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Abstract

Probabilistic systems evolve based on environmental events that occur with a certain
probability. For such systems to perform well, we are often interested in multiple
objectives, i.e., quantitative performance measures like the probability of a failure or
the expected time until task completion. Sometimes, these objectives conflict with
each other: minimizing the failure probability possibly means completing the task
takes longer. Compromises need to be found.

We consider Markov models—particularly Markov decision processes (MDPs) and
Markov Automata (MAs). These state-based modeling formalisms describe a system
in its random environment. Starting from an initial state, the transitioning behavior
in MDPs is determined by probabilistic and nondeterministic choices. MAs further
extend MDPs by exponentially distributed continuous time delays. Rewards can be
attached to states or transitions to model system quantities such as energy consumption,
productivity, or monetary costs. Objectives are formally specified by a mapping from
(infinite) system executions to the value of interest, e.g., the total accumulated costs or
the average energy consumption. The expected value of an objective is defined once
the nondeterminism is resolved using a strategy—intuitively reflecting the choices of
a system controller. Different strategies induce different expected objective values.
Multi-objective verification of MDPs and MAs analyzes the interplay between the
considered objectives and identifies which trade-offs between expected objective values
are possible, i.e., achievable by some strategy.

We study practically efficient methods to compute the set of achievable solutions.
For this, we establish a general framework and its instantiation for (undiscounted)
total reachability reward objectives, long-run average reward objectives, and reward-
bounded objectives. We propagate the errors made by approximative methods, yielding
sound under- and over-approximations. We further consider multi-dimensional quan-
tiles that ask under which reward constraints a given objective value is achievable.
Finally, we investigate a setting in which the strategies must be simple, i.e., non-
randomized and with limited memory access. All presented approaches are integrated
into the state-of-the-art probabilistic model checker STOrRM. An extensive evaluation
of this implementation on a broad set of multi-objective benchmarks shows that our
approaches scale to large models with millions of states.
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Zusammenfassung

Probabilistische Systeme werden von Umgebungsereignissen beeinflusst, welche mit
einer gewissen Wahrscheinlichkeit auftreten. Damit solche Systeme einwandfrei funk-
tionieren, sind haufig mehrere Ziele, also quantitative Leistungsmafle wie die Ausfall-
wahrscheinlichkeit oder die erwartete Zeit bis zur Vervollstindigung einer Aufgabe,
relevant. Manchmal stehen diese Ziele im Konflikt: Das Minimieren der Ausfallwahr-
scheinlichkeit kann moglicherweise bedeuten, dass sich die Zeit zur Aufgabenfertig-
stellung erhoht. Kompromisse miissen gefunden werden.

Wir betrachten Markow-Modelle, insbesondere Markow Entscheidungsprozesse
(MDPs) und Markow Automaten (MAs). Diese zustandsbasierten Modellformalismen
beschreiben ein System in dessen zufilliger Umgebung. Von einem Initialzustand
ausgehend ist das Transitionsverhalten in MDPs durch probabilistische und nichtde-
terministische Wahlen gegeben. MAs erweitern MDPs zusétzlich durch exponentiell
verteilte, kontinuierliche Verzégerungen. Zustdnden und Transitionen konnen Nutzen-
werte zugewiesen werden, sodass verschiedene Systemgrofien wie Energieverbrauch,
Produktivitdt oder monetare Kosten modelliert werden konnen. Die Systemziele wer-
den formal spezifiziert, indem (unendliche) Systemldufe auf einen Wert abgebildet
werden. Beispielsweise kann dies die Summe der Kosten oder der durchschnittliche
Energieverbrauch auf dem jeweiligen Systemlauf sein. Damit der Erwartungswert eines
so spezifizierten Zieles wohldefiniert ist, muss der Nichtdeterminismus mithilfe einer
Strategie aufgeldst werden, welche die Entscheidungen eines Systemcontrollers wider-
spiegelt. Verschiedene Strategien fithren zu verschiedenen erwarteten Zielwerten. Die
Verifikation von MDPs und MAs mit mehreren Zielen analysiert das Zusammenspiel
zwischen den betrachteten Zielen und identifiziert, welche Kompromisse zwischen
erwarteten Zielwerten moglich, d. h. von einer Strategie realisierbar sind.

Wir untersuchen praktisch effiziente Methoden, um die Menge der realisierba-
ren Losungen zu berechnen. Dazu fithren wir ein algorithmisches Grundgeriist ein
und instanziieren dieses beziiglich verschiedener Ziele, wie die (nicht rabattierte) Ge-
samtsumme der Nutzenwerte bis zum Erreichen eines Zielzustandes, der langfristige,
durchschnittliche Nutzenwert sowie durch Nutzenbedingungen eingeschréankte Ziele.
Wir schétzen die Fehler von approximativen Methoden ab, sodass korrekte Unter-
und Uberapproximationen entstehen. Auflerdem betrachten wir multidimensionale
Quantile, bei denen die Frage ist, unter welchen Nutzenbedingungen ein gegebener
Zielwert erméglicht werden kann. Schlieflich untersuchen wir die Einschrankung
auf simple Strategien, d. h. Strategien, die nicht randomisieren und nur eine einge-
schriankte Merkfahigkeit haben. Alle prasentierten Ansétze sind im hochmodernen
probabilistischen Model Checker STorM integriert. Eine ausfithrliche Evaluation dieser
Implementierung auf einer breiten Menge von Benchmarks mit mehreren Zielen zeigt,
dass unsere Ansitze auf grofle Modelle mit Millionen von Zusténden skalieren.
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—Chapter 1—

Introduction

1.1 Motivation

Formal Verification | Digital systems are a fundamental aspect of our modern society.
They appear everywhere in our daily lives—from driver-assistance systems over home
entertainment up to medical devices. These systems are often found in critical environ-
ments, where a malfunction causes serious material or personal damage. Prominent
examples are the crash of the Ariane 5 missile [Lio96] causing damage worth of more
than 370 million US dollars, and the Therac-25 radiation machine that treated at least
6 patients with a serious overdoses [Lev17]. Testing is common practice in software
development to find bad system behavior. However, in most applications it is infeasible
to test for every possible input of a system. Consequently, testing is inadequate for
showing the absence of bad behavior [Dij72]. Formal verification mathematically proves
system correctness to methodically rule out system failure.

Model Checking | Model checking [CE81; QS82; BK08; CHVB18] is a popular for-
mal verification technique that is applicable throughout a system’s life cycle. Hard-
ware developers such as IBM and Intel commonly use model checking to verify their
products [BEGWO03; Fix08]. The model checking tool SLAM—developed at Microsoft—
verifies device drivers [BLR11]. Model checking has successfully been applied to verify
security protocols [BCM18]. [BL17] empirically shows that software model checking
of C code finds more bugs in less time compared to testing.

The technique works by providing a model—a “blueprint” of the system specifying
its behavior—and a set of properties that are derived from the system’s requirements.
A model checker, i.e., a tool implementing model checking algorithms, then checks
if the given model satisfies the given properties and returns that all properties are
satisfied or which properties are violated. In the latter case, useful debug information
is provided to system designers, helping them understanding and fixing faulty system
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behavior. A major reason for the success of model checking is that this process is fully
automatic: once model and properties are given, no further user input is needed.

Markov Models | In classical model checking, the model is given as a transition
system (also known as Kripke structure). In this formalism, system states are connected
via transitions specifying how the system evolves from one state to another. A state can
have multiple outgoing transitions which reflect nondeterministic choices to model,
e.g., uncertain behavior or concurrency. However, richer formalisms are needed when
nondeterministic choices alone do not adequately represent the system.

This work considers model checking of Markov models, in particular Markov decision
processes (MDPs) [Put94] and Markov automata (MAs) [EHZ10]. These models are
similar to transition systems, but besides nondeterminism their transitioning behavior
is also influenced by the outcome of random variables. MAs additionally consider
random delays, thus combining nondeterministic and probabilistic choices with con-
tinuous time aspects. This is realized by distinguishing two types of states: Markovian
states and probabilistic states. In both cases, the successor state is determined by a
probability distribution such as the outcome of a coin flip. In a Markovian state, this
only happens after an exponentially distributed time delay. In a probabilistic state, an
action is chosen nondeterministically from a menu of enabled actions and the successor
state distribution depends on the selected action. No time passes in probabilistic states.
Distinguishing between Markovian and probabilistic states enables a well-defined no-
tion of compositionality for MAs, where components synchronize on common actions
at probabilistic states [Tim13]. States and transitions can be equipped with rewards to
model various quantities of the system such as energy consumption or productivity.
MAs and MDPs—the latter can be seen as MAs without Markovian states—adhere to
the Markov property: once nondeterminism is resolved, the system behavior only
depends on the current state. We showcase the modeling capabilities of MAs in terms
of a motivating example. A more formal treatment is postponed to Section 2.2.

Example 1.1 Figure 1.1 depicts an MA that models a machine with three different
configurations. For a given configuration i € {1, 2, 3}, the machine is either in
a working state w;, in a failing state f;, or in a repairing state r;. Whenever the
machine is working, a failure eventually occurs due to wear of its components.
However, the time until a failure occurs is not known in advance. Instead, we
assume that the delay can adequately be modeled by an exponential distribution
with a certain rate. For example, the machine switches from working state w; to
failing state f; with rate /3, i.e., the average time to fail when in configuration
i =1is1/(i/s) = 8 time units.

If the machine is in a failing state f;, a controller of the machine can decide to
either repair (rep) the machine in its current configuration i leading to the repair
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Figure 1.1: Example Markov Automaton (cf. Examples 1.1 and 1.2)

state r; or to transition (sw) to a dedicated switching state s in which the current
configuration i is changed to a potentially different configuration j € {1,2,3}. The
decision of the controller and the transition to either r; or s are both assumed to be
instantaneous, i.e., no time passes. In a repair state r;, the machine is repaired and
ready to work again (w;) after a certain amount of time—which we also assume
to be exponentially distributed. In the switching state s, the next configuration is
chosen according to a discrete probability distribution and after an exponentially
distributed delay. The initial configuration is chosen uniformly at random without
any delay.

Figure 1.1 depicts the MA using circles and dashed lines to indicate Markovian
states and their outgoing transitions whereas for probabilistic states we use
rectangles and straight lines. We sometimes use an incoming arrow to mark a
dedicated initial state—such as the state s; in Figure 1.1 from which the initial
configuration is chosen uniformly at random. Rates of exponential distributions
are given in teal, successor probabilities are given in orange, and controller actions
are given in pink. We also attach two kinds of rewards to the states of the MA that
model the productivity of the machine (R;) and the repair costs (R;). For example,
in configuration i = 1, the machine produces R; [w;] = 100 units per time as long
as it is in the working state w;. Repair costs are modeled using negative rewards.
We omit probability values when they are 1, reward values when they are 0, and
action labels at states with just a single enabled action.
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Quantitative Objectives | Model checking verifies the complete absence of bad
system behavior. However, such a verification objective might be too ambitious as bad
behavior can not always be fully excluded. In those cases, it might be acceptable that,
e.g., a system failure is possible, but unlikely. Verification of Markov models argues
over quantities of the system such as probabilities and rewards to answer quantitative
verification objectives such as:

« Is the probability of a crash below 0.001%?
« Is the expected time until task completion at most 8 hours?,

« Is the probability to reach a charging station before running out of battery at least
99%?

« Is the expected average number of produced units per hour at least 15?

To verify the above objectives, the nondeterminism potentially present in a system

strategy  needs to be resolved. A strategy (also commonly referred to as policy, scheduler,
or adversary) of an MA resolves the nondeterminism by specifying which action
to choose whenever the system is in a probabilistic state. Generally, the strategy
choices may depend on the system execution so far and may also be randomized.
System measures are only defined under a given strategy and verification queries
typically ask whether an objective holds under some or—dually—under all strategies.
Alternatively, objectives may ask for the actual quantity, e.g., the maximal (w.r.t. all
available strategies) probability of a crash.

probabilistic  Probabilistic Model Checking | Probabilistic model checking [CY88; FKNP11; Kat16;
modelchecking g AFK18; BHK19] studies automated procedures to verify quantitative objectives for
Markov models. Successful application areas include network and security proto-
cols [LMT04; NS06; KNP12a], systems biology [KNP08], planning problems [YLWAO05;
FWHT15], performance models for microservices [CJR22], and self-adaptive software

systems [CGKM12; CLLV*17].

EPMC [FHLS"22], MmcsTa [HH14], Prism [KNP11], and ¢;» SToRrM [12] are popular
probabilistic model checkers that verify large-scale Markov models with millions,
or even billions of states. The models are specified using a high-level description
in a domain-specific modeling formalism such as the Modest language [HHHK13],
the PRISM language [KNP11], the JANI model exchange format [BDHH"17], PGCL
specifications for probabilistic programs [GHNR14], dynamic fault trees [SDC99],
or generalized stochastic Petri nets [EHKZ13]. Quantitative objectives are formally
given based on temporal logics such as LTL [Pnu77], PCTL [H]94], and CSL [ASSB00;
BHHKO03] equipped with operators that address probabilities, rewards, and time.
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Multi-objective Model Checking | Probabilistic model checking commonly con-
siders each verification objective for a given Markov model independently. This is
non-problematic when the objectives are composable. For example, when we want to
show that several different objectives hold for all strategies, it suffices to verify the
objectives one after the other. The interplay between the objectives is not important in
such a setting. On the other hand, assume we have shown for some system that, e.g.,

« there is a strategy for which the probability of a crash is below 0.001% and
« there is a strategy for which the expected task completion time is at most 8 hours.

From this, we can not infer the existence of a strategy that satisfies both objectives.
In fact, any strategy with a sufficiently low crashing probability might need a long
time to complete the task and—dually—a strategy that induces a low expected time for
task completion might take high-risk actions that lead to a higher crashing probability.
Multi-objective model checking [CMHO06; EKVY08] aims to analyze trade-offs between
potentially conflicting objectives, allowing to verify queries that address combinations
of objectives such as

« Is there a single strategy for which both the probability of a crash is below 0.001%
and the expected task completion time is at most 8 hours?

Pareto Optimality | The above query considers two objectives that each specify a
threshold on the value that is to be achieved. In general, arbitrarily many objectives
can be considered and the thresholds can be dropped in which case we want to find
strategies that either maximize or minimize (w.r.t. all available strategies) the value
of the individual objectives. Due to potentially conflicting objectives, there usually
is not a single strategy that yields optimal values for all objectives. We therefore
aim for Pareto optimality [Mat91]. Intuitively, a strategy is Pareto optimal for a given
set of objectives if every other strategy either yields the exact same objective values
or a worse objective value for one or more objectives. In that sense, Pareto optimal
strategies are nondominated: there is no strategy that performs better for one objective
without diminishing the value of at least one other objective. The Pareto front is the
set of objective values that are induced by a Pareto optimal strategy.

Example 1.2 Consider the MA from Figure 1.1 and recall from Example 1.1 that
the depicted reward assignments model productivity of the machine (R;) and
repair costs (Rz), the latter modeled using negative rewards. We are interested
in the trade-offs between average productivity and average costs that can be
expected in the long run. Formally, these objectives can be stated as so-called
long-run average (LRA) reward objectives for reward assignments R; and R,
denoted by Ira(R;) and Ira(R;), respectively.

multi-objective
model checking

Pareto optimal
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Pareto front
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Figure 1.2: Achievable points for two LRA objectives (cf. Example 1.2)

We consider the three strategies oy, 03, and o3 for the machine controller given
as follows. For i € {1,2,3}, the strategy o; decides to repair the machine—i.e.,
select action rep—whenever the system is in the failing state f; for configuration
i. In all other failing states f; for j € {1,2,3} \ {i}, the strategy o; decides to
switch, i.e., selects action sw. Consequently, when following strategy o;, the
machine eventually switches to and stays in configuration i almost surely, i.e.,
with probability 1. In the case of o1, this yields an expected LRA productivity of
100- % ~ 88.9 per time unit and an expected LRA repair cost of —1- 8—11 ~ —0.111
per time unit. Figure 1.2 plots these values as point p; = (88.9,-0.111) in a 2-
dimensional coordinate system. Similarly, we obtain the points p, ~ (107, —0.286)
and p; =~ (68.2,—0.091), reflecting the expected productivity and costs when
adhering to oy and o3, respectively. For i € {1, 2,3}, we say that o; achieves p;.
Among the three considered strategies, o2 yields the highest average productivity
but does not perform well in terms of average costs. Vice versa, o3 induces a low
cost but is also bad in terms of productivity. Strategy oy achieves a compromise
between the two objectives. However, without further information, none of the
three strategies can be considered “better” than the other.

Other controller strategies are possible. The strategy .., which always selects
action rep in each failing state f;, i € {1,2,3} yields expected values p, . ~
(88.1,—0.16) also indicated in Figure 1.2. However, oy dominates o, since the
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former achieves better values for both productivity and cost. Strategy o; should
be preferred over o,,. On the other hand, there is no strategy that dominates
o1—it is Pareto optimal as all other strategies either yield the same values, less
productivity, or more cost. Similarly, o, and o3 are Pareto optimal, as well.

The points on the two blue line segments in Figure 1.2 connecting p, and p, as
well as p, and p, are achieved by randomized strategies that intuitively flip a
(biased) coin and based on its outcome mimic either o; or o, and either o7 or
o3, respectively. The Pareto front for the considered MA and the two objectives
consists of the two blue line segments including their end points p,, p,, and p,.
The green area “below” the Pareto front depicts the set of achievable points—points
for which a strategy exists that achieves at least the given values (or better values).

1.2 Topics of this Thesis

Approximating Pareto Fronts | Pareto fronts depict in a concise and human-
readable way which objective trade-offs the system can possibly achieve. This provides
valuable insights, helping decision makers to design system controllers and potentially
revealing flaws in early development stages by showing that desired objective values
can not simultaneously be achieved with the current design. Our primal goal for this
thesis is to establish efficient, fully automized methods for the following task:

Given a Markov model and a set of objectives, compute the Pareto front.

We tackle this task in a general setting, where an objective is given by a mapping
from system executions to real (positive or negative) values. For example, this value
can be the passed time until completing a task or the average costs per time unit.
We then optimize the expected values of multiple such objectives. This framework
subsumes several settings considered in related works, e.g., [EKVY08; FKNP*11; FKP12;
BBCF*14; RRS17]. In particular, all kinds of probability objectives such as reachability
probabilities and LTL specifications are supported by mapping system executions
to either 1 if the considered event occurred or 0 otherwise. We lift the approach by
[FKP12]—which itself borrows ideas from convex multi-objective optimization [SAC93;
RDH11]—towards our general setting. The rough idea is to iteratively refine an approx-
imation of the Pareto front by optimizing weighted sums of the individual objective
values for various different combinations of weights. While this framework is indepen-
dent of the specific kinds of objectives, the subtask of optimizing weighted objective
sums requires dedicated methods. We take a closer look at (mixtures of)

« total reachability reward objectives such as the probability to reach a bad state, or
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the time until task completion,

« long-run average (LRA) reward objectives such as the average energy consumption
per time unit, and

« multi-reward bounded objectives such as the probability to complete a task within a
given time and energy budget.

Multi-dimensional Quantiles | For the above-mentioned multi-reward bounded
objectives, we optimize the objective value for given constraints on the accumulated
reward. Multi-dimensional quantile queries consider the reverse question: what are
valid constraints on the accumulated rewards under which a given expected objective
value is achievable? More specifically, this framework deals with questions such as

« How much time and energy is needed to complete a task with probability 0.8?

« How many products can be manufactured with how many workers within an
expected time of 8 hours?

« How much energy is needed to complete how many tasks with probability 0.9?

These queries consider trade-offs between the considered resource constraints, e.g.,
a high energy budget might mean that the task can be completed in less time. We
provide automized techniques to compute and visualize these trade-offs.

Restriction to Simple Strategies | Pareto optimal strategies need to make random-
ized choices to achieve certain trade-offs as we have seen in Example 1.2. Moreover,
strategies might need to memorize parts of the execution history, e.g., which tasks
have already been completed. Such sophisticated strategies are inadequate in certain
scenarios. For example, in a product design application, the final product should not be
subject to a random choice; all customers should receive the same product. For ethical
reasons, a medical device should not treat patients based on the outcome of a coin flip.
Small scale embedded systems might not have the capacity to implement complicated
strategies. Finally, a simple strategy is easier to understand, implement, and debug.
We also study a variant of the multi-objective verification problem that approximates
Pareto fronts when restricted to simple, i.e., pure (non-randomized) strategies with
limited access to memory.

Soundness | Verification results should be trusted. Computing quantitative values
exactly (i.e., without any kind of error) however is very challenging for large-scale
systems. Probabilistic model checking therefore commonly relies on giving approxi-
mations of the computed quantities. We provide sound approximations by considering
error bounds and their propagation throughout the verification procedure.
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Implementability | Practical applicability is a major asset of model checking. The
presented algorithms are meant to be implemented and executed on real-world applica-

tions. This is demonstrated using an implementation in the model checker ¢» STorM.

1.3 Contributions

We summarize the core contributions of this work. These results are based on earlier
publications of the author (cf. Section 1.6). Contributions made beyond existing works
are outlined at the beginning of the corresponding chapters.

A Framework for Every Objective (Chapter 3) | We provide theoretical and prac-
tical results for multi-objective Markov models that apply to all kinds of expected value
objectives. These results include the convexity of the set of achievable points (The-
orem 3.5 on page 70) and a lifting of the Pareto front approximation algorithm of
[FKP12] towards our general setting (Section 3.4). The latter is achieved by passing on
objective-specific computations to optimization queries for weighted objective sums.
Depending on the objective types, these weighted sum optimization queries can often be
solved using single-objective methods for Markov models. Our approaches take error
propagations of approximative solutions into account, enabling correct approximations
for large-scale systems.

Sound Expected Total Rewards (Chapter 4) | We present sound value itera-
tion—an extension of the classical value iteration approach for Markov decision
processes [Put94]—which provides correct lower- and upper bounds for (single-
objective) expected total reachability rewards.

Mixing Total and Long-run Average Rewards (Chapter 5) | We instantiate our
general Pareto front approximation algorithm towards mixtures of total- and LRA
reward objectives. The crux is a treatment of the so-called end components (Section 5.3).

Multi-Dimensional Reward-Bounds and Quantiles (Chapters 6 and 7) | We
show how reward-bounded objectives can efficiently be evaluated by considering
the relevant reward epochs sequentially—lifting ideas of [BDDK" 14; HH16] towards
more expressive objectives with multiple reward-bounds (Section 6.2). We further
use this sequential approach to lift quantile queries as considered in [BDDK"14] to
multiple reward dimensions (Section 7.2). We show that such a multi-dimensional
setting requires specific care to ensure termination of our procedure.



10 Chapter 1 Introduction

Restriction to Simple Strategies (Chapter 8) | We argue that deciding achievabil-
ity under simple (in particular non-randomized) strategies is NP-complete and thus
theoretically more complex compared to verification under general strategies when a
fixed number of objectives is assumed. We provide two mixed integer linear program
encodings to find simple Pareto optimal strategies (Section 8.3). The first encoding
applies to general total reachability reward objectives. The second encoding is more
compact but only applicable to total reward objectives that do not consider goal states.
Using these encodings, we present an algorithm for approximating the Pareto front
under simple strategies (Section 8.5).

Implementation (Chapter 9) | We evaluate the usability of our approaches in
practice. All algorithms given in this thesis have been integrated in the model checker

¢» STorM. We present an extensive evaluation on a newly composed benchmark set
consisting of 172 multi-objective, 27 (single-objective) multi-reward bounded queries,
and 18 quantile queries. Our results show that STorm outperforms competing tools
and scales to large multi-objective systems with millions of states.

1.4 Overview of Contents

Figure 1.3 depicts the main chapters of this thesis and how they built on each other.

In Chapter 2 we establish the theoretical background for the remainder of the thesis.
This includes an introduction to the necessary concepts from mathematical geometry
as well as the used notions and formalisms for Markov models and their objectives.

Chapter 3 introduces our general framework for multi-objective verification. We
formally define the Pareto front and show various interesting properties. We then
provide formal problem statements and present algorithms to answer those queries.
Our algorithms require solving multiple instances of what we call the weighted sum
optimization problem (WS0). The subsequent Chapters 4 to 6 provide further details on
how to answer such WSO queries for various objective types.

Chapter 4 focuses on total reachability reward objectives. We reduce WSO queries to
classical (single-objective) computations of expected total reachability rewards. Then,
we present sound value iteration, a practically efficient algorithm that computes sound
lower- and upper bounds of the desired value with arbitrary accuracy.

Chapter 5 provides details on how WSO instances over mixtures of total reward
objectives and long-run average reward objectives can be handled using a synergy
between existing (single-objective) total reward and long-run average reward methods.

Chapter 6 considers objectives with additional constraints given by one or more
reward bounds, i.e., thresholds on the accumulated reward with respect to multiple
different reward structures. We first show that such objectives can be tackled by
encoding the rewards accumulated so far into the state-space, thus explicitly unfolding
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Figure 1.3: Overview of main chapters

the state space of the model. As such a model unfolding can become very large, we
also present a sequential approach that intuitively exploits regularities of the unfolding
to keep the memory footprint small.

Chapter 7 builds upon the sequential approach by providing an algorithm to compute
multi-dimensional quantiles, where the threshold for the accumulated rewards are not
known in advance.

Chapter 8 considers multi-objective verification under simple strategies, i.e., strategies
with limited memory that are not allowed to perform randomized choices. We provide
formal problem statements, discuss theoretical complexity, and present algorithms
based on mixed integer linear programming (MILP) encodings. Some of the encodings
rely on results for expected visiting times which are also presented in this chapter.

Chapter 9 discusses practical aspects of our results by presenting and evaluating our
implementation in STORM on an extensive set of multi-objective verification benchmarks.

Chapter 10 wraps up this thesis and provides an outlook to future work.

1.5 Related Work

This section provides an overview of related works on multi-objective Markov models.
At the end of Chapters 4 to 8, we further discuss works specifically related to the
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contents of those chapters in greater detail.

Research on multi-objective MDPs emerged in operations research and decision
theory around the early 1980s [Fur80; Whi82; Hen83]. In a formal verification con-
text, multi-objective model checking of MDPs has first been studied in [CMHO06]
for discounted total reward objectives, in [Cha07] for LRA reward objectives, and
in [EKVY08] for linear time (w-regular or LTL) objectives. These seminal works show
that randomizing strategies are generally required in their setting and provide linear
programming-based algorithms for the Pareto front approximation that run in time
polynomial in the size of the MDP.

[EKVY08] further presents efficient graph-based algorithms for checking qualita-
tive objectives that ask if a non-zero probability can be achieved or if the objective
specification holds almost surely, i.e., with probability 1. [FKNP*11] incorporates total
(undiscounted) reward objectives into the framework of [EKVY08] and presents the first
implementation in a probabilistic model checker—namely in the tool Prism [KNP11].
One motivation given in this line of research is the application of multi-objective model
checking in an assume-guarantee framework for compositional verification of large
probabilistic systems.

[BBCF*14; CKK17] extend results of [Cha07] on LRA reward objectives and also
consider (mixtures with) so-called satisfaction objectives which concern the probability
that the LRA reward stays above a given threshold. An implementation is available in
the tool MuLTIGAIN [BCFK15]. [RRS17] provides a theoretical framework for percentile
queries, which—for the LRA reward case—are similar to the satisfaction objectives
of [BBCF"14; CKK17], but also considers percentiles of other measures such as total
(discounted or undiscounted) rewards.

The works discussed so far predominantly rely on linear programming. Instead,
[FKP12] presents a Pareto front approximation algorithm for total reward and lin-
ear time objectives based on value iteration [Put94] and algorithms from convex
multi-objective optimization [SAC93; RDH11]. Using an implementation in Prism,
they empirically show that this new approach significantly outperforms the linear
programming-based method of [FKNP*11] in terms of runtime and scalability. The
approach has been applied to multi-objective interval MDPs [HHHL" 19] and stochastic
games [ACKW*20]. In the context of this work, the approach is lifted towards general
objectives for MDPs and MAs.

[WT98] finds Pareto optimal strategies for discounted and long-run average reward
objectives based on strategy iteration. [BN08] extends value iteration to multiple
objectives by using geometric set representations which is further lifted to stochastic
games in [BKTW15; BKW18]. [SBHH17] treats multi-objective interval MDPs using a
strategy iteration-based approach to compute a set of mutually non-dominated sim-
ple strategies that are likely to be Pareto optimal. In [PW10], Tchebycheff-optimal
strategies which minimize the distance to a reference point are obtained via a linear
programming approach. [BFRR17; BGMR18; BGR20] consider mixtures of probabilistic
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and non-probabilistic objectives, where the latter impose hard constraints on all system
executions, even those that appear with probability 0. [BDK14] presents efficient meth-
ods for non-standard multi-objective queries, including (single-dimensional) quantiles,
conditional probabilities, and long-run ratio objectives.

[RVWD13] surveys multi-objective MDPs from an Al perspective. [FWHT15;
LPH17] apply multi-objective analysis for controller synthesis in probabilistic planning
domains. [LTHS*22] reduces preference-based planning problems to multi-objective
LTL queries. [GCCA™"21] solves multi-objective MDP queries to synthesize strategies
for quality-of-service software requirements using a transformation to parametric
Markov chains and evolutionary algorithms.

1.6 Origins

Major contributions of this work originate from preceding publications. Their pre-
sentation has been thoroughly revised and put into context. Further explanations,
examples, proofs, as well as additional theorems and lemmas have been added, yielding
a coherent and—hopefully—approachable thesis.

The coauthored publications whose results are covered in this thesis are listed
below, together with a clarification concerning author contributions. The latter is a
requirement by the current doctoral degree regulations at the RWTH Aachen Faculty
of Mathematics, Computer Science and Natural Sciences. The advice, feedback, ideas,
questions, and findings of all coauthors have been invaluable. Ultimately, I consider
all listed publications as the result of collaborative research.

A full list of peer-reviewed (co-)authored publications is given on page 331.

T. Quatmann and J.-P. Katoen. “Sound Value Iteration” CAV (1). Volume 10981. LNCS.
Springer, 2018, pages 643-661. por: 10.1007/978-3-319-96145-3_37
> Technical report available at https://arxiv.org/abs/1804.05001
> Represented in Chapter 4
I contributed the initial idea, its implementation and evaluation, as well as the
technical parts of the paper while taking the extremely helpful feedback and advice
of my coauthor into account.

A. Hartmanns, S. Junges, J.-P. Katoen, and T. Quatmann. “Multi-cost Bounded Tradeoff
Analysis in MDP? J. Autom. Reason. 64.7 (2020), pages 1483-1522. por: 10 . 1007/

s10817-020-09574-9
> Supersedes conference version [3]

> Represented in Chapters 6 and 7
This research was initiated in a joint discussion of the authors during which I
had a significant role. I contributed further technical details, in particular for the
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sequential approach and for multi-dimensional quantiles, as well as major parts of
the implementation and its evaluation. Both, the conference paper [3] and the above-
mentioned journal paper have been written collaboratively with similar efforts from
all authors.

T. Quatmann and J.-P. Katoen. “Multi-objective Optimization of Long-run Average and
Total Rewards” TACAS (1). Volume 12651. LNCS. Springer, 2021, pages 230-249. por:
10.1007/978-3-030-72016-2_13

> Technical report available at https://arxiv.org/abs/2010.13566

> Represented in Chapters 3 and 5

I developed and implemented the approach, conducted the evaluation, and wrote

major parts of the paper. Throughout this process, I got invaluable feedback and

advice from my coauthor.

F. Delgrange, J.-P. Katoen, T. Quatmann, and M. Randour. “Simple Strategies in Multi-
Objective MDPs” TACAS (1). Volume 12078. LNCS. Springer, 2020, pages 346—364. DOI:
10.1007/978-3-030-45190-5_19
> Technical report available at https://arxiv.org/abs/1910.11024
> Represented in Chapter 8
The research question and our solution approach has emerged from joint discussions
(initially also including Sebastian Junges). The details of the MILP encodings and
their lifting to Pareto front approximations have mostly been developed, imple-
mented, and evaluated by me—with notable involvement of Florent Delgrange with
whom I closely worked together. The paper was initially drafted by Florent and me
and brought into shape in a joint effort from all authors.

T. Quatmann, S. Junges, and J.-P. Katoen. “Markov automata with multiple objectives”
Formal Methods Syst. Des. 60.1 (2022), pages 33-86. por: 10. 1007 /s10703-021 -

00364-6
> Supersedes conference version [2]

> Technical report available at https://arxiv.org/abs/1704.06648

> Represented in Sections 3.2 and 4.1
The foundations of this paper have been laid during my master’s thesis [1]. Results
from the master’s thesis are only stated in this work for the sake of a complete
presentation and shall not be attributed as contributions of this thesis. This mostly
affects Section 4.1. I contributed most of the ideas, results and implementations with
advice, help, and feedback from my coauthors who also supervised my master’s
thesis. The paper was written in a joint effort with equal participation from all
authors.
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—Chapter 2—

Preliminaries

Outlook | We establish the mathematical foundations relevant for this thesis in
Section 2.1, covering geometry, linear programming, and probability theory. Afterwards,
we discuss syntax and semantics of Markov models with reward assignments and
continuous timing aspects in Section 2.2. Finally, we introduce various measures—
called objectives—on such models in Section 2.3.

Origins | Most of the material presented in this chapter originates from various
textbooks, in particular [AD99; BK08; Sol15]. The presented notations for Markov
automata are close to [11]. Lemmas 2.2 and 2.3 and their proofs are new.

2.1 Mathematical Background

2.1.1 General Notation

The set of integers is denoted by Z. The set of natural numbers (including 0) is given by
N. Fori,j € Zwelet {i..j} == {i,i+1,...,j} € Z denote the set of integers ranging
from i to j, where {i..j} = 0 if i > j.

The power set of a set A is denoted by 2* := {A’ C A}. We sometimes write A W B
for the union of two disjoint sets A and Bwith AN B =0. Let A = {A,Ay,..., Ay}
be a set of sets Ay, Ay, ... A, with n € N. The union [ J_; A; = [Jac.# A is sometimes
abbreviated by | #. The intersection () 4 is defined similarly. The Cartesian product
of sets Ay, Ay, ..., Ay is given by

Ap XAy X XA, = XL A = {{ar,az,...,an) | Vie{l.n}: a; € A;}.

We abbreviate X' ; A by A". An element a = {aj, as, . .. a,) of a Cartesian product
is called an n-tuple, or simply tuple. For i € {1..n} we write a(i) = g; to denote the

tuple
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real number

extended real
number

interval

point
vector
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it entry of tuple a. We sometimes also use Cartesian products to describe sets of
sequences {aia; . ..a, € Xq A}

For a function f: A — B and some A’ C A we write f|,,: A" — B for the restriction
of f to domain A’, where Va € A”: f\A,(a) = f(a). We denote the preimage of b € B
by f~1(b) := {a € A| f(a) = b}. Iverson brackets map a Boolean expression expr to
either 0 or 1:

0 if expr is false
1 if expr is true.

[expr] = {

2.1.2 Geometry

We introduce the notations and concepts from geometry—in particular topology—that
occur in later chapters. We keep the descriptions at a high level and forward the
interested reader to, e.g., [Zie95; Sol15; TD17].

Real Numbers | Let R be the set of real numbers, Ry = {x € R | x > 0} be the set
of non-negative real numbers, R.o = Rxq \ {0} be the set of positive real numbers, and
R := R U {—00, +00} be the set of extended real numbers. For the latter, we sometimes
write oo instead of +oco and extend the usual order and arithmetic operators for R by

—00 < g < +00, a+00=00+qag=+00, +00+00==00, and
+o0 ifb>0
b-(£0) =(xc0)-b=10 ifb=0
Foo ifb<0

where a € R, b € R, +00 € {—00, +00}, and Foo € {—00, +00} \ {#o0}. As usual in a
measure theoretic context we have, e.g., 0 - co = 0. Arithmetic expressions not covered
by the above rules—such as “a/o0” or “co — co”—are undefined. For a,b € Rwitha < b
we define the intervals

(a,b) = {x € R | a < x < b}, [a,b] := (a,b) W {a, b}, [a, a] = {a},
[a,b) == (a,b) W {a}, and (a,b] := (a,b)W{b}.

Points | For the rest of this section we let £ € N\ {0}. We also refer to an ¢-tuple
pP={p1,....pe) € R’ as an ¢-dimensional point. If p € R! we also use the term vector.
For a set 7 C {1..£} we define the indicator point 17 € {0,1}" by

Vie {1.6}: 170) = [i € I].
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Moreover, we write 0 := 1p = (0,...,0) for the point consisting of only zeroes,
1:= 1y = (1,...,1) for the point consisting of only ones, and 1; := 1y;, for the
point where the i entry (i € {1..¢}) is one and all other entries are zero.

=t
For p,q € R we denote the element-wise sum by

pra = (D) +q). ... p(0) +4(0) € E'
and the dot product by )
p-q =) pld) q() eR
i=1
For ~ € {<, <,=,>,>} we write p ~ q iff the relation holds element-wise, i.e.,, Vi €

{1..}: p(i) ~ q(i). Furthermore, we write p < q iff p < q and p # q. The notation
P = qis similar.

Definition 2.1 (Distance) The distance between two points p, q € R is given by

dist(p.q) = (p—q) (P~ = ' (pU) - 4

The (shortest) distance between two non-empty sets P, Q C R is given by

dist(P,Q) = inf {dist(p.q) | p € P,q € Q}.

Furthermore, we set dist(0, ®) := 0 and dist(P, 0) = dist(0, P) := oo for P # 0.

We may omit the set brackets and write, e.g., dist(p, Q) instead of dist({ p}, Q) for
p € Rf and Q € RY. We have dist(P, Q) = dist(Q, P) for all P, Q € R’.

Topology | For sets of points P C R’ we sometimes need to formally reason about
points that lie on the boundary between P and R \ P. This requires notions from
topology.

Definition 2.2 (Neighborhoods) The set of neighborhoods of some (extended) real
value p € R is given by the family of sets

(NCR|3eeRy: N2 (p—¢ pte)} ifpeR
N(@p) = {{NCcR|JaeR: N2 (a+o]} if p = +00
{NCR|3aeR: N2 [-,a)} if p = —co

point distance

neighborhood
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The set of neighborhoods of a point p € R is given by

N(p) = {>_2Ni|Vie{1..f}: NieN(p(i))}‘

The set R can be interpreted as a topological space [TD17] using the neighborhoods
defined above. Intuitively, each neighborhood of a point p € R describes an area

=t
around p. We use this notion to specify when p is closetoaset P € R .

Definition 2.3 (Closure) Let P C R.A point p € R isa point of closure of P if
every neighborhood of p contains a point in P. The closure of P C R is given by

the set cl(P) C R consisting of all points of closure of P, i.e.,

c(P) = {peR |YNeN(p): NNP #0}.

Example 2.1 Consider the 1-dimensional case (£ = 1). For a,b € Rwitha < b
we have

cl((a,b)) = cl((ab]) = cl([a,b)) = cl([a,b]) = [ab]

In particular, cI(R) = cl( (oo, +00) ) = [0, +00] = R.
As an example for the 2-dimensional case (£ = 2), we consider the set

P={p eR’ | p(1) > 0and dist(p,0) < 1}

which is depicted by the blue line segment and the light blue area in Figure 2.1a.
Each point in {p eR’ | p(1) > 0 and dist(p,0) = 1}—depicted by the pink semi-
circle in Figure 2.1a—is a point of closure of P but not contained in P. The closure
cl(P) of P is the union of the blue line segment, the light blue area, and the pink
semicircle.

LetP C R beasetof points. It always holds that P C cl(P) since every neighborhood
N € N(p) of a point p contains p itself. In case P is equal to its closure, i.e., P = cl(P),
we say that P is closed. However, cl(P) C P does not hold in general as shown in
Example 2.1. Intuitively, c/(P) contains all points in P as well as the points that lie on

the boundary between P and R \ P. Formally, the boundary of a set P is given by

bd(P) = cl(P) N cl(R'\ P).

Closed sets thus contain all points on their boundary.
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Figure 2.1: Geometry sets and operations (cf. Examples 2.1 to 2.6)
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Example 2.2 The boundary of the set P from Example 2.1 coincides with the

blue line segment and the pink semicircle in Figure 2.1a.

Convex Sets | We define the line segment between two points p, q € R’ as

line(p,q) = {peR'|3re01]: p=1-p+(1-21)-q}.

Line segments do not straightforwardly generalize to points over the extended reals.

Definition 2.4 (Convex Hull) The convex hull of a set P C R is given by

conv(P) = {peRf|3q,r€P: peline(q,r)}.

We say that P € R is convex if it is equal to its convex hull, ie., P = conv(P).

A vertex of a convex set P is a point p € P such that P # conv(P \ {p}). For any

p € conv(P) thereis p: P — [0,1] with X, ;ep p(q) = 1 such that p = 3 cp p(q) - q.

convex hull
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distribution  We say that p is a distribution over P (cf. Definition 2.12).

Example 2.3 The blue line in Figure 2.1b depicts the line segment line(p, q) for
the two indicated points p = (0, 1) and q = (1, 0). The convex hull conv({p, q,r})
with p and q as before and r = (-1, —1) is indicated by the light blue area
(including its boundary). p, q, and r are the vertices of conv({p, q,r}).

halfspace Definition 2.5 (Halfspace) An ¢-dimensional halfspace is a set
halfsp(w.b) = {p € R’ |w-p < b}

for somew € R’ \ {0} and b € R.

Given a halfspace H = halfsp(w, b), we call w the normal vector and b the offset of
H. The boundary of a halfspace bd(H) = {p € R’ | w - p = b} is called a plane. The
normal vector of a halfspace is always orthogonal to its boundary.

Example 2.4 Forw = (—1,0.5) and b = 0.5, the halfspace halfsp(w, b) is shown
in Figure 2.1c. Its boundary bd(halfsp(w, b)) is indicated by the blue line.

Lemma 2.1 For a halfspace H = halfsp(w, b) and a point p ¢ H we have

w-p-b
Wwow

Proof. The above expression is well-defined: we have yvw -w > 0 becausew # 0
by Definition 2.5. Now let ¢ = argming .y dist(q’, p) be the point in H with
the smallest distance to p. The point ¢ must lie on the plane Q = bd(H) =
{q’ € R |w - ¢’ = b} and the vector g — p must be orthogonal to Q and thus parallel
tow,ie, p—q=a-w for some a € R. We have

dist(p,H) = dist(p, bd(H)) =

w-p-b=w-p-w-q=w-(p—q) =w-(a-w) =a-(w-w). (2.1)

We get that a > 0 because p ¢ H yields

w-p>b = w-p-b>0 g a-(w-w)>0
——

>0
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The lemma follows with dist(p, H) = dist(p, Q) = dist(p, q) and

V-9 (p-q) = V@aw)-(aw) =la-Vw-w =a-Vw-w
_a-w-w eyw-p-b

Definition 2.6 (Polyhedron) A polyhedron is the intersection (-, H; of finitely
many halfspaces Hy, ..., H, € R.

dist(p, q)

Halfspaces and polyhedra are closed and convex. The convex hull conv(P) of a
finite set of points P C R’ is a polyhedron [Sol15, Theorem 9.20]. The Quickhull
algorithm [BDH96] efficiently converts a finite set of points P to a finite set of halfspaces
H = {H, ..., H,} such that "¢, = N, H; = conv(P).

Example 2.5 The intersection of the halfspaces H; = halfsp({—1,0.5),0.5), H; =
halfsp({0.5,0.5),0.5), and Hs = halfsp({0.5, —1),0.5) yields the polyhedron (4
with H = Hy, Hy, Hs as indicated by the light blue area in Figure 2.1d. Observe
that (¢ = conv({p, q.r}) for p, q, and r as in Example 2.3.

Downward Hulls | We study sets of points that intuitively are closed under consid-
ering smaller points (w.r.t. the order <).

Definition 2.7 (Downward Hull) The downward hull of P C R is given by
down(P) = {p eR |dp'eP: p<p'}.

The real-valued fragment of a downward hull is denoted by downg (P) = down(P)N
R’

Example 2.6 The set downg ({p, q,r}) for p, q, and r as in Example 2.3 is shown
by the light blue area in Figure 2.1e. The downward hull down({p, q,r}) also
contains the points (a, —co) and (—oo, a) for any a < 1.

We say that P C Rl is downward closed if it is equal to its downward hull, i.e.,
P = down(P).

Lemma 2.2 If P C R’ is downward closed, then cl(P) is also downward closed.

Proof. cl(P) € down(cl(P)) is obvious. To show cl(P) 2 down(cl(P)), let p €
down(cl(P)), i.e., there is p’ € cl(P) with p < p’. To show p € cl(P), we consider

polyhedron

downward hull



22 Chapter 2 Preliminaries

an arbitrary neighborhood N of p and show that N contains a point py, € P. Let
N = X!_, N;, where N; C R is a neighborhood of p(i) for each i € {1..£}. We
construct the neighborhood N” = X/_; N/ of p’ by setting

(P'(D—-¢ p'(D+e)  if p(i), p’(i) € Rand N; 2 (p(i) =&, p(i)+e)

(p(i), oo] if p(i) e Rand p’(i) = o0
Ni = 1N if p(i) = p'(i) € {—o0, 00}

(pG) -1, pi) +1) if p(i) = —c0 and p’(i) € R

(0, 0] if p(i) = —co and p'(i) = o

for all i € {1..¢}. Other cases do not occur as p(i) < p’(i) forall i € {1..£}. Since
p’ € cl(P), neighborhood N’ of p’ contains a point p},, € N’ N P. We construct the

point py € R’ with

P (D) = p' () +p()  if p(i), p'(i) €R
pa() = Py if p(i) = p’(i) € {-o0, 0}
p(i) otherwise

foralli € {1..£}. We have p); € N and py < p/,. Since P is downward closed and
p;\], € P, it follows that py, € P, i.e, py € NNP.

In summary, we have thus shown that every neighborhood N of a point p €
down(cl(P)) contains a point in P, yielding p € cl(P). [

We often consider downward closed sets of the form down(conv(P)) for some finite
set P C R’. The following lemma allows us to obtain halfspace representations for
such sets.

Lemma 2.3 For a finite, non-empty set of points P € R consider the set P :

Pu{p-1;|pePiec{l.t}}andlet H be some set of halfspaces representing
conv(P), i.e, conv(P) = (5. Then downg (conv(P)) is a polyhedron with

downg (conv(P)) = (g where H = {halfsp(w, b) e H |we (Rzo)[}.

Example 2.7 Consider the set P = {p,q,r} C R? as illustrated in Figure 2.2.
Lemma 2.3 yields a representation for downR(conv(P)) as an intersection of half-
spaces. First, we obtain a halfspace representation H for conv(P) (light blue
area) using, e.g., the Quickhull algorithm [BDH96] on the auxiliary pointset
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10

q-13
°

conv(ﬁ)

downg (conv(P))
2 [

Figure 2.2: lllustration for Lemma 2.3 (cf. Example 2.7)

P= Upetpqry {Ps p" — 11, p" — 12}. In the figure, the six halfspaces in H are
indicated by the six arrows representing the corresponding normal vectors. By
dropping those halfspaces from H whose normal vectors have at least one nega-
tive entry, we obtain a new set of halfspaces H (bold faced arrows) that represents
the polyhedron downg (conv(P)) (light blue and green area).

Proof (of Lemma 2.3). We proceed in five steps: we first show that downg (conv(P))

is a polyhedron. Secondly, we show that both polyhedra downg (conv(P)) and

conv(?) can be represented by unique, irreducible sets of halfspaces. The third step is

to show that halfspaces used to represent downg (conv(P)) must have non-negative

normal vectors. We then use these insights to show that downg (conv(P)) 2 (-

We conclude the proof by showing downg (conv(P)) C (-

The proof makes use of the affine hull of a set Q C R’ which is defined by affine hull

affine(Q) = { imhi - p; im >0, py,...., P, €0,
/11, e >Am € R’ and 2;’21).[ = 1}.
Step 1 | We can write downg (conv(P)) as

downg (conv(P)) = {p+q | p € conv(P),q € {Zle ai-—1;|ay,...,ap € Rzo}}



24 Chapter 2 Preliminaries

which—using standard terminology as in, e.g., [Zie95; Sol15]—is the Minkowski
sum of the convex set conv(P) and the cone {Zle a;-—1; | ay,...,a; € Ryo}. By
[Sol15, Theorem 9.19] it follows that downg (conv(P)) is a polyhedron.

Step 2 | We have affine(P) = R’: for a point g € R consider some p € P and let
v = p—q. We can write q as an affine combination of the points p, p—14,..., p—1; €
P:

(1-Zino®)  p+Xie(®) - (p— 1)
=p-Yio() li=p-v = p-p+q=q

With P C conv(ﬁ) C downg (conv(P)) we get
aﬁ‘ine(conv(ﬁ)) = affine(downg (conv(P))) = R

We further note that both sets conv(ﬁ) and downg (conv(P)) are not equal to R’
since both do not contain—for example—the point 1, - max {p(¢) +1 | p € P} € R’
In terms of [Sol15], it follows that both polyhedra conv(ﬁ) and downg (conv(P)) are
not a plane [Sol15, Theorem 1.47] and halfplanes of their affine hull Rf are halfspaces
as in Definition 2.5. Thus, [Sol15, Theorem 9.2] yields that there must be unique,
irreducible sets of halfspaces H’ and H* representing conv(ﬁ) and downg (conv(P)),
respectively. In other words we have

conv(ﬁ) =N and downg (conv(P)) = (Ngp

i
and every set of halfspaces representing conv(ﬁ) (resp. downg (conv(P))) must be a
superset of H’ (resp. H*). In particular, the set H considered in the lemma satisfies

H' CH.

Step 3 | Let H* = halfsp(w,b) € H* with H* as above. We argue thatw € (Rs)".
To see this, assume towards a contradiction that there is i € {1..£} withw(i) < 0.
Then, for p € P C downg(conv(P)) we have p € H*,i.e., w - p < b or, equivalently,
b—w - p > 0. Now consider the point

’

p = p+1,~(b_w'p—1)

w(i)
[
<0
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Clearly, p’ < p and thus p’ € downg ({p}) C downg(conv(P)). However, we also
have p’ ¢ H since

w-p+w(i) - (b;(Li)‘P—l)

3
-]
Il

w-p+(b-—w-p)-w(i)
b—-w(i) > b.

This yields a contradiction as H 2 downg (conv(P)). The assumption that there is
i € {1..¢} withw(i) < 0 must be false.

Step 4 | Using H* as in the second step, we show H* C H from which we get

N € N = downg (conv(P)).

Let H" = halfsp(w,b) € H". Since we already havew € (Rsp)?, it remains to show
H* € H’ with H’ C H as in the second step. Consider the sets

B = bd(H) = {pe R |w-p=b},
Q* = BN downg(conv(P)), and O := Bn conv(P).

Q" is a so-called facet of downg(conv(P)), ie., Q" has dimension ¢ — 1,
downg (conv(P)) \ Q" is convex, and Q" = affine(Q*) N downg (conv(P)) [Sol15,
Theorem 7.2, Theorem 9.12]. We show similar properties for P with respect to
conv(P) from which we can infer that P is a facet of conv(P)

Let p € Q*. We show p € affi ne(Q) by distinguishing two cases.

« If p € conv(P) then also p € conv(P). With P EQ C Bweget
p € BN conv(ﬁ) = Q c aﬁ”me(@).

« If p € downg (conv(P)) \ conv(P) then there must be p’ € conv(P) with p < p’.
Since p € B,w € (Rxg)¢, and p’ € downg(conv(P)) C H* we get

b=w-p<w-p <b

yielding w - p = w - p’ and thus p’ € B. Moreover, Vi € {1..6}: p(i) #
p'(i) impliesw(i) = 0. Let Zy = {i € {1..} | w(i) = 0} be the set of indices
where w is 0. We have Vi€ 1: p’—1; € BN conv(P) = Q. Let v := p - p.
Using a similar construction as in Step 2, we can express p as the following affine
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combination of points from Q yielding p € aﬁ‘ine(@):

(1= Ziego®) - p' + Rieno(d) - (p' — 1)
=p — Do) - Li=p —o=p —p'+p=p.

We thus have @ cQ ¢ aﬁ‘ine(é) yielding aﬁine(é) = affine(Q*). On the one

hand, we can infer that Q has the same dimension as Q7 i.e., both }}gve dimension

¢ — 1. On the other hand, with conv(P) = downg (conv(P)) N conv(P) we get
aﬁ‘ine(@) N conv(ﬁ) affine(Q*) N conv(ﬁ)

affine(Q*) N downg (conv(P)) N conv(ﬁ)

0* N conv(P)

B N downg (conv(P)) N conv(ﬁ)

Bn conv(ﬁ) = Q

Moreover, we have that conv(ﬁ) \ Q is convex: let p,q € conv(ﬁ) \ Q From
conv(P) C downg(conv(P)) € H" we getw - p < bandw - q < b. Thus, for
Ae[0,1]:

w-A-p+(1-1)-q)=r-w-p+(1-1)-w-q <b.
—— ——
<b <b

This yields line(p, q) C conv(P) \ Q. R R
Using [Sol15, Theorem 7.2, Theorem 9.12], we conclude that P is a facet of conv(P).
By [Sol15, Definition 9.11], that must mean that H’ contains a halfspace with
boundary B, i.e., H* € H’.

Step 5 | The last step is to show that downg(conv(P)) € (. For p €
downg (conv(P)) there is p’ € conv(P) with p < p’. Since P C Pand H ¢ H
we have

p € conv(P) C conv(P) = Ng S Nar

Now let H = halfsp(w,b) € H. It follows that p’ € H. Dueto p < p’ and
w € (Rso)f we get
w-p<w-p <b

and thus p € H for any H € H. Hence, p € (4. [ ]
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2.1.3 Linear Programming

Problem 2.1: Linear Programming (LP)

Input: ¢ € N, a set of £-dimensional halfspaces H, v € R¢
‘INFEASIBLE’ if N =0
Output: { ‘UNBOUNDED’ if sup,cn,, (0 - p) =+o0
Popt € argmax, . (v - p) otherwise

For an LP instance as above, each of the given halfspaces halfsp(w, b) € H describes
alinear inequality w - x < b—also called constraint—over a set of £ real-valued variables
x = (x1,...,x.). Similarly, we can interpret the given vector v as the coefficients of a
linear optimization function v - x. We can thus describe instances for LP by providing
a linear optimization function and a finite number of linear constraints over a given
set of variables.

An LP instance (¢, H,v) is called feasible iff there is some assignment

val: {x1,...,x} > R

of variables to values that satisfies all constraints simultaneously. The optimization
function can be omitted if we are only interested in feasibility. We further say that the
instance is bounded iff the constraints imply an upper bound on the largest possible
value of the optimization function. For a variable assignment val: {xy,...,x,} — R we
use the notation val(x) = (val(xy),...,val(x;)). Solving a feasible and bounded LP
instance corresponds to finding an assignment val that maximizes the value v - val(x) of
the optimization function such that all constraints w - val(x) < b for halfsp(w,b) € H
are satisfied. We call such an assignment val a solution of the LP.

We also study a variant of LP where some variables are restricted to the integer
domain.

Problem 2.2: Mixed Integer Linear Programming (MILP)

Input: £, m € N, a set of (£ + m)-dimensional halfspaces H, v € R*™
‘INFEASIBLE’ ifQ=0
Output: { ‘UNBOUNDED’ if sup,cp(v - p) =+
Popt € argmax, (v - x) otherwise
using Q := gy N (ZF X R™)

LP instances can be solved in polynomial time [Sch99, Theorem 13.4] whereas MILP
is NP-complete (see [Sch99, Theorem 18.1] for hardness and [PDM17, Proposition 3]

LP, linear
programming

constraint

MILP, mixed
integer linear
programming
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for containedness). There are several tools such as CPLEX [Stu21], cLpk [GNU20],
Gurosi [Gur22], and SCIP [GABC*20] that can solve instances of LP and MILP. In
both cases, algorithms typically employ the simplex method which—while having
an exponential worst-case runtime—is known to be very efficient for large practical
instances'. More information on linear programming can be found in, e.g., [Sch99].

2.1.4 Probability Theory

We briefly recap the concepts of probability theory that are most relevant for this
thesis. A more detailed treatment is given in, e.g., , [AD99; Neu10].

Definition 2.8 (0-algebra, Measurable Space) A measurable space is a pair
(Q, F) where

« Qis a non-empty set of outcomes and

« F C 2%is a o-algebra on Q such that
- Qe9¥F,
-YACQ: Ae ¥ impliesQ\ A € ¥, and
- VAL, Ay CQ: (Vix1: A € F) implies ;51 Ai € F.

Intuitively, a measurable space defines the possible outcomes of a random experiment
as well as the sets of outcomes for which we are able to measure, e.g., the probability
of. Given a measurable space (Q, ), we say that A C Q is a measurable set if A € F.
Moreover, for two measurable spaces (Q;, F1) and (Qz, F2) we call f: Q; — Qy a
measurable function if for each measurable set A, € 7, the set of outcomes (from Q;)
that are mapped to an element of A, is again measurable, i.e., {a; € Q; | f(a1) € Az} €
1. The product of n € N o-algebras 71, %, . .., F, is given by the o-algebra

FRFH® - ®F = ®7—' - {>"<A,-|vl~e{1..n}: Aieﬁ}.
i=1 i=1

As for the Cartesian product, we may write " instead of X);_, %; for n € N.

Definition 2.9 (Borel o-algebra on R) The Borel o-algebra on R, denoted by
?(R) is the smallest o-alEebra containing all open intervals on R, ie,Vab €
Rwitha < b: (a,b) € B(R).

Since B(R) is s a g-algebra, we conclude that also half-open and closed intervals are
contained in B(R). When discussing measurable sets or functions, we usually assume

1[ST04] uses smoothed analysis to show that the simplex method usually runs in polynomial time.
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the measurable space (R, B(R)) for R. The Borel o-algebras B(A) for measurable
subsets A C R are defined similarly.

Definition 2.10 (Probability Measure, Probability Space) A probability space  probability space
is a triple (Q, ¥, Pr) where

« (Q, F) is a measurable space and
« Pr: ¥ — [0, 1] is a probability measure on (Q, F) such that
- Pr(Q)=1and
- VAL Ag--- € F: (V1 < i < j: AinA; = 0) implies Pr(U;»; Ai) =
Diz1 Pr(A;).

A probability measure assigns a probability to each measurable set. Given two sets
A, B € ¥ with Pr(B) # 0, the conditional probability is defined as

Pr(A N B)

Pr(A|B) = — B

Definition 2.11 (Expected Value) Let (Q, 7, Pr) be a probability space and let

f: Q — R be a measurable function such that Pr({w € Q | f(w) = +o0}) = 0 or

Pr({w € Q| f(w) = —o0}) = 0. The expected value of f for Pr is given by the  expected value
Lebesque integral

Ex(f) = f(w) dPr(w).

weQ

Expected values of functions f: Q — R with Pr({» € Q | f(w) = +c0}) > 0 and
Pr({w € Q| f(w) = —o0}) > 0 are undefined.

Definition 2.12 (Finite Probability Distribution) A finite probability distribu-

tion (or simply distribution) over a finite set Q is a function py: Q — [0,1] such that distribution
Ywea H(w) = 1. The set of all finite probability distributions over Q is denoted by

Dist(Q).

Let 1 € Dist(Q) be a distribution over finite Q. i can be associated to the probabil-
ity space (Q, 2% Pr) which is uniquely given by Pr({w}) = p(w) for all w € Q.
The support of distribution y is defined as supp(y) = {w € Q| p(w) > 0}. We
sometimes depict a distribution p by listing the probabilities of all (supported) out-
comes, ie, u = {w; — p1,..., 0, — pp} where supp(p) C {wy,...,0,} € Q and
Vi € {1.n}: p; = p(w;i). A Dirac distribution y satisfies [supp(p)| = 1. We let  Dirac distribution
dirac® (») € Dist(Q) (or dirac(w) if Q is clear from context) denote the Dirac distri-
bution {w + 1} over Q. Furthermore, unif (Q2) € Dist(Q) is the uniform distribution
givenby Yo € Q: unif (Q)(w) = ﬁ

2
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Definition 2.13 (Exponential Distribution) An exponential distribution with
rate A € Ry is described by the unique probability measure Pr; on (R0, B(Rxo)),
where for interval (a,b) C Rs( and Euler’s number e we have

b
Pri((ab)) = / Aoe™dx = e M — e,

a

Exponential distributions are commonly used to model random timings such as the
time until a new job arrives at a workstation or the time until a radioactive particle
decays. The expected value of f.: Ryg — Ry with f.(x) = ¢ - x for Pr; as in Defini-
tion 2.13 and constant ¢ € R is Ex(f;) = %. Furthermore, exponential distributions are
memoryless: given t1,1; € Ry, we have

Pry((t1+ty,00) | (t1,00)) = Pra( (2, 00)).

2.2 Markov Models

We introduce the core modeling formalisms that are studied in this thesis: Markov
decision processes and Markov automata. Since the former is a subclass of the latter,
we focus our attention on Markov automata and briefly explain how the introduced
concepts carry over to Markov decision processes.

2.2.1 Markov Automata

Markov automata provide an expressive formalism that allows to model exponen-
tially distributed delays, nondeterminism, probabilistic branching, and instantaneous
(undelayed) transitions.

Definition 2.14 (Markov Automaton [EHZ10; DH13]) A Markov automaton
(MA) is a tuple M = (S, Act, A, P), where

« S is a finite set of states,
« Act is a finite set of actions,

o A:S — R.gW(24\{0}) is a transition function assigning exit rates to Markovian
states MSM = {s € S | A(s) € R} and non-empty sets of enabled actions to
probabilistic states PSM = {s € S | 0 # A(s) C Act}, and

« P: MSM w SAM — Dist(S) with SAM = {(s,a) € PSM x Act | @ € A(s)} is a
probability function that assigns a distribution over possible successor states for
each Markovian state and for each enabled state-action pair.
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Figure 2.3: Example Markov Automaton M

For the rest of this section we fix an MA M = (S, Act, A, P). If M is clear from the
context, we may omit the superscript from MSM, PSM, SAM, and similar notations
defined below.

Intuitively, the time MA M stays in a Markovian state s € MS is governed by
an exponential distribution with rate A(s) € R, i.e., the probability to take some
transition from s within t € Ry time units is Pra(5)([0,2)) = 1 — e 26)t and the
average time to take a transition is ﬁ. Upon taking a transition, a successor state
s’ € § is randomly chosen according to the distribution P(s), i.e., P(s)(s") is the
probability that the transition leads to s’ € S. Probabilistic states § € PS are left
immediately (without any delay) by nondeterministically choosing an enabled action
a € A(§) C Act and then transitioning to a successor state determined according to
distribution P(($, @)). Nondeterminism is thus only possible at probabilistic states. A
precise definition of the semantics of an MA is postponed to Section 2.2.4.

Example 2.8 Consider again the machine with its three different configurations
from Example 1.1 on page 2 as well as the corresponding MA model from Figure 1.1
on page 3, also depicted in Figure 2.3. Recall that we use circles and dashed lines to
indicate Markovian states and their outgoing transitions whereas for probabilistic
states we use rectangles and straight lines. Rates of exponential distributions are
given in teal, successor probabilities are given in orange, and controller actions
are given in pink. For the sake of completeness, Figure 2.3 explicitly depicts the
(unique) action init at state sj.

exponential
distribution
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Formally, the MA is given by M = (S, Act, A, P) with

S = {s,wi,r,wa, ro, wa,r3} U {sp, fi, fo, 3}, Act = {init,rep, sw},

=MS =Ps
and A and P as in the figure, e.g.,
« A(sp) = {init}, A(fy) = {rep, sw}, A(wy) = 1/s,
* P({sp, init)) (w1) = /5, P(w1)(f1) = 1, and P(s)(r3) =

The set of successor states of ¢ € MS U SA is given by
post™(c) = {s € S | P(c)(s') > 0},
Similarly, the set of predecessors of s € S is given by
preM(s) = {c € MS U SA | P(c)(s) > 0}.

To improve readability, we often write P(s, s”) instead of P(s) (s”), P({$, @), s”) or simply

P(5, a,s") instead of P(($, @))(s”), and post (s, @) instead of post({s, a)). For s € PS, we

absorbing state  set post(s) == Ugen(s) post(s, a). A state s € S is called absorbing if post(s) = {s}. If

Vs € PS: |A(s)| = 1, the enabled action is always unique and can be dropped from the

deterministic MA  notations. In this case, the MA is called deterministic. In our notations, we sometimes
use the dedicated symbol A to indicate actions at Markovian states.

Remark 2.1 (Open and Closed MAs) The literature (e.g., [EHZ10; Tim13;
GTHR"14]) often distinguishes between open and closed MA.

For open MAs, it is assumed that there is some (synchronous or asynchronous)
interaction between the MA and other system components. As a consequence,
decisions at probabilistic states might be delayed in order to wait, e.g., for another
component to synchronize. To enable more flexible modeling, open MAs usually
allow states to be both Markovian and probabilistic giving rise to so-called hybrid
states. This allows for a straightforward notion of compositionality for (open)
MAs—a property that does not carry over to the related continuous time Markov
decision processes (CTMDP) [How60].

On the other hand, closed MA assume that all relevant interactions are already
encoded in the model. Typically, a system model arises from the parallel com-
position of various open MAs which then yields a single closed MA describing
the complete system. For closed MAs, maximal progress is assumed, meaning
that probabilistic (and thus also hybrid) states are left instantaneously—without




2.2 Markov Models 33

any delay [DH13]. As a consequence, exponentially delayed transitions at hybrid
states will never be enabled and can thus be dropped entirely, essentially allowing
us to convert hybrid states to (pure) probabilistic states.

To summarize, open MAs are useful for system modeling whereas closed MAs
simplify model analysis. Since our focus lies on the latter, we refrain from clutter-
ing the notations and immediately introduce MAs in Definition 2.14 as—in the
above terms—closed MAs under maximal progress assumptions.

2.2.2 Paths

K1

Definition 2.15 (Path) An (infinite) path in MA M is a sequence 7 = sg LN s1 —  path
..., where for each i € N either

« s; € MS, ki € Ry, and si1 € post(s;) or
o s; € PS, k; € A(si) C Act, and s;41 € post(s;, K;).

. K K Kn- . . . .
A finite path & = s¢ = S1 N aLN sp is a finite prefix of an infinite path.

The sets of infinite and finite paths of M starting in a state s € S are given
by Pathsm/v}(s) and Pathsf/i\;I (s), respectively. We set Pathsi/r\l’l‘c = UsgsPathsmA/}(s) and
Pathsﬁ/\/(n = UsesPathsé\ﬁ(s).

We fix a path 7 with finite prefix 7 as in Definition 2.15. Intuitively, if s; is Markovian,
ki € Ry reflects the time we have stayed in s; until transitioning to s;+1. If s; is
probabilistic, k; € Act is the performed action via which we transition to s;4;. For
convenience, we define

k ifk € Ryg k ifk € Act

dur(x) = { and act(x) = {

0 otherwise A otherwise.

We set last(7) = s, and || = n for finite 7 and || := oo for infinite 7. For (finite
or infinite) 7 € {x, i} let dur(7) = Zl‘.zﬁ(l)_l dur(k;) be the total duration of 7. If 77 is
infinite and dur(7) < oo, the path is called Zeno. We let pref () = UL@O {pref (7, k)}  Zeno
be the set of prefixes of 7, where pref (7, k) denotes the prefix length k € N, i.e,

Ko K1 Kk-1 . _
s — s — ... —> s ifk < |7

otherwise.

pref (7, k) = {

For states s, s’ € S we say that s’ is reachable from s ifft 37 € PathsﬁMn (s): last(7£) =s’. reachable state
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Example 2.9 The sequence

1 rep 1 1 rep 1 1
T =sow—ofi—orn-ow—ofi—row—o...

is an infinite path in the MA M from Figure 2.3 and

A 1 rep 1
7 = pref(m,4) =s1—> w1 — fi — r; — wy

is a finite path in M. In both cases we dropped the action label init for the
outgoing transition at s; from the notation as the action is unique and of no
further relevance. We have dur(r) = oo, dur(#) = 2, last(#) = wy, and

a 1 1 rep o
pref(#) = {sl, Sp— Wi, S w1 — fi, S w1 — fi — 1y, ﬂ.’} C pref ().
The path
, 1 rep 1/2 1/4 rep 1/8 1/16
7 =w—=fi—nn—ow—fi—rn—w—...

is Zeno since dur(n’) = Y500(1/2)" = 2 < oo.

2.2.3 Strategies

When the control flow of an MA M reaches a probabilistic state § € PS, an enabled
action a € A(S) needs to be selected. On system level, such a nondeterministic choice
can reflect, for instance, the selection of a job that is to be processed or the route that
a robot takes through a maze. To resolve the nondeterminism present in M, a strategy
(also known as policy, scheduler, or adversary) for M unambiguously specifies which
action is chosen in which situation. In general, the choice made by a strategy depends
on the execution history observed so far—given by a finite path of the MA—and the
outcome of a random experiment—given by a finite probability distribution over actions
enabled at the current state.

Definition 2.16 (Strategy) A (general) strategy for MA M = (S, Act, A,P) is a
function o: Paths;, — Dist(Act U {A}) such that for 7 € Paths; we have

(7) e Dist(A(last(#))) if last(7t) € PS
? Dist({a}) if last(#) € MS.

A strategy o is called memoryless if the choice only depends on the current state,
ie, V&' € Pathsy, : last(#) = last(#’) implies o(#) = o(#’). A strategy o is
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called pure if all assigned distributions are Dirac, i.e., V# € Paths; : |o(#)] = 1. A
strategy is simple if it is memoryless and pure. Let M, M, and 2{,\& denote the set
of general, pure, and pure memoryless strategies of M, respectively. For simplicity,

we often interpret o € 2}/,\;(/[ as a function 0: S — Act U {Aa}. A finite or infinite path
Ko K1

=Sy — $1 — ... is o-consistent if V& € pref (7): act(k)z|) € supp(c(7)).

Example 2.10 The strategy o for M as in Figure 2.3 that always chooses action
rep at states f;, i € {1,2,3}—that is 6() = dirac(rep) for all 7 € Pathsg  with
last(#) € {f1, f2, f3}—is both pure and memoryless, i.e., o € 2?1/\[/1'

! sw > 1—e !} is neither

t
A strategy o’ € SM with o(w; — f;) = {rep > e~
pure nor memoryless as the decision at f; depends on the time we spent in state

w; and is subject to a non-Dirac probability distribution.

Remark 2.2 (Generalized Strategy Notions) We refer to strategies from Def-
inition 2.16 as general strategies to make a clear distinction to memoryless or
pure strategies. However, the literature also uses the term behavioral strategy for
strategies as defined above and considers more general notions, e.g., , strategies
as distributions over behavioral strategies [Aum64; MR22].

