorphic modular forms
with suitably nice principal part is controlled by the so-called obstruction space, the space
of holomorphic vector-valued modular forms of weight 2 + [ /2 with respect to pg.

In the fifth chapter we derive our main results. For S = Az and S = A§3) we start by de-
termining nice Borcherds products. In the first case the obstruction space is 1-dimensional
and spanned by an Eisenstein series while in the other case it is 3-dimensional and spanned
by an Eisenstein series and two theta series. Nevertheless in both cases the existence of
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principal parts of nearly holomorphic modular forms mainly depends only on the Fourier
coefficients of the Eisenstein series. This allows us to construct Borcherds products which
vanish only on one rational quadratic divisor and only of first order. Orthogonal modu-
lar forms with non-trivial character have to vanish on certain rational quadratic divisors.
Since the Borcherds products we constructed vanish of first order we can divide orthogo-
nal modular forms with non-trivial character by suitable Borcherds products. This way we
can reduce all orthogonal modular forms to orthogonal modular forms with respect to the
trivial character. It turns out that in the two cases we consider all non-trivial orthogonal
modular forms with respect to the trivial character are of even weight. Thus it remains to
determine the graded rings of modular forms of even weight and with trivial character. In
the case of S = A3 we show that the ring of orthogonal modular forms of even weight and
with trivial character corresponding to Hermitian modular forms for Q(1/—3) is generated
by the restrictions of four orthogonal Eisenstein series and the restriction of the square of
a Borcherds product. So by subtracting a suitable polynomial in those functions from an
arbitrary modular form of even weight and with trivial character we get a function which
vanishes on a submanifold corresponding to the Hermitian half-space for Q(y/—3). Again
we can divide by a suitable Borcherds product and by induction we get our main result in
the case of S = As. In the other case we use the five algebraically independent modular
forms we determined in chapter two in order to derive a corresponding result. We conclude
the chapter by a few corollaries including the determination of the algebraic structure of
the fields of orthogonal modular functions.

This thesis was written at the Lehrstuhl A fiir Mathematik, Aachen University. The work
was supervised by Prof. Dr. A. Krieg. I am indebted to him for his valuable suggestions
and encouragement. Without his support this work would not have been possible.

Furthermore, I would like to thank Prof. Dr. N. Skoruppa for supporting me during my
stay at Bordeaux and for accepting to act as second referee.

Part of this work was funded by a scholarship of the Graduiertenkolleg “Analyse und
Konstruktion in der Mathematik™ of Aachen University. For the financial support granted I
would like to thank the speaker of the Graduiertenkolleg, Prof. Dr. V. En8.

Moreover, I have very much appreciated the many invaluable discussions with all my
present and former colleagues at the Lehrstuhl A fiir Mathematik.

Last but not least, I would like to express my deepest gratitude to my parents, my brother
and his wife for their continued support, encouragement, patience and love during all my
years of studying.



0. Basic Notation

We use the following notation (for a detailed list see the table of notation on pages 125 ff.):
N is the set of positive integers, Ny is the set of non-negative integers, Z is the ring of the
integers, Q, R and C are the fields of rational, real and complex numbers, respectively, and
H is the skew field of Hamilton quaternions with standard basis 1,1y, i, i3 = i3is.

Let R be a suitable ring with unity, i.e., commutative whenever necessary. Mat(n, m; R)
is the group of n x m matrices over R, Mat(n; R) is the ring of n x n matrices over
R, GL(n; R) and SL(n; R) are the general linear group and the special linear group in
Mat(n; R), respectively. Sym(n; R) denotes the set of symmetric matrices, Her(n; R) the
set of Hermitian matrices, and Pos(n; R) C Her(n; R) the ring of positive definite Hermi-
tian matrices in Mat(n; R). For H € Her(n; R) we write H > 0 if H is positive definite
and we write H > 0 if H is positive semi-definite. /, is the identity matrix in Mat(n; R).
If the dimension is obvious then we also write simply /.

For A € Mat(n; R) and B € Mat(n,m; R) we denote the transpose of B by B, the
conjugate transpose of B by ‘B, and we define A[B] := ‘BAB. For matrices A; €
Mat(n;; R), 1 < j < n, we define

A 0 0
Airx...xA,=10 . 01,
0o 0 A,
and for ay,...,a, € R we denote the diagonal matrix with diagonal elements a; by

[ay,...,an).

Let G be a group. For g,h € G we define the commutator of g and h by [g, h] :=
ghg=th~!. We denote the commutator subgroup of GG by G’ and the commutator factor
group of G by G* := G/G’. The latter coincides with the group of Abelian characters
G — C* which we also denote by G=P.

We will sometimes write column vectors as row vectors because row vectors take less
vertical space. In this case we will omit the “transpose” symbol whenever it is clear from
the context what we actually mean.






1. Orthogonal Groups

1.1. Lattices and orthogonal groups

Definition 1.1 A lattice is a free Z-module of finite rank equipped with a symmetric 7-
valued bilinear form (-,-). We call a lattice A even if (A, \) is even for all \ € A. The
associated quadratic form q is defined by

q(A) = %()\, A) forall N € A.

Let A be a lattice. If A is even then ¢ obviously takes its values in Z.

Henceforth we always assume that A is non-degenerate. We set V' := A ® R. Since A
contains a basis of the R-vector space V' the bilinear form (-, -) on A x A induces a bilinear
form on V' x V which we again denote by (-,-). The associated quadratic form is again
denoted by ¢. Then the pair (V, q) is a quadratic space.

Definition 1.2 For a lattice A with attached bilinear form (-, -) the dual lattice A? is defined
by
AN ={pueV; (u,\) € Zforall A € A}.

We obviously have A C A®. Therefore the following definitions make sense.

Definition 1.3 Let A be a lattice.

a) The finite Abelian group
Dis(A) := A*/A

is called the discriminant group of A.
b) The level of the lattice A is defined by

min{n € N; nq(u) € Z for all p € A*}.
¢) p € A is called primitive if Qu N A* = Zy, ice., max{n € N; L€ A'} = 1.

Proposition 1.4 Let A be an even lattice. Then the map G : Dis(A) — Q/Z which is
induced by q on Dis(A), i.e., which is given by

qu+A)=qp) +2

for all i € A%, is well defined.



8 1. Orthogonal Groups

PROOF Let u+ A = p/ + A € Dis(A). Then p/ = o+ A for some A € A and

q(p') —q(p) = qlp+A) —q(p) = (1, A) + q(A) € Z.
Thus G(p/ + A) =q(u+ A). n

Nowletl € NNA =7,V = A®@R = R, and let S € Sym(l;R) N GL(I;R) be
a nonsingular real symmetric matrix. We define the symmetric bilinear form (-,-)g on V'
associated to S by (z,y)s = &Sy for z,y € V, and we denote the corresponding quadratic

form by g¢g, i.e.,
1 1

qs(z) = §($>$)S = §S[$]

for z € V. If it is clear to which matrix S the bilinear form (-, -)s and the quadratic form
qs correspond to then we simply write (-, -) and ¢ respectively.

If S € Sym(l; Z) N GL(I; R) is a nonsingular integral symmetric matrix then A together
with (-, -) g is a lattice of rank [, the lattice associated to S. Obviously we have A* = S~1A,
and thus the discriminant group Dis(A) is of order det S. We call S an even matrix if the
associated lattice is an even lattice.

Definition 1.5 Let S € Sym(l;R)NGL(l; R) be a nonsingular real symmetric matrix. The
real orthogonal group O(.S; R) with respect to S is defined by

O(S;R) :={M € Mat(l;R); S[M]| =S}
={M € Mat([;R); qs(M=x) = qs(x) forall x € Rl}.

Remark 1.6 Up to isomorphism the real orthogonal group O(S;R) only depends on the
signature (b*,b7) of S. Therefore one often writes O(b*,b™) for O(S;R). Moreover, note
that det(S[M]) = det S yields det M = +1 for all M € O(S;R).

Definition 1.7 Suppose that S € Sym(l; Z)NGL(l; R) is a nonsingular integral symmetric
matrix. Let A be the lattice associated to S. The stabilizer of A in O(S;R) is denoted by
O(A), i.e., we have

O(A) ={M € O(S;R); MA = A}.

Remark 1.8 The condition MA = A is equivalent to M € GL(l;Z). Thus O(A) is a
subgroup of GL(1; Z). In fact we have O(A) = O(S;R) N GL([; Z).

One easily verifies that we have MA* = Af for all M € O(A). Thus O(A) acts on the
discriminant group Dis(A) of A which leads to the following definition.

Definition 1.9 Let A be the lattice associated to a nonsingular integral symmetric matrix
S. The discriminant kernel O4(A) of O(A) is the kernel of the action of O(A) on the
discriminant group Dis(A).

Finally we define a property of lattices which will be crucial for the existence of a nice
system of generators of the corresponding modular group.



1.2. O(2,1 + 2) and the attached half-space 9

Definition 1.10 Let A be the lattice associated to a positive definite symmetric matrix S.
We call A Buclidean if for all x € R! there exists X\ € A\ such that

gs(x+ ) < L.

1.2. O(2,1+ 2) and the attached half-space

We are particularly interested in certain integral symmetric matrices of signature (2,14 2),
[ € N. Let S € Pos(l; R) be a positive definite even matrix. We set

0 0 1 0 0 1
S() = 0 -5 0 and Sl = 0 SO 0
1 0 0 1 0 0

Then S is of signature (1,! + 1) and .S} is of signature (2,7 + 2). We use the following
abbreviations for the associated bilinear forms and quadratic forms:

()= (s, q = gs,
(o= ()sor 4o = s,
(=0 @ =4s,

Moreover, we set e := {(1,0,...,0,1) € R'*2 and define
He = {w =u+iv € C"? v € Pg},
where

PS = {U € Rl+2; QO(U> > 07 (U7e)0 > 0}
= {(vo, ¥, v111) € R x R x R; vpvy41 > qs(7), vo > 0}

Then Pg 1s the domain of positivity of a certain Jordan algebra with unit element e, and H g
is a Hermitian symmetric space of type (IV) in Cartan’s classification and a Siegel domain
of genus 1 (cf. [PS69]) and corresponds to the group O(2, [ + 2) (cf. [Kr96]).
Note that we have
Hg C H x (Cl X H

where H = {7 € C; Im(7) > 0} denotes the complex upper half plane. Therefore we will
usually write the elements of Hg in the form w = (71, 2, 7), 71,2 € H, 2 € CL.
In the orthogonal context we write a matrix M € Mat(l + 4; R) always in the form

a ‘a 3
M=1b A c|, where A e Mat(l +2;R).
vod o6
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Then we have M € O(S;; R) if and only if

2ay + So[b) ald+ BSyA+~'a ad + BSyc+ [y 0 0 1
ad+ 'ASgb+~va  a'd+ So[A] +d'a Bd+ 'ASgc+da | =0 Sy 0. (1.1)
ad + BSoc+ By Bld+ ©SgA+da 2386 + Splc] 1 0 0

The real orthogonal group O(S;; R) acts transitively on H® := Hg U (—Hyg) as a group
of biholomorphic automorphisms via

wi— M(w) = (—go(w)b+ Aw + ) (M{w}) ™,

where
M{w} = —yqo(w) + ‘dw + 6

(cf. [Bii96],[Kr96]). In fact all biholomorphic automorphisms of H° have this form,
and they either induce an automorphism of Hg (and —Hg) or they permute the two con-
nected components Hg and —Hg of H°. A matrix M € O(S;;R) acts trivially on H*
if and only if M lies in the center Cent(O(S1;R)) = {£I} of O(S;;R). Thus the
group of biholomorphic automorphisms of H°, denoted by Bihol(H®), is isomorphic to
PO(S1;R) := O(S1; R) /{£1}.

Definition 1.11 We define
O*(S;R) := {M € O(S;;R); M{Hs) =Hg}
as the subgroup of O(S1;R) stabilizing Hs.

Remark 1.12 O (S1;R) acts transitively on Hg as a group of biholomorphic automor-
phisms (cf. [Bii96, Satz 2.17]) and we have

Bihol(Hs) = PO*(Sy; R) := OF(Sy; R)/{*I}.

Proposition 1.13 Let M = (&5 ) € O(S;;R), C, D € Mat(2;R). Then

M € O (S1;R) if and only if det (C’ <(1) (1]) + D) > 0.

PROOF For all M € O(S1;R) we have either M (Hg) = Hg or M(Hgs) = —Hg. Thus
M € O*(S1;R) holds if and only if M (ie) € Hg where ie = %i,0,...,0,i) € Hg. For
details confer [Bii96, Satz 2.15]. ™

1.3. The orthogonal modular group

Let A =Z, Ao =ZxAxZand Ay = Z x Ay x Z. A, Ay and A, are even lattices
with respect to S, Sy and S, respectively. The corresponding dual lattices are Af = S~17Z!,
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A =Zx AN xZand ' =Z x Ny x Z =7 x 7 x A* x Z x Z, respectively. Thus we
obviously have Dis(A) = Dis(Ag) = Dis(A;) where the isomorphisms are given by

DIS(A) — DiS(Ao), A4+ A (O, )\, 0) + Ao,
DIS(AQ) — DiS(Al), )\0 + A— (O, )\0, O) + Al.

Moreover, note that
G+ A) =G ((0,7,0) + Ag) =G,((0,0,1,0,0) +A;) forall A € A%,

Because of this we will often use the three discriminant groups interchangeably, and, by
abuse of notation, we will often simply write A instead of (0, A, 0) or (0,0, A, 0, 0).

Definition 1.14 The orthogonal modular group ['s with respect to S is defined by
FS = O(Al) N O+<Sl, R)

In Section 1.1 we already saw that O(A;) acts on the discriminant group Dis(A;). Thus I'g
also acts on Dis(A;). We can say even more about this action.

Proposition 1.15 ['g acts on the sets of elements of Dis(\1) with the same value of q,. For

x ok ok
M=|x A x| elg,
ok %

where A € Mat(l;7Z), both, the action of I's on Dis(Ay) and the action of T's on the sets of
elements of Dis(\1) with the same value of G,, only depend on A.

PROOF For all M € I'g we have
GM(p+ M) = (Mp+ M) =qa(Mp) +Z = q(p) +Z =g, (1 + Ay).

Since Dis(A;) = {0+ Z} x {0+ Z} x Dis(A) x {0+ Z} x {0+ Z} it is clear that both
actions only depend on A. -

Proposition 1.16 The following matrices belong to I'g:

(1) £l44
0 0 -1 ) 0 0 -1
J=10 J 0 |,whereJ=1| 0 I, 0|,
-1 0 O -1 0 0

1 =Sy —qo(g)
3 Ty=|(0 I g ],9€AN
0 0 1
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1 0 0 1 AS q(N)
@G U, =10 ,\ 0 whereUA— 0 I AL AeA
1 1

0 0 O
1 0 0 1 0 O
G)U=10 ,\ 0 where,\U— A I, 0], AeA
0 1 g\ S 1
eg 00 B 3
6) R 0 R, 0], where Ry = (Ii1o — e49'9S0)J, if g € Ao such that e, =
0 0 g
q(g) = %1,

0 0
9 P=(1)x P x (1), where P=1|0 1
1 0

(10) Ry = A€ O(A)

o o G
[T N e}
Yo o

PROOF In [Bii96, Prop. 2.27] Biihler proved that matrices of the forms (1)—(7) belong to
I's. For the remaining matrices one easily verifies that they belong to O™ (S1;R) by using
the definition of O(S;;R) and the characterisation of O (S;;R) (Proposition 1.13). It
remains to be proved that M A; = A; for those matrices. According to the remark following
Definition 1.14, this is equivalent to M € GL(l + 4;Z) which follows immediately from
det My, =det ((29) x (%, ) x L) =1for D= (27) € SL(2Z), det P = —1 and

-y 4

det Ry =det A= +1for A € O(A) C GL(;Z). n
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The above elements of I'g act as follows on w = (711, 2, 72) € Hg:

‘]<w> - _q0<w)_1(7—27 _277—1)7
Ty(w) = w+g, for g € Ao,
Ux(w) = (11 + NSz + q(A\)T2, 2 + A2, To), for A € A,
Rg(w) = QO(Q)}N%gwa for g € A with qo(g) = *1,
79(2) z aty + 3 a [
Mp(w) = | 11 — for D = SL(2: Z
D<w> 71 ’}/7_2_*_57 N Ty +(57 N T +5> ) or (,y 5 € ( ) )7

. at + z vq(2) a 3
M (w) = = for D = L(2 7
p{w) (’yﬁ+5”m+5’72 o or v s € SL(2;Z),

= (11, Az, 1), for A € O(A).

1.4. Generators of certain orthogonal modular
groups

In this section we will show that for certain S the orthogonal modular group I'g is nicely
generated. We will consider the following matrices:

[\

Dy = AP =

e}

00 210
2 0|, A3=(12 1],
0 2 01 2

@ _ (20 (21 (20
A _(0 2)’A2_(1 2)> 2= 0 4)

The quadratic spaces associated to those matrices are isomorphic to subspaces of the
Hamilton quaternions H. Since we will later make use of this fact we now fix some concrete
isomorphisms. We denote the canonical basis of H by 1,1y, i, i3. Then for z = 2 + 291 +
23lp + 2413 € H with z; € R the conjugate of z is given by Z = 21 — 2911 — 2312 — 2413 and
the norm of z is given by N(z) = 2z = 2} + 22 + 22 + 2. The Hurwitz order is denoted
by

_ o O N
(a]

_— o N O
N OO
DO = =

(1.2)

O =7Z+7i + Zis + Zw, w= %(1+11+12+13).
Proposition 1.17 Let S be one of the matrices listed in (1.2), and let | be the rank of S.
Then the quadratic space (R, qs) with lattice A = 7' is isomorphic to the quadratic space
(Hg, Ng) with lattice Og where Hg is a subspace of the Hamilton quaternions H, Ng is the
restriction of the norm N to Hg, and Og = O N Hg is the sublattice of the Hurwitz order
O in Hg. The following list contains the subspaces Hg, the corresponding lattices Og, one
possible isomorphism g : R — Hg and the quadratic forms g3 = Ng o vg.
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a) Hp, =H, Op, = O,
tp, : RY = H, (21, 22, 23, 4) — 1 + Toiy + 31 + 14w,
qp,(T) = 3 + T 134 + T3 + ToTy + T3 + 1374 + 75,
Dis(A) = ((3,3.0,0) + A, (3,0,3,0) + A) = Zs x Z.
b) HA@ ={z € H; z4 =0}, OA<13) =7 + Zi, + Zis,
NCE R3 — H 4, (@1, g, x3) > 1 + Xaly + X3,
Qa0 (r) = o] + 25 + 23,
Dis(A) = ((3,0,0) + A, (0,3,0) + A, (0,0,3) + A) = Zy x Zy x Zs.
c) Ha, = {x € H; z3 =24}, Oa, = Z + Zw + Ziy,
tay t R® — Hy,, (21,22, 23) — &1 + Tow + w3y,
a,(®) = o] 4+ 2129 + @3 + 223 + 75,
Dis(A) = (2,3, ~3) +A) 2 Z,
d) HAgz) ={z e H; x3 =124 =0}, OA@ =7+ Ziy,
L) R? — HAgz), (21, 22) — 1 + Toly,
d0() = 2% + 7%
Dis(A) = ((3,0) + A, (0,3) + A) = Zy x Zs.
e) Hy, ={x € H; xo = 23 = 24}, On, = Z + Zw,
Lay t R? — Hy,, (21, 22) — 21 + Tow,
qa, () = 27 + T129 + 25,
Dis(A) = ((5.5) +A) = Zs.
f) Hg, = {x € H; x9 = 23, v4 =0}, Og, = Z + Z(i1 + 12),
ts, : R? — Hg,, (21, 22) = 21 + 22(i1 + 1),
qs,(v) = 22 + 223,

Dis(A) = ((1,0)+ A, (0,1) +A) = Zy x Z,.

PROOF Explicit calculations show that the quadratic forms are preserved under the iso-
morphisms, i.e., that g¢ = Ng o tg. m

Next we will show in several steps that the orthogonal modular groups associated to the
above matrices are nicely generated. We start by defining what we mean by “nicely gener-
ated”.
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Definition 1.18 The orthogonal modular group 1's is nicely generated if it is generated by
the inversion J, the translations T,, g € Ny, and the rotations R4, A € O(A).

Remark ['g is nicely generated in the above sense if and only if the corresponding group
in the terminology of [FHOO] is nicely generated in the sense of [FHOO, Def. 4.7] (cf.
Appendix C).

In a first step, using results from [Bii96], we reduce the problem of determining generators
of I's € O(A4) to the problem of determining generators of a certain subgroup of O(Ay).

Proposition 1.19 ['s is generated by

e Ne )

1 0
J, Tg (g S Ao), and 0 0]; Ae O+(A0) NI,
0 1

where OT (Ag) := {A € O(Ay); A-Hs =Hs}

PROOF According to [Bii96, Satz 2.31], I's is generated by

1 o 0
JandTl'gp = Mel'g; M=|0 A ¢
0 0 1
1 a B
Solet M = |0 A ¢ | € I'sp. Then by virtue of (1.1) we have a = —*ASpc, § =
0 0 1

—qo(c) and Sy[A] = Sy, and thus, in particular, A € O(Sp; R) N GL(I + 2;Z) = O(Ay).
By multiplication with 7! = T, we get

1 %Sy —qolc) 1 —%SgA —qolc) 1 00
T M=10 I, —c 0 A c =10 A 0
0 0 1 0 0 1 0 0 1

Finally (1) x A x (1) € O*(Sy;R) yields Hg = ((1) x A x (1))(Hs) = A-Hg. Hence
A € O (Ag). This completes the proof. n

Next we show that the lattices A associated to the above matrices are Euclidean. This will
allow us to reduce the problem of determining generators of a subgroup of O(Ag) to the
problem of determining generators of the finite groups O(A).

Proposition 1.20 a) Given a € H 4, there exists g € O 4, such that

DO | —

3

3

a— g =Dby +baoiy + bs(is +1i3) with |b;| <=, 1<j<3, and Z]bﬂgz.
j=1
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b) Given a € Hy, there exists g € O 4, such that

9

PROOF a) Leta = a; + asiy + as(is +i3) € Ha,. Because of Z + Zi; + Z(ia +13) C Oa,
we may assume |a;| < 3 forl < j < 3.1If 25:1 |aj| > 3 then we choose g; = 3 sign a;
for 1 < j < 3. Then g = g1 + goi1 + g3(i> +13) € Oa, with |a; — g;| = 3 — |a;| < 3

. 3 3
for1 < j<3and ijl |aj _9j| = % - Zj:l |aj| < z%'
b) Because of a) it remains to be shown that

9
©(b1, b, b3) := N, (by + boiy + b(ip +1i3)) = b] + b3 + 203 < o

whenever (b1, by, bs) € A = {(b1,by,b3) € R% 0 < b; < 1, 577 b < 3} We
choose (b1, by, b3) € A such that p(by, by, b3) is maximal. Since we have p(by, by, b3) =
©(bg, by, b3) we may assume by > by. Furthermore, due to the choice of (by, by, b3) we
have 0 < ¢(by, ba, b3) — (b1, b3, by) = b — b2 which implies b3 > by. Thus by < %.

If b; > 0 then by, < g and there exists e > Osuchthat by — e > 0and by, + ¢ < % Then
gO(bl — €,b2 + E,bg) — (p(bl, bg,bg) = 25(62 — bl) + 252 >0

yields a contradiction to the choice of (by, b, b3). Hence b; = 0.
If by > 1 then b3 < 1 and there exists € > 0 such that by — ¢ > 0 and b3 + £ < 1. Then

©(b1,by — €,b3 + ) — (b1, b2, b3) = 2e(2b3 — ba) + 3¢ >0

yields a contradiction to the choice of (by, bs, b3). Hence by < }1.

Therefore . | 9
by boiby) <04 — 42~ —
o X Plbasboyby) SO+ 964207 = 1 .

Proposition 1.21 Let S be one of the matrices listed in (1.2), and let A be the associated
lattice. Then for all x € R' there exists X € A such that

gs(z + A) < ¢(9),

where ¢(Dy) = C(A§2)) =3, ¢(A3) = -5 and c(Agg)) = ¢(S2) = ¢(Az) = 2. In particular,
A is Euclidean.

PROOF Let 2 = f(z1,...,2;) € R\ Because of A = Z' we may assume |z;| < 3 for
1 < j < I. Then for S € {A§3),A§2),SQ,A2} the assertion is obvious. By virtue of
Proposition 1.17, for S = D, the assertion follows from [Kr85, 1.7] and for S = Aj it
follows from Proposition 1.20. m
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Proposition 1.22 Let

B 1 0 0
I's =< M€ O+(A0); 0 M 0] ely
0O 0 1
a) We have
N a a 3
I's = b A ¢ €0ONy);v+0>0
v od s

In particular, the following matrices are elements of I'g:

10
P,Uy(AeA),and |0 A (A € O(A)).
0 0

_ o O

b) Suppose that A is Euclidean. Then given g € Ag with qo(po) = 0 there exists M €
<ﬁ, ﬁ,\; A e A> < D' such that Muyg = {(m,0,...,0) for some m € Z.
c) Suppose that A is Euclidean. Then fs is generated by

100
P, U (ANeA),and { [0 A 0]: Aec0O)
00 1
a fa B ) 1 0 0
PROOF a) Let M = | b A c¢| €Ts.Then |0 M 0] € T's C OT(Sy;R) yields
v S 0 0 1
det ((O ) (° B+ (0 ) =755>0
“Wo o)\1 0 01))~7 ‘

P, U, forall A € Aand (1) x A x (1) forall A € O(A) obviously satisfy this condition
and are thus elements of fs.

b) Let o = (m,pu,n) € AL, ie., m,n € Zand . € A!. Without restriction we may
assume that |n| < |m| (otherwise we consider Pj). qo(po) = 0 implies mn = q(y).
So if 4 = 0 then n = 0 and thus jg = (m,0,...,0). Otherwise, since A is Euclidean
there exists A € A such that ¢(u + n\) = nq(2p + X) < n?. We consider

N m+ ASp + ng(N) m/
Uspo = [+ nA =&
n n

Due to Uy, € O(Ap) we have ﬁAuo € Ag and qo(ﬁA,uo) = qo(po) = 0. Thus m’ € Z and
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m/n = q(un 4+ n\) < n?. This yields |m’| < |n|. Therefore, after finitely many steps we
get the matrix M € I's we are looking for.

a 'a B
c)Let M = | b A c| € I's. Then Sy = Syo[M] yields ay = ¢(b). Therefore, by
t
v d 9o

virtue of b), there exists an M € <]5, (7A; A€ A> < fs such that

/

- o k%
M=MM=|0 A x
0o a ¢

Due to M’ € O(Ag) we have ' = 0 and A’ € O(A) (and thus also A'~! € O(A)). Then

1 0 0 o % %
M'=(0 A~ ol M=|0 I ¢
0 0 1 0 0 ¢

Now M"” € O(Ay) yields ¢/&" = 1 with o/,¢' € Z and a) yields §' > 0. Therefore

o/ = ¢" = 1. Multiplying with U_.» we get

1 W B
M"=U M'=[0 I 0
0 0 1
Finally ” = 0 and 3" = 0 follow from M"" € O(Sp; R). -

Corollary 1.23 If S is one of the matrices listed in (1.2) then Ig is nicely generated.

PROOF Due to Proposition 1.21 A = Ag is Euclidean. Therefore, Proposition 1.19 and
Proposition 1.22 yield that I'g is generated by

J, Ty (g € No), P, Ux (A€ A), and Ry (A € O(A)).

According to [Kr96, p. 249f], U, and R, can be written as product of J and 7}, for certain
h € Ay. Furthermore, we have P = _R(O,l,o,...,O)Mtr = R(17()’m,()7,1)R(,Il)1’%(0,170,,“,0)]\ﬂr
with My, = M7 as defined below in (1.3). Thus only J, T,, g € Ay, and R4, A € O(A),
are needed to generate ['g. n

Finally we determine some properties of the finite orthogonal groups O(A) associated to
the matrices listed in (1.2).
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Proposition 1.24 a) Let S = D,. Then O(A) is generated by

b)

d)

1 0 0 1 10 -1 O 10 —-10 10 0 0
0O -1 0 O 01 -1 0 00 -1 20 0O 1 0 O
o o0 -1 0f¢fo0 -1 -1)°f01 -1 0Pt 1 1 0 1
0 0 0 -1 00 2 1 00 2 1 -1 -1 -1 -1

SO(A) = O(A) N SL(4;Z) is generated by the last three matrices. The commutator
subgroup O(A) is generated by the last two matrices. The commutator factor group
O(A)?® is isomorphic to Cy x Cy where Cy denotes the cyclic group of order 2. The first
two matrices are representatives for the generators of O(A)*P. The discriminant kernel
Oq(A) is generated by the first, the square of the second and the last matrix, and the
factor group O(N)/Oq(A) is isomorphic to S(3), the symmetric group of degree 3.

Let S = A§3). Then O(A) is generated by

—10 0 1 0 0 ~10 0 001
I, 0o 01), o -1 o], 0 1 0 and |1 0 0
0 10 0 0 -1 0 0 —1 010

SO(A) is generated by the last four matrices and is isomorphic to S(4). The commuta-
tor subgroup O(A)" is generated by the last three matrices and is isomorphic to A(4),
the alternating group of degree 4. The commutator factor group O(A)*" is isomorphic
to Cy x Cy. The first two matrices are representatives for the generators of O(A)*. The
discriminant kernel Oq(\) is generated by the three diagonal matrices, and the factor
group O(A)/Oq(A) is isomorphic to S(3).

