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Abstract

Shell structures represent efficient structural systems. Integrating materials with distinct
properties, such as composites, can further enhance the structural performance of shells.
These composite shell structures find application in various engineering fields, ranging
from aerospace to civil engineering, providing a balance between strength and material
consumption. Identifying the optimum designs, particularly in terms of load-bearing
capacity and suitability, drives the need for accurate and efficient analysis methods ac-
counting for the intricate material behaviour of composites.

In the scope of this work, a first-order homogenisation method for the analysis of shell
structures, taking into account a detailed description of the microstructure, is proposed.
The method allows the simulation of the structural behaviour at different length scales
within a single framework. Thus, providing an approach able to capture the microscopic
morphology while being computationally efficient. Although homogenisation methods are
widely used and thoroughly investigated for three-dimensional problems, their application
to structural elements, such as shells, still poses challenges. Specifically, assessing the
homogenised shear stiffness often yields inaccurate results.

The main focus is on the coupling of the microscopic representative volume element (RVE)
to the macroscopic shell formulation. For this purpose, three different boundary conditions
for the RVE are presented. These differ mainly in the treatment of the macroscopic shear
strain and impose different symmetry requirements on the RVE. Introducing an additional
constraint at the microscopic scale corrects the homogenised shear stiffness components.
Using linear-elastic benchmark examples, the approach is validated at the microscopic
scale and further evaluated using multiscale examples, including geometrical and physical
nonlinearities.

In the context of civil engineering, the proposed method is applied to examine carbon
reinforced concrete shell structures. Image-based methods are used to capture the mi-
croscopic structure with high accuracy. The aim of this work is to combine a numerical
analysis method with an accurate internal description to allow for the evaluation of novel
production techniques and structural designs of, but not limited to, carbon-reinforced
concrete shell structures.





Kurzfassung

Schalenstrukturen stellen effiziente Tragstrukturen dar. In Kombination mit Verbund-
werkstoffen können die Struktureigenschaften weiter verbessert werden. Schalenstruktu-
ren aus Verbundwerkstoff finden in verschiedenen technischen Bereichen, von der Luft-
und Raumfahrt bis hin zum Bauwesen, Anwendung und zeichnen sich durch ihre hohe
Tragfähigkeit bei gleichzeitig geringem Materialverbrauch aus. Um optimale Designs, ins-
besondere im Hinblick auf Tragfähigkeit und Brauchbarkeit, zu identifizieren, sind präzise
und effiziente Analysemethoden, die das komplexe Materialverhalten von Verbundwerk-
stoffen berücksichtigen, unerlässlich.

Im Rahmen dieser Arbeit wird eine Homogenisierungsmethode erster Ordnung für die
Analyse von Schalenstrukturen vorgeschlagen, welche eine detaillierte Beschreibung der
Mikrostruktur berücksichtigt. Die Methode ermöglicht die Simulation des Strukturver-
haltens auf verschiedenen Längenskalen. Auf diese Weise kann die mikroskopische Mor-
phologie erfasst und zusätzlich eine effiziente Berechnung ermöglicht werden. Obwohl Ho-
mogenisierungsmethoden für dreidimensionale Probleme weit verbreitet und eingehend
erforscht sind, stellt ihre Anwendung auf Strukturelemente, wie Schalen, nach wie vor ei-
ne Herausforderung dar. Insbesondere die homogenisierten Schubsteifigkeiten werden oft
nur ungenau erfasst.

Der Schwerpunkt liegt auf der Kopplung eines mikroskopischen repräsentativen Volu-
menelements (RVE) mit der makroskopischen Schalenformulierung. Dazu werden drei
verschiedene Randbedingungen für das RVE vorgestellt. Diese unterscheiden sich haupt-
sächlich in der Berücksichtigung der makroskopischen Schubverzerrung und stellen unter-
schiedliche Symmetrieanforderungen an das RVE. Durch die Einführung einer zusätzlichen
Randbedingung auf mikroskopischer Skala werden die homogenisierten Schubsteifigkeiten
korrigiert. Anhand von linear-elastischen Referenzbeispielen wird die Methode auf mikro-
skopischer Skala validiert und anhand von Multiskalenbeispielen, welche geometrische und
physikalische Nichtlinearitäten berücksichtigen, evaluiert.

Im Bauwesen wird die Methode zur Analyse von Schalenstrukturen aus Carbonbeton ein-
gesetzt. Dabei werden bildgebende Verfahren angewendet, um die mikroskopische Struk-
tur möglichst präzise zu erfassen. Ziel der Arbeit ist die Kombination einer numerischen
Analysemethode mit einer detaillierten Beschreibung der inneren Struktur, um die Be-
wertung von neuartigen Fertigungsmethoden und Strukturdesigns zu ermöglichen. Zu den
möglichen Anwendungen gehören Schalenstrukturen aus Carbonbeton.





Contents

1 Introduction 1

1.1 Motivation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1

1.2 State of the art . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3

1.3 Aim . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11

1.4 Outline . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11

2 Basic principles of continuum mechanics 13

2.1 Kinematics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13

2.2 Strains, stresses and constitutive relations . . . . . . . . . . . . . . . . . . 15

2.3 Weak form of equilibrium and linearisation . . . . . . . . . . . . . . . . . . 17

3 Nonlinear shell theory 19

3.1 Assumptions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19

3.2 Kinematics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20

3.3 Strains . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23

3.4 Stresses and stress resultants . . . . . . . . . . . . . . . . . . . . . . . . . . 24

3.5 Constitutive relation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25

3.6 Weak form of equilibrium and linearisation . . . . . . . . . . . . . . . . . . 26

4 Fundamentals of computational homogenisation 29

4.1 Basic principles . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29

4.2 Representative volume element (RVE) . . . . . . . . . . . . . . . . . . . . 31

4.3 Hill-Mandel condition . . . . . . . . . . . . . . . . . . . . . . . . . . . . 34

I



II CONTENTS

5 Homogenisation of shear deformable shells 37

5.1 Macro-Meso transition . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38

5.2 Hill-Mandel condition . . . . . . . . . . . . . . . . . . . . . . . . . . . . 41

5.3 Peculiarities arising from the transverse shear deformation . . . . . . . . . 44

5.3.1 Rigid body rotation of the RVE . . . . . . . . . . . . . . . . . . . . 44

5.3.2 RVE size dependence of shear stiffness components . . . . . . . . . 44

6 Finite Element Formulation 49

6.1 Geometric Nonlinear Shell Element . . . . . . . . . . . . . . . . . . . . . . 51

6.2 Scaled Boundary Isogeometric Analysis . . . . . . . . . . . . . . . . . . . . 52

6.3 Transition element . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57

6.4 Moment reduction constraint . . . . . . . . . . . . . . . . . . . . . . . . . . 61

6.5 Homogenisation algorithm . . . . . . . . . . . . . . . . . . . . . . . . . . . 64

6.6 Boundary conditions for the RVE . . . . . . . . . . . . . . . . . . . . . . . 66

6.6.1 Traction Boundary Conditions . . . . . . . . . . . . . . . . . . . . . 68

6.6.2 Shell Boundary Conditions . . . . . . . . . . . . . . . . . . . . . . . 70

6.6.3 Periodic Boundary Conditions . . . . . . . . . . . . . . . . . . . . . 70

7 Numerical Examples 73

7.1 Preliminary Examples . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 74

7.1.1 Necessity of the moment reduction constraint (MRC) . . . . . . . . 74

7.1.2 Adaption of Shell Boundary Conditions . . . . . . . . . . . . . . . . 76

7.1.3 Comparison of boundary conditions . . . . . . . . . . . . . . . . . . 77

7.2 Mesoscopic Scale . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 83

7.2.1 Homogeneous, linear-elastic RVE . . . . . . . . . . . . . . . . . . . 83

7.2.2 Layered, linear-elastic RVE . . . . . . . . . . . . . . . . . . . . . . 84

7.2.3 Findings from the mesoscopic scale . . . . . . . . . . . . . . . . . . 87

7.3 Multiscale . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 89

7.3.1 Beam . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 89

7.3.2 Layered cylindrical shell . . . . . . . . . . . . . . . . . . . . . . . . 94

7.3.3 Plate - elasto-plastic material . . . . . . . . . . . . . . . . . . . . . 96

7.3.4 Plate - longitudinally reinforced . . . . . . . . . . . . . . . . . . . . 98

7.4 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 104



CONTENTS III

8 Image-based modelling 107

8.1 Microtomography and Roving Extraction . . . . . . . . . . . . . . . . . . . 108

8.1.1 Specimen . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 108

8.1.2 Microtomography . . . . . . . . . . . . . . . . . . . . . . . . . . . . 109

8.1.3 Segmentation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 109

8.2 Parameterised RVE and determination of characteristic properties . . . . . 111

8.2.1 Assumptions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 112

8.2.2 Roving dimensions . . . . . . . . . . . . . . . . . . . . . . . . . . . 113

8.2.3 In-Plane Dimensions . . . . . . . . . . . . . . . . . . . . . . . . . . 115

8.2.4 Shell Thickness . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 115

8.2.5 Concrete Cover . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 115

8.3 Examples . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 116

8.3.1 Tensile Test - linear-elastic . . . . . . . . . . . . . . . . . . . . . . . 117

8.3.2 Tensile Test - microplane damage model . . . . . . . . . . . . . . . 121

8.4 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 123

9 Conclusion and Outlook 127

Nomenclature 131

Appendix A Boundary Conditions for the RVE 139

Appendix B Derivation of differential operator 143

Appendix C Deformation modes 145

C.1 Traction boundary conditions . . . . . . . . . . . . . . . . . . . . . . . . . 146

C.2 Shell boundary conditions . . . . . . . . . . . . . . . . . . . . . . . . . . . 147

C.3 Periodic boundary conditions . . . . . . . . . . . . . . . . . . . . . . . . . 148

Bibliography 149



IV CONTENTS



Chapter 1

Introduction

1.1 Motivation

Resource efficiency is defined as the correlation between a particular benefit or outcome
and the utilization of the necessary resources to attain it. In civil engineering, resource-
efficient construction methods are increasingly essential due to the construction sector’s
critical role in reducing global CO2 emissions. This challenge can be approached from
two different perspectives.

On the one hand, the structural system can be designed to improve the resource efficiency.
One example is the use of shell structures, which are able to carry high loads with minimal
material consumption, thus being resource efficient. Shell structures are characterised as
thin and often curved, with in-plane dimensions significantly larger than the thickness.
Inspired by natural structures, such as leaves or nacre, shell structures have been widely
adopted in various engineering applications.

On the other hand, the systematic use of composite materials can improve the resource
efficiency of a structure. Composites combine two or more materials to achieve a specific
overall material behaviour, which can be tailored to meet specific needs, including stiff-
ness, strength, damping, and isolation. The combination of specific material properties
is exploited in many engineering fields such that composites are now well established in
various applications. In civil engineering, for example, a prevalent application is rein-
forced concrete, where the high compressive strength of concrete is combined with the
high tensile strength of steel or e.g. carbon textile.

To maximise the load-bearing behaviour while being resource efficient, both concepts
must be considered simultaneously. The combination of shell structures with composite
materials has been adopted from nature and is currently being applied in many engi-
neering fields. One example from nature is the microscopic brick and mortar structure
of nacre (Fig. 1.1 (a)). In engineering, carbon fibre reinforced polymers (CFRP), which
possess a layered microstructure (Fig. 1.1 (b)), are used in the aerospace and automotive
industries, as well as in sports equipment. In contrast, the microstructure of carbon-
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2 1.1 Motivation

Figure 1.1: (a) Brick-and-mortar structure of nacre (b) Laminate structure of carbon fibre-
reinforced plastic (CFRP) used in aeroplanes (c) Carbon-reinforced concrete ((a) - top: © A.
Tarazevich - bottom: © ESA - E. Poloni; (b) - top: © N. Jeromin - bottom: [160]; (c) - top: © IMB,
RWTH Aachen)

reinforced concrete is characterised by the grid-like structure of the reinforcing textile, see
Fig. 1.1 (c).

To optimise the design process and to gain an in-depth understanding of the interde-
pendence of the different materials, the development of sophisticated analysis methods
is necessary. Identification of a suitable constitutive law, which characterises the com-
posite material would require extensive material tests. To circumvent this drawback and
together with the fact, that the structural scale and the material scale do not coincide in
general, this gives rise to the development of a numerical multiscale method.

Multiscale methods typically consider structural problems on two scales. The micro- or
mesoscopic scale takes the morphology and physical properties of the constituents into ac-
count. Whereas the macroscopic scale considers the structural dimensions and is treated
as homogeneous. Therefore, multiscale methods are often referred to as homogenisation
methods. This approach circumvents the necessity of extensive material tests on com-
posites as well as the need for complex constitutive models for each composite material.
Thus, the development of a homogenisation method is highly desirable, especially for shell
structures.

Due to their reduced thickness, shell structures are particularly sensitive to imperfections.
Non-destructive image-based methods, like computed tomography, allow insights into the
shell structures. In this way, the influence of material imperfections on the load-bearing
behaviour can be evaluated. In a civil engineering framework, for example, the position
of the textile reinforcement within the concrete shell can be assessed and conclusions



3

regarding the production process can be drawn. These aspects necessitate the integration
of image-based methods into multiscale approaches.

1.2 State of the art

In the following, the current state of the art is briefly summarised, covering all relevant
research areas treated in this work. First, the discretisation technique used at the mi-
croscopic scale, the scaled boundary isogeometric analysis, is introduced. Secondly, an
overview of possible shell formulations for the analysis of the macroscopic scale is given,
including their advantages and disadvantages, leading to the formulation employed in this
work. Regardless of the macroscopic and microscopic formulation, the state of the art of
homogenisation methods in general is given. Subsequently, the focus lies on the homogeni-
sation of structural elements, which includes the transition from volumetric to structural
description. The problems arising from the coupling of a structural element with a volu-
metric description of the microscale are discussed and possible solutions proposed in the
literature are presented. Finally, a brief overview of the possibilities of combining imaging
techniques and homogenisation methods is given.

Scaled boundary isogeometric analysis Since the microscopic structures often take
complex shapes, the use of scaled boundary isogeometric analysis (SBIGA) is an attractive
option. It avoids the geometric approximation error of the finite element method (FEM)
and is therefore well suited for the analysis of complex microstructures.

SBIGA uses the concepts of isogeometric analysis (IGA), which was first introduced by
Hughes et al. [76] and is based on the idea of combining design and analysis. Geometries
are often designed using Computer Aided Design (CAD) software. When using FEM for
the analysis, the finite element mesh approximates the CAD geometry. This geometric
approximation error may affect the quality of the solution [41]. Instead of using the
standard Lagrange basis functions from FEM, IGA typically uses non-uniform rational
B-Spline (NURBS) functions for the interpolation of the solution field. Exchanging the
approximation functions allows to directly use the CAD geometry for analysis, this is
one of the main advantages of IGA, because the meshing cost can be reduced. For
more comprehensive information on NURBS, the reader is kindly referred to the standard
literature [134, 144]. Although NURBS are the most widely used type of interpolation
functions, other computational geometry technologies are possible, such as T-Splines [12,
43] or subdivision surfaces [36].

When adopting three-dimensional models from CAD, one faces the challenge that solids
in CAD are usually described only by their boundary surfaces. This modelling technique
is referred to as boundary representation (B-rep) of a solid. To use these surface descrip-
tions for analysis, they need to be transformed into a volumetric description. Several
different techniques have been proposed in the literature. For example, swept volume
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parameterisation [2], the solution of an optimisation problem [131], NURBS-enhanced
FEM [153] or the construction of tri-variate Bézier elements from volumetric T-splines
[104]. In the scope of this work, IGA is combined with the concepts of the semi-analytical
scaled boundary finite element method (SBFEM) [157, 158, 159] to obtain a volumetric
description. In SBFEM, a scaling centre C can be defined for any star-convex domain,
i.e. a straight line between the scaling centre and any point on the boundary is not al-
lowed to be intersected. If this condition is satisfied, the interior of the domain can be
described by a scaling parameter that runs from the scaling centre to the boundary. If
the domain is not star-shaped, subdivision can be applied, in order to obtain multiple
star-shaped geometries [127, 158]. However, subdivision can be quite tedious depending
on the geometry. To overcome this issue, Bauer et al. [10] discuss various decomposition
methods, such as quadtree decomposition and the art gallery problem. Nevertheless, these
approaches are limited to two dimensions.

The required star-convexity of the geometries is a restrictive requirement. Therefore,
different efforts have been made to relax this restriction. On the one hand, nonlinear
scaling lines, such as curved scaling rays [7], circular arcs [80] or parabolic parameter lines
[166], have been introduced to provide more flexibility. On the other hand, it has been
proposed to place the scaling centre outside of the domain [32, 140, 148]. Unfortunately,
all of these approaches are currently restricted to two dimensions. Here, star-shaped
geometries are obtained through subdivision, linear scaling lines are employed, and the
scaling centre is positioned within the structure.

Once the position of the scaling centre is defined, the problem can be described by means of
one scaling parameter and two parameters describing the boundary. In classical SBFEM,
the displacement field in the interior is solved analytically. To allow the investigation of
nonlinear problems, a fully numerical scheme was proposed [27, 28, 30]. The displacement
field in the interior is approximated by uni-variate B-Splines. Thus, instead of the tri-
variate tensor-product commonly used in IGA for the description of solids, the formulation
combines a bi-variate NURBS surface description with a uni-variate B-Spline description.
Therefore, the combination of the NURBS surface representation of the boundaries with
the scaling concept of SBFEM yields the scaled boundary isogeometric analysis (SBIGA)
[27, 96, 127].

Shell formulation In the scope of this work, shell structures are examined at the macro-
scopic level. Irrespective of the volumetric discretisation technique used at microscopic
scale, the macroscopic scale is discretised using a shell formulation. A lot of research has
been conducted in the field, such that an extensive overview is beyond the scope of this
work. Instead, a brief summary – without any claim to completeness – is given. For
more comprehensive reviews on the subject of shell formulations, the interested reader is
referred to e.g. [4, 5, 16, 86, 182].

In general, the use of structural shell elements implies that the three-dimensional kine-
matics used in a continuum mechanics context are modified a priori. For thin-walled
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shell structures, this modification refers to the dimensional reduction from three to two
dimensions [16].

These shell formulations typically distinguish between the Kirchhoff-Love and the
Reissner-Mindlin kinematics and are referred to by the number of degrees of free-
dom they possess. The former theory is based on the works of Kirchhoff [88] and Love
[107]. They assumed that the cross-section of the plate remains plane, implying that
the cross-sectional axis remains perpendicular to the centre plane even after deformation.
Therefore, the deformation behaviour due to transverse shear is described as rigid. Con-
sequently, the Kirchhoff-Love theory is not able to account for transverse shear and
is therefore only suited for thin shells. The theory describes the behaviour using three
translational degrees of freedom, while the rotation is obtained as the derivative of the
out-of-plane displacement. Hence, it is referred to as 3-parameter shell formulation.
In contrast, the theory of Reissner [141] and Mindlin [122] is an extension of the Kirchhoff-
Love theory, as it allows for deformations due to transverse shear. The cross-section of
the shell is thus allowed to rotate relative to the centre plane. It is referred to as a shear de-
formable shell formulation. In addition, Reissner-Mindlin theory offers the advantage
that C0-continuous interpolation functions can be utilized, since two rotational degrees
of freedom are introduced in addition to the displacement. For this reason, Reissner-
Mindlin shells are often referred to as 5-parameter shells. In contrast, Kirchhoff-Love
shells require C1-continuous interpolation functions due to the incorporation of the dis-
placement derivative.

Within the 5-parameter shell, a plane stress state is assumed that requires a modification
of the three-dimensional constitutive laws. These necessary modifications usually motivate
the introduction of 6- and 7-parameter shell models, which introduce one or two additional
degrees of freedom to account for thickness change and thus allow for the incorporation
of three-dimensional constitutive laws, see e.g. [15, 22, 63]. However, for classical shell
problems a 5-parameter shell is computationally more efficient since it necessitates less
degrees of freedom.

The Reissner-Mindlin kinematics assume a constant transverse shear strain across the
thickness of the shell, which implies a constant shear stress distribution over the thick-
ness, or a constant shear stress for each layer in layered materials. However, this constant
distribution is unphysical and does not coincide with the real shear stress distribution.
It also violates the boundary conditions at the top and bottom surfaces. In shell theory,
this problem can be addressed by an extension of the kinematic relationships, for exam-
ple in multi-director shell formulations [101, 126, 139]. Alternatively, solid shell elements
[74, 93, 94] can be used.
Overall, these methods are computationally expensive and therefore not well suited for the
use within a homogenisation framework, which is why a 5-parameter shell is used. Never-
theless, the correct shear stress distribution must also be achieved during homogenisation
within the RVE.

Shell formulations are known to suffer from locking phenomena. Locking leads to an
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artificial stiffening of the system and therefore the results obtained are too stiff. For
Reissner-Mindlin shells, membrane and shear locking are the most commonly observed
[61]. Various methods have been proposed to avoid the different types of locking. The
most well-known techniques to circumvent locking are selective reduced integration [185],
the discrete shear gap method [17, 98], the assumed natural strain (ANS) method [48, 75]
or the enhanced assumed strain (EAS) method [24, 155]. An overview can be found in
[97].

In the scope of this work a shell formulation based on [61, 95, 174] with Reissner-
Mindlin kinematics is employed. It offers the advantage of being computationally effi-
cient, compared to other shell formulations. The material behaviour will be covered by
the microscopic scale within the homogenisation approach. As discussed, a key point is
the correct shear stress distribution. Locking effects of the shell formulation are cured by
an assumed shear strain interpolation according to Dvorkin and Bathe [48] and the use
of a mixed element formulation following the Hu-Washizu principle. However, locking
phenomena are not investigated throughout the scope of this work.

Multiscale methods At the microscopic scale, materials often exhibit heterogeneities,
such as fibres, pores or phases of different materials. The definition of continuum material
models is often complex. Thus, multiscale methods aim to substitute the complex mi-
croscopic material behaviour. The multiscale methods discussed in the following consider
materials on two different length scales, referred to as macroscale and meso- or microscale.
Alternatively, they can be referred to as coarse and fine scale in the literature.

One can distinguish between concurrent multiscale methods, which consider a strong cou-
pling between the scales, and homogenisation methods, which assume a scale separation
and aim to determine an equivalent overall material model. For the definition of effective
material properties the microscopic heterogeneities are modelled discretely. In general,
multiscale methods can be classified in analytical and computational approaches [59].

One intuitive analytical approach is the rule of mixtures, which predicts the effective
properties as a weighted mean value. Voigt [168] assumed a constant strain across the
microstructure, while Reuss [142] proposed, opposing to Voigt, a constant stress dis-
tribution within the microstructure. It can be shown that the approaches of Voigt
and Reuss yield an upper and lower bound for the effective material properties, respec-
tively. However, the bounding property of the Voigt and Reuss approach applies only
for linear-elastic materials. To incorporate nonlinear material behaviour, the approaches
were advanced by Taylor [162] and Sachs [146] and build the counterparts to the theories
of Voigt and Reuss, respectively.
The bounds proposed by Voigt/Taylor and Reuss/Sachs provide an initial estimate
for the definition of effective material properties. However, they only account for the
volume ratio of the heterogeneities and neglect the morphology of the constituents and
their distribution. Eshelby [49] proposed a method, which considers ellipsoidal inclusions.
The inhomogeneities were assumed to be dilutely distributed, such that their interaction
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could be neglected. Since this assumption is unrealistic, the approach has been further
developed and various models have emerged [102, 123]. These are generally referred to as
dilute family methods.
Alternatively, a class of methods based on a variational approach was first proposed by
Hashin and Shtrikman [64] and was later generalized, for example, by Hori and Nemat-
Nasser [72] and Milton and Kohn [121].

Based on the analytical approaches, in the past decades various computational multiscale
methods for the analysis of heterogeneous materials have been developed. Extensive
overviews can be found for example in [56, 128, 130, 138, 147].

The class of direct micro-macro methods, also referred to as coupled multiscale methods,
are based on the definition of a representative section of the microstructure, known as
representative volume element (RVE). The RVE captures the relevant microscopic effects.
However, the size of the RVE has to be chosen carefully. It needs to be large enough to
be statistically representative [45] and at the same time as small as possible to reduce
computational effort [84]. Many studies have been published on the choice of the correct
RVE size, an overview can be found in [147].

To obtain the effective material response, the macroscopic strains are applied on the
RVE. After the solution of a boundary value problem the effective material response can
be derived. Feyel [51] introduced the so-called FE2 method, which employs the finite
element method (FEM) at both scales for the solution of the boundary value problem.
The algorithmic treatment was further discussed e.g. in [52, 119, 120, 156]. Alternatively
to using the FEM at microscopic level, other numerical methods may be employed, such
as the fast Fourier Transform (FFT) [124] or the extended finite element method (XFEM)
[20]. Here, the scaled boundary isogeometric analysis (SBIGA) [30] is used.

The macroscopic and microscopic scale are typically coupled in a point-wise manner,
meaning that for each macroscopic point (each integration point in the finite element
context) the stress-strain relationship is determined by the evaluation of a microscopic
boundary value problem. This point-wise coupling requires a clear separation of scales.
Because these methods consistently pass information between the scales, they are classified
as synergistic [1].

The coupling between the scales is typically governed by the Hill-Mandel condition [70,
110], which requires the energies on the two scales to be equal. The boundary conditions
for the microscopic boundary value problem can be chosen, such that the Hill-Mandel
condition is a priori satisfied [99, 120]. Alternatively, a wider set of boundary conditions
[109, 113] can be defined based on the Irving-Kirkwood theory [78]. In contrast to the
Hill-Mandel condition the scale transition is achieved by a global constraint linking
the macroscopic and the microscopic strains.

The assumption of scale separation is only valid if localisation does not occur [56]. For
cases where these limitations cannot be met and moderate localisation occurs, the second-
order homogenisation scheme can be used [54, 99, 100]. In first-order homogenisation
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schemes only the deformation gradient is used for scale transition, whereas the second-
order homogenisation schemes extend this approach by additionally accounting for the
strain gradient. The latter allows for capturing size effects on the microscopic scale. An
extensive overview on second-order homogenisation methods can be found in [143].

Furthermore, a challenging topic is the incorporation of material failure or softening,
i.e. intense localisation, into multiscale methods. Gitman et al. [57] showed that in
the softening regime, when strain localisation occurs at the microscopic scale, the RVE
loses its representativeness. To overcome this problem, multiple special homogenisation
schemes have been proposed, such as the multiscale aggregating discontinuities method
[13] or the failure-zone averaging technique [128]. Alternatively, the multiscale projection
method proposed by Loehnert and Belytschko [105] can be used for the detailed analysis of
spatially limited areas which are prone to localisation. A brief comparison of the coupled
multiscale method proposed in this work, which couples a macroscopic structural shell
with a microscopic continuum representation, with a multiscale projection method has
been presented in [118].

Homogenisation of structural elements In the scope of this work, the microscopic
scale will be discretised using the scaled boundary isogeometric analysis (SBIGA), while
shell elements are employed at the macroscopic scale. The use of SBIGA at the microscopic
scale does not result in any distinctive features for the homogenisation algorithm. In
contrast, the use of structural elements at the macroscopic scale is not straightforward.
Many multiscale methods have been proposed for the analysis of beams and shells. See for
example [26, 183] for beams with Bernoulli kinematic, while [85, 91, 129, 181] consider
shear deformable Timoshenko beams.

The homogenisation approaches for structural shell elements can be classified into first-
order [38, 39, 62, 65, 187], second-order [55, 69] and variationally consistent homogenisa-
tion approaches [19]. These can be further distinguished by the shell theory considered.
First, Coenen et al. [38] proposed a homogenisation approach for thin shells (Kirchhoff-
Love kinematics), which has been applied to masonry structures by Mercatoris and Mas-
sart [112]. As discussed above, these shell theories neglect the transverse shear and the
through-thickness stress; therefore, efforts have been made to develop homogenisation
techniques for thick shells.

Homogenisation approaches for 7-parameter plate [65] and shell models have been pro-
posed [39, 53, 103], to account for the through-thickness normal strains. These models
are not susceptible to Poisson thickness locking [65]. However, due to the extended kine-
matics they are computationally expensive and encounter convergence problems related
to the plate theory [66].

The present work focuses on a homogenisation approach for shear deformable shells with
Reissner-Mindlin kinematics and is based on the works of Gruttmann and Wagner [62]
as well as Wagner and Gruttmann [175]. This approach was further developed by [68, 187]
and applied for the analysis of sandwich structures with thin-walled cores. However, the
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Reissner-Mindlin kinematics also assume a zero through-thickness normal stress. Rig-
orous consideration of the Hill-Mandel condition lead to boundary conditions violating
this assumption. Therefore, the choice of the correct boundary conditions is a key point.
In the scope of this work, three types of boundary conditions are proposed. Their main
difference is the application of the macroscopic shear strain on the RVE. All three bound-
ary conditions will be compared to each other with regard to their suitability within the
proposed homogenisation framework.

In order to evaluate the suitability, early publications on the topic [38, 39, 55] directly
validate the homogenisation approach by multiscale examples, more recently the focus has
shifted to validating the individual homogenised stiffness components [68, 69, 164] before
analysing more complex multiscale examples. It can be observed that the membrane and
bending contributions are homogenised with sufficient accuracy. However, the transverse
shear stiffnesses are erroneous and cause two characteristic phenomena. On the one hand,
the RVE is subject to rigid body rotations when shear strains are applied. To prevent
this rotation, various measures have been proposed in the literature, such as applying
specific boundary conditions [62], imposing a weak constraint on the lateral RVE surfaces
[55], constraining the in-plane displacement [164] or restricting the average rotation of the
RVE cross-section [89, 187].

On the other hand, a dependence of the shear stiffness on the in-plane RVE size is observed
[19, 69, 116]. This has also been noticed by Klarmann et al. [91] for beam structures.
Various measures have been proposed in the literature to overcome the dependence on
the in-plane RVE size. Heller and Gruttmann [68] proposed the use of length-dependent
shear correction factors to account for the size of the RVE. Klarmann [89] showed that the
dependence of the shear stiffness components on the in-plane RVE size can be related to
an unbalanced linear moment distribution. It develops when the macroscopic transverse
shear strain is applied to the lateral RVE surfaces. Hence, Klarmann [89] proposed an
additional constraint that reduces the linear moment distribution within the RVE. This
approach was successfully adopted for shells by [117, 187]. Alternatively, [69] propose a
volumetric constraint on the fluctuation moment within a second-order homogenisation
framework to properly apply the transverse shear strains on the RVE.

