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Abstract

Conditioning is a common feature in probabilistic programming languages. In
particular, nested conditioning is useful, as it allows expressing ”Reasoning
about reasoning”. We present an imperative language with recursion and nested
conditioning. We define operational semantics based on probabilistic pushdown
automata, where the stack of the automaton is used both for recursion and
conditioning. The construction supports unbounded recursion. We also provide
weakest-preexpectation transformer semantics for our language and show that
this semantics is equivalent to the operational semantics for terminal reachabil-
ity and termination probabilities. We show that conditioning does not increase
the expressiveness of the language and compare this to existing results. In par-
ticular, we show that two definitions of conditioning exist that differ in how
they handle termination. Based on the operational semantics, we have imple-
mented nested conditioning in the model checker Pray. This implementation is
demonstrated using two examples.






Contents

1 Introduction 3
1.1 Related Work . . . . . . .. .. o 4

2 The Conditioned Recursive Probabilistic Programming Lan-
guage 7
2.1 Overview . . . . ... e e 7
2.1.1 Global Conditioning . . . . . ... ... ... ... .... 8
2.1.2 Local Conditioning With Query Blocks . . . .. ... .. 9
2.1.3 Recursively Nested Conditioning . . . . . ... ... ... 10
2.2 Syntax . ... 11
2.2.1 Imstructions . . . . . . . .. ..o 11
2.2.2  Program Fragments . . .. .. ... ... ... ...... 12
2.2.3 Syntactic Sugar . . . . .. ... o 13
224 Programs . . . . . .. ... 13
2.3 Ilegal Programs . . . .. ... .. .. ... .. .. ... ..., 14
3 Operational Semantics 17
3.1 Probabilistic Pushdown Automata . . . . ... ... .. ..... 17
3.1.1 Analysing Probabilistic Pushdown Automata . . . . . .. 18
3.2 Construction Rules . . . . . ... ... .. oL 18
3.2.1 Properties of the pPDA . . . . . . .. .. ... ... ... 24
3.2.2 Reachability Probabilities . . . . . ... ... ... .... 24
3.3 Examples . . . . ... 27
3.3.1 Function Calls and Concatenation . . ... .. ... ... 27
3.3.2 Recursion . . . .. .. ... e 28
3.3.3 Conditioning . . . . . ... ..o 29
3.3.4 Converting a pPDA Into a CRPPL Program . ... ... 29
3.4 Illegal Programs . . . . . ... ... ... ... ... 31
3.5 Limitations . . . . . . .. ... 32
3.5.1 Expected Runtime . . . .. .. ... ... ... ..., 32
3.5.2 Probabilistic Model Checking . . . . ... ... ... ... 33
3.5.3 Termination . . . . . . ... ... 33
4 Weakest Preexpectation Semantics 35
4.1 Expectation Transformers . . . . . . ... .. ... ... ..... 35
4.1.1 Domain Theory . . . . . . . ... ... ... ... ... 37
4.2 Scoping . . ... 39
4.2.1 Increasing and Decreasing Scope . . . . . ... ... ... 39



4.3 The wp and wlp Transformer . . . . . ... ... ... .. ....
4.3.1 Standard Cases . . . . . . . . .. ... ... ...
4.3.2 Observeand Query . . . . . . .. ... oo
433 While . . .. ..
4.3.4 Function Calls . . . ... ... .. ... .. ... ...

4.4 Continuity of wp and wlp . . . . . . ... oL

4.5 Correspondence Between pPDA and wp Semantics . . . . . . ..
4.5.1 Induction Base . . . .. .. ... ... ... .. ... ..
4.5.2 Induction Step . . . . .. . ... ...

Expressiveness

5.1 Transformation . . . . . . . .. ... ... ... ... ...
5.1.1 De-Conditioning Function ¢ . . . . ... . ... ... ...
5.1.2 Function Body Transformation Function ¢’ . . . ... ..

5.2 Comparison to Other Model Classes . . . .. ... ... .....
52.1 Model Classes . . . . . . .. ... v
5.2.2 Two Notions of Conditioning . . . .. .. ... ... ...
5.2.3 Conditioning Over Words or States . . . . . . .. ... ..
5.2.4 Closure Results From [11] . . . ... ... ... ... ...
5.2.5 Closure Under Post-Conditioning With States . . . . . . .
5.2.6 Closure Under Algorithmic Conditioning With States
5.2.7 Closure Under Algorithmic Conditioning With Words
5.2.8  Summary and Discussion . . . .. ... ... .. .. ...

Implementation

6.1 Description of the Implementation . . .. ... ... .. .....
6.1.1 Introduction to PRAY . . . . .. ... ... ... .....
6.1.2 Conditioning in PRAY . . . . . . ... oL

6.2 Evaluation. . . . ... .. ... ..o o
6.2.1 Schelling Games . . . .. .. ... ... ... ...
6.2.2 Counting Game . . . . . . . . ... ...
6.2.3 Discussion and Limitations . . . ... .. ... ... ...

Conclusion
7.1 Future Work . . . . . . . . . .

67
67
68
70
70
70
72
73
73
(6]
76
7
79

81
81
81
82
82
82
85
88

89



Chapter 1

Introduction

Probabilistic programming languages support two features that traditional pro-
gramming languages do not: They can make probabilistic choices and they can
condition on the values of variables. The combination of these two features al-
lows them to model a wide range of probabilistic processes.

We distinguish between global and nested conditioning. With global con-
ditioning, all probabilistic choices are always affected by conditioning. Nested
conditioning, on the other hand, allows the programmer to specify blocks that
restrict which probabilistic choices are affected by conditioning. Multiple of these
blocks can be nested.

Nested conditioning allows us model “reasoning about reasoning”. Here, the
goal is to model what Person A thinks Person B is thinking. This requires an
inner block for Person B’s thought process and an outer block for Person A.
This can be nested further if Person B is in turn reasoning about Person A (or
if Person A at least believes that Person B is reasoning about Person A). Nested
conditioning is thus combined naturally with recursion. In this work, we present
an imperative programming language that supports both recursion and nested
conditioning.

In the first chapter, we introduce the Conditionined Recursive Probabilistic
Programming Language (CRPPL). This language supports variables and assign-
ments, conditional and probabilistic choice, while loops, recursion and nested
conditioning. We require variables to have finite domain. This ensures that the
program can be modelled by a finite-state pPDA. We introduce the language
with a series of examples and give the formal syntax. We also investigate an
edge case where conditioning can lead to an undefined final distribution.

We then define the operational semantics of CRPPL. These are based on
probabilistic pushdown automata. Pushdown automata are a natural model for
recursive programs, since the automaton stack can be used to store the call stack
of the program. We handle conditioning using rejection sampling: If a condition
is violated, we restart at the beginning of the surrounding query block. In order
to find the surrounding query block, we use the automaton stack.

One can then compute termination and reachability probabilities of the au-
tomaton. Computing expected runtimes and performing model checking, e.g. for
probabilistic computation tree logic formulas, are also possible for probabilistic
pushdown automata, but we show that our semantics only behaves correctly for
termination and reachability.



We then give the denotational semantics of CRPPL by presenting a weak-
est pre-expectation transformer [16]. Weakest pre-expectation semantics extend
Dijkstra’s weakest pre-condition calculus [4] to probabilistic programs. The se-
mantics allows us to determine the expected value of a given expression over
the program’s variables after the program has terminated.

Like most weakest pre-expectation transformers, ours is defined inductively
over the structure of the program. To handle conditioning, we separately track
whether any condition was violated. When we reach the end of a query block, we
then normalise the expectation using this information. This approach is inspired
by [17], where weakest pre-expectation semantics for global conditioning are
given. Our approach differs in that the normalisation is performed after every
query block, instead of once for the entire program. Similar to [17], our approach
properly handles non-termination.

Our weakest pre-expectation semantics also supports (mutual) recursion
with separately scoped variables for each recursive call. Our method for this
is based on [15], but can handle multiple functions. To create a new scope, we
prepend a special symbol E to each existing variable, and to leave a scope, we
remove one such symbol from each variable.

We then show that the operational semantics and weakest pre-expectation
semantics are equivalent, i.e. that the termination and reachability probabilities
computed by the semantics are equal.

After that, we analyse whether conditioning increases the expressiveness of
our language. We present a transformation that removes conditioning from any
CRPPL program while preserving termination and reachability probabilities.
Similar to the operational semantics, this transformation performs rejection
sampling. This transformation shows that our languages is closed under con-
ditioning. We compare our results to the results from [11], where it is shown
that several other model classes are not closed under conditioning. It turns
out that there are in fact two different notions of conditioning that lead to
different closure results: One notion involves conditioning statements in the
program, whereas the other runs the program without conditioning and then
conditions on the final distribution. These differ in particular in how they deal
with termination. We analyse several model classes with respect to both types
of conditioning.

In the final chapter, we present an implementation in the model checker
PRAY. This implementation is based on the operational semantics and, in par-
ticular, also uses the stack to handle recursion and query blocks. We demonstrate
our implementation on several examples. One example is also used to show that
the rejection sampling can lead to unintuitive termination behaviour.

1.1 Related Work

Many probabilistic programming languages only support bounded recursion.
Bounded recursion allows computing the distribution “bottom-up”, where each
level of recursion forms a layer and each layer only depends on the layer below.
This is not possible for unbounded recursion, as there would be infinitely many
layers. In [21], a technique is presented that solves this problem and thus sup-
ports unbounded recursion: They build a graph of these dependencies and then
identify strongly connected components (i.e. cyclic dependencies). For each of



these, they construct an equation system and solve it numerically.

Our approach can handle recursive function calls, but does not support re-
cursive data structures, such as trees and linked lists. Recently, a technique was
presented that can additionally handle recursive data structures [2]. To achieve
this, they use two techniques called defunctionalisation and refunctionalisation.
The idea of defunctionalisation is to postpone the generation to the point of
use. Thus, instead of needing to store the entire recursive data structure, they
are generated on-the-fly when they are used. For example, instead of first gen-
erating a linked list and later performing some operation on each list element,
we generate each list element only when it is used. Therefore, the list can be
represented simply by a position counter. Whereas previously, each list element
consisted of a value and a list, each list element now consists of a value and a
counter representing the rest of the list. Refunctionalisation does the opposite,
by moving the work to the point of generation.

If successful, these techniques result in a program that still has recursive
function calls, but only non-recursive types. They then perform exact inference
on this transformed program. For this, they construct an equation system and
solve it numerically.

Nested query blocks are available in several other programming languages.
The first notable example is Church [7]. It’s noteworthy that nested condition-
ing in church is handled without special language features — instead, it is imple-
mented as a normal function in the language. This approach works in languages
that support higher-order functions. As our language lacks these, we instead
implement nested conditioning with special instructions. Nested conditioning is
also supported in the logic programming language ProbLog [14], a probabilis-
tic extension of Prolog. To support nested queries, they instantiate a separate
ProbLog engine for each query.

Semantics of nested conditioning are treated in [25]. They present a small-
step reduction operating on configurations that consist of an entropy value and
an expression. The entropy value is used to resolve probabilistic choice and
can be split into multiple, independent components for programs with multiple
probabilistic choices. Each step is assigned a weight to handle scoring (where
scoring is a generalisation of conditioning where each path is assigned a certain
weight, instead of being blocked or not blocked). Without nested conditioning,
probabilities are normalised (using the weight of each path) after termination.
However, query requires this normalisation to occur within a program, and thus
means that the normalisation and the small-step reduction depend on each
other. To ensure this is still well-defined, they use step-indexing for both the
small-step reduction and normalisation. They limit the number of steps in the
operational semantics and during normalisation to n and then take the limit as
n approaches oco.






Chapter 2

The Conditioned Recursive
Probabilistic Programming
Language

In this chapter, we introduce the conditioned recursive probabilistic programming
language (CRPPL). In Section 2.1, we give an intuition-based introduction to
the key features of our language. In particular, we demonstrate why it is useful
to limit the scope of conditioning to query blocks. We then show how nested
conditioning can be combined with (unbounded) recursion to model “reasoning
about reasoning”.

In the second part of the chapter, we take a more formal approach. We
inductively define the syntax of the language. Additionally, we look at a class
of programs that are syntactically correct, but nonetheless nonsensical, as the
probability that an observation is violated is 1.

Later, we define the formal semantics of the language in Chapter 3 (opera-
tional semantics) and Chapter 4 (denotational semantics).

2.1 Overview

Our language is an imperative language with C-like syntax. Each program con-
sists of several functions, one of them designated the main function. Each func-
tion may contain variable assignments, conditional choice (“if-then-else”), loops
and calls to other functions. One statement not usually found in C-like languages
is probabilistic choice, which has the form

{P} Pl { P,

where p is an expression that evaluates to a number in [0,1] and P; and P,
are two sub-programs. With probability p, we execute P; and with probability
1 — p, we execute Ps.

The instructions skip and abort are also usually not found in C-like lan-
guages. While skip does nothing, is useful for cases where an instruction is
needed, but where no action should be performed. The instruction abort be-



haves like while true { skip }, i.e. it enters an infinite loop. We use it instead
of such a loop because it is much easier to specify the semantics for abort.

For simplicity, the formal definition of our language omits a return state-
ment and instead stores the return value in a special variable out. This allows
us to return values to the caller, but prevents the complicated control flow that
return can cause. This difference is discussed in more detail in Section 2.2.1.
Note that the formal semantics are defined for programs where functions al-
ways have a return value. In this introduction, we also allow void functions to
improve clarity. It’s easy to transform a program with void functions into one
where every function returns a value by returning e.g. 0 in those cases and not
using the return value.

We generally restrict ourselves to programs with variables from finite do-
mains such as Booleans or statically bounded integers. This ensures that we can
later transform the program into a finite-state probabilistic pushdown automa-
ton. In the following examples, variables are always bounded, even though we
do not explicitly specify those bounds.

2.1.1 Global Conditioning

There are two ways of adding conditioning to a program: We can either run the
program without modifications and specify a set of acceptable end configura-
tions, or we can add explicit conditioning instructions directly to the program?.
Specifying the condition separately is feasible for some simple situations, but it
becomes unwieldy in more complex scenarios, e.g. when we need to condition on
variables in recursively nested scopes. We therefore choose the other approach
and express conditioning as part of the program. For this, we add a special
instruction to our program:
observe b

Here, b is a Boolean condition. If b holds, then the instruction behaves like
skip. If, on the other hand, b does not hold, then the path it blocked. Blocked
paths do not contribute to the final distribution of a program. A blocked path
is different from a diverging path: The latter still contributes to the final dis-
tribution by increasing the probability of divergence. For example, consider the
following program:

void main() {
int x; int y;

{ x := 1} [0.5] {x := 2};
{y =1} [0.5] {y := 2};
observe(x + y == 3)

}

The program has two probabilistic choice instructions and thus four paths,
each with probability i. The final variable valuations of these paths are {z —
Ly~ 1} {z— Ly 2}, {z— 2,y = 1} and {z — 2,y — 2}. However, only
the paths with valuations {z — 1,y — 2} and {x — 2,y — 1} pass the observe
statement, whereas the others are blocked by it. Therefore, the probability that

r =1 and y = 2 after termination is %

1These two approaches are compared in detail in Chapter 5.



Conditioning and Termination

Conditioning can also change the termination probability. Consider the following
program:

void main() {
int x;
{ abort } [0.5] {{ x := 1} [0.5] {x := 2}};

observe(x == 1);

This program has three paths: One path diverges (due to the abort) with
probability 3, and two other paths terminate with {z — 1} and {z — 2}
respectively, each with probability i. However, the path with {z — 2} is blocked
by the observe statement and thus does not contribute to the final distribution.
The total probability of the non-blocked paths is % + i = %. Therefore, the
final distribution of the program is as follows: With probability % / % = %, the
program diverges, and with probability % / % = %, the program terminates with
{z — 1}. Conditioning thus decreased the termination probability by blocking
a terminating run. This behaviour is consistent with existing semantics, such as
the one in [17].

Conversely, conditioning can also increase the termination probability by
blocking a diverging run. However, we cannot condition on termination directly,
i.e. it is generally not possible to eliminate all non-terminating runs of a program.
This is because observe statements are only executed if they are reached. A run
that never reaches an observe statement (e.g. because it entered an infinite
loop before the observe statement) is not blocked and thus affects the final
distribution.

2.1.2 Local Conditioning With Query Blocks

Instead of blocking a path, we can achieve the same behaviour by looping back
every blocked path to the initial state of the program. This results in exactly
the same final distribution?, but reveals an issue with our approach: Every path
always restarts at the beginning of the program, which can lead to undesirable
effects.

Consider the following function:

void main() {

int x = uniform(10);
F(x)
}
Here, uniform(10) is a function that returns 0, 1,...,9 with probability %

each. Since variables are passed by value, F cannot change the value of x in the
scope of main. Therefore, one would expect x to be distributed uniformly in the
final distribution of the program (unless F diverges).

However, that is not necessarily the case. Consider the following definition
of F:

2This does not hold if almost all paths in a program are blocked. In this case, the blocked-
path perspective yields an undefined distribution, as we would have to divide by 0. On the
other hand, the approach where we loop back to the beginning yields a distribution where the
probability of divergence is 1.



void F(int x) {
int y = uniform(10);
observe(x >= y)

3

There are 10 paths for each value of x. For x = 0, 9 of those 10 paths are
blocked, as only y = 0 satisfies the condition x > y. For x = 9, on the other
hand, no paths are blocked, since x > y for all y € {0, ..., 9}. Since conditioning
is global, these blocked paths affect the final distribution of the program: x = 9
occurs with probability %, whereas z = 1 only has probability 5—15

This may be desirable in some cases, but poses problems in many cases. It
means that a function with a certain behaviour won’t necessarily exhibit the
same behaviour when called from elsewhere. It would be very helpful to specify
the area affected by conditioning, i.e. the location where execution is restarted
if a path is blocked. For this, we introduce query blocks. Consider this alternate

definition of F:

void F(int x) {
query {
int y = uniform(10);
observe (x >= y)
}
}

With this definition, the conditioning only affects the distribution of y, since
y is sampled inside of the query block. On the other hand, x is sampled outside
of it and thus remains uniformly distributed.

This approach to conditioning is common in functional languages such as
Church [7]. This is also where the name of the query block is taken from. Usu-
ally, conditioning in these languages is not part of the language, but simply
implemented as a function that performs rejection sampling (this is not possible
for our language, as it lacks higher-order variables). A similar approach is taken
in [3], where conditioning is global, but a special instruction transforms a pro-
gram into a sampler (so any conditioning that happens inside this sampler does
not “leak” out). On the other hand, imperative programs usually implement
global conditioning (see e.g. [17]).

Query blocks don’t have to be restricted to a single function. If some function
F' contains a query block, calls some other function G from within that query
block, and an observe violation occurs in GG, execution simply restarts at the
beginning of F’s query block. This naturally raises the question of how condi-
tioning and recursion interact. This behaviour is similar to try-catch blocks and
exceptions: When an observe statement is violated or an exception is thrown,
the program stack is unwound until a query block or try-catch block is reached.

2.1.3 Recursively Nested Conditioning

While query blocks can be useful even if they are not nested at all (as demon-
strated in the previous example), it is often more interesting to nest them. In
particular, one can express interesting behaviour by nesting them in recursive
functions. Consider for example two players that are playing a game where they
alternate taking turns. To determine the optimal move, a player not only has

10



to think about how their move will change the game state, but also how the
opponent will react — and this in turn depends on what the opponent thinks the
player will do, and so on.

