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Summary

In this thesis the thermoelectric properties (electrical conductance, Seebeck
coefficient and thermal conductance) of quantum dots described by the An-
derson impurity model have been investigated by using the numerical renor-
malization group (NRG) method.

In order to make accurate calculations for thermoelectric properties of
quantum impurity systems, a number of recent developments and refine-
ments of the NRG have been implemented. These include the z-averaging
and Campo discretization scheme, which enable the evaluation of physical
quantities on an arbitrary temperature grid and at large discretization pa-
rameter Λ and the full density matrix (FDM) approach, which allows a more
accurate calculation of spectral functions and transport coefficients.

The implementation of the z-averaging and Campo discretization scheme
has been tested within a new method for specific heats of quantum impu-
rities. The accuracy of this new method was established by comparison
with the numerical solution of the Bethe-ansatz equations for the Anderson
model.

The FDM approach was implemented and tested within a new approach
to the calculation of impurity contributions to the uniform susceptibilities.
Within this method a non-negligible contribution from the “environmental”
degrees of freedom needs to be taken into account to recover the correct
susceptibility, as shown by comparison with the Bethe-ansatz approach.

An accurate method to calculate the conductance of a quantum dot is
implemented, enabling the extraction of the Fermi liquid scaling coefficients
cT and cB to high accuracy, being able to verify the results of the renor-
malized super perturbation theory approach (within its regime of validity).
The method was generalized to higher order moments of the local level
spectral function. This, as well as reduction of the SU(2) code to the U(1)
symmetry, enabled the investigation of the effect of a magnetic field on the
thermoelectric properties of quantum dots. Furthermore the model could be
used to qualitatively describe and predict the behavior of the thermopower
of CeCu6-xAux in a magnetic field.

Motivated by the large thermopower realized in a negative-U Anderson
model, a generalized Anderson impurity model with screening to the leads
was introduced and investigated with the NRG. A two-channel NRG code
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needed to be developed, since the decoupling of the odd parity channel is no
longer valid in the presence of a screening term. Sufficiently large screening
terms can make the Coulomb interaction negative (at particle-hole symme-
try), thereby enhancing the thermopower by the negative-U effect. Experi-
mentally, screening interactions are always expected to be present and may
be particularly important in molecular quantum dots, where the leads are
metallic. We showed the effect of the conductance electron screening term at
T = 0 on the conductance and on the local occupation number as well as the
charge and spin susceptibility. These results verify functional renormaliza-
tion group results for these quantities within their range of validity, i.e. for
small Coulomb interactions and screening interactions, but go beyond these
since they allow investigating quantitatively also in the non perturbative
limit. It is shown that for strong screening interaction (relative to the lo-
cal Coulomb repulsion) the physics is consistent (at particle-hole symmetry)
with a charge Kondo effect.
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Chapter 1

Introduction

The physics of quantum dots has been of continuous interest in research.
Modern realizations of quantum dots are highly tunable devices [1, 2, 3, 4].
In artificial quantum dots, for example, one can manipulate the gate voltage
and the tunneling barrier to the quantum dot (see Figure 1.1). Other more
complex realizations, like double quantum dots, have been of recent interest
also in the context of quantum computing [6, 7]. A different approach to
create artificial quantum dots is to attach molecules between two leads [8, 9,
10, 11, 12]. These provide a large variety of systems that can be investigated.

Investigating the thermoelectric properties of such devices, i.e. their
thermopower and their electrical and thermal conductance, is of interest
from the fundamental physics point of view as well as for future applications
to harvest waste energy in space constrained environments. Measuring these
properties can also be used to probe the electronic structure of molecules
(see e.g. Reddy et al. [13]).

To investigate the properties of quantum dots we will use the numerical
renormalization group (NRG) method. It was introduced by Wilson [14] to
solve the Kondo problem. The model, introduced by Kondo [15], described
a mechanism explaining the resistance minimum appearing in metals doped
with magnetic impurities. The same effect can increase the conductance of
quantum dots at low temperatures [16, 17]. Since its introduction in the
1970’s the NRG has been further developed and proved to give accurate
results for a wide range of models and parameters (see Bulla et al. [18]).
The details of this method will be introduced in Chapter 2.

In this thesis we were particularly motivated by recent experiments on
the conductance scaling coefficients [4, 12, 19] (see Figure 1.2). While these
coefficients take defined values in the Kondo limit, deviations are expected,
and found, away from this limit (Chapter 5). While previous work (Costi and
Zlatić [20]) has investigated the thermoelectric properties of quantum dots
in zero magnetic field, a systematic study of these properties in a magnetic
field is absent. We supply this in Chapter 6, where we also apply our re-
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14 CHAPTER 1. INTRODUCTION

Figure 1.1: Schematic picture of a single electron transistor [5]. The sur-
rounding electrodes (VL1, VL2 and VR) control the tunnel barrier and create
the quantum dot in the 2D electron gas. the middle left electrode acts as a
gate voltage Vg and controls the level of the dots with respect to the Fermi
level EF of the leads. Source and drain on the top and bottom are not visible
here.

Figure 1.2: Low temperature measurements of the conductance of a InAs
nanowire quantum dot depending on the (G(T )) temperature and on the
magnetic field (G(B)) (taken from Kretinin et al. [4]). The experimental
data has been compared to theoretical predictions by the NRG (solid lines)
and Bethe ansatz (dashed lines).
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sults for the magnetothermopower to interpret, in a semi-phenomenological
manner, the recent measurements of von Löhneysen et al. [21] on the system
CeCu6-xAux. Finally, the high thermopower observed in a negative-U An-
derson model [22] raises the question of how to realize an attractive Coulomb
energy in quantum dots. This motivates our study of the screened two-
channel Anderson model in Chapter 7 as a possible route to a negative-U
model.

To be able to calculate these effects the existing NRG program was
extended to include a series of recent developments. First, z-averaging im-
proved different aspects of the calculation. It allows to calculate results
on an arbitrary temperature grid, largely reduces oscillations introduced by
the discretization, and in turn allows the use of larger discretization param-
eters, which thus reduces also the computational time. Second, a different
discretization scheme introduced by Campo Jr and Oliveira [23] corrects a
systematic overestimation of the hybridization. Last, the full density ma-
trix (FDM) approach eliminates the need to choose the best energy shell at
which to calculate a physical quantity within the NRG. These general ad-
vancements have to be complemented by some problem specific extensions.

The first two advancements, the z-averaging and the improved discretiza-
tion scheme, were implemented in connection to a new method to calculate
the internal energy and specific heat contribution of an impurity in Chap-
ter 3. Within this approach, the impurity specific heat contribution can
be extracted with just a single NRG calculation for the total system, as op-
posed to the usual approach that further requires the calculation of the pure
host system. This method is independent of the NRG and may find use in
other impurity solvers or problems. To show the accuracy of the new method
(and the new NRG developments) we solve the thermodynamic Bethe-ansatz
equations for the Anderson model numerically and extract from these the
specific heat at finite temperatures (and also the susceptibility, which we
use in Chapter 4).

The FDM approach was explored in the context of the impurity contribu-
tion of the specific heat and the magnetic susceptibility in Chapter 4. There
we also address a delicate problem arising when calculating the total spin
susceptibility and numerically confirm the Clogston-Anderson compensation
theorem.

With these developments, we were able to address the question of how
the universal conductance scaling behavior changes away from the Kondo
regime in Chapter 5. For this work a reliable method to calculate the con-
ductance [24] enables extraction of the scaling parameters to new precision.
The simpler U(1) symmetry has to be incorporated as well to allow the
inclusion of a magnetic field.

Extending the method for the conductance calculation to higher mo-
ments of the local level Green’s function, enabled us to analyze the behavior
of different thermoelectric properties in a magnetic field. Besides extending
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the work of Costi and Zlatić [20], we show that the low temperature behavior
of the Seebeck coefficient of CeCu6-xAux, a heavy Fermion material, indeed
shows the signature of a Kondo effect, within a certain Au concentration
range.

Finally, we investigate the effect of a conduction electron screening term
on the low temperature conductance in Chapter 7. An electron screening
term is discussed as one mechanism that can lower the effective Coulomb
repulsion [25, 26]. This model has previously only been investigated by an
effective one-channel approximation [27] for its thermoelectric properties.
The more accurate description requires the need of a two-channel Anderson
model and comes with its own set of challenges, as the diagonalization needs
a different set of coefficients in the iterative diagonalization procedure, and
the methods used for the calculation of thermoelectric properties are no
longer valid in presence of an electron screening term. Benchmarking the
results against functional renormalization group calculations for the same
model gave good agreement for the zero temperature conductance and dot
level occupation number [28].



Chapter 2

Numerical renormalization
group

When liquid helium became available in the early 20’th century, in metals
doped with magnetic impurities an unexpected resistance minimum was
observed (for example Iron in Gold [29]). Jun Kondo [15] made a significant
advancement in explaining this phenomenon. His explanation was based on
the s-d model which for a single impurity takes the form

Hs-d = ∑
k,k′

Jk,k′S
+c†k,↓ck′,↑ + S

−c†k,↑ck′,↓ + Sz(c
†
k,↑ck′,↑ − c

†
k,↓ck′,↓), (2.1)

where Sz and S± = Sx ± iSy are the spin operators of the local state of spin
S.

The s-d model assumes that there already is a localized spin. A more
general model was proposed by Anderson [30]:

H =Himp +Hint +Hcond (2.2)

where

Himp = Und,↑nd,↓ +∑
σ

εdnd,σ (2.3)

Hint = ∑
k,σ

Vk (c†k,σdσ + d
†
σck,σ) (2.4)

Hcond = ∑
k,σ

εkc
†
k,σck,σ. (2.5)

The symmetric Anderson impurity model (εd = −1
2U) and the s-d model are

connected by the Schrieffer-Wolff transformation [31] for U/Vk ≫ 1

Jk,k′ = 2V ∗
k Vk′ (

1

U + εd − εk′
+ 1

εk − εd
)[= −8 ∣V ∣2

U
] ,

17



18 CHAPTER 2. NUMERICAL RENORMALIZATION GROUP

where the results in brackets indicate the particle-hole symmetric case for
k ≈ kF . The Anderson model will play a fundamental role in this thesis.

Though the underlying models are rather simple, it took until 1975 un-
til Wilson [14] found a method to solve this problem essentially exactly
non-perturbatively: the numerical renormalization group (NRG).

Kenneth Wilson was awarded the Nobel Prize in Physics in 1982 for his
work on the renormalization group and the solution of the Kondo problem.
The extensive papers by Krishna-murthy et al. [32][33] give a good intro-
duction into the NRG, while the review article of Bulla et al. [18] surveys
the more recent developments and applications of this method. Unlike other
renormalization theories it is non-perturbative in any of the interaction pa-
rameters and thereby produces a set of energies that are a good description
of the system on all relevant energy scales.

2.1 Introduction to the NRG

The derivation of the NRG will follow the lines of Bulla et al. [18]. The
single impurity Anderson model (SIAM) will be the starting point for the
derivation in this chapter. Its Hamiltonian takes the form

H =Himp +Hhyb +Hband (2.6)

Himp = ∑
σ

εdd
†
σdσ +Und,↑nd,↓ (2.7)

Hhyb = ∑
k,σ

Vk(d†
σck,σ + c

†
k,σdσ) (2.8)

Hband = ∑
k,σ

εkc
†
k,σck,σ. (2.9)

The method can be easily extended to arbitrary Himp and multiple bands
even though the number of bands that can be treated at present is 3 or
less [34]. The two band case and the addition of a screening term of the
impurity will be discussed in more detail in Chapter 7.

In this chapter we will first introduce the three main steps needed for the
NRG calculation (Section 2.1). The following section will go into the details
of an alternative discretization scheme that eliminates some problem of the
original scheme. Sections 2.3-2.5 will introduce how different observables are
calculated within the NRG. The last section then explains the full density
matrix (FDM) approach as a further improvement to determine observables
using the full energy spectrum of the NRG.

2.1.1 Band Discretization

The overall strategy of the NRG is to convert the starting Hamiltonian
into a tridiagonal chain, where the hopping terms from one site to the next
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Figure 2.1: This sketch visualizes the logarithmic discretization of the band.
The band is split into logarithmically decreasing parts ranging from energies
DΛ−n to DΛ−(n−1) for positive energies or −DΛ−(n−1) to −DΛ−n for negative
energies. These strips will then be decomposed into a Fourier series (or
another suitable basis) as represented by the sine wave.

decrease exponentially. It is therefore possible to iteratively treat each new
chain element as a perturbation to the previously diagonalized chain. As
one is interested in low energy behavior it is justified to neglect some high
energy states from the previous iteration.

Relation between dispersion and hybridization

To simplify the derivation for the NRG we introduce the hybridization func-
tion ∆(ω) of the SIAM:

∆(ω) = π∑
k

V 2
k δ(ω − εk). (2.10)

Assuming there is no support for ∆(ω) outside the interval [−D,D], we can
use D as the energy unit and rewrite the Hamiltonian as:

H =Himp + ∫
1

−1
∑
σ

g(ε)a†
ε,σaε,σ

+ ∫
1

−1
∑
σ

h(ε)(d†
σaε,σ +H.c.), (2.11)

where g(ε) is the dispersion relation and h(ε) the hybridization. aε,σ fulfills

the fermionic commutator relation [aε,σ, a†
ε′,σ′]+ = δ(ε−ε

′)δσσ′ . The functions
g(ε) and h(ε) are then related by

∆(ω) = πdε(ω)
dω

h(ε(ω))2, (2.12)

where ε(ω) is the inverse of g(ε) (see Reference [35] for the derivation).
Therefore the NRG is only dependent on the hybridization function ∆(ω).
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Figure 2.2: Temperature dependence of (a) the impurity entropy Simp(T )
and (b) the impurity specific heat Cimp(T ). The curves are calculated for
the symmetric Anderson model using ∆0 = 0.001D, U/∆0 = 12 and Λ = 4,
ec(Λ = 4) = 40. The figure depicts the difference before (dashed lines) and
after (solid lines) z-averaging. For Λ = 4 two z-values [z = 1/4,3/4] are
sufficient to eliminate the oscillations.

Logarithmic intervals

To achieve exponentially decreasing hopping terms, the band will first be
split into a set of logarithmically decreasing intervals with respect to the
Fermi energy. As it is more convenient, the Fermi energy is set to zero
throughout the thesis. Further the energies are rescaled to the half band-
width D. Figure 2.1 sketches how a flat band is split into intervals reaching
from −Λ−n to −Λ−(n+1) and into intervals from Λ−(n+1) to Λn.

Note that one would like to let Λ → 1 to return to the continuum limit
while numerically large values of Λ make the calculation easier, but intro-
duce discretization artifacts. The oscillation artifacts (see Figure 2.2) can
be reduced by averaging over a set of results obtained from the following
discretization scheme (Frota and Oliveira [36], Oliveira and Olilveria [37],
Yoshida et al. [38]): The interval end points will be shifted by a factor Λ−z

for z ∈ (0,1] to xn = ±Λ−n−1−z, n now running from n ∈ {1,2,3, . . .} and
x0 = ±1. Averaging over a set of equally spaced z values greatly reduces the
oscillations seen for a large discretization parameter Λ. This averaging will
be denoted as the z-trick or as z-averaging. The derivation for this trick is
equivalent to the usual derivation, any Λ−n will be replaced by Λ−n−1−z with
an exception for the first intervals.

Other discretization artifacts remain. An effective change in the hy-
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bridization for large Λ, can be overcome by a different decomposition than
given in the next subsection (see Section 2.2). It is therefore advised to
make calculations with the smallest Λ feasible or at least vary Λ to make
sure the coarse discretization does not effect the results.

Discretization

To justify a replacement of each interval with a δ-function representing the
average of the interval, the interval will be decomposed into a Fourier series.
Note that this decomposition leads to a shifted effective hybridization for
large Λ, which can be averted by using a different decomposition (Campo
and Oliveira [23] and Section 2.2). Denoting the length of an interval dn
with

dn = Λ−n(1 −Λ−1), n = 0,1,2, . . . (2.13)

and the interval borders xn

xn = ±Λ−n (2.14)

the complete set of orthonormal basis is given by:

ψ±n,p(ε) =
⎧⎪⎪⎨⎪⎪⎩

1√
dn

exp(±ωnpε) if xn < ±ε < xn+1

0 else
, (2.15)

where p is an integer p ∈ (−∞,∞). The fundamental frequencies of each
interval are given by ωn = 2π/dn. The conduction electron operator aε,σ can
now be expressed in this basis:

aε,σ = ∑
n,p

an,p,σψ
+
n,p(ε) + bn,p,σψ−n,p(ε), (2.16)

where the corresponding Fourier coefficients are given by the inverse trans-
formation:

an,p,σ = ∫ dε [ψ+n,p(ε)]∗aε,σ (2.17)

bn,p,σ = ∫ dε [ψ−n,p(ε)]∗aε,σ. (2.18)

The operators a
(†)
n,p,σ and b

(†)
n,p,σ fulfill the fermionic commutation relation.

We can rewrite the Hamiltonian in terms of the new set of operators. The
hybridization part can be rewritten as:

∫ dε h(ε)d†
σaε,σ = d†∑

n,p

[an,p,σ ∫
+.n

dε h(ε)ψ+n,p(ε) (2.19)

+ bn,p,σ ∫
−.n

dε h(ε)ψ−n,p(ε)] ,
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where we defined

∫
±.n

∶= ±∫
±xn

±xn+1

. (2.20)

We can use any non-zero hybridization h(ε) due to the relation given in
Equation 2.12. Choosing a step function

h(ε)2 = h±n
2 = 1

dn
∫

±.n
dε

1

π
∆(ε). (2.21)

has two advantages. On the one hand, this choice will ensure a linear dis-
persion at the discretization points g(xn) = xn or ε(xn) = xn. This can be
proved by using Equations (2.12) and (2.21) and has been introduced by
Bulla et al.[35]. On the other hand, it will also couple the band only to the
Fourier coefficients an,0,σ and bn,0,σ. The other coefficients will only couple
indirectly via the dispersion relation. This is crucial for Wilson’s argument
in neglecting the p ≠ 0 terms [32]. In Section 2.2 we will see that it is possible
to completely uncouple an,0,σ and bn,0,σ from the other Fourier coefficients,
but at the cost of not having a fully orthogonal basis {an,p,σ, bn,p,σ} anymore.
Evaluating Equation (2.19) for step function hybridization leads to

∫ dε h(ε)d†
σaε,σ =

1√
π
d†
σ∑
n

γ+nan,0,σ + γ−nbn,0,σ, (2.22)

where γ±n
2 = ∫

±.n
dε∆(ε).

Rewriting the conduction electron part in terms of the new basis yields

∫ dε g(ε)a†
ε,σaε,σ = ∑

n

ξ+na
†
n,p,σan,p,σ + ξ−nb†n,p,σbn,p,σ (2.23)

+ ∑
n,p≠p′

α+n(p, p′)a†
n,p,σan,p′,σ − α−n(p, p′)b†n,p,σbn,p′,σ

where the coefficients for the diagonal elements are given by

ξ±n =
∫
±.n

dε ε∆(ε)
∫
±.n

dε∆(ε)
[= 1

2
Λ−n(1 +Λ−1)] , (2.24)

where the result for a constant ∆(ε) is given in the bracket. When using a
linear dispersion g(ε) = ε the off-diagonal elements are given by

α±n(p, p′) =
1 −Λ−1

2πi

Λ−n

p − p′
exp [2πi(p − p′)

1 −Λ−1
] . (2.25)

So far the results given by Equation (2.22) and (2.23) are exact. The dis-
cretization is made when dropping the terms using p ≠ 0. The justification
for this step is that the impurity only couples directly to the p = 0 coeffi-
cients. Further, the coupling between different an,p,σ, bn,p,σ is proportional
to (1−Λ−1) and vanishes at the continuum limit Λ→ 1. Neglecting it could
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Figure 2.3: The band Hamiltonian has been reduced to a set of discrete states
coupling to the impurity.

be interpreted as a zeroth order step in a perturbation expansion with re-
spect to α±n(p, p′). Relabeling an,0,σ ≡ an,σ the discretized Hamiltonian takes
the form

H =Himp +∑
n,σ

ξ+na
†
n,σan,σ + ξ−nb†n,σbn,σ (2.26)

+ 1√
π
∑
σ

d†
σ∑
n

γ+nan,σ + γ−nbn,σ

+ 1√
π
∑
σ

[∑
n

γ+nan,σ
† + γ−nbn,σ†]dσ.

Figure 2.3 depicts the discretized version of the band in Figure 2.1.

2.1.2 Mapping to semi-infinite chain

The standard Gram-Schmidt procedure can be used to transform the Hamil-
tonian (2.26) onto a tridiagonal Hamiltonian. The off diagonal parts will
correspond to the hopping terms of the semi-infinite chain. An initial state
f0,σ has to be selected for the Gram-Schmidt procedure. This state is cho-
sen to correspond to the hybridization of the impurity with the conduction
electrons.

f0,σ =
1√
ξ0
∑
n

γ+nan,σ + γ−nbn,σ (2.27)

= 1√
ξ0
∫ h(ε)aε,σ, (2.28)

where ξ0 = ∫ dε∆(ε) = ∑n γ+n
2 + γ−n

2 is the normalization constant for f0,σ.
The hybridization can therefore be rewritten as

Hhyb = ∑
σ

√
ξ0

π
(f †

0,σd +H.c.). (2.29)
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Figure 2.4: After the mapping the Hamiltonian takes the form of a semi-
infinite chain with exponentially decreasing hopping terms tn.

The total Hamiltonian therefore takes the form

H =Himp +∑
σ

√
ξ0

π
(f †

0,σdσ + d
†
σf0,σ) (2.30)

+∑
n,σ

εnf
†
n,σfn,σ + tn (f †

n,σfn+1,σ + f †
n+1,σfn,σ) .

Figure 2.4 depicts this chain. The factors tn and εn will be recovered using
the Gram-Schmidt algorithm. The first state is initialized as

∣0⟩ = f †
0,σ ∣∅⟩, (2.31)

where ∣∅⟩ denotes the vacuum. The next states will be created by apply-
ing the discretized conduction electron Hamiltonian Hband as it appears in
Equation 2.26 to ∣0⟩. The resulting state has to be orthogonalized and
normalized. The first new state is given by

∣1⟩ = 1

n1
(Hband∣0⟩ − ∣0⟩⟨0 ∣Hband∣0⟩) , (2.32)

where ni normalize the created states. Using the fact that the Hamiltonian
is hermitian one can show that ⟨j ∣Hband∣i⟩ = 0 if j < i − 1. Therefore the
general case takes the following form

∣i + 1⟩ = 1

ni+1
(Hband∣i⟩ − ∣i⟩⟨i ∣Hband∣i⟩ − ∣i − 1⟩⟨i − 1 ∣Hband∣i⟩) . (2.33)

An entry of ∣i⟩ will be referred to as vi
±
k . Applying the scheme to the actual

Hamiltonian yields

v̄0 =
1√
ξ0

(γ+0 , γ+1 , γ+2 ,⋯, γ−2 , γ−1 , γ−0 )T , (2.34)

and

v̄1 =
1

n1
((ξ+0 − ε0)γ+0 , (ξ+1 − ε0)γ+1 ,⋯, (ξ−1 − ε0)γ−1 , (ξ−0 − ε0)γ−0 )

T
, (2.35)

where ε0 = ∑k,± ξ±0 v0
±
k

2 is the on-site energy. The hopping terms tn and
on-site energies εn can be calculated as

tn−1 = ∑
k,±
vn

±
kξkvn−1

±
k (2.36)

εn = ∑
k,±
ξ±k vn

±
k

2
. (2.37)
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The remaining states are then given by

v̄n+1 =
1

nn+1
(ξ+0 vn+0 , ξ+1 vn+1 ,⋯, ξ−1 vn−1 , ξ−0 vn−0)

T
(2.38)

− 1

nn+1
(εnv̄n + tn−1v̄n−1). (2.39)

While the implementation is very easy it has to be stated that a wide range
of numbers enter into the calculation of the coefficients. It is therefore
important to use multiple precision routines to calculate the parameters, else
the algorithm breaks down after approximately 15-20 iterations. The on-
site and hopping terms generally fall off exponentially. For a flat symmetric
band Wilson [32] showed that the hopping terms tn behave like

tn =
(1 +Λ−1)(1 −Λ−n−1)

2
√

1 −Λ−2n−1
√

1 −Λ−2n−3
Λ−n/2 n→∞ÐÐÐ→ 1

2
(1 +Λ−1)Λ−n/2, (2.40)

while εn = 0 due to the particle-hole symmetric band. Exponentially de-
creasing hopping elements are crucial to justify the cut-off scheme used in
the next step.

2.1.3 Iterative diagonalization

For the iterative diagonalization we consider the tridiagonal Hamiltonian as
the limit N →∞ of a series Hn

Hn+1 =Hn +∑
σ

tn(f †
n,σfn+1,σ + f †

n+1,σfn,σ) + εn+1f
†
n+1,σfn+1,σ, (2.41)

where the starting Hamiltonian H0 is given by

H0 =Himp +∑
σ

√
ξ0

π
(d†
σf0,σ + f †

0,σd) + ε0f
†
0,σf0,σ. (2.42)

Many authors choose to rescale Hn by Λ(N−1)/2 to cancel the N dependence
of tn−1. When investigating the renormalization group flow this is important
to ensure the energies are on the same energy scale. Assuming we already
know each energy and eigenstate of Hn, we can calculate Hn+1.

Without the coupling term

Vn+1 = ∑
σ

tn(f †
n,σfn+1,σ + f †

n+1,σfn,σ)

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
Hhopping

+∑
σ

εn+1f
†
n+1,σfn+1,σ

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
Hon-site

. (2.43)

the shell belonging to f †
n+1,σ just creates a fourfold degeneracy. Denoting
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the eigenstates of Hn as ∣rn⟩ a basis of Hn+1 can be created as

∣rn; 1⟩ = ∣rn⟩ ∝ ∣rn⟩∣∅⟩n+1

∣rn; 2⟩ = f †
n+1,↑∣rn⟩ ∝ ∣rn⟩∣↑⟩n+1

∣rn; 3⟩ = f †
n+1,↓∣rn⟩ ∝ ∣rn⟩∣↓⟩n+1

∣rn; 4⟩ = f †
n+1,↑f

†
n+1,↓∣rn⟩ ∝ ∣rn⟩∣↑↓⟩n+1, d

where the proportionality is due to the possible phase factor. The eigenstates
and eigenvalues of Hn+1 are then simply a matter of diagonalizing the matrix
⟨rn; i ∣Hn+1∣r′n, j⟩. In practice the Hamiltonian can be divided into various
sub Hamiltonians due to symmetry. These greatly reduce the needed matrix
sizes and, in case of the SU(2) symmetry, even allows to work on only a
subset of otherwise degenerate energies [32]. The new basis states that reflect
that symmetry will therefore be a rearrangement and linear combination of
the states generated by f †

n+1,σ. As the tridiagonalized SIAM Hamiltonian
commutes with the total particle number N and the z-component of the
total spin Sz (and in absence of a local magnetic field the total spin S), we
can use N and Sz as quantum numbers for the sub Hamiltonians. The new
states, spanning the sub Hamiltonian, will consist of

∣N,Sz, r; 1⟩n+1 = ∣N,Sz, r⟩n

∣N,Sz, r; 2⟩n+1 = f
†
n+1,↑∣N − 1, Sz −

1

2
, r⟩

n

∣N,Sz, r; 3⟩n+1 = f
†
n+1,↓∣N − 1, Sz +

1

2
, r⟩

n

∣N,Sz, r; 4⟩n+1 = f
†
n+1,↑f

†
n+1,↓∣N − 2, Sz, r⟩n.

To calculate n+1⟨N,Sz, r, i ∣Hn+1∣N,Sz, r′, j⟩n+1 we split the Hamiltonian into

Hn+1 =Hn +Hhopping +Hon-site.

The elements

n+1⟨N,Sz, r, i ∣Hn∣N,Sz, r′, j⟩n+1 = δr,r′δi,jE
n
r

are the diagonal energies calculated in the previous step. The elements

n+1⟨N,Sz, r, i ∣Hon-site∣N,Sz, r′, j⟩n+1 = δr,r′δi,jñn+1εn+1,

where ñn+1 is the occupation number of the newly added shell, give constant
contribution to the diagonal depending on i. To calculate

n+1⟨N,Sz, r, i ∣Hhopping∣N,Sz, r′, j⟩n+1
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we need to access the occupation of the previous last shell. We use the
transformation of the previous step

∣N,Sz, r⟩n = ∑
w,i

UnN,Sz(w, j; r)∣N,Sz,w, j⟩n

to access these elements. After the diagonalization the energies are shifted by
the lowest energy state of the shell Eni → Eni −EnGS. The coefficients needed
for the SU(2) symmetry are listed in Appendix A. See also Krishna-murthy
et al. [32] for a detailed derivation of the one-channel SU(2) symmetry.

In each step we will get four times the number of eigenvalues as in the
previous step. This exponential growth reaches its computational limits after
a few iterations, even if as many symmetries as possible are used. Luckily,
a simple truncation scheme will solve this problem. Starting from a chain
of length m0 (typically m0 = 4,5 or 6), in each step we will keep only the
lowest energy values. Either a fix amount of states Nkeep is kept every step
or a energy dependent method can be used where only energies Eni < ectn
will be kept.

It is not guaranteed that this cut-off scheme works. A numerical hint is
that the low energy spectrum does not change when varying the number of
kept states Nkeep. Further the results obtained by the NRG have proven to
be correct within a few percent or better when compared to other methods.
Nevertheless we can try to explain why dropping the high energy states does
not affect the low energy spectrum.

The Hamiltonian (Equation (2.43)) added with each chain element can
be understood as a perturbation to the previous Hamiltonian. Due to the
exponentially decreasing hopping parameters (tn ∝ Λ−n/2) we can assume
that the added term counts as small compared to the previous energies.
The standard quantum perturbation theory states that the eigenstates will
receive the corrections

∣r⟩n+1 = ∣r0⟩n+1 + ∣r1⟩n+1 +O(t2n) (2.44)

∣r1⟩n+1 = ∑
q≠r

∣q0⟩n+1
n+1⟨q0 ∣Vn+1∣r0⟩n+1

E0
r −E0

q

. (2.45)

The superscript 0 denotes the unperturbed state the superscript 1 denotes
corrections of the first order. We see that for low energy states, high energy
corrections are not very important. Their importance drops with the energy
difference E0

r − E0
q . On top of that the matrix elements ⟨q0 ∣Vn+1∣r0⟩n+1

typically give smaller contributions for bigger energy differences. Keep in
mind that the NRG itself is non-perturbative.

2.2 Alternative discretization

Using the Fourier decomposition introduced by Wilson [32, 14] to justify the
discretization leads to a shift of the effective hybridization ∆→ AΛ∆, where
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AΛ = ln Λ

2

1 +Λ−1

1 −Λ−1
. (2.46)

While this effect may be corrected “manually” for each Λ, it is clearly ad-
vantageous to have a built-in procedure within the NRG that does this
automatically. Campo Jr and Oliveira [23] accomplished this within a log-
arithmic discretization scheme by using a Fourier decomposition in terms
of non-orthogonal basis functions. As in the case of the linear grid, this
correctly estimated ∆(ω). This section will give an alternative derivation
for the discretization following Section 2.1 and Reference [35] and [18] for
general ∆(ω) and was published in the appendix of Reference [39]. The
starting point will be the idea that the original Fourier decomposition be-
haves unsteady on the interval borders. Using a modified decomposition
will lead to an uncoupling of the used subset for a flat band. Realizing that
this is the key property we can review the equations to generalize this to an
arbitrary hybridization function.

We start with the single-channel Anderson impurity model, given by

H =Himp +∑
k,σ

εk,σc
†
k,σck,σ

+∑
k,σ

Vk(f †
σck,σ + c

†
k,σfσ),

which may be written in the energy representation as [35]

H =Himp +∑
σ
∫

D+

−D−

h(ε)(f †
σaε,σ + a†

ε,σfσ)dε

+∑
σ
∫

D+

−D−

g(ε)a†
ε,σaε,σdε. (2.47)

Here, aε,σ and a†
ε′,σ′ obey the standard anticommutation relations {aε,σ, a†

ε′,σ′} =
δσ,σ′δ(ε− ε′), g(ε) is the dispersion, h(ε) is the hybridization amplitude, and
±D± are the upper/lower conduction electron band edges.

We consider the following set of orthonormal Fourier functions in each
interval of a linear grid,

ψn,p(η) =
⎧⎪⎪⎨⎪⎪⎩

e−2πipη, if η ∈ [n,n + 1], n = −1,0,1, . . .

0, otherwise.

The inverse functions are given by Ψn,p(η) = ψ∗n,p(η) fulfilling the usual
orthonormality condition:

∫
∞

−∞
ψn,p(η)Ψn′,p′(η)dη = δn,n′δp,p′ . (2.48)
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We will transform this relation to a logarithmic grid such that [n,n + 1]
will be transformed to D+[Λ−n−z−1,Λ−n−z] for n = 0,1, . . . . The first in-
terval [−1,0] is special and transforms to the first logarithmic interval con-
taining the band edge, i.e. to D+[Λ−z,1]. One possible choice, the obvious
one, is ε =D+Λ−η−z ↔ η(ε) = − ln ∣ε/D+∣/ ln Λ − z, n = 0,1, . . . (ε =D+Λ−z(η+1),
n = −1) , but other choices are possible for defining the transformation be-
tween linear and logarithmic grids (and hence η(ε))1. Thus, for n = 0,1, . . .
we have2

∫
∞

0

1

∣ε∣ ln Λ
ψn,p(−

ln
∣ε∣
D+

ln Λ
− z)

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
=φ+n,p(ε)/c+n

Ψn′,p′(−
ln

∣ε∣
D+

ln Λ
− z)

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
=c+n⋅Φ+

n′,p′
(ε)

dε

= δn,n′δp,p′ . (2.49)

For the expansion of the negative part of the band we use ε = −D−Λ−η−z and
do not reverse the integration boundaries yielding the same function inside
the integration.

∫
0

−∞

1

∣ε∣ ln Λ
ψn,p(−

ln
∣ε∣
D−

ln Λ
− z)

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
=φ−n,p(ε)/c−n

Ψn′,p′(−
ln

∣ε∣
D−

ln Λ
− z)

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
=c−n⋅Φ−

n′,p′
(ε)

dε

= δn,n′δp,p′ . (2.50)

The normalization factor c±n can be distributed freely between the new basis
φ±n,p and its inverse Φ±

n,p. aε,σ is expressed in terms of the new basis:

aε,σ = ∑
n,p

an,p,σφ
+
n,p(ε) + bn,p,σφ−n,p(ε),

where

an,p,σ = ∫
+n
aε,σΦ+

n,p(ε)dε

bn,p,σ = ∫
−n
bε,σΦ−

n,p(ε)dε,

where we defined

∫
+n

= ∫
D+Λ−n−z

D+Λ−n−z−1
, ∫

−n
= ∫

−D−Λ−n−z−1

−D−Λ−n−z
.