In addition, the recent works of Müller et al. [125] and Börjesson et al. [19] should be men-
tioned. The former propose a homogenisation approach for shear deformable plates based
on the Irving-Kirkwood theory, which implies that the strains of the macroscale and
the microscale are linked by a global constraint. No length dependence of the transverse
shear stiffness on the in-plane RVE size is observed. In the work of Börjesson et al. [19]
a framework based on the Variationally Consistent Homogenisation for shear deformable
plates has been proposed. The membrane, bending and shear stiffnesses were correctly
obtained; however, the torsional stiffnesses showed an RVE size dependence which was
overcome by introducing an anti-periodic fluctuation field.

The present work deploys the idea of Klarmann et al. [91], where the linear bending
moment distribution is reduced by an additional constraint. The approach is adapted for
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shear deformable macroscopic shell structures and SBIGA at the microscopic scale.

Incorporation of image-based methods The detailed knowledge of the composi-
tion, size and shape of the heterogeneities can enhance the simulation of materials. It
is therefore beneficial to include knowledge of the microscopic structure into the RVE.
Image-based methods aim to provide a detailed reconstruction of the microstructure of
a sample. Imaging methods such as computed tomography (CT) scans are used for this
purpose. The image data obtained allows an examination of the microstructure.

In the past, image-based simulations have been used, for example, to investigate the ma-
terial properties of concrete [21, 46] or paper [47]. An overview of the various applications
of image-based simulation can be found in [50] and with application to concrete in [165].

In the context of numerical homogenisation, image-based methods can accurately de-
termine the RVE morphology. Multiscale models have been successfully combined with
computed tomography data for concrete [137, 161, 179], Titanium foams [33], fibre rein-
forced polymer [152], textile composites [133] as well as bone tissue [135]. Matouš et al.
[111] present a comprehensive overview over image-based multiscale modelling.

The data from computed tomography has to be preprocessed to generate analysis-suitable
representations. Using boundary detection techniques or voxel methods, hexahedral
meshes can be generated. Alternatively, point clouds can be transformed into surface
descriptions [14, 73]. However, a disadvantage of these methods is that the mesh size
needs to be small in order to represent the heterogeneities with sufficient accuracy. Un-
fortunately, this requires high computational effort, which is particularly disadvantageous
in the context of coupled multiscale approaches, as the microscopic boundary value prob-
lem is solved at every macroscopic integration point. A further drawback is that the
representation with hexahedral elements does not allow for a smooth surface description;
hence, unphysical stress concentrations and singularities may occur at reentrant corners
associated with the voxel-based meshing strategy.

To overcome these drawbacks, the use of NURBS surfaces seems advantageous for the
representation of the microscopic morphology, since NURBS surfaces promise a smooth
surface description and increased accuracy at lower computational effort compared to
standard hexahedral discretisations. Algorithms for the 3D reconstruction of NURBS
surfaces from digital images are presented for example in [60, 169, 176]. To date, the
literature has mainly reported the reproduction of individual objects rather than entire
mesostructures. Furthermore, the reconstruction of mesostructural geometries based on
CT data is very time-consuming. Thus, an efficient modelling strategy is highly desirable.

In the scope of this work, a parameterised model for the analysis of carbon-reinforced
concrete is proposed. A balance between accuracy and computational efficiency is pro-
vided, while allowing a high degree of automation, making it easy to model a wide range
of mesostructures. Furthermore, the proposed parameterised model is implicitly star-
shaped, allowing analyses based on SBIGA.
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1.3 Aim

The aim of this work is to develop a homogenisation approach for shear deformable shell
structures based on the Hill-Mandel condition. In particular, three different sets of
boundary conditions are proposed to allow for a consistent scale transition between the
macroscopic structural element and the microscopic continuum element. Particular at-
tention is paid to the homogenised shear stiffnesses. The length dependence of the shear
stiffness on the in-plane RVE size is reduced through adapting the approach of Klarmann
[89] to shells. Generally, the approach can be used for the analysis of any composite
shell structure. However, the work focuses on textile reinforced concrete shell structures.
To achieve a high degree of accuracy in the microscopic representation, a parameterised
RVE is introduced to incorporate computed tomography data into the homogenisation
framework.

The main focus of this work can be summarised as

• Introduction and comparison of three different types of boundary conditions for the
RVE to allow for a consistent scale transition between the microscopic continuum
representation and the macroscopic structural shell.

• The constraint presented by Klarmann [89] for beams to reduce the length depen-
dent behaviour of the homogenised shear stiffness components is adapted for shear
deformable shell structures.

• A parameterised RVE for the multiscale analysis of textile reinforced concrete shell
structures incorporating image-based methods is presented.

1.4 Outline

Following this introductory chapter, the theoretical foundations on which the developed
homogenisation approach for shear deformable shells is based are presented.

In Chapter 2, the basic equations from continuum mechanics are recapitulated, since the
microscopic scale is described by a three-dimensional continuum formulation.

The description of the microscale is followed by the description of the macroscopic scale.
Thus, Chapter 3 discusses the shell formulation with Reissner-Mindlin kinematics,
which is employed throughout the work.

Chapter 4 presents the basic principles of numerical homogenisation. The choice of a rep-
resentative volume element is discussed and the Hill-Mandel condition, which enforces
the energetic equivalence between the scales, is presented.

The microscopic and macroscopic descriptions are coupled within a homogenisation for-
mulation for shear deformable shells in Chapter 5. The scale transition and the fulfilment
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of the Hill-Mandel condition are discussed. The peculiarities arising from the coupling
of a structural element with a three-dimensional continuum element are also presented.

In Chapter 6, the finite element formulations are introduced. These include a shell element
for the macroscopic scale and the approximation and discretisation technique used at the
microscopic scale, which is the scaled boundary isogeometric analysis. Furthermore, the
numerical treatment of the additional constraints that enables a consistent scale transition
is presented. Finally, the three types of boundary conditions investigated in this work are
derived.

After describing the theoretical foundations, the homogenisation algorithm is validated
using several numerical examples, which are presented in Chapter 7. First, the assump-
tions made throughout the derivation of the homogenisation algorithm are validated using
preliminary examples. Then, the homogenisation approach is verified using linear-elastic
benchmarks for homogeneous and layered RVEs. Finally, four multiscale examples in-
volving physical and geometrical nonlinearities are presented.

Chapter 8 deals with the integration of image-based methods into the homogenisation
procedure. First, the fundamentals of microtomography and segmentation are explained,
before a parameterised RVE for the analysis of carbon-reinforced concrete shell structures
is introduced. An algorithm to determine the characteristic geometric properties of the
carbon textile is presented.

To conclude, Chapter 9 summarises the work and presents an outlook on prospective
research topics.



Chapter 2

Basic principles of continuum
mechanics

In the following, the fundamentals of continuum mechanics are briefly summarised. They
form the basis for the derivation of the formulations describing the macroscopic and
microscopic scale, as well as for the homogenisation approach. More extensive overviews
on continuum mechanics can be found e.g. in [3, 71, 178].

2.1 Kinematics

A body B, which is defined as a set of continuously distributed material points P ∈ B, is
examined. The body is mapped to the Euclidean space E3 in which it occupies the region
Ω, refer to Fig. 2.1. For time t = 0, this region is referred to as reference configuration.
For different points in time the body B occupies different regions Ω, . . . ,Ωt. For t > 0 the
region Ωt is referred to as current configuration.

An orthogonal basis system ei = {e1,e2,e3} is introduced. With respect to this basis

Figure 2.1: Continuum body in reference and current configuration

13
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system, any material point P can be described using the position vector X in the reference
configuration and x in the current configuration.

The bijective mapping from the reference to the current configuration is introduced as

x = θ(X,t), (2.1)

where θ(X,t) is defined as the motion of the body and is assumed to be invertible.

The displacement field u describes the relation of a point in the reference configuration
X to the point in the current configuration x. It is defined as

u(X,t) = x(X,t)−X. (2.2)

To describe the deformation of a body, the deformation gradient F is introduced. It
characterises the local deformation process by relating the infinitesimal tangent vectors
dX and dx to each other.

dx = F dX (2.3)

F =
∂x

∂X
= Grad x = I + Grad u = I + H (2.4)

I denotes the identity tensor and H is the second-order displacement gradient tensor
which vanishes for rigid-body translations. In Voigt notation the deformation gradient
reads

F̂ =
[
F11 F22 F33 F12 F21 F13 F31 F23 F32

]T
= D x = I +D u (2.5)

and can be expressed by means of the differential operator D, which can be written as

DT =

 ∂
∂X1

0 0 ∂
∂X2

0 ∂
∂X3

0 0 0

0 ∂
∂X2

0 0 ∂
∂X1

0 ∂
∂X3

0

0 0 ∂
∂X3

0 0 0 ∂
∂X1

0 ∂
∂X2

 . (2.6)

To ensure the one-to-one mapping of the body B during deformation, the inverse of F

must exist, such that

F−1 =
∂X

∂x
= grad X. (2.7)

Consequently, the determinant of the deformation gradient cannot be zero, which implies
that F is nonsingular. The determinant of the deformation gradient is introduced as the
Jacobi determinant

J = det F 6= 0. (2.8)

To avoid a self-penetration of a body, it is further required that J > 0.
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2.2 Strains, stresses and constitutive relations

The relevant strain and stress measures as well as the constitutive relationships are briefly
summarised in the following. However, this is only a short overview and is not intended to
be exhaustive. For a more detailed description on continuum mechanics, and alternative
stress and strain measures, the reader is again referred to [3, 71, 178].

The Green-Lagrange strain tensor can be formally derived from the difference between
the squared length of a line element in current and reference configuration. It reads

E =
1

2

(
FTF− I

)
(2.9)

and can be expressed in Voigt-Notation as Ê =
[
E11 E22 E33 2E12 2E13 2E23

]T
.

It is a symmetrical second-order tensor and vanishes for rigid-body translations or rota-
tions. The first variation of the strains is obtained by the directional derivative as

δE =
1

2

(
δFT F + FT δF

)
, (2.10)

which can also be expressed in index or matrix notation

δEij =
1

2
(δFki Fkj + Fki δFkj) and δÊ = F̌ δF̂, (2.11)

respectively. Here, the matrix F̌ ∈ R6×9 has been introduced, such that

δÊ =



δE11

δE22

δE33

2 δE12

2 δE13

2 δE23


=



F11 0 0 0 F21 0 F31 0 0

0 F22 0 F12 0 0 0 0 F32

0 0 F33 0 0 F13 0 F23 0

F12 F21 0 F11 F22 0 F32 0 F31

F13 0 F31 0 F23 F11 F33 F21 0

0 F23 F32 F13 0 F12 0 F22 F33





δF11

δF22

δF33

δF12

δF21

δF13

δF31

δF23

δF32


. (2.12)

By replacing δ with ∆ in Eq. 2.10 the linearisation reads

∆E =
1

2

(
∆FTF + FT∆F

)
. (2.13)

Expressing Eq. 2.9 in terms of the displacement gradient H as

E =
1

2

(
H + HT + HT H

)
(2.14)

reveals, that for small deformations (‖H| � 1) the Green-Lagrange strain tensor E
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reduces to a linear strain measure

E ≈ εlin =
1

2

(
H + HT

)
. (2.15)

The deformation of a body B usually evokes stresses within the body. A stress is defined as
the force acting per unit area. To build a work conjugate pair to the Green-Lagrange
strain the second Piola-Kirchhoff stress is introduced

Ŝ =
[
S11 S22 S33 S12 S13 S23

]T
. (2.16)

It is a symmetric tensor related to the reference configuration; however, it has no physical
interpretation. Alternative stress measures that are commonly used are, for example, the
Cauchy stress σ or the first Piola-Kirchhoff stress P. The two Piola-Kirchhoff
stresses can be related to each other using the deformation gradient

S = F−1 P. (2.17)

For further stress measures and their relation to each other refer to [3, 71].

The stresses and strains are related to each other by means of constitutive laws. In the
case of St. Venant Kirchhoff material, which is an isotropic linear-elastic material
law, the relation between the second Piola-Kirchoff stress and the Green-Lagrange
strain reads

S = C : E. (2.18)

Where C is a fourth-order tensor and is referred to as the material tangent. The second
Piola-Kirchhoff stress can be expressed as the derivative of the strain energy density
function Ψ with respect to the Green-Lagrange strain. Consequently, the material
tangent can be written as the derivative of the second Piola-Kirchhoff with respect
to the Green-Lagrange strain. The relations read

S =
∂Ψ(E)

∂E
and C =

∂S(E)

∂E
. (2.19)

The strain energy density function describes the strain energy per unit volume of a ma-
terial, for St. Venant-Kirchhoff it reads

Ψ(E) =
Λ

2
(trE)2 + µ

(
trE2

)
. (2.20)

Λ and µ denote the Lamé parameters, which can be related to the Young’s modulus E
and the Poisson’s ratio ν by

Λ =
ν E

(1 + ν) (1− 2 ν)
and µ =

E

2 (1 + ν)
. (2.21)

µ is the shear modulus which can be alternatively denoted by G. From this, the material
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tangent in matrix notation can be derived for the St. Venant Kirchhoff material as

Ĉ =
E

(1 + ν) (1− 2 ν)



1− ν ν ν 0 0 0

ν 1− ν ν 0 0 0

ν ν 1− ν 0 0 0

0 0 0
1− ν

2
0 0

0 0 0 0
1− ν

2
0

0 0 0 0 0
1− ν

2


. (2.22)

By defining different strain energy density functions, multiple constitutive laws can be
specified. The reader is referred to [18, 108, 154] for the derivation of an isotropic elasto-
plastic material used later in this work.

2.3 Weak form of equilibrium and linearisation

The fundamental balance principles: conservation of mass, balance of linear and angular
momentum, balance of energy and the principle of entropy inequality must be satisfied
at all times t for any material. In the scope of this work the balance principles are not
discussed, instead reference is made to standard publications on continuum mechanics
[3, 71].
The equilibrium condition evolves from the balance of linear momentum and can be
written as

Div P + b0 = 0 in Ω (2.23)

with respect to the reference configuration, where b0 denotes the body force and measures
force per unit reference volume. The equilibrium condition is referred to as strong form
and its derivation can be found for example in [178, 186]. It serves as the starting point
for the derivation of the weak form. Note, that for the quasi-static problems considered
in this work, the inertia term is neglected.

To solve the differential equation using a numerical method, the strong form has to be
transformed into a weak formulation, which fulfils the the differential equation in an
integral sense. To do so, the local equilibrium condition in Eq. 2.23 is multiplied with a
test function δu and integrated over the domain Ω. Partial integration and application of
the divergence theorem yields the weak form.

g (u,δu) = δWint − δWext =

∫
Ω

δÊTŜdV −
∫

Ω

δuT b0 dV −
∫

Γ

δuT t0 dA = 0 (2.24)

In engineering context it is often referred to as principle of virtual work. For the quasi-
static problems considered in the scope of this work, it states that the internal virtual
work is equal to the external virtual work. The body force vector b0 refers to the reference
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volume of the domain Ω and t0 denotes the traction vector acting on the boundary Γ.
The Dirichlet and Neumann boundary conditions are given by

u = ū on Γu and

t0 = t̄0 on Γt,
(2.25)

respectively. Where the boundary Γ of the domain Ω is decomposed (component-wise)
into a Dirichlet boundary Γu and a Neumann boundary Γt such that

Γ = Γu ∪ Γt with Γu ∩ Γt = ∅. (2.26)

When geometric and/or physical nonlinearities are taken into account, a nonlinear system
of equations is obtained. The solution of this nonlinear system necessitates an iterative
procedure such as the Newton-Raphson scheme. This procedure requires the lineari-
sation of the weak form (Eq. 2.24), which is obtained by terminating the Taylor series
expansion after the linear term, such that

L[g(v, δv),∆v] := g(v, δv) + D[g(v, δv)] ·∆v ≈ 0. (2.27)

Assuming conservative loads, which means they are independent of the deformation and
vanish during linearisation, the Gâteaux derivative is obtained as

D [g (u,δu)] ·∆u =

∫
Ω

δÊT Ĉ∆Ê + ∆δÊT Ŝ dV. (2.28)

The first term represents the material and the second term the geometric stress contri-
bution. The derivation of the necessary equations has been presented in an abbreviated
form. For a more comprehensive explanation, the reader is once again referred to the
standard literature on continuum mechanics [3, 71].

To conclude, the internal virtual work of the microscopic scale, which will be incorporated
into the homogenisation process (as will be discussed in sec. 4.3), follows from Eq. 2.24 as

δWm
int =

∫
Ω

δÊTŜ dV. (2.29)

Here, the superscript (·)m is introduced, to refer to the microscopic scale.



Chapter 3

Nonlinear shell theory

Shells are thin surface-like structures, which are characterized by the fact that their thick-
ness is significantly smaller than the dimensions in the other two spatial directions. Typi-
cally, shells can have arbitrary curvatures and can be loaded in all three spatial directions.
The structural behaviour is mainly described by the membrane and bending stiffness. Due
to their ability to carry high loads while demanding minimal material usage, shell struc-
tures find extensive applications across various fields. In civil engineering, shells were
typically used for the construction of domes, such as the Pantheon in Rome.

In the following, the geometry of the shell is described by means of its mid-surface and
a director field, which describes the thickness direction. The presented shell model is
based on the works of Gruttmann and Wagner [61], Klinkel et al. [95] and Wagner and
Gruttmann [174]. To prevent locking effects, a mixed formulation following the Hu-
Washizu principle is employed. However, since locking effects are not discussed in the
scope of this work, the following chapter is limited to the fundamental relations of a non-
linear shell formulation.
In the context of numerical homogenisation, the introduced formulation will be employed
for the analysis of the macroscopic shell structure. The principles from continuum me-
chanics in chap. 2 are transferred to shell kinematics. To begin with, the fundamental
assumptions are briefly summarised.

3.1 Assumptions

The employed assumptions for the presented Reissner-Mindlin shell formulation are
briefly summarised:

• the thickness is smaller than the smallest radius of the shell geometry (h << Rmin),

• the shells are assumed to be inextensible, i.e. the director is inextensible (|d| = 1)
and therefore the normal strain vanishes (E33 = 0),

19
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• the normal stress in thickness direction is neglected (S33 = 0),

• the rotation of the director vector is described using the Euler-Rodriguez for-
mula,

• the rotations are moderate (|ω| ≤ 7◦),

• the strains are small (|E| ≤ 5%),

• large deformations are admissible.

3.2 Kinematics

Shells are defined by a reference surface and a director vector in the three-dimensional
Euclidean space. The basis system ei = {e1, e2, e3} is defined for reference and current
configuration. Simplifying the shell to two-dimensions allows the description of the refer-
ence surface by means of two convective coordinates ξα and a coordinate ζ in thickness
direction. Note that greek indices α,β can take the values 1, 2, while latin indices can
take the values 1, 2, 3. Einsteins summation convention is employed, which indicates
summation over repeated indices. In contrast to the basis system ei, the convective co-
ordinate system ξi = {ξ1, ξ2, ζ} deforms in accordance with the shell. In the reference
configuration (at time t = 0) the reference surface Ω with boundary Γ describes a shell
occupying the shell body B, refer to Fig. 3.1. Analogously, in the current configuration
(at any time t) the reference surface Ωt with boundary Γt describes a shell occupying the
shell body Bt.
In the following, the reference surface of a shell with thickness hM will always be the
mid-surface, therefore −hM/2 ≤ ζ ≤ hM/2. The director vector D is introduced in the
reference configuration as unit normal vector to the reference surface Ω. Assuming in-
extensibility, the shell is unable to expand in thickness direction. Consequently, also the
director vector d in the current configuration is a unit vector

|D| = |d| = 1. (3.1)

In contrast to D, which is perpendicular to Ω, d is not required to be perpendicular to
the reference surface Ωt. This allows for transversal shear deformation.

D = N (3.2)

Any point of the shell can be described either by the basis ei or using the convective
coordinates. Using convective coordinates, a combination of a position vector to a point
in the reference surface X and the director vector D are used in the reference configuration,
see Fig. 3.1. Thus, any point Φ can be written as

Φ(ξα,ζ) = Φiei = X(ξα) + ζD(ξα) (3.3)
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Figure 3.1: Reference and current configuration of a shell

For the current configuration a point x and the director d are employed. Points φ in the
current configuration are identified in a similar way.

φ(ξα,ζ) = φiei = x(ξα) + ζd(ξα) (3.4)

From the difference of the position vectors the displacement field u can be derived as

φ−Φ = x−X + ζ (d−D) = u + ζ (d−D). (3.5)

For any point of the shell, the tangents to the convective coordinate system ξi form a
covariant basis Gi and gi for the reference and current configuration, respectively.

Gi =
∂Φ

∂ξi
Gα =

∂Φ

∂ξα
= Φ,α = X,α + ζ D,α

G3 =
∂Φ

∂ζ
= Φ,3 = D

(3.6)

gi =
∂φ

∂ξi
gα =

∂φ

∂ξα
= φ,α = x,α + ζ d,α

g3 =
∂φ

∂ζ
= φ,3 = d

(3.7)

From the orthogonality conditions, the contravariant basis can be obtained.

Gi ·Gj = δij gi · gj = δij (3.8)

Where δij is the Kronecker-Delta which is defined as

δij =

{
0 i 6= j

1 i = j
.
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For the reference plane, a local orthonormal basis system Ai and ai can be defined. It is
obtained by evaluating the covariant basis from Eqs. 3.6 and 3.7 at ζ = 0.

Aα = Gα(ξα, ζ = 0) = X,α aα = gα(ξα, ζ = 0) = x,α

A3 = G3(ξα, ζ = 0) = D a3 = g3(ξα, ζ = 0) = d
(3.9)

The shifter tensors Z = Gi⊗Ai and Z = gi⊗ai are introduced to establish a relationship
between the bases in the shell and the bases on the reference surface

Gi = Z Ai and gi = Z ai. (3.10)

Using the determinant of the shifter tensor

µ̄ = det Z =

√
G

A
(3.11)

a volume integral can be written as an integral over the reference surface via∫
V

� dV =

∫
V

�
dV

dA
dA =

∫
Ω

∫
ζ

� µ̄ dζ dA

using
dV

dA
=

√
G dξ1 dξ2 dζ√
A dξ1 dξ2

= µ̄ dζ.

(3.12)

The quantities
√
G and

√
A are defined as

√
G = (G1 ×G2) ·G3 and

√
A = |A1 ×A2|. (3.13)

In the following, the factor µ̄ can be assumed to be µ̄ = 1, since only plane and slightly
curved shells are considered.
The director vector in the current configuration d can be related to the one in the reference
configuration D by a rotation tensor R, which describes the rotation of the director during
deformation through

d = RD = (ai ⊗Ai) D, where R ∈ R3×3, RT = R−1 and det R = 1 (3.14)

applies. Here, the orthogonal tensor R is expressed using the Euler-Rodriguez for-
mula, however, other formulations are possible [23]. The Euler-Rodriguez formula is
frequently used, because it is free of singularities for ω < 2π [89]. Finite rotations with
ω > 2π are not considered in the scope of this work.

R = I +
sinω

ω
Ω +

1− cosω

ω2
Ω2, with ω = |ω| and Ω = skew(ω). (3.15)

The rotational parameters ω =
[
ω1 ω2 ω3

]T
describe the rotations about the ξ1,ξ2,ζ-

axis, respectively. In shell theory, ω3 is usually omitted, however it can be beneficial for
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describing thin-walled structures with non-smooth edges [67]. The skew-symmetric tensor
Ω is defined as

Ω = skew(ω) =

 0 −ω3 ω2

ω3 0 −ω1

−ω2 ω1 0

 = [ω]×. (3.16)

For moderate rotations Eq. 3.15 simplifies to R = I + Ω and thus,

d = R D = (I + Ω) D = D + Ω D. (3.17)

The rotational degrees of freedom ω can be combined with the translations u from Eq. 3.5
into a vector v

v =
[
u ω

]T
. (3.18)

3.3 Strains

To describe the deformation of the shell, suitable strain measures must be introduced.
The Green-Lagrange strain tensor from Eq. 2.9 is adapted for the shell kinematics.

E =
1

2
(FT F− I) = Eij Gi ⊗Gj with Eij =

1

2
(φ,i · φ,j −Φ,i ·Φ,j) (3.19)

Using Eqs. 3.6 and 3.7 the components of Eij can be written as

2Eαβ = (x,α + ζd,α) · (x,β + ζd,β)− (X,α + ζD,α) · (X,β + ζD,β)

= 2 εαβ + 2 ζ καβ + 2 ζ2 ραβ

2Eα3 = γα = x,α · d−X,α ·D
E33 = 0,

(3.20)

where α, β = 1, 2 applies. In Eq. 3.20 the membrane strains εαβ, curvatures καβ, second-
order curvatures ραβ and transverse shear strains γα are introduced. These are defined
as

εαβ =
1

2
(x,α · x,β −X,α ·X,β),

καβ =
1

2
(x,α · d,β + x,β · d,α −X,α ·D,β −X,β ·D,α),

ραβ =
1

2
(d,α · d,β −D,α ·D,β),

γα = x,α · d−X,α ·D.

(3.21)

For thin shells the second-order curvatures ραβ can be neglected. The relevant shell strains
can be written in Voigt notation as

ε =
[
ε11 ε22 2 ε12 κ11 κ22 2κ12 γ1 γ2

]T
. (3.22)
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To summarise, the shell strains ε can be related to the Green-Lagrange strains E via
the assembly matrix Ǎ, such that

Ê =


E11

E22

2E12

2E13

2E23

 =


1 0 0 ζ 0 0 0 0

0 1 0 0 ζ 0 0 0

0 0 1 0 0 ζ 0 0

0 0 0 0 0 0 1 0

0 0 0 0 0 0 0 1





ε11

ε22

2ε12

κ11

κ22

2κ12

γ1

γ2


= Ǎ ε. (3.23)

Because no normal strain in thickness direction occurs (i.e. E33 = 0), it is neglected in
Ê. Furthermore,

δÊ = Ǎ δε (3.24)

applies. Note, that the components of Ê and δÊ refer to the local, convective coordinate
system, see Eq. 3.19.

3.4 Stresses and stress resultants

One key assumption of Reissner-Mindlin shell kinematics is that no normal stresses
in thickness direction occur, i.e. S33 = 0. Therefore, similar to Ê, it is neglected in the
definition of the second Piola-Kirchhoff stress Ŝ.

Ŝ =
[
S11 S22 S12 S13 S23

]T
(3.25)

The internal work is defined as the scalar product of the work conjugate pair S and E.
Inserting Eqs. 3.12 and 3.23 into the virtual internal work from Eq. 2.24 gives:

δWint =

∫
V

S : δE dV =

∫
Ω

∫
ζ

δÊTŜ µ̄ dζ dA =

∫
Ω

δεT

∫
ζ

ǍTŜ µ̄ dζ dA =

∫
Ω

δεTσ dA.

(3.26)
Here, the vector of stress resultants is introduced

σ =

∫
ζ

ǍTŜ µ̄ dζ. (3.27)

It contains the membrane forces nαβ = nβα, bending moments mαβ = mβα and shear
forces qα.

σ =
[
n11 n22 n12 m11 m22 m12 q1 q2

]T
(3.28)

Note, that while σ was intially introduced as Cauchy stress in sec. 2.2, it subsequently
denotes the stress resultants of the shell.
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3.5 Constitutive relation

As discussed in sec. 2.2, the second Piola-Kirchhoff stress can be related to the
Green-Lagrange strain using the material tangent C. For St. Venant-Kirchhoff
material the constitutive law from Eq. 2.18 reads

Ŝ = Ĉ Ê = Ĉ Ǎ ε (3.29)

in matrix notation. For the shell formulation, it has to be accounted for S33 = 0 and
E33 = 0 in the constitutive relation. Therefore, the elasticity matrix Ĉ from Eq. 2.22 for
St. Venant-Kirchhoff material can be rewritten as

Ĉ =
E

1− ν2



1 ν 0 0 0

ν 1 0 0 0

0 0
1− ν

2
0 0

0 0 0
1− ν

2
0

0 0 0 0
1− ν

2


=

 Ĉ(3×3)
m 0

0 Ĉ(2×2)
s

 . (3.30)

Inserting Eq. 3.29 into Eq. 3.27, the constitutive relation between the stress resultants of
the shell and the shell strains can be derived

σ =

∫
ζ

ǍT Ŝ µ̄ dζ =

∫
ζ

ǍT Ĉ Ǎ µ̄ dζ ε = D̂ ε. (3.31)

D̂ denotes the material matrix of the shell, it is symmetric (D̂ = D̂T), and can be split in
membrane, bending and shear sub-matrices D̂(3×3)

m , D̂(3×3)
b and D̂(2×2)

s , respectively.

D̂ =

∫
ζ

ǍT Ĉ Ǎ µ̄ dζ =

∫
ζ

 Ĉm ζ Ĉm 0

ζ Ĉm ζ2 Ĉm 0

0 0 Ĉs

 µ̄ dζ =

 D̂m D̂mb 0

D̂T
mb D̂b 0

0 0 D̂s

 (3.32)

The coupling term between the membrane and bending components D̂mb is non-zero if
there is an eccentricity between the mid-surface and the reference surface. This is caused
by the fact that for curved shells µ̄ 6= const. and therefore

D̂mb =

∫
ζ

ζ Ĉm µ̄(ζ) dζ 6= 0 (3.33)

For homogeneous shells, when the mid-surface is chosen as reference surface (−hM/2 ≤
ζ ≤ hM/2) and µ̄ = 1 holds, the sub-matrices can be written as

D̂m = hM Ĉm, D̂b =
(hM)3

12
Ĉm and D̂s = κhM Ĉs. (3.34)
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κ denotes the shear correction factor, which is usually assumed to be κ = 5/6 for rectan-
gular, homogeneous cross-sections. It reduces the shear stiffness, which is overestimated
due to the assumption of plane cross-sections remaining plane.

