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Chapter 1

Introduction

Motivation The efficient computation of derivatives of mathematical functions which are implemented
as computer programs has become more important in various branches of industry and academia. Deriva-
tives are used in different ways. In some cases they are used directly. For example in financial applications
derivatives, where they are also referred to as Greeks, are used to investigate the volatility of a given prod-
uct. Derivatives are also requested by many optimization algorithms like steepest decent and (Quasi- )
Newton method. While derivative information is highly desired, its efficient and reliable computation
remains is a big challenge. Writing derivative code by hand is a very time consuming and error prone job
as the underlying code base is typically very large. Even if one succeeds in writing efficient derivative
code by hand, one has to maintain two source codes, that of the original function and that for derivative
computation. For these reasons more “automatic” ways of computing derivatives are required. In the past
finite differences was a very popular approach to approximate derivatives. This approach fails on more
and more real world problems for two reasons. The first one is that for many functions approximating
tangents by secants does not provide satisfactory results. The second problem of using finite differences
is that the computational costs for computing the full dense Jacobian grows linearly with the number of
inputs of the function. So this method is too expensive (in terms of computational time) for functions
with many inputs. Therefore Algorithmic (or Automatic) Differentiation (AD) becomes the method of
choice for computing derivatives.

AD is a collection of techniques allowing computation of accurate derivative information of a function
F : R™ — R™ that is implemented as a computer program in some high level programming language
like C/C++ or Fortran. AD couples rule-based differentiation of language intrinsics with accumulation of
derivatives according to the chain rule. Exploitation of associativity of the chain rule leads to an exponen-
tial number of ways for combining local partial derivatives of the intrinsics. Using AD we automatically
get accurate derivative information. How fast we get this information depends on the strategy chosen to
combine the local partial derivatives. Unfortunately finding an optimal strategy to accumulate the Jaco-
bian is an NP-hard problem [NauOS8|]. Thus all AD tools employ some sort of heuristic strategies. The
most popular heuristics used by AD tools are forward and reverse modes [GWO08]. In forward mode the
products of the Jacobian matrix (or Jacobian)

8F1 (I) 8F1 (:E)
ox1 to Oxp,
F'=F'(z) = : :
OF,, () OF,, (x)
01 T Oxy

with a tangent & according to ¢y = F”i are computed, while reverse mode results in products of an adjoint
g with Jacobian z = 7 F’. Both forward and reverse mode can be executed in vector modes computing

7
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products not only with one tangent or adjoint but rather with a set of tangents or adjoints. With these
two modes we can compute the derivative of the function F' at costs that are independent of the number
of outputs (forward mode) or of the number of inputs (reverse mode). The reverse mode is the method
of choice in many numerical applications as the number of inputs often exceeds the number of outputs.
Although these modes provide satisfactory results for most problems, choosing a better strategy can save
a lot of computational time as demonstrated in [Nau99, [Nau0O]. As already mentioned, the problem
of finding the best strategy is an NP-hard problem. So the gain one can get from finding an optimal
solution for the whole program often does not justify the computational time invested in optimizing the
derivative computation. Due to associativity of the chain rule, it is possible to preaccumulate derivative
information for certain parts of the code and then use this information to propagate the derivatives in
forward or reverse mode. Some of the tools like (OPENAD/F [UNFT08] and dco/c++ [LLNTI]) use
this fact to preaccumulate derivative information for basic blocks and statements. Sometimes it might
be rewarding to put additional effort into optimizing this preaccumulation code. As basic blocks and
statements do not contain control flow (loops and branches), the optimization can be done once during
the compilation of the code and then reused multiple times during the code execution. For example let
us discuss the computation of the Jacobian matrix of the function £ from Listing[I.T] This function takes
two n-dimensional vectors a and b as inputs and stores the result in two n-dimensional output vectors
y and z. One possible way of computing the Jacobian of this function is presented in Listing The
Jacobian is accumulated by combining the derivatives of each statement in the order they occur in the
program. This code is slightly optimized as we ensure that we do not recompute the partial derivatives of
statements. Instead they are stored in tmpl, tmp2 and tmp3. Still this derivative code can be optimized
as shown in Listing [I.3] The idea behind the optimization is to precompute the derivative of v3 with
respect to v1 in Line 12| rather than multiply the local partial derivatives in the same order they occur
in the original code. This small tweak saves 3 multiplications and 1 addition inside the loops body and
allows to compute the Jacobian approximately 10% faster compared to the implementation in Listing[T.2]

Listing 1.1: Example Jacobian computation: original function

1void f (int n, const double xa, const double xb, double xy, double x*z

) |
> double vl1, v2, v3;

4 for(int 1 = 0; i<n; i++) {
5 vli=al[il+b[i];

6 v2=sin (vl);

7 v3=v2/vl;

8 y[i]=v3/5.0;

9 z[1]=v3*v3;

i}

Listing 1.2: Example Jacobian computation: derivative code without optimization

1void df (int n, const double *a, const double *b, double *xjac) {
> double vl1, v2, v3, tvl, tv2, tv3, tv4, tmpl, tmp2, tmp3;

4 for(int 1 = 0; i<n; i++) {
5 vli=al[il*b[i];

6 v2=sin (vl);

7 v3=v2/vl;

8 tmpl = cos(vl);



9 tmp2 = 1/v1;

10 tmp3 = -v2/(vlxvl)

11

12 tvl = tmplxalil;

13 tv2 = tmp2+xtvl + tmp3xali];
14 tv3 = tmplxb[i];

15 tvd = tmp2+tv3 + tmp3*b[il;
16 // dy/da

17 jJac[i] [i] = tv2/5.0;

18 // dz/da

19 Jac[n+i] [1] = 2%v3xtv2;

2 // dy/db

21 Jac[i] [n+1i] = tv4/5.0;
22 // dZ/db

23 jJac[n+i] [n+i] = 2*xv3xtvid;

5 };

Listing 1.3: Example Jacobian computation: derivative code with optimization

1void df_opt (int n, const double *a, const double xb, double xxjac) {
2 double v1, v2, v3, tvl, tv2, tv3, tmpl, tmp2, tmp3, tmp;

4 for(int i = 0; i<2; i++) {
5 vi=al[il*b[i];

6 v2=sin (vl);

7 v3=v2/vl;

8 tmpl = cos(vl);

9 tmp2 = 1/v1;

10 tmp3 = -v2/ (vlxvl)

11

12 tmp = tmplxtmp2 + tmp3;

13 tvl= b[i]*«tmp;

14 tv2= al[i]*tmp;

15 // dy/da

16 Jac[i] [1] = tvl/5.0;

17 // dz/da

18 Jac[n+i] [1] = 2%v3xtvl;
19 // dy/db

20 Jac[i] [n+i] = tv2/5.0;

21 // dz/db

2 Jac[n+i] [n+i] = 2*xv3xtv2;

u };

We do not always need to compute the full Jacobian matrix, sometimes we are interested in computing
several Jacobian-vector or vector-Jacobian products. This is for example the case when solving some
optimization problem with matrix-free Newton-Krylov methods. Trying to optimize the derivative code
by preaccumulating the Jacobian (of basic blocks) can be counter productive in such situations compared
to simple propagation of tangents or adjoints. For example the function £ in Listing[T-4]takes two inputs a
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b and stores the result in a 3 dimensional vector y. Application of the forward mode of AD (y = F'%) to
each line of function f in Listing[T.4]yields function £_t as shown in Listing[T.5} According to forward
mode of AD £_t computes Jacobian-vector products of the function £. Computing one tangent with
the help of function £_t involves 6 multiplications and 1 addition If we try optimize this computation
by precomputing the derivative of the function f before the propagation of tangents, we get a code as in
Listing[I.6] Even if we ignore the cost of operations used to precompute the Jacobian (Jac), computation
of one Jacobian-vector or vector-Jacobian with this code requires 7 multiplications and 3 additions.

Listing 1.4: Example Jacobian-vector product: original function

1void f (int n, const double a, const double b, double =xy) {
> double v = axb;

s y[1] = exp(v);

4 y[2] = sin(v);

s yl[3] cos (v);

6 }i

Listing 1.5: Example Jacobian-vector product: forward mode

1void f_t (int n, const double a, const double ta, const double b,
const double tb, double xty) {

double v = axb;

3 double tv = axtbtbxta;

4 ty[l] = exp(v)*tv;

5 ty[2] = sin(v)*tv;

6 tyl3] cos (V) xtv;

o

Listing 1.6: Example Jacobian-vector product: preaccumulated Jacobian

1void f_t (int n, const double a, const double ta, const double Db,
const double tb, double xty) {

> double Jac[3][31];

3 double v = axb;

5 Jac[0][0] = exp(v)xb;
6 Jac[1][0] = cos(v) *b;
7 Jac[2][0] = —-sin(v) xb;

9 Jac[0][1] = exp(Vv)~*a;
10 Jac[1l][1] = cos(v)=*a;
1 Jac[2][1] = -sin(v) *a;

3 for (int 1i=0; 1i<3; 1i++)
14 ty[i] = Jac[i][0]lxta + Jac[i][1l]x*tb;

15 };

So depending on what derivative information is required, we have to address different objectives
while optimizing the preaccumulation code. If we want to preaccumulate the full Jacobian matrix, we
are interested in generating a code that minimizes the number of operations needed to accumulate the
Jacobian. This problem is referred to as the optimal Jacobian accumulation problem. If Jacobian-vector
or vector-Jacobian multiplications are needed, we have to solve the minimal edge count problem. The
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minimal edge count problem tries to find a graph representation of the Jacobian with minimal number of
edges (see below for a formal definition of this problem). Such minimal graph representation allows us
to minimize the number of operations needed to propagate tangents or adjoints and reduces the costs for
storing the preaccumulated Jacobian.

This thesis deals with solving the OPTIMAL JACOBIAN ACCUMULATION and MINIMAL EDGE COUNT
problems. The approach taken in this thesis is to consider both problems as elimination problems on
graphs. For this purpose the parts of the code that should be preaccumulated are represented by a directed
acyclic graph (DAG) with elemental partial derivatives as edge label, yielding linearized DAGs (I-DAGs).
It is assumed that the code can be represented by a single DAG as for example for basic blocks.

Problem description First of all we need a formal definition of 1-DAGs.

Definition 1.1. We consider implementations of multivariate vector functions F' : R™ — R™ as computer
programs mapping a vector of inputs x € R™ onto a vector of outputs’ y € R™ as'y = F(x). The given
implementation of F is assumed to decompose into a single assignment code (SAC) with total of p + m
assignments of the values of scalar intrinsic (or elemental) functions p; to intermediate variables v; as
follows:

forj=1,....p4+m
vj = ;(vi)i<;

where following the notation in [GWOS] vi,—, =z fork =1,...,n, vy, =y forl =1,...,m and
i < j denotes a direct dependence of v; on v;. A directed acyclic graph (DAG) G = G(F') = (V,E)
with integer vertices V = V(G) ={1l—n,...,0,1,...,p+m}and edges E = E(G) = {(i,7) | i,7 €
V, i < j} is induced.

The p;,j = 1,...,p+ m, are assumed to be continuously differentiable in a neighborhood of their
respective arguments. The DAG G is linearized by attaching the values of local partial derivatives

0

_ 9%j
ek = gy (Vi<
to all edges (k, j) € E(G) yielding the linearized DAG or I-DAG.

For example the function F' : R? — R? with the mapping

flar,z2) = (y2> - ( (sin(a; - 22) + 1 - 7)° )

Y2 exp(sin(xl - x9) + a1 - xg)
can be implemented by the SAC
— . — o . — . — 2. —
v] = v_1 - Vp; v2 = sin(vy); vz = v1 + v2; V4 = v3; v5 = exp(vs)

and yields the 1-DAG shown in Figure [I.1(a)] (Note that 21 = v_1, 2 = vg, Y1 = v4 and yo = vs). The
local partial derivatives

C1—1 = Vp; C10 = U—1; €21 = cos(vy);

c31 = c32 = 1; c43 = 2 - v5; c53 = exp(v3) = vs

are attached to the respective edges. A graph-based interpretation of the chain rule of differential calculus
first presented in [Bau74] yields the following method for accumulating all entries of the Jacobian matrix
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A = F'(x) € R™*™ of F at some point x € R™. Let (i,..., ) denote a path connecting a vertex ¢ with

avertex j in G and let A = (a;,;)]="+ ;7™ Then

ai= > ] (1.1)

(4--53) (R, €(E5--,0)

for all sources i € {0,...,—n+ 1} andsinks j € {p+1,...,p+m}.

The chain rule of differential calculus is associative. This fact allows numerous ways of combining
local partial derivatives. Elimination methods on 1-DAGs build an important subset. These methods are
based on local application of Equation to parts of the 1-DAG. For example elimination of a vertex
v € V(G) is defined through the application of Equation to the subgraph induced by v and all its
adjacent vertices (compare Definition and Example 2.2). Another elimination method is elimination
of an edge. This method is a generalization of vertex elimination. There exist two ways of eliminating
an edge: front and back elimination. Front elimination of an edge (i, j) € E(QG) is defined through the
application of Equation (I.T)) to the subgraph induced by the vertices 4, j and all successors of j (compare
Definition and Example . Back elimination of (i,j) is defined analogously on the subgraph
induced by the vertices 7, j and all predecessors of 7 (see Definition and Example [2.T). Both vertex
and edge elimination methods can also be used to compute (generalized) derivative information of other
computations, as long as the underlying differential calculus is associative. For example to propagate
subgradients of McCormick relaxations [CMB™ 11, BMMNTT] [CNT1l BMN12] or uncertainties using
the method of moments as shown in [BN10, BN11].

Normally people associate AD with forward and reverse (vector) modes. Both forward and reverse
(vector) modes can be represented through vertex elimination on I-DAGs. Conceptually, the computation
of the product of the Jacobian with some matrix S (e.g. set of tangents) can be performed by augmenting
the 1-DAG with ¢ new sources 1 — ¢ — n,...,—n and edges (¢,j) fori = 1 — ¢ —n,...,—n and
j =1-=mn,...,0, such that ¢j; = Sp4jitqtn, Where S = (sl7k)2§1’7’:_’z, see Figure for an
example. Application of Equation (I.T) to this augmented I-DAG yields the matrix product A~ S. To
compute this product in forward (vector) mode we need to eliminate all vertices from —n + 1 to p in
increasing order. Analogously, application of Equation to the I-DAG augmented with ¢ new sinks
p+m~+1,... p+m+qandedges (i,7) fori = p+1,...,p+mand j = p+m+1,...,p+m+gqsuch that
Cji = Wi—p j—p—m Where (wl,k)Zle’,‘::jfZ = W € R™*1? allows us to compute the product of the matrix
W € R™*1 (e.g. set of adjoints) with the Jacobian matrix A. To compute this product in reverse (vector)
mode we have to eliminate all vertices from p 4+ m to 1 in decreasing order. The only operations used by
elimination methods are multiplication and addition. Moreover additions are only performed subsequent
to a previous multiplication, if we get two parallel edges (edges having same source and sink). Modern
CPU architectures such as Intel Haswell can perform fused multiply-add (fma) operations in the same
time as single scalar multiplication operations [JP98]. Hence, on such architectures we can compute all
needed additions for “free”. Therefore in this thesis we assume number of fma’s as a measure for the
costs. In established literature different measure for complexity are used, in [NauOO, Nau0O4] we count
the number of fma’s in [CHMUI12] and [GWOS]| (for large 1-DAGs) the number of multiplications. As
additions are only performed subsequent to a previous multiplication these two measures for complexity
are the same.

The number of arithmetic operations performed by forward and reverse modes grows with the number
of edges in the original I-DAG G = (V, E), yielding a computational cost of order O(| E(G)|). So we are
looking for ways to reduce the number of edges in the 1-DAG while preserving the same linear mapping
induced by the original Jacobian. For example the SAC of a function F' : R? — R? with p = 3 is
augmented with a K3 » biclique to represent the matrix product A - S where A4, S € R2*2. The cost
induced by the setup in Figureis 2 - |E| = 14 fma’s. We can reduce the size of G in Figure
through back elimination of the edge (2, 3) followed by back elimination of (1, 3) yielding a graph G’ as
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on Figure[1.1(c)| with induced costs of 2 - | E(G")| = 8 fma’s. The total cost adds up to 3 + 8 = 11 fma’s
where 3 is the cost of preaccumulation step.

(a) -DAG (b) I-DAGof A - S (c) G’, where r = c31 + c21 - 32

Figure 1.1: Example

The minimum edge count problem by edge elimination (MEC) (or simply minimum edge count prob-
lem) is to determine a sequence of front and back edge eliminations such that the resulting 1-DAG contains
the lowest possible number of edges. A simpler version of this problem is minimum edge count problem
by vertex elimination (MECV) where we need to determine a sequence of vertex eliminations such that
resulting 1-DAG contains lowest possible number of edges.

The computation of the whole Jacobian matrix can be achieved through transformation of the original
I-DAG into a bipartite graph by eliminating all intermediate vertices (vertices from 1, to p) through edge
or vertex eliminations. According to Equation (I.I), the edge labels of the resulting bipartite graph
correspond to the non-zero entries of the Jacobian. The computational costs can differ depending on the
order of eliminations performed. For example the Jacobian induced by the I-DAG in Figure[I.I(a)|can be
obtained by eliminating the vertex 1 (at cost of 4 fma’s) followed by elimination of vertices 2 (2 fma’s)
and 3 (4 fma’s) yielding a total cost of 10 fma’s. A better strategy to compute this Jacobian is to eliminate
the vertex 2 (1 fma) first followed by elimination of vertices 1 (2 fma’s) and 3 (4 fma’s). This strategy
yields a total cost of 7.

The problem of transforming the 1-DAG into a bipartite graph by front and/or back elimination of
its edges with minimal overall cost is referred to as the optimal Jacobian accumulation problem by edge
elimination or optimal edge elimination (EE) problem. Similarly, the problem of transforming the 1-DAG
into a bipartite graph by elimination of its vertices with minimal overall costs is referred to as the optimal
Jacobian accumulation problem by vertex elimination or optimal vertex elimination (VE) problem. As
mentioned above in this thesis we take the number of performed fma’s as the measure of complexity.
Hence both VE and EE problems aim to minimize the number of fma’s.

Both forward and reverse modes can be used to obtain the full Jacobian. In forward mode this can be
achieved by setting the X = I,,, where I,, denotes the identity of R”. In reverse mode the Jacobian can
be computed by setting Y = I,,,, where I,,, denotes the identity of R™. As we just learned, the minimum
edge count problem aims to minimize the number of operations needed to propagate the derivative infor-
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mation in forward and reverse mode. So one can be tempted to believe that the solution of the MEC (MECV)
problem can be used as solution of the EE (VE) problem. Unfortunately this is not true in general case.
First of all the minimum edge count problem does not require that the transformation of the 1-DAG into
one with minimal number of edges is optimal in the sense of needed number of fma’s. Let us for example
assume that elimination of all intermediate vertices (vertices from 1 to p) solves the MEC problem. So the
solution of the MEC problem will tell us that we have transform the 1-DAG into a bipartite graph. Still this
fact does not help us to solve the EE or VE problem at all, as we still need to find a sequence of edge or
vertex eliminations transforming the 1-DAG into a bipartite graph with minimal cost.

Objective and approach This thesis deals with solving the optimal Jacobian accumulation and mini-
mum edge count problems by edge and vertex eliminations. Neither vertex nor edge elimination exploit
the fact that some of the edge labels are not unique. Thus we assume that all local partial derivatives are
unique. Similar assumptions were also made in other publication [GR91,|GNO3| Nau02} [Nau04]. The as-
signments within a SAC can be executed in different orders without changing the implemented function.
Thus, in general, there exists more than one version of SAC for a given function implementation. Never-
theless the 1-DAGs induced by the different versions of SAC are isomorphic. Vertex and edge elimination
are not influenced by the underlying SAC but only the the structure of the 1-DAG. Therefore we will not
discuss different versions of SAC in this thesis. For the same reason throughout this thesis we treat EE,
VE, MEC and MECV problems as pure combinatorial optimization problems on I-DAGs and not discuss the
programs inducing the 1-DAGs or explicitly compute the corresponding Jacobians.

Both optimal Jacobian accumulation and the minimum edge count problems by vertex and edge elim-
inations are conjectured to be NP-hard. Therefore in practice the solution of these problems is approx-
imated by greedy-like heuristics [AGNO3\ [NauOO] or computed by branch and bound based methods as
in [CHMU12] if the exact solution is of interest. The potential of edge elimination is almost never used
in practice due to the dramatically bigger search space compared to vertex elimination. The aim of this
thesis is to support further development of algorithms for solving the VE, EE, MECV and MEC problems.
Especially we want to show that the potential of edge elimination should not be neglected. These goals
are achieved through

e giving a better understanding of the problems structure,
e providing building blocks for development of new algorithms such as

— new approach for computing lower bounds

— optimality preserving eliminations
e showing how to make use of edge eliminations in practice.

The flow through the main chapters of this thesis and the connections between the different parts and
section are shown in Figure[T.2] The picture describes only chapters 3 to 6, not touching the introduction,
foundation, outlook and conclusion.

To provide a better understanding about the structure of the (VE, EE, MEC and MECV) problems several
properties of the I-DAG and the eliminations methods are proved in Chapter [3] One important property
is “commutativity” of elimination methods. It is obvious that in some cases the order of edge (vertex)
eliminations does not change the resulting 1-DAG. In Section[3.2]this observation is formalized and proved
for both elimination methods. It turns out the order of vertex eliminations does not change the resulting
I-DAG. This property is referred to as commutativity” of vertex eliminations. It allows to reduce the
search space for the VE and MECV problems significantly. A surprising outcome of this result is, that the
search space of the VE problem is larger than that of the MECV problem. So far it was assumed that the
MECV problem is at least as hard as the VE problem [CHMUI12]. This property is also extensively used
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in various proofs in Chapter @} Unfortunately the order of edge eliminations can change the resulting
1-DAG in some cases. Therefore this property is used only to reduce the search space of the EE and MEC
problems within a branch and bound algorithm. Another important property of I-DAGs is referred to as
”’subgraph monotonicity” (see Section [3.1). Generally speaking “subgraph monotonicity” means that if
an I-DAG G’ is a subgraph (see Definition of an I-DAG G then G’ is still a subgraph of G after the
application of the same edge (vertex) elimination to both I-DAGs. This property is used to prove various
optimality preserving elimination{] but most importantly it allows us to reuse results or solutions from
a subgraph of the I-DAG either as part of the optimal solution or as a lower bouncﬂ for it. Thanks to
”subgraph monotonicity” first lower bounds for the MEC problem could be proved.

To develop useful building blocks for future algorithms we first need to understand what kind of
algorithms are most likely to be used. As already mentioned both optimal Jacobian accumulation and the
minimum edge count problems by vertex and edge eliminations are conjectured to be NP-hard. These
kind of problems are typically solved either by branch and bound based methods or the optimal solution is
approximated by greedy-like algorithms. For efficient application of such algorithms, good lower bounds
are essential. In the context of branch and bound methods better lower bounds allow earlier cuts to be
performed. Good lower bounds can also help to understand the quality of the computed solution. This
is for example useful for analysing the results of greedy heuristics. A big part of this thesis deals with
developing a new approach for computing lower bounds. The approach taken in this thesis to compute
the lower bounds is based on reduction to absorption-free graphs exploiting “subgraph monotonicity”.
Absorption-free 1-DAGs are directed graphs where two vertices are connected by at most one directed
path. We compute the lower bound on absorption-free subgraph of the original -DAG G and then use
the computed result as the lower bound for . This approach can be used to compute lower bounds for
all discussed problems. Therefore a big part of research during the course of this thesis was spent on
investigating this subclass of graphs. The most interesting result for absorption-free graphs is the proof
that EE = VE. An analogous result for the minimum edge count problem (MEC = MECV) is also provided.
While a linear time algorithm for solving the MEC problem on absorption-free graphs could be developed,
the EE problem on absorption-free graphs turned out to be more challenging So only a solution to the
EE problem for absorption-free graphs with maximal path length 3 is proved. For 1-DAGs with greater
path length, new algorithms for lower bounds and optimality preserving eliminations are developed. The
superiority of the new lower bounds over the existing one [NHOS] (sum of Markowitz degrees, compare
Lemma|4.24)) is proved.

Another useful technique for branch and bound and greedy like algorithms are optimality preserving
eliminations [GWO08| INUOS]. They allow the search space for the branch and bound algorithm to be
reduced and can also be used to improve the greedy heuristics. In this thesis several optimality preserving
elimination are proved. The optimality preserving eliminations for edge eliminations are generalized
versions of the results for vertex eliminations. Thus mixing of edge and vertex elimination in algorithms
is suggested to improve the results for approximative algorithm and to reduce the corresponding search
space if the exact solution is required, demonstrating that edge eliminations should not be neglected in
praxis.

Related work The problems discussed in this thesis are only a small part of the AD research field.
The most recent advances and activities in this field can be found in the proceeding [CFG™ 02, BCH™ 06,
BBH™ 08, [FHP™12l|. The optimal Jacobian accumulation problem is the task of finding a way to com-
pute F using minimal number of fma’s. This problem was proven to be NP-hard in [NauO8]]. The proof
exploits potential algebraic dependencies among the local partial derivatives. Prior to this publication all

1'Vertex or edge eliminations that can be safely performed without losing the optimality

2 A lower bound for the EE (VE) problem indicates how many fma’s are at least needed to transform the 1-DAG into a bipartite
graph through edge (vertex) eliminations, while a lower bound for the MEC (MECV) problem indicates the minimal number of edges
contained in the solution of the MEC (MECV) problems
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previous work on this subject has always made the assumption that the local partial derivatives are alge-
braically independent [GR91}|GNO3, Nau02! [Nau04]. The optimal Jacobian accumulation problem under
the assumption that all local partial derivatives are algebraically independent is referred to as structural
optimal Jacobian accumulation problem (SOJA). The SOJA problem is conjectured to be NP-hard but
the formal proof is still outstanding. In most publications a simplified version of the SOJA problem is
examined where the accumulation of the Jacobian is considered as a transformation of the I-DAG with
elimination methods, such as vertex and edge eliminations. Historically, the first developed elimination
method was vertex elimination [GR91]]. Originally vertex elimination was used in to calculate the fill-in
generated by LU/Cholesky decomposition in a sparse matrix [Ros70, [Ros72| [RT/8]]. Vertex elimination
was the only known elimination method until in [Nau99] a more generalized technique, edge elimination
was introduced. In the same publication a counter example was presented showing that VE # EE implying
that the SOJA problem cannot be solved by vertex elimination. In [NauO4] it is shown that the solution
of the EE problem does not solve the SOJA problem in general. In the same paper a new elimination
technique face elimination together with the corresponding optimal face elimination (FE) problem was
introduced. The big difference to the vertex and edge elimination is, that face elimination works on the
dual graph. To compute the Jacobian one has to transform the dual graph into a tripartite graph. For more
details please consult [NauO4|]. FE is the most general of the three (FE, EE, VE) problems. However, it
remains unclear whether FE = S0JA . For a special sub-class of graphs, the absorption-free I-DAGs (see
Definition [4.T) Griewank proved that SOJA = FE in [GWOS]. VE and EE problems are conjectured to be
NP-hard thus several publications deal with approximating the optimal solution by greedy-like heuristics
based on Markowitz degree as in [NauOO] or by simulating annealing as in [Nau02, INGO1]. An inte-
ger programming based algorithm for solving the VE problem was presented in [CHMU12]. Discussion
on optimization of derivative code by vertex and edge elimination within a source transformation tools
OPENAD/F and EliAD can be found in [UN12, TFPRO2,  TBPEOS].

The minimum edge count (MEC) problem is a special case of the scarsity exploitation problem, dis-
cussed in [[GV04, [LUOS]. The notion of scarsity exploits the fact that the Jacobian may have less degrees
of freedom than the number of its entries. In [LUOS|] an automatic approach for detecting and using
scarsity in computation graphs was introduced. Similar to the MEC problem the goal is to find a graph
representation of the Jacobian with minimal number of edges. The only difference is that in addition
to elimination techniques reroutings and normalizations are allowed. MEC problem is conjectured to be
computationally intractable. Supporting evidence is provided by corresponding proofs for similar prob-
lems from the solution of sparse linear systems [Gil80, RT78|]. A formal proof is still outstanding. Apart
from the previously cited work there are not many publications on this problem. I am aware of only four
further publications dealing with the MEC problem. In [LUOS]| various greedy heuristics to approximate
the solution of the MEC problem are evaluated, while in [CHMU12] an integer programming formulation
of the MECV problem is derived. Griewank and Walther devoted a section in their textbook [GWOS]| to
this problem. Practical application of the MEC problem as part of the OPENAD/F is described in [UN12].
Analogously to the SOJA problem vertex elimination does not solve the MEC problem in general as shown
in [MN12]. No attempts have been made to apply face elimination for solving the minimum edge count
problem so far.

Another approach aiming to minimize the computational effort needed to accumulate the Jacobian,
is based on exploiting sparsity of the Jacobian matrix. It is broadly discussed in AD community but not
covered in this thesis. The idea behind this approach is to identify those columns (rows) of the Jacobian
matrix that can be computed within one tangent (adjoint) pass, as their non-zero entries do not intersect.
This problem is covered in various publications such as [HS05b, [HS0S5a,IGMPOS, [Var11,|[VNO9||. Sparsity
is a pure structural property and is implicitly exploited by all elimination methods discussed in this thesis,
as edges in the 1-DAG identify dependencies between underlying elemental functions. There are also
approaches aiming reduce the number of tangent (adjoint) passes needed to accumulate the Jacobian, that
are not based on pure structural properties of the I-DAG. For example exploiting the numerical rank of
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the Jacobian [AKHL™08] or using the knowledge about its constant entries [VNO9], [Var11].

Structure of the thesis This thesis is organized as follows. In Chapter@]the fundamentals of the EE, VE,
MEC and MECV problems as well as definitions and notations used are shown. Afterwards the properties
of 1-DAGs, ”subgraph monotonicity” and “commutativity of edge and vertex eliminations”, are proved in
Chapter 3] Chapter[]is devoted to the EE, VE, MEC and MECV problems on absorption-free graphs. This
is the most important chapter of the thesis. In Chapter [3] the results for the MEC and MECV problems on
arbitrary 1-DAG are presented. This is followed by discussions of the EE and VE problems on arbitrary
1-DAGs in Chapter[6] An outlook is given in Chapter[7} The thesis is closed with conclusions in Chapter[§]



Chapter 2

Foundations

Following the motivation and brief informal definitions of the elimination techniques in the previous
chapter, this chapter establishes the theoretical basis of this thesis. For that reason this chapter contains
the definitions of the 1-DAGs and the elimination methods as well as rigorous formulations of the exam-
ined problems. We also present the proofs that vertex elimination does not solve the EE problem (proved
by Naumann in [NauO4]) and the MEC problem ([MN12]]). For an expert reader in the field of AD the first
section (Section[2.T)) will probably not contain any new information. Nevertheless, this section introduces
the notations used in connection with elimination methods, and therefore may be valuable to the reader.
In Section [2.2]a generic branch and bound algorithm (Algorithm [I)) is presented. The algorithm can be
specialized to solve all four problems discussed in this thesis. It is used to demonstrate the practical ap-
plication of the results developed in later chapters. Further basic notation which is not directly connected
to elimination methods are introduced in the last section of this chapter. In this thesis we deal only with
structural problems and will not touch the general 0JA problem. Therefore throughout this thesis we will
refer to structural optimal Jacobian accumulation problem as optimal Jacobian accumulation problem.
Analogously, we also will write 0JA instead of SOJA.

2.1 Problem description and state of the art in elimination methods

In this section we provide formal definitions of the problems that are the subject of research in this thesis
and introduce the corresponding notations. We also discuss how vertex and edge elimination relate to
each other. A rigorous definition of the -DAG was presented in the previous chapter (see Definition [I.T)
thus we omit redefining it here. To increase the readability, throughout this thesis we address the vertices
of the 1-DAG as follows

e fori =1—mn,...,0as x;4, (corresponding to the inputs of the function),
e fore =1,...,paswv; and
e fori =p+1,...,p+ mas y;_, (corresponding to the outputs of the function).

In figures we mark inputs/outputs of the function with upward/downward facing triangles. Figure [2.1(a)]
demonstrates the 1-DAG from Figure with the new notation. Moreover we will omit drawing the
edge labels on illustrations as we deal with a pure graph problem and leave the connections to the induced
computation of derivatives aside.

Further following assumptions to the 1-DAGs are made in this thesis:

o the outputs of the function do not have any successors in the I-DAG,

19
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e the vertices v; forz = 1,..., p always have predecessors and successors.

These assumptions are not hard restrictions. If the output of the function has a successor, it means that it
is used in the computation of some other output. So we could easily rewrite the program to match the first
assumption by copying the result in to an auxiliary variable and using it inside the computation instead
of the output itself. With the help of this assumption we know, that we do not have to eliminate any of
the outputs to compute the Jacobian. This fact helps makes it easier to formulate claims and algorithms.
The second assumption also does not restricts the code in any way, as vertex v; without successors and/or
predecessors can be safely eliminated as described in [GWOS]. So existence of such vertices does not
harden the problems discussed here.

Before we can define edge and vertex eliminations we need to introduce the notation for the neigh-
bourhood of a vertex (edge).

Definition 2.1. Consider an I-DAG G = (V, E), v € V(G) and (i, j) € E(G). We set

src(i,j) =i gt (i, j) = J,
Sc(v) = {tgt((v,7)) | (v,i) € E(G)}, Pa(v) = {src((i,v)) | (i,v) € E(G)}

Now we can define the front elimination of an edge and the corresponding costs.

Definition 2.2. Consider an I-DAG G. The edge (i, j) € FE(QG) is front eliminatable on G, if Sg(j) # 0.
The front elimination of (i,j) is performed by introducing new edges (i,j') for all j' € Sg(j) and
j' ¢ Sc(i). The new edge labels are set to cj; = cj;cjrj. Forall (i,7") € E(Q) the existing labels are
updated according to cji; = cji; + cjic;rj. The front elimination of edge (i, j) on I-DAG G is denoted by
G — (i,5)T.

We call front edge elimination of (i, j) a pure edge elimination if the vertex j is not removed. This
means that V (G — (i,5)7) = V(G).

The cost of front elimination of an edge (i, j) is equal to the number of fma’s performed during this
elimination. This number is equal to the number of the successors of j. Hence the cost of front elimination
of (i,7) is equal to |Sc(j)| and we denote it with

oc((i,5)) =150l
where | - | denotes the cardinality (number of elements) of the set.

Back elimination of edge is defined in a similar way.

Definition 2.3. Consider an I-DAG G. The edge (i,7) € E(G) is back eliminatable on G, if Pg(i) # 0.
The back elimination of (i,j) € E(G) is performed by introducing new edges (i, j) for all i’ € Pg(i)
and i’ ¢ Pg(j). The new edge labels are set to c;iy = c;iciri. For all (', j) € E(G) the existing labels
are updated according to cj;r = ¢ + ¢jicii. The back elimination of edge (i, j) on I-DAG G is denoted
by G — (i,j)".

We call the back elimination of (i,7) a pure edge elimination if the vertex i is not removed. This
means that V (G — (i,7)”) = V(G)

The cost of the back elimination of the edge (i,7) is equal to the number of fina’s that has to be
performed during this elimination. This number is equal to the number of the predecessors of i. Hence
the cost of front elimination of (i, j) is equal to | Pg(i)| and we denote it with

oc((i,5)7) = |Pa(i)|

where | - | denotes the cardinality (number of elements) of the set.
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Figure 2.1: Example for vertex and edge eliminations

Let us discuss the front and back edge elimination on the following example.

Example 2.1. Consider an I-DAG G as in Figure The result of front elimination of the edge
(v1,vs3) is shown in Figure[2.1(b), while the result of the back elimination of the same edge is presented

in Figure
Vertex elimination is defined as a sequence of edge eliminations.

Definition 2.4. Consider an I-DAG G. A vertex v € V(G) is eliminatable on G, if Pg(v) # () and
Sa(v) # 0. A vertex v is eliminated from G by front elimination of all its in-edges (edges connecting v
with its predecessors) or by back elimination of all its out-edges (edges connecting v with its successors).
The elimination of vertex v from I-DAG G is denoted by G — v.
We denote the cost of the elimination of vertex v in I-DAG G with og(v). The costs of a vertex
elimination are equal to the number of fina’s performed during this elimination. Hence

o6 (v) = [Pa(v)] - |Sa(v)|

Next we discuss vertex elimination on the following example.

Example 2.2. Consider an I-DAG G as in Figure[2.1(a)l The result of eliminating vertex vy from G is
shown in Figure|2.1(d)

For rigorous definition of the VE and EE and MEC problems we need to set the concept of elimination
sequences.

Definition 2.5. Consider an I-DAG G. Subsequent elimination of eliminatable vertices (edges) is called
vertex (edge) elimination sequence. We denote the vertex (edge) elimination sequence with the help
square brackets. The application of the vertex (edge) elimination sequence [wl, . ,wk] to I-DAG G is
recursively defined as

G — [wl,...,wk] = (Gf [wl,...,wk_l])fwk. ,

where w; for 1 < i < k is a vertex (edge) elimination of an eliminatable vertex (edge) on G —
[wl, .. ,wi_l}. Similarly the cost of this vertex (edge) elimination sequence are also recursively de-
fined as

oc([wr,...,wi)) = oc([wi,. .., we-1]) + 0G—(wr,...wn_1) (W)



22 CHAPTER 2. FOUNDATIONS

If the sequence of eliminations contains both vertex and edge eliminations we refer to it simply as elimi-
nation sequence or if we want to emphasize this fact as transformation sequence.

An elimination sequence that transforms an I-DAG into a bipartite graph is called a complete elimi-
nation sequence.

For the sake of shorter notation we omit writing the referred 1-DAG G in notations if I-DAG is G (e.g.
P (v) = P(v) or og(v) = o(v)) or the choice of this I-DAG is clear from context.
Now we can define the optimal vertex (edge) and the minimum edge count problems.

Definition 2.6. The problem of finding a complete vertex elimination sequence with minimal costs for
a given I-DAG G is called vertex elimination (VE) problem. We refer to a vertex elimination sequence
that solves the VE problem as optimal vertex elimination sequence. VE(G) denotes the cost of an optimal
vertex elimination sequence.

Definition 2.7. The problem of finding a complete edge elimination sequence with minimal costs for a
given I-DAG G is called edge elimination (EE) problem. We refer to a edge elimination sequence that
solves the EE problem as optimal edge elimination sequence. EE(G) denotes the cost an optimal edge
elimination sequence.

Definition 2.8. The minimum edge count MEC problem is to determine a sequence of front and back edge
eliminations such that the resulting I-DAG contains the lowest possible number of edges. MEC (G) denotes
the number of edges in the resulting I-DAG.

Definition 2.9. The minimum edge count by vertex elimination MECV problem is to determine a se-
quence of vertex eliminations such that the resulting I-DAG contains the lowest possible number of edges.
MECV(G) denotes the number of edges in the resulting I-DAG.

It should be noted that due to commutativity of vertex and edge eliminations (see Section[3.2)) the solution
of VE, EE, MEC and MECV problems is in general not unique.
Next we formally define optimality preserving eliminations.

Definition 2.10. Consider I-DAG G. We say that a particular vertex (edge) elimination preserves opti-
mality in the context of VE (MECV, EE, MEC) problem if there exists a vertex (edge) elimination sequence
solving VE (MECV, EE, MEC ) problem that begins with this vertex (edge) elimination. If the context prob-
lem is clear we avoid mentioning it.

As we can see from the Definition 2.4] edge elimination is a more general elimination method than
vertex elimination. Hence it is clear that EE(G) < VE(G). This result was already proved by Naumann
in [NauO4].

Lemma 2.1. For any I-DAG G holds
EE(G) < VE(G)

Proof. The proof follows immediately from the definition of vertex elimination as a sequence of edge
eliminations. O

In [NauO4]] Naumann presented an example where vertex elimination do not solve the EE problem.

Lemma 2.2. A solution of VE does not solve EE on arbitrary I-DAGs.
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Figure 2.2: Proof of Lemma

Proof. This proof was presented by Naumann in [Nau99]. Consider the 1-DAG G as on Figure
This graph is also called lion graph due to its shape. Both possible vertex elimination sequences [v1, v2]
and [vg, v1] yield the same costs of 12 fma. Using edge elimination we can transform the 1-DAG G to
bipartite graph with smaller costs. Therefore we first back eliminate the edge (vs, y1) at the costs of 1 fma.
On the resulting 1-DAG G — (vs, 1)~ (compare Figure , we then front eliminate the edges (1, v1)
and (x4, v1) to remove the vertex v;. These two front edge eliminations require elimination 4 fmas. The
resulting 1-DAG is shown on Figure The front elimination of the edges (z1,v2) and (z2,v2) on
the resulting I-DAG transforms the I-DAG into a bipartite graph, the costs of these eliminations are 6 fma.
Hence the overall cost of this edge elimination sequence adds up to 11 fmas. So vertex elimination does
not solve the EE problem on the lion graph. In [Nau0O4] Naumann proved that 11 is the solution of the EE
problem on this graph. In Example [6.23] we will show a shorter proof of this fact, exploiting the results
of this thesis. O

The relationship between edge and vertex elimination in the context of the MEC problem is similar to
that in the context of 0JA problem. The solution of the MEC problem is at least as good as that of MECV
problem.

Lemma 2.3. For any [-DAG G holds
MEC (G) < MECV(G)

Proof. Follows immediately from the definition of vertex elimination as a sequence of edge eliminations.
O

Vertex elimination does not solve the MEC problem in general case. The corresponding proof was pre-
sented in [MN12].

Lemma 2.4. A solution of the MECV problem does not solve the MEC problem on arbitrary I-DAGs.

Proof. An example for which the statement is true is presented in Figure All four possible vertex
elimination sequences [v1], [v2], [v1, v2] and [va, v;] increase the number of edges. Hence MECV(G) = 9.
Back elimination of edge (v, y1) (compare Figure[2.3(b)) followed by front elimination of edge (3, v1)
results in a I-DAG that contains only 8 edges (compare Figure|2.3(c)) completing the proof. 0

Although edge elimination is a more general elimination method, the investigation of vertex elimi-
nation is still of interest as the search space is much smaller than that induced by edge elimination. The
search space can be reduced even further using the result from Lemma showing that permutations
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Figure 2.3: Proof of Lemma

of vertex eliminations does not change the resulting graph (for more details see Section and Sec-
tion [3.2.5). With the proofs that vertex elimination solves the MEC and EE problem on absorption-free
1-DAGs (see Theorem.3]and Theorem.4) vertex elimination becomes even more useful (see Chapter[d).
Also as outlined in Chapter [7] vertex elimination is the method of choice when it comes to developing
fast algorithm that compute near optimal solutions for MEC or EE problems.

As already mentioned in the introduction, edge elimination does not solve the structural 0JA problem
in general. The 1-DAG that was used as a counter example in this proof is shown on Figure 2.4] Due to its
shape this I-DAG is also known as the bat graph. In the proof it was shown that optimal edge elimination

Y1 Y2 Y3 Ya

1 ) 3 4

Figure 2.4: Bat graph

on the bat graph requires at least 23 fma’s, while the Jacobian could be obtained at cost of 22 fma’s. In this
paper a new elimination method based on eliminations on the dual graph was introduced. This elimination
technique is called face elimination, the corresponding elimination problem is referred to as optimal face
elimination problem (FE). It was also shown that with face eliminations the Jacobian of the bat graph
could be obtained at the costs of 22 fmas. In [GWOS|] Griewank proved that FE = 0JA on absorption-
free 1-DAGs. For the general case the proof is still outstanding. We will not pursue face eliminations
any further as it goes beyond scope of this thesis. The main idea of this thesis is to improve existing
algorithms for solving the VE and MECV problems by providing better lower bounds, proving various
optimality preserving eliminations and showing how to obtain better and faster solutions by mixing vertex
and edge eliminations. As face elimination works on the dual representation of the 1-DAG it is not clear
how face elimination can contribute to this objective. Despite the big flexibility of face elimination,
solving the 0JA or MEC problem with this elimination method directly does not seem the way to go. The
main reason for this is the fact that the search space of face elimination is much bigger compared to that
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Figure 2.5: Depth first search for the VE problem on the bat graph (compare Figure . Edge labels
represent the costs of the corresponding vertex eliminations.

of vertex or edge elimination. The potential advantage of using face elimination seems not to justify the
additional effort involved by using face elimination. Supporting evidence is provided in [Pei09]. In this
bachelor thesis a branch and bound algorithm was applied to solve the VE, EE and FE problems for various
1-DAGs. Solving the FE problem for the lion graph with this approach took more than 3 hours, while EE
problem for the same graph could be solved in less than 5 seconds. Face elimination could not improve
the solution delivered by the edge elimination. Both required 11 fma’s to accumulate the Jacobian. Face
elimination also seems to be not the right choice for solving the MEC problem. One aim of solving the MEC
problem is to find a memory efficient representation of the Jacobian matrix. Face elimination works on
dual graphs and it is not always possible to transform the dual graph back to the 1-DAG after performing
several face eliminations. So when using face elimination one should be prepared to store the dual graph
representation of the Jacobian matrix, which requires more memory compared to storing the original 1-
DAG. It is very unlikely that a potentially better solution provided by face elimination can compensate
for this drawback. Still face elimination is a very interesting technique from theoretical point of view and
should be part of research. Possible entry points for such investigation and connections to this thesis are
given in Chapter 7]

2.2 Generic branch and bound algorithm

All four problems (VE, EE, MEC and MECV) discussed in this thesis are combinatorial optimizations prob-
lems. Moreover these problems are conjectured to be NP-hard. One widely used algorithm to solve such
kind of problems is the branch and bound algorithm ([LMSK63, [LW66)). In the following we develop a
generic branch and bound algorithm (Algorithm[T)) that can be used to solve these problems. The reason
why we develop a generic algorithm, is that we will use it to solve both the minimal edge count problem
by (vertex) edge elimination and the optimal (vertex) edge elimination problems. The algorithm presented
here is used to demonstrate how the theoretical results developed in this thesis can be applied to solve the
particular problem. We also use this algorithm to demonstrate the impact of these result on the size of the
search space. Especially we will show how the commutativity of edge an vertex elimination can be used
within such an algorithm to reduce the search space.

The branch and bound algorithm presented here is based on depth first search. The search space in-
duced by performing the depth first search for the VE problem on the bat graph (compare Figure [2.4)
is shown in Figure The algorithm is implemented as a recursive algorithm. It takes the -DAG G
and the upper bound ub as inputs and computes the elimination sequence that solves the problem and
the corresponding costs. The resulting elimination sequence is stored in solution which is a queue
that handles the elements in first-in, first-out (FIFO) order. It provides the functions solution.put and
solution.pull to store and retrieve the items. The algorithm mainly consists of the function COM-
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PUTESOLUTION(G, G, elim, ub, solution) that is called recursively. This function takes G, G,
elim, ub as inputs and stores its result in solution. G is hereby the I-DAG that has to be solved. ub is
the upper bound for the costs of the solution (solution). The remaining two arguments G, and elim
are used only to exploit commutativity of edge and vertex eliminations. To be able to exploit the com-
mutativity we need to know the elimination elim that transformed G, into G. The second function that
is used by the algorithm is COSTOFSOLUTION. It computes the costs of solution on G. In case of
minimal edge count problem the cost is the number of edges in the 1-DAG after all eliminations stored
in solution are applied. In the case of optimal vertex and edge elimination problems the cost is the
number of fmas performed by the elimination sequence contained in solution.

Algorithm 1 Generic branch and bound algorithm
Require: 1-DAG G, ub /I ub — upper bound for optimal solution can be co
Ensure: solution, costs /I Optimal elimination sequence and the costs
1: COMPUTESOLUTION(G, 0, 0, ub,solution)
2: costs «+ COSTSOFSOLUTION(G, solution)

3:

4: function COMPUTESOLUTION(G, G, elim, ub, solution) // Computes optimal solution for ¢
5: found < true

6: 1b + COMPUTELOWERBOUND(G)

7: if 1b > ub then

8: found < false

9: else

10 M < GETELIMINATIONS(G) /I Store possible eliminations in M
11: REMOVEPERMUTABLEELIMINATIONS(G p,e1lim,M) /I Exploit commutativity
12: while M # 0 do

13: choose el € M /l el can be vertex or front (back) edge elimination
14: G’ < PERFORMELIMINATION(G,el)

15: ub_tmp <~ UPDATEUPPERBOUND(G, €el, ub)

16: found < COMPUTESOLUTION(G’, G, el, ub_tmp, solution_tmp) // Recursion
17: if found then // New best solution found
18: solution <+ solution_tmp.put(el) /I Store best elimination sequence
19: costs < COSTSOFSOLUTION(G, solution_tmp)
20: ub < costs — 1
21: if costs == 1b then /I Optimal solution for GG was found
22: exit
23: end if
24: end if

25: end while

26: end if

27: return found

28: end function

29:

30: function PERFORMELIMINATION(G,el) /I Applies elimination el to GG and returns the result
31: return G — el /I el can be vertex or front (back) edge elimination

32: end function

The function COMPUTESOLUTION works as follows. At the beginning we set the variable found
to true. This variable identifies whether the COMPUTESOLUTION function could find a valid solution
for G or not. Valid solution means that the costs of this solution are not higher than the provided upper
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bound ub. Afterwards we compute the lower bound for the solution of 1-DAG G. If the lower bound is
greater than the upper bound provided in ub, we exit the function as we cannot solve the problem with
the requested costs. In the global view this means that we do not need to investigate the current branch
any further as this branch will not lead us to the optimal solution. If the lower bound for G is not higher
than the provided upper bound we determine all possible eliminations calling the GETELIMINATIONS
function and store them in M. The subsequent call to REMOVEPERMUTABLEELIMINATIONS removes
the not needed eliminations from M exploiting the commutativity of edge or vertex eliminations. For
each elimination el in M we first perform the elimination of el on G using the function PERFORME-
LIMINATION and store the resulting I-DAG in G’ (Note that el can be back or front edge elimination,
or even a vertex elimination). Then we try to find an optimal solution for G’. Therefore first of all we
have to update the upper bound appropriately using the UPDATEUPERBOUND function and then apply
COMPUTESOLUTION recursively to G’ with the updated upper bound. If COMPUTESOLUTION could
find a valid solution for G’ we need to update our current best solution in solution and compute its
costs. We then set our current upper bound to the costs of this solution minus one. We subtract one to
ensure that the next solution we find has smaller costs compared to the current one. If the costs of the
current solution are equal to the lower bound we determined for GG, we know that the optimal solution for
G was found and therefore we do not have to investigate this branch any further.

