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cardinality. In the online setting, the graph is revealed vertex by vertex, together with edges
to all previously revealed vertices.

Advice complexity is a framework to measure the amount of information an online
algorithm is lacking. Here, an online algorithm reads advice bits from an infinite binary

f:?:,ﬁinisc;mplexity tape prepared beforehand by an all-knowing oracle. The advice complexity is the total
Online computation number of advice bits read during the computation. Besides giving some insight into what
Competitive analysis makes an online problem hard, advice complexity can also be used as a means for proving
Dominating set lower bounds on the competitive ratio achievable by randomized online algorithms.

We analyze the advice complexity of the online dominating set problem. For general
graphs, we show tight upper and lower bounds for optimality. Then, we use a result
for c-competitiveness to prove that no randomized online algorithm can be better than
n'~—¢-competitive, for any & > 0. Finally, we analyze the advice complexity of various graph

classes for optimality.
© 2021 The Author(s). Published by Elsevier B.V. This is an open access article under the
CC BY license (http://creativecommons.org/licenses/by/4.0/).

1. Introduction

In classic offline computation, an algorithm gets an input and produces an output. In online computation, however,
the scenario is different. Here, the input does not arrive all at once, but in discrete time steps. An online algorithm has
to produce a partial output in every time step without knowing anything about future parts of the input. Moreover, the
algorithm may not revoke its decision later on. The performance of such an algorithm is usually measured by comparing
its output to that of an optimal offline algorithm. A detailed introduction to online computation can be found, e.g., in the
books by Borodin and El-Yaniv [12] or by Komm [28].

Clearly, an online algorithm has a significant inherent disadvantage compared to an offline algorithm. There is a huge
gap between knowing nothing about the future and knowing everything about it. To make this transition smoother, online
computation with advice has been introduced as a new framework to analyze the lack of information of an online algorithm
compared to an offline algorithm [8,9,18,22,26]. In this model, an online algorithm has access to an infinite binary advice
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Table 1

Upper and lower bounds on the advice complexity for optimality.
Graph class Lower bound Upper bound
General graphs n—1 n
Paths 0.5283n — (1) 0.5283n + ©(logn)
Cycles 0.5283n — O(1) 0.5283n + ©(logn)
Tori 0.3610n — ©(logn) 0.6490n + ©(logn)
Maximal outerplanar graphs 0.5n — ©(1) 0.9183n + ©(logn)
Graphs of maximum degree d (1-=2/d+1)n n

tape during the computation. This tape is prepared before the computation by an all-knowing oracle. The advice complexity
is the number of advice bits an online algorithm needs to read from the tape during the computation to achieve a certain
solution quality. In some sense, this captures the amount of knowledge an online algorithm is lacking about the future.
Various online problems have been studied in this new setting, amongst them k-server [7,23,31], bin packing [17], buffer
management [19], paging [8,9], graph coloring [4,33], string guessing [5], and call admission problems [2,3,11]. Moreover, the
advice complexity of a class of several hard optimization problems, including the dominating set problem, was investigated
in both their unweighted [15] and weighted versions [16]. For an overview, see also the survey by Boyar et al. [14].

There is a straightforward relationship between advice and randomization. Since an advice string of a certain length may
be seen as the best choice among all possible random strings of the same length, upper bounds on the number of used
random bits directly carry over to advice complexity, whereas lower bounds on the advice complexity also hold for the
number of random bits. Interestingly enough, however, Béckenhauer et al. [7] showed that a randomized online algorithm
using an arbitrary number of random decisions can be used to construct a deterministic online algorithm reading only
logarithmically (in the input size) many advice bits, as long as the set of admissible inputs is not too dense. On the other
hand, algorithms with advice can, under certain circumstances, be used to design randomized algorithms [30].

In this paper, we consider the dominating set problem, which consists of finding a subset S of vertices in a graph such
that every vertex is in S or has a neighbor in S. This is a well-known graph-theoretic problem that has been studied since
the 1950s. Applications can be found, e.g., in the famous queens problem, communications network design, placement of
radio antennae, or social theory. Haynes et al. [24] provide a good overview.

We analyze the advice complexity of the online dominating set problem (DOMINATINGSET) in the following model:
A graph is revealed vertex by vertex; together with a vertex, all edges to previously revealed vertices are revealed.

The online dominating set problem belongs to a class of online problems that bear a certain asymmetry in the following
sense. A single wrong decision during the online computation may increase the cost of the computed solution by a factor
linear in the input size. This is also true, e.g., for the vertex cover problem [34] or the knapsack problem [10], but is not
the case with paging, graph coloring, or string guessing. The advice complexity of the class of online problems with this
asymmetric behavior has also been studied by Boyar et al. [15]. In some sense, the asymmetry is even stronger in the case
of the dominating set problem on general graphs. If the resulting graph is allowed to have isolated vertices, then every
online algorithm without advice (even when randomized) is forced to take every vertex into the dominating vertex that is
isolated in the partial graph at the time it is presented; otherwise the algorithm risks to compute an infeasible solution. To
the best of our knowledge, this is the first analysis of the advice complexity of a problem with this asymmetric property.

The paper is organized as follows. In Section 2, we give an overview of previous work and introduce all important
concepts and definitions. Section 3 contains our results for general graphs. Section 4 is devoted to randomized algorithms.
In Sections 5 to 8, we present optimality results for specific graph classes. These results are summarized in Table 1.

2. Preliminaries and related work

King and Tzeng [27] show with a simple worst-case example that the upper bound of n — 1 on the competitive ratio, i.e.,
the ratio between the cost of the computed solution and the cost of an optimal solution, (obtained by an algorithm that
just accepts every not yet dominated vertex) is tight. Consider the instance where every revealed vertex is connected to all
previously revealed ones until the algorithm rejects some vertex v. (If this does not happen, then the instance at hand is
Ky, whose optimal solutions have size 1. Yet the algorithm has accepted all n vertices and is thus even only n-competitive.)
Then, all remaining vertices are connected only to v and thus must be accepted; the computed solution has therefore cost
n — 1. The optimal solution, however, contains only v and has cost 1. (Note that the authors also use another online setting,
where, together with a vertex, all its adjacent edges are revealed, also those to not yet revealed vertices.)

