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1. Introduction and main results

The goal of this paper is to construct transverse foliations for Reeb flows on the tight
3-sphere with prescribed binding orbits. Our existence theorem uses specific assumptions
that hold for energy levels of Hamiltonians with two degrees of freedom that appear in
concrete problems. Hence, we are able to study certain classes of degenerate Reeb flows
on the tight 3-sphere and attack questions in celestial mechanics.

The main motivation comes from the quest for homoclinics to the Lyapunov orbits
in energy levels of the planar circular restricted 3-body problem. We are particularly
interested in the case where the energy is slightly above the first critical value; in this
case, a Lyapunov orbit appears between the massive bodies. The notion of chaos in the
planar circular restricted 3-body problem is historically connected to such homoclinics.
However, the existence of homoclinics to the Lyapunov orbit in this specific regime has
only been proved for small mass ratios by Llibre, Martinez, and Simé in [24] and studied
numerically in the same work. The existence of such homoclinic orbits for arbitrary mass
ratio remains open. This problem is a point of entrance for symplectic methods since the
desired homoclinic connection would follow if one can find a transverse foliation with the
Lyapunov orbit as part of the binding.
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1.1. Transverse foliations and weakly conver Reeb flows

Let ¥4, t € R, be a smooth flow on a smooth closed oriented 3-manifold M. A trans-
verse foliation adapted to (M, ;) is a singular foliation F of M satisfying the following:

(i) The singular set P of F consists of finitely many simple periodic orbits Py, ..., Py,
called binding orbits. The set P is called the binding of F.

(ii) The complement M \ Upcp P is smoothly foliated by surfaces, called the regular
leaves of F. Every regular leaf of F is a properly embedded surface ¥ < M \UpepP.
The closure ¥ = cl(ﬁ]) is an immersed compact surface whose boundary is formed
by binding orbits in P. The components of 0% are called the asymptotic limits of
3, and the ends of 3 are called the punctures of 3. Each ¥ is transverse to the flow,
and each puncture has an associated asymptotic limit.

(iii) The orientation of M and the flow provide each regular leaf 3 with an orientation
in such a way that trajectories intersect leaves positively. A puncture of 3 is called
positive if the orientation of its asymptotic limit as the boundary of ¥ coincides
with the orientation of the flow. Otherwise, the puncture is called negative.

A transverse foliation, all of whose regular leaves have genus zero, is called a genus
zero transverse foliation. This definition was introduced in [20] and is based on the finite
energy foliations introduced by Hofer, Wysocki, and Zehnder in [19], where they prove
the following remarkable result for Reeb flows on the tight three-sphere.

Theorem 1.1 (Hofer-Wysocky-Zehnder [19]). Let A = fXo be a nondegenerate contact
form on the tight three-sphere (S3,&y). Then the Reeb flow of A\ admits a genus zero
transverse foliation whose binding orbits have Conley-Zehnder index equal to 1, 2, or 3.

We want to construct genus zero transverse foliations adapted to Reeb flows on the
tight 3-sphere (S3,&y) without assuming nondegeneracy on \. We are particularly inter-
ested in transverse foliations whose binding contains a prescribed set of index-2 Reeb
orbits.

Here, S® = {(z1,22,y1,12) € R* | 2} + 23 + y7 + y3 = 1}, where (z1,22,91,¥2)
are canonical coordinates on R%. The (tight) contact structure & on S® is the one
induced by the Liouville form on R%, that is & = ker \g, where )¢ is the restriction of
3 Z?:l(xidyi — yidx;) to S2.

Let A be a contact form on (S3,&), that is A\ = fAg for some smooth function
f: 8% = (0,+00). Its Reeb vector field R = Ry is uniquely determined by dA(R,-) = 0
and A(R) = 1, and its flow ¢; is called the Reeb flow of .

A periodic orbit of A, also called a Reeb orbit, is a pair P = (z,T), where z: R - M
is a periodic trajectory of the Reeb flow of A and T > 0 is a period of x. If T is the least
positive period of z, P is called simple. The Reeb orbits (z,T) and (y,T”) satisfying
z(R) = y(R) and T' = T are identified and we denote by P(A) the set of equivalence
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classes of periodic trajectories of A. We may also denote by P the set z(R) C S3. The
action f[O,T] x*\ of P = (x,T) coincides with its period T since A(R) = 1. A periodic
orbit P = (z,T) € P()) is said to be nondegenerate if 1 is not an eigenvalue of the
linearized map dor : €0y — &x(0)- The contact form A is called nondegenerate if every
periodic orbit of A is nondegenerate.

The symplectic vector bundle (&y, dA|¢,) — S* admits a unique symplectic trivializa-
tion up to homotopy. Hence, the Conley-Zehnder index CZ(P) of every periodic orbit
P € P()) is uniquely determined by any such trivialization; see section 2 for a definition
of the Conley-Zehnder index. We will sometimes refer to the Conley-Zehnder index of
a periodic orbit P simply as the index of P. Given j € Z, denote by P;(\) C P(A) the
set of Reeb orbits with Conley-Zehnder index j, and denote by P;-"*l()\) C Pj(A) the
subset of index-j Reeb orbits that are unknotted and have self-linking number —1; see
section 2 for the definition of self-linking number.

Definition 1.2. A contact form X on (53,&) is called weakly convex if CZ(P) > 2 for
every P € P(X), that is P;j(A\) =0 Vj < 1.

The following theorem is a particular case of Theorem 1.1.

Theorem 1.3 (Hofer-Wysocki-Zehnder [19], Siefring [32]). If X\ = Ao is a nondegenerate
weakly convex contact form on the tight three-sphere (S3,&y), then its Reeb flow admits
a genus zero transverse foliation satisfying the following conditions:

(i) Every binding orbit has index 2 or 3.

(ii) Every regular leaf is either a plane asymptotic to a binding orbit or a cylinder
connecting an indez-3 binding orbit at a positive end to an index-2 binding orbit at
a negative end.

(iii) If there exists only one binding orbit, then its index is 3, and the transverse foliation
determines an open book decomposition of (S3,&y) whose pages are disk-like global
surfaces of section.

(iv) Ewvery index-2 binding orbit bounds a pair of rigid planes whose closures form a C*
two-sphere. The complement of the union of these two-spheres in S® contains an
index-3 binding orbit in each component. Each index-3 binding orbit admits rigid
cylinders connecting it to the index-2 orbits at the boundary of the corresponding
component. The complement of the rigid cylinders in that component is foliated by
finitely many families of planes asymptotic to the index-3 binding orbit.

Remark 1.4. Theorem 1.3 is discussed in [19, section 7.2] without further details. The
existence of precisely two distinct rigid planes asymptotic to a given index-2 binding
orbit follows from standard regularity, compactness, and intersection arguments. See
the discussion in [23, Proposition 4.1]. If fact, the orbits that obstruct the existence of
these rigid planes are the index-1 orbits, which do not exist by assumption. Siefring’s
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intersection theory [32], see also [14], implies that these two planes approach the binding
orbit through opposite directions forming a C'-embedded two-sphere. This is explained
in [6, Appendix C].

The following definition was first introduced in [8], motivated both by Theorem 1.3
and the 3 — 2 — 3 foliations studied in [6,7], see Fig. 1.1 below.

Definition 1.5. A (genus zero) transverse foliation as described in Theorem 1.3 is called
a weakly convex foliation if it has at least one index-2 binding orbit. In particular, all
regular leaves are planes and cylinders.

It follows from Theorem 1.3 that every nondegenerate weakly convex Reeb flow on the
tight three-sphere either admits an open book decomposition whose pages are disk-like
global surfaces of section, or a weakly convex foliation whose regular leaves are planes
and cylinders transverse to the flow. It is our goal to construct weakly convex foliations
for a possibly degenerate Reeb flow on the tight three-sphere with a prescribed set of
index-2 binding orbits.

1.2. Main results

In the following we assume that the contact form A on the tight 3-sphere is weakly
convex, that Pa(A) is non-empty and finite, and that every orbit in Py(A) is hyperbolic,
unknotted, and has self-linking number —1. Moreover, we assume that the orbits in Pa())
are mutually unlinked and that their actions are small when compared to the actions
of the simple orbits with higher indices. We also assume that each orbit in Py(\) does
not link with any orbit in P2 ~'()). Recall that a Reeb orbit P’ = (2/,T"), which is
geometrically distinct from an unknotted periodic orbit P, is said to be linked with P
if 0 # [2/] € H1(S®\ P;Z) = Z. Otherwise, we say that P’ is not linked with P. The
linking number between P and P’ is denoted link(P, P’).

Our main result states that under the above-mentioned hypotheses, the Reeb flow
of A admits a weakly convex foliation so that every orbit in Pa()) is a binding orbit.
Moreover, all other binding orbits have index 3. See also Theorem 3.19.

Theorem 1.6. Let A = f\g be a weakly convex contact form on (S3,&p). Assume that the
following conditions are satisfied:

I Po(A) = P H(N) is a non-empty finite set {P1,..., Pa;} of mutually unlinked
hyperbolic periodic orbits.
IL If P € P(\) is geometrically distinct from any orbit in P>~ (\), then its action is
greater than the action of every orbit in P;"fl()\).
I If P e Py~ (N), then link(P, Py;) = 0,%i=1,...,1.

Then the Reeb flow of A admits a weakly convez foliation F so that:
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Fig. 1.1. A weakly convex transverse foliation on (SS, &), called 3 — 2 — 3 foliation. The binding is formed
by precisely one index-2 orbit P» and two index-3 orbits Ps, P3’.

(i) Ewvery orbit in Pa(N) is a binding orbit.

(ii) There are l + 1 remaining binding orbits Py 1, ..., P3 11 € ’Pg”’_l()\).

(iii) For each i € {1,...,1}, there exists a pair of rigid planes U; 1,U; 2 € F, so that
each one of them is asymptotic to Ps; at its positive puncture. Moreover, S; =
UinUP;UU; 2 — 53 is a Ct-embedded 2-sphere.

(iv) The open set S’3\Ui:1 S; hasl+1 componentsUy, ..., Ui11. Foreach j € {1,... 1+
1} it holds Pg,j C Uj.

(v) If S, C oU;, then F contains a rigid cylinder V;; C U; asymptotic to Ps; at its
positive puncture and to P ; at its negative puncture.

(vi) Foreachj € {1,...,l1+1}, there exist l;:j > 1 families of planes parametrized by the
interval (0,1), so that each such plane is asymptotic to Ps ; at its positive puncture.
Here, I~<;j is the number of components of OU;. At each end, every such family of
planes breaks onto a rigid cylinder V;; connecting P3; to some Pa; and a rigid
plane asymptotic to Ps ;.

Remark 1.7. A similar result holds for general contact forms on (S2, &), not necessarily
weakly convex. Indeed, let A = f)\¢ be a contact form on (S3,&y). Let C = C()\) > 0 be
the constant given in Proposition 2.6. Suppose that there exist | orbits Py 1,..., P €
’Pg’_l()\) as in I, and that every other Reeb orbit with index —1,0, 1 or 2 has action > C.
Under the additional conditions IT and III, the conclusions of Theorem 1.6 still hold.

Theorem 1.6 is inspired by Theorems 1.1 and 1.3. Our results only make non-
degeneracy hypotheses on the periodic orbits in Pa(\) and are intended to apply to
classical problems emerging in Celestial Mechanics. (See Fig. 1.1.)

Our next result uses Theorem 1.6 to study certain Reeb flows of real-analytic con-
tact forms that appear in concrete problems. To prepare for the statement we need to
introduce some notation.
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Consider a contact form X on (53,&). Let F be a weakly convex foliation adapted
to the Reeb flow of A. Let U be a connected component of the complement of the union
of the rigid spheres, and P be a binding orbit in 0U. The stable manifold W*(P) is
an immersed cylinder transverse to the rigid sphere containing P. Hence, there are two
well-defined local branches of W#(P) through P, and only one of them is contained in
U. We denote by W5 (P) the branch of W#(P) that contains the local branch in ¢/. The
branch W} (P) of the unstable manifold W*(P) is defined analogously.

Theorem 1.8. Let A = fAg be a real-analytic contact form on (S3,&y) satisfying the
conclusions of Theorem 1.6, i.e., admitling a weakly convex foliation as described in
Theorem 1.6. Suppose that the actions of the orbits in Po(N\) coincide. Let U be a con-
nected component of the complement of the rigid spheres. Then the following statements
hold:

(i) Suppose that for every binding orbit P in OU there exist binding orbits P', P" in OU
such that Wi5(P) = W (P") and W}y (P) = W;(P"). Then there exists an invariant
set A C U which admits a cross-section. This cross-section is a punctured disk
bounded by the index-3 binding orbit in U, and the first return map has an infinite
twist near each puncture. In particular, A contains infinitely many periodic orbits.

(ii) Suppose that Wi (P) # W4 (P') and that W} (P) # Wy(P') holds for all pairs of
binding orbits P, P’ in OU. Then there exists an invariant set A C U such that the
Reeb flow restricted to A has positive topological entropy.

The assumption that the actions of the Reeb orbits in Pa(\) coincide and are small
when compared to the actions of the other Reeb orbits are usually verified for Hamilto-
nian dynamics near certain critical energy surfaces as we later explain.

The foliations obtained and used in this paper, as well as the techniques involved in
the proof of Theorem 1.6, were introduced by Hofer, Wysocki and Zehnder in [19]. In
the degenerate case, such techniques were further developed in [16]. The argument to
get intersections of stable and unstable manifolds of binding orbits with Conley-Zehnder
index equal to 2 is originally found in [19]. In the real-analytic case, we use Conley’s ideas
from [4]. As for the construction of a Bernoulli shift subsystem, we follow Moser’s book
[27]. Genus zero transverse foliations with a single index-2 binding orbit were treated in
[6,7,30], see also [23]. The reader finds more on transverse foliations in the surveys [8]
and [20] and references therein.

1.8. Sketch of proof of Theorem 1.6

Consider sequences A, — A of non-degenerate contact forms and J,, — J of generic
compatible complex structures on ker \,, = ker A so that for every n the R-invariant
almost complex structure induced by (A, J,) admits a finite energy foliation F,, as in
Theorem 2.5 below. We show in Proposition 2.6 that the actions of the binding orbits
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of F,, are uniformly bounded and thus assumptions I and III imply that they consist of
continuations of the [ orbits in P2(A), and of [ + 1 index-3 orbits P3y,... P, ;. More-
over, F, projects to a genus zero transverse foliation whose regular leaves are planes
and cylinders asymptotic to the binding orbits, see Proposition 3.1. Now we want to
push F, to a limiting finite energy foliation F adapted to (A, J). At this point, some
difficulties show up in the compactness argument. It is crucial that we start with an
almost complex structure J which is generic enough so that some particular low energy
pseudo-holomorphic curves asymptotic to the orbits in Pa(A) do not exist. Here we use
assumption II, see Lemma 3.3. For such generic J’s we are able to control the rigid planes
asymptotic to the index-2 orbits proving that they converge to corresponding rigid planes
associated with (A, J), see Proposition 3.5. The action boundedness of the binding orbits
Ppy,..., Py, allows us to find distinct limiting Reeb orbits P9,,..., Py, ., € Py ()
in the complement of the rigid planes. Now some undesired low action Reeb orbits of A
that are unlinked with any of those index-3 orbits may obstruct the existence of a trans-
verse foliation with binding orbits P5,,..., P§,,, and the orbits in Py()). To overcome
this difficulty we may need to re-start the procedure of taking sequences \,, J,, as above
so that the previously found index-3 orbits and an undesired unlinked orbit are also Reeb
orbits of A, for every n. Then we obtain new limiting index-3 Reeb orbits Py 1, ..., Py,
that necessarily link with the previous unlinked orbit. Repeating the aforementioned pro-
cedure of taking new sequences \,, J, that freeze not only an eventual new unlinked
Reeb orbit of A, but also the previously frozen Reeb orbits, we show that the process
must terminate after finitely many steps. Hence we eventually find special index-3 orbits
P3i,...,P3,41 € 73;’_1()\) that are necessarily linked with all Reeb orbits that are not
covers of the orbits in Py(\), see Proposition 3.10. These special orbits and the orbits
in P2(A) are candidates for binding orbits of the desired foliation. We then take limits
of the planes asymptotic to the index-3 orbits and of the rigid cylinders connecting the
index-3 to the index-2 orbits, to obtain a genus zero transverse foliation. This foliation,
however, may include leaves with more than one negative puncture asymptotic to dis-
tinct orbits in Pa(A). Using uniqueness of such pseudo-holomorphic curves, we show in
Proposition 3.15 the existence of at least one plane asymptotic to each index-3 orbit. Af-
ter slightly changing the almost complex structure near the rigid planes to rule out such
non-generic curves with multiple negative ends at index-2 orbits, we obtain the desired
foliation from the compactness properties of the planes asymptotic to the index-3 orbits
and an application of the gluing theorem.