Let S = As. Then O(A) is generated by

-1 -1 0 1 1 0 -1 -1 0 0 0 -1
0O 1 0], 0 -1 0 ], 0o 1 O and -1 0 1
0 0 1 0 0 -1 0 -1 -1 1 1 0

SO(A) is generated by the last three matrices and is isomorphic to S(4). The commu-
tator subgroup O(A)' is generated by the last two matrices and is isomorphic to A(4).
The commutator factor group O(AN)?® is isomorphic to Cy x Cy. The first two matri-
ces are representatives for the generators of O(A)2". The discriminant kernel Oq(A) is
generated by the first and the last two matrices, and the factor group O(A)/Oq(A) is
isomorphic to Cs.

Let S = AP. Then O(A) is generated by

(o 5) e ()

and is isomorphic to Ds, the dihedral group of order 8. SO(A) is generated by the
second matrix and is isomorphic to Cy. The commutator subgroup O(A)' is generated
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by — Iy and is isomorphic to Cy. The commutator factor group O(A)*” is isomorphic
to Cy x Co. The two matrices are representatives for the generators of O(A)*". The
discriminant kernel O4(\) is generated by — I, and the first matrix, and the factor group
O(A)/O4(A) is isomorphic to Cs.

e) Let S = Ay. Then O(A) is generated by

(o) e (4

and is isomorphic to D15. SO(A) is generated by the second matrix and is isomorphic
to Cg. The commutator subgroup O(A)' is generated by the square of the second matrix
(ie., by (% Y)) and is isomorphic to Cs. The commutator factor group O(A)*" is
isomorphic to Cy x Cy. The two matrices are representatives for the generators of
O(A)?. The discriminant kernel O4(\) is generated by the first and the square of the
second matrix, and the factor group O(A)/Oq(A) is isomorphic to Cs.

f) Let S = S,. Then O(A) is generated by

-1 0
<O 1) and — I

and is isomorphic to Co x Cy. SO(A) is generated by — I, and is isomorphic to Cy. The
commutator subgroup O(A)' is the trivial group. The commutator factor group O(A)*"
is isomorphic to Cy X Cy. The two matrices are representatives for the generators of
O(A)?. The discriminant kernel Oq(A) is generated by the first matrix, and the factor
group O(A)/Oq(A) is isomorphic to Cs.

PROOF The generators were explicitly calculated. The rest of the assertions was verified
with GAP ([GAPO05]). |

All of the above groups O(A) contain an element which corresponds to the conjugation on
the corresponding subspaces Hg of H (cf. Proposition 1.17), i.e., for all matrices .S listed
in (1.2) there is an Ag € O(A) such that 15(Agtg'(2)) = Z for all z € Hg. We denote the
corresponding rotations R4, by M or, if it is clear which S is meant, simply by M,,. We
have
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1.5. The commutator subgroups of certain
orthogonal modular groups

In this section we proof an estimation for the index of the commutator subgroup I in I'g
for the matrices S listed in (1.2). In the next section we show that the inequalities are in
fact equalities.

Proposition 1.25 a) If S € {AY) A 5} then [T : T;) < 8.
b) IfS S {D4,A3,A2} then [FS : FZS'] < 4.

PROOF a) First we will show that [I'g : I'y] < 8 for all of the matrices S listed in (1.2). So
let S' be one of those matrices. We start by calculating a few commutators. For A € A
and g = (g()u ga gl-‘rl) € AO we get

[Ux; Tyl = Tiasg+a a1, 20141.0)-

Thus for the standard basis (ey, . .., ¢;) of A we get

T(270’1’0) lfS = SQ andj = 2,

Ue‘vT =T e;),e;,0) — .
[ J (07 ,0,1)] (q( J)’ J70) {T(Le].’o) OthCI‘WlS@,

and
[Uers Tto,e1,0)] = T(2g(e1),0,..0) = 1(2,0,....0)-
Furthermore,
[R0,e1,00: T(0,...01)] = T(1,0,....0,-1)-
Because of T, T}, = T, for all g, h € A this yields

!
. S;
T, e Ty forall g = (go,- .., gi+1) € Ao with go + gi1 + E Ejgj =0 (mod 2),
=1

where s; € 27, 1 < j <, are the diagonal entries of S. So modulo I' all matrices T},

.....

yields J = J3 € ', and, due to RyRp = R4p and RAfl = Ry forall A, B € O(A),
we have Ry € Iy forall A € O(A)'.
According to Corollary 1.23, each element of I'g can be written as a product of J, T,
g € Ay, and Ry, A € O(A). Since, by virtue of Proposition 1.24, O(A)*® = 0y x C,
for all S we are considering we have [I's : I'y] < 8.

b) If S € { Dy, A3, A} then

[R(0,e,,0)> T(0,e1,0)] = T(0,—2¢14¢,,0;

where ¢; is the vector which is mapped to w under the isomorphisms in Proposition
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1.17,ie.,j = 4if S = Dyand j = 2if S € {A;, Ao}. Therefore, T, € I' for all
g € Ny, and thus [I'g : Ty < 4. -

1.6. Abelian characters of the orthogonal modular
groups

The Abelian characters of the orthogonal modular group ['s are in one-to-one correspon-
dence to the elements of the corresponding commutator factor group I'%”. Because of this
correspondence we denote the group of Abelian characters of I'g also by I'%. According to
Proposition 1.25, for all S listed in (1.2) the commutator factor groups are finite (Abelian)
groups of order 4 or 8, and thus at most three different characters (and their products) occur.

1.6.1. The determinant

The determinant occurs in all cases as character of the orthogonal modular groups I's. The
determinant is —1 for R4 if A is the first generator of O(A) given in Proposition 1.24, and
itis 1 for J, T,, g € Ao, and R4, A € SO(A).

1.6.2. The orthogonal character(s)

According to Proposition 1.15, I's acts on the sets of elements of Dis(A;) with the same
value of ¢, and for

x k%
M=\|*x A x| eIy
% ok %k

the action only depends on A € Mat(l/;Z). The signs of the permutations of non-trivial
sets of elements of Dis(A;) with the same value of g, are Abelian characters of I'g. In all
cases we are considering exactly one such character occurs. We denote this character by
vg. Itis —1 for R4 if A is the second generator of O(A) given in Proposition 1.24, and it is
1for J,T,, g € Ao, and Ry if A is one of the other generators of O(A) given in Proposition
1.24.

1.6.3. The Siegel character

Let S € {A§3), AgQ), Sa}. Then S = 0 (mod 2). In this case another character occurs. It
corresponds to the non-trivial character of the Siegel modular group of degree 2.

Proposition 1.26 If S = 0 (mod 2) then the map

a B\|H O _ (HaH Hp
|—>(7 6)[0 [2}m0d2_(’7H 5)mod2,

ey

a ok
p:Tg — Sp(2;Fy), [ * x =
)
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where o, 3,7,0 € Mat(2;Z), H = (9}) and Sp(2;Fy) is the symplectic group of degree
2 over the field 5 of two elements, is a surjective homomorphism of groups.

PROOF Let S =0 (mod 2) and

o aj fi
Mj = bj Aj ¢ | € I,
v di 9

where ozj,ﬁj,'yj,éj € Mat(2,Z), aj,dj S Mat(2,l,Z), bj,Cj S Mat(l,Q,Z), A]’ S
Mat(l;Z) for j € {1,2}. If a1 = ay = dy = dy =0 (mod 2) then

ajoe + By 0 ayfBe + Bide
MM, = * A A * (mod 2).
Yiag + 0172 0 7Bz + 0102

Since the assumption is true for the generators J, T, g € Ay, and R4, A € O(A), of T'g

we find a; = d; = 0 (mod 2) for all M; € I's. An easy calculation shows that the images
of the generators of I's under ¢ are in Sp(2;F,). Together with

HO{lOéQH + Hﬁl’YgH HOélﬂg + Hﬁl(52>
M M) = d2
(M M) ( Yo H + 617 H Y152 + 0102 o

HOélH Hﬁl HOCQH HﬁQ
( nH 01 ) ( Yo H 09 ) mod 2

= (M) p(M,)

for all M, M, € T'g this yields that ¢ is a homomorphism of groups. Finally, the surjectiv-
ity of this homomorphism follows from the fact that Sp(2; IF5) is generated by the following
four matrices

_ (0 I _ (L2 9% _ (2 3% _ (2§38
90(‘])_(]2 0)7§0(T61)_(0 12 790(T62)_ 0 IZ 7@(U61)_ 0 ]2

(cf. [Fr83, A 5.4]). ]

According to O’Meara [O’M78, 3.1.5] Sp(2;F,) is isomorphic to the symmetric group
S(6). By Igusa [Ig64, p. 398] we can explicitly describe the isomorphism of Sp(2; F5) and
S(6) in the following way: Let

Cy = {(Z), a,b € F5, ‘ab=1 (mod 2)}

be the set of odd theta characteristics mod 2. Sp(2; Fs) acts on this set via

(1)) (& )6+ ()
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for M = (4 B) € Sp(2;F,), where diag(T’) is the column vector consisting of the diagonal
entries of a matrix 7'. Since C, contains exactly 6 elements the mapping

M— (Cy—Cy, (5)— M{%})

defines a homomorphism 7 : Sp(2;Fy) — S(6) (which is an isomorphism according to
Igusa). The non-trivial character of Sp(2;F5) is then given by the sign of the permutation
(M) for M € Sp(2;Fy).

By combining the epimorphism ¢ : I's — Sp(2; F2) from Proposition 1.26, the isomor-
phism Sp(2; Fy) — S(6) and the sign map, i.e., by

Ts —2— Sp(2;Fy) —— S(6) =&, {£1},

we get an explicit description for the Siegel character of the orthogonal modular group I'g
if S = 0 (mod 2). We denote this character by 5. Obviously, all R4, A € O(A), lie
in the kernel of ¢ and therefore also in the kernel of v5,. Moreover, the kernel contains of
course the commutator subgroup I's and thus, in particular, J. According to the proof of
Proposition 1.25, all matrices 7, with g = (go, ..., g1+1) € A¢ are modulo I'yy equivalent
to I;,4 whenever gy + g1 + Zé’:l s;9;/2 = 0 (mod 2) where the s;, 1 < j <[, are the
diagonal entries of S' € {Af‘”, A§2), Sy }. Otherwise T is equivalent to 7, modulo I's. An
easy calculation shows that 15(T;,) = —1, and so we have

(_1)22-11093' it § e {4%, APy,

1.4
(_1)90+91+93 if S = 5’2' ( )

vo(Ty) = (—1)g°+g’“+25:15i97/2 - {

By applying the above description directly to T}, for arbitrary g = (go, 7, gi+1) € Ao We
get a nicer and more general formula, namely

vo(Tigoggisr)) = (—1)0Fo174@), (1.5)

The value of v»(Mp), D € SL(2;Z), can also be explicitly calculated using the above
description. We get

vo(Mp) = (—1)*TPF7H+57 for all D = <: ?) € SL(2;Z). (1.6)

Using representations in terms of the above matrices we can now easily determine the
value of v5(M) for some of the other matrices M from Proposition 1.16. For the vectors
9= "g90,--,9111) € Ao with go(g) = £1 we define

g* = =J9) = q0(9)" (gir1.—91,- - -, —91. o) € Ao.
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According to [Kr96, p. 249f], R, = T,JT,-JT,J for every g € Ay with ¢o(g) = %1, and
thus
va(Ry) = vo(TgJTye JTyJ) = va(Ty) = 1a(T).

Moreover, for all A € A we have

Uy = MpTiox0Mp-,

where D = (_01 é) and D* = <(1) _01> Since vo(Mp) = vo(Mp+) we get

va(Uy) = va(Tiop0)) = (—1)7V. (1.7)

Using the estimation for the index of the commutator subgroup Iy in I'g (Proposition
1.25) and the explicit knowledge of the characters of I's we can now derive the structure of
re.

Proposition 1.27 a) If S € {Ag?’), Af), So} then T2 = (det, vy, 1) =2 Cy x Cy x Ch.
b) IfS € {D4,A3,A2} then ngb = <det, 7/7r> =~ Oy x Cs.

Moreover, using the explicit knowledge about the generators of O(A) we can determine
which rotations R4, A € O(A), are necessary to generate the commutator subgroup ',
the discriminant kernel Oq4(A1) N ' and the full modular group I's.

Corollary 1.28 a) If S € {A?’, Ay, Sy, A3} then Iy is a subgroup of (J,T,; g € Ao
IfS = Af”) thenI' is generated by J, T,, g € ker vo, and the rotation Ry, A = (g
.

1 —

0 2

1
If S = Dy then T is generated by J, T,, g € Ao, and the rotation R4, A = <8
0

b) The discriminant kernel Oq(A1) N T'g is generated by J, T,, g € Ny, and — M.

c) U's is generated by J, T,, g € Ny, the rotations Rg, where B runs over the representa-
tives of the generators of O(\)*", and, in case of S = A§3) or S = Dy, additionally by
the rotation R4 from a).

PROOF a) We use GAP ([GAPOS5]) to calculate the subgroup H of G = (R4; A € O(A)')
which is generated by all R, - R,, with g; = (0,;,0) € Aq such that ¢o(g;) = —1,
j =1,2. Incase of S € {AgQ)7 Ay, Sy, A3} we get H = G which implies our claim.
IfS = Ag?’) or S = D, then H is a subgroup of index 3 of G and G = (H, Ra).
Since J and T}, g € A, act trivially on Dis(A;) while R4 does not we obviously have
Ry ¢ (J,T,; g € Ap). This completes the proof.

b) It is easy to check that additionally to J and T,, g € Ay, the matrix — M, also acts
trivially on Dis(A;). Note that —M,, is not contained in (J,T,; g € Ay) because of
det(—M;,) = —1. Itremains to be verified that the given matrices generate O4(A;)NI's.

This can be done similarly to the proof of part a) since by Proposition 1.24 we explicitly
know Og(A).
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c) This follows from part a) and the fact that J and T, g € Ay, act trivially on Dis(A;)
and have determinant 1. n

1.7. Parabolic subgroups

An important subgroup of O*(S;; R) is the parabolic subgroup

D* x x
Ps(R) := 0 x x| eO"(S;R); DeSL(2;R)
0 0 D

where D* = (04) D71 (91) = (_"‘7 ) for D = (3 7) € SL(2; R). It plays an impor-
tant role in the theory of Jacobi forms (cf. Section 2.3). According to [Bii96, Prop. 2.5]
Ps(R) is generated by the matrices Mp, D € SL(2;R), Ry, A € O(S;R), Uy, A € R,
and T\ ,,0), 1 € R’ In fact we have the following

Proposition 1.29 Each element M of the parabolic subgroup Ps(R) can be written in the
form
M = MDRAU)\T(I-C,,U,,O)

with A € O(S;R), D € SL(2;R), A\, u € R! and k € R. This representation is unique.

D* % %
PROOF Let M = 0 A =« € Ps(R). By virtue of [Bii96, Prop. 2.4], we have
0 0 D
A € O(S;R) and get
s~k q(w)
, Iy Qs g0 st l
M' = Ry-Mp-M=10 1 A , M pueR, keR.
0 0 I
Now
I t;éS —Off a(p)
U_AM/ =10 I 0 p = T('%M@)'
0 0 Iy
The uniqueness of the representation is obvious. m

The subgroup H = {U»T(x .0); A 1t € R, k € R} of Pg(R) is normal in Ps(R) and the
center of Pg(IR) as well as the center of H are both given by the subgroup {7{,.0,0); & € R}.
Due to the preceding proposition, we have

Ps(R)/H = SL(2;R) x O(S;R),
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and thus
Ps(R) = (SL(2;R) x O(S;R)) x H.

The structure of Ps(IR) and the above unique representation of elements of Ps(RR) inspire
the representation of Ps(R) in a different form. Let

Js(R) :={[D, A, (\, n),&]; D€ SL(2R), A€ O(S;R), \,u € R', k € R}.

Then, by virtue of the preceding proposition the map

Js(R) — Ps(R), [D, A, (A, p), &] = MpRaUNT (/2 tr8pu.11.0) (1.8)
is bijective. If we define the composition law on Jg(R) by

9192 = [D1Da, A1Ay, (M, Jin) + (Ao, pr2), K1+ k2 — NSpa + N ST + 20 S o]
for g; = [D;, Aj, (N, 115), k5] € Js(R) where (A, 7i) = A7' (M, 1) Do then Jg(R)
becomes a group and the above map Js(R) — Pg(R) becomes an isomorphism of groups.
We call Jg(R) the Jacobi group. The Heisenberg group
Hs(R) :={[(\, ), k]; A, n €R', k € R}
with composition law
(A, 1), K] [(Nas pi2), o] = [(Ay 1) + (Ao, pi2), Kx + k2 + 201 Spo]

for [(\;, i15), k] € Hg(R) is obviously a subgroup of Jg(RR). It is isomorphic to the sub-
group H of Ps(R) and thus we have

Js(R) 2 (SL(2R) x O(S; R)) x Hs(R).

Since we can canonically identify any element D of SL(2;R), A of O(S;R), (A, u)
R! x R! and  of R with the elements [D, I}, (0,0), 0], [I5, 4, (0,0), 0], [I2, I;, (A, i), 0] an
[I2,1;,(0,0), k] of Jg(R), respectively, we will often simply write [D], [A], [\, p] or [& ]
instead of the corresponding element of .Js(R).

For dealing with Jacobi forms we introduce another Jacobi group, namely the one defined
by Arakawa in [Ar92]. It is given by

7= {(D,(\,p),p); D €SL(2;R), A\, u € R', p € Sym(;;R)}
with the composition law

9192 = (D1 D2, (A1, p1) Do + (A2, p12), p1+ p2 — A1+ tXl + Xl ‘s + 1o tXl)
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for g; = (Dj, (\j, i), pj) € G7 where (Xl,ﬁl) = (A1, 1) D2. The map
G7 — Js(R), (D, (\ p),p) — [D, I, (\ ), trace(Sp)] (1.9)

is obviously a homomorphism of groups. By abuse of notation we will also often write [D]
and [\, u] instead of the corresponding elements of G”.
Next we consider the parabolic subgroup of I's. Let

Ps(Z) = Ps(R) N FS = PS(R) N Mat(l + 4,Z)

Then the corresponding Jacobi group Js(Z), defined as preimage of Pg(7Z) under the iso-
morphism 1.8, is given by

Js(Z) ={[D, A, (A, ), k]; D € SL(2;Z), A€ O(A), A\, p €A, k €2Z}
and Arakawa’s discrete Jacobi group is given by
={(D,(\,w),p); D €SL(ZZ), \,p € Z', p € Sym(l;Z)}.

Note that the image of I'’ under the above homomorphism G/ — Js(R) lies in Jg(Z).

Finally we take a look at the action of the paramodular subgroup on Hg. Let w =
(r1.2,72) € Hg and M = MpRAU\T(sj2- o) € Ps(R), D = (27]) € SL(ZR),
A€ O(S;R), \, un € R, k € R. Then

Vq(z + A2 + 1) A2+Mz+u D
YTy + 0 ’ YTy + 0

M(w) = <7'1 + NSz + q( N9 + K/2 — (T >)

(1.10)
where D(7) = "Tif is the usual action of SL(2;R) on the upper half plane H. Since the
second and third component of M (w) only depend on the second and third component of
w = (x,2,7Ty) the action of Ps(R) on Hg induces an action of Jg(R) on H x C! which is
given by

(1.11)

(D, A, (\, 1), k](T,2) = <D<T>,Aw) :

T 40

This action is compatible with the action of Arakawa’s Jacobi group G/ on H x C' ([Ar92,
(3.2)]) via the homomorphism (1.9).
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2.1. Orthogonal modular forms
Let S be an even positive definite matrix of degree /. Note that
j:O%(S;;R) x Hg — C*, (M,w) — M{w},

is a factor of automorphy (cf. [Bii96, La. 2.10]), i.e., j(M, -) is holomorphic for all M €
O™ (S1;R), and j satisfies the cocycle condition

j(MlMg,w) = j(M17M2<’LU>) j(Mg,w) for all Ml,MQ € O+(51,R) (21)

Given f : Hg — C, M € O"(S1;R) and k € Z we define a function f|,M : Hg — C
by
(fleM)(w) == j(M,w)™* f(M(w)) forallw € Hg.

Then f|; M is holomorphic whenever f is holomorphic, and, moreover,
(f|kM1)|kM2 :f|k(M1M2) forall Ml,Mg - O+(51,R)

Thus (M, f) — f|xM defines an action of O (S7; R) on the set of holomorphic functions
on Hg.

Definition 2.1 Let k € Z, T' a subgroup of I'g of finite index and v € T'*® an Abelian
character of T of finite order. A holomorphic function f : Hg — Cis called an (orthogonal)
modular form of weight k (on Hg) with respect to I' and v if it satisfies

flsM =v(M)f  forall M €T. (2.2)

We denote the vector space of (orthogonal) modular forms of weight k with respect to I’
and v by [, k,v|. If v = 1 then we sometimes simply write [I', k]. Moreover, we write
IV, k, 1] or [I', k] for the vector space of all modular forms of weight k with respect to T,
ie.,

I,k = [,k 1) = @ [T, kv,

velrab

where T'® is the group of Abelian characters of T.

The constant functions are obviously modular forms of weight 0 with respect to the trivial
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character. Moreover, given two modular forms f € [[', k,v] and g € [I', k', /] we have
fge [l k+ K, v/].

Thus the modular forms with respect to the trivial character and some subgroup I' of I'g of
finite index form a graded ring (which is graded by the weight). We denote this graded ring
by

AT) = EPIr. &, 1.

keZ

If —I € I' then we get a first necessary condition for the existence of non-trivial modular
forms.

Proposition 2.2 If — € T and v(—1I) # (—1)* then [T, k,v] = {0}.
PROOF This follows immediately from f|,(—1) = (—1)¥f and (2.2). n

This result allows us to derive some conditions on the weight and/or the characters for the
existence of non-trivial modular forms in the cases we are mainly interested in.

Corollary 2.3 Let k,l,m,n € Z.

a) IfS € {Dy, AP} and k is odd then [Cs, k,v] = {0} for all Abelian characters v € TP
b) Ly k,det' vmvp] = {0} if k +1 =1 (mod 2).

¢) [Cay, k,det' v = {0} if k +1+m =1 (mod 2).

d) [Ty, k,det! v = {0} ifk +m =1 (mod 2).

e) [Ts,, k,det' vuvp] = {0} ifk +m =1 (mod 2).

Since our modular forms with respect to the full modular group I's and the trivial char-
acter are also modular forms in the sense of [Kr96] we can apply some of Krieg’s results.

Theorem 2.4 Let v € I'% be an Abelian character of T's of order h, and let k € 7. Then

_JC, ifv=1,
[FS’O’V]_{{O}, ifv£1,

and

l
[FSJ{aV}:{O}? lfk<ﬁ7k7éoa

where [ is the rank of S.

PROOF If f € [I'g,0,1] then f is a modular form of weight 0 in the sense of Krieg, and
thus a constant function by virtue of [Kr96, Cor. 4]. If v € F%b is of order A > 1 and
f € [ls,0,v] then f* € [['s,0,1] = C and hence also f € C. Due to v # 1 there is an
M € I'g such that v(M) # 1. Then f = f|oM = v(M)f yields f = 0.
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Now let k € Z, k < 1/(2h), k # 0, and let f € [I'g, k, v]. In case of the trivial character
f = 0 follows immediately from [Kr96, Cor. 4]. Otherwise, we again have to consider
f" e [Ls, hk,1] = {0}. n

Lemma 2.5 Let k € Z, I a subgroup of I'g of finite index and v € I'*® an Abelian charac-
ter of T of finite order. Then each f € [, k, V]| possesses an absolutely convergent Fourier
expansion of the form

flw) = Z ap(p) e2mimsow/h forallw € H

#
HEAG

for some h € N which depends on I" and the order of v.
If M € Ot (Ag) such that M = (1) x M x (1) € T then we have

o (Mp) = v(M)ag(p)  forall i € A,

PROOF Since I' is of finite index in I'g and v is of finite order there is a h € N such that
T} = Thg € T and v(T}}) = v(T,)" = 1 forall g € Ag. Then

fw) = (fl&Thg)(w) = f(w + hg) forall g € Ag
yields the existence of an absolutely convergent Fourier expansion of the form
flw) = Z avy(p) 2t nsow/h for all w € Hsg.
ueAg

The property of the Fourier coefficients follows from f(Mw) = (f|xM)(w) = v(M) f(w)
and the uniqueness of the Fourier expansion. m

Definition 2.6 For a € R!™2 we write a > 0, if a belongs to Ps, and we write a > 0, if a
belongs to the closure

Ps={v=(vo,...,u41) € R go(v) >0, vg >0}
of Ps. Moreover, given a,b € R™"2 we define as usual

a>b < a—b>0,
a>b <= a-0b>0.

A few properties of positive and semi-positive elements of R!*2 are given in the following

Proposition 2.7 Let u,v € R*2 withu > 0 and v > 0.

a) There exists M € O (Sp; R) such that Mv = (v, 0, v}, ) with vy, vj,, > 0.
b) There exists M € OF(Sy; R) such that Mu = g, 0, uy, ) with uy, uj,, > 0.
c) If u # 0 then we have uSyv > 0.
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PROOF Let u = (ug, U, u41) > 0and v = (vg, v, v41) > 0.

a) Due to v > 0 we have v;,; > 0. Therefore, with M = ﬁ,g/ml € O1(Sp; R) we get
Muv = v, 0,v;,,) > 0 which, in particular, implies v(, v}, > 0.

b) If ug = 0 oru;.; = 0thenwu = 0. So we only have to consider the case ug, u41 > 0. In

this case we can just as in a) choose M = U_g/,,,, € O*(Sp; R).
¢) By virtue of b) we can find M € O"(Sp; R) such that Mu = (u,0,u;,,) =: «’. Then

wSov = M SoMv = ' So(Mv) = ugvy,; + uj,1vp

where Mv = (vg, *,v;,,) > 0. Now u # 0 implies u; > 0 or u; ; > 0. This yields the
assertion. m

Theorem 2.8 (Koecher’s principle) Let k € Z, v € T3 an Abelian character of T's of
order h € Nand [ € [['s, k,v] a modular form with Fourier expansion

flw) = Z ap(p) e msow/h forallw € Hg.

,LLEAg

Then o (1) = 0 unless p > 0. Furthermore, given 3 > 0 then f is bounded in the domain
{w € Hg; Im(w) > Be}, where ¢ = (1,0,...,0,1), and its Fourier series converges
uniformly in this domain.

PROOF Biihler proved this for v = 1 in [Bii96, Satz 3.7]. The proof can easily be extended
to the case of non-trivial characters. Let v € I'3" be a non-trivial character of order h € N.
Then, due to Lemma 2.5, we have

ap(mUpo) = v(m)ag(po) = v(U" oy (o) = ap(po) — forall A € A, g € Af,
If one now replaces \U by ;U in Biihler’s proof then the assertion follows, i.e., we have

flw) = Z af(p) €2 HoSow/h for all w € Hg.

MOGA?)
1o0=>0

Since the Fourier series converges in w = z% [Be € Hg there exists ¢ > 0 such that

27r’L't/.L()So'u)/h| — _Wﬁ(m"!‘n)/h <

vy (po)e g ()| e <c

for all g = (m, pu,n) € Ag, po > 0. If v > Be and py > 0 then 4ugSov > uoSofBe =
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B(m + n). Thus for w = u + iv € Hg with v > e we have

|f(w)| < Z |Oéf(,UJO)| 6_27rtMOSO’U/h

1o EA%
#0>0

<c Z 6—7r,6(m+n)/h'

uoeAﬁO

Ho=>0
In order to further estimate this sum we determine an upper bound for the number of vectors
po = (m, p,n) € Ag with pg > 0and m +n =t € Ny. Due to S~ > 0 there exists an
r > O such that S™' —rI; > 0. If A € A = Z' with ||\||oc > t?/r then for u = S71\
we have S[u] = S7HA] > rAX > 2 But gy = (m,pu,n) > 0 yields S[u] < 2mn <
(m +n)? = 2. Thus there are at most (2 [t2/r| + 1)! vectors po = (m, u,n) € A} with
Lo > 0 and m + n = t. The convergence of the series

e’ t2 l
> ()
r
t=0

completes the proof. -

Definition 2.9 A modular form [ € [['s, k, v] with Fourier expansion

fw) =3 ay (e S h forall w € H

,uEAuO
u=0

is called an (orthogonal) cusp form if a¢(p) # 0 implies > 0. We denote the subspace of
cusp forms in g, k,v] by [['s, k, v]o.

In the theory of symplectic modular forms the space of cusp forms is sometimes defined
as kernel of a certain operator, namely Siegel’s ®-operator (cf. [Kr85]). We can define
Siegel’s ®-operator also for orthogonal modular forms, and, if A is Euclidean, then just as
in the symplectic theory the space of cusp forms turns out to be the kernel of this operator.

Proposition 2.10 Let v € T'% be an Abelian character of T's such that v(T,) = 1 for all
g € M. Then for k € 7 the map

® ¢ I, k,v] — [SL(Z,Z), k], [+ [|2,
(f1®)(T) := yli_)rg) f(iy,0,7) forT € H,

where [SL(2;7Z), k| is the space of elliptic modular forms of weight k, is a homomorphism.
We call this map Siegel’s ®-operator.
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If A is Euclidean then we have
[Cs, k,v]p = ker ®,

ie, f €[lg, k,v]isacuspform if and only if f|® = 0.