Eidenbenz [20] refines these results by investigating DOMINATINGSET on specific graph classes. He also considers two
online models. In the insertion model, the adversary reveals (or inserts) a vertex in one time step. In the insertion/deletion
model, the adversary inserts or removes a vertex from the graph in one time step. In both models, an algorithm may not
reject a previously accepted vertex. Moreover, the accepted vertices must form a dominating set in every time step. For the
insertion model, the following results are presented. For trees, the competitive ratio is bounded from above by 3 — ¢, for an
arbitrarily small € > 0, and by 2 from below. Also, there are online algorithms with competitive ratio n—1 for forests as well
as for bounded-treewidth, bipartite, planar, and variable-size disk graphs, and this bound is tight for all these graph classes.
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These models, where a dominating set has to be maintained in every step of the computation, have also been studied in
depth in a recent work by Boyar et al. [13].

Instead, we use King and Tzeng’s model, where a dominating set has to be chosen by the algorithm only after the whole
graph has been presented. Formally, it is defined as follows.

Definition 1. The online dominating set problem (DOMINATINGSET) is the following online minimization problem on a graph G
with n vertices. In time step i, for 1 <i <n, a vertex v from G is revealed together with all edges to previously revealed
vertices. An online algorithm for DOMINATINGSET has to decide immediately whether to accept or reject v, i.e., whether v is
part of the solution or not. The goal is to obtain a dominating set of minimal size for G.

Definition 1 allows the computed solution to be invalid in intermediate time steps. This is one reasonable way to avoid
that isolated vertices always have to be accepted.

Definition 2. The online dominating set problem on the graph class C is DOMINATINGSET restricted to input graphs from C.

Note that Definition 2 says nothing about the graphs in intermediate time steps. In particular, they do not have to be
from C. For instance, if we consider trees, the intermediate graphs do not need to be connected.

These two definitions are consistent in the following sense. On the one hand, we give a certain freedom to an online
algorithm for DOMINATINGSET: Only its final output has to be a valid solution. On the other hand, we also give a certain
freedom to the adversary: Only its final input has to be a valid graph.

Let us now formally define the advice complexity framework we are using.

Definition 3. Consider an input sequence I = (x1, ..., X;). An online algorithm A with advice computes the output sequence
A?(I) = (y1, ..., yn) such that y; is computed from ¢, X1, ..., x;, where ¢ is the content of the advice tape, i.e., an infinite
bit string. The algorithm A is c-competitive with advice complexity s(n) if, for every n and every input sequence I of length at
most n, there is some ¢ such that cost(a?(I)) < c-cost(Opt(I)) +«, for some non-negative constant ¢, and at most the first
s(n) bits of ¢ have been accessed during the computation of A on I. If @ =0, then we say that A is strictly c-competitive.

In what follows, N :={0, 1, ...} and N := {n € IN | n > k}, for any k € IN. Moreover, IN* := IN=', We denote the binary
logarithm of x by logx. The size of a graph is its number of vertices.
Note that we can encode a positive integer n on the advice tape in a self-delimiting way using

Logn := max{2, [logn] + 2[log[logn]1}

advice bits [21], see also [28].

Before we start, we briefly consider the encoding of n g-ary decisions on the (binary) advice tape, for some q € INZ3,
Essentially, they can be encoded in such a way that the amount of wasted advice bits tends to 0 asymptotically.

If n is known in advance, then an algorithm simply reads [nlogq] advice bits from the tape. Since 2/M1°841 > g every
possible sequence of g-ary decisions of length n can be encoded with a different advice string on the tape. Moreover, one
easily verifies that this bound is tight, i.e., that [nlogq] advice bits are necessary and sufficient.

If n is not known in advance, then the first Logn advice bits encode the number n in a self-delimiting way. After having
read these advice bits and thus knowing n, an algorithm proceeds as above. The additional advice bits are asymptotically
irrelevant since limp_, o Logn+[nlogq] _ q

[nlogq]
We often consider the following very simple greedy algorithm.

Definition 4. The greedy algorithm G accepts a newly revealed vertex if and only if it is not dominated by an already accepted
vertex.

3. General graphs and trees
The greedy algorithm G rejects at least one vertex whenever the graph contains an edge. Otherwise, the graph consists
only of isolated vertices, and G is optimal. Moreover, it is known that there is no better deterministic online algorithm for

DOMINATINGSET on general graphs [27].

Observation 1. The greedy algorithm G is strictly (n — 1)-competitive, for n > 2, and this bound is tight for deterministic online
algorithms without advice. O

Considering optimal algorithms, we get the following almost matching bounds.
Theorem 1. For DOMINATINGSET, n advice bits are sufficient and n — 1 advice bits are necessary to be optimal, for n > 5.
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Proof. For the upper bound, an algorithm simply reads one advice bit per revealed vertex and accepts it if and only if the

bit is 1.

For the lower bound, the adversary reveals n—1 isolated vertices v1, ..., v,—1. Afterwards, it reveals a last vertex v, that
is connected to a subset V' C {vq, va,...,vy_1} of size at least 2. This implies that the unique optimal solution is V \ V’,
because any optimal solution must contain all isolated vertices, i.e., all vertices in {vq, va,...,vp—1}\ V’, plus at least one

vertex from the component C induced by V' U {v,}. Because |C| > 3, the only vertex that dominates all vertices in C is v,.

Every choice of V/, i.e., every possible input instance, requires a different output of the algorithm on the first n — 1
vertices, and any two instances are indistinguishable until the very last vertex is revealed. There are 2"~! —n possible
subsets V’, and we have

Mog2"™! —n)T > Mlog(2"~' —2"")] = log(2" )] =n -2,

where the inequality holds for all n > 5. Thus, at least n — 1 advice bits are necessary. O
The following tradeoff is known about algorithms with advice.

Theorem 2 (Boyar et al. [15]). To achieve a strict competitive ratio of ¢ > 1, where ¢ may be a function of n,

-1 c—1
log(l + %) n+dlogn

advice bits are sufficient and
c— 1)1
log(l + %) n—d'logn

advice bits are necessary, for non-negative constants d,d’. 0O

While the proof of Theorem 2 makes heavy use of isolated vertices, we can prove a slightly weaker lower bound for
connected graphs, even for trees, for any strict competitive ratio smaller than 2. To this end, we use a reduction to the bit
guessing problem with unknown history as defined by Bockenhauer et al. [5,6].