1A different choice will be made later in Equation (2.52). At present, the only require-
ment on η(ε) is that η(±D±Λ−n−z) = n and η(±D±Λ−n−1−z) = n+ 1, i.e., the boundaries of
[n,n + 1] map onto the mesh points of the logarithmic grid.

2For n = −1 a similar expression applies on using ε =D+Λ−z(η+1).
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Evaluating the anticommutator {an,p,σ, a†
n′,p′,σ′} we find

{an,p,σ, a†
n′,p′,σ′}

= ∫
+n
aε,σΦ+

n,p(ε)dε∫
+n′

a†
ε′,σ′Φ

+
n′,p′

∗(ε′)dε′

+ ∫
+n′

a†
ε′,σ′Φ

+
n′,p′

∗(ε′)dε∫
+n
aε,σΦ+

n,p(ε)dε

= δn,n′ ∫
+n
∫

+n
[aε,σ, a†

ε′,σ′]Φ
+
n,p(ε)Φ+

n,p′
∗(ε′)dεdε′

= δn,n′δσ,σ′ ∫
+n

Φ+
n,p(ε)Φ+

n,p′
∗(ε)dε

= δn,n′δσ,σ′ ∫
+n 1

∣c+n∣
2
e2πi(p−p′)(

ln
∣ε∣
D±

lnΛ
+z)

with an analogous expression for {bn,p,σ, b†n′,p′,σ′}. Setting {an,p,σ, a†
n,p,σ} =

{bn,p,σ, b†n,p,σ} = 1 fixes the constants c±n in Equations (2.49) and (2.50),

leading to

∣c±n∣
2 =D±Λ−n−z(1 −Λ−1) = d±n
(=D±(1 −Λ−z) forn = −1)

and

{an,p,σ, a†
n′,p′,σ′} = δn,n′δσ,σ′

⎧⎪⎪⎨⎪⎪⎩

1, if p = p′
ln Λ

2πi(p−p′)+ln Λ , otherwise,

with an analogous expression for {bn,p,σ, b†n′,p′,σ′}. Thus, only for the contin-

uum limit Λ→ 1 is the above an orthonormal basis for all p, p′ [23]. However,
as we show below, an approximate discretized Hamiltonian can be formu-
lated in terms of the orthonormal subset of p = 0 states only, within which
the NRG calculation is carried out. We show that for general ∆(ω), (i), only
p = 0 states couple to the impurity, and, (ii), off-diagonal terms in p, p′ can al-
ways be eliminated from the Hamiltonian by a suitable choice of the function
η(ε) relating the linear to the logarithmic discretization ε = ±D±Λ−η(ε)−z.

With the new basis functions we follow the derivation of Bulla et al. [18],
reformulating first the hybridization part of Equation (2.47)

∫
D+

−D−

h(ε)aε,σdε = ∑
n,p

an,p,σ ∫
+n
h(ε)φ+n,p(ε)dε

+∑
n,p

bn,p,σ ∫
−n
h(ε)φ−n,p(ε)dε.

The requirement that the hybridization only couples to the p = 0 terms
can be satisfied by choosing h(ε) ∝ Φ±

n,0(ε) = 1√
dn

, which by Equation (2.49)
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and (2.50) implies that p ≠ 0 do not hybridize. Therefore we can choose the
same h(ε) as in Section 2.1.1 (i.e. a step function in the discrete intervals),

h(ε)2 ≡ h±n
2 = 1

d±n
∫

±n 1

π
∆(ω)dω, (2.51)

for D±Λ−n−z < ±ε <D±Λ−n−1−z. This choice guarantees that ε(±D±Λ−n−z) =
±D±Λ−n−z and that the dispersion is linear at the grid points g(±D±Λ−n−z) =
±D±Λ−n−z (see Equation (2.21)). The first part of the hybridization may be
written as

∑
σ
∫

+D+

−D−

h(ε)f †
σaε,σdε =

1√
π
∑
n

f †
σ (γ+nan,0,σ + γ−nbn,0,σ)

≡
√

ξ0

π
∑
σ

f †
σf0σ,

where γ±n
2 = ∫

±n
∆(ω)dω, and the conduction electron Wannier orbital at

the impurity site is defined as f0σ = 1√
ξ0
∑n γ+nan,0,σ + γ−nbn,0,σ,

with ξ0 = ∑n (γ+n)
2 + (γ−n)

2 .

Next, we reformulate the conduction electron kinetic energy term:

∫
D+

−D−

g(ε)a†
ε,σaε,σdε

= ∑
n
∑
p,p′
a†
n,p,σan,p′,σ ∫

+n
g(ε)φ+n,p(ε)φ+n,p′

∗(ε)dε

+b†n,p,σbn,p′,σ ∫
−n
g(ε)φ−n,p(ε)φ−n,p′

∗(ε)dε

= ∑
n
∑
p,p′
a†
n,p,σan,p′,σξ

+
n,p,p′ + b†n,p,σbn,p′,σξ−n,p,p′

ξ±n,p,p′ = ∫
±n
g(ε)φ±n,p(ε)φ±n,p′

∗(ε)dε

= ∫
±n
ω∆(ω) 1

πh(ε)2
φ±n,p(ε)φ±n,p′

∗(ε)dω

= ∫
±n
ω∆(ω)d±nφ±n,p(ε(ω))φ±n,p′

∗(ε(ω))dω

∫
±n

∆(ω)dω

=
∫
±n ω∆(ω)d±n2

(∣ε(ω)∣ ln Λ)2 e2πi(p−p′)(
ln
∣ε(ω)∣
D±

lnΛ
+z)dω

∫
±n

∆(ω)dω
.

For ∆(ω) = ∆0 we obtain ε(ω) = ω and only ξ±n,p=p′ = ± d±n
ln Λ are unequal

to zero and agree with the result of Campo Jr and Oliveira [23]. Thus,
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the impurity, which by construction couples only to the p = 0 state via the
hybridization term, is completely decoupled from the p ≠ 0 states. We now
show that the same can be achieved for a general ∆(ω) by a suitable choice
of η(ε).

Following the same derivation as above, but substituting

η(ε) = ∫
ε

k
(2)
n

k
(1)
n

g(ε′)
dε′ (2.52)

in Equation (2.48) leads to diagonal ξn,p,p′ for an arbitrary ∆(ω). k
(1)
n

and k
(2)
n are given by the boundary conditions ∫

±D±Λ−n−z

k
(2)
n

k
(1)
n

g(ε′)dε
′ = n and

∫
±D±Λ−n−z−1

k
(2)
n

k
(1)
n

g(ε′)dε
′ = n + 1. c±n and γ±n remain unchanged but

ξ±n,p,p′ = ∫
±n
g(ε)φ±n,p(ε)φ±n,p′

∗(ε)dε

= ∫
±n d±nk

(1)
n

2

g(ε)
e

2πi(p−p′) ∫ ε
k
(2)
n

k
(1)
n
g(ε′)

dε′

dε

= ∓k(1)n d±nδp,p′ .

The k
(1)
n can be obtained by taking the difference of the boundary condi-

tions (as defined above), and using ε(±D±Λ−n−z) = ±D±Λ−n−z and Equa-
tion (2.12),

k(1)n = ∫
±n

∆(ω)dω
∓d±n ∫

±n ∆(ω)
ω dω

As in Ref. [23] the resulting ξ±n,p=p′ ≡ ξ±n,p=p′(C) are given by3

ξ±n,p=p′(C) = ∫
±n

∆(ω)dω

∫
±n ∆(ω)

ω dω
(2.53)

The corresponding result, denoted by ξ±n,p=p′ = ξ±n,p=p′(B), in the usual loga-
rithmic discretization scheme is given by[35, 40]

ξ±n,p=p′(B) = ∫
±n
ω∆(ω)dω

∫
±n

∆(ω)dω
. (2.54)

3Note that the derivation in Ref. [23] was actually for the two-impurity Anderson
model, where the energy dependent couplings arise via the non-trivial k-dependence of

the hybridization term Hhyb = V ∑k⃗,j=1,2(eik⃗
9⃗Rj c†

k⃗
dj +H.c.).
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Evaluating (2.53-2.54) for a flat band with D+ =D− = 1, gives

ξ±n,p=p′(C) = ±1

2
(1 +Λ−1)Λ−n−z/AΛ, n = 0,1, . . .

ξ±n,p=p′(C) = ±1

2
(1 + (Λz)−1)/AΛz , n = −1

ξ±n,p=p′(B) = ±1

2
(1 +Λ−1)Λ−n−z, n = 0,1, . . .

ξ±n,p=p′(B) = ±1

2
(1 + (Λz)−1), n = −1.

We see that ξ±n,p=p′(B)/ξ±n,p=p′(C) is given by the factor AΛ (AΛz for n = −1),
indicating that the Campo discretization achieves the correct estimate for
∆(ω) via a reduction of the effective bandwidth of the discretized model.
For energies close to the band edge, where the Campo discretization gives a
different correction to the desired one (AΛz instead of AΛ) further corrections
are needed.[41]
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2.3 Static correlation functions

The thermal average of an observable is given by

⟨O⟩ = Tr[ρO] (2.55)

= 1

Z
∑
n

⟨n ∣e−βHO∣n⟩ (2.56)

= 1

Z
∑
n

On,ne−βEn , (2.57)

where Z = ∑n e−βEn is the partition function, On,n = ⟨n ∣O∣n⟩, and ∣n⟩ and
En are the eigenstates and eigenenergies of the system.

Some observations are needed to calculate this expectation value within
the standard NRG: First, energies that are much higher than the temper-
ature do not contribute as exp(−βEn) ≈ 0 in this case. Second, the NRG
calculation can be stopped at some shell length N for which the hopping
term tn is of the order of the temperature. The NRG assumption then is
that H ≈ HN and therefore exp(−βH)∣ l⟩N ≈ exp(−βENl )∣ l⟩N . As a hand-
waving argument, the temperature will destroy the correlations to lower
energy shells. Krishna-murthy et al. [32] make a more rigorous calculation
for certain quantities. The observable is therefore evaluated in shell N:

⟨O⟩ ≈ 1

ZN
∑
r

e−βE
N
r ONr,r, (2.58)

where ZN = ∑r exp(−βENr ) is the partition function of shell length N .

Figure 2.5 shows results for this method only look well behaved when
looking at the impurity contribution. Before the host is subtracted from the
total system non local quantities like the total spin susceptibility typically
look meaningless. This is partly due to the fact that for many non local
quantities, the environmental degrees of freedom would give a contribution
(see also Chapter 4). Local quantities on the other hand are usually well
behaved and they develop smaller oscillations due to the discretization.

The optimal shell N is chosen to be the one for which the hopping term
tN is the smallest to be greater than the temperature [36, 38, 37]:

N = max(M ∶ αtM > T ), (2.59)

where α ≈ 1. The need to choose a best shell can be avoided by using the
FDM scheme described in Section 2.6 which makes use of the complete set
discarded states from all shells.

The elements ONl,l can in some cases be derived from the energies and
the used quantum numbers (i.e. specific heat or total spin susceptibility).
For other (local) observables the operator has to be given for one of the
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Figure 2.5: The figure shows the total spin susceptibility. The curve looks
smooth only after the host has been subtracted from the total system even
though the curves are already z-averaged (nz = 16, Λ = 8).

first shells. It is then transformed along with the iterative diagonalization
to lower shells.

N ⟨r ∣O∣r′⟩N = ∑
k,i,k′,j

UN(k, i; r)TN−1⟨k, i ∣O∣k′, j⟩N−1U
N(k′, j; r′). (2.60)

While this representation is formally true, the computational effort is re-
duced when considering that most operators can only connect certain sub-
spaces. Some derivations for the coefficients in the case of SU(2) symmetry
can be found in Appendix A.

Temperature derivative of a thermodynamic observable

The straight forward formulation leads to

δ ⟨O⟩T
δT

=
δ ( 1

Z(T ) ∑On,ne−βEn)
δT

. (2.61)

Using product and chain rules and dβ
dT = −kBβ

2 yields

δ ⟨O⟩T
δT

= kBβ
2 (∑

On,nEne−βEn

Z(T )
− ⟨O⟩ ⟨H⟩) (2.62)

= kBβ
2 (⟨OH⟩ − ⟨O⟩ ⟨H⟩) . (2.63)

For example for O =H we have the specific heat

C(T ) = kBβ
2(⟨H2⟩ − ⟨H⟩2). (2.64)
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2.4 Green’s functions

This section will summarize briefly the definition for the retarded Green’s
function, the Lehmann representation and the spectral function as well as
a standard NRG approach to calculate it. More detailed derivations can be
found in standard literature (e.g. Reference [42, 43, 44, 45])

The retarded Green’s function is defined as

GrA,B(t − t′) = −iθ(t − t′)⟨[AH(t),BH(t′)]±⟩, (2.65)

where

XH = e−iHtXeiHt. (2.66)

Using the Fourier transform this can be rewritten as

GA,B(ω+ iδ) = ⟪A,B⟫(ω) = 1

Z
∑
n,m

⟨n ∣A∣m⟩⟨m ∣B∣n⟩
ω + iδ +En −Em

(e−βEn ±e−βEm). (2.67)

It fulfills the equation of motion

zGA,B(z) − ⟨[A,B]±⟩ = G[A,H]−,B(z) = GA,[H,B]−(z). (2.68)

One interesting property is its role in linear response theory (see Section 2.5).
Another interesting related function is the spectral function

AA,B(ω) = − 1

π
Im(GA,B(ω + iδ)) (2.69)

= 1

Z
∑
n,m

⟨n ∣A∣m⟩⟨m ∣B∣n⟩δ(ω +En −Em)(e−βEn ± e−βEm). (2.70)

The moments of the local level spectral function will play an important role
in the calculation of thermoelectric properties (see Chapter 6).

There is a successful method to calculate these quantities within the
standard NRG. For static correlation functions the only relevant energy of
the system was the temperature. For Green’s function or spectral functions
the frequency is a second energy dependence. Costi and Hewson [46] showed
that evaluating AA,B(ω) at the shell according to

N = max(M ∶ αtM > max(T, ∣ω∣)), (2.71)

where α ≈ 1 gives reasonable results for the local level spectral function.
Therefore

AA,B(ω) = ∑
N(ω,T )

1

ZN
∑
r,r′

N ⟨r ∣A∣r′⟩NN ⟨r′ ∣B∣r⟩Nδ(ω+E
N
r −ENr′ )(eE

N
r ± eE

N
r′ ).

(2.72)
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Figure 2.6: The figure shows the spectral function Ad,d†(ω) evaluated at
single shells. The discretization parameters used were nz = 64 and Λ = 8.

The delta functions have to be broadened to get a smooth result. Typically
a Gaussian is used for broadening that depends on the shell N .

δ(ω +ENr −ENr′ ) →
1

√
2πσ2

N

e−(ω+E
N
r −ENr′ )

2/(2σ2
N ), (2.73)

where σN ∝ tN . The resolution for the low energy frequencies is therefore
limited by the temperature. The problem remains for the FDM approach
in Section 2.6 and is discussed in more detail in Appendix C.

Figure 2.6 shows an example using this method for a low temperature.
Though it is possible to calculate Green’s functions in this way the FDM
approach introduced in Section 2.6 tends to be more reliable. The FDM
approach is therefore used in the remainder of the thesis to calculate spectral
functions.
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2.5 Linear response

This section gives a brief summery for the linear response theory. A more
detailed derivation can be found in the script of Müller-Hartmann [42].

Given a small perturbation F (t) coupling to the Hamiltonian H0 via the
operator B

H =H0 +BF (t), (2.74)

the effect of this perturbation on a given observable A can be expressed in
terms of a Green’s function:

⟨A(t)⟩ −A = ∫
∞

−∞
dt ′XA,B(t − t′)F (t′), (2.75)

where the linear response function XA,B(t) is given by the (bosonic) negative
retarded Green’s function

XA,B(t) = −GrA,B(t). (2.76)

Through Fourier transform we obtain the dynamic susceptibility

Aω = χA,B(ω)Fω, (2.77)

where
χA,B(ω) = −GA,B(ω + iδ). (2.78)

The adiabatic static susceptibility is then defined as

χstatic
A,B = χA,B(0) = −GA,B(iδ). (2.79)

The retarded Green’s function and its calculation within the NRG are de-
scribed in Section 2.4 and Section 2.6. Note that entries where the energies
are roughly equal (Ei ≈ Ej) would be excluded to avoid numerical difficulties
as the principal value yields zero.

In experiments, on the other hand, the isothermal susceptibility is often
measured. The adiabatic case depicts an out of equilibrium situation, where
the ground states are not affected, in the isothermal case the perturbation
changes the ground states. It can be calculated as

χisothermal
A,B = B

BF0
⟨A⟩H ∣F0=0, (2.80)

leading to

χisothermal
A,B = ∫

β

0
dτ ⟨Bτ(A −A)⟩H0 = −G

(0)
A−A,B. (2.81)

Here we partly introduced the Matsubara Green’s function ⟨Bτ(A−A)⟩ and

its zero frequency coefficient G
(0)
A−A,B. The operator Xτ is short notation for

Xτ = eHτXe−Hτ , 0 < τ < β. (2.82)
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Evaluating Equation 2.81 leads to

χisothermal
A,B = ∫

β

0
dτ ⟨Bτ(A −A)⟩H0 (2.83)

= ∫
β

0
dτ ∑

n,m

⟨n ∣e−βHeτHB∣m⟩⟨m ∣e−τH(A −A)∣n⟩ (2.84)

= ∫
β

0
dτ ∑

n,m

e−βEneτ(En−Em)[A −A]m,nBn,m (2.85)

=
⎧⎪⎪⎨⎪⎪⎩

∑n,m − e−βEn−e−βEm

En−Em [A −A]n,mBm,n if En ≠ Em
∑n,m βe−βEn[A −A]n,mBm,n if En = Em

. (2.86)

In the last step we switched n and m to make the equation look similar to
the regular Green’s function at zero frequency. In Section 2.6.4 we will see
that this can be naively implemented into the NRG scheme.
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2.6 Full reduced density matrix

It is not always clear which shell is the most suited to evaluate a quan-
tity. A series of developments in recent years gives rise to a method that
uses all discarded states generated by the NRG thus eliminating the need
to choose a shell. Hofstetter [47] introduced the reduced density matrix.
Anders and Schiller [48] showed that the discarded states form a complete
basis. Peters et al. [49] applied these approaches to finite temperatures. We-
ichselbaum and von Delft [50] developed this approach into the full density
matrix (FDM). It was further extended to non abelian symmetry by Tóth
et al. [51]. A short derivation can also be found in Reference [20].

2.6.1 Complete Basis Set

It is possible to define a complete basis set using the discarded states of a
NRG run.

I = I−M + I+M (2.87)

I−M = ∑
n≤M,ln,en

∣ ln⟩∣en⟩⟨en ∣⟨ln ∣ (2.88)

I+M = ∑
n>M,ln,en

∣ ln⟩∣en⟩⟨en ∣⟨ln ∣ (2.89)

= ∑
n=M,kM ,eM

∣kM ⟩∣eM ⟩⟨eM ∣⟨kM ∣, (2.90)

where ∣en⟩ = ∣e⟩n+1∣e′⟩n+2⋯∣e(N−n−1)⟩N represent a environmental degrees of
freedom of the uncoupled chain elements (each e(n) ∈ {∅, ↑, ↓, ↑↓} in the one
channel case). N is the total chain length. M is an intermediate shell where
discarded states are available m0 <M ≤ N . ∣ ln⟩ denote the discarded states
of shell n while ∣kn⟩ denote the kept states of shell n.

2.6.2 Static correlation functions

Using the complete basis it is straightforward to calculate static correlation
functions as

⟨O⟩ = 1

Z
Tr [exp(−βH)O] (2.91)

= 1

Z
∑

n,ln,en

⟨en ∣⟨ln ∣O exp(−βH)∣ ln⟩∣en⟩ (2.92)

≈ 1

Z
∑
n,ln

Onl,l exp(−βEnl )n
N−n
e , (2.93)

where the energy Enl is measured with respect to the ground state energy of
the last diagonalized shell, N is the number of shells in the chain and ne is
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the number of environmental states per shell (ne = 4 for the 1 channel SIAM
for ∣∅⟩, ∣↑⟩, ∣↓⟩ and ∣↑↓⟩). The partition function is given by

Z = ∑
n,ln,en

⟨en ∣⟨ln ∣e−βH ∣ ln⟩∣en⟩

≈ ∑
n,ln

nN−ne e−βE
n
l . (2.94)

Equation (2.93) only holds if the observable O is independent of the envi-
ronment for example for local observables. In Chapter 4 it will be discussed
that the non local total spin susceptibility χS will need an additional term
to account for this dependency. Chapter 7 will also give a brief description
for the total charge susceptibility.

In practice one has to avoid large exponentials to make sure the partition
function stays within numerical limits. In later chapters this was achieved
by defining a weighting for each shell wn. As the energies within the NRG
are usually measured with respect to the lowest energy of the current shell
and not to the lowest energy of the last shell, the factor will incorporate this
difference so it can act as a prefactor of the Boltzmann factors.

logw∗
n = (N − n) logne − βEGS

n , (2.95)

where EGS
n is the energy difference between the lowest energies of the current

and last shell. These values are then shifted so wn will be smaller or equal
to one:

logwn = logw∗
n −max

m
{logw∗

m}, (2.96)

A similar but slightly different approach was used in Chapter 4.

2.6.3 Green’s functions

Applying the FDM to the Green’s function formalism will yield a black box
approach for their calculation. The derivation is not that straightforward.
Using the Lehmann representation as a starting point and fully projecting all
low energy contributions to higher shells leads to a computationally complex
method described in Appendix E. To make better use of the NRG approx-
imation the starting point will be the definition of the retarded Green’s
function

GrA,B(t) = −iθ(t) 1

Z
Tr [e−βH[A,B(t)]±] (2.97)

= −iθ(t) 1

Z
∑
n

⟨n ∣e−βH(AeiHtBe−iHt ± eiHtBe−iHtA)∣n⟩. (2.98)
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We substitute ∣n⟩ by the complete basis set 2.87 and insert a complete basis
in between A and B.

GrA,B(t) = −iθ(t) 1

Z
∑

n,ln,en

∑
m,l′me′m

⟨en ∣⟨ln ∣e−βHAeiHt∣ l′m⟩∣e′m⟩⟨e′m ∣⟨l′m ∣Be−iHt∣ ln⟩∣en⟩ (2.99)

± ⟨en ∣⟨ln ∣e−βHeiHtB∣ l′m⟩∣e′m⟩⟨e′m ∣⟨l′m ∣e−iHtA)∣ ln⟩∣en⟩

Splitting the sums into three parts, n >m, n <m and n =m, leads to

Gr,IA,B(t) = −iθ(t) 1

Z
∑

n=m,ln,en,l′n,e′n

⟨en ∣⟨ln ∣e−βHAeiHt∣ l′n⟩∣e′n⟩⟨e′n ∣⟨l′n ∣Be−iHt∣ ln⟩∣en⟩ (2.100)

± ⟨en ∣⟨ln ∣e−βHeiHtB∣ l′n⟩∣e′n⟩⟨e′n ∣⟨l′n ∣e−iHtA∣ ln⟩∣en⟩

= −iθ(t) 1

Z
∑

n=m,ln,en,l′n,e′n

ei(E
n
l′
−Enl )t⟨en ∣⟨ln ∣e−βHA∣ l′n⟩∣e′n⟩⟨e′n ∣⟨l′n ∣B∣ ln⟩∣en⟩ (2.101)

± ei(E
n
l −Enl′)t⟨en ∣⟨ln ∣e−βHB∣ l′n⟩∣e′n⟩⟨e′n ∣⟨l′n ∣A∣ ln⟩∣en⟩

Gr,IIA,B(t) = −iθ(t) 1

Z
∑

n>m,ln,en,l′m,e′m

⟨en ∣⟨ln ∣e−βHAeiHt∣ l′m⟩∣e′m⟩⟨e′m ∣⟨l′m ∣Be−iHt∣ ln⟩∣en⟩ (2.102)

± ⟨en ∣⟨ln ∣e−βHeiHtB∣ l′m⟩∣e′m⟩⟨e′m ∣⟨l′m ∣e−iHtA∣ ln⟩∣en⟩

= −iθ(t) 1

Z
∑

n=m,kn,en,l′n,e′n

ei(E
n
l′
−Enk )t⟨en ∣⟨kn ∣e−βHA∣ l′n⟩∣e′n⟩⟨e′n ∣⟨l′n ∣B∣kn⟩∣en⟩ (2.103)

± ei(E
n
k −Enl′)t⟨en ∣⟨kn ∣e−βHB∣ l′n⟩∣e′n⟩⟨e′n ∣⟨l′n ∣A∣kn⟩∣en⟩

Gr,IIIA,B (t) = −iθ(t) 1

Z
∑

n<m,ln,en,l′n,e′n

⟨en ∣⟨ln ∣e−βHAeiHt∣ l′m⟩∣e′m⟩⟨e′m ∣⟨l′m ∣Be−iHt∣ ln⟩∣en⟩ (2.104)

± ⟨en ∣⟨ln ∣e−βHeiHtB∣ l′m⟩∣e′m⟩⟨e′m ∣⟨l′m ∣e−iHtA∣ ln⟩∣en⟩

= −iθ(t) 1

Z
∑

n=m,ln,en,kn,e′n

ei(E
n
k −Enl )t⟨en ∣⟨ln ∣e−βHA∣kn⟩∣e′n⟩⟨e′n ∣⟨kn ∣B∣ ln⟩∣en⟩ (2.105)

± ei(E
n
l −Enk )t⟨en ∣⟨ln ∣e−βHB∣kn⟩∣e′n⟩⟨e′n ∣⟨kn ∣A∣ ln⟩∣en⟩,

where we substituted the discarded states by kept states according to Equa-
tion (2.90) where appropriate. This is also where the NRG approximation
enters as eiHt∣xn⟩ = eiE

n
x t∣xn⟩, x ∈ {l, k}.
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It turns out that, unlike for the time evolution eiHt, for the approximate
density matrix

ρ = 1

Z
e−βH ≈ ∑

n,ln,en

∣ ln⟩∣en⟩
e−βE

n
l

Z
⟨en ∣⟨ln ∣, (2.106)

knowledge of lower shells is needed. We will achieve this by projecting the
density matrix between kept and discarded states from the lower shells to
the current shell. In Appendix D we will look into a different approach
that allows the straightforward approximation e−βH ∣kn⟩ = e−βE

n
k ∣kn⟩ by an

energy shift. We define Anx,x′ and Bn
x,x′ as

Onx,x′δen,e′n ≡ ⟨en ∣⟨xn ∣O∣x′n⟩∣e′n⟩, (2.107)

with x,x′ ∈ {l, k}. Further the sums over the environmental degrees of free-
dom may yield a factor ∑en,e′n δen,e′n = n

N−n
e . Substituting the approximate

density matrix (Equation (2.106)) into equations (2.100-2.105), we see that
Gr,IA,B(t) and Gr,IIIA,B (t) can be directly evaluated as

⟨en ∣⟨ln ∣ l′′m⟩∣e′′m⟩ = δm,nδln,l′′mδen,e′′m , (2.108)

leading to

Gr,IA,B(t) = −iθ(t) 1

Z
∑
n

nN−ne

∑
l,l′

e−βE
n
l (ei(E

n
l′
−Enl )tAnl,l′B

n
l′,l ± ei(E

n
l −Enl′)tBn

l,l′A
n
l′,l) (2.109)

Gr,IIIA,B (t) = −iθ(t) 1

Z
∑
n

nN−ne

∑
l,k

e−βE
n
l (ei(E

n
k −Enl )tAnl,kB

n
k,l ± ei(E

n
l −Enk )tBn

l,kA
n
k,l). (2.110)

The first part inside the sum of Gr,IIA,B(t) is given by

∑
m,l′′m,e′′m

ei(E
n
l′
−Enk )t⟨en ∣⟨kn ∣ l′′m⟩∣e′′m⟩e−βE

m
l′′×

⟨e′′m ∣⟨l′′m ∣A∣ l′n⟩∣e′n⟩δen,e′nBn
l′,k ±⋯. (2.111)

Here ⟨en ∣⟨kn ∣ l′′m⟩∣e′′m⟩ = 0 if m ≤ n. Therefore, when inserting a complete
basis set I between ρ and A, we can ignore the discarded states I−n leaving

∑
k′

Rn
k,k′

³¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹·¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹µ
∑
en

∑
m>n,l′′m,e′′m,

⟨en ∣⟨kn ∣ l′′m⟩∣e′′m⟩e−βE
m
l′′ ⟨e′′m ∣⟨l′′m ∣ k′n⟩∣en⟩× (2.112)

Ank′,l′δen,e′nB
n
l′,k ±⋯.
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Here we defined the full reduced density (FDM) matrix Rnk,k′ . It can calcu-
lated recursively. Defining

Rn =

⎛
⎜⎜⎜⎜⎜
⎝

nN−n
e

Z e
−βEnlM

⋱
nN−n
e

Z e
−βEnl1

Rn

⎞
⎟⎟⎟⎟⎟
⎠

, (2.113)

a combination of the Boltzmann factors and the FDM, where M is the
number of discarded states in shell n. The matrix RN of the last shell will
only contain the diagonal Boltzmann factors as all states are counted as
discarded states. Further we denote the transformation n+1⟨e ∣⟨kn ∣ xn+1⟩ =
Un+1
e,k,x, where ∣e⟩n+1 is the environmental degree of freedom of shell n + 1

Rnk,k′ = ∑
e
∑
x,x′

Un+1
e,k,xR

n+1
x,x′U

n+1
e,k′,x′

T
. (2.114)

The coefficients needed when SU(2) symmetry is used can be found in
Appendix A. The expression for Gr,IIA,B(t) now reads

Gr,IIA,B(t) = −iθ(t) 1

Z
∑
n

nN−ne

∑
l,k,k′

ei(E
n
l −Enk )tRnk,k′A

n
k′,lB

n
l,k ± ei(E

n
k −Enl )tRnk,k′B

n
k′,lA

n
l,k. (2.115)

To reach to a frequency dependent representation similar to the Lehmann
representation we will Fourier transform the expressions.

GI
A,B(ω) = ∑

n

nN−ne

Z
∑
l,l′

e−βE
n
l ± e−βE

n
l′

ω +Enl −E
n
l′
Anl,l′B

n
l′,l (2.116)

GII
A,B(ω) = ∑

n
∑
l,k,k′

Rnk,k′A
n
k′,lB

n
l,k

ω +Enk −E
n
l

±∑
n
∑
l,k,k′

Rnk,k′A
n
l,kB

n
k′,l

ω +Enl −E
n
k

(2.117)

GIII
A,B(ω) = ∑

n

nN−ne

Z
∑
l,k

e−βE
n
l

ω +Enl −E
n
k

Anl,kB
n
k,l

±∑
n

nN−ne

Z
∑
l,k

e−βE
n
l

ω +Enk −E
n
l

Ank,lB
n
l,k. (2.118)

Using the definition of Rn in Equation (2.113) it is possible to write this
into one short matrix equation.

GA,B(ω) = ∑
n
∑
i,j

[Kn(ω) ⊙ (RnBnT ±BnTRn) ⊙A0n]
i,j
, (2.119)
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where in A0n
i,j the kept-kept entries of the operator A have been set to zero,

⊙ denotes the element wise product [X ⊙ Y ]i,j =Xi.jYi,j . In the case of the
Green’s function Kni,j(ω) = 1/(ω +Eni −Enj ), but for a different quantity like
the spectral function it can represent the broadened δ-functions.

Examples for this method can be seen in Chapter 7 for the calculation
of the conductance. A discussion about the low frequency problem and
different kernels for the spectral function can be found in Appendix C.

2.6.4 Isothermal susceptibility

Even though the derivation is different, the structure of χiso
A,B (see Equa-

tion (2.86)) is very similar to the regular Green’s function for ω = 0. We
therefore represent the isothermal susceptibility in the usual way

χiso
A,B = −G(0)

A−A,B (2.120)

= ∑
n
∑
i,j

[Kn ⊙ (RnBnT −BnTRn) ⊙ (A −A)0n]
i,j
. (2.121)

But we have to manipulate the entries where Ei ≈ Ej . A possible way is to
choose

[Kn]
i,j

=
⎧⎪⎪⎨⎪⎪⎩

β if Ei ≈ Ej
− 1
Ei−Ej else

(2.122)

and

[RnBnT −BnTRn]
i,j

= n
N−n
e

Z

e−βEi + e−βEj

2
[Bn]

i,j
if Ei ≈ Ej . (2.123)

As it turns out this method yields good results for all tested linear responses
and temperatures. The results are part of Chapter 7. The approach is
developed independently by Fang et al. [52] to accurately calculate the local
spin susceptibility. Hanl and Weichselbaum [53] use a similar approach
collecting the diagonal terms separately and obtaining the remaining parts
via a Kramers-Kronig relation.

2.6.5 Performance

Calculating spectral functions using the FDM approach can be computa-
tionally demanding. Any reformulation that reduces the number of matrix
multiplications gives a significant boost in speed. Typically one is interested
in the full spectrum of the Green’s function or the spectral function. Op-
timizing the code for many different ω values is therefore expected to have
the biggest speedup. Using the compact notation of Equation (2.119) we
can save computation time by storing

(RnBnT ±BnTRn) ⊙A0n
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and reusing it for each frequency before calculating the contribution of the
next sub-Hamiltonian. Further it is worth noting that i.e. for an energy
dependent Gaussian broadening scheme for the spectral function the cal-
culated standard deviations can be reused for all frequencies. Last notice
that the compact notation of Equation (2.119) uses unnecessary large ma-
trix products. The implementation should again separate the equations into
kept-discarded, discarded-kept and discarded-discarded contributions.



Chapter 3

New approach to specific
heats

3.1 Introduction

Thermodynamics properties such as the specific heats are of particular in-
terest for bulk systems. They can give information about a Fermi-liquid
behavior thus the low-energy excitations. This chapter has several pur-
poses. First we show how z-averaging significantly improves the specific
heat curves calculated at large Λ. In Section 3.3 we will derive the new
approach (published in Merker and Costi [54]) that is well approximated by

Cimp = BEionic

BT + 1
2

BEhyb

BT . In Section 3.4 we discuss the specific heat curves for
the Anderson model. Last we show that the approach can be generalized to
more complex systems (Section 3.5).