2.3 Further definitions and notation

In this section all further definitions, assumptions and notations that are used throughout the whole thesis
are gathered. Only some section specific definitions will be defined at the place where they are used.
Extending the definitions in Definition [2.1]to sets of vertices (edges) yields.

Definition 2.11. Consider an I-DAG G = (V,E), T CV and S C E. We set,

stc(S) = {src((i,)) | (i,4) € S}, tgt(S) = {tgt((i,5)) | (i,4) € S},
S(T) = Sa(T) = | JS(i) P(T) = Po(T) = | P(i)
€T €T

The definition of 1-DAG already distinguishes between the three different subsets of vertices: inputs
outputs and intermediate vertices. The next definition defines the mathematical notation for these sets
which will be used in the various proof.

Definition 2.12. Consider I-DAG G = (V, E). We set
X=X(@)={veV |Pa)=0}, Y=Y(G)={veV |Sa)=0} ,

Z=Z(G)=V\(XUY)
We refer to vertices from X as inputs, Y as outputs and Z as intermediate vertices.

Only the elements of Z(G) can be eliminated during the edge or vertex elimination. Therefore we also
refer to them as eliminatable vertices. Similarly we can define a set of eliminatable edges.

Definition 2.13. Consider [-DAG G. The set

ET =EY(G)={(i,j) i € Z(G)}
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is called the set of front eliminatable edges. The set
E7 =E(G) ={(i,j) i € Z(G)}

is called the set of back eliminatable edges, while we refer to E*(G) = ETUE™ as the set of eliminatable
edges.

An eliminatable edge (i,j) € E*(G) is called intermediate edge if i € Z(G) and j € Z(G).
Otherwise we refer to such an edge as non-intermediate.

To keep the illustrations cleaner and to improve the legibility we avoid drawing and mentioning edges
connecting inputs with the outputs, in the context of EE and VE problems. Those edges cannot be elimi-
nated and they also have no influence on the costs of a vertex or edge elimination. In the context of MEC
and MECV problems we do keep these edges as they have influence on the solution.

Definition 2.14. Consider I-DAG G, v € Z(G). Following the definition in [GR91] the Markowitz
degree of the vertex v is number of multiplications needed to eliminate the vertex v and is equal to

markg(v) = |Pg(v)| - |Sa(v)]

Next we define the notation for the subset of inputs or outputs that are connected to a given vertex or
edge. This notation is used in Chapter [ to formalize claims and algorithms.

Definition 2.15. Consider I-DAG G, v € V(G) and (i, j) € E(G). We set

X (v) = {w € X(G) | there exists a directed path from v to w}
and for the outputs

Yo (v) = {w € Y(G) | there exists a directed path from v to w}

We refer to X(v) as inputs from which v is reachable and to Y (v) as outputs that are reachable from
v on G. Analogously for the edges we set

Xa((i,5)) = Xe (i)

and for the outputs

We refer to X ((i,7)) as inputs from which (i, j) can be reached and to Y ((i,j)) as outputs that are
reachable from (i, j) on G.

Let us discuss this definition on the following example.

Example 2.3. Consider the I-DAG G as in Figure|2.2(b)

Xg(v2) ={z1, 22} , Yg(vo) ={y2,93,94}

and
Xa((v1,v2)) ={z1, 22} , Ya((vi,v2)) = {y2,y3, 94}

The next definition is used to define and describe subgraphs in Chapter [3|and Chapter 4]
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Definition 2.16. Consider I-DAG G, and S C E(G). We set T = (V',S), where V' = (src(S) U
tgt(S)). Then we recursively remove all vertices v € Z(G) with |Pr(v)| = 0 or |St(v)| = 0 from T.
We refer to the resulting graph as the I-DAG induced by the set S of edges and denote it with H|S].

Example 2.4. Consider the lion graph G (see Figure[2.2(a)). The I-DAG induced by the set

S1 = {(x1,v1), (v1,v2), (v2,92), (v2,¥3)}

is presented in Figure[2.6(a)|
Consider the bat graph G (see Figure[2.4). The I-DAG induced by the set

Sy = {(w1,v1), (x2,v1), (v1,91), (v1,v3)}
is presented in Figure[2.6(b)| Note that vz ¢ V(H[Sg]) although (v1,v3) € Sa, as vs has no outgoing
edge in Ss.

Y2 Y3 Y

vy

vy vy

1 Ty T

(a) H[S1] (b) H[S2]

Figure 2.6: Example I-DAG induced by a set of edges

Definition 2.17. The set of intermediate vertices with exactly one in-edge or one out-edge is denoted by

M(G) = {v e 2(G) | 1Se () = 1V|Pa(v) = 1}.

In some algorithms (e.g. Algorithm [T6] Algorithm [I7) we need a total ordering on vertices and edges
thus we define the <’ operator on these sets.

Definition 2.18. Consider I-DAG G. For a,b € V(QG)
a<b & wla) <mwd) ,
wherem : X(G)UZ(G)UY (G) — {1—n,...,0,1,...,p+m} maps a vertex on to its ordering number
in the SAC.
For ey, es € E(G)

e1 < ey & (src(er) < src(ez)) V ((src(er) = src(ez)) A (tgt(er) < tgt(e2)))
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Chapter 3

Properties of linearized directed acyclic
graphs

This chapter contains proofs of basic properties of 1-DAGs. These properties build the basis for almost
all results of this thesis. With the exception of Section [3.2.3]and Section [3.2.5]these results have already
been published in [MN12].

This chapter is split into two sections. In the first section (Section we show that the fact that
one 1-DAG is a subgraph of another 1-DAG is invariant under edge (vertex) eliminations and discuss its
consequences. We refer to this property of I-DAGs as “’subgraph monotonicity”. The latter is one of
the most important results of this thesis. It allows us to reduce the problem (EE, VE, MEC or MECV) to a
subgraph of the original I-DAG. This result can be seen as a glue between the results for absorption-free
(Chapter[d) and arbitrary 1-DAGs (Chapter[5] Chapter[6)), as it permits the reuse of results from absorption-
free 1-DAGs on arbitrary 1-DAGs. New algorithms that compute lower bounds for the MEC , MECV, VE and
EE problems, presented in this thesis, are based on this property. Reduction to subgraphs is also used for
generic optimality preserving techniques for MEC (Theorem [5.2] Theorem 5.3, MECV (Theorem [5.1), EE
and VE (Lemma [4.18) problems.

In the last section of this chapter (Section we show in which cases the order of edge and vertex
eliminations does not change the resulting I-DAG. The proofs of the most important findings of this
thesis namely Theorem [4.2] (EE(G) = VE(G) on absorption-free 1-DAGs) and Theorem 4.4] (MEC (G) =
MECV(G) on absorption-free 1-DAGs) are based on these results. Using these results we show that solving
the minimal edge count problem by vertex eliminations we do not need to check all possible permutations
for a given subset of intermediate vertices as they do not have any influence on the number edges in the
resulting I-DAG (Section [3.2.4). Thus we can concentrate on finding a proper subset of intermediate
vertices that has to be eliminated. These results can also be used to reduce the search space when solving
the EE, VE, MEC or MECV problem with branch and bound algorithm (compare Section[5.2]and Section[6.2).

Apart from the properties of an 1-DAG we also introduce a new technique. We refer to this technique
as bi-coloring of an I-DAG (Definition [3.2). This technique allows us to see the influence of particular
edges on the number of multiplications for a given elimination sequence. It is also used to prove the
”subgraph monotonicity” property.

3.1 Subgraph monotonicity

In this section we discuss ”subgraph monotonicity” and show its consequences for the EE, VE and MEC
problems. While “subgraph monotonicity” and its consequences for the minimal edge count problem
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were already published in [MN12]], the implications for the EE and VE problems have not been presented
to the public so far.

In Section we prove the ’subgraph monotonicity” for 1-DAGs. The “’subgraph monotonicity”
property means that after the application of any edge (vertex) elimination to both G and subgraph G’ the
resulting I-DAG of G’ is still a subgraph of the resulting I-DAG of G. This property is one of the central
results of this thesis. In Section [3.1.2] and Section [3.1.3] we describe the consequences of this property
for VE, EE and MEC problems. The results from this section build the basis for efficient lower bounds and
various optimality preserving eliminations developed later in this thesis (see Chapter [5|and Chapter [6)).

In the commonly used definitions of edge (vertex) elimination the actual elimination of an edge (ver-
tex) is merged with potential subsequent absorption of parallel edges (edges with same source and sink).
It is also the case in the definitions of edge and vertex eliminations presented in the previous chapter (Def-
inition [2.3] Definition 2.2 and Definition [2.4). This approach is based on the assumption that immediate
absorption preserves optimality. So far this assumption has not been proved in the literature for any of
the problems. A first step was done in [MN12]] where ”subgraph monotonicity” was used to prove this
assumption for the MEC problem. Here we will also prove the corresponding result for the VE and EE
problems. Therefore we first split the edge elimination on 1-DAGs in front (back) elimination of an edge
and absorption of parallel edges. Once we have proved that immediate absorption preserve optimality in
the context of all three problems VE, EE and MEC, we will switch back to the commonly used definitions
of edge and vertex eliminations.

3.1.1 Subgraph monotonicity: The proof

The results of this section are part of [MNI2]]. In this section we prove that for two 1-DAGs G’ and G with
G’ C G any elimination sequence applied to both 1-DAGs does not destroy the subset property (compare
in Theorem[3.1)). To prove this theorem we first show that application of single elimination maintains the
subset property in Lemma 3.1} Lemma[3.2]and Lemma[3.3]

First of all let us define subgraphs.

Definition 3.1. Consider I-DAGs G and G'. G’ is a subgraph of G denoted as G' C G if and only if
V(G'") CV(Q), E(G') C E(G), X(G') C X(G)andY (G") C Y(G). We also refer to this as subgraph
monotonicity.

Next we define bi-coloring of the 1-DAG.

Definition 3.2. Consider I-DAG G = (V(G), E(G)). A Boolean mapping f¢ : E(G) — {0,1} is called
a bi-coloring of G.

In this section we apply the same eliminations (elimination sequences) to both G and its subgraph G’. To
visualize the differences between the resulting 1-DAGs we use bi-coloring. Therefore we color the I-DAG
G as follows: the edges of G that are part of G’ are colored with 1, the other are colored with 0. Hence
we can distinguish between edges of G that belong to G’ and those which do not based on their color.
To keep this coloring after the elimination we need to update the coloring in a proper way. For this we
require further notation.

Definition 3.3. Consider a bi-colored I-DAG G, v € V(G) and S C E(G). We set

St (v) = Sa(v) Ntge(fe' (1)), Pg(v) = Pg(v) Nsre(fg' (1)),
S (v) = Sa(v) Ntgt(f5'(0), Pg(v) = Pa(v) Nsre(fg'(0)),

where fg ! (1) and f 1(0) denote the sets of edges in G mapped onto 1 and 0 by fg, respectively.
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n Y2 Ys

(@G ®) G — (v1,v3)T

Figure 3.1: Example of front elimination of edge (vy,vs) on bi-colored 1-DAG

Now we extend the previously introduced transformations with a coloring function on the resulting 1-
DAG.

Definition 3.4. Consider a bi-colored I-DAG G. The front elimination of an edge (i, j) is performed by
introducing new edges (i, j') for all j' with (j,j') € E(G). The new edge labels are set to c(; jiy =
C(i,j) - C(j.j1)- Edge (i, ) is deleted. If vertex j has only one in-edge in G, then we delete it together with
all its incident edges.

The resulting I-DAG is G' = (V(G'), E(G')). For each new edge (i, j') we define its color in G' as
far((5,3") = fa((i,9)) A fa((5,5)). We set far((5,5)) = 0 forall §' with j < j"if P&(j) = {i}.
We write G — (i, )V for the front elimination of (i, j) in G.

See Figurefor an example. Dashed lines represent O-colored edges. The front elimination of (v1,v3)
introduces two new 0-colored edges (v1, y1) and (v, y3) and a new 1-colored edge (v1, y2). Edge (v1,v3)
is removed leaving (v9, v3) as the only in-edge of v3. The colors of all edges emanating from v3 become
0 as v3 does not have 1-colored incoming edge.

The definition of back elimination in bi-colored 1-DAGs is similar.

(a) G ® G =G — (vi,v2)” (c) Absoprtion of parallel edges
(z3,v3) on G’

Figure 3.2: Example of back elimination of edge (v1,v3) and absorption on bi-colored 1-DAG

Definition 3.5. Consider a bi-colored I-DAG G. The back elimination of edge (i, j) is performed by
introducing new edges (i', j) for all i’ with i' < i. The new edge labels are set to c(is ;) = C(; ;) - C(i' i)»
where (i',i) € E(G). Edge (i,j) is deleted. If vertex i has only one out-edge in G, then we delete it
together with all its incident edges.
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The resulting I-DAG is G' = (V(G'), E(G")). For each new edge (i, j) we define its color in G’ as
far ((,5)) = fa((i,4)) A fa((i',0). We set far ((i',i)) = O for all i’ with i’ < i if S (i) = {j}. We
write or G — (i, j)~ for the back elimination of (i, j) in G.

Refer to Figure [3.2(a)|and Figure [3.2(b)|for an example. The 0-colored edge (v1, v3) is back eliminated.
New O-colored edges (x1,v3), (z2,v3), and (z3, v3) are introduced. The colors of the in-edges of vy are
left unchanged as the remaining out-edge (vy, v2) carries color 1.

Definition 3.6. Consider a bi-colored I-DAG G, ki, ks € E(G). If src(ky) = src(ks) and tgt(ki) =
tgt(ka), the absorption of two edges ki, ko is performed by removing edge ko. The label of the edge k1
is set 1o ¢, = C, + ¢, and for (k1) = fa(k1) V fa(k2). Otherwise G remains unchanged.

We write G — k|| ka for the merging (absorption) of k1 and ks in G.

See Figure [3.2(b)| and Figure for an example of absorption. Vertices x5 and v3 are connected by
two parallel edges, 0- and 1-colored, respectively. The resulting edge carries color 1. According to the
following lemma the subset property is preserved when eliminating an arbitrary 1-colored edge.

Lemma 3.1. Consider a bi-colored I-DAG G = (V, E), where G’ C G, with G' = G[fél(l)] The
Sollowing holds for every edge (i,7) € E, with and fg ((z,])) =1:

1. G, - (Zv.])Jr g G — (Z7])+ andE(G/ - (Z7J)+) = fG_i(Z,j)+(l)x

2. G'—(i,5)” CG—(i,§)” and E(G' = (i,5)7) = f5L ;.- (1)

(ro ) (rRo ) (ro)( o)

(a) Case 1. (b) Case 2. (c) Case 4.

Figure 3.3: Illustration of cases in proof of Lemma

Proof. Ad I: Let us first ensure that V(G') C V(G), X(G') € X(G) and Y(G') C Y(G). The
statement is obviously true if V(G) is not changed by the elimination. According to the definition of the
front elimination of an edge j is the only vertex which can be removed by front elimination of the edge
(i,7). If j & V(G — (i,7)™) then i is the only predecessor of j in G. Hence j ¢ V (G’ — (i,5)T) as i is
the only predecessor j in G’ too because E(G') C E(G). Therefore V(G') C V(G), X(G') C X(G)
and Y(G’) C Y (Q). It remains to be shown that

B(G' = (i,0)") = fali (1) 3.1
which implies E (G’ — (i,5)") € E(G — (i,7)") and hence G’ — (i, ) C G — (i, j)*. Equation

is proved by showing that if (k,1) € E(G’) then (k,l) € E(G) and vice versa. Hence we consider the
following four cases:
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o (k1) ¢ E(D),

o (k,l)e E(D),k# jandl = j,

o (k,l) e E(D),k# jandl # j,
o (k1) € E(D), k= j,

where D = G’ or D = G respectively.

»C” Consider (k,1) € E(G' — (i,5) ).

Case 1. (k,1) ¢ E(G’). In this case (k,1) is a fill edge that is added to G’ due to the elimination of
(2,7). Therefore k =iandl € S/ (j), which implies that I € S} (j) (see Figure[3.3(a)). Hence (k,1) €
E(G_ ( )] ) ) and fo(z,j)Jr((kvl)) fG(( )) /\fG(( )) = 1 yielding (kal) € fc_:i(l,])-%—(l)
Case 2. (k,l) € E(G'), k # jandl = j. From (k,l) € E(G’) follows that (k,l) € E(G) and
fa ((kz, l)) = 1. The vertex j has at least two in-edges in G as [ = j, and therefore j is not removed from
G (see Figure[3.3(b)). This implies that (k,l) € E(G — (i,5)"). The color of (k,!) remains unchanged
according to the definition of edge elimination as k # j. Hence (k,1) € f&i(i i+ (1).

Case 3. (k,l) € E(G'), k # jand !l # j. From (k,l) € E(G’) follows that (k,l) € E(G) and
fa((k,1)) = 1. Moreover (k,l) € E(G — (i,4)") as (k,1) is not incident with j. According to the
definition of edge elimination the color of (k, ) remains unchanged and hence (k,[) € fG_i(i i+ (1).

Case 4. (k,l) € E(G') and k = j. From (k,l) € E(G' — (i,j)T) and k = j follows that j has at
least one in-edge apart from (i,7) in G’ and therefore j has at least one 1-colored in-edge in G apart from

(i,7) (see Figure . Hence (k,1) € E(G — (i,j)%) and fo_¢ 5+ ((k,1)) = fa((k,1)) = 1as
(k,1) € E(G") and PG( )| > 1.

29—y : —1

D” Consider (k,1) € fG_(iJ)J,(l).

Case 1. (k,l) ¢ E(G). In this case (k,[) is a fill edge that is added to G due to the elimination of
edge (i,7). Therefore k = i and [ € SG j) (see Figure [3.3(a)). From (k,[) € fal( + (1) follows

that fo((5,0)) = las 1 = fo_i )+ ((k,1)) = fa((i,5)) A fa((5,1)) and therefore [ 6 S&(j). This
observation implies that | € S’G/( ) Hence (k1) E(G’ (i,5)7).

Case2. (k,1) € E(G),k # jandl = j. Fromk # j and (k,l) € fai(i,jfr(l) follows that f ((k,1)) =
fa—@j+((k,1)) = 1, and hence (k,1) € E(G') (see Figure 3.3(b)). Edge (k1) is not deleted in G’
during the front elimination of (7, j) as (k,[) is another in-edge of j in G’ apart from (4, j). Therefore
(k’l) € E(G/ - (Z7j)+)

Case3. (k,l) € E(G),k # jandl # j. From k # j and (k,[) € fai(i,jﬁ(l) follows that fc ((k,1)) =
fa—@j+((k,1)) = 1, and hence (k,l) € E(G'). Edge (k1) is not deleted in G’ during the front
elimination of (7, j) as it is not incident with j. Therefore (k,1) € E(G’ — (i,5)T).

Case 4. (k,l) € E(G) and k = j. From fo_(; jy+ ((k,l)) = 1 and k = j follows that j has at least
one 1-colored in-edge in G apart from (4, j). Therefore j has also at least one in-edge apart from (i, j)
in G’ (see Figure[3.3(c)), which implies that j is not deleted in G’ during the front elimination of (¢, j).
Additionally according to the definition of front elimination of an edge in bi-colored I-DAGs

fG((kvl)) = fo(i,j)‘*' ((kal)) =1
Therefore (k,1) € E(G’), and as j is not deleted, (k,1) € E(G" — (i,5)T).

\_//-\
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Ad 2: The proof is analogous to the proof of / due to symmetry. O

The following Lemma states that elimination of a 0-colored edge (i, j) from a bi-colored 1-DAG G yields
that the induced subgraph G’ is still a subgraph of the I-DAG obtained by elimination of (i, j) from G.
Proving this Lemma turns out to be straight-forward.

Lemma 3.2. Consider a bi-colored I-DAG G = (V, E) where G’ C G, with G' = G[f5"(1)]. For every
edge (i, ) € E, with f¢((i,7)) = 0 holds

1. G'C G~ (i,j)" and E(G') = fgl; ;)4 (1),
2. G'CG=(i,j)” ad E(G') = fgl; ;- (1)

Proof. Ad I: Let us first ensure that V(G') C V(G), X(G') € X(G) and Y(G') C Y(G). The
statement is obviously true if V(G) is not changed by the elimination. According to the definition of
front elimination of an edge, j is the only vertex which can be removed through front elimination of
(i,7). If j & V(G — (i,7)™) then i is the only predecessor of j in G. Hence j ¢ V(G’) and therefore
V(G CV(G),X(G'") CX(G)and Y (G') CY(G).

By Definition [3.4] the front elimination of a 0-edge preserves all 1-edges. If 1-edges emanate from
Jj, then there are other 1-edges leading into j. Hence the colors of all edges of G remain unchanged in
G- (i,5)*.

Ad 2: This case is analogous to / due to symmetry. O

It remains to be shown that the subset property also holds for I-DAGs resulting from absorption.

Lemma 3.3. Consider a bi-colored I-DAG G = (V, E) where G' C G, with G' = G[f5"'(1)]. For every
pair of parallel edges e, es € E holds

Gy CG and E(GY) = fo' (1)
where G| = G’ — e1]|es and G' = G — e4]|ea.

Proof. Absorption does not change the vertex sets, therefore V(G}) C V(G'), X(G}) € X(G’) and
Y (G}) CY(G'). Hence we only have to show that

E(GY) = fa' (1)
As E(G") = f5*(1) and absorption effects only the edges e; an e it is sufficient to show that
e €E(G) & ecfair(l), 1<i<2

Case 1. fg(e1) = fa(ez) = 1. Prior to absorption both e; and e, are contained in G’ and G respectively.
According to the definition of absorption e, has to be removed from both 1-DAGs while e; remains.
Moreover fcr(e1) = fale1) V fg(es) = 1 and therefore e; € f5'(1).

Case 2. fa(e1) = fc(e2) = 0. Obviously, e1,e2 ¢ E(G’) and therefore e1,ea ¢ E(GY}). According
to the definition of absorption ez is removed from G. Moreover fo/(e1) = fa(e1) V fe(ez) = 0 and
therefore e; ¢ fo'(1).

Case 3. fc(e1) = 0and fg(e2) = 1. Obviously, ex € E(G') and e; ¢ E(G'). Therefore e € E(G))
and e; ¢ E(GY). According to the definition of absorption ez is removed from G. Moreover fg/(e1) =
fc(e1) V fa(ea) = 1 and therefore e; € fg'(1). Hence E(GY) is isomorphic to f5'(1) as e; and ey
have the same target and source.
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Case 4. fg(e;) = 1and fg(ez) = 0. The proof of this case is analogous to the proof of Case 3 due to
symmetry.

O

The following example shows that the requirements X (G’) C X(G) and Y(G’) C Y(G) in Defini-
tion[3.T] are essential to ensure that the subset property is not destroyed by edge elimination.

Example 3.1. Consider the bi-colored I-DAG G in Figure Obviously X (G') ¢ X(G) where

G = G[f(;l(l) . Front elimination of edge (x1,v1) yields an I-DAG that does not contain vertex vy
(compare Figure|3.4(b)). Although G’ still contains this vertex. Hence in this case the subset property is

broken by edge elimination.

Y1 Y2

v1

Ty

(a) G (with bi-coloring) (b) G’ = G — (x1,v1)7T (without bi-coloring)

Figure 3.4: Illustration of Example

Next we extend the results to sequences of edge eliminations and absorptions. For rigorous formulation
of such sequences we need the following notation.

Definition 3.7. Consider an I-DAG G = (V, E). The transformation operator Ty, , = Tk, k,(G) is
defined as

G—kf if kieE", ka=0,
(@)= 161 if ke B, k=0,
nr G — k1] k2 if ki,ka € E, and src(ky) = src(ka) Atgt(ki) = tgt(ka),
G otherwise

we use the composition to denote the subsequent execution of the transformation operator
Tk37k4 o Tkhkz (G) = (Tka,kz; (Tkhkz (G))

So the transformation operator performs front (back) elimination of an edge if we supply only one edge.
In the case that front (back) elimination is not applicable, for example if we try to eliminate an edge
that connects the inputs with the outputs, the I-DAG is left unchanged. If we provide two edges the
transformation operator performs absorption of these two edges. The absorption is performed only in the
case that the supplied edges are parallel (have the same sink and source). Otherwise the 1-DAG is not
changed. The following theorem is the main result of this section. It shows that the subset property is
not destroyed by any sequence of edge eliminations and absorptions as an immediate consequence from
Lemma[3.T} Lemma[3.2] and Lemma[3.3]
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Theorem 3.1. Consider a bi-colored I-DAG G = (V, E) with G' C G, where G' = (G[f5'(1)]. The
following holds for every sequence of eliminations Ty, ;, o ... 0 Tk, 1, with k;,l; € E(G;—1) U {0} for
all 1 < 7 <n and Gi = (Tki;li 0...0 Tkhll (G)

Ty, 1

nybn

O0...0 Tk17l1 (GI) Q Tkn,ln o0...0 Tk1,ll (G)

and
E(Ty, 1, 00Ty 1y (G) = f;}jl orvoTy 1y (61 (1)

sln

Proof. We perform an induction over n. The case n = 1 follows directly from Lemma [3.1] Lemma3.2]
and Lemma 3.3] because in this case we perform only one edge elimination or absorption.
n +— n + 1: From Lemma 3.1} Lemma[3.2] and Lemma [3.3|follows that

X(G(feHD)]) € X(Gn) and Y (G[(f5'(1)]) CY(Gn)

Hence G,, satisfies the assumptions of Lemma [3.1] Lemma[3.2] and Lemma [3.3] Application of each of
these lemmas (depending on which transformation is performed on G,,) proves the claim. O

Now we can finally prove the ”subgraph monotonicity”.

Theorem 3.2. Consider I-DAGs G’ and G, where G' C G. The following holds for every sequence of
eliminations Ty, 1, © ... 0 Tk, 1, with k;,l; € E(G;—1)U{0} forall1 <i<nand G; = (T, ;,0...0
Tkl Jl (G)

Tk, 1

nyin

o...0Tk 1, (G') CThpip 0. 0Tk, (G)

Proof. First we color G such that I-DAG G’ is the I-DAG induced by the 1-colored edges:

(10 ee B,
fG(e)_{o if ed E(G)

Hence G’ = G[f~'(1)]. From Theorem [3.1|follows that for an arbitrary elimination sequence Tj,, ;, ©
RN AN
Tk l, ©...0 Tkl,ll(G/) g Tknyln 0...0 Tkl-,ll (G)

ns

3.1.2 Subgraph monotonicity: Consequences for the minimal edge count problem

In this section we use “subgraph monotonicity” (Theorem [3.2)) to prove that immediate absorption pre-
serves optimality in the context of the MEC problem (Theorem [3.5). This result was already published in
[MN12].

Further we prove that the solution of the MEC problem on a subgraph of G is a lower bound for the
solution of the MEC problem on G (Theorem [3.3)). This result builds the base for developing lower bounds
and optimality preserving eliminations for the minimal edge count problem presented in Section|5.3|and
Section[5.4]

Theorem 3.3. Consider I-DAGs G’ and G, where G’ C G.

MEC (G') < MEC (Q)
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Proof. From Theorem [3.2]follows that for an arbitrary elimination sequence T, 1, © ... 0 Tk, 1,

s

Tk 1 O'HOTkl,ll(G/) ngnyln O~'~0Tk1,l1(G)

nybn

and therefore MEC (G') < MEC (G). O

An immediate conclusion is the fact that keeping parallel edges increases the search space while not
improving the solution of the minimal edge count problem.

Theorem 3.4. Consider a I-DAG G and two parallel edges ki,ky € E(G) and let G' = (G — kq||ko.
Then MEC (G') = MEC (G).

Proof. With G’ C G and Theorem 3.3|follows that MEC (G’) < MEC (G). From G’ = G — k; ||k follows
that MEC (G’) > MEC (G) and hence MEC (G’) = MEC (G). O

Theorem [3.4]leads us to the conclusion that immediate absorption preserves optimality in the context of
the MEC problem.

Theorem 3.5. Immediate absorption preserves optimality in the context of the MEC problem.

Proof. The theorem follows trivially from Theorem [3.4] O

3.1.3 Subgraph monotonicity: Consequences for the optimal edge and vertex
elimination problems

In this section we show that similar results we proved for the MEC problem in Section [3.1.2]also hold for
the EE and VE problems.

First we set the theoretical basis for commonly used elimination techniques (Theorem immediate
absorption preserves optimality). Further we prove that we can use the solution of the VE or EE problems
on a subgraph of G as a lower bound for the solution of the problem on G itself (Theorem [3.8] and
Theorem @I) These results build the base for new lower bounds, based on reduction to absorption-free
1-DAGs, presented in Section[6.3.2] Also optimality preserving eliminations discussed in Section|[6.5]are
build thereon.

Before we can proceed we need to define the costs for edge elimination and absorption. We decided
to use fma as the measure for complexity, hence the costs of front [back] eliminating an edge without
subsequent absorption are the same as in Definition [2.2] and Definition [2.3] since the number of multi-
plications has not changed. For absorption of two edges according to Definition [3.6] it becomes more
complicated. To absorb two edges we have to add their edge labels. If we perform the addition together
with the multiplication we can get the sum operation for free (fma) if not, the absorption causes additional
computational overhead. For simplification we assume that the costs of all absorptions are 0. This simpli-
fication is possible because we intend to show that performing absorption separately from the elimination
of the edge cannot provide better results for solving the EE or VE problems, compared to the commonly
used definitions of edge and vertex eliminations. So if we can prove this fact under assumption that the
costs of all absorptions are 0, we automatically get the proof for the cases where the additions cause extra
costs.

First we show that immediate absorption preserves optimality for the EE problem. The following
Lemma is the first step towards this result.

Lemma 3.4. Consider a I-DAG G with two parallel edges k1,ka € E(G). Let G' = G — ki||ko then
for every sequence of eliminations Ty, 1, o ...0 Ty, 1, with k;,l; € E(G;) U{0} forall1 <i < nand
Gi = Tki,li 0...0 Tk?hll (G) fOllOWS

06Tk 1, 00Ty 1y) > 06 (Thy1, 0+ 0 Ty 1)

(X} )
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Proof. From Theorem 3.2|follows that G} C G, where G = T}, 1, o ... 0 Ty, 4, (G). Hence | Pg/ (v)] <
|Pg, (v)| and |Sg: (v)| <[Sq, (v)| forallv € V(G). Hence

ocr—1(Tr ) <01 (Th,i,)

for all 1 < ¢ < n and therefore the claim holds. O
Theorem 3.6. Consider a I-DAG G and two parallel edges k1,ky € E(G). Let G' = G — ky||ko then
EE(G') = EE(G).

Proof. With G’ C G and Lemma [3.4follows that EE(G’) < EE(G). From G’ = G — k; ||k follows that

EE(G) < EE(G — k1|lk2) + og (k1| ke) = EE(G') + 0 = EE(G')

Hence EE(G’) = EE(G). O
This leads us to the result that immediate absorption preserves optimality in the context of the EE problem.
Theorem 3.7. Immediate absorption preserves optimality in the context of the EE problem.

Proof. The theorem follows trivially from Theorem 3.6 O

We have proven that immediate absorption preserves optimality in the context of the EE problem. So now
we have proven that splitting edge elimination and absorption cannot reduce the costs of the optimal edge
elimination solution. Therefore from now on we will use the definition of front and back edge elimination
as in Definition 2.2] and Definition 2.3]

In the following two lemmas we show that the costs of eliminating an edge or a vertex on a subgraph
of GG are never greater than the costs performing this elimination on G itself.

Lemma 3.5. Consider an I-DAG G' C G. The following holds for any (i,j) € E*(G)
o6 ((1,3)") = 06 ((1,)") and 06((i,§)7) > 0cr((i,4)7)

Proof. Tt is sufficient to show the inequality for front elimination of an edge. The proof for back elimina-
tion follows due to symmetry.

Case 1. (i,7) ¢ E*(G’). In this case we do not have to front eliminate the edge (i, j) on G, yielding
ocr((i,7)T) = 0. Hence the claim is trivially true in this case.

Case 2. (i,7) € E*(G'). From G’ C G follows that |S¢/ (j)| < |S¢(j)| and therefore
o6((i,7)") = 1Sc ()] = [Se(7)] = ocr ((i,5)7)

Hence the claim holds.

O
We can easily extend this result to elimination of a vertex.
Lemma 3.6. Consider an I-DAG G' C G. The following holds for any v € Z(G),
oa(v) = ogr(v)
Proof. The proof follows immediately from Lemma [3.3] O

Now we have all results we need to extend Theorem [3.3]to the EE and VE problems.
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Theorem 3.8. Consider I-DAGs G' and G, where G' C G.
EE(G') < EE(G)

Proof. This result follows immediately from Lemma [3.5] and from “subgraph monotonicity” (Theo-

rem[3.2). O

Theorem 3.9. Consider I-DAGs G’ and G, where G' C G.
VE(G') < VE(G)

Proof. This result follows immediately from Lemma and from “subgraph monotonicity” (Theo-

rem[3.2). O

3.2 Commutativity of edge and vertex eliminations

In this section we investigate in which cases the order of two subsequent eliminations does not influence
the resulting 1-DAG. We also refer to this property as commutativity or interchangeability of eliminations.
First research attempts on this topic where made in the bachelor thesis of Elmar Peise ([Pe109])
supervised as part of this thesis. In that bachelor thesis it was proved that the order of elimination of not
adjacent vertices does not change the resulting 1-DAG. We have also shown the criteria under which two
subsequent edge eliminations can be permuted without changing the resulting I-DAG. Similar results were
proved for face eliminations. These results were discussed in the context of reducing the search space
for a branch and bound algorithm that was used to solve the VE, EE and FE problems respectively. The
interchangeability of adjacent vertices and its effects on the branch and bound algorithm for VE problem
was investigated in the master thesis of Tarek El Habbaj ([EH12]) that was also supervised during this
thesis. A first discussion of these results in the context of MECV problem was published in [MN12].

This section is structured as follows. In Section [3.2.1 we proof that the order of vertex eliminations
does not change the resulting graph. From all results introduced in this section this is the most used
and therefore the most important one. In Section the interchangeability of a vertex and an edge
elimination is discussed. This result is important for the proofs of Theorem and Theorem The
commutativity of two edge eliminations is investigated in Section[3.2.3] The commutativity of two edge
eliminations is not used in any proof presented here. Instead it is only used to reduce the search space for
the branch and bound algorithm. The exploitation of these results in the context of the MEC , MECV, EE and
VE problems is described at the end of this section in Section and Section

3.2.1 Commutativity of two vertex eliminations

In this section we prove that the order of vertex eliminations does not have an impact on the resulting
1-DAG no matter whether the vertices are adjacent or not (compare Lemma [3.7).

Lemma 3.7. Consider an I-DAG G. The following holds for all a,b € Z(G) and a # b
G1 =G —[a,b] = G2 =G — [b,q]

Proof. Both G and G contain all vertices of G except of @ and b. Hence V(G1) = V(G2) = V' \{a, b}.
It remains to show that E(G1) = E(G2).

”C” We are going to show: (i,j) € E(G1) = (i,j) € E(Gz). Therefore we examine two cases. In the
first case G already contains the edge (4, j), in the second case the edge is introduced by the eliminations.
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Casel. (i,7) € E(G). From the fact that (¢, j) € E(G;) follows that

i#a Ni#bANj #a Nj #b
Hence neither a nor b are incident to (, j). Therefore (i, j) € E(G>).
Case 2. (i,7) ¢ E(G). This case is divided in two subcases:

e ¢ and b are not adjacent
e ¢ and b are adjacent.

Case 2.1. a and b are not adjacent. From (i, j) € E(G1) and (4, j) ¢ E(G) follows that,
either (4,j) € E(G—a) or i€ Pg_q(b) N j€ Sg—a(b)

If (i,j) € E(G — a), then we know that i € Pg(a) and j € Sg(a). Both i and j are not equal to b, hence
i € Po_p(a)and j € Sg_p(a). Therefore (i, j) € E(G2).

Consider the case i € Pg_q(b) N j € Sg—a(b). As a and b are not adjacent, i € Pg(b) and j €
S (b). Therefore (i, j) € E(G — b). Due to the fact that both 7 and j are not equal to a, (i,j) € E(G3).

Case 2.2. a and b are adjacent. From (4, j) € E(G1) and (4, j) ¢ E(G) follows that,
either (4,j) € E(G—a) or i€ Pg_q(b) N j€ Sg—a(b)

If (i,j) € E(G —a), then we know that i € Pg(a) and j € Si(a). Both ¢ and j are not equal to b, hence
i € Pg_p(a)and j € Sg_(a). Therefore (i, ) € E(Ga).

Now lets take a look at the case thati € Pg_,(b) A j € Sg_4(b). If i € Pg(b) and j € S¢(b), then
(i,7) € E(G —b). As both i and j are not equal to a, (i,5) € E(G2).

In case that either ¢ ¢ Pg(b) or j ¢ Sc(b), we first assume that (a, b) € E(G). Therefore Sg_q(b) =
Sc(b). Hence j € Si(b) and therefore ¢ ¢ Pg(b) due to the assumption. Asi € Pg_,(b) and ¢ ¢ Pg(b),
we know that i € Pg(a) and therefore i € Pg_p(a) . Additionally from j € S (b) and (a,b) € E(G)
follows that j € Sg_(a). Hence (4, ) € E(G2).

Now we assume that (b,a) € E(G). Therefore Pg_,(b) = Pz (b). Hence i € Pg(b) and therefore
J ¢ Sc(b) due to the assumption. As j € Sg_,(b) and j ¢ Sc(b), we know that j € Si(a). Additionally
from i € Pg(b) and (b, a) € E(G) follows thati € Ps_p(a). Hence (3, j) € E(Gs).

”D” The proof is analogous due to symmetry. O
Let us discuss this result on the following example.

Example 3.2. Consider the I-DAG G in Figure Elimination of vertex vy yields the graph G1 =
G — vy presented in Figure Removing the vertex vs from G1 results in the I-DAG presented on
Figure Performing the eliminations in reverse order yield the same result. For comparison the
result of eliminating vertex vs from G can be found in Figure

3.2.2 Commutativity of a vertex and edge elimination

In this section we discuss under which constraints the order of a vertex and an edge elimination can be
switched without changing the resulting I-DAG. We use the results of this section only in proofs (e.g.
Theorem [{.4] and Theorem [A.I). None of the algorithms presented later makes use of them. Unlike
the interchangeability of two vertex eliminations, there are cases when the order of a vertex and edge
elimination does change the resulting graph. This can happen for example if the eliminated vertex is
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Y1 Y2 Y3 Y4 Y Y Y2 Y3 Y4

1 Y2 Y3 Ya Y1 Y2 Y3 Ya
3 3 v3
vy vy
| \ l
21 T x3 Ty € £ x3 Ty T

l

@G ®G—n (©) G — [v1,v2] ()G —v2

T3 T4 @

Figure 3.5: Example of commutativity of two vertex eliminations

source or target of the edge. In this case we cannot perform the edge elimination after the vertex has
been removed as the edge does not exist in the resulting graph. The resulting 1-DAG also changes, if the
eliminated vertex is a successor of the source and a predecessor of the target of the eliminated edge. This
situation is described in Example The next two lemmas prove that in all other cases the edge and
vertex elimination can be interchanged without changing the resulting 1-DAG. First we prove this result
for front elimination of an edge.

Lemma 3.8. Consider an I-DAG G. The following holds for all (v1,v2) € E(G), a € Z(G), where
v1#a vaF#aanda ¢ Sg(v1) Na & Pg(ve):

G = [(v1,02)",a] = G = [a, (v, 02) "]

Proof. The case |Pg(v2)| = 1 is covered by the Lemma [3.7] Hence we assume that | Pg(v2)| > 2. For
the sake of notational brevity we set

G =G — [(vl,v2)+,a] and G, = G — [a, (vl,vg)+]

To show the equality of G; and G5, we first show that their vertex sets are equal. V' (G —(vy, v2)+) =
V(G), as | Pg(v2)| > 2 and hence according to the definition of vertex elimination V(G;) = V(G)\{a}.
Moreover |Pg_q(v2)| > 2 as v1 # a, v2 # a and therefore V(G3) = V(G — a) = V(G) \ {a}. Hence
V(G1) = V(Ga).

Next we show that E(G1) = E(G»).

”C” We show (i,7) € E(G1) = (i,j) € E(G2) by considering three cases. The first case is where G
already contains the edge (4, ), in the second case (¢, ) is introduced by the edge elimination and in the
third case by vertex elimination.

Casel. (i,5) € E(G). (i,§) # (v1,v2) as otherwise v; € Pg(a) and va € Si(a) which contradicts the
assumption. Therefore (i, j) € E(G — (v1,v2)") yielding i # a and j # a as otherwise (i, j) ¢ E(G1).
It follows that (i, j) € E(G — a). Furthermore (4, j) # (v1,v2) and therefore (i, j) € E(G2).

Case2. (i,7) ¢ E(G)and (i,j) € E(G — (v1,v2)"). From the fact that (7, j) is introduced by the front
elimination of the edge (v1,v2) follows thati = v; A j € Sg(va). Furthermore (4, ) is not incident
with a as otherwise (i, j) ¢ E(G1) and hence j € Sg_,(vy) implying that (i, j) € E(Gs).

Case 3. (i,j) ¢ E(G) and (i,j) ¢ E(G — (v1,v2)") meaning that i € Pg_(y, ,)+(a) and j €
SG—(v1,09)+ (@). According to the definition of front edge elimination the only vertex whose successor
set is changed during the front elimination of (v1, v3) is v1. Therefore j € Si(a) as v1 # a.
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(@) G — (v1,v2) " () G — [(v1,v2) T, v3] (©) G —wv3

Figure 3.6: Example of commutativity of vertex and edge elimination

Case 3.1. If i € Pg(a), then (4,j) € E(G — a) and therefore (4, j) € E(G2) as (4,7) # (v1, v2) due to
the assumption that (¢, j) ¢ E(G).

Case 3.2. If i ¢ Pg(a), then i = vy and a € Sg(vs) as otherwise i ¢ Pg_(y, v,)+(a). Hence j €
Sa—q(v2) implying that (4, j) € E(Gs).
”D” We show (i,7) € E(G2) = (i,7) € E(G1) by considering again three cases.

Case 1. (i,j) € E(G). From (4, j) € E(G2) follows that (4, ) is not incident with a. Therefore (i,7) €
E(G — a) and hence (i, j) # (v1,v2) as otherwise (i,5) ¢ E(Gz). Hence (i,j) € E(G — (vi,v2)T).
Moreover (i, j) € E(G1) as (i, 7) is not incident with a.

Case2. (1,7) ¢ E(G)and (i,5) € E(G a). Hence i € Pz(a)Aj € Sg(a). According to the definition
of front elimination S _ (vr, vo)+ (@) = Sc(a) as a # vy. From the assumption that a # v follows that

)
(i,a) # (vi,ve) implying i € Pg_(y, v,)+(a) and hence (4, j) € E(G1).
Case3. (i,j) ¢ E(G)and (i,5) ¢ E(G —a). Hence i = v1 and j € Sg_q(v2).

Case3.1. j € S¢(v2). Inthis case (i,j) € E(G—(v1,v2)T). Vertex a is not incident with (7, j) because
otherwise (i, j) ¢ E(G2) and therefore (i, j) € E(Gy).

Case 3.2. j ¢ Si(v2). (ve,4) is introduced by the vertex elimination of @ in G. Hence v2 € Pg(a) and
J € Sc(a). Therefore, i = v1 € Pg_(u, v,)+(a) implying that (4, j) € E(G1).

O
A corresponding result for back edge elimination can be proved similarly.

Lemma 3.9. Consider an I-DAG G. The following holds for all (vi,v2) € E(G), a € Z(G), where
v1 #a,v2 #aanda ¢ Sg(v1) Na ¢ Pa(va):

G — [(vl,vg)*,a] =G - [a, (vl,vg)*]
Proof. The proof is analogous to that of Lemma O

Let us now discuss the results of Lemma [3.8]on the following example.

Example 3.3. Consider an I-DAG G as in Figure It is easy to see that G — [(v1,v2)T,v3] =
G — [v3, (v1,v2) ] (compare Figure
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()G — v (b) G — [v1, (T4, v2)T] (©) G — (wg,v2) T (d) G — [(w4,v2)T,v1]

Figure 3.7: Requirements for commutativity of vertex and edge elimination (illustrating Example

As discussed at the beginning of this section, the prerequisites of Lemma|[3.8][Lemma([3.9] are essential. If
a = vy or a = vy we simply cannot perform the front [back] elimination of (vy,vs) after the elimination
of vertex a as (vi,v2) ¢ E(G — a). The reason for the second prerequisite is not that obvious. The
following example demonstrates its necessity.

Example 3.4. Consider an I-DAG G as in Figure After elimination of vertex v followed by front
elimination of edge (x4, v2) the resulting graph G — [v1, (x4, v2) "] does not contain the edge (14, v2),
while as (x4,v2) € E(G — [(z4,v2)T, vl]) (compare Figure @)

3.2.3 Commutativity of two edge eliminations

The constraints under which the order of two edge eliminations can be switched without changing the
resulting 1-DAG are even more complicated than those from the Section[3.2.2] The reason for this is the
fact that a vertex elimination can be expressed by a sequence of edge eliminations. Therefore Example[3.4]
also illustrates that switching the order of edge eliminations can change the resulting I-DAG (elimination
of vertex v; can also be performed by back elimination of (v1, v2)). This fact makes it hard to exploit the
commutativity of edge elimination in proofs. Still we could achieve good results using this property to
reduce the search space within the branch and bound algorithm presented in Section [6.2.2]

The next three lemmas prove in which cases two subsequent edge eliminations yield the same re-
mainder graph. The proofs are not very complicated in the sense that you do not need to find any specific
tricks. You simply compare the corresponding edge and vertex sets. Cross product as defined in standard
graph theory is used in the proofs.

Definition 3.8. Consider I-DAG G. For two subsets of vertices L, M C V(G) we set

LxM={(i,j)|i€ Landje M}

Lemma 3.10. The following holds for every I-DAG G, (a,b) # (¢,d) € E(G), where ¢ £* a and b # ¢
(c,d) € E(G — (a,b)") and (a,b) € E(G — (c,d)T)
If additionally a # c or (b,d), (d,b) ¢ E(G), then

G — [(a, b, (e, d)+] =G - [(c, d)*, (a, b)+]
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Proof. Weset G1 = G — (a,0)T,Go = G — (¢,d)t, G} = Gy — (¢,d)™ and G, = G5 — (a,b)™ First
we proof the first part of the claim. Assume that (¢,d) ¢ E(G1). Hence (¢, d) € E(Q) is incident with b
and b is removed from G during the front elimination of (a, b). The fact that b is removed from G implies
that a is the only predecessor of b. Therefore there exist two cases where the conclusion that b is incident
with (¢, d) is satisfied, b = c or (a,b) = (¢, d). Both cases contradict the assumptions of the lemma. The
proof that (a,b) € E(G — (c,d)") is analogous.

Let us now proof the second part of the lemma. First we show the equality of the vertex sets V(G}) =
V(GY). According to the definition of front elimination it is sufficient to show that

d¢V(G) & d¢V(G,) and bgV(G)) < bé¢ V(G

Case 1. b = d. In this case d is removed from G if and only if Ps(d) = {a,c}, and therefore the
elimination order does not make any difference.

Case 2. b # d. Weshow d ¢ V(G}) & d ¢ V(G,) for this case. Assume that d ¢ V(G}) implying
that Pg, (d) = {c} and therefore from b # d follows that Pg(d) = {c}. Hence d ¢ V(G2) implying
d ¢ V(G5). Assume that d ¢ V(G5). Therefore d ¢ V(G2) as otherwise b = d. Hence Pg(d) = {c}
implying d ¢ V(G?). The proof that b ¢ V(G}) < b ¢ V(GY5) is analogous.

