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Abstract/ Zusammenfassung

Since its first controlled fabrication in the laboratory in 2004, graphene has been raising much
interest in the solid state physics community and high hopes for industrial applications. The two-
dimensional layer of carbon atoms features a high electron mobility, a low spin-orbit interaction,
and a relativistic electron dispersion relation near the Fermi surface. The zigzag edges of finite
graphene sheets host special localized electronic states, which leads to a locally enhanced den-
sity of states near the edge, where interaction effects become important. In particular, the edge
electrons interact magnetically via their spin. These rather stable magnetic moments might be a
basis for future spintronics applications. A particularly useful shape for the analysis of edge ma-
gnetism are zigzag graphene nanoribbons (ZGNRs), i.e. few nanometer wide stripes of graphene
which can be arbitrarily long in the lateral direction. Pure zigzag nanoribbons have two extended
zigzag edges, which—due to the bipartite nature of the honeycomb lattice structure—have their
outermost sites at different sublattices. Mean-field calculations regarding the Hubbard model
on a honeycomb lattice as well as ab-initio studies have found before a ferromagnetic coupling
between electrons on the same side and sublattice and an antiferromagnetic interaction between
opposite sides.

In the first part of this work, we investigate the interactions of the edge magnetic moments within
an effective model for the Hubbard model on the honeycomb lattice, taking into account quantum
fluctuations, which are beyond mean-field approximation. For this purpose, the interaction with
the bulk states of graphene is regarded as a perturbation to the edge-edge interactions, using
as a small parameter the ratio between the overlap of edge and bulk states and the overlap of
edge states with themselves. We treat the interactions up to second order perturbation theory by
means of a Schrieffer-Wolff transformation. Already in first order, this gives a good approximation
of the coupling strengths, and second order terms are only needed if in wide graphene nanoribbons
a high accuracy is requested. In first order, the intraedge interactions are essentially long-ranged
and behave as oc 1/r? with distance along the ribbon, while the interedge couplings decline as
oc 1/r%. Some of the second order contributions act analogous to an RKKY interaction, an effect
which generally describes the interaction between magnetic impurities via conduction electrons.

In the second part of the thesis, these results are generalized to more abstract spin ladder
models and their thermodynamic limit behavior is analyzed. For this, a quantum Monte Carlo
code based on the stochastic series expansion is used. We set up two models: The first one
uses the original short-range coupling strengths and a long-range tail that declines with power-
law, while the second model effectively consists of two Haldane-Shastry chains that are coupled
with an antiferromagnetic rung interaction. Both models are scalable, and for both we find two
different phases in the thermodynamic limit extrapolation: For realistic coupling strengths in
wide nanoribbons, there is a weak ferromagnetic order for T' = 0, and the system is gapless. In
contrast to this, for artificially enhanced rung couplings, the system is in a quantum disordered
spin-singlet state with a spin excitation gap. There is indication that this is also the ground
state of realistic, very narrow ZGNRs. With finite-size scaling we analyze the quantum phase
transition, determine the scaling exponents and compare them to known field theoretical findings.



Seitdem es 2004 erstmalig im Labor kontrolliert hergestellt wurde, hat Graphen viel Interesse in der
Festkorperphysik und grofie Hoffnungen auf industrielle Anwendungen geweckt. Die zweidimensiona-
le Schicht von Kohlenstoffatomen weist eine hohe Elektronen-Mobilitdt auf, eine niedrige Spin-Bahn
Wechselwirkung und eine relativistische Dispersionsrelation der Elektronen nahe der Fermi-Oberflache.
Zickzackriander von endlichen Graphenschichten beherbergen spezielle lokalisierte elektronische Zustén-
de, was zu einer lokal erhohten Zustandsdichte nahe des Randes fithrt, wo dann Wechselwirkungseffekte
wichtig werden. Insbesondere wechselwirken die Randelektronenspins miteinander. Diese relativ stabilen
magnetischen Momente konnten eine Basis fiir zukiinftige Spintronik-Anwendungen sein. Eine besonders
niitzliche Form fiir die Analyse von Randmagnetismus sind Zickzackgraphennanobénder, d.h. wenige
Nanometer breite Streifen von Graphen, die in seitliche Richtung beliebig lang sein kénnen. Reine Zick-
zacknanobinder haben zwei ausgedehnte Zickzackrinder, welche — aufgrund der zweiteiligen Natur der
Honigwabengitters— ihre &ufiersten Plitze auf verschiedenen Subgittern haben. Molekularfeldtheorie
Rechnungen, die das Hubbard-Modell auf dem Honigwabengitter betrachten, ebenso wie ab-initio Studi-
en haben zuvor eine ferromagnetische Kopplung zwischen Elektronen vom selben Rand und Untergitter
sowie eine antiferromagnetische Wechselwirkung zwischen gegeniiberliegenden Randern gefunden.

Im ersten Teil dieser Arbeit untersuchen wir die Wechselwirkungen der magnetischen Momente am Rand
innerhalb eines effektiven Modells fiir das Hubbard-Modell auf dem Honigwabengitter, wobei wir Quan-
tenfluktuationen beriicksichtigen, die jenseits von Molekularfeldndherungen liegen. Dafiir wird die Wech-
selwirkung mit den “Bulk”-Zusténden als eine Stérung der Rand-Rand-Wechselwirkung betrachtet, wobei
als kleiner Parameter das Verhiltnis zwischen dem Uberlapp von Rand und “Bulk’-Zustéinden und dem
Uberlapp von Randzustéinden mit sich selbst benutzt wird. Wir behandeln die Wechselwirkungen bis in
zweite Ordnung Storungstheorie mithilfe einer Schrieffer-Wolff-Transformation. Bereits in erster Ordnung
ergibt sich eine gute Ndherung der Kopplungsstirken, und Terme zweiter Ordnung werden nur gebraucht,
wenn in breiten Graphennanobdndern eine hohe Genauigkeit erforderlich ist. In erster Ordnung sind die
Wechselwirkungen innerhalb eines Randes im Wesentlichen langreichweitig und verhalten sich wie o 1/7?
mit dem Abstand entlang des Bandes, wiihrend die Kopplungen zum gegeniiberliegenden Rand wie oc 1/74
abfallen. Einige der Beitrdge zweiter Ordnung verhalten sich analog zur RKKY-Wechselwirkung, einem
Effekt, der allgemein die Wechselwirkung zwischen magnetischen Verunreinigungen iiber Leitungselek-
tronen beschriebt.

Im zweiten Teil der Arbeit werden diese Ergebnisse verallgemeinert auf abstraktere Spinleitermodelle
und deren Verhalten im thermodynamischen Limes wird analysiert. Dafiir wird ein Quanten-Monte-
Carlo-Verfahren benutzt, das auf einer stochastischen Reihenentwicklung (“stochastic series expansion”)
basiert. Wir setzen zwei Modelle ein: Das erste benutzt die urspriinglichen kurzreichweitigen Kopplungs-
stdrken und einen langreichweitigen Anteil, der entsprechend einer Potenz abfillt, wihrend das zweite
Modell im Wesentlichen aus zwei Haldane-Shastry Ketten besteht, die mit einer antiferromagnetischen
Sprossen-Wechselwirkung gekoppelt sind. Beide Modelle sind skalierbar, und fiir beide finden wir zwei
verschiedene Phasen im extrapolierten thermodynamischen Limes: Fiir realistische Kopplungsstirken bei
breiten Bandern gibt es eine schwache ferromagnetische Ordnung bei T=0, und das System hat keine
Anregungsliicke. Im Gegensatz dazu ist fiir kiinstlich erhohte Sprossenkopplungen das System in einem
quantenmechanisch ungeordneten Spin-Singulett-Zustand mit Spinanregungsliicke. Es gibt Hinweise, dass
dies auch der Grundzustand realistischer, sehr schmaler Zickzacknanobénder ist. Durch Untersuchen des
Skalierungsverhaltens analysieren wir den Quantenphaseniibergang, bestimmten die Skalierungsexponen-
ten und vergleichen sie mit bekannten feldtheoretischen Resultaten.
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1. Introduction

Graphene is a two-dimensional layer of carbon atoms, which was one of the first two-dimensional
materials ever to be synthesized in the laboratoryl™ 2. Even before its actual experimental
realization, it was clear that it features many outstanding properties, with respect to mechanical
aspects as well as concerning its electro-magnetic behavior. Theoretical works about this material
date back to as early as 194781 and a larger number of studies has been made in the 80s
and 90s (e.g. Refs. [4-8]), but it had remained unclear if it can be produced in realityl],
when graphene was finally synthesized in the laboratory by Novoselov, Geim et al. (Ref. [1,
2]) in 2004, using the famous Scotch tape method. This actual discovery lead to the Nobel
Prize in 2010 and caused great interest and hopes among physicists, material scientists, and
industry (e.g. Ref. [10]). What followed were intensive research in many related areas and an
avalanche of publications on the topic. It was found for example that once formed, graphene
layers feature an extremely high mechanical stability against bending and external pressure.
On the electronic side, the interdiction of electronic backscattering!®! allows charge carriers to
go for long distances without scattering and leads to a very high electronic conductance. The
quantum Hall effect—where an electric current in a perpendicular magnetic field causes a voltage
orthogonal to both, which grows in steps when the magnetic field is increased linearly—can be
observed at room temperature!!lin graphene. Additionally, graphene features Klein tunneling,
where electrons can surpass classically forbidden areasl®l.

The material is basically a single slice of the much longer known graphite, which is found in
everyday life as the inner part of a pencil, and it consists purely of carbon atoms, connected by
sp? hybridized o-bonds of the outer carbon electrons. They are arranged in a honeycomb lattice
structure, and each carbon atom has one free p, orbital perpendicular to the extension of the
graphene sheet and filled with one electron at charge neutrality. In graphite, the different layers
are helt together by relatively weak van-der-Waals forces. In single layer graphene p, orbitals
form the m bands that lie at energies near the Fermi surface, compare e.g. Ref. [9]. The lattice
is bipartite, which means that it consists of two sublattices with each atom of type A directly
connected only to atoms of type B.

The electronic properties of graphene can be well described by a tight-binding model on the
honeycomb lattice. A very common approximation is to assume that the Coulonb interaction
is screened and to apply the usual Hubbard model with only nearest-neighbor hopping ¢ and
onsite repulsion U, for example in Refs. [6, 11-13| . Another possible approach is to take into
consideration next-nearest neighbor hopping ¢. For U = 0 and t' # 0 one gets the dispersion
relation!®]

e==xt/34+f (E) —tf <E> with f <E> = 2cos (\/gkya> + 4 cos <\g§kya> cos <;kma> )
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Figure 1.1.: The bandstructure of free bulk graphene, showing only the two = bands for ¢’ = 0.1t
and U = 0, with a = 1. The right hand side shows a zoom to the region near one of the Dirac
points.

where « is the lattice spacing. For actual graphene a ~ 1.42A. Realistic values for the cou-
pling constants are much harder to determine; ab initio calculations find ¢ =~ 2.8¢V and ¢’ €
[~ 0.02t,~ 0.2¢] (Ref [9]). As shown in Fig. 1.1 for the non-interacting model with weak next
nearest-neighbor hopping ¢’ = 0.1¢, the 7w bands exhibit a vanishing density of states at the Fermi
surface and follow a nearly linear dispersion relation near ¢ = —3t’. These are the so called Dirac

points located at
) R
3a’ 3v3a)’ 3a’ 3v3a)

This nearly linear dispersion relation near the Fermi surface is a key feature of graphene and
leads to a quasi-relativistic behavior of the electrons!®las a function of the momentum ¢ relative

to the Dirac points:
g\ 2
(@) =vrldl +0 ((k) >

with a Fermi velocity of roughly vr =~ ¢/300. This dispersion relation is fundamentally different
from usual semiconductors and makes the electrons effectively massless. Furthermore, due to
the existence of two different such Dirac cones, a free electron in graphene can be attributed an
additional degree of freedom, the so-called “valley-spin”.

These peculiarities are associated with several special features of electrons in graphene. However,
also more than ten years after its first experimental realization, there is still a long way to go
for many of the actual large-scale applications. It remains challenging to produce pristine and
defect-free graphene sheets on a large industrial scale. Many of the effects of freestanding bulk
graphene are moreover altered as soon as the sheet is deposited on a substrate that is made up
of another material.
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Figure 1.2.: The sketches show possible edge shapes for graphene: The left flake has zigzag edges
on all sides (left), while the flake in the middle has extended armchair edges on the top and
bottom edge (The figure for armchair edges was taken from Ref. [19]). The right ribbon features
chiral edges in the extended direction: zigzag sections interrupted by armchair steps.

Despite the arising difficulties and the fact that it might after all not be the “wonder material”
it has been called in the beginning, also a more realistic look at graphene still shows many
promising possible applications, and it is for certain worthwhile to follow investigations in these
directions. One of them are the magnetic properties of graphene. An area which has already long
been believed to profit especially from the magnetism in graphene is the spintronics research,
compare e.g. Refs. [14-16]. The basic definition of this technique is that in addition to the
electronic degree of freedom used in conventional electronic devices, the spin degree of freedom
will be used as a further variable.

Spintronics might yield a valuable contribution also to the development of a quantum computer,
which has been one of the most promising, but also challenging fields of research in solid state
physics in the last decade. It has been a great challenge to realize a quantum computer in
the laboratory which features both sufficiently stable qubits that can be easily accessed and
manipulated and also a scalability which allows for the combination of large enough numbers of
qubits. On a basic level, the electron spin could serve as one realization of a qubit. The electron
can be transported along a usual wire, and spin-entangled electrons could also be utilized for
quantum communication, compare Ref. [17]. Graphene in general and its localized edge electrons
in particular could constitute one possible candidate for the realization of the aforementioned
stable qubit states. Graphene is an advantageous material, e.g. because it has long spin-diffusion
lengths at room temperature (Ref. [16]) and it is possible to design various shapes and sizes on
the nanoscale experimentally!!6l. Freestanding graphene has an extremely low intrinsic spin-orbit
coupling of only ~ 10~%eV (compare Ref. [9]). On the one hand, this makes it difficult to realize
certain related effects, such as the quantum spin Hall effect (QSHE) in freestanding samples. On
the other hand, this can contribute to long spin coherence times('®l, since one possible source
of spin relaxation is nearly missing. This may make graphene a good candidate for spin based
storage devices!'®l. In addition to this, the nearly missing hyperfine interaction of the carbon
cores is considered advantageous.

Defect-free bulk graphene is a non-magnetic semiconductor, but magnetic moments, which con-
stitute the basis of many spintronic applications, are predicted to form at vacancy defects as
well as in the vicinity of adatoms. Probably the most intrinsic and natural source of magnetism
in graphene are its zigzag edges. If the edge is smooth and parallel to one of the lattice vec-
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tors in graphene, then there are two types of possible edge shapes, namely zigzag and armchair
edges, compare Fig. 1.2 (left and middle). It has been discovered theoretically already in the
1990s—compare Refs. [6, 7|—that the zigzag edges host special edge states, whose wave func-
tions are localized near the zigzag edges, which in the bandstructure leads to a flat band near
the Fermi surface. Plain armchair edges do not lead to localized electrons. In zigzag ribbons, the
high density of states near the Fermi surface promotes a magnetic instability, which is described
for the Hubbard model by the Stoner criterion.One can observe magnetic effects very well in thin
stripes of graphene, denoted as graphene nanoribbons (GNRs): If the ribbons are terminated by
zigzag edges, magnetic correlations between the edge states become an important effect!”> 8. Fol-
lowing the Mermin-Wagner theorem?’) genuine magnetic long-range order in one-dimensional
systems is prohibited—nevertheless in finite graphene samples significantly long spin correlation
lengths are believed to be achievable. In order to be a useful material for spintronics, of course it
has to fulfill several more prerequisites: One of them is the possibility to generate tunable mag-
netic moments that could be influenced by gating or doping!'®!. Ref. [13], using first-principles
calculations, demonstrates that by applying an external electric field to zigzag GNRs, the energy
gap for one spin direction can be narrowed and closed, while it is increased for the other spin
direction. The critical external field strength for half-metallicity decreases with increasing ribbon
width. Using this setup it would be possible to generate an electric current that consists only of a
definite spin direction. Also using first-principles calculations, the authors of Ref. [21] present a
possible spin switch for such channels along the edges of two narrow GNRs, namely tetragonally
shaped graphene islands between these GNRs. The edge magnetism in zigzag GNRs may also
be used to selectively inject one spin direction into a larger sheet of graphene (Ref. [22]).

It has furthermore been demonstrated that the edge states in chiral GNRs show no entanglement
along the ribbons direction, but a strong entanglement across the ribbon. The latter is even
expected to be robust up to room temperature if the Coulomb interaction is weak enough,
compare Ref. [23]. Such effects could be highly useful in quantum information technology

The determination of edge magnetism in experiment remains challenging, and the findings natu-
rally depend on the substrate that is used. There have been several promising approaches in the
recent years: Ref. [11] examines GNRs with different chiralities, which have been obtained from
unzipping graphene nanotubes and depositing them on a gold substrate at cold temperatures.
The local density of states is accessed via scanning tunneling spectroscopy (STS), and indication
for double-peak structure near the edges is found, yielding an estimate for an excitation gap A
as the distance between the two peaks. A setup at room temperature is presented in Ref. [24],
where GNRs are fabricated by a scanning tunneling microscopy (STM) nanolithographic tech-
nique, also on a gold substrate. For zigzag GNRs at these temperatures, the authors predict a
transition between two states depending on the ribbon width: For nanoribbons, an antiferromag-
netic coupling between opposite edges is expected, while for broader ribbons, a ferromagnetic
configuration is predicted. STM measurements of the bandgap as a function of ribbons width
give a sudden drop and therewith support this assumption. Both previously mentioned experi-
ments hence rely on charge based measurements and do not access the spin directly. A rather
different approach, examining the interface between graphene and fluorine nanoridges, is taken
in Ref. [25]. The system used is a multilayer of graphene with intermediate flourene chains, so
that these chains separate the material into nanosegments of pure graphene with C — sp?/C — sp?



interfaces at the borders. The resulting effective graphene stripes are modeled as spin ladder
with two collective spins on each rung and checked with Density Functional Theory (DFT) cal-
culations; the results for the magnetic susceptibility x are compared to measurements at various
temperatures, which yields a good accordance. The authors draw the conclusion that their model
GNRs have an increased Coulomb interaction, and long range magnetic order is suppressed by the
effective one-dimensionality of the system. Finally, in Ref. [26] atomically precise zigzag GNRs
with hybridized edges are produced by a bottom-up approach of “surface-assisted polymeriza-
tion and subsequent cyclization of suitably designed molecular precursors” [26] and deposited
on insulating NaCl islands on a gold surface. Their conductance is then accessed by an STM
measurement and exhibits a peak structure in accordance with both DFT and GW calculations
on the corresponding zigzag GNR models. This peak structure is a sign of a spin gap related to
the assumed magnetic edge states. After all, however, a fully conclusive experimental proof is
still not unanimously agreed upon.

In contrast to this, on the theoretical side there is more evidence, and several publications (for
example Refs. [6, 8]) reveal to first order a ferromagnetic correlation between states on the same
edge and an antiferromagnetic coupling between states on opposite edges, whose outermost sites
are naturally located on opposite sublattices. In addition to this, edge states also occur in
corrugated surfaces that include at least partially zigzag-type edges as well as in chiral edges,
i.e., edges not parallel to one of the lattice vectors and consisting of alternating zigzag and
armchair portions, as displayed in Fig. 1.2, right. The plain zigzag graphene nanoribbons have
often successfully been regarded by means of ab-initio methods (Refs. [13, 14, 27]) as well
as mean-field approximation (Refs. [6, 8]), both of which find the same qualitative first order
results as stated above. It is however desirable to investigate the magnetic effects in GNRs with a
method that takes also quantum fluctuations into account. For practical applications with GNRs
deposited on a substrate, ab-initio methods can yield precise results for larger systems where
e.g. spin-orbit coupling plays an important role in stabilizing the edge magnetism, compare
Ref. [28]: If a GNR is deposited on the topological insulator SbeTes, it causes a twisting of
the edge states due to the high spin-orbit coupling of the insulator’s surface states. Another
important substrate material is hexagonal Boron Nitride, which is also a honeycomb- shaped
two dimensional material. It is an insulator and is currently believed to be a promising substrate
for the deposition of graphene, also with respect to the visibility of edge states|29].

The goal of this work is to further analyze the edge magnetism in freestanding zigzag GNRs
beyond mean-field approximation. The starting point of all calculations is the effective model
for graphene in the Hubbard model, which drastically reduces the numerical effort by separating
the edge and bulk degrees of freedom and treating the latter ones with a perturbative approach,
where the overlap between edge and bulk states serves as the small parameter. Within this model,
the magnetic interactions on the honeycomb lattice are reduced to an effective spin model, also
taking into account quantum fluctuations. The model was previously developed and published in
Refs. [30-32], but until now it had not been applied to extended plain zigzag ribbons. Instead,
it was used to analyze the border between graphene and graphane[30], where the second one is a
two-dimensional carbon sheet with honeycomb structure, but in contrast to graphene, half of the
carbon atom feature a hybridization and the carbon bonds are of the sp® type. In a preceding
work, the effective model was used to analyze chiral ribbons®!l. The latter exhibit alternating



1. Introduction

zigzag and armchair edge segments, so that each zigzag part hosts exactly one localized edge
electron, a special geometry that reduces perturbations deviating from the effective spin model.
In the first part of this thesis, we broaden the usage of the effective model to the most natural
case of extended zigzag edges. In the same step, we further refine the application by taking into
account also interactions in the second order of the edge-bulk overlap, and we investigate to what
extend the second-order terms are necessary in our geometry. In the second part of the present
work, we study the finite temperature magnetic behavior of the effective spin models derived
before, using the numerical quantum Monte Carlo approach. Graphene edge magnetism has
been analyzed on the lattice basis by this technique before, yielding promising results*2l. But
due to the large number of sites considered, only rather small system sizes were available. We
can already regard significantly larger systems from the direct results of the effective model, and
will further introduce scalability by going over to two more abstract ladder models. The finite
temperature magnetic properties of these ladder models is then further analyzed, in a parameter
regime close to the GNRs, as well as for artificially enhanced scaling parameters. Like this, we
can make predictions about the behavior of zigzag GNRs with a width of W > 6 at small, but
finite temperatures, as well as about the scaling properties of special spin ladders with long-range
interactions.

The thesis is in detail structured as follows: In Chapter 2 we analyze the edge magnetism in
plain zigzag graphene nanoribbons by means of an effective model that separates edge and bulk
degrees of freedom in the Hubbard model on the honeycomb lattice. We first briefly introduce
said effective model, which has been previously known[3032 as well as its application to plain
zigzag GNRs and the resulting first order spin couplings (Sec.2.1). We can confirm the expected
ferromagnetic coupling along and antiferromagnetic coupling across the edges. Then we expand
these calculations to second order using a Schrieffer-Wolff transformation, Sec.2.2, which at first
yields an effective fermionic description of the edge state interactions. We describe in detail
how the expressions can be transferred to momentum space and a quantitative calculation made
possible. The rather abstract result is transferred to a spin basis afterwards (Sec.2.3) and we
analyze to what extent the results from first order are altered by these corrections. We will
find that in many cases already the first order results are sufficiently precise. To round up the
picture, we then check—compare Sec.2.4—how the first-order findings change if next-nearest
neighbor hopping ¢’ on the honeycomb lattice is included into the effective model. We find the
results to be rather robust as long as the magnitude of ¢’ remains realistically small and half-
filling of the lattice is maintained. Finally, we take a brief look at the related two-dimensional
material phosphorene, which consists of a honeycomb structure of black phosphorus, but in
contrast to graphene has a puckered structure and therefore highly different hopping amplitudes
towards the neighboring sites. The band structure of phosphorene is already quite different,
and we find that as a result the ferromagnetic couplings are quantitatively enhanced, while the
antiferromagnetic ones are severely suppressed as compared to graphene. However, the overall
long-distance behavior is not altered.

In Chapter 3 we analyze the finite-temperature behavior of the edge magnetism in zigzag GNRs,
derive a more generic spin ladder model for this and extrapolate its properties in the thermody-
namic limit. To do so, the first-order results from Chapter 2 are plugged into finite temperature
quantum Monte Carlo calculations, based on the stochastic series expansion methodl33 34, We



begin the chapter (Sec.3.1) by an explanation of the numerical method, including the update
and measurement procedures, and a brief comparison to known results for the typical Heisenberg
ladder model. In the next Section 3.3, it is explained how we transfer the outcomes from the
effective model to two different spin ladder models, one of them more closely reflecting the actual
zigzag GNRs, the other one more general and abstract. Both incorporate a long-range ferromag-
netic interaction along the legs and an antiferromagnetic inter-leg interaction. The more general
model can also be understood as two ferromagnetic Haldane-Shastry chainsl**~37! with additional
antiferromagnetic rung couplings. We show a brief comparison to exact diagonalization results,
confirming the accuracy of the numerics. In the following, we then present the numerical results
first for the more detailed (Sec.3.4) and then for the more generic model (Sec.3.5), both with
coupling values realistic for medium width GNRs as well as with artificially enhanced antiferro-
magnetic coupling values. We obtain mostly quantitative differences between the two models,
and find for both of them a quantum phase transition driven by an overall artificial prefactor for
the rung couplings. Broad ribbons with weak rung couplings in the thermodynamic limit exhibit
a weak ferromagnetic order along the legs for T = 0, whereas for artificially large antiferromag-
netic interactions, the ribbons are tuned into a gapped rung singlet phase. In Sec.3.6, for the
more generic model we then scrutinize this phase transition using finite-size scaling to deduce
the critical exponents from finite-temperature numerical data. An estimate for the gap size as
a function of the scaling parameter is also obtained. The chapter closes by a short analytical
consideration (Sec.3.7), as we perform conventional perturbation theory for the case of weak leg
coupling, with the rung singlet state as unperturbed starting point.

We finish with a conclusion (Sec.4) where the results are summed up and related to each other,
and a brief outlook is given what might be interesting for future analysis.






2. Second-order edge interactions from the
effective model

The results presented in this chapter were partially published in the Ref. [38]: Cornelie Koop and
Manuel J. Schmidt, Phys. Rev. B 92, 125416 (2015) ®. Some figures, notation and formulations
from there have been used. Moreover, these results are based on and extend calculations done
in the Master’s Thesis Ref.[39].

2.1. Conventional edge state theory

2.1.1. The effective model
We start from the Hubbard model on the honeycomb lattice

H=Hy+H :_tZCZaCjU"“UZ:ﬁiT::ﬁw: (2.1)

(ij)o i
with the usual operators cg,), which annihilate (create) a particle with spin o at site ¢ and the
normal ordering : A := A — (A), that is defined as the original operator minus the average in
the non-interacting ground state. For the particle counting operators at half filling this means

C D e— D 1
Ny 1= nia'_ﬁ.

