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Abstract

In this work we study the evaluation of optical aerosol measurements. Our aim is
to reconstruct the size distributions of aerosol particles from optical light extinction
measurements in order to obtain a safe measurement technology for potentially
harmful aerosols inside a nuclear reactor containment.

The first half of this work is devoted to linear inverse problems. In particular
we study the linear integral equation relating aerosol particle size distributions to
optical extinction measurements via Mie theory. We derive reconstruction algo-
rithms which work independently from a human operator and thus do not require
any monitoring or further adjustments. Based on statistical observations, we derive
residual-based methods for finding the appropriate number of discretization points
and the regularization parameter for Tikhonov regularization. Since particle size
distributions are nonnegative, we apply nonnegativity constraints throughout the
whole reconstruction process and all results are derived for constrained regression
problems. A special emphasis lies on computational efficiency, since we demand
that a single inversion must be completed in less than thirty seconds on a regular
notebook.

We compare our method based on the discrepancy principle with a Monte Carlo
inversion method, where we also apply nonnegativity constraints. Here the regular-
ization parameter is considered as a model variable and retrieved together with the
sought-after size distributions.

Then the discrepany principle strategy is generalized to the case of two-component
aerosols, where the aerosol particle material is a mixture of two pure component ma-
terials. In addition to the particle size distribution, we retrieve the unknown mixing
ratio of the two components.

In the second half of this work we study the nonlinear inverse problem of re-
constructing the refractive indices of an aerosol material from measurements of
monodisperse aerosols. First we investigate this problem for a fixed light wave-
length. We take into account all local minima found here and regard them all as
candidate solutions. Then we apply a selection method based on smoothness es-
timates for refractive index curve sections covering consecutive light wavelengths.
The resulting coupled refractive index reconstructions are regularized further using
Phillips-Twomey regularization.
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Survey

In Chapter 1 we give a brief introduction into Mie theory on which this work is
based on.

Chapter 2 introduces the FASP measurement device. Then we proceed with
the mathematical modeling of FASP measurements. We give monotonicity results
for the residual of Tikhonov-regularized solutions depending on the regularization
parameter. These results are the basis for the discrepancy principle. We also give
convergence results for Tikhonov regularization under linear constraints, where the
regularized solutions are shown to converge to the true sought-after solution as the
noise level approaches zero. Finally we present the Bayesian model selection mech-
anism for the candidate solutions obtained from the discrepancy principle using a
whole set of Morozov safety factors.

In Chapter 3 we compare our retrieval method with established inversion meth-
ods in a numerical study with artificial measurement data. Here we solve the forward
problem, i.e. our integral equation from Mie theory, with high precision and add
zero-mean Gaussian noise to it. We used HO as aerosol particle material and air
as surrounding medium. The original particle size distributions are from the log-
normal, Rosin-Rammler-Sperling-Bennett (RRSB) and Hedrih distribution families.

Chapter 4 is devoted to Monte Carlo inversion methods. We regard the regular-
ization parameter as additional model parameter here using so-called hyperpriors.
We develop a Bayesian model selection algorithm for this new problem. For the
selected model we perform a Monte Carlo inversion based on a Gibbs sampler. At
the end of this chapter we give the results of the Monte Carlo method for the same
numerical study from Chapter 3.

In Chapter 5 the results from Chapter 2 are generalized to the case of two-
component aerosols. Here we have to identify the correct model depending on the
mixing ratio of the two components. We show that we obtain a convergent method,
if we select the model with the smallest residual of the unregularized solution, i.e.
the best-fitting model.

Chapter 6 contains numerical results for the two-component retrieval algorithm,
where various mixing ratios of HoO and Csl are used. We applied the same original
particle size distributions from Chapter 3 to compute our artificial measurement
data.
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Chapter 7 contains the mathematical treatment of the refractive index recon-
struction from FASP measurements of monodisperse aerosols. We begin with con-
vergence and stability results for nonlinear inverse problems, where the model is
given as truncated series expansion approximating an infinite series. We first inves-
tigate the reconstruction problem for a fixed wavelength. Based on the local minima
of the fit function for a single wavelength, we filter out coupled solutions for neigh-
boring wavelengths by minimizing the sum of its squared second finite differences.
These coupled solutions are used as start vectors to solve the nonlinear coupled re-
gression problem, where we apply Phillips-Twomey regularization.

In Chapter 8 we present the result of numerical studies for the reconstruction
algorithm developed in Chapter 7, where we used the refractive indices of Ag, Csl
and HoO as sought-after original refractive indices of aerosol particle materials.
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- during his employment at the Chair for Mathematics (CCES) at RWTH Aachen
University, between October 2012 and October 2015 and the following one and a
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Chapter 1

Mie Theory

1.1 Scattering of Light by a Spherical Particle

Gustav Mie (1868 - 1957) found in his famous article [3] from 1908 the exact solution
for Maxwell’s equation

for a spherical particle illuminated by light, where ¢ is the vacuum permittivity, po
the vacuum permeability and

e = e(r(t)) exp(—iwt)
h = h(r(t)) exp(—iwt)

are the field components of the harmonic electromagnetic waves under consideration,
cf. [4, p. 58]. Here r(t) parameterizes the current location. Furthermore we have
b= ,u(]h.

Now with above ansatz, we model the fields €;,¢, hine of the incident wave, the
fields e;pt, hine of the waves inside the particle interior and the fields egcq, hseq Of
the scattered waves. We then expand the three fields in vector spherical harmonics
which are obtained from scalar spherical harmonics. The coefficients of the vector
spherical harmonics expansions for the interior and scattered fields are referred to
as Mie coefficients. They are obtained from Maxwell’s boundary conditions on the
surface of the sphere

(einc + esczz) X Ny = €int X Ny

(hinc + hsca) X Ny = Rt X Ny

where n, is the surface normal vector of a sphere with radius r.

We recapitulate Mie theory in an absorbing medium as presented in [5]. Our
first step is to introduce the complex-valued Riccati-Bessel-functions &, : C — C
and 1, : C — C given by

€n(2) = \@\/EJM%(Z) (1.1.1)
1



Mie Theory

and

Unl2) = \/5VED 3 (2) + iy [5VEY, 4 (2) (112

with the Bessel functions Jn+% :C — C and Yn+% : C — C of order n + % of first
and second kind. We define the size parameter p = 2r7. Then we set zpeq =
P Mumed a0d Zpart 1= p - Mpar¢. Here and in the following we omit the wavelength
dependence of Myyeq and mpqre for better readability. We introduce the notation
Mined = Nmed T ikmed and Mpart = Npart + Z.]{7}70,71-

We introduce the so-called Mie coefficients:

mpa’rtéjn (zmed>£n <2pa7‘t> - mmedén (zmed>£‘n (zpart)

= mpartqzz)n (Zmed)gn (Zpart) - mmedwn (Zmed)é:n (Zpart)
b — mpartfn (zmed)g:n (Zpart) - mmedg%z (Zmed)gn (Zpart)
mpart wn (zmed>£n <2pa7‘t> - mmedwn (Zmed)gn (Zpart)

( 1.1 .3)
- mpartq/]n (Zmed)é:n (Zmed) - mpartw:n (Zmed)gn (Zmed)
" mpart¢n (zmed)gn (Zpart) — Mmed¥n (zmed)gn (me"t)
d = mpartw:n (Zmed)fn (Zmed) - mparﬂbn (Zmed)gn (zmed)

mpart¢n (Zmed)gn (Zpart) - mmedwn (Zmed)gn (Zpart)

With the Mie coefficients we can express the coefficient functions

l _— . -
An(pa Mmed, mpart) = Wt (’cn‘an(zpart)én(zpart) - ‘dn|2 gn(zpart)gn(zpart))
par
and
B L l 2 - 2 —
n(/% mmedympart) = Wd ’an’ 77bn(Zmed)wn(Zmed) - |bn’ wn(zmed)wn(zmed) y

which finally occur in the series expansion of the Mie extinction efficiency

o)

Z(2n+1)1m (An(p, Mmed, mpart)+Bn (P, Maned, mpart)) .

n=1

exr ,l, med> art) = 5 17 I\
Qe (1, L Mimeds Mpart) = 57075

(1.1.4)

Here the quantity I(r,1) is the average incident intensity of light with wavelength

[ for a spherical particle with radius r and ¢ denotes the speed of light in vacuum.
The function I(r,1) is given by

I(r,1 B tmed () (g T 4wkm6d§ for k 0
(Tv ) = 87T<kmed)2 2 + ( U medi - )6 s Or Rmed 7&
I(r,1) = mr? n;nced, for keq = 0.
(1.1.5)

Obviously we cannot evaluate (1.1.4) exactly, because we cannot compute an
infinite sum due to limited processing resources. Therefore we have to truncate this

2
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series expansion. In [6] a commonly used truncation index N,y is presented, which
is given by
1
Nirune = “M +4.05- M3 + 2|-|,

. (1.1.6)
with M = maXH:O| ) |p ’ mmed‘a |:0 : mpartH-



Chapter 2

Retrieval of Aerosol Particle
Size Distributions

2.1 The FASP Measurement Device

The FASP is an optical measurement device for aerosol particle size distributions
in rigid environments where the temperature may surpass 200°C and the pressure
8 bar over atmospheric pressure, cf. [7, 8]. The aerosol particles themselves may be
acidic as well. The FASP is split into a detector head and into a unit containing an
evaluation computer and a light source with different adjustable light wavelengths.
The sensitive evaluation and light source unit is connected with the robust detector
head via two optical fibers.

The detector head is the only part of the FASP which extends into the contain-
ment with the aerosol to be measured and it consists of a pneumatically propelled
tube. By moving the tube one can adjust a short or a long measurement path,
where the two path lengths are 400 and 800 mm respectively. The sought-after
aerosol particle size distributions are reconstructed from the light intensity loss on
the gap distance between long and short path, so the FASP works in a similar way
to a White cell. The detector head is equipped with two light detectors. The first
one can receive light with wavelengths in the infrared domain from 0.8 - 3.4 um,
and the other one in the visible domain from 0.5 - 0.8 pum.

Figure 2.1: The detector head with the movable tube (source: [9])

The ends of the optical fibers have to be floated with protective gas to shield them
from harmful aerosol particles. These particle-free sections have to be subtracted

4



Retrieval of Aerosol Particle Size Distributions

from the actual geometric path lengths. This is not problematic since this does not
change the gap distance.

Let | denote a current light wavelength used in a measurement, Gjong the ge-
ometric or unfloated long path and G+ the geometric short path. The section
floated with protective gas is labeled with . Then the true path lengths are given
by Llong = Glong —x and Lgport := Gshort — .

Let Mjong(l) and Mgpore(l) be the measured intensities for long and short path,
both perturbed by detector offsets Ojong(l) and Ogpore(l) caused by ambient radia-
tion.

Then the intensities cleaned from the detector offsets are given by Ijpng(l) =
Mlong(l) - Olong(l) and Ishort(l) = Mshort(l) - Oshort(l)-

According to the law of Beer-Lambert we have the relation

Ilong(l) = short(l) exp (_ (Llong - Lshort) /Ooo k(T, l)n(’l")d’l"> 5 (2.1.1)

where n(r) is the sought-after unknown particle size distribution. The kernel func-
tion k(r,1) := 7?Qext(Mmea(l), Mpart (1), 7, 1) depends on both complex refractive
indices Mmypeq(l) and mper (1) of the surrounding medium and the scattering aerosol
particles which depend on the wavelength [ of the incident light. The Mie extinction
efficiency Qeat(Mmed(l), mpart(1), 7, 1) of a spherical particle with radius  illuminated
by light with wavelength [ is derived from the general solution to the corresponding
boundary value problem for Maxwell’s equations and was first introduced in the
pioneering article [3]. We adopt the numerical approximation of the Mie extinction
efficiency in an absorbing medium from [5]. From all of this follows

_log(Ilong(l)) - log(Ishort(l))
Llong - Lshort '

/000 k(r,O)n(r)dr =e(l) with e(l) = (2.1.2)

2.2 Modeling of FASP Measurement Data Inversions

Let the measurement data e(l) be an error-contaminated right-hand side for (2.1.2)
and (Kn)(l) := [ k(r,[)n(r)dr the compact linear operator with unbounded in-
verse which maps possible size distributions n(r) to the left-hand side of (2.1.2). We
wish to reconstruct n(r) from e(l) by inverting the equation

Kn=ce. (2.2.1)

Here and in the following we omit the dependence on r and [ for better readabil-
ity. We assume that e is given as a vector of finitely many independent Gaussian
random variables e; with standard deviations o; and means p;, i.e. ; ~ N (u;, 01-2).
In the framework of Bayesian inference these are our observed random wvariables.
Now let n € RN be a discrete approximation to n and Ky € RM*N the kernel
matriz which correspondingly approximates the integral operator K. The details of
these discretizations will be given in Section 3.1. We set up the covariance matrix
¥, = diag(o?, ..., 012\,1). Then the observed model uncertainty under the assumption
(K nm); = p; obeys the probability distribution

1
Dobserved (€M) o exp(—%HZa_E(KNn — e)H%) (2.2.2)

5
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After selecting a subjective prior distribution pprior(n) which incorporates known a
priori information about n independent from the observed variable e we use Bayes’
rule to obtain the posterior distribution pposterior(1|€) with

pposterior (’I’l|€) X pobserved(e’n) X pprior (n) (223)

A more elaborate presentation of this Bayesian framework will be given in Section
2.6.2. By applying a Tikhonov prior distribution

Pprior(n) o exp(—57[|n[3)Is(n),

where v > 0 is a regularization parameter and Ig(n) is the indicator function of the
convex set
S:={ncRYCn<b} with CecR"”V beRF

we obtain the posterior distribution

_1
Pposterior (1) o exp(—3[ B2 (Kyn — e)|3 — 37[nll3)Is(n). (2.2.4)

The quantity of interest m is estimated by computing the maximizer of the
posterior distribution which is called the maximum a posteriori estimator (MAP).
It is obtained by solving the quadratic programming problem

N}, 4 p = argmin %HE,,_%(KNn —e)|3+37nl3 st. Cn<b. (2.2.5)
n RN
Note that ||2,,_%(KNn—e)H§ ~ x2(IN;), which gives IE(HZO._%(KNn—e)H%) =N;.

For a good introduction to Bayesian modeling, see [10].

A classical residual-based inference method is the so-called discrepancy principle.
After selecting a Morozov safety factor T the regularization parameter v is deter-
mined by demanding ”Eo-_%(KNTL —e)||3 = 7N;. A common choice for the safety
factor is 7 = 1.1. We will give a more thorough introduction to the discrepancy
principle and some results on it in Section 2.3.

Monte Carlo methods offer another way to evaluate the posterior distribution, cf.
[11]. The advantage of Monte Carlo methods is that they take more of the statistical
behavior of the observed measurement noise into account because all possible solu-
tions with nonnegliglible posterior probabibility are sampled and contribute to the
inference result. However these methods require a lot of computational resources,
which we cannot afford because our application requires that one FASP measurement
data inversion must be completed in under thirty seconds using a regular notebook.

In our hybrid approach we combine the advantages of both methods. We re-
view Tikhonov regularization under linear constraints and derive conditions for
the existence of a bijection between the regularization parameter and the resid-
ual. If these conditions are fulfilled, we can propose a set of regularization param-
eters obtained with the discrepancy principle using a set of Morozov safety fac-
tors corresponding to high-probability values of the weighted norm of the residual,
||207%(KNn —e)||3 ~ x?(IV;). After this a Bayesian model-comparison procedure
is applied to these reconstructions, and we rank them according to their posterior
probabilities.

We show with numerical simulations that our method satisfies the demands on
runtime and accuracy and that it is superior to existing inversion methods based on
classical model-selection approaches. In the last section we extend our method to
investigate two-component aerosols.
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2.3 Tikhonov Regularization under Linear Constraints

Computing the maximum a posteriori estimator leads to a quadratic programming
problem of the form

n, = argmin 3|Kn —r|3+ 3y|nl3 st. Cn<b, (2.3.1)
n RN

with K := EG_%KN and r = Ea_%e. The function to be minimized is known as
the Tikhonov functional.

It is proved in [12] that the residual of the Tikhonov-regularized solution under
linear constraints decreases monotonically with the regularization parameter . To
the best of our knowledge conditions for strict monotonicity have not been found yet,
so we derive some in the following. The advantage of having a strictly monotonic
relation between regularization parameter and residual is that it gives a bijection.
Thus we can then identify any regularization parameter + from the range [0, co) with
a unique residual value ||Kn, — r|3 from the range [|Kno — 7|3, | Kne — 7[3).
Here

Neo := argmin 3[nl} st. Cn<b (2.3.2)

n RN

is the minimum norm element. As shown in [13] there holds lim o 1y = No.
When our monotonicity conditions are satisfied, we obtain a set of distinct regu-
larization parameters by proposing a set of distinct residual values from the range
[[|Kno — 7|3, | Kno — r]|3). The disadvantageous case of multiple prior distribu-
tions corresponding to the same residual value can therefore not occur. Note that
in practice the cases v = 0 and v = oo are inadmissible, since then the Tikhonov
prior distribution is improper or degenerates to a point mass, so we always restrict
ourselves to a finite range (0, Ymaz] With Ypmee < 00.

2.3.1 Necessary Conditions for Strict Monotonicity

The following theorem shows that m, # mg for all o > g is the only necessary
condition needed for strict monotonicity.

Lemma 2.3.1. Let a > 3 > 0 be arbitrary and n, and ng the solutions of (2.3.1)
for v = a and v = (8 respectively. If there holds n, # ng for all o > (3, then the
residual || Kn., — |2 is strictly increasing for growing .

Proof. From the first-order necessary Karush-Kuhn-Tucker conditions for the prob-
lem (2.3.1) we have that for each 7 there exists a vector q., € R with

K'Kn, - K'r +yn, + CTqV =0 (2.3.3)
Cn,<b (2.3.4)

diag (g,) (Cn, —b) =0 (2.3.5)

q, > 0. (2.3.6)

We define the difference vector

T:i=Mng—Ng

7
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and subtract (2.3.3) for v = a with the same equation for v = 3 to get
KKz + pfng —ang + c’ (qﬁ —-q,)=0. (2.3.7)
Taking the scalar product of (2.3.7) with n, and then with ng gives
(no, K"Kz + fng — an, + CT (@5 —q,)) =0
and (ng, K'Kz + fing — ang + CT (g5 —q,)) =0.

Our next step is to add (a — ) (nq,ny) on both sides of the first relation and
analogously
(a — B) (ng,ng) on both sides of the latter relation, which results in

<na, (KTK + BI) z+CT (qﬁ — qa)> = (a—B) (na,na)
and <n5,(KTK—|—aI)m+C’T (a5 — 4.)) = (a = B) (ng,ng).
Taking the difference of these two equations gives
(a—=B)((ng,mp) — (o, ma))
= <w, (KTK + aI) n/g> — <ac, (KTK + 51) na> + <:B,CT (qﬂ — qa)> .

On the one hand this implies

(a — ﬂ)( (ng,ng) — (Na,Ma) )
= (z. (K"K + BI) ng) + (o = B) (x,m) — (2, (K"K + BI) na) + (2. C" (a5 — qa))
while on the other hand

(a—=B)({ng,mp) — (Na,ma))

= (@, (K"K + al)ng) — (2, (K"K + al) na) — (8 — o) (z,na) +(2,C" (¢35 — qa))
= (z, (K"K + o) z) + (a — ) (z,na) + {z,CT (a5 —4.))

holds. Adding these gives

2(a - ﬂ)( <n5’nﬂ> - <navna> )
= <:L', (2KTK + (a+ B)I) az> + (o — 6)( (ng,ng) — <na,na>) + 2 <1:,CT (qﬁ — qa)> ,
and finally we arrive at

(a=B)((ng,ng) — (na,na))
= <nﬁ — Nq, (2KTK + (a + ﬁ)I) (nﬁ - na)> +2 <C (nﬁ - na) ydg — qa> .
(2.3.8)
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Now we consider the term <C (ng—mna),qz5 — qa>. The following four cases can
occur:

i-th constraint
for the Tikhonov Cns). '
functional for (Cnp);| (Cna); B Ecni;z (qﬁ)z’ (90); _ ((‘(1153:
Y=8 ] 7=«
active | active || =(b), | = (b), =0 >0 >0 void
inactive| active || < (b), | = (b), <0 = >0 <0
active | inactive || = (b), | < (b), >0 >0 =0 >0
inactive | inactive || < (b), | < (b), void =0 =0 =

From this we see that all components of the vector

diag(C (ng — na)) (Qﬁ - qa)

are nonnegative, and so <C (ng —ma),q5 — qa> > 0. Under the assumption n, #

ng we have x # 0, and since the matrix 2KTK + (a + B)I is positive definite we
finally conclude with (2.3.8) that

(a - 5)( <n57nﬁ> - <navno¢>) >0,

which is equivalent to ||ng||3 > [|nall3.
We proceed then with

|Kng—r|3—|Kng—r|3 = (z, KT Kz)+2 (-2, K" Kng — K'r + fng)+28 (x,ng)
(2.3.9)

by using n, = ng — x. The variational inequality for the Tikhonov functional for

v = [ yields <—:c, KTKng —KT'r + ﬁn,g> > 0. Moreover we have

(x,m5) = (np—mna,m5) > [nsl3 — lInal2llnslz > 0.
In summary we have shown |[Kn, — 7|3 > | Kng — r|3. O

Remark 2.3.2. From (2.3.9) follows that all n, with ||[Kn, — 7|2 = 7 for an
arbitrary but fixed 7 must coincide. This means in other words that if the residual of
the regularized solutions “gets stuck” at some value 7, the solutions n., are constant
for these values of v. In the next section we derive conditions which prevent this
case.

2.3.2 Sufficient Conditions for Strict Monotonicity

In this section we derive sufficient conditions for n, # ng for a > (3, hence by
Lemma 2.3.1 for strict monotonicity. In particular we focus on constraints of the form
Cn > 0 with C € R*¥ and k < N, i.e. on generalized nonnegativity constraints.
For this specific type of constraints we have that for the minimum norm solution
Noo defined in (2.3.2) that ne, = 0 holds, which gives according to [13] the relation
| Kng — 7|2 < ||r]?2 for all a > 0.
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Theorem 2.3.3. Let n, be given by

no = argmin 3| Kn — 7|3+ 3a|nl} st —Cn<o, (2.3.10)
neRN

with C € R¥N having full row rank k < N. If || Kng — 7|2 < ||7|l2, or equivalently
ng # 0 for all a € [0,00) according to Lemma 2.3.1 and Remark 2.5.2, then we have
No # ng for all a > .

Proof. Let a« > . Let C%,, denote the submatrix of C' with active constraints in
(2.3.10) for the regularization parameter a.

We first consider the case C§., # C’fct. We obtain C'(n,—ng) # 0,i.e. no—ng ¢
ker(C'). This gives directly n, —ng # 0.

Now we turn to the case Cy, = Cfct.
minimizer in (2.3.10) are given by

The first-order necessary conditions for a

K'Kn—-K'r+an—-CTq, =0, (2.3.11)

where g, > 0. Let us assume n, = ng. Then taking the difference of (2.3.11) for
the parameters a and [ yields

(o~ B)na — CT(q, —q5) = 0. (2312)

Let us first consider the subcase that none of the constraints is active. Then we
have q, = q3 = 0, which implies (o — 8)n, = 0. This contradicts n, # 0, so we
must have n, # ng. Now we turn to the subcase that at least one constraint is
active. Let g%, and qgct be the subvectors of g, and gz corresponding to active
constraints. Then we can rewrite the last equation as

(@~ B)na — CL (g% — dby) =0,

where we remember that C%,, is obtained from C' by canceling its i-th row when
the constraint —(Cn); < 0 is inactive and thus (q,); = (gg); = 0 holds. Our next
step is to multiply this equation from the left with C¢.,. By construction of C¥,

we have C,n, = 0 and therefore
T
— CoeChct (Qaer — qgct) =0.

Since C%,,C%.,T has full rank, this implies ¢%., = qgct and hence q, = qg. Inserting
this finding back into (2.3.12) gives n, = 0, which contradicts our assumption
ng # 0 for all @ € [0,00). Therefore we must also have n, # ng in this subcase. [

2.4 The Discrepancy Principle

With the next Theorem we summarize our previous results.

Theorem 2.4.1. Let the conditions of Theorem 2.8.8 be fulfilled and let no, be
the minimum norm solution defined in (2.3.2). Define o := ||[Kng — r||2 and
Too = ||[KNoo — T|l2. Then there exist for any T from [ro,7o0) a unique 7y from
[0,00) such that || Kny — 7|2 = 7. The residual grows strictly monotonically with .

10
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O

Remark 2.4.2. The discrepancy principle carries directly over to generalized Tikhonov
regularization, where the prior distribution is given by

pprior(n) 8 exp(—%’ynTRn)IS(n),

where R is a positive definite regularization matrix and Is(n) is the indicator func-
tion of S = {n € RY| —Cn < 0}. Here we have to solve the quadratic programming
problem

min 1[|Kn—r|3+iyn"Rn st. —Cn<O0.

neRN

Let R = UTU the Cholesky decomposition. Then the substitution n = U~ lw
transforms the above quadratic programming problem into the standard form (2.3.1).

2.5 Convergence Analysis

At this point we review some classical convergence criteria for parameter-choice
strategies for Tikhonov regularization under linear constraints. With convergence
we mean that the regularized reconstructions approach the true solution of the noise-
free linear inverse problem as the noise level goes to 0. We decompose the noisy data
vector r into

r= z)crié(et?"ue + 6)
with & = (01,...,0n,)7, & ~N(0,07).

We carry out our convergence analysis under following assumption.

Assumption 2.5.1. The covariance matriz X, has the simple form
>, =62 - diag(o?, ...,0]2\,[) =623,

where 0 > 0 is an arbitrary but fized noise level and o1, ..., on, are fized.

Now instead of maximizing the posterior probability (2.2.4) directly, we use the
fact that )
exp(—5/|Z72 (K vn — (etrue + 6))II3 — 370°[n3)Is(n)

has the same maximizer. To obtain the function above we scaled the argument of
the exponential in (2.2.4) with the noise level §2. For simpler notation we redefine
for all the following

1

K = 2_%KN, ri= 2_§(etrue + 6) and o= 752'

This means that we work with versions of Ea*%(etme +9d) and Z(,*%K ~N Where
the noise magnitude §2 is scaled out. So instead of solving (2.3.1), we now solve

min $|Kn — 7|3+ Ja|n|} st. Cn<b. (2.5.1)
neRN

We have to point out that the back-scaled parameter v = «/d% must be used
for the statistical computations for the posterior probabilities in Section 2.6. So we

11
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always compute the parameter « first from (2.5.1) and then obtain ~ from it. We
can already see here that Bayesian model-selection computations are not feasible for
very small noise levels §, since the parameter v diverges as § tends to 0. Another
reason for skipping the model selection step for § approaching 0 is that the entries of
the covariance matrix ¥, get closer to 0 as well here, which causes problems in the
statistical computations which will follow in Section 2.6. We recommend to switch
to the classical discrepany principle in this case.
Now we present the standard convergence rate for Tikhonov regularization.

Proposition 2.5.2. If the noise-free true solution ng is an element of the feasible
set of (2.3.1), then the regularized solutions n, of the noise-free problem satisfies
1
| K (ng — na)|2 = O(a?) (2.5.2)
as a goes to 0. Thus lim,_,gng = Nyg.