1.4. Potential applications

Let H: R* — R be a smooth Hamiltonian. Assume that 0 € R is a critical value of H
and that the critical set H~1(0) contains finitely many saddle-center equilibrium points
P1,---,Pm- Assume that as the energy changes from negative to positive, a sphere-like
component C C H™1(E),E < 0, gets connected to other components of the energy
surface, precisely at p1,...,pm. In particular, Cr becomes a singular sphere-like subset
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Co C H71(0) with singularities at py,...,pm. For every E > 0 small, H~!(E) contains
an index-2 hyperbolic orbit +; in the neck-region about p;,i = 1,...,m. The orbit ~;,
called the Lyapunoff orbit, bounds a pair of planes in the energy surface, which are
transverse to the flow and form with v; a 2-sphere S; € H~1(FE), Vi. We may wish to
study the dynamics on the subset Sp C H~1(E) near Cp, which is bounded by the
union of the 2-spheres S;. The subset Sg is diffeomorphic to a 3-sphere with m disjoint
3-balls removed. In many situations, Sg is the region in H~!(FE) where the interesting
dynamics takes place. We thus may assume, possibly after changing H away from Sg,
that the components which get connected to C'g are formed by m suitable sphere-like
hypersurfaces. In particular, Sg, E > 0 small, is a subset of a non-convex sphere-like
subset Sy € H™(E). The Hamiltonian flow on S is equivalent to a Reeb flow on the
tight 3-sphere. If H satisfies some mild convexity conditions on Cjy, then, for energies
E > 0 sufficiently small, S satisfies the hypotheses of Theorem 1.6. Indeed, Sp admits
no periodic orbits with index < 1, and index-3 orbits do not intersect the 2-spheres S;.
The transverse foliation given in Theorem 1.6 restricts to a transverse foliation on Sg
that contains the Lyapunoff orbits and an index-3 orbit as binding orbits. Dynamical
properties such as multiplicity of periodic orbits and the existence of homoclinics/het-
eroclinics to the Lyapunoff orbits follow from the transverse foliation. If H satisfies a
particular Z,,-symmetry, then Theorem 1.8 applies, deriving more information about
the dynamics. As an example, the Hénon-Heiles system is Zs-symmetric and thus the
three index-2 Lyapunoff orbits exist and have the same arbitrarily small action for ener-
gies slightly above its critical value %. We will explore this example further in [5]. The
circular planar restricted three-body problem is Zo-symmetric and fits a similar setting
after regularizing collisions with one of the primaries. We expect to find applications
of Theorems 1.6 and 1.8 for certain mass ratios and energies slightly above the first
Lagrange value.
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2. Basic definitions

Let M be a closed three-manifold equipped with a contact form A. Let P = (x,T) €
PA), zp == z(T): R/Z — M and J € J(X), where J(A) denotes the set of dA-
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compatible almost complex structures on the contact structure & = ker A\. The asymptotic

operator Ap = Ap, s is the unbounded self-adjoint operator acting on sections of £ along
P

AP(n) = _J‘QZT : ‘CﬂiTn € LZ(I;g)’

for every n € Wh2(ah€), where L;,7 is the Lie derivative of 1 in the direction of dr

(Corn)(®) = 5| {Doitar(t+ s nt+ )}
The eigenvalues of Ap are real and accumulate only at +o0o. A non-trivial eigenvector
never vanishes and thus, for a fixed frame ¥ of the contact structure along P, determines
a winding number windy (u) € Z that depends only on the eigenvalue pu. The function
p +— windg () is monotonically increasing and surjective and satisfies #windy'(k) =
2,Vk € Z, where the multiplicities are counted. See [14, Section 3].

The periodic orbit P is degenerate if and only if 0 is an eigenvalue of Ap. Denoting by
windg’(Ap) the winding number of the largest negative eigenvalue and by wind,%o(A P)
the winding number of the smallest non-negative eigenvalue, the (generalized) Conley-
Zehnder index of P with respect to the frame W is defined as CZy (P) := windg’ (Ap) +
Wind%O(Ap). It depends on the frame W but not on J. If (M,§) = (S3,&), we fix a
frame induced by a global trivialization of ¢ and omit ¥ in the notation.

Now let x: R/Z — (S3,&p) be an unknot transverse to the standard contact structure
o, and let u: D — S3 be an embedded disk, where D = {z € C : |z| < 1}. Assume that u
is a spanning disk for z, that is z(t) = u(e?™), V¢t € R/Z. Choose a non-vanishing section
X of the pullback bundle u*&y, — D. Fix a Riemannian metric g on S® and denote by exp
the associated exponential map. If X is sufficiently small, then xx(R/Z)Nz(R/Z) = 0,
where xx (1) 1= exp, ;) X (), Vt € R/Z. We may assume that xx is transverse to u. The
self-linking number of x, denoted by sl(x), is defined as the algebraic intersection number
xx - u. Here, S2 is oriented in such a way that A A d\ > 0. The orientation of zx is the
one induced by x, and x is oriented as the boundary of uw. The self-linking number is
independent of the involved choices.

2.1. Pseudo-holomorphic curves

In this section, A is a contact form on a smooth closed three-manifold M and £ = ker A
is the induced contact structure. The Reeb vector field R = R) is defined as before.
The symplectization of M is the symplectic manifold (R x M, d(e" X)), where r is the R-
coordinate. For each J € J(A), the pair (), J) determines an R-invariant almost complex
structure J on R x M so that J - 8, = R and J|§ = J. Let (S, ) be a closed connected
Riemann surface, and let I' C S be a finite set of punctures. We consider finite energy
J-holomorphic curves in R x M, i.e. smooth maps @ = (a,u): S\I' = R x M satisfying
diioj = J(@i)odii, and having finite Hofer’s energy 0 < E(ii) = SUP,ep fs\r w*d(P(a)N) <
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+00, where A is the set of non-decreasing smooth functions ¢: R — [0,1]. If S = S? and
#I' = 1, then @ is called a finite energy plane.

Definition 2.1. A J- -holomorphic map @: S\T' — R x M is called somewhere injective if
there exists 29 € S\ I' such that dii(zo) # 0 and @~ (@(20)) = {20}

Given a puncture zg € T, choose a holomorphic chart ¢: (D\ 9D, 0) — (¢(D\ D), zo)
centered at zp. The map @ o ¢(e™ 27 +)) (s,1) € [0, +00) x R/Z, will be still denoted
by @ = (a,u). The finite energy condition implies that @ is non-constant and the limit
m = My, = limg 4o f{s}xsl u* A exists. The puncture zp is said to be removable
if m = 0. In this case, @ can be smoothly extended over zy by Gromov’s removable
singularity theorem. The puncture zg is called positive or negative if m > 0 and m < 0,
respectively. In the following, we tacitly assume that all punctures are non-removable.
Stokes’ theorem tells us that the set I' is non-empty. We assign the sign € = £1 to each
puncture, depending on whether it is positive or negative, respectively. This induces a
decomposition I' =T'; UT'_.

Theorem 2.2 (Hofer [13, Theorem 31]). Let zo € T' be a non-removable puncture of
a finite energy pseudo-holomorphic curve @ = (a,u): S\ T — R x M. Let (s,t) €
[0, +00) X R/Z be holomorphic polar coordinates centered at zy as above, and set a(s,t) =
(a(s,t),u(s,t)). Let e € {—1,1} be the sign of zg. Then, for every sequence s, — +00,
there exist a subsequence sp, of s, and a periodic orbit P = (x,T) € P(X\) so that
w(sny, ) = x(eT-) in C*(R/Z,M) as k — +o0.

The periodic orbit in the previous statement is referred to as an asymptotic limit of
U at zg € I'. Denote the set of asymptotic limits of @ at zg by 2 = Q(20) C P(\). This
set is non-empty, compact and connected. See for instance [12, Lemma 13.3.1]. Explicit
examples of finite energy curves with the image of 2 being diffeomorphic to the two-torus
are provided by Siefring in [32].

The following theorem due to Hofer, Wysocki and Zehnder tells us that if an asymp-
totic limit of @ at zg € I' is non-degenerate, then {2 consists of a single Reeb orbit.
Moreover, @ has exponential convergence to the asymptotic limit.

Theorem 2.3 (Hofer- Wysocki-Zehnder [15]). Let zo € T be a non-removable puncture of a
finite energy pseudo-holomorphic curve & = (a,u): S\I' = R x M. Choose holomorphic
polar coordinates (s,t) € [0,400) x R/Z near zy, and set (s, t) = (a(s,t),u(s,t)) as
before. Assume that P = (x,T) € P()) is a non-degenerate asymptotic limit of 4 at z.
Then there exist c¢,d € R such that

(i) supyegrla(s,t) —eTs—d| — 0 as s = +o0.
(i) u(s, ) = x(eT - +c) in C*°(R/Z, M) as s — +o0.
(iii) let m: TM — & be the projection along the Reeb direction. If o du does not vanish
identically near zg, then 7o du(s,t) # 0 for every s > 0.
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(iv) define ((t,s) by u(s,t) = expy(eriye) C(ETT + ¢,8),Vt € R/Z. Then there exist
an eigenvalue p of Ap, with ey < 0, and a p-eigenfunction e(t) € &|yry),t €
R/Z, so that ((t,s) = e (e(t) + Ri(s,t)),s > 0, where the remainder Ry and its
derivatives converge to 0, uniformly in t, as s — +o0.

If & admits a single asymptotic limit P at zp € I' and the asymptotic behavior of
4 near zg is as in Theorem 2.3 for a non-vanishing eigenvalue i of Ap, then we say
that 2y is a non-degenerate puncture of @ and that @ exponentially converges to P
at zg. In the case every asymptotic limit of a finite energy pseudo-holomorphic curve
@ = (a,u) is non-degenerate, its Conley-Zehnder index and Fredholm index are defined
as CZ(a) = }_,cp, CZL(P;) — 3. cr_ CZ(P:), where P, is the asymptotic limit of @ at
z € I, and Ind(@) := CZ(a) — x(S) + #I', respectively. Here, CZ is computed in a frame
along the asymptotic limits induced by a trivialization of u*£. The integer CZ(@) does not
depend on this trivialization. Moreover, one can define the following algebraic invariants:
suppose that 7 o du does not vanish identically. Then f S\T u*dA > 0, and Carleman’s
similarity principle tells us that the zeros of 7o du are isolated. The asymptotic behavior
of & described in Theorem 2.3 implies that 7 o du does not vanish near the punctures.
It follows that the zeros of 7 o du are finite, and each zero of 7 o du has a positive local
degree. We define wind (@) := #{zeros of modu} > 0, where the zeros are counted with
multiplicity.

Let z € T be a puncture, and let P = (x,T) € P(XA) be the asymptotic limit of &
at z. Let e € T'(a%&) be the associated eigenfunction as in Theorem 2.3-(iv). Define
the winding number wind, (@;2) of 4 at z to be the winding number of ¢t — e(t) in
a frame of z7.£ induced by a trivialization of u*{. The winding number of @ is then
defined as windo (@) = > e,
not depend on the choice of trivialization. The two winding numbers are related by
wind, (@) = winde (@) — x(S) + #T, see [14, Proposition 5.6].

windeo (%;2) — >, cp Windeo (4; 2). This integer does

Definition 2.4 (Siefring [31]). Let @, be finite energy planes which are exponentially
asymptotic to the same periodic orbit P € P(X). Let ey, e_ be the respective eigensec-
tions of Ap that describe @, o near co. We say that @ and o are asymptotic to P through
opposite directions (resp. through the same direction) if e, = ce_ for some ¢ < 0 (resp.
for some ¢ > 0).

2.2. Finite energy foliations
Suppose that the contact form A on (S2, &) is non-degenerate, and choose J € J ().
A stable finite energy foliation for (S, ), J) is a two-dimensional smooth foliation F of

R x S3 having the following properties:

(1) Every leaf F € F is the image of an embedded finite energy J-holomorphic sphere
Up = (ap,up) that has precisely one positive puncture but an arbitrary number
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of negative punctures. The energies of such finite energy spheres are uniformly
bounded.

(2) The asymptotic limits of every F € F, defined as the asymptotic limits of Up,
have Conley-Zehnder indices belonging to the set {1,2,3} and self-linking number
—1.

(3) There exists an R-action T: R x F — F, defined by T.(F) := T(c, F) = {(c+r,2) |
(r,2) € F} € F,Ve, so that if F € F is not a fixed point of T, then Ind(iiz) € {1,2},
and uz is an embedding, transverse to the Reeb vector field. If F is a fixed point of
T,ie. T,(F) = F, Ve € R, then Ind(@z) = 0, and @z is a cylinder over a periodic
orbit.

The following statement on the existence of a stable finite energy foliation is due to
Hofer, Wysocki and Zehnder.

Theorem 2.5 (Hofer-Wysocki-Zehnder [19]). Let X be a non-degenerate contact form on
the tight three-sphere (S3,&y). There exists a residual subset Jreg(N) C T (N), in the C>°-
topology, such that every J € Jreg(X) admits a stable finite energy foliation F. Moreover,
the projected foliation F := p(f"), where p: R x §2 — 83 denotes the projection onto the
second factor, is a genus zero transverse foliation adapted to the flow of A. If the binding
P consists of a single periodic orbit P, then CZ(P) = 3 and the foliation F provides
an open book decomposition of S whose pages are disk-like global surfaces of section. If
#P > 2 and the binding has no periodic orbit with CZ = 1, then the foliation F is a
weakly convex foliation satisfying the following properties:

(i) The binding P consists of £ periodic orbits Ps 1, ..., Psy with Conley-Zehnder index
2 and €+1 periodic orbits Ps 1, ..., P3 ¢y1 with Conley-Zehnder index 3. The binding
orbits are unknotted and mutually unlinked and have self-linking number —1. The
orbits Py 1, ..., P are hyperbolic.

(ii) For every Py, there exists a pair of rigid planes U;1,U; 2 € F both asymptotic to
P, ; through opposite directions. The set S; := U; 1 U Pa; UU; 2 is a C'-embedded
2-sphere which separates S into two components. In particular, S\ U;S; has [ +1
components, denoted by U;,j =1,...,1+ 1.

(iii) Each Ps; is contained in U; and spans k; one-parameter families of planes
parametrized by the interval (0,1). The integer l~cj coincides with the number of
components of OU;. At their ends, the families break onto a cylinder connecting
P; ; to some P> ; C OU; and a plane asymptotic to Ps ;.

Let A = f\o be a possibly degenerate contact form on (S3, &), and let J € J()\). As
proved in [16, Proposition 6.1], there exists a sequence of non-degenerate contact forms
An = fndo on (S3,&) such that A, — X in C™ as n — 4o0. Since Treg(An), given in
Theorem 2.5, is dense in J(\,) = J(A), for each large n one can find an almost complex
structure J,, € Jreg(An) such that J, — J in C*° as n — +oo and, moreover, each
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(An, Jn) admits a genus zero transverse foliation F,, which is the projection to S of a
stable finite energy foliation on R x S3. The following proposition will be useful in our
argument later on.

Proposition 2.6. Let \,, — X and J,, = J as n — oo, and let F,, be a genus zero trans-
verse foliation associated with (A, Jp,) as in Theorem 2.5. Then there exists a universal
constant C' > 0, depending only on A, such that the binding orbits of F,, have action less
than C for every large n.

Proof. The assertion follows from the construction of the foliations F,, due to Hofer,
Wysocki and Zehnder [19]. In fact, the actions of the binding orbits depend only on the
C%norm of f. The uniform upper bound for every large n then follows. O

2.8. Topological entropy

Let X be a nowhere vanishing vector field on a closed manifold M. Abbreviate by
the flow of X. We fix a metric d that generates the topology of M. For every T > 0, we
define dr(z,y) := maxcjo, 7 d(Ve(2), ¥e(y)), Yo,y € M. Fix € > 0. A subset U is said to
be (T, ¢)-separated if dr(x,y) > € for every x # y € U. Let N(T,¢) denote the maximal
cardinality of a (T ¢)-separated set. The topological entropy hiop(?:) of the flow v, is
defined to be the growth rate of N (T, ¢):

1
hiop(¥') := lim limsup T log N(T,¢).

e—=0T T 400

It is well-known that the topological entropy of a smooth flow is finite. For more details
on topological entropy, we refer to [22,29].

Remark 2.7. The topological entropy hiop(f) of a continuous map f on a compact Haus-
dorff metric space (M, d) is defined in the same way as above, with

dn(2,y) == max{d(f*(z), f*(y)) | k=0,1,...,n =1}, Va,ye€ M, n€N.
If M is a smooth manifold whose topology is determined by the metric d and if the flow
1, of a nowhere vanishing vector field X is smooth, then hiop(¥1) = hiop(11). See [22,
Proposition 3.1.8].

The following theorem due to Katok [21] relates topological entropy to periodic orbits.

Theorem 2.8 (Katok). Let ¢, be the flow of a nowhere vanishing vector field X on a
closed three-manifold and let Pr(v:) denote the number of periodic orbits of vy with
period smaller than T' > 0. If hiop(tpy) > 0, then limsupp_, , % > 0.
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A standard way to detect chaotic behavior of a flow is to build a Bernoulli shift.
In order to recall its definition, let A = {1,..., N} be a finite alphabet. The set Xy
consisting of all doubly infinite sequences a = (a;),ecz,a; € A, is equipped with the
metric

_\ b ey b
d(a,b)—Zﬁm, Va,bEZN,
JEZ

which makes (Xy,d) a compact Hausdorfl metric space. The Bernoulli shift on Xy is
the homeomorphism o: ¥x — Xy, defined as o(a) = (0(a);),cz, where o(a); := aj41.

A homeomorphism ¢ on a compact Hausdorff metric space A is said to be semi-
conjugate to a Bernoulli shift if there exists a continuous surjective map 7: A — X for
some N > 2 such that To¢p =0coT.

Let Q@ C R? be the unit square [0,1] x [0,1]. We denote its right, left, upper and
lower edges by Vp, Vo, Hp and H., respectively. The compact region bounded by two
disjoint and vertically monotone curves connecting Hy to H, is called a vertical strip
in @. Similarly, one defines a horizontal strip in Q.

We refer the reader to [27, Chapter III] for the proof of the following statement.

Proposition 2.9. Let ¢: Q — R? be a mapping that satisfies the following:

(N1) In the square Q, there exist disjoint vertical strips Vi,...,Vy and disjoint hori-
zontal strips Hy, ..., Hy such that ¢(H;) = V; for everyi=1,..., N. The vertical
strips and horizontal strips are ordered from right to left and from top to bottom,
respectively.

(N2) If V C @ is a vertical strip, then for each i, the set $(V) NV, contains a vertical
strip. Similarly, if H C Q is a horizontal strip, then ¢~ '(H) N H; contains a
horizontal strip for every i.

Then there exists a compact invariant set A C Q such that ¢|a is semi-conjugates to a
Bernoulli shift with N symbols. Consequently, hyop(¢) > 0.

Proposition 2.9 generalizes to the case of countably many disjoint vertical strips
V1, Vo, ..., considering an alphabet with countably many symbols.

3. Proof of Theorem 1.6

Let A be a weakly convex contact form on (S3,&y) and let Po(A) = {P21,..., P2} be
a finite set of index-2 periodic orbits satisfying the hypotheses of Theorem 1.6.

Given C' > 0, we denote by P<Y(\) C P(\) the set of periodic orbits with action
< C. For every j € Z we define P=9(\) = P;(A) N P=E(\) and P{" 1=9(N) =
73;’_1()\) NP=C(N), where P;(\) and P;"_l’gc()\) were established in the introduction.

Take any sequence \, of contact forms converging to A as n — oo, and satisfying
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(a) A, is non-degenerate, Vn € N.
(b) Po; € Pa(M,), and Py ; is hyperbolic, Vi € {1,...,l},Vn € N.

As mentioned before, the non-degeneracy in condition (a) is achieved as in [16, Propo-
sition 6.1]. To achieve condition (b), we restrict to the space of contact forms A, = f, A
satisfying fu|p,, =1 and df,|p,, = 0,Vi,n, see [16, Lemma 6.8].