3.6 Weak form of equilibrium and linearisation

The weak form of equilibrium is defined as the difference between the internal and external
virtual work, refer to Eq. 2.24. For Reissner-Mindlin shells the definition of the internal
virtual work (Eq. 3.26) is substituted, such that

g(v, δv) = δWint − δWext =

∫
Ω

δεT σ dA−
∫

Ω

δvT p̄ dA−
∫

Γ

δvT f̄ dS = 0. (3.35)

Note, that δu from Eq. 2.24 has been replaced by δv, because the degrees of freedom of the
shell are defined according to Eq. 3.18. Furthermore, the surface loads p̄ and boundary
loads f̄ acting on the reference surface of the shell are introduced instead of the body
forces b0 and the traction vector t0.

p̄ =
[
p1 p2 p3 0 0

]T
f̄ =

[
f1 f2 f3 m1 m2

]T (3.36)

The variation of the shell strains follows from Eq. 3.21 as

δε =



δε11

δε22

2δε12

δκ11

δκ22

2δκ12

δγ1

δγ2


=



δx,1 · x,1
δx,2 · x,2

δx,1 · x,2 + δx,2 · x,1
δx,1 · d,1 + δd,1 · x,1
δx,2 · d,2 + δd,2 · x,2

δx,1 · d,2 + δx,2 · d,1 + δd,1 · x,2 + δd,2 · x,1
δx,1 · d + δd · x,1
δx,2 · d + δd · x,2


. (3.37)

The linearisation of the weak form is needed for the iterative solution procedure within
the finite element framework, refer to Eq. 2.27. Again, assuming conservative loads, the
Gâteaux derivative for the shell formulation is obtained as

D[g(v, δv)] ·∆v =

∫
Ω

(
δεT D̂∆ε+ ∆δεT σ

)
dA. (3.38)
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The linearisation ∆ε of the shell strains ε is obtained analogously to δε. The linearisation
∆δε of the virtual shell strains δε can be found e.g. in [174] and reads

∆δε =



δu,1 ·∆u,1
δu,2 ·∆u,2

δu,1 ·∆u,2 + δu,2 ·∆u,1
δu,1 ·∆d,1 + δd,1 ·∆u,1
δu,2 ·∆d,2 + δd,2 ·∆u,2

δu,1 ·∆d,2 + δu,2 ·∆d,1 + δd,1 ·∆u,2 + δd,2 ·∆u,1
∆d · δu,1 + ∆u,1 · δd
∆d · δu,2 + ∆u,2 · δd


. (3.39)

To conclude, the internal virtual work of the macroscopic scale, which will be incorporated
into the homogenisation process, follows from Eq. 3.35 as

δWM
int =

∫
Ω

δεT σ dA. (3.40)

The superscript (·)M is introduced, to denote the macroscopic internal virtual work.
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Chapter 4

Fundamentals of computational
homogenisation

In the following, the basic principles of computational homogenisation are outlined. A
first-order homogenisation approach is employed. The energetic consistency between the
scales is ensured by the Hill-Mandel condition, which will be presented.

4.1 Basic principles

Materials are often heterogeneous at smaller scales, even though they appear to be homo-
geneous on a macroscopic scale. These heterogeneities can be cracks, pores, or phases of
different materials. Some of these heterogeneities become visible on close examination of
the material, while others only appear when examined under a microscope. In fact, any

Figure 4.1: Visualization of the scale separation principle using a textile-reinforced shell struc-
ture ((a) - © IMB, RWTH Aachen; (b) - © ibac, RWTH Aachen; (c) - © F. Wagner, TU Dresden)

29
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material can be analysed at multiple different length scales, and each defect influences
the overall behaviour of the material.

A well-known example from civil engineering is a reinforced concrete specimen. From a dis-
tance, a homogeneous structural element is observed; however, upon closer investigation,
the reinforcement and concrete of the component become obvious. Further magnification
reveals the constituents of the concrete, such as the cement matrix and aggregate. This
process can be repeated until the material is viewed at the atomic level.

However, it is not feasible to consider multiple defects at different length scales when
analysing a specimen. Therefore, different length scales can be introduced. Classically, the
macroscopic scale is considered to be homogeneous, while the microscopic scale contains
detailed information about the heterogeneous material. The choice of macroscopic and
microscopic length scale depends on the problem investigated.

Figure 4.1 depicts the construction phase of the T3-Pavilion at RWTH Aachen University.
Its roof is a textile-reinforced shell structure, which is treated as homogeneous and serves
as the macroscopic scale in this context. Within this shell, the textile reinforcement has
dimensions on the order of centimetres, classifying it as a mesoscopic scale. Upon closer
examination, the concrete constituents become visible on an even smaller length scale, on
the order of millimetres, which represents the microscopic scale.

Homogenisation is the determination of averaged material properties for the macroscopic
scale on the basis of the microscopic scale. Today, numerical homogenisation methods
are widely used. One of them is the first-order computational homogenisation, which is a
coupled multiscale method. This method requires the definition of a volume element that
is representative of the microscopic material composition. Hence, this volume element is
referred to as representative volume element (RVE). To each macroscopic point an RVE
is assigned, which can be used to determine the local material response.

In first-order computational homogenisation, the macroscopic and the microscopic scale
can be analysed using the finite element method (FEM); then, the method is often referred
to as FE2 [52].

In principle, to analyse a structure using FE2 the following steps must be taken:

1. Defining an RVE,

2. Applying the macroscopic strains or stresses to the RVE through appropriate bound-
ary conditions,

3. Solving a boundary value problem on the microscopic scale with any appropriate
numerical method,

4. Calculating the macroscopic output quantities, i.e. the effective material properties
and the corresponding stress or strain state, according to the selected input state.
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Figure 4.2: Homogenisation principle and characteristic length scales.

Applying the macroscopic values to the RVE is a critical step. Today, the Hill-Mandel
[70] condition is the most widely known homogenisation condition, whereas the approaches
of Voigt [168] and Reuss [142] serve as upper and lower bounds for the homogenised
stiffness components. More recently, homogenisation procedures based on the Irving-
Kirkwood theory [78] have been proposed [113, 125].

4.2 Representative volume element (RVE)

Magnifying any point XM on the macroscale, the microstructure with its heterogeneities
becomes visible (Fig. 4.2). Determining the effective material behaviour of a homogeneous
body ΩM with boundary ΓM requires the analysis of the magnified section. This section
captures the heterogeneities on the microscopic scale and describes their material proper-
ties as well as their geometry. Thus, in contrast to analytical approaches, the structural
properties of the microscale are considered in the RVE. In the scope of a homogenisation
process, a microscopic section must fulfil two conditions to function as an RVE [45, 84]:

1. Representativeness : The size of the RVE must be chosen large enough to ensure that
all relevant heterogeneities are taken into account. The average of a microscopic
parameter of the RVE should be equal to the average of the microscopic parameter
of the whole microscopic structure. Therefore, the characteristic length of the RVE
LRV E must be significantly larger than the microscopic length scale Lm.

2. Scale separation: The characteristic length of the macroscopic scale (LM) must be
significantly larger than the length of the RVE (LRV E). This condition allows a
pointwise link between the two scales.
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These two conditions indicate that not just any size can be chosen for the RVE. In
summary, the requirements on the size of the RVE size can be defined as

LM >> LRV E >> Lm, (4.1)

and define an upper and a lower boundary. Finding the optimal size for an RVE is a rather
complex task and can affect the quality of the solution significantly. Many publications
are concerned with the determination of an appropriate RVE, see for example Gitman
et al. [57] and Saeb et al. [147].

It has to be noted, that the RVE loses its representativeness for material softening or
failure [57], which can be related to localisation phenomena within the RVE. Various
methods to incorporate damage into a multiscale framework have been proposed in the
literature [13, 105, 128]. However, this work predominantly concentrates on investigating
the pre-failure behaviour.

For the definition of an RVE it is important to distinguish between global and local pe-
riodicity. Most homogenisation approaches assume global periodicity, i.e. that the entire
macroscopic structure consists of the same repeating material. For global periodicity, the
unit cell is introduced, which is a special case of a representative volume element. It is
defined as the smallest repeating part of the microstructure. Therefore, the microscopic
area can be divided into identical unit cells, not only identical in an averaged sense.
In contrast, local periodicity assumes that the microscopic structure is repeated in the
immediate vicinity of each macroscopic point. Overall, however, different microscopic
structures are possible.

Not only can the material distribution vary for different points on the macroscopic scale,
also the loading history varies. To incorporate this, an independent RVE is considered for
each macroscopic point of evaluation, which is usually an integration point in the context
of FEM.

Once a suitable RVE has been determined, the macroscopic and microscopic scale can be
analysed. The equilibrium conditions for both scales are given in Tab. 4.1. �M denotes a
macroscopic and �m a microscopic value, respectively. The equilibrium condition results
from the balance of momentum and have been introduced in sec. 2.3. The boundary
conditions needed for the solution are additionally given in Tab. 4.1. They prescribe
tractions t0 on the boundary Γt and displacements u on Γu.

From Tab. 4.1 it becomes obvious, that the strong form to be solved is the same on both
scales and differs only in the term b

M

0 , which denotes the macroscopic body forces. This
indicates, that there are no external forces acting on the microscopic scale, as it is only
used to define the effective material properties. Any external forces are applied at the
macroscopic scale.

The boundary value problem on the microscopic scale is treated as quasi-static well-posed
problem, which implies that coercivity is always fulfilled. In a discrete setting this means,
that the stiffness matrix is positive definite. For nonlinear problems geometric instabilities
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Table 4.1: Definition of boundary value problems on macroscopic and microscopic scale

macroscopic scale microscopic scale

Div PM + bM0 = 0 in ΩM

tM0 = t
M
0 on ΓMt

uM = uM on ΓMu

Div Pm = 0 in Ωm

tm0 = t
m
0 on Γmt

um = um on Γmu

should be excluded on the fine scale to ensure coercivity.

The macroscopic quantities can be related to their microscopic counterpart. The following
definitions comply with the derivation in Klarmann [89] for the reference configuration.
The derivation regarding the current configuration can be found, for example, in Gross and
Seelig [59]. The macroscopic Piola-Kirchhoff stress P and the deformation gradient
F can be defined at each point as the volume average of their microscopic counterparts

PM = 〈Pm〉 =
1

V m

∫
Ωm

Pm dV and FM = 〈Fm〉 =
1

V m

∫
Ωm

Fm dV. (4.2)

The operator 〈�〉 is introduced as

〈�〉 =
1

V m

∫
Ωm

� dV with V m =

∫
Ωm

dV. (4.3)

Since no body forces act on the microscopic scale, Div Pm = Pm
ik,k = 0 applies, see Tab. 4.1.

Further, Grad Xm = Xm
j,k = δjk is used, such that

Pm
ij = Xm

j,k P
m
ik +Xj P

m
ik,k︸︷︷︸
=0

=
(
Xm
j P

m
ik

)
,k
. (4.4)

Inserting Eq. 4.4 and transforming the volume integrals into surface integrals over the
RVE boundary Eq. 4.2 can be written as

PM =
1

V m

∫
Ωm

(
Xm
j Pm

ik

)
,k

dV =
1

V m

∫
Γm

Xm
j Pm

ik N
m
k dA =

1

V m

∫
Γm

tm0 ⊗Xm dA,

FM =
1

V m

∫
Ωm

Grad xm dV =
1

V m

∫
Γm

xm ⊗N dA.

(4.5)

N denotes the outward pointing normal vector on the RVE boundary Γm. In Gross and
Seelig [59] it is shown that the application of the divergence theorem, which has been
used to transform the volume integral into a surface integral, is also valid for RVEs with
inhomogeneities, although the differentiability in the whole domain Ωm is not given. The
displacement field is required to be continuous, i.e. the material phases are perfectly
bonded. Equations 4.5 show, that the macroscopic first Piola-Kirchhoff stress and
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the deformation gradient can be applied directly on the RVE boundaries and, in turn,
that the averaged microscopic values can be obtained from the RVE boundaries.

4.3 Hill-Mandel condition

To relate the averaged microstructural fields to the macroscopic ones, the Hill-Mandel
condition [70] can be used, which is one of the most commonly used homogenisation
approaches. It requires energetic equivalence between the two scales and can be written
as [147]

〈Pm : δFm︸ ︷︷ ︸
δWm

int

〉 − 〈Pm〉 : 〈δFm〉︸ ︷︷ ︸
δWM

int

= 0. (4.6)

It states, that the averaged internal virtual work on the microscopic scale δWm
int is equal

to the internal virtual work of a point on the macroscopic scale δWM
int. Fluctuations about

the mean values of the microscopic fields, denoted by (�̃), can be introduced as

P̃m + 〈Pm〉 = Pm and F̃m + 〈Fm〉 = Fm. (4.7)

Inserting these into Eq. 4.6 yields 〈
P̃m : δF̃m

〉
= 0, (4.8)

which shows, that the fluctuations of the microscopic fields do not affect the macroscopic
fields. Therefore, the fluctuating fields on a heterogeneous RVE are equivalent to the
averaged fields acting on a homogeneous RVE. This is also illustrated in Fig. 4.2. However,
this is only valid if the RVE is large enough and satisfies the representativeness condition
from sec. 4.2.

In the homogenisation process the macroscopic strain of a specific point, e.g. the deforma-
tion gradient FM , must be applied to the RVE. Following Voigt [168] a constant strain
FM = F0 is assumed for the whole RVE, such that

xm = F0 Xm in Ωm (4.9)

applies, while Reuss [142] assumes a constant stress Pm = PM = P0 in the whole domain

tm0 = P0 N in Ωm. (4.10)

However, these approaches give only rough estimates of the effective material behaviour
[99]. Classically, in computational homogenisation three different types of boundary
conditions can be defined, which are used to apply the macroscopic fields on the RVE
boundaries. These can be obtained by rewriting the Hill-Mandel condition using the
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divergence theorem as

〈Pm : δFm〉 − 〈Pm〉 : 〈δFm〉 =
1

V m

∫
Γm

(
δxm − δFM Xm

)
·
(
tm0 −PM N

)
dA = 0. (4.11)

The derivation can be found, for example, in [89]. The boundary conditions for the lateral
surfaces of the RVE follow as:

1. linear displacement boundary conditions

xm = FM Xm on Γm, (4.12)

2. constant traction boundary conditions

tm0 = PM N on Γm, (4.13)

3. periodic boundary conditions

xm
+ − xm

−
= FM

(
Xm+ −Xm−

)
and

tm
+

= −tm
−

on Γm.
(4.14)

To impose periodic boundary conditions, the RVE must be symmetric, so that the bound-
ary can be split into opposing boundaries Γm = Γm

+ ∪ Γm
− . Then N+ = −N− denote

equal and opposite unit normal vectors to the RVE boundary for two corresponding points
xm

+ ∈ Γm
+ and xm

− ∈ Γm
− . All proposed boundary conditions fulfil the Hill-Mandel

condition, which is shown in Appendix A.

The implementation of traction boundary conditions is not straightforward [99]. Here,
they are included for the sake of completeness only.

In order to employ the homogenisation approach for shell structures, in the following it has
to be discussed how the macroscopic shell strains are transferred to the microscopic RVE.
Furthermore, it will be shown that the internal virtual work derived for both scales in
chapters 2 and 3 fulfil the Hill-Mandel condition. Additionally, the peculiarities arising
from the coupling of a macroscopic shell formulation with a continuum formulation on
the mesoscopic scale are treated.
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Chapter 5

Homogenisation of shear deformable
shells

In the following chapter, the principles of homogenisation which were discussed in chap. 4
are applied to shear deformable shell structures on the macroscale. The schematic pro-
cedure is shown in Fig. 5.1. The shell strains ε are applied to the representative volume
element (RVE). The boundary value problem (BVP) is solved using scaled boundary
isogeometric analysis. From this, the stress resultants σ and the homogenised material
tensor of the shell D are obtained for every macroscopic integration point (denoted by
’GP’).

Figure 5.1: Schematic procedure of homogenisation for shells

One of the main characteristic features of homogenisation for shell structures is, that the
RVE thickness represents the full shell thickness (hM = hRV E). Therefore, in the following
the term mesoscopic is used instead of microscopic. However, the superscript �m is kept.

37
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Figure 5.2: RVE with dimensions lx × ly × hRV E and lateral boundaries Γm

In the following, further distinctive properties resulting from the coupling of a structural
element with a solid element formulation will be discussed. The presented approach is
based on the work of Gruttmann and Wagner [62] who proposed a first-order homogeni-
sation framework for Reissner-Mindlin shells. The introduced additional constraints are
based on the previous works of Klarmann [89] for beam structures.

First, the necessary relations to prescribe the shell strains on the RVE are presented. It
is then shown that the Hill-Mandel condition, which was introduced in sec. 4.3 for
continua, is satisfied for shell homogenisation. In the following, only displacement and
periodic boundary conditions are discussed, since a deformation-driven homogenisation
approach is chosen. Finally, the peculiarities arising from the coupling of a shell formu-
lation on the macroscopic scale to a continuum formulation on the mesoscopic scale are
discussed, and possible solutions to circumvent these problems are introduced.

5.1 Macro-Meso transition

To begin with, an exemplary RVE is depicted in Fig. 5.2. It occupies the space

− lx/2 ≤ x ≤ lx/2 − ly/2 ≤ y ≤ ly/2 − hRV E/2 ≤ z ≤ hRV E/2, (5.1)

where the origin of the Cartesian coordinate system is centrally aligned in all three axes.
The x- and y-axes denote the in-plane directions of the RVE and refer to the reference
surface of the shell, while the z-axis corresponds to the thickness direction. The lateral
boundaries are split into opposing boundaries Γm = Γm

+ ∪ Γm
− . Displacement boundary

conditions can be applied to these lateral surfaces, while zero-traction boundary conditions
are applied to the lower and upper surface (z = ±hRV E/2). This is a distinctive feature
in the homogenisation of shell structures. If the upper and lower surfaces of the shell
structure are free of surface loads, they are traction-free and since the RVE extends
through the full thickness of the shell, this imposes zero-traction boundary conditions on
the upper and lower surfaces of the RVE.
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Following Gruttmann and Wagner [62], for small strains the relationship between the
macroscopic strains and the prescribed lateral displacements can be written as

ux

uy

uz

 =


εxx + z κxx εxy + z κxy

1
2
γx

εxy + z κxy εyy + z κyy
1
2
γy

1
2
γx

1
2
γy 0



x

y

z

 . (5.2)

Note, that the indices of the shell quantities α,β = 1,2 have been replaced with α,β = x,y.
Because the RVE is defined in the orthonormal basis system ei, while the shell is defined
in the local orthonormal basis system Ai, the indices can be exchanged without further
consequences.

Gruttmann and Wagner [62] have observed restraints for particular membrane and bend-
ing modes when prescribing the lateral displacements according to Eq. 5.2. Therefore,
in the following, the displacements in the thickness direction uz are not prescribed and
Eq. 5.2 is rewritten so that

[
ux
uy

]
=

[
εxx + z κxx εxy + z κxy γx
εxy + z κxy εyy + z κyy γy

]xy
z

 . (5.3)

Alternatively, the relation can be expressed using the vector of shell strains ε from Eq. 3.22

[
ux

uy

]
=

[
x 0 1

2
y x z 0 1

2
y z z 0

0 y 1
2
x 0 y z 1

2
x z 0 z

]



εxx

εyy

2 εxy

κxx

κyy

2κxy

γx

γy


u = A ε

(5.4)

The deformed RVE for each strain state can be obtained from this relationship. The
deformation modes are schematically depicted in Fig. 5.3.

Instead of prescribing certain shell strains via displacements of the lateral surfaces, the
rotation of these surfaces can be prescribed. The surfaces Γm

+

x and Γm
−

x can be rotated
about the y-axis. Similarly, the surfaces Γm

+

y and Γm
−

y can be rotated about the x-axis.
The rotations are defined as

ωy =
∂ux
∂z

and ωx =
∂uy
∂z

, (5.5)
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Figure 5.3: Deformation modes of the RVE subjected to the shell strains

respectively.

As an example, the curvature κxx can be applied either as a displacement

ux = κxx x z (5.6)

or as rotation of the boundary surface

ωy =
∂ux
∂z

= κxx x. (5.7)

The deformation of an RVE for an applied curvature κxx is depicted in Fig. 5.4.

Generally, all curvatures and transverse shear strains may be applied as surface rotation.
Therefore, the following relation can be deduced.[

ωx

ωy

]
=

[
0 0 0 0 −y −1

2
x 0 −1

0 0 0 x 0 1
2
y 1 0

]
ε. (5.8)

In order to apply these rotations to the RVE boundaries, a transition element, which has
been presented in [117] and is based on [89], is introduced. Using Lagrange multipliers,
it enforces the deformation of the lateral surfaces in an integral sense. The algorithmic
treatment of the transition element is discussed in sec. 6.3.

Figure 5.4: Deformation of an RVE due to an applied curvature κxx
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5.2 Hill-Mandel condition

The macroscopic stress resultants in shell theory are obtained by a through-thickness
integration. Therefore, for the homogenisation of shells only an in-plane homogenisation
is required. The Hill-Mandel [70] condition from Eq. 4.6 has to be adapted, such that
the mesoscopic internal work is averaged over the RVEs mid-surface instead of the RVE
volume [38]. In the following, the operator 〈�〉 denotes the average over the mid-surface
Am. However, the integration is still performed over the three-dimensional RVE volume
Ωm.

〈�〉 =
1

Am

∫
Ωm

� dV (5.9)

Here, Am corresponds to the in-plane area (lx × ly) of the RVE. Nevertheless, the Hill-
Mandel condition is still written as

〈Pm : Fm〉 − 〈Pm〉 : 〈Fm〉 = 0, (5.10)

as presented in Eq. 4.6 and the derived boundary conditions, see Eq. 4.12 - 4.14, remain
unchanged.

For the macroscopic shell, the internal work is expressed in terms of shell strains and
stress resultants, refer to Eq. 3.40. For the mesoscopic scale, SBIGA is employed and
therefore the internal work from Eq. 2.29 is used. Inserting these into Eq. 5.10 yields〈

δÊTŜ
〉

︸ ︷︷ ︸
SBIGA

= δεT σ︸ ︷︷ ︸
shell

. (5.11)

Note, that for the macroscopic internal virtual work the integration over the reference
surface is dropped, because the Hill-Mandel condition requires the internal virtual
work in each macroscopic point to be equal to the total internal virtual work in an RVE.
It has to be shown, that the chosen boundary conditions from sec. 5.1 fulfil the Hill-
Mandel condition. Following Wagner and Gruttmann [175], the left hand side of Eq. 5.11
can be rewritten.

δÊTŜ = S : δE = P : δF = P : Grad δu = Div (P δu)−Div (P)︸ ︷︷ ︸
=0

· δu, (5.12)

where Div (P) = 0 because no external forces act at the mesoscopic scale, refer to Tab. 4.1.
Inserting Eq. 5.12 into Eq. 5.11 and using the divergence theorem, the volume integral
can be transformed into a surface integral.

〈S : δE〉 =
1

Am

∫
Ωm

Div (P δu) dV =
1

Am

∫
Γm

P : δu⊗N dA =
1

Am

∫
Γm

t0 · δu dA (5.13)

where: t0 = PN = surface tractions
N =

[
nx ny nz

]T
= normal vector of the RVE in the reference configuration.
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From Eq. 2.17 it follows, that for small strains P̂ = Ŝ =
[
S11 S22 S33 S12 S13 S23

]T
applies. Therefore, the surface tractions can be written in matrix notation astxty

tz

 =

nx 0 0 ny nz 0

0 ny 0 nx 0 nz
0 0 nz 0 nx ny

 Ŝ. (5.14)

Since the displacements in thickness direction uz are not applied, compare Eq. 5.3, tz does
not contribute to the work performed and Eq. 5.14 reduces to[

tx
ty

]
=

[
nx 0 0 ny 0 0

0 ny 0 nx 0 0

]
Ŝ

t = ŇTŜ.

(5.15)

Using Eq. 5.4 the displacements on the lateral surfaces of the RVE can be prescribed,
thus δu = δu = Aδε. Consequently, Eq. 5.13 can be expressed using the macroscopic
shell strains, such that

〈S : δE〉 =
1

Am

∫
Γm

t · δu dA =
1

Am

∫
Γm

AT ŇT Ŝ dA · δε. (5.16)

The matrix product AT ŇT Ŝ can be written as

AT ŇT Ŝ =



xnx S11 + xny S12

y ny S22 + y nx S12

1

2
y nx S11 +

1

2
xny S22 +

1

2
(y ny + xnx)S12

x z nx S11 + x z ny S12

y z ny S22 + y z nx S12

1

2
y z nx S11 +

1

2
x z ny S22 +

1

2
(y z ny + x z nx)S12

z nx S11 + z ny S12

z ny S22 + z nx S12


. (5.17)

First, integrating over the two opposite surfaces where x = ±lx/2 and N =
[
±1 0 0

]T
,
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the integral from Eq. 5.16 simplifies to

∫ ly/2

−ly/2

∫ h+

h−
AT ŇT Ŝ dA = lx ly

∫ h+

h−



S11

0
1

2
S12

z S11

0
1

2
z S12

z∆S11/lx
z∆S12/lx


dz = Am



n11

0
1

2
n12

m11

0
1

2
m12

∆m11/lx
∆m12/lx


. (5.18)

Analogously, it is integrated over the two perpendicular surfaces y = ±ly/2, where N =[
0 ±1 0

]T
.

∫ lx/2

−lx/2

∫ h+

h−
AT ŇT Ŝ dA = lx ly

∫ h+

h−



0

S22

1

2
S12

0

z S22

1

2
z S12

z∆S12/ly
z∆S22/ly


dz = Am



0

n22

1

2
n12

0

m22

1

2
m12

∆m12/ly
∆m22/ly


(5.19)

To integrate over all lateral surfaces the matrices of Eqs. 5.18 and 5.19 are summarised
and the definition of the shear force

q1 =
∆m11

lx
+

∆m12

ly
,

q2 =
∆m22

ly
+

∆m12

lx
,

(5.20)

is employed. Using Eq. 5.20, the averaged internal virtual work on the mesoscopic scale
can be finally expressed as

〈S : δE〉 =
1

Am
Am σ · δε, (5.21)

which proves that the Hill-Mandel condition from Eq. 5.11 is fulfilled.
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5.3 Peculiarities arising from the transverse shear de-
formation

5.3.1 Rigid body rotation of the RVE

When prescribing the shear strains γα as displacement of the lateral surfaces of the RVE
according to Eq. 5.4, this allows a rigid body rotation of the RVE instead of a shear
deformation. As a result, no stresses occur and, accordingly, the system possesses no
stiffness against transverse shear strains. This has been discussed in the literature and
different measures to circumvent the problem have been proposed. Geers et al. [55] impose
a weak constraint on each lateral surface which requires that the averaged microscopic
shear of each surface is equal to the macroscopic transverse shear strain. Klarmann [89]
and Zoller [187] introduce an additional condition that restricts the averaged rotation of
the RVE cross-section. For beams, the rotation about the y-axis is restricted at x = 0

[89], while for shells the rotation about the y-axis and the x-axis are restricted at x = 0

and y = 0 [187], respectively. Here, the approach proposed by Gruttmann and Wagner
[62] is employed, which applies antisymmetric link conditions for the displacements in
thickness direction uz. This means, that the displacement in thickness direction of the
two opposing lateral surfaces have to correspond to each other. Each control point on a
lateral surface is associated with a control point on the opposing boundary. In this way,
rigid body rotations about the x- and y-axis are avoided.

uz(lx/2,y,z) = uz(−lx/2,− y,z)

uz(x,ly/2,z) = uz(−x,− ly/2,z)
(5.22)

The link conditions must be applied in an antisymmetric way, because otherwise a wrong
warping deformation is obtained and the homogenised torsional stiffness D33

b converges
against a wrong value [62].

The described problem of rigid body rotation of the RVE only occurs if the shear strains
are prescribed as boundary displacements. If they are prescribed as rotation of the lateral
surfaces using Eq. 5.8, the problem does not arise. Therefore, depending on the cho-
sen boundary conditions, link conditions have to be introduced. These are presented in
sec. 6.6.

5.3.2 RVE size dependence of shear stiffness components

In addition to the problem of rigid body rotation, a length dependence of the homogenised
shear stiffnesses on the in-plane dimensions of the RVE occurs. This can be related to
the application of the transverse shear strain to the lateral surfaces of the RVE. Following
Zoller [187], an RVE with large in-plane dimensions is considered. For demonstration
purposes, both in-plane axes are simplified to a fully clamped beam, such that the RVE
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Figure 5.5: (a) Beam analogy for an RVE (b) Beam undergoing shear deformation, resulting
shear force distribution qx and bending moment distribution mxx (Adapted from [117])

can be reduced to the equivalent system shown in Fig. 5.5 (a). For this purpose, the
influences from torsional moments and lateral contraction are neglected. Furthermore,
boundary effects are not considered when examining the centre axes of the RVE.

The boundary conditions of the beams have to be chosen according to how the macroscopic
strains are applied on the RVE [89]. Because the in-plane and out-of-plane displacements
are prescribed, the support of the equivalent beam is modelled as clamped.

From shell kinematics a linear relationship between the shear force and shear strain results,
compare Eq. 3.31. For linear-elastic, isotropic material it reads

qx = D11
s γx = Ghs γx, (5.23)

where: G = shear modulus
hs = κhRV E

κ = shear correction factor.

Using Eq. 5.4 the macroscopic shear strain γx is applied to the RVE by prescribing the
displacements of the lateral surface as

ux = γx z. (5.24)

Using the introduced beam analogy, prescribing the displacements of the lateral surfaces
results in a rotation of the clamped support, as shown in Fig. 5.5 (b). According to beam
theory, a coupling between shear force and moment occurs. Thus, a constant shear force
distribution and a linear moment distribution are obtained, as illustrated in Fig. 5.5 (b).
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For each, a transverse shear strain component can be deduced. For the shear force

γx,s =
qx
Ghs

(5.25)

is obtained, while

γx,b =
(lx)

2

12EIT
qx (5.26)

denotes the bending moment contribution. Addition of both components relates the shear
force qx to the transverse shear strain γx via

qx =
12 EIT Ghs

(lx)
2Ghs + 12 EIT︸ ︷︷ ︸

(D11
s )∗

γx, (5.27)

where: E = Young’s modulus
IT =

(
hRV E

)3
/12 = second moment of area.

Comparison of Eq. 5.23 and Eq. 5.27 illustrates the inconsistency between the macroscopic
shell kinematics and the applied kinematics for the RVE, since

D11
s = Ghs 6=

12 EIT Ghs

(lx)
2Ghs + 12 EIT

=
(
D11
s

)∗
. (5.28)

Furthermore, it can be seen, that the in-plane RVE dimension lx has a quadratic influence
on the homogenised shear stiffness (D11

s )
∗ – the larger the in-plane dimension the smaller

is the homogenised shear stiffness. The homogenised stiffnesses should be, however, inde-
pendent of the size of the RVE.

Different measures can be taken to reduce the length dependence of the homogenised shear
stiffness. For example, Heller and Gruttmann [68] apply length-dependent shear correction
factors for the homogenisation of sandwich composites. Hii and El Said [69] propose a
volumetric constraint on the fluctuation moment within a second-order homogenisation
framework for thick shells.

