Graph Exploration with Advice
and Online Crossing
Minimization

Von der Fakultat fiir Mathematik, Informatik und Naturwissenschaften
der RWTH Aachen University zur Erlangung des akademischen Grades
eines Doktors der Naturwissenschaften genehmigte Dissertation

vorgelegt von

JANOSCH FUCHS

Master of Science

aus Dormagen

Berichter Privatdozent Dr. rer. nat. Walter Unger
Universitatsprofessor Dr. sc. ETH Ziirich Dennis Komm
Universitatsprofessor Dr. rer. nat. Peter Rossmanith

Tag der miindlichen Priifung: 26.08.2022

Diese Dissertation ist auf den Internetseiten der Universitétsbibliothek verftigbar.






Abstract

Online problems reveal their input instance piece by piece and require
an irrevocable decision each time a new piece is revealed. This scenario
models critical applications where a decision, once it is made, cannot be
changed afterwards which also influences future decisions. Like for classi-
cal offline problemes, it is common to make a worst-case analysis to give a
guarantee on the performance of algorithms in this setting, which are called
online algorithms. This is achieved by assuming that a malicious adversary,
knowing the behavior of the online algorithm, creates the input. Due to the
nature of uncertainty online algorithms rarely compute an optimal solu-
tion. Thus, their performance is measured in terms of the competitive ratio,
which compares the solution computed by the online algorithm to the op-
timal solution achievable when the whole instance is known beforehand.

To measure the impact of the missing knowledge about the future the
classical online setting was extended with a helpful oracle providing in-
formation about the future input. The online algorithm receives the infor-
mation by accessing a tape containing a binary bit string prepared by the
oracle. The number of bits that the algorithm reads during its computa-
tion is called its advice complexity. Bounds on the advice complexity of an
online algorithm that optimally solves an online problem show how much
information about the future is needed to avoid any mistake. An obvious
upper bound for the advice complexity of all online problems is the size
of the binary encoding of the input instance or the optimal solution using
self-delimiting encoding. But most of the time it is possible to derive bet-
ter bounds by encoding only critical decisions which then reveals the core
difficulty of an online problem. Thus, the advice complexity strongly cor-
relates to the difficulty of an online problem and it can be used to measure
the difficulty of different online problems.

The first technical part of this thesis considers an online graph drawing
problem on degree-bounded bipartite graphs, the so-called online slotted
One-Sided Crossing Minimization Problem (online slotted OSCM-k). One set
of vertices together with a total ordering is fixed on a line and known to the
online algorithm. In each step a vertex, which is incident to k vertices of the
already known set, needs to be placed on a free placeholder, which we call
a slot. The slots are also arranged on a line parallel to the known vertex set.
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The task is to place the vertices such that the number of edge crossings is
minimized, when all edges are drawn as straight lines. Note that the slots
make the problem harder to solve for an online algorithm but in the offline
case it is equivalent to the version without slots. We prove that the online
slotted OSCM-k has no constant competitive ratio. Thus, we look at the
problem on 2-regular graphs and derive constant upper and lower bounds
for this restricted graph class.

The second part analyzes the advice complexity of a graph exploration
problem. Here, an algorithm has to move an agent through a graph from
vertex to vertex using the edges such that the agent traverses the cheap-
est or shortest tour that visits every vertex at least once. The algorithm
does not know the graph beforehand and each time the agent is located at
a new vertex the reachable neighborhood is revealed together with the cost
to reach all neighboring vertices from the current location. Already seen
or visited vertices are recognizable. Due to the already known tight up-
per bound of nlog(n) for the advice complexity of the graph exploration
problem on dense graphs, we focus on sparse graphs. We show that the
number of advice bits which is sufficient and also necessary to solve the
graph exploration problem on directed and undirected graphs is linear in
the number of edges. We also investigate how much advice can be saved
when the graph structure is known beforehand and only the traveling cost
of the edges is unknown.
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Zusammenfassung

Die Eingabe einer Instanz eines Online-Problems wird nur Stiick fiir Stiick
aufgedeckt und erfordert jedes Mal eine unwiderrufliche Entscheidung,
wenn ein neues Teilstiick aufgedeckt wird. Dieses Szenario modelliert kri-
tische Anwendungen bei denen eine Entscheidung, sobald sie einmal getrof-
fen wurde, nicht mehr riickgiangig gemacht werden kann und auch zukiin-
ftige Entscheidungen beeinflusst. Wie bei klassischen Offline-Problemen,
ist es iiblich eine worst-case Analyse zu machen um eine Garantie fiir die
Leistung eines Online-Algorithmus zu erhalten. Fiir die Worst-Case-Analyse
wird angenommen, dass ein boswilliger Gegenspieler, der das Verhalten
des Online-Algorithmus kennt, die Eingabe erstellt. Online-Algorithmen
schaffen es nur selten eine optimale Losung zu bestimmen. Deshalb wird
ihre Leistung mit der competitive ratio gemessen, die die Losung des on-
line Algorithmus mit der optimalen Losung vergleicht, die erreicht werden
kann, wenn die komplette Eingabe im Vorhinein bekannt ist.

Um die Auswirkungen des fehlenden Wissens iiber die zukiinftigen
Anfragen zu messen, wurde das klassische Online-Szenario um ein hilfre-
iches Orakel erweitert, das Auskunft tiber die noch kommenden Einga-
beteile gibt. Der Online-Algorithmus kann tiber ein Band auf die Infor-
mation zugreifen. Dieses Band ist mit einer Sequenz von Bits beschriftet.
Die Anzahl der wéhrend der Berechnung gelesenen Bits ist dann die so
genannte advice complexity. Durch moglichst scharfe Schranken an die ad-
vice complexity eines Algorithmus, der ein Online-Problem optimal 16st,
zeigt man wie viele Informationen tiber die Zukunft wirklich notwendig
sind, um alle Fehler zu vermeiden. Eine offensichtliche obere Schranke
fur die advice complexity eines jeden Online-Problems ist die Grofe einer
bindren Codierung der kompletten Eingabe oder der kompletten optimalen
Losung. Aber meistens ist es moglich, bessere Schranken zu entwickeln in-
dem man nur kritische Entscheidungen codiert, was den schweren Kern
eines Problems offenbart. Daher besteht ein starker Zusammenhang zwis-
chen der advice complexity und der Schwere eines Online-Problems. Somit
ist es moglich, mit Hilfe der advice complexity die Komplexitit verschiedener
Online-Probleme miteinander zu vergleichen.

Der erste technische Teil dieser Dissertation betrachtet ein Online-Graph-
zeichnungsproblem auf bipartiten Graphen mit beschranktem Grad. Das
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Problem wird online slotted One-Sided Crossing Minimzation genannt (on-
line slotted OSCM-k). Eine der bipartiten Mengen von Knoten und eine
dazugehorige Anordnung auf einer Geraden sind zu Beginn bekannt. In
jedem Schritt muss ein Knoten, der mit k Knoten aus der bereits bekan-
nten Menge verbunden ist, einem leerem Platzhalter zugeordnet werden.
Diese Platzhalter werden slots genannt und sind ebenfalls auf einer Linie
angeordnet, die parallel zu der Linie verlduft auf der die bereits bekan-
nten Knoten angeordnet sind. Die Aufgabe besteht darin, die Knoten so
zu platzieren, dass die Anzahl der Kreuzungen zwischen den Kanten min-
imiert wird, wenn alle Kanten als gerade Linien gezeichnet werden. Die
slots machen das Problem schwer fiir einen Online-Algorithmus, aber fiir
die Betrachtung im Offline-Fall machen sie keinen Unterschied. Wir zeigen,
dass die competitive ratio des online slotted OSCM-k nicht durch eine kon-
stante beschrankt ist und entwickeln obere und untere Schranken fiir das
Problem, wenn die Eingabe auf 2-reguldre Graphen beschrankt ist.

Der zweite Teil analysiert die advice complexity eines Graph Explo-
ration Problems. Bei diesem Problem muss ein Algorithmus einen Agenten
iiber die Kanten eines Graphen von Knoten zu Knoten bewegen, sodass der
Agent die giinstigste oder kiirzeste Tour ablduft, die alle Knoten des Graph-
en mindestens einmal besucht. Der Algorithmus kennt dabei den Graphen
zu Beginn nicht, sieht aber jedes Mal, wenn der Agent auf einem neuen
Knoten ist, die mit einer Kante erreichbare Nachbarschaft und die dazuge-
horigen Kosten der Kante. Bereits gesehene oder besuchte Knoten werden
dabei wiedererkannt. Bedingt durch die bereits bekannte obere Schranke
von nlog(n), die asymptotisch identisch mit der unteren Schranke ist, kon-
zentrieren wir uns auf Graphen, die im Verhiltnis zu den Knoten nur lin-
ear viele Kanten haben. Wir zeigen, dass eine in der Anzahl der Kanten
lineare Menge von Advice-Bits ausreicht und auch notwendig ist, um das
graph exploration Problem auf gerichteten und ungerichteten Graphen zu
16sen. Wir untersuchen zusétzlich noch, wie viel Advice eingespart wer-
den kann, wenn die Struktur des Graphen (die Kanten und Knoten) im
Vorhinein bekannt ist und nur die Information iiber die Kosten der Kanten
fehlt.
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Chapter 1

Introduction

Many real-world problems are representable by a combinatorial optimiza-
tion problem and inherit an online nature. Requests arrive over time and
need to be resolved as fast as possible. A new request should not influence
the decision that was already made on a previous request. Also waiting
until all requests arrived and computing the optimal solution at the end is
often not a feasible approach. Thus, a decision for a request is irrevocable
and is only based on the previous requests and the corresponding deci-
sions. Computing an optimal solution in such a scenario is often impossi-
ble due to the lack of knowledge about the future. However, the question
arises whether there is an approach to solve problems in such an environ-
ment that still guarantees a certain quality of the online computed solution.
This is at its core the problem of online algorithms computing a solution to
an online optimization problem.

The terminology of online algorithms was introduced by Sleator and
Tarjan [55]. For online algorithms, the running time and the memory usage
during computation is not limited. Similar to the classical offline setting,
online algorithms are analyzed in a worst-case scenario. A malicious adver-
sary creates the input, knowing the behavior of the online algorithm. The
performance of an online algorithm for optimization problems is measured
with the competitive ratio. It is the worst case ratio between the solution
cost of an online algorithm and the optimal solution that would be achiev-
able when the instance were known beforehand. For a deeper introduction
to online algorithms and competitive analysis we refer to the book "Online
computation and competitive analysis" by Borodin and El-Yaniv [13].

The online problems considered in this thesis are all online minimiza-
tion problems on graphs. A graph G = (V,E) is an abstract structure of
objects, called vertices, and the relations between them. If two vertices
u,w € V are related, the set of edges E contains the edge (u,v). Through-
out the thesis, we denote for any graph G = (V, E) with vertex set V and
edge set E, the number of vertices by n = |V| and the number of edges by
m = |E|.
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1.1 Online Problems with Advice

In several scenarios an autonomous agent, which is in contact with a more
powerful system, perceives some local information and has to react in an
online manner. The main system knows everything the agent knows but
cannot make the decision, although it would be capable of making the op-
timal decision, because it needs to be physically present. To prevent the
agent from making decisions with strong negative impact, the main sys-
tem can communicate with the agent, e.g., sending more information that
is unknown to the agent. However, the communication is the cost intensive
bottleneck of this setup and the main system wants to send as little infor-
mation as possible. Thus, it needs to send the crucial information extending
the limited knowledge of the agent such that it can make a best possible re-
sponse. So the question arises what the minimal amount of information
that is required by the agent to always give the best possible response is.

This scenario captures the main idea of online problems with advice.
An online algorithm with advice has access to a binary string containing
information created by a helpful oracle that knows the complete input and
the behavior of the algorithm. The algorithm can access the information
on the so-called advice tape at any time during its computation. The num-
ber of bits that the algorithm reads until it finishes its computation is then
called its advice complexity. Thus, minimizing the advice complexity of an
optimal online algorithm is equivalent to finding the crucial information
that is missing in the online setting. The length of the advice tape is un-
bounded and the algorithm does not know where the prepared string of
information ends. Otherwise it would be possible to encode some infor-
mation only by the length of the advice string and not its content. This
additional cannot be measured, which is the main concern of the advice
model. Dobrev et al. [21] introduced the online model with advice, which
was later refined by Hromkovi¢ et al. [35] and Bockenhauer et al. [12] as
well as by Emek et al. [27]. In this thesis we use the model of Hromkovi¢ et
al. and Bockenhauer et al. .

Analyzing the advice complexity is not only an approach to resolve sit-
uations as described above, it also helps to make online problems more
comparable and allows a more fine-grained analysis of their complexity.
In the classical online analysis the only parameter measuring the perfor-
mance of an online algorithm is the competitive ratio. It seems intuitive to
compare the achievable competitive ratio of different online problems. But
many problems possess a difficulty such that every online algorithm has an
arbitrary large competitive ratio. However, by encoding the complete in-
put, every online problem with advice can be solved optimally. Encoding
the complete input often contains redundant information and not only the
crucial one. Analyzing lower and upper bounds for the advice complexity
of online problems instead allows a more differentiated classification.
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For a deeper introduction to online algorithms with advice we refer the
reader to the book An Introduction to Online Computation by Komm [38]
and the survey by Boyar et al. [14].

1.2 Problems and Results

This work is split into two parts, which consider very different online prob-
lems. Therefore, an additional introduction and the related work can be
found at the beginning of the respective chapters. To be precise, Sections
and contain related work for the different topics considered in this
thesis.

In the first part, we look at an online graph drawing problem, called the
one-sided crossing minimization problem. We analyze its behavior in the
classical online scenario without any advice. The input graph is 2-regular
and bipartite and the algorithm has a priori knowledge about the vertices
of one set, their ordering on a straight line and a set of free slots positioned
on a line parallel to the first. Each request is a vertex with its neighbors
and the task is to place it on one of the free slots such that the total number
of edge crossings at the end is minimized. The slots make the problem
more difficult for an online algorithm and capture the idea of irrevocable
decisions in online problems because once two consecutive slots are filled it
is forbidden to place another request in between. An offline algorithm just
computes the ordering for the unknown set and assigns the vertices to the
slots afterwards. We present a deterministic online algorithm and prove
that it achieves a constant competitive ratio.

Secondly, we look at the graph exploration problem, where the task is
to move an agent through an unknown graph along its edges such that it
traverses the shortest tour visiting every vertex at least once. Depending
on the desired form of the solution, we distinguish between the cyclic and
the non-cyclic variant of the problem. The graph is revealed during ex-
ploration and each time the agent visits a new vertex, its incident edges,
their costs and the adjacent vertices are revealed. Vertices that have been
revealed or already visited are recognized when the agent is placed on a
vertex that would reveal the vertex again. In this work, we only consider
the advice complexity of the problem. Thus, we focus on the number of ad-
vice bits that are necessary and sufficient to compute an optimal solution
on directed or undirected graphs. Due to an already existing tight upper
bound for general graphs, we focus on sparse graphs, i.e., graphs where
the number of edges is linear in the number of vertices. We provide up-
per and lower bounds that are linear in the number of vertices. In the end,
we also consider a scenario where the algorithm knows the graph structure
and only the edge costs have to be learned during exploration.
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Chapter 2

Online Crossing Minimization

In graph drawing problems, given a graph, one usually wants to embed
the graph into some space with limited dimension. The most common and
practical examples are on the Euclidean plane. It is also common to try and
embed such graphs in a way that minimizes the number of edges that cross
each other. If a graph can be embedded in the Euclidean plane without
any crossings, we say the graph is planar. A survey on graph drawing and
crossing minimization can be found in [5} 52].

One common way to depict bipartite graphs is by arranging the vertices
in each partition on a straight (horizontal) line, making the lines for the two
partition sides parallel. In this scenario, the edges are drawn vertically from
one side of the partition to the other as straight lines. Thus, the problem of
minimizing the crossings in this scenario is reduced to properly ordering
the vertices in each partition. However, in some practical applications it
is enough to restrict ourselves to ordering one set of the partition (the free
side), while the other set remains fixed (the fixed side). It is also common to
restrict the degree of the vertices in the free side [44, 42]. This (one-sided)
problem is formally defined as follows.

Definition 1. Given a bipartite Graph G = (SUV, E), let the nodes of S and V
be aligned in some ordering on straight lines parallel to each other, where S is on
the top line and V on the bottom line. Let the edges E be drawn as straight lines
only. Let the degree of the nodes of S be bounded by some k € IN. The One-Sided
Crossing Minimization Problem (OSCM-k) is defined as the problem of finding
a total ordering of the nodes of S such that the number of resulting edge crossings
in the graph is minimized.

We will assume that the ordering of V' is part of the instance and fixed,
such that we can label and reference the nodes of V with ascending natural
numbers, starting from the “left”. If |S| = |V|, we sometimes speak of
nodes “above” and “below” one another, by assuming that the nodes on
both lines are drawn equidistantly.
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2.1 Related Work

The OSCM problem has already been extensively studied in the past un-
der different names, such as bipartite crossing number [33,52]], crossing prob-
lem [25]], fixed-layer bipartite crossing minimization [42] and others. Eades
and Wormald [25] showed that the OSCM problem is NP-complete for
dense graphs, while Mufioz et al. [44] showed NP-completeness for sparse
graphs. Mufioz et al. also introduced the OSCM-k and showed that the
OSCM-2 can be solved optimally using the barycenter heuristic.

Li and Stallmann [42] showed that the barycenter heuristic has an ap-
proximation ratio of Q)(y/n) on general bipartite graphs and also proved
that OSCM-k admits a tight kK — 1 approximation. Nagamochi presented a
randomized approximation algorithm for general graphs [45] and another
approximation algorithm for bipartite graphs of large degree [46].

Further researching the complexity, Dujmovi¢ and Whitesides [23] first
showed that OSCM is fixed parameter tractable, i.e., it can be solved in
f(k)n®WY), where the parameter k is the number of crossings. The cur-

rently best known FPT running time is in O(kZm + n) and was given by
Kobayashi and Tamaki [37].

To the best of our knowledge, the field of online analysis of crossing
minimization is hardly researched. A closely related problem arises in the
field of graph drawing, called dynamic graph drawing. Here, the task is to
visually arrange a graph that is iteratively expanded over time. The visual-
ization follows certain empirical criteria to make the data comprehensible,
where crossing minimization is one of these criteria. For a survey regard-
ing dynamic graph drawing, see [53]. Dynamic graph drawing has many
applications, for instance Frishman and Tal [32] presented an algorithm to
compute online layouts for a sequence of graphs and its application in dis-
cussion thread visualization and social network visualization. In another
example North and Woodhull [49] focus on hierarchical graph drawing, de-
fined on a more restricted graph class that needs to be visualized in a tree-
like fashion, which overlaps with our topic regarding applications. While
one of the most mentioned applications of the offline OSCM is wire cross-
ing minimization in VLSI, this is arguably less applicable when looking at
an online version of the problem. However, the results of an online analy-
sis can be helpful for the application fields of graph drawing, e.g., software
visualization, decision support systems and interactive graph editors.

While dynamic graph drawing and online graph problems are similar
in that parts of the graph are revealed in an iterative fashion and not pre-
viously known, a central difference is that in dynamic graph drawing the
manipulation of previous decisions is usually allowed. This is not the case
in the classical online model. Thus, while theory and practice are looking
at similar problems, and are following the same goal of aesthetic graph
drawings, the methods to achieve this goal are different.
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2.1.1 Overview of Contribution

In this chapter we analyze the online version of the OSCM-k problem. Ob-
serve that it can be defined in two different ways. The first version is the
online free OSCM-k: Given a bipartite graph (SUV,E), an algorithm ini-
tially sees a fixed set of vertices V, and then in each step a request appears
for a subset of vertices R; C V, such that every vertex must be made ad-
jacent to a vertex in S. Thus, after the arrival of the request R;, one has to
place a vertex s; € S on the top line and adjacent to the vertices in R;. In
this version, one chooses the partial ordering of s; with respect to the other
vertices already present in S.

The online free OSCM-k problem is solvable with a competitive ratio of
atmost k — 1, using the same barycenter algorithm as in the offline case [42].

Consequently we focus on a different version of this problem, which we
call the online slotted OSCM-k, which is formally defined as follows.

Definition 2. Given a vertex set V, a request sequence for online slotted OSCM-
k is a sequence Ry, ..., Ry of subsets of V, each of size k. These requests are not
necessarily disjunct. The second set of vertices S is initiated as S = {s1,...,5,}.
Initially there are no edges between S and V. Once a request R; C 'V arrives,
an online algorithm solving online slotted OSCM-k chooses a vertex s; without
any edges, and places an edge between s; and every vertex in R;. The goal is to
minimize the total number of crossings.

The slotted OSCM-k is a model that follows the aesthetic paradigms of
the area of dynamic graph drawing, where the so-called mental map and
human readability is sustained. The term mental map describes the goal to
make current visualizations of the graph recognizable in later iterations of
the graph. Unlike for the free OSCM-k, no upper or lower bound on the
competitive ratio is known.

We call the vertices s; € S slots. If a request R; C V is satisfied by
adding edges between every vertex in R; and slot s; we say that request
R; is assigned to slot s;. Moreover, we call a slot s; unsatisfied or free if no
request has been satisfied using this slot, thus the slot has no edges yet.
Analogously, a satisfied slot s; is a slot in S with edges to a subset R; C V.

Online slotted OSCM-k, gives the algorithm the advantage of knowing
the number of requests in advance. However, one has the distinct con-
straint that, once two consecutive slots are satisfied, the algorithm will not
be able to assign any request to a vertex between the satisfied slots, as such
a vertex does not exist.

We prove that online slotted OSCM-k is not competitive for any k > 2 in
general graph classes. However, if we focus on 2-regular graphs, we prove
that this problem has a constant competitive ratio. In particular, we prove
a lower bound of 4/3 in this case, and then present an algorithm with a
competitive ratio of at most 5 as an upper bound.
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2.2 Lower Bounds on General Graphs

We begin by looking at online slotted OSCM-k on general graphs, and show
that for every non-trivial value of k, i.e., k > 2, there is no algorithm with a
constant competitive ratio.

Theorem 1. There is no online algorithm with a constant competitive ratio for
online slotted OSCM-k, for any k > 2.

S

1%

Figure 2.1: Theorem |1} At first the requests {v;, v;1} are presented, for
1 < i < n —1. These requests can be placed such that there are no edge
crossings, like shown in blue. Some slot has to be left open for which the
request associated with the red edges is given.

Proof. Letus consider an algorithm A solving online slotted OSCM-k. Given
the initial sets of vertices V = {vy,...,v,} and slots S = {s1,...,s,}, A is
presented the following request sequence: {v1,v2},{v2,v3},...,{vn_1, 04}
Assume without loss of generality that A has assigned these requests to
slots in S without producing a single crossing. Since we have n requests to
fill n slots with, and A has only one unsatisfied slot s; for somei € {1, ..., n},
the last request will be assigned to s;. We assume without loss of generality
thati > |5 |. The adversary now presents the request {v1, v } as the last re-
quest of the input. This results in atleast2-2- (5 — 1) crossings as opposed
to the optimal solution, which only results in a single crossing as depicted

in Figure The competitive ratio is thus at least 2'2'(1% Y — 2n—4and
therefore not bounded by any fixed constant c. O

If we look closely at the proof, we see that the arguments rely on the
adversary, constructing the instance, being able to freely choose the degrees
of the vertices in V. If we required the degree of the vertices in V' to be
defined in advance, the same strategy would not work. Thus, it makes
sense to look at graph classes where the degree of the vertices in the graph
is fixed, in particular regular graphs.