PROOF Due to the condition on the character all f € [['g, k, ] have a Fourier expansion
of the form ‘
flw) = Z ay(prg) €2 HoSow forall w € Hg.

uoeAg
10=>0

Since the Fourier series is locally uniformly convergent we have

lim f(iy,0,7) = Z as(p) €™M lim e 2™
y—00 y—00
lu'():(mz,u:n)EA(u)
#0=>0
= Z ay(m,0,0) ™™
meENy

Thus f|® is well-defined. The linearity of & is obvious, and f|® € [SL(2;Z), k] follows
from f|,Mp = v(Mp)f = f forall D € SL(2;Z). Note that v(Mp) = 1 is a consequence
of v(T,) = 1.

If f is a cusp form then a¢(m,0,0) = 0 for all m € Ny yields f|® = 0. Conversely,
f|® = 0 implies as(m,0,0) = O for all m € N;. Now suppose that A is Euclidean.
Then, by virtue of Proposition 1.22, for each o € Ag with ¢o(10) = O there exists an
M € O*(Ag) such that (1) x M x (1) € 's and Mg = {(m,0,...,0). Dueto |as(uo)| =
lap(Mpo)| = 0 we conclude that f is a cusp form. n

Using the above characterization of cusp forms and common knowledge about elliptic mod-
ular forms we can show that the subspace of cusp forms often coincides with the space of
modular forms.

Corollary 2.11 Suppose that S is one of the matrices listed in (1.2). Let v € T'% be an
Abelian character of I's such that v(T,) = 1 for all g € Ao, and let k € Ny. If k is odd or
k=2orv +#1then

[FS, k’, I/] == [Fs, l{, V]()-

PROOF Let f € [['g,k,v]. If kis odd or K = 2 then f|® € [SL(2;Z), k] = {0}, and
thus f is a cusp form. If v # 1 then because of the condition on v there exists A € O(A)
such that v(R4) = —1. Then ay(po) = ap(Rapo) = v(Ra)ayr(po) = —as(po) for all
po = (m,0,0), m € Ny, yields f|® = 0. Hence f is a cusp form. n
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2.2. Rankin-Cohen type differential operators

In this section we introduce a certain holomorphic differential operator for orthogonal mod-
ular forms. The interesting property of this differential operator is that it produces a new
modular form from several given modular forms. In the case of Siegel modular forms dif-
ferential operators with this property were studied by Ibukiyama in [Ib99a]. We restrict
ourselves to considering the equivalent of the Rankin-Cohen type differential operator that
was used by Aoki and Ibukiyama in [AIOS].

Let S be an even positive definite matrix of degree [. We write w € Hg either, as usual,
in the form w = (7,2, 7), 71,72 € H, 2 = (21,...,2) € C, or simply in the form
w = (wo, ..., w1). First determine the Jacobian of the modular transformations. Recall
that the Jacobian (determinant) of a function £’ : C* — C" is given by

P F... .F o= Oz

det (8_) = det (—8< LLARAE n)) =det | .0
0z (3(21, ce >Zn) oF, oF,
o ... 0%

Proposition 2.12 Let I'g be nicely generated. Then

det <8]\§ <w>) — (det M) - (M, w)™"~2

w

forall M € I's and all w € Hg.

PROOF Let M, M5 € I's. Due to the chain rule we have

o (PN ) _ g (P01 o, (250

Moreover, j satisfies the cocycle condition (2.1). Therefore it suffices to prove the assertion
for generators J, T, g € Ag, and R4, A € O(A), of I's. For the translations the assertion
is trivial, and for the rotations R4, A € O(A), we have

det (aRg‘W)) = det (a( on, Az, 72) ) — det A = (det Ra) - j(Ra, w)™""2.

w T1y 21y« vy 21, T2)

It remains to prove the assertion for M = J. Instead we show the assertion for M (0-1)
10

and M7, _;,. We have
(17%)
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Therefore
1 * * * *
8M(o _1)<w> 0t 0 0 «
det <#> =det |0 0 .0 x| =7 = (Mo oy, w) T
Ow 0 0 0 7' = !
00 0 0 7°

and analogously

8Mik? Bl)<w> -2 s —1-2
det<T> =T :](M@,Ol),w) .

In view of det M o -1\ =det M7, _,
(770) (7%)

proof. m

=land J = M o -1\M;, _,, this completes the
o)1)

Now we define the differential operator.

Definition 2.13 Let I" be a subgroup of I of finite index. Given | + 3 orthogonal modular
forms f; € U, kj, x;] of weight k; with respect to an Abelian character x; € T?*, 1 < j <
[ 4 3, and with respect to T, we define a function { f1, ..., fiz3} : Hg — C by

Eifi - Ekigsfiys
on .. Ofits
9 p)
{fio- o frsy =det | 7 L
of1 . Ofit3
6wl+1 8wl+1

Under certain conditions this function turns out to be a modular form. We restrict our
considerations to nicely generated modular groups.

Proposition 2.14 Ler I's be nicely generated. Given f; € [I's, k;,x;| with k; € Z and
x; € T%, 1 < j <1+ 3, the function {f1, ..., fisa} is a modular form of weight k; +
oo+ ki3 + L+ 2 with respect to I's and the Abelian character x = x1X2 - - - Xi+3 det. If
fi, ..., firs are algebraically independent, then { f1, ..., fir3} does not vanish identically.

PROOF We closely follows the proof of [AIOS, Prop. 2.1]. For 2 < n < [+ 3 we define
functions F,, by F,, := f* /fi". Let M € I's. Then

Fa(M{up) = S OL0)  GOLw)I)®_ (fuli, M) ()
: fr(M{w)) (G (Mw) =R (falg, M) (w)
_ O )
=) ) (B (M) Fy(w)
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Hence the F;, are modular functions, that is meromorphic modular forms of weight 0,
with respect to the Abelian characters Y, := Xﬁlek". Next we consider the Jacobian of

(Fy, ..., Fi13). We set
a(F27"‘7E+3)>

A(wo, - - -, Wi41)

F = det<

Then for M € I's we have

F(w) = det <5‘<F2<w>, . mg(w»)

O(wo, -, wit1)
(000 B0 (), Ti(M) Fs(M{w)
d(wo, ..., wi41)

ot ((2FP(Mw)), ..., Frys(M(w)))
=d t( A (w0, -, (M (w))is) ) -

x det (a((M<w>)o,...,(M Yoo ) ﬁ
)

a(wg, .. le
= F(M(w)) - (det M) - j(M,w) ™% (XoX3 - X143) (M

Thus £ is a meromorphic modular form of weight [ + 2 with respect to I's and the Abelian
character ¥ := XaXs - - - X113 det. (Note that det M = det™" M for all M € I'y). More-
over, we have

aF k1 kn _ k1—1 kn afn k1 kn—1 af
(BT = RS g 20
o k fv{fl_l afn N knfn afl
N fln 8wz klfl (9wz .
This yields
ki fh 0o ... 0
SA % . _8§l+3 1+3 fhn
(ot = | 70T
0f1 oF, .. OFis
Owip1  Owigy Owiqq
_ O(Fy, .- Fiys ki AT
= ki f1 det (a(wo,...,wlﬂ H k1 T

kot 4k 3+1
1

— - F
kl1+1(f2 P (AT L
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Inserting M (w), M € I'g,in {f1,..., fir3} we get

_ (o (M ()P hiss o
{f1. s S} (M(w)) = EFY (fo(M(w)) - - (M (w))) F(M{w))
— (j(M, kl)k2+"'+kl+3+1 I
(G(M,w)kz - ..« (M, w)kees) ! ;
. - kl—l(M).%(M).{flg-..7fl+3}(w)
(X2X3 " Xi+3)

— ](M7 w)k1+...+kl+3+l+2x

X (X1x2 - xipadet) (M) - {fi, ..., fiss}(w).

We conclude that { f1, ..., fi13} is a holomorphic modular form of weight &y +. ..+ kj15+
[ + 2 with respect to I's and the Abelian character x = x1x2 - - - X1+3 det.

The second part of the assertion, that is {fi,..., fizs} # 0if fi,..., fi;3 are alge-
braically independent, follows just as in the proof of [AIOS, Prop. 2.1]. m

g

We will use this differential operator in order to give an alternative realization for some of
the generators of the graded rings of modular forms.

2.3. Jacobi forms

Let S be an even positive definite matrix of degree /. As usual we will write w € Hg in the
form w = (11,2, 7), 71,72 € H, 2 € C'. According to [Kr96, Th. 2] each f € [['s, k, 1],
k € Z, possesses a Fourier-Jacobi expansion of the form

F) =3 n(72,2) @™ forw = (ry,2,7) € H 2.3)
m=0
where -
(T, 2) = Z Z ag(n, p,m) 2T S2) (2.4)
n=0 HeAﬁ
q(p)<mn

This result can easily be generalized to orthogonal modular forms with respect to an
Abelian character of finite order. We restrict our considerations to the cases we are mainly
interested in. So for the rest of this section we assume that S is one of the matrices
listed in (1.2).

Proposition 2.15 Let k € Z, v € T%® and f € [U's,k,v]. IfS € {A§3),A§2),SQ} and
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v € vy - (Vg det) then f possesses a Fourier-Jacobi expansion of the form

fw)= D" pu(m,2) ™™™ forw=(r,2,7) € Hs

mE%-I—NO

where

on(r2) = D0 3 agln,pum) 0TS 2.5)

n€l+No pey+A?
a(p)<mn

with v = S~ diag(S)/4 where diag(S) is the column vector consisting of the diagonal
entries of S. Otherwise the Fourier-Jacobi expansion of f is of the form (2.3).

PROOF If v € (v, det) then f(w + g) = f(w) for all g € Ag. Thus f has a Fourier
expansion of the form
)= 5 o) s

#OGA’i0
Ho=>0

and consequently a Fourier-Jacobi expansion of the form (2.3). On the other hand, if S €
{A§3), AgQ), So}and v € vy - (g, det) then f(w + 2g) = f(w) for all g € Ag. Hence f has
a Fourier expansion of the form

fw) =" aglu) oo,
#OG%A?)
10=>0
ow f(w+ g) = 1 w) for all g € Ag yields a¢(py) = 0 for g € 5A; whenever
N T, for all g € Ay yields o 0 fi LAS wh
w(T,) # 2059 for some g € Ag. In view of 2%ySog = (m, i, n)Sog = ngo +
(91, 9N + mgpyy for 2y = (m,p,n) = Syt(n,A,m) € AL = S;'Ag and g =
(g0, - -, g141) € A the claim follows from (1.4). n

Remark 2.16 Note that py(T, z) is independent of z. In fact we have
wo(T,2) = Zaf(n,o, 0) ™" = (f|®)(1) forT € H,z € C.
n=0

So if v € T'%® with v(T,) = 1 for all g € Ao and if additionally A is Euclidean then f is a
cusp form if and only if the 0-th Fourier-Jacobi coefficient vanishes.

The functions ¢,, : H x C!' — C which occur in the Fourier-Jacobi expansion are so called
Jacobi forms. We will give a formal definition a bit further down. First we show how the
action of OT(S1;R) on the set of holomorphic functions on Hg induces an action of the
Jacobi group Js(IR) on the set of holomorphic functions on H x C'.
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Let o : H x C' — C be a holomorphic function. Then for each m € Q, m > 0, we
define the function ¢, : Hg — C by

2mimTy

@;(717277-2) =e€ @(7—272)7

and foreach k € Z, m € Q, m > 0, and g € Jg(R) we define the function ¢|; ., 59 :
H x C' — C by

(¢loms9)(7,2) = €727 (07, [ M) (7', 2,7)
where 1, is the element of Ps(IR) which corresponds to g and 7’ is an arbitrary element of
H.Forg=[D,A, (\pn),k| € Js(R),D = (: g), we have My = MpRAUNT (1. /2— Sp,0)
and the above translates to

(Plim,s9) (T 2) = €27 (y7 + 6) T gr (My((7', 2, 7))
— 6727rim7’(,y7_+5)7k90;kn (T/+ t)\SZ—Fq()\)T—i- g _ ’YQ(z-i-)\'r-l-M)’Az—l—)\’r-Ht D<T>>

y7+9 YT+ 7
= (7 + §) "k e2mim(ASz N TR/ 2= a( AT /(7 48)) ( D) AM—TW> _
’ YT+ 6

In particular, we see that the definition of | ,,, s¢ is independent of the choice of 7/ € H.

Moreover, due to the definition the map (¢, g) — ¢|r.m sg obviously defines an action
of Js(IR) on the set of holomorphic functions on H x C! and

jk,m,S(.% (7_’ Z)) _ (’)/7' + 5)ke—2m'm( NSz+q(A\)T+K/2—vq(2+AT+1) /(yT+6))

defines a factor of automorphy on Jg(R) x (H x C!). Note that by virtue of (1.9), jim.s

corresponds to the factor of automorphy J; 1ms ON G’ x (H x C') defined by Arakawa in

[Ar92]. In view of (1.11), the action of J5(R) on a holomorphic function ¢ : H X C'—C
can also be written in the form

(lem,s9) (T, 2) = Jrms(g, (1.2)) 7" 0(g(T, 2)).

Now we define Jacobi forms on H x C!.

Definition 2.17 Let k € Z, m € Q, m > 0, and v € I'% an Abelian character of I's. A
holomorphic function ¢ : H x C' — C is called a Jacobi form of index (m, S) and weight
k with respect to v if it satisfies the following conditions:

(i) Forall g € Js(Z) we have
Pliym,s9 =v(9) ¢ (2.6)

where v is considered as character of Js(Z) via the correspondence of Js(Z) and
Ps(Z).
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(ii)  has a Fourier expansion of the form

=5 S apln ) i) @7

neQ ,LLEAQ
n2>0 g(p)<mn

where Ag = A ®7 Q.
If a,(n, ) = 0 whenever q(11) = mn then we call ¢ a Jacobi cusp form.
We denote the space of Jacobi forms of index (m, S) and weight k with respect to v by
Ji(m, S,v) and the corresponding space of Jacobi cusp forms by J2(m, S,v). Ifv = 1
then we simply write Jy(m, S) and J2(m, S).

As we already mentioned above the functions ¢,,,, m > 0, appearing in the Fourier-Jacobi
expansion of a modular form are Jacobi forms.

Proposition 2.18 Letk € Z, v € T¥ and [ € s, k, v] with Fourier-Jacobi expansion

- Z Om(To, 2) 2T forw = (11, 2,7) € Hg.
meQ

Then @, € Ji,(m, S,v) forallm € Q, m > 0.

PROOF Let g = [D, A, (\, u), k] € Js(Z), D = (3 ?) Then the corresponding element
of Ps(Z) is given by My = MpRAU\T ./2— trsp,u,0) and we have

V(M) f(w) = (fleMy)(w) = j(My, w)™ f(Mg(w)) = (y72 + 8) 7" f(My{w))

for w = (1, 2,7) € Hs. Replacing f by its Fourier-Jacobi expansion, using (1.10) and
taking into account the uniqueness of the Fourier expansion of f with respect to 77, we get

zH+ATo+ 1)

; (
V(M) pn(72,2) = (o 8) H NSRS D (D), AsBz )

= ks (9, (12,2)) 7" @m(g(72,2))
= (‘Pm’k,m,sg)(7—27z>

for (12,2) € H x C!. Moreover, by virtue of Proposition 2.15, the ¢,, have a Fourier
expansion of the form (2.7). This completes the proof. n

In view of the structure of Js(Z), a function ¢ : H x C! — C satisfies (2.6) if and only if

it satisfies the following conditions:
va(2)

@ (D)) ¢(r.2) = (yr40) e > (Dir), 2

)forallD = (3‘?) € SL(2;Z),

() v([A]) p(1,2) = p(1, Az) forall A € O(A),
(i) v([\, p]) @(T, z) = 2mmAS=HaANT) (1 2 4 A7 4 ) for all A, pu € ZL,
(iv) v([k]) @(T,2) = ™™ (T, 2) for all k € 27Z.
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In particular, we see that in case of v([2]) = v(T.,) = 1 there are non-trivial Jacobi
forms only if m € Z. Moreover, if K € N, m € Nand v € Ff‘qb with v(g) = 1 for all
g = [*, I, (x,%),%] € Jg(Z) then the elements of J,(m, S, v) are elements of the space
J,ﬁr%‘“;sga(SL(Q; Z)) of Jacobi forms for SL(2; Z) of index $m.S and weight k in the sense of

Arakawa ([Ar92]) and also elements of the space .J ,f 87! omg) of Jacobi forms of weight
k with respect to (Zl, oms) in the sense of Krieg ([Kr96]). Conversely, as we will later see,

for S € {AP?) A;, S,, A3} we have
T (2 os) = TR (SL(2; Z2)) @Jk (1,5,v)
where the sum runs over all Abelian characters v € (v, det) < I'%". Thus we can apply

Arakawa’s results in order to determine the dimensions of certain spaces of Jacobi cusp
forms.

Proposition 2.19 Let S = As. If k > 4 then

,_
kS
| I—

—1 ifkiseven,

> dim (1, 8,v) = ¢ | &] ifkisodd k#9 (mod 12),
very || +1 ifkisodd, k=9 (mod 12).
PROOF Apply [Ar92, Thm. 5.2]. ]

2.4. MaaB spaces

In this section we introduce the Maal} space which consists of modular forms with particu-
larly nice Fourier expansion. Let S be an arbitrary even positive definite matrix of degree /.

Definition 2.20 Let k € Z and v € T'% an Abelian character of T's. A modular form
f € [Ts, k,v| is called a MaaB form of weight k with respect to v if its Fourier expansion

- 5 s

MoeAg
#0=>0

satisfies

ap(pe) = > dlay(mn/d®, pjd, 1) forall 0 # po = (m,p,n) € A).  (2.8)
d|ged(Sopo)

The subspace of [I's, k, V] consisting of Maaf} forms is called the Maals space. We denote it
by M(Tg,k,v). If v = 1 then we simply write M(T'g, k).



2.4. MaabB spaces 43

The Maal space considered by Krieg in [Kr96] corresponds to the space /\/l(fg, k) where
I~“5 = (J,T,; g € Ay) is the subgroup of I's which is generated by the inversion .J and the
translations 7}, g € A¢. Note that for all S in (1.2) we have g =TIgN O4(A1) NSO(AY).
If I's is nicely generated and I is a subgroup of fs then we can decompose the space
M(T'g, k) into a direct sum of certain spaces M(I'g, k,v). By virtue of Corollary 1.28
these conditions are fulfilled if S € {A?)7 Ay, Sy, As}.

Proposition 2.21 Suppose that I is nicely generated and that I is a subgroup of r 5 =
(J,T,; g € No). Then

M(Ts,k) = P M(Ts, k,v)

forall k € 7 where the sum runs over all Abelian characters v of I's for which fs < kerv.

PROOF Let G := {v € I'*; 'y < ker v} If v € G then we obviously have M(Dg, k, ) C
M(Ls, k). It remains to be shown that all f € M(Lg, k) can be written as a linear combi-
nation of functions f, € M(I's, k,v), v € G.

G is an Abelian group. Therefore there exist v; € G, 1 < j < 7, such that G =
[I;-, (v;). Let s; be the order of v; and let (; € C be a primitive s;-th root of unity for
1 < 5 < r. Since I'g is generated by fs and the rotations R4, A € O(A), and since
fs < kervj, 1 < j < r, we actually have G = O(A)*". Therefore we find A;,..., A, €
O(A) such that v;(Ra;) = (5 and v;(Ry;) = 1forall 1 < 4,5 < r, 7 # j. Note that
s = (s, Ra,,..., Ra,).

Now let f € M(T's, k) and A € O(A). If f has Fourier coefficients a s (), p1o € A,
then f|, R 4 has Fourier coefficients oy, g, (m, 1, n) = ap(m, Ap,n), (m, p,n) € A% One
easily checks that the Fourier coefficients of f|;R 4 satisfy the MaaB condition. Moreover,
we have f|, R4 € [fg, k| because R4 commutes modulo I"y with all elements of T's so
that for all M € I's we have (f|,Ra)[xM = (f|xM')|; R4 with some M’ € I'g and thus
(fleRA) kM = f|Ra forall M € T'g. So forall A € O(A) we have f|, Ry € M(Ts, k),
and, in particular, f|,Ra, € M(fs, k),1<j<r.

We define functions g;, 0 <7 < s; — 1, by

90 1 P 1 /
g1 xg N | fleRa,
s1—1 s1—1 s1—1 s1—1
951—1 xO xl e :Csl—l f‘kRAl

where z; = (¢, 0 < i < s; — 1. Obviously, we have g; € /\/l(fs, k)forall1 <i<s; — 1.
Furthermore, those functions satisfy

81—1 81—1

gileRay =Y (G FlRRS = ¢V 4+ 3 TV kR, = Gl = v (Ray) g

s=0 s=1
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so that we actually have g; € M((fg, Ra,), k,v;7"), 0 < i < s, — 1. Note that f is re-
coverable as linear combination of the g; since the transformation matrix is a Vandermonde
matrix and thus invertible.

In the second step we use the functions g; instead of f as input and get functions

so—1

B = 3G gl € M((Ts, Ray, Ra) kv 'v;7),

s=0

for0 < i < s —1,0 < j < s9 — 1. After r iterations we finally get functions f, €
M(Ts,k,v), v € G. Due to the construction we have f € span{f,; v € G}. This
completes the proof. n

We can now prove that certain spaces of Maal} forms are isomorphic to certain spaces of
Jacobi forms.

Corollary 2.22 Suppose that s is nicely generated and that Iy < Iy = (J,Ty; g € Ao).
Given k € N and an Abelian character v of I's with I's < ker v the map

Mg, k,v) — Jp(1,S,v), fr—pi(f),

where 1 (f) is the first Fourier-Jacobi coefficient of f, is an isomorphism of vector spaces.

PROOF We consider the following commutative diagram:

@ M(F57k7]/) M) M<f57k>
(fu)uH(«Jl(fu))uJ( lfH%(f)

B, (1. 8y) L= ST o)

The right map and the upper map are isomorphisms of vector spaces according to [Kr96,
Thm. 3] and Proposition 2.21, respectively. Consequently, the lower map has to be sur-
jective. Since the lower map is the canonical injection it is also injective and thus an
isomorphism. Therefore the left map also has to be an isomorphism. This completes the
proof. m

Note that the above isomorphism obviously maps cusp forms to cusp forms. Moreover, by
considering the Fourier-Jacobi expansion of Maal} forms we can show that the dimension
of the Maal3 space is at most one greater than the dimension of the space of Maal3 cusp
forms. This will allow us to calculate the exact dimension of certain Maal} spaces using
Arakawa’s formulas for the dimension of spaces of Jacobi cusp forms.

Corollary 2.23 Suppose that S € {Af), Ay, Sy, As}. Given k € N and an Abelian char-
acter v of I's with v(T,) = 1 for all g € Ay we have

dim JP(1, S, v) ifkisoddork =2orv # 1,

dim M(I'g, k,v) =
m (S V) {dimJ,S(l,S,V)+1 ifk > 2isevenand v = 1.
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PROOF If k is odd or k = 2 or v # 1 then according to Corollary 2.11 all Maal3 forms are
cusp forms, and therefore M(T's, k,v) = J2(1, S, ). Now suppose that k > 2 is even and
that » = 1. Assume we have two non-cusp forms f,g € M(I's, k, 1). Let po(f) and ¢o(g)
be the 0-th Fourier-Jacobi coefficient of f and g, respectively. According to the proof of
[Kr96, Thm. 3] we have ¢, (f) = %af(el)Gk and y(g) = L a,(e1)Gy where

V&

is the normalized elliptic Eisenstein series in [SL(2; Z), k] for & > 2 even. Now a,(eq) f —
ag(er)g € [I's, k, 1]p implies

dim M(Ts, k,1) < dim J(1,5,1) + 1.

For S € {ASQ)7 Ay, Sy} the existence of a non-cusp form f € M(I'g, k, 1) for k > 4 even
follows from [DKO3, Thm. 1] (cf. Section 2.6). For S = A3 non-cusp forms are given by
the Eisenstein series E,f3 € M4, k,1), k > 4 even, which will be defined in Section
2.5. ]

Since the preceding result is applicable in case of S = A3 we get

Corollary 2.24 Let S = As. If k > 4 then

L%J if k is even,
dim M(Ts, k) = Y dim M(Ts, k,v) = 4 | &] if kisodd, k #9 (mod 12),
very £ +1 ifkisodd, k=9 (mod 12).
PROOF Apply Proposition 2.19 and Corollary 2.23. m

2.5. Restrictions of modular forms to submanifolds

In this section we examine the restrictions of orthogonal modular forms living on Hg to
submanifolds of Hg.

2.5.1. The general case

Let A = Z! with bilinear form (-, )5 be the lattice associated to an even positive definite
matrix S of rank [ > 2. Suppose that Ay = 7Y with bilinear form (+,)7 is the lattice
associated to an even positive definite matrix 7" of rank I’ < [ which can be considered as
sublattice of A via an isometric embedding

5o Ap — A, Ap — M3 Ap,
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with Mz € Mat(l,1'; Z) satisfying (a,b)r = (15(a),15(b))s for all a,b € Ar (and by
C-linearity also for all a,b € C). This embedding obviously induces an embedding of
Ag, = Z'** with bilinear form (-, -)7, in A; = Z!** with bilinear form (-, -);. Analogously,
the corresponding half-space Hp can be embedded in H s as submanifold. (Actually those
embeddings are induced by the embedding of Ar, in A;; cf. Section 4.2.) By abuse of
notation we denote those induced embeddings of A, in A; and of Hy in Hg also by L%.
Now those elements of I's which stabilize the embedded lattice ¢.(A7,) can be viewed as
elements of ['. This yields a homomorphism

oT - Stabps(lqsw(ATl)) — FT.

A priori, it is not clear whether this homomorphism is surjective, but if I's and ['7 are both
nicely generated then we only have to check whether

Staboa) (¢13(A7)) — O(A7)

is surjective (cf. also [FHOO, Sec. 4]). This can be easily verified (at least for the cases we
are interested in). In some cases ¢ is not injective. In those cases (. (1) contains non-
trivial elements of I'g of the form R4, A € O(A). Those non-trivial elements can be used
to show that certain modular forms on Hg vanish on the submanifold Hy. Moreover, we
will see that in those cases not all Abelian characters of I'g are the continuation of Abelian
characters of I'7.

Now we consider the restriction of modular forms.

Theorem 2.25 Let S and T be two even positive definite matrices of rank | > 2 and rank
I' < I, respectively, such that an isometric embedding 13- : Ay — A A — Blr, of
Ap = Z" with bilinear form (-,-)r in A = Z' with bilinear form (-,-)s exists. Moreover,
suppose that I's and I'r are both nicely generated and that o1 is surjective.

Let k € Z. If x € T'% is the continuation of an Abelian character of I'r and [ €
[F57 k) X] then
fIHr € [Tr, k, x|T'7].

If f has Fourier expansion

fwy= > > ag(m,pn)fremimmees)

mneNg el
gs(p)<mn

forw = (1, 2z, T2) € Hg then the Fourier expansion of f|Hr is given by

(f|HT)(U}T) = Z Z 6f(m7 wr, n) 627ri(m—1+m7'2—(uT,zT)T)

m,n€Ng MTGAgﬂ
gr (pr)<mn
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Jorwr = (Tl, ZT,TQ) € Hr where

ﬁf(mnuTvn) = § : Oéf(mau7n)
nEAF g5 (pn)<mn
T 'BSu=pr

form,n € Ny and ur € AuT with gr(pr) < mn.

PROOF Let f € [['g, k, x|. We have to show that f|H transforms like a modular form for
['7. Since we only consider characters of I'g for which the restriction to I'y exists we only
have to check that

JMP) 3 (w)) = §(M,w) (2.9)

for all w € Hy and all M € T'y where M%) € ©'(M) is an element of T's which
corresponds to M. Since ;' (Iy44) only contains elements of I's of the form R4, A €
O(A), we note that j (M) 2(w)) is independent of the choice of the preimage M%) of
M. Moreover, (o is a homomorphism, and thus it suffices to verify (2.9) for the generators
of I'r. For T,, g € A, and Ra, A € O(Ar), this is trivial, and for M = J the fact that .5
is an isometric embedding implies

JID, 3 (w)) = s, (7 (W) = gz (w) = j(J,w)

for all w € Hp. So forall M € I'y and all w € Hp we have

((fIH) M) (w) = (M, w) ™" (f[Hr) (M (w))
= j(M, 3(w)) ™" f(M (G (w)))
(f|k:M BN (7 (w))
X(M®) f (i (w))
= (X[Tr) (M) (f[Hr)(w)

where M%) is an arbitrary preimage of M in I's. Hence f|Hy € [I'r, k, x|T'7].

Since ¢7. is an isometric embedding we have T' = ‘BSB. Given j € A* we observe that
(p,03(27))s = (T~1*BSp, zp)p for all zp € CV. Moreover, if 1 € A then (p, \)g € Z
for all A\ € A. So, in particular, (i, 15(Ar))s = (T 1" BSpu, \p)r € Z for all A\p € Ar
which implies pp = T-1'BSu € AﬁT. It remains to be shown that g7 (ur) < mn whenever

qs(p) < mn. Obviously, it suffices to show
qs(p) — qr(pr) = (S — SBT V' BS)u >0  forall u € A*.