Since P» 1,. .., P»; are hyperbolic, we can assume, moreover, that for any fixed C' > 0
sufficiently large, the following assertion holds:

©) PsOn) ={Pan,..., P}, Vn.

Indeed, let C' > 0 be large enough so that Py; € PQSC()\”), Vi, Vn. If for each n we
can find an index-2 Reeb orbit @, of A,, which is geometrically distinct from P ;, Vi =
1,...,1, and whose action is < C, then the Arzela-Ascoli Theorem provides us with
Q € P<Y(\) so that Q,, — Q in C™ as n — 400, up to the extraction of a subsequence.
The lower semi-continuity of the Conley-Zehnder index and the weak convexity of A
imply that CZ(Q) = 2. Since Po(A) = {P21,..., oy}, @ must coincide with P»; for
some i = 1,...,l. However, this contradicts the hyperbolicity of the orbits in Pa(A) and
condition (b).

The present goal is to show that A, admits a weakly convex foliation F,, for every
large n, so that every P»;,i=1,...,l, is a binding orbit.

Proposition 3.1. Let J,, € Jreg(An) be a sequence of almost complex structures satisfying
Ip = J € J(A) in C™ as n — 400, where Jreg(An) is given in Theorem 2.5. Let jn
be the almost complex structure on R x S% induced by A\, and J,. Then, for every n
sufficiently large, the following holds.

(i) The Reeb flow of A, admits a weakly convez foliation F,,, whose leaves are projections
to S® of embedded finite energy jn—holomorphic planes and cylinders.

(ii) The binding of F, consists of the orbits Py1,...,Pa; € Pa(N,) and I + 1 orbits
Py, Py, € P =C(N,), where C > 0 is a fized large number that does not
depend on n.

Fix any C' > 0 sufficiently large so that property (c) above holds. Before proving
Proposition 3.1, we show that for all large n the orbits in Pg’fl’gc(/\n) do not link with
any orbit in PQSC(A") and, moreover, \,, does not admit orbits with CZ = 1 up to the
action C.

Lemma 3.2. Let Q7, Q5 € Py~ b=C(\,)) such that Q7 # Q5,Vn. Then

(i) there exist Q3°, Q3 € ’Pg’fl’éc(k) so that, up to a subsequence, Q7 — Q5° and
Q5 — Q5° asn — +oo. In particular, link(Q}, P2;) = 0,Yj,i, and large n.
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(ii) of link(QY, Q%) = 0,Vn, then Q3 # Q°. In particular, link(Q5°, Q) = 0.
(iii) PEY(\,) = 0,Vn large.

Proof. Because of the uniform upper bound on the actions of Q7,j = 1,2, we can
apply the Arzela-Ascoli Theorem to extract a subsequence, still denoted by Q7, so that
QY — Q5 € P=<C(A\) in C* as n — +oo. The lower semi-continuity of the Conley-
Zehnder index implies that CZ(QJ‘?O) < 3. Since )\ is weakly convex, we conclude that
Q5 is simple. Indeed, if Q5° = Q? for some Q € P(\) and an integer d > 1, then
CZ(Q%) > 4, a contradiction. It turns out that, as a C*°-limit of Q€ Pg’_l’éc(/\n),
Q5° is unknotted, has self-linking number —1 and CZ(Q5°) € {2,3}, j = 1,2. For large
n, the orbits P 1,..., Py are the only orbits of A, with CZ < 3 and action < C. Since
these orbits are hyperbolic, we conclude that the limit Q$° is not an orbit in P2()).
Hence CZ(Q5°) = 3 which implies Q3° € Pg’fl’gc()\), j = 1,2. In view of hypothesis
II in Theorem 1.6, @7° is not linked with the orbits in P (M\). Hence, for every large n,
link(Q7, P»,;) = 0,Vj,4. This proves (i).

Assume now that link(Q7, Q%) = 0, Vn. Arguing indirectly, suppose that Q3° = Q3°.
Then QF and Q% are arbitrarily close to each other as n — oo. Lemma 5.2 in [16]
provides a lower bound on the winding of non-vanishing solutions of the transverse
linearized flow along orbits with index 3. In our case, since CZ(QY) = CZ(Q%) = 3,Vn
and both sequences converge to the same limit, which has also index 3, we may apply
[16, Lemma 5.2] for every large n to conclude that link(Q7, Q%) is necessarily positive,
which is absurd. Thus Q7° # @35° and as C*-limits of Q7,7 = 1,2, we conclude that
link(Q%°, @3°) = 0. This proves (ii).

Suppose, by contradiction, that ’Plgc()\n) # () for n arbitrarily large. Then, after
taking a subsequence, we may assume from the Arzela-Ascoli Theorem that P* — P®
in C® as n — +oo, where P € P=Y()\,),Vn, and Pf° € P<C(\). The lower semi-
continuity of the Conley-Zehnder index implies that CZ(Py°) < 1, which contradicts the
weak convexity of \. Item (iii) is proved. O

Proof of Proposition 3.1. Since A, is non-degenerate and J,, € Jreg(An), it follows from
Theorem 2.5 that the Reeb flow of A,, admits a genus zero transverse foliation JF,, whose
regular leaves are projections of embedded finite energy jn—holomorphic curves, where
jn is the R-invariant almost complex structure in R x S3 induced by A, and J,. By
Proposition 2.6, there exists C' > 0 so that the actions of the binding orbits of F,, are
bounded by C for every n. By Lemma 3.2-(iii), P=()\,) = 0, for every large n, and
hence we conclude that the binding orbits of F,, have index 2 or 3 and that regular
leaves of F,, are embedded planes and cylinders. Since, for large n, each P ;,7i=1,...,[,
is not linked with any orbit in Py ~"=(\,), see Lemma 3.2-(i), it follows that each
Py;,t=1,...,1, is necessarily a binding orbit of F,,. Each P ; bounds a pair of planes,
which are regular leaves of F,,. Together with P, ;, these planes form a 2-sphere which
separates S® into two components. In particular, the complement of the union of these
2-spheres has [ 41 components. Each such a component U/; has a unique index 3 binding
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orbit Ps ;. We conclude that the binding of F,, is formed by the orbits in Pa(A) and [ +1
binding orbits Ps1,..., Ps;41 € P S9N, O

In order to construct the desired genus zero transverse foliation F adapted to the
Reeb flow of A as in Theorem 1.6, we shall study the compactness properties of the finite
energy curves in the foliations F,,, which are adapted to (53, A\n, Jn) and project to
genus zero transverse foliations F,, as in Proposition 3.1. Recall that the almost complex
structures jn were taken in the residual set Jieg(An) C J(An) = J(A) in such a way
that J, — J in C*° as n — +oo for a fixed J € J(A). From now on we choose J in
a generic set in order to prevent some unsuitable curves that may arise as limits in the
compactness argument. More precisely, we need to rule out certain somewhere injective
holomorphic curves whose asymptotic limits are contained in P(A). The space of J’s for
which such curves do not exist is residual in the C'*°-topology.

Lemma 3.3. There exists a residual subset Jio,(A) C J(A) in the C>-topology so that for
every J € Jieg(A), the following assertion holds: let J be the almost complex structure
on R x S® induced by X\ and J. Let i: C\T — R x S3, #I' < 400, be a somewhere
injective finite energy j—holomorphic curve having positive d\-area and a unique positive
puncture whose asymptotic limit is an orbit in Pa(N\). Then T' = (.

Proof. An application of [9, Corollary 1.10] provides us with a residual subset J%,(\) C
J(X) such that for every J € J%,(\) the following holds: if 4: C\T — R x 5% is a
somewhere injective finite energy J-holomorphic curve as in the statement, then Ind(@) =
CZ(u) — 2+ 1+ #I" > 1, provided 7 o du # 0. Our standing assumptions on the actions
of the orbits in P2(A) imply that the asymptotic limits of @ at the negative punctures in
T are covers of orbits in Pa(A).

Set I' = {21,...,2%r} and denote by N; > 1 the covering number of the asymptotic
limit corresponding to z;,7 = 1,...,#I'. Then its Fredholm index satisfies 1 < Ind(@) =
2 — S#LON; — 1+ #T < 1 — #T, from which we obtain T' = (. O

3.1. Rigid planes asymptotic to the index-2 orbits

In this section we prove that for a generic choice of J € J(A), each Py; € Pa(A)
is the asymptotic limit of a pair of J-holomorphic planes so that the closures of their
projections to S form a C'-embedded 2-sphere.

Proposition 3.4. Fiz J € J,(A) as in Lemma 5.5. Then for each i =1,...,1, there exist
embedded finite energy j—holomorphic planes ;1 = (a;1,u;1), Gi2 = (@i2,u2): C —
R x S3 which are asymptotic to Py ; through opposite directions (see Definition 2./).
In addition, the union S; = u;1(C) U Py; Uw,2(C) is a C'-embedded 2-sphere and
S§nNS; =0,Yi#j.
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To prove Proposition 3.4, we choose a sequence of non-degenerate contact forms A,
converging to A and satisfying conditions (a), (b) and (c) at the beginning of section 3,
and a sequence of almost complex structures J,, € Jreg(An) converging to J € Jy,(A) in
C*° so that the almost complex structure jn induced by (A, J,,) admits a finite energy
foliation F,, of R x S3 whose projection to S is a genus zero transverse foliation F,,
adapted to the flow. Moreover, the binding of F,, consists of the orbits Py 1,..., P €
Pa(Ay) and Ps1,...,P5 41 € P;l’u’gc()\n), see Proposition 3.1.

For every large n, P ; € PQSC()\TL) is the boundary of a pair of rigid planes U}, U], €
Fn, both transverse to the Reeb vector field Ry, , so that the 2-spheres §;' = U, UP2 ;U

Uly,i = 1,...,1, are mutually disjoint and do not intersect any Ps';,7 = 1,....,0+ 1.
The open set S3 \ UézlSi" contains [ + 1 components U;-L such that ngj C Z/lf,Vj,n.
For each ¢« = 1,...,[, there exists a pair of embedded jn—holomorphic planes ', =

(aiguip): € = Rx S3 k = 1,2, asymptotic to P»; through opposite directions so that
Ul'y = uiy(C) for every large n.
The following proposition implies Proposition 3.4.

Proposition 3.5. For each ¢+ = 1,...,l, the embedded jn—holomorphic rigid planes
ajy, Uiy € = R X S3 converge in C, as n — oo, up to reparametrizations
and R-translations, to embedded j—holomorphic rigid planes ;1 = (a;1,%i1), Ui =
(ai2,ui2): C — R x 83 asymptotic to P, through opposite directions. The 2-sphere
Si = u;1(C) U Pa; Uwug,(C) is C'-embedded. Moreover, S;N'S; = O,Vi # j, and
given neighborhoods V; C S of S; = u;i1(C) U Py Uw;o(C),i = 1,...,1, we have
SrcV,vi=1,...,l,Ylarge n.

Proof. Fix i € {1,...,l}. For simplicity, denote @}, by @, = (an,un),Vn. The case
of @}, is treated similarly. Let & C S® be a small compact tubular neighborhoods
U =R/T,Z x Bs(0) of Py ;, where 6 > 0 is small and T5; > 0 denotes the action of
P, ; and B;(0) C R2 is the closed ball of radius § centered at the origin. Since Py, is
hyperbolic, we can take U sufficiently small so that

e U contains no periodic orbits that are contractible in /.
o if P C U is a periodic orbit that is homotopic to P ; in U, then P = P, ;.

Choose a parametrization of 4, so that

ur,(C\D) C U,
(1) € OU,
un(l) (3.1)
un(2) € OU for some z € ID satisfying Re(z}) <0,
an(2) =0.

The existence of such a parametrization is guaranteed as follows. For a fixed parametriza-
tion of @y, the closure K of the set u,, 1 (S \U) is compact with non-empty interior. Take
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the closed disk D C C containing K which has the smallest radius among all closed
disks containing K. Then there exist w; # we € K NID so that u,(w1), un(w2) € OU.
Reparametrizing @, under a map of the form z — az + b, a,b € C we may assume that
D=D={zeC:|z|]<1l}andthatw; =1€ K C D.If KNOD does not contain a point
wy € OD with non-positive real part, then shifting K slightly to the left, it is possible
to find a disk containing K of radius smaller than 1. This contradicts the minimizing
property of D, thus the existence of z} as in (3.1) follows. The last condition in (3.1)
may be achieved by considering a suitable R-translation of 4, for each n.

Lemma 3.6. Let i, = (an,u,): C — R x S3 satisfy the normalizations in (3.1). Assume
that there exist a subsequence of i, still denoted by ., and a finite energy j—holomorphic
map o = (a,v): C\D = RxS? so that i, |c\p converges in C{2(C\D) to o asn — +oo.
Then the following assertions hold:

—
—
=
(S

is mon-constant;

(S

(ii) 0 is asymptotic to Py, at co.

Proof. For every R > 1 the image of the loop t — vg(t) := v(Re®),Vt € R/27Z,
is contained in U since it is the C*°-limit of the loops ¢ — YR(t) := u,(Re),Vt €
R/27Z,Vn, which are contained in U. Hence g is homotopic to v} in U for n sufficiently
large. Since u,, (C \ D) C U for every n, and ~} converges to P»; in U as R — +oo, we
conclude that yr is homotopic to P, ; in U for every R > 1. This implies, in particular,
that g is non-contractible in ¢/ and thus non-constant. As a result, ¢ is non-constant.
Moreover, any asymptotic limit P C U of ¢ at oo must be homotopic to P» ; in U since
each ygr has this property for every R > 1. Thus our choice of ¢/ implies that the unique
asymptotic limit of ¥ at co is P>;. O

We aim at showing that under the normalizations in (3.1) a bubbling-off phenomenon
cannot occur for the sequence 4,, i.e. there is no subsequence of @, still denoted by
Up, satisfying |V, (z,)] — +o0o as n — oo for a sequence z, € C. Here, |Vii,(z,)| is
induced by the inner product on R x S? associated with the pair (\,,J,,). In the absence
of bubbling-off, the sequence #, has gradient bounds which, in this setup and under
the normalizations in (3.1), imply C%-bounds for @, from an elliptic bootstrapping
argument, see [13]. As a result we will be able to conclude that, up to extraction of a
subsequence, i, converges in Cy%. to a J- -holomorphic plane @; 1: C — R x S® asymptotic
to Py ; as n — oo.

An important tool in the bubbling-off analysis is the topological result known as
Hofer’s Lemma, see [13, Lemma 26]. More specifically, assume ,, admits a subsequence,
still denoted by y,, such that |V, (z,)] = +o0o as n — oo for a sequence z, € C.
Hofer’s Lemma allows us to perturb z, (the new points are still denoted by z,,) and find
a sequence of positive numbers d,, — 0, satisfying r,, := 0,| Vi, (2,)| — 400, and so that
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an appropriate rescale 7,,: B, (0) — R x S3 of Uin|B;, (2,) has CP - and C} -bounds and
satisfies |V, (0)| = 1. To be precise, 0, is defined by

Un(z) = <an <zn + 6—nz> — an(zn), un <zn + 6—“2)) , Vz € B, (0).
n n
From an elliptic bootstrapping argument, we obtain C} -bounds and then, up to extrac-
tion of a subsequence, ¥, converges in C%, to 9: C — R x S3, where ¥ is non-constant
and has bounded energy by Fatou’s Lemma.

If |z,,| — 400 or z, converges to a point in C \ D, then in view of the normalizations
in (3.1), the image v(C) is contained in & and thus any of its non-trivial asymptotic
limits is a contractible periodic orbit in U, a contradiction to the choice of Y. With
this contradiction we conclude that the sequence z, must be bounded and, up to a
subsequence, converges to some point z, € D. Such a point is called a bubbling-off point
for ,,.

Each bubbling-off point in D takes away at least vy > 0 of the d\,-area of u,,. Here,
Yo > 0 is any positive number smaller than the period of the shortest periodic orbit of
A, which exists because of the assumptions on A. Hence, after passing to a subsequence,
we may assume that the set of bubbling-off points I' C D is finite. In particular, |V,
is locally bounded on C \ T

The normalizations in (3.1) provide Cy .

¥ -bounds for 7, in C\I'. Hence, up to extraction

of a subsequence, @, converges in C2°, (C\TI') to a J-holomorphic curve & = (b,v): C\I' —
R x S3. By Lemma 3.6, ¥ is asymptotic to P, ; at 0o. Since P, ; is simple, it is somewhere
injective.

Let z* € I'. We claim that

v*A >, Ve >0 small (3.2)

OB, (z*)

Here, B (z*) is the ball centered at z* of radius € > 0 and 9B (z*) has the counterclock-
wise orientation. To prove (3.2), recall that @, can be appropriately reparametrized in

a small neighborhood of z, — z* so that it converges in CT°, to a non-constant finite

loc
energy plane with dA-area > 7. These neighborhoods of z, are strictly contained in
B.(z*) for every n sufficiently large. Stokes’ theorem then gives the desired estimate
(3.2). The positivity of the integral in (3.2) implies that every puncture in I is negative

and therefore oo is the only positive puncture of 0.
Lemma 3.7. T = ().

Proof. The first step is to show that the asymptotic limit of ¥ at each z* € T" is a cover
of an orbit in Py(\). Indeed, the hypothesis IT in Theorem 1.6 implies that if there exists
an asymptotic limit P = (x,T) at z* which is not a cover of an orbit in Pa()\), then its
period T is greater than 75 ;. In particular, f(C\F v*d\ < Ty; —T < 0, a contradiction.
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We conclude that ¢ is asymptotic to covers of orbits in Pa(A) at its negative punctures.
Suppose that the dA-area of ¥ vanishes. Then ¢ is a trivial cylinder over P» ;. In particular,
#I = 1. T # {1}, then v(1) € U since u, (1) € OU for every n. This is a contradiction.
If I' = {1}, we know from our normalizations in (3.1) that u,(z}) € U, and we can
assume that z% — 2z € ID, where Re(z%,) < 0, and hence 2%, # 1 and v(z%,) € oU,
again a contradiction. It follows that the d\-area of o is positive. Since J € Jj,()), we
conclude that I' = ), see Lemma 3.3. O

We have proved that, under the normalizations (3.1), we can extract a subsequence of
1ip, still denoted by i, so that it converges in C}. to a finite energy j—holomorphic plane
7: C — R x §3 asymptotic to Py ; at co. We denote this plane by ;1 = (a;1,u;1): C —
R x S3. Note that it is embedded. Indeed, since u;; does not intersect its asymptotic
limit, an application of Siefring’s result [31, Theorem 5.20], see also [12, Theorem 14.5.5],
shows that 4,1 (and also u, 1) is embedded.