Proof. Rearranging (2.3.8) for 5 = 0 gives the error representation
K (no — na) 13 = (no — 1, ang — CT(qg — 44))-

Now since (ng — 1a, CT(qy — q,)) > 0 and ||nglj2 < [|nol|2 hold, we can therefore
estimate
2 2
1K (0 — )3 < afnoll3
which gives the first result. The second assertion was proved in [13]. g
Proposition 2.5.3. Let r and ¥ be two different data vectors for (2.5.1) and let

o and M, be the corresponding regularized solutions of (2.5.1) for the parameter
a. Then
~ ~ ~ r—7T 2
|K (1o — na)lle < ||[r — 7|2 and  ||[ng — nalle < u (2.5.3)
a2
Proof. We give the proof from [13]. The solutions n, and n, fulfill the variational
inequalities
(KTKna —KT'r + ang, g — Ng) >
and (KTKf, — KTF + aftg, g — 7g) >

Adding them gives

| K (7eq — na)”% + afa — na”% <(F -7, K(ftg — na))
< |7 = rll2f K (20 — ma)ll2,
and the desired results follow from the last inequality. U

Finally we show under which conditions the regularized solutions ’ng of the noisy
problem (2.5.1) converge to the true solution ng of the noise-free problem for § — 0.
In preparation we note that for the weighted residual with noise level §

IS5 728]% ~ X2(N)) thus E(|27248]3) = 6% E(| S, 248]13) = Ni6> = O(62),
1
ie. E(|Z24],) < (E(||2—%5H3))2 — 0®).
We set ripye := E_%etme. Then for the expected value we have

E(|r — roruell2) = E(|2728])5) = O(6).

12
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Theorem 2.5.4. If we have E(||r — T¢ryell2) = O(0) and «(d) has the properties
lims_g a(d) = 0 and lims_,q % =0, then limg_,q IE(Hni((s) — nOHQ) =0 holds.

Proof. We have
E(Hni((s) —nyll2) < E(Hni(a) —na)ll2) + E([na@) — moll2),

where n,s) is the regularized solution for the noise-free data ry.y.. Having E(||r —
Tiruel|2) = O(9), we can further estimate using Proposition 2.5.3

O(5)

1
2

E([nds) — noll2) < E(lnaes) — noll2) +
(6

Then the result follows with Proposition 2.5.2. U

In the unconstrained case, as pointed out in [13], the standard convergence rate
from Proposition 2.5.2 can be improved to the rate o(a*) under the assumption of
a so-called source condition

ny = (K*K)'v,

for some vector v and u < % This result was generalized to the constrained case in
[14]. More general source conditions of the form

nog = g(K*K)’U,

where g : R — R is a monotonic function, are studied in [15].

The parameter p can be regarded as a measure of smoothness of the vector
ng. In practical applications however, it is not known. In [16] a parameter choice
strategy is derived, which does not need the exact knowledge of a source condition,
but it is assumed here that the residual obeys certain decay rates as the noise level
& approaches zero.

Another important issue is the discretization of the operator equation (2.2.1).
The quality of the inversion results relies strongly on a proper choice of the model
space dimension N, for instance a too coarse discretization is inappropriate for the
reconstruction of an oscillatory and thus rather non-smooth function. This problem
treated in [17], where an adaptive parameter choice strategy based on estimates of
the approximation error |K*K — K\ Ky|| is introduced. Based on an idea from
[18], the regularization parameter « is selected from a geometric sequence agq’,
i =1,..., M here with ag = 62, ¢ > 1 and ¢ lag < 1 < ¢Mey. Similar adaptive
methods were derived in [19] and [20]. These methods have still the drawback, that
the noise level § must be known quite well. Therefore we derive in the next section an
adaptive method both for the model space and regularization parameter selection,
which is based on statistical considerations.

2.6 The Retrieval Method

Suppose we have discretized our linear operator with a Galerkin collocation method
on a set of m different grids. Each grid has N collocation points with V| < ... <
N,, and we have computed a discrete approximation K to K for each grid. The
approximation m, of the sought-after function n lies in Rk, For each grid we apply
a Tikhonov prior with nonnegativity constraints on the observed model uncertainty

13
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such that we have according to the previously derived results a bijection between
attainable residuals and regularization parameters.
1
Because 91, ...,0y, are normally distributed, it follows with 35 2 K11 = €grye
that

N

136~
and thus E(||2s"

(Kgny — (etrue +9)) H% ~ XQ(Nl)a
(Kknk - (etrue + 5)) H%) =N;, Vke {1, ,m}

[N

2.6.1 Model Generation

In the literature on the discrepancy principle, e.g. in [21], the error estimate N is
multiplied with a factor 7 near 1 which is known as Morozov’s safety parameter.
Now we interpret it here statistically as high-probability values of the observed
distribution of the weighted residual. Of course we do not select just one single value
for 7, instead we select a grid of Morozov safety parameters 71, ..., 7s. The following
example of the x?(48) probability density functions illustrates this strategy:

© o o o
o o o o
N ® & O
T T T
1 1 1

observed probability
g
T
|

1 1 1 1 1
10 20 30 40 50 60 70 80 90 100
residual values

o
o

Figure 2.2: x?(48) probability density function

It is indeed a unimodal distribution with residual values having a nonnegliglible
probability ranging from 30 to 70. For IV; = 48 this corresponds to values of 7 rang-
ing from ca. 0.6 to ca. 1.5. Therefore proposing just a single residual value for the
discrepancy principle (1.1NV; would be a common choice) excludes many probable
reconstructions corresponding to other residual values, such that the posterior prob-
ability exploration is limited. Moreover the danger of under- or overregularization
would be high.

As in the previous section we use the normalized version 3 of the covariance
matrix ¥,. This means that we try to fit the normalized residuals

1

=72 (Kny — (erue +90)) |13

to the values 7NN;6? where the values for 7 run through the grid of preselected
Morozov safety factors. In practice the noise magnitude 62 is taken as the biggest
measurement sample mean and X is estimated from 3, by normalizing it with the
estimate for §2.

For the following we set €yeq; = (€1,...,én,)7, hence this is the vector of the
realizations of the random variables ey, ..., en,. With these preparations the model
generation step proceeds as follows:

14
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Algorithm 1 Model Generation

1: MaxDisc =3

2: SolutionSets = {}

3: ApproxSets = {}

4: PriorSets = {}

5. TauSets = {}

6: DiscCntr =0

7: estimate o7, ..., 012\,1 from the sample means approximating the standard devia-
tions of eq, ..., en;.

8 02 := max{a%, ...,0]2\,[}

9: ¥:=62. diag(a%, ...,012\,1)
10: for 1 =1 tom do

11: S; = {}

12: A ={}

13: P ={}

14: T, ={}

15: Nisgnng = argmin %HE_%(KZn —ereal)||3 st.m >0
n cRN:

16: Rlsqnng = ||27%(Kinlsqnng - ereal)H%

17: for j =1to s do

18: if Rlsqnng < Tle52 A Tle52 < HE*%emalH% then

19: compute ;; such that

20: Nyrigl = argmin %HE*%(Km —ereat)|3 + 37n " Rin st.n >0

n e RN:

21: with Hz_%(Kintrial - ereal)”% = 7—le52

22: end if

23: if nyy.q exists then

24: Si = S U{npriar}

25: A, =AU {Kz}

26: P, =PFU {'Yini}

27: T, =1T; U {Tj}

28: end if

29: end for

30: if S;, A;, P, and T; not empty then

31: SolutionSets = SolutionSets U {S;}

32: ApproxSets = ApproxSets U {A;}

33: PriorSets = PriorSets U {P;}

34: TauSets = TauSets U {T;}

35: DiscCntr = DiscCnir + 1

36: end if

37: if DiscCntr == MaxDisc then

38: break

39: end if

40: end for

The outer loop runs through the discretization levels beginning with the coars-
est one. This approach is in accordance with the principle of Occam’s razor, where

15
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among all possible explanations of a problem simpler ones are preferred over more
complicated ones. For a detailed explanation why Bayesian model selection imple-
ments Occam’s razor, cf. [22]. Another motivation is regularization by discretiza-
tion, which means that the approximate problems for the operator inversion are for
coarser discretizations less ill-conditioned than for finer discretizations. But by using
the discrepancy principle we ensure that the models selected are not too coarse by
demanding that the model has to fit the data, which means that the residuals may
not be too big. Convergence of the finite dimensional regularized approximations
to the solutions of a linear operator equation to its solution under quite general
assumptions was shown in [23].

For each ¢-th discretization level in the outer loop, the inner loop runs through the
preselected grid of Morozov safety factors, where for each factor 7; the computation
of a regularized solution m, with residual 7;V; is attempted. In line 18 it is
checked if the discrepancy principle is applicable. If it is possible to compute 1n¢5q1,
this reconstruction is stored in the container S; and the approximation K; to K
in A;. The prior information given by the regularization parameter 7;; and the
regularization matrix %Ri are stored in P; and the residual parameter 7; in T;.
These matrices will be used to compute the Bayesian posterior probabilities for the
model selection in the next section.

If in the current discretization level the containers with reconstructions, operator
approximation matrices, prior informations and residual parameters are not empty,
they are be added to the containers SolutionSets, ApproxSets, PriorSets and
TauSets respectively. Note that we have limited the maximal number of admissible
discretization levels to three. On the one hand this is done to save computational
effort, but on the other hand it turns out that the posterior probabilities get too
similar and thus not clearly or reliably distinguishable when using too many finely
discretized models.

2.6.2 Model Selection

In this section we apply the Bayesian model selection framework as introduced in
[24]. Since we assume that the data is given by independent Gaussian random
variables, the observed model uncertainty is a multivariate Gaussian distribution.
For any of the approximations K to the operator K with k € {1,...,m} it is given
by

plefn, Ny, Ki) = (27)~ % |det(S,)| "% exp(— L (Kyn—e)TS7 1 (Kyn—e)). (2.6.1)

Here the vector n € RNt represents all possible reconstructions for the current
discretization.

We know beforehand that our reconstruction must be nonnegative and that it is
smooth. We put this prior knowledge into our reconstruction method by setting up
the Bayesian conditional prior probability which is determined by

p(n|Ny, Ky, Ry, k) = Cp )t exp(—371n” Ryn) Io(n), (2.6.2)
where I>o(n) is the indicator function of the first quadrant of RV+ Ry is the regu-
larization matrix and -y, is the regularization parameter. All these quantities were
computed and stored in the model generation procedure in the previous section.
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If Ry is regular and positive definite, the normalizing constant
Ch;j :/ exp(—3vk;n” Ryn)dn (2.6.3)
[0,00) Vi

is well-defined. For Tikhonov regularization, where R, = Iy, holds, we have a
closed form expression for it, namely

Ny

T 2

Cri = — .
+ (2%')

In minimal first differences regularization with zero boundary conditions the
regularization matrix is given by

—1
1 -1

R, =H}IH, with Hj = -
1 -1
1

For Twomey reqularization with eliminated zero boundary conditions we have

2 -1

R, =H!H, with Hj=

Here Ry is a positive definite tridiagonal matrix. For the latter two regularization
methods C}; must be computed numerically.

Remember that the container SolutionSets stores reconstructions from at most
3 discretization levels. We let the index ¢ run through all discretization levels in
SolutionSets and the index j through all residual parameters captured in the i-th
level. Then with Bayes’ rule the posterior model probabilities are

p(€|Ni, Yit)P( Nk, Vi)
>i 2o, p(elNi, i )p(Ni, i)

P(Ng, Viele) =

where with (2.6.1)-(2.6.3) we have

p(e|Ni, viz)

= p € n|Nza'71j)d

RN:

2.6.4

= [ pleln Np(nl )i (264

RN:
= 1C exp(— HE (Kin — )H; — 2yiynT Rin)dn,

[0700)

where

D=

B = (2r) 7 |det(Z)|

17
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and C’ij:/ exp(—37ijn’ Rin)dn.
[0,00)Ni

We assumed that the model matrix K; and the regularization matrix R; were im-
plicitly given by each discretization level Nj, i.e. we actually have p(e|N;,vij) =
p(e|N;, K, R;,v;;). For simplicity of notation these were omitted. Note that the
prior model probabilities p(IN;,v;;) are still free.

For the computation of the above integrals of multivariate Gaussian densities over
the first quadrant of each model space RV we applied an effective pseudo-random
integration method described in [25] which implements the routines presented in [26]
and [27].

We now turn to the prior model probabilities p(NNj,7;j). As mentioned in the
beginning of Section 2.3 we assume that a Y > 0 and a Ve < 00 exist which give
a lower and an upper bound for the regularization parameters « in order to exclude
improper or point-mass priors for the cases v = 0 or 7 = oco. This assumption is
independent of the discretization level. We further assume the discretization level
to be independent and uniformly distributed. Thus we are taking a noninformative
prior, and so the prior model probabilities cancel out and do not affect the posterior
probabilities.

Now everything is prepared to perform the model selection. To compute integrals
of the form

/[0 " exp(—%(nTHn —2nTv + q))dn,

where N is the dimension of the square matrix H, we apply the method from [25].
It actually can only evaluate intgrals of the form

inTWn)dn,

W/b /ZN exp(—

where the cases a; = —oo and b; = oo are allowed. So we have to perform a simple
affine transformation using the Cholesky factorization H = UTU:

/[ . exp(—3(n"Hn — 2n"v + ¢))dn
0,00

— (ew(-4a— o o)) ()2 )
. ! /
Vet (H 1) (@2m)n J{zer?| 22 710}

exp(—12THz)dz.

The model selection algorithm is as follows.
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Algorithm 2 Model Selection

1: get S1, ..., SmazrDisc from SolutionSets
2: get Ay, ..., AprazDisc from ApproxSets
3: get Py, ..., Pyraapisc from PriorSets
4: get 11, ..., ThiazDisc from TauSets
5 my = ‘Sl‘v ceos MMazDisc = ’SM(LCCDiSC’
_ MazxDisc
6: Miotal = D _j—1 mg
N 1
7. B = (27)7 |det(Z0)|?
Ppost = {}
9: for i =1 to MaxDisc do
10: for j =1tom,; do
11: Kij = A( )
12: Ri; = 5 Pi(j)
13: Cij = / exp(—3n? R;jn)dn
[0,00) Vi
2
14: M;; = /[ exp HE (Kijn — e,,eal)H2 — %nQRijn)dn
0,00)
15: Ppost = post @] {MZJ/ B . C”)}
16: end for
17: end for

18: SumPpost = E;ntoml Ppost(k)
19: for i =1 to MaxDisc do

20: PPOSt( ) post( )/Sumppost

21: end for

22: Stotal = S1 U ... U SMazDisc

23: sort Siotar(1), ..., Stotal (Miotar) according to Pposi(1), ..., Ppost(Miotat)

In the first lines of the model-selection algorithm the containers for computed
reconstructions, operator approximation matrices, prior matrices and residual pa-
rameters are loaded for each examined discretization level. They store the results
of the model-generation algorithm from Section 2.6. In the case of too noisy or im-
proper data it might happen that in the model generation step none of the models
can fit the data. Then all containers are empty and the model selection algorithm
has to be aborted. For simplicity we assume that the model-generation step was
successful.

The double loop in lines 7-17 performs the multidimensional integrations needed
n (2.6.3) and (2.6.4). In line 15 these integrals are used for the unnormalized pos-
terior probabilities p(Vj, y;|e) from (2.6.4). Note that the prior model probabilities
p(Ni,vij) do not appear in the algorithm, since they are selected to be uniform
and thus cancel out in the normalizing step performed in lines 18 - 14. At last all
reconstructions are sorted according to their posterior probabilities.

We have to be careful not to forget to normalize the regularization matrices P;(j)
with the estimated noise level §2 as in line 12 because all statistical computations
have to be carried out using the unnormalized covariance matrix ¥,. For very
small noise levels we recommend to skip the model selection step completely due to
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instabilities in the statistical computations mentioned above. It is sufficient to use
only the coarsest model generated with the commonly used value 7 = 1.1 in this
case.
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Chapter 3

Numerical Results

3.1 Simulation of Aerosol Spectroscopy Measurements

We applied our algorithm to a simplified version of problem (2.1.2), where we as-
sumed that we know the minimal and maximal particle radii r,,;, and ry,q,. This
led to the integral equation

Tmax
/ E(r,Dn(r)dr = e(l). (3.1.1)
Tmin
For the kernel function k(r,{) from Mie theory we selected HoO as the material for
the scattering particles and air for the medium.

In our simulations we assumed 7, = 0.01 pm and 7,4, = 7.0 pm. In practice
the extinction function can only be measured for a finite number of light wavelengths
li,...;ln,. In our simulations we used the grid of 48 wavelengths composed of 8
linearly spaced wavelengths from 0.6 — 0.8 um, 8 from 1.1 — 1.3 pm, 8 from 1.6 —
1.8 um, 16 from 2.1—2.5 um and 8 from 3.1—3.3 pm. These five intervals were chosen
to exclude wavelengths where light absorption by ambient water can occur which
distorts the measured extinctions e(l) heavily. That is, the selected wavelengths
cover the so-called optical window which is free from this unwanted physical effect.

We generated artificial extinction values e(l;) for the selected [y, ..., I, by solving
the forward problem, which means inserting an original ‘true’ size distributions n(r)
into the integral equation (3.1.1). To avoid the inverse crime we used a very fine
grid with 10001 points and the composite Simpson rule to compute the resulting
integrals.

We performed three simulation runs consiting of 1000 single inversions for each of
the three size distribution families for different noise levels. For each single inversion
we generated a set of 300 noisy extinctions from the artificial true extinction values
by adding zero-mean Gaussian noise where the standard deviations were taken to
be 5%, 15% and 30% respectively of the true extinction values e(l;). This means
that a vector e of noisy extinctions for each single simulated measurement in the
first simulation run was modeled as

(e)i =e(ly) +0; with & ~ N(0,(0.05-¢e(l;)?), i=1,.. N.
For the other two simulation runs we computed

(€); =e(li) + 6 with & ~N(0,(0.15-e(l;))?), i=1,..,N
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and
(e)i = e(lz) + 5@ with (SZ ~ N(O, (0.3 . e(li))Q), 1= 1, ceey Nl.

respectively. We used the sample means and variances of these 300 artificial noisy
extinctions to do inferences about the simulated Gaussian noise.

For the discretization of (3.1.1) we used a Galerkin collocation method with linear
basis functions on an integration grid with NV, = 300 equidistant points. Alternative
discretization methods include Legendre basis polynomials (see [28]) and Bernstein
polynomials (see [29]), but are rather seldom used. We generated our model spaces
by selecting collocation grids as near equidistant subgrids of the integration grid
where the number of grid points N, ranged from 3 (coarsest discretization level)
to 50 (finest discretization level). For the collocation grids we set up linearly spaced
‘pre-collocation grids’ with N, points first and then performed a nearest-neighbor-
fitting of their points to the integration grid, such that they became subgrids. Since
we are considering size distributions which attain small values at the minimal and
maximal radii, we assumed zero boundary conditions. This effectively reduced the
number of unknowns N in each model space from N = 3,...,50to N =1, ..., 48 and—
more importantly—prevented the reconstructed size distributions from sheering out
at the smallest radius value, which would have been a not reasonable behavior,
physically speaking. It was important that the dimension N of each model space
never succeeded the number of measurements N; = 48, such that the resulting
regression problems were fully or overdetermined.

Let ry,...,7n, denote the integration grid points. Let {r1 =¢; < ... < ¢en,, =
rn,} C {r1,...,7n,.} be a collocation grid. The triangular basis funktions by(r), k =
1,..., Ngo are the piecewise linear functions on the intervals [c1, ¢2], ..., [en,,,—1, cN,,,]
which fulfill

bk(cj) = 6kja for ] = 1, ...,Nwl.

We approximated the sought-after function n(r) with the linear combination

Ncol

n(r) = npbp(r), (3.1.2)
k=1

where the weights ng,...,nn_,—1 € R are free variables and n; = ny_,, = 0 holds
because of the zero boundary conditions.
Inserting (3.1.2) into (3.1.1) yields the linear system of equations for the unknown

weights
Ncol

Z nk/ - E(r,l)bg(r)dr =e(l;), i=1,..,N. (3.1.3)
k=1

Tmin

We applied the composite trapezoidal rule with the integration grid rq, ..., 7n;, on the
integrals defining the coefficients in above linear system. The resulting coefficient
matrix is the matrix K from Section 2.6 which approximates the integral operator
from the left-hand side of (3.1.1).

3.2 Numerical Study

We performed a numerical study for our reconstruction algorithm with model size
distributions from the log-normal, Rosin-Rammler-Sperling-Bennett (RRSB) and
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Hedrih families, where each of these size distribution families has certain free pa-
rameters. We varied the parameters in domains giving physically reasonable size
distributions and generated noise in the same order of magnitude as observed in real
experimental FASP measurements. Therefore the numerical results should give good
estimates of the quality of the reconstructions compared to real size distributions.
In the same simulation runs we compared our algorithm with existing reconstruction
methods.

3.2.1 Applied Methods

For all inversion methods applied in our numerical study we selected for the priors
Tikhonov, minimal first differences and Phillips-Twomey regularization from Section
2.6.2.

In our inversion method we set the Morozov safety factor grid to

T = 0.6,7'2 = 07, ey T12 = 1.7.

We refer to this as the constrained method in the following.

To see that the constraints in the constrained method are worth the compu-
tational effort, we compared it with its counterpart without constraints, which we
call the unconstrained method. It performs the same model generation step based
on the discrepancy principle with the same Morozov safety factors grid, but the
constraints in (2.3.1) were dropped. The computations for the model selection are
much easier here, since the integrals of the multivariate Gaussian distributions over
the parameter spaces can be evaluated analytically.

By reducing the grid of Morozov safety factors in the constrained method simply
to the classical value 7 = 1.1 we obtained another method participating in our
numerical study. We call it the Morozov method. The comparison with it shows
whether the grid of Morozov safety factors is justified or not.

We also implemented a classical model-selection method for the unconstrained
problem which is independent of the prior. Here we compared the three coarsest
models where the discrepancy principle was applicable with the Bayesian Informa-
tion Criterion (BIC), which was first introduced in [30]. The model with the lowest
BIC-value

_1
~2( — S Nilog(2m) — § log(det(5)) — 31 Z0* (K ymyu - €)[3) + N log(N),

where n,,,; is the unconstrained maximume-likelihood solution, is selected here. We
call this method the BIC method.

3.2.2 Model Size Distributions

We generated the simulated measurement data vectors ey, by inserting one of the
following three model size distributions adopted from [31] into our integral equation
(3.1.1):

1. log-normal distribution

n(r) = \/gar exp < — %ﬂ(log(r) — log(,u))2> (3.2.1)

with amplitude A, standard deviation o, and mean pu.
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2. Rosin-Rammler-Sperling-Bennet (RRSB) distribution

n(r) = ATN (g)N_l exp ( _ (;)N) (3.2.2)

with amplitude A, exponent IV, and mean v.

128Ar? 4r
= - — 3.2.3
) = o (- ) (323

3. Hedrih distribution

with amplitude A and mean .

For each simulated size distribution we set the amplitude to A = 10*. We choose
the remaining parameters so that the relation

N(Tmaz) < Tol (3.2.4)

with 74, = 7.0 um and Tol = 10 was satisfied. This is to be consistent with the
assumption, that we can neglect the tails of the distributions and truncate them
at the maximal radius 7,,q,. Furthermore we assumed the modal value of the log-
normal and RRSB distributions to be greater or equal to 1.0 gm in order to exclude
too peaked distributions. For each of the above three model size distributions we
looped in our simulations through a set of 100 possible parameters satisfying (3.2.4).

For the log-normal distributions we first selected for the mean o a linearly spaced
grid with ten points ranging from 0.2 to 0.5, i.e. o, = 0.2 4 0.3%, k=1,..,10.
Then we saw after a lengthy calculation that (3.2.4) is equivalent to

1
\/ 3
T'maz €XP ( — (— 202 log (W)) > > .

The modal value of the log-normal distribution is 7,04 = exp (log(u) — 02), SO
Tmod = 1.0 is equivalent to pu > 1.0exp (02). Using the last two inequalities we
selected

! (vk —1.0exp (0,%))

\ﬁgmmmaknz)) %)

prj = 1.0exp (0,%) + / g

with v = rypae €xp ( — ( — 20,3 log ( "

k=1,..10, j=1,..,10.

These are the 100 parameters used for the log-normal distributions.

For the RRSB distributions we took for the exponents N the integer values
Ny =k+2,k=1,...,10. We computed the auxiliary variables p; as the real-valued
solutions of the equations

Tmazl Ol

Prexp(—pr) = ——
ANy
being greater than one. With some algebra one can see that

1

N
Vgrmaac’pk r
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is then equivalent to (3.2.4) for the RRSB distribution. The modal value of the
1
RRSB distribution is 7,,,q = v (%) N therefore 7,,,q > 1.0 is equivalent to v >

1
1.0- (%) ~. Using the last two inequalities we selected

1 1
N —1\ M ) — 1 - N —1\ Mg
ij:1-0‘< ];Vk ) +‘79(Tma:t'pka _1~0'( ’;Vk > )7

k=1,..10, j=1,..,10.

Thus we have 100 parameters for the RRSB distributions.
For the Hedrih distribution we found that (3.2.4) is equivalent to 7 < a4, With
Nmaz ~ 2.0566. Thus we took for n the values

Mk :0.84-%(77771@:—0.8), k=1,...,100.

For each of the three size distribution classes we simulated ten artificial noisy
measurement-data vetors e as described in Section 3.1 for each of the corresponding
100 parameters. This resulted in total in 1000 single simulated FASP experiments
for one model size distribution class.

For every inversion we computed the L?-error of the obtained reconstruction
relative to the original size distribution and measured the total run time needed for
the inversion. The computations were performed on a notebook with a 2.27 GHz
CPU and 3.87 GB accessible primary memory.