2.2.4 Probability Spaces

We define a probability space induced by an MA M = (S, Act, A, P), an initial state
s; € S and a strategy o € M. This allows us to measure the probability of sets of
infinite paths of M. Following standard constructions [AD99; Neu10], we proceed in
three steps:

« define a probability space for single transition steps,
« lift this to a probability space for paths of a fixed length n € N, and
« construct a probability space for infinite paths.

To simplify these definitions, we sometimes consider a less restrictive notion of paths
compared to Definition 2.15.

Definition 2.17 (Permissive Path) An infinite permissive path in M is a sequence
SoKoS1K1 ... with's; € Sand x; € Act URy, for all i € N. A finite permissive path is
a prefix soky . . . Kp—1Sp of an infinite permissive path.

We identify each non-permissive (finite or infinite) path s, =, 1 & . asin
Definition 2.15 with the corresponding permissive path sykosiky . . .. However, note

pure strategy

simple strategy

consistent path

permissive path
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that not every permissive path adheres to the restrictions imposed in Definition 2.15.
Without loss of generality, we assume that Act "Ry = 0.

Let 7 € Paths;;, be a non-permissive finite path. We consider the probability space
(QStep Step, Prif;f) for single (Markovian or probabilistic) transition steps assuming
history 7, where

Q5 = (Act WRs) XS, F3% = {KC ActWRso | KNRso € B(Rso)} ®2°,

and for T € F5%P  last(#) = s we have

PrSteF(T) = ZaeA(s) O'(ff)((){) ' Z(a,s’)eT P(S, a, 3,) ifs € PS
o -/tERZO A(s) - e D)t Ziesyer P(s,s")dt if s € MS.

Example 2.11 Consider 7 = s; — w; for the MA M from Figure 2.3. The
probability to take a transition to f; within 2 time units is

P ([0, 2] x {£}) /tR A(w) e 200 < 1 < 2] P(wi, fi) de

2
/ Us-e” /. dr = 1—e ™ ~ 0.221.
0

Observe that this value does not depend on the considered strategy o € ZM. For

20 1
i’ =sp— w; — fi we get

Prfffﬁ,({sw,s}) = o(#')(rep) - 0+ o (') (sw) - P(fi,sw,s) = o (&) (sw).

Next, we define the probability space (Q", 7", PrZ . ) for sequences of exactly n € N

O,S1
transition steps, i.e., permissive paths of length n, where

Q" = Sx (QStep)n, Fn o= 25 ® (7_-Step)n’

and Prg  is defined recursively such that for §" € 70 = 25 we have Pr’ _(S') =

0,S|

[sr€S],andforn > 0,IIXT € F*suchthatIl € F* 'and T € FStep e have

P’ (IIXT) = / PrY?(T) dPr™ ! ().
’ A€llNPathsg, ’ ’
Recall that paths s &8 2. Pathsg,, are identified with permissive paths

S0Ko - - . Kn—15p € Q". In particular, Q" N Paths, = Paths .
Finally, the probability space (QM, #M, Pr(/,\’/g) for infinite paths of M is defined
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where QM is the set of infinite permissive paths and #M is the smallest o-algebra on
QM containing all cylinder sets of all measurable IT € | J$2, 7", where for n € N the
cylinder set of IT € ¥ is given by

Cyl(TII) = {sokos1k1--- € oM | sokosiky ... Kn—1Sn € I1}.

PrM is the unique probability measure on (QM, FM) satisfying

0,81
Pr), (Cyl(IT)) = Pry (ID)

for all T € ¥, n € N. The set of non-permissive infinite paths Paths, . is measurable,

ie, Paths . € FM and we have Pr’"

o5 (Paths; ;) = 1. It is therefore reasonable, to

restrict our attention to non-permissive paths 7 € Paths,  as given in Definition 2.15.

The expected value of some measurable function ¢: Paths, ; — R for Pr(ﬁl is given
by

Bdlo) = [ g e (o),
’ e Paths, '
Recall from Section 2.1.4 that the expected value is undefined if both

Prgl({ﬂ | p(n) = —c0}) > 0 and Pré\ﬁl({ﬂ | p(r) =+c0}) > 0

hold. We sometimes drop the MA M or the initial state s; from the notations Pré\gl
and Ex(’,‘ﬁ, if they are clear from the context. Furthermore, we also drop the (unique)

strategy o if M is deterministic, i.e., Vs € PS: |A(s)| = 1. For measurable IT we use the

abbreviations Pr _ (II) := SUPcyM Pré‘ﬁl(ﬂ) and PrY! I(H) = inf _csm Pré\ﬁj(n).

max, sy min,s,

The notations ExX! . and Ex™  are similar.
»SI min,sy

2.2.5 Reward Assignments

MAs can be equipped with rewards or, equivalently, costs to model various quantities
like, e.g., energy consumption or the number of produced units. We distinguish
between transition rewards that are collected when transitioning from one state to
another and state rewards that are collected over time while residing in a state. A
reward assignment combines the two notions.

Definition 2.18 (Reward Assignment) A reward assignment for MA M is a pair
R = (Rtrans Rstate) where

« RIS (MS U SA) X S — R is a transition reward assignment, and

. RS, § _ R is a state reward assignment.

cylinder set

expected value

reward

reward
assignment
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For a reward assignment R = (Rrans Rstate) ¢ ¢/ ¢ S and x € Act URs( we set

R[s] = Rt (s) and

K - RSB (5) + RIS (5 ") if s € MS and k € Ry
Rs, k, 8] = SRS ({5 k), s") if (s,x) € SA

0 otherwise

Since no time passes in probabilistic states, the assigned state rewards R%%(3) for
§ € PS are not relevant. We lift the notation to finite paths: for 7 = s LN St o,

N Pathsg we define the accumulated reward for R along 7 as

n—1

R[#] = Z Rsi, ki, Siv1].

i=0
We stress that an MA can be annotated with several different reward assignments.

Example 2.12 We annotate the states and transitions of the MA M from Fig-
ure 2.3 with three different reward assignments Ry, R;, and Rs. State- and
transition rewards that are not depicted are assumed to be zero. For example, at
state w; we have state rewards R;[w;] = 100 and Ry[w;] = R3[w;] = 0. When
moving from fi to s via action sw we collect R1[f1, sw,s] = Rz[f1, sw,s] = 0 and
Rs[ f1, sw, s] = 1 reward. For the path

a 3 rep 1 2 SW 1/2
A=s>wi—fi—rn—-w—fi—s—rnr

the accumulated rewards for Ry, R,, and R; along 7 are Ry [%£] =3-100+2-100 =
500, Ry[7] = 1-(—1) = —1, and R3[7%] = 1, respectively.

Recall from Example 2.8 that the depicted MA models a machine with three
different configurations i € {1,2,3}. The assigned rewards are interpreted as
follows.

« R; models the productivity of the machine: when in state w;, the machine
produces R;[w;] units per time. The three machine configurations thus do not
only differ in their failure- and repair rates, but also in their productivity.

« R; yields the repair costs that is accumulated while in a repairing state r;. We
model this cost as a negative reward.

o Rj; reflects the number of times the machine controller switches to the state s
in order to change the configuration.
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Ry —1 Ry: —1

Figure 2.4: MA M from Figure 2.3 with three reward assignments R;, R;, and Rs (cf.
Example 2.12)

For constant a € R and reward assignments R and R’ we define scaling a - R and
addition R + R’ by carrying out the respective operation to the declared reward values.
Furthermore, we introduce the notations —R, R*, and R~ which consider the negation
of R, the non-negative part of R, and the non-positive part of R, respectively. For the
reward at state s € S we thus have

(@a-R)[s] = a-Rls], (R+R)[s] = R[s]+R[s], (-R)[s] = -RIsl,
(RY[s] = max(R[s],0), and (R7)[s] = min(R][s],0).

Transition-based rewards are defined similarly. Furthermore, for a relation ~ €
{<,<,=2,>} we use the shortcut R ~ 0 to denote that all rewards assigned by
R are ~ 0, i.e.,

R~0 iff V{(sk) € SAU(MSXRsg): Vs’ €8S: R][s,x,s"] ~0.

2.2.6 Components

A component of M is a non-empty set C € MS U SA. We denote the state of
a component element ¢ € MS U SA by state(c), where state(c) = cif ¢ € MS
and state(c) = s if ¢ = (s,a) € SA. The set of states occurring in a compo-
nent C is given by states(C) = {state(c) | c € C}. Moreover, we let exits(C) =

{c € MS U SA | state(c) € states(C) and post(c) € C}. A component C is closed if

component

closed component
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Ve € C: supp(P(c)) C states(C). C is a bottom component if it is closed and
exits(C) = 0. We sometimes overload notations for components by using sets of states
B C S as alias for the component {¢c € MS U SA | state(c) € B}.

A strongly connected component (SCC) is a component C such that for all pairs of

~ K K Kn— .
states s,s” € states(C) there is a path # = sy — s; —> ... — s, € Pathsg, (s) with

last(#) = s’ and for each i € {0..(n—1)} either s; € C N MS or (s;,k;) € CN SA. An
SCC C is trivial if states(C) is a singleton {s} and V¢ € C: s ¢ supp(P(c)). An SCC
is maximal if it is not a proper subset of another SCC. Each state belongs to exactly
one maximal SCC. The set of all maximal SCCs of M is denoted by SCC(M), while
BSCC(M) denotes the maximal bottom SCCs (BSCCs) of M. SCC(M) and BSCC(M)
can be computed efficiently [Tar72].

Definition 2.19 (End Component) An end component (EC) is a strongly con-
nected and closed component.

A maximal end component (MEC) is an EC that is not a proper subset of another EC.
The sets of all ECs and all MECs of M is denoted by EC(M) and MEC(M), respectively.
Finite MAs (as in Definition 2.14) must have at least one EC. Since ECs may overlap,
the number of ECs of M can be exponential in |MS|+|SA|. MECs, however, are always
disjoint, i.e., each ¢ € MS U SA belongs to at most one MEC ¢ € C € MEC(M). The set
MEC(M) can be computed efficiently [CH14].

Example 2.13 Consider the components C; = {w;, (f;, rep), r;} of the MA from
Figure 2.3 for i € {1,2,3}. We have states(C;) = {w;, fi,ri} and exits(C;) =
{{fi,sw)}. C; is closed, strongly connected, but not bottom. Furthermore, the
components C; U {(f;, sw)} and C; U {(f;, sw), s} are both strongly connected but
not closed. The component C; \ {r;} is not strongly connected.

There are two maximal SCCs for M given by the trivial SCC {(s;, )} (assuming
that « is the action performed at s;) and the BSCC

stu | Guifism

ie{1,2,3}

The latter is also the (only) maximal EC of M. The other—not maximal—ECs of
M are given by Cy, Cy, and Cs.

ECs characterize the states and transitions of M that—depending on the strategy—
can occur infinitely often with non-zero probability. Formally, for 7 = s, N 51 LN
€ Pathsm/v} let inf () denote the set of Markovian states s € MS and state-action

pairs (s, @) € SA that occur infinitely often in x, i.e.,

inf(r) = {cEMSUSA|\7’j20: di>j: (c=si€MS)or(c=<s,-,Ki>ESA)}.
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The following lemma states that inf () is almost surely an EC. Hence, the probability
to infinitely often observe some ¢ € MS U SA with ¢ ¢ Jgc(pm) under an arbitrary
strategy must be zero.

Lemma 2.4 Foralls € S and o € M we have
Présvi({ﬂ € Pathsm”}(s) | inf(r) € EC(M)}) = 1.

Proof. The lemma is a straightforward generalization of [BK08, Theorem 10.120] to
MA. u

Submodels and Quotients | ECs provide an important concept for the analysis
of MAs and the subsumed Markov decision processes (MDPs, cf. Section 2.2.8). Ap-
proaches such as e.g., [Alf97; BCCF*14; GHHK" 14; ACDK*17; BBDG"18; HM18] often
inspect the (maximal) ECs in isolation and/or consider a quotient model in which ECs
are collapsed. We now provide the required building blocks for such methods.

Definition 2.20 (Submodel) The submodel of M induced by a closed component  submodel
C is given by M[C]| = (states(C), Act, Ac, P|C), where for s € states(C)

Ac(s) A(s) if s e C N MSM

s) =
¢ {a € A(s) | {s,a) € C} otherwise.

Submodels restrict the MA to the states and transitions considered in the inducing
component C. As C is required to be closed, we obtain a valid MA M[[C]| in which no
states s ¢ states(C) can be reached.

Example 2.14 The submodel of M as in Figure 2.3 induced by component C; =
{w1, (f1, rep), r1} is shown in Figure 2.5a.

We also consider submodels to restrict the possible actions of an MA. In particular,
the induced submodel for M and some pure memoryless strategy o € 21/3\;\‘4 is given by induced submodel
M) = M MSU {(s,0(s)) | s € PS}].
Next, we define the quotient of an MA M with respect to a given EC C. Essentially,
this construction collapses all states in states(C) into a single, freshly introduced state.
Transitions that—in M—lead to or emerge from the EC are redirected to the new state.
Intuitively, the quotient thus abstracts away the internals of the EC and only depicts
the incoming- and outgoing behavior. To represent the possibility of never exiting the
EC we also add a transition to a dedicated sink state s, .
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Definition 2.21 (Quotient) The quotient of M with respect to an EC C is the MA
Mc = (S\c, Act\c, A\, P\c), where

« S\c = (S \ states(C)) W {C,s.},

« Act\c = Act W exits(C) W {1},

A(s) ifsesS
s VseSc: Ae(s) =qexits(C)Uu{L} ifs=C
1 ifs=sy,

+ and P\c is defined as follows: let Pyyy: MSM U SAM — Dist(S\c) be given for
¢ € MSM U SAM by

- Pan(©)(©) = Soetaesicr PO)(),
— Paux(c)(s’) =P(c)(s’) with s’ € S\ states(C), and
- Paux(c)(sL) = 0.
Then, we set
= P\c(c) = Paux(c) for ¢ € (MSMe 0 MSM) U (SAMe 0 saM),
= P\c({C, (s, @))) = Paux({s, a)) for (s, a) € exits(C), and
- Pe((C 1)) = Pye({s1, 1)) = {51 > 1},

For a set of ECs € = {Cy,...,Cp} with Vi,j € {l.n}: i # j = states(C;) N
states(C;) = 0 (i.e., the ECs in € are pairwise disjoint) we also consider the quotient
that arises after collapsing all ECs in €:

Mg = Mc\.\c,

Considering M\yEec(m) is always valid since the maximal ECs of an MA are always
disjoint. To simplify the notation, we write M\ e instead of My yec(m)-

Example 2.15 Consider the MA M from Figure 23 and ECs C; =
{w1, (fi,rep),r1} as in Example 2.13. Let € = {Cy,Cy, C3}. Figures 2.5b to 2.5d
show the quotients M\c,, M\¢, and M\yec(m), respectively.

Components with Rewards | Let C € MS U SA be a component of M. The sub-
assignment R[[C] of reward assignment R = (R""S, Rst€) w.rt. C restricts the as-
signed rewards to the elements of the component, i.e.,

R[C]] = <Rtrans Rstate'

|C><states(C)’ states(C) >
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© Mg =M \c\c (d) Myaec(m)

Figure 2.5: Submodels and quotients of the MA M from Figure 2.3 (cf. Examples 2.14
and 2.15)
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If C is closed, R[ C] is a reward assignment for the submodel M|[C]| of M.

Similarly, if C is an EC, R can be transformed to a reward assignment R\c =

(R{?’“S, Ritcate) for the quotient model M\c = (S\¢c, Act\c, A\c, P\c). Here, we drop all

the rewards that can potentially be collected while staying inside C. More precisely,
let Rrans . (MSM U sAM) x S\c = R be given for c € (MSM U SAM) and ¢’ € S\c by

RN (¢ g") ifs" €S
R;rua;s(c’ S/) = Zs”estates(C) P(c,s"”) - Rtrans(c’ s”) ifs’=C
0 otherwise.

We then set for ¢ € (MSMc U sAM) and s’ € S\c

Rime™(c,s") ifc e (MSMUSAM) and s’ €S
Rircams c,s’) = JREDS((s5,a),s") ifc={(C (s, a)) for (s,a) € exits(C)
0 otherwise
Rstate ’ f ’ €S
and ‘Rité‘te (s") = (") ifs .
0 otherwise.

As before, we lift the notation to sets of pairwise disjoint ECs € = {Cy, ..., C,}, where
Rie = Rie\\co

To avoid notational clutter, we usually apply the reward assignment R for M directly
to the MAs M[C] and M\c—assuming an implicit conversion to R[C] and R\c,
respectively.

As in, e.g., [BBDG" 18], we also consider end components in which no non-zero
reward can possibly be collected.

Definition 2.22 (0-End Component) A 0-EC of M and ¢ € N reward assign-
ments Ry, ..., Ry isan EC C of M withV j € {1..£}: R;[C] = 0.

A maximal 0-EC (0-MEC) is a 0-EC that is no proper subset of another 0-EC. The set
of all 0-MECs of M and Ry,..., R, is denoted by MECy(M,{Ry, ..., R,}) and can be
computed efficiently, as outlined in Algorithm 2.1.
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Input: MA M, reward assignments Ry, ..., R,
Output: MECy(M,{R1,...,R¢})
// Only consider parts of M that yield zero reward
1 Co — {c € (MSUSA) |V je{1.£}: Ri[{c}] =0}
// Remove elements from C, until Cy is closed
2 while 3¢ € Cy: post(c) ¢ states(Cy) do Cy «— Cy \ {c}
// The 0-MECs of M are the MECS of the submodel M| C ]|
3 if Cy = 0 then return 0 else return MEC(M[ G, ])

Algorithm 2.1: Computing maximal 0-ECs

2.2.7 Zeno Behavior

We say that an M has Zeno behavior if for some initial state and some strategy there  Zeno
is a positive probability for a Zeno path, i.e.,

Is;€8: JoesM: Prﬁﬁl({ﬂ € Paths, ; | dur(m) < co}) > 0.

Intuitively, Zeno behavior reflects the possibility to perform infinitely many transitions
in finite time. Such behavior is often considered unrealistic and complicates model
analysis. It is commonly assumed that MAs that are subject to verification do not have
Zeno behavior, see e.g., [HH12; GHHK" 14; BWH17; 2]. In this work, we only forbid
Zeno behavior in contexts where this is relevant—in particular when analyzing long-
run average objectives discussed in Section 2.3.2 and Chapter 5. Checking whether a
given MA has Zeno behavior can be done efficiently by considering its end components.

Lemma 2.5 An MA M has Zeno behavior iff 3C € MEC(M): states(C) NMS = 0.

We stress that by our definitions MDPs always have Zeno behavior since they do
not contain any Markovian state. For those models, we usually consider (discrete)
transition steps instead of time.

2.2.8 Markov Decision Processes and Markov Chains
A Markov decision process is an MA without the continuous timing aspects.

Definition 2.23 (Markov Decision Process [Put94]) A Markov decision process ~ MDP, Markov
(MDP) is an MA M with MSM = 0. decision process

All notions above directly apply also to MDPs. However, MDPs do not contain any
timing information. In particular, all paths of an MDP have duration zero and state
reward assignments are not relevant. Due to the latter, we usually drop state rewards



46 Chapter 2 Preliminaries

R}: 800

=

rep

Figure 2.6: Underlying MDP MDP( M) with reward assignments for MA from Figure 2.4
(cf. Example 2.16)

from our notations and identify a reward assignment for an MDP M with a transition

reward assignment R: SAM x S — R.
An MA M can be converted to an MDP to abstract away from all timing information.

Definition 2.24 (Underlying MDP) The underlying MDP of an MA M
(S, Act, A, P) is given by the MDP MDP(M) = (S, Act U {a}, A’,P’) where for

se€Sand a € A'(s)

underlying MDP

. |A(s) ifs e PsM
As) = {{A} if s € MSM

We may also convert a reward assignment R = (RY2"S RS®te) for MA M =
(S, Act, A, P) to a reward assignment MDP(R) for MDP(M). To this end, state re-
wards R*%€(s) for Markovian states s € MS™ are multiplied with the expected time

. . 1 .
we stay in s, L.e., Ok More premsely, we set

and P'((s,a)) =

P((s,a)) ifse PSM
P(s) if s € MSM.

Rs, a,s"] if (s, ) € SAM

MDP(R)[s,a,s"] =
(R)ls. @] {R[s,ﬁ,s’] ifs e MSM a = a.

Example 2.16 Figure 2.6 shows the underlying MDP MDP(M) and the con-
= MDP(R;), and R; =

verted reward assignments R] = MDP(R;), R,
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MDP(R3) of MA M and R;, R;, and R3 as in Figure 2.4.

Besides MDPs, MA also subsume discrete- and continuous-time Markov chains.

Definition 2.25 (Markov Chain [Nor98]) A discrete-time Markov chain (DTMC)
is a deterministic MA D = (S, Act, A, P) without Markovian states, i.e., Vs € PSP =
S: |A(s)| = 1 and MSP = 0.

A continuous-time Markov chain (CTMC) is an MA C = (S, Act, A, P) without proba-
bilistic states, i.e., PS¢ = 0.

A DTMC is also a (deterministic) MDP. The absence of probabilistic states in CTMCs
already implies that CTMCs are deterministic. Since actions are not relevant for
DTMCs and CTMCs, we usually omit them from the notation. Moreover, for DTMCs,
the transition function A is unique. This allows us to write DTMCs as pairs D = (S, P)
with P: § X § — [0, 1] and CTMCs as triples C = (S, A,P) with A: S — R, and P as
for DTMC.

For an MDP M = (S, Act, A, P) and a pure memoryless strategy o € ZQ’[M, the induced
submodel M[[a]| = M[{(s,o(s)) | s € S} | is a DTMC—also referred to as the DTMC

induced by M and o. The probability measures Prg/fsl and Pr?;[[[a]] coincide.

2.3 Objectives

Objectives describe quantitative measures of the system that are relevant for verifica-
tion, e.g.,

« the probability to reach an unsafe state of the system,

« the expected time until a job is competed,

the expected long-run average repair costs, or

the probability to finish a task within a fixed energy budget.

Formally, we define an objective as a function that assigns a value to each execution of
an MA.

Definition 2.26 (Objective) An objective for MA M is a measurable func-

tion ¢: Pathsm/vé — R. An objective ¢ is called well-defined (for M) if

Prit ({m | ¢(7) = —o0}) = 0 or Prid ({7 | @(7) = +o0}) = 0.

We fix an MA M = (S, Act, A, P) and an initial state s; € S. For two objectives ¢ and
¢’ for M, a constanta € R, and o € {+,—,-} we let ¢ 0 ¢’, a o ¢, and —¢ denote the

DTMC,
discrete-time
Markov chain

CTMC,
continuous-time
Markov chain

induced DTMC

objective
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objectives for M given by

(po@)(n) =q(n)og (n), (aoep)(n):=ace(r), and (-¢)(n):=-p(r)
for € Pathsm/vé.

An objective ¢ for M is evaluated for a strategy o € X by considering (or: computing)
the expected value Exéﬁl (¢). Well-definedness of an objective ensures that its expected
value as given in Section 2.2.4 is defined for every strategy o. From now on, we assume
without further mention that all considered objectives are well-defined. We lift the
notation for expected values to tuples of objectives, where for tuple ® = (g1, ..., @,)
we set —

Ext/,w (@) = (Exc/rw((pl), .. .,EXC/).V((([J[)> eR.

Lemma 2.6 Vw € R': w -Exéw(fb) = Exéw (w - D).

Proof.

w - Ex2! (@)

€Paths,
1ni

t
G) - () dPr)! (m)
;WJ [T (p r

I3
/ D W) - p(m)dpr)(r) = Ex)'(w-®). m
7€ Paths, =1

we let [IT]: Paths™ — {0, 1} denote the objective

For a measurable set IT C Paths™ f

inf
that assigns value 1 to paths in II, i.e., [II]() = [x € II] for = € Pathsin/vé. For any
o € 3M we have Exé‘ﬁl ([ = Pr(/,\ﬁl (IT). We therefore also refer to an objective of the
form [IT] as probability objective.

By convention, we assume that our optimization goal is to obtain high expected
values for the objectives. More concretely, if we are concerned with just a single
objective ¢, we are interested in (an approximation of) ExX (¢) and—if it exists—
an inducing strategy omax € argmax .ym EX(’T‘g[(qo). If there are £ > 1 objectives
©1, P2, - . ., p we want to find a single strategy that induces a preferably high value for
all objectives. The potential trade-offs that arise when some of these objectives conflict

with each other are discussed in Chapter 3.

Preferring high objective values is an arbitrary choice that is without loss of gen-
erality: if for some objective ¢ a low value is preferred, we can always consider the
negative objective —¢ instead of ¢ since for all ¢ € M we have

ExM (p) = - / () M () = —Ex2 (~g).

€ Paths; ¢
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In particular, Ex™ (¢) = ~Ex™ _(—¢). All classes of objectives introduced below are

min max
closed under considering negative objectives (cf. Lemmas 2.8, 2.11 and 2.12).

In the following, we present the various kinds of objectives that are relevant for this
thesis. For now, our focus lies on defining and understanding the various objective
types. A discussion on potential analysis methods is postponed to subsequent chapters.

2.3.1 Total Reachability Reward Objectives

Total reachability reward objectives accumulate rewards given by some reward assign-
ment R along the considered path. Accumulation of rewards stops as soon as the path
visits a state within a given set of goal states G C S. If no goal state is visited, reward
is accumulated along the infinite path, potentially approaching —oo or +oco.

Definition 2.27 (Total Reachability Reward Objective) The total reachability
reward objective for MA M, a reward assignment R, and goal states G is given by

—_ K K
tot(R, G): Pathsi/r\é — Rwhereforr=sy — s; — --- € Pathsm/v}

R{pref (7, n)] ifs,eGandVi<n: s; ¢G

tot(R, G =
° ( )(”) {llm il’lfn—>oo R[Pref(”" n)] ifVieN: Si ¢ G.

tot(R, G) is called convergent if

VseS: ExM

min,s

(tot(R™,G)) > —c0  or VseS: ExM (tot(R*,G)) < +co.

max,s

Example 2.17 Recall from Example 2.12 that the reward assignment R, for the
MA M depicted in Figure 2.4 reflects the number of produced units per time. The
total reachability reward objective tot(R1, {fi, f2, f3}) thus yields the total number
of produced units until the very first machine failure. For an infinite path 7 with
prefix s; — w; 5 f; we have tot(Rq, {f1, fz» f5}) () = t - Ri[w;]. The expected
value for initial state s; is—in this case—independent of the considered strategy
o € ¥ and can be computed by adding up for each i € {1, 2,3} the product of

« the probability to move from s; to w;,
« the expected time to stay at w;, and

« the reward accumulated while being in w;.

The expected number of produced units until the first machine failure is thus

total reachability
reward objective
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Figure 2.7: Example MAs illustrating total reachability rewards

given by

1 1 1 3050
Ex2! (tot(Ry, {fi. fo i}) (7)) = 2787100425150+ 22075 = ——.

We take the limit inferior in Definition 2.27 as the limit lim,,_,.. R[pref (, n)] might
not exist for all paths 7 as seen in Example 2.18 below. Alternatively, we can consider
objectives tot*"P (R, G) that use the limit superior instead. However, throughout this
thesis we only consider convergent total reachability reward objectives. In this case, the
limit exists for almost all paths, i.e., the two variants coincide.

Lemma 2.7 tot(R,G) is convergent iff tot*"P (R, G) is convergent. Furthermore,
for convergent objectives we have for all o € 21/3‘1’\‘4:

Ex! (10t(R,G)) = Ex2 (tot™ (R, G)).

0,S|

Proof (sketch). For a given path 7 € Paths, , that does not visit a state in G, it holds
that either

« from some point on only non-positive reward is accumulated,
« from some point on only non-negative reward is accumulated, or
« infinitely many positive and negative reward is accumulated.

For convergent objectives, the last case occurs with probability zero. For the re-
maining cases, tot(R, G) and tot*"P (R, G) yield the same value. [ ]

Non-convergent total reachability reward objectives for MDPs are discussed
in [BBDG"18].

Example 2.18 Consider the path 7 = s; = s; = s; — s, — ... in the MA M,
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from Figure 2.7a. For the depicted reward assignment R we get
n
tot(R, {s3}) = liminf R[pref(r,n)] = lim ian(—l)k = 0.
n—oo n—oo
k=0

The series 1 — 1+ 1 —1+... diverges and thus does not have a limit. However,
the probability of alternating between s; and s, infinitely often in M, is zero.
When computing the expected value we can thus ignore such paths, i.e., s3 is
reached almost surely. The objective tot(R, {ss}) is convergent and we have
Ex) (tot(R, {s3})) = 0 and Ex)" (t0t(R, {s5})) = 1.

The MA Mj in Figure 2.7b only has a single infinite path alternating between s,
and s;. The objective tot(R, @) is not convergent since

EXSAIAZ(tOt('R_,Q)) =0-1+0—-1+... = —0 and
Ex (t0t(R*,0)) = 1+0+1+0+... = +oo.
However, tot(R,0) is still well-defined with Exﬁ( 2(tot(R,0)) = 0 and

Ex( (tot(R, 0)) = 1.

Finally, the objective tot(R, @) for M; in Figure 2.7c is neither convergent nor
well-defined: a pure memoryless strategy o yields value —oco at s1 if 0(s1) = @
and value +0 if (s;) = f. In fact, the expected value obtained for the (general)
strategy o’ with ¢’ (s1) = unif ({«, f}) and o’ (%) = dirac(a), 7 € Pathsﬁ/\'tn3 \ {s1}
is not defined.

The expected value of the negation of a convergent total reachability reward objective
coincides with the expected value of a convergent total reachability reward objective
that considers the negation of the reward assignment.

Lemma 2.8 For MA M, s; € S, o € SM: if tot(R, G) is convergent, then

Ex! (—tot(R,G)) = Ex)! (tot(-R,G)).
In the following, we discuss several types of objectives considered in the literature
that can be seen as a special case of a total reachability reward objective.

Total reward objectives [Put94; FKNP*11] are total reachability reward objectives
with an empty set of goal states. To simplify the notations, we also denote a total
reward objective tot(R, 0) for reward assignment R by tot(R). Total reward objectives
coincide with discounted reward objectives [Put94; BWH18] with discount factor 1.

Reachability objectives [BK08; FKNP11] are concerned with the probability to even-
tually reach a given set of goal states. Formally, the reachability objective for G C S is

total reward
objective

reachability
objective
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given by the probability objective [0G], where
0G = soﬂsl iwuePathsmA’HElnEN: snEG}.

A reachability objective [¢G] can also be seen as a (convergent) total reachability
reward objective tot(Rg, G) where the reward assignment Rg assigns no state rewards
and reward 1 for any transition that enters a goal state, i.e., Rg[s,x,s'] = [s" € G].
More precisely, for o € M and s € S we have

1 ifseG
Exgi([0G]) = 1= .

Exz(t0t(Rg,G)) ifs ¢ G.
We remark that Exﬁ(tot(??g, G) = 0if s € G, i.e., this case requires special treat-
ment when translating reachability objectives to total reachability rewards. Similarly,
constrained reachability objectives [H U G] with H,G C S and

HUG = soisliwuePathsmNHHneN: sp € Gand Vi< n: s,-eH}

can be restated as tot(Rg, G U (S \ H)) with R as above.

Reachability time objectives [GHHK" 14] consider the time to reach a set of goal
states. Formally, a reachability time objective for a set of goal states G C S is given by
tot(Riime, G) for reward assignment Ryime Without transition rewards and Ryime[s] = 1
for all states s € S. For MDPs, a reachability time objective always evaluates to 0.

Remark 2.3 (Alternative Definitions for Total Reachability Rewards)
Our definition of total reachability rewards (Definition 2.27) is in line with notions
defined in, e.g., [GTHR"14] for MA. However, the literature [BK08; FKNP11]
often considers a slightly different definition where paths that do not visit a goal
state always get assigned a value of +c0. In fact, this alternative definition is more
established than our definition and implemented in probabilistic model checkers
such as Prism and STorM. We argue that in our setting it is still reasonable to
deviate from the standard definition.

Firstly, in contrast to most works, we consider mixtures of positive and negative
rewards. Assigning value +oo to paths that do not reach a goal state appears to
be arbitrary in this setting.

Secondly, as mentioned above, our definition allows us to treat various types of
objectives—in particular reachability objectives—as a special case of total reacha-
bility reward objectives.

Finally, we mention that the two definitions only differ in cases where the set of
goal states G C § is not reached with probability 1. In a multi-objective setting it
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can be reasonable to add the probability objective [0G] as a separate objective.

2.3.2 Long-Run Average Objectives

Long-run average objectives concern the average reward per time unit that is collected
on an infinite path of an MA. They are also commonly referred to as mean-payoff or
steady-state objectives.

Definition 2.28 (Long-run Average Reward Objective) The long-run average
(LRA) reward objective for MA M and reward assignment R is given by

Ira(R): Pathsin/v} — R where for 7 = s, LN 1 5 Pathsin/\’}

. Ripref(z,n)]
ra(R)(m) = limint 2 o)

Example 2.19 For the MA M and reward assignments as in Figure 2.4 and Ex-
ample 2.12, Ira(R,) yields the long-run average number of units produced per
time, whereas Ira(R;) corresponds to the long-run average repair costs per
time. Let o7 € ZQX‘A be the pure memoryless strategy with o;(f;) = rep and
01(f2) = o1(fs) = sw. Under o7 the machine will from some time on always
be in configuration 1. For ; we observe that—on average—the machine will
spent 8 out of 8 + 1 = 9 time units in the working state w;. The remaining
time is spent in r;. It follows that the expected average number of produced
units per time unit is Ex{,‘ﬁsl (Ira(Ry)) = 8/o - 100 ~ 88.89. Similarly, we obtain
Exg(,sl(lra(Rz)) =1/9- -1~ —0.11.

For MAs without Zeno behavior, long-run average reward objectives are always
well-defined and their expected value is a real number.

Lemma 2.9 If M has no Zeno behavior, Exéw (Ira(R)) e Rforall o € M,

Proof (sketch). The average number of transition steps performed by M per time
unit can be bounded from above using

« the minimal average residence time (i.e., minge s 1/A(s)) and

+ the maximal expected number of steps until a Markovian state is reached from a
probabilistic state.

For non-Zeno MA, both measures are finite numbers. As it is—on average—
impossible to perform an infinite amount of steps per time unit, only a finite amount

LRA reward
objective
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Figure 2.8: Example MDP and average value (cf. Example 2.21)

of reward can be accumulated per time unit. Thus, the expected LRA reward must
]

be finite.

For MDP, measuring the average reward per time unit is not reasonable, as all paths
in an MDP have duration 0. We therefore also introduce the long-run average reward

per transition step.

Definition 2.29 (Step-based Long-run Average Reward Objective) The step-

step-based LRA
based LRA reward objective for MA M and reward assignment R is given by

reward objective

Irag(R): Pathsin/vé — R where for 7 = s, iR 51 O, e Pathsin/\'}
Rlpref (., n)]

Irag(R) () = liminf
n—oo n

Example 2.20 We consider the MDP M = MDP(M) with R] and R, as in Fig-

ure 2.4. With the strategy oy that—as in Example 2.19—from some point on keeps

cycling between the states wy, fi, and r;, we get Exg,sl(lm(‘Rl)) = 800/3 ~ 266.7

and ExM _(Ira(R,)) = ~1/3/~ — 0.33.

01,51

We consider the limit inferior in Definitions 2.28 and 2.29. The objectives Ira®*P (R)
and Ira;,* (R) that use the limit superior instead are defined similarly. The following
example shows that these objectives generally do not coincide with their limit inferior

variant. A similar example is given in [Put94, Example 8.1.1].

Example 2.21 Let M be the MDP from Figure 2.8a and let ¢ € ZQ” be the pure
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strategy such that for 7 € Pal‘hsé’f1 with last(%) = s:

o(#) = | dirae(@) if Llog,(I#]] is even
dirac(f)  if |log,(|#])) is odd.

Upon reaching s, o first selects « once, then f twice, « four times, f eight times,
and so fourth. For the single o-consistent path 7 € Paths™ > Tigure 2.8b plots the
average reward accumulated per step against the considered number of steps n.
As the average reward oscillates between 1 and 2, we get

M (Irag(R)) = 1 and ExY (Irai” (R)) = 2.

O'S[ O,S]

Maximal expected LRA reward values Exmax(lra(R)) and Ex (Iraq(R)) are at-
tained by a pure memoryless strategy [Put94, Theorem 9.1.8]). The following result
shows that under such strategies the values for Ira(R) and Ira®"? (R) as well as Iray (R)
and lra:?p (R) coincide.

Lemma 2.10 Leto € ZM ExM (lra(R)) ExM (Ira™ (R)) holds for non-Zeno

0,51 0,51
M. Furthermore, Exﬂl(lmst(ﬂ)) = ExM (Ira;® (R)) holds for arbitrary M.

0,1

Proof (sketch). In the limit, only the end components (ECs) are relevant due to
Lemma 2.4. If the induced submodel M[[ o] has no Zeno behavior, we can eliminate
the probabilistic states in its ECs while preserving long-run average values. The
ECs in the resulting model coincide with bottom strongly connected components of
a finite continuous time Markov chain. The well-known Ergodic theorem (see, e.g.,
[Nor98, Theorem 1.10.2]) yields that the limit

- Ripref ()]
n—co dur(pref (m,n))

exists for almost all paths, yielding Ex;, Mol (lra(R)) = EXM[M] (Ira®™? (R)). A simi-
lar result for step-based LRA objectives is shown in [Put94 Proposition 8.1.1]. =

Following, e.g., [BBCF"14], we limit our attention to the limit inferior variants, i.e.,
Ira(R) and Iray(R). The following dualities hold.

Lemma 2.11 For o € 3™, we have Ex/ 51( lra(ﬂ)) “I(lrasup( R)) if M
has no Zeno behavior, and Ex/ s[( Iraq(R)) = ExJ SI(lr SuP( —R)) for arbitrary
M.

Long-run average time objectives [GHHK"14] query the average time the execution
spends in a set of states G C S. They can be formulated as an LRA reward objective
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Ira(Rs) where Rg assigns reward 0 to all transitions and Rg[s] = [s € G] for s € S.
The corresponding notions for step-based measures are defined similarly.

2.3.3 Reward-Bounded Objectives

We consider objectives where constraints on the accumulated reward with respect to
one or more reward assignments can be imposed. For this type of objective we mostly
restrict ourselves to MDPs. MAs are addressed briefly in Remark 2.4. Let us fix an
MDP M = (S, Act, A, P).

Definition 2.30 (Reward Bound) A (reward) bound for MDP M is a structure
{R ~ b§ with

« reward assignment R for M,
« relation ~ € {<, <, >,>}, and

. value b € R.

Intuitively, we use reward bounds to constrain the fragment of a path that is relevant

for an objective. For a bound {R ~ b§ and a path & = s N $1 4 e Pathsf\gf we
say that the bound is active at position n € N iff R[pref (x,n)] ~ b, i.e., the reward
accumulated until step n relates to b according to ~. The idea is to only consider the
state s, and transition step s,_1 a1, sp of 7z if all given reward bounds are active at
position n. In the following, we make this notion more concrete by defining bounded
reward objectives and bounded reachability objectives. Both use multiple reward bounds
in conjunction. To simplify the notations when multiple objectives (potentially sharing
the same bounds) are present, we fix a tuple

B = ({R ~1 b1, (Ra ~a ba$)

of d > 0 reward bounds and use sets of indices 7 C {1..d} to refer to the set of bounds
B(I) ={83) |ie I}
For a reward assignment R, an index set 7 C {1..d}, and a finite path # = sy &,

PN Sp € Pathsgf1 we define the accumulated reward for R under 8(J) along 7 as

n

RED ] = Z(R[sk_l,ak_l,sk] [Vie T Rilpref (7, k)] ~; bi])
k=1

Intuitively, the accumulated reward under 8(J) only accumulates rewards on frag-
ments of the path where all bounds in B(J) are active. Bounded reward objectives lift
this notion to infinite paths.
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Definition 2.31 (Bounded Reward Objective) Let B be a d-tuple of reward
bounds. The bounded reward objective for MDP M, reward assignment R, and

index set 7 C {1..d} is given by bnd® (R, I): Pal‘hsf\r/ff — R where for € Pal‘hsf\r/ff

bnd® (R, 1)(r) = lim inf RED [ pref (r,n)].

bnd® (R, I) is convergent if
g

VseS: BExM

min,s

(bnd®(R™, 1)) > —c0  or VseS: ExM  (bnd®(R*, 1)) < co.

max,s

Similar to total reachability reward objectives (cf. Definition 2.27), a convergent
bounded reward objective is also well-defined and the limit in Definition 2.31 exists
for almost all paths.

A total reachability reward objective tot(R, G) can also be restated as a bounded
reward objective bnd® (R, {i}), where B(i) = {Rg < 05 and for (s,a) € SAM and
s’ €S: Rgls,a,s’] =[s" € G].

Example 2.22 Consider the MDP M = MDP(M) with reward assignments R,
R, and R; as in Figure 2.6. We assume a similar interpretation for M and the
reward assignments as discussed in Example 2.12 for the original MA M. However,
the measures and values below do not carry over to the MA model, cf. Remark 2.4.
Let

B = ({R}, = -2, {R; < 05).

The bounded reward objective bnd® (R!,{1,2}) asks for the number of units that
are produced until either

« more than 2 repair costs are incurred (here, repair costs are given as negative
rewards) or

« a switching action (sw) has been performed.

To maximize the expected value, we consider the strategy that never chooses
action sw. Under this strategy, if we reach w; we may collect 3 - 800 reward for
7{1 before the accumulated reward for Rg exceeds the threshold —2. Similarly, we
get 2 - 750 and 2 - 1500 when we initially move to w; and ws, respectively. This
yields

’ 1 1 1
ExM. . (bnd® (R}, {1,2})) = 572400+ =+ 1500+ 2+ 3000 = 2300.

Next, we consider bounded reachability objectives where reward bounds can be
equipped with a set of goal states.

bounded reward
objective
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Definition 2.32 (Bounded Goal) A bounded goal for MDP M over reward bounds
B as above is a pair (Z, G), where 7 C {1..d} is a set of indices and G C S is a set of
goal states.

The interpretation of a bounded goal (7, G) is that we only account for visits of goal
states in G if all reward bounds B(i) for i € I are active. For a path 7 € Pathsf\lff we
write

rE(L,G) iff 34 epref(n): last(®) e Gand Vi e I: R;[A] ~; b;.
We fix a tuple of m > 0 bounded goals over 8

g = <<-Z.1’Gl>’ s <Im> Gm>>

Similar as for 8, we simplify notations when multiple objectives are considered by using
sets of indices J C {1..m} to refer to the set of bounded goals G(9) = {G(j) | j € I}

Definition 2.33 (Bounded Reachability Objective) Let 8 and G be as above.

The bounded reachability objective for MDP M, scaling value ¢ € R, and index set
J € {1..m} is given by bndg (¢, D): Pathsﬁ'ff — R where for € Pathsﬁ'ff

bndg (e, 9)(n) = c-[Vj e J: n (L, Gp].

The expected value Exﬁ’{sl(bndg (¢, J)) coincides with the probability that all

bounded goals in G(J) are satisfied (from s; € S under ¢ € »M) multiplied by the
constant factor c.

Example 2.23 Consider again the MDP M with reward assignments as in Fig-
ure 2.6 and Example 2.22. Furthermore, we consider reward bounds 8 and
bounded goals G with

B

G

(LR} > 8005, {R] < 15005, {R] < 10005, {R} < —25)
({12}, {s}), ({3,4},0)).
The bounded goal G(1) asks to reach the state s when at least 800 and at most

1500 units have been produced. The bounded goal G(2) asks to produce less than
1000 units while 2 or more repair costs are incurred.




2.3 Objectives 59

Every path that satisfies both bounded goals has one of the following prefixes:
SW A
sI—>w1—>ﬁ—>s—>r2—>wz

SwW A A
sI—>w1—>f1—>s—>r3—>w3

A rep A sw
sI—>wz—>fg—>r2—>wz—>f2—>s

A SW A A sW
sI—>w2—>fZ—>s—>r2—>wz—>f2—>s

To maximize the expected value for the bounded reachability objective
bndg(l, {1,2}), we consider the strategy that selects rep at the first visit of f;
and sw in all other cases. We obtain the resulting value by summing up the
probabilities for the four path prefixes above:

(bndg(1,{1,2})) =

Xmax. ,ST

The classes of bounded reward objectives and bounded reachability objectives are
closed under taking their negation.

Lemma 2.12 For MDP M, s; € S, 0 € M, and convergent bnd?® (R, I):

ExM (—bnd® (R, 1)) = Ex}! (bnd®(~R, 1)) and
Ex)! (- bndB(c 9) = m(bnd (=, 9)).

Furthermore, reward bounds are not affected by scaling with a constant factor.

Lemma 2.13 For 8 = (ZRl ~1 b15, ..., 1Rag ~a bd3> and ay,...,aqg € R\ {0} let
B’ be the d-tuple with

B'() = Ua;-Ri) ~ (a;-b;)§, where ~; = {N" ifa; <0

~iC ifal- <0

and ~ic is the converse relation of ~;, e.g., <€ = >. Then, for objectives bnd?® (R, 1)
and bndg(c, J) we have

bnd® (R, 1) = bnd® (R,I) and bndg(c. ) = bndg (c, ).

Proof. When observing a finite path 7 € Pathsﬁn, bound {R; ~; b;§ is active iff
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bound {(a; - R;) ~} (a; - b;)§ is active, i.e.,
Ril#] ~i bi iff  (a;-R)[7] ~; ai-bi.

The lemma follows straightforwardly from the definition of bounded reward and
bounded reachability objectives. [ ]

The following theorem yields that optimal expected values are not computable in
general. Assumption 6.1 on page 172 imposes restrictions on the reward bounds that
enable computational tractability. In particular, these restrictions enforce that reward
bounds may not refer to mixtures of positive and negative rewards.

Theorem 2.14 Given a € R and objectives bnd® (R, I) and bndg(c,j), it is

undecidable whether Exﬁax,sl(bnds (R,I)) > aand Ex%ax’sl(bndg(c,j)) > a,
respectively.

Proof. [RRS17, Theorem 12] shows—using a reduction from the halting problem
for two-counter machines—that it is undecidable whether Pr¥. ({7 £ (I,G)}) = 1
holds for bounded goals (7, G) with |Z] > 4 reward bounds and an absorbing set of
goal states G. Theorem 2.14 follows with

Py ({m E(L,G)}) =1 iff Ex}Y,. (bnd®(Re, 1) 2 1

max,sy

iff Ex)l. o (bndg(1,{1})) 2 1,

max, Sy

where Rg[s,a,s’] =[s’ € Gland G = ((Z’, G)).

Remark 2.4 (Reward-bounded objectives on MA) Definitions 2.31 and 2.33
do not apply for MA as they do not reflect timing aspects. More precisely, for
apath 1 = s LN s1 8, . ofan MA, and reward bounds B8 = ({R; ~;
b1, {Ra ~2 by§) we can have Ry [pref (7, n)] +1 by and Ry[pref (m,n+ 1)] +2 by
but since reward can be accumulated while staying in s, it might be the case
that R[pref (m,n)] +t - R[sp] ~; b; fori € {1,2} and some ¢ < dur(x,), i.e., both
reward bounds can be active some time between the n'™ and the (n + 1) step of
.

If we only allow transition rewards in reward bounds (i.e., all assigned state
rewards are set to 0), reward-bounded objectives for MA can be treated just like
for MDP. More general reward-bounded objectives on MA are outside the scope
of this thesis.

1-dimensional time-bounded reachability objectives concerning the probability to
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reach a set of goal states within a given time interval have been treated in [HH12;
GHHK"14; BHHK15; BF19] for the single-objective case and in [2] for the multi-
objective case. Bounded reward objectives on MA have been considered in a
single-objective setting for a single time-bound [GTHR"14; BFHW*15] and for a
single reward-bound [HWBF*17].
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—Chapter 3—

Model Checking Multiple Objectives

Outlook | We consider the verification of Markov automata against £ > 0 objectives.
The objectives can be arbitrary measurable functions (cf. Definition 2.26 on page 47),
i.e., the results presented in this chapter are applicable to a broad spectrum of objectives
that go beyond the kinds of objectives presented in Section 2.3—including multiple
w-regular [FKNP*11] and percentile [RRS17] objectives.

Section 3.1 introduces the notions of achievability and Pareto optimality which are

both defined on sets of points in R'. We investigate properties of such sets of points in
Section 3.2 and define the different kinds of multi-objective model checking queries that
we want to solve in Section 3.3. Finally, Section 3.4 presents an algorithmic framework
based on the approach of [FKP12] to answer multi-objective model checking queries
efficiently.

Origins | The treatment of arbitrary combinations of objectives (each given by some
measurable function) originates from [11] which we extend towards more elaborative
proofs and explanations as well as a more careful consideration of cases involving
infinite values. As a consequence, the majority of this chapter is new—with the
notable exceptions of Theorem 3.5 and Lemma 3.11 and the corresponding proofs
which are adapted from [13, Proposition 1 and Theorem 2]. The framework of [11]
itself takes strong inspiration from [FKP12] which—by transitivity—also carries over
to this chapter.

Set-up | We fix an MA M = (S, Act, A, P), an initial state s; € S,_and a tuple @ :=
(@1, - -.,0¢) of £ > 0 well-defined objectives ¢y, . .., @p: Pathsm/\'} — R.
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R1:100

R1:150

SW

Ry —1 Ry: —1

Figure 3.1: Markov automaton M with reward assignments R;, R».

3.1 Achievability and Pareto Optimality

As mentioned in Section 2.3, we assume without loss of generality that the objectives
@;j (j € {1..£}) are given such that strategies o inducing high expected values Ex(¢;)
are preferredl. More concretely, if for two strategies o1, 02 € >M we have Ex(/,\f( (@;) >
Exé\;t (¢}), strategy o1 should be considered “better” than o, —at least with respect to the
individual objective ¢;. However, for another objective ¢ (k € {1..£} \ {j}) we might
have Exé\;‘(q)k) < Exé\;‘(gok), i.e., oy is “better” than o;. The crux in multi-objective
model checking is that all objectives shall be evaluated under the same strategy. This
potentially introduces trade-offs between the objectives since an optimal strategy for
one objective is not necessarily optimal for another.

Definition 3.1 (Achievable Point) A point p € R’ is called achievable for objec-
tives @ iff 3o € =M. ExM (®) > p. The set of achievable points for ® is denoted

P 0,S1
by Ach)'(®) CR'.

For an achievable point p there is one strategy o that, when evaluated for the
individual objectives, induces expected values that are at least the values given by p.
In this case we also say that o achieves p. If clear from context, we may drop the MA
M or the initial state s; from the notation Achs/)/‘ (D).

'If low expected values are preferred, the negated objective —¢; can be considered instead, cf. Lemmas 2.8,
2.11 and 2.12 in Section 2.3.
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Example 3.1 Having established the formal background, we now revisit Exam-
ple 1.2 on page 5. The MA M with reward assignments from Figure 1.1 on page 3
is again shown in Figure 3.1. Furthermore, we consider the two long-run average
reward objectives ® = (lra(R;), Ira(R;)). Fori € {1,2,3} leto; € Z?{\(/{ be the pure
memoryless strategy with o;(f;) = rep and 0;(fj) = sw, j € {1,2,3} \ {i}. Witha
similar reasoning as in Example 2.19 on page 53 we get

Ex)' (Ira(Ry)) ~ 88.89  ExM (Ira(R,)) ~ —0.11
Ex2' (Ira(Ry)) ~ 1071 ExM (Ira(Ry)) ~ —0.29
Ex) (Ira(R)) ~ 68.18  ExX, (Ira(Rz)) ~ —0.09

We depict the points p;, = Exg‘l’fsl(cb) ~ (88.89,-0.11), p, = Ex(/,\;(,sl (D) =~
(107.1,-0.29), and p; = EX(/,‘S’ESI(CD) ~ (68.18,—0.09) in Figure 3.2. For i € {1, 2,3},
o; achieves p; which implies p; € Ach™(®). Among the three considered strate-
gies, oy yields the highest value for the first objective Ira(R;) (depicted on the
x-axis) but does not perform very good in terms of the second objective Ira(R)
(depicted on the y-axis). Vice versa, o3 is good for Ira(Rz) but bad for lra(R;).
Strategy o7 is a compromise between the two objectives. However, without fur-
ther information it is impossible to tell which of the three strategies yields the
“best” results.

We can show that the set of achievable points is given by

AchM(®) = down(conv({p,. p,. ps}))

as sketched by the green area in Figure 3.2. Intuitively, points on the line segments
line(p,, p,) and line(p,, p;) can be achieved by strategies that randomly select
to mimic either o7 or o, and either oy or o3, respectively. We provide more details
in Section 3.2.

In the single-objective case (f = 1), Ach(®) = Ach({p1)) corresponds to either
[—o0, p) or [—oo, p] where p = ExX () = sup, .5y ExM(¢,) is included iff the supre-
mum can be attained by some strategy. The value p € R corresponds to the frontier
of Ach({¢1)) meaning that any value p’ > p is not achievable. We lift this notion to
multiple objectives.

Definition 3.2 (Pareto Optimality) A point p € cl(Achg/( (®)) is called Pareto  pareto optimal
optimal for objectives @ iff Vp' > p: p' ¢ cl(AchQ’t (®)). The set of Pareto optimal
points for ® is called the Pareto front for & and denoted by Pareto?l/( (D). Pareto front
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Pareto (D)

! !
50 75 100
Ira(R1)

Figure 3.2: Achievable points for two LRA objectives (cf. Examples 3.1 and 3.2)

For two points p, p’ € R we say that p’ dominates p iff p’ > p (i.e, p > p’ and
p # p’). We further lift this to strategies 0,0’ € M and say that ¢’ dominates o iff
Ex;"( SI(<I>) > Ex(/,’vil(d)). Again, M or s; can be dropped from the notation Paretog\l/‘ (D)
if they are clear from context.

dominating point

Example 3.2 Continuing Example 3.1, we now also consider the strategy o, €
ZI/,\;[A with oy, (fi) = rep for all i € {1,2,3}. We have

Ex(/,‘ip’sl(lm(Rl)) ~ 88.06 Exé\ip’sl(lra(ﬂrep)) ~ —0.16

Orep thus achieves the point p, ., = Ex(/,\:p,sl(@ ~ (88.06,0.16) also indicated in
Figure 3.2. However, p, . is dominated by p,. In other words, o1 should be
preferred over oy, as it yields higher values for both objectives.

On the other hand, there is no achievable point that yields “better” values than p,,
i.e., p, is Pareto optimal. A similar argument can be made for each of the points
on the blue line segments in Figure 3.2—including p, and p;. It follows that

Pareto™® = line(p,, p,) U line(p,, ps).

If a point is Pareto optimal, it is not dominated by any achievable point. On the other
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hand, achievable points that are not Pareto optimal are always dominated by at least
one Pareto optimal point. The Pareto front lies on the boundary between achievable
and unachievable points as formalized in the following lemma.

Lemma 3.1 Pareto(®) C bd(Ach(®)) U {0},

Proof. If (co,...,00) € Pareto(®), then Pareto(®) = {{co,...,00)} = {oo}’ since
the point (oo, ..., 00) dominates any other achievable point. In this case the claim
holds.

Now assume (o, ..., 00) ¢ Pareto(®). Let p € Pareto(®). By definition of Pareto
optimal points we get p € cl(Ach(®P)). It remains to show that p € cl(ﬁ[ \ Ach(®)),
i.e., any neighborhood N of p contains a point that is not achievable. Recall from
Definition 2.2 on page 17 that we can write N as Cartesian product N = X'_, N;,
where N; C R is a neighborhood of p(i) for each i € {1..£}. Let j € {1..¢} such that

p(j) # oo and consider the point p’ € Eg with

(i) ifi#j
P’ = 1p(j) +¢/2 ifi=j,p(j) e Rand N; 2 (p(j) — & p(j) +¢)
a—1 ifi=j,p(j) =—c0and N; 2 [-0, a)

foralli € {1..£}. We have p’ € N and p’ ¢ Ach(®). The latter follows because
p’ = pie, p’ dominates the Pareto optimal point p. In summary, we get p €

cl(Ach(®)) N cl(R' \ Ach(®)) = bd(Ach(®)). "

The other direction of Lemma 3.1 does not hold: for example, in Figure 3.2 the point
Py = ps — (10,0) lies on the boundary of Ach(®) but is not Pareto optimal as it is
dominated by the achievable point p,.

We further characterize the relation between Pareto(®) and Ach(®).
Lemma 3.2 Pareto(®) is the smallest set P C R’ with
down(P) = cl(Ach(®)).

Proof. We first show down(Pareto(®)) = cl(Ach(®)) and then show that Pareto(®)
is the smallest such set.

Direction “C” | Let p € down(Pareto(®)), i.e., thereis p’ € Pareto(®) with p < p’.
By definition, Pareto(®) C cl(Ach(®)), implying that also p’ € cl(Ach(P)) and
therefore p € down(cl(Ach(®))). Since cl(Ach(®)) is downward closed—which we
show in Lemma 3.4 on page 70—we conclude p € cl(Ach(®)).
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Direction “2” | Let p € cl(Ach(®)). We construct a point p’ € Pareto(®) with
p < p’ as follows. A sketch is shown in Figure 3.3. For i € {1..£} we set

p'(i) = max{ac R | Pirsa € cl(Ach(®))}  with
Pia (P'(),...,p'(i-1),a p(i+1),..., p(£)).

p’ is well-defined as the value p’(i) for i € {1..£} only depends on p’(j) for j < i.

Furthermore, the “max” always exists as we consider the closed set cl(Ach(®)),

yielding p’ € cl(Ach(®)). As p € cl(Ach(®)), we have p’ > p by definition of p’.

We now show that p’ € Pareto(®) which directly yields p € down(Pareto(®)). For
. . =t . . .

that, consider a point g € R with q > p’, i.e,, there is j € {1..£} such that

q(j) > p'(j) = max {a eR | Pia € cl(Ach(@))}.

In the sketch from Figure 3.3 we have j = 1. Let @’ := q(j). For the point p;, ,,,
we thus have p;,,, & cl(Ach(®)). Furthermore, p;,,, € down({q}) which also
yields—since cl(Ach(®)) is downward closed according to Lemma 3.4—that q ¢
cl(Ach(®)).

Smallest Set | Next, consider an arbitrary set P C R with down(P) = cl(Ach(®)).
It remains to show that Pareto(®) C P. Assume towards a contradiction that there
is a point p € Pareto(®d) \ P. We have

p € Pareto(®) C down(Pareto(®)) = cl(Ach(®)) = down(P)
and therefore p € down(P) \ P. Now take p’ € P with p’ > p. We have
p’ € P C down(P) = cl(Ach(®)).

p is thus dominated by a point p” € cl(Ach(®)), contradicting p € Pareto(®). m

A Pareto optimal point is not necessarily achievable.

| Lemma 3.3 In general, Pareto(®) ¢ Ach(®).

Proof. Consider the MA M’ in Figure 3.4 with objectives ®" = (¢, [0{s"}]), where

, 1
Vre Pathsin/v} s () = Z [last(%) = s] - IR
#epref ()
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cl(Ach(®)) |

4 q
[}
s
P Piba Pi-a
[} [ ]
|
a a
b1

Figure 3.4: MA M’ from the proof of Lemma 3.3

The strategy that always chooses « at state s achieves the point
(I+12+1a+...,0) = (2,0).

The strategy that chooses « for the first n € N times and then selects  achieves
(2 - an 1). With increasing n, we get arbitrarily close to achieving (2, 1) but the
point (2, 1) itself is not achievable. We get

Ach™ (@) = down({(2, 1)}) \ {(2, 1)},

c(Ach™ (@) = down({(2,1)}), and
Pareto™ (@) = {(2,1)}.

Two more cases where Pareto optimal points are not achievable are given by M;
with ®; and M, with ®, discussed in Examples 3.6 and 3.7 on page 94 and on
page 97. u

3.2 Closeness Properties of Achievable Points

We present various properties of the sets Ach(®) and Pareto(®). These results allow
for a concise representation of (approximations of) the achievable points and provide
the formal basis for the algorithm presented in Section 3.4.
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A direct consequence of Lemma 3.3 is that Ach(®) might not be a closed set, i.e.,
we might have Ach(®) # cl(Ach(®)). However, both sets Ach(®) and its closure
cl(Ach(®)) are downward closed and convex as we show in the following.

Lemma 3.4 Ach(®) and cl(Ach(®)) are downward closed, i.e.,
Ach(®) = down(Ach(®)) and cl(Ach(®)) = down(cl(Ach(d))).

Proof. 1t remains to show that Ach(®) is downward closed. Downward closed-
ness of cl(Ach(®)) follows from Lemma 2.2 on page 21 Obviously, Ach(®) C
down(Ach(®)) holds. To show Ach(®) 2 down(Ach(®d)), consider p €
down(Ach(®)). There is p’ € Ach(®) with p < p’. Let p’ be achieved by o € =M.
The strategy o also achieves p as p < p’ < ExM (®). Thus p € Ach(®). [ ]

0,S|

Next, we show that the set of achievable points is not only downward-closed but also
convex. However, as the notion of convexity does not straightforwardly generalize to

Rf, we limit our attention to the real-valued fragment of Ach(®).

Theorem 3.5 Ach(®) N R’ is convex, i.e.,
Ach(®) NRY = conv(Ach(®) NRY).

Before we provide a formal proof for Theorem 3.5, we discuss its correctness on a
more intuitive level and establish some auxiliary lemmas. We mention that similar
results have been shown for MDP with multiple w-regular objectives [EKVY08], total
reward objectives [FKP12], and long-run average objectives [BBCF*14]. However,
lifting these results to the more general setting—in particular to MA with continuous
time—is not obvious.

To argue the convexity of Ach(®) NRY, the crux is to show for any pair of achievable
points p,, p, € Ach(®) N R’ that line(p,, p,) S Ach(®) NR’, ie., any point p on the
line connecting p, and p, is also achievable. For j € {1,2} let o; € M be a strategy
achieving p; and let A € [0, 1] such that p =4 p, + (1 - A) - p, € line(p,, p,). From
P, P, € Rf we immediately get p € R’. It thus remains to show that p € Ach(®). In
the following, we construct a strategy that achieves p. Intuitively, our strategy makes
an initial one-off random choice:

« with probability A mimic o7 and
« with probability 1 — A mimic o5.

Specifying such a strategy as a function from finite paths to distributions over (enabled)
actions as in Definition 2.16 on page 34 is technically involved because such a function
can not memorize the outcome of the initial one-off random choice. For a finite path
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K n— . ~
R=sy—> 81 NN sp with s, € PS and « € A(sy,), the value o(#)(«) needs to
depend on the previously chosen actions act(ky), . . ., act(k,—1) in 77, and the probability

that these choices adhere to either o; or o,. Formally, for strategy o € XM and # as

above let
n-1

Ploli)y = l_[ o(pref (#, 1)) (act(x;))
i=0
which intuitively reflects the probability that we follow strategy o given that the path 7
is observed. Furthermore, for 07,0, € M and A € [0,1] with A; :== Aand A == 1— Ay,
we define the strategy [0 ®) 02] € =M by setting

) Y21 0i(A)(@) - A) - poyia
[or @ 0l(R) (@) = == > d
j=1j " P(o;|%)

for all 7 € Pathsg; with last(#) € PS and a € A(last(7)).

We now establish auxiliary lemmas that allow us to show that the above-mentioned
point p=A- p, + (1 - A) - p, is achieved by the strategy [o; @, 02]. For a finite path

N Ko K1 Kn-1 . .
=5y — Sy — ... — s, € Pathsy we consider the notation

’ ’
K, Kl

[Zlac = {so s = ... Lo, sn € Pathsg | Vi€ {0.n—1}: act(k;) = act(k;) },

i.e., [#] act consists of the paths that consider the same sequence of states and actions
as 77 but potentially have different durations.

The following lemma allows us to separate the probabilities introduced by a strategy
from the probabilities occurring in the MA.

Lemma 3.6 Consider a finite path 7 = s o, $1 NN sn € Pathsg and the
strategy oz € XM given by

() = dirac(act(k|4)) if3ie{0.n—-1}: 7’ € [pref(Z,i)] act
o) = unif (A(last(#’))) otherwise

for 2’ € Pathsg,, i.e., 0 deterministically chooses the actions as given in Z—unless
this is not possible in which case an action is chosen uniformly at random. For
every measurable set IT C [7] 4 and every o € M s € S we have

P (Cyl(ID)) = / Hp<0|,~,,>dprl,’;[s(ﬁ'). (3.1)
a’e
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R K K Kn—
Proof. The proof is by induction over the length n of # = sy —> §; — ... —5 s,,.

Observe that both sides of Equation (3.1) evaluate to 0 if the first state sy visited by
7 does not match s. We thus assume s = s, for the rest of the proof.

Induction Base | If n = 0 we have either IT = {s} or II = 0 and thus either
Cyl(I1) = Paths, ((s) or Cyl(Il) = (. Furthermore, p(s#y = 1. Equation (3.1)
follows immediately in both cases.

Induction Step | Now assume that Equation (3.1) holds for paths of length n — 1,
ie.,

PEM(CyI(IT") ) = /

nte

. Palar) dPrg (27).

holds for IT1* = {pref(#’,n — 1) | #’ € II}. Notice that for #* € II* we have
last(#*) = sp—1. We distinguish two cases.

e If s,_; € PS we have Il = {#£° 5 sn | #° € I1*}, where « = act(k,-1). Equa-
tion (3.1) follows with
Prat(Cyl(In)) = Prf (D)

/ o (4°)(@) - P(sn_1, @ ) dPF™1 (7°)
aeell® ’

/ G(3°)(@) - P(sn1. 1) - Projrey AP (%)
aeell®

- . n—1,~e
= ./,A,'En'pwlﬁ’inn) P(sp-1, @, 5,) dPry~ (%

_ (A . n—1, e
- / Py TR (@) R(5y ) AP
=1

= / Ploliry - dPry_ (7).
7’ ell

o If s,_1 € MS we consider Ty = {(t,s,) € R5q | #° 4 sy € I} for 7* € I1* and
note that the probability of the transition step Pritirp. (T3+) does not depend on o,
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ie., Prfrfjf. (Tze) = Prfr:f’ﬁ. (T4+). Equation (3.1) follows with

PrXt(Cyl(ID))

Pry (1)

/ Pro'? (Tze) AP (%)

Ao ell® ? ’

- / Pr) L. (Tae) - p(ojamy dPXE L (£°)
a*ell®

- ./ Dioliey - o (%) (&) PP (Tze) dPE2-L(2%)
A*ell® —_— ™ "

=1
:/ p((rlfr') . dPrﬁfhs(fr’). |
7’ ell

Next, we establish the connection between the strategy [y @, 03] and the individual
strategies o7 and 0.

Lemma 3.7 For 7 € Paths; , 01,0, € SM and A € [0,1] with A; := Aand A, =
1 — Ay it holds that

P oS Z% Ploi)-

~ Ko K1 Kn-1
Proof. For # =sy — s — ... —— s, we have

[o1 ©1 o] (pref (#,1)) (act(x;))

(o3 3sn) 1_[
_ 1—[ 1 (A5 - TThey o5 (pref (£, k) (act(kx)))
o 2aey (A7 Tig o (pref (#, k) (act(xx)))
? 1(/11" iy 0 (pref (#,k)) (act(xy)))
1 (A5 - TR oy (pref (#,K)) (act(xx)))

2
- (/1]--no'j(pref(ﬁ,k))(act(lck))) =>4 Pz ™
j=1

k=0

~.
1l
—

We now use Lemmas 3.6 and 3.7 to show for arbitrary objectives that the expected
value induced by [07 @, 02] is indeed the weighted sum of the expected values induced
by oy and o3, respectively.
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Lemma 3.8 For every pair of strategies o1, 02 € M weight A € [0, 1], and objec-
tive ¢ we have

EX[aﬁBN]((p) =1 EX (@) +(1-4) - Ex ().

Proof. LetA; = Aand A; = (1-1). We show that for any measurable set A C Paths,
we have

[mem]m) = Zl PrM(A)- (3.2)

From there, Lemma 3.8 follows via

M _ M
Ex [0169102]((p) - /nePaths (p(ﬂ)dpr[fﬁ@ﬂle(ﬂ)

2
Zaj/ p(m) dPr' (D) = Z/l Ex)(p).
j=1

7€ Paths, ¢

Any measurable A C Paths,  can be expressed via countable unions and comple-
ments of cylinder sets of the form Cyl([#] ;) for 7 € Paths;, . It therefore suffices
to show Equation (3.2) only for the case where A = Cyl(IT) with IT C [#] s for
some 7 € Pathsg . Using Lemmas 3.6 and 3.7 we get

— M
Pr[lfl@/wz] (A = Pr[m@NZ] (Cyl(1D))

= / P<[ale»az]vz'>dPrL’ﬁ,',s(ﬁ’)
e

2
, Z Aj * Plojla) dprll (7))

I
:1:\::
m m

Jj=1
2 N
=N / Doy APr ()
j=1 7’ ell
2
= ZA PrYl(Cyl(n) = Z/I Pr(A). "
Jj=1 Jj=1

We are finally ready to prove the convexity of Ach(®) NRE.

Proof (of Theorem 3.5). Obviously, Ach(®) N R C conv(Ach(®) N RF). For a point
p € conv(Ach(®) NR) there are two points p,, p, € Ach(®) "R’ and A € [0,1]
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suchthat p=A1-p, +(1- 1) - p,. We have p € R" as p,, p, € R’. Let 4, = A and
Az =1 — A. We pick strategies o1, 02 € >M that achieve p;and p,, ie,

Vje{12}: p; <Ex}(®).

With Lemma 3.8 it follows that

2 2
M M
P = D p S QLA EXG®) = Bl 0, (@)

J=1

Thus, strategy [o; @, 03] achieves p, implying p € Ach(®) N R’. It follows that
conv(Ach(®) NRY) € Ach(®) NR’. ]

| Corollary 3.9 cl(Ach(®) NRY) is convex.
Proof. As shown in, e.g., [Sol15, Theorem 2.35], the closure of a convex set is always

convex. The corollary thus follows from Theorem 3.5. [ ]

The downward closeness and convexity of the set of achievable points allows for
a concise representation of subsets of Ach(®) by a (potentially finite) set of points
P CR.

| Lemma 3.10 If P C Ach(®) N RY, then down(conv(P)) C Ach(®d).
Proof. By the definition of convex hull and downward hull we get that

P C Ach(®) implies conv(P) C conv(Ach(®))
implies down(conv(P)) C down(conv(Ach(®))).