Now the analysis of holomorphic cylinders with small area (see [19, Lemma 4.9]) shows
that given any S'-invariant neighborhood W of Ps ;, there exist Rp > 0 and ng € N
such that the loop ¢ + i, (Re?™"*/"24) belongs to W for every R > Ry and n > ng.
This implies that u,(C) is arbitrarily C%-close to u;1(C) U Ps,;. For a proof of these
statements in the same setting, see [6, Lemma 7.5].

Considering the sequence of jn—holomorphic planes 'y, we proceed as before to ob-
tain an embedded finite energy j—holomorphic plane @; 2 = (a;2,u;2): C - R x 53,
asymptotic to % ; as the Cfy-limit of @}'y. Moreover, uj'y(C) is arbitrarily CP-close to
u;,2(C) U Py ; for n large.

From the uniqueness of J- -holomorphic planes asymptotic to P, ; through each direc-
tion, see [6, Proposition C.3], we know that there exist at most two j—holomorphic planes
asymptotic to Py ;, up to reparametrizations and R-translations. In this case, they are
asymptotic to P, ; through opposite directions, as shown below.

Lemma 3.8. u; ,,(C) Nu;,,(C) =0,Y(i,m) # (j,n).

Proof. The transverse foliation F,, admits [ + 1 binding orbits P3';,j5 =1,...,1+ 1. By
Lemma 3.2 these orbits converge, up to a subsequence, to mutually unlinked periodic
orbits Pgq,..., P59, € Py ~1=C(\), which are not linked with any index-2 Reeb orbits.

We first show that the planes u;1(C) and u; 2(C) cannot be the same. Assume by
contradiction that this is the case. Since u}’;(C) and u}'y(C) are C%-close to u;1(C) U
Py = u;2(C)UP,;, we conclude that uy is homotopic to ui's, relative to P ;, in a small
neighborhood V C $? of ;1 (C) U Py ;. Since the 2-sphere S7* = uj; (C) U Po 1 Uiy (C)
separates S into two components and in each component there exists some index-3
binding orbit of F,,, any homotopy from uj'; to uj, necessarily intersects some P
Since the limit P35 is not linked with P ;, Vi, we know that for n sufficiently large
P3NV =0.
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We now assume by contradiction that u;1(C) N wu;2(C) # 0, and hence @;1(C) N
0;2(C) # 0. Then the positivity and stability of intersections of pseudo-holomorphic
curves (see [25, Appendix E]) tell us that a}', (C) Nafy(C) # 0 for all n large enough, a
contradiction. This finishes the proof. 0O

We conclude from Lemma 3.8 and the uniqueness of planes asymptotic to P ;, through
each direction, that @;; and ;2 are asymptotic to P, ; through opposite directions.

Lemma 3.9. The 2-sphere S; = u; 1(C) U Py ; Uu;2(C) is Ct-embedded.

Proof. Since CZ(P, ;) = 2, the leading eigenvalues of Ap, , s, which describe the behavior
of ;1 and ;2 near oo, coincide with the unique eigenvalue p < 0 with winding number
1. This means that we can write

Wi, j (eZW(s+it)) = eXpmz,i(Tz,it){eus@j (t) + Rj(sv t))}, s>0, j=12

where P ; = (w2, T2;) and e;: R/Z — x5 ;§,j = 1,2, is a p-eigensection with winding
number 1. The remainder term R; and its derivatives converge to 0, uniformly in ¢ as
s — +00. See Theorem 2.3.

Since the p-eigenspace is one-dimensional, we have es = ce; for some ¢ # 0. If ¢ > 0,
then u; 1(C) Nu; 2(C) # 0, see [6, Proposition C.0]. This contradicts Lemma 3.8, and we
conclude that ¢ < 0.

Defining r = e#® & s = %ln r, we see that the maps

Uj('ﬁ t) = Ui (e2ﬂ(s+it)) = €XDPyy i (T2,it) {T(ej (t) + Rj (T’ t))}’ V(T7 t)’ Jj=12

extend continuously to [0, €] x R/Z with & > 0 small. Since lim, ¢ R;(r,t) = 0 uniformly
in ¢, we conclude that v; is at least C'. Moreover, the tangent space of v; along P
coincides with Re; @ T'P, ;. Now, since wind, (%) = winde (#; 00) — 1 = 0, we conclude
that u; ; is an immersion transverse to Ry, j = 1,2. Hence u;1(C)U Py U, 2(C) is a
C'-embedded 2-sphere. O

Given a neighborhood V C 83 of S;, we have 8™ C V for every large n. Since the same
argument holds for every ¢ = 1,...,1, the proof of Proposition 3.5 is finished. O

3.2. Special index-3 orbits

Although Lemma 3.2 provides candidates P59, ..., P59, in P;f’*l’gc()\) for the index
3 binding orbits of the desired foliation, we cannot guarantee that every periodic orbit
U, which is not a cover of an orbit in P(A) nor a cover of any P5¢, is linked with some
P35 Such an orbit U might a priori exist. We shall rule out this unpleasant scenario by
appropriately choosing new sequences A, — A so that the corresponding limiting orbits
P, ..., P59, do not admit such an unlinked orbit U.
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Proposition 3.10. Let C' > 0 be as in Proposition 2.6, and let J € Jo,(A). Then there
exist a sequence of non-degenerate contact forms A, = fuA converging in C°° to \ and
a sequence of almost complex structures J,, € Jreg(An) converging in C* to J so that
the following holds.

(i) Poa,...,Pay € Pa(My),Vn, and the almost complex structure J, on R x 3 induced
by (An, Jn) admits a stable finite energy foliation F, that projects to a genus zero
transverse foliation J;,, whose binding orbits are Py 1, ..., Py and Pgy, .. ., P €
Py ().

(ii) there exist 1+ 1 periodic orbits P§(A\) :={Ps1,..., P35 41} C P;f’_l’éc(/\), so that
for every j, Ps'; — Ps j as n — +o00. Moreover,

— link(Ps;,P5 ;) = 0,Vi # j.

- lZTLk(PL;,Z, Pz’j) = O,Vl,j

— every P € P=C()\), which is not a cover of any orbit in Py(\) UPS(N), is linked
with some orbit in P5(A).

(iii) let i1 = (aia, i), e = (ai2,ui): C — R x S3i =1,...,1, be the unique
j—holomorphic planes asymptotic to Pa; which are C_-limits of planes uj'y, 4y in
Fn, asymptotic to P, ; through opposite directions, and whose existence is assured by
Proposition 3.5. Denote byU; C S3,j =1,...,1+1, the components of SA\UL_ S,
where S; = u; 1(C)U Py ; Uu; o(C). Then P3; CU;,Vj=1,...,1+1.

Proof. Take a sequence of non-degenerate contact forms A\, = f,A\,n € N, converging
in C* to A and a sequence J;, € Jreg(An) converging in O to J € Ji,(A) as in the
previous section. We assume that every A, satisfies conditions (a), (b), and (c) from the
beginning of section 3. By Lemma 3.2 every orbit in Py’ ’71’SC()\n) is not linked with any
orbit in P;C()\n) for every large n. We conclude in view of Proposition 3.1 that the almost
complex structure jn induced by (A, J,) admits a stable finite energy foliation which
projects to a weakly convex foliation F,, so that the orbits P 1,..., P € 7;2§C(/\n) are
binding orbits of F,,. Moreover, the remaining binding orbits of F,, are periodic orbits

in the set
0 0 0 —1,<C
Py (An) = {ngl,...,Pz:lH}CPg (An).
They satisfy the additional properties:

o link(P3°, Py) = 0,Vi # j.

o link(Pyy, Pyj) = 0,Vi, j.

e given P € P(\,), which is not a cover of any orbit in Pa(\,) UP;}’O()\“)’ there exists
j €{1,...,14 1} so that link(P, P;’) # 0.

We claim that as n — +oo the orbits ng’lo, ceey P?:iil converge, up to a subsequence, to

mutually distinct and mutually unlinked periodic orbits Pﬁ’o, cee P;?fl in Py ’_1’SC()\).
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First of all, the upper bound C' on the actions of P?’Z ’10, cee ng 2(_11 and the Arzela-Ascoli
Theorem imply that the orbits Pg;o,j =1,...,l+ 1, converge, up to a subsequence, to
elements Pg‘:(;’o € P<Y(\),j =1,...,1 + 1. Their Conley-Zehnder indices are < 3 by the
lower semi-continuity. Since A is weakly convex and the orbits in Py ’_1’SC()\n) are the
only orbits converging to the corresponding orbits in Pa(\), we have CZ(Pﬁ’O) = 3,Vj.
In particular, P?ioj’o is simply covered for every j. As limits of the Reeb orbits P?: 3-0
as n — oo, we conclude that P:;j»’o is unknotted and has self-linking number —1.
If P?i?’o = P;;C’O for some j # k, then, since CZ(P;CJ-’O) = 3, we conclude from [16,

Lemma 5.2] that, for every large n, link(P"’O P;}?) > 0, a contradiction. Hence the

3,3
orbits P??j’o, . ,P;olfl are mutually distinct and mutually unlinked. The claim is then
proved.
Next we show that the orbits Pgic}’o,j =1,...,1 4+ 1, lie in distinct components U;

of $3\ UL, S, where S; = u; 1(C) U Py; U, 2(C) is the Cl-embedded 2-sphere such
that for every i, the maps w; 1, u; 2 are the projections to S* of the j—holomorphic planes
Gi1 = (a;1,ui1), %2 = (a;2,u;2): C = R x S3, asymptotic to P,; through opposite
directions, and obtained as CpX-limits of the corresponding jn—holomorphic planes of

Fn, see Proposition 3.5.

Lemma 3.11. After reordering U;, if necessary, we have P;?’O cU;, vj=1,...,1+1

Proof. For every large n and for every ¢, there exist jn—holomorphic planes u'; =
(afy, uly), 0ty = (a'y,ujy): C — R x $% which are asymptotic to Py ; through op-
posite directions, and which converge in C, up to a subsequence, to j—holomorphic
planes ;1 = (ai1,ui1), U2 = (ai2,u;2): C — R x S3, also asymptotic to P, ; through
opposite directions.

Let S = u1(C) U Py Uuly(C),Vi = 1,...,I. For every j = 1,...,1 + 1, denote
by U C 53 the component of 5%\ Ul_, S}, which contains P;;-O

1 . By Proposition 3.5,
given small neighborhoods V; of §;,i = 1,...,[, there exists ng so that §* C V; for every
n > ng. Since P;Oj’o is not linked with any P ;, the orbits ng’107 ... P;;S_l are contained
in distinct components U7', ... U} | for every large n. In particular, after relabelling the
components Ui, ..., U+ 1, if necessary, these orbits are contained in distinct components

Ui, ..., U1 for every large n. Hence P;'}’O C U;,Yj. The lemma follows. O

Abbreviate P>’ (\) = {Pﬁ’o, . ,P;cl’fl} c PLH=Y()). From Lemma 3.11 we know
that P:;'}’O CU;,Vj=1,...,l1+1. If every orbit in P=Y()), which is not a cover of an orbit
in Py(A) UPs>O(N), is linked with some orbit in P5>%(\), then Ps>°()\) is the desired
set of periodic orbits and there is nothing else to be proved. Otherwise, if there exists a
simple periodic orbit Uy € P=<C(\) which is not a cover of an orbit in Py(\) U P> (A)
and is not linked with any orbit in P;° ’O()\), then we proceed as follows. Consider a new
sequence of non-degenerate contact forms A\, converging in C*° to A as n — +00, so

that every orbit in P(A) and every orbit in
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Lo =P\ U{Uo},

is a periodic orbit of A,,Vn. As before, for a suitable sequence J,, € Jreg(An) converg-
ing to J, we obtain a sequence of weakly convex foliations F,, whose binding orbits
are the orbits in Py(A) together with other mutually unlinked orbits Py’ L , Py L€
Py =0 ).

Taking the limit n — +00, we obtain a new set of periodic orbits

o, 00, 00, u,—1,<C
Pt (N ={Psyt, .. Pyoih < Py SO,

so that each P;jf'l is the C>°-limit of Py’ }1 as n — +00. Arguing as before, we conclude
that these orbits are mutually distinct and mutually unlinked and satisfy P?iz’l C U;,vj.
Some of them may coincide with the corresponding orbits in P5” ’0()\).

We claim that no orbit in P5” ’1()\) coincides with Up. Indeed, observe that each P:z 31
is contained in U; for all large n and either coincides with P:;)Z.’O or is linked with P:;'}’O.
Hence P?icj’l either coincides with P;?-’O or is linked with P;?’O. In particular, since Uy is
linked with some P; }1 for every large n, we conclude that Uy is linked with some P3°3’1.
The claim is proved.

Now if every orbit in P<C()), which is not a cover of an orbit in Py(\) U P5> (N),
is linked with some orbit in Pg>'(\), then Py (\) is the desired set of periodic orbits
and there is nothing else to be proved. Otherwise, if there exists a simple periodic orbit
U, € P<C()\), which is not a cover of an orbit in Py(A) U P> (\) and is not linked
with any orbit in Pg* ’1()\), then we construct another new sequence of non-degenerate
contact forms A, converging in C*>° to A as n — 400 as before, so that every orbit in
P2(A) and every orbit in

L1:=LyU 7)3?0’1 @] {Ul},

is a periodic orbit of A, for every n. Choosing a suitable sequence J,, — J, we find a
new set Pyo?(\) = {ng’z, e P:fjfl} c Peb=C (), with P?ioj’z C U;,VY7, as the limit
of the new binding orbits ngf,j =1,...,1+1.

As before, we claim that no orbit in Pg° ’2()\) coincides with Uy or Uy. To see this,
observe that each P; ;2 is contained in ¢; for all large n and either it coincides with one
of the orbits P??;’O or ng’;’l or is linked with both of them. Hence P;';-’Q either coincides
with one of the orbits P:f;’o, P?i?’l, or is linked with both of them. In particular, since
Uy is linked with some P;f 3—2 for every large n, we conclude that Uy is linked with some
P;Z-’z. The same holds with U;. The claim follows.

Again, if we find a simple periodic orbit Us € P=¢()) which is not a cover of an orbit
in Py(A) UPs>%(A) and is not linked with any orbit in P5>?()), we define a new set

Lo := L UP;O’Q(/\) U {UQ},
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and consider again a new sequence A, — X\ (and J,, — J) as before to obtain P3° ’3()\)
with similar properties and so on.
Repeating this process indefinitely, if necessary, we end up with sequences

PR c PEESC(N) and U, € P<Y(N), keN,
so that

o PSRN € PETESCY(N) s formed by [+ 1 mutually distinet and mutually unlinked
orbits P;jk CUjVj=1,...,1+1

o Uy is not a cover of any orbit in Pa(A) U Pgo’k()\).

e Uy is not linked with any orbit in P5™*(A).

o for every p > k there exists an orbit in P;~"”(\) which is linked with Uy,.

We may extract a subsequence so that the orbits P?iol’k, RN P;olfl € Ps° k()\) are converg-
ing to Qf°,..., Q% € P;f’*l’gc(/\) as k — +o0. The periodic orbits Q5°,7 = 1,...,1+1,
are mutually distinct, mutually unlinked and Q3° C U;, Vj. Moreover, CZ(Q5°) = 3,V.

Using the Arzela-Ascoli theorem, we may assume that Uy — Uy as k — +00, where
the action of Uy is < C. Since P ; is hyperbolic and each Uy, is geometrically distinct
from the orbits in Pa(A), we conclude that U, is not a cover of any orbit in Pa()).
Observe that:

o If Uy is a cover of Q$° for some j, then since CZ(Q3°) = 3 we conclude that Uy is
linked with P:fj-’k for every k sufficiently large, a contradiction.

e If Uy is not a cover of Q]‘X’ for any j and is linked with some Qj‘?o, then Uy, is linked
with P?ic;’k for k sufficiently large, a contradiction.

o If Usx is not a cover of Q3° for any j and is not linked with any Q3°, then for k
sufficiently large Uy is not linked with any P;Z’p for every p > k. This is also a

contradiction.

We have proved that the process of constructing such new sequences of non-degenerate
contact forms converging to A must terminate after finitely many steps. Hence we
find a sequence A\, — A with the desired properties whose limiting periodic orbits
Ps1,..., P31 satisfy all properties in the statement of Proposition 3.10. The proof
is complete. O

3.8. Compactness properties of holomorphic cylinders

Let A, and J, € Jreg(An) be sequences of non-degenerate contact forms and almost
complex structures converging to A and J € j;gg(,\), respectively, as obtained in Propo-
sition 3.10. For every n, the almost complex structure jn induced by (A, J,) admits
a stable finite energy foliation F,, that projects to a genus zero transverse foliation F,,
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whose binding orbits are Po1,..., Py, P3ly, ..., P31, where, for every j, the orbit P3';
converges to P3 ; € P3(\).

Fix j € {1,...,1+ 1}, so that P3', C U; for every n. Choose an arbitrary boundary
component, say S;, of the closure of U;. Then every F;, contains a unique rigid cylinder
connecting P3'; to P ;. This cylinder is the projection of an embedded finite energy
Jp,-holomorphic cylinder 9, = (bp,vn): R x R/Z — R x S3. Tt is asymptotic to Py at
its positive puncture 400 and to P, ; at its negative puncture —oo.

We shall study the compactness properties of the sequence ¥,. Consider U C U;
a small compact tubular neighborhood of Ps ;. Since CZ(Ps ;) = 3, we can choose U
sufficiently small so that

e U contains no periodic orbits that are contractible in U.
e there exists no Reeb orbit P C U of A\ which is geometrically distinct from P j, is
homotopic to Ps ; in U and satisfies link(P, Ps ;) = 0.

The first property follows from the fact that for I/ sufficiently small, every periodic orbit
in & must be homotopic in U to a positive cover of Pz ; and hence is non-contractible
in U. The second property can be achieved since Ps j € Py’ ’71(/\). Indeed, the flow near
P; ; twists fast enough so that any periodic orbit sufficiently close to Ps j, if it exists,
must be linked with Ps ;. See Lemma 5.2 in [16].

Using that P§'; — P3; as n — +oo, we observe that P3'; C int(U) for every large n
and, moreover, due to the asymptotic properties of ¥,, we can normalize 7,, to satisfy
the following conditions

vp(s,t) €U for all s >0, t € R/Z.
v,(0,0) € oU. (3.3)
b,(1,0) = 0.