The precise model here is a pure zigzag graphene nanoribbon (GNR) with periodic boundary
conditions (PBCs) as depicted in Fig. 2.1 (left side). When the site numbering is chosen as
in the same figure on the right side, then the nearest-neighbor index (i, j) in Eq. (2.1) can be
rendered more precisely, and the free hopping Hamiltonian becomes

N M
Hy = _tz Z Z CLmAg (CntU + Cn(m—1)Bo + C(n+1)(m—1)B0'> + h.c.

n=1m=1 o

# For this publication, C. Koop did the calculations and figures. Both authors worked together in the analysis
of the results. M. J. Schmidt wrote the abstract and introduction, while both authors contributed equally to the
rest of the text.



2. Second-order edge interactions from the effective model

(4,0, B) (5,0, B)

Figure 2.1.: The labeling of the graphene sites in the form (n,m,s). The maximal indices are
called N and M. Periodic boundary conditions apply in x direction.

This is simplified with a Fourier transformation in the n direction, parallel to the zigzag edges,
making use of the PBCs:

1 . 1 1 1 .
Hy=—t Z Z Z \/?6 zknclthJ (\/Fezk " CkmBo + \/?em an(m—l)Bo + \/?ezk (”+1)Ck(m—1)Ba> +h.c.

n.m kk’'

1 -
= —t% Z Z Ko g - CLmAU <CkmBa + Ck(m—1)Bo T+ e'* Ck(m—l)Ba) +h.c.

m kK’

= —tz Z 'CchmAa (Ck;mBJ + (1 + eik> Ck(m—l)BU) + h.c.
m k

To get real entries in the Hamiltonian, we perform a gauge transformation
s = I

Physically, this transformation describes a tilt of the y- direction, orthogonal to the ribbon zigzag
edge. Following this, we carry out a shift in the momenta 2:

k—k+m

which leads to a first Brillouin zone in k € [—m, 7] instead of the usual values starting at zero.
These two transformations yield:

. [k
Hy=—t Z <CLmAackmBJ + 2sin <2> C};mAng(m—l)Ba) + h.c. (2.2)

n,k,o

Since the aim of this work is to analyze the magnetic interactions at the zigzag edges of graphene,
we are mostly interested in the edge states of the Hamiltonian. The band structure of our system
is displayed in Fig. 2.2: The edge states are clearly separated from the bulk states and exist
in the region k € [—%, %] In the graphene bulk, the density of states vanishes at the Fermi
surface, whereas the edge states lead to a peak in the DOS near the Fermi surface. Therefore,
they are subject to much stronger interaction effects.

® There is a typo in Ref.[38], claiming a shift of /2. The correct value is however , as given here.

10



2.1. Conventional edge state theory

T
A0 =
_1/: >& ‘
Z 4

|
i
|

—k Tiny ky;
1

xxxxxx

Figure 2.2.: The band structure of a plain zigzag graphene nanoribbon with only nearest-neighbor
hopping (Hamiltonian Eq. (2.2)) has two degenerate flat bands near the Fermi surface. These
are the edge states.

The goal of this chapter is to go over to the effective model that describes the interaction
with the bulk states as a perturbation to the edges state interaction. The precise idea of this
transformation was first presented by Schmidt, Golor, Lang and Wessel (Ref.[31]). Such an
effective model has been introduced before by Karimi and Affleck (Ref.[32]), Schmidt and Loss
(Ref.|30]), as well as Luitz, Assaad and Schmidt (Ref.[40]).

Going over to the eigenbasis of the non-interacting part of the Hamiltonian, a decoupling of the
edge and bulk states in this part is achieved, and we can write

HO = Z {:‘ZBLTBMT + Z EZbLTbNT = HO,edge + HO,bulk ’ (23)
neé, T neEB,T

with the abbreviations £ for the set of edge states and B for the bulk states and a collective
index p that contains momentum and subband information. The index 7 € {1,]} stands for the
spin. The edge and bulk creation operators are defined as sums over all lattice sites from the
wave functions ¢, () of the Hy eigenstates, namely eLT = Zj c}TapM (j) and bLT = Zj c}TqSM (),
respectively. With this convention, the interacting part of the Hamiltonian becomes:

Hy =U Y Taur : dipdypd) dey - (2.4)
ApvT

where the operators d(f) can be either edge or bulk operators. The interaction vertex Iy, is
given by:

i
For the sake of better readability we will use integers 1,2,3,... as state indices, instead of
the Greek letters A, i, v, ... used above. Also, we will sometimes add upper indices b,e to I

These indicate whether the lower indices correspond to bulk or edge state operators (e.g. Fi;gzb}

means that indices 1 and 3 correspond to edge states). For the edge states, the collective index
u = (k,+£) is composed of the momentum and a band index, which is named + or — according

11



2. Second-order edge interactions from the effective model

to the sign of the state energy. As visible in Fig. 2.1 (left), these edge states have equal weight
on both edges each. For the following calculations and for an intuitive understanding of the
processes, it will however be more useful to work in a basis with the edge states localized at one
side of the ribbons, each.

This can be accomplished by a second basis transformation within the edge state subspace
Pria/By = (P T 1) /\/2 or, equivalently, epA/Br = (Chprr £ ek—+)/V2. These new states
are not eigenstates of Hy (Eq. (2.3)), but their amplitudes have non-vanishing values only in
the vicinity of one edge A or B. In addition, the amplitudes are non-zero only on the sublattice
the edge terminates on, so that the label A/B indicates edge and sublattice simultaneously. The
edge-state part of Hy thus reads

Hyeage = Y t(k)e} yexn + Hee. (2.6)
T,k

where the k-dependent inter-edge hybridization
k) = €. (2.7)

is equal to the edge state energy in Eq. (2.3).

The interacting part of the Hamiltonian Eq. (2.4) can contain any combination of edge and
bulk states and hence generates the edge-bulk coupling whose contributions to the edge state
interaction we will further investigate in this chapter. We define the interaction Hamiltonian
Hipn, which contains all summands of Hy except those with all four edge state operators or all
four bulk state operators. It has been found before (e.g. Ref. [30]) that Hjy is generally small,
so that a projection of Hy onto the pure edge state subspace already constitutes a rather good
approximation for the edge state physics. The corrections due to Hjyt can thus be treated by
perturbation theory. To keep track of the order to which the interaction is taken into account,
we introduce a small parameter A\ with

Hing o< A, (2.8)

Physically, this parameter is small, because the overlap of delocalized bulk states with localized
edge states is smaller than the overlap of the edge states with themselves: \ oc ['0ebb Teebb Teebe

1"6666

Contributions with four bulk state operators will be neglected in all following considerations,
because they would enter the edge physics only in higher orders of A.

Wannier Basis Until now, due to translation symmetry the real space edge states are still plane
waves in the direction parallel to the zigzag edge, in detail:

ikn

Uiy (na m, S) = \/1N¢ku (m7 3) €

12



2.1. Conventional edge state theory

Figure 2.3.: Wannier edge states are localized at one of the ribbon edges, as well as in x-direction.
In this sketch, the filled circles represent the absolute value of the actual Wannier wavefunctions,
while the ellipses are guides to the eye. For better visibility we have displayed only next-
neighboring states, i.e., we have left out one state in between the displayed wave functions at an
edge. Due to the strong effective onsite repulsion UT'SSSr,, each of the displayed Wannier edge
states will essentially be occupied by one electron.

Since the interaction in this system is strong compared to the kinetic energy, it turns out more
convenient to use a basis that is also localized along the edges. Therefore, we transform the edge
states to a highly localized Wannier basis

B A
eLS’T = ? Z e’lkaxe—ll;s‘l' With a = k:m

|k|§klim

where K is the number of momenta in the sum, i.e., the number of momenta that fulfill |k| < kj,.
The scaling factor a must be used to keep the transformation unitary despite the fact that it
only covers roughly one third of the Brillouin zone. In Fig. 2.3 one sees the spreading of these
Wannier states in real space.

Now that the Wannier basis has been introduced, it becomes apparent that by far the largest
term in Hy is the effective onsite repulsion

Honsite (1) = Tore, s Tt 2 My (2.9)

of any one localized Wannier state p. Therefore, considering also the normal ordering of the
terms, it is energetically extremely favorable to have each such Wannier edge state occupied
by exactly one electron. The onsite repulsion is independent from the Wannier index u, and
numerical calculations reveal that I'y,., =~ 0.1 only very weakly depends on the ribbon width
and length. The second major step in the effective description will therefore be a transformation
to a Heisenberg spin basis, so that each edge state hosts effectively one spin.

13



2. Second-order edge interactions from the effective model

2.1.2. First order calculation results

In this section, we review the previous results from treating the edge-bulk interaction to first order
in A\. These have already been presented in Ref. [31]|, where the stress was on the investigation
of interactions in chiral ribbons. Those ribbons have a specially tailored geometry, which allows
for a very good separation of edge states along one edge and leads to a faster decaying intra-edge
coupling. It has been shown in Ref. [38] that the calculation can also be applied to plain zigzag
ribbons with slightly modified Wannier states.

At first, the fermionic edge couplings have to be derived. To do so, we restrict the Fock space to
those states in which all bulk states with energies below the Fermi level (i.e. negative energies)
are occupied, while those with positive energies are empty. As a consequence, all terms in Eq.
(2.4) in which the bulk operators do not appear in creator-annihilator pairs are dropped, because
they map a state out of the restricted Fock space.

Afterwards, the remaining bulk operators are averaged with respect to the Fermi sea:

bl bor = 610,10 (—s‘;) . (2.10)
With these approximations the effective edge state interactions can be written as
Hy=U Z Cypwr eKTeuT : e:rliem L (2.11)
Apvm

Note that in order to derive Eq. (2.11) it is not sufficient to just drop all terms with bulk
operators from Eq. (2.4). It is essential to perform the bulk state average properly, as described
above. Additionally employing particle-hole symmetry of Hp, however, the first order of Hiy
can be absorbed completely into the normal ordering of the edge state operators in Eq. (2.11).
Note also that Eq. (2.11) is valid for any choice of basis in the edge state subspace. In Ref. [31],
this approximate fermionic theory was solved with exact diagonalization for small systems, and
it was shown that already at this level the reduced theory can compete with QMC calculations.
However, the most useful and intuitive description can only be reached after going over to the
Wannier states and the effective spin basis, as described above. The effective hopping occurs only
between states on the same edge and sublattice; it is obtained from Eq. (2.7) and transformed
to real space via

1 ; / us
£ = Klk%;hmt(k) glate=ak g = — (2.12)
Please bear in mind that this is a different quantity than the original lattice hopping: t7_, # t.
We can directly read the ferromagnetic intra-edge coupling between two Wannier sites

JE = 2UT oy ar (2.13)
and a straight-forward second-order perturbation theory analysis (with ¢ ,/U < 1) yields the

anti-ferromagnetic intra-edge coupling

2
4 ()
JAF = 2e) 2.14
These interactions are also sketched in Fig. 2.3.

14



2.2. Schrieffer-Wolff transformation and second-order corrections
2.2. Schrieffer-Wolff transformation and second-order corrections

2.2.1. Fermionic coupling terms

The effect of the bulk states on the edge state interaction is approximated up to second order by
means of a Schrieffer-Wolff transformation. The details of this calculation were already published
in the Masters’s thesis, Ref. [39], but for the sake of coherence and better readability, the key
steps will be briefly repeated here. We consider the single-particle bulk Hamiltonian Ho puk
as the unperturbed Hamiltonian and the interaction between edge and bulk states Hi, as its
perturbation. The free part of the edge state Hamiltonian is kept separately, which means that
we neglect the time-dependence of the edge state operators in the corrections. This constitutes
a good approximation for sufficiently broad ribbons in which the inter-edge hybridization t(k) is
small compared to the typical bulk state energies eflb). Formally, the second-order Schrieffer-Wolff
correction can be written as

. 00
HSW = — hm E dt e_nt [Hint(t)a Hint] ) (215)
n—0 2 0

where Hint(t) = exp (it Hopuik) Hint €xp (—itHo buk). As before, the bulk operators are elimi-
nated from Hgw by appropriate averaging [Eq. (2.10)].

After some tedious but straightforward calculations we obtain the complete fermionic expression
of the second order Schrieffer-Wolff terms

2 1 3
Hsw = Hgyy + Hgly + Hgyy, (2.16)
where the individual constituents are effective two-particle, one-particle and three-particle inter-
actions, respectively.

For a detailed derivation of the terms, compare Ref. [39]. In the beginning, the full expression
looks somehow involved, but it can be brought in a systematic order, and some terms can be
neglected right away. Moreover, calculations will reveal in the following that the contributions
of some other terms are also small.

To rewrite the expression, we use the Pauli matrices 0®¥? and the unit matrix ¢, and we define:

Al } : BT
012,5 - Orr€1sr €257/
77!

So that for example 67,63, = (eITeQT — ehego (e£¢€4T — egie%). The index s € {A, B} cor-

responds to the sublattice, or equivalently the edge where the state is localized. s’ can be the

15



2. Second-order edge interactions from the effective model

same or the opposite edge as s, while § always refers to the opposite sublattice and ribbon edge.
Using this, the intra-edge case simplifies to:

Hinra — /2 Z Z Léﬁgfé—k ;ﬁi‘l) (: e]isﬂegsaegsaezlsa +2-: e1s¢€2ﬁ€§s¢e45¢ ) (2.17)
1234 o

1234 1234\ . t T .
-2 (Lpp ss T Mpp s ) $ €151 €251C351C4s) -

U2
1234 1234 § : Al Al 1234 1234 ~ § :
2 (Lph ss Mph s ) 012,50—3475 +5 (Lpp ss Mpp ss) : 012 5054 s 012 505475
1234

v=0,z,y,z H=T,Y,2

U? 1234,
K P TEEN) 1234,5 .0 20
> E A” E 0l2,s0345 + AL 70150346

1234 U=T,Yy,z

where we have defined

1234,s _ 11432 1432 1 1234 1234
A:t - Lph ss + Mph s (Lpp ss Mpp s )

In the inter- edge couplings, one expression cannot be rewritten using spin operators, and the
result is:

inter __ 772 Z Z 1234 (. T T RN | T .
HSVV =U { - Lph s§ ( €1506250€355C4s0 + — + €1556256€355C4s0 ) -
1234,s o

1234 T ) 12 12 .
+ Lyy'ss elgge2§o'€35,7€4€a' : g g B +T.; elwegw : } (2.18)
12,s o

U2

_ 1234 ~ ~ 1234 T T . 2 12 12

— 7 E E ph 55014 s932,5 + 2Lpp s5 + €155€256€355C450 * -U B T 61506250
1234,s H=T,Y,z 12,s o

The prefactors are given by the overlap of the eigenfunctions of the pure hopping Hamiltonian,
divided by some energies and energy differences, in detail:

1
1234 __ eebb bbee 1234 ebee eebe
Lph ss! E : er — ¢ 111456, sF6532, s’ ph s E E 15645 3652, s (2'19)
éf) occ 6 5 occ 6€edge
emp
1
1234 ebeb bebe 1234 eeeb beee
Lpp ss! E cr + ¢ 111536, SP5462, s’ Mpps E : § : 1635 S 5462s (2'20)
g occ 0 6 5 occ 6€edge
occ

and the prefactors of the effective hopping are given by:

12 Fg%ellzl Fg‘%{f& 5 12 1 bbeb bbb
— S S - [ e
B = Z P Ts = E ;F3352 s11544 (2.21)
3,4 emp 3 4 5 3,4 emp 5
5 occ 5 occ

The summations run over all bulk states with £, > €permi for those marked as ”occ” (=occupied),
or over all bulk states with &, < eperm; for those marked as ”emp” ( =empty). The expressions
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2.2. Schrieffer-Wolfl transformation and second-order corrections

) [/)/u
€157 baf €961
€451 €657 €357
i?\'[pp.s
.
§ 5.1 . -
[ : €3] €45, bJ:i €35,
. €1 €l
€2,5,1 b(jf Ls't €251 €6,5.1 Lt

Figure 2.4.: Diagrammatic representation of the processes yielding an effective two-particle inter-
action. The particle-hole diagrams (index ph) are composed of a direct and a crossed particle-hole
channel, where the latter is only available for equal sublattice indices. This graphic has been
published before in (38|, a typo in My, was corrected here.

Lon, Mpy and My, Ly, are essentially particle-hole and particle-particle response functions,
respectively. The direct particle-hole channel is available for inter-edge and intra-edge processes,
whereas the crossed particle-hole channel only gives a contribution to interactions between states
on the same edge. Although we do not use diagrammatic perturbation theory, these interactions
can be visualized in Hugenholtz diagrams. For the effective two-particle interactions, compare
Fig. 2.4.

Let us briefly notice that the term Lllj%fl has a special meaning: It can be interpreted as the
bulk-mediated RKKY interaction between the electron spins of states 1 and 2. The Rudermann-
Kittel-Kasuya-Yosida couplingl*'™#3] in general describes the interaction between two magnetic
impurities via bulk conducting electrons. For half filled graphene it has been shown!** 43 that
the RKKY coupling is ferromagnetic for moments on the same sublattice and antiferromagnetic
for opposite sublattices. We will see that here Lllo%m follows the same rule when going over to
the spin basis in Sec.2.3.

Three particle coupling term  Despite the averaging over the Fermi surface, one is at first left
with a single summand that leads to a three particle interaction:

1,2,3
3p 2 456 . t .
HSW =-U Z Z 2W37§ : 6157:62@7-6?;87.64576;@_6657. : (222)
1,3,6 s,7
24,5
where the prefactor describes the contraction
1,2,3 1
4,56 _ ebee beee
Wes™ = Z §F1736,5F7254,§ (2.23)
Tocc 7

This term combines a hopping of one electron from one edge to the other (with spin 7) with a
two-particle exchange interaction on different edges (with spin 7). It either couples more than
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2. Second-order edge interactions from the effective model

two sites, in which case is does not contribute due to the approximations described in Sec.2.3.
Or, if indices 3 = 6 and 4 = 5, the term vanishes when going over to the spin basis in sec. 2.3,
where it describes a single hopping multiplied with an expectation value in normal order:

z,y,3
Wias(z,y) = > WerP? (s gz o) ( fage 1) = 0 (2.24)
2,3e&

2.2.2. Translation to momentum space

To perform an actual calculation of the expressions Eq. (2.19) and Eq. (2.20) possible within
the range of computing capacity, they must be rewritten in momentum space. The basis trans-
formation of the wave vectors is:

@% (n’m \/72 7zakm . z (n+ ) ( Z»)2n+m ¢k: (m)

where ¢ (m) are the eigenvectors of the two dimensional Hamiltonian Eq. (2.2) in matrix form,
exp (ikn) is the plain wave continuation of these eigenstates in the direction of the periodic
boundary conditions, and (—i)(2"+m) - exp (zk%) is the gauge transformation used to get real
eigenstates in the end. The last factor, e~%%* describes the actual transformation to momen-
tum space. Due to momentum conservation, each I'-coefficient only depends on three different
momenta, instead of four real space indices:

1_‘1234 - % Z 1/);1 (’I’L, m) ¢$2 (na m) 1/);3 (n7 m) 7%4 (na m)

n,m

= e 0 3 ep[iakn — (k4 @)+ Kas — (F = ) 2a)] 6 (m) D (m) 65 (m) - b0 (m)

m k,k’,q

Inserting this into the expressions for the effective couplings gives results that also only depend
on three momenta instead of four different indices. This reflects the momentum conservation of
the processes described in Fig. (2.4). The indices of bulk states split into a momentum and a
band index, the edge states are uniquely characterized by their momentum and sublattice. One
possible representation is:

eebb S beee, s’
Z Z kk+q (p,2),(p—q,b3)" (p—q,b3),(p,b2),k' k' —q

€ba,p — Eb3,p—q

phss kk C]

ba occ
bz emp

and
ebeb s bebe, s’

k: ! q Z Z b2 k! p), k! (b3, k— p)F(b2,k’+p),k+(b(b3,kfp),k’fq
Eb2,k'+p T €b3,k—p

pp ss’

by occ P
bs occ
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2.2. Schrieffer-Wolfl transformation and second-order corrections

bIT

b5 -

Figure 2.5.: There are two effective one-particle hopping processes.

and
ebee Feebe
M1234 kK g Z Z k’(bQ,p a).p,k+q" K ,p,(b2,p—q),k'—
phs
1) _
by occ P b2.p—q
Feeeb Fbeee
M1234 kK g Z Z k.p.k',(b2,k+k'—p)~ (b2,k+k'—p) k+q.p,k'—
pp s
by occ D Eb5,k+k —q

In the following, we will only be interested in terms with two different indices, so out of the
four external momenta, two have to be pairwise equal. This is a consequence of the averaging
with respect to the Fermi sea, analogous to Sec. 2.1.2: In the Wannier basis, each state is
effectively filled with one electron, and we will only regard second-order processes that return
to this state of half-filling, because all others are severely suppressed by the effective onsite
repulsion U* = UT'55C . Double occupied or empty Wannier states are solely allowed as virtual
intermediate states of the second-order processes.

For the effective one-particle interactions, the external momentum is fixed. For the second one,
the index pairs within one overlap coefficient are fixed:
bbeb S Fbebb S
Z Z b5,p) (b3,p—q),k,(b4,k+q) " (b3,p—q),k,(b4,k+q),(b5,p)
€b3,p—q + Ebdk+q ~ Eb5,p

bs3,by occ P,q
bs emp

bbeb F
Z Z (b3,p (b3,p)k,(b5,k) " k (b5 k),(b4,q),(b4.q)
€b5,k
b3,by emp Dp,q
bs occ

When transforming back to real space, we are explicitly interested in cases with only two different
external indices. In general, the following transformation is used:

Llﬁ‘s4 K2 Z expia - (kx1 — (k' — @) w2 + K'wg — (k + q) x4)] Lpn (k. k', q)
kK g

1 ) / k, k' — 7k/7 k
== > explia- (kay — (k’_q)x2+kx3—(k+q)x4)]Lph( a) k' (k+a)

kK \q

The particle-hole loop only gives two different cases of this, when we take into account that the
eigenstates are purely real:
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2. Second-order edge interactions from the effective model

BaB _
Loped =

3 2 explia{(k+ K)o (k4 K) 5] Lon (k. K, q)
k,k’,q

and

[e7e% 1 -
LopPP = e > explia{(k—k +q)a— (k—k +q) B} Lon (k, k', q)
k,k’,q

1

Peebb ~ - be€8—7 L 3
with [p - +q} == Z exp lia {(k +p) a — (k +p) B)] Z Z k,k+q,(b2,p),(bz,p ~q)_ (6173@_ 9),(b2,p),—p+q,—p
k,p,q by occ B b2,p b3,p—q
b3 emp

Due to the eigenvectors being fully real, a further rewriting is possible:

1 ) Feebb - - beeeh_ N
B :KQ 2 :exp lia {(k +p)a — (k+ p) B}] 2 : Z k,k+q,(b2,p),(b3,p ~q) (b3,1o~ 9),(b2,p),—p,—p+q
k bs occ p €b2,p ~ Eb3,p—q
sPq 2 p
bz emp

1 Z : Z Zrzfzi,bl”,b&”f 6355 0),002,5) (o
:K2 exp lia {(k +p)a — (k+ p) B}] 9,(b2,5),(b3,6—q)~ (b3,6—4q),(b2,p),p,(P—q)
fa b ~ €b2,p — €b3,5—q
»P»q 9 OCC P
bz emp

_raBapB
_Lph

In the second-last step we have used that the edge states obtained from Eq. (2.6) have a certain
symmetry depending on their sublattice :
ngA == (ah 07 a2, Oa as, Oa aq, 07 )T g—kA == (ala Oa —asz, 07 as, 07 —ay4, Oa )T

érp = (0,01,0,b0,0,b3,0,b4,0,..)7 b5 = (0,—by1,0,bs,0, b3, 0,bs,0,..)"

Different from this is the third case:

1 .
Lgfﬁo‘ =z Z exp [ia {—qa + ¢B}] Lpn (k, k', q)
k,p,q
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2.3. Heisenberg spin basis

For the parameter of the particle-particle interaction, it is also possible to unify two of the three
different orders of index pairs using the fact that the eigenstates are real:

o 1 N
LooBB = w3 > explia{ka— (k' —q)a+ kB~ (k+q) B} Lyp (k, K, q)
k,k’,q

1 .
= 5 Y esplia{(k— K —q)a— (kK +9)8)]
k,k',q
I—\ebeb s I—\bebe s’
. Z Z k,(b2,k'+p),k’,(b3,k—p) " (b2,k'+p),k+q,(b3,k—p),k'—q

Eb2,k'+5 T Eb3,k—p

ebeb s bebe, s’

. I _ _
with b2,k +5),k' (b3, k—p) " (b2,k'+p),—p+k’,(b3,k—p),p+k
— k' — exp [ia {—pa + pfB}]
Ty = X P

k,k’,p by occ P
b3 occ

ebeb s Fbebe s’

b2,k +5) K (b3, k—P)* (b2,k/ D), p-+k, (b3, —p) k' —
for real e.s. = exp [ta {—pa + pfB
2 Z { } Z Z €b2,k'+p T €b3,k—p

k,k',p by occ P
b3 occ
1 .
=2 Z exp [ia {—pa + pB}] - Lpp (k, k', q)
k,k",q
— 7aBBa
- Lpp

and different from these two

Lype? = % 3" exp [ia {(k+¥)a— (k+K)B}] - Lyp (kK q)
kK’ ,q

With analogous substitutions, the M-parameters can be transformed to real space and rear-

ranged:
MEPP = M = K2 > explia{(k+K)a— (k+k)B}] My (k. q)
k,k',q
afBa 1 .
Mo = el > explia{—qa + ¢B8} My (, ¥, q)
k,p,q
and

Mococﬁﬂ - Maﬂﬁa = K2 Z exp [ia {—pa + pB}] - Myp (k K q)
kK \q

MS‘I;BQ*B— Zexp za{(k+k)a—(k+k)ﬁ}] pp(k K, )
kK g

2.3. Heisenberg spin basis

In the localized Wannier basis described in Sec. 2.1.1, the term UT 3., is larger than all other
contributions. Due to this dominant effective Hubbard Hamiltonian, half filling is strongly
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2. Second-order edge interactions from the effective model

favored for the Wannier states, and all processes that map a homogeneous charge occupation in
the edge state to a state with broken charge homogeneity will be suppressed, as states above.
Half filling in the Wannier states is also associated with charge neutrality on each original lattice
site. When gaining an overview over the large variety of interactions in Sec. 2.2.1, we therefore
want to focus on those that create and annihilate maximally one doubly occupied or empty state,
and will will discard all terms that lead to a stronger deviation from charge neutrality. When
doing so, we are only left with two sorts of terms:

1. There are two-particle terms, which have two pairs of equal external indices. They can be
written as spin-spin interactions in the fermionic basis, such as in Eqgs. (2.17) and the first
part of (2.18)

2. The second class of terms are those in the second part of Eq. (2.18), describing a single
hopping between sites on different sublattices. In the final interaction this adds to the
effective hopping t*_, (2.12), but both are suppressed by the onsite repulsion UT'zzz,.