3.2.3 Average L*-Errors
Results for 5% Noise

Log-Normal Distribution
average L2-errors (%)

method . min. first

Tikhonov . diff Twomey
constrained 11.8763 11.9621 12.3108
Morozov 12.6919 13.2348 13.9335
unconstrained 16.1952 20.0564 21.9649
BIC 32.3190 34.3861 35.6112

RRSB Distribution

average L2-errors (%)
method Tikhonov nélr? (i;st Twomey
constrained 9.9690 8.9646 8.5195
Morozov 11.9921 11.7512 11.4955
unconstrained 18.1053 20.1539 22.0244
BIC 38.1494 39.1321 40.5063
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Hedrih Distribution
average L%-errors (%)

method . min. first

Tikhonov fn. diff. Twomey
constrained 12.0214 12.0852 12.1321
Morozov 13.2794 12.4251 12.6591
unconstrained 11.2122 11.0906 10.9498
BIC 16.0117 15.2573 15.2073

Results for 15% Noise

Log-Normal Distribution
average L%-errors (%)

method . min. first

Tikhonov fn. diff. Twomey
constrained 17.3371 17.1004 17.6913
Morozov 25.7848 26.0661 27.3864
unconstrained 23.0265 26.7038 29.7148
BIC 33.0129 35.1238 37.1033

RRSB Distribution

average L2-errors (%)
method Tikhonov négl (ﬁ?t Twomey
constrained 14.3285 12.9690 12.7290
Morozov 18.1593 17.6314 17.9012
unconstrained 23.7878 26.7608 30.5864
BIC 41.7431 43.9701 47.3254

Hedrih Distribution

average L2-errors (%)
method Tikhonov Iglr? (il;fSt Twomey
constrained 11.9472 11.7113 11.5986
Morozov 16.5099 15.0745 14.4839
unconstrained 20.8872 20.7861 20.8880
BIC 28.0989 27.4491 27.3066
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Results for 30% Noise

Log-Normal Distribution

average L2-errors (%)
method Tikhonov IEII? (i;St Twomey
constrained 21.1133 21.4006 22.1933
Morozov 29.1050 29.2021 30.7157
unconstrained 31.2302 34.0586 37.5831
BIC 56.3298 58.9926 62.5693

RRSB Distribution

average L%-errors (%)
method Tikhonov Igil igt Twomey
constrained 17.2089 16.4395 16.5887
Morozov 23.8178 23.1906 23.5631
unconstrained 29.1748 33.2577 37.6546
BIC 79.9881 82.1931 85.5154

Hedrih Distribution

average L2-errors (%)
method Tikhonov Hélr? (i;st Twomey
constrained 14.7340 14.6443 14.4238
Morozov 25.4313 23.7145 22.8068
unconstrained 36.9309 36.8277 36.9877
BIC 41.5024 40.7930 40.4949
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3.2.4 Average Run Times
Results for 5% Noise

Log-Normal Distribution
average run times (s)
method . min. first
Tikhonov fn. diff Twomey
constrained 3.2192 3.2690 3.2746
Morozov 0.6947 0.7047 0.7076
unconstrained 0.2884 0.2812 0.2814
BIC 0.0614 0.0596 0.0596
RRSB Distribution
average run times (s)
method . min. first
Tikhonov fn. diff. Twomey
constrained 5.5637 5.6545 5.6046
Morozov 1.0963 1.1128 1.1019
unconstrained 0.3445 0.3405 0.3402
BIC 0.0747 0.0754 0.0741
Hedrih Distribution
average run times (s)
method . min. first
Tikhonov fn. diff Twomey
constrained 2.4919 2.5088 2.5231
Morozov 0.7259 0.7287 0.7317
unconstrained 0.2740 0.2680 0.2688
BIC 0.0644 0.0634 0.0614
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Results for 15% Noise

Log-Normal Distribution

average run times (s)
method Tikhonov IEII? (i;St Twomey
constrained 2.5520 2.5825 2.5803
Morozov 0.6174 0.6267 0.6283
unconstrained 0.2854 0.2793 0.2791
BIC 0.0579 0.0594 0.0570

RRSB Distribution

average run times (s)
method Tikhonov Igil igt Twomey
constrained 4.2281 4.2824 4.2545
Morozov 0.9406 0.9510 0.9428
unconstrained 0.3297 0.3229 0.3233
BIC 0.0716 0.0719 0.0696

Hedrih Distribution

average run times (s)
method Tikhonov Hélr? (i;st Twomey
constrained 2.7098 2.7091 2.7207
Morozov 0.6011 0.6043 0.6066
unconstrained 0.3353 0.3290 0.3291
BIC 0.0631 0.0634 0.0624
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Results for 30% Noise

Log-Normal Distribution

average run times (s)
method Tikhonov rggl (i;;t Twomey
constrained 1.4135 1.4187 1.4061
Morozov 0.3552 0.3607 0.3594
unconstrained 0.1831 0.1771 0.1772
BIC 0.0399 0.0399 0.0389

RRSB Distribution

average run times (s)
method . min. first
Tikhonov fn. diff. Twomey
constrained 2.3742 2.4065 2.3756
Morozov 0.5312 0.5385 0.5337
unconstrained 0.2061 0.1990 0.2003
BIC 0.0453 0.0456 0.0442
Hedrih Distribution
average run times (s)
method ) min. first
Tikhonov fn. diff Twomey
constrained 1.8456 1.8404 1.8187
Morozov 0.3689 0.3734 0.3712
unconstrained 0.2215 0.2182 0.2183
BIC 0.0366 0.0366 0.0355
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3.2.5 Average Model Space Dimensions
Results for 5% Noise

Log-Normal Distribution

average model space dimensions
method Tikhonov Iglr]la Cﬁ?t Twomey
constrained 10.0640 10.1820 10.0870
Morozov 11.7670 11.8700 11.8290
unconstrained 8.4030 8.7550 8.9030
BIC 10.3480 10.3480 10.3480

RRSB Distribution

average model space dimensions
method . min. first
Tikhonov fn. diff Twomey
constrained 13.8260 13.8380 13.8850
Morozov 15.2820 15.3260 15.3040
unconstrained 12.6050 13.2180 13.2140
BIC 11.8800 11.8800 11.8800

Hedrih Distribution

average model space dimensions
method Tikhonov IEEI dfi;,St Twomey
constrained 8.4470 8.4640 8.5260
Morozov 10.2560 10.2500 10.2800
unconstrained 6.7190 6.8320 7.0430
BIC 9.2290 9.2290 9.2290
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Results for 15% Noise

Log-Normal Distribution

average model space dimensions
method Tikhonov min. first Twomey
fin. diff.
constrained 7.7360 7.7330 7.6800
Morozov 9.7380 9.6910 9.6450
unconstrained 6.3660 6.5220 6.5390
BIC 8.0330 8.0330 8.0330

RRSB Distribution

average model space dimensions
method Tikhonov IEEI Cﬁ?t Twomey
constrained 11.4150 11.3050 11.2430
Morozov 12.9790 12.9130 12.8390
unconstrained 10.2130 10.8250 10.7910
BIC 9.7990 9.7990 9.7990

Hedrih Distribution

average model space dimensions
method Tikhonov négl (ilf?t Twomey
constrained 6.4520 6.5130 6.5450
Morozov 8.0920 8.0720 8.0910
unconstrained 5.3050 5.3250 5.3400
BIC 7.7890 7.7890 7.7890
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Results for 30% Noise

Log-Normal Distribution

average model space dimensions
method Tikhonov IEII? (if;t Twomey
constrained 6.5100 6.4480 6.4090
Morozov 8.4620 8.3670 8.3520
unconstrained 5.2170 5.3040 5.3630
BIC 7.2400 7.2400 7.2400

RRSB Distribution

average model space dimensions
method Tikhonov Igf igt Twomey
constrained 10.1140 9.9110 9.7500
Morozov 11.3290 11.2280 11.1740
unconstrained 8.7600 9.5200 9.3600
BIC 8.6240 8.6240 8.6240

Hedrih Distribution

average model space dimensions
method Tikhonov Hélr? (i;st Twomey
constrained 5.9610 5.9730 5.9980
Morozov 7.4950 7.4850 7.4510
unconstrained 4.7750 4.7880 4.8140
BIC 7.2950 7.2950 7.2950

3.2.6 Extreme Cases

If the relative error of the reconstruction (compared with the original size distribu-
tion) is equal or even greater than 100 percent, we regard the inversion as failed.
Note that the inversion methods returned n = 0 by default if none of the kernel
matrices in any of the model spaces would yield a reconstruction. Now we list how
many times the inversion methods failed in our test runs. To see how trustworthy
the results are we present the worst case L? errors as well. Finally we display the
worst case run times.
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Results for 5% Noise

Log-Normal Distribution

method

number of L?-errors > 100 % (out of 1000)

min. first

Tikhonov fn. diff Twomey
constrained 0 0 0
Morozov 5 5 5
unconstrained 0 0 0
BIC 13 13 13

RRSB Distribution

number of L2-errors > 100 % (out of 1000)
method . min. first

Tikhonov fn. diff. Twomey
constrained 0 0 0
Morozov 28 28 28
unconstrained 0 0 0
BIC 20 21 22

Hedrih Distribution

number of L2-errors > 100 % (out of 1000)
method ) min. first

Tikhonov fn. diff Twomey
constrained 0 0 0
Morozov 3 3 3
unconstrained 0 0 0
BIC 5 5 5
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Results for 15% Noise

Log-Normal Distribution

number of L?-errors > 100 % (out of 1000)
method . min. first

Tikhonov fn. diff Twomey
constrained 0 0 0
Morozov 11 11 11
unconstrained 0
BIC 12 12 12

RRSB Distribution

number of L2-errors > 100 % (out of 1000)
method . min. first

Tikhonov fn. diff Twomey
constrained 0 0 0
Morozov 41 41 42
unconstrained 0 0 0
BIC 22 22 23

Hedrih Distribution

number of L2-errors > 100 % (out of 1000)
method ) min. first

Tikhonov o diff Twomey
constrained 0 0 0
Morozov 14 14 14
unconstrained 0 0 0
BIC 9 9 9
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Results for 30% Noise

3.2.7 Reconstruction Failures

Log-Normal Distribution

number of L?-errors > 100 % (out of 1000)
method . min. first

Tikhonov fn. diff Twomey
constrained 0 0 0
Morozov 31 31 33
unconstrained 0 0 0
BIC 13 15 15

RRSB Distribution

number of L2-errors > 100 % (out of 1000)
method . min. first

Tikhonov fn. diff. Twomey
constrained 3 2 1
Morozov 59 60 61
unconstrained 0 0 0
BIC 37 39 39

Hedrih Distribution

number of L2-errors > 100 % (out of 1000)
method ) min. first

Tikhonov fn. diff Twomey
constrained 0 0 0
Morozov 25 25 27
unconstrained 0 0 0
BIC 14 14 16
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3.2.8 Worst Case Reconstruction Errors

Results for 5% Noise

Log-Normal Distribution
worst case L?-errors (%)
method ) min. first
Tikhonov Ao diff Twomey
constrained 26.9719 26.4728 26.4760
Morozov 100 100 100
unconstrained 42.2197 47.5723 46.9064
BIC 7.9063 - 10° 7.9198 - 10° 7.9401 - 10°
RRSB Distribution
worst case L2-errors (%)
method . min. first
Tikhonov fn. diff Twomey
constrained 62.2097 42.7859 43.4484
Morozov 106.5653 117.9899 131.8554
unconstrained 67.2122 76.6402 77.1507
BIC 7.1217 - 10° 7.4831 - 10° 7.9567 - 10°
Hedrih Distribution
worst case L%-errors (%)
method . min. first
Tikhonov fn. diff Twomey
constrained 19.6190 19.6144 19.6157
Morozov 174.6250 174.6358 174.6417
unconstrained 29.3923 21.0755 17.9936
BIC 2.0139 - 10° 2.0153 - 10° 2.0172 - 103
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Results for 15% Noise

Log-Normal Distribution

worst case L2-errors (%)
method . min. first
Tikhonov fn. diff Twomey
constrained 49.4987 49.4428 49.4388
Morozov 6.0234 - 103 6.0240 - 10° 6.0249 - 10°
unconstrained 65.9515 61.5108 60.4107
BIC 4.6867 - 10° 4.6868 - 10° 4.6872 - 10°
RRSB Distribution
worst case L?-errors (%)
method ) min. first
Tikhonov fn. diff. Twomey
constrained 70.1768 63.5123 64.0486
Morozov 184.4034 201.3391 255.3595
unconstrained 80.7321 80.6531 82.7335
BIC 6.3531 - 10° 6.3536 - 10° 6.3542 - 10°
Hedrih Distribution
worst case L2-errors (%)
method Tikhono min. first Twome
HEHoLoY fin. diff. Y
constrained 30.8181 29.8020 29.7911
Morozov 100.0000 100.0000 100.0000
unconstrained 34.3466 34.2846 34.2059
BIC 4.8311 - 103 4.9191 - 103 5.0158 - 103
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Results for 30% Noise

Log-Normal Distribution

worst case L%-errors (%)
method . min. first
Tikhonov fn. diff Twomey
constrained 80.2893 48.4626 48.4429
Morozov 2.3420 - 10° 2.3491 - 10° 2.3542 - 10°
unconstrained 70.5992 64.1337 66.8937
BIC 7.1044 - 103 7.2810 - 10° 7.5079 - 10°
RRSB Distribution
worst case L?-errors (%)
method ) min. first
Tikhonov fn. diff Twomey
constrained 131.5244 131.5263 104.9113
Morozov 182.0357 197.1594 252.0434
unconstrained 84.6883 81.1661 82.4180
BIC 2.9711 - 10* 2.9806 - 10% 2.9932 - 10*
Hedrih Distribution
worst case L2-errors (%)
method Tikhono min. first Twomme
HEHoLoY fin. diff. Y
constrained 39.7993 37.6784 37.6685
Morozov 100.0000 100.0000 115.0592
unconstrained 57.7572 57.7192 57.6711
BIC 5.0893 - 10° 5.0995 - 10° 5.1149 - 103
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3.2.9 Worst Case Run Times
Results for 5% Noise

Log-Normal Distribution
worst case run times (s)
method . min. first
Tikhonov fn. diff Twomey
constrained 12.0411 12.4570 12.5885
Morozov 4.5225 4.5381 4.5857
unconstrained 0.5769 0.5995 0.5856
BIC 0.1389 0.1142 0.1320
RRSB Distribution
worst case run times (s)
method . min. first
Tikhonov fn. diff. Twomey
constrained 25.6129 26.2979 27.2205
Morozov 3.7168 3.7758 3.8567
unconstrained 0.6483 0.6258 0.5978
BIC 0.1252 0.1320 0.1388
Hedrih Distribution
worst case run times (s)
method . min. first
Tikhonov fn. diff Twomey
constrained 8.1922 8.6590 9.3658
Morozov 4.3966 4.4999 4.6788
unconstrained 1.2404 0.9995 1.0106
BIC 0.1964 0.1286 0.1162
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Results for 15% Noise

Log-Normal Distribution

worst case run times (s)
method . min. first
Tikhonov fn. diff Twomey
constrained 7.4443 7.6258 7.8005
Morozov 4.6163 4.1752 4.3086
unconstrained 0.5563 0.5765 0.5585
BIC 0.1068 0.1120 0.1706
RRSB Distribution
worst case run times (s)
method . min. first
Tikhonov fn. diff Twomey
constrained 25.2151 23.6935 23.0974
Morozov 3.9076 4.0044 3.9774
unconstrained 0.9480 0.8766 0.7568
BIC 0.1198 0.1299 0.1376
Hedrih Distribution
worst case run times (s)
method ) min. first
Tikhonov o diff Twomey
constrained 13.3920 10.5595 8.7664
Morozov 3.9038 4.0082 4.0133
unconstrained 0.8075 0.6807 0.7742
BIC 0.1068 0.1137 0.1263
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Results for 30% Noise

Log-Normal Distribution
worst case run times (s)

method . min. first

Tikhonov fn. diff. Twomey
constrained 5.4749 5.6907 5.6535
Morozov 3.6386 3.7187 3.7566
unconstrained 0.6710 0.6553 0.6529
BIC 0.2008 0.3046 0.1433

RRSB Distribution

worst case run times (s)
method Tikhonov Iglr? dﬁjgt Twomey
constrained 13.4702 14.9904 13.6324
Morozov 3.3278 3.4159 3.3878
unconstrained 0.8178 0.5565 0.7891
BIC 0.1130 0.1187 0.1710

Hedrih Distribution

worst case run times (s)
method Tikhonov rgﬁl (ﬁ?b Twomey
constrained 6.3211 5.9184 6.6355
Morozov 6.4399 6.6852 6.1017
unconstrained 0.7770 0.7160 0.8296
BIC 0.1284 0.0960 0.1195

3.3 Conclusion

The constrained method had the smallest average L?-errors and close to zero failure
rates. Only for the RRSB distributions at 30% noise were three, two, and one
failures out of 1000 inversions recorded for the different priors, respectively. The
overall worst case reconstruction error of 131.5263% was only moderately above
100%. It needed the longest run times from all methods, but even the overall worst
case run time of 27.2205 seconds was below our thirty-second requirement. The
difference of the average L?-errors depending on the three priors we applied was not
very prominent. For the constrained method the differences were at most ca. 2%,
where none of the priors could be determined as the best performing one. For the
other inversion methods the L?-errors behave similarly depending on the priors, but
here the differences were more prominent, but always below 6%. A common trend
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was that these differences rose for higher noise levels. From our observations, none
of the three priors we used could be identified clearly as that one giving the best
regularization.

For the Morozov method the average L?-errors were for each noise level higher
than those of the constrained method. The differences were growing for higher noise
levels. For 5% noise they were in the 1 to 2% range, for 15% in the 4 to 10%
range and for 30% in the 6 to 11% range. For each noise level, the average run
times represented only about one fifth of those of the constrained method. However,
for each noise level the numbers of failures was significantly higher. Especially for
RRSB distributions this was up to 3, 4 and 6% respectively. The overall worst case
L2-error of 6.0249 - 103% was clearly higher than 100%.

The run times of the unconstrained method were always one third to one half of
the Morozov method run times. The unconstrained method did not show any recon-
struction failures at all. The overall worst case L?-error was a relatively moderate
84.6883%, but the average L2-errors were always bigger than the Morozov method
L?-errors reaching 2 to 14% for 30% noise and already 1.5 to 3 times as big as the
constrained method L2-errors.

The BIC method was by far the fastest one with run times of only a few hun-
dredths of a second, but the average L? errors growing from ca. 15 to 40% for 5%
noise to ca. 40 to 80% for 30% noise were rather poor. The overall worst case
L?-error was even 2.9932 - 104%.

For every inversion method the average model space dimension was declining for
growing noise levels, which is reflected by the higher average run times for smaller
noise levels.

For practical FASP experiments we conclude that the constrained method per-
formed best, because its average L2-errors were smallest, had virtually no failures,
and clearly satisfied our thirty-seconds run-time limit even in the worst cases. It
showed the best convergence behavior for descending noise levels as well.
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Chapter 4

Markov Chain Monte Carlo
Methods

4.1 Hyperprior Distributions

An alternative to the discrepancy principle for determining the regularization pa-
rameter v are hyperprior distributions. As outlined in [21] the problem of selecting
the regularization parameter is made here a part of the inference problem. We re-
call that using the discrepancy principle v is obtained from fitting the residual of
the regularized solution to an estimate of the noise magnitude. This approach fully
determines v such that it is regarded as given for the subsequent retrieval of the
sought-after entity m then. This means that « is implicitly given as a function of
the noisy data e. In the hyperprior approach instead the regularization parameter
v and m are retrieved simultaneously. This is done by considering the posterior
densitiy to be of the form pposierior (7, 12|€). Now the actual hyperprior is a density
Phyperprior () for the regularization parameter, which is believed to be a reasonable
model for it. It is important to note that in contrast to the discrepancy principle
the hyperprior distrubution is independent from the noisy data e. Now taking into
account the hyperprior, the joint prior density pprior(7v, 1) is given by

DPprior (77 ’I’L) = Pprior (’I’L”)/) X Phyperprior (’7) (411)

Recalling Bayes’ theorem, we have

Pposterior (’77 n|e) X pobserved(e|n) X Pprior (’Y’ n)

X pobserved(e|n) X Pprior (’I’L|’)/) X Dhyperprior (7)

Our observed probability density was of the form

1
PDobserved (€]1) X €Xp (—% (H207§(Kkn — e)||%)), (4.1.2)

with the noisy data vector e, the kernel matrix K for the model space dimension
Ny, i.e. m € RV and the covariance matrix 3. As prior distribution we selected

_Ne

m 2
Porion (1) = (27) exp(— nl2) Tso(n).
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Following [21] we took for the hyperprior a Rayleigh distribution

Phaperprior () = Zexp (<3 (2))
ETPTIOT - .
yperp ')’g 2 Y

Therefore we have
Nj+2 Y\ 2
porior(1om) 75 exp (<3 (3l + (0)) ) Ezolm)

which yields

_1 7\ 2
Ppostrior (v le) ox exp (=3 (1202 (Kim—e) B+ ()~ (Ni+2) og(1)) ) Tzo(m).
(4.1.3)

4.2 Model Selection

In Section 2.6.2 we used the discrepancy principle for the model selection as well.
Starting a the most coarse discretization, our approach was to refine the discretiza-
tion successively and to apply the discrepancy principle for a whole set of Morozov
safety factors 7, until a set of candidate solutions was obtained. Thus these candi-
date solutions lived on the coarsest discretizations possible on which the discrepancy
principle was applicable.

For the hypperprior approach this adaptive strategy is not available. Here we
have to take into account all discretizations with the number of discretization points
ranging from 3 to 50. For the fully Bayesian model selection strategy presented here
we use model averaging, i.e. we compute integrals for the model posterior distribu-
tions. An alternative Bayesian model selection strategy based on MAP-estimators
was given in [32]. Another approach for the model selection is to incorporate it in
the Monte Carlo posterior evaluation using a so-called reversible jump method, cf.
[33]. Here the drawn samples may lie in different model spaces. Our strategy is
different, i.e. we first perform the model selection and then keep the model order
fixed.

We also use eliminated zero boundary conditions, so the model space dimensions
actually range from 1 to 48. We begin with deriving the model probabilities p(Ny|e)
using a hyperprior. In contrast to the discrepancy principle approach, we do not
consider v as a function of e. Thus we do not consider it as given alongside e as we
did when computing the model probabilities p(Ng|7, e) for the discrepancy principle.
In the hyperprior approach we consider v as a free sought-after parameter as well,
therefore the model probabilities must be based on the full joint probability density
p(e,y,n|Ng). Then we have to marginalize over v, too, in order to obtain p(Ny|e),
which can be seen in detail in from

(el Np(N)
PNkle) = 5~ eI PN

with p(elN) = [ [ ey niNdnay
0 RN:

_ / / p(elNi, n)p(y, n|N;)dndy
0 RN:
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_ / / p(el Niy n)p(nly, Ni)p(|Ni)dndy
0 RN:

o0
-1 — _1
S et (o
,00 z

+llnl + (1) = (Vi+2)log() ) dndbr

7

with B = (2r) % |det(£,)|? and ci=(%)

Here B is the normalizing constant of p(e|N;, n) = popserved(€|n), the constant C;

the factor of 7_% in the normalizing constant of p(n|y, N;) = pprior(n]y) and ;2
the normalizing constant of p(y|N;) = Phyperprior (7)-

The integrals p(e|N;) cannot be evaluated exactly. We introduce the auxiliary
function

ferm) = 3 (120 (K im = ) +9lml+ (1) = (¥ +2)og()
and approximate the integrands with
ple,1.nINy) ~ exp (= f(+,m') = 3((3,nT) = (7', 0'")) Hess; (v/,!) ((7,m) = (/™)) "),
where

= argmin  f(y,m),
(7.nT)T €[0,00) xRV

('}/7 n/T)T

and the Hessian is given by
1 N;+21 7
-+ —= n
Hess¢(v,n) = | 72 2 42
n KI's, 'K, +~I

This approximation is commonly known as “Laplace’s method”, cf. [34].
Now the resulting integrals of a multivariate Gaussian distribution over the first
quadrant of RYi*1 are feasible for Genz’ method from Chapter 2. For this the

approximations

p(e|N;) =~ B1C7 g exp (— f(v,n)))
X /OOO /[O,OO)N’L exp (—%((7, n®) = (+/,n'"))Hessp(+',n) ((v,n") - (,Y/’n/T))T)dnd,y
= B¢ g P exp (— f(7,m)))

X / exp (—%ZTH(BSSf(’Y/,’I’L/)Z)dZ

{zE]RNiJA | z > _(,Y/’n/T)T}
have to be transformed into the form of the very last integral.

The computation of 4/ and n/ is basically a one-dimensional problem. The first
order optimality system for a minimum of f(v,n) is given by

N;+21
l|'n 2_|_l _ ~ =0 4.2.1
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(KiZe 'K;+~vI)n— K! %, 'e=0. (4.2.2)

Solving (4.2.2) for n and inserting the solution into (4.2.1) gives that 4 is a root of
the scalar function

v N;+21

— —1 _
9(v) =3 (K]S 'K; + 1) K| %, 1eH§+¥— 5 (4.2.3)
0
We have
d _ _ _ _ 1 N +21
T g(7) = €T K (KTSo K +9I) KIS, et 5+ 0, (4.24)
dry Y0 2 v

so the sought-after root can be found efficiently with Newton’s method. It is left to
the reader to verify that the root of g(y) is unique.

As done in Chapter 2 we use uniform model prior probabilities p(N;). Then the
model selection algorithm for hyperpriors is as follows.

Algorithm 3 Model Selection for Hyperpriors

1: N; =48
2: Ppost = {}
3: for i =1to N; do
4: Get 7/ as solution of
_ -1 _ N;+21
(KIS, 'K, +40) KIS, lel3+ & -~ == —.
Y0 2
5 0= (KIS, 'Ki++1)'KI'sS, e
1 N
6 fmae = 3[BT H K = e+ I3+ () — (Nt 2)log(r)
1 N+21 .
— — n
7 H = ’}/8 2 7’2
n KIS, 'K ++1

M 1 T i —2
8: Mz’ = (27‘() 2 ‘det(zg)‘2 (5) 2 70 exp(_fma:p)

_1,T
X Jaemvirt |25 gy} P (722 Hz>dz

9: Ppost = Ppost U {Mz}

10: end for

11: SumPpost = SN Prost (i)

12: for i =1 to N; do

13: Ppost(i) = Ppost(i)/SumPpost
14: end for

For the discretization with the highest posterior probability Ppys (i) we proceed
with computing the conditional mean estimator

nom ::/ NPposterior (Y, 1| €)dndry. (4.2.5)
RN xR
The high-dimensional integration needed to compute ncys requires draws from the

posterior distribution obtained with a Monte Carlo method, which we will derive in
the next section.
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4.3 Markov Chain Monte Carlo Methods

We give here a very short introduction into Markov Chain Monte Carlo methods
and follow [21]. More detailed background information can be found in e.g. [35].
Let i be a probability measure and let f be a measurable function on RY. The
basic idea of Monte Carlo methods is to construct a sequence x;, i = 1, ..., Ngrqws
which is distributed according to . Then we can use this sequence to approximate

1 Naraws
[ fuldn) ~ o ; f(i).

The sequence is obtained with a so-called probability transition kernel P : RN x
B, where B = B(RY) denotes the Borel sets over RY. It has the properties that
for each B € 9B, the mapping RV — [0,1],  — P(x, B) is a measurable function,
and that for each & € RY, the mapping B — [0,1], B — P(x, B) is a probability
distribution. Now a time homogenous Markov chain is a stochastic process { X }]9“:’1,
where its measures px; fulfill

px; o (Biiles, . x5) = px; ., (Bivilej) = P(x), Bjy1)-
Thus given X; = x1, ..., X; = «x;, the distribution for the new iterate x;1 only

depends on its direct predecessor x;. This dependency does not vary with time.
The measure p is an invariant measure of P if for all B € B

uP(B)= [ Pla. Bju(dz) = u(B)

holds. The transition kernel P is irreducible with respect to p if for each & € RN
and B € B with u(B) > 0, there exists a k € N with P*(z, B) > 0, where P*(x, B)
is for k > 2 and a sequence x; and B; iteratively defined by

P¥(z;, B) = /RN P(@jk-1, Bjpi) PP (@), dajyp ).