In the following we focus on online slotted OSCM-2 on 2-regular graphs,
as this particular case is already hard to analyze, and we prove that the
competitive ratio is within the range between 3 and 5.

We conjecture that for any higher degree, online slotted OSCM-k on k-
regular graphs would also have a constant competitive ratio with the con-
stant depending on k. One can observe that a higher vertex degree means
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that even optimal solutions must have a lot of crossings. Thus, even when
an online algorithm makes a sub-optimal choice, the number of crossings of
the optimal solution it is compared to should to some extend compensate
for the mistakes.

2.3 Lower Bound for 2-Regular Graphs

We begin by proving a lower bound for the competitive ratio of online slot-
ted OSCM-2 on 2-regular graphs.

It is important to note that an offline algorithm can find an optimal solu-
tion in a greedy fashion, as we will see in Lemma(l| In the following lower
bound, we prove that online algorithms cannot find an optimal solution,
greedily or otherwise. The difficulty is that a request cannot be assigned in
between two consecutive satisfied slots. Thus, an online algorithm has to
fulfill a request by assigning it to a sub-optimal slot. An example of such a
situation is depicted in Figure We can use this fact to construct a lower
bound for online slotted OSCM-2 on 2-regular graphs as follows.

Sx Sy
X1 X2 N 2
Figure 2.2: In this graph, a new request R; = {x2,y1} appears. This request

cannot be satisfied optimally. An assignment between s, and s, would be
optimal, but there is no free slot between them.

Theorem 2. Every deterministic online algorithm solving the slotted OSCM-2
on 2-reqular graphs has a competitive ratio of at least 4/3 — ¢, for any € > 0.

Proof. For any node, every algorithm only has a finite number of slots to
insert it into. Given an empty graph of size n > 6, the adversary will repeat
its strategy on the set of the five leftmost free nodes, filling up the graph
from left to right until 6 or fewer free nodes are left in the graph. Given
five free slots, the adversary will repeat the strategy depicted in Figure
which we will now describe in detail. For ease of notation, we will de-
note the five leftmost free slots as sy, ..., s5 and the five leftmost edge-free
vertices as vy, ..., Us.

The adversary starts by presenting the request {vs, v4}. We consider
two possibilities: Either an algorithm places this request at s3 or smaller, or
s4 or higher.
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{03/ 04} .
S3 Or sma‘ller/ w)}r or higher
{o1,02}, {02, 04}, {01, 03} {vs, 05}, {03, 05}, {v1, 02}, {01, 02}
i any placement i any placement
c>4/3 c>4/3

Figure 2.3: Theorem [2; All possible behaviors of any algorithm, when pre-
sented with request {v3,v4}, and the resulting bound on the competitive
ratio of each decision branch, when confronted with these adversarial re-
quests.

Case 1 (Algorithm assigns {v3,v4} to s3 or smaller): The adversary
presents the request {v1,v,}. We assume that any reasonable algorithm
places the second request to the left of the first one (on a smaller slot). If an
algorithm places the second request to the right, it would directly incur 4
crossings instead of none.

We branch on three possibilities depending on the free slots after the
first two placements. The free slots are either {s1,54,55}, {s2,54,55}, or
{s3,54,55}. The adversary presents the request {v;,v4} and subsequently
the request {v1, v3}.

e If the free slots are {s3, 54,55}, any assignment of {vp,v4} and {v1,v3}
results in at least 7 crossings.

e If the free slots are {s, s, 55}, any assignment of {vp,v4} and {v1,v3}
results in at least 4 crossings.

e If the free slots are {s1, s, 55}, any assignment of {v,v4} and {vy,v3}
results in at least 5 crossings.

However, an assignment of {v3,v4} to s4, {v1,v2} to s1, {v2, v4} to s3
and {v1,v3} to sy results in only 3 crossings, where the considered algo-
rithms all have at least four crossings. Thus, the competitive ratio of any
algorithm assigning request {v3,v4} to s3 or lower is at least 4/3 on these
four requests.

Case 2 (Algorithm assigns {v3, v4} to s4 or larger): The adversary gives
the request {v4,v5} followed by {v3,v5} and the two identical requests
{01 P 02}.

The assignment of the last two requests to slots s; and s; is optimal and
generates one crossing.

The optimal assignment places {v3, v4} to s3, {v4, U5} to s5 and {v3,v5}
to s4, resulting in two crossings; 3 in total with the last two requests.
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However, the algorithms we consider cannot assign {v3, v4} to s3, so
they assign it to s4 or higher. These algorithms incur at least 3 crossings for
the first three requests, and 4 crossings in total for the five requests. Thus,
they also have a competitive ratio of at least 4/3 on these five requests.

Note that in Case 1, the adversary presents only four nodes in total,
while in Case 2 five nodes are used. Independent of which case is used,
the adversary can now use the five leftmost free slots and edge-free ver-
tices to repeat this tactic. Once r < 6 slots are left, the remaining slots
are filled up as follows. The adversary presents the following r requests:
{vn—r,9n—r41},.-., {vn—1,v4}. One slot is still free after presenting these
requests, and the last request is {v,_,, v, }. This results in r — 1 < 5 addi-
tional, unavoidable crossings.

From the case distinction above and the argument to fill up the rest of
the graph, one can easily verify that the lower bound on the competitive
ratio of every algorithm tends to 4/3 for growing n. O

This lower bound proves that no online algorithm for online slotted
OSCM-2 on 2-regular graphs can perform optimally on all instances. In the
following we introduce some notions used to prove an upper bound for the
competitive ratio in the same setting.

2.4 Preliminaries and Notation

In order to prove upper bounds for online slotted OSCM-2 on 2-regular
graphs, we need to first extract some structural properties of this prob-
lem. We introduce the notion of propagation arrows, which helps us to lower
bound the total number of crossings of the remaining graph if we only have
a partial request sequence. Then we observe that finding an optimal place-
ment involves only looking at the placement of every pair of requests rela-
tive to each other.

The number of crossings of an optimal assignment for a request se-
quence is the number of unavoidable crossings of the request sequence. The
difference between the number of crossings incurred by an algorithm A and
the number of unavoidable crossings is consequently the number of avoidable
crossings of A on that request sequence.

Consider a 2-regular instance for online slotted OSCM-k with slots S =
{s1,...,5n}, vertices V = {vy,...,v,} and a request sequence Ry, ..., R,.
Let us assume that at some point after the k-th request has been satisfied
by algorithm A, there are satisfied slots and the vertices in V have degree
2,1 or 0, depending on how many times these vertices have appeared in
requests. Since we know that the final graph will be 2-regular, for those
vertices in V with degree less than two we are still expecting a request that
contains each of them, and for any unsatisfied slot there will be a request
which will be satisfied using this slot.
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(41 U2 U3 U4 U5 (4 U2 U3 U4 U5

Figure 2.4: Propagation arrows before the first request and after part of the
instance is satisfied.

Intuitively, we use propagation arrows to greedily match unsatisfied
vertices to available slots in a way that minimizes the number of crossings.
We can see this in Figure For instance, in an empty graph every vertex
v; in V will have two propagation arrows to the slot s;, but once some slots
are occupied we take the leftmost vertex with degree less than two and
assign a propagation arrow to the leftmost unsatisfied slot. We know that
the instance is 2-regular, so for two missing edges of vertices in V there
must be an empty slot. We can define the propagation arrows formally as
follows.

First, we know that after k requests for a 2-regular graph, there are n — k
unsatisfied requests, which corresponds to 2(n — k) missing edges. We will
double count the missing edges with the following two lists.

The list of unsatisfied vertices Ly of an instance after the k-th request is
an ordered list that contains every vertex v; € V from smallest to largest at
most twice. Ly will contain no copies of a vertex v; € V if it already has
appeared twice in the request sequence Ry, ..., Ry, i.e., if v; has degree 2, Ly
will contain v; € V once if v; has appeared only once in Ry, ..., Ry, i.e., if v;
has degree 1 in the partially satisfied graph, finally, Ly contains a vertex v;
twice if v; does not appear in Ry, . . ., Ry, and thus has degree 0 at that point.

Thus, we can analogously consider the list of unsatisfied slots Lg as an
ordered list that contains each unsatisfied slot twice, again from smallest to
largest. From the previous observation it should be clear that |Ly| = |Ls]|.

Definition 3. Consider a 2-reqular instance for online slotted OSCM-k with slots
S ={s1,...,8,}, vertices V. = {v1,...,v,} and a request sequence Ry, ..., R,,.
Let A be an algorithm that has satisfied k requests. Let us consider the correspond-
ing Ly and Lg for this request. There is a propagation arrow from vertex v to
slot s if both occupy the same place in the ordered lists Ly and Lg, i.e., if v is the
i-th element of Ly and s is the i-th element of Lg for some i < 2(n — k).

Observe that propagation arrows do not cross one another by construc-
tion. So if we count the crossings of a partial graph including the crossings
between graph edges and propagation arrows, we have a lower bound on
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Figure 2.5: Case distinction for step one of Lemma Each case is depicted
before and after the untangling. The request s, is drawn in red and s, in
blue.

the number of crossings that the graph will have after the request sequence
is completely satisfied.

In the following, we observe that an instance is optimally solved if and
only if for every pair of requests, the relative order of their slot assignments
is optimal, i.e., if the placement of these two requests is such that there are
fewer crossings between them than otherwise. This basically means that a
crossing is unavoidable if and only if the relative order of the two requests
involved in this crossing is optimal, regardless of any other placement of
any other request within the graph. This provides us with a very powerful
tool to analyze the performance of online algorithms solving online slotted
OSCM-2 on 2-regular graphs.

In order to prove the aforementioned statement, we first need the fol-
lowing lemma.

Lemma 1. Let two requests R, = {x1,x2} and R, = {y1,y2} be assigned to
slots sy and s,. Without loss of generality assume that x; < y1 and xo < y».
An assignment where s, < sy generates fewer or equally many crossings in the
final graph than an assignment where s, < s, if every other assigned slot remains
unchanged.

Proof. We separate this proof into two steps. In the first step, we show that
the number of crossings between the two requests is always the same or
smaller if s, < s,. This can be done with a case distinction as depicted in
Figure[2.5

Now for the second step, we need to show that the number of cross-
ings in an overall graph is still smaller or equal if s, < s,. We prove it by
means of a contradiction. Let us consider a 2-regular graph G for which
we have two such requests {x1,x2} and {y1,y2} and an assignment where
sy < sy, with a total number of crossings cg. Now let us consider the graph
G’ which is the same as G except that the placement of {x1, x2} and {y1,y2}



14 CHAPTER 2. ONLINE CROSSING MINIMIZATION

Sy Sx Su
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u X1 At X2 Y2 u X1 n X2 Y2

Figure 2.6: As shown in Lemma [l} there cannot be a crossing between R
and an edge (u,s,) that makes the ordering s, < s, better than s, < s,,.

is exchanged, making s, < s,, with a number of crossings cc/. Assume that
cG < cg. We already know that this is not due to the number of crossings
between edges to sy and s, as such a case would be covered by Figure
Without loss of generality assume therefore that (one of) the extra cross-
ing(s) in G’ is between some edge (u,s,) and one of the modified edges
(x¢,5;) with t € {1,2}.

In order for this pair of edges to produce an extra crossing in G’ com-
pared to G at all, we know that u ¢ [x1,x;], as otherwise this crossing is
unavoidable and thus the same in G and G’. We make a case distinction
over the remaining cases, which we depict in Figure

Assume now that x, < u. Then, s, < s, in order for the edges to cross
at all. This positioning produces two crossings with Ry in G and possibly
some crossings with R,. However, since Ry is only assigned further to the
right in G/, we get the exact same number of crossings between (u, s, ) and
the edges of R, and R, in G'.

Assume finally that u < x,. Then, sy < s, in order for the edges to cross
at all. This positioning produces two crossings with Ry in G and possibly
some crossings with R,. We do a case distinction on whether s, < s, or
sy < Sy.

If s, < s, then R, and Ry simply “change roles” in G’ compared to
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G and the number of crossings remains the same. If s, < s,, then (u,s,)
crosses the edges of Ry and of R, completely in both G and G'.

Thus, by swapping the slot assignment in this way one cannot reduce
the number of crossings in the overall graph. O

Lemmal|I|plainly states that for each pair of requests, the optimal order-
ing gives the leftmost request a slot that is to the left of the slot assigned to
the rightmost request. In this instance the notion of left and right requests
only means that if the requests are not for identical pairs of vertices, the left
request contains the left-most distinguished vertex.

In order to find an upper bound on the competitive ratio, we only have
to observe that any pair of requests is either placed optimally or otherwise
bound the number of crossings generated by that pair with the number of
unavoidable crossings in the optimal solution.

2.5 Upper Bound for 2-Regular Graphs

With these structural properties we are ready to present the algorithm that
will provide us with an upper bound of 5 for the competitive ratio.

Neglecting to take the state of the graph into account when making de-
cisions regarding the insertion of requests seems to result in relatively bad
upper bounds. As an example, we take the simple barycenter algorithm
(Algorithm [1) proposed in [44], which optimally solves the offline OSCM-
2. This algorithm computes the average between the two requested vertices
and assigns it to this particular point. In the case of the slotted version of
the problem, we have to adjust it to take the closest free slot.

Algorithm(I]is no better than 8-competitive, as the following simple ex-
ample illustrated in Figure[2.7jshows. If we request the sequence {x,_1, X, },
{xn—1, %0}, {xn-3,%n-2}, {xn-3,x0-2},...,{x1,x2}, {x1, x2}, the two first re-
quests are placed on slots s,_1,5,—2, and then the following requests con-
secutively occupy slots to the left of those until the last request, which is
assigned the only available slot s,,. The last pair of edges crosses all others,
resulting in roughly 4n crossings compared to 5 crossings in the optimal
case.

Algorithm 1 Barycenter algorithm from [44], adjusted for the slotted case.

1: free_slots={1,...,n};
2: for {x1, x2} in input do

3 si= A2

4: while s.isUsed() do

5: s:= {t | argminycs —yisusear) (t —8) | } // take leftmost on tie
6: Assign {x1,x2} to's;
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51 52 S3 ... Sn—6 Sn—5 Sn—4 Sn-3 Su-2 Snu-1 Sy

Figure 2.7: The request sequence is {x,_1,Xn}, {Xn—1, Xn}, {Xn—3,Xn—2},
{xn—3,xn—2},...,{x1, %2}, {x1,x2}. The edges of the last request cross all
others, resulting in roughly 4n crossings compared to 5 crossings in the

optimal case.

Algorithm 2 Chooses in each step the insertion with the lowest number of
additional edge-edge and edge-propagation arrow crossings.

1: free_slots ={1,...,n};

2: for element in input do

3: least_crossings := oo;
4: best_slot := 0;
5: for slot in free_slots do
6: G.simulate_node_insertion(slot, element);
7: new_crossings=G.edge_edge_crossings() + G.edge_prop_crossings();
8: if new_crossings < least_crossings then
9: least_crossings = new_crossings;
10: best_slot = slot;
11: G.revert_simulated_insertion(slot, element);
12: G.insert_node(best_slot, element);

13:  free_slots := free_slots \ best_slot;

In order to achieve a good upper bound for the OSCM-2, we present
Algorithm 2| that given a request selects the slot which minimizes the total
number of crossings — including crossings between edges and propagation
arrows —among all available slots.

Note that analyzing an algorithm in this setting is not completely trivial.
Our approach is to show that the types of crossings between two requests
produced by our algorithm are “good-natured”. Specifically, we look at
pairs of requests for which the crossings can be avoided entirely if they are
appropriately ordered, i.e., 3-0 or 4-0 crossings as depicted in Figure
(c) and (e) respectively. This type of crossing is then either not produced by
Algorithm 2 or we can show that a number of unavoidable crossings is nec-
essary to produce this configuration. With this, we can then upper bound
the competitive ratio. Note that this relatively rough estimate is most likely
an overestimation of the actual competitive ratio of the algorithm, but even
such an estimate already requires a deep structural analysis.
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First, we present some lemmata outlining some relevant structural prop-
erties of assignments made by Algorithm [2, then we consider each type of
critical crossing, 4-0 crossings and then 3-0 crossings and finally we show
that the competitive ratio is still bounded when these types of crossings

appear.

2.5.1 Structural Properties

To start the analysis of Algorithm[2we first make a few observations on the
changes of the propagation arrows after a request is satisfied.

Consider a request {x1, x2 }, which is assigned to slot s, by some algo-
rithm. Before this request arrived, there were two propagation arrows from
vertices y; and y, going to slot s, (note that it is possible that y; = y»). After
the request is assigned to s, the propagation arrows pointing to s, have to
be shifted, because the slot is not available anymore. Simultaneously, one
propagation arrow of each x; and x, disappears as the request is satisfied.
The remaining propagation arrows have to reflect this movement out of s
and into the two empty positions left by x; and x,, and they do so in the
following way.

Observation 1. Let R = {x1, x2} be a request assigned to slot sy. And let y; <
Y2 be the vertices (or vertex) whose propagation arrows point to sy before this
request arrived. Only propagation arrows connected to nodes between the leftmost
vertex of x1 and yy and the rightmost vertex of xo and y, will be shifted.

Observe that there are no propagation arrows connected to vertices be-
tween y; and yp, since these would be connected to slots other than s,
and produce crossings between propagation arrows, which is impossible
by definition. Figure [2.8|demonstrates this observation.

Proof. Let t be the number of propagation arrows attached to vertices in the
interval between the leftmost vertex of x; and y; and the rightmost vertex
of x; and y, before R is assigned to s,. After the placement, the number of

5j 5
Uiy Ok, Uk, Ui, Uiy Uk, Ok, Vi,

Figure 2.8: Schematic diagram showing how propagation arrows shift after
a placement.
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S1 S S1 Sy 53 S1 S2

(%] U3 U4 01 U2 U3 (24 01 U2 U3 U4
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Figure 2.9: Types of crossings avoided by Algorithm [2| as mentioned in
Lemmal[2] The propagation arrows are drawn in blue and the edges already
present in the graph are drawn in black.

propagation arrows in x; and x; is reduced by 1. The number of slots that
require two arrows has been reduced by 1 in s,. If t = 2, then x; = yy,
X2 = Yz and the interval has no remaining propagation arrows, after R is
placed. Otherwise, each available slot has to be matched to each available
vertex and no additional propagation arrows from outside the interval are
required because the placement of R removes two propagation arrows and
one slot. O

While Observation (1]is not specific to Algorithm [2, we can use it in the
subsequent proofs. We continue with a lemma that allows us to shorten
many case distinctions in the following proofs.

Lemma 2. There is no instance such that after some request two propagation ar-
rows connected to a slot sy cross both edges adjacent to a satisfied slot s; when
using Algorithm

Alternatively, the situations depicted in Figure [2.9 will never occur if
one uses Algorithm[2|

Proof. We prove the lemma by contradiction and assume that after Algo-
rithm 2| satisfied some arbitrary request Ry = {x1, x2} there are two prop-
agation arrows crossing edges (v3,s2) and (vs, sp). Figure 2.9 shows three
different situations how these crossings can occur: (a) Either both propa-
gation arrows are connected to a single node v, < v3 that cross the edges
of s1, (b) there is a propagation arrow from two nodes v; < v, crossing the
nodes of s; to a slot s, with s; < s and another edge from v; to a slot s3
with s < sy < s3 or (c) there are the edges of (b) without the additional
edge (v2,s3). Cases (a) and (b) are very similar, but in case (a) both propa-
gation arrows from v, go to the same slot, whereas in case (b) they are split
between s, and s3. In case (c) the vertex v, is already assigned an edge,
thus it only has one remaining propagation arrow. We ignore this already
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Figure 2.10: Possible configuration before the request Ry is added and the
propagation arrows are shifted to s,. The propagation arrows are drawn in
blue and the edges already present in the graph are drawn in black.

present edge, as its precise nature makes no difference for the following
argumentation.

We assume that the propagation arrows from v, (and possibly v;) are
the first ones that cross the edges of s as described in the lemma after re-
quest Ry has been satisfied. It is possible that there are vertices between v,
and v, or between v, and v3. However, if these vertices exist, they cannot
have propagation arrows. Otherwise, v, (and possibly v1) would not be
responsible for the first two propagation arrows that cross s;, but the prop-
agation arrows of these other nodes. We look at the first request R, whose
assignment results in such a structure and how the graph looked like before
serving Ry.

Note that every slot has two propagation arrows pointing to it and after
assigning a request to this slot, the propagation arrows pointing to that slot
move to a neighboring free slot. Thus, there are four different configura-
tions possible before the request R, is satisfied, presented in Figure [2.10}
(a) Both arrows are connected to a single node v, < v3 and a slot sy < sy,
(b) the two arrows are from different nodes v, and v; and are connected to
a slot sy < s1, (c) both arrows are connected to v, one of them pointing to
so and one to s; with sy < s; < s (d) the two arrows are from different
nodes v; and vy, one of them points to sp and one to s, with sy < 51 < s».

We know also by using Observation [1] that the assignment of R, will
only shift the propagation arrows around s; if these arrows are part of the
affected interval between the vertices of Ry, and the propagation arrows
pointing to the slot assigned to Ry.

Cases (a) and (b) have no previous arrows crossing with edges of s,
thus, they require that two propagation arrows are shifted to the right-hand
side. As we saw in Observation[I} this can only happen if R, is assigned to
so or to the left hand side of it and the vertices x; and x; are both to the right
of v,. The propagation arrows of x; and x, pointed previously to a slot to
the right of s, thus, assigning Ry to sp will result in the two propagation
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Figure 2.11: Comparing the crossings of assigning Ry to the left or right
hand side of s; for the cases (a) and (b) from Figure The propagation
arrows are blue, already present edges are black and the newly introduced
edges, adjacent to the recently fulfilled request Ry, are red.

50 51

U2 U3

arrows previously pointing to sy shifting to the right to fill up the slots left
by the missing propagation arrows of x; and x,. These gaps are filled from
the left hand side, which results in the two crossing propagation arrows
shown in Figure

Assume that Algorithm [} given case 2.10[a) or (b) and a request Ry
with v; < x1 < xp, assigns R, to a free slot to the left-hand side of s;.
Figure shows that assigning R, further to the right results in fewer
crossings, which is a contradiction to the procedure of the algorithm itself.
If the vertices x1 and x, do not coincide with v3 and vy, they are even further
to the right-hand side. If this is the case, we get even more crossings if Ry
is assigned to the left-hand side of s;.

For the cases (c) and (d) from Figure only one propagation arrow
needs to be pushed to the right-hand side. Thus, without loss of generality
only x, has to be to the right-hand side of v, and the position of x; is ar-
bitrary. Either x; is a vertex to the left-hand side of v; (it is even possible
that x; = v1) or it is to the right. The latter case is equivalent to the cases
(a) and (b) in the sense that two more propagation arrows will cross over s1
and a placement to the right of s; will result in fewer crossings as we saw
in Figure 2.11]

In the first case x; is to the left of v, and we push only one more prop-
agation arrow to the right-hand side of s;. Figure shows that choosing
the position s, to the right of s; results in fewer crossings. Just as with cases
(a) and (b) we can assume that x; is the leftmost possible vertex to the right
of v; and otherwise the number of avoided crossings with the placement to
the left of s; only grows.

Thus, Algorithm wﬂl not place a request such that two edges of a slot
are crossed by two propagation arrows. O

Lemma 2| forbids specific configurations of the propagation arrows dur-
ing the course of applying Algorithm [2|to a request sequence. The follow-
ing lemma uses a counting argument to guarantee that a specific request
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Figure 2.12: Comparing the crossings for assigning Ry to the left or right-
hand side of s1, for the cases (c) and (d) from Figure The propagation
arrows are blue, already present edges are black and the newly introduced
edges, adjacent to Ry, are red.

between two (far apart) vertices must eventually appear in a specific set-
ting. Such requests (from vertices that are far apart) always guarantee the
appearance of unavoidable crossings as depicted in Figure[2.5/(f). The ap-
pearance of such requests guarantees in later proofs the existence of such
unavoidable crossings, which can be counted in a way that bounds the
competitive ratio.