Let 1 € A®. There exist 7 € A7 ® R and y € (7 (Ar)* (the orthogonal complement of
17(A7) in Ag ® R) such that

p=13(x)+y=Br+uy.
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Then

(S — SBT ''BS)u
= (Bx +y)(S — SBT*'BS)(Bz +vy)
= 2('BSB — 'BSBT''BSB)x + 2((Bz)Sy — (Bxz)SBT " 'BSy)
< N / > )
=T—TT=1T7=0 =0 — {(Bz)Sy=0
+ Sy — WSBT ' 'BSy
~—— ——

=0 =0

= ySy >0

because due to the choice of y we have {(Bx)Sy = 0 forall z € Ar®R and thus '‘BSy = 0.
This completes the proof. (]

Since we explicitly know how the Fourier expansion of the restriction of a modular form
arises from the Fourier expansion of the restricted modular form we can easily show that
restrictions of Maal3 forms are Maal3 forms.

Corollary 2.26 Let S, T, 15, B and x be given as in the preceding theorem. Moreover, let
kel Iff S M(F57 kvX) then f’HT € M(FT7k7X|FT>

PROOF Let f € M(['s,k,x). In view of Theorem 2.25 it remains to be shown that the
Fourier coefficients of f|Hy satisfy the Maal condition (2.8). Let 0 # (m, up,n) € Agpo

with m,n € Ny and ur € Ag_p such that g7 (ur) < mn. We set g = ged(m, T'up, n). Note
that ged(m, Sy, n) divides g whenever ‘BSp = T ur because d| Sy implies d| ‘BSu due to
B € Mat(l,l';Z). Thus we have

ﬂf(ma,uTﬂ?’) = Z Oéf<m7ﬂ> 77,)

HEAF g5 (p)<mn
T~'"BSu=pr

= Z Z ap(m, p,n)

tlg ueAt qs(p)<mn
T~ 'BSu=pr
ng(m>S;u'7n):t

= Z Z de_laf(mn/dQ,u/d,l)

tlg peAf gs(p)<mn dlt
T~ 'BSu=pr
ged(m,Sp,n)=t

= de’l Z ay(mn/d?, pu/d,1)

dlg peN g5 (p)<mn
T~ 'BSu=pr
d| ged(m,Sp,n)
= Z dk_lﬁf(mn/d27 :U/T/dv 1)
dlg

Hence f|Hy € MU', k, x|T'r). n
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2.5.2. Restrictions of modular forms living on #p,

We consider restrictions of modular forms living on Hp, to the submanifolds H 4, and
H - For T e {As, Ag?’)} the lattices Ay = Z* with bilinear form (-, -)7 can be viewed as
sublattices of A = Z* with bilinear form (-, -)p, via the isometric embeddings

A, = A, (21,2, 33) — (21,23, 0, 22),

D
LAE‘S) : AA§3> — A, (21,29, 23) — (21, 22, 23,0).
1

Correspondingly, the half-spaces H 4, and H ,s) can be considered as submanifolds of H p,
1
via the embeddings

Dy |
LA;L . HAg — HD47 (T17217ZQ7Z377—2) = (717Z1723707227TQ)7

LA(B) : HA?) - HD47 (Tla 2172272377-2) = (7—17 21, 2272370v7-2)'
1

First we consider restrictions to H 4,.

Proposition 2.27 Let k € 27.

a) If f € [I'p,, k, x] with x € {v,,det} then f vanishes on H 4.

b) If f € I'p,, k, (vydet)™], m € {0,1}, then f|Ha, € [[a,, k, (v; det)™].
c) If f e M(I'p,,k,1) then flHa, € M(L 44, K, 1).

PROOF Let M =R /10-10\ €I'p,. Forallw € LQ?(HAZ;) we have w = M (w).
1-10

0

1

//
OO+

0

a) Let f € [FD4,k,X],>O< {vy,det}. Dueto x(M) = —1 we have f(w) = (f|xM)(w) =
X(M) f(w) = — f(w) forall w € (3*(H,). Thus f vanishes on H,.

b) Let x = (vrdet)™ € T9),m € {0,1}. We have to show that x|T"4, = (v, det)™ € T4,
It is easy to check that the above matrix M is the only non-trivial element of I'p, acting
trivially on ¢}*(H4,). Due to x(M) = 1 the restriction of y to I'4, is well defined.
By explicit calculation of some character values we can verify that x|T"4, = (v, det)™
holds.Thus we can apply Theorem 2.25 which proves the assertion.

c) Apply Corollary 2.26. m

-1
-1
-1
2
S

Next we show similar results for restrictions of modular forms to H A®)-
1

Proposition 2.28 Let k € 27.

a) If f € [['p,, k, v det], m € {0, 1}, then f vanishes on H ).
b) If | € [Ty, ke, v}, m € {0, 1}, then f|H @ € [Ty, k, .
c) If f € M(Tp,, k, 1) then f|HA53> € M(FA§3>>I€7 1).

PROOF Note that R ( > € I'p, acts trivially on Li & (H 4@ ). Now the assertions can
1 1

y-U

be proved analogously to Proposition 2.27.
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2.5.3. Restrictions of modular forms living on H 4,

Now we look at restrictions of modular forms living on H 4, to the submanifolds Hy,

T e {A?), Ay, Sy}. The lattices A7 = Z? with bilinear form (-, -)r can be considered as
sublattice of A = Z? with bilinear form (-, -) 4, via the isometric embeddings

A (e o)
Liz cAa, = A, (21,72) — (21, 22,0),
[,’g; : A52 — A, (.1'1,1’2) — (.1'1 — 1’2,21'27 —1‘2).

The corresponding embeddings of the half-spaces Hr in H 4, are given by

As
LA§2) . HA?) - HA37 (T17217Z27T2> = (7-1721707 2277-2)7
As .
LA; . HAQ - HA37 (7—1’2172277—2) = (7_1721722a077—2)7
A-
LSS . HSQ - HAga (Tla 2172277—2> = (7-1721 — 22, 2227 _2277—2)'

For T € {A?), Sy} each element of I'r is restriction of two elements of I"4, while in
case of ' = A, each element of I'y is restriction of exactly one element of I'4,, i.e., the
homomorphism ¢ 4, is injective. This allows us to derive a first

Proposition 2.29 Let k € Z.
a) Ifkisoddand f € [I'y,, k, 1] then f vanishes on 'H ,c).

b) If kis odd and [ € [T a,, k,det] or k is even and f € [ a,, k, v, det] then f vanishes
on Hsg,.

PROOF a) Let f € [I"y,,k,1], k odd. Then f = f, + fae for some f, € [['4,,k, ]
since [I",, k, 1] = [['a,, k, vz @ [['4,, k, det] according to Corollary 2.3. For all w €
oj‘i’m (H Agz)) we have

=M for M =
w <w> or R( _11 8),
11

OO

and thus for x € {v,, det}
fx(w) = (fleM)(w) = x(M) fy(w) = = fy(w) forallw e Lﬁim (H ).
b) Let f € [Ta,, k, x], x = v*"! det. Then for all w € L’gj (Hs,) we have

=M for M =
W= M) ford =Ry gy

and thus

fw) = (flxM)(w) = x(M) f(w) = —f(w) forallw € Léj(HSQ). -
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Now we examine how the Abelian characters of I' 4, and I'y are related to each other since
this is important to identify the characters of the restrictions of the orthogonal modular
forms.

Proposition 2.30 The following table shows for'T € {A?), Ay, S} which Abelian charac-
ters of I'r the nontrivial Abelian characters of I' 4, correspond to. Those Abelian characters
of I'r which do not occur in this table do not possess a continuation on I 4.

X €T | XIT @ | XITa, | XITs,
Vr - Vg Vr
det - v, det -

v, det v, det det -

PROOF This can be verified by explicit calculation. In particular, note that the restriction
of x to I'7 does not exist if the value of x is not independent of the choice of the preimage
of M € I'pin[4,. m

Finally we take a look at the restrictions of orthogonal modular forms.

Theorem 2.31 Let k € Z and m € {0, 1}.

a) Ifkis evenand f € [[a,, k, v det™] then f|H ;) € [I' 2,
1 1

b) If f € [Ty, k, v det™ "] then f|Ha, € [T a,, k, vF det™ ).

k, v det™].

PROOF Apply Theorem 2.25 and Proposition 2.30. m

2.5.4. Restrictions of modular forms living on '+ 4

Finally we look at the restrictions of modular forms living on H ,(s) to the submanifolds

Aga)
Hr, T € {A@, Sy }. The lattices Ay = Z?* with bilinear form (-, -)7 can be considered as
sublattice of A = Z? with bilinear form (-, -) ,s) via the isometric embeddings

1

A
L8

NOE AA§2> — A, (z1,22) = (21, 22,0),
1

Lg‘j cAs, = A, (21,72) — (21, X2, T2).
The corresponding embeddings of the half-spaces H in H 4, are given by
Li‘?) : HA?) — Has, (T1,21,29,T2) — (71, 21, 22,0, T2),
Léj : Hs, — Has, (71,21, 22, T2) ¥ (T1, 21, 22, 22, T2).

Each element of I'7 is restriction of two elements of I' 43 Therefore we get
1

Proposition 2.32 Let k € Z and m € {0,1}.
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a) Ifkisodd and | € [F’A@), k, 1] then f vanishes on 'H ().
1 1
b) If k is odd and f € [U @), k,vy' det] or k is even and f € [U @), k,v5'vs] then f

vanishes on Hg,.

3)
), k, x|, kodd, x € T, . Forall w € Li}Q)(HAgz)) we have
1

PROOF a) Let f € [I' ")
1

0 0\,

0 9)

3
A}

w = M (w) forM:R<

OO

and thus

(3)

f(w) = (FleM)(w) = x(M) [ (w) = ~f(w) forallw € 17 (H, )

whenever y - det € (v, V). On the other hand, if x - det ¢ (s, V) then, according to
Corollary 2.3, f vanishes identically on H - Hence f vanishes on H A
1 1
Now let f € [F;‘?), k,1]. Then there exist f, € [FA§3>7 kx|, x € FT@, such that
f= Zx fx- Due to the above all f, vanish on H (), and consequently f also vanishes.
1

2
m AP

b) Let f € [T, k, x], x = vt det®, m € {0,1}. Forall w € ¢ ‘Hs,) we have
Al 2 Sa 2

w:M(w> fOI‘MZR( 8?),
10

OO

and thus

(3)

Flw) = (fleM)(w) = x(M) f(w) = —f(w) forallw € 15 (Hs,).
Hence f vanishes on Hg,. m

Next we examine how the Abelian characters of I' and I'r are related to each other.

3
AP

Proposition 2.33 The following table shows for T' € {Af), Sa} which Abelian characters
of I'r the Abelian characters of I sy correspond to (v; stands for an arbitrary power of
1

v5). Those Abelian characters of Ut which do not occur in this table do not possess a
continuation on I'

3).
AP
ab
x €M | XIT 4@ | x|T's,
1 1
* * *
vy vy V3
VsVr VsVr -
vy det - -
Vv, det - ViVUp

PROOF This can be proved analogously to Proposition 2.30. m
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Finally we again take a look at the restrictions of orthogonal modular forms.

Theorem 2.34 Let k € Z and m,n € {0, 1}.
a) Ifkisevenand f € [I' ), k, vy"v}] then f|H 2 € [T
1 1

” k,vivr).

A(12) ) T

b) If f € [Ty, k, V5" vk det®] then f|Hs, € sy, k, v5'vE].

PROOF Apply Theorem 2.25 and Proposition 2.33. m

2.6. Hermitian modular forms of degree 2

The orthogonal modular forms which live on Hg, S € {A§2), Ay, Sy}, can also be con-
sidered as Hermitian modular forms. Since we will later need results about graded rings
of orthogonal modular forms for the aforementioned .S in order to derive our results about
the graded rings of orthogonal modular forms for O(2, 5) we briefly show how the results
about graded rings of Hermitian modular forms of degree 2 stated in [De01], [DKO03] and
[DKO04] can be translated to our setting. For details confer [De01].

The Hermitian half-space H(2; C) of degree 2 is given by

H(2;C) = {Z = (Tl Zl) € Mat(2; C); %(z —7) > o}.

Z2 T2

Let K = Q(v/—Ak) be an imaginary quadratic number field with discriminant —Ay and
class number h(—Ag) = 1, and let

ivAg/2 if Ak =0 (mod 4),
ok = Z + Zwg, wkg = , .

(1+iV/Ag)/2 if Ax =3 (mod 4),
be its ring of integers. The unitary group of degree 2 over K is defined by U(2;K) =
{M € Mat(4;K); "M JyeeM = Jyer } where Jyor = (102 ’012 ), the special unitary group is
defined by SU(2; K) = U(2; K) N SL(4; K), and the Hermitian modular group is defined
by I'(2; K) = U(2;0x) = U(2;K) N Mat(4; o). The unitary group acts on H(2;C) as
group of biholomorphic automorphisms via

(M, Z) — M(Z)=(AZ + B)(CZ+ D), M:(é g).

Obviously, scalar matrices act trivially on H(2;C). The group of all biholomorphic au-
tomorphisms Bihol(H (2; C)) is generated by SU(2; C) and the additional biholomorphic
automorphism

Iy : H(2;C) — H(2;C), Z— Z.

To be precise, we have

Bihol(H(2; C)) = PSU(2; C) x (I,,),
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where PSU(2;C) = U(2;C)/(C* - ) (cf. [Kr85, Thm. II.1.8]). Therefore in case of
K = Q(v/—3) we only need to consider elements of I'(2; K) of determinant 1. We set

—~— JD(ZK)NSL(4K), if Ag = 3,
| T(2:K), if A # 3,

and we define the extended Hermitian modular group T'x as subgroup of Bihol(H (2;C))
by

Iy = <{Z — M(Z); M € T(2;K)}, Itr> .

A Hermitian modular form of weight k € Z with respect to I'x and with respect to an
Abelian character y € I'? is a holomorphic function f : H(2;C) — C satisfying

(fleM)(Z) = det(CZ + D)™" [(M(Z)) = x(M) f(Z)

—_—

forall M = (4 B) € T'(2,K) and, additionally,

f o ]tr = X(]tr) f

If f satisfies f o I}, = f, i.e., we have x(I;) = 1, then we call f symmetric, otherwise
we call f skew-symmetric. We denote the vector space of those forms by [I'k, k, x]. The
subspace of cusp forms which is as usual defined as kernel of Siegel’s ®-operator (note that
this relies on h(—Ag) = 1) is denoted by [['k, &, x]o-

Examples of Hermitian modular forms are given by the Hermitian Eisenstein series

EX(Z) = > (det M)*? det(CZ + D)~*

M=(4 B)er2Kr)o\rzK)

foreven k > 4 where I'(2; K)o = {(4 B) € I'(2;K); C = 0}. Additionally, we define Ef
as MaaB lift (cf. [Kr91]) with constant Fourier coefficient equal to 1. According to [DKO03]
we have E}f € [k, k, det*/ 2] for all even £ > 4. In particular, the Eisenstein series are
symmetric modular forms.

Let

= (onew) ‘ot )

Then

ok : Hexe — H(2;C), (21, u1,u2, z2) +i(y1, v1, V2, y2) —

T+ zy1 (’Uq + (UUQ) + i(Ul + WUQ)
(u1 + Wus) + i(v1 + Woo) To + 1Yo

biholomorphically maps the orthogonal half-space H g« to the Hermitian half-space H (2; C).
Via this map we can identify Bihol(H gx) and Bihol(H (2; C)). Thus according to Remark
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1.12 we have
PO (ST R) =2 PSU(2; C) x (I,). (2.10)

Now we consider the three imaginary quadratic number fields Q(v/—1), Q(v/—3) and
Q(+/—2) of discriminant —4, —3 and —8, respectively. The corresponding matrices S

are A?), Ao and Sy, respectively. The isomorphism (2.10) allows us to identify the ex-
tended Hermitian modular group I'x with a subgroup of PO™(S¥; R). We get

Lo = FAf)/{iIG}a Low=s) = Ta/{*s}, Lo = Us, /{£1s}-

In Appendix B we list the generators of I'x and the elements of I'gx those generators
correspond to, and we determine the characters of ['x. We have

F&ﬁ) - <det, Vo, Vskew> ) F?}b(\/j?)) - <V5kew> ’ F(?Qb(F) <Vp’ Vskew> '

Theorem 2.35 Let k € Z and l,m,n € {0,1}.
a) Ifkisevenand f € [Ty /=), k, det! Vet Vlew| then fopg =1 € [FA<2 ke, USRIy 7 det”].
b) If f € [Lgy=5) ks View) then fowgs) € [Tay vk det" ).

c) If f € [Lgr=s), b, V) Vitew then f o g =) € [['s,, k, vy UE det™ ],

PROOF Let f € [I'k, k, x]. We have to show that f = fowx: Hs — C transforms like

a modular form with respect to I'sx and the character X given above. Let Nerl sk. Then
N = MM for some M € T'gx N SO(SY;R)and r € {0,1}. Lety = IT. o (Z — M(Z))
with M = (4 B) e F(2 K), be the corresponding element of Tk, i.e.,

AZ) = [(M{Z)) = pu(N (95! (2))) forall Z € H(2:C).

Then for w € Hgx and Z = pg(w) we have

FIN(w)) = flex(N(w))) = fFUIL(M(Z))) = x(I},) f(M(Z))
x(I") det(CZ + D)* x
X

(I) det(CZ 4+ D)*

and thus
(F1V) (w) = (N, w)™* FN(w) = (N, w) ™ x(F,) det(Cypx(w)+D)* x(M) F(w).

So we have to show that

—~

§(N,w) ™ x(If) det(Cipx(w) + D)F x(M) = X(N) = X(M,) X(M)

for all N € gx and all w € Hgz. Since j(N,w) and jue(M, Z) := det(CZ + D) are
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factors of automorphy and, moreover, j(M;,, w) = 1 we only have to verify that
J(M,w)™ det(Cipx (w) + D)* x(M) = (M)
holds for the generators of I'gx N SO(SY; R) and that

X(Itr) = %(Mtr)

The second equation is true, and the first equation can easily be checked for T, g € A¥,
and for R4, A € SO(AKX). Finally, for .J we have

.](‘]7 w) = QSgﬁ(w) = det(cp]K(w)) = jHer(JHery @K(w))
This completes the proof. m

For k > 4, k even, we define orthogonal Eisenstein series E,fK by
E;EK = E]E{ O YK.

According to the above theorem we have E;* € [['gx, k, 1].
Using the above theorem we can now translate the results about graded rings of Hermi-
tian modular forms of degree 2 stated in [De01], [DKO03] and [DKO04] to our setting.

Theorem 2.36 a) Let S = A, The graded ring A(ls) = @[T, k, 1] is generated
by
Ey, ¢4, Es, Ero, ¢r0, Er2 and @3,

where the E), = EY are orthogonal Eisenstein series of weight k, ¢4 € [I's, 4, vav, det]o,
P10 € [I's, 10, v]o and ¢z € [I's, 30, v5]o.
Moreover, the subring A(I's) = @,.,[I's, 2k, 1] is a polynomial ring in

Ey, Eg, 3, Ex and Ejs,

i.e, Ey, Fg, qbi, FEh and EH5 are algebraically independent.
b) Let S = As. The graded ring A(I's) = @, c,[1's, k, 1] is generated by

Ey, Eg, @9, E10, E12 and ¢gs,
where the Ey, = E; are the orthogonal Eisenstein series of weight k, ¢g € [['s,9,v,]o
and ¢45 € [I's, 45, v, det]o.
Moreover, the subring A(I's) = @, .,[I's, 2k, 1] is a polynomial ring in
E47 E67 E107 E12 and ¢§7

i.e., By, Eg, E1o, 1o and ¢g are algebraically independent.
PrOOF [DKO3, Thm. 10, Cor. 9] and [DKO03, Thm. 6, Thm. 7]. m
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2.7. Quaternionic modular forms of degree 2

Similar to Hermitian modular forms quaternionic modular forms of degree 2 can also be
considered as orthogonal modular forms. We consider the case S = D, which corresponds
to the case of quaternionic modular forms with respect to the extended modular group for
the Hurwitz integers. Since we only need this case in order to define certain examples of
modular forms for O(2, 5) we only state the necessary facts. For details confer [Kr85].
Recall that we denote the canonical basis of the skew field H of Hamilton quaternions
by 1,11, 1s,13. For 2 = 21 + 2211 + 2312 + 2413 € H with z; € R the conjugate of z is given
by Z = 21 — 2911 — 2313 — 24i3 and the norm of z is given by N (2) = 2Z = 27 + 22 + 22 + 23.
The half-space of quaternions H (2; H) of degree 2 is given by

H(2;H)={Z =X +1Y e Mat(2;H) ®r C; Z = Z := X +i%, Y > 0}.

Let
O =72+ 7Ziy + Zis + Zw, w = 5(1 + 1y + iy +i3)

be the Hurwitz order, and let
p=(14+1))0=0(1+1i)={a€ O; N(a) € 2Z}

be the ideal of even Hurwitz quaternions. The symplectic group of degree 2 over H is
defined by

Sp(2;H) = {M € Mat(4;H); MJzM = Ju}, Jo= (0.

It acts on H(2;H) as group of biholomorphic automorphisms via the symplectic transfor-
mations

(M, Z) — M{(Z) = (AZ + B)(CZ + D)™, M:(é g).

The group of all biholomorphic automorphisms Bihol(H (2; H)) is generated by Sp(2; H)
and the additional biholomorphic automorphism

Iy H(2;H) — H(2;H), Z — Z.
We define the extended quaternionic modular group 'y as subgroup of Bihol(H (2; H)) by
I'g:={Z— M(Z); M €Sp(2;0)or M = pl}, I)
where Sp(2; O) = Sp(2; H) N Mat(4; O) and p = (1 +i;)/v/2.
A quaternionic modular form of weight k£ € 27 with respect to I'y and an Abelian

character y € I'? is a holomorphic function f : H(2; H) — C satisfying

(fleM)(Z) := (det(CZ + D)) ™*? f(M(Z)) = x(M) f(Z) and fol,=x(Ly) f
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forall M = (4 B) € (Sp(2; O), pI) where ¥ denotes the representation of quaternions as
complex 2 x 2 matrices. We denote the space of all those functions by [I'g, &, x]|.

Let
L n t . # -
S.—{(E m>7mn€NO,t€(’) N(t)=tt <m }

where O* is the dual lattice of O with respect to the bilinear form (a, b)y = 2 Re(a@b) for
a,b € H which is C-linearly extended to H¢ = H ®g C. Each quaternionic modular form
f € [Tm, k, x| has a Fourier expansion of the form

Z) _ Z OZf(T mitrace(T *Z+2T) _ Z Z ay ( T;) 627ri(n7'1+m72+(t,z)H)

TeS n,meNy tcOt
N(t)<mn

for Z = (% ) € H(2;H). If the Fourier coefficients of f € [I'y, k, 1] satisfy the condition

_ 1 t/d t
ay(T) = Z "oy (f/d mr{/dz) forall T' = (Tg m) eSS, T#0, (2.11)

d|e(T)

where £(T') = max{d € N; d~'T € S} then f belongs to the Maaf} space M(T'g, k) (cf.
[Kr87]). Note that, according to Krieg, f € [['}y, k, 1] satisfies the Maal condition (2.11) if
and only if a function o} : Ng — C exists such that

1 ox t
oy (T) = Z d" o (4det T/d?) forall T = (’g m) €S, T#0. (2.12)
dle(T)

Due to det(T") = det(T") = det(pTp) and e(T") = e(T) = e(pTp) forall T € S the
alternative MaaR condition (2.12) implies a¢(T") = a;(T) = ay(pTp) and thus f('Z) =
f(Z) = (fle(pl))(Z) forall f € M(T'y, k). Hence M(I'y, k) C [['y, k, 1].

Examples of quaternionic modular forms are given by the quaternionic Siegel-Eisenstein
series

EXNZ) = > (det(CZ + D)) ~*/2

(& B)esp(2,0)0\8p(2:0)

for even k& > 6 where Sp(2; O)y = {(& B) € Sp(2;0); C = 0}. The Fourier expansion
of the Eisenstein series can be explicitly calculated (cf. [Kr90, Thm. 3]). In particular,
the Eisenstein series are normalized, i.e., the constant term in the Fourier expansion equals
1. Additionally, we define Eﬁ{ﬂ and Egﬂ as Maab lifts (cf. [Kr90]) with constant Fourier
coefficient equal to 1. According to [Kr90], we have E,]EI € M(T'y, k) for all even k > 4,
and thus, in particular, EEI € [y, k, 1] for all even k > 4.

The orthogonal half-space Hp, is biholomorphically mapped to H (2; H) by

. 1+ LDy (u) +1itp, (U)
: H(2:H
ou : Hp, — H(2;H), (x1,u,x9)+i(y1,v,y2) — (LD4(U) i) 2 4+ i, :
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where tp, : R* — H is defined as in Proposition 1.17. This map allows us to identify
Bihol(H p,) and Bihol(H (2; H)). In particular, we get

'y =2Tp,/{xs}.

In Appendix A we list the generators of I'y and the elements of I'p, they correspond to.
According to [KW98] we have
F;]Ib - <Vp7 Vtr)

where

vo(pl) = -1, v,(Iy) =1, V(M) = 1forall M € Sp(2;0),
ve(pl) =1,  ve(ly) =—1, v(M)=1forall M € Sp(2;0O).

Theorem 2.37 Let k € 2Z andr,s € {0,1}. If f € [T'w, k, v)v;,] with Fourier expansion

t .
f(2) = E § oy (7% m) e27rl(n71+m7'2+(t,2)}11)7 Z=("7)e H(2:H),
n,meNy tcOt
N(t)<mn

then g == f o gy € [I'p,, k, v det®| with Fourier expansion

gw) = > ag(m,p,n) FrmimEEDs), w = (11,0, 7) € Hs,
m,nENo /LGAﬁ
q(p)<mn
where )
n ipy, (K
ag(m, pu,n) = ay (* jn ) . (2.13)

PROOF The assertion f o oy € [['p,, k, V. det®] can be proved analogously to Theorem
2.35 if one notes that jyy (M, Z) := (det(C'Z + D)V)** is a factor of automorphy of weight
k (cf. [KW98]) and that

G ) = o, (w)* = (det(a(@)*)*"* = fia(Ji, ().

Since we have 0% = 1, (A¥) and (a,b)p, = (tp,(a), tp,(b))r the Fourier expansion of
f o wm can easily be derived from the expansion of f. m

Since we explicitly know how the Fourier expansion of f o oy arises from the Fourier
expansion of f € [['g, k, x| we can show that Maal} forms are mapped to Maal forms.

Corollary 2.38 Given an even k > 0, the map

M(F]ku) - M<FD47k>7 f = fonga



60 2. Modular Forms

is an isomorphism. In particular, we have

dim M(T'p,, k) = {wJ .

6

PROOF The map [I'y, k] — [['p,, k], f — fopm, is obviously an isomorphism. Moreover,
by virtue of (2.13) the validity of the Maal3 condition (2.8) for the Fourier coefficients of
f o g follows immediately from the validity of the Maal} condition (2.11) for the Fourier
coefficients of f and vice versa. According to [Kr87, Thm. 1], we have dim M(T'y, k) =
L%J . This completes the proof. n

For k > 4, k even, we define the orthogonal Eisenstein series E,? * by
Eﬁ?4:::l?glo<pH,

and for ' € {As, Ag?’)} we define the orthogonal Eisenstein series Ef : Hy — C as
restrictions of the Eisenstein series E,? ‘to Hr, i.e.,

(3)
As .__ 17D4 A7 Dy
B = B M, and B = BP0

According to the above corollary, we have E,? * e M(Tp,, k) for all even k > 4. By virtue

©)
of Proposition 2.27 and Proposition 2.28 this implies E;* € M(T'4,, k) and E,?l €
M(T ,@, k) for all even k > 4. Since the EJ; are normalized the same is true for the B
1

Moreover, note that the E are no cusp forms (and consequently do not vanish identically)
since the constant term in the Fourier expansion equals 1.

2.8. Quaternionic theta series

In this section we consider the theta series

i=0(), Y2=9(g) Y=03) Yi=0n), Y5s=02) Yi=02),

2w 2w

introduced in [FHOO, Sect. 10], where for all a € O? the theta series O, are defined by
0,(Z) =1 (a)(Z) = Y _ e™?lte? forall Z € H(2;H).
gepP?

According to [FHOO], the Y); are modular forms of weight 2 with respect to the principal
congruence subgroup

Sp(2;0)[p] :={M € Sp(2;0); M =1, (mod p)}
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and the trivial character, i.e., we have Y; € [Sp(2; O)[¢p], 2, 1] for 1 < j < 6. Moreover,
according to [Kr], for all Z € H(2;H) we have

Oui(2) = 04(2) for all b €
O.(Z[U]) = Op.(Z)  forallU € GL(2;0),
0. (Z2) =0,(2) foralle € O,

where O = {¢ € O; N(e) = 1} is the unit group of O. Additionally, Krieg showed that
Yi(ZlpI)) = Y;('Z) = Ya(y(2), 1<j<6,
where 7 = (1)(2)(3)(4)(5 6) € S(6).

We are particularly interested in the restrictions of the Y to the submanifold

H(Q;HA@)) = {(7: :) € H(Q,H), =21 +2211 +2312 +Z4i3, zZ4 = O}
1 2

of H(2;H) which corresponds via ¢y o Li & M, @ — H(2;H) to the orthogonal half-

space H 3. We denote those restrictions by 17] Note that for all Z € H(2;H ,3)) we have
1 1
7 = Z|izI]. Thus, by applying the above transformation formulas it is easy to check that

Yo(Z) = Ya('2) = Ys(Zlis])) = Y(2)

holds for all Z € H(2;H ,@)). Hence Y5 and Y coincide.