All two-particle interactions with three different external indices vanish due to the previous ap-
proximations: They either contain contributions o< e;TeZ,TeLT,eZT/ (or with two identical creation
operator indices, respectively); this process has a double unbalanced hopping and couples to a
double occupied (or empty) state. Or otherwise interactions of three edge states contain the
expectation value of one particle-counting operator, which vanishes analogous to Eq. (2.24) due
to normal ordering.

Since the Wannier edge states are essentially occupied by one electron, all further interaction
terms only affect the remaining degree of freedom, which is the electron spin. When going over
to a Heisenberg spin basis, terms of type (a) translate directly to a spin-spin interaction. Terms
of type (b) are treated by second order perturbation theory analogous to the derivation of Eq.
(2.14), where the small parameter in this case is the new effective hopping Eq. (2.21) divided by

In the following we will regard the interactions between pairs of Wannier states, either on the
same or on opposite edges. The effective spin basis for each such pair of Wannier states in the
half filled subspace is given by {|11),[{4),|14),]— 1) ,13 =)} The last two entries denote the
state with both electrons in one Wannier state, the formal order of the spins is however still
important to keep track of the fermionic signs. In the double arrow symbol J, we will always
assume the upwards spin to count first.

With a shift in the total energy, all terms in the full fermionic Hamiltonian relevant for these
two Wannier states can be written as a 6 x 6 matrix, consisting of 2 x 2 blocks

I D I RD 1T =1

TEEE.
i, 0 b?e Hyop, (2.25)
o\ 0 Hyop Hie

where Hj, contains all terms of type (a), and Hyp, all terms of type (b). The particular forms of
these two blocks depend on the mutual positions of the two Wannier centers under consideration
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2.3. Heisenberg spin basis

and will be discussed in the following. The block Hy, contains the effective Hubbard interaction
Eq. (2.9). It separates the high-energy subspace with doubly occupied Wannier states from the
low-energy subspace with single occupations. Due to SU(2) invariance, the states |11) and ||)
are decoupled from the other states.

As usual, the residual spin dynamics in the low-energy subspace is then obtained by second order
perturbation theory

Hspin = Hle - HhopH_lHT

he Hhop- (2.26)

Hgpin can be expressed in terms of spin operators. In the following we discuss the two different
cases of inter-edge coupling (the Wannier sites are on different edges) and intra-edge coupling
(the two Wannier sites are on the same edge s = §').

2.3.1. Inter-edge coupling

We consider two Wannier states A and /B on opposite edges. The low energy part of the
inter-edge coupling reads

It D
ppinter _ [T (—Xm' Xaa’ > 2.2
le |\LT> Xzxa! ~Xza' )’ ( 7)
where -
Xza! = 20U° gﬁ AB (2.28)

stems from Eq. (2.18). The factor 2 occurs because there are two possibilities to assign the
indices x and 2’ to the general indices 1,2,3,4. The edge states of opposite edges are restricted to
different sublattices, so that the ’direct’ two-particle terms from Eq. (2.11) vanish. Thus, there
are only the bulk-mediated SW couplings in Hje. It should be noted that x,,s can be interpreted
as the bulk-mediated RKKY interaction between the spins of the electrons in the two Wannier
states. The Hamiltonian of the high energy subspace can be well approximated by the effective
Hubbard interaction Eq. (2.9):
H}ilréter — Urxmxm]_QXZ ’

where one should remember that I'y,;, is independent of the Wannier position x for zigzag
ribbons.

The block connecting low- and high-energy sector reads
% 1 1
Hhop = (t:B:E’ + ?733$/> <_1 _1> )

where 1, = 20> (Bm/ + Tm/) is the bulk-mediated one-particle SW hopping Eq. (2.21) and

tr . is the direct hopping of the edge states Eq. (2.12). Please note that t} , is an effective
hopping and a different parameter than the original Hubbard hopping t.
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2. Second-order edge interactions from the effective model
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Figure 2.6.: The different parts of the inter-edge coupling as a function of Wannier index x
along the ribbon. The ribbon dimensions are N = 104, M = 12 and the original Hamiltonian
parameters ¢ = U = 1. The major contribution to the second order correction steps from 7)./,
whereas the direct correction y., has to scaled for better visibility.

Since t), ./, Nyz' K I'zzzeU for reasonably wide ribbons, it is justified to apply perturbation theory
as described above, which results (up to a constant) in a Heisenberg inter-edge spin coupling

2
- 4(t* )+ Naa
Hpit =2 {2xm/ + (UF”)} SuaSun. (229)
I,CE’ TTTT
=JAF

T

Sus = (S%,,S%s,5%,) is the vector of Pauli matrices acting on the spin of the electron in the
Wannier state at x,s. If the bulk states had been neglected, x s, and 7., would be absent. In

this case we recover the inter-edge coupling from Eq. (2.14).

Fig. 2.6 provides an overview of the different contributions to Ji‘TF/ as a function of distance |x—2a|

between the Wannier states. Clearly, the direct coupling ~ (75:’;%,)2 JUT 3020 Of the edges states is
much larger than the bulk-state corrections, which again justifies the use of perturbation theory.
Of the bulk state corrections, the bulk-mediated hopping 7,./ is most relevant. The RKKY-like
Xzz 18 only of minor importance.

Momentum range of the edge states However, Y., displays another unique feature: Fig.
2.7 shows X,z between opposite sites Ax and Bz as a function of kjiyn. This quantity is the
limiting momentum, at which the lowest two bands in the bandstructure are separated in the
edge states—with k‘gdge € (—Kiim, kiim)—and the bulk states, whose momentum has a larger
absolute value. A usual choice is kym = §, however this is not fully justified only by visual
inspection of the band structure Fig. 2.2. The RKKY like interaction y;, now has a minimum

near ki, = § and justifies this often used choice. It is plausible that the interaction strength
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2.3. Heisenberg spin basis
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Figure 2.7.: The direct second-order correction term between opposite edges, which is also inter-
preted as an RKKY interaction, exhibits a minimum around kjjy, = 5.The momentum has been
changed in steps of 0 (k) = j5. Ribbons parameters are again N =104, M =12, and U =t = 1.

grows when we include more bulk momenta into the edge states and therewith increase the
number of states that contribute to this interaction. However, the coupling grows even stronger
when part of the edge momenta are omitted and counted as bulk states. This is because these
excess bulk states then also serve as mediating states.

The corrections in 7,,» do not have any special features as functions of cutoff momentum. Their
values increase monotonically when the momentum limit increases, because this leads to a higher
degree of delocalization of the edge wavefunctions and thereby to a larger overlap and hopping.

Dependence on the ribbon dimensions Finally, we analyze the dependence of the inter-edge
coupling on the width M of the ribbon. It is known** 4] that the RKKY coupling in graphene
Hrxxy = Ji;S; - S decreases with the third power of distance

1
@ — @)

Jij X

In Fig. 2.8, the first and second order of the correlation between opposite states are plotted as a
function of the estimated power law. Both results fall off linearly, indicating that the estimated
behavior is indeed met.

Consequently, the whole coupling between opposite edges will soon become extremely small for
very broad ribbons. As will be also described in the next chapter (compare Sec. (3.4)), the
antiferromagnetic interactions do not have a significant influence on the magnetic behavior of
extremely broad ribbons (M 2= 20) at all. Therefore, one can for any ribbon width safely take the
first order results as a good approximations and will not necessarily need to include second order
in Jé)F. Likewise, the behavior for constant width M, but growing length N must be checked. In
Fig. 2.8, the relative error of the pure first order inter-edge terms with respect to the results up
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2. Second-order edge interactions from the effective model

0.110

0.020

0.015

0.005

—&— pure 1** order
—eo— full 2°¢ order

0.000 0.090 - — :
00001 00002 00003 G001 00005 00006 00007 00008 00009 00010 10 50 60 70 30 90 100 110 120 130

M3 N

Figure 2.8.: Left: "When the ribbon width M is increased, the zeroth order contribution Jy as
well as the full term including second order effects decrease as M 3. This is in accordance with
the RKKY interaction in graphene. The ribbon length is N = 104. Right: The relative error pf
the pure first order calculation (J/(;F)M - /(sz)M
The zigzag features stem from the distributions of the k values in the center third of the Brillouin
zone and are a finite size effect. The width is M = 12.

For both plots kyn = 7/3 and U =t = 1.

) / J/(SF)M decreases for increasing ribbon length.

to second order is seen as a function of ribbon length N. For a fixed value of kjjy, the results differ
depending on the value of N mod 3, which is due to the varying choice of the discrete momenta
in the Brillouin zone and vanishes in the limit of very large V. The important observation,
however, is that the overall relative error becomes smaller as IV is increased. Consequently, we
can conclude for all system sizes that the first order calculation from Sec. 2.1.2 constitutes a
good approximation of the antiferromagnetic coupling.

2.3.2. Intra-edge coupling

For the interaction between two states on the same edge—and thus on the same sublattice—first
order spin couplings of the form g,,» = I'S° , appear in the low-energy part of Eq. (2.25),
which reads

[t 1D
intra __ _ |T¢> 1 -1
Hi "™ = (Gpar — Kaar) 111 ( 1 1 ) (2.30)
with R
Rex! = Xxa' — eacx’ + Xaza! — 01‘95’7 (231>
where x.,+ was defined in Eq. (2.28), and
Op = 2U2LEE"E = 2U2 L2 (2.32)
and the parameters with a tilde contain the analogous contribution of the M loops
Now = 202 MEET® = 2U2 pae's (2.33)
Ope = 2U° MEE™ = 2U2 MET'™ (2.34)
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Figure 2.9.: Left: The intra-edge coupling as a function of distance along the ribbon, with ky, =
7/3. The pure first order term (dark blue, A) is ferromagnetic, as well as the full second order
correlation (red, o). The latter is weaker due to the ferromagnetic correction term x (Eq. (2.31))
(light blue, 57). The correction is about one order of magnitude smaller than the first order.
Right: The same coupling contributions for nearest neighbors each, as a function of momentum
limit. The second order only weakly depends on the choice of kj,. In the combination, we see
no distinctive feature for ky,, = /3. Both plots are for dimensions N = 200 M = 12 and the
Hamiltonian parameters are U =t = 1.

The Hamiltonian of the high energy subspace could again be well approximated by H}ifé”a =
UTrzzz 12X2 byt since there is no intra-edge hopping neither in first nor in second order, there is
no need to perform further perturbation theory. Thus, the intra-edge spin coupling Hamiltonian
including second order bulk corrections reads

Hintra = Z —2 (gxac’ - ﬁ:c;t’) Sy Sy (235)

rH#x

In first order, we have a direct ferromagnetic coupling. Due to the structure of x,,s with positive
and negative signs, the effects of different interactions partially reduce each other. The term
Xzaz', Which represents a bulk-states-mediated RKKY coupling, is ferromagnetic, 80 Xz < O,
but the overall sum gives k,,» > 0, so that the full second order coupling weakens the direct
ferromagnetic coupling. Figure 2.9 shows the different contributions as a function of the Wannier
index = along the ribbon. One sees a rather small reduction of the ferromagnetic coupling when
including the second order terms.

The dependence of the different order terms on the choice of the momentum limit is plotted in
Fig. 2.9 on the right: The characteristics of both the first and the second order term are similar,
and the overall dependence of the full term on the momentum limit is only weak. Figure 2.10
shows the dependence of X ;41 on the momentum limit; this is the only intra-edge interaction
that exhibits a feature near kj, = % Even though it only yields a small absolute contribution
compared to the other summands in k.., this dependence still gives an estimator for the correct
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2. Second-order edge interactions from the effective model
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Figure 2.10.: The coupling Xz z+1 (compare Eq. (2.33) above) between direct neighbors as is
depends on the momentum limit Ky, with step size 0 (kim) = 155 This is the only summand
from Eq. (2.35) that has a specific feature around ki, = % Since the other contributions
however do not cancel with this effect, it can still serve as indicator for the correct choice of

momentum limit. The other parameters are N =200, M =12 and U =t = 1.

choice of kjjn. The other contributions to x,, depend monotonically on the momentum limit,
so that there cannot occur any compensation effects.

Bulk correction for wide ribbons In contrast to the above cases, the second order terms become
numerically more important for the intra-edge coupling at growing ribbon width M. This is due
to the fact that with increasing M the number of bulk bands increases, and therefore more bands

are available for intermediate states in the M- processes from Eq. (2.19) and Eq. (2.20). In
Fig. 2.11 one sees the relative error (J(Fll;/[ - J(gl)\/[) / J(FQI;/[ of the pure first order calculation as a

function of growing ribbon width (red line), for the interaction between directly adjacent sites.
This can be fitted well to the function (blue line)
f(M)=a+b-M"'?  with a~0.05

The constant offset a ~ 0.05 is therefore expected to represent the maximal relative error for
extremely broad ribbons. We conclude that the error stays in an acceptable range.

2.4. Next-nearest-neighbor hopping

Including a hopping o t' to the second nearest neighbor makes the tight-binding model for
graphene more realistic. However, it breaks the electron-hole symmetry, it shifts the Fermi
surface to ep = 3t’, and it bends down the edge energy bands out of their before flat shape. Fig.
2.12 shows the band structure for a hopping #'/t = 0.1 in the free model U = 0. The energy has
already been shifted back so that ep = 0.
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Figure 2.11.: Concerning the intra-edge coupling, the second order correction actually becomes
more important for growing ribbons width. The relative error of the pure first order approx-
imation behaves as ~ M3, The plot shows the relative error for N = 104, kj, = /3 and
U =t = 1. The fit results are a ~ 0.0499, b ~ —0.0191, so we assume the error to stay within
the well acceptable range of dax ~ 5%.

A o
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Figure 2.12.: The bandstructure of a graphene ribbon in a Hubbard model plus next-nearest
neighbor hopping ¢ = 0.1¢. The colors indicate different ribbon widths W = 10 unit cells and
W = 12 unit cells, respectively; the length is X = 602 unit cells each. The bandstructure is
shifted about a constant energy to bring the edge states back to charge neutrality.
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2. Second-order edge interactions from the effective model

One can see that at this strength of ¢’ coupling, the edge bands are still well separated form the
bulk bands. For further comparison, we write the contribution of next-nearest neighbor hopping
to the Hamiltonian in the previously used basis. The next-nearest neighbor hopping couples
states from the same sublattice. The hopping in momentum space reads:

N, pbc M,pbc

Hy =—t' Z Z Z Clms {C(n71)(m+1)s + Cn(m+1)S T Cn+1)ms + C(n+1)(m-1)S + Cn(m-1)s + C(nfl)mS}
n=1 m=1 Se{A,B}

1 —ikm 1qg(m iqg(m gm
- —tlf Z Z Z Ze g CLkS{e 1 e _1)gs + €9 epgs + €718

n m S pg

+ eiq(m—l)c(n+1)qs + eiq(m—l)cnqs + eiqmc(nl)qS}

M , _ » »
= —t'22 D YD Okachis {€Cm-1)as + € Ungs + Cuings + € 15 T € Uengs + C-1)as }
n S kyq

M | )
=t D YD s (€ 1) clumnygs +2cos (k) engs + (€7 +1) cupygs )
n S k

(1)

—)ikn/2 .
nkS, new

We use a tilted y-direction to get real entries in the free Hamiltonian: ¢ =" el

CnksS, old, this gives

H =t Z ZZ Cjsz {(ei’k + 1) e_j’k/Qc(n,l)kS + 2cos (k) chrs + (e_”C + 1) eik/2c(n+1)k,4}
n k S

N, PBC

k k
—t Z ZZ CLI@S {2003 (2) Cn—1)ks + 2cos (k) cups + 2 cos (2) c(nﬂ)ks}
n=1 k S

To have a symmetric band structure, in the end a shift k — k + 7 is introduced, which finally
yields:

N, PBC

. [k . [k
H =t Z Z chlks {2 sin <2> Cn—1)ks — 2¢0s (k) cors + 2sin <2> c(n+1)k5}
n=1 kS

To make sure that small overlaps between edge and bulk states in the effective model are still
a good starting point for perturbation theory, we look at the absolute value squared of an edge
state as a function of ribbon site in y-direction. The logarithmic plot Fig. 2.13 displays that
the edge state decays exponentially into the bulk of the ribbon, so the main prerequisites for the
applicability of the effective model are still fulfilled, at least for the small hopping value ¢’ = 0.1¢,
which should be a realistic estimate for actual graphene, compare Ref. [9]. However, one has
to take care of the shift in the Fermi energy and make sure that the edge states as well as the
whole system are still half filled. If we went away from the point of half filling in bulk graphene,
we would get RKKY interactions between the edge states and additional bulk electrons or holes
[44, 45]. These could be strong enough to render our approximations invalid. Karimi and Affleck
[32] have shown that without an additional potential the edge states are stable up to a value of
. = 0.109U

crit
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2.4. Next-nearest-neighbor hopping

|\IJ6J<1ge ‘ 2

Figure 2.13.: The absolute value squared of an edge state as a function of y across the ribbon
for t//t =0.1, U =0 and N =120, M = 20. The zigzag feature illustrates that the edge states
do not vanish any more on one sublattice, but there is still a higher weight on the sublattice the
edge belongs to.

Since we use U = t, the choice of ¢'/t = 0.1 is hence still in the regime where the effective model
is fully valid with the edge states half filled.

To keep a correct hierarchy of the orders of magnitude, the second nearest neighbor hopping
terms should be included in the same order perturbation theory as the onsite repulsion. For this,
we go over to the Wannier basis

dj, = Z¢ku (M. 8) chyps = Z¢ku (C”kA—i_thkB) At (ij:AJFC~ ) Z¢ku )df,,

where the ?kvi are of the form (...,nA,nB,n + 1A, n + 1B, )T or equivalently (...,n,7 + 1,7 + 2, )T
In the next step, we only take into account the direct interaction between the edge states (“zeroth
order”), hence the summation of the subbands v, i is restricted to the positive and negative edge
bands v, u € {+, —}. Therefore, ¢4 (n) = 0 for 7 even and ¢xp (n) = 0 for n odd, and the basis
change can be separated into the A and B sublattices. We use again the conventional notation
¢ku (m7 8)'

We get the following result for the A sites:

Hya=—t Z Z Z(ﬁ,’gy (n, A) dzy {25111 (g) Orp (n—1,A) — 2cos (k) ¢ (n, A) + 2sin (g) G (n+1, A)} dkp

n k v,

=—t Z { —2cos (k dkl/dk’/ + Z Z 2sin ( ) (Pkw (0, A) Gy (n — 1, A) + ¢1p (0, A) P (n+ 1, A)) dz,ydk“}
k,v n=1 p
Ekpv (n,A)

(2.36)

Going over to the sublattice polarized edge basis, the first addend can be rewritten straightfor-
wardly:

t Z —2cos (k) d} dy, = —t’ Z —2cos (k <ekAekA + 62361@3)

For the second addend, rewriting is more complicated. Using the symmetries ) &k ., (7, S) =
2oy, (n,S)and 30, &k v (n,S) = 32, & —+ (n, S), where the latter one is valid due to the
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2. Second-order edge interactions from the effective model

real eigenstates of the Hamiltonian, we get for the next-nearest neighbor Hamiltonian in zeroth
order:

H(0 —t' . Z —4cos (k (ekAekA—FekBekB)

+ Z Z Z sin (5) {2 (Gt + -] (0,9) - efqera +2 [ s — Ei] (0, 9) - ekBekB}

k n=1Se{A,B}

For details compare App. A.l. Rewriting this in terms of the sublattice polarized edge states
and applying some reformulations gives:

H1(O) T Z { — 4cos (k) (62,461#& + eLBe’fB)
k

+ 2sin (g) : Z (2¢kA (71) dra (A +2) el yera + 2015 () drp (7 + 2) €LB€/€B> }

n

= Z (Hl(()) (k, A) - eLAekA + Hl(()) (k,B) - ekBekB)
k

Now we transform this back into real space using

1 bl
H§O) (%x/) == Z HfO) (k,Ae ika(z—a') chefB’A"i_[A < Bl =t a (elAew’A + eLBeI/B>
‘k‘gklim

Hence, the next-nearest neighbor interaction to zeroth order yields an additional hopping term
inside the edge. Numerical calculations reveal that the hopping term has alternating sign and
fulfills ¢}, . < U*. It is therefore again possible to include it into the effective spin model in
second order perturbation theory, which yields an effective reduction of the ferromagnetic intra-
edge coupling. In Fig. 2.14 (left) one can see a comparison of the pure ferromagnetic coupling
term and the reduced one which includes the next-nearest neighbor hopping contributions. To
this resolution it is not possible to discern any visible difference between the two graphs, even

for the nearest edge states along the ribbon.

On the right hand side, we compare the long-range behavior of the full result to the long-range
behavior of the effective antiferromagnetic correction term — (£%,,.,)* /U*. The latter decays also
with a power law, but it obviously has a higher exponent than the full term. Consequently, these
correction terms will not alter the long-range behavior of the ferromagnetic coupling.

Thus we conclude that it is safe to ignore the corrections to the effective model that come from
next-nearest neighbor hopping, as long as it remains below the critical value of ¢ = 0.109U =
0.109¢. This should be the case in realistic graphene nanoribbons.

For curiosity we also tested the influence of the next-nearest neighbor hopping onto the effective
model outcome when included directly into the Hamiltonian and treated in the same order as
the direct hopping ¢'. Such an approach could be useful for ¢’ > U* = UI'**** g0 in particular
for the case of a small onsite repulsion U. With such a calculation, both the intra- and interleg
coupling are changed due to the second nearest neighbor hopping. As presented in Fig.2.15, the
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Figure 2.14.: The ferromagnetic coupling of a GNR with 10 x 602 unit cells with and without
next-nearest neighbor hopping terms as a function of distance along the ribbon. The terms oc ¢/
are included into the perturbation part of the effective model and then treated by conventional
second-order perturbation theory when going over to the spin basis. On the left, the full result
including ¢’ = 0.1¢ (blue) is compare to the one for ' = 0 (red), while on the right, the full result
is plotted together with the difference between both.

intraedge coupling in this case gets a slightly “waved” feature that stems from the next-nearest
hopping terms. Especially the long-range tail seems to be affected by this behavior, while,
however, the valleys of the curves still follow the 1/22 decay. We get qualitatively similar results
for W = 8,10 unit cells.

For the inter-edge hopping, the next-nearest neighbor terms, when included directly in the un-
perturbed part, enhance the coupling strength on the short-range opposite sites, compare Fig.
2.16. This effect occurs equally for W = 10 and W = 12. However, the long-range behavior is
not significantly altered by this.

To summarize, the most significant effect of including the next-nearest neighbor terms ¢’ = 0.1¢
into the unperturbed part of the Hamiltonian are the introduction of a wavy behavior for the
intraedge couplings and the enhancement of the short-range interedge interactions.

33



2. Second-order edge interactions from the effective model
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Figure 2.15.: The intraedge interaction of a ribbon with 12 x 602 unit cells, when ¢ = 0.1t is
included directly into the unperturbed Hamiltonian. The left plot features linear-logarithmic
axes, while the right one ist a log-log plot.
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Figure 2.16.: Left: The interedge couplings of ribbons with 10 x 602 and 12 x 602 unit cells,
respectively, comparing the case with and without next nearest neighbor hopping. Right: The
long-range behavior for 12 x 602 unit cells in a log log plot.
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2.5. Phosphorene
2.5. Phosphorene

Motivated by the paper by Yang et al. [46] on the edge states in a single layer of black phosphorus,
we adapt the effective model to this system, which is also known as phosphorene. The material
has a honeycomb structure like graphene, but the distances between the atoms are different in
the two spatial directions. Seen from the side, phosphorene has a corrugated structure (compare
e.g. Ref. [47] Fig. 3) with a thickness of about 5 A (compare Ref. [48]), so that the further apart
tight-binding hopping parameters cannot be understood by only looking at the two-dimensional
structure. The largest hopping values again belong to the nearest-neighbor hopping, with the
peculiarity that one of the values is positive. We will use the anisotropic nearest neighbors here
with the values from Ref. [46]:

t1=—-122eV  ty=3.665eV (2.37)

These tight-binding parameters have originally been calculated in Ref. [48] using an ab initio
method with quasiparticle GW approximations. These two hoppings dominate the behavior of
the tight-binding model, since the next largest quantity is a fourth nearest neighbor hopping
with the amplitude of only ¢3 = —0.205 and therewith |t3| < [t1].

The different layers in bulk and multi-layer black phosphorus are coupled by van der Vaals forces,
as it is the case in graphite. Monolayer phosphorene is held together by covalent bindings of the
sp3 hybridized orbitals, but in contrast to graphene, there are no free electrons!®fl. so the material
exhibits a significant band gap. The bulk material has a band gap of about 0.3 eV, but for single
layer this is expected!*® %9 to be in the range of ~ 1.5 éV. This value lies between the one for
freestanding graphene and two-dimensional semi-conducting dichalcogenides!*l. Phosphorene is
also classified as a semiconductorl®!. The carrier mobility in a monolayer of black phosphorus
is estimated[® to be up to ~ 1000%. However, the electronic properties of phosphorene are
highly anisotropic” due to its puckered structure. Since it has been shown!®lthat in graphene
dots, strain can strongly enhance the magnetization, it appears interesting to study the edge
magnetism in a phosphorene nanoribbon (PNR). The intrinsic anisotropy in phosphorene is

larger than what can be achieved from strain in graphenel46).

Few-layer thick flakes of black phosphorus were synthesized in the laboratory 2014 by Li et al.
(compare Ref. [50]) and they were used as field-effect transistors. To produce these layers from
bulk black phosphorus, the group again used a method based on scotch tape, and deposited
the flakes on a silicon wafer covered with a layer of silicon dioxidel®®). Castellanos-Gomez et al.
have modified the classical technique, compare Ref. [52|: They used an intermediate viscoelastic
surface of a poly-dimethilsiloxane based substrate to improve the yield of thin, few-layer phos-
phorus flakes. Following this, they examine the flakes with Raman spectroscopy and transmission
electron microscopy.

Concerning the edge states of a nanoribbon, the most fundamental difference between the band
structures of graphene and phosphorene is that the latter is fully gapped, but the edge bands
are much flatter, and with the exception of extremely narrow ribbons, they extend at the Fermi
surface over the whole Brillouin zone, not only one third of it, compare Fig. 2.18.
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2. Second-order edge interactions from the effective model

t

Figure 2.17.: The squeezed honeycomb structure in phosphorene as seen from the top. The
hopping ts is highly unfavorable because of the puckered structure of the material: Subsequent
zigzag segments lie in different layers in z-direction. For a three dimensional view of the material
compare Ref. [48], Fig. 4 therein.

El EY 0 1 2 3 ) -3 El EY 0 1 2

Figure 2.18.: The bandstructure of a phosphorene nanoribbon in nearest-neighbor tight binding
approximation with U = 0 for 6 x 102 unit cells (left) and 12 x 102 unit cells (right), respectively.
One of the edge states is marked in red. As for graphene, the Brillouin zone was shifted to [—, 7]
as before.
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Figure 2.19.: The amplitude squared of the edge states with k = —2.7227 (left) and k = 0.1047
(right), respectively, as a function of y across the ribbon for U = 0 and N = 120 in phosphorene.
The upper row has M = 8, the bottom row M = 16. According to the zigzag feature the edge
states do not vanish any more on one sublattice, but there is still a significantly higher weight
on one sublattice, especially near the edges. Both edge states decay exponentially into the bulk,
but with a different decay exponent.