Definition 5 (Bdckenhauer et al. [5,6]). The bit guessing problem with unknown history (BGUH) is the following online minimiza-
tion problem. The input I = (n,?,?,...,?,d) consists of the input size n in the first request, n — 1 subsequent requests
“?” carrying no extra information, and the correct string d =d; ...dp € {0, 1}"". In each of the first n time steps, the online
algorithm 2 is required to output one character from X, forming the output sequence A(I) = y1Y2...Yn. The algorithm is
not required to respond with any output in the last time step, where the string d is revealed. The cost of a solution A(I) is
the Hamming distance between d and A(I).

Theorem 3 (Bickenhauer et al. [5,6]). Consider an input string of length n for BGUH, for some n € IN. Any online algorithm that is
correct in more than yn bits, for 1/2 <y < 1, needs to read at least

(I1+ 0 —=y)logy(1 —y)+ylog y)n=(1—-Hy(1—y))n
advice bits, where Hy(p) = —plog, p — (1 — p)log, (1 — p) denotes the binary entropy function.

Using Theorem 3, we can now prove the following lower bound on the advice complexity of DOMINATINGSET on trees.

Theorem 4. To achieve a strict competitive ratio of 1 + o where 0 < o < 1/2 for DOMINATINGSET on trees, }l - (1 — Hy(a))n advice
bits are necessary.

Proof. We prove the claim by a so-called advice-preserving reduction, see [28], from BGUH. We reduce BGUH to Domi-
NATINGSET on a tree in the following way. Let BBDs be some online algorithm with advice for DOMINATINGSET on trees,
which we will use as a black box for constructing an advice algorithm BitGuEgss for BGUH. Whenever BBDs asks for advice,
BITGUESS provides it from its own advice tape.

Let I=(n,?,?,...,?,d) be an instance of BGUH, where d =dyd>...dp. Let r; denote the ith request of I. For 1 <i <n,
BGuUEss answers r; in the following way. It sends two requests to BBDs, consisting of two vertices u; and v; that are
connected to each other by an edge, but are not yet connected to any other vertices.

BBDs answers these two requests with taking either u; or v; or both into the dominating set. Since taking none of the
two vertices into the dominating set would result in an infeasible solution and we assumed BBDs to be a correct algorithm
for DOMINATINGSET on trees, this output is not possible. BGUEss interprets this output as follows: If u; (or both vertices) are
taken, it guesses the bit 0; otherwise, it guesses the bit 1. With the request r;+1, BGUESS learns which of its guesses were
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Fig. 1. An example of the construction in the proof of Theorem 4 for d = 1011 and guessed bit string 1000. The filled vertices belong to the dominating set.

correct. It then connects the components {u;, v;} by a tree as shown in Fig. 1. In particular, the vertex w; is connected to
u; if dj=0, and to v; if d; =1.

Whenever BBDs chose exactly one of the vertices u; and v; and this choice led to the correct guess of the ith bit, the
vertex w; is already dominated. If the choice of BBDs led to the wrong guess for the respective bit or both u; and v; were
chosen, this leads to two vertices from {u;, v;, w;} being in the dominating set, i.e., BBDs puts one more vertex into the
dominating set than it would have been necessary.

Whenever the guess of BGUESs on request r; was correct and BBps did not choose both u; and v; for inclusion into
the dominating set, only one vertex is necessary to dominate {u;, vi, w;}. In all other cases, BBDs needs two vertices to
dominate this set.

An optimal dominating set for the constructed tree has a size of n+ 1; it contains the vertex y and, for all i € {1,...,n},
one of the vertices u; and v;.

Assume that BBDs achieves a strict competitive ratio of less than 1 + «, for some « satisfying 0 < a < 1/2. This implies
that it computes a dominating set of size less than (1+«)(n+1). Thus, at least a fraction of y =1—« of all sets {u;, vi, w;}
are dominated by a single vertex. Hence, BGUESS guesses at least a fraction of y bits correctly.

According to Theorem 3, this implies that BGUESs uses at least (1 — H2(1 — y))n advice bits on the n requests of I. Thus,
BBDs uses at least (1 — H2(1 — y))n = (1 — Ha(«))n advice bits on 4n + 1 requests, i.e., at least }l - (1 — Hy(a))n advice bits
on n requests. O

4. Randomization

In this section, we prove lower bounds on the competitive ratio of any randomized online algorithm. More precisely,
we analyze the expected competitive ratio of online algorithms that have access to a source of random bits. Here, we are
again interested in the worst-case behavior for all instances of a certain length; the expected value is taken over all possible
computations for an instance.

In the general case, where instances containing isolated vertices are allowed, it is easy to see that also for randomized
algorithms the lower bound on the competitive ratio from Theorem 1 remains valid. Indeed, on the first n — 1 requests, a
randomized algorithm R cannot distinguish between the following two instances: I; consisting of n isolated vertices and
I, consisting of a star in which the first n — 1 vertices are connected to a center vertex presented with the last request. To
compute a valid solution for I1, it has to take each of the first n — 1 vertices with probability 1, but then it achieves a strict
competitive ratio of n — 1 on I5.

In the following, we show that also in the case of connected graphs, or even in the case of trees, we can prove a strong
lower bound. To this end, we use Theorem 4 and the following result.

Lemma 1 (Bockenhauer et al. [7]). Consider an online minimization problem U, and let 1(n) be the number of all possible inputs of
length n. Furthermore, suppose that there is a randomized online algorithm for U with worst-case expected competitive ratio at most
E. Then, for any fixed € > 0, it is possible to construct a deterministic online algorithm that uses at most

log I(n) )

logn + 210glogn + lOg(m

advice bits, for a constant d, and achieves a competitive ratio of (1 +&)E. O
Together with Theorem 2, we obtain the following lower bound.

Theorem 5. Every randomized online algorithm for DOMINATINGSET on trees has a worst-case expected competitive ratio of at least
% - (1 — 8) on sufficiently large instances, for any arbitrarily small § > 0.
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Proof. We prove the claim for DOMINATINGSET restricted to the set of instances Z(n) as constructed in the proof of Theo-
rem 4. For every n € IN, this set contains 2" instances of length n’ = 4n + 1 each and thus I(n’) = 2" ~D/4 instances of size
n'.