This can be described naturally with nested conditioning in a function of
the form

int player_1(int state) {

query {
int action = sample_action(state);
int new_state = update_state(state, action);
if !is_terminal (new_state) {
int outcome = player_2(new_state);
observe (outcome == 1);
out = outcome;
} else {
out = get_winner (new_state);
}
}

Here, sample_action probabilistically returns a legal action for the player
based on the current state. Based on this action and the current state, we com-
pute the new state using update_state. If the new state is not a terminal
state, we then perform a recursive call to player 2 (which is defined simi-
larly to player 1). This recursive call then returns the outcome of the game
and we condition on winning. The specific implementation of sample action,
update_state, is_terminal and get_winner depends on the game.

The framework presented above may have issues if the game played can take
unboundedly many steps. If one player can force a win, it is also necessary to
modify the observe statement so that not all runs are blocked.

We use the above framework to determine the winner of a simple counting
game in Section 6.2.2. There, we also discuss some further modifications to
improve the quality of inference. In particular, it is of great importance to
consider which probabilistic choices should be affected by conditioning. In the
above example, both sample action and player 2 are probabilistic functions.
As they are inside of the query block, they are affected by conditioning. We
found that inference yields better results if only sample action is affected
by conditioning and present a method for achieving this in the second part of
Section 6.2.2.

2.2 Syntax

To give the syntax of the program, we first inductively define an instruction. A
program is then made up of several functions, where each function consists of
a name, several parameter variables and an instruction that is executed when
the function is called.

2.2.1 Instructions

Definition 2.1 (Instruction). An instruction is constructed using the following
grammar:

11



INST == skip (effectless program)
| abort (diverging program)
| z:=e (assignment,)
| INST; INST (concatenation)
| if b { INST } else { INST } (conditional branching)
| {INST } [p] { INST } (probabilistic choice)
|  while b { INST } (loop)
|  z:=F(@@ (function call)
|  observeb (conditioning)
| query { INST } (conditioning scope)

Here, x is a rational variable, F' is a function name, e and b are a rational and
Boolean expression, respectively, p is an arithmetic expression that evaluates to
a probability, and € is a vector of rational expressions. Rational expressions
are composed of the variables of the current function, rational constants and
the binary arithmetic operators +, -, * and /. For simplicity, we assume that
divisions by 0 are mapped to co. We refer to the set of rational, arithmetic
expressions as AF. Boolean expressions are composed of rational expressions,
the binary constants true and false, the unary operator !, the binary operators
&& and || and the binary relations ==, != <, > <= and >=.

Returning Values from Functions

Notice that there is no return instruction in the above grammar. Instead, a
variable out is available in every function. When a function wants to set its
return value, it assigns a value to out. When the end of the function is reached,
the value of out is returned to the caller. Apart from this, out behaves like a
normal variable.

2.2.2 Program Fragments

We refer to the set of all instructions as Insts and to the set of all variable
names as Vars. We distinguish between program fragments, which result directly
from the syntax given in Section 2.1, and programs, which restrict where observe
statements can be located. We first define program fragments and then introduce
the additional restrictions for programs. We mainly define program fragments
because they naturally occur in inductive proofs.

Definition 2.2 (Program fragment). A program fragment P is defined as a
4-tuple (Func, Code, Params, main), where

e Func is a finite set of function identifiers,
e Code: Func — Insts maps each function identifier to an instruction,

e Params: Func — Vars™ maps each function identifier to a list of variables
that we call parameters and

e main € Func is the initial function (with |Params(main)| = 0).

Throughout the remaining chapters, we write Func = {Fi,..., F,}, where
F; has m; parameters.

12



Instead of specifying the elements of the program (fragment) four-tuple, we
usually give the entire program in code form. A function F' is written as

F(Params(F)) { Code(F) }

and a program (fragment) as the concatenation of its functions. We usually call
the main function main. Lines starting with // are comments.

2.2.3 Syntactic Sugar

To make examples more concise, we use a few additional constructions. These
are not part of the language syntax, but can easily be converted into legal
programs.

e Instead of if b { P } else { skip }, we write if b { P }.

e When we are not interested in the return value of a function, we write
F(é). This can be replaced by temp := F'(€), where temp is an otherwise
unused variable.

e We also allow function calls in expressions. An expression containing func-
tion calls can be converted into a syntactically correct expression by re-
placing each call F'(€) by a different new variable z and adding the as-
signment z := F'(€) immediately before the expression. As function calls
do not have side effects, the order of calls does not affect the behaviour of
the program.

2.2.4 Programs

The syntax above allows us to place observe statements anywhere. However,
observe statements need a surrounding query block to define their scope. Oth-
erwise, it would be unclear where execution should resume after an observe
violation®. Observe statements can be directly contained in a query block or
indirectly, where a function is called from within a query block and that other
function then contains an observe statement. More formally, we define this as
follows:

Definition 2.3 (Query Function). Let P = (Func, Code, Params, main) be a
program fragment. The set of query functions is the largest set Q C Func such
that

1. main ¢ @ and

2. for every F; € Q, every call x := Fj;(€) is either in some function F; € @
or the call is contained in a query block.

Example 2.4. In the following program fragment, F2 and F3 are query func-
tions, whereas main, F1 and F4 are not. main is not a query function because it
is the program’s main function, F1 is called from main without a query block,
and F4 is called from F1 without a query block.

30ne could implicitly assume that there is a query block around the code of the main
function, but this would needlessly complicate the semantics, particularly in Chapter 4.

13



main() { F1(); query { F2(0) } }
F1 () { query {F3(O)}; F4(0) 12

F2(0) { F3(O) }
F3() { F4(0O 1}
F4() { skip }

Using the notion of query functions, we can formally define which program
fragments are programs.

Definition 2.5 (Program). We call a program fragment a program if every
observe statement is either contained in a query function or a query block.

Theorem 2.6. The set of query functions can be computed in polynomial time.

Proof. The following algorithm computes the set of all query functions.

1. Let X be the set of all functions except main.

2. For every F € X, check whether it is called from some function F’ ¢ X
where the call is not contained in a query block. If so, remove F' from X.

3. Repeat Step 2 until X no longer changes.

Step 2 is run at most n times (where n is the number of functions). In
the beginning, X has size n — 1 and in each iteration, at least one function
is removed from X. Thus, after n — 1 iterations, X must be empty and the
algorithm terminates after one additional iteration. Each execution of Step 2
takes polynomial time (a naive implementation achieves quadratic runtime by
going through the program once for each function). Therefore, the algorithm
runs in polynomial time.

After termination, X only contains query functions. If X still contained a
function that is not a query function, then X would change after executing Step
2 — but the algorithm only terminates after X no longer changes.

After termination, X contains every query function. This can be shown in-
ductively. We know that initially, every query function is contained in X, because
the only function not in X is main and this is never a query function. In every
iteration, we only remove a function F' if it is called from a function that is not
in X (without surrounding query block). By induction hypothesis, any function
not in X is also not a query function. Therefore, F' does not fulfil the conditions
of a query function. We can thus remove it from X without invalidating the
induction hypothesis.

Therefore, a function is contained in X after termination if and only if it is
a query function. O

2.3 Illegal Programs

The following instruction is syntactically correct:

query {
observe (false)

}

14



Since it does not have any probabilistic behaviour, it only has a single run,
and that run is blocked by the observe statement. What is the probability that
the program terminates? The standard answer — summing over the probability
of all terminating runs and dividing by the probability of all unblocked runs —
fails us, because the probability of all runs is 0.

To avoid this situation, we exclude this kind of program. This is consistent
with other definitions, such as [17]. Since this is a semantic property, we provide
the formal definition in Section 3.4.
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Chapter 3

Operational Semantics

For the operational semantics, we provide construction rules to transform a
CRPPL program into a probabilistic pushdown automaton (pPDA). Using pP-
DAs for the semantics is suitable because they can model recursion using their
stack. Therefore, even a program with unbounded recursion depth (and thus
infinitely many different call stack contents over the course of execution) can be
modelled by a finite-state pPDA.

However, the rest of the program state, i.e. the variables, is stored in the
states of the pPDA, so it is possible to write programs that cannot be modelled
by a finite-state pPDA. Any program where a variable assumes infinitely many
different values over the course of execution induces an infinite pPDA. Restrict-
ing all variables to a bounded domain solves this problem. In implementations
based on this operational semantics, one can choose to either statically define
variable bounds before execution (as is done e.g. in the language of the prob-
abilitic model checker PRISM [12]) or accept that model building might not
terminate.

In this section, we first define pPDAs. We then provide construction rules
for transforming a CRPPL program into a pPDA and give several examples
of how the construction works. Finally, we show how termination probabilities
and variable distributions in the CRPPL program correspond to reachability
probabilities in the program.

3.1 Probabilistic Pushdown Automata

pPDAs extend discrete-time Markov chains with a stack or, equivalently, extend
a pushdown system [5] with probabilistic transitions. Like Markov chains and
pushdown systems — but unlike pushdown automata — they do not recognise a
language. Instead, we formulate our properties over the states of the automaton
and, in particular, we will the probability that the pPDA terminates in a given
set of states.

In Chapter 5, we later briefly analyse pPDAs that do produce a language.

Definition 3.1. Formally, a probabilistic pushdown automaton is a 6-tuple
A= (Q,T,A, Prob, qy, Zy), where

e () is a finite set of states,
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I is a finite set of stack symbols,

AC(Q xT) x(Q xT*) is the transition relation,

Prob : A — (0, 1] assigns a rational probability to each transition (and we
write ¢Z 2 ¢« if (¢, Z), (¢, a)) € A and Prob(q, Z,q', o) = p),

e ¢y € () is the initial state and
e 7y € I is the initial stack symbol.

For any ¢ € Q,Z € T, we require ), A Prob((qZ 2 ¢'a)) =1 (but

(4Z5q a)e
we frequently omit unreachable transitions).

A configuration (g,7) of A consists of a state ¢ € @ and a stack v € T'*.
From configuration (g, Zv), transitions of the form ¢Z 2, q'a are enabled. We
choose one of them probabilistically and transition to (¢’,@y). Starting from
configuration (go, Zy), this process is repeated until the stack is empty.

The pPDAs we construct in this section only use certain types of transi-
tions. We distinguish between push, pop and internal transitions. The outgoing
transitions of a state must all be of the same type.

Internal transitions with probability p are drawn as ¢ LN ¢’ and neither de-
pend on the current stack symbol nor modify it. Push transitions are drawn as
q uhZ, ¢’ and push the symbol Z to the stack. Note that they don’t depend on
the current stack nor have a probability, so each push state can only have one
outgoing transition. Pop transitions are drawn as ¢ v 2, ¢’ and pop the sym-
bol Z from the stack. A pop state can thus have one outgoing pop transition
for every stack symbol Z. This distinction is similar to the probabilistic visibly
pushdown automata from [24].

3.1.1 Analysing Probabilistic Pushdown Automata

We are mainly interested in analysing reachability and termination probabilities
of a given pPDA. We further distinguish between almost-sure termination or
reachability (“Is this set of states reached with probability 17”) and quantitative
reachability (“Is the set of states reached with at least (or at most) probability
p?”. As termination and reachability probabilities can be irrational, we cannot
compute the precise probability and thus restrict ourselves to finding bounds.
All the relevant problems are in PSPACE [1].

3.2 Construction Rules

In this section, we present rules to construct a pPDA from a given CRPPL
program. The rules are introduced one-by-one with explanations. An overview
of all rules can be found in Figure 3.1.

Most states have the form (P, v), where P is an instruction and v is a variable
mapping. Formally, v: Vars — Q is a partial function that assigns a rational
value to each variable that is currently in scope.

As part of the construction, we generate additional instructions that the user
is not allowed to write, but that are otherwise handled like normal instructions.
Furthermore, to indicate termination, we use states of the form (|, v), where v
once again is a variable mapping.

18



Skip

The effectless program skip does not change the program state, so we simply
go to the terminal state with the same valuation.

(skip,v) = (1, v)

Abort

The diverging program abort never terminates. We therefore add a transition
back to abort. For the terminal reachability probabilities, the variable valuation
does not matter, since an aborting program never contributes to it.

(abort,v) RN (abort,v)

Assignment

For the assignment x := e, we transition to the terminal state with variable
valuation v[x/s], where s is the value of expression e under variable valuation v.
For example, if v = {z — 3,y — 5}, then we transition from (x := 2z +y,v) to
{,{x— 11,y — 5}).

v(e)=s

(x 1= e,v) LN {,v[z/s])

Probabilistic Choice

For the probabilistic program { Py } [p]l { P }, we transition to P; with
probability p and to P, with probability 1 — p. The value of v is not changed.

v(p) == v(p) ==
{ P} I {P}0) 5 (Pro) (P} [pd { P o) =5 (Py, )

If-Else Block

For program if b { P; } else { P, }, we evaluate b under the current variable
valuation and transition to P; if b = true and to P, otherwise.

v(b) = true
(if b { P, }else { P, },v) 5 (Py,v)

v(b) = false
(if b { P, }else { P },v) 5 (P, v)

19



While Loop

For while loop while b { P’ }, we once again have to consider two cases. If
the loop condition b is true, then we execute the loop body P’. We concatenate
this with the while loop to ensure that the loop body is run again until the
loop condition no longer holds. If the loop condition doesn’t hold, we go to the
terminal state with the same variable valuation.

v(b) = true
(while b { P’ },v) & (P'; while b { P' },v)
v(b) = false

(while b { P' },v) 2 (|, v)

Concatenation (internal)

For concatenation P;; Py, we “run” P; from v, yielding some P; with valuation
v’, and then concatenate this result with P..

<P1,’U> & <P1/3U/>
(Pr; Py,v) B (P); Py,0))

The only exception to this is if P, terminates. Since | is not an instruction,
it does not make sense to go to state (| ; P»,v’). Instead, we simply continue
execution with P, since P; has terminated.

<P17U> ﬂ> <\l/a IU/>
<P1; PQ,U> ﬁ) <P2,"U/>

Function Call

Handling a function call x := F(€) is slightly more involved. First, we evalu-
ate the parameters € passed to the function, yielding a variable assignment v’
mapping each parameter to its value. The code associated with F' is indicated
by Code(F'), so we create a transition to (Code(F),v’). This assumes that non-
parameter variables of F' are implicitly initialised to 0 in F.

However, this only handles the invocation of the function. We also need
to ensure that we return to the caller after execution has finished, restore its
variable valuation and assign the return value of F' to x.

There are different ways to approach this. The simplest would be to append
the remaining code of the caller after Code(F'). However, this would mean that
infinite recursion can only be modelled by an infinite-state pPDA. Our approach
avoids this: We push the symbol [P, v] onto the stack. This indicates that — once
the function has terminated — execution should resume at state (P, v).

As our program has the form x := F'(€), no further instructions are executed
after F returns. The only task remaining after function termination is handling
the return value. During function execution, the return value is stored in out.
To avoid conflicts with the caller’s out variable, we assume that the value is
transferred to a different variable in. This means that we only have to execute
the assignment z := in once execution resumes at the caller.

20



v(é) =

ush [z := in,v]
) T

(x := F(&),v code(F),v")

We have now stored the necessary information on the stack. It remains to
actually restore it once function execution has terminated. For this, we add a
new transition from all terminal states. If a symbol [P,v’] is on the stack, we
transition to (P,v’[in/s], where s is the value of out. This means that code
resumes at P with valuation v’, except that in now contains the return value of
the function. As shown above, this is then used to assign the return value to x.

v(out) = s

(4o L2 (P o [in/])

It should be noted that it is possible to have multiple outgoing transitions
from one (], v) state. This happens if multiple callers call the same function
with the same parameters®. If the main function terminates, the stack is empty.
In this case, we transition to the terminal state (lg,v), which indicates that
execution has finished.

<¢a ’l}> M} <\l/07 U>

Concatenation (Push)

In the previous section, we have created push transitions, but the concatena-
tion rules introduced so far only work for internal transitions. Consider state
(Py; Pa,v). Similar to the internal case, we first look at the behaviour of Py from
v. Assume this behaviour consists of a push transition (Py, v) push (1] (P, v").
This indicates that a function is called that has code P; and that after this
function, we should resume from (P, v).

We now want to achieve a similar behaviour, but starting from (P;; Ps,v)
instead of (P, v). In the internal case, we did this by going to (Py; P2,v’), but
this does not work in the push case: It would mean that we first execute the
function body Pf, then P,, and only thereafter leave the function and resume
execution at P. Instead, P; should come after both other steps. We achieve this
by adding P» to the push transition instead of the target state.

push [P,s]

<P17U> <P1/’U,>

push [P; Pa,v] <P/ ’U/>
? 1

<P1; P23v>

Note that the same variable valuation v occurs both in the outgoing state
and in the stack symbol. This is possible because all push[-] transitions we create
have the same variable valuation in both cases.

Also note that we do not need to handle the case that there is a push
transition from (P, v) to (J,v), as all rules that create transitions to terminal
states only create internal transitions.

1Or if they call a function with different parameters, but the variable valuation is the same
after function execution
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Query and Observe

We implement conditioning using rejection sampling, i.e., whenever an observe
statement is violated, we jump back to the beginning of the surrounding query
block. This ensures that we can only leave the query block when no observe
statements were violated. The challenge comes from determining where to jump
back to — especially when the location cannot be determined at “compile time”.
This can happen if a function is called in the query block and the observe
violation occurs inside of this other function.

The approach we use is based on the stack. We already push symbols of the
form [P,v] to the stack to indicate that, on return, execution should resume
at (P,v). For query blocks, we introduce query symbols of the form (P,v) to
indicate that, on observe violation, execution should resume at (P, v).

As stated above, execution should resume by rerunning the query block, so
for query program query { P’ } with valuation v, we push the symbol (P’ v)
to the stack. We then execute the content of the query block. Finally, we must
ensure that the query symbol does not remain on the stack after we leave it.
For this, we execute a special instruction pop(Z) which removes the symbol
from the stack. This is only run after P’ has terminated (without violating an
observe statement). The semantics of pop(Z) are defined below.

ush (quer P Yw
(query { P’ },v) L@y LF ), i pon (query { P73, o)), v)

(pop(2),v) L2, (|, v)

Now that the stack contains information on where to jump back to, we can
handle observe statements. If the observe condition holds, we simply go to the
terminal state with the same valuation.

v(b) = true

(observe b, v) EN {,v)

More interesting is the case where the observe condition is violated. We need
to go back to the surrounding query block by taking the top symbol from the
stack. To make this more readable, we introduce a new state (4) where this is
handled.

v(e) = false

(observe b,v) EN (4)

In (4), we have to consider a few cases. If the topmost stack symbol is a
query symbol (P,v’), we can resume execution at (P, v’).

(1) 222Dy

It is also possible that the topmost symbol is a function symbol. This can
happen if we enter a query block, call a function (which pushes a function
symbol onto the stack) and then violate an observe statement. We can discard
this function symbol, since we resume execution outside of the function.
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(4) 2B g

Because every observe statement must be surrounded by a query block,
it is not possible to reach () such that only Z; is on the stack. However,
for the inductive proofs in the following sections, we also have to construct
pPDAs for program fragments, where this does not necessarily hold. Therefore,
we introduce a rule that transitions to a (normally unreachable) state (4 ) in
this case. This state can be interpreted as an “unhandled observe violation”.

(4) 220 4 )

Concatenation of Query Symbols

Assume we are in state (P;; Py, v). We create transitions from this state based
on the outgoing transitions of state (P, v). Since we have introduced new stack
stack symbols for query blocks, we need to handle a few additional cases. So
far, our concatenation rules can only handle function symbols of the form [P, v],
not query symbols of the form (P, v).