At the technical level, this chapter (i) extends the NRG program by im-
plementing z-averaging [37] thereby enabling the choice of an arbitrary tem-
perature grid as well as a large discretization parameter Λ and, (ii), solves
numerically the thermodynamic Bethe-ansatz equations for the Anderson
impurity model, allowing for reliable comparison of our NRG calculations
for the specific heat (and also susceptibilities in the following chapter).

3.2 Conventional Approach

The usual approach to calculate the specific heat within the NRG is a two
stage procedure. First the total system H =Himp +Hint +H0 is diagonalized
followed by the diagonalization of the host Hamiltonian H0. The specific
heat contribution of the impurity Cimp(T ) is calculated by subtracting spe-

47
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cific heat of the host C0(T ) system from the total system C(T ):

C(T ) = −T B2Ω(T )
BT 2

= kBβ2⟨(H − ⟨H⟩)2⟩ (3.1)

C0(T ) = −T B2Ω0(T )
BT 2

= kBβ2⟨(H0 − ⟨H0⟩)2⟩ (3.2)

Cimp(T ) = C(T ) −C0(T ). (3.3)

Here, Ω(T ) = −kBT lnZ is the thermodynamical potential with Z being the
grand canonical partition function and β = 1/kBT the inverse temperature.

The most reliable approaches to calculate specific heat properties so far
are the Bethe ansatz method [55, 56, 57, 58, 59, 60, 61] and the NRG method.
Throughout this chapter we use Bethe ansatz calculations to compare the
NRG results to. For a detailed description of the Bethe ansatz calculations
see Appendix G.

With the NRG method the specific heat is calculated within the approach
of Campo Jr and Oliveira [23]. The Hamiltonian used after tridiagonaliza-
tion reads

H =Himp +Hint +∑
n,σ

εnf
†
n,σfn,σ + tn(f †

n,σfn+1,σ + f †
n+1,σfn,σ). (3.4)

A energy dependent cut-off scheme is used. Energy states E
(N)
n with E

(N)
n −

E
(N)
GS < ectN will be kept, where E

(N)
GS denotes the ground state energy of

the chain of length N . The thermodynamic function will be evaluated at
the lowest shell for which tN > T . A U(1) symmetry for the electron number
and a SU(2) symmetry for the total spin is used throughout the calculation.
If not mentioned otherwise a flat band with half-width D is used and a
constant density of states of NF = 1/2D. The hybridization strength ∆0 is
defined as half-width of the resonant level given by ∆0 = πNFV

2. Chapter 2
offers more details on the calculation of static correlation functions or specific
heat. In Figure 3.1 the result of a NRG run is depicted. The oscillations that
appear due to the discretization can be canceled out effectively by averaging
the results over several z-values. Figure 3.2 shows a comparison between
a Bethe ansatz calculation and the corresponding NRG calculation which
show good agreement. We will see that the new approach nevertheless offers
advantages over the conventional method later in this chapter.

3.3 New Approach

In the new approach the specific heat can be expressed within one NRG run
in purely local quantities:

Cimp(T ) = BEionic

BT
+ 1

2

BEhyb

BT
, (3.5)
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Figure 3.1: Temperature dependence of (a) the impurity entropy Simp(T )
and (b) the impurity specific heat Cimp(T ). The curves are calculated for
the symmetric Anderson model using ∆0 = 0.001D, U/∆0 = 12 and Λ = 4,
ec(Λ = 4) = 40. The figure depicts the difference before (dashed lines) and
after (solid lines) z-averaging. For Λ = 4 two z-values [z = 1/4,3/4] are
sufficient to eliminate the oscillations.

where Eionic = ⟨Himp⟩ and Ehyb = ⟨Hint⟩. This approach is not restricted to
the NRG but can be used by any impurity solver.

The derivation is based on the Anderson impurity model (AIM) and is
exact in the wide band limit, but the small derivation for the finite band
width can be calculated within the one NRG run as well. Further the ap-
proach can be generalized to other models. For the AIM the three parts of
the Hamiltonian consist of:

H =Hionic +Hint +H0 (3.6)

Hionic = εdnd +Und↑nd,↓ (3.7)

Hint = ∑
k,σ

Vk(d†
σck,σ + c

†
k,σdσ) (3.8)

H0 = ∑
k,σ

εkc
†
k,σck,σ. (3.9)

The impurity internal energy is given by Eimp = Etotal −E0, where Etotal =
⟨H⟩ and E0 = ⟨H0⟩ = ∑k,σ εk⟨c

†
k,σck,σ⟩0, where the subscript 0 denotes the

thermodynamic average for the noninteracting conduction band. The energy
of the noninteracting band can also be expressed as

E0 = ∫ f(ε)εN(ε)dε , (3.10)
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Figure 3.2: Comparison of the NRG calculation with the Bethe ansatz re-
sults. Figure (a) shows the entropy contribution of the impurity Simp(T ).

Figure (b) shows the specific heat contribution Cimp(T ) = T ⋅ BSimp

BT . Solid
lines (Bethe ansatz calculation) and symbols (conventional NRG approach)
are in good agreement. The same parameters as in Figure 3.1 have been
used. The NRG curves were averaged using nz = 2.
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where f(ε) is the Fermi function and N(ε) = ∑k δ(ε−εk) is the noninteracting
conduction electron density of states per spin. We can separate Etotal on
the other hand into

Etotal = Eocc +Edocc +Ehyb +Econd, (3.11)

where Eocc = εd⟨nd⟩, Edocc = U⟨nd↑nd↓⟩, Ehyb = V ∑k,σ⟨d
†
σck,σ + c†k,σd⟩ and

Econd = ∑k,σ εk⟨c
†
k,σck,σ⟩. As Ehyb can be expressed in terms of the impurity

and the first NRG shell Ehyb = V ⟨d†
σf0,σ + f †

0,σd⟩, the first three expressions
can be calculated within the NRG. Given the local level Green’s function
Gdσ(ω) = ⟪d, d†⟫ω+iδ and the hybridization function ∆(ω) = V 2/(ω− εk + iδ)
Ehyb can be also expressed as

Ehyb = −
2

π
∫ f(ω) Im(Gdσ(ω)∆(ω))dω . (3.12)

This can be seen from Ehyb = V ∑k,σ⟨d
†
σck,σ + c†k,σd⟩ by using the equation

of motion on ⟪ck, d†⟫ and using

lim
t→0

⟨BAH(t)⟩ = ∫ AA,B(ω)f(ω)dω , (3.13)

where AA,B = − 1
π Im(GA,B(ω)).

The last term Econd = ∑k,σ εk⟨c
†
k,σck,σ⟩ is different from E0 since the

impurity affects the band contribution. Denoting the conduction electron
Green’s function Gkσ = ⟪ck,σ, c†k,σ⟫ω+iδ we can use

Gkσ = G0
kσ +G

0
kσTσG

0
kσ, (3.14)

where Tσ(ω) = V 2Gdσ(ω) is the local T matrix. G0
kσ(ω) = 1/(ω−εk+iδ) is the

noninteracting conduction electron Green’s function. This can be derived
by applying the equation of motion to Gkσ(ω). Using Equation (3.13) we
find that

Econd = E0 +Eint, (3.15)

where

Eint = −
1

π
∑
σ
∫ dω f(ω)∫ dε Im [ εV 2N(ε)

(ω + iδ − ε)2
Gd,σ(ω)] (3.16)

= − 1

π
∑
σ
∫ dω f(ω) Im [Gdσ(ω)I(ω)] . (3.17)

Here,

I(ω) = − 1

π
∫ dε

ε∆I(ε)
(ω + iδ − ε)2

= − B

Bω
[ω∆(ω)] , (3.18)
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where ∆I(ε) = Im ∆(ε+ iδ) = −πV 2N(ε). For the last equivalence see Equa-

tion (3.40-3.47) at the end of the chapter. We can split Eint = E(1)
int + E

(2)
int

into two parts

E
(1)
int = 1

π
∑
σ
∫ dω f(ω) Im [Gdσ(ω)∆(ω)] (3.19)

E
(2)
int = 1

π
∑
σ
∫ dω f(ω) Im [Gdσ(ω)ω

B

Bω
∆(ω)] . (3.20)

We note that the first part of the internal energy is proportional to the

hybridization energy E
(1)
int = −1

2Ehyb (compare to Equation (3.12)). Hence
the impurity contribution to the energy can be summarized as

Eimp = Eocc +Edocc +
1

2
Ehyb +E

(2)
int (3.21)

= Eionic +
1

2
Ehyb +E

(2)
int . (3.22)

Although E
(2)
int can be calculated within a NRG run, unlike the other parts of

the solution, it can not be expressed in terms of static correlation functions.
For calculating the specific heat we can argue that its contribution will
be small enough to be neglected in many cases. The main contribution
arises from the Fermi-window ∣ω∣ < T . But this region is suppressed due

to the factor ω in E
(2)
int . Additionally in many cases B

Bω∆(ω) is small and
vanishes for example in the wide band limit of the flat band (D → ∞,
∆0 = πN(0)V 2 fixed). For example for a constant density of states it equals
2∆0

πD [1 − (ω/D)2]−1 ∝ ∆0/D for ω ≪D.
The impurity specific heat contributions using this approach will be cal-

culated from Ēimp = Eionic + 1
2Ehyb as

Cimp =
BĒimp

BT
(3.23)

= BEocc

BT
+ BEdocc

BT
+ 1

2

BEhyb

BT
(3.24)

= BEionic

BT
+ 1

2

BEhyb

BT
. (3.25)

We quantify the error made by neglecting the BE
(2)
int /BT first by comparing

the different methods to the Bethe ansatz results (see Figure 3.3). The rel-
ative deviation is below 1% for all temperatures T < 0.01D = 10∆0. For
T ≪ TK the relative error is 0.1% for the internal energy and 0.5% for
the conventional approach. The relative error exhibits remnants of the dis-
cretization oscillations which are not completely eliminated by z-averaging.
Notice also that the error correlates for both methods especially for T ≫ ∆0,

hinting that the error due to neglecting BE
(2)
int /BT is not the main error
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Figure 3.3: Temperature dependence of (a) the impurity specific heat
Cimp(T ) and (b) error relative to the Bethe ansatz calculation. The same
parameters as in Figure 3.2 are used.

source. The high temperature behavior instead reflects different high en-
ergy cut-off schemes between NRG and Bethe ansatz and errors introduced
due to finite size effects that are largest in the shortest chains diagonalized
(typically m = 4 − 6) which are the most sensitive to the logarithmic dis-
cretization. An explicit calculation of the error can be seen in Figure 3.4.

E
(2)
int is of the order of ∆0/π but its temperature dependence is negligible

small relative to the other contributions.

The new approach offers several advantages. (i) Numerical errors are
reduced as Equation (3.5) only involves a first temperature derivative with
respect to the temperature. Equation (3.1-3.3) involve the second temper-
ature derivative of the thermodynamic potential or the calculation of the
total energy fluctuation. Additionally the subtraction of C0(T ) from C(T )
can introduce numerical difficulties for low temperatures. Typically C0(T )
and C(T ) reach a finite value for low temperatures. For the Wilson ratio
for example R ∝ Cimp/T = (C(T ) − C0(T ))/T is needed which can not be
calculated at arbitrary low temperatures due to double precision limitations
(even though usually sufficiently low temperatures well below the Kondo
temperature can be reached). (ii) Only one NRG calculation is needed as
the host contribution ⟨H0⟩ has been subtracted analytically. (iii) Only local
static correlation functions are required. Such quantities can be calculated
very accurately within the NRG method. (iv) The approach is less sensitive
to the oscillations introduced by the discretization. Comparing Figure 3.1
(conventional) with Figure 3.5 (new approach) one sees the drastic reduction
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Figure 3.4: (a) Contribution of E
(2)
int to Eimp as a function of temperature

compared with the other contributions Eocc, Edocc and Ehyb/2. This cal-

culation uses a semi-elliptic hybridization Im(∆(ω)) = −∆0

D

√
D2 − ω2 with

parameters ∆0 = 0.001D, U = 12∆0 and εd = −1∆0. A small Λ = 1.5 was used
which allowed to good results without z-averaging. (b) The impurity specific

heat Cimp(T ) compared to Cderiv = BE
(2)
int /BT . The relative contribution lies

below 0.2% to 0.5% all all temperatures except temperatures approaching the
bandwidth D = 1.
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Figure 3.5: Temperature dependence of (a) the impurity entropy Simp(T )
and (b) the impurity specific heat Cimp(T ) using the new approach. The
same parameters as in Figure 3.1 are used. The figure depicts the difference
before (dashed lines) and after (solid lines) z-averaging. For Λ = 4 two z-
values [z = 1/4,3/4] are sufficient to eliminate the oscillations. Compared to
Figure 3.1 the oscillations are drastically smaller.

of the oscillations.

3.4 Results

In Figure 3.6(a), we show the different contributions Eocc, Edocc and Ehyb/2
to the impurity internal energy for the symmetric Anderson model. Their
temperature derivatives Cocc , Cdocc and Chyb give the relative contribu-
tions of these terms to the impurity specific heat Cimp and are shown in
Figure 3.6(b). Notice, that the Kondo induced peak in Cimp at low tem-
peratures results from a delicate balance of the hybridization (Chyb) and
Coulomb contributions (Cdocc), while the peak due to the resonant level at
high temperatures is mainly due to the Coulomb term. The latter trend per-
sists also for the asymmetric model, as shown in Figure 3.7. Notice also that
the gain in energy due to hybridization diminishes at high temperatures, re-
flecting the decoupling of the impurity from the conduction electrons in this
limit. In general, however, the interaction of the impurity with the envi-
ronment via the hybridization term provides an essential contribution at all
non-zero hybridization strengths.
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3.4.1 Symmetric model

In this subsection we show results for the entropy and specific heat of the
Anderson model at the particle-hole symmetric point εd = −U/2 and show
the results for zero magnetic field and increasing correlation strength U/∆0

and results for finite magnetic fields.

The symmetric Anderson model has been investigated in detail [62] and
is well understood. For U/∆0 ≫ 1 and −εd ≫ ∆0, a local spin S = 1/2
magnetic moment forms on the impurity. In this limit, the physics of the
symmetric model at low temperatures T ≪ min(∣εd + U ∣, ∣εd∣,D) is that of
the Kondo model

HK =H0 + JS⃗.s⃗0, (3.26)

where, J is an antiferromagnetic exchange coupling between the local spin S
and the conduction electron spin-density s⃗0 at the impurity site. The value
of J is given by the Schrieffer-Wolff transformation[31] J = 8V 2/U . The low
temperature properties (for U ≫ ∆0) are universal functions of T /TK and
B/TK where we choose to define the Kondo scale from the Bethe ansatz
result for the T = 0 susceptibility χ(0) via χ(0) = (gµB)2/4TK. For U ≫ ∆0,
TK is given by

TK =
√
U∆0/2e−πU/8∆0+π∆0/2U , (3.27)

within corrections which are exponentially small in U/π∆0 (see Reference [62]).
For U = 0, the symmetric Anderson model reduces to a resonant level model
and the relevant low temperature scale is then ∆0.

Zero magnetic field

A comparison of the new approach with Bethe ansatz calculations is shown
in Figure 3.8 for the temperature dependence of the impurity specific heat
and entropy for increasing values of the Coulomb interaction U/∆0. For
U/∆0 = 12, the Kondo induced peak in the specific heat at Tp = αTK with
α ≈ 0.29 is well separated from the peak at T ≈ ∣εd∣ due to the resonant
level. With decreasing U/∆0, the Kondo effect is suppressed and the Kondo
induced peak in C(T ) eventually merges with the peak due to the resonant
level for U/∆0 → 0. Good agreement between the NRG and the exact Bethe
ansatz calculations is seen for all values of U/∆0.

Finite magnetic field

At finite magnetic fields B > 0, the SU(2) spin symmetry which we use in the
NRG calculations, is broken. Therefore, in order to carry out calculations
at finite magnetic field B > 0, preserving the numerical advantages of the
full SU(2) symmetry, such as the increased number of states that can be re-
tained, we obtained the finite field results by mapping the symmetric positive
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Figure 3.8: Temperature dependence of, (a), the impurity specific heat,
Cimp(T ), and, (b), the impurity entropy, Simp(T )/ ln(2), for the symmetric
Anderson model with ∆0 = 0.001D and increasing values of the Coulomb
interaction: U/∆0 = 4,8,12. Arrows in (a) indicated the Kondo scale TK

defined in Equation (3.27). Symbols: new approach using NRG with Λ = 4
with an energy cut-off ec(Λ = 4) = 40, and z-averaging [nz = 2, z = 1/4, 3/4].
Lines: corresponding Bethe ansatz calculations.
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Figure 3.9: Temperature dependence of the impurity specific heat,
Cimp(T,B), for the symmetric Anderson model for U/∆0 = 12, ∆0 = 0.001D
and increasing values of the magnetic field B/TK ≥ 1 where the Kondo scale
T is defined in Equation (3.27). Symbols: NRG calculations Λ = 4 with an
energy cut-off ec(Λ = 4) = 40, and z-averaging [nz = 2, z = 1/4, 3/4]. Lines:
Bethe ansatz calculations. Inset (a): TKγ(T,B) versus T /TK for several
values of B/TK ≤ 2, where γ(T,B) = Cimp(T,B)/T .

U Anderson model onto the negative-U Anderson model in the absence of a
magnetic field but with local level given by εd = −U/2−B/2 with U negative.
[63, 64] This correspondence results from a particle-hole transformation on
the down spins only: d↓ → d†

↓, d↑ → d↑, and ck↓ → c†−k↓, ck↑ → ck↑ with a
particle-hole symmetric band εk = −ε−k. Figure 3.9 shows the temperature
dependence of Cimp(T,B) for B/TK ≥ 1 using our new approach and com-
pared with Bethe ansatz calculations. The Kondo peak in the specific heat
shifts to higher fields with increasing B and its position scales as B2/TK for
TK ≪ B ≪ εd. In contrast, the resonant level peak remains approximately
fixed at T ≈ εd. As B approaches the value εd, the two peaks merge into
one peak at T ≈ εd, with approximately twice the height of the B = 0 reso-
nant level peak, and containing the whole entropy Simp/kB = ln(4). The low
field behavior of Cimp(T,B), also compared to Bethe ansatz calculations, is
shown in Figure 3.9(a) as TKγ(T,B) = Cimp(T,B)/(T /TK) versus T /TK for
B/TK ≤ 2. For T,B → 0, γ(T,B) → γ(0,0) ∼ 1/TK where γ(0,0) is the linear
coefficient of specific heat. This is strongly enhanced for U/∆0 ≫ 1 due to
the exponential decrease of TK. A finite magnetic field of order TK signifi-
cantly suppresses the Kondo effect and results in smaller values of γ(0,B).
As another check on the accuracy of our calculations, we estimate the Wilson
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Figure 3.10: Temperature dependence of Cimp(T ) for U/∆0 = 12, ∆0 =
0.001D and local level positions εd/∆0 ranging from Kondo (εd/∆0 ≤ −1),
mixed valence (∣εd/∆0∣ ≤ 1), and empty orbital (εd/∆0 > 1) regimes. Sym-
bols: NRG calculations (new approach, z-averaging and NRG parameters as
in Figure 3.1). Lines: Bethe ansatz calculations.

ratio RW = 4π2χ(0)/3γ(0,0). This takes the value 2 in the Kondo regime
of the symmetric Kondo model (i.e., for U ≫ ∆0) From the definition of
TK, we have that the susceptibility χ(0) = 1/4TK, and from Figure 3.9(a) we
extract γ(0,0) ≈ 1.64/TK, resulting in RW ≈ 2.006, that is, a relative error
in RW below 1%.

3.4.2 Asymmetric model

Figure 3.10 shows the impurity specific heat versus temperature for the
asymmetric Anderson model, that is, for εd > −U/2, calculated within the
new approach. For comparison, we also show the corresponding Bethe ansatz
calculations. One sees again excellent agreement at all temperatures between
the two methods. Results for εd < −U/2 are not shown, since these can be
obtained from results for εd > −U/2 by noting that the Anderson model with
parameters εd, U, V transforms, under a particle-hole transformation applied
to both spin species, to an Anderson model with parameters −(εd+U), U, V .
This holds for a particle-hole symmetric constant density of states, the case
considered here.

The specific heat curves for the asymmetric model are more complicated
than those of the symmetric model. In the latter, the relevant excitations
were the low temperature spin flip excitations, characterized by the Kondo
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scale TK, and the excitations involving addition or removal of an electron
from the resonant level, both characterized by an energy ∣εd∣ = U/2. This
accounts for the two peaks in the specific heat of the symmetric model: A
high temperature peak at T ≈ ∣εd∣ and a low temperature Kondo induced
peak at T ≈ TK. For the asymmetric Anderson model, three types of excita-
tion are possible: Low-temperature spin flip excitations, associated with the
Kondo scale TL =

√
U∆0/2e−π∣εd∣ ∣εd+U ∣/2U∆0 of the asymmetric model,[62]

and excitations associated with, (i), removing an electron from a singly oc-
cupied level (with energy scale ∣εd∣) and (ii), removing an electron from a
doubly occupied level (with energy scale ∣εd + U ∣). Thus, three peaks can
be present in Cimp(T ): a Kondo induced peak at T ≈ TL, and two charge
fluctuation induced peaks at T ≈ T1 = ∣εd∣ and T ≈ T2 = ∣εd +U ∣, respectively.
In Figure 3.10, the two high temperature peaks are seen in the mixed va-
lence regime and partly also in the empty orbital regime (where the upper
peak at T2 appears as a shoulder of the main peak at T1). However, in the
Kondo regime, the cases εd/∆0 = −5,−3 with the choice U = 12∆0 result
in T1/∆0 = 5,3 and T2/∆0 = 7,9. In these cases, T1 and T2 are too close
for separate peaks to be seen. In order to clarify this, we carried out cal-
culations for U = 48∆0 ≫ ∆0, and εd/∆0 = −10,−8,−6,−4,−2 in the Kondo
regime, for which T1/∆0 = 10,8,6,4,2 and T2/∆0 = 38,40,42,44,46 ≫ T1/∆0

are disparate scales. Figure 3.11 shows how the peaks at T ≈ T1 and T ≈ T2

evolve from the peak at T ≈ ∣εd∣ = U/2 of the symmetric model (dashed line
in Figure 3.11) on increasing εd above −U/2. Simultaneously, the Kondo
peak in the specific heat at TL shifts to higher temperatures and eventually
merges with the peak at T1 when the mixed valence regime is reached (i.e.,
for εd = −∆0). Thereafter, only the high temperature peaks at T1 and T2

are present. Notice also, that in the mixed valence regime T1 differs signifi-
cantly from ∣εd∣, a result of non-trivial renormalizations present in the mixed
valence regime, but absent in the empty orbital regime.

3.5 Generalization to other models

3.5.1 Multiorbital and multichannel Anderson models

The approach of Section 3.3 can be generalized to models having the form

H =Himp +H0 +Hint (3.28)

Himp = ∑
α,σ

εαd
†
α,σdα,σ +HC(U,U ′, J) (3.29)

H0 = ∑
α,k,σ

εk,αc
†
k,α,σck,α,σ (3.30)

Hint = ∑
k,α,σ

Vα(c†k,α,σdα,σ + d
†
α,σck,α,σ), (3.31)
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Figure 3.11: Temperature dependence of Cimp(T ) for U/∆0 = 48, ∆0 =
0.0001D and local level positions εd/∆0 = −10,−6,−4,−2 (Kondo regime),
εd/∆0 = −1,0,+1 (mixed valence regime) and εd/∆0 = +5 (empty orbital
regime). NRG using the new approach (symbols) and conventional approach
(solid lines) [Λ = 20, nz = 4, ec(Λ) = 130]. Dashed line: resonant level peak in
Cimp at T /∆0 ≈ ∣εd∣/∆0 = U/2∆0 = 24 for the symmetric model (the Kondo
induced peak at much lower T is not shown). The two high temperature
peaks of the asymmetric model evolve from this peak when the asymmetry is
finite.
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where α = 1, . . . , g is the band index. HC(U,U ′, J) is the local Coulomb
interaction involving intraorbital U , interorbital U ′ and Hund’s exchange
term J . εα denotes a set of local energy levels of the impurity. εk,α is
the kinetic energy of electrons in band α. The bands hybridize with a
hybridization strength Vα. Denoting the hybridization function ∆α(ω) =
V 2
α /(ω − εk,α). The derivation for analytically subtracting Eimp = Etotal −E0

is very similar to the single impurity Anderson model. The energy of the
noninteracting conduction band is given by E0 = ∑k,α,σ εk,α,σ⟨c

†
k,α,σck,α,σ⟩ =

∑α,σ ∫ dεf(ε)εNα(ε), where f(ε) is the Fermi function and Nα(ε) = ∑k δ(ε−
εk,α) the noninteracting conduction electron density per spin for band α.
The total energy Etotal will be given by

Etotal = Eocc +EC +Econd +Ehyb, (3.32)

where the local occupation number contribution Eocc = ∑α,σ εα⟨d
†
α,σdα,σ⟩,

the local Coulomb terms EC = ⟨HC(U,U ′, J)⟩, the interacting band Econd =
∑α,k,σ εk,α⟨c

†
k,α,σck,α,σ⟩ and the hybridization energy Ehyb = ∑α,σ Vα⟨f

†
0,α,σdα,σ+

H.c.⟩. Following the same derivation as in Section 3.3 Ehyb can be rewritten
as:

Ehyb = −
2

π
∑
α,σ
∫ dω Im[Gd,α,σ(ω)∆α(ω)], (3.33)

and Econd = E0 +Eint, where

Eint =
1

π
∑
ασ
∫ dω f(ω)Im [Gdασ(ω)

B

Bω
(ω∆α(ω))]

= E(1)
int +E

(2)
int , (3.34)

E
(1)
int = 1

π
∑
ασ
∫ dω f(ω)Im [Gdασ(ω)∆α(ω)] (3.35)

E
(2)
int = 1

π
∑
ασ
∫ dω f(ω)Im [Gdασ(ω)ω

B∆α(ω)
Bω

] , (3.36)

with Gdασ(ω) being the retarded Green’s function for the local level α. Now
the band contribution can be analytically subtracted leading to

Eimp = Eocc +EC +
1

2
Ehyb +E

(2)
int . (3.37)

All contributions except E
(2)
int can be calculated using local static correlation

functions. The temperature dependence of E
(2)
int can be neglected in many

cases for the same reasons as stated in Section 3.3. The specific heat can be
calculated to high accuracy via

Cimp =
BEocc

BT
+ BEC

BT
+ 1

2

BEhyb

BT
(3.38)

= BEionic

BT
+ 1

2

BEhyb

BT
, (3.39)

where Eionic = ⟨Himp⟩.
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3.6 Supplementary calculations

To prove the equivalence in Equation (3.18) we first performed an integration
by parts using ∆(ω) = ∑k V 2/(ω + iδ − εk) = ∆R(ω) +∆I(ω)

I(ω) = − 1

π
∫ dε

ε∆I(ε)
(ω + iδ − ε)2

(3.40)

= − 1

π
∫ dε ε∆I(ε)

B

Bε

1

(ω + iδ − ε)
(3.41)

= − 1

π

ε∆I(ε)
(ω + iδ − ε)

∣
D

−D

+ 1

π
∫ dε

1

(ω + iδ − ε)
B

Bε
(ε∆I(ε)). (3.42)

As there are no energies outside [−D,D] the first integrated part is zero.
Re-substituting ∆I(ε) = −πV 2∑k δ(ε − εk)

I(ω) = −∫ dε
1

(ω + iδ − ε)
B

Bε
(ε∑

k

V 2δ(ε − εk)) (3.43)

= −V 2∑
k
∫ dε

δ(ω − εk)
(ω + iδ − ε)

+
ε B

Bεδ(ω − εk)
(ω + iδ − ε)

(3.44)

= −∆(ω) + V 2∑
k
∫ dε δ(ω − εk)

B

Bε

ε

(ω + iδ − ε)
(3.45)

+ 1

π

ε∆I(ε)
(ω + iδ − ε)

∣
D

−D

= −∆(ω) + V 2∑
k

ω + iδ
(ω + iδ − εk)2

(3.46)

= − B

Bω
[ω∆(ω)] . (3.47)



Chapter 4

FDM approach to
thermodynamics

.

4.1 Introduction

In this chapter we apply the full density matrix (FDM) approach to the
calculation of static correlation functions, such as the spin susceptibility, of
the SIAM and compare the results from this approach to the conventional
approach and to the Bethe-ansatz results (published in Merker et al. [65]).
We point out, in particular, that a non-negligible contribution of the uni-
form susceptibility arises from the environmental degrees of freedom. Fur-
thermore, we will numerically confirm the Clogston-Anderson compensation
theorem.

In Section 4.2 we specify the Anderson impurity model, and outline the
conventional approach to thermodynamics within the NRG method [23].
The FDM approach to thermodynamics is described in Section 4.3. Sec-
tion 4.4 contains our results. The impurity contribution to the specific
heat, Cimp, calculated within the FDM approach, is compared with Bethe
ansatz calculations [66, 67, 57, 56, 68, 69, 55] and to calculations using the
conventional approach in Section 4.4.1. The impurity contribution to the
susceptibility, χimp, with the magnetic field acting on both impurity and
conduction electron states, calculated within FDM is compared with corre-
sponding results from Bethe ansatz and the conventional approach within
NRG in Section 4.4.2). Results for the Wilson ratio as a function of the
local Coulomb repulsion and the local level position are also given in Sec-
tion 4.4.2). In Section 4.4.3 we consider also the local susceptibility of the
Anderson model, χloc, with a magnetic field acting only on the impurity,
and show by comparison with Bethe ansatz results for χimp, that χloc = χimp

for both the symmetric and asymmetric Anderson model in the wide-band

65
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limit. In addition, we also compare the FDM and conventional approaches
for another local quantity, the double occupancy, in Section 4.4.4. Sec-
tion 4.5 contains our summary. Details of the numerical solution of the
thermodynamic Bethe ansatz equations may be found in Appendix G.

4.2 Model, method and conventional approach to
thermodynamics

We consider the Anderson impurity model [30] in a magnetic field B, de-
scribed by the Hamiltonian

H =Himp +H0 +Hint +HB.

The first term, Himp = ∑σ εdd
†
σdσ + Und↑nd↓, describes the impurity with

local level energy εd and on-site Coulomb repulsion U , the second term,
H0 = ∑kσ εkc

†
kσckσ, is the kinetic energy of non-interacting conduction elec-

trons with dispersion εk, the third term, Hint = V ∑kσ(c
†
kσdσ + d

†
σckσ),

is the hybridization between the local level and the conduction electron
states, with V being the hybridization matrix element, and, the last term
HB = −gµBBSz,tot where Sz,tot is the z-component of the total spin (i.e.
impurity plus conduction electron spin), is the uniform magnetic field act-
ing on impurity and conduction electrons. g is the electron g-factor, and
µB is the Bohr magneton. We choose units such that g = µB = 1 and as-
sume a constant conduction electron density of states per spin N(ε) = 1/2D,
where D = 1 is the half-bandwidth. The hybridization strength is denoted
by ∆0 = πV 2N(0) and equals the half-width of the non-interacting resonant
level.

The NRG procedure[32, 33, 18] as described in Chapter 2 is used to
iteratively diagonalize the Anderson model. Unless otherwise stated, we
use conservation of total electron number Ne, total spin S, and total z-
component of spin Sz in the iterative diagonalization of H at B = 0, so
the eigenstate ∣p;m⟩ is an abbreviation for the eigenstate ∣NeSSzp;m⟩ of
Hm, with energy EmNeSp (abbreviated as Emp ) where the index p = 1, . . .
distinguishes states with the same conserved quantum numbers. As long as
m ≤m0 − 1, where typically m0 = 4 − 6, all states are retained. For m ≥m0,
only the lowest energy states are used to set up the Hamiltonian Hm+1.
These may be a fixed number Nkeep of the lowest energy states, or one may
specify a predefined m0, and retain only those states with rescaled energies
(Emp −EmGS)/tm(z) < ec(Λ), where EmGS is the (absolute) ground state energy
at iteration m and ec(Λ) is Λ-dependent cut-off energy. [70, 37, 71] For
most results in this chapter, we used m0 = 4,5, respectively for H, H0,
and ec(Λ) = 15

√
Λ ≈ 47 for Λ = 10 and found excellent agreement with

exact continuum results from Bethe ansatz (after appropriate z-averaging,
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see below). Calculations at smaller Λ = 4, using m0 = 5,6 for H, H0,
respectively, and ec(Λ) = 40 were also carried out for the local susceptibility
in Section 4.4.3. These showed equally good agreement with corresponding
continuum Bethe ansatz results, indicating that the m0 and Λ-dependence
of our results (after z-averaging) is negligible. In our notation, the number
of retained states at iteration m (before truncation) grows as 4m+1, so the
value of m0 cannot be increased much beyond 5, in practice, due to the
exponential increase in storage and computer time. As our calculations
show, this is also not necessary, since agreement with exact Bethe ansatz
calculations is achieved already for m ≥m0 = 4,5.

The impurity contribution to the specific heat is defined by Cimp(T ) =
C(T ) −C0(T ), where C(T ) and C0(T ) are the specific heats of H and H0,
respectively. Similarly, the impurity contribution to the zero field suscepti-
bility is given by χimp(T ) = χ(T )−χ0(T ), where χ(T ) and χ0(T ) are the sus-
ceptibilities of H and H0, respectively. Denoting by Z(T,B) and Z0(T,B)
the partition functions of H and H0, and Ω(T,B) = −kBT lnZ(T,B) and
Ω0(T,B) = −kBT lnZ0(T,B) the corresponding thermodynamic potentials,
we have,

C(T ) = −T B2Ω(T )
B T 2

= kBβ
2⟨(H − ⟨H⟩)2⟩, (4.1)

C0(T ) = −T B2Ω0(T )
B T 2

= kBβ
2⟨(H0 − ⟨H0⟩)2⟩0, (4.2)

χ(T ) = −B2Ω(T,B)
B B2

∣B=0 = β(gµB)2⟨S2
z,tot⟩, (4.3)

χ0(T ) = −B2Ω0(T,B)
B B2

∣B=0 = β(gµB)2⟨S0
z,tot

2⟩0, (4.4)

where S0
z,tot is the z-component of total spin for H0.

We follow the approach of Campo Jr and Oliveira [23], which we term
the “conventional” approach, to calculate the thermodynamic averages ap-
pearing in (4.1-4.4) at large Λ ≫ 1 (thermodynamic calculations at smaller
values of Λ ≲ 3 are also possible,[32, 72] however, truncation errors increase
with decreasing Λ): for any temperature T , we choose the smallest m such
that kBT > tm(z) and we use the eigenvalues of Hm to evaluate the parti-
tion function Zm(T ) = ∑p e−E

m
p /kBT and the expectation values appearing in

(4.1-4.4). Calculations for several z = (2i−1)/2nz, i = 1, . . . , nz with typically
nz = 2,4 or 8 are carried out and averaged in order to eliminate discretization
induced oscillations at large Λ ≫ 1. A dense grid of temperatures defined on
a logarithmic scale from 10−4TK to 2D was used throughout, where TK is
the Kondo scale for the symmetric Anderson model for given U [see Equa-
tion (4.15)]. An advantage of the FDM approach, which we describe next,
is that such a dense grid of temperatures can be used without the require-
ment to choose a best shell for a given T and z. This is possible within
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the FDM approach, because the partition function of the latter contains all
excitations from all shells.