From Theorem 3.5 and Lemma 3.4 we have

down(conv(Ach(®))) = down(Ach(®)) = Ach(D). n

Example 3.3 Recall that in Example 3.1 we have

AchM(®) = down(conv({p,. p,. ps))).

Lemma 3.11 For some MA M and objectives ® with Pareto(®) C R’ there is no
finite set of points P C R’ with down(conv(P)) = cl(Ach(®)).
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0.6 — -
Pareto(®)
04 | -

[0=*{s4}]

0.2 | Ach(®) -

0 | | | |
0 0.2 0.4 0.6 0.8 1

[0s2}]

(2 MAM (b) Ach(®)

Figure 3.5: MA and achievable points as in the proof of Lemma 3.11

Proof. We consider the MA M from Figure 3.5a with the two probability objectives

O = (@1, 02) = ([0{52}], [032{34}]>-

Here, we denote the set of paths that reach a state in G C S within b € Ry time
units by

0sPG = {n € Pathsm/v% | A% € pref () : last(#) € G and dur(%) < b}.

The resulting set of achievable points is illustrated in Figure 3.5b. Intuitively, to
achieve Pareto optimality, the decision in state s; needs to depend on the exact time
we spent in $o.

Formally, for a € [0,2] let 0 € %M be the (pure) strategy that chooses action

J whenever we stayed at most a time units in s, i.e., %(sg 5 s1)(p) = [t < a].
Moreover, let 2 = {o-“ | a € [0, 2]} be the set of such strategies. We claim that
for any strategy o € 3™ there is some strategy in = that either dominates o or is
equivalent on almost all paths, i.e.,

VoesM: 300 eE: (Exll, (@)

A%

Ex)! (9)

(3.3)
or VII C Paths: PrAt (1) = Pr (1) )

In particular, for two distinct strategies o1, 0, € =M the randomized strategy

[o1 @) 03] for A € (0, 1) as constructed in the proof of Theorem 3.5 is not equivalent

to a strategy in = because E only contains pure strategies. [o7 @, 03] thus must be

dominated by some strategy . Then, the lemma follows as for any finite P with



3.2 Closeness Properties of Achievable Points 77

down(conv(P)) C cl(Ach(®)) there is a € [0, 2] with Ex(7 SI(@) ¢ down(conv(P)).

To show Equation (3.3) consider a strategy o € M and let a := — ln(Prc/,\,’LI(O{SZ})),
where In is the natural logarithm. Under strategy ¢ we reach state s, whenever
the time we spent in s exceeds a. Thus,

ExM (o) = Prit  (0{s:}) = e = Prt (0{s2}) = Ex)% ().

By a similar argument we get Pr (0{33}) =Pr) SI(<>{33}). Moreover, we observe
that a strategy can only choose to move to either s, or s3. Thus,

Pr)Y (059{s:}) + Pr) (059{ss}) = Prli (05%s2}) +Prid (05%{ss}).
————
=0

We distinguish two cases.

o If Pr 0=%{s5}) > 0 then the above yields
fPrt (059{sy}) hen the above yield

Pry, (05%ss}) < Prli  (05%ss}) = Prli (0{s3}) = Pryy (0{ss}).

While the probability to reach s; is equal under both strategies, s; is reached
earlier when ¢ is considered. This increases the probability to reach s, in time,
ie., Exaa (p2) > Ex} sz(‘PZ)- Strategy o thus dominates strategy o.

« IfPrM (059{s,}) = 0 then o satisfies o (s, 4 s1)(a) = 0 for almost all ¢ € [0, a].

O,S]
This also holds for strategy . Since in all other cases o selects action & which

leads to s;, we get

Pry, (0{s2})
sup {Pr

IA

M (0fs2)) | o/ € SM Ve [0.a]: olso— s1)(a) = 0}
P (0fs2)).

In fact, we already know from above that equality has to hold. Therefore, o must
behave as 0 on almost all sets of paths.

In both cases we have shown that the claim in Equation (3.3) holds which concludes
the proof. n



MOA,
multi-objective
achievability

MOQA,
multi-objective
quantitative
achievability

78 Chapter 3 Model Checking Multiple Objectives

3.3 Multi-Objective Model Checking Queries

Multi-objective model checking is concerned with the analysis and verification of
trade-offs between various objectives. To make this more concrete, we formalize three
different kinds of multi-objective model checking queries that are commonly studied
in the literature [EKVY08; FKNP11; FKP12; BBCF* 14]. All queries consider an MA M,
an initial state s;, and ¢ objectives ® = (¢y, . .., ¢,) as input. We impose the following
assumption for such inputs.

Assumption 3.1 V j € {1..£}: Ex™ (@j) < o0

max

The assumption is motivated by the observation that dealing with achievable points and
expected values that concern +oo leads to technical and algorithmical issues. While for
some inputs these issues can be resolved with minor additions to our algorithms, other
inputs remain a challenge. Incorporating those inputs into our framework is left for
future work. More details and examples of such inputs are given in Section 3.4.4. We
mention that a similar assumption is also imposed in related works such as [FKNP11;
FKP12].

Problem 3.1: Multi-objective Achievability (MOA)

Input: M, s;, ® satisfying Assumption 3.1, point p € Rf

‘YES' if p € Ach(®)

Output: <, )
NO'  if p & Ach(D)

Problem 3.2: Multi-objective Quantitative Achievability (MOQA)

Input: M, s;, ® satisfying Assumption 3.1, values ps, ..., p; € R,
precision n € Ry
Output: ‘<l,u) €eRxR %fA #0, I <supA<uy andu-I<pg
NO’ ifA=10

using A = {p € R| (p,pa.....pe) € Ach(®)}
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Problem 3.3: Multi-objective Pareto (MOP)

Input: M, s;, ¢ satisfying Assumption 3.1, precision 7 € Ry
Output: (L, U) € 2®) x 2®) with L € Ach(®) "R C U
andVp e U: dist(p,L) <n

MOA queries yield the most basic variant of multi-objective model checking. They
require to specify a threshold p; € R for each objective ¢j, j € {1..£} with the
interpretation that the expected value for ¢; shall be at least p;. The answer to such
a query is a binary ‘YEs’ or ‘No’, depending on whether the point p = (py,...,ps) is
achievable or not.

MOQA queries, on the other hand, may yield a numerical answer. Such queries
are useful in cases where there are “hard” constraints—given by objectives @s, ..., @,
for which the expected values certainly have to satisfy the associated thresholds
P2, ..., pp—and a “soft” constraint—given by objective ¢; whose expected value shall be
as large as possible without violating the hard constraints. The answer to a MOQA query
is either (an approximation of) the largest possible value for the soft constraint or ‘N0’
in case the hard constraint can not be satisfied. The precision parameter € Ry, allows
us to trade accuracy of the resulting approximation against computational efficiency.

Finally, MOP queries provide a complete overview over all possible trade-offs between
the objectives by yielding (an approximation of) the achievable points in Rf. An
approximation of Pareto(®) N R’ can be derived by applying the definition of Pareto
optimality (cf. Definition 3.2) or by noting that Pareto(®) is the smallest set P with
down(P) = cl(Ach(®)) (cf. Lemma 3.2). As for MOQA queries, a precision parameter 7
can be used to set the desired accuracy of the approximation.

The problem statements above are restricted to inputs and outputs over real
numbers—not concerning —co or +0o0. A consequence of these restrictions together
with Assumption 3.1 is that it suffices to consider the real-valued achievable points,
i.e., the points in Ach(®) N R’ in order to answer all types of queries. We thus may
restrict our analysis to strategies 0 € M with V j € {1..¢}: Ex(/;gl((pj) eR.

Extended Problem Variants | Given algorithms for MOA, MOQA, and MOP queries,
algorithms for extended variants of these problems with inputs and outputs over
extended reals—including —co and +co—can be derived. To show this, we employ the
following simple lemma.

Lemma 3.12 Let p € R’ with p(j) = —oo for some j € {1..£}. We have that

MOP,
multi-objective
Pareto
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p € Ach(®) iff either £ =1 or £ > 1 and p’ € Ach(®’) with

P = (p),....p(J-1), p(j+1),..., p(£)) and
" = (p(1),....0(—1),(j+1).....0(£)).

Proof. Let o € 2™ be an arbitrary strategy. It holds that —co < Ex‘/,\,’; (pj). If¢=1,

then o achieves p = (—o0). Otherwise, we have p < Exé\’/g(@) iff p’ < EX%I(Q’),
meaning that o achieves p iff o achieves p’. [ ]

For an extended MOA query, there are two cases for an input point p € R \ R’
« If p(j) = +oo for some j € {1..£}, p can not be achievable due to Assumption 3.1.

« If p(j) = —oo for some j € {1..£} we can repeatedly apply Lemma 3.12 to clear all
“—co”-entries of the given point p as well as the corresponding objectives. If this
leaves us with a real-valued point, we can solve the remaining MOA query.

Similar arguments can be made for the input values p,, ..., p, of an extended MOQA
query. Let A = {pe @| (p.pa.....pe) € Ach(®)}. From Assumption 3.1 we get
supZ < +00. Thus, there are three cases left: supZ ER,A= {—c0}, and A = 0. In the
two latter cases, the corresponding MOQA instance would yield the answer ‘No’. To
further distinguish these two cases, one could solve a separate MOA query for the point
<—00,p2, R ,pg>.

To also obtain the achievable points Ach(®) \ R for an extended MOP query, we first
note that such points do not have a “+o0”-entry (due to Assumption 3.1) but they do
have one or more “—co” entries. One way to obtain these achievable points is to run
separate MOP queries for each possible subset

€ {(@jp- i) |0 # (oo jm} © {1.0}}

of objectives and fuse the results together by adding appropriate “—oco”-entries to the
resulting points—applying Lemma 3.12. Unfortunately, this requires to solve up to
2¢ — 1 additional sub-queries of lower dimension. That number can be reduced by only

removing objectives ¢; where a strategy o € »M with Exo/,’vgl(ga j) = —oo exists.

3.4 A Sandwich Algorithm for Multi-Objective Model
Checking

We now present an algorithm that allows to approximate the set Ach(®) in an iterative
way, yielding a generic framework that can be steered towards efficiently solving the
above-mentioned MOA, MOQA, and MOP queries. The algorithm is based on so-called
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sandwich algorithms that are commonly used in the field of convex multi-objective
optimization [SAC93; RDH11]. A first application to multi-objective probabilistic
systems has been given in [FKP12] which deals with reachability- and total reward
objectives on MDPs. In the following, we extend the algorithm towards all kinds of
objectives for MA (and thus also for MDP).

3.4.1 The Weighted Sum Optimization Problem

The crux for our generic framework lies in forwarding objective-specific computations
to a simpler sub-problem.

Problem 3.4: Weighted Sum Optimization (WS0)

Input: M, s;, & satisfying Assumption 3.1,
weight vector w € (Rs)’, precision eysg € Rxg
Output: (v,,, p,,) € R X Ach(®) N R’ with
sup {w -Exé”(@)|er} <0, <w-p, +éeyso VW W
using £ = {0 € M | Ex(®) e RY}

An instance for WSO includes a weight vector w that assigns a non-negative weight
w(j) to each objective ¢;, j € {1..£}. We then consider the weighted sumw ExM (@) =
25:1 w(j) -ExM(¢;) of expected values under different strategies o. The goal is to find

« avalue v, that is an upper bound to the weighted sum for all considered strategies
and

« anachievable point p, such that the weighted sum of the entries of p,, is sufficiently
close to v,, i.e., within a distance of eysp - VW - w.
As discussed before, we are only interested in the real-valued achievable points. We
thus deliberately exclude strategies o with Ex(®) € R \RE.

For now, we assume that a “black box” can solve instances for WSO. The details
of this computation for arbitrary mixtures of total reachability reward objectives,
reward-bounded objectives, and long-run average reward objectives are subject to the
subsequent Chapters 4 to 6. To extend our framework towards new types of objectives
it suffices to provide a solution method for the corresponding WSO queries as well as
means to check the conditions from Lemma 3.13 which ensure that a valid solution

(v, P,,) exists.
Lemma 3.13 An instance to WSO has a solution if

1. Ach(®) NRf # 0, and
2. eyso > 0 or down(Ach(®) NRY) is closed.

WSO, weighted
sum optimization
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Proof. Due to Item 1 there is p € Ach(®) N R and an achieving strategy o, € M
with p < Exé\;‘ (®). Since Assumption 3.1 holds we can also follow that Exé‘;‘ () €
Rl ie, E # 0.

As a solution to the WSO instance we may thus take o, =
sup {w - Ex (@) | o € E} € R and derive a point p,, as follows.

» If eysp > 0, there is a strategy o,, € = with

sup {w - Ex}(®) [ 0 € B} —w - Ex2! (®) < euso - Vi ow
v S e
>0

and we take p,, = Exﬁ:{, (®) € Ach(®) NR¢
o If eyso = 0, Item 2 yields that down(Ach(®) N RY) is closed. We get

sup {w ~Ex(/,\4(<1>) | o€ E}
=sup{w-p ‘ p € Ach(®) R’}
= sup {w - p | p € down(Ach(®) N R[)}
= max {w -p \ p € down(Ach(®) N R[)}
= max {w ~p|p€Ach(<I>) NR’}

=max{w-Exc/,M(<I>)|aeE} = w-Ex(/Xi(CI))

for some strategy o,, € E that induces the maximum. In this case we take
P, = Ex}!(®) € Ach(®) NR'.
In both cases we found a valid solution (v,,, p,,) to the WSO instance. [ ]
As sketched in Figure 3.6, a solution (v,,, p,,) to a WSO instance allows us to divide
R into
1. downr ({p,,}) (green area)—a set of points that are known to be achievable,

2. R\ halfsp(w,v,,) (red area)—a set of points that are known to be not achievable

3. halfsp(w,v,,) \ downg ({p,,}) (white area including the blue line)—a set of points
for which achievability can neither be inferred nor refuted.

Item 1 follows from Lemma 3.10 and p,, € Ach(®). Item 2 can be inferred by noting
that p € R’ \ halfsp(w,v,,) yieldsw - p > v,, > sup {w -ExX(®) | o € E} with = as
in Problem 3.4. Therefore, Lemma 3.14 implies p ¢ Ach(®) N R’ Since p € Rf we
must have p ¢ Ach(®).
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R\ halfsp(w, 0,,)
(not achievable)

downg ({p,, })
(achievable)

Figure 3.6: Illustration of WSO solutions.

Lemma 3.14 If Assumption 3.1 holds, then Vw € (Rx¢)", p € Ach(®) NR":
w-p < sup{w Ex2'(®) | o € =M and Ex}'(®) € R'}.
Proof. Leto, € »M be a strategy that achieves p € Ach(®) NRY, i.e.,
Vjie{l.f}: —oo < p(j) < Exé\;[(qoj) < ExM (¢)) < +oo.
With the premise that w does not contain negative values, we obtain that

w-p < w-Exé\;‘((pj) < sup {w~Ex(/,\4(<I>) | o e M andEx(/,M(CD) GR{)}. -

The next lemma concerns the accuracy of WSO solutions. It states that the shortest
distance between the boundary of the halfspace halfsp(w,v,,) (sketched by the blue
line in Figure 3.6) and the point p,, is bounded by the provided precision parameter
EWso-

Lemma 3.15 A solution (v,,, p,,) to a WSO instance satisfies dist(p,,, Q) < eusg for
the plane Q := {q’ € R |w-q' =0,,}.

Proof. If w = 0, the claim holds trivially as v,, = 0 is the only valid solution.
We thus assume w # 0. Due to p,, € Ach(®) N R’ and Lemma 3.14 we have
w-p, <o, Ifw-p =0, (e, p, € Q) we have dist(Q, p,,) = 0 and the
claim again holds trivially. It thus remains to consider the case wherew - p,, <o,
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or—equivalently—p . ¢ halfsp(—w, —v,,). Lemma 2.1 on page 20 yields
Oy =W Py
Wwow

The lemma follows since a solution (v,,, p,,) for a WSO instance satisfies

diSt(Pw’Q) = diSt(pw’ half:sp(_w’ _Uw)) =

0, W p
v, —W-p, < &iso-Vwew iff  —— < g0
VW w n

3.4.2 Exploration of Achievable Points

sandwich  The idea of the sandwich algorithm is to explore the set of achievable points Ach(®)
aleorithm by solving multiple instances of WSO using different weight vectors.

Lemma 3.16 Let (val), Pl ) (vﬁf), pw)> be solutions to n WSO instances over
the same MA M, initial state sy, and ¢ > 0 objectives ® (satisfying Assumption 3.1)
and over (potentially different) weight vectors wV, ..., w(™ € (Rx()’. Then

downR(conv<{ (0) | i€ {1. n}})) C Ach(®)NR’ C ﬂhalfsp(w(i),og))_
i=1

Proof. The lemma follows from Lemmas 3.10 and 3.14 and similar arguments as for
Items 1 and 2 on page 82. [ ]

Example 3.4 Figure 3.7 illustrates a possible approximation of Ach(®) after
solving three WSO instances with weight vectors w(!) = (2,2), w® = (2,0), and
w®) =(0,1), respectively.

We have that all points in downg (conv(P)) with P = { pgj), pfj), pw)} (indicated
by the green area) are known to be achievable. On the other hand, the points
in RE \ Mgy with H = {halfsp(w?, US)) | i € {1,2,3}} (indicated by the red area)
are certainly not achievable. Achievability of the remaining points (white area) is
still unknown.

The approach solves an increasing number of WSO instances to find more and more
achievable points and—at the same time—prunes away unachievable points from the
search space. Assuming a sensible selection of weight vectors—which we address
later—this allows us to gather enough information to answer MOA, MOQA, and MOP
queries as introduced in Section 3.3.

The approach is formalized in Algorithm 3.1. To unify the notations, the different
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RO\ Ny
@) (not achievable)

downg (conv(P))
(achievable)

w®

Figure 3.7: Illustration of approximation of Ach(®) with three WSO instances

types of inputs of MOA, MOQA, and MOP queries are encoded using a single information
object.

Definition 3.3 (Query Information) Q is called a query information if either query information
« Q € R (encoding a MOA query),
« Q € {?} xR! (encoding a MOQA query), or

+ Q = ? (encoding a MOP query).

Moreover, Algorithm 3.1 takes as input a precision parameter n which for MOQA and
MOP queries corresponds to the input precision. For MOA queries we can set 1 to an
arbitrary? value. Algorithm 3.1 makes use of four functions:

« solveWso, which solves WSO as in Problem 3.4 for the given input,

« ensureValidWsoInstances (cf. Algorithm 3.2), which returns either

- ‘vaLD’ if subsequent calls to solveWso are known to be valid (i.e., satisfy
Assumption 3.1 and have a solution, cf. Lemma 3.13),

— a (potentially trivial) solution to the given query, or

— an appropriate error message in case the query cannot be handled by our
approach,

2The choice of 7 affects our heuristic that chooses precision parameters eygp for inputs of WSO as discussed
on page 88.
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Input: MA M, initial state sj, objectives ® = (@1, ..., ¢;), precision € Ry,
query information Q
Output: An answer to the associated MOA, MOQA, or MOP query

1 answer «— ensureValidWsoInstances(M,s;, ®,n, Q)

2 if answer # ‘vALID’ then return answer

3P0 // Collects achievable points found so far
e He—0 // Collects halfspaces that over-approximate Ach(®)
5 fori=1,2,3,... do

6 (w, eyso) < getNextWsoInstance(P, H,i £, n, Q)

7 (v, P,,) < solveWso(M, s, &, w, eysp)

8 P—Pu{p,t; H e« HU({halfsp(w,ov,)}

9 answer «— tryAnswer (P, H,n, Q)

10 if answer # ‘UNKNOWN’ then return answer

Algorithm 3.1: Approximating the set of achievable points

« getNextWsoInstance (cf. Algorithm 3.3), which heuristically decides which
weight vectorw € (Rso)¢ and precision parameter eyso € R should be considered
for the next call to solveWso, and

« tryAnswer (cf. Algorithm 3.4), which checks whether the considered query can
be answered based on the currently known approximation of Ach(®) and either
returns that answer or ‘'UNKNOWN’ in case the current approximation requires
further refinement.

We discuss ensureValidWsoInstances, getNextWsoInstance, and tryAnswer be-
low. The details for solveWso assuming various types of objectives are subject to
Chapters 4 to 6.

Algorithm 3.1 proceeds as follows. It first checks necessary preconditions for being
able to solve instances of WSO on the provided input (Lines 1 to 2). If the check is
successful, the algorithm maintains two sets, namely a set P of achievable points that
have been found so far and a set H of halfspaces that are known to be a superset of
Ach(®) NR’. In essence, the elements of P are used to enlarge the currently known set
of achievable points whereas the elements of H are used to prune away unachievable
points. Both sets P and H are populated by solving multiple WSO instances (Lines 6
to 8). After each step, we check in Line 9 whether the currently gathered information
suffices to answer the given multi-objective query. If a conclusive answer can be given,
it is returned in Line 10. Otherwise, the algorithm proceeds with the next iteration.
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1 function ensureValidWsoInstances(M,s, ®,n, Q)

2 if Assumption 3.1 does not hold then // Precondition for WSO
3 L return ‘ERROR: there is an objective ¢; with Ex . (¢;) = +00°

4 if Ach(®) NRf = () then // Item 1 of Lemma 3.13
5 if Q € R U ({?} x R*"1) then return ‘N0’ // Answer MO(Q)A query

6 else if Q = ? then return (0, 0) // Answer MOP query

~

/ Item 2 of Lemma 3.13

7 if 7 = 0 and down(Ach(®) N R’) is not closed then

8 return ‘ERROR: exact answer for non-closed down(Ach(®) N R) not
supported’

9 return ‘VALID’

Algorithm 3.2: Ensure that WSO instances as in Problem 3.4 can be solved

Theorem 3.17 Algorithm 3.1 maintains the invariant

downg (conv(P)) C Ach(®) NRY € Ng.

Proof. The theorem is a direct consequence of Lemma 3.16. [ ]

Checking the Input | Animplementation for ensureValidWsoInstances is given
in Algorithm 3.2. It first checks Assumption 3.1 which is a requirement for any WSO
input (cf. Problem 3.4). Moreover, the algorithm asserts Items 1 and 2 of Lemma 3.13
to ensure that a solution to WSO is guaranteed to exist. Observe that if Item 1 of
Lemma 3.13 is violated, we can immediately derive an answer to all types of queries
(Lines 5 to 6). If the check for Assumption 3.1 or Item 2 of Lemma 3.13 fails, the
algorithm returns with an appropriate error message. If all checks pass, ‘VALID is
returned in Line 9.

Selecting WSO Instances | In Line 6 of Algorithm 3.1 we could—in principle—choose
any weight vectorw € (Rso)? and precision parameter eysg € Ry for the next instance
of WSO to be solved without violating the correctness of the sandwich algorithm. In
fact, MOA queries could be answered with a single iteration of Algorithm 3.1 assuming
a “perfect” choice of w and eygp in Line 6. However, such a perfect choice is not
possible in practice as we do not have enough information on the trade-offs between
objectives—yet. We therefore follow a heuristic approach to select weight vectors w
and precision parameters eysg for the WSO instances to be solved in Algorithm 3.1. Our
heuristic is similar to the heuristic considered in [FKP12]: the selected weight vector
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is either 1; for some j € {1..£} or coincides with the normal vector of a halfspace of
downg (conv(P)). In addition to [FKP12] we also deal with

« three or more objectives for MOP queries and
« approximative solution methods for WSO instances with precision eygg > 0.

The first item is treated by lifting the ideas of [FKP12] for 2-dimensional queries
to the more general case. Towards the latter item, we recall that choosing smaller
precision parameters eysg for WSO means that the resulting point p , is closer to the
boundary of the resulting halfspace halfsp(w,v,,) (cf. Lemma 3.15). This yields a tighter
approximation of the achievable points within fewer iterations in Algorithm 3.1. On
the other hand, solving WSO usually becomes harder with smaller eysg. We thus observe
a trade-off between

(i) solving fewer but harder WSO instances or
(i) solving more but easier WSO instances.

We consider a hyper-parameter y € (0, 1) within our heuristic: if y is close to 0, we
favor (i) and if y is close to 1 the heuristic leans towards (ii). To accomplish this, we
consider the precision eysg = y - eq for WSO, where eq depends on the type of query to
be solved:

« In case of MOA queries, we initially consider eq = 1, where 7 is the input precision of
Algorithm 3.1. However, the point of interest might be very close to the boundary
of Ach(®). In that case we also take the current gap between downg (conv(P))
and (¢ into account. Intuitively, this gap coincides with the length of the largest
line segment that is parallel to the selected weight vector w and whose endpoints
lie on the boundaries of downg (conv(P)) and (4, respectively. We set eq to the
minimum of 7 and the computed approximation gap. This way, we make sure that
further progress is made in cases where the heuristic chooses the same weight
vector w multiple times.

« For MOQA queries, a reference point q € ()¢ \downg (conv(P)) is computed first
(details below). We then proceeding as for MOA queries.

« For MOP queries, it is not necessary to consider the current approximation gap
since the points close to the boundary of Ach(®) are not of interest for the desired
approximation. Instead, we always consider eq = 1/ Ve Tt is necessary to divide
by V? to ensure that our approximation is sufficiently precise in case all candidate
weight vectors (i.e., normal vectors of halfspaces of downg (conv(P))) have been
processed already. We illustrate this in Example 3.5.
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Figure 3.8: Illustration of obtained precision in the worst case

Example 3.5 Suppose that solving WSO for weight vector w(!) = (1, 0) and pre-
cision ¢ysp yields the point pS) and halfspace halfsp(wV), US )) as shown in Fig-
ure 3.8a. In the next step, we consider weight vector w'® = (0, 1), again with
precision eysp. It might be the case that solving the associated instance for WSO
yields the same point pg) = p(u}) as before® and halfspace halfsp(w'?, vﬁf ) as
indicated in Figure 3.8b. Observe that the largest distance between the green area
and some “unknown” point from the white area is /(eyso)? + (eus0)? = V2 - eyso-

In other words, the resulting approximation can answer a MOP query with input
precision 7 iff eysp < 1/V2.

%This can happen when the objectives are not conflicting with each other.

Our heuristic is given in Algorithm 3.3 which implements getNextWsoInstance.
By default, we set the parameter y to 0.5 in Line 2. In the first ¢ iterations of Algo-
rithm 3.1 we only put a positive weight to one single objective ¢; for each i € {1..£}
(Line 3). For the subsequent iterations, we compute a set of candidate weight vectors
W with associated halfspaces H, for v € W in Lines 4 to 7. These halfspaces uniquely
represent the polyhedron downg (conv(P)) and can be obtained with a combination of
the Quickhull algorithm [BDH96] and Lemma 2.3 on page 22. Each v € W is orthog-
onal to a facet of downg (conv(P)). In Lines 8 to 18 the algorithm chooses a weight
vector w from the candidate set W depending on the query information Q.
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1 function getNextWsoInstance(P, H,i,t,n, Q)

2

N G e

10

11
12
13
14
15
16

17

18

Yy <05 // Heuristic parameter for approximation trade-offs

// Maximize the i" objective if we are in iteration i < ¢
if i < ¢ then return (1;, y- 1)

// Get representation of downg (conv(P)) (cf- Lemma 2.3 on page 22)
Hp « a set of halfspaces such that (¢, = downg (conv(P))
W «— {vo € R® | 3b € R: halfsp(v,b) € Hp} /W C (Ro)! by Lemma 2.3
forv € W do
L H, « halfsp(v, bymin) wWith bpin = min {b € R | halfsp(v, b) € Hp}

// Branch on type of query

if Q € REU ({?} xR then //MO(Q)A query
if Q € R then q — Q //MOA query
else if Q € {?} x R‘"! then //MOQA query

// Get the “best” point we can currently hope to achieve
Ha — Uj-, {halfsp(~1;, -Q0))}
q < solvelP(H U Hg, 1)

w « arg max,, .y, (dist(q, Hp)) // Halfspace with max. dist. to q

& « dist(solvelLP(H,w), H,,) // Current approximation gap

return (w, y - min(z, §))

else if Q € ? then //MOP query
// Find the halfspace with maximal distance to bd((\4)

w «— argmax,., (dist(solvelLP(H,v),H,))

| return (w, y- n/Ve)y

Algorithm 3.3: Obtain the next instance of WSO to be solved in Algorithm 3.1
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maximize y such that:

Vie{l.t}: x 20
£
in =1
i=1
t
VpeP: y < )% (q(i) - p(0))
i=1

Figure 3.9: LP from [FKP12] to compute halfspaces of downg (conv(P))

For MOA and MOQA queries we first determine a reference point q. For MOA, this is
simply the point g = Q for which achievability is to be decided (Line 9). For MOQA we
compute a point ¢ that

« satisfies all thresholds given for the objectives ¢a, ..., ¢, as encoded in the query
information Q and

« has the largest possible value for ¢; given the current over-approximation (") ¢;.

Such a point is computed by solving the appropriate LP (cf. Problem 2.1 on page 27) in
Line 12. We then choose the normal vector w € W of a halfspace H,, with maximal
distance® to the reference point q in Line 13. Next, we compute the largest distance d
between a point in ()¢ and H,, in Line 14. This distance intuitively reflects the current
approximation gap in direction w. To ensure that this gap is in fact getting smaller
when solving the next instance of WSO, we take y - min(#, d) as a precision parameter
to WSO. Both, the resulting weight vector w and the precision are returned in Line 15.

For MOP queries, we take the weight vector w € W such that the largest distance
between some point in ()4 and the halfspace H,, is maximal (Line 17). The resulting
weight vector w and precision y - n are returned in Line 18.

For MOA and MOQA queries computing the complete set of halfspaces Hp as indicated
in Line 4 can actually be avoided. To this end, we can follow the approach of [FKP12]
and replace the computation in Line 13 by solving the LP shown in Figure 3.9 instead.
The LP considers P and q as in Algorithm 3.3 as well as £ + 1 variables y, x1, ..., xp. A
solution val: {y, x1,...,x,} — R yields a halfspace halfsp(val(x), val(x) - q — val(y))
with val(x) = (val(x1),...,val(x;)). It can be shown that this is a halfspace of the
polyhedron downg (conv(P)) with maximal distance to the reference point q.

Answering Multi-objective Queries | The last step of our approach is to decide
whether for given sets P and H we can conclude an answer to the considered multi-

3The distance between a point and a halfspace can be computed efficiently using Lemma 2.1 on page 20.
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1 function tryAnswer (P, H,n, Q)

// Get representation of downg (conv(P)) (cf- Lemma 2.3 on page 22)
2 Hp « a set of halfspaces such that (¢, = downg (conv(P))
// Branch on type of query
3 if Q € R! then // MOA query
4 if Q € (g, then return ‘vEs’
5 else if Q ¢ (4 then return ‘NO’
6 else if Q € {?} X R’"! then //MOQA query
7 Ha — Uj, {halfsp(=1;,-Q(j))}
8 Pmin < SolvelP(Hp U Hg,1;)
9 Py < SO0lvelP(H U Hg, 1;)
10 if p_.. = ‘Infeasible’ then return ‘NO’
11 elseif p_; . p... € R’ then // Both LPs feasible and bounded
12 L ifpmax(l) - Pmin(l) = n then return <Pmin(1)’ pmax(1)>
13 else if Q € ? then //MOP query
14 if max {dist(solveLP(?-(,v),H) | H = halfsp(v,b) € 7—(p} < n then
15 L return ( g, Moy )
16 return ‘'UNKNOWN’

Algorithm 3.4: Answer query based on current approximation from Algorithm 3.1

objective query. We make use of the invariant from Theorem 3.17:
downg (conv(P)) € Ach(®) NRY € Ng.

The details of this step are outlined in Algorithm 3.4 which implements tryAnswer.
Similar to Algorithm 3.3, we consider a set of halfspaces Hp representing downg (conv(P)).

MOA queries can be answered if the considered point is either contained in
downg (conv(P)) = (¢, and thus known to be achievable (Line 4) or not contained in
(4 and thus known to be not achievable (Line 5).

For MOQA queries we consider two points p_ .. € downg(conv(P)) and p_ .. € (g
that satisfy the thresholds imposed on objectives ¢s, . . ., ¢, and—among all such points—
have the largest possible value for ¢;. These points are computed by solving appropriate
LP instances in Lines 8 and 9. In case no such point p, .. exists, we can conclude that
the thresholds can not be achieved and thus the answer to the query is ‘No’ (Line 10).
On the other hand, if both points p,;, and p,_ .. exist we can consider their 1*! entry to
obtain bounds on the requested optimal value for ¢;. If the gap between these bounds
is below 1 we return them in Line 12.
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Finally, for MOP queries we consider for each halfspace in Hp the largest possible
distance to a point in (4. If all these distances are below 7, the sets (¢, and (¢,
will be returned in line Line 15.

If no answer can be given based on the current sets P and H we return ‘'UNKNOWN’
in Line 16.

Theorem 3.18 If Algorithm 3.1 terminates (without an error) it provides a correct
answer to the encoded multi-objective query.

Proof. The theorem is a consequence of Theorem 3.17 and our explanations above.m

Remark 3.1 (Strategy Generation) We can tweak Algorithm 3.1 to also gener-
ate an achieving strategy for a given MOA or MOQA query. For that, we assume that
solveWso in Line 7 also returns a strategy o,, that achieves the point p,,. We
store the generated strategies in a map &: R — %M. In case of a MOA query, as
soon as we showed achievability of the queried point Q, i.e., Q € downg (conv(P))
we can find a distribution y € Dist(P) such that Q < 3l,cp p(p) - p. A strategy o
that achieves Q then intuitively looks as follows. Initially, o chooses a point p € P
probabilistically according to distribution p. Once a point p is chosen, o mimics
the strategy S(p) that achieves p. To define such a strategy ¢ more formally, we
may generalize the strategy [o7 @, 02] from the proof of Theorem 3.5 to multiple
input strategies o7, . .., 0,. The resulting strategy o satisfies Q < Exé‘ﬁl (D).

We stress that even if S(p) € ZI%[ for all p € P, the constructed strategy ¢ could
be neither pure nor memoryless as it needs to memorize the outcome of the initial
probabilistic choice.

For a MOQA query, a strategy that achieves p, .. as in Algorithm 3.4 can be con-
structed similarly.

3.4.3 On Completeness of the Approach

The sandwich algorithm with the heuristics as explained above might not terminate in
general. Intuitively, the cases where we need to determine achievability of the points
that lie exactly on the boundary bd(Ach(®)) are problematic.

In light of Lemma 3.11, the problem becomes obvious for MOP queries with precision
n = 0: there might not be a finite set of points P with downg (conv(P)) = Ach(®) N R,

A similar issue arises for MOA and MOQA queries whenever we need to check achiev-
ability for a point p € bd(Ach(®)). In that case, with an increasing number of iterations
in Algorithm 3.1, the boundaries of downg (conv(P)) and ()4 can get arbitrarily close
to p but might never actually contain p.

However, for many types of objectives—in particular the objectives considered
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Figure 3.10: Three example MAs with reward assignments demonstrating objectives
with infinite value (cf. Example 3.6).

in Chapters 4 to 6—termination can be ensured since a finite set of points P with
downg (conv(P)) = Ach(®) N R exists. For example, to solve WSO instances with
precision parameter eysg = 0 considering only total reward objectives, it suffices to
consider only pure memoryless strategies o € Zl/,‘&. There thus are at most |Zf,‘1((/[| =
[Tses |A(s)] < |Act|!S! different solutions to WSO which means that at some point no
new candidate halfspaces will be considered in Algorithm 3.3, eventually triggering
termination of Algorithm 3.1.

On practical inputs, the sandwich approach often requires only a few iterations to
answer the provided multi-objective query—as we will see in Chapter 9.

3.4.4 Beyond our Assumptions: Dealing with Infinity

We now discuss MAs M and objectives @ = (¢s, ..., ¢;) that do not fulfill Assump-
tion 3.1, i.e., j € {1..£}: ExM (@j) = oo. To simplify the notations, we assume

max

that—by potentially re-ordering the objectives—we have that j = 1, i.e., Ex® (¢;) = co.

Example 3.6 Consider the three MAs M;, M, and Ms with associated reward
assignments R; and R, as shown in Figure 3.10.

For M; and the objectives ®; = (tot(R;),[0s2]) observe that a strategy that
selects a at s; with probability a € [0,1) achieves point (oo, a). However, if a
strategy chooses a with probability 1, no reward for the first objective is collected
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and thus (0, 1) is achieved. Therefore,
Ach™Mi(@1) = {(ba) € R |beR a< 1} Udown({(0,1)}).

Next, consider M, and the objectives @, := (tot(R;) - [0s2], tot(R2)). Here, we
may not achieve value oo for the first objective (paths that stay in s; forever are
not contained in ¢s; and thus get assigned value 0) but we can still achieve any
arbitrary value b € R by taking action f at s3 sufficiently often before moving to
sp via a. If we choose action « at s;, we will not collect any reward for the first
objective but will achieve value 1 for the second objective. If we randomize the
decision at s; by choosing & with a very high probability, the value for the second
objective gets arbitrarily close to 1 and—as long as there is a positive probability
to choose f at s;—we still have a chance to move to s3 and collect arbitrary many
reward for the first objective. We thus get

Ach™2(@,) = {(b,a) € R? | b < 00,a < 1} U down({(0, 1)}).

Finally, for M3 and the objectives ®3 := (tot(R;), tot(Rz)) it is only possible to
achieve value b for the first objective if we also collect value —2 - b reward for the
second objective. We get

Ach™s(®3) = down({(b,~2-b) | b € Rxo}).

In the first two examples we observe that “infinitely good” strategies for the first
objective exist that—at the same time—do not yield “infinitely bad” results for the other
objective. Using the construction from the proof of Theorem 3.5, we may randomly
combine such a strategy with another strategy that only focuses on optimizing the
other objectives. In fact, it suffices to assign a very small probability to the “infinitely
good for ¢;”-strategy to still achieve arbitrarily high values for ¢,. This allows us to
almost achieve the same values for the objectives ¢, . . ., ¢, that we would obtain when
disregarding ¢, entirely. The following lemma formalizes this insight—allowing us to
construct cl(Ach(®)) from cl(Ach({@a, ..., ¢r))).

Lemma 3.19 IfVo € sM: ExM (¢1) > —oo and there is apmi, € R such that

0,81
sup {Ex2! (¢1) | o e sM v j e {1.0}: ExX (0)) > amin} = o0,
then cl(Ach(®)) = R x cl(Ach({@a, . . ., 0))).

Proof. Let @ = (@a,..., ).
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Direction “C” | For p = (p1,...,pr) € cl(Ach(®)) we clearly have p; € R and
(pas ... pey € cl(Ach(D")), yielding p € R X cl(Ach(d’)).

Direction “2” | Let p = (p1,...,ps) € R x cl(Ach(®’)) and let N = X!_| N; be
an arbitrary neighborhood of p. We need to show that N N Ach(®) # 0. Without
loss of generality we assume that N does not contain any points on its boundary,
ie, NNbd(N)=0"

Since p’ = (ps, ..., ps) € cl(Ach(®’)) and N’ := X!_, N; is a neighborhood of p’,
N’ must contain an achievable point ¢’ := (g, ...,q;) € N'NAch(®’). Let oy, 4 €
»M be a strategy achieving ¢’, i.e., ¢’ < Exg{z”{} (®"). Observe EX(%,,” (¢1) > —o0
due to the precondition of the lemma.

Furthermore, there is some § € R, such that ¢’ — 1 -8 € N’ because q’ ¢ bd(N)
and there is also some ¢q; € Ny N R. For the point q := {(q1,42 — 6, ...,q2 — d) we
have that ¢ € N. We now construct a strategy achieving q. If Exé\gﬂ (¢1) = oo then
q is achieved by strategy oy, ). Otherwise, consider

1
A= min{ j€{2..0} and amin < q; < oo} U {—} and
qj — Gmin 2
M
R e R

A

Here, ap;, is as in the precondition of the lemma. The % in the above expression for

A is an arbitrary value from the interval (0, 1) which is added to ensure that A is set
to a value in (0, 1). By the assumption from the lemma, there must be a strategy
o1 that achieves the point (b, dmin, - - -, @min)> 1-€., (b, min; - - - » Gmin) < Ex(/,\;( (®). We
now consider the strategy [o; @, o2, ] using the construction from the proof of
Theorem 3.5. By Lemma 3.8 we get

EX{ 610, 1 (1) = A-ExJH (o) + (1= 2) -Exgl | (01)
A-b+(1=-2)-Exp (1) = qa

\%
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and for all j € {2..£} we have

EX{ gy, 0 (0) = A-ExQl(0)) + (1=2) "B} ()

O{2..t}
> A-amm+(1—/1) g

)i ique{—oo,+oo}
qj+A-(min —q;) ifg; €R

. q; if g; € {—00,+00} or amin > g;
h qj+qj_+min'(amin_qj) if‘:lmin<qj<0o
> qj — 6.

Thus, strategy [0y ©) 0(2.¢}] achieves ¢ € N which concludes the proof. [ |

%If this assumption is not valid, we may show NN Ach(®) # 0 for the neighborhood N := N\ bd(N) C
N of p instead which then also implies N N Ach(®) # 0.

Example 3.7 Recall M; and ®; for i € {1,2,3} as in Example 3.6. For M; and
®; the preconditions in Lemma 3.19 hold with ap,;, = 0. With c(Ach™ ([0s2])) =
down({(1)}) we get

c(Ach™ (®1)) = down({({oo,1)}).

Similar observations can be made for M, and ®,. For M3 and @3 the preconditions
in Lemma 3.19 do not hold, in particular:

Va<0: sup {Exém(tot(Rl)) | o€ ZM,EXC/,M3(tot(7'22)) > a} = g #+ oo,

Indeed, we have cl(Ach™ (t0t(R;))) = down({{0)}) but cl(Ach™*(®3)) #
down({(c0,0)}).

Lemma 3.19 yields an approach to compute (or approximate) cl(Ach(®)) in cases
where Assumption 3.1 is violated. This is done by computing I = {ji,...,jp} =
{j € {1..t} | Eangx((pj) < 00} and obtaining cl(Ach(®’)) for @ = (¢j,,...,¢j, ), using
Algorithm 3.1. Then, cl(Ach(®)) is constructed by lifting cl(Ach(®’")) to £ dimensions,
ie,

A(Ach(®)) = {(pr,....pe) €R" | (pjrs-...pj,) € cl(Ach(®'))}.

We mention that with this approach it is still not possible to decide achievability for
points that lie exactly on the boundary of Ach(®). Moreover, it is necessary to check
the preconditions of Lemma 3.19 first. Handling inputs where these preconditions do
not hold—such as M3 and ®3 from Examples 3.6 and 3.7—is left for future work.



98 Chapter 3 Model Checking Multiple Objectives

Chapter Summary

=>» The achievable points for an MA with multiple objectives indicate the ex-
pected values of the objectives that can be achieved simultaneously under
the same strategy—revealing potential trade-offs between the objectives.

=¥ The set of achievable points is always downward closed and convex, but not
necessarily closed.

=» The sandwich algorithm yields sound and arbitrarily precise approximations
of the set of achievable points. It requires to solve multiple instances of the
weighted sum optimization problem (WS0).

=>» The results from this chapter—including the sandwich algorithm—are ap-
plicable to all types of objectives. It remains to provide efficient solution
methods for WSO which is outlined in the subsequent Chapters 4 to 6.
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—Chapter 4—

Sound Approximations for Expected
Total Rewards

Outlook | Our goal in this chapter is to solve instances of WSO (Problem 3.4 on
page 81) concerning only total reachability reward objectives (Definition 2.27 on
page 49). Section 4.1 shows that in this case WSO can be reduced to the analysis of
(single-objective) expected total rewards on MDPs. In Section 4.2 we discuss established
results on the expected total reachability reward problem for MDPs. Section 4.3 presents
the classical value iteration algorithm and its shortcomings concerning the accuracy
of solutions. Afterwards, we present sound value iteration—an extension of the value
iteration algorithm that provides sound precision guarantees. We explain the algorithm
first for DTMCs in Section 4.4 and then for MDPs in Section 4.5. A survey of related
approaches is given in Section 4.6.

Origins | Section 4.1 summarizes results from [FKP12; 13]. While our presentation
is new, we emphasize that the underlying insights of Section 4.1 can be associated to
the author’s master’s thesis [1] and are presented in this dissertation for the sake of
completeness. The contents of Sections 4.2 and 4.3 can be considered folklore (e.g.,
[Put94]). Sections 4.4 and 4.5 are revised from [5]. The overview of related work in
Section 4.6 is new.

4.1 From WSO to finite single total rewards on MDP

Set-up | We consider a Markov automaton M = (S, Act, A, P), with dedicated initial
state s; € S, a list of £ > 0 convergent total reachability reward objectives & =
(tot(R1,Gy), . .., tot(Rs, Gy)), a weight vector w € (Rsg)!, and a precision parameter
&yso = 0 which together form an instance for WSO.
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The goal is to reduce the given instance for WSO to the computation of (single-
objective) expected total rewards on MDPs. The reduction is done in various simplifi-
cation steps as outlined below.

4.1.1 From Total Reachability Reward to Total Reward

The first step is to convert total reachability reward objectives tot(R;, G;) to simpler
total reward objectives tof(R}). The idea is to encode visits of goal state sets G; into
the state space of the MA.

Definition 4.1 (Goal Unfolding) Let ® = {Gy,...,G,} C 25 be a set of ¢ sets of
goal states for MA M = (S, Act, A, P). We define the auxiliary function succ: ® X
S — ® by succ(g,s’) =gU{Ge®|s €G}.

The goal unfolding of M with respect to ® is given by the MA unfg(M) = (S x
2%, Act, Ag, P@), where for all s,s’ € Sand g, € ®, we set

+ A ((s,9)) = A(s),
. if s € MSM then Pg ((s,8), (s, ")) = P(s,s") - [a" = succ(g,s’)], and

« if s € PSM then Pg((s,g), @, (s’,¢")) := P(s,a,s") - [¢ = succ(g,s’)] for all a €
A(s).

Let 1 = (s9,80) LN (s1,81) LN (s9,82) & . be a path in unfzg(M). It holds that
Vn € N: g, C gn41 and for G; € gy, it is either G; € go or i € {1..n}: 5; € G;. In
particular, if gg = succ(0,sy) = {G € ® | s € G}, thenG; € g, holds iff pref («, n) visits
some state in G;. We convert the initial state s; considered for M to the initial state
sy = (s, succ(0, sy)) for unfg(M). Furthermore, the reward assignments R, ..., R,
for M are converted to reward assignments R, ..., R; for unfg(M): for j € {1..£},
the reward assignment ‘R} sets all rewards at states (s,g) with G; € g to zero. The
remaining states get the same rewards as given by R, i.e., for all s,s" € S, 9,9’ C ©,

and k € Act UR:

Ri[(s,0), %, (s".a")] = Rj[s,x,5"] - [G; ¢ gl

Example 4.1 Given the MA M from Figure 4.1a with total reachability reward
objectives tot(Ry, {s1}) and tot(Ry, {s2}), Figure 4.1b shows the goal unfolding
with respect to the goal state sets {s;} and {s,}.
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4’ 51}}

(a) MA M (b) MA unf (5, (s,3y (M)

Figure 4.1: Example MA and goal unfolding (cf. Example 4.1)

Theorem 4.1

Ach (@) = Ach:;"f‘-"(M) ((tot(R)), ..., tot(R})))

Proof (sketch). Let f: Pathsm/v}(sl) - Paths;nff@(M)(s;) be the bijective mapping
defined by

(50, 80) N (s1,81) = (s2,82) =

f(soﬂslg%ﬁ%n)

succ(q;, si+1) for all i € N. For a path = €

where gy = succ(0,so) and gj41
Pathsm/\’}(sf) we can show

Vje{1.0}: tot(R;,G))(x) = tot(R))(f(x)).

It remains to show that also the induced path probabilities coincide. To this end we
lift f to sets of infinite paths, to finite paths, and to strategies by setting

« f(II) = {f(n) | = € 11} for I C Paths*(sy),
« f(pref(m, n)) = pref(f(rx),n) for = € Pathsm/\/}(sj), n €N, and
. f(0) € 2™ with f(0) (%) = o(f(#)) for o € SM, # € Pathsi’® M (s)).

We can show for every strategy o € 3™ and measurable set IT C Pathsm/v}(sl) that

pryt, (1) = Pryyfs M (f().



underlying MDP

102 Chapter 4 Sound Approximations for Expected Total Rewards

It follows that for every j € {1..£}:

M /
Ex (tot(R;,G)) = Exﬁﬁﬁ)(l )(tot(Rj)),

The theorem follows since the mapping of strategies via f is bijective. [ ]

Let (v, p) be a solution for the WSO instance with input M, s;, and ®. From Theo-
rem 4.1 we get that (v, p) must also be a solution to the WSO instance obtained when
considering unfg (M), s7, and (tot(R7), ..., tot(R;)) instead.

To avoid cluttering the notations below, we from now on assume a set-up where the
given objectives for MA M are already total reward objectives, i.e.,

O = (tot(R1),...,tot(Re)).

We can enforce that this assumption is valid by applying the goal unfolding. However,
the size of the considered model potentially increases exponentially in the number of
objectives ¢.

Remark 4.1 (Strategy Complexity) Using f as in the proof of Theorem 4.1, we
remark that ¢ € 2M is pure iff f(0) € “¥6 M) is pure. However, we might have
that f (o) is memoryless whereas o is not. Intuitively, o needs to remember which
sets of goal states have been visited already. The required memory is exponential
in the number of objectives.

4.1.2 From MA to MDP

The next simplification step is to solve the WSO instance on the underlying MDP
MDP (M) (cf. Definition 2.24) instead of the MA M. This abstracts away the continuous-
time aspects of the system and therefore simplifies the model analysis and the correct-
ness arguments. The following theorem establishes correctness of this reduction step.
Recall the reward assignment MDP(R) for MDP(M) that is constructed from a given
reward assignment R for M as defined on page 46.

Theorem 4.2 ([13, Theorem 4]%)

Ach ((tot(Ry), ..., tot(Ry)))
= Achlf”" M ((t0t(MDP(Ry)), ..., tot(MDP(Ry))).

%This result originates from the author’s master’s thesis [1, Theorem 4.9] and therefore provides no
contribution to this dissertation.
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Figure 4.2: Underlying MDP of the MA from Figure 4.1b (cf. Example 4.2)

Proof (sketch). We convert between a strategy ¢’ for MDP(M) and a strategy o
for M in a way that both strategies induce the same expected total rewards. Let
@ := (tot(Ry), ..., tot(Re)) and @ = (tot(MDP(R,)), ..., tot(MDP(R,))).

Any strategy o’ € SMPP(M) can directly be converted to a strategy o € M with
Exf,,D;(M) (@) = Ex(/,\”gl (®), i.e., o’ and o achieve the same points. Intuitively, o can
simply mimic ¢’ by ignoring the time durations encoded in the input paths. Hence,
Ach{ (@) 2 AchYP"M) (@),

The other direction is more involved: given a strategy o € M, its decisions may
depend on the timing information which is not present in paths of MDP(M). For
example, o can select action « at some state s with probability e~?, where ¢ is the
time we spend in another state § before. However, it has been shown in [1; 13]
that we can still mimic such a time-dependent strategy with a time-independent
strategy ¢’ for MDP(M). Intuitively, this is possible because the time we stay in the
Markovian states of M is subject to an exponential distribution which the strategy

o’ can emulate with a randomized choice. It follows AchQA (@) C ActhDP(M) (®).m

As in the previous step we avoid notational clutter by assuming a set-up where the
input model is already an MDP M = (S, Act, A, P). If that assumption is not valid we
can—justified by Theorem 4.2—simply consider the underlying MDP instead.

Example 4.2 Figure 4.2 shows the wunderlying MDP M =
MDP(unf (s} (5,33 (M)) of the goal unfolding from Figure 4.1b with asso-
ciated reward assignments MDP(R). States and reward assignments have been
renamed to simplify the examples below.



MEC, maximal
end component

104 Chapter 4 Sound Approximations for Expected Total Rewards

Input: MDP M, initial state sj, objectives ® = (tot(R;), ..., tot(R,))

Output: ‘vALID iff Ach(®) NR! £ 0 and V j € {1..£}: tot(R;) is convergent
with Ex,, (tot(R;)) < oo

// Check if it is possible to collect infinite positive reward

1 for C € MEC(M) do

2 if Pr . (Ostates(C)) = 0 then continue // C is not reachable
3 for j € {1..t} do

4 if not R;[C] < 0 then // C contains positive reward
5 if R;[C] > 0 then // C contains no negative reward
6 | return ‘ErrOR: Ex, (f0t(R;)) = +00’

7 else // C contains positive and negative reward
8 L return ‘ERROR: tot(R;) is not convergent’

// Check if no further reward can be collected from some point on
9 S39 «— {s € states(Cy) | Co € MECo(M,{R1,...,Re})}
10 if Pr, (0S50) = 1 then return ‘vALID’
11 else return ‘ERROR: Ach(®) NR =’

Algorithm 4.1: Check validity and finiteness for expected total rewards

4.1.3 Checking Finiteness

Given an MDP M with total reward objectives ® = (tot(R;),..., tot(R,)), we now
provide means to check Assumption 3.1 on page 78—i.e., Ex}  (tot(R;)) < oo for all
j € {1..£}—and to check whether Ach(®) N R¢ # 0 holds. Both checks are part of
Algorithm 3.2 on page 87 and required to ensure that the corresponding WSO instance
actually has a solution (cf. Lemma 3.13 on page 81). In addition, we also ensure that
the given total reward objectives are indeed convergent (cf. Definition 2.27 on page 49)
and raise an error otherwise. Those checks rely on the well-known fact that almost
surely some maximal end component (MEC) of M will be reached and never left. Hence,
infinite expected total rewards (positive or negative) can only be incurred in ECs. If
all the above mentioned checks pass, we can infer that the set of achievable points
is always closed. We show this in Lemma 4.6 below. Therefore, there is no need to
explicitly check Item 2 of Lemma 3.13.

The procedure for performing the above-mentioned checks is outlined in Algo-
rithm 4.1. For each MEC C that is reachable from the initial state s; of M, the algorithm
checks if positive reward with respect to some R; can be collected while staying inside
C (Line 4). If that is the case, we know that either Assumption 3.1 is violated or—if
we can also collect negative reward within C—the objective tot(R;) is not convergent
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(Lines 5 to 8). To see this, consider a strategy for M that reaches the component C
with positive probability and—once C has been reached—plays each action inside C
uniformly. Under such a strategy, there is a positive probability to take every transition
within C infinitely often and thus collecting infinite positive (and potentially negative)
rewards.

On the other hand, if there is no reachable MEC with positive reward, we compute
in Line 9 the set Sgq of states that lie in some 0-EC of M. Observe that once a state in
a 0-EC is reached, it is possible to collect no further reward, i.e.,

Vs€Ss: JoesM: Vje{1.0}: Ex, (tot(R;)) = 0.

We check in Line 10 whether the states in S3¢ can be reached from the initial state s;
almost surely'. If that is the case, we have a strategy ¢ under which we reach and
never leave a 0-EC almost surely. This yields Exg’fsl(fb) € Rf, ie., Ach(®) NR # 0.
Otherwise—if there always is a positive probability to never reach a 0-EC—there is
a positive probability to never stop collecting further (negative) reward, yielding
ExM, (@) ¢ R’ for every strategy o.

From our explanations above we obtain the following lemma.

Lemma 4.3 If Algorithm 4.1 returns ‘vaLiD’, then w - Engsl (®) is defined for every

o € M and sup {w «Exg’{sl(d)) | o€ ZM} > —00,

In what follows, we assume that Algorithm 4.1 indeed returns ‘vALID’ on the given
input MDP M with initial state s; and total reward objectives ®. Moreover, we assume
that every state s € S can reach the set Sgp as given in Line 9 almost surely, i.e.,
Vs € S: Pry,, s(0S30) = 1. This assumption is without loss of generality as we can
always consider the submodel

M[[{(s, @) € SAM | s € S” and post ({s,a)) € S'}]

with 8" = {s € S | Pr, (¢S30) = 1} instead of M.

max,s

Example 4.3 We consider the MDP M from Figure 4.2 with initial state s, and
total reward objectives tot(R;) and tot(R;). The maximal end components of M
are

MEC(M) = {{{s0, )}, {{s1, &), (s, @), (g Y}, {52, A}, {Gsp, AD}}-

Since none of these ECs assign a positive reward, we conclude that both objectives

IMaximal almost sure reachability in MDPs can be computed efficiently using graph algorithms, e.g., [BK08,
Algorithm 45].
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Ri:—1

Figure 4.3: Modified MDP without states that can not reach S3¢ almost surely (cf.
Example 4.3)

are convergent and Ex_, (tot(R;)) < +oo for j € {1, 2}.
The maximal 0-ECs for R; and R, are

MECo (M, {R1,R2}) = {{{s0, B}, {(s5, A)}}.

We thus have S5 = {s, s, }. This set can be reached almost surely from all states of
M except for s;. To enforce the above mentioned assumption, we therefore remove
the state s; and the action y € A(sy), yielding the MDP shown in Figure 4.3.

4.1.4 From Weighted Sum to Single-Objective

Finally, we outline how the WSO instance can be answered with a series of £ + 1 single-
objective expected total reward computations. The crux is that the weighted sum over
total reward objectives can be transformed to a single total reward objective with
reward assignment

4
R =w-(Ri,...,R) = Zw(j) ‘R,
j=1

Lemma 4.4 For all o € M we have

w - ExM ((tot(Ry), ..., tot(Ry))) = ExM

0,51 O',S[(

tot(R)).
Proof. From Lemma 2.6 on page 48 we have

w - ExXM ((tot(Ry), ..., tot(Ry))) = ExM (w - (tot(Ry),.. ., tot(Ry))).

0,S] 0,S]

It remains to show that w - (tot(R), ..., tot(R,)) = tot(R). Consider the path
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(o4} (Z
T=8 — 8§ —---€ Paths - We have

4
(w - (tot(R1), ..., tot(R)) () = D w(j) - tot(R;) ()

=1

t
- Zw(j) .nlglgo’Rj [pref (z, n)]

=1

= Zw(]) _) nZRj[Si, ai,5i+l]

i=0

—_

n—

{
Zw(]) R Sla ai, 51+1]

Jj=1

g

= lim

n—oo

Il
o

N
|
—_

= lim R(si, i, Siv1]
n—oo
i=

= nlgroloﬂ pref (m,n)] = tot(R). [ |

(=]

Assuming that all objectives are total reward objectives, Algorithm 4.2 outlines
an implementation for the procedure solveWso as considered in Section 3.4. The
algorithm extends ideas of [FKP12] towards

- mixtures of positive and negative rewards® and
« a proper treatment of approximate solutions.

The former is accomplished by considering the quotient (cf. Definition 2.21) of M with
respect to 0-ECs following ideas of [Alf97]. The latter is achieved by computing sound
e-approximations of expected total rewards. More precisely, Algorithm 4.2 considers
two kinds of (single-objective) expected total reward computations in Lines 8 and 21
which are both instances of Problem 4.1 introduced in the next section.

After initializing a precision parameter ¢ and the set 7,, of objective indices that
intuitively are relevant with respect to the weight vector w in Line 2, the algorithm
builds an auxiliary MDP M’ in Lines 3 to 6. M’ is the quotient model that arises from
M after collapsing all 0-ECs with respect to those reward assignments R; that are
considered with positive weight w(j) > 0. Recall from Definition 2.21 on page 42 that
the quotient model Mg, considers an action L via which we may transition from any
collapsed EC C € € to a dedicated sink state s, . Intuitively, such a transition reflects
the possibility to never leave the corresponding EC C in M. If, however, C does not

2In [FKP12], all expected total reward objectives consider only positive reward assignments and either
only maximizing or only minimizing objectives can be analyzed.
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1 function SO].VGWSO(M, ST, o= (tOt(Rl), ey tOt(Rg)),W, Ewsg)

// Assuming Alg. 4.1 yields ‘vALID" andV's € S: Pry,. ((0S39) =1
2 €1 euso-VWow; I, — {j e {1..6} [w(j) >0}

// Get the 0-MECs w.r.t. the reward assignments relevant forw

3 | € & MECo(MAR; | j € Tw})

// Get those 0-MECs that do not contain a 0-EC w.r.t. all rewards
4 Q:exit — {C € 0:() | MEC()(M[[C]], {Rl, N ,R[}) = 0}

// Get the 0-MEC quotient and clear trans. from C € €y to s,

5| M (Mg )[SAM)\ (€ x {L])]

6 if 3C € €: s; € states(C) then s’ «— C else s;” « s;

// Analyze weighted sum total rewards on M’

7 R Z§:1W(j) ‘(Rj

8 Compute v € Rand 0’ € ZQ”I\; with
v—¢e < ExX}(tot(R)) < Exl  (101(R)) < v

// Lift strategy o’ to a strategy o € S35,
9 for C € €y do

10 if 6/ (C) = (s, a) € exits(C) then G¢ « {s}; o(s) «— a

11 else /o' (C) = L

12 C’'={ceC”|C’ e MECo(M[C],{R1,---,R:})}

13 Ge « states(C’)

14 for s € G¢ do o(s) « a for arbitrary a with (s, a) € C’

15 Compute o¢ € sMICl with Vs’ € states(C): Prfcl[’g]l (0Ge) =1
16 for s € states(C) \ G¢ do o(s) « oc(s)

17 fors € S\ (Uceg, states(C)) do o(s) « o’(s)

// Evaluate individual objectives w.r.t. strategy o

18 | D« Mo //Induced submodel M| c| is a DTMC D
19 for j € {1..t} do

20 Lifjefwthenejw—melseejw—oo

21 Compute p; with p; < ExP(tot(R;)) < pj+¢;

22 return (v, (py,. .., ps))

Algorithm 4.2: Solving total reward WSO instances
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contain a 0-EC with respect to all reward assignments (i.e., C € €,), staying at C
implies that we will always collect infinite negative reward for at least one reward
assignment. For the auxiliary MDP M’ we therefore remove the L-transition from
the collapsed ECs C € €,,;; which is done by considering the appropriate submodel
in Line 5. Recall from Section 2.2.6 that we may also apply the reward assignments
Ry, ..., Ry for M to M” without ambiguity.

In Line 8, we compute the maximal expected total reward as well as an inducing
strategy” o’ € Zg’ﬂ for M’ and the weighted reward assignment R. However, if eysg > 0

M
then also ¢ > 0 and we allow a certain approximation error in this computation.

The strategy ¢’ for M’ is converted to a pure and memoryless strategy o for M
in Lines 9 to 17. The intuition is as follows. If ¢’ selects an exiting state-action pair
(s, ) € exits(C) at some collapsed EC C, o can enforce to leave the EC via the action «
at state s, as well. If, on the other hand, ¢’ selects L at collapsed EC C, C must contain
at least one 0-EC with respect to all reward assignments Ry, ..., R, (otherwise, action
1 would not be available in M’). Strategy ¢ mimics the choice to stay inside EC C
forever by enforcing that one of the contained 0-ECs is reached eventually and never
left.

Finally, we evaluate each individual objective tot(R;), j € {1..£} on the induced
DTMC D = M[ o] = M[[{{s,(s)) | s € S}] in Line 21 to create a point {p1, ..., ps) <
ExP(®). Again, we potentially allow some approximation error, where objectives
tot(R;) with high weights w(j) need to be analyzed with more accuracy.

Example 4.4 Let M be the MDP shown in Figure 4.3. We have

{ {(Sl, A>> (s(l)a a>’ (S(,)’ ﬁ)}’ {<S£a A)} }>
[ —
=C} =C}

{ {(s0, B0}, {(s5, )}, {(s5,4)} }, and

—_——— —— ——
=C? =C? =:@4

MECy(M,{R1,R2}) = {{(s5, )}, {{s3, a)}}.

Ifw = (1,0), we have to collapse the 0-ECs C| and C} for R;. The resulting MDP
M’ as constructed in Algorithm 4.2 is shown in Figure 4.4a. Since both collapsed
ECs contain a 0-EC for both R; and R,—in particular {(s, f)} € C{—we do not
remove any _L-transitions from the quotient.

A possible strategy maximizing tot(R) with R = 1-R; +0- R, = R; for M" would
be o’ € ZZP}’IA;I with ¢/(sy) = @ and ¢/(C}) = L. We can mimic this strategy also

MECo (M, {R1})

MECo(M,{R>})

3Maximal expected total rewards can always be attained by a pure and memoryless strategy [BT91].
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Ry: —1

B Ry —1/6 1
s Ri:3 o1 /\ 1 n
0 7’
a 1 (seory 722

Ro: —1

(b) MDP M’ assuming w = (0, 1)

Figure 4.4: The MDP M’ for two different weight vectors as constructed in Algorithm 4.2
(cf. Example 4.4)

in M by considering o € ZQ’IM with o(sg) = @, o(s1) = A, and o(s)) = . Observe
that setting o(s;) =  would induce a non-finite value for the objective tot(RRj).
It is therefore crucial that o enforces to reach the 0-EC {(s/, //)} contained in C}
almost surely.

Figure 4.4b shows the resulting MDP for the weight vector w = (0, 1) instead.
Observe that component C? does not contain any 0-EC for all reward assignments
and thus does not have an outgoing L -action. In fact, we should not consider
any strategy o € ZQ/IM that stays inside C2—i.e., 6(sy) = /—since such a strategy
induces a non-finite value for tot(R;).

Theorem 4.5 The value v and point (p1, ..., p;) returned by Algorithm 4.2 yield
a solution to WSO.

Proof. Let = = {o € =M Exi\,’f(CD) € R’} be as in Problem 3.4 on page 81. Using
p = {p1,-.-,pe), we have to show that

1. pe AchM(®) NRY,
2. sup {w -Ex_ (D) | o€ E} <o, and

3. 0Sw-pHeyso VW - w.
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Item 1 | The probability measures Pr® and Pr¥ coincide. Since
Vjie{l.t}: p; < EXD(tot(Rj)) = Exy(tot(ﬂj)),

we have p < ExM(®), i.e,, p € Ach(®). p € R follows from the construction of &
since the strategy enforces to eventually reach and stay inside a 0-EC for Ry, ..., R,.

Item 2 | From Lemma 4.4 we get
sup {w : Exy((b) | o€ E} = sup {Exy(tot(R)) ’ o€ E}
Moreover, we can show that
sup {Exy(tot(ﬂ)) | oc€E} = sup {Exgl(tot(ﬂ)) | o € ZM'}.

To see this, observe that strategy o’ for M’ can be converted to a strategy o for M
yielding the same expected total reward by using the construction as in Lines 9 to 17
of Algorithm 4.2. For the other direction, observe that once a 0-EC (for R) is reached
in M and a strategy o is fixed, the decision whether (and via which) transition the
EC is exited is purely probabilistic and can thus always be simulated by a potentially
randomized choice of a strategy ¢’ for M’. A more formal argument can be found
in [Alf97, Chapter 7]. The claim for Item 2 follows as

sup {Exﬁ'{/(tot(‘R)) | o € ZM,} = Exf\n'gx(tot(ﬂ)) <wo.

Item 3 | Since 2 - € = gygg - YW - W, it only remains to show thato <w - p+2-¢
which follows from

v < EX{,\/{/(tOt(R))+£ = Exy(tot(R))+£ =w -EXQ/I(CI))+£
¢ ¢
= (D w) Bl tot(Ry)) +e = (Y w() BxP(10t(R))) + ¢
— —
J{ ' ¢
< (Zw(]) -(pj+£j))+€ = w-p+£+Zw(jj 3
Jj=1 j=1
¢
=W'P+€+jz=;[w(j)>0]-|j—i|=w-p+e+s=w~p+2-s. n

The correctness of our algorithms yields a simple way to prove the following.
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Lemma 4.6 If Algorithm 4.1 returns ‘vALID’, then down(Ach(®) NRY) is closed
for total reward objectives ® and is the downward convex hull of at most IZQIMI =

[Ises |A(s)| points.

Proof. 1f eysg = 0, the point returned by Algorithm 4.2 is of the form

(1o, pe) = (Ex) (tot(Ry)), ..., Ex (tot(Ry)))

for some o € ZQ/IM. The number of considered strategies can be bounded by |Z£/IM| =
[Tses IA(s)] < |Act|”S! < co. Thus, when Algorithm 4.2 is invoked multiple times
with different weight vectors w, only finitely many different points can be returned.
Now suppose that we run Algorithm 3.1 on page 86 with the corresponding MOP
query using precision n = 0. Following our argumentation from Section 3.4.3,
the set of points P in Algorithm 3.1 will at some point stabilize which eventually
yields termination of the algorithm. The correctness of the algorithm then implies

Ach(®) NR! = downg (P) which is a polyhedron and therefore closed. [ ]

4.1.5 Attracting Goal States

With the simplifications discussed before, it only remains to analyze single-objective
expected total rewards on MDPs (and DTMCs). Furthermore, our constructions—in
particular collapsing 0-ECs—ensure that we can always consider an attracting set of
goal states.

Definition 4.2 (Attracting States) A set of states G C S is attracting for MDP M
and reward assignment R if for every state s € S

« doesM: Pr, (0G) = 1and
« VoexM. Pr, (0G) < 1 implies Ex, ((tot(R, G)) = —co.

An attracting set of states G for an MDP M can be reached almost surely from any
state s under some strategy o. Clearly, Ex, ((tot(R, G)) € R must hold for that strategy
since the probability of never reaching G (and thus potentially collecting infinite
reward) is zero. Furthermore, any other strategy that does not reach G almost surely
yields a value of —co. It follows that Ex ., (t0t(R,G)) € R and that the maximum is
only attained by a strategy that reaches G almost surely.

The total reward analysis queries considered in Algorithm 4.2 can also be seen
as total reachability reward queries for an attracting set of goal states: for M’ and
R constructed in Lines 5 and 7, the set {s, } is attracting and the objectives fot(R)
and tot(R, {s.}) coincide as no further reward can be collected once s, is reached.
Furthermore, for the induced DTMC D = M[ o] from Line 18, the set S, of states
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that lie on a BSCC of D is attracting® and—by construction of strategy o—consist
only of 0-ECs of M for reward assignments Ry, ..., R,. Hence, tot(R;) and tot(R;,Sy)
coincide for D.

4.2 The Expected Total Reachability Reward Problem

Our aim for the rest of this chapter is to provide sound and arbitrarily tight bounds
for maximal expected total reachability rewards—assuming an attracting set of goal
states. As shown in, e.g., [BT91], the maximal expected reward can always be attained
by a pure and memoryless strategy. In Line 8 of Algorithm 4.2, we are also interested
in obtaining such an optimal (or at least close to optimal) strategy. We address how
such a strategy can be obtained in Section 4.5.4. For now, we focus on the computation
(or approximation) of the expected reward values, i.e., we want to solve the following
problem.