As a first step, we test the edge states for narrow ribbons and different momenta k for their
localization across the ribbons. Fig. 2.19 presents the amplitude of one edge state with momen-
tum close to the boundary of the Brillouin zone (left), and one edge state with a k-value from
the center (right) as a function of y coordinate for ribbon width M = 10. It is easily visible that
the edge states are not fully localized on one sublattice in this system, but still strongly prefer
one. For the momentum in the center, the decay is otherwise similar to a graphene edge state.
For the larger absolute momentum value, the decay of the amplitude into the ribbon is much
weaker, but it is still of exponential form. Together with the fact that there is a significant gap
between the edge and bulk states also outside the center third in the band structure, this suffices
to conclude that edge states similar to the ones in graphene live on the whole Brillouin zone in
phosphorene.

Hence, we can further utilize all calculation steps used in the first order edge states calculation
for graphene, compare Sec. 2.1.2; setting the momentum “limit” to kjiym = 7 and adjusting the
hopping strengths.

Ref. [46] investigates the edge magnetism in narrow nanoribbons of phosphorene with deter-
minant quantum Monte Carlo techniques, taking into account the hopping parameters up to
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2. Second-order edge interactions from the effective model

and including t5. They stay in the original lattice basis and define a row magnetic structure
factor M = % >ije row (Si - S;j) with the usual onsite spin operators S; and an edge magnetic
susceptibility that is the same as the usual definition we will use later on (compare Eq. (3.23)

1/T
Xieg = D (Sin (1) Sju (0)) € {A, B}

i,j€edge

with the sole difference that their sites ¢,j are the original lattice sites. Yang et al. then find
strong ferromagnetic correlations along the edges and a non-vanishing edge magnetization for
finite temperatures, with T even as high as room temperature. They fit the xlgé (T') behavior
to the Curie-Weiss law x~' = (T — T,) /A and deduce the critical temperature as the intercept
with the T- axis (compare Fig. 2 in Ref. [46]). For undoped phosphorene, they find critical
temperatures on the order of ~ 1072eV, which grow as the onsite repulsion U is increased and
for U = 2.0eV reach ~ 0.032eV, corresponding to ~ 320 K. For details compare Ref. [46].

Our theoretical considerations and numerical findings also support the fact that ferromagnetic
order is enhanced in phosphorene compared to the isotropic honeycomb lattice. Fig.2.20 (right)
presents the effective model results for the antiferromagnetic couplings in a phosphorene nanorib-
bon compared to a GNR of the same dimensions. Contrary to what one might expect, the
antiferromagnetic coupling is significantly weakened in phosphorene, although the spacial dis-
tance between the zigzag edges is reduced. The main reason for this is the puckered structure of
phosphorene that causes the hopping t2 to have a positive value, reflecting the height difference
between each two involved sites. Because the edge bands fill the whole Brillouin zone, phos-
phorene—contrary to graphene—does not to have a portion of edge states with bent bands in
the relevant momentum range. Going back to the band structure of graphene Fig. 2.2, the red
colored parts of the bands exhibit a splitting and bending behavior already for |k| < 7/3, which
is particularly pronounced in narrow ribbons and originates in the hybridization of the two edge
modes. This portion of the bands—and basically the effect of hybridization—much enhances the
effective hopping ¢* in Eq. (2.12) and Eq. (2.7). With this part missing in the anisotropic lat-
tice, the zero modes are much more localized in real space, and the effective hopping is reduced,
which leads to a much smaller antiferromagnetic coupling for the same width, as measured by
unit cells. Moreover, one sees that the long-range behavior of phosphorene is less affected by
finite size effects, but the short-range correlations behave much more irregularly, before transi-
tioning into the 1/z* decay. Probably the reason for such irregularities are the distorted shape
of the material and the different hopping strengths.

The results from Ref. [46] are consistent with ours relating to the enhancement of ferromagnetic
correlations for larger onsite repulsion U, compare Eqgs. (2.13) and (2.14).

However, our results do not support the picture of a stark qualitative difference between GNRs
and PRNs considering the edge magnetism. We, too, would expect a non-vanishing edge mag-
netization for finite temperature and finite ribbon length. In the thermodynamic limit, however,
we do not expect to find a finite critical temperature T¢4¢ > 0 for the formation of ferromagnetic
order in phosphorene, because the ferromagnetic couplings still decay Jr o< 2, as shown in
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Figure 2.20.: The intraleg (left) and interleg couplings for graphene and phosphorene at two
different ribbons widths. The Hubbard parameters for phosphorene are t; = —1.22eV,ty =
3.665eV and U = 3.0eV. The parameters for graphene are —t = U = 2.8eV.

Fig. 2.21 (left). The decay exponent for the antiferromagnetic coupling is also the same as in

graphene nanoribbons, namely Jap oc 274

The investigation of the long-range coupling behavior and its influence on the thermodynamic
limit properties of graphene nanoribbons will be the key goal of the following chapter.
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Figure 2.21.: The ferromagnetic correlations (left) are quantitatively enhanced and the antiferro-
magnetic ones (right) are reduced in phosphorene as compared to graphene. However, the decay
exponents remain essentially unaltered. The factor in the right plot is a ~ 5- 107",
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3. QMC analysis of spin-ladder models with
long-range interactions

3.1. The Stochastic Series Expansion

3.1.1. Fundamentals and sign problem

General idea  Monte Carlo simulations in general are an important numerical tool to analyze
the behavior of a variety of physical systems, equally in classical and quantum settings, in
equilibrium and non-equilibrium. The special type of Monte Carlo technique that we will use
is tailored for a quantum spin system at finite temperatures in equilibrium. In principle, any
physical system can be simulated by Monte Carlo methodsl®l; however, the performance is
extremely limited in cases where the infamous sign problem occurs. We will discuss this below
and explain why it does not occur for the systems we are interested in here.

The basic idea behind the technique is to statistically sample over all possible configurations
of a many-body system, weighted according to the statistical probabilities. Then expectation
values can be calculated in the form oft3l54 (4) = % 227:1 Ay, where each n represents one
many-body configuration obtained in the course of the Monte Carlo sampling. In total N such
steps are performed.

The set of all possible configurations is called the configuration space € of the system. A sampling
usually starts at an arbitrary configuration € €} and then proceeds to the following steps via a
specially tailored update scheme that represents a stochastic process. This scheme must fulfill
some prerequisites:

First, completeness and ergodicity have to be granted: The transition probabilities should be
chosen such that from any starting point in  all other configurations can be reached within
a finite number of steps, so that the process samples over the whole configuration space. The
second requirement is that the process should preserve the stochastic probabilities given by the
distribution function. This means that detailed balance must be preserved, i.e., the transition
probabilities P from one configuration C' to another one C’ depend on the weights W of the
configurations asl®4:

W(C) P(C—C)=W(C")-P(C' = C)

The probabilities to go over to a next configuration hence only depend on the current config-
uration and not on the earlier states the system has passed through before in the process. A
sequence of states that fulfills this condition it called a “Markov chain”, the update procedure
called a “Markov process”.
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3. QMC analysis of spin-ladder models with long-range interactions

For finite temperature physics in the canonical ensemble, the probability to find a configuration
is defined by the Boltzmann distribution:

1
P(C;) = Ze_ﬁE(ci) with the partition function Z = Z e PE(C) (3.1)

]

where 8 = (kgT)™!, and kp is the Boltzmann constant. The detailed balance condition can
then be calculated to bel®:

=Y exp (=B E(C)) — E(Ci)))

In practice, such a condition is implemented like this: A new configuration is found according
to an update scheme (see below), and if the energy of the new configuration is smaller than that
of the old one, the new configuration is always accepted. If the energy of the new configuration
is larger than before, a random number r; € [0, 1) is generated. The new configuration is then
accepted, if r; < exp (=8 (E; — E;)), otherwise the update is discarded.

World line quantum Monte Carlo A central quantity in statistical physics is the partition
function Z = Tr (e_ﬁH ), which is involved in the calculation of any expectation value <121> =

%Tr (fle_ﬁﬁ) with the inverse temperature § = 1/T and the Hamiltonian H. Since the exact

spectrum of H is usually not known in quantum statistical setups, such quantities cannot be
calculated right away!®5).

Instead, in world line QMC methods, the problem is mapped to a classical system, for which
Monte Carlo simulations are already applicable. This mapping yields an additional dimension,
which is associated with the imaginary time 7. Mathematically, we perform a Taylor expansion
of the exponential function in the partition function, rewriting

7Ty ((65/M.g> M) o <<€AT.H> M) (3.2)

which is called a Suzuki-Trotter decomposition, see Refs. |56, 57|, with a large integer M and the
imaginary time step A7 = 3/M. Let us regard the case of a Hamiltonian that can be written as
a sum of two contributions H = Hy + Hp. As an example, these could be the operators acting
on even and odd bondsl®! of a bipartite lattice, as used in the next paragraph, but as of now,
any other decomposition is also possible. Then there are several possibilities to decompose the
exponential in Eq. (3.2), of which the easiest ones arel®l

e—AT(HA—i-HB) _ e—ATHA . e—ATHB +0 ((AT)Q)

e~ AT(Ha+Hp) _ ~3ATB | ~ATA—3ATB | ((A7)3>
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3.1. The Stochastic Series Expansion

and the accuracy of the expansion becomes better, the smaller the commutator of the two
operators is. Inserting this into Eq. (3.2) gives, however, the same result for both cases (compare
Ref. |55]) using the cyclic permutation under the trace:

Z="Tr (ﬁ e ATHA -eATHB> +0 ((A7)2>

=1

Thus the systematic error of a single decomposition scales as (AT)?’, but since this occurs for
each single factor in the productl®®l, the overall error is again Ay ox M (AT)3 o (AT)Z. For
the special case of commuting operators [H 4, Hg] = 0 the decomposition would be exact. Such
commuting operators are however hard to achieve in real systems.

In the next step, a complete set of basis states |o) of the underlying Hilbert space is used with
1=>"_|o)(o|, where it is convenient to choose a basis in which part of the involved operators
are diagonal, e.g. the S? basis for a spin Hamiltonian. Then one can further rewritel®!

M

He—ATHA . e—ATHB

A

_ Z <Uo le—ATHA| U1> <01 ‘G—ATHB‘ 02> o <02M—1 ‘G—ATHB‘ Uo> o) <(AT)2)

60,01, g2M—1

(3.3)

where the superscript indices in o’ indicate the possibility of choosing different basis sets. Usually
H 4 and Hp are built up of single-bond operators which represent the interaction between two
sites of the lattice, as for example in Eq. (3.4). This decomposition can be visualized in a so-called
world-line configuration like in Fig. 3.1 (left), where the horizontal axis is the spatial dimension,
while the vertical axis represents the imaginary time dimension. Note that one returns to the
original configuration after M steps.

If we consider again the example of a one-dimensional lattice with only nearest-neighbor spin
operators, separated into the above mentioned even and odd bonds, Ha = }_; Hy; (241 and
Hp =3, H(9i41),2i, then in both H4 and Hp the summands—as the single-bond operators—all

commute with each other[®8l:

[(Hiiv1, Hizojiv2j11] =0 Vj

Then in each matrix element in Eq.(3.3), the matrix exponentials exactly factorize into a product
of exponentials of the single-bond operators. This is called the checkerboard decomposition,
compare e.g. Ref. [59]. When the basis states are chosen appropriately, these matrix products
of single-bond operators can be directly calculated. However, we still have an extremely large
configuration space due to the sums over all basis unit decompositions in Eq. (3.3). The Monte-
Carlo approach is now to sample over this configuration space by picking out a specific basis
state |o]') (o] in each Trotter step n, so that each sweep consist of M successive configurations
that are changed only by the effect of maximally one single-side operator per step. As further
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3. QMC analysis of spin-ladder models with long-range interactions

Figure 3.1.: Left: A visualization of a conventional world-line Monte-Carlo sweep on a one-
dimensional system with checkerboard decomposition for L = 8 and M = 10. Filled and empty
dots stand for spin 0 =1 and o =/, respectively. Each black square represents a matrix element.
Right: A sketch representing an operator string in SSE with expansion level and M = n = 10
There are no steps with unit operators in this example.
represent the diagonal operator Hj p, while the red bars are the off-diagonal Hspp. For simplicity,
we only considered nearest-neighbor correlations here. In both pictures, the light blue lines stand
for the so-called world lines that serve as a guide to the eye. Naturally, one can draw equivalent

with L = 7 sites.
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3.1. The Stochastic Series Expansion

constraints, operators on even and odd bonds must alternate, and when starting in the state

<O’?‘ we have to return to that initial configuration ‘0?> in the end.

To sample over the subscript indices i, j, i.e. over the intermediate configurations in the imaginary
time dimension, one then implements specific update procedures that successively change part
of the picture in Fig. 3.1. These, too, have to fulfill certain constraints while still reaching the
whole configuration space. These are mostly model dependent and in many cases the same as
for the stochastic series expansion. So we will first review the SSE method here before coming
to the update procedures in Sec. 3.1.2.

Stochastic Series Expansion The stochastic series expansion (=SSE) technique was developed
in 2003 by Sandvik, and in part Kurkijarvi, compare Refs. [33, 34, 60]. The technique is an
important improvement to formerly known quantum Monte Carlo approaches (see above) and is
based on a high-temperature expansion of the partition function. The key idea is to write out
traces over parts of the Hamiltonian as sums over diagonal matrix elements. The method can be
applied to various quantum spin systems and systems of bosons(®l. SSE fits extremely well for our
case, because it makes the implementation of long-range interactions much more efficient!®. In
quantum lattices, for ferromagnetic interactions in general, or for antiferromagnetic interactions
on bipartite lattices, the method can be made sign-problem free through an appropriate basis
choicel®. The computational cost scales linearlyl® in the system size as well as in the inverse
temperature § = 1/T. For the SSE algorithm we start again from the partition function, written
as 2 = X, (|0, o (<" A
sum over the lattice sites

a>. In the systems considered here, the Hamiltonian is a

Hpyeisb. = Z JijSiSj  or Hising = Z Jij 7S5 (3.4)
1,J i,J

with short-range or long-range behavior depending on J;; and multiple possible lattice shapes.

In contrast to the above method, the power of the Hamiltonian that occurs in Z is now expanded
in a sum over all possible products, all possible permutations placing one of the involved operators
between each pair of lattice sites that is affected by interaction. This can be made clear by again
introducing the above used bond operators, which each connect two single-site spin operators.
Let us regard the following example, taken from Ref. [55]: The Heisenberg Hamiltonian is
rewritten into bond Hamiltonians in the following form:

N, N, N,
H=Y J;88;==Y (Hyp—Hyp)+ Y Jiwie)y (3.5)
i b=1 b=1

with . J
— .. ¥4 z _ ’L] —+ — — +
Hyp =i <4 - 5¢<b>5y'(b>> Ho = 5 (Sl S50 + S Sn)

Sites ¢ and j are nearest neighbors, b is the index of the bond between them, and Ny is the total
number of bonds in the system, i.e., for a chain with length L is N, = L —1. The constant energy
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3. QMC analysis of spin-ladder models with long-range interactions

offset will be dropped in the following. A spin Hamiltonian of this type on any lattice and for
any real prefactors Jj; can be described by these bond operators. With this, we can rewrite the

partition function as
B’n
2= 1 {a o),
a S,

where ng is the number of operators Hy .
The weight W (C,) of a configuration C,, according to Eq. (3.1) then enters the calculation as:

a> (3.6)

where any configuration C,, has a defined expansion order n and comprises the start/end state
o and the operator sting S, of length n, which must return the state o on itself in the end.
It now remains to test under which circumstances the weights W (C),) can become negative,
which would lead to a sign problem in the simulation. As explained in Ref. [55], for a non-
frustrated lattice the number ny of off-diagonal bond-operators must always be even to bring
the system back to its original state |o). So the factor (—1)"* = 1 can be ignored. Therefore,
for an antiferromagnetic coupling J > 0 on a non-frustrated lattice no sign problem occurs.
For a ferromagnetic interaction J < 0 it is better to omit the energy shift in Eq. (3.5). Then
one writes instead H = ), ﬁl,b + Hyj with ﬁl,b = JSiZ(b)SjZ.(b), and the factor (—1)" remains
untouched. Like this, all Hy/y@4) have negative prefactor, and this cancels with (=)™ in the
partition function. If H contains a mixture of ferromagnetic and antiferromagnetic terms, then
the energy shift must only be carried out for the antiferromagnetic ones. No frustration occurs
in our system, so the calculation will be sign-problem free.

n

T Hiiy oy

i=1

n

LT Hiiy i

i=1

Z=Y W(C,)  withW(C,)= % <a
£- !

In the special case of the S = % quantum Heisenberg model all matrix elements are equal to &

2
so that the weights are simply WHeis (C,) = £

T 2nple

In practice it is of course not possible to work with infinitely long operator strings n — oo,
and it is even much more convenient to have a fixed length M for all operator strings S,,. To
implement this, all operator strings with n < M are filled up with unit operators 1 = Hy o, while
all strings with n > M can be discarded without losing precision if the cutoff M is chosen “large
enough to reduce the truncation error below the statistical error of the Monte Carlo simulation”
(quote from Ref. [34]). Usually, M can be determined during the thermalization process®®l,
compare Sec. 3.1.3. The insertion of unit operators, however, slightly changes the calculation of
the partition function!®® %51, Taking into consideration that there are (]\f ) different possibilities
to insert M — n unit operators into a string of n operators gives the following

n(M-n) ] {5
-y ) < T Heooc >
=1

a Sy

with n the number of non-unit operators in Sy,.
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3.1. The Stochastic Series Expansion

In the spin % Heisenberg model, the matrix elements give 1 for the unit operator and % otherwise.
For L sufficiently large, the weights then essentially only depend on the number n of involved

operators:
Heis _ ﬁ " (M B n)'
W=E(Cn) = <2> T (3.7)

3.1.2. Update procedures

It is common and very helpful to represent a single configuration of operator stings in a graphical
way, compare e.g. Ref. [60] Fig. 1 therein. Here Fig. 3.1 presents a sketch of the same
type for a one-dimensional system with L = 7 sites. In the original worldline Monte-Carlo
representations, the vertical axis was directly given by the imaginary time steps A7 of the
Suzuki-Trotter decomposition Eq. (3.3), and in the SSE algorithm this dimension represent the
expansion level p and can also be identified as an imaginary time. As stressed in Ref. [60], it
is sufficient to store the starting configuration and the operator string in the computer memory
during a simulation.

It goes by itself that for a Monte Carlo simulation we need to sample over multiple such operator
stings. To get from one to the next, special update schemes are necessary. The following
explanations have been taken from Refs. [55, 58, 60].

Local updates The easiest update is a diagonal update: It replaces a unit operator by a diagonal
operator and vice versa. No spins need to be flipped for this. The algorithm transverses the
whole configuration in the direction of propagation levels. If at a propagation level p a unit
operator acts, the algorithm replaces it by a diagonal bond operator—where the bond is chosen
at random—with the probability:

N, =1Heisb. N,
P (insert) = P ([0,0] — [1,b]) = min (]V?—bn (o(p—1)|Hiplo(p—1)), 1) S=jHeish. <2(]\54_bn)7 1)
where n is the number of non-unit operators before the update. The second equality holds for
the spin—% Heisenberg chain for antiparallel spin orientations at bond b. In that system, we either
have a parallel arrangement of the two involved spins, which leads to an immediate rejection of
the update, or an antiparallel arrangement, for which the involved matrix element equals %

If at propagation level p a diagonal operator is present, then the algorithm removes it and replaces
it by a unit operator with probability

B . (M-n+1 1 S=1iHeisb. . (2(M —n+1) >
P (remove) = P ([1,b] — [0,0]) = min < BN, D=1 1) = min <5Nb ,1

where again n is the number of non-unit operators before the update.

The second type of local updates are off-diagonal updates. For the Heisenberg system, they are
carried out by replacing two operators of type Hs, with diagonal operators of type Hy p, and this
involves flipping the spins next to the bond and between these two operators. Such a spin flip
is not possible if other off-diagonal operators lie between the two chosen ones; however, the area
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Figure 3.2.: These sketches visualize the effect of off-diagonal updates and are similar to Fig. 59
from Ref. [58]. For both choices of operators pairs here, there is only one possibility each to
define the area where the spin should be switched. Spin cannot be switched if other offdiagonal
operators act on them in the respective area.

“between” can be defined in two alternative ways, using the periodicity |o (p = N)) = |o (p = 1)).
Fig. 3.2 illustrates the update.

This sort of updates changes the configuration quite a lot, but they cannot change the winding
number of the world lines in a one-dimensional system with periodic boundary conditions. While
this does not present a problem if one is targeting the ground state of a system, it breaches
ergodicity for any higher temperaturel®8l.
configuration space cannot be targeted with only these local updates, either. Therefore, so
called loop or cluster updates have been introduced.

Moreover, in two ore more dimensions, the whole

Loop updates The loop updates ensure ergodicity in the update process, and they also signifi-
cantly speed up the updating process. There are several versions of this in use, the one presented
here is valid for the Heisenberg Hamiltonian and some related systems|58]. The recipe to con-
struct a cluster is as follows: choose a spin and follow its world line until an operator is reached,
then turn around along the operator and return in the opposite direction on the world line of the
second spin that was on the same side of said operator, and continue that way—using periodic
boundary conditions also in the imaginary time direction— until the loop closes. In Fig. 3.3
two examples are presented, one for a very small, the other for a very large loop. The whole
configuration can be divided into such loops, with each spin uniquely belonging to one loop.

In the second step, these loops are flipped, and the adjacent operators must be switched from
diagonal to off-diagonal and vice versa accordingly. This sort of update does not change the
overall number of operators, and therefore in the spin % Heisenberg model the weight of the
configuration Eq. (3.7) remains unchanged, compare also Ref. [58]. For our case with long range
interaction and an interaction strength J;; that depends on the distance of the involved spins,
it is important that not only the number, but also the position of operators remains unchanged,
which is indeed the case. The only thing altered in the operator string is that some diagonal
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Figure 3.3.: Two possible steps in a loop update are shown here, again for a system with L =7
sites and expansion level n = M = 10. For simplicity, only nearest neighbor interactions are
considered. The dashed/dotted red lines mark the cluster and serve as guides to the eye.

operators are changed into off-diagonal ones, and the other way round. Due to the resulting
matrix element being J;;/2 for both Hy (i, ) and Ha (i, ), the weight of the configuration will
remain the same also for our model. This is why loop updates for Heisenberg type spin systems
can in principle always be accepted right away. Flipping all the loops included in the system
takes it back to its original state, which is of course not helpful. One useful possibility is to
arbitrarily choose the start spin and therewith the loop, but this suffers from the disadvantage
that some loops will be switched twice, which is a waste of computational resources. The better
approachl®l is to successively choose all involved loops and switch each with the probability %
in one such update.

Walker's alias method This method is used to increase the performance of the local updates
by speeding up the choice of a bond operator. The idea behind the method is that in the
process of choosing bonds at random, the discarding of choices should be avoided, while still
keeping the stochastic probabilities. If a bond is chosen and the random variable generation
would result in discarding the choice, then we will instead choose a substitute bond, which has
been previously defined for the initially chosen bond. The following description is strongly based
on the explanations given in Ref. [61, 62]:

The conventional technique for choosing a bond is the acceptance-rejection method®3]: To gen-

erate random variables that follow the desired distribution p; with Zn]‘le pm = 1, one carries
out the following steps:

1. One generates a random, uniform distributed variable myy, for the “x-axis”,
with 0 < myy < M.

2. One generates a random, uniform distributed variable p,, for the “y-axis”,

3. If piry < DPm/Pmax, then m is accepted in the set of random variables, otherwise m is
rejected. The division by the maximal probability pmax serves as a normalization.
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3. QMC analysis of spin-ladder models with long-range interactions

One can picture this method as choosing a random point on a plot of the function p(x) and
accepting the x-Coordinate if the point lies within the integral area of the function (compare
the oftentimes used “shooting pi” example). This method has the major disadvantage that many
trials are not used, but rejected, and it can hence become numerically very costly, especially if
the underlying function p has a large variance.

Walker’s method of alias circumvents this problem by designating an ersatz choice a(m) for
every m, so that in the third step, we accept m if pyy < IfT’ZX and otherwise we accept a(m).
Therefore, a table must be set up that assigns to each m a modified probability ¢,,, and a

replacement choice a (m) if ¢, < 1. The modified probabilities must fulfill:

1 M
Pm = N <Cm + ; (1 - Ck) 5a(k),m>

A recipe for generating such a table from the original probabilities can be found in Ref. [62],
App. A therein.

3.1.3. Measuring observables

Equilibration and binning The algorithm starts in a random configuration independent of the
temperature at which the sampling takes place. The operator string at the start of the simulation
is empty and will be successively filled with operators by diagonal updates!®3l. Typically, this
configuration will not represent a particularly probable state and the first few steps will be
highly influenced by this starting configuration. Since the final outcome must be independent
of the initially chosen state, one must designate the first steps of the procedure to the so-called
thermalization and discard them for measurements. After these thermalization steps, the system
has reached some state according to the stochastic probability. For our systems, a number of
Nequi = 10000 equilibration steps has turned our sensible.

Another point that is important for avoiding statistical errors is the autocorrelation time. Since
all updates only affect part of the configuration, consecutive measurements are not fully sta-
tistically independent. To quantify this effect, one defines the autocorrelation function, which
measures the correlation in an observable A for two measurements that are ¢ steps apart[®3l:

(ApApyi) — (Ap)”
(A2) — (Ap)?

The quantity is normalized to C'4 (0) = 1, and if two measurements are fully statistically inde-
pendent, then C'14 (i) = 0. In a Markov chain QMC simulation, the autocorrelation function

decays exponentiallyl®! for the long-distance case:

Ca (i) =

Ca (i) — /94,

which defines the autocorrelation time © 4.
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3.1. The Stochastic Series Expansion

Carrying out a measurement after each Monte Carlo step and using it as one independent result
would not give a wrong estimate for the value (A) itself, but the statistical error (AA)®*¥ would
be wrong, because the true result should be

A(A) = (A (A)Pt /20t with Ot = % + ) Cali)

=1

A derivation of the result is found in Ref. [53]. Due to the loop updates, autocorrelation times
in SSE are considerably reduced®® 64 with respect to older QMC implementations. To get fully
rid of these effects, we apply a rebinning to our results, where M consecutive measurements are
grouped together to one value each, in groups called bins (compare Ref. [53]). For large enough
bin size M, the bin averages are then statistically independent, and according to the central limit
theorem, they follow a Gaussian distribution®®. In practice, we start from a previously chosen
bin length and then follow a rebinning process, increasing the bin length by a factor of 2 in every
step (and hence reducing the number of bins by the same amount). For each rebinning level, the
average value and the statistical error are calculated. The result for (A) itself is easily obtained
by the mean of results from the previous binning level and does not change systematically. If
the error systematically increases up to a certain rebinning level, then the original bin length
is not long enough, and one must instead use the error at said rebinning level, or start with a
higher number M right away to get the correct error. If o4 does not go up by rebinning, then
M has been chosen large enough to get a correct 4. In our systems, we start at a bin length
M = 1000 and proceed with rebinning till M = 64000. For N = 10° Monte Carlo sweeps, we
then have 15 bins. For our systems, this bin number proves large enough for reliable results, and
the error has saturated as this rebinning level. We use the last result o4 (M = 64000).

