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ABSTRACT OF THE DISSERTATION

Constructive recognition of finite classical groups
with stingray elements

Daniel Rademacher

In 1988 Joachim Neubiiser posed a matrix group related question in Oberwolfach which was
answered by Peter Neumann and Cheryl E. Praeger in 1992. This initiated an international research
effort, the matrix group recognition project, within the area of computational group theory with the

aim of answering fundamental questions about arbitrary matrix groups over finite fields.

One possible method is a data structure called composition tree. In this approach, computations of a
large matrix group are decomposed into computations for smaller matrix groups until this process
cannot be repeated anymore. The remaining leaf groups are the finite (quasi-)simple groups, which

include the classical groups.

Therefore, efficient algorithms to deal with classical groups are essential for the overall performance
of the composition tree. One elementary aim is to develop an efficient algorithm for the constructive

recognition of these groups.

This thesis presents a novel algorithm for constructively recognising classical groups within their
natural representations, building upon preliminary concepts from Akos Seress and Max Neunhofter

for special linear groups.

The algorithm consists of three subalgorithms:



1) GoingDown algorithm: Recursively descends from the input group G to a subgroup U
isomorphic to a “base case group” using stingray duos and reaching such a group in significantly

fewer steps than traditional methods.

2) BaseCask algorithm: Utilises an efficient method for constructively recognising the base case

group U forming a starting point for the computation of standard generators of G.

3) GoingUr Algorithm: Extends standard generators from the subgroup U to the original

roup G, employing an original approach to compute generators for intermediate subgroups.
group G, employing g pPp pute g group

This research contributes to the broader goal of enhancing computational methods for matrix group
recognition, with a particular focus on classical groups. It presents efficient algorithms that improve

the performance of the composition tree method.
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Chapter 1

Introduction

“The essence of math is not to make simple things complicated, but to make complicated things
simple’f] a principle mirrored in algorithms since they serve as the computational backbone of
mathematics, translating abstract concepts into precise, step-by-step instructions for problem-solving.
Fundamentally, algorithms encode the instructions of how we think mathematically, expressing the

art of simplifying complex mathematical processes into manageable computational steps.

Algorithmic group theory is the intersection of abstract algebra and computational mathematics,
aiming to develop tools for studying the properties, structures, and representations of groups. The
roots of group theory can be traced back to the late 18th and early 19th centuries when famous
mathematicians such as Carl Friedrich Gauss, Evariste Galois and Augustin-Louis Cauchy established
foundational work. They introduced formal notations for abstract algebra which is the starting

point of more formalised studies.

During the progression of group theory, the study and classification of finite groups, in particular
finite simple groups, gained prominence as finite simple groups are the building blocks of finite
groups. In the mid-20th century, fundamental work by mathematicians such as Camille Jordan,
Emile Mathieu, Wilhelm Killing and many others advanced the subject. However, as more and more
complex groups had to be investigated, the need for computer assisted approaches instead of pen and

paper-based calculations increased.

IStanley P. Gudder
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In the 20th century significant advancements in computational mathematics, such as Schreier-Sims
and Johnson’s algorithms, were the starting point for computational group theory as a distinct field.
Nowadays mathematicians and computer scientists are developing algorithms and techniques to
study groups and their properties and representations on the computer. The use of computations

instead of theoretical proofs marked a central moment in the history of algorithmic group theory.

Classifying finite simple groups through their matrix representations proved to be an enormous
effort. The aim of classifying finite simple groups profited from algorithmic group theory in two
ways. Firstly, computational tools were developed to prove the existence of theoretical groups, such
as those developed by Charles Sims [[87]]. Secondly, by providing computational tools that facilitate
the exploration of simple groups. Many mathematicians played crucial roles as they developed

important algorithms and computational tools for recognising and analysing groups [48]].

Accomplishments in computational group theory and the improvement of computational power,
contributed to the eventual completion of the classification of finite simple groups (CFSG) in
1980s. The CFSG marks a tremendous achievement in mathematics, yielding beneficial impacts on
algorithmic group theory. The proof of the CFSG is highly complex as many results are distributed
across hundreds of journal articles and books which additionally rely on deep mathematical insights.
Gorenstein, Lyons, Solomon and others are currently working on a series of books on the proof of
the CFSG [44]. Nowadays, computational tools continue to play a vital role for exploring properties

and representations of these groups.

One exceptional achievement in algorithmic group theory is the work “Atlas of Finite Group” in
1985 [29] containing detailed information on various finite simple groups, their properties, and
matrix representations. The Atlas is a significant source of information for researchers, offering
crucial data for further investigations. This project started as a collaborative effort by John Conway,
Robert Curtis, Simon Norton, Richard Parker and Robert Wilson and has involved contributions by
many others since then. Advancements from this project have also lead to the creation of a modular

Atlas [54].

As algorithmic group theory advanced with crucial results such as the CFSG and the Atlas, along

with the development of efficient algorithms for handling permutation groups [|85]] and polycyclic



groups [86] in the mid-1980s, algorithms specifically designed for matrix groups were missing.

Joachim Neubiiser (1932-2021) was a professor at RWTH Aachen University and the founder
of the computational algebra system GAP [37]] in 1986. The first algorithms implemented in GAP
included algorithms for permutation groups, finitely-presented groups, polycyclic groups, as well as
algorithms for character tables of finite groups. However, working with matrix groups was only
possible for very small groups as even algorithms for fundamental tasks, such as computing the order
of a matrix, were exponential in the degree of the matrix group. At the time, algorithms for finite
matrix groups, i.e. subgroups of the general linear group GL(d, g) over the finite field F , relied on
algorithms for permutation groups by letting the matrix group act on the 1-dimensional subspaces
of IFZ. Clearly, even small dimensional matrix groups thus yielded permutation groups of large

degree, as the number of 1-dimensional subspaces of a d-dimensional space is

As working even with small dimensional matrix groups seemed out of reach, Joachmin Neubiiser
posed the following question at a meeting on computer algebra in Oberwolfach in 1988. Let G be a
subgroup of the general linear group GL(d, q) over the finite field F, . Is there an efficient algorithm
to decide whether the special linear group, SL(d, q), is contained in G, i.e. SL(d,q) < G? In 1992
this question was answered by Neumann and Praeger [|69]. Their algorithm was randomised and
required 0(d) matrix multiplications. The novel and randomised approach of Neumann and Praeger

sparked the interest in designing efficient randomised algorithms for working in matrix groups.

Let X == {a,,...,a4,} C GL(d,q) and let G = (X) < GL(d,q). We would like to have eflicient
algorithms to answer fundamental problems about G including:
¢ Determine the order of G.

* Given g € GL(d,q), decide whether g € G. This problem is henceforth referred to as the

membership problem.

* If g € G, then write g as a word in X. This problem is henceforth referred to as the word

problem.

¢ Determine representatives of the conjugacy classes of the maximal subgroups of G.
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* Given subgroups H,K < G, compute generators for the group H NK.

® Determine a generating set for the automorphism group of G.

These problems led to an international research effort in the area of computational group theory,
namely the matrix group recognition project [5]]. The aim of the matrix group recognition project
is to acquire information about a matrix group. Since Neumann and Praeger’s algorithm [[69],
many algorithms as well as GAP and Magma code has been published, see [76] for an overview. A first
theoretical solution to solve the problems given above, the black-box group approach, was presented
by Babai and Beals [9, |10] which aims to determine the abstract group-theoretic structure of a
group. Another solution, the geometric approach, investigates the action of a group on its underlying
vector space. In particular, the goal of the geometric approach is to construct a data structure,
called composition tree for G, that facilitates computations with G. From this data structure one can
immediately determine the order of G or answer more difficult questions about G. This PhD thesis

forms part in the geometric approach of the matrix group recognition project.

Many mathematicians collaborated within the matrix group recognition project and one highlight

of the geometric approach is the following theorem from 2019.

Theorem 1.1: Holt, Leedham-Green and O’Brien, 2019 [47]
Subject to the existence of a discrete logarithm oracle and an integer factorisation oracle, there is a
polynomial-time Las Vegas algorithm in g and d that takes as input G = (X') < GL(d, ¢) and returns

as output a composition tree for G.

Section [I.1|provides an overview of the matrix group recognition project in which the topic of this
thesis is located. Various concepts are described, including randomised algorithms, composition
trees, black-box groups, and naming algorithms, along with their basic features. The results of
this thesis contribute to constructive recognition of classical groups explained in Section In
Section |1.2| we motivate the objective and in Section [1.3| we illustrate a top-down description of
the algorithms for constructive recognition and state the main results. Section [1.4] describes the

structure of this thesis.
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1.1 Background and literature

Before we embark on discussing the composition tree data structure in detail and important partial
results leading to Theorem (1.1} we start by introducing some basic concepts and fixing notations.
Note that many people have contributed to the matrix group recognition project. However, we only
cite and refer to results which are relevant to this thesis and the treatment presented is based on [76]].

This section is not an overview of the matrix group recognition project and instead we refer to [76]].

1.1.1 Randomised algorithms

The order of the linear group GL(d, q) is exponential in d, that is | GL(d, g )| € 0(¢*"), which makes
it tricky to deal with these groups in practice. Hence, most of the algorithms for linear groups are
randomised, 1.e. the algorithms use uniformly distributed and independent random elements. Since
groups are given by generating sets, which in practice are often very small, we require algorithms to
produce these uniformly distributed and independent elements of a group as words in the generators.
Algorithms to compute random elements are discussed further in Section We follow the

treatment of Seress [|85, Section 1.3].

Definition 1.2: [85, p. 13]
Given a set of inputs X and a set of outputs Y, a computational task is a relation RC X x Y. If

R(x,y) holds for a pair (x,y) € X x Y, then y is the correct output for input x.

Definition 1.3: [85, p. 13]
Let X be aset of inputs and Y a set of outputs. Let R be a computational task as in Definition[1.2] A
deterministic algorithm defines a function f: X — Y and is correct if R(x, f(x)) holds for all x € X.
A randomised algorithm is a function f: X x § — Y for a set § of random seeds. A randomised
algorithm uses a string r € § of random bits (“coin flippings”) and returns the output f(x, 7). The
output may not be correct for every sequence » € § and f(x, r,) may differ from f(x, ,) for different

random strings 7,7, € S.

We distinguish between two types of randomised algorithms, Monte Carlo algorithms and Las Vegas

algorithms, which play an important role in this thesis.
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Definition 1.4: Monte Carlo algorithm [85, p. 13]
Let (2,%, P) be a probability space and let R C X X Y be a computational task. For ¢ € (0, %) we
call a randomised algorithm f: X x Q — Y a Monte Carlo algorithm, if for all inputs x € X,
P, o(R(x,f(x,7)) holds) > 1—e.
The probability of an incorrect answer can be bounded from above by e.
Moreover, for decision problems a Monte Carlo algorithm is one-sided if at least one return value is

guaranteed to be correct.