So this means for any «, that there is for any start point a nonzero probability,
that @ is reached by the iterated transition kernel in a finite number of steps. A
transition kernel P is periodic, if there exists a sequence of sets Bi, ..., By, € B
with P(2, Bj1(modm)) = 1 for all x € B; for j = 1,...,m. Thus the Markov chain
remains in a loop forever, if its start point lies within one of the sets By, ..., By,.
The kernel P is aperiodic, if it is not periodic. Now the following proposition forms
the basis of Markov chain Monte Carlo algorithms.

Proposition 4.3.1. Let P be a transition kernel with invariant measure p. We
assume P to be irreducible with respect to p and aperiodic. Then there holds for any
time homogenous Markov chain {X; };";1 generated with P that the iterated measures

Pk fulfill for any start point € € RN
Jim P¥(x,B) = u(B) forall B €.
—00

Furthermore holds for any function which is measurable with respect to p that

Nd'raws
1
lim X;) = x)pu(de
Naraws—2¢ Neraws J§:1: 1K) = [ J(@nlde)

almost certainly.
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O
We omit the proof of this proposition here.

There is an infinite number of possibilities for the construction of the transition
kernel. For probability distributions, for which all its conditional distributions are
known and which have a simply connected support - such distributions often occur
in problems of Bayesian inference -, the so called Gibbs sampler is a commonly used
method for constructing a transition kernel. We will outline it in the next section.

4.4 Gibbs sampler

Using the Gibbs sampler method, the iterates of the Markov chain are drawn from
conditional probabilities of the porbability density pposterior (7, 12|€) under investiga-

tion. Here the model vector (v,n”)T is partitioned into subvectors (v?,...,vT)T =
(v,nT)T. Then for each j € {1,...,s} the subvector v; is drawn from the condi-

tional probability ppesterior (7, v;jle, (v1, ...,'vf_l,'vaH, oy )T where the comple-

ment vector (v}, ...,v?_l,vfﬂ, ., 1)) of v; is given. In the following we outline
the full Gibbs sampler method for (4.1.3), which means that the subvectors v; are
given scalars given by the single components of (y,n7)T. A more detailed intro-
duction into the Gibbs sampler method can be found in [21, pp. 98-105]. It is also
proved there, that the strategy of iteratively drawing from conditional distributions
gives a transition kernel.

Updating ~

Conditioned on n € [0, 00)"*, the posterior probability density is of the form
1 2 72
pposterior(’ﬂny 6) X exp|—3 7””’”2 + % - (Nk + 2) log(’}/) .

Its cumulative distribution Fposterior(Y|12,€) = f07 Pposterior(Y|T, €)dy can not be
evaluated analytically. Therefore we use a simple approximate sampling method,
where we first truncate the unnormalized density function

froncterior (ol €) 1= exp (<4 (3lml + (1) = (N +2)10g()

at some Ymag = 2m9% With tpqe > 1 being the smallest integer with fposterior (2727 |0, €) <
10719, Then we approximate the truncated unnormalized density with a piecewise
linear function using 10000 intervals of the same length covering [0, Vmqaz]. We ap-

ply the inverse cdf method using this piecewise linear function in order to obtain
approximate draws from pposterior (7|72, €).

Updating n

Fori € {1,..., N} we introduce the subvector (1) _; := (N1, .., i1, Mt 15 -0y NN, ) L

of n. Then the conditional probability densities are of the form
Pposterior (N7, (N)—i, €) o exp (—&(ain? + bini + ¢;)) Iso(ns), (4.4.1)
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where a;, b; and ¢; depend on v and (n)_;. For computational efficiency we derive
in the following explicit equations for a;, b; and ¢; in terms of Ky, e, 3, (n)_; and
~v. We begin with defining

H:=KI's,'K;,, b:=2KIY,2e and c:=|Z, e
Then we have
1
n' (H+yI)n—bn+c=|Z,"2(Kyn - e)|3 +n|3.

Now we denote with (H); —; the i-th row of H with the i-th column canceled and
with (H)_; —; the matrix obtained from H by canceling both its i-th row and i-th
column. Our next step is to factor out the monomials nf and n; in the left hand
side of above equation. Then by equating their coefficients the explicit relations

a; = (H)y +v
bi =2(H)i—i(n)—; — (b);
ci = ()T (H)—i—i(n)—; + 7| (n)=i])3 — ®)Ti(n)_i + [|Zo " 7e])3

are readily obtained.
Let us now turn to the cumulative distribution function F'(n;|vy,e,(n)_;). To
simplify notation, we define for a function f : R — R the operator

@)= ([ ) [ s

where we assume that both integrals involving f(s) exist. Thus we obtain

Fposterior(ni|’7y €, (n)z) = T[GXP (7%(612'52 +bis + Cl)) ] (nl)

with

bi Vai bi
L= d U= - .
22a 0 224,

The second equation was obtained by completing the square in the quadratic a;s% +
b;s+ci. Then the constant rest term not depending on s canceled out in the integrals
in the numerator and denominator, such that only the squared term is left in their
integrands. The third equation was obtained from a linear change of the variable s.

2 i
We now introduce the error function erf(n;) := \f/ exp (—t2) dt.
T Jo

Using limy,, o0 erf(n;) = 1, the last representation of F'(n;|7y, e, n;) can be expressed
as

Fosterior(nil7, €,m;) = (1 - erf( b ))_1 (erf(@m + 2;;7%) - erf(2;;71)).
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Let u be a sample from a uniform distribution on [0, 1].
p(n;ly,(n)—;,e) can be obtained by solving F(n;|v,

previous computations this solution is given by

V2
NG

n; =

erf ! ((1 - u)erf(

2;;72) +“) -

The results of this section are summarized in

Then a sample from

2a;

e,(n)_;) = u for n,.

With

Algorithm 4 Gibbs Sampler

1. H=KI3, 'K,
1
2 b:=2KI¥, 2e
3: Compute the MAP estimator

T . _1
(niapnap) = argmin 3 (|Z0 % (Ken = @)l + vlnl3 +

~vER, n € RF

4: 7% = yamap
5 nd = NMAP
6: Ngraws = 5000

7: for i =1 to Nypquws do
8: Truncate f(vy) := exp< <7||nl 12 +

v

Y0

)

— (N +2) log())

s.t.

(1) - e+ 2)1og))

fy>0

Ymaz = 27 With tee = min{t € N, ¢t > 1| f(2) < 10710},

9: Approximate the truncated version of f(y) with a piecewise linear

n>0

function fapprox(y) using 10000 linearly spaced subintervals of [0, ymaq)-

10: Draw u ~ U([0, 1]).
11: ' =G (u) with G(v) =
12: for j =1to N do

13: nJ = (nll, NOEY ]+11,.. nﬁvkl)T

14: CL;—(H)N +’Y'

15: bé = 2(H)j7_jn§» — (b)J

16: Draw u ~ U([0, 1]).

17: nz = \/‘/%erf_1<(1 - u)erf(z\;;z) + u) - ;%_
18: end for

19: end for

(f(?maz fapprox(s)ds)_l f(;y f“ppmx(s)ds

In lines 4 and 5 we initialize v and n with their corresponding MAP estimators
which have been found in the preceding model selection step. The MAP estimators
lie within the domain of convergence of the Gibbs sampler method, so initial burn-

in iterations to reach convergence are not needed.

We computed Ngpgws = 5000

samples for any model space dimension Nj determined in the model selection step.
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4.5 Numerical Study

We conducted a numerical study with the same test cases as in Section 3.2.2, i.e.
with the same simulated original particle size distributions from the log-normal,
RRSB and Hedrih families specified by the same sets of parameters, and with the
same amount of noise contaminating the simulated original spectral extinctions. For
each of the three noise levels, we simulated for each of the three families 1000 single
inversions. For each single inversion, we calculated 300 noisy spectral extinctions
with additive Gaussian noise with a standard deviation of 5%, 15% and 30% respec-
tively of the true extinctions, and we used the sample means and variances of the
them as estimates for the true extinctions and noise magnitudes.

In the following we present the results for a Rayleigh hyperprior with 79 = 0.1.
We first show average and maximal run times for the model selection step. Then we
list the average and maximal run times for the Gibbs sampler. We proceed with the
average and maximal L2-errors of the MAP estimators followed by the average and
maximal L2-errors of the conditional mean estimators. At last we show the average
and maximal model space dimensions of the results.

4.5.1 L?-errors of MAP Estimators
Results for 5% Noise

L2-errors (%)
Log-Normal RRSB Hedrih
average 28.7463 120.2392 11.6742
worst case 175.8651 1.6128 - 10° 40.1555

Results for 15% Noise

L2-errors (%)
Log-Normal RRSB Hedrih
average 61.3485 297.4809 14.7444
worst case 329.1157 1.4520 - 103 45.1685

Results for 30% Noise

L2-errors (%)
Log-Normal RRSB Hedrih
average 90.0913 323.6232 20.7106
worst case 617.1629 1.1379 - 10° 51.9149
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4.5.2 L?%-errors of the Conditional Mean Estimators

Results for 5% Noise

L2-errors (%)

Log-Normal RRSB Hedrih
average 12.6675 16.7886 10.8433
worst case 30.5679 113.1329 20.7521
Results for 15% Noise
L2-errors (%)
Log-Normal RRSB Hedrih
average 18.0044 24.2764 13.1940
worst case 39.9891 216.8520 32.3436
Results for 30% Noise
L2-errors (%)
Log-Normal RRSB Hedrih
average 22.4450 29.2653 19.2887
worst case 46.3712 149.3014 42.3618
4.5.3 Run Times for the Model Selection Step
Results for 5% Noise
run times (s)
Log-Normal RRSB Hedrih
average 11.6462 12.0560 11.9135
worst case 28.1454 29.2136 29.7096
Results for 15% Noise
run times (s)
Log-Normal RRSB Hedrih
average 11.5484 11.3946 12.0545
worst case 21.0221 22.9508 30.2464
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Results for 30% Noise

run times (s)

Log-Normal RRSB Hedrih
average 10.5608 11.0053 11.1530
worst case 14.1052 15.8992 14.5782
4.5.4 Run Times for the Gibbs Sampler
Results for 5% Noise
run times (s)
Log-Normal RRSB Hedrih
average 14.0753 16.0902 13.8658
worst case 19.2091 22.7198 27.4881
Results for 15% Noise
run times (s)
Log-Normal RRSB Hedrih
average 12.9457 14.1758 13.4292
worst case 30.7609 28.1368 25.7760
Results for 30% Noise
run times (s)
Log-Normal RRSB Hedrih
average 11.3974 12.8834 12.0432
worst case 16.3708 20.3767 17.2901
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4.5.5 Model Space Dimensions

Results for 5% Noise

average model space dimensions

Log-Normal

RRSB

Hedrih

|

average

9.7920

12.2500

8.2740

Results for 15% Noise

average model space dimensions

Log-Normal

RRSB

Hedrih

|

average

7.9990

10.6220

7.4360

Results for 30% Noise

average model space dimensions

Log-Normal

RRSB

Hedrih

|

average

7.1170

9.6930

7.0190

4.5.6 Reconstruction Failures of the Conditional Mean Estimators

Results for 5% Noise

number of L2-errors > 100 % (out of 1000)

Log-Normal

RRSB

Hedrih

| number (out of 1000) 0

1

0

Results for 15% Noise

number of L2-errors > 100 % (out of 1000)

Log-Normal

RRSB

Hedrih

number (out of 1000) 0

13

0

Results for 30% Noise

number of L2-errors > 100 % (out of 1000)

Log-Normal

RRSB

Hedrih

number (out of 1000) 0

18

0
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4.6 Conclusion

Clearly the MAP-estimators are only of practical use in order to save burn-in it-
erations for the Gibbs sampler, since their L?-errors are too big. Regarding the
average and worst case L2-errors, the results of the Gibbs sampler are matched best
by the results of the Morozov method from Chapter 3, i.e. by the results of the
discrepancy principle under nonnegativity constraints using only the expected value
of the residual multiplied with the Morozov factor 7 = 1.1 as noise estimate. Only
for RRSB distributions the results are better matched by those of the unconstrained
method

The total average run time, i.e. the sum of the run times of the model step
and the gibbs sampler, was highest for RRSB distributions. It declined from ca. 28
seconds for 5% noise to ca. 24 seconds for 30% noise. The total run times were
much higher than those of any of the methods from Chapter 2, but still fulfill our
30 seconds time limit.

In the next chapter we will investigate a more complex model selection problem
for the retrieval of particle size distributions of two-component aerosols. Here we will
only consider retrieval methods based on the discrepancy principle for their superior
efficiency.
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Chapter 5

Two-Component Aerosols

In the preceding sections it was assumed that the aerosol particles consist of a
known material, and therefore the refractive indices mypq,+(I) needed to compute the
extinction efficiency Qext(Mmed(l), Mpart(l), 7, 1) were given exactly as well. But this
is not generally the case in real experimental measurements where typically both
size distributions and optical properties of scattering particles are unknown. In the
ideal case we could set up an additional device for measuring the aerosol refractive
indices and perform a two-stage measurement process, where the first step is to
retrieve the refractive indices as preparation for the second step of reconstructing
the size distribution, but this is not practical. Indeed all measurement techniques
for optical properties of aerosol particles demand a pretreatment of the aerosol itself
such as vaporizing it into its gas phase or transforming it into a monodisperse aerosol.
This would make the FASP too inefficient to be of practical use.

In real applications we simply want to examine some aerosol components of
particular interest. Thus we assume that the aerosol to be investigated is a mixture
of a small number of known materials, such that only the problem remains to retrieve
the volume fractions of these materials in the whole composite aerosol. As an initial
explorative step into this general problem we further assume that the aerosol is made
up of only two materials.

To compute the refractive indices of composite aerosols from those of their pure
components so-called mizing rules are used. Some of these are compared in [36]. Let
m1 = k1 +in1 and mg = ko +1ing be the refractive indices of two aerosol components
for a wavelength [ of the incident light. We adopt the most commonly used rule, the
Lorentz-Lorenz rule. Here the total refractive myot = Kot + inior 1S obtained from
the relation

mfot—li m%—l m%—l
m32,, + 2 _flm%+2 +f2m§+2
where f; and fo are the volume fractions of the components.

Now our new problem is to invert the parameter-dependent integral equation

/ T b (r ()i = e(l), (5.0.2)

Tmin

: (5.0.1)

where the sought-after parameter p € [0, 1] characterizes the unknown volume frac-
tions. Let myp(l) denote the solution my of (5.0.1) with f{ = p and fo =1 —p.
Then the p-dependent kernel function is given by

kp(rv l) = 7TT.QQem&(7nmed(l), mp(l), T, l)
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Mathematically this means that in addition to inverting it we have to identify the
“right” integral operator K, from the set

{(Kpn)(l) — / T e (r On(r)dr

Tmin

pE [0,1]}.

We can easily check that k,(r,1) depends continuously on p and therefore so
do the discrete approximations Ky, to K as well. Furthermore the continuous
dependence of regularized solutions on the data for problems of this type was shown
in [37]. We again make Assumption 7.2.1. So by setting

K, := 2_%Kk7p and r = 2_%(etru6 +6)
as in Section 2.5 we obtain the p-parametrized quadratic programming problem

min 3[|Kyn —r|3+ 37|nl3 st. Cn<b. (5.0.3)
neRN

as in Section 2.2 for the computation of the maximum a posteriori solution.

5.1 Fraction Retrieval for two Aerosol Components

For the determination of the parameter p we modify the adaptive model-generation
algorithm from Section 2.6. As a preparation we prove a continuity result.

Proposition 5.1.1. The minimizer n, of (5.0.3) for v = 0 depends continuously
on the kernel matriz K.

Proof. Let p1,p2 € [0,1] be arbitrary. We write
K, =K and K, = K+,
hence § = K, — K,,. From the continuous dependence of K, on p we have

lim S =0. (5.1.1)

p2—p1

The first-order necessary conditions for the minimizers n,, and n,, of (5.0.3)
for p = p; and p = po are given by the relations

K'Kn, —K'r+C"q, =0 (5.1.2)
and (K'K+K"S+S"K+5"S)n,, — (K+8)'r+C"q,, =0, (5.1.3)

with vectors g, >0, g, > 0. Subtracting (5.1.2) from (5.1.3) yields
K"K (ny, —ny)+ (K"S+S"K + S8"S)n,, — $"r+C"(q,, — q,,) = 0.
Forming the scalar product with n,, —n,, yields

(np, — np17KTK(np2 —ny,)) + (N, — Ny, (KTS +STK + STS)np2>
— (ny, —ny,, STT> +{(C(np, —ny,), q,, — qp1> =0.
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With (5.1.1) we obtain in the limit ps — p1
. _ T . _ . _
p;lg})l ((nm ny,, K* K(ny, —ny,)) + (C(ny, —ny,), qp,, qp1>> =0.

A calculation as in the proof of Lemma 2.3.1 shows

<C(np2 - npl)’ qu - qp1> Z 07

which finally implies

lim n,, =n,, .
P2—p1 P2 P1

O
From the last proposition we directly obtain an existence result for an optimal
P.

Corollary 5.1.2. For v =0 the residual | K,n, — 7|2 of the minimizer of (5.0.3)
depends continuously on p, so there exists a p € [0, 1] for which it attains its minimal
value. O

Our next step is to find a condition for uniqueness of this minimizer for v = 0.

Proposition 5.1.3. Let v = 0 and p € [0,1] be such that | Kpyn, — 7||3 minimizes
all Tikhonov functionals in (5.0.3) over the parameter range [0,1]. Lets s € [0,1],
s # p, be arbitrary. Then if

(Kpn, — Ksng,r) #0 (5.1.4)
holds, the minimizing parameter p is unique.

Proof. The necessary conditions for n, and n, to be a minimizer of (5.0.3) are given
by

K/Kmn,- Klr+C'q,=0 (5.1.5)
and K'Kmn, - KI'r+CTq,=0 (5.1.6)
with vectors q,>0,q,>0. Assume
K ymy — (3 = | Ksns — 73,
which is equivalent to
(np, KZKpnp> —(ng, KT K¢n,) = 2(K,n, — King,r). (5.1.7)

We form the scalar products of (5.1.5) with n, and of (5.1.6) with n,. Then
forming the difference of the resulting equations gives

<np’ KZ;Kpnp> - <n87 Kszns> - <Kpnp - Kng, ’I"> + <Cnp7 Qp> - <Cn8) q$> =0.
Inserting (5.1.7) yields
<Kpnp — Kng,r) + <Cnpa Qp> —(Cns,q4) = 0.

From (2.3.5) with b = 0 we conclude (Cn,,q,) = 0 and analogously (Cns,q,) = 0.
But then
(Kpny, — Ksng,r) =0,

which contradicts (5.1.4). Thus if (5.1.4) holds, the minimizing parameter p must
be unique.
O
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Condition (5.1.4) demands that the kernel matrices K are sufficiently different
to K, so that we get distinguishable residuals of the unregularized solutions. If
an s € [0,1] happens to exist with K, = K, condition (5.1.4) cannot be fulfilled.
Unfortunately we are not currently able to check this condition a priori.

We conclude this section with investigating how the unregularized residuals be-
have for moderate noise levels. In the following the superscript § marks solutions of
(5.0.3) for a data vector r contaminated with noise.

Proposition 5.1.4. We assume that condition (5.1.4) holds for any noise vector
satisfying 0 < [|8||2 < 8. Let ny be the minimizer for the true noise-free model, i.e.

the parameter t € [0,1] yields the minimal residual || K in; — E_%etmeH% over the
whole parameter interval [0,1]. Let p = p(d) € [0,1] be the parameter yielding the

minimal unreqularized residual HKpng - Zfé(etme +68)||2 for the noisy data vector
2_%(etrue + ). Then holds limg),—,0 p(0) = t.

1 1
Proof. To shorten notation we write Tpye := X~ 2€4ye and p := 3720, Let n? be
1
the minimizer for the parameter ¢ and the noisy data vector X7 2 (esrye + 9), i.€.

nd = argmin HIKin — (ripue + )3 st. Cn<b.
neRN

Then we have the first order necessary conditions
KK — K| 7 +Cq, =0 (5.1.8)
KTKmn! — Kl (ripue + p) + Cq0 =0, (5.1.9)

with vectors g? > 0, g, > 0. Subtracting (5.1.9) from (5.1.8) and scalar multiplying
the result with n; — nf gives

(ny — ), K{ Ky(ny —n))) + (ny —n{, K p) + (C(n; —n{),q, — q;) = 0.
As in the proof of Lemma 2.3.1 this establishes
1K (e = n))3 < (nf —ny, K{ p)
< | Ko(n, = n) 2| 524,

which gives
1K o(re = nf)ll2 = O(||8]]2)-

Now since the parameter p minimizes the residuals for the noisy vector rypue + p
we can estimate

1K m), = (rerue + P)ll2 < 1K — (rorue + p)ll2
1
< K — ez + 1K (0] = n) |2 + 272 ]2

With the previous finding we see that the upper bound in the last inequality con-
verges to the residual || Ky ny — Tiryell2 for ||d]]2 — 0. Thus we obtain in the limit

lim HKpng - (Ttrue + p)HQ S HKtnt - rtrueHQ-
lI4]]2—0
By definition of ¢ we have
HKtnt - rtrueHQ < lim ||Kpng - (rtrue + p)HQv
lI6]]2—0
so condition (5.1.4) finally implies lim5,—0 p(d) = t. O
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5.2 Convergence Analysis

In this section we show that the regularized solutions from the retrieved aerosol frac-
tion converge to the true solution from the true fraction as the noise level approaches
zero. This means that we generalize Theorem 2.5.4 to the case where the underlying
true linear operator must be identified from a known set of possible operators.

Theorem 5.2.1. Under Assumption 7.2.1, if condition 5.1./ is satisfied for all
noise vectors & of random variables, then we have for any «(d) with the properties

lims_g «(d) = 0 and lims_,q % = 0 that limg_sg IE(Hng’aw) — 'n,t||2) = 0. Here
ng’a(é) is the reqularized solution for the retrieved fraction parameter p = p(é).

Proof. We again use the notations r¢ye := Eféetme and p := > 25. Let p = p(9d)
be the fraction parameter retrieved by minimizing the unregularized residuals. We
write

ng’a i= argmin 3| K,n — (ryqe + p)||3 + 3aln3 st. Cn<b,
neRN
n, = argmin HIKpn — Poel3 + 2a|nf3 st. Cn<b,
n RN

ny = argmin 1| K,n — 7yycl|3 st. Cn < b,
n RN

n; ;= argmin %HKtn — Piruel|3 st. Cn <b.
n eRN

Then we have the estimate
) )
E([[ny® — nill2) < E([lny® —npll2) +E([ng — npll2) + E(lln, — ngll2).

For the first term in the upper bound, the estimate

o o O(6
B~ ngll) = 2

follows from Proposition 2.5.3. For the second term, Proposition 2.5.2 gives
lim E(|ng — m,2) = 0.

Finally, for the third term from Proposition 5.1.4 follows
lim E — =0.
tim B, — )

This altogether proves our claim. O

5.3 The Retrieval method

5.3.1 Model Generation

Proposition 5.1.3 motivates us to use the unregularized residuals as model generation
criterion, which means that we determine those parameters s, where they are small.
In presence of moderate measurement noise in e these parameters lie in the vicinity
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of the unique true parameter p as was shown in the proof of Proposition 5.1.4. In the
following we discuss the model generation algorithm extended for two-component
aerosols. As in Section 2.6 we compute collocation grids with N1 < ... < N,, points
and select a grid of Morozov safety factors 7 < ... < 75. Furthermore the refractive
indices kl(ll) —i—inl(ll), ey k1 (lNl) —|—in1(lNl) and kg(ll) —i—ing(ll), ey kg(lNl) —|—in2(lNl)
of two pure aerosol components depending on wavelengths /1, ..., [y, are given.

Algorithm 5 Model Generation for Two-Component, Aerosols

1: MaxDisc=1

2: SolutionSets = {}

3: ApproxSets = {}

4: PriorSets = {}

5. MizRatioSets = {}

6: TauSets = {}

7: DiscCntr =0

8: estimate o7, ..., J]2Vl from the sample means approximating the standard devia-
tions of eq, ..., en;.

9: 0% := max{a%, ey UJZVZ}

100 =62 diag(a%, e 012\,[)
11: p; = Nfl,«%cl—l’ 1 =1, "‘7Nf7'(lc
12: Nfrac = 201

13: Npean = O

14: Lyin = {}

15: for : =1 to Ny do

16: for j =1to N; do

17: compute kot (1) +ineor(l;) from ki (l;) +ing(l;) and ka(l;) +ina(l;) using
(5.0.1) with fi = p; and fo =1—p;

18: end for

19: for k =1tom do

20: compute kernel matrix K for p; and the collocation grid with N points
using Kot (1) + ineor (1), -y krot (Iv,) + insot (In;)

21: end for

22: end for

23: for k =1tom do

24: SL = {}

25: A, = {}

26: P, ={}

27: My = {}

28: T, = {}

29: R=1{}

30: RM,im, = 00
31: for i =1to Ny, do

. _1
32: Nisgnng = argmin %HE 2(Kign — €rea) |3 st.m >0
n € RNk
_1
33: R=RU {HE 2 (Kiknlsqnng - eTeal)H%}
34: end for
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35: for i = 1to Nyr4c — Npean + 1 do
36: RM = mean(R(i), R(i+1),..., R(: + Nmean — 1))
37: if RM < RMy,;,, then
38: RM,in = RM
39: tin = {4,7+ 1, ..., i+ Npean — 1}
40: end if
41: end for
42: tewr = {tmin(l); tmm(3)7 tmzn(5>}
43: Newr = ’tcur|
44: for i =1 to N, do
45: for j =0to s do
46: if R(tour(i)) < 7iNi62 A T3Ni62 < | = 2€peq|| then
47: compute 7x;; such that
48: Nyirial = argmin %Hz_% (Ktcw(i),kn - ereal)H%
n € RN
+ %'YkijnTRkn st.n>0
49: with “Z_%(Ktcur(i),kntrial — ereal)H% = 7'le52
50: end if
51: if ny.q exists then
52: Sk =SpU {ntrial}
53: A = A U {Ktcur(i),k}
54: P, =P, U {’Ykink}
55: My, = M, U {ptcur(i)}
56: Tk:TkU{Tj}
57: end if
58: end for
59: end for
60: if Sg, Ak, Px, My and Ty not empty then
61: SolutionSets = SolutionSets U { S}
62: ApproxSets = ApproxSets U { Ay}
63: PriorSets = PriorSets U {Py}
64: MixRatioSets = MizRatioSets U { My}
65: TauSets = TauSets U {T}}
66: DiscCntr = DiscCntr + 1
67: end if
68: if DiscCntr == MaxDisc then
69: break
70: end if
71: end for
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In line 11 the aerosol fraction parameter interval [0, 1] is approximated with a
linearly spaced grid. For each discrete aerosol fraction p; the approximation K to
the linear operator K, is computed in lines 15 to 22 for all model space orders Nj.

In line 23 the main loop for the model generation begins. Note that we first run
through all model orders from 1 to m beginning with the coarsest models before we
iterate through all aerosol fractions p;. This means that we perform the residual-
based search strategy motivated in Proposition 5.1.3 for each model space separately,
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where we start with the coarsest model and refine it if necessary.