We first consider the case of a push({P, v)) transition to some (P/,v’). Such
a transition is generated by a query block and indicates that we should attempt
to execute P{, and if this fails, rerun from (P, v). We want to execute P; after P|
successfully terminated. For this, we create a transition to (P]; Ps,v). However,
if we leave the pushed stack symbol unchanged, the following is possible: We first
execute P|, but encounter an observe violation. The topmost stack symbol is
(query { P| },v), so we resume from (query { P; },v). This time, P| terminates
without an observe violation. We now want to execute P, but this got lost
during the first “abort”. To fix this, we also need to add P> to the stack symbol.

<P17’U> push (P,v) <P1I,7)/>
(Py; Py, ) push (P Pov), (P!; Py, ')

Next, assume that (Pj,v) has an outgoing pop transition pop({P*,v*)).
These transitions are only generated at the (4) state (which never occurs in con-
catenations) and by the pop(Z) instruction. Since pop(Z) ignores the popped
symbol — after all, it is only executed on leaving a query block after no observe
statement was violated — it discards the value of the stack symbol. We thus do
the same in the concatenation rules.

(Py, vy 22 pr oy

(Py; Pyv) 220 (prs py oy

<P1,'U> M <\l’7 U/>

(Pr1; Py,v) 2o (PTAT), (P2, v")

With all rules in place, we can now formally define the pPDA that corre-
sponds to a given program and initial variable valuation.
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Definition 3.2. Let P be a program and v a variable valuation. The pPDA
Op (P,v) is the smallest pPDA with initial state (P, v) that fulfils all rules from
Figure 3.1.

3.2.1 Properties of the pPDA

The bottom stack symbol Z; is only popped in transitions to (4 ;) and (Jo,v’).
Therefore, these are the only two states the automaton of any program fragment
can terminate in (and since they are only reachable by the transition that pops
Zy, they are always the final state of any run). This leads to the following lemma,
which is useful in the induction steps of some proofs later on.

Lemma 3.3. Let P be any program fragment. Then any run in Op (P, v) either
e diverges,
e reaches (4 ) with empty stack or

e reaches (J,v’) with empty stack for some variable valuation v € V.

3.2.2 Reachability Probabilities

Using the pPDA from the preceding section, we can now define the terminal
reachability probabilities that give the semantics of the program.

Definition 3.4 (Reachability probability). Let P be a program fragment, let
v € V be a variable valuation and let V/ C V be a set of variables. The terminal
reachability probability R[P,v](V’) is the probability of reaching a state (lg,v’)
with v" € V'. We write R[P,v](v’) instead of R[P,v]({v'}).

We also introduce the slightly more general notion of weighted terminal
reachability.

Definition 3.5 (Weighted terminal reachability probability). Let f: V — R be
a function that assigns a real weight to each variable valuation. The weighted
terminal reachability probability W [P,v] (f) is given by:

W [Po](f) = > f(v')- RIP,v](v')

v’ eV

Note that we are always operating on finite pPDAs, we sum only over finitely
many terms.

Theorem 3.6 (Compatibility between R and W). For any program P, initial
valuation v € V and set of states V' C V, we have

W [P0 (V') = R[P,0](V'),

where

0 otherwise

V) = {1 ifv' eV’
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(skip) (abort)
(skip, v) EN {,v) (abort, v) N (abort, v)

v(e) =s

(assignment)
(z := e, v) EN {, vlz/s])

v(p) == v(p) ==

(flip) - -
AP YWl {P},0) = (P,v)  ({ P} pl{P:} v) — (Pa,v)

(if) v(b) = true v(b) = false

(if b { P1 } else { Py },v) = (P1,v) (it b { P, } else { Py },v) 5 (Ps,0)

v(b) = true v(b) = false

(while)
(vhile b { P’ },v) = (P'; while b { P’ },v) (vhile b { P’ },v) = (1, v)

(call) vfé’)} :_ 1_}/
(z := F(&),v) push [v = inv] (code(F),v")
t) =
(return) v(ou/ )= P
oy 222 b angs)) vy 222 % (Lo, v)
Pyvy B (P Proy B (4,0
(concat. (internal)) (P, v) (P v) ) (Prov) = (o)
(Pr; Pp,v) B (P]; Py,0') (Pr; Pp,v) B (Py,0')
(Prv) push [P, s] (Pl o)
(concat. (push))
push [P; Py,v] .,
(P1; Py,v) ——————— (P{,v")

(query) -
push (query { P’ },v)
push (query { P }ov),

(query { P' },v) (P'; pop({query { P’ },v)),v)

(pop (auxiliary instruction)) 7
(pop(2), v) #5= (L, )

(observe) v(b) = true v(e) = false
(observe b, v) ER ¢, vy (observe b, v) EN (4)
(4) - ) - , —
(4y 2Py gy 2Py P T,y

(Py, ) MMP{,U’)

(concat. (push, query))

(Py; P, v) push (P; Pp,v), (P]; Pz,0")
(P, v) 22D ()0 (Pr,v) P2 (P )

(concat. (pop, query))
pop (P*,v*)

(Py; Py,o) 2200 py oy (Pys Py, vy 22T,

<P1/; P27v,>

Figure 3.1: Construction rules for the pPDA Op (C,v)
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Proof. We have

W [P, 0] ([V']) = /ZV[V/](U/) - R[P,v](v") (Definition 3.5)
= i 1- R[P,v](v') (V'](v') = 0 for v/ ¢ V')

:;[e; /v](v’). (Definition 3.4)

O

Lemma 3.7. The probability that P terminates from initial valuation v is given
by W [P,v] (Av.1).

Proof. By Theorem 3.3, for any program fragment P, every run on Op (P,v)
either diverges, reaches (4 ) or reaches (|g,v’) with empty stack. In a well-
formed program, (4 ;) is unreachable. Therefore, every terminating run reaches
({0,v") with empty stack. Furthermore, it’s easy to see that every run visits
(lo,v’) at most once, as it has no outgoing transitions and is only reachable by
popping the bottom stack symbol. Therefore, the probability of termination is
equal to the probability of reaching any (lo,v’) and we get:

W [P,v] (A\'.1)
=Y 1-P[Pu](v)

v'eV
=R[P,v](V) (No run visits two terminal states.)
=Probability of termination. (See above)

O

Weighted terminal reachability assigns 0 to programs that diverge. It is some-
times of interest to include the probability of divergence in the result (e.g. when
we want to avoid a certain state, but allow both termination in another state
and divergence). For this, we introduce liberal weighted terminal reachability.

Definition 3.8 (Liberal weighted terminal reachability). Let f: V — R be a
function. The liberal terminal reachability probability WL [P, v](f) is given by

WL[P,v](f) =1— W [P,v] (A'.(1 = f(v)).

Lemma 3.9. For any program P, initial valuation v and function f: V — R,
WL[P,v] (f) is equal to W [P, v] (f) plus the probability that Op (P, v) diverges,
ie.

WLI[P,v] (f) = W [P,v] (f) + (1 — W [P,v] (A\.1)).
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Proof.

WL[P,v] (f)
=1— W [P,o](\W.(1— f(0'))

=1—= > (W.(1= (o)) P[P,o](v))

v eV
- (Z 1-PPl(w) = 3 F() - PIP, v}(v’>>
v’ eV v'eV

=1— (W [P,v] (A1) — W [P,v] (f))
=W [P,v] (f)) + (1 — W [P,v] (\'.1))

3.3 Examples

To illustrate how the operational semantics Op (P, v) of a program P with initial
valuation v is constructed, we apply the rules from Figure 3.1 to three examples.
In the first example, we show how function calls are handled and use the con-
catenation rule. In the second example, we demonstrate how recursive programs
with unbounded recursion yield a finite pPDA. The last examples demonstrates
how conditioning is handled.

We also present a construction to transform a pPDA into a CRPPL program.

3.3.1 Function Calls and Concatenation
In this section, we construct Op (P, {y — 2}}) where P is given as follows:

F() { out := 5 }
main() { x = FO; x = x + y}

In order to construct the pPDA for the main function’scodex :=F(); x :=x+7y,
we first need to construct the pPDA for x := F(), which has the following form:

e (x =FO, {y o 2
lpush [x :=in, {y — 2}]
(out :=5,2)
|1
(1, {out = 5}})
| pop [x = in, {y — 2)]
(x :=in,{in— 5,y — 2}})
|1
{,{x—5,in— 5,y — 2}})

From this, we now construct the pPDA for x :=F(); x := x+y by applying
the push and internal concatenation rules.
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— (x:=FO; x :=x+y,{y = 2})
lpush [x :=in; x :=x+y,{y— 2}
(out :=5,92)
|1
(1, {out - 5}1})
| pop [x = in; x i= x4y, {y — 2}]
(x :=in; x :=x+y,{in— 5,y — 2}})
|1
(x :=x+y,{x—5,in— 5,y — 2}})
|1
(L {x—T7,in— 5,y — 2}})
lpop Zo
({0, {x— 7,in— 5,y — 2}})

3.3.2 Recursion

In this section, we demonstrate how unbounded recursion is translated into a
finite-state pPDA by constructing the operational semantics of the following
program:

FO {
{ out := F(Q) 1}
[1/3]
{ out =1}
}

main() { x = F(Q) }

— (x :=FQ,9)
lpush [x := in, 7]
({out :=FO } [3] {out :=1} o)

push [out := m,@//
1 2
3 3

(out := FO,9) (out :=1,2)

op |out :=in ll
(out 1= in {in s 1}y PP EIRET

pop [out := in, & ( ) 1 Jpop [x := in, @]
. pop [x :=in, ] v
({,{out = 1,;in— 1}) ————5 (x := in,{in — 1})
|1
{,{x+—1,in— 1})
lpop Zo
(o, {x o 1,in o 1)

28



3.3.3 Conditioning

In this section, we show how conditioning is handled in the operational seman-
tics. While we only demonstrate a single query block, nested conditioning is
handled in exactly the same way. Consider the following program P:

F(int x) {
observe (x=1);
out := 2x*x
}
main () {
query {
{ x=1 }[0.5]{ x=2 };
x = F(x)

The operational semantics of P are given in Figure 3.2. We write P’ instead
of { x:=1} [0.5] { x:=2 }; x := F(x). The automaton only depicts the transi-
tions reachable in the final automaton. In particular, we exclude the states and
transitions that are only used as conditions in the concatenation rule.

3.3.4 Converting a pPDA Into a CRPPL Program

So far, we have focused on converting programs from our language into pPDAs.
The reverse is also possible, so our language (restricted to bounded variables)
is exactly as expressive as pPDAs. In this section, we outline how one can
transform an arbitrary pPDA into a CRPPL program.

Let A be a pPDA with states ¢i, ..., ¢, and stack symbols 71, ..., Z,,. For
every stack symbol Z;, we create a function of the following form:

Z_j(int state){
int pop = 0
while pop == 0 {

if state == 1 {
TLj

} else if state == 2 {
Tgyj

}

else if state == n {
Thj

}

out := state

}

Each T; ; simulates the transitions from state g; with top-most stack symbol Z;.
These differ depending on the transition type:

For internal transitions, i.e. transitions of form ¢; = ¢;/, we simply change
the state variable with the given probability using a chain of probabilistic in-
structions. For example, if there are three outgoing transitions to ¢2, g3 and g4
with probabilities %, % and %, the transition code has the following form:
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— (query { {z =1} [05] {z:=2}; z := F(x) },@)
qush (query { P’ },9)
({x:=1}005] {x:=2); 2 := F(x),o) |Pop (query{P'},2)
>
x :=F(x); pop({query { P’ },©)),2)

(x :=F(x); pop({query { P' }, @), {x+ 2})
qush [x :=in; pop((query { P' }, &))]

(observe x = 1; out 3=2*X,{X’—>2}>41’ (4)

1
2

pop [x :=in; pop((query { P’ },2))]

(x :=1; x :=F(x); pop({query { P’ },2)),9)
1
(x :=F(x); pop((querly {P }, o), {x—1})
push [x := in; pop((query { P’ },9))]
(observe x =1; out :=2xx,{x+— 1})
|1
(out :=2xx,{x—1})
|1
(J,{out — 2,x— 1})
| pop x = 1n; pop((aquery { P’ }.2))]
(x :=in; pop({query { P’ },@)),{in+— 2})
1
(pop ({(query { P’ },£>)7{x — 2,in — 2})
| o (auery { P },2)
{J{x— 2,in— 2})
lpc'p Zo
({0, {x— 2,in — 2})

Figure 3.2: The operational semantics Op (P,v) corresponding to program P
from Section 3.3.3.
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{ state = 2 } [1/2] { {state = 3} [2/3] {state = 4} }
push Z ./

For push transitions, i.e. transitions of form ¢; ——— ¢;/, we call the
function corresponding to Z; with the new state g . If the call terminates,
we update the state accordingly. Each push state only has a single outgoing
transition, so we do not have to handle other transitions:

state := Z_j' (i)

For pop transitions, we first determine the current top-most stack symbol.
This depends only the current function and can thus be done at “compile”-time.

Z,
There is a single pop transition g; LSt N g for each ¢; and Z;, so once again,
we don’t have to handle multiple transitions. We update the current state and
then set pop to 1, thereby exiting the loop and current function.

-/

state 1

pop := 1

We choose the function of the initial symbol as the main function of the
program.

3.4 Illegal Programs

Recall the program from Section 2.3:

query {
observe (false)

}

It is syntactically correct, but as all runs in the query block are blocked, it
does not make sense to reason about its termination probability. We all such
a program an illegal program. We can now formally give a definition of illegal
programs using the operational semantics:

Definition 3.10 (Illegal Program). A program P is illegal if there is some state
(query { P’ },v') that is reachable in Op (P, v) with positive probability such
that (4 1) is reached with probability 1 in Op (P’,v").

Example 3.11. The following program P is illegal.

F(x) {
query { observe(x == 0) 1}
}
main () {
F(0);
F(1
}

The state (query { observe z == 0 },{z — 1}) is reachable in Op (P, o). In
Op (observe x == 0,{xz — 1}), 4, is reached with probability 1.

Example 3.12. The following program is an interesting edge case.

31



query {
while true {
{skip} [0.5] {observe(false)}
}
}

There is a single run that never violates an observe statement: The (infinite)
run that always chooses the left side in the probabilistic choice. The probability
of this run is 0, so the probability of violating an observe statement and reaching
(41) is 1. Therefore, the program is illegal, even though not every run violates
an observe statement.

3.5 Limitations

The operational semantics produces sensible results for termination and reach-
ability. At the same time, it is unsuitable for some other properties, such as
expected runtime and pCTL model checking. This is because conditioning is
implemented using “rejection sampling”. In this section, we present two exam-
ples to demonstrate the issues with these properties.

3.5.1 Expected Runtime

Consider the following program, where F is some function that takes n steps to
execute. For simplicity, assume that F contains neither conditioning nor proba-
bilistic behaviour.

main () {
query {
FO;
{ skip } [0.5] { observe(false) 1}
}
}

There is a single non-blocked run: We first enter the query block, then call F
and then choose the left branch of the probabilistic choice instruction. The path
that takes the right branch is blocked due to the observe statement. Therefore,
the expected runtime is n (we neglect the runtime cost of query, skip and
probabilist choice for simplicity).

However, our semantics produces a different expected runtime. With prob-
ability %, we take the left branch and therefore indeed get runtime n, but
with probability %, we reach the blocking observe statement and restart from
the query block. The total expected runtime is given by the following infinite
arithmetico-geometric sequence:

1+112+13+
5 ntglg g 3nt...
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3.5.2 Probabilistic Model Checking

We demonstrate the issue for probabilistic computation-tree logic (pCTL) [9]
model checking with a similar example:

main () {
query {
label (a);
{ skip } [0.5] { observe(false) 1}
}

Here, label(a) is a function that labels the current state with label a, which
we then use to formulate our property. Consider the property

Py (O(a = P> (0a))),

which express that, whenever there is a state labelled with a, there is eventually
another state labelled with a with probability greater than 0. This property
should not hold in the program above, since the only non-blocked run only has
a single state labelled with a. The probability of reaching another a from that
state is 0.

However, due to the rejection sampling, the operational semantics does sat-
isfy the property: When label(a) is reached, the observe statement will be
violated with probability %, execution will restart from the query block, and
thus label(a) is reached again.

3.5.3 Termination

The operational semantics also exhibit unintuitive termination behaviour. In
some cases, it is obvious that conditioning should change termination: For ex-
ample, if there is an observe false instruction before a diverging loop, the
termination probability increases, and if such a statement blocks a terminating
run, the termination probability might decrease.

However, nested conditioning can even change the termination probability in
cases where the non-conditioned program almost-surely terminates. For exam-
ple, consider a function F' that does nothing with probability % and recursively
calls itself with probability % This function almost-surely terminates. However,
if one conditions on a sufficiently unlikely event in F', then rejection sampling
will repeat the recursive call several times, until the condition is met. This can
reduce the termination probability.

An example of this behaviour is given in Section 6.2.1.
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Chapter 4

Weakest Preexpectation
Semantics

In this section, we give denotational semantics using conditional weakest preex-
pectations. This extends the technique of expectation transformers [16] to con-
ditioning and recursion. Our handling of conditioning is based on [17]. There,
they separately keep track of the desired expectation and the probability that
an observation was violated. We do this for every query block to support nested
conditioning (whereas [17] implements global conditioning). As in [17], our ap-
proach works even for programs that do not terminate almost-surely. The han-
dling of recursion is based on [15], where the semantics of recursion is modelled
using fixed points. Nested scoping is handled by adding copies of each variable to
the stack for each nested scope. Our approach extends this technique to multiple
mutually-recursive functions.

There are alternative approaches to recursion. In [18], a similar approach to
recursion is presented. The semantics is modelled as the supremum of bounded
recursion of increasing depth (which is very similar to the fixed-point approach
we take). More significantly, all variables are global, so functions do not have
their separate scope.

In this chapter, we first introduce the theory underlying wp semantics. We
then show how variable scoping is handled. After that, we define the wp trans-
former and show that it is continuous (and thus well-defined). Finally, we prove
that the wp semantics and operational pPDA semantics correspond to each
other with regard to (weighted) reachability probabilities.

4.1 Expectation Transformers

The expectation transformer semantics presented in this section operates on
expectations, which are functions that assign a value to each state. Before we
define these, we we first need to specify the set of states that expectations are
defined over.

In the operational semantics, a state consisted of a program (fragment) P,
variable valuation v and the content of the stack. For the wp semantics, we take a
slightly different approach: The state solely consists of a variable valuation. This
valuation stores both the currently-in-scope variables and all other variables —

35



therefore removing the need for a stack. The remaining program (fragment) is
not stored in the state, because the state is only used in computations where
the remaining program is clear.

Definition 4.1 (Variable valuation). Let Vars be the (countably infinite) set of
all variable names. A variable valuation is a function v: Vars — R, where v(x) is
the current valuation of variable x. We implicitly assume that v(y) = 0 whenever
the value of y is not explicitly given. We usually omit these “uninteresting”
variables when giving a variable valuation.

The set of all variable valuations is called V.

Definition 4.2 (Expectation). An expectation is a function f: V — RZ,. The
set of all expectations is called E. We define the relation T over E such that
f E g holds for f,g € E if and only if f(v) < g(v) holds for all v € V.

A bounded expectation is a function g: V — Rgé. The set of all bounded
expectations is called E<;. The relation C is defined for bounded expectations
analogously to expectations.

For any = € RS, we write x (in bold) to denote the constant expectation
Av.x. For Boolean expression b, we write [b] to denote the expectation that is
1 for valuations that satisfy b and 0 for all others. For any o € {+,—,-,/} and
f,g9 € E, we write fog instead of Av.f(v)og(v) . Here, /0 = oo for any « € RZ,.
For z € RY,, f € E, we write zo f instead of Av.zo f(v) for any o € {+,—,-, /}.