From Theorem 4, we know that
n n
Z'(l—Hz(a)):‘—l-(l+aloga+(1—a)log(1—a)) (1)

advice bits are not sufficient to achieve a strict competitive ratio of 1+ ¢, for any 0 <« < 1/2.

We consider o = 1/2 — ¢, for some ¢ > 0. Assume that there exists a randomized algorithm R for DOMINATINGSET on
Z(n) that achieves a strict competitive ratio of (3/2 — ¢)/(1 + ¢). According to Lemma 1, this implies the existence of a
deterministic algorithm A for Z(n) that achieves a strict competitive ratio of (3/2 — &) using at most

logI(n)
log(1+¢)
advice bits, for some constant d. Comparing (2) with (1) yields that there exists some ng such that, for all n > ng,

10gn+210glogn+log< )+d<210gn+210glogn—loglog(1+s)+d (2)

2logn + 2loglogn — loglog(1+¢) +d
n
<7 I+ (G -o)log; —&) + (3 +¢)log(; +¢),

since the left-hand side of this inequality grows only logarithmically with n, whereas the right-hand side grows linearly
with n, although the left-hand side contains a large additive constant —loglog(1 + ¢) and the entropy function on the
right-hand side contributes a rather small multiplicative constant, for any small constant ¢. This is a contradiction; thus, the
assumption was false and there does not exist any randomized algorithm for DOMINATINGSET on Z(n) that achieves a strict
competitive ratio of (3/2 — ¢)/(1 + ¢). Substituting 1+&=1/(1 — %S) yields the claimed result since

3 _ 3 1 3
(7—5)/(1+s)— (5—@+1>/(1/(1 —35))
_<§_;).(l_§5>

2 —%8 5
3
3 .

5. Paths and cycles

We have seen above that DOMINATINGSET is very hard on general graphs, even with advice. Thus, we analyze some classes
of restricted graphs in this and the subsequent sections.

First, we consider paths and cycles. As we shall see, already these simple graphs require a linear number of advice bits
to achieve optimality. This is certainly a surprising result and motivates our study of this graph class.

In the following, we assume that a path has an orientation and its vertices are numbered from left to right vq,..., vy.

Theorem 6. No deterministic online algorithm for DOMINATINGSET on paths can be better than strictly (1.5 — &)-competitive, for an
arbitrarily small € > 0.

Proof. Consider as input instance I any path that is revealed from left to right, i.e., in the order of the indices. Clearly, v{
or vy has to be accepted. After that, at least every second vertex v has to be accepted, because an algorithm A does not
know the input size and thus whether v = v;. Therefore, the computed solution has size at least |n/2].
The optimal solution Opt(I) consists of the vertices v3, vs, etc. If n %0 (mod 3), then, without loss of generality, also v,
is part of Opt(I). Thus, Opt(I) has always size [n/37. Hence, for an arbitrarily small & > 0, the competitive ratio is
cost(A(l)) —« - [n/2] e n/2] 3«

costopt()) — /31 [n/31 /31 n >15—g¢,

where the last inequality holds for all sufficiently large n that are multiples of 6. O

The greedy algorithm G provides an asymptotically matching upper bound.
Theorem 7. On paths of size n, the greedy algorithm for DOMINATINGSET is

o strictly (1.5(1 + 1/n))-competitive ifn =3 (mod 6) and
o strictly 1.5-competitive otherwise.
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Table 2
Case distinction according to n mod 6.
n mod 6 [n/2] [n/3] Competitive ratio [n/27/[n/3]
0 n/2 n/3 3
1 n+1)/2 (n+2)/3 <3
2 n/2 n+1)/3 <3
3 (n+1)/2 n/3 =2
4 n/2 (n+2)/3 <3
5 n+1)/2 n+1)/3 3

Proof. The greedy algorithm accepts at most [n/2] vertices in total, because it never accepts two neighboring vertices.

We know from the previous proof that the optimal solution always has cost [n/3]. A simple case distinction (see Table 2)
shows that the competitive ratio is at most 1.5 unless n =3 (mod 6). In that case, the competitive ratio is 1.5(1 + 1/n),
i.e., it increases towards 1.5 for increasing n. O

With one advice bit, we can construct an algorithm that is always 1.5-competitive.
Theorem 8. There is a strictly 1.5-competitive online algorithm A for DOMINATINGSET on paths that reads one advice bit b.

Proof. The only problematic case in the Theorem 7 is when n =3 (mod 6), and the only problematic solution there is
V1, Vs3,..., Vu. Let us therefore call these vertices bad. Conversely, the vertices vy, v4, ..., Vy_1 are good.

If n#£3 (mod 6), then b=1. If n=3 (mod 6), then b =1 if at least one good vertex is revealed isolated, and b =0
otherwise.

The algorithm A reads b at the beginning and behaves greedily if b = 1. If b =0, it behaves greedily as well, but with
the exception that it rejects all isolated vertices.

We now show that the competitive ratio of A is bounded from above by 1.5. If n # 3 (mod 6), we know from the
previous proof that A is 1.5-competitive. If n =3 (mod 6), there are two possibilities.

First, at least one good vertex is revealed isolated. Then, b =1, i.e., A behaves greedily and thus accepts this vertex.
This, however, immediately implies that the solution has size at most |n/2], as the only solution of size [n/2] without
neighboring vertices consists of all bad vertices.

Second, no good vertex is revealed isolated. Then, b =0, i.e., A accepts none of the isolated vertices. We show now that
this means A accepts all good vertices and rejects all bad vertices, i.e., that, as above, the solution has size at most [n/2].
We prove this statement for each component separately by induction on the component size.

Induction base. An isolated vertex is always bad and is never accepted by A.
Induction hypothesis. The statement holds for components of size n — 1.

Induction step. Consider a newly revealed vertex v at one end of a component. (It does not matter whether v merges two
components, as its “parity”, i.e., whether it is good or bad, is the same in both components.) If v is bad, then its neighbor
in the component is good and was thus accepted. Hence, v is rejected. If v is good, then its neighbor in the component is
bad and was rejected. Hence, v is accepted, because A behaves greedily on vertices that are not revealed isolated. O

We now consider optimality and prove that even the very restricted graph class of paths has a linear advice complexity.
We start with the upper bound, using a technique that we will then also use for the lower bound. The upper bound matches
the lower bound; this shows that the bounds are tight.