Linear response functions Diagonal operators can be measured right away during the course of

the simulation: After a Monte Carlo sweep i, the mean over all propagation levels is determined
55]
as
n—1

(A= -3 (o () Alo ()

p=0
where p is the propagation level, represented by a line of dots in Figs. 3.1, 3.2, and 3.3. After

the run, the different (A), are grouped in bins (see above), and then the overall estimate is
determined as

which—as explained above—is independent of the number of bins.

The determination of generalized susceptibilities

() = iz —iq(7; —75) 6<§f> — iz —iq”(ﬁ-—f*j)(;(' )
Xq—NAje o, —NAje 0]
7, hj:O 7
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3. QMC analysis of spin-ladder models with long-range interactions

with respect to an external field h; is a bit more involved. The derivation given below follows
the ones performed in Ref. [34] and Ref. [65]: The single-spin Green’s function is given by

.o 10 7 h.S* 1 bz —B(H—h;S87 07
G i) = (Zah T (S7e A1) - oy (Sre A hJSJ))ah)
J/ hj=0

o) (57 o2
hj=0

o|$: (B —n;87)"" (=8) (- hjéz)’”‘l

J

o |87 (1= 1;85)

Now we send h; to zero in the first summand:
o n P 10
00 = g 23 5 - (afsimmsi o) - () Zz)h ,
a n=1lm =
= 70 2&: Z Z - <a

)
=% LYYy n:lﬂ (a]s;amszin—nla) - () (1£ﬁ (e ﬁ(ﬁhjsif))>

a n=0m=0

SH™GE ™ a> - <§,Z

h;j=0

In most systems of relevance <sz> = 0. Moreover, one has H= Zf‘i 1 H’l, which leads to rewrit-

ing the powers of the Hamiltonian with operator strings C,, of length n. Again, the expansion
of the exponential function can be cut at a sufficiently large L, and unit operators Hg are in-
serted to take care of the summands n < L. Then n(Cr) is the number of non-unit operators

in the operator string Cr. The basis {|a)} shall be chosen such that the 5’; are diagonal with
eigenvalues S; (o). This yields

n(C)Jrl L—|—1 —1
ZZZ cL 1) <n(CL)—|—1> '<O‘

m=0

L
- ZZ Z LL_’_]_ ’ Sj (OéL) Si (O"m) : W(OC,CL)
a C

~ 3
= <Z 1 Jilew) S (am)>

The bracket (...);; denotes that the expectation value is calculated with respect to a sampling
over configurations that follows the weight function

Sz II H,S; - r[m

k=L—m+1

W((X,CL)

w (aaCL) =

1 (=)™ (L —n(cL))
Z L

o[
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3.1. The Stochastic Series Expansion

All allowed operator strings have to fulfill a;, = g, and moreover, we can form the average over
the whole cyclic operator string. We then get:

L L-1
<Z Z L L—|—1 J(O‘P>Si(am+p)>

m=0 p=0

W
:< {ZSJ asz am+ZS (ap) S )}>
P m=0 p=0 W
= Ol Oé 5 i (Y e’
< AVESY ZS : ZS n) (LH)QI;OSZ( 25 ( p>>w (33)

where in the last line the second summand compensates for the fact that in the product of two
sums the case of equal indices occurs only once, while all other pairs are summed twice. The
last expression can be accessed by direct measurements in the course of the QMC simulation.

The Bootstrap and Jackknife method for error calculation The SSE method allows for a
direct measurement of diagonal operators and their response functions, as described above. In
these cases, the errors can be determined right away from the statistical distribution after the
binning analysis. If a combined quantity which is calculated directly from these observables
is determined in the course of the Monte Carlo run, then one can calculate its error in the
same manner as for the observables themselves. However, it is desirable to be able to calculate
composite quantities and their errors from the know data after the Monte Carlo run has finished,
and without starting it all over again.

The Bootstrap and Jackknife method are statistical resampling techniques, which we use here
to obtain the error of these evaluables, i.e., derived quantities, from the direct results of the
Monte Carlo simulation. In contrast to conventional Gaussian error propagation, the Jackknife
method automatically respects cross-correlations and hence allows for a direct calculation of the
errors e.g. of the Binder ratio B = <m4> /< > , where the involved measured quantities and
their errors are not uncorrelated. The present short explanation follows the ones given in Refs.
[66, 67]. Assume we have n uncorrelated Monte Carlo samples (after rebinning), from which we
want to get the derived quantity c. For the Jackknife procedure, in each step we ignore the jth
Monte Carlo sample and calculate one possible ¢; from the remaining n — 1 samples. In the next
step, we then proceed by ignoring the (j + 1)th sample and get a different result for the derived
quantity c;+1 and so on. In the end, the final value for c is calculated from all Monte Carlo
samples, and an estimator for its error is obtained via

n

o= nglz(cjfc)z

=1
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3. QMC analysis of spin-ladder models with long-range interactions

To undermine the validity of this expression, one can check it on a very simple derived quantity,
namely the sample mean Z = = > | z;. Ref. [67] gives the simple derivation for this case:

nT—z; 1 1 ~ 1 &
cj—c= n_lj_nZajizn_l<nx—xj—n;{nl‘i—$i}>

=1

1 _ I S I
:n1<nx—xj—nx+n;xi>:n1(:1:—xj)

which leads to

of = nn ! Z(Cj —0)’ = ﬁZ(l‘i*i’)z = Tosual

= =1
Another, slightly more simple, resampling method for error calculation is the so called bootstrap.
From the group of n sample numbers, n are chosen at random in each step, but it is allowed
to take the same sample more than one time. It can be shownl®®l that for this sampling with
replacement, the standard deviation in the derived values c; is a measure for the error of ¢, so
one can calculate

/ 1 & Y
A2 A2 - 2 _ | — )
Oboots — |/ € = N_ch NZCJ )
j=1 7j=1
where N is the number of restructured samples used. We will utilize the bootstrap method
for measuring the errors of the critical exponents obtained by numerical fits. For details on
the physics compare Sec. 3.6, and for the fitting see App. A.3. In these cases, our sample
size usually only reaches values around n ~ 30 — 35, and we find that a resampling number of
N =100 appears to be adequate and give a reliable estimate.

3.2. General consideration for Heisenberg-like spin ladders

Quantities of interest The Heisenberg spin—% ladder with antiferromagnetic couplings has
already been subject of research for several decades. It can well be analyzed with quantum
Monte Carlo techniques (for example Ref. [68]) as well as with DMRG (for example Refs. [59]),
or for small systems with exact diagonalization (compare Ref. [69]). For the conventional ladder,
and for an even number of legs in general, one finds that in the thermodynamic limit the system
has an excitation gap and spin correlations fall off exponentiallyl?. Thereby they resemble
Haldane’s conjecture on integral spin chains, Ref. [71]. In contrast to this, spin ladders with an
odd number of rungs behave similar to a half-integer spin chain: They show gapless excitations
and a power-law decay of the spin-spin correlations along the legs!™. In this chapter, only the
conventional two-leg ladder will be further looked at.
The most popular case is the one with all couplings antiferromagnetic, while the system with
ferromagnetic legs has been less investigated. For the ferromagnetic XXZ7 leg interaction with
additional rung coupling

N N N
H=-JY >, ( adSa(+1) T SaiSag+n T aSch,jSi(jH))JFny > (51,55 + 51,55,)+J1 ) 57,53

j=1ae{1,2} j=1 Jj=1
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3.2. General consideration for Heisenberg-like spin ladders

exist results based on bosonization: The work in Ref. [72] starts from the exact solution for
the single X X Z chain and extends to the ladder in a perturbation approach with weak leg-
coupling. Without the rung coupling, so in the case J, = 0, one just has two independent
ferromagnetic spin chains, whose solution is the obvious Néel ordering: In the ground state all
spins point in one direction; which one is a result of arbitrary fluctuations: This effect is called
spontaneous symmetry breaking. In a classical model one would expect an antiferromagnetic
rung interaction J; > 0 to stabilize this Néel order with spins on the the two legs pointing
in opposite direction!®l. However, in the quantum setup, this is no longer case, because the
antiferromagnetic rung interactions favor a singlet coupling between two opposite sites |s) =
1/v2(|11) — [41)), a superposition of both directions on each site that is not compatible with
the ordered Néel state.

So for two-leg quantum ladder with ferromagnetic legs and antiferromagnetic bonds, there is a
competition between two possible states: On the one hand, in the ordered phase, the ferromag-
netic couplings dominate and both legs are (at least weakly) ordered ferromagnetically. This
ferromagnetic order is quantified in terms of the leg magnetization, which is directly related to
the spin structure factor along one leg:

Sle 1 2 Oz
Mieg = |/ Lg -7 ZSMSlj (3.9)
1]

For an ordered phase we expect the spin excitation gap to vanish, so that any arbitrarily small
amount of energy can cause spin excitations, namely bosonic spin waves. A quantity closely
related to this feature is the uniform susceptibility. As can be found in Refs. [73] or [74], it is

defined as )
L
Xuni (T) = % < (ZZ%) > = BL(m?), (3.10)

=1 «

with 8 =1/ (kgT), and in our calculations we will always set the Boltzmann constant kg = 1.
The index o = A, B denotes the right or the left leg, respectively. Physically, xun; measures
the linear response in the total magnetic moment M = Lm when a uniform magnetic field is
applied. The uniform susceptibility is suitable to find information about the spin excitation
gap of a system: For a gapless system, xuni (T'— 0) tends to a finite, not vanishing value in
the thermodynamic limit, which descriptively means that even at T" — 0 an arbitrarily small
external field yields a small but finite answer of the system.

At this point it is important to state, however, that in a one-dimensional (or also two-dimensional)
quantum system with homogeneous interactions, no magnetic long range order is possible at finite
temperatures, following the Mermin-Wagner theorem Ref. [20]. So even in the case without rung
coupling, will do not expect to see a classical Néel state, as one might intuitively assume. Instead,
the critical temperature for this fully ordered state is T..it = 0, and any small thermal quantum
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3. QMC analysis of spin-ladder models with long-range interactions

fluctuation destroys the order. This is reflected when measuring the single leg susceptibility of
the system.

B B
Xleg = Z % /dT <Sz (T) : Sj (0)> = i/dT <Mleg (T) . Mleg (O)> , (3'11)
ij 0

0

which would be identical to xuni for a single spin chain. In the weakly ordered phase, the leg
susceptibility diverges as T — 0 , reflecting the criticality of this point. For temperatures in
the vicinity of zero, an arbitrarily small external magnetic field causes a huge reaction of the
system, namely when the direction of the magnetic order is determined and a large amount of
spins might be flipped.

On the other hand, we find the second competing phase to have dominant singlet formation
along the rungs, and therefore a vanishing leg magnetization in the thermodynamic limit. Along
with this come a vanishing uniform susceptibility Xfll;?g'smglet (T — 0) = 0 and therefore a finite
spin excitation gap at zero temperature. One can physically explain this by the finite amount of
energy that is needed to break up the bond of at least one singlet state in order to go over from

the ground state to an excited one.

In Ref. [72], it is shown that for the case of isotropic rung coupling, the system undergoes a
phase transition as the anisotropy of the leg coupling vanishes a — 1. At a < 1, the system is
in the rung singlet phase with an excitation gap, while for a > 1 it is in the ferromagnetically
ordered phase. For more details compare Fig. (4) in Ref. [72]|. In Ref. [69] it is argued that for
the fully isotropic case with a = 1 and J{¥ = J7, the ferromagnetic order in the thermodynamic
limit is destroyed for any small rung coupling J; > 0. Another investigation can be found in Ref.
[75], where an nonlinear o-approach is used and the same result is found, concerning the critical
rung coupling in the isotropic case. Because our GNRs also map on an isotropic Heisenberg
spin, it will be interesting to investigate to what extend this result also applies to the models
that are set up in Sec. 3.3. However, we will first regard the results our SSE code gives for the
conventional isotropic Heisenberg ladder.

Test: SSE for the antiferromagnetic Heisenberg ladder As an introduction, we will first
probe the behavior of our QMC code? for systems that have already been well investigated, like
the standard Heisenberg ladder.

Here, we just briefly reassess some of the key properties of the ferromagnetic Heisenberg ladder
with antiferromagnetic rung coupling for comparison to later results. First, we examine the
standard Heisenberg ladder with JAF = —JF = 1.0.

The uniform susceptibility Eq. (3.10) shows a maximum around T' = 0.6, and it exponentially
decays to zero as T — 0 (compare Fig. 3.4) . This confirms the expectation that the system
should have a spin excitation gap for isotropic leg coupling at non-vanishing rung couling. The

& The stochastic series expansion code has been written by Stefan Wessel, with a small adaption to spin ladder
systems by Michael Golor. I have made some small adjustments and utilized the program for all the results in
this and the following chapters, i.e. Secs. 3.2,3.3.2 , and 3.4—3.6
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Figure 3.4.: The uniform susceptibility of the Heisenberg model with antiferromagnetic rung
coupling and ferromagnetic legs decays exponentially as T' — 0. The different system lengths
display almost no difference, so the system is converged to the thermodynamic limit. The data
pionts for high temperatures and L = 4000 are omitted, because saturation is already visible.

different lengths display almost no visible difference, so we conclude that finite size effects do
not play a role at these values for L. The plot is consistent with the result from Ref. [73] (Fig.
70 therein).

Using a perturbation theory approach for weak rung coupling it has been found in Ref. [59]
that the uniform susceptibility of the two-leg Heisenberg ladder for low temperatures behaves as
follows (with some real constant a):

a
Xuni(T) = —=€ A/T

VT

So the size of the spin gap A can be found as the axis intercept of the following expressionl ™l
it = —T - In (\/TX) —A—T-In(a) (3.12)

Here we find a value of about A" = 0.37. This is different from the gap size for the purely
antiferromagnetic Heisenberg ladder, as calculated in Ref. [59]: They find a value of about
ARF ~0.5.

Another interesting property, which we have not analyzed yet, is the decay of the spin-spin
correlation. It is more closely related to the direct quantity of spin-spin correlations than the
derived susceptibilities. Its decay indicates whether the system has long range order or not.
A quasi long-range order component is given if the spin correlation has a portion that decays
following a power law. For an exponential decay (S;S;,.) o e~*/¢ however, long range order is
absent, and instead the correlation length £ is defined, on which the correlations decay.

The Heisenberg ladder for JAF > 0 does should have a long-range order, and Ref. [68] predicts
a decay of the form

(S:iSiia) = - exp (-Z) Lz (3.13)
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3. QMC analysis of spin-ladder models with long-range interactions

Fit parameters, L = 4000
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Figure 3.5.: The ranges for the fits are zg; € [5,25] for T < 0.14 and zg; € [2,20] for T' > 0.14,
respectively. The upper bound has been chosen by visual inspection, ignoring the long distances
where the data is essentially noise. The lower bound is arbitrary to a certain extend: One must
ignore short-range behavior, but also keep enough data points for a reliable fit. The constant
prefactor is in all cases ¢ ~ 0.1.

where a ~ 0.5 for small temperatures and a ~ 0 for higher temperatures, with a change at
0.2A S Tihange S 0.4A. We can confirm this result and find Tepange ~ 0.08, compare Fig. 3.5.
However, our fits of the spin-spin correlation function are not very stable, firstly due to the
rather complicated form of Eq. (3.13), and secondly because it is difficult to adjust the fit range.
The distances must be large enough to follow long-range behavior, but not so large that the
values become completely washed-out by noise. The useful range has to be adjusted according
to temperature. One can see two exemplary temperatures in Fig. 3.6. Despite these difficulties
in fitting, this example shows that also for this sensitive quantity, the outcomes of our SSE
simulation are in accordance with literature results.

Fig. 3.7 displays the leg magnetization Eq. (3.9), which is a measure for the ferromagnetic order,
as a function of temperature for different ribbon lengths. As discussed before, the ground state of
this model should be a gapped rung singlet phasel™. Therefore, we explain the increase of the leg
magnetization for small temperatures by by a breakup of the singlet bonds due to temperature.
After T has reached ~ 0.2, the effect of thermal fluctuations disturbing the ferromagnetic order
becomes stronger than this breakup, and the magnetization decreases again.
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Figure 3.6.: The spin-spin correlation function Eq. (3.13) of the Heisenberg ladder with ferro-
magnetic legs and antiferromagnetic rungs.
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Figure 3.7.: The ferromagnetic order parameter for the standard Heisenberg ladder Jp = —Jar

shows a maximum as a function of temperature. The plots are consistent with the expectation
that the order vanishes in the thermodynamic limit.
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3. QMC analysis of spin-ladder models with long-range interactions

3.3. From zigzag graphene nanoribbons to effective spin ladders

The results from this and the following chapters have been published before in Ref. [76]: Cornelie
Koop and Stefan Wessel, Phys. Rev. B 96, 165114 (2017) 2. Some of the figures and text passages
were taken from this publication.

3.3.1. Setup of the two models

In the first part of this thesis, the effective couplings between the magnetic edge states in plain
zigzag graphene nanoribbons were determined in the context of an effective model for a Wannier
edge state basis. In the following, the results from Chapter 2 shall be further investigated and the
magnetic ground state properties of the system shall be looked at by means of quantum Monte
Carlo simulations. For this, one needs to treat the system at small, but finite temperatures
and derive the ground state behavior by extrapolation. In a similar manner, one can derive
thermodynamic limit results from the analysis of several different finite system lengths. In
detail, we will use the stochastic series expansion technique presented in the previous section
(compare Sec. 3.1), which offers the possibility to obtain several quantities of interest, for
example magnetizations and spin susceptibilities. We will remain in the equilibrium and first
aim at describing the magnetic properties of the system’s ground state and how they depend on
the ribbon width and coupling constants. We can then try and investigate the phase diagram,
checking if there is a finite temperature phase transition depending on 7' and/or a quantum
phase transition depending on other parameters. For these questions, we are most interested in
the properties in the thermodynamic limit, i.e., in the limit L — oco.

In Chap. 2 it was shown that the second order corrections do not dramatically alter the result
for the coupling constants and can be safely neglected in most cases. As we will see below,
for the quantum Monte Carlo analysis we need to look at large system sizes to overcome finite
size effects. It is therefore sensible to neglect the second order corrections in the following and
instead analyze only first order results, but longer ribbon lengths L than in Chap. 2. We will
still regard similar widths in the range of W = 8,10,12, 14, ... unit cells, where 8 unit cells is
the minimum that allows for a second-order perturbation treatment of the leg coupling, when
going over from the fermionic model to the spin model. Moreover, even values are necessary to
have the zigzag structure qualitatively the same and to avoid an offset between the zigzag sites
of right and left edge. For very large W the rung couplings become very small (compare Sec.
2.3.1), which makes those systems less interesting.

We now aim at determining the long-range behavior of the couplings, aiming at a generic de-
scription of long ribbons as effective spin ladders. Like this, we can afterwards also analyze
the magnetic properties of the these spin ladder models using different length scales. Fig. 3.8
shows the coupling values together with a fit to power-law behavior J (r) = k-7~ (left) and
JAF (1) = k- r~%(right) as a function of distance r measured in Wannier indices. To realize
a logarithmic scale, we must omit the direct opposite rung coupling JAF (0). The exponents

# For this paper, C. Koop did the calculations and most of the figures. Both authors worked together analyzing
and interpreting the results. S. Wessel wrote the predominant part of the text and created Fig. 14.
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Figure 3.8.: In the framework of the effective model in Wannier basis, the ferromagnetic (left)
as well as the antiferromagnetic (right) edge state couplings decay with a power-law behavior.
For the fits, we ignore the first few steps to get the long-range behavior, and we do not take
into account the range x > 200, because it appears to be influenced by finite-size effects. The
number of edge states is one third of the number of unit cells, and periodic boundary conditions

apply.

are identified as a ~ 2 and & ~ 4, respectively. It follows directly from the effective model
calculation (compare Sec.2.1.2) that to leading order, the spin couplings scale with the original
Hubbard parameters as

2
J¥ xU and JAF %

Therefore, their relative magnitudes can be tuned by altering the underlying Hubbard model,
but the values of the exponents are not influenced by this. One has to check now how the ribbon
geometry influences the long-range behavior of the couplings.

As can be seen in Fig. 3.9, the length of the ribbon does not change either of the exponents
beyond numerical uncertainties. This meets our expectations because the general dependence of
the effective coupling parameters on the ribbon length is very weak, compare Sec.2.1.2. Moreover,
it confirms that it is useful not to determine the parameters depending on lengths of actual
nanoribbons, but to aim at analyzing the model properties near the thermodynamic limit, i.e.
for L — oc.

The only relevant geometric dependence is that of short-ranged antiferromagnetic rung cou-
plings on the ribbon width W. While the rung coupling to the direct opposite neighbor scales
as JAF (r = 0) o« W3 (compare Fig.2.8, where the width is named M instead), the long-range
behavior is again much less affected by the ribbon width. In particular, there is no relevant
dependence of the exponents of the power-law decay on ribbon width W, neither for the ferro-
magnetic leg coupling, nor for the antiferromagnetic coupling. This is displayed in Fig. 3.10.

In what follows, we want to simplify the picture and use more generic couplings to obtain models
which should capture the essentials of the effective model coupling parameters, but which should
also be of interest beyond the analysis of graphene nano ribbons and easily scalable to different
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Figure 3.9.: The the coupling types for different ribbon lengths L at width W = 10 unit cells.
Also here, the exponents of the power-law decay do not scale with the dimension, if finite size
behavior (for large distances) is disregarded.
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Figure 3.10.: The ferromagnetic and antiferromagnetic couplings, respectively, for different rib-
bon widths W. It is apparent that the exponent of the power-law behavior does not scale with
wW.
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3.3. From zigzag graphene nanoribbons to effective spin ladders

L. To realize this, in a first step we will approximate the long-range ferromagnetic leg coupling

to decay as
1

JV(ry=Jf- 5 (3.14)

Note that the case r = 0 is the site itself and is therefore excluded. The pure numerical result
for our GNRs is roughly J (r) o< =% with o < 2, but one must consider that on the way to
obtaining o many different approximation steps have been carried out. For example, the second-
order influence of the bulk states was neglected here, and we regard the distances in terms of
Wannier number instead of geometric distance. Finally, it seems plausible that our systems still
show some minor finite-size effects, and the fit exponent is naturally also dependent on the choice
of the range that the fit is applied to (e.g. r € [3,200]). After all, a value o < 2 would lead to
long-range magnetic order along the zigzag edges at non-vanishing temperature, which would
be in contradiction to the exact Mermin-Wagner theorem, cf. Ref. [20]. So since the GNRs are
isotropic and effectively one-dimensional, they cannot map onto an effective system of Wannier
states with long-range order at T" # 0. Our results, however, are well compatible with the generic
exponent o = 2, so we will use this in all that follows.

For the antiferromagnetic couplings, a reasonable approximation and generalization is to use the
simplified exponent & = 4. This is compatible with the fit results in Fig. 3.8 and the interaction
is well beyond giving rise to a long-range order. We then have

1
JAE (1> 0) = JPF . — and the constant JAE (r = 0) = J3F (3.15)

In addition to that, we have to determine the short range coupling constants in a useful and
generic way.

For U =t = 1 and a ribbon width of W = 10, we get Jéw/JlF ~ 0.43 from a comparison
of the true nearest-neighbor results from the effective model. However, if we first did the fit
according to Fig. 3.8 and then extrapolated the values for J¥ (r = 1) and JAF (r = 1) from the
axis intercept in the log-log plot, then we would get JAF /J¥ ~ 21.8, orders of magnitude higher.
This is due to the stark deviation of the short-range behavior from the fit to the long-range tail,
where the ferromagnetic couplings to close neighbors are enhanced compared to the fit result,
while the antiferromagnetic couplings for small r are suppressed compared to the power-law
behavior. The main reason for the latter effect is simply geometrical: For short distances along
the ribbon, the true geometric distance between Wannier sites iA and jB is not given by 75,
but by a trigonometric relation involving the ribbon width, which changes the values especially
for wide ribbons.

In order to find a good effective description for long zigzag nanoribbons in terms of spin ladders,
on the one hand we must choose a realistic, but also sufficiently generic exponent for the long-
range decay, so that large system sizes can be analyzed and also yield a result of general interest.
On the other hand, for the short-range behavior we would like to implement values that describe
the GNRs in a realistic way.
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3. QMC analysis of spin-ladder models with long-range interactions

|

\ JE (r) \ JAE (1) ‘

- 0.0196417
0.0453914 | 0.0155852
0.0047475 | 0.0079814
0.0014386 | 0.0028894
0.0007365 | 0.0008942

W= O3

Table 3.1.: Values of the spin exchange couplings for lateral distances r < 4, as obtained for the
effective spin ladder model for W = 10 nanoribbon. These constants are used for the Hamiltonian
H,. For r > 4, the couplings are obtained from the algebraic fits in Eqs. (3.14) and (3.15) with
JF =0.01009 and JAF = 0.21972.

Therefore we will look at two different models: The first one should be as realistic as possible,
and as a representative example the width is chosen to be W = 10 unit cells and the original
Hubbard parameters U =t = 1. For the coupling values to close neighbors, namely with r < 4,
we will then use the outcome of the effective model, compare Tab. 3.1, while for the “tail” of
the interaction (r > 4) the couplings are taken from the power-law decays Eq. (3.14) and Eq.
(3.15), respectively. The factors for this also stem from the fits, giving for the leg couplings
J¥ =0.01009(14) and for the rung coupling J1*F = 0.21972(391). So the Hamiltonian writes

Hy =—- Z J¥ (rij)(sil'Sj1+Si2'Sj2)+ZJAF (rij) Si1 - Sio (3.16)
1,4, 17£] ]
where S;; /o are the Heisenberg spin operators, and r;; is the distance between sites 7 and j,

measured in number of Wannier states. The two legs of the ladder are represented by indices 1
and 2, respectively.

In the second model, we will look at an even further simplified model Hamiltonian, which is
obtained by truncating the antiferromagnetic coupling beyond its nearest-neighbor term and
using a 1/r? decay for all ferromagnetic couplings > 1. This leads us to an more genuine spin
model with Hamiltonian

1
Hy = —Jp Z = (S@l -Sj1+ S@Q . Sjvg) + Jar Z Si1- Siyg. (3.17)
ij i i

In the limit of Jyor = 0, this model corresponds to two decoupled spin chains with a ferromagnetic
1/7? exchange interaction. In the thermodynamic limit, this is described by the ferromagnetic
Haldane-Shastry model, for which an exact solution has been derived for its thermodynamic
properties (compare Refs. [35-37] and Sec. 3.5).