4.3 Thermodynamics within the FDM approach

As an alternative approach, the FDM approach, as described in Chapter 2.6,
can be used. In this Chapter we will use slightly different definitions for the
weighting factors. In correspondence with Reference [20] the factors wm are
defined as

wm = dN−mZm
Z
, (4.5)

where dN−m is the factor resulting from the trace over the environmental
degrees of freedom (d = 4 for one-channel SIAM), Zm = ∑l e−βE

m
l is the sum

over the discarded states of one shell and the energies Eml are measured
with respect to the final ground state. This definition has the property

∑mwm = 1. The FDM is then defined as

ρ =
N

∑
m=m0

∑
le

∣ lem⟩e
−βEml

Z(T )
⟨lem ∣ =

N

∑
m=m0

wmρ̃m, (4.6)

where ρ̃m = ∑le ∣ lem⟩ e
−βEml

Z̃m
⟨lem ∣ using Z̃m = dN−mZm.

Substituting ρ = ∑m′ wm′ ρ̃m′ into the expression for the thermodynamic
average ⟨Ô⟩ and making use of the decomposition of unity Equation (2.87),
we have

⟨Ô⟩ρ = Tr [ρÔ]

= ∑
l′e′m′

⟨l′e′m′∣Ô∑
lem

wm∣lem⟩e
−βEml

Z̃m
⟨lem∣l′e′m′⟩

= ∑
lem

Omll wm
e−βE

m
l

Z̃m
(4.7)

= ∑
lm

dN−mwmO
m
ll

e−βE
m
l

dN−mZm

=
N

∑
m=m0,l

wmO
m
ll

e−βE
m
l

Zm
, (4.8)

where orthonormality ⟨lem∣l′e′m′⟩ = δll′δee′δmm′ , and the trace over the N −
m environment degrees of freedom∑lem ⋅ ⋅ ⋅ = ∑lm dN−m . . . has been used and
Omll = ⟨lm∣Ô∣lm⟩. A similar expression applies for expectation values ⟨Ô⟩ρ0

with respect to the host system H0. For each temperature T and shell m, we
require wm(T ) and the factor Bm

l (T ) = e−βEml /Zm where Zm = ∑l e−βE
m
l .

Numerical problems due to large exponentials are avoided by calculating
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Bm
l (T ) = e−β(Eml −Em0 )/Z ′

m where Z ′
m = eβEm0 Zm and Em0 is the lowest energy

for shell m.
The calculation of the full partition function Z(T ), like the weights

wm(T ), requires care in order to avoid large exponentials (see Costi and
Zlatić [20]). Note also, that the energies Eml in the above expressions de-
note absolute energies of Hm. In this Chapter in the NRG calculation one
defines rescaled Hamiltonians H̄m in place of Hm, with rescaled energies
Ēml shifted so that the ground state energy of H̄m is zero. In the FDM
approach, information from different shells is combined. This requires that
energies from different shells be measured relative to a common ground state
energy, which is usually taken to be the absolute ground state energy of the
longest chain diagonalized. Hence, it is important to keep track of rescaled
ground state energies of the H̄m so that the Ēml can be related to the abso-
lute energies Eml used in the FDM expressions for thermodynamic averages
(this relation is specific to precisely how the sequence H̄m, m = 1,2, . . . is
defined, so we do not specify it here).

The specific heat Cimp(T ) = C(T ) − C0(T ) is obtained from separate
calculations for H and H0. For H, we first calculate E = ⟨H⟩ using (4.8):

⟨H⟩ρ =
N

∑
m=m0,l

wmE
m
l B

m
l , (4.9)

and then substituting this into Equation (4.1) to obtain

C(T ) = kBβ
2⟨(H − ⟨H⟩)2⟩

= kBβ
2

N

∑
m=m0,l

wm(Eml −E)2Bm
l , (4.10)

with a similar calculation for H0 to obtain C0(T ). The specific heats are
then z-averaged and subtracted to yield Cimp(T ) = C(T ) − C0(T ). Al-
ternatively, the specific heat C(T ) may be obtained from the z-averaged
entropy S(T ) via C(T ) = −TBS/BT , where S is calculated from E and Z
using S = −BΩ/BT = kB lnZ +E/T (with similar expressions for C0(T ) and
S0(T )). We note that in cases where explicit numerical derivatives of the
thermodynamic potential with respect to magnetic field or temperature are
required, the NRG supplies a sufficiently smooth Ω(T,B) for this to be pos-
sible (see Costi et al. [72] for an early application). We show this within
the FDM approach for the case of the local magnetic susceptibility in Sec-
tion 4.4.3, a quantity that requires a numerical second derivative of Ω(T,B)
with respect to B.

The susceptibility from (4.3-4.4) requires more care, since a uniform field
acts also on the environment degrees of freedom, implying that we require
the expectation value ⟨(Sz + Sz,e)2⟩ in evaluating kBTχ(T,B = 0)/(gµB)2

(and similarly for kBTχ0(T,B = 0)/(gµB)2), where Sz refers to total z-
component of spin for the system Hm and Sz,e, the total z-component of
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the N −m environment states e. Now ⟨(Sz + Sz,e)2⟩ = ⟨(S2
z + S2

z,e)⟩ since
the trace over Sz (or Sz,e) of the cross-term 2SzSz,e will vanish. Hence,
the susceptibility will have an additional contribution χE = β(gµB)2⟨S2

z,e⟩
due the environment degrees of freedom in addition to the usual term χS =
β(gµB)2⟨S2

z ⟩ for the system Hm. Evaluating the latter via (4.8), indicating
explicitly the conserved quantum number Sz in the trace with all other
conserved quantum numbers indicated by l, results in

kBTχS

(gµB)2
= ⟨S2

z ⟩ =
N

∑
m=m0,Sz ,l

wmS
2
zB

m
l

=
N

∑
m=m0,l

f1(S)wmBm
l , (4.11)

where ∑Sz S
2
z = f1(S) = (2S + 1)((2S + 1)2 − 1)/12 has been used. For the

term χE, we have from (4.7)

kBTχE

(gµB)2
≡ ⟨S2

z,e⟩ =
N

∑
m=m0,Sz ,l,e

wmS
2
z,e

e−βE
m
l

Z̃m
. (4.12)

Since Z̃m = dN−mZm and denoting by Ze = dN−m the partition function of
the N −m environment degrees of freedom, we can rewrite the above as

N

∑
m=m0,Sz ,l,e

wmS
2
z,e

e−βE
m
l

Z̃m

=
N

∑
m=m0,Sz ,l

wmTre [
S2
z,e

Ze
] e

−βEml

Zm

=
N

∑
m=m0,l

wmf2(S)
N −m

8
Bm
l ,

where f2(S) = ∑Sz = (2S + 1) and we used the fact that TreS
2
z,e/Ze = (N −

m)/8 since for one environment state ⟨S2
z,ei⟩ei ≡ TreiS

2
z,ei/Zei = (1/4+1/4)/4 =

1/8 (for d = 4). Hence, we have

kBTχE

(gµB)2
=

N

∑
m=m0,l

f2(S)
N −m

8
wmB

m
l , (4.13)

and the total susceptibility χ(T ) = χS(T ) + χE(T ) is given by

kBTχ(T )
(gµB)2

≡ kBTχS(T )
(gµB)2

+ kBTχE(T )
(gµB)2

=
N

∑
m=m0,l

(f1(S) + f2(S)
N −m

8
)wmBm

l , (4.14)
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Figure 4.1: Impurity contribution to the susceptibility from Bethe ansatz
(χBA) and FDM (χimp) vs T /TK for the symmetric Anderson model [U/∆0 =
12 and ∆0 = 0.001D with TK defined in Equation (4.15)]. Also shown are
the impurity contributions kBTχS,imp(T )/(gµB)2 and kBTχE,imp(T )/(gµB)2

as defined at the end of Section 4.3. The calculations are for Λ = 10
with an energy cut-off ec(Λ) = 15

√
Λ ≈ 47, with z-averaging [nz = 4,

z = 1/8, 3/8, 5/8, 7/8].
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with a similar expression for the host susceptibility χ0(T ). The impurity
contribution is then obtained via χimp(T ) = χ(T ) − χ0(T ).

Figure 4.1 illustrates the problem just discussed for the symmetric An-
derson model in the strong correlation limit (U/∆0 = 12 ≫ 1). Denoting
by χS,imp and χE,imp the impurity contributions to χS and χE, i.e. with
respective host contributions subtracted, we have χimp ≡ χS,imp+χE,imp. We
see from Figure 4.1 that the contribution from the environment degrees of
freedom, χE,imp, is significant at all temperatures and is required in order
to recover the exact Bethe ansatz result for χimp.

4.4 Results

In this section we compare results for the impurity specific heat (Section 4.4.1),
impurity susceptibilities in response to uniform (Section 4.4.2) and local
(Section 4.4.3) magnetic fields, and the double occupancy (Section 4.4.4)
of the Anderson model, calculated within the FDM approach, with corre-
sponding results from the conventional approach. For the first two quantities
we also show comparisons with Bethe ansatz calculations. Results for the
Wilson ratio, as a function of Coulomb interaction and local level position,
within FDM and Bethe ansatz, are also presented (Section 4.4.2). We show
the results for all quantities as functions of the reduced temperature T /TK,
where the Kondo scale TK is chosen to be the symmetric Anderson model
Kondo scale given by

TK =
√
U∆0/2e−πU/8∆0+π∆0/2U , (4.15)

except for U/∆0 < 1 when we set TK = ∆0. The Kondo scale in Equa-
tion (4.15) is related to the T = 0 Bethe ansatz susceptibility χimp(0) via
χimp(0) = (gµB)2/4TK in the limit U ≫ ∆0 (see Hewson [62]). We continue
to use TK in comparing results from different methods, although we note
that for the asymmetric Anderson model, the physical low energy Kondo
scale, TL, will increasingly deviate from TK with increasing level asymmetry
δ = 2εd +U . For example, second order poor Man’s scaling for the Anderson
model yields a low energy scale [73] TL =

√
U∆0/2eπεd(εd+U)/2∆0U .

4.4.1 Specific heat

Figure 4.2 shows the impurity specific heat (Cimp) and impurity entropy
(Simp) for the symmetric Anderson model versus temperature T /TK for in-
creasing Coulomb interaction U/∆0. One sees from Figure 4.2 that there is
excellent agreement between the results obtained within the FDM approach,
within the conventional approach and within the exact Bethe ansatz cal-
culations. This agreement is found for both the strongly correlated limit
U/∆0 ≫ 1 where there are two peaks in the specific heat, a low tempera-
ture Kondo induced peak and a high temperature peak due to the resonant
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Figure 4.2: (a) Impurity specific heat, Cimp(T ), and, (b), impurity entropy,
Simp(T ), vs reduced temperature T /TK for the symmetric Anderson model
with U/∆0 = 12,10,8,6,4,2,1 and ∆0 = 0.001D. Broken lines: FDM ap-
proach. Solid lines: conventional approach. Selected Bethe ansatz results
are shown as symbols for U/∆0 = 12,8,4 (circles, squares, diamonds, re-
spectively). The Kondo scale is defined in Equation (4.15). As a guide to
the eye, note that the high temperature peak in Cimp shifts downwards with
decreasing U . NRG and z-averaging parameters as in Figure 4.1.
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Figure 4.3: (a) Impurity specific heat, Cimp(T ), and, (b), impurity entropy
Simp(T ), vs reduced temperature T /TK for the asymmetric Anderson model
with U/∆0 = 12, ∆0 = 0.001D and several values of εd/∆0 = −5,−3, . . . ,+5.
Broken lines: FDM approach. Solid lines: conventional approach. Bethe
ansatz results are shown as symbols for εd/∆. For simplicity we used the
symmetric TK of Equation (4.15) for all εd values. NRG and z-averaging
parameters as in Figure 4.1.
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Figure 4.4: Impurity susceptibility, χimp(T ), vs T /TK for the symmetric
Anderson model with U/∆0 = 12,10,8,6,4,2,1,0.01 and ∆0 = 0.001D with
TK defined in Equation (4.15) for U/∆0 ≥ 1 and TK = ∆0 for the U/∆0 = 0.01
case. Broken lines: FDM approach. Solid lines: conventional approach.
Symbols: Bethe ansatz (for selected values of U/∆0 = 12,8,6,4,2). As a
guide to the eye, note that χimp is increasingly enhanced with increasing U .
NRG and z-averaging parameters as in Figure 4.1.

level, and for the weakly correlated limit U/∆0 ≲ 1, where there is only a
single resonant level peak in the specific heat. The correct high temperature
entropy ln 4 is obtained in all cases.

The temperature dependence of the impurity specific heat and entropy,
for the asymmetric Anderson model is shown in Figure 4.3 for local level
positions ranging from εd/∆0 = −6 to +5 in units of ∆0. For simplicity we
continue to show the results as a function of T /TK, with TK the symmetric
Kondo scale (4.15), although, the true Kondo scale will deviate from this for
εd > −U/2. The FDM results agree also here very well with the conventional
approach and the Bethe ansatz calculations.

4.4.2 Susceptibility and Wilson ratio

Figure 4.4 compares the susceptibilities of the symmetric Anderson model
calculated from FDM, conventional and Bethe ansatz approaches for sev-
eral values of U/∆0, again indicating good agreement over the whole tem-
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U/∆0
kBTKχ

a
imp/(gµB)2 Ra

a = BA a = NRG a = BA a = NRG

12 0.250091 0.256 1.998 2.027
10 – 0.256 – 2.024
8 0.250715 0.256 1.986 2.013
6 – 0.2574 – 1.982
4 0.259130 0.2637 1.852 1.877
2 – 0.3085 – 1.578
1 – 0.2214 – 1.317
0.01 – 0.1599 – 1.003

Table 4.1: Zero temperature susceptibilities kBTKχ
a
imp/(gµB)2 and Wilson

ratios Ra ≡ limT→0 4π2χaimp(T )/3Caimp(T )/T for the symmetric Anderson
model at several values of U/∆0 using the Bethe ansatz/NRG FDM approach
(a = BA/NRG). Note that TK is defined by Equation (4.15) for U/∆0 > 1
and is set to ∆0 otherwise.

perature range between these three approaches. Table 4.1 lists the zero
temperature impurity susceptibilities (kBTKχimp/(gµB)2) and Wilson ratios
(R ≡ limT→0 4π2χimp(T )/3Cimp(T )/T ), for the symmetric Anderson model
as calculated within FDM and for a range of Coulomb interactions from
strong U/∆0 ≫ 1 to weak (U/∆0 ≪ 1). In these two limits, the Wilson ratio
for the symmetric Anderson model approaches the well known values of 2,
and 1, respectively within FDM (a = NRG) and Bethe ansatz. Comparison
with Bethe ansatz results at selected values of U/∆0 indicate an error in the
susceptibility of around 2% with a similar error in the Wilson ratio.

Figure 4.5 shows results within FDM and conventional approaches for the
asymmetric Anderson model (εd > −U/2) and for several local level positions
ranging from the Kondo (−εd/∆0 ≫ 1) to the mixed valence ∣εd/∆0∣ ≤ 1 and
empty orbital regimes εd/∆0 > 1. Bethe ansatz results are also shown for
selected local level positions, and we see again very good agreement between
all three methods over the whole temperature range. Corresponding zero
temperature susceptibilities and Wilson ratios are listed in Table 4.2. Note
that the Wilson ratio approaches the value for a non-interacting system only
in the empty orbital limit (εd ≫ ∆0), being approximately 1.5 ± 0.25 in the
mixed valence regime (∣εd/∆0∣ ≲ 1). The Wilson ratio from NRG and Bethe
ansatz deviate by less than 3% in all regimes.

4.4.3 Local susceptibility

It is also interesting to consider the susceptibility, χloc, in response to a
local magnetic field acting only at the impurity site and to compare this
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Figure 4.5: Impurity susceptibility, χimp(T ), vs T /TK for the asymmetric
Anderson model with U/∆0 = 12, ∆0 = 0.001D and several values of εd/∆0

with TK defined in Equation (4.15). Broken lines: FDM approach. Solid
lines: conventional approach. Symbols: Bethe ansatz (for selected values of
εd/∆0 = −5,−3,−1,0,+1,+3). As a guide to the eye, note that the suscep-
tibility curves shift to higher temperatures with increasing εd. NRG and
z-averaging parameters as in Figure 4.1.
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εd/∆0
kBTKχ

a
imp/(gµB)2 Ra

a = BA a = NRG a = BA a = NRG

-5 0.219482 0.2245 1.999 2.025
-4 – 0.1515 – 2.023
-3 0.077356 0.0785 1.990 2.00
-2 – 0.0315 – 1.97
-1 0.010337 0.0103 1.795 1.78
0 0.003303 0.0033 1.512 1.50
1 0.001250 0.0013 1.315 1.32
2 – 0.00059 – 1.18
3 0.000325 0.00033 1.086 1.12
4 – 0.00021 – 1.09
5 – 0.00014 – 1.06

Table 4.2: Zero temperature susceptibilities kBTχ
a
imp/(gµB)2 and Wilson

ratios Ra ≡ limT→0 4π2χaimp(T )/3Caimp(T )/T for the asymmetric Anderson
model at U/∆0 = 12 and several local level positions εd/∆0 using the Bethe
ansatz/FDM NRG approach (a = BA/NRG).

with the susceptibility, χimp, discussed above, in which the magnetic field
acts on both the impurity and conduction electron spins. The former is
relevant, for example, in nuclear magnetic resonance and neutron scattering
experiments, while the latter can be measured in bulk samples with and
without magnetic impurities.

A local magnetic field term, −gµBBSz,d, in the Anderson model, with
Sz,d = (nd↑ − nd↓)/2, is not a conserved quantity, i.e Sz,d is not conserved
, and χloc(T ) cannot be expressed as a fluctuation as in Equation (4.3-
4.4), which would obviate the need to explicitly evaluate a numerical sec-
ond derivative with respect to B of the thermodynamic potential. Such a
derivative, however, poses no actual problem within NRG, so we proceed
by explicitly diagonalizing the Anderson model in a local field, using only
U(1) symmetries for charge and spin (for the symmetric Anderson model
in a magnetic field, an SU(2) pseudo-spin symmetry may be exploited, by
using the mapping of this model in a local magnetic field B onto the SU(2)
invariant negative-U Anderson model in zero magnetic field at finite level
asymmetry 2εd + U = B [63, 64]). The evaluation of χloc then proceeds via
χloc(T,B = 0) = −B2Ωloc(T,B)/BB2∣B=0 where Ωloc(T,B) = Ω(T,B)−Ω0(T )
and Ω(T,B) and Ω0(T ) are the thermodynamic potentials of the total sys-
tem in a local magnetic field B and the host system, respectively.

Results for χloc obtained in this way are shown in Figure 4.6 at several
values of U/∆0 as a function of T /TK. A comparison of χloc to χimp obtained
from the Bethe ansatz, allows us to conclude that these two susceptibilities
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Figure 4.6: Comparison of the local, χloc(T ), and impurity, χimp, suscep-
tibilities vs T /TK for the symmetric Anderson model with U/∆0 = 12,8,4,2
and ∆0 = 0.001D with TK defined in Equation (4.15). Broken lines: FDM
approach. Symbols: Bethe ansatz (for selected values of U/∆0 = 12,8,4,2).
NRG and z-averaging parameters as in Figure 4.1.

are close to identical at all temperatures, i.e. χimp(T ) = χloc(T ) and for
all interaction strengths U/∆0. This is not always the case. A prominent
example is the anisotropic Kondo model [74], where χimp = αχloc, with the
dissipation strength 0 ≤ α ≤ 1 being determined by the anisotropy of the
exchange interaction [74, 75].

Figure 4.7 compares local and impurity susceptibilities for the asymmet-
ric Anderson model in the strong correlation limit (U/∆0 = 12) for several
local level positions, ranging from the Kondo (εd/∆0 = −5,−4,−3,−2) to
the mixed valence (εd/∆0 = −1,0,+1) and into the empty orbital regime
(εd/∆0 = +2, . . . ,+5). We see that, as for the symmetric Anderson model,
local and impurity susceptibilities are almost identical at all temperatures
and for all local level positions, i.e. χimp(T ) = χloc(T ) for the parameter
values used.

The result χimp(T ) = χloc(T ), which we verified here, follows from the
Clogston-Anderson compensation theorem [76] (see Hewson [62]). Consider
the impurity contribution to the magnetization Mimp(B) in a uniform field.
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Figure 4.7: Comparison of the local, χloc, and impurity, χimp(T ), suscep-
tibilities vs T /TK for the asymmetric Anderson model with U/∆0 = 12,
∆0 = 0.001D with TK defined in Equation (4.15) and for several values of
the local level position: εd/∆0 = −5,−4, . . . ,+5. Broken lines: χloc from the
FDM approach. Symbols: χimp from Bethe ansatz for selected values of εd.
The NRG calculations are for Λ = 4 with an energy cut-off ec(Λ = 4) = 40
with z-averaging [nz = 2 with z = 0 and z = 0.5].
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This is given by Mimp/(gµB) = ⟨Sz,d + Sz,c⟩ − ⟨Sz,c⟩0 where Sz,d, Sz,c are the
impurity and conduction electron z−components of spin. Using equations
of motion, one easily shows [62], that the additional impurity magnetization
δMimp/(gµB) = ⟨Sz,c⟩− ⟨Sz,c⟩0 from the conduction electrons induced by the
presence of the impurity is given by

δMimp

(gµB)
= 1

2π
∑
σ
∫ dωf(ω)Im [σGdσ(ω,B)B∆(ω)

Bω
] , (4.16)

where f(ω) is the Fermi function, Gdσ(ω,B) is the spin σ local level Green
function of the Anderson model and ∆(ω) = ∑k ∣Vk∣2/(ω − εk + iδ) is the
hybridization function. For a flat band, B∆(ω)/Bω ≈ ∆0/D in the wide-
band limit. Hence, δMimp/(gµB) is of order (Mloc(B)/gµB)∆0/D where
Mloc(B)/(gµB) = ⟨nd↑ − nd↓⟩/2 = ⟨Sz,d⟩ is the local magnetization, which
is linear in B for B → 0. From this we deduce that Mimp/(gµB) ≈ ⟨Sz,d⟩ ≡
Mloc/(gµB) to within corrections of order (Mloc(B)/gµB)∆0/D, i.e. χimp(T ) =
χloc(T ) to within corrections of order (χloc(T )/(gµB)2)∆0/D ≪ χloc(T ).
Away from the wide-band limit, or for strong energy dependence of ∆(ω),
the above susceptibilities will differ by the correction term given by the field
derivative of δMimp in Equation (4.16).

4.4.4 Double occupancy

Our conclusions concerning the accuracy of specific heat and the suscepti-
bility calculations within the FDM approach, hold also for other thermo-
dynamic properties, e.g. for the occupation number or the double occu-
pancy. Figure 4.8(a) shows a comparison between the FDM and conven-
tional approaches for the temperature dependence of the double occupancy
Docc = ⟨nd↑nd↓⟩ of the symmetric model for different strengths of correla-
tion U/∆0, and Figure 4.8(b) shows the same for the asymmetric Anderson
model for U/∆0 = 12 and for several local level positions. The results of the
two approaches agree at all temperatures, local level positions and Coulomb
interactions. Notice that D acquires its mean-field value of 1/4 for the sym-
metric model in the limit U/∆0 → 0 and is strongly suppressed with increas-
ing Coulomb interaction away from this limit [see Figure 4.8(a)]. Similarly
for the asymmetric model, increasing εd/∆0 away from the correlated Kondo
regime decreases the double occupancy significantly [see Figure 4.8(b)].

4.5 Summary

In this chapter we focused on the calculation of the impurity specific heat
and the impurity susceptibility of the Anderson model within the FDM
approach [50], finding that this method gives reliable results for these quan-
tities, as shown by a comparison to both exact Bethe ansatz calculations
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Figure 4.8: (a) Double occupancy Docc = ⟨nd↑nd↓⟩ as a function of tem-
perature T /TK for the symmetric Anderson model and decreasing values of
U/∆0 = 12,10,8,6,4,2,1,0.01 within FDM (solid lines) and conventional ap-
proaches (symbols). (b) Double occupancy Docc = ⟨nd↑nd↓⟩ as a function of
temperature T /TK for the asymmetric Anderson model and increasing values
of εd/∆0 = −5,−3,−1,0,+1,+3,+5 for U/∆0 = 12 within FDM (solid lines)
and conventional approaches (symbols). TK is defined in Equation (4.15) for
U/∆0 ≥ 1 and is set to ∆0 for the case U/∆0 = 0.01. NRG and z-averaging
parameters as in Figure 4.1.
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[66, 67, 57, 56, 68, 69, 55] and to NRG calculations within the conventional
approach [23]. Some care is needed in implementing the FDM approach for
the susceptibility χimp in a uniform field, i.e. when the applied magnetic
field acts on both the impurity and conduction electron spins. In this case,
an additional contribution from the environment degrees of freedom needs
to be included. We also showed that the susceptibility in response to a local
magnetic field on the impurity, χloc, could also be obtained within FDM and
a comparison of this susceptibility with χimp (from Bethe ansatz), showed
that they are close to identical at all temperatures, and in all parameter
regimes for ∆0 ≪D, thereby verifying the Clogston-Anderson compensation
theorem. An arbitrary temperature grid can be used for thermodynamics
in both the conventional and the FDM approaches, however, the former re-
quires a specific best shell to be selected depending on T and z, whereas
the FDM approach avoids this step by incorporating all excitations from all
shells in a single density matrix.

We also showed, that quantities such as the double occupancy can also
be accurately calculated within the FDM approach. The double occupancy
can be probed in experiments on cold atom realizations of Hubbard models
in optical lattices. [77, 78] Flexible techniques, such as the FDM approach,
for calculating them within a dynamical mean field theory [79, 80, 81] treat-
ment of the underlying effective quantum impurity models could be useful
in future investigations of such systems [82].
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Chapter 5

Conductance scaling in
quantum dots

Motivated by recent experiments on conductance scaling in correlated quan-
tum dots exhibiting the Kondo effect [19, 4, 12], we present in this chapter
a detailed study of the low-temperature and low-field scaling properties of
the linear conductance of a quantum dot described by the single-level An-
derson impurity model (published in Merker et al. [39] and Merker et al.
[83]). Scaling in physical properties is a hallmark of the Kondo effect [62].
Thus, a Kondo model description of a quantum dot implies that the con-
ductance G(T,B) is a universal function of T /T0 and gµBB/kBT0 over all
temperatures T and magnetic fields B, with microscopic parameters (such
as the Kondo exchange J) only entering through the dynamically generated
low energy scale T0 (to be defined explicitly in Section 5.2), with g, µB,
kB denoting the g-factor, Bohr magneton and Boltzmann’s constant respec-
tively. In particular for T ≪ T0 or gµBB ≪ kBT0 the functions G(T,B =
0) = G(0,0)(1−cT(T /T0)2) and G(T = 0,B) = G(0,0)(1−cB(gµBB/kBT0)2)
exhibit Fermi liquid corrections about the unitary conductance G(0,0) with
deviations which are universal in the sense that the coefficients cT = π4/16
and cB = π2/16 are independent of microscopic details. Actual quantum dot
devices, however, have a finite charging energy, and they are more realisti-
cally described by an Anderson model. The finite charging energy, and the
ability to change the level energy of the quantum dot with a gate voltage, al-
low for charge fluctuations (even in the “Kondo regime” of the quantum dot)
and can give rise to deviations from the expected Kondo scaling. It is there-
fore of some interest to quantify the effect of increasing charge fluctuations
on the values of cT and cB. Recently, this issue has also been addressed in
Reference [84] by using a renormalized perturbation theory on the Keldysh
contour [85, 86] formulated using dual fermions [87, 88, 89]. This approach,
denoted henceforth as superperturbation theory (SPT) performed by Kirch-
ner and Muñoz, yields both the linear and non-linear conductance. In this

85
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chapter we shall compare the predictions of this theory for the linear con-
ductance with results obtained within the numerical renormalization group
(NRG) approach [14, 32, 33, 18].

At the technical level, this chapter rewrites the NRG code to use just
total electron number and total Sz as good quantum numbers instead of the
SU(2) for the total spin. This allows studying the effect of a local magnetic
field on the conductance and on the thermopower (see next Chapter). Fur-
thermore, a more accurate method of calculation, compared to the method
used in e.g. Costi and Hewson [90], was used for the conductance [24] en-
abling the accurate extraction of the Fermi liquid coefficients cT and cB.
The same method has been used in the next chapter to obtain the magnetic
field dependence of the thermopower (and the other transport coefficients).

The outline of the chapter is as follows. Section 5.1 describes the quan-
tum dot model. Section 5.2 gives a brief description of the calculation of
the finite temperature linear conductance G(T,B) of the Anderson model
within the NRG following the procedure in Reference [91]. In Section 5.3,
some Fermi liquid results for cT and cB are given, and in Section 5.4 we
briefly introduce the SPT, with which we shall compare. In Section 5.5 we
present results for the dependence of the coefficients cT and cB on charg-
ing energy and gate voltage (local level energy). The latter are compared
with the corresponding results from SPT. We conclude in Section 5.6 with a
discussion of the relevance of our results for experiments on quantum dots.

5.1 Model

We consider the simplest model of a correlated quantum dot, the single-level
Anderson model given by the Hamiltonian

H = ∑
σ

εdσndσ − gµBB s
d
z +Und↑nd↓

+ ∑
kασ

εkαc
†
kασckασ + ∑

kασ

(tαc†kασdσ + h.c.). (5.1)

Here, εd is the level energy, related to the gate voltage Vg in the quantum
dot via εd ∼ eVg,B is a local magnetic field acting on the quantum dot
with sdz = 1

2(nd↑ − nd↓), U > 0 is the Coulomb charging energy, σ labels the
spin, and α = L,R labels left and right electron lead states with kinetic
energies εkα. The couplings of the dot to the leads are denoted by ∆α(ω) =
πρα(ω)∣tα∣2, where ρα(ω) = ∑k δ(ω − εkα) is the density of states of lead α.
For simplicity we assume a constant density of states ρα = NF = 1/2D with
half-bandwidth D = 1 so that ∆α = πNFt

2
α. By using even and odd parity

combinations of left and right lead states, model (5.1) is reduced to a single-
channel Anderson model with a resonant level half-width at half-maximum
given by ∆ = ∆L +∆R. The spectral function of the latter model is required
in the calculation of the linear conductance, which we describe next.
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Figure 5.1: Linear conductance G(T ) versus T /T s0 for U/∆ = 16 and sev-
eral values of εd = −U/2,0,+U/2 using the approach of Ref. [91], with T s0
defined by Equations (5.6)-(5.7). We also indicate with horizontal and ver-
tical dashed lines the extraction of the experimental Kondo scale, T expt

K ,
from the mid-valley Kondo conductance (i.e. that for εd = −U/2) via
G(T = T expt

K ) = G(0)/2. NRG parameters were for Λ = 4, with an energy
cut-off ec(Λ = 4) = 30 and nz = 2.

5.2 NRG calculation of conductance

The linear response electrical conductance G(T,B) of (5.1) is given by [92,
93]

G(T,B) = e2

h
∫ dω (−Bf

Bω
) ∑

σ

Tσ(ω,T,B), (5.2)

where

Tσ(ω,T,B) = 4π
∆L∆R

∆L +∆R
Aσ(ω,T,B) (5.3)

is the transmission function for spin σ electrons. It can be calculated from
the single-particle spectral function of the dot Aσ(ω,T,B) = −Im[Gdσ(ω +
iδ)]/π, where Gdσ(ω + iδ) = ⟨⟨dσ;d†

σ⟩⟩ is the Fourier transform of the re-
tarded single-particle Green function of (5.1). In Equation (5.2), e and h
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are the electronic charge and Planck’s constant respectively, and f(ω) =
[1 + exp(βω)]−1 is the Fermi function.

We use the NRG to evaluate the spectral function Aσ(ω,T,B) via the
Lehmann representation

Aσ(ω,T,B) = 1

Z
∑
m,n

∣Mσ
mn∣2(e−βEm + e−βEn)

× δ(ω − (Em −En)), (5.4)

where Mσ
mn are the matrix elements of the spin σ local d-electron oper-

ator between eigenstates ∣m⟩ and ∣n⟩ with energies Em and En and Z =
∑m exp(−βEm) is the partition function (see Ref. [18] for details). The
usual approach is to broaden the discrete spectral function in Equation (5.4)
with Gaussians or Logarithmic Gaussians in order to obtain a smooth func-
tion [94, 95, 18], which is then substituted into Equation (5.2), thereby
yielding G(T,B) after a numerical integration. A more accurate procedure,
introduced in Reference [91], is to substitute the discrete representation in
Equation (5.4) directly into Equation (5.2) resulting in the expression

G(T,B) = γβ
Z
∑
σ
∑
m,n

∣Mσ
mn∣2

1

eβEm + eβEn
, (5.5)

where γ = 4π e
2

h
∆L∆R

∆L+∆R
. This avoids errors from numerical integrations and

from an artificial broadening of the spectral function and has been shown to
give accurate results for the conductance [91]. A similar procedure has been
used in Reference [50] to extract cT for the symmetric Anderson model to
within 5% accuracy. This uses a full density matrix evaluation of the spectral
function [50, 49] within the complete basis set [96] and is computationally
more intensive than the approach which we use here, whose computational
complexity is comparable to that of evaluating a local static correlation
function.

For the remainder of this chapter we shall set the g-factor g, Bohr mag-
neton µB, Planck’s constant h, electric charge e, and Boltzmann’s constant
kB to unity, and also assume symmetric coupling to the leads (∆L = ∆R =
∆/2, γ = π∆). A finite asymmetry ∆L ≠ ∆R only influences the value of
G(0,0), but not our results for cB and cT . Note that in experiments on quan-
tum dots [4, 5]. the extracted full width at half maximum of the Coulomb
blockade peaks is given by Γ = 2∆.