Problem 4.1: Expected Total Reachability Reward Problem

Input M = (S, Act, A, P), initial state s; € S, reward assignment R,
attracting set of goal states G, precision ¢ € Rx
Output (,u) e RXR with u—¢ < I < Ex,,,(t0t(R,G)) < u

max

Problem 4.1 can be solved in polynomial time—even in the exact case where ¢ = 0—by
solving an LP that we outline in Section 4.6.3. In fact, the problem is P-complete.

Theorem 4.7 The decision problem variant of Problem 4.1—asking whether a
given pair ([, u) is a solution to the instance M, s;, R, G, e—is P-complete, even if
restricted to instances with ¢ > 0.

Proof. We refer to [PT87] for a brief introduction to the necessary concepts from
complexity theory used in this proof.

The above-mentioned LP formulation yields containment in P. For P-hardness, we
follow the proof of [PT87, Theorem 1] that shows P-hardness for discounted reward
objectives using a log-space reduction from the circuit value problem (CVP).
Aninstance for CVP isa sequence T = ty,...# of k > O triples t; := (op;, left;, right;)
for i € {1..k}, where

« op; € {true, false, A, V}, and

“This is true for every DTMC, cf. [BK08, Theorem 10.28].
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{0} if op; € {true, false}

o left;, right; € )
{1.i—1} ifop; € {A, V}

The value v(¢;) € {true, false} of atriple t; = (op;, left;, right;) is inductively defined
by

. if op; true, fal
o({op;, left;, right,)) = obi 1 op; € {true, false}
0(teft;) Op; v(tright,)  if op; € {A, V}.

CVP asks whether we have v(ty) = true.

For a given CVP instance T = ty,. ..t we construct the instance My, s;, Rr, G, ¢,
(I, u, for the decision problem variant of the expected total reachability reward
problem, where

o« Mr = {{t1,.... 1}, {0, p}, Ar,P7) is the MDP such that for i € {1..k} we have

{a, B} ift; = (V,left;, right;)

{a} otherwise,

Ar(t) = {

and the non-zero transition probabilities are given as follows:
- if t; = (V, left;, right;) then Pr (i, @, tiefr;) = Pr(ti, B, tright,) = 1,
— if t; = (A, left;, right;) then Pr(t;, @, tiefr;) = Pr (i, @, tright,) = /2, and
- if t; = (op;, 0, 0) with op; € {true, false} then Pr(t;, a,t;) =1,

« 7 := It is the initial state,

+ Rr is the reward assignment such that for all i € {1..k}, t; # (false, 0,0) and all
y € A(ty):
Rr(ti, v, (false, 0,0)] = -1

and all other rewards are zero,

G = {(true, 0,0), (false, 0,0)} is the set of goal states,
« £ := (1/2)F is the precision parameter, and
o (Lu) := (—¢,0) is the given solution candidate.

The above instance—including a binary encoding of the value & = (1/2)f—can be
computed with O(log(k)) space complexity.

Intuitively, the (maximal) expected reward at a state t; = (A, left;, right;) of Mr is
zero iff the expected reward at both successor states tef, and Lright, 1s zero. On the
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other hand, the expected reward at state t; = (V, left;, right;) is zero iff the expected
reward at tief, OT at fight, is zero. Using the same reasoning as in the proof of [PT87,
Theorem 1] we can show for all i € {1..k} that
o(t;) = true iff Expl, (tot(Rr,G)) = 0.

Moreover, if the maximal expected reward at t; is not zero, then for every strategy
o€ ZQ/IM there must be a path 7 € Paths?frf(ti) of length || < i from t; to last(%) =
(false, 0,0) that—under strategy c—has probability at least (1/2)'~! and on which at
least reward —1 is incurred. Thus, or all i € {1..k} we have

Exyl . (tot(Rr,G)) # 0 implies Expyl , (tot(Rr,G)) < —(1/2)"" ",

By combining the two observations above and by noting that —(1/2)F~1 < —(1/2)k =
—¢ =1 we get

o(ty) = true iff [ < EXf\n/IaTx,z,»

(tot(R7,G)) < u

which justifies the correctness of the construction and thus concludes the proof. m

We emphasize that the hardness proof above also applies to the approximative
variant of Problem 4.1, where we require ¢ > 0 instead of ¢ > 0. From a complexity
theory perspective, computing (sound) approximations of expected total reachability
rewards is thus as hard as computing exact expected values.

From a more practical perspective, however, it can often be observed that approaches
for exact computations do not scale to large MDPs. In what follows, we consider
instances for Problem 4.1 with ¢ > 0, i.e., we allow a certain approximation error. Such
a setting enables approaches like sound value iteration (Sections 4.4 and 4.5) that can
often deal with practical MDP models considering hundreds of millions of states.

4.3 Value Iteration
In this section we describe the classical value iteration algorithm for computing ex-

pected total reachability rewards (e.g., [Put94; BK08]). In particular we outline issues
regarding the accuracy of obtained solutions.

Set-up | We fix an instance M, s;, R, G, ¢ for the expected total reachability reward
problem with € > 0.

Notations | We assume an arbitrary but fixed order s; < ... < s, on the states
S = {s1,...,sn} of M which allows us to consider vectors x = (xs,,...,Xs,) € RIS to
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uniquely associate some value x(s) = x; € R to each state s € S. The notation (x)ses
is used for the |S|-dimensional vector that assigns value x; € R to state s.

4.3.1 The Bellman Operator

Definition 4.3 (Bellman Operator [Bel57]) For a reward assignment R and a
set of states G, the Bellman operator Vy, . RISl — RIS! is given for all x € RIS by

Veox) = <[s ¢ G]-max { YeesP(s,as) - (x(s") +R[s, a,5]) i ae A(s)}>

ses’

For k € N we further introduce the operator (V,/"f ¢ Which results from applying the
Bellman operator k times, i.e., ‘V;% (%) = x and (V,]‘fg (x) = V,p G((Véc(x)). The
following well-known result (e.g., [BT91, Proposition 2]) relates the Bellman operator

to expected total reachability rewards.

Theorem 4.8 If G is attracting, the fixpoint x* of the Bellman operator Vy, . is
unique and satisfies

x' = Vepolx®) = (Exmax’s(tot(‘R,G)»ses.
Furthermore, we have

Vx e RISl kli_r)r:o(V(,"f’G(x) = x".

Due to Theorem 4.8, we can compute expected total reachability rewards by com-
puting the (unique) fixpoint of the Bellman operator Vy;, . Furthermore, applying the

Bellman operator repeatedly on some arbitrary starting vector x € R!S| converges to
its fixpoint x*.

4.3.2 The Value Iteration Algorithm

Theorem 4.8 gives rise to the value iteration [Bel57] algorithm outlined in Algorithm 4.3.
Starting with vector x(©) = 0 € RISl the algorithm computes x¥) = q/;(f,G(O) for
increasing k (Line 3). When for all s € S the absolute difference between x*)(s)
and x*~1(s) falls below the provided precision threshold &, the algorithm stops and
returns the current value for the initial state s; (Line 4).

Value iteration is commonly implemented by probabilistic model checkers® and
can be considered the de-facto standard for computing expected total rewards and
related objectives such as reachability probabilities. A major asset of the algorithm is

Ssee [8] for an overview of probabilistic model checking tools and implemented algorithms.
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Input: MDP M, initial state s;, reward assignment R, attracting set of goal
states G C S, precision ¢ > 0
Output: Approximation of Ex,,  (tot(R, G))

1 x o0

2 fork=1,23,... do
3 x() (VR’G(x(k_l)) /e, x®) = (Vé(;(o)

4 if max,cs [x9(s) — x*~D(s)| < ¢ then return xF(s;)

Algorithm 4.3: The value iteration algorithm

£=10"°
0.5 -
| |
0 50,000 100,000
k
(a) MDP M (b) value iteration progress

Figure 4.5: MDP and illustration of value iteration (cf. Example 4.5)

scalability on practical models as value iteration can deal with large models considering
millions or even billions of states.

However, there are no sound guarantees on the accuracy of the obtained result as
pointed out in, e.g., [WKHB08; HM18]. The rational behind the termination criterion in
Line 4 is that—as soon as the values between two successive iterations do not change
much—the current value x(¥) is likely to be close to the fixpoint x* of Vg - While
this might often the case in practice, there are no formal precision guarantees and
the results obtained by value iteration can be significantly different from the actual
expected rewards.

Example 4.5 Consider the MDP M from Figure 4.5a with reward assignment R
and attracting set G = {s3, s4}. Observe that the expected value of the objective
tot(R, G) coincides with the probability to eventually reach s4.

If a strategy always selects action « at sy, we will cycle through the strongly con-
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nected component consisting of states s, s1, and s, until we either move from s; to
s3 or from s, to s4. The former case happens with probability 1/1+3 = 1/4 and no re-
ward is accumulated. The latter case occurs with probability 3/1+3 = 3/4 and we col-
lect a reward of 1 before moving to s4. We thus obtain an expected total reachability
reward of 3/4. Selecting [ at sy has a higher probability of reaching s3—and thus not
s4—yielding a smaller expected value. Therefore, Exly,, . (t0t(R,G)) = 3/a = 0.75.
We illustrate the progress of value iteration on this example in Figure 4.5b where
we plot the number of iterations k against the computed value at the initial
state s (pink line). In this case, value iteration converges very slowly—requiring
thousands of iterations to get close to the actual solution 0.75. As a consequence,
the improvement per iteration becomes very small. Assuming that we set e = 107°,
the algorithm prematurely terminates in iteration k = 61 532 (blue vertical line)
and returns the value x(¥)(s)) ~ 0.7248.

Remark 4.2 (Relative termination criterion) Model checking tools often im-
plement an alternative termination criterion for value iteration where the relative
difference between two successive iterations is considered instead of the absolute
difference, i.e., the algorithm terminates as soon as

x ) (s) — xk=1(5)
max < €
s€eS x(k)(s)

holds. While this relative criterion does improve the accuracy in cases where the
values are close to zero, it still does not provide any formal guarantees.

As demonstrated in Example 4.5, the value iteration algorithm does not provide a
reliable solution to Problem 4.1. In the following we present sound value iteration—an
algorithm for computing sound approximations for expected total reachability rewards
as in Problem 4.1. For the sake of simplicity we first restrict to the case where the
given MDP is deterministic, i.e., a DTMC.

4.4 Sound Value Iteration for DTMCs

Set-up | In the following, let D = (S,P) be a DTMC with initial state s; € S, reward
assignment R, and attracting goal state set G C S. Furthermore, we assume a precision
parameter ¢ > 0. To solve the corresponding instance of Problem 4.1, we have to find
l,u € R with

u—e <1 < ExD(tt(R,G)) < u.
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Notations | Let S, := S\ G. For k € N we define the objective tot=F(R,G) and
the set of paths 0=kS, as follows. For 7 = s — §; — --- € Pathsflf let ng =

min {i € N | 5; € G}, i.e, the state s, is the first goal state visited by . If 7 does not

G

- =o0o. We set

visit a goal state, we assume n

Ve Pathsi[r)lf: tot=K(R,G) (7)) = Rpref (r, min(ng, k))] and

o=ks, {r e Pathsflf | n¢ > k}.

In other words, Ex (tot=F(R, G)) is the expected total reachability reward for R and
G accumulated only within the first k steps. Moreover, Pr(00=¥S,) is the probability
that we do not visit a state from G within the first k steps (and thus only see S;-states
within the first k steps).

4.4.1 Obtaining Sound Approximations

The central idea of our approach is to split the expected total reachability reward into
the sum of

(i) the expected reward accumulated within k steps and
(i) the expected reward accumulated only after k steps.

We obtain Item (i) via k iterations of (standard) value iteration. A second instance of
value iteration computes the probability that the goal state set G has not been reached
within k iterations. We show that from this information safe lower- and upper bounds
for Item (ii) can be derived. The following theorem captures the key insight of sound
value iteration.

Theorem 4.9 For k € NwithVs € S,: Prs(DSkS«;) < 1 we have

Ex, (tot=F(R, G))
E t tSk G P SkS . i S\ S e R
x,, (tot=" (R, G)) + Pr (O="S,) rsré1sr3 1 - Pr,(O=S;)

< Ex, (t0t(R, G))

Ex, (tot=F(R, G))
< E t tSk G P SkS . —ONEE N\ Y
< Exg, (10t™(R, G)) + Pr,, (OFS:) - max =0 o s,

Proof. The theorem is a direct consequence of Lemmas 4.10 and 4.11 that we show
below. -
Theorem 4.9 allows to approximate Ex, (tot(R, G)) by computing Exs(totSk(R, G))

and Pr,(0=kS,) for all s € S, and increasing k € N. This can be realized with a
procedure based on value iteration that we outline in Section 4.4.2. The obtained
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bounds on Ex (tot(R, G)) can be tightened arbitrarily since Pr,(0%KS,) approaches
0 for increasing k. We prove Theorem 4.9 using the following two lemmas which
essentially show that the second summand of the lower (upper) bound in Theorem 4.9
is a lower (upper) bound for the expected reward accumulated only after k steps (cf.
Item (ii) above).

Lemma 4.10 For k € Nand a,b € Rwith Vs € S;: a < Ex (t0t(R,G)) < b we
have:
Ex, (tot=* (R, G)) + Pr, (O=*S;) - a
< Ex,, (t0t(R,G))
< Exg (tot=F (R, G)) + Pr, (T=FS,) - b.

Proof. We consider the objective tot™* (R, G) which reflects the total reachability
reward accumulated after the first k steps. Formally, we set for all 7 = sp — s; —

D .
-+« € Paths ¢

1" (R, G) () = 0 ifdie ‘{0..k}: s;i€G
tot(R,G)(sy — Sg41— ...) otherwise.

It holds that tot(R, G)(rr) = tot=K(R, G) + tot>F (R, G). As a consequence, we get
Ex, (tot(R,G)) = Ex, (tot=F(R,G)) +Ex, (tot”* (R, G)). (4.1)

Next, we consider the set of finite paths of length k visiting only states in S, formally
given by
fin

I == {so— ... s € Paths) | Vi€ {0.k}: s; € S}

we have 0=kS, = Usen, {7 € Pathsﬁf | pref (z, k) = 7}. Using that I, is finite (i.e.,
countable) and that for 7 € Pathsi’?lf \ O=kS, we have tot”*(R, G) () = 0, it holds
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that
Ex, (tot”*(R,G)) = / tot”* (R, G) () dPry, ()
ren=<kS,

= Z /ﬂepmhsﬁf tot” (R, G) () dPr,, ()
A€k pref (k)=

= > Pry(a)- tot(R, G) (r) dPr, , 1 ()
Aell; Il'EPa[hS{if
= Z Pr,, (#) - Expyyy ) (10H(R, G)). (4.2)
el
Here,
k-1

Pry (7) = [so=s11- | | P(sisi01)

denotes the probability for the finite path 7 = sg— ... — s¢ € IIx which we could
pull out of the integral above as it is a common factor for all paths 7 with prefix 7.
With a,b € R as in the lemma we get from Equation (4.2) that

Ex,, (tot”™*(R,G)) = Z Pr, (#)-a = Pr, (0%%S) - aand
ﬁ'EHk
Ex,, (tot”™ (R, G)) < Z Pr, (#)-b = Pr, (O%Sy) - b.
ﬁ'EHk
Together with Equation (4.1) the lemma follows immediately. [ ]

Lemma 4.10 provides lower- and upper bounds on the expected total reachability
reward at a given state s; which are tightened arbitrarily when increasing k. Still, it is
required to have some a priori bounds a, b € R on the occurring expected values. Such
bounds might be derived from context, e.g., a = 0 and b = 1 for probability objectives.
Moreover, [BKLP*17] provides efficient methods to compute some valid (but often not
very tight) a priori bounds.

When applying sound value iteration, however, it is not required to compute such
bounds as we can use the results of our computations to obtain (and refine) the bounds
a and b from Lemma 4.10 on-the-fly. For this, we may use the following lemma.

Lemma 4.11 Fork e NwithVs € S;: PrS(DSkS?) < 1we have forall § € S,

Ex, (tot=F(R,G Ex, (tot=F(R,G
min M < EX§(tOt(R, G)) < max M
se$; 1 —Pry(O%kS,) se$; 1 —Pr(0=kS,)
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Proof. We only show the upper bound on Ex (tot(R,G)). The reasoning for the
lower bound is similar. Let smax € arg max g, Ex (t0t(R, G)). Applying Lemma 4.10
using s; = smax and b = Exg (tot(R, G)) yields

(tot(R,G)) < (tot=F(R,G)) + Pr, (O%FS,) -Ex, (tot(R,G)).

Sm X Smax Smax Smax

We solve the inequality for Ex; (tot(R,G)) (assuming Pr,(0%KS;) < 1 for all
S € 57):

tot<K(R, G <k
Ex,,,, (10t(R.G)) < Sm( ROV gy Bl (R G)
Smax 1- (D<k57) s€S, 1 — PrS(DSkS?)

Sma

The lemma follows by noting Ex(tot(R,G)) < Ex, _ (tot(R,G)). [ ]

Smax

4.4.2 Extending Value Iteration

Our approach is to compute Ex; (tot= k(R,G)) and Pr (D<k57) for all states s € S and
increasing k € N. Using Theorem 4.9, this produces sound and arbitrarily tight bounds
for Ex, (tot(R, G)). Our algorithm makes use of two separate instances VecandV,

of the Bellman operator (Definition 4.3), where V, ; assumes that all assigned rewards

are 0, i.e., for x € RIS we have
Vo(®) = ([ #Cl" oesP(s5) - 2(5"))
SEeS

Lemma 4.12 For k € N and we have

(Ex(tot=F(R,G))), ¢ = Vrs(0) and
<Prs(DSkS7)>seS - (VOITG(<[S € 5?]>ses)'

Proof (sketch). Using the terminology of [FKNP11], Ex,(tot=F(R,G)) is a step-
bounded cumulative reward property and Pr,(0=¥S,) is a special instance of an
instantaneous reward property. In both cases, [FKNP11, Section 5] provides equa-
tions that coincide with the lemma. [ ]

Corollary 4.13 For k > 0 and s € S» we have

Ex, (tot=F (R, G)) ZP(S s') - (Exy (tor=*"1(R,G)) + R[s,s’]) and

s’eS

D UP(s,s') - Pry (05K 718y

s’eS

Pr,(0%ks,)
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Input: DTMC D, initial state s;, reward assignment R, attracting set of goal
states G C S, precision ¢ > 0
Output: ([, u) with | < Exg (tot(R,G)) < u
XD 0y (fse s
2 a4« —00; b« +00 //ora,b withVs € Sy: a < Ex (tot(R,G)) <b
3 fork=1,23,... do
4 x() — Ve (x(k VY //ie, x%) = (Ex (tot=F(R, G)))ses
s |y <V, (y<k D) /e, y®) = (Pry(O0=FSy))ses
6 ify® <1 ‘then

xF)(s)
7 a <— max (a l’l’lll’lsgs7 ly(—k)(s))
105
X S
8 b < min (b MaXses, T y(k()()s))

9 1 x®(sp) +a-y®(s)
10 u— xBO(sp) +b-y®(sp)
1 if u — | < ¢ then return ([, u)

Algorithm 4.4: The sound value iteration algorithm for DTMCs

We compute <Ex (tot=K(R, G)> for k € N by performing k iterations of value

iteration as in Algorithm 4.3. <Pr (D<k57)> is computed similarly—except that we
consider different starting values and the operator V, ; instead of Vi, .. Algorithm 4.4

combines the two value iteration instances using vectors x'*) and y*) in iteration
k € N. In addition, we maintain values a and b that—with Lemma 4.11—satisfy the
invariant

Vs e S a<Ex,(tot(R,G)) <b.

In Line 2 it is also possible to initialize a and b with any values that satisfy this invariant
which—in practice—may improve the runtime of our algorithm. As mentioned before,
such bounds on the occurring expected values can sometimes be inferred from context
or by applying ideas of [BKLP*17]. In Lines 9 and 10 we apply Lemma 4.10 to obtain
sound lower and upper bounds [ and u for the expected total reachability reward at
the initial state. Finally, Line 11 checks if those bounds are sufficiently tight and thus
providing a solution to the DTMC variant of Problem 4.1. Since Pr,(0=*S,) approaches
0 for increasing k, the procedure terminates for any ¢ > 0.

Theorem 4.14 Algorithm 4.4 terminates for any given input with a solution (I, u)
for Problem 4.1.
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Figure 4.6: Example DTMC (cf. Example 4.6)

Example 4.6 We apply Algorithm 4.4 to the DTMC D in Figure 4.6 which is the
induced submodel for the MDP from Figure 4.5a and the strategy that always
selects « at so. As in Example 4.5 we consider the depicted reward assignment
R and attracting set G = {s3, s4}. After k = 3 iterations we get (assuming order
So < 81 < S and omitting entries for s3,s4 € G):

x® = (0.00003, 0.003, 0.3) and y® = (0.99996, 0.996, 0.6)

Moreover, it is a = b = 0.75 since

(3) 3
Vses: ) 3 _ s
1-yG)(s) 4

The algorithm terminates for any ¢ > 0 since [ = u = 0.00003 + 0.99996 - 0.75 =
0.75 which indeed coincides with the value Exg (tot(R, G)) that we computed in
Example 4.5.

In contrast to sound value iteration, classical value iteration converges very
slowly in this example (cf. Figure 4.5b). Thus, even if some oracle could give us
the minimum number of required iterations to obtain an e-approximation with
value iteration, sound value iteration would still converge faster (assuming ¢ is
significantly smaller than Exg (tot(R,G)) = 0.75).

We remark that the values [ = x®)(s;) + a-y®(s;)) and u = xF(sp) + b - yF(sp)
returned by Algorithm 4.4 correspond to the initial state value obtained when applying
the Bellman operator k times with starting vector (a - [s € S7])ses and (b - [s € S¢])ses,
respectively. More generally, after running Algorithm 4.4 for k iterations, we can easily
obtain (V;(f,G((c -[s € S7])ses) for arbitrary ¢ € R without restarting the iterations from
scratch. This is an advantage of sound value iteration over the related interval iteration
which has to find suitable starting vectors a priori (cf. Section 4.6).
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Lemma 4.15 After k iterations of Algorithm 4.4 we have
VeeR: x® +¢. y(k) = (VR]f’G((c - [s € S2])ses)-
Proof. The proof is by induction over k. For k = 0 we get
x@tcy® = (c-[s € Sl)ses = Vag(e [s € Sol)ses)-
Now assume k > 0. For s € G we have
x®(s)+c-y®(s) = 0 = Vg[8 € Silses)(s)
and for s € S, we get

xB(s) +c-yF(s)
= Vi g (" TN(E) +¢ -V, 6 (y" ()
= Z P(s,s’) - (x(k_l)(s') +R[s,s']) +c- Z P(s,s") -y(k_l)(s’)

s’€S s'es
= Z P(s,s) - (x V() +c-y* VG +R[s,5'])
s’eS
= Y P(s5) - (VG (e [§ € SiDises)(s) +Rls,5'])
s’eS
= Vie (Vo (e [§ € SaDses))(s) = Vigg((c-[8 € Salses)(s)- =

4.4.3 Sound Gauss-Seidel Value Iteration

We lift the idea of Gauss-Seidel value iteration [Put94]—a well-known optimization of  Gauss-Seidel

the classical value iteration algorithm—to sound value iteration. value fteration
Recall that we assume some arbitrary but fixed order s; < ... < s, on the states

S = {s1,...,sp} of the DTMC D. We write s < s’ iff either s = s’ or s < s’. For

Gauss-Seidel value iteration we consider the operator U, . instead of Vi, ..

Definition 4.4 (Gauss-Seidel Operator) For a reward assignment R and a set of
states G of a DTMC, the Gauss-Seidel operator Uy, RIS — RIS! is given by Gauss-Seidel

operator
Up o(x) = <[s £Gl- Y P(s.as) - (Is' < 5]+ Up g(x(s")) +
s’eS

[s <s']-x(s") + R[s,a, s'])>

seS
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for all x € RISI

Whereas the Bellman operator from Definition 4.3 considers only the values from
the given input vector (i.e., the result from the previous iteration), the Gauss-Seidel
operator always considers the most recently computed value for each state. This is
well-defined when computing the state values in the order given by “<”. The benefit
of using the Gauss-Seidel operator is twofold. Firstly, Gauss-Seidel value iteration
intuitively converges faster since it always uses the most recent values. Secondly,
it is possible to implement Gauss-Seidel value iteration using a single value vector
x € RISI while an implementation of classical value iteration requires at least two
vectors x, x” € RIS! for storing the values of both the current and the previous iteration.

The Gauss-Seidel variant of sound value iteration arises from Algorithm 4.4 by
replacing the Bellman operators Vi, ; and V, ; by the Gauss-Seidel operators Uy, ; and
U, .- We now argue that this modified algorlthm still yields a solution to Problem 4.1,
i.e.’ sound e-approximations of the expected reachability reward Exg, (tot(R, G)).

For k € N we define the objective tot—k(R G) and the set of paths D<kSo which are
similar to tot=F (R, G) and O=KS, but we only count” steps from s to s’ iff s < s” holds.
Formally, forr =sy— s> --- € Pathsinf let n% := min {i € N | 5; € G}, i.e,, the state

s,G is the first goal state visited by 7 or n& = oo if no goal state is visited. Furthermore,
let
nf[,ﬁ ‘= min {n EN| Z;:Ol [si < siv1] = k},

ie., pref(m, nfr’ _) is the smallest prefix of 7 in which we have k steps from a state s; to

a state s;;; with s; < s;41. Since |S| < oo, we can follow that ”I;z,s < oo for all paths 7z
and k € N. We set

V1 € PathsP.: totsF(R,G)(n) = Rlpref(z, min(ng,nk .))] and

0sks,

{me Pathsflf | nS > nfz’s}.

The correctness of the Gauss-Seidel variant of sound value iteration follows by restating
our results from Sections 4.4.1 and 4.4.2 using

. tot=F(R, G) instead of tot<F(R, G),
. 0O5kS; instead of O=S,, and
« Uy ; instead of Vi

In particular, we obtain the following analogons to Theorem 4.9 and Lemma 4.12 whose
proofs can be adapted straightforwardly.
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Theorem 4.16 For k € NwithVs € S,: Prs(ka57) < 1 we have

Ex, (tot=F(R, G))
Ex, (tot=F (R, G)) + Pr, (05FSy) - min ———=———"
Xs;(0< ( )+ rsl(D< ?) l;l’élsr} 1—PrS(D§kS?)

< Exg, (t0t(R,G))

Ex, (tot=F (R, G))
< Ex, (tot=F(R, G)) + Pr, (0=KS;) - max ———=—~—"—"
S < spA—< S€Ss l—PI‘S(DEkS?)

Lemma 4.17 For k € N we have

(Ex,(tot=5(R,G))) ¢ = Uy ;(0) and
(Pry(03F8), s = UG(([s € S1),)-

4.4.4 Sound Topological Value Iteration

Recall the decomposition of DTMC D into maximal strongly connected components
SCC(D) from Section 2.2.6. For C,C’ € SCC(D) we write C < C iff there is a path
from some s € states(C) to some s’ € states(C’). We can show that — yields a
partial order. In particular, C < C’ and C’ — C implies C = C because otherwise,
C U C’" would be a (larger) SCC, violating the assumption that C and C’ are maximal.
Furthermore, the expected total reward at some s € states(C) only depends on the
SCC C itself and the SCCs C” with C < C’. Other SCCs C”" with C </ C” are not
reachable from s.

These observations give rise to topological value iteration [CBGK08; DMWG11]—an
improvement of the classical value iteration algorithm that we now lift to sound value
iteration. Instead of analyzing the complete model at once, the idea is to analyze the
maximal SCCs one-after-the-other. Let <> be some linearization of <, i.e.,

« C — (' implies C <> C’ and
« <5 - <5 Cp for SCO(D) = {Cy, . ..., Cp).

We compute the expected rewards within each SCC in reverse order from C,, to C;.

Definition 4.5 (SCC Model) For SCC C of DTMC D, the SCC model is the DTMC
D[C]* = (states(C) ¥ {s, }, P[C]"), where for s, s’ € states(C)

. P[[C]]l(s, s’) = P(s,s'),
« P[C]"(s,50) = Z P(s,$), and

$eS\states(C)

topological value
iteration

SCC model
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« P[C]*(s0,5.) = 1.

The SCC Rewards of reward assignment R for D and a vector x € RIS is the reward
assignment (R, x)[C]|* for D[C]*, where for s,s" € states(C)

- Rx)[C] [s.5'] = R[5, '],

P(s,$)

C ROICT [5.5.] = (o
$eS\states(C) P[[C]] (S,Si)

(R[s. 8] +x(3)) |,
ifs; € post(s), and

« (R, x)[C]* [sL.5.] =0.

SCC models are similar to submodels (cf. Definition 2.20 on page 41) except that
the considered component C must not necessarily be closed. Transitions leading to
states § € S\ states(C) are redirected to a dedicated sink state s, . SCC rewards are
a straightforward restriction of a reward assignment R to an SCC model D[C]".
However, when exiting the SCC C by moving from s € states(C) to § ¢ states(C),
we consider the reward R[s, §] plus a one-off reward given by x($) for some vector
x. Only the values x(§) for states § reachable from C—i.e., § € states(C’) for some
C’ € SCC(D) with C < (C’—are relevant.

The following theorem relates total rewards in D to total rewards in D[C]* by
slightly generalizing results from [DMWG11] towards sound approximations. We say
that two values a, b € R are ¢-close for some ¢ € Ry iff |[a — b| < e.

Theorem 4.18 For C € SCC(D) and some ¢ € Rs, consider a vector x € RIS
such that x(§) and Exsp (tot(R, G)) are e-close for all states § € S \ states(C) that

are reachable from C. Then, Ex? (tot(R, G)) and EX?I[C]]l(tot((R, x)[C]. G))
are ¢-close for all s € states(C).

Proof. Let x*, x3ff ¢ RIS! be given by
x* = <Ex?(tot(7€, G))>S€S and x4 = x —x*.

Observe that x = x* + x4, Using a similar calculation as in the proof of Lemma 4.4
we get for s € states(C):

EXPIT (ot (R, x)[C] S, 6)) = ExPIN (r0t((R, x*)[C] , G)) +
ExPIN (or((x 4y [T, 6)). (4.3)
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Here, (x%f)[C]" is the reward assignment for the SCC model D[C]|* that only
assigns the rewards given by x%ff when moving to s, and all other rewards are
assumed to be 0.

With Theorem 4.8 we get that x™ is the fixpoint of the Bellman operator Vy, , with

respect to the DTMC D. Let x€ be the fixpoint of the Bellman operator V (RO[C]-G
with respect to the SCC model D[C]|*. We get

xC(s) :(V(R,x)[[CJ]L,G(xC)(s)
=[s¢Gl- > PICI(s5) - (¢ + (R xD[C] [, 5'])

s’ estates(C)W{s, }

=[s¢G]- ( Z (P(s, s’y (xc(s') +R[s, s'])) +

s’ estates(C)

1 P(s,$) . o
PICT (552 - ————— (R[s,5] +x"(3) )
s*eS\;es(c) (P[[C]] (s,51) ])

=[5¢G1- ). (Ps5) - (3() +RIs51) ) = Vg (R)6)

s’eS

with % € R!S! given for s € S by

(s) = xC(s) ifs € states(C)
s x*(s) ifs ¢ states(C).

Thus, % is a fixpoint of the Bellman operator V,, . for DTMC D. Since the fixpoint
is unique, we get x = x*. Therefore,

ExPIN (10t ((R, x*)[C] G)) = x(s) = x*(s) = ExL(t0t(R,G)).

It remains to show that the absolute value of the second summand in Equation (4.3)
is at most e. Since any path of D[[C]* can only take a transition from s € states(C)
to s, at most once, a non-zero reward for (xdiff)[[C]]l can also only be collected at
most once per path. Since |x¥f(§)| < ¢ for all §, we get for s € states(C):

IExPLT (ot (Y [C] . 6))] < e. .

Algorithm 4.5 makes use of Theorem 4.18 to provide a solution to Problem 4.1. In
Line 1 it decomposes the input DTMC into its maximal SCCs and computes some
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linearization <> of the order < discussed above®. Line 2 computes the size m of
the largest chain of the order <, i.e., the maximal number of different SCCs that a
path of D can visit. This number is used to account for approximation errors that
can accumulate as discussed below. Lines 4 to 6 process the SCCs in reverse order,
starting with C,, (which necessarily is a BSCC). For each processed SCC Cj, a sound

approximation of the values Ex?ﬂc"]]l(tot((ﬂ, x)[Ci]+, G)) for s € states(C;) is ob-
tained and the corresponding entries of x are updated. In this step, we can make
use of Algorithm 4.4—or any other approach that provides sound approximations (cf.
Section 4.6). After all SCCs are processed, the algorithm returns an interval of width ¢
around the value x(s;) as a solution to (the DTMC variant of) Problem 4.1.

In Line 6, it is necessary to divide the considered precisions by m because the

obtained values x(s) are only approximations of Ex?llci]]l(tot(CR, [C]H G)). To
elaborate on this argument, suppose that for all states § reachable from the currently
processed SCC C; we have that x(§) and Eng(tot(R, G)) are ¢’-close for some ¢ €
Rso. Then, for s € states(C;) we know by Theorem 4.18 that ExP(tot(R,G)) and

L
EX?[[C"]l (tot({R, x)[Ci]*, G)) are &’-close. However, the value v; computed in Line 6

is only 3*--close to Ex?[[c”]]L (tot({R, x)[C;]*, G)). Therefore, we can only infer that

vs is (35, + €’)-close to ExP(tot(R,G)). Such an error accumulation can happen at
most m times, yielding a worst-case error of m - 3% = 7, i.e,, the value x(sy) is at
least £-close to Exg (tot(R,G)). A similar accumulation of approximation errors when
analyzing components of an MDP individually has been observed in [HH16].

The values vs from Line 6 are only relevant for the initial state s; and for states s
that have an incoming transition from another SCC C; <> C;, j < i. Hence, in the case
of Algorithm 4.4 we can stop its iterations once the values at those relevant states are

sufficiently precise.

4.5 Sound Value Iteration for MDPs

Set-up | In this section we consider an MDP M = (S, Act, A, P) with initial state s; € S,
reward assignment R, attracting goal state set G C S, and a precision parameter ¢ > 0.
Our goal is to provide an answer to the corresponding instance of Problem 4.1.

Notations | Asin Section 4.4, we consider the set of states S, := S \ G as well as the
objective tot=F(R, G) and the set of paths 0=FS, with k € N, whose definitions are
straightforwardly lifted to MDPs.

<5 can be obtained as a byproduct of Tarjan’s SCC decomposition algorithm [Tar72].
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Input: DTMC D, initial state s;, reward assignment R, attracting set of goal
states G C S, precision ¢ > 0
Output: ([, u) with | < Exg (tot(R,G)) < u
1 {Cy,...Cp} « SCC(D) with C; <> -+ <5 C,
2 m <« size of largest chain C;, — ... — C;,,

3x«0

4 fori=nn-1,...,1do

5 for s € states(C;) do // Analyze C; e.g., with Algorithm 4.4
L

6 L x(s) « vg with |Ex?[[c‘]] (tot({R, x)[Ci] . G)) — us| < 7

7 return (x(s;) — 5, x(s)) + %)

Algorithm 4.5: Sound topological value iteration

45.1 From DTMCs to MDPs

Our results from Section 4.4.1 also hold for the DTMC M| o] induced by MDP M and
pure memoryless strategy o € ZQ/IM. Hence, if an optimal strategy—i.e., a strategy o
inducing the maximal expected total reachability reward—would be known a priori, we
could build the induced DTMC and apply sound value iteration for DTMCs to obtain
sound lower and upper bounds for EXZI[[G]] (tot(R,G)) = Exﬁax’sl (tot(R, G)). Even if
the strategy o is not optimal, a lower bound for the expected reward for M| o] is also
a lower bound for the maximal expected reward for M since
VoesM: ExXXMN(1o(R,G)) < EXM, | (t0t(R,G)).

However, such a statement can not be made for upper bounds. Thus, the key challenge
in lifting sound value iteration to MDPs is finding strategy choices that yield a valid upper
bound. Instead of finding such a strategy a priori, our approach is to build a strategy
on-the-fly, during the iteration steps. This requires to lift our observations towards

strategies that repeat their choices every k steps.

Definition 4.6 For k > 0, a strategy o € M is called k-repeating iff
Vie Pathsgn: o() = o(pref(#,|7| mod k)).

The set of k-repeating strategies for MDP M is denoted by 22’1 .

A strategy is memoryless iff it is 1-repeating. Furthermore, any memoryless strategy
is also k-repeating for all k > 0. Hence, maximal expected total reachability rewards
can always be attained by some pure, k-repeating strategy.

k-repeating
strategy
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We lift Lemmas 4.10 and 4.11 to MDPs under a fixed k-repeating strategy.

Lemma 4.19 Fork > 0,0 € 224, and a,b € RwithVs € S;:
a < Ex, ((tot(R,G)) < b
we have:

(tot=F(R,G)) + Pr
m,(tot(R G))
<Ex, _ (tot=F(R,G)) + Pr

- O'SI

<k
Xo,st O'S[(D< S?)'a

(DSkS?) - b.

0,81

Proof. LetII C Pathsi]‘r/ff be an arbitrary set of paths with some common prefix
7 = pref (r, k) for all & € II. Furthermore, let

{last(ﬂ) 2K ey e Paths. | # 2K ey = e )

be the set of postfixes of paths from II starting from position k. Since ¢ € 22’1
repeats its decisions after k steps, i.e., after observing 7, we can show that

Pro,s1 (H) = Pra,sz(ﬁ) ’ Pra,last(iz) (H,)'

Using this observation, we can straightforwardly adapt the proof of Lemma 4.10 to
also show Lemma 4.19. [

Lemma 4.20 Fork > 0and o € Zz’[ with Vs € S PrU,S(DSkS?) < 1 we have for
all § € So:

Ex_ . (tots*(R,G Ex_ (t0t5K(R, G
min s ( ) < Ex_ (tot(R,G)) < ma s ( )
s€Sy 1 -— PrUS(D<kS ) ; seS? 1- U’S(DS"S?)

Proof. Using Lemma 4.19, the proof is analog to the proof of Lemma 4.11. [ ]

Any k-repeating strategy o € 224 can be used to provide a valid lower bound for
(tot(R, G)) since

Xmax,s;

Ex_  (tot=*(R, G))
<k . 0,s
(tot="(R,G)) + Prgsl(D ks, - grélsr} 1= Pr.(05S))

Xmax.s, (10t(R, G)).

GS[

(tot(R,G)) <

O'S]

However, using Lemma 4.19, we only get an upper bound for the expected value
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induced by o

Ex, (tot(R,G)) < Ex, (tot**(R,G)) +Pr, (0=FS;) - b,

0,S]

where some fixed b € R as in Lemma 4.19 is assumed. In the case where ¢ does induce
the maximal expected value, this upper bound is also valid for Ex,,  (tot(R, G)). Our
approach is to find a (k-repeating) strategy o that maximizes the resulting upper bound.
Here, it suffices to restrict to k-repeating strategies since the maximal expected value
is always attained by some memoryless strategy. The following theorem is the basis of
sound value iteration for MDPs.

Theorem 4.21 Fork e N, b e R,and o € 224 such that

e« VseS$: Ex (tot(R,G)) < b,

max,s

« 0 € argmax,, cym (Ex_,  (tot=F(R,G)) + Prg,,sl(DSkS?) -b), and

o’.s1

< Vs€S: Pr, (0%58) < 1

it holds that

<k
(DSkS?) - min Ex, ¢ (tot="(R,G))

Ex_ . (tot=K(R,G)) + Pr
a,sz( ( )) SES, 1—PrJ’S(DSkS?)

0,S|

< EXpay s, (10£(R, G))
< Ex,  (t0t=K(R,G)) +Pr

- 0,S]

(DSkS?) - b.

0,S]

Proof. The theorem is a direct consequence of Lemmas 4.19 and 4.20. [ ]

Our goal is to efficiently obtain bounds on Ex,,,, . (tot(R, G)) using Theorem 4.21
for increasing k € N. In the theorem we assume that some upper bound b € R on the
largest occurring expected reward is known. We can use Lemma 4.20 to obtain the
upper bound

Ex,  (tot=F(R, G))
b = max — > max Ex, . . (tot(R, G)), (4.4)
s€S, 1 — PI‘O_’S(DSks?) €Sy >

where o € 224 satisfies

Ex_, (tot=F(R,G))
o € argmax (Ex_, S[(totSk(R, G)) +Pr,, SI(DSkSrg) - max —= .
o' exM | ’ sesy 11— Pra,’s(DSkSrg)

There is always such a k-repeating strategy since only the first k steps are relevant for
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Figure 4.7: Example MDP (cf. Examples 4.7 and 4.8).

the considered objectives. However, the computation of such a strategy as well as the
induced values Exc’s(totgk(R, G)) and PrU’S(DSkS?) for s € $; and increasing k € N
can not trivially be implemented with a value iteration based procedure. Intuitively,
this is because in step k we can not necessarily build upon the results from iteration
k — 1 as the following example illustrates.

Example 4.7 Consider the MDP M given in Figure 4.7 with G = {s3,54}, $» =
{s0, 51, 52}, and R as indicated. In the following, we show that in order to apply
Theorem 4.21 with b as in Equation (4.4), action « at sy has to be considered for
k = 1. However, for k = 2 we have to consider the strategy that takes f in both
steps, i.e., we cannot use the results for k = 1 to compute the results for k = 2.

For k = 1, it suffices to distinguish between the two strategies o, and o3 which
always select @ and f at sg, respectively. Assuming order sy < s; < s, we obtain

(Exg, s(10°1(R,G))) s, = (0,1,1)
<Prcr S(@%18)) s, = (¥5.910,0)

(Bxy, s (10151 (R, G))) s, = (3,1,1)
(Pr J/;S(D<1S7 >s€57 = (%5,910,0).

Using Equation (4.4), let

Ex_ . (tot=%(R,G))
b, = - = 0,10,1) =
« T3S 1-Pr, (09S) max( )

and similarly by = max(5,10,1) = 10. Only o, satisfies the preconditions of
Theorem 4.21 since

Il
3

(tot=}(R,G)) + Pr
(tot=' (R, G)) + Pr

(O=18) -b, = 0+4/5-10
(O%1S5) by = 3+2/5-10 = 7.

0' >SI OasST

> Exo'ﬁ ST O'ﬁ,S]
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Hence, we consider action « at sg.

Now, let k = 2. We have to distinguish between the strategies o,, and o5 as above
as well as o5, which selects f§ only at the first visit of sy and « at any potential
later visit. Other strategies are not relevant for our MDP. We have

< - (tot*z(R G))>355? = <4/5, 19/10,1>
<Prg SO <25,) 185, 0,0>
(tot=3(R, G)) s, 21/5 19/10, 1>

) (
) (
(Pry, (08,5, = (¥2.0.0)
) (
) (

SESy

< Xop.s

(tot=*(R, G)) 3, 19/10, 1>
8/25, 0, 0>.

< O'/f »S SESy

<2
< Lo s (O07°52) SES,

The corresponding bounds are b, = max(29/7,1910,1) = 20/7 ~ 2.9, by =
max(5,1910,1) = 5, and bg, = max(75/17,1%10,1) = 75/17 = 4.4. Only oy sat-
isfies the preconditions in Theorem 4.21. That means a value iteration-based
procedure would have to consider action S at sq in both iterations. Since for k = 1
we considered «, this essentially means that for k = 2 we would have to restart
the iterations from scratch.

4.5.2 Constraining the Upper Bound

As illustrated in Example 4.7, considering a different upper bound b for every k € N
requires to reassess all performed strategy choices which hinders an efficient, value
iteration-like implementation. In the following, we first show that this problem is
avoided when considering the same fixed upper bound b throughout all iterations.
Then, we argue that the approach can be a bit more liberal by maintaining a range of
possible values for b under which the choices of earlier iterations remain valid.

Fixed Upper Bound | First, assume that some fixed value b € R as in Theorem 4.21
is given, i.e.,

VseS: (tot(R,G)) < b.

maX N

Similar to the DTMC case, such a value could for instance be obtained using domain
knowledge or methods from [BKLP*17]. To apply Theorem 4.21 for increasing k =
0,1,2,..., we need to consider a k-repeating strategy oy € Z],:’I that satisfies the
preconditions of the theorem. The strategies constructed in the following lemma are
pure i.e., we assume 0y : Pathsgn — Act.
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Lemma 4.22 Consider a family of pure strategies oy, 0y, 03, . . . ZQ’I such that for
every k > 0 the following conditions hold:

(D foralls € S

ok(s) € argmax Z P(s,a,s) -
(ZEA(S) s’eS

(Ex(,k_l’s, (10" Y(R,G)) + R[s, a,5'] + Pr

Ok-1,S

,(ng_lS?) . b),

() and for paths s, NN sy € Pathsg1 with 0 < n < k we have

ay Ap-1 [251 An-1
or(so — ... — ) = op_1(s1 > ... — sp).

Then, the following holds forallk e Nands € S :

o) € arg max (EXU’S(tOtSk(R, G)) + Prg,S(DSkSi)) -b).

oexM

Proof. The proof is by induction over k € N. For k = 0 the choices of gy have no
effect and thus the claim holds trivially. Similarly, the claim holds immediately for
k > 0and s € G. For k > 0, the induction hypothesis states that the claim holds for
Ok_1, i.€.,

ok-1 € argmax (Ex,, ((tot=* "1 (R, G)) + Pr,, (O=F'S,) - b). (4.5)

o’ exM
Condition (II) intuitively states that after the first transition step, oy simulates oy_;

for the next k — 1 steps. Therefore, for s € S; we have (cf. Corollary 4.13):

Ex,, ,(tot*"(R,G)) = Z P(s,01(5).5") - (Ex,_ o (10t (R, G)) + R[s, oy (s).5'])

s’eS

Pr,, (0°%S;) - b = Z P(s, 0k (s),s) - (Pr,_ o (O°K71S;) - b)

s’eS
Combining the two equations yields
Ex,, ,(tot=F(R,G)) +Pr
= > P(s,0k(s),5") -

s’eS

(DSkS?) -b

Ok,S

(Ex,, , ¢ (tot=5" 1 (R,G)) + R[s, 0 (s),s'] + Pr,,_ ,(OF7'S,) - b)
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(Condition (1))
= P y s 4 .
g, 2 P
(Ex,,_, o (tot* " (R,G)) + R[s,a.s'] + Pr,_ (OF7'Sy) - b)
(Equation (4.5))
= max P(s,a,s) -
o{EA(s)s,gS ( )
( max, (Ex, o (tot=F" (R, G)) +Pr,, , (OF7'S;) - b) + R[5, a0 5"])
= max (Exys(t0t=F(R, G)) + Pr,, ((O=KS;) - b). n

oEY

Lemma 4.22 enables a value-iteration like procedure, where in iteration step k > 0
we compute a strategy oy that satisfies Conditions (I) and (II) of Lemma 4.22 as well as
the induced values Exak’s(totSk(R, G)) and Prgk’s(ljg‘&) for all s € S using the corre-
sponding results from the previous step k — 1. Since the conditions from Lemma 4.22
only concerns the first k steps of a path, we can assume that the strategy oy is k-
repeating. This allows us to obtain bounds on Ex,,, ;, (t0t(R, G)) using Theorem 4.21.

Section 4.5.3 provides further details of the procedure.

Variable Upper Bound | Next, we investigate the effect of the upper bound b on
the constructed strategy oy from Lemma 4.22. The key observation is that the same
strategy can also be valid for other (smaller) upper bounds b’ < b that are potentially
established during the procedure. To see this, observe that for a fixed k there are
only finitely many different (pure) k-repeating strategies oy but there are uncountably
many upper bounds b > Exﬁfax’sl(tot(‘R, G)). Thus, two different upper bounds b and
b’ might yield the very same strategy ok. As we argue below, the set of upper bounds
for which our construction yields a certain strategy oy is convex, i.e., a (potentially
empty) interval I C R.

Our approach is as follows: given some upper bound b, we compute a strategy oy
for increasing k € N as mentioned above. In addition, we keep track of the smallest
value d < b such that if we restarted the algorithm with new upper bound d (instead of
b), the same strategy o would be obtained. We refer to d as the decision value. Since
the upper bound has no further effect on former iterations, it is safe to change it to
any value b’ with

M
max (d, EXinaxs;

(tot(R,G))) < b" < b.

We further illustrate the approach. Assuming some k > 0 ands € Sy, the construction
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Ja; ()

upper bound b

Figure 4.8: Illustration of decision points.

of oy as in Lemma 4.22 requires to find an action « € A(s) that maximizes

> Psas)- (Exgk_l)s/ (tot= "1 (R, G)) + R[s, 0, s'1 +Pr,__ (O=K715y) - b)

s’eS
= > PGsas)- (Ex(,k_bs/(totﬁk*(k G)) +R[s, s’]) +
s’eS
(4.6)
b- Z P(s,a.s) - Pr,_ ,(0%K718) =t f(b).

s’eS

For a fixed @ € A(s), the above expression can be seen as a function f,(b) that is
linear in b and has a slope in [0, 1]. We illustrate an example case assuming A(s) =
{a1, a2, a3, a4, a5} in Figure 4.8, where each blue line labeled with «; plots the value
fa;(b) from Equation (4.6) when choosing «; (y-axis) against the value of the upper
bound b (x-axis).

We also indicate the maximum over all actions in pink. Since all functions fz, (b)
are linear in b, we may assign a (potentially empty) interval I; C R to each action «;
such that if b € I;, we know that «; induces the maximum, i.e., «; is a valid choice for
o at state s. In the case of Figure 4.8 we get

Il = [8’ +OO) IZ = [4’ 8] I3 = [15 4] I4 = (_005 1] I5 =0

For example, if the upper bound is b = 7 we have b € L, = [4, 8], meaning that
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the action a; is a valid choice for ox(s). In fact, the same choice would be made for
any other upper bound b’ € [4,8]. If at a later point in the computation (e.g., via
Lemma 4.20) we find out that 5 is an upper bound as well, we could set b to 5 without
invalidating the decision at state s in iteration k. We take the intersection of all such
intervals for any state s € S» and any iteration step k which results in an interval I
such that the considered strategies oy, 01, 02, . . . are valid (in the sense of Lemma 4.22)
for all b’ € I. As we are only interested in decreasing the upper bound b, it suffices to
only keep track of the lower boundary of I which we refer to as the decision value d.
In the scenario sketched in Figure 4.8 with b = 7, the decision value d is (at least) 4.

If initially no upper bound b is known, we consider actions that induce the maximum
when b approaches co. Put differently, we take an action « at state s that induces the
maximum for all upper bounds b in an interval of the form (—oco, +00) or [ds, +o0) for
some ds € R. This is always the case for some action

Gopt € argmax Z P(s,a,s") - (EX (10t (R,G)) + R[s, a, s']), where

Ok—1,S
acA  ges A
A = arg max Z P(s,a,s") - Pr, L (O%F1S,),
a€l(s) ges

Keeping track of the decision value d allows us to update the upper bound b in
every iteration according to Lemma 4.20. If at some point this would imply b < d, we
consider d as the new upper bound instead in order to not invalidate strategy choices
from earlier iterations.

4.5.3 Extending Value Iteration

The sound value iteration algorithm for MDPs is outlined in Algorithm 4.6. It extends
the procedure for DTMCs (cf. Algorithm 4.4) towards the selection of optimal actions
and the computation of the decision value. In particular, Algorithm 4.6 computes
vectors x(¥) and y*) in each iteration k with

xF) = (Ex, (10r*F(R,G)))ses and y® = (Pr, (0%FK$))es,

OF,S

where oy is a strategy as in Lemma 4.22.

Lines 3 to 4 consider the case where G C S is not reached almost surely from a state
s € S under a strategy o € M. Since G is attracting, this case yields Ex, (t0t(R,G)) =
—oo for some s € S; which means that there are end components (ECs) within S; in
which negative reward can be accumulated. We require to pre-compute an upper
bound b € R to guarantee termination of the algorithm. Such an upper bound can be
computed either via sound value iteration or the pre-computations of [BKLP*17] when
applied to the quotient (cf. Definition 2.21 on page 42) of M with respect to the ECs



140 Chapter 4 Sound Approximations for Expected Total Rewards

Input: MDP M, initial state s;, reward assignment R, attracting set of goal
states G C S, precision € > 0
Output: ([, u) with [ < Ex (tot(R,G)) <u

max,sy
X 0y (s,
2 @ —00; b « 400;d «— —0c0

3 if 35 € Sp: Pr . (0G) < 1then // Check if a priori upper bound needed
4 L Set b such that maxses, (ExXpays(10t(R, G))) < b < +00

5 fork=1,2,3,... do

6 fors € Sdo

7 if s € G then xM)(s) « 0; yF(s) <0

8 else /s € S,

9 for a € A(s) do // Evaluate all enabled actions

10 Xg — XNoesP(s,a,8") - (x(k_l)(s’) +R[s,a,5])
Yo — NyesP(s,a,8) - y*(s")
// Get set A C A(s) of candidate actions

11

12 if b = +co then A « argmax, ¢ (5) Yas A < arg max, . 4 Xq
13 else A — argmax,cp (5 (Xa + b - Ya)
14 Select some action a from A

// Update decision value

15 d «— max (d, max{zﬁ:);; B eA(s)\{a} and y, > yﬁ})
// Set new values for s
1 | 20(5) — x5y M) — yo
17 if y*) < 1 then
: xF)(s)

18 a <— max | 4, Mg, 1—y(—k)(s)

(
19 b « min (b, max (d, maxses, lfyk(;k(fgs)))
20 1 xO(sp) +a-y®(sp)
21 u — xBO(sp) +b-yP(sp)
22 if u — | < ¢ then return ([, u)

Algorithm 4.6: The sound value iteration algorithm for MDPs
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that contain negative rewards. If R only considers non-positive values, we can simply
set b to 0.

In Line 7, we set the correct entries of x and y for goal states s € G. The remaining
states s € S; are considered in Lines 8 to 16. Given some s € S,, we first evaluate
each enabled action a € A(s) by computing associated values x, and y,,. Intuitively,
Xq is the entry associated to s when applying the Bellman operator V, G(x(k’l))
under the assumption that « is the only enabled action at s. Similarly, y, is the value
obtained with Bellman operator V, .. The next step is to compute a set of actions
A C A(s) (Lines 12 to 13) from Wthh we pick some arbitrary action « € A in Line 14.
If some real-valued upper bound b < +oo is known, the selection of the action « is as
in Lemma 4.22. Otherwise, we pick an action that is optimal for arbitrarily high upper
bounds as discussed above. In Line 15, we potentially update the decision value d to
make sure that it satisfies d > b’ for all ¥’ < b and f € A(s) \ {a} with

xﬁ—xa

Xg+ b - < xp+b - — b < ,
“ Yo = v Yo — Yp

i.e., f would become the “better” choice if we considered upper bound b’ instead of b.
The equivalence above is valid due to y, > yg which—using x, +b - yo 2 x5+ b - yg—
follows from

Xag+b Yo — (Xg+b -ys) > xp+b-yg—(xp+b" -yp)
— (b-b)ya > (b-b)-yp
= Ya > Yp.
We set the corresponding entry of the vectors x and y in Line 16.

The remaining steps of the algorithm are similar to the DTMC variant of sound value
iteration shown in Algorithm 4.4. When updating the upper bound b in Line 19, we
make sure that the new value does not fall below the decision value d. The algorithm
returns the obtained bounds [ and u with [ < Exp,.  (t0t(R,G)) < u once those
bounds are sufficiently precise.

Similar to the DTMC variant, termination of the algorithm is guaranteed because G
is assumed to be attracting, i.e., for all s € S, we get that Pr(,k’s(DSkS,?) approaches 0
for increasing k and considered strategy ox. In particular, if strategies ¢ € M with

rg)s(DSkS?) = 1 for all k € N exist, then Lines 3 to 4 ensure that the candidate action
set A determined in Line 13 eventually contains actions that enforce leaving the set S-.

Theorem 4.23 Algorithm 4.6 terminates for any given input with a solution (I, u)
for Problem 4.1.

Sound Gauss-Seidel value iteration (Section 4.4.3) and sound topological value
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iteration (Section 4.4.4) can be lifted to the MDP case in a straightforward way.

Example 4.8 Reconsider the MDP from Figure 4.7 with G = {s3, s4} as in Exam-
ple 4.7. The expected value for tot(R, G) is maximized when a strategy always
selects 3 at sy, yielding Ex . (t0t(R, G)) = 5. We now illustrate how Algorithm 4.6
approximates this value by sketching the first two iterations.

We assume sy < s; < sp and omit the entries for s3,s4 € G to improve readability.
Initially, we get

x®'=¢0,00 y?=(111) (abd)=(—oco,+c0,—0c0).
For k = 1, we get the following values at sy:
Xe =0 yo=45 x5=3 yg=2/.
Thus, the set of candidate actions at sp is A = {a}, i.e., we select action «, yielding
M =¢0,1,1) 3y = (4/5910,0) (a,b,d) = (0,10,15/2).
Switching to k = 2 yields
Xo =45 Yo =1825 x5=3 yz=382s

at state so. Since 4/5+ 10 - 18/25 = 8 > 6.2 = 3 + 10 - 8/25, we select action «, which
results in

x® = (45,19M0,1)  y® = (1825,0,0) (a,b,d) = (1,15/2,15/2).
The decision value d = 15/2 “prevents” that the upper bound b is set to

9 _20 o
1-18/55 7 = Fmax

(tot(R,G)) = 5.

The bounds obtained after this step are

I = 45+1-18/35 = 152 and u = 4/5+15/2-18/35 = 6.2.

4.5.4 Obtaining Optimal Strategies

We discuss how to obtain a pure and memoryless strategy o € =M with

I < Ex__ (tot(R,G)),

0,S]
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where [ is the lower bound returned by Algorithm 4.6. Such a strategy is required, e.g.,
in Line 8 of Algorithm 4.2.

Consider the mapping &: RISI — 2%, where for x € RISI

we have 0 € S(x) iff

Vs €S;: o(s) € argmax Z P(s,a,s") - (x*(s") + R[s, a, 5]).
ael(s) s’eS

Intuitively, the strategies in S(x) select an action that induces the maximum value
when applying the Bellman operator Vi ; on x. In other words, if Vg ; denotes
the Bellman operator for the induced DTMC M[ o] with o € S(x), then WR c(x) =
V@6 ().

R.G

Lemma 4.24 Let x* = <Exmax’s(tot(7€, G))>SES be the unique fixpoint of the Bell-
man operator "VR G Then,

o€ G(x") iff x*= <Exg’s(tot(R, G))>

seS’

Proof. The lemma is a reformulation of [Put94, Theorem 7.1.7]. [ |

Assuming that the precise fixpoint x* of Vg ¢ is known, we can efficiently compute
a pure and memoryless strategy o € G(x*) that—according to Lemma 4.24—induces
the maximal expected reachability reward. When applying sound value iteration
(Algorithm 4.6), the fixpoint x* is not known precisely. However, at iteration k we can
bound the fixpoint from below and from above by

x® ra-y® < ¥ < xB 4p.y®),

Those bounds are tightened arbitrarily when the number of iterations k is increased.
We now assume that k is sufficiently large so that —co < a < b < +o0.

From our observations, three approaches for obtaining a strategy can naturally be
derived:

e 0eB(x® +q.yk),
c0eS(x® +p.yH)) or
e 0o € @(x(k) + asz . y(k))

Observe that the second item yields a strategy with the same actions as considered in
Line 14 of Algorithm 4.6. Unfortunately, none of these approaches yield the desired
guarantee on the performance of the obtained strategy. More precisely, we may
obtain a strategy o with [ > Ex, ; (t0t(R, G)) where [ is the lower bound returned by
Algorithm 4.6. We demonstrate this in the following examples.
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Example 4.9 Consider the MDP M, from Figure 4.9a with indicated reward
assignments R and attracting set G = {s4}. We assume order sp < s; < s3 < s3
and omit entries for s, € G. Running Algorithm 4.6 for two iteration on this
example yields

D = (2,40,16) yV = (1/2,1/2,1/2,0) (ab,d) = (0,16,6)
and
x® = (4,4,8,16) y?® = (14,1/50,0) (abd) = (163 16,6),

where « is considered at sy in both iterations. At this point, we get ] = 4+16/3-1/4 =
16/3 and
S(x® +a-y?) = S((16/316/58,16,0)) = {05}

with o: s > f3, since
1.4 +41/3.16/3 = 14/3 < 15/3 = 5,

|
value for o value for

Note that Ex)" (tot(R,G)) =5 < L.

Example 4.10 Consider the MDP M, from Figure 4.9b with indicated reward
assignments R and attracting set G = {s,}. We assume order sy < s; and omit
entries for s; € G. In the first iteration of Algorithm 4.6 we consider « at sy and

get
M = (1,00 y = (34,00 (abd) = (0,4, —4).

At this point, we get [ =1+ 0-3/4 =1 and
Sx? +b-y?) = &((4,0,0) = {0y}
with op: So B, since
4-443/4.0=1< 2 =1/2-4.
NN

value for o value for f

Similarly,
Sx® + @)z y®) = &((52,0,0) = {op}
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]

R: 8

(a) MDP M, (b) MDP M,

Figure 4.9: Example MDPs (cf. Examples 4.9 and 4.10).

with o5: 5o > f as before, since

4-4+3/4-0 =1 < 54 = 1/2-5/2.

value for o value for S

In both cases we obtain the strategy o with Eng’sj(tot(ﬂ, G)=0<1

We follow a pragmatic approach to obtain an optimal (or at least close to optimal)
pure memoryless strategy. Upon termination of Algorithm 4.6 we consider

+b
RO RO . -y

as an approximation of the fixpoint x* of V, . and determine a strategy o € S(z0)
as suggested by Lemma 4.24. We argue that the obtained strategy usually satisfies

I < Ex, _ (tot(R,G)) (4.7)

0,S|
on most practical instances.

However, a formal guarantee can not be provided as shown in Example 4.10 above. To
resolve this problem, we may validate (or refute) Equation (4.7) by running sound value
iteration on the induced DTMC M[ o ]. If the expected reachability reward for M[[c]
is below [, we can refine the strategy by continuing the execution of Algorithm 4.6 on
M with a smaller precision parameter ¢’ < ¢ which yields a better approximation of
the fixpoint x*.

Such a check can also easily be incorporated into Algorithm 4.2 by asserting that
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the returned value v and point {py, ..., p,) satisfy

USW'<p1,...,p[>+€wsg' VW - w.

This way, the performance of the considered strategy can be validated without signifi-
cant computational overhead. We stress that situations in which the obtained strategy
needs to be refined are very rare.

4.6 Related Work

We end the chapter with an overview of related approaches that compute expected
total reachability rewards. We also empirically compare a selection of the mentioned
approaches in Section 9.2.

4.6.1 Approaches based on Value Iteration

The value iteration algorithm [Bel57] as discussed in Section 4.3 is arguably the most
popular algorithm for probabilistic model checking. Probabilistic model checkers,
including EPMC [FHLS*22], mcsta [HH14], Prism [KNP11], and SToRM [12], commonly
use (a variant of) value iteration as their default method to verify MDPs against expected
total rewards and reachability probabilities. Those implementations usually consider a
finite-precision floating point number representation. When using an infinite precision
number representation, [BKNP*19] shows that it is EXPTIME-complete to perform k
iterations of value iteration (with k encoded in binary).

Several variations and improvements to value iteration have been suggested. These
include Gauss-Seidel- and topological value iteration as presented in Sections 4.4.3
and 4.4.4. Asynchronous value iteration [BT89; GB93] updates the values for some
states more frequently than for others. The selection of states for which the value is
updated can either be based on heuristics [CBGK08; MKI20] or available information
of the (only partially known) MDP [MLG05; BCCF*14]. [WB12; WHGZ" 16; KHK21]
implement value iteration using GPUs—showing drastic speed-ups compared to CPU-
based implementations. [HH15] makes use of secondary storage to enable value
iteration on very large models.

Issues regarding premature convergence of value iteration in a probabilistic model
checking context have first been pointed out in [WKHBO08]. Several extensions of
value iteration have been proposed as a remedy. Besides the above-mentioned
sound value iteration algorithm, this includes interval iteration [HM18; BKLP*17]
(also known as bounded value iteration [MLGO05; BCCF*14]), optimistic value itera-
tion [HK20], the approach of Hansen [Han17], bisection value iteration [LX22], and
rational search [MBCS*20]. Below, we discuss these methods in more detail.
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The value iteration algorithm is also applicable to stochastic games (SGs) as discussed
in, e.g., [Kwil6]. Approaches for SGs that deal with convergence issues have been
developed in [KKKW18; PTHH20]. Those approaches have to take special care of 0-ECs
which—in contrast to the MDP case—cannot necessarily be collapsed.

Interval Iteration | The interval iteration algorithm runs two instances of value
iteration to compute (Vé c(x) and (V£ c(y) for increasing k € N and starting vectors

x,y € RISl withx < x* <y, wherex* = (Exmax’s(tot(R, G))>SES is the unique fixpoint
of Vi ;- It can be shown that "V,E)G (x) <x* < (Vﬁ’c(y) for all k € N, i.e, interval

iteration provides sound and arbitrarily tight bounds for x* = (Ex,, ,(tot(R, G)))S s

When computing reachability probabilities, the starting vectors x = 0 and y = 1
are always valid. For expected rewards, [BKLP*17] proposes a method that for each
state s provides an upper bound for the expected number of times s can be visited
before reaching a goal state. From this information, starting vectors of the form
x = {a-[s€S5])ses and x = (b - [s € S;])secs are derived with a,b € R and Vs €
S2: a < Expy s(t0t(R,G)) < b.

The use of finite-precision floating point numbers in practical implementations
makes interval iteration—as well as all other variants of (sound) value iteration—
susceptible to round-off errors. [Har22] alters the rounding mode during floating point
operations in a way that the lower- and upper bounds obtained from the interval
iteration algorithm are always correct.

We mention that—considering Lemma 4.15 and a straightforward generalization
towards MDP—the bounds obtained by sound value iteration are similar to those of
interval iteration except that the values a and b can be computed and improved during
the iterations. Hence, if we use the methods of [BKLP"17] to compute initial bounds a
and b for sound value iteration (cf. Line 2 of Algorithm 4.4 and Line 2 of Algorithm 4.6),
the approximation obtained after k iterations of sound value iteration is at least as
tight (or even tighter) as the approximation obtained after k steps of interval iteration.
On the other hand, the costs per iteration are slightly higher in the case of sound value
iteration due to additional bookkeeping—especially in the MDP case.

Optimistic Value Iteration | Optimistic value iteration can be divided into two
phases. In the first phase, it calls the classical value iteration algorithm, yield-

ing (VJ;’G(O) for some k. Under the assumption that all rewards occurring in

the model are non-negative’, those values already provide a lower bound for

x* = (Ex (tot(R, G))>SGS' In the second phase, an upper bound is established
by computing some candidate vector y > (V£ (0) according to a heuristic. Then,
the Bellman operator is applied repeatedly with starting vector y. At the same time,

max,s

7[HK20] does not consider models with both positive and negative rewards.

11, interval
iteration

OVI, optimistic
value iteration
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the lower bound is improved by continuing the iterations from the first phase, i.e.,
(Vgrckl (0) and (VJ;/G (y) are computed for increasing k’ € N. If for some state s and

some k’ we get (VJ;*C’;/ 0)(s) > (Vgc (y)(s), it can be concluded that y is not an upper
bound for x* and the second phase is restarted with a new candidate vector y’. On

the other hand, if (V;!f/G (y) > (V;’(flgl(y) for some k’, then it can be shown that also

(V;f/gl (y) = x* holds, i.e., an upper bound for x* has been established. A similar idea
is also described in [MS20].

The key advantage of optimistic value iteration over both interval iteration and
sound value iteration is that the first phase only considers a single value iteration
instance. If the values from the first phase are already close to the fixpoint, there is

often only a small computational overhead induced by the second phase.

In the context of multi-objective model checking, queries involving both positive
and negative rewards arise naturally when considering trade-offs between maximizing
and minimizing objectives. A possible extension of optimistic value iteration towards
this case has not been studied, yet. Such an extension will likely add some additional
overhead to also establish a valid lower bound. In our experiments in Chapter 9 we
follow a naive approach that pre-computes a starting vector x < x*—as for interval
iteration [BKLP*17]—that is used for the classical value iteration in the first phase. The
correctness of interval iteration implies that for every k > 0, (V;;’G(x) is a valid lower
bound for x*.

The Approach of Hansen | The approach of [Han17] is based on an observation
from [Ber05, Example 7.13], where error bounds of classical value iteration are provided.
Those bounds consider for each state s € S, the expected number of transition steps
until reaching a state in G from s. Unfortunately, computing these values exactly is
impractical. The core idea of [Han17] is to provide sound and efficiently computable
lower bounds and/or upper bounds on the expected number of steps until reaching G.
Using the original bounds from [Ber05, Example 7.13], this approach then also yield
sound approximations of the expected total reachability rewards.

For the two special cases where all assigned rewards are strictly positive or all
assigned rewards are strictly negative, the bounds can be derived using only a single
instance of value iteration. In the more general case, two instances of value iteration
are required: one as in the classical value iteration algorithm and one to obtain bounds
on the expected number of steps. The former instance requires a starting vector
y > x*—similar to interval iteration.

There are strong similarities between the approach of [Han17] and sound value
iteration. While the former considers the expected number of steps until S, = S\ G is
left, the latter concerns the probability to stay inside S; for at least k € N steps.
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Bisection Value Iteration | Bisection value iteration maintains lower- and upper
bounds x,y € RIS of the unique fixpoint x* of the Bellman operator (VRG’ ie.,
x < x* < y. The bounds are refined using a bisection approach. For simplicity, the
following assumes that rewards are non-negative. [LX22] does not consider mixtures
of positive and negative rewards.

The algorithm is divided into three phases. In the first phase, lower value bounds
x < x* are computed using classical value iteration—similar to the first phase of
optimistic value iteration. Initial upper bounds y > x* are obtained by considering
y = 1 for reachability probabilities, and ideas from interval iteration [BKLP"17] for
expected rewards. In the second phase, candidate vectors are repeatedly guessed
using a heuristic that roughly considers the middle values of the currently known
lower- and upper bounds. The algorithm attempts to derive and verify valid lower-
or upper bounds from the candidates and then updates x or y accordingly. This step
again borrows ideas from optimistic value iteration, using the fact that Vi ;(2z) ~ z
implies x* ~ G(z) ~ z for ~ € {<, >}. After a heuristically determined number
of refinement steps, the algorithm proceeds with the third phase in which the lower-
and upper bounds are further refined by repeatedly applying the Bellman operator,
similar to interval iteration. The procedure stops as soon as the bounds are sufficiently
precise.