We want to examine how the ffj behave under the generators of

I'* := Bihol(H (2; HAP)) Nl'g = BihOl(HAf)) NO(Ay) = (FA(f)/{iI})’

where A; = Z7 is the lattice associated with A§3>. Due to Corollary 1.28 and the table in
Section A.2 we know that ['* is generated by the modular transformations corresponding
to

Ju, Trans(H) = (IQ H) (H € Her(2;0 ,)), i := Rot (54—12 0 ) and

0 I 0 w+1

Ry == Rot ((iz - 101)/\/§ . 2)/\/@) — Rot (—wo— h _ J(z il) Rot (8 2) ,

: : T o
where (’)Agg) = Z + Ziy + Zis and Rot(U) = ( 0 U_1>.

Theorem 2.39 Let © = (Yy,....Ys) : H(2; H ,5)) — C°. There exists a unique homo-
1

morphism of groups
U™ — GL(5;C)
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given by
Ol M =VY(M)O, Mel™.
We have
\Ij(Rl RQ - ]57
[1,1,-1,-1,-1], ifH=(§8),
U (Trans(H [1,-1,1, -1, —1] if H=(37),
[1,1,1,1,— if H=(%4),
and
1 3 3 3 6
1 1 -1 3 -1 -2
\II(JH):Z 1 3 -1 -1 =2
1 -1 -1 3 =2
1 -1 -1 -1 -2

PROOF Using the above transformation formulas we can easily verify that © is invari-
ant under the two rotations /?; and R,. Moreover, © transforms under the translations
Trans(H) and under Jy as stated above according to [Kr05]. In view of their Fourier
expansions the }71, e ,175 are obviously linearly independent. Thus W is uniquely deter-
mined. m

Note that Trans(H) € ker ¥ whenever H € Her(2; ¢ ,)), where
1
Pa0 =N (’)A@ =72+ Z(1+1i1) + Z(1 + ip).

Obviously we have O ) /9 3 = Z/2Z. Thus in view of the above theorem the map ¥
1 1
defines a five-dimensional representation of the finite group

[/ ker U = Sp(2;Fy) = 5(6).

We denote the orthogonal theta series Y; o o o LZ (3 again by Y. Moreover, we denote

the r-th elementary symmetric polynomial in Y5", Y})”l, Y by e,(Y™). Using MAGMA (cf.
[BCP97]) we compute the invariant ring of the representation .

Theorem 2.40 There are 5 algebraically independent modular forms
hi € I y@,k,1], k=4,6,810,12,
given by

ha = Y7 +3e1(Y?) + 6Y5 = Y7 + 3(Yy + Y5 + Y7 +2Y7),
he = Y — 9Y1(ey(Y?) — 4Y22) + Bdes(Y),
hs = Yi' + 6Y2ei (Y?) + 24Y1e3(Y) + 6ea(Y2) + 9e (V) + 48, (Y)Y 4 24Y3,
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hio = Y — 6Ye1 (Y?) +12Y2e3(Y) + 3Y1(10e2(Y?) — 9e; (V) + 3261 (Y)Y + 16Y3)
+ 36e1(Y?)es(Y) + 576e3(Y) Y2,

hiy = Y 4+ 45Y2(e1(Y?) + 2Y3) + 1080Y7ie3(Y) Y + 18e1 (Y0) 4 270e3(Y?)
+ 540e5 (YA Y2 + 270e; (Y2) Y3 + 36Y7.

The restrictions of those modular forms to H ,2) generate the graded ring A(T ;).
1 1

PROOF The h;, are primary invariants of the representation W. This implies that they are el-
ements of [’ ROILE 1]. In order to show that they are algebraically independent we consider
1

their restrictions ﬁk := hy|H 42 to H ;2. Due to Theorem 2.34 we have ﬁk € [FA@), k,1].
1 1 1
According to Theorem 2.36, the graded ring A(T" ,2)) is a polynomial ring in five mod-
1

ular forms of weight 4, 6, 8, 10 and 12. Thus dim[[",2),4,1] = dim[l",),6,1] = 1,
dim[l" ,2,8,1] = dim[[",2,10,1] = 2 and dim[[" ,»,12,1] = 3. By calculating the
1 21 1
Fourier expansion of the h;, we can easily verify that the vector spaces [I’ 425k, 1], k =
1

4,6,8,10, 12, are spanned by suitable products of thejk. So, in particular, the five genera-
tors of A(T" ,2)) can be written as polynomials in the h;, which implies that the ;. generate
1

the graded ring A(T" ,2) ). Since the five generators of A(I" ,»)) are algebraically indepen-
1 1

dent the same must be true for the %k and thus of course also for the Ay. n

Since the invariants h;, are polynomials in the theta series Y1, ..., Y5 the algebraic indepen-
dence of the hy implies the algebraic independence of the theta series (on H ). Accord-
1

ing to the proof of the above theorem, we even have the following

Corollary 2.41 The theta series Y1, ...,Ys are algebraically independent on 'H and

3
AP

also on HA(2>.
1






3. Vector-valued Modular Forms

In this chapter we introduce vector-valued elliptic modular forms of half-integral weight.
They will be used as input for the construction of Borcherds products. The facts presented
in this chapter are mostly well-known so we will not go into too much detail.

3.1. The metaplectic group

As usual, the action of SL(2;R) on H (or C = C U {o0}) is defined by

at +b

a b

Since we will have to consider modular forms of half-integral weight we have to introduce
the metaplectic group Mp(2; R) which is the double cover of SL(2; R). Its elements can be
written in the form

(M, ),
where M = (¢ %) € SL(2;R), and ¢ is a holomorphic function on H such that

©*(r)=cr+d forallT € H,

i.e.,  is a holomorphic root of 7 +— ¢7+ d. We define the action of (M, ¢) € Mp(2; R) on
H (or C) to be the same as that of M. The product of two elements (M, 1), (Ms, ¢2) €
Mp(2;R) is given by

(My, 1) (Ma, p2) = (My My, o1 (Ma())pa2).

As in [Br02] we define the embedding of SL(2; R) into Mp(2; R) as

a b a b a b
(¢ a)= (o) = (& ) verra)
Let Mp(2;Z) be the inverse image of SL(2;Z) under the covering map Mp(2;R) —
SL(2; R). It is well known that Mp(2; Z) is generated by

r=(( 1)) = a=(( V) v7)
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and that the center of Mp(2;Z) is generated by

Ci=J? = (JT) = ((_01 _01) 2) .

For N € N we denote the principal congruence subgroup of Mp(2; Z) of level N by

Mp(2; Z)[N] := {(M,p) € Mp(2;Z); M =1, (mod N)}.

T, = {(é 7;) nEZ} < SL(2;7)
T = {((é Tf) ,1); nEZ} = (T) < Mp(2; 7).

3.2. Vector-valued modular forms

Moreover, we set

Let V' be a finite dimensional vector space over C, and let k € %Z. For vector-valued
functions f : H — V and (M, ¢) € Mp(2;Z) we define the Petersson slash operator by

(f1e(M, 0)) (1) = o(r) " f(M (7).
This defines an action of Mp(2;Z) on functions f : H — V.

Definition 3.1 Suppose that p is a finite representation of Mp(2; Z) on a finite dimensional
complex vector space V, and let k € %Z. A (holomorphic) modular form of weight k with
respect to p and Mp(2;7Z) is a function f : H — V satisfying

(i) flkg = p(g)f forall g € Mp(2;Z),

(it) f is holomorphic on 'H,
(iii) f is bounded on {T € C; Im(7) > yo} for all yo > 0.
If [ additionally satisfies limiy (- f(T) = O then f is called a cusp form. We denote
the space of (holomorphic) modular forms of weight k with respect to p and Mp(2;7Z) by
[Mp(2; Z), k, p| and the subspace of cusp forms by [Mp(2;7Z), k, plo.

Remark 3.2 a) As Mp(2;7Z) is generated by S and T condition (i) is equivalent to
(i) f(r+1)=p(T)f(r) and f(—771) =7 p())f(7).

b) Since p is a finite representation there exists an N € Z such that TN € ker p, and thus
f(r+N) = f(1), ie., f is periodic with period N. Let B be a basis of V. We denote the
components of f by f,, sothat f =% _g [, v. Obviously, f is holomorphic if and only
if all its components f, are holomorphic. Therefore each f, has a Fourier expansion of
the form

1u(7) = S e/ Ny,

ne’l
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Condition (iii) is then equivalent to
(iii’)  f has a Fourier expansion of the form

f(r) = Z ch(n/N)e%mT/N v.

vEB nEZ
n>0

fis a cusp form if c¢,(0) = 0 forallv € B.

Example 3.3 The Dedekind eta function n : H — C defined by

o

7,’<7_) _ eTl'iT/12 H(l _ eQm’nT)

n=1

is a cusp form of weight % with respect to Mp(2; Z) and the Abelian character v, with
v (T) = /12 and  v,(J) = e
(cf- [Ap90, Ch. 3] or [Le64, Thm. XI.1C]).

We note a few simple facts about vector-valued modular forms.

Proposition 3.4 Suppose that p, and p, are two finite representations of Mp(2; Z) on finite
dimensional complex vector spaces Vi and Vs, respectively. If f; € [Mp(2;Z),k;, p;], j =
1,2, then f1Qfs : H — ViQV,, T+ fi(7)® fo(T) is a modular form of weight k1 +ko with
respect to p1® po. In particular, if f1 is scalar-valued then f fo € [Mp(2;7Z), k1+ ko, p1p2]-

Proposition 3.5 Suppose that p is a representation of Mp(2;7) on a finite dimensional

complex vector space V' such that p factors through the double cover Mp(2;Z/NZ) of

the finite group SL(2;Z/NZ) for some positive integer N, i.e., ker p C Mp(2;Z)[N] is a

congruence subgroup of level N. Then

a) Mp(2: Z), b, p] = {0} if k < 0,

b) [Mp(2;Z),0, p] = C9 where g is the multiplicity of the trivial one-dimensional repre-
sentation in p,

c) dim[Mp(2;Z), k, p] < oo forall k € Z.

PROOF All components f, of f are elliptic modular forms with respect to the congru-
ence subgroup ker p. Thus a) and c) follow immediately from the well known facts about
[ker p, k, 1]. By considering the decomposition of p into irreducible representations p; :
Mp(2;Z) — GL(V;) b) follows from [ker p,0,1] = C, [Mp(2;Z),0,x] = {0} for all
non-trivial Abelian characters y : Mp(2;Z) — C and the fact that

span{p;(Mp(2; Z))(flv;(7)); T € H} = V]

whenever f|y, # 0. |
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For the construction of Borcherds products we need a certain type of non-holomorphic
modular forms.

Definition 3.6 A nearly holomorphic modular form of weight k with respect to p and
Mp(2;Z) is a function f : H — V satisfying
(i) flkg = p(g)f forall g € Mp(2;Z),
(it) f is holomorphic on 'H,
(iii) f has at most a pole in oo, i.e., there exists an ng € Z, ng < 0 such that f has a
Fourier expansion of the form

= Z Z co(n/N)e2™ /N )

vEB n€eZ
n>ng

We denote the space of nearly holomorphic modular forms of weight k with respect to p
and Mp(2;7Z) by [Mp(2;Z), k, pl- The principal part of f is given by

Z Z co(n/N)e2mnm/N

veEB nezZ
n<0

3.3. The Weil representation

In this section we introduce a special representation which plays an important role in the
theory of Borcherds products.

Suppose that S € Sym(/;R) is an even matrix of signature (b*,57). Let A = Z' be the
associated lattice with bilinear form (-,-) = (-,-)s and the corresponding quadratic form
q = gs. Let (e,),eaz/a be the standard basis of the group ring C[A*/A]. Then there is a
unitary representation pg of Mp(2; Z) on C[A*/A] which is defined by

ps(T)e, = e2mia(n)

\/—b —bt
Je —27rz uy
ps(J) IO /—‘ Jot S 61\21;/\

€,

Note that this implies
b~ —bT
ps(Ce, = o ey 3.1

This representation is essentially the Weil representation of the quadratic module (A*/A, q).
Let NV be the level of A. Then the representation pg factors through the finite group
SL(2;Z/NZ) if [ is even, and through a double cover of SL(2;Z/NZ) if [ is odd. In
particular, pg is a finite representation.

We denote the dual representation of pg by p 5. Since pg 1s a unitary representation the
values p((M, ¢)), understood as element of Mat(l; C), are simply the complex conjugate
of ps((M, ¢)). Note that p_g = pg. Therefore all the results we state for pg also hold for
pﬁs if one replaces S by —S.
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Now we consider modular forms with respect to those special representations. Assume
that f € [Mp(2;Z), k, pg]. In this case we denote the components of f by f,, so that

[ =2 ent/n Ju en. Now f satisfying f|,(T") = ps(T)f implies that e~ AT f (1) is
periodic with period 1 for all ;1 € A*/A. Therefore f has a Fourier expansion of the form

= > ) cun)g e, (3.2)

HEAE /A neq(p)+Z
zo

where, as usual, ¢ = ™7 (not to be confused with the quadratic form ¢ = ¢g). Analo-
gously, f € [Mp(2;Z), k, p%] has a Fourier expansion of the form

Z Z cu(n)q" e, (3.3)

neAt /A ne—q(p)+2
n>0

Considering that C? acts trivially on 7 € H we can deduce a first necessary condition on
the weight for the existence of non-trivial modular forms.

Proposition 3.7 If 2k £ b™ — b~ (mod 2) then

[Mp(Q;Z), k’,,OS] = {0}
PROOF Let f € [Mp(2;Z), k, ps]. Then

(1) f = F(C?) = ps(CH)f = (1) " f,
and thus f = 0 unless 2k = b™ — b~ (mod 2). n

The functional equation for modular forms with respect to pg under C' € Mp(2; Z) implies

Proposition 3.8 Let 2k = bt — b~ (mod 2) and f € [Mp(2;Z), k, ps] with Fourier ex-
pansion (3.2). Then
-t
cop(n) = (=)0, ()

forall p € A*/A andn € Z + q(u).
PROOF Let f € [Mp(2;Z), k, ps|. Then

i f = fC = ps(C)f = S fuel,
HEAE/A
yields f_, = #0707 f, = (—1)@k+"=bT)/2 £ forall € AF/A. -

If t = —p (mod A) for all 1 € A* then we get another necessary condition on the weight
for the existence of non-trivial modular forms.

Corollary 3.9 If2k +b~ —b" =2 (mod 4) and i = —p for all ;i € A*/A then

[Mp(2; Z), k, ps] = {0}.
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3.4. A dimension formula

If the representation p of Mp(2;7Z) satisfies certain conditions then for k£ > 2 the dimen-
sion of [Mp(2; Z), k, p] can be calculated explicitly. In [Sk84] (see also [ES95]) Skoruppa
determined a dimension formula using the Eichler-Selberg trace formula.

Theorem 3.10 Let k € %Z, and let p : Mp(2;Z) — GL(V') be a finite representation such
that p(C) = e ™*idy. Then the dimension of [Mp(2;Z), k, p] is given by the following
formula

dim[Mp(2;Z), k, p] — dim[Mp(2; Z), 2 — k, plo =

k+5 1
1+2 n-+ 5 Re("™? trace p(J)) +

Re(e™*+1/6 trace p(JT)) — Z A,

j=1

2
3V3

where n = dimV and Ay, ..., A\, € Q, 0 < \; < 1, such that the eigenvalues of p(T) are
€2m>\j.

PROOF We show how this follows from the formula given in [ES95]. Since p is a finite
representation we can find \; € Q with 0 < \; < 1 such that the eigenvalues of p(T’) are
e?™i Then

n

S B0 =5 Y- Y-l —5) = = Y03 =——ZAJ,

1<j<n  1<j<n =1
/\jEZ )\j%Z

where a(p) and B, ()\;) are defined as in [ES95] and where |- | is the greatest integer func-
tion. |

Remark 3.11 a) If k > 2 then dim[Mp(2;Z), k, p| can be calculated directly using the
above formula since the dimension of the spaces of cusp forms of non-positive weight
is 0. In the cases k = % and k = % the dimension of [Mp(2;7Z),k, p| can also be
calculated explicitly (cf. [Sk84]). For the case k = 1 an explicit formula is not known
to the author.

b) In [Bo99, Sec. 4] Borcherds gives another dimension formula.

In general the dimension formula is not directly applicable to the Weil representation pg
because the condition on C' acting as a scalar on C[A*/A] is usually not satisfied. But
we can apply the formula to the induced representation of Mp(2;Z) on the subspace of
C[A*/A] on which C acts as e"™*. According to (3.1) this space is spanned by {e, +
e_,; € A*/A} whenever 2k + b~ — b* = 0 (mod 4) and by {e, — e_,; u € A*/A}
whenever 2k + b~ — bT =2 (mod 4).

Luckily, according to Proposition 3.8, all f € [Mp(2;Z), k, ps] belong to the subspace
spanned by {e, + e_,; p € A*/A}if 2k + b~ —b" = 0 (mod 4) and to the subspace
spanned by {e, —e_,; u € A*/A}if 2k + b~ — b™ = 2 (mod 4). So in those cases we
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can calculate the dimension of [Mp(2;Z), k, ps] by considering the induced representation
of Mp(2;Z) on those subspaces of C[A*/A]. We denote those induced representations by
p& and pg, respectively.

First we look at the case S = As. Then the Weil representation acts as follows.

PAs (T) — [1’ 637”'/47 _17 6371'1'/4]’

1 1 1 1 1
—3mi/4 1 1 — 1
pAs(J> 9 1 -1 1 =11 PAs (C) =1 1
1 — -1 1

Since C' does not act as a scalar we have to consider the induced representations ij and
Pa,- We get

—3mi/4

2

i) €
ph (T) =1, —1),  ph (J) =

1 1
2 0 =2, pi(C)=e?".14
1 -1 1

and | | |
Pag(T) =™ pa () =™ i (C)=e ™2,

Lemma 3.12 Suppose that S = As. Then for k € %Z, k >0, we have

(|52] +1 rhed+oz,
4] 41 ke leomE B A0 (mod12)

L’“‘%J ifkel42Z k-1 =0 (mod12),
0 ifk € -

dim[Mp(2;Z), k, ps] =

PROOF The assertion for k£ € Z follows from Proposition 3.7. For k € % +7Z,k > 2, we
apply Theorem 3.10 on p{; and pg, respectively.

Since the eigenvalue ™/ of pg(T) is not of the form ¢*™’s with n € Z, the sup-
plement to the dimension formula in [ES95, Sec. 4.2] yields dim[Mp(2;Z), 1, ps] =

dim[Mp(2;Z), 1, p5] = 0. By the same argument we get dim[Mp(2;Z), 3, p&] = 0, and
thus dim[Mp(2;Z), 1, p&lo = 0. Then Theorem 3.10 yields dim[Mp(2;Z), 3, pf] = 1.
This completes the proof. ]

Corollary 3.13 Suppose that S = As. If k € L + 27, k > 2 then [Mp(2;Z),k, ps] is
isomorphic to the space of (elliptic) modular forms of (even) weight k — g with respect to
the full modular group S1.(2; Z). The isomorphism is given by

[SL(2:Z), k — 5,1] — [Mp(2,Z),k, psl,  frn"-f (e 1) —ec11).
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PROOF Let f € [SL(2;Z),k — g, 1]. According to Example 3.3, n° is a modular form of
weight 3 with respect to pg. Thus Proposition 3.5 yields n” - f € [Mp(2;Z), k, p5] and by
Proposition 3.8 we have

Ug'f'(e(

A comparison of the dimension of the spaces completes the proof. n

) € [Mp(2;Z), k, ps].-

— €/_11
) (_1757

NI
=

11
420

Next we consider the case S = Ag?’). Then the Weil representation acts as follows.

p o (T) = [1d,0,0,~1,—1,~1, i,
1

11 1 1 1 1 1
-1 1 1 1 -1 -1 -1
1 -1 1 -1 1 -1 -1
1 1 -1 -1 -1 1 -1
1 -1 -1 1 -1 -1 1 |”
-1 1 -1 -1 1 -1 1
-1 -1 1 -1 -1 1 1
-1 -1 -1 1 1 1 -1

,OA§3>(C) =02 4.

—_ = = = = = e

Since C' acts as a scalar we can immediately apply the dimension formula on p ).
1

Lemma 3.14 Suppose that S = A§3). Then for k € %Z, k > 0 we have

2k+2

, ifk e +27,
5 )

PROOF For k € Z the assertion follows from Proposition 3.7, and for k£ € % + 27 the
assertion follows from Corollary 3.9. A similar argument as in the proof of Lemma 3.12
yields dim[Mp(2; Z), £, ps]o = 0. Then application of Theorem 3.10 completes the proof.m

Finally we consider the case S = D,. Then the Weil representation acts as follows.

pD4(T) - [17 —1,-1, _1]7
1 1 1 1
111 1 -1 -1

pD4<J> = _5 1 —1 1 =11"
1 -1 -1 1
pD4(C) = Iy

Again C' acts as a scalar so that we can immediately apply the dimension formula on pp,.
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Lemma 3.15 Suppose that S = D,. Then for k € Z, k > 0 we have

K ifk=0 (mod 4),
dim[Mp(2;Z), k, ps] = ¢ [£] +1 ifk=2 (mod 4),
0 if k odd.

PROOF The assertion for odd % follows from Corollary 3.9, the assertion for positive even
k follows from Theorem 3.10, and the assertion for k = 0 follows from Proposition 3.5 b)
and the fact that pg decomposes into one irreducible two-dimensional representation and
two non-trivial one-dimensional representations. m

3.5. Examples of vector-valued modular forms

In this section we introduce two important examples of vector-valued modular forms,
Eisenstein series and theta series.

3.5.1. Eisenstein series

Throughout this section we suppose that S € Sym(/;R) is an even matrix of signature
(b*,b7), and we set A = ZL.

Definition 3.16 Let k € %Z, k > 2, such that 2k — bt + b~ = 0 (mod 4). Moreover, let
v € C[A*/A] such that ps(T)v = v. Then we define the Eisenstein series E(-; v,S) :
H — C[A*/A] by

Brv.8)=5 3 pslo)” (ho)(r)

g:foo\Mp(Z;Z)

where the sum runs over a set of representatives of foo\Mp(Q; 7)) and where v is considered
as constant function H — C[A*/A].

Remark a) Due to ps(T)v = v the definition is independent of the choice of represen-

tatives of fm\Mp(Q; Z). Moreover, just as in the scalar case, the series converges
normally on 'H if (and only if) k > 2.
b) The definition can be extended to allow arbitrary v € C[A*/A] by taking the sum over

a set of representatives of(fOO Nker ps)\Mp(2; Z) (cf. [De0l, Sec. 3.2]).

Let v = 3 cnijpalple, € C[A*/A]. Then the condition ps(T)v = v is obviously
equivalent to a(u) = 0 for all u € A*/A with ¢(u) ¢ Z. Moreover, Ey(; v,S) =
> pent/n () Ex (5 e, S) if ps(T)v = v. Therefore it is sufficient to consider the Eisen-
stein series Ey(+; eg,S) for 8 € A*/A with ¢(3) € Z.
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Proposition 3.17 Let k € %Z, k > 2, such that 2k — b" + b~ = 0 (mod 4). Moreover, let
B € A*/A with q(B) € Z. Then

Ei(; ep,S) € [Mp(2;Z), k, ps].

PROOF FEj(:; €, S) converges normally on H and thus defines a holomorphic function

on H. Since I'so\Mp(2;Z) — T'so\Mp(2;Z), Teog — L'ecgh, is a bijection for all h €
Mp(2;Z) we have

Ey(; eg, S)lkh = > psle) " (eslkg)lih

g:foo\Mp(Q'Z)

ps(ghh™")"" esli(gh)
Mp(2:2)

Z
Z ps(M)ps(g) " esled

9" Too\Mp(2;Z)

= ps(h)Ex(+; e, S)

for all h € Mp(2;Z). Finally, we have

DN | —

DN | —

g:l"

N | —

) . 1 _
lim Ey(iy; e5.5) =5 Y ps(e) ™ esleg = €5+ e

i.e., E(-; eg,S)is bounded on {r € C; Im(7) > yo} forall yo > 0. n

In [BKO1] Bruinier and Kuss defined certain Eisenstein series £/§* and gave explicit for-
mulas for the Fourier coefficients of E¢*. Their E5* are defined via the dual representation
,05 whlle our Eisenstein series are defined via pg, but, accordlng to the remarks in Section
3.3, Ps is essentially the same as p_g, and thus we have E = E)(-; eg, —S). Due to this
identification we can use their formulas to calculate the Fourier coefficients of Fy(-; eg, S).

3.5.2. Theta series

In this section we introduce vector-valued theta series. Our definition is based on the one
used in [Pf53] and [Sh73].

Definition 3.18 Suppose that S € Sym(l; R) is an even positive definite matrix. Let A =

7'

a) Letr € Z,r > 0, and additionally r < 1ifl = 1. A homogeneous spherical polynomial
of degree r with respect to S is a function p : R — C of the form

= Z a, (vSz)"

veC!
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with a., # 0 for finitely many vectors v € C! satisfying S[v] = 0 if r > 1.
b) Let p, be a homogeneous spherical polynomial of degree r with respect to S. Then we
define the theta series ©(+; S, p,) : H — C[A*/A] by

O(r;S,m) = Y 0u(:5,pr) en

HEAR/A

where

0,(1;5,pr) = Z pr(N) €N for e H.

Aep+A

According to Pfetzer ([Pf53]) and Shimura ([Sh73]), those theta series are holomorphic
modular forms.

Theorem 3.19 Suppose that S € Sym(l;R) is an even positive definite matrix and that p,
is a homogeneous spherical polynomial of degree r with respect to S. Then O(+; S, p,.) is a
modular form of weight 1 /2 + r with respect to the Weil representation pg, i.e.,

O(;S,p) € [Mp(2;Z),1/2 + 1, ps].

Ifr > 0 then ©(-; S, p,) is a cusp form.
The Fourier expansion of the components 0,, i € A*/A, of © is given by

0,(1;8,p.) = Z cu(n;pr) e?™"T  where cu(n;py) = Z pr(N).

neq(p)+7Z Aep+A
n>0 g(\)=n

Concrete examples of theta series will be constructed in Section 5.2.






4. Borcherds Products

In this chapter we apply the results of [Bo98] and [Br02] to our special case.

Let S € Pos(l;R) be an even positive definite matrix of degree [ € N. Recall the
definition of Sy and S; as well as the definitions of the associated bilinear forms (-, -), (-, -)o
and (-, -); and the corresponding quadratic forms ¢, gy and ¢; from Section 1.2. Moreover,
let A =7 Ng = ZH2, Ay = ZH* and V = R, Vy = R*2, 1V} = R, Note that A,
together with (-, -); is an even lattice of signature (2, + 2). Furthermore, note that ¢ = ¢s
and thus ¢ ((x, *, z, %, %)) + Z = qo((*, 2, %)) + Z = —q(z) + Zforall z € V.

Recall that the discriminant groups of A, Ay and A, are canonically isomorphic. There-
fore we will make no distinction between those groups or between the corresponding group
algebras, i.e., we will often write ;(€ A*/A) and e, or (€ Ag /Ao) and e, instead of the
corresponding elements of A% /A; and C[A%/A;]. In particular, we will often denote the
Fourier coefficients of a vector-valued modular form f : Hg — C[A?/A] by cu(n) or
cuo(n). Also, since the Weil representation pg, is essentially the same as the dual Weil rep-
resentation pg(g p—s), we will always use the latter even though using the former would
be more correct. Moreover, by abuse of notation we will sometimes write an element p
of a discriminant group in place of an element A of the corresponding dual lattice or vice
versa. In this case we always mean an arbitrary element of the coset i or the coset A lies
in, respectively. For example we often write ¢(p) + Z and p + A for u € A*/A, and we
sometimes write ¢y (n) instead of ¢y, 4 (n) for A\ € A% In any case it will always be clear
from the context what is meant.

In order to apply Borcherds’s theory we have to choose a primitive isotropic vector z €
Ay and a second vector z* € A% such that (z, 2¥); = 1. We choose and fix z = (1,0,...,0)
and 2* = (0,...,0,1). This choice allows us to identify (A; N z*)/Zz with the Lorentzian
lattice Ag 2 {0} x Ag x {0} = A; Nzt N (%)L

4.1. Weyl chambers and the Weyl vector

We consider the Lorentzian lattice Ao, and set z, = (1,0,...,0) and 2 = (0,...,0,1).
Then z is a primitive isotropic element of Ag and zy € Ag with (z, zg)o = 1. Therefore
we can identify (Ag N z3)/Zz with the negative definite lattice A = {0} x A x {0} =
Ao N zoL N (zg)L. Note that z; is in the closure of the cone Pg of positive norm vectors of
Vo = Ay ® R we fixed in section 1.2.