The present work extends the approach proposed by Klarmann and Gruttmann [90] for
beams to a shell formulation. From Eq. 5.26 it becomes obvious that the length-dependent
contribution is related to the linear bending moment distribution. Therefore, an additional
constraint is introduced which suppresses the linear moment distribution. Then, γx,b
vanishes and a consistent macro-meso transition, assuming a linear relationship between
displacement and strain (Eq. 5.24), becomes possible.

Here, the problem has been shown for the transverse shear strain γx. Consequently, the
same phenomenon applies to the second in-plane axis, the y-axis. Therefore, the constraint
that reduces the linear bending moment distribution is formulated for both in-plane axes
as ∫

lx

mxx x dx = 0 and
∫
ly

myy y dy = 0, (5.29)
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respectively. The constraint reduces the length dependence of the homogenised shear
stiffness on the RVE size. For the special case of homogeneous RVEs, the length depen-
dence can be removed completely. The numerical treatment is discussed in sec. 6.4 and
the necessity of the constraint will be emphasized using a numerical example in sec. 7.1.1.
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Chapter 6

Finite Element Formulation

In the previous chapters, the basic equations for a three-dimensional continuum and a
nonlinear shell formulation have been derived. The initial boundary value problem can
be solved using approximation methods, like the finite element method. The previously
derived weak form of equilibrium forms the basis for numerical methods and its discretisa-
tion yields a set of nonlinear equations. Here, the Newton-Raphson method is applied
for the solution of the nonlinear system of equations, which requires the linearisation of
the weak form. The main equations are briefly summarised below. For further details on
the finite element method, the reader is referred to [9, 42, 178, 186].

The finite element method is based on the idea, that any body Ω can be partitioned into
a number of finite elements Ωe, which approximate the geometry of the whole body.

Ω ≈ Ωh =
numel⋃
e=1

Ωe (6.1)

The number of elements is given by numel. The superscript �h indicates the approxima-
tion of a value.
The isoparametric concept is used for all finite element formulations employed in the
scope of this work, i.e. both the geometry and the displacement field are approximated
by the same shape functions. Lagrangian shape functions are used for the macroscopic
shell formulation, while NURBS basis functions are used for the RVE at the mesoscopic
scale.
The shape functions are generally denoted by NK , so that the position vectors in the
reference and current configuration can be approximated as

Xh =
nel∑
K=1

NKXK and xh =
nel∑
K=1

NKxK , (6.2)

respectively. nel denotes the number of nodes of each element e. XK and xK denote the
position vector of each node K. Analogous to Eq. 6.2, the degrees of freedom and their

49
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Figure 6.1: 4-node shell element (a) in the physical space and (b) parameter space

variation can be approximated.

vh =
nel∑
K=1

NKvK δvh =
nel∑
K=1

NKδvK (6.3)

vK is the vector containing the degrees of freedom of the node K; its dimensions depend
on the element formulation.
The approximation and linearisation of the weak form results in the element stiffness
matrix ke and the element residual vector fe, which are specified for the corresponding
element formulation in the following. These can be assembled into a global stiffness matrix
and a global residual vector using the assembly operator.

K =
numel

A
e=1

ke f =
numel

A
e=1

fe (6.4)

The linear system of equations
K ∆V = f (6.5)

can be solved using the Newton-Raphson scheme. ∆V contains the increment of the
degrees of freedom for every iteration step.

For all numerical formulations used, the relevant degrees of freedom have to be identified,
suitable interpolation functions have to be chosen and finally the element stiffness matrix
and the element residual vector have to be defined. The macroscopic shell formulation is
discussed first, before the formulations used at the mesoscopic scale are presented. The
homogenisation algorithm couples both scales numerically. To conclude, three types of
boundary conditions are presented that are used to apply the macroscopic strain to the
RVE.
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6.1 Geometric Nonlinear Shell Element

The reference surface of the macroscopic shell is discretised using numel quadrilateral
elements. The element formulation will be briefly summarised in the following and is
presented in more depth in [174].

Figure 6.1 (b) shows a unit square, which is defined in parameter space ξM , ηM ∈ [−1,1].
The superscript�M is introduced to indicate that the shell is used for the description of the
macroscale within the homogenisation framework and to distinguish the shell parametric
space from the mesoscopic parameter space. The unit square is mapped to the reference
surface of the shell (Fig. 6.1 (a)) and the parametric coordinates correspond to the in-plane
coordinates of the shell ξM := ξ1 and ηM := ξ2.

Each element has nel = 4 nodes, which are denoted by • in Fig. 6.1 and correspond to
index K. Following Eq. 3.18 the nodal degrees of freedom of the shell compose three
displacements and three rotations

vK =
[
ux uy uz ωx ωy ωz

]T
K
. (6.6)

However, for smooth surfaces the formulation can be reduced to five degrees of freedom

vK =
[
ux uy uz ω1 ω2

]T
K

and ω3K = 0, (6.7)

where ω1K , ω2K are the rotations with respect to a local orthonormal basis AiK for each
node K.

For the approximation of the geometry and the field variables vK bilinear Lagrange
shape functions are used, which read

NK (ξ,η) =
1

4
(1 + ξKξ) (1 + ηKη) . (6.8)

These can be arranged in the shape function matrix for the macroscopic scale

NM =
[
N1I N2I N3I N4I

]
. (6.9)

To avoid shear locking, the approach of Bathe-Dvorkin [48] is used for the interpolation
of the shear strain. More detailed information on the shear strain interpolation can be
found in [174].

The approximation of the field variables is inserted into the linearisation of the weak form
from Eq. 2.27 which results in

L
[
g
(
vh, δvh

)
,∆vh

]
= g

(
vh, δvh

)
+ D

[
g
(
vh, δvh

)]
·∆vh

=
numel∑
e=1

δvT
e [fe + ke ∆ve] = 0.

(6.10)



52 6.2 Scaled Boundary Isogeometric Analysis

Figure 6.2: Domain in the physical and parametric space

The tangential stiffness matrix and element residual vector for the shell read

ke =

∫
Ωe

BTDB + G dA,

fe =

∫
Ωe

BTσ −NMT

p dA−
∫

Γe

NMT

f dS.

(6.11)

The strain-displacement matrix B and the geometric matrix G are defined e.g. in [174].
Following the definitions in chap. 3, the vector σ denotes the stress resultants of the shell,
refer to Eq. 3.27, and p and f denote the external forces acting on the reference surface
of the shell, see Eq. 3.36.
Note, that for the approximation of the shell only linear shape functions are used in the
scope of this work. In the homogenisation framework, overall convergence is ensured by
mesh refinement at the macroscopic shell.

6.2 Scaled Boundary Isogeometric Analysis

The weak form of equilibrium on the mesoscopic scale is approximated using the scaled
boundary isogeometric analysis (SBIGA) [30]. To directly adopt the boundary represen-
tation from Computer Aided Design (CAD) for analysis, a scaling centre C is introduced.
It is placed in a location from which the boundary of the whole domain must be visible.
This requires the geometries to be star-convex. Fulfilling this condition, the interior of
the domain can be described by a scaling parameter that runs from the scaling centre to
the boundary.

The domain Ω from Fig. 2.1 is assumed to be star-convex. Therefore, in the reference con-
figuration it can be described by a scaling centre C and its boundaries Γ, see Fig. 6.2 (a).
The domain can be partitioned into a number of nsec sections according to the boundary
surfaces. Thus, Ω =

⋃nsec Ωs applies. A section Ωs is bounded by the surface Γs. Three
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directions are parameterised, the interior by means of the scaling parameter ξm ∈ [0,1]

and the two boundary directions by means of the parameters ηm ∈ [0,1] and ζm ∈ [0,1],
refer to Fig. 6.2 (b). The position of the scaling centre is defined by the position vector XC

in the reference configuration while any point on the boundary is defined by the position
vector X̃. Consequently, any point of the section can be expressed as

X(ξ,η,ζ) = XC + ξ
(
X̃(η,ζ)−XC

)
in Ωs. (6.12)

The Jacobian matrix is introduced to relate the partial derivatives with respect to the
Cartesian coordinates to those with respect to parametric coordinates. For the scaled
boundary parameterisation it can be split multiplicatively, such that

J =

X1,ξ X2,ξ X3,ξ

X1,η X2,η X3,η

X1,ζ X2,ζ X3,ζ

 =

1 0 0

0 ξ 0

0 0 ξ

X̃1 −XC1 X̃2 −XC2 X̃3 −XC3

X̃1,η X̃2,η X̃3,η

X̃1,ζ X̃2,ζ X̃3,ζ


︸ ︷︷ ︸

J̃(η,ζ)

. (6.13)

Thus, the determinant can also be written as a product

det J = ξ2 det(J̃) = ξ2 J̃. (6.14)

A volume element can then be transformed from physical to parametric space via dV =

ξ2 J̃ dξ dη dζ. Using the Jacobian matrix, the differential operator from Eq. 2.6 can be
rewritten as

D = b1
∂

∂ξ
+

1

ξ

(
b2

∂

∂η
+ b3

∂

∂ζ

)
. (6.15)

The definition of the matrices b1,b2 and b3 can be found in Appendix B.

Compared to the "classical" finite element method, the use of scaled boundary isogeo-
metric analysis introduces two significant changes. On the one hand, that concerns the
introduced discretisation. On the other hand, the use of isogeometric analysis implicates
the use of NURBS basis functions for approximation, which is directly related to the use
of CAD models to describe the geometry.

These changes result in a slightly different terminology. The star-shaped geometry is
divided into a number of sections (nsec) instead of elements. The boundaries of the sec-
tions are described by NURBS basis functions. Their coefficients are denoted as control
points and can be interpreted as being equivalent to nodes from the finite element for-
mulations. However, the control points are not interpolated by B-spline curves. Instead,
linear interpolation of the control points yields the so-called control polygon.

Figure 6.3 (a) shows the exploded view of a cylinder, which is described by its boundaries
and a scaling centre. As an example, Fig. 6.3 (b) illustrates the control polygon of one
section. Control points are denoted by �. In Fig. 6.3 (c) the section Ωs is depicted in the
parameter space ξm,ηm,ζm ∈ [0,1] together with the NURBS basis functions, which can
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Figure 6.3: (a) Exploded view of a cylinder (b) Plot of section with control points for polynomial
degree p = q = r = 2, nbc = 3× 3 boundary control points and ncp = 3 control points along each
scaling line (c) Illustration of NURBS basis functions in the parameter space of a section Ωs

be adopted from the CAD model. To comply with the principles of IGA, these are used
to describe the geometry and the displacement. In the remainder of this chapter and for
the sake of legibility, the superscript �m will be dropped for the parametric coordinates.

Each control point possesses three displacements as degrees of freedom.

vK =
[
ux uy uz

]T
K

(6.16)

Therefore, the vector containing the degrees of freedom vK of each control point can
be interchanged with the vector of displacements of each control point uK without any
further consequence.

The boundary of the RVE is described by the polynomial order of the boundary NURBS
pb = p = q and the number of elements nb in each boundary direction. Similarly, the
scaling direction has the polynomial order pc = r and the number of elements nc. A
conforming discretisation is chosen, which means that the scaling direction and the two
boundary directions are always discretised in the same manner, i.e. pc = pb. In general,
a non-conforming discretisation is possible in order to allow for a more efficient discreti-
sation. However, this requires a coupling approach [6, 29, 44], which is not treated in the
present work.

To describe the interior, basis splines (B-Splines) are employed. These consist of piecewise
polynomial curves and are denoted as

Rr
I(ξ). (6.17)

where: r = polynomial degree in scaling direction ξ
I = number of control point = 1, . . . , ncp
ncp = total number of control points along each scaling line

For the description of the boundary, NURBS basis functions are used. They are con-
structed using B-Splines and allow for a rational basis. Therefore, they can represent
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conic sections. The basis function of a NURBS surface reads

Rp,q
J (η,ζ). (6.18)

where: p,q = polynomial degree in boundary directions η,ζ
J = number of control point = 1, . . . , nbc
nbc = total number of control points on the boundary

How to construct B-Spline curves and NURBS surfaces is described in the literature,
see e.g. [134]. In Eq. 6.12 the position vector for any point on the boundary X̃ was
introduced, which can be rewritten using Eq. 6.18, such that

X̃ =

nbc∑
J=1

Rp,q
J (η,ζ)Xb,J = Nb Xb. (6.19)

The vector Xb,J contains the coordinates of control point J on the boundary and can be
assembled into a vector Xb. Nb is the shape function matrix for the boundary and has
size [3× 3nbc], since three degrees of freedom are assigned to each control point.

Nb(η,ζ) =
[
Rp,q

1 I, . . . ,Rp,q
nbc

I
]

(6.20)

Following the isoparametric concept, the displacements can be written analogously to
Eq. 6.19 as

vh =

nbc∑
J=1

Rp,q
J (η,ζ)Ub,J = Nb(η,ζ)Ub(ξ). (6.21)

Ub,J contains the displacements of the control point with index J and can be rearranged
in the vector Ub. Employing the B-Splines from Eq. 6.17 the displacement vector Ub,J

can be approximated as

Ub,J =

ncp∑
I=1

Rr
I(ξ)UI , (6.22)

where the vector UI contains the control point displacements along each scaling line.
Defining the vector vs which contains all control point displacements of the section Ωs

and rearranging the basis functions Rr
I in a matrix with dimensions [3nbc × 3nbs]

Ns(ξ) =

R
r
1I . . . RncpI 0 . . .

0 . . . 0 Rr
1I . . .

... . . . ...
... . . .

 , (6.23)

Eq. 6.21 can be written as

vh(ξ,η,ζ) = Nb(η,ζ)Ns(ξ)vs = Nm(η,ζ,ξ)vs. (6.24)

nbs = nbc ·ncp denotes the total number of control points describing one section. Nm is the
consolidated shape function matrix for the mesoscale and has size [3× 3nbs]. The vector
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vs contains all displacements of a section. Finally, for the scaled boundary isogeometric
analysis Eq. 6.3 reads

vh =

nbs∑
K=1

NKvK = Nmvs and δvh =

nbs∑
K=1

NK δvK = Nm δvs. (6.25)

To approximate the weak form of equilibrium from Eq. 2.24 the variation of the Green-
Lagrange strain δÊ has to be rewritten. To do so, the approximation of the virtual
displacements, Eq. 6.25, is used to write the interpolation of the gradient of the virtual
displacements δF̂. Following Eq. 2.5 it is a vector with nine components.

δF̂ = D δu = DNm δvs = B δvs (6.26)

B is the strain-displacement matrix and using the definition of D from Eq. 6.15 it reads

B =
1

detJ̃

[
b1NbNs,ξ +

1

ξ
(b2Nb,ηNs + b3Nb,ζNs)

]
. (6.27)

Consequently, the approximation of the weak form follows as

g
(
vh,δvh

)
=

nsec∑
s=1

δvT
s

[∫
ΩRV E

s

BTF̌TŜ dV

]
=

nsec∑
s=1

δvT
s fs,

(6.28)

where the external virtual work has been neglected, since body forces and tractions act
only on the macroscopic shell. Analogously, the Gâteaux derivative from Eq. 2.28 can
be approximated, which yields the stiffness matrix for each section.

D
[
g
(
vh,δvh

)]
·∆vh =

nsec∑
s=1

δvT
s

∫
ΩRV E

s

ξ2 BT
(
F̌TĈF̌ + Š

)
B detJ̃ dV ∆vs

=
nsec∑
s=1

δvT
s ks∆vs

(6.29)

The [9× 9] matrix Š has been introduced, which results from ∆F̌TS = Š∆F̂ and is de-
fined, for example, in [30].
The initial discretisation is determined by the CAD model but can be refined using dif-
ferent refinement techniques from IGA, such as knot insertion or order elevation, see e.g.
[40, 76].
To evaluate the integral over the sectional domain in Eq. 6.28 and 6.29 the standard
Gauss quadrature scheme with nGP ≥ (p+ 1)× (q + 1)× (r + 1) integration points per
direction is used. Generally, this integration rule is not able to exactly integrate NURBS,
however, the induced error vanishes with increasing number of integration points. Alter-
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Figure 6.4: (a) Application of transition element on RVE (b) Kinematic relations of transition
element (Adapted from [116])

native integration rules to integrate NURBS are discussed, for example, in [77].

6.3 Transition element

As shown in sec. 5.1, the macroscopic shell strains can be applied on the lateral surface
of the RVE by prescribing rotations instead of displacements. This can be achieved using
the transition element of [117], which is based on [91]. It enforces the deformation of
the lateral surface in an integral sense by means of Lagrange multipliers. Here, it was
adopted to comply with the SBIGA concept at mesoscopic scale.

The transition element is a two-dimensional element that exactly coincides with the ge-
ometry of the lateral surface of the RVE, compare Fig. 6.4 (a). Before the numerical
description can be obtained, the kinematics and the weak form of the transition element
must be derived. The position vector of any point belonging to the RVE in the cur-
rent configuration is denoted by xV and the position vector of the transition element is
described by xS.

To describe the kinematics, a point XS0 is introduced, which lies on the reference plane
of the RVE (at z = 0 when −hRV E/2 ≤ z ≤ hRV E/2), see Fig. 6.4 (b). It can be related
to the current configuration via

xS0 = XS0 + uS0. (6.30)

Any point on the lateral surface in the reference and current configuration can be related
to the point XS0 using the vector r0 in the reference and r = ω × r0 in the current
configuration, respectively.

XS = XS0 + r0,

xS = xS0 + r = XS0 + uS0 + ω × r0,
(6.31)



58 6.3 Transition element

where the vector ω contains the rotations. The geometry of the lateral surface can be
described using the volumetric description of the RVE (denoted by xV ) and the description
of the two-dimensional transition element (denoted by xS), which have to correlate such
that

xV = xS. (6.32)

For a numerical description the translation uS0 and rotation ω are introduced as addi-
tional degrees of freedom, together with the two Lagrange parameters λ and µ. These
are globally defined for each transition element and are illustrated in Fig. 6.4 (a). The
translation and rotation of the transition element, uS0 and ω, are associated to the point
XS0.

Since the geometry corresponds to the RVE, where SBIGA is used, the same NURBS
surface description with nbc control points is employed, indicated in Fig. 6.4 (a). In total,
each transition element possesses 3 × (nbc + 4) degrees of freedom. To incorporate the
additional constraint on the mesoscopic scale, the weak form can be written as variation
of a potential Π.

g(v,δv) = δΠ(v) (6.33)

To enforce the geometric equivalence from Eq. 6.32, using the Lagrange parameters λ
and µ, the potential is extended by

Π = · · ·+
∫

ΓRV E

Λ · (xV − xS) dA = 0

= · · ·+
∫

ΓRV E

(λ+ µ× r0) · (xV −XS0 − uS0 − ω × r0) dA = 0,

(6.34)

with Λ = λ + µ × r0. The parameter λ can be interpreted as force per area and µ is
equivalent to a bending moment. Therefore, Λ corresponds to a stress vector [89].

Following Eq. 6.34, the geometric equivalence is fulfilled in an integral sense allowing
the cross-section to deform freely. If, in contrast, the constraint would be fulfilled in
a point-wise manner, the cross-section would remain plane after deformation. For each
transition element the six parameters λ and µ can be chosen as constant values. How-
ever, this assumption neglects the geometry and material properties of the cross-section
and is therefore only valid for homogenous, linear-elastic RVEs. If stiffness jumps occur
across the thickness of the RVE and the Lagrange parameters are chosen to be glob-
ally constant, the layers with different stiffnesses will deform to a different extent, refer to
Fig. 6.5 (a). Instead, the assumption can be relaxed, such that the Lagrange parameters
are constant for each section. This can be achieved by scaling the Lagrange parameter
with the local stiffness of the material. Figure 6.5 (b) shows, that this approach allows
for a consistent displacement figure. The resulting normal stress distribution from λ and
µ is shown in Fig. 6.6. It further shows, that the reference point xS0 is not required to
be positioned at the mid-plane of the RVE. The formulation for the transition element
is formulated in a general way, which is advantageous because the position where the
stress becomes zero does not have to be determined a priori. However, commonly xS0 is
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Figure 6.5: Deformation and normal stress distribution of layered RVE with stiffness jumps
over the thickness - (a) globally constant Lagrange parameter (b) Lagrange parameters are
scaled with local stiffness contribution and are element-wise constant

Figure 6.6: Resulting normal stress distribution for a layered RVE with softer core

positioned at the mid-plane of the RVE.

Note, that scaling the Lagrange parameters with the local stiffness, is a simplifying
assumption, which is only valid for linear material behaviour. For nonlinear material this
assumption may not be valid. Nevertheless, it is a sufficient estimation and improves
functionality of the transition element. Assuming a linear-elastic constitutive law, here
Ĉ11 is used as suitable scaling parameter. Ĉ11 denotes the first entry of the material
tangent Ĉ from Eq. 2.22.

To obtain the weak form, the variation of the potential from Eq. 6.34 has to be found.
The extended weak form reads

g(v,δv) = · · ·+
∫

ΓRV E

δxT
V (λ+ µ× r0) + δuT

S0 (−λ− µ× r0)

+δωT (λ× r0 + r0 × (r0 × µ))

+δλT (xV −XS0 − uS0 − ω × r0)

+δµTr0 × (xV −XS0 − uS0 − ω × r0) dA = 0

(6.35)
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and accordingly the Gâteaux derivative is written as

D [g(v,δv)] ·∆v = · · ·+
∫

ΓRV E

δxT
V (∆λ− r0 ×∆µ) + δuT

S0 (−∆λ+ r0 ×∆µ)

+δωT (−r0 ×∆λ+ r0 × (r0 ×∆µ))

+δλT (∆xV −∆uS0 + r0 ×∆ω)

+δµTr0 × (∆xV −∆uS0 + r0 ×∆ω) dA.

(6.36)

The following definitions have been employed

δxV = δuV , ∆xV = ∆uV ,

δxS0 = δuS0, ∆xS0 = ∆uS0.
(6.37)

To obtain the tangential stiffness matrix and the residual vector the field variables need
to be approximated. Since the geometry of the transition element and the lateral RVE
boundary coincide, the same NURBS shape functions are used for interpolation, see Nm

from Eq. 6.24. Where the scaling parameter is ξ = 1 since only values on the boundary
are considered. Thus, the field variables can be approximated as

xhV =

nbc∑
J=1

NJxV J =

nbc∑
J=1

NJ (XV J + vJ) ,

δxhV =

nbc∑
J=1

NJδxV J =

nbc∑
J=1

NJ δvJ ,

∆xhV =

nbc∑
J=1

NJ ∆xV J =

nbc∑
J=1

NJ ∆vJ ,

rh0 =

nbc∑
J=1

NJXV J −XS0.

(6.38)

nbc corresponds to the number of control points per transition element. The additional
control points do not count into nbc. vJ is the displacement vector of control point J of
the transition element and δvJ and ∆vJ are the variation and linearisation, respectively.

Finally, the residual vector for each section can be written as

f̃s =


fa
fb
fc
fd
fe

 =

∫
ΓRV E
s


NmT (

λ+ µ× rh0
)

xhV −XS − uS0 − ω × rh0
rh0
(
xhV −XS − uS0 − ω × rh0

)
−λ− µ× rh0

λ× rh0 + rh0 ×
(
rh0 × µ

)

 dA, (6.39)
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and the stiffness matrix as

k̃s =


0 kab kac 0 0

kba 0 0 kbd kbe
kca 0 0 kcd kce
0 kdb kdc 0 0

0 keb kec 0 0



=

∫
ΓRV E
s


0 NmT

I NmT [
rh0
]T
× 0 0

I Nm 0 0 −I
[
rh0
]
×[

rh0
]
×Nm 0 0

[
rh0
]T
×
[
rh0
]
×
[
rh0
]
×

0 −I
[
rh0
]
× 0 0

0
[
rh0
]T
×
[
rh0
]
×
[
rh0
]
× 0 0

 dA.

(6.40)

The integral
∫

ΓRV E
s

� dA is applied component-wise. [�]× denotes the skew-symmetric
matrix of a vector and is defined as

[a]× =

 0 −a3 a2

a3 0 −a1

−a2 a1 0

 . (6.41)

The zero-entries on the diagonal of the stiffness-matrix in Eq. 6.40 indicate that the prob-
lem becomes indefinite because the constraint is enforced using Lagrange parameters.
To solve this system of equations the PARDISO solver is used. It can be used for the
parallel solution of sparse linear systems of equations [149, 150]. Alternatively, an Aug-
mented Lagrange method could be used, which incorporates an additional penalty term
to improve convergence behaviour [177].
For inhomogeneous material the stiffness matrix and residual vector for each section are
scaled using the stiffness contribution in normal direction. For linear-elastic material be-
haviour and small deformations the entries from the material tangent Ĉ, see Eq. 2.22, can
be used. Thus, for surfaces with normal vector parallel to the x-axis Ĉ11 is employed and
Ĉ22 for the y-direction, respectively. Therefore,

ks = Ĉ11k̃s and fs = Ĉ11f̃s, when N =
[
1 0 0

]T
, and

ks = Ĉ22k̃s and fs = Ĉ22f̃s, when N =
[
0 1 0

]T (6.42)

applies.

6.4 Moment reduction constraint

As has been discussed in sec. 5.3.2 the homogenised shear stiffness components exhibit a
dependence on the RVE size, which can be related to a linear bending moment distribu-
tion. This will be enforced to be zero by an additional constraint, which is based on [91].
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Figure 6.7: Discretisation of the MRC coincides with the RVE geometry

It is called ’moment reduction constraint’ in the following and is abbreviated as MRC.
The spurious bending moment distributions occur for both in-plane axes, therefore the
constraint is applied for both directions. The moment which has to be removed results
from the normal stress in the respective direction, such that the constraints are written
as ∫

lx

∫
ΓRV E

σx (λx + µy z) dA dL

∫
ly

∫
ΓRV E

σy (λy − µx z) dA dL

=

∫
ΩRV E

σx (λx + µy z) dV = 0 =

∫
ΩRV E

σy (λy − µx z) dV = 0

. (6.43)

In the following, the derivation is restricted to the σx-component, but can be carried out
for σy similarly. Again, the constraint is incorporated by extension of the potential.

Π = · · ·+
∫

ΩRV E

σx (λx + µy z) dV

= · · ·+
∫

ΩRV E

σxp̌x ·ΛMRC dV

(6.44)

Where the position vector p̌x =
[
1 z

]T
and the vector of Lagrange parameters ΛMRC =[

λx µy
]T

have been introduced. Here, the Lagrange parameters are interpreted as a
strain λx and a curvature µy [89]. The first variation of the potential yields the contribu-
tion to the weak form of equilibrium.

g(v,δv) = · · ·+
∫

ΩRV E

(
δσx p̌x ·ΛMRC + σx p̌x · δΛMRC

)
dV (6.45)

The Gâteaux derivative follows as

D [g(v,δv)] ·∆v = · · ·+
∫

ΩRV E

(
δσx p̌x ·∆ΛMRC + ∆σx p̌x · δΛMRC

)
dV. (6.46)

The integration is performed over the whole RVE domain, therefore the whole domain
needs to be discretised. Since the moment reduction constraint is introduced on RVE
level, the same SBIGA discretisation can be used, which is depicted in Fig. 6.7. Two
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additional control points are introduced, which relate to the globally defined Lagrange
parameters.

Corresponding to the SBIGA discretisation in sec. 6.2 the vector of degrees of freedom
for each control point reads

vK =
[
ux uy uz

]T
K
. (6.47)

Assuming material and geometric linear behaviour as well as small deformations the stress
component can be written as

δσx =

nbs∑
K=1

Ĉ1�BKδvK . (6.48)

Ĉ1� denotes the first row of the linear-elastic material tangent in matrix notation from
Eq. 2.22. Corresponding to sec. 6.2, nbs are the total number of control points per section.
The strain-displacement matrix BK for each control point K is derived from Eq. 6.27.
It necessitates the interpolation functions Nm from Eq. 6.24. The displacement field is
approximated according to Eq. 6.25 as

vh =

nbs∑
K=1

NK vK = Nmvs, δvh =

nbs∑
K=1

NK δvK = Nmδvs. (6.49)

Again, the vector vs contains all degrees of freedom of a section s. The Lagrange
parameters are approximated with shape functions that comply with the resulting bending
moment distribution. Following sec. 5.3.2 a linear distribution is obtained, therefore

NMRC
Λ = x. (6.50)

Note, that in accordance with sec. 5.1 the coordinate system is defined to be centrally
aligned within the RVE. The approximation of the Lagrange parameters can be deduced
as

(ΛMRC)h = NMRC
Λ ΛMRC , (δΛMRC)h = NMRC

Λ δΛMRC . (6.51)

Inserting the approximations from Eq. 6.49 and Eq. 6.51 into the weak form (Eq. 6.45)
results in the element residual vector.∫

ΩRV E

(
δσx p̌x · (ΛMRC)h + σx p̌x · (δΛMRC)h ) dV

=
nsec∑
s=1

[
δvs
δΛs

]T
[∫

ΩRV E
s

BTĈ1�T
p̌x ·Λs dV∫

ΩRV E
s

p̌xĈ1�Bvs dV

]
︸ ︷︷ ︸

fs

(6.52)

Here, the vector Λs summarizes the Lagrange parameters per section. Analogously
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inserting the approximations into the Gâteaux derivative from Eq. 6.46 gives∫
ΩRV E

(
δσx p̌x ·∆ΛMRC + σx p̌x · δΛMRC

)
dV =

nsec∑
s=1

[
δvs
δΛs

]T [
0 kab

kT
ab 0

]
︸ ︷︷ ︸

ks

[
∆vs
∆Λs

]
, (6.53)

where
kab =

∫
ΩRV E

s

BTĈ1�T

p̌T
xN

MRC
Λ dV. (6.54)

In Eq. 6.52 and Eq. 6.54 the residual vector and stiffness matrix for each section of the
moment reduction constraint have been derived.

6.5 Homogenisation algorithm

The algorithm coupling the macroscopic shell with the mesoscopic RVE is based on [62].
To each macroscopic integration point i = 1, . . . , nGP in every element e = 1, . . . , numel

an RVE is assigned. The weak form of equilibrium of the macroscopic shell is extended
with the homogenised mesoscopic model. External loads are acting solely on the macro-
scopic scale. To employ the Newton-Raphson scheme the linearisation is required,
which reads for the coupled system

L [g(v,δv),∆v]

= g(v,δv) + D [g(v,δv)] ·∆v

=

∫
Ω

δεM
T

σM dA+ (external loads) +

∫
Ω

δεM
TD̂∆εM + ∆δεM

T

σM dA

+
numel∑
e=1

nGP∑
i=1

[
1

Ai

(∫
ΩRV E

i

δÊTŜ dV +

∫
ΩRV E

i

δÊTĈ∆ÊT + ∆δÊTŜ dV

)]
e

.