Lemma 3. Let there be two requests {x1,x2} and {y1,y2} that are assigned to
slots sy and s, with x; < xa < y1 < y2 and no free slot between s, and sy. If
there are two neighboring vertices u,v, with xo < u < v < yy and propagation
arrows pointing to two different slots s, s,, with s; < sy < s, < s, and the
request {u, v} appears, then there must be a future request {a, b}, with a < xp
and y1 < b, which unavoidably crosses all edges of u and v. This future request
{a, b} is denoted as a housing request.

Figure depicts the situation described in the statement of Lemma

Proof. Our proof is a simple counting argument. The request {u,v} re-
moves two propagation arrows. One points to the left of the filled block
between s, and s, and the other points to its right. Depending on its place-
ment the request pushes one propagation arrow from one side of the satis-
fied block between s, and s, to the other.

Without loss of generality we assume that {u,v} is placed on s;. The
second propagation arrow pointing to s; comes from x; (if u # xp) or a ver-
tex even further left. It is not possible that it comes from a vertex between
xp and v due to Lemma 2 When the request {u, v} is placed, it pushes
this second propagation arrow to the slot s,. This propagation arrow rep-
resents a mismatch between open slots and remaining edges. The number
of remaining edges to the left of u and to the right of v is odd, but the slots
always consume two of these remaining edges. This has to be compensated
by some request {a,b} that is placed right of s,, where a is to the left hand
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Figure 2.13: Sketch of the situation described in the statement of Lemma

side of u and b is to the right-hand side of v. This request crosses all edges
of u and v. O

Where Lemmas 2| and 3| are applicable for specific configurations, the
following lemma provides a tool giving a set of edges or propagation ar-
rows which are necessary to make a local configuration (e.g., a crossing of
two requests) feasible in the context of the remaining graph.

Lemma 4. For every edge or propagation arrow, starting at a vertex v; of V and
pointing to a slot s; with i < j (analogously j < i), there is one edge or propagation
arrow pointing from a vertex vy to a slot s; withi < kand | < i (analogously k < i
and i <1).

Proof. We use a simple handshake argument and count the already present
edges and the propagation arrows in the graph to prove the statement.

At first, we separate the vertices into four sets as depicted in Figure[2.14]
The set A contains the vertex s; and all vertices from S that are to the left-
hand side of s;. The set B contains the vertices from S that are to the right-
hand side of s;. The set C contains the vertex v; and all vertices from V that
are to the left-hand side of v;. The last set, called D, contains the vertices
from V that are to the right-hand side of v;.

The vertices in the set A have two incident edges or two incident prop-
agation arrows. These edges or propagation arrows start at a vertex in C or

A B
51 5j
O O
O O
(% Uk

C D

Figure 2.14: Depending on the vertex v;, the vertices are split into four sets,
A,B,Cand D.
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in D. We denote the set of edges that connect a vertex from A with a vertex
from C as Esc. Analogously, we define the edge set E4p. We also split the
propagation arrows starting at the vertices from V and ending at a vertex
in A, into two sets P4c and P4p. We observe that

2|A‘ = Eac+ Eap + Pac + Pap (2.1)

must always be true.
Additionally, the sum of the edges and propagation arrows starting at
a vertex in C must be 2i. More formally,

2i = Eac 4+ Egc + Pac + Ppe - (2.2)

The number of vertices in the set A must be 7, because we choose the vertex
v; at position i as a reference point to define the set A. Thus, we can combine

Equation (2.1) and Equation (2.2) to obtain
0 = Eap + Pap — Epc — Ppc .

Note that, since propagation arrows never cross each other, either P4p
or Ppc is empty (it is also possible that both are empty). Thus, every edge
or propagation arrow crossing from one side to the other is compensated
by an edge crossing into the other direction. O

With our structural properties and observations regarding the propaga-
tion arrows we can now start to analyze the critical crossings depicted in
Figure[2.5|(e) and (c). These crossings are critical in the sense that they con-
tain only avoidable crossings and no unavoidable ones. So, they decrease
the performance of our algorithm and do not guarantee a constant com-
petitive ratio like the other crossings depicted in Figure [2.5|which have at
least one unavoidable crossing. In the following sections we overcome this
problem by showing that for each of these critical crossings there must exist
some other request that unavoidably crosses one of the requests involved
in the critical crossing.

2.5.2 The 4-0 Crossings

Recall that due to Lemma (1| the optimal solution for a 2-regular instance
of the online OSCM-2 problem consists on minimizing crossings between
every pair of requests. Thus, we can look at a pair of requests and ex-
haustively classify them as depicted in Figure and then analyze the
competitive ratio of an algorithm depending on how many of these types
of crossings appear. In particular, if no 3-0 crossings (Figure 2.5(c)) or 4-
0 crossings (Figure [2.5(e)) were produced by an algorithm, the algorithm
would be 3-competitive at worst, as any sub-optimal placement would be
trivially compensated by at least one unavoidable crossing. Thus, in order
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Figure 2.15: A 4-0 crossing with a slot in between. These types of crossings
are forbidden by Lemma

to analyze the competitive ratio of Algorithm[2} we only have to look at 3-0
and 4-0 crossings.

Using Lemma 2| we can now prove that Algorithm [2) will not make too
many mistakes when producing 4-0 crossings. First we prove that Algo-
rithm [2| will never produce 4-0 crossings with gaps, i.e., unsatisfied slots
between the 2 slots generating the 4-0 crossing as depicted for instance in

Figure

Lemma 5. Algorithm[2|never generates 4-0 crossings with gaps in between. More
precisely, for each pair s;, s; with i < j assigned by Algorithm 2| that generate a
4-0 crossing, every sy with i < k < j is already taken.

Proof. Let us assume that there are no 4-0 crossings with gaps in the graph.
We prove this lemma by means of a contradiction.

Let {v1,v2} be the request assigned to slot s; by Algorithm[2} and a new
request R = {v3,v4} is made where v; < v, < v3 < v4 without loss of
generality.

Let s; be a slot to the left of s; with the smallest crossing values for R
and let s be the leftmost empty slot between s; and s;.

5j Sk Si 5j Sk Si

% %
o O O O O O

U1 (%) e U3 V4 U1 (%) e U3 V4

Figure 2.16: Counting crossings in a 4-0 crossing with a gap in Lemma
Only edges like the one depicted in red will make a placement in s; more
favorable than a placement in s;. However for every red edge a green edge
must exist or the graph would not be free of 4-0 crossings.
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Figure 2.17: At most one propagation arrow crosses from the left of v, to si

by Lemma [2] as discussed in the proof of Lemma

The only crossings that would make a placement in s; more unfavor-
able than a placement in s; are edges coming from the right of v4 to a slot
between s; and sy as depicted in the left of Figure[2.16] There cannot be any
propagation arrows of this kind as we assume that all the slots between s;
and s; are full.

For any edge coming from a vertex vy, to the right of v, into slot s; with
j < t < k there must be another edge coming from a vertex vy, to the left
of (or directly from) the vertex v;. Otherwise we would have a 4-0 crossing
with an empty slot, namely v; < v, < v;, < v, and the slots s; < 5, <
s;, which would be a contradiction to the assumption that this is the first
occurrence, as depicted in Pigure This means that v;, < v,. However,
in this case the edge v;, generates crossings only for the assignment of R
to s; and not for the assignment to s;, which means that for every crossing
counting for sy there is at least one crossing counting for s;.

Finally we are only left with counting the crossings for the propagation
arrows going to s; with the placing in s and vice-versa as depicted in the
three drawings of Figure

Before we assign the request {v3,v4}, we know that due to Lemma
only one propagation arrow can cross from the left of (or directly from)
03 to the slot s;. Thus, when assigning the request to the slot s; there are
no extra crossings for the propagation arrows going to s;. However, if we
assign the request to slot s;, the propagation arrows assigned to s; will now
be transferred to s; as we saw in Observation T} creating four new crossings
between these propagation arrows and the new edges. We have just seen
that the placement in s; generates more crossings than the placement in s
which contradicts our assumption that s; has the smallest crossing values.

t

Next we prove that Algorithm[2only generates 4-0 crossings when they
are forced or in a very specific configuration. We do so with two different
lemmas. If we have a request for a pair of vertices, such that every available
slot generates at least one 4-0 crossing, we call this crossing a forced 4-
0 crossing. Observe that it is possible that more than one 4-0 crossing is
forced by the same request (see Figure [2.18).
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Figure 2.18: More than one 4-0 crossing might be forced by the same request

Lemma 6. If Algorithm |2|is used, for every forced 4-0 crossing there is at least
one uniquely identifiable and unavoidable crossing.

Proof. We will prove this using Lemma 3| If a request {v;,v;} arrives in
time step t and every possible placement generates a 4-0 crossing, the prop-
agation arrows of v; and v, must point to two different slots before the re-
quest is served due to Lemma We assume v7 < v, and call the slot on the
left-hand side s, and the other one s,, as sketched in Figure

We denote the set of edges, which are crossed by the request {v1,v2}
when it is placed in s;, with L. Analogously, we define the set of crossed
edges R for the slot s,. To be precise, the set L contains the edges (sj, v;)
with sy <'s; < s, and v; < v (see Figure . Our algorithm will always
choose the slot which results in the least amount of crossings. Therefore,
if our algorithm chooses (without loss of generality) the slot s, we know
that positioning the request in slot s, results in at least the same number
of crossings. It follows that |L| < |R| (or |L| < |R|+ 1 if the other edge
connected to v is placed between s, and s, but the edge connected to v; is
not).

Since we are in the situation of a forced 4-0 crossing, there are at least
two edges in each set L and R that belong to the same request. We look at

Figure 2.19: The set of edges L is dashed, and the set of edges R is dotted.
The request {v1,v,} will generate two crossings per dashed edge if posi-
tioned in s, and two crossings per dotted edge respectively if positioned
in s,. There is one unavoidable crossing for the edges going to vertices
between v; and v, no matter the positioning.
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the pair of edges (s;, v;,) and (s;, v;,) in L, with v; < v;, with the smallest
possible v;,, respectively the pair of edges (s;, v;,) and (s;,v},) in R, with
v;, < vj, and the largest possible v;,. Applying Lemma 3 it follows that
there will be a future request between at least v;, and v;,, meaning that a
future housing request will cross at least one of the edges —in L and R re-
spectively — of every pair generating a 4-0 crossing except at most one. Ob-
serve that due to Lemma 2| there cannot be any available edge slot between
v;, and v;; other than v; and v;, which will matter later in the proof.

Note that every request where only one edge is in L (or R) unavoid-
ably crosses the request {v1, v} anyway. Thus, at least ‘zﬂ + @(—1—1) edges
are unavoidably crossed after the request in Lemma |3, In this case, the
unavoidable crossing between the housing request and v; and v, compen-
sate for the potentially missing crossings with the edges from v;, and v;,.
In other words, for every slot between sy and s, there is at least one edge
which is unavoidably crossed, apart from the aforementioned exceptions.

The request {v1,v2} crosses all edgesin L twice if it is placed in s,. Thus,
the number of avoidable crossings is 2|L|, which is at most twice as large

as the number of unavoidable crossings %' + @ (+1) > |L|.

The argument above works if there is only one forced 4-0 crossing for a
set of requests before the housing request from Lemma [3|appears. In the fol-
lowing we discuss why we can assign a uniquely identifiable unavoidable
crossing for each set of potentially overlapping forced 4-0 crossings. Over-
lapping 4-0 crossings appear when both involved requests in a 4-0 crossing
are again completely crossed by another third request (see Figure [2.20).

We call the request that generates the first forced 4-0 crossing after its
placement {vq,v2}. The algorithm had the decision to place it in the left
slot sy, crossing |L| edges, or in the right slot s,, crossing |R| edges.

Without loss of generality assume that the request {v;,v,} was placed
in sy. In order to have an overlapping 4-0 request, we assume that the
request of the second forced 4-0 crossing {v3, v4} is to the left of the request
{v1,v2}. Because this request is also a forced 4-0 crossing, it can be placed in

Figure 2.20: Two sets of 4-0 crossings overlap each other before a housing
request appears. The first one is drawn with a dotted pair of edges and the
second one is dashed. This particular scenario is not completely realistic
for Algorithm [2]but could happen if the overall graph is larger.



28 CHAPTER 2. ONLINE CROSSING MINIMIZATION

01 U2 Uy 01 U2 uz

Figure 2.21: If there is no available slot without a 4-0 crossing the propa-
gation arrows point to different sides and a request 11, u» must eventually
exist.

a slot to the left s’Z < syoraslot to theright s, > s,. The slots must be further
left (respectively, further right) because when the request {v1,v2} arrives,
all of the other vertices between v;, and v;, must be filled (as we already
argued), thus v3 and vy are to the left of v;,. Combined with the assumption
that the second 4-0 crossing is forced, we get the restricted position for v
and vy.
Analogous to the previous case, let L’ be the set of edges (v,s) with
v < vzands, < s < s, and let R’ be the set of edges (v,s) with v > v4 and
sy < s < s,. Note that the edges of the first 4-0 request are now part of R’
As already explained above, if the algorithm decides to place the request in
s}, this implies that |R’| < |L'|(+1) holds. Moreover, |R'| > ‘Zﬂ + |L| holds
because v4 < v;,, which by definition means that half of the edges of R are
to the right of v4 and thus part of R’. Applying Lemma [3|again, it follows
that there will be a future request that unavoidably crosses at least
L]

— (F) +

IR IR IR IR IR IL
>l B Ll I
2~ 2 + 2 7 2 + 4 + 2
edges. The number of avoidable crossings is 2|L| +2|R’| < |L| + |R| +
2|R’|, which if divided by 4 for each possible 4-0 crossing, means that

LI IRI, IRT R IRI L

4 4 2 — 2 4 2
Thus, for each of the avoidable 4-0 crossings we have at least one uniquely
identifiable unavoidable crossing. Observe that we can iterate this argu-
ment for every possible overlapping 4-0 crossing. Moreover, if in the sec-
ond case the request {v3,v4} was placed in s, the analogous counting ar-
gument still holds. O

We just proved that forced 4-0 crossings imply one additional unavoid-
able crossing when using Algorithm 2| This means that we can consider
4-0 crossings as if they were 5-1 crossings instead. However, this is insuf-
ficient, there can be 4-0 crossings produced by Algorithm 2| that are not
forced. In the following lemma we prove that non-forced 4-0 crossings are
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Figure 2.22: If there is more than one slot positioned like the red ones (be-
tween the slots s; and s, with one vertex between v; and v4, and one to the
right of vy each), Algorithm [ may choose slot s; generating a 4-0 crossing.

only produced by Algorithm [2in a very specific configuration. Then we
will proceed to look at the number of uniquely identifiable unavoidable
crossings of that configuration.

Lemma 7. Let there be an instance and the responses of our algorithm up to some
time step i result in a graph, whose 4-0 crossings have either been forced (Fig-
ure |2.21) or were served because any alternative placement would result in two
3-1 crossings as sketched in Figure If there is a request in time step i with
an available slot, which will not generate any 4-0 crossings, it will be selected by
Algorithm 2| over any slot which will generate a 4-0 crossing, unless there are two
additional requests resulting in two 3-1 crossings for the alternative placement as

depicted in Figure

Proof. Assume we have a graph in which any appearing 4-0 crossings are
in the configurations of Figures and Let {v1,v2} be a request
assigned to slot s;. Let {v3,v4} be a new request with v, < v3 without
loss of generality. The new request can be assigned to a slot s to the right
of s; without generating new 4-0 crossings or to a slot s; to the left of s; as
depicted in the first drawing of Figure[2.23] We can assume due to Lemmal5]
that s; is the rightmost available slot after s;.

As we did in Lemma 5} we first count edge crossings and then the prop-
agation arrow crossings.

In order to do so, we divide the relevant slots into two subsets. The
subset X contains the slots between s; and s;. Recall that all the slots in this
area are filled. The subset Y contains the slots between s; and s;, which are
all filled as well. We also divide the vertices into three subsets. Any vertex
to the left of v3 belongs to subset A. Vertices between v3 and v, belong to
subset B and vertices to the right of v4 belong to subset C. This division is
depicted in Figure

Only edges to slots in X or Y will generate crossings that count solely
for one of the two placements. In particular any edge from C to X or Y will
generate two additional crossings for the placement in s, with respect to
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Figure 2.23: We have two possible placements for the request {vs, v4}. Red
edges contribute extra crossings to the placement in s; and green edges
contribute extra crossings to the placement in s;. If a slot in Y has both
endpoints in C, it is a forced 4-0 crossing, but having one endpoint in B is
possible.

the placement in s;. These edges are depicted in red in the second drawing
of Figure On the other hand, any edge from A to a slotin X or Y gen-
erates two additional crossings for the placement in s; with respect to the
placement in s;. Those edges are depicted in green in the second drawing
of Figure Finally, the edges from B to X or Y are neutral with respect
to both placements. This means that we only need to analyze previously
placed requests in X or Y with one endpoint in C, as these are the only ones
that will make a placement in s; more likely with respect to a placement in
S -

We now analyze all possible requests in X with at least one endpoint in
C. Recall that we assume that there is always a slot that does not force a
4-0 crossing, thus there cannot be a pair of edges from C connected to the
same slot in X or Y. On the other hand, if a pair of edges from C and B
respectively go to a slot X (we call this request CXB), we have a previous
4-0 crossing in the graph. Consequently, we distinguish two cases: Either
the request s; or the request CXB generated a 4-0 crossing.

If the placement in s; generated the 4-0 crossing, we argue that there
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Figure 2.24: If we have a request placed in X with one endpoint in C and
onein B, a 4-0 request was already present in the graph. This means that we
had a situation like Figure already with respect to that placement, and
we either have a situation like Figure with respect to v3 and v4 as well
(left picture) or we have a forced 4-0 crossing (right picture), contradicting
the assumption of Lemma(7]

was a situation comparable to Figure If the 4-0 crossing was forced
when s; was placed, there must have been a request to the right of v1, and it
was satisfied by a slot in X, but between this request and CXB there were at
least 3 propagation arrows, in particular from v1, v, and v3, so this situation
is forbidden by Lemmal[2] If there was a situation as in Figure[2.23|involving
the request CXB and vy, v, there must be two requests between v; and v,
that are in region A and are satisfied in the region of X. These two requests
will completely counteract the crossing contributions of the request CXB.

If the request CXB generated the 4-0 crossing, it also could not have
been forced, as the propagation arrow from vy is between the two prop-
agation arrows of the request and it also generates a situation forbidden
by Lemma 2] Thus there must have been a situation like in Figure in-
volving the request CXB. In this case, as depicted in Figure the two
requests contributing to the situation in Figure[2.22]will already be present.

Finally, if a request has one endpoint in C and one in 4, it follows that
their crossings for the placements in s; and s; compensate.

We thus only consider slots in Y with at least one endpoint in C. If a
slot in Y with one endpoint in C has the other endpoint in A, the number
of edge crossings will be higher for the placement in s; already. Moreover,
there cannot be a slot in Y with two edges directed to C, as in the case
for slots in X, this would contradict the assumption that we are not in the
case of a forced 4-0 crossing, as depicted with two red edges in the third
drawing of Figure We are left with only one case: There is a fulfilled
request in Y with a vertex in B and a vertex in C, as depicted in the fourth
drawing of Figure This type of request generates two extra crossings
for the placement in s; with respect to the placement in s;. This is still not



32 CHAPTER 2. ONLINE CROSSING MINIMIZATION

X Y X Y X Y
5](_/HS,' Sk 5jr/RS,‘ Sk s7_/H5i Sk
m m m@
U1 U2 77 U3 U4 U1 U2 7T U3 U4 U1 U2 7T U3 U4
—_— N Y~ ——— =
A B C A B C A B C

Figure 2.25: Only one propagation arrow might cross s; due to Lemma

a problem if there is only one such request, as these crossings would still
be offset by the 4 extra crossings of the placement in s;. Moreover, if there
is more than one such request we have the case of Figure where a 4-0
crossing is allowed.

Finally, we are left with counting the propagation arrow crossings. As
depicted in Figure the rightmost placement of the propagation arrows
has the arrow from v3 pointing to s; and only the leftmost arrow from C
pointing to si. In the second and third pictures we see what happens to
these arrows after a possible s; and s; placement. The number of crossings
due to the propagation arrows stays the same. If the propagation arrows
were further left, the number of crossings in the 4-0 placement could only
increase, and the number of crossings for the s placement could only de-
crease. This means that if there is at most one slot in Y with an endpoint in
B and an endpoint in C, a placement in s is preferred. O

We now prove that the 4-0 crossings described in Lemma [7| also have
uniquely identifiable unavoidable crossings, just as we did in Lemma [f| for
the forced 4-0 crossings.

Lemma 8. Any 4-0 crossing incurred by Algorithm |2\ has two uniquely identifi-
able unavoidable crossings, because any alternative placement would result in two
3-1 crossings as sketched in Figure[2.22]

Proof. Observe that if we only consider the crossings generated by the place-
ment of the request generating the 4-0 crossings, we do not risk double
counting unavoidable crossings. In a configuration like that depicted in
Figure where Algorithm [] generates a 4-0 crossing, an optimal al-
gorithm can place the same requests as depicted on the right side of Fig-
ure The placement of the new request with a 4-0 crossing by Algo-
rithm [2] has 6 crossings with previously placed requests (Figure left),
while the optimal placement for this request has only 2 crossings with pre-
viously placed requests (Figure right). These crossings are unavoid-
able. O
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Figure 2.26: Algorithm [2] has generated a 4-0 crossing. We also depict the
optimal configuration for such a situation

Using Lemmas|6]and [§) we can finally conclude that any 4-0 crossings
incurred by Algorithm [2| have at least one unavoidable crossing, which
leads us to the following theorem.

Theorem 3. Forced and non-forced 4-0 crossings incurred by Algorithm |2| have
at least one unavoidable crossing.

2.5.3 The 3-0 Crossings

It remains to prove that Algorithm [2| only generates a 3-0 crossing — de-
picted in Figure (c) — if there is at least one unavoidable crossing for
one of the two requests that are responsible for the 3-0 crossing. In general
the proofs use a case distinction in a way similar to the proofs from the
previous section handling the 4-0 crossings.

As in the 4-0 case, we start by proving that Algorithm [2lnever produces
a 3-0 crossing with a gap.

Lemma 9. Algorithm[2never generates 3-0 crossings with gaps in between. More
precisely, for each pair s;, s; assigned by Algorithm 2| with j < i that generate a
3-0 crossing, every slot sy with j < k < i is already full.

Proof. Let us assume that v; and v; is the pair of vertices adjacent to a filled
slot s;. Let v, and v3 be a pair of vertices from a new request, with v; <
vy < v3. If Algorithmcreates a 3-0 crossing between the requests {v1, v2 }
and {v2,v3}, it places the second request in a slot s; with s; < s;.

We can assume that s; is the rightmost available slot to the left of s;,
due to the following observations. If there exists a slot s; between s jand s;,
we observe that the propagation arrow of v; cannot point to s;, when the
request {vz, 03} arrives, because then the two propagation arrows pointing
to sg have to start at vertices to the right of v, and cross the edges of the
request {v1,v2} which violates Lemma 2| This means that the propagation
arrow of v, must point to s or to a slot to the right of s;. However, when
the request {v;,v3} is placed in s;, it pushes the propagation arrows that
pointed to s;, which must come from vertices to the left of v, to a slot to
the right of s;, in this case s}, crossing the edges of the newly placed request
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and violating Lemma [2/again. Thus, s; must be the rightmost available slot
to the left of s;. O

In the following lemma we explore the situation that the 3-0 crossing
happens on the edge of the graph, that is, a placement on any remaining
slot causes a 3-0 crossing.