In evaluating Equation (5.5), we used z-averaging [37] within the band
discretization scheme of Reference [23] (see Chapter 2.2). A discretization
parameter of Λ = 4 with nz = 2 values for the z-averaging was used and the
cut-off for the rescaled energies at each NRG iteration was set to ec(Λ = 4) =
30. Figure 5.1 shows typical examples for G(T ) versus T /T0 at B = 0 for a
strongly correlated quantum dot (U/∆ = 16 ≫ 1) in the Kondo (εd = −U/2),
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Fitting range R2 cT % error

10−5T0 ≤ T ≤ T0 0.818 0.7447 87
10−5T0 ≤ T ≤ 0.1T0 0.9969 5.1277 16
10−5T0 ≤ T ≤ 0.05T0 0.99965 5.8002 4.7
10−5T0 ≤ T ≤ 0.02T0 0.999980 6.0820 0.086
10−5T0 ≤ T ≤ 0.01T0 0.9999894 6.1459 0.96
10−5T0 ≤ T ≤ 0.005T0 0.99985 6.1468 0.98
10−5T0 ≤ T ≤ 0.001T0 0.9381 6.2034 1.91

Table 5.1: Optimal temperature range for fitting the conductance G(T,0) to
the Fermi liquid form f(T /T0) = a(1 − cT (T /T0)2) for U/∆ = 12 and εd =
−U/2 using a goodness of fit based on the value of R2. The latter is defined

by R2 = 1− ∑
n
i=1(yi−f(xi))2

∑ni=1(yi−<y>)2 , where xi = Ti/T0, yi = G(Ti,0), ⟨y⟩ = 1
n ∑

n
i=1 yi and

the number of data points in the fitting ranges was n ≈ 200. The value R2 = 1
would correspond to a perfect fit to the Fermi liquid form. The % error in cT
in the last column is defined by % error = 100 ⋅ ∣ cT−cT,exactcT,exact

∣ where cT,exact is the

exact value at particle-hole symmetry given by Equation (5.15). From this
table we see that the optimal range which maximizes R2 and the accuracy of
cT is close to T ≤ 0.02T0. The NRG calculations used Λ = 4, nz = 2 and an
energy cut-off ec(Λ) = 30.

mixed valence (εd = 0) and empty orbital (εd = U ≫ ∆) regimes. The scale
T0 is defined from the T = 0 susceptibility of the Anderson model (5.1))

χ(0) = 1/4T0 (5.6)

for all U and εd. For the case of particle-hole symmetry (εd = −U/2) and
strong correlations U ≫ π∆, one also has from the Bethe ansatz solution for
χ(0) an analytic expression for T0

T0(εd = −U/2) ≡ T (s)
0 ≈

√
U∆/2e−πU/8∆+π∆/2U , (5.7)

within corrections which are exponentially small in U/π∆ (see Ref. [62]).
The Kondo scale T0 is useful in analytic calculations of cT and cB about

the Fermi liquid fixed point at T = 0, such as those in Section 5.3. With this
definition, the meaning of the coefficients cT and cB is fixed by

G(T,B = 0)
G(0,0)

=1 − cT ( T
T0

)
2

, (T ≪ T0), (5.8)

G(T = 0,B)
G(0,0)

=1 − cB (B
T0

)
2

, (B ≪ T0). (5.9)

In extracting cB we do not use Equation (5.9), but instead use the Fermi
liquid result in Equation (5.17) of Section 5.3. This allows cB to be obtained
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directly from the T = 0 occupancy of the d-level, a quantity that can be
calculated to high accuracy within the NRG. The coefficient cT is extracted
numerically by fitting G(T,0) in the range 10−5T0 ≤ T ≤ 2 × 10−2T0 to the
Fermi liquid form in Equation (5.8) with T0 as defined in Equation (5.6). The
range T ≤ 0.02T0 was found optimal for this purpose, as we now describe.1

Specifically, we fit the NRG results for G(T,0) in the above range to f(x) =
a(1 − cTx2) where x = T /T0. We find that a = 2 ± 10−5 at the particle-
hole symmetric point, with a = 2 (in units of e2/h) being the exact result
from the Friedel sum rule. The effect of the fitting range on the accuracy
of the extracted cT and the degree of confidence in the Fermi liquid form
f(x) = a(1 − cTx2) may be ascertained quantitatively by calculating the
R squared coefficient R2 (also called the coefficient of determination and
defined in Table 5.1). Table 5.1 lists R2, together with the extracted cT
and the % error in cT for different fitting ranges. We see that the range
10−5T0 ≤ T ≤ 0.02T0 is close to maximizing both R2 and the accuracy of
cT [as compared to the exact result in Equation (5.15) of Section 5.3]. We
therefore used this range throughout, also for the asymmetric cases. Care
is needed in the choice of the cut-off ec(Λ) in order to obtain correct results
for G(T ) in the low-temperature limit when using Equation (5.5). If ec(Λ)
is chosen to be too small, the correct saturation behavior of G(T,0) in the
low-temperature limit (i.e. the “leveling-off” of the conductance) is not
obtained. In this case, a fit of G(T,0) to f(T /T0) shows a drop in R2 to
small values, indicating a problem. This is remedied by increasing ec(Λ)
(the used value ec(Λ = 4) = 30 was sufficient, whereas ec(Λ = 4) = 12, for
example, is not). Thus, the R2 criterion can be a useful check on appropriate
choices of cut-off when evaluating the conductance via Equation (5.5).

In experiments on Kondo correlated quantum dots, T0 is not measur-
able, and instead one extracts a Kondo scale, T expt

K , from the temperature
dependence of the B = 0 conductance via

G(T = T expt
K ) = G(0)/2. (5.10)

In principle, this T expt
K can be extracted for each gate voltage (i.e., for each

εd), but in practice, it is usually extracted only at mid-valley (εd = −U/2)
where one is sure to be in the Kondo regime for large U/∆. This is illustrated
in Figure 5.1 by the dashed lines.

With this definition of T expt
K , one extracts the experimentally measured

1The lower bound of this range Tmin = 10−5T0 is the lowest temperature for NRG
calculations. Provided it is small enough, its precise value does not affect the quality of
the fits significantly.
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coefficients cexpt
T and cexpt

B via

G(T,B = 0)
G(0,0)

=1 − cexpt
T

⎛
⎝

T

T expt
K

⎞
⎠

2

, (T ≪ T expt
K ), (5.11)

G(T = 0,B)
G(0,0)

=1 − cexpt
B

⎛
⎝

B

T expt
K

⎞
⎠

2

, (B ≪ T expt
K ). (5.12)

For the particle-hole symmetric Anderson model, the coefficients cexpt
T and

cexpt
B are related to cT and cB via

cexpt
T = cT

⎛
⎝
T expt

K

T
(s)
0

⎞
⎠

2

, (5.13)

cexpt
B = cB

⎛
⎝
T expt

K

T
(s)
0

⎞
⎠

2

. (5.14)

For a precise translation of theoretical calculations of cB and cT in terms
of T0, into experimentally measured ones in terms of T expt

K , one therefore

requires the ratio T expt
K /T s0 at mid-valley for all charging energies (U/∆),

which we supply in Section 5.5.

5.3 Fermi liquid results for G(T,B)

For the case of particle-hole symmetry, the coefficient cT is known for arbi-
trary U/∆ within renormalized perturbation theory about the Fermi liquid
fixed point [64]. The expression is given by

cT = π
4

12

1 + 2(R − 1)2

R2
, (5.15)

where R is the Wilson ratio

R =
4π2k2

B

3(gµB)2

χd
γd

with

γd
T→0= Cimp(T )/T.

In the limit of strong correlations, U/∆ ≫ 1, the Wilson ratio approaches 2
and cT takes the well known universal Kondo value cT = π4/16 (see Refer-
ence [97, 72]). In the opposite limit U/∆ → 0 the Wilson ratio tends to 1
and cT acquires the value π4/12. Evaluation of Equation (5.15) for general
U/∆ requires knowledge of R, either from Bethe ansatz or from NRG.
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Fermi liquid theory allows an exact analytic expression for cB to be
obtained for all U and εd. For this purpose we use the Friedel sum rule

Aσ(0,B) = sin2(πndσ(B))/π∆,

where ndσ(B) is the spin σ local level occupancy in a small finite magnetic
field B ≪ T0 at T = 0. Using the corrected [98] expansion for the local
occupation

ndσ(B) = nd/2 + σαB +
B2nd,σ

BB2

B2

4
+O(B3),

where nd is the total occupancy atB = 0, and the fact that α = 1
2
nd↑(B)−nd↓(B)

B =
χ(0) we easily find the exact result (correct to order B2)

G(0,B)
G(0,0)

= 1 − (π2χ2(0)(1 − cot2(πnd
2

)) + cot(πnd
2

)π
2

B2nd
BB2

)B2 (5.16)

= 1 − cB (B
T0

)
2

,

cB = π
2

16
(1 − cot2(πnd

2
)) − π

2
cot(πnd

2
)T 2

0

B2nd
BB2

, (5.17)

where χ(0) = 1/4T0 has been used. Note that at the particle-hole symmet-
ric point (εd = −U/2), where nd = 1, cB takes the universal Kondo value
π2/16 for all U [99]. This universal result could be tested in semiconductor
quantum dots that can be tuned through complete valleys. It would then
acquire the value π2/16 at mid-valley for any valley. The expression in Equa-
tion (5.17) also shows that cB decreases monotonically with increasing gate

voltage away from mid-valley as B2nd
BB2 is positive [98, 100]. Similar to cT the

value of B2nd
BB2 was extracted by G(0,B) in the range 10−5T0 ≤ B ≤ 2×10−2T0.

5.4 SPT calculation

The SPT approach [84] is based on a renormalized perturbation theory on
the Keldysh contour [85, 86] using dual fermions [87, 88, 89]. This approach
can be shown to be current conserving by construction [84] even in the
nonlinear response regime, as opposed to finite-order perturbation theory in
the bare parameters [101]. We compare the results of this theory for the
linear conductance with NRG calculations. The details are available in the
Supplemental Material of Reference [84, 39]. For the comparison the scaling
coefficients will be given in the reference system of the symmetric Anderson
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model, i.e., c′T , c
′
B are defined via

G(T,B = 0)
G(0,0)

= 1 − c′T
⎛
⎝
T

T
(s)
0

⎞
⎠

2

, (T ≪ T s0 ), (5.18)

G(T = 0,B)
G(0,0)

= 1 − c′B
⎛
⎝
B

T
(s)
0

⎞
⎠

2

, (B ≪ T s0 ), (5.19)

where T
(s)
0 = 1/4χ(0) is the susceptibility Kondo scale for the symmetric

model and is given explicitly within SPT.

5.5 Results

5.5.1 Symmetric case (εd = −U/2)

Figure 5.2 shows cT vs U for the symmetric model, both in terms of the

scale T0(εd = −U/2) ≡ T (s)
0 and in terms of the Kondo scale from the con-

ductance T expt
K (i.e., cexpt

T , discussed below). The former is compared with
the corresponding SPT prediction and we see very good agreement between
this and the NRG calculations for all U/∆. For U/∆ ≳ 6, the value of cT re-
mains within 2% of the universal Kondo value cT = π4/16 = 6.088. The value
U/∆ = π ≈ 3 separates the weakly correlated (U/π∆ < 1) from the strongly
correlated regime (U/π∆ > 1) [62]. We see that in the moderately corre-
lated regime 6 ≳ U/∆ ≳ 1, the deviation cT from the Kondo value increases,
eventually reaching 7% at U/∆ ≈ 3. For weakly correlated (non-Kondo)
quantum dots with U/π∆ ≲ 1, cT first decreases with decreasing U , reaches
a minimum at U/∆ ≈ 1.7, and then increases to its non-interacting value of
π4/12 ≈ 8.117 at U = 0. Note that this latter value differs by more than 30%
from the Kondo value at U ≫ ∆.

In Figure 5.2(a) we show the ratio T expt
K /T (s)

0 vs U . This ratio allows

obtaining cexpt
T from Equation (5.13), the coefficient measured in experi-

ments, and which we show in Figure 5.2. Note the very different behavior
between cexpt

T and cT for charging energies U/∆ ≲ 5. This is due to the

strong dependence of T expt
K /T (s)

0 on U/∆ in this range of charging ener-

gies. In particular cexpt
T acquires a maximum value of ≈ 8.75 at U/∆ ≈ 3.5.

Since T expt
K /T (s)

0 ≈ 1.041 for U/∆ ≳ 10 [Figure 5.2(a)], cexpt
T ≈ 6.58 for

strongly correlated quantum dots in the Kondo regime.2 In contrast, for

U/∆ ≲ 10, the scale T expt
K differs appreciably from T

(s)
0 . Thus, even for

nominally Kondo correlated quantum dots with U/∆ ≈ 4.5, such as those

2A. Weichselbaum and M. Hanl find a similar value T expt
K /T (s)0 ≈ 1.06 ± 0.03 within a

full density matrix approach to the spectral function[50] (private communication). The
present result improves on an earlier estimate for the S = 1/2 Kondo model [102] which

yielded T expt
K /T (s)0 ≈ 0.94.
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Figure 5.2: cT vs U/∆ for the symmetric Anderson model calculated within
NRG (solid lines with symbols) and SPT (dashed line). Filled circles show cT

using the susceptibility scale T
(s)
0 , while filled squares show cT upon using the

scale from the conductance T expt
K . By comparing the value of cT at U/∆ ≫ 1

with the exact one cT = π4/16 ≈ 6.088, we estimate the relative error in
the NRG calculation of cT to lie below 0.2%, considerably more accurate

than previous estimates. [72, 50] Inset (a): ratio T expt
K /T (s)

0 vs U/∆. For

U/∆ ≫ 1, the ratio T expt
K /T (s)

0 approaches 1.04. NRG parameters were for
Λ = 4 with an energy cut-off ec(Λ = 4) = 30 and nz = 2.
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Figure 5.3: cB (filled circles) and cexpt
B (filled squares) vs U/∆ for the sym-

metric Anderson model calculated within NRG NRG parameters were for
Λ = 4 with an energy cut-off ec(Λ = 4) = 30 and nz = 2. SPT (dashed curve)
also recovers the value cB = π2/16 for particle-hole symmetry.
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in Reference [4], one finds from Figure 5.2(a) that T expt
K /T (s)

0 ≈ 1.18, so one

should expect cexpt
T ≈ 7.5, which is somewhat larger than the extracted value

cexpt
T ≈ 5.6 ± 1.2 [4].

As discussed in Section 5.3, cB is independent of the charging energy U
for the particle-hole symmetric case, where it takes the value π2/16 ≈ 0.617,
which is also recovered exactly within SPT. However, experiments use the
scale T expt

K and measure cexpt
B as given by Equation (5.14). This depends

on U through the ratio of Kondo scales T expt
K /T (s)

0 . For completeness, we

therefore show the U dependence of cexpt
B in Figure 5.3. For U/∆ ≈ 4.5,

relevant for the experiments in Ref. [4], we find cexpt
B ≈ 0.89 significantly

smaller than the value cexpt
B ≈ 5.1 extracted from the measurements. As

discussed in that paper, the large discrepancy between the measured and
predicted values of cexpt

B could indicate the importance of the large spin-
orbit interaction present in the InAs quantum dots investigated in Ref. [4].

5.5.2 Asymmetric case (εd > −U/2)

NRG results

For completeness, we show the dependence of cT on εd for εd ≥ −U/2 for U
ranging from weakly (U/∆ ≪ 1) to strongly (U/∆ ≫ 1) correlated quantum
dots in Figure 5.4. For strong correlations U/∆ ≫ 1, cT decreases monotoni-
cally with increasing deviations from the Kondo regime, eventually becoming
negative after the mixed valence regime is reached.

Comparison with SPT

Figure 5.5 compares SPT results for the local level dependence of c′T , as
defined in Equation (5.18), with correspondingly defined quantities in NRG.
Figure 5.6 shows a similar comparison for the quantity c′B defined in Equa-
tion (5.19). We see in both cases, that agreement between NRG and SPT,
holds for ε̃d ≡ (εd + U/2)/∆ ≲ 1. For larger deviations from the symmetric
point and with increasing Coulomb interactions, we see an increasing de-
viation of the SPT results from the NRG calculations. Although we show
comparisons also in the region ε̃d ≫ 1, by construction the SPT calculation
is perturbative in ε̃d and agreement can only be expected in the limit ε̃d ≪ 1,
which we find.

5.6 Conclusions

In this chapter we investigated deviations from the universal Kondo scal-
ing in the linear conductance of a correlated quantum dot due to a finite
level asymmetry (i.e., deviation of gate voltage from mid-valley) and a fi-
nite local Coulomb repulsion (i.e., finite charging energy). In particular, we



5.6. CONCLUSIONS 97

-6 -5 -4 -3 -2 -1 0

ε
d
/∆

0

1

2

3

4

5

6

7

8

9

10

c
T

0

0.01

0.1

0.5

1

2

3

4

6

8

10

12

16

20

U/∆=

Figure 5.4: cT vs εd (in intervals of 0.5∆) with εd ≥ −U/2 for several U/∆,
ranging from strong, U ≫ ∆, to weak, U ≪ ∆, correlations, and using the
scale T0. NRG parameters were for Λ = 4 with an energy cut-off ec(Λ = 4) =
30 and nz = 2.
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Figure 5.5: c′T vs εd/∆ for several U calculated within NRG (symbols) and

SPT (lines). c′T is defined in Equation (5.18) using T
(s)
0 at the symmetric

point as the Kondo scale for comparison with the SPT results. NRG pa-
rameters were for Λ = 4 with an energy cut-off ec(Λ = 4) = 30 and nz = 2.
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Figure 5.6: c′B vs εd/∆ for several U calculated within NRG (symbols) and

SPT (lines). c′B is defined in Equation (5.19) using T
(s)
0 at the symmetric

point as the Kondo scale for comparison with the SPT results. NRG pa-
rameters were for Λ = 4 with an energy cut-off ec(Λ = 4) = 30 and nz = 2.
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determined the behavior of the coefficients cT and cB as a function of εd
and U within NRG and compared these with results from SPT [84], finding
good agreement for all U at the symmetric point and reasonable agreement
for ε̃d = (εd + U/2)/∆ ≲ 1 away from the symmetric point. Both cT and cB
are monotonically decreasing functions of the deviation ε̃d from the sym-
metric point ε̃d = 0 for all U and an exact Fermi liquid expression for cB has
been given which is valid for any U and εd. In particular, the coefficients
cT and cB become negative on entering the mixed valence regime, signaling
the onset of thermally activated transport which becomes pronounced in the
empty orbital limit nd ≈ 0.

For the mid-valley conductance, we also determined the ratio of the

conductance to susceptibility Kondo scales T expt
K /T (s)

0 , allowing us to relate

our results for cT and cB in terms of T
(s)
0 , to the measured coefficients cexpt

T

and cexpt
B in terms of T expt

K . While for quantum dots with U/∆ ≳ 6, the
difference between the two sets of coefficients is a constant factor of order
unity (e.g., cexpt

T,B /cT,B = (T expt
K /T (s)

0 )2 ≈ 1.08 for U/∆ ≫ 6), for quantum dots
with U/∆ ≲ 6 this difference becomes significant and should be carefully
taken into account in detailed comparisons of theory with experiment. We
expect this to be particularly important for semiconducting quantum dots
since U/∆ is tunable to smaller values in these systems.



Chapter 6

Thermopower in a magnetic
field

6.1 Introduction

The Anderson impurity model offers a good description of quantum dots
connected by leads and dilute magnetic impurities in metals and it also gives
some interesting insights into some heavy fermion systems. Thermoelectric
properties like the Seebeck coefficient offer a sensitive tool to probe the low
energy behavior of such systems [103]. Previous work in calculating the
thermoelectric properties focused mainly on the effect of a gate voltage [20],
the effect of an effective screening term [27] or on a negative U model [22].
The effects of a magnetic field have been studied for the low temperature
scaling behavior of the conductance [39, 83, 104] (see Chapter 5).

In this chapter, the effects of a magnetic field on the thermopower of
the SIAM (as well as other transport coefficients) will be considered. This
extends the zero field results of Costi and Zlatić [20] to finite magnetic fields.
Experimentally heavy fermion systems typically develop a high Seebeck co-
efficient (also known as thermopower) [62, 105]. A recent experiment of
the group of von Löhneysen [21] measured the thermopower of CeCu6-xAux

in a magnetic field. The low temperature behavior can be captured well
by an Anderson impurity model. In this chapter we will discuss the effect
of a magnetic field on the thermoelectric properties. The used method to
calculate the thermoelectric coefficients within the NRG will be shown in
Section 6.2. A set of curves displaying the results of a magnetic field on the
thermoelectric properties will be presented in Section 6.3. In Section 6.4 we
compare the experimental data for the Seebeck coefficient of CeCu6-xAux to
the Anderson impurity model and show the predictiveness and limits of this
simple representation.

101
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6.2 Calculation of thermoelectric properties

Like in previous chapters the model for an Anderson impurity with a local
magnetic field is given by

H =Himp +H0 +Hint +HB, (6.1)

where the impurity part is given by Himp = ∑σ εdd
†
σdσ+Und↑nd↓. The second

term, H0 = ∑kσ εkc
†
kσckσ, describes the non interacting conduction electron

band. The interaction is given by Hint = V ∑kσ(c
†
kσdσ + d

†
σckσ) and the

magnetic field term is described by HB = −gµBBSz,

Within NRG we are limited to calculating thermoelectric properties in
linear response. Either Keldysh formalism in the limit of zero voltage and
temperature bias or linear response theory lead to the same result. For
a quantum dot these properties can be calculated by first calculating the
transport coefficients Li,j defined as [93, 101, 106, 107, 108, 20]

(δIC
δIQ

) = (L11 L12

L21 L22
)(δV

δT
) . (6.2)

The matrix terms can be expressed in terms of moments of the transport
matrix, where L11 = e2I0, L21 = TL12 = −eI1 and L22 = I2/T . Here

In(T ) = ∑
σ

1

h
∫ dωωn Tσ(ω) (−

Bf

Bω
) , (6.3)

where T (ω) ∝ Ad,d†(ω). We use the method described in Reference [91, 24,
50] to calculate the conductance and generalize it to the n-th moment of the
spectral function.

In = ∑
σ

γ

h
∫ dωωnA

dσ ,d
†
σ
(ω) (−Bf

Bω
) (6.4)

= ∑
σ

γ
β

Z
∑
l,l′

(El −El′)n
∣⟨l ∣d†

σ ∣ l′⟩∣
2

e−βEl + e−βEl′
, (6.5)

where γ = 4π∆L∆R/(∆L + ∆R) = π∆0, removing the need to broaden the
spectral function. This sum was evaluated at the lowest NRG shell that
fulfilled tn > T like in previous chapters.

Thermoelectric properties, conductance G, Seebeck coefficient S and
electron contribution to the thermal conductance κe, can be derived in terms
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of these coefficients:

G(T ) = L11 (6.6)

= e2I0(T ) (6.7)

S(T ) = L12

L11
(6.8)

= − 1

eT

I1(T )
I0(T )

(6.9)

κe(T ) = L12L21/L11 −L22 (6.10)

= 1

T
[I2(T ) − I

2
1(T )
I0(T )

] . (6.11)

Further we calculated a set of derived quantities

ZT0 =
GS2T

κe
(6.12)

PF0 =
S2G

G0
(6.13)

L/L0 =
κe
GT

. (6.14)

ZT0 is the dimensionless figure of merit, lacking the phonon contribution
to the thermal conductance. For the full thermal conductance κe + κph

is not accessible in our calculations and depends on the setup. There is a
close relation between the figure of merit and the efficiency of thermoelectric
devices [109]

η = TH − TL
TH

√
1 +ZT̄ − 1√

1 +ZT̄ + TL
TH

where TH is the hotter, TL is the colder and T̄ the average temperature. The
power factor PF0 is a measure for the effectiveness of a device, that does not
need the knowledge of the total thermal conductance. L/L0 is the Lorenz
factor describing the relation between thermal and electrical conductance.
These two are in linear relationship for metals according to the Wiedemann-
Franz law

κe
G

= LT

Keep in mind that we have no means to access the phonon contribution
of the thermal conductance. Neglecting it is rather optimistic for real case
scenarios, but at least for low temperatures the phonon contribution κph ∼
T 3 becomes negligible.

6.3 Results

All curves have been calculated using ∆0 = 0.001D where D is the half
bandwidth of a flat band, U = 16∆0. The discretization parameters are
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Figure 6.1: The picture displays the effect of a magnetic field on conductance
G/G0 (top), Seebeck coefficient S (middle) and electron contribution to the
thermal conductance κe/G0 (bottom) for different regimes: Kondo regime
(left) using εd = −4.5∆0, mixed valence regime (right) using εd = 0 and a
position in between (middle) using εd = −2∆0. The magnetic field was varied
on a logarithmic scale Bloc = 1.19 × 10−2T sym

0 (blue) . . .1.37 × 102T sym
0 (red)

in steps of a factor
√

2, where Kondo temperature for the symmetric case
T sym

0 = 5.83 × 10−06 was derived from Equation (4.15).

Λ = 4,nz = 4, Nkeep ≈ 1024. As the local magnetic field Bloc breaks the
SU(2) symmetry, N and Sz have been used as quantization numbers. The
temperature ranged from T = 1× 10−10D to 1× 101D (257 values). The gate
voltage vg will be measured from the symmetric Anderson model vg = εd+1

2U .
The resulting curves are given in Figure 6.1 and Figure 6.4 with a close-up
given in Figure 6.2 and Figure 6.5. The symmetric case εd = −1

2U yields no
thermopower as the spectral function is distributed symmetrically around
ω = 0. The curves are picked from the three regimes: εd = −4.5∆0 still
in the Kondo regime, εd = 0 the mixed valence regime and εd = −2∆0 an
intermediate local level energy showing the crossover between these two
regimes.

Some general behaviors can be observed. The relevant temperature of
the system TK increases from the Kondo temperature of the symmetric case
∼ T sym

0 to the hybridization strength ∆0 in the mixed valence regime. The
Kondo temperature T sym

0 used here is defined by T0 = 1/(4χsym
S (T = 0)) and

has been calculated using Equation (4.15). Universal functions in the Kondo
regime depend on T /TK , ω/TK and B/T , so Φ = Φ(T /TK , ω/TK ,B/T ). Sim-
ilar behaviour can be found in all the thermoelectric properties, as the mag-
netic field dependence decreases as the temperature increases (dependence
on B/T ) and decreases as TK increases (dependence on T /TK , see Figure 6.2
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Figure 6.2: A close up version of Figure 6.1. Note that when moving from
the Kondo scale to Mixed valence regime the relevant low temperature scale
shifts from the Kondo scale T ≈ T sym

0 to the hybridization strength T ≈ ∆0.

and Figure 6.4).

Electrical conductance G(T )

In the Kondo regime the local magnetic field causes the Kondo effect to
gradually break down. This causes the conductance to drop accordingly. In
the mixed valence regime on the other hand we see a slight increase in the
conductance. Here the Kondo effect plays no role. The resonant level around
∆0 gets split and part moves towards Fermi energy, resulting in the observed
small increase of the conductance with magnetic field in this regime. The
conductance is given in units of G0 = 2e2

h ≈ 7.75 × 10−5Ω−1.

Thermopower S(T )

An increase in the gate voltage vg = εd + U/2 results in a shift of the peak
of the spectral function. This asymmetry gives a contribution to the first
moment of the weighted spectral function and therefore gives raise to the
thermopower. The magnetic field on the other hand splits the Kondo peak.
In Figure 6.3 we show the zero temperature spectral function A

dσ ,d
†
σ
(ω).

The shift in the peak and the splitting can be identified. As a result of
this splitting, the sign changes in the Seebeck coefficient S(T ) for the low
temperature behavior in the Kondo regime when Bloc ≈ TK . This sign
change indicates that the local B-field gradually destroys the Kondo effect
and we see the merging with the middle peak. The local minimum shifts
towards higher temperatures in the process. In Section 6.4 we will see that
these general trends with magnetic field in the Kondo induced thermopower
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Figure 6.3: The figure depicts the spectral function separated by up (red
curve) and down (black curve) spin. The calculation was done using Λ = 8,
eC = 15, nz = 16 for εd = −4.5∆0 and Bloc = T sym

0 = 5.8 × 10−6 using a
Gaussian broadening (σrel = 0.1). The total shift due to gate voltage and the
splitting due to the Bloc can be observed. This set of parameters was chosen
to be near the transition from positive to negative thermopower.

peak are in qualitative agreement with measurements of the thermopower
of CeCu6-xAux. The thermopower is given in units of S[kBe ≈ 86µV /K].

Thermal conductance κe

The low temperature behavior of the electron contribution to the thermal
conductance is fully covered by the Wiedemann-Franz law. In Figure 6.4
the Lorenz number is constant in the whole Fermi-liquid regime. The overall
behavior of the thermal conductance is mainly shaped by the change in the
gate voltage vg, which causes a crossing point at T ≈ ∆0 (see Costi and
Zlatić [20]). The effects of a magnetic field can be better observed in the
Lorenz number.

Figure of merit ZT0

The main effect of the local magnetic field on the figure of merit is at the
Kondo temperature. The behavior of the Seebeck coefficient is reflected
here too, leading to a shift and drop of the low temperature peak. Higher
temperature behavior is largely unaffected by the local magnetic field. The
Kondo induced low temperature peak only yields a ZT < 0.025 leading to
η ≈ TH−TL

TH
0.6% efficiency.
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Figure 6.4: The picture displays the effect of a magnetic field on the figure
of merit ZT (top), the power factor PF0 (middle) and the Lorenz number
L/L0 (bottom). The magnetic field was varied on a logarithmic scale Bloc =
1.19 × 10−2T sym

0 (blue) . . .1.37 × 102T sym
0 (red). The parameters are the same

as in Figure 6.1.

Figure 6.5: A close up version of Figure 6.4. Note that when moving from
the Kondo regime to Mixed valence regime the relevant system temperature
shifts from the Kondo scale T ≈ T sym

0 to the hybridization strength T ≈ ∆0.



108 CHAPTER 6. THERMOPOWER IN A MAGNETIC FIELD

Powerfactor PF0

At the Kondo temperature the power factor as well is mainly dominated by
the behavior of the Seebeck coefficient. The powerfactor is given in units of
P [2kB

h ≈ 5.75 × 10−13W /K2].

Lorenz number L/L0

In the Fermi-liquid regime the Wiedemann-Franz law is fulfilled for any mag-
netic field. For higher temperatures we see deviations from the Wiedemann-
Franz law. At small temperatures the deviations depend on the magnetic
field similar to the behavior of the Seebeck coefficient. For Bloc ≲ TK the
Lorenz number forms a valley (L/L0 < 1) while for Bloc ≳ TK a peak arises
(L/L0 > 1).

6.4 Thermopower of CeCu6-xAux

In this section we will focus on the thermopower of the heavy Fermion
material CeCu6-xAux. The group of von Löhneysen investigated the Seebeck
coefficient S = −∆V

∆T of CeCu6-xAux for different doping concentrations x =
0.0,0.1,0.3,0.5.

The thermoelectric properties have been of continuous experimental [105]
and theoretical [103, 90, 20] interest. The Seebeck coefficient is a sensi-
tive measure for low energy excitations in metallic systems [103]. In heavy
Fermion systems we find an enhanced thermopower compared to ordinary
metals [103].

6.4.1 Interpretation in terms of Kondo physics

Generally, in heavy Fermion systems like CeCu6-xAux local impurity screen-
ing of the magnetic Ce ions competes with magnetic RKKY interactions
between the Ce ions. In this section we neglect the RKKY interaction and
further assume a local impurity picture i.e., that the transport properties
of this system can be approximated adequately as resulting from electron
scattering from independent Ce impurities with the Ce impurities being de-
scribed by the Anderson impurity model.

CeCu6 does not develop antiferromagnetic ordering, but remains para-
magnetic down to temperatures T < 5 mK [110]. When increasing the Gold
concentration the orthorhombic lattice expands lowering the hybridization
of the Cerium atoms. This in turn allows the formation of local moments and
the appearance of antiferromagnetic ordering below the Néel temperature
TN , which lies approximately below 1 K for all x < 0.5.

We assume that we can model the Ce atoms as a simple Anderson im-
purity coupling to a Cu/Au bath. We expect the most Kondo like behavior
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in CeCu5.5Au0.5 as the excited crystal field state, that shows as an increase
in the thermopower for higher temperatures, seems to interfere least with
the ground state doublet in the x = 0.5 case (see Figure 6.6). On the other
hand the Néel temperature is below 1 K for all concentrations investigated,
justifying the dominance of the Kondo effect above this temperature.

As increasing Gold concentrations probably lead to a reduction of the
coupling J ∝ ∆/U , we tried varying U/∆, but the B = 0 trends were best
replicated by varying εd.

Though this is clearly not a text book example for an Anderson model,
many additional effects may simply cause a renormalization of the local level
energy εd and the Kondo Temperature TK . This is a very simplistic model,
but nevertheless qualitatively captures the low temperature behavior and
the effects of magnetic field in the systems.

It has to be noted here that opposed to Equation (6.9) the correct ap-
proach for a bulk material is given by [90, 72]

S(T ) = − 1

∣e∣T
M1(T )
M0(T )

, (6.15)

where

Mn(T ) = ∫ dωωnτ(ω,T ) (−Bf

Bω
) ,

where τ is the transport time of electron with 1
τ(ω,T ) ∝ Ad,d†(ω). But in

the Kondo regime for low temperatures the resulting curves are equivalent
up to a sign and a shift in the effective Kondo temperature (see Costi and
Zlatić [20]). As we do only expect a qualitative equivalence, the quantum
dot formula (with negative sign) was used for the comparison.

6.4.2 Results

Parameter extraction and comparison

For the calculation we assume that the curves follow a universal behavior.
The experimental measurements and the fitted curves can be seen in Fig-
ure 6.6. To find the corresponding values for the local level εd we produced
a set of different curves for varying εd and compared it to the different
Gold concentrations without magnetic field. As in the previous section,
the Coulomb repulsion is given by U = 16∆, ∆ = 0.001D using the half-
bandwidth D = 1 as a unit of energy. As the Seebeck coefficient will be
in units of kB/e ≈ 86.17µV/K the calculated curves were rescaled by this
factor. The temperature was scaled down to fit the lowest peak of the ex-
perimental data. Table 6.1 summarizes the extracted values for εd and the
different Kondo temperature, measured as the low temperature peak of the
thermopower.
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Figure 6.6: Seebeck coefficients S = −∆V
∆T of CeCu6-xAux for different con-

centrations (x = 0,0.1,0.3,0.5). The filled symbols show the experimental
data without magnetic field, the empty symbols show the Seebeck coefficients
at B = 5− 6T . The solid lines are the NRG data that fitted the experimental
peak most closely. Only the purple dashed line (x = 0.5) is a fit in the B-field
extracting the model parameters for B = 5.5T , for the other dashed curves.

x εd T theo
K [D] T exp

K [K] ∣EZ ∣ [gµB/h̵] nd
0.5 -4∆0 1.8 × 10−5 1.8 0.885 × 10−5 0.915
0.3 -2.375∆0 4.9 × 10−5 1.8 2.41 × 10−5 0.803
0.1 -1.625∆0 1.0 × 10−4 2.2 4.02 × 10−5 0.704
0.0 -1.625∆0 1.0 × 10−4 5.2 1.70 × 10−5 0.704

Table 6.1: Values for εd that best fitted the experimental curves for differ-
ent concentrations x, The theoretical curves where rescaled by a factor of
T exp
K /T theo

K , where TK here is defined as lower temperature peak. The B-field
is expected to scale with the Kondo temperature. Therefore only Bloc(x = 0.5)
was fitted to extract a g-factor of geff ≈ 0.3, the other fields are rescaled ac-
cording to the difference in Kondo temperature.
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In fitting the experimental data, we use in the theoretical calculations
the same ratio of field to Kondo scale as in the experiment, i.e.,

Bexp(x)/T exp
K (x) = Btheo(x)/T theo

K (x), (6.16)

where the Kondo scale is defined (both in theory and experiment) as the
position of the low temperature Kondo induced peak in the thermopower
(for given x) and is tabulated in Table 6.1. Thus, for the case x = 0.5,
we would use in the calculation Btheo(x = 0.5) = 1.8 × 10−5 D × 6 T/1.8 K =
6 × 10−5 DT/K.