Theorem 9. For DOMINATINGSET on paths, (log3)n/3 + ®(logn) ~ 0.5283n + ®(logn) advice bits are sufficient to be optimal.

Proof. As before, we fix the optimal solution Opt to contain every third vertex, starting with the second from the left:
v, Vs etc. Additionally, Opt contains v, if n0 (mod 3). In this case, we call the vertices v3|n/3)41 and possibly v3|n/3)42
dangling.

First, A reads two advice bits to determine the number of dangling vertices. Then, it reads the indices (with respect to
revelation order) of the dangling vertices, if any, from the tape. If n =1 (mod 3), then A will accept v3|n/3j41. f n=2
(mod 3), then A will reject v3n/3)41 and accept v3|n/3)42. Therefore, we can safely ignore the dangling vertices from now
on. That is, we assume n to be a multiple of 3 in the remainder of the proof. A reads the number n from the advice tape.
Encoding the indices of the dangling vertices and n requires only logarithmic advice [21].
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Table 3

Cases when it might be unclear whether to take a vertex. The new vertex is indicated
by the _; the | indicates the end of the partial path revealed so far. The other vertices
are denoted 1 if they were selected.

Arrangement Clear? Take vertex?

o no bad loner: use advice

]| no bad neighbor: use advice

--0-0 yes yes

--0-1 yes no (yes only in case new vertex is dangling)

-1 yes no

0-_-0 yes yes

0-_-1 yes no (yes only in case left neighbor 0 is dangling)

1---1 yes no (can only appear if one neighbor is dangling)
a b c

o . e . o

b a d [« f e

Fig. 2. The letters at the path on top indicate two different revelation orders on the path of size 9. The bold edges in the tree below indicate the respective
paths to the leaf that the oracle chooses. Thus, the pseudo-advice strings are 111 and 000111, respectively. Note that no more pseudo-advice is necessary
for the remaining vertices.

For the rest of the proof, we need some more terminology. A bad loner is a vertex that is revealed isolated. A bad neighbor
is a vertex v that is revealed as the neighbor of a rejected bad loner u such that the other neighbors of v and u have not
yet been revealed. A bad vertex is simply a bad loner or a bad neighbor. Let m; and m; be the number of bad loners and
bad neighbors, respectively. A reads the numbers m; and m; from the tape; this needs again logarithmic advice. We are
interested in bad vertices because a simple case distinction (see Table 3) shows that it is only unclear what to do for A if a
bad vertex is revealed.

Consider now the following binary edge-labeled tree T,. The upper part of T, is a complete balanced tree of depth n/3.
We label an edge connecting a vertex to its left child with 0 and all other edges with 1. Additionally, we make every leaf
whose path to the root contains exactly i zeroes, for 0 <i <n/3, the root of a new complete balanced binary tree of depth
i. The edges of these subtrees are labeled analogously. (Fig. 2 shows an example for n =9.) Since there are (”{3) subtrees of
depth i, for 0 <i <n/3, the number of leaves in the final tree T, is

n/3

X/: <n/3> L9i 303,

i=0 !

where we have used the binomial theorem. We say that a vertex v in T, corresponds to a string s if the path from the root
of T, to v is labeled s.

Clearly, [log(3"/3)] = [(log 3)n/3] advice bits are sufficient to encode the index of a leaf in T on the advice tape. A reads
this index from the tape and computes the corresponding string s = s1s3...s|s, which we shall call pseudo-advice string,
because A uses s to determine whether to accept a bad vertex or not. We always have n/3 < |s| < 2n/3, but the length of
s varies for different leaves of T. It remains to show that s is always sufficiently long to read pseudo-advice for each bad
loner and each bad neighbor, i.e., that |s| > my 4+ my.

We now describe how the oracle chooses the leaf I. To this end, we distinguish two cases. In the following, let m} and
m{| be the number of accepted and rejected bad loners in Opt, respectively.

Case 1: mq < n/3. The oracle sets s; := 1 if and only if the i-th bad loner is in Opt. Conversely, A accepts the i-th bad loner
if and only if s; = 1.
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a ( b e d W c
bad bad bad bad
loner | neighbor neighbor | loner

Fig. 3. There are two bad neighbors in this block if the vertices are revealed according to the characters they are labeled with.

o

of\t of\1 offt o1 of ol ol of O\t O\t o] o O\t Of\1t 4| o| Of\1

Fig. 4. The tree from the proof of Theorem 10 for the path of size 12. Note the similarity to the tree from Fig. 2.

Since every bad neighbor requires a rejected bad loner, there are at most mp <m{ <n/3 —m) bad neighbors. Therefore,
at most n/3 —m] additional pseudo-advice bits are necessary.

Consider the vertex v in T, corresponding to the string s1s3...sp/3. Since this string contains m} ones, the subtree
rooted at v has, by construction, depth n/3 —m/). Thus, the oracle can choose the leaf | such that A can reconstruct
Sn/3+15n/342 - - - Smy+m, from the path from v to . A then accepts the i-th bad neighbor if and only if sp/34; =1.

Case 2: mp>n/3. The oracle sets s; :=1 if and only if the i-th bad loner is in Opt. Conversely, A accepts the i-th bad loner
if and only if s; = 1. We again consider the vertex v in T, corresponding to the string sis...sy/3. This string contains at
most m ones, so the subtree rooted at v has depth at least n/3 —mj.

Therefore, we only need to show that the total number of bad vertices m) +m{+my is at most 2n/3 —m/ or, equivalently,
that my <2n/3 —2m’ —mj.

To this end, we partition the path into blocks (v3ji1, V3jt2, v3j43), for j€{0,1,...,n/3 — 1}. At most two vertices per
block can be bad neighbors (see Fig. 3). Therefore, we have my < 2n/3. If v3j,> is a bad loner, it is accepted. (Recall that
Opt contains the middle vertex of each block.) There are thus no bad neighbors in this block, i.e., m, is reduced by 2. If
either v3j;q or v3jy3 is a bad loner, then there can be at most one bad neighbor in this block, i.e., my is reduced by 1.
Putting it all together, we obtain the desired result m; <2n/3 — 2m/ —m/.

Thus, also in this case, the oracle can find a leaf I such that A can reconstruct s;/341Sn/342 - - - Sm;+m, from the path from
v to . A accepts the i-th bad neighbor if and only if s, 4 = 1.

