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Abstract

Images generated with a transmission electron microscope (TEM) can reveal infor-
mation up to the scale of individual atoms. However, the information contained in
a TEM image is blurred by aberrations and the partial coherence of the electron
beam. Furthermore, the images correspond to the squared amplitude of the image
plane electron wave and are thus missing valuable information about the phase.
Exit wave reconstruction attempts to solve these problems by reconstructing the
electron wave at the exit plane of the specimen, the so-called exit wave, from a
series of images recorded with varying focus of the objective lens. This introduces
the additional problem of aligning the image series, which is crucial for a successful
reconstruction of the exit wave. One possible approach to reconstructing the exit
wave involves the minimization of a least squares functional, which is implemented
by the well-known MIMAP and MAL algorithms. The MIMAP and MAL algo-
rithms solve the registration problem by alternatingly optimizing the exit wave and
the registration. In this thesis, a novel objective functional Eσ for the joint opti-
mization of the exit wave and the registration is proposed. The properties of the
forward model of TEM image simulation, which is given by a weighted autocorrela-
tion of the exit wave, are investigated on the basis of the weighted cross-correlation
and the novel notion of ?-separable weights. The most important weight functions
(commonly called transmission cross-coefficients, TCCs) for TEM image simula-
tion are analyzed and integrated into the present framework. The results regarding
the forward model are then used for the analysis of the inverse problem. It is shown
that the data term of Eσ is not coercive for ?-separable TCCs, which in partic-
ular implies that the MAL functional is not coercive. One of the main results is
the existence of minimizers of the objective functional Eσ, which is shown with
the direct method. Additionally, it is shown that the objective functional is not
convex in general. These results are complemented by a numerical analysis, which
includes the discretization of the objective functional and the treatment of several
problems regarding the numerical minimization of Eσ. A novel preconditioner for
the exit wave is proposed, showing a reduction of the number of iterations for a
given residual energy. The least squares sum in the data term of the objective
functional is usually calculated by summing the squared differences of the sim-
ulated and experimental images over the same domain for each image. A novel
method for the dynamic adjustment of these domains based on the current esti-
mate for the registration is proposed, which allows to use the full image data for
the reconstruction while at the same time avoiding the need for a continuation of
the images. Numerical experiments are presented that evaluate the utility of the
preconditioner and compare the alternating optimization approach with the joint
optimization of the exit wave and the registration. Finally, a numerical experiment
shows the result of reconstructing the exit wave for a real image series.
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Introduction

Since its invention by Knoll and Ruska in 1932 [44], electron microscopy has proven to
be an indispensable tool for the investigation of biological and non-biological specimen
at magnifications beyond the limits of conventional visible light microscopy. The first
electron microscope was a transmission electron microscope (TEM), in which a beam of
accelerated electrons is transmitted through a specimen to generate a strongly magnified
image. The underlying reason why electrons are suitable for high resolution microscopy
is the fact that, depending on the accelerating voltage of the electrons, their associated
de-Broglie wavelength can be several orders of magnitude smaller than the shortest
wavelength of visible light. This makes it possible to record images at atomic resolution
and investigate defects such as dislocations, planar faults and stacking faults [62].

Ultimately, the way that images are recorded with a transmission electron microscope
is comparable to visible light microscopy in many regards. The electrons in a TEM are
diverted by electromagnetic lenses that focus the electrons in a manner very similar to
the focusing of photons by optical lenses. One of the main differences between electro-
magnetic lenses and optical lenses is the fact that a rotationally symmetric magnetic
field always results in a positive spherical aberration [60]. In other words, there is no
direct way to build “concave” electromagnetic lenses.

While information about the specimen can directly be extracted from the recorded
TEM images, it is frequently desirable to post process the data in order to obtain
additional information about the specimen. In particular, the recording device of con-
ventional TEMs only measures the squared amplitude of the electron wave in the image
plane, meaning that the phase of the image plane electron wave is completely missing
in the images. However, at least for very thin specimens, the phase contains most of
the high-frequency information about the specimen [65]. Additionally, the images are
blurred by the aberrations of the objective lens and the partial coherence of the electron
beam, which can make a correct interpretation difficult.

As the electron wave at the exit place of the specimen, the so-called exit wave, is
free from aberrations of the objective lens, it can be useful to reconstruct the exit wave
from a series of images that have been recorded with varying focusing settings of the
objective lens. The well-known MIMAP [38, 39] and MAL [10] algorithms implement
such an reconstruction of the exit wave with a variational approach by performing a
minimization of suitable least squares functionals. As these functionals measure the
distance of the experimental TEM images to images that are simulated from a current
estimate of the exit wave, the MIMAP and MAL algorithms necessarily are an indirect
approach to exit wave reconstruction.

An important aspect of reconstructing the exit wave from a series of images is the
fact that the images are in general not aligned very well to each other due to specimen
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Introduction

drift and microscope instabilities. Thus, a registration of the image series has to be
performed in addition to the reconstruction of the exit wave, which is implemented in
the MIMAP and MAL algorithms with an alternating optimization scheme.

In this thesis, the MIMAP and MAL algorithms are generalized to a joint optimization
algorithm, where the exit wave and the registration are optimized simultaneously instead
of alternatingly. Based on the functionals from the MIMAP and MAL algorithms, a novel
objective functional Eσ is defined that depends on both the current estimate for the exit
wave and the registration.

The aim of this thesis is twofold. To date, only very little emphasis has been put on
the mathematical properties of the MIMAP and MAL algorithms. Therefore, one of the
main aims is to give a complete and coherent mathematical description of the variational
approach to exit wave reconstruction. This is facilitated by the novel objective functional
Eσ as it joins the optimization of the exit wave and the registration of the image series
into a single minimization problem. The main results in this regard are the existence
of minimizers of Eσ, its non-convexity and the non-coercivity of its data term. These
results are based on a novel representation of the forward model using the notion of the
weighted cross-correlation and ?-separable weights. The second aim of this thesis is the
numerical minimization of the objective functional. For this purpose, several pecularities
of the discretized inverse problem are pointed out and corresponding solutions proposed,
which have been implemented in a C++ program that has been written as a part of this
thesis.

This thesis is divided into 5 chapters. Chapter 1 gives a brief overview of TEM image
formation and existing methods for exit wave reconstruction as well as the notation and
some common definitions that are used throughout this thesis. In Chapter 2, the forward
model of simulating a TEM image is analysed in detail. Structurally, the simulation of
TEM images from a given exit wave is described by an autocorrelation of the exit wave
weighted by the transfer function of the objective lens. For this reason, the properties
of the weighted cross-correlation are investigated, which is done independently from the
application to the forward model and electron microscopy. Particular emphasis is also
put on the mathematical properties of the different transfer functions that are most
commonly used for TEM image simulation. In Chapter 3, the coercivity, the convexity
and the existence of minimizers of the objective functional are investigated. A part of
the mathematical analysis of Eσ has previously been published in [14] and is extended
here in several ways. In Chapter 4, the discretization of the objective functional and
different aspects of the numerical minimization of the objective functional are discussed.
This chapter also contains a brief description of the implementation of the C++ program
that has been used for the numerical experiments. Chapter 5 contains three exemplary
exit wave reconstructions, including a comparison of an alternating optimization scheme
with the joint optimization of the exit wave and the registration as well as an experiment
on a real image series.

It is pointed out that most of the results in this thesis are not limited to transmission
electron microscopy (also abbreviated as TEM) and more generally applicable to any
least squares problem that involves a weighted cross-correlation as the forward model as
long as the weight function fulfills the properties given in Chapter 2.
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1 Transmission electron microscopy
and exit wave reconstruction

In the first part of this chapter, the imaging process in TEM is outlined by dividing it
into four steps: (1) the emission of electrons from an electron source, (2) the transmission
of the electrons through the specimen, (3) the diversion of the electrons by the objective
lens, and (4) the recording of the electrons by a camera.

This simplified view on image formation in TEM is sufficient for the purpose of this
thesis, which is the inversion of the steps (3) and (4). The inversion of these two steps is
commonly termed “exit wave reconstruction” or “exit wave restoration”. The basic idea
behind exit wave reconstruction and its limitations are presented in the second part of
this chapter.

The general information about TEM image formation presented in this chapter was
extracted from the books [18, 41, 35, 16, 63]. In addition to the brief overview given
here, these books also provide more detailed information on the individual steps of
image formation as well as on any TEM component that is not mentioned here (e.g. the
condenser lenses or the vacuum system).

1.1 Image formation in transmission electron microscopy

The fundamental advantage of electron microscopy over visible light microscopy is the
fact that the de-Broglie wavelength λ = h/p associated to an electron is inversely propor-
tional to the electron’s momentum p, where the proportionality constant h is Planck’s
constant. For typical electron accelerating voltages in TEM this results in a significantly
shorter wavelength than visible light and consequently in a potentially much higher mag-
nification according to the diffraction limit. For example, the de-Broglie wavelength of
electrons accelerated through a potential of 100 kV is roughly 3.7 pm, which is five or-
ders of magnitude smaller than the wavelength of visible light. However, unlike visible
light microscopy, the resolution prescribed by the diffraction limit is not attained or even
surpassed in electron microscopy, which is due to lens aberrations and the considerably
higher requirements on the mechanical and electrical stability of the microscope.

The process of image formation in TEM can be divided into four steps as illustrated
in Figure 1.1. These steps are described briefly in the following, with special emphasis
on the parts relevant to exit wave reconstruction:

1. The electrons are emitted from an electron source, which is most commonly a
thermionic emitter or a field emission gun (FEG). FEGs are superior to thermionic
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1 Transmission electron microscopy and exit wave reconstruction

exit
plane

back
focal plane

image
plane

(1) electron source

(2) specimen

(3) objective lens and aperture

(4) camera

Figure 1.1: Schematic illustration of TEM image formation. The arrows depict three
exemplary electron trajectories.

emitters due to their high electron-optical brightness and small energy spread of
the emitted electrons, which results in a higher spatial and temporal coherence
of the electron beam [35, 56]. The temporal coherence is additionally affected by
instabilities in the accelerating voltage and the objective lens currents.

2. Transmission of the electrons through the specimen: because of diffraction inside
the specimen, the electrons carry information about the specimen when leaving
at its exit plane. This structural information is completely contained within the
electron wave at the exit plane of the specimen, which is also called “exit wave”
for short. For very thin specimens consisting of only light atoms, a direct interpre-
tation of the exit wave or the TEM images is possible by means of the so-called
weak phase object approximation (WPOA). If the specimen is not sufficiently thin
or contains heavy atoms, then Bloch wave methods or the multislice algorithm
and channelling theory can be utilized for an interpretation of the exit wave or
the TEM images [41, 11]. While understanding this part of the image formation
process is essential to the analysis of the TEM images and the exit wave, it is not
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1.1 Image formation in transmission electron microscopy

directly relevant for the reconstruction of the exit wave and therefore not discussed
in more detail here.

3. After passing through the specimen, the electrons are focused by the objective lens
of the microscope. As the objective lens is not an ideal lens, it introduces several
aberrations to the generated images. In terms of the achievable resolution, the most
important aberrations are the focus Z, the third-order spherical aberration Cs and
the chromatic aberration Cc. The focus is a special aberration as it can be easily
adjusted to arbitrary positive or negative values, which can be exploited in several
ways. On the one hand, the Scherzer focus [60] yields optimum phase contrast by
partially compensating for the positive spherical aberration, whereas the Lichte
focus [47] maximizes the amount of information contained in the images at the
cost of requiring numerical postprocessing. On the other hand, the objective lens
focus can also be varied in order to retrieve a whole series of images with different
focus from the same object, which can then be used for the reconstruction of
the exit wave as outlined in Section 1.2. The objective aperture is located below
the objective lens and acts as a low-pass filter on the electron wave by removing
electrons that have been scattered to a high angle depending on the radius of the
aperture.

4. In the last stage, the electrons are recorded by a camera. Most commonly, a slow-
scan charge-coupled device (CCD) camera is used to record photons emitted from
a phosphor screen located in front of the camera that converts an electron into
a set of photons. The non-ideality of the electron detection process is described
by the modulation transfer function (MTF), which acts as a blurring envelope
on the recorded images [49]. Recently, new CMOS (complementary metal oxide
semiconductor) cameras have been developed that are capable of detecting elec-
trons directly, which results in an improved MTF and signal-to-noise ratio [27, 48].
However, both image acquisition devices share the fundamental limitation that the
recorded image is real-valued and proportional to the squared amplitude of the
electron wave in the image plane, lacking any information about the phase of the
image plane electron wave. In the case of an ideal detector, the recorded image is
a gray-scale pixelated image, whose pixel values are proportional to the number
of electrons that arrived at the corresponding area on the image plane. For a real
detector like a CCD or a CMOS camera, the resulting image is additionally blurred
by the camera’s MTF.

An exemplary TEM image of silicon nitride is shown in Figure 1.2.
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1 Transmission electron microscopy and exit wave reconstruction

2 nm

Figure 1.2: Experimental TEM image of Si3N4 sampled with 2048× 2048 pixels. Image
courtesy of Chen Huang from the Oxford Electron Image Analysis Group,
University of Oxford.

1.2 Exit wave reconstruction

Although it is possible to analyse a specimen using only a single TEM image, it can be
difficult to interpret the image correctly. For example, entire atomic columns may be
invisible for certain combinations of aberration coefficients of the objective lens as shown
in Figure 1.3. Additionally, it is possible for TEM images to contain features that are
caused by the lens aberrations, which may mistakenly be interpreted as a part of the
specimen. The natural approach to solve these issues is to reduce the aberrations, which
can be done by improving the microscope’s hardware components or by postprocessing
the images.

Substantial progress has been made in improving the microscope’s hardware over the
past 30 years. The resolution limit of TEMs was most notably improved by the devel-
opment of effective aberration correctors such as correctors for the third-order spherical
aberration [28] and the chromatic aberration [34]. The use of FEGs in a TEM signif-
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1.2 Exit wave reconstruction

Figure 1.3: Experimental TEM images of CeO2 depicting the same specimen at different
focus values of the objective lens. A comparison of the images shows that a
part of the specimen can disappear from the images for an adversely chosen
focus value. Images courtesy of Chen Huang from the Oxford Electron Image
Analysis Group, University of Oxford.

icantly increased the spatial and temporal coherence and consequently improved the
information limit of TEMs equipped with a FEG [56].

Independently of the microscope’s hardware components, it is always possible to post
process the images numerically. In the following, several algorithms are presented that
attempt to reconstruct the exit wave from some kind of image data. As the exit wave
is the electron wave at the exit plane of the specimen right before it passes through
the objective lens, it is free from aberrations by definition. Besides the removal of the
aberrations, exit wave reconstruction has the additional remarkable advantages that
the phase of the electron wave is reconstructed and blurring effects due to the partial
temporal and spatial coherence are reduced. The existing algorithms for exit wave
reconstruction can be divided into two categories: linear and non-linear reconstruction
algorithms.

Linear reconstruction algorithms assume that the linear imaging approximation holds,
i.e. that only the interferences between the central electron beam and the scattered
electrons contribute significantly to the image contrast. The interferences between any
two scattered electrons are therefore ignored, which is a valid approximation for very
thin specimens. Two widely used linear reconstruction algorithms are the reconstruction
with a Wiener filter (see e.g. [50, 36]) and the paraboloid method (PAM) [13], both of
which are based on an algorithm originally devised by Schiske [61, 59]. These algorithms
reconstruct the exit wave from a series of TEM images depicting the specimen at different
focus values, a so-called focus series.
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1 Transmission electron microscopy and exit wave reconstruction

In contrast to the linear reconstruction algorithms, non-linear reconstruction algo-
rithms also take interferences of scattered electrons into account and are therefore more
generally applicable to any specimen. A well-known non-linear reconstruction algorithm
is the Gerchberg-Saxton algorithm [25], which retrieves the phase of the electron wave
from its amplitudes measured in the image plane and the back focal plane. The algo-
rithm by Misell [51] is closely related to the Gerchberg-Saxton algorithm and requires a
focus series instead of the electron wave’s amplitude in the back focal plane. A compar-
atively new approach to non-linear exit wave reconstruction consists of solving a partial
differential equation called the transport of intensity equation (TIE) for a focus series
consisting of two or more images [6, 33].

This thesis is concerned with a further class of non-linear reconstruction algorithms,
which may be termed ‘variational non-linear reconstruction algorithms’. In these meth-
ods, the exit wave is iteratively reconstructed from a series of TEM images by minimizing
a certain objective functional. The value of the objective functional depends on the dis-
tances of experimental and simulated TEM images, where the simulated images are
calculated from a given estimate for the exit wave. In this way, the estimate for the
exit wave is improved until a prescribed stopping criterion is fulfilled, in which case it
is assumed that the reconstructed exit wave closely resembles the true exit wave of the
specimen.

The first of these algorithms was the “multiple input maximum a-posteriori” (MIMAP)
algorithm developed by Kirkland [38, 39]. Essentially, the MIMAP algorithm takes a
focus image series

(
Iexp
j

)
j=1,...,N

as input and minimizes the functional

JMIMAP
σ [Ψ] =

N∑
j=1

∣∣∣∣∣∣IMIMAP
Ψ,Zj

− Iexp
j

∣∣∣∣∣∣2
L2

+ σ ||Ψ−ΨM ||2L2 , σ > 0,

where IMIMAP
Ψ,Zj

is the forward model that consists of simulating a TEM image from the

current estimate for the exit wave Ψ and the focus value Zj of the j-th input image Iexp
j .

Here, ΨM is an a-priori estimate of the exit wave, which can be computed from the
input images for example. The MIMAP functional is minimized using a gradient-based
minimization method. The maximum-likelihood (MAL) algorithm [9, 10, 66] is based on
the MIMAP algorithm and differs from the MIMAP algorithm mainly in the way that
the simulated images IMAL

Ψ,Zj
are computed, which results in a large gain in computational

efficiency. In the MAL algorithm, the exit wave is reconstructed by minimizing the
functional

EMAL[Ψ] =
1

N

N∑
j=1

∣∣∣∣∣∣IMAL
Ψ,Zj
− Iexp

j

∣∣∣∣∣∣2
L2

using a gradient-based minimization method. A complete description of the MIMAP
and MAL functionals as well as the minimization algorithms is given in Sections 3.1
and 4.1.

Although a focus series is used as input data in the original MIMAP and MAL al-
gorithms, in principle any other microscope parameter can be varied as long as the
real-valued images reveal different parts of the complex-valued exit wave. For example,
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1.2 Exit wave reconstruction

tilt or combined tilt-focus series are also commonly used in exit wave reconstruction
[37, 36, 29] and have their own set of advantages and disadvantages compared to a focus
series. Only focus series will be considered in this thesis.

It is important to note an inevitable problem that arises when working with a series
of input images. As the individual images of a focus series can not be recorded at ex-
actly the same time, specimen drift and instrumental instabilities cause the images to
be slightly shifted with respect to each other. Since the exit wave is reconstructed by
combining information from all input images, an accurate registration is crucial for a
successful reconstruction. In the MIMAP algorithm, the registration is updated during
every iteration by applying a translation to the simulated images IMIMAP

Ψ,Zj
and addi-

tionally minimizing the functional with respect to this translation without taking the
update of the exit wave in the same iteration into account. In contrast to this, in the
MAL algorithm the images are registered by calculating the cross-correlation of each ex-
perimental image with the corresponding simulated image, which is done alternatingly
with the minimization of EMAL.

Reconstructing the exit wave from a series of images also has a number of other
advantages and disadvantages that have not been mentioned yet. An obvious problem
in recording a series of images as opposed to a single image is the radiation damage
caused by the electron beam. Since all images in the series are assumed to show the
same specimen and atomic structure, care must be taken not to damage the specimen
excessively, which is done by using lower accelerating voltages for radiation sensitive
specimens. Decreasing the accelerating voltage also decreases the signal-to-noise ratio
(SNR), which in turn is partially compensated for by the fact that the reconstructed
exit wave is less noisy than the individual images [65, 29].

Independently of the method that is used for aberration correction, the aberration co-
efficients have to be known to a high precision for a successful correction [68, 29]. How-
ever, exit wave reconstruction has the advantage that residual aberrations still present in
the reconstructed exit wave can oftentimes be removed or reduced numerically, since the
effect of the aberrations on the exit wave is given by a simple multiplication in Fourier
space [55, 19, 67]. In contrast to this, there is no such relationship between TEM images
and aberration coefficients that can similarly be inverted directly. Furthermore, exit
wave reconstruction allows for the correction of aberrations of arbitrary order, which is
not possible with hardware correctors.

As mentioned above, the task of exit wave reconstruction involves the inversion of
the steps (3) and (4) of TEM image formation in order to retrieve the electron wave
at the exit plane of the specimen. It is clear that the third step can only be partially
inverted as frequencies removed by the objective aperture are not contained in any image
of the series and thus can not be reconstructed. Additionally, for a sufficiently well
characterized detector with known MTF, the MTF may be removed from the recorded
images numerically with a deconvolution prior to further image processing [19]. In the
following, it is therefore assumed that the TEM images are not affected by the MTF of
the camera. In this case, the fourth step simply consists of taking the squared amplitude
of the complex valued electron wave in the image plane.
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1 Transmission electron microscopy and exit wave reconstruction

1.3 The structure of this thesis

The present thesis is divided into two parts: the theory in Chapters 2 and 3 and the
numerics in Chapters 4 and 5. Some of the results presented here have previously been
published in the article [14]. In each of these cases a reference to the corresponding
result from the article is provided.

It is fairly obvious from its definition in Equation (2.1) that the forward model of
simulating a TEM image is structurally identical to an autocorrelation of the exit wave
weighted by an appropriate weighting function. Although this is observed in most if
not all publications in the field of TEM exit wave reconstruction, the mathematical
properties of the weighted cross-correlation have not yet been investigated in the context
of exit wave reconstruction. However, the properties of the weighted cross-correlation
are essential not only to a complete understanding of the forward model but also to
all nontrivial results regarding the inverse problem. Therefore, a multitude of results
regarding the weighted cross-correlation is derived in Section 2.1, which are partially
based on the corresponding results for the ordinary cross-correlation. In Section 2.2,
these results are then applied to the specific weights that are used in TEM, or, in
other words, to the forward model of TEM image simulation. It is emphasized that the
compact notation for the weighted cross-correlation introduced in Section 2.1 plays a
key role in stating these results, as the commonly used, verbose integral notation of the
forward model tends to obscure its underlying mathematical structure. Furthermore, the
novel notion of a ?-separable weight allows one in certain cases to approximate weighted
cross-correlations by sums of ordinary cross-correlations, which makes it possible to
utilize the convolution theorem and consequently renders many proofs viable in the first
place. These results are further generalized to weight functions that are not necessarily
?-separable themselves, but can be uniformly approximated by ?-separable weights.

One of the main aims of this work is to establish the existence of minimizers for a
novel objective functional, which combines the reconstruction of the exit wave and the
registration of the focus series into a joint minimization approach. The starting point
for the definition of the objective functional are the existing functionals for exit wave
reconstruction JMIMAP

σ and JMAL described in Section 3.1. In order to show the existence
of minimizers with the direct method of the calculus of variations, it is necessary that the
objective functional is coercive and weakly lower semi-continuous. The analysis of the
coercivity of the data terms of the MIMAP and MAL functionals in Section 3.2 reveals
that the data term is not coercive in general. Consequently, the definition of the novel
objective functional Eσ in Section 3.3 includes the nonlinear Tikhonov regularizer that is
used in the MIMAP functional. Thus Eσ is coercive and the weak lower semi-continuity
is established as a corollary of the results in Chapter 2, which concludes the proof of the
existence of minimizers. Finally, it is shown in Section 3.4 that the objective functional
is not convex in general, which also applies to the MIMAP and MAL functionals. For a
strongly simplified version of the objective functional, this result is further extended to
show the non-convexity on any neighborhood of a global minimizer.

The theoretical results are complemented by the practical aspects discussed in Chap-
ter 4, which are important for a successful numerical minimization of the objective

10



1.3 The structure of this thesis

functional. At first, a brief summary of the MIMAP and MAL algorithms is given in
Section 4.1. In Section 4.2, a discretization of the objective functional Eσ is deduced.
This particularly includes a detailed analysis of the non-trivial connection between the
discrete Fourier transform and the continuous Fourier transform, which is surprisingly
often omitted in the literature. Section 4.3 provides a brief summary of the iterative,
gradient-based minimization algorithms that are considered for the minimization of the
objective functional. However, there are several issues with a naive minimization of the
discretized objective functional that affect both the convergence speed and the correct-
ness of the result. In Section 4.4, three of these problems are identified and appropriate
solutions are proposed. On the one hand, scaling of the individual components of a joint
minimization problem is frequently necessary to ensure a fast convergence to the correct
minimizer, which is described in Section 4.4.2. A problem that is more specifically linked
to TEM image simulation is the fact that the contrast in the simulated images wraps
around the image borders. Consequently, TEM images should be simulated on an ex-
tended domain by adding an additional buffer zone to the discrete exit wave as described
in Section 4.4.3. Furthermore, this buffer zone extends the domain of the discrete exit
wave, which can be exploited in a remarkable way as shown in Section 4.4.4. In a nut-

shell, the integration domain of each summand
∣∣∣∣Isim

Ψ,Zj
−Iexp

j,tj

∣∣∣∣2
L2 of the data term, where

Isim
Ψ,Zj

is the j-th simulated TEM image and Iexp
j,tj

is the j-th experimental TEM image

shifted by tj ∈ R2, may be adjusted according to the current estimate for the image shift
tj ∈ R2. This completely eliminates errors due to image continuation and maximizes
the use of the available information in the input images. Chapter 4 is concluded with
a brief overview of the program for exit wave reconstruction that has been written in
C++ as part of this thesis and was used to perform the numerical experiments shown
here. The sourcecode of the program is available on GitHub [1].

The numerical experiments in Chapter 5 demonstrate the validity of using the ob-
jective functional to reconstruct the exit wave, but also reveal an important limitation
of the approach in its current form. The first experiment in Section 5.1 shows that
the scaling of individual pixels of the discrete exit wave proposed in Section 4.4.2 can
decrease the number of necessary iterations of the minimization algorithm. The second
experiment in Section 5.2 shows the benefit of a joint approach to exit wave reconstruc-
tion and image registration: since a successful exit wave reconstruction is only possible
with a good registration of the focus series and vice versa, a joint minimization yields an
improved convergence rate as compared to an alternating minimization scheme. Finally,
an experimental focus series of a CeO2 sample is used in Section 5.3 to verify that the
objective functional can also be used on real input data. However, the experiment also
shows that the quality of the reconstructed exit wave seemingly decreases after a high
number of iterations, while the value of the objective functional continues to decrease.
This also applies to the MIMAP and MAL algorithms and it is assumed that this is
caused by the noise in the experimental images.

11



1 Transmission electron microscopy and exit wave reconstruction

1.4 Preliminaries

This section introduces important notational conventions and contains several common
definitions that are used throughout this thesis.

Let d ∈ N. The set Br(x) with r ≥ 0 and x ∈ Rd generally denotes the d-dimensional
open ball of radius r centered around x with respect to the 2-norm, unless a different
norm is explicitly specified. The complex conjugate of a number z = a + ib ∈ C is
denoted by z∗ = a − ib. A function f : Ω → C for Ω ⊆ Rd is called Hermitian, if
f ∗(−x) = f(x) for all x ∈ Ω, and skew-Hermitian, if f ∗(−x) = −f(x) for all x ∈ Ω. If
f : Ω ⊆ Rd → C is any function, its Hermitian part is given by

fH(x) :=
1

2

(
f(x) + f ∗(−x)

)
∀x ∈ Ω

and its skew-Hermitian part is

fH(x) :=
1

2

(
f(x)− f ∗(−x)

)
∀x ∈ Ω.

The space of k times continuously differentiable and complex-valued functions on
Ω ⊆ Rd is denoted by Ck(Ω,C) for all k ∈ N0. The support of a function f : Ω → C
with Ω ⊆ Rd is defined as the closed support

supp(f) := {x ∈ Ω | f(x) 6= 0} ⊆ Ω

and the subspace Ck
c (Ω,C) ⊆ Ck(Ω,C) of compactly supported k times continuously

differentiable functions is

Ck
c (Ω,C) := {f ∈ Ck(Ω,C) | supp(f) ⊆ Ω compact}.

The scalar product of vectors x, y ∈ Rd in finite dimensional real vector spaces is
denoted by x ·y =

∑d
j=1 xjyj. For infinite dimensional real vector spaces, the only scalar

product that is needed in the following is the L2-scalar product defined as

(f, g)L2 :=

∫
Ω

f ∗(x)g(x) dx

for all f, g ∈ L2(Ω,C), where Ω ⊆ Rd. Integrals without explicit integration domains
are always understood as integrals over the whole space Rd, possibly by continuing the
integrands with zero beyond their domain. This applies in particular to the Lp-norms
for p ∈ [1,∞), i.e.

||f ||Lp = ||f ||Lp(Rd,C) = ||f ||Lp(Ω,C) =

(∫
Ω

|f(x)|p dx

) 1
p

for all f ∈ Lp(Ω,C).
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1.4 Preliminaries

The cross correlation of measurable functions f, g : Rd → C is defined by(
f ? g

)
(x) :=

∫
f ∗(y)g(x+ y) dy ∀x ∈ Rd

and the convolution is defined by(
f ∗ g

)
(x) :=

∫
f(y)g(x− y) dy ∀x ∈ Rd

provided that the integrals are well-defined in the sense of Lebesgue-integrability. If
f, g : Ω → C are Hermitian functions, then f ? g = g ? f . The same equality holds
if f and g are both skew-Hermitian. If f : Ω → C is Hermitian and g : Ω → C is
skew-Hermitian, then f ?g = −g ?f . This is used to derive the following useful identity:

Lemma 1.4.1. Let f, g : Ω→ C with Ω ⊆ Rd. Then

f ? g + g ? f = 2
(
fH ? gH

)
+ 2
(
fH ? gH

)
Proof. Splitting f and g into a sum of their Hermitian and skew-Hermitian parts, it
follows that

f ? g =
(
fH + fH

)
?
(
gH + gH

)
= fH ? gH + fH ? gH + fH ? gH + fH ? gH

= gH ? fH − gH ? fH − gH ? fH + gH ? fH =
(
gH − gH

)
? fH +

(
gH − gH

)
? fH .

Consequently,

f ? g + g ? f =
(
gH − gH

)
? fH +

(
gH − gH

)
? fH + g ? fH + g ? fH

= 2
(
gH ? fH

)
+ 2
(
gH ? fH

)
.

The continuous Fourier transform of integrable functions is defined as

F : L1(Rd,C)→ C(Rd,C), f 7→
(
x 7→ F

(
f
)
(x) :=

∫
Rd
f(y)e−2πix·y dy

)
and extended to an isometry on L2(Rd,C) in the usual way. The inverse Fourier trans-
form is similarly defined as

F−1 : L1(Rd,C)→ C(Rd,C), f 7→
(
x 7→ F−1

(
f
)
(x) :=

∫
Rd
f(y)e2πix·y dy

)
.

One of the most useful properties of the Fourier transform is the convolution theorem,
which not only applies to the convolution but also to the cross-correlation. With the
above definitions of the Fourier transform and the cross-correlation resp. convolution,
we have

1. F(f ? g) = F(f)∗F(g)

13



1 Transmission electron microscopy and exit wave reconstruction

2. F−1(f ? g) = F−1(f)∗F−1(g)

3. F(f ∗ g) = F(f)F(g)

4. F−1(f ∗ g) = F−1(f)F−1(g)

for all f, g ∈ L1(Rd,C) ∪ L2(Rd,C). The first two equations imply

F
(
f ? f

)
(x) =

∣∣F(f)(x)
∣∣2 and F−1

(
f ? f

)
(x) =

∣∣F−1
(
f
)
(x)
∣∣2 ∀x ∈ Rd

for all f ∈ L1(Rd,C)∪L2(Rd,C). Another useful property of the Fourier transform that
is occasionally needed is given in the following lemma.

Lemma 1.4.2. Let f ∈ L1(Rd,C) ∪ L2(Rd,C). Then

• f is real-valued ⇐⇒ F(f) is Hermitian

• f is imaginary-valued ⇐⇒ F(f) is skew-Hermitian

The d-dimensional discrete cross-correlation of f, g ∈ CX1×...×Xd with X1, . . . , Xd ∈ N
is defined as

(f ? g)x1,...,xd =

X1∑
a1=0

· · ·
Xd∑
ad=0

f ∗a1,...,ad
ga1+x1,...,ad+xd ∀xi ∈ {0, . . . , Xi − 1},

where g is extended to an element of C(Zd) with an appropriate extension.
An element g ∈ C(Zd) is called (N1, . . . , Nd)-periodic if gn1+a1N1,...,nd+adNd = gn for

all n, a ∈ Zd. The d-dimensional discrete Fourier transform of an (N1, . . . , Nd)-periodic
vector g ∈ C(Zd) is

DFTN(g)k :=

N1−1∑
n1=0

· · ·
Nd−1∑
nd=0

gn1,...,nd exp

(
−2πi

d∑
j=1

njkj
Nj

)
∀ k ∈ Zd.

and the inverse discrete Fourier transform of g is similarly defined by

IDFTN(g)k :=

N1−1∑
n1=0

· · ·
Nd−1∑
nd=0

gn1,...,nd exp

(
2πi

d∑
j=1

njkj
Nj

)
∀ k ∈ Zd.

It is important to note that IDFTN as defined above is not the inverse of DFTN , since
it is missing the normalization factor (N1 · · ·Nd)

−1, i.e.

IDFTN(DFTN(g))k = N1 · · ·Ndgk ∀ k ∈ Zd.
However, this definition of IDFTN is convenient here as it is identical to the definition
used in the implementation for the numerical experiment.

Only the following version of the discrete convolution theorem is needed here, which
is straightforward to verify:

Lemma 1.4.3. Let f, g ∈ CN×M for N,M ∈ N. If f and g are extended to elements of
C(Z2) using periodic continuation, then

DFT(f ? g)x,y = DFT(f)∗x,y DFT(g)x,y

for all x, y ∈ Z.
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2 The forward model: image
simulation

In this chapter, a detailed mathematical description of the simulation of TEM images
from a given exit wave and microscope parameters is presented. This corresponds to the
steps (3) and (4) of TEM image formation as given in Chapter 1 and is one of the core
components of the inverse problem of exit wave reconstruction.

Due to the partial spatial coherence of the electron beam, the specimen is illuminated
from a small cone of directions instead of just a single direction. Since different illumina-
tion angles generate different exit waves, one exit wave is required for each illumination
angle in general. However, if the specimen is sufficiently thin with respect to the spatial
coherence of the electron source, the spread of the illumination angles can be included
in the transfer function of the objective lens instead of the specimen [41]. In this case,
only a single exit wave corresponding to illumination parallel to the microscope’s optical
axis needs to be considered. The relationship between the exit wave in Fourier space
Ψ ∈ L2(R2,C) and a TEM image IΨ,Z ∈ L2(R2,C) in Fourier space is then given by

IΨ,Z(x) =

∫
R2

Ψ∗(y)Ψ(x+ y)TZ(x+ y, y) dy ∀x ∈ R2, (2.1)

where Z ∈ R is the focus value and TZ is the transmission cross-coefficient (TCC) [41, 7].
The TCC models the phase shifts due to aberrations of the objective lens, the objective

aperture and the effects of partial spatial and temporal coherence. Note that only the
dependence on the focus is made explicit for the TCC, as all other aberrations and
microscope parameters are assumed to stay constant within a focus series. Several ver-
sions of the TCC have been developed, each of which put different emphasis on accuracy
or computational efficiency. These are discussed in detail in Section 2.2.

Structurally, the formula for TEM image simulation given in Equation (2.1) is an
autocorrelation of the exit wave Ψ weighted by the TCC TZ . Many of the properties of
the forward model as well as of the inverse problem given in Chapter 3 can be derived
starting from the concept of the weighted cross-correlation introduced in the next section.

2.1 The weighted cross-correlation

The key to understanding the properties of Equation (2.1) is the generalization of the
properties of the ordinary cross-correlation to the weighted cross-correlation. Many of
the proofs given in this section are a straightforward generalization of well-known proofs
for the ordinary cross-correlation (respectively convolution) as given in e.g. [2, 8].
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2 The forward model: image simulation

The definition of the weighted cross-correlation is motivated by Equation (2.1) and a
direct generalization of the ordinary cross-correlation.

Definition 2.1.1. Let f, g : Rd → C and w : Rd × Rd → C be measurable functions.
The weighted cross-correlation f ?w g is defined as(

f ?w g
)
(x) :=

∫
Rd
f ∗(y)g(x+ y)w(x+ y, y) dy

for all x ∈ Rd such that the integral is well-defined in the sense of Lebesgue-integrability.

This definition is extended to functions f : M1 → C and g : M2 → C defined on
subsets M1,M2 ⊆ Rd by setting f(x) := 0 for all x ∈ Rd\M1 and g(x) := 0 for all
x ∈ Rd\M2. It is similarly extended to weight functions w : M3 ×M4 → C for subsets
M3,M4 ⊆ Rd by zero continuation of the weight.

Definition 2.1.1 is kept as general as possible in order to allow for various function
spaces and weights. However, in its current generality, the weighted cross-correlation
has only very few useful properties. In the following, we therefore consider the weighted
cross-correlation for Lebesgue functions f and g. This is reasonable, since the integration
in Definition 2.1.1 is carried out over the entire domain of f and g and therefore the
value of

(
f ?w g

)
(x) is well-defined for all x ∈ Rd (albeit not necessarily finite).

If Lebesgue functions were also considered for the weight w, then f ?w g would no
longer admit point values as the integration is only carried out over a subset of the
weight’s domain of measure zero (namely, the diagonals {(x+ y, y) | y ∈ Rd}). It should
be possible to consider Lebesgue functions for the weight as long as the result itself is
also treated as a Lebesgue function. However, this approach constitutes an unnecessary
complication in the context of TEM image simulation and therefore is not pursued here.

Instead of Lebesgue functions, certain subspaces of bounded functions allow for more
useful properties of the weighted cross-correlation in the present context. For subsets
U ⊆ Rd, the space of measurable and bounded weight functions is defined as

W (U) := {w : U × U → C | w measurable and bounded}.

A weight w ∈ W (U) is called ?-separable, if there exists an N ∈ N and measurable and
bounded functions vj : U → C for all j ∈ {1, . . . , N} such that

w(x, y) =
N∑
j=1

vj(x)v∗j (y) ∀x, y ∈ U. (2.2)

The subspace of weight functions w ∈ W (U) that can be uniformly approximated by
?-separable weights is defined as

W+(U) :=
{
w ∈ W (U)

∣∣∣ ∀N ∈ N ∃wN ∈ W (U) ?-separable: lim
N→∞

||w − wN ||∞ = 0
}
.

The definition of a ?-separable weight can be restated as follows: a weight w ∈ W (U)
is ?-separable if and only if there exists an N ∈ N and measurable and bounded functions
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2.1 The weighted cross-correlation

ṽj : U → C as well as nonnegative coefficients cj ≥ 0 for all j ∈ {1, . . . , N} such that

w(x, y) =
N∑
j=1

cj ṽj(x)ṽ∗j (y) ∀x, y ∈ U.

This follows from the fact that cj ṽj(x)ṽ∗j (y) = vj(x)v∗j (y) for vj :=
√
cj ṽj. Thus the

coefficients cj must be nonnegative in order for w to be a ?-separable weight, which
explains the superscript + in the notation for W+. A direct application of this “non-
negativity” is given in Lemma 2.1.7 for example, where it is shown that F−1(f ?w f) is
nonnegative for weights w ∈ W+(U) and few additional assumptions on f and U .

In the following, a weight w ∈ W (U) is occasionally identified with the equivalence
class [w] ∈ L∞(U×U,C) in order to apply Hölder’s inequality. Note that both W (U) and
W+(U) contain the constant weight w ≡ 1. Therefore, all of the results in this section
where U = Rd may be chosen as the domain are a generalization of the corresponding
results for the ordinary cross-correlation.

2.1.1 Upper bounds

Lemmas 2.1.2 and 2.1.3 and Corollary 2.1.4 give basic upper bounds for the weighted
cross-correlation of Lebesgue functions. These bounds essentially enable us to iden-
tify the weighted cross-correlation of Lebesgue functions again with a function in an
appropriate Lebesgue space.

Lemma 2.1.2 ([14, Lemma A.2]). If f, g ∈ L2(Rd,C) and w ∈ W (Rd), then f ?w g
satisfies (f ?w g)(x) ∈ C for all x ∈ Rd and ||f ?w g||∞ ≤ ||w||∞ ||f ||L2 ||g||L2.

Proof. For each x ∈ Rd, define Tx(y) := x + y for all y ∈ Rd. By definition of the
weighted cross-correlation and the Cauchy-Schwarz inequality,∣∣(f ?w g)(x)

∣∣ ≤ ∫ |f ∗(y)g(x+ y)w(x+ y, y)| dy

≤ ||w||∞
∫
|f ∗(y)g(x+ y)| dy

= ||w||∞ ||f
∗ · (g ◦ Tx)||L1

≤ ||w||∞ ||f
∗||L2 ||g ◦ Tx||L2

= ||w||∞ ||f ||L2 ||g||L2

holds for all x ∈ Rd.

As shown above, the (weighted) cross-correlation of square-integrable functions is
finite everywhere for w ∈ W (Rd). The same is not true for other Lebesgue functions in
general, which can be seen with the functions

fα : R→ R, x 7→

{
1
xα
, if x ∈ (0, 1),

0, otherwise.
(α ∈ R)
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2 The forward model: image simulation

Then fα ∈ L1(R,R)⇐⇒ α < 1 and fα ∈ L2(R,R)⇐⇒ α < 1
2

and it follows that

(
f3/4 ? f3/4

)
(0) =

∫ 1

0

1

y3/2
dy =∞.

Similar to the ordinary cross-correlation, only the Lp norm of the result is bounded in
this case, where p ∈ [1,∞).

Lemma 2.1.3 ([14, Lemma A.3]). Let p ∈ [1,∞). If f ∈ L1(Rd,C), g ∈ Lp(Rd,C) and
w ∈ W (Rd), then f ?w g ∈ Lp(Rd,C) and ||f ?w g||Lp ≤ ||w||∞ ||f ||L1 ||g||Lp.