We include oo in the image of f to ensure that any set of expectations has
a supremum, which is important later.

The intuitive meaning of an expectation depends on the context. Usually,
we identify interesting final states, assign a value to them in the expectation
function (e.g. 1 for all interesting states and 0 for all other states). We call
this the post-expectation, since it refers to final states. We are then interested in
determining the expected value of this expectation before executing the program.
In the above case, this would be the probability of reaching an interesting state.
Since we can determine this expected value for every state, we get another
expectation, which we call the pre-expectation.

In the above example, we have thus taken an expectation and transformed
it into another expectation. We formalise this as an expectation transformer:

Definition 4.3 (Expectation Transformer). A (bounded) expectation trans-
former is a function ¢: E — E (u: E<; — E<;). We define the relation C over
E — E (over E<; — E<;) as follows. For (bounded) expectation transformers
t,t’, t C ¢ holds if ¢(f) C ¢'(f) holds for all f € E (f € E<1).

Usually, we are interested in the transformer wp[P] (weakest preexpectation)
[16] for program P, which takes a post-expectation f and gives the expected
value before executing program P. The bounded transformer wip[P] (weakest
liberal preexpectation) [16] gives us the expected value plus the probability of
divergence. These transformers are usually defined inductively over the structure
of the program.

Note that the transformers we have given as examples so far all depend on
a program P. For each program, we get a different transformer. We later need
to give the semantics of a function call as an expectation transformer. However,
the semantics of a function call x := F'(€) does not just depend on the body
of the function, it also depend on the k parameters & € AE® (for k € N and
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where AFE is the set of arithmetic expressions, as defined in Definition 2.1)
and the return variable x € Vars. It is helpful to have one transformer that
gives the complete semantics of a function call, so we introduce k-parametrised
expectation transformers.

Definition 4.4 (k-Parametrised (bounded) expectation transformer). Let k €
N. A k-parametrised expectation transformer ¢: Vars — AE* — (E — E) yields
an expectation transformer t(x)(€) for every z € Vars, € € AE®. We define the
relation C such that ¢ C ¢ holds if and only if, for all z € Vars, € € AE*,
t(x)(€) C ¢'(x)(€) holds.

To capture the behaviour of all n functions of a program (where the functions
have my,...,m, parameters), we take an n-tuple of parametrised expectation
transformers, where the ith transformer has m; parameters. The ordering C is
extended component-wise, i.e. (t1,...,t,) C (t],...,t),) if and only if ¢; C ¢},
ot T

k-parametrised bounded expectation transformers are defined similarly, ex-
cept that [E is replaced by E<;.

4.1.1 Domain Theory

To handle loops and recursion, our transformer makes use of fixed points. We
need to ensure that these fixed points exist — otherwise, our transformer would
not be well-defined. In this section, we first introduce a few prerequisites and
then give a theorem that ensures the existence of fixed points.

Definition 4.5 (Complete Lattice). Let D be a set and T a partial order
relation over D. We call (D, C) a complete lattice if every subset C' C D has a
supremum in D.

Lemma 4.6. Let (D,C) be a complete lattice. (D,C) has a smallest element
1 € D and a greatest element T € D, i.e., L T x C T holds for all x € D.

Proof. We choose 1. = sup@. For every z € D with @ C x, we have sup@ C z
by definition of the supremum. Since @ is empty, @ T « holds for all z € D,
and thus L C zx holds for all z € D.

We choose T = sup D. By definition of the supremum, we have x C sup D =
T forallz € D. As (D,C) is a complete lattice and D is a subset of itself, sup D
exists and is in D. O

Lemma 4.7. Let (D,C) be a complete lattice and X be a set. Then (X —
D, ") is a complete lattice with C’ defined as follows. For f,g € X - D, fC'g
holds if and only if f(z) C g(z) for all z € X.

Proof. Let C C X — D. Then supC = f € X — D, where f(z) = sup,cc g(7)
is well-defined because (D, C) forms a complete lattice. It is an upper bound for
C because g(z) C f(x) for any g € C,z € X. Assume it were not the least upper
bound. Then there must be some upper bound f’ with f [Z f’. This implies that
there is some z € X such that f'(z) C f(z), but then f'(z) C sup,cc g(z), so
/' is no upper bound of C. O

Lemma 4.8. Let (D1,C4),..., (D, C,) be complete lattices. Then the tuple
(D1 X ... x D,,C) forms a complete lattice with C defined as follows. For
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(diy...,dpn),(€1,...,e,) € (D1 X ...x D), we have (di,...,d,) C (e1,...,€,)
if and only if di T4 eq,...d, C,, €.

Proof. Let C C (Dyx...xDy). ThensupC' = (di, ..., d,), where d; = sup_cc €;
is well-defined because (D;,C;) forms a complete lattice. It is an upper bound
for C because e; C d; holds for all e € C, i € {1,...,n}. Assume it were not
the least upper bound. Then there must be some upper bound (d}, ..., d]) with
(d1,...,dn) Z (d},...,d)). This implies that d; C; d; for some i € {1,...,n},
but then d; C; sup.c¢ €, so (df, ..., d,,) is no upper bound of C. O

Lemma 4.9. The following sets each form a complete lattice:

1. (E,D),

2. (E<i,C),

3. (E > E,C),

4. (E<; — E<y, ),

5. (Vars — AE® — (EP — EP),C) (for EP € {E,E<;}) and
6. (Vars — AE™ — (EP — EP),..., Vars — AE™ — (EP — EP),C).

Proof. We write x C y instead x Ty Az # y.

1. (E,C): Let C C E. Then supC = f € E with f(v) = sups_cc fo(v). f
is well-defined because (RS, <) forms a complete lattice. It is an upper

bound for C because fo(v) < f(v) holds for any fo € C,v € V. Assume
it were not the least upper bound. Then there must be some upper bound
f/ with f Z f’. This implies that there is some v € V with f'(v) < f(v),
but then f'(v) <sup;_ cc fo(v), so f’ is no upper bound of C.

2. (E<1,C): The proof is analogous to (E, C).
3. (E — E,C): Holds by Lemma 4.7, as (E,C) is a complete lattice.
4. (E<; — E<1,C): The proof is analogous to (E — E,C).

5. (Vars — AE* — (EP — EP),C): Holds by Lemma 4.7. (EP — EP,C)
is a complete lattice. Applying Lemma 4.7 shows that (AEk — (EP —
EP),C) is a complete lattice (where C is extended appropriately) and
applying Lemma 4.7 again yields the desired result.

6. (Vars - AE™ — (EP — EP),...,Vars - AE™ — (EP — EP),C)
The statement holds by Lemma 4.8.

O

Definition 4.10 (Chains). Let (D,C) be a complete lattice. A subset C' C D
is a chain if z C y or y C z holds for every x,y € C.

Definition 4.11 (Monotonic Functions). Let (D, C) be a partial order. A func-
tion f: D — D is monotonic if 2 C y implies f(z) C f(y) for all z,y € D.
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Definition 4.12 (Continuous Functions). Let (D, C) be a complete lattice. A
function f: D — D is continuous if sup(f(D)) = f(sup C) holds for any chain
CCD.

Theorem 4.13. Every continuous function is monotonic.

Proof. Let (D,C) be a complete lattice and let f: D — D be a continuous func-
tion. Assume x C y holds for z,y € D. Then sup{f(z), f(y)} = f(sup{z,y}) =
f(y) and thus f(z) C f(y). Therefore, f is monotonic. O

Theorem 4.14 (Kleene’s Fixed Point Theorem [13]). Let (D, C) be a complete
lattice and let f: D — D be a continuous function. Then the least fixed point
Ifpf and greatest fixed point gfpf exist and we have

ifpf = sup f"(L).

neN

4.2 Scoping

One of the challenges our programming language poses is that each recursive
function call creates a new variable scope with new local variables. For example,
if a function F' with local variable x calls itself, there are now two values for x:
an inner and outer value. Only the inner value is accessible during the nested
call, but we need to preserve the value of the outer x to restore it after the inner
function terminates.

In the operational semantics, this is handled by storing the currently ac-
cessible variables in the state and all other variables on the stack. For the wp
transformer, we choose a different approach, based on [15]. The basic idea is
to store all variables in the state. To distinguish between different versions of a
variable, we add the scoping symbol @ before variables if they are not currently
in scope.

Example 4.15. Consider the following program:

F(x) { G(2) }
G(x) { H(3) }
H(x) { }

main () {
F(LD)
}

When execution first starts in the main method, no variables are in scope,
so we have an empty variable assignment. When F is called, x comes into scope,
and the assignment is {x — 1}. When G is called, we add @ to the “outer” x as
it goes out of scope, and add the inner x: {Ex — 1,x — 2}. When H is called,
we get: (@@ x+— 1,8x — 2,x +— 3}.

4.2.1 Increasing and Decreasing Scope

In [15], operators to increment the scope of variable assignments and expres-
sions are provided. We repeat these definitions here and extend the operator to
expectations.
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Definition 4.16 (Scoping Operators [15]). For a variable assignment v: Vars —
R, the scope increment operator [+@l] is defined as the variable assignment

0 otherwise.

v[+E] = A {”(y> fx=mly

The scope decrement operator [—@] is defined as the variable assignment
v[—@] = Az.v(@T).
For any expression e, the operators are defined as

e[+@] = \v.e(v[+@] and
e[—@] = Av.e(v[—@].

Let E € {E,E<;}. For any (bounded) expectation f € E, the operators
[+@]: E — F and [-@]: E — E are defined as

f) ifv=m

0 otherwise

and

fl+a8] = lv. {
fl—8] = \v.f(v[-&]).

Example 4.17. Let v = {z — 7,8z — 13,8y — 2} be a variable assignment.
Then v[+@| = {@z — 7,88z — 13,8y — 2} and v[-@] = {z — 13,y — 2}
(with all other variables mapping to 0).

Let e = z+@ly. Then e[+E]] = y. This may seem counter-intuitive at first (be-
cause the [4+@] operator removes B symbols), but it follows the above definition.
Consider variable assignment v = {z — 1,8z — 2,y — 10,8y — 20}. Then
e[+@](v) = e(v[+@]) = e(@x — 1,88z — 2,8y — 10,88y — 20) =0+10 =
10 (because z implicitly has value 0 in v[+@l]). Conversely, e[—E]| = Bz + E & y.

In the next section, we will use the operators on expectations and require
the result to be continuous. For this, the following result is helpful:

Lemma 4.18. For E € {E,E<;}, the operators [+@]: £ — E and [+E]: E —
E are continuous, i.e., for any chain S C E x E<;, we have

(sup f) [+@] = sup (f[+@]) and

fec fec

<sup f) [-@] = sup (f[-2]).

fec fec

40



Proof. We first show that (sup;cq f) [+8] = sup seq (f[+E]).

(sup f) [+3]
fec

- ,\v-{(supfecf) W) ifv=m

0 otherwise

= )\v-{suprC(f(v/)) ifv=mv

0 otherwise

_ f)  ifv=mv
a JS”IElg AV {0 otherwise (1)
= sup (f[+3])

fec

The equalities (*) and (1) hold because the relation C is defined component-
wise for expectations.
We now show that (sup;eq f) [~B] = sup e (f[-E]).

(Sup f) (@]
fec

= v (sup f) (v[—m@])
fec

= Jv.sup f(v[—3]) (*)
feC

= sup \v.f(v[-@]) (t)
feC

= sup f[-E]
fec

The equalities (x) and (1) hold analogously to the proof for [+@l].

4.3 The wp and wlp Transformer

In this section, we present the expectation transformer wp: E — E and bounded
expectation transformer wip: E<; — E<;. The full rules are given in Figure 4.1
on Page 47 and additionally depend on the auxiliary functions ¥ and ¥’ given
in Figure 4.2 on Page 48.

In general, wp tracks the expected pre-expectation and wip tracks the ex-
pected pre-expectation plus the probability of divergence. Inside query blocks,
wp and wlp additionally track observe violations. They track the unnormalised
expectation, i.e. the expected value after reaching a terminal state and passing
all observe statements, not the expected value after reaching a terminal state
under the condition of passing all observe statements. This transformation is
performed in the wp and wlp semantics of query blocks.

In the first part of this section, we present the definition of wp rule by rule
with explanations and examples. We will first introduce simple, standard cases
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(without conditioning, loops and recursion). We then show how conditioning is
defined and finally present the rules for loops and recursion, both of which use
fixed points.

4.3.1 Standard Cases

The cases presented in this section are taken from [17]!.

Skip

In the case of the effectless program skip, the program state is not changed and
the post-expectation thus is not modified. We set

wp [skip] (f) = wip [skip] (f) = f.

Abort

In the case of the diverging program abort, no terminal state will ever be
reached and we thus set the pre-expectation to constant 0. Since we diverge, we
will never violate another observe statement and the probability of divergence
is 1, so we set the liberal pre-expectation to constant 1.

wp [abort] (f) =0
wip [abort] (f) =1

Assignment

For the assignment, we apply the assignment to the post-expectation by setting

wp [z :=e] (f) = wip [z := ] (f) = [lz/e],

where
flz/e] = Xv.f(v[z/v(e)]).

Here, v[z/v(e)] is the variable mapping where z is mapped to v(e) and all other
variables are mapped to the same value as in v.

Example 4.19 (Assignment). Let P = x :=x+ 1 and let f = [x > 2]. Then
wp [P](f) =[x>2][x/x+1]=[x+1>2]=[x>1]. If g =1, then wip [P] (g) =
1x+2] =1.

Concatenation

Concatenation is defined inductively. For P = P;; P,, we first compute the
pre-expectation of P». This is then simultaneously the post-expectation of P,
so we then compute the pre-expectation of P; based on the post-expectation of
Py.

wp [Py; Po] (f) = wp [Pr] (wp [P2] (f))
wlp [Pr; Po (f) = wip [Py] (wip [P2] (f))

n [17], an expectation pair transformer is defined. We instead define two separate trans-
formers as this is more natural for nested conditioning, but our transformer is otherwise
identical for these standard cases.
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If-Else Block

The pre-expectation of the if-else block is the pre-expectation of the if branch
if the condition holds and the pre-expectation of the else branch otherwise. We
can write this in the same “expression-style” notation as the other definitions
using the indicator function of the condition:

wp [if b { P1 } else { Py }] (f) =[b] - wp [PA] (f) + [0] - wp [P2] (f)
wip [if b { P } else { Py }] (f) =[] - wip [P1] (f) + [=b] - wip [Po] (f)

Probabilistic Choice

Probabilistic choice works similar to if, except that we multiply the two blocks
by the probability p and 1 — p instead of the indicator function of the condition:

wp[{ Py} pl { P2 }](f) =p-wp[P)(f)+(1—p)- wp[P](f)
wip[{ Py } [p] { P2 Y] (f) =p-wip [P](f) + (1 —p) - wip [Pa] (f)

4.3.2 Observe and Query

We handle observe in the same way as [17]: If the condition of an observe
statement holds, it behaves like a skip program, i.e. it does not change the
expectation. If, on the other hand, the condition does not hold, the run is blocked
and we will not reach any final state. Recall that we track the post-expectation
if a final state is reached and the run is not blocked, not under the condition
that the run is not blocked. Therefore, we set the value to 0 if the condition
does not hold. We do this using the indicator function of the condition.

wp [observe b (f) = wip [observe b] (f) =[b] - f

In [17], conditioning is global and there are no query blocks. Given a post-
expectation f, they first compute the weakest pre-expectation wp [P](f) in
a similar way to our approach. They then compute the weakest liberal pre-
expectation for post-expectation 1. In the standard case, wip [P] (1) = 1 for
all programs, but this no longer holds when observe is handled as above. Now,
wlp [P] (1) (v) is the probability that no observe was violated in P with initial
valuation v. They thus get the desired pre-expectation by dividing wp [P] (f)
by wip [P] (1).

Global conditioning is equivalent to having one query block that surrounds
the entire program. Therefore, every query block is handled similarly to how
[17] handles global conditioning. Given post-expectation f for some query block
query { P’ }, we compute wp[P’](f) and — to track observe violations —
wlp [P’'] (1). We then normalise the pre-expectation by the probability that no
observe was violated and get

upfquery (P 1](1) = 220 and
wlplqvery { P () = T,
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Example 4.20 (Conditioning). In this example, we look at a simple program
with post-expectation x. The computation steps are given together with the
program itself and should be read bottom-to-top (note that the handling of the
probabilistic choice is slightly abbreviated):

2

/15 =2
4
query {

/] wp: 1[2<3]-0+2[5<
// wlp: 1[2<3]+ 3[5 <3
{x := 2} [0.25] {x :=
/] wp: [z <3z

// wlp: [z <3

observe (x<3)

// wp: x
// wlp: 1
}
/] x

This yields pre-expectation 2, indicating that the expected value of = after
termination is 2.

4.3.3 While

To compute the pre-expectation of a program while b { P’ } with respect to
post-expectation f, we have to take two cases into account: If the loop condition
b does not hold, the loop behaves like skip, which we express as follows: [-b] - f.
If, on the other hand, b does hold, we compute the pre-expectation of the inner
program P’. However, we cannot simply evaluate wp [P’] (f'), because the loop
might run multiple times. The post-expectation of one iteration is the pre-
expectation of the following iteration. We define a function that takes the pre-
expectation f’ of one iteration as input and returns the pre-expectation of the
preceding iteration. Applying this function repeatedly simulates a bounded loop
with increasingly large bound? and taking the fixed point of the function yields
the semantics of the unbounded loop:

wp [while b { P" } (f) = Ufp Af'.([b] - wp [P} (f') + [-b] - f)
wip [while b { P" }] (f) = gfp Af'.([b] - wip [P} (') + [-0] - f)

Note that wip not only uses wlp for the loop body, but also takes the greatest
fixed point instead of the least. This is to account for non-termination.

4.3.4 Function Calls

The rules for function calls are based on [15], but extended to mutual recursion
of multiple functions. To explain the semantics, we first split a function call into
multiple smaller and simpler instructions. The wp semantics of each of these
operations are fairly simple and their concatenation then leads to the semantics
of the entire function call. Consider a function call z := F;(€). To execute it,
we have to perform several steps.

2This is later proven in Lemma 4.27 as part of the correspondence proof.
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e First, we have to prepare a new variable scope. In the operational seman-
tics, we handled this by pushing the current variable valuations onto the
stack. Here, we instead use the scoping techniques presented in Section
4.2. We execute the “instruction” +[@, which applies the scope increment
operator [+@)] to the current variable valuation (c.f. Definition 4.16).

e We now need to initialise the parameters x1, ..., Z,,, of the new function.
Each x; needs to be set to the value of e; — but this is under the valuation
before [+E] was applied to it. We thus evaluate e;[—MEl] to compensate for
this.

e This concludes the preparations and we can now execute F;. For this, we
simply run Code(F;).

e After execution has resumed, we need to leave the current scope, i.e. re-
store the old variables. Before we do that, we need to pass the return value
(stored in out) to the outer scope. For this, we execute the assignment
[Blx := out.

e Finally, we remove the scope by executing the [—E] instruction.

Putting all this together, the semantics of a function call z := F; (€) with respect
to post-expectation f € E is given by

wp[code(Fy)| (f[—@][@a' /out]) [z1/e}[~@]] ... [2m, /e, [-B]][+@)].

Note in particular the reversed order of the operations. We first apply the
scoping operator [—@E] to the post-expectation, then set the return value and
then compute the pre-expectation of code(F;) with respect to this. Finally, we
perform the steps described above as “preparing the new variable scope”.