In lines 31-41 the residuals of the unregularized reconstructions are calculated,
and a scan to find the minimal mean of Nj,cq, solutions corresponding to suc-
cessive parameters D, Pit1, ---s Pi+Nyean—1 15 performed. A subset of the indices
2,7+ 1,...,7 + Npean — 1 corresponding to the residuals with minimal mean is se-
lected in line 42. By filtering out some of the models corresponding to the param-
eters Di, Pi+1s - s Dit Nynean—1 With small residuals we ensure that the models to be
compared are not too similar. The selected indices are used for the actual model
generation in lines 44-59. Here we loop through all preselected Morozov safety pa-
rameters 71, ...,7s and we propose with them the possible residual values 7;N; for
the discrepancy principle. In line 46 it is checked if the discrepancy principle is
applicable.

If the model generation step is successful, the obtained reconstructions accom-
panied by their kernel and regularization matrices and their aerosol fraction and
residual parameters are stored in the containers Sy, Ap, Pr, M) and T} in lines
51-57.

Finally if the model generation is successful for MaxDisc model spaces, the
model generation loop is terminated in line 69.

5.3.2 Model Selection

Not only the model generation procedure has to be generalized to the case of a
two-component aerosol, but also the model-selection framework presented in Sec-
tion 2.6.2 needs to be generalized as well. Here we are not just comparing models
with different model spaces but also with different underlying operators K. Thus
prior probabilities are also needed for the parameters p which determine the linear
operators—or more precisely their approximations—to be compared. Let k label the
model dimensions Ng, Let ¢ run through the indices for the aerosol-fraction param-
eters p;, where ¢ depends on k, and let j run through all Morozov safety parameters
7j used for the model generation, where j depends on £ and 7. Then we can compute
the model posterior probabilities by

p(e| Ny, Kk, Yrij)D(Nis Kk, Yrij)
Ni, Kk, Yrijle) =
p( b g ij’e) Zqu(u) Zw(u’v)p(euv’lmKUU7’Yuvw)p(NU7KUU7’YUU’LU))
(5.3.1)

We assume that p(K ) and p(Ny, Yuww) are independent and thus

p(Nua K., 'Yuvw) = p(Nua 'Vuvw)p(Kvu)-

We select p(K ) to be uniform and adopt p(Ny,Vuvw) from Section 2.6.2. This

leads to
1

)
N total

p(NU7KUU7’Yuvw) - (532)

where Niuq 1s the total number of triplets (u, v(u), wu, v))

Then the model-selection algorithm proceeds in the same way as Algorithm 2,
so we do not restate here. The differences to Section 2.6.2 are that we have already
set MaxDisc = 1 in the model generation step and that the single container Ay
stores kernel matrices approximating different operators K,,,. While in principle the
algorithm could continue to compare different discretizations, this only lead to worse
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results in our simulations. Therefore, once the algorithm finds a discretization level
for which reconstructions are at all possible for any of the safety factors, we stop
the refinement and simply focus on the problem of identifying the volume fraction.
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Chapter 6

Numerical Results

6.1 Numerical Study

We conducted a numerical study of our inversion algorithm with almost the same
settings as the last section but extended for the retrieval of volume fractions of a
two-component aerosol. We used the same wavelength grid as in Sections 3.1 and
simulated the same model size distributions as in Section 3.2.2. We selected air as
ambient medium as well. We extended the grid of Morozov safety parameters to

71 = 0.5,79 = 0.6, ..., g = 2.0.

If when running through all model spaces none of these safety factors yielded a
solution, we performed in this extreme case an another run of the model generation
step using a second grid of safety factors given by

T — 2.5,7’2 = 3.0, ey T = 5.0.

This time we did not just simulate an original aerosol consisting purely of HoO
but instead generated with (5.0.1) refractive indices of HoO and CsI mixtures for
the scattering particles. Here the volume fractions of HoO ranged through a set of
preselected percentages, namely

0, 11, 22, 33, 44, 56, 67, 78, 89 and 100.

For each of the 100 parameters for the log-normal, RRSB or Hedrih distributions
we also now have the above 10 fractions. This results in a total of 1000 cases to

simulate.
As preparation to run Algorithm 5 we computed the kernel matrices depending
on the water volume fraction parameter p € [0,1] for p; = %, i =1,...,101 and

interpolated each kernel matrix entry with a cubic spline on a linearly spaced grid
with 201 points covering [0, 1] to increase further the resolution in p. Thus we have
Nyrge = 201 in Algorithm 5.

Again we simulated the same noise levels as in Section 3.1. Thus the noisy
measurement data vector e was modeled with

(e); =e(l;) +6; with & ~N(0,(0.05-¢e(l;))?), i=1,...Np,
(€); =e(l;) + & with & ~N(0,(0.15-e(l;))?), i=1,..,]N
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and
(e)i = e(ll) + 5@ with 51 ~ ./\/(O, (0.3 . e(li))2), 1= 1, ceey Nl.

respectively.

To investigate the quality of the reconstructions in each simulation run, we com-
puted their L?-errors relative to the original size distribution. We list them sepa-
rately for each of the ten original water fractions. We proceed this way for all of our
simulation results.

Furthermore we determined the deviations of the reconstructed water volume
fractions from the original ones, e.g. when the original fraction was 22% and pyecon €
[0,1] the retrieved fraction parameter, we calculated the deviation by |22 — 100 -
Drecon|%. This showed us how well one can investigate the unknown two-component
aerosol only from FASP measurements using our extended inversion algorithm.

We also report how often the inversions failed. There were two main reasons for
inversion failures: the first when the relative L? was greater than or equal to 100%,
the second when the fraction deviation was greater than or equal to 50%. In both
cases the reconstruction cannot give any reasonable information about the true size
distribution and the true scattering material anymore. Note that in our simulations
we returned by default n = 0 and precon = 0.5 when no reconstruction could be
found in any of the model spaces. For brevity we only list those original fractions
where inversion failures occurred

Finally we list the average and worst case inversion run times over all 1000
simulations for all three simulation runs.

6.1.1 Average L*>-Errors
Results for 5% Noise

Log-Normal Distribution

original water average ‘LQ—errors (%)

volume percent Tikhonov IEII? (i;;t Twomey
0% 33.4495 33.5512 33.8810
11% 29.9288 30.0234 31.8153
22% 28.8686 29.0432 31.0142
33% 24.8269 26.1235 27.7701
44% 22.5902 24.2364 26.1419
56% 21.0371 21.8765 24.5631
67% 19.1780 19.9413 22.7730
78% 19.0107 19.1835 21.0428
89% 18.6772 19.2620 20.0989
100% 18.0467 18.9292 18.9216

67



Numerical Results

RRSB Distribution

original water average L%-errors (%)

volume percent Tikhonov H{;EI dﬁigt Twomey
0% 37.6093 36.2611 35.7504
11% 31.7431 30.5070 30.0359
22% 30.3894 29.1295 29.0800
33% 28.7004 27.2851 26.9338
44% 24.2003 23.6463 24.9326
56% 21.4835 21.1434 21.2237
67% 19.7283 19.5032 18.7670
78% 17.0828 16.6510 16.5460
89% 14.2999 14.1295 14.1319
100% 11.6901 11.4887 11.5191

Hedrih Distribution

original water average 'L2—errors (%)

volume percent Tikhonov nf;lr? (il;t Twomey
0% 16.3524 16.7309 17.1452
11% 16.9073 16.8683 17.1026
22% 15.9820 15.5398 16.1297
33% 13.7607 13.6466 13.8722
44% 15.7127 14.6788 14.6119
56% 14.9451 14.7220 14.6970
67% 14.7707 14.5446 14.2365
78% 16.8178 15.9551 15.6820
89% 13.6688 13.4196 13.4240
100% 11.4425 11.3837 11.0599
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Results for 15% Noise

Log-Normal Distribution

original water average ‘LQ—errors (%)

volume percent Tikhonov rggl (if;t Twomey
0% 41.0230 42.0280 42.8570
11% 38.7119 40.3354 40.7482
22% 35.4868 37.0136 37.6257
33% 38.2937 39.1035 39.6033
44% 35.1116 35.7339 36.3366
56% 35.3125 36.2310 36.8520
67% 31.4433 32.8912 34.6204
8% 34.1495 35.4525 36.7260
89% 28.2679 29.9144 31.6657
100% 24.9730 26.8085 27.5983

RRSB Distribution

original water average L%-errors (%)

volume percent Tikhonov 121;1 Cﬁ?t Twomey
0% 46.9113 47.2809 47.6162
11% 44.5891 45.7270 46.0245
22% 42.8317 43.0837 41.9885
33% 40.0047 40.7705 40.6499
44% 36.8078 37.8087 39.0816
56% 35.1608 34.9177 34.9506
67% 34.2437 34.6667 34.6924
8% 30.5743 29.9018 30.2997
89% 26.6096 25.5681 25.6317
100% 25.1971 25.4078 26.8239
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Hedrih Distribution

original water average L%-errors (%)

volume percent Tikhonov H{;EI dﬁigt Twomey
0% 38.2540 41.0444 41.7418
11% 37.2035 39.2980 39.8581
22% 37.5875 39.2181 39.3586
33% 37.9361 39.3276 40.1512
44% 37.1656 38.9567 40.1287
56% 35.6547 37.0807 38.1747
67% 36.7073 38.0401 39.0624
78% 37.3575 38.5249 39.4832
89% 32.9935 34.3648 35.3986
100% 21.0929 22.2989 23.4942

Results for 30% Noise
Log-Normal Distribution

original water average L2-errors (%)

volume percent Tikhonov IEII? dﬁil;t Twomey
0% 54.4440 56.1149 56.5318
11% 53.4176 55.1921 55.4526
22% 50.2123 51.9879 52.9042
33% 48.5834 50.5190 51.9092
44% 48.2961 49.2341 51.0833
56% 49.6869 50.4403 52.3943
67% 48.7960 49.8042 51.4531
78% 45.3692 46.7035 48.4497
89% 40.7916 42.5978 44.2974
100% 37.8053 40.2252 40.6318
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RRSB Distribution

original water average L%-errors (%)

volume percent Tikhonov IEEI Cﬁf;t Twomey
0% 60.9539 60.1571 59.4861
11% 55.8505 55.8186 55.8801
22% 56.6660 56.7041 57.2950
33% 51.7956 51.7272 52.4263
44% 55.0476 55.4631 54.7889
56% 53.3087 53.4469 52.7929
67% 56.3399 56.0415 55.7153
78% 43.7841 44.3589 44.7646
89% 35.7766 35.2697 35.2719
100% 33.4715 34.4714 35.2654

Hedrih Distribution

original water average 'LQ—errors (%)

volume percent Tikhonov Hégl (ﬁgt Twomey
0% 61.2199 63.0944 64.9315
11% 62.1051 63.5453 65.3789
22% 60.2048 62.0754 63.7821
33% 60.6939 62.3668 64.2677
44% 58.9614 60.5740 62.9731
56% 59.2670 60.5463 63.1971
67% 60.0236 60.9762 62.9238
78% 55.6534 56.7551 58.9474
89% 48.4864 49.9086 52.0646
100% 35.5582 37.4365 39.5205

71




Numerical Results

6.1.2 Average Water Fraction Deviation
Results for 5% Noise

Log-Normal Distribution

original water average water fraction deviation (%)
volume percent Tikhonov IEII? dﬁil;t Twomey
0% 11.0750 10.9550 11.0950
11% 7.6500 7.3200 7.5200
22% 6.3450 6.2750 6.4250
33% 4.4000 4.4000 4.4500
44% 3.5750 3.8350 3.8150
56% 3.2700 3.1100 3.1500
67% 2.5050 2.4550 2.4750
8% 2.3850 2.3050 2.1850
89% 2.0100 2.0400 1.7700
100% 1.2550 1.0150 0.7150

RRSB Distribution

. average water fraction deviation (%)

original water i

volume percent Tikhonov H;r? (ﬁ;st Twomey
0% 6.7000 6.7000 6.6600
11% 5.2200 5.1700 5.0900
22% 4.6400 4.5400 4.5400
33% 3.7100 3.7000 3.5300
44% 3.6200 3.5400 3.5400
56% 3.2050 3.1750 3.1550
67% 2.4650 2.4150 2.3350
78% 1.7750 1.8350 1.8750
89% 1.3250 1.3250 1.3050
100% 0.4650 0.3850 0.3450
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Hedrih Distribution

. average water fraction deviation (%)

original water i

volume percent Tikhonov IEEI Cﬁf;t Twomey
0% 4.8800 4.9200 5.0600
11% 6.3850 6.3550 6.2450
22% 4.1300 4.1900 4.3300
33% 4.3650 4.4750 4.3750
44% 3.3100 3.4500 3.4400
56% 3.0450 3.0150 2.9950
67% 1.8100 1.9300 1.8000
78% 2.7250 2.4950 2.4350
89% 1.9350 1.8850 1.7350
100% 0.7250 0.5450 0.4050

Results for 15% Noise

Log-Normal Distribution

- average water fraction deviation (%)

original water i

volume percent Tikhonov 121;1 Cﬁ?t Twomey
0% 22.7300 22.8500 22.8500
11% 14.9650 15.4850 15.6050
22% 11.4200 11.7200 11.7800
33% 11.0250 10.9550 11.0150
44% 9.4150 9.1050 9.3650
56% 8.4350 8.5450 8.3250
67% 6.6650 6.6950 6.7750
78% 7.8100 7.7600 7.7300
89% 4.6300 4.9900 4.9900
100% 1.8050 1.6450 1.2650
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RRSB Distribution

original water

average water fraction deviation (%)

volume percent Tikhonov H{;EI dﬁigt Twomey
0% 13.0650 12.6850 12.7250
11% 14.9600 15.0300 14.9300
22% 10.7500 10.8400 10.7700
33% 10.8900 10.9000 10.9900
44% 10.3200 10.2500 10.2600
56% 6.9550 6.8350 6.7950
67% 5.8300 5.6800 5.8000
78% 4.4500 4.3800 4.4000
89% 3.1850 3.1450 3.1450
100% 1.9350 1.9150 2.0750

Hedrih Distribution

original water

average water fraction deviation (%)

min. first

volume percent Tikhonov b iff. Twomey
0% 19.4000 20.0200 20.2000
11% 15.1000 15.5200 15.5300
22% 15.9050 16.2850 16.3650
33% 13.4650 13.9250 14.0850
44% 11.4050 11.7850 12.0450
56% 8.8800 9.2600 9.4500
67% 9.3000 9.4000 9.6000
78% 8.3150 8.5550 8.6850
89% 4.6500 5.1300 5.3700
100% 1.1300 0.9300 0.3900
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Results for 30% Noise

Log-Normal Distribution

- average water fraction deviation (%)

original water :

volume percent Tikhonov rggl (if;t Twomey
0% 33.3450 33.5650 33.4850
11% 26.8900 27.2100 27.1000
22% 22.2350 22.7650 23.0250
33% 18.3700 18.9100 19.1100
44% 17.7700 17.6600 17.9100
56% 17.0850 16.8650 17.2450
67% 14.6700 14.6800 14.7200
78% 11.5950 11.6450 11.8250
89% 6.9650 7.0850 7.3650
100% 2.2650 2.2250 1.7250

RRSB Distribution

.. average water fraction deviation (%)

original water i

volume percent Tikhonov 121;1 Cﬁ?t Twomey
0% 22.6650 22.5850 22.4050
11% 22.3800 22.3900 22.5000
22% 19.5000 19.4100 19.4600
33% 17.3000 17.1100 17.1300
44% 18.0600 18.0100 17.9900
56% 13.3100 13.3100 13.3400
67% 11.6500 11.4500 11.3700
78% 8.1000 7.9800 7.8400
89% 5.3800 5.2600 5.2500
100% 3.0300 2.8900 2.7700
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Hedrih Distribution
- average water fraction deviation (%)
original water ——
olume percent i min. first
v p Tikhonov fn. diff. Twomey
0% 41.2100 41.8100 41.6500
11% 39.4300 39.8100 39.7100
22% 32.4950 32.9750 32.8750
33% 29.2950 29.6150 29.7750
44% 24.3600 24.1600 24.8800
56% 21.8000 22.1300 22.5100
67% 18.3750 18.5250 19.0650
78% 13.7000 13.7400 14.0800
89% 6.8900 6.9700 7.3700
100% 1.0700 0.9900 0.4100
6.1.3 Average Model Space Dimensions
Results for 5% Noise
Log-Normal Distribution
average model space dimensions
. min. first
Tikhonov fn. diff Twomey
7.5550 7.5550 7.5550
RRSB Distribution
average model space dimensions
. min. first
Tikhonov . diff Twomey
11.3940 11.3940 11.3940
Hedrih Distribution
average model space dimensions
. min. first
Tikhonov . diff Twomey
6.3330 6.3330 6.3330
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Results for 15% Noise

Log-Normal Distribution

average model space dimensions

. min. first
Tikhonov An. diff Twomey
4.9840 4.9840 4.9840

RRSB Distribution

average model space dimensions

. min. first
Tikhonov . diff Twomey
7.9840 7.9840 7.9840

Hedrih Distribution

average model space dimensions

. min. first
Tikhonov fn. diff Twomey
4.5890 4.5890 4.5890

Results for 30% Noise

Log-Normal Distribution

average model space dimensions

. min. first
Tikhonov An. diff Twomey
3.8240 3.8240 3.8240

RRSB Distribution

average model space dimensions

. min. first
Tikhonov . diff Twomey
6.5260 6.5260 6.5260
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Hedrih Distribution

average model space dimensions

. min. first
Tikhonov . diff Twomey
3.7000 3.7000 3.7000

6.1.4 Extreme Cases

When the deviation of the retrieved aerosol fraction from the true one exceeded 50%
or the L?-error between reconstruction and true solution was bigger than 100% we
had to regard the reconstruction as failed. We now list when these failures occurred.

There were no failed simulations with the Hedrih distribution.

6.1.5 Reconstruction Failures

Results for 5% Noise

Log-Normal Distribution

. number of L2-errors > 100 % (out of 100)
original water —
volume percent i mun. first

p Tikhonov fn. diff Twomey

0% 1 1 1
11% 1 0 0
44% 1 0 0

RRSB Distribution

.- number of L2-errors > 100 % (out of 100)
original water T
volume percent Tikhonov Iglr? di;fb. Twomey
0% ) 6 6
11% 1 1 0
33% 1 1 1
44% 1 0 0
67% 1 1 1
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Results for 15% Noise

Log-Normal Distribution

original water
volume percent

number of L2-errors > 100 % (out of 100)

min. first

Tikhonov fn. diff

Twomey

0%

1 \ 1 \ 1

RRSB Distribution

original water

number of L2-errors > 100 % (out of 100)

volume percent Tikhonov IEII? dﬁlfst Twomey
0% 9 8 7
11% 4 4 3
22% 3 3 1
33% 3 3 2
44% 2 2 2
56% 3 2 2
67% 1 1 1
78% 1 1 0
89% 1 0 0

Results for 30% Noise

Log-Normal Distribution

original water

number of L2-errors > 100 % (out of 100)

volume percent ; min. first
p Tikhonov fn. diff Twomey
100%
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RRSB Distribution

original water

number of L2-errors > 100 % (out of 100)

volume percent Tikhonov H{;EI dﬁigt Twomey
0% 12 12 12
11% 6 5} )
22% 7 7 6
33% 4 4 5
44% 10 11 9
56% 10 9 8
67% 12 13 12
78% 2 1 1
100% 2 2 2

6.1.6 Water-Fraction Retrieval Failures

Results for 5% Noise

Log-Normal Distribution

original water

number of deviations > 50 % (out of 100)

volume percent Tikhonov rgﬁl (i?t Twomey
0% 3 3 3
11% 3

22% 1 1 1

RRSB Distribution

original water
volume percent

number of deviations > 50 % (out of 100)

min. first

Tikhonov fin. diff.

Twomey

0%

1 1 \ 1
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Results for 15% Noise

Log-Normal Distribution

- number of deviations > 50 % (out of 100)
original water —

1 t . min. first
volume percen Tikhonov fn. diff Twomey
0% 7 7 7
11% 1 1 1
22% 3 3 2
33% 2 2 2
44% 1 0 0

RRSB Distribution

- number of deviations > 50 % (out of 100)
original water e

1 ¢ . min. firs
volume percen Tikhonov fin. diff Twomey
0% 7 7 7
11% 9 9 7
22% ) 5 )
33% 6 6 6
44% 1 1 1

Hedrih Distribution

: number of deviations > 50 % (out of 100)
original water -
volume percent : min. first
p Tikhonov . diff Twomey
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Results for 30% Noise

Log-Normal Distribution

- number of deviations > 50 % (out of 100)

original water T

volume percent Tikhonov IEII? di?. Twomey
0% 18 18 18
11% 12 11 9
22% ) 5 )
33% 1 1 1
44% 2 2 2
56% 1 1 1

RRSB Distribution

. number of deviations > 50 % (out of 100)

original water i

volume percent Tikhonov IEII? (il;t Twomey
0% 17 17 17
11% 17 17 17
22% 14 14 14
33% 7 7 7
44% ) 4 4
56% 3 3 3
67% 2 2 2
78% 1 1 1

Hedrih Distribution

number of deviations > 50 % (out of 100)

original water

volume percent Tikhonov Hfi? (il;t Twomey
0% 34 34 34
11% 31 31 28
22% 3 4 4
33% 6 6 6
44% 6 4 4
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6.1.7 Average and Worst-Case Run Times
Results for 5% Noise

Log-Normal Distribution
run times (s)
. min. first
Tikhonov fn. diff Twomey
average 1.9760 1.9942 2.0068
worst case 7.7510 7.2250 7.1985
RRSB Distribution
run times (s)
. min. first
Tikhonov . diff Twomey
average 2.9324 2.9625 2.9790
worst case 33.3764 33.3267 34.9001
Hedrih Distribution
run times (s)
. min. first
Tikhonov . diff. Twomey
average 1.4476 1.4508 1.4606
worst case 4.7932 4.8286 4.8890

Results for 15% Noise

Log-Normal Distribution

run times (s)

. min. first
Tikhonov fn. diff Twomey
average 1.5145 1.5206 1.5166
worst case 6.2287 6.4040 6.4904
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RRSB Distribution

run times (s)

. min. first
Tikhonov An. diff Twomey
average 3.3324 3.3626 3.3634
worst case 27.5733 28.3437 27.9566
Hedrih Distribution
run times (s)
. min. first
Tikhonov fn. diff Twomey
average 2.9680 2.9574 2.9615
worst case 8.1061 8.0749 8.2823

Results for 30% Noise

Log-Normal Distribution

run times (s)

) min. first
Tikhonov . diff Twomey
average 1.4768 1.4764 1.4714
worst case 5.2418 5.1896 5.1899
RRSB Distribution
run times (s)
) min. first
Tikhonov An. diff Twomey
average 1.9579 1.9837 1.9885
worst case 19.8418 20.5086 20.6216
Hedrih Distribution
run times (s)
. min. first
Tikhonov . diff Twomey
average 1.1961 1.1893 1.1864
worst case 3.7253 3.6821 3.8738
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6.2 Conclusion

A common trend in the results is that the average L2-error decreases with increasing
original water volume fraction. This was observed for all noise levels. For all noise
levels the average L?-errors were for 0% water 2 to 3 times as big as for 100%
water.. This behavior can also be seen in the numbers of reconstruction failures,
which predominantly occurred for small water percentages.

The water volume fractions deviations behaved in a similar way. They decreased
for increasing original fractions, which means that the quality of the water fraction
retrieval was improving towards higher original fractions. Water fraction retrieval
failures predominantly occurred for samll water percentages and their number rose
for higher noise levels. For Hedrih distributions more than 30% of the inversions
were affected by a water fraction retrieval failure for 30% noise and for original water
percentages of 0 and 11%.

Again the differences in the deviations depending on the priors were only marginal.

The worst case run times succeeded our thirty-seconds limit only for RRSB
distributions. Even in the extreme cases they stayed below 35 seconds, which is still
acceptable.

We can conclude that with the settings made in previous section the analysis of
two-component aerosols is possible satisfying our demands on run time and accuracy.
The results for 5% noise are of comparable quality than the results for 30% noise
for single-component aerosols in Chapter 3.
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Chapter 7

Spectroscopic Measurements of
Refractive Indices

7.1 Modeling of Refrative Index Reconstructions

The following chapters provide an algorithm for the reconstruction of refractive
indices from spectral measurements of monodisperse aerosols. The experiments we
are conducting are similar to the experiments presented in [38] with the difference
that we are using air as surrounding medium for the aerosol particles and that
temperature and pressure may approach 200°C and 8 bar respectively. For these
rigid conditions reliable databases for refractive indices do not exist up to now.
These refractive index databases are needed for the measurement of particle size
distributions of polydisperse aerosols using the FASP.

As outlined in Chapter 2 the FASP measures light intensities ;5,4 (1) and Ispore (1)
having passed a long and a short measurement path length L;,,, and Lgper respec-
tively. The evaluations of the FASP measurements are based on the relation

o0 log(I1one (1)) — log(Lspore (1
/ kG Dn(rydr = e(l) with  e(l) = —28ena@) Z108shoreD) 7 4 1
0 Llong - Lshort
where k(r,l) := WTQQext(mmed(l),mpart(l),r, l) is the so-called kernel function, I

is the wavelength of the incident light, r is the radius of the spherical scatter-
ing particle and myeq(l) and myq(l) are the refractive indices of the surrounding
medium and the particle material depending on the wavelength [. The function
Qext(Mmed(l), Mpare (1), 7, 1) is the Mie extinction efficiency from [5]. The function
n(r) is the size distribution of the scattering particels. The right-hand side e(l) in
(7.1.1) is denoted as the spectral extinction.

Now if n(r) is the size distribution of a monodisperse aerosol, where all particles
possess the same radius r,, it is given by n(r) = nd(r — r,,), where n is the total
number of particles and §(r — ry,) is a Dirac delta distribution truncated on the
positive half-axis. Inserting this into (7.1.1) gives

nﬁr?nQem(mmed(l), Mpart (1), 7m, 1) = e(l), (7.1.2)
hence the Mie extinction efficiency is measured directly at the radius 7,,.
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The Mie extinction efficiency is given as an infinite series, i.e.
o0
Qext(mmed(l)7 mpart(l)y T, l) = Z Qn(mmed(l)7 mpart(l)a r, l)
n=1

The computation of the coeflicient functions g, (mmeda(l), Mpart(l),r,1) will be dis-
cussed in Section 1.

It is clear that in practical computations Qeqt(Mmed(l), Mpart(l),7,1) can only
be approximated by a truncated series, because only the computation of a finite
number of the gy, (Mmed(l), Mpart(l),7,1)’s is practically feasible.

We now fix a wavelength [. The complex refractive index myq,¢(1) for the wave-
length [ is reconstructed from FASP measurements of several monodisperse aerosols
with particle radii r1, ..., rny. Let q(r1,1), ..., ¢(rn,1) denote the measured spectral
extinctions e(l) corresponding to the particle radii rq, ..., ry. We assume that they
are contaminated by additive Gaussian noise, i.e. q(ri,l) = quue(ri,l) + 0; with
d; ~ N(0, 5?) for i =1,..., N. Furthermore we assume that the standard deviations
s; can be estimated from measurements sufficiently accurately, such that we can
regard them as known. We have

qtrue(’riv l) — TLZ'TFT? Z dn (mmed(l>7 mpa?”t(l)a T, l)a

n=1

where n; is the number of particles having the same radius r;. Then a reconstrution
of mypqere(l) is obtained from the set of solutions M(l) of the nonlinear regression
problem

Yoo Ner i)\
M(l) := argmin Z — (777‘? an(mmed(l),m,ri,l) - qz’) . (7.1.3)

2
meC 77 9 (ﬁ) n;
ng

Note that M (l) contains in general more than one solution, especially when ¢(r;, )
is perturbed by measurement noise. We discuss nonlinear regression problems with
truncated series expansions such as (7.1.3) in Section 7.2.