Proof. Since the weight is bounded, an upper bound for the Lp-norm of f ?w g is given
by

||f ?w g||Lp =

(∫ ∣∣(f ?w g)(x)
∣∣p dx

) 1
p

=

(∫ ∣∣∣∣∫ f ∗(y)g(x+ y)w(x+ y, y) dy

∣∣∣∣p dx

) 1
p

≤
(∫ (∫

|f ∗(y)g(x+ y)w(x+ y, y)| dy

)p
dx

) 1
p

≤ ||w||∞
(∫ (∫

|f ∗(y)g(x+ y)| dy

)p
dx

) 1
p

By a variant of Minkowski’s inequality for integrals [30, Theorem 202],(∫ (∫
|f ∗(y)g(x+ y)| dy

)p
dx

) 1
p

≤
∫ (∫

|f ∗(y)g(x+ y)|p dx

) 1
p

dy,

and consequently it follows that∫ (∫
|f ∗(y)g(x+ y)|p dx

) 1
p

dy =

∫
|f(y)|

(∫
|g(x+ y)|p dx

) 1
p

dy

= ||f ||L1 ||g||Lp <∞.

An immediate consequence of Lemma 2.1.3 is that the space L1(Rd,C) is closed under
weighted cross-correlation. If the support of the weight is bounded, then the same is
true for every Lp-space with p ∈ [1,∞) as shown next.

Corollary 2.1.4 ([14, Corollary A.4]). If p ∈ [1,∞) and w ∈ W (U) for a bounded
subset U ⊆ Rd, then f ?w g ∈ Lp(Rd,C) for all f, g ∈ Lp(Rd,C).

Proof. Since the support of w is bounded, there is an r > 0 such that

supp(w) ⊆ Br(0) ⊆ Rd × Rd.
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2.1 The weighted cross-correlation

Let A := Br(0) ⊆ Rd. Then w(x, y) = w(x, y)χA(x)χ∗A(y) for all x, y ∈ Rd and it follows
that

f ?w g = (fχA) ?w (gχA).

Since fχA ∈ Lp(Rd,C) has bounded support, we get fχA ∈ L1(Rd,C) from Hölder’s
inequality and consequently f ?w g ∈ Lp(Rd,C) by the previous lemma.

As can be seen from the proof of Corollary 2.1.4, one could alternatively require the
support of the functions f and g to be bounded instead of requiring U to be bounded.

2.1.2 Symmetry properties

The next lemma lists two symmetry properties of the weighted cross-correlation of
square-integrable functions, which have various applications. The first property will
mostly be used in the subsequent lemmas, whereas the second property is particularly
useful for simplifying expressions with the weighted cross-correlation.

Lemma 2.1.5 ([14, Lemma A.5]). Let f, g ∈ L2(Rd,C) and w ∈ W (U) for a subset
U ⊆ Rd such that w∗(x, y) = w(y, x) for all x, y ∈ U . Then(

f ?w g
)
(x) =

(
g ?w f

)∗
(−x) ∀x ∈ Rd.

Furthermore, if U is bounded, then

(h, f ?w g)L2 = (g ?w f, h)L2

holds for all Hermitian functions h ∈ L2(Rd,C), that is, for all h ∈ L2(Rd,C) with
h(x) = h∗(−x) for all x ∈ Rd.

Proof. The first statement follows from the definition of the weighted cross-correlation
and the symmetry property of the weight with(

g ?w f
)∗

(−x) =

(∫
g∗(y)f(−x+ y)w(−x+ y, y) dy

)∗
=

∫
g(y)f ∗(−x+ y)w(y,−x+ y) dy

=

∫
g(y + x)f ∗(y)w(y + x, y) dy

=
(
f ?w g

)
(x).

If U is bounded, then both f ?w g and g ?w f are square-integrable by Corollary 2.1.4.
Using the first statement, it follows that

(h, f ?w g)L2 =

∫
h(x)

(
f ?w g

)∗
(x) dx =

∫
h(x)

(
g ?w f

)
(−x) dx

=

∫
h(−x)

(
g ?w f

)
(x) dx =

∫
h∗(x)

(
g ?w f

)
(x) dx = (g ?w f, h)L2 .

The following corollary is a direct consequence of the fact that the weighted autocor-
relation of square-integrable functions is Hermitian by Lemma 2.1.5.
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2 The forward model: image simulation

Corollary 2.1.6 ([14, Lemma A.6]). Let f ∈ L2(Rd,C) and w ∈ W (U) for a subset
U ⊆ Rd such that w∗(x, y) = w(y, x) for all x, y ∈ U . Then F−1(f ?w f) is real-valued.

Proof. By the first symmetry property of Lemma 2.1.5, we have(
f ?w f

)
(x) =

(
f ?w f

)∗
(−x)

for all x ∈ Rd. This implies that F−1(f ?w f) is real-valued by Lemma 1.4.2.

Note that the proof of the above corollary makes use of the inversion of Friedel’s law,
which is frequently used in materials science and states that the Fourier transform of a
real-valued function is Hermitian.

If one additionally requires the weight to be an element of W+(U) and U to be
bounded, then a stronger result on F−1(f ?w f) can be established.

Lemma 2.1.7 ([14, Lemma A.6]). Let f ∈ L2(Rd,C) and w ∈ W+(U) for a bounded
subset U ⊆ Rd such that w∗(x, y) = w(y, x) for all x, y ∈ U . Then F−1(f ?w f) is
real-valued and nonnegative.

Proof. Since w ∈ W+(U), there exists a sequence (wN)N∈N ∈ W (U)N of ?-separable
weights with limN→∞ ||w − wN ||∞ = 0. By definition, it is possible to choose measurable
and bounded functions vj,N : U → C such that

wN(x, y) =
N∑
j=1

vj,N(x)v∗j,N(y) ∀x, y ∈ U ∀N ∈ N.

Using the same reasoning as in the proof of Corollary 2.1.4, we may assume without
loss of generality that supp(f) is bounded. This implies f ∈ L1(Rd,C) and shows that
f ?wN f ∈ L1(Rd,C) for all N ∈ N by Lemma 2.1.3. Therefore, F−1(f ?wN f) is continuous
and the inequality

F−1(f ?wN f) =
N∑
j=1

∣∣F−1(fvj,N)
∣∣2 ≥ 0 (2.3)

holds for allN ∈ N by the linearity of the Fourier transform and the convolution theorem.
Since the Fourier transform is unitary, it follows that∣∣∣∣F−1(f ?w f)−F−1(f ?wN f)

∣∣∣∣
L2 =

∣∣∣∣f ?(w−wN ) f
∣∣∣∣
L2

≤ ||w − wN ||∞ ||f ||
2
L2 −→

N→∞
0

by Lemma 2.1.2. Thus F−1(f ?wN f) → F−1(f ?w f) in L2 and consequently there
exists a subsequence of

(
F−1(f ?wN f)

)
N∈N converging pointwise to F−1(f ?w f) almost

everywhere. But all elements of
(
F−1(f ?wN f)

)
N∈N are nonnegative by Equation (2.3),

which shows that F−1(f?wf) is nonnegative almost everywhere as well. Since F−1(f?wf)
is continuous, it follows that F−1(f ?w f) ≥ 0 everywhere.
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2.1 The weighted cross-correlation

2.1.3 Continuity

Similar to the ordinary cross-correlation, the weighted cross-correlation of Lp- and Lq-
functions is continuous for suitable weight functions if 1

p
+ 1

q
= 1.

Lemma 2.1.8 ([14, Lemma A.8]). Let U ⊆ Rd be an open set such that the measure of
its boundary ∂U is zero and p, q ∈ (1,∞) with 1

p
+ 1

q
= 1. Let f ∈ Lp(U,C), g ∈ Lq(U,C)

and w ∈ W (U). If w is continuous on U × U , then f ?w g ∈ C(Rd,C).

Proof. Fix an arbitrary x ∈ Rd and let ε > 0. We show that f ?w g is continuous
at x. Since Cc(Rd,C) is dense in Lq(Rd,C), there is a function v ∈ Cc(Rd,C) with
||g − v||Lq < ε. Define

Gz : Rd → C, y 7→ g(z + y)w(z + y, y),

Vz : Rd → C, y 7→ v(z + y)w(z + y, y)

for all z ∈ Rd. By the Hölder and Minkowski inequalities,∣∣(f ?w g)(x+ h)−
(
f ?w g

)
(x)
∣∣

≤
∫
|f ∗(y)g(x+ h+ y)w(x+ h+ y, y)− f ∗(y)g(x+ y)w(x+ y, y)| dy

≤ ||f ||Lp ||Gx+h −Gx||Lq
≤ ||f ||Lp

(
||Gx+h − Vx+h||Lq + ||Vx+h − Vx||Lq + ||Vx −Gx||Lq

)
holds for all h ∈ Rd. An upper bound for the first and third summand is given by

||Gz − Vz||Lq ≤ ||g − v||Lq ||w||∞ < ε ||w||∞ ∀ z ∈ Rd.

By the continuity of v and the continuity of w on U × U , we get for all y ∈ Rd with
y /∈ {y ∈ U | x+ y ∈ ∂U} that

lim
h→0

Vx+h(y) = lim
h→0

v(x+ h+ y)w(x+ h+ y, y)

=


v(x+ y)w(x+ y, y), if y ∈ U ∧ x+ y ∈ U,
0, if y ∈ U ∧ x+ y ∈ U c

,

0, if y ∈ U c,

=


Vx(y), y ∈ U ∧ x+ y ∈ U,
Vx(y), y ∈ U ∧ x+ y ∈ U c

,

Vx(y), y ∈ U c.

This implies limh→0 Vx+h(y) = Vx(y) for almost all y ∈ Rd, since ∂U has zero measure and
thus also the set {y ∈ U | x+y ∈ ∂U}. Furthermore, since |Vx+h(y)| ≤ ||w||∞ ||v||∞ <∞
for all y ∈ Rd and

supp(Vx+h) ⊆ B1

(
supp(v)− x

)
=: D ∀h ∈ B1(0),
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2 The forward model: image simulation

it follows that ||w||∞ ||v||∞ χD is an integrable function that dominates the function Vx+h

for all h ∈ B1(0). Now the dominated convergence theorem implies

lim
h→0
||Vx+h − Vx||Lq = 0

and we conclude lim
h→0

∣∣(f ?w g)(x+ h)−
(
f ?w g

)
(x)
∣∣ = 0.

In the special case of p = q = 2, the continuity of the weighted cross-correlation can
be used to derive a characterization of L2-functions, whose weighted autocorrelation is
zero.

Lemma 2.1.9 ([14, Lemma A.9]). Let U ⊆ Rd be an open and bounded set such that
the measure of its boundary ∂U is zero and choose a continuous weight w ∈ W (U). If
there is a constant c > 0 with w(y, y) ≥ c for all y ∈ U , then

||f ?w f ||L2 = 0 ⇐⇒ ||f ||L2 = 0

holds for all f ∈ L2(U,C).

Proof. “⇐”: ||f ||L2 = 0 implies f = 0 almost everywhere and thus ||f ?w f ||L2 = 0.
“⇒”: If ||f ?w f ||L2 = 0, then f ?w f = 0 almost everywhere. However, the function

f ?w f is continuous by Lemma 2.1.8, which implies f ?w f = 0. In particular,

0 =
(
f ?w f

)
(0) =

∫
U

|f(y)|2w(y, y) dy ≥ c ||f ||2L2 ≥ 0

and thus ||f ||L2 = 0.

Since the Fourier transform is unitary, Lemma 2.1.9 also shows that∣∣∣∣F−1(f ?w f)
∣∣∣∣
L2 = 0 ⇐⇒ ||f ||L2 = 0.

Combined with Lemma 2.1.7, this gives a good insight into the possible values of
F−1(f ?w f), provided that the conditions of both lemmas are fulfilled.

The above lemma can be slightly generalized to continuous weights w ∈ W (U) with
limy→xw(y, y) = 0 for some x ∈ ∂U . In this case no global lower bound c > 0 exists
such that w(y, y) ≥ c for all y ∈ U , but it turns out that a “semi-global” lower bound is
also sufficient.

In the following lemma, the distance between a point x ∈ Rd and a set M ⊆ Rd is
defined as

d(x,M) := inf
y∈M
||x− y||2 .

Lemma 2.1.10. Let U ⊆ Rd be an open and bounded set such that the measure of its
boundary ∂U is zero and define Uε := {x ∈ U | d(x, ∂U) > ε}. Choose a continuous
weight w ∈ W (U). If for all ε > 0 there is a constant cε > 0 with w(y, y) ≥ cε for all
y ∈ Uε, then

||f ?w f ||L2 = 0 ⇐⇒ ||f ||L2 = 0

holds for all f ∈ L2(U,C).
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2.1 The weighted cross-correlation

Proof. Only the second part of the proof of “⇒” is different from Lemma 2.1.9. First,
observe that w(y, y) ≥ 0 for all y ∈ U by the condition on w. If f ?w f = 0, then

0 =
(
f ?w f

)
(0) =

∫
U

|f(y)|2w(y, y) dy

=

∫
Uε

|f(y)|2w(y, y) dy +

∫
U\Uε
|f(y)|2w(y, y) dy

≥ cε ||f ||2L2(Uε)
+ 0 ≥ 0

holds for all ε > 0. This implies ||f ||L2(Uε)
= 0 for all ε > 0 and thus ||f ||L2(U) = 0 by the

monotone convergence theorem, since Uε1 ⊆ Uε2 for all ε1 > ε2 > 0 and
⋃
ε>0 Uε = U .

2.1.4 Weak lower semi-continuity

In this section, several properties of functionals involving a weighted autocorrelation
with a weight w ∈ W+(U) are shown as an application of the previous results. Denote
by µt the modulation by a vector t ∈ Rd defined as µt : Rd → C, x 7→ exp(2πix·t). Based
on Lemma 2.1.11, the main result in this section is the weak lower semi-continuity of
the functional (f, t) 7→ ||f ?w f − µtc||2L2 in Proposition 2.1.12. This functional is closely
related to the objective functionals for exit wave reconstruction considered in Chapter 3.

Lemma 2.1.11 ([14, Corollary A.7]). Let U ⊆ Rd be bounded and w ∈ W+(U) such
that w∗(x, y) = w(y, x) for all x, y ∈ U . Then the functional

F : L2(U,C)→ R, f 7→ ||f ?w f ||2L2

is Fréchet differentiable, continuous and convex.

Proof. The first order Gâteaux differential of F at the position f ∈ L2(U,C) in the
direction g ∈ L2(U,C) can easily be calculated using difference quotients and is given by

F ′[f ] : L2(U,C)→ R, g 7→ 2Re
(
(f ?w f, f ?w g + g ?w f)L2

)
.

By the Cauchy-Schwarz inequality, Lemma 2.1.3 and Lemma 2.1.5, the Gâteaux differ-
ential is bounded by

|F ′[f ](g)| ≤ 2 ||f ?w f ||L2 ||f ?w g + g ?w f ||L2 ≤ 4 ||f ?w f ||L2 ||f ?w g||L2

≤ 4 ||f ?w f ||L2 ||w||∞ ||f ||L1 ||g||L2

for all g ∈ L2(U,C), where we have used that f?wf is square-integrable by Corollary 2.1.4
and f ∈ L1(U,C) since U is bounded. Now note that

|F [f + g]− F [f ]− F ′[f ](g)| ≤ ||w||2∞
(
6 ||f ||2L2 ||g||2L2 + 4 ||f ||L2 ||g||3L2 + ||g||4L2

)
(2.4)
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2 The forward model: image simulation

by repeated application of Corollary 2.1.4 and the Cauchy-Schwarz inequality. Summing
up, F ′[f ] is a bounded linear operator that additionally satisfies

0 ≤ lim
g→0

|F [f + g]− F [f ]− F ′[f ](g)|
||g||L2

(2.4)

≤ lim
g→0
||w||2∞

(
6 ||f ||2L2 ||g||L2 + 4 ||f ||L2 ||g||2L2 + ||g||3L2

)
= 0,

which shows that F is Fréchet differentiable and particularly continuous.
The second order Gâteaux differential of F at a position f ∈ L2(U,C) in the direction

g ∈ L2(U,C) is

〈F ′′[f ], g〉 = ||f ?w g + g ?w f ||2L2 + 2Re
(
(f ?w f, g ?w g)L2

)
= ||f ?w g + g ?w f ||2L2 + 2Re

(
(F−1(f ?w f),F−1(g ?w g))L2

)
.

By Lemma 2.1.7, we have 〈F ′′[f ], g〉 ≥ 0 for all f, g ∈ L2(U,C), which implies that F is
convex.

Proposition 2.1.12 ([14, Proposition 4.1]). Let U ⊆ Rd be bounded, c ∈ L2(U,C) and
w ∈ W+(U) with w∗(x, y) = w(y, x) for all x, y ∈ U . Then the functional

F : L2(U,C)× Rd → R, (f, t) 7→ ||f ?w f − µtc||2L2

is weakly lower semi-continuous.

Proof. Split the functional into three parts as follows

||f ?w f − µtc||2L2 = ||f ?w f ||2L2 + ||c||2L2 − 2Re
(
(f ?w f, µtc)L2

)
. (2.5)

The leftmost summand, f 7→ ||f ?w f ||2L2 , is continuous and convex by Lemma 2.1.11
and thus weakly lower semi-continuous in particular. The second summand is constant
and therefore obviously weakly lower semi-continuous.

In order to show that the rightmost summand of Equation (2.5) is weakly lower
semi-continuous, we first consider the special case where the weight w can trivially be
factorized as w(x, y) = v(x)v∗(y) for a bounded function v : U → C. In the following,
we show that the functional G[f, t] :=

(
(fv) ? (fv), µtc

)
L2 is weakly continuous on

L2(U,C)× Rd with respect to the norm

||·|| : L2(U,C)× Rd → R≥0, (f, t) 7→
√
||f ||2L2 + ||t||22.

Let (f, t) ∈ L2(U,C)×Rd and (fn, tn)n∈N ∈ (L2(U,C)×Rd)N be a weakly convergent
sequence with (fn, tn) ⇀ (f, t). Since∫ ∫ ∣∣(fnv)∗(y)

(
fnv)(x+ y)(µtnc)

∗(x)
∣∣ dy dx

≤
∫
||fnv||L2 ||(fnv)(x+ ·)||L2 |c(x)| dx ≤ ||fn||2L2 ||v||2∞ ||c||L1 <∞,
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2.1 The weighted cross-correlation

we can apply Fubini’s theorem to change the integration order so that(
(fnv) ? (fnv), µtnc

)
L2

=

∫ (
fnv
)∗

(y)

∫ (
fnv
)
(x+ y)(µtnc)

∗(x) dx dy

=

∫ (
fnv
)∗

(y)

∫
fn(x) v(x)(µtnc)

∗(x− y)︸ ︷︷ ︸
=:hn,y(x)

dx dy = (gn, fnv)L2 ,

where gn(y) :=
∫
fn(x)hn,y(x) dx for all y ∈ Rd.

For hy(x) := v(x)(µtc)
∗(x− y), we get

|hn,y(x)− hy(x)| ≤ 2 ||v||∞ |c(x− y)| ∀x, y ∈ Rd.

Additionally, tn converges pointwise to t for n → ∞ since weak convergence in the
product space L2(U,C) × Rd implies tn ⇀ t in Rd and Rd is finite dimensional. Thus,
hn,y converges pointwise to h for all y ∈ Rd and consequently hn,y → hy in L2 for
all y ∈ Rd by the dominated convergence theorem. Since fn ⇀ f , it follows that
gn(y) → g(y) :=

∫
f(x)hy(x) dx for all y ∈ Rd. Thus, gn → g is a pointwise converging

sequence.
The support of (gn)n∈N is uniformly bounded, since the support of fn and c is contained

in U for all n ∈ N. Additionally,

|gn(y)| ≤ ||fn||L2 ||v||∞ ||c||L2 ≤ F ||v||∞ ||c||L2

holds for all n ∈ N and y ∈ Rd, where F := supn∈N ||fn||L2 <∞. Applying the dominated
convergence theorem once more yields gn → g in L2.

Summing up, gn → g in L2 and fnv ⇀ fv in L2 implies (gn, fnv)L2 → (g, fv)L2 and
consequently(

(fnv) ? (fnv), µtnc
)
L2 = (gn, fnv)L2 → (g, fv)L2 =

(
(fv) ? (fv), µtc

)
L2 .

Therefore, G[f, t] =
(
(fv) ? (fv), µtc)L2 is weakly continuous.

Next, this result is generalized to H[f, t] := (f ?w f, µtc)L2 using the approximation
property of the weight w ∈ W+(U) with a sequence of ?-separable weights. By the
definition of the vector space W+(U), there exist measurable and bounded functions
vj,N : U → C such that limN→∞ ||w − wN ||∞ = 0 for

wN(x, y) =
N∑
j=1

vj,N(x)v∗j,N(y) ∀x, y ∈ U.

By the previous results,

HN : L2(U,C)× Rd → C, (f, t) 7→ (f ?wN f, µtc)L2 =
N∑
j=1

(
(fvj,N) ? (fvj,N), µtc

)
L2
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2 The forward model: image simulation

is weakly continuous for all N ∈ N.
Let (f, t) ∈ L2(U,C)×Rd and (fn, tn)n∈N ∈ (L2(U,C)×Rd)N be a weakly convergent

sequence with (fn, tn) ⇀ (f, t). Then,

|H[fn, tn]−H[f, t]|
= |H[fn, tn]−HN [fn, tn] +HN [fn, tn]−HN [f, t] +HN [f, t]−H[f, t]|
≤ |H[fn, tn]−HN [fn, tn]|+ |HN [fn, tn]−HN [f, t]|+ |HN [f, t]−H[f, t]|

holds for all N ∈ N. Let C :=
√

Vol(U) and F := supn∈N ||fn||L2 < ∞. It follows that
||g||L1 ≤ C ||g||L2 for all g ∈ L2(U,C) and the summands in the above equation can be
estimated by

|H[fn, tn]−HN [fn, tn]| ≤ 2
∣∣∣∣fn ?(w−wN ) fn

∣∣∣∣
L2 ||c||L2

(Lemma 2.1.3) ≤ 2 ||fn||L1 ||fn||L2 ||w − wN ||∞ ||c||L2

≤ 2CF 2 ||w − wN ||∞ ||c||L2

and, similarly,
|HN [f, t]−H[f, t]| ≤ 2CF 2 ||w − wN ||∞ ||c||L2 .

Therefore, combined with |HN [fn, tn]−HN [f, t]| → 0 for n→∞, we get

lim
n→∞

|H[fn, tn]−H[f, t]| ≤ 4CF 2 ||w − wN ||∞ ||c||L2

for all N ∈ N. Since limN→∞ ||w − wN ||∞ = 0 by the choice of the sequence (wN)N∈N, we
can conclude limn→∞H[fn, tn] = H[f, t]. Thus H is weakly continuous, which implies
in particular that (f, t) 7→ −2Re

(
(f ?w f, µtc)L2

)
is weakly lower semi-continuous. Now

the claim follows, since finite sums of weakly lower semi-continuous functions are also
weakly lower semi-continuous.

2.2 The transmission cross-coefficient

With the notation introduced in the previous section, the process of TEM image forma-
tion can now be expressed in Fourier space as

IΨ,Z = Ψ ?TZ Ψ. (2.6)

As before, Ψ ∈ L2(R2,C) is the Fourier space exit wave, Z ∈ R is the focus, TZ is the
TCC and IΨ,Z(x) is the simulated image in Fourier space. In real space, the simulated
image is therefore given by F−1

(
IΨ,Z

)
= F−1

(
Ψ ?TZ Ψ

)
.

The purpose of this section is to introduce various approximations to the (unknown)
correct TCC and to give an overview of their respective properties. By the previous
section on the weighted cross-correlation, the following properties are particularly useful
for a TCC TZ : U × U → C with U ⊆ R2:
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2.2 The transmission cross-coefficient

I. T ∗Z(v, w) = TZ(w, v) for all v, w ∈ U ⊆ R2. (Lemmas 2.1.5, 2.1.7 and 2.1.11,
Corollary 2.1.6, and Proposition 2.1.12.)

II. TZ is continuous on U × U , where U ⊆ R2 is an open set with vol(∂U) = 0.
(Lemmas 2.1.8 to 2.1.10.)

III. a) ∃ c > 0 : TZ(v, v) ≥ c for all v ∈ U ⊆ R2 (Lemma 2.1.9) or

b) ∀ ε > 0 ∃ cε > 0 : TZ(v, v) ≥ cε for all v ∈ Uε = {x ∈ U | d(x, ∂U) > ε}
(Lemma 2.1.10).

IV. TZ ∈ W+(U) for a bounded subset U ⊆ R2. (Corollary 2.1.4, Lemmas 2.1.7
and 2.1.11, and Proposition 2.1.12.)

Any TCC satisfying these properties is also an element of W (U) due to the fourth
property. If a TCC satisfying Properties I–IV is used as the weight in TEM image
simulation, then all of the results from Section 2.1 can be applied to Equation (2.6).

Property I has been observed earlier by Ishizuka in [32] for the most general version
of the TCC called “full TCC” below. There, it is also shown that a simulated TEM
image in Fourier space is Hermitian as a consequence of the TCC’s symmetry. This in
turn implies that the simulated real space images are real-valued, as one would expect
from a TEM image. The proof given in [32] is identical to the proof of the first part of
Lemma 2.1.5.

Throughout the following subsections, the focus value Z ∈ R is assumed to be a
constant. Along with the description of the TCCs, sufficient conditions on each TCC
are given, which ensure that the TCCs satisfy the properties I through IV independently
of Z. These results are summarized in the concluding subsection 2.2.7. The summary
includes in particular all requirements on the individual components of the TCCs that
are necessary for the proofs in Sections 2.2.1 to 2.2.6.

The TCCs are given in decreasing order of accuracy and in increasing order of com-
putational efficiency. For example, image simulation with the full TCC potentially gives
the most realistic results, but demands the most computation time and is not practical
due to its unknown constituents. The coherent TCC on the other hand gives the least
accurate results, but it is straightforward and fast to compute TEM images using this
TCC.

2.2.1 The full TCC

If the specimen is sufficiently thin with respect to the spatial coherence of the electron
source, then the spread of the illumination angles can be included in the TCC. In this
case, the TCC is given by

T full
Z : R2 × R2 → C, (v, w) 7→

∫
R

∫
R2

s(u)f(ζ)tZ+ζ(v + u)t∗Z+ζ(w + u) du dζ, (2.7)

where Z ∈ R is the focus [41].
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2 The forward model: image simulation

The effects due to the partial spatial and partial temporal coherence are included
with the probability density functions s ∈ L1(R2,R≥0) and f ∈ L1(R,R≥0), where s
is the normalized intensity distribution of the illumination (partial spatial coherence)
and f is the normalized focus spread (partial temporal coherence). In practice, s and
f are unknown and commonly approximated by Gaussian probability distributions (cf.
Section 2.2.3). The function tZ : R2 → C is the pupil function, which can be decomposed
into the pure phase transfer function pZ and the aperture function a as

tZ(v) = pZ(v)a(v) ∀ v ∈ R2. (2.8)

The pure phase transfer function models the aberrations of the objective lens and is
given by

pZ : R2\{0} → C, v 7→ exp
(
− 2πiχZ(v)

)
. (2.9)

The complete wave aberration function χZ is

χZ : R2\{0} → R, v 7→ 1

λ

∑
m∈N

m∑
n=0

m+n even

1

m
cm,nλ

m ||v||m2 cos
(
n(arg(v)− ϕm,n)

)
, (2.10)

where (cm,n, ϕm,n) ∈ R2 are the coefficients of the objective lens’ aberrations and λ ∈ R>0

is the electron wavelength [41, 64, 65]. In this notation, c2,0 = Z is the focus and c4,0 = Cs
is the third-order spherical aberration. For T full

Z , the wave aberration function is the only
part of the TCC that ultimately depends on Z. Note that if n = 0, then ϕm,n is arbitrary
with regard to the value of the wave aberration function and the scalar value cm,n alone
is sufficient to describe the aberration; in this case the aberration is called isotropic and
otherwise anisotropic. In practice, only finitely many aberrations are considered and it
is assumed from now on that only finitely many aberration coefficients are nonzero. If
only focus and third-order spherical aberration are considered and all other aberration
coefficients vanish, the wave aberration function reads as

χZ(v) =
1

2
Zλ ||v||22 +

1

4
Csλ

3 ||v||42 ∀ v ∈ R2\{0}. (2.11)

The aperture function in Equation (2.8) models the objective aperture, which can be
done in one of two ways. Most commonly, the aperture is modeled by an ideal low-pass
filter

a(v) =

{
1, if λ ||v||2 < αmax,

0, otherwise,
∀ v ∈ R2, (2.12)

where αmax ∈ R>0 is the maximum semiangle allowed by the objective aperture. Alter-
natively, the aperture may be modeled with a closed-form approximation to the ideal
low-pass filter. An example of a suitable family of approximations is given by

aδ(v) =
1

1 + exp
(
λ2||v||22−α2

max

δ2

) ∀ v ∈ R2, (2.13)
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2.2 The transmission cross-coefficient

where δ > 0 and limδ→0 aδ(v) = a(v) for all v /∈ ∂Bαmax/λ(0) [18]. A smooth aperture
function reduces sampling artifacts and may at the same time be more realistic than the
ideal low-pass filter function in Equation (2.12) due to partial coherence and the finite
thickness of real apertures [42]. Furthermore, a smooth aperture function will prove to
be very useful for many theoretical results.

Property IV requires the domain of T full
Z to be contained in U ×U , where U ⊆ R2 is a

bounded set, but the support of the full TCC as defined in Equation (2.7) is not bounded
in general. For this reason, we additionally require the probability density s and the
aperture a to have bounded support. Both of these restrictions pose no limitation on
the practical application of the TCC, since both s and a must have bounded support for
a realistic microscope. The aperture function given in Equation (2.13) can for example
be replaced with

ãδ(v) =

{
aδ(v), if ||v||2 <

d
2
,

0, otherwise
(d > 0) (2.14)

or any smooth approximation thereof with bounded support. For numerical computa-
tions, the parameter d may be chosen equal to the length of the diagonal of the TEM
images in Fourier space after the discretization.

The analytic form of the wave aberration function’s summands as given in Equa-
tion (2.10) is impractical for some algebraic manipulations due to the cosine factor. The
following lemma utilizes a well-known geometric identity to remove the cosine factor
from the summands of χZ .

Lemma 2.2.1. Let m,n ∈ N with n ≤ m and c ∈ R. Then

||v||m2 cos
(
n(arg(v)− c)

)
= cos(nc) ||v||m−n2

bn2 c∑
j=0

(
n

2j

)
(−1)jvn−2j

1 v2j
2

+ sin(nc) ||v||m−n2

bn−1
2 c∑
j=0

(
n

2j + 1

)
(−1)jv

n−(2j+1)
1 v2j+1

2

holds for all v ∈ R2\{0}.

Proof. Using the multiple angle formulas

cos(nx) =

bn2 c∑
j=0

(
n

2j

)
(−1)j cos(x)n−2j sin(x)2j ∀n ∈ N ∀x ∈ R,

sin(nx) =

bn−1
2 c∑
j=0

(
n

2j + 1

)
(−1)j cos(x)n−(2j+1) sin(x)2j+1 ∀n ∈ N ∀x ∈ R
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2 The forward model: image simulation

and the geometric identities

||v||2 cos(arg(v)) = v1 ∀ v ∈ R2\{0},
||v||2 sin(arg(v)) = v2 ∀ v ∈ R2\{0},

the term ||v||m2 cos
(
n(arg(v)− c)

)
can be expressed as

||v||m2 cos
(
n arg(v)− nc

)
= ||v||m2

(
cos(n arg(v)) cos(nc) + sin(n arg(v)) sin(nc)

)
= cos(nc) ||v||m−n2

bn2 c∑
j=0

(
n

2j

)
(−1)j ||v||n2 cos

(
arg(v)

)n−2j
sin
(

arg(v)
)2j

+ sin(nc) ||v||m−n2

bn−1
2 c∑
j=0

(
n

2j + 1

)
(−1)j ||v||n2 cos

(
arg(v)

)n−(2j+1)
sin
(

arg(v)
)2j+1

= cos(nc) ||v||m−n2

bn2 c∑
j=0

(
n

2j

)
(−1)jvn−2j

1 v2j
2

+ sin(nc) ||v||m−n2

bn−1
2 c∑
j=0

(
n

2j + 1

)
(−1)jv

n−(2j+1)
1 v2j+1

2 .

Remark 2.2.2. The aberration coefficients (c1,1, ϕ1,1) for (m,n) = (1, 1) represent image
shift. The corresponding term of the aberration function can be written as

c1,1 ||v||2 cos(arg(v)− ϕ1,1)

= c1,1 ||v||2
(

cos(arg(v)) cos(ϕ1,1) + sin(arg(v)) sin(ϕ1,1)
)

= c1,1

(
||v||2 cos(arg(v))

)
cos(ϕ1,1) + c1,1

(
||v||2 sin(arg(v))

)
sin(ϕ1,1)

= c1,1v1 cos(ϕ1,1) + c1,1v2 sin(ϕ1,1)

=

(
c1,1 cos(ϕ1,1)
c1,1 sin(ϕ1,1)

)
︸ ︷︷ ︸

=:cϕ

· v.

This yields a factor v 7→ e−2πicϕ·v of the pure phase transfer function in Equation (2.9).
By Equation (2.7) and the formula for TEM image formation in Equation (2.1), this
factor essentially acts like a modulation by cϕ on the exit wave in Fourier space, which
in turn is equivalent to a shift by cϕ in real space coordinates.

For the sake of simplicity, we assume in the following that supp(s) = Brs(0) and
supp(a) = Bra(0) for rs, ra > 0, where a denotes an aperture function as in Equa-
tion (2.12) or Equation (2.14). The circular shape of the aperture function a and the
intensity distribution of the illumination s particularly simplifies the proof of Property
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2.2 The transmission cross-coefficient

III below. Nonetheless, it should be possible to adapt the proofs below to other shapes
such as all convex shapes with only minor changes.

Additionally, we assume that for all ε > 0 there are constants sε, aε > 0 such that
s(x) ≥ sε for almost all x ∈ Brs−ε(0) and a(y) ≥ aε for all y ∈ Bra−ε(0).

Lemma 2.2.3. Let U := Brs+ra(0). Then supp(T full
Z ) ⊆ U × U .

Proof. Let v ∈ R2\U and w ∈ R2. For any u ∈ R2, the inequality

rs + ra < ||v||2 = ||v + u− u||2 ≤ ||v + u||2 + ||u||2 (2.15)

implies that ||v + u||2 > ra or ||u||2 > rs, since otherwise the inequality in Equation (2.15)

does not hold. Since supp(s) = Brs(0) and supp(a) = Bra(0), it follows that

T full
Z (v, w) =

∫
R

∫
R2

s(u)f(ζ)a(v + u)a(w + u)pZ+ζ(v + u)p∗Z+ζ(w + u) du dζ

=

∫
R

∫
R2

0 du dζ = 0.

It can be shown similarly that T full
Z (v, w) = 0 for all (v, w) ∈ R2 × R2\U .

Due to this result, the domain of T full
Z is restricted to U × U in the following, where

U := Brs+ra(0). The boundary of U × U is ignored as it is a null set and therefore does
not affect the outcome of evaluating Ψ ?T full

Z
Ψ.

Property I: The first property, T full
Z (v, w) = T full

Z (w, v)∗ for all v, w ∈ U , is the easiest
property of the full TCC to show. It follows from the fact that the probability densities
s and f are real-valued and

T full
Z (w, v)∗ =

∫
R

∫
R2

s(u)f(ζ)t∗Z+ζ(w + u)tZ+ζ(v + u) du dζ = T full
Z (v, w)

for all v, w ∈ R2.

Property II: The continuity of the TCC on U × U can be shown with the dominated
convergence theorem. Since |tZ(v)| ≤ 1 for all v ∈ R2, the integrand of T full

Z is dominated
by the function g ∈ L1(R2 × R,R) defined as g(u, ζ) := s(u)f(ζ) for all u ∈ R2 and all
ζ ∈ R. Therefore, the continuity follows from the dominated convergence theorem and
the fact that the pupil function tZ is continuous on U .

Property III: For all v ∈ R2 the expression T full
Z (v, v) can be simplified as

T full
Z (v, v) =

∫
R

∫
R2

s(u)f(ζ) |tZ+ζ(v + u)|2︸ ︷︷ ︸
=a(v+u)2

du dζ =

∫
R
f(ζ)

∫
R2

s(u)a(v + u)2 du dζ

=

∫
R2

s(u)a(v + u)2 du =
(
s ? a2

)
(v),
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2 The forward model: image simulation

since
∫
R f(ζ) dζ = 1. Since a is bounded and supp(a) is compact, it follows that

a2 ∈ L2(R2,R). Therefore, the function v 7→ T full
Z (v, v) is continuous on R2 for ev-

ery probability density s ∈ L1(R2,R) ∩ L2(R2,R). However, T full
Z (v, v) is zero for all

v /∈ U as shown in Lemma 2.2.3. This implies that there is no c > 0 with T full
Z (v, v) ≥ c

for all v ∈ U . Consequently, Property IIIa does not hold in general for this version of
the TCC.

As this property is only needed for Lemma 2.1.9, a possible remedy to this situation
is given by its generalization Property IIIb, which is sufficient for the slightly weaker
requirements of Lemma 2.1.10. For this generalization a “global” lower bound on all of
U is not required. Instead, it is sufficient to find lower bounds cε > 0 such that

∀ ε > 0 ∃ cε > 0 : T full
Z (v, v) ≥ cε ∀ v ∈ Uε = {x ∈ U | d(x, ∂U) > ε}.

The existence of these lower bounds can be shown as follows. Figure 2.1 illustrates the
notation used in the proof.

Let ε > 0 be arbitrary and v ∈ Uε = Brs+ra−ε(0). If V = Brs(0) ∩Bra(−v), then

T full
Z (v, v) =

∫
R2

s(u)a(v + u)2 du =

∫
V

s(u)a(v + u)2 du ≥
∫
Vδ

s(u)a(v + u)2 du

for all δ > 0, where Vδ = {x ∈ V | d(x, ∂V ) > δ}. Since ||v||2 < rs + ra, the set V
is non-empty, which in particular implies that Vδ is non-empty for all sufficiently small
δ > 0. Let sδ, aδ > 0 such that s(x) ≥ sδ for all x ∈ Brs−δ(0) and a(y) ≥ aδ for all
y ∈ Bra−δ(0). A straightforward computation shows Vδ = Brs−δ(0) ∩ Bra−δ(−v) and it
follows that

T full
Z (v, v) ≥

∫
Brs−δ(0)∩Bra−δ(−v)

s(u)a(v + u)2 du ≥ sδa
2
δvol

(
Brs−δ(0) ∩Bra−δ(−v)

)
.

For any v ∈ Uε, the volume vol
(
Brs−δ(0)∩Bra−δ(−v)

)
is bounded below by the constant

k := vol
(
Brs−δ(0)∩Bra−δ(−ṽ)

)
, where ṽ ∈ ∂Uε. Therefore, if δ is sufficiently small, then

a positive lower limit for T full
Z (v, v) that is independent of the particular choice of v ∈ Uε

is
T full
Z (v, v) ≥ sδa

2
δk =: cε > 0.

Property IV: By the continuity of the TCC on U × U , T full
Z is measurable on U × U

and it is clearly also bounded, since∣∣T full
Z (v, w)

∣∣ ≤ ∫
R

∫
R2

s(u)f(ζ)
∣∣tZ+ζ(v + u)t∗Z+ζ(w + u)

∣∣︸ ︷︷ ︸
≤1

du dζ ≤ 1

for all v, w ∈ R2. This shows T full
Z ∈ W (U) for the bounded set U = Brs+ra(0) ⊆ R2.

In order to show that the TCC can be uniformly approximated by ?-separable weights,
the integrand of T full

Z is split into the two parts

g : R2 × R→ R, (u, ζ) 7→ s(u)f(ζ),

qv,w : R2 × R→ C, (u, ζ) 7→ tZ+ζ(v + u)t∗Z+ζ(w + u)
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≥ sδ ≥ aδ

supp(s) = Brs(0) supp(a)− v = Bra(−v)

V

δ δ
Vδ

Figure 2.1: Illustration of the proof of Property IIIb.

for all v, w ∈ R2. A fundamental part of the proof of the following proposition is the
Lipschitz continuity of the integrand of T full

Z , which requires additional assumptions on
the probability densities s and f as well as on the aperture function a. In particular, the
aperture function a is required to be differentiable, which can be achieved by convolving a
with a continuously differentiable mollifier. Here, the supremum norm of a vector-valued
function α : Rn → Cm is defined as

||α||∞ := sup
x∈Rn
||α(x)||∞ .

Proposition 2.2.4 (Factorization property of the TCC). Assume that the aperture
function a as well as the probability density functions s and f are differentiable with

sup
v′,w′∈R2

||g∇qv′,w′ ||∞ <∞ and ||∇g||∞ <∞. (2.16)

Then there exists a sequence (TZ,N)N∈N ∈ W (R2)N of functions converging uniformly to

T full
Z with the following properties:

(i) TZ,N is continuous and bounded on U × U and zero on (R2 ×R2)\(U × U) for all
N ∈ N.

(ii) For all N ∈ N, j ∈ {1, . . . , N}, there are functions hZ,N,j : R2 → C such that
hZ,N,j is continuous and bounded on U , zero on R2\U and

TZ,N(v, w) =
N∑
j=1

hZ,N,j(v)h∗Z,N,j(w) ∀ v, w ∈ R2.
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2 The forward model: image simulation

Proof. The proof is almost identical to [14, Proposition 2.3]. As the integrand of

T full
Z : R2 × R2 → C, (v, w) 7→

∫
R

∫
R2

s(u)f(ζ)tZ+ζ(v + u)t∗Z+ζ(w + u) du dζ

is continuous in (u, ζ) and already factorized with respect to v and w, we expect the
Riemann sums

M∑
α=−M

M∑
β,γ=−M

δMδ
2
Ms(uβ,γ)f(ζα)tZ+ζα(v + uβ,γ)t

∗
Z+ζα(w + uβ,γ),

• M ∈ N,
• δM = M−k for k ∈

(
3
4
, 1
)
,

• uβ,γ = (βδM , γδM) ∈ R2,

• ζα = αδM ∈ R

to be suitable approximations of T full
Z by ?-separable weight functions. More precisely,

if we define

hZ,M,α,β,γ(v) :=
√
δ3
Ms(uβ,γ)f(ζα)tZ+ζα(v + uβ,γ) ∀ v ∈ R2,

then reordering the indices α, β, γ ∈ {−M, . . . ,M} to an index j ∈ {1, . . . , N} with
N := (2M + 1)3 yields the sought functions hZ,N,j. It remains to show that these sums
converge uniformly to T full

Z on U × U as M →∞, since the functions hZ,N,j are zero on
R2\U = R2\Brs+ra(0).