The above definition has one issue, however: It does not work for recursion.
There might be recursive calls in code(F}), so computing the wp semantics would
not be possible because the “unfolding” would never terminate.

For this, we use a work-around. We define a special auxiliary transformer
WP, ., [P], which behaves like wp[P], except for function calls: The semantics
of a call y := Fj(€') are simply given by ¢;. We define wip,,, , [P] similarly.
This construction allows us to specify any behaviour for (recursive) function
calls. Note that, as ¢; needs to handle all possible call parameters and return
variables, it has type ¢;: Vars - AE™ — (E — E).

We now perform a fixed-point construction similar to the semantics of while.
For this, we construct a function that takes the behaviour ¢, ..., ¢, of the n
functions of the program as input. It then constructs n new functions using the
construction described above. For function Fj, this function has the form

Az’ (e, ... el ).

’ emi

WPy, o [code(Fi)] (
fl-E][Ea’/out]
Yz /er[-al] .. [z, /e, [—B)] [+E).
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We combine n of these transformers in a function ¥, which is defined in full
in Figure 4.2 on Page 48 and then use it to define the wp semantics of a function
call. For wlp, we define a similar function ¥’ and get

wp [z 1= Fi (@] (f) = (Iifp )i(x)(€) and
wip [z := Fi (@] (f) = (gfp ¥')i(x)(€).

4.4 Continuity of wp and wlip

The definition of wp and wlp makes use of fixed points. To ensure that wp and
wlp are well-defined, we use Kleene’s Fixed Point Theorem (see Theorem 4.14),
but this is only applicable to continuous functions. In this section, we thus show
that wp and wlp are indeed continuous.

Theorem 4.21. For every program fragment P, the expectation transformer
wp[P] and bounded expectation transformer wip[P] are continuous over (E,C)
and (E<1, E), respectively. Furthermore, wp,, . [P] and wip,, [P] are
continuous over the same domains if ¢1, ..., ¢, are continuous.

,,,,, ©n

Proof. Let t € {wp,wlp,wp,, ., ,wlp,, ., }, where ¢1,... ¢, are con-
tinuous. Let E € {E,E<;} be the domain of ¢ and let C' C E be a chain. We
show inductively that

tP] (Sup f) = sup t[P](f).

fec fec

Except for the cases of query and function call, all cases have already been
shown in [8].

Query

wp [query { P’ }] (Sup(f)>

fec
wp [P’] (supfec f)
wlp [P'] (1)
_SUPfec WP [P'](f)
~ wip[P1](1)
— oup M2 [P1U)
fecC wlp [P/] (1)
= sup wp [query { P’ }] (f)
fec

(Induction hypothesis)

(Divison by non-negative constant, see x)

(*): wlp [P'] (1) does not depend on f. Therefore, for all f1,fo € C, f C f’
holds if and only if wlp[];;,](l) C wlp[{g,](l) holds. The case of wip [P’] (1) = 0 also
maintains this property, as divisions by 0 are mapped to oco.

The proofs for wip, wp,,, ., and wilp,, . are analogous.

Pn
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P wp [P](f)

skip f

abort 0

xi=e flz/E]

Py P wp [P1] (wp [P2] (f))
ifb{ P }else{ P} [b] wp[PA](f)+[-0] wp[Po](f)
{P}plI{P} p-wp [P (f)+ (1 —p) - wp [P2] (f)
while b { P’} (4fp Af7.([0] - wp [P'](f") + [0] - )
x = F; (&) (ifp W);(z)(€)(f) (see Figure 4.2)
observe b o] - f

query { P’ } %

P wlp [P] (f)

abort 1

Pp; Py wip [Pr] (wlp [P] (f))

ifb{ P }else{ P} [b] wip[P](f)+ [0 wip[P](f)
(A}l {P} p-wip [Po](f) + (1 —p) - wip [P2] (f)
while b { P’ } (afp Af'-([6] - wip [P} (f') + [=b] - f)
z = F; (@) (gfp V)i (z)(€)(f) (see Figure 4.2)
query { P’ } it

In all other cases, the definition is the same as for wp [P] (f)

P wp,,

77777

x = Fi(€) pi(z)(@)(f)
In all other cases, the definition is the same as for wp [P] (f)

P wlp,,,

------

z := Fi (&) i(z)(@)(f)

In all other cases, the definition is the same as for wip [P] (f)

Figure 4.1: Definition of expectation transformer wp: E — E, bounded expec-
tation transformer wlp: E<; — E<; and the associated auxiliary (bounded)
expectation transformers.
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U is an n-tuple of m;-parameterised expectation transformers (where i €
{1,...,n}) and is defined as follows:

\11(8015 .. 7S0n) —
()\x’.)\(ell, o€ ) AT

Wy, o [code(Fl)] (
fl—8][@x/out]
) [xl/ell [_@]] s I:'Tml /e;nl [_@]] [—HE]v

A" Ney, ... e, ) A
WPy o [code(Fn)] (
fl-8][@2’/out]
Vz1/ei[-E]] ... [zm, /e, [-B]] [+@],
).
V'(p1,...,pn) is defined similarly, except that occurrences of wp, .~ are
replaced by wlpwh_wn.

Figure 4.2: Definition of the functions ¥ and ¥’ that give the semantics of the
functions of a given program.

Function call

The proof for function calls consists of two parts:

1. We show that ¥ is continuous. From this, it follows that IfpW¥ exists.

2. We then show that (Ifp¥);(z)(€) is continuous. For this, we prove that
(T(L)™);(x)(€) is continuous for any n € N.

Lemma 4.22. The transformers wp,,, . and wlp,, . are continuous with
respect to their parameters ¢, ..., @,, i.e., for any chain C' C D, we have
wpsupC[P} = sup wpgpl,...,tpn [P] and
(¢1,--,pn)EC
wlpsupC[P} = sup wlp(pl,”.,tpn [P}
(@1503n)EC

Proof. We show the statement by structural induction over P. All cases except
for P = x := F;(€) are trivial, since they do not depend on the parameters
©1,--.,Pn. We thus only present this remaining case. Note that — unlike for the
wp transformer — this is not an induction step, but a base case. Let f € E.
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isupC[l" °= F’L(g)}(f)

:< sup wl,---,wn> (x)(@)(f) (%)
(P1,--5n)EC i
= ( sup <Pi> (2)(€)(f) (1)
(@1,--0n)EC
= sup  (gi) (@)(€)(f)
(@1,--,pn)EC
= sup WPy, ..., %[JC = Fi(é’)](f)

(¢150-pn)EC

(*): This holds since C is defined component-wise on (Vars — AE™ — (E —
E),..., Vars - AE™ — (E — E)).

(1): This holds since C is defined component-wise on Vars — AE™ — (E —
The proof for wip is similar. O

Lemma 4.23. V¥ is continuous.

Proof.
U(sup C) = (/\1‘/./\(6/1, s ) AT
Wpup ¢ [code(F1)] (f[—B][@2’ /out])

[z1/e)[-E]] ... [Tm, /er,, [—B]][+E],

ey

At/ N(el, ... el ).

Wpaup ¢ [ code(F)] (f|—B][@a' /out])
[o1/€4[-@]] - .. [om, /e, [~E]][+@])
= (A:ﬂ’.)\(e/l, s ) AT (Lemma 4.22)

(@1,..8.%151)6C (wpy, ., [code(F1)](f[-B][E2/out]))

[z1/e)[—E]] ... [Xm, /er,, [—B]][+E],

ey

Az' Ae, ... e, )M

sup (wp
(P1,pm)EC

[xl/e’l[—@]} . [xmn/e;nn [—@H [+@])

,,,,,

Continued on the next page.
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- ()\x’.)\(e’l,... ¢ )AL

sup  (wp,, ., [code(F)] (f[—B][@2'/out])
(P1,--0n)EC

[x1/e [—E]] ... [2m, /e, [-B]][+E]),

ey

At A€, el ).

Y My

sup (wpw
(CP17...,§0n)€C

[z1/€{[-8]] ... [zm, /e, [~B]] [—|—@]))

= sup ()\x'.)\(e’l,... e ) Af.
(o1,--,0n)EC

------

WPy, on [code(F1)] (f[-E][@2' /out])

[x1/e [—B]] ... [2m, /e, [-B]][+E],

ey

At' Aey, ... e, ) Af
WP, o [code(Fn)} (f[f@] [@x'/out])

(w1 /¢4 (@] - .. [2m, /e, [-E]] 1))

= sup U1, 0n)
(@1503n)EC

Lemma 4.24. The expectation transformer ({fp¥),;(z)(€) is continuous.

Proof. For any i € {1,...,n}, x € Vars and € € Exp™, we show inductively
over k € N that the transformer W¥(1));(x)(€) is continuous. From this, it
follows that (Ifp¥);(x)(€) is continuous as well.

Induction base: (W°(L));(x)(€) = L;(z)(€) = L is continuous, as all post-
expectations are mapped to same pre-expectation L.

Induction step: Let W*(1);(x)(€) be continuous. Then Wk (1);(x)(e) is
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continuous as well.

THHY(L))i(x) (@(sup f)

fec
=wpyr(1) [code(FY)] ((;lelg f)[-@][@2' /out])

[z1/e4[-@]] ... [wm, /€}, [-B]][+E]
=wpyr(yy|code(Fy)] (;up fl—@][@a' /out]) (Lemma 4.18)

[371/61 } [m"n /eml ] [+
= ;1612 (wpq,ku_ [code(FY)] (f[-@][@x /out])) (Induction hypothesis)
|

[z1/ei[-8]] - .. [2m, /€}, [-E]] [+E]
= sup wpyr (1) [ code(F1)] (f[-2][@2’/out]) (Lemma 4.18)
fec

[fl/el[ H |:1:7nl/e;n1 [7@” [Jr@]
= sup U*H (L)) (@) (e(f)
feC

O
The proof for the continuity of wip[x := F;(€)] is similar.
For WPy o and u;lpg(,l’___’(pﬂ7 we have
wpgpl,...,apn[z ‘= Fl(é')](f) = (pl(f) and

wlpy, o, 1x = F(@(f) = ¢i(f),

and (; is continuous by assumption.

4.5 Correspondence Between pPDA and wp Se-
mantics

In this section, we show that the wp semantics defined in the previous section
is compatible with the operational semantics defined in Chapter 3.

For this, recall the notion of weighted reachability from Definition 3.5 and
liberal weighted reachability from Definition 3.8. For a program P and initial
valuation v, we assign a rational number to each terminal state in Op (P,v) and
compute the expected value of this number after reaching a terminal state (plus
the probability of termination in the case of liberal weighted reachability).

Before we can show the equivalence of weighted reachability and wp se-
mantics, we have to deal with one issue: The state (4 1) in Op (P,v) does not
correspond to any variable valuation, but is a terminal state and thus is assigned
a value in weighted reachability. Therefore, weighted reachability assignments
do not quite match expectations. To mitigate this, we introduce the extension
function ¢: E — (EU 4 ) with

0 if?) = éL
f(v) otherwise’

o0f) = )\v.{
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which is extended to bounded expectations in the natural way.

Theorem 4.25. For any program fragment P, expectation f € E and bounded
expectation g € E<;, we have

C(wp [PI(f)) = Av. W [P, ] (€(F)) and
{(wip [P](9)) = dv. WL [P, v] (¢(g)) -

We show the statement by structural induction over the program’s syntax.

4.5.1 Induction Base
Skip
If P = skip, then Op (P,v) has the form

(skip,v) — (L) (41)
and we have
Av. W [P,v] (£(f))
—\0L(f)(v)

=t(f)
=l(wp [P](f))-

The proof for wilp is analogous.

Abort

If P = abort, then Op (P, v) has the form
1
0

(abort,v) {,v) (41)

and we have

Xo. W [P.u] (£(1))
~(0)
—t(up [P} (/).

For wip, we have

M. WL[P,v] (¢(g))
=((1) (%)
=((wlp [P](g))-
(*): By setting this to £(1), we assign 1 to all states except for 4. This is
because (4 ) does not have a self loop (see above) and thus does not diverge.

For the other states, the program diverges with probability 1, so the liberal
weighted terminal reachability probability is 1.
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Assignment

If P=x :=e, then Op (P,v) has the form

(@ 1= e, 0 (Lola/fe])  (41)

and we have
M. WP, v] (L(f))
—\o.L(f) (vl /e])
=l(f)[z/e]
=l(f[z/e])
={(wp [P](f))-

The proof for wilp is analogous.

Conditioning

For P = observe b, we first shown an auxiliary statement: For any v € V, we
have

WP, v] (£(f)) = [v(®)] - £(f)(v) and
WL[P,v] (£(f)) = [v(b)] - £(f)(v)

We distinguish between two cases. If v(b) = true, then Op (P,v) has the form

(observe b, v) 4 {,v)

and we have

W [P, o] (£(f))
=((f)(v)
=[v(b)] - £(f)- (b is true under v, so [v(b)] = 1)
If s(b) = false, then Op (P,v) has the form
(observe b,v) —1> (%) pop Zo (41) _

Because no symbols are pushed to the stack, the bottom stack symbol Zj is
still the top of the stack when (4) is reached and the run continues to 4 . We
therefore have

W [P, v] (€(f))
—0
=[v(b)] - £(f). (b is false under v, so [v(b)] = 0)

The proof for WL is analogous, since the probability of divergence is 0 in the
programs shown above. We then show the main statement:

M. W [P, v] ((f))
=Xv.v(b) - £(f)(v) (Shown above)

The proof for wilp is analogous.



4.5.2 Induction Step

Concatenation

If P= Py; Py, then Op (P,v) has the form
by

(Pr; Pa,s) (41)

%
P2

<P2"]_)Il>'v\/v\,—)

<P2”Ué>'v\/v\,—)

(diverge)

We first show why the automaton always has this form, i.e. why there is no
transition to some (P’,v’) with P’ # P,. By Theorem 3.3, any terminating run
in Op (Py,v) either reaches (4 1) or (},v’) with empty stack for some variable
valuation v’. We have to show that this implies that any terminating run in
Op (P1; P»,v) either reaches (4 1) or (Ps,v').

For this, consider the operational rules for concatenation. Internal concatenation
and the query push and pop rules go to target states that contain program P;
and are thus of no concern. It remains to show that P, is preserved during
function calls. Recall the rule for function calls:

<P1, ’U> push [P,s]

<P1: P27U>

(P1, v')
push [P; Pa,v] <P1/,1}/>

This rule removes P, from the destination state. However, by Theorem 3.3,
(J,v") is reached with empty stack. Therefore, the [P; Ps,v] symbol has to be
popped before reaching (|, v’). This happens only in the following rule:

v(out) =
(1, 0) 22 (P o/ [in/s))

After this transition is taken with [P; P,v] on top of the stack, the state
(P; Py,v') is reached for some variable valuation v’. Therefore, in every case,
P, remains in the state.

For any expectation g, we have

WP Bl (9) =>_pi- W P20} (9)

=W [Py, 0] (W' W [Py, 0] (g))

and

WL[Py; P ( ZpZ WL [Py, v}] (g) + Probability of divergence
€N
=WL[Py,v] (A . WL[P2,v] (g)) .
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Therefore, the following holds:
M. W [Pr; Py, ] (€(f))

=Av. W [P, v] (W' W [Py, v] (£(f))) (Shown above)
=Av. W [Py, v] (¢(wp [Pe] (f))), (Induction hypothesis)
={(wp [P1] (wp [P2] (f))) (Induction hypothesis)

=l(wp [Pr; P2 (f))-

The proof for wlp is analogous.

If-else-block

For P=if b { P, } else { P, }, we first show an auxiliary statement. For any
v € V, we have

WP, o] (£(f)) = [v(®)] - W [Pr, 0] (6(F)) + [7o(b)] - W [Po, 0] (£(f))  and
WL [P, o] (¢(f)) = [v(D)] - WL [P, 0] (£(f)) + [70(b)] - WL [P, 0] (¢(f))

We distinguish between two cases. If v(b) = true, then Op (P, v) has the form
(ifb{ P, } else { P, },v) (Py,v)

and we have

WP, o] (¢(f))
=W [Py, 0] (¢€(f))
=1- W [Py, 0] (€(f)) +0- W [Py, 0] (£(f))
=) - WPy, 0] (6(f)) + [7o(0)] - W [Pa, 0] (£(f))  (Because v(b) = true)

The other case, where v(b) = false, and the proof for WL are analogous. We
now show the main statement:

Av. W [P,v] ((f))

=Av(b). - W [Py, 0] (U(f)) + [-v(b)] - W [P, v] (£(f)) (Shown above)
=[b] - Av. W [Py, 0] (£(f)) + [-0] - Av. W [Py, 0] (€(f))
=[0] - L(wp [P1] (f)) + [2b] - £(wp [P2] (f)) (Induction hypothesis)
=L([0] - wp [P1] (f) + [2b] - wp [P2] (f))
={(wp [P](f))

The proof for wlp is analogous.

Probabilistic choice

IfP={P } [p] { P}, then Op(P,v) has the form
{ P}l { P} (Pr,v)

1-p

(Po,v) s -
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and we have

Av. W [P,v] (£(f))

=Avp- WP, ((f)) + (1 =p) - W [Py, 0] (£(f))

=p - Av. W [Py, 0] (€(f)) + (1 = p) - do. W [Py, 0] (€(f))

=p - L(wp [P](f)) + (1 = p) - L(wp [P2] (f)) (Induction hypothesis)
=l(p- wp [P} (f) + (1 =p) - wp [P2] (f)

=t(uwp [P](f))

The proof for wlp is analogous.

Query

If P = query { P’ }, then Op (P,v) has the form
(diverge)

push (query { P’ }
(query { P’ } query { ; pop( query {P}

pop (query \ ﬁﬂ
pop [PFaUF

(pop(query { P’ },v),v1)

pop (query { P’ },v)

{4, v1)

The p; only represents the observe violations that reach (4 ) in Op (P’,v). If P’
contains nested query blocks then there may be additional transitions that go
to (4), which are not depicted, since they have already been handled inductively
in our proof. This leaves two cases when reaching () in Op (query { P’ },v):

1. If the topmost stack symbol is a function symbol [P, vg], it is popped
without changing the state.

2. Otherwise, the topmost stack symbol is (query { P’ },v). Nested query
blocks may push other query symbols onto the stack, but it is not possible
for some other query symbol (Pg,vg) with Py # P’ or vg # v to be
the topmost stack symbol, because every query symbol is always popped
before leaving the surrounding query block.

Note that 4 is unreachable. Additionally,

Av. W [P'; pop{query { P },v),v] (f) = Av. W [P, 0] (f) and
\v. WL[P'"; pop(query { P" },v),v] (f) = . WL[P',v] (f)
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holds, because the additional pop transition does not change the probability of
reaching the terminal states.

Finite paths in Op (query { P’ },v) first take the () loop finitely often, with
each loop corresponding to a run terminating at (4,) in Op (P’,v). After
finitely many loops, each path then takes one of the other transitions from
(P'; pop(query { P’ },v),v) towards some (|,v]). We use this to show the
main statement:

Av. W [query { P },v] (4(f))

=\, > W [P o] ([ )" W [P 0] (f) (See above)
1 / : :
:)\v.l WP () W [P, v] (f) (Geometric series)
1 ,
=M. AT (ET) W [P, v] (f) (Def. of WL)
L WP
WL[P', ]([ﬂéﬂ)
_y, WPl (f)
=\v. WLTP', o] (¢(1) (Def. of ¢)
= (;UZ) I;/ ) (Induction hypothesis)

={ (wp [query { P }()

The proof for wilp is analogous.

‘While

To show correspondence for while loops, we introduce the concept of n-bounded
loop unrolling.