A particular type of Monte Carlo algorithms, the Las Vegas algorithms was introduced by Babai in
1997.

Definition 1.5: Las Vegas algorithm [85, p. 13]
A Las Vegas algorithm is a Monte Carlo algorithm whose output is either correct (with the prescribed
probability at least 1—¢) or the algorithm reports failure. Here, ¢ may be any given constant less
than 1, since the probability of an (always correct) output can be increased to at least 1 — €’ by

running the algorithm ¢ times.

The algorithms of this thesis are one-sided Monte Carlo algorithms. For more information about

randomised algorithms see [[8] and [85].

1.1.2 Oracles

The running time of algorithms to solve computational problems is usually expressed as a function
¢ in the input size and reflects the complexity of an algorithm. 1f the function ¢ can be bounded by a
polynomial expression, then an algorithm is a polynomial time algorithm. We discuss complexity of

algorithms in more detail in Section [2.5]

Some computational problems are assumed to be difficult to solve. Two of these problems are integer

Jactorisation and the discrete logarithm.
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Definition 1.6
1) Suppose 7z € N is not a prime. The computational problem to find 2,4 € N with n =a- b and
a,b # 1 is the integer factorisation problem.
2) Let q be a prime power, let IF, be a finite field with g elements and let € F, be a primitive
root, i.e. w generates the multiplicative group F;. Given 2 € F, the computational problem

to find k € N with w* = 1 is the discrete logarithm problem.

A famous unanswered questions in computer science is “P versus NP” where P describes the class of
problems which can be solved in polynomial time and NP describes the class of problems for which
answers can be verified in polynomial time. The question “P versus NP” asks whether the class NP
of problems whose answers can be verified in polynomial time equals the class P of problems which
can be solved in polynomial time. The question whether P = NP is listed as a Millennium problem
and a solution is rewarded with 1,000,000 US dollars. NP-hard problems are at least as difficult as
the hardest problems in NP. At this point, NP-hard problems are considered to be difficult, which
means that they cannot be solved in reasonable time if the parameters of an NP-hard problem are
large enough. Even though it is an open problem whether the two problems described in Definition
are NP-hard, they are widely used in cryptography, e.g. in ciphers such as RSA and ElGamal,
as factorisation and computation of discrete logarithms becomes computationally infeasible for
growing 7 and ¢ using the state-of-the-art algorithms. Therefore, we introduce the concept of an

oracle.
Definition 1.7

An oracle is a machine capable of producing solutions for instances of a specific computational

problem in a single operation.

Definition 1.8
1) An integer factorisation oracle is an oracle which, given n € N such that 7 is not a prime,
produces a,b € Nsuch that  =a-b and a,b # 1.
2) Let g be a prime power, let F, be a finite field of size g and let w € F, be a primitive root.

Given 1 € F; a discrete logarithm oracle is an oracle which produces & € N with wk=1.

Even though these oracles are not directly required in the algorithms of this thesis, the discrete
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logarithm oracle and factorisation oracle are currently needed for constructive recognition of SL(2, g).
Constructive recognition is later described in Section and a solution for constructive recognition

of SL(2,q) is discussed in more detail in Section

1.1.3 Composition trees

Results about computational group theory are given in e.g. [48] and results on computing with
matrix groups and their complexity can be found in e.g. [[12,56]. In the introduction of this chapter
we suggested that composition trees can be used to facilitate computations with matrix groups. In
this section we define composition trees and provide a rough description how this data structure can

be computed. For more information about the composition tree see |61} [72]].

Definition 1.9
Let G be a group.
1) A subgroup N < G is a normal subgroup if n® .= g7'nge NforallneN,ge G. If Nisa
normal subgroup of G, then this is denoted by N < G.
2) If G is not the trivial group {1} and if {1} and G are the only normal subgroups of G, then G
is a simple group.
3) If the quotient group of G by its center Z(G):={z € G| zg = gz for all g € G} is a simple

group, then G is a quasi-simple group.

Definition 1.10: [76} Section 11]
Let G be a group. A composition tree of G is a labelled and strict binary tree, where the nodes are
tuples of groups and homomorphisms with the following properties:
1) (G, @) is the root node.
2) If anode (K, @) is a leaf node, then K is either simple or quasi-simple and ¢, =1d.
3) If anode (K, ¢g) is not a leaf node, then the group of the left child corresponds to a proper
normal subgroup Kernel(¢, ) =: N <K and the group of the right child is ¢ (K) isomorphic
to K/N.
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Remark 1.11

Given a group K, which corresponds to a node in the composition tree, and a group U, any
homomorphism ¢: K — U with non-trivial kernel, i.e. Kernel(¢) ¢ {{1}, K}, yields a left and right
child as N :=Kernel(¢) <K with N #K and H :=im(p) = K /Kernel(p) # K.

Composition trees are data structures which can be computed in polynomial time using specific
oracles for any matrix group G < GL(d,q) as stated in Theorem Most of the algorithms
for computing this data structure are randomised and an overview article by Eamonn O’Brien

summarises many algorithms involved in more detail [76]].

G G
/ " \
N, =ker(¢;) H, =im(¢,)
(a) Root node G (b) “Splitting” G into two groups of smaller size
; ;
N, =ker(¢,) H1:;m(¢1) N, =ker(¢,) H1:;m(¢1)
N, =ker(¢,) H, =im(¢,) N, =ker(¢,) H, =1im(¢,)

(c) Complete composition tree of G (d) Leaf nodes are (quasi-)simple groups

Figure 1.1: Sequence of a computation of a composition tree

Figure [1.1] illustrates the computation of a composition tree for a group G. In Figure we
initialise a binary tree with root node G. Then we compute H < GL(d’,¢’) and ¢,: G — H with
non-trivial kernel, i.e. ker(¢,) # G and ker(¢,) # {15}. Usually we require that computing images
and preimages of a homomorphism ¢, is efficient, that is, we can compute generating sets for
im(¢,) = H, and ker(¢,) = N,. Moreover, 1 < |N,|,|H,| < |G| since ¢, has a non-trivial kernel.
The “splitting” of G is displayed in Figure We can repeat the same process for the groups N,
and H,. If it is not possible to compute a homomorphism with a non-trivial, proper kernel for a
group, then this node becomes a leaf group. Figure illustrates how the full composition tree
of a group G might look like. In Figure [1.1d|the leaf groups are highlighted. These are groups for

which every homomorphism has a trivial kernel, i.e. simple groups. In many practical applications
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the algorithm also accepts quasi-simple groups as leaf groups.

An important tool in determining the composition tree for a matrix group G is Aschbacher’s
Theorem [2] which defines nine families of subgroups of the general linear group G such that every
maximal subgroup of G lies in one of these classes and gives structural information about each
family. That means G is either a classical group or else lies in one of these families. In order to
find a composition tree for a matrix group G < GL(d, g), this theorem is employed to compute a
homomorphism with non-trivial kernel from G using structural information of the Aschbacher

families.

The problem of determining information about G is then reduced to determining information about
the two child groups in the composition tree. This process can be repeated with the two new groups
and terminates with the leaf node groups, i.e. usually groups closely related to the finite simple
groups. Hence, the efficiency of the composition tree algorithm relies heavily on the efficiency of
the algorithms for the leaf groups.

Remark 1.12
Given a composition tree for a group (X) = G < GL(d, q) we can solve the word problem for G.

More precisely, let H < GL(d’,q’), ¢: G — H with non-trivial kernel, N, = ker(¢) and H, = im(¢).
By induction suppose we can solve the word problem efficiently for N, and H,. Suppose we want to
write g € G as a word in X . Since we can solve the word problem in H, we can write ¢(g) € H,
as a word in ¢(X). Evaluating this word in X outputs § € G with &(§) = ¢(g). If § = g, then
we are finished. Otherwise ¢(g§~"') = 1;; and, hence, g§~' € ker(¢). Since we can solve the word
problem in N, we can write gg~! as a word in a generating set for N,. But now we can write gg~!

and ¢ as a word in X and, therefore, also g.

1.1.4 Classification of finite simple groups

Algorithms to handle the leaf groups in a composition tree rely on the classification of the finite
simple groups (CFSG). This classification, concluded in 2004 through the research on quasithin

groups by Aschbacher and Smith [3, 4], states that a finite simple group is one of the following:

1) a cyclic group of prime order,
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2) a finite alternating group of degree at least 5,

3) a finite simple group of Lie type, which includes the classical groups, or

4) one of 26 sporadic simple groups.

While efficient algorithms exist to solve the questions posed in Chapter [1] for finite (quasi-)simple
groups in their natural representations, it is not easy to transfer these results to the leaves of a
composition tree, since a leaf group can arise in a wide variety of different representations. Hence
we need efficient algorithms to answer the following fundamental problems.
Remark 1.13
1) Given a finite simple group, to which finite simple group in the list of all finite simple groups,
is it isomorphic? An algorithm, which takes as input a group G and an isomorphism type of
finite simple groups and returns true if G is isomorphic to a group of this type, is known as a
naming algorithm.
2) Suppose it is known that a group G is isomorphic to a finite simple group 7'. Determine an
explicit isomorphism from G to T, thereby transferring various tasks to the natural repre-

sentations e.g. the membership and word problem. This is known as constructive recognition.

1.1.5 Representations

Section [2.4] deals with the basics of representation theory and for now we only state one definition

of this section.
Definition 1.14: [68, Definition 1.1.1]

A linear representation of a group G on a vector space V' over a field F is a group homomorphism

X:G—GL(V),
Y* =g* g forall g, g, € G. A matrix representation of G of degree d is a homomorphism

X:G—GL(d,q).

Le. (8,8

Groups can be given in a variety of irreducible representations, e.g. special linear groups as in the

next example.
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Example 1.15

Let G :=SL(4,5) be the special linear group of 4 x 4 matrices over F.. A generating set of G is given

by the Steinberg generators [|88, Theorem 3.14], i.e.

2000 400 1
G_<d__o3ooﬂ_4ooo>
={4=l0010)%2=(0400]))

000 1 0040

Therefore, we have matrix representation of G of degree 4 which is in fact irreducible. In Section
we define this representation as the natural representation. We consider a second group given by a

generating set which is

H:<c1 =

Then H = SL(4,5) = G and there exists an isomorphism & : G — H which is a matrix representation

,Cy =

> < GL(6,5).