Let ε > 0 and fix v, w ∈ U . First, note that the integrand

τv,w : R2 × R→ C, (u, ζ) 7→ s(u)f(ζ)tZ+ζ(v + u)t∗Z+ζ(w + u)

is Lipschitz continuous. This follows from the fact that the gradient is bounded by

||∇τv,w||∞ = ||∇(gqv,w)||∞ = ||g∇qv,w + qv,w∇g||∞ ≤ ||g∇qv,w||∞ + ||∇g||∞
≤ sup

v′,w′∈R2

||g∇qv′,w′||∞ + ||∇g||∞ =: L <∞.

Let JM := [−MδM , (M+1)δM ] and Ix,M := [xδM , (x+1)δM ] for all x ∈ Z and all M ∈ N.
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2.2 The transmission cross-coefficient

Using the triangle inequality twice,∣∣∣∣∣
M∑

α=−M

M∑
β,γ=−M

δ3
Mτv,w(uβ,γ, ζα)−

∫
R

∫
R2

τv,w(u, ζ) du dζ

∣∣∣∣∣
≤

∣∣∣∣∣
M∑

α=−M

M∑
β,γ=−M

δ3
Mτv,w(uβ,γ, ζα)−

∫
JM

∫
JM×JM

τv,w(u, ζ) du dζ

∣∣∣∣∣+ CM

≤
M∑

α=−M

M∑
β,γ=−M

∫
Iα,M

∫
Iβ,M×Iγ ,M

|τv,w(uβ,γ, ζα)− τv,w(u, ζ)| du dζ + CM

≤
M∑

α=−M

M∑
β,γ=−M

∫
Iα,M

∫
Iβ,M×Iγ ,M

3L ||(uβ,γ, ζα)− (u, ζ)||∞︸ ︷︷ ︸
≤δM

du dζ + CM

≤ (2M + 1)3δ3
M · 3LδM + CM , (2.17)

where CM = supv,w∈U
∫
R3\J3

M
|τv,w(x)| dx. The functions

cM : U × U → R, (v, w) 7→
∫
R3\J3

M

|τv,w(x)| dx (M ∈ N)

define a monotone sequence of continuous functions, which converges pointwise to zero
on the compact space U × U . Hence, cM converges uniformly to zero as M → ∞ by
Dini’s theorem, which implies limM→∞CM = 0. The first summand in Equation (2.17)
also converges to zero for M → ∞, since δM = M−k with k ∈

(
3
4
, 1
)
. This shows the

uniform convergence of the Riemann sums to T full
Z on U × U .

Intuitively, the requirement supv,w∈R2 ||g∇qv,w||∞ < ∞ ensures that the probability
densities s and f decrease at least as fast as the gradient of qv,w grows for all v, w ∈ R2.
For instance, the TCC T Ishizuka

Z described in Section 2.2.3 approximates the full TCC
by using Gaussian probability densities for s and f . In this case, the above condition
in Proposition 2.2.4 is clearly fulfilled, since ∇qv,w grows only polynomially whereas g
decreases exponentially. Although using a Gaussian probability density for s violates
the requirement on s having bounded support, it turns out that T Ishizuka

Z satisfies the
Properties I–IV nonetheless. In other words, the conditions on s given in this section
are sufficient for the Properties I–IV to hold, but not necessary.

2.2.2 The large aperture approximation

What is called the “large aperture approximation” here is identical to the full TCC
with one key difference: the aperture function is removed from the TCC’s integrand by
ignoring the dependency of the aperture function on the integration variable u. The
resulting TCC is

T ap
Z (v, w) := a(v)a∗(w)

∫
R

∫
R2

s(u)f(ζ)pZ+ζ(v + u)p∗Z+ζ(w + u) du dζ. (2.18)
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2 The forward model: image simulation

This is a common simplification that is justified if the diameter of the aperture is suf-
ficiently large compared to the highest frequency of interest [41, 32, 24], which is ex-
plained in more detail below. In particular, this can be considered as the first step
towards Ishizuka’s well established approximation to the full TCC that is described in
Section 2.2.3. The large aperture approximation T ap

Z is the version of the TCC that was
used in the previously published article [14].

In order to assess the error that is made by the simplification in Equation (2.18)
qualitatively, we assume that supp(s) = Brs(0) and a = 1Bra (0) for ra > rs > 0. Then,

T full
Z (v, w) =

∫
R

∫
Brs (0)

s(u)f(ζ) a(v + u)︸ ︷︷ ︸
=1

a(w + u)︸ ︷︷ ︸
=1

pZ+ζ(v + u)p∗Z+ζ(w + u) du dζ

= T ap
Z (v, w)

for all v, w ∈ Bra−rs(0) and similarly

T full
Z (v, w) =

∫
R

∫
Brs (0)

s(u)f(ζ) a(v + u)︸ ︷︷ ︸
=0

a(w + u)︸ ︷︷ ︸
=0

pZ+ζ(v + u)p∗Z+ζ(w + u) du dζ

= T ap
Z (v, w)

for all v, w /∈ Bra+rs(0). It follows that T ap
Z (v, w) = T full

Z (v, w) holds for all v, w ∈ R2

except for possibly some frequencies on the annulus v, w ∈ Bra+rs(0)\Bra−rs(0). The
contributions to a frequency x ∈ R2 of the simulated image are then separated into two
parts,

Isim
Ψ,Z(x) =

(
Ψ ?T full

Z
Ψ
)
(x) =

∫
R2

Ψ∗(y)Ψ(x+ y)T full
Z (x+ y, y) dy

=

∫
M1(x)

Ψ∗(y)Ψ(x+ y)T ap
Z (x+ y, y) dy +

∫
M2(x)

Ψ∗(y)Ψ(x+ y)T full
Z (x+ y, y) dy,

(2.19)

where M1(x) = {y ∈ R2 : ||x+ y||2 ≤ ra− rs ∧ ||y||2 ≤ ra− rs} and M2(x) = R2\M1(x).
By Lemma 2.2.3, the unbounded set M2(x) may be replaced by M2(x)∩Brs+ra(0), since
T full
Z (x + y, y) is zero for all y /∈ Brs+ra(0) and thus the value of the integral on the

right-hand side in Equation (2.19) is not altered. The sets M1(x) and M2(x)∩Brs+ra(0)
are shown in Figure 2.2. If ||x||2 is small compared to the aperture radius ra � rs, then
the left integral contributes the major part of the value IΨ,Z(x), i.e.∫

M1(x)

Ψ∗(y)Ψ(x+ y)T ap
Z (x+ y, y) dy +

∫
M2(x)

Ψ∗(y)Ψ(x+ y)T full
Z (x+ y, y) dy

≈
∫
M1(x)

Ψ∗(y)Ψ(x+ y)T ap
Z (x+ y, y) dy +

∫
M2(x)

Ψ∗(y)Ψ(x+ y)T ap
Z (x+ y, y) dy

=
(
Ψ ?T ap

Z
Ψ
)
(x).

Otherwise, if ||x||2 is not small compared to the aperture radius ra, then M1(x) is small
compared to M2(x) and T ap

Z is not necessarily a good approximation to T full
Z .
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2rs ra − rs (0, 0)

x

2rs ra − rs (0, 0)

x

Figure 2.2: The figure on the left shows the sets M1(x) and M2(x)∩Brs+ra(0) for ||x||2 �
ra and the figure on the right shows the same sets for ||x||2 ≈ ra. The hatched
blue region is the set M1(x) and its complement within the disk of radius
ra + rs is the set M2(x) ∩Brs+ra(0).

Properties I–IV: The obvious difference between T full
Z and T ap

Z with respect to the
Properties I through IV is the domain of the TCC. Since the support of T ap

Z is directly
limited by the aperture function, we have supp(T ap

Z ) ⊆ U × U with U := Bra(0).
The proofs of the first two properties I and II are essentially the same as the proofs

for the full TCC given in Section 2.2.1. The proof of the third property III is greatly
simplified by the fact that the aperture function is no longer a part of the integrand. It
follows that

T ap
Z (v, v) = a(v)2

∫
R

∫
R2

s(u)f(ζ) |pZ+ζ(v + u)|2︸ ︷︷ ︸
=1

du dζ = a(v)2

holds for all v ∈ R2, which immediately shows that either Property IIIa or its general-
ization IIIb holds for T ap

Z , depending on the kind of aperture function used.
The fact that T ap

Z is measurable and bounded can also be shown in the same way
as for the full TCC and the proof of T ap

Z ∈ W+(U) is very similar to the proof of
Proposition 2.2.4. However, since the aperture function is not a part of the integrand of
T ap
Z , it is no longer necessary to require a to be differentiable. Using the same notation

as in Proposition 2.2.4, the aperture function is left out of the proof and the integrand
is instead split into the two parts

g : R2 × R→ R, (u, ζ) 7→ s(u)f(ζ),

qv,w : R2 × R→ C, (u, ζ) 7→ pZ+ζ(v + u)p∗Z+ζ(w + u)

such that T ap
Z (v, w) = a(v)a∗(w)

∫ ∫
g(u, ζ)qv,w(u, ζ) du dζ. The TCC is then approxi-
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mated by

T ap
Z,M(v, w) =

M∑
α,β,γ=−M

hZ,M,α,β,γ(v)h∗Z,M,α,β,γ(w) ∀ v, w ∈ R2,

where

hZ,M,α,β,γ(v) := a(v)
√
δ3
Ms(uβ,γ)f(ζα)pZ+ζα(v + uβ,γ) ∀ v ∈ R2.

A complete proof of Property IV for the large aperture approximation T ap
Z can be found

in [14].

2.2.3 Ishizuka’s TCC

Both the full TCC and the large aperture approximation described above can not be used
in practice without replacing s and f with explicit probability densities. In [32], Ishizuka
starts from the full TCC in Section 2.2.1, applies the large aperture approximation from
Section 2.2.2 and then substitutes Gaussian probability densities for s and f in order to
be able to evaluate the integrals in Equation (2.18) analytically. This TCC is used in
the MIMAP algorithm as described in [38]. A derivation of Ishizuka’s TCC along the
lines of [32] is given in the following.

Derivation of Ishizuka’s TCC: Neglecting terms of higher than first order in u, the
wave aberration function χZ+ζ(v+u) is Taylor-expanded at (Z, v) and approximated by

χZ+ζ(v + u) ≈ CZ,v
1 + u · CZ,v

2 + ζCZ,v
3 + ζu · CZ,v

4 (2.20)

for suitable constants CZ,v
1 , CZ,v

3 ∈ R and CZ,v
2 , CZ,v

4 ∈ R2 independent of u and ζ.
Plugging this into the pure phase transfer function results in

T ap
Z (v, w) = a(v)a(w)

∫
R

∫
R2

s(u)f(ζ) exp
(
− 2πi(χZ+ζ(v + u)− χZ+ζ(w + u))

)
du dζ

≈ a(v)a(w)

∫
R

∫
R2

s(u)f(ζ) exp
(
−2πi(DZ,v,w

1 +u ·DZ,v,w
2 +ζDZ,v,w

3 +ζu ·DZ,v,w
4 )

)
du dζ

= a(v)a(w)e−2πiDZ,v,w1

∫
R
f(ζ)e−2πiζDZ,v,w3

∫
R2

s(u)e−2πiu·(DZ,v,w2 +ζDZ,v,w4 ) du dζ

for all v, w ∈ Bra(0), where DZ,v,w
i = CZ,v

i − CZ,w
i for i = 1, . . . , 4. For the sake of

readability, we drop the dependency of DZ,v,w
i on Z, v and w and write Di for short.

Choosing normalized one- and two-dimensional Gaussian functions for s and f , i.e.

s(u) =
1

πq2
0

exp

(
−||u||

2
2

q2
0

)
∀u ∈ R2 (q0 > 0), (2.21)

f(ζ) =
1√
π∆2

exp

(
− ζ

2

∆2

)
∀ ζ ∈ R (∆ > 0), (2.22)
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2.2 The transmission cross-coefficient

the above integrals can be evaluated analytically: since e−C
2

=
∫
R

1√
π
e−2iCxe−x

2
dx holds

for all C ∈ R (see Lemma 2.2.6), it follows that

∫
R2

s(u)e−2πiu·(D2+ζD4) du dζ =
1

πq2
0

2∏
j=1

∫
R

exp

(
−
u2
j

q2
0

)
e−2πiuj(D2+ζD4)j duj

=
2∏
j=1

∫
R

1√
π
e−u

2
je−2πiq0uj(D2+ζD4)j duj =

2∏
j=1

e−π
2q2

0(D2+ζD4)2
j = e−π

2q2
0 ||D2+ζD4||22 .

Continuing, we get∫
R
f(ζ)e−2πiζD3e−π

2q2
0 ||D2+ζD4||22 dζ

= e−π
2q2

0 ||D2||22

∫
R
f(ζ)e−2πiζD3e−π

2q2
0(2ζD2·D4+ζ2||D4||22) dζ

= e−π
2q2

0 ||D2||22
1√
π∆

∫
R
e−2πiζD3 exp

(
−
(

1

∆2
+ π2q2

0 ||D4||22
)
ζ2 −

(
2π2q2

0D2 ·D4

)
ζ

)
dζ.

Let K :=
√

1
∆2 + π2q2

0 ||D4||22 and substitute ζ → 1
K
ζ. Then the above is equal to

e−π
2q2

0 ||D2||22
1√
π∆

1

K

∫
R
e−2πi 1

K
ζD3 exp

(
−
(
ζ2 +

2π2q2
0D2 ·D4

K
ζ

))
dζ

and completing the square with K̃ :=
π2q2

0D2·D4

K
yields

e−π
2q2

0 ||D2||22
1√
π∆

1

K

∫
R
e−2πi

D3
K
ζ exp

(
−
(
ζ2 + 2K̃ζ + K̃2 − K̃2

))
dζ

= e−π
2q2

0 ||D2||22
1√
π∆

1

K
eK̃

2

∫
R
e−2πi

D3
K
ζ exp

(
−
(
ζ + K̃

)2
)

dζ

= e−π
2q2

0 ||D2||22
1√
π∆

1

K
eK̃

2

e2πi
D3
K
K̃

∫
R
e−2πi

D3
K
ζe−ζ

2

dζ

= e−π
2q2

0 ||D2||22
1

∆

1

K
eK̃

2

e2πi
D3
K
K̃ exp

(
−
(
πD3

K

)2
)

= e−π
2q2

0 ||D2||22︸ ︷︷ ︸
=:Es(v,w)

1√
u
e

1
u
π4q4

0∆2(D2·D4)2

︸ ︷︷ ︸
=:Ex(v,w)

e
2
u

i∆2π3q2
0D3(D2·D4)︸ ︷︷ ︸

=:P (v,w)

e−
1
u
π2∆2D2

3︸ ︷︷ ︸
=:Ef (v,w)

, (2.23)

where u := (∆K)2 = 1 + ∆2π2q2
0 ||D4||22. If a high resolution TEM is used to investigate

a weakly scattering object, then Ex, P and u may be approximated by unity [32]. The
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2 The forward model: image simulation

constants CZ,v
i from the Taylor expansion in Equation (2.20) are

CZ,v
1 = χZ(v),

CZ,v
2 = ∇χZ(v),

CZ,v
3 =

1

2
λ ||v||22 and

CZ,v
4 = λv

for all v ∈ R2.
Summing up, the resulting approximation of the full TCC is

T Ishizuka
Z (v, w) := a(v)a∗(w)pZ(v)p∗Z(w)EZ

s (v, w)Ef (v, w)

= tZ(v)t∗Z(w)EZ
s (v, w)Ef (v, w) ∀ v, w ∈ R2

(2.24)

with

EZ
s (v, w) = exp

(
−
(πα
λ

)2

||∇χZ(v)−∇χZ(w)||22
)
∈ [0, 1], (2.25)

Ef (v, w) = exp

(
−1

4
(π∆λ)2

(
||v||22 − ||w||

2
2

)2
)
∈ [0, 1] (2.26)

for all v, w ∈ R2. Here, α := q0λ is approximately equal to the half angle of beam
convergence and ∆ is also called the focal spread parameter.

Both EZ
s and Ef act as damping functions on the TCC since their range is [0, 1]. The

first function, EZ
s , approximates the effects due to the partial spatial coherence and is

also referred to as the spatial coherence envelope. The function Ef on the other hand
approximates the effects due to the partial temporal coherence and is also called the
temporal coherence envelope. The gradients in the spatial coherence envelope can easily
be calculated using Lemma 2.2.1. If the wave aberration function from Equation (2.11)
is used, then

∇χZ(v) =

(
Zλv1 + Csλ

3v3
1 + Csλ

3v1v
2
2

Zλv2 + Csλ
3v3

2 + Csλ
3v2

1v2

)
∀ v ∈ R2. (2.27)

Remark 2.2.5. In [35, p. 16] it is noted that although using a Gaussian probability
density for the temporal coherence is not strictly correct, it is still a reasonable choice as
the “width” of the probability density is more important than its precise shape. Here,
the width of a probability density f : R→ R≥0 stands for the width of the corresponding
confidence interval at a given confidence level, which is derived from the temporal co-
herence of the microscope. As seen above, using a Gaussian probability density has the
advantage that the calculations can be performed analytically. Nonetheless, the theory
in Sections 2.2.1 and 2.2.2 is general enough to encompass other probability densities in
the full TCC or the large aperture approximation as well.

Let ra > 0 such that supp(a) = Bra(0). Similar to the large aperture approximation
in the previous section, the support of T Ishizuka

Z is given by supp
(
T Ishizuka
Z

)
= U ×U with

U := Bra(0). Furthermore, we continue to assume that for all ε > 0 there is a constant
aε > 0 such that a(x) ≥ aε for all x ∈ Bra−ε(0).
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2.2 The transmission cross-coefficient

Properties I–III: The first property holds, since

T Ishizuka
Z (w, v)∗ = a∗(w)a(v)p∗Z(w)pZ(v)EZ

s (w, v)︸ ︷︷ ︸
=EZs (v,w)

Ef (w, v)︸ ︷︷ ︸
=Ef (v,w)

= T Ishizuka
Z (v, w)

is valid for all v, w ∈ R2. Property II, i.e. the continuity of T Ishizuka
Z on U × U , follows

directly from the definition in Equation (2.24). The equation

T Ishizuka
Z (v, v) = a(v)2 |pZ(v)|2︸ ︷︷ ︸

=1

EZ
s (v, v)︸ ︷︷ ︸

=1

Ef (v, v)︸ ︷︷ ︸
=1

= a(v)2

shows that Property IIIa or Property IIIb holds depending on the particular kind of
aperture function that is used.

Property IV: The TCC is clearly measurable and bounded with T Ishizuka
Z (v, w) ≤ 1 for

all v, w ∈ R2, which implies T Ishizuka
Z ∈ W (U). One way to show that the approximation

property holds for T Ishizuka
Z involves, in a certain sense, reversing the analytical integration

in the derivation of the TCC and then approximating the integral representation with
Riemann sums as before. The reversal of the analytical integration can be achieved by
means of the following lemma.

Lemma 2.2.6. For every C ∈ R,

exp(−C2) =

∫ ∞
−∞

1√
π
e−2iCxe−x

2

dx.

Proof. The integral expression on the right-hand side of the equation can be rewritten
as the one-dimensional Fourier transform∫ ∞

−∞

1√
π
e−2iCxe−x

2

dx =

∫ ∞
−∞

√
πe−π

2y2

e−2πiCy dy =
√
π
(
Ff
)
(C)

of the Gaussian function f(y) := e−π
2y2

. The Fourier transform of f is (see e.g. [17])(
Ff
)
(w) =

√
π

π2
e−

(πw)2

π2 =
1√
π
e−w

2 ∀w ∈ R

and it follows that ∫ ∞
−∞

1√
π
e−2iCxe−x

2

dx =
√
π
(
Ff
)
(C) = e−C

2

.

The spatial and temporal coherence envelopes can thus be expressed as

EZ
s (v, w) = exp

(
−
(πα
λ

)2

||∇χZ(v)−∇χZ(w)||22
)

=
2∏

k=1

exp

(
−
(πα
λ

(∂kχZ(v)− ∂kχZ(w))
)2
)

=
2∏

k=1

∫ ∞
−∞

1√
π

exp
(
− 2i

πα

λ

(
∂kχZ(v)− ∂kχZ(w)

)︸ ︷︷ ︸
=:CZ,ks (v,w)

x
)

exp
(
−x2

)
dx

(2.28)
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2 The forward model: image simulation

and

Ef (v, w) = exp

(
−
(
π∆λ

2

(
||v||22 − ||w||

2
2

))2
)

=

∫ ∞
−∞

1√
π

exp
(
− 2i

π∆λ

2

(
||v||22 − ||w||

2
2

)︸ ︷︷ ︸
=:Cf (v,w)

x
)

exp(−x2) dx
(2.29)

for all v, w ∈ R2.
The major advantage of expressing the envelope functions in this way is the fact that

CZ,k
s respectively Cf is not squared anymore. This results in an integrand that can be

factorized trivially with respect to v and w in contrast to the non-integral representations
of EZ

s and Ef in Equations (2.25) and (2.26), which can not be factorized directly.
The proof of the uniform convergence of Riemann sums approximating the three

integrals in Equations (2.28) and (2.29) proceeds essentially in the same way as the
proof of Proposition 2.2.4. First, the Lipschitz continuity of the integrands is established,
which is then used to compute a uniform upper bound on the difference of the Riemann
sums and the integrals. However, unlike the proof of Proposition 2.2.4, the uniform
convergence is shown for each of the three integrals individually at first.

Lemma 2.2.7. Let C : R2 × R2 → R be a bounded function and

fv,w(x) :=
1√
π

exp
(
− 2iC(v, w)x

)
exp(−x2) ∀x ∈ R ∀ v, w ∈ R2.

There exists a Lipschitz constant L > 0 independent of v, w ∈ R2 with

|fv,w(x)− fv,w(y)| ≤ L |x− y| ∀x, y ∈ R

for all v, w ∈ R2.

Proof. If the first exponential function is split into a cosine and a sine term, then

|fv,w(x)− fv,w(y)|

=

∣∣∣∣ 1√
π

exp
(
− 2iC(v, w)x

)
exp(−x2)− 1√

π
exp

(
− 2iC(v, w)y

)
exp(−y2)

∣∣∣∣
=

1√
π

∣∣∣( cos
(
2C(v, w)x

)
− i sin

(
2C(v, w)x

))
e−x

2

−
(

cos
(
2C(v, w)y

)
− i sin

(
2C(v, w)y

))
e−y

2
∣∣∣

≤ 1√
π

∣∣∣cos
(
2C(v, w)x

)
e−x

2 − cos
(
2C(v, w)y

)
e−y

2
∣∣∣

+
1√
π

∣∣∣sin (2C(v, w)x
)
e−x

2 − sin
(
2C(v, w)y

)
e−y

2
∣∣∣
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2.2 The transmission cross-coefficient

for all v, w ∈ R2 and all x, y ∈ R. Since C is bounded, there are constants Lcos and Lsin

independent of v, w such that the above sum is bounded by

|fv,w(x)− fv,w(y)| ≤ 1√
π
Lcos |x− y|+

1√
π
Lsin |x− y| =

1√
π

(Lcos + Lsin) |x− y|

and therefore L := 1√
π
(Lcos + Lsin) is the desired Lipschitz constant. More explicitly,

since∣∣∣∣ ddx cos(2C(v, w)x)e−x
2

∣∣∣∣ =
∣∣∣−2C(v, w) sin(2C(v, w)x)e−x

2 − 2x cos(2C(v, w)x)e−x
2
∣∣∣

≤ 2 ||C||∞ +
∣∣∣2xe−x2

∣∣∣ ≤ 2 ||C||∞ + 1

for all x ∈ R and all v, w ∈ R2, we may set Lcos := 2 ||C||∞+ 1 and similarly for Lsin.

Lemma 2.2.7 can not be applied to the functions CZ,j
s and Cf directly, since they are

not bounded. However, this problem can be easily circumvented by replacing CZ,j
s and

Cf with

C̃Z,j
s : R2 × R2 → R, (v, w) 7→ CZ,j

s (v, w)1U(v)1U(w)

C̃f : R2 × R2 → R, (v, w) 7→ Cf (v, w)1U(v)1U(w)

In doing so, the values of the TCC remain unchanged since T Ishizuka
Z (v, w) = 0 for all

(v, w) ∈ R2\U × U , but the result is that C̃Z,j
s and C̃f are bounded functions.

Proposition 2.2.8 (Factorization property). Let C and fv,w as in Lemma 2.2.7 and

T (v, w) :=

∫ ∞
−∞

fv,w(x) dx ∀ v, w ∈ R2.

If C can be written as C(v, w) = c(v) − c(w) for a suitable function c : R2 → R, then
there exists a sequence (TN)N∈N of functions converging uniformly to T with the following
property:

• For all N ∈ N, j ∈ {1, . . . , N}, there are bounded functions hN,j : R2 → C such
that

TN(v, w) =
N∑
j=1

hN,j(v)h∗N,j(w) ∀ v, w ∈ R2.

Proof. Consider the Riemann sums

M∑
j=−M

δMfv,w(jδM) =
M∑

j=−M

δM√
π

exp
(
− 2iC(v, w)jδM

)
exp

(
− (jδM)2

)
=

M∑
j=−M

δM exp
(
− (jδM)2

)
√
π

exp
(
− 2ic(v)jδM

)
exp

(
− 2ic(w)jδM

)∗
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2 The forward model: image simulation

for M ∈ N and δM = M−k with k ∈
(

1
2
, 1
)
. If we define

hM,j : R2 → C, v 7→

√
δM exp

(
− (jδM)2

)
√
π

exp
(
− 2ic(v)jδM

)
for all M ∈ N and all j ∈ {−M, . . . ,M}, then the functions

TM : R2 × R2 → C, (v, w) 7→
M∑

j=−M

hM,j(v)h∗M,j(w)

are approximations to T of the prescribed structure. It remains to show that the sequence
(TM)M∈N converges uniformly to T .

Let v, w ∈ R2. By Lemma 2.2.7 there exists a Lipschitz constant L > 0 of fv,w that is
independent of v and w. Using the triangle inequality, it follows that∣∣∣∣∣

M∑
j=−M

δMfv,w(jδM)−
∫ ∞
−∞

fv,w(x) dx

∣∣∣∣∣
≤

∣∣∣∣∣
M∑

j=−M

δMfv,w(jδM)−
∫ (M+1)δM

−MδM

fv,w(x) dx

∣∣∣∣∣+DM(v, w)

=

∣∣∣∣∣
M∑

j=−M

∫ (j+1)δM

jδM

fv,w(jδM) dx−
M∑

j=−M

∫ (j+1)δM

jδM

fv,w(x) dx

∣∣∣∣∣+DM(v, w)

≤
M∑

j=−M

∫ (j+1)δM

jδM

|fv,w(jδM)− fv,w(x)| dx+DM(v, w)

≤ (2M + 1)δMLδM +DM = (2M + 1)Lδ2
M +DM(v, w)

where

DM(v, w) :=

∫ −MδM

−∞
|fv,w(x)| dx+

∫ ∞
(M+1)δM

|fv,w(x)| dx ≤ 2√
π

∫ ∞
MδM

exp(−x2) dx.

Recall that δM = M−k with k ∈
(

1
2
, 1
)
. On the one hand, (2M + 1)Lδ2

M converges to
zero for M → ∞, since k > 1

2
. On the other hand, MδM = M1−k → ∞ for M → ∞,

since k < 1, which implies that DM → 0 uniformly for M →∞.

Putting it all together, the spatial and temporal coherence envelopes are approximated
by

EZ
s (v, w) = lim

M→∞

2∏
k=1

T spatial,k
Z,M (v, w) = lim

M→∞

2∏
k=1

M∑
j=−M

hspatial,k
Z,M,j (v)hspatial,k

Z,M,j (w)∗,

Ef (v, w) = lim
M→∞

T temporal
M (v, w) = lim

M→∞

M∑
j=−M

htemporal
M,j (v)htemporal

M,j (w)∗
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2.2 The transmission cross-coefficient

for all v, w ∈ R2, where

hspatial,k
Z,M,j (v) := γM,j exp

(
−2i

(πα
λ
∂kχZ(v)

)
jδM

)
,

htemporal
M,j (v) := γM,j exp

(
−2i

(
π∆λ

2
||v||22

)
jδM

)
with γM,j :=

√
δM exp(−(jδM)2)/

√
π and δM = M−k′ for k′ ∈

(
1
2
, 1
)
. By Proposi-

tion 2.2.8, each of the three sequences (T spatial,1
Z,M )M∈N, (T spatial,2

Z,M )M∈N and (T temporal
M )M∈N

converges uniformly to the respective integral function that it approximates. From Equa-
tions (2.28) and (2.29) it can be seen that the limit functions are bounded. Therefore,
the sequence of the products(

T spatial,1
Z,M T spatial,2

Z,M T temporal
M

)
M∈N

converges uniformly to the product of their respective limit functions, which is EZ
s Ef .

In conclusion,

T Ishizuka
Z (v, w) = lim

M→∞

M∑
j,k,l=−M

hZ,M,j,k,l(v)h∗Z,M,j,k,l(w) ∀ v, w ∈ R2 (2.30)

with uniform convergence, where

hZ,M,j,k,l(v) := tZ(v)hspatial,1
Z,M,j (v)hspatial,2

Z,M,k (v)htemporal
M,l (v) ∀ v ∈ R2

for all M ∈ N and all j, k, l ∈ {−M, . . . ,M}.

2.2.4 The focal integration approximation

As mentioned in Section 1.2, the MAL algorithm is based on the MIMAP algorithm and
mainly differs from the MIMAP algorithm in the way the simulated TEM images are
computed. The main contribution of the MAL algorithm is the use of the so-called focal
integration approximation instead of using Ishizuka’s TCC directly.

The focal integration approximation can be derived from Equation (2.30) by fixing a
finite M ∈ N instead of taking the limit on the right-hand side. Furthermore, in the focal
integration approximation only the temporal coherence envelope is approximated in this
way, whereas the spatial coherence envelope is replaced by EZ

s (v, w) ≈ EZ
s (v, 0)EZ

s (w, 0).
While this yields an approximation of the temporal coherence envelope Ef with Riemann
sums corresponding to the integral

Ef (v, w) =

∫ ∞
−∞

1√
π

exp
(
− 2i

π∆λ

2

(
||v||22 − ||w||

2
2

)
x
)

exp(−x2) dx ∀ v, w ∈ R2

as given in Equation (2.29), in the original MAL article [10] a slightly different integral
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2 The forward model: image simulation

representation of Ef given by substituting x→ 1√
2∆
x, i.e.

Ef (v, w) =

∫ ∞
−∞

f∆̃(x) exp
(
−πiλx

(
||v||22 − ||w||

2
2

))
dx ∀ v, w ∈ R2,

f∆̃(x) =
1

√
2π∆̃

exp

(
− x2

2∆̃2

)
∀x ∈ R, (2.31)

∆̃ =
1√
2

∆,

is approximated with Riemann sums. The resulting TCC is

TMAL
Z (v, w) := tZ(v)t∗Z(w)EZ

s (v, 0)EZ
s (w, 0)

M∑
j=−M

δf∆̃(jδ) exp
(
−πiλjδ

(
||v||22 − ||w||

2
2

))
(2.32)

for all v, w ∈ R2.
In practice, this can be a very good approximation to Ishizuka’s TCC. The approxi-

mation of the spatial coherence envelope by EZ
s (v, w) ≈ EZ

s (v, 0)EZ
s (w, 0) is justified for

highly coherent field emission guns [10] and the approximation of the temporal coher-
ence envelope can clearly be arbitrarily good, depending on the magnitude of M ∈ N.
However, the focal integration approximation has the conceptual disadvantage that two
additional parameters, M ∈ N and δ > 0, need to be adjusted appropriately in order to
get reasonable results. Note that the parameters M and δM in Section 2.2.3 are not a
part of T Ishizuka

Z but merely intermediate variables in the proof of IV. The authors in [10]
suggest to choose M ∈ {2, 3} depending on the desired level of accuracy and δ ≈ ∆.

In the following, the same conditions as in Sections 2.2.2 and 2.2.3 are imposed on the
aperture function. As before, the support of TMAL

Z satisfies supp(TMAL
Z ) ⊆ U × U for

U := Bra(0). Furthermore, it is assumed that the wave aberration function contains only
isotropic aberrations, that is, the coefficients of the anisotropic aberrations are assumed
to be zero.

Properties I and II: Both the symmetry property TMAL
Z (v, w)∗ = TMAL

Z (w, v) for all
v, w ∈ R2 as well as the fact that TMAL

Z is continuous on U × U can directly be verified
with the definition in Equation (2.32).

Property III: For all v ∈ R2, we have

TMAL
Z (v, v) = a(v)2EZ

s (v, 0)2

M∑
j=−M

δf∆̃(jδ).

The temporal coherence factor
∑M

j=−M δf∆̃(jδ) is equal to a positive constant c1 > 0
that is independent of v. The spatial coherence factor is

EZ
s (v, 0)2 = exp

(
−
(πα
λ

)
||∇χZ(v)−∇χZ(0)||22

)2

= exp
(
−
(πα
λ

)
||∇χZ(v)||22

)2

,
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2.2 The transmission cross-coefficient

where ∇χZ(0) = 0 follows from Equation (2.10). Since χZ is continuously differentiable,
v 7→ ||∇χZ(v)||22 is a continuous function and there exists a constant ξ <∞ such that

max
v∈U
||∇χZ(v)||22 = ξ.

This implies EZ
s (v, 0)2 ≥ exp

(
−
(
πα
λ

)
ξ
)2

=: c2 > 0 for all v ∈ U and consequently

TMAL
Z (v, v) ≥ c1c2a(v)2 ∀ v ∈ U.

This shows that Property IIIa or IIIb holds depending on the particular choice of the
aperture function.

Property IV: The measurability and boundedness of TMAL
Z follows immediately from

Equation (2.32). Since EZ
s is real-valued and f∆̃ is nonnegative, the TCC TMAL

Z can be
written as

TMAL
Z (v, w) =

M∑
j=−M

hZ,j(v)h∗Z,j(w) ∀ v, w ∈ R2

with

hZ,j(v) := tZ(v)EZ
s (v, 0)

√
δf∆̃(jδ) exp

(
− πiλjδ ||v||22

)
∀ v ∈ R2

for all j ∈ {−M, . . . ,M}. Thus, TMAL
Z is itself a ?-separable weight and can therefore

trivially be approximated with a uniformly convergent sequence of ?-separable weights.

Remark 2.2.9. Using TMAL
Z instead of T Ishizuka

Z has the advantage that the Fourier
transform may be used to accelerate the image simulation greatly. By Equation (2.1),
the relationship between a real space TEM image at focus Z and the corresponding exit
wave Ψ is

F−1(IΨ,Z) = F−1(Ψ ?T full
Z

Ψ) ≈ F−1(Ψ ?TMAL
Z

Ψ) =
M∑

j=−M

F−1
(
(ΨhZ,j) ? (ΨhZ,j)

)
=

M∑
j=−M

∣∣F−1(ΨhZ,j)
∣∣2

and the rightmost side can be evaluated efficiently using the fast Fourier transform.

2.2.5 The quasi-coherent TCC

All of the previously considered TCCs can be associated with a non-linear imaging
model. In a non-linear imaging model, all interferences are taken into account, including
in particular the interferences between two frequencies v, w ∈ R2 with v 6= 0 and w 6= 0.
In a linear imaging model on the other hand, only those interferences between two
frequencies v, w ∈ R2 are considered where either v = 0 or w = 0. This is equivalent to
saying that the TCC corresponding to a linear imaging model is of the form hZ(v)h∗Z(w)
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2 The forward model: image simulation

for a suitable function hZ : R2 → C. In a linear imaging model, a TEM image is therefore
given by

F−1(Ψ ?T linear
Z

Ψ) = F−1
(
(ΨhZ) ? (ΨhZ)

)
=
∣∣F−1(ΨhZ)

∣∣2 =
∣∣F−1(Ψ) ∗ F−1(hZ)

∣∣2 ,
(2.33)

where T linear
Z (v, w) = hZ(v)h∗Z(w) for all v, w ∈ R2. This shows that in real space

coordinates the image plane electron wave F−1(Ψ) ∗ F−1(hZ) is simply a convolution of
the exit plane electron wave F−1(Ψ) with the point spread function F−1(hZ).

In the quasi-coherent approximation, the coherence envelopes are approximated by

EZ
s (v, w) ≈ EZ

s (v, 0)EZ
s (w, 0) ∀ v, w ∈ R2,

Ef (v, w) ≈ Ef (v, 0)Ef (w, 0) ∀ v, w ∈ R2

and the corresponding TCC is given by

T q-coh
Z (v, w) := tZ(v)t∗Z(w)EZ

s (v, 0)EZ
s (w, 0)Ef (v, 0)Ef (w, 0) ∀ v, w ∈ R2.

This TCC is clearly of the form T q-coh
Z (v, w) = hZ(v)h∗Z(w) with

hZ(v) := tZ(v)EZ
s (v, 0)Ef (v, 0).

Properties I–IV: If the aperture function satisfies the same conditions as before and
U = Bra(0), then all of the properties can be shown just like in the previous section for
the focal integration approximation.

2.2.6 The coherent TCC

For a perfectly coherent TEM, the coherence parameters α and ∆ for the spatial and
temporal coherence are equal to zero. By the definition of the coherence envelopes in
Equations (2.25) and (2.26), this yields EZ

s (v, w) = 1 and Ef (v, w) = 1 for all v, w ∈ R2.
Hence, the TCC for coherent imaging is

T coh
Z (v, w) := tZ(v)t∗Z(w) = a(v)a∗(w)pZ(v)p∗Z(w) ∀ v, w ∈ R2.

Alternatively, this TCC can be retrieved from the full TCC in Section 2.2.1 directly.
Consider sequences (sn)n∈N ∈ L1(R2,R)N and (fn)n∈N ∈ L1(R,R)N of probability density
functions with

lim
n→∞

∫
Bε(0)

sn(u) du = 1 and lim
n→∞

∫
(−ε,ε)

fn(ζ) dζ = 1

for all ε > 0. Then

lim
n→∞

lim
m→∞

∫
R

∫
R2

sn(u)fm(ζ)tZ+ζ(v + u)t∗Z+ζ(w + u) du dζ = tZ(v)t∗Z(w) = T coh
Z (v, w)

holds for all v, w ∈ R2 such that the aperture function a is continuous in v and w. This
follows from applying the auxiliary lemma 2.2.10 twice.
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2.2 The transmission cross-coefficient

Lemma 2.2.10. Let d ∈ N and (gn)n∈N ∈ L1(Rd,R≥0) be a sequence of nonnegative
integrable functions with

∫
Rd gn(x) dx = 1 for all n ∈ N and

lim
n→∞

∫
Bε(0)

gn(x) dx = 1

for all ε > 0. If f : Rd → C is bounded and continuous in 0, then

lim
n→∞

∫
Rd
gn(x)f(x) dx = f(0).

Proof. For all ε > 0 we have∣∣∣∣∫
Rd
gn(x)f(x) dx− f(0)

∣∣∣∣
=

∣∣∣∣∫
Rd
gn(x)

(
f(x)− f(0)

)
dx

∣∣∣∣
≤
∫
Bε(0)

gn(x) |f(x)− f(0)| dx+

∫
Rd\Bε(0)

gn(x) |f(x)− f(0)| dx

≤ sup
x∈Bε(0)

|f(x)− f(0)|
∫
Bε(0)

gn(x) dx+ 2 ||f ||∞
∫
Rd\Bε(0)

gn(x) dx.

Taking the limit n→∞, it follows that

lim sup
n→∞

∣∣∣∣∫
Rd
gn(x)f(x) dx− f(0)

∣∣∣∣ ≤ sup
x∈Bε(0)

|f(x)− f(0)| .

Since this inequality holds for all ε > 0 and f is continuous in 0, the claim follows.

Properties I–IV: Assuming that the aperture function satisfies the same conditions as
in the previous sections, we set U := Bra(0) and all of the properties follow directly from
the definition of T coh

Z .

2.2.7 Summary

The notation and results from Sections 2.2.1 to 2.2.6 are summarized below.

Transmission cross-coefficients: In the following tables, the definition of the TCCs is
given along with sufficient conditions on their constituents such that all of the properties
I–IV hold.
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2 The forward model: image simulation

2.2.1: The full TCC

T full
Z (v, w) =

∫
R

∫
R2

s(u)f(ζ)pZ+ζ(v + u)a(v + u)p∗Z+ζ(w + u)a∗(w + u) du dζ

U = Brs+ra(0)

• s : R2 → R differentiable probability density with bounded support,

supp(s) = Brs(0), and ∀ ε > 0 ∃ sε > 0 : s(x) ≥ sε ∀x ∈ Brs−ε(0).

• f : R→ R differentiable probability density.

• pZ : R2 → C pure phase transfer function as defined in Equation (2.9).

• a : R2 → R bounded, differentiable function with 0 ≤ |a(x)| ≤ 1 ∀x ∈ R,

bounded support, supp(a) = Bra(0), and
∀ ε > 0 ∃ aε > 0 : a(x) ≥ aε ∀x ∈ Bra−ε(0).

Additionally, the functions need to satisfy Equation (2.16) from Proposition 2.2.4.

2.2.2: The large aperture approximation

T ap
Z (v, w) = a(v)a∗(w)

∫
R

∫
R2

s(u)f(ζ)pZ+ζ(v + u)p∗Z+ζ(w + u) du dζ

U = Bra(0)

• s : R2 → R differentiable probability density with bounded support,

supp(s) = Brs(0), and ∀ ε > 0 ∃ sε > 0 : s(x) ≥ sε ∀x ∈ Brs−ε(0).

• f : R→ R differentiable probability density.

• pZ : R2 → C pure phase transfer function as defined in Equation (2.9).

• a : R2 → R bounded function with 0 ≤ |a(x)| ≤ 1 ∀x ∈ R, bounded support,

supp(a) = Bra(0), and ∀ ε > 0 ∃ aε > 0 : a(x) ≥ aε ∀x ∈ Bra−ε(0).

Additionally, the functions need to satisfy Equation (2.16) from Proposition 2.2.4
with g and qv,w as given in Section 2.2.2.