(6.55)

The superscript �M indicates macroscopic quantities. For the sake of legibility no super-
script has been introduced for the mesoscopic values. On the macroscale integration is
performed over the shell reference surface Ω, while on the mesoscale integration is carried
out over the RVE volume ΩRV E and averaged over its mid-surface Ai.
Using the introduced interpolation functions for both scales the linearised weak form can
be written as the following system of equations.

L
[
g(vh,δvh),∆vh

]
=

numel∑
e=1


δvM

δV1

...
δVnGP


T

e




kM 0 . . . 0

0 K1 . . . 0
...

... . . . ...
0 0 . . . KnGP




∆vM

∆V1

...
∆VnGP

+


fM

F1

...
FnGP



e

(6.56)



65

The first row corresponds to the macroscopic boundary value problem for shell element e,
where the element stiffness matrix and the element residual vector correspond to Eq. 6.11.
All other rows refer to a mesoscopic boundary value problem for Gauss point 1 ≤ i ≤
nGP of shell element e.

δVi (Ki∆Vi + Fi) =
1

Ai

nsec∑
s=1

δvT
s (ks∆vs + fs) (6.57)

fs and ks are the element residual vector and element tangential stiffness matrix of the
mesoscopic scale from Eq. 6.28 and Eq. 6.29, respectively. Again, nsec denotes the total
number of sections for each RVE. The macroscopic quantities kM(D̂i) and fM(σi) depend
on the mesoscopic homogenised shell material tangent matrix D̂i and the stress resultants
σi, respectively.

For static condensation, the displacement vector vs at the mesoscopic scale is split into
two parts. A vector va, which comprises all degrees of freedom of a section without
boundary conditions and a vector vb containing all boundary displacements. The internal
degrees of freedom are related to the global displacement vector Vi using the assembly
matrix as. The boundary displacements vb can be related to the macroscopic strains εM

using As(x,y,z).

vs =

[
va
vb

]
=

[
as Vi

As ε
M

]
(6.58)

The variation and linearisation can be derived accordingly.[
δva
δvb

]
=

[
as 0

0 As

] [
δVi

δεM

] [
∆va
∆vb

]
=

[
as 0

0 As

] [
∆Vi

∆εM

]
(6.59)

Introducing kαβ and fα with α,β = a,b as submatrices of ks and fs, Eq. 6.57 can be
rewritten, such that

δVi (Ki∆Vi + Fi) =
1

Ai

nsec∑
s=1

[
δVi

δεMi

]T

s

{[
aT
s kaaas aT

s kabAs

AT
s kbaas AT

s kbbAs

] [
∆Vi

∆εMi

]
+

[
aT
s fa

AT
s fb

]}
s

=
1

Ai

nsec∑
s=1

[
δVi

δεMi

]T

s

{[
K L

LT M

] [
∆Vi

∆εMi

]
+

[
Fa

Fb

]}
s

= 0.

(6.60)
The internal degrees of freedom can be statically condensed using

∆Vi = −K−1
(
L∆εMi + Fa

)
, (6.61)

when δVi 6= 0. Using appropriate boundary conditions, rigid body motions are con-
strained, such that K−1 exists. Finally, the mesoscopic boundary value problem can be
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written as

δVi (Ki∆Vi + Fi) =
1

Ai
δεM

T

i

[(
M− LTK−1L

)
∆εM

T

i +
(
Fb − LTK−1Fa

)]
= δεM

T

i

(
D̂i∆ε

M
i + σi

)
= 0.

(6.62)

The homogenised stress resultants σi and shell material tangent matrix D̂i for each Gauss
point i are introduced as

σi =
1

Ai

(
Fb − LTK−1Fa

)
(6.63)

D̂i =
1

Ai

(
M− LTK−1L

)
(6.64)

They contribute to the macroscopic scale through fM(σi) and kM(D̂i) and inserting back
into Eq. 6.56 yields

L
[
g(vh,δvh),∆vh

]

=
numel∑
e=1


δvM

δεM1
...

δεMnGP


T

e




kM
(
D̂i

)
0 . . . 0

0 D̂1 . . . 0
...

... . . . ...
0 0 . . . D̂nGP




∆vM

∆εM1
...

∆εMnGP

+


fM (σi)

σ1

...
σnGP



e

(6.65)

from which the macro-meso coupling becomes evident. The mesoscopic system of equa-
tions depend on the macroscopic strains, compare the second until last row of Eq. 6.65.
On the other hand the homogenised values D̂i and σi are required to solve the macroscopic
problem, as can be seen from the first row of Eq. 6.65. However, the mesoscopic problems
are independent of each other and can be solved simultaneously. The systems are solved
using the Newton iteration scheme, which is only terminated when macroscopic and
mesoscopic equilibrium is achieved.

6.6 Boundary conditions for the RVE

The macroscopic shell strains have to be applied on the RVE by means of appropriate
boundary conditions. As has been discussed in sec. 5.1, for the top and bottom surface of
the RVE (z = ±hRV E/2) zero-traction boundary conditions apply. Thus, the strains will
be applied on the lateral surfaces, where the x− y−plane always corresponds to the shell
reference surface. The RVE size is determined by the in-plane dimensions lx and ly, which
can be generally chosen independently. Here, for demonstration purposes lx = ly = LRV E

applies. Refer to Fig. 5.2 for an illustration of an RVE.
Equation 5.4 prescribes the macroscopic shell strains εM as lateral displacement for every
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control point K by means of a matrix AK .

uK = AK(x,y,z)εM (6.66)

The matrices AK are submatrices of As from Eq. 6.58. Since the strains can be either
applied directly as displacement of the RVE geometry or by means of the introduced tran-
sition element from sec. 6.3, the matrix is split into a part relating to the RVE geometry
Ãs and a relational matrix for applying the strains through the transition element Ăs.

As =
[
ÃT
s ĂT

s

]T

(6.67)

Depending on the type of boundary conditions, which will be presented subsequently,
either part may vanish. The matrix Ãs is defined as

Ãs =


δ1Ã1

...
δKÃK

...
δnbs

Ãnbs

 with δK =

{
1 if control point K has fixed DOFs
0 else

. (6.68)

The total number of control points per section is given by nbs. Similarly, the matrix for
the transition element is defined.

Ăs =


δ1Ă1

...
δLĂL

...
δntĂnt

 with δL =

{
1 if transition element L has fixed DOFs
0 else

. (6.69)

nt denotes the number of transition elements used in the formulation of the boundary
conditions.
In addition to prescribing displacements or rotations, it can be required that the deforma-
tion on opposing RVE boundaries correlate. This is achieved by link conditions. These
can be applied either symmetrically, which is indicated by �‖, or in an antisymmetric
manner, denoted by �×. In both cases, each control point is associated with a specific
control point on the opposing boundary.

For all types of boundary conditions, an arbitrary node is fixed in the z-direction to
avoid rigid body motions. Furthermore, the presented moment reduction constraint from
sec. 6.4 is used for all three types of boundary conditions presented to reduce the length
dependence of the homogenised shear stiffness component on the RVE size LRV E. The
necessity of this constraint has been shown in [116] and will be further discussed in
sec. 7.1.1.
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Table 6.1: Notation of in-plane and out-of-plane displacements and rotations

x = ±lx/2 y = ±ly/2
N =

[
1 0 0

]T
N =

[
0 1 0

]T
displacements
in-plane ūy ūx
out-of-plane ūx ūy

rotations
in-plane ω̄y ω̄x
out-of-plane ω̄x ω̄y

Figure 6.8: Boundary and link conditions for traction boundary conditions (tbc) - (a) prescribed
displacements and rotations using transition element (b) link conditions for in-plane rotation

For clarity, the definition of the in-plane and out-of-plane displacements and rotations is
summarised in Tab. 6.1 for the lateral surfaces.

6.6.1 Traction Boundary Conditions

The first type of boundary conditions employs the introduced transition element on all
four faces of the RVE, thus nt = 4. The macroscopic strains are applied by prescribing
the translation uS0 and rotation ω of the transition element. The deformation is enforced
using Lagrange parameters, see sec. 6.3. This method causes constant tractions on the
boundaries, which is why this type of boundary condition will be referred to as ’traction
boundary conditions’ (tbc) in the following.

It must be clarified that this type of boundary condition is not a ’true’ stress bound-
ary condition, which has been derived from the Hill-Mandel condition, see Eq. 4.13.
Instead of applying tractions directly to the RVE, as it would be the case for ’true’
stress boundary conditions, here macroscopic strains are applied to the RVE using the
introduced transition element, refer to sec. 6.3. This invokes constant tractions on the
boundary of the RVE.

As the transition element is applied on all four lateral surfaces and the shell strains are
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Figure 6.9: Boundary and link conditions for shell boundary conditions (sbc) - (a) prescribed
displacements (b) symmetric link conditions for in-plane displacement (c) antisymmetric link
conditions for displacement in thickness direction

only applied using the additional degrees of freedom, the relational matrix As reduces to

As = Ăs. (6.70)

Figure 6.8 shows the RVE with the applied transition elements. For each lateral surface
L the membrane strains εαβ are applied to the RVE using the two translations uS0x and
uS0y. By prescribing the in-plane rotation of each surface the macroscopic curvatures καβ
and the transverse shear strains γα are applied. Here, the in-plane rotation is the rotation
about the axis perpendicular to the normal of the surface, see Fig. 6.8 (a) and refer to
Tab. 6.1.

It is also required that the out-of-plane rotations correspond on opposite sides, i.e.

ωx(L
RV E/2,y,z) = ωx(−LRV E/2,y,z) and

ωy(x,L
RV E/2,z) = ωy(x,− LRV E/2,z).

(6.71)

This link condition is denoted by ω‖ and is illustrated in Fig. 6.8 (b).

The relationship between the macroscopic shell strains and the translational and rotational
nodes for each transition element L can be derived from Eq. 5.4 and Eq. 5.8. The matrix
AL can be written as

uS0x

uS0y

ωx

ωy


L

=


x 0 1

2
y 0 0 0 0 0

0 y 1
2
x 0 0 0 0 0

0 0 0 0 −y −1
2
x 0 −1

0 0 0 x 0 1
2
y 1 0


︸ ︷︷ ︸

Atbc
L

εM . (6.72)
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Table 6.2: Shell boundary conditions (sbc) - boundary and link conditions for the lateral surface

K on lateral surface Boundary conditions Link conditions

x = ±lx/2 uK = Asbc
K (x,y,z)εM uy(lx/2,y,z) = uy(−lx/2,y,z)

uz(lx/2,y,z) = uz(−lx/2,− y,z)
y = ±ly/2 uK = Asbc

K (x,y,z)εM ux(x,ly/2,z) = ux(x,− ly/2,z)
uz(x,ly/2,z) = uz(−x,− ly/2,z)

6.6.2 Shell Boundary Conditions

The ’shell boundary conditions’ (sbc) have been adapted from Gruttmann and Wagner
[62]. It is necessary to adapt the boundary conditions of Gruttmann and Wagner [62] if
there are inhomogeneities intersecting the boundary of the RVE that do not span over
its entire width. The importance of the adjustment is demonstrated by an example in
sec. 7.1.2.

For the shell boundary conditions no transition element is introduced and the shell strains
are applied only by means of prescribing the boundary displacements of the RVE, see
Fig. 6.9 (a). Thus, Eq. 6.67 reads

As = Ãs (6.73)

and following Eq. 5.4 the displacements for each control point K is given by[
ux

uy

]
K

=

[
x 0 1

2
y x z 0 1

2
y z z 0

0 y 1
2
x 0 y z 1

2
x z 0 z

]
︸ ︷︷ ︸

Asbc
K

εM . (6.74)

The out-of-plane displacements of each lateral surface is prescribed and the in-plane dis-
placements are linked symmetrically to the opposing boundary (superscript �‖), see also
Fig. 6.9 (b). To avoid a rigid body rotation of the RVE, while allowing for the correct
warping deformation, the displacement in the thickness direction uz is linked in an anti-
symmetric way (indicated by �×), as discussed in sec. 5.3.1. The boundary and link
conditions for the shell boundary conditions are summarised in Table 6.2.

6.6.3 Periodic Boundary Conditions

Using the ’periodic boundary conditions’ (pbc), the macroscopic strains are applied by
prescribing the boundary displacements of the lateral RVE surfaces, refer to Fig. 6.10 (a).
Additionally, the macroscopic transverse shear strains γ are prescribed as rotations using
two transition elements (nt = 2). These are applied to the positive RVE surfaces (x = lx/2

and y = ly/2) as shown in Fig. 6.10 (b).

Both matrices Ãs and Ăs from Eq. 6.67 need to be defined, as the macroscopic strains
are applied to the RVE by prescribing the displacements as well as by using the transition
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Figure 6.10: Boundary and link conditions for periodic boundary conditions (pbc) - (a) pre-
scribed boundary conditions (b) prescribed rotations using transition element (c) symmetric
in-plane link conditions (d) antisymmetric link conditions for thickness direction

Table 6.3: Periodic boundary conditions (pbc) - boundary and link conditions for the lateral
surface

K on lateral surface Boundary conditions Link conditions

x = ±lx/2 uK = Ãpbc
K (x,y,z)εM ux(lx/2,y,z) = ux(−lx/2,y,z)

uy(lx/2,y,z) = uy(−lx/2,y,z)
uz(lx/2,y,z) = uz(−lx/2,− y,z)

y = ±ly/2 uK = Ãpbc
K (x,y,z)εM ux(x,ly/2,z) = ux(x,− ly/2,z)

uy(x,ly/2,z) = uy(x,− ly/2,z)
uz(x,ly/2,z) = uz(−x,− ly/2,z)

element. In accordance with Eq. 5.4 the displacements are prescribed as[
ux

uy

]
K

=

[
∆x 0 1

2
∆y ∆x z 0 1

2
∆y z 0 0

0 ∆y 1
2
∆x 0 ∆y z 1

2
∆x z 0 0

]
︸ ︷︷ ︸

Ãpbc
K

εM . (6.75)

Using the transition element the rotation of the lateral surfaces is prescribed following
Eq. 5.8. [

ωx

ωy

]
L

=

[
0 0 0 0 −y −1

2
x 0 −1

0 0 0 x 0 1
2
y 1 0

]
︸ ︷︷ ︸

Ăpbc
L

εM (6.76)

Because for periodic boundary conditions x+ = x− + F (X+ −X−) applies, in Eq. 6.75
∆X = X+ −X− has been introduced. It corresponds to the in-plane dimensions of the
RVE, thus ∆x = lx and ∆y = ly.

For the periodic boundary conditions, the boundary displacements are linked symmetri-
cally to the opposite lateral surface u‖x and u‖y, as illustrated in Fig. 6.10 (c). The vertical
displacement u×z is again linked in an anti-symmetric manner to avoid rigid body rotations
(see Fig. 6.10 (d)). The boundary and linking conditions are summarised in Table 6.3.
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Chapter 7

Numerical Examples

The presented multiscale approach has been implemented in the academic finite element
analysis software FEAP [163]. In the following the presented three types of boundary
conditions will be tested and compared to each other by means of appropriate examples.

To begin with, the assumptions made for the derivation of the boundary conditions are
verified by a set of preliminary, simple examples. First, the necessity of the MRC is
shown with an example and the beam analogy from sec. 5.3.2 is justified. Afterwards,
the shell boundary conditions are demarcated from the boundary conditions according to
Gruttmann and Wagner [62]. Finally, all three types of boundary conditions are compared
in terms of the way they apply shear deformations on the RVE and the shear stress
distribution is examined.

As a next step, it is to be shown, that the proposed homogenisation approach yields correct
homogenised stiffness components for an RVE. For the chosen examples the numerical
solution is verified using analytical expressions. Following Eq. 3.32, the components of
the symmetric material tangent matrix read

D̂ =

 D̂m D̂mb 0

D̂T
mb D̂b 0

0 0 D̂s

 =



D11
m D12

m D13
m D11

mb D12
mb D13

mb 0 0

D22
m D23

m D21
mb D22

mb D23
mb 0 0

D33
m D31

mb D32
mb D33

mb 0 0

D11
b D12

b D13
b 0 0

D22
b D23

b 0 0

symm. D33
b 0 0

D11
s D12

s

D22
s


. (7.1)

The obtained material tangent matrix should be independent of the exact choice of the
RVE, i.e. its size, as long as it reflects the microstructural behaviour sufficiently. To
investigate this issue, the RVE size is incrementally increased. Since the thickness of the
RVE always corresponds to the macroscopic shell thickness, only the in-plane dimensions
are adapted. Here, for demonstration purposes LRV E = lx = ly is chosen. Generally,

73
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the two in-plane lengths of the RVE may be independent of each other. In the scope
of this work global periodicity is assumed for all examples, such that an RVE of size
lx × ly × hRV E = 1× 1× 1 can be treated as unit cell. Nevertheless, it will be referred to
as RVE in the following. To increase the in-plane dimensions of an RVE, multiple unit
cells will be placed next to each other.

Once the homogenisation algorithm has been verified on the mesoscopic scale, multiscale
simulations will be conducted. The coupled multiscale problems are compared to an-
alytical and full-scale solutions. Displacement-based volume elements with Lagrange
interpolation functions are used as reference.

On the macroscopic scale the 5/6-parameter, 4-node shell elements from sec. 6.1 are used
for discretisation. The mesoscopic RVE is modelled and analysed using the SBIGA formu-
lation from sec. 6.2. For this, the scaling centre is always chosen to be placed in the centre
of mass of the respective geometry. The sections are discretised conforming and the same
number of elements and the same polynomial degree are chosen in boundary and scaling
direction (nb = nc, pb = pc). The mesoscopic discretisation can significantly influence
the overall multiscale solution. A preliminary study was carried out to investigate the
convergence behaviour of the RVE. In the following, the mesoscopic scale is considered
as sufficiently fine discretised to yield converged solutions. Typically, pb = pc = 3 and
nb = nc = 8 is chosen, if not stated otherwise. A throughout convergence study on the
mesoscopic scale is out of the scope of this work. For refinement strategies in IGA one is
referred to [41, 76] or to [30] for SBIGA.

Throughout the chapter, the units are presumed to be chosen consis-
tent for each example and are therefore not explicitly stated. The data
presented in the following are made available through OpARA [114].

7.1 Preliminary Examples

7.1.1 Necessity of the moment reduction constraint (MRC)

In sec. 5.3.2 it was discussed that the homogenised shear stiffness component D11
s depends

on the in-plane dimensions of the RVE. To investigate this problem and to underline
the functionality of the proposed moment reduction constraint a homogeneous RVE is
considered. The in-plane dimensions LRV E = lx = ly are chosen to be equal and are
subsequently increased while the height hRV E = 1 is kept constant. Linear-elastic material
behaviour for the RVE is assumed with the properties summarised in Tab. 7.1.

The macroscopic transverse shear strain γMx = 0.2 is applied on the RVE using the
three proposed types of boundary conditions. The homogenised shear stiffness (D11

s )∗

https://doi.org/10.25532/OPARA-606
https://doi.org/10.25532/OPARA-606
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Figure 7.1: Shear correction factor for homogeneous RVE with varying in-plane dimension
LRV E for the three boundary conditions with and without the presented moment reduction
constraint (MRC) ([117])

is compared to the analytical solution D11
s = Gh. Note, that here the shear correction

factor κ is neglected in the analytical solution. Thus, comparing the numerical solution
to the analytical solution yields the shear correction factor

κ =
(D11

s )∗

D11
s

. (7.2)

In Fig. 7.1 the obtained shear correction factor is plotted for increasing RVE lengths
LRV E = 1, 2, 4, 8, 16, 32, 64 and for all three types of boundary conditions, both with
and without the additional constraint. Without the moment reduction constraint the
obtained homogenised stiffness (D11

s )∗ reduces to zero for increasing RVE size LRV E. This
is in line with the derivation in Eq. 5.27. Application of the MRC yields the expected
shear correction factor κ = 5/6 for homogeneous cross-sections for increasing in-plane
lengths.

Figure 7.2 shows the displacement in thickness direction uz and the transverse shear
stress distribution τxz for an RVE with dimensions lx × ly × hRV E = 32 × 32 × 1 using
periodic boundary conditions. In Fig. 7.2 (a) and (b) the results without using the moment
reduction constraint are shown, while Fig. 7.2 (c) and (d) depict the results using the MRC
for comparison. The displacement in thickness direction uz in Fig. 7.2 (a) corresponds to
the beam analogy from sec. 5.3.2, compare also Fig. 5.5. Figure 7.2 (b) shows that the
transverse shear stress is non-uniformly distributed over the RVE and spurious stresses
occur at the edges. Application of the proposed constraint reduces the displacement in

Table 7.1: Material properties for homogeneous RVE

Young’s modulus E in N/mm2 Poisson’s ratio

100 0.3
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Figure 7.2: Homogeneous RVE with size lx× ly×hRV E = 32×32×1 - γMx = 0.2 using periodic
boundary conditions (a) uz without MRC (b) τxz without MRC (c) uz with MRC (d) τxz with
MRC

thickness direction and evokes a uniform shear stress distribution, see Fig. 7.2 (c) and (d).

From the example it can be seen that the proposed moment reduction constraint is able to
effectively reduce the dependence of the homogenised shear stiffness (D11

s )∗ on the RVE
size LRV E. Consequently, the unphysical displacement in thickness direction, which is
associated to the coupled bending moment, is reduced and a uniform shear stress dis-
tribution is obtained. Therefore, the proposed constraint is incorporated in combination
with every type of boundary condition (tbc, sbc or pbc) on the mesoscopic scale.

7.1.2 Adaption of Shell Boundary Conditions

As has been discussed in sec. 6.6.2 the boundary conditions from Gruttmann and Wagner
[62] have to be adapted when RVEs are investigated where the inhomogeneities do not
span the full width of the RVE. The necessity is to be presented by means of an exemplary
RVE with cylindrical inclusion, as depicted in Fig. 7.3 (a). It has dimensions lx × ly ×
hRV E = 1× 1× 1 and the inclusion is centrally aligned within the RVE, is of cylindrical
shape and has radius r = 0.25. For both constituents linear-elastic material behaviour is
assumed. The surrounding matrix material has the properties EM = 100 and ν = 0.3.
The cylindrical inclusion, also referred to as fibre, behaves 100 times stiffer (EF = 10000,
ν = 0.3).

The macroscopic membrane strain εMyy = 0.2 is applied on the RVE using the boundary
conditions from Gruttmann and Wagner [62] and using the proposed shell boundary
conditions from sec. 6.6.2. The corresponding deformations are depicted in Fig. 7.3 (b)



7.1.3 Comparison of boundary conditions 77

Figure 7.3: (a) Exemplary RVE with dimensions lx × ly × hRV E = 1 × 1 × 1 and cylindrical
inclusion (b) Deformation mode when εMyy is applied using the boundary conditions from [62] (c)
Deformation mode when εMyy is applied using the proposed shell boundary conditions (Adapted
from [117])

and (c), respectively. To examine the deformation of the inclusion, only the outline of the
surrounding matrix is depicted.

From the applied macroscopic strain an extension in y−direction is expected, which can
be observed in both configurations. Using the boundary conditions from [62] the in-
plane displacements (here uy on the surfaces where x = ±lx/2) are prescribed, which
yields to unphysical behaviour for cases where the inhomogeneity does not span the whole
width. This can be observed in Fig. 7.3 (b) as the inclusion deforms at the boundary.
However, since the fibre material is significantly stiffer compared to the surrounding matrix
material this is not reasonable. By relaxing this constraint using link conditions for the
in-plane displacements (here uy), as proposed in sec. 6.6.2, the overall deformation of the
RVE remains the same while the inclusion does not deform at the boundaries, compare
Fig. 7.3 (c).

The example shows, that linking the in-plane displacements, rather than prescribing them,
allows more flexibility of the mesoscopic structures under consideration. It is an important
enhancement of the boundary conditions proposed by [62].

7.1.3 Comparison of boundary conditions

To compare the three presented boundary conditions an RVE with dimensions lx × ly ×
hRV E = 1 × 1 × 1 and homogeneous, linear-elastic material is examined. The RVE is
shown in Fig. 7.4 and the material parameters are given in Table 7.1. One of the main
differences of the boundary conditions is how the macroscopic transversal shear strains
are applied. Either as displacements, as for the shell boundary conditions, or as rotation
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Figure 7.4: Exemplary homogeneous RVE with dimensions lx × ly × hRV E = 1 × 1 × 1 with
lines of evaluation indicated

of the lateral surface, as is the case for the traction and periodic boundary conditions.
Therefore, in this preliminary example a transverse shear strain of γMx = 0.2 is applied to
emphasize the differences between the three boundary conditions.
For comparison the analytical shear stress distribution and the displacement can be de-
rived.

τxz =
3

2

q

A

(
1− 4z2

hRV E
2

)
=

3

2

GκhRV EγMx
A

(
1− 4z2

hRV E
2

) (7.3)

where: A = cross-sectional area of lateral surface
G = shear modulus = E/(2(1 + ν))

q = shear force = G
(
κhRV E

)
γMx see Eq. 5.23

κ = shear correction factor - for rectangular cross-sections κ = 5/6

Equation 7.3 reveals a quadratic shear stress distribution over the height of the RVE. To
obtain the maximum shear stress it is evaluated at z = 0 and the geometric properties
(A = 1, hRV E = 1) are taken into account.

τxz,max(z = 0) =
3

2
GκγMx = 9.615 (7.4)

The displacement distribution can be obtained analytically by integrating the shear strain
distribution γ(z) = τ(z)/G over the RVE thickness. It yields

ux =

∫
hRV E

γ(z) dz =
5

4
γMx

(
z − 4

3
z3

)
. (7.5)

The maximum displacement occurs at the top and bottom surface, where z = ±hRV E/2,

ux,max
(
z = ±hRV E/2

)
= ±0.083. (7.6)

For the comparison of the boundary conditions the RVE is discretised with nc = 2 and
nb = 6 elements and polynomial order pc = pb = 4. The macroscopic transversal shear
strain γMx = 0.2 is applied using all three types of boundary conditions, and the shear
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Figure 7.5: Traction boundary conditions - (a) plane view of RVE indicating the symmetry
requirements (b) deformation figure for applied transverse shear strain γMx = 0.2 (c) shear stress
distribution over RVE height (Adapted from [117])

stress distribution, the deformation mode and the symmetry requirements are discussed.
The shear stress distribution is evaluated over the thickness of the RVE at two positions
((x,y) = (0.25,0) and (x,y) = (0.5,0)), which are indicated in Fig. 7.4.

In the following, only the shear deformation of the RVE is discussed. For the sake of
completeness, the deformation modes for all macroscopic strains and all three types of
boundary conditions are depicted in Appendix C. However, the deformation modes do
not show any significant difference for the different boundary conditions, except for the
transverse shear deformation.

Traction boundary conditions Using the traction boundary conditions the macro-
scopic strains are applied using the transition element on all four lateral faces of the RVE,
indicated as red line in Fig. 7.5 (a). There is no link conditions applied on the control
points of the RVE; therefore, no symmetry requirements have to be met. This is indicated
in the x− y−view of the RVE in Fig. 7.5 (a) by two randomly distributed inclusions.

Figure 7.5 (b) depicts the deformed RVE due to the transverse shear strain. From the
figure two things become apparent: since the transition element applies the deformation
in an integral sense using Lagrange multipliers, cross-sectional warping is permissible.
Furthermore, the analytical maximum displacement from Eq. 7.6 is well approximated.

Examination of Fig. 7.5 (c) yields why the term traction boundary condition is justified.
The shear stress distribution on the surface of the RVE, at (x,y) = (0.5,0), is almost
constant over the RVE height (here z-axis). Towards the centre of the RVE the boundary
effects vanish and the shear stress parabola from Eq. 7.3 is well approximated. Addi-
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Figure 7.6: Shell boundary conditions - (a) plane view of RVE indicating the symmetry re-
quirements (b) deformation figure for applied transverse shear strain γMx = 0.2 (c) shear stress
distribution over RVE height (Adapted from [117])

tionally, it can be observed that the stress at the top and bottom surface of the RVE
(z = ±0.5) tends to zero, which indicates that the zero-traction boundary condition is
fulfilled, which has been identified as characteristic feature of the shell homogenisation
approach in sec. 5.1

Shell boundary conditions As has been described in sec. 6.6.2 the shell boundary con-
ditions link the in-plane displacements symmetrically and the displacements in thickness
direction antisymmetric. It follows that the x − y−plane of the RVE must be axisym-
metric to the x and y axes. In addition, the x− y−plane must be point symmetric with
respect to the centre. Thus, the two inclusions cannot be randomly distributed as can be
seen from Fig. 7.6 (a).

Using the shell boundary conditions the out-of-plane displacement is directly prescribed.
From Eq. 6.74 a linear relation between displacement and macroscopic strain becomes
apparent, which can also be observed in the deformation figure in Fig. 7.6 (b). Thus, the
cross-section cannot warp. Consequently, the maximum displacement ux,max directly cor-
responds to this linear relationship and overestimates the reference solution from Eq. 7.6.

Figure 7.6 (c) shows the shear stress distribution over the RVE height at the two locations
for the shell boundary conditions. At both locations the parabolic shape from Eq. 7.3 is
approximated. On the lateral surface, at (x,y) = (0.5,0), the peak of the shear stress is
too low and at the top and bottom surface (z = ±0.5) boundary effects can be observed.
Towards the centre of the RVE the parabolic approximation of the shear stress distribution
becomes more accurate and the shear stress at the top and bottom surface reduces to zero,
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Figure 7.7: Periodic boundary conditions - (a) plane view of RVE indicating the symmetry
requirements (b) deformation figure for applied transverse shear strain γMx = 0.2 (c) shear stress
distribution over RVE height (Adapted from [117])

thus the zero-traction boundary conditions are fulfilled.

Periodic boundary conditions The periodic boundary conditions require in-plane
symmetry and point-symmetry of the RVE due to their link conditions. Similar to the
shell boundary conditions any inclusions cannot be randomly distributed, see Fig. 7.7 (a).

Figure 7.7 (b) shows the deformation of the RVE for an applied transverse shear strain
γMx = 0.2. Because the transverse shear strains are applied as rotation of the lateral surface
using the transition element, compare Eq. 6.76, warping of the cross-section is admissible.
Furthermore, the maximum displacement corresponds to the analytical solution (Eq. 7.6).