Lemma 3.12. Let ¥, satisfy the normalizations (3.3). Assume that there exist a sub-
sequence of v, still denoted by U,, and a finite energy j—holomorphic map U =
(b,v): (0,00) x R/Z — R x 53 so0 that ,](0,00)xst converges in C32((0,00) x R/Z)
to U as n — +o0o. Then ¥ is asymptotic to Ps; at co.

Proof. We argue as in Lemma 3.6. Let R > 0. Since the loop ¢ — 7y}(t) := v, (R, t),t €
R/Z, lies in U for every n and since v}, converges in C*°(R/Z) to the loop t — yg(t) :=
v(R,t),t € R/Z, as n — 400, we have ygr(t) € U, Vt. In particular, v is homotopic to
% in U for every large n.

The fact that v, ((0,00) x R/Z) C U for every n and that v} converges to Ps'; in U as
R — +00 implies that yr is homotopic to Pg'; in U for every R > 0. Since P3'; — Ps ;
as n — 400, yr is homotopic to Ps; in U for every R > 0. In particular, yg is non-
contractible in U/ and thus non-constant. Hence ¢ is non-constant as well.
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Any asymptotic limit P C U of ¥ at oo is homotopic to P ; in U since each g is
homotopic to Ps ; in U for every R > 0. Assume P # P3 ;. Then P must be linked with
P; ;. This follows from the choice of /. But since «yg is the C°°-limit of the loops % as
n — +o0, which are all unlinked with P3';, we conclude that yg is not linked with Pj ;,
a contradiction. Hence P;; is the unique asymptotic limit of ¥ at co. This finishes the
proof. O

We next show that, up to a subsequence, the sequence o, : RxR/Z — Rx.S3 converges
to a J-holomorphic map ¥ = (b,v): (R x R/Z)\T' — R x S3 which is asymptotic to P ;
at its unique positive puncture +o0o and to orbits in P2(\) at the negative punctures in
I'U{—oc0}.

Proposition 3.13. Let 9, = (b,,v,) : R x R/Z — R x S3 be the sequence of embedded
finite energy jn-holomorphic cylinders as above. Under the particular choice of a small
compact tubular neighborhood U C U; of Ps; and the normalizations (3.3), there exists
an embedded finite energy J-holomorphic curve © = (b,v): (R x R/Z)\T — R x S5,
asymptotic to Ps; at its unique positive puncture +oo, to Py; at —oo and to other
distinct orbits in Pa(A) at the punctures in T, so that, up to a subsequence, ¥, — ¥ in
C. as n — +o0o. Moreover, v((R x R/Z)\T) C U;, and the convergence of 0 to Ps ; at
400 is exponential.

Proof. Arguing as in the proof of Proposition 3.5, we take a subsequence of 7, still
denoted by ¥, which admits a sequence (sy,t,) € R xR/Z so that |V, (sn, tn)] = +00
as n — +o00. Then we have limsup,,_, ., s, < 0 and, up to a subsequence, we assume that
(8n,tn) converges to a point in (—oo, 0] x R/Z. Moreover, extracting a subsequence, we
can assume that the set of bubbling-off points I' C (—00, 0] x R/Z is finite. Because of the
normalizations (3.3), we can find a J-holomorphic map & = (b,v): (RxR/Z)\I' = Rx $3
so that 0,, converges to ¥ in CP2. (R xR/Z)\T') as n — +o00. Moreover, ¥ is asymptotic
to P3 ; at +00, see Lemma 3.12, and v((R x R/Z)\T') C U; by positivity and stability of
intersections. Every puncture in I" is negative. For a proof, see the argument just after
(3.2). The puncture at —oo is also negative since f{s}xR/Z vi Ay > Ty, for every n and
every fixed s <« 0. Since +oo is the only positive puncture of ¥ and its asymptotic limit
is simple, we also conclude that ¢ is somewhere injective.

Next we claim that the asymptotic limit of © at each (s*,¢*) € T is a cover of an
orbit in Pa(A). Assume by contradiction that there exists an asymptotic limit Q@ C U;
at (s*,t*) € I', which is not a cover of an orbit in Pa(A). If Q is not a cover of Ps ;, then
Q is linked with Ps ;, see Proposition 3.10. Let € > 0 be sufficiently small so that the
loop v(|(s,t) — (s*,t*)| = &) C S3 is arbitrarily close to . Then the loop vy, (|(s,t) —
(s*,t)| = €) is linked with Ps ;, if n is large enough. In particular, v, (|(s, t)—(s*,t*)| <€)
intersects Py'; for every large n, a contradiction. It follows that @ is a cover of P; ;. But
this implies that f(RXR/Z)\F v*d\ < T3, —Tp; — T3, < 0, a contradiction. A similar
argument shows that the asymptotic limit of 7 at —oo is a cover of an orbit in Pa(\). We
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conclude that the asymptotic limits of ¥ at its negative punctures are covers of orbits in
Pa(A).

Now we show that the dA-area of ¥ is positive. Otherwise, ¥ is a cylinder over
some periodic orbit P, see [14, Theorem 6.11]. In particular, I' = () and © is a triv-
ial cylinder over P;;. But this contradicts our normalization (3.3) since it implies
v(0,0) € oU.

We have showed that ¢ is asymptotic to Ps ; at +00, and to covers of orbits in Pa(A) at
its negative punctures in I' U {—oo}. The usual analysis near Ps ; (see [16, Theorem 7.2]
and also [6, Proposition 9.3]) implies that the convergence of ¢ to Ps ; is exponential with
a negative leading eigenvalue of Ap, ; j, whose eigenvector has winding number 1 with
respect to any global trivialization of the contact structure. The asymptotic behavior of
U at 400 is as in Theorem 2.3.

We still need to prove that ¥ is asymptotic to P ; at —oo and to other distinct
orbits of Pz(A) at the remaining negative punctures in I'. Assume, by contradiction,
that ¢ is asymptotic to a pg-cover, pg > 1, of some Ps;, € P2()\) at a negative punc-
ture (so,tp) € I. In particular, P»,, C OU;. Since P,;, is hyperbolic and satisfies
pcz(Pai,) = 2, the asymptotic operator AP2JO7J associated with Ps;, and J admits
a unique positive eigenvalue p with winding number 1 (the least positive eigenvalue) and
associated p-eigenfunctions e, e’ which point inside and outside U, respectively. More-
over, the asymptotic operator Appo s associated with the po-cover Pp 9 of Py;, and
J admits an eigenfunction ePo, Wthh equals to e covered pg times, Whose associated
eigenvalue is pou. Its winding number is pg with respect to a global trivialization of &.

Since P2p %, 1s also hyperbolic and satisfies ucyz (PP° ) = 2pg, the eigenvalue pop is the

2,1
least positive eigenvalue of A PO > and the other OPOSitive eigenvalues admit winding
numbers larger than pg. Since the image of v lies in U}, this implies that the eigen-
function eP? describes the asymptotic behavior of ¥ near the puncture (sg,%p). Since
po > 1, the map v admits self-intersection, see [6, Proposition C.0-i)], which is impos-
sible since the somewhere injective curve o is the C*°-limit of embedded curves whose
projections to S3 are embedded surfaces. We conclude that the asymptotic limit of @
at a puncture in I' is an orbit in Py(A). In a similar way, if ¢ is asymptotic to the
same orbit in P(A) at distinct punctures in I' U {—oo}, then v also self-intersects,
see [6, Proposition C.0-ii)]. Again, this is a contradiction since the somewhere injec-
tive curve ¥ is the CL2-limit of embedded curves whose projections to S* are embedded
surfaces.

We conclude that, up to extraction of a subsequence, the sequence o, of em-
bedded finite energy jn—holomorphic planes, normalized as in (3.3), converges in
C2 (R x R/Z)\T) to a somewhere injective curve ¢ as n — —+oo. Moreover, ¥ is
asymptotic to P3 ; at +o0o, and to distinct orbits in P2(A) at its negative puncture in
I' U {—o0}. Moreover, ¢ and v are embeddings, and v((R x R/Z)\T') C U;.

It remains to show that ¢ is asymptotic to P ; at —oo. To see this, let Py, € Pa(X)
be the asymptotic limit of & at —oo. Assume [y # ¢. For suitable s,,c, € R, with
Sp — —00, the shifted maps W, (s,t) = (b(s — $n) + cn,v(s — $p)),¥(s,t) € R x R/Z,
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converges in Cf%. to a finite energy J-holomorphic curve @: (R x R/Z)\I" — R x $3
with I finite, which is asymptotic to Py, at its positive puncture at +oo. Moreover,
Sn,Cn can be appropriately chosen so that @ is not a trivial cylinder over Ps;,. Indeed,
since all orbits with action < Ty, are hyperbolic, one can apply the SFT-compactness
theorem (see [2]) to obtain a genus zero building of J-holomorphic curves so that the
building has a positive puncture at P, and a negative puncture at P ;. The first level
of this building is the non-trivial curve w. Moreover, arguing as above, the punctures
of w in IV U {—o0} are negative and w is asymptotic to distinct orbits in Pa(\) at
I"U{—oc}. Hence w is somewhere injective and has positive dA-area. Since J € Ty, (M),
we can apply Lemma 3.3 to conclude that the set of negative punctures of w is empty,

a contradiction. This proves that [y = ¢ and finishes the proof of this proposition. O
3.4. Compactness properties of holomorphic planes

In this section we study the compactness properties of the families of jn—holomorphic
planes asymptotic to P§'; € Pg"*léc(/\n), Jj=1,...,0+ 1. Recall that Pg; — Ps;
as n — +oo, Vj = 1,...,1 + 1, where P5; € ’Pg’_l’gc()\). The orbit P3; lies in the
component U; C 93\ Ui:l Si, j=1,...,1+1, where §; = U; 1 UP,; UU; 5 C S3 is
a C'-embedded 2-sphere. We may assume that the sequences )\, and J, are given as
in Proposition 3.10 so that the orbits P; ; satisfy the properties stated in that proposi-
tion.

Fix j and denote by ]~€j the number of boundary components of U/;. Let i1,... i, €
{1,...,1l} be such that oU; = U:j=18ik~ For each n € N, j € {1,...,1 + 1} and
k € {1,...,k;}, there exists a one-parameter family of planes ]-",z:Z,T € (0,1), asymp-
totic to Pg';. For simplicity, we omit j,k in the notation, ie. FI' = fg:Z,VT. Let
@ = (a™u"): C — R x $3,7 € (0,1), be the family of J,-holomorphic planes so
that u}(C) = F,Vn,T.

Fix p € U; \ P ; and consider a sequence p,, — p, where p,, € u?! (C) C U; for some
7 € (0,1). Denote by @, = (bp,vn): C — R x $3 the J-holomorphic plane @y . In
particular, p,, € v,(C),Vn.

We consider a small compact tubular neighborhoods ¢/ C U; of P; ;. As in Section 3.3,

since CZ(Ps ;) = 3, we can choose U sufficiently small so that

s pEU.

e U contains no periodic orbits that are contractible in U.

o there exists no periodic orbit P C U which is geometrically distinct from Ps ;, is
homotopic to Ps ; in U and satisfies link(P, P3 ;) = 0.

Using that P§'; — P53 ; as n — +oo, we observe that P3'; C int(U) for every large n

and, moreover, we can normalize 7,, to satisfy the following conditions
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<

n(C\D) CU,

v (1) € U,

vn(22) € OU for some 2% € D satisfying Re(z}) <0,
n(2) =0.

=

This normalization is constructed exactly as in (3.1).
The proof of the following lemma is similar to the proof of Lemma 3.12.

Lemma 3.14. Let v, satisfy the normalizations in (3.4). Assume that there exist a subse-
quence of ¥y, still denoted by ¥, and a J-holomorphic map © = (b,v): C\D — R x S3
so that iy, |c\p converges in Cf5, (C\D) to & as n — +oo. Then v is asymptotic to Ps ;
at oo.

Recall that 0, = (b,,v,) is such that p, € v,(C),Vn, where p,, = p € U; \ Ps3;
is fixed. Next we show that there exists an open subset of U; \ Ps ; of full measure so
that if the limit point p is fixed in this subset, then the sequence @,,, normalized as in
(3.4) (for particular choices of the small tubular neighborhood U C U; of P ;), does not
admit bubbling-off points and converges in C[. as n — 400 to a j—holomorphic plane
7: C — R x S% asymptotic to P; ;. The cases for which this compactness property fails
occur when the sequence 7,, admits bubbling-off points in D, and the limiting curve is
asymptotic to Ps ; at oo and to distinct orbits in Py(A) at its negative punctures. As we
shall prove below, there are only finitely many such curves. Therefore, if p is taken in
the complement of the image of these curves, the compactness property holds, and the

limiting curve is a j—holomorphic plane asymptotic to P ;.

Proposition 3.15. There exists an open subset U C U; \ Ps ; of full measure in U; \ Ps ;
so that if p, — p € U and v, = (bp,vn): C — R x S3 is such that p, € v,(C),Vn,
then, under the particular choice of a small compact tubular neighborhood U C U; of Ps ;
depending on p as above and the normalizations in (3.4), there exists a j—holomorphic
plane © = (b,v): C — R x S3, exponentially asymptotic to P; ;, so that 0, — ¥ in C3,
asm — +o0o and p € v(C).

Proof. Arguing as in the proof of Proposition 3.5, we take a subsequence of 7,,, still
denoted by ¥y, which admits a sequence z, € C so that |V,(z,)] — +00 as n — .
Then z, is bounded and, up to extraction of a subsequence, converges to a point in D.
Moreover, extracting a subsequence, we can assume that the set of bubbling-off points
I' ¢ D is finite. Because of the normalizations (3.4), we find a j—holomorphic map
¥ = (bv): C\T — R x 5% so that ¥, converges to ¥ in C%(C \T') as n — +oo.
Moreover, ¥ is asymptotic to P3 ; at co (see Lemma 3.14) and to distinct orbits in Pa(\)
at the negative punctures in I'. The convergence of ¥ to Ps ; is exponential with a negative
leading eigenvalue whose eigenfunction has winding number 1 with respect to any global
trivialization of the contact structure. We also have v(C \T') C U;.
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Performing a soft-rescaling of 7,, near each puncture in I' where @ is asymptotic to
some Py ; € Py(N), we find a new J-holomorphic curve @ = (d,w): C\ TV — R x §3,
with I" finite, which is asymptotic to P5; at oo and, at its punctures in IV C D, the
curve is asymptotic to covers of orbits in P2(A) (see hypothesis IT in Theorem 1.6). See
also [19] and [6] for more details on the soft-rescaling. Since J € J5,(A), we can apply
Lemma 3.3 to conclude that % is a plane asymptotic to P» ;. In particular, by uniqueness
of such planes, w(C) C oU;.

Define the points ¢, € C by v,(gn) = pn,¥n. We observe that the sequence gy,
is bounded and stays away from any puncture of w. Indeed, the usual analysis using
cylinders of small area implies that every point sufficiently close to the punctures in '
are mapped under v,, to a point arbitrarily close to P ; Uw(C) C dUj;, see [19, Theorem
6.6]. Thus, after taking a subsequence, we may assume that ¢, — goo € D, where goo € T
and w(¢oo) = p. Denote w; =v and I'y =T

Now take p/, — p' # p € U; \ (wi(C \T'1) U Ps ), and, as before, consider the T
holomorphic planes, suitably normalized as in (3.4) and again denoted by @,, = (by, vp),
so that p), € v,(C). After taking a subsequence, we can assume that there exists I's C D,
and a J-holomorphic curve wy = (co,ws): C \ 'y — R x S3 so that @, — Wy in
C2 (C\TI'y) as n — +oo. The asymptotic limits of Wy at the punctures in I's are distinct
orbits in P2(A). A soft-rescaling near each z’ € 'y produces a j—holomorphic plane whose
asymptotic limit coincides with the asymptotic limit of @y at z’. Moreover, if ¢/, € D is
such that v, (¢),) = p], = p’ then, up to a subsequence, ¢/, = ¢/, ¢ I's and wa(q..) = p'.
In particular, the image of ws differs from the image of w;.

Assume that @, and Wy are asymptotic to the same orbit P ; € P2(\) at punctures
z1 € I'1 and z9 € 'y, respectively. Then Proposition C.0 in [6] implies that w; and wq
must intersect each other (the intersections of w; and ws are isolated) and, as C°.-limits
of curves that do not intersect each other, the positivity and stability of intersections of
pseudo-holomorphic curves (see [25, Appendix E]) give a contradiction. Thus w; and ws
have mutually distinct asymptotic limits at their negative punctures.

We can repeat the process with a point p” € U; \ (w1 (C \T'1) Uwe(C \T2) U Ps3 ;) and
find the limiting curve associated with the sequence ©,, = (b,,v,), suitably normalized
and satisfying pi, € v,(C) — p”. As before, if the limiting curve w3 = (c3,ws) has
negative punctures, then it is asymptotic to an orbit in Py(\) at these punctures. These
asymptotic limits are distinct from the asymptotic limits of w; and W, at any of their
negative punctures. Hence, we conclude that when we vary the point p in U; \ P ; there
can be at most l;:j of such limiting curves admitting negative punctures. A choice of
p € U; \ Ps; in the complement of the image of these curves implies that the limiting
curve does not admit bubbling-off points and thus is a J- -holomorphic plane exponentially
asymptotic to P ;. The proof is complete. O
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3.5. Another generic set of almost complex structures

Let J € Jju(A) be chosen as in Lemma 3.3. In Section 3 we constructed a transverse
foliation F; adapted to the Reeb flow of A, so that the binding is formed by the orbits
Ps; € Pa(N),i =1,...,1, and finitely many orbits Ps ; € P;’fl’gc()\),j =1,...,01+1,
where C' > 0 is as in Proposition 2.6. Each P» ; is the boundary of a pair of rigid planes
Ui, Uia € Fy so that §; = U;1 UPy; UU; 2 C S3 is a Cl-embedded 2-sphere that
separates S into two distinct components. The union of these 2-spheres is denoted by
S. Each P3;,j =1,...,01+ 1, lies in the component U; of S\ Uézl S;. The closure of
U; has l~€j boundary components, denoted by Sni’ k=1,..., ]NCj, where nfc e {1,...,1}.
The leaves of the transverse foliation F; are projections to S® of embedded finite energy
j—holomorphic curves, where J is the almost complex structure in R x S3 associated with
the pair (A, J). For every i = 1,...,[, there exist two embedded j—holomorphic planes
U5 = (@i j,ui;): C = R x S3,j = 1,2, asymptotic to Pa; € P2(\) at oo, and so that
Uij =u,;,;(C) CS;,Vi,j.