For solving (7.1.3) we use a global optimization strategy presented in Section 7.3
to generate reasonable candidates for start values for a local solver for a regularized
version of (7.1.3). Section 7.6 provides a selection method to find a unique start
value out of the candidates. In order to apply a gradient-based local solver we must
know the derivatives of the Mie extinction efficiency series, which are discussed in
Section A.

7.2 Nonlinear Regression using Truncated Series Ex-
pansions

We wish to reconstruct the refractive indices of a particle material from spectral
measurements by solving a nonlinear regression problem of the form

N t 00 2
' 1 A ,
X5 = argmin g %97 ( E an(x) — g an (Tirye) — (52-> , (7.2.1)
i=1 i n=1 n=1

xzeRD
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where ¢ € N is a finite truncation index and §; ~ N(0,s?). We have to confine
ourselves to a finite truncation index ¢, because it is practically not feasible to
compute all coefficient functions a’ (x) for i = 1,..., N. We also wish to keep the
truncation index as small as possible in order to save computational effort. Therefore
this section is devoted to study the influence of the truncation index on the accuracy
of the reconstructions.

Remember that IV represents the number of particle radii r; of the different
monodisperse aerosols we are investigating. We still assume that for each radius r;
the standard deviations s; are determined well enough from a set of experiments,
such that they can be regarded as known. Throughout this paper we assume that
the feasible set {2 is compact.

We define the functions f, : R? — RN and f: RP — RN by

¢ t T
o) (k. Yoo
n=1 n=1
(o] oo T
and  f(xz) = (Za;(m), Zﬂ@)) .
n=1 n=1
We set e := f(Tyue) + 6 with § := (07, ...,5N)T. Then the observed probability
density is given by

Pobservea(€]) = (27) " % [det(S)| "2 exp(—L[|Se 3 (£,(x) — €)[12)

with the covariance matrix ¥, := diag (0%, ...,012\,). We know a priori that the
vector @ specifying our model f,(x) lies within the set 2. This knowledge can be
expressed with the prior probability density

Pprior(T) 1= (VOI(Q))_l Ia(z),

where Iq is the indicator function of 2. Now X, s is the set of MAP-estimators of
the posterior probability density, i.e.

Xt,5 ‘= argmax ppostem'or(m|e)
x

. _1
with  pposterior (T|€) X Pobserved(€|T)Pprior(T) o exp(—%HEa 2(fi(x) - 6)”%)IQ(33)
(7.2.2)

We carry out all the following investigations under the next assumption on the
covariance matrix:

Assumption 7.2.1. The covariance matrix 34 has the simple form
Y, =07 - diag(o},...,0%) =: 62 - %,
where § > 0 is an arbitrary but fized noise level and o1, ..., on are fized.

To simplify notations we introduce the two functions f, : R — RY and g, :
RP — RY depending on the truncation index ¢ and defined by

[t]
(F1(@)), == 3 ai (@) + (t - [t])al,y (@)
n=1
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and  (g4(z)); := (f(®)); = (fi(®));, for i=1,..,N.

In the following we will investigate how an element x; s of the set X, s depends
on the truncation index t. We change to a continuous truncation index here, i.e. we
change from now on from (7.2.1) to the new regression problem

Xi5:=argmin Fys(x) st. x e,
wer? (7.2.3)
with  Fys(x) = |E72(f () — f(@true) — 5)”%

where the truncation index t > 0 is allowed to be non-integer.
As a preparation we prove the following technical lemma, which will form the
basis of our continuity and convergence results.

Lemma 7.2.2. Let the twice continuously differentiable function F : RN — R
have a strict local minimum xo inside a compact set S C RN. Let the function
h: RN xR — R have the property lim. o h(x,€) = 0 for all x € S and let h(x, <) be
twice continuously differentiable with respect to x and continuous in €. Furthermore
we assume that the local minima x. of F.(x) := F(x) + h(x,e) are strict for any
e > 0. Then there erists a sequence of local minima x. of F.(x) with lim._,o x. = x¢.

Proof. The strategy of the proof is to construct for given £ a neighborhood of xq
which must contain a local minimizer x. of the perturbed function F;(x). By sending
¢ to 0, this neighborhood shrinks down to the local minimum xg itself, thus yielding
the convergence of . to @y. To have this neighborhood shrink down to xg, it is
crucially important that xg must be a strict local minimum.

We define d(e) := supgcg|h(x,e)|. From lim.,oh(x,e) = 0 for all z € S
follows lim._,od(¢) = 0. Let us now introduce the function F~(x) := F(x) — d(¢).
Obviously xg is also a local minimum of F~(x), so for ¢ sufficiently small there
exists a neighborhood Usg(.)(xo) C S of @g with

F~(x) > F~(xo) and F~(x)— F (x0) <2d(e) forall x € Usy)(xo)-
In particular we have
Vo € OUsqe)(xo) : F () = F' (x0) + 2d(c) = F(0) + d(e).
Let us assume that there exists an @ € OUsq(.)(xo) with
F.z) < F(zo) +d(e) = F~ (x) = F(x) — d(e).

Then F.(x) = F(x) + h(x,e) implies —d(e) > h(x, ), hence —h(x,e) > d(e) >
—h(x,e) by definition of d(g), contradiction. Therefore we conclude

Va € OUsq(c)(x0) : Fe(x) > F(20) + d(e). (7.2.4)

Since F.(x) is continuous and Usg(.) (o) is compact for e small enough, there
exists an x. € UQd(E)(.'L'O) with

F.(x:)= min F.(x).
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Let us assume F;(x:) > F(x)+ d(¢). Then by definition of x. we get in particular
F(xo) + h(xo,e) = Fe(xo) > Fe(xe) > F(xo) + d(e),

i.e. h(zxo,e) > d(e) > h(xo, ), contradiction. It follows
F.(x:) < F(xog) +d(e) and F.(xo) < F(xo) + d(e), (7.2.5)

where the latter follows with a proof by contradiction as well.

If it happens to hold that F.(z.) = F(x¢) + d(¢), then we also have F.(xo) =
F(xp) + d(e). Otherwise we have F.(x.) < F(xo) + d(¢) and then (7.2.4) implies
that x. cannot lie on OUsq() (o), thus it must lie within the interior of Usq(.) (o).
So in any case (7.2.5) gives that Usg)(®o) must contain a local minimizer x. of
F.(x).

Now lim._,0d(e) = 0 gives lim.,ox. = xy. The existence of the last limit is

guaranteed by the fact that xg is strict and the claim is proved.
O

Proposition 7.2.3. Let all coefficient functions a’,(x) be twice continuously differ-
entiable and bounded on €). We assume that each local minimum s of the right
hand side function Fys(x) in (7.2.3) is strict and lies in the interior of Q. Then
each local minimum depends continuously on the truncation index t.

Proof. To prove the claim, one could be tempted to apply the implicit function
theorem on the equation d(t, x;s) = 0 with d(s, x) := V f (x). This would give that
the local minima are parameterized by a function m(s) with the property m(t) =
x5, where s is from an environment U(t) of t. The problem with this approach is
that it requires continuous differentiability of d(s, ) in the truncation parameter s.
Thus the continuous truncation we are using would need more complicated methods
such as spline interpolation of the partial sums, which would increase the overall
computational effort.

Therefore we use in the following a more direct approach to prove the claim. Let
€ > 0 be arbitrary. First we consider an integer truncation index ¢ € N, i.e. we have
t = [t]. Now for € small enough, we get |t +¢] =t and [t —e] =t — 1. This gives

(ft+s($)),- = (ft(m))z + 5ai+1(m)

and (ft—s(x))i = (ft—l(x))i + (1 - ¢)aj(x)
= (fi(@)); —eaj(x).

As next step we turn to an noninteger truncation index ¢. In this case, we can always
select & small enough such that [t +¢] = [t] and |t — e] = [¢t] respectively hold.
This yields
(ft+s(m))z‘ = (fi(x)); + 5aitj+1(33)
and (.ft—s(w))z‘ = (fi(®)); — 5“@“1(‘”)-

Now we introduce the function

() i { (@@l @), for t—c tEN
a\x) = T
(aitj-s-l(x)? ---ﬂﬁJH(w)) , else.
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For F,5(z) = |27 2(f,(x) — f(Tirue) — 8)|2 this yields

Fiies(x) = Frs(x) + 2€<2_%a($), 2_%(1015(513) — f(®prue) — 5)> + 52”2_%‘1@)”%
and  Fy_.5(x) = Fs(z) — 26(S77a(x), 72 (f1(@) — (@) — 6)) + 2|5 2a(2)|3.

Therefore we obtain both for Fy . s(x) and F;_. 5(x) a decomposition of the form
Fiyes(x) = Fy5(x) + hi 5(x) and Fy_. 5(x) = F;s5(x) + hi 5(x) respectively, where
the function hs, s(x) is abpropriately selected according to above findings. We can
readily check lim._,q |hS ¢(z)| = 0 for all z € Q from the boundedness of the a’,(z)’s.
Then the result follows from Lemma 7.2.2.

]

Corollary 7.2.4. Lett1 and ty be truncation indices with t1 < ta. Let x4, 5 be a local
minimizer of (7.2.1). Let v € [0,1] and define t, :=t1 + (to — t1). Then beginning
at v = 0 one can successively find local minimizers x5 for the truncation index
ty using numerical continuation, see [39]. Here for y1 < y2 the minimizer T, 5 S
used as a start vector to compute the next minimizer @, 5. The next parameter vo
has to be sufficiently close to vy, such that the start vector Xy, 5 still lies within the
domain of convergence for Newton’s method. O

We use Corollary 7.2.4 to compute x; s for increasing truncation index ¢ in a
stable way. If we would keep t as integer and increase it in integer steps, we might
leave the domain of convergence in the continuation method. Therefore we increase
them using a smaller step width.

In the following we investigate how well the minimizers x; 5 of the noise-contaminated
regression problem (7.2.3) with truncated series expansions approximate the mini-
mizers T, 0 of the noise-free and untruncated problem

N e 00 2
1 . A
Too 0 1= argmin g %57 ( E a, (x) — E a’n(wtme)> st. xeq. (7.2.6)
j=1 "7t \n=1 n=1

xeRP T i

Proposition 7.2.5. Let the noise vector & fulfill limgs_, ||2_%5H% = 0 and let the

functions f(x) and f, (x) be bounded on Q. Assume lims_o HE_%gté(m)H% =0 for
all x € Q. Then for any strict minimizer o of the right hand side function of
(7.2.6) in the interior of ) exist minimizers x5 of (7.2.3) with lims_,o @4, 5 = Too0-
Here we also assume the x5 5’s to be strict for all 5 > 0.

Proof. With the notation introduced before we can write

oo € Xoo = argmin Fog(x) st. x e
xcRD

with  Fao(@) = |S72 (£(2) — F(@rue)) 3

From the decomposition f, (z) = f(z) — g,,(x) we obtain

Fiyo(®) = |22 (F(@) — F(@irue) — 8) |3-2( 29y, (2), 72 (F(&) — F(@irue) — 0))
+ =2 g, (2)|3.
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Then a further decomposition of the first term on the right hand side yields

Fiy 5(x) = Faool@) — 2(2726, 72 (f(&) — f(@irue)) ) + |E7263

~2(B g, (2), B (f(@) — f(@iue) — 8)) + I 2g,, (@)]3
=: Foo(x) + Hey 5(x).

From the limit lims_,o HE_%gté(w)H% = 0, the limit lims_, HZ_%(sH% = 0 and the
boundedness of f(x) follows lims_,o |[Hy, 5(x)| = 0 for arbitrary but fixed x € €.
Then the existence of the x;; 5’s follows from Lemma 7.2.2.
U

At last we study how the minimizers &, 5 of (7.2.3) behave for 6 — 0. We begin
with a preparing corollary.

Corollary 7.2.6. Let the assumptions of Proposition 7.2.5 hold. Then we have for
any local minimizer x.; 5 of (7.2.3) approximating a local minimizer oo of (7.2.6)

. _1

for 6 — 0 with |72 (f(€0,0) — f(Ttrue))||2 = 0 that
. _1
lim [[372(f 4 (®45,6) — f(®true) — 6)[[2 = 0.
6—0

Proof. The assumptions of Proposition 7.2.5 give

. ~Lene . -1 2 _
i (57503 =0 and i[53, ey, )3 =0
We have by continuity of f(x) that lims_o ||2_%(f(a:t675) — f(®true))|l2 = 0. Then

=72 (f(@455) — F(@urue))ll2 + 1572 gy, (®15.6) |2 + [|1E726]
> 1572 (£, (@1,6) — F(@irue) — 0)|l2

gives the desired result. O

Proposition 7.2.7. Let the assumptions of Proposition 7.2.5 hold. Assume that
1

the local minimizers oo of (7.2.6) with || X272 (f(€oo,0) — f(Ttrue))||2 = 0 form a

discrete set So0. Then the set Lo consisting of the limits lims_,o x4, s of local

L T _1

minimizers x5 of (7.2.3) with lims o |57 2 (fy, (€45.6) — f(@true) — )[l2 = 0 co-
incides with So 0 and there exists a noise level dpqy such that all minimizers 4, 5
approzimating S0 are isolated for all 6 < dpqz-

Proof. On the one hand from Proposition 7.2.5 we know that there exists a sequence
1
x5 of minimizers of (7.2.3) with lims_,0 ;5 = ®ooo. Then [|[E72(f(2o00) —

F(@true))|l2 = 0 and Corollary 7.2.6 give limso [|£72 (f4, (€45.5) — f (@erue) —6)||2 =
0, which implies So 0 € Lo 0-

On the other hand holds for @, s with lims_,o HE_% (fis(i5,6) = F(Tirue) —0) |2 =
0 that

=72 (f1, (@i55) — F(@urue) — O)ll2 + 1572 gy, (me5.6) |2 + [|Z726]
> 272 (F(@i55) — f (@orue))ll2
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which implies lims_,o HE_%(f(a:té,g) — f(@true))|l2 = 0. In particular this means
by continuity of f(x) that the vector lims_,o @, s must be a local minimizer of
HEfé(f(:c) — f(@true))|l2. Thus we have also shown Lo g € S .

In the following we number all elements of S with the index k, ie. we
write mlgqo for E = 1,...,[Sx,0|- Similarly we number all minimizers x;; s with

. -1 o s
lims_,0 || 3 (ft5 ($t575) f(®true) — 0)]|2 = 0 approximating the a:’;'QO s with mf&é,
i.e. limgs_yq :Bt 5= =k for k=1,..,|Sx,0|. Define

D = min [|x}, o — w‘éo oll2-
i#] ’ ’

we can find an error levels 8¢  such that

. . k _ k
Since limgs—,0 &3, 5 = X5 ¢ s

Hmfg,é - mléo,0||2 < %Dm’bn fOI' k = 17 L) ’SOO,0|7

Wthh holds for all 0 < § < §%

max
the a:t6 5 s must have pairwise mutual distances greater than zero.
K

for each k. Then for all 0 < § < 04 := ming{d

max}
O

Now Proposition 7.2.7 gives that the number of local minima :cf 5 remains con-
stant if the noise level § is small enough. It also yields that these local minima then

form a set of separated continuous curves parametrized in 6.
At last we wish to have an estimate of the convergence of the local minima ar:ff s

of the truncated and noise contaminated problem to the local minima a: o of the
noise-free and untruncated problem, which is useful for practical computatlons.

Proposition 7.2.8. Let the derivatives of f(x) and g,(x) be bounded for any
t > 0. Then for the noise level § small enough, we can bound for any local mini-
mum mf&(; the approximation error ||m’§o,0 - acf“;Hg with a positively weighted linear

combination of the residual HE_%(ft(; (mfé’é) — f(xtrue) — 0)||2, the truncation error

HE‘égt&(acfé?é)Hg and the noise estimate ”2_%5“2.

Proof. The first order necessary conditions for a local minimum of Fy; 5(x) = Fuo o(x)+
Hi, 5(x) at xfs’é and a local minimum of F o() at ¥, yield in particular

(VEso(xf, 5) + VHy s5(xf, 5), Th o — af, 5) >0
and <VFOO 0( Lo 0) mﬁ;,é - mlgo,0> >0,

Adding the last two inequalities yields

(VHy, 5(xf, 5), Tho o=t 5) > (Vs p(@h, 0) =V s p(af, 5), Tho o—af 5). (7.2.7)
Since V Fs o(z) is totally differentiable at x* 5.0 We obtain
V Fuoo(®f, ) = VFao(@h ) + Hessi, , (wh,0) (2f, 5 = @l ) + woco(@l, 52k 0),
where wqo o(, 2% o) fulfills

lwoo0(®, % p)ll2 < [l — & oll2esco(@, @) with — lim  exo(a, 28, ) = 0.

k
=T, |
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N

Since Hessp, , (mlgo,o) is positive definite, the expression ((, Hessg,_ (a:’éoﬁ) x))
gives a norm on R”. Because of the equivalence of all norms in R”, there exists a
constant Cclfo,o > 0 with

1
(<m, Hessr,, , (:13’;070) :L'>) * > C(I:O’OHQBHQ for all x € RP.

Since lims_y mfm = mléo,o we can find a noise level p¥, . such that |eoo70(mf675, zk )] <

d]cfo,o for all § < pk . where dléo,o is a constant with 0 < dléop < (05070)2. Then
using

k k k k k k k k
<’woo,0(mt5,aa moo,[))’ Loo,0 — $t5,5> < Eoo»o(mtg,é" woo,O)Hmoo,O - %;,5”%

and (7.2.7) we can estimate

k Kk k
IV Hes 5(x 5)||2ll50,0 — 25 6l2
Kk k k k
Z <VFOOa0(xOO,0) - VFOCNO(:UI‘/(;,(S)? fDoo,O - wt5,5>
k k k k k k k

= <HeSSFoo,0 (moo,O) (moo,O - mt5,5) - wOO,O(mt(g,év moo,[))a Loo,0 — mt5,6>

E o \2 k k k k
2 ((Coo,o) - EOovo(wtg,(s? iBoo,o)) ||ono,o - wt(;,(nga

i.e. this gives

9 -1
e = f slle < ((Cho)® —dhen)  IVHus@E o)l (T28)

for all 6 < pF .-
We have

VH,, 5(x) = 2(Jac§t5 ()27, (@) — Jacg, (@)= (f(@) — F(@irue) — )
—Jac?(az)ﬁ]flgt(s (x) — Jac?(a:)Z)A&),
i.e. we find that
_1 _1
IV Hyg 5(af 5)ll2 < Q(HJaCZté(wf&,a)E 22| 272 gy, (wf, 5)l2
_1 _1
+ HJaCZtZS(wZ,a)E 2|2 (11272 (4, (@f 5) = F(@truc) — 8)|l2
_1
+ =7 2g4, (2, 5)12)
1 1
+ | Jack (@f, 5)572[2|Z 7 2g,, (@f 5)ll2
_1 _1
+ |[Jack (@, ) T3 2l =734 )

which gives the result.
O

Corollary 7.2.9. Let the derivatives of f(x) and g,(x) be bounded for any t > 0.
Let the truncation indices t5 depend on the vector of independent Gaussian random
variables § with limg_q IE(||E_%5H§) = 0 such that limg_,g E(HE_%gt&(m)H%) =0
holds for all arbitrary but fived & € Q. Then we have for all minimizers :Blgoyo of
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(7.2.6) with | Sz (f(z, o) — F(®irue))||2 = O that for § sufficiently small there exist

00,0
minimizers 371];;,5 of (7.2.3) with

. k k
%E%E(ono,o = Lys s |2) =0.

Proof. Proposition 7.2.5 establishes the existence of the azf& s5's. Corollary 7.2.6 gives
: _1
lim B[S (£, (2, 5) — F(@irac) — 9)]l2) =0.
Proposition 7.2.7 gives that for § sufficiently small there exists a constant K. clfo,o with
E(|lzteo — @i 6ll2) < K5 oB(IVHiss(f, 5)ll2)-

Set SF := sup,eq HJacgté (:U)E_%Hg < oo and S} 1= sup,cq |]Jac§(m)2_%\\2 < 00.

Then the estimate for HVHté,g(ccfa s)|l2 in the proof of Proposition 7.2.7 gives

E(IIV Hi, 5(@f, 5)l12) < 2(STE(ID gy, (k, 5)]l2)
+ SEE(IZT3 (1, @ ) = F(@trac) = 6)]|2)
+E(I=2g,, (@f, 5)l12))
+ SSE(|Z 2 g, (@, 5)ll2)
+ SEE(I="34]12)).

which proves the claim since Assumption 7.2.1 gives E(HE‘ééHg) < VN§.
O

The strategy for our retrieval algorithm is to start with an initial guess for the

truncation index tgqr+ and try to find all local minima :vfmm 5- Then the truncation
k

index is gradually increased and starting from @y . ; the continuation method is

tstar

applied to find finally the local minima acfg’ 5- Motivated by Propositions 7.2.8 and

7.2.9 only those local minima are considered to be possible approximations to our
1

sought-after refractive index, where the residual |72 (f, 5(:1:,{“(s 5) — F(@irue) — 0)||2

and an estimate of the truncation error HE_%gt s (wf{s 5)||2 are both reasonably small.
The latter serves also as a stopping criterion for the continuation method

The initial guess ts:qr+ has to be selected with care. On the one hand if it is to
small, the model is to inaccurate and the retrieval of the sought-after local minima
can not be guaranteed. On the other hand if it is too big, computational effort is
wasted, since too many Mie coefficient functions with almost vanishing magnitudes
and thus essentially not changing the local minima are computed.
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7.3 Generation of Candidate Solutions

We now return to our regression problem (7.1.3). For i = 1,..., N we see that the
measured extinctions normalized by the number of particles n; with radius r;, i.e. the
quantity %, is Gaussian-distributed with mean n%.the(Ti, [) and standard deviation
o; = Z—’z In the following we fix a wavelength [, i.e. we reconstruct the sought-after
particle refractive index myq¢(l) wavelength by wavelength. In the following the
unit both for particle radii and light wavelengths is pym.

We make use of the function qy, : R? — RY defined by

Ntr Ntr T
qy,, (x) := (WT%an(JJ,Tl,l), ey ﬂr]?vz%(w,mv,l)> , (7.3.1)
n=1

n=1

where R = {ry,...,ry} is the particle radius grid and N, the truncation index to
be used. We allow non-integer truncation indices Ny, as well, where the non-integer
truncation is done like in Proposition 7.2.3. Here the expression ¢,(x,7k,[) is a
short notation of ¢, (Mmeq(1), (€)1 + (x)27, 7, 1) from Section 7.1, where the sought-
after refrative index mypq,(l) is identified with the vector = here, i.e. mpg(l) =
(x)1 + (x)2i. So its computation follows Chapter 1.

In the following the refractive index search area is given by the rectangle € :=
[0,20] x [0,40], which means that we only consider refractive indices of particle
materials whose real parts lie in the interval [0,20] and its imaginary parts in the
interval [0,40]. This rather large search area makes the algorithm suitable for a wide
range of aerosol materials.

Algorithm 6 Reconstruction of Refractive Indices

1: breqr = 20
2: bimag =40
3: Npegr = 81
4: Nimag = 161
5= (i — 1) gzeay for i = 1, .., Nycal
6: d = (i — 1)% for i =1, ..., Nimag
7. R=1{0.1,0.2,0.3}
8 N=3
9: Ny =3
10: Sstart = {}
11: estimate o7, ..., 012\, from the sample means approximating the standard devia-
tions of 2—11, ey 7%\\’,

12: 6% := max{a%, ...,0]2\,}

13: X =62 diag(a%, e 012\,)

14: for i =1 to N,., do

15: for j = 1 to Njpee do

16: compute the Hessian H (c;, d;) of F(x) := %HZT% (an,, (z) — ereal) |13
at © = (¢;,d;)7
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17:
18:

19:

20:

21:
22:
23:
24:
25:
26:
27:
28:
29:
30:
31:
32:
33:
34:
35:

36:

37:

38:

39:
40:
41:
42:
43:
44:
45:

46:
47:
48:
49:

if H(c;,d;) is positive definite then
use (c;, d;)T as start vector to compute
i _1
Trew = argm;n%HE 2 (thT(ac) — e) H% st. @ € [0,bpeqr] X [0, bimag)
xR
if Sgiart 18 empty V W > 1072 Va € Sgar then

x||2
Sstart = Sstart U {znew}
end if
end if
end for
end for
Nstart - |Sstart|
Sout = {}
T=3
fori=1to Nstart do
CcC = Ntr
Tol,e = 1073
Dyep = 00
while D, > Tol,¢; do
for p=1to 10 do
use the vector Ssi¢(7) as start vector to compute
Tnew = argmin |57 (g, p (@) — ) |3
zecR?2
s.t. ax € [O,breal] X [O,bimag]

1 .

Resour = |27 (4001 (Sutart (0)) — €) |13
1

Resnew = 574 (es g (@new) — ) I3

Dy = Btipfitacl
Sstart(i) = Tnew
end for
c=c+1
end while

if Resnew < TING? then
if S,y is empty V llz=@newll2 > 1072 Vx € S,y then

llll2
Sout = Sout U {wnew}
end if
end if
end for

In the first loop from lines 14 - 25 a search for local minima of the fit function

F(x) defined in line 16 for the truncation index Ny = 3 is performed. The loop
runs through all grid points (¢;,d;)T of the search grid defined in lines 5 - 6. If the
Hessian of F(zx) at some grid point (c;,d;)T is positive definite, this point might
lie in the vicinity of a local minimum. The Hessian is computed exactly, where the
second partial derivatives of the Mie extinction efficiency with respect to the real
and imaginary part of the scattering material needed here are computed using the
product rule approach from Section A. So we use (¢, dj)T as start point for a local
solver in this case. In line 20 we only accept a new local minimum if it is sufficiently
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different from the local minima already found. Then it is stored in the container
Sstart- This simple global search strategy can find all local minima if the search grid
is fine enough.

The second loop from lines 29 - 49 uses the local minima found in the first loop as
start points for the continuation method following Proposition 7.2.3 and Corollary
7.2.4. We found that a step width of 0.1 is for our problem a well-balanced choice
between too big step widths rendering the continuation method unstable and too
small step widths making it computationally inefiicient. With the stopping criterion
Dye; < Tol, of the while-loop it is approximately checked if the magnitude of the
remainder term is small enough. Finally in line 44 it is checked if the residual is
small enough. In our implementation we did another run of lines 44 - 48 with 7 =5
and 7 = 7 respectively, if none of the reconstructions had a squared residual smaller
than 7N,.62 for the previous 7. This had to be done, because the parameter 7 has to
be selected carefully in order to estimate the bound on E(Hwﬁoo — azf&(;Hg) derived
in the proof of Corollary 7.2.9 correctly.