Furthermore, using the periodic boundary conditions the shear stress distribution on
the lateral surface and inside the RVE closely approximates the reference solution, see
Fig. 7.7 (c). For both positions the shear stress is zero at the top and bottom surface of
the RVE, which shows that the zero-traction boundary conditions are fulfilled.

Comparison From applying the transverse shear strains by means of all three boundary
conditions on a homogeneous RVE some characteristic properties as well as similarities
and differences have emerged.

• Symmetry The traction boundary conditions impose no symmetry requirement
on the RVE, while shell and periodic boundary conditions require the RVEs to be
symmetric with respect to the in-plane axes and symmetric to the centre point.
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• Shear deformation Applying the transverse shear γM by means of the transition
element (tbc and pbc) allows for cross-sectional warping, which is expected (compare
Eq. 7.5).

• Zero-traction boundary conditions In sec. 5.1 the zero-traction boundary con-
ditions at the top and bottom surface of the RVE have been identified as one char-
acteristic feature of shell homogenisation. All three proposed types of boundary
conditions fulfil this requirement.

• Boundary effects of the shear stress distribution Depending on the chosen
boundary conditions the shear stress distribution on the RVE boundary will be
approximated well (pbc) or not so well (tbc and sbc). Towards the centre of the
RVE the boundary effects decay, such that the shear stress distribution is sufficiently
approximated for all three types of boundary conditions.
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7.2 Mesoscopic Scale

In the following, the homogenised material response is evaluated for a homogeneous and a
layered RVE, because the stiffness values can be compared to analytical values. All three
types of boundary conditions will be compared to each other. The homogenised stiffness
components correspond to the shell material tangent and can be obtained analytically
according to Eq. 3.32 - 3.34. The mid-surface of the RVE corresponds to the reference
surface of the shell and is always chosen to be at z = 0, such that the coupling terms
vanish (Dmb = 0).

7.2.1 Homogeneous, linear-elastic RVE

The same homogenous RVE with dimensions lx× ly×hRV E = 1× 1× 1 and linear-elastic
material behaviour as in sec. 7.1.1 is investigated. The material properties are given in
Tab. 7.1. Following Eq. 3.32 - 3.34, the analytical stiffness components are obtained as

D11
m = D22

m = 109.8901, D11
b = D22

b = 9.1575, D11
s = D22

s = 38.4615,

D12
m = D21

m = 32.9670, D12
b = D21

b = 2.7472,

D33
m = 38.4615, D33

b = 3.2051.

(7.7)

The shear correction factor of the homogeneous cross-section is κref = 5/6.

The in-plane RVE size LRV E is consecutively increased from LRV E = 1, 2, 4, 8, 16 to
LRV E = 32. The homogenised stiffness components are compared to the analytical values
from Eq. 7.7 and the results are summarised in Tab. 7.2.

Independent of the RVE size and of the chosen type of boundary conditions the membrane
components Dm as well as the bending components D11

b = D22
b , D

12
b are obtained with

machine precision (referred to as exact in Tab. 7.2).

The torsional stiffness D33
b is obtained correctly using shell and periodic boundary con-

ditions. Using traction boundary conditions a length dependence can be observed, see
Fig. 7.8 (a). Nevertheless, with increasing RVE dimensions the stiffness converges towards
the correct value.

The transverse shear stiffnesses D11
s = D22

s are obtained correctly using periodic boundary
conditions, irrespective of the RVE size. For the traction and shell boundary conditions

Table 7.2: Homogeneous RVE - comparison of stiffness components

tbc sbc pbc

Dm exact exact exact
D11
b ,D22

b ,D12
b exact exact exact

D33
b Fig. 7.8 (a) exact exact

D11
s = D22

s Fig. 7.8 (b) Fig. 7.8 (b) exact
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Figure 7.8: Homogeneous RVE - Influence of the RVE size on the homogenised (a) torsional
stiffness (D33

b )∗ and the (b) transverse shear stiffness (D11
s )∗ = (D22

s )∗ for different RVE boundary
conditions ([117])

Figure 7.9: Layered RVE with dimensions lx × ly × hRV E = 1× 1× 1 and hF = hC = 1/3

a length dependence is observed, which is visualized in Fig. 7.8 (b). As in sec. 7.1.1,
the homogenised shear stiffness (D11

s )∗ = (D22
s )∗ is compared to the analytical value

D11
s = D22

s , such that the shear correction factor κ is obtained. In fact, Fig. 7.8 (b)
corresponds to Fig. 7.1.

7.2.2 Layered, linear-elastic RVE

Next, an RVE with three layers is investigated. An exemplary RVE with dimensions
lx×ly×hRV E = 1×1×1 is depicted in Fig. 7.9, where the face layers and the core layer take
equal thicknesses hF = hC = 1/3. The total height of the RVE reads hRV E = hC + 2hF .
Generally, the height of the different layers depends on the core fraction ρC . It describes
the ratio between the core height and the RVE height ρC = hC/h

RV E.

For both, core and face layers, linear-elastic material behaviour is assumed. The Young’s
moduli can be related to each other via EC = αMEF . An analytical solution for the shear
correction factor can be calculated following Vlachoutsis [167].
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Table 7.3: Material properties for layered RVE

Young’s modulus in N/mm2 Poisson’s ratio
EF EC ν

100 1000 0.3

7.2.2.1 Effective properties

To begin with, the homogenised stiffness components for a layered RVE are to be examined
for the three types of boundary conditions. The face layers and the core layer take equal
thicknesses hF = hC = 1/3, while the total height of the RVE is kept at hRV E = 1,
compare Fig. 7.9. The in-plane dimensions are increased consecutively from LRV E =

1, 2, 4, 8, 16 to 32.

The core is assumed to be stiffer than the face sheets (αM = 10). The material parameters
are summarised in Table 7.3. Using Eq. 3.32 - 3.34, the analytical stiffness components
are obtained as

D11
m = D22

m = 439.5604, D11
b = D22

b = 12.2100, D11
s = D22

s = 153.8462,

D12
m = D21

m = 131.8681, D12
b = D21

b = 3.6630,

D33
m = 153.8462, D33

b = 4.2735.

(7.8)

According to Vlachoutsis [167] the shear correction factors for layered cross-sections can
be calculated analytically as

κref =
4

9

T 2
1

T2T4

. (7.9)

Where the quantities T1,T2 and T4 are obtained from

T1(ρC) = (1− ρ3
C) + ρ3

CαM

T2(ρC) =
(1− ρC)

αM
+ ρC

T3(ρC) = (1− ρ2
C)2 +

8

15
α2
Mρ

4
C +

4

3
αMρ

2
C(1− ρ2

C)

T4(ρC) = A(ρC)αM + ρCT3

A(ρC) =
(1− ρC)3

15

(
3ρ3

C + 9ρC + 8
)

. (7.10)

For the layered cross-section with ρC = 1/3 and αM = 10 the shear correction factor can
be calculated as κref = 0.625 [167].

The non-zero homogenised stiffness components are compared to the analytical solution
from Eq. 7.8 and the findings are summarised in Table 7.4.

As for the homogeneous RVE, the membrane and bending components (Dm, D
11
b , D

22
b , D

12
b )

are obtained with machine precision, irrespective of the type of boundary conditions or
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Table 7.4: Layered RVE - comparison of stiffness components

tbc sbc pbc

Dm exact exact exact
D11
b ,D22

b ,D12
b exact exact exact

D33
b Fig. 7.10 (a) exact exact

D11
s = D22

s Fig. 7.10 (b) Fig. 7.10 (b) exact

Figure 7.10: Layered RVE - Influence of the RVE size on the homogenised (a) bending stiffness
(D33

b )∗ and the (b) transverse shear stiffness (D11
s )∗ = (D22

s )∗ for different boundary conditions
([117])

the in-plane RVE size.

Again, shell and periodic boundary conditions yield the correct torsional stiffness D33
b ,

while the traction boundary conditions possess a dependence on LRV E, which can be
observed in Fig. 7.10 (a). Similar to the homogeneous case, large in-plane dimensions are
needed to obtain sufficient accuracy for the torsional stiffness.

Applying periodic boundary conditions also yields the homogenised transverse shear stiff-
nesses (D11

s )∗ = (D22
s )∗ with sufficient accuracy. The length-dependent behaviour of the

traction and shell boundary conditions are illustrated in Fig. 7.10 (b).

7.2.2.2 Shear correction factor

So far, the periodic boundary conditions have yielded the correct homogenised stiffness
values irrespective of the RVE size for the homogeneous and the layered RVE. To inves-
tigate this further, the core fraction ρC and stiffness ratio αM are varied and the shear
correction factor κ is numerically obtained using periodic boundary conditions. Different
core fractions ρC = 0.2, 0.4, 0.6, 0.8 and stiffness ratios αM = 0.1, 0.5, 10 are investigated.
For the cases of ρC = 0 and ρC = 1 the RVE is homogeneous, which has been treated in
sec. 7.2.1.
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Figure 7.11: Layered RVE - Shear correction factor κ for varying core fractions ρC and stiffness
ratios αM ([117])

The results are presented in Fig. 7.11. Good agreement between the numerically ob-
tained values using the periodic boundary conditions and the analytical reference from
Vlachoutsis [167] can be observed.

The moment reduction constraint accounts for stiffness jumps over the thickness of the
RVE, compare Eq. 6.54. To investigate the necessity of this, the constraint is treated as
homogeneous (abbreviated as ’hMRC’). This is achieved by not accounting for the local
stiffness contribution. The results are included in Fig. 7.11 for αM = 0.1. It becomes
obvious, that the consideration of the local stiffness contribution over the RVE thickness
is a significant feature of the proposed method, because the results incorporating the
stiffness jumps lie considerably closer to the analytical values.

Additionally, the shear correction factors obtained by Hii and El Said [69] using a second-
order homogenisation approach are included. These results show good agreement with
the ones obtained when neglecting the stiffness jumps (’hMRC’). This indicates that the
constraint on the fluctuation moment introduced by Hii and El Said [69] is comparable
to the moment reduction constraint when disregarding the stiffness differences over the
thickness of the RVE.

7.2.3 Findings from the mesoscopic scale

Before continuing with the evaluation of the homogenisation approach using coupled prob-
lems, the main findings of the investigations carried out on the mesoscopic scale are sum-
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marised.

• Torsional stiffness The homogenised torsional stiffness component (D33
b )∗ exhibits

a severe dependence on the RVE size when using the traction boundary conditions.
For the smallest investigated RVE, the stiffness is underestimated by about 40%.
For shell and periodic boundary conditions this effect does not occur.

• Transversal shear stiffness Using the shell and traction boundary conditions the
homogenised transversal shear stiffness (D11

s )∗ = (D22
s )∗ exhibits a dependence on

the in-plane RVE size and is overestimated or underestimated, respectively, when
investigating the smallest considered RVE (LRV E = 1). The effect is more distinct
for the layered RVE. The periodic boundary conditions yield the analytical shear
stiffness independent of the RVE size.

• Incorporation of stiffness in MRC For the periodic boundary conditions and
a layered RVE with different core fractions and stiffness ratios it has been shown,
that the incorporation of the stiffness jumps in the moment reduction constraint is
an essential characteristic of the approach which significantly improves the quality
of the solution.
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7.3 Multiscale

In the following, four coupled problems will be investigated with regard to the applica-
bility of the proposed boundary conditions. A key feature of the approach is, that the
macroscopic shell thickness always corresponds to the height of the RVE (hM = hRV E).
For the examples where linear-elastic material behaviour is employed, the macroscopic
material tangent matrix is obtained by homogenisation of a single RVE. In this way,
the mesoscopic boundary value problem does not have to be solved in every integration
point and every iteration step, which reduces the computational cost remarkably. The
macroscopic shell is discretised comparably fine, because the focus of the examples is on
the comparison of the three types of boundary conditions and the influence of the size
of the RVE on the macroscopic behaviour. This motivates a fine discretisation on the
macroscopic scale in order to avoid effects from macroscopic mesh refinement.
The main aim of this section is to evaluate to which extent the observed length depen-
dencies from the mesoscopic scale are transferred to the macroscopic scale and which type
of boundary condition is the most suitable for the homogenisation of shear-deformable
shells.

7.3.1 Beam

To begin with, a clamped beam with two lengths L = 6 and L = 20 is examined, which
serves as benchmark example. The height and width are kept constant at hM = 1 and
B = 1, respectively. It is clamped on one side and subjected to a distributed load p = 1 at
the free end. The geometry of the macroscopic scale is shown in Fig. 7.12. Two different
beam lengths are investigated, because it is known from beam theory that the influence
of the shear stiffness on the overall bending behaviour is lower for larger length to height
ratios.

Three different kinds of mesostructure are considered. A homogeneous RVE (Fig. 7.12 (a)),
an RVE with circular inclusion parallel to the beam axis (Fig. 7.12 (b)) and an RVE with
circular inclusion perpendicular to the same (Fig. 7.12 (c)). The inclusion has the radius
r = 0.106 and is centrally aligned. This is physically meaningless for the example; how-
ever, it is considered sufficient, as it serves only to demonstrate the differences between the
fibre orientations. The RVEs depicted in Fig. 7.12 have dimensions lx×ly×hRV E = 1×1×1

and serve as unit cell.

The maximum vertical tip displacement uz(x = L) is used for comparison. For the
homogeneous case the numerical solution is compared to the analytical solution. For the
cases with circular inclusion a full-scale reference solution is obtained.

Homogeneous RVE For the homogeneous mesostructure, linear-elastic material be-
haviour with E = 100 and ν = 0.3 is assumed. After conducting a convergence study, the
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Figure 7.12: Clamped beam subjected to a load p with three different mesostructures - (a)
homogeneous (b) longitudinally reinforced and (c) transversally reinforced

macroscopic shell is discretised using 32 ·L× 1 (L×B) elements. The in-plane RVE size
is chosen as LRV E = 1, 2, 4 and 8, and the height is constant at hRV E = 1.

From beam kinematics, the analytical solution for the maximum vertical deflection uz can
be calculated as

uz = uz,B + uz,S =
FL3

3EIT
+

FL

GAs
(7.11)

where: F = p ·B = resulting load
IT = (B (hM)3)/12 = second moment of area
G = E/(2(1 + ν)) = shear modulus
As = κA = cross-sectional shear area
κ = 5/6 = shear correction factor for homogeneous cross-section.

The subscripts �B and �S denote the bending and shear contribution, respectively. The
maximum deflections are obtained as

L = 6 : uz,ref = 8.827 and

L = 20 : uz,ref = 320.624.
(7.12)

The analytical solution from beam kinematics serves as reference solution in this case, be-
cause the shell kinematic is equivalent to the beam kinematic for this case. The numerical
analysis is carried out using all three types of boundary conditions and different RVE sizes
on mesoscopic level. The relative error to the analytical solution is plotted in Fig. 7.13 (a)
for the beam with length L = 6 and in Fig. 7.13 (b) for L = 20. For both macroscopic
beam lengths the solutions using traction and shell boundary conditions converge towards
the analytical solution with increasing RVE size. The periodic boundary conditions yield
a good fit to the reference solution irrespective of LRV E and the macroscopic beam length.

Note, that for the long beam the error is a factor ten smaller compared to the short beam.
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Figure 7.13: Relative error of the vertical tip displacement uz for different RVE sizes and
different boundary conditions for (a) L = 6 and (b) L = 20 ([117])

Table 7.5: Material properties for RVE with circular inclusion

Matrix Fibre

Young’s modulus E 27,000 142,000
Poissons ratio ν 0.2 0.35

This can be related to the reduced influence of the shear stiffness on the overall bending
behaviour, compare Eq. 7.11. The dependence of the solution on the RVE size for tbc and
sbc can be directly related to the observed dependence of the shear stiffness on the RVE
size, which has been investigated for a homogeneous RVE in sec. 7.2.1 and is documented
in Fig. 7.8 (b). Nevertheless, for both beam configurations the error is considered small
for all RVE sizes and boundary conditions. Therefore, one can conclude, that all proposed
boundary conditions are suitable for the homogenisation of the shown example.

Longitudinally reinforced RVE In a next step, the RVE is reinforced using a cylin-
drical inclusion, referred to as ’fibre’, parallel to the beam axis (see Fig. 7.12 (b)). Linear-
elastic material behaviour is used for both components, matrix and fibre, where the fibre
is assumed to be approximately five times stiffer than the surrounding material. The ma-
terial parameters are summarised in Table 7.5. Again, the macroscopic shell is discretised
using 32 · L× 1 (L× B) elements and the in-plane RVE size is chosen as LRV E = 1, 2, 4

while the height is hRV E = 1.
An analytical solution is not available for this configuration. Therefore, a full-scale model
is used to obtain a reference solution. Standard hexahedral elements with quadratic shape
functions are used. The beam is discretised using 38,160 elements and 126,864 elements
for L = 6 and L = 20, respectively. The circumferential direction of the fibre is discre-
tised using 16 elements. To compare the full-scale solution to the macroscopic shell the
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Figure 7.14: Full-scale volumetric model of the longitudinal reinforced beam with different
boundary conditions (Adapted from [117])

boundary conditions have to be chosen carefully. Here, three different kinds of bound-
ary conditions are proposed for the full-scale model. For illustration purposes, these are
presented in Fig. 7.14. The displacement in length direction of the beam (x-axis) is fixed
for all cases at x = 0. To allow for contraction of the cross-section of the beam, the dis-
placement uy is restrained at only one point at x = 0. The boundary conditions mainly
differ in their treatment of the displacement uz and are summarised in Fig. 7.14. For
case (ii) the load p is additionally applied at the support in opposite direction to enforce
global equilibrium in thickness direction. The three types of boundary conditions yield
an upper (iii), a lower (i) and an intermediate (ii) value for the reference solution. The
tip displacement uz at x = L is averaged over the thickness of the beam for comparison.
The boundary conditions (i) and (iii) exhibit a stress singularity at x = 0. Therefore,
the boundary conditions (ii) are best suited for the comparison to the beam kinematics.
Nevertheless, boundary conditions (i) and (iii) are included to serve as an upper and lower
bound.

The absolute displacement uz is compared for the three mesoscopic boundary conditions
and varying RVE size LRV E for both beam lengths. The results for L = 6 and L = 20 are
presented in Fig. 7.15 (a) and (b), respectively. The reference solutions from the full-scale
model are indicated by dashed lines. All numerical solutions lie within the upper and
lower bound of the reference, or in close proximity. For the shorter beam the upper and
lower reference solution differ by 0.388%, while for the long beam the difference is 0.067%.
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Figure 7.15: Comparison of vertical tip displacement uz of longitudinally reinforced beam for
different RVE sizes and different boundary conditions for (a) L = 6 and (b) L = 20 ([117])

The difference between the reference solutions is smaller for the long beam, because the
effects from the boundary conditions decay over the length of the beam.
The traction and shell boundary conditions exhibit a dependence on the in-plane RVE
size LRV E, which is more severe for the shorter beam. This can, again, be related to the
dependence of the shear stiffness on the RVE size, compare Figs. 7.8 (b) and 7.10 (b).
The periodic boundary conditions yield constant results for varying RVE size.

Transversally reinforced RVE To conclude the beam example, the RVE is rotated by
90° about the z-axis so that the beam is now transversally reinforced, compare Fig. 7.12 (c).
The geometric and material properties are kept constant, and the macroscopic and meso-
scopic meshes for the numerical solution remain unchanged.
Consequently, also the full-scale reference solution is calculated using the same type of
boundary conditions and the same number of elements (38,160 for L = 6 and 126,864 for
L = 20).
As for the longitudinally reinforced RVE the absolute displacement uz resulting from the
homogenisation approach is compared to the full-scale solution. Again, the RVE bound-
ary conditions and the in-plane size are varied. The results are illustrated in Fig. 7.16.
The obtained numerical solutions lie within or in close proximity to the proposed refer-
ence solutions. In contrast to the longitudinally reinforced beam, now the displacement
uz exhibits a dependence on the in-plane RVE size LRV E for all three types of mesoscopic
boundary conditions. However, the dependence of the periodic boundary conditions is
rather small compared to the traction and shell boundary conditions and is even less
distinct for the long beam compared to the shorter one.
This observation can be explained by the assumption of a linear bending moment (see
Fig. 5.5) for the moment reduction constraint. If inhomogeneities are present in the RVE,
this linear assumption is not valid anymore, because differences in the RVE stiffness in-
duce jumps in the moment distribution. However, as long as the inhomogeneity stretches
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Figure 7.16: Comparison of vertical tip displacement uz of transversally reinforced beam for
different RVE sizes and different boundary conditions for (a) L = 6 and (b) L = 20 ([117])

over the whole width, the shear stiffness in the respective direction is calculated correctly.
This is the case for the longitudinal reinforcement; therefore, the problem becomes only
obvious when the beam is transversally reinforced. For the present example the induced
length dependence is considered neglectable. However, for larger inclusions or larger stiff-
ness differences between matrix and fibre the dependence on the RVE size may become
more severe, even for the periodic boundary conditions. For these cases, the assumption
of a linear moment distribution in the RVE is not sufficient.

7.3.2 Layered cylindrical shell

The quarter of a cylindrical composite shell is investigated, similar to [62]. Figure 7.17
illustrates the problem with length L = 300, radius R = 100 and thickness hM = 1.
The three layers have equal thicknesses and the angles are given by [90◦/0◦/90◦], where
0◦ refers to the circumferential direction of the cylinder and 90◦ to the length direction.
Transversal isotropic material behaviour is assumed, with

E1 = 125,000 G12 = 4,800

E2 = 7,400 G23 = 2,700

ν12 = 0.34

. (7.13)

Geometrical nonlinearity is considered for this example. The computations are performed
displacement controlled by prescribing uz, as indicated in Fig. 7.17. The force F is
obtained as the reaction force for the prescribed displacement.

For the coupled computation the macroscopic, homogeneous shell is discretised using 16
elements in circumferential and length direction. The RVE accounts for the three layers,
see Fig. 7.9, and each is discretised using pc = pb = 4 and pb = pc = 2.
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Figure 7.17: Quarter of layered, cylindrical shell ([116])
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Figure 7.18: Load-displacement curve for the layered cylindrical shell for different mesoscopic
boundary conditions ([117])

For comparison the homogenised solution from Gruttmann and Wagner [62] is used and a
reference solution is calculated using the shell element [61] with four elements in thickness
direction per layer.

Figure 7.18 presents the load-displacement curve. Using the periodic and shell boundary
conditions with RVE size 1 × 1 × 1 reveals good agreement with the reference solutions.
The traction boundary conditions yield too soft behaviour; therefore, the in-plane RVE
dimensions have been increased, which consecutively improves the accuracy of the solu-
tion.

The dependence of the accuracy of the solution on the RVE size using traction boundary
conditions can be related to the torsional stiffness D33

b , see Fig. 7.8 (a) and Fig. 7.10 (a).
On the mesoscopic scale the torsional stiffness component was underestimated by ≈ 40%

for an RVE with size 1 × 1 × 1. In this example the solution is ≈ 30% too soft. Thus,
the mesoscopic error is mitigated by the contribution of the other stiffness components.
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Figure 7.19: (a) Geometry and boundary conditions of quarter of the plate (b) Analytical yield
line for the quarter of the plate

Nevertheless, the traction boundary conditions are not suitable for the homogenisation of
the layered shell.

The shell and periodic boundary conditions are appropriate for the homogenisation of the
curved shell including geometric nonlinearities.

7.3.3 Plate - elasto-plastic material

To investigate physically nonlinear behaviour a homogeneous, thin plate with dimensions
B = L = 100 and thickness hM = 1 is examined. Only a quarter of the plate is modelled,
taking advantage of the symmetry. The geometry and the applied boundary conditions are
illustrated in Fig. 7.19. As a material law, von Mises plasticity is used. The parameters
for the employed small strain elasto-plastic isotropic material are

E = 210,000, ν = 0 and fy,k = 240. (7.14)

fy,k denotes the yield stress. The plate is subjected to a uniformly distributed load
p = 0.01.

For the coupled multiscale approach the macroscopic shell is discretised using 4 × 4 el-
ements, while the RVE is discretised using pc = pb = 3 and nc = nb = 2 per direction.
Here, the RVE size is chosen as lx × ly × hRV E = 1× 1× 1.

The yield line theory (YLT) [180] is used for comparison. The plastic moment of the yield
line can be derived as

mpl =
1

4
(hM)2fy,k = 60 (7.15)

and the expected yield line is illustrated in Fig. 7.19 (b). Using the principle of vir-
tual displacements the ultimate load for the investigated simply supported plate, can be
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Figure 7.20: Load factor λ versus displacement uz in the centre of the plate (Adapted from
[117])

determined [180]. Hence, the ultimate load factor λ results in

λ p = 24
mpl

L2
= 0.144

λ = 14.4.
(7.16)

Additional to the analytical load factor from yield line theory, the shell element from [61]
with a fine discretisation of 32× 32 elements for the in-plane directions and seven layers
in thickness direction is used for comparison.

The results are presented in Fig. 7.20 by plotting the load factor λ versus the vertical
displacement uz in the centre of the plate (point A in Fig. 7.19). The coupled simulation
using shell and periodic boundary conditions closely correlate with the shell formula-
tion [61] used as reference. Furthermore, the ultimate load factor from yield line theory
(compare Eq. 7.16) is closely approximated. Using the traction boundary conditions, the
solution is underestimated by ≈ 14%. This can, again, be related to the torsional stiffness
component, which can not be properly homogenised using traction boundary conditions
on an RVE with size 1 × 1 × 1. Here, the error using the traction boundary conditions
is "only" ≈ 14%, compared to ≈ 30% in the previous example of the cylindrical shell.
This indicates, that the quality of the solution using traction boundary conditions largely
depends upon the macroscopic problem and the principal load transfer mechanisms.

To further evaluate the coupled multiscale method, the contour plot and the distribution
of the equivalent von Mises stress σv are examined at load factor λ = 14.4 for the shell
formulation from [61], which is used as reference. Figure 7.21 (a) shows the displacement
uz of the quarter plate for the load factor λ = 14.4 in the boundary layers (z = ±(hM)/2)
of the shell. A maximum displacement of uz,max,ref = 6.7824 is obtained.

Figures 7.21 (b) and (c) illustrate the equivalent von Mises stress distribution at mid-
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Figure 7.21: Reference shell formulation [61] - Contour plot at λ = 14.4 for (a) the displacement
uz at the boundary layers z = ±h/2, (b) the von Mises stress σv at the mid-surface z = 0 and
(c) the von Mises stress σv at the boundary layers z = ±h/2 ([117])

surface (z = 0) and at the boundary layers (z = ±(hM)/2), respectively. It is observed
that at the boundary layers the yield stress fy,k = 240 is reached in most regions, while this
is not the case for the mid-surface. At the mid-surface a region with increased equivalent
stress spans diagonally across the plate. This corresponds to the expected yield line from
yield line theory [180], compare Fig. 7.19 (b).

Figure 7.22 presents the contour plots for the macroscopic displacement uz for the shell
and the equivalent von Mises stress on four RVEs in the corners of the plate for load
factor λ = 14.4. The result is obtained using periodic boundary conditions on the meso-
scopic scale. The contour plots can be qualitatively compared to the ones of the ref-
erence shell formulation in Fig. 7.21. The displacement of the macroscopic shell shows
good agreement with the displacement of the boundary layers of the reference shell. The
maximum displacements uz,max and uz,max,ref correlate. Examination of the von Mises
stress in the RVEs shows, that the RVEs placed on the diagonal from (x,y) = (0,0) to
(x,y) = (L/2,B/2) have reached the yield stress in the boundary layers. The RVEs placed
on the orthogonal diagonal have not reached the yield stress yet. This is in line with the
yield line theory (Fig. 7.19 (b)) and the reference solution (Fig. 7.21 (b) and (c)).

7.3.4 Plate - longitudinally reinforced

As a last example, a plate with dimensions B = L = 50 and thickness hM = 1 is
investigated. It is unidirectionally reinforced using cylindrical inclusions with radius r =

0.106. These are positioned vertically centred and the distance between their centre lines
is 1. For the mesoscopic scale, the RVE from sec. 7.3.1 (see Fig. 7.12) is employed. For
comparison a full-scale model of the plate is used. As in the previous example, symmetry
is exploited. Both models are illustrated in Fig. 7.23.
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Figure 7.22: Coupled multiscale approach - Contour plot at λ = 14.4 for the displacement uz
of the macroscopic shell and the von Mises stress σv for four exemplary RVEs ([117])

Figure 7.23: (a) Coupled multiscale model of the unidirectionally stiffened plate (b) Full-scale
model of the plate used for comparison (Adapted from [117])
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Table 7.6: Boundary conditions for the unidirectionally stiffened plate

(x,y) Macroscale (FE2) Full-scale

(0,y) uz = 0 uz = 0
(x,0) uz = 0 uz = 0

(L/2,y) ux = 0, ωy = 0 ux = 0
(x,B/2) uy = 0, ωx = 0 uy = 0

The boundary conditions for the macroscopic shell and for the full-scale model are sum-
marized in Tab. 7.6. For the volumetric model, the boundary conditions are applied at
the mid-plane (z = 0, where −hM/2 ≤ z ≤ hM/2). Linear-elastic material behaviour is
assumed for both constituents, the parameters can be taken from Tab. 7.5. The plate is
subjected to a uniformly distributed load p = 1.

The coupled simulation is carried out using numel = 22, 42, 82, 162, 322, 642, 1282, 2562, 5122

and 10242 macroscopic shell elements. The size of the RVE is varied from LRV E = 1, 2 to
4 by placing multiple unit cells next to each other.

The full-scale model shown in Fig. 7.23 (b) yields a converged solution using 370,000

hexahedral elements with quadratic shape functions, where the circumferential direction
of the circular inclusion is modelled with 16 elements.

The vertical displacement uz in point A (see Fig. 7.23) is compared. Here, the reference
solution from the full-scale model is obtained as the average of the displacement at the
top surface of the shell (z = hM/2) and the displacement of the mid-surface (z = 0). The
average displacement is taken, because in the full-scale reference model thickness strains
may occur, which are neglected in the shell formulation used to describe the macroscopic
scale. It has to be kept in mind, that the solution from the volumetric model is not
directly comparable to the solution obtained using a shell model, due to the different
model assumptions regarding e.g. boundary and loading conditions. The chosen set of
boundary and loading conditions have been verified by means of a homogeneous example.