Lemma 10. Let there be two requests {v1,v2} and {va, v3} with v1 < vy < vs.
Assume without loss of generality that Algorithm 2] creates a 3-0 crossing between
these requests, with the first request for vertices {v1, v} being placed in slot s; and
during the placement of the second request there is no available slot s, > s;. Then
there is at least one uniquely identifiable unavoidable crossing with the request

{7)2,03}.

Proof. Let us assume that v; and v; is the pair of vertices adjacent to a filled
slot s;. Let v, and v3 be a pair of vertices from a new request, with v; <
vy < v3. If Algorithm [2|creates a 3-0 crossing between the requests {v1, 02}
and {vy,v3}, it places the second request in a slot s; with s; < s;. Recall that
due to Lemma @ s; must be the rightmost available slot to the left of s;.

If there is no free slot s; with s > s;, then all slots to the right of s; are
filled. Moreover the propagation arrows from v, and v3 are the two right-
most propagation arrows and both point to s; when the request {v,,v3}
arrives. Let the number of satisfied slots to the right of s; be t and the num-
ber of vertices that are to the right of v; be b. If the number of satisfied slots
is larger than the number of vertices on the bottom line (t > b), there are
at least two edges from vertices that are to the left of v, pointing to satis-
fied slots that are to the right of s;. It is not possible that a satisfied slot
to the right of sj is adjacent to two vertices that are to the left of v, due
to Lemma |2} because the propagation arrows of v; and v3 would cross it.
Thus, the second adjacent vertex must be to the right of v,, resulting in at
least one unavoidable crossing for the request {vp, v3}. If t+ < b, the slot
sj is above the vertex v or to the right of it. In this case, the edge {v1,si}
must be compensated for by an edge that starts to the right of v; and points
to a slot to the left of s;. It is not possible that the second edge of this slot
also comes from a vertex to the right of v, (see Lemma E]) Thus, when no
slot sy exists, there must exist an edge that unavoidably crosses the request
{Uz ,03 } . O

What remains is an exhaustive case distinction analogous to the analy-
sis done for the 4-0 crossings.

Theorem 4. If Algorithm 2| creates a 3-0 crossing between two requests {v1, vy}
and {va,v3}, there is at least one uniquely identifiable unavoidable crossing for at
least one of the two requests.
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Proof. Let us assume that v1 and v, is the pair of vertices adjacent to a filled
slot s;. Let v and v3 be a pair of vertices from a new request, with v; <
vy < v3. If Algorithm 2 creates a 3-0 crossing between the requests {v1,v,}
and {vy,v3}, it places the second request in a slot s; with s; < s;. Recall
that due to Lemma @ s; must be the rightmost available slot to the left of
s;. Moreover, the case where there is no available slot s; < s is already
covered by Lemma

Thus, in the following we assume our algorithm can choose between the
slot s;, resulting in a 3-0 crossing, and the slot s, which does not generate
a 3-0 crossing (s; < s; < si). This situation is depicted in Figure (a).
We look at the cases where Algorithm 2| prefers a placement on s;. In the
following we investigate which edges must exist to make the slot s; more
preferable.

To count the crossings we divide the relevant slots into two subsets. The
subset X contains the slots between s; and s; and the subset Y contains the
slots between s; and s;. We do not need to consider the area to the left of
s; or to the right of s;, because the number of crossings with edges incident
to a slot in one of these areas is independent of the position of the request
{vp,v3}. We also divide the vertices on the bottom line into three different
subsets. The vertices to the left of v, form the set A. The vertices between
v; and v3 are in the set B and the vertex v3 and all vertices to its right form
the set C.

Figure (b) shows which edges or propagation arrows cross the new
request only if placed in the slot s; (in green) and the ones that cross the
new request only if placed in slot s; (in red). An edge that is incident to a
vertex between v, and v3 (area B) does not favor a particular slot, because
it crosses the request {v, v3} once, independent of its placement.

There must be edges or propagation arrows in our graph such that,
avoiding the 3-0 crossing results in at least three crossings in order to make
a placement in s; favorable. Thus, requests like in Figure (c) or (d) must
be present in our graph in order to make the 3-0 crossing a feasible choice.

However, if a vertex between v, and v3 exists (area B is not empty), its
edges unavoidably cross the request {v,, v3} two times, fulfilling the state-
ment of our lemma. Thus, we can assume that there is no vertex between
vy and v3. Therefore, the edges that make the 3-0 crossing more favorable
must be incident to vertices from C. The corresponding slot for these edges
can be either in X or Y.

We start with the case that there is a filled slot s, € X with both edges
incident to the set C and analyze it in more detail. Assume that the request
{v2,v3} arrives in the time step t. Thus, at the end of time step + — 1 the
slots s; and s, are filled. If the propagation arrows of v; and v3 point to two
different slots (s; and s), we can apply Lemma and know that eventually
there will be two unavoidable crossings between the request {v,,v3} and
the overarching request. To see this more clearly, we point out explicitly
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A @) B C

Figure 2.27: We have two possible placements for the request {v, v3}. Red
edges contribute extra crossings to the placement in s; and green edges
contribute extra crossings to the placement in s;. The blue edges cross with
one edge of the request independent of its placement.

how we can apply Lemma [3; The request {v;,v3} is the request {u, v},
the free slots s; and sy are the slots s; and s,, the filled slots s; and s, € X
correspond to the slots s, and Sy-

If the propagation arrows of v; and v3 point to the same slot, Lemma
prohibits that the propagation arrows point towards si. Therefore, the only
possible configuration at the end of time step t — 1 is that both propagation
arrows already point towards s;. This indicates that the placement of a
previous request from a time step t' < t lead to this situation.

In the following we look at the time step #/, in which the request ar-
rived that pushed the propagation arrows — starting at v; and v3 — to the
slot s; for the last time. Note that the request {v1,v2}, placed in s;, cannot
push the propagation arrows to s;, because positioning it onto s; instead
of s; creates fewer crossings. To be precise, the three crossings between the
propagation arrows of v; and v3 and the edges of the request {v1,v2} canbe
avoided by placing it in s; instead of s;. This means that when the request
{v1,v2} arrived, the propagation arrow configuration must have been dif-
ferent. Thus, the slot s; must be filled and there must be a different request
that is responsible for the last push of the propagation arrows in time step
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t.

Consequently at least one of the propagation arrows of v, and v3 points
to a free slot left of s; or to a free slot right of s; at the beginning of time
step . However, if the propagation arrow of v, points to a free slot left of
s;, there must be another propagation arrow starting to the right of v, that
points to s;. Thus, there are two propagation arrows starting at a vertex
to the right of v, that cross the edges incident to s; violating Lemma
Therefore, the request in time step t' cannot push the propagation arrows
from left to right; it must push the propagation arrows from a free slot to
the right of s; to the left, onto s;. Note that this implies that all of the slots
sy € X are also already filled in time step #/, because otherwise propagation
arrows coming from the right of v, would point to s, € X and cross both
edges incident to s;, violating Lemma [2|again.

To push the propagation arrows to the left, it is necessary that at least
one vertex of the request is to the left of v3. Since there is no vertex between
v, and v3, it must also be to the left of v,. We differentiate between two
cases: The other vertex of this request can be to the left of v, or to the right
of 03.

If the other vertex of the request is also to the left of v,, the propagation
arrows of v, and v3 cross both edges of this request at the end of #/, violat-
ing Lemma [2| If the second vertex is to the right of v3 we have a request
that unavoidably crosses all edges of v, and v3. Thus, for every feasible
configuration for time step ', we have unavoidable crossings.

Now we consider the case that there is a slot s, € Y with two incident
edges to vertices from C and analyze it in more detail. Assume that the
request {vp,v3} arrives in time step f. Thus, at the end of time step t — 1
the slots s; and s, are filled. Again we differentiate between two cases:
Either the propagation arrows of v; and v3 point to different slots, s; and s
respectively, or they point to the same slot.

If they point to different slots, we can apply Lemma 3|just as in the pre-
vious case and know that there will be two unavoidable crossings between
the edges from the request {v,, v3} and the future overarching request.

In the following we assume that the propagation arrows from v, and v3
point to the same slot, s; or s¢. Note if both point to sy, the vertex v3 must
be adjacent to sy, otherwise Lemma is violated. However in this case, the
slots become symmetric. Thus, without loss of generality we look at the
case that both propagation arrows point to s;.

Just as in the previous case, we look at the last time step in which the
propagation arrows are pushed to the slot s; and call it #'. At the start of
time step t/, the request {v1, v, } must already be placed in the slot s;, due to
the same argument as before. Again it is also not possible that the last time
the propagation arrows are pushed is from left to right: If the propagation
arrow of vy points to a slot left of s;, the propagation arrows pointing to s;
start at a vertex to the right of v, and violate Lemma [2| Thus, at least one
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propagation arrow from v3 is pointing to a slot right of s; at the start of ¢'.
To push the propagation arrows to the left, it is necessary that at least one
vertex of the request is to the left of v3. The other vertex can be either to the
left of v or to the right of v3 again.

If the other vertex of the request is also to the left of vy, by the same
argument as before, the propagation arrows of v, and v3 cross both edges
at the end of t/, violating Lemma 2| If the second vertex is to the right of v3
it unavoidably crosses two times with the request {vp, v3}.

Thus, we have finally proven that for every feasible configuration lead-
ing to a 3-0 crossing there must be two unavoidable crossings with the
edges of the request {v;, v3} by the end of the request sequence. O

Theorem |4 shows that 3-0 crossings incurred by Algorithm [2lonly hap-
pen in conjunction with two extra unavoidable crossings with the request
generating the 3-0 crossing. Therefore any 3-0 crossing is in effect a 5-2
crossing. When we assume that the adversary maximizes the number of
these crossings, the ratio between the cost of the solution achieved by our
algorithm and an optimal one would be 2.5.

2.54 The Upper Bound

We can finally put all results together to conclude with an upper bound
for the competitive ratio of Algorithm [2]to solve online slotted OSCM-2 on
2-regular graphs.

Theorem 5. Algorithm [2]solves the online slotted OSCM-2 on 2-regular graphs
with a competitive ratio of at most 5.

Proof. In order to calculate the competitive ratio of Algorithm 2]we simply
compare the optimal placement to the placement chosen by Algorithm
for every pair of requests.

We exhaustively look at possible placements of pairs of requests, as de-
picted in Figure Observe that except for the 3-0 crossings and 4-0 cross-
ings, the remaining request pairs are no worse than 3-competitive regard-
less of the algorithm used. Moreover, Theorem 3| ensures that for every 4-0
crossing incurred by Algorithm [2} there is at least one uniquely identifi-
able unavoidable crossing, meaning that the number of crossings incurred
by Algorithm 2| is 5, but optimally there must be at least 1 unavoidable
crossing. Finally, Theorem [ guarantees that there are also two uniquely
identifiable unavoidable crossings for every occurrence of a 3-0 crossing.
Thus, Algorithm [2]is at most 5-competitive. O
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2.6 Conclusion

We have shown that the general slotted OSCM-k is not competitive for any
k > 2, which led us to analyze the case of the slotted OSCM-k on 2-regular
graphs. On this graph class we have given a construction to prove a lower
bound of 3 on the competitive ratio. Algorithm 2| which utilizes the in-
formation of the remaining space and unavoidable crossings in the graph
in the form of our so-called propagation arrows, was proven to be at most
5-competitive. This was done by limiting the number of total crossings
generated by pairs of requests that do not cross one another in an optimal
solution.

There are several open questions. First, there is still a considerable gap
between the lower and upper bound on the competitive ratio that we have
given. We assume that Algorithm [2| performs better than our analysis sug-
gests and that the upper bound can be made tighter.

While Theorem [I| proves non-competitiveness on general graphs for
any k > 2, the case of regular graphs with degree 3 or higher is still open.
We suggest to further analyze this graph class.
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Chapter 3

Graph Exploration with Advice

Orientation and navigation in an unknown environment are among the
basic tasks for autonomous agents. The environment can be physical or
virtual like a network of computers. To send messages as fast as possible,
it is helpful to know the structure of the network. Thus an explorer can be
used to visit and test the connections for every computer in the network. A
more physical example is the field of robotics. There are many applications
for robots that explore unknown environments on their own [3,57,58]. For
example, exploring caves or abandoned mines is often a dangerous task
and autonomous robots can be used to create maps of such environments.

Since there are many different applications for exploring, there are also
many different models for the environment and for the perception of the
explorer. The survey of Berman [7] gives an overview of navigation prob-
lems and distinguishes the following main properties: The representation
of the environment, the task that should be solved, and the senses of the
agent. The environment can be a geometric space with obstacles [9] or, this
is the case we analyze in this chapter, an abstract and discrete space, where
the explorer can move from one point to a neighboring one, i.e., a graph.
Starting from a vertex our task is to find a shortest path to a target vertex
or to compute a shortest tour that visits every vertex at least once.

3.1 Related Work

The task to compute a shortest tour that visits every vertex at least once is
related to the well-known Traveling Salesman Problem where the task is to
compute the shortest tour that visits every vertex precisely once. Kalyana-
sundaram et al. introduced the graph exploration problem as an online ver-
sion of the TSP [36] with the fixed-graph scenario which defines the senses of
the explorer. In this model, the vertices have unique labels, and the explorer
sees all vertices reachable within one step, their labels and their distances
to the current position and has unlimited capacity to store the gathered in-
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formation. Moving onto a new vertex reveals the adjacent vertices and the
explorer recognizes if a vertex was already reachable from a previous step.

Obviously, not having complete knowledge of the graph beforehand
makes it impossible in general for the explorer to find a tour — a sequence of
vertices in which they can occur multiple times — of optimal length. Thus,
algorithms achieving some provable approximation guarantees have been
investigated. The best known lower bound on the approximation ratio for
exploring general and undirected graphs in the fixed-graph scenario is 1
[8]. For the special case of undirected and weighted graphs with bounded
genus g, an upper bound of 16(1 + 2¢) is known [43]. The case of directed
graphs in the fixed-graph scenario is also well studied [1}28,29]]. In [29], the
authors give tight bounds for deterministic and randomized graph explo-
ration in directed graphs with weighted or unweighted edges. Moreover,
they look at a variation of the problem where the explorer has to search for
a specific vertex in the graph. There are many slight variations of the graph
exploration problem: The memory of the algorithm [19} 30], the number of
explorers in the graph [15](17, 18] or the abilities to set pebbles [6] are well
studied variations.

For a more fine-grained analysis of how much information about the
unknown graph is really needed by the explorer, we look at a variation
of the graph exploration problem, where the algorithm has access to some
information in the form of a bit string, provided by a helpful oracle that
knows the network. The number of bits that the algorithm reads until it
finishes its computation is then called its advice complexity. The first time
that the graph exploration problem was analyzed using the advice com-
plexity model was in [31], where Fraigniaud et al. were able to improve the
classical upper bound of 2 on the competitive ratio for tree exploration by
adding advice. They proved that loglog(D) — ¢ bits of advice suffice for
c-competitiveness, where D is the diameter of the input tree and ¢ < 2.
Moreover, they showed that every algorithm that uses fewer advice bits
has to be at least 2-competitive.

Since then, there have been many results regarding graph searching
problems with advice [20, 39, 34]. The search for a specific vertex in the
graph stands in the focus of research in [39]. The authors present an algo-
rithm that uses ®@(n/ r) bits of advice to obtain a competitive ratio 7, where
n is the number od vertices. In [20], Dobrev et al. look at the trade-off
between advice and competitiveness for the cyclic graph exploration prob-
lem. Moreover, they show that Q)(nlogn) bits of advice are necessary to
optimally explore a weighted undirected graph. Gorain et al. [34] show
bounds for a weaker oracle model, where the oracle does not know the
starting position of the algorithm. Moreover, they show a lower bound
stating that, with O(n) advice bits, the length of the exploration sequence
is Q(n?).
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3.1.1 Overview of Contribution

In this work’s second part, we analyze the cyclic and the non-cyclic graph
exploration problem in three settings. We start with directed graphs and
prove that O(m) bits of advice suffice to compute an optimal solution,
where m is the number of edges. Note that an upper bound of O(nlogn)
advice bits can easily be achieved by sorting the vertices by their first visits
and encoding this order. Encoding the label of one vertex costs log(n) bits
of advice and there are at most n — 1 vertices that are visited for the first
time (the start vertex is always the first vertex that is visited for the first
time). The algorithm then moves the agent from its current position to the
next vertex in the encoded ordering, using the shortest path in the already
explored part of the graph. Such a path always exists, because the oracle
encoded the order of first visits.

A lower bound of Q)(n log 1) advice bits for general graphs was first ob-
served by Kralovic¢ [40]. For the sake of completeness, we include a proof
for directed graphs in Section These (almost) tight bounds motivate
the investigation of special graph classes. We present an improvement over
the general strategy for sparse graphs, i.e., for graphs with o(n log n) edges.
Note that we can assume that m > n — 1, as otherwise the graph would
not be connected, making its exploration impossible. We first focus on the
case where the algorithm has to compute a cyclic tour visiting all vertices
of a directed graph that is unknown and has bounded outdegree. Then,
we show how the problem for unbounded-degree graphs can be solved by
some modification of the algorithm. Since our algorithm relies on the en-
coding of an optimal solution within the given advice and does not take the
edge weights into account, we formulate our results for the more general
case of arbitrary edge weights. We then complement these upper bounds
with a lower bound for the case of bounded degree graphs and the already
mentioned lower bound for general directed graphs.

Afterwards we discuss the graph exploration problem in the context
of undirected graphs. The upper bound of O(nlogn) mentioned above
also works for undirected graphs and matches the lower bound given in
[20]. Thus, we look at degree-bounded graphs again and present a simple
strategy that needs at most (2n — 4) log(k) bits of advice where k bounds
the degree. To complete the analysis we also present an asymptotically
matching lower bound. The results for directed and undirected graphs are
summarized in Table

At the end we also take a look at a different scenario where the algo-
rithm has partial information about the given instance without using ad-
vice. We distinguish between different levels of a priori knowledge and
analyze how much advice is still necessary depending on the amount of
available information.

The remaining chapter is organized as follows. In Section we give
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graph model outdegree upper bound lower bound
directed 2 525n—1 1.25n

directed arbitrary 5.25m —1 Q(nlog(n)) [20]
undirected 2 1+ log(n) + 21og(log(n)) log(n —2)
undirected k (2n —4)log (k) Z(log(k+1)—1)

Table 3.1: Upper and lower bounds on the advice complexity of graph ex-
ploration. The bounds hold for the cyclic and the non-cyclic graph explo-
ration problem.

the basic definitions for dealing with the graph exploration problem. Sec-
tion [3.3| gives some basic observations and in Section [3.4| we start with the
analysis of the directed graph exploration problem. We focus on the cyclic
graph exploration problem and present an algorithm that uses at most
5.25n — 1 bits of advice to compute the optimal exploration sequence on
directed graphs with outdegree bounded by two. This result is extended
to directed graphs of arbitrary degree resulting in an advice complexity of
5.25m — 1. Afterwards we discuss how our algorithms can be adapted to
also solve the non-cyclic graph exploration problem, without needing ad-
ditional advice. To complete our analysis, in Section we show that any
algorithm needs at least 1.25n bits of advice to explore graphs with outde-
gree bounded by two. The graph exploration problem on undirected and
bounded-degree graphs is handled in Section After some structural
observations exclusive to undirected graphs, we present an upper bound
of (2n —4) log(k), where k bounds the degree, and a complementary lower
bound. In Section [3.7|we analyze different a priori information about the
given input and how it influences the advice complexity. We show that
knowing the structure of the graph (the vertices and their edges) but not
the weight function for the edges does not allow any online algorithm to
compute the optimal solution. If the algorithm has the additional informa-
tion, for every edge, whether it is used never, once or multiple times in an
optimal solution, it can compute the optimal solution.

3.2 Preliminaries

We start with the definition of the basic variant of the graph exploration
problem.
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Definition 4. Let G = (V,E) be a directed graph. Every vertex v € V has
a fixed unique identifier. There is an agent, called explorer, initially positioned
on some start vertex vg € V. The algorithm has to move this explorer along the
directed edges of G to visit all vertices and return to vy. The edges are weighted by
a weight function cost: E — IN, and the goal is to minimize the total weight along
the cyclic tour traveled by the explorer. In every vertex the explorer is located, it
sees the outgoing edges, their weights, and the vertex identifiers at the endpoints
of these edges, but not the incoming edges. The explorer has unlimited capacity to
store all information gathered during the exploration.

We continue with some notations for the solutions or search sequences
computed by online and offline algorithms.

Definition 5. Let G = (V, E) be a directed graph. The out-neighborhood of a
vertex v € V is defined as Ny (v) = {w | (v,w) € E}. Analogously, we define
the in-neighborhood of a vertex v as Nj,(v) = {w | (w,v) € E}.

We describe the tour followed by the explorer in terms of a search se-
quence.

Definition 6. Let G = (V,E) be a graph. A sequence S = (vg,v1,...,0s) IS
called a search sequence if (v;_1,v;) € E forall1 <i <s. Ifvg = vs, we call S
a cyclic search sequence.

For a search sequence S = (vy, ..., v;) with e; = (vi_1,v;), for 1 <i < j, we
denote by E(S) = (e1, e, ..., ¢;) the set of edges in S and by V(S) = {vo, ..., v;}
the set of vertices in S. With Sg, we refer to the sequence of edges, in which some
edges might appear multiple times. The number describing how often an edge e
appears in S is the number of traversals of e and is denoted by #g(e). The cost of a
search sequence S = (vy, . .., v;j) is defined by cost(S) = Yocp(s) cost(e) - #s(e).

The search sequence is determined by the algorithm as follows. In each
step, the explorer is located at some vertex v and the algorithm chooses
one of the vertices from N,,;(v) as the target and moves the explorer to-
wards it. As soon as the explorer arrives at the target vertex, a new round
starts and the algorithm again receives the unique identifiers for the out-
neighborhood and has to make an irrevocable decision which next vertex
to ChooseEI The goal is to compute a cyclic search sequence visiting each
vertex at least once, which we call an exploration sequence.

Since the algorithm lacks global information about the structure of the
graph, there is no deterministic algorithm that finds an optimal exploration

INote that, with each decision, the algorithm influences the new input for the next deci-
sion. Thus, strictly speaking, the graph exploration problem is no classical online problem.
But the adversary still knows the behavior of the deterministic algorithm and can, with this
knowledge, prepare the input graph, the unique identifiers for the vertices, and thus the
enumeration of the edges. Hence, we can analyze the graph exploration problem using the
same methodology as used for online problems.
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sequence for an arbitrary graph. We employ the model of online algorithms
with advice as defined in [35] [12] for measuring the amount of missing in-
formation, which we can define in the framework of graph exploration
as follows. An online algorithm with advice computes a search sequence
S = (v0,v1, ..., Vena) for an unknown graph, where v; is computed from the
partial knowledge about the graph gathered in the first i — 1 rounds and the
content ¢ of the advice tape, i.e., an unbounded binary sequence of advice
bits computed by an oracle that knows the complete input graph together
with its edge weight function. An online algorithm with advice solves the
graph exploration problem if there exists a computable advice ¢ such that S
is an optimal exploration sequence, for any input (G, cost). The algorithm
has sequential access to the bits from the advice tape, and its advice complex-
ity is the number of accessed advice bits. As usual, we measure the advice
complexity with respect to the input size by considering a worst-case input
of the respective size.