Now we show that the corresponding edge sets are equal. We assume that none of the vertices are
removed during the eliminations. First we need some intermediate results. From the assumption a #
eV (b,d), (d,b) ¢ E(G) follows that

(c,d) ¢ {a} x 5q(b) (32)

and
(a,b) ¢ {c} x Sa(d) . (3.3)

a # d as otherwise (¢, a) € E(G) leading to a contradiction to ¢ £* a. Hence the successor set of d in G
is not changed by the front elimination of (a, b) yielding

Sc(d) = Sa,(d) . (3.4)

Analogously as b # ¢
Sa(b) = Sa,(b) . (3.5)

Hence the following equality holds

E(G}) = (EG)\ {(e:d)}) U ({e} x Sa,(d)
= [((B@)\ {(a,b)}) U ({a} x Sa(®)) \ {le;d)}] U ({e} x S, (@)

FEREED (5(6)\ {(@,0) (. })u(({a} x Se®) U ({e} x Sa(d)))

HEABED [ (@) \ (e, d)}) U ({e) x Sa(d)) \ {(a.b)}] U ({a) x 56, (0))

= (B(G2) \ {(a,b)}) U ({a} x Sc, (b))
= B(GY)

Let us now look at the case where the edge eliminations cause a removal of a vertex. We have shown
that the vertex sets of G} and G, are equal. Hence due to the fact that the removal of a vertex yields the
deletion of all incident edges the resulting I-DAGs are still equal after the removal of the vertices. O
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Lemma 3.11. The following holds for every I-DAG G, (a,b) # (c,d) € E(G), where ¢ £* a.and a # c:
(¢,d) € E(G — (a,b)") and (a,b) € E(G — (¢,d)")
If additionally a # c or (b, d), (d, b) ¢ E(G), then
G- [(a,b),(¢,d) ] = G = [(¢,d) ™, (a,b) "]

Proof. The proof is analogous to Lemma [3.10]due to symmetry. O

Lemma 3.12. The following holds for every I-DAG G, (a,b) # (c,d) € E(G), where b # c:
(¢,;d) € E(G - (a,b)") and (a,b) € E(G — (¢,d)™)
If additionally (a # ¢V (b,d) ¢ E(G)) A (b# dV (a,¢) ¢ E(G)), then
G — [(a,b)", (c,d)] = G = [(¢,d) ™, (a,b)7]
Proof. The proof is similar to Lemma 5.10] O

In the following example we demonstrate the application of Lemma 3.10]

Example 3.5. Consider I-DAG G as on Figure |3.5(a)\Front elimination of (x4,v1) followed by front
elimination of (x3,v1) yields the same I-DAG as if we first front eliminated the edge (xs3,v1) followed by
front elimination of (x4, v1) (compare Figure3.8).

@) G — [(z4,v1)T] ) G = [(z4,v1)F, (z3,v1)T] = (¢) G = [(w3,v1)T]
G— [(x3vvl)+7 (m4vv1)+}

Figure 3.8: Commutativity of edge eliminations according to Lemma
(illustrating Example [3.3))

We avoid to present an example for Lemma [3.11] as this result is symmetrical to Lemma [3.10} The
example for commutativity of edge eliminations as in Lemma [3.12]is presented in Example[3.10]

Example 3.6. Consider the I-DAG G in Figure [3.5(a)|Front elimination of (x4,v1) followed by back
elimination of (vs, y2) yields the same I-DAG as if we first back eliminated the edge (vs,ys) followed by
front elimination of (x4, v1) (compare Figure[3.9).
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@ G = [(zq,v1)F]  0) G—[(z4,v1) T, (v3,92) "] = ()G —[(v3,92)7]
G — [(v3,y2) 7, (x4, v1) ]

Figure 3.9: Commutativity of edge eliminations according to Lemma
(illustrating Example [3.6)

3.2.4 Consequences for the minimal edge count problem

In this section the direct implications for the MEC problem from the results of the Section [3.2.1] and
Section [3.2.3]are discussed. The results from these sections can be directly applied to the MEC problem.

Vertex elimination
While solving the MEC problem by vertex elimination for a given 1-DAG G there are

|Z(G)]

3 (140N

k=1

different vertex elimination sequences to be compared. By default we need to check all permutations of
each subset of Z(G). Fortunately from Lemma we know that permutations of vertex eliminations do
not change the resulting graph. Hence we only have to compare all subsets of Z(G) implying that the

search space is reduced to
1Z(&)]

Z <Z(G)|> _ 9lz(0)]

k
k=0

different vertex elimination sequences. Interestingly, without Lemma[3.7/one would expect that the search
space of the MECV problem to be bigger than that of the VE problem. As in VE we need to check all
permutations of Z(G). Hence there are |Z(G)|! different vertex elimination sequences that have to be
compared. Lemma [3.7]tells us that this is not the case.

Edge elimination

As already mentioned, the result that two edge eliminations are commutable, is used inside a branch and
bound algorithm (Algorithm [I)) to reduce the search space of the MEC problem. The actual application
of this result inside the branch and boundis shown in Algorithm Due to the fact that new edges
are created during the edge elimination sequence, it is more difficult to quantify the number of different
edge elimination sequences that build the search space for the MEC problem. We currently do not have
any theoretical results for this. A significant problem is the fact that the order of two edge eliminations
cannot always be permuted without changing the resulting I-DAG. Therefore it is hard to predict, how big
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the gain from exploiting the commutativity of edge eliminations is, as it depends on the actual 1-DAG.
On smaller I-DAGs, where a lot of edges are adjacent, we can avoid checking only small number of
edge elimination sequences. For example in Example we see that we avoid checking only 3 edge
elimination sequences from an overall number of 36 different edge elimination sequences. The bigger
the I-DAG is, the more advantage we draw from exploiting the commutativity of edge eliminations. For
example exploiting the commutativity of edge eliminations on the lion graph when solving the EE problem
can reduce the search space by a factor of 6 (Table[6.2). Although for this problem we also have to ensure
that the costs after switching the edge eliminations are equal. So the search space reduction should be
even bigger for solving the MEC problem. On substantially big 1-DAGs we should see a similar behaviour
as from exploiting the commutativity of vertex eliminations.

3.2.5 Consequences for the optimal edge and vertex elimination problems

In this section the implications from the results of the Section [3.2.1 and Section [3.2.3|to the EE and VE
problems are discussed. In contrast to the MEC problem the results cannot be directly applied to the EE and
VE problems. First we need additional results about how the permutation of the vertex (edge) eliminations
effects the costs of the elimination sequence.

Vertex elimination

Although the resulting 1-DAG is the same, no matter in which order the vertex eliminations are performed,
the corresponding costs can be different as shown in the following example.

Example 3.7. Consider the I-DAG G in Figure The costs of eliminating vy followed elimination
of vo are
oc([vr,v2]) =44+12=16

while eliminating vs followed by vy yields
oc([vz,v1]) =64+12=18

Obviously if the vertices are not adjacent, the order of the vertex eliminations does not change the costs
of the elimination sequence. Let us prove this result.

Lemma 3.13. Consider an I-DAG G. The following holds for any two not adjacent vertices a,b € Z(G):
Ug([a, b]) =0qG ([b, a])

Proof. a and b are not adjacent. Therefore the predecessor and successor sets of a are not changed by the
elimination of b. Similarly the elimination of b has no effect on the predecessor and successor sets of a.
Hence 0¢—q(b) = 0¢(b) and oGy (a) = o (a). Yielding

ag([a, b]) =o0q (a) +0G_a (b) =o0q (a) + ag(b) =o0q (b) + UG_b(a) = Ug([b, a])

The following examples demonstrate this result.

Example 3.8. Consider the I-DAG G in Figure|3.5(a)| The costs of eliminating v, followed by elimination
of v3 are the same as performing the elimination in reverse order.

UG([vl,vg]) =44+2=6=2+4= Ug([’vg,’ulD
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Although the proof of Lemma [3.13] is almost obvious, this result is crucial for the proofs that vertex
elimination solves the MEC and EE problems on absorption-free 1-DAGs (see Chapter d). It also allows to
reduce the search space for solving the VE problem with branch and bound significantly (see Section[6.2]
for more details). To solve the VE problem for a given I-DAG G we have to check all possible complete
vertex elimination sequences on this graph. This number is equal to the number of all permutations of the
intermediate vertices of G. Hence the search space for the VE problem on G consists of | Z(G)|! different
complete vertex elimination sequences. Exploiting the commutativity of vertex eliminations and the result
from Lemma|3.13| we do not have to check all possibilities. We can rather stop exploring continuations of
some elimination sequences. For example in Examplewe do not test the elimination sequence [vs, v1],
as we know that the costs will be the same as for elimination sequences starting with [v7, v3]. As the costs
remain the same only in case that the vertices are not adjacent, we cannot predict how big the benefit will
be. Hence on small I-DAGs, where a significant amount of vertices are adjacent, the benefit of exploiting
commutativity will be smaller than on bigger 1-DAGs, where the percentage of adjacent vertices is small.
For example in Example we see that on an 1-DAG with only 3 vertices we can avoid checking only
one elimination sequence from an overall number of 6 different vertex elimination sequences. On bigger
1-DAGs we can expect greater savings in terms of search space reduction. For example on an I-DAG with
10 intermediate vertices we can reduce the number of checked vertex elimination sequences by a factor
of 230 (compare Table[6.1] Figure [6.7(a)).

The next lemma allows us to compute the cost of a vertex elimination sequence, where the order of
two subsequent vertex eliminations with adjacent vertices was changed. This result allows us to reduce
the search space for the branch and bound algorithm even further.

Lemma 3.14. Consider an I-DAG G. For any vertex elimination sequence [v1, . . .,y] on G holds:
Ug([’Ul, ... ,Um]) +oc,_, ([Ui+1, vz]) = O'(;([U1, ey Vi1, Vi1, Uiy e e ,vm]) +oG,_, ([vi, Ui+1]) ,
where G; = G — [v1,...,v]and1 < i <m — 1.

Proof. We set G’ = G;_; — [vi11, v;]. From Definition [2.4] follows

ag([vh . 7vm]) = Ug([’l}h . ,vi,l]) +oac,_, ([vi,viﬂ}) + 06,4, ([’Ui+2, e ,vm]) (3.6)
and
U([Ulv sy Vi1, Vi1, Uy - - ,Um]) = U([vh s ,1}2‘_1])
+og, ([Uz’—i-lavi}) + ogr (['Ui_l'_Q, ey Um]) . (3.7

From Lemma follows that G; 11 = G’. Hence subtraction of Equation (3.6) from Equation (3.7)
yields

UG([UL ceey Um]) - UG([Uh sy Vi1, Vi1, Uiy - 7Um]) =0G; 4 (['UivUiJrlD — 0G4 ([WH,Uz‘])
finishing the proof. O

Let us discuss how this result can be used to reduce the search space on an example.

Example 3.9. Consider the I-DAG G in Figure We will show that the vertex elimination sequence
[v2,v1, v3] cannot be optimal without actually performing the whole vertex elimination sequence. From
Example[3.7|we know that

og([vhvg}) =44+12=16 and ag([vg,vﬂ) =6+12=18
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With Lemma we get

UG([U2,711,U3]) . JG([”M”Q»”S]) + UG([U27UID - UG([UhUz])
= O'G'([Ul,’l)g,’l}g]) — 16+ 18
= 0'(;([1}1,1]2,’[}3]) +2

Hence the vertex elimination sequence [va,v1,v3] needs 2 finas more then [v1,va,v3] and therefore it
cannot be an optimal elimination sequence.

As already mentioned this result allows further reduction of the search space of the VE problem. For
example in Example we do only check 4 vertex elimination sequences instead of originally 6. More-
over only two of these elimination sequences are complete, yielding even bigger savings in computational
time. On 1-DAGs with more intermediate vertices the savings are even more significant (see Table [6.1).
Please see Section [6.2] for more details on the practical application of this result.

Edge elimination

Similar to vertex elimination, the order of edge eliminations can have influence on the cost of the edge
elimination sequence, even though the resulting 1-DAG is the same. The following three lemmas proof
under which constraints the costs remain the same. These results are used in Section to reduce the
search space for the branch and bound algorithm when applied to the EE problem.

Example 3.10. Let G be the lion graph. Front elimination of (x1,v1) followed by back elimination

of (v, y1) yields costs of 4 finas (compare Figure|3.10(a)| and Figure 3.10(b)). Performing the same

eliminations in reverse order (back elimination of (va, y1) followed by front elimination of (x1,v1)) yields
costs of 3 fimas (compare Figure[3.10(c)|and Figure[3.10(b)) although the resulting I-DAG is the same.

T T 1 T T To

@ G — (z1,v1)" b G — [(w1,v1)T, (v2,91)7] (© G — (v2,y1)~
= G- [(U27y1)77(m177}1)+]

Figure 3.10: The order of edge eliminations can change the costs although the resulting I-DAG is the
same (illustrating Example [3.10)

First we examine the difference in costs between two front edge eliminations.
Lemma 3.15. Consider I-DAG G, (a,b), (¢,d) € E*(G). Ifb # c and a # d, then
oc([(a,0)", (e, d)"]) = oc([(c,d)", (a,0)"])

Proof. We set G4 = G — (a,b)" and G2 = G — (¢,d)™. According to the definition of front edge
elimination
Uc;((a,b)+) = |Sg(b)| and U(;((C, d)+) = ‘SG(dH
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From b # c follows that ¢,d € V(G1). As a # d the front elimination of (a,b) does not change the
successor set of d and hence S¢, (d) = Si(d). Similarly from d # a follows that a, b € V(G2) and from
b # c follows Sg, (b) = Si(b). Hence

oc(l(a,0)", (e,d)*]) = |Sc(b)| +|Sc, (d)| = |Sc(b)] + [Sc(d)|
= |Sa(d)] + 1S, (b)| = oc([(c,d) ", (a,0)7])

O
The proof for two back edge eliminations is symmetrical.
Lemma 3.16. Consider I-DAG G, (a,b), (¢,d) € E*(G). Ifb # cand a # d then
oG ([(a7 b)_7 (C7 d)_]) =0G ([(C, d)_7 (a7 b)_])
Proof. The proof is analogous to the proof of Lemma [3.15]due to symmetry. O

Lemma 3.17. Consider an I-DAG G, (a,b), (¢c,d) € E*(G). If (b, ¢) ¢ E*(G), (a,b) ¢ E*(G—(c,d)™)
and (c,d) ¢ E*(G — (a,b)"), then

UG([(a7 b)Jra (Cv d)iD = UG([(Ca d)77 ((Z, b)JrD
Proof. Weset G1 =G — (a,b)T and G2 = G — (¢, d) ™.

Case 1. b = c. From the definition of front edge elimination follows that Pg, (¢) = Pg(c) \ {a}.
Moreover from the definition of back edge elimination follows Sg, (b) = S(b) \ {d}. For the costs we
get

oc([(a,0)", (c,d)7]) = |Sc(b) + | Pe, (c)| = [Sc(d)| + [Pa(c)| — 1
=S, (0)| +[Pa(c)] = oc(l(c;d) ™ (a,b)F])
finishing the proof for this case.

Case 2. b # c. According to the assumption (b,c) ¢ E(G) and therefore the predecessor set of ¢
is not changed by the front elimination of the edge (a,b) and hence Pg(c) = Pg,(c). Similarly as
(b,c) ¢ E(G) the successor set of b is not changed by the back elimination of the edge (c,d) yielding
Sa(b) = Sa, (b). Hence

oc([(a,0)", (c,d)7]) = |Sc(b)| + | Pe, ()| = [Sc ()| + [Pa(c)|
= [8a,(0)| + |Pa(0)] = oc([(c,d) ™, (a,0)F])

finishing the proof.

The next example demonstrates the application of Lemma[3.13]

Example 3.11. Consider the I-DAG G as in Figure[3.5(a)l The order of performing the front elimination
of the edges (x4,v1) and (x3,v1) does not influence the resulting costs as

Ug([(x4,v1)+, (ch,vl)+]) =1+1=2=1+1= Ug([(wg,v1)+, (x4,v1)+]) ,

compare Figure[3.8|



3.3. SUMMARY 53

The next example deals with the application of Lemma [3.17}
Example 3.12. Consider the I-DAG G in Figure The edge elimination sequences

[(z4,01)7, (v3,52)7] and [(v3,y2)7, (x4, v1)7]

vield the same costs as
oc((ma,v1)T, (v3,92)7]) =1+1=2=1+1=0¢([(vs,y2) ", (®a,v1)T]) ,

compare Figure

We avoid to demonstrate an example for the application of Lemma [3.16] as this result is symmetrical to
Lemma[3.13]

It is difficult to quantify the number of edge elimination sequences that build the search space for the
EE problem, as new edges are created during an edge elimination sequence. As already mentioned, we
do not have any theoretical results for this. A significant problem is the fact that the order of two edge
eliminations cannot always be permuted without changing the resulting 1-DAG or the resulting costs.
Therefore it is hard to predict, how big the gain from exploiting the commutativity of edge eliminations
is, as it depends on the actual I-DAG. On smaller 1-DAGs, where a lot of edges are adjacent, we can
avoid checking only small number of edge elimination sequences. For example in Example we see
that we avoid checking only 2 edge elimination sequences from an overall number of 22 different edge
elimination sequences. As graphs grow, we draw more advantage from exploiting the commutativity
of edge eliminations. For example exploiting the commutativity of edge eliminations on the lion graph
when solving the EE problem can reduce the search space by a factor of 9. More details about the practical
application of this result are given in Section[6.2.2]

3.3 Summary

In this chapter we have proved two properties ’subgraph monotonicity” and the commutativity of vertex
and edge elimination. The most important implication from the ”subgraph monotonicity” for this thesis
is the fact that for a subgraph G’ of an 1-DAG G holds:

e MEC (G') < MEC(G),
e MECV(G') < MECV(G),
e VE(G') < VE(Q),

e EE(G’) < EE(G).

This result allows us to develop new algorithms for lower bounds based on reduction to subgraphs and
to prove several optimality preserving eliminations for all four problems. The fact that the order of
vertex eliminations does not change the resulting 1-DAG is another important outcome of this chapter.
One implication of this result was discussed in this chapter, by showing that the search space of the VE
problem is bigger than that of the MECV problem. The commutativity of vertex elimination also allows
us to prove several optimality preserving eliminations and to show that vertex elimination solves the EE
problem on absorption-free 1-DAGs (see Section[d.3.1)). The commutativity of edge elimination is not that
easy to exploit, as the order of edge eliminations can have influence on the resulting 1-DAG. Therefore
this result is only used to reduce the search space within the branch and bound algorithm.
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Chapter 4

Absorption-free 1-DAGsS

This chapter deals with the MEC, EE and VE problems on a special subclass of 1-DAGs, the absorption-
free 1-DAGs. Absorption-free 1-DAGs are DAGs that do not have parallel paths (Definition .1)) and thus
eliminations on these I-DAGs never cause absorption. In other publications absorption-free graphs are
also called single connected graphs [Jabl4]. This particular subset of the I-DAGs is of interest because
you do not have to take care of absorptions. This fact makes it easier to develop strategies for solving
the problems mentioned above. The hope is that one could port these strategies to non-absorption-free
I-DAGs. One is also tempted to investigate whether the minimal edge count and the optimal Jacobian
accumulation problems on this subclass are NP-hard or not. Several publications deal with this subclass
of I-DAGs. In [Gri03] Griewank proved that face elimination solves the optimal Jacobian accumulation
problem on this subset of 1-DAGs. In [Nau04, p. 16] Naumann showed that the EE problem can be
solved by vertex eliminations on absorption-free 1-DAGs with at most two intermediate vertices. The
generalization of this result, whether VE = EE on absorption-free I-DAGs, has not been answered so far.
We will not investigate face elimination in this chapter as this will go beyond the scope of this thesis as
outlined in Chapter ]

In this chapter we show that vertex elimination solves the minimal edge count problem on absorption-
free I-DAGs. A linear time algorithm that solves the MEC problem on this subclass of I-DAGs is presented
in Algorithm [ showing that the minimal edge count problem on absorption-free 1-DAGs is tractable.
These results where already published in [MN12]. The main outcome of this chapter is the generalization
of the result of Naumann by proving that vertex elimination solves the optimal edge elimination prob-
lem on absorption-free 1-DAGs. To support solving the optimal edge (vertex) elimination problem on
absorption-free I-DAGs, algorithms computing lower bounds and optimality preserving eliminations are

developed in Section and Section

The chapter is structured as follows. In the first section (Section 1)) we discuss the properties of
absorption-free 1-DAGs. Although absorption-free I-DAGs have been used in several publications, the
properties of this subclass of graphs have never been explored. In Section [4.2] all results for the mini-
mum edge count on absorption-free 1-DAGs are summarized. Especially we prove that MECV = MEC on
absorption-free -DAGs and develop the linear time algorithm for solving this problem. The last section
(Section[4.3)) deals with optimal edge and vertex elimination problems on absorption-free I-DAGs. There
we show that VE = EE on absorption-free 1-DAGs (Section .3.1)), prove various optimality preserving
results (Section[d.3.2) and develop new lower bounds (Section #.3.3).

55
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4.1 Properties of absorption-free I-DAGs

The most important property for this thesis proved in this section is the fact that the number of successors
and predecessors of any vertex is increasing during the edge or vertex eliminations sequence. We also
prove upper bounds for the number of edges and intermediate vertices. Two algorithms are developed.
One algorithms checks whether a given 1-DAG is absorption-free or not (Algorithm [2). The other one
builds an absorption-free subgraph of a given 1-DAG (Algorithm [3)), similar to the Kruskal’s “minimal
spanning tree” algorithm ([Kru56]). The second algorithm is used in Section within an algorithm
that determines the lower bounds by reduction to absorption-free subgraph (Algorithm 26)).

The section is structured as follows. First we present the definition of absorption-free 1-DAGs and
prove that the number of predecessors and successors cannot be decreased by vertex or edge elimination.
We then prove upper bounds for the number of edges and intermediate vertices in absorption-free I-DAGs.
At the end of this section we develop the two algorithms mentioned in the previous paragraph.

Definition 4.1. An [-DAG G is called absorption-free if any two of its vertices are connected by at most
one directed path.

For example, the lion graph (Figure is not absorption-free because the vertices v, and y; are
connected by two directed paths. If we destroy one of these paths, we get an absorption-free 1-DAG.
Hence the lion graph without the edge (ve, y1) (Figure[3.10(c)) is absorption-free because all vertices are
connected by at most one directed path.

Before we go on we must ensure that an absorption-free I-DAG is still absorption-free no matter what
elimination was applied to it. This is proved in the next lemma.

Lemma 4.1. Consider an absorption-free I-DAG G. For all (i,j) € E*(G) and v € Z(QG) holds
1. G — (i,7)" is an absorption-free I-DAG,
2. G — (i,J)” is an absorption-free I-DAG,
3. G — v is an absorption-free I-DAG.

Proof. This result follows trivially because any eliminations only contract existing paths and do not intro-
duce new connections between vertices. Hence the number of paths between vertices cannot increase. [J

One important property of the absorption-free 1-DAGs, which is used very extensively in later proofs,
is the fact that the number of predecessors and successors of a vertex cannot be decreased by vertex
elimination. In contrast, this can happen on arbitrary 1-DAGs due to absorption. For example the vertex
v in 1-DAG from Figure has 5 predecessors. After the elimination of vertex v; it has only 4
predecessors (see Figure [3.5(b)). First we prove a corresponding property for front and back elimination
of an edge.

Lemma 4.2. Consider an absorption-free I-DAG G and (i, j) € E*(G).
1. Forallv e Z(G — (i,5)7)\ {4} holds
1Sar(v)| = [Sa(v)| and [P (v)] = [Pa(v)]
where G' = G — (i,7)".
2. Forallve Z(G — (i,5)7) \ {i} holds
1Sar(v)| = [Sa(v)| and [P (v)| = [Pa(v)]
where G' = G — (i,]) .
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Proof. 1).

Case 1. |Pz(j)| > 1. Hence (i, j) is the only edge removed by the front elimination of (i, j). Therefore
to prove the claim for this case it is sufficient to show that front elimination of (i, j) introduces at least
one new edge with source i. j is not an output, hence S¢(j) # (. Let k € S¢(j). Front elimination of
(4, 7) introduces the edge (i, k). As G is an absorption-free 1-DAG k ¢ S (i) and hence the claim holds.

Case 2. |P;(j)| = 1. Hence j is removed from G as a consequence of front elimination of (¢, j). For each
k € Sg(j) the front elimination of (¢, j) introduces the edge (i, k). As G is an absorption-free 1-DAG
i ¢ Pg(k), and therefore the number of predecessors of &k remains the same. Using the same argument
as in Case 1 one can show that the number successors of 4 is also not decreased by front elimination of
(i,7) and hence the claim holds.

2). The proof is symmetrical to the proof of 1). O

As vertex elimination is defined as a sequence of edge eliminations, the elimination of a vertex cannot
reduce the predecessor and successor sets either, as is shown in the following lemma.

Lemma 4.3. Consider an absorption-free I-DAG G and an intermediate vertex v € Z(G). For all
i € Z(G —v) holds
1Sa—v ()| 2 [Sa (i) and  [Pg—(i)| = [P (i)l

Proof. Follows directly from Lemma[.2] O

In the following lemma we investigate how a particular edge elimination changes the number of edges in
the resulting graph. The main conclusion is that the number of edges in absorption-free graphs can be
decreased only by eliminations causing the removal of a vertex. In all other cases the number of edges is
either increased or remains the same.

Lemma 4.4. Consider an absorption-free I-DAG G and an edge (i,j) € E(G).
1. For front elimination of (i, j) holds

la) |Pe(j)| 22 = |E(G—-(i,))| =
|

1b) |Pa(j)| =1 = |E(G-(i,)")| = |BG)| -1

2. For back elimination of (i, j) holds
2a) |Sc(@)| > 2 = |E(G—(i,5)7)| = |E(G)| + |Pc(i)| — 1 > |E(G)]
2b) |Sq(i)| =1 = |E(G—(i,j)7)| =|E@G)| -1

Proof. 1a) As |Pg(j)| > 2 none of the vertices is removed from G. Hence front elimination of (i, j)
leads to the removal of (4, j) and the insertion of (i, k) for all k € S¢:(j). Hence, |E(G — (i,j)+)’ =
|E(G)| 4 1S¢(j)| — 1 which completes the proof.

1b) The only difference to 1a) is that all edges that are incident to j have to be removed from the graph.
Henee, |E (G — (i.5)*)| = | E(G)| +|Sa ()| - 1 - [S6(5)] = |E(G)] - 1.

2a) The proof is similar to 1a).

2b) The proof is similar to 1b). O

Now we transfer the previous result to vertex elimination. This result it the main idea behind the proof
that vertex elimination solves the MEC problem on absorption-free 1-DAGs.

Lemma 4.5. Consider an absorption-free I-DAG G and an intermediate vertex v € Z(Q).
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1. ve M(G)=|BE(G—v)|=|EG)| -1
2. v¢ M(G) = |E(G —v)| > |E(G)|

Proof. This result follows directly from the repeated application of Lemma 4.4] to remove all in- or all
out-edges of v. O

One can say that absorption-free I-DAGs are trees or forests (if not connected) in the directed sense. If
we recall the definition of a tree, tree is undirected graph that has no cycles, implying that two vertices in
a tree are connected by only one path. Similar to the trees the number of edges in absorption-free graph
is bounded by the number of vertices. We prove this fact in the next lemma.

Lemma 4.6. The following inequality holds for all absorption-free I-DAGs G

[E(G)] < [X(G)]- V(@) + IM(G)]

Proof. Proof by induction over the number m of elements in M(G).

m = 0: Hence M(G) = 0. Let [aq,...,a,] be a complete vertex elimination sequence in G. We set
Go = G and G;41 = G; — a;11. From Lemma [4.3] follows that M(G;11) € M(G;) = 0 for all
0 < i < n — 1. Hence according to Lemma4.5]

[E(Gi)| 2 [E(G)]

forall 0 < ¢ < n. G, is a bipartite graph with X (G) and Y (G) as partitions. Hence it can contain at
most | X (G)||Y (G)| edges. Therefore
[E(G)| < |E(Gn)] < [X(G)]- [Y(G)]

Hence the claim holds for m = 0.
m — m + 1: Hence |[M(G)| = m + 1. Let v € M(G). According to Lemma.5]

|E(G)| =|E(G—-v)|+1 . 4.1

From Lemmad.3|follows that M (G —v) C M(G). After the elimination of vertex v the resulting 1-DAG
does not contain v and therefore v ¢ M(G — v). Meaning that [M(G — v)| < m. Hence we can apply
induction assumption to G — v. Yielding

[E(G =) < |X(G =) [Y(G =)+ [M(G—-0)| . “4.2)
The input and the output sets are not touched by the vertex elimination and therefore
X(G)=X(G-v) and Y(G)=Y(G—-v) . 4.3)
Combining results from Equation (4.1)), Equation {#.2) and Equation (4.3) together we get

[E(G)] = [E(G =)l +1 < [X(G)] - [Y(G)| + | M(G —v)| +1 < [X(G)] - [Y(G)] + [IM(G)]
<m

O

Replacing the set M(G) by the set of intermediate nodes, yields a less sharp but more straight forward
upper bound for the number of edges in absorption-free 1-DAGs.
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(a) (b) (©) (d
Figure 4.1: The bounds in Lemma Corollary 4.1]and Lemma cannot be improved

Corollary 4.1. The following inequality holds for all absorption-free I-DAGs G
[E(G)] < IX(G)]- V(&) +12(G)]
Proof. This result follows immediately from Lemma[d.6|by taking into account that M(G) C Z(G). O

Another important property of absorption-free I-DAGs is that, under the assumption that the I-DAG has
no vertices with Markowitz degree one, the number of intermediate nodes in an absorption-free 1-DAG
is bounded by the number of inputs and outputs. Of course absorption-free 1-DAGs can contain a lot of
vertices with Markowitz degree one. Still the existence of such vertices does not make the problem any
harder. As we will show later, elimination of such vertices preserves optimality in the context of MEC
(Lemma[4.10) and VE (Lemma [.16) problems. Hence such vertices can (and will) be eliminated before
performing any other steps. So we can securely assume that we deal with absorption-free -DAG without
vertices with Markowitz degree one.

Lemma 4.7. For all absorption-free I-DAGs G with |P(v)| - |S(v)| > 1 forall v € Z(G) holds
1Z2(G)] < 21X(G)] - [Y(G)] = [X(G)] = [Y(G)]

Proof. From |P(v)] - |S(v)| > 1 follows that |P(v)| + |S(v)| > 3 for all v € Z(G) and therefore

AB@G) = Y (IP@I+IS@) = > (P@I+IS@)+ > 1S@I+ Y [PW)

VeV (G) veZ(G) veX(G) veY (G)
> 31Z(G)| + | X(G)| + [Y(G)

From Corollary . T| follows
21E(G)| < 2(|X(G)]- [Y(G)] +12(G)]) = 2X(G)] - [Y(G)] +2/Z(G)]

Hence
3 Z(G)|+ 1X(G)| + [Y(G)] < 2[X(G)| - [Y(G)| + 2] Z(G)|

Therefore the claim holds. O
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In Figure .1 we see several examples, where the equality in the bounds presented Lemma [{.6] Corol-
lary [d.T]and Lemma[4.7]holds. Hence we cannot improve these bounds.

As we can see on Figure [d.1(d)] it can be very difficult to decide whether an 1-DAG is an absorption-
free or not. So we need an efficient algorithm to detect absorption-free 1-DAGs. Such an algorithm
is presented in Algorithm [2] The idea behind this algorithm is that an 1-DAG with only one output is

Algorithm 2 Check that I-DAG is absorption-free
Require: 1-DAG G
Ensure: true if G is absorption-free and false if not
1. L« Y(G)
2: absorption_free < true
3: repeat
4: choosey € L
5 H <+ 1-DAG induced by all paths connecting X (G) with y
6 U+ Z(H)UX(G)
7: repeat
8
9

choose v € U
if |Sg(v)| > 1 then

10: absorption_free < false
11: end if

12: U+U \ {U}

13: until U = () or ~absorption free

14: L+ L\{y}
15: until L = () or ~absorption free
16: return absorption_free

absorption-free if and only if every vertex has only one outgoing edge. Similarly, we can provide a result
for 1-DAGs with only one input. In the algorithm for each output y of the -DAG G we build a subgraph
consisting of all paths connecting all inputs with the output y. It turns out that if all these subgraphs are
absorption-free, then G is also absorption-free. The next lemma proves the correctness of this approach.

Lemma 4.8. Algorithm[2|checks if given I-DAG G is absorption-free.

Proof. First we show that if Algorithm 2]returns false then G is not absorption-free. Assume that Algo-
rithmreturns false. Lety € Y(G) be the output for which Algorithmreturns false and H is an 1-DAG
that is induced by all vertices and edges connecting y and X (G). H must contain a vertex that has at least
two outgoing edges. Let v be such a vertex that has two outgoing edges in H. Hence there exist at least
two different paths from v to y in H. Therefore there exist at least two different paths from v to y in G
implying that G is not absorption-free.

To finish the proof it is sufficient to show that Algorithm 2] returns false if G is not absorption-free.
We assume that G is not absorption-free. This implies that there exist two vertices a and b connected by
more than one path. W.Lo.g. a < b. Let yo € Y(G) be an output that is connected to b. We define H
as an 1-DAG that consists of all paths connecting yo and X (G). As b is connected to yg, the I-DAG H
contains a too. Hence H must contain all paths connecting a and b. Therefore H contains at least two
different paths connecting a and b. Let

a=v,v2,...,0p =0 and a=wi,ws,..., Wy, =0>

be two directed paths connecting a and b in H. We set jj as the greatest integer such that v; = w; for
all 1 <4 < jo. Hence vj,+1 # wj,+1 implying that v;, has at least two successors v;,+1 and wjy 41 .
Therefore Algorithm 2] returns false in this case. O
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(a) Subgraph of Figuref.1(d)| (b) Subgraph of Figure{4.1(d)] (c) Subgraph of Figure4.1(d)
induced by y1 induced by y2 induced by y3

Figure 4.2: Application of Algorithm [2|to Figure 4.1(d)|(illustrating Example |

Algorithm 2] is similar to the Algorithm presented in [Jabl4]. Before we discuss Algorithm [2] on any
example, let us first look at the complexity of this algorithm. The outer loop is repeated at most |Y(G)]
times as we need to loop over all outputs of a given I-DAG. Inside the loop we first need to build the
1-DAG induced by all paths connecting the inputs of G with y. Therefore we could run a breadth first
search algorithm starting from y. The breadth first search algorithm would use each edge connected to
y once. In the worst case all edges that are not incident with other outputs are connected to y. Hence
complexity of constructing H is O(|E(G)|). Only the complexity of the inner loop is left. In the inner
loop we need to check the number of successors of each vertex in H. Hence the complexity of the inner
loop is O(|V(G)]) as in worst case H can contain all vertices of G' with except of the outputs. Hence the
worst case complexity of Algorithm [2]is

O((E@G)+ V(&) - Y (&)

Let us apply Algorithm [2]to the 1-DAG on the Figure f.1(d)] and show that this I-DAG is absorption-
free.

Example 4.1. Consider I-DAG G as on Figure The three subgraphs that are induced by the
outputs from G are presented on Figure[d.2] All vertices of these subgraphs have only one successor and
therefore according to Algorithm[2} the I-DAG G is an absorption-free I-DAG.

Using Algorithm 2] we can now formulate an algorithm that determines an absorption-free subgraph to
a given 1-DAG G, presented in Algorithm [3] This algorithm is used to produce lower bounds as in
Section [5.4] and Section [6.3.2] It is based on the “spanning tree” algorithm from Kruskal, with the only
difference that we have replaced the check for a undirected cycle with a check for absorption-free I-DAG
as in Algorithm[2] The algorithm uses weights to decide which edges should be included in the subgraph.
In the context of building lower bounds these weights can be used to force the algorithm to choose the
absorption-free subgraph with better lower bounds. (Note: The algorithm does not construct a minimal
”spanning tree” or absorption-free 1-DAG. The weights can only be used to force the removal of some
edges.)

Let us discuss the complexity of the Algorithm [3] We assume that the edges are already sorted
according to their weights. We have to repeat the while loop | E(G)| times. Inside the loop we actually
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Algorithm 3 Construction of an absorption-free subgraph of G
Require: weighted 1-DAG G with weights w
Ensure: E’' C FE(G) such T[E’] absorption-free subgraph of G
1. B«
L+ FE
while L # () do
choose (i, j) with the smallest weight

L L\ {(i.j)
if ALGORITHM T [E'U{(i,4)}]) then
E' « E'U{(i,j)}
end if
end while
return 7' [E’]

R A A T

,_.
=4

n Y2 Y3 Ya

€ T € Ty

(a) Lion graph G (b) Algorithm G)

1gure 4.3: Application o gorithm |3|to the lion graph with w(vg,y1) = 1llustrating Example 4.2)
Fi 4.3: Application of Algorithm [3(to the li h with 10 Gl ing E le 4.2

only execute the Algorithmthe worst case complexity of which is O((|E(G)| + [V(G)]) - [Y(G)]).
Hence Algorithm [3|has a worst case complexity of

O((B@I+ V(@) - Y (@) - [E(G)])
In the following example we apply Algorithm [3to the lion graph.

Example 4.2. Consider I-DAG G is a lion graph (compare Figure 4.3(a)). We assume that all edges
of G are weighted with 1 except (va,y1) which is weighted with 10. If we apply Algorithm|3|to G, the
algorithm will add edges to E' until it comes to the last edge (va,y1) as only (ve, y1) makes the I-DAG
induced by E' non-absorption-free. Hence Algorithm |3| will not keep the edge (va,y1). Therefore the
algorithm will build an absorption-free subgraph of the lion graph as in Figured.3(D)]

There is one big conceptual difference between the Algorithm [3|and the standard Kruskal algorithm. The
standard Kruskal algorithm preserves all vertices in the resulting “spanning tree”. While the result of
Algorithm [3|may contain less vertices as the original I-DAG. This happens once we build the subgraph 7'
which is induced by the set of chosen edges E’. In this step we remove all vertices that are not connected
to the inputs and outputs. Following example demonstrates this behavior.

Example 4.3. Consider [-DAG G is a lion graph as (compare Figured.4(a)). We assume that all edges
of G are weighted with 1 except (v1,va) which is weighted with 10. If we apply the Algorithm to G it
will construct the set E' that contains all edges save (v1,vs) (see Figure[d.4(b)). The resulting I-DAG as
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Figure 4.4: Application of Algorithmto the lion graph with w(vy, v9) = 10 (illustrating Example

shown in Figure is not a subgraph of G because the vertex vo is an input of this I-DAG as it has
no predecessors. Therefore to get an absorption-free subgraph of G, vertex vo must be removed together
with all incident edges. This is what happens once we construct T[E']. The output of the Algorithm 3|is

shown on Figure[d.4(c)|

4.2 Minimal edge count problem on absorption-free 1-DAGs

The results presented in this section where already published in [MN12] The main contribution of this
section is the proof that elimination of all vertices with one in-edge or one out-edge solves the minimal
edge count problem for absorption-free 1-DAGs (Theorem [4.2)). Restriction to shortest optimal elimina-
tion sequences allows us to ignore eliminations that leave the number of edges in the graph unchanged
such as the elimination of a vertex with two in- and two out-edges. Strictly decreasing edge counts sim-
plify the proofs considerably. The restriction to the corresponding elimination sequences turns out to be
feasible.

Important milestones for the proof of the main result are Lemma [4.9] and Lemma 4.10] A direct
consequence of these two lemmas is that elimination of all vertices with one in-edge or one out-edge
solves the MECV problem for absorption-free 1-DAGs (Theorem 4.1)).

Lemma [4.3|shows that the number of vertices whose elimination yields a reduction of the number of
edges in the graph is strictly decreasing during the vertex elimination procedure.

In the following lemma we show that the shortest optimal vertex elimination sequence contains only
eliminations of vertices with one in- or one out-edge.

Lemma 4.9. Consider an absorption-free I-DAG G. If a1, ..., ay] is a shortest vertex elimination se-
quence that solves the MECV problem, then a; € M(G;—1) for all 1 < i < n and M(G,) = 0, where
Gi =G — [al,...,a,;].

Proof. M(Gy,) is empty because otherwise |E(Gy, — v)| < |E(G,)| for all v € M(G,,). Hence it is
sufficient to show that a; € M(G;_1) for all 1 < i < n. The proof is by contradiction. Let [ay, . .., ay]
be a shortest vertex elimination sequence that solves the MECV problem and let a;, ¢ M(G;,—1). From
Lemma 3.7 follows that without loss of generality we can assume iy = n. From Lemma[4.5|follows
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as a,, ¢ M(Gp_1). Therefore [ay, ..., a,_1] also solves the MECV problem, while containing only n — 1
vertex eliminations, which is a contradiction to the assumption that [ay, ..., a,] is a shortest elimination
sequence. L

So we now know that the shortest optimal vertex elimination sequence contains only eliminations with
one in- or one out- edge. The next lemma shows that elimination of such vertices preserves optimality.

Lemma 4.10. Consider an absorption-free I-DAG G. For all v € Z(G) holds
veEM(G) = MECV(G) = MECV(G — v)

Proof. Consider [aq,...,a,] as a shortest vertex elimination sequence that solves the MECV problem for
G andletv € M(G). Weset Go = Gand G411 = G; — a1 for1 <4 <n —1. If v = a;, for some
ig € {1,...,n}, then the claim is trivially true. Therefore we assume that v # a;, for all 1 < ig < n.
Hence v ¢ M(G,,) as otherwise |E(Gy, — v)| < |E(G,)|, which is a contradiction to the assumption
that [a1, .. ., ay] solves the MECV problem. Let iy be the smallest integer with v ¢ M(G},).

Figure 4.5: Proof of Lemma

Then a;, and v must be adjacent in G;,_1 (see Figure #.5). Without loss of generality we assume
that (a;,,v) € E(G;,—1). The other case is symmetric. The successor set of v is not modified by
the elimination of a;, and hence ’SGiO—l(/U)’ > 1 as otherwise v € M(G,,). This observation also
implies that Pg, _, (v) = {a;, }, because v € M(G;,-1). Additionally |Pa,,_1 (ai,)| > 1, as otherwise
‘PGiO (v)| = 1 and therefore v € M(G;,). From Lemmafollows that a;, € M(G;,—1) implying
Sy (ai,) = {v}. So summing up the results of this paragraph we can say that v is the only successor
of a;, and a;, is the only predecessor of v, while the successor set of v and predecessor set of a;, has more
than one element (compare Figure[d.5). It is easy to see that G;,—1 — v = G, under the isomorphism

ig—1

V(G —v) — V(Gay), f<x>={” i@ = ag,

x if x#ay,

Hence [a1, ..., Gip—1, U, Gig+1, - - - » Gn] SOlVes the MECV problem and therefore according to Lemma
[V,a1, ..., Qig—1,Aig+1, - - -, Q] also does, finishing the proof. O

The next result proves that the shortest vertex elimination sequence that solves the minimum edge count
problem by vertex elimination only eliminates vertices with one in- or one out- edge.

Theorem 4.1. Consider an absorption-free I-DAG G. a1, ..., ay] is a shortest vertex elimination se-
quence that solves the minimum edge count problem for vertex elimination if and only if a; € M(G;—1)
forall1 <i<mnand M(G,,) =0, where G; = G — [a1, ..., a).

Proof. =" This direction follows immediately from Lemma .9}
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”<" Consider a vertex elimination sequence [ay, ..., ay], where a; € M(G;_;) forall 1 <4 < n and
M(G,,) = 0. From Lemma follows that

MECV(G) = MECV(G,,)
As M(G,,) = 0 it follows from Lemma4.5|and Lemma 4.3 that
MECV(G) = MECV(G,,) = |E(G,)|
Hence the claim holds. O

With Theoremd.T|we actually know how to solve the minimum edge count problem by vertex elimination.
We simply eliminate the vertices with one in- or one out edge as long as possible (compare Algorithm ).
This approach already solves the MECV problem. If we want, we can additionally eliminate the vertices
with Markowitz degree 4 (vertices with two in and two out edges). These eliminations will not change
the overall edge count but we can remove the not needed vertices. This can help to save memory while
storing the resulting I-DAG.

Next we will solve the minimum edge count problem by edge eliminations. We will use the same
idea as before and restrict ourselves to shortest edge elimination sequence. Fist we prove that a shortest
edge elimination sequence solving the MEC problem consists only of non-pure edge eliminations. A
reminder: a non-pure edge elimination is an edge elimination that causes a removal of a vertex. Such
edge eliminations are actually vertex eliminations.

Theorem 4.2. Consider an absorption-free I-DAG G. If [e1, ..., ey] is a shortest edge elimination se-
quence that solves the MEC problem, then e; is a non-pure edge elimination for all 1 < i < n.

Proof. The proof is by induction over the length of the elimination sequence. We set
Gi=G— [617"'361']

n = 1: According to Lemma4.4] the number of edges cannot be reduced by pure edge elimination.

n = 2: From the case n = 1 follows that e is a non-pure edge elimination. Hence it remains to be shown
that the first elimination is also not pure. Let e; be a pure edge elimination. Then the following inequality
holds:

B~ [erea))| "5 EG - ea))| 12 |E@)| -1 44

So [e1, e2] reduces the number of edges by at most one. Hence there exists no vertex v € Z(G) with
|Se(v)| = 1or |Pg(v)| = 1 as otherwise

|E(G —v)| = [E(G)] -1

This implies that there would exist an edge elimination reducing the number of edges by one, which is a
contradiction to the choice of [ey, e3] as the shortest edge elimination sequence solving the MEC problem.
Soas | Pg(v)| > 1 and [Sg(v)| > 1 forall v € Z(G) with Lemma4.4] follows that

[E(G—[ea))| = [E(G)[+1 . 4.5)
By application of Equation ({#.5) to Equation (.4) we get

Eq(@4) Eq(£3)
>

[E(G —[en,e2])] = |E(G = [ea])] - 1 [E(G)]+1-1=[E@G)] ,

which is a contradiction to the fact that [eq, ..., e,] is a shortest edge elimination sequence, as an edge
elimination sequence with length O also solves the MEC problem in this case.
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n — n + 1: Consider [eq,es] as a shortest edge elimination sequence that solves the MEC problem.
According to the induction hypothesis, the elimination of e; is not pure for 2 < ¢ < n + 1. It remains to
be shown that e; is also not pure. Lets assume that e; is a pure edge elimination. Then from Lemma4.4
follows that

MEC (G) = |E(G = [e1,...,ent1])| = |B(G)| —n . (4.6)

Case 1. Let e; represent the front elimination of an arbitrary edge (k,!) € E(G). As already mentioned,
e; is a non-pure edge elimination for all ¢ € {2,...,n+1}. Hence it can be represented by elimination of
a vertex v; € Z(G;) implying that the elimination sequence can be rewritten as [(k, 1), v, ..., vnq1].
As n > 2 there exists ig € {2,...,n + 1}, where v;, is either not incident with (k,[) or v;, = [.
According to Lemma and without loss of generality we can assume that ig = 2. If v = [, then
G — [(k,)*,v2] = G —vyand hence G — [(k,1)",v2,...,vp41] = G — [vg,...,Uy41]. Consequently
vertex elimination solves the MEC problem for this case and the shortest sequence consists of at most n
eliminations. From Theorem F.1] follows that each vertex elimination of the shortest vertex elimination
sequence can also be realized by a single edge elimination implying that there exists an edge elimination
sequence with a length of at most n that solves this MEC problem. This statement is a contradiction to the
assumption that [eq, ..., e,11] is the shortest edge elimination sequence.

Consider the case where v5 is not incident to (k, ). From Lemma follows that G — [(k,1) T, va] =
G — [v27 (k, l)+]. Hence the shortest elimination sequence that solves the MEC problem for G — vs
contains n eliminations. From the induction hypotheses follows that there exists an elimination sequence
[a1,...,a,] consisting only of non-pure edge eliminations. vy € M (G — (k, l)*) as otherwise it will
be a contradiction to the assumption that [eq, . . ., e,41] is the shortest edge elimination sequence (similar
argument as above). According to the assumption vo # [ and hence from application of Lemma to
vy € M(G — (k,1)*) yields v € M(G). From Lemma4.5|and Lemma/4.4|follows that

|E<G7 [027017"'7an])| = |E(G)| -—n—1
The latter is a contradiction to Equation (4.6).
Case 2. (k,l) is back eliminated. This case is symmetric to Case 1 resulting in a similar argument.

O

According to Definition [2.2] an edge elimination causes a removal of a vertex. The elimination of this
vertex achieves the same result. Hence we can easily rewrite a sequence of edge eliminations into a
sequence of corresponding vertex eliminations. This brings us to the proof of the next theorem showing
that vertex elimination solves the MEC problem on absorption-free 1-DAGs.