Definition 4.26. For n € N, the n-bounded loop unrolling while, b { P’ } is
defined as if b { P’; while,_1 b { P’ } } else { skip } for n > 0 and as abort
for n = 0.

Since this is purely syntactic sugar, the wp and operational semantics are already
defined for n-bounded loop unrolling. We now show the equivalence in three
steps, similar to [17]: First, we show that wp semantics of (unbounded) loops
are equivalent to the supremum of the semantics of bounded loops. We then
show that the wp semantics of bounded loops correspond to the operational
semantics. Finally, we show that the operational semantics of (unbounded) loops
are equivalent to the supremum of the semantics of bounded loops.

To simplify the proof, we introduce a helper function for the definition of the
wp semantics of while loops. Recall that

wp [while b { P' }(f) = UfpA(f')-(18] - wp [P'] (') + [-0] - f).

For any Boolean expression b, expectation f € E and bounded expectation
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g € E<q, we define Fprp y: E— E and FLpr p 4: E<1 — E<; with
Fprag(f') =[] - wp [P'1(f) + [-0] - f and
FlLpr g (g') = ] - wip [P'] (¢') + [] - .
We can then write
wp [while b { P' }| (f) = UfpFprp s and
wlp [while b { P’ }](g) = gfpFLp: pq-
Lemma 4.27. For any n € N, we have
wp [while, b { P' }](f) = Fpry (L) and
wlp [while, b { P' }](g) = FLp, ,(T)
Proof. We show the equality by induction. For n = 0, we have
wp [whileg b { P' }] (f)
=wp [abort] (f) (Def. of while,,)
=0
:Fzg',b,f(l)
and

wlp [whileg b { P’ }] (9)

=wp [abort] (g) (Def. of while,,)
=1
=FLp. 4 ,(T).

If the statement holds for some n € N, we have

wp [whileni1 b { P'} (f)
=wp [if b { P’; while, b { P’ } } else { skip }] (f)
=[b] - wp [P'; while, b { P" }] (f) + [-b] - wp [skip] (f)
=[b] - wp [P'] (wp [whilen b { P' }](f)) + [-0] - f

=[b] - wp [P'] (Fpr 4 (L)) + [7] - f (Induction Hypothesis)
=F JTDL'erl f(l)-
The proof for wlp is analogous. [

Corollary 4.28. By Kleene’s Fixed-Point Theorem (Theorem 4.14), we have

wp [while b { P" }](f)

=Ssup Fgl,b,f(J_)
neN

=sup wp [while, b { P' }](f).
neN

and

wlp [while b { P’ }](g)
= inf FLpr4(T)

= ingI wlp [while, b { P’ }] (g).
ne
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We can now show the correspondence between operational and wp semantics
for n-bounded loop unrollings.

Lemma 4.29. For any n € N, we have

Av. W [while, b { P" },v] (¢(f))
=((uwp [while, b { P’ }](f))

and

M. WL [while, b { P’ },v] (¢(g))
=((wlp [while, b { P" }](g)).

Proof. We show the statement by induction. For n = 0, whileg b { P’ } cor-
responds to abort, for which the equality has already been shown. Assume the
statement holds for n € N. We show that it also holds for n + 1.

Av. W [while, 1 b { P’ }, 0] (4(f))
=\v.W [if b { P’; while, b{ P’ } } else { skip },v] (¢(f))
(Def. of while,,)
=(l(wp [if b { P’; while, b{ P' } } else { skip },v](f))
(Induction hypothesis, see below)

={(wp [whilen+1 b { P’ }vv] (f))

In step two, we use the fact that we’ve already shown the equivalence for
while, b { P’ } (in the previous induction step) and for skip, if, concate-
nation and P’ (in the structural induction over the program).

The proof for wlp is analogous. O

Lemma 4.30. For any v, we have

stég W [while, b { P’ },v](f) = W [while b { P’ },v](f) and
;Iellf\l WL [while, b { P’ },v](g) = WL[while b { P’ },v](9g)

Proof. We show the statement by showing two inequalities.

1. sup, ey W [while, b { P’ },v](f) < W [while b { P’ },v](f):

Consider any path in Op (while, b { P’ },v). There are three cases to
consider: If the path is infinite, then it doesn’t contribute to the weighted
reachability probability. If it reaches whiley b { P’ }, it is aborted and
thus also doesn’t contribute to the weighted reachability probability. If
the loop condition b is only satisfied for at most n iterations, then it
reaches a terminal state and thus contributes to the weighted reachability
probability. In the latter case, the same weighted reachability probability
is observed in an unbounded loop.

2. sup, ey W [while, b { P" },v](f) > W [while b { P’ },v] (f):

Consider any path in Op (while b { P’ },v). If the path is infinite, it
doesn’t contribute to the weighted reachability probability, so assume it
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is finite and terminates at some state (|, s’). There must be a k € N such
that the loop condition b is negative after k£ executions of the loop body
P’. Then an equivalent path that also terminates at (J,v’) also exists in
Op (while, b { P’ },v) for all n > k.

The proof for WL is similar. O

Corollary 4.31. We have

Av. W [while b { P' },v] (4(f)) = (wp [while b { P" }](f)) and
M. WLwhile b { P },v] (£(g)) = £(wlp [while b { P’ }](g))

Proof. Consequence of Corollary 4.28, Lemma 4.29 and Lemma 4.30. O

Function calls

The proof for function calls is structured similarly to the one for while loops. We
first introduce n-bounded recursion, where recursive calls with a depth greater
than k are replaced by abort. Unlike in the while case, where k-bounded loop
unrolling was a purely syntactic operation, we define new wp and operational
semantics for k-bounded recursion.

We then first show that the limit of the wp and wlp semantics of k-bounded
recursion is equal to the wp and wilp semantics of unbounded recursion. After
that, we show that the wp (and wip) and operational semantics of k-bounded
recursion correspond. Finally, we show that the limit of (liberal) weighted reach-
ability probabilities of k-bounded recursion corresponds to (liberal) weighted
reachability probabilities in unbounded recursion.

Bounded recursion We introduce the new syntax element z := F<F (&),
which denotes a k-bounded function call.

Definition 4.32. For expectation f € E and bounded expectation g € E<q,
the wp and wilp semantics of k-bounded recursion are given by

wp [¢ = FEF @] () = (¥5(1), @)(@)(F) and
wlp [ 1= FEF@] (9) = (¥H(T)), (@)(@)(9):

Lemma 4.33. For expectation f € E and bounded expectation g € E<;, we
have

supup v := FH@) | (/) = wp [0 = F@)] (f) and
keN
inf wip [z := F @] (g) = wip v := F@®)] (g).
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Proof.

supup |v := FEH @] (/)
keN

=sup (U*(L):(2)(&)(f))

keN

= (sup \Ilk(L)) (@)(@)(f) (C is defined component-wise)
keN ;
= (lfp\Pk(J_))i (x)(@)(f) (Kleene’s Fixed Point Theorem)

=up [z := Fi (] (f)

The proof for wilp is analogous. O

Definition 4.34. Our operational model for bounded recursion differs signifi-
cantly from how unbounded recursion is handled in operational semantics. In-
stead of using the stack for recursion, we employ a similar technique to that
presented in Section 4.2. The behaviour is mainly defined by the following rules:

(+8,0) 5 (4, v[+aE])

(—@,0) & (4, 0[-@])

k=0
(x := Ff’“(é’),u} LN (abort, v)

k>0,s() =0

(x := FF’%E’),U} RN (+E; a1; ...; am,; coder—1(F;); Bz:=out; —[E,v)

where we write a; for z; := e;[—E] to improve readability. Moreover, codey1(F;)

is defined similarly to code(F;), except that every function call y := Fj(€’) is
e <k o

replaced by y := F="(e").

Lemma 4.35. For any k € N, i € {1,...,n} and € € Ezp™, we have
14 (wp [gc 1= F?k(é')} (f)) =As. W [a: 1= ka(é'),v} e(f)) and

0 (wlp [2 1= FF @] (9) = €. WL [z 1= FE@),0] (U(g).

Proof. We show this inductively over k.
Induction base: If k =0, then Op (x 1= F;k(é'),v) has the form

(0 1= F@,0) — (abort,0)  {Lw) (41

U

1
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and we have

Uup |z = F@ | ()

((T°(L)), (@)(@)(f)

(L(z)(e)(f))
—0(0)
s W [x = F=2@), 0| (4(f))

and
Uuwlp [z := F @ | (9) =6((9°(T)), (2)(@)(9))

(T@)@(9)
(1)
=X WL [z 1= 2@ ,0] ().

as the only path in Op (x = Figo(é') , v) diverges.

Induction step: Recall that we write a; instead of x; := e;[—@] with a;.

(Ao [ := FER @, s (@), o WL [z 2= FEF @] (4(9))
:AU.W:+ B a1; ...;Qm,; codeg—1(F;); Bz :=out; — @,v] (f(f))
:AU.W:Jr B; ar; ...;am,; codep_1(F3); Bz i= out,v} (E(f)[—@])
:/\U.W:+ B G15 ...y codek_l(Fi),v} <€(f)[—@][@x/out])
. W +8ar; .. ;ami,v} (m/. W [coder_1 (F3), v'] (¢(f)]-B)] [@x/out]))
0. W [+ a1i s, ] (wp [coder 1 F (f1-m)[@2/out]))) (LH.)

=W +@; aq; ... ;a7n,i,1,11] (E(f[—@][@m/out])[mm/emi [—@]])

=. .. _ (One step for every a;)
—30. W | + @, 0| (((f[-l@e/0ut])wm, /em, -] ... [21/e1[~E]))

=30 W[+ B, 0| (/1-a][@e/out]) [z /er[~E]] ... [£m, /em, [ B])
) (All a; independent)

((fl-B][Ez/out])[x1/er[-@]] . .. [Tm,/em,[-E]][+E]
£ wp {codek 1 }( [— ][@x/out])[ml/el[—@]]...[zmi/emi[f@ﬂH@])

(
Z(wpw (1) {code } (f[—@}[@x/out]) [z1/e1[—@]] ... [Tm,;/em, [—@]][+@])
(%)

(U (L)) @)
=/ (wp [33 = F=F (é')} (f))

(*): One can show inductively that wp|codey(F;)] = wpgr (1 )[code(F})]. For any
k, the definitions of wp[P] and wpyr(,)[P] only differ for function calls, and
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similarly, codey(F;) and codey(F;) only differ for function calls. We therefore
only have to look at function calls to show the equivalence. For k = 0, we have

wply = F°@)(f)
=wp[abort](f)
=1
=wp, [y := F;(&)](f)
=wpyo(1yly = Fjgk (en]

Now let wp|code,(F;)] = wpyr(1[code(F;)]. We show that the equivalence also
holds for k£ + 1. Once again, we only have to consider the function call case. In
codey+1(F;), every function call y := F;(€’) has been replaced by y := Fjgk @)
and we have

wp [y 1= FEH @] (1)

J

=U*(L)i(y)(E@)(f) (Definition 4.32)
=wpgr()ly = Fj @I (Definition of wp,, )
The proof for wilp is analogous. O

Operational semantics

Lemma 4.36. For any i € {1,...,n} and €€ AE™, we have

sup Wiz := F=M (@), 5] = W[z := fi(), 5]
keN
Proof. We show two inequalities to prove the equality. We first show that, for
any k € N,
Wiz := FEH@),s] < Wiz = fi(@), 5].

To show this, consider any non-diverging run in Op(z := ka (&)) (we can ignore
diverging runs as they don’t contribute to weighted reachability probabilities).
We can construct a unique run with equal probability in Op (z := f;(€),v). We
show this construction for function calls, since the operational semantics have
not changed for all other language elements.

Assume the run reaches some x := Figk (€) with valuation v. By Definition 4.34,
with probability 1, the next state in the run is

(+E; a1; ...; Qm,; codeg_1(F;); Bx:=out; —[E,v).

We do not have to consider the case of k = 0, since we excluded diverging runs.
By concatenation rule, with probability 1, we then proceed to

(ay; ...; am,; codeg—1(F;); Bla:=out; —E,v[+@]).

After executing the assignments a; (which have the form z := e;[—@]), with
probability 1, we reach the state

(coder—1(F;); Bx:=out; —@,v[+@E|U{z;— s;|ie{l,...,m;}}),
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where s; = v[+@](e;[—@]) = v(e;). We define vp := {z; — s; | i € {1,...,m;}}.
To construct the run in Op (z := f;(€),v), we create the following transition:

ush [z := in,v]
) T

(x 1= F;(&),v code(F;),vp)

Note how the same variable valuation v occurs both in the bounded and un-
bounded path.
The bounded path now executes codey_1(F;). As the path is terminating, it
eventually reaches

(Bz:=out; —@,v[+E]Uvk)

with probability p, for some v%. In the run in Op (z := f; (€),v), we now execute
code(F;) with variable valuation vp. While the bounded path had valuation
v[+@] U vp, code can only access variables from vg (as all others have at least
one @ in the name). Furthermore, we never reach the recursion depth limit, as
that would cause the run to diverge. Therefore, the run in Op (x := f;(&),v)
behaves the same as the bounded run and we eventually reach

(4, vp)

with the same probability p.
The bounded run continues to

(-8, v[+8][E2 /S out) U V),
where $,,t = v[+E][Bout] = v(z). Finally, we reach
(4 (vl E][E2/50u] U o) [-E])
and have

(v+El[Ez/s0u] Uvp)[—@)]
v[+E][E2/S out][—E] (v} only contains variables without &)

=v[2/Sout)-

The run in Op (z := f;(&),v) is at (|, v) and thus has to pop a symbol from
the stack. The only such symbol is [z := in,v|, which we pushed when making
the function call. We thus transition to

(x 1= in,v[in/s,ut]),
where $,,4 = vz(out). From this, we reach
<l,, U[in/soutv x/sout]>~

Note that the valuation is the same as for the bounded path, with the exception
of the auxiliary variable in, which is never accessed in normal code. We've thus
shown how one can construct an equivalent path in Op (z := f;(&),v).

From this, it follows that

sup Wiz := F=F(@),s] < Wiz := fi(®),s].
keN
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We now show that

sup Wiz 1= FSF(&),s] > Wiz = fi(),s].
keN

Consider any finite run in Op(z := f;(€)) (we can once again ignore diverging
runs). Since this run is finite, it only contains bounded recursion, so there is
a ko € N such that this run also exists in Op(x := f;(€)) for all & > ko. The
construction takes the same steps as above, just in the other direction. O

By the principle of structural induction, we have thus proved the Correspon-
dence Theorem 4.25.

Corollary 4.37. For any program P, initial valuation v and set of valuations
V' CV, we have
wp [P]([V']) (v) = R[P,v}(V").

Proof. Consequence of Theorem 4.25 (Correspondence Theorem) and Theorem
3.6 (compatibility between R and W). O
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Chapter 5

Expressiveness

In the first part of the chapter, we present a construction that transforms a
CRPPL program with conditioning into a CRPPL program without condition-
ing. From this, it immediately follows that our language is closed under condi-
tioning. In the second part of the chapter, we compare this closure result to the
results from [11]. We show that there are two different, incompatible notions
of conditioning and present closure results for both of them in several model
classes.

5.1 Transformation

In this section, we show that the query statement does not increase the expres-
siveness of our language, i.e. for any program P, there is a query-free program
that has the same terminal reachability probabilities. The transformation in this
section does not significantly increase the size of the program and is straight-
forward to construct (compared to e.g. [23], where conditioning can only be
eliminated by completely rewriting the model).

To formally prove that CRPPL is closed under conditioning, it is sufficient
to first construct the operational semantics Op (P,v) for a given program P
and initial state v and then apply the pPDA-to-CRPPL construction from Sec-
tion 3.3.4. This produces a CRPPL program without any conditioning that is
equivalent to P with respect to terminal reachability and termination prob-
abilities. However, the transformation presented in this section preserves the
structure of the program much better and the result is thus easier to under-
stand.

The basic idea is to replace each query block with a rejection-sampling loop.
The transformation is based on the method presented in [17]. In [17], a new
variable rerun is set to true whenever an observe statement is violated. The
entire program is surrounded by a loop that runs until rerun is false. Addition-
ally, precautions are taken to ensure that the program never diverges after an
observe statement has been violated. For this, they disable all loops if rerun is
true.

To handle nested conditioning and recursion, we make the following changes
to the method from [17]:

e Only the surrounding query block must be rerun instead of the entire
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program. This also needs to hold across function boundaries, i.e., if F
calls G from within a query block and an observe statement is violated in
G, then the query block in F' needs to be rerun.

e The program must not diverge by making recursive function calls. We will
ensure this by blocking all function calls once rerun is true.

For the transformation, we use a function ¢: Insts — Insts that removes con-
ditioning from a given instruction. This function is defined inductively over the
program structure. We then apply ¢ to each function body and add some addi-
tional instructions to each transformed function to obtain the final program. We
first introduce the function ¢ with explanations interspersed. The full definition
is given in Figure 5.1.

5.1.1 De-Conditioning Function ¢

As mentioned above, the transformation uses a new variable rerun to track
whether an observe statement has been violated. We will later add the declara-
tion of rerun to the beginning of each function!. When an observe condition is
violated, we have to set rerun to true:

t(observe b) = if !b { rerun := true } else { skip }

Before we enter a query block, we need to check whether rerun is already
true. If yes, then we do not enter the query block. Otherwise, we would forget at
which query block we need to restart the computation. Assuming rerun is false,
we now need to run the body of the query block at least once and until rerun
is false. We use a do { ... } while loop for this. We reset rerun to false at
the beginning of each iteration and then apply ¢ to the body of the query block:

t(query { P }) = if l!rerun {
do {
rerun = false;
t(P)
} while rerun

}

Using ado { ... } while loop instead of a while loop is syntactic sugar.
The formal definition in Figure 5.1 uses a while loop instead.

While these are the only two language elements involved in conditioning, we
have to modify a few more elements to ensure the behaviour stays consistent.
This ensures the program never diverges after rerun has been set to true. For
loops, we achieve this by modifying the loop condition.

t(whileb{ P }) = while !rerun && b {¢t(P) }

We do the same for function calls. However, there is a second complication
we need to deal with in that case: If a function is called from within a query

1We cannot declare it as part of ¢, because t is defined inductively, whereas rerun only
should be defined once per function.
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= skip

= abort

= { P} Ip) { HP) }

= if lrerun {
x = F(e)
if x = 4 { rerun := true } else { skip }

)
)
t(x:=e) = xz:i=e
)
t(x 1= F (&)
t(ifb{ P }else{ P}

t(while b { P }
t(Pl; P

= if b {t(P) } else { t(P2) }
= while !rerun && b { t(P) }
t(P1); t(P2)

t(observe b) = if !b{ rerun :=true } else { skip }

t(query { P }

~— ) ~— ~— ~—

= if !rerun {
rerun = true;
while rerun {
rerun = false;
t(P)
}
}

Figure 5.1: Full definition of transformer ¢: Insts — Insts that removes condi-
tioning from an instruction.

block and an observe violation occurs in the inner function, we need to pass this
information on to the outer function. For this, we will later add the following
to the end of each function (see Section 5.1.2):

if rerun { out :=4 } else { skip }

Here, 4 indicates a special return value. In practice, one can encode this by
adding 1 to all non-negative values of out and defining § = 0. We omit this
here to improve clarity. We can now check for 4 after a function call:

t(x :=F(@)) = if !'rerun {
r 1= F(&)
if x = 4 { rerun := true } else { skip }

}

All other language elements are either unmodified or only apply the transfor-
mation recursively to their children. The full definition of ¢ is given in Figure 5.1.