Now we explain how the algorithm makes a decision to extend a search
sequence S, based on the advice from the oracle. The basic idea is that the
oracle chooses a set of optimal exploration sequences S and communicates
a sufficient amount of information such that the algorithm can compute one
of these sequences without taking the weights of the edges into considera-
tion. The advice needs to ensure that the algorithm does not use an edge
more often than in any solution of S and that all vertices are visited. As
a first step, we partition the edges into three sets according to their num-
ber of traversals (none, one, or multiple times) in an optimal exploration
sequence.

To this end, we use the following notation.

Definition 7. Let G = (V,E) be a graph, let S* be an optimal exploration se-
quence from S and let S be an arbitrary search sequence. Then #s(e) is the num-
ber of traversals through an edge e € E in the search sequence S and Ey, E1, and
E i are the sets of edges in E which are visited 0, 1, or multiple times by S*,
respectively.

We denote the set of edges in E which are visited at least once by S* by E 505 =
Eui U E1. If #s(e) = #s+(e), e.g., an edge e is used as often in S as in the fixed
optimal solution S*, we say that e is exhausted in S.

The number of traversals for the edges could differ for different opti-
mal solutions, but the oracle fixes a set of optimal solutions such that the
number of traversals for the edges is the same in every solution from the
fixed set. This allows the oracle to give advice that is consistent during
the exploration. Figure 3.1| (a) shows a sample graph where the number
of traversals for the edges in an optimal solution is non-unique. The five
traversals through the vertex x needs to be split up between the two paths
(y,v1,x) and (y, va, x).
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Figure 3.1: (a) The optimal number of traversals for the edges of this graph
is non-unique. The five successors of x and the two possible paths to x
require that the algorithm traverses (y,v1,x) or (y, vz, x) multiple times.
(b) In an optimal solution, the dashed edge must be exhausted before the
last of all other outgoing edges of the vertex x is exhausted.

Since the edges from E,;,;;; need additional advice to avoid errors, the
oracle is interested in fixing a solution set S that minimizes the number
of edges from E,;;. For the graph presented in Figure [3.1(a), the oracle
chooses S such that, for all solutions in S, either the edges (y, v1) and (v, x)
or the edges (y,v2) and (vy, x) are used exactly once. In any solution from
this set, the number of edges from E,;,, j;; is three. The solution set S contains
at least 5! = 120 different solutions because the order in which the out-
neighborhood of the vertex x is visited is not fixed. In the following, when
we speak of an optimal and fixed solution $*, we mean S* € S.

Definition 8. We call an optimal exploration sequence with a minimum number
of edges from E,,,;;; multi-edge-optimal.

To ease the analysis of our algorithm, we now explain in detail how the
oracle fixes the solution set S. The oracle constructs a graph G’ = (V,E)
from the given graph G = (V,E) such that all solutions in S are multi-
edge-optimal and the number of traversals is the same for all solutions in S.
The oracle constructs G’ by perturbing the weights on the edges by a small
amount such that, for all pairs y, x € V that are connected by more than one
path, at most one of them consists of multi-edges only. This minimizes the
number of edges from E,,,;;; and also fixes the traversal number for every
edge. It is important that the perturbation of the edge traversal weights
does not create a new optimal solution that is not optimal in the original
graph G. The following lemma guarantees that we can choose a sufficiently
small perturbation such that all 5* € S are also optimal for G.

Lemma 11. Let S* be an optimal exploration sequence for a graph with n vertices.
Then #s+(e) < n, forall e € E(S*).
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Proof. Assume that there exists an edge e with #g-(e) > n — 1. This would
imply that the algorithm sends the explorer more often along the edge ¢
than there are vertices in G. Thus, at least one of the traversals along e is
not needed to explore a vertex and this contradicts the optimality of S*. [

When the oracle adds an additional cost of 1/n% to every edge e;, for
1 <i < m, the difference between the cost of an optimal solution on G’ and
on G will be smaller than 1. Since

the optimal solution for G’ is also optimal for G, even when we assume that
the optimal solution traverses every edge n — 1 times.

From now on, we assume that the set of multi-edge-optimal solutions
S contains only exploration sequences S* that are fixed by the oracle. This
means that the number of traversals for every edge is unique, but not the
order in which the edges are traversed. For instance, in Figure a), the
order in which the five out-neighbors of x are visited does not matter. In
contrast, Figure [3.1(b) shows that the order in which the edges are used
can be important. The dashed edge must be traversed before the last of all
other outgoing edges is exhausted.

We already know that the input graph must be strongly connected if it
has a solution that visits every vertex at least once. Since the connectivity
of the graph alone does not reflect the current position of the explorer and
the already exhausted edges, we introduce the term of an expandable search
sequence to formulate a stronger and more precise connectivity requirement.

Definition 9. We call a search sequence S = (vy, ..., v;) expandable with re-
spect to a fixed optimal exploration sequence S* = {vy, ..., Venq} if there exists an
outgoing edge e = (vy, w) that is not yet exhausted and there is a search sequence
from vy that uses only non-exhausted edges, visits all yet unvisited vertices and
reaches the final vertex v,,, such that cost(S*) = cost(S) and V(S) = V.

For instance, for the graph from Figure[3.1](b), if an algorithm uses all of
the non-dashed edges outgoing from x before the dashed edge is traversed,
its search sequence is not expandable anymore.

3.2.1 Self-Delimiting Encoding

Often, the oracle will encode just some binary decision on the advice tape,
which will cost just one bit of advice. But if we want to encode a longer
message, the algorithm might not know where one bit string of information
ends and the next one begins. This happens, e.g., when the oracle wants to
communicate a natural number x to the algorithm.
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x prefix binary representation [log(x+1)] 2[log([log(x+1)])
0 0 0 - -
1 0 1 - -
2 10 10 2 2
3 10 11 2 2
4 1100 100 3 4
5 1100 101 3 4
6 1100 110 3 4
7 1100 111 3 4
8 1110 1000 4 4
89 111100 1011001 7 6

Table 3.2: Examples for our self-delimiting encoding. The prefix together
with the binary representation encode the number x on the advice tape.

To encode a number x on the advice tape, the oracle can first encode the
length of the binary representation of x and then x itself as binary string.
We use an encoding similar to self-delimiting codes from [38], which are
strongly related to Elias coding [26]. We have to adapt our encoding to en-
sure that the number 0 can be communicated to the algorithm. Table
shows examples of our self-delimiting encoding. The binary string rep-
resenting x has a length of [log(x +1))|. This length minus one will be
encoded in a prefix with 2[log([log(x 4+ 1)])] bits. In the prefix, every bit
on an odd position (starting with the first bit) is part of the binary number
and the bits on the even positions are 1 if the number continues and 0 if the
prefix ends. Thus, 2[log([log(x+1)])] + [log(x + 1)] bits of advice suffice
to encode x on the advice tape. There are two exceptions, the number 0 is
encoded as 00 and 1 is encoded as 01. This minimize the advice complexity
because these two numbers are read often by our algorithm and consume
only two bits with this encoding.

3.3 Structural Observations

In this section, we focus on some structural properties of any of the fixed
optimal solutions S* € S. We distinguish between two different graphs
that can be induced by S*. If we remove the edges from Ej and just look at
the graph Gs+ = (V, E;504), we have a graph for which all edges are needed
in an optimal exploration sequence. If we are more interested in traversed
subsequences and want to distinguish different traversals over the same
edge from E,;,;;;, we look at the multigraph Mg+ = (V, E 504, #s+). In Mg+,
every edge e = (v,u) € E,,;; is replaced by #g+(e) many edges that point
from v to u. The multigraph Mg- is an Eulerian graph and the solution S§*
describes an Eulerian cycle. Let d;,(v) denote the indegree of the vertex v
in M S*.
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Definition 10. A directed graph G is called Eulerian if every vertex has as many
incoming edges as it has outgoing edges. If G is also weakly connected, it has an
Eulerian cycle, i.e., a tour that visits every edge in the graph once and ends at the
same vertex as it starts.

The following lemmas describe structural properties of optimal explo-
ration sequences from S, which will be helpful for reconstructing one of
the fixed solutions from a rather small amount of advice.

Lemma 12. Let G = (V, E) be a connected graph, and let S* € S be a multi-edge-
optimal exploration sequence for G. Then any two subsequences S; = (v,...,u)
and S; = (v,...,u) from S* are interchangeablf, i.e., changing their order in S*
results in another optimal exploration sequence S € S.

Proof. Changing the order of two subsequences S; and S;, which start at a
vertex v € V and end at u € V, does not change the number of traver-
sals for any e € E(S). Thus, the cost of S is still minimal when the two
subsequences S; and §; are exchanged.

Moreover, the exploration sequence S is still feasible. If we assume, for
a contradiction, that the exploration sequence S is not feasible, there must
be a vertex u that is not visited or the sequence S is not continuous. By
exchanging two subsequences that start and end at the same vertex, the
exploration sequence stays continuous, i.e., two consecutive edges (v1,02)
and (vy,v3) in S are incident to the same vertex v,. If we assume that there
is some unvisited vertex u, then it must be part of the subsequence, because
the remaining part of the exploration sequence $ is equal to S*. However
the subsequences visit the same vertices as they do in §*. Therefore, our
assumption that S is not feasible, is false. O

When the interchangable sequences from Lemma [12|are cyclic sequen-
ces C; = (v,...,v) and C; = (v,...,v), we speak about interchangeable
cycles. It still holds that changing their order in S* results in an optimal
exploration sequence S € S. Note that all cycles and all sequences with the
same end vertex that start at the starting vertex vy are interchangeable. For
the remaining vertices, we make the following observation.

Corollary 1. Let G = (V, E) be a connected graph, and let S* € S be multi-edge-
optimal. A vertex v is part of d;,, (v) — 1 cyclic subsequences C; = (v,...,v) € S*
with 1 <i < d;,(v) that are interchangeable.

3.3.1 The Structure of Multi-Edges

Using Corollary (1| and Lemma we get a better intuition for the fixed
set of solutions S. The solutions in & only differ in the order in which
the interchangeable cycles and paths are traversed. The following lemmas
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discuss the number of traversals for the edges in an arbitrary solution from
S, based on the property that the number of edges from E,,;;;; is minimized.

Lemma 13. Let G = (V, E) be a connected graph, and let S* € S be multi-edge-
optimal. If there is an edge (w,v) € E,1y, there is no edge (v, w) € E,gpq.

Proof. The vertices u and v are visited at least two times, because (w,v) €
Epti-

If the two edges (w, v) and (v, w) are consecutive in 5*, we can create a
cheaper exploration sequence S’ by removing the cycle (w, v, w). In §’, the
vertices 1 and v are still visited at least once and, for every other vertex, the
number of visits does not change. Furthermore, S’ is continuous because
only a cyclic subsequence is removed. This contradicts the optimality of S*.

If the two edges (w,v) and (v, w) are not consecutive, we create an ex-
ploration sequence S where the two edges are consecutive. From Corol-
lary [1, we know that the edge (w, v) must be part of a cyclic subsequence.
This cyclic subsequence is of the form (w,v,z,...,w). Now, we have two
subsequences from the vertex v to the vertex w. One is the path (v, z, ..., w)
and the other one is the edge (v,w) € E,qs. Applying Lemma (12} we
exchange these sequences and obtain an exploration sequence S with the
same weight. Now, we are in the situation from above and this contradicts
the optimality of S*. O

Lemma 14. Let G = (V,E) be a graph with a multi-edge-optimal exploration
sequence S* € S. Let C = (v,...,v) be a simple cyclic subsequence of S*. The
multigraph Mg = (V, E, #s) induced by the number of traversals of S" with

[ #s:(e)—1 foree E(C),
#s (e) = { #i*(e) otherwise,

contains at least two connected components that are Eulerian. Note that a single
vertex without edges is an Eulerian component.

Proof. Assume Mg = (V,E,#s) is only one connected component. The
graph Mg« is Eulerian because, for every vertex in V, the number of in-
coming edges matches the number of outgoing edges. When we remove
one incoming and one outgoing edge for every vertex in C, the number of
incoming matches the number outgoing edges again, for all vertices in V.
Thus, the graph Mg is also Eulerian.

When a directed graph is connected and Eulerian, it contains an Eule-
rian cycle (see Definition[I0). Therefore, there exists a cheaper exploration
sequence with the same number of traversals as in S’. This is a contradic-
tion to the minimality of the cost of S*. O

From Lemma (14, we can conclude that, in every cyclic subsequence C
of an optimal solution $* € S, there are at least two edges that are used at



52 CHAPTER 3. GRAPH EXPLORATION WITH ADVICE

e
)
" o e ,
2 N
o Ry °
~ \ .7
+ Ly Ty -
@----=—==-  emmmm--
\ ~
- i R, /
3 4L\
°\:z : LBX\ e
o\ii i

Figure 3.2: A cycle of multi-edges in the underlying undirected graph.
Edges that are contiguous and equally directed are merged into subse-
quences R; and L;.

most once. If this was not the case, then the graph Mg« without C would
not fall apart into two components since every Eulerian graph is strongly
connected.

Corollary 2. Let G = (V,E) be a graph with a multi-edge-optimal exploration
sequence S* € S. Let C = (v,...,v) be a simple cyclic subsequence of S*. Then
there are at least two edges e, ey € E(S) with #s-(e1) = #g+(e2) = 1.

Our next observation is that also every cycle in the underlying undi-
rected graph contains at least two edges from E;. For a given optimal ex-
ploration sequence S* € S, we look at the underlying undirected graph and
assume there is a cycle C of multi-edges. For such a cycle of multi-edges,
we merge equally directed edges into sequences L; and R;, as presented
in Figure If we increment the traversal numbers for the sequences L;
and decrease them for the sequences R;, we obtain a cheaper solution, as
proven in the following lemma.

Lemma 15. Let G = (V,E) be a graph with a multi-edge-optimal exploration
sequence S* € S. Let L; = (v',...,u') and R; = (w',...,u'), with1 <i <k,
be 2k simple subsequences of S* with w' = v'*! (1 < i < k) and v' = w*. Then
there are at least two edges e1, ey € L; U R; with #g+(e1) = #s+(e2) = 1.

Proof. Assume that there is at most one edge e; € E; and #s+(e) > 1 holds
for all edges ¢ € Uj<;j<x(E(L;) UE(R;)) \ {e1}. Without loss of generality,
we assume that o
Y cost(Li) < ) cost(R;). (3.1)
1<i<k 1<i<k
We create a cheaper exploration sequence S’ by choosing the cheap se-
quences L; to a vertex v more often than the expensive R;. Thus, the number
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of traversals in S’ is defined with respect to the optimal solution S*:

#S* (6) +1 foree Ulgz‘gk E(LZ) ’
#y(e) =  #s:(e) =1 fore € Ui<i<k E(Ri),
#s+(e) otherwise.

Due to Equation (3.1)), the newly created solution must be cheaper. Note
that#g.(e) —1 > 0fore € Uj<;<x(E(Li) UE(R;)) \ {e1} and #s:(e1) =1 =0,
if e; € Eq. Thus, the graph Mg has at most one edge fewer than Mg, but it
is at least weakly connected. Moreover, for all vertices in Mg, the number
of incoming edges is equal to the number of outgoing edges. From Def-
inition 10, we know these two conditions imply that Mg is strongly con-
nected. Therefore, the graph Mg has an Eulerian cycle which is a cheaper
solution on G than S*, contradicting its optimality. O

We showed in Lemmas [13]to [I5 and Corollary [2| that every cyclic sub-
sequence in an optimal solution 5* € S has to connect a new vertex to the
already visited part of the graph. Because the graph induced by E,;,;;; is
cycle-free, it is a forest and we will from now on call it F. This holds also
for the underlying undirected graph as well.

3.3.2 Exploring the Last Vertex

During exploration the algorithm gathers more and more knowledge about
the graph. With this knowledge it may be possible to make optimal deci-
sions without the help of the oracle. This occurs at the latest when we have
explored every vertex except for (the last) one, because this vertex is visited
exactly once.

Lemma 16. Let G = (V,E) be a graph with a multi-edge-optimal exploration
sequence S* € S. The last vertex in S* that is visited for the first time is visited
exactly once.

Proof. We prove the statement by contradiction. Assume there would exist
a multi-edge-optimal exploration sequence S* € § in which the last vertex
v in the order of the first visits is visited more than once. Then there exists
a cyclic subsequence that does not visit any new vertex contradicting the
optimality of S*. O

Note that this implies that the last vertex that is explored has only one
outgoing edge in the graph Gg-. The lemma also holds true for the non-
cyclic graph exploration problem, but for this problem the last vertex has
no outgoing edges in Gg-.

In the following we show how an algorithm can compute the optimal
path to the last vertex only with the information gathered so far during
exploration.
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Lemma 17. Let G = (V,E) be a graph with a multi-edge-optimal exploration
sequence S* € S. When the algorithm computes the prefix of S* until only one
vertex is not visited, it can expand its search sequence with respect to S* without
additional information.

Proof. The explorer is placed at a vertex u for the first time and only one
vertex v is not yet visited. Thus, the algorithm knows all edges in the graph
except for the outgoing edges that start at v. The shortest path from u to v
contains only edges that are known to the algorithm. Therefore, the short-
est path from u to v in the currently known network must also be part of
the optimal exploration sequence.

When the explorer is then moved onto v, all edges (and their weights)
are revealed. For the cyclic graph exploration problem, only one of these
edges is part of S* and it is used once to return to the starting vertex. The
algorithm knows which edge must be used to leave v because it is part
of a shortest path from v to the starting vertex. For the non-cyclic graph
exploration problem none of the edges is part of S* because the exploration
is finished when the explorer reaches v. O

3.3.3 The Number of Edges in an Optimal Solution

In the following we present a tight upper bound for the number of distinct
edges that are part of an optimal exploration sequence S*. Note that these
edges may be used multiple times in S* and we only bound the size of the
set Espd-

Our proof works inductively on the number of cycles in §*. For the
induction we need another lemma showing that removing a cyclic subse-
quence C C S results in an optimal exploration sequence for the graph
where we remove the vertices that are uniquely explored by C. From Lem-
mas|13|to[15|and Corollary 2l we know that every cyclic subsequence in an
optimal solution 5* € S has to explore at least one new vertex.

Lemma 18. Let G = (V,E) be a graph with an optimal exploration sequence
S§* € S. Further let C C S* be a cyclic subsequence in S* and the vertices visited
only by C are Vo = V(C) \ V(5* \ C). Respectively, Ec = E(C) \ E(5*\ C) is
the set of edges only used in C. The exploration sequence S = S* \ C is optimal
for the graph H = (V \ V¢, E \ Ec).

Proof. We prove the optimality of S for H by contradiction and assume that
there exists a cheaper exploration sequence S’. We call the vertex where the
cycle C starts and ends v. If S’ is cheaper than S, we are able to construct
a exploration sequence for G that is cheaper than S*. We use S’ on H and
on the first visit of v, we add the cycle C into the exploration sequence.
This new sequence visits every vertex and must have lower costs than 5%,
because cost(S*) = cost(S) + cost(C) > cost(S") + cost(C). This contradicts
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the assumption that S* is an optimal exploration sequence and therefore S
is an optimal exploration sequence for H. O

Theorem 6. Let G = (V, E) be a graph (directed or undirected) with |V| = n
and an optimal exploration sequence S*. The number of distinct edges in S* is at
most |Eyseq| < 2n — 2.

Proof. We prove the statement by induction over the number of cyclic sub-
sequences in S*. It is important that the cyclic subsequences are ordered in
the way they appear in S*.

Our induction hypothesis is that graphs with a cyclic exploration se-
quence containing at most k cyclic subsequences and n vertices have at
most 2n — 2 edges. As the base case for our induction, assume that there
is just one cyclic subsequence. Then S* is a simple cycle and therefore the
number of edgesin S*ism =n <2n —2,forn > 1.

For the induction step, we will start with a graph G’ = (V/,E’) with
k + 1 cyclic subsequences, |V'| = n’ and |E’'| = m' and remove one cyclic
subsequence and count the removed edges and vertices. Note that every
cyclic subsequence that is traversed by the explorer has to contain at least
one vertex that is visited exactly once. When we remove the first traversed
cyclic subsequence C in S*, x > 1 vertices become unvisited and 2x edges
become unused. Thus, after deleting C, we obtain a graph G = (V, E) with
|V| = n and |E| = m. The number of vertices and edges in the graphs G
and G’ are in the relation

n=n—x and m=m —2x.

When we reformulate the number of vertices of G’ in dependency to G and
apply the induction hypothesis, we obtain

(IH)
2n' —2=2(n+x)—2=2n+2x—2 > m+2x=m' —2x+2x =m’

as our bound for the number of edges in G’. Thus, the statement holds by
induction. Note that we can apply the induction hypothesis because the
exploration sequence S = S* \ C is optimal for G (see Lemma 18). O

There are graphs for which this bound is tight, as shown in Figure
The optimal exploration sequence on these graphs consists of n — 1 edge
disjoint cyclic subsequences.

3.4 Exploring Directed Graphs with Advice

We start by introducing an online algorithm with advice for the cyclic graph
exploration problem on directed graphs with outdegree two. First we ex-
plain how we use the advice from the oracle and introduce new notations.
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Figure 3.3: Examples where the number of edges in E ., is exactly 2n — 2.

Then, we explain the algorithm, show its correctness and prove its advice
complexity of 5.25n — 1, where n is the number of vertices in the input
graph.

Afterwards we explain how the algorithm can be used to solve the
cyclic graph exploration problem on graphs with unbounded outdegree.
This increases the required advice in dependence on the number of edges.
At last we discuss why we can apply the same algorithm for the case of the
non-cyclic graph exploration problem.

3.4.1 Directed Graphs with Outdegree Two

Before we informally explain our algorithm for directed graphs with out-
degree at most two, we recall what the algorithm perceives in the fixed-
graph scenario. As soon as the explorer is located in a vertex v, the algorithm
gets to know the identifiers of v and of all out-neighbors N,y (v) of v. If a
neighbor w € Nout(v) was already the out-neighbor of a previously visited
vertex, the algorithm recognizes this vertex. The still unvisited vertices
Ni,(v) that lead to v and their corresponding edges stay hidden as long as
the explorer is positioned at v.

Now we explain how the algorithm uses advice and makes its deci-
sions. There are three different types of queries to the oracle:

* For every vertex v with two outgoing edges, we ask once which out-
going edge is used less often in S* € S. This edge is called light.

e For every light edge e, we ask its number of traversals #g+(¢), includ-
ing 0.

¢ For every vertex v, we ask if on the last visit of v, the incident light
edge is always used to leave v, in all solutions from S.

Definition 11. Let G be a graph where every vertex has at most two outgoing
edges and let S* be a multi-edge-optimal exploration sequence. For a vertex v with
two outgoing edges e1 and ey we call ey light if #5- (e1) < #g+(e2). The other edge
ep will be called heavy. If both edges are used equally often, the oracle can decide
arbitrarily which edge is light.
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Note that the number of traversals for the light edge is a lower bound
for both edges because the heavy edge is used at least as often as the light
edge.

Definition 12. Let Ggs- be the graph induced by a multi-edge-optimal solution
S* where every vertex has at most two outgoing edges. For a vertex v with two
outgoing edges, an edge is called last if it is used to leave v on its last visit, in all
solutions from S.

Using a last edge too early prevents the algorithm from completing an
optimal exploration sequence. Such an edge is important to sustain the
expandability (see Definition[J) of the current exploration sequence.