Theorem 4.3. MEC (G) = MECV(G) for any absorption-free I-DAG G.
Proof. This result follows immediately from Theorem O

Elimination of all vertices having a single in-edge or a single out-edge or both solves the MEC problem
for absorption-free 1-DAGs. This result leads to the linear-time algorithm presented in Algorithm |4} So
we have a proof that vertex elimination solves the MEC problem on absorption-free graphs and moreover
we have a linear time algorithm (Algorithm [)) solving this problem. Before we close this section let us
discuss the application of Algorithm[4to the 1-DAG on Figure [4.6(a)]

Example 4.4. Consider I-DAG G as on Figure If we apply Algorithm[|to G, the algorithm will
first remove one of the vertices that have one in- or one out-edge. As you can see, all three intermediate
vertices fulfill this requirement. Assume that the algorithm first eliminates the vertex vy. The resulting
I-DAG is shown on Figure[.6(D)| On the resulting G — v, only the vertex vs has one in- or one out-edge.
Hence Algorithm || will eliminate this vertex next. The resulting I-DAG is presented on Figure
After this the algorithm stops. So we could reduce the number of edges in G by two.
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Algorithm 4 Solving MEC (G) for absorption-free 1-DAGs

Require: absorption-free -DAG G
Ensure: G with |E(G)| = MEC (G)
1: while M(G) # () do
2: choose v € M(G)
3: G+ G—-vw
4: end while

Y1 Y2 Y3 Ya

(@) G b)) G — vy (©) G — [v2,v3]

Figure 4.6: Application of Algorithm E (illustrating Example

4.3 Optimal vertex and edge elimination problems on absorption-
free I-DAGs

This section deals with the vertex and edge eliminations problem on absorption-free 1-DAGs. Unlike the
minimal edge count problem on absorption-free I-DAGs the optimal Jacobian accumulation problem on
this subclass of I-DAGs was already examined in the literature. In [GWOS|] Griewank proved that face
elimination solves the structural optimal Jacobian accumulation problem on absorption-free graphs. In
[NauO4] Naumann made first steps to show that vertex elimination solves the optimal edge elimination
problem on absorption-free 1-DAGs. There he proved that VE and EE problems are equivalent (with
respect to the optimal solution) on absorption-free 1-DAGs with at most two intermediate vertices. A
lower bound based on sum of Markowitz degrees for absorption-free -DAGs was presented in [NHOS]].

In this section we will extend the result from [NauO4] and prove that vertex elimination solves the op-
timal edge elimination problem on absorption-free 1-DAGs, develop various optimality preserving elimi-
nations and discuss their application. At the end we will present a new idea for computing lower bounds
and present algorithms exploiting this idea. We will prove that the new lower bounds on absorption-free
1-DAGs are better than the bound based on sum of Markowitz degrees.

This section is structured as follows, first we show the that VE = EE on absorption-free 1-DAGs (Sec-
tion[4.3.1). The optimality preserving eliminations are discussed in the next subsection (Section [4.3.2)).
In the last subsection (Section we will develop the new lower bounds.

4.3.1 Vertex elimination solves the edge elimination problem on absorption-free
I-DAGs

This subsection contains the proof that EE = VE on absorption-free I-DAGs. As already mentioned
previously, this is a generalization of the result of Naumann in [Nau0O4] p. 16]. The proof makes extensive
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use of the results from Section [3.2.1] Section [3.2.2] and Section [3.2.5] The central part of this section is
the proof of Lemma[@.15] The fact that EE = VE (Theorem on absorption-free 1-DAGs is a direct
implication of this result.

Before we can start with the proof of EE = VE we need some auxiliary results. We already know that
we can permute the order of two subsequent vertex eliminations without changing the costs, if these ver-
tices are not adjacent (compare Lemma[3.13)). Here we extend this result to vertex elimination sequences
with more than two eliminations. Therefore we want to know in which situations moving one of the later
vertex eliminations to the very beginning of the elimination sequence does not change the overall costs
as this vertex is not adjacent to any of the vertices that are eliminated prior to it. Before we discuss this
observation a small example, we first need the following definition.

Definition 4.2. Consider I-DAG G. We refer to the I-DAG H = (V, S), where

S={{i.j} | (i.Jj) € E(G)}
as the underlying undirected graph of G.

Example 4.5. Consider the I-DAG G as on Figureand the vertex elimination sequence [vs, v1, v3).
Obviously we cannot change the order of elimination of vo and vy as they are adjacent in G. The vertices
v1 and vs are not adjacent in G but these vertices are adjacent in G — vy (compare Figure So
changing the order of elimination of vertices vs and v, change the costs of the elimination sequence as

0G—v, ([U1,v3]) =124+ 8 =20 and oG_y,([vs,v1]) =2+16 =18

The vertices vy and vs are adjacent in G — vy although they are not adjacent in G because there exists
a directed path from vy to vz through ve. So both sets {va,v1} and {vs,v1,v3} are connected on the
underlying undirected graph.

In vertex elimination sequence [vy,vs,vs] we can change the order of vy and vs as they are not
adjacent or in other words {vs, v1 } is not connected on the underlying undirected graph.

Y1 Y2 n Y2 Ys Ya
| | \K
Ty To T3 x4

(@G b) G —v2

Y3 Ya

Figure 4.7: Illustration of Example

This leads us to the following definition.

Definition 4.3. Consider an I-DAG G. A vertex elimination sequence [vy,...,v,] is called forward
connected in G if {v1,...,v;} is connected on the underlying undirected graph of G for all i < n.

Next we prove that if a vertex elimination sequence is not forward connected then there exists at least one
vertex that can be eliminated at the beginning without changing the overall costs. Meaning that forward
connectivity of a vertex elimination sequence is exactly the criteria we were looking for.
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Lemma 4.11. Consider I-DAG G. A vertex elimination sequence [v1, . .., vy] is forward connected if
and only if for each 1 < iy < n there exists 1 < jo < i such that v;, and vj, are adjacent in G,_1,
where Gy = G and G; = G;_1 — v;.

Proof. First we prove the forward direction.

“=" [v1,...,v,] is forward connected and hence {v1,...,v;,} is connected on the underlying undi-
rected graph of G. This implies there exists jo < %g such that v;, and v;, are adjacent in G and thereby
also in Gj,_1.

“«<": The reverse direction can be easily proven by induction over the length of the elimination se-
quence. O

So far we looked at not adjacent vertices as their order does not change the costs. But what about adjacent
vertices in the elimination sequence as we saw in the Example £.5? On absorption-free graphs we can
formulate an easy-to-check criterion to decide which order of two subsequent vertex eliminations yields
smaller costs. To prove this criterion we fist need to determine the costs for both elimination orders [a, b]
and [b, a] for two adjacent vertices a and b.

Lemma 4.12. Consider an absorption-free I-DAG G = (V, E). For any edge (a,b) € E*(G) holds
1. ola,b] = [P(a)] - [S(a)| + (|P(b)] — 1+ [P(a)]) - |S(b)| and,
2. olb,a] = [P)] - |S®)] + (IS(a)| = 1+ [S@)]) - [P(a)l.
Proof. Ad 1. From definition of vertex elimination follows that
Sc-a(b) = S5(b) and Pg_o(b) = P(a)U P(b)\ {a}

Due to the fact that G is absorption-free, none of the predecessors of a is also predecessor of b and
therefore
[Pa—a(b)] = [P(D)| =1+ |P(a)| . 4.7

Hence the costs of the elimination sequence [a, b] are
oc(la,b]) =|P(a)| - |S(a)] + |Pa-a(b)] - | Sc-a(b) |
=S(b)
Eq(@ET)
"EDP@)- 1S(@)] + (1PO) - 1+ P@]) - 1SG)]

finishing the proof.
Ad 2. Analogous to 1. due to symmetry. O

As we can see the number of predecessors and successors determines which order of eliminations yields
smaller costs.

Corollary 4.2. Consider an absorption-free I-DAG G. For any edge (a,b) € E*(G) holds
1 aG([a,b}) < aG([b, a]) < |P(a)| < |S(b)]
2. 06 ([a,b]) = oG ([b,a]) & |P(a)| = [S()|
3. oc([a,b]) > oG ([b,a]) & [P(a)| > [S(D)]
Proof. From Lemmafd.12]follows
oc([a,b]) — oG ([b,a]) = |P(a)] - [S(D)| . (4.8)

The claim follows immediately from Equation (#.8). O
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With the help of the previous result we know in which order two subsequent eliminations of vertices a and
b should be executed to minimize the costs without actually performing these eliminations. If the vertices
are not adjacent it does not matter. If a is a predecessor of b we simply have to compare the number
successors of b with the number of predecessors for a. If |[P(a)| < |S(b)| then a should be eliminated
before b if |P(a)| > |S(b)| then we should eliminate b before we eliminate a. If |P(a)| = |S(b)| then the
order of eliminations does not change the costs. The case that b is a predecessor of a is symmetrical.

Example 4.6. Consider an I-DAG as on Figure Which order of eliminations yields smaller costs
v1 followed by vy or vice versa? The vertex vy has 4 predecessors while vy has 3 successors hence

according Corollary[d.2]
oc([v1,va]) > oc([v2, 1))

Similarly o ([va, v3]) < og([vs, v2]) as ve has only 1 predecessor and vs 2 successors.

Next we transfer this result to vertex elimination sequences with more than two eliminations. The biggest
problem hereby is to know whether we have to use the predecessor or the successors set of a vertex in the
comparison. For example for two vertices v; and vy we need to compare the size of the predecessor set
of v1 with the size of the successor set of v, if v; is a predecessor of vy and vice versa if v; is a successor
of v we need to compare the size of the successor set of v; with the size of the predecessor set of vs. To
circumvent this problem we use the following notation.

Definition 4.4. Consider an I-DAG G, i,j € V(G). We set

|Pe(ai)l, (i) € E(G)
If; = { Sa(@)l,  (G,1) € E(G)
0, otherwise

We refer to If] as bridge degree of i and j on G.

This notation is used in the following way. Assume that we want to know which order of vertex elimina-
tions yields smaller costs [v1, va] or [va, v1]. If vy is a predecessor of vy on G then IS, = |P(v1)| and

IS . = |S(vs)|. If vy is a predecessor of v; on G then IS | = |S(vy)| and IS , = |P(v2)|. Hence

v2,U1 v1,V2 V2,V1

according to Corollary if Iﬁ v < 1 g v, then vy should be eliminated before v, if Ig’; vy > 1L UG; 0
then vy should be eliminated before v;. In the case of equality the costs of both elimination orders are the
same. As you can see using the notation from Definition .4 we avoid mentioning the predecessor and
successor sets directly. This makes future proofs shorter as we avoid case analysis. Using this notation

we can prove the following inequality for optimal vertex elimination sequences.

Lemma 4.13. Consider absorption-free I-DAG G and optimal vertex elimination sequence [v1, . .., vUy].
The following holds forall 1 <i <n

IGi—l < IGi—l

Vi, Vitl — TUi41,05 0

where Gy = G and G; = G;_1 — v;.

Proof. Follows immediately from Corollary 4.2] and Definition .4} O
In forward connected vertex elimination sequences we typically have series of successive vertex elimina-

tions, where each two vertices v; and v; 1 are adjacent on G — [vy, ..., v;_1]. We refer to such series as
chains.
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(a) G

Figure 4.8: Illustration of Example

Example 4.7. Consider I-DAG G as on Figure[d.8and a forward connected vertex elimination sequence
[v1,v9, v3, U5, v4]. This elimination sequence has two chains [vy, v, v3] and [vs,v4). [v1, V2, v3] is a chain
because (v1,v2) € E(Q) and (va,v3) € E(G — v1). vs and vs are not adjacent on G — [v1,v9] and
therefore the chain ends here. [vs, v4] is also a chain because vs and vy are adjacent in G — [v1, va, v3].

In optimal forward connected vertex elimination sequences the bridge degree is growing throughout the
chains. This means that once we made a decision with a certain bridge degree all following decisions in
this chain must have at least the same degree. This is especially true for the first bridge degree as the next
lemma shows. This knowledge is important for the proof of Lemma4.15]

Lemma 4.14. Consider absorption-free I-DAG G. If [a1, . . ., a,] is an optimal forward connected vertex
elimination sequence in G then
IG < ICGkr < Gk

ai,az = “ag,an — Tap,ar

where k is the largest integer with ay, and a,, are adjacent in Gi_1, Go = G and G; = G;_1 — a;.

Proof. From the choice of k follows that a,, is not adjacent to all a; with ¢ > k. Hence the vertex
elimination sequence [ay, ..., ak—1, Gn, Ak, - - - , Ap—1] is also an optimal elimination sequence. Therefore
from Lemma follows that Igj;; < Lﬁﬁ;,ﬁ. So only the first part of the inequality remains to be
shown. This result is proved by induction over n.

n=2. Iflm < Ifl,az follows from Lemma

n = 3. Due to the fact that [a1, as, a3] is forward connected, a1 and ay are adjacent in G. Therefore
we distinguish between two main cases (a1, a2) € E(G) and (ag,a1) € E(G). Each of these cases is

divided into four subcases covering all possible situations for as.
Casel. (a1,a2) € E(G).
Case 1.1. (a3, a3) € E(G) (compare Figure [4.9(a)). Hence k& = 2 for this case. From the fact that G is
an absorption-free 1-DAG follows that Pg, (a2) = P(a2)UP(a1) \ {a1} and hence

I oy = 1P(a)] < [Po a2)] = 1€

ay,as a2,a3

Case 1.2. (a3, a2) € E(G) (compare Figure[d.10(a)). k = 2 for this case. From [a1, az, as] is an optimal
elimination sequence and Corollary {4.2] follows that |[P(a;)| < |S(a2)|. Additionally we know that the
successor set of as is not influenced by the elimination of a; and therefore S(az2) = S¢, (az2) yielding

Ig: oy = |P(a1)] < |S(a2)| = Sc, (a2)| = I3}

ai,a az,a3
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: ay az az : : az ay (<

(a) Case 1.1 (b) Case 1.4

Figure 4.9: Proof of Lemma

ai as
ap ay
as as

(a) Case 1.2 (b) Case 1.3

Figure 4.10: Proof of Lemma

Case 1.3. (a1,a3) € E(G) (compare Figure[4.10(b)). k£ = 1 for this case and therefore

1§, 0, = [P(ar)| = I, o,

ap,az

Case 14. (a3,a1) € E(G) (compare Figure 4.9(b)). k = 2 for this case. From [a1, as, as] is opti-
mal elimination sequence and Corollary 4.2| follows |P(a1)| < |S(az)|. The successor set of ag is not
influenced by the elimination of a; and therefore S(as) = Sg, (a2) yielding

Ig, 0y = |P(a1)] < |S(a2)| = |Sg, (a2)] < I

ai,as a2,a3

Case 2. (az,a1) € E(G)

Case 2.1. (asg,a3) € E(G). This case is symmetrical to Case 1.2
Case 2.2. (a3,a2) € E(G). This case is symmetrical to Case 1.1
Case 2.3. (a1,a3) € E(G). This case is symmetrical to Case 1.4
Case 2.4. (a3,a1) € E(G). This case is symmetrical to Case 1.3

n — n + 1 : To prove the inductive step we distinguish between three cases:
e a, and a,,1 are not adjacent in G,,_1,
e (an,ant1) € E(Gp_1) and

e (ant1,an) € E(Gp_1).
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Case 1. a,, and a,,41 are not adjacent in G, implying that & < n. Hence according to Lemma[3.7]and
Lemma [a1,...,Qn-1,Gn+1,ay] is also an optimal elimination sequence. Moreover this elimination
sequence is forward connected. Hence as the beginning of an optimal forward connected vertex elimi-
nation sequence, [a1, ..., Q,_1, Gn+1] i also an optimal forward connected vertex elimination sequence.
The claim follows directly from the induction assumption.

Case 2. (an,ant+1) € E(Gp_1). Letl be the largest integer such that a; and a,, are adjacent in G;_1.
From [aq, ..., an,+1] is optimal elimination sequence of G follows that [ay, . . . , a+1] is optimal elimina-
tion sequence of Gj_.

Case 2.1. The elimination sequence [a, . . ., a,+1] is forward connected in G;_1. Applying the induction
hypothesis to G with forward connected optimal elimination sequence [as, ..., a,] and k = [ yield
Ity < I
Hence it is sufficient to show that .
- Gn-1

IlJZL ! S In,n+1
The latter follows immediately by applying the induction hypothesis to G = G;_; with forward con-
nected optimal elimination sequence [ay, . .., a,+1] and k = n finishing the proof for this case.
Case 2.2. The elimination sequence [ay, . . ., a,t1] is not forward connected in G;_1. Let kg be the first

integer such that {a;, aj41, . . ., ax, } is not connected in G;_. According to Lemma[3.7jand Lemma

[a17 .- '7al717ak‘oval7 e 7ak0717ak‘0+17 .o 7an+1]

is also optimal elimination sequence. Moreover this sequence is also forward connected (see (*) for the
proof). Hence we can apply the Case 2 t0 [ay, ..., a1—1, Qrys Qpy - -« Qkg—15 Qhg+15 - - - » Ant1]. We keep
repeating this process until Case 2.1 is applicable.

(*) Toshow that [a1,...,a1—1,0kys AL, - - -, Gky—15 Qko+15 - - - » Ant1] 18 forward connected, it is sufficient
to show that {ay, ..., a;_1, ax, } is connected in G. The fact that all other sets are connected follows
directly form the fact that {a, ..., a;} is connected for all 1 < ¢ < n + 1. From [ay, ..., Gp41]
is forward connected in G follows that {aq, ..., ak, } is connected in G. Hence there exists a path
from a; to ay, containing only elements from {aq,...,ax,}. According to the choice of kg this
path cannot contain elements from {ay,...,ar,—1}. Hence this path contains only elements of
{a1,...,a;_1, ay, } finishing the proof.

Case 3. (ap11,a,) € E(G,,_1). The proof is symmetrical to that of Case 2.
O

In the following we will look at elimination sequences that can contain both edge and vertex eliminations.
We refer to such elimination sequences as transformation sequences. The length of the transformation
sequence is defined by the number of eliminations it consists of. Both vertex and edge elimination count
as one elimination. For example the length of the transformation sequence [v1, v2] on the lion graph is 2,
while as [(z1,v1)", (z2,v1)T, v2] on the same graph has length 3 although both transformation sequences
yield the same graph and even the same costs. Clearly an optimal complete transformation sequence is
also a solution to the optimal edge elimination problem. The complete transformation sequence is shorter
the more vertex elimination it contains. In the following lemma we prove that the shortest complete
optimal transformation sequence on absorption-free graphs contains only vertex eliminations. The direct
consequence of this result is that vertex elimination solves the optimal edge elimination problem on
absorption-free graphs.
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Lemma 4.15. Consider an absorption-free I-DAG G. A shortest complete optimal transformation se-
quence contains only vertex eliminations. (Specifically it contains no pure edge eliminations).

Proof. Proof by induction over the length n of the shortest complete optimal transformation sequence.

n = 1 : To transform an 1-DAG into a bipartite graph we need to remove all intermediate vertices. Hence
each complete transformation sequence contains at least one vertex elimination (last transformation is
always vertex elimination). Hence the claim is trivially true in case we have only one transformation.

n = 2 : As already mentioned, the last transformation must be a vertex elimination. Hence let us
assume that the first transformation is a pure edge elimination. This implies that the 1-DAG has only one
intermediate vertex. Hence we can achieve the same costs by eliminating this vertex directly without the
preceding edge elimination, which is a contradiction to the assumption of the shortest complete optimal
transformation sequence.

n — n+ 1 : Assume that [wq, ..., w,41] is the shortest complete optimal transformation sequence on
G. We set
Go =G and Gi+1 = Gi — W;

(3 is absorption-free 1-DAG with shortest complete transformation sequence of length n, hence according
to the induction assumption wa, ..., wy1 are all vertex eliminations. To finish the proof we will show
that w; must be a vertex elimination. Therefore we will prove by contradiction that w; cannot be front or
back elimination of an edge.

Case 1. w; is a vertex elimination. Obviously the claim holds in this case.

Case 2. wy = (b,a)”. Note b € Z(G1) as (b,a)” is a pure edge elimination. We will now show that
this case is not possible. This case is divided into three subcases.

e Case2.1: wy #a N wy # b,

o Case 2.2: wy = b,

e Case 2.3: wy = a.
The last case is the most complicated and builds the central part of this proof.
Case 2.1. ws # a A ws # b. Hence applying the Lemma [3.9| we get the following equality

Gy =G — [(b,a)ﬂwg} =G - [wg, (b, a)_] ,
implying that
J([(b, a)”, wa, ws, ... 7wn+1]) - O'([’U)Q, (b,a)”,ws,... ,wnHD =
= U([(b,a)ﬂwﬂ) - O'([u}z, (b, a)_]) . 49

Lets compare the costs of these sequences

a([(b;a)",wo]) = [P(b)] + [Sa, (wa)| - [Po,(wa)] = |[P(b)] +|Sc, (wa)] - [P(wz)]  (4.10)
———

=|P(w2)|, w2#a

o ([ws, (b,a)7]) = [S(ws)| - [P(ws)| + | Po—n (B)] - @.11)

To finish the proof of this case we need to explore two subcases wy ¢ P(b) and we € P(b).
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Case 2.1.1. wy ¢ P(b). Hence Sg, (w2) = S(ws) and Pg_,, (b) = P(b) implying that

a([(b, a)_,wg]) = U([wg, (b, a)_])

This means that the sequence [wa, wy, w3, . .., wy11] is also a complete optimal transformation sequence
on G. Therefore G — wo is an absorption-free graph with shortest complete optimal elimination sequence
of length n. According to the induction assumption G — wo has n intermediate vertices which is a
contradiction to the fact that wy = (b,a) ™ is pure edge elimination.

Case 2.1.2. ws € P(b) (see Figure4.11(a)). Therefore

S(wg) \ {b} S(wa) \ {b}

(a) G b)G1 =G — (bya)~ (©) G — w2

Figure 4.11: Proof of Lemma Case 2.1.2

Sa, (wa) = S(w2) U{a} (see Figure[F11(b))

and

PG, (b) = (P(b) \ {w2}) UP(ws) (see Figure@II(C)),
where U denotes a disjoint union of two set. This implies that |S¢, (w2)| = |S(w2)|+1 and | Pg_.,, (b)| =
|P(b)| — 1+ | P(ws)|. Putting the results together we get

o ([(b,a) ", ws])) “E2|P(b)] + S, (ws)] - [P(ws)] = [PB)] + (1S (ws)| + 1) | P(ws))
Z|P(b)] + S (ws)]| - [P(ws)| + [P(ws)]
>[S(wn)| - |P(ws)] + |P)] = 1+ |P(wn)] “E o ([ws, (b,a)7])

:‘Pcfwg (b)l

hence

0'([’(1)1,11)2,11)3, . ,wn+1]) > O’([wg,wl,w;),, . ,wn+1]) s
which is a contradiction to the fact that [wy, . .., wp41] is a complete optimal transformation sequence.
Case 2.2. wy = b (see Figure 4.12(a)). Obviously G2 = G — ws and o ([wy, ws]) = o(w2) (compare
Figure |4.12(b)| and Figure |4.12(c)). Hence [wg, . ,wn+1} is also complete optimal transformation se-

quence on G which is a contradiction to the fact that [wy, ..., wp41] is the shortest complete optimal
transformation sequence on G.

Case 2.3. wo = a. Consider ig € {3,...,n + 1} such that w;, = b. Without loss of generality we chose
the transformation sequence [wy, . . ., wy,1] such that g is as small as possible.
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b)G1 =G — (b,a)” (© G = [(bya)",w2] =G —wa

Figure 4.12: Proof of Lemma Case 2.2

Case 2.3.1. iy = 3. From a = w» and b = w3 are not adjacent in G follows that

G — (w1, we,ws] = G — [wy, a,b] LemgamG — [w1, b, a] Case22 o [b,a] = G — [ws, wa)

and
L Case 2.2
o ([wr, ws, ws)) = o ([wr,a,b]) “" 2B o ([wy, b, a)) = o ([wr, ws, ws]) L o ([ws, wa])
Hence
J([wl, Wa, W3, Wy, . . . ,wnH]) = O'([’U.)g, Wo, Wy ..., wnHD
Therefore [ws,ws, wy ..., w, 1] is also complete optimal transformation sequence of length n — 1.
Which is a contradiction to the assumption fact that [wy, . . ., wy1] is a shortest complete optimal trans-

formation sequence.

Case 2.3.2. iy > 3. First we discuss the case that b is the only predecessor of a (this case builds the
central part of the proof). The case that @ has more than one predecessor is covered at the end and is an
easy to prove generalization of the first case.

Case 2.3.2.1. Pg(a) = {b} (compare Figure [4.13(a)). The proof of this case is based on several sub-
claims. To improve the readability the proofs of these subclaims are placed at the end of the proof of this
case. The main idea of the proof is to show that there exists an alternative transformation sequence which

A (o) o)

/.

L)

Wi

(a) G ) G1 :Gf(b,a)* ©)G2=G1 —a

Figure 4.13: Proof of Lemma Case 2.3.2.1

does not perform the elimination wy = (b, )~ and has smaller costs than that of [w1, ..., wp41]-
The transformation sequence [w1, . . . , w;, | has following properties
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Subclaim 1. [ws,...,w; ] is forward connected in G; (proof on page .
Subclaim 2. w;,—1 € Sg,, _,(b) U Pg,,_,(b) (proof on page[79).
Subclaim 3. There exists at least one lo € {3,...,40 — 1} with wy, € Pg, _,(b) (proof on page .

To define an alternative transformation sequence with smaller costs than that of the [wy, ..., wy]
we need further notations. Let [y be the smallest integer with w;, € FPg, _, (b) (compare Subclaim
implying that w;, € P(b) (as discussed in Proof of Subclaim[3]). We set

Ti = Sa;(b)\ Sc,(b) , YV ={wiw; € Tiy, 2 <i <lo}

where G}, = G — [wa, ..., w;]. We write yx, 1 < k < |Y] for elements of Y and t, 1 < k < |T| for
elements of T' = T}, (compare Figure and Figure .14(b)). The reason why we are interested in
the elements of 7; is that these vertices build the difference between G; and G. On G they are connected
to the predecessors of b while on G they are connected to the vertex b itself (for more details see Proof of
Subclaim E}). T; # T;_; only if w; € Y therefore we are also interested in this set. For easier notation

® Sc.(y«) @

(@G, 2<i<lp b G,2<i<lp

Figure 4.14: Proof of Lemma[4.15} Case 2.3.2.1: Elements of Y and T;. (Elements of T} are the targets
of dashed (arrows) edges).

we set
° Yy = ‘SG%A(Yk)‘ — 1 where w;, = yx and
¢ Tr= |PG1071(wlo)| -1

We will now show that

a([wg, cowg, (b,t) 7, (b ) T Wi, - ,wn+1]) < U([wl, .. ,wnHD
This would be a contradiction to the assumption that [wy, . . ., w,+1] is a complete optimal transformation
sequence.
Subclaim 4. G}, = G} —[(b,t1)7, ..., (b, t)7)~] (proof on page.
Therefore it is sufficient to show that 0([w1, e ,wlo]) > 0'([11.)2, ce Wi, (b,t1) 7, ., (B, t|T|)*]). To

compare the cost of these transformation sequences we need to know the costs of eliminating w; from
G;—1 and G/_ presented in the Subclaim Subclaim@ Subclaimand Subclaim
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Y|
Subelaim 5. o5, (wy,) = (¢ + 1)(\5(a)| F14 Zyk> and gy (wn,) =z +1.
k=1 )

Subclaim 6. ForY > w; =yk:  og, ,(wi) = (yx +1)|P(b)] and o (wi) = (yr + 1)
Subclaim 7. w; ¢ Y U{wy,}:  og, ,(wi) =oa_ (w;).

Subclaim 8. o4/ ((b,ts)™) = [P(b)| + z. where G} .y = G] — [(b,t1) ™, ..., (bts_1)7].

lg+s—1

Hence we get the following cost for [wy, ..., wy,]:

lp—1

a([wh""wlo]) _U(w1)+UG1 ’LU2 Z 0G;_1 wl ZaGi—l(wi) +0-Gzof1(wlo)
=3

w; €Y =
w; &Y

=:B
Y]
= [PO)| +[S(@)] - [PO)| + [PO)Y_(ye +1) + B
k=1
Y]

+ @+ )(IS@]+ 1+ Y w)
k=1

Y]

= [PO)| +[S(@] - [PO)| + Y] [PO)] + [PO)Y v+ B
k=1
Y| v

+x(|S |+Zyk)+x+1+\5 |+Zyk

k=1

The costs of the alternative transformation sequence [wy, . .., wi,, (b, t1) 7, ..., (b, tjp|) ] are

a([w27 o wyg, (b, tl)_, ey (b,t|T|)_])
lo—1 7|

+ Z UG:‘,—l(wZ ZUG/ 1 w’ +UG/ o—1 wlo +ZUG1 +i— 1 _>

w; €Y
w1QY

= B(Subclaim[7))
Y| Y|

= 1S@]+ > e+ 1) + B+ (@+1) + (1S@] + > u ) (P(B)] + )
k=1 k=1
Y| Y| Y|

= IS+ X+ 1+ B+ o 1)+ 21501+ S) + 5@ PO+ PO
k=1

Y]
Note that |T'| = <|S(a)| + > yk) as Ty = S(a) and T; # T;_4 only if w; € Y and by definition of yj,
k=1

T3] = [Ti-1| + |Sa,_, (wi)| = [Ti—1] + yr

a([wh...7wlo])—a([w2,...,wlo,(b7t1)_7...,(b,t|T|)_]) = |P(b)|+|Y]-|P(®)|—|Y| > |P(b)] > 0.
——

>1
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This implies that [wy, . . ., wy41] s not an optimal elimination sequence leading to a contradiction. Hence
the claim holds for this case.

Proof of Subclaim[I] Otherwise there exists ly, 2 < ly < 4o with {wo, ..., w;,} is not connected in

Gi1. W.lo.g. , let [ be the smallest integer with this property. Hence w;, is not adjacent to w; for all
2 < i <l — 1. Therefore from Lemma [3.13|follows that

UGl([w27"'7wl0]) :O-Gl([wlo7w27"'7wlo_l]) )
while the corresponding remainder graphs are equal (Lemma[3.7). Hence
[wl,wlo,wg, e ,wlo_l,wZOH, e ,wn+1]

is also shortest complete optimal transformation sequence of G. w;, # a (as & = wq) hence we can use
the proofs of Case 2.1 (w;, # b) and Case 2.2 (w;, = b) to show the contradiction. O

Proof of Subclaim 2| Otherwise b = w;, and w;,_1 are not adjacent in G;,_o implying that
UG([w17 cee 7wi0—1awi0]) = O'G([wh cee 7wi07wi0—1]) ,

yielding a contradiction to the choice of ¢ as the smallest integer. O

Figure 4.15: Proof of Subclaim|3|in Lemma illustrating G;,—2

Proof of Subclaim[3] We prove this property by contradiction. Assume that w; ¢ Pg,_1(b) for all i,
2 < i < io. From Subclaim 2| follows that w;,—1 € S, _, (b) (compare Figure[#.15). We also know that
Pg,_1(b) = P(b) forall i, 2 < i < ig, as the predecessor set of b can only be changed by the elimination
of one of its predecessors.

From Subclaim |1| follows that {ws, ..., w;,} is connected in G;. Hence there exists an undirected
path from we = a to w;, = b through {ws, ..., w;, } on the underlying undirected version of G;. This
path must contain a successor of a in Gy because w; ¢ Pg,(a) = P(b). The equality Pg, (a) = P(b)
follows from the assumption P(a) = {b} (compare Figure #.13(b)).

Let jo be the smallest integer with w;, € Sg,(a) = S(a) where wj, lies on an undirected path
from wy = a to w;, = b through {ws, ..., w;,} on the underlying undirected version of G. wj, is not
adjacent to {ws, ..., wj,—1} as otherwise it would be a contradiction to the choice of jo. Hence w.l.o.g.
we can assume that jo = 3 (Lemma [3.13] and Lemma [3.7). From the application of Lemma [4.14] to
G with forward connected vertex elimination sequence [wa, . . ., w;,] and w;,—1 € Sg, _,(b) (compare

Figure d.13) follows

ig—2

Gip— Gi—
|P(b)] = |Pe, (a)] = [Pa, (wa)| = I} 0y < Twd "Ly < Tl

w2, w3 —

= |Pa;, -, (0)] = |P(b)]|

ig Wig—1
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H Gip—2 _ 1Gig—2
ence Luw,’ "y ,wi, = lw,yw;,—, and therefore as w;,—1 € Sa,, ,(b)

Gi— Gi—
|SG¢072(wio—1)| Sl = Iwil(?vwzio—l = |PGi072(b)|

ig—1,Wig
From Corollary
O-Giofz([wio—l’wio]) = UGiofz([wio’wio—l]) )
while the corresponding resulting 1-DAGs G, 2 — [wi,—1, w;,] and G,,—2 — [w;,, Wwi,—1] are equal,

which is a contradiction to the choice of iy and hence the desired property is proved. O

Proof of Subclaim[4] First of all we compare the graphs G (Figure 4.16(a)) and G% (Figure 4.16(b)).
Obviously V(G2) = V(G5). The difference in the edge sets between these graphs, is that in G pre-

P, (wy,) Pg, (wi,) Pg, (wy,)

@G;,2<i<ly b GL2<i<loy ©Gi—yp.2<i<lp (AG—-yr.2<i<lp

Figure 4.16: Proof of Subclaim E] in Lemma illustrating the difference between G; and G after
elimination of yy,

decessors of b are directly connected with successors of a (elements of T5). However in G they are
connected through vertex b. Hence we can transform GY in G5 by back elimination of all edges contained
in {b} x Ty = {(b,v)|v € T} (edges marked with dashed arrows on Figure . Let us now
compare G; and G/, for 2 < i < ly. Therefore we observe the evolution of the difference between G2 and
G, during the elimination sequence [ws, . . . wy, ]. Elimination of

o w; ¢ Y U {w,} removes and introduces the same edge sets on both graphs. Hence the difference
between the graphs is invariant relative to this operation.

e y, = w; € Y simply increases the number of elements in T; by . As
T =Ti-1USq,_, (wi) \ {wi}

in this case (compare Figure and Figure .16(d)). Hence the structure of the differences
remains the same. Meaning that after such elimination we can still transform G} in G; by back
elimination of all edges contained in {b} x T' = {(b,v)|v € T'}.

e wj,. This elimination increases the number of predecessors of b by = on both G;, and G;O (compare

Figure [d.17) as
PG'zO (b) = PGZO—I(b) UPGZO—I(wl()) \ {wlo}
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and
Pa; (b) = Pa; _ (0)UPg; _ (wiy) \ {wi,}

Hence back elimination of all edges contained in {b} x T = {(b,v)|v € T} transforms Gj_in

Gy,
° Tio—1 ° . Tio—1 °
X A L3 4

G )= PO

Pg, (wy,)

@) Gy—1

(©) Gy, Gy,

Figure 4.17: Proof of Subclaim in Lemma illustrating the difference between G, and G after
elimination of wy,

O

Proof of Subclaim 5] W.l.o.g. we assume that SG;rl (wy,) = {b} (compare Figure Ié—l.l7(b)). This as-

sumption is equivalent to S¢, _, (wy,) = {b} UTj,—1 (compare Figure 4.17(a)). The existence of other
successors of w;, would yield the same additional costs for the elimination of w;, on both G;,_; and
G, _1- As this result will be used only to compare the costs of the two transformation sequences we can
safely make this assumption.

To compute the costs of the elimination of w;, we need to know the number of elements in its prede-
cessor and successor sets. From definition of = follows that

|PG1071(wlo)‘ = |P)G;071 (wlu)| =z+1

Next we examine the successor sets of wy, in G, -1 and Gj ;. From the assumption S¢y ~ (wy,) = {b}
0
follows that
1Say _, (wig)| =1,

and hence

oc;, _, (w,) =[P (wp)| =2 +1

(un,)| - S,
To count the number of successors of wy, in G, is a bit more complicated. Therefore let us look at the
development of this number during the elimination sequence. First of all due to the choice of [ as the

smallest integer with wy, € Pg, _,(b), wy, is also a predecessor of b in G. From applying Lemmato
the assumption Sg; ~ (wi,) = {b} follows that S(wy,) = {b} (compare Figure i
o

1Sa, (wiy)| = [S(a) U{b}] = |S(a)| +1

—1

From definition of the vertex elimination follows that the elimination of w; ¢ Y U{b} does not change the
successor set of w;,. However the elimination of w; = yx € Y connects w;, with all successors of w; and
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then removes w; (Figure and Figure [#.T6(c)). Hence the number of successors of wy, increases
by y;, each time yy, is eliminated, in all other cases the successor set of wy, is not altered (remember that
w; # bforall 2 <i <ly), yielding

Y]
|SG1071(wlo)| = |S(a)| +1+ Zyk
k=1

Hence the costs to eliminate the vertex w;, on Gj,_1 are

Y]
0G1y—1 (Wig) = [Py (wio)] - [Sc,_, (wig)| = (2 + 1) | [S(a)] + 14+ Y
k=1

O

Proof of Subclaim[6] Let us now discuss the costs of eliminating of w; = y; € Y. Using the same
argument as in proof of Subclaimw.l.o.g. we assume that Pg: (yx) = {b} (compare Figure 4.16(b)).

This assumption is equivalent to Pg, , (yx) = Pa, ,(b) = Pg:_, (b) (compare Figure 4.16(a)).
From the choice of [y as the smallest integer with w;, € Pgl0 (b) follows

Pe;

i—1

(b) = P(b)
for all 2 < ¢ < ly. Therewith
JGi—l(wi) = UGi—l(yk) = |SG«;—1(yk)‘ ’ |PG1‘—1(yk) ‘ = |SG7‘,—1(yk)| : |P(b)‘
—_———
=P(b)

and

o, (wi) =0c,_ (y&) = |Sa,_, (ye)| - | Pa,_ (ye) | = [Sa:_, ()]
——
—{}

From the definition of y; and y;, follows that
ISc; 1 (Ye)| = [Sa;_ (yi)| = yx + 1
Hence
oG, (wi) = 0c,_,(ye) = (yx + |PO)| and og;  (wi) =o0c;  (yi) = (yx +1)
O

Proof of Subclaim[7] As discussed in Proof of Subclaim ] on page w; has the same successor
[predecessor] set in G;_1 as in G;_; and therefore

oG, (wi) = [Pa,_, (wi)| - [Sa,_, (wi)| = [Pg;_ (wi)| - |Sa;_ (wi)| = og:_ (w;)
O

Proof of Subclaim[8 The choice of Iy as the smallest integer with w;, € P(b) yields P/ (b) = P(b)
for all 2 < i < l, therewith Pa;, (b) = P(b)UPGgo,l(wlo) \ wj,. (compare Figure 4.17(b)| and Fig-

urel4.17(d))). Hence as |PG2 (wy)| =2 +1
o—1

[P (0)] = |P(O)| + [Py, (wio)| =1 = |P(b)] +
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Figure 4.18: Proof of Lemma Case 2.3.2.2

The back elimination of edge (b, t;) does not change the predecessor set of b hence

0G1gea1 ((0:15)7) = [P, (0)] = |P(B)| + 2

O

Case 2.3.2.2. P(a)\ {b} # 0 (compare Figure[4.18) We set O = P(a) \ {b} and denote the elements of
O with o; for 1 <7 < |O]. It is easy to see that

Ga=G— [wlan] =G- [(017 CL)+, SRRE) (O\O\aa)+a ’lUl,'lUQ}
and
0([wlv wQ]) = 0([(01, a)Jra R (O|O|a a)+, wlawﬂ) )
implying that
o([wy, ..., wpy1]) = a([(ol, a)yt ..., (010 a)t wg,. .. ,wn+1])

We set G' = G — [(o1,a)",...,(0j0,a)"]. Par(a) = {b} hence G’ fulfills all prerequisites from
Case 2.3.2.1. Therefore from Case 2.3.2.1. follows that [w1, ..., w,11] is not optimal elimination se-
quence for G’. Hence [(017 a)t, ..., (001, a) T, w, ... ,wnH] is not an optimal elimination sequence
of GG. Leading to a contradiction and finishing the proof for this case.

Case 3. w; = (b,a)™. Analogous to Case 2 due to symmetry.

O

The fact that VE and EE are equivalent on absorption-free I-DAGs is a direct consequence of the previous
result.

Theorem 4.4. Consider absorption-free [-DAG G.
VE(G) = EE(G)
Proof. Follows immediately from Lemma .15 O

The result that VE and EE are comparable on absorption-free 1-DAGs is not only interesting from the
theoretical point of view as shown in the next subsection.
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4.3.2 Optimality preserving eliminations and critical degree

In this subsection we talk about different optimality preserving eliminations on absorption-free graphs. In
general we deal with two different approaches. The first one explores in which situations the elimination
of a vertex with only one in or one out edge preserves optimality (compare Lemma[d.16]and Lemma.T7).
This result is a generalization of the result presented in [MN12]. The generalization is a consequence of
EE = VE on absorption-free I-DAGs. The second approach presented in this subsection is a more generic
one. It is based on the idea of estimating the contribution of an edge to the overall cost. If we find a
possibility to transform the given 1-DAG by edge eliminations into a subgraph using the same number
of fmas as in our estimation then these eliminations preserve optimality. In contrast to the MEC problem
these results do not allow us to solve the EE problem for arbitrary absorption-free I-DAGs. Still we present
an algorithm solving the EE problem for absorption-free 1-DAGs with maximal path length 3. The most
important result from this subsection is an under estimator for the contribution of an edge to the overall
costs of any edge (vertex) elimination sequence (Theorem [.3). It not only allows optimality preserving
eliminations to be performed but it also builds the base for the algorithms computing lower bounds on
absorption-free developed in this thesis. Thus it is implicitly used in all algorithms for lower bounds.

This subsection has the following structure. First we prove the optimality preserving eliminations
based on elimination of a vertex with only one in- or one out-edge in Lemma [4.16] and Lemma
The algorithm exploiting this results is presented in Algorithm [5] Afterwards the second approach is
discussed. The definition of the contribution of an edge to the overall costs is shown in Definition[4.5] The
general idea of the second approach is proved in Lemma4.18] The under estimator for the contribution of
a edge to the overall costs is proved in Lemma4.19] For intermediate edge in Lemma[4.20] Theorem[4.3]
combines both under estimators in one formula. In Lemma[.2T]and Lemma{.22] we develop optimality
preserving eliminations based on the previous results which are then used in Algorithm[6and Algorithm([7]
Finally in Lemma[4.23]and Algorithm[§]we prove and present an algorithm that solves the EE problem on
absorption-free I-DAGs with maximal path length 3.

In [MN12] we proved that on absorption-free 1-DAGs if vertex a is the only predecessor of vertex
b and b the only successor of a the elimination of the vertex with the smaller bridge degree preserves
optimality. We refer to such edges (a,b) (where a is the only predecessor of vertex b and b the only
successor of a as bridges . For example in I-DAG G as on Figurethe edge (v1,v9) is a bridge.The
bridge degree is IS, = |P(v1)| =4 > 3 = |S(v2)| = 1‘5;01. Hence the elimination of v, preserves
optimality. On the resulting I-DAG G — vy (compare Figure we cannot perform any optimality
preserving elimination because vs is not the only successor of v;. Using the fact that VE(G) = EE(G) on
absorption-free graphs we can extend the results of [MN12]] such that they are applicable in this case too.

S(b) S(b) S(b)

P(a)

(a) Lemmab € Z(G) (b) Lemma[4.16|b € Y (G) (c) Lemmaa €Z(G) @ Lemmaa € X(G)
Figure 4.19: Illustration of the assumptions in Lemma and Lemmam
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Lemma 4.16. Consider absorption-free I-DAG G. (a,b) € E*(G), a € Z(G) with S(a) = {b}. If
|P(a)| <|S(b)| orb € Y(G) then
VE(G) = VE(G —a) + og(a) ,

implying that the elimination of a preserves optimality (for illustration compare Figure 4.19(a)| for b €
Z(G) and Figure|d.19(b)|for b € Y (G)).

Proof. Consider [v1,...,v,] is an optimal vertex elimination sequence of G. We set Go = G and
Gi = Gifl — Vj.

Case 1. « is eliminated before b. (Note this case also covers the case when b € Y (G)). Let v; = a. We
compare the costs for the elimination sequences [v1,...,v;—1,a] and [a,vy,...,v;_1]. Since a has only
one successor, the costs for the elimination of the v;, 1 < j < ¢ — 1 are the same in both elimination
sequences. Hence we only have to compare the costs for the elimination of a in both sequences. From
Lemma [4.3] follows that

og(a) = |Pa(a)| < |Pa,_,(a)| = 0¢,_, (a)
According to Lemma [3.7]both elimination sequences yield the same remainder graph and therefore
Jg([a, Vlyevry U1, Vidly - - - ,vn]) < JG([vl, ey vn])

finishing the proof for this case.

(C)G,:Gi_l —a (d)G,—[(O1,b)+,...,(olo‘,b)+]

Figure 4.20: Proof of Case 2 in Lemma Giand G — [vy,...,vi—1,a,(01,b)",..., (0/0),b) "] are
isomorphic

Case 2. b is eliminated before a. Let v; = b. We set O = P, _, (b) \ {a} and denote the elements of O
with o for 1 < j < |O)|. Let us compare the costs of the following two elimination sequences:

|:/U17"'7v’i717buvi+17"‘7vn] and I:ayfvla~-~7vi717(017b)+7"'7(0\0\7b)+7v7§+17"'7vn7]
Obviously G; and G;_1 — [a, (01,0)",..., (010, b)+] are isomorphic (compare Figure . Therefore
according to Lemma G; and G — [a, Vi, .. ., Vi1, (01,0) T, .., (O|O|,b)+] are isomorphic. Hence

we need to compare the costs only of the first part of these elimination sequences namely

[’Ul,...,vi,hb} and [a,vl,...,vi,l,(ol,b)+,...,(o‘o‘,b)"']
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As already discussed in Case 1 a has only one successor and therefore

UG([Ula e 7?)1'71}) = O—Gfa([vl» .- ~avi71D

Hence it is sufficient to compare the costs of simple elimination of vertex b in 1-DAG G;_; and the
elimination of vertex a on G together with front elimination of the edges connecting the set O with vertex
bin1-DAG G’ = G — [a, v, . .., v;_1] (compare Figure |4.20):

oc(a) +ocr([(01,0)7, ... (00,0)"]) = [Pa(a)| +|0] - |Scr(b)] = [Pc(a)l+ 0] |Sc,_,(B)]
—

=|Sq;_, (b)]

O-Gifl(b) = ‘PGi—l(b)‘ : |SG'i—1(b)| = (1 + |OD|SG%1(b)| = |SGi—1(b)| + |O| ’ |SGL71(b)‘

From Lemma [4.3| and the assumption that |Pg(a)| < |Sg(b)| follows that |Pg(a)| < |Sg,_, (b)] and
therefore

oc(a) + o ([(01,0)",..., (0j0,0)"]) — 0G,_, (b) = |Pa(a)] — [Sa,_, ()| <0

Hence VE(G) > o¢(a) +EE(G —a). As G is absorption-free I-DAG, so is G — a (Lemma4. 1)) and hence
from Theorem [4.4] follows that EE(G — a) = VE(G — a) implying

VE(G) = o¢(a) + VE(G —a)

finishing the proof.
O

Lemma 4.17. Consider absorption-free I-DAG G. (a,b) € E*(G), b € Z(G) with P(b) = {a}. If
[S(b)| < |P(a)| or a € X(G), then

VE(G) = VE(G — b) + og(b) ,

implying that the elimination of b preserves optimality (for illustration see Figure|d.19(c)|for a € Z(G)
and Figure|d.19(d)|for a € X (Q)).

Proof. Symmetrical to the proof of Lemma[4.16] O

We refer to the edges (a,b) as described in prerequisites of Lemma and Lemma as semi-
bridges. Using the optimality preserving elimination for semi-bridges we can solve the vertex elimination
problem on the I-DAG G from Figure[#.7(a)] At the beginning of this subsection we already asserted that
the elimination of vertex v preserves optimality but we had no idea how to solve the vertex elimination
problem on the resulting I-DAG G — v, (compare Figure #.7(b)). Using Lemma we know that
elimination of vz preserves optimality as v3 is the only successor of v and |S(v2)| = 2 < 4 = |P(v1)].
Hence the elimination sequence [v2, v3, v1] solves the vertex elimination problem on this I-DAG.

The following algorithm performs for a given 1-DAG G all possible optimality preserving vertex
eliminations according to Lemma [4.16] and Lemma [#.17] and computes their costs. (Please note: this
algorithm takes a variable costs as an input. It computes incremental costs because it will be used
as part of other algorithms later where some eliminations could have been performed prior to running
Algorithm[5).