7.4 Comparison with Established Truncation Index Heuris-
tics
As solution of the forward problem we generated for a discrete set of wavelengths

ly, ..., I, unperturbed spectral extinctions normalized with the number of particles
of the monodisperse aerosol by computing

Ntr
(€true); j = mr? Zqn(mmed(lj),mpart(lj),ri,lj), for i=1,..N, j=1,...N
n=1

with mpere(l;) taken as the refractive indices of Ag, HoO and Csl. Here we used the
truncation index

p= 277%
M =max{[p|,|p - mpare()], |p - Mimea(l)|}, (7.4.1)

Ny o= [|M + 4.05 - M3 + 2]

introduced in [6].

For particle size distribution reconstructions as outlined in Chapters 2 and 5 we
need particle refractive indices for five optical windows, see [40], so the wavelength
grid of interest consists of five ranges. These ranges are given by 8 linearly spaced
wavelengths from 0.6 — 0.8 pym, 8 from 1.1 — 1.3 um, 8 from 1.6 — 1.8 um, 16 from
2.1 —2.5 pm and 8 from 3.1 — 3.3 um, so we have in total N; = 48 wavelengths.

For each of the 48 wavelengths we generated noisy spectral extinctions e by
adding zero-mean Gaussian noise to €gpye, i-€.

(€);; = (etrue); j+0ij  with & ~N(0,(0.05-(errue); ;)7), i=1,..,N j=1,..,Np.

Here the standard deviations were taken to be 5% of the original extinction values.
We computed each mean (ereal)m of the noisy spectral extinctions with a sample
size of Ny = 300 .

98



Spectroscopic Measurements of Refractive Indices

In the following Algortihm 6 is referred to as method 1. On the same simulated
spectral extinctions we let Algorithm 6 run up to line 25, but with the difference
that at each evaluation of gy, (x) we directly took the trunction index from (7.4.1).
We denote this approach with method 2. We now display the average run times of
method 1 and method 2 for 10 sweeps through all 48 wavelenghs.

7.4.1 Run Times

Results for Ag

run times of method 1 and method 2
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7.4.2 Maximal Relative Deviations

For the 10 simulation runs we list the maximal relative deviations

H part ) klart(l ))T ( ?)art(l ) k2art(l ))T H2

H ( part m“t H2

100 -

of the refractive index reconstructions (npart(l ), k2art(l ))T from method 2 from

(part (1) Kb (1 ))T of method 1 for j = 1,...,48. At each wavelength, multiple
local minima can be detected by both methods. For the relative deviations we
always selected the local minima forming the smoothest reconstructions on each

optical window in the sense of Section 7.6.

Results for Ag

relative deviations

- o

relative errors [10” %]
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7.4.3 Conclusion

For Ag, the average total run time over all 48 wavelengths for method 1 was 44.0167%
less than for method 2, for HoO 43.9808% and for CsI 44.7322%, i.e. method 1 is
almost two times faster than method 2. The results are of the same quality, since
their relative deviations are just small fractions of percentages.

The continuation method approach saves run time significantly with the same
quality of the results compared to using the truncation index (7.4.1) all the time.

7.5 Candidate Selection and Regularization

So far we have solved the regression problem (7.2.3) without any regularization, thus
the obtained refractive index reconstructions might still be too error-contaminated
to be of practical use. A widely used regularization strategy for nonlinear regression
problems is Tikhonov regularization, which yields the regularized regression problem

Tt *
Xy = arngmHE 2(fi(x) = F@ipue) — 0|5+ ]l —x*|3 st. xeQ (7.5.1)
zeR

when we apply it on (7.2.3), cf. [41]. Here ~ is a regularization parameter and x*
is an estimate of the sought-after true solution. In many cases the unregularized
problem has a whole set of minimizers, thus the vector * works also as a selection
criterion. Now if a reasonable x* is found, the regularization parameter v can be
determined with the discrepancy principle, i.e. v is computed such that

=72 (Fo(@y) — F(@irue) — 8)||2 = R(5),

where R(J) is an estimate of the residual of the “true” solution which depends on
the noise level §. For this task monotonicity in the residual of x, is established in
[41].

The problem of finding a good estimate x* still remains. In [42] an alterna-
tive implementable parameter choice strategy without the need of an x* is derived.
Applied on our problem it gives

VS5 (f (@) = F(@irue) — 8), IS (Fo(@y) — F@irue) — 6)) = R(6),
with  Jy =~ + E_%Jach (a:,y)JaCft(acv)TE_%.

This method has the drawback that the matrix J, needs to be inverted, which may
lead to instabilities.

Nevertheless the quality of the regularized solutions still depends strongly on the
start values for solving (7.5.1). We know about our sought-after refractive indices
that they form smooth curves on each of the five optical windows. The complex re-
fractive index curves of most materials can be described using the so-called Lorentz-
oscillator-model, cf. [4]. Here points with bigger curvatures only occur at so-called
resonance frequencies corresponding to some isolated resonance wavelengths. Mo-
tivated by these facts we derive in the following a method to find reasonable start
values for Phillips-T'womey-regularization out of the results of Algorithm 6, which
will be outlined in Section 7.7.
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7.6 Finding the Smoothest Coupled Solutions

We have the problem of identifying the best approximation to the sought-after true
particle material refractive index @, out of a set of multiple solutions obtained
with Algorithm 6. This problem is referred to as input selection problem. In principle
a Bayesian selection mechanism as described in [43] can be applied here, but for our
regression problem it is infeasible due to the severe nonlinearity of the Mie extinction
series. Instead we use in the context of the framework from [44] a filter mechanism.
This means we define a measure of the quality for the candidate solutions and
select the best ones. We achieve this by coupling the solutions, which means that
we combine solutions from neighboring wavelengths [ in each of the five optical
windows in order to obtain a unique solution for every optical window. We know
about the complex refractive index curves to be retrieved that they are smooth,
hence we expect their sum of the squared second finite differences both in the real
and imaginary parts to be small.

Let [, ..., ls denote the wavelengths of any of our five wavelength ranges. Let
N1, ..., Ng be the number of solutions found for all the wavelengths. We denote with
m; the j-th solution found for wavelength [; for i = 1,...,s and j = 1,..., N;. Now we

wish to find the smoothest combined solution from all possible combinations "”31‘17 e
S

x; for j; = 1, ..., N;, hence we have a total number of [[7_; N; combinations. Here
we measure smoothness of a combination :lel, ..., &7 with the sum
s—1 9 9
__ i—1 i it+1 i—1 i i+1
512 3 (@), —2(a), + 570),) + (@), =20, + (@0),))
i=2

of its second finite differences both in the real parts (wl)l and its imaginary parts

Ji

(ﬂlcé-i)27 which means that we regard a combination the smoother the smaller its sum
S is.

We encounter the problem that the total number of possible combinations []}_; N;

might get too big to iterate through all combinations in the search for the smoothest

one in acceptable time. Therefore we propose a greedy algorithm, which uses each

second finite difference as start point to find a smooth combination.

Algorithm 7 Detection of the Smoothest Combination

Smin = 00
Scur =0
Comb = {}

SmoothestCombination = {}
for z=2tos—1do
for c1 =1to N,_; do
for ¢c2 =1to N, do
for c3 =1to N.4; do

Seur = ((mifl)l - 2(9322)1 + (mi?)H)l

+ (i), —20@0), + (@5),)

2
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10: Comb(z — 1) =z, "

11: Comb(z) = 2,

12: Comb(z + 1) = x5!

13: fork=2z—-—2to1do

14: D, in = 00

15: Doy = 00

16: Tmin = (0, O)T

17: Tmia = Comb(k + 1)

18: Lright = Comb(k + 2)

19: for j =1to N; do )

20: Deyr = ((w§)1 2(337’md 1+ w’/‘zght 1)
+ (($§)2 2($mzd mmght )

21: if Deyr < Dpin then

22: Dmin = Dcur

23: Tonin = xf

24: end if

25: end for

26: Seur = Seur + Dimin

27: Comb(k) = Tmin

28: end for

29: for k=2z+2tosdo

30: Dyyin = 00

31: Deyr = 00

32: Tmin = (0, O)T

33: Tmia = Comb(k — 1)

34: Lieft = C’omb(k: — 2)

35: for j =1to N do )

36: Dcur = ((mleft)l - 2(mmid)1 + ($§)1>

2

+ (@ies1), = 2(@mia), + (5),)

37: if Deyr < Dpin then

38: Dpin = Deyr

39: Tonin = a:f

40: end if

41: end for

42: Scur = Scur + Dpin

43: Comb(k) = Tmin

44: end for

45: if Scur < Spin then

46: Smin = Pcur

47: SmoothestCombination = Comb

48: end if

49: end for

50: end for

51: end for

52: end for
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The main loop spanning over the lines 5 - 52 iterates through all positions z =
2,...,8 — 1 of a middle point for a second finite difference both in the real and
imaginary part. At each position z the inner loops beginning in lines 6 - 8 iterate
through all possible second finite differences which can be formed out of the vectors
wil_l, xZ, and w(‘f;l forcl=1,...N,1,c2=1,...,N,and 3 =1, ..., N,11, i.e. they
loop through all of their middle points and left and right neighbors at position z.
In lines 9 - 12 the variable S, is initialized with the sum of the squared second

finite differences in the real and imaginary parts of the current vectors x>, L 7,

and :BZ‘; L and the positions z — 1, z and z + 1 of the array Comb are filled with the
current vectors. For z > 3 the loop in lines 13 - 28 successively fills the positions
k=2z—-—22z-—3,...,1 of the array Comb. At each new position k the minimal sum
of the two squared second finite differences in the real and imaginary part D, is
determined in lines 19 - 25, where the middle and right point are fixed and taken
as the leftmost two vectors from the array C'omb and the right point runs through
all a:;“ for j = 1,..., Ng. After the vector x,,;, giving out of all of the ac;?’s giving
the minimal sum D,,;, is found, the D,,;, is added to Se, and @, is stored in
k-th entry Comb(k). In a similar way the loop in lines 29 - 44 succesively fills the
positions k = z + 2,2+ 3,...,s for z < s — 2. This time the left and middle point
are fixed and taken as the rightmost two points of the array Comb, whereas the left
point iterates through all :c;“ for j = 1,..., N;. Again the vector @,,;, is that one of
the alc;C ’s giving the minimal sum D,,;,, and it is stored in Comb(k). As well the sum
Dynin is added to Sey;.

In the above procedure every triple of neighboring vectors from the results of
Algorithm 6 is considered to possibly lie on the sought-after smoothest combination
with the smallest sum of all squared second differences. The three vectors are used
as start points to find a smooth combination with a greedy strategy, where only a
vector is added to the current combination, if it gives the smallest sum D,,;, at the
left or right end of the growing set with vectors already added, until the first and
last position are reached.

Finally from all of the combinations constructed this way the smoothest one with
the smallest sum S,,;, out of all S.,’s is selected in lines 45 - 48 to be the final
output SmoothestCombination.

Define Niptar := ijl N;. Then the total number of operations needed for Algo-
rithm 7 can be estimated by O(Ntotal E;;; Nj,leNjH) which is considerably less

than the (’)( szl Nj) operations needed by the naive method of iterating through
all possible combinations.

7.7 Further Regularization of Coupled Solutions

Not only for determining the smoothest refractive index curve reconstructions formed
from the results of Algorithm 6 the coupled view on the solutions is beneficial - it
also leads to further improvement of the results by Twomey-regularization. Let us
investigate the coupled approach in a probability theoretical setting. Here we reuse
the notations introduced in Section 7.2, i.e. we let ', ..., £° denote a set of solution
for any of the five optical windows. Then the joint posterior probability density of
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x, ..., x° is given by

o 1 . 5 :
patenalelne®) = [T plalel) o exp (4 S50 12 (£l(a) — el ) [T fala)
j=1 j=1
(7.7.1)
where e/ is the data vector for the j-th wavelength l; having N entries with N

being the size of the radius grid. Moreover X; is the scaled covariance matrix for
l; and f{(a:) is the applied model depending on l;. Note that we initially have
differing truncation indices t1, ..., ts. Since the coefficient functions of the truncated
model function ftj () are decaying fast for each t;, it is convenient to change to the
same truncation index ¢ := max{ty,...,ts} for all wavelengths [y, ..., [s. The errors
introduced by doing so are negliglible. It is easy to show that maximizing the joint
density (7.7.1) is equivalent to maximize all single densities p(2’|e’) independently,
i.e. a joint MAP-estimator

1

T oty -

,xs , = argmax p(z', ..., z%|e!, ..., e°)

s
op
xl,.. x5

consists of the single MAP-estimators
x

(;pt = argmax p(z|e’)
&

for j = 1,...,s. This means the the results of Algorithm 6 can be used to construct
MAP-estimators for the joint posterior probabilty density.
This behavior changes when we replace the joint prior probabilty density

Pprior (L, oy 2®) = (vol(Q)) H Io(2)

with
Pprior (T, ..., %) o< exp (—37S(zl, ..., x?)) f[lfg(ccj),
where J
S, .. z%) ;22 (((mi—l)l 202, + (@ ),) + (@), - 2(), + (:ci+1)2)2)

03 (@7 + (3).

where v is a regularization parameter and p is a parameter specifying the amount
Tikhonov regularization.

In the new prior distribution we use a combination of Tikhonov and Phillips-
Twomey-regularization both in the real and imaginary parts. Here we apply a small
amount of Tikhonov-regularization by setting p = 1078, such that the resulting regu-
larization operator gets regular. This means that the regularized regression problem
(7.7.2) can be transformed into standard Tikhonov form and that the monotonicity
results from [41] are still valid. These results were generalized to a statistical setting
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in [45]. Each second finite difference is clearly a function of three neighboring points,
therefore a decoupled computation of the joint MAP-estimator

! x? . = argmax p(x!, ..., x%le!, ..., e%) (7.7.2)

T opts s Top
xl.. xS

with
1 . 5 4
P, . zlel, ., e%) o exp (—; SIS () — ) - 1S, :c>) I] fo(=)
j=1

for each wavelength seperately is not possible anymore after changing to the new
prior density. However the result vectors x!, ..., ° from Algorithm 7 form a good
start vector to solve the nonlinear regression problem (7.7.2).

We selected the regularization parameter v using the discrepancy principle, i.e.
we compute v such that the regularized solution

T —argmmZHz HFl@) — @B 48l a?) st @ €0 =1

v’
77m

fulfills a relation of the form
ZH fj () — €[5 = R(6),

where R(6) is a proposed residual value depending on the noise level §. In Chap-
ter 2 several different residual values are proposed for a fixed model discretization
and a set of regularization parameters is obtained from those using the discrepancy
principle. The pairings of model discretizations and regularization parameters ob-
tained this way are compared by their Bayesian posterior probabilities. In the case
that the posterior probabilities can be approximated by Gaussians quite well, these
probabilities can be computed approximately with Monte Carlo integration meth-
ods, see Section 4.2 and [46]. Due to the highly nonlinear behavior of our model
fi(x) such integration methods are not feasible here. Therefore we simplified the
posterior exploration in such a way that only one residual value is proposed.

Since each observed probability density p(e’|z?) for j = 1, ..., s is Gaussian, the
joint observed density p(el,...,el|z!, ..., x%) = IT5= 1p(ej|zcj) is Gaussian as well.

We have 7 € R?, thus the sum of residuals Py 5 ||2 (fj (x7) — €)% running
through all wavelengths in the optical window is x?(2s)-distributed. This yields

(ZH H(fl@) - e)3) = 2s.

Now a widely proposed residual value for the discrepancy principle is 7 - 2s, where
7 = 1.1 is the so-called Morozov safety factor. This choice is prone to under-
or overregularization since the residual value corresponding to the “true” solution
might be much smaller or bigger than 27s. Therefore we proposed a residual value
which depends more dynamically on the observed behovior of the residual. For
more general Morozov discrepancy principles, where 7 fulfills 1 < 7y < 7 < 75 with
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71 < T9, convergence of the regularized solutions to a minimizer of the nonlinear
noise-free fit function was established in [47] under quite general conditions.
Let :1:[1), ..., ¢} denote the unregularized solutions, i.e. the results of Algorithm
1 . .
7. Then their squared residual is given by Ro := > %, ||2j_§(f§ (x}) — €e)|3. We
first proposed
R() = max {27ms, Ry},

where we selected 7 = 1.1. This means that the residual of the regularized solution is
beginning at Ry at least increased by the factor 7, which avoids underregularization.
If it then happens that %g) > 0 with 0 = 1.5 the proposed residual is most likely
too big and overregularization occurs. In this case we corrected R(§) by setting

R(9) = max {215, ORy}

with 70 = 0.9.
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Chapter 8

Numerical Results

8.1 Simulations of Refractive Index Reconstructions

To see how reliable our proposed reconstruction algortihm is, we performed for each
of the scatterer materials Ag, HoO a numerical study with 100 sweeps through all
48 wavelenghts of the five optical windows with the same settings as in Section 7.4.
We found out that the radii r; := 0.1 pm, ro := 0.2 pm and r3 := 0.3 pm contain
the most information about the refractive indices. This was found by keeping our
48 wavelengths fixed and comparing the quality of inversion results under varying
aerosol particle radii. Bigger radii did not improve the results in our simulations and
refractive index reconstructions only using bigger radii even turned out to be too
unstable. A more thorough treatment of this problem can be found in [48], where a
covariance eigenvalue analysis is used. Although not directly comparable with our
study of uncoated particles, the coated radii 0.0975 pm, 0.2305 pm and 0.11 pm
carrying the most information content found in this study are roughly comparable
to our radii.
We computed original spectral extinctions

Ntr
(etruc)i; =117 tn(Mimea(ls), Mpare (1), 75, 1),  i=1,..,48, j=1,..3
n=1

for Ag, HoO and Csl and added zero-mean Gaussian noise to it in order to obtain
the simulated noisy spectral extinctions

(e)m. = (etrue)i7‘j+(si7]’ Wlth (517] ~ _/\/‘(07 (0.05-(et,r.ue)i,j)Q)7 1 = 1, ...748, j = 1,

The standard deviations were taken to be 5% of the true spectral extinctions. Real
experiments using 500 wavelengths were contaminated by Gaussian noise with 30%
of the true spectral extinctions as standard deviations. We expect that switching
to 48 wavelengths and thus increasing the time resolution of the measurements will
lower the standard deviations to a small percentage. We used a sample size of
N = 300 to compute each mean (ereal)L j of noisy spectral extinctions.

In the following the results are presented separately for each of the three mate-
rials. The uppermost plot presents the relative errors of the unregularized solutions
obtained with Algorithm 7 from the original scatterer refractive indices. The next
plot displays the run times of Algorithm 6, which returned all local minima of (7.2.3).
These candidate solutions served as input for Algorithm 7. Then the relative errors
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of the regularized solutions are presented. Finally the relative errors of the average
of the regularized solutions are shown.

8.2 Results for Ag

8.2.1 Results of Algorithms 6 and 7
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8.2.2

8.2.3

Relative Errors of the Regularized Solutions
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8.3 Results for Csl

8.3.1

Results of Algorithms 6 and 7
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8.3.2 Relative Errors of the Regularized Solutions
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8.4

8.4.1

Results for H,O

Results of Algorithms 6 and 7

average relative errors (unregularized)

04
03
02
01
g
S oeo-o0-o06-0-064 o004 P—o—0—0—6-6064 po—oo66-900 06606 goo1
20
S os 07 08 11 12 13 16 17 18 21 22 23 24 25 31 32
3
g maximal relative errors (unregularized)
I}
®
12
1
08
06
0.4
02
b—o—6—oSg 04 H——o—0————4¢ b o—E—6—6—0—6—¢ o690 oo o000y
[)
0.6 07 08 11 12 13 16 17 18 21 22 23 24 25 31 32
wavelengths [um]
average run times
150
100
50
L o 000004 MWW‘%W
b—o—o——6—0 p—e—o—eo5—e—0-4
Z
8 06 0.7 08 L1 12 13 16 17 18 21 22 23 24 25 31 32
£
< maximal run times
5
300
250
200
150
100
N PPN | o ooood i W
0
0.6 07 08 11 12 13 16 17 18 21 22 23 24 25 31 32

wavelengths [um]

113




Numerical Results

8.4.2 Relative Errors of the Regularized Solutions
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8.4.3 Relative Errors of the Average of the Regularized Solutions
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8.5 Conclusion

The severest relative errors can be observed for Ag. For the initial unregularized
solutions they lie between 1 and 5% on average and can go up to ca. 53% in the
extreme cases as one can see in the leftmost subplot for the first optical window.
The run times of Algorithm 6 lie between 30 and 50 seconds in the average case
and can rise up to 200 seconds in the extreme cases. A typical sweep through all 48
wavelengths needed ca. 30 minutes in total and this value was very much the same
for all three materials. For Ag the regularization procedure effectively reduced the
relative errors such that they are in the range between 0.5 and 2.2% on average and
are below 10% in the extreme cases. Finally one can see in the last plot that the
relative errors of the average of all 100 regularized solutions are all below 0.4%.
For Csl the relative errors of the unregularized solutions are already quite small
and lie between 0.03 and 0.065% on average and rise only up to 0.3% in the extreme
cases. The run times of Algorithm 6 are typically in the range from 25 to 55 seconds
and are always below 95 seconds. The regularization of the solutions brought only
a small improvement of the results here such that the relative errors did not change
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much. They are still in the same range from 0.03 and 0.065% on average but only
reach up to ca. 0.2% now. The relative errors of the average of the 100 regularized
solutions are between 0.01 and 0.055%.

Also for HyO the relative errors of the unregularized solutions are comparably
small and are below 0.35% on average and still below 1.3% in the extreme cases.
Especially the rightmost subplot for the last optical window shows the biggest rel-
ative errors, whereas for all the other optical windows the relative errors are below
0.03% on average and below 0.15% in the extreme cases. A similar behavior can be
observed for the run times of Algorithm 6. For the first four optical windows they
are between 20 and 45 seconds on average and below 100 seconds in the extreme
cases, whereas for the last optical window they are between 30 and 170 seconds on
average and can even rise up to 350 seconds. For HyO the regularization procedure
improves the relative errors only slightly for the first four optical windows and even
increases them for the last optical window such that they can rise up to ca. 0.06%
on average and 1.4% in the extreme cases. The relative errors of the average of the
100 regularized solutions are virtually zero for the first four optical windows and
below 0.55% for the last optical window.

8.6 Higher Noise Levels

To see how our proposed reconstruction algortihm behaves for higher noise levels,
we performed for each of the scatterer materials Ag, HoO and Csl two numerical
studies with 10 sweeps through all 48 wavelenghts of the five optical windows with
the same settings as in Section 7.4. We computed original spectral extinctions

NtT
(etrue)i7j = 7T7“i2 Z qn(mmed(li)u mpart(li)’ Tj) ll)a 1= 17 cey 487 .] = 17 ceey 3

n=1

for all wavelengths and added zero-mean Gaussian noise to it in order to obtain the
simulated noisy spectral extinctions

(€);; = (etrue); j40i;  with & ~N(0,(0.15-(epruc); ;)%), i=1,...,48, j=1,..3.
for the first study and
(€);; = (etrue); j+0ij  with 65 ~N(0,(0.3(etrue);;)?), i=1,..,48, j=1,..3.

for the second. The standard deviations were taken to be 15% and 30% respectively
of the true spectral extinctions. We used a sample size of Ny = 300 to compute each
means (ereal)L j of noisy spectral extinctions.

For brevity we only present the relative errors of the average of the 10 regularized
solutions.
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8.6.1 Results for Ag
Results for 15% Noise
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Results for 30% Noise
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8.6.3 Results for H,O
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8.7 Conclusion

Whereas the relative errors for Csl and HoO are still below 1%, they can rise up to ca.
53% for Ag. Therefore the reconstructed refractive indices for Ag under this noise
level are most likely not of practical use. This shows that the FASP measurements of
monodisperse aerosols must be sufficiently accurate in order to retrieve the scatterer
refractive indices from them.
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8.8 Comparison with Genetic Algorithms

Of course the sequential search strategy is not the only way to find the candiate so-
lutions. In this section we present the results obtained with a genetic algorithm. We
used the same settings as in previous sections, i.e. we generated for each refractive
index retrieval artificial measurement data consisting of 300 single measurements
perturbed by zero-mean Gaussian noise with a standard deviation of 5% of the true
extinction values.

We applied the MATLAB function “ga” with its standard settings. For each
refractive index retrieval we performed five sweeps of the “ga” function in order to
capture all local minima of the fit function of interest.

8.9 Results for Ag

8.9.1 Results of the Genetic Algorithm and Algorithm 7
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8.10 Results for Csl
8.10.1 Results of the Genetic Algorithm and Algorithm 7
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8.11 Results for H,O

8.11.1 Results of the Genetic Algorithm and Algorithm 7
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8.12 Conclusion

The results show that genetic algorithms are not superior to the sequential search
strategy, both in run time and quality of the results.

Remark 8.12.1. For the application, i.e. the reconstruction of refractive indices
from spectral measurements of homogeneously internally mixed particles, a sequen-
tial search strategy is feasible and sufficient. However if more complicated models
for the particles under consideration are applied, e.g. a core-plus-shell models, the
dimensionality of the regression problems for the refractive index retrieval grows.
For the core-plus-shell model the complex refractive indices both of the particle
cores and shells must be determined, therefore we deal here with a four-dimensional
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problem. In this case a sequential search strategy is infeasible. A remedy to this
problem is given in [48], where the technique of simulated annealing is applied on
the core-plus-shell model.

8.13 Numerical Study for Reconstructed Refractive In-
dices

We performed four numerical studies for two-component aerosols with log-normal,
RRSB and Hedrih model size distributions as outlined in Chapter 5. The aerosol
particles were assumed to be homogeneously internally mixed, such that only one
effective refractive index was retrieved. One component of the simulated aerosols
was HoO with volume fractions of 0, 11, 22, 33, 44, 56, 67, 78, 89 and 100%. In the
first two studies we simulated mixtures of HoO and Csl, where we used the original
aerosol component refractive indices for the first study. For the second study we
used the average of the 100 regularized solutions from Section 8.1. We did the same
for the third and fourth study, but here we simulated mixtures of HoO and Ag. In
the third study we utilized the original aerosol component refractive indices and for
the fourth the average of the 100 regularized solutions from Section 8.1.

We applied the same reconstruction methods described in Chapter 5 under the
same settings, i.e. for each reconstruction we generated 300 artificial noisy mea-
surements for all 48 wavelengths, where the measurement error was simulated as
additive zero-mean Gaussian noise. For each wavelength, the standard deviations
were taken as 5% of the solutions of the forward problem. In Chapter 5 three differ-
ent regularization methods, namely Tikhonov, minimal first differences and Twomey
regularization, were compared and their results turned out to be very similar. There-
fore we only used Tikhonov regularization in the following. The results for the first
study were directly adopted from Chapter 5.