69



5.1.2 Function Body Transformation Function ¢’

With ¢, we can remove conditioning from an instruction. As mentioned above,
we have to add the declaration of rerun to the beginning of each function body.
Additionally, we need to check whether an observe condition was violated in the
function and, if yes, return 4. Both steps are achieved by function t': Insts —
Insts, where

t'(P) = rerun = false; t(P); if rerun { out := 4 } else { skip }.

Given a program P = (Func, Code, Params, main), we can use t’' to construct
a program P’ = (Func, Code’, Params, main) with Code'(F) = t'(Code(F)),
where P’ preserves termination and terminal reachability probabilities of P.

5.2 Comparison to Other Model Classes

In this section, we define two different forms of conditioning, both of which are
used in literature. Our goal is for the definitions to be applicable to a wide range
of models (whereas our current approach only works for CRPPL programs with
finite-domain variables, which are as expressive as pPDAs).

We then analyse several model classes to determine whether they are closed
under the two forms of conditioning. This expands on the result from the previ-
ous section, where we presented a positive closure result for pPDAs, and on [11],
which shows several (mostly negative) closure results for other model classes.

Throughout this section, we will focus on global conditioning, i.e. programs
that do not have nested query blocks, as it is non-obvious how to generalise
nested conditioning to the other form of conditioning.

5.2.1 Model Classes

We will consider four model classes in our analysis. In all cases, these are
automaton-based models, as opposed to the programming-language approach
from the previous chapters and the formal grammar-based approach from [11].

Definition 5.1 (Probabilistic Finite Automaton). A probabilistic finite au-
tomaton (pFA) is a tuple (Q, 3, A, qo, F'), where

e () is a finite set of states,

e Y is a finite alphabet,

e A CQx(0,1]x (XU{e}) x Q is the transition relation (where (0,1] C Q),
e ¢y € () is the initial state and

e F C (@ is the set of final states.

For ¢ € Q \ F, we require Z(qm’a’q,)eAp =1 and for g € F, there must be no
(¢,p,a,¢") € A.

A run of (@, X, A, qo, F) starts in ¢o. From the current state ¢, a transition
of the form (g, p,a,q’) € A is then chosen with probability p. The current state
is set to ¢’ and the symbol a is appended to the output. This continues until
the current state is in F', which may occur with probability less than 1.
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We diverge slightly from the standard definition, given e.g. in [19], where
the probabilities for each state and symbol must add up to 1. In the standard
definition, a pFA reads the current input symbol and then probabilistically
chooses a transition based on the current state and that symbol. Each word is
then accepted with a certain probability. For example, it is possible that multiple
words are accepted with probability 1.

For our approach, it is more intuitive to think about generating words, not
reading them. The pFA probabilistically chooses a transition based on the cur-
rent state and then outputs the symbol of that transition. Every run thus either
produces a word or diverges. It is therefore not possible to produce two words
with probability 1 each, unlike in the standard definition. Our definition is sim-
ilar to Markov chains, except that transitions are labelled with a symbol from
Y or with e.

This “generative” approach is closer to the grammars from [11] and to our
previous pPDA definition (which does not read any input or produce any output
at all). It is also helpful that the probabilities of the produced words (plus the
probability of divergence) form a probability distribution.

Definition 5.2 (Probabilistic Pushdown Automaton). A probabilistic push-
down automaton (pPDA) is a tuple (@, %, T, A, qo, Zo, F'), where

e I' is a finite stack alphabet,

e ACQxT x(0,1] x (XU{e} x Q x T'S? is the transition relation (where
0,1] € Q),

e 7y €I is the initial stack symbol,
e and the definition of the other components matches that of pFAs.

The initial stack symbol Z; must never be removed from the stack. A configura-
tion has the form (g,~) for ¢ € @,y € T'. A run starts in configuration (go, Zo).
From configuration (g, Zv), a transition of the form (¢, Z,p, a,q,«) is chosen
with probability p. The new configuration is (¢’, ay). This is repeated until a
final state is reached.

A special case of pPDAs is the restriction to a single state. This is of interest
as it is equivalent to probabilistic context-free grammars [1].

Definition 5.3 (Probabilistic Basic Process Algebra). A pPDA with one state
is called a probabilistic basic process algebra (pBPA). A run terminates if the
stack is empty.

Definition 5.4 (Probabilistic Turing Machine). A probabilistic Turing machine
(pTM) is a tuple (Q, %, T, A, qo, F'), where

e () is a finite set of states,

e Y is a finite alphabet,

e [' D ¥ is a finite tape alphabet, with . € ', . & X,

e A CQxT x(0,1] xT' x {L,R} x @ is the transition relation (where
0,1] € Q),
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® gy € @ is the initial state and
e [ C @ is the set of final states.

The configuration of a TM consists of a state ¢ € @), an infinite tape of symbols
from I' and the position of a read-write head on the tape. We start in ¢g and
a tape filled with .. A transition (q,a,p,a’, D,q’') indicates that, if the current
state is ¢ and the symbol under the read-write head is a, then with probability
p, the current symbol is replaced by a’, the new state is ¢’ and the read-write
head moves to the left if D = L and to the right if D = R. This continues until
the current state is in F. For each ¢ € Q \ F and a € T, the probabilities of all
transitions (g, a,p,a’, D, ¢’) must add up to 1.

Note that this means that the pTM can change its output arbitrarily often.
This is is contrast to the other model classes, where a symbol cannot be changed
once it has been output.

5.2.2 Two Notions of Conditioning

In this section, we present two conflicting definitions of conditioning In the
approach we have taken so far, observe statements are placed in the program
to block certain runs. As the conditioning is part of the program, itself we
call this algorithmic conditioning. To generalise this to the different classes of
automata, we use “observe-violation transitions” instead of observe statements.

Definition 5.5 (Algorithmic Conditioning). For algorithmic conditioning, a set
of transitions A’ C A is designated as observe violations. Any run that contains
one or more transitions from A’ is blocked. All runs that were not blocked make
up the final distribution, where the probability of the (non-blocked) runs is
normalised so that the sum is 1.

Note that, unlike observe statements, observe transitions do not check a
condition before blocking the paths. Instead, every path that takes an observe
transition is blocked.

On the other hand, in [11], the conditioning is done separately by specifying
which final configurations are acceptable. Intuitively, the model is first executed
and, after that, one removes all configurations from the final distribution that
are not contained in the set. Therefore, we call this method post-conditioning.
We distinguish between two types of final configuration: words and states.

Definition 5.6 (Post-Conditioning Over Words). For post-conditioning over
words, a set W C ¥* is chosen. The probability of producing the words in W
must be positive, i.e. P(W) = > oy P(w) > 0. The probability of a word
w € W is given by %. For any w € ¥* \ W, the probability is 0.

Definition 5.7 (Post-Conditioning Over States). For post-conditioning over
states, a set I C I is chosen. The probability of reaching a state in F’ must be

positive, i.e. P(F') = 3 . P(g) > 0. The probability of reaching a terminal
state ¢ € F’ is given by %. For any w € F'\ F’, the probability is 0.

Note that post-conditioning always excludes diverging runs. In fact, post-
conditioning over ¥* or F' conditions the program on termination. This is the
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key difference between the two notions of conditioning: The final distribution
of a program with algorithmic conditioning can contain diverging runs, whereas
the final distribution of a program with post-conditioning consists only of ter-
minating runs. For some model classes, it is in fact not possible to block all
diverging paths with algorithmic conditioning, since it is undecidable whether
the current configuration will eventually terminate.

Therefore, in general, the sets of problems that can be modelled with algo-
rithmic and post-conditioning are incomparable: There are distributions that
can only be achieved with algorithmic conditioning (e.g. any distribution that
includes non-termination with positive probability) and distributions that can
only be modelled with post-conditioning (these only exist for model classes that
are not closed under post-conditioning).

5.2.3 Conditioning Over Words or States

In the previous section, we distinguished between post-conditioning over words
and post-conditioning over states. Algorithmic conditioning does not require
this distinction, since it blocks runs based on the transitions taken, not based
on the produced word or terminal state.

The distinction is nonetheless relevant for the closure results of algorithmic
conditioning. The reason for this is similar to the issue discussed in Section 3.5,
where we showed that the operational semantics preserve reachability proba-
bilities (of terminal states), but do not preserve expected runtime and pCTL
formulae.

If we applied a simple rejection-sampling technique to the models to handle
algorithmic conditioning, we similarly would preserve the distribution over fi-
nal states, but would not preserve the produced words (because some sections
could be repeated during the rejection-sampling). For this reason, we distinguish
between conditioning over words and states in the following analysis.

5.2.4 Closure Results From [11]

In this section, we present closure results regarding post conditioning (and the
distribution over produced words). This section is a summary of the proofs from
[11], unless otherwise indicated.

Probabilistic Turing Machines

To reason about the expressiveness of pTMs, [11] uses the notion of enumer-
able and computable distributions. In enumerable distributions, the probabil-
ity of each event can be expressed as the limit of a monotonically increasing,
enumerable sequence of rationals (that is, it is approximated from below). In
computable distributions, we additionally require that the probability of each
event can be approximated from above. It is easy to see that every computable
distribution is also enumerable, but the reverse does not hold.

In [11], it is shown that pTMs define exactly the enumerable distributions,
whereas pTMs that almost-surely terminate define exactly the computable dis-
tributions.

Since post-conditioning always conditions the final distribution on termina-
tion, one can use this fact to show that pTMs are not closed under condition-
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ing: For this, [11] takes an enumerable, but not computable distribution and
condition it on termination. If the distribution is chosen properly, then the con-
ditioned distribution is still not computable, but has termination probability 1.
Therefore, no pTM can express it.

[11] notes that the class of pTMs that almost-surely terminate is closed under
conditioning. They refer to [6] where a rejection-sampling technique very similar
to ours is described. In general, this result is not surprising, since algorithmic
and post-conditioning are equivalent for models that almost-surely terminate,
and we will see in the next section that pTMs are closed under algorithmic
conditioning.

Probabilistic Pushdown Automata

In [11], pPDAs are not considered, since there is no simple grammar class equiv-
alent to pPDAs.

Probabilistic Basic Process Algebras

The class of pBPAs is of interest as it corresponds to context-free grammars. To
show that it is not closed with respect to post-conditioning, [11] first shows that,
if a pPBPA generates a finite-support distribution, the distribution is rational-
valued. However, if one allows infinite-support distributions, then pBPAs can
generate some (but not all) irrationally-valued distributions. Using these two
facts, one can easily show that pBPAs are not closed with respect to condition-
ing: They first construct an infinite-support distribution with irrational values
and then condition it in such a way that it is still irrationally-valued, but has
finite support.

Probabilistic Finite Automata

For pFAs, the conditioning set has to be regular, i.e. representable by a (non-
probabilistic) finite automaton. Without this restriction, pFAs are not closed
under conditioning (take an automaton that produces each word w € X* with
positive probability, condition on a non-regular language and the conditioned
distribution cannot be produced by any pFA, since it would have to produce a
non-regular language).

The proof that pFAs are closed under post-conditioning with respect to reg-
ular sets uses an auxiliary transformation: For any pFA A with final distribution
P that terminates with positive probability, there is a pFA A’ that has the final
distribution P" with P'(w) = sy ti(;t”)A maies - A thus represents the
automaton that is post-conditioned with respect to termination.

The proof continues by constructing the product automaton A x B of A (the
pFA to be conditioned) and a non-deterministic finite automaton B representing
the post-conditioning set. The product automaton can track whether the current
word is in the post-conditioning set. If it is not, we create an infinite e-loop,
which will lead to divergence. The product automaton thus terminates exactly
on the words that are accepted by B, and the probability of each such word is
the same as in A. Applying the transformation from the previous paragraph to
A x B yields the desired automaton.
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5.2.5 Closure Under Post-Conditioning With States

In the previous section, we presented the proofs that pTMs and pBPAs are
not closed under post-conditioning with words. A natural question is whether a
positive closure result can be obtained for post-conditioning with states.

Probabilistic Turing Machines

We can reuse the counter-example from the proof that pTMs are not closed
under post-conditioning with words (taken from [11]). This distribution pro-
duced a with probability p, aa with probability » and diverged with probability
1 — p — r. Here, p is enumerable, but not computable, and r is rational. There
is a pTM M that produces this distribution. To get the counter-example for
post-conditioning with states, we construct a new TM M’ that first executes M
and then checks the tape content. If the word on the tape is a, the machines
goes to a new terminal state q,, otherwise, it goes to q.,. We then condition
on F' = {qu, qaa}. Now, the probability P(q, | F') = # is not computably
enumerable, as shown in [11]. Therefore, no pTM can have the same final dis-
tribution as M’ conditioned with F”.

Probabilistic Pushdown Automata

Similar to Section 5.2.4, we did not analyse the closure of pPDAs with respect
to post-conditioning with states.

Probabilistic Basic Process Algebras

For pBPAs, the notion of conditioning with states is not useful, as they only have
a single state. Before conditioning, the probability of terminating in this state
is not necessarily 1, as the pBPA might diverge, but after conditioning, it is al-
ways 1 (unless the pBPA almost-surely diverges, in which case the pre-requisites
for post-conditioning are not fulfilled). Because there is a pBPA that termi-
nates with probability 1, pBPAs are trivially closed under post-conditioning
with states.

Probabilistic Finite Automata

In the previous section, we already showed that pFAs are closed under post-
conditioning with words. We can use a very similar construction to show that
they are closed under post-conditioning with states. Let A = (Q, X, A, qo, F') be
a pFA and let F’ C F be the post-conditioning set. Then we set

A'=AU{(q,1,6,q) | g€ F\ F'}

and define a new pFA A = (Q, X, A, qo, F'). Then A’ terminates exactly on
the states in F’. As we have not removed any transitions, the probability of
any run that terminates at some ¢ € F’ remains the same. Conditioning .4’ on
termination yields the desired distribution and we have presented a construction
for this in Section 5.2.4. Therefore, pFAs are closed under post-conditioning with
states.
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5.2.6 Closure Under Algorithmic Conditioning With
States

In the first part of this chapter, we have shown that CRPPL programs (which
are equivalent in expressiveness to pPDAs) are closed under algorithmic condi-
tioning with states. In this section, we show that a similar rejection-sampling
approach works for the other model classes discussed, with the exception of
pBPAs.

Probabilistic Turing Machines

The class of pTMs is closed under algorithmic conditioning with states. Let
M=(Q,%,T,A, qo, F) be apTM and let A’ C A be the set of observe violation
transitions. We construct a pTM M’ with the transition relation

(A\A/) U {(q7aapaa/aDaqé) | (qaa/7p7al7D>q/) S A/} UAéa

where ¢, is a new state and A, is a set of transitions that clear the tape?
and then go to qg. With this construction, M’ restarts execution whenever an
observe violation is encountered.

Probabilistic Pushdown Automata

The class of pPDAs is closed under algorithmic conditioning with respect to
the distribution over terminal states. One can first translate the pPDA into an
equivalent CRPPL program (see Theorem 3.3.4 — the construction can easily
be extended with observe statements to handle observe-violation transitions
and with a global query block around the function of the initial symbol). The
operational semantics then yields a pPDA with the desired terminal distribution.

Probabilistic Basic Process Algebras

Unlike for post-conditioning — where the single state of a pBPA is always reached
with probability 1 after conditioning — algorithmic conditioning with states is
not trivial for pBPAs. Algorithmic conditioning can change the termination
probability and thus the probability to reach the single terminal state.

However, we cannot perform rejection sampling, as this would require a
second state to reset the stack. There may be other techniques to construct such
a pBPA, but we did not find one. Whether pBPAs are closed under algorithmic
conditioning thus remains an open problem.

Probabilistic Finite Automata

The class of pFAs is closed under algorithmic conditioning with states. The
technique is similar to pTMs, except that the step of clearing the tape can be

2Because M can write ., clearing the tape requires some extra book-keeping to find the
ends of the tape. For this, we replace each (¢,a,p,-, D,q') € A with (q,a,p,./,D,q’) and
create a new transition (q,.’,p,a, D, q") for every (q,-,p,a,D,q") € A. Clearing the tape can
then be achieved by going right until the first . is read and then going left and writing .. to
every cell until another . is read.
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omitted. Let A = (Q, X, A, qo, F') be a pFA and let A’ C A be the set of observe
violation transitions. Then the automaton A" = (Q, X, A¢, qo, F') with

Ac = (A\A)YU{(g,p.a,q0) | (¢,p.a,¢") € A'}}

has the same distribution over final states as A conditioned on A’.

5.2.7 Closure Under Algorithmic Conditioning With
Words

Except for pTMs, techniques based on rejection sampling do not work for algo-
rithmic conditioning with words. This is because a symbol cannot be retracted
once it has been output. In this section, we therefore investigate whether other
techniques exist that can simulate algorithmic conditioning with words.

Probabilistic Turing Machines

As pTMs can change the content of the tape arbitrarily often, they do not
suffer from the limitation discussed above. Therefore, the technique presented
in Section 5.2.6 also works for algorithmic conditioning with words. The class
of pTMs is therefore closed under algorithmic conditioning with words.

Probabilistic Finite Automata

One can change the transition probability of a pFA in such a way that observe-
violation transitions are never reached. First, one computes the probability
P;,(—4) that a transition ¢; = ¢ LUEN ¢’ will not reach any observe-violation
transition (if the transition itself is an observe-violation transition, it is assigned
probability 0). For this, one can solve a linear equation system, analogously to
computing reachability probabilities in Markov chains. We then set the proba-
bility of ¢; to p} :== p; - Pi,(—4). We remove all transitions where p, = 0 and all
states that have no outgoing transitions (it’s easy to see that states with no out-
going transitions also have no incoming transitions). Finally, we normalise the
transition probabilities so that, for each state, the probabilities of the outgoing
transitions have a sum of 1.

Proof. Let A be a pFA and let A’ be the pFA that results from A with the
above transformation. In this proof, we only consider the finite runs of A and
A’, as infinite runs do not contribute to the final distribution. One can show
that there is a bijection between the finite runs of A’ that weren’t blocked and
the finite runs of A:

We map every finite run 7 of A to a run 7’ of A’ that visits the same
states and produces the same word. Such a run always exists: Every finite run
of A without an observe violation still has positive probability in A’ as only
transitions that almost-surely reach an observe-violation transition are assigned
probability 0. The function is a bijection: A’ does not contain any runs that A
does not. Every run in A is either mapped to its corresponding run in A’ or
blocked. A’ does not contain any blocked runs: Every finite run of A with an
observe violation is removed because observe-violation transitions are assigned
probability 0 in the construction.
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It remains to show that the probabilities of finite runs are preserved in A’,
except for the normalisation of the final distribution. Let

_ P1,a1 p2,a2 Pn—-1,0n-1
™= Q1 qs ce dn

be a finite run in A and let

/ / ’
/ Pi1,a1 Pa,a2 Pp_1:0n-1
T =q a2 dn

be the corresponding run in A’. We write Py, (—4) to denote the probability that
no observe-violation transition is reached from state ¢; in A. We then have to
show that

P(r)
Py (m4)

To prove this, we analyse the suffixes of m and «’. We write 7; for the suffix of
7 starting in ¢; and define 7} similarly. We then show that

P(r') =

P(m;)
P(m}) =
PQi (ﬁé )
holds for all i € {1,...,n} by induction over i, starting with ¢ = n and decre-

menting it until we reach ¢ = 1.

Induction Base: The base case of ¢ = n is trivial as all runs with length 1
have probability 1.