Please note: Algorithm [5is meant to demonstrate one way of performing all possible optimality pre-
serving vertex eliminations according to Lemmaf4.T6|and Lemma[#.17)and therefore it was not optimized
in terms of computation complexity.
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Algorithm 5 Optimality preserving eliminations according to Lemma[4.16]and Lemma[4.17]
Require: absorption-free -DAG G, costs
Ensure: G, costs

1: changed <« true /I Indicates whether elimination has been performed
2: while changed = true do

3: changed < false

4: My ={a€ Z(G)||P(a)] =1} // Candidates for elimination according to Lcmmam
5: while M, 7é 0 do

6: choose (v, a) with a € M;

7 if |S(a)| < |P(v)| orv € X(G) then /I Lemma is applicable
8 G+—G-a

9: costs < costs + |S(a)|
10: changed < true
11: end if

12: My + M,y \ {CL}

13: end while

14: My ={ac Z(G)||S(a)| = 1} // Candidates for elimination according to Lcmmam
1s: while My # 0 do

16: choose (a,v) with a € My

17: if |P(a)| < |S(v)| orv € Y(G) then /I Lemmal4.16|is applicable
18: G+ G—a

19: costs « costs + |P(a)|
20: changed < true
21: end if
22: My <+ M, \ {(L}
23: end while

24: end while

In the algorithm we first build the set of candidates for optimality preserving eliminations according to
Lemma For each vertex in this set we check whether it fulfils the prerequisites of the Lemma[4.17]
if so, we perform the elimination. As the eliminated vertex has only one predecessor, its elimination
does not change the number of predecessors for any other vertex. Therefore we do not have to update
the set of candidates inside the loop. Similarly we do not need to update the set of candidates (according
to Lemma [4.16) in the second loop. The variable changed is used to identify the point when no further
eliminations can be performed. It is easy to see that a worst case complexity of Algorithm[5is O(|V (G)))
as sets M; and M, are strictly decreasing (compare Lemma [.3). It does not matter in which order the
optimality preserving eliminations according to Lemma.16/and Lemma[d.17)are performed. As already
mentioned the optimality preserving elimination according Lemma.T7]does not change the predecessor
set of any vertex with only one predecessor. So it cannot destroy any existing optimality preserving
situation according to Lemma4.17] It also cannot destroy any existing optimality preserving eliminations
according to Lemma[4.16] as only the sizes of the successor sets are influenced by such an elimination.

The next optimality preserving approach is a more generic one. It can be applied on arbitrary 1-DAGs.
The idea behind this approach is to identify the “contribution” of a given edge to the overall costs in an
optimal elimination sequence. First of all we need to define the “contribution” of an edge.

Definition 4.5. Consider an I-DAG G. An edge (i,j) € E*(QG) is called n-critical for vertex [edge]
elimination if and only if

VE(G) —VE(G') >n (EE(G) —EE(G') >n) ,
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&1 T2

(a) Lion graph, G (b) G’ = G[E(G) \ {(v1,y1)}] ©G

Figure 4.21: Comparing the critical degree for edge and vertex elimination (illustration of Example .

where G' = G[E(G) \ {(4,§)}]. For n =1 we say that (i, j) is critical. We set
A% ((i,7)) =EE(G) —EE(G') and AY((i,7)) = VE(G) —VE(G') |
and refer to them as critical degree of (i, 7) in G for edge or vertex elimination respectively.

The critical degree is the “contribution” of an edge to an optimal edge (vertex) elimination sequence.
Note that on absorption-free 1-DAGs A% ((i,5)) = A%((7,4)) as a result from Theorem 4.4] Therefore
to make the notation easier we use Ag((z’, J )) to denote the critical degree of an edge throughout the
Chapter [d] In general the critical degree for edge elimination can be greater or smaller than the critical
degree for vertex elimination as shown in the next example.

Example 4.8. Assume that G is the lion graph as on Figure Let us now compute the critical
degree of the edge (v1,y1). We already know that EE(G) = 11 while VE(G) = 12. G’ = G[E(G) \
{(vi,91)}] is an absorption-free I-DAG (compare Figure [#.21(b)). Hence EE(G') = VE(G') = 10
yielding
1 = Ag(vi,y1) = EE(G) —EE(G') < VE(G) —VE(G') = Ag(v1,y1) =2
—— —— N —
=11 ZVE(G’) =12

Let us now discuss an 1-DAG where AZ(i,7) > AW(i,7). Therefore consider an I-DAG G as on
Figure[.21(c)l Obviously

o([vi,v2]) =6+8=14 and o([vz,v1]) =4+8=12

and hence VE(G) = 12. As shown in Example the costs of the complete optimal edge elimination
sequence are also 12 meaning that EE(G) = VE(G). Let us now determine the critical degree of the edge
(v1,91). Therefore we set G' = G[E(G) \ {(v1,y1)}]. G’ is a lion graph hence VE(G') = 12 while as
EE(G') = 11 yielding

1= Ag(vi,y1) = EE(G) —EE(G') > VE(G) — VE(G') = Ag(v1,91) =0
A e e Ve
=12 =11 =12 =12
As already mentioned, one can see the critical degree of an edge as a lower bound for the contribution
of this edge to the overall costs of any complete optimal elimination sequence applied to the 1-DAG. In

the next lemma we show the usage of critical degree as a generic tool for finding optimality preserving
eliminations.
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Figure 4.22: Cost contribution of an edge (illustrating Example .

Lemma 4.18. If (i,j) € E*(Q) is n-critical and if there exists an elimination sequence transforming
G into G, where G' C G and (i,j) ¢ E(G'), at cost of n, than this elimination sequence preservers
optimality.
Proof. The proof follows immediately from the Definition 4.5 O
To visualize the contribution of an edge to a given elimination sequence one can use bi-coloring.
Color this edge with 1 and all other edges with 0. Apply the elimination sequence to this bi-colored
I-DAG. Count the number of multiplications involving labels of edges colored with 1. This number is
the contribution of the edge to the given elimination sequence. Lets discuss it in a bit more detail in the

following example.

Example 4.9. Consider I-DAG G as on Figure|d.22(a)| Let us now observe the contribution of the edge
(vg, v3) to the overall costs of the following two vertex elimination sequences

o [vs,vq,v1] and

hd [’Ul, U3, U2]-

First we discuss the vertex elimination sequence [vs, V2, v1]. The elimination of vs involves two multipli-
cations with a 1-colored edge. Although after this elimination the edge (v2, v3) is no longer present in the
resulting I-DAG, G — vs still contains 1-colored edges (compare Figure[d.22(b)} Meaning that the impact
of (ve,vs) is still present after this elimination. The elimination of vy involves four multiplications with
1-colored edges. Hence, up till now the edge (va,vs3) contributed 6 multiplications. Elimination of vy
from G — [v3,vs] yield another four multiplications with 1-colored edges (edges induced by the existence
of edge (va,v3)). Therefore the overall impact of (va,v3) on number of multiplications in [vs, v, v1] is

10.
Let us now look at the second elimination sequence [v1,vs,vs]. The elimination of vertex vy does

not involve any multiplications with (vy, vs) (compare Figureld.22(a)). The resulting I-DAG is shown in

Figure[d.22(d)| The elimination of v3 yields two multiplications with the 1-colored edge. The elimination
of vy from the resulting graph remainder adds another six multiplications with 1-colored edges (compare

Figure|.22(e)l Hence, the overall impact of edge (va,v3) on [v1,vs, v2] is 8.

To be able to apply the result from Lemma .18 we need some criteria to determine a critical degree
of an edge. The problem is that we typically need the solution of EE (VE) problem to determine its critical
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degree. Which is counter productive if we want to solve this problem. Still we can try to find some good
lower bounds for the critical degree. In Example we saw that the impact of edge is present as long as
we have 1-colored edges in the 1-DAG. From the definition of edge and vertex elimination on bi-colored
I-DAGs we know that 1-colored edges can disappear only through absorption. Which is impossible in
absorption-free graphs. Hence we have to propagate the 1-colored edges through the 1-DAG until all of
them connect the inputs with the outputs to completely remove the impact of a given edge. As we already
saw in the Example the impact of edge on the given edge (vertex) elimination sequence is smaller if
we remove the vertices which are incident to this edge at the very end of the elimination sequence. This
is the idea behind the lower bounds for the critical degree of an edge presented in the next two lemmas.
Although the idea is easy to understand and one could even believe this statement without a proof, the
rigorous proofs are long as they have to cover a lot of cases. Still the proofs are straight forward and do
not contain any specific tricks or ideas.

We prove these results only for the vertex elimination and use Theorem to ensure that the claim
holds also for edge elimination. We could also prove the same lower bounds for the edge elimination
directly. This proof is similar but significantly longer as we have to cover more cases. First we prove the
lower bound for non-intermediate edges.

Lemma 4.19. Consider absorption-free I-DAG G, (a,b) € {(i,j) € E*(G)|i € X(G) V j € Y(G)}.
For any complete vertex elimination sequence [v1, . .. ,v,] holds

o([vr,.. o)) = o6 ([v1,...,va]) + [ X(a)] - Y (B)]
where G' is a subgraph of G with (a,b) ¢ E(G').

Proof. We set G; = G — [vy,...,v;] and G} = G’ — [vy,...,v;]. Proof by induction over the length
n = |Z(Q)| of the elimination sequence.
n=1:

Case 1. b € Z(G). Hence a € X(G). From the definition of vertex elimination follows that b can be
eliminated from G by front elimination of all its incoming edges, yielding

a(b) = Z a((v,b)+) = Z U((v,b)+) —|—U((a, b)+)

veP(b) vEP(b)\{a}

= > SOI+IS®I= D (S ®)]+ |SO)|

veP(b)\{a} vEPq/ (b) Z‘Y"(b)‘

= Y e (b)) +|X()] V()] = oc (b) + |X(a)| - [V (b)]
~——

’UEPG/(b) -1

Hence the claim holds for this case.
Case 2. a € Z(G). This case is symmetrical to Case 1.
nn+1:
Case 1. b € Z(G). Hence a € X(G).
Case 1.1. v; # b. By induction assumption follows

0G—v; ([U27 cee aUnD > 06— ([U2a cee 7vn]) + ‘XG*”UI (a)| ’ |YG*U1 (b)|
Asa € X(G) and v1 # b we know that

[Xa—v,(a)] = |[X(a)| =1 and [Yo, (D)) =Y ()] ,
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and as from Lemma 3.6]follows that o(v1) > o¢r(v1) we get

o([vr,... vn]) = 0(v1) + 0G—v, ([V2,- -, n])
> UG’(UI) + oG- ([U% cee 7vn]) + |Xva1(a)| : |Yva1(b)|
— o6 ([ va]) + X (@) - V()

Hence the claim holds for this case.

Case 1.2. v; = b. Hence a € X(G) and | X (a)| = 1. From the definition of vertex elimination follows
that vy (= b) can be eliminated from G by subsequent front elimination of all its incoming edges. Taking
into account that (a, b) ¢ E(G’) we get

o(v1) = Z o((v,0)") = Z o((v,0)") +o((a,b)")

veP(b) vEP(b)\{a}
= Y o(Wh)+ISOI= D e (b)) +S0)
veP(b)\{a} vEPgs (b)
:UGI(U]_) + |S(b)| . (412)

After the elimination of vy (= b) the -DAG G — v; can contain edges that are induced (a, b) meaning that
we have not considered the full contribution of the edge (a,b) so far. The -DAG G — v; contains such
edges if S = S(b) \ Y (b) # 0 (compare Figure 4.23).

ol

(@) G ® G —v; (O%e4 G -

Figure 4.23: Proof of Case 1.2 in Lemmam

Repeated application of the induction assumption to all (a, w) with w € S yields

o6, ([V2s -y Vng]) 2060, (U2, vnga]) + IXG1 ) Ya, (w)]
wES
=0G1—v, ([V2, -, Vnt1]) + Z|Ygl(w)| . (4.13)
weSs
From the definition of vertex elimination follows that the elimination of v; = b preserves all paths

connecting w € S(b) with the outputs of G and hence Y (w) = Y, (w) for all w € S(b). We also know
that in absorption-free I-DAGs

vy = J v = |J Yo, w) = Y () U(S®H)\S)

weS(b) weS(b) weSs
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Weset T = S(b) \ S. Hence
Y () =Y Yo, (w)|+|T] . (4.14)

weSs

Combining the results from Equation (#.12)), Equation (#.13) and Equation {#.14) we get

0([1}1, .. ,vnH]) =o(v1) +o0g, ([vg, e ,vn+1})
Eq’
> oc (1) + 0a—v, ([v2, - vnga]) + SO+ Ve, (w)|
Eq —~ weS
>|T|
Rderel (Ul) + oG —v ([U27 s 7Un+1]) + |T| + Z |YG1 (w)|
weS
Eq(4.14)
Coe (o1, vnra]) + | X (@)Y (0)]
——

=1

finishing the proof for this case.

Case 2. a € Z(G). This case is symmetrical to Case 1.

For intermediate edges we can provide a better lower bound for the critical degree.

Lemma 4.20. Consider absorption-free I-DAG G, (a,b) € {(a,b) € E*(G)|a,b € Z(G)}. For any
complete vertex elimination sequence [vy, . .., v, holds

0([1}1, . ,vn]) > (TG/([Ul, . ,vn]) +|X(a)| - Y (D) —|—min{\X(a)|, |Y(b)|} ,

where G’ is a subgraph of G with (a,b) ¢ E(G").

Proof. We set G; = G — [vy,...,v;] and G, = G’ — [vy,...,v;]. Proof by induction over the length
n = |Z(G)| of the elimination sequence. To insure the property that a,b € Z(G), G has to contain at
least two intermediate vertices. Therefore we start the induction by n = 2.
n = 2: As a and b are the only vertices in the I-DAG G and (a, b) € E(G)

P(a) = X(a) and S(b) =Y (b)
Case 1. v; = b. From the definition of vertex elimination follows that elimination of vertex v; (= b) from

G can be simulated by front elimination of all its incoming edges. Taking into account that (a, b) ¢ E(G’)
we get

o(v) = Z o((v,0)") = Z o((v,0)%) +0o((a,b)")

vEP(b) vEP(b)\{a}
= D ISOI+ISOI= Y SO+ |SO)
veP(b)\{a} vEPgs (b)

=Y (b)]
=ocr(v1) + 1Y ()] - (4.15)
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From (a,b) ¢ E(G’) follows that (a,w) ¢ E(G" —b) while (a,w) € E(G —b) forall w € S(b). Hence
Sa, (a) = S(a) U S(b) while S¢ (a) = Sg/(a) C S(a) \ {b} yielding

oG, (v2) =0, (@)= Y oe((@v) )= D oe((@v))

vESg, (a) vES(a)US(b)
=Y [Pa@l+ ) IPe(@)l= ) |Pe(@)|+ Y |Ps,(a)]
ves(@) ves®) 8@ i@ SO i)
> Y e ((@v))+ Y IP@)]Z o6 (@) + Y |[P(a)
vESg (a) veS(b) veES(b)
=0y (a) + |S()] - |[P(a)| = og; (v2) + | X(a)| - [Y(B)] (4.16)
~—— N——
=Y ()] =IX(a)]

Combining the results from Equation (#.13)) and Equation (#.16)), we get

o ([v1,v2]) =o(v1) + 0, (v2)
Eq
Eq(4.16)

=oc ([v1,v2]) + [Y(0)| + [X (a)] - |Y (0)]
>0/ ([v1, v2]) + min{| X (a), [Y ()|} + | X (a)] - [Y (D)]

oc(v1) + 1Y (0)| + 06y (v2) + [ X(a)| - [Y(D)]

finishing the proof for this case.
Case 2. v; = a. This case is symmetrical to Case 1.
n—n+1

Casel. v; # aand v, # b. Hence X, (a) = X (a) and Yg, (b) = Y (b). The claim follows immediately
from applying the induction assumption to (1 and the fact that o(v1) > o (v1) according to Lemmal3.6]

Case 2. v; = b. From the definition of vertex elimination follows that v; (= b) can be eliminated from
G by subsequent front elimination of all its incoming edges. Taking into account that (a,b) ¢ E(G’), we
get

ov) =Y o(wh) = > (b)) +o((ab)")

vEP(b) veP(b)\{a}
= > o(Wh))+ISOI= > e (@b)t)+SO)
veP(b)\{a} vEPg/(b)
=0 (v1) +|S()] @.17)

Weset S = Sb)\Y(®) and T = S(b) NY (). (a,b) ¢ E(G’) and therefore for all w € S(b):
(a,w) ¢ E(G}) while (a,w) € E(G1). From induction assumption follows that the contribution of the
edge (a,w) with w € S to the overall costs of the vertex elimination sequence [va, . .., v, 1] on Gy is at
least

oa, ([v2, ... vn]) > 0gr ([, - - -, va]) + min{|Ye, (w)], | X, (a)|} + [Ya, (w)] - | Xa, (a)| . (4.18)

For all w € T the edge (a,w) is a edge on G;. According to Lemmal4.19|the contribution of this edge to
the overall costs of the vertex elimination sequence [va, . .., v,+1] on Gy is at least

oc, ([v2, .-+ vn]) = 06 ([v2,. -, va]) + X, (a)] 4.19)
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Hence repeated application of the Equation (4.18)) and Equation (4.19) to all (a, w) € E*(G1) yields

oG, ([’UQ, . ,’l}n+1]) >O'G/ ([”UQ, e Un+1])
+ 3 (min{ Ve, 0 1Xe, (@)} + Ve, (0)] - | X, (@)]) + D |X e, (a)
vES veT
:O-G’l ([U27 e 7Un+1])
+Zmin{|YG1(v)|v|XG1(a)|} + ‘XGl |Z|YG1 |+|T| |XG1( )‘
vES veS
(4.20)
Obviously as G is absorption-free 1-DAG
Y (b) = (Y(b)\T) UT = JY(0)UT = | JYe, () UT .21)
veS veS
and hence applying Equation (#.21)) to Equation #.20) we get
ocy ([va, - vns1)) 206! ([va, -+ -5 vnt1])
+ Y min{[Ye, (v)], [Xe, (@)} + X, (@)Y (0)] = T]) + [T - | Xe, (a)]
vES

=0y ([v2, - vnpa]) + Y min{|Ye, (0)], X, (a)]} + [Xe, (a)] - Y (D)]
veS
(4.22)

Combining all results of Equation (.17), Equation (.22) and Equation (.2T) and taking into account
that X (a) = X¢g, (a), we get

U([vl,...,vn+1]) Zagr([vl,...7vn+1])+\5( )+ X (a) |+Zm1n{|YGl ), 1 X( )|}
veS
>oc([v1, - Uny1]) +\i@lﬂX(aﬂ -[Y'(b)[ + min {Z:SYGI(U)L |X(a)}
>(T|
>0 ([v1, -5 vna]) + T + (X (a)] - [V (0)] + min{[Y'(0)] — T, X (a)[}

>0 ([v1,- -, vnga]) + X (@)] - [V (B)] + min{]Y (B)], | X (a )\} ;
finishing the proof for this case.
Case 3. v; = a. This case is symmetrical to Case 2.

O
We can now combine the lower bounds for intermediate and non-intermediate edges into one formula.
Theorem 4.5. The following holds for any absorption-free I-DAG G and (a,b) € E*(G).
Ag((a,b)) > min{|X(a) \ {a}|, Y (0) \ {b}|} + [X(a)| - [Y(0)]
Proof. Follows directly from Lemma.19 and Lemma[4.20|using that

. a€ X(G@)orbeY(G)
min{|X (a) \ {a}[,|Y(b) \ {b}|} = { min{|X(a)],[Y(b)|}, a¢ X(G)andb ¢ Y(G)
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(@) G ()G’ =G — [(v1,v3)7, (z1,v3) ", (22, v3)F] © G"

Figure 4.24: Optimality preserving eliminations using critical degree of an edge (illustrating Exam-

ple[d.10).

The result from Theorem [4.5]is one of the most important results of this thesis. It not only allows to
perform optimality preserving eliminations. It also builds the base for the algorithms computing lower
bounds on absorption-free developed in this thesis.

We now have a lower bound for the critical degree of an edge. If we are able to transform a graph by
edge (vertex) eliminations to a subgraph that does not contain this edge, using the same number of fmas as
provided by the lower bound, then these eliminations preserve optimality according to Lemma.18] In the
following example we will demonstrate the application of the Theorem [4.3]to compute the lower bound
for the critical degree of an edge and show how to use the result for optimality preserving eliminations.

Example 4.10. Consider I-DAG G as on Figure According to Theorem the critical de-
gree of the edge (v1,vs) is at least 8. Now let us see whether we can find an edge elimination se-
quence that transforms G into G' such that G' is a subset of G and (vi,v3) ¢ E(G') at costs of 8.
Obviously [(vl, v3) ", (w1,v3) T, (w2, ’U3)+] is a such elimination sequence. The resulting I-DAG G’ =
G — [(v1,v3)7, (z1,v3)T, (w2,v3) "] is presented on Figure Hence, according to Lemma @
this edge elimination sequence preserves optimality. Similar, the critical degree of the edge (v2,vy) in
G’ is also at least 8 and therefore the edge elimination sequence [(’02, v4) T, (vg,y2) 7, (vg, yg)’} pre-
serves optimality. The resulting I-DAG G" = G' — [(va,va)™, (va,y2) 7, (va,y3) "] is presented on
Figure Again using the Theorem we know that the critical degree of the edge (v2,y4) on
I-DAG G" is 3. Obviously the back elimination of the edge (va,y4) preserves optimality according to
Lemma[.18} So we solved the optimal edge elimination problem for the I-DAG G using 19 fmas.

As you can see from the previous example, we can always find an optimality preserving elimination se-
quence for an intermediate edge (a, b) when all predecessors of a and all successors b are inputs or outputs
respectively. To remove such an edge optimally we first have to compare the number of predecessors of
a with the number or successors of b. If |P(a)| < |S(b)], we can remove this edge by back eliminating
it followed by front elimination of all edges connecting the predecessors of a with b (as we did with the
edge (v1,vs) in Example d.10). If |P(a)| > |S(b)| we first front eliminate the edge (a,b) followed by
back elimination of all edges connecting a with successors of b (e.g. edge (va, v4) in Example . The
next Lemma proves this strategy.

Lemma 4.21. Consider absorption-free I-DAG G, (a,b) an intermediate edge of G such that P(a) C
X(GQ) and S(b) CY(Q).

1. If|P(a)| < |S(b)| then the edge elimination sequence [(a,b)~, (v1,b)*, ..., (v|p(a)],b) "], where
v; € P(a) forall 1 <i < |P(a)| and v; # v; for i # j preserves optimality for edge elimination.
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2. If|P(a)| = |S(b)| then the edge elimination sequence [(a,b)™, (a,v1)™, ..., (a,vs@))” |, where
v; € S(b) forall1 < i <|S(b)| and v; # vj fori # j preserves optimality for edge elimination.

Proof. Ad 1: Obviously
G- [(aa b)iv (vla b)Jra R (v|P(a)\vb)+} g G

From the fact that P(a) C X(G) and S(b) C Y(G) follows that P(a) = X (a) and S(b) = Y (b). Hence
the costs of the edge elimination sequence are

o ([(@8) . (010", (e ]) =IP@]+ 3 150)| = [P(a)] + |P(a)] - IS(O)]

vEP(a)
=[X(a)] + [X(a)] - [Y(0)]
=min{|X(a)],[Y (b)|} + X (a)| - [Y ()]

The claims follow immediately from Lemma and Theorem
Ad 2: Symmetrical to 1. O

Algorithm [6] performs optimality preserving eliminations according to Lemma [4.21] for all edges that
satisfy the requirements of the lemma and computes the costs for these eliminations. This algorithm
computes incremental costs such that it can be used in other algorithms later (e.g. Algorithm ).

Algorithm 6 Optimality preserving eliminations according to Lemma [4.21]

Require: absorption-free -DAG G, costs

Ensure: G, costs
1 U = {(i.j) € B(@) | P(i) € X(G) and S(j) € Y(@)}
2: for all (a,b) € U do

3: if |[P(a)| < |S(b)| then

4: G+ G- (a,b)f

5 costs + costs + |P(a)|

6: for all v € Pg(a) do

7: G +— G — (v,b)"

8: costs < costs + [S(b)]
9: end for

10: else

1 G+ G—(a,b)F

12: costs < costs + |S(b)]

13: for allv € Si(a) do

14: G + G —(a,v)”

15: costs « costs + |P(a)|
16: end for

17: end if

18: GG

19: end for

We do not examine the complexity of Algorithm [6]as this depends on the complexity of finding the
set U (set of edges that can be eliminated preserving optimality) and we have not presented any specific
algorithm to determine this set U. The complexity of performing the optimality preserving eliminations
is not of interest as eliminations have to be performed in any case if we want to transform the 1-DAG to
bipartite graph.
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We can also develop a similar strategy for an edge (a,b). If a € Z(G) and all predecessors of a are
inputs, then back elimination of (a, b) preserves optimality (compare (vz, y4) in Example[4.9). Similarly,
ifb € Z(G) and all successors of b are outputs the front elimination of the edge (a, b) preserves optimality.
Let us prove this idea too.

Lemma 4.22. Consider absorption-free I-DAG G, (a, b) a non-intermediate edge.

1. Ifa € X(G) and S(b) C Y (QG) then forward elimination of edge (a,b) preserves optimality for
edge elimination

2. Ifb € Y(G) and P(a) C X(G) then back elimination of edge (a,b) preserves optimality for edge
elimination

Proof. Ad 1: Obviously G — (a,b)* C G. The costs of front elimination of (a, b) are
o((a,0)%) =[S(0)| = [Y (b)|

Hence the claim follows immediately from Lemma and Theorem 4.3]
Ad 1: Symmetrical to 1. O

Algorithm [7] performs optimality preserving eliminations according to Lemma [4.272] for all edges that
satisfy the requirements of this lemma. Similar to Algorithm[6]this algorithm computes incremental costs
such that it can be used in other algorithms later (e.g. Algorithm|g).

Algorithm 7 Optimality preserving eliminations according to Lemma |4.22)

Require: absorption-free -DAG G, costs /I Computes incremental costs
Ensure: G, costs

1: U< {(i,j) € E*(G) | (i€ X(G)AS(j) CY(G)) or (j € Y(G)AP(i) C X(G))}

2: for all (a,b) € U do

3: ifa € Z(G) then

4: G+ G—(a,b)”

s: costs < costs + |P(a)|
6: else

7: G+ G- (a7 b)+

8: costs «+ costs + |S(b)]
9: end if

10: end for

We do not examine the complexity of Algorithm [7]for the same reasons given for Algorithm 6]

The combination of Algorithm [6]and Algorithm [7] yields an algorithm that finds a complete optimal
edge elimination sequence for absorption-free I-DAGs with maximal path length 3. This algorithm is
presented in Algorithm[8] Please refer to Example [4.9]for an example of application of Algorithm[8] Let

Algorithm 8 Solve EE for absoprtion-free I-DAG G with maximal path length 3.
Require: absorption-free I-DAG G with maximal path length 3
Ensure: costs

1: costs + 0

2: ALGORITHM [6[G, costs)

3: ALGORITHM[/[G, costs)

us now prove the correctness of the Algorithm §]
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Lemma 4.23. Consider absorption-free I-DAG G, with maximal path length 3. Algorithm [§] finds a
complete optimal edge elimination sequence.

Proof. According to Lemma [{.21] Algorithm [6] performs optimality preserving edge eliminations. Ob-
viously after it finishes the I-DAG contains only paths of length 2. Hence the prerequisites of the
Lemma[.22]are fulfilled and therefore the routine Algorithm 7]also performs optimality preserving edge
elimination sequences. Hence Algorithm §]computes a complete optimal edge elimination sequence. [

Finding the sets U for Algorithm []an Algorithm [7]can be done in linear time. Moreover for each edge
in these sets we know how to eliminate them while preserving the optimality. Hence Algorithm [§]solves
the edge elimination problem for an 1-DAG with maximal path length 3 in linear time. Using similar
ideas, we could also develop an algorithm that finds a complete optimal vertex elimination sequence.
This algorithm would look for an intermediate edge (a,b) such that min{|X (a), |Y'(b)|} is smallest
among all intermediate edges. Once you have found such an edge, you have to eliminate vertex a if
| X (a)| < |[Y(b)] orbif | X(a)| > |Y(b)|. Then you repeat this procedure, until the I-DAG contain only
non-intermediate edges. You can then eliminate the remaining vertices in arbitrary order.

We will omit writing down this algorithm and proving its correctness as the Algorithm 8]is faster and
thus should be preferred in practice. Still although the optimal vertex elimination problem has a much
smaller search space compared to the edge elimination problem, sometimes switching to edge elimination
allows the problem to be solved more efficiently. We will come back to this in later chapters.

4.3.3 Lower bounds

In the previous subsection we made significant progress in solving the optimal edge [vertex] elimination
problem for absorption-free 1-DAGs. Still we are not able to solve this problem completely. There
are still absorption-free 1-DAGs that cannot be solved by the technique presented so far (compare I-
DAG on Figure #.25(a)). As we can see, we cannot apply any of the optimality techniques from the
previous subsection to this I-DAG. For such cases good lower bounds can help us solve the optimal edge
[vertex] elimination problem on such 1-DAGs efficiently. In this subsection we will discuss existing lower
bound based on Markowitz degree (compare Definition [2.14) first presented [NHO8|| and develop new
(better) lower bounds based on critical degree and optimality preserving eliminations from the previous
subsection. For the lower bounds based on critical degree we exploit the result from Theorem 4.5

This subsection is structured as follows: first we discuss the lower bound based on Markowitz degree
and present the corresponding algorithm to compute the lower bound (Algorithm [0). Then we discuss
the basic algorithm for computing lower bounds based on critical degree of an edge (Algorithm [I0).
Afterwards we compare both approaches and show that neither of them is superior, Although in most
cases Algorithm [10] provides better results. We then extend the basic algorithm by using the optimality
preserving results from Section[4.3.2] The resulting algorithm is shown in Algorithm [IT} We prove that
lower bounds provided by Algorithm|IT]are superior to the lower bounds based on Markowitz degree. At
the end of this subsection we apply Algorithm [IT]to several absorption-free graphs. These results will be
reused in Chapter [6]and Chapter[7]

As the number of successors and predecessors is not decreasing in the absorption-free 1-DAG, the
sum of Markowitz degrees of all intermediate vertices is obviously a lower bound for the number of
multiplications for any complete vertex or edge elimination sequence as shown in the next lemma.

Lemma 4.24. Consider absorption-free I-DAG G.

Proof. Follows immediately from Lemma [4.3|and Definition [2.14] O
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The next algorithm uses the result from Lemma[4.24] to compute the lower bounds. (Note: the algorithm
computes incremental lower bound for usage in later algorithms).

Algorithm 9 Lower bound for absoprtion-free 1-DAGs based on Markowitz degree
Require: absorption-free -DAG G, 1b
Ensure: 1b < EE(G)
for allv € Z(G) do
1b < 1b+ |P(v)| - |S(v)]
end for

Often there is a big gap between the bounds computed by the Algorithm [0 and the number of fmas
actually performed during an optimal edge (vertex) elimination sequence, as shown in the next example.

Example 4.11. Consider I-DAG G as on Figureld.24(a)| The sum of Markowitz degrees of all intermedi-
ate vertices in this I-DAG is

4
> markg(v) =2+43+6+2=13 |
i=1

while the optimal solution requires 19 fimas as shown in Example[#.10}

The reason for this is, that this approach does not take into account the fact that the Markowitz degree of
vertices may (and typically does) increase during the elimination sequence. For example the Markowitz
degree of the v3 on 1-DAG G from Figure after the front elimination of (v1, ) is 6 and not 3 as
before the edge elimination.

One idea to address this problem was presented in [CHMU12[]. A lower bound for the number of
fmas of a given vertex elimination sequence was required to speed up the branch and bound algorithm
for solving the VE problem. The vertex elimination problem was reformulated as integer programming.
The authors suggested replacing the Markowitz degree of the last vertex in the elimination sequence with
the number of independent variables connected to this vertex times the number of dependent variables
connected to it. While for given vertex elimination sequence this idea improves the lower bound for the
number of fma’s, it may fail to provide a valid lower bound for an 1-DAG in general as shown in the next
example.

Example 4.12. Consider I-DAG G as on Figure[4.21(b), As we already know from Example d.8|VE(G) =
EE(G) = 10. If we assume that vy is eliminated last, the lower bound we get is not valid as

markg(v2) + | Xg(v1)| - [Ya(v1)|=4+2-4=12>10

In the following we will use the under estimator of the critical degree of an edge (Theorem[4.5) to compute
a lower bound for the optimal edge elimination problem. The basic idea behind this approach exploits the
fact that EE(G) = Ag(i, ) + EE(G[E(G) \ {(4,5)}]). So to compute the lower bound we can choose
an arbitrary edge (¢, j), compute the lower bound for the critical degree of this edge with the results from
Theorem [4.5|and then repeat this procedure with the resulting 1-DAG G[E(G) \ {(i,7)}]. Let us discuss
this approach on an example.

Example 4.13. Consider I-DAG G as on Figure According to Theorem Ag(vy,v3) >
24+2-3 =8 G = (G[E(G) \ {(v1,v3)}] is presented on Figure Similarly the critical
degree of (v2,v4) on G' is at least 8 and the resulting I-DAG G" = (G'[E(G') \ {(v2,v4)}] is shown on
Figure Last we estimate the critical degree for (va,y4) on G"” which is according to Theorem
at least 3. Hence we get a lower bound of 8 + 8 + 3 = 19.
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Obviously we should never estimate a critical degree for an edge if it lays on a path longer than 2, as this
approach yields worse lower bounds. Instead of that we should rather estimate the critical degree of an
intermediate edges that lays on the same path. As demonstrated in the following example.

Example 4.14. Consider I-DAG G as on Figure The edges (1, v1) and (x5, v1) induce the same
part of G as the edge (v1,vs) as G[E(G) \ {(v1,v3)}] = G[E(G) \ {(z1,v1), (x2,v1)}]. If we use
Theoremta estimate the critical degree of the edges (x1,v1) and (x2,v1), we get a lower bound of 6.
Which is smaller compared to the lower bound we get if we estimate the critical degree of (v1, vs) which
gives us a lower bound of 8 for the same part of G (as already discussed in Example[d.13)).

This leads us to the basic algorithm for lower bounds based on critical-degree presented in Algorithm[T0]
(Note the algorithm computes incremental lower bounds for usage in later algorithms).

Algorithm 10 Lower bound based on critical-degree (basic algorithm)
Require: absorption-free I-DAG G, 1b
Ensure: 1b < EE(G)
U« E*(G)m(Z(G) X Z(G))
while U # () do // Intermediate edges
choose (i,7) € U
1b < 1b + min{|X(3), [V (j)|} + | X (&)| - [V (5)]
G« G[E(G)\{(i,5)}]
U« E*(G)m(Z(G) x Z(G))

end while

for all (i, ) € E*(G) do // Non-intermediate edges
1b « 1b + \X(2)| |Y(J)|
G« GIE@\ ()

end for

Algorithm [I0] works as follows. As long as the set of intermediate edges in I-DAG G is not empty, the
algorithm chooses one of the intermediate edges, estimates its critical degree according to Theorem [4.3]
and increases the lower bound 1b by this value. Then the I-DAG G is set to the subgraph of G without the
edge (4, j) and we apply the same procedure to the new 1-DAG G. Once the set of intermediate edges of G
is empty, the Algorithm [I0]applies a similar approach for non-intermediate edges of G. The correctness
of the Algorithm [I0]follows immediately from the Lemma and Lemma .20

The complexity of Algorithm [T0]depends on the complexity of building a subgraph of G without the
edge (4, j) and the costs of determining the size of the sets X (¢) and Y (). To build the subgraph we need
to remove the edge (¢, j) and then recursively remove all intermediate vertices that have no incoming or
no outgoing edges. The removal of each vertex also reduces the number of edges in the graph by at least
one, such that we do not have to estimate the critical degree for this edge anymore. Therefore we assume
that constructing a subgraph costs one operation. The costs of determining the sizes of X (¢) and Y (j)
strongly depend on the given implementation. Discussing all various approaches goes beyond the scope
of this thesis. At this point I would only like to note that on absorption-free graphs the sizes of the sets of
X (i) and Y (§) can be determined efficiently as

> IX(i)| and = Y [Y()

1€P(v) 1€S(v)

In summary, the Algorithm[I0]has a worst case complexity of O(|E*(G)|- F), where F is the complexity
of computing the size of X (i) and Y (j).
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It is easy to see that if the -DAG G has maximal path length 3, then the Algorithm [T0] computes a
perfect lower bound. This means that the computed lower bound is equal to the number of fmas that are
performed during an optimal edge (vertex) elimination sequence as discussed in the next example.

Example 4.15. If we apply this algorithm to the I-DAG on Figure the algorithm computes
the lower bound for the critical-degree of the intermediate edges (vi,vs) and (va,vs). The computed
lower bound is 8 for both edges. For the resulting I-DAG G[E(G) \ {(v1,v3), (v2,v4)}] (compare Fig-
ure the algorithm would provide a lower bound of 3. All together we get a lower bound of 19
which is equal to the number of fmas performed by the optimal elimination sequence as demonstrated in

Example

Let us now apply the Algorithm [T0]to a slightly bigger 1-DAG where the algorithm does not compute a
perfect lower-bound.

Example 4.16. Consider G as on Figure (We assume that Algorithm [I0 picks the edge with
smallest source first. If there is more than one edge with the smallest source then it picks the one with the
smallest sinks). According to this assumption the algorithm first estimates the contribution of the edge
(v1,v2). This edge is connected to 4 inputs and 7 outputs. Hence

Ag(vl,’l}g) 24+74:32

The resulting I-DAG G’ = G[E(G)\ {(v1,v2)}] is shown on Figure{4.25(b)|Next the algorithm picks the

v 1

1 ) 3 En 5 1 T2 3 4 5

@a (0) G’ = G[B(G) \ {(v1,v2)}]
Figure 4.25: Application of Algorithm (illustrating Example |4.16).
edge (v, v3). This edge is connected to 1 input and 3 outputs in G'. Hence, according to Theorem
Agl(vg,vgg) 2 1+1-3= 4

Then the algorithm estimates the contribution of the edge (v, v4) on the I-DAG G" = G|E(G) \
{(v1,v2), (v2,v3)}]. The contribution of this edge is the same as on G' as (va,vs) and (v, v4) do
not have any common paths. (va,v4) is connected to 1 input and 4 outputs and therefore

AG”(U27U4) Z 1+1 4: 5

Hence, the lower bound computed by the Algorithm[I0|for I-DAG G is 32 + 4 + 5 = 41. The costs of the
elimination sequence [v1, Vs, Uy, V2] are 46 and therefore the lower bound is at most 5 fimas away from
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the optimal solution. Using the lower bound based on Markowitz degree we get a lower bound of
4
> markg(v;) =4+4+3+5=15 ,
i=1

showing the superiority of the new approach for this example.

The choice of the edges does have an influence on the produced bounds as the following example demon-
strates.

Example 4.17. Consider an I-DAG G as on Figure In the Example [ .16l we saw a lower bound
of 41 fimas. Now we show that the Algorithm[I0 can provide a better bound if we choose different edges
to estimate the critical degree. According to Theorem4.3]

Ac(vg,v3) >34+3-5=18 and Ag/(ve,vq) >4+4-5=24
where G' = (G[E(G) \ {(v2,v3)}]. Hence we get a lower bound of 18 + 24 = 42.

Although Algorithm [T0]seems to provide very tight lower bounds, it is not always superior to the sum of
Markowitz degree as shown in the next example.

Example 4.18. Consider I-DAG G as on Figure Using the Algorithm[9to compute the lower
bound yields a lower bound of

3
1b=) markg(v;) =2+1+1=4
=1

Let us now look what lower bound is computed by Algorithm If the algorithm chooses the edge

@G b G

Figure 4.26: Algorithm|§| is better than Algorithm (illustration of Example .

(v1,v2), we get the lower bound of
1b = min{|X(v1)|, |Y(v2)|} + | X (v1)] - Y (v2)] = min{2,1} +1-2=3

The resulting I-DAG G' = (G[E(G) \ (v1,v2)] does not contain any eliminatable edges (compare Fig-
ure[@.26(D)). Therefore 3 is the final lower bound. Hence, the result produced by the lower bounds based
on Markowitz degree is better than that of Algorithm|[I0]
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The reason why the Algorithmproduces a bad lower bound is that after removing the edge (v1, v2), v1
does not have any outgoing edges and therefore we have to remove this vertex from the resulting I-DAG
recursively. Similarly the vertex vy does not have any incoming edges and therefore we also remove this
vertex from the 1-DAG recursively. So the Algorithm [I0] simply ignores the existence of the vertex v;.
Hence, to improve the lower bounds we should try not to remove an edge that is the only outgoing edge
of its source or the only incoming edge of its sink. Instead of that we should try to exploit the optimality
preserving results from Lemma and Lemma .17} So we extend our basic lower bound algorithm
with the optimality preserving eliminations, we developed in previous section. The resulting algorithm is
presented in Algorithm[T1]

Algorithm 11 Lower bound based on critical-degree and optimality preserving eliminations
Require: absorption-free I-DAG G, 1b
Ensure: 1b < EE(G)

1: changed < true

2. while E*(G) # () do

3: if changed then // Perform optimality preserving eliminations
4 G G

5 ALGORITHM[3(G, 1b)

6: ALGORITHM[6[ G, 1Db)

7 ALGORITHM[/(G, 1b)

8 changed « (G’ # G)

9 else /I Choose an edge and compute a lower bound for its critical degree
10: choose (i,7) € E*(G)

i 1b = 1b+ min{|X () \ {3}, [Y () \ GGH} + X @) - [V ()

12: G =G[E(G)\{(i.))}]

13: changed < true

14: end if

15: end while

Although we only extended the Algorithm [I0]it looks completely different. We do not have to com-
pute the lower bounds for the non-intermediate edges explicitly, as this is done by optimality preserving
eliminations through Algorithm

If we apply Algorithm[IT]to the I-DAG G from Example [d.18] we get the same lower bound as with
the bound based on Markowitz degree because the elimination sequence [v1, v2, v3] preserves optimality.

We do not discuss the runtime complexity of the this algorithm, as it strongly depends on the way
of updating the sets of possible candidates for Algorithm [5} Algorithm [6]and Algorithm[7] There have
not been made any implementation of this algorithm so far. More research is needed to make an efficient
implementation of this algorithm.

The choice of the edge in the last branch of the Algorithm [TT]is crucial. You should try to choose
(i,7) such that |S(i)| > 1 and |P(j)| > 1, as otherwise this causes a removal of a vertex which typically
makes bounds worse, especially if the removal of a vertex causes recursive removal of other vertices as
in Example During this Ph.D. thesis I had no time to find the best strategy for the choice of an edge
neither in Algorithm [IT] nor Algorithm [I0]so there is still room for improvement and further research at
this point. For the best choice of the edge to remove one should consider that the lower bounds based
on critical degree and the optimality preserving results from the previous section can build a perfect
symbiosis. If we cannot perform any optimality preserving eliminations, we can simply remove edges
until an optimality preserving elimination is possible. Using this strategy we can perform optimality
preserving eliminations rather than remove vertices. Let us discuss this on the following example.
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1

Figure 4.27: Illustration of G’ = G[E(G) \ {(z1,v1}] in Example

Example 4.19. Consider I-DAG G as on Figure Obviously we cannot apply any of the opti-
mality preserving results from the previous section but after the removal of (x1,v2) we could (compare

Figure[d.27). According to Theorem[4.3]
AG (:El ; 1}2) 2 7

According to Lemma and Lemma the vertex elimination sequence [vs, V3, v4, V1| preserves
optimality on the resulting I-DAG G' = G |E(G) \ {(x1,v1}]. The costs of this elimination sequence are

UG/([vg,vg,m,vl]) =24+34+4+7-4=37
Hence Algorithm[I1|will provide us a lower bound of 7 + 37 = 44 in this case.

The next lemma shows that Algorithm computes better lower bounds than Algorithm [] if it al-
ways chooses a non-intermediate edge in line [I0}] As already mentioned previously, choosing a non-
intermediate edge is definitely not the best strategy and one should rather try and find proper intermediate
edges to remove. Still this assumption simplifies the proof a lot and is good enough to show the advan-
tages of the new approach.

Lemma 4.25. The lower bound produced by Algorithm[I1]is better than that of Algorithm[9)if the edge
in line[I0| of Algorithm[I1)is always a non-intermediate edge.

Proof. Proof by induction over the number n of iterations of the outer loop in Algorithm[T1]

n = 1: If the iteration performs one of the optimality preserving eliminations then there is nothing to
show. Let us now assume that the algorithm does not perform an optimality preserving elimination. Hence
it computes a lower bound for the critical degree of a non-intermediate edge. We will show that this case
is impossible because in this case we could also apply one of the optimality preserving eliminations. If
we compute a lower bound for a non-intermediate edge (¢, 7) then G[E(G) \ {(4, j)}] does not contain
any edges as there is only one loop iteration. W.l.o.g. we assume that i € X (G) (the case that j € Y (G)
is symmetrical). Hence P(j) = {i} and S(¢) = {j} as otherwise G[E(G) \ {(4, j)}] would still contain
edges. Hence j satisfies the requirements from Lemma[4.17]leading to the desired contradiction.

n — n+1: Again the claim is trivially true if Algorithm[IT|performs an optimality preserving elimination
during the first loop iteration. Therefore we assume that in the first iteration the lower bound for the
critical degree of a non-intermediate edge (¢, j) is computed. W.l.o.g. we assume that i € X (G) (the
case that j € Y (G) is symmetrical). We know that |P(j)| > 1 as otherwise the Algorithm [11| would
perform an optimality preserving elimination according to Lemma Hence Z(G) = Z(G') and
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E(G)\ {(i,j)} = E(G), where G' = G[E(G) \ {(i,j)}] and therefore P(v) = P/ (v) for all
v e Z(G)\{j}and S(v) = Sg(v) forall v € Z(G). From induction assumption follows
) =

Algorithm[TIG) =|Y (j)| + Algorithm[II(G") > Y ()| + Z |Pgr (v)| - |Sar (v)]
veZ(G’)

=Y () + P ()] 1S ()l + Y [Par(v)] - |Ser (v)]

veZ(G\{5}

=Y+ (IPOI=DISGI+ Y [P)]-1S)|

veZ(G)\{j}

2P+ (1POI=1)ISGI+ Y [P ISW)

veZ(G)\{j}

= Z |P(v)| - |S(v)| = Algorithm[9G)

veZ(G)
O

As we can see that there exists at least one strategy for choosing (4, ) in Line [10[of Algorithm such
that the algorithm produces better lower bounds than Markowitz degree. You might have noticed that the
choice of (i, j) creates new optimality preserving situations for Lemma and Lemma as already
mentioned above. So if we always choose (i, j) in Line of Algorithm as described in Lemma
we get better lower bounds as from Markowitz degree. Still this is definitely not the optimal strategy. As
already mentioned one get better lower bounds by estimating the critical degree for intermediate edges.
Thus we need a strategy of choosing intermediate edges similar to the one presented in Lemma[4.25] The
problem is that the choice of such an intermediate edge is more complicated. As on the one hand you
aim to create new optimality preserving situations by removing this edge. On the other hand you want to
assure that removal of this edge does not lead to a removal of a vertex, which is counter productive in the
sense of getting good lower bounds, as already demonstrated previously. It is even not always clear that
one can always find an intermediate edge with such properties. During my work on this thesis I have not
found a proper strategy for this problem. Still I can give some hints from my experience, that may help to
develop a good strategy. One should choose an intermediate edge if possible. If there are several possible
choices, you should choose the one that induces a graph with smaller number of edges. Try to choose the
edges that are closer to the inputs or outputs.

In the following we apply the presented algorithms to some more examples. These results will be
used in later chapters. There we will compute lower bounds for arbitrary I-DAGs by reducing the 1-DAG
to absorption-free subgraphs. Therefore we will discuss the lower bounds of these subgraphs here. You
may wish to jump over these examples and come back to this part once we refer to these results. By
coincidence for all these examples the lower bound computed by Algorithm [T1]is at the same time the
solution of the EE (VE) problem.

The following example deals with absorption-free subgraphs of I-DAG from Figure [6.5(a)].

Example 4.20. Removing the edge (x4, v2) from I-DAG from Figure yield an absorption-free sub-
graph Ty as on Figure[.28(a)| Let’s apply Algorithm[I1|to T;. The vertex v, satisfies the prerequisites of
Lemma[d-17|hence Algorithm[I1|will first perform the optimality preserving elimination of vo. The result-
ing I-DAG G — vy is shown on Figure[d.7(b)| vs on G — v, also satisfies the prerequisites of Lemmad.17]
hence Algorithmwill then remove vertex vs from I-DAG G. The resulting I-DAG G — [va, v3] has only
one intermediate vertex vy yielding the longest path is of length 2. Hence the call to Algorithm[7] will
optimally eliminate this vertex. Hence in this case the lower bound provided by Algorithm|[I1)is also the
optimal solution of the VE problem

1b = VE(T1) = O’Tl([’l}27’l)3,1)1b =3+24+16=21
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Figure 4.28: Application of Algorithmto various subgraphs of 1-DAG from Figure [6.5(a)| (illustrating

Example [4.20).