Figure 7.24 plots the vertical displacement uz versus the number of macroscopic shell
elements (numel). In the upper diagram the results of all three types of boundary condi-
tions (tbc, sbc and pbc) are shown for the three different RVE sizes. The lower diagram
enlarges the dotted region and focuses on the homogenised results using the shell and
periodic boundary conditions. It becomes obvious that the results using the traction
boundary conditions strongly depend on the RVE size, while the results using the shell
and periodic boundary conditions are independent of LRV E. The overestimation of the
displacement using the traction boundary conditions can be related to the underestima-
tion of the torsional stiffness, compare Fig. 7.8 (a) and Fig. 7.10 (a). Furthermore, it
can be seen, that the extensive macroscopic mesh refinement is not necessary. Even with
coarser discretisation sufficient approximation of the reference solution is possible using
shell or periodic boundary conditions.

To evaluate the efficiency of the proposed homogenisation approach, the complexity is used
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Figure 7.24: Comparison of the vertical displacement uz in point A for different macroscopic
discretisations, different mesoscopic boundary conditions and different RVE sizes ([117])

as a measure of the required computational effort. Considering the complete system of
equations results in n3 operations. If the sparsity is taken into account, e.g. by employing
the PARDISO solver [149], this can be reduced to a complexity of about O(n2) [58], where
n denotes the number of equations. For the full-scale model, the total number of equations
corresponds to all equations in the system neq. For the coupled approach, the total number
of equations is a summation of the equations to be solved on the macroscopic and the
mesoscopic scales, i.e. the number of equations describing the macroscopic problem (nMeq )
and the number of equations of each RVE (nmeq) multiplied by the number of Gauss
integration points (nGP ). Table 7.7 compares the complexity of the two approaches.
The error of the numerical solution with respect to the full-scale reference solution is
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Table 7.7: Numerical complexity of the different approaches
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Figure 7.25: Error of the FE2 solution compared to the full-scale reference solution plotted
against the complexity of the system of equations for different boundary conditions and RVE
sizes ([117])

plotted against the complexity in Fig. 7.25. Again, different boundary conditions and
different RVE sizes are analysed. The dashed, vertical line represents the complexity
of the full-scale reference solution (O(n2

eq)ref = 7.7252×1013). In this figure, increasing
complexity corresponds to finer discretisation of the macroscopic shell. As has been also
observed in Fig. 7.24, the traction boundary conditions fail to sufficiently approximate the
displacement uz, even with increasing RVE size. When using shell boundary conditions,
increasing the RVE size increases the accuracy of the solution. More significantly, however,
the complexity increases. For the periodic boundary conditions, the RVE size has almost
no effect on the accuracy of the displacement uz compared to the reference. Solely the
complexity increases remarkably.

From Fig. 7.25 it can be seen, that using a coupled model with the same complexity as
the full-scale model, which corresponds to a macroscopic discretisation of 32×32 elements
and an RVE size of 1 × 1 × 1, the error is around 0.4%. This can be considered a good
agreement, bearing in mind that there are naturally some differences between the shell
and the volumetric model due to the kinematic assumptions.
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Figure 7.26: Error of the FE2 solution compared to the full-scale reference solution plotted
against the complexity of the system of equations for periodic boundary conditions and different
RVE discretisations ([117])

To conclude this example, the discretisation of the RVE is closer examined. So far all
calculations have been carried out using polynomial order pb = pc = 3 and nc = nb = 8

elements. However, the more efficient the mesoscale is discretised, the more efficient is
the solution of the coupled problem. An RVE with size lx = ly = hRV E = 1 × 1 × 1

is employed in the homogenisation framework using periodic boundary conditions. The
number of elements on the RVE is varied from nc = nb = 2, 4, 6 to 8. Again, the error of
the numerical solution is plotted against the complexity of the algorithm, see Fig. 7.26.
It can be noticed, that the mesoscopic discretisation does not significantly improve the
quality of the solution, but rather influences the overall complexity. Reducing the number
of elements from nc = nb = 8 to nc = nb = 2, the same accuracy (error of ≈ 0.4%) can be
kept, while the complexity is approximately 400 times lower. Thus, it can be concluded
that the mesoscopic discretisation significantly influences the complexity of the problem.
In the case of periodic boundary conditions, the macroscopic discretisation has a stronger
influence on the accuracy of the solution than the mesoscopic discretisation. Therefore,
a good balance between macroscopic and mesoscopic mesh refinement has to be found in
order to obtain the most accurate results at low complexity.
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7.4 Discussion

The presented multiscale examples have shown that the proposed approach is able to
homogenise planar and curved macroscopic structures with different mesoscopic composi-
tions, incorporating geometrically and physically nonlinear behaviour. To summarise the
numerical examples, the main findings are discussed taking the results from the meso-
scopic scale into account.

Effect of the mesoscopic length dependence of the RVE on the macroscopic
structural behaviour

It can be concluded, that the dependence of the stiffness components on the in-plane RVE
size influences the macroscopic structural behaviour. However, the extent to which the
macroscopic behaviour is affected depends largely on the problem definition. For example,
the more slender the shell structure, the less distinct is the length dependent behaviour
of the shear contribution as seen in sec. 7.3.1. Furthermore, the RVE size dependence
of the individual stiffness component is mitigated due to the influence of several stiffness
components on the macroscopic structural behaviour.

Applicability of the moment reduction constraint

The moment reduction constraint has proven to effectively reduce the dependence of
the homogenised shear stiffness on the in-plane RVE size. However, it is based on the
assumption of a linear moment distribution along each RVE axis. This assumption is
only valid, if the material is homogeneously distributed along the axis. Nevertheless, for
small inclusions and moderate stiffness jumps, the constraint is still able to reduce the
dependence. It has to be kept in mind, that this assumption may not be valid if highly
heterogeneous RVEs are to be investigated.

Periodic boundary conditions

For the shown examples the periodic boundary conditions give the most accurate results
irrespective of the RVE size. Nevertheless, they require the RVE to be symmetric with
respect to the in-plane axes and symmetric to the centre point, which is a major restriction
on the choice of RVE.

Shell boundary conditions

The shell boundary conditions yield good results, as long as the shear stiffness is not
dominating the problem. In comparison to the periodic boundary conditions they are less
universal, because attention has to be paid which load transfer mechanisms occur in the
investigated macroscopic shell. The advantage of the shell boundary conditions is, that
even though they also require symmetry, they are easier to apply on the RVE, because
they do not require any linking conditions.

Traction boundary conditions

It has been shown, that problems with a dominant torsional stiffness contribution cannot
be solved with sufficient accuracy using traction boundary conditions. Even increasing
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the size of the RVE may not yield adequate results. Nevertheless, for problems where the
torsional stiffness does not dominate, traction boundary conditions are still valuable. And
they offer a major advantage compared to the shell and periodic boundary conditions:
they do not impose any symmetry requirements on the RVE, thus giving the RVE model
a high degree of flexibility.

Influence of the macroscopic and mesoscopic discretisation

This aspect has only been investigated in detail for the periodic boundary conditions, but
it is assumed that the results can be generalized for the other type of boundary conditions.
For the investigated periodic boundary conditions, a finer macroscopic discretisation with
a coarser mesoscopic discretisation is preferable, in terms of accuracy of the solution and
in terms of complexity of the system of equations.
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Chapter 8

Image-based modelling

So far, a numerical homogenisation approach for shear-deformable shells has been pro-
posed and verified using academic examples. As has been discussed in chap. 1, shell
structures are applied in many different fields and composite materials are often used to
maximize their load-bearing behaviour. To incorporate detailed information about the
mesostructure, computed tomography data can be used.

Computed tomography (CT) is a three-dimensional imaging technique, which allows the
digital reconstruction of an object. The object is exposed to X-radiation and detectors
measure the X-ray attenuation of the material. The projection data is gathered as axial
slices. These can be used for the three-dimensional digital reconstruction of the object.
Compared to classical CT, commonly known for example from medical engineering, µ-CT
offers a higher resolution. Therefore, µ-CT is ideal for the non-destructive analysis of
objects.

In civil engineering, textile-reinforced concrete can be used for the construction of shell
structures. Due to the increased corrosion resistance of the textile, compared to steel
reinforcement, the component thickness can be significantly reduced. However, slender
constructions require high precision in the reinforcement placement. Therefore, µ-CT
data can be used to evaluate the position of the textile within the concrete shell.

A procedure to incorporate the µ-CT data of textile-reinforced concrete specimens in the
shell homogenisation approach has been proposed in [173]. In the following, the procedure
to obtain µ-CT data of textile-reinforced concrete specimens is briefly explained. From
the digital reconstruction the textile needs to be extracted. This is done using machine
learning techniques. The information of the extracted textile can be incorporated into the
RVE. The developed approach from [173] will be recapitulated. It has to be noted, that
the results presented were developed within the CRC/TRR 280 in cooperation with Franz
Wagner from the Institute of Photogrammetry and Remote Sensing at TU Dresden. The
steps from the generation of the µ-CT data to the representation of the extracted textile
were investigated at TU Dresden.

107
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Figure 8.1: (a) Schematic illustration of the extruded specimen with extrusion direction indi-
cated (b) Sample with region scanned by µ-CT device indicated (Adapted from [173])

8.1 Microtomography and Roving Extraction

8.1.1 Specimen

The procedure for embedding µ-CT data in the RVE is described in the following using one
specimen as example. It was produced as part of the CRC/TRR 280 using extrusion, an
innovative manufacturing technique. More information on the production process using a
Laboratory Mortar Extruder (LabMorTex) can be found in [81, 82, 83]. During extrusion,
concrete and textile are continuously pressed through a rectangular mouthpiece, forming a
component of 6×X×1 cm3, where X denotes the extrusion length. From this component,
a sample of size 6 × 2 × 1 cm3 is taken. Figure 8.1 (a) illustrates the textile grid which
is used for extrusion. The weft and warp direction, as well as the extrusion direction
and the sample size are specified. Additionally, the sample to be examined is shown in
Fig. 8.1 (b).

In the sample, the textile SITgrid044 VL by WILHELM KNEITZ Solutions in Textile
GmbH is embedded. It is a biaxial carbon textile, which means that the rovings in warp
and weft direction are positioned perpendicular to each other. The position of the rovings
is fixed with a knitting thread, which runs along the roving in warp direction and is
indicated in red in Fig. 8.1 (a). The textile has a yarn spacing of 16.2 mm (warp) × 14.7

mm (weft). The yarn spacing is defined as the distance between the centre lines of two
parallel rovings. According to the data sheet of the manufacturer, the cross-sectional area
of the rovings in warp and weft direction is 35.25 mm2 per meter length perpendicular
to the roving axis. The SITgrid044 VL is impregnated using polystyrene to increase the
durability and the bond strength.
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Figure 8.2: (a) Computed tomography (CT) device (Procon CT-XPRESS) (b) Schematic illus-
tration of functionality - 1: X-ray source, 2: X-ray detector 3: sample, 4: rotating sample plate,
5: X-rays ((a) Adapted from [173])

8.1.2 Microtomography

A µ-CT device, namely the Procon CT-XPRESS, was utilized to investigate the internal
characteristics of the sample. The device is depicted in Fig. 8.2 (a) and the functionality is
schematically illustrated in Fig. 8.2 (b). It consists of an X-ray source (1) and a detector
(2). The sample (3) is placed on a rotating sample plate (4). During the scanning process,
the sample is rotated about 360◦ and subjected to X-radiation (5). The radiation usually
consists of several different wavelengths and is referred to as polychromatic [173].

The scanning procedure produces a series of two-dimensional images, so-called slices.
Using the software X-AID 2023 by MITOS GmbH, these slices can be utilized for the
three-dimensional digital reconstruction of the sample. Depending on the placement of
the sample relative to the X-ray source and the detector only a section of the sample is
scanned. The scanned region of the sample is indicated in Fig. 8.1 (b). One exemplary
slice, the stacking procedure and the 3D reconstruction of the scanned region are presented
in Fig. 8.3. Using the Procon CT-XPRESS a nominal resolution of 5 µm per voxel can be
achieved [136]. That means, that each pixel, in a two-dimensional image, or each voxel,
in a three-dimensional reconstruction, corresponds to 5 µm of the sample.

8.1.3 Segmentation

Image segmentation is the process of classifying voxels, and thus partitioning the image
into multiple segments. In the present case, the carbon grid is to be extracted. The most
intuitive approach is the application of a threshold. Because the roving and the concrete
have different greyscale values, as can be observed in Fig. 8.3 (a), applying a threshold
can reveal a first indication which regions belong to the roving. However, due to cupping
effects [173], the greyscale range is not constant across the two-dimensional image. This
makes a reliable segmentation of the carbon grid difficult. A manual extraction of the
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Figure 8.3: (a) Exemplary two-dimensional image (slice) (b) Stacking procedure of two-
dimensional images to obtain (c) Digital 3D reconstruction of the scanned area ((a),(c) Adapted
from [173])

roving is also possible, but is very time-consuming.
Neural networks can be employed to automate the process of image segmentation [8, 25,
31, 35, 37, 145]. Wagner and Maas [172] have compared different network architectures
and have come to the conclusion that the 3D U-Net [35] is suited best for the segmentation
of the carbon grid.
Before the convolutional neural network (CNN) can be used to extract the roving from
the specimen it has to be trained, which means it is fed with a dataset that has been
manually segmented. A dataset has been made available by [170]. It can be artificially
extended to be more diverse by using data augmentation techniques. This includes, for
example, scaling, flipping, rotating or cropping of the images. More detailed information
on the employed augmentation techniques can be found in [173]. Generally, augmentation
techniques are applied to prevent overfitting of the CNN. A CNN is said to be overfitting,
if it describes the training data exceptionally well but is not able to generalize to new
data.
After the CNN has been trained it can be used to extract the roving from the 3D re-
construction of the specimen, compare Fig. 8.3 (c). Due to the lack of available training
data, the CNN was trained with strong augmentation. This resulted in the segmentation
of regions that visually resembled a roving, known as artefacts, but were not part of actual
roving geometry. To remove these artefacts, a software called Roving Surface Extractor
[171] was used. The software determines connected voxels, by finding common corners or
edges. Finally, the cluster consisting of the most voxels is identified as the carbon grid.
The accurate extraction of the roving introduces unwanted complexity, which is further
increased in regions where the knitting thread is present. To smooth the roving surface
and remove further artefacts, a 3D Gaussian filter with standard deviation of 10 was ap-
plied on the binary roving. Figure 8.4 illustrates the procedure exemplarily for one slice.
In Fig. 8.4 (a) one slice obtained during the µ-CT scanning process is shown, where the
roving, the knitting thread and some air inclusions are indicated. Fig. 8.4 (b) shows the
segmentation which is obtained using the CNN. Multiple artefacts are present and the
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Figure 8.4: (a) Exemplary two-dimensional image (slice) (b) Segmentation obtained using CNN
(c) Binary representation of roving after using Gaussian filter

outline of the roving is complex. Applying the described post-processing steps the binary
representation of the roving depicted in Fig. 8.4 (c) is obtained.
As a last step, the marching cube algorithm [106] is applied on the 3D volume to extract
a point cloud only describing the surface of the roving.

The obtained information from computed tomography of the scanned specimen and the
extracted roving is available in the form of:

• a point cloud describing the surface of the extracted roving,

• binary cross-sectional images of

– the roving (i.e. all pixels belonging to the roving are white, compare Fig. 8.4 (c)),

– the sample (i.e. all pixels within the boundary of the sample are white).

8.2 Parameterised RVE and determination of charac-
teristic properties

From the presented first-order shell homogenisation approach from chapters 4 and 5,
the periodic boundary conditions have shown to perform best. Therefore, they will be
employed in the following. However, the use of periodic boundary conditions imposes two
major restrictions on the RVE geometry. They require the RVE to be symmetric with
regard to the in-plane axes and point symmetric with regard to the in-plane centre point.
Furthermore, using scaled boundary isogeometric analysis requires the RVE geometry to
be star-shaped, as has been discussed in sec. 6.2.

Hence, a parameterised RVE fulfilling these criteria has been developed. It represents one
roving intersection, such that it can serve as unit cell. The main characteristic features of
the RVE are derived from the computed tomography data or from data sheets provided
by the manufacturer of the carbon textile.
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For illustration purposes a parameterised RVE is depicted in Fig. 8.5. The characteristic
properties include the grid opening in warp and weft directions l1 and l2, the height of
the RVE hRV E, the concrete cover c0, as well as the roving dimensions. The cross-section
of the roving is assumed to be elliptical [184]. Thus, their geometry can be described by
a semi-major axis (b1/b2) and a semi-minor axis (h1/h2) for the warp and weft directions,
respectively.

The model is parameterised using the plug-in Grasshopper® within the
CAD software Rhinoceros® and has been published on Zenodo [115].

Note, that the coordinate systems of the parameterised RVE and the µ-CT data do
not necessarily coincide. From µ-CT data the z-direction corresponds to the stacking
direction, while for the RVE the z-direction is the thickness direction. Therefore, the
dimensions will be extracted for warp and weft direction and are then transferred to the
RVE.

8.2.1 Assumptions

Before explaining how to derive the characteristic properties from the µ-CT data, the
assumptions made for the parameterised RVE are summarised.

1. Only one roving intersection is considered.

2. Rovings are orthogonal to each other.

3. Rovings are approximated as elliptical cylinders.

Figure 8.5: (a) Perspective and (b) plane view (y − z− plane) of parameterized RVE with
dimensions (1: warp direction, 2: weft direction) ([173])

https://doi.org/10.5281/zenodo.8340828
https://doi.org/10.5281/zenodo.8340828
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Figure 8.6: (a) Exemplary cross-sectional image of sample with magnification of roving (b) Cor-
responding point cloud and concave hull (c) Magnification of point cloud and concave hull ([173])

4. The lower edge of the roving in warp direction coincides with the centre line of the
roving in weft direction.

Generally, any symmetric and point-symmetric reinforcement can be investigated. Here,
the investigations are restricted to grid-like textile orientations.

8.2.2 Roving dimensions

The rovings are approximated as elliptical cylinders, their cross-sections are described by
a semi-major axis b and a semi-minor axis h. Thus, the width of the roving is described
by 2b and its height by 2h, refer to Fig. 8.5 (b). The indices �1 and �2 correspond to the
quantities in warp and weft direction, respectively.
To determine the cross-sectional properties of the roving from the CT-data, the point
cloud is utilized. From observation the two main axes of the rovings can be determined.
Variation of the coordinate along one main axis allows the investigation of the boundary
point cloud of the roving. Application of the concave hull algorithm, based on [132], fa-
cilitates the derivation of a polygon describing the outline of the roving.
Figure 8.6 illustrates a cross-sectional image of the sample alongside with the correspond-
ing point cloud and derived boundary polygon. For the boundary polygon the area Ai
and its centroid xcentroid,i can be determined. Furthermore, the width 2bi and height 2hi
are calculated as the difference between the maximum and minimum coordinate.

The procedure can be repeated for a number of nslice coordinates along each axis and the
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Figure 8.7: (a) Plane view of approximated ellipse from two concave hulls describing the roving
(b) Perspective view of derived elliptical cylinders with concave hulls used for approximation
([173])

roving properties can be averaged.

¯̄A1 =

∑nslice

i Ai
nslice

, ¯̄x1 =

∑nslice

i xcentroid,i
nslice

,

¯̄b1 =

∑nslice

i bi
nslice

, ¯̄h1 =

∑nslice

i hi
nslice

.

(8.1)

From the averaged values an aspect ratio between the semi-major and the semi-minor
axis can be derived as

Xroving = ¯̄h1 : ¯̄b1. (8.2)

Using the averaged cross-sectional area and the aspect ratio, the dimensions of the ap-
proximating ellipse can be determined as

A1 = ¯̄A1, X1 = Xroving

b1 =

√
A1

π · X1

, h1 = X1 · b1.
(8.3)

Here, the equations have been derived for the roving in warp direction (�1), the rov-
ing dimensions for the weft direction are obtained accordingly. Using the dimensions
from Eq. 8.3 the rovings can be approximated as elliptical cylinder. For illustration pur-
poses, Fig. 8.7 (a) shows the derived cross-sectional ellipse from two concave hulls in the
y−z−plane. In Fig. 8.7 (b) the two derived elliptical cylinders are depicted in perspective
view. For both directions nslice = 2 has been used.
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8.2.3 In-Plane Dimensions

The derived RVE is to serve as unit cell, i.e. it describes the smallest repeating part
possible. Therefore, the in-plane dimensions of the RVE can be directly related to the
properties of the textile. The lengths l1 and l2 correspond to the thread spacing specified
on the manufacturer’s data sheet and indicate the distance between the centre lines of
two rovings.

In order to validate the thread spacing using µ-CT data a larger sample and larger scanning
region would be required. However, due to the knitting thread and polystyrene coating
of the textile it is assumed to be geometrically stable. Therefore, the thread spacing is
expected to be consistent throughout the extruded specimen.

8.2.4 Shell Thickness

The height of the RVE (hRV E) corresponds to the height of the sample and is typically
defined prior to production. Using the obtained µ-CT data the achieved sample thickness
can be evaluated. This evaluation can be beneficial for assessing the production methods.

The binary images describing the whole sample are employed for this purpose, all pixels
within the boundary of the sample are set to the value 255 (white), all pixels outside
are set to the value 0 (black), compare Fig. 8.8 (a). Note, that on each side 10% of
the width of the sample ax,max are neglected, such that only the shaded area is used for
the determination of the top and bottom of the sample. This is due to the fact, that
the extrusion process introduces imperfections due to which the sample is not perfectly
rectangular.

The averaged top coordinate yt,sample and the averaged bottom coordinate yb,sample are
determined and the distance between them is identified as shell thickness hRV Ei of the
slice. Again, this procedure can be repeated for multiple slices and the shell thickness
hRV E is averaged over the number of slices.

8.2.5 Concrete Cover

The concrete cover describes the distance from the top of the RVE to the top of the roving
and is typically, similar to the shell thickness, defined before production of the component.
Using µ-CT data the concrete cover can be determined and, for example, the accuracy
of the production process can be assessed. This is particularly important for thin shells,
as the positioning of the textile within the specimen largely influences the load-bearing
behaviour.
To determine the concrete cover c0 a binary representation of a cross-sectional slice is
utilized, where the pixels belonging to the roving take the value 255 (white) and all
others have value 0 (black), compare Fig. 8.8 (b). The first white pixel in y−direction
indicates the top of the roving (yt,roving). To determine the concrete cover the averaged



116 8.3 Examples

Figure 8.8: (a) Binary image of sample (pixels belonging to sample have value 255 (white))
(b) Binary image of the roving contained in sample (pixels belonging to roving have value 255
(white)) ([173])

coordinate of the top of the sample yt,sample from sec. 8.2.4 (Fig. 8.8 (a)) is employed, such
that

c0,i = yt,roving − yt,sample. (8.4)

Similarly, the procedure is repeated for multiple slices and an average concrete cover c0 is
determined.

8.3 Examples

In the following, two tensile tests on carbon-reinforced concrete specimens are investi-
gated using the proposed multiscale approach for shear deformable shell structures. The
presented periodic boundary conditions are used to apply the macroscopic strains on the
parameterised RVE.

The first example analyses the extruded specimen introduced in sec. 8.1.1. The character-
istic properties for the parameterised RVE are derived using available CT data. For this
example, the multiscale analysis is restricted to the linear-elastic regime. The primary
objective of this initial example is to validate the proposed procedure for deriving the
parameterised RVE by comparing them to reference values.

As a second example another tensile test is investigated, which has been conventionally
cast. Because no computed tomography data is available for this sample the characteristic
properties are derived using the data provided by the manufacturer of the textile reinforce-
ment. For this example a microplane damage model is employed to simulate the material
behaviour of concrete. It aims to integrate the nonlinear material of carbon-reinforced
concrete within the multiscale method.



8.3.1 Tensile Test - linear-elastic 117

Figure 8.9: (a) 3D reconstruction of the scanned area of the sample (b) 3D representation of
the segmented roving (c) Point cloud representing the surface of the textile (Adapted from [173])

8.3.1 Tensile Test - linear-elastic

The steps described for deriving the characteristic properties needed for the parameterised
RVE are carried out for the specimen described in sec. 8.1.1. The segmented roving
intersection had the dimensions of 19.88mm × 18.53mm (warp × weft). The three-
dimensional reconstruction of the scanned region from Fig. 8.3 (c) is depicted again in
Fig. 8.9 (a). The three-dimensional model of the embedded textile and the derived point
cloud are shown in Fig. 8.9 (b) and (c), respectively. The voxel size of the sample is
9.5 µm. From Fig. 8.9 (c) it can be observed that the two rovings are oriented along
the x− and z−axis. For the parameterised RVE the x-direction corresponds to the warp
direction, while the z-direction of the point cloud represents the weft direction of the
textile within the RVE. Further, it can be seen, that the roving in weft direction is not
parallel to the z−axis but rotated by approximately 6.325◦.

The values obtained using the described steps are compared to values from the data
sheet of the manufacturer and values defined prior to the extrusion process. To conclude,
the parameterised RVE is embedded into the first-order homogenisation framework to
investigate the linear-elastic behaviour of a tensile test.

8.3.1.1 Roving dimensions

The roving dimensions are derived using the procedure from sec. 8.2.2 for the x− and
z−axis. The number of slices nslice along each axis needs to be chosen large enough to
ensure a constant mean value.
To investigate this issue the averaged cross-sectional area of the roving in warp (x−) and
weft (z−) direction is determined for a varying number of slices. A reference solution
using nslice = 100 is obtained. The averaged cross-sectional areas are plotted versus nslice
in Fig. 8.10. It can be observed, that the averaged cross-sectional area ¯̄Aroving converges
to a fixed value. In the following, nslice = 40 was chosen to derive the roving geometry.
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Figure 8.10: Obtained cross-sectional area of roving ¯̄Aroving for varying number of slices nslices
for warp and weft direction of sample ([173])

Table 8.1: Dimensions of cylindrical approximation of the rovings (nslice = 40)

A in mm2 2b in mm 2h in mm X = h : b

warp direction 0.83 1.49 0.71 0.48
weft direction 0.71 2.45 0.37 0.15

Following Eq. 8.3 the averaged properties for both rovings can be determined. The di-
mensions of the approximating ellipses are summarised in Tab. 8.1.

As can be seen from Fig. 8.9 (c), the roving in weft direction is not parallel to the z−axis.
Instead, it is rotated about 6.325◦, which might lead to inaccurate roving dimensions. In
order to quantify the deviation, the point cloud was rotated, such that the roving in weft
direction is oriented parallel to the z-axis. Again, the roving dimensions were determined
using nslice = 40. The cross-sectional dimensions deviate by approximately 1.1%, which
is considered neglectable in civil engineering context.

To verify the procedure, the derived cross-sectional values can be compared to the data of
the manufacturer. In the chosen specimen the textile SITgrid 044 VL with yarn spacing of
16.2 mm × 14.7 mm (warp × weft) and cross-sectional area of 35.25 mm2/m is embedded,
compare sec. 8.1.1. This results in theoretical cross-sectional areas of

warp direction: Aref,1 = 0.57mm2

weft direction: Aref,2 = 0.52mm2.
(8.5)

These values differ significantly from the derived values in Tab. 8.1. The differences can
be explained by the coating of the roving and the knitting thread. Both are not taken
into account in the data of the manufacturer. However, the greyscale value of coating
and knitting thread are similar to the one of the roving, compare Fig. 8.4 (a). And since
the training dataset contained the knitting thread as ground truth, the CNN could not
distinguish between the components during segmentation. Therefore, the derived cross-
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sectional values are larger than the ones from the manufacturer.

However, since there is full bond between textile and coating, the values obtained using
µ-CT data are used for further calculations.

8.3.1.2 In-Plane Dimensions

As has been discussed in sec. 8.2.3 the in-plane dimensions of the RVE correspond to the
yarn spacing provided by the manufacturer in order for the RVE to serve as unit cell. For
the present specimen these are

warp direction: l1 = 16.20mm

weft direction: l2 = 14.70mm.
(8.6)

8.3.1.3 Shell Thickness

Using the binarised cross-sectional images as explained in sec. 8.2.4, the thickness of the
specimen is obtained as

hM = hRV E = 13mm. (8.7)

The derived thickness can be compared to the defined thickness prior to production. The
specimen was extruded using the Laboratory Mortar Extruder (LabMorTex) [81] and the
employed mouthpiece for extrusion had an opening height of href = 10 mm. The derived
component height is significantly larger than the proposed component height. However,
Kalthoff et al. [81] have also observed an increased component height compared to the
mouthpiece opening, which originates from the extrusion process. Therefore, the derived
thickness hRV E is reasonable.

8.3.1.4 Concrete Cover

Using the same locations, that have been used to determine the shell thickness, the average
concrete cover is determined as

c0 = 5.92mm, (8.8)

using the method from sec. 8.2.5.
For comparison the theoretical concrete cover is calculated. During the extrusion process
the textile was placed in the centre of the component [81]. Using the component thickness
hRV E (Eq. 8.7) and the roving properties (Tab. 8.1) that were derived from µ-CT data,
the concrete cover is obtained as

c0,ref =
hRV E − (2h1 + h2)

2
= 6.05mm. (8.9)

Since c0 ≈ c0,ref , it can be concluded, that the textile was successfully placed centrally
aligned within the component during the extrusion process.
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Table 8.2: Linear-elastic material parameters for tensile test, adapted from [81]

Roving Concrete

Young’s modulus E in N/mm2 142,000 27,000
Poisson’s ratio ν 0.35 0.2

Figure 8.11: (a) Experimental set-up (b) Adaption of tensile test for multiscale approach
(Adapted from [116], (a) © ibac, RWTH Aachen)

8.3.1.5 Multiscale analysis

The derived properties can be used as input for the parameterised RVEmodel in Grasshop-
per. This model can be embedded in the first-order homogenisation framework developed
in this work to validate the derived geometric characteristics.

The specimen, which has been scanned and for which the characteristic properties have
been derived, has been taken from an extruded concrete specimen. The specimen has
been tested in a tensile test [81] and has a free length of L = 250 mm and a width of
B = 60 mm. The experimental test set-up is depicted in Fig. 8.11 (a).

To analyse the tensile test using the proposed first-order homogenisation framework for
shells, the specimen characterises the macroscopic shell. Figure 8.11 (b) shows, how the
test set-up is adapted. While the macroscopic shell is discretised using 4 × 1 elements,
the RVE is discretised using pc = pb = 3 and nc = nb = 1 per direction. In the scope of
this example, only linear-elastic material behaviour is assumed. The material parameters
are given in Tab. 8.2 and were chosen according to [81].

The analysis was carried out displacement controlled with u = 2 mm/m, which corre-
sponds to the experimental test set-up.

The load F is obtained as reaction force for the prescribed displacement u and is plotted
versus the strain in Fig. 8.12. Good agreement in the linear-elastic regime between the ex-
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Figure 8.12: Load-strain curve for tensile test (Adapted from [173])

perimental data and the numerical analysis can be observed. This proves that the derived
geometrical properties yield the correct volume fraction for the textile and concrete.