[oNoNoNoNoN
OO0OO0OONO
OO0OO0OWwWoOOo
OONOOO
OWOOOOoO
— OO0OO0OO0O0o
OO0+~ O
O~ 00O
— OO0OO0O0O0O
OO0OO0OO0OO0O
[eNoNeoNeol Vel
OO~ OO0OO

of G of degree 6. This irreducible representation of SL(4,5) given by & is the exterior square

representation.

In Example we have seen that a group can be given by different irreducible representations.
Leaf groups of the composition tree can arise in any irreducible representation of an (almost) simple
group, i.e. if one leaf group of a composition tree is isomorphic to SL(4,g), then the leaf group can,
for example, be given as G or H of Example Therefore, it is important to be able to handle

each of these irreducible representations.

1.1.6 Black-box groups and black-box algorithms

It is well-known that groups can be given in a wide variety of different representations. In order to
design algorithms which are applicable to all representations of a specific group, Babai and Szemerédi
[[12] introduced the concept of black-box groups. In this thesis we use the definition of black-box

groups given by Seress in [85].
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Definition 1.16: [85, Chapter 2]

A black-box group G is a group whose elements are encoded as strings of length at most N over an
alphabet Q, for some positive integer N and finite set Q. We do not require that group elements
have a unique representation as a string and not all strings need to correspond to group elements.
Group operations are performed by an oracle (the black box). Given strings representing g,h € G,
we can

1) compute a string representing gh,

2) compute a string representing g~ and

3) decide whether g = 1.

We do not know anything about the elements of black-box groups and cannot make any assumptions
as we have to use oracles for basic group operations. For example computing the order of an element
g € G of a black-box group can only be computed by seeking the smallest £ € N for which g = 1.
In contrast, provided a factorisation oracle, computing the order of a matrix is quite efficient using
the pseudo-order algorithm by Celler and Leedham-Green [24]]. Nevertheless, algorithms which
can deal with black-box groups are very useful as they are applicable to every representation of a
group even though this comes often at the price of a worse complexity as it is not possible to exploit

properties of a specific representation.

Definition 1.17: [85, Chapter 2]
A Dblack-box group algorithm is an algorithm that does not use specific features of the group repre-

sentation or particulars of how the group operations are performed. It can use only the operations

described in Definition

Black-box algorithms are studied in more detail by Seress [|85]].

1.1.7 Naming algorithms

In Section we introduced the data structure composition tree and noted in Remark the

following two problems for leaf groups:

1) To which finite simple group is a leaf group isomorphic? This is known as naming.
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2) Determine an explicit isomorphism of a leaf group onto its natural representation, thereby
transferring e.g. the membership and word problems to the natural representations. This is

known as constructive recognition.

In general, naming algorithms have better run-times than constructive recognition algorithms. There-
fore, we first apply naming algorithms to leaf groups to obtain the name of the leaf group as in the
classification of finite simple groups, see Section|[1.1.4 Afterwards, we call a constructive recognition
algorithm which is specifically designed to handle leaf groups of that name, see Section In this

section we deal with naming algorithms which are defined as follows.

Definition 1.18: Naming algorithm
Let G < GL(d,q) and H a simple group. An algorithm is a naming algorithm for H if it answers for

an input group G the question if G = H.

After a question posed by Neubiiser, a first algorithm to decide whether a subgroup of GL(d,¢q)
contains SL(d, q) was presented by Neumann and Praeger [69]]. Note that this algorithm can be
regarded as a naming algorithm since if G < GL(d, gq) with SL(d,q) < G and the generators of G
have determinant 1, then G =SL(d,q). In 1998, Niemeyer and Praeger [74] developed algorithms
to answer corresponding questions for the remaining classical groups in their natural representation.
Many naming algorithms of the composition tree are randomised and one-sided Monte Carlo

algorithms.

In Section we noted that leaf groups can be given in a variety of representations and, therefore,
introduced the concept of black-box groups in Section The concept of black-box groups was

used by Babai et al. [[11]] to present an important black-box algorithm for naming.

Theorem 1.19: Black-box naming [11]
Given a black-box group isomorphic to a simple group of Lie type of known characteristic, then the

standard name can be computed using a polynomial-time Monte Carlo algorithm.

Note that Theorem requires that the characteristic is known. Liebeck and O’Brien [63]]

developed an algorithm to determine the characteristic of a black-box group.
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1.1.8 Constructive recognition

In this section we assume that a leaf group G of the composition tree is given and the name of G
is known, see Section In this section we deal with 2) of Remark which is constructive

recognition and defined as follows.

Definition 1.20: [76, Section 3]
A constructive recognition algorithm takes as input a generating set X of a group G. We assume G
is known to be an irreducible representation and isomorphic to a “golden copy” H of a target group,
usually a simple or quasi-simple group, using naming algorithms, see Section The “golden
copy” H is a specific irreducible representation. The aim of constructive recognition is to compute
an epimorphism

p:G—H

which allows efficient computations of images and preimages under ¢.

The problem of constructive recognition has to be solved for all possible leaf groups and, therefore,
for all groups in the classification of finite simple groups, see Section[1.1.4} A constructive recognition
algorithm for alternating groups as black-box groups is given by Beals et al. in [[14]] and a constructive
recognition algorithm for alternating groups in unknown degree by Leuner et al. in [53]]. In [93]]
Wilson introduces standard generators for sporadic groups. Wilson and others solve the constructive
membership problem for the Monster group given as a black-box group in [92] and for each
sporadic group O’Brien and Wilson provide a black-box constructive-membership algorithm in [46].

Constructive recognition for exceptional groups has been solved by Liebeck and O’Brien [64].

In this thesis we consider the important family of classical groups which plays a crucial role within
the classification of finite simple groups. The first constructive recognition algorithm for SL(d, q)
in its natural representation was published by Celler and Leedham-Green [23]] in 1988 and has
complexity 0(d*q). In 2001 Kantor and Seress [55]] published a black-box constructive recognition
algorithm for classical groups, though that algorithm is more theoretical than practical. In [[19]
Brooksbank gives another constructive recognition algorithm for classical groups in their natural
representation having complexity @(d”log*(¢)). This algorithm uses an SL(2, g) oracle. Leedham-

Green and O’Brien [59]] introduced a randomised constructive recognition algorithm for classical
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groups in odd characteristic in 2009 and Dietrich, Leedham-Green, Liibeck and O’Brien (DLLO)
[32] for even characteristic in 2013. Their algorithms were also adapted to classical groups given as
black-box groups in [33]]. The DLLO algorithm is currently used in application for the composition
tree in Magma [/16]].
Remark 1.21

Note that constructive recognition is extremely helpful and important for transferring information
from “golden copies” into non-natural irreducible representations. For example the computation of
maximal subgroups of simple groups is extremely challenging. Computing all maximal subgroups
of the monster group in a “golden copy” was only finished with the work of Dietrich, Lee and
Popiel [31] in 2023. Using constructive recognition the maximal subgroups of a non-“golden
copy” irreducible representation of a simple group can be computed by setting up an isomorphism
between a “golden copy” and a given irreducible representation of a simple group. We then write
the generators of the maximal subgroup as words in the “golden copy” and evaluate these words
in the given irreducible representation. The same procedure can be used for computing conjugacy

classes.

1.1.9 MSLP

In the introduction of this chapter we presented the word problem which, given G = (X) and g € G,
asks to write g as a word in X. An important tool for this problem are straight line programs (SLP)
which can be used to encode a word in X and additionally to write words as products of precomputed
subwords resulting in an expression which is less computationally intensive to evaluate. Babai and
Szemeredi [[12]] prove that every element of G can be encoded in an SLP for any generating set X of
G of length at most @(log’(|G|)). An extended version of SLPs are memory straight line programs

(MSLP) which are described in Section

1.1.10 Rewriting procedures

In Section we described the problem of constructive recognition for a group G in Definition
Let G be isomorphic to the “golden copy” H. The problem of computing an efficient isomorphism

@: G — H is often solved based on the following three steps:
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1) Specify a computationally useful set § C H of generators, called standard generators.
2) Express §':= ¢'(§) C G as words in X (without the knowledge of ¢).

3) Set up an isomorphism ¢: G — H by mapping §' to §.

After these three steps, we have only constructed a partial isomorphism from G to H which is
given by the images and preimages of the standard generators § and §’. To finalise this map, efficient

algorithms for the following two tasks are required:

a) Given h € H, write h asa word in S.

b) Given g € G, write g asa word in §'.

Thus we have to solve the word problem both in G and in H. In Section we introduced
SLPs and MSLPs to encode words in generating sets. Given h € H, we write b as a word in §, i.e.
h=hbh,...h, with h; € SUS™!, and encode this word in an SLP &. If we evaluate & in S this

outputs . Moreover,

o (h)=¢ " (hyhy.. b)) =7 (b))~ (hy) ... 07 (hy)

and ¢~ !(h;) € S’U(8)"!. This means by knowing the preimage S’ of S and having an efficient
algorithm for writing / as a word in S, we can compute ¢~'(5) by evaluating the same SLP & in §'.

Analogously, for g € G we can compute ¢(g) by writing g as a word in §.

The word problem for classical groups in their natural representation, i.e. a), has been solved by
Elliot Costi [30] and by the author in his Bachelor’s and Master’s thesis [|83} 84]. The word problem

for classical groups given by b) has been solved by Csaba Schneider and a publication is in progress.

1.1.11 Presentations

Since many of the algorithms for the composition tree are randomised, it is important to have tools
to check whether results of randomised algorithms are correct. The verification process, 1.e. the
process of checking whether the output of a randomised algorithm is correct, for groups of the

composition tree is often done using presentations which can be defined as follows.
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Definition 1.22: [48]
1) Let G be a group and let R C G. Then (R); = (78| r €R, g € G) is the normal subgroup of
G generated by R.
2) Let X be a set, F a free group over X and R C F. Then let

G=(X|R)=F/(R),.

Then we say G is generated by X subject to the defining relations R. More generally, an
arbitrary group G is called finitely presented if there are finite sets X and R C F such that

G = (X | R). In that case {X | R} is a finite presentation for G.

Example 1.23

The cyclic group C, of order 7 can be finitely represented as C, = (a | a”). Suppose two groups
G,=1((1,2,3)) and G, = ((1,2)) are given and we want to use the presentation to check whether one
of the given groups is isomorphic to a cyclic group of order 3 and given by a cyclic generator. The
presentation (a | 2”) indicates that we require a generating set of size 1 as C; is only described by
a. This is the case for G, and G, as G, is generated by (1,2,3) and G, is generated by (1,2). The
second task is to verify the relations given by the presentation which is 4’ = 1 for the presentation
of C,. For G, we identify a with (1,2,3) and compute 1 = a® = (1,2,3)’ = () and, therefore, we
know that there exists a unique epimorphism from C; to G, i.e. G, is isomorphic to a quotient of
C;. Moreover, G, is isomorphic to C; since G, and C; have size 3 and G, is generated by one cyclic
generator. For G, we identify a4 with (1,2) and compute 1 =4’ =(1,2)’ =(1,2) and, therefore, we

know that G, is not a cyclic group of order 3 or that (1,2) is not a cyclic generator of G,.