Next we apply Algorithm [[1]to the absorption-free subgraph Ty of I-DAG from Figure that
results from removing the edge (x3,v2) (Figure . The vertex vy satisfies the prerequisites of
Lemma hence Algorithm [T1| will first perform the optimality preserving elimination of this vertex.
The resulting -DAG G — vy is shown on Figure The vertex v3 satisfies the prerequisites of
Lemma thus Algorithm [[1|will eliminate this vertex next. The resulting I-DAG has only one inter-
mediate vertex, therefore the lower bound provided by Algorithm[T1|is also the optimal solution of the VE
problem in this case

1b = VE(TQ) = O'TQ([’Ul,"Ug,UQ]) =3+2+16=21

At the end of this example we apply Algorithm[I1|to T5 as on Figure T3 is an absorption-
free subgraph of I-DAG from Figure after the removal of (v1,v3). The vertex v satisfies the
prerequisites of Lemma hence elimination of vy preserves optimality. The resulting I-DAG has only
one intermediate meaning that hence the lower bound provided by Algorithm [I1] is also the optimal
solution of the VE problem in this case

1b = VE(Tg) = O’TS([’UQ,’Ug]) =3+2=5

The following example deals with absorption-free subgraphs of the bat graph.

Example 4.21. Removing the edges (vs,y1) and (vs,ys) from the bat graph (Figure vields an
absorption-free I-DAG T as on Figure If we apply Algorithm[T1]to Ty, the algorithm would
estimate the critical degree for the intermediate edges (v1,vs) and (va,v3) first and then estimate the
critical degree for non-intermediate edges (v1,y1) and (v2,yy)

1b = ATl ((’Uhl)g)) + ATl ((1)2, '1)3)) + ATl ((Uhyl)) + AT1 ((’Ug,y4)) =64+6+24+2=16

The maximal path length is 3 hence the lower bound computed by the algorithm is also the optimal
solution and thus VE(Ty) = 16.

Removing the edges (v1,vs3) and (va,v3) from the bat graph (Figure vyields an absorption-free I-
DAG T as on Figure If we apply Algorithm|[I1]to T5, the algorithm would eliminate the vertices
v1 and vy as elimination of these vertices preserves optimality according to Lemma Hence, the
lower bound provided by the algorithm is also the optimal solution and

1b = VE(TQ) = O’T2([’U17’02]) =242=4
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The last absorption-free subgraph of bat graph I would like to discuss is generated by removing the
edges (v1,y1) and (va,yy). The resulting subgraph T5 is shown on Figure[4.29(c), The vertices vy and
vy satisfy the prerequisites from LemmaW.16|and hence Algorithm[I1|would eliminate these vertices first.
The resulting I-DAG has only one intermediate vertex and hence Algorithm[I1|computes the lower bound
as

1b = VE(T3) = O’Tg([’l)h’()g,vg,b =24+2416=20

Again the lower bound provided by Algorithm[I1)is also the solution to the VE problem on Ts.

(a) Ty (b) T (c) T3

Figure 4.29: Computing lower bound for various absorption-free subgraphs of the bat graph (Figure .
Hlustration of Example {.21]

The next example deals with the absorption-free subgraphs of 1-DAG from Figure .

Example 4.22. Consider absorption-free I-DAG Ty as on Figure (resulting from removing
(v2,v4), (v3,v4) from I-DAG on Figure If we apply Algorithm |11| to Ty, it will first eliminate
the vertices vy, v3 and vy as elimination of these vertices preserves optimality according to Lemma@.17
The resulting I-DAG has only one intermediate vertex vy (compare Figure hence Algorithm [T
computes the lower bound as

1b = VE(Th) = o, ([v2,v3,04,01]) =24+2+2+4-6=30

which is also the solution of the optimal edge (vertex) elimination problem for T.

If we remove the edges (va,vs) and (vy,vy) from the I-DAG on Figure[6.5(b)| we get an absorption-
free subgraph T as on Figure[.30(c)} If we apply Algorithm[I1|to T, it will first eliminate the vertices
vs and ve as elimination of these vertices preservers optimality according to Lemmad.17| The resulting
I-DAG Ty — [v3, v2] is shown on Figure Then Algorithmeliminates the vertex vy as according
to Lemmathe elimination of vy on Ty — [vs, V2] preserves optimality. The resulting I-DAG has again
only one intermediate vertex. Hence, the lower bound computed by Algorithm|I1]

1b = VE(TQ) =0on ([Ug,vg,’l}4, ’Ul]) =2 + 2 + 2 + 4-6 =230
is also the solution of the optimal edge (vertex) elimination problem for Ts.

The last four examples deal with absorption-free subgraphs of the 1-DAGs discussed in [CHMUI12]. We
will use these results in Chapter|[6] For all theses examples the lower bound provided by Algorithm [TT]is
also an optimal solution, meaning that Algorithm[TT|only performs optimality preserving eliminations. In
the previous examples we often used only the optimality preserving results from Algorithm 5] Therefore
in the last four examples we will do it in a more freestyle way and alter the order of application of
the optimality preserving eliminations. Doing so we will exploit the critical degree based optimality
preserving eliminations more often.
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Y1 Y2 Y3 Ya Ys Yo n Y2 Y3 Ya Ys Yo

Ty T 3 T4

(2) T1 (b) T1 — [v2,v3,v4] (c) T2 (d) To — [v3, v2]

Figure 4.30: Computing lower bound for various absorption-free subgraphs of 1-DAG from Fig-

ure[6.5(b)] (illustrating Example [4.22).

Example 4.23. Consider an absorption-free I-DAG G as on Figured.31(a)} The edge (v1, v2) fulfills the

prerequisites of Lemma and the edges (x1,v2) and (x4, vs) fulfill the prerequisites of Lemma
After the removal of these three edges the I-DAG is completely disconnected and hence

1b = VE(G) = Ag((v1,v2)) + Ag, ((x1,v2)) + Ag, ((z4,v3)) =2+2-3+34+3=14 ,

where G1 = G[E(G) \ {(v1,v2)}] and G2 = G[E(G1) \ {(z1,v2)}].

Example 4.24. Consider I-DAG G as on Figure According to Lemma the elimination of
vg and vs preserves optimality. The resulting I-DAG G’ = G — [va, v3] is isomorphic to the I-DAG from

Figure@.31(a)](vo = v4 and vs = vs). Hence we can reuse the result from Example d.23]yielding

1b = VE(G) = o¢([v2,v3]) + VE(G') =2+ 1+ 14 =17

Example 4.25. Consider I-DAG G as on Figure First we eliminate the vertices vs and vs as
their elimination preserve optimality according to Lemma The resulting I-DAG G' = G — [vq, v3]
is shown on Figure According to Lemma the elimination of vy preserves optimality on G'.
The resulting I-DAG G" = G’ — vy is shown on Figure[d.32(b)] According to Lemma[4.16|the elimination

of vy preserves optimality on G". The resulting I-DAG has only one intermediate vertex and hence

1b = VE(G) zag([vg,vg,v4,v1,v5]) =14+14+2+2+8=14

Example 4.26. Consider an absorption-free I-DAG G as on Figure The I-DAG G has maximal
path length 3. All intermediate edges are connected to 2 inputs and 1 output and therefore the critical
degree of these edges is 1 + 2 -1 = 3. The I-DAG has 8 intermediate edges. After the removal of these
edges the outputs are disconnected from the inputs and hence

1b=VE(G) =8 Ac((v1,v5)) =8+ (1+2-1) =24
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€ X9 &3 T4
(a) Subgraph of 1-DAG from Figure|6.6(a)| (b) Subgraph of I-DAG from Figure [6.6(b),

n Y2

(c) Subgraph of 1-DAG from Figure[6.6(c)|  (d) Subgraph of 1-DAG from Figure|6.6(d)

Figure 4.31: Absorption-free subgraphs of the 1-DAGs used in [CHMUI12]. See Figure for original
1-DAGs

Y1 Y2 Y1 Y2

(@) G’ = G — [v2,v3] b)G" =G — vy

Figure 4.32: Computing a lower bound for 1-DAG from Figure4.31(c)
(illustrating Example [4.25)).
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Chapter 5

Minimal edge count problem on
arbitrary 1-DAGs

In this chapter we deal with the minimal edge count problem on arbitrary 1-DAGs. We present optimality
preserving eliminations for both MEC and MECV problems, develop lower bounds for them. We also
present the branch and bound algorithm for solving the MEC and MECV problems and show how to use the
commutativity of edge and vertex eliminations (proved in Section [3.2)) inside this algorithm to reduce the
search space.

This chapter is divided into four sections. In the very first section (Section the generic branch
and bound algorithm (Algorithm I)) is specialized it to solve the MEC and MECV problems. In Section[5.2]
we discuss the modifications needed, to employ the commutativity of edge and vertex elimination within
the branch and bound algorithm. We apply these modification to two examples and talk about the bene-
fits of this approach. Section [5.3]deals with optimality preserving eliminations for both incarnations of
the minimal edge count problem. We present examples showing that optimality preserving eliminations
we proved for minimal edge count problem on absorption-free graphs, do not preserve optimality for
MECV problem on graphs allowing absorption. We can neither prove nor disprove that these eliminations
preserve optimality on arbitrary 1-DAGs for MEC problem. Thus we believe that these eliminations do
preserve optimality and discuss the reasons for this conjecture. In this section we also prove optimality
preserving eliminations based on transformation to a subgraph. These results were already presented in
[MN12]]. The techniques exploit absorption and are usable for both MEC and MECV problems. The ap-
proach for the MEC problem is a generalization of the approach for MECV problem. Thus sometimes we
can apply optimality preserving edge eliminations although no optimality preserving vertex eliminations
can be applied. Therefore in practice we suggest mixing edge and vertex eliminations instead of solving
the pure versions of the problem. This way one can exploit edge elimination to perform more optimality
preserving eliminations and then fall back to vertex eliminations once no optimality preserving elimi-
nations can be performed. In the last section of this chapter (Section [5.4) we present lower bounds for
MEC and MECV problems. We use the solution of the minimal edge count problem on an absorption-free
subgraph as the lower bound. These lower bounds were already published in [MN12]. To the best of my
knowledge these are the first lower bounds for these problems presented in the literature.

5.1 Branch and bound algorithm for minimal edge count problem

To modify the generic branch and bound algorithm (Algorithm T} such that it can solve the minimal edge
count problem by vertex and edge eliminations, we need to explain what happens inside the following

111
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routines
e COSTSOFSOLUTION,
e UPDATEUPPERBOUND,
e GETELIMINATIONS,
¢ COMPUTELOWERBOUND,
¢ REMOVEPERMUTABLEELIMINATIONS.

In this section we will not discuss the REMOVEPERMUTABLEELIMINATIONS and COMPUTELOWER-
BOUND routines. Specializations of these routines will be discussed in Section and Section[5.4} For
the time being we simply assume that REMOVEPERMUTABLEELIMINATIONS leaves the set of possible
eliminations M untouched and COMPUTELOWERBOUND routine computes some valid lower bound for
the minimal edge count problem on 1-DAG G.

The specialization of the first two routines (COSTSOFSOLUTION and UPDATEUPPERBOUND) are
the same for both edge and vertex eliminations. To evaluate the costs of a given solution (solution) in
the context of the minimal edge count problem we obviously need to perform all eliminations contained
in solution and then count number of edges in the resulting 1-DAG. This yields a specialization as in
Algorithm[T2] we retrieve all eliminations contained in solution one by one and apply these eliminations

Algorithm 12 Specialization of COSTSOFSOLUTION for MEC and MECV
function COSTSOFSOLUTION(G, solution)

H+G
while solution # () do
el < solution.pull() // Retrieve elimination
H < PERFORMELIMINATION(H ,el) /I Apply elimination
end while

return |E(H)|
end function

using the PERFORMELIMINATION routine. The function then returns the number of edges in the resulting
graph.

The UPDATEUPPERBOUND routine has to update the upper bound that is used for the recursion
in line [16] of Algorithm [} The new upper bound for minimal edge count problem should be updated
according to

min{ub, |E(G — el)|},

where el is either vertex or edge elimination. This yields the specialization as in Algorithm[I3]

Algorithm 13 Specialization of UPDATEUPPERBOUND for MEC and MECV
function UPDATEUPPERBOUND(G, el, ub)
H <+ PERFORMELIMINATION(G,el)
return min{ub, |E(H)|}
end function

The GETELIMINATIONS routine is the last routine we discuss in this section. Obviously this routine
is different for vertex and edge eliminations. As for vertex elimination, the routine should return the set
of intermediate vertices of G, yielding specialization as in Algorithm[T4] For edge eliminations we need
to return all possible front and back edge eliminations, yielding an implementation as in Algorithm[T5]
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Algorithm 14 Specialization of GETELIMINATIONS for vertex eliminations

function GETELIMINATIONS(G)
return Z(Q)
end function

Algorithm 15 Specialization of GETELIMINATIONS for edge eliminations
function GETELIMINATIONS((?)
F+{(,))t]ie X(G)UZ(G)andj € Z(G)}
B+ {(i,j)" |j€eY(G)UZ(G)andic Z(G)}
return ' U B
end function

5.2 Exploit commutativity of edge and vertex eliminations

In this section we discuss how to exploit, within the branch and bound algorithm, the commutativity of
edge and vertex eliminations (established in Section [3.2.2)) for solving the minimal edge count problem
by edge or vertex eliminations. So we will modify the general branch and bound algorithm to use these
results. Specifically we show how REMOVEPERMUTABLEELIMINATIONS routine has to be changed.
As we already mentioned in Section the fact that the order of vertex eliminations does not change
the resulting I-DAG can be used to reduce the search space dramatically as we do not have to check all
possible permutations. Hence we can apply this result not only within branch and bound algorithm, we
can even reformulate the original MECV problem and compare only subsets of the intermediate vertices.
Nevertheless we will use our original definition of the MECV problem in this section and show the changes
to REMOVEPERMUTABLEELIMINATIONS routine required to achieve the same results. The commutativ-
ity result for edge eliminations does not have such an impact on the MEC problem as vertex eliminations
because in some cases the order of edge eliminations affects the resulting 1-DAG. Therefore for the time
being I only see its application within some branch and bound algorithm or for proofs.

To exploit commutativity of eliminations we will modify the REMOVEPERMUTABLEELIMINATIONS
routine of the branch and bound algorithm (Algorithm[I). First we deal with the MECV problem (compare
Algorithm [I6). To avoid checking the different permutation we test only those elimination sequences
where vertex eliminations are in increasing order. Meaning that [vy,...,v,], v; > vjforalll <14 <
j < n. This is ensured by the if statement in the REMOVEPERMUTABLEELIMINATIONS routine in
Algorithm 16

Algorithm 16 Specialization of REMOVEPERMUTABLEELIMINATIONS for MECV problem

1: function REMOVEPERMUTABLEELIMINATIONS(Gy,e1,M)
2: for alle € M do

3 if el < e then /I avoid elimination sequences that are not in increasing order
4 H + HU/{e}

5 end if

6: end for

7 M <+ H

8: end function

The REMOVEPERMUTABLEELIMINATIONS routine in Algorithm [16]adds only those candidates to
the set [ that have a greater index compared to el (the vertex that was eliminated to transform G,
into the current state). So we will never check an elimination sequence [a1, ..., a,]| where a; > a; for
1 <i < j < n. As already mentioned in Section [3.2.4]using this approach we reduce the search space of
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the branch and bound algorithm for the MECV problem from
1Z(G)]
L (12(0)
' k
k=1

to 212(A)1,
The next example demonstrates the application of Algorithm[T6]

Figure 5.1: L-DAG G used in Example

Example 5.1. Consider an I-DAG G as on Figure[5.1} Application of the branch and bound algorithm
to solve MECV problem on G, without exploitation of commutativity of vertex elimination yields a search
spaces as shown on Figure[5.2(a)] Each node in this search tree stands for a possible solution for the MECV
problem. The node labels denote the vertices that have been eliminated while the edge labels correspond
to the number of edges in the resulting I-DAG. Together with G we have 16 different solutions to check.
Let us now see how the Algorithm [I6]influences this search space. The reduced search space resulting
Jfrom application of Algorithm[I6|is shown on Figure

(a) Full search space (b) Search space after the application of Algorithm

Figure 5.2: Reduced search space of the MECV problem on 1-DAG from Figure through exploitation
of commutativity of vertex eliminations. Illustration of Example (3.1}

On G — [vy1,v3) the only vertex that can be eliminated is vo but v > vy on G — v1. Hence we do not
have to check the elimination of v2 on G — vs. So we save one solution that has to be checked. G — [v2)
contains two eliminatable vertices v, and vs but vo > v1 on G. Hence we do not need to explore this
branch of the search tree. Similarly on G — [va, v3] we do not explore the elimination of v, as vs > vy
on G — vg. At last we do not perform any eliminations on G — v3 as both vertices vi and vy has smaller
index than vs on G. So at the end we need to check only 8 elimination sequences.



5.2. EXPLOIT COMMUTATIVITY OF EDGE AND VERTEX ELIMINATIONS 115

So, as you can see, exploiting the commutativity of vertex eliminations reduces the search space signifi-
cantly.

In order to exploit the commutativity of edge eliminations we must check whether the assumptions
of Lemma [3.10] Lemma [3.T1] or Lemma [3.12] are fulfilled. If so we know that the order of two edge
eliminations does not change the graph remainder and therefore we must test only one order of these
edge eliminations. The modified routine REMOVEPERMUTABLEELIMINATIONS is presented in Algo-
rithm[T7] The explicit implementation of checking the prerequisites from Lemma[3.10] Lemma[3.11]and
Lemma [3.12]is lengthy and does not add anything to the additional understanding. Therefore in Algo-
rithm[T7]these checking are done by the call to Lemma[3.10] Lemma[3.1T]and Lemma[3.12]routines. We
assume that these routines take an 1-DAG G and two edge eliminations as input and return true if the
assumption of the corresponding lemma are valid and false if not. If any of the tree routines return true
we know that the order of eliminating elim and e does not change the resulting graph and therefore we
remove e from the set of candidates H if el < e.

Algorithm 17 Specialization of REMOVEPERMUTABLEELIMINATIONS for MEC problem
function REMOVEPERMUTABLEELIMINATIONS(G),,e1,M)
foralle € M do
H <+ HU{e}
if Lemma @Gp,el,e) Vv Lemma@GP,el,e) V Lemma @Gp,el,e) then
if el < e then
H+« H\{e}
end if
end if
end for
M+ H
end function

As already mentioned we cannot quantify the amount of search space reduction that can be achieved
exploiting the commutativity of edge eliminations. This depends on the particular I-DAG. In the next
example we examine how the usage of Algorithm [17| within the branch and bound algorithm effects the
search space for solving the MEC problem for I-DAG from Figure

Example 5.2. Consider I-DAG G as on Figure Application of the branch and bound algorithm
to solve MEC problem on G, without exploitation of commutativity of edge elimination, yield a search
spaces as shown on Figure Each node in this search tree stands for a possible solution for the
MEC problem. The node labels denote the corresponding edge elimination. Together with G we have
36 different solutions to be examined. Let us now see how the application of Algorithm |I7| influences
this search space. The reduced search space resulting from application of Algorithm is shown on
Figure

On G — [(v1,v2)™, (x1,v2) ] (Figure[5.3(c)) we do not explore the elimination of (vi,y1)~ as the
order of eliminating (z1,v2)™ and (v1,y1)~ on G — (v1,v2)" (compare Figure does not change
the resulting graph according to Lemma On G — [(v1,v2)T, (z1,v1)T] (Figure the only
available edge eliminations are (x1,v2)" and (ve,y1)”. According to Lemma the order of elimi-
nating (x1,v1)" and (x1,v2)" on G — (vy,v2)T (Figure does not change the resulting I-DAG.
Similarly according to Lemma [3.12] the order of eliminating (z1,v1)" and (va,y1)™ on G — (v1,v2)*
(Figure|5.3(b)) also does not change the resulting I-DAG. Thus we do not have to explore any eliminations
on G — [(v1,v2)T, (x1,v1)T] as these cases were already covered in other branches. So together with
I-DAG G we compare only 33 different solutions.

As you could see we could not exclude many solutions by exploiting the commutativity of edge elim-
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@G () G — (vi,v2)* (©) G = [(v1,v2) T, (z1,v2) 7] (d) G — [(v1,v2)T, (z1,v1) 7]

Figure 5.3: Example

inations in the previous example. Especially if we compare this performance with results we got from
exploiting the commutativity of vertex eliminations. So the question arise whether it makes sense to ex-
ploit commutativity of edge eliminations at all. So we need to understand whether this bad performance
is inherent to commutativity of edge eliminations or is it just a bad example for exploiting commutativity.
If we check the assumptions of Lemma([3.10] Lemma[3.11)and Lemma[3.12| we see that the order of elim-
inating adjacent edges typically does change the resulting I-DAG, whilst that of not adjacent edges does
not. The graph used in the example (Figure is small and therefore almost all edges are adjacent.
We cannot gain from exploiting the commutativity of edge eliminations on this I-DAG. On bigger 1-DAGs
we can change the order of edge eliminations more often as more edges are not adjacent. Unfortunately
describing the search space for even a slightly bigger example is just not practical. That is why the previ-
ous example was chosen. Still, in practice, exploiting the commutativity of edge eliminations provides a
significant reduction in search space.

5.3 Optimality preserving eliminations for the minimal edge count
problem

In this section we discuss different optimality preserving eliminations that may be used while solving the
minimum edge count problem by edge or by vertex elimination. First we discuss optimality preserving
eliminations for vertex eliminations (Section and then those for edge eliminations (Section [5.3.2)).
For both elimination strategies we prove that elimination sequences transforming an 1-DAG on to its
subgraph preserve optimality and show some applications of this result.

For vertex elimination we show that optimality preserving eliminations we proved for absorption-free
graphs are not applicable on arbitrary I-DAGs. Therefore we present several counter examples where
elimination of vertices with one in- or one out-edge do not preserve optimality. For edge eliminations
we claim that elimination of vertices with one in- or one out-edge preserve optimality when solving the
minimum edge count problem. The proof for this claim still needs to be done.

5.3.1 Vertex elimination

This subsection deals with optimality preserving eliminations for the minimal edge count problem by
vertex elimination on arbitrary 1-DAGs. In this subsection we prove two results. Firstly we show that
the optimality preserving results we developed for absorption-free graphs cannot be applied in the gen-
eral case. Secondly we develop a different approach for optimality preserving eliminations, based on
Theorem 3.3] and prove this approach.
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(a) full search space (b) reduced search space due to com-
mutativity of edge eliminations

Figure 5.4: Search space for the solving MEC problem on 1-DAG from Figure [5.3(a)l Illustration of

Example[5.2]
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For absorption-free -DAGs we saw that elimination of a vertex with only one in- or one out-edge is
an optimality preserving elimination for the MECV problem. On general 1-DAGs the elimination of such a
vertex does not preserve optimality as the following example shows.

Example 5.3. Consider I-DAG G as on Figure This I-DAG has 12 edges. The vertex vi has
only one out edge. Hence if its elimination would preserve optimality for MECV problem then either
[v1,v2] or [v1] should solve the MECV problem. G — vy contains 11 edges (compare Figure [5.5(D)).
Obviously G — [v1,v9] is a bipartite graph where all five inputs are connected to both output, yielding
|E(G — [v1,v2])| = 10. Hence if elimination of vy preserves optimality then MECV(G) = 10. But
|E(G — va)| = 9 (compare Figure and therefore the elimination of a vertex with one in- or one
out-edge does not preserve optimality for MECV problem on general I-DAGs.

(@G ® G- (© G —v2

Figure 5.5: Elimination of vertices with one in- or one out-edge does not preserve optimality for MECV
problem on arbitrary 1-DAGs. Illustration of Example [3;3'}

On the previous example we could see why this approach fails. It fails because after the elimination of v,
we cannot front eliminate the edges (21, v2) and (22, vo) without front elimination of the edges (z3, v2),
(z4,v2) and (x5, v2). Vertex elimination is simply not fine grain enough at this point. If we could use
edge elimination we would simply front eliminate the edges (21, v2) and (21, v2). The resulting 1-DAG
G — [v1, (z1,v2)T, (21,v2) "] contains also only 9 edges. Moreover as we will see in Example
elimination sequence [vy, (21, v2)™, (21, v2) "] is also a solution for the MEC problem on I-DAG G. Even
elimination of vertices with Markowitz-degree one does not always preserves optimality as the following
example demonstrates.

Example 5.4. Consider I-DAG G as on Figure This I-DAG has 21 edges. The Markowitz-degree
of vy is one. After elimination of the vertices vi and vs we get an I-DAG containing 15 edges (com-
pare Figure[5.6(b)). Hence if the elimination of v would preserve optimality there would exist a vertex
elimination sequence containing vy such that the resulting I-DAG has at most 15 edges. But

e |E(G — v3)| = 20 (compare Figure[5.6(c)),
o |E(G — [vg,v1])| = |E(G — [va,v3])| = 17 and
e |E(G — [v1,v2,v3])] = 16.

Hence elimination of vertices with Markowitz-degree one does not preserve optimality for solving MECV
problem in this case.

So as we can see we cannot reuse the optimality preserving results we developed for absorption-free 1-
DAGs. A completely different approach is needed. Theorem [3.3]ensures that the solution of the minimal
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Figure 5.6: Elimination of vertices with Markowitz degree 1 does not preserve optimality for MECV prob-
lem on arbitrary I-DAGs. Illustration of Example[5.4]

edge count problem on a subgraph is a lower bound for the number edges of the solution of the minimal
edge count problem on the original graph. Hence an elimination sequence transforming an 1-DAG on
its subgraph preserves optimality. The next theorem is a special case of this idea. There we prove that
if elimination of a vertex does not introduce any new edges then elimination of this vertex preserves
optimality for solving the minimal edge count problem by vertex eliminations. The proof is based on the
result from Theorem

Theorem 5.1. Consider I-DAG G, v € Z(Q), where (i,j) € E(G) forall i € Pg(v) and j € Sg(v)
then
MECV(G) = MECV(G — v)

implying that elimination of the vertex v preserves optimality.

Proof. Obviously
MECV(G) < MECV(G —v)

as the solution to minimal edge count by vertex elimination on G also allows vertex elimination sequences
starting with elimination of vertex v. From (i, j) € E(G) forall i € Pg(v) and j € Sg(v) follows that
G — v C G. Hence from Theorem [3.3|follows that MECV(G) > MECV(G — v) finishing the proof. O

Let us discuss this result on the following example.

Example 5.5. Consider I-DAG G as on Figure[5.7(a)l The elimination of vy does not introduce any new
edges (compare Figure[5.7(D)) and hence according to Theorem [5.1]its elimination preserves optimality
for solving the MECV problem.

5.3.2 Edge elimination

This subsection deals with optimality preserving eliminations for minimal edge count problem by edge
elimination on arbitrary I-DAGs. In this subsection we prove that edge eliminations that do not introduce
new edges preserve optimality in the context of minimal edge count problem by edge elimination. This
result is a generalization of the result from the previous subsection. We then show that the counter exam-
ples, we used to prove that elimination of vertices with one in- or out-edge does not preserve optimality,
will not work for edge elimination and discuss the reason. Based on this discussion we formulate the
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Figure 5.7: Optimality preserving elimination according to Theorem (illustrating Example .

claim that for minimal edge count problem by edge elimination the removal of vertices with one in- or
one out-edge preserve optimality. Unfortunately we do not have the proof for this belief so far.

First of all we prove optimality preserving results similar to Theorem[5.1]for edge elimination. These
results are based on the fact that if an edge elimination does not generate new edges than such an elimi-
nation preserves optimality. First we prove the result for forward edge elimination.

Theorem 5.2. Consider I-DAG G (i, j) € E(G), where (i, k) € E(G) forall k € Sg(j) then
MEC (G) = MEC (G — (i,5)T))
implying that front elimination of (i, j) preserves optimality.

Proof. Obviously
MEC (G) < MECV(G — (4,5)%)

as the solution to minimal edge count by edge elimination on G also allows edge elimination sequences
starting with front elimination of (¢, 7). From (i, k) € E(G) for all k € Sg(j) follows that G — (i, 7)* C
G. Hence from Theorem [3.3]follows that MEC (G) > MEC (G — (i, j)") finishing the proof. O

The similar theorem holds for the back elimination too.
Theorem 5.3. Consider I-DAG G (i, j) € E(G), where (k,j) € E(G) forall k € Pg(j) then
MEC (G) = MEC (G — (i,7)7))
implying that back elimination of (i, j) preserves optimality.
Proof. The proof is symmetric to the proof of Theorem [5.2] O

In the following example we apply the Theorem [5.2and Theorem [5.3]to the 1-DAG from Example[5.5]

Example 5.6. Consider [-DAG G as on Figure The front elimination of (v1,v2) does not introduce
any new edges (compare Figure . Hence front elimination of (v1,vs) preserves optimality for MEC
problem according to Theorem[5.2|(compare Figure[5.7(b)). Similarly the back elimination of both edges
(va,y1) and (va,y2) on G does not introduce new edges (compare Figure and therefore these
transformations also preserve optimality for MEC problem according to Theorem|5.3]
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As already discussed edge elimination is more generic operation than vertex elimination. The optimality
preserving results in Theorem and Theorem are also more generic versions of Theorem as
vertex elimination is defined as front elimination of all incoming or back elimination of all outgoing
edges. Thus it is more likely that we will find a situation where an edge elimination will not generate new
edges and thus preserve optimality. At this point solving an MEC problem might become less complex
than solving the MECV problem. Let us discuss this observation on the 1-DAG from Example[5.3]

Example 5.7. Consider I-DAG G as on Figure Neither v1 nor vy satisfy the prerequisites of
Theorem So we have to try all possible vertex elimination sequences to solve the MECV problem.
If we want to solve the MEC problem we can front eliminate the edges (x1,v2) and (x2,v2) as these
eliminations preserve optimality according to Theorem[5.2] The resulting I-DAG is absorption-free (com-
pare Figure [5.8(a)). Hence elimination of vy (compare Figure or vy (compare Figure
solves the MEC problem in this case. Thus both elimination sequences [(x1,v2)", (z1,v2)", vo] and
[(1,v2)T, (w1, v2) T, v1] are solutions of the MEC problem on G.

Y1 Y2 Y1 Y2 Y1 Y2
Vo V2
/K /
o Z2 T3 T4 5 i Z2 T3 4 5 o T2 3 T4 T5

@ G — [(z1,v2) T, (w2,v2) ] () G — [(w1,v2) T, (z2,v2) ", v2] (©) G = [(z1,v2) T, (w2, v2) T, v1]

Figure 5.8: llustration of Example

So as we can see on the previous example, despite the fact that edge elimination yields a much bigger
search space than vertex elimination, sometimes it might be easier” to solve the minimum edge count
problem by edge elimination rather than by vertex. This is especially so if we can use optimality preserv-
ing edge eliminations to transform the 1-DAG in absorption-free graph where we can fall back to vertex
elimination again. The following example demonstrates this observation.

Example 5.8. Consider I-DAG G as on Figure According to Theorem and Theorem
front elimination of edges (x1,v2) and (x2,v2) as well as back elimination of the edges (v1,ys3) and
(v1,y4) preserve optimality for MEC problem. Performing all these eliminations yield an I-DAG G’ =
[(z1,v3)T, (z2,v3)T, (v1,y3) ", (v1,y4) | as on Figure G’ is absorption-free I-DAG and hence
elimination of v and vy solves the MEC problem on G’ (compare Figure . So we can easily solve
the MEC problem, while solving the MECV problem would require testing all possible vertex elimination
sequences.

As you might have noticed the examples we used to show that elimination of vertices with one in- or
one out-edge do not preserve optimality when solving the MECV problem cannot be applied to the MEC
problem. Basically we simply have to apply the same trick we used in the proofs of Lemma .16 and
Lemma to make the examples fail. Edge elimination is flexible enough and allows the required
transformation to be performed.

On 1-DAG from Figure[5.5(a)|the elimination sequence [v1, (1, v2) T, (22, v2) ] solves the MEC prob-
lem as it transforms this graph into the I-DAG as on Figure The most important step is that after
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Y1 Y2 Y3 Ya

xy To T3 Ty 5

(@) G () G' — [v1, v2]

Figure 5.9: Illustration of Example

the elimination of v; (compare Figure[5.5(b)) we can still front eliminate the edges (z1,v2) and (z2,v2)
without front elimination of other incoming edges of vs.

The reason for the failure of the second counter example (Example is similar. The edge elimi-
nation sequence [vg, v1, (71, v3) ", (2, v3) "] transforms the 1-DAG on Figure onto 1-DAG as on
Figure[5.9(b)|and thus this eliminations sequence also solves the MEC problem for this graph. This counter
example fails because the edge elimination allows us to perform the front elimination of the edges (x1, v3)
and (x2,v3) while leaving the other edges arriving at vs untouched.

Therefore I believe that unlike MECV problem, elimination of vertices with one in- or one out-edge do
preserve optimality for the MEC problem. Unfortunately I do not have a proof for this claim so far.

Conjecture 1. Consider I-DAG G. The following holds for all « € M(G)
MEC (G — a) = MEC (G)
Before we switch to lower bounds I would like to summarize the results of this subsection.

I do not think that we can gain a lot by trying to address the MEC problem instead of solving the MECV
problem. The much bigger search space of edge elimination is a big issue. Still we should not try and
solve the pure MECV problem. Instead we should exploit the optimality preserving results for MEC prob-
lem (Theorem [5.2] and Theorem 5.3) whenever we can. This approach can reduce the actual search space
for the problem, while producing results that are at least as good as that from solving pure MECV problem.
Mixing edge and vertex eliminations this way, would become even more advantageous if we can prove
Conjecture [I]and use this result.

5.4 Lower bounds

In this section we develop lower bounds for MEC and MECV problems on arbitrary 1-DAGs. Lower bounds
are required to improve the performance of various algorithms solving the minimal edge count problem
by edge or vertex elimination. For example in [CHMU12] the authors asked for lower bounds for these
problems to speed up their solver. Lower bounds can be also useful if we want to prove that the actual
solution solves the MEC or MECV problem. To the best of my knowledge these are the first lower bounds
for MEC and MECV problems presented in the literature.

This section is structured as follows. First we prove the theoretical basis for the lower bounds (Theo-
rem[5.4). We then use this result to prove that the solution of the minimal edge count problem for I-DAG
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on Figure contains 8 edges (Example[5.9). Finally we develop the algorithm to compute the lower
bounds for MEC problem (Algorithm [I8) and demonstrate its application.

The idea behind the lower bounds presented here is to exploit Theorem This result allows us
to reduce the problem to a subgraph of the original 1-DAG. Meaning that we can use the solution of
MEC (MECV) problem on the subgraph as a lower bound for the solution of MEC (MECV) problem on the
original 1-DAG. The hope is that solving the problem on a subgraph of the original 1-DAG G can be done
efficiently. So we need a way to decide what kind of subgraph we should chose. Since we already know
how to solve the MEC (MECV) problem on absorption-free 1-DAGS in linear time, we should reduce the
problem to an absorption-free subgraph.

Theorem 5.4. Consider an I-DAG G and let G’ be an absorption-free subgraph of G. Then
MEC (G) > MEC(G’') and MECV(G) > MECV(G')

Proof. From Theorem [3.3| follows that MEC (G) > MEC (G’). Therefore we only need to show the in-
equality for vertex elimination. We already know that MECV(G) > MEC (G). As G’ is absorption-free
1-DAG and therefore according to Theorem [4.3|MEC (G”) = MECV(G'). Hence

MECV(G) > MEC (G) > MEC (G') = MECV(G')
finishing the proof. 0

With the help of Theorem we can show that solution of problem of the 1-DAG G from Figure [2.3(a)
has 8 edges.

Example 5.9. Consider I-DAG G as on Figure In Section 2.1 we have already shown that
MEC (G) < 8. Hence to prove that MEC (G) = 8 it is sufficient to show that the minimum edge count
of this DAG cannot become less than 8. The absorption-free I-DAG G’ shown in Figure isa
subgraph of G. Moreover M(G') = () implying that

MEC (G) > MEC (G') = |E(G)| =7

From Theorem |3.2| follows that if MEC (G) = 7, then there should exist an elimination sequence trans-
forming G into one of the graphs solving the MEC problem for G', namely G', G' — vy (compare Fig-
ure[5.10(c)), or G’ — vy (compare Figure[5.10(d)). The elimination of vertex vy or va on G introduces a
not eliminatable edge (v3,y1) ¢ G'. Hence we cannot transform G to G' —uvy or G' —vy. Transformation
of G into G’ requires back elimination of the edge (v2, y1) on G. However this elimination also generates
(x3,11) ¢ G’ . Hence MEC (G) > 7 and therefore MEC (G) = 8.

Next we formulate the algorithm to compute the lower bound for the MEC and MECV problems. As already
mentioned the algorithm is based on Theorem [5.4] So to determine the lower bound for MEC or MECV
problem for a given I-DAG we first build an absorption-free subgraph of this I-DAG and then use the
solution of the MEC problem on this subgraph as the lower bound for MEC or MECV problem on the
original I-DAG. This approach is formalized in Algorithm As you can see Algorithm |18 first builds

Algorithm 18 Lower Bound MEC and MECV problem
Require: 1-DAG G
Ensure: lower bound for MEC problem

1: G’ < ALGORITHM 3(G)

2: H + ALGORITHM [4(G")

3: return |E(H)|
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(@) G (Figure[2.3(a)) (b) G © G —v (d) G — vy

Figure 5.10: The solution of the MEC problem for I-DAG from Figure|2.3(a)|contains 8 edges (illustrating

Example[5.9).

an absorption-free subgraph of the given I-DAG using the Algorithm [3|and then solves the minimal edge
count problem on this subgraph calling Algorithm[] The complexity of Algorithm[I8]is equal to the sum
of the cost of Algorithm and Algorithm Complexity of Algorithmis O((|EG)+|V(Q)))-Y(G)]-
|E(G)|) while the complexity of Algorithm is linear in the number of vertices (O(|V (G)|)). Hence the
complexity of Algorithm [T8]is

O((IE(G) + IV(G)) - Y (G)] - [E(G)]) + [V (G)])
Let’s apply the Algorithm[I8]to the lion graph.

Example 5.10. Consider lion graph G. If we apply Algorithm[I8|to this I-DAG we first use Algorithm 3]
to build an absorption-free subgraph of G. Depending on what weighting we choose we will end up with
one of absorption-free subgraphs presented on Figure According to Algorithm{|the elimination of

Y1 Y2 Ys Ya n Y2 Y3 Ya Y1 Y2 Ys Ya

Vg

@G, ®) G} (©) G

Figure 5.11: Possible absorption-free subgraphs of the lion graph (Example .

v solves the MEC problem for G and G% (compare Figure|5.11(a) and Figure|5.11(b)). Hence in this
case we will get a lower bound of 6. This result is actually a solution to the MEC problem on the lion graph
as the back elimination of (ve, y1) transforms the lion graph in to G5,

The choice of the underlying absorption-free subgraph is crucial for the quality of the lower bounds
produced by the Algorithm[I8]as shown in the next example.



5.4. LOWER BOUNDS 125

Example 5.11. Consider lion graph G. If we choose a different, more disadvantageous weighting on the
I-DAG G Algorithm@could also remove the edge (vy,v2) yielding the subgraph G% as in Figure
(Note we have to remove edges emanating from vertex vs as this vertex has no incoming edges). According
to Algorithm H|the elimination of vy solves the MEC problem for GY yielding a lower bound of 2. As we
can see the lower bound is worse than the one we saw in Example [5.10)

To summarize the results of this section we developed first lower bounds for the MEC and MECV prob-
lems. To get good results we need to find a good heuristic to weight the 1-DAG before the application of
Algorithm[3]
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Chapter 6

Vertex and edge elimination problems
on arbitrary I-DAGs

In this chapter we collect results for vertex and edge elimination problems on arbitrary 1-DAGs. We
discuss optimality preserving eliminations, develop new lower bounds for EE and VE problems and show
how to speed up the branch and bound algorithm by exploiting the commutativity of edge and vertex
eliminations.

Similar to Chapter [5] we start this chapter discussing ways of exploiting the commutativity of edge
and vertex eliminations, when solving the optimal vertex and edge elimination problems. Therefore in the
first section of this chapter (Section[6.1)) we show how to modify the generic branch and bound algorithm
(Algorithm [T)) to solve the VE and EE problems. We then show the changes that have to be made to
this algorithm to exploit the commutativity of edge and vertex eliminations. These techniques were first
presented in the bachelor thesis of Elmar Peise ([Pei09]) that I supervised.

In the next section (Section [6.3) we discuss various algorithms to determine lower bounds for both
VE and EE problems. Unlike the minimal edge count problem, various algorithms for computing lower
bounds are known for these two problems. Thus in this section we will compare the existing algorithms
with the approach based on reduction to absorption-free graphs developed in this thesis. To ensure a
fair comparison I will use not only my examples but also examples mentioned in the [CHMUI12]. In
this publication lower bounds were used to speed up the branch and bound algorithm solving the integer
programming representation of the VE problem. This section is split into two subsections. In the first
(Section[6.3.1)) we talk about so called "simple lower bounds”. These are bounds that are computed using
only the number of intermediate vertices and eliminatable edges. Therefore they can be computed almost
instantly. Although these bounds are not very sharp, they are still very useful to perform cuts in the
branch and bound algorithm on small graphs. So we can avoid computing more advanced and expensive
lower bounds. The simple bounds were also used in the bachelor thesis of Elmar Peise to perform the
cuts in the branch and bound algorithm when solving the VE and EE problems. In the second subsection
(Section we discuss the more advanced lower bounds for VE and EE problems. The lower bounds
proposed there are based on reduction to absorption-free subgraphs. These bounds are compared with the
lower bounds used in [CHMU12|| on various examples. The lower bounds discussed in this subsection
were also part of research in the master thesis of Tarek El Habbaj ([EH12]]) written under my supervision.
In the master thesis the suggested lower bounds were used to speed up the solution of the VE and EE
problems by the branch and bound algorithm.

In Section[@we use the software developed in [Pei09] and extended in [EH12]] to show the impact of
the results from the previous two sections (Section[6.2]and Section[6.3)) on the search space of the branch
and bound algorithm when solving the VE and EE problems.

127
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The last section (Section [6.5) of this chapter deals with the optimality preserving eliminations on
arbitrary I-DAGs. In this section we discuss the existing optimality preserving results for the VE and EE
problems. We show the reason why the strategies developed for absorption-free graphs fail on I-DAGs
with parallel paths. Then we prove new underestimators for the critical degree of edge and use this results
in conjunction with Lemma [4.18|to prove new optimality preserving eliminations for arbitrary 1-DAGs.
These optimality preserving eliminations were already published in [MN12].

6.1 Branch and bound algorithm to solve the optimal edge and ver-
tex elimination problems

In this section we specialize the Algorithm|[T]to use it for solving the optimal edge and vertex elimination
problems. To specialize the algorithm we need to explain what happens inside the following routines

e COSTSOFSOLUTION,

e UPDATEUPPERBOUND,

e GETELIMINATIONS,

e COMPUTELOWERBOUND,

¢ REMOVEPERMUTABLEELIMINATIONS.

Similar to Section[5.1]we will not discuss the changes needed for REMOVEPERMUTABLEELIMINATIONS
and COMPUTELOWERBOUND routines in this section. Specializations of these routines will be discussed
in Section[6.2] For the time being we simply assume that REMOVEPERMUTABLEELIMINATIONS leaves
the set of possible eliminations M untouched and COMPUTELOWERBOUND routine computes some
valid lower bound for the optimal edge or vertex elimination problem on 1-DAG G.

The specialization of the first two routines from the list (COSTSOFSOLUTION and UPDATEUPPER-
BOUND) are the same for both edge and vertex eliminations. The costs of a solution in the context
of optimal edge (vertex) elimination problem is the sum of the costs of all eliminations contained in
solution, yielding a specialization as in Algorithm [I9] So in Algorithm [I9] we retrieve an elimination

Algorithm 19 Specialization of COSTSOFSOLUTION for EE and VE
function COSTSOFSOLUTION(G, solution)
costs « 0
H+G
while solution # () do
el < solution.pull()
costs < costs + opy(el)
H + PERFORMELIMINATION(H ,el)
end while
return costs
end function

from the queue as long as the queue is not empty, compute the cost of performing this elimination and
than apply this elimination (Note el can be a vertex or an edge elimination). At the end the function
returns the computed costs.

The UPDATEUPPERBOUND routine has to update the upper bound that is used for the recursion
in line [T of Algorithm [I] To get a valid solution for G we need to find an elimination sequence for
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G’ = G — el such that the costs of this elimination sequence are not higher then ub — o (el). Hence
we have to update the upper bound according to

ub —og(el) ,

yielding the specialization as in Algorithm [20]

Algorithm 20 Specialization of UPDATEUPPERBOUND for EE and VE
function UPDATEUPPERBOUND(G, el, ub)
return ub — o¢(el)
end function

Similar to the minimal edge count problem the GETELIMINATIONS is different for vertex and edge
eliminations. For vertex elimination the routine should return the set of intermediate vertices of G while
for edge eliminations we need to return all possible front and back edge eliminations. So for optimal edge
and vertex elimination problems we can reuse the specialization of the GETELIMINATIONS routine we
developed for the minimal edge count problem by edge and vertex eliminations respectively.

6.2 Exploiting commutativity of eliminations

In the Section [3.2.5| we discussed situations where the order of eliminations does not change the re-
sulting 1-DAG. In the same subsection we also proved under which circumstances the order of edge or
vertex eliminations does not influence the costs. In Section we used these outcomes to proof various
claims. In this section we show how to exploit the commutativity of eliminations to reduce the search
space of the branch and bound algorithm. Similarly to Section [5.2] we will specialize the REMOVEPER-
MUTABLEELIMINATIONS routine for optimal vertex and edge elimination problems. The exploitation of
the commutativity in the context of these problems is more complicated, as we not only have to ensure
that the order of eliminations does not change the resulting I-DAG, we additionally need to take care of
the costs of the elimination sequences which can be different as shown in Example[3.7]and Example[3.10]
Therefore in addition to the modifications we made for MEC and MECV problems, ensuring that the re-
sulting 1-DAG is the same, we add instructions handling the potential changes in the costs. As we will
see, similarly to the minimal edge count problem, the exploitation of the commutativity of eliminations
in the context of the optimal vertex elimination problem is more effective than that for the optimal edge
elimination problem.

This section is split into two subsections. In the first subsection we show how to exploit commutativity
within the branch and bound algorithm for the optimal vertex elimination problem. The second subsection
deals with commutativity for optimal edge elimination problem. In both subsections we first handle the
cases where the order of eliminations does not change the resulting costs. We then extend these routines
to exploit the commutativity even if the costs change.

6.2.1 Exploiting commutativity of vertex eliminations

In this subsection we discuss how the commutativity of vertex elimination can be used to reduce the
search space of the branch and bound algorithm. We already know that the order of vertex eliminations
does not change the resulting I-DAG. We will now use this result to reduce the search space for the branch
and bound algorithm (Algorithm [T)) specialized for the optimal vertex elimination problem. Although the
resulting 1-DAG does not depend on the order of vertex eliminations, the corresponding costs do. The
costs are not effected if we change the order of two subsequent vertex eliminations where the vertices
are not adjacent (compare Lemma [3.13). If we try to change the order of adjacent vertices, the costs
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can change (e.g. Example [3.7). First we modify REMOVEPERMUTABLEELIMINATIONS to exploit the
commutativity for vertex elimination for not adjacent vertices. We will then extend this routine to deal
with the adjacent vertices too.

Not-adjacent Vertices

To exploit the result that the vertex eliminations order of not adjacent vertices does not change the re-
sulting I-DAG nor the costs of elimination, we apply the same idea as in Algorithm We ensure that
the vertex eliminations are increasing order in the case that the vertices are not adjacent. This way we
ensure that we test only one sequential arrangement of the vertex eliminations for not adjacent vertices.
The resulting routine is shown in the Algorithm 21] The only difference to the corresponding routine for

Algorithm 21 Specialization of REMOVEPERMUTABLEELIMINATIONS for VE problem. No han-
dling for adjacent vertices
1: function REMOVEPERMUTABLEELIMINATIONS(G,e1,M)

2: for all e € M do

3 if (e,el) € E(G,) V (el,e) € E(G,) then /1 vertices are adjacent
4: H+ HU {e}

5: elseif (el < e)then //elimination sequence in increasing order for not adjacent vertices
6: H+ HU {e}

7: end if

8: end for

9: M+— H

10: end function

the MECV problem (compare Algorithm [T6) is the check for adjacent vertices in line [3] If the vertices are
adjacent, we add the vertex to H (the set of possible eliminations). Hence in this case we ensure that
we test both elimination orders. Lets see how this routine influence the search space of the branch and
bound algorithm applied to 1-DAG from Figure[5.1]

Example 6.1. The I-DAG from Figure has 3 intermediate vertices and therefore we have to test six
possible vertex eliminations sequences to solve the optimal vertex elimination problem on this graph.
Hence, if we do not use any pruning techniques to reduce the search space in the branch and bound algo-
rithm, we get a search tree as presented on Figure The edge labels are the costs of eliminating
the corresponding vertex. Application of Algorithm [21] yields the reduced search space as shown on
Figure[6.1(b)] We do not achieve the same search space reduction as for the MECV problem (compare
Figure due to the restriction that the vertices should not be adjacent. The vertices v, and vs are
not adjacent, hence if we apply Algorithm |21\ we will not explore the elimination sequence starting with
[vs,v1] as we know that it will have the same costs as the elimination sequence starting with [vy, vs). Still
we do have to check both elimination sequences vy, v1, vs] and [va, v3,v1] as vs and vy are adjacent on
G — vy and hence the costs of these elimination sequences can differ. As the matter of fact the costs of
both elimination sequences are:

Ug([vg,’l}l,’l}g]) =6+124+8=26 and Ug([vg,vg,vl]):6+2+16:24

We also have to compare the elimination sequences [vy, Vs, v3] and [v1,v3, V2] as vo and vs are adjacent
on G and thus on G — v1. Similarly as vy and vy are adjacent on G, we also check the elimination
sequence starting [va,v1] although va > v1. So using the Algorithm we can reduce the search space
by one elimination sequence.