The magnetic field in the Hamiltonian HB = −geffµBBSz results in an
energy shift of the up/down levels by a Zeemann energy ∣EZ ∣ = 1

2geffµBB
theo,

which still requires the extraction of the g-factor. To find the corresponding
factor a set of curves with varying magnetic field was produced for εd = −4∆0

(x = 0.5). The curve that best described the experimental peak was for a
Zeemann energy ∣EZ/µB ∣ = 0.885 × 10−5. Comparing the values for ∣EZ/µB ∣
leads to geff ≈ 0.3.

To further strengthen the predictiveness of the theory we assume that all
curves follow a universal behavior. This means that the effect of the Bloc-
field is only dependent on the ratio Bloc/TK as described by Equation (6.16).
We can therefore deduce the Zeemann energy ∣EZ/µB ∣ that corresponds to
6 T for the different curves, which are also given in Table 6.1.

The rescaled curves and the experimental data can be seen in Figure 6.6.
We see qualitatively the trend in the experiment: curves calculated at a fi-
nite B-field have their maximum lowered and shifted to a higher temperature
and the asymptotes of the curves for B = 0 and B = 5 − 6T join at higher
temperatures as in experiment. For higher temperatures the experiment
observes a second peak, while the Anderson model typically develops a neg-
ative coefficient. This high temperature behavior cannot be captured by our
theory as it probably stems from an excited crystal field state. Our model
only describes the ground state doublet which is responsible for the observed
low temperature Kondo induced peak in the thermopower. Adding a second
spin degenerate local level, that hybridizes with a second band, could pos-
sibly capture this feature. For x = 0 we see a much smaller field dependence
than in the experiment, which is not unexpected; this limit corresponds to a
periodic array of Ce impurities, which therefore can no longer be considered
a system of incoherent Kondo scatterers at low temperatures, Instead this
limit should be modeled within a Kondo lattice description. In contrast,
for x ≥ 0.1, modeling the system as a collection of independent Kondo im-
purities, captures the main trends observed in the field dependence of the
thermopower at temperatures of order TK .
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6.5 Conclusion

We described the effect of a magnetic field on the thermoelectric properties
of a quantum dot in different regimes and could observe a general scaling
behavior. We further applied the model to experimental measurement of
the thermopower of CeCu6-xAux. Though this is not a dilute system of
magnetic impurities, we could reproduce the low temperature trends of the
effect of a magnetic field on the thermopower and even have predictive power
on the behavior at different concentrations, showing that the model can
explain basic underlying trends observed. To fully describe the features of
the experimental data (see Figure 6.6) would require a more sophisticated
model.



Chapter 7

Two channel Anderson
model with screening

7.1 Introduction

The Anderson impurity model focuses only on the most basic interactions.
There are other effects that may play an important role. Phonon excitations
and electron screening are some examples of how to extend the basic An-
derson model. This chapter will focus on the effects of an electron screening
term on the low temperature conductance and on charge and spin suscep-
tibilities. The Anderson impurity model has been used to describe approx-
imately local properties such as photo-emission and inverse photo-emission
spectra of CuO materials [111] and of Ce [112] heavy fermion systems. Elec-
tron screening in these cases results in an effective renormalization of the
Coulomb repulsion U , the local level energy εd and the hybridization ∆.
Some work has been done on electron screening in the one channel Ander-
son model within NRG [26, 27]. Such an effective model breaks down for
strong screening interactions. Moreover in most context screening is oper-
ative in more than one channel e.g in molecular quantum dots screening
by two leads is required. In Reference [22, 27] it has been shown that a
negative-U description of molecular quantum dots result in good thermo-
electric performance. This motivates the detailed implementation of a con-
duction electron screening term in a two channel (i.e. two leads) Anderson
description of a molecular quantum dot. The two channel Anderson model
without any screening term has been studied previously within NRG, see
for example Pruschke and Bulla [113], Sakai et al. [94] or Leo and Fabrizio
[114].

In Section 7.2 we will describe the used model and discuss some of the
difficulties. In Section 7.3 we verify our results and estimate its reliability
by comparing to known exact results in limiting cases. The charge and
spin susceptibilities and associated Kondo scales are discussed in Section 7.4

113
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and 7.5. Last we compare our results for the local occupation and the
conductance to fRG results of Hämmerle et al. [28] in Section 7.6

7.2 Two channel model

The two channel Anderson model for a quantum dot system coupled to a
left and right lead, is given by

H =Himp +Hint +Hcond (7.1)

with

Himp = Und,↑nd,↓ +∑
σ

εdnd,σ (7.2)

Hint = ∑
k,α,σ

Vαc
†
k,α,σdσ + d

†
σck,α,σ (7.3)

Hcond = ∑
k,α,σ

εk,αc
†
k,α,σck,α,σ, (7.4)

where the index α ∈ [L,R] represents the left or right lead. Without any
additional terms this model can be reduced to a one channel model, by
introducing even and odd conductance operator combinations (see e.g. Ap-
pendix A of Costi and Zlatić [20])

ta†
e,k,σ = VLc

†
k,L,σ + VRc

†
k,R,σ (7.5)

ta†
o,k,σ = VLc

†
k,R,σ − VRc

†
k,L,σ. (7.6)

This will lead to a one channel model and an uncoupled conduction electron
Hamiltonian

H =HSIAM,e +Hcond,o. (7.7)

Here HSIAM,e is the one channel SIAM Hamiltonian using the even operators

in place of its conduction operators c†kσ and Hcond,o is just a one channel

conduction band using the odd operators in place of c†kσ. Thus Hcond,o

introduces just a degeneracy to the one channel model whose occupation
follows the usual Fermi distribution.

When introducing an additional screening term [26]

Hscreen = ∑
k,k′,α

U ′(nd − 1)∑
σ

(c†k,α,σck′,α,σ − δk,k′) (7.8)

= U ′(nd − 1)(n0,L − 1 + n0,R − 1), (7.9)

the odd and even Hamiltonian no longer decouple. Here we introduced
the occupation of the conduction band Wannier orbitals n0,α = f †

0,α,σf0,α,σ,
α ∈ [L,R] that coincide with first shell of the NRG chain. The screening term
reflects that a non-occupied or doubly occupied quantum dot is electrically
charged and will therefore attract nearby electrons.
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7.2.1 Numerical Challenges

Within the NRG method, a two channel calculation is numerically demand-
ing. In each iteration the Hilbert space does not increase by a factor d = 4,
but by d = 16. Therefore keep in mind that Nkept = 500 kept states corre-
sponds to 8000 states in each iteration. On top of that, degeneracies reduce
the effective number of kept states. The program makes use of the SU(2)
symmetry to reduce the number of needed eigenstates. The coefficients
needed for the SU(2) symmetry can be found in Appendix A. To reduce
the computation time (and to some extend increase the accuracy) a large
discretization parameter Λ was used. A few cases had been calculated with
smaller Λ to ensure that the error made remains within a few percent. This
cut off scheme, depending on a fixed number of states, was used to ensure
that each process ended in a similar amount of time. As the Message Pass-
ing Interface (MPI) was used to communicate between different z values, idle
processes would else have occupied wasted processing time. When using an
energy dependent cut off scheme, the first shells typically require more kept
states than the last ones. To reflect this behavior we kept 4 times more
states in the first five shells keeping all states up to shell m0 = 4. The
Hamiltonians of the first two shells (impurity and hybridization) are given
in Appendix A. The sub-Hamiltonians where generated by a script using
SymPy to avoid sign errors. The same script was also used to generate the
initial matrix elements required for local observables.

7.3 Computational details

Due to technical details in the fRG calculation a semi-elliptical band was
used instead of the usual flat band for two channel calculations

∆(ω) = 2V 2
√

1 − ω2. (7.10)

The resonant level half-width is given by Γ = πρ(0)V 2 = 2V 2 = ∆L +∆R and
will be used frequently as an energy scale.

To verify that the NRG calculations for the semi-elliptical band work
we compare the non-interacting Anderson Model (U = 0) with the one and
two channel calculations of the NRG for a semi-elliptical band. The result
for the local occupation of the non-interacting Anderson model at T = 0 is
given by

nd(εd) = −∫
0

−∞

1

π
Im Gd,d†(ω) (7.11)

= ∫
0

−1

∆I(ε)/π
(ε − εd −∆R(ε))2 +∆I(ε)2

, (7.12)

where ∆I(ω) = 2V 2
√

1 − ω2, ∆R(ω) = 2V 2ω was integrated numerically.
Figure 7.1 compares the NRG results to the exact ones. One channel and
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Figure 7.1: Comparison of one and two channel NRG with analytic curve
for semi elliptical band. Nkeep = 500 (4 times in the first 5 shells, including
impurity), Λ = 8, nz = 16. The error stays below 7% for all values of εd.

two channel calculations give almost identical results, showing that the two
channel calculations converged. Nevertheless we can see a small deviation
for larger εd with a relative error ∆nd/nd < 7%. Lowering Λ increases the
accuracy, but also increases the computational effort significantly.

We tried two approaches to calculate the conductance in the two channel
case with screening. The first one is the straightforward solution of linear
response theory given in Appendix F (see also Reference [115]).

G(T ) = 2

h
lim
ω→0

Im⟪IC , IC⟫(ω)
h̵ω

, (7.13)

where IC = −e 9NL− 9NR
2 , with is the electron charge e. The other method uses a

Keldysh approach in the linear response limit (i.e. see Reference [116, 117])

G(T ) ∝ ∫
Bf(ω)

Bω
∣G

f0,L,f
†
0R

(ω)∣
2

dω . (7.14)

This method requires the real and imaginary part of the Green’s function.
The real part was recovered by a Kramers-Kronig transform of the spectral
function. A Python script that transforms arbitrarily spaced discrete signals
using triangularization was used for the transformation. Figure 7.2 shows
the comparison between both methods for a range of parameters. Though
both curves behave similar, the results acquired using the linear response
method are closer to the one-channel calculation, that has proven to deliver
accurate results. A look at the spectral function A

f0,R,f
†
0,L

(ω) reveals that
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Figure 7.2: The figure shows the comparison between different calculation
methods. Nkeep = 500 (4 times in the first 5 shells, including impurity),
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among the two methods, the linear response method (denoted Izumida) can
better reproduce the one channel result for vanishing U ′ (denoted Oliveira).
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Figure 7.3: A
f0,R,f

†
0,L

(ω) for different values of εd = −Γ . . .15Γ, U = 2Γ,

Γ = 0.01, U ′ = 0. There is a numerical problem at ω ≈ 0 even for ω > T .
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at least the used Kernel has problems for ω ≈ 0 (see Figure 7.3). For ω < T
this is a known problem, but it arises already at higher frequencies for this
quantity. This error is probably the origin for the worse behavior of the
method, as only the ω = 0 part will contribute in the T → 0 limit due to the
Fermi window in the integral. Therefore the linear response method was used
for further comparison with the fRG results. The general effect of a screening
term is that it suppresses the conductance and renormalizes εd higher values.
This is in contrast to later results for small Coulomb interaction U and
small screening term U ′. The conductance was normalized to one for vG = 0,
vG = εd+U/2, therefore no direct statement about the conductance itself can
be made, but the original data suggests that a screening term always results
in a lowering of the conductance. As soon as U ′ ≫ U one can effectively see
it as a negative-U model. Here the gate voltage vG acts as a magnetic field
that can quickly destroy the Kondo effect.

7.4 Charge susceptibility

Apart from low temperature conductance and local occupation number (see
Section 7.6) we investigated the effect of the electron screening term on the
charge and spin susceptibilities. The usual quantity, the impurity contribu-
tion of the (isothermal) charge susceptibility to the total system, needs two
calculations, one with impurity and one for only the host system. We then
subtract the two values (see also Chapter 3):

χC = β⟨N − ⟨N⟩⟩2 (7.15)

χC,0 = β⟨N − ⟨N⟩0⟩2
0 (7.16)

χC,imp = χC − χC,0. (7.17)

If taking the FDM approach one has to be careful similarly to the spin
susceptibility in Chapter 4. The uncoupled shells contribute to total electron
number (1 = (0 + 1 + 1 + 2)/4 per uncoupled shell and channel in case the
particle number N is used instead of the total charge Q) as well as the total
charge susceptibility (0.5 = (1+0+0+1)/4 per uncoupled shell and channel).
The total charge susceptibility behaves badly for low temperatures as shown
in Figure 7.4. Therefore we decided to focus on a similar quantity, the local
charge susceptibility. In Chapter 4 it was reviewed that, for the Anderson
model, the local spin susceptibility is equivalent to the impurity contribution
of the total spin susceptibility in the wide band limit. Similarly the local
charge susceptibility is equivalent to the impurity contribution [62].

Unlike the results in Chapter 4 the local susceptibilities were calculated
directly using the method described in Chapter 2.6.4

χiso
c = −G(0)

n−⟨n⟩,n, (7.18)
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Figure 7.4: This figure depicts the impurity contribution to the charge sus-
ceptibility. The traditional approach to take the difference of two NRG runs
fails for small temperatures. The local charge susceptibility on the other
hand has the same high temperature behavior as the impurity contribution
to the charge susceptibility and recovers the Bethe-Ansatz results for the low
temperature.
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Figure 7.5: This figure shows the charge susceptibility χC(T = 0). Γ =
1e − 2 = 2∆0, Nkeep = 500, Λ = 8. The lines are computed using discrete
derivative ∆n/∆ε, where ∆ε = 2 × 10−6. As a further check the values for
U ′/Γ = 20,40, . . . ,100 were calculated as χiso

C = −G0
n−⟨n⟩,n and are displayed

as filled dots. The dark green curve is equivalent to the charge susceptibility
of a corresponding negative U Anderson model.

where n is the local occupation operator. Figure 7.4 shows that the high
temperature results are within 1% difference for both methods. Comparison
with a Bethe-Ansatz result for zero temperature shows that this limit is also
well captured. As a further check the isothermal susceptibility was compared
to taking the discrete derivative ∆n/∆εd.

The effect of a screening term on the local charge susceptibility has
been investigated in Figure 7.5. Here the curves were calculated via dis-
crete derivative and where checked using the linear response result of Equa-
tion (7.18) for selected points. The curves converge for high U ′. An electron
screening will reduce the Coulomb repulsion [26]. Therefore we expect to be
able to describe the curves at some point by a negative U Anderson model.
The mapping between positive and negative U Anderson model [63, 64] leads
to a correspondence between charge and spin susceptibility. The modified
spin susceptibility in Figure 7.5 therefore shows the charge susceptibility
of a corresponds negative U Anderson model. The spin susceptibility was
multiplied by a factor 4 to compensate for the intrinsic prefactor 1

2 of the
spins. The parameters ∆ = 2Γ and U = U ′/2 in the analytic curve were
chosen as the simplest numbers that fitted the curve. These results indicate
that the two channel Anderson model at the particle-hole symmetric point
behaves like a negative-U Anderson model when U ′ ≫ U . As expected for
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Figure 7.6: This graph depicts the difference between the adiabatic and
isothermal charge susceptibilities. The curves where produced in a one chan-
nel calculation using U = 12∆0,∆0 = 1×10−3, Nkeep = 500, Λ = 4 nz = 4. The
adiabatic susceptibilities were calculated using χadi

C (T ) = −Gn,n(+i0), the
isothermal curves where calculated using χiso

C (T ) = −G0
n−⟨n⟩,n. Further the

isothermal charge susceptibility was calculated from the discrete derivation
∆n/∆ε using ∆ε = 1 × 10−6.

the negative-U Anderson model, one sees that the charge Kondo scale 1/χC
acquires an exponential dependence on U ′. Though, keep in mind that the
screening energy reaches the half band width D = 100Γ = 1 and derivations
from any universal behavior are expected.

The delicate difference between adiabatic and isothermal susceptibility
has been addressed in Figure 7.6. The adiabatic charge susceptibility (see
Chapter 2.4) is given by

χadi
c = −Gn,n(0 + iδ). (7.19)

Again, the isothermal susceptibility was calculated directly and by using
discrete derivatives. Both adiabatic and isothermal curves give the same
low temperature results but the high temperature peak behaves slightly
differently.

7.5 Spin susceptibility

Like the charge susceptibility, the impurity contribution to the total spin sus-
ceptibility can develop bad behavior. Its definition is similar to the charge



122CHAPTER 7. TWOCHANNEL ANDERSONMODELWITH SCREENING

✵ ✶✵ ✷✵ ✸✵ ✹✵ ✺✵

❯�●❪

✶✵
✲✁✂

✶✵
✲✄

✶✵
✲☎

✶✵
✲✆

✶✵
✲✝

✶✵
✂

❚
❑

✞✟✠ ✡☛✱ ☞✌✍✎ ❝❙✏✑✒✓✮

✞✟✠ ✔☛
✞✟✠ ✎☛
✞✟✠ ✕☛
✞✟✠ ✖☛
✞✟✠ ✡☛✱ ✗✘❝❙✍✗✘✮✠✡✙✡✚✡✎✛✕

✞✟✠ ✔☛
✞✟✠ ✎☛
✞✟✠ ✕☛
✞✟✠ ✖☛
☞ ✗✜✱ ✢✣✢✤✥✦✧★

✡ ✛✡ ✔✡ ✩✡ ✎✡ ✪✡

✡

✛✡

✔✡

✩✡

❞✫
✬✴
✫
✬❬
✭
✯

Figure 7.7: Comparison between different methods to calculate the Kondo
Temperature for the symmetric Anderson Model with screening. The Wilson
number w = 0.41071 . . . connects T0 with the Kondo Temperature TK . TK
was extracted by linear interpolation of TχS(T ) for T = 1× 10−10 . . .1× 10−1

using 51 values for T . Both methods give similar results in the Kondo limit.
The calculation details are the same as in Figure 7.9.

susceptibility and was discussed in Chapter 4 for the Anderson model. In-
dependently Fang et al. [52] showed that the local spin susceptibility, which
is equivalent to the impurity contribution in the wide band limit, can be cal-
culated directly within the NRG. The local sz operator is a spin S = 1 tensor
operator. Therefore three subspaces have to be considered when calculating
it within SU(2) symmetry. The details about the operator derivation can
be seen in Appendix A.

Figure 7.7 shows the effect of a screening term on the Kondo temperature
in the symmetric case εd = −U/2. The Kondo temperature was extracted
using two different methods. As the impurity contribution to the total
spin susceptibility χS behaves bad for low temperatures T0 = 1/(4χS(T =
0)), T0 was evaluated using the local spin susceptibility T0 = 1/(4χs(T =
0)). The other method is by finding TχS(T ) = 0.070416 . . . for the total
spin [32, 62]. The two Kondo temperatures are connected by the Wilson
number ω = 0.41071 . . . [62]. As a check the analytic curve TK = 1

4χS(T=0) =√
UΓ
2 exp(−πU8Γ + πΓ

2U ) was inserted for comparison in the Kondo regime. The
inset shows the relative error between the two methods. The two methods
become equivalent for large values of U . It can be seen that U ′ competes with
U increasing the Kondo temperature as well as delaying the convergence of
the two methods.
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Figure 7.8: Comparison between the fRG and NRG results for the local
occupation number using U = 0.02, Γ = 0.01. Inset (b) shows the relative
error between the two methods. Inset (c) is a close up on vG = 8Γ. The
NRG results have been shifted a bit to the right to make the results easier
comparable.

7.6 Comparison with fRG

The low temperature local occupation and the conductance have been com-
pared with recent fRG results of Hämmerle et al. [28] (obtained within the
static approximation). The fRG approach, see Metzner et al. [118], is ex-
pected to be quantitatively accurate for U,U ′ ≲ Γ and yield qualitatively
correct trends as a function of U and U ′ in quantities like conductance and
local occupation number. Hence it provides a useful test for our NRG cal-
culations.

The local occupation number depending on the local level position vG =
εd + 1

2U and on the conductance electron screening term U ′ can be viewed
in Figure 7.8. On a larger scale both methods produce the same curve.
Figure 7.1 suggests that part of the error for U ′ = 0 is due to the large dis-
cretization. For U ′/U < 0.5 both methods can reproduce the same trends,
only for larger values U ′/U ≥ 1 the two methods begin to diverge. The
Inset (c) shows a close-up to points at vG = 8Γ. The trend for higher con-
ductance electron screening is a lower effective value for vG. A screening
term U ′ is known to renormalize U , εd and Γ. For small U and U ′ the ef-
fective increase of the hybridization [25] Γ′ > Γ, which would lead to a lower
effective vG, seems to be the dominant effect.

Figure 7.9 shows results for the normalized conductance for U = 2Γ. The
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Figure 7.9: Comparison between fRG and NRG results for the conductance
using U = 0.02, Γ = 0.01. Inset (b) shows the relative error between the two
methods. Inset (c) is a close up on vG = 8Γ. The NRG results have been
shifted a bit to the right to make the results easier comparable.

results are very similar to the behavior of the occupation number. The two
methods agree up to a small error in case of a small screening term and
begin to diverge for U ′/U ≥ 1. The effect of the screening term as well is an
effective reduction of vG.

7.7 Conclusion

We showed that the NRG method is capable of calculating results for the
two channel Anderson model. We noted the delicate difference between
isothermal and adiabatic susceptibility at finite temperatures. The compar-
ison with fRG showed that both methods agree for small screening terms,
though the large discretization parameter Λ needed to succeed with the
NRG calculation induces a small bias error. Though the calculation of the
real part of isothermal susceptibilities were shown to be unproblematic at
all temperatures, the calculation of finite temperature spectral functions,
within the FDM approach, are completely free of artifacts only at zero tem-
perature. A discussion of this problem can be found in Appendix C.



Chapter 8

Conclusion and Outlook

After giving an introduction to the Anderson model, we gave a detailed
description of the NRG method. Chapter 3 introduced a new method to
calculate the specific heat in the Anderson model and related models. Fur-
ther we saw the success of z-averaging, enabling the evaluation of specific
heats on an arbitrary temperature grid and at large Λ. The numerical eval-
uation of the Bethe ansatz equations allowed the accuracy of the specific
heats within the conventional and the new method to be assessed. In Chap-
ter 4 the FDM approach for static correlation functions was applied to the
specific heat and the impurity contribution to the uniform susceptibility.
Within this method, a non negligible contribution from the environment
degrees of freedom needs to be taken into account to recover the correct
susceptibility. Chapter 5 implemented an accurate method to calculate the
conductance of a quantum dot, enabling the extraction of the Fermi liquid
scaling coefficients cT and cB to high accuracy. The results agreed very well
with renormalized superperturbation theory. The introduction of the U(1)
symmetry enabled the investigation of the effect of a magnetic field on the
thermoelectric properties of quantum dots (Chapter 6). The introduction
of the two channel Hamiltonian (Chapter 7) brought a couple of challenges.
A calculation for the T = 0 conductance via the Kubo formula was found
to be more accurate than via the Keldysh approach (in the linear response
limit). As the impurity contribution to the charge susceptibility exhibits
artifacts for T → 0 a new approach based on the local charge susceptibility
was introduced which overcame this problem.

In future work it would be interesting to investigate the effect of the
screening term on the thermoelectric properties for finite temperatures. The
NRG faces problems for the calculation of these quantities when a tempera-
ture independent broadening scheme is used (see Appendix C), resulting in
the need to strongly broaden the spectral functions (see also Appendix F).
To increase the accuracy of the two channel calculations more symmetries
can be used. Though the even and odd Hamiltonians no longer decouple,
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electrons do not tunnel between them. Therefore an additional symmetry
can be exploited allowing the use of a smaller discretization parameter Λ.
Finally, a screening term is only one of the discussed mechanisms for the
realization of a negative-U model, which is desirable for enhancing thermo-
electric efficiency. Phonon modes as described by the Anderson-Holstein
model can also lead to an effective reduction of the Coulomb repulsions, and
offer an additional path to enhanced thermoelectric efficiency of quantum
dots.



Appendix A

Coefficients for SU(2)
symmetry

In this appendix we present detailed information about the prefactors in-
volved in a NRG run using SU(2) symmetry for the two channel case. Please
note, that all prefactors in the two channel case have not been derived by
hand as it is too easy to make sign errors. A self written Python script
was used to calculate the basis for the first iterations, the general basis, the
starting Hamiltonian and operator matrix entries and the prefactors for the
diagonalization. It has the capabilities to calculate arbitrary many bands
and/or impurity excitations in the SU(2) symmetry. The symbolic calcu-
lations in the script were computed using SymPy (v. 0.7.2), the simplify
routine was hand tuned as we are only interested in the well behaved cases.
The routine for calculating Clebsch-Gordan coefficients can be found in Ref-
erence [119]. Not well behaving cases are excluded manually in the program
(like the S = 0 triplet for the two-channel diagonalization). The coefficients
for the diagonalization were checked with the ones given in Reference [120].

A.1 Diagonalization

A.1.1 Generating operators

Considering the Hamiltonian at a step during the diagonalization

Hn+1 =Hn +∑
σ,α

εn+1f
†
n+1,σ,αfn+1,σ,α

+ tn∑
σ,α

f †
n+1,σ,αfn,σ,α + h.c.

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
HH

. (A.1)

The states spanning the Hilbert space can be generated from the previous
iteration by the creation operators f †

n+1,σ,α. We want to make use of the full
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SU(2) symmetry. The combination of two angular momentums is given by

∣J,M⟩ =
j1

∑
m1=−j1

j2

∑
m2=−j2

⟨j1,m1, j2,m2 ∣ J,M⟩∣j1,m1⟩∣j2,m2⟩, (A.2)

where ⟨j1,m1, j2,m2 ∣ J,M⟩ is the corresponding Clebsch-Gordan coefficient.
To ensure that the appended states will have well defined spin values the
creation operators should fulfill the definition for a spherical tensor operator
T kq

[J±, T kq ] =
√
k(k + 1) − q(q ± 1) ⋅ T kq±1 (A.3)

[Jz, T kq ] = q ⋅ T kq . (A.4)

The operator sets will be arranged in groups accordingly. For the one channel
case the Hilbert space can be spanned by

∣N,S,Sz, r,∅⟩ = 1∣N,S,Sz, r⟩ (A.5)

∣N,S,Sz, r, ↑⟩ = f †
n+1,↑∣N,S,Sz, r⟩ (A.6)

∣N,S,Sz, r, ↓⟩ = f †
n+1,↓∣N,S,Sz, r⟩ (A.7)

∣N,S,Sz, r, ↑↓⟩ = f †
n+1,↑f

†
n+1,↓∣N,S,Sz, r⟩. (A.8)

For the two channel case, this is provided by the following combinations

∣N = 0, S = 0, Sz = 0⟩ ∶ 1 (A.9)

∣N = 1, S = 1
2 , Sz = −

1
2⟩ ∶f

†
n+1,↓,1 (A.10)

∣N = 1, S = 1
2 , Sz =

1
2⟩ ∶ f

†
n+1,↑,1 (A.11)

∣N = 1, S = 1
2 , Sz = −

1
2⟩ ∶f

†
n+1,↓,2 (A.12)

∣N = 1, S = 1
2 , Sz =

1
2⟩ ∶ f

†
n+1,↑,2 (A.13)

∣N = 2, S = 0, Sz = 0⟩ ∶ f †
n+1,↑,1f

†
n+1,↓,1 (A.14)

∣N = 2, S = 0, Sz = 0⟩ ∶ f †
n+1,↑,2f

†
n+1,↓,2 (A.15)

∣N = 2, S = 0, Sz = 0⟩ ∶ 1√
2
(f †
n+1,↑,1f

†
n+1,↓,2 − f

†
n+1,↓,1f

†
n+1,↑,2) (A.16)



A.1. DIAGONALIZATION 129

∣N = 2, S = 1, Sz = −1⟩ ∶ f †
n+1,↓,1f

†
n+1,↓,2 (A.17)

∣N = 2, S = 1, Sz = 0⟩ ∶ 1√
2
(f †
n+1,↑,1f

†
n+1,↓,2 + f

†
n+1,↓,1f

†
n+1,↑,2) (A.18)

∣N = 2, S = 1, Sz = 1⟩ ∶ f †
n+1,↑,1f

†
n+1,↑,2 (A.19)

∣N = 3, S = 1
2 , Sz = −

1
2⟩ ∶f

†
n+1,↑,1f

†
n+1,↓,1f

†
n+1,↓,2 (A.20)

∣N = 3, S = 1
2 , Sz =

1
2⟩ ∶ f

†
n+1,↑,1f

†
n+1,↓,1f

†
n+1,↑,2 (A.21)

∣N = 3, S = 1
2 , Sz = −

1
2⟩ ∶f

†
n+1,↓,1f

†
n+1,↑,2f

†
n+1,↓,2 (A.22)

∣N = 3, S = 1
2 , Sz =

1
2⟩ ∶ f

†
n+1,↑,1f

†
n+1,↑,2f

†
n+1,↓,2 (A.23)

∣N = 4, S = 0, Sz = 0⟩ ∶ f †
n+1,↑,1f

†
n+1,↓,1f

†
n+1,↑,2f

†
n+1,↓,2. (A.24)

A.1.2 New Basis states

Using Equation (A.2) these states can now be used to create a new basis
with well defined quantum numbers. For the one channel case the new basis
states are given by

∣N,S,Sz, r,1⟩ = ∣N,S,Sz, r⟩∣∅⟩ (A.25)

∣N,S,Sz, r,2⟩ =
√
S + Sz + 1

√
2
√
S + 1

∣N − 1, S + 1

2
, Sz +

1

2
, r⟩∣↓⟩

−
√
S − Sz + 1

√
2
√
S + 1

∣N − 1, S + 1

2
, Sz −

1

2
, r⟩∣↑⟩ (A.26)

∣N,S,Sz, r,3⟩ =
√
S − Sz√
2
√
S

∣N − 1, S − 1

2
, Sz +

1

2
, r⟩∣↓⟩

+
√
S + Sz√
2
√
S

∣N − 1, S − 1

2
, Sz −

1

2
, r⟩∣↑⟩ (A.27)

∣N,S,Sz, r,4⟩ = ∣N − 2, S, Sz, r⟩∣↑↓⟩. (A.28)

In the two channel case the states are given by

∣N,S,Sz, r,1⟩ = ∣N,S,Sz, r⟩∣∅⟩ (A.29)
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∣N,S,Sz, r,2⟩ =
√
S + Sz + 1

√
2
√
S + 1

∣N − 1, S + 1

2
, Sz +

1

2
, r⟩∣↓,∅⟩

+ (−S + Sz − 1)
√

2
√
S + 1

√
S − Sz + 1

∣N − 1, S + 1

2
, Sz −

1

2
, r⟩∣↑,∅⟩ (A.30)

∣N,S,Sz, r,3⟩ =
√
S − Sz√
2
√
S

∣N − 1, S − 1

2
, Sz +

1

2
, r⟩∣↓,∅⟩

+
√
S + Sz√
2
√
S

∣N − 1, S − 1

2
, Sz −

1

2
, r⟩∣↑,∅⟩ (A.31)

∣N,S,Sz, r,4⟩ =
√
S + Sz + 1

√
2
√
S + 1

∣N − 1, S + 1

2
, Sz +

1

2
, r⟩∣∅, ↓⟩

+ (−S + Sz − 1)
√

2
√
S + 1

√
S − Sz + 1

∣N − 1, S + 1

2
, Sz −

1

2
, r⟩∣∅, ↑⟩

(A.32)

∣N,S,Sz, r,5⟩ =
√
S − Sz√
2
√
S

∣N − 1, S − 1

2
, Sz +

1

2
, r⟩∣∅, ↓⟩

+
√
S + Sz√
2
√
S

∣N − 1, S − 1

2
, Sz −

1

2
, r⟩∣∅, ↑⟩ (A.33)

∣N,S,Sz, r,6⟩ = ∣N − 2, S, Sz, r⟩∣↑↓,∅⟩ (A.34)

∣N,S,Sz, r,7⟩ =
1√
2
∣N − 2, S, Sz, r⟩∣↓, ↑⟩

+ − 1√
2
∣N − 2, S, Sz, r⟩∣↑, ↓⟩ (A.35)

∣N,S,Sz, r,8⟩ = ∣N − 2, S, Sz, r⟩∣∅, ↑↓⟩ (A.36)
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∣N,S,Sz, r,9⟩ = −
√
S + Sz + 1

√
S + Sz + 2

√
2
√
S + 1

√
2S + 3

∣N − 2, S + 1, Sz + 1, r⟩∣↓, ↓⟩

+
√
S − Sz + 1

√
S + Sz + 1

√
2
√
S + 1

√
2S + 3

∣N − 2, S + 1, Sz, r⟩∣↓, ↑⟩

+
√
S − Sz + 1

√
S + Sz + 1

√
2
√
S + 1

√
2S + 3

∣N − 2, S + 1, Sz, r⟩∣↑, ↓⟩

+ −
√
S − Sz + 1

√
S − Sz + 2

√
2
√
S + 1

√
2S + 3

∣N − 2, S + 1, Sz − 1, r⟩∣↑, ↑⟩

(A.37)

∣N,S,Sz, r,10⟩ = −
√
S − Sz

√
S + Sz + 1

√
2
√
S
√
S + 1

∣N − 2, S, Sz + 1, r⟩∣↓, ↓⟩

+ − Sz√
2
√
S
√
S + 1

∣N − 2, S, Sz, r⟩∣↓, ↑⟩

+ − Sz√
2
√
S
√
S + 1

∣N − 2, S, Sz, r⟩∣↑, ↓⟩

+
√
S + Sz

√
S − Sz + 1

√
2
√
S
√
S + 1

∣N − 2, S, Sz − 1, r⟩∣↑, ↑⟩ (A.38)

∣N,S,Sz, r,11⟩ = −
√

2
√
S − Sz

√
S − Sz − 1

2
√
S
√

2S − 1
∣N − 2, S − 1, Sz + 1, r⟩∣↓, ↓⟩

+ −
√
S − Sz

√
S + Sz√

2
√
S
√

2S − 1
∣N − 2, S − 1, Sz, r⟩∣↓, ↑⟩

+ −
√
S − Sz

√
S + Sz√

2
√
S
√

2S − 1
∣N − 2, S − 1, Sz, r⟩∣↑, ↓⟩

+ −
√
S + Sz

√
S + Sz − 1

√
2
√
S
√

2S − 1
∣N − 2, S − 1, Sz − 1, r⟩∣↑, ↑⟩ (A.39)

∣N,S,Sz, r,12⟩ =
√
S + Sz + 1

√
2
√
S + 1

∣N − 3, S + 1

2
, Sz +

1

2
, r⟩∣↑↓, ↓⟩

+ (−S + Sz − 1)
√

2
√
S + 1

√
S − Sz + 1

∣N − 3, S + 1

2
, Sz −

1

2
, r⟩∣↑↓, ↑⟩

(A.40)

∣N,S,Sz, r,13⟩ =
√
S − Sz√
2
√
S

∣N − 3, S − 1

2
, Sz +

1

2
, r⟩∣↑↓, ↓⟩

+
√
S + Sz√
2
√
S

∣N − 3, S − 1

2
, Sz −

1

2
, r⟩∣↑↓, ↑⟩ (A.41)
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∣N,S,Sz, r,14⟩ =
√
S + Sz + 1

√
22

√
S + 1

∣N − 3, S + 1

2
, Sz +

1

2
, r⟩∣↓, ↑↓⟩

+ (−S + Sz − 1)
√

2
√
S + 1

√
S − Sz + 1

∣N − 3, S + 1

2
, Sz −

1

2
, r⟩∣↑, ↑↓⟩

(A.42)

∣N,S,Sz, r,15⟩ =
√
S − Sz√
2
√
S

∣N − 3, S − 1

2
, Sz +

1

2
, r⟩∣↓, ↑↓⟩

+
√
S + Sz√
2
√
S

∣N − 3, S − 1

2
, Sz −

1

2
, r⟩∣↑, ↑↓⟩ (A.43)

∣N,S,Sz, r,16⟩ = ∣N − 4, S, Sz, r⟩∣↑↓, ↑↓⟩. (A.44)

Note that, as a singlet and a triplet never couple into a singlet[120], ∣N,S,Sz, r,10⟩n+1

only exist for S ≠ 0. The states will occasionally be abbreviated as ∣i⟩.