Now, if (X | R) is simple, then verifying presentations is enough to prove that groups are isomorphic
as Kernel(¢) = (1) for any non-trivial epimorphism ¢. Therefore, we can use a presentation
G = (X | R) of a simple group to verify that a group H is isomorphic to G and that H is given with

a specific generating set which satisfies the relations R.

In order to verify presentations of the leaf groups, we are not interested in any presentation but rather
short presentations. Short means that the length of the presentation is in @(log”(|G|)). Presentations

for leaf groups are given by Babai et al. [6]], Hulpke and Seress [50] and Suzuki [[90] which can be
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summarised in the next theorem.

Theorem 1.24: [76, Theorem 10.3]

For every finite simple group except G,(g) there is a known short presentation.

Another important result for presentations of permutation groups is given Conder, Leedham-Green

and O’Brien in [[17]].

1.2 Motivation

The availability of efficient constructive recognition algorithms for the leaf groups of the composition
tree has an enormous impact on the complexity of computations involving composition trees. Since
classical groups appear frequently as leaf groups, constructive recognition of classical groups has a
huge impact on the performance of the composition tree. Let G be a classical group and let H be
the natural representation of G. As described in Section the aim of constructive recognition is

to compute an epimorphism
0:G—-H

which allows efficient computations of images and preimages under ¢. In this thesis we are dealing
with classical groups (X) = G = CL(d, q) in their natural representation and, hence, the problem
of constructive recognition reduces to the task of computing a base change matrix £ € GL(d, gq)

and writing a specific set S C G as words in X such that $ are standard generators of G¥ as in

Section [1.1.8l

The current state-of-the-art solution for randomised constructive recognition of classical groups
in their natural representation by Leedham-Green and O’Brien in odd characteristic [59] and by
Dietrich, Leedham-Green, Liibeck and O’Brien in even characteristic [32]] relies on centralisers of
involutions and it is difficult to analyse its complexity. Let { denote an upper bound on the number
of field operations for computing a random element and let X(g) denote an upper bound on the
number of field operations for solving the discrete logarithm. In [59] it is shown that the complexity

measured in field operations of their algorithm for constructive recognition of a classical group
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CL(d, q) for g odd is at least
0(d({ +d’log(d)+ d*log(d)log(log(d))log(q) + %(4)))
if CL(d,q) is not an orthogonal group of minus type and
0(d({ +d’log(d) +d*log(d)log(log(d)) log(q) + X(q)) + X(¢°))

if CL(d,q) is an orthogonal group of minus type. Based on new publications for special linear

groups [35]] and for unitary groups [41]] the complexity can be improved in these cases and is at least
O(log(d)(¢ +d’log(d) + d*log(d) log(log(d)) log(q)) + d X(q)).

In this thesis we consider a new approach for a randomised constructive recognition algorithm for
classical groups based on some preliminary ideas by Akos Seress and Max Neunhdéffer for the special
linear group. As the efficiency of the composition tree relies heavily on eflicient algorithms for leaf
groups and classical groups appear repeatedly, the goal is to design an algorithm for constructive
recognition of classical groups in their natural representation and prove that the complexity of the
algorithm is even better than the assumed complexity of the current state-of-the-art algorithms in

(32, [59].

1.3 Summary of the main results

Here, we describe the subalgorithms of the constructive algorithm of this thesis only for special linear
groups (X) = SL(d,q) and a detailed version for the other classical groups is given in Chapter
We start by specifying a computationally useful set S of generators for SL(d,q) in its natural
representation, called standard generators. Their careful choice ensures that the number of required

group operations during the algorithm is small. Subsequently, we express § as words in X.
The constructive recognition algorithm consists of different subalgorithms.

(1) GomngDown algorithm: The aim of this step is to find a subgroup U < G with U = SL(2,¢).

In order to do this, a chain of subgroups is constructed
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where d; < 4[log(d,_,)]. To descend from U, to U, the algorithm secks a random duo of
elements of U, having a large common 1-eigenspace (called stingray duos) and takes U, as the
group generated by the duo. To analyse such an algorithm, we must determine the probability
of finding a stingray duo and the probability that a stingray duo generates a group isomorphic

to SL(d; , ,,q). Significant results for these questions have already been published [39} 42, [75]].

i+15
Note that this GoingDown algorithm takes significantly fewer than log(d) steps to reach a

base case group.

(2) BaseCask algorithm: An efficient algorithm for constructive recognition of SL(2, ¢) is given by
Conder, Leedham-Green and O’Brien in [27] with outstanding performance. This algorithm

computes standard generators for a group isomorphic to SL(2,g).

(3) GoingUp algorithm: Once the standard generators for U = SL(2, q) have been found, they
must be extended to a standard generating set for the original group G. For this another basic
step is applied. Let H, < G with H, 2 SL(n,q) for n < d and assume that standard generators
of H, are known. The basic step computes standard generators of a subgroup H, < G with
H, = SL(min{2n —1,d},q). The algorithm we use for this step is original and has not been

published previously.

The standard generators of G are expressed as words in X by MSLPs throughout the algorithm.
Since some words in the standard generators are not evaluated directly during the constructive

recognition algorithms, it is important to perform a precise complexity analysis of the resulting

MSLPs and prove that their length is bounded by 0(d log(g)).

The main result of this thesis is given in the following theorem.

Theorem 1.25
Let (X) =G € {SL(d,q),Sp(d,q),SU(d, q),d,q)}, except Sp(d, q) for g and d even, be a classical
group in its natural representation and € € (0,1). There is a one-sided Monte Carlo algorithm which,
given input G = (X) and ¢, outputs with probability at least 1 —e an MSLP & and base change

matrix £ such that & evaluates from X< to the standard generators of G<.
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Theorem 1.26
Suppose Conjecture|10.33|1s true. The complexity of the algorithm stated in Theorem is

0(d log(d) + d* log(d) log(log(d)) log(q) + %m@( )4 3(2))

where { denotes an upper bound on the number of field operations required for computing a
random element, 2)(g) denotes an upper bound on the number of field operations for constructively
recognising a base case group as in Definition [3.2]and 3(g) denotes an upper bound on the required
number of field operations for the final step as in Remark 3.7} For a unitary or orthogonal group

the complexity of Algorithm STANDARDGENERATORS [Alg. 3]] as stated in Theorem is

0(d* log(d) + d*log(d) log(log(d)) log(q) + %mwwa )+ log(d)0(q))

where 2U(g) is an upper bound on the number of field operations for computing a square root.

All algorithms of this thesis have been implemented in GAP [[37]] and are available at [82].

1.4 OQutline of thesis

This thesis is structured as follows: In Chapter[2] we introduce many notations used for the remainder
of this thesis and summarise well-known preliminary results about classical groups, representation
theory, complexity theory and MSLPs. In the section about complexity we also restate some

important complexity results of algorithms used in this thesis.

In Chapter [3| we describe the fundamental ideas of the constructive recognition algorithm of this
thesis for all classical groups except Sp(d,¢q) for g and d even. The chapter is divided into four
sections where Section [3.1| deals with the GoingDown algorithm, Section [3.2] with the BAseCase
algorithm and Section [3.3| with the GoingUp algorithm as outlined in Section In Section
the GoingDown, BaseCast and GoingUP algorithm are combined into one single algorithm

STANDARDGENERATORS which is the constructive recognition algorithm of this thesis.

In Chapter 4] important elements for the GoingDownN algorithm are introduced. Moreover, we
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design algorithms for computing theses elements and summarise important results regarding their

proportion.

In Chapter [5|the constructive recognition algorithm is discussed in detail for special linear groups. In
this chapter we also state some small interesting variants of the presented algorithms. Moreover, using
a running example the functionality of the algorithms is illustrated. The constructive recognition
algorithm is discussed for symplectic groups in odd characteristic in Chapter|[6} for unitary groups in
Chapter [/|and for orthogonal groups in Chapter[8] We mostly focus on the differences between the

special linear group and the other classical groups in these chapters and do not restate every detail.

In Chapter[9an alternative GorngUp algorithm is presented for all classical groups in odd character-
istic. This GoingUPp algorithm is based on involutions and the output MSLPs are shorter than the
output MSLPs of the GoingUp algorithms presented in Chapter [5]to Chapter [8] Even though we
do not perform a full complexity analysis in this thesis, we suspect that the shorter MSLPs of the

GoingUp algorithm in Chapter[J] come at the price of a worse runtime complexity.

In Chapter [10] complexity results about the algorithms of this thesis are proven. We prove the
complexity of the GoingDown algorithm and discuss complexity results of the base case algorithms
from the literature. For the GomngUp algorithm we propose a conjecture based on practical results

and prove further complexity results based on this conjecture.

The algorithms of this thesis have been implemented by the author and are available at [82]. In
Chapter [11] we discuss details of this implementation and present run-time comparisons of the

constructive recognition of this thesis and the state-of-the-art algorithm [32} 59]].

Lastly, further interesting projects based on the results of this thesis are presented in Chapter
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CHAPTER 1. INTRODUCTION



Chapter 2

Preliminaries

This chapter introduces basic concepts and defines notation. The first section focuses on well-
known fundamentals of algebra, especially linear algebra. In the second section we define the
classical groups over finite fields with bilinear forms. For this we first treat bilinear forms and
their properties. The third section deals with particular elements in the classical groups, namely
transvections and Siegel transformations. They play a major role in the generation of classical groups,
solving the word problem and the algorithms of this thesis. The fourth section introduces basics of
representation theory which are used to define the natural representation of classical groups. The
last two sections focus less on mathematical concepts and rather on technical implementation. In
the fifth section concepts of complexity analysis, e.g. Landan symbols, are defined and well-known
important algorithms and their complexity results are summarised. The last section explains an
efficient approach to encode words in terms of generators. This method is used in this thesis and

results about properties, e.g. the length of words, are proven in Chapter [10]

All concepts discussed in this chapter are well-known and can be found in sources such as [[48, |52,

68, 91]]. The treatment presented here is based on these references.

2.1 Basics and notation

We start this section by introducing notations for well-known concepts.