2.2.3: Ishizuka’s TCC

T Ishizuka
Z (v, w) = a(v)a∗(w)pZ(v)p∗Z(w)EZ

s (v, w)Ef (v, w)

U = Bra(0)

• pZ : R2 → C pure phase transfer function as defined in Equation (2.9).

• a : R2 → R bounded function with 0 ≤ |a(x)| ≤ 1 ∀x ∈ R,

bounded support, supp(a) = Bra(0), and
∀ ε > 0 ∃ aε > 0 : a(x) ≥ aε ∀x ∈ Bra−ε(0).

• EZ
s : R2 × R2 → [0, 1] spatial coherence envelope as defined in Equation (2.25).

• Ef : R2 × R2 → [0, 1] temporal coherence envelope as defined in Equation (2.26).
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2.2 The transmission cross-coefficient

2.2.4: The focal integration approximation

TMAL
Z (v, w) = tZ(v)t∗Z(w)EZ

s (v, 0)EZ
s (w, 0)

M∑
j=−M

δf∆̃(jδ) exp
(
−πiλjδ

(
||v||22 − ||w||

2
2

))
U = Bra(0)

• tZ : R2 → C pupil function tZ(v) = pZ(v)a(v) for all v ∈ R2.

• pZ : R2 → C pure phase transfer function as defined in Equation (2.9).

• a : R2 → R bounded function with 0 ≤ |a(x)| ≤ 1 ∀x ∈ R,

bounded support, supp(a) = Bra(0), and
∀ ε > 0 ∃ aε > 0 : a(x) ≥ aε ∀x ∈ Bra−ε(0).

• EZ
s : R2 × R2 → [0, 1] spatial coherence envelope as defined in Equation (2.25).

• f∆̃ : R→ R Gaussian function as defined in Equation (2.31).

2.2.5: The quasi-coherent TCC

T q-coh
Z (v, w) = a(v)a∗(w)pZ(v)p∗Z(w)EZ

s (v, 0)EZ
s (w, 0)Ef (v, 0)Ef (w, 0)

U = Bra(0)

• pZ : R2 → C pure phase transfer function as defined in Equation (2.9).

• a : R2 → R bounded function with 0 ≤ |a(x)| ≤ 1 ∀x ∈ R,

bounded support, supp(a) = Bra(0), and
∀ ε > 0 ∃ aε > 0 : a(x) ≥ aε ∀x ∈ Bra−ε(0).

• EZ
s : R2 × R2 → [0, 1] spatial coherence envelope as defined in Equation (2.25).

• Ef : R2 × R2 → [0, 1] temporal coherence envelope as defined in Equation (2.26).

2.2.6: The coherent TCC

T coh
Z (v, w) = a(v)a∗(w)pZ(v)p∗Z(w)

U = Bra(0)

• pZ : R2 → C pure phase transfer function as defined in Equation (2.9).

• a : R2 → R bounded function with 0 ≤ |a(x)| ≤ 1 ∀x ∈ R,

bounded support, supp(a) = Bra(0), and
∀ ε > 0 ∃ aε > 0 : a(x) ≥ aε ∀x ∈ Bra−ε(0).

Auxiliary functions: The following functions are a part of the various TCCs.

• Pure phase transfer function (Equation (2.9)):

pZ(v) = exp
(
− 2πiχZ(v)

)
∀ v ∈ R2 (Z ∈ R).
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2 The forward model: image simulation

• Wave aberration function (Equation (2.10)):

χZ(v) =
1

λ

∑
m∈N

m∑
n=0

m+n even

1

m
cm,nλ

m ||v||m2 cos
(
n(arg(v)− ϕm,n)

)
∀ v ∈ R2

(Z ∈ R, only finitely many coefficients cm,n 6= 0).

• Aperture function (Equations (2.12) to (2.14)):

a(v) =

{
1, if λ ||v||2 < αmax,

0, otherwise
∀ v ∈ R2 or

aδ(v) =


(

1 + exp
(
λ2||v||22−α2

max

δ2

))−1

, if ||v||2 <
d
2
,

0, otherwise
∀ v ∈ R2 (d, δ > 0)

(or a smooth approximation to the above functions with bounded support).

• Spatial coherence envelope (Equation (2.25)):

EZ
s (v, w) = exp

(
−
(πα
λ

)2

||∇χZ(v)−∇χZ(w)||22
)

∀ v, w ∈ R2.

• Temporal coherence envelope (Equation (2.26)):

Ef (v, w) = exp

(
−1

4
(π∆λ)2

(
||v||22 − ||w||

2
2

)2
)

∀ v, w ∈ R2.

• Gaussian in the focal integration approximation (Equation (2.31)):

f∆̃(x) =
1

√
2π∆̃

exp

(
− x2

2∆̃2

)
∀x ∈ R.

Notation: The following tables give a brief overview of the notation used in the previ-
ous sections. The same notation will be kept in the subsequent chapters.

General variables
λ Electron wavelength

αmax Maximum semiangle allowed by the objective aperture

Aberrations
(cm,n, ϕm,n) Aberration coefficients (m ∈ N, n ∈ {0, . . . ,m} : m+ n even)

Z focus (Z = c2,0)
Cs third-order spherical aberration (Cs = c4,0)
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2.3 Properties of the forward model

Coherence parameters
q0 “Width” of the Gaussian function used for the intensity distribution of the

illumination s (see Equation (2.21))
α Approximately equal to the half angle of beam convergence

(spatial coherence, α = q0λ)
∆ Focal spread parameter (temporal coherence, see Equation (2.22))

∆̃ ∆̃ = 1√
2
∆

2.3 Properties of the forward model

The results presented so far allow us to formulate and proof several properties of TEM
images that are simulated with any of the previously introduced TCCs. In this section,
the function TZ : R2 × R2 → C stands for any of the TCCs from Section 2.2.

A basic, but important, property of the simulated images Ψ ?TZ Ψ is the fact that
they are square-integrable for any exit wave Ψ ∈ L2(R2,C), which follows from Corol-
lary 2.1.4. Additionally, the support of the simulated images is bounded in Fourier space,
which is a consequence of the bandwidth limit imposed by the objective aperture. If
r > 0 is chosen such that supp(TZ) ⊆ U × U with U := Br(0), then it can be seen from

(
Ψ ?TZ Ψ

)
(x) =

∫
R2

Ψ∗(y)Ψ(x+ y)TZ(x+ y, y) dy ∀x ∈ R2

that supp(Ψ ?TZ Ψ) ⊆ B2r(0). It should be noted that this implies that the support of
real space TEM images is in fact unbounded, although the recorded images naturally
only have a limited size. This error will be treated as a discretization error in algorithms
for exit wave reconstruction (see Section 4.2).

Lemma 2.3.1. The simulated real space images F−1(Ψ ?TZ Ψ) are smooth functions for
all Ψ ∈ L2(R2,C).

Proof. By Lemma 2.1.2 and since supp(Ψ ?TZ Ψ) ⊆ B2r(0), the simulated Fourier space
images Ψ?TZΨ are bounded with bounded support. For all n ∈ N2, there is a multivariate
polynomial function pn : R2 → C such that∣∣∣∣(Ψ ?TZ Ψ

)
(y)

∂n

∂xn
e2πix·y

∣∣∣∣ =
∣∣(Ψ ?TZ Ψ

)
(y)pn(y)

∣∣ =: gn(y) ∀x, y ∈ R2

and gn ∈ L1(R2,C) is an integrable function since supp(Ψ ?TZ Ψ) ⊆ B2r(0) and Ψ ?TZ Ψ
is integrable. Thus, by the dominated convergence theorem, the partial derivatives of
the real space images exist and are given by

∂n

∂xn
F−1

(
Ψ ?TZ Ψ

)
(x) =

∫
R2

(
Ψ ?TZ Ψ

)
(y)

∂n

∂xn
e2πix·y dy ∀x ∈ R2

for all n ∈ N2.
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2 The forward model: image simulation

Since images recorded with a TEM correspond to the squared amplitude of the electron
wave, they are not just real-valued but also nonnegative. It can be shown that this
also pertains to simulated TEM images as long as the TCC satisfies the factorization
property IV. This is an immediate consequence of Lemma 2.1.7 and is formulated here
as a corollary for completeness:

Corollary 2.3.2. The simulated real space images F−1(Ψ ?TZ Ψ) are real-valued and
nonnegative for all Ψ ∈ L2(R2,C).

Another intuitive, yet mathematically not obvious property of the forward model is
the fact that if the exit wave is translated in real space coordinates, then the simulated
images are translated the same way. In order to show this, the translation and the
modulation by a vector z ∈ R2 are denoted by

φz : R2 → R2, x 7→ x+ z,

µz : R2 → C, x 7→ exp(2πix · z)

in the following lemma.

Lemma 2.3.3. If ψ ∈ L2(R2,C) and z ∈ R2, then

F−1
(
F(ψ ◦ φz) ?TZ F(ψ ◦ φz)

)
= F−1(Ψ ?TZ Ψ) ◦ φz,

where Ψ = F(ψ) ∈ L2(R2,C).

Proof. A universal property of the Fourier transform is that it converts a modulation µz
to a translation φz and vice versa. More precisely, the equations

F(f ◦ φz) = F(f)µz and F−1(fµz) = F−1(f) ◦ φz (2.34)

hold for all f ∈ L2(R2,C). This implies(
F(ψ ◦ φz) ?TZ F(ψ ◦ φz)

)
(x)

=
(
(Ψµz) ?TZ (Ψµz)

)
(x)

=

∫
R2

Ψ∗(y)Ψ(x+ y)µ∗z(y)µz(x+ y)TZ(x+ y, y) dy

= µz(x)

∫
R2

Ψ∗(y)Ψ(x+ y)TZ(x+ y, y) dy

= µz(x)
(
Ψ ?TZ Ψ

)
(x)

for all x ∈ R2. The claim follows by taking the inverse Fourier transform on the left-hand
side and the right-hand side of the above chain of equality and applying Equation (2.34)
once more.

Lemma 2.3.3 is stated in real space coordinates using translations in order to provide
an intuitive view of the result. However, on occasion the equivalent identities

(Ψµz) ?TZ (Ψµz) = (Ψ ?TZ Ψ)µz and (2.35)

F−1
(
(Ψµz) ?TZ (Ψµz)

)
= F−1(Ψ ?TZ Ψ) ◦ φz (2.36)

are more useful for algebraic manipulations than applying Lemma 2.3.3 directly.
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3 The inverse problem: exit wave
reconstruction

In this chapter, three closely related variational approaches to exit wave reconstruction
are presented. These approaches are all based on the minimization of a given objective
functional, whose mathematical properties are investigated in this chapter. The algo-
rithms and numerical methods that are used to find a minimizer computationally are
discussed in Chapter 4.

First, a brief overview of the MIMAP and MAL functionals is given in Section 3.1.
One of the main differences of the functionals is the fact that the MIMAP functionals
include a generalized Tikhonov regularizer for the exit wave, whereas the MAL functional
does not contain a regularizer for the exit wave. For this reason, the importance of the
regularizer with regard to the coercivity of the functional is investigated in Section 3.2,
where it is shown that the MAL functional is not coercive. Then, a novel objective
functional Eσ for joint exit wave reconstruction and image registration is introduced in
Section 3.3. This functional extends the MIMAP and MAL functionals by incorporating
the registration more directly into the functional and thus allows for a simultaneous
optimization of the exit wave and the registration. A part of the properties of Eσ
given here have previously been published in [14]. The main result in this section is
the existence of minimizers of Eσ. Finally, the convexity of the objective functional is
investigated in Section 3.4.

In a nutshell, the problem of reconstructing the exit wave from a series of TEM images
taken at different focus values can be phrased as follows:

Given: A series of N ∈ N images g1, . . . , gN ∈ L2(R2,R≥0) and the corresponding
focus values Z1, . . . , ZN ∈ R.

Task: Find a function Ψ ∈ L2(R2,C) such that

gj ≈ F−1(Ψ ?T full
Zj

Ψ) ∀ j ∈ {1, . . . , N}. (3.1)

As stated in Section 1.2, only focus image series will be considered here, although
theoretically any other microscope parameter that is involved in the forward model can
be varied as well. If, for example, the accelerating voltage or the spherical aberration
were varied in the experimental image series, then the TCC would depend on the electron
wavelength λ or the spherical aberration Cs instead of the focus Z. This does not affect
the theory in Chapter 2 in any way, since all of the instrument’s parameters are assumed
to be constant for the simulation of a single image. Thus, the results presented here
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3 The inverse problem: exit wave reconstruction

continue to hold if other parameters than the focus are varied within the image series.

3.1 Existing variational approaches for exit wave
reconstruction

In both the MIMAP and the MAL algorithm, the exit wave is reconstructed by mini-
mizing a functional of the kind

Jσ[Ψ] =
N∑
j=1

∣∣∣∣Ψ ?TZj Ψ−F(gj)
∣∣∣∣2
L2 + σ ||Ψ−ΨM ||2L2 ∀Ψ ∈ L2(R2,C), (3.2)

where σ ≥ 0 and TZj is the approximation to T full
Zj

that is used in the respective al-

gorithm. As before, g1, . . . , gN ∈ L2(R2,R≥0) are experimental TEM images in real
space, which have been acquired with the focus values Z1, . . . , ZN ∈ R. The parameter
ΨM ∈ L2(R2,C) is an a-priori estimate of the exit wave.

Thus, the functional in Equation (3.2) consists of a data term measuring the squared
L2 distance of the simulated and experimental TEM images in Fourier space and a
generalized Tikhonov regularizer for the exit wave. Note that the data term is well-
defined, since Ψ ?TZj Ψ is square-integrable by Corollary 2.1.4.

3.1.1 The MIMAP functionals

In the original MIMAP algorithm as described in [38], the MIMAP functionals are
defined as

JMIMAP,m
σ [Ψ] =

N∑
j=1

∣∣∣∣∣∣Ψ ?TMIMAP,m
j

Ψ−F(gj)
∣∣∣∣∣∣2
L2

+ σ ||Ψ−ΨM ||2L2

for m ∈ {1, 2}, where σ is inversely proportional to the signal-to-noise ratio. Two
different kinds of TCCs are considered for the image simulation: an extension of the
quasi-coherent TCC and an extension of Ishizuka’s TCC.

The original MIMAP functionals also include a term for a background constant, which
is omitted here. This term was intended to account for an artificial constant that is
added to the images if they are recorded using photographic film plates and copied
subsequently, which was common at the time of writing of [38] in 1984.

The extension of the quasi-coherent TCC: The MIMAP algorithm as described
in [38] makes use of a slight generalization of the quasi-coherent TCC described in
Section 2.2.5, which includes two additional effects. On the one hand, the term u in the
derivation of Ishizuka’s TCC in Equation (2.23) is not approximated by unity. On the
other hand, the registration and a Debye-Waller temperature coefficient are included in
the TCC, both of which are, strictly speaking, not a part of the microscope’s transfer
function.
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3.1 Existing variational approaches for exit wave reconstruction

Explicitly, the quasi-coherent TCC used in the MIMAP algorithm is

TMIMAP,1
j (v, w) := hj(v)h∗j(w) ∀ v, w ∈ R2

with

hj(v) = exp
(
iχ̃Zj(v)

) 1√
1 + ε0 ||v||22

exp

(
−B ||v||

2
2

4

)
exp(2πiv · tj) ∀ v ∈ R2

for all j ∈ {1, . . . , N}.
The leftmost factor exp

(
iχ̃Zj(v)

)
is closely related to the function hZj of the quasi-

coherent TCC T q-coh
Zj

defined in Section 2.2.5, which is shown in the following. The
function χ̃Zj comprises the wave aberration function and the coherence envelopes and is
defined as

Re
(
χ̃Zj(v)

)
=

πλ ||v||22
1 + ε0 ||v||22

(
−1

2
Cs
(
1− ε0 ||v||22

)
λ2 ||v||22 − Z

)
∀ v ∈ R2,

Im
(
χ̃Zj(v)

)
=
π2α2 ||v||22

(
−Csλ2 ||v||22 − Z

)2

1 + ε0 ||v||22
+

1
4
π2λ2∆2 ||v||42
1 + ε0 ||v||22

∀ v ∈ R2,

where ε0 = π2α2∆2 [24, 70, 38]. By Equations (2.11) and (2.27), the real and imaginary
parts of χ̃Zj can be written as

Re
(
χ̃Zj(v)

)
=
−2πχZj(v)

1 + ε0 ||v||22
+

1
2
Csε0πλ

3 ||v||62
1 + ε0 ||v||22

∀ v ∈ R2, (3.3)

Im
(
χ̃Zj(v)

)
=

(
πα
λ

)2 ∣∣∣∣∇χZj(v)
∣∣∣∣2

2

1 + ε0 ||v||22
+

1
4
(π∆λ)2 ||v||42
1 + ε0 ||v||22

∀ v ∈ R2, (3.4)

assuming that only the focus and the spherical aberration are considered for the wave
aberration function. Note that the numerators of the two fractions in Equation (3.4)
are identical to the negated exponents of the spatial and temporal coherence envelopes
in Equations (2.25) and (2.26) with w = 0. If u(v) := 1 + ∆2π2λ2q2

0 ||v||
2
2 = 1 + ε0 ||v||22

is approximated by 1 as in Equation (2.23) in the derivation of Ishizuka’s TCC and the
second term in Equation (3.3) is neglected, then the function χ̃Zj reduces to

χ̃Zj(v) ≈ −2πχZj(v) + i

((πα
λ

)2 ∣∣∣∣∇χZj(v)
∣∣∣∣2

2
+

1

4
(π∆λ)2 ||v||42

)
∀ v ∈ R2

and consequently

exp
(
iχ̃Zj(v)

)
≈ pZj(v)EZj

s (v, 0)Ef (v, 0) ∀ v ∈ R2.

The constant B ∈ R is a Debye-Waller temperature coefficient that models thermal vi-
brations of the specimen during image acquisition. Strictly speaking, the corresponding
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3 The inverse problem: exit wave reconstruction

Debye-Waller factor exp
(
− B ||v||22 /4

)
is not related to the microscope’s transfer func-

tion. Nevertheless, it is added to the TCC with the intention of reducing the blurring
of the exit wave caused by thermal vibrations [38, p. 154].

Finally, the registration of the TEM images is also incorporated into the TCC by
means of the modulation µtj(v) := exp(2πiv·tj) with tj ∈ R2. Since the Fourier transform
converts modulations to translations and vice versa, it follows from Equation (2.33) and

F−1(Ψ ?TMIMAP,1
j

Ψ) =
∣∣F−1(Ψhj)

∣∣2 =
∣∣∣F−1

(
Ψh̃jµtj

)∣∣∣2 =
∣∣∣F−1

(
Ψh̃j

)
◦ φtj

∣∣∣2
=
∣∣∣F−1

(
Ψh̃j

)∣∣∣2 ◦ φtj
that the modulation by µtj indeed translates the simulated images in real space. Here,

φy : R2 → R2, x 7→ x+ y is the translation by y ∈ R2 and h̃j := hj/µtj .
Although the possibility of an objective aperture is mentioned in [38, p. 163], no

aperture term is explicitly included in the function hj. If an aperture function is added to

the definition of hj, then the properties I–IV also hold for TMIMAP,1
j . Adding an aperture

function poses no limitation on the practical application of the MIMAP functional, since
the aperture function may be chosen equal to unity on the entire (finite) domain of the
experimental TEM images.

The extension of Ishizuka’s TCC: Another, more generally valid form of the TCC
that is considered in [38] for the MIMAP functional is an extension of Ishizuka’s TCC.
It is defined as

TMIMAP,2
j (v, w) := T̃Zj(v, w)kj(v)k∗j (w) ∀ v, w ∈ R2

for all j ∈ {1, . . . , N}, where T̃Zj denotes the last line of Equation (2.23) with Z = Zj
and

kj(v) := exp

(
−B ||v||

2
2

4

)
exp(2πiv · tj) ∀ v ∈ R2.

Thus, just like the extension of the quasi-coherent TCC TMIMAP,1
j , the extension of

Ishizuka’s TCC does not replace u by 1 and includes a Debye-Waller factor as well as
the registration. The statement on the Debye-Waller factor carries over from TMIMAP,1

j

to TMIMAP,2
j . If an aperture function is added to kj, then the support of TMIMAP,2

j is
bounded. The modulation again acts as a translation on the simulated images in real
space by Lemma 2.3.3.

If an aperture function is added, then the TCC also satisfies the properties I–III along
with TMIMAP,2

j ∈ W (U) for an appropriate bounded set U ⊆ R2. However, it is not clear
if the TCC also satisfies the factorization property IV, which can likely be checked with
another elongated proof along the lines of Proposition 2.2.8. The factorization property
of TMIMAP,2

j is not investigated in more detail here, since this TCC can be considered as
an intermediate stage between the large aperture approximation and Ishizuka’s TCC,
both of which satisfy the factorization property.
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3.2 Coercivity

3.1.2 The MAL functional

In the MAL algorithm, the functional

JMAL[Ψ] =
1

N

N∑
j=1

∣∣∣∣∣∣Ψ ?TMAL
Zj

Ψ−F(gj ◦ φtj)
∣∣∣∣∣∣2
L2

is minimized in order to reconstruct the exit wave from a focus image series [10]. The
MAL algorithm therefore does not utilize a regularizer for the exit wave and it is argued
that the regularizer in the MIMAP functionals obstructs convergence instead of improv-
ing it [10, p. 119]. In Section 2.2.4, it has been shown that the TCC TMAL

Zj
satisfies all

of the properties I–IV.
The translations φtj that are applied to the experimental input images gj for all

j = 1, . . . , N are not included explicitly in the MAL functional in [10]. Rather, it is
stated that the registration of the image series is updated after every minimization step
of the functional, which implies that the experimental input images gj are replaced with
the shifted images gj ◦ φtj .

3.2 Coercivity

The coercivity of the functionals is a crucial property if one wants to show the existence
of minimizers with the direct method. Here, a function f : V → W between two normed
vector spaces (V, ||·||V ) and (W, ||·||W ) is called coercive if and only if

lim
k→∞
||f(vk)||W =∞

holds for all sequences (vk)k∈N ∈ V N with limk→∞ ||vk||V =∞.
The MIMAP functionals are clearly coercive because of the regularizer σ ||Ψ−ΨM ||2L2 .

This is a beneficial, but likely unintentional, side-effect of the regularizer, as its original
purpose was to improve the reliability of a minimizer in the case of a low signal-to-
noise ratio. However, since the regularizer was removed from the functional in the MAL
algorithm, it is not clear if the MAL functional is coercive as well. It is therefore natural
to ask if the regularizer is necessary for the coercivity of the functional.

3.2.1 A special case: low-pass filter approximation

A partial answer to this question is given below in multiple steps, which show that the
functional

L2(U,C)→ R, Ψ 7→ ||(ΨpZ) ? (ΨpZ)−G||2L2 (3.5)

is not coercive for any G ∈ L2(R2,C) and any measurable subset U ⊆ R2 with non-
empty interior. This functional is identical to the MAL functional in the case of perfectly
coherent illumination and only a single experimental input image.

The intuition behind the non-coercivity of Equation (3.5) is given by considering the
functional J [f ] = ||f ? f ||L2 with f ∈ L2(Rd,C), d ∈ N.
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3 The inverse problem: exit wave reconstruction

Lemma 3.2.1. The functional

J : L2(Rd,C)→ R, f 7→ ||f ? f ||L2

is not coercive for all d ∈ N.

Proof. Define the functions

gδ : Rd → R, x 7→

{∏d
i=1

1√
xi
, if 1 ≤ xi ≤ δ ∀ i ∈ {1, . . . , d},

0, otherwise

for all δ > 1. Then

||gδ||L2 =

√√√√∫
[1,δ]d

d∏
i=1

1

xi
dx =

√(∫ δ

1

1

y
dy

)d
=
√

ln(δ)d −→
δ→∞

∞

and

∣∣∣∣g2
δ

∣∣∣∣
L2 =

√√√√∫
[1,δ]d

d∏
i=1

1

x2
i

dx =

√(∫ δ

1

1

y2
dy

)d
=

√(
1− 1

δ

)d
−→
δ→∞

1 <∞.

If we set fδ := F(gδ) for all δ > 1, then fδ ∈ L2(Rd,C) and it follows that

J [fδ] = ||fδ ? fδ||L2 =
∣∣∣∣∣∣∣∣F−1fδ

∣∣2∣∣∣∣∣∣
L2

=
∣∣∣∣g2

δ

∣∣∣∣
L2 −→

δ→∞
1,

but ||fδ||L2 = ||gδ||L2 −→
δ→∞
∞, since the Fourier transform is unitary. Therefore J is not

coercive.

In order to show that the functional in Equation (3.5) is not coercive, the above
observation is generalized to

L2(U,C)→ R, f 7→ ||f ? f ||L2 (3.6)

for measurable sets U ⊆ Rd with non-empty interior. This implies that the functional
in Equation (3.5) is not coercive, since pZ(v) 6= 0 for all v ∈ R2 and

||(ΨpZ) ? (ΨpZ)−G||2L2 ≤ 2 ||(ΨpZ) ? (ΨpZ)||2L2 + 2 ||G||2L2

for all Ψ ∈ L2(A,C) and all G ∈ L2(R2,C).
Since the support of gδ in Lemma 3.2.1 is bounded for all δ > 1, the support of its

Fourier transform fδ = F(gδ) is necessarily unbounded. Therefore, it is not directly
possible to apply the proof of Lemma 3.2.1 to a functional with the domain L2(U,C)
for measurable sets U 6= Rd. In order to construct a suitable sequence of functions
with bounded support, the functions fδ are multiplied with the characteristic function
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3.2 Coercivity

1[− 1
2
, 1
2

]. It is well known that F(sinc) = 1[− 1
2
, 1
2

], where sinc is the normalized cardinal
sine function defined as

sinc(x) =

{
sin(πx)
πx

, if x 6= 0,

1, if x = 0.

By the convolution theorem, the multiplication of fδ with the characteristic function
1[− 1

2
, 1
2

] corresponds to a convolution of gδ with sinc, since

F(gδ ∗ sinc) = F(gδ)F(sinc) = fδ1[− 1
2
, 1
2

].

In other words, convolving gδ with sinc corresponds to applying an ideal low-pass filter
with cutoff frequency 1

2
to gδ.

It remains to show that gδ ∗ sinc is sufficiently “close” to gδ in the sense of

lim
δ→∞
||gδ ∗ sinc||L2 =∞ and lim

δ→∞

∣∣∣∣(gδ ∗ sinc)2
∣∣∣∣
L2 <∞.

The central tool to this end is Lemma 3.2.2, which provides a method to estimate how
well a scalar function g : R → R is approximated by g ∗ k for an appropriate function
k : R→ R.

Interval arithmetic is utilized in order to compute bounds for the real-valued functions
in Lemma 3.2.2. The sum and the difference of two intervals I1 := [a, b] and I2 := [c, d]
are defined as

I1 + I2 := {x+ y | x ∈ I1, y ∈ I2} = [a+ c, b+ d],

I1 − I2 := {x− y | x ∈ I1, y ∈ I2} = [a− d, b− c]

for all a, b, c, d ∈ R with a ≤ b and c ≤ d. Furthermore, a scalar e ∈ R is identified with
the interval [e, e].

Lemma 3.2.2 ([14, Lemma B.1]). Let g : R → R be monotonic, bounded and positive,
k ∈ L1

loc(R,R) and N > 0. If there are constants αN , βN > 0 such that

•
∣∣∫
I
k(y) dy

∣∣ ≤ αN for all intervals I ⊆ [−N,N ],

•
∣∣∫
I
k(y) dy

∣∣ ≤ βN for all bounded intervals I ⊆ R\[−N,N ],

then(
g ∗ k

)
(x) ∈ δNg(x−N) + |g(x+N)− g(x−N)| [−αN , αN ] + 4 ||g||∞ [−βN , βN ],

where δN =
∫

[−N,N ]
k(y) dy, holds for all x ∈ R.

Proof. Let x ∈ R and split the integral into three parts,

(
g ∗ k

)
(x) =

∫ N

−N
g(x− y)k(y) dy +

∫ ∞
N

g(x− y)k(y) dy +

∫ −N
−∞

g(x− y)k(y) dy.
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3 The inverse problem: exit wave reconstruction

By the second mean value theorem of integral calculus [31], there exists a B ∈ [−N,N ]
with ∫ N

−N
g(x− y)k(y) dy = g(x+N)

∫ B

−N
k(y) dy + g(x−N)

∫ N

B

k(y) dy

= g(x+N)

∫ B

−N
k(y) dy + g(x−N)

(
δN −

∫ B

−N
k(y) dy

)
=
(
g(x+N)− g(x−N)

) ∫ B

−N
k(y) dy + δNg(x−N)

∈ |g(x+N)− g(x−N)| [−αN , αN ] + δNg(x−N).

Bounds for the other two integrals can also be found using the second mean value
theorem: for every M > N there exists a QM ∈ [N,M ] with∫ ∞

N

g(x− y)k(y) dy = lim
M→∞

∫ M

N

g(x− y)k(y) dy

= lim
M→∞

g(x−N)

∫ QM

N

k(y) dy + g(x−M)

∫ M

QM

k(y) dy

∈ 2 ||g||∞ [−βN , βN ]

and similarly for the third integral.

As mentioned above, the normalized cardinal sine function k := sinc is of particular
interest as the convolution kernel. If I = [c, d] ⊂ R is a bounded interval, then the
integral

∫
I
k(y) dy can be expressed in terms of the sine integral Si(x) =

∫ x
0

sin(y)/y dy
by means of ∫

I

k(y) dy =
1

π

∫ πd

πc

sin(y)

y
dy =

1

π

(
Si(πd)− Si(πc)

)
.

By rewriting the integral in this way, suitable values for αN and βN as well as a bound
on δN can be determined from the properties of Si.

It is well known that |Si(x)| ≤ Si(π) ≤ 2 for all x ∈ R. Moreover, we have∣∣Si(x)− π
2

∣∣ ≤ 1
x

for all x > 0, which can be shown as follows [12]: the equation

π

2
− Si(x) =

∫ ∞
x

sin(t)

t
dt =

∫ ∞
0

sin(x+ t)

x+ t
dt =

∫ ∞
0

sin(x) cos(t) + cos(x) sin(t)

x+ t
dt

holds for all x > 0, since
∫∞

0
sin(t)
t

dt = π
2
. Similar to Parseval’s theorem for the Fourier

transform, a useful property of the Laplace transform is the fact that the Laplace trans-
form L can be applied to the integrand as

∫∞
0
f(x)g(x) dx =

∫∞
0
L(f)(y)L−1(g)(y) dy.

Applying the Laplace transform to the numerator and the inverse Laplace transform to
(x+ t)−1 yields [46]∫ ∞

0

sin(x) cos(t) + cos(x) sin(t)

x+ t
dt =

∫ ∞
0

(
sin(x)

s

s2 + 1
+ cos(x)

1

s2 + 1

)
e−sx ds

=

∫ ∞
0

(sin(x), cos(x)) · (s, 1)

s2 + 1
e−sx ds
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3.2 Coercivity

and, using the Cauchy-Schwarz inequality, it follows that∣∣∣Si(x)− π

2

∣∣∣ ≤ ∫ ∞
0

||(sin(x), cos(x)||2 ||(s, 1)||2
s2 + 1

e−sx ds

=

∫ ∞
0

1√
s2 + 1

e−sx ds <

∫ ∞
0

e−sx ds =
1

x
.

A direct consequence of this inequality is that
∣∣Si(x) + π

2

∣∣ ≤ 1
−x holds for all x < 0

because of the point symmetry of the sine integral.
Now fix an arbitrary N > 0. If I = [c, d] ⊆ [−N,N ], then∣∣∣∣∫

I

k(y) dy

∣∣∣∣ =
1

π
|Si(πd)− Si(πc)| ≤ 1

π
(2 + 2) =

4

π
=: αN ,

On the other hand, if we consider an interval I = [c, d] ⊆ (N,∞), then∣∣∣∣∫
I

k(y) dy

∣∣∣∣ =
1

π
|Si(πd)− Si(πc)| = 1

π

∣∣∣(Si(πd)− π

2

)
−
(

Si(πc)− π

2

)∣∣∣
≤ 1

π

(
1

πd
+

1

πc

)
≤ 2

π2N
=: βN

and similarly
∣∣∫
I
k(y) dy

∣∣ ≤ 2
π2N

= βN for I = [c, d] ⊆ (−∞,−N). The value of δN is
bounded by

|δN − 1| =
∣∣∣∣∫

[−N,N ]

k(y) dy − 1

∣∣∣∣ =

∣∣∣∣ 2π Si(πN)− 1

∣∣∣∣ ≤ 2

π

1

πN
=

2

π2N
.

Lemma 3.2.3 ([14, Lemma B.2]). The functional f 7→ ||f ? f ||L2 with f ∈ L2(I,C) is
not coercive for any proper interval I ⊆ R.

Proof. For δ > 1 let gδ : R → R with gδ(x) = 1√
x

for all x ∈ [1, δ] and gδ(x) = 0 for all

x ∈ R\[1, δ]. The function gδ is neither monotonic nor positive but it can be written as
the difference of two monotonic, bounded and positive functions gδ,1 and gδ,2, e.g.

gδ,1(x) =

{
1, if x < 1,

2, if x ≥ 1
and gδ,2(x) =


1, if x < 1,

2− 1√
x
, if 1 ≤ x ≤ δ,

2, if x > δ.

Applying Lemma 3.2.2 to gδ,j for j ∈ {1, 2} and using the values for αN and βN derived
above as well as the bound on δN yields bounds

(
gδ,j ∗ k

)
(x) ∈ [Lδ,j,N(x), Uδ,j,N(x)] for

all x ∈ R and all N > 0, where

Lδ,j,N(x) := gδ,j(x−N)

(
1− 2

π2N

)
− |gδ,j(x+N)− gδ,j(x−N)| 4

π
− 16

π2N
,

Uδ,j,N(x) := gδ,j(x−N)

(
1 +

2

π2N

)
+ |gδ,j(x+N)− gδ,j(x−N)| 4

π
+

16

π2N
.
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3 The inverse problem: exit wave reconstruction

Therefore, gδ ∗ k is bounded by(
gδ ∗ k

)
(x) =

(
gδ,1 ∗ k

)
(x)−

(
gδ,2 ∗ k

)
(x)

∈ [Lδ,1,N(x)− Uδ,2,N(x), Uδ,1,N(x)− Lδ,2,N(x)]

for all x ∈ R and all N > 0. In particular, choosing x = 2N yields the lower bounds

(
gδ ∗ k

)
(2N) ≥


(

1− 12−4
√

3
3π

)
1√
N
− 40

π2
1
N

+ 2
π2

1
N
√
N
, if N ∈

[
1, δ

3

]
,(

1− 4
π

)
1√
N
− 40

π2
1
N

+ 2
π2

1
N
√
N
, if N ∈

(
δ
3
, δ
]
,

− 40
π2N

, if N ∈ (δ,∞)

and the upper bounds

(
gδ ∗ k

)
(2N) ≤


(

1 + 12−4
√

3
3π

)
1√
N

+ 40
π2

1
N
− 2

π2
1

N
√
N
, if N ∈

[
1, δ

3

]
,(

1 + 4
π

)
1√
N

+ 40
π2

1
N
− 2

π2
1

N
√
N
, if N ∈

(
δ
3
, δ
]
,

40
π2N

, if N ∈ (δ,∞)

for all N > 1. A bound on
(
gδ ∗ k

)
(x) for negative values of x can be found similarly by

choosing x = −N , which yields
(
gδ ∗ k

)
(−N) ∈

[ −36
π2N

, 36
π2N

]
for all N > 0. Furthermore,

gδ ∗ k is uniformly bounded by

||gδ ∗ k||∞ ≤ ||gδ||L4 ||k||L4/3 ≤ ||g∞||L4 ||k||L4/3 <∞

for all δ > 1 by Hölder’s inequality. Using these bounds and the fact that the coefficient
1− 12−4

√
3

3π
of 1√

N
in the lower bound of

(
gδ ∗ k

)
(2N) is positive, it follows that

• ∃ c1, xmin > 0 :
(
gδ ∗ k

)
(x) ≥ c1

1√
x

for all x ∈
[
xmin,

δ
3

]
and all δ > 1.

• ∃ c2 > 0 :
(
gδ ∗ k

)
(x) ≤ c2

1√
x

for all |x| ≥ 1 and all δ > 1. Furthermore, we have(
gδ ∗ k

)
(x) ≤ ||g∞||L4 ||k||L4/3 for all |x| < 1 and all δ > 1.

This implies

lim
δ→∞
||gδ ∗ k||L2 =∞ and lim

δ→∞

∣∣∣∣(gδ ∗ k)2
∣∣∣∣
L2 <∞.

Without loss of generality, we assume that I =
[
−1

2
, 1

2

]
. Let fδ := (Fgδ)1[− 1

2
, 1
2

] for all

δ > 1. Then fδ ∈ L2
([
−1

2
, 1

2

]
,C
)

and

lim
δ→∞
||fδ||L2 = lim

δ→∞

∣∣∣∣F−1fδ
∣∣∣∣
L2 = lim

δ→∞
||gδ ∗ k||L2 =∞,

lim
δ→∞
||fδ ? fδ||L2 = lim

δ→∞

∣∣∣∣∣∣(F−1fδ
)2
∣∣∣∣∣∣
L2

= lim
δ→∞

∣∣∣∣(gδ ∗ k)2
∣∣∣∣
L2 <∞.

Next, the result for the one-dimensional case in Lemma 3.2.3 is generalized to arbitrary
subsets U ⊆ Rd with non-empty interior, which completes the proof of the non-coercivity
of the functional in Equation (3.6).
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Corollary 3.2.4 ([14, Lemma B.3]). The functional f 7→ ||f ? f ||L2 with f ∈ L2(U,C)
is not coercive for any measurable set U ⊆ Rd with non-empty interior.

Proof. Since the interior of U is non-empty, there are a, b ∈ R with a < b such that
[a, b]d ⊆ U . By Lemma 3.2.3 there is a sequence (fn)n∈N of functions fn ∈ L2([a, b],C)
with limn→∞ ||fn||L2 = ∞ and limn→∞ ||fn ? fn||L2 = 1. Consider the sequence (hn)n∈N
given by

hn : U → C, x 7→

{
fn(x1), if x ∈ [a, b]d,

0, otherwise.

Then

||hn||2L2 =

∫
[a,b]d
|fn(x1)|2 dx = (b− a)d−1 ||fn||2L2 −→

n→∞
∞

and ∣∣(hn ? hn)(x)
∣∣ =

∣∣∣∣∫
Rd
hn(y)hn(x+ y) dy

∣∣∣∣ =

∣∣∣∣∫
[a,b]d∩([a,b]d−x)

fn(y1)fn(y1 + x1) dy

∣∣∣∣
≤

{
(b− a)d−1

∣∣(fn ? fn)(x1)
∣∣ , if x ∈ B∞b−a(0),

0, otherwise

for all x ∈ Rd, where B∞b−a(0) =
{
x ∈ Rd : ||x||∞ < b− a

}
. This implies

||hn ? hn||2L2 ≤ (b− a)2d−2

∫
B∞b−a(0)

∣∣(fn ? fn)(x1)
∣∣2 dx

≤ (b− a)2d−2(b− a)d−1

∫
[−(b−a),b−a]

∣∣(fn ? fn)(x1)
∣∣2 dx

= (b− a)3d−3 ||fn ? fn||2L2 −→
n→∞

(b− a)3d−3 <∞.

3.2.2 The general case

Let U ⊆ R2 be measurable with non-empty interior. The negative result from the
previous section suggests that the MAL functional is not coercive even in the general
case of partially coherent illumination and multiple input images. As a generalization
of the results from Section 3.2.1, it is shown that the functionals

L2(U,C)→ R, Ψ 7→
N∑
j=1

∣∣∣∣∣∣Ψ ?TZj Ψ−Gj

∣∣∣∣∣∣2
L2

(3.7)

are not coercive regardless of the choice of N ∈ N, Gj ∈ L2(R2,C) and Zj ∈ R, given
that TZj ∈ W (U) is a ?-separable TCC. Since the TCC TMAL

Z is ?-separable, it follows
that the MAL functional is not coercive.

First, note that it is sufficient to consider the functional

J : L2(U,C)→ R, Ψ 7→
N∑
j=1

∣∣∣∣∣∣Ψ ?TZj Ψ
∣∣∣∣∣∣2
L2

(3.8)
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3 The inverse problem: exit wave reconstruction

instead of Equation (3.7), since

N∑
j=1

∣∣∣∣∣∣Ψ ?TZj Ψ−Gj

∣∣∣∣∣∣2
L2
≤ 2

N∑
j=1

∣∣∣∣∣∣Ψ ?TZj Ψ
∣∣∣∣∣∣2
L2

+ 2
N∑
j=1

||Gj||2L2

holds for all Ψ ∈ L2(U,C). Thus, if (Ψn)n∈N ∈ L2(U,C)N is a sequence with ||Ψn||L2 →∞
for n→∞ and lim infn→∞ J [Ψn] <∞, then (Ψn)n∈N also satisfies

lim inf
n→∞

N∑
j=1

∣∣∣∣∣∣Ψn ?TZj Ψn −Gj

∣∣∣∣∣∣2
L2
<∞.

Proposition 3.2.5. Let N ∈ N and Zj ∈ R for all j ∈ {1, . . . , N}. Furthermore, let
U ⊆ R2 be a measurable set with non-empty interior and TZ ∈ W (U) a ?-separable TCC
with

TZ(v, w) =
K∑
k=1

hZ,k(v)h∗Z,k(w) ∀ v, w ∈ U (3.9)

for a suitable K ∈ N and suitable measurable and bounded functions hZ,k : R2 → C. If
F−1(hZj ,k) ∈ L1(R2,C) for all j ∈ {1, . . . , N} and all k ∈ {1, . . . , K}, then the functional

J : L2(U,C)→ R, Ψ 7→
N∑
j=1

∣∣∣∣∣∣Ψ ?TZj Ψ
∣∣∣∣∣∣2
L2

is not coercive.

Proof. Let Ψ ∈ L2(U,C) and ψ := F−1(Ψ). By the decomposition of the TCC in
Equation (3.9), the convolution theorem, and the fact that the Fourier transform is
unitary, we have

J [Ψ] =
N∑
j=1

∣∣∣∣∣
∣∣∣∣∣
K∑
k=1

(ΨhZj ,k) ? (ΨhZj ,k)

∣∣∣∣∣
∣∣∣∣∣
2

L2

=
N∑
j=1

∣∣∣∣∣
∣∣∣∣∣
K∑
k=1

∣∣F−1(ΨhZj ,k)
∣∣2∣∣∣∣∣
∣∣∣∣∣
2

L2

.