Rational Search | Rational search [MBCS*20] computes expected total rewards
exactly, i.e., for the case where ¢ = 0. The idea is to use classical value iteration to
compute some approximation x of the fixpoint x* of the Bellman operator. Then, the
vector x is “sharpened” by computing for each state s the rational number with minimal
size—in terms of magnitude of its numerator and denominator—in an interval around
x(s). This yields a new vector x’ for which it is checked whether (VR,G(x’) =x’.
If equality holds, it can be concluded that x” = x* is the precise fixpoint of Vi,
Otherwise, value iteration is continued and the above steps are repeated using a better
approximation of x*.

4.6.2 Approaches based on Strategy Iteration

Strategy iteration [How60] (also known as policy iteration) is sketched in Algorithm 4.7.
Starting with some arbitrary pure and memoryless strategy, the algorithm evaluates
the current strategy by computing expected total reachability rewards on the induced
DTMC (Line 3). Next—using the mapping & from Section 4.5.4—we check in Line 4
if the choices made by the current strategy induce the maximum value at each state
when applying the Bellman operator Vy, . If that is the case, it immediately follows
that the fixpoint of Vi ; has been found Otherwise, an improved strategy for the
next iteration is obtained in Line 5.

strategy iteration
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Input: MDP M, initial state s;, reward assignment R, attracting set of goal
statesG C S
Output: Ex_  (tot(R,G))
1 Select arbitrary oy € ZQ’IM
2 fork=1,2,3,... do
3 xF) (Ex%s(tot(ﬂ, G))>s€S
4 if o) € S(x)) then return x¥)(s;)
5 Select arbitrary oy, € S(x*))

0,S]

Algorithm 4.7: The strategy iteration algorithm

minimize x;, such that:

V{s,a) € SA: x; >[s¢G]- ZP(s,a,s') (xg +R[s,a,5'])

s’eS

Figure 4.10: LP for computing Ex (tot(R, G))

max,sy

Similar to rational search, strategy iteration can be employed to compute expected
total reachability rewards exactly, i.e., for ¢ = 0. This, however, also requires to evaluate
the induced DTMC in Line 3 exactly. STorM [12] implements such a method, where the
DTMC computations are translated to a linear equation system that is solved exactly
using the E1GEN Library [G]*10].

Unfortunately, if the induced DTMC is not evaluated exactly (e.g., using sound value
iteration) no guarantees for the obtained solution can be made (cf. Section 4.5.4).

4.6.3 Approaches based on Linear Programming

The fixpoint x* = Vy ,(x*) of the Bellman operator can also be characterized using
the LP from Figure 4.10. The LP considers a variable x, for each state s. A solution
val: {xs | s € S} — Ryields x* = (val(x;))ses. We can thus compute expected total
reachability rewards by solving the corresponding LP instance using off-the-shelf tools
such as cLpk [GNU20].

Unfortunately, the LP based method does not scale very well compared to the
iterative methods mentioned before. To speed up the procedure—especially for the
case where the LP is to be solved exactly—[Gir14] provides methods to initialize the
simplex algorithm with a “good” strategy that can, e.g., be obtained from the value
iteration algorithm.
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Table 4.1: Capabilities and limitations of SVI and related approaches

SVI II OVl HVI BVI
Gauss-Seidl variant  yes yes yes yes yes
topological variant | yes yes® yes yes yes
improves VI bounds | yes no no if R{<,>}0 yes
anytime algorithm  yes no only lower  yes yes
requires...
LR =10 no no yes' no yes'
...starting vectors  optional x<x*<y implicitly y>x~ x<x*<y
..attracting G yes yes if R>0 yes yes
...two VI instances |yes yes 2" phase  if ~(R{<,>}0) 3" phase

* [BKLP*17] introduces topological interval iteration that propagates both lower and
upper bounds from one SCC to the other.
T Extensions of OVI and BVI to mixtures of positive and negative rewards are possible,

but not addressed in the originating works.

4.6.4 Comparison with Sound Value Iteration

Table 4.1 compares sound value iteration (SVI) with its most related approaches, namely
interval iteration (II), optimistic value iteration (OVI), the approach by Hansen (HVI),
and bisection value iteration (BVI). All these approaches are based on classical value
iteration (VI) and can be used to obtain sound e-approximations (for ¢ > 0) of expected
total reachability rewards on MDPs.

In the table, we use the notation R{<, >}0 to denote the case where either all
assigned rewards are strictly less than 0 or all assigned rewards are strictly greater
than 0. The notations R{<, >}0 and R>0 are similar.

All considered methods support a Gauss-Seidel variant and topological optimizations.
As mentioned in Example 4.6, SVI can potentially converge faster (i.e., with fewer
iterations) than VI—even if (hypothetically) the minimum number of required iterations
for VI is known. HVI has a similar property in the case where R{<, >}0 holds. On
the other hand, I and OVI both use the solution from classical value iteration as their
lower and/or upper bound. For BVI, the values obtained from VI in the first phase are
potentially improved when new bounds are found during the bisection in the second
phase.

SVL II, and HVI are anytime algorithms in the sense that the currently established
lower- and upper bounds are accessible at any given iteration. OVI, on the other hand,
can only provide lower bounds in intermediate iterations. BVI can also return both
bounds at any time. However, the upper bounds are only improved in the second and
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third phase.

[HK20; LX22] have not considered mixtures of positive and negative rewards when
introducing OVI and BVI, respectively. Thus, R{<, >}0 needs to be assumed for the
original algorithms. II and BVI require two starting vectors x,y with x < x* < y,
where x* is the precise solution. Those vectors have to be computed a priori. HVI only
requires an upper bound y > x*. OVI does not explicitly require an a priori starting
vector. However, OVI relies on the fact that either 0 < x* or x* < 0 holds, which
is implied by the restriction to non-negative or non-positive rewards. SVI does not
require any starting vectors. However, if upper or lower bounds are known—e.g. 0 and
1 when computing reachability probabilities—they can be provided to accelerate the
procedure. If all rewards are non-positive, OVI does not require that the set of goal
states G is attracting (cf. Definition 4.2). In all other cases, goal states have to be made
attracting which potentially requires to consider the quotient (cf. Definition 2.21) with
respect to 0-ECs as outlined in Section 4.1.4. Finally, we point out that both SVI and I
require two separate instances of VI. During the first phase of OVI, a single instance
suffices. If R{<, >}0 holds, HVI can produce sound ¢-approximations using a single
value iteration instance. BVI only needs two VI instances in its third phase.

Chapter Summary

=» The weighted sum optimization problem (WS0) concerning only expected
total reachability reward objectives can be reduced to a series of single-
objective expected total reward analyzes.

=» The classical value iteration algorithm for expected total reachability re-
wards does not provide guarantees on the accuracy of the obtained solution
due to premature convergence.

=» Sound value iteration extends value iteration so that sound lower- and upper
bounds can be provided. This requires a second instance of value iteration
to compute the probability to reach the goal states only after k steps.




153

—Chapter 5—

Mixtures with Long-Run Average
Objectives

Outlook | We consider instances of WSO (Problem 3.4 on page 81) over long-run
average (LRA) reward objectives (Definition 2.28 on page 53). We first discuss some
prerequisites concerning single-objective LRA reward analysis in Section 5.1. Sec-
tion 5.2 presents our approach to solve WSO instances (cf. Problem 3.4) over multiple
LRA objectives. We also consider instances of WSO where LRA reward objectives occur
simultaneously with total (reachability) reward objectives (Definition 2.27 on page 49) in
Section 5.3. Such mixtures arise naturally, e.g., in economics when comparing one-time
investments versus long-term benefits. Section 5.4 surveys related work.

Origins | This chapter resembles [11]. The presentation of results has been revised.
Section 5.1 summarizes well-known results for single-objective LRA analysis, e.g.,
[Put94; Alf97; GHHK" 14; BWH17; ACDK*17].

Set-up | Let M = (S, Act, A, P) be an MA with initial state s; € S. We consider &7 > 0
total reward objectives and £ > 0 LRA reward objectives:

¢ = <t0t(R1) s e tOt(R[T), lra(R[TH), ey lra(R[T+gL)>,

yielding a total number of £ := fr + f1 > 0 objectives. Moreover, we consider a
weight vector w € (Rx0)? and a precision parameter eysg > 0. Our goal is to solve the
corresponding WSO instance. While we focus on MA, applying our results to step-based
LRA rewards on MDPs is straightforward.
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Remark 5.1 (Total Reachability Rewards) For simplicity, we only consider
total reward objectives. Total reachability reward objectives tot(R, G) for @ # G C
S can be transformed to total reward objectives tot(R”) via the goal unfolding of M
(cf. Section 4.1.1). Theorem 4.1 on page 101 can straightforwardly be generalized to
show that this transformation preserves the set of achievable points Ach(®)—even
if @ contains LRA reward objectives.

Assumptions | Without loss of generality, every state s € S is assumed to be reachable
from the initial state s;. To ensure well-definedness of the considered LRA reward
objectives, we forbid Zeno behavior (cf. Section 2.2.7).

Assumption 5.1 MA M has no Zeno behavior.

Assumption 5.1 is checked by analyzing the maximal end components of M (cf.
Lemma 2.5 on page 45). Non-Zenoness is a common assumption for the verification
of MAs, see e.g., [HH12; GHHK"'14; BWH17; 2; BHH21]. Recall from Lemma 2.9 on
page 53 that Assumption 5.1 implies Ex (Ira(R)) € R for all strategies o € M and
reward assignments K.

For the total reward objectives, we impose similar assumptions as in Chapter 4.

Assumption 5.2 For j € {1..fr}, the total reward objective tot(R;) is convergent
and satisfies Ex™_(tot(R j)) < co. Furthermore, there is a strategy o € »M such

max

that Ex) ((tot(Ry), . .., tot(Re,))) € R

Section 4.1.3 discusses how to check Assumption 5.2 algorithmically.

5.1 Single-objective LRA Computation

We first discuss known results and techniques for the optimization of a single LRA
reward objective Ira(R) for reward assignment R. More precisely, we consider the
problem of computing—or approximating—the maximal expected value Ex (Ira(R)).
It is well-known (e.g., [Put94, Theorem 9.1.8]) that this value is attained by a pure
memoryless strategy. We are also interested in finding such a strategy o € ZI/,K(A with
ExM (Ira(R)) = ExM(lra(R)).

Intuitively, rewards collected at states that are only visited finitely often become
less and less relevant in the long-run. In fact, long-run average reward objectives only
depend on rewards assigned to states (or transitions) that can be visited (or taken)
infinitely often with positive probability. As discussed in Section 2.2.6—in particular
Lemma 2.4 on page 41—these states and transitions are characterized by the end
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components (ECs) of M. Let Rgc be the reward assignment for M that is obtained
from R by setting all rewards that are not collected within an EC to zero, i.e., for
s,s’ € Sand k € Act UR5( we have

Recls.k,s'] = [3C € EC(M): (s€ CNMSor (s,k) € CNSA)| - R[s, k']

The following lemma yields that rewards collected outside of ECs are not relevant for
LRA objectives.

Lemma 5.1 For all ¢ € 3M we have Exéw(lra(ﬂ)) = Exf,\A(lra(REc)).
Proof. Using Lemma 2.4 and the non-Zenoness of M, we can show that
Pr({x € Paths™' | Ira(R) (%) # lra(Rec)(n)}) = o.

The lemma follows since the objective values coincide on almost all paths. [ ]
M

max

The computation of Ex/2. (Ira(R)) is divided into two phases outlined below.

Phase 1: EC Analysis | We first consider the individual submodels M[C] for each

maximal EC C € MEC(M). As shown in, e.g., [Put94, Theorem 8.3.2], the maximal
LRA reward value Exﬂ[fﬂ (Ira(R)) is independent of the initial state s € states(C).

Intuitively, this is because any other state s’ can be reached from s almost surely.

Lemma 5.2 For all s,s’ € states(C): Exr/r\lﬂcs]] (Ira(R)) = Ex €I (Ira(R)).

max,s’

M

max

For the computation of Ex/7  (Ira(R)) we solve the following problem for each C €

MEC(M).

Problem 5.1: Expected LRA Reward Problem for ECs

Input MA M, C € EC(M), reward assignment R, precision ¢ € Ry

Output (v,0) € R X ZQ:AHC]] with

v—¢ < Exévq[c]](lra(ﬂ)) < EXHASE[(C]](lra(R)) <o

There are various approaches to efficiently solve Problem 5.1—and the corresponding
variant for MDPs—based on

« linear programming [Alf97, BBCF*14; GTHR" 14]
« strategy iteration [WBBH"10; KM17], or

« value iteration [ACDK"17; BWH17; But20].
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The former two support exact computations (with precision ¢ = 0) whereas value
iteration is usually preferred for approximate computations (¢ > 0) due to its fast
convergence on many practical instances.

Example 5.1 Consider the MA M from Figure 5.1a with initial state s; and
reward assignment R. We compute the maximal LRA-reward values for the two
MECs

MEC(M) = { {52, (54:), (51, ) 56} . {55, @) (57,0, o7, B s} |-

=C =C,

When residing in the MEC Cy, the time is distributed over the two Markovian
states s; and sq, yielding a reward of R[s;] = 6 and R[s¢] = 1 per time unit,

respectively. To maximize the expected LRA reward in this MEC, an optimal

strategy oc, € ZM[[ cl

in s,, yielding

selects action « in sy as this increases the time we spend

Expri ] (Ira(R)) = EXM[[C1 (Ira(R)) = 3/5-6+2/5-1 = 4.

The MEC C; contains just the single Markovian state sg in which all the time is
spent. When we stay inside this MEC, we therefore always collect a reward of

_ . o . M[C]
R[sg] = 3 per time unit, i.e., for an arbitrary strategy oc, € X, " we have

Expa ) (ra(R)) = Ex)1%V (Ira(R)) = 3

Phase 2: Reduction to Total Reward | Once each MEC has been analyzed, we fuse
their results together. Intuitively, we want to reach MECs with a high LRA value. This
is formalized as a total reward objective on the quotient M\ ypc of M with respect to
all MEC:s (cf. Definition 2.21 on page 42). Recall that in M\ ygc each MEC C is collapsed
into a single state C. There are two types of enabled actions at those states:

« actions (s, @) € exits(C) which resemble the corresponding successor state distri-
bution P((s, &)) of M and

« action L which leads to a dedicated sink state s .

Intuitively, selecting an action (s, a) € exits(C) at state C of M\ygc coincides with a
strategy for M that enforces to leave C via the exiting state-action pair (s, @). On the
other hand, selecting action L at state C reflects a strategy for M that upon visiting
the EC C will stay in this EC forever. For a function f: MEC(M) — R, let { f§ be the
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Us:3

(a) MA M with rewards R (b) Quotient M\ prc

Figure 5.1: Example for MEC-based LRA analysis (cf. Examples 5.1 and 5.2)

reward assignment for M\ e that assigns reward f(C) to the transitions that reflect
staying inside C, i.e.,

VC e MEC(M): IfS[C, L,s.] = f(C)

and all other rewards are set to zero. The following theorem—adapted from [GHHK" 14;
ACDK*17]—reduces the computation of Ex*_(Ira(R)) to a total reward query for the
quotient model M\ yzc that can be solved using, e.g., methods from Chapter 4.

Theorem 5.3 Let f: MEC(M) — R and ¢ € Ry such that
VC e MECIM): f(C)—¢ < Expl(ra(R)) < f(C).

For any s € S and § € S U MEC(M) such that § = C if s € states(C) for some
C € MEC(M) and § = s otherwise, we have

Exon 5 (10t(1f5)) — e < Ex)ly o (Ira(R)) < Ex\nl™ (tot(1f5)).

Intuitively, if f(C) is an e-approximation of the LRA value for each MEC C (as
computed in the Phase 1), then the expected total reward Ex Y I\WEC (tot(1f5)) yields

max,sy
an e-approximation of the overall LRA value Exxﬁ’;x)sl (Ira(R)). The approximation
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error from the MEC analysis (reflected by ¢) does not accumulate because any path in
M\ pmec can only collect a non-zero reward w.r.t. { f § at most once—when transitioning
to the sink state s .

Algorithm | Algorithm 5.1 summarizes the computation. It performs the two phases
outlined above in Lines 1 to 5. Both phases each allow an approximation error of
¢/2—which accumulate to an overall error of 2 - ¢/2 = ¢. In Lines 6 to 13, the algorithm
constructs a corresponding pure memoryless strategy o for M that

« for states within a MEC C either enforces leaving C via 6(C) = (s, @) € exits(C)
or—if 6(C) = L—mimics the optimal LRA value strategy oc for M[[C]| (Lines 6
to 12), and

» for states not contained in a MEC mimics the strategy & for M\ e (Line 13).

Theorem 5.4 Algorithm 5.1 returns (v, o) with o € le,\& and

v—¢ < Exéw(lra(R)) < Exnﬂx(lra(ﬂ)) <uw

Example 5.2 We apply Algorithm 5.1 to compute Ex}\, .. (Ira(R)) for the MA
M from Figure 5.1a. We consider the exact case, i.e., ¢ = 0.

Let the function f: MEC(M) — R assign the maximal expected LRA reward
values to the two MECs C; and C; of M as computed in Example 5.1, i.e., f(C;) = 4
and f(C;) = 3. The quotient M\ zc With reward assignment { £ is depicted in
Figure 5.1b. To maximize the expected value of the total reward objective tot({f),
a strategy 6 € 3, \MEC has to ensure that state C; of M\ e is reached almost

surely and that actlon L is taken at C;. For example, let 6(s3) = @, 6(Cy) = L,
and 6(C,) = (ss, ). This yields

Exmar'ss (t0t(Lf3)) = Ex " (tot(1f5)) =
Due to 6(Cy) = (s5, ) € exits(C,), we compute a strategy cre’“t € ZM[CZ]] that
makes sure that state ss is reached almost surely from any other state 1n51de this
MEC, i.e., Ge’“t(s ) =«a.
It follows that the maximal expected LRA reward for the original MA M is given

by ExM (Ira(R)) = Exn/t/;\xMif(tot(ij)) = 4 and is attained by the strategy

max,ss3
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-

10
11
12

13

14

Input: MA M, initial state sj, objective Ira(R), precision ¢ € Ry
such that Assumption 5.1 holds (i.e., M is non-Zeno)
Output: (v,0) € RxZM witho —¢ < Ex2'(Ira(R)) < ExML (
// Phase 1: solve Problem 5.1 for each MEC
for C € MEC(M) do

Compute v¢c € R and o¢ € ZI/,\:,I[[C]] with

e —¢f2 < EleI ]l(lra(R)) < E ,ﬁg[(c]](lra(ﬂ)) < ouc

Ira(R)) < v

// Phase 2: compute total rewards on quotient
Build quotient M\ e and rewards { f'§ for function f: C — ovc
if s; € states(C) for some C € MEC(M) then s; < C else §] « s1

Compute o € Rand 6 € 3, \MEC with

vtz < EXM;MEC(tot(zfs)) < Ex\" (1ot(1f5)) < o

max,Sy

// Build resulting strategy o € Zp\[

for C € MEC(M) do

if 6(C) = (s, a) € exits(C) then // Enforce leaving C via (s, )
o(s) «a

MI[C]] with Vs’ € states(C): pMICl (ofs}) =1

cxlt s’

Compute 0" € 3
for s’ € states(C) \ {s} do o(s’) « oZ(s")

else //6(C) = L—mimic optimal LRA strategy oc for M[[C]|
L for s € states(C) do o(s) « oc(s)

for s € S\ (Ucemec(m) states(C)) do a(s) « &(s)

return (v, o)

Algorithm 5.1: Computing optimal single-objective LRA rewards
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M o
o €30y with

o(s3) =6(s3) = a, o(sq) = O—Cl'(34) =a,
o(ss) = B, and o(sy) = Jg’;‘t(sﬂ =a.

5.2 Solving LRA Instances for WSO

We now deal with solving multi-dimensional WSO instances that only consider
LRA reward objectives, i.e., we are given £ > 2 LRA reward objectives ® =
(lra(Rl), e lra(R[)> for M, a weight vector w € (Rx¢)’, and a precision pa-
rameter eysp > 0.

Similar to our approach for total rewards (cf. Section 4.1.4), the idea is to reduce
the corresponding WSO instance to standard single-objective methods for LRA as
discussed in the previous section. Consider the reward assignment R for M given by
the weighted sum of the reward assignments Ry, ..., R;:

4
R =w-(Ri,....,R) = Zw(j) “R;.
Jj=1

The following lemma is analogous to Lemma 4.4 on page 106 and shows that we can
consider the expected value of objective Ira(R) instead of the weighted sum of the
individual expected LRA objective values. This allows us to combine all objectives into
a single reward assignment and then apply single-objective model checking for LRA
rewards.

Lemma 5.5 For all ¢ € 3M we have

w-ExM ((Ira(Ry),..., Ira(Ry))) < ExM

0,81 0,51 (

Ira(R)),
where equality holds if o € 21/3‘;\‘4.

Proof. The proof is similar to the proof of Lemma 4.4 on page 106. From Lemma 2.6
on page 48 we have

w-ExM ((Ira(Ry), ..., Ira(Ry))) = Ex2L (w - (Ira(Ry), ..., Ira(R,))).

0,S| 0,S]

It remains to consider the objectives w - (Ira(Ry), ..., Ira(R,)) and lra(R).
Since M is non-Zeno, Lemma 2.9 on page 53 yields for R” € {R,Ry,...,R,} and
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4 a
almost® all paths 7 = sy = § —> - € Pathslnf

_ R’ [pref (,n)]
lra(‘R )(71') llmloof W e R.

It follows that

(w - (Ira(Ry), .., Ira(Re))) (= ZW(J) Ira(R;) ()
Jj=1

¢ Rjlpref (m,n)]
Z:;wo) hn—>oo m

SR iy i, i ]
dur(pref (r, n))
fars Z§:1 w(j) - R;[si, i, sivn]
n—oo dur(pref (m, n))

lim inf S Rlsi, i, siet]
n—co  dur(pref(m,n))

R pref (x,n)]
= hrrlll}oo W = lra(R)(;z)

(%)
< liminf E w(j) -
n—oo
=1

I
=
2

=
B,

Ifoe ZPM, Lemma 2.10 on page 55 yields that

{7 € Paths!' | Ira(R')(n) = Ira®™® (R')(n)}) =

o‘sz(
Therefore, for almost all o-consistent paths, the limit inferior above can be replaced
by a simple limit meaning that the inequality (*) can be replaced by an equality.
We thus get
(w - (Ira(Ry), ..., Ira(Re))) (r) = Ira(R)(r)

for almost all o-consistent paths 7 € Pathsmf

“The set of paths for which the limit diverges to infinity has probability zero.

Lemma 5.5 gives rise to Algorithm 5.2 for solving instances of WSO considering only
LRA reward objectives. The approach is similar to Algorithm 4.2 on page 108 for total
reward objectives. The first step is to compute the optimal value v with an inducing
pure memoryless strategy o € Z v for the weighted sum of objectives in Lines 3 to 4.
This is done by analyzing the smgle objective Ira(R) using Algorithm 5.1. In a second
step, the individual objectives Ira(R;), ... Ira(R,) are evaluated with respect to the
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1 function solveWso(M,s;, ® = (Ira(Ry), ..., Ira(R;)),w, eysn)

// Assuming M is non-Zeno (Assumption 5.1)

2 £<—%-£wsg-\/w-w; I, — {je{1.t} |w(j) >0}

// Analyze weighted sum of LRA objectives

3 | ReXiw() R

4 Compute (v, 0) € R X ZI/J\;A with

v—¢ < Exéw(lra(R)) < ExM (Ira(R)) < o // Using Algorithm 5.1

// Evaluate individual objectives w.r.t. strategy
5 D — M([c] // Induced submodel M| o] has no nondeterminism
6 for j € {1..t} do
7 iijthhene]w—melsengoo
Compute p; € R with p; < ExP(Ira(R;)) < p; +¢;

9 return (v, (p1, ..., pe))

Algorithm 5.2: Solving LRA reward WSO instances

strategy c—now using a slightly simplified variant of Algorithm 5.1 that does not have
to deal with nondeterminism. This yields a lower bound p; < ExM(Ira(R 7)) for each
Jj € {1..£}. In both steps the precision parameter ¢ = % - &yso - YW - w is used which
ensures that Algorithm 5.2 correctly solves WSO (Problem 3.4 on page 81).

Theorem 5.6 The value v and point p = (py, ..., p;) returned by Algorithm 5.2
yield a solution to WSO.

Proof. Lemma 2.9 on page 53 yields ExM(®) € R’ for all ¢ € =M. Using o and
D = M[ o] as computed in the algorithm, we get
p <Ex"(®) =Ex}'(®),
implying p € Ach™(®). Furthermore, by Lemma 5.5 we have
sup {w ~Ex£ft(<1>) | o€ ZM} < ExM (Ira(R)) < v.

It remains to show thatv <w - p + eysp - VW - w which follows as in the proof of
Theorem 4.5 on page 110 using Ex* (Ira(R)) = w-ExM (®), which is a consequence

0,S] 0,S]
of Lemma 5.5 and the fact that the constructed strategy o is pure memoryless. =
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5.3 Combining Long-Run Average and Total Rewards

We finally consider WSO instances over arbitrary combinations of £ > 1 total reward
and £; > 1 LRA reward objectives

P = <tot(R1), ey 10H(Rey), Ira(Reps1) s <o vy lra(R5)>,

where ¢ := ¢r + £;. For the given objectives and a fixed weight vector w € (R»(), we
define two reward assignments R;,; and Ry, for M given by

¢

tr
Rt = ) W() Ry and Rig = Y w(j)-R;.
j=1

j=tr+1

The following lemma is a combination of Lemma 4.4 on page 106 and Lemma 5.5. It
reduces the weighted sum of expected objective values considered in the WSO instance
to the expected value of the single objective (tot(Ri) + lra(Ri,)), where for 7 €
Paths, (M) we have

(tot(Rior) + Ira(Riya)) () = tot(Ryor) (1) + Ira(Ripa) ().
Lemma 5.7 For all o € 3M it holds that
w -Exﬁl (CID) < Exﬁl(tot(ﬂm) + lra(le)),

where equality holds if o € ZI/D\I/\‘/I

Proof. Using Lemmas 2.6, 4.4 and 5.5, we get

£

T
(Zw(j) ~Exé\ﬁl(tot(7€j))) + ( Z w(j) -Exﬁl(lra(ﬂj))
j=1

j=tr+1

w - EXQL (dD)

IA *

ExM (t0t(Rior)) +ExM (Ira(Rira))

0,81 0,S]

Ex)L (tot(Rior) + Ira(Rir)).-

0,1

As in the proof of Lemma 5.5, we can replace the inequality (%) by an equality if
o€ 21/3\161' u

We provide analysis methods for objectives of the form tot(R;o;) + lra(Ry,)—i.e.
combinations of total rewards and LRA rewards. The procedure for pure LRA queries
discussed in Section 5.1 reduces the analysis to an expected total reward computation
on the quotient model M ygc. The idea for combined queries is to also incorporate
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other total reward objectives for M in the quotient model. However, special care has
to be taken concerning total rewards collected within ECs of M that are no longer
present in the quotient M ypc. We deal with this issue by considering the quotient only
for ECs in which no reward w.r.t. total reward objectives is collected.

Due to Assumption 5.2, we get that all non-zero total rewards collected in an EC
have to be negative, i.e.,

Vje{l.tr}: VC e EC(M): R;[C] < o.

Strategies that induce a total reward of —co for some objective tot(R;) will not be
taken into account for WSO as they do not achieve a point in R’. Therefore, transitions
within ECs that accumulate negative total reward should only be taken finitely often.
These transitions have to be discarded when computing the expected LRA rewards.
In summary, only the 0-MECs (cf. Definition 2.22) C € MECy(M, {R1, ..., Re. }) are
relevant for the LRA computation. Assumption 5.2 ensures that there must be at least
one such 0-MEC as we require Exc/,\/l ((tot(ﬂl), ces tOt(R[T)>) € R to hold for at least

one strategy o € 3M.

Algorithm 5.3 outlines the procedure for optimizing weighted sums of LRA- and
total reward objectives. The algorithm extends Algorithm 5.1 towards mixtures with
total rewards. When computing the LRA values in the ECs of M in Lines 2 to 4,
Algorithm 5.3 only considers those ECs € € EC(M) in which no (total) reward is
collected—as argued above. Then, the quotient model M\ and a reward assignment
R incorporating all total- and LRA rewards is build and analyzed (Lines 5 to 8).

M, ¢ might still contain ECs different from {(s,, L)}. Those ECs shall be left even-
tually to avoid collecting infinite negative reward for a total reward objective tot(RR;).
If the weight w(j) for such an objective is zero, the rewards of R; are not present
in Ry (and R). It is therefore necessary to explicitly restrict the analysis in Line 8
to strategies that almost surely (i.e., with probability 1) reach the dedicated state s,
of the quotient M\g. This particular type of expected total reward computation can
be realized using ideas from Algorithm 4.2. In a nutshell, we collapse the 0-MECs
€' = MECy(M\g, {R}), i.e., we consider the quotient (M\e)\¢'- However, this quo-
tient should not introduce the transitions C => s | for C € € to reflect that those ECs

shall be left eventually.

In Lines 9 to 16, the strategies oc for the 0-MECs and & for the quotient Mg are
combined into one strategy o € ZI/)\;\‘/I. This step is completely analogous to Lines 6 to 13
of Algorithm 5.1.

Using Lemma 5.7, we obtain the correctness of the algorithm.



5.3 Combining Long-Run Average and Total Rewards

10
11

12

13
14
15

16

17

Input: MA M, initial state s;, £ = fr + £, objectives ® as above, weight vector
w € (Rx)’, precision ¢ € Rs( such that Assumptions 5.1 and 5.2 hold.

Output: (v,0) € Rx (EM N E) using £ = {0’ € M | Ex}(®) € R} with

v—¢ < w-ExM(®) < sup{w-Exéw(q)) | 5'65} <

Riot Zﬁil W(]) 'Rﬁ Rira — Z§=t’r+1 W(J) : Rj

// Solve Problem 5.1 for each 0-MEC

€« MEC()(M, {'Rl, ey RfT })

for C € € do

L Compute oc € R and oc € Z;, with

vc —¢f2 £ Exg, Mic ]l(lra(le)) EXma (lra(le)) < ve

// Get 0-MECs wi.r.t. total rewards

M[[C]]

// Compute total rewards on quotient
Build quotient M\g and rewards { f§ for function f: C + oc
if s; € states(C) for some C € € then §; « C else s] « s;

R — (Riohe + UfS // Using quotient rewards ((Rm[)\(g from Example 2.13
Computev e Rand 6 € ( ‘N ©) using © = {6’ | Pr (o{sL}) = 1} with
v—¢/2 < Ex; ;c (tot(R)) < sup {Ex \c tot(R) | 6 € @} <o

M

// Build resulting strategy o € X1,

for C € € do

if 6(C) = (s, a) € exits(C) then
o(s) « a
Compute 621" € ZMI[ I with s’ e states(C): p M€l (0fs}) =1

exnt s’
for s’ € states(C) \ {s} do o(s’) « ae’“t(s’)
else // 6(C) = L—mimic optimal LRA strategy oc for M[[C]
L for s € states(C) do o(s) <« oac(s)

// Enforce leaving C via (s, )

fors € 5\ (Uceg states(C)) do o(s) — &(s)

return (v, o)

Algorithm 5.3: Computing optimal expected values for combined objectives

165
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Theorem 5.8 Algorithm 5.3 returns (v, o) with
c o€ 2= {0 exM|ExM(®) eR} and
co—¢ < w-ExM(@) < sup{w'Eng(@) | 662} < o

Algorithm 5.3 allows us to solve WSO instances over combinations of LRA- and total
reward objectives by using a slight variation of Algorithm 5.2, where in Lines 3 to 4
we compute the pair (v, o) by invoking Algorithm 5.3 instead.

Example 5.3 Consider the MA M from Figure 5.2a with objectives
o = (tot(Rl), tot(Rz), lra(R3)>

and weight vector w = (0, 1/2,1/2). MA M and Ira(Rs) coincide with the query
from Examples 5.1 and 5.2.

We apply Algorithm 5.3 with ¢ = 0. The MEC C; of M is a 0-MEC with respect
to R; and R,. However C, is not (and does not contain) such a 0-MEC since the
transition Ry [s7, f,ss] = —1 # 0. We get € = MECy(M, {R1,R2}) = {C1}. The
LRA reward value for C; is (cf. Example 5.1)

oe, = Exnﬁg(c‘ﬂ(lra(ﬂlm)) = EXHAS,QIKCIJ](lm(I/z-Rg)) =12-4 = 2.

The quotient M\ with its reward assignment = (Rt + Uf§ as in Algo-
rithm 5.3 is shown in Figure 5.2b. For this quotient, the maximal expected total
reward for objective tot(R) is induced by a strategy 6’ that selects f at s3 and «
at s5 which yields
Exaiss, (10t(R)) = Ex)\S(tot(R)) = 1/2-2+12-0 = 1
=8 —_——  ——
gotoC; gotoCy

However, the strategy 6’ does not reach state s, almost surely. Indeed, when
lifting 6" to the original MA M, we get an expected value of —co for the objective
tot(R1)—which is considered invalid. We enforce strategies that reach s, almost
surely by also collapsing the 0-MECs of M\g w.r.t. R, i.e., we also collapse C,
which yields MA M* as outlined in Figure 5.2c. Observe that there is no direct
transition from C, to s, in M*. Now the maximal expected total reward for
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(b) Quotient M\g

(c) Quotient M* = (Mg )\,

Figure 5.2: Example for mixed LRA- and total reward analysis (cf. Example 5.3)
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objective tot(R) is obtained when selecting [ at s3 and (ss, ff) at C; yielding

v = Expae s, (t0t(R)) = 12-2+1/2- (-4+2) = 0.
N—— N ———’
go to Cy goto Cy

Our approach for solving the considered WSO instances also correctly deals with the
exact case (eysp = 0) by using existing, exact methods for single-objective LRA- and
total reward analysis. As the number of memoryless deterministic strategies of M
is bounded, Algorithm 5.3 also provides only finitely many different answers (v, o)
for fixed M and ® and varying weight vectors w € (Rx¢). Similar to Lemma 4.6 on
page 112, we conclude the following—extending results for pure LRA queries [BBCF* 14]
to mixtures with total rewards.

Lemma 5.9 If Assumptions 5.1 and 5.2 hold, then down(Ach(®) N R’) is closed
and is the downward convex hull of at most |ZI/,\;\‘4| = [1seps |A(s)| points.

5.4 Related Work

Computing the expected value of a single step-based LRA reward objective is a classical
problem in MDP verification [Put94]. Similar to the total reward case, solutions are
commonly based on linear programming [Alf97], strategy iteration [WBBH"10; KM17],
or value iteration [ACDK"17]. These approaches have been lifted to LRA objectives for
MAs [GHHK"14; GTHR" 14; BWH17; But20].

[Alf97; EJ11; BDK14] consider the expected long-run ratio of two reward assignments
for an MDP. As pointed out in [GHHK" 14, Theorem 4.2], LRA objectives for MAs can
be seen as special instances of such MDP ratio objectives.

Related work for multiple LRA reward objectives commonly builds upon linear
programming (LP) which yields a polynomial time-complexity for the achievability
problem [Cha07; BBCF*14; CKK17; ABAV20]. The LP formulation of [BBCF*14; CKK17]
is implemented in MuLTIGAIN [BCFK15]—an extension of Prism [KNP11] for multi-
objective LRA rewards.

[RRS17; CKK17] consider multi-objective combinations of percentile queries on MDP
and LRA objectives. [BDKK"17] treats resilient systems, ensuring constraints on a repair
mechanism while maximizing the expected LRA reward when being operational. The
trade-off between expected LRA rewards and their variance is analyzed in [BCFK17].
[GZ18; Kie21] combine LRA objectives with constraints specified in linear temporal
logic (LTL).

Multiple LRA reward objectives for stochastic games have been treated using
LP [CD16] and value iteration over convex sets [BKTW15; BKW18]; the latter is
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included in PrisM-GAMES [KNPS20; KPW18]. [BMRL" 18] consider a setting where the
average accumulated reward is optimized while maintaining that the accumulated
reward stays within predefined bounds. These approaches can also be applied to MDPs
when viewed as one-player stochastic games.

To our knowledge, arbitrary mixtures of LRA- and total reward objectives have
not been considered so far. There is also no related work on multiple LRA reward
objectives for MAs.

Chapter Summary

=» Single LRA reward objectives are evaluated in two phases:
Phase 1: compute the LRA value for each maximal end component
Phase 2: optimize an expected total reward objective on the quotient

=» The weighted sum optimization problem (WS0) for LRA reward objectives is
reducible to single-objective LRA analysis.

=» Combinations with total reward objectives are handled by dealing with
0-MECs.
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—Chapter 6—

Multi-Reward Bounded Objectives

Outlook | We consider instances for the weighted sum optimization problem (WSO,
Problem 3.4 on page 81) concerning an MDP and arbitrary combinations of bounded
reward objectives (Definition 2.31 on page 57) and bounded reachability objectives
(Definition 2.33 on page 58). We outline two approaches for those queries. First,
Section 6.1 presents a classical unfolding approach that extends the state space with
accumulated rewards and reached goals—resulting in the so-called unfolding MDP. We
formulate total reward objectives for the unfolding MDP and argue that the given WSO
instance can be solved using techniques from Chapter 4. The second approach—outlined
in Section 6.2—avoids an explicit construction of the potentially large unfolding MDP
by exploiting certain regularities of the unfolding. This procedure is more memory-
efficient, in particular when there are very large reward bound values. Section 6.3 ends
the chapter with an overview of related work.

Origins | The contents of this chapter originate from [3; 10]. Their presentation has
been revised and generalized towards bounded reward objectives as well as more
expressive bounded reachability objectives as given in Definitions 2.31 and 2.33 on
page 57 and on page 58. The explicit unfolding approach from Section 6.1 is based
on [AHKO03; RRS17]. Avoiding an explicit construction of the unfolding MDP has also
been described in [BDDK"14; HH16] for objectives that only consider a single reward
bound.

Set-up | We consider an MDP M = (S, Act, A, P), with dedicated initial state s; € S and
a list of g > 0 convergent bounded reward objectives and £; > 0 bounded reachability
objectives

© = (bnd® (R}, 1h),..., bnd® (R}, Iry), bndg (ceget, Trsr)s - - -» bndg (Cogrtss Trgt) )»
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where the total number of objectives is given by ¢ := fg + £z > 0 and all objectives
refer to (potentially different entries of) the same lists of

o d > 0reward bounds 8 = <ZR1 ~1b15, ..., (Ra ~a bd3> and
« m > 0 bounded goals G = ((L,G1>, s T, Gm)> over B.

Furthermore, we consider a weight vector w € (Rx¢)’, and a precision parameter
eyso which—together with M, s;, and ®—form an instance to WSO (Problem 3.4 on
page 81).

As outlined in Section 2.3.3, (unbounded) total reachability reward objectives can
also be written as bounded reward objectives, i.e., we implicitly also consider mixtures
of bounded and unbounded objectives. Remark 6.3 addresses the incorporation of
long-run average reward objectives.

Assumptions | We make the following simplifying assumption regarding the reward
bounds in 8.

Assumption 6.1 For all i € {1..d} we have B(i) = {R; ~; b;§ with
(i) Ri(s,a,s’) € Nforalls,s” € Sand a € A(s) C Act,
(ii) ~; € {<,>}, and

(iii) b; € N.

In case a reward bound B(i) = {R; ~; b;§ violates Assumption 6.1, we can transform
it to an equivalent reward bound that satisfies the assumption if the inverses of all
assigned non-zero rewards have a common multiple, i.e., there is a; € R\ {0} such that

Vs,s' €S, aeA(s): Ri(s,a,s) 20 = AneN: n- (Ri(s,a,s)) ! = a;.

The transformation—outlined below—in particular allows us to consider cases where all
rewards assigned by R; are non-negative (or non-positive) rational numbers. Optimal
expected values for objectives with reward bounds considering arbitrary mixtures of
positive and negative rewards can not be computed with our techniques—and are not
even computable in general (cf. Theorem 2.14 on page 60).

The transformation for reward bound {R; ~; b;§ with common multiple a; as above
is as follows. First, we note that the scaled reward assignment (g; - R;) only assigns
rewards in N: for s,s” € S and a € A(s) with R;(s, a, s’) # 0 there is n € N with

n-(Ris,a,sN 't =a; &= n=a R(sas) = (a R)s,as).

We can thus satisfy Item (i) of Assumption 6.1 by replacing the original reward bound
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with the equivalent bound {(a; - R;) ~; (a; - b;)§ as in Lemma 2.13 on page 59. Since
the comparison with the new bound value g; - b; according to relation ~; is only
made with natural numbers, we can always satisfy Items (ii) and (iii) by adapting the
strictness of ~; and by rounding, incrementing, or decrementing a; - b; accordingly. If
this introduces a negative bound value, the reward bound is known to be either always
active (e.g., {R > —1f) or never active (e.g., {R < —15). We can remove such bounds
from B and simplify the objectives accordingly.

We also assume that the considered bounded reachability objectives bndg (¢, J) are

not immediately satisfied at the initial state s;.

Assumption 6.2 For every bounded reachability objective bndg(c, ), there is
some index j € Jwith G(j) = (I, G;) such that either

» 51 ¢ Gjor

« some i € J; refers to a bound B(i) = {R; ~; b;§ that is initially not active (i.e.,
~p = >).

Assumption 6.2 allows for a more straightforward transformation of bnd3(c, 9) to
a total reward objective as outlined in Section 6.1.3. The assumption can be c%lecked in
a preprocessing step. If an objective bnd2 (c, J) violates the assumption, the objective
will always have value c (for all strategies). Hence, there is no further analysis required
for those objectives.

Example 6.1 As a running example for this chapter, consider the MDP M from
Figure 6.1 with initial state sy, d = 2 reward bounds 8 = <Z7€1 <15, (R, > 35),
m = 1 bounded goal G = <<{2}, {sz})>, and objectives

© = (bnd®(R’, {1}), bndg(1,{1})).

The first objective ®(1) asks for the expected reward that is accumulated for R’
as long as at most 1 reward is accumulated for R;. The second objective ®(2)
concerns the probability for accumulating more than 3 reward for R, and then
reaching s, afterwards.

Let o € M be the strategy for M that repeatedly selects action « at sy until the

self-loop transition s, %, so has been taken twice. After that, o always selects
at sg.

The strategy o yields the maximal expected value for both objectives: intuitively,
o attempts to move to s; as often as possible to collect as much reward for R as
possible. This maximizes the value for the first objective ®(1). Once moving to s;
has failed two times, more than 1 reward has been accumulated for R; and there
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T
R’:1

Figure 6.1: Example MDP M with reward assignments Ry, Ry, R’ and goal state set

{s2}.

is no further benefit when moving to s;. At this point, the expected accumulated
reward with respect to R’ is 2 and we have collected more than 3 reward for R,.
The strategy now optimizes for the second objective by repeatedly attempting to
reach s;, which eventually succeeds almost surely.

The Pareto front for @ is thus given by a single point:

Pareto?f((b) = {Exﬁ'{sl(cb)} = {(2,1)}.

6.1 Explicit Unfolding

The classical approach to analyze reward-bounded objectives is to unfold the accumu-
lated rewards into the state space. In [RRS17], this has been applied to multi-objective
model checking of bounded reachability objectives, where each individual objective
considers a single bounded goal with a single reward bound. We now extend this
approach towards general combinations of multi-reward bounded objectives.

Consider some path 7 = s =, s &, .. of MDP M. To compute the value
of a bounded reward objective bnd® (R, I)(x) or a bounded reachability objective
bndg (¢, 9) () for m, we intuitively have to keep track of the accumulated rewards for
each relevant reward bound {R; ~; b;§ to decide if the reward bound is active on a
given fragment of 7.

Example 6.2 For the MDP M from Figure 6.1 and Example 6.1, consider the path
TE Pathsﬁ/ff(so) with

a B a B a a B )
T = 8 —S) —>>82—=>8 >S5 —>82—>5%—... = (S()—)So—>52—>)

We plot the collected rewards for reward assignments R; and R, in Figure 6.2a.
Starting from (0, 0), the first transition yields rewards 1 and 2 for R; and R,,
respectively: we jump to coordinate (1, 2). Moving to s; incurs reward 2 for R;,




6.1 Explicit Unfolding 175

R

1 2 3 4 5 Ry 1 0 o R

(a) Accumulated rewards (b) Reward epochs

Figure 6.2: An illustration of reward epochs (cf. Examples 6.2 and 6.3)

jumping to coordinate (3, 2). The next transition—back to s)—has no reward, so
we stay at (3, 2). This series of updates repeats ad infinitum.

Considering the reward bounds from Example 6.1, we observe that the reward
bound {R; < 1§ is only active until we reach coordinate (3, 2) while reward bound
{R2 > 3§ becomes active once we are at coordinate (4,4).

Besides the accumulated rewards, we also have to remember which of the referred
bounded goals are already satisfied when evaluating a bounded reachability objective.
Therefore, to obtain the objective value accumulated in the n'? step of a path 7, the
complete prefix pref (7, n) is relevant. This is different from, e.g., total reward objectives
tot(R), where only the transition s,_1 I, s, is relevant for the value accumulated
at step n of .

Our goal in this section is to build a new MDP—the unfolding MDP—from our input
MDP M on which we can encode the given reward-bounded objectives as (unbounded)
total reward objectives. To allow such a transformation, we “attach” some extra
information to the states of the unfolding MDP from which we can infer

(i) which reward bounds are currently active, and

(if) which bounded goals are already satisfied.

This extra information is formally given in the form of reward epochs and goal
satisfactions—two central concepts of our approach.
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6.1.1 Reward Epochs

Definition 6.1 (Reward Epoch) A d-dimensional reward epoch (or simply epoch)
is a tuple
e = (er,....,eq) € (NU{ohH%

The set of all d-dimensional epochs is denoted by By := (NU {@})%.

Given d reward bounds B = <ZR1 ~1 b15, ..., 1Ra ~a de>, a reward epoch intu-
itively keeps track of the rewards that can still be accumulated for each reward bound
without changing the activity status of that bound. Starting with the initial epoch

el = (by,...,ba),
the current epoch evolves by subtracting element-wise the rewards accumulated for

Ri,...,Rq4. Values below zero are collapsed using the dedicated symbol @. Formally,
define the monus operation ©: Eg x N¢ — B, given for e € Eg and r € N¥ by

N de(d) —r(i) > 0
Vie{Ld): (eor)() = {e(l) r(i) ife(i) %@ and e(i) —r(i) >
@ otherwise.
Taking a transition in the MDP M from s € S via @ € A(s) to s’ € post({s, @)) changes
the current epoch e to e’ =e o r? _, with

s,a,s’’

r3 = (Ri(s,a,8), ..., Ra(s,a,s")) € N

s,a,s’

Example 6.3 Reconsider path 7 and reward bounds B = (Z‘R1 < 1§, (R, >
3S> as in Examples 6.1 and 6.2. Starting from ey = egit = (1, 3), the resulting
development of reward epoch is shown in Figure 6.2b.

As already outlined in Example 6.2, the first transition incurs reward 1 for R; and
reward 2 for R,. Subsequently, the remaining rewards that can still be collected
without affecting the activity of the two reward boundsare 1-1=0and3-2 =1,
respectively. We move to the reward epoch e; = ey © (1,2) = (0, 1). The second
transition incurs reward 2 for R; and reward 0 for R,. Hence, the next epoch is
e; =e; ©(2,0) = (@, 1). From this point on, the first reward bound {R; < 1§ is
no longer active as we have collected more than one reward for R;.

Next, we take a transition that does not incur any rewards and thus the epoch
is es = e2 ©(0,0) = (@, 1). The fourth transition yields again rewards 1 and 2,
respectively, and the epoch changes to e; = e3 © (1,2) = (@, @). After that, we
have collected more than 3 reward for R, and thus the second reward bound
{Rz > 3§ becomes active. Subsequent transitions do not change the epoch (@, @).
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Recall from Section 2.3.3 that a bound B(i) = {R; ~; b;§ is called active at position
nof a path n € Pathsﬁ'ff ift R;[pref (7, n)] ~; b;. We now lift this notion to reward
epochs. Consider the function active? : E; — 2{1-4} with

active® (e) = {i € {1.d} | (e(i) e Nand ~; = <) or (e(i) =@ and ~; = >)}.

The set active® (e) identifies the active bounds for a given epoch e. The following
lemma shows that this is consistent to the path-based notion of active bounds.

24 (24} . .
Lemma 6.1 For path 7 = sg — s; — ... of MDP M and infinite sequence of
epochs eg, ey, - - € E; with eg = eﬁ” andVneN: e, =e, © rfi,amsnﬂ, we have

foralli € {1..d} and n € N that
Rilpref(mn)] ~i by iff i€ active®(e,).
Proof. We first show by induction that for all n € N:
« ey(i) € Nimplies R;[pref (r,n)] = b; — e,(i), and
 ey(i) = @ implies R;[pref (m,n)] > b;.

Induction Base | For n = 0 we have ey(i) = eﬁit(i) =b; € Nand R;[pref (x,0)] =
0= bi _bi = bi —eo(i).

Induction Step | Assuming that the claim holds for fixed n € N, we distinguish
the following cases.

« Ife,(i) € N, the induction hypothesis yields

Ril[pref(m,n+1)]

Ri [Pref(”, )] + Ri(sn, n, Snt1)
= bi — e,,(i) + Ri(Sn, n, sn+1)- (6.1)

We further distinguish whether the reward R; (s, &y, sp+1) incurred at the (n+1)th
step of 7 exceeds the epoch value e,(i).

— If Ri(sn, @n, sne1) > en(i), then e, 1(i) = @. Furthermore, using Equa-
tion (6.1) we get

Rilpref(m,n+1)] = bi + Ri(Sn, An, Sus1) —en(i) > bi.

>0

— I Ri (s, @, Sni1) < €n(i), then we have e,41(i) = e,(i) — Ri(sn, &n, Sp+1) €
N and thus e, (i) = en+1(i) + Ri(sn, @n, Sn+1). Inserting into Equation (6.1)
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yields
Rilpref (m,n+1)] = b; — ep1(i).

« If e, (i) = @, then e,41(i) = @ and R;[pref(m,n)] > b; holds. Since R; only
assigns non-negative rewards, we have

Rilpref(m,n+1)] = Ri[pref (m,n)] +Ri(sn, @n, $n41) > bi.

>b; >0

Inferring the Lemma | Since b; — e,(i) < b; for all n € N, a consequence of the
claim shown above is that

e, (i) € N iff R;[pref(m,n)] < b,

or, equivalently,
e, (i) = o iff R;[pref(m,n)] > b;.

The following case distinction concludes the proof of the lemma.

o If ~; = <, then

i € active®(e,) iff e,(i) € N iff Ri[pref(m,n)] < b
o If ~; = >, then
i € active®(e,) iff e,(i) = @ iff Ri[pref(m,n)] > b n

6.1.2 Goal Satisfactions

Definition 6.2 (Goal Satisfaction) A goal satisfaction over m bounded goals is
asetg C {1.m}. G, = 2{1-™} denotes the set of all goal satisfactions over m
bounded goals.

Given bounded goals G = <<[1,G1), cois{Zm, Gm)> over reward bounds B, a goal
satisfaction g € G, encodes which goals are already satisfied. The function satg 1 By %
S — G,, with

satg(e, s) = {je{1.m} | I; active® (e) and s € G;}

intuitively yields the “local” goal satisfaction for a given epoch e € E; and a given
state s € S: when the model execution arrives at state s and epoch e, the bounded goals
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given by satg (e, s) are satisfied at that particular point of the execution. However, we
are not only interested in the currently satisfied bounded goals, but also in the bounded
goals that have been satisfied before. Goal satisfactions are used to keep track of this
information. Starting with the initial goal satisfaction satg (eﬁ i 51), the idea is to add
new indices j € {1..m} to the current goal satisfaction g, whenever the corresponding
bounded goal G(j) = (I}, G;) is satisfied.

Example 6.4 For M, B,and G = (({2}, {sz})> as in Example 6.1 we have

satg(e,s) = {él} ife(2) = oands=s,

otherwise.
a B a a
For the path w = sg — sp — s = s — Sp — Sz = So — ... = and the
sequence of epochs e, ey, ... as in Examples 6.2 and 6.3, we initially consider goal

satisfaction gy = satg (eﬁit, o) = satg((l, 3),s0) = 0. The goal satisfaction does
not change for the first four steps, i.e., §o = g1 = g2 = g3 = g4 = 0. In the fifth step
of & we visit s, and the current reward epoch is e; = (@, @), i.e., the second reward
bound is active. Hence, the goal satisfaction changesto gs = {1} =gs =g7=....

Thus, 7 | G(1) = ({2}, {s2}).

Lemma 6.2 Let J C {1..m} be a set of indices referring to bounded goals. For

y [2%] . .
path 7 = sp — s; — ... of MDP M, infinite sequence of epochs ey, e, ...
as in Lemma 6.1, and infinite sequence of goal satisfactions go, g1,... with go =

satg (eg,s0) andVn e N: gpy1 =6, U satg (en+1, Sn+1), we have

VieJ: nE{I,G;) iff IneN: JCg,
Proof. Recall the definition of the “=” relation from page 58:
wE(I;,G;)y iff 3aepref(n): last(#) € Gjand Vi e I;: Ri[A] ~; b;.
Using Lemma 6.1, we get for j € {1..m}:

T E(;,G;) iff IneN:s,e€Gjand ]; C active® (ey,)
iff AneN: je satg(en, Sn)
iff AneN: jeg,.

Now assume thatV j € J: 7 |= (7}, G;). The above equivalence yields that for each
j € Jthere is nj € N with j € g,,. By noting that go € g1 C ..., we conclude
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JC gnforn=max{n;|jeJ}.
On the other hand, if J C g, for some n € N, then the above equivalence immedi-
ately yields 7 |= (Z;,G;) forall j € J. [

6.1.3 Unfolding MDP

We now define the unfolding MDP—an MDP on which the given reward-bounded
objectives can be restated using (unbounded) total reward objectives. The idea is
to incorporate reward epochs and goal satisfactions into the state space in a way
that Lemmas 6.1 and 6.2 can be applied to paths in the unfolding MDP. For a given
reward-bounded objective, this transformation then allows us to determine the value

accumulated at a certain step (s, e, gn) BN (Sn+1> €n+1, Gn+1) of a path in the unfolding
MDP by only considering the information given locally at that step.

Definition 6.3 (Unfolding MDP) The unfolding MDP of MDP M = (S, Act, A, P),
d > 0 reward bounds B = (ZRl ~1 015, ..., 1Rq ~a bd3>, and m > 0 bounded goals
G = <<I1,G1), s {ZTm, Gm)> is given by the MDP ung(M) = <Sun, Act, Ayp, Pun),
where

o Sun = SXEygXGy,
. for (s,e,8) € Sun: Aun((s,e.8)) = A(s),
« and for s,, = (s,e,0), s, = (s’,€’,8") € Syp and a € A(s):

Pun(sum a.sy,) = P(s,a,8") - [e' =eo rfa’s,] ‘[a"=gu satg(e’,s’)].

When the reward bounds 8 and bounded goals G are clear from context, we write
un(M) instead of ung (M). Given the initial state s; € S of M, we consider

S = (sn el satgelsn) € Sun

as the corresponding initial state of un(M). The unfolding MDP is infinite since there
are infinitely many epochs e € E;. However, we are only interested in the fragment of
un(M) that is reachable from s/". Since the rewards for Ry, ..., Ry are required to be
non-negative integers (cf. Assumption 6.1), the entries of successor epochs can only

become smaller (or @). Thus, the states reachable from s} are contained in the finite

set
Sj,j,f = {(s,e,g) € Sun | Vie{l.d}: e(i) =@or0<e(i) < bi}.
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Figure 6.3: Reachable fragment of the unfolding MDP ung (M) of MDP M with reward
assignments R}" and R}", and path un, () in pink (cf. Examples 6.5 to 6.7).

Example 6.5 The unfolding MDP ung (M) of MDP M from Figure 6.1 with re-
ward bounds 8 and bounded goals G from Example 6.1 is shown in Figure 6.3.
We only depict the fragment of ung (M) that is reachable from s;"* = <so, (1,3), 0>.
In the figure, the epoch e of a state (s, e, g) of ung (M) is derived from the dashed
rectangle in which the state is drawn. Furthermore, states with g = {1} are
depicted in yellow. For the remaining states we have g = 0.

Remark 6.1 The unfolding MDP can be seen as a generalization of the goal
unfolding from Definition 4.1 on page 100 towards reward epochs and bounded
goals. In fact, the observations below are strongly related to those of Section 4.1.1.

Next, we define total reward objectives for the unfolding MDP un(M) to replace the
given ¢ = g + {; reward-bounded objectives

¢ = <bnd8 (R,, L)s ) bndB (RQR’ LR)’ bndg (C{’R+la gj{”R+1)a e bndg(C[R+fG’ ~7ER+€G)>'

For each objective ®(j) (j € {1..£}), we introduce a new reward assignment R;?" for
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un(M) which for (s,e,g) € Syn, @ € A({s,e,g)), and (s’,e’,g") € post({s,e, @), ) is
defined as follows (cf. Lemmas 6.1 and 6.2).

< If1<j < tg—ie, ®() = bnd® (R;,I]) is a bounded reward objective—then

Ri"[(s.e.0), . (s",€¢',0")] = Ri[s,a,s'] - [L; € active® (e')].
o Iftg < j<t—ie,d() = bndg(cj,jj) is a bounded reachability objective—then
Ri"[(s.e.0), a.(s" e, ") = ¢; [T £l [T gl

Example 6.6 The reward assignments R}" and R}" for the two objectives ® =
<bnd8 (R, {1}), bndg(l, {1})> from Example 6.1 are indicated in Figure 6.3.

Due to the following theorem, we can replace the reward-bounded objectives & for
M by the total reward objectives for un(M):

U = (tot(RI™), ..., tot(Ry™)).

Theorem 6.3

AchM (@) = Ach“p™ (@4,

un
S

Towards a proof of Theorem 6.3, we establish a one-to-one correspondence between
(i) paths and (ii) strategies of M and un(M), respectively.
Consider the mapping

uny: Pathsf\r/ff(sl) — Pathsglnf(M) (s/™,

o [25]
where for sy — s; — --- € Pathsﬁ'ff(sf) we set

0] ai . a0 ai
u’lp(so —sp—...) = (S0,€0,80) — (51,€1,81) — ...
with epochs ey, ey, . .. and goal satisfactions gy, g, . .. as in Lemmas 6.1 and 6.2, i.e.,

(s0.€0,80) = (S1, €pypr satg (epipps)) = si"

and for all n € N:

B

_ _ B
€nt1 = €nOry o o and  Gny1 = G U satg (€n+1, Sn+1)-
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Example 6.7 For the path 7 from Examples 6.2 and 6.3, Figure 6.3 indicates the
path uny () in pink.

We use un,, to relate paths of the original MDP to paths of the unfolding MDP. The
mapping is restricted to paths that start at the corresponding initial states, which
ensures that the mapping is bijective as argued below.

Lemma 6.4 The mapping un,, is well-defined (i.e., paths in M are mapped to valid
paths in un(M)) and bijective.

Proof. Well-definedness follows immediately from Definition 6.3. Bijectivity holds
because

« m # ' implies un, () # un,(n’) and

« for every 7*" € Pathsi';"f(M) (s™), there is a unique path € Pathsfff(sl) with

%" = un, () which is obtained by removing the epochs and goal satisfactions
from 7%". [ ]

For simplicity, we overload the notation un, (-) with finite paths in a straightforward
way, i.e., for 7 € Pathsf\r/ff(sj), neN:

un, (pref (m,n)) = pref(uny(r),n).

We also map strategies of M to strategies of un(M). We slightly deviate from
strategies as introduced in Definition 2.16 on page 34, by considering strategies that
only operate on paths that start in the initial state. To this end, let X (s;) be the set
of (partially defined) strategies o': Paths]f\fn (s;) — Dist(Act). The probability measure
Prﬁ’fsl remains well-defined for strategies ¢ € =™ (s;) since paths not starting in s;
always have probability 0. The set %“"(M) (sf™) is defined similarly. This allows us to
relate strategies for M and un(M) using the mapping un, (7)—which is only defined

on paths starting in the initial state.

Formally, consider the mapping uns : =M (s;) — M) (s/"), where for o € >M(sp)

and A" € Pathsgz(M) (si™) we set
uny(0)(#"") = o(%) for unique & € Pathsgl(sj) with 7" = un,, ().

Intuitively, the strategy uns (o) for un(M) “simulates” the strategy o for M by ignoring
the epochs and goal satisfactions from the given path 7%".
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Example 6.8 Reconsider the strategy o € 3™ from Example 6.1. The strategy
uny (o) for the unfolding MDP in Figure 6.3 is the pure memoryless strategy which
for (so, e,8) € S, is given by

a ife(l) +@

uns (o) ({so, €,9)) = {/5 ife(1) = @.

| Lemma 6.5 unsy is bijective.

Proof. Clearly, ¢ # ¢’ implies uns (o) # uns(c’). Furthermore, for every ¢** €
yun(M) (s;") we have 0" = uns (o) for the strategy o € >M(s;) with

V7 € Paths! (s)): o(#) = o (uny(%)). n

The following lemma states that the unfolding MDP preserves path probabilities.

Lemma 6.6 For all o € = and all measurable IT C Pathsﬁ'ff(sf), we have

0,S] uny (o),s

prM (Im) = pr»M) ;,,,({unp(n) \ T e H})

Proof (sketch). Since measurable sets of infinite paths can be constructed from
cylinder sets of finite paths, it suffices to show

P (7)) = Pr"M) L ({uny(2)))

uns (o),s{

for all finite 7 € Pathsﬁ'fl (s7). This equality holds by a simple induction over the
length of 7. [ ]

Next, we show that given an individual path in the MDP M, the value of a reward-
bounded objective in ® coincides with the value of the corresponding total reward
objective in ®"" on the associated path in un(M).

Lemma 6.7 For 7 € Pathsﬁff(sf) and j € {1..¢}:
() (m) = “"(j) (unp (7).

g ay ap [25]
Proof. Letm =sy — sy — ... and uny () = (so, €0, 3o) — {(s1,€1,81) — .... We
distinguish between bounded reward objectives and bounded reachability objectives.

CIf1 << tg—ie, D)) = bnd® (R’, I;) is a bounded reward objective—then,
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using Definition 2.31 on page 57, Lemma 6.1, and the definition of R;‘” from
above:

bnd® (R}, I;) () = liminf (R} [pref (z,n)]

= liminf )" (R[5 a1.5¢] - [Vi € s Rlpref (k)] ~ bi] )
k=1

= liminf (7{; [sk—1, ar_1, sk] - [IJ - activeﬂ(ek)])

n—oco
k=1

n

= liminf (R;musk—l;ek—l, k1) k-1, {Sk ek,gk>])

n—oo k:1
= tot(R}") (uny (7).
o Iftg < j < t—ie,d(j) = bndg(cj,Jj) is a bounded reachability objective—then
bndg(c;, Jj)(m) =c¢;- [Vie Tj: n (LG
=c;-[An eN: J; C ga]
From Assumption 6.2 we can infer that J; € go = satg (eﬁit, s7). Thus,
dneN: Jjcg, < 3IneN: J;<Zg,andTJ; C gns-

Furthermore, due to gg C g; C ... we follow that there can be at most one n € N

with J; € g, and J; € gn+1. Hence,

bndﬁ(cj,jj)(n) =c;- [AneN: Jj C ga]

ti 32197 o7 o
k=0

lim (R}M[Qk, €k, Ok ) Ok, (Sk+1, €k+1, Bkt >])

n—oo

k=0
= tot(R}") (uny(1)). [

We now apply Lemmas 6.4 to 6.7 to show Theorem 6.3.
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Proof (of Theorem 6.3). For o € M (s;) and j € {1..£} we have
Ex} (9()))

- / ®(j) () dPr, ()
7r€Pathsmf (s1)

. M
/ O(j) (unp (7)) dPrZ:((U)) Sun(unp(yr))
nGPathsmf(sI)

i un(M)
v/.“"EPaths“”(M) (I)un(J) (unp(yr)) dPrunz(U),S;m (ﬂ-un)

inf (Sun)

=Ex"M (@(j)).

unz (0).s]
Lifting to multiple objectives and using bijectivity of uny, yields

36 € ZM EXM (CI)) > p — 30'“” c Zun(M) un(M) (q)un) > P

0,ST oun Sun

forall p € @t,. From this we conclude that Theorem 6.3 holds, i.e.,

AchM (@) = Ach“p™ (@)
sy | |

Due to Theorem 6.3, the set Ach?f (®) with reward-bounded objectives ® has similar
properties as in the total reward case discussed in Chapter 4. In particular, the following
is a consequence of Lemma 4.6 on page 112.

Lemma 6.8 If Algorithm 4.1 on page 104 returns ‘vaLID’ for input un(M), s}, and
®"" then Achi‘f(@) is closed.

Another consequence from our observations in Chapter 4 is that for solving the WSO
instance given by MDP M, initial state sj, (reward-bounded) objectives @, weight vector
w € (Rso)’, and precision parameter eyg, it suffices to consider strategies o € M
such that uny (o) is a pure, memoryless strategy for un(M).

Finally, Theorem 6.3 yields an algorithm for solving the above instance for WS0:

1. build the fragment of the unfolding MDP unB (M) reachable from s;" with total
reward objectives ®*" as above, and

2. solve the corresponding total reward WSO instance with unB (M), s;", and @*"
instead of M, s;, and ® (e.g., using techniques from Chapter 4)

However, the reachable fragment of the unfolding MDP has up to |S|- Hflzl (b;j+2)-2m
states. While usually in practice the number d of reward bounds and the number m of
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bounded goals remain small, the reward bound values by, ..., by often become very
large so that explicitly building the unfolding MDP becomes infeasible.

6.2 Sequential Epoch Analysis

In the previous section, we have reduced the analysis of reward-bounded objectives on
an MDP M to the analysis of (unbounded) total reward objectives on the unfolding MDP
unZ(M). We now conduct this unfolding-based analysis without explicitly creating the
unfolding MDP. The key idea is to exploit regularities in the unfolding that allow us to
decompose the large unfolding MDP into small components—called epoch MDPs—that

« each have a similar transition structure which can be obtained without building
the complete unfolding MDP and

« can be analyzed sequentially in a certain order.

The approach is to analyze the epoch MDPs one-by-one—using results from previously
analyzed epochs in a dynamic programming manner. This idea has also been consid-
ered for objectives with just a single reward bound in [BDDK"14; HH16] and takes
strong inspiration from topological value iteration [CBGK08; DMWG11] which we also
discussed in Section 4.4.4.

Set-up | We consider the unfolding MDP ung (M) = un(M) = <S,m, Act, Ayn, P,m> of
MDP M = (S, Act, A,P),d > 0 reward bounds B = <ZR1 ~1 015, ..., Ra ~a bd3>, and
m > 0 bounded goals G = ((Il, Gi), ..., (I, Gm>> as in Definition 6.3. Furthermore,

we consider the initial state s}‘” € Sun as well as £ > 0 reward assignments R}, ..., R;"
for un(M), which give rise to ¢ total reward objectives ®** := <tot(72;‘”), R tot(ﬂ?”)).
For our approach, there is no need to explicitly create un(M) and R}",...,R}". An

implicit representation using M, B, G, and the original reward-bounded objectives ®
suffices.

As before, our goal is to answer the resulting WSO instance for given weight vector
w € (Rx)?, and precision parameter &ygg.

6.2.1 Epoch MDPs

Let us fix a reward epoch e € E;. Intuitively, the epoch MDP for e arises when
restricting the states S,, of the unfolding MDP to those with epoch e, i.e., triples
(s,e,g) with s € S, g € Gy, and fixed epoch e. Transitions leading to different epochs
e’ # e are redirected to a dedicated sink state s .
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Definition 6.4 (Epoch MDP) The epoch MDP for MDP M, epoch e € Ey, reward
bounds B and bounded goals G is given by the MDP

epg(M,e) = (Se, Act W {1}, A, P,),

where—using the unfolding MDP ung(M) = (Sun, Act, Ay, Pun> as in Defini-
tion 6.3—we have
« Se = (Sx{e}XGm)W{sL} C Sun®{s.},

Aun(3) if§ #s,

o for§ € Se: Ap(5) = {{J_} £5os
=5,

« and for §,§" € Se \ {s.} and @ € A.(S):

- Pe(5a8) = Pun(ad),
- Pe(Sas.) = Z Pun(3, a5,
Sun€ (Sun\Se)

- Pe(si,L,s;) = 1,and
- Pe(Sl,J_,§/) = 0.

When 8 and G are clear from the context, we usually omit them from the notation
and just write ep(M, e). We slightly abuse notations by applying memoryless strategies
o € M) for the unfolding MDP also to the epoch MDPs ep(M, e) for any e € Ey.
This is well-defined since

« the choice at s, € S, is unique as A(s,) = {L} is a singleton set, and

« forany other state (s, e, g) € S¢\{s.} we also have (s, e,g) € S,, and thus o((s, e, g))
is defined.

Example 6.9 Figure 6.4 shows the epoch MDPs for M, 8, and G as in Figure 6.1
and Example 6.1 for all possible epochs e € E; = E;.

Given an epoch e € E; and a reward assignment R*" for un(M), we now construct
a corresponding reward assignment for the epoch MDP ep(M, e). We also incorporate
a function f: Sy, — R for assigning rewards upon leaving the current epoch.

Definition 6.5 (Induced Reward Assignment) The reward assignment for
ep(M, e) induced by R*" and f as above is denoted by (R"", f)¢, and for § € S\ {s.}
and o € A.($) given by

o« (R HelS 8] = R¥™[S,a,8'] forall § € post($,a) \ {s.},
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(©) ep(M, (@, @))

Figure 6.4: Different epoch MDPs for epochs (ny, ny), {n;, @), (@, ns), (@, @) € E; with
ny, np € N (cf. Example 6.9).
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Pun(ga 0(, S;n) .
Pe(5,a,5.)

R fels ] = ( (R 501+ 75
Sun€(Sun\Se)

if s, € post($, ), and
] <Run,f>e[5l, J_, SJ_] = 0.