25
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Definition 2.1
Let V be a d-dimensional F-vector space.
1) End(V):={¢|¢: V-V, ¢ is a vector space homomorphism},
2) GL(V):={¢ | ¢ € End(V) and bijective},
3) SL(V):={¢| ¢ € GL(V) and det(p) =1},
4) GL(d,q)={a€e IFZ *d | 4 is invertible},
5) SL(d,q):={a € IFZX”I | a s invertible and det(a) = 1}.

Remark 2.2
1) Notice that GL(d, q) is well-defined since all finite fields of order g = p/ are isomorphic.

2) GL(V)and SL(V) are groups with respect to the composition of maps. GL(d,q) and SL(d, q)
are groups with respect to matrix multiplication.

3) Note that in this thesis all groups act from the right which means that we use row vectors
v e Ff]l and thus have vg € ]FZ for g € GL(d, q). Representing elements of F;l as row vectors
and acting from the right aligns with the convention commonly used in software programs

e.g. Magma [/16]] and GAP [37]].

There is an important well-known connection between these groups.

Theorem 2.3

Let V be a d-dimensional F-vector space. Let 2 € V¥ be a basis of V. The map
End(V) — Fdxd, @ — %gal%

is an algebra isomorphism where # ¢ is the matrix representation of ¢ with respect to the basis 98.

Corollary 2.4
Let V be a d-dimensional F-vector space. Let B € V¥ be a basis of V. Then
GL(V)— GL(d,q), p = 7 ¢”

is an isomorphism.

We continue this section by fixing some basic notations for the remainder of this thesis.

® Groups are denoted by G, H, U where U is generally a subgroup of G or H. Correspondingly,
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we use g, b, u as group elements and in general g € G, h € H and # € U but occasionally also

g,h,ueqG.

* The set of all natural numbers is denoted by N = {1,2,3,...}, the set of all primes by &2 and

variables i, 7, k, r denote natural numbers.

® I (or F,) is a finite field of characteristic p € & and size g = p/ for f € N. We will frequently
assume char(F) # 2. We denote by F , the sub-field of size p and by (e, ..., ) abasis of F,
as an F -vector space. If F admits a unique automorphism of order 2, then it is denoted by
F-TF, A— 1. We use 2,7, A to denote elements of F. The algebraic closure of F is denoted
by F.

® Both V and W are finite dimensional F-vector spaces and often W < V. In general, V
denotes a d-dimensional vector space. A vector space homomorphism is denoted by ¢ and
go‘W is the restriction of ¢ on W < V. We use v,w,v,b,e € V to denote vectors, while
B =(b,,...,b;) denotes a basis of V and (e,...,e,) is the standard basis of ]Ff]l. A base change
matrix is denoted by £ € GL(d,q) and B = B’ for bases B and B’ of ]FZ . Moreover,
V*={0: V - F|§ is a homomorphism} is the dual space of V.

® By SX(d,q) we denote the special linear group SL(d, ), the symplectic group Sp(d, g), the
special unitary group SU(d, g) or the special orthogonal group SO(d, q). We use CL(d, q) for
a classical group, i.e. SL(d,q), Sp(d, q), SU(d, g) or the omega group U(d,q). In general, G =
CL(d,q) and U < G with U = CL(n,q) for n < d. The transpose of a € GL(d, g) is denoted
by 4™ and the identity matrix by I, € GL(d,q). Matrices are denoted by a,c € GL(d,q)
where ¢ is used as a conjugating element in many cases. Finite generating sets of a matrix group
G are usually denoted by X, Y, so (X) = G < GL(d,q). Let ; ; be the matrix which satisfies
in the basis 98 that (/; ;);; = 1 and all other entries of /; ; are equal to 0. For 7,5 € {1,...,d}
with i # j and A€F let E; (1) € GL(V) be the group element I, 4 I; .(4) with respect to the
basis 2. If a matrix group G is given with respect to a basis 9 and £ is a base change matrix,

then G¥ denotes G with respect to the basis B<.

® x denotes an indeterminate, P € F[x] a polynomial and y, the characteristic polynomial of

a € GL(d,q).

Typically, G is a subgroup of GL(d,q). In the following we assume that a finite generating set
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X C GL(d,q) of G is known, 1.e. G = (X), and that V = ]F‘qi. Clearly G acts on V by right

multiplication.

The following lemma is well-known as a dimension formula for subspaces of vector spaces.

Lemma 2.5
Let W,, W, be two subspaces of a finite-dimensional vector space V. Then

dim(W,) + dim(W,) = dim(W, + W) + dim(W, N W,).

Proof. [91, p. 13] O

Definition 2.6

Let G<GL(d,q)and V = Fg. For g € G let Fix(g) := {v € V | v&¢ = v} denote its fixed space and
for a subgroup U of G we write Fix(U) for the subspace of vectors which are fixed by all elements

of U ie. Fix(U)={veV|v*=vforall u € U}.

Definition 2.7
Let (b,,...,b,) be abasis of V and 1 <7 < d. Then we define
1) V. :=(b,b,,...,b,) and

2) Fd—n = <bn+1""’bd>'

2.2 Forms and classical groups

This section introduces basic definitions and notations that are important in all subsequent chapters.
The main objects we consider in this thesis are the finite classical groups which can be defined using
forms on vector spaces. The definitions and results of this chapter are well-known, for example in

[45] 91]], and the treatment presented here is based on these references.

2.2.1 Forms

First, we give some definitions that are needed later to define and describe the classical groups. For

the remainder of this chapter, F denotes a finite field.
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Definition 2.8
Let V' be an F-vector space.
1) Amap®: VxV —TF, (v,w)— ®(v,w) is a bilinear form on V if ® is linear in each compo-
nent, that is,
(1) (v +jvypw)=1-P(v;,w)+ ] - ¥(v,,w) forall 2,7 €F and v, v,,w € V and
(ii) ®(v, 1w+ jw,)=1-P(v,w,)+ ] -¥(v,w,) forall 1,7 €F and v, w,;, w, € V.
2) A map Q:V — F is a quadratic form if there is an associated bilinear form @, called the
polar form of Q, such that
(1) Q(Av)=AQ(v)forall A€ F,v €V and
(i11) @o(v,w)= Qv +w)—Q(v)—Q(w) forall v,w € V.

Remark 2.9

From now on, we refer to a bilinear form or a quadratic form only as a form.

We consider some connections between quadratic forms and the corresponding polar form.

Remark 2.10
Let Q be a quadratic form on an F-vector space V and @, the polar form of Q.

1) @, is uniquely determined by condition (i) of Definition 2.8 Moreover, @, is symmetric
since for all v,w € V we have
O (v, w) = Qv +w)—Q(v) = Q(w) = Q(w + 2) — Q(w) — Q(v) = Bp(w, v).
2) Let char(F) # 2 and let @ be a symmetric form on V. Define Q4: V — F, v — 27'®(v,v).
We verify that Q, is a quadratic form with polar form &.
() Qp(Av) = 27'8(Nv, Av) = X227'®(v,v) = X Qy(v) for all \€F, v € V.

(i7) Let v,w €V, then

Qp(v + w) — Qp(v) — Qp(w)
=21 ®(v+ w, v+ ©w)—P(v,v) —®(w,w))
=2"1(®(v,v) + (w, w) + 2®&(v, w) — ®(v,v) — &(w, w))

=27129(v,w) = (v, w).



30 CHAPTER 2. PRELIMINARIES

Hence, Q, defines a quadratic form.
Note that division by 2 occurs in the definition of Qg and, therefore, Q, is undefined in

characteristic 2. Hence, we cannot recover Q from @, this way in characteristic 2.

To define orthogonal groups in arbitrary characteristic one needs quadratic forms. But due to Remark
we can instead use bilinear forms in odd characteristic, which is what we do in Section [2.2.2

However, defining classical groups requires forms with additional properties.

Definition 2.11
Let V be an F-vector space equipped with a bilinear form @ or a quadratic form Q.

1) ® is non-singular or non-degenerate if for each v € V\{0} there is a w € V with ®(v,w) # 0.
Otherwise, it is degenerate.
Q is non-degenerate if the polar form of Q is non-degenerate. Otherwise, Q is degenerate.

2) ® is symmetric it ®(v, w)=P(w,v) forall v,w e V.

3) @ is skew-symmetric if ®(v,w) =—P(w,v) for all v,w € V.

4) @ is alternating if ®(v,v)=0forallv e V.

5) A non-singular and alternating bilinear form is symplectic.

6) Let IF be a field admitting a field automorphism ~— of order 2.
Amap®: VxV T, (v,w)— ®(v,w) is a Hermitian form on V with respect to ~ if

(1) (v + vy w)=1-P(v, w)+ ] - ®(v,,w) forall 2,7 €F and v,,v,,w € V and

(i) ®(v,w)=®(w,v)forall v, we V.
Analogous to 1) a Hermitian form ® is non-singular if for each v € V\{0} thereisaw e V
with ®(v,w) # 0. A non-singular and Hermitian form is a unitary form.

7) If char(F) # 2, then a non-singular and symmetric bilinear form is orthogonal.

Remark 2.12

1) An alternating form is skew-symmetric.
2) If char(IF) is odd or zero, then a skew-symmetric form is also alternating. This is not generally

true if char(FF) is even.

To work with classical groups, we need to introduce a few additional definitions that extend those in
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Definition 2111

Definition 2.13
Let V be an F-vector space equipped with a symmetric, skew-symmetric or unitary form ® or
equipped with a polar form ® of a quadratic form Q on V.
1) v,w € V are orthogonal with respect to ® if (v, w) = 0. We denote this case by v L w.
2) Let AC V. Then
At ={veV |®(v,w)=0forall we A}
is the orthogonal complement of A. We call rad(®) = V* the radical of V and for a quadratic
form rad(Q) = {v € rad(®) | Q(v) = 0} the radical of Q.
3) v e V\{0} is wsotropic if (v,v)=0.
4) v € V\{0} is singular if Q(v)=0.
5) W <V is non-singular it <I>‘W is non-singular.
6) W <V is totally isotropic if CD‘W =0.
7) W <V is totally singular if Q(w)=0{forall we W.
8) W <V is a maximally totally isotropic (respectively maximally totally singular) subspace of
V if W is totally isotropic (totally singular) and there is no proper totally isotropic (totally
singular) subspace W’ of V' containing W.
9) W <V is anisotropic if ®(w,w)# 0 for all w € W\{0}.
10) W <V is non-degenerate it W N W+ = {0}.

Lemma 2.14
Let V be a finite-dimensional F-vector space and let ® be a non-singular symmetric, skew-symmetric
or unitary formon V. Let W < V.
1) (WHt=w.
2) dim(W) +dim(W+) =dim(V).
3) HWNWL={0},then V=Weo W

Remark 2.15
Let W, W, < V. It W, & W, =V and ®(w,,w,) = 0 for all w, € W,,w, € W,, then we write

W, LW,
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2.2.2 Classical groups

In this chapter classical groups are defined based on forms. There are special endomorphisms on an
[F-vector space equipped with a bilinear or quadratic form, namely isometries, which are used to

define the classical groups.