Rewriting the squared L2-norm as an inner product and applying the Cauchy-Schwarz
inequality, it follows that

J [Ψ] =
N∑
j=1

K∑
k,l=1

(∣∣F−1(ΨhZj ,k)
∣∣2 , ∣∣F−1(ΨhZj ,l)

∣∣2)
L2

≤
N∑
j=1

K∑
k,l=1

∣∣∣∣∣∣∣∣F−1(ΨhZj ,k)
∣∣2∣∣∣∣∣∣

L2

∣∣∣∣∣∣∣∣F−1(ΨhZj ,l)
∣∣2∣∣∣∣∣∣

L2
.
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3.2 Coercivity

Applying the convolution theorem once more as well as the “counterpart” of Lemma 2.1.3
for convolutions, we get

J [Ψ] ≤
N∑
j=1

K∑
k,l=1

∣∣∣∣∣∣∣∣ψ ∗ F−1(hZj ,k)
∣∣2∣∣∣∣∣∣

L2

∣∣∣∣∣∣∣∣ψ ∗ F−1(hZj ,l)
∣∣2∣∣∣∣∣∣

L2

=
N∑
j=1

K∑
k,l=1

∣∣∣∣ψ ∗ F−1(hZj ,k)
∣∣∣∣2
L4

∣∣∣∣ψ ∗ F−1(hZj ,l)
∣∣∣∣2
L4

≤
N∑
j=1

K∑
k,l=1

||ψ||2L4

∣∣∣∣F−1(hZj ,k)
∣∣∣∣2
L1 ||ψ||

2
L4

∣∣∣∣F−1(hZj ,l)
∣∣∣∣2
L1

=
∣∣∣∣|ψ|2∣∣∣∣2

L2

N∑
j=1

K∑
k,l=1

∣∣∣∣F−1(hZj ,k)
∣∣∣∣2
L1

∣∣∣∣F−1(hZj ,l)
∣∣∣∣2
L1 ,

assuming that ψ = F−1(Ψ) ∈ L4(R2,C) for now. Since F−1(hZj ,k) is integrable for all
j, k by assumption, there exists a constant C > 0 with

N∑
j=1

K∑
k,l=1

∣∣∣∣F−1(hZj ,k)
∣∣∣∣2
L1

∣∣∣∣F−1(hZj ,l)
∣∣∣∣2
L1 = C <∞,

which shows that J [Ψ] ≤ C
∣∣∣∣|ψ|2∣∣∣∣2

L2 .

By Corollary 3.2.4, there exists a sequence (Ψn)n∈N ∈ L2(U,C)N with ||Ψn||L2 →∞ as
n→∞ and limn→∞ ||Ψn ?Ψn||L2 <∞. If we define ψn := F−1(Ψn) for all n ∈ N, then

lim
n→∞

∣∣∣∣|ψn|2∣∣∣∣L2 = lim
n→∞

∣∣∣∣F−1(Ψn ?Ψn)
∣∣∣∣
L2 = lim

n→∞
||Ψn ?Ψn||L2 <∞.

The same line of reasoning shows
∣∣∣∣|ψn|2∣∣∣∣L2 = ||Ψn ?Ψn||L2 < ∞ and consequently

ψn ∈ L4(R2,C) for all n ∈ N. Finally, it follows that

lim inf
n→∞

J [Ψn] ≤ lim
n→∞

C
∣∣∣∣|ψn|2∣∣∣∣2L2 <∞,

although limn→∞ ||Ψn||L2 =∞. Thus J is not coercive.

The assumption on F−1(hZj ,k) being an integrable function for all j ∈ {1, . . . , N} and
all k ∈ {1, . . . , K} is for instance satisfied if hZj ,k ∈ C4

c (R2,C). If the aperture function
is four times continuously differentiable, then this is true for all of the ?-separable TCCs
in Sections 2.2.4 to 2.2.6. An explicit upper bound for the L1-norm of F−1(hZj ,k) can
then be derived as follows:

Since hZj ,k ∈ C4
c (R2,C), we have

(
1 + x4

1 + x4
2

)
F−1

(
hZj ,k

)
(x) = F−1

((
1 +

∂4

∂x4
1

+
∂4

∂x4
2

)
hZj ,k

)
(x)
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3 The inverse problem: exit wave reconstruction

for all x ∈ R2. This implies

∣∣F−1
(
hZj ,k

)
(x)
∣∣ =
F−1

((
1 + ∂4

∂x4
1

+ ∂4

∂x4
2

)
hZj ,k

)
(x)

1 + x4
1 + x4

2

≤

∣∣∣∣∣∣(1 + ∂4

∂x4
1

+ ∂4

∂x4
2

)
hZj ,k

∣∣∣∣∣∣
L1

1 + x4
1 + x4

2

for all x ∈ R2 since the Fourier transform of an integrable function f is uniformly
bounded by the L1 norm of f . Therefore it follows that∣∣∣∣F−1(hZj ,k)

∣∣∣∣
L1 ≤

∣∣∣∣∣∣∣∣(1 +
∂4

∂x4
1

+
∂4

∂x4
2

)
hZj ,k

∣∣∣∣∣∣∣∣
L1

∫
R2

1

1 + x4
1 + x4

2

dx <∞.

Unfortunately, there is no direct way to generalize the proof of Proposition 3.2.5 to
TCCs TZ ∈ W+(U) that are not ?-separable. In order to see this, let TZ ∈ W+(U) be
one of the TCCs from Sections 2.2.1 to 2.2.3 and (TZ,K)K∈N the corresponding sequence
of ?-separable functions converging uniformly to TZ with

TZ,K(v, w) =
K∑
k=1

hZ,K,k(v)h∗Z,K,k(w) ∀ v, w ∈ U

for all K ∈ N, where hZ,K,k : R2 → C are the functions given in the respective section.
The straightforward generalization of Proposition 3.2.5 would require the existence of a
constant C ′ <∞ such that∣∣∣∣∣∣∣∣(1 +

∂4

∂x4
1

+
∂4

∂x4
2

)
hZj ,K,k

∣∣∣∣∣∣∣∣
L1

≤ C ′K−
1
2 ∀ k ∈ {1, . . . , K}

holds for all K ∈ N, which then implied that there is a constant C <∞ with

N∑
j=1

K∑
k,l=1

∣∣∣∣F−1(hZj ,K,k)
∣∣∣∣2
L1

∣∣∣∣F−1(hZj ,K,l)
∣∣∣∣2
L1 ≤ C <∞

for all K ∈ N. However, since the partial derivatives of the pure phase transfer function
are unbounded, it seems unlikely that such a constant C ′ exists.

3.3 Joint exit wave reconstruction and image
registration

Due to the close connection of exit wave reconstruction and the registration of the
image series, it is natural to consider solving both problems simultaneously instead of
alternatingly. In this section, a novel objective functional for exit wave reconstruction is
proposed, which combines these two problems into a single functional. This way, it is no
longer necessary to switch between the reconstruction and the registration during every
iteration, which allows us to investigate the mathematical properties of the algorithm
as a whole more easily.
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3.3 Joint exit wave reconstruction and image registration

It should be noted that most of the parts necessary for this joint approach are already
apparent in the MIMAP functionals. However, in the MIMAP algorithm the minimiza-
tion of the functional is still performed alternatingly with respect to the exit wave and
the translations.

In the entire section, T stands for any of the TCCs from Section 2.2. The notation from
the previous chapters is adopted in this section. Furthermore, A denotes the interior of
the support of the aperture function, Bra(0), if T is any of the TCCs from Sections 2.2.2
to 2.2.6 and A := Brs+ra(0) if T is the full TCC from Section 2.2.1.

Definition 3.3.1. Let N ∈ N and g1, . . . , gN ∈ L1(R2,R≥0) ∩ L2(R2,R≥0) be a series
of real space TEM images with the corresponding focus values Z1, . . . , ZN ∈ R such that
supp(F(gj)) ⊆ 2A for all j ∈ {1, . . . , N}. The objective functional for joint reconstruc-
tion and registration is defined as

Eσ : L2(A,C)× (R2)N → R, (Ψ, t) 7→ 1

N

N∑
j=1

∣∣∣∣Ψ ?TZj Ψ−F(gj ◦ φtj)
∣∣∣∣2
L2

+ σ ||Ψ−ΨM ||2L2

for σ ≥ 0 and ΨM ∈ L2(A,C).

The functional is well-defined, since the simulated Fourier space images Ψ ?TZj Ψ are

square-integrable by Corollary 2.1.4 and the shifted experimental images F(gj ◦ φtj) in
Fourier space are clearly also square-integrable for all j ∈ {1, . . . , N}. The domain of
the exit wave is restricted to the support of the aperture function, since all frequencies
outside of A are filtered out due to

Ψ ?TZj Ψ = (Ψ1A) ?TZj (Ψ1A)

and thus do not contribute to the simulated images.

The restriction supp(F(gj)) ⊆ 2A on the frequencies of the experimental images does
not affect the reconstruction, since supp(Ψ ?TZ Ψ) ⊆ 2A for all Ψ ∈ L2(A,C), Z ∈ R and
supp(F(gj ◦ φy)) = supp(F(gj)) for all y ∈ R2, which is a consequence of the fact that
translations are converted to modulations with the Fourier transform. Thus only image
plane frequencies v with |v| < 2ra, where ra is the aperture radius, can be reconstructed
with the objective functional. Hence a low-pass filter of radius 2ra may be applied to
the experimental input images g1, . . . , gN without changing Eσ in any way.

There are several equivalent ways of expressing the data term of the objective func-
tional. Instead of comparing the simulated images with the experimental images in
Fourier space, the data term can also be transformed to real space, since the Fourier
transform is unitary. This results in

Eσ[Ψ, t] =
1

N

N∑
j=1

∣∣∣∣F−1(Ψ ?TZj Ψ)− gj ◦ φtj
∣∣∣∣2
L2 + σ ||Ψ−ΨM ||2L2 . (3.10)
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3 The inverse problem: exit wave reconstruction

As the Fourier transform converts translations to modulations and the L2-norm is in-
variant of translations or modulations, further ways to express the functional Eσ are

Eσ[Ψ, t] =
1

N

N∑
j=1

∣∣∣∣Ψ ?TZj Ψ− µtjF(gj)
∣∣∣∣2
L2 + σ ||Ψ−ΨM ||2L2 (3.11)

=
1

N

N∑
j=1

∣∣∣∣(Ψ ?TZj Ψ
)
µ−tj −F(gj)

∣∣∣∣2
L2 + σ ||Ψ−ΨM ||2L2 . (3.12)

The version given in Equation (3.11) is used for the numerical minimization of the
objective functional in Chapter 5. By Section 3.1.1 and Equation (2.35), the functional
in Equation (3.12) is essentially identical to the MIMAP functionals.

Remark 3.3.2. Although the objective functional in Definition 3.3.1 is defined such
that its domain contains translations for all N input images, only N−1 translations can
be determined by minimizing the functional if σ = 0 or ΨM = 0. The reason for this is
that no reference frame for the translations is fixed, which can be seen mathematically
as follows. If t′ = (t1 + τ, . . . , tN + τ) ∈ (R2)N with τ ∈ R2, then

Eσ[Ψ, t′] =
1

N

N∑
j=1

∣∣∣∣Ψ ?TZj Ψ− µtj+τF(gj)
∣∣∣∣2
L2 + σ ||Ψ||2L2

=
1

N

N∑
j=1

∣∣∣∣(Ψ ?TZj Ψ)µ−τ − µtjF(gj)
∣∣∣∣2
L2 + σ ||Ψ||2L2

=
1

N

N∑
j=1

∣∣∣∣(Ψµ−τ ) ?TZj (Ψµ−τ )− µtjF(gj)
∣∣∣∣2
L2 + σ ||Ψ||2L2

= Eσ[Ψµ−τ , t]

for all Ψ ∈ L2(A,C) by Equation (2.35). This implies that Eσ[Ψµτ , t
′] = Eσ[Ψ, t], which

shows that the functional’s value is unaffected by a “global” modulation (respectively
translation) of the exit wave and all images.

However, the reference frame for the translation can be prescribed arbitrarily. For
the practical minimization of the objective functional this problem is therefore easily
circumvented by keeping e.g. t1 = 0 ∈ R2 fixed, which means that the domain of Eσ is
effectively reduced to L2(A,C)× (R2)N−1.

Alternatively, if σ 6= 0 and ΨM 6= 0, then the a-priori estimate ΨM can act as some
kind of “soft” reference frame. This is meant in the sense that the exit wave Ψ may still
deviate slightly from the reference frame prescribed by ΨM without changing the value
of the functional very much. Note that this only works if ΨM contains some structural
information about the exit wave. If ΨM merely corresponds to the mean value m ∈ C
of the real space exit wave, then∣∣∣∣F−1(Ψ)−m

∣∣∣∣2
L2 =

∣∣∣∣F−1(Ψ) ◦ φ−τ −m
∣∣∣∣2
L2 =

∣∣∣∣F−1(Ψµ−τ )−m
∣∣∣∣2
L2
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3.3 Joint exit wave reconstruction and image registration

for all τ ∈ R2 and the functional’s value is again unaffected by a global modulation of
the exit wave and all images.

For the remainder of this section, the coefficient σ ≥ 0 of the regularizer is fixed.

3.3.1 Gâteaux differentials

Let t ∈ (R2)N . The differentials with respect to the exit wave can be deduced from the
fact that the function Ψ 7→ Eσ[Ψ, t] restricted to any one-dimensional affine subspace
of its domain L2(A,C) is actually a polynomial of degree 4. This can easily be verified
using the properties of the weighted cross-correlation from Section 2.1:

Lemma 3.3.3 (Extension of [14, Lemma 3.2]). Let t ∈ (R2)N . For all Ψ,Φ ∈ L2(A,C)
with Φ 6= 0 there are coefficients

(
Cj

Ψ,Φ,t,σ

)
j=0,...,4

∈ R5 such that

Eσ[Ψ + τΦ, t] =
4∑
j=0

Cj
Ψ,Φ,t,στ

j

for all τ ∈ R. Furthermore, C4
Ψ,Φ,t,σ > 0.

Proof. Denote the modulated input images by Gj := µtjF(gj), the difference of the
simulated and experimental images in Fourier space by DΨ,j := Ψ ?TZj Ψ−Gj and the
regularizer by RΨ := ||Ψ−ΨM ||2L2 . Then

Eσ[Ψ + τΦ, t] =
1

N

N∑
j=1

∣∣∣∣∣∣(Ψ + τΦ) ?TZj (Ψ + τΦ)−Gj

∣∣∣∣∣∣2
L2

+ σRΨ+τΦ

=
1

N

N∑
j=1

∣∣∣∣∣∣DΨ,j + τ(Ψ ?TZj Φ + Φ ?TZj Ψ) + τ 2(Φ ?TZj Φ)
∣∣∣∣∣∣2
L2

+ σRΨ+τΦ

for all τ ∈ R. Expanding and collecting coefficients with the same power of τ yields
Eσ[Ψ + τΦ, t] =

∑4
j=0 C

j
Ψ,Φ,t,στ

j with

C0
Ψ,Φ,t,σ =

1

N

N∑
j=1

||DΨ,j||2L2 + σRΨ = Eσ[Ψ, t],

C1
Ψ,Φ,t,σ =

2

N

N∑
j=1

Re
((
DΨ,j,Ψ ?TZj Φ + Φ ?TZj Ψ

)
L2

)
+ 2σRe

(
(Ψ−ΨM ,Φ)L2

)
,

C2
Ψ,Φ,t,σ =

1

N

N∑
j=1

∣∣∣∣∣∣Ψ ?TZj Φ + Φ ?TZj Ψ
∣∣∣∣∣∣2
L2

+ 2Re
((
DΨ,j,Φ ?TZj Φ

)
L2

)
+ σ ||Φ||2L2 ,

C3
Ψ,Φ,t,σ =

2

N

N∑
j=1

Re
((

Ψ ?TZj Φ + Φ ?TZj Ψ,Φ ?TZj Φ
)
L2

)
,

C4
Ψ,Φ,t,σ =

1

N

N∑
j=1

∣∣∣∣∣∣Φ ?TZj Φ
∣∣∣∣∣∣2
L2
.
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Since the real space images gj are real-valued, it follows that Gj ∈ L2(R2,C) are Hermi-
tian functions for all j ∈ {1, . . . , N}. Using the symmetry properties from Lemma 2.1.5
and the fact that DΨ,j is Hermitian, the coefficients of the odd powers of τ can therefore
be simplified to

C1
Ψ,Φ,t,σ =

4

N

N∑
j=1

Re
((
DΨ,j,Ψ ?TZj Φ

)
L2

)
+ 2σRe

(
(Ψ−ΨM ,Φ)L2

)
,

C3
Ψ,Φ,t,σ =

4

N

N∑
j=1

Re
((

Ψ ?TZj Φ,Φ ?TZj Φ
)
L2

)
.

The coefficient C4
Ψ,Φ,t,σ of τ 4 is positive by Lemma 2.1.9 respectively Lemma 2.1.10.

The Gâteaux differentials of Eσ with respect to the exit wave Ψ can now simply be
read off the polynomials’ coefficients.

Corollary 3.3.4 (Extension of [14, Corollary 3.3]). Let t ∈ (R2)N and Ψ,Φ ∈ L2(A,C)
with Φ 6= 0. The Gâteaux differentials of Eσ at (Ψ, t) in the direction (Φ, 0) are

〈
∂ΨE

(n)
σ [Ψ, t],Φ

〉
:=

d

dε

〈
∂ΨE

(n−1)
σ [Ψ + εΦ, t],Φ

〉∣∣∣∣
ε=0

=

{
n!Cn

Ψ,Φ,t,σ, n ∈ {1, . . . , 4},
0, n ≥ 5.

As one would expect, the function t 7→ Eσ[Ψ, t] for a fixed Ψ ∈ L2(R2,C) does not
possess a similar structure that can be utilized for the computation of the differentials.
However, for the derivative based minimization methods that are used to minimize Eσ
in Chapter 4, only the first order Gâteaux differential is needed, which can be calculated
more directly without using difference quotients:

Lemma 3.3.5 ([14, Lemma 3.4]). Let Ψ ∈ L2(A,C) and t, t̃ ∈ (R2)N with t̃ 6= 0. The
first order Gâteaux differential of Eσ at (Ψ, t) in the direction (0, t̃) is

〈
∂tEσ[Ψ, t], t̃

〉
= − 2

N

N∑
j=1

Re
((

Ψ ?TZj Ψ− µtjF(gj), νt̃jµtjF(gj)
)
L2

)
,

where νt̃j(x) = 2πix · t̃j for all x ∈ R2.

Proof. By the definition of Eσ, we have

〈
∂tEσ[Ψ, t], t̃

〉
=

1

N

N∑
j=1

d

dε

∫
R2

∣∣∣ (Ψ ?TZj Ψ)(x)− µtj+εt̃j(x)F(gj)(x)︸ ︷︷ ︸
=:Rj,ε(x)

∣∣∣2 dx

∣∣∣∣
ε=0

.

The partial derivative of the integrand is given by

d

dε
|Rj,ε(x)|2 =

d

dε

(
Rj,ε(x)R∗j,ε(x)

)
= 2Re

((
d

dε
Rj,ε(x)

)
R∗j,ε(x)

)
,
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3.3 Joint exit wave reconstruction and image registration

where
d

dε
Rj,ε(x) = −νt̃j(x)µtj+εt̃j(x)F(gj)(x).

This derivative is dominated by∣∣∣∣ ddε |Rj,ε(x)|2
∣∣∣∣ ≤ 2

∣∣νt̃j(x)
∣∣ |F(gj)(x)|

(∣∣∣(Ψ ?TZj Ψ
)
(x)
∣∣∣+ |F(gj)(x)|

)
for all ε > 0, which is an integrable function by the Cauchy-Schwarz inequality, Corol-
lary 2.1.4 and Definition 3.3.1. By the dominated convergence theorem, the integrable
upper bound that is independent of ε allows us to interchange integration and differen-
tiation, which yields

〈
∂tE[Ψ, t], t̃

〉
=

1

N

N∑
j=1

∫
R2

d

dε
|Rj,ε(x)|2

∣∣
ε=0

dx

= − 2

N

N∑
j=1

Re
((

Ψ ?TZj Ψ− µtjF(gj), νt̃jµtjF(gj)
)
L2

)
.

3.3.2 Existence of minimizers

By the direct method of the calculus of variations, minimizers of the objective functional
Eσ exist if Eσ is coercive, weakly lower semi-continuous and its domain is a reflexive
Banach space. Additionally, instead of considering the full domain L2(A,C) × RN of
Eσ, it is also sufficient to restrict the admissible set to a weakly closed subset as is done
below. Most of the work in showing the coercivity and the weak lower semi-continuity
has already been carried out in earlier sections. The purpose of this section is to combine
the individual results in order to yield a complete proof of the existence of minimizers.

In order to ensure that Eσ is coercive on its entire domain, the admissible set is

restricted to L2(A,C) × Br(0)
N

for an r > 0. From a mathematical point of view, the
additional parameter r must be considered as a workaround to ensure the coercivity of
the functional in the translations. Unlike usual rigid registration problems, it is not easily
possible to define an r > 0 that can serve as an upper bound based on the diameter of the
image domain. Since the support of the TCC is bounded, the domain of the simulated
images in real space is necessarily unbounded. Consequently, it is not clear whether there
exists a minimizing sequence of Eσ with bounded translations for all choices of input
images g1, . . . , gN . However, in practice the restriction on the translations is justified by
the fact that the sample is moving within a bounded domain during image acquisition.
Therefore, this is a purely mathematical limitation that is irrelevant to the practical
application.

As shown in Section 3.2, the objective functional is not coercive with respect to the
exit wave if σ = 0 and the TCC is ?-separable (with the regularity assumptions on hZj ,k
in Proposition 3.2.5), which likely also applies to TCCs that are not ?-separable. In the
case σ > 0 the objective functional is clearly coercive with respect to the exit wave.
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3 The inverse problem: exit wave reconstruction

The weak lower semi-continuity of the data term of Eσ follows from Proposition 2.1.12,
Equation (3.11) and the fact that finite sums of weakly lower semi-continuous functions
are also weakly lower semi-continuous. Since norms are weakly lower semi-continuous
on their respective spaces, the regularizer of Eσ is weakly lower semi-continuous as well.
Overall, Eσ is a weakly lower semi-continuous functional for all σ ≥ 0.

Since L2(A,C)× (R2)N is a reflexive Banach space and L2(A,C)×Br(0)
N

, as a closed
and convex subset, is also weakly sequentially closed, the existence of minimizers of Eσ
now follows with the direct method:

Theorem 3.3.6 ([14, Theorem 4.2]). If σ > 0, then there exist Ψ∗ ∈ L2(A,C) and
t∗ ∈ Br(0)N with

Eσ[Ψ∗, t∗] = inf
Ψ∈L2(A,C), t∈Br(0)

N
Eσ[Ψ, t].

3.3.3 Optimization of the focus parameters

The objective functional can be extended to

Eext
σ : L2(A,C)× (R2)N × RN → R, (Ψ, t, Z) 7→ 1

N

N∑
j=1

∣∣∣∣∣∣Ψ ?TZj Ψ−F(g ◦ φtj)
∣∣∣∣∣∣2
L2

+ σ ||Ψ−ΨM ||2L2

in order to optimize for the focus parameters as well. The first order Gâteaux differen-
tial of Eext

σ with respect to the focus is computed by interchanging differentiation and
integration twice, which allows us to express the differential in terms of the derivative of
the TCC. To this end, we exclude the full TCC and the large aperture approximation in
the following and therefore restrict the TCC TZ to one of the TCCs from Sections 2.2.3
to 2.2.6.

Lemma 3.3.7. Let Ψ ∈ L2(A,C), t ∈ (R2)N and Z, Z̃ ∈ RN with Z̃ 6= 0. The first
order Gâteaux differential of Eext

σ at (Ψ, t, Z) in the direction (0, 0, Z̃) is

〈
∂ZE

ext
σ [Ψ, t, Z], Z̃

〉
=

2

N

N∑
j=1

Re
((

Ψ ?T ′
Zj,Z̃j

Ψ,Ψ ?TZj Ψ−Gj

)
L2

)
,

where T ′
Zj ,Z̃j

(v, w) = d
dε
TZj+εZ̃j(v, w)

∣∣∣
ε=0

.

Proof. Let Gj := µtjF(gj). By definition, the Gâteaux differential is

〈
∂ZE

ext
σ [Ψ, t, Z], Z̃

〉
=

d

dε

1

N

N∑
j=1

∫
R2

∣∣∣(Ψ ?TZj+εZ̃j
Ψ
)
(x)−Gj(x)

∣∣∣2 dx

∣∣∣∣∣
ε=0

. (3.13)

The proof proceeds backwards and begins with interchanging integration and differenti-
ation for the inner integral

d

dε

(
Ψ ?TZj+εZ̃j

Ψ
)
(x)
∣∣∣
ε=0

=
d

dε

∫
R2

Ψ(y)Ψ∗(x+ y)TZj+εZ̃j(x+ y, y) dy

∣∣∣∣
ε=0

. (3.14)
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3.3 Joint exit wave reconstruction and image registration

Since TZ is continuously differentiable with respect to Z, it is straightforward to verify
with a case-by-case analysis for the different TCCs that for all bounded intervals I ⊆ R
there exists a constant C > 0 such that∣∣∣∣ ddεTZ+ε(x, y)

∣∣
ε=0

∣∣∣∣ ≤ C ∀Z ∈ I ∀x, y ∈ A.

This follows from the fact that the derivative d
dε
TZ+ε(x, y) is continuous in Z, x and y

on I × A2. (The derivatives of T Ishizuka
Z and TMAL

Z with respect to Z are calculated in
Section 4.4.1.) In particular, if we choose I = [Zj − 1, Zj + 1], then there is a constant
C > 0 such that the difference quotients satisfy∣∣∣∣TZj+ε(x, y)− TZj(x, y)

ε

∣∣∣∣ ≤ C ∀ ε ∈ [−1, 1] ∀x, y ∈ A (3.15)

by the mean value theorem. Due to Equation (3.15) and the fact that Ψ ∈ L2(A,C),
the function y 7→ Ψ(y)Ψ∗(x + y)C is an integrable function dominating the sequence
of difference quotients that converges to the focus derivative of the integrand in Equa-
tion (3.14). By the dominated convergence theorem, differentiation and integration can
be interchanged, yielding

d

dε

(
Ψ ?TZj+εZ̃j

Ψ
)
(x)
∣∣∣
ε=0

=

∫
R2

Ψ(y)Ψ∗(x+ y)
d

dε
TZj+εZ̃j(x+ y, y)

∣∣∣
ε=0

dy. (3.16)

Continuing with the outer integral, we have to find an integrable bound to the sequence
of difference quotients that converge pointwise almost everywhere to the derivative

d

dε

∣∣∣(Ψ ?TZj+εZ̃j
Ψ
)
(x)−Gj(x)

∣∣∣2∣∣∣∣
ε=0

= 2Re

(
d

dε

(
Ψ ?TZj+εZ̃j

Ψ
)
(x)
∣∣∣
ε=0

(
(Ψ ?TZj Ψ)(x)−Gj(x)

)∗)
(3.17)

By Equation (3.15) and the fact that supp(TZ) ⊆ A×A, there is a constant C > 0 such
that ∣∣∣∣∣

(
Ψ ?TZj+εZ̃j

Ψ
)
(x)−

(
Ψ ?TZj Ψ

)
(x)

ε

∣∣∣∣∣
=

∣∣∣∣∣
∫
A

Ψ(y)Ψ∗(x+ y)
TZj+εZ̃j(x+ y, y)− TZj(x+ y, y)

ε
dy

∣∣∣∣∣
≤
∫
A

|Ψ(y)Ψ∗(x+ y)|C dy ≤ ||Ψ||2L2 C

for all ε ∈ [−1, 1] and all x ∈ A. Consequently, x 7→ 2 ||Ψ||2L2 C
∣∣(Ψ ?TZj Ψ)(x) − Gj(x)

∣∣
is an integrable function dominating the sequence of difference quotients that converge
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3 The inverse problem: exit wave reconstruction

to Equation (3.17). Applying the dominated convergence theorem once more, it follows
that

〈
∂ZE

ext
σ [Ψ, t, Z], Z̃

〉
=

1

N

N∑
j=1

∫
R2

d

dε

∣∣∣(Ψ ?TZj+εZ̃j
Ψ
)
(x)−Gj(x)

∣∣∣2∣∣∣∣
ε=0

dx

=
1

N

N∑
j=1

∫
R2

2Re

(
d

dε

(
Ψ ?TZj+εZ̃j

Ψ
)
(x)
∣∣∣
ε=0
·
(
(Ψ ?TZj Ψ)(x)−Gj(x)

)∗)
dx

(3.16)
=

2

N

N∑
j=1

Re
((

Ψ ?T ′
Zj,Z̃j

Ψ,Ψ ?TZj Ψ−Gj

)
L2

)
.

Remark 3.3.8. Similar to the translations, only the relative focus between two succes-
sive images can be determined in this way, which can easily be seen with the coherent
TCC. Let Z ′ = (Z1 + ζ, . . . , ZN + ζ) ∈ (R2)N for ζ ∈ R and Z ∈ (R2)N . Then, using the
definition of the wave aberration function in Equation (2.10), we get

T coh
Z′j

(v, w) = T coh
Zj+ζ

(v, w) = tZj(v)t∗Zj(w)qζ(v)q∗ζ (w) ∀ v, w ∈ R2

with qζ(v) = exp
(
− πiζλ ||v||22

)
. If ΨM = 0, it follows that

Eext
σ [Ψ, t, Z ′] =

1

N

N∑
j=1

∣∣∣∣∣∣Ψ ?T coh
Zj+ζ

Ψ−F(g ◦ φtj)
∣∣∣∣∣∣2
L2

+ σ ||Ψ||2L2

=
1

N

N∑
j=1

∣∣∣∣∣∣(Ψqζ) ?T coh
Zj

(Ψqζ)−F(g ◦ φtj)
∣∣∣∣∣∣2
L2

+ σ ||Ψ||2L2

= Eext
σ [Ψqζ , t, Z]

(3.18)

for all Ψ ∈ L2(A,C) and all t ∈ (R2)N . This implies Eext
σ

[
Ψ 1
qζ
, t, Z ′

]
= Eext

σ [Ψ, t, Z] and

shows that the value of the functional Eext
σ is invariant under simultaneously changing

the “global” base focus value by ζ and substituting Ψ → Ψ 1
qζ

for the exit wave. It is

not obvious if a similar relationship also holds for other TCCs. Kirkland [38, p. 168]
mentions that the impossibility of determining the base focus value was verified in a
numerical experiment, but without providing any details on his approach.

There is however one key difference to the translations: while the absolute value of the
translations can be defined with respect to an arbitrary reference frame, the absolute
value of the focus values can not be arbitrarily prescribed and is very important for a
successful exit wave reconstruction. If the correct base focus value is not known, then
the reconstructed electron wave is not the exit wave since the result is multiplied by qζ
as shown in Equation (3.18) and the exit wave is free from aberrations by definition.
The base focus value must therefore be determined to a sufficiently high accuracy in
a different way (for example by comparison with a multislice simulation if at least one
image contains a crystal of known structure; see e.g. [43]).
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3.4 Convexity

3.4 Convexity

The convexity of the objective functional is an important property with regard to the
uniqueness of minimizers and the numerical minimization of the functional. It is obvious
that the data term of the objective functional Eσ is not convex with respect to the
translations t for arbitrary input image series (gj)j=1,...,N . However, it is not clear if the
data term is convex with respect to the exit wave, i.e. if the functional Ψ 7→ E0[Ψ, t] is
convex for a fixed t ∈ (R2)N .

In Section 3.4.1, it is shown that the data term of the objective functional is not
convex except in a trivial case. Furthermore, in Section 3.4.2 the local convexity in a
neighborhood of a minimizer is investigated, where it is shown that a functional related
to the objective functional is not convex in any neighborhood of a global minimizer.
Although this result is obtained only for a strongly simplified version of the objective
functional by disregarding all aberrations and coherence effects as well as the regularizer,
it can be understood as an indication of how badly ill-posed the non-regularized inverse
problem is.

3.4.1 Global convexity

First, consider the trivial case where all input images are zero, i.e. gj = 0 for all j ∈
{1, . . . , N}. In this case, the functional Ψ 7→ E0[Ψ, t] is convex by Lemma 2.1.11 and
Ψ = 0 is the unique global minimizer by Lemma 2.1.9 respectively Lemma 2.1.10. For
this reason, we restrict ourselves to the case gj 6= 0 for at least one j ∈ {1, . . . , N} for
the remainder of this section.

In order to show that the data term of the objective functional is not convex with
respect to the exit wave, it is sufficient to show its non-convexity on a one-dimensional
linear subspace of L2(A,C). The objective functional on one-dimensional linear sub-
spaces of L2(A,C) can be characterized as follows.

Lemma 3.4.1. Let t ∈ (R2)N and Φ ∈ L2(A,C) with Φ 6= 0. Then

E0[αΦ, t] = C4
0,Φ,t,0α

4 + C2
0,Φ,t,0α

2 + C0
0,Φ,t,0

for all α ∈ R, where C4
0,Φ,t,0 > 0 and

C2
0,Φ,t,0 = − 2

N

N∑
j=1

Re
((
gj ◦ φtj ,F−1

(
Φ ?TZj Φ

))
L2

)
.

Proof. By Lemma 3.3.3, the data term ofEσ can be written asE0[αΦ, t] =
∑4

j=0C
j
0,Φ,t,0α

j

for all α ∈ R with C4
0,Φ,t,0 > 0. Since Ψ = 0 and σ = 0, the coefficients of the odd powers
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3 The inverse problem: exit wave reconstruction

of α are zero and the coefficient of α2 simplifies to

C2
0,Φ,t,0 = − 2

N

N∑
j=1

Re
((
µtjF(gj),Φ ?TZj Φ

)
L2

)
= − 2

N

N∑
j=1

Re
((
gj ◦ φtj ,F−1

(
Φ ?TZj Φ

))
L2

)
.

Let t ∈ (R2)N . In order to show that the functional Ψ 7→ E0[Ψ, t] is not convex, it is
therefore sufficient to find a direction Φ ∈ L2(A,C) with C2

0,Φ,t,0 < 0. This follows from
the fact that a biquadratic polynomial f(x) = ax4 + bx2 + c with a ≥ 0 is convex if and
only if b ≥ 0.

Since the input images gj are nonnegative and F−1
(
Φ ?TZj Φ

)
is nonnegative as well

for all Φ ∈ L2(A,C) by Lemma 2.1.7, it follows that C2
0,Φ,t,0 ≤ 0 for all Φ ∈ L2(A,C).

In order to establish the non-convexity of Ψ 7→ E0[Ψ, t], the challenge therefore lies in
finding a direction Φ ∈ L2(A,C) such that the coefficient C2

0,Φ,t,0 is strictly negative.
Assume for now that we formally extend the weighted cross-correlation and the Fourier

transform to the space of tempered distributions. Then, we can choose Φ := δ0 and get
that F−1(Φ ?TZj Φ) = TZj(0, 0) > 0 is a constant and positive function by Property III,

which corresponds to the simulated TEM image of the plane electron wave (i.e. merely
the electron beam without any interaction with a specimen). Then, formally,

C2
0,Φ,t,0 = − 2

N

N∑
j=1

TZj(0, 0)
(
gj ◦ φtj , 1

)
L2 = − 2

N

N∑
j=1

TZj(0, 0) ||gj||L1 < 0,

since gj ≥ 0 for all j ∈ {1, . . . , N} and ||gj||L1 > 0 for at least one image. The same
conclusion can be reached without resorting to tempered distributions by considering a
mollifier sequence for Φ instead, which is done in Proposition 3.4.2.

Proposition 3.4.2. Let t ∈ (R2)N . If gj 6= 0 for at least one j ∈ {1, . . . , N}, then
Ψ 7→ E0[Ψ, t] is not convex.

Proof. By Lemma 3.4.1, it is sufficient to find a direction Φ ∈ L2(A,C) with C2
0,Φ,t,0 < 0.

Denote the d-dimensional ball with respect to the supremum norm by

B∞,dr (c) :=
{
x ∈ Rd : ||x− c||∞ < r

}
∀ r ∈ R, c ∈ Rd, d ∈ N

and choose any sequence of directions (Φn)n∈N ∈ L2(A,C)N such that Φn ∈ L1(A,R≥0)
with

∫
A

Φn(x) dx = 1 for all n ∈ N and

lim
n→∞

∫
B∞,2δ (0)∩A

Φn(x) dx = 1 ∀ δ > 0.

The integrand of (gj ◦ φtj ,F−1(Φn ?TZj Φn))L2 is dominated by the integrable function

gj ◦ φtj
∣∣∣∣TZj ∣∣∣∣∞, since∣∣∣F−1

(
Φn ?TZj Φn

)
(x)
∣∣∣ ≤ ∣∣∣∣∣∣Φn ?TZj Φn

∣∣∣∣∣∣
L1
≤ ||Φn||2L1

∣∣∣∣TZj ∣∣∣∣∞ =
∣∣∣∣TZj ∣∣∣∣∞
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for all x ∈ R2 by the definition of the inverse Fourier transform and Lemma 2.1.3.
Assume that limn→∞F−1

(
Φn ?TZj Φn

)
(x) = TZj(0, 0) > 0 holds for all x ∈ R2. By the

dominated convergence theorem,

lim
n→∞

C2
0,Φn,t,0 = − 2

N

N∑
j=1

TZj(0, 0)
∣∣∣∣gj ◦ φtj ∣∣∣∣L1 = − 2

N

N∑
j=1

TZj(0, 0) ||gj||L1 < 0,

since gj ≥ 0 for all j ∈ {1, . . . , N} and ||gj||L1 > 0 for at least one image. Consequently,
there exists an n ∈ N such that C2

0,Φn,t,0
< 0.

It remains to show that limn→∞F−1
(
Φn ?TZj Φn

)
(x) = TZj(0, 0) is indeed true for all

x ∈ R2. For this purpose, we define the auxiliary functions

Θn : R2 × R2 → R≥0, (y, z) 7→

{
Φn(z)Φn(y + z), if z ∈ A and y + z ∈ A,

0, otherwise

for all n ∈ N and

fx,j : R2 × R2 → C, (y, z) 7→ TZj(y + z, z)e2πiy·x

for all x ∈ R2 and all j ∈ {1, . . . , N}. Since∫
R2

∫
R2

∣∣Φ∗n(z)Φn(y + z)TZj(y + z, z)e2πiy·x∣∣ dy dz

≤
∣∣∣∣TZj ∣∣∣∣∞ ∫

R2

|Φ∗n(z)|
∫
R2

|Φn(y + z)| dy dz

=
∣∣∣∣TZj ∣∣∣∣∞ <∞,

we may apply Fubini’s theorem and get

F−1
(
Φn ?TZj Φn

)
(x) =

∫
R2

∫
R2

Φ∗n(z)Φn(y + z)TZj(y + z, z) dz e2πiy·x dy

=

∫
R2×R2

Θn(y, z)fx,j(y, z) d

(
y
z

)
for all x ∈ R2, n ∈ N and j ∈ {1, . . . , N}. The function fx,j is bounded and continuous
in 0 for all x ∈ R2, j ∈ {1, . . . , N} since TZj is continuous in 0 and the sequence (Θn)n∈N
satisfies Θn ∈ L1(R4,R≥0) with

∫
R4 Θn(x) dx = 1 for all n ∈ N. Furthermore,

lim
n→∞

∫
B∞,4δ (0)

Θn(x) dx ≤ lim
n→∞

∫
R4

Θn(x) = 1

and

lim
n→∞

∫
B∞,4δ (0)

Θn(x) dx = lim
n→∞

∫
B∞,2δ (0)

Φn(z)

∫
B∞,2δ (0)

Φn(y + z) dy dz

≥ lim
n→∞

∫
B∞,2
δ/2

(0)

Φn(z)

∫
B∞,2δ (0)+z

Φn(y) dy dz

≥ lim
n→∞

∫
B∞,2
δ/2

(0)

Φn(z)

∫
B∞,2
δ/2

(0)

Φn(y) dy dz = 1
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for all δ > 0 imply that limn→∞
∫
B∞,4δ (0)

Θn(x) dx = 1 for all δ > 0. By Lemma 2.2.10

and the fact that all norms in R4 are equivalent, it follows that

lim
n→∞

F−1
(
Φn ?TZj Φn

)
(x) = lim

n→∞

∫
R2×R2

Θn(y, z)fx,j(y, z) d

(
y
z

)
= fx,j(0, 0) = TZj(0, 0)

for all x ∈ R2.

This concludes the proof of the non-convexity of the functional Ψ 7→ E0[Ψ, t]. If the
coefficient σ of the regularizer is positive, then Ψ 7→ Eσ[Ψ, t] may or may not be convex
depending on the size of σ. Similar to Lemma 3.4.1,

Eσ[αΦ, t] = C4
0,Φ,t,σα

4 + C2
0,Φ,t,σα

2 + C0
0,Φ,t,σ

for all α ∈ R and all σ ≥ 0, where C4
0,Φ,t,σ > 0 and

C2
0,Φ,t,σ = − 2

N

N∑
j=1

Re
((
gj ◦ φtj ,F−1

(
Φ ?TZj Φ

))
L2

)
+ σ ||Φ||2L2 .

As shown in the proof of Proposition 3.4.2, there exists a direction Φ ∈ L2(A,C) with

c := − 2

N

N∑
j=1

Re
((
gj ◦ φtj ,F−1

(
Φ ?TZj Φ

))
L2

)
< 0

and it follows that C2
0,Φ,t,σ = c + σ ||Φ||2L2 < 0 for all σ < −c ||Φ||−2

L2 . Therefore, the

functional Ψ 7→ Eσ[Ψ, t] is not convex for all σ ∈
[
0,−c ||Φ||−2

L2

)
.