The algorithm knows for every vertex, which of the incident edges is
light, its number of traversals and if it is last. If the explorer stands on a
vertex with only one outgoing edge, the algorithm does not need to make a
decision because the only valid move is to use this edge. Therefore, we as-
sume that the explorer is positioned at a previously unvisited vertex where
the algorithm has to decide between two edges. When the explorer is posi-
tioned on a vertex v, we distinguish three different cases, based on the light
edge e;.

o If #s-(e1) = 0, the edge e; is ignored in the further process and we
always traverse e, when we visit v.

e If#5:(e1) > 1and e is last, the algorithm uses the edge e; on the first
#s+(e1) — 1 visits of v.

e If#s.(e1) > 1 and e; is not last, the algorithm uses the edge e; on the
first #s- (e1) visits of v and exhausts it.

Afterwards, the explorer is sent along the other edge e,. We will prove that,
with this strategy, the algorithm recognizes when the explorer visits v for
the last time. On the last visit of v, the explorer is sent along ey if it is last or
along e, otherwise.

The main idea of this strategy is to avoid any mistake by first using
the interchangeable cycles and not exhausting the last edge. As long as the
explorer does not use an edge for the last time, (the algorithm knows that)
the incident vertices are visited again.

With the information about light and last edges, our algorithm will re-
construct a specific exploration sequence from S. The exploration sequence
uses the light edges as often as possible before using the heavy edge.

It remains to show that our algorithm uses every edge e as often as it is
used in 5%, which implies the correctness of our algorithm.

Theorem 7. Let G be a graph where every vertex has at most two outgoing edges
and let S* be a multi-edge-optimal exploration sequence. Knowing for every vertex
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v with two outgoing edges ey, ey that ey is the light edge, its number of traversals
#s+(e1) and whether ey or e, is a last edge suffices to extend a search sequence
every time the explorer visits v such that ey and ey are used as often as they are
used in S*.

Proof. For the first #g«(e1) — 1 visits of v, we can choose the edge e; us-
ing Corollary [II Now we have to distinguish how to extend the search
sequence depending on the last edge.

If we know that e; is a last edge, we have to exhaust e, without knowing
#s- (e2) before we use e; for the last time. We claim that we can recognize
when the edge e, = (v) is exhausted, or in other words, when we visit v for
the last time.

We know that e, is part of at least #s- (e7) interchangeable cycles. For
every traversed interchangeable cycle C = (v,...,v), we know for all out-
going adjacent edges if they are used in S*. If there is one non-exhausted
edge e = (x,y), reachable by a path starting at v using e, the edge e, can-
not be exhausted. Due to the definition of last edges (see Definition [I2) the
last traversal of e; will lead to a vertex u that is not reachable via e;. It is
also not possible that the subsequence exploring u leads to x such that the
edge e is part of this sequence, leaving v for the last time. This would imply
that there are two interchangeable sequences sy, 52, both starting at v and
ending at x, one using e; and containing u and the other one using e, as
presented in Figure Being part of such an interchangeable sequence
violates the definition of a last edge and contradicts the assumption of e;
being one. Thus, the edge e cannot be part of the last traversal of e; and its
vertices must be explored using e>. Therefore, we can recognize that e, is
exhausted when all edges reachable by a sequence that starts at v and uses
e, are exhausted as well.

On the other hand, if we know that e; is not a last edge, we can use it
once more and exhaust it. We also know that, for all following visits of v, we
have to use e;. For the sake of contradiction, assume the edge e is the first
edge in our search sequence that is used more often than in S*. The edge
e1 was already used #g+(e1) times. When our explorer traverses e; as often
as it is traversed in S¥, all incoming edges are exhausted. To use the edge
e once more, the explorer has to traverse a cycle, leading back to v. But
because all incoming edges are already exhausted, we would need to use
one edge on the way to v more often than it is used in 5*. This contradicts
our assumption that e; was the first edge which is used more often than in
S*. O

Using Theorem|[7] we are able to extend a sequence such that every edge
is used as often as in the fixed optimal solution S*. Since Ggs- is strongly
connected, we will not leave any parts of the graph unexplored. For every
vertex the explorer visits, the adjacent edges will be eventually exhausted.
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Figure 3.4: A situation violating the condition that e; is a last edge. The
dashed edges represent some sequences of vertices and the colored paths
from v to x are the two interchangeable sequences s; and s;.

If an unvisited vertex v in our exploration sequence existed, no visited ver-
tex would have an outgoing edge that leads to v. This violates the Eulerian
property of Gg-. Therefore, the algorithm will compute an optimal explo-
ration sequence.

It remains to count how many bits of advice are required to acquire the
knowledge of the light edge, its number of traversals, and the last edge, for
every vertex in G, needed for Theorem [7] Note that it is possible that a
vertex with two outgoing edges does not have a last edge because for both
edges there exist solutions in S where the edge is used on the last visit.
However, for our algorithm it makes no difference whether the heavy edge
is a last edge as defined in Definition[I2]or whether there is no last edge. In
both cases, we can exhaust the light edge.

Lemma 19. For a given graph Gs- = (V, E,s0q) with an outdegree bounded by
two and a multi-edge-optimal exploration sequence S*, the algorithm needs at most
2n bits of advice to learn about the light edge and which edge is last in S*, for all
vertices.

Proof. For two outgoing edges e; and e, which are used in an optimal so-
lution S*, the algorithm asks whether #g-(e1) < #g+(e2) holds. Or in other
words, the algorithm asks whether the edge e is light. This can be deter-
mined with one bit of advice. Additionally, the algorithm asks for every
vertex with two outgoing edges which of them should be used for the last
time to leave the vertex. The algorithm will ask these two binary questions
at most once per vertex in the graph. O

The upper bound on the number of advice bits required to communi-
cate the number of traversals for all light edges is more technically involved.
From Lemmas [13] to [I5 and Corollary 2, we know that the graph induced
by E,i is a forest F. We call the edges from E; that are incident to a vertex
v € V(F) entry edge if they are directed towards v and, analogously, exit
edge otherwise. The trees in F can be degenerated, like in Figure [3.5(a),
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Figure 3.5: (a) shows a degenerate tree of multi-edges in F. (b) shows how
the degenerated tree of multi-edges from (a) can become a rooted tree if
the center vertex is chosen as the root. In both figures the entry edges are
dashed.

i.e., the subsequences of S* traversing the tree can be edge- or even vertex-
disjoint. This lack of structure needs to be overcome.

To show that the sum of traversal numbers of all light edges in a tree of
multi-edges T C F is bounded, we construct a new tree T", which we call
a rooted tree in the following, and a corresponding exploration sequence S'.
In this rooted tree, all entry edges are collected at one root vertex r and, from
this vertex, all leaves are reachable. An example is shown in Figure [3.5(b).
The new exploration sequence ensures that the rooted tree T" is traversed in
the correct order and the remaining graph is traversed as it is traversed in
S*. This more structured tree allows us to count the required advice bits
in a recursive way, starting at the root. We can use the bound on the sum
of the number of traversals for the light edges in T" also for T if there is a
bijection b: E(T) — E(T") such that #s-(e) < #g/(b(e)) holds, for all light
edgese € E(T).

Lemma 20. Let G be a graph where every vertex has at most two outgoing edges,
let S* € S be a multi-edge-optimal exploration sequence, let F be the forest induced
by the edges that are used multiple times in S* and let T C F be connected. We can
create a rooted tree T" and an exploration sequence S’ such that there is a bijection
b: E(T) — E(T") with #s-(e) < #s/(b(e)), for all light edges e € E(T).

Proof. As root vertex in T", we choose a vertex in T that has no incoming
edges and the largest number of vertices in its subtree. Figure 3.6 visualizes
our iterative approach where we replace one edge with another until all
vertices are reachable from r. If there is a vertex vonapathp = (r,...,u,0)
that has another incoming edge (w, v), the vertex w is not reachable by a
path starting at . We take the ancestor of w with no incoming edges, we
call it wyr., add an edge (u, Wy ), and delete the edge (u,v). We set the
number of traversals of (u, wpy.) in S’ to #s- ((u,v)). Thus, the new edge is
traversed as often as the deleted edge. The numbers of traversals for all the
edges on the path Wy, ..., w, v are increased by #s- ((u,v)).
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Figure 3.6: One step in the construction of 7" from Lemma 20, The dashed
edges represent paths and the crossed out edge is removed and replaced
by the blue edge (1, wpre).

We repeat this procedure until there are no more vertices without in-
coming edges except for the root . By construction, for every edge at a
vertex u that we delete, we add at least one with a higher number of traver-
salsin S’. Thus, the number of edges in both trees is the same. Additionally,
for all edges e that occur in both trees, #g+(e) < #g/(e), which concludes the
proof. O]

The following two lemmas give upper bounds on how often a rooted
tree is visited in S’. Since a rooted tree is visited as often as its original tree,
we also obtain a bound on the number of visits of the original tree. At first,
we look at a single rooted tree. Afterwards we extend the result to a forest
of rooted trees and give a bound on how often the rooted trees are visited
altogether.

Lemma 21. In a rooted tree T" constructed from a tree of multi-edges T C F, the
root vertex is visited at most 5 + 1 times.

Proof. In the construction used in the proof of Lemma all incoming
traversals into the tree T are shifted to the root vertex of T". Thus, it is
visited as often as the tree T has entry edges. Since S* is Eulerian, the num-
ber of entry edges is exactly as large as the number of exit edges. We count
the number of exit edges in T".

An exit edge can be attached to an inner vertex or to a leaf vertex. We
denote the number of exit edges incident to a leaf as ¢/ and the number of
exit edges incident to an inner vertex as ¢'. They depend on the number of
leaves ! and the number of inner vertices n'. When we interpret the exit
edges as leaves in a binary tree, we obtain

n4+nt>el 4o —1 (3.2)
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as an upper bound on the number of exit edges.

Every exit edge is part of a cycle that visits a new vertex for the first time,
except for one edge, leaving the tree for the last time. Thus, the number of
exit edges plus the number of vertices in the tree is at most the number of
all vertices n. Using (3.2), we obtain

n>e4e+n'+n—-1> e+t +e—1-1=2(+¢)-2

and thus

n .

—+1>e+é

2
as a relation between the number of vertices and the exit edges in the tree.
Therefore, the root vertex in T is visited no more than 5 + 1 times. O

Lemma 22. In a forest of multi-edges F, containing x rooted trees T7,...,Ty,

where the root vertex r; is visited k; times, the sum of visits is bounded by }_; kj <
n+3x
52X,

Proof. As before, we count the number of outgoing edges, for each tree,
to know how often the root vertices will be visited altogether. We use the
same notation as in the proof of Lemma 21} and observe that holds for
every rooted tree T} € F.

Note that, in the case of multiple trees, there can be exit edges of one
tree that are entry edges of a different tree. These edges do not visit a new
vertex outside any tree and are similar to the edges that are used to leave
some tree for the last time. Thus, their number must be subtracted when
comparing the number of outgoing edges with the total number of vertices
in the graph. For every tree, there can be at most two of these edges. If
there are more than two, we can find a cycle containing only entry, exit and
multi-edges that does not visit a new vertex (the cycle does not have to be
directed, see Lemma [15). One of the two edges is an exit edge of a tree T}
and the entry edge of another tree T, which is used to visit T} for the first
time. The other edge is the exit edge of T}, leaving it for the last time and
maybe leading back to the first tree.

By applying Equation (3.2), we obtain the following dependency be-
tween the number of exit edges, the number of trees in F and the number
of vertices in the whole graph:

X ) . X )
n> (Ze}—f—e}—kn;—i—n}) —2x > <Z2(e§-—|—e})—l> — 2x

j=1

X
_ ! i) _
_<2Z{ej+ej> 3x .
]:
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This proves that we can use £2* as an upper bound on the number of exit

edges in F. Thus, the rooted trees altogether are not visited more often than
13X times. O

We claim that the number of traversals for all light edges in a rooted
tree can be communicated with linearly many bits in total, measured in the
number of vertices.

The number of traversals of the root vertex r has to be distributed to
the outgoing edges. Figure[3.7(a) shows how the number of traversals for a
vertex that is visited y times is distributed to the next level. The algorithm
asks, at the vertex v, for the number of traversals of the light edge x; and this
number will strongly influence the number of traversals for the successors
of v. When the algorithm moves the explorer onto one of them, it asks
again for the number of traversals for the light edge which again influences
the number of traversals for its successors, and so on. Figure b) shows
how the number of queries increases on each level and, on the other hand,
how the number of required bits decreases with each iteration. Thus, we
formulate a recursive function g(y) that describes the advice costs of these
queries.

For a number of traversals y at a vertex v, the algorithm asks for the
number of traversals of the light edges and thus for a number x with 2 <
x < % On the next level, we have to call this function two times. Once
for y — x and another time for x, because these are the traversal numbers
for the successors. We want to know how many advice bits are required to
encode the number of traversals for the light edges of T". The function g(v)
becomes zero for all values y < 2 because these vertices are not part of the
tree T”. For y with 2 < y < 3, we need two bits of advice because the light
edge is used at most once. Thus, we end up with the following recursive

X2__ye v e
RS Saay “ Jog(y/2)
y v ’f}—" T bo o\/ Jo\
—_—er” 2 / ' / ' 2log(y/4)
IO R S S
T el A\ s\ [ 4log(y/8)

Y= e :\z :X. :\. .j Y

(a) 3 (b)

Figure 3.7: The incoming number of traversals y at the vertex v needs to be
split up between the two outgoing multi-edges. This continues recursively
downwards in the tree. An edge is drawn dashed if it is light.
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function

g(y) = max {2[log([log(x +1)])] + [log(x +1)] + g(y — x) + g(x)}

2<x<}

with g(1) = 0,¢(2) = 2,4(3) = 2. Recall that the function g(y) describes
the number of advice bits needed to get the number of traversals for all light
edges in a single rooted tree T".

Lemma 23. The recursive function

8(y) = max {2[log([log(x +1)])] + [log(x + 1) +g(y — x) +g(x)}

Y
2<x<5

with g(1) = 0,¢(2) = g(3) = 2, is bounded by g(y) < 3y —3[log(y +1)] — 1.
Proof. We prove the statement by induction. For y = 4, the only possible
value for x is 2. In this case, both sides of the equation match:

2[log([log(3)])] + [log(3)] +g(2) +g(2) =8 < J-4-3.3-1=8.

Now we assume that the statement holds for all natural numbers smaller
than y. So, we can apply our induction hypothesis to bound the function
g(x) for all values x < y and obtain

max {2[log([log(x + 1)])] + [log(x + 1)1 + g(y — x) +g(x)}

v
2<x<3

< max {2[log([log(x +1)])] + 3y — 3[log(y—x-+1)] -2[log(x+1)] -2} .

2§x§§

We note that f(x) = 2[log([log(x+1)])] —2[log(x +1)| < —2 holds for
x > 2 because the function f(x) is strictly monotonically decreasing and,
for f(2) =2-1—2-2 = —2, equality holds. This implies

8(y) < max {3y —3[log(y — x +1)] 4}

2§x§§
2y~ 3flog(4 +1)] 4
%y —3[log(y+1)] —1.

IN N

O]

Thus, to encode the number of traversals of all light edges in one rooted
tree T", with the largest amount of traversals, g(5 +1) < % —3[log(5 +
2)] < 2.25n advice bits are sufficient. To get a bound on the number of
traversals of all light edges in the forest of multi-edges from S*, we need to

apply Lemma

Lemma 24. For a given graph Gg+ = (V, E,sy) with out-degree bounded by
2 and a multi-edge-optimal exploration sequence S*, 2.25n advice bits suffice to
learn the exact traversal numbers for the light edges in the forest of multi-edges.
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Proof. Using the construction from Lemma 20|for every tree of multi-edges,
we get a forest of rooted trees. For each rooted tree, the number of traver-
sals for the light edges is at least as large as in the original graph. Without
loss of generality, the root vertex of any of these trees is visited at least four
times k]' > 4, because otherwise we would not read more than two bits of
advice per vertex. Together with the results from Lemmas 22| and [23| we
obtain the following bound:

X Lemma
Zg Z(gk'—ﬂlog(k'—klﬂ -1)
j=1 j=1
X X
Z Z 3[log(k +1)]) —
j=1 j=1
L 221 X
R O NCIE
j=1
I+ 27x 9n — x
= — = < 2. .
1 7x 1 < 2.25n

O]

Note that the 2.25n bits of advice suffice only for the vertices that are
part of the forest of multi-edges. For every vertex not part of the forest, the
algorithm will read two bits of advice to get the number of traversals for
the adjacent light edge. The number of required advice bits is maximized
when the tree of multi-edges is as large as possible. Lemma 21|implies that
the number of remaining vertices in a maximized tree is at most 7.

Theorem 8. There exists an online algorithm which solves the cyclic graph explo-
ration problem using 5.25n — 1 bits of advice on a given unknown directed graph
G = (V, E, cost) with outdegree bounded by 2.

Proof. For our algorithm, the knowledge about the light edge and its correct
number of traversals and the knowledge which edge is last are sufficient to
compute an optimal exploration sequence. The number of traversals can
be determined independently of the cost function. We use the strategy de-
scribed in the proof of Theorem [/]for our algorithm and sum up the number
of required advice bits. Note that we do not need any advice when the ex-
plorer visits the last vertex for the first time, due to Lemma The advice
bits are used as follows:

* 2(n— 1) advice bits to know which edges are light and if they are last.

* 2.25n advice bits to know the traversal number for the light edges in
Enuti-

* n+ 1 advice bits to know the traversal number for the light edges in
E() and El.
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For every vertex in Gs- with two outgoing edges, the algorithm reads
one bit of advice to know which edge is marked as light. Additionally, it
asks if the light edge is last (Definition[I2). Due to Lemma([19, we know that
this information consumes 21 bits of advice.

The remaining advice bits are used as the traversal numbers for the
light edges. We count the advice in two steps, at first we look at the light
edges that are also multi-edges, i.e., the light edges in the forest of multi-
edges. Due to Lemma 20, we know that we can rearrange the edges in a
tree Tj such that it becomes a rooted tree T;. Every path to a leaf in T/ must
contain the root and the number of traversals is at least as large as it was in
T;. Due to Lemmas 22/and 24} we know that the overall number of bits to
encode the number of traversal, for all light edges in a forest of rooted trees
is at most 2.25n. This is also an upper bound for the number of required
bits in the original graph without rooted trees.

For the vertices that are not adjacent to a multi-edge, the light edge is
used once or never. Thus, the algorithm will read two bits of advice for
these vertices. The adversary maximizes the required advice by maximiz-
ing the size of the multi-edge forest, but doing this decreases the number of
vertices that are not adjacent to a multi-edge. In the proofs of Lemmas
and 22} we saw that there are at most “f! vertices that are not adjacent to
a multi-edge, when the multi-edge forest is maximized. Therefore, n + 1
advice bits are needed to get the number of traversals for the light edges
that are not part of the multi-edge tree. Thus, with 3.25n + 1 bits of advice
all traversal numbers for the light edges can be communicated. Note that,
if the graph does not contain a tree of multi-edges, 21 bits of advice suffice
for this knowledge.

In total, our algorithm will never read more than 5.25n — 1 bits of ad-
vice. ]

3.4.2 Adaption for Increasing Degree

We now explain how our algorithm can be adapted to solve the graph
exploration problem on general unknown directed graphs. In order to
count the number of advice bits more easily, we transform the given graph
G = (V, E) of unbounded degree into a graph H = (V U V/, E’) with out-
degree bounded by 2, which has more vertices and edges. To be more pre-
cise, H is implicitly constructed from G during the traversal. The algorithm
and the oracle agree on this construction and the oracle provides the advice
for H. One step in G will be represented by a sequence of steps in H.

To construct the graph H, we introduce out-trees, which are used to re-
place a large number of directed edges.

Definition 13. An out-tree T, is a directed binary tree, directed from the root v
to the leaves, that minimizes the maximum distance between v and some leaf.



3.4. EXPLORING DIRECTED GRAPHS WITH ADVICE 67

o.
7 YR
O D
4 ~ 4 ~
» Y » q
NN N A
° e o o o o

 ENENEREN ﬁ

Figure 3.8: A vertex with nine outgoing edges and the resulting out-tree.

The algorithm replaces every vertex v with more than two outgoing
edges by a tree T,. Figure shows a vertex with nine outgoing edges
and the resulting out-tree T;,. The gray edges and vertices in Figure|3.8|are
part of T,, and are called virtual edges/vertices. The black edges represent
the edges from G. Note that the virtual vertices are not visited when the
outgoing edges of T, representing the edges from G, are not used in 5* on
G. Thus, the exploration sequence on H does not need to visit every virtual
vertex, only the vertices from V have to be visited at least once.

The construction of H itself does not need any advice, but the increased
number of edges and vertices influences the number of advice bits used
overall. Therefore, we now analyze how the number of vertices and edges
change.

Lemma 25. When a graph G = (V, E) with an optimal exploration sequence S*
is transformed into a graph H = (VU V', E'), with |V UV'| = n' and |E'| = n!/,
such that every vertex has an outgoing degree of at most 2 by replacing vertices v
with an out-tree Ty, the number of vertices and edges of H are bounded by n' < m
and m' < 2m.

Proof. As soon as the algorithm moves the explorer onto a vertex v with
x > 2 outgoing edges for the first time, it separates the edges into two sets
A and B with |A| = [5] and |B| = |5 |. The edges from A are shifted to a
new virtual vertex v4 and the edges of B are shifted to another new virtual
vertex vg. Additionally, the virtual edges (v,v4) and (v,vp) are added.
This procedure is repeated for every vertex, virtual or not, with more than
two outgoing edges.

For a vertex v with x > 2 outgoing edges, we need x — 2 virtual vertices
in the out-tree replacing v. This can be proven by induction over the degree
of vin G: A vertex v with x = 3 outgoing edges (v, v1), (v, v2), (v, v3) gets
only one additional virtual vertex u. The out-tree T, contains the following
edges (v,v1), (v,u), (u,v2), (4,v3). Assume that we have a vertex with x
outgoing edges and an out-tree with x — 2 virtual vertices that replace the
edges. For the induction step, we need to attach one new virtual vertex to a
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leaf on the lowest possible level to create an out-tree for a vertex with x 41
outgoing edges. This replaces one outgoing edge of the tree with a new leaf
with two additional exits.

We call the number of vertices with only one adjacent outgoing edge
n1 and the number of edges attached to these vertices m. Analogously,
we call the number of vertices with two or more outgoing edges n-; and
the number of edges adjacent to these vertices m-1. The number of virtual
vertices in all out-trees is at most

Ms] — 2] =M —M] — 2051 =M —N1 — 201 =M —N— N> <M — 1.

The root vertices of the out-trees are the old vertices of G and are also
part of H. Therefore, the number of vertices in H is at most n < m-—
n+n = m. Every vertex in H has at most two outgoing edges. Thus, the
number of edges m’ in H is bounded from above by 2m. O

Although the construction increases the number of vertices and edges,
the computed solution for H can be easily modified to obtain a solution
for G.

Lemma 26. Let G be an arbitrary directed graph and let H be the degree-bounded
graph resulting from the construction described in Lemma [25| with an optimal
exploration sequence S. For every wy, ..., wy € V(H) \ V(G), we replace every
path (v,wy, ..., wg,u) in S by an edge (v,u) € E(G) \ E(H) yields an optimal
exploration sequence S* for the graph G.

Proof. From an optimal exploration sequence S for H, we can construct an
optimal exploration sequence S* for G by removing all virtual vertices in
S. Every path (v,...,u) that leads from a root v in a constructed out-tree
T, to a leaf u can be replaced with the edge (v, #) which must be part of
G by construction. Thus, if S is optimal for H, S’ must be an exploration
sequence of minimal cost for G. O

Note that the important information, which edge is used for the last
traversal and which edge is light, can be communicated with two bits per
(virtual or real) vertex, such that we can apply Theorem 8 Obviously, we
also increased the number of vertices by transforming G into H and there-
fore also the number how often the algorithm asks for such information is
increased. Therefore, we need to compute how transforming G into H in-
creases the needed advice if we apply the same approach as in Theorem

Theorem 9. There exists an online algorithm which solves the graph exploration
problem using 5.25m — 1 bits of advice on a given unknown directed graph G =
(V, E, cost).
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Proof. We use the algorithm described in Theorem [8|and make one adjust-
ment: The algorithm and the oracle use the construction from Lemma [25|to
ensure that every vertex has at most two outgoing and at most two incom-
ing edges.