So we need to handle the adjacent vertices somehow to get similar results as for the MECV problem.
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(a) Full search space (b) Search space after the application of Algorithm

Figure 6.1: Reducing the search space of the optimal vertex elimination problem on 1-DAG from Fig-
ure [5.1] by exploiting the commutativity of vertex eliminations for not adjacent vertices. Illustration of

Example 6.1}

Adjacent Vertices

In the following we employ Lemma [3.14] to improve the Algorithm 21} In this lemma we exploit the
fact that the order of vertex eliminations does not change the resulting 1-DAG. So if we want to compare
the costs of two vertex elimination sequences where the order of two subsequent vertex eliminations was
swapped, we only need to compare the costs of these two eliminations. For example we compare the
costs of eliminating the vertices v, and vy from 1-DAG as on Figure @ in both orders. The elimination
of v followed by vy costs 16 fma’s while as the elimination of vy followed by v; needs 18 (compare
Figure[6.1(a)). Hence any elimination sequence on this 1-DAG starting with [v2, v1] cannot be optimal.
In Algorithm 22 we use this idea. Therefore we extend Algorithm 2]to check which order of vertex

Algorithm 22 Specialization of REMOVEPERMUTABLEELIMINATIONS for VE problem with han-
dling of adjacent vertices

1: function REMOVEPERMUTABLEELIMINATIONS(G,,e1,M)

2: for all e € M do

3: if (e,el) € E(G,) V (el,e) € E(G,) then /] vertices are adjacent
4: if o, ([el,e]) < o, ([e, el]) then // actual elimination sequence is better
5: H+—HU {e}

6: end if

7: if o, ([el,e]) = o¢, ([e,el]) A (el > e)then

8: H«+ H\ {e} // avoid double checking if the costs are equal
9: end if

10: elseif (el < e)then //eclimination sequence in increasing order for not adjacent vertices
11 H + HU{e}

12: end if

13: end for

14: M+ H

15: end function

eliminations yields smaller costs for adjacent vertices. This happens in line 4l Thus if o, ([el, e]) <
oG, ([e, el]) , we add e to H (the set of possible eliminations). In linewe ensure that if the elimination
order of adjacent vertices does not change the overall costs, we check only one possible order of elimina-
tions. Therefore we remove e from H if el > e. For not adjacent vertices we do not need this check as
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the costs are always the same. In the next example we discuss this approach.

Example 6.2. The [-DAG from Figure has 3 intermediate vertices and therefore we have to test six
complete vertex eliminations sequences to solve the optimal vertex elimination problem on this graph.
Hence, if we do not use any pruning techniques to reduce the search space in the branch and bound algo-
rithm, we get a search tree as presented on Figure Application of Algorithm |22]yields a search
space as on Figure In addition to the search space reductions presented on Figure we do
not have to check the elimination sequences starting with [v3, va] as

UG([Ug,’UQD =248=10>8=6+2 :UG([’UQ,’Ug])

We already discussed that oG ([vg, 111]) > og ([vl, vg]) implying that we do not need to check sequences
starting with [vg, v1]. We also do not explicitly check the elimination sequence [v1,v2,v3] as

0G—v; ([Uz,vg]) =124+8=20>18=2+4+16= 0G—v; ([Ug,’l]QD

Of course we do compute the costs for both elimination sequences but we do not explore the corresponding
branch of the search tree explicitly. Meaning we do not add the vertex vs to the set of possible eliminations
on G — [vy,v3).

(a) Search space after application of Algorithm

Figure 6.2: Reducing the search space of the optimal vertex elimination problem on 1-DAG from Fig-
ure [5.1) by exploiting the commutativity of vertex eliminations with adjacent vertices. Illustration of

Example

As we can see Algorithm [22] does not allow the same amount of search space reduction as Algorithm [L6]
when solving the MECV problem. For example let us compare the search trees for solving the optimal
vertex elimination problem and the MECV problem on 1-DAG from Figure The search space tree for
the optimal vertex elimination problem has two paths with length 3 (compare Figure [6.2(a)), while that
for the MECV problem has only one path of length 3 (compare Figure [5.2(b)).

Another drawback of Algorithm [22]is that, for adjacent vertices the decision of adding a vertex to
the set of potential candidates depends on the costs of both elimination orders. Thus we have to compute
both eliminations. For example in Example[6.2]for the decision of not pursuing the elimination sequences
starting with [v1, v2] we computed the costs for both elimination orders [vq, v3] and [v3, v2] on G —v;. So
in this case we have implicitly computed the elimination sequence [v1, v, v3]. Meaning that on our toy
example we do not profit too much from exploiting commutativity of adjacent vertices. On graphs with
more intermediate nodes the search tree is deeper and therefore the overhead of computing additional
eliminations is negligible compared to the search space reduction achieved through the application of
Algorithm [22]
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6.2.2 Exploiting commutativity of edge eliminations

In this subsection we discuss how the commutativity of edge elimination can be used to reduce the search
space of the branch and bound algorithm. As we already mentioned in Section the resulting 1-
DAG can change if we change the order of edge eliminations, making it more complicated to exploit the
commutativity of the edge elimination compared to vertex eliminations.

To exploit commutativity of edge eliminations within the branch and bound algorithm for optimal
edge elimination problem we use the same approach as in the previous subsection. We modify the spe-
cialization of the REMOVEPERMUTABLEELIMINATIONS routine for the MEC problem to check not only
the prerequisites of the Lemma [3.10} Lemma [3.11] and Lemma [3.12] ensuring that the resulting 1-DAG
does not change. We also ensure that the corresponding elimination costs are equal. Therefore we exploit
Lemma[3.15] Lemma[3.16|and Lemma[3.17] The resulting routine is presented in Algorithm [23]

Algorithm 23 Specialization of REMOVEPERMUTABLEELIMINATIONS for EE problem
1: function REMOVEPERMUTABLEELIMINATIONS(G,e1,M)

2 for alle € M do

3 H + HU{e}

4 if Lemma[3.10(G .el,e) VLemma[3.11(G.el,e) VLemma[3.12(G.el,e) then
5: if Lemma @Gp,el,e) V Lemma @Gp,el,e) V Lemma Gp,el,e) then
6: if el > e then

7 H+ H\{e}

8 end if

9: end if

10: end if

11: end for

12: M <+ H

13: end function

The check for equality of the costs is performed in line[5] by testing the applicability of Lemma[3.15]
Lemma[3.16]or Lemma[3.17] Similar to the previous section, if the costs are the same we ensure that the
eliminations are performed in increasing order. Otherwise we remove this elimination from the lists of
candidates. Let us discuss this routine on the following example.

Example 6.3. We take the results from Example as basis for this example. Consider I-DAG G as
on Figure Application of the branch and bound algorithm to solve the EE problem on G, without
exploitation of commutativity of edge elimination, yields the same search tree as for solving the MEC
problem, shown on Figure The node labels denote the corresponding edge eliminations. Each
path from the root to one of the leaves represents a complete edge elimination sequence.

We have 22 different complete edge elimination sequences to compare. Let us now see how the
application of Algorithm [23|influences this search space. Obviously by application of Algorithm [23|we
can remove only a subset of the nodes removed by Algorithm as we perform an additional check. So
let us see whether we get the same reduced search tree as shown on Figure Thus we examine the
excluded paths in this search tree and check whether we can also exclude this cases for the EE problem.

On G —[(v1,v2)F, (z1,v2) "] (Figure[5.3(c)) we do not explore the elimination of (v1,y1)~ as the or-
der of eliminating (x1,v2)" and (v1,y1)~ on G — (v1,v2)" (compare Figure[5.3(b)) does not change the
resulting graph according to Lemma According to Lemmal[3.17|the order of these edge eliminations
does not change the resulting costs too. On G — [(v1,v2)", (z1,v1)"] (Figure the only avail-
able edge eliminations are (x1,v2)" and (va,y1)”. According to Lemma m the order of eliminating
(z1,v1) " and (z1,v2)" on G — (v1,v2)" (Figure[5.3(b)) does not change the resulting I-DAG. The costs
also remain unchanged according to Lemma([3.13] Similarly according to Lemma and Lemma



134 CHAPTER 6. VERTEX AND EDGE ELIMINATION PROBLEMS ON ARBITRARY L-DAGS

the order of eliminating (x1,v1)™ and (va,y1)~ on G — (vy,va)" (Figure also does not change
the resulting I-DAG and the corresponding costs. Thus we do not have to explore any eliminations on
G — [(v1,v2) T, (w1, v1)T] as these cases were already covered in other branches. Hence we can exclude
the same nodes as for the MEC problem. The reduced search space contains 20 different edge elimination
sequences.

As we can see, we could reduce the amount of checked elimination sequences only by two. So the
advantage of exploiting commutativity when solving optimal edge elimination problem is not as big as
when you exploit commutativity for the optimal vertex elimination problem. Still for bigger graphs the
gain of using this techniques is more significant. The reason for this is the fact that on bigger graphs less
edges are incident. On our toy example almost all edges are incident and therefore the exploitation of
commutativity can be applied in very rare cases.

Of course we can apply the same trick as in Algorithm 22]to avoid checking elimination sequences
where the residual graph is the same but we have different costs as shown in Algorithm [24] If the order

Algorithm 24 Specialization of REMOVEPERMUTABLEELIMINATIONS for EE problem with han-
dling of costs

1: function REMOVEPERMUTABLEELIMINATIONS(G),e1,M)

2: for alle € M do

3 H + HU{e}

4 if LemmaGp,el,e) vV LemmaGp,el,e) V LemrnaGp,el,e) then

5 if Lemma @Gp,el,e) V Lemma @Gp,el,e) V Lemma Gp,el,e) then
6: if el > e then

7 H <+ H\ {e}

8 end if

9: else if oc, ([el, e]) >o0g, ([e7 el]) then

10: H <+ H\{e}

11: elseif o, ([el,e]) = o¢, ([e;el]) A (el > e) then

12: H <+ H\ {e} // avoid double checking if the costs are equal
13: end if

14: end if

15: end for

16: M+ H

17: end function

of eliminating the edges e and el does not change the resulting I-DAG but the Lemma[3.15] Lemma
or Lemmadoes not hold, we ensure that the actual elimination sequence [el, e] yields smaller costs,
otherwise we remove e from the list of the set of eliminations (compare line[9). In line[TT|we ensure that
the eliminations are performed in increasing order in case that the costs of both elimination orders are the
same. This way we avoid double checking in such a case.

An I-DAG where the condition in lineE]of Algorithmis violated, is too big to discuss its full search
tree. Therefore in the next example we will consider only a small part of it.

Example 6.4. Consider I-DAG G is a lion graph (Figure 4.21(a)l In Example we saw that both
elimination orders [(z1,v1)", (v2,y1)~] and [(ve,y1) ™, (z1,v1) "] yield the same I-DAG when applied
to a lion graph. Costs of them are different however

oc([(@1,00)", (v2,91)7]) =4, oc([(v2,91) 7, (21,01)"]) =3

Hence with Algorithm 23| we need to explore elimination sequences starting with [(xz1,v1)", (va,y1)7],
while with Algorithm[24|we do not do this.
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We will not present an example demonstrating the influence of Algorithm [24]on the search space of
the branch and bound algorithm. The effectiveness of this algorithm is very similar to that of Algorithm[22]
and discussing it on example would not add much to the overall comprehension.

6.3 Lower bounds

In this section we discuss various algorithms to determine the lower bounds for optimal vertex and edge
elimination problems on general I-DAGs. As we already saw in Chapter [5|good lower bounds are crucial
for efficient application of the branch and bound algorithm. They can also help us to assess our current
solution. The main contribution of the section is presented in Section where we present algorithm
for determining lower bound for arbitrary 1-DAGs, based on reduction to absorption-free subgraphs.

This section is divided into two subsections. In the first subsection we deal with lower bounds that do
not take into account the structure of the I-DAG, meaning that these lower bounds do not consider the fact
that the number of predecessors and successors of a vertex can change during a vertex or edge elimination
sequence. The computation of these bounds require only static knowledge about the I-DAG, number of
intermediate vertices and eliminatable edges. Therefore these bounds are easy (fast) to compute but in
typical applications they are not very sharp. We refer to these bounds as simple (lower) bounds. The
usage of these lower bounds within the branch and bound algorithm was investigated in [Pei09] under my
supervision.

In the second subsection we discuss lower bounds that exploit the structure of the 1-DAG to improve
the results. The basic idea behind these bounds is to compute the lower bounds on the absorption-free
subgraph of the actual graph. The bounds on absorption-free subgraphs are computed using the results
from Section The lower bounds computed this way are in most cases better than that presented
in the first subsection but it takes more time to compute these bounds. The comparison of these lower
bounds with simple bounds was discussed in [EH12l]. Here we also compare these bounds with the lower
bounds used in [CHMU12].

6.3.1 Simple bounds

This subsection deals with lower bounds that do not exploit the structure of the 1-DAG. The knowledge
about the number for (intermediate) vertices and number of eliminatable edges is used to compute these
bounds. The bounds can be computed very fast but the quality of the bounds is poor for bigger 1-DAGs,
only for smaller graphs they produce valuable results. We refer to the (lower) bounds discussed here
as simple bounds. These bounds were used in [Pei09] to speed up the branch and bound algorithm for
solving the optimal edge and vertex elimination problem. The biggest advantage of these lower bounds
is the fact that they can be computed almost instantly. Therefore it still makes sense to use these bounds
within a branch and bound algorithm before much time is spent computing more sophisticated lower
bounds as presented in Section [6.3.2]

In Section we presented a lower bound based on the sum of Markowitz degrees of intermediate
vertices. We could achieve good results applying this lower bound to absorption-free 1-DAGs. Unfortu-
nately we cannot use the sum of Markowitz degrees of intermediate edges as a lower bound for the costs
of a complete edge [vertex] elimination sequence on a not absorption-free I-DAGs. This is because the
number of predecessors and successors of vertex can decrease during an elimination sequence. This is
possible due to absorption of parallel edges which never happens on absorption-free graphs.

Example 6.5. Consider I-DAG as on Figure The sum of Markowitz-degree is 9 on this I-DAG.
While U([vg, V3, U4, V1, U5D =14+1+1+141 = 5. Hence we cannot use sum of Markowitz-degree as
the lower bound on general I-DAGs.



136 CHAPTER 6. VERTEX AND EDGE ELIMINATION PROBLEMS ON ARBITRARY L-DAGS
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2

(a) G ) T = G[E(G)\ {(v1,v2), (v1,v4)}]

Figure 6.3: L-DAG G from Example|6.5|and its absorption-free subgraph used in Example

To ensure the correctness of the lower bound from Lemma[4.24] on general -DAGs we must replace the
Markowitz degree with minimal Markowitz degree (on absorption-free 1-DAGs the Markowitz degree is
equal to minimal Markowitz degree). That is the smallest Markowitz degree that a vertex can have during
any vertex or edge elimination sequence (formal definition is presented in Definition [6.I). This idea
was described [NHOS8|| when developing an optimal vertex elimination algorithm in single-expression-use
graphs. The minimal Markowitz degree is defined as follows.

Definition 6.1. Consider an I-DAG G and v € Z(G). The minimal Markowitz degree of v in I-DAG G
is defined as
markq(v) = [B(v)] - [S(v)]

where P(v) is minimal X (G)-v vertex cut in G and S(v) is minimal v-Y (G) vertex cut in G. Minimal
X (G)-v vertex cut in G is minimal vertex set C C X (G)U Z(G) \ v such that every path from i € X (G)
tov € Z(QG) includes a vertex from C. Similarly v-Y (G) vertex cut in G is minimal vertex set C' C
Y (G)U Z(G) \ v such that every path from v to i € Y (G) includes a vertex from C.

Let us apply this idea to Example [6.5]

Example 6.6. Consider I-DAG as on Figure The Markowitz degree of vertices vo, v3 and vy is
1 and hence the minimal Markowitz degree of these vertices is also one. The minimal Markowitz degree
of v1 and vs is different from their Markowitz degrees as vy is connected to only one output and vs is
connected to only one input and hence

[S(v)| =1 and |P(vs)| =1

yielding that the minimal Markowitz degree of these vertices is also one. Hence

The algorithm to find the X-v and v-Y sets, needed to compute the minimal Markowitz degree, has at
least quadratic complexity (see [NHOS|] and [CHMU12] for more details). So the computation of these
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bounds requires significant amount of time. Hence we will not pursue this idea for lower bound in this
subsection as here we want to discuss only those bounds that can be computed almost instantly. We
will come back to this bound in Section where we will compare its results with the lower bounds
developed in this thesis.

Instead we simply underestimate the minimal Markowitz degree by 1. The resulting lower bound is
proved in the following lemma.

Lemma 6.1. The following holds for any I-DAG G.

VE(G) > EE(G) > |2(G)|
Proof. The inequality between VE and EE follows from Lemma Let us now prove the remaining
second part of the inequality. During the complete edge elimination sequence we need to remove all
vertices. The costs of an edge elimination that causes a removal of a vertex is at least one. From the
definition of edge elimination follows that we can remove at most one vertex by an edge elimination,
hence the claim holds. O

So far we tried to underestimate the costs for removing a vertex from the I-DAG and used this result as a
lower bound to the costs of a complete edge or vertex eliminations sequence. We can apply similar idea
to the eliminatable edges and underestimate the costs of removing an edge from the 1-DAG. In contrast
to vertices we can remove an edge either explicitly by front [back] elimination or implicitly if this edge
is removed as a result of the removal of one of its incident vertices. Explicit removal of an edge yields at
least one fma and we can remove only as many edges implicitly as we have intermediate vertices. This
leads to the lower bound presented in the next lemma.

Lemma 6.2. The following holds for any I-DAG G.
VE(G) > EE(G) = |E*(G] - Z(G)]

Proof. The inequality of VE and EE follows from Lemma Let us now prove the remaining second
part of the inequality. We prove this by induction of the length n of a complete optimal edge elimination
sequence.

n = 1 : Obvious

n > n+ 1:Let (4,75) be the first edge that is eliminated in the complete optimal elimination sequence

Case 1. The edge (3, j) is front eliminated. We set G’ = G — (7, 5) ™. From the fact that (7, )" is a first
elimination in a complete optimal edge elimination sequence and the induction hypothesis follows

EE(G) = |S(j)| +EE(G") = [S()| + |[E*(G")| - [2(G")] 6.1)

Now we have to distinguish between the two cases when (i, ) is a pure and a when (i, j)T is non pure
edge elimination.

Case 1.1. (i,5)" is a pure edge elimination. Hence according to the definition of pure edge elimination
Z(G") = Z(G) and |[E*(G")| > |E*(G)| — 1. Using these results in Equation (6.1)) yields

EE(G) = [S(U)|+HIE™(G)| = 1= |2(G)] = [E*(G)] - 12(G))]
=T

Finishing the proof for this case.
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Case 1.2. (i,7)" is a non pure edge elimination. Hence according to the definition of non pure edge
elimination Z(G') = Z(G) \ {j} and |E*(G")| > |E*(G)| — (]S(4)] + 1). Using these results in
Equation yields

EE(G) =[S+ [EX(G)] = (1SG) + 1) = (12(G)| = 1) = [E*(G)| = |Z2(G)]
finishing the proof for this case.

Case 2. The edge (i, j) is back eliminated. Symmetrical to Case 1.
O

We cannot say that one of the two simple lower bounds we presented is superior compared to the other.
It depends on the given I-DAG. If |Z(G)| > 2|E*(G)| then the bound from Lemma [6.1] provides better
result. If |Z(G)| < 2|E*(G)| the lower bound from Lemma [6.2] should be used. Therefore we should
combine the results from Lemmal6.]]and Lemmal[6.2]to one lower bound as

VE(G) > EE(G) > max{|Z(G)|, |E*(G)| — |Z(G)|} .

We define this result as our lower_bound_1 presented in Algorithm [25] In the next example we apply

Algorithm 25 lower_bound._1
Require: I-DAG G
Ensure: 1b < EE(G)
1b = max{|Z(G)],|[E*(G)| — |Z(G)|}

these lower bounds to the graph from Figure[6.3]as well as to lion and bat graphs (compare Figure .21 (a)
and Figure[6.4(a)).

Y1 Y2 Ys Ya Y1 Y2 Ys Ya

U2

(a) Bat graph (b) Absorption-free subgraph of the lion (c) Absorption-free subgraph of the
graph bat graph

Figure 6.4: Illustration of Example and Example

Example 6.7. The I-DAG from Figure[6.3|has 5 intermediate vertices and 8 eliminatable edges and hence
according to Algorithm 23| we get a lower bound

max{|Z(G)|,[E*(G)| - [2(G)[} = max{5,3} =5 ,

which luckily corresponds to the costs of the optimal solution. On bat and lion graphs we do not get such
good results.
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The lion graph (compare Figure contains 2 intermediate vertices and 8 eliminatable edges,
hence we get a lower bound of 6. Which is far away from the real solution that is 11.

Similarly, if we apply these techniques to the bat graph (compare Figure[6.4(a)), we get a lower bound
of 9 (3 intermediate vertices and 12 eliminatable edges) which is not even half of the costs of the optimal
edge elimination solution, 23.

As we can see, the bounds we have so far provide poor results. The reason for this bad performance is that
we assume that no new edges are introduced during the elimination sequence. Even on absorption-free
graphs we implicitly make this assumption. This of course does not match the reality. To improve the
lower bounds we need techniques that can make use of the actual structure of the I-DAG and exploit it
for better lower bounds. One possible idea to improve the bounds is to use the results from Theorem [3.2]
and compute lower bounds on the absorption-free subgraphs of the actual I-DAG. This idea is discussed
in the next subsection.

6.3.2 Lower bounds for edge and vertex elimination problems based on reduction
to absorption-free subgraphs

In this subsection we develop more advanced lower bounds for the optimal vertex and edge elimination
problem. The biggest advantage of these lower bounds over the ones shown in the previous subsection
is that they can exploit the structure of the 1-DAG. Specifically we do not assume that all edges are
preserved. As first attempts of developing such bounds may be considered the result presented in [NHOS]].
Sum of minimal Markowitz degrees of intermediate vertices was used as a lower bound for the number
of fma’s performed during an optimal edge or vertex elimination sequence. We discussed this bound
on absorption-free I-DAGs (note that on absorption-free graphs Markowitz degree is equal to minimal
Markowitz degree).

The lower bounds developed in this thesis are based on the result from Theorem [3.2] It allows us to
use the lower bounds computed on the subgraph of the actual graph as a lower bound for the original
I-DAG. So we only have to decide what kind of subgraphs do we want to use for computing the lower
bounds. As we already have good algorithms for lower bounds on absorption-free 1-DAGs, it is self-
evident to build absorption-free subgraphs of the given I-DAG and apply the algorithms from Section[d.1]
to compute the lower bound for this subgraph.

This subsection is structured as follows. First we discuss the basic idea of computing the lower
bounds based on reduction to absorption-free subgraphs on an example and formulate an algorithm (Al-
gorithm 26). Then we apply this algorithm to several examples. Next we will see that the choice of
absorption-free subgraph is crucial to the quality of the lower bounds. Afterwards we apply the algorithm
to the 1-DAGs discussed in [CHMUI12] and compare the results with lower bound based on the sum of
minimal Markowitz degrees.

The next example demonstrates the basic idea of computing lower bounds through reduction to an
absorption-free subgraph.

Example 6.8. Consider the lion graph as on Figure As we already know the optimal edge
elimination on lion graph requires 11 fina’s. We denote the lion graph without the edge (v1,y1) (compare
Figure as G'. G’ is obviously an absorption-free I-DAG. Moreover it is a subgraph of the lion
graph. Hence EE(G) > EE(G') according to Theorem Applying the AlgorithmES’]to G’ we get

EE(G') =2+4+2-4=10 ,

meaning that the optimal edge elimination on the lion graph needs at least 10 fma’s. This result is much
better than the one we saw in Example[6.7\where we applied the simple lower bounds.

Let us now try to improve the lower bounds for the bat graph (compare Figure [6.4(a)). First we
construct an absorption-free subgraph of the bat graph. We can achieve this by removing the edges
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(@ (b)

Figure 6.5: llustration of Example

(v1,y1) and (va,ys) (compare Figure . Applying the Algorithm to this subgraph we get a lower
bound of 20. Hence an optimal edge or vertex elimination on the bat graph performs at least 20 fma’s.
This result is only 3 fma’s away from the costs of an optimal edge elimination sequence, which is 23 as
proved in [NauO4|]. It is also much better than the lower bound we get applying Algorithm 23] that was 9

fma’s in Example[6.7}

In the Algorithm 26 we formulate the idea of computing lower bounds on the absorption-free subgraph of
a given I-DAG. As you can see, Algorithm [26]is a very short algorithm. It first constructs an absorption-

Algorithm 26 Lower bound based on absorption-free subgraphs
Require: I-DAG G, 1b /I Compute incremental lower bound
Ensure: 1b < EE(G)

ALGORITHM[3(G.T)

ALGORITHM[TI[(T,1b)

free subgraph T of the original I-DAG G using Algorithm [3] Then the lower bound for the subgraph
T is computed using the Algorithm [TT] Of course we could use any of the algorithms developed in
Section 4.3.3 to compute the lower bounds on absorption-free subgraph 7". Here we simply chose the
best one.

Let us apply this Algorithm 26]to some I-DAGs and see what results we get using this algorithm and
compare them with the bounds presented in the previous section.

Example 6.9. Consider the I-DAG G as on Figure In Example we will see that VE(G) =
EE(G) = 22 for this I-DAG. Let us now see how good the new lower bounds are. Applying the Al-
gorithm 23] to G yields a lower bound of 8 as |Z(G)| = 3 and |E*(G)| = 11. Let us now apply
the Algorithm 26|to G. We assume that we remove the edge (x4,v1) to construct an absorption-free
subgraph T of G. Now we have to apply the Algorithm[I1] to absorption-free subgraph T. In Exam-
pleE.20we saw that Algorithm[I1|provides a lower bound of 21 for T. Hence according to Algorithm |26
VE(G) > EE(G) > 21 which is a very good lower bound.

Let us now look at another example. Consider I-DAG G as on Figure In Example [6.23] we
will prove that VE(G) = EE(G) = 32. Applying the Algorithm|25|to G yields a lower bound of 11 as
|Z(G)| = 4 and |E*(G)| = 15. Now we apply the Algorithm We assume the edges (va,v,4) and
(vs, vy4) were removed to construct an absorption-free subgraph T' (compare Figure of I-DAG
G. The application of Algorithm[I1]yields a lower bound of 30 fmas (compare Example 4.22)). Hence
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VE(G) > EE(G) > 30. Which is again a good lower bound as it is only 2 finas away from the optimal
solution.

The examples we discussed up till now may give you a feeling that the bounds based on absorption-free
subgraphs are always superior to the bounds we have presented in the previous section. The following
example shows that this is not always the case.

Example 6.10. Consider the I-DAG G as on Figure The lower bound produced by Algorithm 23]
is

max {|Z(G)|.|[E*(G)| ~ |Z(G)|} = max {5,8 5} = 5

Let us now apply the Algorithm[26] First we need an absorption-free subgraph of G. Therefore we need
to destroy the two of the three parallel paths connecting v and vs. We can do this by removing the edges
(v1,v2) and (v1,v4). Doing so we must also remove the vertices vy and v4 from this I-DAG as they are
no longer connected to the input x1 (compare Figure [6.3(D)). No matter which edges are removed we
end up with a graph which is isomorphic to this one. Obviously the optimal vertex (edge) elimination on
this I-DAG requires 3 multiplications hence the lower bound produced by Algorithm[26] cannot exceed 3.
Hence, the bounds presented in the previous section do a better job on this example.

Still the previous example is rather an exception. In typical applications the lower bounds based on
reduction to absorption-free subgraph provide better results than the simple lower bounds. Nevertheless
as already mentioned in the previous subsection, one should always consider using the simple lower
bounds, as the computation of these bounds is cheap.

Choice of absorption-free subgraph is crucial. As you might have anticipated the quality of the
bounds produced by the Algorithm [26] strongly depends on the choice of the absorption-free subgraph.
The next example shows that the choice of the subgraph is often crucial to get good lower bounds. There-
fore in the next example we will compute a lower bound for the bat graph and the two 1-DAGs from
Example [6.9] using not optimal subgraphs. We will then compare the results with the bounds computed
previously in this subsection.

Example 6.11. First we discuss the bat graph. Let us assume that we removed the edges (vs,y1) and
(vs, ya) to construct the absorption-free subgraph T' (compare Figure . Hence the application of
Algorithm [l 1| to T yields a lower bound of 16 fina’s as shown in Example We get a significantly
worse lower bound than the one we saw in Example where we got a lower bound of 20. We can
get even worse result if we construct the absorption-free I-DAG removing the edges (v1,v3) and (va,v3)
(compare Figure vielding a lower bound of 4 as discussed in Example

Consider now the I-DAG G as on Figure We assume that the absorption-free subgraph T is
constructed by removing the edge (v1,vs) (compare Figure . Applying the Algorithm|l1|to T
yields a lower bound of 5 as shown in Example The lower bound for this I-DAG we get with this
absorption-free I-DAG is far away from the result we got in Example There we got a lower bound of
21 fma’s.

Removing the edges (v1, v2) and (v1,v3) from the I-DAG G as on Figure yields an absorption-
free subgraph T that is isomorphic to that on Figure[6.4(b)] Hence the application of Algorithm[I1]yields
a lower bound of 10. This is only a third of the lower bound we got in Example[6.9)

As we can see the choice of the absorption-free subgraph is crucial to get good lower bounds. Algorithm 3]
allows us to construct the absorption-free subgraphs we need. We only have to adjust the weights of the
edges in a proper way before running the algorithm. First attempts of developing such algorithms were
made in the master thesis of Tarek El Habbaj [EH12] under my supervision.

In this thesis I will not discuss the results in any further detail for the following reasons. For the
theoretical examples discussed in this thesis I picked the best absorption-free subgraphs to show the
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advantages of the suggested approach for computing the lower bounds by reduction to subgraphs. In the
long term we do not want to reduce the given 1-DAG to an absorption-free subgraph. Rather, we want to
stop removing the edges much earlier in order not to lose information about the graph, as discussed in the
outlook. So it is not clear whether better algorithms for constructing absorption-free subgraphs can help
us in the future.

Before finishing this subsection I would like to present the results of applying the Algorithm [26]to the
graphs shown on Figure[6.6] These graphs were used for case study in [CHMUI12]. The authors of this
paper applied integer programming to solve the vertex elimination problem on these graphs. We will also
compare the result of Algorithm [26] with the sum of minimal Markowitz degrees. The latter was used as
a lower bound to speed up the branch and bound algorithm employed to solve the integer programming
problem.

v Y2 Y3 Y Y2 Ys

Py

U3

Ty T z3 Ty

(a) Fig.10.4

Y1 Y2

1 Zo

(c) Fig.10.1 (d) Butterfly graph

Figure 6.6: L-DAGs used in [CHMU12].

Example 6.12. Consider I-DAG G as on Figure According to [CHMUIZ2] VE(G) = 18. Let us
now apply Algorithmm G. We assume that the edge (v1, v3) was removed to build an absorption-free
subgraph T of G (compare Figured.31(a)). Applying the Algorithm[I1|to T yields a lower bound of 15
fma as shown in Example We get a sharp lower bound which is only 3 fma’s away from the optimal
solution. Still the sum of minimal Markowitz degrees provides a better lower bound of 16 fma’s according
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to

3
ZmarkG(vi) =4+6+6=16

i=1

Example 6.13. Consider I-DAG G as on Figure According to [CHMUIZ2] VE(G) = 22. Let us
now apply Algorithmto G. We assume that the edge (v1, vs) was removed to build an absorption-free
subgraph T of G (compare Figure d.31(D)). Applying the Algorithm[[1|to T yield a lower bound of 17
fma’s as shown in Example The lower bound we get is not as sharp as in previous examples as it
is b fma’s away from the optimal solution. Still the sum of minimal Markowitz degrees cannot provide a
better bound in this case as

5
> markg(v;) =4+2+2+3+3=14

i=1

Example 6.14. Consider I-DAG G as on Figure According to [CHMUI2|] VE(G) = 15. Let us
now apply Algorithmto G. We assume that the edge (va,v3) was removed to build an absorption-free
subgraph T of G (compare Figure[d.31(c)). Applying the Algorithm[I1|to T yields a lower bound of 14
fima’s as shown in Example[d.23] We get a sharp lower bound which is only 1 fima away from the optimal
solution. The sum of minimal Markowitz degrees cannot provide a better lower bound in this case as

5
D markg(vi) =2+1+2+2+4=11
i=1

Example 6.15. Consider I-DAG G as on Figure We refer to G as butterfly graph. Accord-
ing to [[CHMUI2|] VE(G) = 48. Let us now apply Algorithm to G. We assume that the edges
(vs,Y2), (V6,y1), (V7,Ya), (vs,ys3) were removed to build an absorption-free subgraph T of G (compare
Figure d.31(d)). Applying the Algorithm[[1|to T yields a lower bound of 24 fma’s as shown in Exam-
ple The bound is not sharp at all as it is only half of the number of fma’s performed by an optimal
vertex elimination. The sum of minimal Markowitz degrees provides a much better lower bound of 32 fma

according to
8

D markg(v) =4+4+4+4+4+4+4+4=32
i=1

As we can see, the approach presented in this section is not always better than the sum of minimal
Markowitz degrees. It fails especially to provide a good lower bound for the butterfly graph. Still we
have not used the full potential of the basic idea of the presented approach. We do not have to reduce
the I-DAG to an absorption-free subgraph. We decided to do this because we could compute good lower
bounds for absorption-free graphs. If we keep more edges in the graph we can potentially compute a
better lower bound, as the more edges we remove the more information about the original graph gets
lost. We just need a way of determining good lower bounds on non-absorption-free graphs. First ideas
on such algorithms are discussed in the outlook in Section We also do not use the information
contained in the edges we have removed to build a subgraph. For example we could try and estimate
the critical degree of the removed edges and improve our lower bound using this information. This idea
is also discussed in Section In the outlook we will apply these ideas to the previous four graphs
(Figure [6.6). Exploiting these ideas allows us to compute a lower bound equal to the solution of the
optimal vertex (edge) elimination problem for all four graphs and provides a better lower bound than the
sum of minimal Markowitz degrees for all four examples.
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6.4 Numerical results

In this section we present results of applying the techniques proved in this thesis for solving the EE or VE
problems with branch and bound algorithm on several examples. The main objective of presenting the
results in this section is to provide a better understanding of the usefulness of the techniques discussed in
this thesis. While one can imagine that lower bounds can have a great impact on the performance of the
branch and bound algorithm, the impact of exploiting the commutativity of edge and vertex elimination
seems to be negligible looking at the examples. Especially the commutativity of edge elimination seems
to be not worth considering, if we consider Example

To generate results from this section we used the software originally developed as part of a bachelor
thesis from Elmar [Pei09] and extended in the master thesis of Tarek El Habbaj [EH12]. It implements
a branch and bound algorithm as discussed in Section for solving VE and EE problems. It allows the
choice of algorithms for lower bounds. The lower bounds can be computed as in Algorithm[25]or based on
reduction to absorption-free subgraphs. The lower bounds on absorption-free subgraphs can be evaluated
according to Algorithm[T0Jor Algorithm[9] The software cannot compute the most advanced lower bounds
according to Algorithm In addition to lower bounds we can also exploit the commutativity of edge-
and vertex elimination (compare Algorithm [23]and Algorithm 21). In case of vertex elimination we can
also handle adjacent vertices as in Algorithm [22]

Results of the tests are presented in two tables. Table contains results for VE problem while
Table shows results for EE problem. The first column of the table contains the reference to the figure
containing the examined 1-DAG. This figure presents the 1-DAG and the absorption-free subgraph used
to compute the lower bounds (edges removed to build an absorption-free subgraph a marked with dashed
lines). The second column shows which algorithms were used to obtain the solution. Each letter in this
column indicates an algorithm

r — Algorithm 2] or Algorithm [23|depending on whether VE or EE problem is solved
a — Algorithm[22]only used when solving VE problem

m — Algorithm[9]

¢ — Algorithm

The third column contains the number of fma’s performed by the solution of the VE (EE) problem. The
fourth column contain the overall number of elimination sequences checked by the branch and bound
algorithm to compute the solution. The last column shows the time needed to compute the solution.
Some of the tests took too long in this case the time column contains the time after which the test was
stopped and the fourth column shows the percentage of the whole search space that was tested so far. The
test were performed on an machine with Intel(R) Xeon(R) CPU E5-2630 and 128 GB RAM.

The lower bounds from Algorithm [25] are used in all tests even if we run tests using Algorithm [9] or
Algorithm Algorithm [9]is only used if Algorithm 23] fails to perform the cut. The lower bounds ac-
cording to Algorithm[I0]are only computed if the lower bounds from Algorithm[9]are not good enough to
perform the cut. This way we ensure that the most expensive algorithms (in terms of computational time)
are only used if necessary. This helps to reduce the overall run time of the branch and bound algorithm,
and is the way the lower bounds should be used for real world problems.

6.4.1 Vertex elimination

In this subsection we present the result for solving the VE problem. With the exception of the butterfly
graph (see Figure [6.6(d)) the number of intermediate vertices in all 1-DAGs discussed in this thesis is
simply too small. Hence the search space induced by the VE problem on these graphs is not big enough
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Figure 6.7: L-DAGs with corresponding absorption-free subgraphs used to compute lower bounds.
Dashed edges indicate edges that were removed to build the absorption-free subgraph.
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and does not show any interesting results. Therefore we will apply the software to the butterfly and three
other graphs presented in Figure[6.7]

The results for solving the VE problem on all discussed 1-DAGs are shown in Table Let us
first discuss the results for the butterfly graph. As we can see the lower bounds based reduction to
absorption-free subgraph cannot reduce the number of checked elimination sequences, meaning that the
lower bounds based on reduction to absorption-free subgraph are not better than the lower bounds from
Algorithm 25] Computing the lower bounds based on reduction to absorption-free subgraph almost dou-
bled (Algorithm [9) or tripled (Algorithm [T0) the time needed to compute the solution. The reason why
the lower bounds based on reduction to absorption-free subgraphs are not good enough is based on the
fact that we have to remove too many edges to build an absorption-free subgraph and hence too much
information is lost. A solution to this problem is shown in Example where we compute a perfect
lower bound. Exploitation of commutativity of vertex elimination can significantly reduce the number
of checked elimination sequences. Exploiting the commutativity of not adjacent vertices, reduces the
number of checked sequences by a factor of 16. Exploitation of the commutativity of adjacent vertices
reduces the number of checked elimination sequences by another factor of 20. Overall we can reduce
the number of checked elimination sequences by more than 300 times. As we can see we can compute
the optimal solution for the butterfly graph in only 0.03 seconds. In [CHMU12|| the same problem was
solved by an integer programming approach. In best case the solution of this problem took more than 300
seconds.

I-DAG modes | solution | num. checked sequences time
Figure|6.8(d)| | mc 48 40320 3.7 sec
m 48 40320 2.7 sec

48 40320 1.5 sec

r 48 2468 0.11 sec

rm 48 2468 0.2 sec

rmc 48 2468 0.3 sec

rmca 48 128 0.03 sec

Figure|6.7(a) 23 2386405 38.5 sec
m 23 669164 20.3 sec

mc 23 445878 16.3 sec

r 23 10418 0.28 sec

rm 23 10334 0.4 sec

rmc 23 8586 0.5 sec

rmca 23 2386 0.3 sec

Figure(6.7(b)| | mc - <0.002% | stopped after 64h
r 39 995634679 26735 sec

rm 39 995634679 52339 sec

rmc 39 995634679 65526 sec

rmca 39 9483062 1546 sec

Figure[6.7(c)[ | mc - <0.36% | stopped after 27h
r 35 20430196 602 sec

rm 35 20418998 1268 sec

rmc 35 20418998 1795 sec

rmca 35 409039 92 sec

Table 6.1: Results for solving VE problem.

Next we will discuss the solution of the VE problem on the three I-DAGs presented on Figure
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The application of the given software to these graphs was extensively discussed in [Pei09] and [EH12].
Here we will only concentrate on some interesting facts. As we can see the commutativity of the vertex
elimination is again a very useful tool. For all three 1-DAGs it helps to reduce the search space and the run
time similar to results we observed for the butterfly graph. For example for the I-DAG on Figure
it makes the differences between computing the result in less than 30 minutes (rmca) or waiting months
or even years for the answer (mc). The lower bounds based on reduction to absorption-free subgraphs
do not help to reduce the computational time. On the contrary the time needed to compute the solution
is increased in all three cases. The number of checked elimination sequences could only be reduced for
the 1-DAG on Figure On this 1-DAG we can slightly reduce the number of checked elimination
sequences by applying Algorithm [I0]on top of Algorithm[9] Still the computation of the lower bounds
according to Algorithm[I0]is too expensive and we cannot decrease the overall run time of the program.
For 1-DAGs on Figure and Figure [6.7(b)| both Algorithm [9]and Algorithm [I0] are beaten by Algo-
rithm Thus the application of both algorithms does not reduce the number of checked elimination
sequences but significantly increases the run time.

Let us now investigate why lower bounds based on absorption-free graphs fail to beat the Algorithm 23]
on these graphs. If we look at the absorption-free subgraphs of the I-DAGs, we will notice that many
edges are removed to build the absorption-free graphs. Hence a lot of information about the original
structure of the graphs is lost. So we need strategies of retaining this information to improve the lower
bounds. Some ideas on this are presented in Section Nevertheless lower bounds based on reduction
to absorption-free subgraphs can provide good lower bounds as we will see in the next subsection.

6.4.2 Edge elimination

In this subsection we discuss the results for solving the EE problem on I-DAGs in Figure All results
are summarized in Table As already mentioned the search space of the EE problem is much bigger
than the search space of the VE problem. The difference is so big that although we could easily solve
the VE problem on butterfly I-DAG, we failed to find the solution for the EE problem on this I-DAG. The
program was stopped after 69 hours without making any significant progress. This result is even more
disappointing as edge elimination and vertex elimination yield the same costs on the butterfly graph as
proved in Example It is more astonishing that with the ideas presented in Chapter [7| we could solve
the EE problem on this I-DAG in linear time (compare Example[7.6). So we will not even try to solve the
EE problem with the given software for any of the 1-DAGs in Figure For all tests discussed here we
first solved the VE problem to get a good upper bound before solving the EE problem.

As we can see exploitation of commutativity of edge elimination (Algorithm [23)) allows us to solve
the problems much faster. For example for the 1-DAG in Figure [6.8(h)]it reduces the number of checked
sequences and the run time by a factor of 1000 (mc vs rmc). For the I-DAG in Figure [.8(b) we were not
able to compute the solution in acceptable time without exploitation of commutativity of edge elimination.
The bigger the I-DAG the more we gain from exploiting the commutativity of the edge eliminations.

For all tests discussed in this section we see that both lower bounds based on reduction to absorption-
free subgraphs (Algorithm [9] and Algorithm are better than the lower bounds computed by default.
This fact is expressed in significant reduction of run time and number of the checked elimination se-
quences. We can also see that whenever we use the lower bounds based on Algorithm [T0]in addition
to lower bounds based on Algorithm [0] we achieve further reduction in the number of checked elimina-
tion sequences. The difference between Algorithm[9)and Algorithm [I0]depends on the given I-DAG. On
graphs with maximal path length 2 (Figure Figure[6.8(T), Figure[6.8(a)) the lower bound based on
Markowitz degree is good compared to results produced by Algorithm On I-DAGs with longer paths
like Figure [6.8(b)] Figure [6.8(c)l Figure [6.8(g)| and Figure [6.8(h)] Algorithm [T0] significantly reduces the
number of checked elimination sequences and the run time, especially for 1-DAG in Figure[6.8(h)] where
the number of checked elimination sequences was reduced by a factor of 1000 through application of Al-
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Figure 6.8: L-DAGs with corresponding absorption-free subgraphs used to compute lower bounds.
Dashed edges indicate edges that were removed to build the absorption-free subgraph
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gorithm[I0] The reason why Algorithm[I0]is better than Algorithm[0on I-DAGs with longer paths is that
Algorithm10|can better map the fact that the number of edges can increase during elimination sequence.
This can be done even better by the Algorithm Unfortunately we do not have any implementation of
this algorithm so far.

I-DAG modes | solution | num. checked sequences time
Figure|6.8(e) 11 15883 0.15 sec
r 11 2594 0.02 sec
m 11 748 0.01 sec
rm 11 231 0.004 sec
mc 11 65 0.002 sec
rmc 11 57 0.002 sec
Figure|6.8(f) - <9% | stopped after 29h
r 23 208701225 2538 sec
mc 23 29610868 808 sec
rm 23 5367293 146 sec
rme 23 2149352 68 sec
Figure|6.8(g) 22 1655635947 16612 sec
r 22 116263115 1218 sec
rm 22 1172296 31 sec
mc 22 908 0.06 sec
rmc 22 533 0.04 sec
Figure|6.8(d)| | rmc - <0.00001 | stopped after 64h
Figure|6.8(h)[ | r 32 <0.3% | stopped after 27h
mc 32 321122341 9908 sec
rm 32 269825048 7857 sec
rme 32 256307 9 sec
Figure [6.8(a) 18 38827700 411 sec
m 18 11462801 264 sec
mc 18 7515192 167 sec
r 18 1007483 12 sec
rm 18 379636 8 sec
rme 18 341887 9 sec
Figure (6.8(b)| | mc - <1.17% | sopped after 36h
r 22 2726798087 29466 sec
rm 22 1598082512 30982 sec
rme 22 521729712 12712 sec
Figure [6.8(c) 15 396343562 2930 sec
r 15 17275741 141 sec
m 15 9262075 161 sec
rm 15 760053 14 sec
mc 15 163101 4 sec
rme 15 29403 1 sec

Table 6.2: Results for solving EE problem.
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6.4.3 Conclusion

As we could see in our tests, exploitation of the commutativity of edge and vertex elimination reduces
the search space of the VE and EE problems significantly. Thus these techniques should always be used
when trying to solve these problems by the branch and bound algorithm. Sometimes the usage of these
techniques makes the difference between being able to solve the problem or not.

The conclusion about the lower bounds based on reduction to absorption-free subgraphs is not that
distinct. For -DAGs discussed in Section [6.4.1] they failed to beat the simple lower bounds from Algo-
rithm [25]and increased the time needed to solve the problems. For 1-DAGs discussed in Section[6.4.2] the
lower bounds based on reduction to absorption-free subgraphs could significantly decrease the number
of checked elimination sequences and speed up the overall computation of the solution. We already dis-
cussed the reasons for this behavior. In the rest part of this thesis we will discuss ways to improve the
behavior of the lower bounds based on absorption-free subgraphs. This will be achieved in two differ-
ent ways. Indirectly by proving several optimality preserving eliminations (see Section [6.5). Optimality
preserving eliminations allow us to reduce the size of the -DAG (number of edges and vertices). There-
fore the number of edges and vertices that needs to be removed to build an absorption-free subgraph is
smaller and hence less information is lost during its construction. We will also show various direct ways
to improve the lower bounds in Section[7.2]

6.5 Optimality preserving elimination

In this section we discuss optimality preserving eliminations on general 1-DAGs for both edge and vertex
elimination problems. Optimality preserving elimination is a very powerful tool that allows significant
reduction of the search space. So far the only optimality preserving result for optimal edge and vertex
elimination problems is, that elimination of vertices with Markowitz degree 1 preserves optimality. It
was proved by Naumann in [Nau99|. In this section we will present two new optimality preserving
eliminations (Lemma|6.5]and Lemma[6.6). Using these results we can solve the optimal edge elimination
problem on several 1-DAGs. For example for lion graph we can prove that the optimal edge elimination
sequence involves 11 fmas (Example [6.23). Both results are special cases of Lemma [4.18] which we
used to develop optimality preserving eliminations based on critical-degree of an edge on absorption-free
graphs. To apply Lemma we need to estimate the critical degree of an edge on arbitrary 1-DAGs.
Therefore we will prove a sufficient condition for critical edges on arbitrary 1-DAGs (Lemmal[6.3)), as the
lower bound proved in Theorem [4.3]is not applicable to not absorption-free graphs.

This section is structured as follows. First we discuss why the Lemma and Lemma {4.17| are
not applicable to general 1-DAGs and present a counter example (Example [6.16). Next we discuss how
to use the result from Lemma [4.18] for optimality preserving eliminations on not absorption-free graphs.
Therefore we show that Theorem [4.5] is not applicable to not absorption-free graphs (Example [6.18).
We then develop a sufficient condition for critical edges in Lemma [6.3] and combine this result with
Lemma to prove the optimality preserving eliminations in Lemma and Lemmal6.6] At the end
we use these results to obtain optimal solutions for the lion graph and the graphs from Figure and
Figure (Example[6.23).