Definition 2.16
Let V be an F-vector space equipped with a form @ or equipped with a quadratic form Q. A map
@ € End(V) is an isometry from V to V if ®(v?, w?) = ®(v,w) for all v,w € V or Q(v?) = Q(v)
forallve V.

At this point it is possible to define the classical groups.

Definition 2.17
Let V' be a d-dimensional F _-vector space equipped with a non-singular form @ or non-degenerate
quadratic form Q.

1) If ® is symplectic, then the group of all bijective isometries of (V,®) is the symplectic group
and denoted by Sp(V,®).

2) If ® is unitary, then the group of all bijective isometries of (V,®) is the unitary group and
denoted by U(V,®). The subgroup U(V,®)NSL(V) is the special unitary group and denoted
by SU(V, ).

3) The group of all bijective isometries of (V, Q) is the orthogonal group and denoted by O(V,®).
The subgroup O(V,®)NSL(V) is the special orthogonal group, denoted by SO(V/, ®).

The derived subgroup of SO(V,®) is denoted by Q(V,®) :=SO(V, ®)'.
If it is clear from the context which form is intended, then we use Sp(V), U(V), SU(V), O(V),
SO(V) and (V') instead of Sp(V,®), U(V, ), SU(V, &), O(V, &), SO(V, &) and Q(V, &).

Remark 2.18
1) For symplectic groups it is shown that Sp(V') C SL(V') and, thus, Sp(V) = Sp(V)NSL(V) in

[91, Corollary 8.6].
2) Note that if char(F) # 2, then the orthogonal group is the group of isometries of the non-

singular symmetric bilinear form ®,. Therefore, we can also consider an orthogonal form,

see Remark
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3) Note that the symplectic, unitary and orthogonal groups are independent of the chosen
bilinear or quadratic form [91} p. 138f.].

4) In the following CL(V') denotes one of the classical groups SL(V'), Sp(V'), SU(V) or (V).
There are three types of orthogonal groups which are defined in more detail in this chapter.

Nevertheless, if a result is independent of the type of the underlying orthogonal form, then

(V) and CL(V) are used.

We consider three cases for the orthogonal group with the Witt index being an important distin-

guishing feature.

Definition 2.19
Let V be an [F-vector space with a non-degenerate symplectic or unitary form ® or a non-degenerate
quadratic form Q in which case @ denotes the polar form of Q. A pair of vectors (v,w) € V? is
a hyperbolic pair if dim((v,w)) =2, ®(v,w) = 1 and ®(v,v) = ®(w,w) = 0. The subspace (v, w)
spanned by a hyperbolic pair (v, ) is a hyperbolic plane.

Definition 2.20
Let V be an F-vector space with a non-singular symplectic or unitary form ® or a quadratic form Q,
in which case ® is the polar form of Q. The dimension of a maximally totally isotropic subspace of

V or, in case of a quadratic form, of a maximally totally singular subspace of V/, is the Witt index of

(V,®) or (V,Q).

Theorem 2.21
Let ® be a symplectic bilinear form on an F-vector space V with dim(V) > 2. Then V admits a

basis B = (ey,...,€,,,f,n»---» /1) Where (e;, f.) are hyperbolic planes for all i € {1,...,m} such that

V=le,f)L...L{e ,f.)

and V has Witt index 7.

Proof. [91, p. 69]. O
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Theorem 2.22
Let ® be a unitary form on an F-vector space V with dim(V) > 2. There exist vectors

€ps-ve3€s 155 fn € V such that

V=le,f)L...L{e,.f,,) LV,

where (e;, f;) are hyperbolic planes for all 1 <7 < m and V;, <V is anisotropic, such that V has
Witt index m. If V has Witt index 7, then one of the following two cases holds:

1) dim(V,)=0and dim(V)=2m or

2) dim(V,)=1and dim(V)=2m + 1. For V, = (w) we can assume ®(w,w) = 1.

Proof. [91, p. 116]. O

Remark 2.23
Even though Theorem proves that there are two different cases for unitary groups, the type of

a unitary group is uniquely determined by the dimension of V. If the dimension is even, then only
case 1) is possible and if the dimension is odd, then only case 2) is possible. Therefore, we do not
need to distinguish them by different notations. Nevertheless, in Chapter[7] we have to distinguish

between both cases from an algorithmic point-of-view.

Theorem 2.24
Let char(IF) be odd and let @ be an orthogonal form on an F-vector space V. Then there exist vectors

€1s-ve3€,5 155/, € V such that

V=le,f)L...Lie, f,)LV,

where (e;, ;) is a hyperbolic plane and V; < V is anisotropic, such that V' has Witt index 7 and
exactly one of the following holds:

1) dim(V;)=0and dim(V)=2m.

2) dim(V,)=1and dim(V) =2m + 1. For V, = (w) we can assume that ®(w,w)=—2"".

3) dim(V,) =2 and dim(V') = 2m + 2. For V, = (w,, w,) we can assume that ®(w,, w,) = —2,
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®(w,,w,) =0 and ®(w,, w,) = 2« where w is a primitive element of F.

Proof. [91, pp. 138-139]. 0

We introduce names for the different cases.

Definition 2.25

Let @ be an orthogonal form on an F-vector space V. Let

V=(v,w)l...L{v ,w, )1V,

as in Theorem We define the following types of orthogonal groups:

1)

2)

3)

If dim(V},) =0, then we denote the group of all bijective isometries of (V,®) by O*(V,®) and
say that the group is an orthogonal group of plus type and the form @ is hyperbolic. Moreover,
we denote S(V,F,®) by SO™(V,®) and say that the group is a special orthogonal group of plus
type. With respect to the basis introduced in Theorem the group O™ (V,®) is denoted by
O*(2m,q) and SO (V,®) by SO*(2m, q).

If dim(V,) = 1, then we denote the group of all bijective isometries of (V,®) by O°(V,®) and
say that the group is an orthogonal group of circle type and the form ® is parabolic. Moreover,
we denote S(V,F,®) by SO°(V,®) and say that the group is a special orthogonal group of circle
type. With respect to the basis introduced in Theorem [2.24] the group O°(V,®) is denoted by
O°(2m+1,q) and SO°(V,®) by SO°(2m +1,q).

If dim(V},) = 2, then we denote the group of all bijective isometries of (V,®) by O~ (V,®) and
say that the group is an orthogonal group of minus type and the form ® is elliptic. Moreover, we
denote S(V,F,®) by SO™(V,®) and say that the group is a special orthogonal group of minus
type. With respect to the basis introduced in Theorem the group O7(V,®) is denoted by
O (2m+2,q) and SO™(V,®) by SO~ (2m + 2,9).

Remark 2.26
Based on Definition and we define O (d,q) .= SO*(d,q), Q2°(d,q) = SO°(d,q) and

N (d,q)=SO"(d,q)'.
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Definition 2.27
Let V be a d-dimensional F _-vector space equipped with a non-singular form @ or non-degenerate

quadratic form Q with polar form ®. Moreover, let 8 = (b,,...,b;) be a basis of V. Then
b= (2(b;, bj))i,j:l,...,d

is the Gram-matrix of ® with respect to A.

Remark 2.28

The classical groups except orthogonal groups in characteristic 2 can be defined in terms of a Gram-

matrix b of the form as in Definition with respect to the corresponding basis of Theorem

2.21} [2.22) and [2.24, These groups can be written as SX(d,q) = {a € SL(d,q) | aba™ = b} if

X € {p,0",0° 07} and SU(d,q) = {a € SL(d,q?) | aba* = b} where a* = (a™r) = (2)* and
e if X =p, then

—1

with respect to a basis (e;,...,e€,,, f,,,- .-, ;) as in Theorem[2.21]

IR

e if X ="U, then

1

with respect to a basis (e, ...,e_,[w,]f,,.-.,f;) as in Theorem where [1] and [w, ] are

omitted if d is even.
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¢ f X=0% or X=0° then

with respect to a basis (e;,...,e,,,[@,]f,,,---.,/;) as in Theorem where [—27'] and [w, ]

Y md

are omitted if d is even.

e f X=07, then

0 2w

1

with respect to a basis (e,...,€,,, @, Wy, f,,5---,/;) as in Theorem where w is a primitive

5%

element of F 7

2.3 Transvections and Siegel transformations

Transvections and Siegel transformations are certain elements in classical groups which play a major
role in solving different problems algorithmically. These elements have a simple structure in the
natural representation, so operations with them are easy to follow. Moreover, it is well known that
these elements generate classical groups. Here we observe why transvections are used in SL, Sp and
SU and Siegel transformations in SO. The definitions and results of this chapter are also well-known

and can be found in [[45, [91]].
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2.3.1 Transvections

We now define transvections in a matrix group G. In classical groups transvections play a role
similar to the role played by elementary matrices in Gaussian elimination. Moreover, some of these
elements occur among the standard generators defined in this thesis and play an important role in

the GoingUp algorithm.

Definition 2.29
Let V be a d-dimensional F-vector space. Let W < V such that dim(W)=d — 1. A non-identity
matrix T € GL(V) is a transvection with respect to the hyperplane W if
1) w! =w forall w € W and

2) vl —veWforallve V.

Transvections play an important role as they generate SL(d,q), SU(d,q) and Sp(d, g), see Lemma
Since matrices for elementary row and column operations of the Gaussian algorithm are not
contained in SU(d, q) and Sp(d, q), transvections in these groups can be seen as a substitute for

them.

Transvections can be completely characterised by the following lemma.

Lemma 2.30
Let V be a d-dimensional F-vector space. Let 7' € GL(V) be a transvection with respect to a
hyperplane W < V.Let #: V - F € V* with W = ker(J).
1) There is a vector w € W such that v7 = v —o? -w forallv € V.

2) If w € V\{0} with w € ker(#), then V — V, v v — 2% - w is a transvection.

Proof. [91, p. 20]. O

Definition 2.31
Let V be a d-dimensional F-vector space with basis 8 = {v,,...,v,}.

1) We denote by (- |-) the standard scalar product on V with respect to the basis 98, that is,

<7’i|’0j>:8'

1,7 °

2) For linearly independent w,, w, € V, we denote the transvection v — v+ (v | w,)w, by T, .
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Note that %<Tav,~,vj)% =E; (A).

Lemma 2.32
Let v,w € V and let ¢ € GL(V) be arbitrary. Then T¢, = T, ., where ¢~ ' is the inverse

transposed matrix of ¢, written with respect to the basis 3.