Definition 4.1 Let Pi = {v € Ps; qo(v) = 1} be the subset of norm 1 vectors in Ps.
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a) For € N*/Aandn € —q(pn) + Z, n < 0, we define the subset Hy(j1,n) of P& by

Hy(wn)= |J A
X0€(0,1£,0)+Ao
go(Xo)=n

where \g is the orthogonal complement of )y in Pi. Then the connected components
of PL — Hy(u, n) are called Weyl chambers of P} of index (u, n).

b) Let f : Hg — C[A%/Al] be a nearly holomorphic modular form of weight k = —1/2
with respect to the dual Weil representation pﬁs. Suppose that f has Fourier expansion

Z Z cu(n)q” e,

peM /A ne—q(u)+

Then the connected components of

,Pé'_ U U HO(:U“vn)

peAt /A ne—q(u)+Z
n<0, ¢, (n)#0

are called Weyl chambers of P} with respect to f.
c) Let W be a Weyl chamber (of either type) and A\ € Ag. Then we write (Ao, W)o > 0 if
(Ao, w)o > 0 forallw € W.

The Weyl chambers are usually not explicitly given. Therefore a condition of the form
(Ao, W)o > 01is hard to verify. Luckily, it often suffices to check the condition for a single
element of a Weyl chamber.

Lemma 4.2 Let W be a Weyl chamber of P with respect to a nearly holomorphic modular
form f with Fourier expansion

Z Z cu(n)q" e,

peA /A ne—q(p)+

If \o € A(ﬁ) with ¢, (qo(Xo)) # 0 and (N, v)o > 0 for one vector v € W then (Ao, W)y > 0,
ie, (A, w)g > 0forallwe W.

PROOF Obviously we have

=1 (] W

neAt /A ne—q(p)+7Z
n<0, cu(n)#0

for suitable Weyl chambers W, ,, of index (1, n) (cf. [Br02, p. 88]). Since ¢y, (qo(Xo)) # 0
we either have go(Ag) > 0 or go(Ag) =n < 0and Ay € (0, i, 0) + Ag for one of the Weyl
chambers W, ;, which occur in the above section. Therefore we can apply [Br02, La. 3.2]
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(where, in case of ¢o(Ag) > 0, we choose an arbitrary Weyl chamber W, ,, occurring in the
section) and get (Ao, w)o > O forallw € W, ,, D W. m

Definition 4.3 Let f be a nearly holomorphic modular form with Fourier expansion

Z Z cu(n)q" ey,

REAE/A nE—q(n)+Z

and let W be a Weyl chamber of P& with respect to f such that z lies in the closure of
the positive cone generated by W. Then we define the Weyl vector o¢(W) € Vi of W by

Qf(W) = (QZ(); Q7 ng) Where

1

Oz = ﬂ C)\(_Q()‘))a

AEAH

1

e==3 > el (.0
AEAt
((0,X,0),W)o>0
0 = 05— Y o1(n) Y ex(=n—q(N)),
n=1 AEAH

and o1(n) = 3_,, d is the sum of divisors of n.

Note that the sums which occur in the definition of the components of the Weyl vector
are all finite since ¢ = qg is positive definite. Therefore and due to Lemma 4.2 we can
explicitly calculate the Weyl vector of the Weyl chamber W with respect to f if the Fourier
coefficients of the principal part of f are known and if we find a suitable v € W.

Proposition 4.4 Our definition of the Weyl vector is compatible with Borcherds’s definition
in [Bo9S8, Sec. 10].

PROOF According to [Bo98, Th. 10.4] and the correction in the introduction of [Bo0O] the
Weyl vector defined in [Bo98, Sec. 10] is equal to (0., o, ng) with

1
02 = —qo(zg)gzg + Z Z Z C(S(_Q()‘))BZ((év Z(ﬁ))o)’
AEA senl /Ao
5=(0,1,0)+Ao

1
=3 Z 020 (—a(A)A,

AEAE, (0,1,0)€AE
((07>\70)7W)0>0

0.5 = constant term of ON(T) fa(T)Ea(T) /24,
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where By(2) = 2 — x + § for 0 < 2 < 1 is a Bernoulli piecewise polynomial,

Z Z 627rz'q()\)7— e,

HEAE /A NEp+A

is a certain vector-valued theta series, f, (as defined in [B0o98, p. 512]) is in our situation

equal to f,
T)=1-— 24Zal(n)q
n=1

is the elliptic Eisenstein series of weight 2, and O, fa is the inner product of O, and fa
with (e,,, e,/) = 1 for p, ’ € A*/Aif p+ 1/ = 0 and 0 otherwise.

Since ¢o(z}) = 0 the first term in the formula for o, vanishes. Moreover, (4, z5)y = 0
forall § € AL/Ag with § = (0, A, 0) + Ao. Thus the formula for ., can be simplified to

= 1 corn (A BA0) = 57 3 ex(~a(N).

)\eAﬁ AEAH

Because of A5 = Z x A! x Z the additional condition (0, \,0) € A} in the formula for o
can be omitted.

Finally we calculate the constant term of ©,(7)f(7)Ey(7)/24. Let a(g;n) denote the
n-th Fourier coefficient of g. Then

- 1
04 = A(OrfE/24;0) = (O f;0) Zal a(Opf;—n). (4.2)

With the above Fourier expansions for f and ©, we get

anfn = 3 <2 qu) 0 R B D B DA O Vi B

HEAE /A \AEU+A peEA /A \ne—q(p)+2
-y (Z ) % awr
pEAE /A \AEp+A n€—q(p)+Z

and thus

a@afi—n)= Y D> cl-n—q) =) al-n—qM).

HEAE /A AEU+A AEAE
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Inserting this into (4.2) yields

0= 57 2 ex(~a(N) - > i) 3 exl=n — 40

)\GA’j = AeEAE

— 0., - Zm )Y eal=n—q(\)). .

AEAH

Remark For the special case where A is the maximal order of an imaginary quadratic
field with quadratic form q(z) = |z|? this result can already be found in [DKO03].

Next we will define a special Weyl chamber 17 which will allow us to replace the hard-
to-check condition (A, W), > 0 appearing in the definition of the Weyl vector by a much
nicer condition.

Proposition 4.5 For z € R, © > 0, we define the vectors a(sc) = (1,...,2"°!) € Rl and
v(z) = (1, —2%a(x),x) € R2. Moreover, we set vy(z) := /\/qo v(x ) whenever

qo(v(z)) > 0.
a) For small positive values of x we have v(z) € Ps and vi(x) € Pé.
b) Suppose that | is a nearly holomorphic modular form with Fourier expansion

Z Z cu(n)q" e,

neEANt /A ne—q(pu)+Z

Then there exists a Weyl chamber W of P& with respect to f such that vi(z) € W for
small values of x > 0, i.e., there exists an xog € R, xy > 0, such that {v(x); 0 < x <
2o} NAE = 0 for all Ay € A} with qo(Xo) < 0 and cx,(qo(Xo)) # 0.

PROOF a) Forz — 0 we have qo(v(x)) = r—2*q(a(x)) = 2+O(2). Thus the definition
of Ps implies that v(z) € Ps for small positive values of . For those = we obviously
have v, () € PL.

b) By virtue of a) we have v;(z) € P& for small values of z > 0. Suppose that for
arbitrary small values of =, > 0 there is a Ay = (m, A\,n) € A} with go()\¢) < 0 and
o (q0(No)) # 0 such that vy (z) € Ay for some 0 < x < x. Then

0= (vi(x), \o) = (v(x), Ao) = max +n + 2*(a(x), \).
Case 1: (m,n) # (0,0). Due to the Cauchy-Schwarz inequality we have
(ma +n)* = 2'(a(z), ) < 2'(a(2), a(x)) - (A, A) = da'q(a(z))g(N),

and thus
qo(Xo) = mn —q(\) < mn —
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This implies that go(Ao) tends to —oo for small values of x > 0 which is impossible
because ¢, (m) = 0 for m < 0.

Case 2: (m,n) = (0,0). Since A* = S~'A thereisat = (t;,...,t;) € A = Z' such
that A = S~'t. Note that ¢ # 0 because go(\o) = —q(\) < 0. Because of m = n = 0
we have

0= (a(z),\) = (a(z), S7't) = Z tad L (4.3)

Let r := minj<;<;{j; ¢; # 0} and s := maxy<;<;{j; t; # 0}. Then (4.3) and = # 0
imply r # s. We get

s—1 ¢ 1
ts - - t J=s - — ! O
:E: ]x xsfr_+ (aﬁTl)
j=r
for x | 0. Now we consider

~qo(M) =q(N) =gs1 () = Y (5 )utt

r<jk<s

s—1
= > (STt +2> (ST jatts + (ST ast?
j=r

r<j,k<s—1

_ (5.t Lo 1
=5 s YO it ) - ]

Since S is positive definite we have (S'),, > 0. Thus, just as in the first case, we get
a contradiction because go()\g) tends to —oo for small values of x > 0.

Definition 4.6 For x € R, 0 < = < 1, let v1(x) be defined as in Proposition 4.5. Let
f be a nearly holomorphic modular form. Then we denote the uniquely determined Weyl
chamber of P with respect to f that contains vy (x) for small values of x by W; and call
it the Weyl chamber of f. Moreover, we denote the corresponding Weyl vector o;(Wy)
simply by oy and call it the Weyl vector of f.

Note that zp = (1,0...,0) is contained in the closure of the positive cone of the Weyl
chamber W} since v(x) (as defined in Proposition 4.5) is contained in the positive cone for
small values of x and converges to 2, for z — 0. Thus the Weyl vector g is well-defined.

Next we define a certain type of positive vectors. As we will show this positiveness
coincides with positiveness with respect to the Weyl chamber ;. The definition differs
from the definition of positive vectors introduced in Section 2.1, but this should not lead to
confusion.

Definition 4.7 Lett = ty,...,t;)) € A = Z'. We writet > 0 if thereisa j € N,
1 <3<l suchthatt; =...=1t;_1 =0andt; > 0. For A = S~ € A* we write A > 0
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ift > 0, and for \g = (m,\,n) € Ag we write A\g > 0ifn > 0orn = 0and m > 0 or
m =mn = 0and X > 0. Additionally, we writet <0, A\ < 0and \g < 0if —t >0, =X >0
and —)\y > 0, respectively.

Note that for each ¢ € Z' we have either t > 0 ort < 0 or t = (. Analogous assertions
hold for A € Af and A\, € A%

Proposition 4.8 Suppose that [ is a nearly holomorphic modular form with Fourier ex-

pansion
Z Z cu(n)q" ey

neAt /A ne—q(p)+2

Let Wy be the corresponding Weyl chamber of PL. Then for all Ay € A5 with cx,(qo( o)) #
0 we have (Xo, Wy) > 0 if and only if Ao > 0.

PROOF Let Ay = (m, A\, n) € A} with ¢y, (qo(No)) # 0, and let t = (ty,... . ;) € A =
Z' such that A = S7't. Forz € R, 0 < # < 1 let v(z) and v;(z) be defined as in
Proposition 4.5. By virtue of Lemma 4.2 we have (Ao, W) > 0 if and only if (Ao, v1(z)) >
0 (whenever = > 0 such that v;(z) € Wy). Since v;(x) is a positive multiple of v(z) we
have (Ao, vi(z)) > 0 if and only if (Ap,v(z)) > 0. The claim now follows from the fact
that the inequality

(/\071}(1;)) =n-+mx -+ :L'Q(tl + ...+ tl[[‘l_l) >0

is satisfied for arbitrary small values of x if and only if Ay > 0. m

4.2. Quadratic divisors

For the purpose of this chapter we introduce a different realization of Hg as subvariety of
the projective space P(V1(C)) := {[Z]; Z € V1(C)} associated to the complexification
Vi(C) = V; ® C of V. We extend the bilinear form (-,-); : V; x Vi — R to a C-bilinear
form on V;(C). Let

N = {[Z] € POAQ)): 0(2) = 0)

be the zero-quadric in P(V;(C)) and
K:={[Z]eN; (Z,Z), > 0}.

If Z=X+iY € Vi(C) then [Z] € K ifand only if ¢:(X) = ¢:(Y) > 0 and (X,Y); = 0.
We define amap ¢ : Hs U (—Hg) — P(V1(C)) by

t(w) = [(—qo(w), w, 1)] forallw € Hg U (—Hg).
Letw = u+iv € HgU(—Hg). Then t(w) = [X +iY] with X = (go(v) — go(u), u, 1) and

Y = (—(u,v)o,v,0). Because of ¢1(X) = q:(Y) = qo(v) > 0 and (X,Y); = (u,v)o —
(u,v)g = 0forall w € Hg U (—Hg) we conclude t(w) € K forall w € Hg U (—Hg).
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Conversely, let [Z] = [X + Y| € K. Since X and Y span a two-dimensional (and thus
maximal) positive definite subspace of V; we have (Z,z); # 0, where z = (1,0,...,0)
is the isotropic vector we fixed at the begin of this chapter. Therefore [Z] has a unique
representation of the form [(—qo(Zo), Zo, 1)], Zo € Vo(C) = C'2. Now as above [Z] € K
implies ¢o(Im(Zy)) > 0 and thus Z, € Hs U (—Hg).

We conclude that ¢ biholomorphically maps Hg U (—Hs) to K, and we denote the image
of Hs under ¢ by K.

On K the orthogonal group O(S;; R) acts in a natural way (induced by the action on V7).
This action is (of course) exactly the same as the action of O(S;;R) on Hg U (—Hg) we
introduced in Section 1.2. The subgroup O (S1; R) of O(S;;R) maps KT onto itself.

Definition 4.9 Suppose 0 # X\ = (I_1, Ao, lj42) € A’i. We define the rational quadratic
divisor \* for \ by

M ={w e Hs; I_1 + (Mo, w)o — lisago(w) = 0}.
Let \, € QXN A! be primitive. Then the discriminant §(\*) of A* is defined by
SO0 =~ Nar(3y)
where N is the level of \.

Remark 4.10 The discriminant is well-defined since the primitive vector \, corresponding
to X is uniquely determined up to the sign.

We have w € At if and only if (\, (—go(w),w,1)); = 0. Thus OT(S;;R) acts on the set
of all rational quadratic divisors via

MM = (MMN)* = {M{w); we M}
Obviously, the discriminant is invariant under this action.

Proposition 4.11 Let S be one of the matrices listed in (1.2). Then g acts transitively
on the set of rational quadratic divisors of fixed discriminant, i.e., if \{, Ao € A’i such that
§(A) = 6(A\y) then there exists an M € T'g such that \{ = M \5.

PROOF Each rational quadratic divisor is generated by a uniquely (up to the sign) deter-
mined primitive vector in Ag. According to [FHOO, La. 4.6] the group I'g acts transitively
on the set of primitive vectors in Aﬁ of the same norm. Thus I'g also acts transitively on
the set of rational quadratic divisors of the same discriminant. n

4.3. Borcherds products

Now we can state the main result of [Bo98] adapted to our situation.
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Theorem 4.12 Suppose that S is an even positive definite matrix of degree . Given a
nearly holomorphic modular form f € [Mp(2;7Z),—1/2, pﬁs]oo of weight —1/2 with respect
to the dual Weil representation pg with Fourier expansion

=% Y amde

pEAE/A nE—q(u)+Z

such that co(0) € 27 and c,(n) € Z whenever n < 0, there exists a Borcherds product
Vi Hs — C with the following properties:

a) Yy, is a meromorphic modular form of weight k = ¢y(0) /2 with respect to Oq(A1) N T'g
and some Abelian character x of finite order.

b) The only zeros and poles of Wy, lie on rational quadratic divisors. If \ € A§ is primitive
with ¢, (\) < 0 then the order of 1y, along \* is given by

> ena(ai(N).

r=1

c) Let o; be the Weyl vector of f. Moreover, let ng := min{n € Q; c,(n) # 0}, and let S
be the set of poles of Y. Then on {w = u+ v € Hg; qo(v) > |no|} — S the function
Yy is given by the normally convergent product expansion

wk(w) _ eZm'(gf,w)o H (1 . 627ri()\07w)0)0)\0(%()\0)) . (44)

)\()EA?)
Ao>0

PROOF Apply [B0o98, Thm. 13.3] and [Br02, Thm. 3.22] to our special case and take the
other results from this chapter into account. m

Note that the theorem only gives us modular forms with respect to the subgroup O4(A;) N
['s of the full modular group I's. But due to the explicitly given product expansion (4.4) we
can explicitly check how the Borcherds product v, transforms under the additional genera-
tors of I'g which do not fix the discriminant group, and thus we can show that the Borcherds
products are in fact modular forms with respect to the full modular group. Moreover, we
get explicit formulas for the values of the characters of the Borcherds products. By virtue
of Proposition 1.15 we only have to consider how 1), transforms under matrices of the form

Ry, Ac O(A)

Proposition 4.13 Let A € O(A), and let ¢ be a Borcherds product with product expansion
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(4.4). Then

o 1— 6—271'1' ttz

_ TI'it t o Ck(fq()‘))
P(Ra(w)) 11 <€mt(t,4t—t)z 1 — e 24D ) o

tez!
t>0, tAt<0

=871t (4.5)

% H (em' Y tAtft)z> ex(=a(A)

tezt
t>0, tAt>0
A=S"1¢

forall w = (1, z,T2) in the domain of convergence.

PROOF First of all note that for all w in the domain of convergence R4(w) = R w, where
Ra = I x A X I, also lies in the domain of convergence. Thus we can insert R4(w) in
the product expansion of ¢ and get

w(RA<w>) _ 627ri(gf,RA(w>—w)o H

1 — e2mi(Ao,Ra(w))o cxg(20(0))
o )

1 _ 627Ti()\0 7w)g
)\06/\8
Ao>0

First we look at (Mg, Ra{w))o. Let \g = (m, S™,n) and w = (7, 2, 72). We have
(S, Az) = (S7')SAz = ('At)z

and
Slig = A-ts!

since A € O(A). Therefore
(Ao, Ra{w))o = ((m, S~ n), (1, AZ,TQ))O = mmy +nm — (S, A2)
=mm +nm — ("At)z = ((m, S’l(tAt),n),w)O = (EA—I)\O,'LU)O.

Because of R4—1 A} = A? all terms for which Ry—1 A\ = (m, S™(*At),n) > 0 cancel out,
and thus we get

_27”'1& tAt 2 CAQ(QO(AO))
Y(Ra(w)) — p2milos,Rafw)—w)o H (1 —e ("At) )

1 — e—2mi 2

tezt
t>0, tAt<0
>\0:(07571t70)

6—27ri i(tAt)z ) ex(=a(¥)

. 1—
_ 27mi(of,Ra{w)—w)
= eTmenta ’ H ( 1 — e—2miltz

tez!
t>0, tAt<0
A=S"1t
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Next we consider (gf, Ra(w) —w)o = (07, (0, Az — 2,0))o = —(0, Az — z). Inserting the
explicit formula (4.1) for o yields

1
(o5, Rafw) —w)o = 5 > aa(=a(N) AS(Az — 2)

tez!, t>0
A=5"1¢

1

=5 > eal=q(N) (At — )z
teZt, t>0
A=5"1¢
This completes the proof. m

In order to construct concrete Borcherds products with known weight and known zeros and
poles we need nearly holomorphic modular forms of weight —I/2 with respect to the dual
Weil representation p?g with known principal part and constant term. In [Bo99] Borcherds
gives a necessary and sufficient condition for the existence of nearly holomorphic modular
forms with prescribed principal part and constant term. Note that, according to [Br02, Prop.
1.12], nearly holomorphic modular forms are uniquely determined by their principal part.

Theorem 4.14 Suppose that S is an even positive definite matrix of degree l. There exists a
nearly holomorphic modular form f € [Mp(2;7Z), —1/2, pﬁs]oo of weight —1/2 with respect
to the dual Weil representation pg with principal part and constant term

Z Z Cu (n)q" €us

peAB/A ne—q(p)+Z
n<0

> X e =0

pEAF/A nE—q(n)+
n<0

if and only if

for all holomorphic modular forms g € [Mp(2;7Z),2 + /2, ps| (the so-called obstruction
space) with Fourier expansion

=2 D e

ueAt /A neq(p)+7Z
n>0

PROOF [B099, Thm. 3.1] ]

4.3.1. Borcherds products for S = A3

In this case we only have to check how the Borcherds products transform under M;, = R4,
A= ( é —(1]1 i ), because, according to Corollary 1.23 and Proposition 1.24, we have ['g =
(Oa(A1) NTg, My).
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Proposition 4.15 Let ) be a Borcherds product with product expansion (4.4). Then

(M (w)) = ( H (_1>cx(—q(>\))> W(w)

to,t3€Z
(t2,t3)>0

for all w in the domain of convergence where X\ = S~'Y0,to,t3). In particular, all
Borcherds products are modular forms with respect to the full modular group.

PROOF We apply Proposition 4.13. Let t = (ty,to,t3) € Z3,¢ > 0. Then

1 0
tAt = tl — tQ and tAt —t= tl — 2t2
—t5 —2ts

Thus

t>0and ‘At >0 <<= t; >0, ty,t3 € Z,
t>0and ‘At <0 <= t; =0, (to,t3) > 0.

First we consider the case t > 0 and At < 0, i.e., t = (0, to,t3) > 0. In this case

_ —2mil(tAt)z _ mi(2t22z242t323)
]' € 7T7:(72t22272t323) ]' € . _1

e HtAt—t)z
1 _ eﬁi(—2t222—2t323) o

1 _ e2mittz €

Therefore the first product in (4.5) becomes

H (_1)@(—!1()\))

to,t3€Z
(tz,t3)>0
where A\ = 57140, to, t3).
Next we consider the case ¢ > 0 and At > 0, i.e., t = (t1,t2,t3), t; > 0. We will show

that the second product in (4.5) equals 1. The set {t € Z?; t; > 0} splits into the disjoint
sets

{teZ t1 >0, 2y > 1}, {t€Z’t, >0, 2, <t}
{teZ t1 >0, 2ty =1, t3 >0}, {t€Z% t; >0, 2ty =t, t3 <0},
{teZ3 t; >0, 2ty =t,, t3 = 0}.

For each t = (1, t,t3) in the first or third set t' = (|, 5, t5) = (t1,t; — to, —t3) = Atis
in the second or fourth set, respectively. We have

e (MAt—t)z _ omi((t1—2t2)22+(—2t323))
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and

i) t( tAtlft/)Z 77Ti((t172t2)22+(72t323))

e =€ .

Moreover, for A\ = S~'t and \' = S~!t' one easily verifies that A + A = —)\ 4+ A and
q(A) = q(X). Thus cy(—¢q(\)) = ex(—¢q()N')), and consequently the terms for ¢ in the first
and third set and the terms for the corresponding ¢’ in the second and fourth set cancel each
other out in the second product in (4.5). The remaining terms for ¢ in the fifth set are all
equal to 1. This completes the proof. n

4.3.2. Borcherds products for § = A"
According to Corollary 1.23 and Proposition 1.24, we have I's = (O4q(A1) NT's, Ra, Rp),

where A = <%1 % g) and B = (g § é). So in order to show that the Borcherds products

are modular forms with respect to the full modular group I's we have to consider how the
Borcherds products transform under R 4 and R (or some alternative generators). This will
also help us to determine the Abelian characters of the Borcherds products.

Proposition 4.16 Suppose that i) is a Borcherds product for S = Af” with product expan-
sion (4.4). Let

1 0 0 01 0
A=l0 0 -1), B=[10 o0
0 -1 0 00 —1
Then
Y(Ralw)) = (H<—1>C<W/2><f2/2>> b(w)
t=1
and

Y(Rp(w)) = (ﬁ(—l)c“/”/%w(t2/2)+0<0,07t/2>(t2/4>> Y(w)

t=1
for all w in the domain of convergence. In particular, all Borcherds products are modular
forms with respect to the full modular group.

PROOF This can be proved analogously to Proposition 4.15. n






5. Graded Rings of Orthogonal
Modular Forms

5.1. The graded ring for S = A3

In this section we will determine generators and algebraic structure of the graded ring of
orthogonal modular forms in the case S = As, i.e.,

ATs) = P, k,1].

kEZ

First we construct some suitable Borcherds products. As input we need nearly holomor-
phic modular forms f € [Mp(2;Z), —3/2, p%]o of small pole order. According to Theorem
4.14, the Fourier coefficients of those forms have to satisfy a certain condition for all ele-
ments of the obstruction space [Mp(2;Z),7/2, ps]. By virtue of Lemma 3.12 the obstruc-
tion space has dimension 1. It is spanned by the Eisenstein series L7/ = E7/2(+; e, As).
Using the formulas in [BKO1] we can calculate the Fourier expansion of this Eisenstein
series. (We used the program eis which is available for download on Bruinier’s homepage
and verified the results with independent calculations.) We get

E1/2.000)(T) = 1 — 108¢ — 450¢° — 1656¢° + O(q"),
(1) = =8¢"% — 21645 — 792/ + O(¢*),
Er a1 01(T) = —18¢Y/% — 232¢%? — 1080¢°2 + O(¢"'?),

NGRS

where ¢ = ™", Using Theorem 4.14 we deduce the following condition for principal part
and constant term of elements of [Mp(2;Z), —3/2, pﬁs]oo:

() =8 (czg 5D+ eCpyn(=D) + 18 c0(—3) +108 co(~1) + -+

707

PN
D=
[NIE

1
LR

N
N
S

)

Al

Thus possible principal parts and constant terms of nearly holomorphic modular forms
are given by
q " (e1/a + e_1/a) + 16 e,

q 61/2 + 18 €o,
¢ e + 108 ey,

—-1/2
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where we use the following abbreviations for the basis elements of C[A*/A]: ey = egya,
C1/4 = €x(L 1 1y p, €12 = €L Lya- By applying Theorem 4.12 we obtain Borcherds
products v, which have zeros along rational quadratic divisors with discriminant < 8.
According to Proposition 4.11 the modular group I'g acts transitively on the set of rational
quadratic divisors of fixed discriminant. Therefore it suffices to consider the following

representatives A3 of discriminant ¢:

Ay = {w € Hg; 23 =0} = Hy,,
A= {w € Hg; 2220}%HA§2>,

Ay = {w € Hs; 23 = —21} 2 Hg,,
where w = (71, 21, 22, 23, T2).
Theorem 5.1 Let S = As. Then there exist Borcherds products
s € [I'g, 8, 1]o, g € [I's, 9, Vxlo and 54 € [['s, 54, v, det]o.

The zeros of the products are all of first order and are given by

U M(Ha,), U M(H @) and U M(Hs,),

Mel's Mel's Mel's

respectively.

PROOF Theorem 4.12 yields the existence of holomorphic modular forms of the given
weights with respect to O4(A;) N I's and some Abelian character x and with the given
zeros (and no poles). By virtue of Proposition 4.15 the 1, are in fact modular forms with
respect to the full modular group I's, and thus y € I'%". Moreover, the proposition allows
us to calculate the value of x(M,,) explicitly. In view of Corollary 2.3 the character is
uniquely determined by this value. Finally, the Borcherds products v, obviously vanish on
H x {0} x H C A3 which yields ¢x|® = 0. This completes the proof. -

Remark 5.2 a) The Borcherds products g and 1y occurred already in [FHOO, 13.11,
13.12]. Using Theorem 2.31 and Theorem 2.36 we can identify the restrictions of the

Borcherds products to the submanifolds H 2 and H a,. We get
1

A AP A
¢8|HA§2) = ((254 ) and 1D54|HA§2) € oyl Pyg - [FA§2)’ 20, 1],
Yol Ha, = 66 and  sa|Ha, = 037652,

b) In [Kr05] Krieg constructed lifts of 1g and 1§ to quaternionic modular forms. 1
24)g is given as restriction of the sum of a certain Maaf3 form and a twisted version of the
same Maaf3 form. This allows us to calculate the Fourier expansion of 1§ . Moreover,

Krieg
S =
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he writes that there are o, 3 € C \ {0} such that
iy (B — EyEg) + B = FHa,,

for some cusp form F € [['p,, 18, 1] which is explicitly given as polynomial of Eisen-

stein series. g vanishes on 'H A but I' does not vanish on 'H 42)- Therefore we can
1 1

_ 17 _
A2 We get o = 15505 and 3 = 9
(where we choose 3 such that the Fourier coefficients of 13 are minimal but still inte-

gral). In particular, we can explicitly calculate the Fourier coefficients of 1g and 3.

determine « by restricting the above equation to H

The Borcherds products vanish on quadratic divisors of first order. Therefore, if a modular
form vanishes on a quadratic divisor one of the Borcherds products vanishes on, then we
can divide this modular form by the Borcherds product. Luckily, for some of the quadratic
divisors the Borcherds products vanish on there exist non-trivial elements of I'g stabilizing
those quadratic divisors pointwise. Now, if a modular form is not stabilized by such a
non-trivial element M € I'g, then this modular form must vanish on the quadratic divisor
which is stabilized by M. This way we can show that modular forms with respect to
certain Abelian characters must be divisible by certain Borcherds products. The result is
summarized in the following

Lemma 5.3 Let S = Asand k € Z.

a) If kis odd, m € {0,1}, and f € [T's, k, v det™| then f vanishes on H
have f /19 € [I's, k — 9, 2" det™].

b) If f € [U's, k,v*" ! det] then f vanishes on Hs, and f /154 € [U's, k — 54, VF].

2y and we
AP

PROOF a) Let k € Z be odd and f € [['s,k, ™ det™]. Then f vanishes on H o
1

according to Corollary 2.29. Therefore Theorem 5.1 yields f /19 € [I's, k—9, v det™].
b) Let f € [['s, k, vF*1 det]. By virtue of Corollary 2.29 f vanishes on Hg,. Thus Theo-
rem 5.1 yields f /154 € [[g, k — 54, %] n

The preceding result allows us to give some more information about )g.

Corollary 5.4 g is a Maaf} form.