This increases the advice complexity for the last and light edges from
2(n—1) to at most 2(m — 1), for the number of traversals for the light edges
that are part of a multi tree from 2.25n to 2.25m, and the advice for the
number of traversals for the light edges that are not part of a multi tree is
increased from 1 to m. Thus, the algorithm needs 5.25m — 1 bits of advice
in total. The computed solution for the transformed graph can then be
transferred to G by applying Lemma O

3.4.3 Non-Cyclic Graph Exploration

In order to solve the non-cyclic graph exploration problem as well, it suf-
fices to discuss the differences in the last steps of our algorithm. The last
vertex that is visited is always visited only once (see Lemma [16). Thus, it
has only one incoming edge in the graph induced by the exploration se-
quence, which must be used only once and /ast. Recall that our algorithm
avoids to exhaust last edges as long as possible and will exhaust the other
incident edge first. For the non-cyclic graph exploration problem, this last
vertex has no outgoing edge that is used in the optimal exploration se-
quence. In this case, it is not defined, which outgoing edge is light or last,
but such a definition is also not needed.

The algorithm is capable of detecting the last vertex in the optimal ex-
ploration sequence without additional advice and will not query the oracle
regarding the outgoing edges of the last vertex (see Lemma [17). When the
algorithm moves the explorer onto this vertex, it knows that there is no re-
maining unvisited vertex, because there is no edge incident to an already
visited vertex that leads to a new vertex. Thus, our algorithm will terminate
without reading advice for the last vertex.

Theorem 10. There exists an online algorithm which solves the non-cyclic graph
exploration problem using 5.25n — 1 bits of advice on a given unknown directed
graph G = (V, E, cost) with outdegree bounded by 2.

Theorem 11. There exists an online algorithm which solves the non-cyclic graph
exploration problem using 5.25m — 1 bits of advice on a given unknown directed
graph G = (V, E, cost).
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3.5 Lower Bounds for the Advice Complexity on Di-
rected Graphs

We contrast our previous results with lower bounds for the advice com-
plexity of the graph exploration problem (cyclic and non-cyclic) on directed
graphs. First we present a lower bound for graphs with outdegree bounded
by 2, the same graph class for which we designed our first algorithm. For
the sake of completeness we also present an already known lower bound
for directed graphs with arbitrary outdegree.

3.5.1 Directed Graphs with Outdegree Two

In the following, we look at the number of advice bits that is required to
solve the graph exploration problem optimally and show that, for directed
graphs with outdegree two, the number of advice bits must be linear in
the number of vertices n. More precisely, we show that there cannot exist
an algorithm that solves every instance of the non-cyclic graph exploration
problem with less than 1.25n bits of advice. Afterwards, we extend this
result to the cyclic graph exploration problem.

As a preparation, we first show a weaker lower bound of n — 2 on the
number of advice bits. For this, we construct a family of instances G such
that, for every instance in G, the algorithm has to choose between two in-
distinguishable vertices in every step (except the last two). Every instance
in the family G requires a unique sequence of decisions to obtain an optimal
solution. One wrong decision forces the algorithm to skip vertices and an
optimal solution cannot be achieved anymore. So, in the end we will have
at least 2" 2 different instances, each with a unique optimal solution.

Before we prove this intermediate result, we discuss the idea of the con-
struction of G. Every instance can be separated into k layers and the agent
starts on the first vertex of layer k. In Figure an intermediate layer i is
shown. The green edges are part of the optimal exploration sequence and
lead through one layer, visiting every vertex, and from the last vertex of
the layer to the first vertex of the next layer. The red edges start in layer
i and point to a vertex on a layer j < i, representing a wrong decision be-
cause they skip the remaining vertices on layer i. The dashed edges are
from previous layers j > i and are misleading edges, like the red ones, but
for previous layers.

The last three layers are visualized in Figure Here, the red, violet
and orange edges indicate the misleading edges, the color depends on the
layer on which the misleading edge starts. The green edges indicate the
unique optimal solution.

The edges in our construction ensure that, for every every vertex v on a
layer i (except for the last two vertices of the graph), the following proper-
ties are satisfied:
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(a) For every layer j, with k > j > i, there exists exactly one vertex that
has an outgoing edge pointing to v.

(b) The two vertices in the out-neighborhood of v have the same number of
incoming edges that have already been visible when v is visited for
the first time.

(c) One vertex from the out-neighborhood of v is on a lower level than v
and the other one is on the same level i or it is the starting vertex of
the next layer (if v is the last vertex of a layer).

To achieve property [(a)}, the number of vertices on layer k must be half
the total number of vertices. In the following, the number of vertices is
halved on every layer, down to two. Layer 1 is an exception as it always
contains three vertices, as shown in Figure[3.10]

For property|(c)| it is important that there is an instance in the family of
graphs G € G for every possible mapping between the misleading edges
and the vertices on lower levels. Otherwise, the algorithm can identify the
given instance after traversing the first layer due to the ordering in which
the unvisited vertices (the endpoints of the misleading edges) reappear.
Only if, for every possible decision, there is an instance where the same de-
cision leads to a mistake, the algorithm cannot gain any knowledge about
the given instance. We achieve this by adding an instance for every pos-
sible permutation between the misleading edges of a layer and its lower
layers. This means that the family of instances contains

koon LI
= —1
[1[5]1 =TT oy
i=1 i=1
instances because every layer contains one vertex less than all lower levels
together and the number of permutations for n elements is n!.

The main idea of the proof is that, if the algorithm does not ask for
one bit of advice in every step (except the last two), there are at least two
instances that are treated equally although their optimal solution differs in
at least one step.

Lemma 27. Every online algorithm with advice needs at least n — 2 bits of ad-
vice to solve the non-cyclic graph exploration problem on a graph with outdegree
bounded by 2 and n = 25 + 1 vertices.

Proof. We construct a family of graphs G such that, for all instances in G, the
algorithm cannot know which instance the adversary chooses. So, during
every step of exploration (except the last two) there are always multiple
instances in G that differ only in the not yet explored part of the graph.
Thus, for every step there exists at least one instance in G which has the
same optimal solution up to this point, but differs in the next step. The
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Figure 3.9: A schematic drawing of the construction from the proof of
Lemma 27} The rectangle on top represents the already explored part of the
graph. In the center, one layer i is shown. The triangle below represents the
part of the graph that is not yet explored by our algorithm. Every vertex
on layer i has the same number of incoming edges (except the first vertex
on the layer) and exactly one outgoing edge to a vertex on a lower layer
(except the last vertex on the layer). The green edges are part of the optimal
exploration sequence. The dashed edges come from previous layers and
the red edges are edges that should not be used when traversing layer i.

main idea why the algorithm cannot know which instance the adversary
chooses is described in condition @ Note that the optimal solution, for
every graph in G, visits every vertex only once and is unique.

In the following, we give a detailed explanation of our construction.
Each graph in G is separated into k layers and has n = 2 + 1 vertices. To
compute the optimal solution, the algorithm needs to visit the vertices of
one layer in the correct order and can only start with the next layer if every
vertex in the current layer is visited. Figure shows an example for
k = 3. Each layer i contains 2i=1 yertices, for 2 < i < k. The layeri = 1is
an exception and contains three vertices, as shown in Figure

To describe the set of edges for an instance in G, we name the vertices
depending on their layer and their position in the ordering in which the
optimal exploration sequence visits them. We call the vertices v,;, with
i € {1,...,k} being the layer a vertex is contained in and r enumerating
the vertices in each layer in the same order in which the optimal solution
visits them. Obviously, the algorithm does not know these names. A vertex
vy, has an edge to the vertex v,,1; and one to a vertex v, ; with j < i and
x according to some permutation (see property [(c)). The last vertex in each
layer v,i-1 ; does not have an edge to another vertex on the same layer. In-
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Figure 3.10: An example of the construction explained in the proof of
Lemma 27} for k = 3 layers. The green edges are part of the unique op-
timal exploration sequence. The other edges are all misleading edges. The
red edges have their starting point in layer three, the violet edges start in
layer two and the orange edge starts in layer one.

stead, it has an edge to the vertex v1; 1 and one to another vertex v, ; with
j < iand x according to some permutation.

Thus, for every layer i > 1, every vertex on layer i points to a different
vertex on a layer j < i, except for the last vertex of the layer, which points to
two vertices on lower layers. Which vertex points to which is taken care of
by a permutation which also ensures that the graph induced by the edges
that start in one layer 7 to a lower one form a perfect matching (except for
the last vertex of the layer, which is matched to the first vertex of the next
layer v; ;1 and another vertex on a layer j < i). The number of vertices
onalayeri > 1is 2=1 which is one vertex less than there are on all lower
levels together

i—1 i—2
2+ Y 2 t=24Y =242 —1=02""41.
j=1 j=0

This perfect matching between the vertices of one layer and the vertices on
all lower levels also ensures that every vertex on a layer j < i has exactly
one incoming edge from a vertex on layer i (see property [(a)).

Now we discuss the special case of the last layer i = 1. As presented in
Figure the vertex v has edges to v, 1 and v31, and v, ; has only one
edge pointing to v3 ;. When the algorithm does not make a wrong decision
and the agent reaches the vertex v, 1, only one vertex remains unexplored.
Therefore, the algorithm can extend the current solution to an optimal one
without any additional information. When the last vertex v3; is reached,
the computation is completed. Thus, for the last two vertices, no additional
information is required and the algorithm can compute the optimal solu-
tion if there was no mistake made until the second to last vertex.
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Now, we will explain the view of the algorithm and the optimal solution
for any graph in G. The explorer starts at the vertex v; ;. To compute the
optimal solution, all vertices of a layer i must be explored before travers-
ing to the next layer, because there are no edges from a lower layer to a
higher one. This is shown in Figure Therefore, the algorithm needs to
choose the correct edge (marked with green) that leads to the next vertex
on the same layer or, if the last vertex in a layer is reached, the first vertex of
the following layer. However, in each but the last two steps the algorithm
chooses between vertices that were seen equally often. Thus, the algorithm
cannot distinguish between the vertices and therefore does not know which
is the next one in the optimal sequence. When the explorer is positioned on
the second to last vertex of the optimal sequence, only one outgoing edge
exists. However for all other vertices, the algorithm has to decide between
two vertices with the same number of already seen incoming edges.

Thus, only on the first n — 2 vertices a mistake is possible. Therefore,
2"~2 unique optimal solutions are possible. For each of these, there must
be one corresponding instance in G. Thus, for every outgoing edge, except
for the ones incident to the last two vertices, there is a graph in G where the
edge is part of the optimal solution. If the algorithm would now compute
an optimal solution with less than n — 2 bits of advice, there must be at least
two instances where it makes the same decision in at least one time step.
However this is a contradiction to the uniqueness of the solutions for the
instances in G. O

Now, we improve the construction from Lemma[27|to get a lower bound
of 1.25n for the advice complexity. In order to increase the number of
needed advice bits, it is necessary that some vertices are visited multiple
times. Therefore, we replace every vertex by a cycle of length five, as shown
in Figure So, a layer i now consists of a set of cycles, each of length
five. To compute the optimal exploration sequence, every vertex of a cycle
needs to be explored before the explorer moves on to the next cycle. For the
last layer in our construction, we reuse the construction from Lemma

The main idea of the proof stays the same. We construct a family of in-
stances G that can be separated into k + 1 layers. Properties (a)]and [(b)] still
hold for every instance. Property |(c) does not hold true anymore because,
for each cycle, there is a vertex that has one outgoing edge to a vertex of the
same cycle and one to a vertex of the next cycle in the same layer. However,
we note that the following property holds true (for every layer except layer
1).

(d) For each cycle c, there are four edges that point to a layer lower than
c and one that points to the next cycle on the same level or it points to
the first cycle of the next layer (if c is the last cycle of a layer).

But again, we ensure that the algorithm is not able to recognize the
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Figure 3.11: A schematic drawing of the construction from Theorem
The cycles on top represent one layer i. The numbers on every cycle cor-
respond to the order the vertices are visited in the optimal solution. The
triangle below represents the lower layers, the part of the graph that is not
yet explored by our algorithm. Every vertex on layer i has one incoming
edge from each previous layer j > i and exactly one outgoing edge, marked
with red, to a vertex on a lower layer, except for one vertex in each cycle.
The other outgoing edges, marked in green, lead either to the next vertex
in the cycle or to the next cycle. The green edges are part of the optimal
exploration sequence and the red edges are wrong edges that should not
be used when traversing layer i.

given instance by the graph structure. This can be achieved by having an
instance G € G for every possible permutation between the misleading
edges in one layer and the vertices in lower levels.

Theorem 12. Every online algorithm with advice needs at least 1.25n bits of ad-
vice to solve the non-cyclic graph exploration problem on a given unknown graph
with n vertices and outdegree bounded by two.

Proof. We construct a family of graphs G such that, for all instances in G, the
algorithm cannot know which instance the adversary chooses. So, during
every step of exploration (except the last two) there are always multiple
instances in G that differ only in the not yet explored part of the graph.
Thus, for every step there exists at least one instance in G which has the
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Layer 2

Layer 1

Figure 3.12: An example of the construction explained in Theorem [12} for
the number of layers k +1 = 2. The green edges are part of the unique
optimal exploration sequence. The other edges are all misleading edges.

same optimal solution up to this point and differs in the next step. The
main idea why an algorithm cannot know which instance the adversary
chooses is the combination of condition|(b)]and the fact that every instance
has a different permutation between the misleading edges of one layer and
the vertices on lower layers. Note that the optimal solution is unique, for
every graphin G.

In the following, we give a detailed explanation of our construction.
Each graph in G is separated into k + 1 layers and has n = 9¥ + 1 vertices.
The layers i > 1 consist of a set of vertex-disjoint cycles. To compute the
optimal solution, the algorithm needs to visit the cycles of one layer in the
correct order and can only start with the next layer after every cycle in the
current layer is completely visited. Figure[3.12)shows an example for k = 1.
Each layer i contains 4°+17% . 97=2 cycles of length five, for 2 < i < k. The
layer i = 1 is an exception. The remaining vertices are used to create a
graph just like in the construction of the proof of Lemma 27|and this whole
construction is then attached as the last layer.

To describe the set of edges for an instance in §, we name the cycles
depending on their layer and their position in the ordering in which the
optimal exploration sequence visits them. We call the cycles ¢, ;, with i €
{2,...,k+ 1} being the layer a cycle is contained in and r enumerating
the cycles in each layer in the same order in which the optimal solution
visits them. The vertices on a cycle ¢, ; will be enumerated with v, . and
1 < y < 5. Obviously, the algorithm does not know these names. One
part of the edge set are the cycle edges (vs,;, v1.,,) and (vy,c, ., Vy+1,,,), for
1 <y < 4. Additionally, there is one vertex in every cycle c,, that has an
edge to the next cycle vy, ; or, if ¢ ; is the last cycle of layer i, to the first
cycle on the next layer vy, ;. The other four vertices of the cycle vy, ,
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have edges to vertices on a lower layer Oyl ey with j <'i (see property @)
Thus, for every layeri > 1, every cycle on layer i points to four different
vertices on a layer j < i, except for the last cycle of the layer, which points
to five vertices on lower layers. Which vertex points to which is handled
by a permutation that also guarantees that every vertex on a layer j < i has
exactly one incoming edge from layer i (see property [(@)). This implies that
the number of vertices 7; on a layer i and the number of remaining vertices

in lower layers satisfy
i-1
% n+1= Z nj.
j=1
An example with k = 2 contains 82 vertices. The first layer (i = 3)
consists of 9 cycles (45 vertices), the second layer (i = 2) consists of 4 cycles
(20 vertices) and the last layer (i = 1) contains 17 vertices. Every cycle
on a layer, except for the last cycle, has four edges pointing to vertices on
lower layer. In the last cycle, five edges have to point to vertices on lower
layer. Thus, there have to be % -45 +1 = 37 remaining vertices in the
graph without the vertices from the first layer. The construction ensures
that every edge has a feasible endpoint and the algorithm has to choose
between indistinguishable vertices.
Now we will discuss the special case of the last layer i = 1. The last
layer consists of

k+1 o (9k_4k)
n—5( A9 =1 o5 = 4f
2

vertices which allows us to use the construction from Lemma[27l We know
that every algorithm needs at least 4% — 1 bits of advice on this part.

Now we will explain the view of the algorithm and the optimal solution
for any graph in G. The explorer starts at the vertex vy, ,. To compute
the optimal solution, all vertices of the same cycle c; 11 must be explored
before traversing to the next cycle on the same layer. This is shown in Fig-
ure Therefore, the algorithm needs to choose the correct edge (marked
with green) that leads to the next vertex on the same cycle or the following
cycle, if the current cycle is explored. For each step in the same cycle, the
algorithm chooses between vertices that were seen equally often. Thus,
the algorithm cannot distinguish the vertices and therefore does not know
which the next one in the optimal sequence is. When one cycle is explored,
there are five edges that could lead to the next cycle, but only one is the
correct one. Again, these vertices cannot be distinguished (see property
(D))

After explaining the construction and pointing out why the algorithm
cannot distinguish the vertices, we have to discuss the advice complexity
of our construction. For every cycle, the algorithm has to choose the correct
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edge four times. For every possible choice, G contains a graph, where the
corresponding edge is part of the solution. This results in four bits of advice
to choose the correct cycle edges. To find the edge that points to the next
cycle in the ordering, the algorithm has to choose one out of five possible
edges. Again, we ensure that § contains, for every possible edge, one graph
where the edge is the correct choice. Thus, for each cycle, our algorithm
needs log(5) bits of advice to find the correct successor cycle.
The total number of cycles in our graphs is

k+1 o 1
Z4k+1*l . 9172 — 7(9]{ _ 4k) .
=2 5

For every cycle, the algorithm needs in total (4 + log5) bits of advice. To-
gether with the 45 — 1 advice bits for the last layer (due to Lemma , the
inequality

1
g(9k — 4)(4+10g5) + 4 —1>1.25n = 1.25(9F +1)
must be satisfied, and thus

9% (log5 — 2.25) > 4*(log5 — 1) +11.25.

For values k > 4, the equation holds true. Thus, we have a family of graphs
such that every online algorithm with advice needs at least 1.25n bits of
advice to compute the optimal solution. O

Note that the optimal exploration sequence for any graph in our con-
struction visits a vertex at most twice. To further improve the lower bound,
it would require a construction in which the vertices are visited more often.
Only if the optimal exploration sequence becomes longer, the algorithm has
to make more decisions. However, from previous chapters, we also know
that only the decision where the last edge becomes exhausted is critical.
Thus, the more often a vertex is visited, the more interchangeable decisions
lead to an optimal solution.

To obtain the same lower bound for the cyclic graph exploration prob-
lem, we only need to add one edge to our construction, connecting the last
vertex with the starting vertex. The optimal exploration sequence stays the
same until every vertex was visited once. Then, for the last step, it is neces-
sary that the agent visits the starting vertex again. However, the arguments
why the vertices cannot be distinguished stays the same.

Theorem 13. Every online algorithm with advice needs at least 1.25n bits of ad-
vice to solve the cyclic graph exploration problem on a given unknown graph with
outdegree bounded by 2 and n vertices.
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3.5.2 Lower Bound for Directed Graphs with Arbitrary Outde-
gree

We show that the number of advice bits to solve the graph exploration
problem (cyclic or non-cyclic) on directed graphs is at least in Q(nlog(n))
thus providing a proof of [40] for the sake of completeness. For this lower
bound, we construct a family of graphs G,, of size (n — 1)!, where every
instance has a unique optimal solution. This is achieved by a permutation
7t of the vertex set (without the starting vertex), for every instance in our
family of graphs.

The permutation is the ordering in which the vertices of the graph need
to be explored in the optimal solution. If a vertex v; is visited before all
vertices v; with 71(i) < 71(j) are visited the algorithm must make a detour
to visit the vertices v;. The algorithm needs advice to decide which vertex
is visited next because from a vertex v; all vertices v; with 7t(i) < 7(j)
are reachable in one step. The algorithm does not learn anything from the
graph structure because the unvisited vertices are indistinguishable and for
every possible decision there exists an instance in which it is optimal.
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Figure 3.13: An example for the construction in Theorem (14| with n = 8.
The green edges indicate the optimal solution and the red edges are the
misleading edges. The green dashed edge is only part of the optimal solu-
tion for the cyclic graph exploration problem.

Theorem 14. Every online algorithm with advice needs at least Q)(nlog(n)) bits
of advice to solve the cyclic or non-cyclic graph exploration problem on a general
directed graph with n vertices.

Proof. For every possible permutation 77: {2,...,n} — {2,...,n} of the
vertex set without the starting vertex v; and for n = 2k we construct an
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instance. A vertex v; has an edge to v; if 77(i) < 7(j) holds. The starting
vertex has an edge to all other vertices. The last vertex in the ordering has
only one edge leading back to the starting vertex. Thus, a vertex v; has
n — 7t(i) outgoing edges, except for the last vertex, which has one outgoing
edge.

Figure shows an example for n = 8. The vertices are drawn from
left to right following their ordering in 7. The red edges are misleading
edges that need to be avoided and the green edges are part of the optimal
solution. The dashed green edge is only part of the optimal solution, for
the cyclic graph exploration problem.

When the algorithm starts with its computation, it needs to know which
of the n — 1 outgoing edges is part of the optimal solution. For every pos-
sible decision, there exists an instance in which the choice is optimal. This
pattern repeats on every vertex except for the last two vertices in the order-
ing. However the number of edges from which the algorithm has to choose
one decreases. Thus, the algorithm needs at least

n—2 261 [log2*~1)] "
;Uog(n—i)J - ; |log(i)| = ; P2 > Elog<§> € Q(nlog(n))

bits of advice. Also enumerating all instances and encoding the given one,
would need at least log((n — 1)!) € Q(nlog(n)) bits of advice. O

3.6 Undirected and Sparse Graphs

In the following we focus on undirected graphs. With the possibility to tra-
verse any edge in both directions the set of edge-optimal solutions increases
because traversing any cyclic subsequence of an optimal exploration se-
quence in the opposite direction also yields in an optimal exploration se-
quence. Intuitively, the increased size of the solution set should make the
problem easier. However, the lower bound of Q}(nlog(n)) by Dobrev et
al. [20] shows that the graph exploration problem on weighted undirected
graphs is as hard as it is on directed graphs.

3.6.1 Structural Properties on Undirected Graphs

We already know from Lemma (13| that if an edge (u,v) is used multiple
times in S* there cannot be an edge (v, u) € S*. For undirected graphs we
show even stronger restrictions on the edges” numbers of traversals.

Lemma 28. No edge in an optimal exploration sequence S* € S for an undirected
graph G = (V, E) is used twice in the same direction.

Proof. We prove the statement by contradiction. Assume there is an edge
e = (u,v) that is traversed two times in the same direction. Without loss
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of generality we assume that the agent is moved twice from u to v. Then
there must exist a subsequence of the form (u,v,...,u,v). We create an
exploration sequence S that visits the same vertices but does not use the
edge e at all, by removing the two traversals along e and reversing the path
from v to u. This exploration sequence contradicts the optimality of S*. [

Thus, on undirected graphs the edges from E,,,;;; are used only once in
each direction.