A.1.3 Diagonalization Coefficients

The next step is to calculate ⟨i ∣Hn+1∣j⟩. Like mentioned in Chapter 2,
Hn and Hon-site = ∑σ,α εn+1f

†
n+1,σ,αfn+1,σ,α will contribute to the diagonal

matrix elements of ⟨i ∣Hn+1∣j⟩. To calculate the remaining ⟨i ∣Hhopping∣j⟩
and to make the diagonalization independent of Sz, we will have to use

the Wigner-Eckart theorem on the creation/annihilation operators f
(†)
n+1,σ,α.

For a spherical tensor operator T kq it states that its z-component can be
separated from the operator

⟨J ′, J ′z, r′ ∣T kq ∣J, Jz, r⟩ = ⟨J, Jz, k, q ∣ J ′, J ′z⟩⟨J ′, r′ ∣ ∣ T k ∣ ∣J, r⟩, (A.45)

where ⟨J, Jz, k, q ∣ J ′, J ′z⟩ represent the corresponding Clebsch-Gordan coef-
ficients and ⟨J ′, r′ ∣ ∣ T k ∣ ∣J, r⟩ are referred to as the reduced matrix elements
of T kq .

We will calculate the emerging coefficients exemplary for ⟨1 ∣Hhopping∣3⟩.
A collection of all non-zero coefficients are listed in Table A.1.

⟨1 ∣HH ∣3⟩ = ⟨ 0
0 ∣⟨N,S,Sz, r ∣f †

n,↑,1fn+1,↑,1∣N − 1, S − 1
2 , Sz −

1
2 , r

′⟩∣ ↑0 ⟩
√

S+Sz
2S

+ ⟨ 0
0 ∣⟨N,S,Sz, r ∣f †

n,↓,1fn+1,↓,1∣N − 1, S − 1
2 , Sz +

1
2 , r

′⟩∣ ↓0 ⟩
√

S−Sz
2S

= ⟨ 0
0 ∣⟨N,S,Sz, r ∣f †

n,↑,1∣N − 1, S − 1
2 , Sz −

1
2 , r

′⟩∣ 0
0 ⟩

√
S+Sz

2S (−1)N−1

+ ⟨ 0
0 ∣⟨N,S,Sz, r ∣f †

n,↓,1∣N − 1, S − 1
2 , Sz +

1
2 , r

′⟩∣ 0
0 ⟩

√
S−Sz

2S (−1)N−1

= ⟨N,S, r ∣ ∣ f †
n,1 ∣ ∣N − 1, S − 1

2 , r
′⟩S+Sz2S (−1)N−1

+ ⟨N,S, r ∣ ∣ f †
n,1 ∣ ∣N − 1, S − 1

2 , r
′⟩S−Sz2S (−1)N−1

= n⟨N,S, r ∣ ∣ f †
n,1 ∣ ∣N − 1, S − 1

2 , r
′⟩
n
(−1)N−1

.

(A.46)
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⟨i ∣ ∣j⟩ α Coefficient ×(−1)N
1 2 1 −1
1 3 1 −1
1 4 2 −1
1 5 2 −1

2 6 1
√

2S+2√
2S+1

2 7 2 −
√
S+1√
2S+1

2 9 2 1

2 10 2
√
S√

2S+1

3 6 1 −
√

2
√
S√

2S+1

3 7 2
√
S√

2S+1

3 10 2
√
S+1√
2S+1

3 11 2 1

4 7 1 −
√
S+1√
2S+1

4 8 2
√

2S+2√
2S+1

4 9 1 −1

4 10 1 −
√
S√

2S+1

5 7 1
√
S√

2S+1

5 8 2 −
√

2
√
S√

2S+1

5 10 1 −
√
S+1√
2S+1

5 11 1 −1

⟨i ∣ ∣j⟩ α Coefficient ×(−1)N
6 12 2 −1
6 13 2 −1

7 12 1 −1
2

√
2

7 13 1 −1
2

√
2

7 14 2 −1
2

√
2

7 15 2 −1
2

√
2

8 14 1 −1
8 15 1 −1

9 12 1
√

4S+6

2
√
S+1

9 14 2 −
√

4S+6

2
√
S+1

10 12 1 −
√

2
√
S

2
√
S+1

10 13 1
√

2S+2

2
√
S

10 14 2
√

2
√
S

2
√
S+1

10 15 2 −
√

2S+2

2
√
S

11 13 1 −
√

4S−2

2
√
S

11 15 2
√

4S−2

2
√
S

12 16 2
√

2S+2√
2S+1

13 16 2 −
√

2
√
S√

2S+1

14 16 1
√

2S+2√
2S+1

15 16 1 −
√

2
√
S√

2S+1

Table A.1: None zero coefficients C of ⟨i ∣Hhopping∣j⟩ = C⟨i ∣ ∣ fn,α ∣ ∣j⟩. Only
results for j > i are given as the final Hamiltonian will be hermitian.

One can read the one channel coefficients from this table by realizing that
the subset ∣1⟩, ∣2⟩, ∣3⟩ and ∣6⟩ from the two-channel calculation correspond
to the one channel states. Entries only consisting of these combinations lead
to the coefficients of the one channel case.

The elements n⟨m ∣ ∣ f †
n,α ∣ ∣n⟩n remaining still have to be calculated.

The states ∣m⟩ and ∣n⟩ are already diagonalized and do not share the same
quantum numbers. To access the occupation of the last added shell we will
transform the states back. We will continue with the example from the
previous step

n⟨N,S, r ∣ ∣ f †
n,1 ∣ ∣N − 1, S − 1

2 , r
′⟩
n

= ∑
i,ω,j,ω′

n−1⟨i,N,S,ω ∣ ∣ f †
n,1 ∣ ∣N − 1, S − 1

2 , ω
′, j⟩

n−1
UN,Si,ω→rU

N−1,S−1
2

j,ω′→r′ . (A.47)
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⟨i ∣ ∣j⟩ S − S′ = −1
2 ⟨i ∣ ∣j⟩ S − S′ = 1

2
2 1 1 3 1 1

6 3
√

4S′+2

2
√
S′

6 2 −
√

4S′+2

2
√
S′+1

7 5 −
√

2S′+1

2
√
S′

7 4
√

2S′+1

2
√
S′+1

9 4 1 10 4
√

2S′+3

2
√
S′+1

10 5
√

2S′−1

2
√
S′

11 5 1

12 7 1
2

√
2 12 9 −

√
4S′+2

2
√
S′+1

12 10
√

2S′+2

2
√
S′

13 7 1
2

√
2

13 11
√

4S′+2

2
√
S′

13 10 −
√

2
√
S′

2
√
S′+1

14 8 1 15 8 1

16 15
√

4S′+2

2
√
S′

16 14 −
√

4S′+2

2
√
S′+1

Table A.2: The coefficients for ⟨i ∣ ∣ f†
n,1 ∣ ∣j⟩ × (−1)N ′

To evaluate this let us first evaluate the corresponding ⟨i ∣f †
n,↑,1∣j⟩ and then

use the Wigner-Eckart theorem. Further we will limit ourselves to ⟨3 ∣f †
n,↑,1∣1⟩

in this example. On the one hand,

n−1⟨3,N,S,ω ∣f †
n,↑,1∣N − 1, S − 1

2 , ω
′,1⟩

n−1
(A.48)

=⟨ ↑0 ∣n−1⟨N − 1, S − 1
2 , Sz −

1
2 , ω ∣f †

n,↑,1∣N − 1, S − 1
2 , Sz −

1
2 , ω

′⟩
n−1

∣ 0
0 ⟩

√
S+Sz

2S

+⟨ ↓0 ∣n−1⟨N − 1, S − 1
2 , Sz +

1
2 , ω ∣f †

n,↑,1∣N − 1, S − 1
2 , Sz −

1
2 , ω

′⟩
n−1

∣ 0
0 ⟩

√
S−Sz

2S

(A.49)

=(−1)N−1
√

S+Sz
2S δω,ω′ , (A.50)

on the other hand,

n−1⟨3,N,S,ω ∣f †
n,↑,1∣N − 1, S − 1

2 , ω
′,1⟩

n−1
(A.51)

=⟨ ↑0 ∣n−1⟨N − 1, S − 1
2 , Sz −

1
2 , ω ∣f †

n,↑,1∣N − 1, S − 1
2 , Sz −

1
2 , ω

′⟩
n−1

∣ 0
0 ⟩

√
S+Sz

2S

=n−1⟨3,N,S,ω ∣ ∣ f †
n,1 ∣ ∣N − 1, S − 1

2 , ω
′,1⟩

n−1

√
S+Sz

2S , (A.52)

therefore

n−1⟨3,N,S,ω ∣ ∣ f †
n,1 ∣ ∣N − 1, S − 1

2 , ω
′,1⟩

n−1
UN,S3,ω→rU

N−1,S−1
2

1,ω′→r′ (A.53)

=(−1)N−1UN,S3,ω→rU
N−1,S−1

2
1,ω→r′ , (A.54)

The none zero elements are shown in table A.2 and A.3.
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⟨i ∣ ∣j⟩ S − S′ = 1
2 ⟨i ∣ ∣j⟩ S − S′ = −1

2

5 1 1 4 1 1

7 2
√

2S′+1

2
√
S′+1

7 3 −
√

2S′+1

2
√
S′

8 4 −
√

4S′+2

2
√
S′+1

8 5
√

4S′+2

2
√
S′

10 2 −
√

2S′+3

2
√
S′+1

9 2 −1

11 3 −1 10 3 −
√

2S′−1

2
√
S′

13 6 1 12 6 1

14 9
√

4S′+2

2
√
S′+1

14 7 1
2

√
2

15 7 1
2

√
2 14 10 −

√
2S′+2

2
√
S′

15 10
√

2
√
S′

2
√
S′+1

15 11 −
√

4S′+2

2
√
S′

16 12 −
√

4S′+2

2
√
S′+1

16 13
√

4S′+2

2
√
S′

Table A.3: The coefficients for ⟨i ∣ ∣ f†
n,2 ∣ ∣j⟩ × (−1)N ′

A.2 FDM coefficients

As shown in Chapter 2.6 the full density matrix Rnk,k′ can be calculated

recursively from Rn+1
x,x′ = ∣x⟩n+1Rn+1

n+1⟨x′ ∣ a combination of Rn+1
k,k′ and the

discarded Boltzmann factors of shell n+1. We will calculate the coefficients
for the environmental state ∣↑,∅⟩n+1

∑
N ′,S′,S′z ,ω,ω

′

⟨ ↑0 ∣⟨N,S,Sz, r ∣ N ′, S′, S′z,w⟩n+1×

Rn+1
n+1⟨N ′, S′, S′z,w

′ ∣ N,S,Sz, r′⟩∣ ↑0 ⟩. (A.55)

When transforming ∣N ′, S′, S′z,w⟩ = ∑i,k U
N ′,S′

i,k→ω ∣N
′, S′, S′z, k, i⟩, the only ba-

sis states that can contribute are i = 2,3, when comparing the environmental
state. Further, when comparing the the quantum numbers for these states,
N ′, S′, S′z will be fixed to N ′ = N +1, S′ = S ± 1

2 and S′z = Sz + 1
2 . This leaves

∑
ω,ω′

S − Sz
2S + 1

U
N+1,S−1

2
2,k→ω

T

[R(N + 1, S − 1
2)]

n+1

ω,ω′
U
N+1,S−1

2
2,k′→ω′

+S + Sz + 1

2S + 1
U
N+1,S+1

2
3,k→ω

T

[R(N + 1, S + 1
2)]

n+1

ω,ω′
U
N+1,S+1

2
3,k′→ω′ . (A.56)

Though this is still dependent on Sz it can be easily verified that Sz cancels
out when the ∣↓,∅⟩ environmental state is added. The final coefficients can
be seen in Table A.4.
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N ′ S′ c(N ′, S′)
N S 1

N + 1 S + 1
2

2S+2
2S+1

N + 1 S − 1
2

2S
2S+1

N + 2 S 1

N + 2 S + 1 2S+3
2S+1

N + 2 S − 1 2S−1
2S+1

N + 3 S + 1
2

2S+2
2S+1

N + 3 S − 1
2

2S
2S+1

N + 4 S − 1
2 1

Table A.4: Prefactors c(N ′, S′) for the calculation of Rnk,k′(N,S) =

∑N ′,S′,i,ω,ω′ c(N ′, S′)UN
′,S′

i,k→ω
T
UN

′,S′

i,k′→ω′R
n+1
ω,ω′(N ′, S′). Note that several states

∣i⟩, e.g. i = 2 and i = 4, yield the same prefactor and quantum number
combination.

A.3 Operator coefficients

There are some subtleties when calculating the operator elements of a local
operator for lower shells. We will display this for the case of a spin-1

2 operator

like d†.

Given a reduced operator d† at shell n, to calculate the matrix elements
at shell n + 1, we will use the Wigner-Eckart theorem to obtain the Sz
dependent operator, transform it to the next shell and then reapply the
Wigner-Eckart theorem. We will restrict ourselves to one operator subspace

n+1⟨N,S ∣ ∣ d† ∣ ∣N − 1, S + 1
2⟩n+1

.

n+1⟨N,S,ω ∣ ∣ d† ∣ ∣N − 1, S + 1
2 , ω

′⟩
n+1

⎛
⎝
−
√

S − Sz + 1

2S + 2

⎞
⎠

(A.57)

=n+1⟨N,S,Sz, ω ∣d†
↑∣N − 1, S + 1

2 , Sz −
1
2 , ω

′⟩
n+1

(A.58)

= ∑
i,k,j,k′

UN,Si,k→ω
T
U
N−1,S+1

2
j,k′→ω′ ×

n+1⟨N,S,Sz, k, i ∣d†
↑∣N − 1, S + 1

2 , Sz −
1
2 , k

′, j⟩
n+1

. (A.59)

Here, we restrict ourselves to i = 2 and j = 3. Only the following combina-
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tions contribute

n+1⟨N,S,Sz, k,2 ∣d†
↑∣N − 1, S + 1

2 , Sz −
1
2 , k

′,3⟩
n+1

(A.60)

=
√

S + Sz + 1

2S + 2

√
S − Sz + 1

2S + 1
⟨ ↓0 ∣⟨N − 1, S + 1

2 , Sz +
1
2 , k

′ ∣d†
↑∣N − 2, S, Sz, k⟩∣ ↓0 ⟩

−
√

S − Sz + 1

2S + 2

√
S + Sz
2S + 1

⟨ ↑0 ∣⟨N − 1, S + 1
2 , Sz −

1
2 , k

′ ∣d†
↑∣N − 2, S, Sz − 1, k⟩∣ ↑0 ⟩

(A.61)

=
⎛
⎜
⎝

¿
ÁÁÀ(S + Sz + 1)(S − Sz + 1)(S + Sz + 1)

(2S + 2)(2S + 1)(2S + 1)
−

¿
ÁÁÀ(S − Sz + 1)(S + Sz)(S + Sz)

(2S + 2)(2S + 1)(2S + 1)

⎞
⎟
⎠
×

⟨N − 1, S + 1
2 , k

′ ∣ ∣ d†
↑ ∣ ∣N − 2, S, k⟩. (A.62)

Dividing by the Clebsch-Gordan coefficient from Equation (A.57) yields

−1

2S + 1
n⟨N − 1, S + 1

2 , k
′ ∣ ∣ d† ∣ ∣N − 2, S, k⟩n. (A.63)

Results for all coefficients for d† (or generally a spin 1
2 operator) can be

found in Table A.5
Please note, that, when calculating any expectation value, a separate

coefficient might appear when summing over the Sz values.
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i j ± c(S)
1 1 + 1
2 2 + 1

2 3 − −1
2S+1

3 3 +
√

2S(2S+2)
2S+1

4 4 + 1

4 5 − −1
2S+1

5 5 +
√

2S(2S+2)
2S+1

6 6 + 1
8 8 + 1
9 9 + 1

9 10 − −
√

2
(2S+2)(2S+1)

10 10 +
√

2S(2S+3)
(2S+2)(2S+1)

10 11 − −
√

1
S(2S+1)

11 11 +
√

(2S−1)(2S+2)
2S(2S+1)

12 12 + 1

12 13 − −1
2S+1

13 13 +
√

2S(2S+2)
2S+1

14 14 + 1

14 15 − −1
2S+1

15 15 +
√

2S(2S+2)
2S+1

16 16 + 1

i j ± c(S)
1 1 − 1

2 2 −
√

2S(2S+2)
2S+1

3 2 + 1
2S+1

3 3 − 1

4 4 −
√

2S(2S+2)
2S+1

5 4 + 1
2S+1

5 5 − 1
6 6 − 1
8 8 − 1

9 9 −
√

2S(2S+3)
(2S+2)(2S+1)

10 9 +
√

2
(2S+2)(2S+1)

10 10 −
√

(2S−1)(2S+2)
2S(2S+1)

11 10 +
√

1
S(2S+1)

11 11 − 1

12 12 −
√

2S(2S+2)
2S+1

13 12 + 1
2S+1

13 13 − 1

14 14 −
√

2S(2S+2)
2S+1

15 14 + 1
2S+1

15 15 − 1
16 16 − 1

Table A.5: The results for the coefficients of n+1⟨N,S ∣ ∣ d† ∣ ∣N − 1, S ± 1
2⟩n+1

= ∑i,k,j,k′ U
N,S
i,k→ω

T
U
N−1,S±1

2
j,k′→ω′ c(S)⟨N,S, i ∣ ∣ d† ∣ ∣N − 1, S ± 1

2 , j⟩. The left table

contains the S + 1
2 case, the right table contains the S − 1

2 case. The sign

signals whether ⟨N,S, i ∣ ∣ d† ∣ ∣N − 1, S ± 1
2 , j⟩ will connect a S to a S + 1

2 or
a S − 1

2 subspace.



Appendix B

Initial Hamiltonian

The two channel SIAM Hamiltonian with screening takes the form

H0 = Und,↑nd,↓ + εdnd
+Udc(nd − 1)(nf0,R − 1 + nf0,L − 1)

+ ∑
σ=↑,↓

∑
α=L,R

τα(d†
σf0σα + f †

0σαdα). (B.1)

The calculation of the Hamiltonian is straightforward once the basis states
for each quantum number are found. Note, that this is true for the starting
matrix elements of any operator, though the Wigner-Eckart theorem has
to be used to obtain the z-spin independent reduced matrix elements. The
basis states and their corresponding starting Hamiltonian are given below.

N = 0, S = 0

∣0,0,0⟩

( 2Udc )

N = 1, S = 1/2

∣↓,0,0⟩

∣0, ↓,0⟩

∣0,0, ↓⟩

⎛
⎜
⎝

ed τR τL
τR Udc + εR 0
τL 0 Udc + εL

⎞
⎟
⎠

N = 2, S = 0

∣↑↓,0,0⟩

1

2

√
2∣↑, ↓,0⟩ + −

1

2

√
2∣↓, ↑,0⟩

1

2

√
2∣↑,0, ↓⟩ + −

1

2

√
2∣↓,0, ↑⟩

∣0, ↑↓,0⟩

1

2

√
2∣0, ↓, ↑⟩ + −

1

2

√
2∣0, ↑, ↓⟩

∣0,0, ↑↓⟩

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

U − 2Udc + 2ed
√

2τR
√

2τL 0 0 0
√

2τR εR + ed 0
√

2τR −τL 0
√

2τL 0 εL + ed 0 −τR
√

2τL
0

√
2τR 0 2εR 0 0

0 −τL −τR 0 1
2
Udc + εL + εR 0

0 0
√

2τL 0 0 Udc + 2εL

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠
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N = 2, S = 1

∣↓, ↓,0⟩

∣↓,0, ↓⟩

− 1∣0, ↓, ↓⟩

⎛
⎜
⎝

εR + ed 0 τL
0 εL + ed −τR
τL −τR εL + εR

⎞
⎟
⎠

N = 3, S = 1/2

∣↑↓, ↓,0⟩

∣↑↓,0, ↓⟩

∣↓, ↑↓,0⟩

1

2

√
2∣↓, ↓, ↑⟩ + −

1

2

√
2∣↓, ↑, ↓⟩

∣↓,0, ↑↓⟩

−
1

3

√
6∣↑, ↓, ↓⟩ +

1

6

√
6∣↓, ↓, ↑⟩ +

1

6

√
6∣↓, ↑, ↓⟩

∣0, ↑↓, ↓⟩

∣0, ↓, ↑↓⟩

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

U −Udc + εR + 2ed 0 −τR
1
2

√
2τL 0 1

2

√
6τL 0 0

0 U −Udc + εL + 2ed 0 1
2

√
2τR −τL − 1

2

√
6τR 0 0

−τR 0 2εR + ed 0 0 0 τL 0
1
2

√
2τL

1
2

√
2τR 0 εL + εR + ed 0 0 1

2

√
2τR

1
2

√
2τL

0 −τL 0 0 2εL + ed 0 0 τR
1
2

√
6τL − 1

2

√
6τR 0 0 0 εL + εR + ed − 1

2

√
6τR

1
2

√
6τL

0 0 τL
1
2

√
2τR 0 − 1

2

√
6τR −Udc + εL + 2εR 0

0 0 0 1
2

√
2τL τR

1
2

√
6τL 0 2εL + εR

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

N = 3, S = 3/2

− 1∣↓, ↓, ↓⟩

( εL + εR + ed )

N = 4, S = 0

∣↑↓, ↑↓,0⟩

1

2

√
2∣↑↓, ↓, ↑⟩ + −

1

2

√
2∣↑↓, ↑, ↓⟩

∣↑↓,0, ↑↓⟩

1

2

√
2∣↑, ↑↓, ↓⟩ + −

1

2

√
2∣↓, ↑↓, ↑⟩

1

2

√
2∣↑, ↓, ↑↓⟩ + −

1

2

√
2∣↓, ↑, ↑↓⟩

∣0, ↑↓, ↑↓⟩

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

U + 2εR + 2ed 0 0
√

2τL 0 0

0 U − 1
2
Udc + εL + εR + 2ed 0 τR τL 0

0 0 U −Udc + 2εL + 2ed 0
√

2τR 0
√

2τL τR 0 εL + 2εR + ed 0
√

2τL
0 τL

√
2τR 0 2εL + εR + ed

√
2τR

0 0 0
√

2τL
√

2τR −Udc + 2εL + 2εR

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

N = 4, S = 1

− 1∣↑↓, ↓, ↓⟩

∣↓, ↑↓, ↓⟩

∣↓, ↓, ↑↓⟩

⎛
⎜
⎝

U + εL + εR + 2ed τR −τL
τR εL + 2εR + ed 0
−τL 0 2εL + εR + ed

⎞
⎟
⎠

N = 5, S = 1/2

∣↑↓, ↑↓, ↓⟩

∣↑↓, ↓, ↑↓⟩

∣↓, ↑↓, ↑↓⟩

⎛
⎜
⎝

U +Udc + εL + 2εR + 2ed 0 −τL
0 U + 2εL + εR + 2ed −τR

−τL −τR 2εL + 2εR + ed

⎞
⎟
⎠
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N = 6, S = 0

∣↑↓, ↑↓, ↑↓⟩

( U +Udc + 2εL + 2εR + 2ed )
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Appendix C

Broadening

Motivated by the inability to calculate susceptibilities at zero frequency for
finite temperatures we looked into finding a solution. Apart from the general
interest, these susceptibilities are needed when calculating thermoelectric
properties in the two channel model with screening. This appendix describes
some of the failed approaches tried to overcome the problem and ends with
a proposal on how it might be possible.

C.1 Common Schemes

As shown in Chapter 2.6 the spectral function of the NRG is given as a set
of delta functions. Denoting by AA,B(ω) = − 1

π Im(GA,B(ω)) the spectral
function of the retarded Green’s function GA,B(ω) ≡ ⟪A,B⟫. We have for
AA,B(ω):

AA,B(ω) = − 1

π
∑

m,n,Nshell

δ(ω − (Em −En))∑
k

(Rk,mBn,m ±Rn,kBn,m)A0
m,n

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
Cm,n

.

(C.1)
Rm,n is the combination of the diagonal Boltzmann factors and the full re-
duced density matrix (FDM). A0

m,n is the A operator where the kept-kept
entries are set to zero to avoid overcounting in this compact representa-
tion. This discrete form is a consequence of the logarithmically discretized
conduction band. For real systems with continuous conduction bands the
spectrum is a smooth function of energy. Such a smooth spectral function
can be recovered in the NRG by replacing

δ(ω − (Em −En)) → ηm,n(ω,Em,En) (C.2)

The simplest approach is to replace each delta function by a Gaussian

ηm,n(ω,µm,n = Em −En, σm,n) =
1

√
2πσ2

m,n

e
− (ω−(Em−En))

2

2σ2
m,n (C.3)
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Figure C.1: The spectral function Ad†,d(ω) calculated using a Gaussian
broadening (b = 0.1 see Equation (C.4)) at the symmetric point using dif-
ferent Temperatures. Λ = 8, ∆ = 1 × 10−2D, ed = −6∆, U = −2ed, 16 z-
values and Nshells = 2⌈ln(Tmin ⋅ 10−4)/ ln Λ⌉ + 3 = 31. The Kondo Tempera-
ture is TK ≈ 2.5 × 10−4D. The filled symbols show the curve when a con-
stant broadening is used below T. The empty symbols show a purely energy
dependent broadening σm,n = b∣Em − En∣. For low temperatures the limit
π∆Ad†,d(ω = 0) = 1 is better obtained for ω > T showing that both ap-
proaches have problems for low frequencies. The results were calculated for
the one-channel Anderson model using an energy dependent cut-off scheme
with ec = 10.

To have a good resolution on each energy scale while also broadening away
any artifacts a typical scheme for σm,n is

σm,n = bmax(T, ∣Em −En∣) (C.4)

A different choice to make σ dependent on ∣ω∣ instead of ∣Em − En∣ is also
possible but it will not conserve the weight of each delta function thus sum
rules might be violated. The temperature dependence is a problem in the
NRG calculations for frequencies below the temperature. Commonly these
artifacts are being suppressed by using a constant broadening for frequencies
below the Temperature. Figure C.1 shows the problems that arise with
and without the temperature dependent broadening for the Ad†,d spectral
function.

Typically susceptibilities have an even worse behavior, as linear behavior
around ω = 0 can drop much faster to zero (see Osolin and Žitko [121] or
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Figure C.2: This figure shows the imaginary part of the local spin Green’s
function Im⟪sz, sz⟫ at different temperatures. The same model and param-
eter set as in Figure C.1 is used except Λ = 4, using the temperature de-
pendent broadening. The limit seen for low temperatures for T > ω ≫ TK
is not at all captured by this method at lower frequencies. This is an ex-
ample of poorly defined behavior even when using this broadening scheme.
f(x) = Im(χs(ω))/(2πω[Re(χs(0))]2) on the y axis normalizes the expres-
sion according to the Korringa-Shiba relation and should equal one at zero
frequency for T ≪ TK (see Equation (C.5)).

Figure C.2). The figure has been normalized according to the Korringa-
Shiba relation [122, 62]:

lim
ω→0

Imχ(ω)
ω

= 2π [Reχ(0)]2 (C.5)

though it only valid for T ≪ TK . We see the correct value of 1 is only reached
for ω ≫ T . As the relation is not valid for higher temperatures, we can not
compare to an exact limit here. But as the results for higher temperatures
strongly depend on the broadening method used, we can conclude that the
low frequency limit can not be safely extracted for high temperatures.

Another successful broadening scheme is to incorporate the logarithmic
nature of the NRG scheme into the broadening by making the following
transformation. To ensure that the total weights of each delta function does
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not change the transformation is done under the integral.

∫
∞

−∞

1√
2πσ2

e−
(ω−µ)2

2σ2 dω (C.6)

ω,µ→ln(ω),ln(µ)= ∫
∞

0

1√
2πσ2∣ω∣

e−
(ln(ω/µ))2

2σ2 dω, (C.7)

therefore

ηm,n(ω,Em −En) =
⎧⎪⎪⎪⎨⎪⎪⎪⎩

1√
2πσ2∣ω∣

e−
ln(ω/(Em−En))

2

2σ2 if ω/(Em −En) > 0

0 else
. (C.8)

This distribution can be refined to conserve a second weight ∫ ηµ(ω,µ)dµ = 1
by instead substituting µ → ln(µ) + σ2/2 in Equation (C.7) (see Weichsel-
baum and von Delft[50]):

ηm,n(ω,Em −En) =
θ(ω(Em −En))√

2πσ2∣ω∣
e−
(ln(ω/(Em−En))−σ

2
/2)2

2σ2 (C.9)

= θ(ω(Em −En))√
πα∣ω∣

e−(
ln(ω/(Em−En))

α
−α

4
)2

. (C.10)

A small broadening parameter σ should be used as the peak of these distri-
butions is shifted by a small factor from Em − En: e−σ

2
in Equation (C.8)

or e−σ
2/2 in Equation (C.9). Furthermore all energies are shifted by a factor

eσ
2/2 in Equation (C.9). As an energy difference can only contribute to the

frequency of the same sign, there is an intrinsic problem with this broaden-
ing for ω → 0. But usually artifacts due to a finite temperature are more
severe.

C.2 Low Frequency Problems

To overcome the Problems for ω < T several attempts have been made.

C.2.1 Relative Error

One attempt was to assume that there is a relative error in each energy
level.

En → ηn(ω) =
1√

2π(Enσrel)2
e
− (ω−En)

2

2(Enσrel)
2 . (C.11)

Substituting this into Equation (C.1) yields

GA,B(ω) = ∫
∞

−∞ ∫
∞

−∞
∑

m,n,Nshell

δ(ω − (ω′ − ω′′))ηm(ω′)ηn(ω′′)Cm,ndω′dω′′

(C.12)

= ∫
∞

−∞
∑

m,n,Nshell

ηm(ω′)ηn(ω′ − ω)Cm,ndω′. (C.13)
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Figure C.3: Example of the local level spectral function Ad†,d(ω) broadened
by the relative energy error approach. The same model and parameters are
used as in Figure C.2. There is a divergence from the correct value at ω = T
and for high temperatures as the satellites should not disappear.

This is apart from the sign in ηn(ω′ − ω) a convolution of two Gaussian
functions. The result is again a Gaussian function.

GA,B(ω) = ∑
m,n,Nshell

η(ω,µm,n, σm,n)Cm,n, (C.14)

where µm,n = Em −En and σ2
m,n = σ2

m + σ2
n = σ2

rel(E
2
m +E2

n). Keep in mind
that this broadening is only directly applied to the energies. Including it
into the Boltzmann factors used to calculate Rm,n produces its own problem
as

e−βEn → ∫
∞

−∞
ηn(ω)e−βω = e−β(En−βσ

2
relE

2
n/2) (C.15)

can become arbitrary large for small temperatures. Attempts to make bet-
ter guesses for the shift have been made in connection with Section C.2.4
leading to a well working approximation for the FDM approach (see Ap-
pendix D). The broadening scheme results in finite constant values for low
frequencies (see Figure C.3, C.4) without depending on the temperature, but
the zero frequency limit does usually not yield the correct values. As a side
note, in the limit of T → 0 this approach is identical to the usual Gaussian
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Figure C.4: Local spin spectral function Asz,sz(ω) (see Figure C.2), but using
the relative energy error as broadening scheme. The zero frequency behavior
is improved but still unreliable. The same model and parameters are used as
in Figure C.2.

broadening. It can be easily shown using the Lehman representation

GA,B(ω) = 1

Z
∑
m,n

δ(ω − (Em −En))(e−βEm ± e−βEn)Am,nBn,m (C.16)

T→0= ∑
n

δ(ω +En)Ag,nBn,g ± δ(ω −En)An,gBg,n, (C.17)

where g denotes the index for the ground state. As all other Boltzmann
factors are zero, one of the energy levels has to be the ground state (= zero).
Therefore σm,n = σrelmax(Em,En) in both cases.

C.2.2 Density sensitive

This approach tries to make the broadening anti-proportional to the number
of delta function weighted by the Boltzmann factors around a frequency.
Regions with less dense information will receive a larger broadening. This
density will be defined as

ρ(ω) = 1

Z
δ(ω − (Em −En))(e−βEm + e−βEn) ∝ 1

σm,n(ω = Em −En)
. (C.18)
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Further we will assume the following density for the energies 1

n(ω) ∝

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

1/ωmin 0 < ω < ωmin
1/ω ωmin < ω < 1

0 else

. (C.19)

We make this choice because in the NRG scheme the number of states in each
shell is more or less constant. The energies of the discarded states will more
or less lie in the region ctn < El < ctn−1. Furthermore tn is proportional to
λ−n/2. So there is a constant number of states between cλ−n/2 and cλ−(n−1)/2.
As the integral

∫
cλ−(n−1)/2

cλ−n/2

1

x
dx = log(λ)/2 = const, (C.20)

we chose it as the approximate energy density and constant density for the
last shell whose energies shall lie below ωmin.