On the other hand, if the second order Gâteaux differential
〈
∂ΨE

(2)
σ [Ψ, t],Φ

〉
is non-

negative for all Ψ,Φ ∈ L2(A,C) with Φ 6= 0, then the functional Ψ 7→ Eσ[Ψ, t] is convex.
First, note that∣∣∣(gj ◦ φtj ,F−1

(
Φ ?TZj Φ

))
L2

∣∣∣ ≤ ||gj||L2

∣∣∣∣∣∣Φ ?TZj Φ
∣∣∣∣∣∣
L2
≤ ||gj||L2 ||Φ||2L2

∣∣∣∣TZj ∣∣∣∣∞ (3.19)

holds by the Cauchy-Schwarz inequality and Lemma 2.1.2. Denote the difference of
the simulated images and the experimental images by DΨ,j := Ψ ?TZj Ψ−F(gj ◦ φtj)
for all Ψ ∈ L2(A,C) and all j ∈ {1, . . . , N}. By Lemma 3.3.3 and Corollary 3.3.4,
the second order Gâteaux differential of Eσ with respect to the exit wave is given by〈
∂ΨE

(2)
σ [Ψ, t],Φ

〉
= 2!C2

Ψ,Φ,t,σ with

C2
Ψ,Φ,t,σ =

1

N

N∑
j=1

∣∣∣∣∣∣Ψ ?TZj Φ + Φ ?TZj Ψ
∣∣∣∣∣∣2
L2

+ 2Re
((
DΨ,j,Φ ?TZj Φ

)
L2

)
+ σ ||Φ||2L2

≥ 2

N

N∑
j=1

Re
((

Ψ ?TZj Ψ−F(gj ◦ φtj),Φ ?TZj Φ
)
L2

)
+ σ ||Φ||2L2

≥ − 2

N

N∑
j=1

Re
((
gj ◦ φtj ,F−1

(
Φ ?TZj Φ

))
L2

)
+ σ ||Φ||2L2 ,
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3.4 Convexity

since (Ψ ?TZj Ψ,Φ ?TZj Φ)L2 =
(
F−1(Ψ ?TZj Ψ),F−1(Φ ?TZj Φ)

)
L2 ≥ 0 by Lemma 2.1.7.

Using Equation (3.19), it follows that

C2
Ψ,Φ,t,σ ≥ −

2

N

N∑
j=1

||gj||L2 ||Φ||2L2

∣∣∣∣TZj ∣∣∣∣∞ + σ ||Φ||2L2

=

(
− 2

N

N∑
j=1

||gj||L2

∣∣∣∣TZj ∣∣∣∣∞ + σ

)
||Φ||2L2

for all Ψ,Φ ∈ L2(A,C). This shows that the functional Ψ 7→ Eσ[Ψ, t] is convex for all
σ ≥ 2

N

∑N
j=1 ||gj||L2

∣∣∣∣TZj ∣∣∣∣∞. It is interesting to note that (Ψ∗, t∗) := (0, 0) is the unique
global minimizer of Eσ in this case (unique up to the choice of t∗, which is arbitrary and
irrelevant to the value of the objective functional if Ψ∗ = 0): this follows from the fact
that

Eσ[Ψ, t] = Eσ[0 + 1 ·Ψ, t] = C4
0,Ψ,t,σ︸ ︷︷ ︸
>0

·14 + C2
0,Ψ,t,σ︸ ︷︷ ︸
≥0

·12 + C0
0,Ψ,t,σ︸ ︷︷ ︸

=Eσ [0,t]

> Eσ[0, t] = Eσ[0, 0]

holds for all Ψ ∈ L2(A,C)\{0} and all t ∈ (R2)N by Lemma 3.4.1.

3.4.2 Local convexity in the neighborhood of a global minimizer

In the ideal situation of an aberration-free and fully coherent TEM, image simulation
reduces to a plain autocorrelation of the exit wave. The corresponding functional is then

J : L2(A,C)→ R, Ψ 7→ ||Ψ ?Ψ−Fg||2L2

for a non-empty and bounded subset A ⊆ R2 and an image g ∈ L2(A,R≥0). Since
A is bounded, it follows as in Corollary 2.1.4 that Ψ ? Ψ ∈ L2(R2,C) and thus J is
well-defined.

The proof of the following proposition makes use of the clamping operator defined as
[·]ba : R → [a, b], x 7→ [x]ba := max(min(x, b), a) for all a, b ∈ R with a ≤ b. A useful
property of the clamping operator is

x

[
1

x

]d
−d
≤ 1 ∀x ∈ R\{0} (3.20)

for all d ≥ 0, which can be shown with a simple case analysis: if x ∈ R\{0} with |x| < 1
d
,

then
∣∣ 1
x

∣∣ > d and consequently

x

[
1

x

]d
−d

= xsign(x)d = |x| d < 1

d
d = 1.

Otherwise, if x ∈ R\{0} with |x| ≥ 1
d
, then

∣∣ 1
x

∣∣ ≤ d and

x

[
1

x

]d
−d

= x
1

x
= 1.
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3 The inverse problem: exit wave reconstruction

Proposition 3.4.3. Let ∅ 6= A ⊆ R2 be a bounded subset and g ∈ L2(A,R≥0)\{0}. If
there exists a Ψ∗ ∈ L2(A,C) with Fg = Ψ∗ ?Ψ∗, then the functional

J : L2(A,C)→ R, Ψ 7→ ||Ψ ?Ψ−Fg||2L2

is not convex on any neighborhood of a global minimizer.

Proof. Fix a global minimizer Ψ∗ ∈ L2(A,C). Since g is nonzero and Ψ∗ ? Ψ∗ = Fg, it
follows that Ψ∗ 6= 0. Similar to Corollary 3.3.4, the second order Gâteaux differential of
J is given by

〈J ′′[Ψ],Φ〉 = 2 ||Ψ ? Φ + Φ ?Ψ||2L2 + 4Re ((Ψ ?Ψ−Fg,Φ ? Φ)L2)

for all Ψ,Φ ∈ L2(A,C). We consider the line between Ψ∗ and the origin and show that
for every ε ∈ (0, 2) there exists a direction Φ ∈ L2(A,C)\{0} such that

〈J ′′[(1− ε)Ψ∗],Φ〉 < 0.

Since Ψ∗?Ψ∗ = Fg, the second order Gâteaux differential at (1−ε)Ψ∗ can be expressed
as

〈J ′′[(1− ε)Ψ∗],Φ〉
= 2(1− ε)2 ||Ψ∗ ? Φ + Φ ?Ψ∗||2L2 + 4Re

((
(1− ε)2(Ψ∗ ?Ψ∗)−Ψ∗ ?Ψ∗,Φ ? Φ

)
L2

)
= 2(1− ε)2 ||Ψ∗ ? Φ + Φ ?Ψ∗||2L2 + 4(ε2 − 2ε)Re ((Ψ∗ ?Ψ∗,Φ ? Φ)L2) (3.21)

for all Φ ∈ L2(A,C). Let ψ∗ := F−1(Ψ∗) and consider the functions φd,r ∈ L2(R2,C)\{0}
for all d, r > 0 given by

Re
(
φd,r
)
(x) =



0, if x /∈ Br(0),

0, if x ∈ Br(0) and Im
(
ψ̃∗(x)

)
= 0,

1, if x ∈ Br(0) and Re
(
ψ̃∗(x)

)
= 0 and Im

(
ψ̃∗(x)

)
6= 0,[

1

Re
(
ψ̃∗(x)

)]d
−d
, otherwise,

Im
(
φd,r
)
(x) =



0, if x /∈ Br(0),

0, if x ∈ Br(0) and Re
(
ψ̃∗(x)

)
= 0,

1, if x ∈ Br(0) and Im
(
ψ̃∗(x)

)
= 0 and Re

(
ψ̃∗(x)

)
6= 0,[

−1

Im
(
ψ̃∗(x)

)]d
−d
, otherwise,

for all x ∈ R2, where the function ψ̃∗ : R2 → C is an arbitrary, but fixed representative
of ψ∗ ∈ L2(R2,C). If we define Φd,r := F(φd,r) for all d, r > 0, then Φd,r ∈ L2(R2,C)\{0}
since φd,r is square integrable and nonzero for all d, r > 0. Then Re(ψ∗) = F−1

(
ΨH
)

and

iIm(ψ∗) = F−1
(
ΨH
)

since ΨH is Hermitian and ΨH is skew-Hermitian and similarly for
φd,r.
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3.4 Convexity

Using Lemma 1.4.1 and the fact that the Fourier transform is unitary, the first sum-
mand in Equation (3.21) is equal to

2(1− ε)2 ||Ψ∗ ? Φ + Φ ?Ψ∗||2L2

= 2(1− ε)2
∣∣∣∣∣∣2(ΦH ?ΨH

∗

)
+ 2

(
ΦH ?ΨH

∗

)∣∣∣∣∣∣2
L2

= 8(1− ε)2
∣∣∣∣∣∣F−1

(
ΦH
)∗
F−1

(
ΨH
∗

)
+ F−1

(
ΦH
)∗
F−1

(
ΨH
∗

)∣∣∣∣∣∣2
L2

= 8(1− ε)2 ||Re(φ)Re(ψ∗) + Im(φ)Im(ψ∗)||2L2

for all Φ ∈ L2(A,C) with φ := F−1(Φ). Substituting Φd,r for Φ, it follows that

||Ψ∗ ? Φd,r + Φd,r ?Ψ∗||2L2 = 4 ||Re(φd,r)Re(ψ∗) + Im(φd,r)Im(ψ∗)||2L2 −→
d→∞

0 (3.22)

for all r > 0, which is a consequence of the definition of φd,r and can be shown as
follows. Let θd,r := Re(φd,r)Re(ψ∗) + Im(φd,r)Im(ψ∗). By the definition of φd,r and
Equation (3.20), the functions θd,r are essentially bounded by 2 for all d, r > 0. Further-

more, θd,r converges pointwise almost everywhere to 0 as d→∞ and supp(θd,r) ⊆ Br(0)
for all r > 0 so that the convergence in Equation (3.22) follows from the dominated
convergence theorem. Note that the prescribed value of 1 for Re(φd,r) and Im(φd,r) in
the third case is irrelevant to this limit, but important for the properties below.

Continuing with the second summand in Equation (3.21), substituting Φd,r for Φ and
taking the inverse Fourier transform yields

4(ε2 − 2ε)Re ((Ψ∗ ?Ψ∗,Φd,r ? Φd,r)L2) = 4(ε2 − 2ε)Re
((
|ψ∗|2 , |φd,r|2

)
L2

)
.

Because of the three properties

1. |φd,r(x)| ≥ |φd′,r(x)| for all x ∈ R2 and all d ≥ d′,

2. φd,r(x) 6= 0 for almost all x ∈ Br(0) with ψ∗(x) 6= 0 and

3. ψ∗ 6= 0,

it follows that there is an r∗ > 0 such that

Re
((
|ψ∗|2 , |φd,r∗|

2 )
L2

)
≥ Re

((
|ψ∗|2 , |φ1,r∗|

2 )
L2

)
=: c > 0

for all d ≥ 1.
Summing up,

lim sup
d→∞

〈J ′′[(1− ε)Ψ∗],Φd,r∗〉 ≤ 2(1− ε)2 · 0 + 4(ε2 − 2ε)c < 0

for all ε ∈ (0, 2). This implies that for every ε ∈ (0, 2) there exists a d ≥ 1 with
〈J ′′[(1− ε)Ψ∗],Φd,r∗〉 < 0.
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4 Numerical minimization of the
objective functional

This chapter addresses numerous issues that are relevant to a numerical minimization
of the objective functional.

In Section 4.1, the MIMAP and MAL algorithms that are used for the minimization
of the corresponding MIMAP and MAL functionals are reviewed briefly. Although the
methods used for the registration of the focus series in the MIMAP and MAL algorithms
appear to be very different at first glance, it is pointed out that both methods actually
yield the same result.

In Section 4.2, the discretization of TEM images and the exit wave is formalized
and the precise relationship between the discrete Fourier transform and the continuous
Fourier transform is investigated in detail. This forms the basis for the subsequent
discretization of the objective functional given in the remainder of this section.

In Section 4.3, the minimization algorithms that are considered for the minimization
of the discretized objective functional are briefly summarized. This includes the steepest
descent, the nonlinear conjugate gradient method, Quasi-Newton type methods and the
Gauss-Newton method.

In Section 4.4, several issues with the naive minimization of the objective functional are
addressed, which are both important for the convergence speed of the minimization and
the correctness of the result. In particular, an efficient formula for the computation of the
partial derivatives of the discrete objective functional is derived if the TCC is ?-separable.
Furthermore, three extensions of the discrete objective functional are discussed: a simple
preconditioner in the form of several scaling factors (Section 4.4.2), extending the size
of the reconstructed exit wave to include a buffer zone (Section 4.4.3) and individual
integration domains for each input image (Section 4.4.4).

Finally, Section 4.5 provides a brief overview of the implementation of the C++ pro-
gram that has been used to perform the exit wave reconstructions shown in this thesis.

4.1 The MIMAP and MAL algorithms

For the sake of convenience, the definition of the MIMAP and MAL functionals from
Section 3.1 is repeated here. The MIMAP functionals are defined as

JMIMAP,m
σ [Ψ] =

N∑
j=1

∣∣∣∣∣∣Ψ ?TMIMAP,m
j

Ψ−F(gj)
∣∣∣∣∣∣2
L2

+ σ ||Ψ−ΨM ||2L2
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4 Numerical minimization of the objective functional

for m ∈ {1, 2} and the MAL functional is

JMAL[Ψ] =
1

N

N∑
j=1

∣∣∣∣∣∣Ψ ?TMAL
Zj

Ψ−F(gj ◦ φtj)
∣∣∣∣∣∣2
L2
.

The TCCs of the MIMAP functionals are given in Section 3.1.1 and TMAL
Z is defined in

Section 2.2.4.

4.1.1 The MIMAP algorithm

1. Initialization

2. Computation of
the error functionals

at the current position

3a. Update of
the exit wave

3b. Update of the
translation and focus

4. Calculate the
figure of merit

5. Stopping
criterion fulfilled?

Stop

Yes

No

Figure 4.1: Flow diagram of the MIMAP algorithm

The MIMAP algorithm consists of the six steps illustrated in Figure 4.1. In the original
algorithm as described in [38], the exit wave is iteratively reconstructed along with an
optimization of both the image shifts and the focus values. Although the reconstruction
of the exit wave is performed in parallel with the optimization of the image shifts and
focus values, these steps are still performed independently from one another. From a
theoretical point of view, this approach does not guarantee a decrease of the energy in
every iteration, although in practice an update of the exit wave is unlikely to change the
descent direction for the translations significantly and vice versa.
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4.1 The MIMAP and MAL algorithms

The minimization of the MIMAP functionals is very similar to a steepest descent with
manual step size control and works as follows:

1. Initialization: In the first step, the initial guess for the exit wave, the translations
and the focus values is computed.

The a-priori estimate ΨM from the regularizer and the initial guess for the exit wave
Ψ(0) are initialized to the same value. Kirkland suggests using either the result from
any fast linear reconstruction method or ΨM := Ψ(0) := F(g̃)a, where a is the aperture
function and

g̃(x) =
√
gk(x) + i

(√
gk(x)−

√
||gk||∞

)
(4.1)

for a k ∈ {1, . . . , N} such that gk is the “best” focus image (i.e. such that Zk is closest to
the Scherzer focus). The derivation of Equation (4.1) is based on the weak phase object
approximation.

The translations are initialized to zero and the focus values are initialized to the
experimentally measured values.

2. Computation of the error functionals: In the article [38], the minimization of the
MIMAP functionals is rephrased as a fixed-point problem by expressing the updates as

Ψ(k+1) = Ψ(k) + γ1

(
Ψ(k)

)
Ẽm

1

[
Ψ(k)

]
,(

t(k+1), Z(k+1)
)

=
(
t(k), Z(k)

)
+ γ2Ẽ

m
2

[
t(k), Z(k)

]
,

(k ∈ N0),

where Ẽm
1 , Ẽ

m
2 for m ∈ {1, 2} are suitable error functionals and γm1 : L2(R2,C)→ R,

γ2 ∈ R are the corresponding step sizes. The error functionals satisfy Ẽm
1 [Ψ] → 0 and

Ẽm
2 [t, Z]→ 0 as (Ψ, t, Z) tends to a local minimizer of JMIMAP,m

σ .
Note that the derivation of the error functionals for m = 1 and m = 2 is done very

differently in [38], although the methods are essentially identical. The error functionals
of JMIMAP,1

σ are derived from the continuous real space functional, whereas the error
functionals of JMIMAP,2

σ are derived from the discretized Fourier space functional. In
order to maintain a consistent approach, here the error functionals are all given with
regard to the continuous Fourier space versions of the functionals.

The error functional Ẽm
1 for the exit wave is simply the Gâteaux differential

Ẽm
1 [Ψ] = ∂ΨJ

MIMAP,m
σ [Ψ] ∈ L2(R2,C)′,

which can be identified with an element of L2(R2,C) via the canonical isomorphism
L2(R2,C)′ ∼= L2(R2,C). The step size is chosen such that the error functional is on the
same scale as the current estimate for the exit wave, resulting in

γm1 (Ψ) = −1

4

(
N∑
j=1

∣∣∣∣∣∣ΨTMIMAP,m
Zj

Ψ
∣∣∣∣∣∣2
L2

)−1

∀Ψ ∈ L2(R2,C).
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4 Numerical minimization of the objective functional

The error functional Ẽm
2 is evaluated by calculating the derivatives of JMIMAP,m

σ with
respect to the translations in both directions and the focus values symbolically. For
every j ∈ {1, . . . , N}, all three of these derivatives have the form

∫
fj(x)gj,k(x) dx with

k ∈ {1, 2, 3} and suitable functions fj, gj,k : R2 → R, where fj depends on Zj and tj.
It follows that all derivatives vanish if fj = 0 for all j ∈ {1, . . . , N} and thus the error

functional Ẽm
2 is calculated by finding appropriate values for Zj and tj such that fj = 0

for all j ∈ {1, . . . , N}. The constant γ2 := 1
2

is chosen as the step size. More details can
be found in [38, sections 5.3 and 6.3].

3a/3b. Update of the arguments: This step simply consists of adding the val-
ues of the error functionals calculated in step 2 to the previous estimate and setting(
Ψ(k+1), t(k+1), Z(k+1)

)
as the current estimate.

4. Calculate the figure of merit: Treat JMIMAP,m
σ as a function of the exit wave, the

translations and the focus values. If
(
Ψ(k), t(k), Z(k)

)
is the current estimate, then

ε(k) :=
JMIMAP,m

0

[
Ψ(k), t(k), Z(k)

]∑N
j=1 ||gj||

2
L2

is the figure of merit for the current iteration.

5. Stopping criterion: The minimization is stopped if ε(k) ≈ ε(k−1) within a given
accuracy, that is, if the figure of merit is not sufficiently decreasing anymore.

Remark 4.1.1. The MIMAP algorithm was later improved in [40] to perform the mini-
mization with the nonlinear conjugate gradient method using the Polak-Ribière formula
(see. Equation (4.11) in Section 4.3) for the descent direction. Furthermore, an exten-
sion of the algorithm is suggested in [40] to correct for rotational misalignment of the
image series as well. This can be implemented in a straightforward way by minimiz-
ing the MIMAP functionals with respect to the rotation of each image after every few
iterations.

4.1.2 The MAL algorithm

The MAL algorithm as described in [10] consists of the six steps illustrated in Figure 4.2.
As opposed to the MIMAP algorithm, no optimization of the focus values and rotational
misalignment is incorporated in the algorithm. Another slight difference is the fact that
the exit wave and the translations are optimized alternatingly instead of in parallel.
The MAL algorithm is implemented in the software package TrueImage [45] and an
application of the MAL algorithm can be found in [5] for example.

The algorithm works as follows:
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4.1 The MIMAP and MAL algorithms

1. Initialization

2. Computation of a
descent direction at
the current position

3. Update of
the exit wave

4. Update of
the translations

5. Calculate the
figure of merit

6. Stopping
criterion fulfilled?

Stop

Yes

No

Figure 4.2: Flow diagram of the MAL algorithm

1. Initialization: At first, an initial guess for the exit wave and the translations is
computed.

Two different kinds of initial estimates are suggested for the exit wave. On the one
hand, the reconstructed exit wave after one iteration of the paraboloid method (PAM)
[13] can be used as an initial guess. On the other hand, a constant exit wave corre-
sponding to the square root of the mean image intensity may also be used. The latter is
particularly useful for the verification of the validity of this approach for exit wave re-
construction, as in this case the initial guess is essentially unbiased and does not contain
any a-priori information except for the mean image intensity.

The image series is pre-aligned by finding the peak position of the cross-correlation of
every pair of successive images in the series.

2. Computation of a descent direction: In [10, p. 115], the derivatives of the MAL
functional are calculated in the “directions” Φ∗(v) and Φ(−v) for all frequencies v ∈ R2.
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4 Numerical minimization of the objective functional

This results in
2

N

N∑
j=1

∫
R2

DΨ,j(v − w)TZj(w, v)Ψ∗(w) dw (4.2)

as the derivative at the position Ψ in the direction Φ∗(v) and

2

N

N∑
j=1

∫
R2

DΨ,j(v − w)TZj(−v,−w)Ψ∗(−w) dw (4.3)

as the derivative at the position Ψ in the direction Φ(−v) [10, Eqs. (19a) and (19b)],
where DΨ,j = Ψ ?TMAL

Zj
Ψ − Gj with Gj = µtjF(gj). A comparison with Lemma 3.3.3

shows that

(4.2) = C1
Ψ,δv ,t,0 + iC1

Ψ,iδv ,t,0 and

(4.3) = C1
Ψ,δ−v ,t,0 + iC1

Ψ,iδ−v ,t,0.

Either both (4.2) and (4.3) are combined in order to calculate a descent direction d(Ψ)
(cf. [10, section 4.1]) or d(Ψ) := (4.2) is used as the descent direction.

3. Update of the exit wave: Based on the current descent direction and the search
direction of the previous iteration s

(
Ψ(k−1)

)
, the search direction s

(
Ψ(k)

)
for the current

iteration is calculated using the nonlinear conjugate gradient method with the Polak-
Ribière formula (see Equation (4.11) in Section 4.3).

The step size γ is calculated as follows. The function p(γ) := JMAL
[
Ψ(k) + γs

(
Ψ(k)

)]
is a polynomial of degree 4 in γ, which is approximated with the quadratic polynomial
q defined by p(0), p

(
1
2

)
and p(1). The minimizer of q is then chosen as the step size γ,

assuming that q is convex.
Consequently, the exit wave is updated by Ψ(k+1) := Ψ(k) + γs

(
Ψ(k)

)
and k is incre-

mented by 1.

4. Update of the translations: The alignment of the images is updated during the
reconstruction by finding the maximizer of

tj 7→
(
gj ? fΨ(k),j

)
(tj) =

∫
R2

fΨ(k),j(y + tj)gj(y) dy,

which then yields the new shift of the j-th input image gj in pixels. Here, the function
fΨ(k),j = F−1

(
Ψ(k) ?TMAL

Zj
Ψ(k)

)
is the j-th simulated image in real space.

5. Calculate the figure of merit: No specific figure of merit is defined for the MAL
algorithm. However, in the examples in [10, 66] essentially the same figure of merit as
in the MIMAP algorithm is used, i.e.

ε(k) := JMAL
[
Ψ(k)

]
,

where it is assumed that the image intensities are normalized.
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4.1 The MIMAP and MAL algorithms

6. Stopping criterion: The same stopping criterion as in the MIMAP algorithm may
be used in the MAL algorithm as well. If ε(k) ≈ ε(k−1) within a prescribed tolerance,
then the minimization is stopped and the reconstructed exit wave is returned.

4.1.3 Comparison of the registration methods

The registration of the image series is handled differently in the MAL and the MIMAP
algorithms. In the MIMAP algorithm, the alignment of the experimental images is im-
proved during every iteration by considering JMIMAP,m

σ as a function of the translations tj
and performing one minimization step of the functional with respect to the translations.
In the MAL algorithm on the other hand, the registration is improved by calculating the
peak position of the cross-correlation of each experimental image with the corresponding
simulated image.

Although these methods follow entirely different approaches, they are in fact equiva-
lent from the point of view of continuous functions (i.e. before considering the discretiza-

tion). Let m ∈ {1, 2} and T̃MIMAP,m
j (v, w) := TMIMAP,m

j (v, w)/(µtj(v)µ∗tj(w)). Then

JMIMAP,m
σ [Ψ] =

N∑
j=1

∣∣∣∣∣∣Ψ ?TMIMAP,m
j

Ψ−F(gj)
∣∣∣∣∣∣2
L2

+ σ ||Ψ−ΨM ||2L2

=
N∑
j=1

∣∣∣∣∣∣(Ψ ?T̃MIMAP,m
j

Ψ
)
µtj −F(gj)

∣∣∣∣∣∣2
L2

+ σ ||Ψ−ΨM ||2L2

=
N∑
j=1

∣∣∣∣F−1(Ψ ?T̃MIMAP,m
j

Ψ)︸ ︷︷ ︸
=:fΨ,j,m

◦φtj − gj
∣∣∣∣2
L2 + σ ||Ψ−ΨM ||2L2

by Equation (2.35) and since the Fourier transform is unitary. Therefore, minimizing
the MIMAP functionals

JMIMAP,m
σ [Ψ] =

N∑
j=1

||fΨ,j,m||2L2 + ||gj||2L2 − 2
(
fΨ,j,m ◦ φtj , gj

)
L2 + σ ||Ψ−ΨM ||2L2

with respect to tj is equivalent to maximizing(
fΨ,j,m ◦ φtj , gj

)
L2 =

∫
R2

fΨ,j,m(y + tj)gj(y) dy =
(
gj ? fΨ,j,m

)
(tj)

for all j ∈ {1, . . . , N}. The latter is precisely the method used in the MAL algorithm
for updating the registration (except for the different TCC).

Remark 4.1.2. The plain cross-correlation registration method has been improved by
various authors (see e.g. [69, 58]) in order to make the registration more stable for
highly periodic images or to correct for rotational misalignment. The phase correlation
function (PCF, [50, 36]) can additionally be used to determine the misalignment along
the “z-axis”, i.e. the focus difference between two images.
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4 Numerical minimization of the objective functional

4.2 Discretization

The theory regarding the forward model and the inverse problem in Chapters 2 and 3 is
formulated in a continuous setting, since this is convenient for the mathematical analysis
of the objective functional. However, for a numerical reconstruction of the exit wave
the objective functional needs to be discretized. The details of the discretization are
described in this section, which includes the discretization of the images and the rela-
tionship between the continuous Fourier transform and the discrete Fourier transform.

Definition 4.2.1. Let d ∈ N, X ∈ Nd and K ∈ {R,C}. A function

f̂ : {0, . . . , X1 − 1} × . . .× {0, . . . , Xd − 1} ⊆ Zd → K

is called a discrete d-dimensional image. It is identified with an element of KX1×...×Xd

by means of the canonical isomorphism(
{0, . . . , X1 − 1} × . . .× {0, . . . , Xd − 1} → K

) ∼=−→ KX1×...×Xd .

Let d ∈ N and X ∈ Nd. Define [a, b] := [a1, b1]× . . .× [ad, bd] ⊆ Rd for all a, b ∈ Rd. A
locally integrable function f ∈ L1

loc(Rd,C) can be discretized on a bounded rectangular
domain [a, b] ⊆ Rd with a, b ∈ Rd by setting

f̂(x) :=
1

vol(Sx)

∫
Sx

f(y) dy ∀x ∈ {0, . . . , X1 − 1} × . . .× {0, . . . , Xd − 1}, (4.4)

where the sets Sx are defined as Sx := [px, px+1] ⊆ Rd with 1 = (1, . . . , 1) ∈ Zd and
px ∈ Rd given by

(px)j := aj + xj
bj − aj
Xj

∀ j ∈ {1, . . . , d}.

Here, x refers to a corner of Sx instead of its center as this corresponds to the discretiza-
tion of the objective functional described later.

The following auxiliary lemma is essential to making the connection between the
continuous Fourier transform and the discrete Fourier transform explicit.

Lemma 4.2.2. Let a, b ∈ R with a < b and M ⊆ R bounded. Let f : [a, b] → C be
Riemann-integrable and g : [a, b]×M → C such that

• y 7→ g(y, x) is Riemann-integrable for all x ∈M ,

• there exists a constant C > 0 with

|g(y, x)− g(y, x′)| ≤ C |x− x′| ∀ y ∈ [a, b] ∀x, x′ ∈M.

Then the functions hN : M → C defined as the Riemann sums

hN(x) :=
b− a
N

N−1∑
n=0

f(yn)g(yn, x) ∀x ∈M
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4.2 Discretization

with yn := a+ b−a
N
n for all n ∈ {0, . . . , N − 1} converge uniformly to

h : M → C, x 7→
∫ b

a

f(y)g(y, x) dy

as N →∞.

Proof. Let ε > 0. Since f is Riemann-integrable, |f | is Riemann integrable as well and

lim
N→∞

b− a
N

N−1∑
n=0

|f(yn)| =
∫ b

a

|f(y)| dy. (4.5)

Therefore, there exists a constant C ′ > 0 with b−a
N

∑N−1
n=0 |f(yn)| ≤

∫ b
a
|f(y)| dy + C ′ for

all N ∈ N because the limit in Equation (4.5) exists. Since M is bounded, there exists
a finite subset S ⊆M with

∀x ∈M ∃ x̃ ∈ S : |x− x̃| < ε

3C
(∫ b

a
|f(y)| dy + C ′

) . (4.6)

Now choose N ∈ N sufficiently large such that |h(x̃)− hN(x̃)| < ε
3

for all x̃ ∈ S. This
is possible because y 7→ f(y)g(y, x) is Riemann-integrable for all x ∈ M as a product
of Riemann-integrable functions and S only has finitely many elements. Let x ∈ M be
arbitrary and choose a x̃ ∈ S that satisfies Equation (4.6). It follows from the above
that

|h(x)− hN(x)| = |h(x)− h(x̃) + h(x̃)− hN(x̃) + hN(x̃)− hN(x)|
≤ |h(x)− h(x̃)|+ |h(x̃)− hN(x̃)|+ |hN(x̃)− hN(x)|

≤ |h(x)− h(x̃)|+ ε

3
+ |hN(x̃)− hN(x)|

with

|h(x)− h(x̃)| ≤
∫ b

a

|f(y)| |g(y, x)− g(y, x̃)| dy ≤ C |x− x̃|
∫ b

a

|f(y)| dy <
ε

3

and

|hN(x̃)− hN(x)| ≤ b− a
N

N−1∑
n=0

|f(yn)| |g(yn, x̃)− g(yn, x)|

≤ C |x− x̃|
(∫ b

a

|f(y)| dy + C ′
)
<
ε

3
.

Putting it all together, |h(x)− hN(x)| < ε for all x ∈ M , which concludes the proof of
the uniform convergence.

The main result of Lemma 4.2.2 is the fact that the convergence is uniform, as the
pointwise convergence of hN → h follows immediately from the Riemann-integrability
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4 Numerical minimization of the objective functional

of the integrand y 7→ f(y)g(y, x) for all x ∈M . It is also pointed out that Lemma 4.2.2
imposes almost no restrictions on the choice of f , which will be beneficial in the following.

Recall that in Section 1.4, the continuous Fourier transform of an integrable function
f ∈ L1(R,C) is defined as

F
(
f
)
(x) =

∫
R
f(y) exp(−2πixy) dy ∀x ∈ R

and the discrete Fourier transform of an N -periodic vector g ∈ CZ is defined as

DFTN(g)k =
N−1∑
n=0

gn exp

(
−2πi

nk

N

)
∀ k ∈ Z.

In the following, it is useful to consider a slightly different definition for the discrete
Fourier transform. Let N ∈ 2N and define the “shifted” discrete Fourier transform
DFTSN(g) of an N -periodic vector g ∈ CZ as

DFTSN(g)k :=

N
2
−1∑

n=−N
2

gn exp

(
−2πi

nk

N

)
∀ k ∈ Z.

This variant of the DFT naturally occurs as a Riemann-sum approximation of the one-
dimensional continuous Fourier transform in Corollary 4.2.3. It is related to the discrete
Fourier transform by

DFTSN(g)k =
−1∑

n=−N
2

gn exp

(
−2πi

nk

N

)
+

N
2
−1∑

n=0

gn exp

(
−2πi

nk

N

)

=
N−1∑

n=N−N
2

gn−N exp

(
−2πi

(n−N)k

N

)
+

N
2
−1∑

n=0

gn exp

(
−2πi

nk

N

)

=
N−1∑

n=N−N
2

gn exp

(
−2πi

nk

N

)
+

N
2
−1∑

n=0

gn exp

(
−2πi

nk

N

)
= DFTN(g)k

(4.7)

for all k ∈ Z.
Combining Equation (4.7) with the following corollary, the discrete Fourier transform

can be interpreted as a discretization of the continuous Fourier transform.

Corollary 4.2.3. Let f ∈ L1(R,C) be Riemann-integrable on [−L,L] for all L > 0. For
all B > 0 and all ε > 0 there are constants N ∈ 2N and L > 0 with∣∣∣∣F(f)

(
k

2L

)
− 2L

N
DFTSN(g)k

∣∣∣∣ < ε
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4.2 Discretization

for all k ∈ Z with |k| ≤ 2LB, where g ∈ CZ is the N-periodic vector given by gn := f(yn)
for all n ∈

{
− N

2
, . . . , N

2
− 1
}

with yn = 2L
N
n. If supp(f) ⊆ [−a, a] for an a > 0, then it

is possible to choose L := a independently of B and ε.

Proof. Let ε > 0. Since f is integrable, there exists an L > 0 with ||f ||L1(R\[−L,L]) <
ε
2
,

which implies∣∣F(f)(x)−F
(
f1[−L,L]

)
(x)
∣∣ =

∣∣∣∣∫
R\[−L,L]

f(y)e−2πixy dy

∣∣∣∣
≤
∫
R\[−L,L]

|f(y)|
∣∣e−2πixy

∣∣︸ ︷︷ ︸
=1

dy <
ε

2

for all x ∈ R. By assumption, f is Riemann-integrable and if we define the function
g : [−L,L]×[−B,B]→ C by g(y, x) := e−2πix·y, then y 7→ g(y, x) is clearly also Riemann-
integrable on [−L,L] for all x ∈ [−B,B]. Furthermore, the existence of the constant
C > 0 from Lemma 4.2.2 follows from the fact that g is continuously differentiable and
[−L,L]× [−B,B] is compact. Therefore, there exists an N ∈ 2N such that∣∣∣∣∣∣F(f1[−L,L]

)
(x)− 2L

N

N
2
−1∑

n=−N
2

f(yn) exp(−2πiynx)

∣∣∣∣∣∣ < ε

2

for all x ∈ [−B,B], where yn := 2L
N
n. In particular, for x = xk := 1

2L
k with k ∈ Z and

|k| ≤ 2LB it follows that∣∣∣∣F(f)(xk)− 2L

N
DFTSN(g)k

∣∣∣∣ =

∣∣∣∣∣∣F(f)(xk)− 2L

N

N
2
−1∑

n=−N
2

f(yn) exp(−2πiynxk)

∣∣∣∣∣∣
≤ ε

2
+
ε

2
= ε,

since xk ∈ [−B,B]. If there is an a > 0 such that supp(f) ⊆ [−a, a], then choosing
L := a yields

∣∣F(f)(x)−F
(
f1[−L,L]

)
(x)
∣∣ = 0 for all x ∈ R.

Both Lemma 4.2.2 and Corollary 4.2.3 can be generalized to higher dimensional func-
tions by using the multidimensional Riemann integral (see e.g. [15] for the definition and
relevant properties of the multidimensional Riemann integral).

Let Rd
>0 := {x ∈ Rd | xj > 0 ∀j} and N ∈ (2N)d. Define the d-dimensional DFTS of

an (N1, . . . , Nd)-periodic element g ∈ C(Zd) as

DFTSN(g)k :=

N1
2
−1∑

n1=−N1
2

· · ·

Nd
2
−1∑

nd=−Nd
2

gn1,...,nd exp

(
−2πi

d∑
j=1

njkj
Nj

)
∀ k ∈ Zd.

Here, an element g ∈ C(Zd) is called (N1, . . . , Nd)-periodic if gn1+a1N1,...,nd+adNd = gn for
all n, a ∈ Zd. Similar to the one-dimensional case, the d-dimensional DFTS is equal to
the d-dimensional DFT.
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4 Numerical minimization of the objective functional

The following generalizations of Lemma 4.2.2 and Corollary 4.2.3 hold with identical
proofs:

Lemma 4.2.4. Let d, d′ ∈ N, a, b ∈ Rd with aj < bj for all j ∈ {1, . . . , d} and M ⊆ Rd′

bounded. Let f : [a, b]→ C be Riemann-integrable and g : [a, b]×M → C such that

• y 7→ g(y, x) is Riemann-integrable for all x ∈M ,

• there exists a constant C > 0 with

|g(y, x)− g(y, x′)| ≤ C ||x− x′||2 ∀ y ∈ [a, b] ∀x, x′ ∈M.

Then the functions hN : M → C defined as the Riemann sums

hN(x) :=
vol([a, b])

Nd

N−1∑
n1,...,nd=0

f(yn1,...,nd)g
(
yn1,...,nd , x

)
∀x ∈M

with yn1,...,nd := (a1 + b1−a1

N
n1, . . . , ad + bd−ad

N
nd) converge uniformly to

h : M → C, x 7→
∫

[a,b]

f(y)g(y, x) dy

as N →∞.

Corollary 4.2.5. Let d ∈ N and f ∈ L1(Rd,C) be Riemann-integrable on [−L,L] for
all L ∈ Rd

>0. For all B ∈ Rd
>0 and all ε > 0 there are constants N ∈ 2N and L ∈ Rd

>0

such that ∣∣∣∣F(f)

(
k1

2L1

, . . . ,
kd

2Ld

)
− vol([−L,L])

Nd
DFTSN(g)k1,...,kd

∣∣∣∣ < ε

for all k ∈ Zd with |kj| ≤ 2LjBj for all j = 1, . . . , d, where g ∈ C(Zd) is (N1, . . . , Nd)-
periodic and defined by

gn := f(yn) ∀n ∈
{
−N1

2
, . . . ,

N1

2
− 1

}
× . . .×

{
−Nd

2
, . . . ,

Nd

2
− 1

}
⊆ Zd

with yn =
(

2L1

N1
n1, . . . ,

2Ld
Nd
nd
)
. If supp(f) ⊆ [−a, a] for an a ∈ Rd

>0, then it is possible to
choose L = a independently of B and ε.

As the sign in the exponential terms of the Fourier transforms is irrelevant for the
proofs of Lemma 4.2.2 and Corollary 4.2.3, it is straightforward to adapt the proofs to
the inverse Fourier transform as well. If the inverse DFTS of an (N1, . . . , Nd)-periodic
element g ∈ C(Zd) is defined as

IDFTSN(g)k :=

N1
2
−1∑

n1=−N1
2

· · ·

Nd
2
−1∑

nd=−Nd
2

gn1,...,nd exp

(
2πi

d∑
j=1

njkj
Nj

)
∀ k ∈ Zd
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4.2 Discretization

then we get the same approximation property as in Corollary 4.2.5 for the inverse trans-
forms if the Fourier transform is replaced with the inverse Fourier transform and the
DFTS is replaced with the IDFTS.

For the discretization of the objective functional, the exit wave and the TEM images
are discretized as piecewise constant functions on a rectilinear grid of size X × Y for
X, Y ∈ 2N with grid widths hx = LX

X
respectively hy = LY

Y
for LX , LY > 0. It is

convenient to neglect the microscope’s magnification by referring to the TEM images in
the same coordinate space as the exit wave. The physical dimensions of the truncated
and discretized exit wave and TEM images are then LX × LY in real space respectively(
X/LX

)
×
(
Y/LY

)
in Fourier space. The origin is placed at the center of this subsection

so that the Fourier space domains are restricted to Q :=
[
− X

2LX
, X

2LX

]
×
[
− Y

2LY
, Y

2LY

]
.

Explicitly, the uniform subdivision of Q into X · Y rectangles is given by the subsets{
S(x,y) := [p(x,y), p(x+1,y+1)] ⊆ Q

∣∣ (x, y) ∈ {0, . . . , X − 1} × {0, . . . , Y − 1}
}

, where

p(x,y) :=

(
x− X

2

LX
,
y − Y

2

LY

)
∈ R2.

Both the exit wave and the TEM images can be approximated by using the mean value
formula in Equation (4.4). Overall, this discretization of the exit wave and the TEM
images involves two separate kinds of errors: the approximation by piecewise constant
functions within the grid cells and the restriction of the domain to Q.

In addition to the exit wave and the TEM images, the TCCs TZ : R2 × R2 → C
for Z ∈ R and the modulations µt : R2 → C for t ∈ R2 also need to be discretized.
The TCCs are restricted to the domain Q × Q and discretized as a piecewise constant
function on a rectilinear grid of size (X×Y )2, whereas the modulations are restricted to
Q and discretized as a piecewise constant function on a rectilinear grid of size X×Y . In
the following, the discrete TCCs T̂Z ∈ C(X×Y )2

and the discrete modulations µ̂t ∈ CX×Y

are understood to be defined in terms of point evaluations of TZ and µt at the top left
corner of the respective pixels.