To unify the different ladders, all models are scaled in such a way that the strongest leg coupling,
i.e., the coupling to the nearest neighbor along the leg, has the value J¥ (r = 1) = —1.0. However,
in order to systematically study the physics of the Hamiltonian H; with the above form of the
couplings, it turns out instructive to tune the relative strength of the inter-leg to intra-leg
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3.3. From zigzag graphene nanoribbons to effective spin ladders

couplings. For this purpose, we introduce a dimensionless quantity A, which uniformly rescales

all the inter-layer couplings as
JAE(r) = N JAE (). (3.18)

Hence, for A = 1 we recover the original model, while for large A\ we (artificially) enhance all
the antiferromagnetic inter-leg couplings with respect to the ferromagnetic intra-leg couplings.
We can alternatively express the relative strength of the rescaled antiferromagnetic couplings in
terms of the dimensionless parameter

AJAY (r=0)

=T (3.19)

g:

between the strongest antiferromagnetic and ferromagnetic coupling constants. For the second
JAR

model Hs, the parameter g is given explicitly by g = T

3.3.2. Comparison to Exact Diagonalization

To test the validity of the quantum Monte Carlo results, we compare them to the findings with
exact diagonalization 2 for the Hamiltonian Hsy of the generic model, with J4r = 0.43. The
uniform susceptibility is given by Eq. (3.10):

1 1 — z Q%
Xuni = k:BT2sz:Z Ty (e BH g: Sj> (3.20)

Following [46] and [77], the leg susceptibility is calculated via

B8 B
Yies =3 / dr (S, () - S, (0)) = / dr %Tr (c=#H (S, (1) - 8, (0))) (3.21)
L) 0
B

1
_ —(B—T)H —TH
0

where the integration is carried out numerically®.

For the uniform susceptibility, we find good accordance for both system sizes L = 3, 4. The
leg susceptibility is numerically much more demanding due to the integration and can only be
carried out for L = 3. The results are also equal as expected.

& Caution: For comparison to ED, we locally changed the stochastic series expansion to accept a maximal coupling
distance J (Tmaz) = J (L/2), so that due to the periodic boundary conditions this one coupling counts twice.
The same is true for the exact diagonalization code, of course. Otherwise we could only have nearest-neighbor
couplings even for I, =8. We use the Mathematica 10 function “NIntegrate”

65



3. QMC analysis of spin-ladder models with long-range interactions

0.7

SSEI code +—+—
06 | ED —»— 06 L

05 [
0.4
03

0.2

0.1

SSE code +—+—i

ED ‘—)‘—

. .05 0.1 0.15 0.2 0'.r25 0.3 0.35 0.4 0.45 0.5
Figure 3.11.: The uniform susceptibility (Eq.(3.20)) for system sizes L = 3 (left) and L = 4
(right) for Hamiltonian Hj for exact diagonalization and the SSE code. We used 10° runs, and
a bin length of 1000. For the SSE results, the error bars are smaller than symbol size.
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Figure 3.12.: The leg susceptibility for Hy and L = 3, comparing SSE results to exact diagonal-
izatiomn.
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3.3. From zigzag graphene nanoribbons to effective spin ladders

3.3.3. Finite Size effects and Ewald summation

In the following, the impact of finite size effects on the results shall be looked at in more detail. As
suggested in Ref.[78], we compare the pure leg susceptibility to the exact expression for different
lattice sizes. As we will see later (compare Fig.3.30 left), for a pure chain even a calculation with
the rather large number of L = 10° lattice sizes suffers from severe finite size effects for very
small temperatures.

To improve the accuracy without having to use more computing capacity, we will use a concept
called “Ewald summation”[™! which virtually sums up interactions to all copies of the finite
chain that are connected via periodic boundary conditions:

1 T 1
Jij — Z s = (3.22)

For the derivation of the closed expression for the sum, compare App. A.2.

On the one hand, usage of the Ewald summation does not much improve the performance in
the pure Haldane-Shastry chain, as displayed in Fig. 3.13. On the other hand, it does, however,
make a difference for the coupled chains with finite anti-ferromagnetic correlations, compare Fig.
3.14

In the following we will always employ this type of summation, and the effective value for J* (1)
used in the numerics will therefore be a little larger than the analytic one: Jlg(i,i+1) >
Jgnalyt (7,1 +1) = 1.0. The Ewald summation helps in reaching higher accuracies, but as one can
see in the right plot from Fig. 3.14, even with this summation we will not be able to numerically
reach the ground state of the thermodynamic limit in the ordered phase, at least not with a

reasonable numerical effort in terms of system length and number of simulation steps.

In most cases in the future we will not aim at reaching the thermodynamic limit by regarding
very large system sizes, but instead try and extrapolate the thermodynamic limit behavior with
finite-size scaling plots.
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Figure 3.13.: Susceptibility of the ferromagnetic Haldane-Shastry chain for different system sizes

with and without Ewald summation. The black line represents the exact result from Bethe ansatz
w/2

X = % [ exp (—25 . (1/2 - %)) dv (compare Eq. (16) from Ref.[37]). Numerical integration
0

was performed with Mathematica.
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Figure 3.14.: Left: The pure leg susceptibility as a function of inverse temperature for different
ribbon lengths exhibits a visible change depending on whether the Ewald summation is used. The
coupling strength is g = 1.94. Right: Even with the Ewald summation, the results are still not
independent of the system size, especially for L = 2002 and L = 4002 and small temperatures.
The plot shows the case g = 1.96.
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3.3. From zigzag graphene nanoribbons to effective spin ladders

3.3.4. Quantum phase transitions: brief overview

Classical phase transitions are a phenomenon well-known in everyday life: A material changes
its properties in a sudden and significant way at some critical parameter, the most prominent
example being the change of an aggregate state when reaching the melting or vaporization
temperature Te,5; (at a suiting pressure). But a phase transition can also affect the magnetic
properties of a sample, for example in the two-dimensional Ising model (compare e.g. Ref. [80])
with the Hamiltonian H = J Z<m> s7s5. In the thermodynamic limit at finite temperature, two
different phases exist: Above the critical temperature the system is disordered and paramagnetic,
while below T, there is a spontaneous symmetry breaking, and the system is ordered with all
spins pointing in one direction, which is called the ferromagnetic phase. The spins are then
oriented in z direction, whether they point all up or all down at zero external field is arbitrary,
in other words it depends on quantum fluctuations.

A classical phase transition can be assigned an order, where most relevant experimental exam-
ples are first and second order phage transitions. Formally, the order of a phase transition is
determined using the Ehrenfest theorem[®: A system undergoes a phase transition of order n,
if the nth derivative of the free energy F (T,V, Ny,...,N,) = —kpT'In(Z), with respect to any
of its arguments, exhibits a discontinuity (and all lower order derivatives are continuous). Here,
Ny, ..., N, denote the particle numbers of the different compounds, V' is the volume and T the
temperature. For example, a melting metal undergoes a phase transition of first order, and if all
other parameters are kept constant, then the pressure —p = g—{j changes abruptly.

In contrast to these thermal phase transitions, a quantum phase transition (QPT) takes place at
T = 0 and is driven by a different parameter, for example an interaction strength in the Hamil-
tonian or an external field. A central feature in the description of quantum phase transitions
is the correlation length & of the system. One can understand the correlation length e.g. via
its inverse %, which can be seen as a measure for how strong the system behaves locally. For
example, for the quantum Ising model, Ref. [81] defines an “effective spin”, which is the average
of the microscopic spins, and this effective spin then has the size £&. In other words, one has to
regard the average in a physical quantity over areas with a volume V > ¢ (in dimension d) to
get a meaningful result that is not dominated by random fluctuations (compare Ref. [80] p. 10).

At the quantum critical point, this length scale diverges—typically as € = |g — gerit|” " with some
critical exponent v (compare Sec.3.6). The model then looks equal on all physical length scales,
and for example in an electron system, the wavefunction is a superposition of quantum entangled
configurations fluctuating at all length scales, compare Ref. [81]. Consider as another example
the one-dimensional quantum Ising chain with an external transverse field

Higing = —Jngf —J) s7s]

as described e.g. in Ref. [82] (p. 10 ff.): The ground state shows a quantum phase transition
at some critical transverse field strength gerit. For g > gerit, the system is then in the ground
state of the spin-x operator |0;) = |=) = [, % (It:) + 144)), which constitutes a quantum
paramagnetic state, whereas for g < gerit, the system resembles the classical Ising model and has
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3. QMC analysis of spin-ladder models with long-range interactions

a spontaneous symmetry breaking between the two eigenstates of the S* operator: 0,) = [, |14)
or [0.) =[], [{s) and a non-vanishing magnetization in z direction m, # 0.

Although the quantum critical point, being defined in terms of the ground state wave function,
only exists precisely at T' = 0, one can assess its properties inside the quantum critical region,
which constitutes a fan in the phase diagram, extending to non-vanishing temperatures above the
quantum critical point. The quantum critical fan of the transverse-field Ising chain is described
in Ref. [82]: Both the ferromagnetic and paramagnetic phase have an excitation energy gap |A|.
In the ferromagnetic phase, the excitations are pairs of domain walls separating an intermediate
section with opposite spin orientation from the rest of the chain (c.f. Ref. [83]), and in the
quantum paramagnetic phase the lowest excitations are single-particle ones, which are realized
by flipping one site from the state |—;) = % (I15) + |4i)) to the opposite eigenstate in x direction,

namely [+;) = \% (I15) — [4i)), compare Ref. [82] p.59ff.

Between these two regions lies the quantum-critical fan at temperatures J > T > |9 — gerit|- A
sketch depicting the analogous situation for our models is found in Fig. 3.27. To understand the
dynamical properties of the critical area, we need to introduce the thermal equilibration time
Teq, Which is defined as the time a system needs to return to local thermal equilibrium after a
perturbation, compare e.g. Ref. [81]. In the quantum critical region, the system acquires the
minimally possible equilibration time:

qc __ c h
Teq = Ceaq

with some universal constant ceq. The system in this state can hence also be called a perfect
fluid®Y. Due to the diverging correlation length € at g., the system in the quantum critical region
experiences thermal fluctuations at smaller length scales than it would “notice” the different
coupling strength g # g., compare Ref. [81]. This effect is more prominent at large temperatures,
causing the fan to widen for higher T'. Inside the fan, the system behaves equally as for g = g..
Quantum and thermal effects are then of the same order of magnitude and cannot clearly be
disentangled. No effective classical model exists to describe the unique behavior of the system in
this region, but instead it is mainly dominated by the influence of the critical point. To describe
the properties of the QPT in a more quantitative way, we will assess its critical exponents in
Sec. 3.6

3.4. Results for the model close to original GNRs

3.4.1. Spin ladders with realistic couplings

We will start the quantitative analysis for Hamiltonian H; with A = 1, which is the model that
represents a realistic nanoribbon with U = ¢t = 1 and width W = 10, and we first regard the
ferromagnetic order parameter (compare Eq. (3.9))

1
Mieg = % Z <Sz‘ZA3]Z‘A> = 3L Z (Sia-Sja),

,] 2¥)
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3.4. Results for the model close to original GNRs

Due to the overall SU (2) symmetry of the system, it is possible to reduce the whole magnetic
order to the diagonal z basis (up to a factor 1/3), which we can measure directly. Fig. 3.15
shows the result for different ribbons lengths as a function of temperature. For larger L the
order parameter declines faster, and for the lengths used here we neither reach any saturation of
this process, nor is there any finite temperature below which the reduction of order with growing
length was smaller or even absent. Therefore, we conclude that the critical temperature is
Terit = 0 with no long-range ferromagnetic order at any finite temperature as for the freestanding
Heisenberg chain.

To further investigate the stability of order in the low temperature limit, the leg susceptibility
B

is used. This quantity is given by xieg = [ d7 (S; (1) - S;(0)), and for its calculation by means
0

of Monte-Carlo simulation—as explained in Sec. 3.1.3—the following expression holds:

jML ) My, ( )>d7:< <ZML )(:2_::1»&(1))> (ZML ) My, (p >>

p=0 p=0
(3.23)
where p names the Monte-Carlo configuration in the different steps. The total number of steps
is n.

If there was a phase transition to a phase with long-range ferromagnetic order along one leg,
the single leg susceptibility should diverge at the corresponding critical temperature Te iy > 0
(compare e.g. Ref.[82]). Consequently, plotting the inverse leg susceptibility, as done in Fig.
3.15 on the right, should give the critical temperature as root. Since the longer system sizes
show smaller values of 1/x1eg and the overall results are extremely close to zero already around
T = 0.1, one might be tempted to find a critical temperature of roughly T'= 0.1 or even T = 0.2
here, just by a linear fit to the low-temperature behavior. However, a very similar situation
arises when we repeat the above plot for the freestanding Haldane-Shastry chain, compare Fig.
3.16.

For the free chain it has been proven analytically that the critical temperature is Ti¢ = 0, using
Bethe ansatz calculations (Ref. [37]). So we must conclude that linear extrapolation of the
inverse leg susceptibility is not a suitable method to find the critical temperature of a system,
at least for system sizes available to our SSE calculations. Firstly, the values are especially
vulnerable to finite-size effects near the divergence at Tyt and secondly, the inverse does not
behave linearly in the critical region.

Finally, we test the uniform susceptibility Eq. (3.10). As stated above, it has a finite value
Xuni (" — 0) # 0 if the system is in a spin gapless phase. Fig. 3.17 displays such a plot for
different ribbons lengths. While the concave down-bending for small temperatures is a finite
size effect that decreases for larger L, it becomes obvious that in the thermodynamic limit
Xuni (T — 0) ~ 0.11 > 0 and hence the system does not have a spin excitation gap.

From these results we conclude that for a realistic nanoribbon with M 2 8 unit cells the edge
magnetic moments are in a gapless, weakly ordered phase. In the thermodynamic limit, how-
ever, and at the critical point T" = 0, we expect a ferromagnetic polarization within each leg,
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Figure 3.15.: Left: The ferromagnetic order in Model 1 with A = 1 (corresponding to M = 10
unit cells and U =t = 1) decreases with increasing temperature. The longer the ribbon length,
the earlier this decrease occurs, and we cannot reach any saturation. Right: The inverse leg
susceptibility for the same ribbon decreases to very small values as T — 0. However, as one can
see in the inset, the descrease is not lineare close for very small temperatures, and 1/xies does
not reach exactly 0 for any finite temperature.

with opposite direction for the two legs. For wider nanoribbons, the antiferromagnetic inter-leg
couplings of the effective ladder model will be further reduced as compared to the ferromagnetic
intra-leg couplings, so that even more clearly the effective spin model resides within the gapless
regime. For wide zigzag nanoribbons, the quantum disordered region is reached only upon arti-
ficially enhancing the inter-leg coupling beyond a critical coupling value. This will be the topic
of the next section.
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Figure 3.16.: The inverse leg susceptibility for the ferromagnetic Haldane-Shastry chain seem-
ingly vanishes for a finite Ty > 0. This must be a finite size effect, since it would be in
contradiction to analytic results (e.g. Ref.[37]).
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Figure 3.17.: The uniform susceptibility of a system from Model 1 for A = 1 tends to a non-
vanishing values for T — 0. The down-bending for small systems is a finite size effect, which
will vanish as L — oo.
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3. QMC analysis of spin-ladder models with long-range interactions

3.4.2. Quantum phase transition for large \

We have already defined above the scaling parameter A\ (Eq. (3.18)), which rescales all the
antiferromagnetic couplings, and we shall test here the transition to a strong-interleg-coupling
regime. It seems plausible that the weak ferromagnetic order from the A = 1 phase is destroyed
at higher antiferromagnetic coupling strengths. Figure 3.18 displays the uniform susceptibility
(compare Eq. (3.10)) for a ribbon length of L = 8000 spins and for different scaling factors
A. There is a qualitative change in the graphs: For A < 3.45 the curve extrapolates to a finite
y-axis intercept, Xuni (T — 0) > 0 (up to a down-bending due to finite-size effects), whereas
for A 2 3.45 the curve is convex and reaches Xuni = 0 for a non-vanishing temperature. This
stark difference in the behavior resulting from a relatively small change in the parameter A is
an indication for a quantum phase transition in the thermodynamic limit. Furthermore, when
looking at constant coupling values and different system lengths, we see a qualitatively different
thermodynamic limit between the two expected phases, compare Fig. 3.19.

Another quantity that shows a significant qualitative change at a small variation of Jap in the
estimated critical range is the single-leg susceptibility Eq. (3.11). xieg is a measure for the
fluctuations in the magnetic moment along one leg, where the results for either leg are equal in
our model. This quantity is not per se diagonal with respect to our Hamiltonian, but the Kubo
integral can be determined as described in Sec. 3.1.3 (last paragraph). We make use of the
SU (2) symmetry of the system, which allows us to calculate the magnetizations in the S* basis.
In Fig. 3.20 it is visible that the leg susceptibility diverges as T" — 0 in the weak coupling phase.
This is in accordance with the picture of a critical temperature Ty = O for the long-range order
along the legs. However, the fundamentally different behavior for A 2> 3.5 is discernible: In
the strong-coupling phase, the single leg susceptibility remains strictly finite as the temperature
vanishes. Naturally, genuine divergence cannot be achieved in a system of finite length, and in
the weak-coupling phase the graphs are therefore especially affected by finite-size effects. But an
analysis of the development upon increasing the system size for constant values of A in the two
different phases (compare Fig.3.21) supports the above conclusions: For A in the weak-coupling
phase, there is a significant increase of divergence at growing system sizes, whereas for large
enough A to be in the rung singlet phase, a saturation at finite xjeg is reached.
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Figure 3.18.: The uniform susceptibility of Model 1 for different values of the parameter A, en-
hancing the antiferromagnetic couplings as JAF — AJAF. The system length is L = 8000.
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Figure 3.19.: The uniform susceptibility of Model 1 in the weakly ordered phase A\ = 2 (left) and
in the spin singlet phase A = 4.6 (right) exhibit a qualitatively different change when the system

length is varied.
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3. QMC analysis of spin-ladder models with long-range interactions
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Figure 3.20.: The single leg susceptibility for Model 1 as a function of temperature for different

coupling parameters A at L = 8000
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Figure 3.21.: The dependence of xjes 0n the temperature for different system lengths, comparing
A =2 (left) and for A = 4.6 (right), respectively. Please mind the different scales of the y-axes.
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3.4. Results for the model close to original GNRs

Finally, we should directly regard the spin correlations inside the legs of the ladder system. For
this purpose, we introduce the quantity

C (rij) = (s5,55,), (3.24)

g

where u € {A, B} give equal results. We now regard a mapping

B L . /7
r—(= 7Tsm(Lr> )
under which the correlation function transforms covariantly (compare Ref. [84]) at the critical
point. This maps the correlation function on the infinite one-dimensional system to the same
quantity measured on a ring, i.e. with periodic boundary conditions. Originally, such conformal
mappings were invented to map an infinite two-dimensional system on a cylinder geometry. It
can however also be used for one-dimensional systemsl®* if the second dimension is interpreted
as the inverse temperature 1/7". The quantity (s§sz) (¢) for different rung couplings—as shown
in Fig.3.22—also reveals a change in behavior close to the phase transition: While for weaker
rung couplings the correlation decays slower than a power law, it becomes linear in a double
logarithmic scale for
Acrit ~ 3.45 y

and it decays faster than a power law for yet stronger leg couplings. Near the critical point, the
correlation function shows a power law behavior

C(¢)oc (12 (3.25)

Such an algebraic scaling behavior of the finite-system’s correlation function in terms of the
conformal distance is characteristic for the decay of the correlation function at a quantum crit-
ical point, with an emerging conformal invariance in 1 4+ 1 dimensional quantum systems. For
comparison, regard again the pure short-ranged transverse-field quantum Ising chain Hig,g =
—Jg>; 87 —J > sis; as described e.g. in Ref. [82] (p. 10 ff.): For g > 1, the system is then

in the ground state of the spin-x operator |0;) = []; % (1) + |44)), and the correlation between

Z oz

OI> x e "ii/¢ with the correlation length &, which at
r — oo fulfills £ — 0, so that two different states are completely uncorrelated in that limit.

two sites decays exponentially: <0w

In the opposite limit g < 1, the system is ordered. and the correlation function converges to a
i
these two phases, there is a quantum phase transition where £ diverges, and right at criticality

g = ¢gc, the long-range correlation function exhibits a pure power-law decay. This corresponds
to our case Eq. (3.25), only with the conformal distance ¢ instead of the direct distance r.

constant value: limrijHOO <OZ ‘sfs OZ> = Ng with the spontaneous magnetization Ny. Between

Finally we aim at determining a correlation length £ for the disordered spin-singlet phase, as the
spin correlations for long distances must decay exponentially in the disordered regime. However,
due to the long-range interaction of the model, i.e., the fact that the couplings decay only
with 272, these long-range correlations are assumed to prevail even in the disordered regime,
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3. QMC analysis of spin-ladder models with long-range interactions
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Figure 3.22.: The spin-spin correlation function C () = (s§sZ) as a function of the conformal
distance for different scaling parameters A for fixed small temperature and large system size.
The dashed line represents algebraic decay with exponent —%.

independent of the exponential decay. We expect the correlations C (r) = (s?sZ,, ) described in

terms of the conformal length to follow the function

C(r) = 7% : <1 + exp <—2>> (3.26)

with the correlation length £ of the exponentially decaying portion. In Fig. 3.23 one sees a
corresponding fit for a long ribbon at small temperature and A = 6. Even with such a large
value of A\, however, the fit turns out to be cumbersome, because we somewhat arbitrarily have
to determine where the long-range part begins, and moreover the correlations become extremely
small and therefore affected by numerical uncertainties for very large distances. After all, this
gives a rough estimate for the correlation length to be

& =~ 770 unit cells

Such a quantum phase transition as we found here is a change between two different phases—usually
an ordered and a disordered one—at T' = 0, depending on a different scaling parameter than
the temperature. In our case that driving scaling parameter is the factor A, with which the
antiferromagnetic couplings are multiplied. Quantum phase transitions feature many interest-
ing properties, especially multiple scaling exponents that describe the behavior of corresponding
quantities near criticality. For more details on this, compare Sec.3.6.1. In the following chapter,
we will go over to an even more abstract and generic model, for which we will then also analyze
the quantum critical point in more detail and access its critical exponents.
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3.4. Results for the model close to original GNRs
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Figure 3.23.: A fit of the spin correlation to Eq. (3.26) for a system with H; and A\ = 6 gives an
estimate for the correlation length. The fit gives a x?/ndof ~ 56.

3.4.3. Very narrow ribbons

Explicit Monte-Carlo simulations on the lattice for an extremely narrow ribbon W = 2 have
found a ground state in the disordered singlet phase, compare Ref.[12]. For those models it was
not possible to look at broad ribbons, because such a simulation on the ribbon is numerically very
costly. However, simulations at slightly larger widths support the idea that a phase transition
to the ordered ground state as a function of ribbon width takes place.

Starting on the other hand from the rather broad ribbons W = 10 with the ordered ground
state in our effective model, we try to assess the situation for smaller W. However, the effective
spin model is certainly not an ideal approximation for W < 8, because the small parameter of
the final perturbation theory for the antiferromagnetic couplings becomes larger with decreasing
width, until the prerequisite

*

UI‘J:J:xw

is no longer strictly fulfilled. The case W = 6 with JAF (0) ~ 0.1 is a borderline case, where
the effective model might not be as accurate as possible, but can still be used in a reasonable
way. The cases W = 6 and W = 8 are embedded in the Hamiltonian H; in the same way as for
W = 10; the couplings for r < 4 are given in Tab.(3.2) . Please bear in mind that these values
are each multiplied with a lattice specific constant to guarantee J* (1) = 1 in both cases again.

<1

From the fittings, the prefactors for the ferromagnetic case are J* = 0.01580 for W = 6, and
JF¥ = 0.0141302 for W = 8, respectively. The antiferromagnetic long-range interactions start
from JAF = 0.21239 for W = 6, and JAF = 0.217806 for W = 8.
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3. QMC analysis of spin-ladder models with long-range interactions

rW=6) ] J@) | T | [rw=8 ]| J@E) | JT() |
0 - 0.0970285 0 - 0.0403467
1 —0.0458957 | 0.0624986 1 —0.0454998 | 0.0295818
2 —0.0054591 | 0.0175084 2 —0.0049477 | 0.0120777
3 —0.0020787 | 0.0028995 3 —0.0016538 | 0.0032023
4 —0.0011801 | 0.0006433 4 —0.0009013 | 0.0007934

Table 3.2.: The short-range couplings (before scaling) for the two ribbons 6 x 2402 unit cells

(left) and 8 x 2402 uni cells (right), respectively.
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Figure 3.24.: Uniform and chiral susceptibility for different lengths at the rather narrow ribbon
W =38.

For the width W = 8 at the natural parameter A = 1, one is apparently still in the ferromagnetic
weak ordered phase, as the development of both susceptibilities with different L display in
Fig.3.24.

However, for the narrow ribbons W = 6 we clearly find the ground state to be the disordered
rung-singlet state, with even more pronounced features than for the “artificial” W = 10 and
A = 4. As presented in Fig.3.25, the leg susceptibility is fully saturated, and the uniform
susceptibility nearly vanishes already at 7" = 0.02.

For a system that is so deep in the disordered phase, the exponential decay of the correlation
function should be pronounced also for medium distances. Figure 3.26 shows a fit of the medium-
to long-range spin correlations as a function of the conformal length ¢ to the behavior: C (¢)
C% . (1 + ae_C/E). The result for the correlation length from that fit is

& =~ 84.9 unit cells,

where we have taken into account that roughly three unit cells host one edge electron in the
Wannier basis. This is larger than the correlation length & = (15 £ 4) unit cells determined in
Ref.[12] for a ribbon with W = 4 and L = 54, which fits well in the picture of a dominating
short-range decay for very narrow ribbons with diverging correlation length as W is increased.
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Figure 3.25.: Uniform and chiral susceptibility for different lengths at the narrow ribbon W = 6.
Note that the y-axis is linear also for the Xjeg-

Although the effective model is less precise for W = 6, these findings strongly suggest that the
ground state of graphene nanoribbons can be tuned from the antiferromagnetic disordered state
for very narrow ribbons to the weakly ordered state for W > 10. This is in accordance with the
findings from lattice QMC simulations|[12]. It would indeed be ideal to have a method at hand
that can calculate both, very narrow and also broad ribbomns, to be able to test this promising
result.
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Figure 3.26.: The spin correlations as a function of the conformal length for W = 6. The fit gives
x?/ndof = 5.