Let € > 0 be small. For each j = 1,...,1 4+ 1 and for every k = 1,...,]213-, take a
compact e-neighborhood u;’ni C closure(U;) of S,; - Abbreviate

k; I+1
U; = U uj”f; C closure(U;) and U= U Uu; S8,
k=1 j=1

Denote by J5(A) € J(A) the space of dA-compatible almost complex structures .J’
satisfying J' = J in (S®\U)US. The set J5(A) inherits the C*°-topology from 7 ()).
Denote by J' the almost complex structure on R x S3 determined by A and J' € J S(N).
In particular, i, ; is J' -holomorphic for every J' € J5(A).

Taking € > 0 sufficiently small, we can assure that for every j = 1,...,l+1, there exists
an embedded J-holomorphic plane wj = (¢j,w;): C — R x S which is exponentially
asymptotic to P3; at oo and satisfies w;(C) C U; \ U°. In particular, w is also J-
holomorphic for every almost complex structure J' associated with A and J' € T5(N).

The foliation F; constructed in the previous section may contain regular leaves which
are projections to S2 of a j—holomorphic curve 1w = (b,w): C\ T — R x S3, satisfying

o I #£0.

. f(C\F w*dA > 0.

e 00 is a positive puncture of @ and every puncture in I" is negative.

o Jj€{l,...,14+1} so that @ is exponentially asymptotic to Ps ; at oo and to distinct
orbits in P»(A) at the punctures in I" and w(C \ T') C U;.

The Fredholm index of @ is Ind(w) = CZ(Ps ;) — >_.cp CZ(Pe2) — 1+ #I' = 2 — #T.
Here, Py , € P2(A) is the asymptotic limit of @ at z € T'. Therefore, #I" > 1 implies that
Ind(w) < 0.
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Fig. 3.1. (top) A non-generic J-holomorphic curve o: C \ {22, zh} — R x S®, asymptotic to P3 at its positive
puncture oo and to P> and P2’ at the negative punctures zo and zé, respectively. (bottom) For a small

generic perturbation of J, this curve unfolds into generic f—holomorphic cylinders, one connecting P3 to Ps
and the other connecting Ps to Pj.

The following theorem, based on the weighted Fredholm theory developed in [17],
states that it is always possible to find J’ € J5(X), which is C*>°-close to J, so that the
Fredholm index of w as above is at least 1. In particular, such curves are rigid cylinders
asymptotic to some Ps ; at the positive puncture and to an orbit in Pa(A) at the negative
puncture. See Fig. 3.1.

Theorem 3.16 (Hofer-Wysocki-Zehnder [17], Dragnev [9]). Given J € Jj,(\) and e > 0
sufficiently small, there exists a residual set J5,.,(A) C J5(\) in the C*°-topology so
that the following holds: let J' € J3 ..(\) and let © = (b,v): C\T — R xS T #0, be a
somewhere injective finite energy j’—holomorphz'c curve, where J' is the almost complex
structure in R x S® induced by the pair (\,J'). Assume that all punctures in T' are
negative and that ¥ is exponentially asymptotic to some P ; at the positive puncture
+o0 and to distinct orbits in Pa(X) at the punctures in I'. Then #I' = 1. In particular,
U is a j’-holomorphic cylinder asymptotic to P3; at oo and to an orbit in Pa(N) at its
negative puncture.

3.6. Finding the desired transverse foliation

Take ¢ > 0 sufficiently small and let J' € J5 .,(A) be as in Theorem 3.16. Then for
every ¢ = 1,...,[, the rigid planes U; 1,U; 2 are projections of embedded j’—holomorphic
planes ; 1, i 2: C — R x S2, which are asymptotic to P ;atco. Forevery j =1,...,1+1,
there exists an embedded .J’ -holomorphic plane w;: C — R x S? asymptotic to Ps ; at co.
Our goal is to construct a transverse foliation which contains only planes and cylinders
asymptotic to the orbits Py ;,¢=1,...,l,and P3;,j = 1,...,1+1, and so that the given
planes are part of the regular leaves.
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Denote by M 5, (Ps, ;) the space of J' -holomorphic planes exponentially asymptotic to

P; ; at oo. We identify those planes which have the same image in 53, that is, W ~ 1y
if there exists a,b € C and ¢ € R so that wy(z) = ¢+ wa(az+b),Vz € C, where ¢+ ws is
the c-translation of ws in the R-direction. The intersection theory developed in [14,17,31]

implies the following proposition.

Proposition 3.17. Let j € {1,...,14+ 1}. Then the following assertions hold:

(i)
(ii)
(iii)

M5,(Ps ;) has the structure of a 1-dimensional smooth manifold.
if [0 = (c,w)] € M5, (Ps;), then w(C) C Uj.
’Lf [’Lbl = (cl,wl)] 7£ ['(Z)Q = (Cz,wg)] € ./\/lj/(PgJ), then ’LU1(<C) N wg((C) = (.

The last step toward the proof of Theorem 1.6 is the following assertion.

Proposition 3.18. Fiz j € {1,...,l+ 1} and let I;:j be the number of components of OU;.
Then there exist I%j embedded J'-holomorphic cylinders

Bjm = (bjom,Vjm): C\{0} =R x S Vm=1,... kj,

and l~cj families of embedded j’—holomorphz’c planes Wjm.- € M7 (Ps;),

'Lbj,mﬂ- = (Cj7m77-,wj'7m77-)2 C —-Rx 53, T E (0, 1), Ym = ]., .. .,l;?j,

so that the following properties hold:

(i)

(iii)

oo 45 a positive puncture of Ujm,, where it is ewponentially asymptotic to Ps j,
and 0 € C is a negative puncture of ¥;,,, where it is asymptotic to P, i s VM =
1,...,k;. Moreover, vj,(C\ {0}) C U;,¥m, and

Uj,m(C \ {O}) N Uj,n((c \ {0}) = @, Ym 7é n.

00 is a positive puncture of W; m,r, where it is exponentially asymptotic to Ps ;, and
’LUj’m’T(C) C Z/{ij,

0;m(C\ {0}) and wj;m(C), m = 1,....kj,7 € (0,1), are reqular leaves of a
transverse foliation of U;.

(iv) for every m € {1,...,k;}, Wjm- converges in the SFT-sense (see [2]) to Ujm ®

0 + 5 0 - 0 = (a ]
G, 1 as T — 07 and to Ujm41 DUy o asT =17 Here, @, 1 = (@pg, 15Uy 1)

and Upi 2 = (anfnﬂ,?’un{nﬂﬁ) are rigid planes asymptotic to orbits in Pa(N).

Moreover, given neighborhoods Vi ;1 C closure(U;) of u,; ((C)UP, i Uvjm(C\
{0}) and Vjmi1,2 C closure(U;) of u,,; o(C)UP, 5 +1U’uj7m+1((C\{0}), there exists
0 > 0 s0 that wjm (C) C Vjm1,Y0 <7 <6, and wjm+(C) C Vjmi1,2, V1l =0 <

T < 1. By convention, k; +1 =1.
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Proof. The choice of € > 0 sufficiently small and the definition of J guarantee the
existence of an embedded j’—holomorphic plane W = (a,w): C — R x $3, which is
exponentially asymptotic to Ps; and satisfies w(C) C U; \ Ps ;. By Proposition 3.17,
W € M5, (Ps;) lies in a 1-parameter family @, = (¢;,w,): C = R x 53,7 € (=4,0), of
embedded J’ -holomorphic planes which are exponentially asymptotic to Ps ; for some §
small enough. For each 7 € (=4, 6), w,: C — S is an embedding transverse to the Reeb
flow, and w,, (C) Nw.,(C) = 0,¥7; # 72. Consider the maximal one-parameter family
of planes containing the family w,,7 € (=4, 9), i.e. the smooth family of embedded J'-
holomorphic planes w, € M3 (Ps ;) so that the family w.(C) fills the maximal volume
in $3. Parametrize this maximal family by

W, = (crywr): C =R xS 7€(0,1). (3.5)

Such a family is not compact since otherwise the S*-family of such planes in the comple-
ment of P3; determines an open book decomposition of S3 whose binding is Ps ; and,
as a consequence of the transversality of the pages with respect to the flow, the orbits
in Py(\) # 0 are linked with P ;, a contradiction.

We fix the convention that 7 increases in the direction of the Reeb flow and that
the Reeb vector field points inside ; along Un‘Z,L,l = unzml((C) and outside U; along
Unznﬂ = ungn’Q((C),Vm = l, ey ];,‘j.

For each 7 € (0,1), we choose the following normalization of @,. Consider a small
compact tubular neighborhood U C U; of Ps j, so that

e U contains no periodic orbits that are contractible in U/.

o there exists no Reeb orbit P C U of A which is geometrically distinct from Ps ;, is
homotopic to Ps ; in U and satisfies link(P, P3 ;) = 0.

e w (C\D)CU.

. wT(l) e .

o w,(zF) € OU for some zX € D satisfying Re(z) < 0.

e ¢(2)=0

Let us study the compactness properties of the family (3.5) under the normalizations
above. Take a strictly increasing sequence 7, — 1~ and denote W, = w,,. Arguing
as in the proof of Proposition 3.5, we take a subsequence of w,, still denoted by w,,
which admits a sequence z, € C so that |V, (z,)] = +o0o as n — +oo. Then z, is
bounded and, up to a subsequence, z, converges to a point in D. Moreover, extracting
a subsequence, we can assume that the set of bubbling-off points I' C D is finite. The
normalizations of @, imply the existence of a J-holomorphic curve & = (b,v): C \ T —
R x $3, so that @, — ¥ in C%(C \T') as n — +oo. By Lemma 3.14, 9 is non-constant
and exponentially converges to Pz ; at the positive puncture co. Every puncture in I' is
negative.
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Observe that I' # (. Indeed, if I' = (), then ¥ is an embedded finite energy J'-
holomorphic plane exponentially asymptotic to Ps ;. In particular, [0] € M3 (Ps ;). By
Proposition 3.17, the family (3.5) can be continued, contradicting its maximality and
the fact that 7, — 1~.

The image of v is contained in U; since, otherwise, by stability and positivity of
intersections of pseudo-holomorphic curves (see [25, Appendix E]) in R x $3, for every
n sufficiently large, w, intersects one of the rigid planes asymptotic to some orbit in
P2 (A) which implies that @, intersects the corresponding J'-holomorphic plane, absurd.
Hence, we obtain v(C \ ') C U;.

Arguing again as in the proof of Proposition 3.5, we obtain that ¥ is asymptotic to Ps ;
at +o00 and to an orbit in P2(\) at each negative puncture in T # (). By Theorem 3.16,
I = 1 and thus o is a J’ -holomorphic cylinder, exponentially asymptotic to P;; at
400, and asymptotic to P, ;€ P2()) for some m € {1,..., k;} at its unique negative
puncture. We can assume that I' = {0}, so that ¥ is asymptotic to Pz,nz;l at 0.

Performing a soft-rescaling of w, near the negative puncture 0, we find a new J'-
holomorphic curve @ = (a,u): C \ T, — R x $3, which is asymptotic to P, i at +oo
and to covers of orbits in P2()\) at its punctures in I',,. As before, the generic choice of
J and the soft-rescaling process imply that I, = (), and hence @ is a plane asymptotic
to P2,nzn,'

We conclude that @, converges to a 2-level building B of embedded J' -holomorphic
curves. The top level contains the cylinder : C\{0} — R x .93, exponentially asymptotic
to P3 ; at oo, and asymptotic to P, ; at its negative puncture 0 € C. The bottom level
consists of a plane 4: C — R x 5)3, éusymptotic to P, i at oo. The usual analysis of
cylinders with small area, see [18] and also [6, Pr0p07sition 9.5], implies that given a
neighborhood V € % of v(C \ {0}) U P, ,; Uu(C) we have w,(C) C V for n sufficiently
large. ,

The uniqueness of J’-holomorphic planes asymptotic to orbits in Pa(N), see [6, Propo-
sition C.-3], and the fact that 7,, — 1~ implies that @ = Ui o

For every large ng, we can patch wp,(C) U P3; Uv(C\{0})U P, ; Uu(C) to form
a topological embedded 2-sphere S,,, C closure(i/;). The 2-sphere Snro separates S° into
two disjoints subsets, one of them, denoted by A,,, contains w,(C) for n > ng. The
volume of A,,, tends to 0 as ng — +o0. It then follows that for every sequence 7, — 17,
the image of w,, (C) is contained in A,,, for every n sufficiently large. This implies that
the limiting building B is the unique SFT-limit of w, as 7 — 1.

According to C. Wendl [33, Theorem 1], the curves ¢ and @ are automatically trans-
verse. In particular, we can glue ¥ =: ¥ ,, with (U along o.nd,, 1O form a new family of
embedded J’ -holomorphic planes, all of them exponentially asymptotic to Ps ;. See [28,
Section 7] or [34, Section 10]. Such planes lie in a maximal family of planes in M 3,(Ps ;)
and will be denoted by @, = (¢},w.): C = R x S3 7 € (0,1), so that w.(C) C U;, V.
Under our parametrizations, @/ converges to the holomorphic building formed by v and
G, | as T — 0. In our notation the family @, now corresponds to w; , -, 7 € (0,1).
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If I%j = 1, then the family @.,7 € (0,1), coincides with the family @w,,7 € (0,1),
and the compactness properties above show that the U ¢ 1yw-(C), is open and closed
in U; \ (Ps; Uv(C \ {0})) and thus coincides with ¢; \ (Ps; Uv(C \ {0})). If k; > 1,
then the families ., € (0,1), and @w., 7 € (0,1), do not coincide, and we consider the
compactness properties of the family @w! as 7 — 1. As before, this family converges to a
building whose top level consists of an embedded J'-cylinder & : C\{0} — R x §3, which
is exponentially asymptotic to Ps ; at oo and asymptotic to some other P, ; € Pa(A) at
0, and whose lower level consists of an embedded J' -holomorphic plane @', which is
asymptotic to P ; at +oo.

We necessarily have P, ; # Pa; =: Py - since the families w, and @, are distinct

and hence, by the uniqueness and intersection properties of the J' -holomorphic planes
exponentially asymptotic to Ps j, points of w} (C) cannot accumulate at P, ; as7 — 17.
It follows from the normalizations of @w.,7 € (0,1), that @' =: @, 2 and, as before,

we glue ¥ =: ¥ 41 with ﬂnfnﬂ,l to obtain a new maximal family of embedded J'-
holomorphic planes @/, 7 € (0, 1), which are exponentially asymptotic to Ps ;.

If k; = 2, then the new family @ coincides with the family @, and v"(C \ {0}) =
v(C \ {0}), where & is the embedded .J’-holomorphic cylinder consisting of the top level
of a holomorphic building associated with the family @/, as 7 — 17, and

U w@©u |J w(C)

7€(0,1) 7€(0,1)

fills U; \ (Ps ; Uv(C \ {0}) U’ (C \ {0})). Otherwise, we glue v"" =: ¥ ;42 with the rigid
plane ,,; ol and continue in a similar manner. It has to stop after a finite number of

steps. Indeed, the number of such families of J' -holomorphic planes asymptotic to Ps
is precisely l;j, the number of components in JU;.

We conclude that there exist k; embedded J'-holomorphic cylinders Djm: C\{0} —
RxS3, m=1,..., l~cj, which are exponentially asymptotic to Ps ; at the positive puncture
oo and to P2,n-Z,L - Snin at their negative puncture 0. In the complement of such cylin-
ders, there exist I%j families of embedded J’ -holomorphic planes @; , », 7 € (0,1), which
are exponentially asymptotic to Ps ; at oo. Moreover, each family converges to the holo-

morphic building formed by 9, , ®u,; ,asT - 07 and to the building 0; m41 ®a,,;

m—+1 *2

asT— 17 forevery m=1,..., ];)j. Here, I;j + 1 = 1. This finishes the proof. O

Summarizing the results from Propositions 3.4, 3.10 and 3.18, we obtain the following
statement, which implies Theorem 1.6.

Theorem 3.19. Given a weakly convex contact form X\ = flg on (S &) satisfying
hypotheses I-III of Theorem 1.0, there exists a dense subset jreg()\) C J(N) in the
C*>-topology, so that for every J € jreg(A), the pair (A, J) admits a stable finite energy
foliation F satisfying the following properties:
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(i) For each i = 1,...,1, there exists a pair of embedded finite energy j—holomorphic
planes @1 = (a;1,ui1), G2 = (a;2,u;2): C — R x S% which are asymptotic to
P, ;. The union S; = u;,1(C)UPs ;Uu; 2(C) is a C'-embedded 2-sphere separating S3
into two components and S; NS; = 0,Vi # j. Every component U;,j =1,...,1+1,
of 3\ UL_,S; contains an index-3 orbit Ps ; satisfying the linking properties given
in Proposition 53.10.

(ii) Given j € {1,...,1+ 1}, denote by lgj the number of boundary components of U;,
denoted by Snivk =1,..., l~€j, where nfc e{1,...,1}.

(a) Then there exist l%j embedded finite energy j—holomorphic cylinders

ﬂj’m = (bjm,vj,m): C \ {O} — R x 53, Vm = 1, .. .,];,‘j,

which is exponentially asymptotic to Ps; at its positive puncture +o0o and to
P, i atits negative puncture 0, Vm =1,...,k;. Moreover, they satisfy vj,n(C\

{0}) cU;,¥Ym, and
Uj,m((c \ {O}) n Uj,n((c \ {0}) = @, VYm 75 n.

(b) The complement (R x U;) \ Uﬁ{zlﬂj,m((c \ {0}) is foliated by k; families of
embedded finite energy J-holomorphic planes

U}jvmﬂ' = (Cj,m,‘rawj,mﬂ-): C—Rx SS) TE (071)a Ym = 17- . '7]~Cj7

exponentially asymptotic to P ; at its positive puncture +oo. Moreover, each
plane W; n, satisfies the compactness property described in Proposition 5.18-
(iv).
(iii) Ewvery finite energy j—holomorphic curve described above satisfies wind, = 0, so
that its projection to S3 is transverse to the Reeb vector field of \.

Consequently, the projection F of the finite energy foliation F to S* provides the weakly
convex foliation as in Theorem 1.06.