Intuitively, for transitions that stay within the epoch e, the reward assignment
(R¥", f)e mimicks the original rewards R*" from the unfolding MPD un(M). Transi-
tions that exit the epoch are—in the epoch MDP ep(M, e)—redirected to the dedicated
sink state s, . For those transitions, we consider the rewards that are assigned to the
corresponding transitions by R*" plus the values given by the function f. Since a
single transition in ep(M, e) from a state § € S \ {s.} to s, can represent multiple tran-
sitions in un(M), we scale the assigned rewards with the probability that the rewards
are collected in un(M). The term % in Definition 6.5 yields the conditional
probability to move from § to s, given that we exit the epoch at § (via action a).

We now establish a connection between expected total rewards of the individual

epoch MDPs and expected total rewards of the unfolding MDP. We fix a reward
assignment R*" for un(M) and a memoryless strategy o € Z“"M)_ Let

I = Lsun € Sun | EXSni™ (101(R™)) ¢ {—co0, +00}}.

Lemma 6.9 If f: S,, — R satisfies f(sy,) = Exxi}y)(tot(ﬂ“”)) for all s, € Sg“,
then
M (ror(R™™))

[

ExM) (tot((R™, f)e)) = Ex
holds for all § € (S, N Sf") € S,

Proof. Observe that SCC models and their reward assignments used for topological
value iteration (see Definition 4.5 on page 127) are defined similarly to epoch MDPs.
Lemma 6.9 can be shown similarly to Theorem 4.18 on page 128. [ ]

Lemma 6.9 also applies for maximizing expected total rewards. Let
St = {5un € Sun | Exirats, (101(R")) & {00, 400} }.

Lemma 6.10 If f: S,, — R satisfies f(s,,) = Exﬁ%jﬂ(tot(ﬂ“”)) for all s,, € Sin |
then
Ex® ™M) (tor((R™, f)e)) = Ex" (tor(R™"))

max,$ max,$

holds for all § € (S, NS ) C §,,.
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Proof. Let opmax € 2*"™) be a memoryless strategy that maximizes the expected
total rewards in un(M), i.e.,

Y Sun € Sun: Exit™ (tor(R*")) = Ex¥"™M) (1or(RH™)).

Applying Lemma 6.9 to oyax and § € (S, N ST2 ) yields

max
Exirit (10t(R™)) = Extr™) (10t(R™)) = ExZ " (t0r((R™, )

Ex®) (10t ((R™, f)e)).

max,$

IN

Similarly, let 6oy € ™€) be a memoryless strategy that maximizes the expected
total rewards in ep(M, e), i.e.,

Ex?M (101((R™, f)e)) = ExP™M (101((R™, f)e)).

ax,$

We lift 6pay to the unfolding MDP by considering memoryless o € 3%*M) with

Omax (S ifsyp €8S
VSun € Sun: 0(Sun) = masx (Sun) un . e
Omax(Sun)  otherwise.

Applying Lemma 6.9 with strategy o yields

Ex?0E (tot((R™, fe)) = ExP™ (10t((R™, f)e))

ExM) (tot((R™, f)e))

Ex"™ (tot(R"™))

Ex ™) (1or(R¥")). "

max,$

IA

6.2.2 Epoch Dependencies

Lemmas 6.9 and 6.10 establish a way to reason about expected total rewards for the
unfolding MDP by only considering expected total rewards for (potentially much
smaller) epoch MDPs. However, appropriate values for the function f: S,, — R need
to be computed before an epoch e can be analyzed. Fortunately, the values f(s,n) are
only relevant for unfolding states s, that are direct successors of states § € S,.

Our approach is to solve the given WSO instance for the unfolding MDP using a
decomposition into the different epoch MDPs. We exploit that states (s, e,g) € S, of
the unfolding can only reach states (s’,e’,g’) € S,n, where the entries of the epoch e’
becomes either smaller or @—avoiding circular dependencies between epoch MDPs.
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<>
I

Figure 6.5: Reachable fragment of example epoch graph (cf. Example 6.10).

We now formalize those dependencies.

Definition 6.6 (Epoch Graph) The epoch graph for unfolding MDP un(M) is the
graph (E4, —) with vertices E; and edges < C Ey X Ey such that for e, e’ € Ey:
e — ¢ iffe # ¢’ and

Js,5" €S, 6,8 € G, @ € Aun((s,€,8)): Pun((s,e,8),a, (s, €, g")) > 0.

Intuitively, there is an edge from one epoch e to another epoch e’ in the epoch graph
iff there is a transition in the unfolding MDP from a state with epoch e to a state with
different epoch e’.

Example 6.10 Figure 6.5 shows the fragment of the epoch graph for the unfold-
ing MDP in Figure 6.3 reachable from e = (1,3).

Consider two states s,, = (s, e,g) and s}, = (s’, €', g) of the unfolding MDP such that
there is a path # € Pathsf’fl:'l(M) (sun) from sy, to last(7) = s,,. Thus, the total reward
accumulated from state s,, depends on the total reward accumulated from state s,,.
Observe that in this case, there is also a path e; < ... < e, from epoch e = e; to
epoch e’ = e, in the epoch graph. This path intuitively reflects that we have to analyze
the epoch e’ before we can deal with epoch e. On the other hand, if there were no
path from e to e’ in the epoch graph, the rewards accumulated at states with epoch e’
would not affect the total rewards at epoch e. We say that epoch e depends on epoch
e’ if there is a path from e to e’ in the epoch graph.

Lemma 6.11 The epoch graph for an unfolding MDP is acyclic.
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Proof. Recall that the reward assignments Ry, ..., Ry for the reward bounds are
required to be non-negative (cf. Assumption 6.1). Therefore, if e < e’ fore, e’ € Ey,
then

Vie {1.d}: e'(i) =@ore(i) >e'(i).

We also have e # e’. Thus, a path e; < ... < e, of the epoch graph cannot visit
the same vertex twice. u

Due to the acyclicity of the epoch graph, we can analyze epochs in a reverse topo-
logical order which—when analyzing e € Eyj—ensures that all epochs e’ on which e
depends have been analyzed before.

Definition 6.7 (Proper Epoch Sequence) A proper epoch sequence is a sequence
of pairwise distinct epochs € = e; ... e, such that

Vie{l.n}: Vee€Ey: e; — eimplies3j < i: e=e;.

For an epoch e; occurring in a proper epoch sequence € =e; .. . e,, we have that all
epochs on which e; depends (i.e., which are reachable from e; in the epoch graph) have
to occur in € at a position before e;. For a given epoch e, we can compute a proper
epoch sequence € ending with epoch e by first building the fragment of the epoch
graph reachable from e and then computing a reverse topological ordering for that
graph.

Example 6.11 An example proper epoch sequence with respect to the epoch
graph from Figure 6.5 is given by

€ = (0,0)(2,1) (2,3) (0,1) (1, 3).

6.2.3 Unfolding Implicitly

We now present the sequential epoch analysis approach. We first consider the case
where gygg = 0, i.e., all computations have to be exact. This case is simpler as there
are no approximation errors that could potentially propagate through the epochs.
Furthermore, we assume—for now—that all considered expected total rewards are
finite, i.e.,

VoesM §e s, je {10} Ex™ (tot(RU™)) ¢ {+o0, ~c0}.

u
o,S
In Section 6.2.4, we extend our algorithm to deal with both: propagation of approxima-
tion errors and non-finite expected values.

Algorithm 6.1 outlines the dynamic programming-based procedure. For each
epoch e in the proper epoch sequence € computed in Line 2, we create an in-

proper epoch
sequence

sequential epoch
analysis
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1 function solveWso (M, s;, ®,w, eysg)

// ® consists of ¢ reward-bounded objectives
// Assume eysg = 0 andV o € "M V§ e Sy FX::I: M) (puny e R
2 Compute proper epoch sequence € = e, ... e, ending with e,, = eﬁi[
3 Arbitrarily initialize functions fi, ..., fr: Syn — R/ Values are set in Line 8
4 fore=ey,...,e, do
5 Build epoch MDP ep(M, e) = (Se, Act W {1}, A, P,)
6 ¢ — (tot((R™, fide), ..., tot({RY™, fide))
7 <<U§, P§>>§ese — solveWsoV(ep(M, e),®%w,0) // As in Chapter 4
8 for § € Se N Syp, j € {1..£} do f; () « p,(j)
K p = <ﬁ(s;ln)>je{1..(}; v prw
10 | return (o, p)

Algorithm 6.1: Solving bounded reward WSO instances (simplified)

stance for WSO considering the epoch MDP ep(M, e) and total reward objectives
o = <tot((‘R{”’,f1)e), e tot((Rf",ﬁ)e» as outlined in Section 6.2.1 (Lines 4 to 6).
When creating the reward assignments (72}‘”, fide for j € {1..£}, we only access the
values fj(su) for unfolding MDP states s,, = (s,€’,g) € Sy, such that e depends on
the epoch e’ of s,, i.e., €’ occurs before e in the proper epoch sequence € and thus e’
has been processed before the current epoch e. We solve the created WSO instance in
Line 7. Here, we use a slightly modified version solveWso" of the function solveWso
from Algorithm 4.2 on page 108 that returns a solution (v, p;) for every possible
initial state § € S,. This modification typically only has a minor effect on runtime since
common algorithms for computing expected total rewards—including (sound) value
iteration, strategy iteration, and linear programming—produce a result for every state
as a by-product. Algorithm 4.2 is always applicable since—by assumption—infinite
expected values do not occur. In Line 8 we set the values f;($) for unfolding MDP
states from the current epoch § € S, N S, so that the values are available when
analyzing future epochs that depend on e. Finally, we create an answer (v, p) for the
reward-bounded WSO instance in Line 9 by considering the values stored in functions
fis- .., fe for the initial state s; of the unfolding MDP.

Theorem 6.12 The value v and the point p returned by Algorithm 6.1 yield a
solution to the provided reward-bounded WSO instance.
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Proof. We argue using the respective WSO instance on the unfolding MDP un(M)
with objectives ¢ = <tot(Rf”), el tot(‘R}f”)), which is valid due to Theorem 6.3.
Recall our simplifying assumption, i.e., eysg = 0 and all expected values are finite. To
show that the returned pair (v, p)—where v =w - p—is a solution to WSO, it suffices
to show that

p= EX“”(M)(QD””) for o € argmax w - Exun(M)(dD"") (6.2)

0.5
o’ ez un(M)

When solving the total-reward WSO instances in Line 7 of Algorithm 6.1 using
Algorithm 4.2, memoryless strategies oy, . . ., 0, are constructed for each processed
epoch MDP ep(M, eq),...,ep(M,e,). Let o € >unM) he the combined memoryless
strategy for the unfolding MDP with o((s, e;,g)) := 0;({s, e;,g)) for each i € {1..n}
and (s, e;, g) € Sy,. We show that upon termination of the algorithm for any § € S,
we have

LVje{t.ty: £ = Ex"™ (tor(R™)) and

S
2. w-(i(8),.... ;(8)) = max, cgumm W - Ex""ﬁm(cpun)

Equation (6.2) follows by noting that p = (fj (s}‘"))J.E{l_'[}.

Let us fix an epoch e occurring in the proper epoch sequence €. Without loss of
generality we assume that Items 1 and 2 already hold for all states §’ = (s’,e’,g")
such that e depends on ¢€’, i.e., epoch e’ occurs before epoch e in €. In particular,
this assumption is valid for the first epoch e; in € since e; does not depend on any
other epoch.

Item 1 | For§ = (s,e,g) € Sy, the point p, computed in Line 7 of Algorithm 6.1

satisfies p; = Exgp ;M’e) (®°) due to the correctness of Algorithm 4.2. Thus, for
j € {1..} we get

£ = pi) = ExPMO (R £)e) = ExM (tor(RY™))

The last equality above is due to Lemma 6.9 and the assumption that Item 1 already
holds for epochs e’ on which e depends.

Item 2 | It remains to show that ¢ € argmax_, cguman W - Ex“t'(gM) (®“"), i.e., the
strategy o for the unfolding MDP maximizes the weighted sum over the total reward
objectives when considering an initial state with epoch e.

Consider f: Sy, — R with

VS € Sun: &) = w-(fi(8)..., (&)
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If§" = (s’,e’,q") for some epoch e’ on which e depends, our assumption that Item 2
holds for §” yields—using R*" := 25‘:1 w(j) - R}" and Lemma 4.4 on page 106:

£(8) = max w-Ex“M (@) = ExM) (tor(R")). (6.3)

’ o &7
o exun(M) o’,8 max,$

The following equalities conclude the proof by showing that ¢ indeed maximizes
the weighted sum over the total reward objectives.

w EXZ—’Z(M) ((Dun)

=w- EXZP;M’G) (®°) (Item 1 and Lemma 6.9)
= max w ~Exelf<fw ) (®°) (Correctness of Algorithm 4.2)
o’ exep(M.e) o,
M,
= Ex?M) (1ot ((R™, f).)) (Lemma 4.4)
= EXI';Y;(XNSI) (tot(R"™)) (Equation (6.3) and Lemma 6.10)
= max w-Ex“"M (@M. (Lemma 4.4) [ ]
&’ exun(M) g,

6.2.4 Allowing Non-finite and Approximative Expected Values

We extend Algorithm 6.1 to (i) deal with objectives that potentially yield infinite
expected values and to (ii) allow approximation errors when analyzing the individual
epoch MDPs. The former allows for a broader class of input models whereas the latter
enables the use of practically efficient methods for expected total rewards such as sound
value iteration (Chapter 4). The new, extended procedure is outlined in Algorithm 6.2.

Infinite Expected Values

We drop the assumption that all occurring expected rewards at any epoch are finite.
Instead, we require

1. ExM (bnd((R))*, Ij)) < +oo for all bounded reward objectives bnd (R, 1),

max,Sy

j € {1..tg}, and
2. Ach™(®) NR! # 0.

The reward assignments (R’;)* considered in Item 1 arise from R’ by setting all negative
rewards to zero (cf. Section 2.2.5). Item 1 implies that the bounded reward objectives
are convergent (cf. Definition 2.31 on page 57) and always yield values less than +oco
(cf. Assumption 3.1 on page 78). Item 2 yields that there is at least one real-valued
achievable point. These assumptions are similar to those in the total reward case
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1 function solveWso(M, s;, ®,w, eysg) solve WSO

10

11
12

13

14

15

16

17
18

19
20

21

22

23
24

// @ consists of { reward-bounded objectives

Compute proper epoch sequence € =e; .. .e, ending with e, = egit
Ee—eyso/ (1+ ||eﬁit||) // Precision for epoch MDPs

Arbitrarily initialize functions f, fi,..., fr: Sus & R

S+ (0; S7 « 0; S™ 0

fore=e;,...,e, do

Build epoch MDP ep(M, e) = (Se, Act W {1}, A, Pe>

// Compute and cut away states that yield non-finite expected values

S gt {s €S\ {s,} |30 (Pr""f"‘) (057) > 0

ag,s

or 3 B (1ot ((RY", £))) = +0)

§=° — §=° U {s € 5.\ {51}

Yo: (Prun;M) (<>S*°°) >0

or 3 j: ExPM (tor((RU™, f7)e)) = _oo)}
S — S, \ (ST US™™ U {s}); ST sfiny sfin
Ciin — {(,a) € Sfin x Act | a € Ae(3) and post™™M) (5, ) C Sﬁn}
Me — ep(M, e)[[Cein U {(s1, L)}]
// Analyze total rewards for submodel M, of ep(M, e)
¢ — (tot((R™, fide), ..., tot({RY™, fde))
Re — (Sl w(i) - R f)e
((vs. P§>>§es§m — solveWsoY (M., ®°, R, w, &) // As in Chapter 4
for 5 € S" do
L F) o5
for j € {1..£} do f;(5) « p.(;j)

if 5" € Sfin then
v e fs1"); p = <f}(s;m)>je{1..f}
return (v, p)
else if s/ € S** then
‘ return ‘ERROR: J¢;: ¢; not convergent or Ex,, (¢;) = +00’
else if s/ € S~ then return ‘ERROR: Ach(®) NR’ =0

Algorithm 6.2: Solving bounded reward WSO instances (extended)
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discussed in Section 4.1.3—which is natural since total reward objectives are subsumed
by bounded reward objectives. Our assumptions make sure that a solution to the
provided WSO instance exists (cf. Lemmas 3.13 and 4.3 on page 81 and on page 105).

A naive approach to enforce Items 1 and 2 above is to apply the procedure for total
rewards from Section 4.1 on the unfolding MDP. This can be done by computing the
partition S, = S* & §™* v " of unfolding MDP states, where

¢ §% = {sun € Sun | T i Exiian’ (tot((RUM*)) = +oo},
« §7° = {sun € Sun | Vo1 3j: Exiyih (t0t(RU")) = —co}, and
o S = S\ (ST UST).

If st € ST or sit e ST holds for the initial state sp" of the unfolding MDP, we
can infer that Item 1 or Item 2 does not hold, respectively. On the other hand, if
s}‘" e sfin our requirements are met. In this case, we can cut the states in $*° U §~%
by considering an appropriate submodel of the unfolding MDP. This yields a new MDP
that only consists of the states in S, where infinite expected values are no longer a
concern.

To compute the above partition, we may analyze the end components of un(M) and
their reachability as outlined in Algorithm 4.1 on page 104. However, end components
of the unfolding MDP do not stretch over multiple epochs due to the acyclicity of the
epoch graph. We can therefore avoid considering the unfolding MDP as a whole by
incorporating the end component analysis into the sequential epoch analysis. This is
shown in Lines 8 to 12 of Algorithm 6.2. When processing an epoch e, we decide for
each state § = (s, e,g) € S, whether it belongs to $*°, 57, or sfin The sets St and
S~ are extended accordingly in Lines 8 and 9 by

« considering reachability of states outside of the current epoch that are already
known to be in $** or $™%°, and

« investigating the rewards accumulated within the current epoch.

This step can be implemented using a combination of end component analysis and
reachability analysis in the epoch MDP similar to Algorithm 4.1 on page 104. For the
reachability analysis, it suffices to consider the states § € S, of the current epoch as
well as immediate successors' ' € |J {post(5,a) \ Se | § € Se, @ € Ayy($)}. Once the
sets S*° and S~ are extended by the corresponding states from the current epoch,
we can cut away those problematic states from the epoch MDP by considering the
submodel M, of ep(M, e) in Line 12, where states in (and transitions to) S** U S~ are
omitted. For M., non-finite expected values are no longer a concern.

ITo see this, observe the following properties of ST and S™: If §’ ¢ S*, then S* cannot be reached
from §’. Similarly, if §’ ¢ S, there is always a strategy that avoids reaching S~ from §’.
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In Lines 19 to 24, we check if the initial state of the unfolding MDP is contained in
Sfin greo oy g=00 I s}‘” € Sfin_ an answer to the WSO query is returned. Otherwise, an
error is raised to indicate that one of the assumptions is violated.

Approximative Computations

When an epoch e’ € Ey is only analyzed approximatively, the approximation error
affects all epochs e that depend on €’, i.e., all epochs that have a path in the epoch graph
leading to e’. This is because the reward assignment (R%", f;) for j € {1..£} considered
for epoch e depends on potentially imprecise values computed for e’ which are stored
in the function f;. In general, it is not possible to make up for the approximation error
at e’—even if all other epochs were analyzed exactly (i.e., without approximation error).
The following lemma provides bounds on the effect that a difference in the considered
functions fi, . .., f; can have.

Lemma 6.13 Let f, f': S, — R be functions with

VSun € Sun: &1 < f(sun)_f/(sun) < e

for some ¢, & € R. Then, for strategy o € ser(M.e) and reward assignment R*" for
un(M), we have

VieSer e < ExZM (t0t((R™, f)e)) = ExT{M (10t(R™, f)e)) < e
Proof. We have
Ex?{ (10t (R, fre)) = EBxZ™ (tot((R™ £ )e))
- Exep(M ? (1ot (R, f)e) = tot((R™, £)e))
ep(Me)(t t((ﬂun f>e 7%“" f> ))
ep(M 8)(t0t(<0 - e ))

where o is the reward assignment that sets all rewards to zero. Consider a path
TE Pathsfp(M ) If 7 does not reach s, , then tot({o, f — f')e) () = 0. Otherwise,
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7 contains a transition § — sy for § € S¢ \ {s.} and we get (cf. Definition 6.5)

tOt((O,f—f,>e)(7T) <o>f_f,>e[§; C(,SJ_]

(Pulbnt) (1) pis,)
5un€(Sun\Se)

Pe(§> a, Si)
(P“"(g’ @ Syn) ) _ £
- B ey 2l T ooy
$n€(Sun\Se) Po(S,a,51) P.(5,a,s.)

A lower bound using ¢; can be established similarly. Since the objective value is
multiplied with the path probabilities when considering expected values, we get

&1 < EXZ)g(MEE)(tOt(<OSf_f,>5)) < &

which concludes the proof. [ ]

When all epochs are analyzed approximatively, each individual epoch adds a certain
error to the already erroneous values of its successor epochs. For an epoch e, let ||e]|
be the length of the longest path in the epoch graph starting in e. Intuitively, if each
epoch adds an additional approximation error of ¢ to the approximation error of its
successors, then the overall error at e accumulates to (||e|| + 1) - & This propagation of
approximation errors is comparable to the observations we made for topological value
iteration in Section 4.4.4 and has also been observed in [HH16] for the single reward
bound case.

Our sequential epoch analysis algorithm is extended as follows. In addition to the
functions fi, ..., ff—which are used to store the obtained achievable points p; for the
solved total reward WSO instances—Algorithm 6.2 now also stores the obtained upper
bounds v; in Line 17 using the new function f: S,, — R. Moreover, an additional
reward assignment R, is considered for each epoch MDP in Line 14. R, is based on the
weighted sum of the reward assignments of the unfolding MDP as well as the values
given by f. The idea is to use f for over-approximating the optimal weighted sum,
whereas fi, ..., f; are used to under-approximate achievable values. The precision
parameter £ we set in Line 3 reflects the error allowed for each individual epoch. Finally,
Line 15 considers a variant solveWso! of the function solveWso from Algorithm 4.2
on page 108 that

« returns a solution for every possible initial state (as already considered in Line 7 of
Algorithm 6.1) and

« considers the given reward assignment R, when optimizing total rewards instead
of the weighted sum of the other reward assignments, i.e., Line 7 of Algorithm 4.2 is
omitted and the reward assignment R considered in Line 8 is provided as an input
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parameter instead.

Lemma 6.14 When processing epoch e € E,, the invocation of solveWsz in
Line 15 of Algorithm 6.2 yields ((vs, p;)) as well as a strategy o € 3V, such

that for all § € Sg‘n:
1 Vje{1.t}: p(j) < ExLe(tot((R™ f)e))

2. Exﬁe (tot(Re)) < us

ax,$

sesfin

1+ |le]|
3. 05 < w~p§+£wsg-—8-\/w-w
1+ |leg,

Proof. Ttems 1 and 2 follow as in the proof of Theorem 4.5 on page 110.

Similar as in the proof of Theorem 6.12, we can assume that Item 3 already holds
for all epochs e’ on which e depends.

Define f: S,, — R with f7(§) = Z§:1 w(j) fj(5) and let &’ be an epoch that was
processed before e. Due to our assumption that Lemma 6.14 already holds for e’
and due to Lines 17 and 18, we get for all § = (s, ¢’,g) € Syn:

. . 1+ e . e
f@) < f/(S’)+8wsg'%'\/W'W < f’(s’)+£wso-“—“(5 Vw - w.

1+ el 1+ [legp

For the second inequality, note that the longest path in the epoch graph starting at
successor epoch e’ of e has to be strictly shorter than the longest path starting at e,
Le. [le’|| < lel.

We apply Lemma 6.13 to f and f’, which for reward assignment

£ £
Re = Y W) (R fe = Y wl) - RILF)
Jj=1 J=1

yields
e
EXi\_/Ig(tOt(Re)) < EXQ_/[;(I’OI'('R;)) + €wso * % VW W, (6.4)
| ' Cinit

Let ¢ be defined as in Line 2 of Algorithm 4.2, i.e.,

1 . 1 1

£ = —-f-\w-w = —~ewso~—£~\/w~w.
2 2 1+ llegl

We conclude the proof for Item 3 by incorporating Equation (6.4) into the reasoning
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from the proof of Theorem 4.5 on page 110.

v < Exf: (tot(Re)) + € (Line 8 of Algorithm 4.2)
e
< Exf;(tot(R'e)) + &yso - ”—”, VW W +e (Equation (6.4))
’ 1+ |leq
e

<w-ps+eyso % VW w+2-¢ (Proof of Theorem 4.5)

+ (|le; .

init

1+|le
=w - ps+é&ysg —”’B” VW - w. (Substitute ¢)
1+ e,

| |

Theorem 6.15 The value v and the point p returned by Algorithm 6.2 yield a
solution to the provided reward-bounded WSO instance.

Proof. We argue using the respective WSO instance on the unfolding MDP which is
valid due to Theorem 6.3.
Applying Lemma 6.14 for the initial epoch efl ,+ and initial state s of un(M) yields

0 < W-Pp+Eyso s VW - w.

It remains to show that p € Ach™™ (") and

ul
St

un(M)
o,si"

sup {w -Ex (®"™) | o€ E} < v,
where £ := {0 € 3™ | Ex('f_"g:,/” (®“") € R’} (cf. Problem 3.4 on page 81).
As in the proof of Theorem 6.12, we consider the memoryless strategy o € £"M)
that arises by composing the strategies obtained for each epoch MDP. We show for
all § € Sy,

LVje{t.ty: £(5 < ExM (tor(R)) and

o,S
2. f(§) = sup {w : ExztlgM) (@4m) | o€ E}

Items 1 and 2 are similar to the two items from the proof of Theorem 6.12. Their
proof is analogous except that Lemmas 6.13 and 6.14 are used to establish the
corresponding inequalities. [ ]
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Remark 6.2 (Acyclic Epoch MDPs) For practical applications, the individual
epoch MDPs are often acyclic as rewards usually represent quantities like time or
energy usage, for which the possibility to perform infinitely many “interesting”
steps without accumulating any reward would be considered a modeling error. In
the timed case, for example, such a model would allow Zeno behavior, which is
generally considered unrealistic and undesirable. When epoch MDPs are acyclic,
(sound-) value iteration converges to the exact result in a finite number of iter-
ations. In this case, the tightening of the precision according to Algorithm 6.2
usually has no effect on runtime.

Remark 6.3 (Combinations with LRA Reward Objectives) Long-run aver-
age (LRA) reward objectives as discussed in Section 2.3.2 and Chapter 5 can
be incorporated into our framework: given an arbitrary combination of reward-
bounded and LRA reward objectives for MDP M, we can transform the reward-
bounded objectives to total reward objectives for the unfolding MDP un(M). Since
unfolding preserves LRA reward objectives, techniques from Chapter 5—which
mainly deal with end components (ECs)—can be applied to un(M) and the result-
ing combination of total- and LRA reward objectives. Due to the acyclicity of
the epoch graph, the ECs of un(M) do not spread over multiple epochs. This also
allows us to include the LRA computations into the sequential epoch analysis
framework described above.

6.2.5 Runtime Complexity

In the following, we discuss the complexity of our approach relative to the size of a
binary encoding of the reward bound values by, ..., by occurring in the considered
bounds B = (R ~1 b1, ..., Ra ~a ba$).

Algorithm 6.1 and its extended variant Algorithm 6.2 solve |€| < H?:l (b; +2) many
total reward WSO instances on epoch MDPs ep(M, e). Each of these computations can
be done in polynomial time (in the size of ep(M, e)), e.g., via the LP encoding from
Section 4.6.3. We conclude that Algorithms 6.1 and 6.2 can be implemented with an
exponential runtime—similar to the explicit unfolding approach, where a single total
reward WSO instance is solved on the exponentially large unfolding MDP.

In general, an exponential runtime cannot be avoided: [HK15] shows that decid-
ing whether ExY._(¢) > a for a bounded reachability objective ¢ with non-negative
rewards, and a threshold a € R is EXPTIME-completez. On the other hand, exper-

2[HK15] considers a slightly different setting with a single goal state set, a single reward assignment, but
arbitrary Boolean combinations of reward bounds. However, the result also applies to our setting since
the EXPTIME-hardness proof in [HK15, Theorem 8] only considers a conjunction of two reward bounds
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iments with topological value iteration [BKLP*17] and with single reward-bounds
(e.g., [BDDK"14; HH16]) have shown the practical benefits of analyzing several small
sub-models instead of one large MDP. We make similar observations in Section 9.5 for
the multi-objective, multi-reward bounded case.

6.2.6 Implementation Optimizations

We discuss two optimizations that—while not affecting theoretical complexity—can
improve the practical performance of our approach.

Optimizing Memory | Algorithm 6.1 stores the values f;($) for j € {1..f} and each
state § € S, of the unfolding MDP. However, memory consumption can be optimized
by erasing values f;(5) when they are no longer accessed by any of the remaining
epoch MDPs. A similar approach can be applied for Algorithm 6.2, which also stores
the function f: S,, — R and the partition S, = ST® ¥ 5~ ¥ shn,

This optimization requires some bookkeeping to find erasable values. We keep
the overhead at a moderate level by clustering together states with the same epoch.
More precisely, all values for states with an epoch e are erased as soon as every direct
predecessor e’ of e (in the epoch graph) has been analyzed.

If d = 1 (i.e. there is only a single reward bound), such an optimization yields an
algorithm that runs in polynomial space. In the general case (d > 1), the memory
requirements remain exponential in the size of a binary encoding of the reward bound
values.

Exploiting Epoch Similarities | Consider the equivalence relation
M = {(e.e’) € Eg X Eq | Vie{1.d}: e(i) = 0iff €'(i) = @}.

For two epochs e, e’ € E; with e X e/, the same reward bounds are active. We have
that the epoch MDPs ep(M, e) and ep(M, e’) are isomorphic, i.e., equal up to renaming
of states (cf. Example 6.9). Moreover, the reward assignments considered for the two
epoch MDPs only differ in their assignments to transitions to s, .

When analyzing epoch ey such that e;_; X ey for the previously checked epoch
ei_1, these observations allow us to reuse the epoch MDP and (most of) the assigned
rewards. To further amplify this effect, we always consider a proper epoch sequence
€ that groups together epochs with the same X-equivalence class.

of the form {R < bS A IR > bS§.
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6.3 Related Work

We provide an overview of related work on analyzing reward-bounded objectives.

Explicit Unfolding | [YLY98] considers bounded reachability probabilities in MDPs
concerning a single reward bound of the form {R < b§ and presents an approach that—
roughly—corresponds to performing value iteration on the unfolding MDP. Similarly,
[UB13] presents an LP that corresponds to the LP encoding from Section 4.6.3 when
applied to the unfolding MDP. Explicitly unfolding the model by incorporating accu-
mulated rewards into the state space has been suggested for DTMCs in [AHK03] and
for MDPs in [Oht04]. In [RRS17], an explicit unfolding approach for multiple reward
bounds—similar to our construction from Section 6.1—is used to decide multi-objective
achievability (cf. Problem 3.1 on page 78) for multiple bounded reachability objectives,
where each individual objective considers a single bounded goal with a single reward
bound.

corollarySequential Analysis | [BDDK"14] improves the LP approach of [UB13]:
instead of solving one large LP, several smaller LPs are solved sequentially—one LP for
each reward epoch. In addition, [BDDK"14] considers bounded reward objectives and
objectives with up to two reward bounds. The latter is achieved by unfolding the MDP in
only one dimension—essentially reducing the query to a single reward bound. [HH16]
further improves the practicability of the sequential approach by suggesting variants
based on value iteration and state elimination. [HYV14] provides a similar approach
based on an SCC decomposition of the unfolding MDP combined with topological value
iteration. [KBCD" 18] describes an implementation of the sequential approach using
binary decision diagrams. Our sequential epoch analysis approach from Section 6.2 lifts
the ideas of [BDDK" 14; HH16] from single- to multi-dimensional reward bounds without
explicitly unfolding the model. As we solve the weighted sum optimization problem
(WS0), multi-objective queries can be answered using our methods from Chapter 3.
A procedure for WSO considering simpler step-bounded reward objectives has been
presented in [FKP12].

Variations of Reward-Bounded Objectives | Other related work considers varia-
tions of reward bounded objectives that are not (fully) compatible with the notions
from this chapter. A Q-learning approach that can also deal with continuous rewards
is given in [CGZO"17]. [HK15] considers arbitrary Boolean combinations of reward
bounds and shows EXPTIME-completeness of the related single-objective decision
problem®. [RRS17] introduces multi-constraint percentile queries which operate with
more general types of reward bounds that, e.g., constrain the long-run average reward

3The EXPTIME-hardness proof also carries over to our setting, as mentioned in Section 6.2.5.



206 Chapter 6 Multi-Reward Bounded Objectives

instead of the accumulated reward of a path. [BFRR17] considers beyond worst-case
queries which guarantee that a reward bound holds for all executions while simul-
taneously optimizing an expected value. [BGMR18] combines the percentile queries
of [RRS17] with the beyond worst-case analysis of [BFRR17]. Reward bounds with
mixtures of positive- and negative rewards for DTMCs are considered in [HKL17].
[BBEK13; BKKN*14] extend MDPs with unbounded counters that can be incremented,
decremented, and compared to zero. Consumption MDPs [BBNO*20; BCNO*21] allow
to monitor a resource that is consumed during an execution but can also be reset
to a given capacity by visiting dedicated reload states. [CC13] considers bounded
reachability objectives in a stochastic network of nodes whose states can change over
time.

Chapter Summary

=» Bounded reward objectives and bounded reachability objectives can be
reduced to total reward objectives by incorporating the accumulated rewards
into the state space—yielding the unfolding MDP.

=» Building the complete unfolding MDP can be avoided by sequentially ana-
lyzing reward epochs.

=¥ This allows solving instances of the weighted sum optimization problem
(WS0) concerning reward-bounded objectives in a practically efficient way.
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—Chapter 7—

Multi-Dimensional Quantiles

Outlook | Reward-bounded objectives as discussed in Chapter 6 consider bounds
that impose fixed thresholds to the accumulated rewards. Our main interest so far has
been the calculation and optimization of expected values obtained for such objectives.
We now study the opposite question: What are the reward bound values required to
satisfy a given threshold on the expected value of a reward-bounded objective? This
question thus asks for computing quantiles as considered in, e.g., [UB13; BDDK"14;
KBCD*18; HKL17]. We lift quantiles to multiple reward bounds. In particular, we
present an efficient procedure to answer questions like:

« How much time and energy is required to fulfill a task with at least probability 0.8?

« How many products can be manufactured with how many workers within an
expected time of 8 hours?

« How much energy is needed to complete how many tasks with probability 0.9?

Section 7.1 introduces multi-reward bounded quantile queries to formalize these ques-
tions. We sketch our approach to solve them in Section 7.2, and provide a more
extensive treatment of quantiles with only upper or only lower reward bounds in
Section 7.3. Finally, we address more complex forms of quantiles in Section 7.4 and
discuss related work in Section 7.5.

Origins | The results presented in this chapter originate from [10]. We extend the
original work towards more detailed proofs as well as the treatment of bounded
reward objectives and more expressive bounded reachability objectives as given in
Definitions 2.31 and 2.33 on page 57 and on page 58.

Notations | Let M = (S, Act, A, P) be an MDP. We consider reward bounds (cf. Defi-
nition 2.30 on page 56) without a fixed bound value.
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Definition 7.1 (Indefinite Reward Bound) An indefinite (reward) bound for
MDP M is a structure {R ~ ?§ with reward assignment R for M and relation
~e{<, g2, >}

For a tuple of d indefinite reward bounds
B = (R~ ..., Ra~a?)

we consider bounded reward objectives of the form bnd® (R’, I) and bounded reachabil-
ity objectives of the form bnd2 (c, J), which—syntactically—are defined similar to their
counterparts for definite reward bounds (cf. Definitions 2.31 and 2.33 on page 57 and on
page 58). To evaluate these objectives, concrete reward bound values have to be known.
The instantiation for indefinite bounds B as above and a vector b = (by,...,by) € R4
is given by

B[B] = (IR1 ~1 b5, ..., IRa ~a ba$).

We refer to the vector b as reward limits (for B) and lift instantiations to objectives,
where

bnd®Pl (R 1) if o = bnd®(R’, 1)

b| = .
olb] {bndgﬂb]] (¢,9) ifep= bndg(c,j).

7.1 Quantiles in Multiple Dimensions

Definition 7.2 (Multi-dimensional Quantile Query) A d-dimensional quantile
query for MDP M with dedicated initial state s; and d € N indefinite reward bounds
8 is given by Qu?f(fp »< a), with

« bounded (reward or reachability) objective ¢ € {bndB (R, 1), bndg (c, j)}

« threshold relation >« € {<, <, >, >}, and

« threshold value a € R.

For the remainder, we fix a d-dimensional quantile query ¥ = Qué\f (¢ ><a) for a
bounded (reward or reachability) objective ¢ € {bndB (R, 1), bndg(c,j)} with
indefinite bounds 8 = <ZR1 ~1 7?5, ..., {Ra ~a ?S) and bounded goals G =
((Il, Gi)y ..oy (I, Gm)>, such that the following assumptions hold (cf. Assumption 6.1
on page 172).

Assumption 7.1 For all i € {1..d} we have

(i) Ri(s,,s’) e Nforalls,s’ € Sand a € A(s) C Act and
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(i) ~; €{<,>}.
Furthermore, if ¢ = bnd?® (R’, 7) is a bounded reward objective, then

(iii) either R” > 0 or R’ < 0, i.e., the reward assignment R’ only considers
non-negative or only considers non-positive rewards,

andif ¢ = bnd g (¢, J) is a bounded reachability objective, then (cf. Assumption 6.2
on page 173)

(iv) 3j€J: (s1¢Gj)or (Fie Jj: ~ =>).

Items (i), (ii) and (iv) of Assumption 7.1 make sure that our procedures from Chap-
ter 6—in particular the sequential epoch analysis—can be applied to quantiles as
described in the next section. Items (i) and (ii) can sometimes be made valid through
scaling of the reward assignments and the reward limits as outlined on page 172. Due
to Item (i) it suffices to consider reward limits b € N? over natural numbers. Item (iii)
ensures that the bounded reward objective ¢[[b] for reward limits b is convergent (and
thus well-defined) and monotone in the sense that increasing a reward limit b(i) for
i € {1..d} also increases (or decreases) the accumulated reward for R’. We make use
of this property in Lemma 7.1 below.

The solution of a quantile query is a set of reward limits b € N under which the
maximal expected value for ¢[[b] satisfies the imposed threshold.

Definition 7.3 (Satisfying Reward Limits) The set of satisfying reward limits for
d-dimensional quantile query ¥ = Qu?f (¢ >« a) is given by

Sat(\I’) = {b € Nd | Exﬁ\n/[ax,sl((p[[b]]) P a}'

Given ¥ = Qu?f (¢ >< a), we write Vo= Qué\f (¢ v a) for the complementary query,
where the threshold relation is inverted (i.e., x » y iff =(x > y)). Observe that
Sat(¥) = N? \ Sat(¥) or—equivalently—Sat(¥) & Sat(¥) = N¢,

Remark 7.1 Quantile queries consider strategies that maximize the resulting ex-
pected value. This convention is without loss of generality: minimizing strategies
are considered by negating the objective ¢ (cf. Lemma 2.12 on page 59) and the
threshold value g, and flipping the relation > accordingly.
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7
6
5
4
3
2
1
0
o1 2 3 4 5 6 7 8 9
(a) MDP M; (b) Sat(¥,) in green and Sat(¥;) in red

Figure 7.1: Example MDP and satisfying reward limits (cf. Examples 7.1 and 7.2)

Example 7.1 Consider the MDP M, given in Figure 7.1a and the quantile query

¥
B

Quift (bndg(1,{1}) > 0.5) , where
(IR1 <?5,1R2 <) and G = ({12}, {s1}))-

Intuitively, our goal is to reach the state s; in more than 50 % of the cases. The
query ¥; asks how much reward for R; and R; needs to be incurred to achieve
this goal. The (upper-right) green area in Figure 7.1b indicates the set of satisfying
reward limits for ¥, given by

Sat(¥;) = {c € R? | 3b € {(2,4),(3,3),(4,2),(5,1),(6,0)}: ¢ > b}.

Concretely, the set describes a form of closure of a set of points on the frontier.

We discuss why this is the satisfying set. First, consider reward limits (1, b,) for
arbitrary b,. This vector indicates a limit of 1 for indefinite bound {R; < ?§. In
particular, the action « at state sy is then never helpful in satisfying the objective
as it takes reward 2 for R;. Thus, we have to take the action . When taking
this action, we may return to sy at most once before violating the reward limit.
Thus, the probability to reach the target is 0.1+ 0.9 - 0.1 = 0.19 < 0.5, and these
reward limits violate the query. Now, consider reward limits (6, 0). Using similar
reasoning as above, only action f is relevant. We may take the self-loop at most 6
times, which yields a probability to reach the target within the reward limit of
38,0.1-0.9" ~ 0.52 > 0.5, and thus these reward limits satisfy the query. Finally,
consider reward limits (2, 4). Now, action « helps: We can take « at most 4 times.
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If we still have not reached the target, we have (2, 0) reward remaining, which
can be spend trying action S up to 2 times. The probability of reaching the target
under this strategy is again Y.5_, 0.1 - 0.9° ~ 0.52 > 0.5.

In Example 7.1, the infinite set of satisfying reward limits is concisely described
using the finitely many reward limits generating its frontier. We now lift this type

—d —
of representation to general quantile queries. We first define an order >* C N' x N
with respect to the quantile query ¥ = Qu?f (¢ >< a), where, N := NU {oo} denotes the
set of extended natural numbers®.

We say that the objective ¢ is non-negative if either

.« p= bnd® (R’, 1) and R’ only assigns non-negative rewards, or
.« = bndg(c,j) and ¢ > 0.

Otherwise, ¢ is non-positive. Intuitively, for non-negative (non-positive) objectives,
considering less restrictive reward bounds increases (decreases) the obtained value.
Formally, we say that ¢ is increasing in dimension i € {1..d} if either

« ¢ is non-negative and ~; = <, or
« ¢ is non-positive and ~; = >.
. . T g ——d _—d
Otherwise, ¢ is decreasing in i. Finally, we define the order >* C N X N for reward

—d
limits b, ¢ € N, where

bre'c iff Vie{l.d}: b(i) &} (i), with
< if ¢ isincreasing in i and > € {>, >}

or ¢ is decreasing in i and < € {<, <}

v

if ¢ is increasing in i and > € {<, <}

or ¢ is decreasing in i and > € {>, >}.

Intuitively, b =¥ ¢ means that ¢ specifies “improved” reward limits than b with
respect to satisfaction of the quantile. If b is satisfying, then c is also satisfying.

| Lemma 7.1 If b € Sat(¥) and b =¥ ¢, then ¢ € Sat(¥).
Proof. Letb =¥ ¢ and assume® = € {>, >}. Then, for i € {1..d} we have

« b(i) < c(i) if ¢ is increasing in i and

! Arithmetic operations and orders for N are as for the extended reals R, outlined on page 16.

non-negative
objective

non-positive
objective
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« b(i) > c(i) if ¢ is decreasing in i.

It follows that ¢[[c]|(7) > @[[b](r) for all & € Paths™.. With b € Sat(¥) we get

Exmas (2lc]) > Exgi, (0[B]) > a

ie., ¢ € Sat(¥P). [

%The case >« € {<, <} is similar.

—d
Definition 7.4 (Closure) The closure of a set B C N with respect to a quantile
query V¥ is given by
d*(B) = {ceN?|3beB:br"c},
The closure is restricted to natural numbers—not including co.

| Lemma 7.2 Sat(¥) = cl¥ (Sat(¥)).

Proof. The “C” direction follows since >" is reflexive. Now assume ¢ € cl* (Sat(¥)).
By definition of closure, there is b € Sat(¥) with b > ¢. ¢ € Sat(¥) follows from
Lemma 7.1. ]

From Lemma 7.2, we get that the set of satisfying reward limits can always be
characterized by some set B C Sat(¥) with cl* (B) = cI¥ (Sat(¥)). The smallest such
set is called the generator of Sat('?).

—d
Definition 7.5 (Generator) The generator Gen” (B) of BC N is the smallest set

G C Nd such that ¢I¥(G) = cl¥(B), ie., ¥ (G) # cl¥(B) for every proper subset
G ¢G.

—d
We now show that each set B C N has exactly one generator. For this, we make
use of the following well-known lemma (see, e.g., [FFSS11]).

—d
Lemma 7.3 (Dickson’s lemma) Every infinite subset B C N contains b,c € B
withbh > ¢,ie.,b#candb > c.

—d
Lemma 7.4 If the generator of some B C N exists, it is unique.

Proof. For the sake of contradiction, assume B C Nd has two generators G, G2
with G; # G,. Without loss of generality assume there is b; € G; \ G,. We have
by € cI¥(Gy) = cI*(G,), thus there is b, € G, with b, >* by. Similarly, b, € cI* (G;)
implies b3 =¥ b, for some b3 € G;. Transitivity of >* yields b; =¥ b;. It follows
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that ¢I¥ (G \ {b1}) = cI¥(G;) for the proper subset G; \ {b1} of G;. This contradicts
our assumption that G; is a generator of B. |

—d
Lemma 7.5 Every B C N has a generator.

Proof. We first observe that the generator of B is not necessary a subset of B (or
cl*(B)). For example, with a query ¥ such that d = 1 and ¥ = >¥ = >, we
have Gen¥ (N) = {co}. We thus consider the extended closure of a set B. For
b € N, let N(b) := {{b}} and let N(c0) = Upen {k' € N| K’ > k}. We lift the

notation to b € Nd, where N (b) = X?Zl N (b(i))—yielding a (discretized) notion
of neighborhoods of b (cf. Definition 2.2 on page 17). We now set
cd%(B) = {be N’ |V(Ny,...,Ng) € N(b): Ac e cd*(B): c € XL, N;}.

We have cl¥ (B) C cI¥ (B). Intuitively, cI¥, (B) also contains the boundary of cI¥ (B),
which yields Gen"(B) C cI¥ (B) for every ¥. More specifically, we show that
Gen¥ (B) = G for
G = {becdi(B)|(Vce . en'h implies ¢ = b or ¢ ¢ cl(B)) and
(Vi € {1.d}: b(i) = oo implies &} = >)}.
Intuitively, b € cI’,(B) is contained in G, if b is not dominated (w.r.t. >*¥) by any
other ¢ € cI? (B). Furthermore, if b(i) = co for i € {1..d} with >/ = <, there are no

reward limits ¢ € N¢ with b ¥ ¢, i.e., cl¥ ({b}) = 0. We thus also exclude those
vectors from G. We now conclude the proof by showing

1. cd¥(G) c cd¥(b),
2. c¥(G) 2 cl¥(b),
3. YG € G: ¥ (G) # cl¥(G), and

4. VceN?: |{beG|br"c}| < oo, which is used in the proof of Item 3.

Item 1 | Letc € cI¥(G) € N%i.e, thereis b € G with b >¥ ¢. Consider neighbor-
hood (Njy,...,N;) € N(b), where
b(i if b(i) e N
Vie(Ldy: N = 0] e
{ceN|c>c(i)} ifb(i) =oco.
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Since b € cl,(B) by definition of G, there is b’ € cI¥ (B) in this neighborhood, i.e.,
b’ € XL, N;. We geth =¥ b’ =¥ ¢, yielding ¢ € cl*(B).

Item 2 | Letc € c[¥(B) ie., thereish = (by, ..., by) € Bwith b >¥ ¢. We construct
b’ =(b},...,b}) € G as follows. For i € {1..d}, we set

b; = opt{b € N | (bl,....,b/_1,b,bis1,....ba) € cln(B)}

with opt = min if >} = < and opt = max if >} = >. The maxima above exist (and
might be co) due to the consideration of the extended closure cl? (B). We have
b € cl’.(B) and b” ¢ cl’.(B) for any b” € N' \ {b'} with b” =* b’. Moreover,
b’ =¥ b > ¢ € N Hence, b(i) < c(i) € Nfori € {1..d} with >} = <—yielding
b’ € Gandc € c¥(G).

Item 3 | Let ¢ € G. We show cl¥(G) # cI*(G \ {c}). Let ¢y € N be given such
that for i € {1..d}:

N . e ife)) eN
i) =107 ife(i) = oo,

We have ¢ >* ¢, and thus ¢ € cl? (G).
Now consider G’ := {b eG \ b " co}. The proof of Item 4 below shows that G’ is
finite. Let b € N¥, where for i € {1..d}:

b(i) = c(i) ife(i) e N
max{b’'(i) +1 | b’ € G and b’(i) € N} if c(i) = o0.

We get ¢ ¥ b ¥ ¢, which—in particular—yields b € cI*(G). We now argue
that b ¢ cI¥ (G \ {c}). For the sake of contradiction, assume there is ¢’ € G \ {c}
with ¢/ ¥ b. Then also ¢’ =¥ ¢y, i.e.,, ¢’ € G’. By definition of b, we thus get
that Vi € {1..d}: ¢’(i) = o0 iff ¢(i) = oo and therefore ¢’ =¥ c—contradicting that
c,c’ €G.

Item 4 | We show that for a fixed ¢ € N the set G’ = {b € G | b >" c} is finite.
Consider the partition G' = ) 1.4y G, with

Gy = {beG |Vie{l.d}: b(i) =iffie L}.

Since there are 2¢ < co many subsets £ C {1..d}, it suffices to show that G is
finite for arbitrary, fixed £ C {1..d}.
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N W s

0o 1 2 3 4 5 6 7 8 9

(a) MDP M, (b) Sat(¥) in green and Sat(¥3) in red

Figure 7.2: Example MDPs and satisfying reward limits (cf. Example 7.2)

Towards a contradiction, assume that G, is infinite. For b € G let [b]< €
NI£<! be the restriction of the vector b to those entries with index in L. =
{i € {1.d} | =} = <}. We define [b]> similarly. Observe [b]< < [c]< for all
b € G and thus the set {[b]g \ b e GL} is finite. Therefore, at least one [b] < must
occur infinitely often, i.e. there is an infinite sequence b1bsbs ... with b; € G,
b;j # by, and [b;]< = [bi]< for all j,k € N with j # k. Two distinct vectors
bj, by from this sequence only differ at entries i € {1..d} with >} = >. We apply
Lemma 7.3 to the infinite set {[bl] >, [b2]s, [b3]s, ... } which yields that there
are j,k € Nwith [b;]> > [bi]>. We get that b; =" by which contradicts the
assumption that both b; and by are contained in G. [ ]

We also refer to Gen” (Sat(¥)) as the generator of quantile query ¥. A generator
is called natural if it only contains points in N. The following example shows that
quantile queries can have (non-)natural (in-)finite generators.

Example 7.2 Query ¥; from Example 7.1 has a finite natural generator:
Gen™ (Sat(¥1)) = {(2,4), (3,3), (4,2), (5,1, (6,0)}.

The generator of the complementary query ¥ is still finite but not natural:

Gen"' (Sat(F7)) = {(1, 00), (2,3), (3, 2), (4, 1), (5,0)}.

natural generator
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Next, consider the MDP M, from Figure 7.2a and the quantile query

¥,
B

Qulf (bnd(1,{1}) > 0.5) , where
(R >?5,1R, <?5) and G = (({1,2}, {s1})).

Taking action « at state sy for n € N times while reaching s; afterwards results
in an accumulated reward of 2 - n + 1 for R; and an accumulated reward of n + 2
for R,. Thus, the reward bounds {R; > 2 - n§ and {R; < n + 2§ are active upon
reaching s;. This yields the satisfying reward limits as shown in Figure 7.2b. ¥,
does not have a finite generator:

Gen"(Sat(¥;)) = {(2-n,2+n) | n € N}.

The rest of this chapter deals with the following problem.

Problem 7.1: Multi-dimensional Quantile Problem

Input Quantile query ¥ = Qu (¢ < a) for MDP M satisfying Assumption 7.1
Output Generator Gen” (Sat(¥))

7.2 Computing Finite Natural Generators

Given a quantile query ¥ as in Problem 7.1, we now present an algorithm to compute
its generator—i.e., a representation of the set of satisfying reward limits. For now, we
assume that both ¥ and its complementary query ¥ each have a finite and natural
generator. In Section 7.3, we present suitable preprocessing steps to lift this algorithm
to a broader class of quantiles.

Our approach is sketched in Algorithm 7.1. It analyzes epoch MDPs successively,
similar to Algorithm 6.1 on page 194. However, the sequence of analyzed reward
epochs is extended in an on-the-fly manner—considering more and more candidate
epochs e with an increasing maximum entry k = max{e(i) | 1 <i < d}. Already
processed epochs are stored in a set E,. We use this set in Line 11 to ensure that
each epoch MDP is analyzed at most once. Whenever the algorithm finds an epoch
e that yields valid reward limits (i.e., e € Nd), the epoch is added to either B* or B,
depending on whether the probability threshold is satisfied in e or not (Lines 15 to 17).
In this way, B* and B~ gather satisfying reward limits for the quantile query ¥ and its
complementary query ¥, respectively. In Line 18, we update the set E¢qng of remaining
candidate epochs to avoid analyzing epochs which are already known to be satisfying
for either ¥ or ¥. The procedure stops as soon as we find a k € N such that all new
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G W N

o e N

10
11
12
13

14

15
16

17

18

19

Input: d-dimensional quantile ¥ = Qu?f (¢ >< a) for MDP M
Output: The (finite and natural) generator of ¥

function solveQuantile(¥)

// Using un(M) = (Sun, . . .y and rewards R*" for ¢ (cf. Section 6.1.3)

B* < 0; B~ « 0 //Collect satisfying reward limits for ¥ and ¥

E/ « 0 // Collect epochs processed so far

Arbitrarily initialize function f: S,, —» R

fork=0,1,2,... do

Ecana — {e € {1.k}* | 3i: e(i) =k} \ (cI¥(BY) U ¥ (B7))

if E.4nqg = 0 then break // No more epoch candidates
while E. g # 0 do // Analyze epoch candidates as in Algorithm 6.1
Get proper epoch sequence € =e; ...e, with e, € E4,g
fore=ey,...,e, do

if e € E, then continue // Skip already processed e
E\/ — E/ U {e}

Build epoch MDP ep(M, e) = (S, ...) and (R"", f).

for § € S, N Syy do f(8) — ExPM (tot((R™, f),))

max,$
if e € N? then // @ does not occur in e
L if f((s, e, satg(e, s1))) < a then B* «— B* U {e}

else B~ «— B~ U {e}

| Ecand — Ecand \ (CZ\F(B-F) U CIW(B_))

| return Gen® (B*)

Algorithm 7.1: Multi-dimensional quantile computation

candidate epochs with maximum entry k are already in cI* (B*) U CZW(B_).

Remark 7.2 To keep the presentation simple, Algorithm 7.1 omits technical
details on non-finite as well as approximative expected values. For the evaluation
of reward-bounded objectives, these details have been discussed in Section 6.2.4.
We briefly describe how this can be lifted to the computation of quantiles.

Ifobj = bnd®(R’, I), the expected value computed in Line 14 might be either +co
or —oo. Due to Item (iii) of Assumption 7.1, we only have to deal with either the
+00 case or the —oo case. As in Algorithm 6.2 on page 197, we can incorporate

217



218 Chapter 7 Multi-Dimensional Quantiles

the corresponding case by also maintaining a set

§% = {s = (s.e.) | e € E, and Ex®\":®) (1ot ((R™, f),)) = +o}.

If the expected values in Line 14 are only computed approximatively (e.g., when
using sound value iteration), the approximation error propagates through the
epochs. Our results from Section 6.2.4 yield sound lower- and upper bounds on
the expected value in a given epoch e. These bounds can be used to decide if e
can be added to B*, B~, or neither (when the threshold > a of the query ¥ can
not conclusively be decided based on the available bounds for e). A pragmatic
approach to deal with the latter case is to restart the algorithm with improved
accuracy.

Lemma 7.6 During the execution of Algorithm 7.1 the following invariant holds:

¥ (BY) C ¥ (Sat(¥)) and oI (B7) C cl¥ (Sat(¥)).

Proof. As in the proof of Theorem 6.12 on page 194, it can be shown that in Line 14,
the algorithm computes Ex*"*) (tot(R*")) for the unfolding MDP un(M). With The-

max,$
orem 6.3 on page 182 (applied to a single objective ¢) and using § = (s, e, satg (e, s1)),
we get

R M
£ = B (t0t(R™)) = Exhi o, (el e]).
The algorithm checks whether this expected value meets the threshold > a given
in ¥ and inserts it in either B* or B™, accordingly. Hence, B* (B™) only contains

satisfying reward limits for ¥ (¥). [ ]

| Lemma 7.7 If Algorithm 7.1 terminates, it returns the generator of ¥.

Proof. We first show that upon termination all reward limits b € N7 are contained

in either cI¥ (B*) or cI¥ (B™). The proof is based on the following observation: when
the algorithm terminates, there is a k € N such that for reward limits b € N9 we
have

max(b(i)) = k implies b € cI* (B*) U clg(B_) andb ¢ B*UB™.
1

In particular, for b € B* U B~ we have max;(b(i)) < k. Consider the smallest
such k (i.e., the value of the variable k upon termination). For arbitrary b € N¢ we
distinguish two cases.

o If max;(b(i)) < k, b has already been considered as a candidate epoch b = e,, in
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Line 9, therefore b € ¢l (B*) U cﬁ(B_).

« Otherwise, max;(b(i)) > b. Let b’ € N9 be given such that b’(i) = min(b(i), k)
for all i. Since max;(b’(i)) = k, we have b’ € d¥(B*) U cl?(B’). Assume
b’ € cI¥ (B*) (the case where b’ € cI¥ (B~) is completely analogous). According
to the definition of closure, there has to be a b” € B* with b”’ > b’, where >¥ is

as on page 222. We also have b’ =" b since for all i € {1..d} one of the following
cases holds:

— Ifb(i) < k, we have b(i) = b'(i).

- If b(i) > k, we have b’(i) = k and k > b"'(i). The latter follows from
b" e B*, yielding max;(h”'(j)) < k. Asb” =¥ b’ and b”"(i) < b'(i),
we have to be in a case where &' = <. With b’(i) < k < b(i) we get
b'(i) &' b(i).

To summarize this case, we have b”” >* b’ and b’ >* b. By transitivity of >, we

get b” =¥ b and thus b € cI* ({b"'}) C cI*(BY).

It follows that upon termination we have b € cI* (B*) U cI¥ (B) for any b € N¢,
Next, we show that cl¥ (B*) = cl¥(Sat(¥)). Lemma 7.7 follows as sets with the
same closure must have the same unique generator. ¥ (B*) C cI¥(Sat(¥)) follows
already from the invariant established in Lemma 7.6. For the other direction, let
b € cI¥(Sat(¥)), ie., there exists b’ € Sat(¥) with b’ >* b. As b’ is satisfying for ¥,
b ¢ c¥(B™) C cI¥(Sat(¥)) holds. With b’ € N¢ C ¢l* (B*) U ¢l¥ (B™) (as shown
above), this yields b’ € cI¥ (B*). It follows that there is b’ € B* with b”’ >* b’ >* b.
Hence, b € cl* (BY). [

Intuitively, Algorithm 7.1 terminates when the boundary between Sat(¥) and Sat(¥)
is fully contained in B* U B™. However, since B*, B~ C N, termination after finitely
many iterations can only occur if both ¥ and ¥ have finite natural generators.

Lemma 7.8 Algorithm 7.1 terminates if ¥ and ¥ have finite natural generators.

Proof. Eventually all reward limits of the finite set Gen” (Sat(¥)) C N are con-
sidered in Line 15 and inserted in B*, yielding cI¥ (B*) = cI¥ (Sat(¥)). Similarly,
clg(B‘) = cﬁ(Sat(?)) holds eventually. Hence, all b € N? are contained in
cd¥(BH U CIW(B_), which leads to termination of the procedure. [

Lemmas 7.7 and 7.8 yield correctness.

Theorem 7.9 If ¥ and ¥ have finite natural generators, then Algorithm 7.1 re-
turns with the generator of V.
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Lemma 7.10 If Algorithm 7.1 terminates, it analyzes at most (kmax + Z)d epoch
MDPs, where

kmax = max {b(i) | i € {1..d} and b € Gen" (Sat(¥)) U GenW(Sat(@))}.

Proof. Upon termination (i.e., Ecgng = 0 in Line 7), variable k has value kp,y + 1.

Therefore, all epochs analyzed so far are contained in the set ({0..kmax} U {@})d
which has cardinality (kmayx + 2)7. ]

Remark 7.3 Algorithm 7.1 can be extended to quantiles over mixtures of in-
definite and definite reward bounds, i.e., d-dimensional quantiles of the form
Qué‘f((p >a a) with ¢ € {bndB(R’,I), bndg(c, j)}, such that

B = (R ~17?, ..., [Ra~a ?5, Ravt ~ds1 bani$s .., (Rasar ~drar barar$)-

This can be achieved by considering a proper epoch sequence € = e/ ...e; in
Line 9 ending with

e:, ={(en,(1),...,e,(d),bgs1,....basa)

for the considered candidate e, € E 4.

Finite natural generators are only required for Lemma 7.8, i.e., to guarantee termina-
tion of the algorithm. For arbitrary queries, the algorithm still correctly identifies the
satisfying reward limits (due to the invariant from Lemma 7.6) but might not terminate.
In the next section, we consider a class of quantiles with finite but potentially non-
natural generators. We provide an extension of our procedure to correctly handle such
queries as well. A practical way to overcome the issue of non-termination of Algo-
rithm 7.1 for arbitrary quantiles is to restrict the search to a finite set of reward limits.
For example, one can consider a hyper parameter kp,x € N and stop the algorithm as
soon as k = kpax.

7.3 Quantiles with Monotone Bounds

We now consider d-dimensional quantile queries ¥ = Qu?f (¢ > a), where ¢ considers
indefinite reward bounds of the form

B = <ZR1 ~ ?S> ) sz ~ ?S>’

i.e., all indefinite reward bounds {R; ~ ?§ consider the same relation ~ € {<, >}. Under
this assumption, the objective ¢ is either increasing in all dimensions i € {1..d} or
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decreasing in all dimensions—depending on whether ¢ is non-negative or non-positive,

—d —d
and whether ~ = < or ~ =>. Furthermore, the order >*C N XN on reward limits
coincides with either < or >. For clarity of presentation, we assume” that >* = > and
thus >¥ = <. For b,b’ € N? we therefore get

beSat(¥) and b =b" implies b’ € Sat(¥P).

For single dimensional quantiles, the above assumption is trivially true. For this
case, [UB13; BDDK"14] suggest preprocessing steps to check whether Sat(¥) # 0
and Sat(¥) # 0 holds before invoking their variant of sequential epoch analysis. The
preprocessing steps ensures that the (single-dimensional) sequential approach always
finds a k € N with Gen" (Sat(¥)) = {k}. We lift these ideas to multi-dimensional
quantiles.

The 2-dimensional query ¥; from Example 7.2 satisfies the above assumptions and
shows that the generator can be non-natural in this case. To guarantee termination of
Algorithm 7.1, we show that it suffices to initialize the set B* in Line 2 to

B

init

= {b € Gen" (Sat(¥)) | Jie{1.d}: b(i) = oo} = Gen"(Sat(¥)) \ N™.

Lemma 7.11 Algorithm 7.1 terminates with the generator of ¥, if initially B* =
Bf

init*

Proof. We first show finiteness of Gen” (Sat(¥)) by contradiction. Suppose that ¥

. . <4 . . .
has an infinite generator G € N . Due to Lemma 7.3, the infinite set G contains
two different elements b and ¢ with b > cie, b ¥ ¢. Since b € G, we get ¢ €

¥ (G \ {c}) and therefore cI* (G \ {c}) = cI* (G) which contradicts the assumption
that G is a generator. It follows that Gen¥ (Sat(¥)) must be finite.

Next, let G’ = Gen?(Sat(W)) be the generator of ¥. Using a similar argument as
above, we can show that G’ must be finite. Furthermore, since ¥ = <, we get

d¥*(G') = {ceN?|3beG :b<c} ={ceN|TbeG NN :b<c}
¥ (G’ NN,

Since generators are unique (cf. Lemma 7.4), it holds that G’ = G’ n N9 ie, ¥ has a
natural generator.
It follows that all reward limits in Gen” (Sat(¥)) \B}, = Gen"¥ (Sat(¥)) N\N™ and all

reward limits in Genw( Sat(¥)) are eventually considered in Line 15 of Algorithm 7.1

2Ifl;ve have ¥ = < instead, ¥ = > holds for the complementary query ¥. In this case the roles of ¥ and
¥ can be swapped in the subsequent explanations.
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and inserted into either B* 2 B}, or B™. ]

The remainder of this section addresses the computation of B ... Intuitively, b € B

means that for i € {1..d} with b(i) = oo, we can instantiate the reward limit to
arbitrarily high b; € N without changing satisfaction of the quantile threshold > a.
The following lemma characterizes the set B . in terms of reward limits that approach
infinity.

Lemma 7.12 If either
« »a € {<,>} and ¢ is increasing in all dimensions, or
« >a € {<, >} and ¢ is decreasing in all dimensions,

it holds that

B

init

= Gen*({p e N\ ¥ | lim ExY (ol[bi]) = a}),

where for b € Nand i € {1..d} we set

[bG) ifb() eN
bili) = {k i (i) = oo.

Proof. Forb € Nd \ N we have b > by, i.e., b =¥ by for all k € N. Thus, b € Bl .
implies by € Sat(¥). Intuitively, this reflects a situation in which the reward-
bounded objective value always meets the threshold > a of the quantile query—no
matter how the indefinite bounds {R; ~; ?§ for i € {1..d} with b(i) = oo are
instantiated. On the other hand, if b satisfies Yk € N: by € Sat(¥), then there

must be b” € Bf . with b’ =" b. We can characterize B} ., as follows:

B

init

Gen*({b € N\ N¢ | Vk € N: by € Sat(¥)})

Gen¥({b € N \N¥ | Vk € N: Ex'__ (q[bi]) = a}).

Exﬁax’sl((pﬂbk]]) is monotone increasing or monotone decreasing in k €
N—depending on whether ¢ is increasing or decreasing. Due the assumptions
imposed on >, we may verify the following equivalence that concludes the proof.

VkeN: Ex)l. . (o[bc])»a iff klgr; Exl s (o[Bi]) > a. [
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Remark 7.4 Without the assumptions imposed for =< in Lemma 7.12, the two
statements

VkeN: Ex) (o[bc])»><a and Jlim Exl o (o[bi]) > a

are no longer equivalent. To see this, assume that limg_,e Exﬂax,s,(fﬂ[[bk]]) =a.
Then, we might need to check whether the limit can be attained, i.e., whether
there is a k € N such that the reward limits by induce the objective value a. To
distinguish those two cases, we can use a result from [UB13, Lemma 10] which
yields that if Exﬁfaxlsl (@[[br]) = afor some k € N, then the smallest such k satisfies
k < |S| - rmax- Here, rmay is the largest reward assigned to any transition in MDP
M.

It thus suffices to consider finitely many reward limits by to determine whether
b € B ... For clarity of presentation, we omit further details on handling this edge
case.

Using Lemma 7.12, our approach for computing B;

is to identify the vectors
—d

b € N\ N with limy_,e Ex)l, ¢ (¢[[bx]) > a. The idea is to compute for each

i € {1..d} the set

B .1 ={b e B, | b(i) = oo}

init

Then, B}, is given by U?:l B} . 1. We now argue that the set B} . [i for i € {1..d}
can be obtained by solving a (d — 1)-dimensional quantile query. More precisely, we

specify a quantile query ¥ [i that satisfies the following lemma.

Lemma 7.13 Under the assumptions from Lemma 7.12 and using ¥ [i as given
below, we have

b € Bi,li iff by € Gen*(Sat(¥li)),

where by; € Nd_l is obtained from b = (by, ..., by) € Nd by dropping the it" entry
b; of b.

The derived query ¥ [i depends on whether the original query ¥ considers upper
or lower reward bounds. We now distinguish these two cases and justify correctness
of Lemma 7.13. In both cases, a more formal treatment of our arguments can also be
found in [BDDK"14] for the case of single-dimensional quantiles.

Upper Reward Bounds

If ¥ only considers upper reward bounds (i.e., ~ = <), then ¥[i arises from ¥ by
dropping the i indefinite reward bound {R; < ?§. Lemma 7.13 holds by applying
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Figure 7.3: Example MDP M; as already shown in Figure 7.1a (cf. Example 7.3)

Lemma 7.12 and by noting that if reward limit b; approaches infinity, the reward bound
{R; < b;§ is always active. We sketch this idea in the following example.

Example 7.3 Consider the 2-dimensional quantile query

s
B

Qu?f(bndg(l, {1}) < 0.5), where
(IR < 25,1R2 <?5) and G = (({1.2},{s1}))

for MDP M, from Figure 7.1a, depicted again in Figure 7.3. W5 coincides with
the complementary query ¥; of ¥; from Example 7.1 which we have already
discussed in Example 7.2.
If b = (b1, by) € Sat(¥s), then the (maximal) probability to reach s; while collect-
ing at most b; reward for R; and b, reward for R; is less or equal to 0.5. This
bounded reachability probability is increasing in the reward limits b; and b,.
To compute the set B} , ['1, we intuitively assume that b; approaches infinity—as
argued in Lemma 7.12. Then, the reward bound {R; < b;§ becomes superfluous as
it is always active. We can compute B . ['1 by solving the 1-dimensional quantile
query ¥ 1 that arises from ¥ by dropping the first reward bound. For b, € N we
have

(00,by) € B 11 iff  (by) € Gen®!'(Sat(¥]1)).
When the first reward bound {R; < ?§ is dropped, a strategy can enforce that s; is
reached almost surely without collecting any reward for R, by taking action in s.
Thus, the quantile threshold < 0.5 is never met. We have Gen® ™ (Sat(¥[1)) = 0
and thus BY . 1 = 0.
When dropping the second reward bound {R; < ?§, we can only reach s; with
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N W s U

—_

o 1 2 3 4 5 6 7 8 9

(b) Sat(¥4) in green and Sat(¥y) in red

Figure 7.4: Example MDP and satisfying reward limits (cf. Example 7.4)

probability below 0.5 iff the first bound is instantiated to {R;
We get Gen"1?(Sat(¥12)) = {(1)} and thus B} . = B .. 12

init
coincides with our observations from Examples 7.1 and 7.2.

by § with by < 2.
{(1,00)}. This

I IA

Lower Reward Bounds

If ¥ only considers lower reward bounds (i.e., ~ = >), we additionally require that
¢ is non-negative—intuitively meaning that a strategy strives to meet the reward
bounds in order to maximize the objective value®. To define the quantile query ¥ i for
Lemma 7.13, we lift ideas from the single-dimensional case [BDDK* 14] based on end
components (ECs, cf. Definition 2.19 on page 40).