Proof. If ¥ € V then

T, ,=0c ' T, ,c=(0c +(dc" |v)w)c =D e+ (dc™" | v)we

=3+ (3| ve” MYwe =BT, .

Lemma 2.33

Let g = p/ and let V be an I -vector space. Let v,w € V with (w |v) =0and let 0<k < p—1.
Then TF, =

vkw *

Proof. 1t 5 € V then

since (4 (9 | v)w) | v) = (7| v) + (0 | v){w | v) = (¥ | v). By induction on k the claim

follows. u
Lemma 2.34
Let w),w,,...,w,,v € V with (v | w;) = 0. Then the transvections 7, , for 1 <7 < k commute

pairwise and their product is the transvection Tst 0
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Proof- Leti#j.ForalldeV

since (7 + (7 | w;)v | w;) = (9| w;) + (0 | w;){v | w;) = (9 | w;). This proves the commutativity

and the claim about the product follows by induction. O

Lemma 2.35
Let d € N with d > 1 and ¢ a prime power.
1) SL(d,q) is generated by transvections.
2) Sp(d,q) is generated by transvections.

3) SU(d,q) is generated by transvections.

Proof. [51, Theorem 1.2 and Remark] O

The following result shows that we cannot work with orthogonal transvections.

Lemma 2.36
Let g be odd. Then O(d, q) contains no transvections. If F has characteristic 2 then a transvection

for a quadratic form Q has the form
Vv — Q(w)_1<I>Q(v, w)w

where Q(w) # 0 and @, is the polar form of Q.

Proof. [91, p. 137 and p. 145]. O

Corollary 2.37

Let g be odd. Then O(d, q) is not generated by transvections.
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2.3.2 Siegel transformations

In orthogonal groups Siegel transformations are used to carry out row and column operations. Since
they are more complex than transvections, many proofs and algorithms for orthogonal groups are
more complicated.

Definition 2.38

Let V' be an F-vector space with quadratic form Q and polar form @,. Let v € V'\ {0} be isotropic,

i.e. Q(v)=0, and w € (v)*. Then the map
Pow: V=V, 8 0+8(7,w)v—Po(9,v)w — Q(w)®q (7, v)v

is a Siegel transformation.

Remark 2.39

That a Siegel transformation p, _, is a well-defined element of SO(V’) for fields of all characteristics

is shown in [91} p. 148].

Example 2.40

Let f € Nand ¢ = p/ a prime power. Then

10 0 O
11 0 0
Pere, = e
00 1 0
00 —11

is a Siegel transformation in SO™(4,¢).

Lemma 2.41
Let V be an F-vector space with quadratic form Q. Let v € V' be isotropic, let w, w,,w, € (v)*, let
¢ € O(V)and let j € F*. Then we have:
D Prow = Poyw
2) PowPowy = Powytauy
3) PPowP” = Por,ur-
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Proof. [91, Theorem 11.19]. O

The following result states that orthogonal groups are generated by Siegel transformations.

Theorem 2.42
Let V be an F-vector space with quadratic form Q. If dim(V') > 3, the Witt index of V is at least 1
and (V) # Q*(4,2), then Q(V) is generated by the Siegel transformations of (V, Q).

Proof. [91, Theorem 11.46]. O

2.4 Representation theory

The goal of this chapter is the definition of the natural representation of classical groups which
corresponds to the definition of classical groups in Section This chapter follows [68] for the
introduction of basic concepts of representation theory. In this section we assume all groups to be

finite.

Definition 2.43: [[68, Definition 1.1.1]
A linear representation of a group G on a vector space V over a field F is a group homomorphism

X:G—-GL(V),
Le. (g,9,)* =g g forall g, g, € G. The degree of the representation is given by dim(V') and V
is a G-module with respect to the action (v, g) — vg®. A matrix representation of G of degree d is

a homomorphism

X:G—GL(d,q).

Remark 2.44: [68, p. 1]

Linear representations and matrix representations describe the same concept. Let V be an I -vector
space of dimension d. By choosing a basis of V' we obtain a group isomorphism GL(V) — GL(d, q)
as stated in Corollary 2.4
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Example 2.45: [68, Example 1.1.17 and 1.1.19]
1) The map G — GL(1,q), g — 1 is the trivial representation.

2) Let G be a finite group and V' be a vector space over a field F, of dimension |G| with basis
(e)geq- We define
Z:GoGL(V), g—=(V—oV,e,—6,,1)

which is the regular representation of G.

Representation theory can also be viewed from another perspective. For this we need group algebras.

Definition 2.46: [68, Definition 1.1.6]
Let T be a field and G a group. We put FG := FC, the set of all maps from G to F which is an

F-module. For g € G we define g € FG by

. 0, for h € G\{g},

1, forh=g.

The map

0:G—-FG,g—7g
defines an embedding of G into FG. In particular, the elements of FG are of the form 37 .54, ¢
for A, €F.

Then FG becomes an F-algebra with the multiplication

(348 (k)= 0 )k

geCG heG keG g,heG,gh=Fk

fors,,7, €Fforall g,h € G and FG is the group algebra of G over F.

Remark 2.47: [68, Remark 1.1.7]

The group algebra FG is an F-vector space with basis {g} -

Definition 2.48: [68, p. 4]
Let G be a group and F be a field. An F-algebra homomorphism FG — Endy (V) is a representation
of FGon V.
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Lemma 2.49: [68, pp. 4/5]
Let V be a finite dimensional vector space over F and let G be a group.
1) Let Z': G — GL(V) be a representation. Then V is an FG-module under the action
€ == vf—’ﬁ, for oeFG, veV

where 2': FG — Endy(V) defines the extension of ' to FG.

2) Let V be an FG-module. There exists a representation 2 :FG— Endg(V). The restriction
of & to G C (FG)* yields a representation &': G — GL(V), g — ggg. Then & is the
representation of G afforded by V.

Remark 2.50: [68, p. 4]

The set of G-modules over IF can be canonically identified with the set of FG-modules.

The next definition defines how representations can be compared.

Definition 2.51: [[68, Definition 1.1.2]
Let & and % be representations of G on [F-vector spaces V and W, respectively. The representations
X and ¥ are equivalent if there exists an [F-isomorphism ¢: V — W such that
§" =pg”¢™
forall g€ G.

One main goal of representation theory is the study of irreducible representations which are defined

as follows.

Definition 2.52: [|68, Definition 1.1.16]

Let R be a ring. An R-module is simple if it has exactly two R-submodules.

Definition 2.53: [68, Definition 1.1.16]

Let Z': G — GL(V) be a representation of a group G on an F-vector space V. The representation

X is irreducible if V # {0} and V is simple as an FG-module. If 2" is not irreducible, then & is
reducible.

We introduce another important property of representations and the connection to irreducibility.
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Definition 2.54: [68, Definition 1.1.16]
Let Z': G — GL(V) be a representation of a group G on an F-vector space V. Then V is

decomposable if it is a direct sum of non-trivial G-invariant subspaces. Otherwise, it is indecomposable.

Remark 2.55: [68, pp. 6/7]

A decomposable representation is reducible. The converse is not generally true.

We are finally in a position to define the natural representation of classical groups.

Definition 2.56
Let V be an F-vector space admitting a non-degenerate bilinear form ® and let G be the
group preserving ®. Then G < GL(V) and the canonical embedding ¢: G — GL(V)) is the

natural representation of G. In this case, V is the natural G-module.

Theorem 2.57
The natural representations of SL(d, q), Sp(d, q), SU(d, q) and Q(d, q) are irreducible.

Proof. [57]]. ]

2.5 Complexity and algorithms

In order to analyse the algorithms of this thesis we first define which operations are counted. It
is sometimes quite tedious to perform precise inquiries which is why the Landau notation 0 is
introduced. Some algorithms of this thesis rely on well-known methods and procedures. The most
important ones are presented in this section and complexity results are summarised from literature.

The treatment presented here is based on [48]].

We start by specifying which operations are counted in this thesis.

Remark 2.58
In this thesis we count elementary finite field operations, i.e. addition, subtraction, multiplication
and inverting over . Note that we do not differentiate between “additive” and “multiplicative”

operations.
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When performing a complexity analysis of an algorithm the goal is to compute the worst case
number of finite field operations in comparison to the input size. In most algorithms of this thesis
the input size depends on the degree d of the input matrices and log(q) where ¢ is the size of the
finite field F,. The worst-case number of finite field operations is helpful to assess the run-time of

an instance depending on the input.

In order to express complexity more accessible the well-known Landau notation 0 is introduced.

Definition 2.59: Landau notation 0
Let ¢, ¢,: Rt — R be functions where R* denotes the set of positive real numbers. Then ¢, € 0(y,)

if there are constants k,, k, € R* such that |¢,(x)| < k,|@,(x)| for all x > &,.

Example 2.60

In the standard algorithm to multiply g,, g, € GL(d,q), we must compute d? entries and for each
entry perform d multiplications and d — 1 additions. This yields an overall result of (2d — 1)d?

elementary field operations. Hence, this algorithm has complexity 0(d?).

Remark 2.61

Note that there are algorithms to multiply matrices which need less than (2d —1)d? elementary finite
field operations. For example Strassen’s algorithm [89] for multiplying two d x d matrices from 1969
has complexity 0(d'°%)) = 0(d*$7*) which is one of the best known algorithms and which has
only been beaten recently by an Al for some small d. Therefore, we say that matrix multiplication
has complexity 0(d*) with & < log,(7). In comparison, multiplying two permutations of Sym(d)

has complexity 0(d) which makes efficient computations much more important.

Additionally to the logarithm function log we are sometimes referring to the iterated logarithm log”

which is defined as follows.

Definition 2.62

Let k € R with k& > 0. The iterated logarithm log"(k) is defined recursively as follows

0, if £ <1and
log"(k) =

1+log*(log(k)), ifk>1.
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Remark 2.63

The iterated logarithm counts the number of times the logarithm function must be applied recursively
until a non-negative real number is equal or less than 1. For the remainder of this thesis the iterated

logarithm log"(k) is used to base 2.

One important tool for this thesis is the characteristic polynomial y (x)=det(a —xI;) of a matrix
a € GL(d,q). See for example [36, [71] for an algorithm of complexity @(d?) to compute the
characteristic polynomial. There could be more efficient algorithms but an upper bound of 0(d?)

for the complexity of computing characteristic polynomials is sufficient for this thesis.

Since many algorithms of this thesis are randomised it is crucial to have algorithms for computing
uniformly distributed and independent random elements of a group (X) = G. Note that we also
require that the uniformly distributed and independent random elements of G can be written as a
word in X . The theoretically best algorithm for computing e-uniformly distributed and independent
random elements is given by Babai [7]]. The complexity of Babai’s algorithm is in @(log’(|G|))

which is too high for practical applications.