Substituting Equation (C.19) into (C.18) will lead to

ρ(ω) = 1

Z
∫

∞

−∞ ∫
∞

−∞
δ(ω − (ω′ − ω′′))n(ω′)n(ω′′)(e−βω

′

+ e−βω
′′

)dω′dω′′

(C.21)

= 1

Z
∫

∞

−∞
n(ω′)n(ω′ − ω)(e−βω

′

+ e−β(ω
′−ω))dω′. (C.22)

The result is a rather lengthy multiple case solution that can be calculated
using standard symbolic math programs (e.g. Maple). The exponential
integral appearing in the result was calculated using the Expint routine
from “Recipes in Fortran”. Figure C.5 shows an example curve for this
integral. Again this method will be identical to the Gaussian broadening
for low temperatures. To prove this consider that e−βω will be zero for all
frequencies except ω = 0. Below ω = 0 n(ω) will be zero. Therefore e−βω (or
e−β(ω

′−ω)) can be replaced by a delta function δ(ω) (or δ(ω′−ω)). This leads
to ρ(ω) ∝ 1/∣ω∣ for ωmin < ∣ω∣ < 1 which in turn is identical to Equation (C.4).

This approach seems to have the same shortcomings as the usual ap-
proach (see Figure C.6). As a further downside we introduced a second
arbitrary proportionality factor in Equation (C.18) that may depend on the
temperature. To achieve the reliable high frequency behavior we chose it to
be

1

σ(ω)
= 2ρ(ω)
bρ(0.5D)

(C.23)

Fixing the result for a high frequency ω = 0.5D to be identical to Equa-
tion (C.4).

1An attempt to estimate this directly from the subspaces used for the operators failed
as the difference between different z values was too big and artifacts appeared even for
ω > T . The quantity used for this attempt was ∆(∫

ω

0 ρ(ω′)dω′ − ∫
∞

ω ρ(ω′)dω′)/∆ω
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Figure C.5: Example of 1
σ(ω) for the density sensitive approach. Here ωmin =

10−3 and T = 10−2 was chosen. The figure is zoomed in to the part that differs
from the usual approach.

C.2.3 Padé Approximation

Another approach tested to solve the low frequency issue was the Padé Ap-
proximation introduced by Osolin and Žitko [121] for the NRG. Opposed to
the calculating the imaginary part of the real axis directly, the Greens func-
tion is calculated at a set of Matsubara frequencies iωn = i(2n+1)πT . After
z-averaging the function values GA,B(iωn) will be used to fit the function

f(z) = p0 + p1z + ⋅ ⋅ ⋅ + pr−1z
r−1

q0 + q1z + ⋅ ⋅ ⋅ + qr−1zr−1 + zr
. (C.24)

It will be an approximate continuation of the Greens function. The highest
power of the two polynomials is chosen to account for the long range behavior
GA,B(z) ∝ 1

z for ∣z∣ → ∞. Spectral functions can be simply evaluated as
Im(f(ω)).

The advantage of this approach is that this method avoids any arbi-
trary broadening parameters. On the other hand one has to choose how
many Matsubara frequencies should be evaluated and which ones to take.
Figure C.7 shows the problem of using only frequencies close to z = 0 for
low temperatures. The curve are significantly improved if the frequencies
are taken in a range between [0 . . .1i] for low temperatures. In fact the
restriction to Matsubara frequencies is not needed. We found

iωn = iαβn (C.25)

where α and β are define by ω0 = πT and ωN = 10D give results comparable
to other methods.
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Figure C.6: Broadening results for the density sensitive approach. The re-
sulting curves show a similar behavior as the standard approach. The model
and parameters were chosen like in Figure C.2.
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Figure C.7: The image shows the comparison between the first 256 Mat-
subara frequencies iωn = iπ(2n − 1) and logarithmically spaced frequencies
iωn = iαβn (see Equation (C.25)). If the points are only chosen close to the
origin the spectral function can not be completely recovered. The curves are
calculated at T = 10−8D. The low frequency artifacts are very small. The
same model and parameters are used as in Figure C.2.



C.2. LOW FREQUENCY PROBLEMS 153

The Padé Approximation is very sensitive to errors. In Quantum Monte
Carlo simulations this is a problem so the maximum entropy method is
preferred. NRG calculations on the other hand return very accurate results
for GA,B(iωn) so the Padé Approximation gives good results without using
any symmetries. Nevertheless a lot of care has to be taken in evaluating the
coefficients pi, qi. The system of linear equations that has to be solved

Ax = b, (C.26)

where

A =
⎛
⎜
⎝

1 z0 ⋯ zr−1
0 −f0 −f0z0 ⋯ −f0z

r−1
0

1 z1 ⋯ zr−1
1 −f1 −f1z1 ⋯ −f1z

r−1
1

⋮ ⋮ ⋮ ⋮ ⋮ ⋮

⎞
⎟
⎠
, (C.27)

b = (f0z
r
0 f1z

r
1 ⋯ f2r−1z

r
2r−1) , (C.28)

z = (p0 p1 ⋯ pr−1 q0 q1 ⋯ qr−1) , (C.29)

behaves badly and must be solved using multiple precision arithmetic. To
solve these equations we used the Python mpmath package from Symbolic
Python for development and the BOOST libraries (which in turn used the
GMP library) with a Gaussian elimination algorithm with pivoting to solve
the equation using OpenMP.

The Padé Approximation works well for the local d level Greens func-
tions. Without exploiting symmetries the method is not well suited for
limω→0 χ(ω)/ω calculations as it is not guaranteed that the curves will be
antisymmetric. If the symmetry is enforced by setting the imaginary part
of f(iωn) to zero, a similar behavior occurs as with the other approaches.
To achieve linear behavior one can use unreliable few points for the approx-
imation which has a similar effect as a large broadening. But this behavior
hints to a problem within the NRG method. To find further proof, Osolin
and Žitko [121] looked at the cumulant function of the spin susceptibility

C(x) = ∫
x

0
Im(⟪Sz, Sz⟫(ω))dω . (C.30)

It did not fulfill the expected quadratic behavior at high temperatures de-
spite being a quantity that is independent of any broadening or fitting.

C.2.4 Possible Error Source

We will now take a closer look into the errors leading to this badly defined
behavior at low frequencies. The energies provided by the NRG are a good
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description of the real energies at their energy scale. To have an estimate
for the error we look at the perturbation added in each shell:

Hn+1 =Hn + tn(f †
σ,nfσ,n+1 + f †

σ,n+1fσ,n)
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

tnVn

. (C.31)

Standard perturbation theory states the the correction to the energies will
be

E1
m = tn⟨m0 ∣Vn∣m0⟩. (C.32)

The degenerate energies will split with a magnitude of the order of tn.
Due to the symmetry of the problem the discussion will assume that

ω > 0 therefore Em > En. First we will consider the case of frequencies
higher than the temperatures ω ≫ T . The spectral function generally reads

AA,B(ω) = δ(ω − (Em −En))(e−βEm ± e−βEn)Am,nBn,m (C.33)

= δ(ω − (Em −En))e−βEn(e−β(Em−En) ± 1)Am,nBn,m, (C.34)

as ω ≫ T the energies will be restricted by

β(Em −En) ≫ 1 (C.35)

βEm ≫ 1 + βEn. (C.36)

Only energy differences will contribute that have a low energy state βEn < 1
(Equation (C.34)) and an energy state βEm ≫ 1 (Equation (C.36)). In the
FDM scheme only discarded-discarded, kept-discarded and discarded-kept
state combination contribute. Therefore these differences will be a kept-
discarded or discarded-kept combination. Taking the difference Em −En is
therefore unproblematic because the error of order tn will usually be small
compared to the difference.

For frequencies equal to or lower than the temperature ω ≲ T , energies
that are close to each other (in terms of the relevant perturbation tn) can
contribute as the restriction of Equation (C.36) no longer holds. In these
cases the error on the energy difference may be larger than the energy scale
one is interested in.

To provide evidence for this theory one can look at the spectral functions
for different values of Λ. As tn ∝ Λ−n/2 the splitting in the energies should
be reduced by

√
Λ1/Λ2. This factor should also predict the difference in

frequency for the irregular behavior to occur. Figure C.8 compares the local
level spectral function for two different values of Λ. The expected difference
in the frequency at which the irregularity occurs is quite well observed.

Less than linear behaviour

Using this one can explain why Osolin and Žitko [121] can not find the
quadratic behavior in the cumulant. The Lehmann representation for sus-
ceptibilities is represented by a Bosonic Greens function. Its imaginary part
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Figure C.8: Spectral function at several temperatures. Comparing the naive
Gaussian Kernel with σ = 0.1 ∣En −Em∣ for two different Λ. The relative
distance between the two curves, when the method breaks down, is approxi-
mately

√
Λ1/Λ2 =

√
2.
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Figure C.9: The left side should display the energy levels given by the NRG.
The right side is a possible splitting if the state was not discarded. There
is an overlap that might contribute to the zero frequency part of a spectral
function that is lost due to the bad resolution.

is given by

AA,B(ω) = πδ(ω − (Em −En))(e−βEm − e−βEn)Am,nBn,m. (C.37)

In lower shells (with En ≪ T ) the Boltzmann factors are equal to one and
therefore cancel out. Higher shells with En ≫ T will describe the high fre-
quency range. Only shells containing discarded states of order En ≈ T will
shape the zero frequency behavior. Figure C.9 shows a possible explana-
tion for the less than linear behavior. The energies will split into energies
that partly lie closer to each other and therefore contributing to the zero
frequency part. But this overlap is missing in the energies provided by the
NRG. The obvious choice to broaden every energy depending proportional
to the perturbation σm,n ∝ tN is too sensitive to the proportionality factor
and does not yield any consistent results.

Energy shift

Lastly we look into the effect of the splitting on the Boltzmann factors. As
will be mentioned in Appendix D the splitting of the energies leads to an
effective energy drop in the Boltzmann factors. Applying this shift to the
Boltzmann factors did not change the behavior of the curves. This approach
on the other hand had another surprising outcome. It can be used to make
Green’s functions calculations on the whole spectrum of discarded states
without the need of the FDM, as shown in Appendix D.



Appendix D

Alternative to FDM

A different approach of how to use the full set of discarded states to calcu-
late a Green’s function will be shown here. We will see that it is possible
to replace the reduced full density matrix by simple diagonal matrix. It
will only contain Boltzmann factors that have a shift in the energy. The
idea is that an energy at shell n will split into more states in shell n + 1.
These energies are a good approximation at energies that are higher than
the corresponding hopping term tn. The corresponding Boltzmann factors
on the other hand may vary largely for low temperatures. A simple example
demonstrates this. When you consider a spinless 2 site model where the two
sites are connected via a hopping term, the energies will split into

4 ×E = 0→
⎧⎪⎪⎪⎨⎪⎪⎪⎩

E = t
2 ×E = 0

E = −t
(D.1)

The partition function Z therefore will either be Z = 4 or

Z = 2 + e−βt + eβt > 4. (D.2)

To negate this difference one could lower the energies of the unperturbed
system slightly by an energy Enshift so the partition functions become equal.
In the NRG scheme the kept states of a shell will split into all states in the
next shell. Therefore we shift the energies so that

e−βE
n
shiftZkept,n = Zn+1, (D.3)

where Zkept,N is the sum of the Boltzmann factors of the kept states of shell
N . This shift is then applied to all Boltzmann factors of shell n and the next
shell n − 1 can be reweighted. The energies shifts are themselves depending
on the temperature.

When using this method the degeneracy factor nN−ne and energy differ-
ence to the ground state EnGS = En0 −EN0 can be ignored in the calculation
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Figure D.1: The comparison between the established FDM curves and the
curves calculated without FDM but with an effective energy shift do not show
significant differences. The used NRG parameter were 1-channel, Λ = 8,
nz = 16, ∆ = 10−3D, U = 12∆, εd = −1

2U , eC = 15.

as they automatically are included in Enshift. In Chapter 2.6 we noted that
the approximation

e−βH ∣kn⟩ = e−βE
n
k ∣kn⟩

is not valid, therefore the full density matrix was introduced to relate dif-
ferent shells. The results suggest that these relations can be incorporated
by the introduced energy shift. Using the nomenclature of Chapter 2.6
the simplified method to calculate the Green’s function or spectral function
therefore is GA,B(ω) = GI

A,B(ω) +GII
A,B(ω), where

GI
A,B(ω) = ∑

n

e−βE
n
shift

Z ′ ∑
l,x

e−βE
n
l ± e−βE

n
x

ω +Enl −Enx
Anl,xB

n
x,l (D.4)

GII
A,B(ω) = ∑

n

e−βE
n
shift

Z ′ ∑
x,l

e−βE
n
x ± e−βE

n
l

ω +Enx −Enl
Anx,lB

n
l,x. (D.5)

Here x ∈ {l, k} and the partition function Z ′ = ∑n e−βE
n
shift∑l e−βE

n
l was

calculated with respect to the shifted energies.
A comparison between the FDM method and this simplified version can

be seen in Figure D.1. There are no significant differences between both
methods. Further the method avoids the matrix multiplication and can
therefore be evaluated faster.



Appendix E

Alternative Green’s function

The target of this section is to derive a formula for the spectral function
in the Lehmann-representation. We will use the fact that the discarded
states of each iteration step (plus the kept states of the last iteration) form
a complete basis set. The complete set has the form

I =
N

∑
n=nc

∑
{e}n→N

∑
ln

∣eN ⟩ . . . ∣en+1⟩∣ ln⟩⟨ln ∣⟨en+1 ∣ . . . ⟨eN ∣, (E.1)

where nc denotes the first shell where a cut-off is used and N the number
of iterations. ∣en⟩ are the environment that are not yet coupled to the
impurity. ∑{e}n→N is short for ∑en+1

⋅ ⋅ ⋅∑eN , the sum over all environment
states. Further the discarded states of iteration n will be called ln and the
kept states kn To simplify the derivation we assume that:

∣ ln⟩ = ∑
kn−1,en

Ukn−1,en→ln ∣kn−1⟩∣en⟩

∣kn⟩ = ∑
kn−1,en

Ukn−1,en→kn ∣kn−1⟩∣en⟩. (E.2)

The Lehmann representation of the spectral function has the form:

GA,B(ω) = ∑
m,n

⟨m ∣A∣n⟩⟨n ∣B∣m⟩ ⋅ (e−βEm + e−βEn) ⋅ δ(ω − (Em −En))

(E.3)

=
N

∑
n=nc
∑
ln

∑
{e}n→N

N

∑
m=nc

∑
l′m

∑
{e′}m→N

×

⟨eN ∣ . . . ⟨en+1 ∣⟨ln ∣A∣ l′m⟩∣e′m+1⟩ . . . ∣e′N ⟩×
⟨e′N ∣ . . . ⟨e′m+1 ∣⟨l′m ∣B∣ ln⟩∣en+1⟩ . . . ∣eN ⟩×

(e−βEln + e
−βEl′m ) ⋅ δ(ω − (Eln −El′m)). (E.4)

We will split this sum into 3 parts. One containing m = n, a second one
with m > n and a last one with m < n. In the first part all environments can
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be reduced to a factor dN−n

G1
A,B(ω) = dN−n

N

∑
n=nc

∑
ln,l′n

⟨ln ∣A∣ l′n⟩⟨l′n ∣B∣ ln⟩×

(e−βEln + e
−βEl′n ) ⋅ δ(ω − (Eln −El′n)). (E.5)

In the second part only the environment variables >m can be reduced to a
factor

G2
A,B(ω) = dN−m

N

∑
m=nc

∑
l′m

N

∑
n=m+1

∑
{e}n→m

∑
ln

×

⟨em ∣ . . . ⟨en+1 ∣⟨ln ∣A∣ l′m⟩⟨l′m ∣B∣ ln⟩∣en+1⟩ . . . ∣em⟩×

(e−βEln + e
−βEl′m ) ⋅ δ(ω − (Eln −El′m)). (E.6)

We transform the lower shell (m) into the next higher shell

= dN−m
N

∑
m=nc

∑
l′m

N

∑
n=m+1

∑
{e}n→m

∑
ln

∑
kAm−1,e

A
m

∑
kBm−1,e

B
m

×

⟨em ∣ . . . ⟨en+1 ∣⟨ln ∣AUkAm−1,e
A
m→l′m ∣kAm−1⟩∣eAm⟩×

⟨eBm ∣⟨kBm ∣UkBm−1,e
B
m→l′mB∣ ln⟩∣en+1⟩ . . . ∣em⟩×

(e−βEln + e
−βEl′m ) ⋅ δ(ω − (Eln −El′m)), (E.7)

= dN−m
N

∑
m=nc

∑
l′m

N

∑
n=m−1

∑
{e}n→m+1

∑
ln

∑
kAm−1

∑
kBm−1

∑
em

×

⟨em−1 ∣ . . . ⟨en+1 ∣⟨ln ∣AUkAm−1,em→l′m ∣kAm−1⟩×

⟨kBm ∣UkBm−1,em→l′mB∣ ln⟩∣en+1⟩ . . . ∣em−1⟩×

(e−βEln + e
−βEl′m ) ⋅ δ(ω − (Eln −El′m)). (E.8)

We continue to transform until we reach the n-th shell

= dN−m
N

∑
m=nc

∑
l′m

N

∑
n=m−1

∑
{e}n→m

∑
ln

∑
kAm−1

⋅ ⋅ ⋅∑
kAn

∑
kBm−1

⋅ ⋅ ⋅∑
kBn

×

⟨ln ∣AUkAm−1,em→l′m . . . UkAn ,en+1→kAn+1
∣kAn ⟩×

⟨kBn ∣UkBn ,en+1→kBn+1
. . . UkBm−1,em→l′mB∣ ln⟩×

(e−βEln + e
−βEl′m ) ⋅ δ(ω − (Eln −El′m)). (E.9)

To clarify what this means in term of matrix multiplications we will re-
name ⟨ln ∣A∣kAn ⟩ =∶ Aln,kAn , ⟨kAn ∣B∣ ln⟩ =∶ BkBm,ln , UkAn ,en+1→kAn+1

=∶ U en+1

kAn ,k
A
n+1

and
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(e−βEln + e
−βEl′m ) ⋅ δ(ω − (Eln −El′m)) =∶ Fln,l′m(ω) and reorder the transfor-

mations and sums

= dN−m
N

∑
m=nc

∑
l′m

N

∑
n=m−1

∑
ln

∑
kAm−1

⋅ ⋅ ⋅∑
kAn

∑
kBm−1

⋅ ⋅ ⋅∑
kBn

×

Aln,kAn ∑
en+1

(U en+1

kAn ,k
A
n+1

⋅ ⋅ ⋅∑
em

(U em
kAm−1,l

′
m
U em
kBm−1,l

′
m
) . . . U en+1

kBn ,k
B
n+1

)BkBm,lnFln,l′m(ω).

(E.10)

For a specific lower shell state l′m we defineM
1,l′m
kAm−1,k

B
m−1

∶= ∑em U
em
kAm−1,l

′
m
U em
kBm−1,l

′
m

.

This Matrix can be used to calculate the contributions to the Green’s func-
tion for a shell difference m−n = 1. For the higher differences we can define

new matrices M
m−n,l′m
kAn ,k

B
n

= ∑en+1∑kAn+1
U en+1

kAn ,k
A
n+1
∑kBn+1

M
m−n−1,l′m
kAn+1,k

B
n+1

U en+1

kBn ,k
B
n+1

re-

cursively. This can be written in Matrix form as

Mm−n,l′m = ∑
en+1

Un+1,en+1Mm−n−1,l′mUn+1,en+1
†

This leads to:

G2
A,B(ω) = dN−m

N

∑
m=nc

∑
l′m

N

∑
n=m−1

∑
ln

∑
kAn

∑
kBn

Aln,kAnM
m−n,l′m
kAn ,k

B
n
BkBm,lnFln,l′m(ω).

(E.11)

For G3
A,B(ω) we can use the same derivation except that the Operators A

and B will interchanged

G3
A,B(ω) = dN−m

N

∑
m=nc

∑
l′m

N

∑
n=m−1

∑
ln

∑
kBn

∑
kAn

Bln,kBnM
m−n,l′m
kBn ,k

A
n
AkAm,lnFln,l′m(ω).

(E.12)

This method was not implemented as it seemed time intensive and not
promising to improve any problems discussed in Appendix C.
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Appendix F

Linear response for
thermoelectric properties

In this section we will touch briefly on the derivation for the conductance
formula used in Chapter 7 as well as extending this method to all ther-
moelectric properties for future calculations. Following Mahan [43], for the
energy current IE and the particle current IC the linear equations are given
by

IC = −M (11) [ e
T
∇V +∇(µ

T
)] +M (12)∇( 1

T
) (F.1)

IE = −M (21) [ e
T
∇V +∇(µ

T
)] +M (22)∇( 1

T
) , (F.2)

where M (12) =M (21). The coefficients M (ij) can be calculated as

M (ij) = π ∑
n,m

e−βEn⟨n ∣Ii∣m⟩⟨m ∣Ij ∣n⟩δ(En −Em), (F.3)

where we defined I1 = IC and I2 = IE . From these coefficients the thermo-
electric properties, the conductance G, the Seebeck coefficient S and the
thermal conductance κ, can be calculated:

G = e
2

T
M (11) (F.4)

S = 1

eT
(M

(12)

M (11) − µ) (F.5)

κ = 1

T 2

⎛
⎝
M (22) − M

(12)2

M (11)
⎞
⎠
. (F.6)

The formula used in Chapter 7 is equivalent to Equation (F.4). In the
following sections we will calculate the needed current operators for the
Anderson model with conduction electron screening.
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F.1 Electrical current

The conductance is the response of the current to the voltage. The voltage
introduces an energy difference in between the bands −edV (λNL − (1 −
λ)NR). If the hybridization of the two leads is proportional to each other,
the particle current can be expressed as [108]:

IC = (λ′ 9NL − (1 − λ′) 9NR) , (F.7)

where

⟨ 9Nα⟩ =
i

h̵
⟨[H,Nα]⟩ (F.8)

= i

h̵
⟨[Hhyb +Hscreen,Nα]⟩. (F.9)

In case of the conductance only [Hhyb,Nα] remains.

[Hhyb,Nα] = ∑
σ,i

t0,α,i (d†
σ,if0,α,σ − f †

0,α,σdσ,i) , (F.10)

where f0,α,σ = ∑k ck,α,σ. The freedom in the factor λ can be used to simplify
the expression in the one-channel case.

F.2 Energy current

For the energy current we define, similar to the electrical current:

IE = 9E = i

h̵
[H,E], (F.11)

where

E = x′HBand,L − (1 − x′)HBand,R, (F.12)

where x and x′ can be any number between 1 and 0. This degree of freedom
can be exploited in absence of a screening term. For the case that a screening
term is added to the Hamiltonian it is no longer possible to reduce the model
to a one-channel model that can be further simplified. To calculate these
operators for the 2-channel case with screening we will define HBand,α in
terms of the tridiagonal Hamiltonian of the NRG calculation:

HBand,L = ∑
n,σ

tn,L(f †
n,σ,Lfn+1,σ,L + h.c) + εn,Lf †

n,σ,Lfn,σ,L. (F.13)
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The Hamiltonian is divided into it 4 parts H =Himp+Hhyb+Hscreen+Hband.
The results of each term of the commutator in Equation (F.11) are:

[Himp,HBand,L] = [HBand,HBand,L] = 0 (F.14)

[Hhyb,HBand,L] = ∑
σ

ξ0,Lt0,L[d†
σf0,σ,L + f †

0,σ,Ld, f
†
0,σ,Lf1,σ,L + f †

1,σ,Lf0,σ,L]

+ ξ0,Lε0,L[d†
σf0,σ,L + f †

0,σ,Ld, f
†
0,σ,Lf0,σ,L]

= ∑
σ

ξ0,Lt0,L(d†
σf0,σ,Lf

†
0,σ,Lf1,σ,L + f †

0,σ,Ldf
†
1,σ,Lf0,σ,L

− f †
0,σ,Lf1,σ,Ld

†
σf0,σ,L − f †

1,σ,Lf0,σ,Lf
†
0,σ,Ld)

+ ξ0,Lε0,L(d†
σf0,σ,Lf

†
0,σ,Lf0,σ,L − f †

0,σ,Lf0,σ,Lf
†
0,σ,Ld)

= ∑
σ

ξ0,Lt0,L(d†f1,σ,L − f †
1,σ,Ld)

+ ξ0,Lε0,L(d†
σf0,σ,L − f †

0,σ,Ld) (F.15)

[Hscreen,HBand,L] = ∑
σ

Udct0,L(nd − 1)[f †
0,σ,Lf0,σ,L, f

†
0,σ,Lf1,σ,L + f †

1,σ,Lf0,σ,L]

= ∑
σ

Udct0,L(nd − 1)(f †
0,σ,Lf0,σ,Lf

†
0,σ,Lf1,σ,L − f †

1,σ,Lf0,σ,Lf
†
0,σ,Lf0,σ,L)

= ∑
σ

Udct0,L(nd − 1)(f †
0,σ,Lf1,σ,L − f †

1,σ,Lf0,σ,L). (F.16)

All results are S = 0 operators, that can be computed within the NRG.
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Appendix G

Thermodynamic Bethe
Ansatz

G.1 TBA Equations

Using the thermodynamic Bethe ansatz Kawakami and Okiji [66] and Tsvelick,
Filyov and Wiegmann [123, 69, 55] solved the Anderson-Model analytically
and provided details to of the numerical solution (published in Merker and
Costi [54]). The thermodynamic Bethe Ansatz (TBA) produces a set of
coupled integral equations describing the charge and spin excitations of the
system:

ε(k)−T ⋅ (s˙ ln(f(κ1)) ○ (g(k)) =
ε0(k) − T ⋅ (s˙ ln(f(κ′1)) ○ (g(k)) (G.1a)

κn+T ⋅ s˙ (ln(f(κn−1)) + ln(f(κn−1))) =

δn,1 ⋅ T ⋅ ∫
∞

−∞
s(g(k) −Λ) ln(f(ε(k)))g′(k)dk (G.1b)

κ′n+T ⋅ s˙ (ln(f(κ′n−1)) + ln(f(κ′n−1))) =

δn,1 ⋅ T ⋅ ∫
∞

−∞
s(g(k) −Λ) ln(f(−ε(k)))g′(k)dk (G.1c)

where

g(k) =
(k − ed − 1

2U)2

2ΓU
, s(Λ) = 1

2 cosh(πΛ)
, f(k) = 1

1 + ek/T

R(x) = 1

π
∫

∞

0

cos(ωx)
1 + eω

dω

ε0(k) = k − ed −
1

2
U + ∫

∞

−∞
R(g(k) − g(p))pg′(p)dp.

Here, g′(x) marks the first derivative of g(k) with respect to k, ˙ is the
convolution and ○ the composition of two functions. κ0 and κ′0 equal −∞.
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For limn→∞ the functions approach the values:

lim
n→∞

κn = n ⋅H, lim
n→∞

κ′n = n ⋅ (2ed +U). (G.2)

The thermodynamic potential Ω can be calculated via:

Ω = T ∫
∞

−∞
ρ0 ln(f(−ε(k)))dk + T ∫

∞

−∞
σ0 ln(κ′1(Λ))dΛ +E0. (G.3)

The functions ρ0 and σ0 are given by:

∆(k) = Γ

π(Γ + (k − ed)2)

σ0(Λ) = ∫
∞

−∞
s(Λ − g(k))∆(k)dk

ρ0(k) = ∆(k) + g′(k)∫
∞

−∞
R(g(k) − g(p))∆(p)dp,

where E0 is the ground state energy of the symmetric Anderson model see
Kawakami and Okiji [66]. Note that the ground state energy is not needed
for specific heat calculations. In this set of equations two mistakes where
corrected from the paper of A.M. Tsvelick and P.B. Wiegmann [55]: First,
a sign in equation G.1c was changed, and second, the boundary value for κ′n
(see equation G.2) was doubled.

G.2 Reformulations of the Equations

For the calculations we use a transform similar to T.A. Costi and G. Zaránd [124].
After substituting ξn = ln(1 + eκn) we get the following coupled equations:

ξn(Λ) = ln(1 + exp(s˙ (ξn−1(Λ) + ξn+1(Λ)))), n > 1 (G.4a)

ξ1(Λ) = ln(1 + exp(s˙ (ξ2(Λ) + I1(Λ)))) (G.4b)

ξ′n(Λ) = ln(1 + exp(s˙ (ξ′n−1(Λ) + ξ′n+1(Λ)))), n > 1 (G.4c)

ξ′1(Λ) = ln(1 + exp(s˙ (ξ′2(Λ) + I ′1(Λ)))) (G.4d)

I1(Λ) = ∫
∞

−∞
s(g(k) −Λ) ln(f(−ε(k)))g′(k)dk (G.4e)

I ′1(Λ) = ∫
∞

−∞
s(g(k) −Λ) ln(f(ε(k)))g′(k)dk (G.4f)

I(k) = (s˙ (ξ1(Λ) − ξ′1(Λ))) ○ (g(k)) (G.4g)

e(k) = e0(k) + T ⋅ I(k). (G.4h)

The dependence of these equations is depicted in figure G.1.
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Figure G.1: Diagram depicting the dependence between the equations.
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Figure G.2: The figure shows a set of ξn for the symmetric case (ed+ 1
2U = 0)

zoomed to range of Λ = −20 . . .20. The functions become smoother with
higher n due to the convolution with s(x).
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G.3 Boundary Conditions

For calculation purposes the equations ξn and ξ′n′ have to be truncated at
some finite value n = N and n′ = N ′. One has to calculate the functions at
the truncation with care, to avoid wrong results. We use the same method
as M. Takahashi and M. Shiroishi [125]. It is assumed that the function
s(x) can be approximated by 1

2δ(x) for large n or n′. This is justified as the
functions become smoother in this region (see figure G.2). Rewritten for the
Anderson Model and for ξN and ξ′N the corresponding truncation functions
are calculated by:

ξN = ln (( cosh(H
2
) ⋅

√
2 + eξN−1 +

√
1 + sinh2(H

2
) ⋅ [2 + eξN−1])2) (G.5a)

ξ′N ′ = ln (( cosh(2ed +U
2

) ⋅
√

2 + eξ
′
N ′−1+

√
1 + sinh2(2ed +U

2
) ⋅ [2 + eξ

′
N ′−1])2). (G.5b)

As a further check and to ensure the correct behaviour the TBA equa-
tions were calculated in the limits of Λ, k → ±∞. As the functions are smooth
in this limit one can assume s(x) → 1

2δ(x) and lim
k→∞

ε0(k) = 2(k − ed − 1
2U),

lim
k→−∞

ε0(k) = 0. This leads to an new set of coupled equations:

lim
Λ→−∞

ξ1 = ln(1 + exp(1

2
ξ2))) (G.6a)

ξn = ln(1 + exp(1

2
(ξn−1 + ξn+1))) (G.6b)

ξ′1 = ln(1 + exp(1

2
ξ′2)) (G.6c)

ξ′n = ln(1 + exp(1

2
(ξ′n−1 + ξ′n+1))) (G.6d)

lim
Λ→∞

ξ1 = ln(1 + exp(1

2
(ξ2 − ln(1 + exp(1

2
ξ1))))) (G.6e)

ξn = ln(1 + exp(1

2
(ξn−1 + ξn+1))) (G.6f)

ξ′1 = 0 (G.6g)

ξ′n = ln(1 + exp(1

2
(ξ′n−1 + ξ′n+1))). (G.6h)

(G.6i)

The cut-off bounds ξN and ξ′N ′ are calculated like in equation G.5. These
boundaries where calculated using a modification of the Powell hybrid method [126].
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G.4 Numerical Details

For the calculations a logarithmic grid was used that is centered around
ed+ 1

2U . The start values of ξn and ξ′n′ were chosen to fit a tanh-function with
boundary values fitting the boundaries of the ξn and ξ′n. The integrations
were made by a continuous integrations over a spline interpolation of the
grid. As the ξn and ξ′n′ only depend on their neighbors and not themselves,
the function jump in a zigzag pattern. To smooth this behaviour 10% of
the old iteration values are kept in each step. To represent mainly smooth
functions as splines, ξ1 and ξ′1 are not stored, but s˙ξ2 and s˙ξ′2 respectively.
The values of ξ1 and ξ′1 are then calculated from the stored values and from
I1 and I ′1. N = N ′ = 20 functions were used and iterated 200 times for the
figures in this chapter. The growth-rate of the grid was 1.05 and consisted
of 801 points. The mid 400 values lie in a range of [−40,40]. After a
certain temperature dependent cut-off (±40±40 ⋅T /T0) the boundary values
were used instead of being calculated to ensure numerical stability. The
thermodynamic potential was calculated in a range of T0 ⋅ 10−3 to T0 ⋅ 106

on a logarithmic distance (factor 21/8 as step width) where T0 is defined
as T0 =

√
UΓ/2 ⋅ exp(−πU8Γ + πΓ

2U ) which is similar to the Kondo temperature
for the symmetric case. It is defined by the magnetic susceptibility at zero

temperature χimp(T = 0) = (gµ)2

4kBT0
(see Hewson [62] p. 165).

G.5 Results

From the thermodynamic potential we can calculate the entropy, the spe-
cific heat, the magnetization or the magnetic susceptibility. Non equilibrium
terms as the thermopower are not accessible via the thermodynamic poten-
tial.

G.5.1 Specific Heat

The specific heat C(T ) and the Entropy S(T ) can be calculated from the
thermodynamic potential by:

S(T ) = −BΩ(T )
BT

(G.7)

C(T ) = T ⋅ BS(T )
BT

. (G.8)

The derivatives in equation G.7 and equation G.8 are calculated using dis-
crete differences. Figure G.3 shows an example for the specific heat curve.
The dashed blue curve shows the specific heat for the s-d model. In the
local moment limit (U → ∞) these curves coincide. Figure G.4 shows the
variation of the gate voltage. In the mixed valence regime the Kondo effect
breaks down. In figure G.5 the magnetic field is changed for the symmetric
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Figure G.3: The figure shows the specific heat for the symmetric case (ed +
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2U = 0). The dashed blue line corresponds the Kondo peak of the s-d model.
For low temperatures these lines agree with each other.
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Figure G.5: The plot shows the specific heat varying the magnetic field. After
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Anderson model. For the symmetric model this model can be mapped to
an equivalent asymmetric model with negative U .
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