Furthermore, the weighted cross-correlation is approximated by the discrete weighted
cross-correlation. For f̂ , ĝ ∈ CX×Y and ŵ ∈ C(X×Y )2

the discrete weighted cross-
correlation f̂ ?ŵ ĝ ∈ CX×Y is defined by

(
f̂ ?ŵ ĝ

)
x,y

:=
X−1∑
a=0

Y−1∑
b=0

f̂ ∗a,bĝa+x,b+yŵ(a+x,b+y),(a,b)

for all x ∈ {0, . . . , X−1} and y ∈ {0, . . . , Y −1}, where ĝ and ŵ are extended to elements
of CZ×Z respectively C(Z×Z)2

with an appropriate continuation, e.g. zero continuation or
periodic continuation. This definition does not contain the scaling by the grid widths
LX
X

and LY
Y

and thus is not a Riemann-sum approximation of the continuous weighted
cross-correlation.
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4 Numerical minimization of the objective functional

Recall that the objective functional for exit wave reconstruction is defined as

Eσ[Ψ, t] =
1

N

N∑
j=1

∣∣∣∣Ψ ?TZj Ψ− µtjF(gj)
∣∣∣∣2
L2 + σ ||Ψ−ΨM ||2L2

for all Ψ ∈ L2(A,C) and all t ∈ (R2)N . Denote by Ψ̂M ∈ CX×Y a discretization of ΨM

on the same grid and domain as the discretization of the exit wave and by ĝj for all
j ∈ {1, . . . , N} the discretization of the TEM images. A discretization of the objective
functional Eσ is given by

Êσ
[
Ψ̂, t
]

:=

1

N

N∑
j=1

LX
X

LY
Y

X−1∑
x=0

Y−1∑
y=0

∣∣∣∣LXX LY
Y

(
Ψ̂ ?T̂Zj

Ψ̂
)
x,y
− (µ̂tj)x,y

LX
X

LY
Y

DFT
(
ĝj
)
x,y

∣∣∣∣2

+ σ
LX
X

LY
Y

X−1∑
x=0

Y−1∑
y=0

∣∣∣Ψ̂x,y −
(
Ψ̂M

)
x,y

∣∣∣2
=

L3
XL

3
Y

NX3Y 3

N∑
j=1

X−1∑
x=0

Y−1∑
y=0

∣∣∣(Ψ̂ ?T̂Zj
Ψ̂
)
x,y
− (µ̂tj)x,y DFT

(
ĝj
)
x,y

∣∣∣2
+ σ

LXLY
XY

X−1∑
x=0

Y−1∑
y=0

∣∣∣Ψ̂x,y −
(
Ψ̂M

)
x,y

∣∣∣2 (4.8)

for all Ψ̂ ∈ CX×Y and t ∈ (R2)N . The use of the discrete Fourier transform as an
approximation to the continuous Fourier transform is justified by Corollary 4.2.5. For the
calculation of the discrete weighted autocorrelation, zero continuation of the exit wave is
reasonable, since Ψ is the exit wave in Fourier space and the low frequencies are located
near

(
X
2
, Y

2

)
. If the images gj are approximated by discrete images using Equation (4.4),

then the resulting discrete images ĝj are in general not equal to the discrete images
g ∈ C(Zd) given in Corollary 4.2.5 (which, in any case, can only be calculated for images
with point values). However, if the continuous images gj ∈ L1(R2,R≥0) ∩ L2(R2,R≥0)
do have point values, then it is reasonable to assume that both approximations are very
similar for sufficiently large X, Y . The extended objective functional Eext

σ is equally
discretized.

The discretization of the forward model in Equation (4.8) is useful if the TCC is not
?-separable and the weighted autocorrelation has to be calculated by evaluating the
discrete weighted autocorrelation explicitly. If the discrete Fourier transforms of the
input images are precomputed, then the complexity of evaluating Êσ is O

(
N(XY )2

)
.

If the TCC is ?-separable, there exist M ∈ N and bounded and measurable functions
vk,j : R2 → C with

TZj(x, y) =
M∑
k=0

vk,j(x)v∗k,j(y) ∀x, y ∈ R2.
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4.3 Minimization algorithms

Let v̂k,j ∈ CX×Y be discretizations of vk,j as piecewise constant functions on a grid
of size X × Y on the domain Q. If the functions vk,j are approximated with v̂k,j by
point evaluation at the top left corner of each pixel just like the TCC, then the analog
relationship also holds for the discretizations, i.e.

(
T̂Zj

)
a,b

=
M∑
k=0

(
v̂k,j
)
a

(
v̂k,j
)∗
b

for all a, b ∈ {0, . . . , X − 1} × {0, . . . , Y − 1}. It follows that

Ψ̂ ?T̂Zj
Ψ̂ =

M∑
k=0

(
Ψ̂v̂k,j

)
?
(
Ψ̂v̂k,j

)
=

M∑
k=0

1

XY
IDFT

(∣∣∣DFT
(
Ψ̂v̂k,j

)∣∣∣2) (4.9)

by Lemma 1.4.3 and the fact that 1
XY

IDFT(DFT(f)) = f for all f ∈ CX×Y . Here,
the product of elements of CX×Y on the right-hand side of Equation (4.9) is defined
by pointwise multiplication. The complexity of calculating the right-hand side is given
by O

(
2MXY log(XY )

)
if the fast Fourier transform is used. In this way, the overall

complexity of evaluating the objective functional is reduced to O
(
2NMXY log(XY )

)
.

Remark 4.2.6. Lemma 1.4.3 requires that the discrete exit wave Ψ̂ ∈ CX×Y is extended
to an element of CZ×Z using periodic continuation. As opposed to the zero continuation,
periodic continuation of the exit wave is not sensible in general, but must be considered as
a necessary evil in order to be able to utilize the fast Fourier transform. In Section 4.4.3,
an approach is presented to alleviate the error caused by the periodic continuation of
the exit wave.

4.3 Minimization algorithms

There are several classes of algorithms to choose from for the numerical minimization of
the objective functional.

First of all, derivative-free optimization algorithms such as simulated annealing or
genetic algorithms can be used. An advantage of these algorithms is that they attempt
to approximate a global minimum and do not get stuck in local minima as easily as local
gradient-based methods. However, the drawback is that many evaluations of the objec-
tive functional are necessary for a good approximation of a global minimizer. Since the
objective functional Eσ is continuously differentiable and the computational complexity
of calculating the derivatives is on the same order as the evaluation of the functional
(see Section 4.4.1), it is reasonable to use the additional information provided by the
derivatives.

Available derivative-based optimization algorithms include the gradient descent and
the nonlinear conjugate gradient method. These are the methods that are used in the
MIMAP and MAL algorithms. Another possibility is using a quasi-Newton algorithm,
which is based on Newton’s method but does not require the computation and inversion
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4 Numerical minimization of the objective functional

of the Hessian. The same applies to the Gauss-Newton algorithm, which is designed to
find minimizers of nonlinear least squares functionals such as the objective functional
for exit wave reconstruction.

In principle, methods using higher order derivatives such as Newton’s method could
also be used to approximate a minimizer. An advantage of Newton’s method would
be the local quadratic convergence in the neighborhood of a minimizer. Nevertheless,
it is the calculation of the second order derivatives of the functional Eσ that makes
Newton’s method unsuitable for a numerical minimization of the functional. Not only is
the Hessian matrix very expensive to calculate, but its calculation should also be avoided
for the translations due to the presence of noise in the experimental input data [52].

A very brief summary of the optimization algorithms that are considered for the
minimization of the objective functional is given in the following. All of these algorithms
return a critical point of the corresponding function, which is not necessarily a local
minimizer but can also be a saddle point. More details can be found in [53].

Gradient descent The gradient descent algorithm consists of a series of line searches
along the direction of the negative gradient (steepest descent direction), which are re-
peated until a given convergence criterion is fulfilled. More precisely, the gradient descent
consists of the following steps:

Data: A function f ∈ C1(Ω,R) with Ω ⊆ Rn and an initial guess x0 ∈ Ω.
Result: A critical point x∗ of f .

Set i := 0
Repeat: until convergence:

1. Calculate di := −∇f(xi)
2. Choose a step size τi > 0 for the line search in the direction di
3. Set xi+1 := xi + τidi
4. Update i← i+ 1

Set x∗ := xi

The gradient descent is based on the fact that the function’s value locally decreases the
fastest in the direction of the negative gradient. The step size τi can be calculated using
Armijo’s rule [3] for example.

Nonlinear conjugate gradient Although the gradient descent always proceeds in the
locally optimal descent direction, it is in general a very inefficient method for the approx-
imation of a minimizer. This is due to the fact that within a given number of iterations
many of the search directions are oftentimes parallel or near-parallel. Instead of choosing
a locally optimal descent direction, the nonlinear conjugate gradient algorithm tries to
find search directions that are more favorable globally. This is done by taking the history
of search directions into account in order to choose directions that are approximately
orthogonal to each other.
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Data: A function f ∈ C1(Ω,R) with Ω ⊆ Ω and an initial guess x0 ∈ Rn.
Result: A critical point x∗ of f .

Set i := 0, β0 := 0 and d−1 := 0
Repeat: until convergence:

1. Calculate di := −∇f(xi) + βidi−1

2. Choose a step size τi > 0 for the line search in the direction di
3. Set xi+1 := xi + τidi
4. Calculate βi+1

5. Update i← i+ 1
Set x∗ := xi

Implementations of the nonlinear conjugate gradient method mainly differ in the cal-
culation of the weighting factor βi+1 for the previous search direction. The nonlinear
conjugate gradient method was originally devised by Fletcher and Reeves in [21] as an
extension of the linear conjugate gradient method, where they proposed to choose the
parameter βi+1 as

βi+1 :=
||∇f(xi+1)||22
||∇f(xi)||22

. (4.10)

A widespread alternative is the Polak-Ribière formula [57]

βi+1 :=
||∇f(xi+1)||22 −∇f(xi+1)T∇f(xi)

||∇f(xi)||22
. (4.11)

Both of these formulas are heuristics for the nonlinear optimization and can equally well
be used as the weighting factor for the previous search direction.

The step size τi can again be calculated using Armijo’s rule just like in the gradient
descent algorithm. The first iteration of the conjugate gradient method is then equal to
the steepest descent, since d−1 = 0.

Quasi-Newton Quasi-Newton methods provide an alternative to Newton’s method if
the calculation of second order derivatives is not feasible. The key idea is to approx-
imate the Hessian matrix by regular updates that are performed based on the change
in the gradients between two successive iterations. The basic structure of quasi-Newton
algorithms is as follows:

Data: A function f ∈ C1(Ω,R) with Ω ⊆ Rn and an initial guess x0 ∈ Ω.
Result: A critical point x∗ of f .

Set i := 0 and B0 := I ∈ Rn×n

Repeat: until convergence:
1. Calculate di := −B−1

i ∇f(xi)
2. Choose a step size τi > 0 for the line search in the direction di
3. Set xi+1 := xi + τidi
4. Calculate Bi+1

5. Update i← i+ 1
Set x∗ := xi
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4 Numerical minimization of the objective functional

Variants of the quasi-Newton method differ in the calculation of the approximation of
the Hessian Bi and its inverse B−1

i . A popular method is the BFGS algorithm that was
proposed independently by Broyden, Fletcher, Goldfarb and Shanno in 1970. In the
BFGS algorithm, the approximation to the Hessian is updated by

Bi+1 := Bi +
yiy

T
i

yTi ∆xi
− Bi∆xi(Bi∆xi)

T

∆xTi Bi∆xi
,

where yi := ∇f(xi+1)−∇f(xi) and ∆xi := xi+1−xi [20]. An advantage over the gradient
descent is that additional information about the Hessian is used in the calculation of
the search direction. For this reason, a Quasi-Newton algorithm is closer to Newton’s
method than a gradient descent, which results in an improved, superlinear convergence
speed. Also note that since the first approximation of the Hessian matrix B0 = I is the
identity matrix, the first iteration of the quasi-Newton method is equal to one iteration
of the gradient descent.

Gauss-Newton In contrast to the algorithms introduced so far, the Gauss-Newton
algorithm is specifically designed to minimize functionals that are given as a sum of
squares. Utilizing this additional structure makes the minimization algorithm more
stable and efficient [53]. Similar to Newton’s method, the solution of the nonlinear
problem is approximated by iteratively solving a sequence of linearized problems.

Data: A function F ∈ C1(Ω,Rm) with Ω ⊆ Rn and an initial guess x0 ∈ Ω.
Result: A critical point x∗ of E : Ω→ R, x 7→ ||F (x)||22.

Set i := 0
Repeat: until convergence:

1. Solve
(
DF

)
(xi)

T
(
DF

)
(xi)di = −

(
DF

)
(xi)

TF (xi) for di
2. Choose a step size τi > 0 for the line search in the direction di
3. Set xi+1 := xi + τidi
5. Update i← i+ 1

Set x∗ := xi

The normal equations in step 1 originate from a linear approximation of F using the
Taylor expansion F (x) ≈ F (xi)+

(
DF

)
(xi)·(x−xi), which replaces the original nonlinear

minimization problem by ∣∣∣∣F (xi) +
(
DF

)
(xi)di

∣∣∣∣2
2
→ min.

If the Jacobian matrix is small, then the normal equations can be solved using stan-
dard techniques from numerical analysis. Otherwise, it is possible to resort to iterative
methods that solve the normal equations approximately with a given precision [26, 22].

For the discretization of the objective functional Êσ from Equation (4.8), the vector

valued function F : R2XY+2N → R2NXY+2XY with Êσ
[
Ψ̂, t
]

=
∣∣∣∣F [Ψ̂, t]∣∣∣∣2

2
is defined such
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that the entries of F
[
Ψ̂, t
]
∈ R2NXY+2XY are

•
√

L3
XL

3
Y

NX3Y 3
Re
((

Ψ̂ ?T̂Zj
Ψ̂
)
x,y
− (µ̂tj)x,y DFT

(
ĝj
)
x,y

)
•
√

L3
XL

3
Y

NX3Y 3
Im
((

Ψ̂ ?T̂Zj
Ψ̂
)
x,y
− (µ̂tj)x,y DFT

(
ĝj
)
x,y

)
for j ∈ {1, . . . , N}, x ∈ {0, . . . , X − 1} and y ∈ {0, . . . , Y − 1} as well as

•
√
σ
LXLY
XY

Re
(

Ψ̂x,y −
(
Ψ̂M

)
x,y

)
•
√
σ
LXLY
XY

Im
(

Ψ̂x,y −
(
Ψ̂M

)
x,y

)
for x ∈ {0, . . . , X − 1} and y ∈ {0, . . . , Y − 1}. The Jacobian DF is a dense matrix of
the size (2NXY +2XY )(2XY +2N). Even for a moderate number of images and pixels
in each image, its size is prohibitively large for storing the Jacobian using conventional
hardware. Hence, the usual approaches for solving the normal equations in step 1 by
calculating the Cholesky factorization of

(
DF

)
(xi)

T
(
DF

)
(xi), the QR factorization of(

DF
)
(xi) or a singular value decomposition of

(
DF

)
(xi) are not viable. Instead, it is

possible to use the iterative LSMR algorithm [22] to solve the normal equations approx-
imately. The advantage of the LSMR algorithm is that, instead of working with the
Jacobian directly, it only needs to be able to compute matrix-vector products with the
Jacobian and its transpose.

4.4 Practical aspects of the minimization

In this section, several results are collected that are of only little relevance to the theory,
but very useful or even necessary for a successful numerical minimization of the objective
functional. On the one hand, the computation of the derivatives and the scaling of the
objective functional’s arguments discussed in Sections 4.4.1 and 4.4.2 mainly improve the
convergence speed of the minimization and reduce the computation time. On the other
hand, the approaches that deal with the wrap around error and image continuation in
Sections 4.4.3 and 4.4.4 are necessary for the correctness of the reconstructed exit wave.

4.4.1 Computation of the partial derivatives

The efficient numerical computation of the partial derivatives of Êσ involves a few sub-
tleties that are discussed in this section. It turns out that if the TCC is ?-separable,
then the complete gradient can be calculated in linearithmic time O

(
XY log(XY )

)
in

the number of pixels of the discrete exit wave Ψ̂ ∈ CX×Y . If the TCC is not ?-separable,
then the complexity is quadratic in the number of pixels, i.e. O

(
(XY )2

)
.

The partial derivatives are calculated separately for the exit wave, the translations
and the focus values and then combined to yield the complete gradient of the discretized
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4 Numerical minimization of the objective functional

objective functional at a given position. Although the derivatives are deduced from
a discretization of the Gâteaux differentials of Eσ from Section 3.3, they are in fact
identical to the partial derivatives of the discrete functional Êσ.

Exit wave: By Lemma 3.3.3 and Corollary 3.3.4, the first order Gâteaux differential of
Eσ at a position (Ψ, t) ∈ L2(A,C)× (R2)N in the direction (Φ, 0) ∈ L2(A,C)× (R2)N is

〈∂ΨEσ[Ψ, t],Φ〉 =
4

N

N∑
j=1

Re
((
DΨ,j,Ψ ?TZj Φ

)
L2

)
+ 2σRe ((Ψ−ΨM ,Φ)L2) ,

where DΨ,j = Ψ ?TZj Ψ − µtjF(gj) does not depend on Φ. Using the same notation as

in Section 4.2, a discretization of 〈∂ΨEσ[Ψ, t],Φ〉 is given by

4

N

N∑
j=1

Re

(
LX
X

LY
Y

X−1∑
x=0

Y−1∑
y=0

LX
X

LY
Y

(
D̂Ψ,j

)∗
x,y

LX
X

LY
Y

(
Ψ̂ ?T̂Zj

Φ̂
)
x,y

)

+ 2σRe

(
LX
X

LY
Y

X−1∑
x=0

Y−1∑
y=0

(
Ψ̂− Ψ̂M

)∗
x,y

Φ̂x,y

)

=
4L3

XL
3
Y

NX3Y 3

N∑
j=1

Re

(
X−1∑
x=0

Y−1∑
y=0

(
D̂Ψ,j

)∗
x,y

(
Ψ̂ ?T̂Zj

Φ̂
)
x,y

)

+ 2σ
LXLY
XY

Re

(
X−1∑
x=0

Y−1∑
y=0

(
Ψ̂− Ψ̂M

)∗
x,y

Φ̂x,y

)
(4.12)

for Ψ̂, Ψ̂M , Φ̂ ∈ CX×Y , where D̂Ψ,j = Ψ̂ ?T̂Zj
Ψ̂− µ̂tj DFT(ĝj).

Let a ∈ {0, . . . , X − 1}, b ∈ {0, . . . , Y − 1} and define Φ̃ ∈ CX×Y by Φ̃a,b := 1 and

Φ̃a′,b′ := 0 for all (a′, b′) 6= (a, b). The partial derivative of Êσ with respect to Re
(
Ψ̂a,b

)
can be computed by substituting Φ̂ = Φ̃ in Equation (4.12), which yields

∂

∂Re
(
Ψ̂a,b

)Êσ[Ψ̂, t] =
4L3

XL
3
Y

NX3Y 3

N∑
j=1

Re

(
X−1∑
x=0

Y−1∑
y=0

(
D̂Ψ,j

)∗
x,y

Ψ̂∗a−x,b−y
(
T̂Zj
)

(a,b),(a−x,b−y)

)

+ 2σ
LXLY
XY

Re
((

Ψ̂− Ψ̂M

)∗
a,b

)
. (4.13)

In this expression, the discretized exit wave and TCC are implicitly extended to elements
of CZ×Z respectively C(Z×Z)2

using the same continuation as the one that is used for the
computation of the functional’s value Êσ

[
Ψ̂, t] (cf. Section 4.2). A similar expression

can be derived if Φ̃a,b = i instead of Φ̃a,b = 1, which yields the partial derivative of

Êσ with respect to Im
(
Ψ̂a,b

)
. In general, the complexity of evaluating Equation (4.13)

is O(NXY ), assuming that D̂Ψ,j has been precomputed for all j ∈ {1, . . . , N}. Since
the partial derivatives have to be calculated for all 2XY possible directions, the overall
complexity is O

(
2N(XY )2

)
.
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4.4 Practical aspects of the minimization

However, if the TCC is ?-separable, then the first summand in Equation (4.13) can be
rearranged to allow for a faster computation of the partial derivatives by utilizing the
fast Fourier transform. Let M ∈ N and v̂1,j, . . . , v̂M,j ∈ CX×Y with

(
T̂Zj
)
x′,y′

=
M∑
k=1

(
v̂k,j
)
x′

(
v̂k,j
)∗
y′

for all x′, y′ ∈ {0, . . . , X − 1} × {0, . . . , Y − 1}. Then

X−1∑
x=0

Y−1∑
y=0

(
D̂Ψ,j

)∗
x,y

Ψ̂∗a−x,b−y
(
T̂Zj
)

(a,b),(a−x,b−y)

=
M∑
k=1

(
v̂k,j
)
a,b

X−1∑
x=0

Y−1∑
y=0

(
D̂Ψ,j

)∗
x,y

(
Ψ̂v̂k,j

)∗
a−x,b−y

=
M∑
k=1

(
v̂k,j
)
a,b

(
D̂Ψ,j ∗ (Ψ̂v̂k,j)

)∗
a,b
,

where ∗ denotes the discrete convolution. Using the discrete convolution theorem, it
follows that

∂Êσ
[
Ψ̂, t
]

∂Re
(
Ψ̂a,b

) =
4L3

XL
3
Y

NX3Y 3

N∑
j=1

M∑
k=1

Re

((
v̂k,j
)
a,b

1

XY
IDFT

(
DFT

(
D̂Ψ,j

)
DFT

(
Ψ̂v̂k,j

))∗
a,b

)
+ 2σ

LXLY
XY

Re
((

Ψ̂− Ψ̂M

)∗
a,b

)
.

This reduces the overall complexity to O
(
2NMXY log(XY )

)
.

Translation: The computation of the derivatives of the objective functional with re-
spect to the translations is straightforward. Let j ∈ {1, . . . , N}, k ∈ {1, 2} and t̃ ∈ (R2)N

with

t̃j′,k′ =

{
1, if j′ = j and k′ = k,

0, otherwise

for all j′ ∈ {1, . . . , N} and all k′ ∈ {1, 2}. By Lemma 3.3.5, the Gâteaux differential of
Eσ at a point (Ψ, t) ∈ L2(A,C)× (R2)N in the direction (0, t̃) is

〈∂tEσ[Ψ, t], t̃〉 = − 2

N
Re
((

Ψ ?TZj Ψ− µtjF(gj), νkµtjF(gj)
)
L2

)
,

where νk(x) = 2πixk for all x ∈ R2. The product νkµtj is discretized just like µtj
as a piecewise constant function on a grid of size X × Y on the domain Q using point
evaluations of the continuous function νkµtj at the top left corner of the respective pixels.
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4 Numerical minimization of the objective functional

If the discretization of νkµtj is denoted by ν̂kµtj ∈ CX×Y , then a discretization of the
Gâteaux differential is

− 2

N
Re

(
LXLY
XY

X−1∑
x=0

Y−1∑
y=0

LXLY
XY

(
D̂Ψ,j

)∗
x,y

(
ν̂kµtj

)
x,y

LXLY
XY

DFT
(
ĝj
)
x,y

)

= − 2L3
XL

3
Y

NX3Y 3
Re

(
X−1∑
x=0

Y−1∑
y=0

(
D̂Ψ,j

)∗
x,y

(
ν̂kµtj

)
x,y

DFT
(
ĝj
)
x,y

)

=
∂

∂tj,k
Êσ
[
Ψ̂, t
]

(4.14)

with D̂Ψ,j = Ψ̂ ?T̂Zj
Ψ̂− µ̂tj DFT(ĝj) as before.

It is evident that the overall complexity of calculating the partial derivatives with
respect to the translations is limited by the computation of DΨ,j. The complexity of
this computation is either O

(
(XY )2

)
or O

(
MXY log(XY )

)
for an M ∈ N, depending

on whether the TCC is ?-separable or not. Since the derivatives need to be calculated
for all j ∈ {1, . . . , N} and all k ∈ {1, 2}, this yields the overall complexity O

(
2N(XY )2

)
respectively O

(
2NMXY log(XY )

)
. However, if the values of DΨ,j are cached from the

calculation of the exit wave derivatives and the Fourier transforms of the input images
are precomputed, then the effective complexity of evaluating Equation (4.14) once is
O(XY ).

Focus: Let j ∈ {1, . . . , N} and Z̃ ∈ RN with Z̃j = 1 and Z̃k = 0 for all k 6= j. By
Lemma 3.3.7, the Gâteaux differential of Eext

σ at a point (Ψ, t, Z) ∈ L2(A,C)×(R2)N×RN

in the direction (0, 0, Z̃) is

〈
∂ZE

ext
σ [Ψ, t, Z], Z̃

〉
=

2

N
Re
((

Ψ ?T ′Zj,1
Ψ,Ψ ?TZj Ψ−Gj

)
L2

)
,

where T ′Zj ,1(v, w) = d
dε
TZj+ε(v, w)

∣∣
ε=0

for all v, w ∈ R2. If T̂ ′Zj ∈ C(X×Y )2
is the dis-

cretization of T ′Zj ,1 as a piecewise constant function on a grid of size X × Y using point
evaluations, then the discretization of the Gâteaux differential satisfies

2

N
Re

(
LXLY
XY

X−1∑
x=0

Y−1∑
y=0

LXLY
XY

(
D̂Ψ,j

)
x,y

LXLY
XY

(
Ψ̂ ?T̂ ′Zj

Ψ̂
)∗
x,y

)

=
2L3

XL
3
Y

NX3Y 3
Re

(
X−1∑
x=0

Y−1∑
y=0

(
D̂Ψ,j

)
x,y

(
Ψ̂ ?T̂ ′Zj

Ψ̂
)∗
x,y

)

=
∂

∂Zj
Êext
σ

[
Ψ̂, t, Z

]
.

For the remainder of this section, the computation of Ψ̂ ?T̂ ′Zj
Ψ̂ is discussed for the TCCs

T Ishizuka
Z and TMAL

Z .
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If TZ = T Ishizuka
Z and only the focus and the spherical aberration are considered in the

wave aberration function, then the derivative of the TCC is

d

dε
TZ+ε(v, w)

∣∣∣∣
ε=0

=

(
−πiλ

(
||v||22 − ||w||

2
2

)
−2
(πα
λ

)2 (
Zλ2 ||v − w||22 + λ4Cs

(
||v||42 + ||w||42 − (v · w)

(
||v||22 + ||w||22

)) ))
TZ(v, w)

for all Z ∈ R and all v, w ∈ R2 using Equation (2.11). Here, the derivative of the product
of the phase transfer functions is calculated using

pZ+ε(v)p∗Z+ε(w) = pZ(v)p∗Z(w) exp
(
−πiελ

(
||v||2 − ||w||2

))
∀ v, w ∈ R2. (4.15)

For the derivative of the spatial coherence envelope, the identity

d

dε
EZ+ε
s (v, w)

∣∣∣∣
ε=0

(4.16)

= −2
(πα
λ

)2 (
Zλ2 ||v − w||22 + Csλ

4
(
||v||42 + ||w||42 − (v · w)

(
||v||22 + ||w||22

)) )
EZ
s (v, w),

follows with a straightforward, but tedious computation.
Just like the TCC T Ishizuka

Z itself, the derivative T ′Z,1 is not ?-separable and therefore

does not allow for a fast computation of Ψ̂?T̂ ′Z
Ψ̂ using the FFT. Therefore, the complexity

of calculating the partial derivatives with respect to all focus values is O
(
N(XY )2

)
for

Ishizuka’s TCC.
If TZ = TMAL

Z , then TZ can be written as TZ(v, w) =
∑M

k=−M ckh̃Z,k(v)h̃∗Z,k(w) for all
v, w ∈ R2 and all Z ∈ R, where

h̃Z,k(v) = tZ(v)EZ
s (v, 0) exp

(
−πiλkδ ||v||22

)
and ck > 0 are appropriate constants (cf. Section 2.2.4). Using Equations (4.15)
and (4.16), it follows with the product rule that

d

dε
h̃Z+ε,k(v)h̃∗Z+ε,k(w)

∣∣∣∣
ε=0

=− πiλ
(
||v||22 − ||w||

2
2

)
h̃Z,k(v)h̃∗Z,k(w)

− 2
(πα
λ

)2 (
Zλ2 ||v||22 + Csλ

4 ||v||42
)
h̃Z,k(v)h̃∗Z,k(w)

− 2
(πα
λ

)2 (
Zλ2 ||w||22 + Csλ

4 ||w||42
)
h̃Z,k(v)h̃∗Z,k(w)

=

(
−πiλ ||v||22 − 2

(πα
λ

)2 (
Zλ2 ||v||22 + Csλ

4 ||v||42
))

h̃Z,k(v)h̃∗Z,k(w)

+

(
−πiλ ||w||22 − 2

(πα
λ

)2 (
Zλ2 ||w||22 + Csλ

4 ||w||42
)︸ ︷︷ ︸

=:αZ(w)

)∗
h̃Z,k(v)h̃∗Z,k(w).
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This implies

T ′Z,1(v, w) =
M∑

k=−M

ck

(
αZ(v)h̃Z,k(v)h̃∗Z,k(w) + h̃Z,k(v)α∗Z(w)h̃∗Z,k(w)

)
for all v, w ∈ R2. Unlike TZ , it is no longer clear if T ′Z,1 is ?-separable. However, the
structure of T ′Z,1 still allows for a fast computation of Ψ ?T ′Z,1 Ψ using the fast Fourier
transform, which is shown next.

If α̂Z , ĥZ,k, α̂ZhZ,k ∈ CX×Y denote the discretizations of αZ , h̃Z,k, αZ h̃Z,k as piecewise
constant functions on a grid of size X × Y using point evaluations, then

(
T̂ ′Zj
)
a,b

=
M∑

k=−M

ck

((
α̂ZhZ,k

)
a

(
ĥZ,k

)∗
b

+
(
ĥZ,k

)
a

(
α̂ZhZ,k

)∗
b

)
for all a, b ∈ {0, . . . , X − 1} × {0, . . . , Y − 1}. Consequently, Ψ̂ ?T̂ ′Zj

Ψ̂ can be computed
as

Ψ̂ ?T̂ ′Zj
Ψ̂ =

M∑
k=−M

ck

((
Ψ̂α̂ZhZ,k

)
?
(
Ψ̂ĥZ,k

)
+
(
Ψ̂ĥZ,k

)
?
(
Ψ̂α̂ZhZ,k

))
=

M∑
k=−M

ck
XY

IDFT
(

DFT
((

Ψ̂α̂ZhZ,k
)
?
(
Ψ̂ĥZ,k

)
+
(
Ψ̂ĥZ,k

)
?
(
Ψ̂α̂ZhZ,k

)))
=

M∑
k=−M

2ck
XY

IDFT
(

Re
(

DFT
(
Ψ̂α̂ZhZ,k

)∗
DFT

(
Ψ̂ĥZ,k

)))
. (4.17)

Evaluating Equation (4.17) requires 3(2M + 1) discrete Fourier transforms. If the fast
Fourier transform is used, the overall complexity of calculating the partial derivatives
with respect to all focus values is thus O

(
3(2M + 1)NXY log(XY )

)
.

4.4.2 Scaling

The objective functional Êext
σ joins three very different optimization parameters: the exit

wave, the image shifts and the focus values. Let
(
Ψ̂, t̂, Ẑ

)
∈ CX×Y × (R2)N ×RN be the

current position during a minimization of Êext
σ and

(
Ψ̂s, t̂s, Ẑs

)
∈ CX×Y × (R2)N × RN

be the current search direction. Because of the different nature of the optimization
parameters, the optimal step sizes for the individual parameters Ψ̂, t̂ and Ẑ may differ
by orders of magnitude. More explicitly, denote by τ1, τ2, τ3 > 0 the optimal step sizes
such that

Êext
σ

[
Ψ̂ + τ1Ψ̂s, t̂, Ẑ

]
= min

τ>0
Êext
σ

[
Ψ̂ + τΨ̂s, t̂, Ẑ

]
,

Êext
σ

[
Ψ̂, t̂+ τ2t̂s, Ẑ

]
= min

τ>0
Êext
σ

[
Ψ̂, t̂+ τ t̂s, Ẑ

]
and

Êext
σ

[
Ψ̂, t̂, Ẑ + τ3Ẑs

]
= min

τ>0
Êext
σ

[
Ψ̂, t̂, Ẑ + τẐs

]
.
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If τ1, τ2 and τ3 are not on the same order of magnitude, then the convergence speed of
the iterative minimization can decrease severely. It is also important to notice that the
algorithm may converge to different local minima depending on the choice of τ1, τ2 and
τ3.

Such a functional is said to be poorly scaled, which is a problem that can be resolved
by considering the scaled functional

Êext,scaled
σ

[
Ψ̂, t̂, Ẑ

]
:= Êext

σ

[
c1Ψ̂, c2t̂, c3Ẑ

]
instead of the original functional for appropriately chosen c1, c2, c3 > 0. The scaling does
not affect the value of the objective functional, provided that the argument is scaled with
the inverse coefficients c−1

1 , c−1
2 , c−1

3 . Thus, the computed local minimizer of Êext,scaled
σ has

to be scaled with c1, c2, c3 in order to get the desired local minimum of Êext
σ . However,

the partial derivatives of the objective functional are scaled by the coefficients c1, c2, c3

according to the chain rule, which makes it possible to adjust τ1, τ2 and τ3 to be roughly
on the same order of magnitude. Replacing the objective functional Êext

σ with Êext,scaled
σ

can be considered as a simple form of preconditioning.
The scaling of the individual elements of Ψ̂ ∈ CX×Y , t̂ ∈ (R2)N and Ẑ ∈ RN is less

critical for the convergence speed of the minimization than the above scaling of the
components as a whole. While it is expected that a non-uniform scaling of the elements
of t̂ and Ẑ is not useful, scaling the individual exit wave pixels non-uniformly can indeed
be beneficial for the convergence speed. This is indicated by Figure 4.3, which shows
that the high frequencies of the exit wave are reconstructed very slowly compared to the
low frequencies. Denote by P ∈ CX×Y a matrix that realizes a scaling of the individual
exit wave pixels if the discrete functional Êext,scaled

σ is replaced with

Êext
σ

[
c1P Ψ̂, c2t̂, c3Ẑ

]
.

Here, the product P Ψ̂ is to be understood as a componentwise product of elements of
(R2)X×Y , i.e. the real and imaginary parts are considered separately. By the chain rule,

the partial derivatives with respect to Re
(
Ψ̂x,y

)
are then given by

∂

∂Re
(
Ψ̂x,y

) (Êext
σ

[
c1P Ψ̂, c2t̂, c3Ẑ

])
= c1Re(Px,y)

(
∂Êext

σ

∂Re
(
Ψ̂x,y

)) [c1P Ψ̂, c2t̂, c3Ẑ
]

for all (x, y) ∈ {0, . . . , X − 1} × {0, . . . , Y − 1} and similarly for Im
(
Ψ̂x,y

)
. The matrix

P is called scale mask in the following.
The circular shape of the power spectra in Figure 4.3 motivates the construction of

an isotropic scale mask P ∈ (R2)X×Y ∼= CX×Y . Here, isotropic refers to a scale mask
that is rotationally symmetric around its center. Recall that the domain of the discrete
exit wave Ψ̂ ∈ CX×Y is Q =

[
− X

2LX
, X

2LX

]
×
[
− Y

2LY
, Y

2LY

]
, which covers frequencies with

magnitudes in the range [0, fmax] with fmax :=
√

(X/(2LX))2 + (Y/(2LY ))2. In order to
construct an isotropic scale mask, it is sufficient to prescribe a value of the scale mask
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5 50 200

500 1000

Figure 4.3: The power spectra of the reconstructed exit wave after 5, 50, 200, 500 and
1000 iterations of the conjugate gradient method for a hypothetical specimen
consisting of a standard lattice of uranium atoms. The power spectrum of
the correct exit wave, which was used for the simulation of the focus series, is
displayed in the bottom right image. No scaling of the individual exit wave
pixels was performed during the reconstruction. It can clearly be seen that
the high frequencies are only reconstructed after a high number of iterations,
whereas the low frequencies are reconstructed much faster. The complete
experiment is presented in Section 5.1.

for each magnitude in [0, fmax]. Since a pixel (x, y) ∈ {0, . . . , X − 1}× {0, . . . , Y − 1} of
the discrete exit wave corresponds to the frequencies S(x,y) = [p(x,y), p(x+1,y+1)] ⊆ Q with

p(x,y) =

(
x− X

2

LX
,
y − Y

2

LY

)
∈ R2,

the pixels on the diagonal D :=
{(

rd
(
dX

2

)
, rd
(
dY

2

)) ∣∣ d ∈ [0, 1]
}
⊆ Z2 provide a suitable

sampling of the magnitudes [0, fmax], where rd : R → Z rounds a real number to the
nearest integer. If X = Y , then D is equal to {(d, d) | d = 0, . . . , X/2}.

The values of Px,y for (x, y) ∈ D are determined as follows. Define Φ̂x,y ∈ CX×Y for
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(x, y) ∈ D by (
Φ̂x,y

)
x′,y′

:=

{
(Ψ̂s)x,y, if (x′, y′) = (x, y),

0, otherwise

for all (x′, y′) ∈ {0, . . . , X − 1} × {0, . . . , Y − 1}. For each (x, y) ∈ D, exponents
ere
x,y, e

im
x,y ∈ Z are computed such that τ re

x,y := 2e
re
x,y and τ im

x,y := 2e
im
x,y are the optimal

power-of-two step sizes in the sense that

Êσ
[
Ψ̂ + τ re

x,yRe
(
Φ̂(x,y)

)
, t
]

and

Êσ
[
Ψ̂ + iτ im

x,yIm
(
Φ̂(x,y)

)
, t
]

are a minimal among all exponents in a given range, i.e. ere
x,y, e

im
x,y ∈ [−10, . . . , 10] for

example. The exponents are placed into vectors (ere
0,0, . . . , e

re
X/2,Y/2) ∈ Z|D| respectively

(eim
0,0, . . . , e

im
X/2,Y/2) ∈ Z|D| and smoothed with the mean value filter (1

5
, . . . , 1

5
) ∈ Z5 in

order to remove outliers. This yields the smoothed exponents (ẽre
0,0, . . . , ẽ

re
X/2,Y/2) ∈ Z|D|

and (ẽim
0,0, . . . , ẽ

im
X/2,Y/2) ∈ Z|D|. Finally, the entries Px,y of the scale mask for (x, y) ∈ D

are defined as

Re(Px,y) := 2ẽ
re
x,y/6 and

Im(Px,y) := 2ẽ
im
x,y/6.

In this way, the partial derivatives of the objective functional are scaled accordingly by
2ẽ

re
x,y/6 or 2ẽ

im
x,y/6, which helps in leveling out the step sizes for the individual pixels. An

additional scaling of the exponents is necessary to prevent an overly strong amplification
of those frequencies for which a large exponent ẽre

x,y or ẽim
x,y has been computed. The factor

1
6

has been found to perform well in practice as it reduces the overall range of the scaling
factors sufficiently and at the same time it is small enough so that it does not reduce all
scaling factors to unity.

In Section 5.1, it is shown that such a scale mask for the exit wave can indeed decrease
the number of iterations that are necessary for a reconstruction of the high frequencies.
However, the computation of the scale mask is very costly and therefore the scale mask
in its current form is of little practical use as a preconditioner. Instead, it can be
understood as a proof of concept and may be used as a starting point for the derivation
of other preconditioners.

4.4.3 Contrast dislocation and the wrap around error

The information corresponding to a single atom in a TEM image may be spread within
a relatively large area as compared to the actual size of the atom. This effect is caused
by the aberrations of the objective lens and termed contrast dislocation. The left image
in Figure 4.4 depicts contrast dislocation caused by the focus and spherical aberration
for a single gold atom. Although contrast dislocation makes the direct interpretation of
TEM images difficult, it is mostly irrelevant to exit wave reconstruction. This is indeed
one of the main reasons and advantages of using exit wave reconstruction in the first
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place: if the aberrations are sufficiently well known, then the simulated TEM images
are subject to the same kind of contrast dislocation as the experimental images and a
reconstruction of the exit wave makes the direct analysis of TEM images superfluous.

However, there is one important exception where contrast dislocation is problematic
for a successful exit wave reconstruction. Because of the discretization, contrast disloca-
tion can affect the results near the images’ edges if the specimen is not perfectly periodic
with respect to the discrete image domains. On the one hand, the experimental images
only contain incomplete information about atoms near the images’ edges, since a part of
the information is located outside of the image domain due to contrast dislocation. On
the other hand, contrast dislocation in conjunction with the periodicity of the discrete
Fourier transform causes the wrap around error in simulated TEM images as follows.

Figure 4.4: Simulated TEM images of a single gold atom sampled at 512 × 512 pixels
and depicting an area of 1.6 × 1.6 nm2, showing contrast dislocation in the
form of the additional “rings” surrounding the atom. The left and middle
images were simulated without an additional buffer zone around the images.
The right image was initially simulated on a grid of size 1024 × 1024 (with
a buffer zone with of 256 pixel) and then cropped to the central section of
size 512 × 512. The plots in the bottom row display the pixel values of the
images at the cross-section (x, 256) with x = 0, . . . , 511, which range from
0.846 (black) to 1.644 (white). The microscope parameters for all images are:
focus Z = 4.5 nm, spherical aberration Cs = −700 nm, accelerating voltage
U = 200 kV (electron wavelength λ ≈ 0.00250793 nm), objective aperture
semiangle αmax = 125 mrad, coherence parameters α = 1 mrad and ∆ = 2.8
nm. The images were simulated using TMAL

Z with M = 4 and δ = 1.25 nm.

The discrete Fourier transform of a vector g ∈ CN for N ∈ N is necessarily N -periodic,
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since

DFTN(g)k+N =
N−1∑
n=0

gn exp

(
−2πi

n(k +N)

N

)

=
N−1∑
n=0

gn exp

(
−2πi

nk

N

)
exp(−2πin)︸ ︷︷ ︸

=1

= DFTN(g)k

holds for all k ∈ Z. The same applies to the inverse discrete Fourier transform. Because
of this periodicity, opposite edges of the TEM images are effectively adjacent to each
other in numerical computations. Therefore, the simulated atoms wrap around the
images’ edges as illustrated in the middle image of Figure 4.4 (cf. [41, ch. 4.4]).

The experimental TEM images do not contain the wrap around error and consequently
this error needs to be reduced for a meaningful exit wave reconstruction. If the specimen
is almost perfectly periodic with respect to the discrete images’ domains, then the wrap
around error is small and can be ignored. However, in the general case a buffer zone
should be added around the real space images to account for the wrap around error
[54, 41, 66]. Otherwise, a numerical minimization of the objective functional would
attempt to adapt the exit wave in order to compensate for the wrap around error,
which then yields a better match of the simulated and experimental images with a worse
estimate of the true exit wave.

If a buffer zone of width W ∈ N0 is used, then the discrete exit wave Ψ̂ is an element of
C(X+2W )×(Y+2W ) and the discrete input images ĝj need to be extended to R(X+2W )×(Y+2W )

using e.g. constant continuation with the mean value or periodic continuation. The data
term of the discrete objective functional from Equation (4.8) is then transformed to real
space (in order to allow for a real space buffer zone) and adapted to

1

N

N∑
j=1

1

XY

X−1∑
x=0

Y−1∑
y=0

∣∣∣∣IDFT
(

Ψ̂ ?T̂Zj
Ψ̂− µ̂tj DFT

(
ĝj
))

x+W,y+W

∣∣∣∣2 , (4.18)

where a scaling factor of L3
XL

3
Y /(X

2Y 2) has been omitted and T̂Zj respectively µ̂tj are

similarly extended to elements of C((X+2W )×(Y+2W ))2
respectively C(X+2W )×(Y+2W ). Note

that this data term ignores the values of the simulated and input images in the buffer
zone.