3.5. Results for the generic spin ladder model

We will now analyze in more detail the model described by the Hamiltonian from Eq. (3.17):

1
Hy = —J" Z = (Si1-Sj1+8Si2-852)+ JAFZSm -Si2,

ij W

which represents a set of two ferromagnetic chains with long-range interaction, coupled by a
direct antiferromagnetic rung coupling. We have again fixed J* = 1.0, and the free scaling
parameter driving the phase transition here is

JAF
927

Qualitative differences between gapped and gapless phase One of the easiest and most
prominent models with long-range interaction in a spin system is the Haldane-Shastry chain[3%: 361,
a single spin-1/2 chain with long-range couplings J o 1/72. This model is exactly solvable and
does not have a spin excitation gap neither in the anti-ferromagnetic®® 36 nor in the ferromag-
netic 37l case. For a negative, ferromagnetic coupling, this model exhibits a long-range order
only at the critical temperature T' = 0, while for any non-vanishing temperature long-range order
is forbidden by the Mermin-Wagner theorem2%. Consequently, the susceptibility diverges!®7 85l
at the critical temperature T' = 0. We have briefly tested this in Fig.3.13 and found the results
confirmed, though with a limited accuracy in the region of very small T

In contrast to this, in a conventional short-range Heisenberg ladder (as discussed in Sec. 3.2)
with ferromagnetic leg coupling, long-range order at T' = 0 is destroyed by an arbitrary small
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Figure 3.27.: There is a phase transition between a weakly ordered leg ferromagnetic phase for
small g and a disordered rung-singlet phase for large g, and hence large rung couplings. The
long-range ferromagnetic order only occurs for T' = 0, in agreement with the Mermin-Wagner
theorem.

antiferromagnetic rung coupling and the system is in a rung-singlet state for any JAF > 0.
The ladder then does have a spin excitation gap, i.e., the energy of the first excited state lies
at a finite non-vanishing value above the ground-state energy for any momentum k, so that
A = min (E; (k)) — Ep. In the disordered rung-singlet phase, the susceptibility goes to zero in
the ground state and thermodynamic limit.

Fig. 3.27 presents a sketch of the phase diagram of our spin-ladder models at low temperature
and shows the quantum critical fan as described in Sec. 3.3.4

Uniform susceptibility In analogy to the more realistic model regarded in Sec. 3.4.2, at stronger
rung coupling also this simplified model has a quantum phase transition from the gapless weakly
ordered phase to a gapped rung-singlet phase. This is undermined by the behavior of the uniform
susceptibility™! Eq. (3.10) yuni (T) = %+ L {m?) as shown in Fig.3.28 for different values of the
antiferromagnetic coupling. The down-bending of the graph near T — 0 for small JAF is again a
finite size effect. In Fig.3.29, we compare the behavior for increasing lengths for different system
sizes.

While for g = 1.94 and g = 1.95 the values of xun; grow with growing system sizes at small tem-
peratures, they tend to saturate for g = 1.96 and g = 2.0, larger than the critical coupling. For
g = 1.95 there is a qualitative change as the system size increases. The apparent convex bending
of the graph can in part be attributed to the fact that values smaller than zero (which would be
required to continue the concave finite-size bending) cannot be reached and the connecting lines
then indicate a wrong course. However, the graph for ¢ = 1.95, L = 1000 still displays a convex
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Figure 3.28.: The uniform susceptibilities as a function of temperature for different antiferro-
magnetic rung coupling strength show qualitatively different characteristics for smaller versus
stronger coupling parameter. The concave bending of the g = 1.94 and g = 1.95 lines for very
small temperatures are finite size effects, see Fig. 3.29. The system length is L = 8002 sites
including Ewald summation (compare Sec. 3.3.3).

bending due to finite size effects, and hence this small system deviates from the termodynamic
limit behavior. Nevertheless, we see that the behavior also for much larger L significantly and
systematically changes as expected. So it can be concluded that in the thermodynamic limit, the
susceptibility for weak rung couplings will show a finite axis intercept. The system is then in a
phase without excitation gap. In contrast, at strong coupling values the system has a vanishing
Xuni (T' — 0) = 0, which is not a finite size effect. In analogy to the model with H; in Sec.
(3.4.2), such a change in the qualitative behavior which occurs at only very small variation of
the coupling parameter g indicates a quantum phase transition, and the critical value is found
to be
1.95<¢<1.96
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Figure 3.29.: The uniform susceptibility as a function of temperature for different system sizes.
The legend applies to all plots, with the line for L = 16000 only present in the first plot.
Please consider the different ranges of the y-axis. As L increases, the system tends towards the
thermodynamic limit behavior.
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3. QMC analysis of spin-ladder models with long-range interactions

Single leg susceptibility For a finite rung coupling, the single leg susceptibility, too, displays
a qualitative difference between smaller and larger coupling values g (compare Fig. 3.30, left).
The leg susceptibilities diverge in the ordered phase, analogous to the situation in the pure chain
with long-range interaction, because the ferromagnetic order is not stable and has a critical
temperature of T' = 0. In contrast, xieg has finite axis intercepts in the rung-singlet phase. This
quantity undermines that the critical coupling strength is 1.95 < geit < 1.96. As we will confirm
later, the point T'= 0.025 , g = 1.95 is affected by finite-size effects, and the line should in fact
continue to be convex for T' — 0 instead of showing a tendency to saturate. All in all, this
quantity is less affected by finite-size effects than the uniform susceptibility Fig. 3.28, but it is
also worth to compare different system lengths.

The qualitative differences are well seen when regarding the different L, as shown in Fig.3.31.
The total values for xjeq (I' — 0) still depend on the system size, and naturally true divergence
in the gapless phase cannot be realized in a finite system. However, one sees the clearly different
behavior in the two phases: In the ordered phase, the divergence at T' — 0 becomes more
pronounced for larger system sizes, while in the disordered phase the values for xie, decrease
with increasing system size.

To assess the precision of our calculation, the behavior of the susceptibility can be compared to
known analytical findings in the case g = 0. From the above-mentioned ferromagnetic Haldane-
Shastry modell®” 6] it is known (compare Eq. (16) in Ref[37]) that the chain susceptibility

diverges exponentially as the temperature goes to zero. The expression can be calculated exactly
using Bethe ansatz, and it has been found that:

1 53 w2
X0 = e (M 8)

c a
%X:—exp(—)

vT AT
= In (X\/f) T=() -T+a (3.27)

Therefore, plotting In <X\/T> T as a function of T for the pure Haldane-Shastry chain (i.e. g = 0)

should give a linear graph with the slope In(¢) = ln( é) ~ —1.61 and the axis intercept

a = %2 ~ 1.23. Fig. 3.30 (right) shows the results for a corresponding QMC simulation along
with a fit to Eq. (3.27) using only the high-temperature data points. The errors of the fit
parameters are slightly too small to meet the Bethe ansatz result, but the values fit with a
reasonable precision. For T < 0.2, however, the simulation results severely deviate from the
analytically confirmed behavior, which we attribute to finite size effects. The corresponding
data points have not been used for the fit process. For the pure chain even with very large L it
is hence not possible to reach the ground state behavior with a reasonable computational effort.
Luckily, as already outlined in Sec. 3.3.3, the finite size effects are in fact a lot less problematic
for the coupled chains, at least in the range g ~ O (1) that we are interested in for the quantum
phase transition. However, we still do not aim at reproducing the ground-state behavior in the
thermodynamic limit. Instead, in the next chapter we will try and assess the critical exponents
of said quantum phase transitions by analyzing the finite-size scaling behavior of the interesting
quantities.

86



10000

JOOO

X1

100

L = 8000

1.94 ——
1.95
1.955

1.96

1.97 v

2.0 —o—

0.005 0.01 0.015 0.02 0.025 0.03 0.035 0.04

T

In (X\/T) T

3.5.

1.4

1.2

0.8
0.6
0.4

0.2

Results for the generic spin ladder model

Susceptibilitiy of single chain, L = 10002

QMC values —a—

[ Fit: (1.214 + 0.007) + z - (—1.581 + 0.023) ——— |
T~
0.1 0.2 0.3 0.4 0.5 0.6
T
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8002 and different rung coupling strengths as a function of temperature.

Right hand side:

Susceptibility of a pure chain for L = 10002, not including Ewald summation. The red line is a
fit to the analytic result Eq. (3.27) (not including points with 7" < 0.2).
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Figure 3.32.: Left: The correlation function C (r) = (S§S7) as a function of the conformal dis-
tance ¢ shows approximately a power law decay for g = 1.955. Right: When scaled accordingly,
he long-distance correlation cy, 5 (L/2) becomes flat at criticality.

Behavior of the correlation function Before going over to the finite-size scaling analysis, we
look again at the correlation function along the legs, which constitutes a more direct measure of
the actual spin configurations, as compared to the susceptibilities. As presented in Fig. 3.32, we
find again a qualitative change in the curvature, and the critical value

Gerit A 1.955

is confirmed. At this coupling strength, the long-distance spin correlations follow an algebraic
decay with C (¢) o< ¢~/? indicative of a quantum critical point.

To better exclude fluctuation effects and short-range behavior, we also measured the spin corre-

lation to the most distant sites along the ladder ¢y /5 = <S§Si/2>, where the over-line denotes

the average over [¢ lattice sites. We choose lc = 0.01L. If the equal-time correlation function
at criticality decays with distance with a power law with exponent z, then

1 L\~
G(r) o< — =CLpX| o5 for g = gerit, > 1,

T 2

This quantity as a function of system size for different rung couplings behaves in accordance
with the above results: It follows a power-law decay close to the critical point, for stronger
couplings it decays faster than that. The exponent z is called the dynamical critical exponent, it
is related to correlations in the temporal direction, and mean-field calculations find zyp = 1/2
(Ref. [87]). For a more detailed explanation, compare Secs. 3.6.1, 3.6.2. When scaling the y axis
with z = 1/2, a flat linear behavior is displayed at criticality, compare Fig. 3.32, right. The slow
algebraic decay at criticality is different from the asymptotic 1/7? decay in the large-g region.
The latter one originates from the explicit ferromagnetic couplings decaying as 1/72.
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3.6. Quantum critical properties

3.6.1. Scaling and critical exponents

It is important to show that the above determined quantum phase transition is not a finite
size effect. In a worst case scenario, the exactly known Haldane-Shastry phase might already
be destroyed for an infinitely small inter-leg coupling—as it is the case for the short-ranged
Heisenberg ladder—and all remaining order could be just a result of the limited system length.
To disprove this presumption, we analyze the scaling of the ferromagnetic and staggered order
parameters as well as the susceptibilities as functions of system length.

The finite size scaling method aims at determining the bulk properties of a system, i.e., the
properties in the limit of infinitely large systems, from the quantities that can be calculated in
finite systems of different lengths L. The relations used to find the critical exponents can be
derived for example with methods from renormalization groupl®® %8l (compare also Sec.3.6.2).
Second-order phase transitions only show their true critical exponents and singularities in the
thermodynamic limit. With simulation methods such as quantum Monte Carlo, one is naturally
limited to systems of finite extend Li, Lo, ... in all dimensions.

Whether this makes a difference in the results depends on the ratio of L compared to the
correlation length £ of the system: The genuine thermodynamic limit behavior is only simulated
if L > &. For systems with short-range interactions, the correlation length is often defined via
the exponential decay of the equal-time order parameter correlation function o exp (—r/¢). In
our case, we can refer to the connection between £ and the spin gap A: When reaching the
critical coupling strength from above, the characteristic energy scale vanishes!®?l as

Ax &7

with the dynamical critical exponent z (compare Sec. 3.6.4). Upon reaching criticality—be it
near quantum critical or a classical critical point—the correlation length diverges. In the Ising
modell®®l and many related systems, ¢ diverges with a power law, and the critical exponent v is
defined as the scaling of the correlation length near criticality®!, so in our case

o< |g — garie| " (3.28)

Due to this divergence, for simulations near criticality we will mostly encounter the case % <1
and we will not be able to measure the correct thermodynamic limit behavior directly. Instead,
the scaling behavior will be altered by the influence of the system length L, as the findings in
Sec. 3.3.3 confirm. In detail, the susceptibility is multiplied with a scaling function that depends
on the ratio L/£. To derive the genuine behavior in the thermodynamic limit, one can resort to
the so called finite size scaling and compare the results for different finite system sizes L;. The
following short derivation has been taken from Refs. [66] and [89]. As an example, we regard
the susceptibility x per spin at zero temperature. In the infinite system near the critical point,
this quantity should scale as

x ox &7 (3.29)
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3. QMC analysis of spin-ladder models with long-range interactions

but due to the limited system size, this is altered to

x=&""xo (é)

with some scaling function xo, which is not known precisely, but which must fulfill x( (z) = const.
for z > 1. We define another dimensionless auxiliary function y () = 277 - xo (z¥), and with
Eq. (3.28) the following can be derived:

=L x (L7719 = gern)) (3.30)

_ v, (Ll/l/ lg —gm\)ﬂ X0 ((Ll/V lg — gcrit‘)u)

=9 — geritl " - x0 (L |9 — gerit]”)

-onon(2)

Eq. (3.30) is the crucial equation to describe the scaling in finite systems near the critical point
and to derive the critical exponents from QMC results at T'= 0. Analogous expressions can be
found for the magnetic order m and the structure factor S.

In addition to this scaling with length and coupling parameter, away from 7" = 0 we also must
consider the scaling with temperature. At T > 0, Eq. 3.30 then generalizes to
x = L% (L9 = gl , TL?) (3.31)

To extract information about the scaling from simulations at finite temperatures and lengths, it
is then useful to scale the inverse temperature according to % o< L? with the dynamical critical
exponent z.

Concerning the exponents, the dependence of the scaling function on 7" and dg = |g — gerit| also
applies in the same way to other measurable observables, while the exponent of the prefactor is
unique. For example, the magnetization scales as

Mieg = Liﬁ/y ) mleg (Ll/y ’g - gcrit‘ 7TLZ> :
The key goals of this chapter will be to determine the critical coupling strength to a better
accuracy and to find the scaling exponents that describe the behavior of magnetic order and

susceptibility at the quantum phase transition. We will also compare our findings to known field
theoretical results for long-range lattice models,.

3.6.2. Known field-theoretical results

The following subsection is in part taken from our publication, Ref. [76].

We will first review the results from some recent RG studies that investigate the quantum
critical properties of one-dimensional quantum system with long-ranged interaction and an O (3)
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3.6. Quantum critical properties

symmetry, namely Refs. [87, 90-92]. Ref. [90] looks at the n = 1 case that describes the quantum
Ising model, while the others consider more generally an O (n) interaction. Our case is n = 3,
due to the three dimensional Heisenberg spins in our ladder models. In Appendix B of Ref.
[90], relations of the critical exponents are derived, valid for a general ¢* model with long-range
interactions in the spatial direction.

We will see in what follows that these results—when inserting the appropriate values for the
number of field-theory-components and for the decay of the spatial coupling—correspond well to
the numerical findings for our model. The ¢* theory is a continuum description of classical and
quantum lattice models, which is valid near critical points where the correlation length is larger
than the lattice spacing. It describes the second-order phase transition depending on an order
field ¢, whose expectation value changes from non-zero to zero at the phase transition, compare
Ref. [93]. In magnetic chain and ladder models, this order field is commonly the magnetization
M = %, (S;), which is a scalar in the Ising model and a three component vector in the
Heisenberg model. The crucial quantity in the considerations is then the Landau-Ginzburg
energy functional. It describes the dependence of the free energy as a functional of the order
parameter (field). It turns out that an expansion up to fourth order in ¢ is usually sufficient to
describe the relevant quantities; this is called the ¢* model. To solve this model, the authors of
Ref. [90] utilize the Renormalization Group approach, a largely analytic technique integrating
out short-range degrees of freedom by successive rescaling (compare e.g. Refs. [80, 94]).

Also for the long-range case of the quantum mechanical Heisenberg model, a ¢* theory can be
formulated and is widely equivalent to the analogous approximation of the quantum transverse
field Ising model assessed in Ref. [90]. An e expansion is then applied up to and including the
two-loop diagrams, and momentum-shell RG is used for the evaluation of these diagrams.

For a quantum system in 1+ 1 dimensions with a spatially long-ranged interaction that decays
proportional to 1/7177 with the spatial distance r, the long-ranged nature of the interactions is
important in order to stabilize a non-trivial transition (compare e.g. Ref.[82]). We are especially
interested here in the case 0 = 1, n = 3. For 2/3 < ¢ < 2, the critical exponents at the quantum
phase transition differ from the mean-field values due to the effects of quantum fluctuations. With
the above mentioned ¢* theory, they have been approximately obtained®”> % as expansions in
e = 30/2 — d, where d denotes the spatial dimension. In detail, within this expansion, Ref. [87]
obtains from a one-loop calculation the result

1 n+2

V:;+n+8€

+0(&) (3.32)

for the critical exponent v, which characterizes the divergence of the correlation length. Another
recent work®lreports 1/v = 0 — €/3 + O (62) for the special case of n = 1. This is in accord
with the above result Eq. (3.32) for 0 = 1, the case of interest here, but differs from it in the
general case (cf. Ref. [90] for further discussion). From Eq. (3.32), we thus obtain an estimate
of v = 1.227 for 0 = 1 and n = 3. Ref. [90] furthermore reports a two-loop order result for the
dynamical critical exponent z for 0 = 1, d < 2 in the O (n) case,

1 (n+2)(12—7?%)

=3 Tmrsr ¢ TOE) 539
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3. QMC analysis of spin-ladder models with long-range interactions

where € = 2 — d, based on earlier RG calculations!®®l. For the case of interest here, d = 1

and n = 3, this provides an estimate of z ~ 0.505. This value is also consistent with the RG
results in Ref. |92]|. It may be worthwhile to point out that within mean-field theory, a value of
2MF = 0/2 < 1 results for o < 2, already reflecting the fact that due to the long-ranged nature
of the spatial interactions, correlations in the temporal direction are weaker than in the spatial
direction (in contrast to a dynamical critical exponent of 1, obtained for many quantum critical
spin models with only short-ranged interactions)®”l. For o = 1, this gives a mean-field value of
zmr = 1/2. With respect to the anomalous exponent 7 that characterizes the spatial decay of
the order parameter correlation function G(r) at the quantum critical point, different notations
are used in the literature. Here, we follow the standard definition with

G(r) « 1/7"d+z_2Jr77

at criticality 1821, According to Refs. [87, 92|, the value of 7 in the relevant region of o for our
study is fixed to n = 2 — o, so that for d = ¢ = 1 we obtain

G(r) o< 1/r%. (3.34)

Again, for d = o = 1 this form agrees with the findings in Ref. [90] (in their convention,
G(r) o< 1/r4=141 and they obtain the relation n = z for 0 = 1 and n = 1). Another useful result
reported in Refs. [87, 90| for the case o = 1 of interest here is the relation

v/v=1 (3.35)

to the order parameter susceptibility exponent ~, which we can access in our model by the single
leg susceptibility xjeg. Combined with the value of n = 2 — o, this relation follows from the
general scaling relation

v =v(2-n).
In the following, we compare these RG results to our QMC estimates of the critical exponents,
based on a finite-size scaling analysis of the numerical data.

3.6.3. Numerical results from finite size scaling

Scaling of the leg susceptibility The leg susceptibility matches the function Eq.(3.30): xieg =
LY. x (!g — Gerit| - Ll/”,TLZ) , so that plots of XlegL_V/” versus (g — gerit) LY/" for different
system lengths at inverse temperature 1/7 = 2L* collapse at the same, yet unknown, function
X. Moreover, plots of XlegL_V/ Y (g) for different system sizes all cross at the critical coupling
strength gerit-

For the critical exponents that govern the decay of the susceptibility Eq. (3.30), the relation
v/v =1 from Eq. (3.35) will be presumed as exact. Fig. 3.33 shows the plot of XlegL*W” (9),
which should give a unique crossing point at g.it. We can locate the critical coupling strength
around g =~ 1.9536 — 1.9537.

To state this more precisely and to find the value for %, the collapse of the finite-size scaled
susceptibility is used. We fit the scaled values including all results for different L > 2000 to a
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Figure 3.33.: Finite size scaling data for the leg susceptibility in the critical regions of the leg
coupling. The inverse temperature is again adapted to system size 3 = 2v/L. The values for
L = 100 are subject to severe finite-size effects.

third order polynomial, and for this fit choose the parameters g. and % which give the minimal

%Zf‘ The errors are determined using a bootstrap analysis. For the details see App. A.3. All
together this yields:

1
~ = 0.6841 0.0079 (3.36)
v = 1.4618 £ 0.0168 (3.37)
Jerit = 1.95364 £1.2-107° (3.38)

The result for v is not in good accordance with the findings from field-theory®” | namely:

HO(@) =T 40() 12214+ 0() =2 —d,

1 +n+2
VRG = —
RG o +8

with the spacial dimension d = 1 and the long-range decay oc 1/r'*9, so here also o = 1.

However, since this result is only in first order in the RG- parameter ¢, it is probably numerically
less precise than our estimate. Both agree at least insofar as the exponent is larger than the
pure mean-field result87 of vymr = 1.

Scaling of the structure factor The magnetic order along the leg can be deduced from the
ferromagnetic structure factor, defined as:

z Qz <Sleg> 1 .
Sleg = LZ SSi) Mg =\ pE =7 izj<szH81M> with i€ {4, B}  (3.39)
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Figure 3.34.: The parameters found in Egs. (3.36) and (3.38) give indeed a collapse of the plots
for different lengths. They have been determined from the data for L > 2000.

The staggered structure factor includes both legs and is given by

1 1
Ssiaes = 7 D | D_ (siasia) =D (siasip) | = 7 Do eww (Siusi)  (340)
i J J i,

1 for p =y

—1 forp#u

It turns out that for any JAF > 0 the two quantities are no longer independent, but for our
temperature ranges simply

where we have defined the sign factor €,/ = {

SStagg ~ 2Sleg-

At first look this is not obvious, since one could instead assume that the staggered structure factor
measured also the antiferromagnetic order in the system and should therefore bear additional
information. However, we can easily rewrite the staggered structure factor

as Sgtags = 1 {Zij <szs§A> — (D2, (s34)) <Z] <8§B>>} to see that it does not actually measure
the correlations between single pairs of spins on different legs. Furthermore, both legs are
completely equivalent, and therefore will for any temperature and coupling strength on average
always have the same difference in number between up and down spin, which will manifest itself
after a sufficient number of Monte-Carlo runs: (>, S74|) = (|>; S75l)- Due to the absence of
an external field, the direction is however not specified by the ferromagnetic couplings, so only
the absolute values are equal.

On the whole, as soon as JAF > 0, these two configurations will arrange in opposite orientation.
Of course, this structure is flawed by thermal fluctuations, but as we perform Monte Carlo runs
at very low temperatures and want to gather information about the ground state features by
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using finite size scaling, we find ourselves in the region where the opposite orientation massively
dominates. There is an abrupt transition when turning on the antiferromagnetic coupling: At
low temperatures for JAF = 0 = g = 0, one has two completely uncorrelated chains with
(122;5241) = (|22, S7gl) and no preference in the mutual orientation; but for infinitely small
antiferromagnetic rung coupling, opposite orientation is highly advantageous. We want to stress
that this does not mean that all directly opposite rungs would be arranged in a singlet coupling,
especially not for small rung couplings. But as the sum of products includes all possible pairs
and can be put apart, the result for Sgage Will only reflect the mutual orientation of all spins on
one rung with respect to the other.

More mathematically, the same effect is seen in the susceptibilities: Let the staggered suscepti-
bility be defined as

1/T

1
Xeass = 5 3 [ (54 = i) (1) (Si3 = 575) (0)) = 2t — X
ij )
In the regime of low temperatures regarded Xieg > Xuni, and the staggered susceptibility essen-
tially measures the same quantities as Xieg-
From the decay of the spin correlations <S~Z Sz > x 1/7"2_1+77 at criticality, it follows that the

g ij
leg structure factor scales as

L
1-n—=z 2—n—
Sleg (erit) o</ T T2dr oc L*7"7%
0

The field-theoretical considerations have found z ~ & (compare Eq. (3.33)) and n=1—0 =1,
so that the considered quantity at criticality should scale Sieg ~ L7112 I Fig. 3.35, the
appropriately scaled staggered structure factor is plotted as a function of inverse ribbon length
for different rung coupling strengths, a similar graphical representation as in Fig. 3.32. As
the inverse length goes to zero, the qualitative behavior of this quantity changes depending on
the coupling strength: While it increases with decreasing system length for couplings weaker
than g, it decreases for ¢ > gt and finally tends to zero for large rung couplings in the
thermodynamic limit. Right at the critical rung coupling, the graph is constant; so it is confirmed
that
Sstagg (gerit) = ¢ L' with z =~ 0.5

and constant ¢ € R. For the magnetic order along one leg follows directly mjes L~Y/* and the

correlation function decays as G (gerit) = <Squju> o rl._jo'5_

Corresponding to Eq. (3.30) for the susceptibility, the magnetic order near the critical point
should follow!!

Mieg = Lo Mieg ((9 — gerit) - L', TLZ) (3.41)
using some scaling function m. So we can identify the critical exponent
g 1
- 3.42
v 4 ( )
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Figure 3.35.: The ferromagnetic structure factor Sgage divided by V'L as a function of inverse
system length for different rung couplings near the critical strength. Both axes have a logarithmic
scale. The inverse temperature is 3 = 2v/L, and error bars are smaller than symbol size.

To determine these values numerically more precisely, we regard the finite size scaling for the
ferromagnetic structure factor, which accordingly scales as

Sleg = LiQﬁ/y+1 -5 ((g - gcrit) : Ll/nyLz) , (343)

Concerning the exponent /v, we did not find a field theoretical result for comparison. Therefore,
we take the result (3.36) as given and then determine the ideal values for gy and 3/v as the
ones that minimize the y?/ndof of the corresponding multi- fit.

The same procedure as above (details see App.A.3) gives the following results:

Jerit ~ 1.95388 + 5.4 -10~* (3.44)
Y +1 A~ 1.48438 + 0.0108
124
B < 0.24219 + 0.0054 (3.45)
14

These values have been inserted to produce a corresponding crossing and collapse plot, compare
Fig. 3.36. The two results for the critical coupling strength Eq.(3.38) and Eq.(3.44) are not
ideally equal, but they do conform within their error bars. One possible reason for deviations is
that the collapse functions ¥ and S are not ideally described by a polynomial of third degree.
We believe the result (3.38) to be a bit more precise, because the histogram of the bootstap
method for Eq.(3.44) slightly deviates from a normal distribution, compare App.A.3. This also
reflects in the larger error for the value of geit when determined via the spin structure factor.

According to field theory (compare Sec. 3.6.2), the spatial decay of the correlation function
is given by G(r) o r~%, compare Eq. (3.34). From the connection between magnetic order
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Figure 3.36.: Left: The ferromagnetic structure factor when scaled properly should cross for
various system sizes at the critical coupling strength. Right: Another scaling yields a collapse
plot, with the above results for gt and g inserted appropriately.

and ferromagnetic structure factor follows directly a relation between the corresponding critical

exponents:
1 2 6z
1,]

From the above mentioned field theoretical publication!®®! we have a reference value for the
exponent z given by Eq. (3.33), namely for our case

zre = 0.5 4 0.00556% + O (&%) (3.47)
with the order parameter € = 1 in our case. This prediction, which shuold be more precise than
VR because it was calculated to second order, fits well with our numerical result Eq. (3.45).
In contrast to the situation near criticality, when choosing g = 4.0, i.e. deep in the disordered
phase, the spin correlation decays as the original couplings <SZ z > (g > Gerit) X -2, which

wjp ij
gives then for the spin structure factor

L
1 2 L 1
LZ<SZLS;/L>—>/<;) dx = —5‘1 :C<—1+L> =c-(—1+1L)
2,7 1

Inserting this with an approximation for large L gives m = %1 /Ei’j <SZZSJZ> = %\/c (=1+1L)=

Ve IZ—QL ~ % The direct plot for T' = 0.01 shown in Fig. 3.37 supports the picture of roughly

quadratic decay.
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Figure 3.37.: The magnetization of the model Hs deep in the disordered phase at low temperature
T = 0.01 as a function of inverse system size.