Induction Step: Assume the statement holds for some 7 +1 > 1. We show
that it also holds for 7. Note that for every run from g¢;, one of the following four
cases holds:

e The run can visit ¢;+1 next and later take an observe-violation transition.
We denote the probability of this with r;.

e The run can visit ¢;41 next and never take an observe-violation transition.
We denote the probability of this with 7.

e The run can visit a state different from ¢;;1 next and later take an observe-
violation transition. We denote the probability of this with rs.

e The run can visit a state different from ¢;41 next and never take an
observe-violation transition. We denote the probability of this with 74.

We now have

Pg(mf) =ra 474

T2
I[D_ - =
Qz+1( é) 7’1+7“2
pi=T1+tT2
pi Tt
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PC-S PC-W AC-S AC-W

pTMs X X v v
pPDAs ? ? v ?
pBPAs (V) X ? ?

pFAs v v v v

Figure 5.2: Closure results of algorithmic conditioning (AC) and post-
conditioning (PC) with distribution over words (-W) and terminal states (-S).
(x): pFAs are only closed under post-conditioning with words when the condi-
tioning set is regular.

With this, we can show that

P(r;)
= p; -IP’(7r§+1)
- P(mit1)

]P)qi+1 (_\é)
T2 ) IP(ﬂ'H_l)

T
T2+ T4 r1 +2r2

ra (r1+7r9) - P(mit1)
o + T4 T
(r1+72) - P(miz1)
To + 74

pi - P(mit1)

qu‘ (_'é)

P(m;)
qu‘(_‘é ) .

(Induction Hypothesis)

Therefore, every non-blocked run of A corresponds to a run of A’ that produces
the same word with the same probability, except for the normalisation of the
final distribution. O

Other Classes

For pPDAs and pBPAs, we were neither able to find a construction to show
closure nor able to prove that they are not closed under algorithmic conditioning
with words.

5.2.8 Summary and Discussion

In this section, we have presented closure results for algorithmic and post-
conditioning and for distributions over words and terminal states. The results
are summarised in Figure 5.2. For post-conditioning, the type of distribution
does not affect closure, with the exception of pBPAs (where closure is trivial
as the single state of a pBPA is always reached with probability 1 after post-
conditioning).
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We did not find a model class that gained expressiveness with algorithmic
conditioning, regardless of the type of distribution. There are, however, several
open problems for algorithmic conditioning.

Which type of conditioning is more suitable depends on the application.
Algorithmic conditioning closely models conditioning in probabilistic program-
ming languages. When writing complex programs, it is usually easier to express
conditioning as part of the language, as compared to a separate query language.
This holds in particular for nested conditioning. Nested post-conditioning could
be accomplished by specifying a different acceptance set for each query block
(this set could even depend on the variables in scope outside of the query block).

For other modelling formalisms, i.e. probabilistic automata and grammars,
post-conditioning is likely more intuitive. As these models are rarely written by
hand and usually generated, e.g. from regular expressions or logic formulae, it is
unnatural to then manually mark some transitions as observe-violation transi-
tions. On the other hand, the post-conditioning set can be specified separately.

Algorithmic conditioning also requires support from tooling when process-
ing a model. For example, one cannot apply standard automaton minimisation
techniques to an automaton with algorithmic conditioning, as these techniques
do not necessarily preserve the observe-violation transitions. On the other hand,
the positive closure results shown in this section mean that one can first con-
struct an equivalent model without conditioning and then use this model with
standard tools.

If termination probabilities need to be analysed, then post-conditioning is
not suitable.

The additional expressiveness post-conditioning often provides can be use-
ful, but also creates problems. The advantage is that it allows the user to model
problems they could not model in the underlying modelling formalism without
conditioning. Whether this class of problems is of practical use is an open ques-
tion. On the other hand, it also means that dedicated algorithms are required to
perform inference on the models. With algorithmic conditioning, on the other
hand, one can usually first construct an equivalent model without conditioning
and then use standard algorithms.
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Chapter 6

Implementation

We have implemented recursively nested conditioning in the model checker
PrAY. The code can be found at https://doi.org/10.5281/zenodo.7514504.
In this chapter, we introduce the capabilities of PRAY and outline how it is
extended to support nested conditioning. We then demonstrate the tool’s capa-
bilities and limitations with a few examples.

6.1 Description of the Implementation

6.1.1 Introduction to Pray

PrAY is an explicit-state pPDA-based model checker written in Java. It consists
of three components:

e A front end that compiles a program written in the PRAY language into
a stack-based! intermediate language. The PRAY language is similar to
the language we have used throughout this work, with a few additional
features to make it more usable in practice, e.g. additional ways to ex-
press probabilistic behaviour, more data types and additional control flow
structures.

e A model builder that constructs a pPDA from the intermediate language
program. This is handled similarly to the operational semantics from
Chapter 3. In particular, function calls make use of the pPDA stack, while
variable values and the program counter are stored in the state. How-
ever, PRAY only adds pop transitions for symbols that are reachable from
that state, whereas we add pop transitions for all possible symbols in the
operational semantics.

e A model checker then analyses the pPDA. Currently, it is possible to
approximately compute termination probabilities and the terminal distri-
bution over the variables of the main function.

1Note that this evaluation stack is separate from the pPDA stack and is not currently
abstracted during model building, i.e., the entire evaluation stack is part of the local state of
the pPDA.
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6.1.2 Conditioning in Pray

To support conditioning, we added query blocks and observe functions to the
front end. In the intermediate language, we added new instructions for creating
and reading query symbols. Apart from this, query blocks and observe functions
are handled largely using existing intermediate language instructions, which
keeps changes to the model builder minimal.

In addition to this, we also implemented a few other improvements to PRAY
as part of this work: Pray can now output the final distribution of variables?.
Furthermore, the algorithm that detects reachable symbols for pop transitions is
now much faster — often by an order of magnitude or more. We also reduced the
number of cases where model building does not terminate due to the handling
of the evaluation stack.

6.2 FEvaluation

In this section, we present two examples where nested conditioning is used to
model agents that reason about each other.

6.2.1 Schelling Games

Schelling games [20] are scenarios where two or more agents have to indepen-
dently make a decision without communicating. The goal is for the agents to
make the same decision. In our example, which is taken from [22], we consider
two agents, Alice and Bob, who want to meet at a restaurant. However, there
are two restaurants and Alice and Bob cannot communicate. Our goal is to
model Alice’s thought process and determine the probability of her going to
Restaurant 1.

A simple approach would be for Alice to simply pick the restaurant she
prefers. In our example, we assume she has a slight preference for Restaurant
1. However, this does not necessarily maximise the probability of meeting Bob.
Therefore, Alice also considers Bob’s preferences. Alice believes that Bob also
prefers Restaurant 1, but thinks that his decision-making process in turn de-
pends on her decision, and so on.

In [22], this is modelled as follows: Alice first samples her preferred restaurant
probabilistically (by choosing Restaurant 1 with a higher probability). She then
recursively evaluates Bob’s preferred restaurant and conditions on her choice
being equal to Bob’s choice. Alice’s model of Bob’s thoughts works similarly,
and Alice believes that Bob has an accurate model of her own thoughts (and so
on).

A naive implementation of this does not terminate, as every call to Al-
ice’s function makes a call to Bob’s function and vice versa. There are two
ways of achieving termination. [22] keeps track of recursion depth. If the depth
reaches some pre-defined value, further recursion is disabled, i.e. the agent sim-

2This feature uses data computed during the termination analysis, i.e., it did not require
changes to the model checking algorithm itself.
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Figure 6.1: Probability that Alice goes to restaurant 1 with bounded recursion.

ply chooses from their own preference.

int alice(int depth) {

query {
int a = 1 [0.55] 2;
int b = bob(depth - 1);
observe(a == b);
return a;
}
}
int bob(int depth) {
query {
int b = 1 [0.55] 2;
int a = b;
if (depth > 0) {
alice (depth);
}
observe(a == b);
return b;
}
}

The results for bounded recursion are shown in Figure 6.1. As expected, the
probability approaches 1 as the recursion depth increases. The graph is identical
to the one presented in [22].

Bounded recursion does not require a pPDA and could also be modelled
with a Markov chain. However, using a pPDA leads to an exponentially smaller
model: In both cases, the model consists of one layer per recursion step. In the
case of the pPDA, each layer has the same size, as it has to store the result of the
probabilistic choice 1[0.55]2 before making the recursive call. In Markov chains,
on the other hand, each layer doubles in size, as it has to store the results of the
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Figure 6.2: The restaurant scenario with probabilistic abortion condition.

probabilistic choices of all previous layers as well. Therefore, the pPDA grows
linearly with recursion depth, whereas the Markov chain grows exponentially.

In addition to bounding the depth, we implemented a second approach that
uses a probabilistic termination condition. In every function, we disable further
recursion with some pre-defined probability p:

int alice() {
query {
int a = 1 [0.55] 2;
int b bob () [pl a;
observe(a == b);
return a;

}
}
int bob() {
query {
int b = 1 [0.55] 2;
int a = alice() [p] b;
observe(a == b);
return b;
}
}

While this means that recursion is potentially unbounded, it can be ex-
pressed in a finite-state pPDA because we are using the stack for recursion and
conditioning. In fact, this approach keeps model size constant for all 0 < p < 1.
The results are shown in Figure 6.2a. For small p, one can see that the probabil-
ity of going to Restaurant 1 slowly increases. However, there is a sharp drop-off
when p is roughly 0.5. The reason for this is shown in Figure 6.2b: For these p,
the model no longer almost-surely terminates.

This is unexpected, since every function only makes a single recursive call.
As long as the probability of recursion stopping is non-zero, the model should
terminate almost-surely. However, our functions are in fact making more than
one call due to rejection-sampling.

Note also that, even if we remove the diverging runs from the terminal
distribution (see Figure 6.2¢), we still do not get the desired behaviour.
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6.2.2 Counting Game

In this section, we compare two approaches to model 2-player games. In both, we
use conditioning to reason about the next move of the opponent. The approaches
differ in which steps are performed inside of the query block.

In the game we are modelling, two players, Alice and Bob, take turns incre-
menting a counter. The counter starts at 0, each player increments it at least by
1 and at most by k, and the player on whose turn the counter equals or exceeds
some n wins. For example, a game with kK = 3 and n = 7 could look as follows:
Alice starts by incrementing the counter by 2. Bob adds 1, so the counter is
now 3. Alice adds 3, bringing the counter to 6. Bob now adds 1, bringing the
counter to 7 and winning the game.

The game has a fairly simple strategy: If the counter reaches n — k — 1, then
the next player has to increment it to at least n — k and at most n — 1. In every
case, the following player can reach n. Therefore, the game is won by the player
who first reaches n — k — 1 if he or she plays optimally. This argument can be
applied repeatedly, so the first player to reach n — i - (k — 1) wins for any 4. In
the above example (with £ = 3 and n = 7), Alice could have forced a win by
starting with n — k — 1 = 3, forcing Bob to play 4, 5 or 6, and thus allowing
Alice to play 7 in every case. In general, Bob wins if and only if n =i - (k + 1)
for some 3.

Our goal is to compute the expected winner for a given k and n.

Naive Recursive Approach

Our naive approach is very similar to the restaurant example from Section 6.2.1.
Alice probabilistically chooses her move by uniformly sampling from {1,...k}.
She updates the counter and then calls Bob. Bob returns the winner of the game
(by choosing his move and recursively calling Alice) and Alice conditions on her
winning. To make sure the program is legal, with a small probability (e.g. 1073),
she also allows losing. Note that we do not have the issue of non-termination
like in the restaurant example: Players have to increment the counter by at least
1 and the game ends once the counter reaches n.
We implement this as follows, with bob(...) implemented similarly.

string alice(int counter) {
if counter >= n {
return "Bob";

}
query {
int choice = uniform(k) + 1;
int winner = bob(value + choice);
if winner != "Alice" {
observe (£f1ip(1//1000));
}
return winner;
}

The winning probability for Alice using this model is depicted in Figure
6.3 for k = 3 and varying n. The model accurately predicts a high winning

85



12 3 4 5 6 7 8 9 10 11 12 13 14 15 16
n

Figure 6.3: Probability of Alice winning the counting game for & = 3 and dif-
ferent n, using the naive recursive implementation. If Bob played perfectly, he
would win for n =4, n =8, n = 12 and n = 16.

probability for the cases where Alice can win (those where n is not divisible by
k+ 1), but it overestimates the winning probability for n =4, n =8, ... (where
Bob has a winning strategy) significantly. This issue gets worse as n grows. For
n = 16, the model predicts that Alice will win with 94.5% probability, even
though Bob can force a win.

To explain why this occurs, consider some of the runs for kK = 3 and n = 4. In
this scenario, Bob should be able to force a win, but our model does not give him
very good odds of doing this. Assume that Alice chooses to play 1. Then Bob
has three options: He can add 1, 2 or 3. If he adds 1 or 2 and recursively calls
Alice, she can force a win. Therefore, those two runs only pass his conditioning
with probability ﬁ. If, on the other hand, he plays 3, Bob’s conditioning is
not violated. However, the run is unlikely to pass Alice’s conditioning. This is
the key problem: All three runs are equally likely to pass conditioning?.

The approach also favours shorter runs, because in every other step, the
probability of passing the observe statement is 1073, If the run has odd length
2 -4+ 1, i.e. Alice makes the final move, then the run is more likely to pass if
Alice wins (because there are i + 1 observe statements conditioning on Alice
winning and just ¢ statements for Bob).

Another perspective is this: We want Alice to probabilistically choose her
move, then check the result of this move and then condition her chosen move
based on the result. However, we are conditioning her chosen move and the
result based on the result. Because bob(...) is itself a probabilistic function,
it is affected by conditioning just as uniform(...) is. Therefore, the recursive
call does not actually evaluate Bob’s best move fairly.

Recursive Approach With Caching

Fixing this requires a somewhat clunky workaround: Alice needs to call Bob
recursively outside of the query block, but both choosing her move and condi-
tioning on the result need to be inside of the query block. Choosing the move
needs to happen before the recursive call and conditioning on the result needs

3In practice, it is slightly more complicated, since the model of Alice exhibits the same
problem, so it’s not guaranteed that she will actually force a win if Bob adds 1.
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to happen after the call. Because query blocks are contiguous, we cannot model
this.

However, there is a workaround: We first recursively call Bob for all k possible
moves by Alice and store the result in k variables. We then enter the query block,
probabilistically choose a move, check the precomputed result of this move and
condition on it. For k = 3, the implementation looks as follows:

string alice(int counter) {
if counter >= n then {
return "Bob";
}
string bl
string b2
string b3

bob(counter + 1);
bob(counter + 2);
bob(counter + 3);

query {
string winner;
int choice = uniform(3) + 1;
if choice == 1 then { winner
if choice == 2 then { winner
if choice == 3 then { winner
if winner != "Alice" then {

observe (f1lip (1//1000));

}

return winner;

bil;
b2;
b3; }

Il
e

The results of this approach are shown in Figure 6.4. The model now predicts
the winner more accurately for all cases. However, this comes at the cost of a
much larger model and much slower model building. In our implementation
(which performs some size-reduction procedures between model building and
checking), the model had 176 states, 186 transitions and 44 symbols for n = 4
and took about 10 seconds to check, while it had 2365 states, 4738 transitions
and 533 symbols for n = 11 and took about half an hour to check on a reasonably
modern desktop computer. The growth in model size is roughly linear.

While this approach cannot compete with the performance of dedicated
game-solving techniques, such as the minimax algorithm (potentially improved
with techniques like alpha-beta pruning), it has some distinct advantages: For
example, the technique presented can incorporate probabilistic behaviour with-
out any extra effort. If the players were throwing dice in the game above, one
would only have to change how the counter is incremented. Dedicated game-
solving techniques, on the other, might require modifications to data structures
and algorithms to express this probabilistic behaviour.

It might be helpful to explore ways of making this way of modelling more
natural. For example, it would be useful to write the code in the normal order
with special annotations to mark calls that should be cached. The caching is
then implemented automatically by the compiler. Since the caching approach
can lead to a very large state space, it might be worth exploring whether it is
possible to achieve the same behaviour without caching.
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Figure 6.4: Probability of Alice winning the counting game for k£ = 3 and differ-
ent n, using the recursive implementation with caching. If Bob plays perfectly,
he wins for n =4, n =8, n =12 and n = 16.

6.2.3 Discussion and Limitations

We have shown how nested conditioning can model human decision-making.
Our examples demonstrate the advantages that nested query blocks bring over
global conditioning. They also show that this makes sense even in the bounded
case, because a pPDA model can be exponentially smaller than a Markov chains
that models the same program.

At the same time, the unintuitive termination behaviour of the restaurant
example is a potential weakness of our approach. While this behaviour can be
desirable in some cases, it might be worthwhile to develop alternate semantics
where the program almost-surely terminates. One approach could be to build
a separate pPDA for each query block. It is not clear how one would handle
circular dependencies (which occur during recursion) with this technique.

The second example has demonstrated how observe statements always con-
dition all probabilistic decisions in the query block and don’t give more fine-
grained control over which variables are affected by conditioning. One way of
mitigating this is to only reset some variables during rejection sampling. How-
ever, this is problematic if an early variable should be conditioned and a later
variable depends on this, but should not be conditioned. In the above example,
this is the case, as we want to condition Alice’s choice, but not Bob’s behaviour,
but Bob’s behaviour depends on Alice’s choice.

It would have been beneficial to have a larger collection of benchmarks avail-
able. Unlike other areas of model checking, where there are often well-curated
benchmark sets (see e.g. [10] for a collection of DTMCs, MDPs, etc.), there
are very few benchmarks for nested conditioning. It would be very helpful to
assemble such a set so that different tools can be compared more easily.

Testing was also hampered by PRAY’s limited performance. It was not pos-
sible to implement and test some of the larger models from [22], as PRAY either
failed to build the model before running out of memory or did not complete
model checking even after several hours. While faster code cannot change the
underlying complexity of computing the distribution of a pPDA, it is likely that
it would still make the technique much more usable in practice.
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Chapter 7

Conclusion

We introduced the CRPPL language and showed how nested conditioning can
be used to model “reasoning about reasoning”. The operational semantics of
CRPPL are based on pPDAs and use the stack of the pPDA both to han-
dle recursive function calls and to store the current query block. The weakest-
preexpectation semantics are defined inductively and handle conditioning by
computing a pair of pre-expectations for every query block and then using the
second expectation for normalisation. These two semantics produce the same
reachability and termination probabilities.

We have presented two different types of conditioning — algorithmic and post-
conditioning — and explored how these affect the closedness of several model
classes under conditioning. For algorithmic conditioning, with the exception of
pBPAs, we only obtained positive closure results. We have shown that our lan-
guage is closed under conditioning by presenting a transformation that replaces
query blocks with do-while loops.

We demonstrated our implementation on two examples. In both of these,
we modelled “reasoning about reasoning” and demonstrated several potential
problems: We showed that nested conditioning can change the termination prob-
ability even for programs that almost-surely terminate without conditioning. We
also showed that there are intricacies in which probabilistic choices are affected
by conditioning. If these are handled properly, then nested conditioning allows
modelling games and computing optimal strategies.

7.1 Future Work

We did not consider non-determinism in our program. While [17] shows that
weakest-preexpectation semantics cannot be extended to non-deterministic pro-
grams easily, even for global conditioning, the same limitation does not apply
to the operational semantics. A similar approach might also be possible for our
pPDA-based semantics.

The unintuitive termination behaviour and the issues with excluding recur-
sive calls from conditioning could both be solved with memoisation, i.e. perform-
ing each recursive call only once even if rejection sampling requires the result in
multiple runs. While it is possible to do this manually in our language, this is
both inelegant and leads to an exponential state-space in the number of different
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recursive calls to be cached. It would thus be interesting to develop operational
semantics that perform memoisation by default. It is unclear, however, whether
a model class exists where this is possible without significant overhead.
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