The key observation is that any visit of an EC can be extended to accumulate more
rewards within that EC. Doing this can only increase the overall objective value. More
precisely, if a path in MDP M reaches an EC C € MEC(M) in which non-zero reward
for an assignment R; can be collected, a strategy for M can choose to stay inside C
to collect any arbitrary amount of reward for R;, i.e., for any b; € N, the strategy can
enforce that the reward bound {R; > b;§ becomes active at some point. This can only
have an increasing effect on the overall objective value since ¢ is non-negative and
there are no upper reward bounds involved. On the other hand, if the reward limit
b; becomes arbitrarily large, the probability that a reward bound {R; > b;§ becomes
active at some point without reaching such an EC before approaches 0.

3We briefly discuss non-positive objectives in Section 7.4.
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Example 7.4 Consider the MDP Mj given in Figure 7.4a and the quantile query

¥y = Quif' (bndg(1,{1}) 2 0.5) , where
B = (R >R >7?) and G = (({1.2}{s3})).

If a strategy selects S at sy, 3 reward will be collected for R, and the EC {(s;, )}
is reached. For arbitrary n € N, the strategy can collect n reward for R; in this
EC by taking f at s, n times. After enough reward is collected, the strategy can
continue—moving to s; via . We thus have (by, b,) € Sat(¥,) for any by, b, € N
with b2 < 3.

On the other hand, if a strategy selects « at sy, state s; will be reached almost
surely while collecting 5 reward for R, and

« 0 reward for R; with probability 1/3,
« at least 3 reward for R; with probability 2/3, and
« more than 3 reward for R; with probability 2/3 - 2/3 = 4/9.

Since the threshold > 0.5 imposed by ¥, is only met in the second case, we obtain
the set of satisfying reward limits as indicated in the (lower-left) green area in
Figure 7.4b. Its generator is given by

Gen™ (Sat(¥y)) = {(0,2), (2, 4)}.

For i € {1..d}, let R?C be the restriction of reward assignment R; to transitions
within end components, i.e.,

REC(s,a,5") = [AC € MEC(M): (s,a) € C]- Ri(s,a,s).

If the reward bound ZREC > 0§ becomes active on a given path, an EC with positive
reward for R; has been reached and for any given b € N, a strategy can choose to stay
inside that EC to also make the reward bound ZR?C > b§ and thus {R; > b§ active. On
the other hand, if b approaches infinity, it becomes less and less likely to collect more
than b reward for ®; while not visiting such an EC, i.e.,

lim PrM ({7‘[ € Paths, (M) | Ri[7] > b and Rf’c[ﬂ'] = O}) = 0.

beo MAX.SI

The (d — 1)-dimensional quantile query ¥ i for Lemma 7.13 arises from ¥ (with
lower reward bounds) by replacing the i indefinite reward bound {R; > ?§ by the
definite reward bound ZR?C > 0§. The quantile ¥ ['i considers mixtures of indefinite
and definite reward bounds and can be analyzed as mentioned in Remark 7.3.
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Input: d-dimensional quantile ¥ = Quff (¢ >< a) for MDP M with &¥ = >, >« as
in Lemma 7.12, and either (i) only upper reward bounds or (ii) only
lower reward bounds and non-negative ¢

Output: The generator of ¥

1 function solveQuantileRecursive(¥)

2 Bt 0

3 if d = 1 then // Deal with 1-dimensional queries
4 ‘ if Exﬁax,sl((p ') >« a then BY « {(c0)}  // Using objective ¢ |1 of ¥ |1
5 else

6 foreach i € {1..d} do // Solve (d — 1)-dimensional queries
7 G; « solveQuantileRecursive(¥li) // ... recursively
8 LB+<—B+U{bENd|b\{i} € G; and b(i) =00}

9 return solveQuantile(¥, B") // Algorithm 7.1 with initial B

Algorithm 7.2: Quantile computation with monotone reward bounds

An Algorithm for Monotone Bounds

Algorithm 7.2 outlines the procedure for computing B} . using a recursive approach. If
we have a 1-dimensional quantile ¥, we compute the maximal expected value for the
objective ¢ 1 of the “0-dimensional” quantile ¥ '1 and check whether the threshold
>a g holds (Line 4). Since ¥ [1 does not consider indefinite reward bounds, it can be
evaluated using techniques from Chapters 4 and 6. This is in line with already existing

approaches for single-dimensional quantiles [UB13; BDDK"14].

For quantiles with d > 2 dimensions, we find each b € B, by computing the set
B} . li for each i € {1..d} using the generator of ¥[i (Lines 6 and 8). This is done
by calling Algorithm 7.2 recursively. Once we have initialized B* to B}

i We call
Algorithm 7.1 in Line 9.

Results of the recursive calls of Algorithm 7.2 are cached so that each of the occurring
quantiles is only processed once. The individual queries consider different subsets of
the d indefinite reward bounds from the original input query ¥. This results in roughly
24 different calls to Algorithm 7.1. However, the recursive calls consider a simpler
quantile with only d’ < d dimensions.

Theorem 7.14 Algorithm 7.2 yields a generator of the quantile query V.

Proof. Due to Lemma 7.11, it remains to show that before calling Algorithm 7.1 in
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Line 9, B* = B! . holds. With Lemma 7.13 we have
b € B* iff Jie{1.d}: by € Gen®"(Sat(¥i)) and b(i) = oo
if Fie{l.d}: beB i
iff beB

init*

7.4 Intricate Quantile Queries

Above, we have considered only a subset of the possible quantile queries. Many more
combinations are possible. These combinations do not easily fit into the framework
provided above. We illustrate this mismatch with some cases.

Lower Reward-bounded Quantiles with Non-positive Objectives

Algorithm 7.2 from the previous section cannot deal with queries considering (only)
lower reward bounds of the form {R; > ?§ and non-positive objective ¢. In this case, a
strategy intuitively strives to diminish the reward collected for R; for each i so that the
corresponding reward bound does not become active. For single-dimensional quantiles
with a bounded reachability objective, [BDDK"14] proposes a transformation that
instead computes the maximal probability to reach an end component in which either
no goal state is visited or no reward is accumulated. However, in the multi-dimensional
case, such a transformation does not preserve the other reward bounds.

Mixtures of lower and upper reward bounds

Quantile queries that consider mixtures of lower- and upper reward bounds might
have infinite generators, as shown in Example 7.2. In this case, a finite representation
of the satisfying reward limits cannot be achieved with our explicit construction of the
generator. A procedure to check whether a given query has a finite generator is left
for future work. However, when the set of considered reward limits is restricted to a
finite domain, our approach can also be applied to general quantiles as mentioned at
the end of Section 7.2.

Quantiles over multi-objective trade-offs | We considered quantile queries
Qu?f (¢ > a) with a single objective ¢. An extension inspired by multi-objective
queries considers quantiles* over several conflicting objectives:

Qu?;[(‘Pl >y a; A ... A Qp >y al,),

4Technically, these objects are not quantiles in the classical sense.
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Such a query asks for the reward limits for which there is a strategy that satisfies all
quantile thresholds. [BDK14] considers a similar type of query, where—however—all
objectives ¢; share the same indefinite reward bound {R ~ ?§. With multiple indefinite
reward bounds, two sources of trade-offs are introduced: a trade-off between different
strategies and a trade-off between different reward limits. Handling such queries likely
involves analyzing the trade-offs at each epoch model and propagating the results
through the epochs. We left this for future work.

7.5 Related Work

Solving quantiles is tightly connected to analyzing objectives with definite reward
bounds. Therefore, most works mentioned in Section 6.3 are also related to the contents
of this chapter. We further discuss related work specific to the computation of quantiles.

[UB13] considers single-dimensional quantiles and provides a graph-based algo-
rithm for qualitative queries (Qujs‘f (¢ > a) with a € {0, 1}) that runs in polynomial
time. For non-qualitative queries, an exponential time algorithm is given that performs
a linear search for an optimal reward limit which relies on repeatedly computing
reward-bounded reachability probabilities. In [HK15; HKL17], single-dimensional
quantiles® are solved using a binary search on the reward limit, instead. A similar
approach for continuous-time Markov chains is given in [BDKK"14]. [KSBD15] consid-
ers qualitative quantiles over mixtures of positive and negative rewards. [BDDK" 14;
KBCD"18] introduce energy-utility quantiles that consider one definite and one in-
definite reward bound and propose a solution based on sequential epoch analysis.
[BDKD"14; SDKB"19] provide applications of energy-utility quantiles in the context
of software product line engineering and task scheduling, respectively.

To the best of our knowledge, this is the first work that addresses multi-dimensional
quantiles for MDPs as in Definition 7.2.

SWhile [HKL17] considers multiple reward bounds, their approach for quantiles fixes all but one reward
limit—yielding a 1-dimensional query according to Definition 7.2.
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Chapter Summary

=» Multi-dimensional quantiles reveal potential trade-offs between different
types of reward (or cost) constraints.

=¥ The set of satisfying reward limits can uniquely be described by its generator.

=» Quantile queries can be solved based on a sequential epoch analysis (cf.
Chapter 6).

=» Depending on the query, termination of the procedure is ensured via dedi-
cated preprocessing steps.
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—Chapter 8—

Restriction to Simple Strategies

Outlook | This chapter considers the verification of multiple total reachability reward
objectives under simple—pure and memoryless—strategies. We formalize the multi-
objective achievability problem under such strategies and show NP-completeness in
Section 8.1. Section 8.2 provides some necessary background for expected visiting times.
Section 8.3 presents a decision procedure for pure memoryless achievability based on
mixed integer linear programming (MILP). An alternative MILP encoding dedicated to
total reward objectives is given in Section 8.4. Section 8.5 lifts the approach to Pareto
front approximation and Section 8.6 incorporates strategies with finite memory into
our framework. Section 8.7 summarizes related work.

Origins | The foundations of this chapter are taken from [9]. The approach and
its presentation has been improved and extended towards reward assignments with
positive and negative rewards. Various explanations and correctness arguments have
been added, in particular in Section 8.2. Section 8.3.2 contains a new encoding inspired
by [WWJB20].

Set-up & Notations | Throughout the chapter we assume an MDP M = (S, Act, A, P)
with dedicated initial state s; € S and £ > 0 convergent total reachability reward
objectives @ = (tot(R1, G1), .. ., tot(Ry, G;)). Markov automata are supported via the
underlying MDP (cf. Theorem 4.2 and [13]).

8.1 Pure Memoryless Achievability
Recall the multi-objective achievability problem (MOA, Problem 3.1 on page 78) that asks

whether a given point p € R is achievable, i.e., whether p € Ach(®). The point can be
achieved by a general strategy that potentially performs randomized decisions based
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on the entire execution history. Such types of strategies are not suitable for various
applications. For example, they limit reproducibility which complicates debugging.
Randomized strategies are also often despised for medical applications [LBM12] and
product design—all products should have the same design, not a random one. In
this chapter, we study a variant of the achievability problem that only considers pure
memoryless strategiesl.

Definition 8.1 (Pure Memoryless Achievable Point) A point p € R’ is called

pure memoryless achievable for objectives ® iff o € ZyM: ExM(®) > p. The set of

pure memoryless achievable points for ® is denoted by Achyp)(P) C R

The set Achpy(®) is closed (cf. Definition 2.3 on page 18) as the number of pure
memoryless strategies of M is finite.

Problem 8.1: Pure Memoryless Multi-objective Achievability (PM-MOA)

Input: MDP M, initial state s;, £ > 0 objectives @, point p € Rf

‘YES' if p € Achpy (D)

Output: ¢ .
NO'  if p & Achpy (D)

We discuss the theoretical complexity of both MOA and PM-MOA for total reachability
reward objectives. The following lemma addresses the special case of multi-objective
almost-sure reachability.

Lemma 8.1 ((RRS17, Theorem 2]) Answering MOA for reachability objectives
® = ([0Gi], ..., [0G]) and p = 1 is PSPACE-complete.

For the hardness proof, [RRS17] uses a reduction from the quantified Boolean formula
problem (QBF). Lemma 8.1 implies that MOA for total reachability reward objectives is
at least PSPACE-hard”. The consideration of goal state sets G; C S is crucial for the
complexity. In fact, the MOA problem becomes significantly easier when restricted to
total reward objectives.

Lemma 8.2 Answering MOA for total reward objectives @ =
(tot(Rl), el tot(R[)> is P-complete.

Proof. The LP-based algorithms of [EKVY08; FKNP*11] can be implemented with
polynomial runtime. P-hardness follows from the single-objective case as shown in
Theorem 4.7 on page 113. L]

ISection 8.6 also addresses pure strategies that have access to some (limited) information on the history,
e.g., whether a goal state set has been reached already.
2To the best of our knowledge, a PSPACE upper bound for the complexity of MOA is unknown.



8.1 Pure Memoryless Achievability 233

Figure 8.1: Sketch of MDP M from the proof of Lemma 8.3

As discussed in Section 4.1.1, total reachability reward objectives are reducible to
total reward objectives via the goal unfolding. This increases the size of the considered
MDP by a factor of up to 2’—yielding an exponential-time algorithm for MOA under
total reachability reward objectives.

However, if the number of objectives is fixed—say e.g., £ = 2—the blow-up from
the goal unfolding becomes a constant factor, allowing us to answer MOA queries with
“few” objectives in polynomial time. We now show that PM-MOA, on the other hand, is
NP-complete—even if restricted to only two objectives. We first show NP-hardness.

Lemma 8.3 Answering PM-MOA for two reachable objectives <[<>G1], [<>G2]> is
NP-hard.

For the proof of Lemma 8.3 we use a reduction from the subset sum problem which
is known to be NP-complete [CLRS22, Theorem 34.15]. Our construction is inspired by
similar ideas from [CMHO06; RRS17].

Problem 8.2: Subset Sum (SUM)

Input: n e N,a € N?, and z € N.

‘vyes’ ifdoe€{0,1}": v-a=z
Output:{‘ , 0.1}

NO otherwise

Proof (of Lemma 8.3). For a given instance n € N, a = (ay,...,a,) € N",andz € N
of SUM, we construct the MDP M = (S, Act, A, P) as sketched in Figure 8.1 and
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formally given by S = {s5,s1,...,5n,9v.gn}, Act = {a, Y, N},

Als) = {{06} ?fs € {s.9v.gn}
{Y,N} ifse{s,...,sn}

fors € S,and for all Z € {Y, N} and all i € {1..n} the non-zero transition probabili-
ties are given by

e P(sp,a,s:) = 1a,wherel a =" aj

« P(si,Z,9g7z) = 1,and

j=1

« P(gz,a,97) = 1.

There is a one-to-one correspondence between pure memoryless strategies of M
and vectors v € {0, 1}" given by the bijective mapping f: )} — {0,1}" with

flo)(i) = [o(s)=Y]

forall o € ZQ’IM and i € {1..n}. We claim that the answer for the PM-MOA instance
with M, initial state sy,

= ([o{gy}], [0{gn}]), and p = (&, 1- =)

is ‘vEs’ iff there is a vector v € {0,1}" with v-a = z. To see this, observe for o € Zg’fM:

Prg{SJ(o{gY}) = IZ:‘ o(s)=Y] = f(o')aa
Prﬁst(O{gN}) = Z%.[G(si):N] _ % _ 1_%.

i=1

Therefore, p is pure memoryless achievable iff f(o) - a = z for some ¢ € ZgM. [ ]

[CMHO06, Theorem 6] provides a similar result for total reward objectives:

Lemma 8.4 Answering PM-MOA for two total reward objectives <tot(7'21) , tot(R2)>
is NP-hard

Proof. We restate the proof from [CMHO06] for the sake of completeness. Given
a SUM instance n € N, a = {(ay,...,a,) € N", and z € N, consider the MDP M =
(S, Act, A, P) as sketched in Figure 8.2 and formally given by S = {s1,...,Sn, Sn+1}>
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y Ryv:ai y Ry:az Y Ry: an-1 Y Ry: an "
[ el e T o]
N Ry:a; N Rn:a; N RN:an-1 N RN: an

Figure 8.2: Sketch of MDP M from the proof of Lemma 8.4

Act = {a,Y,N},

AGs) {{a} if's = 5n
{Y,N} ifse{s,...,sn}

fors € S,and forall Z € {Y, N} and all i € {1..n} the non-zero transition probabili-
ties are given by

* P(si9Z’si+1) = land
* P(3n+l>aa3n+1) = 1L

Furthermore, we consider two reward assignments Ry and Ry for M such that
forall Z € {Y,N} and all i € {1..n} we have Rz[s;, Z,si+1] = a;. The remaining
rewards are zero.

Similar to our construction from the proof of Lemma 8.3, there is a one-to-one
correspondence between pure memoryless strategies of M and vectors v € {0, 1}"
given by the bijective mapping f: =1 — {0,1}" with

f(o)@) = [o(s)=Y]

forall o € ZQ’IM and i € {1..n}. The answer for the PM-MOA instance with M, initial
state s,

P = (tot(Ry), tot(RN)> , and p = <z, 1-a- z>
is ‘vEs’ iff there is a vector v € {0, 1}" with v-a = z. To see this, observe for ¢ € ZQAM:

Dailo(s)=Y] = f(0)-a
i=1
D ai-[o(s)=Nl = (1-f(0)-a = 1-a=f(0) -a.

i=1

Ex{,vfSl (tot(Ry))

Ex) (tot(Rn))

Therefore, p is pure memoryless achievable iff f(o) - a = z for some ¢ € Zg’fM. [ ]
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Theorem 8.5 PM-MOA as well as the variant of PM-MOA restricted to only two
objectives are both NP-complete.

Proof. Containment in NP follows by guessing a pure memoryless strategy o € ZQ/IM
and evaluating the individual objectives on the induced submodel M[[o]—which is
a DTMC. This can be done in polynomial time [BK08]. Hardness follows by either
Lemma 8.3 or Lemma 8.4. |

To summarize, deciding multi-objective achievability for total reachability reward
objectives under general strategies is PSPACE-hard. The restriction to pure memoryless
strategies reduces the complexity to an NP-complete problem. However, when a fixed
number of objectives is assumed (e.g., £ = 2), achievability under general strategies
can be decided in polynomial time, while the complexity for pure memoryless strategies
remains NP-complete.

8.2 Intermezzo: Expected Visiting Times

In subsequent sections, we present our approach for PM-MOA based on mixed integer
linear programming (MILP). Some of our MILP formulations—more specifically the
constraints in Figures 8.6 and 8.10—are based on expected visiting times. Before we
present our encodings, we establish some foundations in this section.

Definition 8.2 (Visiting Times) For MDP M = (S, Act, A,P) with s; € S and
o € 3M, the expected number of visits of a state s € S under o is given by the
expected value Exg/{sl (visits(s)) of the objective visits(s): Pal‘hsf\gf — N U {oo} with

[ee)
o4
visits(s) (sg — 1 NN L) = Z [s; = s].
i=0

8.2.1 Relation to Total Reward Objectives

We first outline the connection between expected visiting times and expected total
rewards. For s € S, consider the reward assignment R, for M with

Vs',s" €S: VYae A(s"):  R[s,a,s”"] = [s=5].

Lemma 8.6 Vo € XM Engsj(visits(s)) = ExM_(tot(Ry)).

0,S|

Proof. Forrz € PathsM. we have visits(s) () = tot(Rs) (7). |

inf

Lemma 8.6 yields that expected visiting times can be expressed in terms of expected
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total rewards. One implication is that maximal (or minimal) expected visiting times
ExM s, (visits(s)) of a fixed state s are always attained by some pure memoryless
strategy. However, in general there is not a single strategy that maximizes the visiting
times of all states.

The next lemma shows that expected total rewards can also be expressed in terms
of expected visiting times. Consider an expected total reward objective tot(R) with a

reward assignment R for M. For s € S and @ € A(s) let

Moy = 9 P(sas) Rls 5],
s’eS

Lemma 8.7 Vo € ZQ’IM: ExM (tot(R)) = er(s) -Exg/fsl(visits(s)).

0,S]
seS

Proof. Using Lemma 8.6 and a similar reasoning as in the proof of Lemma 4.4 on
page 106, we get

D oots) - BXAL (visits(s) = > Foa(s) - Exb (1oH(Ry)) = ExM, (t0t(R)),

seS seS

with reward assignment R’ = Y cs7s0(s) - Rs. Since o is pure and memoryless,
we can use the linear equation system characterization of total rewards on Markov
chains (as in Theorem 8.11 below) to show that Ex} (tot(R)) = ExY (tot(R")),
which concludes the proof. u

8.2.2 Equation System Characterization

The following theorem yields an equation system characterization for the expected
number of times each state s € S is visited in the Markov chain induced by MDP
M and a strategy o € ZgM. The theorem is based on similar observations from the
literature [Put94; FKNP*11; Vel19].

Theorem 8.8 Leto € ZQ”M be a strategy and let s; € S’ C S such that under o the
set S’ is not reached from any s € S\ &', i.e., post(s,a(s)) NS’ = 0. The equation
system over variables Vars = {z, | s € S’}

VseS: z, = [s=s/] + Z P(s',0(s"),s) - zy (8.1)

s’eS’

il = Z Z P(s',o(s"),s) - zy (8.2)

se(S\S") s’eS’
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has a non-negative solution val: Vars — R iff Prg’{sj(o(s \ §’)) = 1. If a non-

negative solution val exists, the value val(z,) is unique for all s € T with
T={ses | Engs(visits(s)) < oo}

and we have
VseT: val(s) = Exgsl(visits(s)).

Proof. We first show that Equation (8.2) is implied by Equation (8.1). Let
val: Vars — Ry be a solution for Equation (8.1). Taking the sum over all s € S’
yields

> val(z,)

Z ([S=SI] + Z P(s',a(s"),s) - val(zs,))

ses’ ses’ s’eS’
= (Z [S:S[]) + ( Z val(zy) - Z P(s',a(s'),s))
seSs’ s’eS’ seSs’

(using sy € S’)

=1+ ( Z val(zy) - Z P(s’, a(s'),s))

s’eS’ seSs’

(using Yses P(s', 0(s"), s) + Xse(s\s) P(s, 0(s),5) = 1)

= 1+(Z val(zs,)~(1— > P(S',U(S’)’S)))

s’eS’ se(S\S)
=1+ ( Z val(zs,)) - ( Z val(zy) - Z P(s’,a(s/),s))
ses’ ses se(S\S")
=1+ ( Z val(zs,)) - ( Z Z P(s',0(s"),s) - val(zs,)).
s’eS’ se(S\S") s’es’
We thus get
Z val(z,) = 1+ ( Z val(zs,)) - ( Z Z P(s’,0(s"),s) - val(zs,))
seS’ s'eS’ se(S\S') s'es’

iff Z Z P(s',o(s"),s) - val(zy) = 1.

SE(S\S") €S’
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Next, we distinguish the two cases in which S \ $’ is either reached almost-surely
from s; or not.

Case1 | Let Prgst (O(S\S')) = 1. We first argue that once the set S"\ T is reached, it
can not be left again. To see this, consider a state s € S\ T, i.e., Exg{s(visits(s)) = o0,
This also means that all successors of s (under strategy o) are visited infinitely often.
Our assumptions for S” imply that we can not reach s € S’ \ T viaa statein S \ §’.
Therefore, all successors of s (under strategy o) must be in $" \ T.

Since we consider the case where the set S’ is almost surely exited when starting in
the initial state s; € S, the trapping set S” \ T must not be reachable from sy, i.e., we
get for any state s € S’ that

« s is not reachable from s, i.e., Prffs] (0{s}) =0or
e s¢S'\T,ie,seT.

Setting z, to 0 for all s € S’ that are not reachable from s; yields a trivial solution
for Equation (8.1) which also coincides with the expected number of visits for those
states. The states in T are so-called transient states of M[ o ]. It follows from [KS76,
Theorem 3.2.4] that the equation system

VseT: z, = [s=s]+ Z P(s',0(s"),s) - zy

s’eT

has a unique solution that coincides with the expected number of visits for each
s € T. This equation system coincides with Equation (8.1) when restricted to states
in T since—as argued above—P(s’,0(s"),s) =0fors’ € S\ Tands € T.

Case 2 | IfPrM (0(S\ S")) < 1, the induced Markov chain M[ o] must contain a

O,S1
bottom strongly connected component (BSCC) B C S’ that is reachable from sy, i.e., BSCC, bottom
strong|l
M zonnecz/ed
dx € Pathsﬁn[[a]] (sp): last(#) € B. component

For this case, we have to show that the equation system from Theorem 8.8 has no non-
negative solution. Towards a contradiction, assume that a solution val: Vars — Rxq
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exists. By taking the sum of the values for all states s € B we get

Z val(z,) = Z ([s:sI] + Z (P(s', o(s'),s) - val(zs,)))

seB seB s’eS’
=[s; € B] + Z (P(s', o(s'),s) - val(zs,))
(s,s’yeBXS’
=0 +0;,

where

v =[sr € Bl + Z (P(s" a(s), 3) ) val(zs'))’ and
(s,s’YEBX(S’\B)

Z (P(s', o(s'),s) - val(zs,)).

(s,s’)eBXB

02

We now show that v; > 0 and v, = Y g val(z,). This yields a contradiction as

Z val(zy) = v1+0vy > Z val(zy).

sEB sEB

« If s; € B, we immediately get v; > 1 > 0 due to the non-negativity of the solution

o(Sp—
val. Otherwise, there is a finite path 7 = s LSO)> AN Sy € Paths?i[[a]] (s7)

of length n € N with sy = s, s, € B,and s; ¢ Bforalli € {0..n—1}. We first
show that val(z,) > 0 for all i € {0..n—1}:

— For i = 0 the claim follows as [sy=s;] = 1 and the solution val is non-
negative.

— For i > 0 we can assume that val(z,, ) > 0. The solution val satisfies
val(zg,) > P(si—1, o(si-1), ) - val(z;, ) > 0.

>0 >0

With s,,_; € §’ \ Band s, € B we conclude that

01 = P(sy_1,0(sn-1),n) - val(z,,_ ) > 0. n
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(a) MDP M (b) Quotient M\g
Sj S0 N S2 S3 Sy S5 S6
Exg’fm,sl (visits(s;)) 6 0 oo 40 40/ 20 803
EX%,/;,S] (visits(s;)) 0 0 0 - oo o o
Exg’;msl (visits(s;)) 18/43 00 00 120/43 oo 60/43 80/43
EX}I;/L/;,SI (wisits(s;)) 0 0 0 3 oo 3/ 2

(c) Expected visiting times for M under simple strategies

Figure 8.3: Example MDP, its (modified) quotient, and resulting expected visiting times
(cf. Examples 8.1 and 8.2)

« The BSCC B satisfies post({s,o(s))) € B for any s € B. We get

vy = Z (val(zs,) . ZP(S', o(s), s)) = Z val(zy).

s’eB seB s’eB

Example 8.1 Consider the MDP M from Figure 8.3a with initial state s;. There
are exactly four pure memoryless strategies for M:

Z{)V[M = {O'(x{xs Oups Ofas Gﬁﬁ}’

where for y, 5 € {«, i} we set 05(s4) = y and oys(s5) = J. Figure 8.3c shows the
expected visiting times under all four strategies. We outline the corresponding




242 Chapter 8 Restriction to Simple Strategies

computations for o, and o5 using Theorem 8.8.

For o,,, the states s; and s, are almost surely reached from any other
state. They form the only BSCC of M[[o..]. We get Ex¥  (visits(s;)) =
Ex{,\’fmsl(visits(SQ)) = oco. With &' = T = {so, $3, S4, S5, S¢ }» the equation system
in Theorem 8.8 is given by

Zo = Yo S Z = R 2 S Bz S 6z A2 S

z,, = 13-z, zo, = 34~z z,, = 2[3-z,.

The unique solution of this equation system is given by

z, =6 zg, = 40 zs, = 43 zg, = 20 and z;, = 80/,

which yields the expected visiting times as in Figure 8.3c.

Next, we consider the strategy os; which selects f at both s4 and ss. Under this
strategy, the states sy, s1, and s, are not reachable from the initial state s3 and
therefore will not be visited at all. Moreover, s, forms a (reachable) BSCC in the
induced Markov chain. With §" = S\ {s4} and T = {so, s3, S5, 54 }, the resulting
equation system is given by

zg, = 13-z, zg, = Yoz, +1-2 z, = 1-z

z

o = 1+Y2-zo +1-2z +1/4-2 zo, = 34~z zg, = 23-z,.

This equation system has multiple solutions for the states s;,s; ¢ T but a unique
solution for the states sy, s3, $5, S € T given by

z, =0 zg, =3 zg, = 32 and By = B

8.2.3 Upper Bounds for Expected Visiting Times

For the considered MILP encodings, we also require upper bounds for the expected
number of visits for any given state s € S. For this, we only consider pure memoryless
strategies under which this number is finite. Let S be the set of states for which at
least one strategy induces a finite expected number of visits, i.e.,

0,S|

sfin .= {s €S | do e ZQ’IM: ExM  (wisits(s)) < 00}.
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We want to compute for each s € $™ an upper bound for the possible finite expected
visiting times, i.e., we want to compute a value Vs € R for each s € Sfin gych that

Vs > max ({EXM (visits(s)) | o€ ZQ/IM} N R). (8.3)

0,S]
For this, we assume that there is no transition from a state s ¢ S to a state s’ € §n:

Assumption 8.1 Vs € S\ S™: Va € A(s): post(s,a) N ST = 0.

Assumption 8.1 is without loss of generality: given a strategy o € EQAM and a state
s € §\ $™ we have—by definition of S™—that Exg’fsl(visits(s)) = oo which yields
that Exg/fsl (visits(s’)) = oo holds for all states s’ € S reached from s with positive
probability. Thus, for every s’ € S we either have

« Pr¥(0{s’}) =0 foralls € S\ sfin o
. Exﬁ\,’{sl(visits(s’)) = oo,

Only the former case is relevant when computing values Vy as in Equation (8.3).
Therefore, if Assumption 8.1 is violated by a state s and an action @, we can safely
remove « from A(s).

Following ideas of [BKLP*17], we further make use of the following lemma which
links expected visiting times of a state s € S to the probability that—when starting
from s—we do not reach s a second time. For i € N let

My = {7‘[ € Pal‘hsf\r/ff | visits(s) () = i}
be the set of paths that visit s exactly i times.

Lemma 8.9 Let o € ZQ/IM and let s € S with Prg{s[(o{s}) > 0. If Pr%s(H#szl) =0
then Exg’fsl(visits(s)) = co. Otherwise,

Pryl (0{s})

Exg/fsl(visits(s)) = ;181— .
Pra,s (H#szl)

Proof. The lemma is a straightforward reformulation of [BKLP*17, Lemma 3.5]. ®

We use Lemma 8.9 to obtain upper bounds V; for s € S as in Equation (8.3). More
precisely, the approach is to find for each s € S™ a non-zero lower bound d; for the
probability that starting at s we never reach s again, i.e., 0 < ds < Prg/’[s (Iys=1) for
every strategy o € ZQ’IM with 0 < Prg’fs (Ilss=1). Using Lemma 8.9 and the trivial upper

bound Prgfsl (0{s}) < 1, an upper bound for the expected visiting times at s € S is
given by Vs = 1/d,. We consider two cases for the MDP M.
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Input: MDP M, set S™ C S with VC € EC(M): states(C) ¢ ST
Output: <Vs> with V; as in Equation (8.3)

sesfin

1 Saone < S\ sfin

2 foreachs € Sy, dod; «— 1

3 while S;,,. # S do

4 Pick s € S\ Sgone such that Va € A(s): post(s,a) N Sgone £ 0

,. |dy if3SCCC: {s,s'} C states(C)
Z P(s,a,s") -

5 d; «— min )
1 otherwise

a€eA(s
) " €S done

6 Sdone < Sdone Y {s}

7 return <dis>sesﬁn

Algorithm 8.1: Computation of upper bounds for expected visiting times (cf.
[BKLP*17])

Case 1 | First assume that there is no C € EC(M) with states(C) € ™. Thus, under
any strategy we almost-surely leave the set S™ (permanently, due to Assumption 8.1).
This yields that the expected number of visits of each s € S is finite for all o € ZQ’IM.
For this setting, [BKLP*17] provides an efficient algorithm for computing the values
ds and V = 1/d,. Algorithm 8.1 outlines the procedure. It maintains a set of states
Sdone for which values d; are already known. In each iteration it then considers a state
s € S\ Sqone that—under all strategies—has a positive probability to reach Sy, in a
single transition step. Such a state must always exist since otherwise we would get an
EC C with states(C) C (S \ Sgone) € S™. Line 5 sets the value d, for the chosen state s
to a lower bound for the probability to move to Sy, in one step and then stay in Sgop,
forever—thus never reaching s ¢ Syone again. We refer to [BKLP*17] for further details.

Case 2 | If there is some C € EC(M) with states(C) C S, Algorithm 8.1 eventually
reaches a point where Sy, # S but no valid state s is found in Line 4. Hence, the
approach of [BKLP*17] would fail to compute valid upper bounds. We overcome this
issue by first eliminating all maximal ECs C € € with

€ = {C € MEC(M) | states(C) C Sﬁn}

in a way that expected visiting times are over-approximated. Due to Assumption 8.1,
ECs of M are either fully contained in S™ or fully contained in S \ ™. Hence, every
(potentially not maximal) C’ € EC(M) with states(C’) C ST is contained in a MEC
C € Q. Therefore, after eliminating each C € €, Case 1 applies, i.e., we can use
Algorithm 8.1. We perform the following steps:
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1. For each C € €, compute a value [c € (0,1] such that—given any pair of
distinct states s, s” € states(C) and a pure memoryless strategy under which s’ is
reachable from s—I¢ is a lower bound for the probability that we reach s” from s
without visiting s in between. Formally, we require for all s, s” € states(C) with

s#s andforall o € Z};ﬂ[{C]} with Prﬂ[c]] (0{s’}) > 0 that

0 <l < Prﬂlcﬂ({so £, 1 & e Paths?zf[[cll(s) | 3j>0:s;=s"and

Vie{l.j-1}: s # s}).

If C consists of a single state, we can set [c = 1. Otherwise, consider two distinct
states s, s’ € states(C). Whenever s’ is reachable from s, there is at least one finite
path from s to s that visits each state of C at most once. We can conservatively
set Ic to a lower bound for the probability of such a single path. A naive lower
bound for this is given by the product of the smallest probabilities occurring at
each state in C—excluding self-loop probabilities—i.e.,

Ic = 1_[ min {P(s, a,s’) | (s,a) € C, s" € post(s,a) \ {s}}.

sestates(C)

2. Build the quotient (cf. Definition 2.21) M\g = (S\¢, Act\g, A\g, P\¢) of M with
respect to €.

3. Obtain MDP M\g = (S\g, Act\g, A\g,m) from Mg by setting the outgoing
transition probabilities for each collapsed EC state C € € C S\g of Mg, each
enabled action a € A\g(C), and each successor state s” € S\g to

Pc(Cas) = lo-P(Cas) +(1-lc) - [s'=C].

In all other cases m and P\g coincide. Hence, the self-loop probability for each
collapsed EC state C is increased. Roughly speaking, this reflects the possibility
to cycle through the EC C in M which potentially yields multiple visits of states
s € states(C).

4. Compute upper bounds V, for the expected visiting times in Mg using Algo-
rithm 8.1.

5. For the original MDP M consider for s € S

V. = V¢ if's € states(C) for C € €
* 7 |V, otherwise.
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Example 8.2 We compute upper bounds for the expected visiting times for the
MDP from Figure 8.3a. From Example 8.1 we get S™ = S. We therefore have

€ = MEC(M) = {{(s1.a) (52,0}, {(55.) (50,@) {51, ) (55, ) Gssn ) } |-

=@ =Cy

We compute Ic,, Ic, € (0,1] as in Item 1 above by considering the product of the
smallest probabilities occurring at each state of the corresponding MEC, yielding

le, =1-1=1 and Io, = 1/3-1-1/4-1=1/12.

The MDP Mg from Item 3 is depicted in Figure 8.3b. With respect to this MDP
we have Sfin = {5y, C;,C,}. Algorithm 8.1 then computes

ds, =dc, =1, ds, =16, and dc, = min(1/eo- /s, 1/12-1) = 1/360.

From this, we get the following upper bounds V; satisfying Equation (8.3) for
each state s of the original MDP M:

6 ifj=0
Vi, =41 ifje {12}
360 if j € {3,4,5,6}.

Lemma 8.10 The values V, computed for each state s € S via the steps above
satisfy Equation (8.3).

Proof. Lets € S and o € ZQ’IM such that 0 < Ex™_ (wisits(s)) < co. We have to

0,S1
show that Vg > Exysl(visits(s)).

« If s ¢ states(C) for each C € €, considering the quotient with respect to €
preserves the maximal expected number of visits of s. To see this, recall that
visiting times can be expressed as total reward objectives (cf. Lemma 8.6) and
that quotients preserve total rewards (cf. Section 4.1.4 and [Alf97, Chapter 7]).
The scaling of the probabilities at the states C € € of M_\(g (Item 3) does not affect
visiting times of the remaining states of the quotient.

« If s € states(C) for some C € €, we consider the following cases.

- IfPrf;’fS (0(S\ states(C))) = 0, there must be a BSCC B C states(C) in M[ o]

that is reached from s with positive probability. Exg’[sl(visits(s)) <
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implies s ¢ B. Moreover, it is not possible to visit s again once we are in B.
Thus, the probability to reach B from s without visiting s a second time is
also positive and lower-bounded by the value I computed in Item 1 above.
Using the set 14— of paths that visit s exactly once as in Lemma 8.9, we
get

Prg/fs(H#szl) > PI' (H#S 1N OB) > lC [}

Let o’ be a strategy for Mg that maximizes the probability to reach C and

selects the action L at C which leads to the dedicated sink state s, of Mg
with probability Ic and back to C with probability (1-Ic). With Lemma 8.9
we conclude

as,(<>{3}) Prg, (0{s})

(visits(s)) =

‘”I M (Tys= 1) le
M\Q:
r, (0{C})
< Il— = ExM\E (visits(C)) < Ve = V.
c

- If Prf,{s(o(s \ states(C))) > 0 there must be a reachable state-action pair
(t,a) € exits(C) with o(t) = a. The value I¢ is a lower bound for the
probability to reach t € states(C) from s without leaving states(C) and
without visiting s a second time. This yields

Prg{s (H#Sil) > Prg/,ls(n#s:l N O{t})
> lC . Z P(t, a, S,) . Prﬁ’{s, (H#s:()),
s’ €(S\states(C))
>lc- » P(tas) P (Tcm) > 0,

s’ e (S\states(C))

where ITsc=¢ denotes the set of paths that never visit a state in C. Since
C is maximal, there must be at least one s’ € post(t, @) from which C is
not almost surely reached, i.e., for which Pri\fs, (H#czo) > 0. Consider a

strategy o’ for M\g that selects the action (t, ) at C and maximizes the
probability to reach C for any other state. A similar reasoning as in the
previous case yields

M o Me , . . v
Exg g, (visits(s)) < EXU,\,f[(wstts(C)) < Ve = V.
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8.3 A Mixed Integer Linear Programming Approach

We present a procedure for answering PM-MOA for MDP M = (S, Act, A,P) with s; € S,
¢ > 0 total reachability reward objectives ® = (tot(R1, G1),. .., tot(R,, G¢)), and point
p € R, There are exactly |ZJI‘,4M = [1ses |A(s)| many pure memoryless strategies for
M. A naive algorithm to solve PM-MOA enumerates all strategies o € ZQAM and checks
whether o achieves the given point p, i.e., whether Exﬁ"lsl(fb) > p holds. The latter
can be checked using standard algorithms on the induced DTMC M[¢]. In practice,
however, such a brute-force approach is not feasible. For the MDPs that we consider
in our experiments in Section 9.6, the number of pure memoryless strategies often
exceeds 101%%°,

Instead, our approach is to encode the PM-MOA query as a mixed integer linear
program (MILP). Recall from Section 2.1.3 that an MILP instance consists of

« a finite number of linear constraints, and
« alinear optimization function

over integral as well as real-valued variables. The task is to decide whether the
constraints are feasible and if so, find a solution that maximizes the optimization
function.

We provide a translation of the given PM-MOA instance to an instance for MILP that
has a feasible solution iff p € Achy),(®). More specifically, in Section 8.3.1, we present
an encoding that is applicable to MDPs with just a single end component and for which
the expected total reward is finite under every strategy. In Section 8.3.2, we extend our
encoding towards MDPs with multiple end components. Finally, in Section 8.3.3 we also
lift the restriction to finite total rewards, thus dealing with arbitrary MDPs. Section 8.4
further presents an alternative to the encoding which is smaller but restricted to total
reward objectives. The general approach in both MILP formulations is to consider
integer variables to encode a pure memoryless strategy o € Zg/lM. Other variables and
constraints then encode the expected total reachability reward for each objective on
the induced DTMC M[[o]. Special care needs to be taken to deal with the BSCCs of
M[<].

Remark 8.1 (Quantitative Achievability) Our MILP encodings presented be-
low only rely on checking feasibility of a set of linear inequalities and do not
make use of an optimization function. This enables a straightforward extension
towards multi-objective quantitative achievability queries (MOQA, cf. Problem 3.2
on page 78) under simple—i.e., pure and memoryless—strategies. Section 8.5
further uses the MILP approach to approximate the set Achpy(®).
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8.3.1 MDPs with a Single End Component and Finite Rewards

For simplicity, we first explain our encoding under the following assumption which
we lift in subsequent sections.

Assumption 8.2 The MDP M has exactly one end component, i.e., [EC(M)| =
[{Co}| = 1. Furthermore, no reward is collected in this EC, ie., Vj €
{1(} RJ[[C()]] =0.

The unique EC Cy € EC(M) must be a bottom component, i.e., exits(Cy) = 0.
Furthermore, Cy is also the unique BSCC of the induced DTMC M[[ o] for any o € ZglM.
Using [BK08, Theorem 10.27]—or alternatively Lemma 2.4 on page 41—we get for all
o€ ZQ”M and s € S that

Prgfs(Ostates(Co)) = Priw[[g" (¢states(Co)) = 1,

i.e., the EC Cy is reached almost surely from every state. Let j € {1..£}. As no further
rewards are collected once the bottom component Cj is reached, the above also implies
Exg/{s(tot(ﬂj, Gj)) € R. Our MILP encoding considers the sets of states

S] = {seS|VoesM: Ex¥ (tot(R;,G;)) =0} and
S; = {s €S\ Sé | s can be reached from s; without visiting a state in Sg}.

These sets can be obtained by simple reachability analysis on the graph structure of
MDP M. We have G; C Sé and states(Cy) C Sé. The latter yields that Sé is reached
almost surely from every state and under every strategy. There is no need to explicitly
encode the value for objective tot(R;, G;) at states s ¢ S;:

. ifse Sé, the objective value at s is known to be 0, and

. ifseS\ (Sg U S_Z ), the value at s is irrelevant for the total reward accumulated from
the initial state s;.

Our MILP encoding further applies the well-known characterization of expected
total rewards for DTMCs as a linear equation system (e.g., [BK08, Section 10.5]).

M

Theorem 8.11 For every j € {1..} and 0 € 27,

the equation system

\/sesgz xs = 0

Vs e S_Z: Xs = Z P(s,0(s),s") - (xs + R;[s,0(s5),5']).

s’eS
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Vses: > Select a unique action at each state
Va e A(s): asq € {0,1} (1)
Z asq =1 (2)

ael(s)

Vje{l1.t}: > Compute expected reachability reward values
Vse Sg: x =0 (3)
Vses): x! e [LL, U] (4)

VaeAls): x{ < (1-asq) - (Ul - L)) (5)
+ Z P(s,a,s’) - (xg, +R;[s, a,s'])
s’ epost (s,a)
xil > p(]) > Assert objective value at initial state (6)

Figure 8.4: MILP encoding for MDPs with one EC and finite rewards

has a unique solution wval: {xs|s € Sg US?j} — R satistying val(xs) =
EXQ./{S(tOt(Rj,Gj)).

Proof. As outlined above, we have
VoesM: Vses: P (0s]) = 1.

The set Sg is therefore attracting (cf. Definition 4.2 on page 112). By noting that

tot(R;,G;) = tot(R;, Sg), the theorem is a special instance of Theorem 4.8 on
page 116 when applied to the DTMC M[c]. [

Figure 8.4 shows the MILP encoding over variables
Vars = {as,a, xﬁ | seESac A(s)}

in case Assumption 8.2 holds. We discuss the intuition of each constraint. Let
val: Vars — R be an assignment of variables to values. val is a solution of the con-
straint system if all (in)equations are satisfied upon replacing all variables v € Vars
by val(v).

Strategy Encoding | Constraints 1 and 2 encode a strategy o € ZQ’IM by considering
a binary variable a; o for each state s and enabled action « such that for a solution val
we have

val(asy) = 1 it o(s) = a.
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Due to Constraint 2, exactly one action is chosen at each state.

Objective Values Encoding | Constraints 3 to 5 encode for each objective ®(j) =
tot(R, G;j) the expected reachability reward obtained for the encoded strategy o. For

every s € S, the variable x! represents a lower bound of the value at s, i.e., for a solution
val the constraints ensure

val(xg) < Exf,’{s (tot(R}, G))).

Constraint 3 sets the value for all s € Sg to zero—reflecting the analogous case from
Theorem 8.11. Constraint 4 bounds the variables x! for s € S'ﬁ using lower- and upper
bounds L], U] € R that satisfy

VoesM: ExY (tot(R;,G;)) € [LI, Ul].

Such bounds are obtained via a pre-computation using single-objective model check-
ing techniques for total reachability reward objectives as outlined in Chapter 4. In
Constraint 5, we consider two cases for « € A(s).

+ If the encoded strategy o selects « (i.e., val(as ) = 1), the constraint asserts—using
the equation system characterization from Theorem 8.11—that the value of x/ can
not be greater than the expected reward at s, that is

val(x]) < Ex) (tot(R},G))).
« Otherwise, the constraint yields

(U -+ Z P(s,a,s’) - (val(xi,) +Ri[s,a,s']) = U/ > val(x])

s’esS

>L

which is already implied by Constraint 4.

Achievability Encoding | Constraint 6 and our observations above yield

Vje{1.t}: p(j) < val(xgl) < ExXY (tot(R;,G))).

0,81

Therefore, p is achievable if a solution val for the constraints in Figure 8.4 exists. On
the other hand, if p is achievable by some o € ZQ/IM’ then val: Vars — R is a solution
for the constraints, where for s € S and a € A(s)

e val(asy) = [a(s) = a] and
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Figure 8.5: MDP M with multiple end components (cf. Examples 8.3 and 8.4)

« val(xl) = Exg’[s(tot(Rj,Gj)).

Theorem 8.12 If Assumption 8.2 holds, the constraints in Figure 8.4 are feasible
iff p € Achpy (D).

Proposition 8.13 The number of variables in the MILP encoding in Figure 8.4
satisfies

|Vars| € O(|S| - |Act| - £).

8.3.2 Dealing with Multiple End Components

We now lift the restriction to a single end component, i.e., we allow that [EC(M)| > 1
holds. The key challenge for extending our MILP encoding is that the equation system
in Theorem 8.11 does not necessarily have a unique solution anymore.

Example 8.3 The MDP in Figure 8.5 has multiple end components
EC(M) = {{(SI’ O{>} 5 {(SO’ 6['), <sl’/))>} 5 {<30a a>’ <51, O{>, <sla ﬁ)} 5 e } .

Consider the objectives ® = <tot(R1, {s1}), tot(Ra, {sz})> We have Sj = {s1},
Sy = {s0, 52}, S2 = {sy}, and S; = {so, s1}. For strategy o € ZgM with o(s;) = « for
i€{0,1,2} we get

EX%so(tOt(Rl, {51})) =3 and Exg/{SO(tot(Rz, {sz})) = 0.

However, for the second objective the equation system in Theorem 8.11 is given
by

X5y = 1-Xg x5, = 1-xg xs, = 0.

For every v € R, val: {xs, x5, %s5,} — R with val(xs,) = val(x;,) = v and
val(xs,) = 0 is a solution for this equation system. As a consequence, the MILP
from Figure 8.4 applied to this example has a solution for, e.g., point p = (3,0)
with v > 0—even though p is not achievable.
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Recall the sets Sé and S_g for some objective tot(R;, G;) as given on page 249. If the
MDP has multiple ECs, it can be the case that for some strategy o the set S({ is not

reached with probability 1, i.e., there is a positive probability to stay in the set Sg forever.
For the induced Markov chain M[[ o], this means that there is a reachable BSCC consist-
ing only of states in 57, i.e., there is a set B C S; such that Vs € B: post((s, o(s))) C B.

Since the potential BSCCs of M[[¢] coincide with ECs of M, we need to inspect the
ECs that only consist of S; -states, given by

EG(M,®) = {C e EC(M)|3j € {1.}: states(C) C S} (8.4)

We call the ECs C € EG,(M, ®) problematic and denote by MEG,(M, @) the set of
maximal problematic ECs

MEG,(M,®) = {C € EG(M,®) | AC’ € EG(M,®): C S C'}.

The set MEG, (M, ®) can be obtained by computing for each j € {1..£} the MECs of an

MDP that corresponds to M after dropping transitions from S\ S, to S;. A state s € S
can be contained in multiple problematic MECs originating from different objectives.

Example 8.4 For MDP M in Figure 8.5 and objectives ¢ as in Example 8.3, the
maximal problematic ECs are given by

MEG,(M,®) = {{{s0, @), (s1, @), (s1, B0}, {{50, ), (52, @), {52, B} }.}

The strategy o € Zg’IM with o(s;) = a for i € {0, 1,2} from Example 8.3 induces
the BSCC B = {s;} C S.

For now, we require that expected total reachability rewards are always finite. The
following assumption ensures this, since infinite expected reward for the j™ objective
can only be accumulated within an EC consisting of states in S; . We lift the assumption
in the next section.

Assumption 8.3 For j € {1..£}, C € EC(M): if states(C) C S?j then R;[C] = o.

Our goal is to discard MILP solutions that correspond to unachievable values—such
as the solution from Example 8.3. For this, we provide two alternative approaches
which both extend the MILP encoding from Figure 8.4. Similar encodings in different
contexts have been presented in, e.g., [WJAK"14; Vel19; WWJB20].

problematic EC
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VC e MEG,(M, ®): > Handle BSCCs B C states(C) of M[ o]
> Assert “If there is a BSCC B then 3s € B: b$=1"

Vs € states(C): bE € {0,1} (7)
25, € [0,V - bS] (8)

Va e A(s) £, €0, v g (9)

+ =— P(s’,a',s) - 25 , 10
SJ. Z sa |states(C)| ( ) s’a ( )

a€el(s) (s’,a’yepre(s)NC
1= Z (zsc,l + Z zga) (11)
sestates(C) acl(s),(s,a)¢C
Vj e {1..t} with states(C) c Sj~ > Assert “s € BSCC = xJ <0~
I Vs € states(C): xI <Ul-(1- bc) (12)

Figure 8.6: MILP encoding based on visiting times for detection of BSCCs

Visiting Times Approach

The first approach is based on the equation system for expected visiting times given
in Theorem 8.8. More specifically, we exploit that the equation system only has a
solution if a given set S” of states is left almost surely. This is used to detect whether
the strategy from the MILP encoding induces a BSCC B C states(C) for some maximal
problematic C € MEG,(M, ®). To this end, we consider the constraints from Figure 8.4
in conjunction with the constraints from Figure 8.6. Let val be a solution of these
constraints and let o € M be the encoded strategy with

val(ase) =1 it o(s) =

Detecting BSCCs | Constraints 7 to 11 ensure that if a BSCC B C states(C) exists in
M| o], then val(b$) = 1 holds for at least one s € B. The idea is based on Theorem 8.8
and the observation that if such a BSCC B exists, there is a state s € B C states(C)
that does not reach the set S\ states(C) almost surely. For each C € MEG,(M, D),
we consider the equation system from Theorem 8.8 for an auxiliary MDP M¢ =
(Sc, Acte, Ac, Pc) which intuitively extends the submodel M[[C]] with two new states:
a state SIC (which serves as initial state and from which all states s € states(C) are
reached with positive probability) and a state s{ (to which transitions exiting the EC
are redirected). Additionally, all states s € states(C) get an extra action S leading to
s¢ which we use in our encoding to detect BSCCs within C. Formally, we set

o Sc = states(C) W {sI ,sCY,
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o Actc = Act W {af ,

Ac(sp) = Ac(sT) = {af},

for s € states(C): Ac(s) = A(s) U {a}, and

« fors,s’ € Sc and a € Ac(s):

P(s,a,s") if {s,s’} C states(C),a € Act

2seS\states(C) P(s; @, 8”)  if s € states(C),s" = s§,a € Act
Pc(s,a,s") = {1/|states(C)| ifs = sIC, s’ € states(C),a = a©

1 if s € states(C) U {sC},s" = s§,a = af

0 otherwise.

The MILP encoding considers variables zga for each pair of state s € states(C) and
action @ € A(s). The values V; in Constraints 8 and 9 are upper bounds for the
maximal expected number of visits of each s € states(C) in the auxiliary MDP M.
Their computation is outlined in Section 8.2.3. Constraint 9 ensures that zga can only
have a non-zero value if « is the selected action at s. It further discards negative
solutions. Constraints 10 and 11 then reflect the equation system from Theorem 8.8.
Here, additional variables zg , are considered that—according to Constraint 8—can
only be set to a non-zero value if the binary variable b¢ is set to 1.

Assume a solution val such that Vs € states(C): val(zgi) = 0. Then, val also yields
a solution for the equation system from Theorem 8.8 with respect to the auxiliary
MDP Mc and the encoded strategy o (which can straightforwardly be applied to Mc¢).
Consequently, we have that Pri:[fc (0{s€}) =1, i.e,, there is no BSCC B C states(C) in

1

Ml ]

On the other hand, the constraints still allow encodings of arbitrary strategies that
potentially induce BSCCs B € states(C). This, however, requires to set b¢ to 1 for some
s € B, enabling non-zero values for zg | which in M reflects a strategy that selects a¢
at s € B. Intuitively speaking, setting b¢ to 1 “deflates” the expected number of visits
of a BSCC state s € B—which would otherwise accumulate to infinity.

Discarding Unachievable Solutions | Consider j € {1..£} and a BSCC B of M[[c]
contained in a problematic EC C such that B C states(C) C S;. Due to Assumption 8.3,
C can not contain a transition with non-zero reward with respect to R;, yielding
Exg/{s(tot(ﬂj, Gj)) =0 for all s € B. The constraints discussed so far imply that some
s € B with val(b$) = 1 exists. Constraint 12 ensures that xg can not be set to a value
larger than 0 in this case. Since all states s’ € B almost surely reach s € B with
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val(b$) = 1, we get

VseB: val(x]) <0 = Ex{,‘/{s(tot(Rj,Gj)).

Theorem 8.14 If Assumption 8.3 holds, the constraints from Figures 8.4 and 8.6
are feasible iff p € Achpy(®).

Reachability Order Approach

The second approach for detecting BSCCs induced by the encoded strategy o € ZgM is
based on the following lemma. A similar result is used in [WJAK*14].

Lemma 8.15 For S’ C S we have Vs € S: Pri (0S’) > 0 iff there is a strict partial
order < C S x S such that

VseS\S: Is' € post(s,a(s)): s <s'.
Proof. Fors € S we have
P (08") >0 iff 37 € PathsilN(s): last(#) € 5",

Let d; be the length of the shortest such path for s. Then, < = {(s,s") | ds > ds}
satisfies the condition from the lemma.

On the other hand, if such an order < exists, we can construct for every s € S a path
from s to a state s’ € S’ by considering a chain

S=8 <S§ <...<Sp_1 <SS, =5

withn < |S\S'|,s; € S\S’, and s;j41 € post(si, 0(sis1)) fori € {0..n—1}. Such a chain
must exist due to the strictness of < and the well-known pigeonhole principle. ®

The constraints in Figure 8.7 use Lemma 8.15 to detect if the encoded strategy induces
a BSCC inside a problematic EC. Only Constraints 14 to 17 are different from Figure 8.6.
As in the approach based on visiting times, the constraints ensure that for each BSCC
B € states(C) there is one state s € B for which b€ is set to 1. To see this, assume a
solution val for the constraints which defines a strategy o € EQ/IM as before as well as a
partial order

< = {(s, s") € states(C) x states(C) | val(rsc) < val(rsc,)}
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VC e MEG,(M, ®): > Handle BSCCs B C states(C) of M[ o]
> Assert “If there is a BSCC B then 3s € B: b$=1"
Vs € states(C): b€ € {0,1} (13)
| rC e [0,1] (14)
V(s,a)€C: aa <BE+ D dSy (15)
s’ €post (s,a)
Vs’ € post(s,a): dga,s, € {0,a54} (16)
| ré < m +15+ (1-dS, ) (17)
Vj € {1..£} with states(C) C S : > Assert s € BSCC = xJ < 0”
| vs e states(C): xl <Ul-(1-b9) (18)

Figure 8.7: MILP encoding based on reachability order for detection of BSCCs

and a set of states
S = {s € states(C) | (s,0(s)) € exits(C) or val(b) = 1}.

Constraints 15 and 16 imply that for any s € states(C) \ S’ there is some s’ €

post (s, o(s)) with val(dsca(s) ) = 1. Constraint 17 ensures that for such states s

and s’ we have® val(r&) < val(rg), ie, s < s’. The order < and the set " satisfy all
conditions from Lemma 8.15, yielding Prﬁffs(oS’) > 0 for all s € states(C) \ S’. Conse-
quently, every BSCC B C states(C) of M[ o] must contain a state s € S’ to ensure that
reaching S’ from B is possible, i.e., there is s € BN S’. Since s lies on a BSCC, we have
(s,0(s)) ¢ exits(C). From s € S’ we then conclude that val(b$) = 1 must hold. We
obtain correctness of the encoding by arguing as for the previously discussed variant
based on expected visiting times.

Theorem 8.16 If Assumption 8.3 holds, the constraints from Figures 8.4 and 8.7
are feasible iff p € Achpy (®).

8.3.3 Encoding for Arbitrary MDPs with Infinite Rewards

We finally consider pure memoryless achievability under arbitrary MDPs, i.e., we also
drop Assumption 8.3. The only remaining assumption is that the total reachability

3The term —1/ |states(C)| in Constraint 17 yields that val(r$) is strictly smaller than val (rsc,). This value
is small enough to allow an encoding of every possible total order < on states(C). Strict inequalities are
technically not allowed in an MILP constraint.
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l o Roy: —1 g a
Eisme-Y

Figure 8.8: MDP M with potentially infinite total reachability reward (cf. Example 8.5)

reward objectives are convergent, yielding that for each objective tot(R;,G;) (j €
{1..£}) we either have (cf. Section 4.1.3)

« Case 1: YC € EC(M): R;[C] <0or
« Case 2: YC € EC(M): R;[C] = o.

In the following, we consider the two cases for a given objective tot(R;, G;).

Case 1 | Assume a strategy o € =) such that there is a BSCC B C S{ of M[[o]
that contains a transition with negative reward. For this BSCC, we can show that the
inequality system

VseB: x < Z P(s,0(s),s") - (xs + R;[s,0(s),5]) (8.5)

s’eB

over real-valued variables {x; | s € B} has no solution. Consequently, the MILP con-
straints in Figure 8.4 have no solution that encodes the strategy o. If (in M c])) the
BSCC B is reachable from a state s € S without visiting a state in G; before (i.e.,
P (S] U B) > 0), we get ExY (t0t(R}, G;)) = —co. When this is true for the initial
state s7, discarding the strategy o in the MILP encoding is correct as the value p(j) € R
is not achieved. However, if PrY (S] U B) = 0, the strategy o might still achieve the
given point, i.e., it should not be discarded".

Example 8.5 Consider the MDP M from Figure 8.8 with objectives ® =
(tot(Ry, {s1}), tot(Rz)). We have S} = {s,s;} and S? = {so,s1,52}. The strat-
egy o € ZQ’IM with o(syp) = o(s;) = o(sz) = « is the only strategy that achieves
the point p = (0,0). However, for j = 1 and the BSCC B = {s,} of M[ o], the
inequality system in Equation (8.5) has no solution since

x5, < 1- (x5, —1) iff 0 < -1.

Consequently, the constraints from Figure 8.4 for M, ®, and p = (0, 0) are infeasi-

“This case was missing in the originating paper [9].
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Vje {1.t} withs; € S{w?: Vse S{oo?:

¢l e {0, 1} > Indicate reachability of s (19)

Va e A(s): x] < (1-asq) - (U - L)) (20)
+ Z P(s,a,s’) - (xg, +c “Rjls, a,s'])

s’ epost (s,a)

I Vs’ € post(s,a) N SJ_'OO?: ¢ < Ci, +1— a4 > Successor reachability (21)

cél =1 > Initial state reachability (22)

Figure 8.9: Additional constraints for objectives with s; € s’ «7—Teplacing Constraint 5
from Figure 8.4

ble for this case, even though p € Achp),(®).

Let

S]

—00?

= {se S{ | Ex) s (tot(R;, G;)) = —oo}.

min,s

The definition of Sg on page 249 yields that either S{m? =0Qorss e S{m?. The above-

mentioned issue can only occur in the latter case. If s; € s’ . we replace Constraint 5

—00??
from Figure 8.4 for all s € s/ «7 DY the constraints from Figure 8.9.

The constraints introduce binary variables cg for each state s € S/ - The idea is that
reward collected at state s can be ignored by setting cl to 0. For a BSCC B containing
negative reward, this enables solutions that set both x{ and ¢{ to 0 for any s € B.
However, Constraints 21 and 22 enforce ¢! to be set to 1 for all states that under the
encoded strategy are reached from s; via states in §’ _,. In particular, Constraint 21 is
equivalent to the statement

if cg =1 then (ci, =1oras, =0).

It follows that the reward collected at a state s € S/ 7 €an be ignored if it is not
relevant for the value at the initial state.

It remains to find appropriate constants Lg, U£ € R used in the MILP constraints in
Figure 8.4. If s € S’ __,, we set

Ug = max {0, Exg/fs(tot(ﬂj, Gj))}

to allow for the above-mentioned trivial solution that sets both xg and cg to 0 for any
state s in a BSCC. For the lower bounds L], we must consider all strategies that yield
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finite expected reward at s, i.e., we require
Ll < min({Ex S (tot(R},G))) | o€ Z?M} OR).

To compute appropriate values, we make use of our observations from Section 8.2. Let
€ be the set of maximal end components in {C € EC(M) | states(C) C S]} We define
a reward assignment R, for the quotient model Mg;, where for C € €, enabled
action & € exits(C) U {J_} and state $ of Mg, we set

Re,[C&s] = ). Veg-min{ ) Psas) Rjlsas

sestates(C) s’eS

All other rewards for R, are zero. Here, Vs is an upper bound for the largest, finite
expected number of times we visit the state s € states(C) while staying in C, more
specifically,

Ves > max ({EX € (visits(s)) | o€ E } N R)

where M is the auxiliary MDP discussed on page 254. These values can be computed
by upper-bounding the expected number of visits in Mc. Applying Lemma 8.7 for Mc
intuitively yields that R, [C, &, §] is a lower bound for the smallest expected reward
that can potentially be accumulated while being in C.

Recall the reward assignment R\g, for Mg, obtained from the original assignment
R; defined on page 44. Intuitively, R\g, captures all rewards collected outside of
ECs whereas R¢; provides a lower bound for the rewards collected within ECs. The
objective tot(R\g, + Rg,, G;) for Mg, under-approximates the finite expected rewards
in M. We therefore set

Li = EX tOt(R\(g +‘R(\; Gj)),

mm $ (
where s € S’;w? and § = Cif some C € €; with s € states(C) exists and § = s otherwise.
These values can be computed using standard model checking techniques on the
quotient Myg ;.

Case 2 | For a strategy o € =) such that there is a BSCC B C C S of M[o] that
contains a positive reward, the mequahty system from Equation (8 5) has infinitely
many solutions—including solutions that for some fixed value v € R set x; to v for
all s € B. The MILP constraints from Figure 8.4 already handle this situation in an
adequate way: If B is not reachable under the encoded strategy (or only reachable
via states in G; ), the values assigned to x{ for s € B have no effect on the value of

xsl for initial state s;. On the other hand, if B is reachable with a positive probability
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prM
s € B, e.g., it can set xs to

Tos (S] U B) > 0, an MILP solver can assign an arbitrarily large value to the states

P(]) - dsz(tOt(R Gj ))
/U {s})

U
Ugs =

Pro, (S;

where R is obtained from R by setting all positive rewards to 0. With this assignment,
the value at the initial state satisfies

x}, = PrM (8] U {s}) - v]  + ExXY, (tot(R7,G))) = p(j) -

The intuition is that instead of accumulating infinite reward from s € B, a finite but
sufficiently large amount (such as v} ) is collected to ensure that the objective value
threshold p(j) € R is exceeded.

Appropriate constants L, U] € R for the MILP constraints in Figure 8.4 are com-
puted as follows. We set L = Ex tot(R;,G;)) for s € S). Upper bound val-
ues U/ for s € S/ are computed on a quotient model similar to the lower bounds
from the previous case. As before, let € ; be the set of maximal end components in
{C € EC(M) | states(C) C Si{ }. We consider a reward assignment R, for the quotient
model My, to reflect the rewards collected inside an EC. Given C € ¢}, enabled action
a € exits(C) U {L}, and state § we set

mms(

R, [C. ¢, 3] = Z Ves - max < Z P(s,a,s") - Rj[s, a, 5]

sestates(C) s’eS

+[@=L1 and $§=s,] - We,

(s,a) € C}

where W has to satisfy We > v(-,s forallo e Z v and s € states(C) with prM 5 (Sﬁ Uu
{s}) > 0. To obtain W¢, we can compute ExY (tot(Rj , Gj)) as well as a lower

bound for

m1n ST

min ({Prgsl (SJ U {s}) | o € Zm,.s € states(C) } \ {0})

The latter is obtained by the product of the smallest transition probabilities that poten-
tially occur on a path from s; to C, which yields

p() — Bxgy (10t (R}, G))

We = )
[Tses. min {P(s, a,s’) | a € A(s) and s’ € post(s,a) N Sc}

where S¢c C Sf,. is the set of states that lie on a path from s; to some state s € states(C).
Fors € S_ﬁ, let § = C if some C € §; with s € states(C) exists and § = s otherwise. We
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set
M\&j

Ul = Ex . J(tot(R\¢, +Rg,, Gj)) -

Problematic ECs | In Section 8.3.2, we introduced MILP constraints that deal with
what we called problematic ECs of M. The more general setting considered in this
section requires similar means. To be more specific, we refine the definition of the set
of problematic ECs from Equation (8.4) as follows:

EG(M,®) = {CeEC(M)|3j e {1..£}: R;[C] = 0and states(C) C S]},

i.e., only ECs in which no reward is collected (for the respective objective) are con-
sidered problematic. As before, the constraints from either Figure 8.6 or Figure 8.7
are imposed for each maximal EC in EG,(M, ®). Constraints 12 and 18—which imply
the upper bound xi < 0 for s € states(C) with b$ = 1—are only imposed for objective
indices j € {1..£} with R;[C] = 0 and states(C) C ;.

Theorem 8.17 The MILP constraints described above are feasible iff p €
Achpy (D).

Remark 8.2 (Indicator constraints) Several constraints of our MILP encoding
consider constants L, U/, or V, that have to be “large enough” so that valid
solutions are not excluded. Such kind of constraints are often referred to as big-M
constraints and—if the considered constants become very large—may introduce
numerical instabilities during the MILP solving process [BLTW15]. As a practical
solution to this, many MILP solvers such as Gurosi [Gur22] and CPLEX [Stu21]
also support so-called indicator constraints which are constraints of the form

if b = i then (constr)

where b is a binary variable, i € {0,1} is a constant, and (constr) is a linear
inequality constraint which only has to hold if the value of b equals i. The big-M
constraints in our encoding can alternatively be replaced by equivalent indicator
constraints. For example, Constraint 8 from Figure 8.6 is equivalent to

Vs € states(C): zsc,L >0 and ifbS =0 then zgl <0

Our implementation discussed in Chapter 9 can consider both encoding variants.
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8.4 An Alternative Encoding for Total Rewards

We now consider PM-MOA instances for MDP M = (S, Act, A, P) with s; € S and point
p € RY where all £ > 0 objectives are expected total reward objectives, i.e., the
objectives are given by ® = (tot(R;), ..., tot(R;)). For such instances, we can employ
an alternative MILP encoding based on expected visiting times that is inspired by the
approach of [FKNP*11] for multi-objective achievability under general strategies. In
Section 4.1.1 we discussed a conversion from more general total reachability reward
objectives to total reward objectives using the goal unfolding. In many cases, this
transformation preserves achievability under pure memoryless strategies, e.g., if the
different sets of goal states can not be exited or if all objectives consider the same goal
states. Hence, we can often preprocess total reachability reward objectives so that
the MILP encoding from this section can be applied. There are, however, cases where
the goal unfolding does not preserve achievability under memoryless strategies. We
further impose the following two assumptions.

| Assumption 8.4 Vj € {1..£}: VC € EC(M): R;[C] <o.

| Assumption 8.5 Vs € S: Jo € ZJI‘,’IM: Vje{l.t}: Ex{,vfs(tot(Rj)) > —oc0,

Both assumptions are similar to what we assumed for the analysis under general
strategies (cf. Section 4.1.3). Assumption 8.4 ensures that Engs(tot(Rj)) < 4o for
alls € S, 0 € M, and j € {1..£}. Assumption 8.5 yields that there is always some
strategy inducing a finite expected reward for all objectives. The latter is without loss
of generality: we can consider an appropriate submodel of M that discards all states
that violate Assumption 8.5. If this discards the initial state, we directly get that no
p € RY is achievable.

Our MILP encoding considers the set of states from which a non-zero reward for at
least one objective can be accumulated, formally given by

S, = {s €S ’ dje{1.t}: o€ ZQ/IM: Exi\;{s(tot(Rj)) # O}.

No reward can be accumulated from states s € S \ S» which is why those states can
safely be discarded from the encoding. Next, we define the set of ECs within the set S,
in which we can reside without accumulating infinite (negative) reward:

EC;(M,®) := {C € EC(M) | states(C) C S, and V j € {1..6}: R;[C] = 0}.