Scaling of the spin correlations As outlines above (compare Sec. 3.6.2), the correlation func-
tion should follow G(r) o< =7~ = =% _ With our previous numerical result for % given, it is
now possible to determine z more precisely (compare Sec. 3.5). For this, the average correlation

crLp = <S§Sz/2> can provide a collapse plot analogous to Egs. (3.30) and (3.41). We plot

cry2 L#t1=1 as a function of (g — gerit) - L7 for different values of geri¢ and the exponent, choos-
ing the parameters that give the best fit to a third order polynomial. The errors are determined
from a bootstrap analysis with sample size n = 1000 and N = 100 runs. We get the results

Jorit = 1.95363 £ 1.5- 1074 (3.48)
z+n = 1.50595 £ 0.0070 (3.49)
For the plots using these exponents compare Fig. 3.38.

Comparison of the two numeric results Eq. (3.49) and Eq. (3.45) shows that the above relation
Eq.(3.46) is met within error bars.

3.6.4. Behavior near criticality

Size of the spin gap When the system is in the disordered phase, the uniform susceptibility
decreases exponentially, like it does in the Heisenberg ladder. Following Ref. [73] (p.169), the
uniform susceptibility of the Heisenberg ladder for low temperatures to leading order behaves as

Xuni (T) oc e &/ (3.50)

We therefore extrapolate the spin gap by performing a linear regression of the low temperature
behavior (i.e. T'< 0.2) of =T - In (xuni) as a function of T' for coupling strengths ¢ close to, but
larger than the critical coupling strength. The spin gap is then found as the axis intercept of this
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Figure 3.38.: The average spin correlation over half the ribbons length ¢, = <SOS L /2> yields a
crossing point plot and a collapse point analogous to the quantities in Sec. 3.6.3 and Sec. 3.6.3.
The other critical scaling exponent is 1/v = 0.6841.

linear behavior. The opening of a gap in a disordered phase after a quantum phase transition is
supposed to follow(82]chapter 1.1
A o |g = Gerit|”* (3.51)
with the exponents v and z as defined in Sec. 3.6.3 and Sec. 3.6.4, respectively. Conventional
error propagation gives
vz = 0.7575 £ 0.0138 (3.52)

Presented in Fig. 3.39 in the small plot are the linear extrapolations for different g, and in the
large panel are the results for A (g) together with a fit to Eq. (3.51), where the exponent vz is
fixed and only the prefactor left for adaption.

For larger g and very small T some date points are missing, because their QMC results are
Xuni = 0.0, so a meaningful logarithm cannot be calculated.

The results in the main panel represent the requested behavior reasonably well, nearly all within
error bars. We believe that the deviation of A (g = 1.957) stems from the fact that finite-size
effects are more relevant near the quantum critical point.

Binder ratio The Binder ratio is a dimensionless quantity defined as

(3.53)

and at the critical point it is independent of the system sizel™! up to higher order corrections.
This follows directly from the scaling relation (3.41) due to the overall equal exponents. There-
fore, similar to the cases before, a plot of the Binder ratio for different system sizes will cross
at the critical coupling strength. At the critical point |g — geit| = 0, Eq.(3.31) simplifies even
more, and the scaling for finite temperatures®7 is then simply

By = By (TL?) ,
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3. QMC analysis of spin-ladder models with long-range interactions
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Figure 3.39.: Large plot: The gap as a function of g for Hamiltonian Hs for L = 8000 along with
a fit to Eq. (3.51), with vz fixed, using geit = 1.9536. The values for A (g) have been obtained
by linear fits following Eq. (3.50) for T' < 0.2 at different values of g, compare small inset.

100



3.6. Quantum critical properties
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Figure 3.40.: The collapse of the Binder ratio function for various L at the trial value gei4 =
1.9536 (received in (3.38)).

So again there will be a collapse of the results for different lengths, provided the parameters are
chosen correctly. Such an analysis is independent from the above results for z, and it fits our
technique well, because it represents a finite temperature analysis.

Fig. 3.40 displays the result for ¢ = 1.9536 from Sec. 3.6.3. The corresponding result for z
has been obtained by fitting the low-temperature part of the data set (up to TL* ~ 3) to a
third-order polynomial and choosing the parameter that gives a minimal y2/ndof. The error can
be determined by conventional error propagation here. The fit has the goodness-of-fit parameter
x2/ndof ~ 1.78 and agrees with the theoretical result Eq. (3.47) within error bars.

Susceptibility and structure factor Finally, it is also insightful to regard the susceptibility
Xleg (Ls g = gerit) and the order parameter Sieg (L, g = gerit) as functions of the system length at
the critical point, and with the temperature scaled appropriately with system length. Compari-
son with Eq. (3.31) shows that in this scenario the scaling function y (|g — Gerit| - LYY, TLZ) is
constant and the only scaling behavior that is left should be

Xleg (L, 9 = Yerit, I' = 0-5L_Z) o L, (3.54)

Analogously, we expect Sieg (L, g = gerit, I’ = 0.5L77) L~28/v+1 a the critical coupling strength.
Fig.3.41 (top) shows the fit for g = 1.9536. The actual result for g is in a good accordance with
the expectations. The result for I still fits, but shows a slight deviation beyond the error bars.
A reason for this could be that the critical coupling strength is not met exactly.

3.6.5. Meaning for real GNRs

The unweighted mean of all three results Egs. (3.38), (3.44) and (3.48) with conventional error
propagation gives the combined result:

geombt — 195372 +£1.9-107*

crit
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3. QMC analysis of spin-ladder models with long-range interactions
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Figure 3.41.: At ¢ ~ gerit and 1/T = 2\/f, the leg susceptibility is fitted to the power law
behavior predicted in Eq. (3.30) (left side) and the ferromagnetic structure factor to Eq. (3.43)
(right side), for the critical coupling strength g = 1.9536.

In a realistic GNR with a Hubbard model Hamiltonian, such a high ratio of anti-ferromagnetic to
ferromagnetic interaction according to our result can only be reached for very narrow ribbons with
W < 6 unit cells, compare Sec.3.4.3. For wide ribbons, a higher anti-ferromagnetic coupling can
only be achieved, and the rung singlet phase can only be reached for a small Hubbard interaction
compared to the nearest-neighbor hopping: % < 1. When using the above model at the mostly
investigated ribbons width W = 10 unit cells and the critical ggfini, then the phase transition
for occurs at

—1
Uerit (W = 10) ~ 34; ¢ = 0.46914¢ £ 1.9- 104

Therefore, we conclude that for wide graphene nanoribbons, the ground state in the thermody-
namic limit is the ferromagnetic ordered state without a spin gap. The two legs of the effective
ladder model can be roughly understood as two antiferromagnetically connected edge-superspins.
Naturally, this ferromagnetic order is destroyed at any finite temperature following the Mermin-
Wagner theorem!2%). The state does not have a spin gap, and it has been found previouslyl®®!
that the low-lying excitations should be single-particle excitations with linear dispersion rela-
tion. In contrast to this, it was shown beforel®l: 99 that chiral graphene nanoribbons with one
electron per zigzag segment have exponentially decaying spin couplings along the leg and hence
a disordered ground state.

Also, for extremely narrow zigzag GNRs (i.e. W = 2) it was shown by explicit QMC calculations('?!

on the lattice that the ground state does not have a ferromagnetic order and is dominated by
rung singlets across the ribbons extend. There is indication within our model, too, that for
narrow ribbons W < 6 the effective ladder model results in a disordered ground state with ex-
ponentially decaying spin correlations and no spin gap. So all in all it seems plausible that there
is a phase transition in zigzag graphene nanoribbons depending on the ribbons width that also
tunes the strength of the antiferromagnetic rung couplings: While very narrow nanoribbons have
a disordered ground state, medium and wide GNRs exhibit long-range ferromagnetically ordered
legs at T'= 0.
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3.7. Perturbation theory for weak leg coupling
3.7. Perturbation theory for weak leg coupling

Finally, we shall look at the model Hs in the opposite limit of a very large rung coupling g — oc.
To get an estimate for the correct behavior in the disordered phase, first order perturbation
theory in the leg couplings is performed, where the unperturbed ground state shall be the state
with spin singlets on every rung.

Hence the Hamiltonian is written as

N N
1
H = Hy — JpHpery = Jar E Sia-Sip — Jr E o) (Sia-Sja+Sip-S;B) (3.55)
i=1 ij=1"1%

with the free ground state [¢) =3, % (1M @ L)ig = )ia @ [1)in)-

The perturbed state is then given by

n | Hper
‘wl(JF»:JFZ w EOP t’w0> W}n>

Applying the ferromagnetic spin operators to one rung in singlet state gives::

Sia- Saa— (141 — D)) © —= (114, — [11))

xf V2

=Qb@%0wwuwH44wm+ﬂMM®«hnu»H&wwm+ﬁMM}

:% {—22' [t ) —2([t_ty) +[tot)) + V2 (1 —) (Jt_to) + |tot_)) + 20 [t4ty) + V2 (=1 — i) (trto) + [tot+)) + 2]toto)

(1—1) (=1—4)
4.-4/2 42

with the three triplet states [t4) = [T1), [t—) = |J)), and [to) = % (It4) + [41)). At the opposite
leg, we get the exact same result.

= = Dty = g et b))+ D e to) ot )+ et D (leto) + ltote)) + 5 ltoto)

For a model system of only four electron sites, with the ground state consisting of two singlets,
the energy difference between a state with any two of the triplet states and the singlet state is
2 (E) — E°) = 2Jap. The new state is not normalized, but instead (¢¢(1,2) | ¥ (1,2)) = 1%.
With this we get:

Z (¥ | S14824 + S18S28 | ¥o)

n

:Milgﬁ{i.(_ [t_t_) +[tity)) — (\t )+ [tpt))
(-4
42

¥ (1,2))

+

(|t—to) + [tot-)) +

(4%\/5) ([t+to) + [tot+)) + i |tot0>}

16
R Jar
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3. QMC analysis of spin-ladder models with long-range interactions

where the state with the above calculated sum of triplet states at the positions x; and z3, and
singlets at each other position, has been given the name [¢ (1,2)). Looking now at a ladder of
length N with the Hamiltonian (3.55), the result for the ground state in first order perturbation
theory is:

F
(1 (T)) = lbs) +Z A o7 1)

In the next step, the spin spin correlation shall be calculated using this approximation. For each
bond, the spin z operator on the first leg turns a triplet with m = 0 into a singlet: 5% |s) =

Sa5 (1) = [11) = § - 75 (14 + 141) = § lfo) and the other way round: % [to) = j |s). The
triplet states with mg = +1 only get a prefactor S |t+) = £3 [t+). On the second leg, the results
are the saume up to a minus sign: 5ps) = S5 (1) — 1)) = § - 5 (— 1) = [41) = ~} It

and S§ [to) = % s). Since the triplet and singlet states are always transformed into one another

pairwise, these signs cancel out. The expectation value for the spin spin correlation is then given
by:

(1 (JP) [SpaSmal b (JF))

= (V1 (Jr) 1Sy 5Smpl 1 (JF))
= (s |55 aSmal ¥s) +
16 JF 1

9 Jar |7 — r]|

5 (s [S7aSmal ¥ (0,9)) + (W (0,9) 1S aSmal ¥s) + (W0 (0,5) [S74S5 4l ¥ (i)

0,J

(3.56)
16 Jg 1 1 1 ) 1 1 1 1 1
=0 — — (=242 =2 (2= 7)) Onibmy
+129JAF|¢_T| ( +16+4<4+4> 4(4 4)) J
Jr 1 4
== - .z 3.57
JAF |’F;L 77T;7L|2 9 ( )

In the mixed expectation values, the only elements that do not vanish are hence

S7S% ISy ey (), ooy t0(J), Sy o) = % s, s,s,8,...). In the last expectation value the contributions
come from |t4 ) terms. This result only constitutes a good approximation in the disordered phase,
with Jap > Jp (so g > 1). It is consistent with our assumption that for large antiferromagnetic
coupling of the spin correlations should decay as o< 5 L like the coupling itself (compare Sec.3.5).
For g = 4.0 the spin spin correlation is fitted to

(S552) = a- (2" + (L - 2)")

and the results are plotted in Fig.3.42. The fit coefficients meet expectations with an acceptable
accuracy.
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Figure 3.42.: The spin spin correlation in the disordered phase, for ¢ = 4.0 > 1.0 at T" = 0.01.
Ribbon lengths are L = 1002 (left) and L = 4002 (right) with Ewald summation, where the first
and last 10 sites have not been included in the fit, because they show short-range interaction
behavior. The reduces chi squares are x?/ndof =~ 0.98 (left) and x?/ndof =~ 1.50. Numerically,

we fit to the function f(r) = a (rb + (L - r)b). The perturbative result Eq. (3.57) gives the
factor a = 1/9 = 0.1 and the exponent b = —2.0.
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4. Conclusion

Summary

In this work, it was demonstrated that the magnetic interactions of the edge states in zigzag
graphene nanoribbons are well approximated by an effective model, which leads to more general,
scalable Heisenberg spin ladder models that exhibit a quantum phase transition as a function of
interaction strength. We have started from the Hubbard model on the honeycomb lattice and
applied a particular effective model, which had previously been used for specially tailored chiral
nanoribbons, to plain zigzag ribbons. The first basic step of the underlying rewriting is to use
the eigenbasis of the non-interacting Hamiltonian, thereby separating edge and bulk states, and
then to treat the bulk states as a perturbation to the edge-state interaction. The implicitly used
small parameter is the overlap between localized edge states and delocalized bulk states. In the
second step, one introduces a Wannier basis for the edge states, so that each state is essentially
singly occupied, and one can therefore go over to a Heisenberg spin model for the edge state
interaction. We have demonstrated that for not-too-narrow plain zigzag nanoribbons (i.e. with
width W 2> 8 unit cells), this model yields good approximations. In accordance with earlier
investigations using different methods, a ferromagnetic coupling between edge states on the
same ribbon side and an antiferromagnetic interaction between opposite ribbon sites were found.
Furthermore, our results displayed a long-range coupling along the ribbon sides that decays
as ~ 1/r?, which is different from the findings for chiral nanoribbons. The antiferromagnetic
coupling decays as ~ 1/r* and thereby acts essentially as short-ranged. When varying the
ribbon width, the ferromagnetic couplings are only weakly affected, while the direct opposite
antiferromagnetic interactions are reduced as oc 1/W3. It was verified in a thorough analysis
that second order correction terms do not alter the result beyond uncertainties of ~ 5%, so
they only need to be taken into account if a very high accuracy is required. Nevertheless, the
investigation of these second-order terms gives some insight in the involved interaction processes.
We have found a density-density interedge coupling that constitutes an analogy to the well-known
RKKY interaction, which describes the coupling between magnetic impurities via intermediate
conduction electrons. Moreover, we have demonstrated that the special behavior of some of the
second-order interactions justifies choosing the portion of the Brillouin zone in which the edge
states are found to be kegge € [—%, %] We have also briefly regarded the influence of second-
nearest neighbor hoppings and found that when included in the perturbation terms, they do not
have any significant influence on the coupling terms. Moreover, we have shown that the model can
also be applied to a two-dimensional layer of black phosphorus, one example of a variety of further
recently synthesized two-dimensional materials. This gives a slightly increased ferromagnetic leg
coupling, but drastically reduced antiferromagnetic interactions, when compared to graphene.
We did not find a long-range ferromagnetic order at non-vanishing temperatures in phosphorene.
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4. Conclusion

The aim of the second part of this thesis was to generalize the above findings to scalable spin-
ladder models and to investigate their properties for long ribbons and small, but finite tem-
peratures by means of quantum Monte Carlo simulations. For this, we have set up two differ-
ent models: The first model is quite close to the actual results for a narrow GNR, using the
four /five concrete nearest-neighbor interaction strengths and a 1/7? and 1/r% decay for the long-
distance couplings, respectively. The second model consists essentially of two Haldane-Shastry
chains—with ferromagnetic couplings overall decaying as 1/r72—coupled by nearest-neighbor an-
tiferromagnetic leg interaction. We introduce the scaling parameters A and ¢ that tune the ratio
of antiferromagnetic to ferromagnetic coupling strength. Then for both models a quantum phase
transition is found, which is driven by said scaling parameters:

e For strong leg coupling strengths (and small g or A, respectively), the system is in a weak
leg-ferromagnetic state. At 7" = 0 in the thermodynamic limit, long-range ferromagnetic
order exists, and the system can be roughly understood as two antiferromagnetically cou-
pled superspins. Any infinitesimally small temperature naturally destroys this long-range
order following the Mermin-Wagner theorem: The magnetization m then vanishes in the
thermodynamic limit, and part of the spin-spin correlations decay exponentially with rib-
bon distance. Even at long distances in the thermodynamic limit, however, the correlation
function does not decay faster than 1/r2, which is due to the underlying order of the cou-
pling. Furthermore, the full system is gapless allowing for excitations at arbitrarily small
energies, and the susceptibility of a single leg diverges as it does for the Haldane-Shastry
chain.

e For strong rung coupling strengths (and large scaling parameters), the system is in a
disordered, rung singlet state. Deep in this phase, the long-range spin-spin interactions
decay nearly as 1/r? with no other correlations beyond the ones induced by the couplings
themselves. The full system has a spin excitation gap, corresponding to the energy needed
to break up one singlet bond, while the susceptibility of one single leg converges to a
constant value with increasing system length.

According to Lieb’s theorem, for the Hubbard model on a finite bipartite lattice with equal
number of sites per sublattice, the ground state must be an overall spin singlet Sges = 0;
both ground state phases are consistent with this. The disordered spin singlet-phase is basically
analogous to the well-known Heisenberg ladder with only nearest-neighbor interactions. However,
in that system any small antiferromagnetic rung coupling destroys the ferromagnetic order at
T = 0 and drives the system into the disordered phase. Here, in contrast, the long-range
couplings along the legs seem to stabilize the ordered phase, so that only at a definite rung
coupling strength the phase transition occurs.

For the generalized model of two coupled Haldane-Shastry chains, this critical coupling strength
IS Gerit = Jé}iFt JJV (r=1) ~ 1.95. We have furthermore investigated the critical exponents
of the quantum phase transition. For the dynamical critical exponent z, which governs the
interplay between length and temperature dependence of several observables when approaching
the thermodynamic limit, we found a value that is in good accordance with known second-
order field-theoretical results for ¢*-theories with long-range interaction!®” 9. For the critical

exponent v, describing the divergence of the correlation length, we find a rather significant
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deviation from field-theoretical works, which however only offer a result up to first order. We are
convinced that our findings are more precise in this respect. Additionally, an estimate for the
exponent 7, which governs the spatial decay of the correlation function G (r), was determined.
The size of the spin gap in the disordered phase is in accordance with a power-law dependence
A ‘g - gcrit’,}z~

Finally, we have made a brief analytic calculation for the situation deep in the disordered phase:
Treating the all-singlet state as the ground state and the ferromagnetic couplings by standard
perturbation theory gives an algebraic decay of the spin-spin correlations oc 1/72, with a prefactor
that conforms sufficiently precisely with the numerical findings for g = 4.

Concerning the ladder that is closer to the original zigzag ribbons with W = 10, the critical
rescaling-factor is found to be Ay &~ 3.45. In part, this much higher value can be understood by
the fact that in a realistic GNR the ferromagnetic short-range couplings are stronger than the
following power-law decay, while the short-range antiferromagnetic couplings are reduced with
respect to the long-range tail. As another interesting point, we find indication for a quantum
phase transition depending on the ribbon width W. For W = 6 at the original couplings (i.e.
A = 1), we observe a ground state clearly deep in the disordered phase, whereas for W > 8
the unaltered couplings in the thermodynamic limit are in the ferromagnetic state. While the
effective model is not fully precise for ribbon widths W < 6 —due to the relatively large value of
the perturbative ¢* /UT****— this is still a strong hint for such a phase transition. That would
be in accordance with quantum Monte Carlo calculations directly on the lattice for extremely
narrow ribbons W = 2, which find an exponentially decaying correlation in this case, compare
Refs. [12, 100].

Outlook

It would be worthwhile to further investigate the possible phase transition depending on width,
ideally with a technique that can cover both wide and narrow graphene nanoribbons at equal
accuracy. If such a phase transition is indeed confirmed, this would constitute an interesting
crossover between a half-metallic state, which could also be useful for applications in the field of
spintronics, on the one hand and a pure quantum state on the other hand[*00,

In recent years, other two-dimensional materials are more and more getting in the focus of
research, too. We have seen that our effective model is easily applicable to phosphorene including
only nearest-neighbor hopping. The investigation of this and other two-dimensional materials
could be made more precise by including also further away coupling terms, especially in materials
that are not fully planar. Concerning graphene, too, one could amplify in further studies the
topic of next-nearest neighbor hopping terms when included in the unperturbed Hamiltonian. It
might be of interest to develop a scalable ladder model also for these interactions. In addition,
one could further increase how realistic the models are by introducing Coulomb repulsion beyond
the onsite value, compare Ref. [98].

It is certainly of interest to also look at the spin dynamics of the systems investigated here. The
low-energy excited states can be regarded by means of quantum Monte Carlo techniques. One

109



4. Conclusion

might gain further insight by analyzing the real-time out-of-equilibrium behavior and the quench
dynamics!'% in both the weakly-ordered and the quantum disordered phase. For not-too-long
spin chains, this could be done by means of time-dependent DMRG methods!'%l, or for very
small systems also with exact diagonalization.
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A. Appendix

A.1l. Rewriting the next-nearest neighbor hopping

We want to rewrite Eq. (2.36) in the sublattice polarized edge basis:

-t ZZ?sm( ) {56 ) (el + el (era + )
+ *fk-+— (n, 4) (eTch + eLa) (exa —exB) + ék +(n, A) (ekA eLB) (eka + exn)
# 56 () (el — ehp) (era - o) }

=-t) Ekjsin (2) { (€t + 6kt + &y + &) (n, A) ef gexa

+ (Gt = Sot— + S+ — &——) (n, 4) eLAekB
+ (et + e — Shmy — &) (n, A) €] e

+ (ke — & — g +&——) (n, A) GLBekB}
A closer look at the symmetry of the £s gives:
ka,l/u (’I’L,S) = Z(b;;l’ (n7 S) ¢ku (n - 175) + ¢;:;1/ (na S) ¢ku (n + 175)

—Zqﬁky (m +1,5) ¢y (m, 5) +Z¢ky 1,5) ¢pop (r,5)

m

= 6k (n,9) 6f, (n+1,9) + biu (n,8) df, (n— 1, 5)
= Zf;,up (n,S)

Since for both sublattices S = A, B the eigenstates of the free Hamiltonian are real (due to
the shift in k), the band indices can be switched without changing the value, and one has

Zn gk,+* (TL, S) = Zn fk,*Jr (n7 S)

Moreover, the eigenstates themselves have a certain symmetry:

% (ng-&- + (Ek—) =64 © ¢ry (n,B) = —¢— (n,B) Vn
% ((5k+ - ng—) =ép © Gkt (n, A) = ¢p— (n, A)  Vn
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A. Appendix

And with this we get for both sublattices: > &r 14 (n,5) =3, &—— (n,5)

Inserting these two properties, we get for the second addend on sublattice A:

- —’f/zzsm< > { [kt + & (n, A) - ek:AekA + 2 [k 4+ — &kt -] (0, A) - €kB€kB}

A.2. Closed expression for the Ewald summation

Following Fukui and Todol%2!, we can rewrite the Ewald summation to

w(7)- () (1) (e D CH ()

L
ln<sin<%])):ln<fj)—|—1n(L—j)—1n(L)+1n(L—|—j)—ln(L)+ln(2L—j)—ln(L)+...
2ln sin ™ _4 L 1 + L1 —+ ! ! + + ..
dj? L Tdj\njL L-j L+j 2L—j  2L+j 3L—j 3L+]
deos(F)m  d (1 1 1 1 1 1
s N T 1. =+ - + = + = + = + =
d]sm(fj)L g\ j—-L j+L j—2L j+2L j—3L ]—|—3L

T
1 1 1 1 1 1 1
T G-L? GH+L? (G-2L)?  (j+2L) (j-3L)? (j+3L)°
o st () —cost () gn 1
L sin® (%) N ]:Z_m (G —nL)
w2 1 > 1
L2 sin? (5) nzz_oo (j —nL)? (A1)

The derivation is largely inspired by a proof Euler gave for the so called Basel problem!!02l

o0

1 2
=%

n=1

A.3. Two-step fitting procedure for the critical exponents

In the first part, we determine the presumed collapse plot for different values of J/‘fgt in the
critical area with steps of 107° and % with steps of 1073. For each combination of values in
the grid a fit is carried out, fitting a third-order polynomial function to the set containing the
appropriately scaled values of all lengths L € {2000, 4000, 6000, 8000, 10000}. Now the y?/ndof
of this fit is analyzed, and we assume that the best fit is the one with the smallest error and also
corresponds to the best choice of parameters to make the plots collapse. In Fig. A.1 one can
see a contour plot of In (x?/ndof) as a function of J§}i* and 1/v. Tt is visible that the minimal
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Figure A.1.: Left side: The contour plot shows In (ﬁ%) from a fit of a polynomial function to

the collapsed finite-size plots of the leg susceptibilities. Right side: In the second step, the values
2

along the line with minimal X~ are fitted against another third-degree polynomial.

values can be found roughly along a diagonal line, so it seems best to sample along this line in a
second step. We look for the minimal values at constant Jip and apply a linear extrapolation.

In the second part, the x?/ndof of the fit along this one-dimensional parameter set is again
sampled with a better accuracy, namely A% = 107°. Then the one-dimensional function of
x?%/ndof-values undergoes a second fit to another third degree polynomial function to find its
minimum. From the fit parameters, the ideal choice for ll/ is calculated, and the corresponding
Ji{p determined. Finally, we carry out a bootstrap analysis of the procedure with N = 100
steps to get an estimate for the error on both values. For this, we take into account again a
somewhat coarser grid around the presumed minimum, and for each randomly chosen set of
values we determine the critical parameters that give the minimal x?/ndof. Figure A.2 presents
the histograms of both distribution; they are sufficiently close to a normla distribution.
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A. Appendix
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Figure A.2.: Top: The values of a bootstrap analysis of the susceptibility collaps plots for JéiFt

and % give a normal distribution in the limit N — oco. We have chosen N = 100. Bottom: The
values of the bootstrap analysis follow a skewed distribution for the spin structure factor along
one leg, with N = 150.
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