4. Transition maps

Throughout this section, we assume that the Reeb flow of A is real-analytic. Let F be a
genus zero transverse foliation adapted to the Reeb flow of A = f)( as in Theorem 1.6. We
shall set some notations to represent the elements associated with F, see Fig. 4.1. First
recall that all the orbits in P(A) are binding orbits of F and, for each i = 1,...,[, the
orbit Ps; € Pa(\) bounds two rigid planes U; 1,U; 2 € F, so that the embedded 2-sphere
Si=Ui1UPy;UU; 5 C 5% is C'. The 2-spheres S;,i = 1,...,[, are mutually disjoint
and each one of them separates S into two components. In this way, the complement of
their union is formed by [+ 1 components, denoted by U; C S3\ U Sii=1,...,01+1.
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Fig. 4.1. This example illustrates a section of a weakly convex foliation on S® with £ = 3. The blue and red
dots represent the binding orbits with Conley-Zehnder indices 3 and 2, respectively. The rigid planes and
rigid cylinders are represented by bold curves, and the families of planes are represented by dotted curves.
(For interpretation of the colors in the figure(s), the reader is referred to the web version of this article.)

Inside U;, there exist a binding orbit P3; € Py~ "(\) and k; one-parameter fami-
lies of planes asymptotic to P3 ;, denoted Fj1,... ,fjjcj C F,j=1,...,1+ 1, where
k; € N* coincides with the number of components in 0U;. The family F; i = (Fjx)-
is parametrized by 7 € (0,1). It breaks, as 7 — 07, onto a rigid plane Uy €
{U11,U12,...,Up1, U2} C F, asymptotic to a binding orbit 73;,C € Po()N), and a
rigid cylinder ka € F, asymptotic to P3; at its positive puncture and to ijk at
its negative puncture. In a similar manner, as 7 — 17, it breaks onto a rigid plane
UJT')’,C €{U11,U19,...,Up1,U 2} C F, asymptotic to a binding orbit P;:k € Pa(N), and
a rigid cylinder ka € F, asymptotic to P3 ; at its positive puncture and to P;fk at its
negative puncture.

Let C := {(j,k) e N*xN* | j =1,....0l+1, k = 1,...,15]-}. It parametrizes the
space of families of planes asymptotic to the index 3 binding orbits: each (j,k) € C
corresponds to a family Fj of planes in U; asymptotic to Ps ;. After relabelling the
families of planes, we can assume that P]Tfk = P]Tk 41, Vk mod l;:j.

For every (j,k) € C, there exist a unique branch of the local unstable manifold of
P, and a unique branch of the local stable manifold of 73;: » Which intersect Fj j , for
7 sufficiently close to 0 and 7 sufficiently close to 1, respectively. Denote these local
branches by B, C Wi¢.(P; ) and B;, C VVlf)C(P;rk) We shall fix planes F = F -

and F j+k =F j*k o where 7_ > 0 is sufficiently close to 0 and 7 < 1 is sufficiently close
to 1. In particular, the intersections of F . and F ;r , With BY, and B ., respectively, are

simple closed curves, denoted by
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;—fk = thk‘ﬂB‘;fk? and ;,k‘ = fﬁkﬂB;,k. (4.1)
The closed disks bounded by C7'; and C*, will be denoted by
DY, C F;, and  Dj, CFi, (4.2)

respectively. These disks have d\-area equal to the actions of P;k and P;)rk, respectively.
For each (j, k) € C, we have the following transition maps that preserve the area form
induced by dA.

e The global transition map g; . : F k= f .. is defined as the first intersection point
of the forward trajectory with the plane F ;‘k This map is well-defined since Ps ; has
index 3.

o The local exterior transition map l?xkt : F ;‘k \DJ'5 k= Fik \D;‘ ki1 is defined as the
first intersection point of the forward trajectory with F JYueE Any such a trajectory
crosses Vﬁc before hitting F. Sk

s The local interior transition map I} : D5, \ C5, — DY ., \ C¥ ., is defined as the
first intersection point of the forward trajectory with Fi ks> where (4, k") is such

that U;"k =Uj b Any such a trajectory crosses UJT”',C before hitting F I
4.1. Real-analytic models

Let Py ; = (z2,5,T2) € P2(A). In this section, we show the existence of suitable real-
analytic coordinates near P, ; that will be used to model neighborhoods of C;k C ]-';f &
and C7') C F .

Proposition 4.1. There exist real-analytic coordinates (t,x,y) € (R/T2,Z) x By (0), 6’ >
0 small, on a small tubular neighborhood Us: C S of Ps;, so that Ps; = (R/T»,;Z)x {0},
and, up to time reparametrization, the trajectories of the Reeb flow of A in Us coincide
with the trajectories of

t=1, i&=—u(zy)z, §=ulzyy, (4.3)

where u(w) = Inn + nw + now? + - -+ (n > 1) is a convergent power series near w = 0.
In particular, the quantity xy is preserved by the flow.

Proof. The proof is a direct application of a result due to Moser in [26] which asserts
that a real-analytic mapping ¢ defined near a hyperbolic fixed point at 0 € R? admits
coordinates (z,y) so that it has the form ¢(x,y) = (xe_“(‘”y),ye“(xy)), where u(w) =
Inn + nuw + nw? + - - is a convergent power series near w = 0. Such coordinates on a
cross section of P; ; induce the desired coordinates on a tubular neighborhood of P, ;. O
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In the coordinates given in Proposition 4.1, the local stable and unstable manifolds
of PQ,Z' are WIZC(PQJ) C (R/TQ,ZZ) x R x {0} and WIZC(PQJ) C (R/TQ,ZZ) X {0} X R,
respectively.

4.1.1. The local exterior transition maps

Fix (j,k) € C and set ¥’ = k + 1. Fix also 7 and 74 close enough to 0 and 1,
respectively, so that the circles C’Sk and C“k,, see (4.1), are contained in the tubular
neighborhood Us: of P ' = P} as in Proposition 4.1. Choose sufficiently small annular
neighborhoods R} C f],k of C7) and R}, C F, of C}), that are modelled in the
real-analytic coordinates (¢, z,y) near Py ; by

{(¢, €
C=A{(t )Ich(—%%%y:%},

respectively, where 0 < § < ¢'. Set A;fx,:’s = R3,\D;j,, and ijkt,u = R}, \D},,. These
annuli are modelled in our real-analytic coordmates by

Aext,s = {(t7x’y) ‘ x€r = ga Y € (Oa g)}a

(4.4)
AT = {(tzy) |2 € (0,9), y= 5}
respectively. Note that Ae’(t’S is mapped under [$% onto ij,g/u.
Consider the real- analytlc maps
FiRts (R/ToaZ) x (0, §) = AF*, (4.5)
Ff’;itf M (R/ToaZ) x (0, 5) = AT,

y5,y) and (t,x) — (t,, g), respectively. In these
coordinates, the local exterior transition map 5% : Aext o A;th,’“ admits a lift

given in our coordinates by (t,y) — (t, 2

IR x(0,8) =R x(0,2), (t,7)— (t+At(r),r),

where

L n 9 =g(r)—h(r)lnr, (4.6)

At(’l"): Q’IWI o

for real-analytical functions g(r), h(r) defined near r = 0, with h(0) > 0. Notice that
At(r) = 4ooasr — 07.

Lemma 4.2. Let 7y : [() 1) = R x [0,%) be a real-analytic curve such that v(s) € R x {0}
only at s = 0. Then [ o~ is a monotone curve in the R-direction for s > 0 sufficiently
small. Moreover, writing [ o~ as a graph r = n(t),t >0, we have ° T —0ast— +oo
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Proof. Write v(s) = (¢(s),7(s)) such that ¢(0) = to and r(0) = 0. Since r(s) is real-
analytic, we find @ > 0 and n € N such that

r(s) = as" + O(s"™) (4.7)

and thus r(s) is strictly increasing for s > 0 sufficiently small. Moreover, there exists
b, B > 0 such that

, Vs> 0 small. (4.8)

This implies that there exists ¢; > 0 so that

i S r(s))) =t'(s "(r(s)) — A (r(s HTS—M (s
75 (t(s) + At(r(s))) t()+<g( (s)) = h'(r(s))Inr(s) ) ) (s) )
_a

for every s > 0 sufficiently small. Hence ¢(s)+ At(r(s)) increases monotonically to +oc as
s — 07 From the conclusion above, we can write the curve loy as a graph r = (t),t > 0,
where 7 is real-analytic. It satisfies n(t(s) + At(r(s))) = r(s),Vs > 0 small. From (4.8)
and (4.9), we see that

(s r(s))) — r'(s) 7§TS
0> n'(t(s) + At(r(s))) T (4(s) + D () > T (s) =0

as s — 0T. Since t(s) + At(r(s)) — +oo as s — 07, this completes the proof. O

Now assume that every orbit in P2(A) has the same action Ty > 0, so that the disks
Ds ., and DY, see (4.2), have the same dA-area equal to T3 for all (j,k) € C.

Using an area-preserving argument, we check below that for any fixed P»; € Pa()),
the branch of its unstable manifold in /; must intersect the branch in U; of the sta-
ble manifold of an orbit P, C 0U;. Note that such an intersection corresponds to a
heteroclinic/homoclinic trajectory in U; connecting P ; to Ps ;.

Let G : C — C be defined so that (J, K) = G(j,k) is the family of planes so that
Djk C ]-'jf K s the first disk intersected by the forward flow of D}, . To be more precise
in the definition of G, fix (j,k) € C and set D = DY, . If g; x(D°) N C3, # 0, then
we define G(j,k) = (4, k). Otherwise, since all index 2 orbits have the same action, we
have g; (D) C ]-}Tk \ D5, and then define D' := I9%(g; x(D°)) C Fiks1- Now we
repeat the procedure with D': if g;x41 (DY) N O35y, # 0, then we define G(j,k) =
(4,k + 1). Otherwise, we have g;41(D') C .7-";’““1 \ D54, and then define D? =
l?f}fH(gj,kH(Dl)) C F 1.2 Repeating this process we obtain a sequence (7, k™) e ¢,

7

where k™) = k + n (mod /Z;j), and disks D" C ]:;k(")’

uniqueness of solutions, the disks D™ are mutually disjoint. Since the dA-area of D™ is

n € N. By construction and



N.V. de Paulo et al. / Advances in Mathematics 457 (2024) 109909 45

independent of n (indeed, it is equal to T for all n) and the available area in all ffk is
finite (it coincides with the action of Ps;), the procedure above has to terminate after
finitely many steps and we find (4, k")) for some N > 0 so that 9j k() (DN)QC]‘?’,k(N) # .
In this case we set (J, K) = (j, k¥)) and define G(j, k) = (J, K), where J = j since along
the process we remain inside the same component {; via the global and the local exterior
transition maps.

We also consider a map

Wk N (DY) = Frg (4, k) €C, (4.10)

where (J, K) = G(j,k) and N'(D} ) denotes a small neighborhood of DY, in the plane
F; - The first hit of N'(D}, ) into }'}:K under the forward flow is precisely ¥; j.

Definition 4.3. We say that (j, k) € C is coincident if ¥ 1 (D}, ) = Dj ., where (J, K) =
G(j,k). Otherwise, we say it is non-coincident.

Pick (j,k) € C and abbreviate (J,K) = G(j,k). By definition of G, we have
U x(Dyy) N C5 g # 0. Since all index-2 orbits have the same action and the flow is
real-analytic, we find one of the following scenarios associated with the pair (j, k):

(a) V;x(D}y) =Dy g, ie. (j, k) is coincident.

(b) ¥;x(D}y) N (D3 \ CF ) = 0, and ¥, (D}, intersects the circle C x at finitely
many points.

(c) W, (DY) intersects both Fj . \ DY i and D \ C% . In this case the disk
U, k(D},) also intersects the circle CF - at finitely many points.

Notice that every intersection in (b) is tangent and an intersection in (c) is not nec-
essarily transverse.

5. Proof of Theorem 1.8
5.1. Proof of Theorem 1.8-(i)

Fix j € {1,...,1} and assume that for every k € {1,...,k;} the branch in U; of the
unstable manifold of P, ni coincides with the branch in ¢/; of the stable manifold of

Pz,n{v for some [ € {1,..., l;j}. This means that all pairs (j,k) € C are coincident as in
scenario (a).

Fix (j,k1) € C as above, let (j,K1) = G(j, k1), and let (5, ko) = (5, K1 + 1).
Our assumptions imply that we can construct an N-periodic sequence of distinct
ki,...,kn,..., so that G(j,k;) = (4, K;), and k;31 = K; + 1,Vi. In particular, the map-
ping W,k : N(DY,.) = Fiiy, satisfies W, (DY) = Dj g, Vi = 1,..., N. Moreover,
due to the coincidences, the mapping
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R . ext . ext
W= g, 0l 0 0 Vk, 0l5% (5.1)

is well-defined in V \D; K,» where V; C ]—';f &, is a sufficiently small neighborhood of

D i, - For simplicity, assume that T3 ; = 1, Vi. Let li: R x (0,6) = R x (0,6) be a lift of

I5%, in coordinates (t,7), see Section 4.1.1.

Proposition 5.1. There exist real-analytical functions g;, h;: (—¢,e) = R, h;(0) > 0, so
that I;(t,r) = (t + gi(r) — hi(r) Inr,7), V(t, 7).

lng—;, u; > 0 is

Proof. Recall that [;(t,7) = (t + At;i(r),r), where At;(r) = m

real-analytic and 8; > 0. This implies the existence of gi, h; as in the statement. O

Now we describe the global mappings ¥ ¢,,¢ = 1,..., N, in coordinates (¢, r). Denote
by ¥i: R x (=6,8) — R x (=6",8"), 0 < § < &, a lift of Uy, defined in a small
neighborhood of C7', - C F- .

Proposition 5.2. [7, Lemma 7.1] The global mapping 1; = (X;,Y;) has the form X;(t,r) =
H;(t)+rX;(t,r) and Y;(t,7) = rY;(t,r), where H;—1Id: R — R and X;,Y;: Rx(—6,0) —

R are real-analytic functions, 1-periodic in t, and satisfy H{JN/Z > 0.

Consider the sequence (T;, R;) := ’(Z}i+1 ol;0...0150l;, so that (T, Ry) represents
the mapping ¥ in (5.1). Then (Ty41, Ri+1) = @[;HQ o l~i+1(Ti, R;), Vi, implying

Tiv1 = Hivo (Ti + giv1(Ri) — hip1(Ri) In R;)
+ RiXio(T; + giv1(Rs) — his1(Ri) In Ry, R;), (5.2)
R = Rin‘+2(Ti + gi+1(Ri) - hi+1(Ri) In Ri,Ri)>

for every i > 1, see Propositions 5.1 and 5.2.
Proposition 5.3. For every i > 1, there exist A;, B;,C; > 0 so that
Ti(t,r) —t>—C;lnr and A;r < R;i(t,r) < Byr, (5.3)
uniformly in t, for every r > 0 sufficiently small.
Proof. We prove by induction. Notice that for ¢ = 1, we have

Ti(t,7) = Hy(t 4+ g1(r) — ha(r)In7r) + rXo(t + g1(r) — hy () Inr,7),
=t+g1(r) — hi(r)Inr + (Ho —Id)(t + g1 (1) — hi(r) Inr)
+rXo(t+ gi(r) — hy(r) Inr,7),
Ri(t,r) = rYa(t + g1 (r) — ha(r) Inr, 7).

(5.4)



N.V. de Paulo et al. / Advances in Mathematics 457 (2024) 109909 47

The claim follows for i = 1 since Hy —1d, Xg and }72 are 1-periodic in ¢, and }72(, 0) and
h1(0) are positive.

Next assume (5.3) holds for i. We shall prove that (5.3) holds for ¢ + 1. Using that
H;\o =1d + H; o, for some 1-periodic function H;, o, we obtain from (5.2)

Tiv1 =T+ giv1(Ri) — hisa(R) I Ry + Hito (Ty + giv1(R;) — hira(Ri) In Ry)
+ RiXio(Ty + giv1(Ri) — hipa (Ri) In Ry, Ry),
Rit1 = RiYipo(Ti + giy1 — hiy1) n Ry, Ry),

where g;11 and h;y1 are real-analytic near 0. Since ﬁ+2,Xi+2 are 1-periodic in ¢, and

Yiyo(-,0), hix1(0) > 0, it follows from the induction hypothesis that (5.3) holds for
i+1. O

Fix any component U; of 53\ Ule S; so that (j,k) € C is coincident for every
1 < k < kj;. Recall that U; is homeomorphic to a 3-sphere with k; disjoint closed 3-
balls removed. Fix a plane f;:kl of the genus zero transverse foliation in U}, bounded
by Ps; ;. The branches in U; of the stable/unstable manifolds of the orbits in Pa(\)
transversely intersect JF f k, at mutually disjoint circles. Indeed, these circles bound closed
disks B,,a =1,...,v. Since their symplectic areas coincide, B, have mutually disjoint
interiors. The trajectories through the interior of each B, eventually leave I{; to an
adjacent component U;, 7 # j. The points in 9B, converge to some P> ; C OU;.

Consider the connected subset of F jfkl given by A = }";fkl \ UY_,B,. Since the
Reeb flow is transverse to ]-';fkl, the successive local and global maps determine a diffeo-
morphism ¥: A — A that preserves the finite area form induced by dA. Abbreviating
by U4 C U; an invariant open subset, defined by the Reeb trajectories through A, we
conclude that A is a global surface of section for the Reeb flow restricted to U 4. The
mapping ¥ is the first return map to A, and thus periodic orbits of ¥ correspond to
periodic orbits of the Reeb flow in U 4.

Notice that the outer boundary component of A, i.e. the binding orbit P; j, is pre-
served by ®, and hence points near P ; are mapped under ¥ to points near P ;. However,
near the inner boundary components, ¥ behaves as a permutation. More precisely, given
a € {1,...,v} there exists o’ (possibly o/ = «) such that ¥ maps points near 9B, to
points near 0B, .

Now we proceed as in [7, Section 7]. Define the equivalence relation ~ on ]-';Tkl such

that x ~ y & x,y € B, for some «a. Abbreviate by II: ]—";,“kl — ]?;,“kl = f;kl/ ~ the
natural projection. It induces the quotient topology on .7?;’“,61, which becomes an open
disk. For each o, put p, = II(B,) € J?;_ﬁl The restriction IT| 4: A — ﬁ;kl = ]?;kl\{pa |
a=1,...,v}is abijection. We endow .7-";",61 with a natural smooth structure by declaring
IT| 4 to be a smooth diffeomorphism onto .7?;',61. In this way, we obtain the finite area
form w on ‘7?;,_1@1 which is defined as the push-forward of the area form on A induced

by dA. The area form w naturally extends to a finite area form on ﬁ;:kl, still denoted
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by w. This enables us to define a homeomorphism ®: j-: * —~ F +k , which preserves

w, permutes the points pi,...,p,, and satisfies ®(z) = H o \Il oll71(2),vz € ]—'J

particular, the points pq,...,p, are periodic.
Case 1. v > 2.
In this case, Brouwer’s fixed point theorem [3] gives a fixed point of ®, say p € ]—";'kl

The restriction 9| Fho Mo} is an area preserving homeomorphism of the open annulus

J kl \ {p}, containing at least one periodic point p; # p. An application of Franks’
Theorem [11] implies that ® has infinitely many periodic points. It follows that ¥ admits
infinitely many periodic points, and hence the Reeb flow admits infinitely many periodic
orbits in U 4.