The importance of using a buffer zone for non-periodic specimens is confirmed with a
simple experiment, where the exit wave is reconstructed from a focus series consisting
of the 4 images shown in Figure 4.5. Using these images as the input data, two recon-
structions have been performed with the nonlinear conjugate gradient method. The first
reconstruction does not use a buffer zone and the second reconstruction uses a buffer
zone with a width of 256 pixels. Therefore, the first reconstruction yields an exit wave
of size 512 × 512 pixels, whereas the second reconstruction computes an exit wave of
size 1024× 1024 pixels. The TCC TMAL

Z with M = 4 and δ = 1.25 nm was used for the
forward model in both cases.
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Figure 4.5: Simulated focus series used as input data to the exit wave reconstruction.
The images are sampled at 512× 512 pixels and depict an area of 1.6× 1.6
nm2. The focus values are −3 nm, −0.5 nm, 2 nm and 4.5 nm (from left
to right) and the other microscope parameters are identical to the ones in
Figure 4.4. All images have been simulated with a buffer zone width of 256
pixels using TMAL

Z with M = 4 and δ = 1.25 nm. Note that the rightmost
image is identical to the rightmost image in Figure 4.4.

As the initial guess for the exit wave a constant exit wave in real space corresponding to
the mean image intensity was used. Neither the translations nor the focus values were
optimized and instead kept fixed at the correct values throughout the minimization.
Note that there is no specimen movement within the focus series in this example. The
coefficient σ of the regularizer was set to zero.

Figure 4.6 shows the energy of the modified objective functional given in Equa-
tion (4.18) for the first 100 iterations for both reconstructions. It can clearly be seen that
using a buffer zone results in a significantly lower residual or, equivalently, a significantly
better match of the input images and the simulated images. Note that in both cases
a perfect reconstruction is not possible. This is because of the first problem caused by
contrast dislocation in exit wave reconstruction mentioned above. As the gold atom is
located near the image’s edge, the input images are missing the information about the
atom that is located on the right side of the right image edge.

Finally, the amplitude and phase of the reconstructed exit waves in Figures 4.7 and 4.8
show that using a buffer zone not only results in a lower energy, but also a better
reconstruction of the exit wave.
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With buffer zone (W = 256)

Figure 4.6: The value of the modified objective functional in Equation (4.18) for the first
100 iterations of both reconstructions.

Figure 4.7: The amplitudes (top) and phases (bottom) of the reconstructed exit waves
after 100 iterations. The images on the left show the result of the recon-
struction without a buffer zone (W = 0). The images on the right show the
result of the reconstruction using a buffer zone (of width W = 256), cropped
to the central section of size 512× 512.
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Figure 4.8: The full amplitude (left) and phase (right) of the reconstructed exit wave
of size 1024 × 1024 pixels after 100 iterations, including the buffer zone of
width W = 256. The central subsection of size 512 × 512 pixels is identical
to the images in the right column of Figure 4.7.

4.4.4 Dynamic integration domains

Unlike the example in the previous section, the images in a real focus series are in general
not aligned very well to each other and the specimen drift can be quite significant. Here,
we follow the approach from Remark 3.3.2 and choose the first image ĝ1 as the reference
by keeping t1 = 0 fixed throughout the minimization. In this case, the reconstructed
exit wave is aligned to ĝ1. This means that for all the other images ĝ2, . . . , ĝN in the
series, only these subsections of ĝj ◦ φ̂tj contribute to the reconstructed exit wave which
are contained in the domain of ĝ1. Worse yet, if the shifted images are calculated
with µ̂tj DFT

(
ĝj
)

in Fourier space as it is done in the present work, then the image
shift is implicitly performed with periodic continuation, which causes artifacts in the
reconstructed exit wave.

However, if the exit wave reconstruction is performed with a buffer zone that is suf-
ficiently large to encompass the shifted images for all translations tj occurring during
the reconstruction, then these problems can be circumvented completely by adjusting
the integration domains in the objective functional to the domains of the shifted images.
On top of that, using this approach, the area of the reconstructed exit wave is larger
than the domain of any of the individual images in the focus series. This is achieved by
adjusting the integration domains in Equation (4.18), which yields the modified version
of the data term

1

N

N∑
j=1

1

XjYj

Xj−1∑
x=0

Yj−1∑
y=0

∣∣∣∣IDFT
(

Ψ̂ ?T̂Zj
Ψ̂− µ̂tj DFT

(
ĝj
))

x+x̃j+W,y+ỹj+W

∣∣∣∣2 (4.19)
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with (Xj, Yj) ∈ N2 and x̃j, ỹj ∈ Z such that (x̃j +W, ỹj +W ) ∈ N2
0 for all j ∈ {1, . . . , N},

where W ∈ N0 is the width of the buffer zone. The integration domain of the j-th real
space residual Rj := IDFT

(
Ψ̂ ?T̂Zj

Ψ̂− µ̂tj DFT
(
ĝj
))

is thus the rectangle

Ij := {(x+ x̃j +W, y + ỹj +W ) | x = 0, . . . , Xj − 1 and y = 0, . . . , Yj − 1}.

In other words, (x̃j + W, ỹj + W ) ∈ N2
0 is the top left position in image coordinates on

the screen and (Xj, Yj) ∈ N2 is the size of the integration domain. If the integration
domains Ij are carefully chosen such that

(pj)1 − (tj)1
X

LX
∈ [W,W +X] ∧ (pj)2 − (tj)2

Y

LY
∈ [W,W + Y ] (4.20)

for all pj ∈ Ij and all translations t ∈ (R2)N considered during the reconstruction, then a
continuation of the discrete input images beyond their domain is no longer necessary as
only values within the domain of the real space images are accessed in Equation (4.19).
The translations that are considered during the entire reconstruction are necessarily
unknown a priori. However, initially a large range of possible translations may be
considered based on an upper bound for the translations, which is then successively
refined during the minimization as outlined in the following.

The condition in Equation (4.20) requires that Xj and Yj are initially set to a value
much smaller than X and Y because of the typically very large errors in the translations
tj at the beginning of the minimization. However, the translations converge quickly
and the magnitudes of the changes in t from one iteration to the next decrease as a
consequence. This in turn can be used to increase the sizes (Xj, Yj) and adjust the
positions (x̃j, ỹj) of the integration domains as described in the following paragraph.

Denote by t(k) ∈ (R2)N the estimate for the translations in the k-th iteration and fix
an n ∈ N. Let j ∈ {2, . . . , N}, l ∈ {1, 2} and define the maximum absolute value of the
changes of the translation (tj)l during the previous n iterations as(

t̄
(k)
j

)
l
:= max

{∣∣∣(t(k−k′)j

)
l
−
(
t
(k−k′−1)
j

)
l

∣∣∣ : k′ = 0, . . . , n− 1
}

for k ≥ n. The position and size of the integration domain Ij can be adjusted based on
the assumption that(

t
(k′)
j

)
l
∈
[(
t
(k)
j

)
l
− δ
(
t̄

(k)
j

)
l
,
(
t
(k)
j

)
l
+ δ
(
t̄

(k)
j

)
l

]
∀ k′ ≥ k

for an appropriate δ ≥ 1, which states that the final value for the translation (tj)l has

been computed within an accuracy of 2δ
(
t̄

(k)
j

)
l
. In practice, setting δ = 20 turned out

to work well. If the integration domains are adjusted every n iterations, the sizes of the
integration domains (Xj, Yj) eventually converge to (X − 1, Y − 1) and the positions
(x̃j, ỹj) converge to

x̃j = lim
k→∞

⌈(
t
(k)
j

)
1

X

LX

⌉
and ỹj = lim

k→∞

⌈(
t
(k)
j

)
2

Y

LY

⌉
.
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For j ≥ 2, the size (X − 1, Y − 1) is the maximum possible size for the integration
domains Ij while ensuring that the condition in Equation (4.20) holds, since (tj)1X/LX
and (tj)2Y/LY are not integers in general. It is pointed out that the sizes and positions
of the integration domains are integers and as such converge within a finite number of
iterations in practice. Therefore, the integration domains stay constant after a finite
number of iterations and the results from Chapter 3 carry over to the modified objective
functional in Equation (4.19), even if the integration domains are adjusted during the
minimization with the method described above.

The advantage of adjusting the position and size of the integration domains during
the exit wave reconstruction is illustrated by an example reconstruction. An excerpt of
the simulated focus series that was used as the input data is shown in Figure 4.9. The
reconstruction of the exit wave and the registration of the image series was performed
simultaneously using the nonlinear conjugate gradient method and the scaling factors for
the exit wave and the translations were set to c1 = 102 and c2 = 103 (cf. Section 4.4.2).
No scaling of the individual exit wave pixels was performed and the coefficient σ of the
regularizer was set to zero. The integration domains were updated every 10 iterations
based on the changes in the translations in the previous 10 iterations. The same TCC
and buffer zone width was used for the reconstruction as for the simulation of the focus
series, i.e. TMAL

Z with M = 4, δ = 1 nm and a buffer zone of width W = 256 pixels. As
the initial guess for the exit wave a constant exit wave in real space corresponding to
the mean image intensity was used. The initial guess for the translations was calculated
from a cross-correlation of successive images in the focus series. The focus parameters
were not optimized and kept constant and equal to the correct values throughout the
minimization.

Figure 4.10 shows the energy for the first 1000 iterations of the nonlinear conjugate
gradient method, where it can be seen that the energy increases after 10, 20, . . . iterations.
Because the integration domains are updated every 10 iterations, their sizes (Xj, Yj) and
positions (x̃j + W, ỹj + W ) may change. As a consequence, the simulated images and
the input images are compared at new pixel positions (x + x̃j + W, y + ỹj + W ) in
Equation (4.19). This temporarily increases the value of the objective functional until
a good reconstruction at these new pixels has been achieved.

The plots in Figure 4.11 show the updates of the integration domains and the trans-
lation values during the reconstruction. Initially, the integration domain positions and
sizes are set as follows:

Image 1 2 3 . . . 22 23 24

x̃j 0 11 21 . . . 211 221 231
ỹj 0 7 13 . . . 137 143 149
Xj 512 501 491 . . . 301 291 281
Yj 512 501 491 . . . 301 291 281

The integration domain sizes (Xj, Yj) decrease as j increases, since the initial guess
for the translations is calculated from the relative shifts of successive images, which
in turn are estimated with the cross-correlation. The error in the relative shifts is
accumulated in the absolute shifts with respect to the first image ĝ1, i.e. the translations
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Figure 4.9: From left to right: images 13–16 of the focus series used for the reconstruc-
tion. The series consists of 24 images sampled at 512× 512 pixels that each
depict an area of 2.5× 2.5 nm2. The specimen drift between successive im-
ages in the series is 0.025 nm in x direction and 0.008 nm in y direction.
The images were simulated from a simulated exit wave of a specimen that
consists of carbon atoms arranged in a honeycomb structure. (The exit wave
is calculated from a linear superposition of the projected potentials of the
carbon atoms and thus not a realistic exit wave for graphene.) The focus
value of the j-th image in the series is Zj = −10 + (j − 1) · 0.9 nm for all
j ∈ {1, . . . , 24} and the other microscope parameters are: spherical aberra-
tion Cs = −70 nm, accelerating voltage U = 300 kV (electron wavelength
λ ≈ 0.00196875 nm), objective aperture semiangle αmax = 125 mrad, coher-
ence parameters α = 0.4 mrad and ∆ = 2.9 nm. The images were simulated
using TMAL

Z with M = 4, δ = 1 nm and a buffer zone of width W = 256.

t
(0)
j . Consequently, the accuracy of the initial guess t

(0)
j generally decreases as j increases.

For the initial guess, it was simply assumed that the translation of the j-th image is
accurate within 10j pixels in both directions for all j ∈ {2, . . . , 24}. This is certainly
an overly careful error bound on the initial guess for the translations. However, since
the error bounds are adjusted every 10 iterations, it is insignificant that the first 10
iterations are calculated on very small integration domains in this way.

After the first 10 iterations, the integration domains are updated to

Image 1 2 3 . . . 22 23 24

x̃j 0 8 12 . . . 108 115 122
ỹj 0 5 4 . . . 35 40 46
Xj 512 505 507 . . . 507 504 500
Yj 512 502 507 . . . 507 500 492

and after another 40 iterations, the integration domains are

Image 1 2 3 . . . 22 23 24

x̃j 0 6 11 . . . 108 113 119
ỹj 0 3 4 . . . 35 37 39
Xj 512 510 510 . . . 510 511 510
Yj 512 509 510 . . . 510 510 509

119



4 Numerical minimization of the objective functional

100 101 102 103
10−7

10−6

10−5

10−4

10−3

10−2

Figure 4.10: The value of the objective functional in Equation (4.19) for the first 1000
iterations of the minimization algorithm. The energy is not monotonically
decreasing, since the integration domains are updated every 10 iterations
and the objective functional is modified if the position or size of any inte-
gration domain changes.

After 720 iterations, the estimate for the translations is sufficiently good so that the au-
tomatic update of the integration domains comes to an end. At this time, the integration
domain sizes are (Xj, Yj) = (511, 511) for j = 2, . . . , 24 and (X1, Y1) = (512, 512).

Figures 4.12 and 4.13 show the distance of the estimates for the exit wave and the
translations to the correct values. Even with a buffer zone and dynamic integration
domains, a perfect reconstruction of the exit wave near the image borders is not possible
due to contrast dislocation (cf. Section 4.4.3). For this reason, the distance of the
estimate for the exit wave to the correct exit wave is also shown for subsections of the
domain {1, . . . , 1024}×{1, . . . , 1024} that are smaller than the central subsection of size
512×512. During the first 30 iterations, the translations are only slightly improved. The
reason for this is likely that a good reconstruction of the exit wave is required in order
to improve the registration with a comparison of simulated and experimental images, as
is done by a minimization of the objective functional. After 70 iterations, the error in
the estimated translations stays constantly below 0.1 pixel.

Besides the advantage that a continuation of the input images is no longer necessary
with dynamic integration domains, each image in the focus series is used almost com-
pletely during the reconstruction. More precisely, a subsection of the size (X−1)×(Y −1)
is utilized instead of a potentially much smaller subsection if the same integration do-
main is used for all images. Consequently, the area of the reconstructed exit wave is
larger than the area of any image from the focus series, which can be seen in Figure 4.14.
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for all k ∈ {0, . . . , 1000}. The orange graph shows the maximum absolute
value of the changes in the integration domain positions, i.e.
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Figure 4.12: Denote by ψ(k) := IDFT
(
Ψ̂(k)

)
∈ C1024×1024 the estimate for the exit wave

in real space after the k-th iteration and by ψ̃ ∈ C1024×1024 the real space
exit wave that was used for the simulation of the focus series. The plots
show the distance of the current estimate to ψ̃ in the supremum norm for
the central subsections of size 409 × 409, 460 × 460 and 512 × 512 pixels,
i.e.

∣∣∣∣(ψ(k) − ψ̃
)
1M

∣∣∣∣
∞, where M is the corresponding central subsection of

the domain {1, . . . , 1024} × {1, . . . , 1024}.
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Figure 4.13: The distance of the estimate for the translations t(k) ∈ (R2)N to the correct
translation values t∗ ∈ (R2)N in pixels with respect to the supremum norm
for all iterations k ∈ {1, . . . , 1000}.
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I1
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Figure 4.14: The phase of the reconstructed exit wave after 1000 iterations with the
integration domains for ĝ1, ĝ12 and ĝ24 drawn on top. Outside of the inter-
section

⋂24
j=1 Ij = I1 ∩ I24, the reconstructed exit wave is influenced only by

a part of the focus series.
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4 Numerical minimization of the objective functional

4.5 Implementation

The numerical minimization of the objective functional has been implemented in a C++
program written within the framework of the Quocmesh library [23]. The source code is
available on GitHub [1], along with all parameter files that are necessary to reproduce
the experiments in Chapter 4 and Sections 5.1 and 5.2.

Two different kinds of TCCs can be used in the program: the focal integration approx-
imation TMAL

Z and Ishizuka’s TCC T Ishizuka
Z . Since Ishizuka’s TCC is not ?-separable,

the simulation of TEM images with T Ishizuka
Z is quite expensive. However, the simulation

of a TEM image Ψ̂?T̂Z Ψ̂ for Ψ̂ ∈ CX×Y can trivially be parallelized, since the individual
pixel values (

Ψ̂ ?T̂Z Ψ̂
)
x,y

=
X−1∑
a=0

Y−1∑
b=0

Ψ̂∗a,bΨ̂a+x,b+y

(
T̂Z
)

(a+x,b+y),(a,b)

for x ∈ {0, . . . , X − 1}, y ∈ {0, . . . , Y − 1} are completely independent from each other.
This high degree of parallelism is ideally suited for a computation on GPUs instead
of CPUs if a non-?-separable TCC is used. It was observed experimentally on our
machine that the computation of TEM images with T Ishizuka

Z on a GPU is roughly 50
times faster than the same computation on a multi-core processor. For this reason, the
computations in the program are automatically performed on the (potentially multiple)
available GPUs if T Ishizuka

Z is used for image simulation. This is done by invoking suitable
OpenCL kernels for the image simulation and derivative computations.

In an earlier version of the program the Gauss-Newton algorithm was implemented
with both the LSMR and the QR method. However, as mentioned in Section 4.3, com-
puting the QR factorization of the Jacobian in the Gauss-Newton algorithm is not viable
even for relatively small image sizes. If the normal equations from the Gauss-Newton
algorithm were solved approximately using the iterative LSMR algorithm instead, then
the decrease in the objective functional’s value in each iteration was comparable to the
Quasi-Newton BFGS algorithm and the nonlinear CG method. However, a single itera-
tion of the Gauss-Newton algorithm with LSMR took roughly 3 times as much computa-
tion time than a single iteration of the Quasi-Newton BFGS algorithm or the nonlinear
CG method. For these reasons, the Gauss-Newton algorithm is not implemented in the
current version of the program.

The most important files of the C++ program are shown in Figure 4.15. A brief
overview of the purpose and contents of each of these files is given in the following:

Reconstruction.cpp: Starting point for the exit wave reconstruction. Performs the
initialization and contains the main minimization loop.

Preconditioner.h: Implements the circular scale mask P for the exit wave as described
in Section 4.4.2.

Functional.h: Contains the base code for the evaluation of the discrete objective func-
tional with the data term given by Equation (4.19).
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Reconstruction.cpp

Functional.h FunctionalDerivative.h

Preconditioner.h

ReconstructionBase.h

IntegrationDomains.h

SimulateInputData.h

OpenCLKernelData.h

Registration.h

SimulateImage.h

ExitWaveDerivative.h FocusDerivativeImage.h

Figure 4.15: Reduced include graph of the program showing only the most important
project files. Technical files that contain I/O routines and the implemen-
tation of certain auxiliary classes are omitted, as well as all Quocmesh and
C++ STL includes. Generated using doxygen and graphviz.

FunctionalDerivative.h: Contains the base code for the computation of the gradient of
the discrete objective functional with respect to the exit wave and the focus values as well
as the full code for the computation of the derivatives with respect to the translations.

IntegrationDomains.h: Realizes the update of the integration domains on the basis of
the changes in the translations in the previous iterations as described in Section 4.4.4.
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4 Numerical minimization of the objective functional

ExitWaveDerivative.h: Implements the computation of the partial derivatives of the
objective functional with respect to the exit wave pixels for the TCCs TMAL

Z and T Ishizuka
Z .

The partial derivatives are computed according to the formulas given in Section 4.4.1.
The effects of scaling (Section 4.4.2) and different integration domains (Section 4.4.4)
on the derivatives are accounted for in FunctionalDerivative.h.

FocusDerivativeImage.h: Implements the computation of the partial derivatives of the
objective functional with respect to the focus values for the TCCs TMAL

Z and T Ishizuka
Z

using the formulas from Section 4.4.1. Similarly to the computation of the partial
derivatives with respect to the exit wave pixels, the effects of scaling (Section 4.4.2) and
different integration domains (Section 4.4.4) on the derivatives are already accounted
for in FunctionalDerivative.h.

ReconstructionBase.h: Contains two fundamental data structures which are the basis
for the implementation of the objective functional: (1) the Arguments class that contains
the current estimate for the exit wave, the translations and the focus values and (2) the
InputData class that stores the focus series and all constant microscope parameters such
as the accelerating voltage and aberration coefficients other than the focus.

SimulateInputData.h: Implements functions for the simulation of exit waves corre-
sponding to a superposition of single atoms or a lattice of point charges. Additionally,
this file includes a function for the simulation of a focus series from a given exit wave,
which may then be used as input data to the minimization algorithm.

Registration.h: Implements the registration of two images by calculating their cross-
correlation with the FFT. This is used to calculate an initial guess for the image shifts.

SimulateImage.h: Implements the simulation of TEM images for the TCCs TMAL
Z and

T Ishizuka
Z . In the case TMAL

Z , the images are simulated using Equation (4.9), whereas for
T Ishizuka
Z the images are simulated using the definition of the discrete weighted autocor-

relation directly.

OpenCLKernelData.h: Contains the interface to perform computations on the GPU
with T Ishizuka

Z . This includes the simulation of TEM images and the computation of the
partial derivatives of the objective functional with respect to the exit wave pixels and
the focus values.
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This chapter contains three numerical experiments that are used to analyse the behavior
of the objective function from different point of views.

In the first experiment in Section 5.1, the use of a scale mask to scale individual
exit wave pixels is evaluated (cf. Section 4.4.2). This is done by a comparison of three
minimization strategies that employ different scale masks, which shows that a slightly
lower energy can indeed be reached if a scale mask is used and updated regularly. In Sec-
tion 5.2, the simultaneous optimization of the exit wave and the translations is compared
with an alternating minimization scheme. It is shown that the overall performance with
regard to reconstructing the exit wave is comparable, although the joint approach needs
significantly fewer iterations to optimize the translations. In the concluding experiment
in Section 5.3, the objective functional is used to reconstruct the exit wave for a real
image series. It is shown that the estimates for the exit wave are structurally identical to
exit waves that have been reconstructed with other methods. Furthermore, it is pointed
out that the noise contained in the input images is reproduced to some extent in the
simulated images at the expense of the quality of the exit wave.

5.1 Improved reconstruction of high frequencies with
scaling

In this section, the value of preconditioning the exit wave is illustrated by an example,
where the scaling of the individual exit wave pixels as described in Section 4.4.2 is used
as the preconditioner. For this purpose, we adapt the notation from Section 4.4.2 and
denote the scale mask for the exit wave at the k-th iteration by P (k) ∈ (R2)X×Y .

The results of three different minimization strategies are compared:

1. No preconditioning: P
(k)
x,y = (1, 1) for all x ∈ {0, . . . , X − 1}, y ∈ {0, . . . , Y − 1}

and all iterations k ∈ N.

2. Calculate the scale mask once before the first iteration and keep it constant for
the entire minimization: P (k) = P (0) for all k ∈ N.

3. Calculate the scale mask before the first iteration and recalculate it every 30 iter-
ations based on the current estimate.

An excerpt of the simulated focus series that was used as the input data for all three
minimization strategies is shown in Figure 5.1. Only the exit wave was optimized using
the nonlinear conjugate gradient method, whereas the translations and focus values

127



5 Experiments

were kept constant and equal to the correct values throughout the minimization. As the
initial guess for the exit wave, a plane wave corresponding to the mean image intensity
of the input images was used. In addition to the scaling of the exit wave pixels, the exit
wave as a whole was also scaled by c1 = 102 in order to keep the step size during the
minimization close to 1, which is advantageous for the underlying implementation of the
nonlinear conjugate gradient method. An exit wave buffer zone of size W = 256 pixels
was used during the minimization. Clearly, the integration domains do not need to
be adjusted as the translations stay constant. Therefore, the integration domains were
immediately placed at the optimal positions and set to the maximum size of 511× 511
pixels for the images ĝ2, . . . , ĝ12 respectively 512 × 512 pixels for the reference image
ĝ1. All three reconstructions as well as the computation of the scale masks P (k) were
performed using TMAL

Z with the parameters M = 4 and δ = 1.5 nm. The coefficient σ
of the generalized Tikhonov regularizer was set to zero.

Figure 5.1: From left to right: images 6–9 of the focus series used for the exit wave scaling
experiment. The series consists of 12 images in total sampled at 512 × 512
pixels that each depict an area of 6.4×6.4 nm2. The specimen drift between
successive images in the series is roughly 0.037 nm in x direction and 0.018
nm in y direction. The images were simulated from a simulated exit wave of
an artificial specimen that consists of a lattice of uranium atoms. The focus
value of the j-th image in the series is Zj = (−10+(j−1) ·1.5) nm for all j ∈
{1, . . . , 12} and the other microscope parameters are: spherical aberration
Cs = −70 nm, accelerating voltage U = 300 kV (electron wavelength λ ≈
0.00196875 nm), objective aperture semiangle αmax = 125 mrad, coherence
parameters α = 0.4 mrad and ∆ = 3.8 nm. The images were simulated using
T Ishizuka
Z and a buffer zone of width W = 512.

Figure 5.2 shows the energy during the first 1000 iterations for all three minimization
strategies. First, it can be seen that the approach of using P (0) throughout the entire
minimization is not useful. While this approach temporarily yields a lower energy than
using no preconditioner for the iterations 25–110, the scale mask P (0) is not useful for
the iterations k ≥ 110. This is expected to be caused by the fact that the scale mask P (0)

is calculated based on the initial guess for the exit wave, which is equal to a constant
wave in real space and thus significantly different from all further estimates of the exit
wave Ψ(k) at the iterations k ≥ 1. If the scale mask is updated every 30 iterations,
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Figure 5.2: The energy for the first 1000 iterations of the three different minimization
strategies: no scaling of the individual exit wave pixels (1, orange), initial
calculation of the scale mask (2, blue), initial calculation of the scale mask
and updating the scale mask every 30 iterations (3, green). For the second
and third minimization strategy, the energy is identical during the first 30
iterations.

then the minimization indeed yields a lower energy after 1000 iterations compared to
the other two approaches. The images of the scale masks shown in Figure 5.3 confirm
the observations from the energy: the scale mask P (0) differs greatly from the other scale
masks since it is computed from the initial guess for the exit wave. For this reason, P (0)

is only useful in the beginning of the minimization.
Figures 5.4 and 5.5 show the power spectra as well as the amplitude and phase of the

estimated exit waves after 1000 iterations. Since the scale masks are close to 1 near the
low frequencies, the reconstruction of the low frequencies is almost identical for all three
minimizations strategies. Instead, the scale masks accelerate the reconstruction of high
frequencies, which results in a lower energy and consequently a slightly better match of
the input images and the images simulated from the estimate for the exit wave by the
definition of the objective functional.
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Figure 5.3: The real part of the scale masks P
(0)
1 , P

(30)
1 , P

(180)
1 , P

(990)
1 (from left to right)

during the third minimization strategy, where the scale masks are updated
every 30 iterations. The scale masks range from 0.56 (black) to 10.08 (white).
The imaginary parts of the scale masks are very similar to the real parts.

Figure 5.4: The power spectra of the reconstructed exit waves after 1000 iterations and
the correct exit wave: no scaling of the individual exit wave pixels (top
left), initial calculation of the scale mask (top right), initial calculation of
the scale mask and recalculating the scale mask every 30 iterations (bottom
left), correct exit wave (bottom right). The circular ring pattern in the power
spectra are an artifact of the TCC TMAL

Z and do not occur if the TCC T Ishizuka
Z

is used for the forward model.
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Figure 5.5: Subsections of the amplitudes (top row) and phases (bottom row) of the
reconstructed exit waves (first three columns) and the correct exit wave
(rightmost column). Scaling method for the exit wave pixels during the
minimization (from left to right): no scaling of the individual exit wave pix-
els, initial calculation of the scale mask, initial calculation of the scale mask
and recalculating the scale mask every 30 iterations. Note that a perfect
reconstruction of the exit wave is not possible because (1) different forward
models were used for the simulation of the input images and the simulation
during the reconstruction and (2) because of contrast dislocation (see Sec-
tion 4.4.3). Using a different forward model for the input data simulation and
the reconstruction is meaningful as in this way the experiments are closer to
the application of the objective functional to real input data.
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5.2 Alternating vs. joint minimization

The MIMAP and MAL algorithms both use some kind of alternating minimization
scheme for the reconstruction of the exit wave and the optimization of the translation
parameters. Since a successful exit wave reconstruction crucially depends on a good reg-
istration of the focus series, it is interesting to investigate whether a joint minimization
algorithm performs equally well or even better than an alternating minimization.

In this section, two experiments are described that were performed on exactly the same
input data. The only difference between the two experiments is that the first experiment
performed the exit wave reconstruction and image registration simultaneously, whereas
in the second experiment alternatingly 5 iterations were performed for the optimization
of the exit wave and 5 iterations for the optimization of the translations.

The only difference between the two experiments is that the minimization in the first
experiment was performed by a joint optimization of the exit wave and the translations,
whereas the minimization in the second experiment alternatingly performed 5 iterations
for the optimization of the exit wave and 5 iterations for the optimization of the trans-
lations. The optimization of the exit wave and the translations was performed for 5
successive iterations at a time instead of just 1 iteration because of the conjugate gra-
dient method. If the optimization of the exit wave and the translations was alternated
after every iteration, then the conjugate gradient method would reduce to a the steep-
est descent as the previous descent directions can not be used to adapt the following
direction.

An excerpt of the simulated focus series that was used as the input data to the
minimizations is shown in Figure 5.6. The exit wave was initially set to a plane wave
corresponding to the mean image intensity and the translations were initialized based on
a cross-correlation registration of successive images in the series. No scaling of individual
exit wave pixels was used, but the scaling factors for the exit wave and the translations
were set to c1 = c2 = 102 in order to keep the step size during the minimization near
1. A buffer zone of size W = 256 was used during the minimization and the integration
domains were adjusted every 10 iterations with the method described in Section 4.4.4.
The minimizations were performed using the nonlinear conjugate gradient method and
TMAL
Z with the parameters M = 3, δ = 3.5 nm as the TCC for image simulation.
In total, 1000 iterations have been performed for both minimizations. Figure 5.7

shows the energy of the objective functional during the experiments. It can be seen
that the alternating minimization scheme takes considerably more iterations to achieve
the same reduction of the energy as the joint minimization scheme. The energy after
500 iterations of the joint minimization is roughly 2.52 · 10−7 and the energy after 1000
iterations of the alternating minimization is approximately 7.44 · 10−7. Although in
both cases the exit wave has been optimized for a total of 500 iterations, the energy
is by a factor of 3 larger for the alternating minimization strategy as compared to the
joint minimization strategy. Note that the number of iterations given for the alternating
minimization strategy is equal to the sum of the iterations that have been performed
for the optimization of the exit wave and the optimization of the translations. Although
the exit wave is only optimized for the half of the iterations, the computational cost of
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Figure 5.6: From left to right: images 8–11 of the focus series used for the comparison of
alternating and joint minimization. The series consists of 16 images sampled
at 512 × 512 pixels that each depict an area of approximately 2.93 × 2.93
nm2. The specimen drift between successive images in the series is −0.04
nm in x direction and 0.03 nm in y direction. The exit wave that was used
for the simulated of the focus series corresponds to a cubic SrTiO3 lattice
that was simulated with the multislice method [11] using the Dr. Probe
software [4]. The focus value of the j-th image in the series is given by
Zj = (−20 + (j − 1) · 3) nm for all j ∈ {1, . . . , 16} and the other microscope
parameters are: spherical aberration Cs = −700 nm, accelerating voltage
U = 300 kV (electron wavelength λ ≈ 0.00196875 nm), objective aperture
semiangle αmax = 125 mrad, coherence parameters α = 0.4 mrad, ∆ = 3.8
nm. The images were simulated using TMAL

Z with the parameters M = 3,
δ = 3.5 nm and a buffer zone of width W = 256.

performing a single iteration is almost identical for both experiments, i.e. 1000 iterations
of the joint minimization approach take roughly the same time as 1000 iterations of the
alternating minimization approach (c.f. Section 4.4.1). For this reason the number of
iterations of the alternating minimization approach is not rescaled for the plots in this
section.

The difference between the two approaches is also visible in Figure 5.8, which shows
the accuracy of the registration during the experiments. There, it can be seen that the
optimization of the translations takes significantly more iterations for the alternating
minimization approach as compared to the joint minimization approach.

Nevertheless, although the estimates for the translations are worse for the alternating
minimization approach, the reconstruction of the exit wave is surprisingly almost equally
good in both reconstructions. This can be seen in Figure 5.9, which shows that the
correct exit wave is equally well approximated by both minimization strategies and that
there is only very little visible difference between the amplitudes and phases of the
reconstructed exit waves. The joint minimization strategy only seems to be able to
reconstruct the exit wave slightly better near the border of the integration domains.
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Figure 5.7: The value of the objective functional for the first 1000 iterations of both the
alternating minimization approach and the joint minimization approach.
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Figure 5.8: The distance of the estimate for the translations t(k) ∈ (R2)N to the correct
translation values t∗ ∈ (R2)N in pixels with respect to the supremum norm
for all iterations k ∈ {1, . . . , 1000}.
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Figure 5.9: The amplitudes (top row) and phases (bottom row) of the reconstructed exit
wave after 1000 iterations and the correct exit wave. The left column shows
the exit wave estimate from the alternating minimization approach and the
middle column shows the result of the joint minimization approach. The
right column shows the amplitude and phase of the exit wave that has been
used for the simulation of the input data. The value range of the phases of the
reconstructed exit waves is −0.24 (white) to 1.24 (black). This range differs
from the range of the correct phase [0.08, 1.46] mainly by a constant offset
of approximately 0.26, which was subtracted from the correct phase for the
comparison. This is due to the fact that the value of the objective functional
is invariant to a global phase shift, which implies that the correct exit wave
can only be determined up to a constant that can arbitrarily be added to the
phase. The buffer zone has been removed from the reconstructed exit waves
for the comparison with the correct exit wave.
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5.3 Exit wave reconstruction with a real focus series

In this section, the exit wave is reconstructed for an experimental TEM image series of
CeO2. The result is compared to the exit waves from two other reconstructions that have
been performed on the same input data. The results of the other two reconstructions
have kindly been provided by Chen Huang from the Oxford Electron Image Analysis
Group at the University of Oxford.

Figure 5.10 shows an excerpt of the image series that was used for the reconstruc-
tion. The objective functional was minimized using the nonlinear conjugate gradient
method and the TCC TMAL

Z with the parameters M = 3 and δ = 1.8 nm was used for
the simulation of TEM images. Since no objective aperture was employed during the
recording of the image series, the radius of the aperture function ra was set to a value
that exceeds the magnitude of the highest frequencies that are contained in the discrete
images. For the practical minimization of the objective functional, this is equivalent
to using no aperture function at all. A constant electron wave corresponding to the
mean image intensity in real space was used as the initial guess for the exit wave. The
translations were initialized based on the relative shifts between successive images that
have been calculated with the cross-correlation. The focus values were kept constant
for the entire minimization. As in Section 5.2, no scaling of the individual exit wave
pixels was performed. However, the exit wave and the translations were similarly scaled
by c1 = c2 = 102 in order to keep the stepsize during the minimization close to 1. A
buffer zone of size W = 128 pixels was used during the minimization and the integration
domains were adjusted every 10 iterations with the method described in Section 4.4.4.
No regularization of the exit wave was used, i.e. the coefficient σ of the regularizer was
set to zero.

It can be seen in Figure 5.11 that the energy is reduced the most during the first
20 iterations. This agrees with the observations in [10, 66], where it is reported that
convergence of the MAL algorithm is reached in as little as 10 to 15 iterations. However,
the energy still decreases after the first 20 iterations, albeit more slowly, until it stays
more or less constant after roughly 200 iterations.

The initial guess for the translations is very close to the true image shifts so that the
changes in the translations shown in Figure 5.12 are small from the very beginning of
the minimization. Correspondingly, the integration domains after the first 10 iterations
are already very close to their maximum size of 767× 767 pixels:

Image 1 2 3 4 . . . 18 19 20 21
Xj 768 763 763 765 . . . 764 763 760 761
Yj 768 764 766 766 . . . 763 766 765 766

After 100 iterations, the integration domain sizes are

Image 1 2 3 4 . . . 18 19 20 21
Xj 768 767 766 767 . . . 767 766 766 766
Yj 768 767 766 766 . . . 767 767 767 767
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Figure 5.10: Images 10–13 of the experimental focus series of CeO2 that was used as input
data to the objective functional. In total, the series consists of 21 images
sampled at 768 × 768 pixels that each depict an area of approximately
6.96× 6.96 nm2. The focus value of the j-th image in the series is given by
Zj = (−20 + (j− 1) · 2) nm for all j ∈ {1, . . . , 21} and the other microscope
parameters are: spherical aberration Cs = −200 nm, accelerating voltage
U = 300 kV (electron wavelength λ ≈ 0.00197 nm), coherence parameters
α = 0.1 mrad and ∆ = 2.8 nm. No objective aperture was used during the
image acquisition. Image series courtesy of Chen Huang from the Oxford
Electron Image Analysis Group, University of Oxford.

A visual examination of the registration shows that at this point, the simulated images
are very well aligned to the experimental images.

Figures 5.13 and 5.14 show the amplitudes and phases of the estimated exit waves
after 5, 10, 15 and 20 iterations. The comparison with the reference exit waves shows
that the structure is reconstructed very well, although the contrast is lower for the exit
wave reconstructions that have been performed with the objective functional Eσ.

After the first 20 iterations, the quality of the exit wave estimates deteriorates as is
shown in Figure 5.15. However, at the same time the energy of the objective functional
continues to decrease, which implies that the approximation of the experimental images
by the simulated images improves. This is illustrated in Figure 5.16, which shows that
the simulated images partially reproduce the noise in the experimental input images
and therefore yield a better match and a lower energy. Experiments with other values of
the parameters M and δ of the TCC TMAL

Z and the TCC T Ishizuka
Z resulted in the same

outcome. Therefore, it is assumed that the deterioration of the exit wave is directly
caused by the noise in the input images and unrelated to the particular TCC that is
used in the forward model. Additionally, this effect has not been observed in any of the
experiments that have been performed on simulated image series without noise and the
use of the generalized Tikhonov regularizer (i.e. σ > 0) does not seem to reduce this
effect. The images shown here imply that the minimization of the objective functional
is not meaningful for noisy input data if no additionally regularization of the exit wave
is used that prevents this effect. This problem likely has not been noticed or neglected
before, as it is generally reported that convergence of the MIMAP or MAL algorithms
is reached after a low number of iterations [10, 66, 39].
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5 Experiments
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Figure 5.11: The value of the objective functional during the first 300 iterations.
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5.3 Exit wave reconstruction with a real focus series

Figure 5.13: Top row (from left to right): The amplitudes of the estimate for the exit
wave after 5, 10, 15 and 20 iterations. The bottom row shows the amplitude
of an exit wave that has been reconstructed with an iterative method similar
to the MAL algorithm (left image) and a linear Wiener-filter method (right
image). The contrast of the amplitudes of the reconstructed exit wave has
been rescaled independently of the reference images.

Figure 5.14: Top row (from left to right): The phases of the estimate for the exit wave
after 5, 10, 15 and 20 iterations. The bottom row shows the phase of an
exit wave that has been reconstructed with an iterative method similar to
the MAL algorithm (left image) and a linear Wiener-filter method (right
image). The contrast of the phases of the reconstructed exit wave has been
rescaled independently of the reference images.

139



5 Experiments

Figure 5.15: The amplitudes (top row) and phases (bottom row) of the estimates for
the exit wave after 20, 50, 100 and 200 iterations (from left to right). It
can be seen that the quality of the estimates gradually decreases as the
number of iterations increases. The contrast has been enhanced for each
image individually in order to show the effect most clearly.

Figure 5.16: A subsection of the simulated images for the focus value Z15 from the current
estimate of the exit wave after 20, 50 and 200 iterations (from left to right).
More explicitly, the images depict a subsection of the size 128× 128 pixels
of IDFT

(
Ψ̂(k) ?T̂MAL

Z15

Ψ̂(k)
)

for k ∈ {20, 50, 200}. The rightmost image shows

the corresponding subsection of the experimental image ĝ15.
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Conclusions

In this thesis, a novel approach for joint exit wave reconstruction and image registration
has been proposed by introducing the objective functional Eσ.

The analysis of the objective functional was facilitated by the results regarding the
forward model. In particular, the concepts of the weighted cross-correlation and ?-
separable weights were introduced and served as the central tool for the investigation of
the properties of simulated TEM images. The notion of the weighted cross-correlation
allowed to carry over several results from the ordinary cross-correlation with suitable
conditions on the weight function. Most importantly, in several instances it was shown
that the convolution theorem can be applied in a meaningful way to the weighted cross-
correlation if the weight can be uniformly approximated by ?-separable weights. This
formed the basis for the proof of the weak lower semi-continuity of the objective func-
tional and was also used to show the useful property that the simulated TEM images
are real-valued and nonnegative. In order to apply the results to the forward model of
TEM image simulation, the most widely used TCCs were analyzed and it was shown
that each of these TCCs satisfies the properties I–IV under suitable conditions on their
constituent functions.

One of the main results of this thesis was to establish the existence of minimizers for
the objective functional, which was done with the direct method. It was shown that the
data term of the objective functional is not coercive with respect to the exit wave for
?-separable weight functions, which suggested the introduction of a nonlinear Tikhonov
regularizer. As a first step towards the investigation of the uniqueness of minimizers, it
was shown that the objective functional is not convex except in the trivial case where
all input images are identical to zero. This result was extended for a simplified version
of the functional that corresponds to a perfectly coherent and aberration-free TEM,
where it was shown that this functional is not convex on any neighborhood of a global
minimizer.

The analysis of the forward model and the inverse problem was complemented by a
numerical analysis of the objective functional. A discretization of the objective functional
was derived with particular emphasis on the precise connection between the continuous
Fourier transform and the discrete Fourier transform. Several practical aspects of the
numerical minimization were discussed and a novel preconditioner for the exit wave was
proposed. The dynamic adjustment of the integration domains was introduced, which
enables the use of the full input data for the reconstruction while removing the errors
caused by image continuation at the same time.

Finally, several experiments have been described that evaluate the use of the objective
functional from different perspectives. As a proof of concept, it was shown that a
preconditioner for the exit wave can improve the reconstruction of high frequencies and
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Conclusions

decrease the number of necessary iterations. The novel joint minimization approach
was compared with the usual alternating minimization approach, which showed that the
joint minimization strategy performed slightly better. The experiment on noisy input
data revealed that the noise is partially reproduced in the simulated images after a high
number of iterations, which reduces the usefulness of the estimates for the exit wave.
Therefore, the minimization of the data term of the objective functional for noisy input
data is not useful without an additional regularization of the exit wave that prevents
this effect, which is not achieved with the nonlinear Tikhonov regularizer.
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