Fig. 2 shows two examples on a path of size 9. O

Interestingly, we can also use this technique to establish a matching lower bound.
Theorem 10. For DOMINATINGSET on paths, (log3)n/3 — ©(1) ~ 0.5283n — ®(1) advice bits are necessary to be optimal.

Proof. We consider the path P, of size n = 3k, for some k € IN. In a nutshell, the proof works as follows. We construct a set
7 of input instances that are indistinguishable for any online algorithm on the first 2n/3 — 2 vertices, but all have unique
different optimal solutions. This implies that log|Z| advice bits are necessary to be optimal [34].

To construct the set Z, we reconsider the tree T,_3 from the proof of Theorem 9 for the path of size n — 3. The upper
part, i.e., the subtree from depth 0 to depth n/3 — 1, is identical to that of T,_3, i.e.,, a complete balanced tree of depth
n/3 — 1. The remaining part of T,_3, however, is modified as follows. For n/3 — 1 <d < 2n/3 — 2, a vertex at depth d has
two children if it is in the left subtree of its predecessor at depth d — (n/3 — 1), and one child otherwise. The edge labeling
is identical to that of T,_3 except that, additionally, all edges connecting a parent and its only child are labeled 0. Fig. 4
shows the tree for the path of size 12. Note that the number of leaves in this tree is equal to that of T,_3, i.e., 3"=3/32

From this tree, we now construct Z. As in the proof of Theorem 9, we say a vertex v corresponds to a string s if the path
from the root to v is labeled s. For each leaf corresponding to a string s, we fix a unique revelation order on the vertices of
P, (and thus a unique instance) as follows. Let a denote the number of positions i, 1 <i < (n — 3)/3, such that s; =0 and
Si+m—3)/3 = 1. Analogously, let b denote the number of positions i, 1 <i < (n — 3)/3, such that s; =0 and sj_3)/3 =0.

2 Intuitively, we fill up the tree T,_3 with dummy vertices such that instances corresponding to different leaves in T(Z) are indistinguishable for an
algorithm.
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Vi
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Vi %) vy va vy

v7
Ve V3 V3 vz V3
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Vg Ve V4
Vs

Vs V4 Vs

Fig. 5. Cycles of size 6, 7, and 8. The filled vertices indicate Opt in the proof of Theorem 12.

Finally, let ¢ denote the number of positions i, 1 <i < (n — 3)/3, such that s; =1 (and thus s;; (3—3)/3 = 0). Clearly, a +b +
¢ = (n — 3)/3. Consider, moreover, the subsets A :={vs3;j|1<i<a},B:={vsila<i<a+b},C={vp3i|1<i<c}of
V (Py).

For 1 <i < (n—3)/3, the i-th revealed vertex is

(i) the leftmost previously unrevealed vertex in A if s; =0 and si;(n—3);3 =1,
(ii) the leftmost previously unrevealed vertex in B if s; =0 and sjy—3)/3 =0, and
(iii) the leftmost previously unrevealed vertex in C if s; = 1.

For (n —3)/3 <i <2(n—3)/3, the i-th revealed vertex v is

(i) the right neighbor of the vertex revealed in time step i — (n — 3)/3, if s; =0, and
(ii) the left neighbor of the vertex revealed in time step i — (n —3)/3, if s; = 1.

The remaining vertices are simply revealed from left to right. The instances described in this way form the set Z.

All that needs to be done is to verify that any two instances from Z (a) are indistinguishable on the first 2n/3 —2 vertices
and (b) all have different unique optimal solutions. Condition (a) is obviously true: By construction, first n/3 — 1 isolated
vertices vi, V2, ..., vy/3-1 are revealed, and then some neighbor of v1,vy,..., vy3-1 is revealed (in this order) such that
the resulting graph consists of components of size 2.> Condition (b) follows from the tree we constructed: Consider some
instance I and its corresponding leaf | and string s. Then, the optimal solution for I is to accept the i-th revealed vertex if
and only if s; =1, for 1 <i<2n/3—-2. O

Similar techniques can be used to obtain the following bounds for cycles. Again, we label the vertices vq, ..., vy, and the
edges are {Vi, V(i modm)+1}, for 1 <i <n. Recall that G denotes the greedy algorithm.

Theorem 11. For DOMINATINGSET on cycles, G is strictly 1.5-competitive.

Proof. The proof is analogous to the one of Theorem 7. The only difference is that the greedy algorithm accepts at most
n/2] vertices, because a cycle contains at most that many isolated vertices. Thus, the competitive ratio is 1.5 for every
n. 0O

Theorem 12. For DOMINATINGSET on cycles, (log3)n/3 + ®(logn) ~ 0.5283n + ©(logn) advice bits are sufficient and (log3)n/3 —
®(1) ~ 0.5283n — ©(1) advice bits are necessary to be optimal.

Proof. The proof of the upper bound is similar to the one of Theorem 9.

If n=0 (mod 3), the vertices of some fixed optimal solution are evenly distributed, i.e., it contains exactly every third
vertex. We only consider the solution Opt :={v1,v4,...,V3n/3)-2}. f n %0 (mod 3), Opt additionally contains v3;/3)+1-
(See Fig. 5 for examples with n € {6, 7, 8}.)

Let

{v1,va, vy} ifn=0 (mod 3),
V= 1{vq,v2, Vn1,vn} ifn=1 (mod 3),
{v1,va} ifn=2 (mod 3).

An algorithm A first reads the number n from the advice tape as well as the revelation indices of all vertices in V’. This
needs ©(logn) advice bits. Note that the graph G[V \ V'] is simply a path of size 3| (n — 2)/3]. For this path, we can use
the technique from the proof of Theorem 9. This uses (log3)[(n — 2)/3] additional advice bits.

3 The components do not “touch” each other.
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Fig. 6. All optimal solutions on the torus consist of repeated patterns of one of these types. The gray area indicates the vertices dominated by the respective
center vertex, i.e., its closed neighborhood.

The proof of the lower bound is completely analogous to the one in Theorem 10, except that, at the very end, three
additional vertices are inserted that connect v; to v,. (These three additional vertices can be hidden in the additive constant
—-0).) o

6. Tori

In a sense, paths are a “one-dimensional” graph class. Extending them to two dimensions by considering the cross
product of two paths results in the class of grids. Grid graphs arise in various contexts, e.g., in automated circuit design, as
idealized city street networks or to model string editing problems [25,29,32].