The set of maximal ECs in EC7(M, ®) is given by MEC» (M, ®).
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Vses:
Va e A(s): asq € {0,1} > Select a unique action at each state (23)
Z A5 =1 (24)
ael(s)
Ya e A(s): Ysae € [0, Vs - asq] > Compute expected visits (25)
ysi € [0,V - b] (26)
b, € {0, [s € Ucenmze, m.a) states(C)]} (27)
Yso + Z Ysa = [s=s1] + Z P(s",a,s) - ys.or (28)
ael(s) (s’,a’)yepre(s)
1= Z Ys.i + Z Ysa Z P(s,a,s") (29)
SES, ael(s) s’eS\S,
VC € MECy(M, ®): > Assert ‘b;=1 = s reaches a BSCC almost-surely”
V{s,a) € C:
I Vs’ € post(s,a): by <b,+1-a5, (30)
V (s, a) € exits(C): by <1-as, (31)
Vje{1.t}: xi, > p(j) > Assert objective value at initial state (32)
X = Z Z Ysa - Z (P(s,a,s") - Rj(s,a,8"))  (33)
SES; ael(s) s’eS

Figure 8.10: Alternative MILP encoding for total reward objectives

Figure 8.10 shows the MILP constraints for the alternative encoding using variables

Vars = {asq, bs, Ys,ar Ys, | S € So,x € A(s)} U {xgl | j € {1..£}}.

Strategy Encoding | As in the previous encoding, Constraints 23 and 24 encode a
strategy o € ZQAM by considering a binary variable as, for each state s and enabled
action « such that as 4 is set to 1 iff o(s) = @. The action selected at states in S \ S» is
arbitrary and has no effect on the induced objective values.

Visiting Times | Constraints 25 to 31 encode the expected number of times each
state is visited under the encoded strategy o. The approach is based on Theorem 8.8
and similar to the encoding from Figure 8.6. For each state s € S; and enabled action
a € A(s), we consider a variable y; , that can only get a positive value if g, 4 is set
to 1,ie., o(s) = a. The idea is that y; ;(s) holds the expected number of times that s
is visited. However, special treatment of states that—under the encoded strategy—lie
on a BSCC is necessary as those states can potentially be visited infinitely often. For
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this purpose, we additionally consider variables ys , for s € S; that can get a positive
value to intuitively “deflate” the visiting times in a BSCC. Positive values for y , are,
however, only possible if the binary variable b, is set to 1, which requires that

« s lies on some EC C € MEC;(M, ®) (Constraint 27),

+ b, is set to 1 for all states s € states(C) reachable from s under strategy o (Con-
straint 30), and

o (s,a) € C for the selected action a = o(s) (Constraint 31).

Hence, a positive value for ys , implies that s is contained in an EC C € MEC,(M, ®)
and that it is not possible to leave the EC under o. Constraints 25 and 26 consider
constants V that upper bound the expected number of visits of s as discussed in
Section 8.2.3.

Objective Values | Constraints 32 and 33 compute values for the individual objectives
based on Lemma 8.7 and assert that the objective threshold p(j) is met. The following
lemma yields correctness.

Lemma 8.18 Every solution val of the constraints in Figure 8.10 satisfies
Vie{l.t}: p(j) < val(x]) < Exg{sl(tot(ﬂj)),

where o is the encoded strategy. Furthermore, for any strategy o € ZJP‘,/IM with
Exg’fsl(tot(Rj)) € R for all j € {1..¢}, there is a solution val for Constraints 23 to 31
with

val(ys.) = {Exg/fs[(visits(s)) if 6(s) = @ and Exg/{sl(visits(s)) < o0 (8.6)

0 otherwise.

Proof. We consider a solution val: Vars — R which induces a strategy o € ZQ/IM
and the sets T € S’ € S» C S given by

S = {s€S |val(b;) =0} and T := {se§ | Exﬁ\,{s(visits(s)) < oo}
We further fix some j € {1..f} and define fors € S

= Y P(s,0(s),5) - Ryls 0(s),5'].

s’eS
Observe the following facts.

1. Fors € S; and a € A(s), o(s) # « implies val(ys ) = 0.



266 Chapter 8 Restriction to Simple Strategies

2. Fors € S\ S’ we have rg = 0 and post(s,0(s)) NS’ = 0 because of the
following cases:

. If.s ¢ So, the definition of S, yields Exg’fs (tot(R;)) = 0 and thus in particular

rl = 0. Also, a state s’ € &’ C S» can not be reached from s ¢ S, i.e.,
post(s,a(s)) NS =0.

« If s € So, we infer from s ¢ S’ that val(b,) = 1. Our observations above
yield that all reachable successors s’ of s are contained in S \ 5'—as they
satisfy val(b,,) = 1—and thus post(s, o(s)) NS = 0. Furthermore, rl =0
follows from the fact that (s, o(s)) € C for some C € MEC>(M, ®).

3. For s € T we have val(ys(s)) = Exg’{sl(visits(s)). This is because val yields
a solution for the equation system from Theorem 8.8 when applied to M, o,
and S’.

4. For s € '\ T we have val(yy(s)) = Exé‘fs[(visits(s)) = 0 and rg < 0. To
see this, observe that s ¢ T yields Exg'{s(visits(s)) = 0, i.e., s lies on a BSCC
B of M[[c]. Since B C states(C) for some C € EC(M), Assumption 8.4
implies r{ < 0. Moreover, s € S’ yields that val(b,) = 0 must hold for all
predecessors of s, which yields B € S’. Theorem 8.8 applied to M, o, and
S’ yields Pr¥ (¢(S\ S’)) = 1. Therefore the probability to reach the BSCC

0,81
B C §’ from s; must be zero, i.e., Engsl(visits(s)) = 0.

Using these facts we get from Constraint 33 that

i Fact 1 i Fact 2 i
Val(xgl) e ZSES? Val(ys,cr(s)) . rg = ZSES’ Val(ys,a(s)) : rg
——

=0 if s¢S’

= (ZseT Val(ys,a(S)) rg) +( Z Val(ys,a(s)) i)

seS\T ~————

:Exg’{sl(visits(s)) 2Exg{31(visits(s))=0 <0
<0
Facts 3,4 . .
< (ZSET ExM (visits(s)) - rg) + ( Z Exg/{sl(visits(s)) . rg)
seS'\T

=0
.. j Fact2 .. j
) =87 Dises Exg{s[(wszts(s)) i Dises Exg’{sj(wszts(s)) -r!
=T EXM (tot(R))) .

0,S1

We obtain equality if for Vs € §" \ T: val(ysq(s)) = ExM_(wvisits(s)) = 0. This

0,S]
allows us to use similar arguments to show that a solution val as in Equation (8.6)
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R: 20 y R: 2! % Ry:2m72 % R:2n-1

Y 24

N N N N

Figure 8.11: Example MDP M from Example 8.6

exists, where we set val(b,) = [Exg'fsl(visits(s)) = o] fors € S,. [

Theorem 8.19 The constraints from Figure 8.10 are feasible iff p € Achp,,(P).

Proposition 8.20 The number of variables in the MILP encoding in Figure 8.10
satisfies
|Vars| € O(|S| - |Act| + £).

The MILP encoding presented in this section use fewer variables compared to the
encoding from Section 8.3. In practice, this often leads to faster solving times as we
discuss in Section 9.6.

8.5 Computing the Pareto Front

We consider a variant of the multi-objective Pareto Problem (MOP, cf. Problem 3.3 on
page 79), where achievability is restricted to pure memoryless strategies.

Definition 8.3 (Pure Memoryless Pareto Front) The pure memoryless Pareto
front for MDP M and objectives @ is given by

Paretop (D) = {p € Achpy(®) | VqeR’: q > pimplies g ¢ Achpy(D)}.

We have Paretor,, (®) € {Exﬁ'{sl(d)) | o€ ZQ/IM} and Paretop,)(®) is the smallest set
PcC R’ such that

down(P) = down({Exg{SI (®) | o€ Z%’IM ) = Achpy (D).
Similar to the corresponding notions under general strategies, we can thus interpret
Paretop,(®) as a representation for Achyp,,(®) and vice-versa. The Pareto front is finite
but can be very large—in particular if the objectives are strongly conflicting with many
different trade-offs. The following example shows that in the worst case every pure
memoryless strategy induces a different point p € Paretop,,(®).

pure memoryless
Pareto front
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Example 8.6 For n € N let M be the MDP from Figure 8.11 with reward assign-
ment R. We have for ¢ € S},

ExM, (t0t(R)) = Z [o(s:)=Y] - 2.
i=0

Thus, each of the 2" possible strategies o induces a different expected total reward.
It follows that

|ParetoPM(<tot(‘R), tot(—R)))l = |{(i,—i> |0<i< n}| = 2 = |Z£4M .

For the rest of this section, our goal is to obtain an approximation of Paretop,(®).

Problem 8.3: Pure Memoryless Multi-objective Pareto (PM-MOP)

Input: MDP M, initial state s, £ > 0 total reachability reward
objectives ®, precision vector £ € (Rs¢)*
Output: (L, U) € 2F) x 29 with L C Achpy(®) NRf C U
andVpeU: dqel: [p—q|<e¢

We only consider inputs for Problem 8.3 that satisfy the following assumption.

Assumption 8.6 V j € {1..£}: ExM (tot(R;,Gj)) < oo.

max

Assumption 8.6 avoids algorithmic issues with our framework. Our approach for

general strategies requires a similar assumption (cf. Assumption 3.1 on page 78). An
all-embracing treatment of objectives that potentially induce positive infinite expected
reward is subject to future work.

Our approach for PM-MOP successively divides the set of points R’ into convex regions.

For each region R C R’—given as polyhedron (cf. Definition 2.6 on page 21)—we
use the MILP encoding from either Section 8.3 or Section 8.4 to either find a point

p

€ RN Achpy(®) or conclude that no such point exists in this region. For this, we

slightly modify the MILP encodings. Recall that both encodings consider for each
j € {1..£} avariable x7, for the expected value for the j™ objective at the initial state

SI.

Instead of asserting that this value meets a certain threshold, we

assert that <xsll, ce x£I> € R by using the representation of polyhedron R as inter-
section of halfspaces (cf. Definition 2.5 on page 20), and

add the optimization function Z§:1 w(j) - xﬁl for a given heuristically determined
weight vectorw € (Rxo)f \ 0.
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(b)

@ (e) ®)

Figure 8.12: Example Exploration of achievable points (cf. Example 8.7)

Lemma 8.21 With the extensions above, a solution val of the respective MILP
yields a point p = <val(xsll), s val(xﬁ)) such that

p € (RN Achpy (@) C halfsp(w, w - p).

Proof. p € (RN Achpy(®)) follows immediately from the encoding. For every
q € (RN Achpy,(®)) there is a (potentially not optimal) solution for the MILP
constraints that induce achievability of q. The optimality of the considered solution
val, however, yieldsw - ¢ <w - p and thus q € halfsp(w, w - p). [ ]

Our approach for approximating Achp,,(®) takes strong inspiration from the sand-
wich algorithm discussed in [SAC93; RDH11; FKP12] and Section 3.4. We first demon-
strate the procedure in terms of an example.
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Example 8.7 Figure 8.12 sketches the approach for some (not further specified)
MDP M and two objectives ® = (tot(ﬂl, Gy), tot(Ry, Gz)>. We maintain a set of
achievable points (green area) and a set of unachievable points (red area).
Initially, our candidate region corresponds to R; = R? and we heuristically
choose the weight vector w;, = (1,0). Using the MILP encoding from be-
fore, we find some point p; € Achpy(®) N Ry = Achpy(®) withw, - p; =
max {w, - p | p € Achp((®)}. With Lemma 8.21, we get that down({p,}) C
Achpy,(®) whereas the points in {p € R? | p(1) > p,(1)} are certainly not
achievable—as indicated by the green and red areas in Figure 8.12a. The grey area
does not have to be checked in order to obtain an approximation of Achp(®).
The white area indicates the next region R, we consider for analysis.

In the second step, we again solve an MILP, now searching for an achievable point
in R, and optimizing for weight vector w, = (0, 1). This yields the point p, shown
in Figure 8.12b. Again, we obtain some (un-)achievable and irrelevant areas as
well as a region R; for the next step.

For R3, we consider the weight vector w, which is orthogonal to the line connecting
the two achievable points p, and p,. Figure 8.12c shows the point p, which results
from solving the MILP for R3 and w,. This yields the next region R4 for which the
considered direction vector w, is orthogonal to the line connecting p, and p,.
The procedure continues through Figures 8.12d to 8.12f. The point p. found in
Figure 8.12¢ is dominated by the point £ 3;” ¢ which, however, is only achievable
with a strategy that uses randomization. In this step, the trapezoidal area is
added to the unachievable points. We also see that two subregions R, R; C Rs
need further analysis. In Figure 8.12f we see that neither Rs nor R; contain an
achievable point: the corresponding MILP constraints are infeasible. Since p, is
dominated by p,, we derive

P = {py, ps3, psPs} C Paretop (®) and down(P) C Achpy (D).

The red area in Figure 8.12f (excluding the boundary) does not contain any achiev-
able point. The grey area might contain further points p € Paretop,,,(®). To find
those, we have to consider smaller values for £ € (R.()?2.

Algorithm 8.2 outlines the precise procedure. It maintains a set P C R of achievable
points that the algorithm has found so far as well as a region Ry C R’ that contains all
points that are known to be unachievable. Furthermore, the algorithm considers a set
of regions R that contains all regions that still need to be processed—initially starting
with region R.

As long as there are unprocessed regions, the algorithm picks some R € R and
heuristically determines a weight vector w € (Rx()¢ \ {0} for R in Line 5. The details
of the heuristic are discussed below. Then, the algorithm invokes an MILP solver to
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Input: PM-MOP instance (M, sy, ®, €) as in Problem 8.3
Output: (L,U) as in Problem 8.3

1 P—0;Ry 0 // Achievable points and unachievable region
2 R« {Rf} // Set of unprocessed regions
3 while R # 0 do

4 Pick ReER; R — R\R

5 w «—getWeights(R) // Heuristically get somew € (Rso)" \ {0}
6 if RN Achpy, (@) # 0 then // Use MILP encoding for PM-MOA ...
7 P < Agmaxgcpoacy (@) (W 9q) // ...with optimization fct.
8 P —PU{p}; Ry «— Rx U (R\ halfsp(w, w - p))

9 foreach j € {1..¢} do // Get convex, unprocessed subregions

R; « {q € R0 halfsp(w, w - p) | q(j) > p(j) +&(j) and

10
Vi< j:qG) < p(i) +e(i)}
11 if Rj # 0 then R — R U {R;}
12 | elseRc < R<UR // Entire region R is unachievable

13 return (down(P), R’ \ Ry)

Algorithm 8.2: Approximating Achp,,(®P)

check whether an achievable point p € R exists and, if possible, provide such a point
that maximizes the dot product w - p. With such a point, the (un-)achievable sets P and
R, are extended accordingly (Line 8) and the undetermined part of the region R is split
into subregions Ry, ..., R, C R that only overlap on their boundary (Line 10). We have

R; = (RN halfsp(w, w - p)) \ down(p +¢).

¢
Jj=1
Non-empty subregions R; are inserted into R (Line 11). All regions inserted into R
are polyhedra, represented as a finite intersection of halfspaces.

If the MILP solver concludes that R does not contain any achievable point, the entire
region R is added to the unachievable region Ry (Line 12). The algorithm returns the
downward hull down(P) of the found achievable points P as well as the complement
of the unachievable region Ry.

Theorem 8.22 Algorithm 8.2 terminates with a solution for PM-MOP.
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Proof. As we require £ € (R.g)?, the considered regions R € R become strictly
smaller and thus any two points p, p’ € P found in different iterations of the
algorithm must have a certain distance to each other: |p — p’| > &. Eventually,
all points in Pareto,,(®) are either in P or sufficiently close to some point in P
which necessarily leads to termination—independent of the weight vector selection
heuristic in Line 5.

Upon termination, we have down(P) C Achpy(®) € R’ \ Ry. Furthermore, all
points p € Rf \ Ry must be in down({p’ + £}) for some p’ € P. Hence, p”’ =
p—¢ € down({p’}) C down(P). We thus have

VpeR \Ry: 3p” edown(P): |p-p'|=|p-(p-2)==¢ n

Selecting Weight Vectors

We now discuss the selection of weight vectors in Line 5 of Algorithm 8.2. While the
heuristic has no impact on whether the algorithm terminates, it can have a strong
impact on how many regions need to be analyzed. Inspired by the selection of weight
vectors for the sandwich algorithm as in Section 3.4, our heuristic chooses vectors
that are orthogonal to the convex hull (cf. Definition 2.4 on page 19) of the achievable
points found so far. The precise selection of weight vectors is as follows.

« In the first ¢ iterations of the algorithm, we always analyze the weight vectors in
{1i € (Rso)* | i€ {1..[}} that intuitively correspond to optimizing for each indi-
vidual objective. Recall that 1;(j) = [i=j] for i, j € {1..£}.

« For subsequent regions R € R, let Hp be the unique set of halfspaces that represent
the polyhedron downg (conv(P)). Hp can be obtained with a combination of the
Quickhull algorithm [BDH96] and Lemma 2.3 on page 22. For each halfsp(w, b) €
Hp, the weight vector w € (Rx¢)’ is orthogonal to a facet of downg (conv(P)).

— If there is H = halfsp(w, b) € Hp such that R ¢ H, we take the weight vector
w of that halfspace when analyzing R.

— Otherwise, we consider the same weight vector as for the parent region R” 2 R
which must have been analyzed in a previous step.

As an optimization, expensive MILP solver invocations can sometimes be avoided by
solving an instance for the weighted sum optimization problem (WSO, Problem 3.4 on
page 81) instead. More specifically, if the current region R € R is not fully contained in
downg (conv(P)), it might contain points that are not achievable—even under general
strategies. With Lemma 3.16 on page 84, solving WSO with the weight vector w for
R yields a halfspace H with Achpy(®) € Ach(®) C H. Therefore, the set R \ H is
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not achievable under general strategies, but in particular also under pure memoryless
strategies. Consequently, the MILP solver only needs to analyze R N H. If we only
consider total reward objectives, the points obtained from solving WSO are in fact
achievable under pure and memoryless strategies. If such a point lies in the current
region R, the algorithm can proceed with that point—entirely avoiding MILP solving
for R.

8.6 Pure Achievability under Strategies with Memory

So far, we considered achievability under pure and memoryless strategies. While these
strategies are simple, they also might be too restrictive. For example, when scheduling
tasks it is reasonable to assume that strategies can memorize which tasks have already
been accomplished and which tasks still need to be done. This section introduces
strategies with memory and provides a product construction that links those memory
strategies to memoryless strategies on a larger MDP.

8.6.1 Memory Strategies

Definition 8.4 (Memory Structure) A memory structure for MDP M is a tuple
A =(Q,d,qr) with

« finite set of memory states Q containing the initial memory state q; € Q and

« transition function §: S x Q — 29\ {0}.

Intuitively, a memory structure A = (Q, §, qr) runs in parallel to the associated MDP
M. Assume that s € S is the current MDP state and g € Q is the current memory state.

When the MDP takes a transition, the memory structure nondeterministically switches
to some successor memory state g’ € (s, q). Formally, for a path = = s BN

€ Pathsﬁ/ff, we call the sequence

(@0,q1) (a1,92)
(s0,q0) — (s1,q1) — ...

an A-annotation of  if gy = qr and q;41 € (s;, g;) for all i € N. A memory structure
is called deterministic if |5(s,q)] = 1foralls € S and q € Q. For deterministic
A, we denote by 74 the unique A-annotation of 7. A-annotations of finite paths
i€ Paths?n are defined similarly. Notations for paths are lifted to A-annotations in a
straightforward way.

Definition 8.5 (Memory Strategy) Given a strategy o € M and a deterministic

memory structure
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Y Eede g

(a) MDP M (b) memory structure A

Figure 8.13: MDP and memory structure from Example 8.8

memory structure A for M, we say that o is an A-memory strategy if
Vi e Pathsg/fl: last(7t7) = last(#'y) implies o() = o(#’).

o € M is a k-memory strategy if it is an A-memory strategy for some deterministic
memory structure A with k > 0 states.

Given a deterministic memory structure A = (Q, J, q1), we denote by Z 7 the set of
pure A-memory strategies. A strategy o € ZP’ ' can also be interpreted as a function
0:SXQ — Act. Fork >0, % M denotes the set of pure k-memory strategies. We
have ZM = ZM and ZM c Zglkﬂ for each k > 0. A-memory strategies can easily
be 1mplemented ina controller the performed action as well as the memory update
only depend on the current state of the controlled system (i.e., the MDP) and the
current memory state. This is in contrast to general strategies o € M, where the
entire execution history is potentially relevant for the next choice to be taken.

8.6.2 Pure Achievability with Memory

To decide achievability for £ > 2 total reachability reward objectives under general
strategies, it is necessary and sufficient to consider strategies that require memory
exponential in the number of objectives [EKVY08; FKP12; RRS17] by storing which
goal state set has been reached already. The goal unfolding discussed in Section 4.1.1
intuitively incorporates this information into the state space of the model. Achievability
under pure (but not necessarily memoryless) strategies, on the other hand, imposes
nontrivial memory requirements that can not be upper-bounded a priori.

Example 8.8 Let M be the MDP in Figure 8.13a and & = (tot(Rl), tot(R2)>. The
point p, = (0.55,1-0.5%) for k € N is achievable by the non-pure strategy that
takes o at s, with probability 0.5F. The point Py, is also achievable with the pure
strategy o € XM that for # € Pathsg/f1 with last(#) = s, sets ox (%) = « iff
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|%|s, = k, where |7|, denotes the number of times 7 has visited the state s;.
Strategy oy is an A-memory strategy, where A is the memory structure from
Figure 8.13b, implying that o} € Zg’lﬂ c Zg’f(k )" Pure strategies with fewer
memory states do not suffice. In particular, p, is not achievable with a k’-memory

M ’
strategy o € 3y, for k” < k.

We consider multi-objective achievability under pure k-memory strategies for a

fixed k € N.

Definition 8.6 (Pure Memory Achievable Point) For memory structure A, the
set of pure A-memory achievable points is given by

Achy 2(®) = {peR |To eV, : Ex¥(@) > p}.
Similarly, for k € N, the set of pure k-memory achievable points is given by

—¢
Achp (D) = {peRr \30‘ € ngk: ExXY (@) > p}.

It holds that Achp\(®) = Achp,(®) and Achy, € Achy,, for all k > 0. Similar to
what has been discussed in previous sections, our goal is to decide whether a given
point p € Rf is in Achy, ;. (®) and to compute an approximation of the set Achy, ; (®).

8.6.3 Reduction to Memoryless Strategies

We incorporate a memory structure of size k into the MDP M such that pure memoryless
strategies of this product MDP coincide with pure k-memory strategies of M. A similar
construction is given in, e.g., [4].

Definition 8.7 (Memory Product) The product of MDP M = (S, Act, A,P) and
memory structure A = (Q, 8, qr) is given by the MDP M®A = (SXQ, ActxQ, A, P’),
where fors € Sand g € Q

N({s,q) = A(s) x5(q)
and for (@, q") € A’ ({s,q)),s’ € S,and ¢’ € Q

P/(<S, CI), <(X, q,>’ <S/, qN>) = [q’:q//] : P(S, a, S,)'

For simplicity, we directly apply total reachability reward objectives tot(R, G) for M
to the memory product M ® A—implicitly lifting the set of goal states G € S to G X Q
and the reward assignment R for M to R’ with

R'[(s. ). (@ q').(s".q)] = Rs, 5]

pure memory
achievable point

memory product
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fors,s’ € S, a € Act,and q,q" € Q. The initial state of M ® A is derived from the initial
state s; of M and given by (s;,qr). We say that memory structure A’ = (Q,, q1)
is a concretization of A = (Q,d, q;)—written A" T A—if A’ is deterministic and
&' (s,q) € 5(s,q) foralls € Sand g € Q.

Lemma 8.23 Achg/{\f’?l (®) = Usrca Achp 7, (P).

Proof. Let A = (Q,d,qr). First assume p € Ach%f‘ﬂ(@), i.e., there is a pure
memoryless strategy o € Sh® # that achieves p. Consider the memory structure
A’ =(Q, ¢, qr) and the pure A’-memory strategy ¢’ for M which fors € S, g € Q,

and o({s, q)) = {(a, q’) are defined by
8§(s,q) =q and o'(s,q) = a.
Every o-consistent path

(@0,q1) (a1.q2)
(50, 90 7 (s1,91) kL N, Pathsﬁf?ﬂ((sl, qn))

.. . . . Qo ay
coincides with the (unique) A’-annotation 77, of 7 =sp — 51 — -+ - € Pathsﬁff(sj).
Since 7 is o’-consistent, we can show

Ex) (D) = Ex{fiﬁm(@) > p

yielding p € Achp 4 (®).

For the other direction, assume a concretization A’ = (Q, &', qr) of A and a point
P € Achy 4,(®). Let o’ be a pure A’-memory strategy of M that achieves p. We
construct a pure memoryless strategy o for M ® A as follows. For s € Sand g € Q
let o’(s,q) = @ and &' (s, q) = {q’}. Then we set

o((s.q)) = (a.q).

With a similar argument as above, we can show p € Achﬁ? A (®) since
MeA _ M
Exy G (@) = Exgr o (@) > p. .

A memory structure A = (Q, 8, q1) is called free if (s, q) = Q foralls € Sand q € Q.

For k € N, let Ay be the free memory structure with kK memory states. Ay is unique
up to renaming of memory states.

Theorem 8.24 Yk € N: Ach, () = Achg\fﬂk (D).
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Proof. The theorem follows from Lemma 8.23 and the observation that the deter-
ministic memory structures with k states are exactly the concretizations of Ay. m

Due to Theorem 8.24, we can answer achievability and Pareto queries for k-memory
strategies by considering the corresponding query on the product M ® Ay with free
memory structure A = (O, S, qr) instead. The product M ® Ay has |S| - k many
states and

e = [T (18- 16@n) = [T(1a6F) - K% = (Jsph- &)

SES qeQk — SES
=k

many pure memoryless strategies.

Remark 8.3 (Memory Patterns) The set of considered strategies can be further
refined by considering products with non-free memory structures instead. For
example, we can consider a memory structure that only allows incrementing
a counter or that only remembers visits of goal states. Such refined memory
patterns yield smaller products, improving practical feasibility of the MILP-based
approach but discarding strategies that do not follow the given pattern.

8.7 Related Work

Pure memoryless multi-objective achievability has been studied in various settings.
NP-completeness of the decision problem for discounted (and total) reward objectives
under pure memoryless strategies was shown in [CMHO06]. [EG16] claims that this
generalizes to PCTL objectives (including reachability probabilities) but no proof is
given. [Vel19] shows NP-hardness for pure memoryless achievability over long-run
average objectives. Pure memoryless Pareto optimal strategies for discounted rewards
are obtained in [WJ07] using value-iteration but the approach is restricted to small
MDPs where all transition probabilities are either 0 or 1. [CAH04] outlines the potential
trade-offs between strategies with randomization and memorization. Objectives where
infinite memory is required are given in, e.g., [BBCF"14; BFRR17; BRR17]. [MR22]
discusses expressiveness of strategies with finite memory under different notions of
randomization.

Linear programming is a popular tool for various aspects of (advanced) MDP analysis
such as generating counter-examples [WJAK" 14; WJVA*15], maximizing the expected
total reward in a cooperative multi-agent MDP [WDO06], synthesizing pure memoryless
strategies for partially observable MDPs [WW]JB20], and deciding achievability or
Pareto optimality in multi-objective MDPs [EKVY08; FKNP*11; PW10; BBCF* 14; RRS15;
RRS17; Vel19]. These (MI)LP encodings are commonly based on classical formulations
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for single-objective expected values as found in [Put94]. The approach of [WW]B20] has
a noteworthy overlap with the approach in this chapter. Their encoding for reachability
probabilities is similar to our constraints from Figures 8.4 and 8.7. It seems promising to
combine both approaches in an attempt to lift the results from this chapter to partially
observable MDPs.

Chapter Summary

=¥» Deciding pure memoryless multi-objective achievability (PM-MOA) for ex-
pected total reachability reward objectives is NP-complete—even if just two
objectives are considered.

=» PM-MOA can be decided using an MILP encoding. The crux lies in dealing
with end components.

=¥ For total reward objectives, an alternative MILP encoding with fewer vari-
ables can be used.

=¥ The Pareto front under pure memoryless strategies can be approximated by
repeatedly solving a slight variant of the MILP for PM-MOA.

=» Achievability under pure strategies with (limited) memory can be reduced
to achievability under pure memoryless strategies on a product of the MDP
with a memory structure.
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Tool Support and Empirical Evaluation

Outlook | We consider practical aspects of multi-objective verification of Markov
models. All algorithms presented in this thesis have been implemented into the prob-
abilistic model checker STorM. In Section 9.1 we outline the capabilities of STorM
as well as related tools for answering multi-objective queries. Section 9.2 compares
different methods for computing (single-objective) expected total reachability rewards.
Section 9.3 presents our benchmark set containing multi-objective queries. Section 9.4
empirically compares the performance of STorM and competing tools. Section 9.5 eval-
uates approaches for reward-bounded objectives and quantiles discussed in Chapters 6
and 7. Section 9.6 contains experiments for multi-objective model checking under
simple strategies using the methods from Chapter 8.

Origins | This chapter is mainly based on the evaluations conducted in [5; 10; 9;
11]. The original implementation of the presented methods within STorm has been
done in the context of the corresponding publications. An initial implementation
of the sandwich algorithm (cf. [FKP12] and Section 3.4) has been implemented in
StorM as part of the author’s master’s thesis [1]. However, the implementations
evolved over time as STORM’s source code is actively maintained and improved. In
particular, the implementation for sound value iteration (cf. Chapter 4) and the MILP
encoding for simple strategies (cf. Chapter 8) have been revised since their initial
release. The experimental setup in Section 9.2 has been adapted from [6; 12; 14]. The
benchmarks presented in Section 9.3 were taken from various sources (see Table 9.2).
The experiments and their presentation in Sections 9.4 to 9.6 are mostly new.

Data Availability | All considered benchmarks, execution scripts, log files, and the
version of STorRM exercised for the presented experiments is available at

https://doi.org/10.5281/zenodo.7766202.
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Technical Setup | All experiments in this chapter were conducted on a Linux CentOS
7.9 system using 8 cores of an Intel® Xeon® Platinum 8160 Processor. Runtime and
memory were limited to 2 hours and 32 GB, respectively.

9.1 Multi-Objective Verification with ¢» STORM

The probabilistic model checker STorm [12] is a feature-rich verification tool for
Markov models written in C++. It has played a predominant role in both editions of
the QComp tool comparison [6; 8]. DTMC, CTMC, MDP, and MA models can either
be specified via the PRISM [KNP11] or JANI [BDHH"17] modeling languages, in
an explicit format, or more specialized formalisms such as PGCL programs, dynamic
fault trees, or generalized stochastic Petri nets. Supported verification queries include
expected total reachability rewards, unbounded and bounded reachability probabilities,
long-run average objectives, as well as multi-objective combinations thereof. STOrRM
handles multi-objective (quantitative) achievability (MO(Q)A) as well as Pareto (MOP)
queries, cf. Problems 3.1 to 3.3 on pages 78-79. To answer such queries, it implements
the algorithms presented in the preceding chapters of this thesis.

Implementation Details

We discuss details of the implementation of multi-objective verification within STORM,
reflecting its source code as included in the above-mentioned data package. While
the implementation generally follows the algorithmic ideas as presented in this thesis,
efficiency considerations and ease of implementation occasionally lead to minor devia-
tions between implementation and algorithm description—which we do not always
list here. All mentioned features are also available in the main release of STORM. Since
SToRrM is actively developed, we also refer to its website for up-to-date information:

https://www.stormchecker.org

Multi-Objective Model Checking Framework | Multi-objective verification is
implemented in STORM’s sparse engine, using explicit data structures such as sparse
matrices and vectors. STORM implements the sandwich algorithm as presented in
Section 3.4. Geometric sets and operations (cf. Section 2.1.2) are implemented using
arbitrary precision rational numbers as provided by the GMP library'. Furthermore,
E1GEN [G]*10] and Z3 [MB08] are used to exactly solve linear equation systems and
LPs, respectively.

thttps://gmplib.org
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Before the sandwich algorithm is invoked, the input query is simplified. This includes,
e.g., applying the goal unfolding (cf. Definition 4.1 on page 100) and collapsing states
where all objective values are known to be zero.

Computing Expected Total Rewards | STorm implements various methods for
total reachability objectives based on value iteration, strategy iteration, and linear
programming. By default, these methods are used with topological optimizations, i.e.,
each SCC of the model is analyzed in isolation (cf. Section 4.4.4). The value iteration-
based approaches are implemented in their Gauss-Seidel variants, using a single CPU
core and double-precision floating point numbers.

Long-Run Average Values | Our approach for multiple LRA objectives requires
to compute optimal expected LRA reward values within a given end component as
in Problem 5.1 on page 155. For this, we use the value-iteration based approach
of [BWH17; But20].

Reward-Bounded Objectives and Quantiles | We implemented the sequential
epoch analysis of Section 6.2—including the optimizations from Section 6.2.6. However,
the all-embracing treatment of infinite expected values and the incorporation of LRA
reward objectives (Remark 6.3 on page 203) into this framework is subject to future
work. Consequently, STORM is currently unable to analyze mixtures of reward-bounded
and LRA reward objectives®.

Multi-Dimensional Quantiles | STorM supports 2-dimensional quantile queries
with monotone bounds as in Section 7.3. Additional definite reward bounds can be
added to the query as suggested in Remark 7.3 on page 220.

Simple Strategies | STORM can approximate the pure memoryless Pareto front for
total reachability reward objectives using the approach from Chapter 8. STorm also
supports the incorporation of memory structures, optionally using memory patterns
as in Remark 8.3 on page 277.

The occurring MILP encodings are solved using GuroBI [Gur22] in version 9.5. The
computations within GurosI might suffer from numerical instabilities. To diminish
their impact, we use the exact model checking capabilities of STORM to confirm for
each MILP solution that the encoded strategy achieves the encoded point. Hence, the
reported achievable regions are always identified correctly. However, when GUROBI
returns a sub-optimal solution, a region might incorrectly be reported as unachievable.

2Step-bounded (MDP) and time-bounded (MA) objectives are handled in a different code-branch that
implements ideas of [FKP12] and [13], respectively. Hence, mixtures of those objectives with total
reachability and LRA reward objectives are supported.
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Table 9.1: Tool capabilities for multi-objective verification

@STORM EPMC PrisM MULTIGAIN PRISM-GAMES

models MDP, MA MDP MDP MDP stoch. games
objectives

e reach prob yes yes yes no qualitative
o total reach rew yes yes yes no yes

e LRA rew yes no no yes yes

e rew bounded yes no steps no no

e LTL prob no yes yes no no
queries

e MOA yes yes yes yes yes

e MOQA yes yes yes yes no

e MOP yes no £=2 t=2 t=2
main approach SW SW  SW,LP LP convex VI

Besides the encodings outlined in Chapter 8, the implementation also supports a
straightforward variation using indicator constraints as in Remark 8.2 on page 262.

9.1.1 Related Tools

We list the most related tools for the verification of multi-objective Markov models.
The information is obtained from publications, tool websites, and sometimes from
examining the source code in its current version (December 2022). As such, the
provided details are potentially incomplete or outdated.

Table 9.1 provides an overview of the tool capabilities in terms of multi-objective
verification. The table lists the supported models, objective types, and query types
as well as the main approach used for solving those queries. For the latter, we write
“SW” to denote the sandwich algorithm as in [FKP12] and Section 3.4, “LP” for linear
programming-based approaches, and “convex VI” for value iteration over convex sets.

EPMC [FHLS*22] | EPMC is an extensible model checking framework mostly writ-
ten in JAVA. It supports multi-objective (qualitative and quantitative) achievability
queries for MDPs over total reachability reward objectives as well as objectives specified
in linear temporal logic (LTL) applied in [LTHS"22] to solve probabilistic preference-
based planning problems. EPMC implements the sandwich algorithm based on [FKP12],
similar to our approach from Section 3.4. The instances of WSO are solved using standard
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(unsound) value iteration. Up to our knowledge, EPMC can not compute approxima-
tions of the Pareto front.

Prism [KNP11] | Prism is a well-established, user friendly probabilistic model
checker that answers achievability and Pareto queries for MDPs over combinations
of total and step-bounded reward objectives as well as LTL specifications. The tool
is mostly written in JAVA. In addition to the sandwich algorithm of [FKP12], it also
implements the LP-based characterization of [FKNP*11]. While the latter only works
for (qualitative and quantitative) achievability queries, the former can also be used to
approximate Pareto fronts over up to £ = 2 objectives.

MurTtiGain [BCFK15] | MULTIGAIN is an extension of PrRism that implements
the LP-based approach of [BBCF*14] for multiple LRA objectives on MDP to answer
qualitative and quantitative achievability as well as Pareto queries with up to £ = 2
objectives. For the latter, it uses the sandwich approach similar to STorm but solves the
occurring WSO instances using linear programming. For solving the LPs, MULTIGAIN
uses either Lp_SOLVE® or GUROBI.

Prism-GaMEs [KNPS20; KPW18] | PrisM-GAMEs is another extension of PRism
focused on the verification of stochastic games (SGs). The tool implements value
iteration over convex sets [BKTW15; BKW18] to analyze multiple total and LRA (ratio)
reward objectives as well as almost-sure reachability constraints. In contrast to our
setting, PRISM-GAMEs also allows arbitrary Boolean combinations of objectives. PrRism-
GAMES can be applied to MDPs by converting them to 1-player SGs. However, some
experiments on 1-player SGs indicated that this approach is not competitive compared
to the dedicated MDP implementations in the other tools.

9.2 Expected Total Reward Algorithms

In subsequent sections, we evaluate the practical performance of verification algo-
rithms for multiple objectives. In this section, however, the focus lies on algorithms
that compute (or approximate) the expected value of a single total reachability reward
objective. This type of computation is one of the core ingredients for probabilistic
model checking in general, but in particular also for the various multi-objective verifi-
cation approaches presented in this work—even for those that go beyond analyzing
plain total reachability reward objectives. More specifically, our algorithm for LRA
reward objectives requires to compute expected total rewards on a quotient model (cf.

3https://1psolve.sourceforge.net

Prism

MuLtiGAIN

PRISM-GAMES
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Section 5.1) and the sequential epoch analysis for reward-bounded objectives needs to
compute expected total rewards for each epoch MDP.

Experimental Setup

We considered the STorM implementation of value iteration (VI) and its extensions
sound value iteration (SVI), interval iteration (II), and optimistic value iteration (OVI).
Furthermore, we consider two variants of strategy iteration, where the underlying
equation systems are solved with the numerical algorithm gmres [SS86] implemented
in GMM++* (Slgmres) and using direct solving via sparse LU factorization implemented
in E1GEN [G]"10] (SILy), respectively. Finally, we consider the computation via linear
programming using GUROBI (LP). All algorithms are also considered in their topological
variant (VI°P°, Slgx’lﬁ’fes, ).

Unless stated otherwise, the algorithms were invoked with relative precision ¢ = 107,
SVL, 11, and OVI provide ¢-sound results—assuming that floating-point errors can be
neglected. Sliy uses arbitrary precision rational numbers and thus yields the exact
expected value. VI and Slgmes provide no guarantee on the accuracy of the reported
solution.

All instances of the quantitative verification benchmark set (QVBS) [7] with a total
reachability reward objective (including subsumed objectives such as reachability
probabilities) were considered. We excluded instances where the model building step
(i.e., the translation from the high-level model specification to the explicit represen-
tation of STorm) did not terminate within 1 hour. This yields a total of 587 concrete
(model, objective)-instances consisting of 130 DTMC, 72 CTMC, 292 MDP?, and 93 MA
queries. Mixtures of positive and negative rewards do not occur in this benchmark set.

We compare the reported solutions with reference values, if they are available either
from the QVBS data set or as an exact solutions reported by Sl y or SItL%)O. A solution
is considered incorrect (INC) if it deviates from the reference value by more than
5=107".

For this experiment, the reported runtimes correspond to the time it takes to analyze
the explicitly represented Markov model, i.e., we discard the model building time.
However, the total time limit (2 hours) applies to the entire runtime of STORM.

Quantile and Scatter Plots

Our results are mostly presented in the form of quantile plots and scatter plots.
Quantile plots as in Figure 9.1 show the number of benchmark instances that the
algorithms can solve within a given runtime (in seconds). More specifically, a point

*https://getfem.org/gmm.html
SIncluding 20 probabilistic timed automata (PTA) instances that were converted to MDPs via digital clock
semantics using The Modest Toolset [HH14].
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Figure 9.2: Runtime comparison for expected total reward algorithms

(x,y) on the line for Algorithm A indicates that there are x instances in our benchmark
set such that A can solve any of these instances within y seconds. Consequently, a
flat line in the plot indicates that there are many instances that the corresponding
algorithm can solve with a low runtime. Instances for which an algorithm did not
produce a valid result (e.g., due to reaching the time limit or because the reported
result deviates too much from the reference result) are discarded from the plot.

We use scatter plots as in Figure 9.2 to compare the runtime (in seconds) of two
algorithms on individual benchmark instances. Here, a point (x, y) means that for one
of the instances we observed a runtime of x seconds when using the algorithm on the
x-axis and y seconds when using the algorithm on the y-axis. Points above (below)
the diagonal thus mean that the algorithm on the x-axis is faster (slower) compared to
the algorithm on the y-axis. The dashed diagonal lines indicate that one algorithm is
twice as fast. Whenever a point lies on the “abt”-line of the plot, the corresponding
computation was aborted without producing a result, e.g., because the time limit of 2
hours was exceeded or because of an out-of-memory situation. Similarly, the “inc”-line
indicates executions where the reported result is considered incorrect. The “>10%" line
indicates that the execution successfully terminated after 1000 seconds but within the
time limit.
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Results and Discussion

The quantile plots in Figure 9.1 compare the performance of all exercised algorithms.
The plot at the top considers the algorithms in their classic (non-topological) variant.
We see that for any given time limit the fastest algorithm is among the sound variants of
value iteration, where OVI appears to be the fastest, followed by SVI and II. The competition
among those three algorithms is very tight, though. The unsound algorithms VI, Slgmres.
and LP clearly lag behind which—partially—can be explained by the fact that incorrectly
solved instances (56 for VI, 28 for Slgmyes, 5 for LP) are discarded in the plot. While
the only exact algorithm Sl has been the slowest approach in our experiment, it still
managed to correctly solve the vast majority of the 587 benchmark instances.

The plot in the middle of Figure 9.1 shows the results obtained by the topological
variants of the various approaches. For reference, we also include non-topological
SVI and Sliy in gray. Topological solving improves the performance of all considered
approaches. Still, the sound algorithms perform best. The bottom plot also considers the
topological algorithms but only for nondeterministic benchmark instances, i.e., MDP
(including PTA) and MA models. VI is more competitive on this subset of benchmarks
since the majority of the incorrectly solved VI instances were DTMCs and CTMCs.
Moreover, Slgmres now lags behind VI and shows similar performance compared to LP.

We show six scatter plots in Figure 9.2 that provide further insights. The three plots
in the top row compare SVI against VI, II, and OVI using the topological variant of
each. VIis generally slightly faster than SVI, but also incorrect on quite a few instances
(there are 44 points overlapping at the coordinate (inc, <1)). As in the quantile plot,
the runtimes of SVI, II, and OVI are very close with a slight trend towards OVI being the
fastest.

In the second row of Figure 9.2, we compare plain SVI with its topological variant and
the sound algorithms when requesting an absolute precision of ¢ = 10~°. For the former,
we see that topological optimizations improve the runtime for many instances, sometimes
by several orders of magnitude. On the other hand, the decomposition into SCCs also
causes some overhead which for a few instances is quite significant. Computations
with absolute precision yield a similar picture as their relative counterparts. However,
incorrect results due to floating point issues appear for SVI and OVIL

In summary, SVI, I, and OVI all provide a good trade-off between accuracy and perfor-
mance when it comes to computing expected total rewards. While plain VI is generally a
bit faster, it is also less reliable as it yields quite a few incorrect results on our benchmark
set. Slgmres and LP lag behind VI and its sound variants. SIjy is the slowest algorithm
in our experiments, but useful for applications where floating-point inaccuracies can
not be tolerated. We continue the experimental comparison of SVI, I, OVI, and Sl y in
a multi-objective context in Section 9.4.
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Table 9.2: Multi-objective Markov models from the literature

application name description / reference

csn
Network  frw
protocols  sen
tea
wla

Client-server mutex with N fails [KPC12; KM17]
FireWire root contention protocol [SV99; KNP12b; 7]
Sensor network [KPC12; KM17]

Team formation protocols [CKPS11; FKP12]
Wireless LAN [KNS02; KNP12b; 7]

Randomized nnd
algorithms  phi

NAND multiplexing [NPKS05; KNP12b; 7]
Randomized dining philosophers [LR81; BCFK15; 7]

Queueing  pol

Polling system [TKPS12; 13; 7]

systems rqgs Reentrant queueing system [HH12; 7]
str  Video streaming client [13; 7]
res Resource gathering [BN08; 7]
Planning rov  Mars rover [10]
srv  Service robot [LPH17; 10]
uav UAV mission planning [FWHT15]
clu  Workstation cluster [HHK00; KNP12b; 7; 11]
dpm Dynamic power management [QWP99; 7]
Scheduling ejs Energy-aware job scheduling [BDDK"14; 7]
mut Randomized mutex [TKPS12; 13]
pow Power management [FKNP*11]
rab Rabin randomized mutex [Rab82; BCFK15; 7]
Biology vir  Network virus infection [KNPV09; BCFK15]

9.3 Markov Models with Multiple Objectives

For an extensive evaluation of our multi-objective verification algorithms, we gathered
14 MDP, 6 MA, and 1 DTMC® model families from the literature. Table 9.2 lists the
individual model families grouped by their application areas. For each family, the
table depicts a short name, a description, and a list of references. Table 9.3 shows
further meta data such as the modeling formalism and the model type. The column
“#inst / tot, Ira, bndy,, bnds, qu” gives the total number of concrete verification queries—
i.e., combinations of a model M and a list of objectives ®—and how those distribute over
the following categories. We distinguish between multi-objective queries, involving

%The DTMC model is only relevant for the multi-reward bound analysis in Section 9.5.
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Table 9.3: Benchmark instances

#inst /

name formalism type tot, Ira, bndsy, bnds, qu |D| |S|
csn  PRISM  MDP 3/0,3,0,0,0 .5 183..4863
frw  PRISM  MDP 7/2,0,2,2,1 1.2 776..1-107
sen  PRISM  MDP 5/0,5,0,0,0 3 462..4-10°
tea  PRISM  MDP 8/8,0,0,0,0 .3 865..7-10°
wla  PRISM  MDP 20/8,0,4,4,4 1.3 2954..5-10°
nnd PRISM DTMC 3/0,0,0,3,0 1 2-10°
phi ~ PRISM  MDP 3/0,3,0,0,0 2 9440..2-10°
pol  PRISM MA 12/3,9,0,0,0 2 185..1-10°
rgs  JANI MA 15/5,10,0,0,0 2 206..3-10°
str PRISM MA 4/4,0,0,0,0 2 175..2-10°
res PRISM  MDP 21/3,9,3,3,3 1.3 94.810°
rov.  PRISM  MDP 30/12,0,6,6,6 1.2 16..5-10°
srv  PRISM  MDP 4/2,0,1,1,0 1..2 4-10%.3-10°
uav  PRISM  MDP 12/4,0,4,4,0 1.2 3310..8-10°
clu  PRISM MA 15/6,9,0,0,0 2.3 1756..2-10°
dpm  JANI MA 9/0,9,0,0,0 2 2640..1-10°
ejs PRISM  MDP 20/8,0,4,4,4 1.2 349..1-107
mut  PRISM MA 4/4,0,0,0,0 3 1399..2-10°
pow PRISM  MDP 16/8,0,0,0,0 2.3 636..3-10°
rab  PRISM  MDP 3/0,3,0,0,0 2 3-10%.1-107
vir  PRISM  MDP 3/0,3,0,0,0 2 80..2-10%

« only total reachability reward objectives (tot),
« at least one long-run average reward objective (Ira), or
« at least one reward-bounded objective (bndy,),
as well as single-objective queries, with a multi-dimensional
« reward-bounded objective (bnds), or
« quantile (qu).

The pow model family also considers 8 multi-objective queries with step-bounded
expected rewards. All other considered queries belong to exactly one of the above-
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mentioned categories. In total, our benchmark set consists of 172 multi-objective, 27
(single-objective) multi-reward bounded queries, and 18 quantile queries. The last two
columns of Table 9.3 indicate the range of the number of considered objectives and the
number of model states, respectively. We thus cover verification queries of various
intricacy, where models can have millions of states.

9.4 Experiments for Multi-Objective Queries

We first consider the multi-objective verification queries in our benchmark set. More
specifically, we look at the performance of Storm on these benchmarks and compare
StorM with other tools afterwards.

9.4.1 Performance of STorM’s methods
Experimental Setup

We compute an approximation of the Pareto front for each of the 172 multi-objective
verification queries. More precisely, we solve the multi-objective Pareto (MOP) problem
(cf. Problem 3.3 on page 79) with a precision parameter n = 10~*—which is the default
value in STorM. We consider the most promising expected total reward algorithms
from Section 9.2, namely the sound variants of value iteration SVI, II, and OVIL. For
our multi-objective experiments, these algorithms are invoked with absolute precision
£ =107°. Additionally, we consider an exact configuration (EX), where all values are
represented with arbitrary precision rational numbers and expected total rewards are
computed with strategy iteration using sparse LU factorization (referred to as Sliy in
Section 9.2). Hence, the WSO instances are solved exactly. All methods are used in their
topological variant. The exact configuration is currently not implemented for queries
involving long-run average objectives.

For each combination of verification query and method we measure the total runtime
of STorM (including model building time). We do not check the reported Pareto front
approximations against reference results.

Results and Discussion

Figures 9.3 and 9.4 summarize our results. The top quantile plot in Figure 9.3 compares
all considered STorM methods. The plot only considers instances that are supported
by all methods, which—due to the above-mentioned limitations of EX regarding LRA
objectives—restricts the total number of instances to 109. The quantile plot in the
middle omits EX and thus considers all 172 instances. The three scatter plots at the
bottom of Figure 9.3 compare the runtime of SVI with the other methods II, OVI, and
EX. The “>10% and the “abt”-line are as in the scatter plots of Section 9.2 and indicate
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Figure 9.4: Correlation between runtime and model size / trade-off intricacy

that the computation finished after 10° seconds or was aborted, respectively. The
“ns”-line shows queries that are not supported by the corresponding method. The
different markers indicate the different query categories described in Section 9.3. The
scatter plots in Figure 9.4 plot the runtime of SVI against the number of model states
(left, middle) and the number of Pareto points in the resulting approximation (right).
The latter gives a rough indication on the intricacity of the trade-offs between the
objectives. For the middle and right plot, the markers indicate the number of objectives
considered in the query.

As in Section 9.2, we see that the runtimes of SVI, II, and OVI are very close to each
other, while there is a noticeable overhead for the exact methods. In the second quantile
plot of Figure 9.3, we see that SVI is slightly ahead of II and OVI on this benchmark
set. The scatter plots below reveal that this is mainly because both II and OVI fail to
converge within the time limit for a few instances.

Figure 9.4 shows that STorM was able to solve instances with millions of states.
However, for intricate queries—in particular reward-bounded objectives (bndp,)—small
models can give rise to high runtimes as well. The vast majority of queries in our
benchmark set consider two or three objectives. Queries with three objectives tend
to have a higher runtime, but the difference is not very significant. For some queries,
a single Pareto optimal point already yields a precise enough approximation of the
Pareto front. For others, hundreds of points are necessary—even if there are just two
objectives.

9.4.2 Comparison With Related Tools
Experimental Setup

We compare STORM against the following tools.
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« EPMC obtained from https://github.com/iscas-tis/ePMC, commitb1ba8ab.

« Prism obtained from https://github.com/prismmodelchecker/prism, com-
mit 3a632e2.

o MULTIGAIN obtained from http://qav.cs.ox.ac.uk/multigain/, version
1.0.2.

For Prism, we consider both the sandwich algorithm (PRisMgy) using Gauss-Seidel
value iteration for expected total reward computations, and the linear programming-
based method (Prismyp) using the LP solver Lp_soLvE [BEN22]. For MULTIGAIN, we
use GUrOBI [Gur22] to solve the underlying LPs. STORM is invoked with SVI as in
Section 9.4.1. For all tools, we set an absolute precision of ¢ = 107° for expected total
reward computations (if applicable).

We consider the same 172 benchmark instances as before. However, many bench-
mark instances—in particular those with reward-bounded objectives as well as mixtures
of LRA and total reward objectives—are only supported by STorm’.

Approximating Pareto fronts is not supported for EPMC and Prismy,, and only
supported for £ = 2 objectives for PRisMgy, and MULTIGAIN. We therefore also consider
multi-objective achievability (MOA) queries (cf. Problem 3.1 on page 78), which ask
whether a given point p € R is achievable. Roughly, those points have been deter-
mined by setting the threshold p(;j) for the jMobjective to 90% of the optimal expected
value for that objective, computed via standard single-objective model checking. This
way, each objective threshold alone (i.e., when discarding the other objectives) is
achievable, but their multi-objective combination might or might not be achievable.

Results and Discussion

Figures 9.5 and 9.6 summarize our results. The quantile plots in Figure 9.5 compare the
runtime of the various tools on achievability (MOA) queries. Each plot is restricted to
the instances that are supported by all depicted tools, giving rise to 46 instances in the
upper plot and 20 instances in the lower plot. The scatter plots in Figure 9.6 directly
compare the runtime of STORM against the other tools and—in the case of PRismgy, and
MurTiGaiNn—also consider Pareto (MOP) queries.

For the MOA queries, we observed inconsistencies of the results between the tools
for 13 total reward instances from the model families pow, rov, and srv. After some
investigation, these are likely caused by issues in the EPMC and Prism implementations.
For example, PRIsM,, and Prismy, sometimes reported different results and EPMC
claimed some points to be achievable, even if the threshold of one of the objectives
alone is already unachievable by a great margin. Since it is non-trivial to indubitably

7As STORM is the focus of this evaluation, our benchmark set intentionally does not contain queries that
are currently unsupported by STORM.
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Figure 9.5: Runtime comparison of multi-objective verification tools (1/2)

identify the correct solution for all queries, those problematic cases are still included in
our figures (regardless of the reported result).

We see that STorM outperforms the other tools on the vast majority of instances—often
by several orders of magnitudes. In particular, the LP-based implementations Prismy,
and MULTIGAIN are significantly slower and less scalable. These observations hold for
both MOA and MOP.

9.5 Experiments for Multi-Reward Bounded Objectives &
Quantiles

We now consider verification queries involving multiple reward bounds.
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Figure 9.6: Runtime comparison of multi-objective verification tools (2/2)

Experimental Setup
We consider

« computing optimal expected values of a single objective with (multiple) reward
bounds,

« approximating Pareto fronts for multiple objectives with reward bounds, and
« computing 2-dimensional quantiles.

For the former two, we compare the sequential approach (Seq) with the explicit un-
folding (Unf) using sound value iteration (SVI) and exact methods (EX). The explicit
unfolding described in Section 6.1 has been done “by hand” on the level of the model-
ing formalism (PRISM or JANI ). This allows us to also use STORM’s symbolic model
checking techniques for the unfolded models, namely the dd engine (DD) and the
hybrid engine (HYB). Both use multi-terminal binary decision diagrams [Ake78] to
represent the model. While DD performs all computations on this representation, HYB
switches to an explicit format for the numerical computations (i.e., for SVI). For DD,
we use classical value iteration (VI) since SVI is not implemented. Neither DD nor
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Figure 9.7: Runtime comparison of sequential and unfolding approach for reward-
bounded objectives (1/2)

HYB support multi-objective queries. For the quantile queries, we distinguish between
SVI and EX.

Results and Discussion

The quantile plots in Figure 9.7 compare the runtime of the considered methods on the
27 single-objective (upper) and 24 multi-objective (lower) instances in our benchmark
set. The first two scatter plots in Figure 9.8 directly compare the sequential and
the unfolding approach. For the single-objective instances, we see that the sequential
approach clearly outperforms the unfolding approach when using explicit data structures.
While symbolic model checking techniques yield a noticeable improvement for the
unfolding approach, the sequential approach still takes the lead for most instances.
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Figure 9.8: Runtime comparison and correlation with epoch- and state count of sequen-
tial and unfolding approach for reward-bounded objectives

In a multi-objective setting, the competition is much more tight. Here, the unfolding
approach actually solves more instances than the sequential approach. However, the
sequential approach is faster on 10 instances while the unfolding approach is faster on
9 instances (the remaining 5 instances in our benchmark set are unsolved by both).
The most important reason that the unfolding approach performs better in some cases
is that it can restrict the model analysis precisely to those states of the unfolding MDP
that are reachable from the initial state. The sequential approach, on the other hand,
analyzes the full epoch MDP for each epoch, even if some of the states are not relevant
for the resulting value. This is more noticeable in a multi-objective setting, as the
model analysis is more involved then.

The remaining four plots in Figure 9.8 show the correlation between runtime and
the number of epochs that needed to be analyzed as well as the number of states in
the unfolded model. The plots indicate that a low (or high) number of epochs does
not necessarily mean that the runtime for the two approaches is also low (or high). The
size of the epoch MDPs and the general structure of the model are important, as well.
However, there is a more clear correlation between the number of states of the unfolded
model and the runtime of the sequential and—in particular—the unfolding approach.
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Figure 9.9: Runtime for increasing cost bounds on three benchmark instances

Besides the benchmarks from Section 9.3, we also picked three instances from the
res, rov, and wla families and measured the runtime of the sequential and the unfolding
approach for varying reward bound values. Both approaches use SVI and explicit
(non-symbolic) model representations. Only for this experiment, we increased the
time- and memory limit to 4 hours and 64 GB, respectively. We plot the number of
considered epochs (which reflects the magnitude of the reward bound values) against
the runtime of the two approaches in Figure 9.9. While for small bound values unfolding
is sometimes faster, the sequential approach scales better with an increasing number
of epochs. Ultimately, the increased state space size and the accompanying memory
consumption of the unfolding MDP becomes a bottleneck.

Figure 9.10 summarizes our results for the 18 2-dimensional quantile queries. We
compare the runtime of SVI and EX and show how the runtime correlates with the
size of the resulting generators and the number of analyzed epoch models—both
giving an indication on the intricacy of the query. The markers in the scatter plot also
show how many (indefinite plus definite) reward bounds the query considers. We
successfully computed quantiles for 14 out of 18 instances, indicating the practicability
of our approach. Naturally, the runtime for quantiles largely depends on the number
of analyzed epochs—which can be in the thousands or even millions. The resulting
generators are comparably small, allowing for a concise representation of the set of
satisfying reward limits.
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Figure 9.10: Results for the computation of 2-dimensional quantiles

9.6 Experiments for Multi-Objective Verification under
Simple Strategies

Experimental Setup

We solve the pure memoryless multi-objective Pareto problem (cf. Problem 8.3 on
page 268) for each of the 77 total reachability reward instances from Section 9.3. To
obtain similarly challenging precision requirements across the different benchmark
instances, we determine the precision vector £ € (Rs¢)¢ as follows. For a given
precision parameter ¢ > 0 and j € {1..£}, we set

e(j) = ¢ -max {|p(j) - q()| | p.q € P},

where P is the set of achievable points found after the first ¢ iterations of Algorithm 8.2,
i.e., after analyzing the weight vectors in {1,~ € (Rso)f | i€ {1..{}}. We consider two
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different precision parameters ¢ € {1072, 1073}.

In our experiments, we consider 6 variants of the MILP encoding for pure stationary
achievability. More specifically, we compare the encoding from Section 8.3 based
on the classic equation system characterization for total reachability rewards, where
BSCCs are detected via

« Cy: the visiting times approach and
« C,: the reachability order approach
against the

« V: alternative encoding from Section 8.4 based on the equation system for visiting
times.

Furthermore, we consider two variants for each of the three encodings above based on

« M: Big-M constraints, i.e., the constraints as outlined in Chapter 8, potentially
dealing with very large coeflicients and

« L: equivalent indicator constraints, i.e., constraints as discussed in Remark 8.2 on
page 262.

Results and Discussion

Figure 9.11 shows the runtimes for solving the multi-objective Pareto problems using
the various encodings, where we consider the precision parameter ¢ = 1072 for the
quantile and the first four scatter plots. The quantile plot disregards 6 instances
as they consider total reachability reward objectives that are not supported by the
encodings based on expected visiting times (V/M and V/I). The scatter plots consider
all 77 instances and provide a direct comparison between a selection of encodings
and—for the last two plots—between the two considered precisions.

We see that the encodings based on expected visiting times (V/M and V/I) mostly
outperform the other encodings on those benchmarks that they support. Dealing
with indicator constraints instead of big-M constraints tends to be a bit slower. The
reachability order approach for detecting BSCCs is slightly faster compared to the
visiting times variant. Overall, the encoding based on the visiting times characterization
with big-M constraints (V/M) performed best in our experiments. Still, it only solves 25 out
of the 71 supported instances within the considered time- and memory limit. Increasing
the precision requirements from ¢ = 1072 to ¢ = 10~° further reduces the number to
14 solved instances. When compared to the performance for general strategies shown
in Section 9.4, these observations indicate that multi-objective model checking under
pure stationary strategies is less scalable which is in line with our observations regarding
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Figure 9.12: Correlation between runtime and model size / number of strategies / trade-
off intricacy for £ = 1072 (upper) and £ = 10~ (lower)

the theoretical complexity of the general and the pure stationary achievability problem
in Section 8.1.

Figure 9.12 plots the runtime obtained for the V/M encoding against the number of
model states, the number of pure stationary strategies in the model, and the number of
Pareto points in the obtained approximation. The three upper plots consider ¢ = 1072
while the three lower plots consider £ = 1073, Our implementation is able to compute
pure stationary Pareto fronts for some models with over 100 000 states. At the same
time, however, models with a few thousand states can already be a challenge. The two
plots in the middle show the logarithm of the number of pure stationary strategies,
i.e., a point with x-value 10° means that there are 101’ = 101%% strategies. Hence, in
most cases a naive brute-force enumeration and analysis of all strategies is infeasible.
For £ = 1072, 10 to 100 Pareto optimal points (i.e., strategies) are often sufficient to
represent the requested Pareto front approximation. For £ = 10~3, much more Pareto
points need to be found which often leads to timeouts. Similarly, for more than 2
objectives the desired accuracy can often not be achieved within the time limit.

In Figure 9.13 we plot the Pareto front for an instance of the pol family under
differently restricted strategies. More specifically, we consider general strategies (Gen),
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pure 2-memory strategies that can change the memory state exactly once (P2), pure
strategies that observe which goal state set G; has been visited already (PG), and
pure memoryless strategies (PM). Adding simple memory structures already leads
to noticeable improvements in the quality of strategies. In particular, P2 strategies
perform quite well, and even outperform PG strategies—which would be optimal if
randomization were allowed.
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Chapter Summary

- @ StorMm is a comprehensive and powerful tool for multi-objective veri-
fication of Markov models.

=» Sound variants of value iteration improve the accuracy of results on practical
benchmark instances while only inducing little runtime overhead. The
runtimes of the three approaches SVI, II, and OVI are close.

=» The sandwich algorithm implementation in STorm for multi-objective veri-
fication scales to large models with millions of states—outperforming com-
peting tools up to several orders of magnitude on the vast majority of
benchmarks.

=» The sequential epoch analysis for reward-bounded objectives often scales
better than the naive unfolding approach, especially for large bound values.

=» The MILP based multi-objective verification under pure memoryless strate-
gies scales to medium-sized models with up to approximately 100 000 states.

=» Experimental data is available at
https://doi.org/10.5281/zenodo.7766202.
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—Chapter 10—

Conclusion and Future Work

10.1 Conclusion

Multi-objective verification investigates the interplay between different, potentially
conflicting objectives of a system and reveals the achievable trade-offs. We studied
a flexible algorithmic framework based on a sandwich algorithm and a reduction to
multiple instances of the weighted sum optimization problem (WS0) solved via single-
objective algorithms. To improve practicality, we considered approximative approaches
that provide correct and arbitrarily tight error bounds. We showed how these errors
propagate through the entire verification procedure.

Our framework has been instantiated with (mixtures of) total reachability reward
objectives, long-run average reward objectives, and reward-bounded objectives. For
computing expected total rewards, we presented sound value iteration which bounds the
error made after k iterations of classical value iteration by considering the probability
that more reward can still be accumulated after k steps. Mixtures of total- and long-
run average rewards were handled with a careful treatment of end components. Our
approach for reward-bounded objectives analyzes the reward epochs sequentially,
one-after-the-other. The latter idea can also be used to compute multi-dimensional
quantiles which reveal the possible resource constraints under which an objective is
achievable. Finally, we studied multi-objective verification under simple strategies, i.e.,
strategies with no randomization and limited memory usage.

An implementation of all these approaches is publicly available in the model checker

¢» STorRM. Our experiments have shown that multi-objective verification scales to
large practical models with millions of states.

10
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10.2 Future Work

Multi-objective verification is a rich research field. The results in this work can be
extended in several dimensions. We outline a few promising directions for future work.

More Objectives | The general framework for multi-objective analysis can be instan-
tiated with additional types of objectives. This includes percentile objectives [RRS17],
long-run ratio objectives [BDK14], discounted total reward objectives [CMHO06], and
w-regular objectives, e.g., using LTL [EKVY08]. Since many of these objectives concern
the system behavior in the long-run, a sophisticated treatment of end components
when solving WSO queries appears to be the crux for such extensions—in particular
when considering mixtures of different objective types. Another direction is the incor-
poration of the beyond-worst-case paradigm [BFRR17; BGMR18; BGR20], where some
objectives impose constraints on all paths of the model—even those with probability
zero. Finally, we point out that our MILP encoding for achievability under simple
strategies can potentially be extended towards, e.g., LRA reward objectives.

Additional Models | Our techniques can potentially be lifted to richer modeling
formalisms. An interesting direction is to consider multi-objective stochastic games
(SGs) as in, e.g., [BKW18; ACKW*20]. We see the lifting of our WSO approaches as a
major obstacle: in a two-player SG, Player 1 can only achieve a point if all objective
values are achieved, no matter which actions Player 2 performs. Consequently, a result
of a WSO query (i.e., a point on the Pareto front) is not necessarily induced by a single
strategy for Player 2 as a different adversarial strategy for each objective has to be
considered. Other related formalisms include probabilistic timed automata, parametric
Markov models, or partially observable MDPs. Their single-objective analysis methods
often rely on a reduction to plain single-objective MDP or SG analysis. There is hope
that a similar connection exists in the multi-objective case which would enable a
straightforward lifting of our methods.

Alternative Algorithms | Our STorM implementation can be further extended by
implementing more algorithms from the literature. For sound approximations of
expected total rewards, one can additionally consider bisection value iteration [LX22]
and the approach of Hansen [Han17], as well as implementations with safe floating-
point rounding as in [Har22]. For the computation of LRA rewards, a strategy iteration-
based approach as in [KM17] can be considered, which is promising for computing
exact solutions. Lastly, it would be interesting to explore the use of evolutionary
algorithms in a multi-objective verification context as in [GCCA*21].
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New Applications | We hope the theoretical insights and practical results from this
work help pushing the state of the art—paving the way for new application areas for
multi-objective verification. Due to the improved scalability, controllers for large-scale
planning problems with intricate objective trade-offs can be synthesized. Another
possible direction is to revisit the assume-guarantee framework of [EKVY08; FKNP*11]
and investigate if this yields verification speed-ups when integrated in STORM.

10
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Index
A D
action, 2, 30 distribution, 20, 29

adversary, see strategy
affine hull, 23

B

Bellman operator, 116

boundary, 18

bounded goal, 58

bounded reachability objective, 58

bounded reward objective, 57

BSCC, bottom strongly connected
component, 40, 239

C
closure, 18
w.r.t. quantile query, 212
component, 39
bottom, 40
closed, 39
end, see EC
strongly connected, see SCC
constraint, 27
convex hull, 19
cost, see reward
CTMC, continuous-time Markov
chain, 47
cylinder set, 37

Dirac, 29
exponential, 30, 31

downward hull, 21

DTMC, discrete-time Markov chain, 47
induced, 47

E
EC, end component, 40, 252
0-EC, 44
problematic, 253
EPMC, 282
epoch, see reward epoch
epoch graph, 192
expected value, 29, 37
expected visiting times, 236

G
Gauss-Seidel operator, 125
generator, 212
natural, 215
goal satisfaction, 178
goal unfolding, 100

H
halfspace, 20

11, interval iteration, 147
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interval, 16
Iverson bracket, 16

L

LP, linear programming, 27
MILP, mixed integer, 27

LRA reward objective, 53
step-based, 54

M
MA, Markov automaton, 2, 30
deterministic, 32
Markov model, 2
MDP, Markov decision process, 2, 45
epoch, 188
underlying, 46, 102
unfolding, 180
measurable function, 28
measurable space, 28
MEC, maximal end component, 40, 104
memory product, 275
memory structure, 273
concretization, 276
free, 276
MOA, multi-objective achievability
problem, 78
PM-MOA, pure memoryless, 232
MOP, multi-objective Pareto problem,
79, 290
PM-MOP, pure memoryless, 268
MOQA, multi-objective quantitative
achievability problem, 78
multi-dimensional quantile, 8
multi-objective model checking, 5
MULTIGAIN, 283

N
neighborhood, 17

O
objective, 47

Index

non-negative, 211
non-positive, 211
probability, 48

OVI, optimistic value iteration, 147

P
Pareto front, 65
pure memoryless, 267
Pareto optimal, 5, 65
path, 33
consistent, 35
permissive, 35
point, 16
achievable, 64
distance, 17
dominate, 66
indicator, 16
pure memory achievable, 275
pure memoryless achievable, 232
policy, see strategy
polyhedron, 21
Prism, 283
PRISM-GAMES, 283
probabilistic model checking, 4
probability space, 29
proper epoch sequence, 193

Q

quantile plot, 284
query information, 85
quotient, 42

R
reachability objective, 51
real number, 16
extended, 16
reward, 37
assignment, 37
bound, 56
epoch, 176
indefinite bound, 208



Index

induced assignment, 188
limits, 208

S

sandwich algorithm, 84

scatter plot, 286

SCC model, 127

SCC, strongly connected component,

40

scheduler, see strategy

sequential epoch analysis, 193

o-algebra, 28
Borel, 28

state, 30
absorbing, 32
attracting, 112
Markovian, 2, 30
probabilistic, 2, 30
reachable, 33

STORM, 280

strategy, 4, 34
k-repeating, 131
memory, 274
memoryless, 34
pure, 35
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simple, 8, 35
strategy iteration, 149
submodel, 41
induced, 41
SVI, sound value iteration, 118, 130

T
total reachability reward objective, 49
total reward objective, 51

transition function, 30

tuple, 15
\%
vector, 16

VI, value iteration, 116
Gauss-Seidel, 125
topological, 127

W
WSO, weighted sum optimization
problem, 81
solve, 108, 162, 194, 197

Z
Zeno, 33, 45
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