8.3.2 Tensile Test - microplane damage model

As a second example, another tensile test, carried out by the Institute of Structural
Concrete, RWTH Aachen University, is examined. To incorporate the nonlinear material
behaviour of concrete a microplane-damage model is used. It is based on the previous
works of Bažant and Oh [11], Chudoba et al. [34], Jirásek [79] and has been presented for
the analysis of carbon reinforced concrete shells using a multiscale approach in [87].

Because no image-based data is available for this example, the characteristic dimensions
needed for the parameterised RVE are derived from the data sheet of the manufacturer.
The textile GRID Q95-CCE-38-E5 of solidian was used in this test series, which is a
textile still under development. The roving dimensions in warp and weft direction are the
same for this textile.

8.3.2.1 Roving dimensions

The roving dimensions are derived from the cross-section of an individual roving given by
the manufacturer. For warp and weft directions, the cross-sectional area is

Aroving = 3.62 mm2. (8.10)

As a first approach, the aspect ratio between semi-major and semi-minor axis is simplified
as

Xroving = h : b = 0.5. (8.11)
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Using Eq. 8.3 the dimensions of the approximating ellipse can be determined, such that

b1 = b2 =

√
Aroving
π · X = 1.518 mm and h1 = h2 = X · b1 = 0.759 mm. (8.12)

8.3.2.2 In-plane dimensions

Again, the in-plane dimensions of the RVE correspond to the yarn spacing of the textile.
For the solidian GRID Q95-CCE-38-E5 the distance in warp and weft direction are the
same, therefore

l1 = l2 = 38 mm. (8.13)

8.3.2.3 Shell thickness

The specimens were produced using conventional concrete pouring, therefore it is assumed
that the thickness determined prior to production is achieved with sufficient accuracy.
Hence, the thickness of the RVE is

hRV E = 30 mm. (8.14)

8.3.2.4 Concrete cover

Because no computed tomography data is available, the theoretical concrete cover is
calculated. The textile was placed centrally aligned in the cross-section of the specimen,
such that the concrete cover is obtained as

c0 =
hRV E − (2h1 + h2)

2
= 13.862mm. (8.15)

8.3.2.5 Multiscale analysis

Again, the derived properties serve as input for the parameterised RVEmodel in Grasshop-
per. The obtained RVE is embedded in the proposed first-order homogenisation frame-
work.

The concrete specimens have a length of 1000 mm, a width of B = 120 mm and a height
of hM = 30 mm. The samples are fixed by two clamping jaws such that the free length is
L = 530 mm. The experimental set-up and the adaption for the simulation is depicted in
Fig. 8.13, where symmetry is exploited. The macroscopic shell is discretised using 4 × 1

elements, while the RVE is discretised using pc = pb = 3 and nc = nb = 1 per direction.

For these samples the high-strength concrete C3-HF2-165-4 [151] is used. The characteris-
tic properties of the concrete were determined on concrete cylinders and cubes [87]. Kikis
et al. [87] calibrate the microplane-damage model using one single RVE. The material is
characterised by two parameters – ep, which denotes the elastic limit and ef , which is
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Figure 8.13: (a) Experimental set-up (b) Adaption of tensile test for multiscale approach
(Adapted from [87], (a) © IMB, RWTH Aachen)

Table 8.3: Material parameters for tensile test, adapted from [87]

Roving Concrete

Young’s modulus E in N/mm2 247,469 42,793
Poisson’s ratio ν 0.35 0.2
elastic limit ep - 0.00004
ductility param. ef - 0.02148
tensile strength ftm in MPa 3,824 -

a ductility parameter [79]. The carbon textile is described using a linear-elastic mate-
rial model, the characteristic material properties of the textile were determined by small
scale tests. The characteristic material properties of carbon and textile are summarised
in Tab. 8.3.

The experiment was carried out displacement controlled with u = 1 mm/min. The load
F is obtained as reaction force for the prescribed displacement. In Fig. 8.14 the load-
displacement curve of both specimens as well as the numerical approximation is given.

The multiscale method using the microplane damage model is able to approximate the
experimental results well. Good agreement can be observed in the linear-elastic domain.
The numerical solution terminates, when the maximum tensile strength ftm is reached.
It is observed, that this value is too low, compared to the experimental data.

8.4 Discussion

To conclude, first the assumptions made in sec. 8.2.1 will be evaluated.
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Figure 8.14: Load-displacement curve for tensile test using microplane damage model (Adapted
from [87])

1. Only one roving intersection is considered. This assumption is valid, as long
as the scanned and evaluated region is representative of the whole mesostructure.
Only then, it is able to serve as unit cell. Manufacturing errors can lead to varying
shell thicknesses and concrete covers; therefore, when choosing the sample that will
be scanned, it should be ensured that it is representative of the whole structure.
Additionally, the segmented area should be larger or equal to the RVE size, such
that the averaged roving dimensions are as representative as possible.

2. Rovings are orthogonal to each other. The first example has shown, that the
rovings were not positioned perfectly orthogonal to each other. Nevertheless, the
rotation only introduced small deviations into the derived geometric properties of
the roving. Furthermore, it is assumed that the distortion was introduced during
the extrusion process. It is expected that using classical production processes this
distortion is reduced. To conclude, the assumption of the rovings being orthogonal
to each other is valid.

3. Rovings are approximated as elliptical clyinders. The assumption of elliptical
cross-sections is in line with the literature [184] and has yielded sufficient results for
the presented example. Generally, small aspect ratios X should be chosen for the
rovings in warp and weft direction. However, when debonding or friction between
roving and concrete should be investigated, this simplification may not be sufficient.

4. The lower edge of the roving in warp direction coincides with the centre
line of the roving in weft direction. From a technical point of view, the rovings
are positioned on top of each other and do not penetrate each other. Nevertheless,
due to the knitting thread and coating, the rovings are compressed at the intersecting
points. For the shown examples the assumption is valid.

Alternatively, to the grid-like textile structure investigated here, multiple different rein-



125

forcement patterns are imaginable. To be implemented in the proposed homogenisation
approach, the mesoscopic structure needs to be periodically repeating, as well as sym-
metric to the in-plane axes and symmetric to the centre point. Structures with multiple
layers of textile may also be analysed using the proposed parameterised RVE by stacking
multiple RVEs on top of each other.

The homogenisation approach offers the advantage, that technically each macroscopic
integration point can be assigned an individual RVE. Enhancing the method with image-
based data enables a sophisticated representation of the shell structure.

The first example has shown, that the procedure proposed to derive the characteristic
RVE properties yields accurate results. The parameterised RVE was embedded in the
multiscale framework, where good agreement between the numerical and the experimental
solution was obtained in the linear-elastic regime.

Since no CT data was available for the second specimen, the properties needed for the
parameterised RVE were derived from the manufacturer’s data. A microplane damage
model was employed to incorporate the nonlinear material behaviour of concrete. For the
textile linear-elastic material behaviour including a maximum tensile strength was used.
It was observed, that the multiscale simulation was able to approximate the experimental
data well, especially in the linear-elastic regime. This indicates, that even though this
approach is less accurate compared to incorporating image-based data, it is still able to
account for the correct volume fractions of the individual components.
The maximum tensile strength of the simulation was reached before the experiments failed,
which implies that further investigations using the microplane damage model should be
conducted. Furthermore, as has been discussed in sec. 4.2, the RVE loses its represen-
tativeness when failure occurs at RVE level due to localisation. This is an issue which
should be investigated further in the future. Generally, this example should be interpreted
as starting point for further investigations of carbon-reinforced concrete shells using the
proposed approach. Nevertheless, it underlines the benefits of the parametrised RVE
model, as individual parameters can be easily changed while still retaining an analysis-
suitable model that fulfils the requirements emerging from the multiscale model, i.e. star-
shapedness and symmetry.

A further open point is the investigation of bending dominated problems. For these
problems, the positioning of the textile has a greater affect on the overall behaviour than
for tensile tests. Future work should also consider debonding between the roving and
concrete. Klarmann et al. [92] have proposed a zero-thickness interface in combination
with a cohesive zone model to account for the interaction mechanisms between textile
reinforcement and concrete.
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Chapter 9

Conclusion and Outlook

A first-order homogenisation approach has been proposed that allows the transition from
three-dimensional continua describing the microscale to shear deformable shells at the
macroscale. The macroscopic scale accounts for the structural behaviour and is treated
as homogeneous. The material response for every macroscopic point is determined using a
representative volume element, which accounts for the morphology of the microstructure.
In contrast to classical homogenisation approaches, where it is distinguished between a
macroscopic and a microscopic scale, a distinctive feature of the approach is that the RVE
accounts for the complete thickness of the shell and is therefore referred to as mesoscale.

The macroscopic scale is described using a structural shell element in line with Reissner-
Mindlin kinematics. The mesoscopic boundary value problem is analysed using SBIGA
with conforming discretisation in scaling and boundary direction. However, it is crucial to
note that the presented approach is independent of the discretisation technique employed.

The main outcome of this work can be summarised as follows.

• Three different boundary conditions suitable for the consistent coupling of the
macroscopic shell element with the mesoscopic continuum formulation were devel-
oped. They differ mainly in how the transverse shear strain is applied to the lateral
RVE boundaries.

• Further, a moment reduction constraint has been introduced for the RVE to coun-
teract the dependence of the homogenised shear stiffness on the in-plane RVE size.

• To account for the mesoscopic morphology, a parameterised RVE for the analysis of
carbon-reinforced concrete shell structures has been presented, incorporating image-
based methods into the proposed homogenisation framework.

For the validation of the three boundary conditions presented, compliance with the zero-
traction boundary conditions on the top and bottom surface of the RVE and the correct
calculation of the shear stress distribution within the RVE are key features. It has been
shown that all three boundary conditions satisfy these requirements towards the centre
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of the RVE when boundary effects decay. The proposed periodic boundary conditions do
not exhibit boundary effects.
Furthermore, the approaches for applying the macroscopic strains to the RVE were verified
by means of mesoscopic benchmarks, comparing the homogenised stiffness components
with analytical values. Thereby, for the traction boundary conditions a dependence on
the in-plane RVE size for the torsional stiffness and the transversal shear stiffnesses was
observed. The shell boundary conditions only show length dependent behaviour for the
transverse shear component, whereas the periodic boundary conditions yield the correct
homogenised stiffness components irrespective of the RVE size and the RVE morphology.
Finally, the method was validated using four multiscale examples including geometrical
and physical nonlinearities. The analyses have shown that the length dependent behaviour
from the mesoscopic scale is transferred to the macroscopic scale. However, the overall
behaviour largely depends on the macroscopic problem and the load transfer mechanisms
of the shell structure.
In general, it can be concluded that the periodic boundary conditions yield the most
promising results.

One limitation of the presented boundary condition is that only globally periodic struc-
tures have been investigated, such that all RVEs also served as unit cells and the het-
erogeneities were uniformly distributed. Even though the periodic boundary conditions
yielded the best results, they require the RVE to be symmetric with respect to the in-
plane axes and to the centre point, which must be considered a restriction but gives rise
to further research in this regard.

In addition, two distinctive peculiarities arise from prescribing the transversal shear strain.
On the one hand, the RVE is subject to rigid body rotations when the shear strains are
prescribed as displacement of the lateral surfaces. Therefore, it possesses no shear stiffness.
This problem is addressed with antisymmetric link conditions of the displacements in
thickness direction. On the other hand, a dependence of the homogenised shear stiffness
on the in-plane RVE size was observed. The dependence arises from an unbalanced
moment distribution, which evolves from the application of the transverse shear strain on
the lateral RVE surfaces. In order to overcome this issue, a moment reduction constraint
is introduced, effectively reducing the dependence on the in-plane RVE size. A distinctive
feature is that the constraint takes the local stiffness contribution of the material into
account.

The proposed moment reduction constraint used in the homogenisation framework as-
sumes a linear bending moment distribution along both in-plane axes. Although this
assumption is only valid for homogeneous RVEs, the constraint has shown to yield suf-
ficient results as long as the inclusions are not too large and the stiffness jumps are not
severe.

Since shell structures are naturally prone to imperfections due to their thin structure, ex-
ploring the inner composition using non-destructive image-based methods can enhance
the quality of the solution and evaluate novel production methods. In the scope of
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this work, microtomography was utilized to investigate the inner structure of carbon-
reinforced concrete shell structures. The textile reinforcement was segmented from the
three-dimensional reconstruction using a convolutional neural network. The information
obtained were directly incorporated into the RVE to represent the microstructure as ac-
curately as possible.
However, the presented homogenisation framework with periodic boundary conditions
imposes two restrictive requirements on the definition of the RVE. First, as SBIGA is
used at the mesoscopic scale the geometries need to be star-shaped. Second, the periodic
boundary conditions require the RVE to be symmetric to the in-plane axes and symmetric
to the centre point. Therefore, a parameterised RVE was developed which satisfies these
conditions a priori.
The characteristic features of the parameterised RVE are the dimensions of the rovings,
the in-plane dimensions of the unit cell, the thickness of the shell and the concrete cover.
These are determined using the data obtained from computed tomography or data pro-
vided by the manufacturer. The rovings were assumed to be of elliptical shape.
Experimental data from two tensile tests was used to validate the algorithm for deriving
the characteristic RVE properties and to demonstrate the applicability of the multiscale
approach for the analysis of carbon-reinforced concrete shells.

At the moment, the parameterised RVE is restricted to grid-like textiles, where the warp
and weft direction are orthogonal to each other. Furthermore, the roving geometry is
assumed to be elliptical, which is a simplifying assumption.
To allow for the analysis of more complex reinforced structures, the parameterised RVE
has to be adapted and consequently, different boundary conditions for the homogenisation
framework may be necessary. The proposed traction boundary conditions can be utilized
for this purpose, since they impose no symmetry requirements on the RVE. However, they
show a significant dependence of the torsional stiffness on the in-plane size of the RVE,
which should be investigated further in future work.

To further improve the analysis of carbon-reinforced concrete shells in the future, a wider
range of experimental tests that activate more complex load transfer mechanisms, such
as bending, are required for calibration and validation of the microplane damage model.
Additionally, the debonding between roving and concrete should be considered, for ex-
ample using an isogeometric cohesive zone element. However, it should be noted that
the consideration of complex microscopic effects is at the expense of the efficiency of the
overall homogenisation procedure.

Another aspect which can be investigated in the future is the analysis of resolved shell
structures. These are characterised by two outer layers and an inner structure, which can
be, for instance, interpenetrating shells or folded structures. Resolved shell structures aim
to offer a resource efficient alternative to conventional structural elements, such as slabs.
The extension of the proposed homogenisation method can provide a starting point for
the development of an efficient analysis method of resolved shell structures.

Overall, the presented work provides an accurate yet efficient analysis method for com-



130 CHAPTER 9. CONCLUSION AND OUTLOOK

posite shell structures by incorporating image-based methods into a first-order homogeni-
sation approach. Thus, combining the detailed mesoscopic morphology of the composite
material with a numerically efficient description of the structural shell element.
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Nomenclature

The following notation is employed throughout the present work. Tensors and tensor
products are used in a Cartesian coordinate system. Einstein’s summation convention is
applied over repeated indices.
Unless otherwise stated the following notation has been employed. Only the most fre-
quently used symbols have been listed, all others will be defined upon appearance.

General notation and operators

a scalar

a vector

A second-order tensor

a · b single contraction (aibi)

A : B double contraction (AijBij)

Grad � Gradient operator ( �i

∂Xj
)

grad � Gradient operator ( �i

∂xj
)

Div � Divergence operator ( �ij

∂Xj
)

div � Divergence operator (�ij

∂xj
)

δ� variation of �

∆� linearisation of �

�T transpose of a second-order tensor (Aij = Aji)

〈�〉 volume or surface average of quantity

[�]× skew-symmetric matrix of a vector

Latin letters

ai, a
i covariant/contravariant basis system on Ωt

A area in the reference configuration

Am area of the mid-surface of the RVE

Ǎ assembly matrix to relate ε to E

A matrix to apply boundary conditions on RVE
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Ã, Ă submatrices of A

Ai,A
i covariant/contravariant basis system on Ω

b,b0 body forces

b1,b2,b3 matrices containing components of J̃−1

B strain-displacement matrix

c0 concrete cover

C scaling centre

dA differential area element in the reference configuration

dV differential volume element in the reference configuration

d director vector of the shell in the current configuration

D Gâteaux directional derivative

D11
s , D

22
s , D

12
s shear stiffness components of shell

D director vector of the shell in the reference configuration

ei basis system in Euclidean space

E Young’s modulus

E Green-Lagrange strain

fy,k yield stress for elasto-plastic material

f boundary loads on the shell reference surface

f global residual vector

fe element residual vector

fs residual vector for each section

F deformation gradient

F̌ matrix notation of deformation gradient ∈ R[6×9]

gi,g
i covariant/contravariant basis system in the current configuration

G shear modulus

G geometrical matrix

Gi,G
i covariant/contravariant basis system in the reference configuration

hM shell thickness
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hRV E height of RVE

H displacement gradient

i,j indices 1, 2, 3

IT second moment of area

I, J,K number of control point

I identity matrix or tensor

J determinant of the Jacobian matrix

J̃ determinant of the Jacobian matrix on the boundary

J Jacobian matrix

J̃ Jacobian matrix on the boundary

ke element stiffness matrix

ks stiffness matrix for each section

K global stiffness matrix

lx, ly in-plane dimensions of an RVE

L linearisation of a functional

L Length dimension on the macroscopic shell

Lm, LM characteristic length on the mesoscoipic/macroscopic scale

LRV E in-plane RVE size

mαβ bending moments

nαβ normal forces

nb number of elements in each boundary direction

nbc total number of control points on the boundary

nbs total number of control points of one section

nc number of elements in scaling direction

ncp total number of control points along each scaling line

nGP number of Gauss integration points

nsec total number of sections

nx, ny, nz components of normal vector
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nel nodes per element

numel total number of elements

NK shape function of node/control point K

n unit normal vector in the current configuration

N unit normal vector in the reference configuration

Nm shape function matrix for SBIGA discretisation

NM shape function matrix of the shell

Nb shape function matrix for the boundary

Ns shape function matrix for scaling line

p,q polynomial degree of NURBS in boundary directions

pb polynomial degree of NURBS on the boundary

pc polynomial degree of B-Spline in scaling direction

p̄ surface loads acting on the reference surface of the shell

p̌x position vector of moment reduction constraint

P first Piola-Kirchhoff stres tensor

qα shear forces

r polynomial degree of B-Spline in scaling direction

R radius of the macroscopic shell

Rr
I B-Spline curve

Rp,q
J basis function of a NURBS surface

R rotational tensor

S second Piola-Kirchhoff stress tensor

Š matrix notation of second Piola-Kirchhoff stress tensor ∈ R[9×9]

u displacement field

Ub vector containing displacements of all boundary control points

Ub,J displacement of control point J on the boundary

t time

t Cauchy stress vector
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t0 traction vector

V volume in the reference configuration

v vector containing the degrees of freedom

vs vector containing the degrees of freedom of each section

vK vector containing the degrees of freedom of node/control point K

V vector of the global degrees of freedom

δWint virtual internal work

δWext virtual external work

x,y,z spatial coordinates

x position vector in the current configuration

X position vector in the reference configuration

Xb vector containing coordinates of all boundary control points

Xb,J coordinates of control point J on the boundary

XC position vector of the scaling centre in the reference configuration

X̃ position vector of any point on the boundary of a section in the reference
configuration

Z shifter tensor in the reference configuration

Z shifter tensor in the current configuration

Greek letters

α,β indices 1,2

γα transversal shear strains of the shell

Γ Boundary of a domain Ω in the reference configuration

Γs Boundary of a domain Ωs of a section in the reference configuration

Γt Boundary of a domain Ωt in the current configuration

δij Kronecker-Delta

εαβ membrane strains of the shell

ε vector of shell strains
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ζ coordinate in thickness direction of shell

κ shear correction factor

καβ curvatures of the shell

λ load factor

λ = λx, λy, λz vector of the translational Lagrange parameters

Λ first Lamé parameter

Λ vector of the Lagrange parameters

µ second Lamé parameter, shear modulus

µ = µx, µy, µzvector of the rotational Lagrange parameters

ν Poisson’s ratio

ξm, ηm, ζm parametric coordinates on mesoscopic scale ∈ [0,1]

ξM , ηM , ζM parametric coordinates on macroscopic scale ∈ [−1,1]

ξα convective coordinates of the shell reference surface

ξi convective coordinate system of the shell reference surface

ρ0 mass density in the reference configuration

ραβ second-order curvatures of the shell

σv equivalent von Mises stress

σ Cauchy stress tensor (chapter 3); vector of the stress resultants of the shell
(chapter 4-7)

φ position vector in the current configuration of a shell

Φ position vector in the reference configuration of a shell

Ψ strain energy density function

ω rotation vector

Ω Spatial domain in the reference configuration

Ωs spatial domain of a section in the reference configuration

Ωt Spatial domain in the current configuration

Ω skew-symmetric matrix
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Calligraphic letters

B Domain of a continuum body in the reference configuration

Bt Domain of a continuum body in the current configuration

C material tangent - fourth order tensor

Ĉm membrane submatrix of the material tangent

Ĉs shear submatrix of the material tangent

D differential operator

D̂ material matrix of the shell

D̂b bending submatrix of the shell material matrix

D̂m membrane submatrix of the shell material matrix

D̂mb membrane/bending coupling submatrix of the shell material matrix

D̂s shear submatrix of the shell material matrix

O complexity

P material point

Indices

�t value corresponding to current configuration

�e/�s value corresponding to element/section

�,i derivative of � with respect to i

�h approximation of a value

�m quantity corresponding to the microscopic/mesoscopic scale

�M quantity corresponding to the macroscopic scale

�̂ vector/matrix notation, also Voigt notation

�∗ homogenised value of a quantity

�̇ time derivative of a value

�‖/�× degree of freedom � is linked symmetrically/anti-symmetric
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Abbreviations

CAD Computer Aided Design

CNN convolutional neural network

CT Computed tomography

FEM Finite Element Method

IGA Isogeometric Analysis

MRC moment reduction constraint

NURBS Non-Uniform Rational B-Splines

pbc periodic boundary conditions

RVE Representative Volume Element

sbc shell boundary conditions

SBFEM Scaled Boundary Finite Element Method

SBIGA Scaled Boundary Isogeometric Analysis

tbc traction boundary conditions

YLT yield line theory



Appendix A

Boundary Conditions for the RVE

It is to be shown, that the boundary conditions from sec. 4.3 fulfill the Hill-Mandel
condition. The main equations are briefly recapitulated. The Hill-Mandel condition from
Eq. 4.6 reads

〈Pm : Fm〉 − 〈Pm〉 : 〈Fm〉 = 0. (A.1)

The macroscopic fields can be expressed as surface integrals following Eq. 4.5.

PM =
1

V m

∫
Ωm

(Xj P
m
ik ),k dV =

1

V m

∫
Γm

Xm
j Pm

ik N
m
k dA =

1

V m

∫
Γm

tm0 ⊗Xm dA

FM =
1

V m

∫
Ωm

Grad xm dV =
1

V m

∫
Γm

xm ⊗N dA

(A.2)

Linear displacement boundary condition Using linear displacement boundary con-
ditions the macroscopic deformation gradient FM is prescribed as constant value F0 on
the lateral RVE boundaries

xm = F0 Xm. (A.3)

The average of the internal microscopic work can be rewritten as

〈Pm : Fm〉 =
1

V m

∫
Ωm

Pm : Fm dV =
1

V m

∫
Ωm

Pm : Grad xm dV. (A.4)

Using
Div(Pm xm) = Div(Pm)︸ ︷︷ ︸

=0

xm + Pm : Grad xm (A.5)
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Eq. A.4 can be written as

〈Pm : Fm〉 =
1

V m

∫
Ωm

Div (Pm xm) dV =
1

V m

∫
Γm

Pm : xm ⊗N dA

=
1

V m

∫
Γm

tm0 · xm dA =
1

V m

∫
Γm

tm0 ·
(
F0Xm

)
dA =

1

V m

∫
Γm

tm0 ⊗Xm dA︸ ︷︷ ︸
PM

: F0

= PM : F0,

(A.6)

which proves that the displacement boundary conditions fulfill the Hill-Mandel condi-
tion.

Constant traction boundary condition Employing constant traction boundary con-
ditions the macroscopic stress PM is applied as a constant value P0 on the RVE boundaries

tm0 = P0 N. (A.7)

Similar to Eq. A.6 the averaged internal work at the microscopic scale can be rewritten
as

〈Pm : Fm〉 =
1

V m

∫
Γm

tm0 · xm dA. (A.8)

Inserting the boundary condition yields

〈Pm : Fm〉 =
1

V m

∫
Γm

tm0 · xm dA =
1

V m

∫
Γm

(
P0 N

)
· xm dA = P0 :

1

V m

∫
Γm

xm ⊗N dA︸ ︷︷ ︸
FM

= P0 : FM ,
(A.9)

which shows that the Hill-Mandel condition is fulfilled for the constant traction bound-
ary conditions.

Periodic boundary conditions If opposing RVE boundaries are geometrically iden-
tical, periodic boundary conditions can be employed by splitting the surface integral in
a positive and a negative part. Then, periodic displacement boundary conditions and
antiperiodic tractions can be applied.

xm
+ − xm

−
= FM

(
Xm+ −Xm−

)
and

tm
+

= −tm
−

on Γm
(A.10)
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Again choosing Eq. A.8 as a starting point and splitting the boundary shows that the
Hill-Mandel condition is also fulfilled for the periodic boundary conditions.

〈Pm : Fm〉 =
1

V m

∫
Γm

tm0 · xm dA =
1

V m

[∫
Γm+

tm
+

0 · xm+

dA+

∫
Γm−

tm
−

0 · xm−
dA

]
=

1

V m

∫
Γm+

tm
+

0 ·
(
xm

+ − xm
−
)

dA =
1

V m

∫
Γm+

tm
+

0 · FM
(
Xm+ −Xm−

)
dA

=
1

V m

∫
Γm

tm0 ⊗Xm dA︸ ︷︷ ︸
PM

: FM

(A.11)
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Appendix B

Derivation of differential operator

The differential operator from Eq. 2.6

DT =


∂

∂X1
0 0 ∂

∂X2
0 ∂

∂X3
0 0 0

0 ∂
∂X2

0 0 ∂
∂X1

0 ∂
∂X3

0

0 0 ∂
∂X3

0 0 0 ∂
∂X1

0 ∂
∂X2

 (B.1)

can be expressed in terms of the parametric coordinates using the Jacobian matrix. For
the scaled boundary formulation it reads

J =


1 0 0

0 ξ 0

0 0 ξ



X̃1 − X̂1 X̃2 − X̂2 X̃3 − X̂3

X̃1,η X̃2,η X̃3,η

X̃1,ζ X̃2,ζ X̃3,ζ


︸ ︷︷ ︸

J̃(η,ζ)

. (B.2)

Its determinant is defined as det J = ξ2 det(J̃) = ξ2 J̃ , where

det(J̃) =
[(
X̃1 − X̂1

)(
X̃2,ηX̃3,ζ − X̃3,ηX̃2,ζ

)
+
(
X̃2 − X̂2

)(
X̃3,ηX̃1,ζ − X̃1,ηX̃3,ζ

)
+
(
X̃3 − X̂3

)(
X̃1,ηX̃2,ζ − X̃2,ηX̃1,ζ

)]
.

(B.3)

The differential operator can be written as

D = b1
∂

∂ξ
+

1

ξ

(
b2

∂

∂η
+ b3

∂

∂ζ

)
. (B.4)
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The matrices b1,b2 and b3 contain the components of the inverse of the jacobian J̃.

b1 =



j̃11 0 0

0 j̃21 0

0 0 j̃31

j̃21 0 0

0 j̃11 0

j̃31 0 0

0 0 j̃11

0 j̃31 0

0 0 j̃21



, b2 =



j̃12 0 0

0 j̃22 0

0 0 j̃32

j̃22 0 0

0 j̃12 0

j̃32 0 0

0 0 j̃12

0 j̃32 0

0 0 j̃22



, b3 =



j̃13 0 0

0 j̃23 0

0 0 j̃33

j̃23 0 0

0 j̃13 0

j̃33 0 0

0 0 j̃13

0 j̃33 0

0 0 j̃23



(B.5)

The components of the inverse are defined as:

j̃11 =
1

det(J̃)

(
X̃2,ηX̃3,ζ − X̃3,ηX̃2,ζ

)
j̃12 =

1

det(J̃)

((
X̃2 − X̂2

)
X̃3,ζ −

(
X̃3 − X̂3

)
X̃2,ζ

)
j̃13 =

1

det(J̃)

((
X̃2 − X̂2

)
X̃3,η −

(
X̃3 − X̂3

)
X̃2,η

)
j̃21 =

1

det(J̃)

(
X̃3,ηX̃1,ζ − X̃1,ηX̃3,ζ

)
j̃22 =

1

det(J̃)

((
X̃1 − X̂1

)
X̃3,ζ −

(
X̃3 − X̂3

)
X̃1,ζ

)
j̃23 =

1

det(J̃)

((
X̃3 − X̂3

)
X̃1,η −

(
X̃1 − X̂1

)
X̃3,η

)
j̃31 =

1

det(J̃)

(
X̃1,ηX̃2,ζ − X̃2,ηX̃1,ζ

)
j̃32 =

1

det(J̃)

((
X̃1 − X̂1

)
X̃2,ζ −

(
X̃2 − X̂2

)
X̃1,ζ

)
j̃33 =

1

det(J̃)

((
X̃1 − X̂1

)
X̃2,η −

(
X̃2 − X̂2

)
X̃1,η

)
.

(B.6)



Appendix C

Deformation modes

A homogeneous RVE with dimensions lx × ly × hRV E = 1× 1× 1 is investigated. Linear-
elastic material behaviour with Young’s modulus E = 100 and Poisson’s ratio ν = 0.3 is
assumed. To compare the deformation modes of the RVE the macroscopic shell strains
are applied individually using each of the presented type of boundary condition. For each
case the shell strain takes the value of 0.2.

The deformation modes of the RVE for all three types of boundary conditions are pre-
sented in the following. The contour colours represent the displacement magnitude, where
blue indicates the minimum values and red indicates the maximum values.

It can be observed that reasonable deformation modes are obtained for all membrane
strains εαβ and all curvatures καβ (α,β = x,y), irrespective of the employed type of
boundary condition. Significant differences can be observed only for the applied shear
strain γα. These are discussed in detail in sec. 7.1.3.
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C.2 Shell boundary conditions
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