Unfortunately we cannot use the results for optimality preserving elimination of semi-bridges (see
Lemma .16 and Lemma [4.17) on not absorption-free 1-DAGs as they exploit the fact that VE = EE on
absorption-free 1-DAGs. Even the weaker version of this result for bridges (e.g vertices vo and vs on
Figure [6.9(a)) as shown in [MNI12] cannot be applied to general 1-DAGs, because it exploits the fact
that the number of predecessors and successors of a vertex is not decreasing during a vertex elimination
sequence. Consider a small example.
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Figure 6.9: Illustration of Example and Example

Example 6.16. Consider I-DAG G as on Figure The vertices vy and vs fulfill the requirements
of the weaker version Lemmald.16|as v is the only predecessor of vs, vs is the only successor of v and
|Pa(ve)| < |Sq(vs)|. Still the elimination of vy does not preserve optimality neither for edge nor for
vertex elimination problem. As all elimination sequences starting with elimination of vy need at least 6
fma’s as o¢(v2) = 2 and EE(G — vy) = 4 (compare Example [6.17). While the elimination sequence
[v1,v9, v3] needs only 5 fimas

oc([v1,v2,v3]) =1+1+43=5

The reason for this is the fact that after the elimination of vi from G the number of predecessors of vy
decreases.

So far we can only use the result of Naumann in [Nau99] where he proved that elimination of vertices
with Markowitz degree one preserves optimality in the context of the EE and VE problems. Although
this result covers much smaller number of cases compared to that from Lemma [.16] and Lemma [4.17]
this result is good enough to help us to solve the optimal edge elimination problem for the 1-DAG from
Figure as shown in the next example.

Example 6.17. Consider I-DAG G as on Figure[6.9(a)] The Markowitz degree of vertex vy is 1. Hence
the elimination of this vertex preserves optimality. The resulting I-DAG G — vy shown on Figure[6.9(c)|is
an absorption-free I-DAG. So we can apply our optimality preserving results for absoprtion-free I-DAGs.
Hence according to Lemma the elimination of vy preserves optimality on G — vy yielding that the
vertex elimination sequence [v1, v, vs] solves the EE and VE problems and

EE(G) = VE(G) = o¢([v1,v2,v3]) =14+ 143 =5.

Similarly the elimination of vertex vi on G — vy (compare Figure[6.9(D)) preserves optimality. Hence
the vertex elimination sequence [v1,vs] solves the EE and VE problems on G — vy and

EE(G — v2) = VE(G — v3) = o¢([v1,v3]) =143 =4.

Not all results from Section[d.3.2]are useless on general I-DAGs. The result from Lemmal[4.T8|can be
applied to arbitrary I-DAGs. To apply Lemma[#.18]we need to be able to determine (estimate) the critical
degree of an edge on arbitrary I-DAGs. Unfortunately we cannot use the results from Theorem [4.3]as this
theorem is based on Lemma[#.19)and Lemma.20} Both lemmas assume that there is no absorption. That
is why if we use these results on non-absoption-free -DAGs we may overestimate the critical degree of
an edge as we can see in the following example.



152 CHAPTER 6. VERTEX AND EDGE ELIMINATION PROBLEMS ON ARBITRARY L-DAGS

Example 6.18. Consider I-DAG G as on Figure[6.9(b) If we apply the result of Theorem[{.5|to the edge
(71, v3) we get
Ag((x1,v3)) > [V (v3)| =3

In Example we have proved that
EE(G) = VE(G) =4

We set G' = G|E(G) \ (x1,v3)]| (compare Figure|6.9(d)). G’ is absorption-free I-DAG with maximal
path length 3 hence applying Algorithm[8]yields

EE(G') =VE(G') =4

Hence 3 is not a lower bound for the critical degree of the edge (11, vs) neither for edge nor for the vertex
elimination as
3< Ag((z1,v3)) <EE(G) —EE(G') =4-4=0

and
3< A ((z1,v3)) SVE(G) —VE(G') =4-4=0

Moreover (x1,v3) is even a not critical edge.

So we need another result to estimate the critical degree of an edge on arbitrary 1-DAGs. Absorption
makes it more complicated to compute good lower bounds for critical edge degree on arbitrary I-DAGs.
The critical degree of edge can be even zero as that happened to the edge (1, v3) in Example While
on absorption-free 1-DAGs the critical degree of every edge is at least one.

Let us try to find a criterion to identify critical edges on arbitrary 1-DAGs. As we saw, the edge
(z1,v3) in Example is not critical. The reason for this is that this edge is absorbed during an
optimal elimination sequence and therefore it does not contribute to the overall elimination costs. The
next example supports this observation.

Example 6.19. Consider I-DAG G as on Figure We will show that the edge (v1, y1) is not critical
for both optimal edge and vertex elimination problems as it is absorbed by [va,v1]| which is the optimal
elimination sequence for both problems. Obviously [vy,v1] is an optimal vertex elimination sequence
for G with o¢([va,v1]) = 12. Next we will prove that [va, v1] also solves the optimal edge elimination
problem for G’ (Figure . G’ is an absorption-free subgraph of G which was produced by removing
the edge (vi,y1). According to Algorithm 8| [va,v1] is an optimal vertex elimination sequence on G'
with og:([v2,v1]) = 12. G’ is an absorption-free I-DAG and therefore VE(G') = EE(G') and hence
VE(G) = EE(G) as
12 = VE(G) > EE(G) > VE(G') = 12

This implies that (v1,y1) is a not critical edge. Again we see that a not critical edge is absorbed during
an optimal edge (vertex) elimination sequence.

Still an edge can be critical even if it is absorbed during an optimal elimination sequence as the following
example shows.

Example 6.20. Let us assume that G is a lion graph (compare Figure d.21(a)). We already know that
EE(G) = 11 and [(vg, Y1), 1, vg] is a corresponding optimal elimination sequence. The edge (v1,y1)
is critical although it is absorbed during this optimal elimination sequence as

A% ((vi,41)) =EE(G) —EE(G') =11-10 ,

where G’ is the lion graph without (v1,y1) (compare Figure|6.4(b)).
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Figure 6.10: Illustration of Example

So as we can see, even the knowledge about the optimal elimination sequence not necessarily helps us to
decide whether an edge is critical or not. In the following we will develop an easy-to-check criterion for
critical edges.

Obviously an edge contributes to the costs (increases the costs) of a given elimination sequence if
at least one multiplication with the label of this edge is performed before the edge is absorbed. We
can also explain this using bi-coloring. We color an edge with 1 and all other edges with 0. If a given
elimination sequence produces at least one 1-colored edge then the 1-colored edge contributes at least
one multiplication to this elimination sequence. This idea allows us to formulate the following sufficient
condition to decide whether a given edge is critical or not.

Lemma 6.3. Consider an I-DAG G and (i, j) € E*(G). If there exists an optimal edge (vertex) elimina-
tion sequence not absorbing (i, j) then (i, j) is critical for edge (vertex) elimination.

Proof. First we prove the claim for edge elimination. Therefore we investigate the cost of an optimal edge
elimination sequence where (4, j) is not absorbed, by applying it to G and G’ = G[E(G) \ {(i,4)}]. It
is sufficient to show that at least one of the eliminations in this sequence performs at least one additional
fma when applied to G, as in this case

EE(G') <EE(G)-1 ,

implying that (¢, j) is critical. Due to the assumption that (4, j) is not absorbed when the elimination
sequence is applied to G, there are only three different ways left to eliminate (¢, j) from G:

1. elimination of (4, j) explicitly,
2. elimination of j by back elimination of all out-edges,
3. elimination of ¢ by front elimination of all in-edges.

In the first case the elimination of (4, j) will be done only on G, and therefore the elimination sequence
will cost at least one fma more when applied to G. Consider the second case. The back elimination of
any out-edge of j in G will cause the multiplication with ¢; ;. The claim holds due to the fact that this
multiplication is not performed on G’. The third case is similar to the second.

The claim for vertex elimination follows immediately from the fact that vertex elimination is defined as a
sequence of edge eliminations. O
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Now we have a sufficient condition that allows us to decide whether an edge is critical or not. At first
glance it is not quite clear how this result can be used in praxis, as we need to check whether any of the
optimal elimination sequences does not absorb the edge. In particular this requires the knowledge about
the optimal solution first, making this result not really useful. Still for some edges we know that they
cannot be absorbed by any elimination sequence because there exists no alternative path connecting the
source of the edge with its sink. The following Lemma formulates this idea.

Lemma 6.4. Consider an I-DAG G and (i, j) € E*(G). If G contains only one directed path from i to j
then (i, 7) is a critical edge for edge (vertex) elimination.

Proof. As there exists only one directed path from ¢ to j, the edge (¢, j) cannot be absorbed during any
edge (vertex) elimination sequence. Hence according to Lemma|6.3| (4, 7) is a critical edge. O

Let us discuss this result in the following example.

Example 6.21. Consider G is a lion graph (compare Figure 4.21(a)). The edge (va,y1) is the only
connection of vo with y,. Hence according to Lemma (vo,y1) is critical.

We can use this result together with Lemma4.18]to prove optimality persevering eliminations on arbitrary
1-DAGs.

@ G () G — (i,5)~ ©G G- (i,5)7*

Figure 6.11: Ilustration of the assumptions in Lemma ((a) and (b)) and Lemma ((c) and (d))

Lemma 6.5. Consider an I-DAG G and (i,j) € E(G), where (k,j) € E(G), Pg(i) = {k}, and
there exists only a single path from i to j. Back elimination of (i,j) preserves optimality (compare

Figure and Figure[6.T1(D)).

Proof. From Lemma [6.4] follows that (i, j) is critical. The back elimination of (4, j) transforms G to
G’ = G[E(G) \ {(i,j)}] at the cost of one fma. From Definition |4.5|follows that

EE(G) > EE(G') +1=EE(G — (i,j)7) +1

which completes the proof. O

Lemma 6.6. Consider an I-DAG G and (i,j) € E(G), where (i,k) € E(G), Sc(j) = {k}, and there
exists only one path from i to j. Front elimination of (i, j) preserves optimality (compare Figure|6.11(c)

and Figure[6.11(d)).

Proof. The proof is similar to that of Lemma[6.5]due to symmetry. O

In the following example we apply the results from Lemma [6.5]and Lemma [6.6] to the three I-DAGs we
used in examples in Section [6.3]
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Example 6.22. Consider G is a lion graph (compare Figure[4.21(a)| The edge (va,y1) fulfills the require-
ments from Lemma Hence back elimination of (va,y1) preserves optimality. The resulting I-DAG is
presented on Figure

Consider I-DAG G as on Figure|4.21(c)| The edge (va,y4) fulfills the requirements from Lemma
Hence back elimination of this edge preserves optimality for the EE problem. As the resulting I-DAG is a

lion graph we can apply the same strategy as above.
Consider I-DAG G as on Figure The edge (x4, v1) fulfills the requirements from Lemma
Hence front elimination of this edge preserves optimality. The resulting I-DAG is presented on Fig-
Consider I-DAG G as on Figure Both edges (va,v4) and (ve, v3) fulfill the requirements from
Lemmu Hence back elimination of (v2,v4) and (ve, v3) preserves optimality. The resulting I-DAG is

presented on Figure[d.30(a))

We already know how to solve the VE (EE) problem on the resulting absorption-free graph remainders
from Example [6.22] So the combination of the results of Lemma [6.5] and Lemma [6.6] with the results
for optimality preserving eliminations on absorption-free -DAG (Section[4.3.2)) allows us to solve the EE
problem for these examples.

Example 6.23. Consider a lion graph G as on Figure[d.21(a)| As shown in Example [6.22] back elimi-
nation of (va,y1) preserves optimality. In Example 6.8 we proved that [vy,v3] solves the edge (vertex)
elimination problem on the resulting I-DAG (compare Figure 2.2(D)). Hence the elimination sequence
[(va,y1) ™, v1,v2] solves the optimal edge elimination problem on the lion graph and

EE(G) = o ([(v2,y1) ", v1,02]) = 11

Consider an I-DAG G as on Figure4.21(c)| As shown in Example back elimination of (va,ya4) pre-
serves optimality. The resulting I-DAG is a lion graph. We already know that an optimal edge elimination
sequence on lion graph requires 11 fmas and hence

EE(G) = O'G((’Ug,y4)7) —|—EE(G — (1}27y4)7) =1 + 11=12

Consider I-DAG G as on Figure As shown in Example Sfront elimination of (x4, v1) pre-
serves optimality. In Examplewe proved that [vs, v1, V2] solves the edge (vertex) elimination problem
on the resulting I-DAG as on Figure Hence the elimination sequence [(z4,v1)", v, v1, v2] solves
the optimal edge elimination problem on this graph and

EE(G) = o ([(z4,v1) T, v3,v1,v2]) = 22

Consider I-DAG G as on Figure As shown in Example back elimination of (vg,v4)
and (v3,v4) preserve optimality. In Example we proved that [vy,v3,v4,v1] solves the edge (ver-
tex) elimination problem on the resulting I-DAG as on Figure Hence the elimination sequence
[(v2,v4)7, (v3,04) ", V2, V3, vy, 1] SOlves the optimal edge elimination problem on this graph and

EE(G) = o6 ([(v2,v4) 7, (v3,04) ", v2, v3,v4,v1]) = 32

So we can solve the optimal edge elimination problem for these examples easily. Still if one asks
us to find an optimal vertex elimination sequence for these 1-DAGs, we do not have any handy results
to help us to solve this problem efficiently as we do not have any optimality preserving eliminations at
hand that will allow us to reduce the problem. So it is interesting that although the search space for edge
elimination is much bigger than that of vertex elimination, there are cases where it is easier for us to solve
the edge elimination problem. This is of course due to the fact that the result presented in Lemma[6.5]and
Lemma[6.6]is often applicable only to edge elimination problems.
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If we restrict ourselves to vertex elimination, we must ensure that the Markowitz degree of ¢ on
Figure[6.11(a)]is one, in order to be able to apply the Lemmal[6.5} as otherwise we would need more than
one fma to perform the elimination of 7. Hence in this case the statement of the Lemma|6.3]is equal to the
result from Naumann (elimination of vertices with Markowitz degree 1 preserves optimality). Similarly
Lemma [6.6] can be replaced by the result from Naumann when solving the optimal vertex elimination
problem.

In practice we want to accumulate a Jacobian with minimal number of fma’s rather than solve the
optimal vertex or edge elimination problem. So if we present a solution that uses a mix of edge and
vertex eliminations, this result will still be valuable for the user. I suggest therefore that if we want to
solve the optimal vertex elimination problem we should always try to use the results from Lemma|6.5and
Lemma|6.6]because they help to reduce the problem and can make the solution even better (as we saw on
example of the lion graph). Still once we have performed all possible optimality preserving eliminations
we should switch back to the vertex eliminations to keep the search space small.



Chapter 7

Outlook

In this chapter I would like to highlight some open questions and to give you some of my ideas for
improving the results contained in this thesis. The ideas discussed here are only preliminary, meaning
that in most cases only an outline of the proof is given. The usage of these results is also part of the
ongoing research, thus proper algorithms are still to be formulated. Whenever I have a proof idea, I will
present it. In cases of lacking the proper proof idea, I will try to motivate why the result is correct. The
ideas discussed in this chapter are important to understand the full potential of the results from this thesis.
For example for two of the I-DAGs used in [CHMU12] we can beat the lower bound produced by sum of
minimal Markowitz degrees only using the ideas shown here.

This chapter is structured as follows. First we briefly discuss the open questions and claims for the
Minimal Edge Count problem by vertex and edge elimination. In the second section we deal with optimal
vertex and edge elimination problems. This section itself is divided into two subsections. In the first
we look at the absorption-free graphs. There we present ways of improving the lower bounds and show
eliminations that can be used in algorithms approximating the optimal solution. In the second section we
present ideas for new optimality preserving eliminations and discuss ways of improving lower bounds
based on reduction to absorption-free graphs.

7.1 Minimal edge count problem

This section is very short. There are two reasons for this. First reason is that the Minimal Edge Count
problem on absorption-free graphs is solved (Algorithm [)). Secondly I have spent most of the time on
solving the optimal Jacobian accumulation problem and thus most of the results deal with this problem.

In this thesis we introduced lower bounds for the Minimal Edge Count. These are the first results for
lower bounds for this problem. As shown in Example [5.10]and Example [5.11] the quality of the bounds
strongly depends on the choice of the absorption-free subgraphs. In this thesis we have not presented
any strategies for choosing a proper absorption-free subgraph. Further investigations in this direction are
necessary to develop algorithms that compute good lower bounds for the MEC and MECV problems.

Another interesting research point in this area is the proof that elimination of vertices with one in-
or one out-edge preserves optimality for the MEC problem (compare Conjecture [T). Proving this claim
would provide a strong optimality preserving result for arbitrary 1-DAGs. This result can be also used for
solving the MECV problem. Even though the elimination of the vertices with one in- or one out-edge does
not preserve optimality for the MECV problem I believe that elimination of these vertices is a good strategy
for finding near optimal results.

157
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7.2 Optimal Jacobian accumulation

As in this thesis I spent more time dealing with the optimal Jacobian accumulation problem, it is natural
that we have raised more open questions on this topic. Especially if we take into account that the optimal
vertex and edge elimination problems on absorption-free graphs are still not solved, unlike the minimal
edge count problem on absorption-free graphs, where we have a linear time algorithm.

In this section I would like to present enhancements for the lower bounds for both absorption-free
and non-absorption-free subgraphs, discuss some strategies to find near optimal solutions and present
further ideas for optimality preserving eliminations on arbitrary 1-DAGs. The ideas presented here show
the so-far undiscovered potential of the ideas presented in this thesis. This is especially so if we can
provide better lower bounds than the sum of minimal Markowitz degrees on all four examples discussed
in [CHMU12].

This section is divided into two subsections. In the first we deal specifically with absorption-free
graphs. In the second we try to improve our results for arbitrary 1-DAGs.

7.2.1 Absorption-free I-DAGs

In this subsection we will first discuss some of the still open questions. Then some ideas to improve the
bounds on absorption-free subgraphs are presented

One such question on absorption-free I-DAGs is a proof that FE = EE on absorption-free I-DAGs
(compare Conjecture [2).

Conjecture 2. For any absorption-free I-DAG G holds:
FE(G) = EE(G)

This result would close the gap between the result from Griewank where he proved that face eliminations
solves the Optimal Jacobian Accumulation problem on absorption-free 1-DAG and Theorem[.4|(VE = EE
on absorption-free 1-DAGs). Thus we would have a proof that vertex elimination solves the Optimal Ja-
cobian Accumulation problem on absorption-free 1-DAGs, which is an interesting outcome not only from
the theoretical point of view. It may also lead to more optimality preserving eliminations as happened
with EE = VE (compare Lemma[4.16|and Lemma[.17).

It is also an open question, whether the optimal vertex elimination on absorption-free I-DAGs is an
NP-hard problem or not. I believe that there exists a polynomial time algorithm solving the VE problem
for absorption-free 1-DAGs.

Let us now look at the ways of improving the lower bounds on absorption-free graphs. First we can
try and improve the Algorithm [T1] by providing a good approach of choosing the next edge to estimate
the critical degree. As already outlined the choice of the edges to estimate the critical degree is crucial
for the quality of the lower bounds. First attempts to develop such strategies were done in [EH12|] under
my supervision. In this masters thesis we tried to improve the results from Algorithm Some of these
results can be reused for Algorithm [T}

The last idea I would like to discuss can be used to address two problems: to find near optimal results
or for determining lower bounds. The optimality preserving elimination according Lemma [{.16| and
Lemma[4.17] are very useful results. Still sometimes we run into the problem that we cannot apply these
result because the number of predecessors and successors are not appropriate. For example let us take
a look at the lion graph without the edge (ve,y;) (Figure . We cannot apply the Lemma to
vertex v as it has more successors than v, predecessors. If we take a look at the proofs of Lemma [4.16]
and Lemma we will see that we can easily prove the following generalized version of these two
lemmas.
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Claim 1. Consider absorption-free I-DAG G. The following holds for every (a,b) € E*(G), a,b € Z(G)
with S(a) = {b}

VE(G —a) + |P(a)| > VE(G) > VE(G — a) + min{|P(a)|,|S(])|}

(compare Figure 4.19(a)).

Proof. At this point I will only sketch the proof idea. The first part of the inequality is trivially true. The
proof of the second one is based on the proof of the Lemma[4.16 Similar to the proof of Lemma[.16 we
have to distinguish between two cases:

e ¢ is eliminated before b and
e b is eliminated before a.

The proof of the first case is the same as in proof of Lemma .16 as in this case the elimination of a
preserves optimality. For the second case we compare the costs of the elimination sequences

[Uh"'7/Ui717b7vi+17"'uvn:| and [aavly-"7Ui717(017b)+7"'7(0|O|7b)+7vi+17"'7vn7]

as we know that the resulting graph residuals are isomorphic. In the proof of Lemma[4.16]we have shown
that

ag([vh ... ,vn])—ag([a, V1,01, (01,0) T (O‘O‘,b)+,’l}i+1, ... ,vn,}) =og(a)—og,_,(b),
where G;_y = G — [v1,...,v;_1]. The claim follows then from |S¢;,_, (b)| > |Sc(b)]. O

Claim 2. Consider absorption-free I-DAG G. The following holds for every (a,b) € E*(G), a,b € Z(G)
with P(b) = {a}

VE(G —b) +|5(b)| > VE(G) > VE(G — b) + min{|P(a)l,|S(d)|}

(compare Figure
Proof. Symmetrical to the proof of Claim [T} O

The generalized version of Lemma [4.17] (Claim [2) is applicable to the vertex v, on the lion graph
without the edge (v2,y1) (Figure 2.2(b)). According to Claim [2] the best elimination sequence on this
I-DAG starting with the vertex vy costs at most one 1 fma more then the optimal vertex elimination
sequence as

|S(v2)| — min{|S(vs)]|, |P(v1)|} =3 —min{3,2} =1

We can also use Claim [T] and Claim [2] in conjunction with Algorithm [TT} As discussed before, each
time we underestimate a critical degree of an edge, we lose information. So to improve the lower bound
provided by Algorithm [IT] we should try to minimize the number of times we underestimate the critical
degree of an edge. So whenever none of the optimality preserving eliminations can be performed, we
should check whether Claim [I] or Claim [2] are applicable to any of the vertices. This way we can reduce
the number of times we underestimate the critical degree of an edge. In the following example we will
improve the lower bound we have computed in the Example f.19]

Example 7.1. Consider I-DAG G as on Figure[#-25(a)| In Example[.19we applied Algorithm[I1|to this
I-DAG and got a lower bound of 44. We cannot perform any of the optimality preserving eliminations on
this I-DAG but we can apply Claim[2]to the vertex vs. Thus we know that the best elimination sequence
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starting with elimination of vs requires not more than 1 fima compared to the optimal vertex elimination
sequence as
|S(vs)| — min{[S(vs)], |P(v2)[} = 3 — min{3,2} =1

Elimination of v yields an I-DAG as on Figure According to Lemma the elimination of vy
preservers optimality on G —vs. The resulting I-DAG G — [vs, v1] is shown on Figure According to
Lemma elimination of v4 preserves optimality on G — [vs, v1]. Hence [v1, vy, v2] solves the optimal
vertex elimination sequence on G — vz and therefore according to Claim|2]

VE(G) > VE(G — v3) + min{|S(vs)|, [P(v2)|} = o6 ([v1,v4,02]) +2=4+4+354+2=145
So we could improve the previous lower bound. Moreover we know that the costs of elimination sequence

[vs,v1, V4, 2] are at most 1 fma higher than the costs optimal vertex elimination sequence.

Y1 Y2 Ys Ya Ys Y6 Yr

(@) G —v3 () G — [vs, v1]

Figure 7.1: Near optimal eliminations on absorption-free I-DAGs. Illustration of Example

7.2.2 Arbitrary 1-DAGs

For arbitrary 1-DAG there are still a lot of open theoretical questions that have not been answered in
this thesis. The most famous of them is the question whether any of the following for problems VE, EE,
FE or 0JA is NP-hard on arbitrary 1-DAGs. The other one is the so called ”*No free refill conjecture™
formulated by Naumann. This conjecture states that in an optimal vertex (edge) elimination sequence the
edge which was removed from the graph will not be generated again.

A more practical question is to quantify the gain between VE, EE and FE problems. This would help
to decide whether it is useful to solve the more complicated problem or should we rather concentrate on
solving only the VE one and only exploit edge eliminations to perform optimality preserving eliminations
(compare Example [6.23] On absorption-free 1-DAGs we know that we can switch to vertex eliminations
rather than try to solve the EE problem.

There also emerge questions that are consequences from the results presented in this thesis. Can we
transfer the optimality preserving results for absorption-free I-DAGs from Lemma[d.16]and Lemma[4.17]
to non-absorption-free graphs? Can we improve the estimators for the critical degree of an edge on
arbitrary 1-DAG? How can we improve the lower bounds for arbitrary -DAGs?

In the following I would like to share with you some of my ideas concerning questions from the pre-
vious paragraph. First I will show how the results from Lemma[.16] and Lemma.T7|can be transferred
to arbitrary 1-DAGs and sketch the proof. Then ideas on improving the estimators for the critical degree



7.2. OPTIMAL JACOBIAN ACCUMULATION 161

of an edge are presented. Finally I will discuss the possibilities to improve the lower bounds developed
in this thesis. We will then apply these ideas to the I-DAGs from [CHMU12] and show that using these
ideas we can provide better lower bounds than the minimal Markowitz degree approach.

Optimality preserving eliminations

If we try to transfer the results from Lemma4.16/and Lemmal4.17] we will fail to do this. The reason for
this is that for both results we rely on the fact that EE = VE on absorption-free 1-DAGs. We have only the
chance to prove a weaker result, where we assume that for some edge (a, b), a is the only predecessor of b
and b the only successor of a. The proof for this case does not rely on EE = VE as G — a is isomorphic to
G — b. This result for absorption-free 1-DAGs was proved in [MN12]. To transfer this result to arbitrary
1-DAGs we have to replace the predecessor and successor sets with minimal predecessor and successor
sets.

Claim 3. Consider -DAG G, (a,b) € E*(G) with |Sg(a)| = 1 and | Pg(b)| = 1.

o If |P;(a)| = min{Pg(a), S¢(b)} then elimination of vertex a preserves optimality for the vertex
elimination problem.

e If [Si(b)| = min{Pg(a), Sc(b)} then elimination of vertex b preserves optimality for the vertex
elimination problem.

Proof. The proof idea is similar to that of Lemma taking into account that |Pg(a)| < |Pg,(a)| and
|Sc(b)] < |Sg, (b)] for all i, where G; = G — [v1,...,v;]. Note that we do not have to perform edge
eliminations to get isomorphic graphs. O

We can apply this claim to the 1-DAG from Figure

Example 7.2. Consider I-DAG G as on Figurel6.6(b)| The vertex vy is the only predecessor of v3 and vs
is the only successor of va, moreover

2 = [Pg(vz)| = min{| Pg(va)[, [Se(vs)[} = min{2, 3}

Hence elimination of vo preserves optimality for the VE problem on this I-DAG. For the reasons of sym-
metry elimination of vs also preserves optimality for the VE problem. The resulting I-DAG G — [va,v3] is
isomorphic to the I-DAG on Figure[6.6(a)|(va = v4 and vs = v5).

Next I will present some ideas to improve the estimators for critical degree of an edge on arbitrary 1-
DAGs. This would allow us to develop new optimality preserving eliminations according to Lemma}4.18
So far we only have a criterion that tells us whether an edge is critical or not. Possible improvements can
be made based on minimal predecessor and successor sets of the source and sink of an edge. Let us
discuss this idea on the following example.

Example 7.3. Consider I-DAG G as on Figure According to Lemma the edge (v1,v2) is
critical as there exists no alternative path from vy to ve. Obviously it contributes more than one fima to
each elimination sequence on this I-DAG as |Pg(v1)| = 2 and |Sg(v2)| = 3. So if we try to remove this
edge explicitly by front or back elimination we will need 3 and 2 fimas respectively. If we do this implicitly
by front elimination of all incoming or back elimination of all outgoing edges we will also perform at least
2 multiplications with this edge. Hence the critical degree of this edge is at least two. Back elimination of
(v1,v2) costs 2 fma’s, and the resulting I-DAG G — (v1 —v2) ™ is a subgraph of G (compare Figure
hence back elimination of (v1,vs) preserves optimality on this I-DAG according to Lemma

This idea leads to the following claim.
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Y1 Y2 Ys Yo N Y2 Y3 Ya

T T2 Iy T

@G (b) G — (v1,v2)~

Figure 7.2: Improving estimator for the critical-degree of an edge on arbitrary 1-DAGs. Illustration of

Example

Claim 4. Consider an I-DAG G and (4, j) € E*(G). If G contains only one directed path from 4 to j
then (4, j) is critical. Moreover

AG(i,4) = min{| Pa(i)], |Sc ()}

and
AG (i, 4) = min{|Pe(i)], |Sc(7)[}

To my opinion this claim (Claim[d) can be proved using the same proof idea as for Lemma(6.3]

Another idea to improve estimators for the critical edge degree is to relax the requirements from
Theorem[d.3] We do not need the whole 1-DAG to be absorption-free. We actually need to ensure that the
edge is absorption-free (compare Definition[7.1)) which is a more local requirement. This idea is discussed
in the next part of the outlook (compare Definition[7.1] and Claim [5).

Improving the lower bounds

So far in this thesis we suggested to reduce the given I-DAG to an absorption-free graph and compute
the bounds on the absorption-free subgraphs of the original graph. We get good bounds if the I-DAG
itself is almost absorption-free meaning that we do not have to remove too many edges to make the graph
absorption-free. If a lot of edges are removed during reduction, our bounds get worse as each time we
remove an edge, we lose information about the graph. So the optimal edge (vertex) elimination sequence
requires less fma on the reduced graph. The only exception is if we remove non-critical edges. So to
improve the lower bounds based reduction, there are two general strategies

e retract the information from removed edges or vertices,
e reduce to an arbitrary I-DAG where some of the results of this thesis can be applied

In the following I will first present some ideas on how to retrain the information from removed edges or
vertices. Then we will discuss some ideas concerning the second point.

Using the information from removed edges As already mentioned above, by reducing an I-DAG to a
subgraph we lose information about the original 1-DAG which makes our bounds worse. We could try to
get some information from the removed edges. For example by estimating their critical degree using the
result from Lemma [6.3](please read Section [6.5]for more details) or Claim ] Therefore we would simply
apply the same idea as in Algorithm[T0as demonstrated in the following example.
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Example 7.4. In this example we will improve the lower bounds computed in Example First we
improve the lower bound for the I-DAG G on Figure We remove the edge (x4,v1) to build an
absorption-free subgraph T'. In Example we have shown that the lower bound for this subgraph T’
is 21. Actually we know that this is the optimal solution for this subgraph. Using the Lemmal[6.3|we know
that the critical degree of (x4,v1) is at least one. This means that an optimal edge (vertex) elimination
on the absorption-free subgraph needs at least 1 multiplications less, compared to the one on the original
I-DAG. Hence we can improve our lower bound by one, yielding an overall lower bound of 22. Recall
that, this is also the solution for the optimal edge elimination problem as

oc([vs,v1,v2]) =244+ 16 = 22

In Example [6.9 we computed the lower bound of the I-DAG G on Figure We removed the
edges (v2,v4) and (vs,vy) to reduce the I-DAG to absorption-free subgraph T. Then we determined the
optimal edge (vertex) elimination sequence on the resulting absorption-free subgraph which required 30
fmas. Using the Lemma|6.3|we know that the critical degree of both (va,vs) and (vs,v4) is at least one.
This means that an optimal edge (vertex) elimination on the absorption-free subgraph needs at least 2
multiplications less. Hence we can improve our lower bound for the I-DAG G by two multiplications,
vielding an overall lower bound of 32. We also know that

O'G([UQ,’Ug,’U4,’U1]) =3+3+24+24=32 |
yielding 32 > VE(G) > EE(G) > 32. Hence VE(G) = EE(G) = 32

This approach also allows us to prove that the optimal solution for 1-DAG from Figure requires 15
fmas.

Example 7.5. Consider I-DAG G as on Figure[6.6(c)] We remove the edges (v2, vs) and (x2,y2) to build
an absorption-free subgraph T. In Example we have shown that the lower bound for this subgraph
T is 14, which is also the solution for this subgraph. Using Lemma we know that the critical degree
of (v3,vs) is at least one. This means that an optimal edge (vertex) elimination on the absorption-free
subgraph T needs at least 1 multiplications less compared to the optimal elimination sequence on G.
Hence we can improve our lower bound by one, yielding an overall lower bound of 15. The edge (x2,y2)
is not eliminatable, so we cannot improve the bound by retrieving the information from this edge. Luckily

O’G([U4,1)3,1)2,’l)1,’l}5]) =242414+24+8=15
and hence VE(G) = 15.

Reduction to arbitrary I-DAG In the following we try to minimize the number of removed edges
while constructing a subgraph. Therefore we will reduce the graph to a non-absorption-free subgraph.
Theorem [3.8] and Theorem [3.9] allows us to use any subgraphs for lower bounds. So the challenge is to
transfer the results we proved for absorption-free 1-DAGs to graphs that do not have this property.

One way is to relax the definition of the absorption-free subgraph preserving all proved results. In
the definition of absorption-free graphs we demand that there exists at most one directed path between
two vertices. Obviously, the existence of parallel paths connecting inputs with outputs does not effect
the costs of any vertex (edge) elimination sequence. So we could relax the definition of absorption-free
graphs and allow parallel path between inputs and outputs. All results we proved for VE and EE problems
on absorption-free graphs should still be valid on this category of graphs. (Note we cannot use this
definition in the context of the minimum edge count problem, as the existence of these paths does have
influence on the number of edges in the I-DAG. So for the MEC and MECV problems we have to stick with
the original definition. For example the butterfly graph (Figure [6.6(d)) satisfies this relaxed definition of
absorption-free graphs. All its parallel paths do connect the inputs with the outputs. Let us see what result
we get if we assume that Theorem d.5]holds on the relaxed version of absorption-free graphs.
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Example 7.6. Consider I-DAG G is a butterfly graph (Figure[6.6(d)). If we apply Algorithm[I0|to this
graph, it will estimate the critical degree of all intermediate edges according to Theorem[.5| The butterfly
graph has eight intermediate edges. Each of these edges is connected to two inputs and two outputs. Thus
according to Theorem the critical degree of the intermediate edge is at least 6. Hence Algorithm
would compute a lower bound of 8 - 6 = 48. By the way the maximum path length in this graph is 3
therefore 48 is even an optimal solution for this problem as we could have also applied the Algorithm 8]
that performs optimality preserving eliminations based on critical degree computed in Theorem[.3]

Another idea is based on the fact that to apply Theorem .5 we only need to ensure that eliminations
with given edge do not cause absorptions. So we do not need to ensure that the whole I-DAG is absorption-
free. So we can perform reduction to graphs that are “locally absorption-free”. First of all we need a
definition for ”locally absorption-free graphs”. I suggest the following definition.

Definition 7.1. Consider I-DAG G, (i, j) € E*(G). We assume that (i, j) is colored with 1 and all other
edges with 0. If all edge elimination sequences applied to the bi-colored version of G never perform
absorption with 1 colored edge, then the edge (i, j) is called an absorption-free edge on G.

For example the edge (vq,v3) is an absorption-free edge on the bat graph without the edge (v, ys4)

(compare Figure [7.3(a)). Of course this definition cannot be applied in praxis as it is too difficult to

check. So easy to check sufficient conditions for absorption-free edges must be developed in the future.
The proof idea from Theorem can easily be extended to prove the following result.

Claim 5. Consider I-DAG G. For any absorption-free edge (a,b) € E*(G) holds

Ag((a,0)) = min{| X (a) \ {a}|, [Y'(5) \ {b}|} + | X (a)|[Y ()]

and
AZ((a,b)) > min{| X (a) \ {a}[,[Y'(b) \ {b}|} + X (a)[|Y (D)

Proof. The proof idea similar to that from Theorem [4.3] O

Using this result we can improve the lower bound for the bat graph computed in Example [6.8]

Example 7.7. Consider G is a bat graph. We build a subgraph T of G by removing the edge (v2,ys4)
(compare Figure|7.3(a)). Obviously the edge (va,v3) is an absorption-free edge on T. Hence applying
Claim[S|to this edge we get

A% (vg,v3) > min{2,4} +2-4 =10

The edge (va, v3) lies only on paths of length three. Hence according to Algorithm@back elimination of
(v2,v3) followed by front elimination of (x3,vs) and (x4, v2) preserves optimality on T. The resulting
I-DAG

T =T - [(U27 'U3)7’ (1:3’ U2)+7 ($4, ’U2)+]

is shown in Figure|7.3(b), T' is isomorphic to lion graph and hence EE(T") = 11, yielding EE(T') = 21.
This means taht EE(G) > 21. So we could improve the lower bound for the bat graph by one fina.

Of course we should combine this idea with retrieving the information from removed edges. This ap-
proach allows us to improve the lower bound for I-DAG on Figure such that the lower bound is
equal to the optimal solution.
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Figure 7.3: Improving lower bound for bat graph (illustrating Example .

Example 7.8. Consider I-DAG G as on Figure The edges (x1,v2) and (x4,v3) are absorption-
free edges. Hence according to Claim[3 front elimination of these two edges preserves optimality. The
resulting I-DAG G' = G — [(z1,v2) ", (24, v3) "] is shown on Figure To estimate the lower bound
for EE problem on G' we build an absorption-free subgraph by removing the edges (va,ys), (vs,y1)
and (vs,y2). The resulting I-DAG T’ is shown on Figure According to Lemma all three
removed edges are critical therefore we can increase the lower bound computed on T' by 3. If we apply
Algorithm to T" we get a lower bound of 9 as

Agpi(vi,v2) =2+2-2=6 and Ar/(vy,v3)=1+2-1=3
Summing up all results we get
EE(G) =6+EE(G') >6+3+EE(IT')=6+3+9=18
Hence the computed lower bound corresponds to the optimal solution from [|[CHMUI2]. As
ag([v2,v3,vﬂ) =6+6+6=18 ,
VE(G) = EE(G) = 18.

The previous example shows us again, the advantage of mixing both edge and vertex eliminations. Es-
pecially we see that sometimes we can perform optimality preserving edge eliminations that help us to
reduce the search space of the EE problem, such that the actual search space of the EE problem becomes
smaller than that of VE problem.

Combining the result from Example [7.8]and Example we can easily compute the solution of the
VE problem for the 1-DAG on Figure [6.6(b)l

Example 7.9. Consider I-DAG G as on Figure [6.6(b)l In Example we proved that elimination of
vertices vo and v3 preserve optimality for VE problem on G. The resulting I-DAG G' = G — [va,v3] is
isomorphic to the I-DAG on Figure|[6.6(a)] According to Example[7.8VE(G’) = 18 and hence

VE(G) = o¢([v2,v3]) + VE(G') =2+ 24+ 18 = 22
Thus we can confirm the result computed in [CHMU2]].

We close this paragraph with an example showing that we do not really need to restrict ourselves to
absorption-free property. We can reduce our problem to any subgraph we want as long as we have an idea
on how to treat it. We can even choose a subgraph just because we know how to solve the problem for
this subgraph.
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1 T2 x3 T4
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Figure 7.4: Improving lower bound for I-DAG as on Figure|6.6(a)| (illustrating Example .

Example 7.10. Consider the I-DAG G as on Figure Removing the edge (v1,y4) yields a lion
graph. Hence lion graph is a subgraph of this graph. We already know that we need 11 multiplications
to transform the lion graph in a bipartite graph by edge elimination. Hence 11 is a lower bound for the
optimal edge (vertex) elimination on this I-DAG. If we would rely on reducing the I-DAG to absorption-
free graph we would have to remove at least one more edge. For example (v1,y1) the resulting subgraph
is presented on Figure[6.4(b)| Giving us a lower bound of 10.

7.3 Solving minimal edge count problem with minimal number of
operations

For some applications it is not enough to simply solve the MEC or 0JA problem. For example for preaccu-
mulation of basic blocks for the overall forward- or reverse mode of AD, one actually wants to represent
the Jacobian of the basic block with minimal number of edges while the accumulation of this minimal
representation should use as few operations as possible. So one ends up solving the optimal Jacobian
accumulation problem for the minimal edge count problem. Of course we can solve this problems in two
steps. First solving the minimal edge count problem and then identify the order in which the eliminations
should be performed. This approach works if we solve the minimal edge count problem by vertex elim-
inations. So in the first step we identify the vertices that must be eliminated to solve the MECV problem.
We can then mark the remaining intermediate vertices as independent or dependent ones, to ensure that
they are not eliminated, and solve the VE problem on this modified graph. We could use the branch and
bound algorithm to solve this modified problem. Still we need to ensure that the results (lower bounds,
optimality preserving eliminations) for the VE problem we have proved so far, also hold for this modified
problem. So new proofs are required. Another question that has to be answered is, how can the first step
of the algorithm be computed without performing the eliminations. Luckily the algorithm for solving
the MEC problem on absorption-free graphs allows us to do this. A solution for arbitrary 1-DAGs is still
outstanding. If we would like to solve the minimal edge count problem for edge eliminations we run into
even bigger troubles. As new edges can be generated by an edge elimination sequence. So identifying
the set of edges that has to be eliminated is not easy without actually performing the eliminations. Hence
getting this two step approach efficient can be a major problem, especially if we want this algorithm, to
be not significantly slower than simple solution of the MEC or MECV problems. Therefore I believe that we
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need some one pass approach that allows us to find a (approximate) solution for the minimal edge count
problem while performing not to many operations. Some of the results of this thesis can be used for such
algorithm. Especially such as optimality preserving eliminations but also eliminations of vertices with
one in- or out-edge can be a good starting point for such one pass algorithm.
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Chapter 8

Conclusion

This thesis contributes theoretical results for solving the MEC and 0JA problem by vertex and edge elimi-
nation. The intention was to support the development of algorithms for solving these problems. For both
problems optimality preserving eliminations and lower bounds based on reduction to absorption-free
graphs were presented. It was outlined that although the search space of edge elimination is significantly
bigger than that of vertex elimination, in some cases the solution of MEC and EE problems can be obtained
more efficiently than the solution of the MECV and VE problems. Therefore mixing edge and vertex elim-
inations was suggested. The search space of vertex and edge elimination could be reduced significantly
exploiting the commutativity of elimination methods proved in Chapter[3] The theoretical base of the the
existing eliminations methods was established by proving that immediate absorption preserves optimality.
A new method of proof using bi-coloring was developed and used to prove the subgraph monotonicity.

Minimum edge count problem For the MEC problem on absorption-free graphs a linear time algorithm
was provided. The MEC problem on arbitrary I-DAGs is more complicated. Optimality preserving elimi-
nations and lower bounds based on reduction to absorption-free graphs are presented. These are the first
lower bounds published for this problem. Commutativity of vertex elimination is used to show that the
search space of the MECV problem is smaller then that of VE problem. This is an interesting fact, as at first
glance one tend to believe that it should be exactly the opposite. By exploiting the subgraph monotonicity
it is shown that edge eliminations, that do not generate new edges, preserve optimality.

Optimal Jacobian accumulation The discussion of the VE and EE problem takes a bigger part of this
thesis. The VE and EE problems on absorption-free build the base for the subsequent development of
lower bounds. The most challenging result here and of this thesis in whole, is the proof that VE = EE on
absorption-free graphs. Although, this result seems to be only of theoretical interest, practical usage of it
was presented in the proof of optimality preserving eliminations. The optimality preserving eliminations
based on this result significantly simplified the EE problem on absorption-free DAGs, still a polynomial
time algorithm could not be provided. It is even not clear whether the EE problem on absorption-free
I-DAGs is NP-hard. Hence, a new approach for lower bounds using the critical degree of an edge is
presented. It is shown that these lower bounds are better then the existing ones. Optimality preserving
eliminations using critical degree of an edge are presented and used in the algorithm that solves the
EE problem on absorption-free graphs with maximal path length 3 in linear time. Using the “subgraph
property” the results from absorption-free graphs are reused as lower bounds on arbitrary 1-DAGs. It
is shown that this approach is not always better than the existing lower bounds. Ways to improve the
lower bounds based on reduction were presented in the outlook. With improvements suggested there, the
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optimal solution for the EE problem could be derived. The critical degree of an edge is used to develop
new optimality preserving eliminations for the EE problem on arbitrary I-DAGs.

Finally I would like to comment on the choice of minimizing the number of fma’s as the main ob-
jective function in this thesis. This choice seems to be ill-suited for the practical applications, as one
would claim that on modern architectures the problems of data locality and sequential data access are
more relevant for the overall performance of a program than minimizing the number of operations. So the
optimization of the computation of derivatives should happen under these constraints. Nonetheless, I be-
lieve that the results of this thesis can be used in optimization of derivative code generation. In particular
representing the computational graph with minimal number of edges should be very useful, as it allows to
represent the same code with smaller amount of memory. This can address the problem of data locality.
The optimal Jacobian accumulation problem can then be used to find an optimal way of accumulating the
minimal edge count representation as outlined in Section [7.3]
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Appendix

A.1 Code

To generate the results in Section the implementation of the generic branch and bound algorithm
originally developed in [Pei09]] and then extended in [EH12] is used. The package with the software can
be retrieved from the author by email. Please extract the archive and see the README file for installation
details. The code was tested under Linux with GNU C++ compiler version 4.8. The software uses
ANGEI[] to represent the 1-DAGs. The ANGEL Library itself is based on C++ Boost Libraries’] Both
libraries are included in the package.

A.2 Running the branch and bound algorithm

To run the software you need to execute BAC . exe. This file is located in the root directory after instal-
lation. BAC . exe expects the following three command-line parameters:

1. options specifying the elimination method, lower bounds etc. to be used,
2. path to the input file containing the I-DAG to be examined in EliAD-format (see Section |[A.3)),
3. path to the output file (see Section [A.4).
The first command-line argument can contain the following options:
e v - solve VE problem (cannot be used in conjunction with e)
e e - solve EE problem (cannot be used in conjunction with v)
e 1 - use lower bounds according to Algorithm 23]
e m - use lower bounds based on Algorithm[9](can only be used in conjunction with option 1)
e c - use lower bounds based on Algorithm[I0|(can only be used in conjunction with 1)

e r - exploit commutativity according to Algorithm[2T]or Algorithm [23]depending on whether VE or
EE problem is solved

IANGEL - Automatic differentiation Nested Graph Elimination Library htpp://angellib.sourceforge.net
2Boost C++ Libraries http: //www.boost . org
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e a - exploit commutativity of adjacent vertices (Algorithm [22)) only for VE problem (can only be
used in conjunction with option bb—r—)

The first command-line argument must contain either v or e. All other settings are optional. The settings
can be provided in arbitrary order. For example the call

BAC.ex vlimra input_file output_file

would solve the VE problem on the 1-DAG provided in the input file, using the both lower bounds ac-
cording Algorithm[25]and based on Markowitz degree (Algorithm[9) and exploiting commutativity as in
Algorithm [22]

Independently from the specified options following information will be printed to the standard output
(stdout) during the execution of the branch and bound algorithm:

e the currently best solution (vertex or edge elimination sequence) and the corresponding costs

e a progress display showing the percentage of all elimination sequences that have been checked so
far. (Note this is only a rough estimator based on the assumption that the underlying search tree is
balanced.)

The elimination sequence is represented as follows:
e climinations inside the elimination sequence are separated with brackets
e vertex elimination is denoted with a single number corresponding to the index of this vertex

e edge elimination is represented with three numbers. The first two represent the sink and the source
of the edge respectively. The last number stands for front (1) or back elimination (0).

After each execution the software prints the optimal vertex (edge) elimination sequence and the corre-
sponding costs to the stdout. The optimal elimination sequence is written in the same notation from
above.

A.3 EliAD-format

To specify the 1-DAG in EliAD-format we first need to set the overall number of vertices through
en = |V(@)]

and then specify all edges of the I-DAG in the following format
e "[sink] [source] [weight]".

The edges should be separated by line breaks and enclosed by

In Figure you can see the lion graph in EliAD-format. The edge weights are used to build an
absorption-free subgraph for computing lower bounds. If all weights are greater than zero then Algo-
rithm [3]is used build the absorption-free subgraph. If any of the weights is zero, then only zero weighted
edges are removed. This way the user has the opportunity to specify a specific absorption-free subgraph.
The software will not check whether the resulting 1-DAG is absorption-free or not.
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(a) EliAD-format (b) Output file of the processed with Graphviz

Figure A.1: Lion graph

A.4 Output file

The output file contains the intial I-DAG in .dot-format. The edges that were removed to build an
absorption-free 1-DAG are marked with red color. . dot-format can be processed by the tool Graphvizﬂ
(compare Figure[A.1(D)). Please refer to the Graphviz website for documentation and explanation of the
.dot-format. The output file is meant to be used as sanity check to ensure that the correct 1-DAG and
subgraph were used.

3Graphviz http://www.graphviz.org
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Definitions

minimal X (G) — v vertex cutin G
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