PROOF According to Corollary 2.24 there is, up to a scalar factor, exactly one Maal} form
fo of weight 9. By virtue of the preceding lemma we have fy = g - fy for some fy €
[I's, 0] = C which yields the assertion. n

Due to the above lemma we can reduce any modular form of odd weight and any modular
form with respect to a non-trivial Abelian character to a modular form of even weight with
respect to the trivial character by dividing the modular form by a suitable produce of g
and v¥54. This way we have reduced the problem of determining the graded ring

A(FZS‘) = @[F/S? k, 1]

kEZ
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of modular forms with respect to I'; to the problem of determining the graded ring

ATs) = PITs, k1] = @PIs, 2k, 1],

kEZ keZ

of modular forms of even weight with respect to the full modular group I's (and trivial
character). Elements of this graded ring are given by the Eisenstein series [, = E,f3,
k > 4, we defined in Section 2.5.2 and, of course, also by g, wg and ¢§4. Using our
knowledge about the graded ring of modular forms on H 4, we will now show that for each
f € A(T's) we can find a polynomial in Ey4, Fg, E19, F12 and wg such that the restriction
of f to 'H 4, coincides with the restriction of this polynomial.

Lemma 5.5 Let S = A3, k € 27, and f € [['s, k,1]. Then there exists a polynomial p
such that

f - p(E47 Eﬁa E107 E127 wg)
vanishes on H 4,.

PROOF Let k € Z, k even, and f € [['4,,k,1]. Then due to Theorem 2.31 f|H,, €
[T a,, k, 1]. By virtue of Theorem 2.36 b) f|H 4, is a polynomial in E{2, E2, Ei2, E{?
and ¢2. Since dim M(T4,,k) = 1 for k € {4,6} and Ex|Ha, € M(T4,,k) we have
Ey|Ha, = Ei? and Eg|H4, = E{. Moreover, we have 19| H4, = ¢q. It remains to
be shown that F:i2 and E{2 can be expressed as polynomials in E72, Eé42, Ei9|H 4, and
E12|H 4, This can easily be verified by comparing some Fourier coefficients. m

The Eisenstein series F and E15 can be replaced by the cusp forms

441 250
.= FEyy— E,- F, d = F,— —FE% - ——F2
f10 10 4 ¢ an f12 12 691 4 691 6

If we denote the normalized elliptic Eisenstein series of weight k£ by G, then we obtain

441 , 250 ,

P — O — d P — _ s 2 e
f1ol Gio—Gs-Gg=0 and fi, G2 50154~ Go1C6

0.

Thus fio and fi2 are indeed cusp forms according to Proposition 2.10. By explicitly cal-
culating the first Fourier coefficients of fiy and f15 we can verify that fiy and f5 do not
vanish identically on H 4, .

Now we can prove our main result in the case S = Ajs.

Theorem 5.6 Let S = As.
a) The graded ring A(I's) = @, .,[I's, 2k, 1] is generated by

E47 E67 1/}87 ElO; E12 and 1/13
b) The graded ring A(I's) = @, c,[1's, k, 1] is generated by

Ey, Es, Vg, Vg, Er, E1o and 1s,.
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c)

The ideal of cusp forms in A(I'y) is generated by

g, Yo, fio, fi2 and s4.

PROOF a) Letk € Zbeeven, and let f € [['s, k, 1]. According to Lemma 5.5, there exists

b)

a polynomial p such that

fi=f —p(Ey, Bs, Ero, Eia,3)

vanishes on H 4,. Then Theorem 5.1 leads to

f/¢8€[rs>k_8>1]>

and an induction yields the assertion.
Let f € [I'y, k, 1]. If k is odd then, according to Lemma 5.3, the function f vanishes
on HA?) and we have f/iy € [Ig,k — 9,1]. So we can assume that k is even. Due
to Corollary 2.3 we know that [I's, k, 1] = [['s, k, 1] & [I's, k, v, det] for even k. Thus
f = fi+ fo.aee With f,, € [I's, k, x|. The function f,_4e vanishes on Hg,, and we
get fo. det/Uss € [I's, k — 54, 1]. Applying part a) on f; and f,_qet /%54 completes the
proof.
Let Z be the ideal generated by the cusp forms g, 19, fi0, fi2 and 154, and let f €
[I's, klo. According to part b) we can write f as a polynomial in Ey, Fg, s, 19, Eig,
E15 and 154. In view of the above comments about fiy and fi» we can also write f as
a polynomial in Fy, Eg, s, Y9, fi0, fi2 and 154. Therefore there exists a polynomial
p € C[X7, X5] such that

f—p(Ey, Eg) €T,

Application of Siegel’s ®-operator yields
0= (f — p(Eys, Ep))|® = p(E4| P, Eg|P) = p(G4, Ge)

where G4 and G are the normalized elliptic Eisenstein series of the indicated weight.
Since G4 and G are algebraically independent, we have p = 0, and thus f € 7. m

Some more results are given in the following

Theorem 5.7 Let S = As.

a)

b)

c)

The orthogonal modular forms E4, Eg, s, 19, E1g and E15 are algebraically indepen-
dent.
There is a unique polynomial p € C[X1, ..., X¢] such that

V2, = p(Ey, Eg, 108,19, E1o, E).

We have
A(T) =2 C[X,. .. ,X7]/(X$ —p(Xy,...,Xg))
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and

= . / k __ 1 +t54
kZ:Odlm[FSa klt" = (1 — ) (1 —t0)(1 —t8)(1 — 9)(1 — £19)(1 — t12)°

PROOF a) The restrictions of E,, Eg, 19, Eyg and Ej, to H 4, are algebraically indepen-
dent due to Theorem 2.36. Moreover, )3 vanishes on H 4, according to Theorem 5.1.
This yields the assertion.

b) Because of 12, € [['s, 108, 1] the existence of p follows from Theorem 5.6. The unique-
ness of p is a consequence of part a).

c) Let Q € (C[Xl, . ,X7] such that Q(E4, Eg, s, 09, E1g, F12, 77[)54) = 0. There exist
polynomials Qg, Q1 € C[X7, ..., Xs] suchthat Q—Qo—X7Q; € (XZ—p(Xy,...,Xs)),
hence

Qo(Ey, Eg, Vs, Vg, Erg, Er2) + ¥sa - Q1(Ey, Es, Vs, Y9, Erg, Er2) = 0. (5.1)

Let M = R(_y,)M;,. Then the modular substitution w — M (w) maps 154 to —1)54 and
leaves Fy, Fg, s, 19, F1o and E15 invariant. Therefore, by applying this substitution
on (5.1) we get

Qo(Ey, Eg, s, Y9, Ero, E12) — 54 - Q1(E4, Es, s, 19, Erg, Er2) = 0.

Since Ey, Eg, 13, 19, 1o and F14 are algebraically independent () and () both have to
vanish identically. Thus we have Q € (X? — p(Xy, ..., Xs)). The dimension formula
is a direct consequence of the algebraic structure of A(I"). n

The dimension formula for the Maal} space in Corollary 2.24 and Theorem 5.7 imply that
all modular forms of weight £ < 10 are Maal} forms, i.e., we get the following

Corollary 5.8 For k < 10 we have
[ng, k, 1] = M(Fi% k)
In particular, the Borcherds products s and 19 are Maaf3 forms.

Similarly to Aoki-Ibukiyama [AIO5] and Krieg [Kr05] we can construct the Borcherds
product 54 from the algebraically independent primary generators of A(I", ) via the
Rankin-Cohen type differential operator we introduced in Section 2.2.

Corollary 5.9 There exists a constant ¢ € C, ¢ # 0, such that

{Ey4, Es, 5,19, E1g, E1a} = cisy.

PROOF Since F,, Fg, 15, 19, E1o and F15 are algebraically independent, we have 0 #
g = {Ey, Eg, s, 19, Erg, E12} € [I' a4, 54, v det] according to Proposition 2.14. Due to
the character Lemma 5.3 yields g/154 € ['4,,0,1] = C. n
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In [Kr05] Krieg determines the graded rings A(I'p,) and A(I";,) of quaternionic modular
forms of degree 2. He shows that A(I'p,) is generated by the Eisenstein series E* and
six modular forms f;, j € {2,5,6,8,9, 12}, of weight 2 (not to be confused with the cusp
forms fip and fi5) given as polynomials in six theta series. We examine the restrictions of
those generators (where we denote the restrictions of the f; again by f;) to H 4,. Computing
the Fourier expansions we get

Ey = f5,
51E10 = 35f5 + 16 f2Eg,
21421 Fy5 = 22050 f5 + 400E; — 1029f3,
382205952105 = 27 fs — 30fafs — 4Esfs + 2f2Eg + 5f5,
277989017615 = —54fg — 9E¢fo — 414720s(fs — foFs) + 2f3 f5s + Ep + 6f;5 Es.

So obviously we can replace some of the generators of the graded ring A(I" 4,) by some of
the restrictions of the f;.

Corollary 5.10 The graded ring A(I's) = @, .,[I's, 2k, 1] is generated by

falHay, Ees, Vs, f5|Hay, fo|Ha, and fo|Ha,.

Due to Baily-Borel’s theory of compactification of arithmetic quotients of bounded sym-
metric domains ([BB66]) each orthogonal modular function, i.e., each meromorphic mod-
ular form of weight 0, is a quotient of two orthogonal modular forms of the same weight.
Therefore the above results allow us to determine the algebraic structure of the field of or-
thogonal modular functions. We denote this field by K(I's). Moreover, we denote the space
of meromorphic modular forms with respect to an Abelian character x by [I's, &, X|mer-

Theorem 5.11 Let S = As.
a) The field K(I's) of orthogonal modular functions with respect to I's and the trivial
character is a rational function field in the generators

E ¥ Ew B U5
£} EY E.E, E3 B3

b) The field K(I'y) of all orthogonal modular functions with respect to Iy is an extension
of degree 2 over K(T's) generated by 154 /18.

PROOF a) Let f € K(I's). Due to Baily-Borel ([BB66, Cor. 10.12]) there exist g, h €
[I's, k] such that f = g/h. Since f is a modular function with respect to the trivial char-
acter g and A have to be modular forms with respect to the same character y. Because
of Lemma 5.3 we can assume x = 1 and k£ even. Then, due to Theorem 5.6, f is a
quotient of polynomials in E,, Es, vs, E19, E1 and 12. After dividing the polynomials
by a suitable modular form Ejf Eéﬁ of weight 41, 4 6lg = k it remains to be shown that
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all monomials E}* Ego5* By B2 ¢3™* with k; € Z and Y j - k; = 0 can be written
in the above generators. This follows from

ka 1oks ), ks k10 ok12,),2k1s
E4 EG ¢8 ElO E12 9 -

E_g —k4—kg—2kg—2k190—3k12—3k1s ﬁ ks ElO k10 @ k12 ¢_g k1s
E3 B} E4Es L} Eg '

Hence K(I's) is a function field in the above generators which are algebraically inde-
pendent according to Theorem 5.7.

The function g = 1)54/15 is obviously a modular function with respect to the char-
acter Yy = v,det. If f is another modular function with respect to y then f/g €
[['s,0, 1]mer = K(I's). Therefore

IC(F/S) = [FlSv Ov 1}mer = [F57 07 1}11161” D [FS’ O’ Vn det]mer
=K(s)®g-K(Ts)=K(s)[g).

Due to Theorem 5.7 we have ¢g* € K(I's). Thus k(') is an extension of degree 2 over
/C(Fs) |

Remark There are no non-trivial modular functions with respect to I's and the Abelian
characters det or v,.

5

In

2. The graded ring for S = A\”

this section we will determine the algebraic structure of the graded ring of orthogonal

modular forms in the case S = Af‘”, ie.,

AT) = P, k. 1].

keZ

Just as in the case S = A3 we will construct suitable Borcherds products in order to reduce
this problem to the problem of determining the structure of

A(Ts) = @PIrs, 2k, 1].

keZ

The structure of this algebra can be easily derived from the structure of

AT ) = @[FA@, 2k, 1].

kEZ

First we will again construct some suitable Borcherds products. In this case, by virtue

of Lemma 3.14, the obstruction space [Mp(2;Z), 7/2, ps| has dimension 3. So in addition
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to the Eisenstein series 7/, = FEr /2(-; €o, A§3)) we need two more generators. They are
given by theta series. According to Theorem 3.19 we have to find homogeneous spherical
polynomials p of degree 2 with respect to S in order to get suitable theta series O(+; S, p).
We can choose p; (v) = 23 — 23 and py(z) = 23 — 2.

Using the formulas in [BKO1] we can calculate the Fourier expansion of the Eisenstein

series. (Again we used the program eis and verified the results with independent calcula-
tions.) We get

E7/27(00 0) (T) =1- 66(] — 396(]2 + O(qg),
E7/2,(%,0,0)(T) = E?/Q,(O,%,O)(T) = E?/Q,(O,O,%)(T) = —2Q1/4 - 120(15/4 + O(q9/4),
B ya0,2,09(T) = Erjg 101)(T) = Eqjp 11.0)(7) = —12¢' —184¢** + O(¢"?),
(1)

_ _40q3/4 - 192q7/4 + O<q11/4)’

where ¢ = >, According to Theorem 3.19, for the components of the two theta series
we get the Fourier expansions

000 (7' Sapl)
3
00)(7' S,p1) = —2¢°/* — 2q9/4 —|—O(q13/4),
0%0)(7 S,p) = ‘9( ,0,0) (755, p1),
00%)(7— S,p1>
0.4.5)(T: S p1) = 1/2 +6¢°* — 10472 + O(¢"?),
% % (T Sapl) _(9( %%)(Ta S>p1)>
0(%,%,0)(7757])1) 0
9(%,%,%)@—) S7p1) = 07

and

1755, p2 9(0 1 0)(7' S pl)
0(0,1,1)(T35,p2) =0,
9(%,0,%)(7'3 S,p2) = 9(07%7%)(7;5,])1)
8(%,%,0)(73 S,p2) = 9(% 0 %)(T; S, p1),
9(%7%7%)(7;57192) =0.
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Inserting the theta series into the obstruction condition (cf. Theorem 4.14) yields

h300) = hogo = ooty ad hotn =Rt =ha g0

N

1
R

for all b € [Mp(2;Z), —3/2, p’s]o. Thus, using the Fourier expansion of the Eisenstein
series E7/, we see that the terms

3-¢7 V" +6,
3.q71/2 + 36,
q + 40,
g —3- ¢ "* 460,
where the Fourier expansion of the components can be easily reconstructed from, are valid
principal parts and constant terms of nearly holomorphic modular forms of weight —3/2
with respect to pg. By applying Theorem 4.12 we obtain Borcherds products ¢/, with zeros

along rational quadratic divisors of discriminant < 8. Just as in the case S = Aj it suffices
to consider the following representatives A3 of discriminant ¢:

Xy = {w € Hg; 23 =0} = H e,

A ={w € Hg; 20 = 23} = Hsg,,

)\é‘ = {w € Hs; 23 =21+ 22} = Hoa,,

Mg = {w € Hg; 23 = 3} = Hs,
where w = (7'1,2172272’377'2)-

Theorem 5.12 Let S = A§3). Then there exist Borcherds products
Y3 € [['s, 3, 1oy detlo, Yis € [I's, 18, vxlo, oo € [I's, 20, 1o and 130 € [I's, 30, v2]o.

The zeros of the products are all of first order and are given by

U MHe), U MHs), U M(Hen) and | M{Hs),

Mel's Mel'g Mel's MeTg
respectively.

PROOF Theorem 4.12 yields the existence of holomorphic modular forms of the given
weights with respect to O4(A;) N I's and some Abelian character x and with the given
zeros. By virtue of Proposition 4.16 the ¢/, are in fact modular forms with respect to the
full modular group I's and thus y € T'%". Moreover, the proposition allows us to explicitly
calculate the value of x for two elements of I's. In view of Corollary 2.3 the character is
uniquely determined by those values. The Borcherds products 13, ¥1s and 15, are cusp
forms since they are modular forms with respect to a non-trivial character. Moreover, )9
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obviously vanishes on H x {0}% x H C Az which implies 159|® = 0. This completes the
proof. |

Remark 5.13 Using Theorems 2.34 and 2.36 and comparing the divisors of the Borcherds
products we can identify the restrictions of the Borcherds products to the submanifold

HA@' For example 115 vanishes on Hg,, and thus, in particular, on H(2;R) = H,, C

o : iy e AP
Hs,. This implies that its restriction to 'H , ) is divisible by ¢, . Due to the character we

2
AP

AD 4@
then conclude that ¢18|HA§2) = (¢y' )*¢1a . For the other two Borcherds products we get

AP AP
wQO‘HASQ) € o9 - [FA?)’ 10,1] and w?»o‘HA?) = @39 -

The restriction of 15 to Hg, is equal to the Borcherds product ¢s occurring in [DK04].

Let f = X1 - ... - Xy be the product of the ten theta series in [FHOO, Def. 10.3].
According to [FHOO, Prop. 11.9] this product is a non-trivial modular form of weight 20
with respect to T’ A vanishing on Haa,. Hence f /1 is a holomorphic modular form of

weight 0, and thus
[ = oo
for some c € C\ {0}.

Just as in the case S = Aj the fact that the Borcherds products vanish on quadratic divisors
of first order allows us to conclude that modular forms with respect to certain Abelian
characters must be divisible by certain Borcherds products. The result is summarized in
the following

Lemma5.14 Let S = A k€ Z, andm € {0,1}.
a) Ifkis odd and f € [U's, k, 1] then f vanishes on H ;2 and f /13 € [I'g, k — 3,1].
1

b) If f € [T, k, vivF+! det®] then f vanishes on Hg, and f /115 € [Tg, k—18, v5'vk det].

Uy

c) If f € [Ls, k, 5t u™ det”] then f vanishes on Hg and f /sy € [T'g, k—30, vEv™ det”)].

PROOF a) Let k € Z be odd and f € [I'y, k, 1]. Then f vanishes on H

Corollary 2.32. Therefore Theorem 5.12 yields f /15 € [I's, k — 3,1].
b) Let f € [I's, k,vy'vi+! det”]. By virtue of Corollary 2.32 f vanishes on Hg,. Thus

Theorem 5.12 yields f /415 € [T's, k — 18, vi*vF det”).
c¢) We have

e according to
1

10 0
Hs=qweHs; w=[0 1 0 w+t(0,0,0,1,0):(Te4R 10 0 )(w)
00 -1 (33 5)

Let y = vhttym det* and f € [C's, k, x|. Then for all w € Hg we have

f(w) = (fleM)(w) = x(M) f(w) = = f(w)
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itM=1T,R ( 100 ) Hence f vanishes on Hg, and by virtue of Theorem 5.12 we
00 -1
conclude f /139 € [T'g, k — 30, vEv™ det*]. -

Due to the above lemma we can reduce any modular form of odd weight and any modular
form with respect to a non-trivial Abelian character of I'g to a modular form of even weight
with respect to the trivial character by dividing the modular form by suitable powers of 13,
115 and 130. This way we have reduced the problem of determining the graded ring

A(FZS‘) - @[Ff’% k,1]

keZ

of modular forms with respect to I'; to the problem of determining the graded ring

A(Ts) = PTs, k1] = PITs, 2k, 1],
keZ keZ

of modular forms of even weight with respect to the full modular group I's (and trivial

character). Elements of this ring are given by the Eisenstein series Fy = E,fgg)), k > 4,
we defined in Section 2.5.2, by the invariants h;, we determined in Section 2.8, and, of
course, also by 12, 1y, ¥ and ¥3,. The structure of this ring can be easily derived from
the structure of the graded ring A(T" A® ).

Theorem 5.15 Let S = Ag?’). The graded ring A(T's) is a polynomial ring in

h47 h67 wg’ h87 hlU and h12-

PROOF Let k € Z be even, and let f € [['g, k, 1]. By virtue of Theorem 2.40, the restric-
tions of the h; generate the graded ring A(T" ,(»)). Thus there exists a polynomial p such
1

that _
f = f — p(hy, he, hs, h1o, h12)

vanishes on H 4@ Since the Borcherds product 13 vanishes on 'H
— 1
divide f by 13 and get

4@ of first order we can
1

J?/% € [Ls, k — 3, vor, det].

Due to Lemma 5.14 the quotient f/ 13 also vanishes on 'H Hence we can divide a

AgZ) .
second time by 13 and get

f/v3 € s,k —6,1].

By induction we conclude that the graded ring is generated by the given functions. The

algebraic independence of the generators follows from the algebraic independence of the

restrictions of the h; to 'H ne and the fact that %2, vanishes on ‘H 42 n
1 1

Remark 5.16 In a forthcoming paper (cf. [FSM]) Freitag and Salvati Manni determine

the structure of this ring using completely different methods.
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Of course, it is possible to express the Eisenstein series F,, Fg, Fg and E15 as polynomials
in the generators. The result is

E4 = h4;
Eg = hg — 345613,
17E1g = 15h1g + 2hahe — 18432h4y3,
21421 E5 = 22050h,5 + 400h% — 2764800hetp2 — 1029h3 + 477757440045

Corollary 5.17 The graded ring A(T ,s)) is a polynomial ring in
1

Ey, Es, 13, hg, Eiand Eis.

Now we can determine the structure of the full ring A(I') = @, ,[I's, k, 1] of modular
forms with respect to I'g for S = A(l?’).

Theorem 5.18 Let S = A§3).
a) The graded ring A(I's) = @, c,[I's, k, 1] is generated by the modular forms

Vs, By, Fg, hg, Fio, Ei2, 1 and s

of which s, E,, Fs, hs, F1o and E15 are algebraically independent.
b) There are uniquely determined polynomials p,q € C[X, ..., X¢| such that

w%S = p(w?n E47 E67 h’8a E107 E12)7
¢§o = Q<¢37 E47 E67 h87 E107 EIQ)-

c) We have
A(l) 2 CIXy, ..., X5]/ (X7 —p(Xy,.... Xe), X5 —q(Xy,...,X5))
and

o) . , . (1+t18)(t—|—t30)
;dlm[rsa k]tk = (1 — t?’)(l . t4)(1 _ tﬁ)(l _ t8)(1 — tlo)(l _ tl?).

PROOF a) This follows analogously to the corresponding result for S = Aj from Theorem
5.15 and Lemma 5.14.

b) Theorem 5.15 yields existence and uniqueness of the polynomials.

C) Let Q S (C[Xl, .. ,Xg] such that Q(wg, E4, Eﬁ, Fg, E107 Elg, 77018, ¢30) = 0. There exist

polynomials QOa Q17Q27Q3 € (C[Xla s 7X6] such that Q - QU - X7Q1 - X8Q2 -
X7X8Q3 - (X? — p(Xl, . 7X6)7 X82 — q(Xl, Ce ,X@)), hence

Qo(V3, By, Es, Fy, Ero, Era) + h1s - Q1(E4, Eg, s, 19, Ero, F12)
+ ’(pSO : Q2(¢37 E47 Eﬁa F87 ElO) El?) + ¢18¢30 : Q3(¢37 E47 Eﬁa F87 E10> El?) =0.
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Applying the modular substitution w — M (w), M = R ( 10 0), to this equation we get
1
010

QO(w& E47 E67 FSa E107 E12) - z/j18 : Ql(E47 E67 w87 1/)9, E107 E12)
+ ¢30 : Q2<¢3a E47 E67 F87 ElOa E12) - ¢18¢30 : Q3(1/)3a E47 E67 F87 E107 E12) - Oa

and thus

Qo(Vs, By, Eg, Fs, Evg, E12) 4+ 30 - Qa2(vs, Ey, Es, Fs, Erg, Er2) = 0,
1 (s, By, Eg, Fs, Ero, E12) 4+ 30 - Q3(¥s, By, Eg, Fy, Erg, Era) = 0.

Applying the modular substitution w — M {(w), M =T, R ( ) , to those equations

10 0
01 0
00 -1
yields

Qo(V3, By, Eg, Fy, Fro, E12) — 30 - Qa2(¥3, Ey, Eg, Fy, Ero, E12) = 0,

Q1(V3, By, B, Fy, Ero, Fr2) — 30 - Q3(v3, By, B, Fy, Evg, E12) = 0.
Now the algebraic independence of 5, Fy, Eg, Fg, F1o and E;, implies that (), ()1,
()2 and Q3 vanish identically. Thus @ € (X2 — p(Xy,..., Xs), X2 — q(X1,...,X5)).
The dimension formula is a direct consequence of the algebraic structure of A(I'y). m

As in the case S = A3 we can apply the Rankin-Cohen type differential operator we
introduced in Section 2.2 to the algebraically independent primary generators of A(Fi4 )
1

The result is

Corollary 5.19 There exists a constant ¢ € C, ¢ # 0, such that

{w?n Ey, Eg, hg, Ehp, E12} = c1830.

PROOF Since 3, F4, Eg, hs, F1g and F5 are algebraically independent, we have 0 #

g = {3, Eu, B, hg, Ero, Er2} € [I' @), 48, vp14] according to Proposition 2.14. Due to

the character Lemma 5.14 yields g/ (¢18%30) € [I' ;,0, 1] = C. n
1

Just as in the case S = Az we can replace some of the generators by cusp forms. We
replace the Eisenstein series £y and E'j5 by the cusp forms

441 250
f10 = FEip— Fy-Es and f12 = By — @Ei - @ 27

and we replace hg by the cusp form
f8 = hg - EZ
Since the constant term of fs vanishes and due to

fs|® € [SL(2;Z),8] = C - Gg,
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where (Gg denotes the normalized elliptic Eisenstein series of weight 8, we conclude
f8’q) = 07

and thus fg is indeed a cusp form.
Analogously to the corresponding result for S = A3 we can now determine the genera-
tors of the ideal of cusp forms in A(F;‘ )
1

Corollary 5.20 The ideal of cusp forms in A(') is generated by

U3, fs, fio, fi2, Yis and sg.

Finally, we can again determine the algebraic structure of the field of orthogonal modular
functions.

Theorem 5.21 Let S = A§3).
a) The field K(I's) of orthogonal modular functions with respect to I's and the trivial
character is a rational function field in the generators
V3 hg Eqg E1o E?
= =, ——, —= and —.
Es’ E?  E,Fg E} E3}
b) The field K(I'y) of all orthogonal modular functions with respect to Iy is an extension
of degree 4 over K(I's) generated by 113/ E3 and 13,/ E¢.

PROOF a) Let f € K(I's). Due to Baily-Borel ([BB66, Cor. 10.12]) there exist g,h €
[I's, k] such that f = g/h. Just as in the case S = Az we can assume that g and h are
modular forms of even weight with respect to the trivial character. Thus f is a quotient
of polynomials in Fy, Eg, wg, hs, F1o and E15. Again it remains to be shown that all
monomials E}* E§e3*s hks B¥e R with kj € Z and 3ks+ ;J-kj = (0 can be written
in the above generators. This follows from

ka ke, ), 2ks 1 ks k1o k12 _
E4 Eﬁ w3 h8 ElO E12 -

E_g —kq—ke—ks—2ks—2k10—3k12 w_g ks E ks ElO 1o @ e
E} Ee L} EyEs Ej |

Hence K(T's) is a function field in the above generators which are algebraically inde-
pendent according to Theorem 5.15.

b) We have g := 13/ E2 € [T's,0, Vyr]mer and h := 130/ Eg € [['s, 0, Vo] mer- Just as in the
case of holomorphic modular forms the vector space of modular functions splits into
the eigenspaces of the characters of I'g. Since some eigenspaces vanish we have

IC(F{S') = [F57 07 1]mer @ [F57 07 Vﬂ]mer @ [FS7 07 V2]mer EB [FS, O, VQVW]mer
=K(Ts)®g-KI's)@h-K(Is)® gh-K(I's) =K(I's)[g,hl.
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Due to Theorem 5.18 we have g%, h? € K(T's), and thus K(T") is an extension of degree
4 over K(I'g). m



A. Orthogonal and Symplectic
Transformations

We use the notation introduced in Section 2.7. Moreover, we denote the most common
elements of the symplectic group Sp(2; H) by

I, H

Trans(H) = (0 I
2

) for H € Her(2; H),

Rot(U) = (tg Uo_l) for U € GL(2; H).

According to [Kr85], Sp(2; O) is generated by Jy, Trans(H), H € Her(2;O), and
Rot(U), U € GL(2;0) where U = (§9), ¢ € O = (wiy,wiz). Thus the extended
modular group

141

'y={Z— M(Z); M €Sp(2;0)or M =pl}, I;), p= 75

is generated by the following biholomorphic transformations of H (2; H):

T2

(Z)
(Z)

Z — Rot (6 (1)) <Z> = ((EJ:@)E g(xJﬂ'y)) , € € {Wig, WI3}7
(Z) =Rot (§2) (2) = (p@fw p(mi;-ym) ’
(Z)

B 5l T+ 1y
whereZ—(f_Hy - ),Tl,TQGH,I,yGH.
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A.1. Thecase S =D,

The orthogonal half-space Hp, is biholomorphically mapped to H(2; H) by

T+ zy1 LD4(U) +1 LD, (U))

' Hp, — H(2;H), (x1,u,x2)+i(y1, 0, — . ‘
i, — HEH), (ryusabilon o) o (2 Tl o) H o

where ¢p, : R* — His given by

(.fCl,l'Q, s, Q?4) — I + 33'211 + $3i2 + TaW.

This map allows us to identify the corresponding elements of I'y and I'p, (or more pre-
cisely of I'p, /{£1s}) considered as subgroup of Bihol(Hp, ). The following table lists the
generators of I'p, /{£1} and the elements of 'y those generators correspond to, and vice
versa.