Investigating dominating sets on grids, however, is tedious and requires a case-by-case analysis since the dominating sets
are often distributed very irregularly (see, e.g., [1]). This is because a grid has boundaries, and the top/left vertices are not
directly connected to the bottom/right vertices or, in other words, the graph is not vertex-symmetric. One can avoid this
problem by simply removing the boundaries or, more precisely, by connecting vertices at opposite boundaries of the grid;
this results in a torus.

We consider the torus Ty, m of size m x m, for me IN*, i.e,, the graph (V, E) with V ={v;;|1<i,j<m} and

E = {{vi,j, Vi,(j mod my+1}> {Vi,j» V(i mod my+1,j} | 1 <10, j <m}.

If m is a multiple of 5, there are exactly ten optimal solutions, which all consist of repetitions of the patterns shown in
Fig. 6, i.e., in every row and column, every fifth vertex belongs to an optimal solution. The ten solutions result from two
degrees of freedom. First, we can mirror the pattern and second, we can choose the horizontal offset with respect to vq 1
(from O to 4). The solutions are optimal because the closed neighborhoods of the vertices are disjoint. It can be easily seen
that there are no other possibilities of covering the torus with non-overlapping closed neighborhoods of single vertices;
thus, these ten solutions are indeed the only optimal ones.

For the next results, we will use the bounds

z
LA L I .
n+1 ~\k/ ™ 7

where H denotes the binary entropy function, i.e., H(0) = H(1) :=0 and H(«¢) = —aloga — (1 — ) log(1 — @), for 0 <o < 1.

Theorem 13. For DOMINATINGSET on the (m x m)-torus, 0.8 H(0.25)n + ©(logn) ~ 0.6490n + ®(logn) advice bits are sufficient to
be optimal, where n = m? denotes the number of vertices.

Proof. We use a similar terminology as in the proof of Theorem 9. We consider any fixed optimal solution and try to rebuild
this solution. Note that, for any size of the torus, there exists an optimal solution that does not contain any two adjacent
vertices. We consider any fixed such optimal solution and try to rebuild this solution. If a newly revealed vertex v has 4
neighbors that were not taken into the dominating set, it is clear that it has to be accepted. Otherwise, some neighbor of v
is revealed after v and thus will not be accepted because it is adjacent to v. Thus, the algorithm needs advice for at most
four vertices in the closed neighborhood of an accepted vertex v; we call these vertices bad.

Therefore, we can encode the optimal solution as a bit string of length 0.8n with at most one fourth, i.e., 0.2n, ones.

There are Y04 (*%") such bit strings, and thus

0.2n
0.8n 0.8n 0.8n
log<§ ( ; )) < log<0.2n (O.Zn)) =1log0.2 + logn + log (0.2n>
©)
< log0.2 +logn + 0.8nH(0.25) =~ 0.6491n + ®(logn)

advice bits suffice to be optimal. O

91



H.-J. Bockenhauer, J. Hromkovic, S. Krug et al. Theoretical Computer Science 862 (2021) 81-96

column m | | column 1

row m —
row 1 —
row 2 —

O

Fig. 7. The torus Ty 20. The gray vertices indicate the start vertices. (The indices increase (modulo m) from top to bottom and from left to right.) The circled
vertices are those the adversary reveals in the first phase. The black dotted vertices indicate the optimal solution.

Theorem 14. For DOMINATINGSET on the (m x m)-torus, 0.5 H(0.2)n — ®(logn) ~ 0.3610n — ®©(logn) advice bits are necessary to
be optimal, where n = m? is the number of vertices.

Proof. We restrict ourselves to the torus Ty, ;,, with m = 20k, for some k € IN*.

First, the adversary reveals the start vertices v; j, for 1 <i <2 and 1< j <5, in some fixed order. Two of them must be
accepted, otherwise the solution is not optimal. The choice of the accepted vertices makes the optimal solution unique. We
denote it by Opt. Recall that there are exactly ten optimal dominating sets on this torus and the two degrees of freedom
according to which an optimal solution can be chosen are used up by fixing the two start vertices.

The adversary reveals the vertices from the set

A=({vaic12j1 |11, j=m/2}U{vaipj|1<i,j<m/2})
\{vijlief{1,2,3,m}, jefl,....,9,m}}.

See Fig. 7 for an example with k =1.

This set contains exactly n/2 — 20 vertices. Moreover, one easily verifies that exactly one fifth, i.e., n/10 — 4, of all these
vertices are in Opt.

Recall that the choice of the two accepted vertices among the start vertices makes Opt unique. Moreover, every possible
input instance looks identical to the algorithm until the first 10 +n/2 — 20 =n/2 — 10 vertices have been revealed, because
no two vertices from A are connected to each other nor is any of them connected to a start vertex.

We can model these instances as bit strings of length n/2 — 20 with n/10 —4 ones, and any two different such bit strings

require a different output to be optimal. There are (Zﬁa fg) of them, thus the necessary number of advice bits is

(mg <"/ 2= 20)-‘ (? [(n/2 —20)H(0.2) — log(n/2 — 19)]
n/10 — 4
=0.5H(0.2)n — ©(logn)

~0.3610n — ®(logn). |

7. Maximal outerplanar graphs

An important family of graphs are planar graphs. For general planar graphs, one easily sees that the lower bound from
Theorem 1 holds, since the graph constructed in the proof is planar. In fact, the graph is even outerplanar, and the lower
bound also holds for this more restricted graph class. Therefore, we have to restrict ourselves even further to obtain mean-
ingful new results. To this end, we consider the family of maximal outerplanar graphs. For this class, the lower bound of
Theorem 1 does not apply anymore; indeed, we provide a better upper bound for optimality.

Formally, the graph class we are interested in is defined as follows.

Definition 6. A graph G = (V, E) is maximal outerplanar if there is a planar embedding of G such that all vertices are
adjacent to the unbounded face and there is no such planar embedding for the graph (V, E U {e}), for any edge e ¢ E.
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We present both an upper and a lower bound on the advice complexity.

Theorem 15. For DOMINATINGSET on maximal outerplanar graphs, H(1/3)n + ©(logn) ~ 0.9183n + ©(logn) advice bits are suffi-
cient.