For every inversion we computed the L2-error of the obtained reconstruction
relative to the original size distribution and measured the total run time needed for
the inversion. The computations were performed on a notebook with a 2.27 GHz
CPU and 3.87 GB accessible primary memory.
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8.14 Results for Mixtures of H,O and Csl

8.14.1 Noise-free Refractive Indices

2
original Hy0 average L*-errors (%)

volume percent Log-Normal RRSB Hedrih
Distribution Distribution Distribution
0% 33.4495 37.6093 16.3524
11% 29.9288 31.7431 16.9073
22% 28.8686 30.3894 15.9820
33% 24.8269 28.7004 13.7607
44% 22.5902 24.2003 15.7127
56% 21.0371 21.4835 14.9451
67% 19.1780 19.7283 14.7707
78% 19.0107 17.0828 16.8178
89% 18.6772 14.2999 13.6688
100% 18.0467 11.6901 11.4425

original Hy0 average fraction deviation (%)

volume percent Log-Normal RRSB Hedrih
Distribution Distribution Distribution
0% 11.0750 6.7000 4.8800
11% 7.6500 5.2200 6.3850
22% 6.3450 4.6400 4.1300
33% 4.4000 3.7100 4.3650
44% 3.5750 3.6200 3.3100
56% 3.2700 3.2050 3.0450
67% 2.5050 2.4650 1.8100
8% 2.3850 1.7750 2.7250
89% 2.0100 1.3250 1.9350
100% 1.2550 0.4650 0.7250
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8.14.2 Noisy Refractive Indices

2
original H,0 average L*-errors (%)

volume percent Log-Normal RRSB Hedrih
Distribution Distribution Distribution
0% 33.9736 37.2845 17.1607
11% 29.6079 30.1367 16.6469
22% 27.9444 30.3778 16.2839
33% 24.0048 31.1303 13.8363
44% 22.1817 24.0214 15.7084
56% 20.0710 20.9873 15.4322
67% 18.1141 20.9204 14.5403
8% 19.0356 15.5429 17.9794
89% 18.6182 13.4797 12.7544
100% 18.4766 11.0450 12.1062

original H,0 average fraction deviation (%)

volume percent Log-Normal RRSB Hedrih
Distribution Distribution Distribution
0% 12.5550 7.3150 3.7050
11% 6.9950 5.3950 6.7600
22% 6.2250 4.5100 4.7450
33% 4.0750 3.9700 4.1700
44% 4.0450 3.5550 3.4850
56% 2.9700 2.9500 3.3050
67% 2.2700 2.6250 2.2200
8% 2.4900 1.7400 2.9450
89% 2.0850 1.0850 1.8150
100% 1.3650 0.4200 0.6150
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8.15

Results for Mixtures of HyO and Ag

8.15.1 Noise-free Refractive Indices

original H2O

average L2-errors (%)

volume percent Log-Normal RRSB Hedrih
Distribution Distribution Distribution
0% 63.1229 72.4297 57.4379
11% 49.8838 60.2852 53.6202
22% 40.7656 63.2290 39.5531
33% 56.6018 67.4771 48.7732
44% 54.8652 70.7186 53.1320
56% 45.8326 66.9322 37.4831
67% 37.6511 55.0038 24.7958
78% 30.5058 44.5771 15.5999
89% 24.7593 27.6324 17.1080
100% 18.6930 9.2744 11.2146

original HoO

average fraction deviation (%)

volume percent Log-Normal RRSB Hedrih
Distribution Distribution Distribution

0% 0 0.8100 0

11% 0.2650 0.3550 0.3150
22% 0.5200 2.6050 0.6250
33% 16.1300 15.8000 11.2300
44% 12.7550 13.5150 14.1100
56% 8.5500 9.6650 9.1500
67% 6.3700 7.0100 5.5600
8% 3.1150 3.2150 1.8550
89% 1.3750 1.3800 1.1300
100% 0.3600 0 0.0400
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8.15.2 Noisy Refractive Indices

2
original H,0 average L*-errors (%)

volume percent Log-Normal RRSB Hedrih
Distribution Distribution Distribution
0% 64.9875 69.1656 59.7450
11% 50.2221 60.3690 54.9776
22% 40.4326 74.3954 40.8412
33% 55.8575 65.4610 49.8945
44% 54.6888 70.3043 51.8924
56% 47.8998 63.6031 38.3468
67% 39.5417 58.6511 24.9801
8% 33.7818 43.1114 16.6046
89% 22.5077 26.3631 15.2523
100% 17.8098 10.3706 11.5581

original H,0 average fraction deviation (%)

1 Log-Normal RRSB Hedrih
volume percent
Distribution Distribution Distribution

0% 0 0 0
11% 0.2700 0.4000 0.3400
22% 0.4950 3.1800 1.6650
33% 15.0350 15.0700 11.1850
44% 12.1250 13.9850 14.0800
56% 9.0900 8.7800 8.7850
67% 6.4150 7.3600 5.7950
8% 3.0850 3.3050 2.0650
89% 1.2050 1.4350 1.0300
100% 0.2550 0.0250 0.0800

8.16 Conclusion

The resuts of the first and second study only differ by ca. 3% at most and behave
very similarly. The same is for the third and fourth study. These numerical results
indicate that 100 FASP measurement sweeps consisting of 300 single measurements
with an accuracy as in Section 8.1 are sufficient to determine aerosol refractive indices
in such a quality, that they are suitable for particle size distribution reconstructions
for two-component homogeneously internally mixed aerosols using the FASP. The
particle radii of the three monodisperse aerosols generated for the refractive indices
retrieval need to be 0.1 um, 0.2 um and 0.3 pum respectively.
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Chapter 9

Summary and Outlook

In this work we derived inversion methods for single- and two-component aerosols,
which satisfy our demands on run time and accuracy, i.e. a single inversion can
be completed in under 30 seconds on a regular notebook and the reconstruction
errors are below 100% for realistc noise levels. They are adaptive methods based on
the statistical investigation of the residual. We established the convergence of our
inversion results to the true sought-after particle size distribution for declining noise
level theoretically and showed the convergence in numerical studies dealing with
appropriate original particle size distributions. In the same numerical studies we
compared our methods with existing inversion methods - among those a Monte Carlo
method based on a Gibbs sampler - and found that it peformed better regarding the
quality of the inversion results.

We also worked on the problem of retrieving aerosol refractive indices from mea-
surements of mondisperse arosols. We obtained an effective reconstruction method
by investigating the behavior of the reconstructions depending on the truncation
index of the Mie extinction efficiency.

In this work we confined ourselves to internally mixed particles. For experimental
applications this simplification might not always be suitable, because aerosol parti-
cles may have a more complicated structure, e.g. they may have a core-plus-shell
structure, where core and shell consist of different non-mixing materials. It is still
open if the methods derived in this work can be extended to those more complicated
cases.
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Appendix A

Derivatives of the Truncated
Mie Efficiency Series

The problem of computing the partial derivatives of the truncated Mie efficiency
series with respect to the real and imaginary parts n,q,+ and kper of the refractive
index of the particle material can be reduced to the problem of computing the
derivatives of its coefficient functions A, and B,,. These coefficient functions in
turn depend on the Mie coefficients a.,, b,, ¢, and d,. Thus we first compute the
derivatives of the Mie coefficients with respect to npert and kper¢, and then apply
the product rule to obtain the derivatives of A, and B,. Similar to [49] we use
recurrence relations of Bessel functions to compute the derivatives. Here we also
give the second derivatives.

The Bessel functions J,(z) and Y, (z) for an arbitrary weight « fulfill the recur-
rence relations

diz(zaja(z)) =2%J4-1(2) and %(z“Ya(z)) = 2Y,-1(2), (A.0.1)

cf. [50]. For the Bessel functions occurring in the Riccati-Bessel-functions &, (z) and
¥ (2) follows from this with the weight a = n + 1 that

\f\[( _fJ ()) (A.0.2)

and 4in(2) = y/5v (1,4 —gJ 9) +/5Vz (Yo s ()~ Yy ()0

(A.0.3)

[
Jun

for z # 0. )
We apply (A.0.1) a second time to get &,(2), which yields

2) = \/E\Z/f (n(n 11 (2) (1= 200, 1 () + 220, 5(2))

For an arbitrary weight o we have the recurrence relation
2c
Ja-1(z) = 7Ja(z) = Jat1(2),

see [50], and we use it to eliminate the term J,_s3(z) in the expression for &n(2).
2

Then also J,, 1 (z) cancels out, such that we obtain the representation

z) = \/g\z/f (n(n+1) — 2%) Jn+%(z) (A.0.4)
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only involving Jn+%(z). Applying (A.0.1) on (A.0.4) gives

- \/E

&n(z) = \/;? <(n(n +1)— 22) anfé(z) + (22 —n?—3n— 2) an+%(2)> .
(A.0.5)

The Bessel function values

J0+% (Zmed)7 sy JNtrunc-‘r% (zmed)7 YV(H_% (Zmed)a sy YNtrunc-‘r% (zmed)
and J0+% (Zpart), - JNmchr% (Zpart)-

already computed for a function evaluation of the truncated Mie extinction efficiency
can be reused for their derivatives.

At last we recapitulate the Cauchy-Riemann equations in its complex form. For
a holomorphic function f: C — C with f(z) = f(z + iy) = u(z,y) + iv(x,y) holds

f6) = 1) = g fa i) = =i o+ i) (A.06)

From this follows
Uy = Re(f(z)), Uy = —Im(f(z)), Vg = Im(f(z)) and vy = Re(f(z)).
(A.0.7)
Now everything is prepared to differentiate the squared magnitudes of the Mie
coefficients ay,, by, ¢, and d,, with respect to 1,4+ and kpere. These derivatives will

be used to compute the derivatives of the truncated Mie extinction efficiency with
the chain rule.

A.1 Derivatives of |a,|?

First Derivatives

First we write the squared norm of the Mie coefficient a,, as \an]2 = Qn0n, Which

gives
_0 la \2 = 0 an |y +a 0 an
anpart e 8npow“t " " " 8npam"t "
o B . o
d —— n| — n n n\ 37, 49n | -
an ak'part |a ‘ <8kparta ) nta (akparta >
We write

Ap = F with Ej := mparté:n (Zmed)é-n(zpart) - mmed&n (Zmed)é.n(zpart)
and Dj:= mpartw.n(zmed)gn(zparﬂ - mmedw’rL(Zmed)g;L(zpart)y

which yields

d 1 d d
n=—5 —F,|D; - F D
dmparta D} (<dmpart 1> ' ' <dmpm~t 1))

d

Mpart

with

E = gn (Zmed ) é-n (Zpart ) + mparté.n (Zmed)pgn (Zpart ) - mmedgn (Zmed)pé;t (Zpart)
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d

mpart

and Dy = wn (Zmed)gn (szzrt) + mpart"ﬂ.n (zmed)pg‘n (zpa'rt) — MumedPn (zmed)pén (Zpart) .

Furthermore follow from (A.0.6) the relations

0 d
anp = Qp,
8n]oomf dmpart

and La = d an |1
8k]oozrt " dmpa’rt " .

Although @, is not holomorphic with respect to mpqr¢, we can still compute the

partial derivatives ——a,, and ——a,,. We obtain using (A.0.7) the relations
Npart 8kjpamf
o __ 0
an, = a
anpart " 8npart "
and 9 an = 0 a
akpart " 8kpa7‘t "
0
This completes the computations of lan|?* and |an|?.
anpart akpart

Second Derivatives

We have that

|an|? 82 a+2< 0 a>< 8a>+a 826T
part " part " anpa?"t " anpa?"t " "\ on ?)art "

0?

8npart 0 kpart

|an

an, + 0 a 78 an,
8npartakpart " anpa?"t " akpa’r‘t "

+ 0 +a 672?
8kpa7“t anpart " anpartakpa’rt "

and L|a 1> = o ap | G, +2 0 a 0 a, | +a o an
Okpart Gk:gm,t " Okpart ) \Okpart " 81{:%&,,25 "

In order to obtain the partial derivatives of a,, and @, we first compute

d? 1 d? d2
—5—0p = =3 —s—F | D1 —E1 | ——D1 ]| | Dy
dmpart D% ( <<dmpart ) (dm;%art >>
d d d
—2 Ei ) D —F D D
(@) 22 () () )

2

with I 2€n(2med)p£n(zpart) + mpartfn(zmed)p fn(zpart)
part
- mmedgn(zmed)p2ér;(zpart)
2 . . . ..
and D = an(zmed)pgn(zpart) + mpart¢n(zmed)p2£n(zpart)

mpart

- mmedwn (Zmed)pQé;; (Zpart) :
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Then (A.0.6) and (A.0.7) give

2 2
0 d
—Q = —F—Q

2 n 2 mnsy
8npart dmpart

0? d?
anpartak’gf)am‘, fin = dmgart n )%

0? d?
—5ap = ————5—a
2 mn 2 sy
akipan't dmpart
0? 02
2 n 2 (3]
anpart anpar’t
0? 0?2
——Qp = Ay,
anpartakpart 6npartakpart
0? 02
and ——a, = ——ay-
2 n 2 n
ak}oart 8kpart

This completes the computations of the second partial derivatives of |a,|? with
respect to Npare and kpgre.

A.2 Derivatives of |b,|*

First Derivatives

The compuations are completely analogous to those for |a,|?, but here we use

bn = Fz with Ej:= mpartgn(zmed)gn(zpart) - mmed&n(zmed)gn(zpart)

and Dy := mpartwn(zmed)g;z(zpart) - mmedw‘n(zmed)gn (Zpart)7

and
d : . . .
am tE2 = gn(zmed)gn(zpart) + mpartfn (zmed)pgn(zpart) - mmedgn(zmed)pgn(zpart)
par
d . . . .
and am tD2 = wn(zmed)gn(zpart) + mpartwn(zmed)p€n<zpa7‘t) - mmedwn(zmed)pfn(zpart)~
par

Second Derivatives

Again the computations are analogous to those for |a,|?. Here we need

d? .
dm2 Esy = 2£n(zmed)p§n(zpart) + mpartfn(zmed)p2§n<zpart)
mpart
- mmedgn(zmed)pzé;z(zpart)
d? .
and 2 Dy = 2¢n(zmed)p£n(zpart) + mpartwn(zmed)p2£n (Zpart)
mpart

- mmedw‘n (Zmed)pQS;L (Zpart) :
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A.3 Derivatives of |c,|?

First Derivatives

Here we use

E3
Cp = —
3

with ES = mpartwn(zmed)gn(zmed) - mpartw‘n(zmed)gn(zmed)

and D3 := mpartwn (Zmed)gn (Zpart) - mmedw‘n (Zmed)gn(zpart)a

and the derivatives
d

dmpart

d . .
d D3 =y, (Zmed)gn (Zpart) + mpartwn (Zmed)pén (Zpart)
Mpart

b3 = wn(zmed)f‘n(zmed) - w‘n(zmed)gn(zmed)

and

- mmedw‘n (zmed)pén (Zpart) .
Second Derivatives

Here we need
d2
2
dmpart
d2

2
dmpart

E3=0

D3 = an (Zmed)pé;’b (Zpart) + mpartwn (Zmed)pQ%:?; (Zpart)

and

- mmedw‘n (Zmed)pQén (me“t) .

A.4 Derivatives of |d,|?
First Derivatives

We make use of
dn 1 with Ej := mpartd}n(zmed)gn(zmed) - mpartwn(zmed)gn(zmed)

Dy
and Dy := mpartd}n(zmed)fn(zpart) - mmedwn<zmed)€;1(zpart)7

and the derivatives

d . .
dmpart Ey = thn(Zmed)&n(2med) — ¥n(Zmed)én(Zmed)
d - . .
and d Dy = ¢n(2med)£n(zpart) + mpartﬂ)n(zmed)pgn(zpwt)
Mpart

- mmedwn (Zmed)pé;l (Zpaﬂ“t) :
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Second Derivatives

At last we need

d2
dm}%art
d2

2
dmpart

Ey=0

and Dy = 2'¢n (zmed)pé:n (zpart) + mpartw'n(zmed)p2€;‘b (Zpart)

— MumedtPn(Zmed) p°En (Zpart)-
A.5 Derivatives of Im (A4,)
First Derivatives
For a holomorphic function f(x + iy) we can easily deduce from (A.0.7) that
pem (i) =t (5 fe+in)) o (7o +in) =1 (o fGo i)
oz Ox oy y
This gives with respect to (A.0.6)

®tm(4,) =t 74, )

0 Npart

0
Im(A4,) =1 A,
6kp(m o ( ) o <8kpart )

and

Therefore we only need to compute the partial derivatives of A,,. The first derivative
with respect to npert is given by

? N ) )
OMpart o <6nzmt (|C | ) 1+ en| Opart 1
0 2 2 0
B dn Uz — dn U- s
8npart <‘ |> 2 ’ | 87’me«t 2)
where U; = 5”(ZPa?“t)fn(Zpa?"t)7
mpart
0 1 . 1 _— 1 _—
U = n art) — T o9 Sn ar n ar n ar n ar
8npa7‘t ! (mpartp£ (zp t) m127a7’t§ (Zp t)> § (Zp t)+ mpartf (ZP t)p§ (zp t)
1, = )G
mpart
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anpart U2 = (Wlpartpgn(zpart) - 2€n<zpa7"t)> gn(zpart) + rén(zpart)an(zpart)

part part

Analogously we obtain

B ) , , 0
Ohepare o (akpart (’C | ) 1+ leal” gt

0 9 9 0
— dp|” ) Us — |dn Us |,
anpart <‘ ’> 2 ‘ | 8kpaTt 2)
0 1 . 1 :
h Uy =|—— n art) — n ar n ar .
where T 1 <mpmtp§ (2part) m}%mtf (zp. t)>5 (2part) 1
1 e .
+ Wﬁn(zpart)p(gn(zpart)) 4

0 1 . 1 . _
and UQ = pgn(zpart) - T&n (Zpart) Sn(zpart) ?
8k]uow“t

Mpart Mpart

+—a(apar)0 (60 ()

mpart

Second Derivatives

We start with

0? 0?
2 minm(,2 ),

npart 8nj2oart
0? 0?
% Ay =tm(— 4,
anpartak‘part o ( ) o (anpartakpart >
0? 0?
and ——Im(A4,)=Im | ——A4, |.
ak}%art <8k127art n)

Again we only have to compute the second partial derivatives of A,. We have

0?2 l 0?2 5 0 5 0 5 0?2
—A, = — a2 U+ 2 - U n U
N2 i 27 (871]%%5 (lenf") U1 + Onpart (fenl") Onpart L+ feal on2 vt !

0?2 0 0 0?2
dn|?) Uy + 2 dp|? Us + |dp|? Us).
anIQ’art (| ‘ ) ? * anpm“t (| ’ ) anpc”“t ? " | ’ 871;2,&” 2)

The two new terms needed here are

2 g 2 ) 9 S
anTUl = mpartp gn(zpart) - mTpfn(zpart) + Tﬁn(zpart) gn(zpart)

part part part

part

+2 (mpart P&n(Zpart) — m25”(,7,«10,1%)) pén(2part)
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+ p2£n(zpart)g1;(zpart)
Mpart
0? 1 S 2 . 2 . -
and Uz = p2€n(zpa7“t) ) pfn(zpaﬁ) + Tﬁn(zpart) Sn(zpart)
on Npart Mpart Myart Mpart

Mpart Mpart

+ 2 < ! pé;’b(zpm‘t) - 21£;L(Zpa7"t)> pg‘n(%yart)

+ %60 (2part)én (Zpart).

Mpart

The mixed derivative is given by

82 l 82 ) )
A :—<7(\cn\2)U1+ —— (lew]?) Uy

W " 27 \Onpart Ok part ONpart Okpart
2
g () o + bl
anparat;kpart (\an) U2t 87Zart (|dn’2) ak(:art Uz
+ak(:m (1) an(zm Vot \dnﬁa%i;km@)_

Here we have to complete the computations with

82 . 2 R
U= ( ! Pgén(me«t) 2 pgn(zpart) i+ —5—&n(2part Z) &n(zpart)

anpaf/‘t 8kpart Mpart pa’rt part
1 1 —
+ P&n(Zpart) — Tén(zpart) P&n(Zpart)
Mpart part

1 . 1 —_—
+ ( pgn(zpart) - an(zpart)> pgn(zpart) 1

Mpart mpart

+ ngn(zpart)é;";(zpart) 1
Mpart
0* PR 2 2 -
d ———Uy= 2
an 8npart8kpart 2 ( Mpart P {n (Zpart) mpart pgn (Zpart) 1+ paTt ‘Sn (Zpart Z) é.n (Zpart)

+ ( ! pén(zpart) - Qlé'n(zpart)> pgn(zpart) {

Mpart mpart

+ ( pgn(zpart) - an(zpart)> pgn(zpart) 1

Mpart mpart

+

ngn (Zpart)é;w (Zpart) 1.
Mpart

Finally the second derivative with respect to the imaginary part is given by

0? l 0? 0 0 0?
Ay = 2| Ut 42— (|en)? Up + |en Uy
ak}%art <8k;2)art (‘C | ) ! * akpart (|C | ) akpart ! * |C | akgart

134



Derivatives of the Truncated Mie Efficiency Series

0? 0 0 0?
dy|?) Uz + 2 dn)? Uz + |dn|* =5—Us).
iz, (o) Vs 250 () O+ 1 5 02)
Here we need
52 1 . 9 . 92 _—
=5 U= 1| — p2§n(z art) + 7p‘§n(z art) - 7571(2 art) gn(z art)
6k;2)art ( Mpart P ?zart P mgart P P
1 1 —
+2 7P§n(zpart) - Tgn(zpart) pfn(zpart) 11
Mpart part
1 9 —
- mpartp €n(zpart)§n(zpart)

part part part

5?2 1 gu 2 . 2 . -
and WUQ = _mpartp gn(zpart) + mTpgn(Zpart) - Tgn(zpart) gn(zpart)

1 . 1 . S
+2 <’I7’L p‘gn(zpart) ) gn(zpart)> pgn(zpart) 11
part

part
1

mpart

p2§.n (Zpart)é;b (Zpart) .

A.6 Derivatives of Im (B,)

First Derivatives

The derivatives of Im (B,,) are much easier to compute, since the dependence on
Npart and Kpqre lies only in |an|2 and |bn|2 here. Here we also begin with

0
8npart

0 0
Im(B,) =1 B, .
8kpart m ( ) o <8kpart )

Im(Bn):Im< 9 Bn>

8npa'rt

and

Therefore we need

0 Bn—l< 0 (’an’2> zp.n(Zmed)wn(zmed)

Mmed

P (1) wn<zm6d>w'n<zmed>>

anpart

Mmed
0 l 0 2 w'n(zmed)wn(zmed)
d Bn - n
an Okpart 27 <8k‘paﬁ <|a | ) Moned

0 kpart Mmed

O (1) ¢n<zmed>W) |
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Second Derivatives

The last derivatives needed are

62 82
I Bn =1 7Bn )
87112;art m( ) m <6n§m )

82 82
——Im(B,) =1 ———B,),
8npa7't8kpa7’t m( ) m <8npartakpart >

82 82
an ak;%art m( ) o <8k§art )
with
2 2 - -
SO b= L (O (jag?) nlmean Conc)
8”13‘17" t 2 8npart Mmed

)
8npmt Mmed

o (1) wn<zmd>wzmd>> |

0 B, = L (82 <|an|2) wn(zmed)d}n(zmed)

8npart81{5;10(17"1? 2 anpar‘ta kpart Mmed

P () )

 OMpart Ok part Mmed
82 l 82 ) wn(zmed)wn(zmed)
d 7Bn = 5_ n
W a2, o (akgm () Mimed

2 (1) wn<zmedm<zmd>> |

T 91.2
akipaq"t Mmed
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Appendix B

Basic Mathematical Tools

B.1 Optimization

Theorem B.1.1. (Karush-Kuhn-Tucker Theorem) For a minimization problem of
the form

x* = argmin f(x) st h(x)=0, g(x)<0
TeR™
with f:R" - R, h: R" — R™ and g : R" — RP exist vectors A € R™ and p € RP
with

n=0
Vi(x*) + A Jacy ()" + p! Jacy () =0
n'gf(a*) =0,

if the matriz (Jacy(x*)T, ngej(w*)(az*)) has full rank, where

J(x*)={j|1<j<p, g;j(x*) =0}

1s the so-called set of active inequality constraints.

B.2 Probability Theory

Definition B.2.1. Let Q2 be a set. A o-algebra over Q) is a system F(Q2) of subsets
of Q with Q € F(Q), Q\ A € F(Q) for all A € F(Q) and UL, A; € F(Q) for all
countable sequences Ay, Aa, ... in F(Q).

Definition B.2.2. A measure p on § is a function p : F(2) — [0,00) with the
properties (1(0) = 0, p(A) >0 for all A € F(Q) and p (U2 A;) = > 72, u(A;) for
all pairwise disjoint sequences A, Aa, ... in F(Q).

Definition B.2.3. A measure p on § that additionally fulfills p(2) = 1 is called a
probability measure.

Definition B.2.4. A triple Q2, F(Q2), p is called a probability space, if 2 is a set,
F(Q) a o-algebra over Q and p a probability measure on F(2).
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Definition B.2.5. A random wvariable on a probability space 2, F(Q2), p is a
function X : Q — R that satisfies {w C Q| X(w) <z} € F(Q) for all x € R.

Definition B.2.6. The cumulative distribution function F : R — [0,1] of a
random variable X is given by F(z) =P (X < z).

Definition B.2.7. A random variable X is called continuous, if its distribution
function can be written as

Py = [ fsis

where the function f: R — [0,00) is called its probability density function.

Definition B.2.8. Two random variables X andY are called independent, if their
joint distribution F : R? — [0,1] given by

Fla,y) =Pz < X Ay<Y)
can be factorized into
F(z,y) = Fx(x)Fy (y),

where Fx : R — [0,1] is the cumulative distribution function of X and Fy : R —
[0,1] the cumulative distribution function of Y. This is equivalent to

flx,y) = fx(z)fy(y),

where f(z,y) : R? — [0, 00) is the joint probability density function, fx : R — [0,00)
the probability density function of X and fy : R — [0,00) the probability density
function of Y.

Definition B.2.9. A random vector X is a random variable over R™. Its joint
distribution function F : R" — [0,1] is given by F(x) = P(X < x), where the
inequality is understood componentwise here.

Definition B.2.10. The expected value E(X) of a continuous random variable X
with probability density function f(x) is defined as

E(X) = /OO o f (2)da.

Definition B.2.11. A random variable X is integrable, if E(X) < oco. For an
integrable random variable X its variance is given by

var(X) = E((X — E(X))?).
Furthermore, its standard deviation o(X) is given by

o(X) = y/var(X).

Theorem B.2.12. Let for n € N the random variables X1, ..., X,, be independently

distributed. We assume that they all have the same standard deviation o. Then the
standard deviation of the mean + Yoy X is given by ﬁ

n
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Theorem B.2.13. (Central Limit Theorem) Let the random variables X1, ..., X,
be independent and equally distributed. We assume that the common expected values
and standard deviations exist and are finite, i.e.

pw=EX;) <oco and o:=0(X;) <o0

fori=1,...,n. Then we have for every real number x

1 Z” X, — i 1 x
lim P | &=l 7 - — Ly
Fres ( oI m) \/%/_OO op(—5t)

Theorem B.2.14. (Inverse transform sampling) Let uw ~ U([0,1]) be a uniform
random variable and X be a random variable with cumulative distribution function
F:R —[0,1]. Then the random variable F~*(u) is distributed like X.

Definition B.2.15. The conditional probability of a random variable A given a
random variable B is specified by

p(ANB)
p(B) '

where p(AN B) is the joint probability of A and B. Here AN B is the intersection
of sets, where A and B live on.

p(A|B) =

Theorem B.2.16. (Bayes’ Theorem) The conditional probability of a random vari-
able A given a random variable B can be expressed as

p(B[A)p(4)

s
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