Case 2. v = 1.

In this case, there exists only one such disk B, C ]—';fkl which coincides with DJS Ky -
Its boundary is necessarily the intersection of the unstable manifold of Py, with Ft Sk
Wthh coincides with the intersection of the stable manifold of 73 Ty, With F ;‘ %, - Moreover,

Fi% \ Ba is mapped under 9% to F; 3 \ Dy oy In partlcular since v = 1, the
branch of the unstable manifold of P 11 inside U; coincides with the branch of the
stable manifold of 77 er 1 Now we can con51der the global map g; x,+1, which necessarily
maps CY ki1 C ]-'j k1 b0 CF k1 C .F k 41+ Continuing this process, we conclude that
the ﬁrst return map ¥: ]-' ey \ By = F g,kl \ B, is given by successive compositions of
local and global maps

W= g oI o Gy s © s 5)
where l~€j is the number of boundary components of ;.

Recall that, in the special coordinates (t,7) € R x (0,¢;), ¢, > 0 small, de-
fined near C%, C ]-" v, the local mapping lEXt has a lift of the form [;(t,r) =
(t+ gi(r) — hi(r) Inr, r) for real-analytic functlons gi(r), hi(r) defined near r = 0 with
h;(0) > 0, see Proposition 5.1.

The global mapping g; », has a lift of the form (¢, ) = (t-+H;(t)+rX;(t, ), rYi(t, 7)),
where H;, X;,Y; are real-analytic and 1-periodic in ¢ and satisfy ﬁ{ >1andY; > 0,
see Proposition 5.2. A lift ¥ of ¥ in coordinates (¢,7) € R x (0,1) is then given by the
composition U = 1[)1 ol~,~€j o.. .01/32 ol~1, for every r > 0 sufficiently small. By Proposition 5.3,
¥ has the form U(t,r) = (T, (t,r), Ry, (t,7)), where Ty (t,r) =t > —Clnr and Ar <
Ry, (t,7) < Br for every (t,r) € R x (0,1) with r > 0 sufficiently small. Here, 0 < A < B
and 0 < C are positive constants. In particular, ¥ has infinite twist near R /Z x {0} which
implies that ¥ has infinitely many fixed points. Let ¥y (x,y) := ¥(z,y)— (k,0),Vk € N*.
Proposition 7.2 from [7] says that W, has a fixed point for every k large. The proof is
based on Franks’ generalization of the Poincaré-Birkhoff theorem [10]. Moreover, fixed
points of \ilkl and ‘i/kQ, with k1 # ko, correspond to distinct fixed points of W. Therefore,
the existence of infinitely many periodic orbits in U 4 follows, and this finishes the proof
of Theorem 1.8-(i).
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{
I
‘I’j,k(Dj,k) =07k

‘I/j,k(D;'L,k) =07k

(a)
: ;1 (D k)
o % I
Yie(Djp) N v, k(DY) o
(V) K TLK (/ K
(b) ()

Fig. 5.1. Possible scenarios for ¥; (D} ;) N CJ k-

5.2. Proof of Theorem 1.58-(ii)

Fix j € {1,...,1}, and assume that \Ilj7k(C’}"k) # C i, Vk € {1,...,l~cj}, where t~he
map ¥, is as in (4.10) and (j, K) = G(4, k). This means that for every k = 1,...,kj,
the branch in U; of the unstable manifold of P27”§; does not coincide with the branch in
U; of the stable manifold of any P2,n{-. Hence, for every (j,k), with k =1,..., l;j, we are
in scenario (b) or (c), see Fig. 5.1.

Proposition 5.4. There exists P, ni C OU; with a transverse homoclinic in U;.

To prove Proposition 5.4, we find k € {1,..., I;:]} so that (j, k) € C is periodic under G.
To find such k, choose any (j, k1) € C, let (4, K1) = G(J, k1), and let (j, k2) := (4, K1 +1).
Define the sequences k1, ka, k3, . . ., and K1, Ko, K3, . .., accordingly, as (j, K;) = G(4, k;)

and k;+1 = K; + 1 for every i. The sequence kq, ko, .. ., is eventually periodic, so we may
ignore the first elements and assume that kq,ko,..., kN, k1, ... is periodic with least
period N > 0.

Next we show that for every i the branch in U; of the unstable manifold of P} ;.
intersects transversely the branch in U; of the stable manifold of P]Tkier,Vm > 2. In
particular, the orbits P, ~admit transverse homoclinics for every ¢. Take a real-analytic
curve v: [0,€) — W, (C}y,),e > 0 small, such that y(0) € W, (C}y ) N C5 g, and

v(t) ¢ Dj i, Vt. Let ¥ = v\ {7(0)}.

Recall that the mapping ¥, .., is defined on a small neighborhood N (DY

i+ ki) Of

iy Let B- : [p,a) — N(D},,.,) be a real-analytic arc intersecting C};,  ~only at
t = 0 and satisfying 5(s) € N(D;kiH) \ D}y, rs Vs € (0,¢), and Wy, (B) C C5 g, -
The following lemma is based on Conley’s ideas [4].
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Proposition 5.5. The real-analytic arc l;)";(l (%) is a spiral around C}fkiﬂ

In particular, the branch in U;

C Fjk,,, inter-
secting [ transversely infinitely many times near J’fki+1,
of the unstable manifold of Py, transversely intersects the branch in U; of the stable
manifold of Pjtsz'
Proof. As before, let [;: R x(0,8) — R x (0, ) denote a lift of 15%, - In view of Lemma 4.2,
15%, (7) intersects f infinitely many times. The curve v is written as v = {(t,(r),7) |
r € (0,e)} for some real analytic function ¢,: (0,6’) — R x (0,¢), which continuously
extends over [0,48'). We then obtain I(§) = {(£,(r) = t,(r) + At(r),7) | r € (0,€)}, where
At(r) = g(r) — h(r)Inr, and g(r), h(r) are real-analytic functions defined near r = 0,
with h(0) > 0. See (4.6). Hence &/, (r) = t.,(r)+g¢'(r) —h/(r) Inr— @ for every r € (0,¢).
Due to the estimates in the proof of Lemma 4.2, we find a constant ¢; > 0 and ¢g € (0, ¢)
such that
~ Cl
t(r) < 0 Vr € (0,¢eo). (5.6)
Now we proceed similarly with 8. We may assume that 5(0) = (0,0). Hence there
exists a continuous function tg : [0,e) — [0,&¢), which is real-analytic in (0,¢) such
that t3(0) = 0 and 8 = {(ts(r),r) | € [0,¢)}. Because of real analyticity of /3, the
intersection at (0) = (0,0) is either transverse to {r = 0} or has finite order tangency.
Hence, we have either t3 = 0 or tg(r) = r™g(r), where g is real-analytic on r > 0 and

satisfies g(0) # 0, and m € N* or % € N*, depending on the way f intersects CJ; ,  at
B(0) = (0,0). In all cases, we can choose A € (0,1) and ¢3 > 0 such that

’ m—1 m ! C2

th(r) =mr™ g +r"g > — (5.7)

rl=AX

for every r > 0 small enough. We conclude from (5.6) and (5.7) that ¢/ (r) < tj(r), for
every r > 0 sufficiently small. O

Instead of 4, we can now repeat the above construction using a small arc ; C Wj, ;0

1%, (%) in F. ;’KHI \D; g, ,» which corresponds to a transverse intersection of the branch
in U; of the unstable manifold of ijki with the branch in U; of the stable manifold of
P
Jikita

of the unstable manifold of 77;,% and the branch in U; of the stable manifold of 73; Kivs:

Using the periodicity of the sequence ki, ko, ..., ky, ..., which satisfies (j,kiy1 — 1) =

. Proposition 5.5 then provides a transverse intersection between the branch in U4

G(4,k;), Vi, we repeat this construction to find, for every i, a transverse homoclinic to

e
JThe proof of Proposition 5.4 is complete. We are ready to prove Theorem 1.8-(ii).
It is well-known that a transverse homoclinic forces positivity of topological entropy.
For completeness, we include the construction of an invariant subset A; C U; whose
dynamics contains the Bernoulli shift as a sub-system. We follow Moser’s book [27], see

also [1].
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Let (j,k) € C be such that P ) admits a transverse homoclinic orbit, as obtained
in Proposition 5.4. Consider a point g9 € Cj;_; C .7: "k—1 Wwhich corresponds to a
transverse homoclinic to P 77 . This pomt lies in a small arc Vo, C f "k—1 Which
is transverse to C7, and is the 1mage of an arc V., C C}). under the forward flow.
Denote by G: V' C Fir—VC ]-"]’kil, the corresponding diffeomorphism, given by the
first forward hitting point, so that G(V.,) = V. Notice that V. C {r = 0}, where (¢,7)
are the real-analytic canonical coordinates near C C ]-' k asin Section 4.

There exists a small arc H,, C C k_1, starting from qo which, except for gy, does not
intersect G(V' ND}; ). In this way, we find a small topological square Qo C V near qo,
whose boundary is formed by the following arcs.

(i) the two arcs Hyo, Voo above.
ii) an arc Hy starting from G(V' N C¥,) which, except for this extreme point, is con-
Jik
tained in the exterior of D§, ; and does not intersect G(V' N D).
iii) an arc Vj starting from C’S which, except for this extreme omt is contained in
g -1 P P
the exterior of D5, and does not intersect G(V' N DY ).

In local coordinates (t,7) defined on a neighborhood of C7 —1 we may assume that Ho
is a horizontal segment r = rg > 0 and Vj is a horizontal shlft of Vo

We can always find coordinates (u,v) near Qg so that Qg = [0, 1] x [0,1], Ve =
{0} x [0,1], Hx = [0,1] x {0}, Vo = {1} x [0,1], Hy = [0, 1] x {1}. We may assume that
go = (0,0) and that the mapping (¢,7) — (u,v) has the form

(u,v) = M(t,r) + O(t* +r?), (5.8)

for some invertible linear mapping M.

A vertical strip V in @ is a topological closed disk whose boundary consists of
horizontal arcs hg C Hp, hoo C Hs and two regular arcs vy,vy C Qo that connect Hy
and H.,. We assume that the arcs vy, ve are transverse to the horizontals [0, 1] x const.
A horizontal strip in Qg is similarly defined.

Let P:=Go l;xkt_lz H_1 C Qo — Qqp, where H_1 C Qg is its domain of definition.
Abusing the notation, we denote by P~! := (IS5 )~ o G~ P(H_1) = V1 — Qou, the
first return map under the backward flow.

Lemma 5.6. If Qg is (suitably chosen) sufficiently small, then H_1 is formed by count-
ably many horizontal strips H,,n € N, in Qq, monotonically accumulating on Hy as
n — oo. Moreover, V; is formed by countably many vertical strips V,,m € N, in Qq,
monotonically accumulating on Vo as n — oo. For every n, G o l;’% (Hy) =V, and
the vertical (horizontal) boundary components of H,, are mapped to the respective vertical
(horizontal) boundary components of V.

Proof. Let Qo := G~'(Qo) C F; - In coordinates (t,7) on F ko Qo is a square whose
sides are Hoo = Q‘l(Voo),fIO = G (Vp), Ve = G (Hy), Vo := G'(Hy). Notice
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that Ho, = V.. Recall that in coordinates (¢,7) on .F "1, We have Hy C {r = o},

for some g > 0 small, and Vj = V + (to, 0) for some [to| > 0 small. Taking ro and

|to| sufficiently small, we can assume that Hy is arbitrarily C'-close to Hoo C {r = 0}

and VO is arbitrarily C* close to V . Moreover, the images under G~! of the curves
= Voo + (£,0), |t| < |to], are also Cl—close to Hy and H,,

Now observe that I | (Vo \ {qo}) transversely intersects Vs and is arbitrarily C''-
close to the horizontal line {r = 0}. This follows from Propositions 5.3 and 5.5. Hence, if
70, [to| > 0 are sufficiently small and suitably chosen, then I$% ;(Qo \ Hoo) N Qo consists
of countably many horizontal strips Hy,,n € N, in Qq. In particular, the images of such
strips under G are vertical strips V,,,n € N, in @, ordered from right to left.

Finally, notice that a lift I=* of (I$5'_;)~" in coordinates (£,r) has the form [~ (t,r) =
(t—g(r)+h(r)Inr,r),¥(t,r), for suitable real-analytic functions g(r), h(r), defined near
r = 0, with h(0) > 0. Therefore, [ shares the same properties of a lift [ representing
le"t , and we can apply Propositions 5.3 and 5.5 to the curve Vio (or f/o) to conclude
that H, = (l;?}g_l)_l(f[n) are horizontal strips in @)y that accumulate on H.,, and are
ordered from top to bottom. Moreover, the horizontal (vertical) boundary components
of H, are mapped under [~* to vertical (horizontal) boundary components of H,,. The
interchanging of vertical (horizontal) strips between Qo and Qo under the mapping G
finishes the proof of this proposition. 0O

Each vertical strip V,, C V; is regarded as a new square and its image under P
consists of infinitely many vertical strips, precisely one sub-strip of each strip in V.
Hence V5 := P(V1) C V; consists of countably many vertical strips, with countably
many sub-strips of each strip in V;. Similarly, Vo = P(H_2), where H_o C H_; consists
of countably many horizontal strips, with countably many sub-strips of each strip in
H_q.

Repeating indefinitely this construction, we obtain sequences Vi D Vo D V3 D
and H_1 DH_o2 D H_3 D ... sothat V, ;1 consists of countably many vertical strips,
with countably many sub-strips of each strip in V,. In the same way, H_,,_1 consists of
countably many horizontal strips, with countably many sub-strips of each strip in H_,.
The image of H_,, under P coincides with V.

The non-empty compact subsets of Qq, defined as Ay := O Tclosure(H_;) and Ay =
N closure(V;), contain points whose forward and backward trajectories remain in the
fixed component U; of S3\ ul_,S;, respectively.

The non-empty compact subset A := Ay N Ay C Qp, contains points whose entire
trajectories remain in U/;. It admits a symbolic dynamics as we outline below. Notice that
some points in A are eventually mapped to H., where P is not well-defined. Similarly,
P~ is not well-defined on V.

Let X be the set of doubly infinite sequences a = (ay,)nez of the form

-, 00,000,015, --,0-2,0-1,00,01,02,-..,Qry,00,00,...,
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where a,, is a positive integer for every Iy < n < rg, and a,, = oo for n < [y and for n > rg.
Here, —00 < Iy < 0 < r¢ < +00. The usual shift in ¥ is given by o(a)n = apt1,Vn, and
is defined only if ag # co. Similarly, one has the inverse o 1.

The conjugation h: (A, P) — (X,0) maps each z € A to (a,)nez satisfying P"(z) €
Va,, —00 <lp <n <1y < +o0. If P70(x) € Hy for some 0 < rg < 400, then Prot1(z)
is not well-defined. In this case, we define h(zx), := oo for every n > r¢. In the same
way, if Plo(x) € V4 for some —c0 < lp < 0, then P~1(z) is not well-defined, and we
define h(x), := oo for every n < ly. We also define h(gy) = (..., 00,00,00,...). Hence
hoP = o oh wherever defined. By Lemma 5.6 and the reasoning just after it, we see

that h(A) = X.

The subset ¥ C ¥ of sequences whose entries are positive integers, that is Iy = —oo and
ro = 00, corresponds to an invariant subset A C A, all whose iterates of P (positive and
negative) are defined. Our estimates below show that A is in one-to-one correspondence
with 3.

Now we study the hyperbolic structure of the invariant set A. To do that, we first
compute the derivati\ie of P=gGo l?f}ct_l in coordinates (¢,7). Since the lift ! representing
1%, has the form I(t,r) = (t + g(r) — h(r)Inr,r),V(t,7), for suitable real-analytic
functions g(r) and h(r) defined near r = 0, with h(0) > 0, we find

di(t,r) = (é g'(r) - h’l(r) - @> , V().

Observe that the dominating term in di(t,r) is L(r) := ¢'(r) — h'(r) — h(r)/r — —oc as
r — 0. A lift of G is represented by ¥ = #(t,r). We may assume that ¢ = (0,0) and
do = G '(qo) = (0,0). Due to the transversality of the homoclinic trajectory, we may
also assume that

dib(t,r) = (g(”) B(t”")> o (‘éz gz) — dp(0,0) as (t7) — (0,0),

where AgDy — BoCy = 1 and C < 0. Notice that (Ao, Cy)T = di[)(O, 0)-(1,0)T is tangent
to Vo at (0,0). Hence, dP = dG - dl;f”‘kffl is represented by

whose eigenvalues are Ay = & + ‘/”22—_4, where tr := A(t,r) + D(t,r) + C(t,r)L(r) —
+o0o as r — 0. Hence A — +oo and A_ — 07 as r — 0. The respective eigenspaces
E4(t,r) and E_(t,r) converge to B := R(Ag, Cp)T and E_ :=R(1,0)T asr — 0. Notice
that F, is tangent to Vo, and E_ is tangent to H at go = (0,0). In coordinates (u, v),
see (5.8), E4 and E_ converge to R(0,1)T and R(1,0)7, respectively, as (u,v) — (0,0).
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Fixing 0 < p < % and taking )¢ sufficiently small, we conclude that the cones

C(u,v) = {|5v| < lu’|5u|} and N(u,w) = {|6u| < N|6v|}7 with 5u5iu + 61}% € T(u,v)QO = R27
SatiSfy dp - N(u,w) - NP (u,v)s dp_l . C(u,v) - CP—l(u,v)’

|dP : 77| > lu‘_l|77|a V77 € N(u,wv) and |dp_1 : C| > tu‘_1|<|a VC € C(u,v)‘

As proved in [27, chapter III], the mapping h: A — ¥ is a conjugation between P
and o. In particular, the topological entropy of P is positive. The trajectories through A
form an invariant subset A; C U;, where the Reeb flow has positive topological entropy.
This completes the proof of Theorem 1.8-(ii).
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