Proof. Observe that every maximal outerplanar graph contains a cycle C with all vertices, namely the one whose edges
are all adjacent to the unbounded face. Clearly, any optimal solution Opt contains at most every third vertex from C, i.e.,
at most [n/3] vertices. Let v1,va,..., v, be the vertices of C in revelation order. We can represent Opt by a bit string
$=51S2...5p of length n such that s; =1 if and only if v; € Opt, for 1 <i <n.

First, A reads Logn advice bits to learn n and then another [logn] advice bits to learn the time step t in which the first
vertex is revealed that should be accepted. Consider now the bit string ' :=s152...5t_1S¢+15¢+2 ... Sy of length n — 1. Since
s contains at most [n/3] ones, s’ contains at most |[1n/3] ones. The oracle now simply writes the index of s’ with respect to
the canonical order over all possible bit strings of length n — 1 with at most [n/3] ones. There are

S

4 i

i=0

such bit strings, and thus

n/3] [n/3]
n—1 n—1
log Z( i ) = | log ( 0 >+

i=0

: [1 HOg(g(LnBJ))

= _logn+1—log3+log< " >—‘
[n/3]
’Vlogn—i-l —log3+nH<m>—‘

n
[logn+1—1log3+nH(1/3)]

advice bits are sufficient to encode s’. Since A already knows t, it can compute s and accepts vertex v; if and only if s; =1,
for1<i<n. O

NS

IA

Theorem 16. For DOMINATINGSET on maximal outerplanar graphs, 0.5n — ©(1) advice bits are necessary to be optimal.

Proof. Consider the graph G, = (V, E), for ke NT, with V = {vq,..., v4, v} and
E={{vi,viz1} |1 <i <4k}
U{{vai—3, vai1} |11 <i <k}
U{{vai-s, v} {vai-1, v} {vai, v T i<k},

Fig. 8 shows the graph Ge.

We first show that the unique optimal solution is Opt ={v4;—1 |1 <i <k}. To this end, observe that any optimal solu-
tion must contain at least one of the vertices v4i_3, V4i_2, V4i_1, for 1 <i <k, as otherwise v4;_, is not dominated, and it
must contain at most one of these vertices, as otherwise the optimal solution is bigger than Opt. Hence, no optimal solution
contains v or any vg4;. Because of this, any optimal solution has to contain v4,_1, as otherwise vg4 is not dominated. This
argument can be applied inductively for every v4;_1 and vy;, for 1 <i <k.

The adversary chooses a string s of length k — 1 over the alphabet {0, 1, 2, 3}.

Consider the sets

So = {(Vai, Vait1, Vaiy2) | ISl + ISz <i <Z|slp+ ISy +Isl3},
St ={(Vai_1, Vai, Vair1) | 1 <i<|s|; },
Sy :={(Vai—2,Vai-1,va)) | Islo +Is|y +Isls +1 <i <k},

S3:={(Vai_1, Vai, V4ir1) | Is1] <i = [s|y +Isl3 }-

93



H.-J. Bockenhauer, J. Hromkovic, S. Krug et al. Theoretical Computer Science 862 (2021) 81-96

S1

L s So 52
s S s

Vi V20

v

Fig. 8. The graph Gg from the proof of Theorem 16 for the string 01123. The filled vertices indicate the unique optimal solution.

Fig. 9. One possible graph from the proof of Theorem 17, for d =6 and k = 4. The filled vertices indicate the unique optimal solution.

For 1 <i <k, the adversary inspects the i-th digit s; of s and proceeds as follows. If s; = j, for j € {0, 1, 2, 3}, it selects
some not yet selected triple from the set S; and reveals its three vertices either from left to right or from right to left such
that the j-th revealed vertex is in Opt. (For j =0, no vertex from the triple is in Opt.)

Afterwards, it reveals all remaining vertices in an arbitrary order.

After the first 3(k — 1) vertices have been revealed, all instances are still indistinguishable for the algorithm, since no
two of the triples are connected to each other and in no triple, the left and the right vertex are connected, i.e., there are
no induced triangles. Since the optimal solution is unique, any two different strings s require a different behavior to be
optimal. There are 41 such strings, and thus at least

Mog(d™ 1 =r2(k— 1) = {2 : HTW =[0.5n — 2.5]
advice bits are necessary. 0O

8. Bounded-degree graphs

In this last section, we consider graphs whose vertices have maximum degree d.

Theorem 17. For DOMINATINGSET on graphs of size n with maximum degree d, at least (d — 1)n/(d + 1) advice bits are necessary to
be optimal.

Proof. Consider the following set of input instances of size k(d + 1), for k € IN. The adversary first reveals dk isolated
vertices vi1,V1.2,...,Vid, V2,1, ..., Vk 4. Afterwards, it reveals k vertices vi, ..., v, such that v; is connected to a subset
Vi € {vi1,...,viq} of size at least 2, for 1 <i <k. (See Fig. 9 for an example.)

For every i, there are 2¢ — (d + 1) different subsets V; and thus (2¢ — (d + 1)) different ways to select all subsets. All
these instances look identical after the first dk vertices have been revealed. Nevertheless, each instance requires a different
behavior on these vertices to be optimal. Thus, (2¢ — (d + 1))¥ different deterministic algorithms are necessary. We have

Mog((29 — (d +1))%)7 = [klog2? — (d + 1))
> [klog(2? — 2471y
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= [klog(2*~")]
=k(d—-1),
where the inequality holds for all d > 4. Thus, at least k(d—1) = (d—1)n/(d+ 1) advice bits are necessary to be optimal. O

9. Conclusion

We have considered an online version of the well-known dominating set problem which was only known to admit only a
linear competitive ratio for deterministic online algorithms. Using the model of advice complexity, we generalized this result
to an almost linear lower bound on the competitive ratio of any randomized online algorithm. Moreover, we investigated the
advice complexity for computing an optimal solution for several restricted classes of input graphs and proved linear upper
and lower bounds for them. While these bounds are almost tight (up to an additive logarithmic term) for paths and cycles
and for general graphs, it remains as an open problem to close the gap for tori and maximal outerplanar graphs. It is also
an interesting open problem to generalize these results by determining the advice complexity of computing a near-optimal
solution.
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