Lemma 29. Every optimal exploration sequence S* € S for an undirected graph
G = (V, E, cost) contains at most 2n — 2 vertices.

Proof. An undirected graph G = (V, E, cost) can be transformed into a di-
rected one G’ = (V, E’, cost’) by replacing every undirected edge with two
oppositely directed edges which have the same cost as the undirected edge.
The optimal exploration sequence S* is still optimal for G’. The graph G’
has twice as many edges and Theorem [f]still holds. Due to Lemma 28] the
edges in G’ are traversed at most once.

Thus, every vertex is visited as often as it has incoming edges from S*
and from Theorem [f| we know that there are at most 2n — 2 edges in S*.
Therefore, there are at most 2n — 2 vertices in S*. O

3.6.2 Algorithm for Undirected Graphs with Bounded Degree

If the degree is bounded by 2, the number of different graph classes that are
connected is strongly limited. The only possible input is a cycle or a path.
For the cyclic graph exploration, a path is trivial to solve, because every
edge is traversed twice in the unique optimal solution. However, a cycle
is already difficult to solve in that even a constant number of advice bits
does not suffice, no matter if we want to solve the cyclic or the non-cyclic
version of the problem.

The main idea to prove this is that during the exploration of the cycle
each newly revealed edge is more expensive than the sum of all previous
ones. This increasing sequence ends at some edge u, v which is then not
part of the unique optimal exploration sequence because the path from u
to v not using the edge is cheaper than using the edge. However, the algo-
rithm needs advice to identify the edge where it is necessary to turn around
and traverse the cycle in the other direction.

Lemma 30. Every online algorithm with advice requires at least log(n — 2) bits of
advice to solve the cyclic or the non-cyclic graph exploration on a given unknown
undirected graph G = (V, E, cost) with degree bounded by 2.

Proof. For every fixed n, we create a family of cycles that have length n and
differ only in the weights for the edges. The edges are denoted by e; to e,
counterclockwise beginning at the starting vertex, as shown in Figure



82 CHAPTER 3. GRAPH EXPLORATION WITH ADVICE

Figure 3.14: A schematic drawing of the construction from the proof of
Lemma 30} The dashed edges represent a sequence of edges.

The weights of the edges are set such that in the unique optimal solution the
explorer traverses the cycle until it reaches an edge e;, which is not part of
the solution, with 1 < i < n. On this position it turns around and traverses
the cycle in the opposite direction until it reaches the other vertex incident
toe;.

The weights of the edges e; to e;_; are increasing such that each edge
ej with 1 < j < i has a weight that is larger than the sum of all previous
edge weights. Analogously, the weights of the edges from e; ;1 to e, are
decreasing such that each edge ¢; with i < j < n has a weight that is larger
than the sum of the weights of all edges with a larger index.

The weight of the edge ¢; is set to 10¥, where x >> n is not known to the
algorithm. The sum of all other weights must be smaller than this value.
However, the increasing (decreasing, respectively) weights cannot follow
a fixed structure because an online algorithm could identify the edge e;
because it is the edge where the fixed structure of weights stops. Thus, for
every fixed i, we add every instance to our family of cycles where the edge
weights fulfill

AT
;
k
2 i) < w(exp), forl <k <i,
) < w(exr1),fori < k <n,and
]:

w(e1) =w(e,) =1.

Therefore, the online algorithm is unable to deduce the index i from the
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weights of the edges ey,...,e; or e,,...,e;. For each index i, there is one
unique optimal solution. Note that if the first edges that the algorithm sees
have different weights, it could traverse along the edge of lower weight
because it knows this edge cannot be ¢;, as it is the most expensive one.
The algorithm can continue along this path until it reaches an edge that is
more expensive than the first edges without using advice. Thus, there are
n — 2 different possible positions for the edge e;. If an algorithm reads less
than log(n — 2) bits of advice, it has to use the same advice string for two
instances that differ in their optimal solution. Thus, the algorithm either
traverses the edge ¢; or does not traverse the edge adjacent to ¢;, for one of
the instances. In both situations the algorithm is not able do compute the
unique optimal solution. Consequently, there is no online algorithm with
advice that can solve the graph exploration problem on undirected graphs
with bounded degree by 2 with less than log(n — 2) bits of advice. O

For the non-cyclic graph exploration we need one bit of advice to ensure
that we solve the problem on a path. If the starting vertex is not an endpoint
of the path, we split the edges in two sets A and B depending on whether
they are to the right or left of the starting vertex. The optimal exploration
sequence starts to explore the set with the lower total cost, because the
side that is explored first is traversed twice. An online algorithm without
advice cannot compute the cost of the two sets without exploring them first.
However with one bit of advice we can communicate the optimal decision.

We also need to know in which direction the exploration has to start
when we solve the non-cyclic graph exploration on a cycle, because all op-
timal solutions have one edge that is not traversed. Thus, the graph G-
(which is induced by the edges that are used in the optimal solution) is
a path. As above, we split the edges in two sets A and B depending on
whether they are to the right or left of the starting vertex in the graph Gg-.
An online algorithm has to know which of the sets has lower total cost to
compute the optimal solution.

Lemma 31. There exists an online algorithm which solves the non-cyclic graph
exploration problem using 1+ log(n) + 2log(log(n)) bit advice on a given un-
known undirected graph G = (V, E, cost) with degree bounded by 2.

Proof. Our algorithm reads the complete advice string at the beginning.
The first bit defines the direction in which we start with our exploration
sequence. With a self-delimiting encoding, the log(n) + 21og(log(n)) bits
of advice communicate a number i, with 1 < i < n, which is the index of
the edge that is not part of the optimal solution. Note that if the input is a
path, the oracle encodes 1 on the advice tape. Thus, the algorithm traverses
to an endpoint of the path, recognizes the input as a path and computes the
optimal solution by traversing to the other endpoint.
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On a cycle, our algorithm starts to traverse the graph in the starting
direction which is defined by the oracle and stops when it reaches the edge
e;. Then it traverses the already used edges again and finally all remaining
edges except e;. O

When the degree is bounded by a constant k, the optimal exploration
sequence becomes more complicated because there are edges in the graph
that are not part of it. Thus, we need the algorithm to avoid choosing an
edge that is not part of S*.

Theorem 15. There exists an online algorithm which solves the cyclic or the non-
cyclic graph exploration problem using (2n — 4) log (k) bits of advice on a given
unknown undirected graph G = (V, E, cost) with degree bounded by k.

Proof. We can read log(k) bits of advice for every vertex (except the last
two, (see Lemma|17) in the optimal exploration sequence to know which of
the incident edges the algorithm has to choose. From Lemma 29 we know
that there are at most 2n — 2 vertices in S*. Thus, we need (2n — 4) log(k)
bits of advice to compute S* in total. O

Note that this result improves the trivial upper bound of nlog(n) for
the case that log(k?) < log(n) holds.

3.6.3 Lower Bound for Undirected and Sparse Graphs

In order to prove a lower bound for the advice complexity, we use the same
idea as presented in [20] and make only small changes so that the construc-
tion works for graphs with degree bounded by k. First we give a lower
bound for the advice complexity for the cyclic graph exploration problem.
Afterwards we make small adaptions to obtain a bound for the non-cyclic
problem.

The idea for both lower bounds is the same. We construct cliques of
size k and connect them in a cyclic way. Each clique must be traversed in a
specific order due to some permutation chosen by the adversary. We make
sure that it is non-optimal to traverse the vertices in a different order with
the cost function for the edges.

Theorem 16. Every online algorithm with advice needs at least i (log(k + 1) —
1) bits of advice to solve the cyclic graph exploration problem on a given unknown
undirected graph with degree bounded by k.

Proof. Our lower bound construction consists of cliques that need to be tra-
versed in a specific order based on a permutation chosen by the adversary.
At first we focus on the construction of a single clique and how it is tra-
versed. Afterwards we explain how to enlarge the construction with mul-
tiple cliques.
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U4

Figure 3.15: An example of the construction explained in Theorem (16, for
clique size k = 7 and the number of vertices n = 4k. The green edges are
part of the optimal exploration sequence and the red edges are misleading
edges.

Each clique j contains k vertices v;; with 1 < i < k. The edge weight
for an edge (v,,vp;) is max(a,b). The algorithm starts at the vertex vy ;
and sees k — 1 edges with cost k. The optimal exploration sequence visits
the vertices in descending order paying in total @ — 1. If the algorithm
traverses the vertices in a different order there is a subsequence of the form
(Vajs Vb, Vc,j) With b < aand b < c. Thus, comparing the total cost with the
cost for the optimal exploration sequence, the term b that is contained in
the cost of the optimal exploration sequence is replaced with a or ¢, which
are both larger than b.

To allow a construction of arbitrary size we connect an even number of
cliques in a cyclic way. We add the edges (v1;,v1j41) and (vy;-1,v,) for
j being odd. The vertex vy ; has an edge to the vertex v ,, where 2r is the
number of cliques. Each edge connecting two cliques has a cost of 1. Fig-
ure[3.15/shows an example for 2r = 4 cliques, each of size k = 7. Note that,
the optimal exploration sequence can be traversed in both directions on a
undirected graph. Thus, the algorithm can decide to traverse the graph in
a clockwise or counterclockwise direction. We need to avoid that one direc-
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tion results in a trivial solution. With trivial, we mean that the vertices are
traversed in an ascending order, regarding their permutation. The permu-
tation is revealed by the edge costs if the clique is traversed in the reverse
direction. Therefore, only every second clique is difficult to solve for the
online algorithm. The other half of the cliques only becomes difficult if the
algorithm traverses the graph in the opposite direction.

In total our construct has n = 2kr vertices, each is denoted as v; ; with
1 <i<kand1 <j < 2r. Any online algorithm has to use advice for one
half of the cliques to compute the ascending order of the vertices. Thus, it
has to read for r cliques 2 log( i) bits of advice. To simplify our calcula-
tions we choose k = 2V — 1 such that |log(k)| = log(*:!) holds. We can
lower bound the total number of advice bits that is required to explore our
construction with

n f=l n'c n log®l n k+1
- N > - ig>C AL I
% ; log(i) > % ; |log(7) = 200> 1 log < 5 )

For the non-cyclic version we can remove one edge in our construc-
tion making it simpler because the optimal exploration sequence becomes
unique.

Theorem 17. Every online algorithm with advice needs at least % (log(k + 1) —
1) bits of advice to solve the non-cyclic graph exploration problem on a given un-
known undirected graph with degree bounded by k.

Proof. We use the same construction as described in Theorem [16| but re-
move the edge (v 1, vk2,) that connects the first clique with the last one
(2r is the number of cliques). So, we remove the possibility to traverse the
cliques in a counterclockwise direction. Therefore, we can always force
the algorithm to traverse the vertices in a descending order for all cliques
and not only for half of them. This doubles the number of required advice
bits. O

3.7 Exploring with a Map

In our previous models where the online algorithm has no knowledge about
the graph, all its decisions depend on the advice given by the oracle. Only
with information gathered during exploration and together with the ad-
vice it was possible to make decisions such as determining if an edge is
exhausted. Analyzing the advice complexity in such a model shows the
amount of crucial information that is sufficient to explore a graph when all
knowledge is missing. Obviously the same advice also allows an algorithm
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Figure 3.16: An example to show that the missing information about the
edge costs prohibits any online algorithm to compute the optimal solution
without additional advice. Both marked paths, purple and green, can be
optimal but any online algorithm cannot decide which by knowing only
the cost of the first edge.

to explore a graph if it has some a priori knowledge about the graph. How-
ever, in the following we show that even less advice is necessary to explore
a graph when the structure of the graph is known a priori to the online al-
gorithm. To be precise, the algorithm knows all vertices and edges, their
labels but not the edge weights. We denote this by saying the algorithm
has a map of the graph.

The amount of knowledge about the structure makes a huge difference.
In the extreme case where the complete input is known beforehand, the
problem degenerates to an offline problem. As online algorithms are not
limited in their computational power this is the least interesting case. But if
the knowledge about the graph is only partial or unsure, we are able to give
more finely granulated bounds on the advice complexity. In the following
we distinguish two settings.

In the first setting, additionally to the map of the graph, the algorithm
has knowledge about the number of traversals for every edge. It can iden-
tify its current location on the map at any time and recognizes the seen
vertices and edges on the map. Instead of knowing the precise number of
traversals for every edge, it only knows if an edge is used once, never or
more than once in the optimal solution. The cost for traversing an edge
stays hidden until the explorer is placed at a vertex incident to the edge.

We show that this a priori knowledge already suffices to compute the
optimal solution and the number of traversals for every edge of the graph.

In the second setting, the online algorithm knows the vertices and edges
in the given graph but lacks the information about the cost function. It
learns the cost of and edge if it is placed at an incident vertex in the case of
undirected graphs. For directed graphs, the cost of an edge is revealed if the
explorer is placed at the vertex where the edge starts. Thus, the algorithm
knows the cost of an edge before it is used for the first time. Figure [3.16]
shows an example why it is not possible to compute the optimal solution
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in this settings without advice.

Such a scenario can arise when an autonomous agent has to explore an
area with an old or incomplete map. The paths on the map still exits but
they may be less passable than they were when the map was created. How-
ever, before the agent decides to drive along the path it sees the condition
of the road or if the mine shaft that should be explored is blocked. The
weight of an edge can be adjusted to represent different conditions. If the
path is nearly impassable, the cost can be set such that it is never part of
an optimal solution. But if it takes just a little bit more time or fuel to take
the path, the cost can be chosen to be slightly higher than one. Thus, the a
priori information given to the algorithm is not completely reliable, but it
shows where structural dead ends or bottlenecks are.

We show that there exists an online algorithm that can explore any di-
rected or undirected graph with mlog(3) bits of advice, where m is the
number of edges, if it has a map showing all edges and vertices.

3.7.1 Related Work

The idea of providing an online algorithm with knowledge about the graph
is not new. In the Canadian Travelers problem, introduced in [50], the task
is to move an agent from the starting vertex to the target vertex along the
shortest tour, knowing the graph, its edges and their costs, but edges can
fail which makes them unavailable. The algorithm only finds out that the
chosen path is blocked, i.e., an edge fails, when the agent is placed on an in-
cident edge. The authors also introduce the Double-Valued Graph problem
where some edges have two possible costs from which an adversary has to
choose one as soon as the agent, searching for a shortest path, is placed on
anincident edge. Again, the algorithm has full knowledge about the graph,
its edges and the possible costs. The authors provide a complexity result
for each of the two problems by presenting a reduction from the quantified
Boolean formula problem (QBF) showing that an online algorithm can only
compute a solution with a certain competitive ratio if the QBF is satisfiable.
Thus, an online algorithm needs to be able to solve a PSPACE-complete
problem to compute a solution for the online problems that has the com-
petitive ratio intended by the reduction. In [47] the authors assume that the
edge costs are random variables and that they are always usable. Moreover,
the probability distribution is known beforehand, but the value of an edge
is only revealed when the agent is placed at an incident vertex. They inves-
tigate the connection between the Canadian travelers problem and Markov
Decision Processes. If the edge cost is resampled when the edge is visited
again or the input graph is a directed acyclic graph, the problem becomes
polynomially solvable. For this setting, two strategies are presented and
their competitiveness is analyzed in [60]. The simple greedy approach is
2k+1 1 competitive, where k is an upper bound for the number of edges
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that can fail. The second strategy involves backtracking to the start if a
failed edge is revealed and it is 2k + 1 competitive. The same upper bound
was independently developed in [59]. Here the authors also present a lower
bound of k + 1 for randomized online algorithms.

A very similar problem, called stochastic shortest route problem was
introduced in [54]. Here the adversarial online worst case is not of inter-
est, because the part of the input that is unknown is random. The graph
is known a priori and the costs of the edges are unknown random vari-
ables. These graphs are called stochastic graphs. If the probability distri-
bution is known beforehand a common approach is to use the expected
value as cost, for every edge in the graph, and applying basic techniques
to compute the shortest path. Later the problem became also known as the
stochastic shortest path problem, but the model often differs in minor de-
tails. In [2] the costs are known beforehand and an edge can fail, similar
to the CTP problem, but with an probabilistic model instead of an adver-
sarial one. The algorithm knows that an edge fails only if an agent that
traverses the graph is positioned on an incident vertex. The authors show
that using stochastic programming methods the problem can be solved in
polynomial time. In [51] different models regarding the time at which the
cost of an edge is revealed are discussed. In their last model, the edge costs
are learned progressively. An agent, deciding every time it is positioned
at a vertex which edge should be traversed next, traverses the graph and
learns the edge costs during its exploration. The authors provide policies
from the currently available information of the algorithm. A more recent
result [48] provides a n®1°8(")) algorithm that maximizes the probability to
find a path that does not exceed some given threshold in a stochastic graph
where the edge costs follow a normal distribution. The authors also look at
other distributions than the normal distribution and show that the problem
is reduced to the deterministic shortest path problem if the distribution is
additive or satisfies stochastic dominance.

In general, the approach to support an online algorithm with addi-
tional information about the input is well studied for basic online prob-
lems. These settings are called semi-online and [24] provides an overview
of the different, so called, extra pieces of information (EPI) and their impact
on the competitive ratio for the famous scheduling problem. The EPI are
always a priori knowledge about the future input and can contain, e.g., the
total size of all jobs or the optimum makespan. There are also results for
semi-online graph problems. The authors of [41] analyze the semi-online
Bipartite Matching problem in a graph G(U, Vp U V4, Ei), where U is one
side of the bipartite set and the other side is split into Vp and V4. The sets U
and Vp and edges between these vertices are EP], i.e., known beforehand.
Only the vertices from V4 arrive in an online fashion. They introduce a
parameter that represents the ratio of online arriving vertices to already
known vertices and give lower and upper bounds depending on this ratio.
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3.7.2 Algorithm with a Map and Advice

We show that the cost function makes a difference, even if the algorithm has
a map of the graph, i.e, it knows all vertices and their edges. If all edges
have the same weight (unit cost function) or the cost function is known
beforehand, the algorithm is able to compute the total cost for every cyclic
(or non-cyclic) exploration sequence without moving the agent through the
graph and chooses the cheapest one as its solution.

Theorem 18. There exists an online algorithm which solves the cyclic and non-
cyclic graph exploration problem using no advice on known directed and known
undirected graphs if the cost function is known beforehand.

Proof. As the algorithm is not limited in its computing power, it can com-
pute all possible exploration sequences by brute force. Obviously, this is
possible for the directed and undirected case. It chooses the solution which
results in the shortest exploration sequence. O

If the cost function is not known, the algorithm will not know which of
the feasible exploration sequences will be the cheapest. The missing knowl-
edge can be compensated if the algorithm has knowledge about the optimal
solutions 5* € S. We show that we can compute the number of traversals
for every edge when we know which edges are used never Ey, once E;
and multiple times E,,,;;;. Thus, knowing the number of traversals for ev-
ery edge suffice to compute an optimal solution even if the cost function is
unknown.

Lemma 32. Let G = (V, E) be a graph with an multi-edge optimal exploration
sequence S* = (v, ..., Vepq). There is an algorithm A(V,Eo, E1, Eyi) which
computes, for each edge e € E, the number of visits by S5*.

Proof. Note that the algorithm A a priori only knows the exact number of
visits for an edge e if #s-(¢) < 1. Corollary 2| and Lemma [15/ show that
the graph F = (V, E,u1;) is a forest, even if the edges are undirected. Fur-
thermore, Lemma [13| shows that, if edges are used multiple times in one
direction, they are not used at all in the reverse direction.

We now describe a recursive algorithm which computes the exact num-
ber of visits for the edges from E,,,;;;;. Every tree T in the forest F must have
at least one leaf. A leaf v in F has exactly one edge that is used multiple
times and the other adjacent edges in G are used exactly once or never. Let
U be the set of those edges from E,;,;;;, where the number of traversals is
unknown. As long as U # @, the graph F/ = (V, U) has at least one leaf
v. Let e € U be the only directed edge attached to v in F’. For all other
edges ¢/ € E(G) attached to v, we already know the number of visits, i.e.,
e’ € EgUEq U (Eyi \ U). The algorithm A sums up the traversal numbers
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of all other incoming and outgoing edges for v, i.e.,

Cin = Z(x,v)EE\e#S*(er)/
Cout = Z(v,x)EE\e#S*(U/x)'

Thus, the usage of the edge e can be calculated, because da(v) = 0 holds
for Gs+ = (V,Esq)- Therefore, the number of traversals is the difference
between incoming and outgoing edges from E;. Only two cases need to be
considered. If e = (w,v), then ¢;;, < ¢out and A can compute its traversal
number #g- (e) = cour — Ciy. Analogously, for e = (v, w), we have #g+(e) =
Cin — Cout-

The result can be used in the next level of the trees to calculate the num-
ber of traversals for multiply used edges analogously. If the number of
traversals for all edges e € E,,,;; attached to a leaf of F' = (V,U) are com-
puted, we update U’ = U \ {e}. Now, we have again new leaves in the
forest F” = (V,U’) for which exactly one adjacent edge is part of U’. For
all other edges, the precise number of traversals is known because they are
from Eg, Eq or E,;; \ U.

Repeating this bottom-up approach for the forest F” allows us to com-
pute the exact usage of every edge from E,,,1;;. O

Note that the algorithm requires knowledge about the graph to know
the number of leaves in the forest of multi-edges.

Theorem 19. There exists an online algorithm which solves the cyclic and the
non-cyclic graph exploration problem using log(3)m bits of advice on known di-
rected and undirected graphs.

Proof. We use the advice bits to determine for every edge its membership in
one of the three sets Eg, E1, E,;;,;1i- Thus, only the numbers of traversals for
the edges in E,;;,;;; remain unknown. Since the algorithm knows the vertices
and edges of the graph, it can apply Lemma 32|to compute the exact usage
for every edge. Due to the unlimited computing power, our algorithm can
compute all possible exploration sequences such that no edge is used more
often than in S* by brute force. Note that, for undirected graphs we do not
need to apply Lemma [32]because from Lemma 28 we know that the edges
from E,,,;; are each used twice. O
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Chapter 4

Conclusion and Future Work

We have seen two very different online problems. The first one was from
the field of graph drawing and we introduced a deterministic online al-
gorithm that achieves a constant competitive ratio. We proved its perfor-
mance by excluding certain substructures and showing that other critical
substructures can only appear when the optimal solution also incurs high
costs. From there on the remaining part of the proof was an exhaustive case
distinction.

Our results showed that the best possible competitive ratio is between
% and 5. Decreasing this gap is one of the future tasks that we propose. An-
other unsolved problem is to extend our results to k-regular graphs with
k > 2. The problem should become easier for increasing k, because the
number of unavoidable mistakes also increases with k. As an extreme ex-
ample, for k = n any ordering of the vertices is optimal.

The second technical part considered the advice complexity of the graph
exploration problem on directed and undirected graphs. Due to previous
results we focused on degree-bounded and sparse graphs. We derived up-
per and lower bounds for the cyclic and the non-cyclic version of the prob-
lem. Afterwards, we also discussed a variation where the online algorithm
has a priori knowledge about the input and its influence on the advice com-
plexity.

Although the presented bounds are asymptotically matching, there is
still some room for improving the lower and upper bounds. A large part of
the information provided by the oracle was used to encode traversal num-
bers for edges used often. However, in the lower bound construction all
the edges were used only once, twice or never. Thus, it seems like that the
information how often an edge is traversed can be communicated with less
advice or it is possible to create a more complex lower bound construction
where the number of traversals is from a greater range.

Moreover, the last topic concerning additional a priori knowledge needs
further investigation. The previous observations regarding the number of
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traversals of the edges in an undirected graph should make it possible to
reduce the advice that is needed to compute an optimal solution when the
graph is known beforehand.
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