M eTlp, ve€ln
J Ju
Ty, 9=(91,9,92) € Ao | Trans(H), H = (9*1 LD;(9>> € Her(2;0)
2
Mtr—R(lo 0 1) I,
0-10 0
00 —10
00 0 —1 3
R/10-10 Rot(p 9)
(01—1 o) 0 p
00—-1-1
00 2 1 .
R/10-10 Rot(w 9)
(00—10) 0 w
01-10
00 2 1 '
R,1 0 0 0 Rot(uj_11 0_)
<0 1 0 o> 0 w — i3
1 1 0 1
~1-1-1-1
u)ig 0
R(lzig 8) ROt(o 1)
0 —1-1-1
11 1 0
u)ig 0
R(S%?%) ROt(o 1)
1 0 0 1
~1-1-1-2
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A.2. The case S = A'”

The orthogonal half-space H , ) is biholomorphically mapped to the submanifold

H(2H ) = {(Tl Z) € H(2H); 2 = 2 + 2i; + 2300 + 245, 24 = 0}
1

* Ty
of H(2;H) by

a0 Hyw — H2H o), (21,u,22) +i(y1,v,52) —
1 1 1

( 1+ LAEP’) (u) +1 LAgg) (v)>

no (u) +1 e (v) Ty + 1Y

where ¢ is given by

3) : 3
AP AP

(21, T2, T3) > T1 + Toly + T3ia.

The following table lists elements of the orthogonal modular group I' and corre-

AP
sponding elements of I'y; N Bihol(H (2;H ,5))), i.e., if M € T ) then the corresponding
1 1

element v € 'y satisfies

’y(goAf,) (w)) = M{(w) for all w € HA<13).

M e FA<3) vyelgN Bihol(H(Q;HA<3)))
1 1
J Ju

Tgvg = (91757 gZ) € Ao Trans(H),H = (g*l LA?;) (Ei)) c Her(2;0A<3))
2 1
My=R/,1 0 o Itr—Rot<13 0)
(85 2) 0
R ~-100 Rot ((12 11)/ . .
(3 88) 0 i)V
w+i 0
Kith o (V5 5 1)
010
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A.3. The case S = A;

The orthogonal half-space H 4, is biholomorphically mapped to the submanifold

H(2;Hy,) = {(Z—: Z) € H(2;H); z = 21 + 2011 + 23l0 + 24d3, 23 = z4}

T2
of H(2;H) by

PAs - HAg - H(27HA3)a (xla U, .1'2) + i(yla U>y2) =
( T+ iy Lag(u) + 1 LA3(U))

Lag(u) + 7 ta,(v) To + 1Yo

where 14, : R? — H,. is given b
3 3
(xl, o, xg) — T+ Tow + T3ij.

The following table lists elements of the orthogonal modular group I'4, and correspond-
ing elements of I'y N Bihol(H (2;H,)), i.e., if M & I'4, then the corresponding element
v € I'y satisfies

Y(pas(w)) = M{(w) for all w € Hy,.

M e T4, v € 'y N Bihol(H (2;Hy,))
J Ju
Tgag = (91757 g?) € AO Trans(H), H= g*l LA;ig) - Her(2, OAS)
(iy — i3)/V/2 0
M., = I, =
gy | T e
—i; 0
R,~1-10 Rot( ) >
(§2,9) 0 i
W — 11 0
R _ Rot .
(34) (70" <)




B. Orthogonal and Unitary
Transformations

Let K be an imaginary quadratic number field. We use the following abbreviations for the
most common elements of the unitary group U(2; K)

I, H

Trans(H) = (0 I
2

) for H € Her(2;K),

Rot(U) = (tg Uo_l) for U € GL(2K).

According to [DeO1, Lem. 1.4] SU(2;0k) is generated by Jy., and Trans(H), H €
Her(2; 0x), and I'(2; K) = U(2; ox) is generated by Jy.,, Trans(H), H € Her(2; ox) and
Rot(U),U = (§9), ¢ € ox. Thus

—_——

Te = ({2~ M(Z); M €T(2K)}, L)
is generated by the following biholomorphic transformations of H(2; C):

7 JualZ) = -7,
Z — Trans(H)(Z) = Z + H, H € Her(2; 0x),
Z—Rot(§1)(2) = (2, %), e € og N{%1, £i},
7 I.(7) =7,

where Z = (Tl Zl) e H(2;C).
22 T2
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2
B.1. The case S = A
Let K = Q(v/—1). Then ox = Z + Zi, S = 5% = A%®) and
w = (Tl7w17w277—2) = (xlauhuanQ) +7:<y1;v17027y2) S HA(12)

corresponds to

7 — 1 (U1 —U2)+i(UQ+Ul)
(u1 + UQ) — Z(UQ — Ul) To
_ ( 2 uﬁ—zuz)_H.( v v1+zv2> € H(2:C).
Up — U2 ) V1 — 10Uy Y2
The generators of I' ,») and I'x
MeT o M (w) v(Z) 7 € o
J J(w) —Zil JHer
+1
T(S]O ----- 93) w + (907 e 793) Z + H TI‘&HS(H), H = (g*o gl 93 92)
T iZl — 0
R (1)—01> (Tl,—w27w1,T2) (—iZQ 7_2) Rot ( 0 1)
Mtr = R((l) _01) (Tla wy, —Wa, 7_2) tZ Itr

The Abelian characters of I'x
We have U(2; 0x)* = (det, 1/,,). We can extend det and v, to I'x by defining det(/,) :=
Vo (i) := 1. Moreover, we define vy, : 'x — C by @ew(ftr) = —1 and Vgew(M) =1

for M € U(2; ok). Considering that M (I,(Z)) = I,,(M(Z)) for all M € U(2;C) we can
easily verify that ['> = (det, vy, Vekew)-

7 € Do det(7) | vp(7) | Vakew(7)
JHer 1 1 1
Trans <go g1+ zgz> 1 (—1)29 1
* g3
—i 0
Rot ( 0 1) —1 1 1
-[tr 1 1 —1
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B.2. The case S = A,
Let K = Q(v/—=3). Then og = Z + Zw, w = (1 +iV/3), 5 = S¥ = A, and
w = (71, w1, Ws, Ty) = (T1, U1, Ug, T2) + (Y1, v1, V2, Y2) € Ha,

corresponds to

2 G T ) Y e A D - (O o)
U + Wus T V1 + Wuy Y2

The generators of I',, and I'x

M €Ty, M (w) 1(2) 7€ Towmg

J J<U)> —Z_l ']Her
+w
Tigo.....08) w+ (9o, ---,93) Z+H Trans(H), H = 510 9 . 92)
_ 2
T W2 w 0

R(Jl ) (71, w1 + wa, —w1, 7o) (wzz T ) Rot (O w)

M= Ry 1) | (o fws —wn,m) |12 b

The Abelian characters of I'x
We have U(2;0x)*® = (det) = Cs. Because of M{I,,(Z)) = I,(M(Z)) for all M €
U(2; C) we have

— 2
[Ir, Rot (‘5 ?)] = I,, o Rot (‘6’ (1)> o I,y o Rot (“6’ (1)> = Rot (“6 (1)) eTl.

3 _
Since we also have Rot (u()) (1)) = Rot ( 01 ?) € I'x we get (Z — M(Z)) € T’ for

all M € U(2;0x), and thus [I'k : ['i] < 2. We define vgey : 'k — C by Vekew (L) == —1

and vy (M) = 1 for M € U(2;0x). Due to M{I,(Z)) = I, (M(Z)) for all M €
U(2;C) we get T2 = (vgyew)-

7 € Tow=3) Vskew (7)
JHer 1
Trans (90 g1+ wgz) .
* g3

w? 0
Rot(o w) 1

Iy, -1
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B.3. The case 5 = 5)
Let K = Q(v/—1). Then og = Z + Ziy/2, S = S¥ = S, and
w = (TlawthaTQ) == (IE17U1,U2,ZE2) + i(ylyvhUQayQ) S HSQ

corresponds to

_ ( T (w1 — V205) +i(v1 + \/§U2))
(Ul + \/51)2) + i(Ul — \/§u2) T2
1 uy + i/ 2uq : Y1 v1 4 1v/20,
= H(2;C).
(Ul - Z'\/§U2 T2 ) i (Ul - i\/§U2 Yo € ( 7 )
The generators of I's, and I'x

M €T, M (w) 1(Z) 7 € o=

J J(w) -7zt JHer

+1
T | 0t ng) | Z4H | Tons(), i = (%07 59)
T —Z1 -1 0
R(_Ol _01) (7'1, —WwWi, —Wa, 7'2) (—2’2 T ) Rot < 0 1)
Mtr:R<(1]Pl) (Tlawla_w277-2> Z Iy

The characters of I's and I'x
We have U(2; 0x)* = (v,,). We can extend v,, to I'x by defining v,,(I;,) := 1. Moreover,
we define Vgew : 'k — C by Vgkew (L) = —1 and vgew (M) = 1 for M € U(2;0k).

Considering that M (I;,(Z)) = I;,(M(Z)) for all M € U(2;C) we can easily verify that
F]%b = <Vp7 Vskew>~

gAS F@(\/772) V@(’Y) Vskew(’Y)
JHer 1 1
Trans (9*0 g1 +gi\/§92) (—1)90tai+gs 1
3

-1 0
Rot(O 1) 1 1

I, 1 1




C. Eichler Transformations

We want to show that a group which is nicely generated in the sense of Definition 1.18
is also nicely generated in the sense of Freitag/Hermann [FHOO, Def. 4.7]. We use the
notation we introduced in Chapter 1. Freitag/Hermann call a subgroup I' of O(Si;R)
nicely generated if it is generated by the group EO(A) of Eichler transformations and by
the group O(A) considered as subgroup of O(S;;R) via the embedding A — R,4. The
group EO(A) is generated by all Eichler transformations of the form E(f;,v), 1 < j < 4,
where the pairs (f1, f2) and (f3, f1) span the two hyperbolic planes which are contained in
A, and where v € A; is orthogonal to f;. In our terminology we have

fi=e, fo=ens, fs=e1, f1= e,
where (ej)1§j§l+4 is the standard basis of V; = R!**. With this choice we obviously have
A =H @& Hy A,
where H, = Z f, + Zf> and Hy, = Z f5 + 7 f4 are two integral hyperbolic planes, that is
@(z1fi +xofa) =210 and  qi(z3f3 + x4 fs).

The Eichler transformations E( f;,v) are then defined for all v € A; which are orthogonal
to f; by

E(fj,v)(a) =a— (a, fj)1v+ (a,0)1f; — q1(v)(a, f;)1f; foralla € V;.

In order to see how they act on Hg we have to apply them to a = [(—qo(w), w,1)] € £
(cf. Section 4.2). Then for w = (71, 2, 72) and h = (0,0, A,0,0), A € A, we get

E(f1, f3)(w) = (1 +1,2,7) =T, (w),

E(f1, f)(w) = (—qo(w) + 71, 2,7) (=15 + 1) = (JT,, ,J)(w),
E(f2, fs)(w) = (11,2,72 + 1) = ey (W),
E(fa, f)(w) = (11, 2, —qo(w) + 72) (=1 + 1) = (JT.,J){w),
E(fi,h)(w) = (71 — NSz + q(\)70, 2 — )\7—2,7—2) = U_,(w),
E(fa,h)(w) = (11,2 = At1,72 — NSz + q(\)71) = (JULT)(w),
E(fs,h)(w) = (11,2 = A, 1) = T(0,-x0)(w),
B(fa, b)) = (11,2 + ao(w)A, 1) (~a(N)o(w) — NSz +1) ™" = (JTigno)T)w).
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Since
for: =1,2and j = 3,4, and

E(fj,v1 +v2) = E(fj,v1) o E(fj,v2)

forl <j<4andall v;,v, € A1 N ij we see that the above eight Eichler transformations
generate the group EO(A). We conclude that a subgroup I" of O(S;;R) which is nicely
generated in the sense of Freitag/Hermann is also nicely generated in the sense of Definition
1.18. On the other hand, we have

J(w) = (E(f1, f3) o E(fa, fa) o E(fa, f3) o E(f1, f1) o E(fa, f3) o E(f1, f3)) (w).

Thus the converse is also true. In fact we have shown even more, namely that the subgroup
(J, Ty; g € Ag) of I'g considered as subgroup of Bihol(Hg) is isomorphic to the group
EO(A).



D. Discriminant Groups

S=D,

A € Dis(4) | [(0,0,0,0] | [(5,3,0,0) | [(3,0,3,0) | [(0,3,3,0)
smdz| o |+ | 1 | 3
5 =A%

A € Dis(A) | [(0,0,0)) | [(2.0.0)] | [(0.3,0)] | [(0.0,3)]
shmodz| o | 1 | 1 |

N € Dis(d) | [(0.5.3)] | 1(3.0.3)] | 133,00 | [(3.3. 3
G(Mmodz| 1 | L | 1 | 3
S =As

X € Dis(A) | [(0,0,0)] | (5,3, =91 | [3,0,3)] ] [(-3.3.4)
shmodz| o | & | 1 |
S =AY

N € Dis(d) | [(0,0)] | [3,0)] | [0, )] | (3. 3]
7s([A)mod Z | 0 1 1 ‘ 1
S = A

X € Dis(A) | [(0,0)] | [(3.4)] | [(=5,—3)
as(N)modZ | 0 |}

S =5

X € Dis(d) | [(0,0)] | [(0.3)] | [0, =] | [3,0)
Ts(W)modZ | 0 | N

X € Dis(A) | 1341 | (5, =91 | 10, )] | (3. 3)
(Wmodz| ¢ | 2 | 1 | 3







E. Dimensions of Spaces of
Vector-valued Modular Forms

In the following tables we list the dimensions of the spaces [Mp(2;Z), k, ps] of vector-
valued modular forms for some positive definite matrices S. For weights k € %Z which do
not occur in the tables the dimension is 0. We write d(k) := dim[Mp(2;Z), k, ps].

S = Ag

A HHHEREE M REEES T
awyfolol1lof 1] 1)1 ]ar-12+1
Pzl |22 mrsnzT
iy |11 2238 4]dk-12)+3
S=AY

k % % % % 2n+%,n24

dk) [1]3] 4|5 | dk—6)+4

S:D4

Eolol2)4l6|s|10|12] monz7
akyfof1|1]sl2] a4 |dr-12+4
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Notation

{f17'-~7fn}
|D
| X

’k:,m,S

(5)

= (AZ + B)(CZ + D)~ ! (pp. 53, 57)

= (aT +b)/(cT + d)

— (—ao(w)b+ Aw + ) (M{w}) ™ (p. 10)

= —yqo(w) + "dw + 6 (p. 10)

M is positive semi-definite

M is positive definite

a € Pg (p. 31)

a € Pg (p.31)

See p. 83

A bilinear form, usually (-, -)s (p. 9)

= (+,)s, the bilinear form associated to Sy (p. 9)
= (+,)s,, the bilinear form associated to Sy (p. 9)
= Sy, the bilinear form associated to S (p. 8)
The greatest integer function

The principal branch of the square root

The commutator ghg~*h~! of g and h

The commutator factor group G /G’ of G

The commutator subgroup of G

H is a subgroup of G

The block diagonal matrix with diagonal elements A4, ..., A,
The diagonal matrix with diagonal elements aq, . .., a,

= '‘BAB

The transpose of M

The conjugate transpose of M

A certain Rankin-Cohen type differential operator (p. 36)
Siegel’s ®-operator (p. 33)

Restriction of a function to a subspace or subgroup X

The Petersson slash operator of weight £ (pp. 29, 54, 57, 66)
The slash operator of weight k£ and index (m, S) (p. 40)

= (8(1:1—23)), the Jacobian matrix of F' : C* — C" (p. 35)



Notation

= det (H) , the Jacobian (determinant) of ' : C* — C” (p. 35)

The space of modular forms of weight k& with respect to [" and v (p. 29)
The subspace of cusp forms in [['g, k, v] (p. 33)
=Tk, 1]

The space of quaternionic modular forms of weight £ with respect to y (p. 58)

The space of Hermitian modular forms of weight k& with respect to x (p. 54)
The subspace of cusp forms in [I'k, &, x| (p. 54)

The space of meromorphic modular forms of weight & with respect to x (p. 97)

The space of modular forms of weight k& with respect to p (p. 66)
The subspace of cusp forms of [Mp(2;Z), k, p]

The space of nearly holomorphic modular forms of weight £ (p. 68)
The space of elliptic modular forms of weight k&

The alternating group of degree n
= P, [, k, 1], the graded ring of modular forms with respect to I" (p. 30)
=(1,...,2 1) (p. 81)

The Fourier coefficients of the orthogonal modular form f

A Bernoulli number

The group of biholomorphic automorphisms on the space X

= ((7%" %) ,i), the generator of the center of Mp(2; Z)

The complex numbers

The group ring of the discriminant group A*/A

The polynomial ring in n variables

The Fourier coefficients of a vector-valued modular form

The cyclic group of order n

An Abelian character of I'g

The dihedral group of order n

The discriminant of A* (p. 84)

The determinant map or the determinant character of a modular group
The column vector consisting of the diagonal elements of the matrix M
The discriminant group A*/A of A (p. 7)

= 1,0,...,0,1) € R*2(p.9)

An element of the standard basis (e1, . . ., ¢;) of R’
A vector-valued Eisenstein series of weight & (p. 73)

The normalized orthogonal Eisenstein series of weight & for I" 43 (P 60)
1

The normalized orthogonal Eisenstein series of weight k for I' 4, (p. 60)



Notation

ED

By

By

E¥

€u

n

Fq

I35 fro: fi2

GL(n; R)
h(Ak)
H(2;C)
H(2;H)
H

Hs

H

Hs
Ho(p,n)
R,

Hs(R)
Her(n; R)
I

11,12, 13
I,

I,

Ls
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The normalized orthogonal Eisenstein series of weight & for I'p, (p. 60)
The normalized quaternionic Eisenstein series of weight k for I'y (p. 58)
The normalized Hermitian Eisenstein series of weight & for 'k (p. 54)
The normalized orthogonal Eisenstein series of weight & for ['gx (p. 56)
An element of the standard basis (e,,),,caz/a of C[A?/A]

The Dedekind eta function (p. 67)

The field of two elements

Certain cusp forms for I' 4, and/or I' AP (pp. 94, 104)

A component of a vector-valued modular form f

The normalized elliptic Eisenstein series of weight & (p. 45)

A subgroup of finite index of ['g

= U(2; ok ), the Hermitian modular group

A certain subgroup of I'(2; K) (p. 54)

The extended quaternionic modular group (p. 57)

={(6%); neZ} <SL(2;Z)

= {((§7).1); n€ 2} < Mp(%;2)

The extended Hermitian modular group (p. 54)

= O(A1)NOT(S1; R), the orthogonal modular group with respect to S (p. 11)
The group of Abelian characters of I'g (p. 22)

The group of invertible n X n matrices with elements in R

Class number of an imaginary quadratic number field with discriminant Ag
The Hermitian half-space of degree 2 (p. 53)

The half-space of quaternions of degree 2 (p. 57)

The Hamilton quaternions

A subspace of H (p. 13)

The complex upper half plane {7 € C; Im(7) > 0}

The (orthogonal) half-space associated to S (p. 9)

A certain subset of P2 (p. 78)

Certain modular forms of weight & € {4, 6, 8,10, 12} for FA?) (p. 62)

The Heisenberg group (p. 27)

The set of Hermitian n x n matrices with elements in R
An identity matrix

The canonical non-real basis elements of H

The identity matrix in Mat(n; R)

The involution on H(2; C) or H(2; H) mapping Z to 'Z
The isomorphism R! — Hg (p. 13)
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‘7
Im(z)
J

j/am,s(g’ (Tv Z))

Notation

An isometric embedding of Ay in Ag (p. 45)

The imaginary part of z € C

A certain element of I'g, or the element (({ '), v/7) € Mp(2;Z) (p. 11)
A factor of automorphy on Js(R) x (H x C') (p. 40)

= M{w}, the factor of automorphy on O (S1;R) x Hg (p. 29)
A certain element of O(Ag) (p. 11)

— (0 -1z

=(n70")

A factor of automorphy on (Sp(2; O), pl4) x H(2;H) (p. 59)
- (102 _012 ) —_—~—

A factor of automorphy on I'(2, K) x H(2;K) (p. 55)

= Jk (m, S, 1)

The space of Jacobi forms of index (m, S) and weight k with respect to v (p. 41)

= J)(m, S, 1)

The subspace of Jacobi cusp forms in Ji(m, S, v) (p. 41)
The Jacobi group (p. 27)

The integral Jacobi group (p. 28)

An imaginary quadratic number field (p. 53)
={[Z] e N; (Z,Z), > 0} (p. 83)

The field of orthogonal modular functions for I's (p. 97)
A component of C (p. 84)

A positive integer, usually the rank of S

A lattice, usually Z' and even of signature (0, [)
Usually an element of A or Af

=ZxANXZ

=ZxNgXZ

=A®zQ

The lattice associated to 1" (p. 45)

A rational quadratic divisor (p. 84)

The dual lattice of A (p. 7)

The MaaB space in [I'y, &, 1] (p. 58)

= M(Tg,k,1)

The MaaB space in [I's, k, V|

A certain element of I'g (p. 12)

A certain element of I'g (p. 12)

A certain element of I'g (a rotation) (p. 20)
Usually an element of A* or AF/A

An element of A% or A% /A



Notation

Mat(n, m; R)
Mat(n; R)
Mp(2;R)
Mp(2; Z)
Mp(2; Z)[N]
N(z)

N

No

N

v

O™, b7)
O(A)
Oa(A)

O™ (Ay)
O(S;R)
O+ (S1;R)
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The group of n X m matrices with elements in R
The ring of n X n matrices with elements in R

The metaplectic cover of SL(2;R) (p. 65)

The integral metaplectic group (p. 65)

The principal congruence subgroup of Mp(2; Z) of level N
= 2%, the norm on H (p. 13)

The natural numbers {1,2,3,...}

=NuU{0}

The zero-quadric in P(V;(C)) (p. 83)

An Abelian character of I'g

The Siegel character of ['g (p. 24)

The character of the Dedekind eta function (p. 67)
The Siegel character of 'k (p. 55)

The orthogonal character of I's (p. 22)

A certain Abelian character of 'y (p. 59)

The symmetry character of I'x (p. 55)

A certain Abelian character of 'y (p. 59)

The real orthogonal group of signature (b*,b7) (p. 8)
The orthogonal group of A (p. 8)

The discriminant kernel of O(A) (p. 8)

={A € 0(A); A-Hs =Hs} (p- 15)

The real orthogonal group with respect to .S (p. 8)
The connected component of the identity of O(S7; R) (p. 10)
The Hurwitz order (p. 13)

= ONHg (p. 13)

The ring of integers of the imaginary quadratic number field K (p. 53)
= 1141 +i» +13)

A certain element of I'g (a rotation) (p. 12)

The projective space of V;(C)

A certain element of O%(Ag) (p. 12)

The positive cone associated to S (p. 9)

= {v € Ps; qo(v) =1} (p. 77)

The closure of Pg (p. 31)

The parabolic subgroup of O™ (Sy;R) (p. 26)

= Ps(R)NTs (p. 28)

Siegel’s ®-operator (p. 33)

A Borcherds product of weight 4 for I' A®) (p. 56)
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o
P10

P30
Pas
PH
PK
Pm
V3

Vs

Vg

V1s
Y20
V30

V54

(e

PO(S;1; R)
PO*(S;;R)
Pos(n; R)

q

a(p+A)
Q

Notation

A Borcherds product of weight 9 for I'4, (p. 56)

A Borcherds product of weight 10 for I' AP (p. 56)

A Borcherds product of weight 30 for I' 4 (p. 56)

A Borcherds product of weight 45 for I' 4, (p. 56)

A certain biholomorphic isomorphism from Hp, to H(2; H) (p. 58)
A certain biholomorphic isomorphism from Hgx to H(2; C) (p. 54)
A Fourier-Jacobi coefficient of index m (p. 38)

A Borcherds product of weight 3 for I' AP (p- 100)

A Borcherds product of weight 8 for I' 4, (p. 92)

A Borcherds product of weight 9 for I' 4, (p. 92)

A Borcherds product of weight 18 for I' 4 (p. 100)

A Borcherds product of weight 20 for I' 4 (p. 100)

A Borcherds product of weight 30 for I' 4 (p. 100)

A Borcherds product of weight 54 for I' 4, (p. 92)

A Borcherds product of weight £ (p. 85)

= O(Sy; R)/{1} (p. 10)

= OF(Si;R)/{£1} (p. 10)

The ring of positive definite Hermitian n X n matrices with elements in R
e?™™ for 7 € H, or a quadratic form and then usually gg (p. 9)
=q(p)+Z (.7

The rational numbers

= ¢s,, the quadratic form associated to .Sy (p. 9)

= ¢s,, the quadratic form associated to .Sy (p. 9)

= %(m, x)g, the quadratic form associated to S (p. 8)

The real numbers

A certain element of ['g (a rotation) (p. 12)

A certain element of I'g (a rotation) (p. 12)

= (141;)/V/2, or a finite representation of Mp(2; Z)

The Weil representation attached to (A*/A, qs) (p. 68)

The dual representation of pg

The induced Weil representation on {e, —e_,; p € A*/A} (p. 71)
The induced Weil representation on {e,, +e_,; u € A*/A} (p. 71)
A component of o;(W)

The Weyl vector of f

The Weyl vector associated to W and f (p. 79)

A component of p;(W)
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S

S]K

sign

SL(n; R)
SO(A)
Sp(2; H)
Sp(n; R)
Stabg (X)
SU(2; K)
Sym(n; R)
T

Ty
o(r; S, p,)
O,

0,(7;S, pr)
T, T1, To
trace(M)
Trans(H)
U(2; K)

131

A component of g(W)

The real part of z € C

= ( toﬁ 21 ) for U € GL(2; H) or U € GL(2; K)

A nonsingular real symmetric matrix, usually even

The symmetric group of degree n

An extension of —S of signature (1,74 1)

An extension of Sy of signature (2,1 + 2)

The even matrix associated to the imaginary quadratic field K (p. 54)
The sign function

The group of n x n matrices with elements in R and determinant 1
The special orthogonal group of A (p. 19)

The symplectic group of degree 2 over H (p. 57)

The symplectic group of degree n over R

={g € G; gx € X forall z € X}, the stabilizer of X in G

= U(2; K)NSL(4; K), the special unitary group of degree 2 over K (p. 53)
The set of symmetric n X n matrices with elements in R
— ((§1),1) € Mp(2:2)

A certain element of I'g (a translation) (p. 11)

A vector-valued theta series (p. 75)

A quaternionic theta series (p. 60)

A component of O(7; .S, p,)

Usually elements of H

The trace of the matrix M

= (% 1) for H € Her(2; H) or H € Her(2;K)

The unitary group of degree 2 over K (p. 53)

A certain element of I'g (a rotation) (p. 12)

A certain element of I'g (a rotation) (p. 12)

A certain element of O1(Ag) (p. 12)

= A ® R, usually R’

=VeC

= (1, —z*a(z), ) (p. 81)

Ap @R

A ®R

= v(x)/V/q0(v(z))

Usually an element of Hg of the form (71, z, 72)

The Weyl chamber of f (p. 82)

Certain quaternionic theta series (p. 60)
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Z An element of H(2;C) or H(2;H)
2 Usually an element of C!
Y/ The integers
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automorphism vector-valued, 73
biholomorphic, 10 embedding
isometric, 45

bilinear form, 7 Euclidean lattice, 9

Borcherds product, 85

even
Borcherds products, 77 lattice. 7
character malrix, 8
ozrthogonal, 22 factor of automorphy, 29
Siegel, 22 Fourier expansion, 31
characters Fourier-Jacobi expansion, 38
Abelian, 22 .
cocycle condition, 29 graded ring, 30

commutator subgroup, 21
cusp form, 33
Hermitian, 54
Jacobi, 41
vector-valued, 66

half-space, 9
Hermitian, 53
of quaternions, 57
Heisenberg group, 27

index, 40
Dedekind eta function, 67
determinant, 22 Jacobi cusp form, 41
differential operator, 35 Jacobi form, 40
dimension formula, 70 Jacobi forms, 38
discriminant, 84 Jacobi group, 27
discriminant group, 7 Jacobian, 35
d%scltrumnant kernel, 8 Koecher’s principle, 32
divisor
rational quadratic, 84 lattice, 7
dual lattice, 7 dual, 7
) ) ) Euclidean, 9
ElsensFelr'l series even, 7
elliptic, 45 level

Hermitian, 54
orthogonal, 56, 60
quaternionic, 58 Maal form, 42

of a lattice, 7
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Maal space, 42, 58
metaplectic group, 65
modular form
Hermitian, 54
meromorphic, 97
nearly holomorphic, 68
orthogonal, 29
quaternionic, 57
skew-symmetric, 54
symmetric, 54
vector-valued, 66
modular forms
Hermitian, 53
vector-valued, 65
modular function, 97
modular group
Hermitian, 53
extended, 54
orthogonal, 10, 11
quaternionic, 57

nicely generated, 15

obstruction space, 87
operator

differential, 35
order

Hurwitz, 13
orthogonal group, 7, 8

parabolic subgroup, 26
d-operator, 33
polynomial

spherical, 74
primitive, 7
principal part, 68

quadratic form, 7
quadratic space, 7

representation
dual, 68
Weil, 68

restriction, 45

Siegel’s ®-operator, 33
slash operator, 66
special unitary group, 53
spherical polynomial, 74
symplectic group, 57

theta series, 74, 75

unitary group, 53
special, 53

Weil representation, 68
Weyl chamber, 78, 82
Weyl vector, 79, 82
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