Another well-known algorithm for computing random elements is ProductReplacement [25]]. There
have been some improvements of the ProductReplacement algorithm in the last years, see e.g. [58,
67]], but we restrict ourselves to the basic version given in [25]] which is presented in pseudo-code as

Algorithm ProbucTREPLACEMENT [Alg. [1]].

The Algorithm PropucTREPLACEMENT [Alg. (1] uses a list S of 7 group elements of G as an internal
state denoted by S =[g,,...,¢,] € G". If the list § is not bound at the first call of Algorithm
ProbucTREPLACEMENT [Alg. [1]], then § is set to be the list of length 7 containing the generators
X of G multiple times until the list is full. In each call Algorithm PropucTREPLACEMENT [Alg.
updates one element of § by multiplying two elements at random positions 7 and j of § and
storing the product in position z. Additionally, we use a coin flip to decide whether the element
at position j is inverted and whether to multiply the element at position i with the element at
position j or vice versa. After calling Algorithm PropucTREPLACEMENT [Alg. [1]] repeatedly the list
S contains elements very close to being uniformly distributed and independent. Note that in an

implementation we would remember how each element of § was computed as a word in X which is
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possible as the list was originally initialised as a list only containing the generators X . Therefore,
we assume in the remainder of the thesis, that we can write uniformly distributed and independent

random elements of a group in a given generating set.

Algorithm 1: PRODUCTREPLACEMENT

Input: » A group G=(g,..., )
» A natural number 7 > max({k,2})
Output: eG
function PropucTREPLACEMENT(G, 1)
// Internal state: S=[g,...,§,]€G”
if not IsBound(S) then // i.e. S is not assigned a value
‘ S8 8> 81582 ]
1,7 < Ranpom({1,...,n})

r < Ranpom({0,1}) AND ¢ < Ranpom({—1,1})

if » =0 then

S S[i S
else

S S ST
return

Note that each call to ProductReplacement performs only one group multiplication. However, the
algorithm must be called a certain number of times to mix the initial state S. We call this initial period
the convergence time. After the convergence time, the cost of each call to ProductReplacement is

one group operation.

Practical applications observed that 7 should be at least 2k and that the convergence time can be
taken to be 50 - 70 steps. After this ProductReplacement appears to return elements that are very
close to being uniformly distributed and independent for most groups and particularly for classical
groups [25]]. To get an overview of the ProductReplacement algorithm, we refer to [77]. Since
the theoretical results do not support such a strong statement so far, we introduce a variable for
the complexity of computing a random element instead and refer to [[34] for more details about

generating random elements in finite groups.



2.6. MSLP 49

Remark 2.64

For the remainder of this thesis the complexity of computing a uniformly distributed and independent

random element of a group is denoted (.

The computation of the centraliser and projective centraliser of involutions is another important
aspect. John Bray developed an efficient algorithm for this purpose in [[18]]. The algorithm of Bray

was analysed in [46, 78] leading to the following result.

Theorem 2.65
Let G be a simple group of Lie rank r defined over a field of odd characteristic. The centraliser in G
of an involution can be computed in time O(7 (14 {)log(1/¢)+ g r?) with probability of success at
least 1— ¢ for € >0, where p denotes the cost of a group operation and 1 denotes the cost of solving

the order oracle.

Remark 2.66

We summarise the complexity results of this section in the following table.

Algorithm Complexity

Matrix multiplication 0(d?%)
Characteristic polynomial | 0(d?)

Random element 4

Algorithm of Bray O(r(T+{)log(1/€) +pr?)

2.6 MSLP

In this section, we present an efficient way to express a group element as a word in specified generators
using basic group operations. Therefore, it is possible to encode group elements as words over a given
generating set. Rather than storing the word as a string, we write it as a word in other subwords.
This allows us to evaluate the encoded word efficiently under a group homomorphism.

We start by defining which operations can be used. The way we describe the word can be viewed as
a program in some programming language. The program has no loops, no conditional statements,

no comparisons or other special techniques from programming languages. We restrict ourselves to
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multiplying and inverting. Therefore, we call the resulting description of the word a straight-line
program or SLP for short. The treatment presented here is based on [73].
Remark 2.67

MSLPs play an important role in the matrix group recognition project (MGRP) which is presented
in more detail in Chapter [1]and even more information about the MGRP can be found in [5]. For
the introduction of MSLPs we describe a basic but important subtask of the MGRP in the following.
In the MGRP some matrices a;,...,4;, € GL(d, q) over a finite field F | are given and we consider the
group G = (a,,...,a;). We could ask whether 2 € GL(d, ) is an element of G and if this is the case,
how a can be expressed in terms of the generators a,,...,a,. The expression of writing 4 in terms of
the generators 4,,...,a, is a word and in order to store and evaluate words efficiently MSLPs are

used.

Definition 2.68: [[73, Section 2.1]
Let G be a group, b € Ny and 4 =[m,,...,m,] an ordered list, i.e. a list in which the order of
the items matter, of b elements of G. A modification .# of ./ is an instruction if it has one of the
following forms:
(z) m, «m. with i,k € {1,...,b}. This instruction stores m. in the list ./ in slot k.
(17) m, «—m, -m, with 7,7,k € {1,...,b}. This instruction stores m, -m; in the list ./ in slot k.
(12i) m, < m; " with i,k €{1,...,b}. This instruction stores m;" in the list ./ in slot k.

(iv) Show(A) where A C {1,...,b}. The slots specified by A are displayed.

Remark 2.69

Some programming languages, e.g. GAP [37]], allow additional instructions which can be derived
from the instructions (z) to (z27) as short cut. One additional type of instruction introduced by GAP
is to set up the initial memory which we use with the following notation

m; g

in this thesis. This means that the element g is stored in the memory slot m..

We introduce a version of an SLP which also records its memory usage.
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Definition 2.70: [73, Section 2.1]
Let G be a group, let b € N, let .4 =[m,,...,m,] be an ordered list of b elements of G and Y € N,,.
A straight-line program with memory (MSLP) is a sequence & =[.4,,...,.% ] of instructions .#, with
1<r<T.
The number b € N, is the memory quota of & and & is a b-MSLP. The number Y is the length of S.

The empty sequence is permitted with length 0.

Remark 2.71
T is the Greek capital upsilon and & is S in the fraktur font.

Let X be a set and Fy, the free group on X. An obvious way to record a word in Fy is to simply
store the sequence of elements of X in the word. This, however, is often not very efficient if we
evaluate the image of the word under a group homomorphism ¢: Fy, — G. For example, if G is a
matrix group and the word has length k&, then this would entail £ — 1 multiplications. The aim of an
SLP is to give an algorithm how to evaluate homomorphisms on this word efficiently, for example

by computing and storing subwords that occur repeatedly only once.

Example 2.72: [73, Section 2.2(ii)]

In most computations with groups, elements need to be raised to some powers. To shorten this,

fast exponentiation can be used.

Let G be a group, g € G and k € N. Suppose we want to write an MSLP that raises a group element

to its k-th power. We can express k in binary form as k = zr: a;-2" with a; €{0,1} for 0< i < r and
i=0

r €N. Then

b B T
gt=g= =] [(g*)"
i=0
A way to construct an MSLP for fast exponentiation with memory quota 2 is given in Algorithm

in pseudo-code.

Definition 2.73: [73, Section 2.1]
Suppose that .# € G° and we have given an b-MSLP & =[.9,,..., %, ]. The evaluation of an MSLP
consists of the following recursive steps. First, for j < T we denote the sequence obtained by

truncating & after ; instructions by &, =[.4,...,.#;]. Then we define the evaluation map Eval ,
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on G by:
M, if & =[],
[ai,...,a,’e_l,ag,al/eJrl,...,ag], where [4],...,4;]=Eval ,(Sy_,)
and if S =m, < m,,
[ai,...,a,’e_l,al{a;,al/eﬂ,...,a{)], where [4],...,4;]=Eval ,(&y_,)
Eval ,(6)=1 and if S =m;, —m, -m,,

[a{,...,ak_l,(al{)_l,aéﬂ,...,ag], where [4],...,4;]=Eval ,(Sy_,)
and if £ =m, <—m;1,
[a1,- 551, where [4],...,4;]=Eval ,(&y_,)

and if .4, = Show(A).

Thus evaluating the MSLP & amounts to executing its instructions.

In the evaluation process, # is used as memory for the elements that are needed. The instruction
() of Definition can be used to overwrite a slot and minimise the memory quota. The idea of
an MSLP is to reduce the memory required for evaluating a particular word in a group by repeatedly
overwriting memory slots which are no longer used. The length Y of an MSLP describes the number
of operations during the entire evaluation.
Remark 2.74

The instructions of Definition use elements of {1,...,b}. The memory ./ is secondary in the
description. This implies that an MSLP is independent of the group, i.e. Eval ,(&) can be computed
for every /4 € G® and every group G. Hence, it is possible to encode an element as a word in one

group and to evaluate the constructed SLP in another group.
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Algorithm 2: Power
Input: » k €N, a natural number
Output: An MSLP & which computes g* using fast exponentiation for g € G

function Power(k)

1 11
2 while &£ >0 do
3 if k odd then
4 S —(my —my-m,) // The factor in the binary representation is not 0
5 1—1+4+1
6 if k> 1then
7 S —(m, «—m,-m,) // square the element in slot 2
8 1—1+41
9 k <—FLOOR(/§)
10 #; — Show(1)
11 return
Example 2.75

Recall the additional instruction introduced in Remark 2.69|for initialising the memory. For example,

Algorithm 2| produces the following MSLP for k& = 8:

S =[[m, «gl,[m, « 15],[my < m, -m,],[m, < m,-m,],

[m, < m,-m,],[m; «m, -m,],[Show(1)]]

In this case, we need 7 instructions which nearly is as much as k. However, for increasing &, the
length of the SLPs converges to 2log,(k) which is in O(log,(k)).

Now, let G, := (F;)" and .4, :=[1,2] € G}. If we evaluate the MSLP & with ./, then the evaluation
function returns Eval , (&) = [28]=[1]. But we can also choose G, := C, the cyclic group with 9
elements and 4, :=[(),(1,...,9)] € G;. If we evaluate the MSLP & with .#,, then the evaluation
function returns Eval , (&) =[(L,... SN =[(1,...,9)7].

For more details on MSLPs, see [[73]].
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Chapter 3

Outline of the Algorithm

All algorithms presented in this thesis for constructively recognising special linear groups, symplectic
groups, unitary groups and orthogonal groups are based on the same overall concept with relatively
small differences resulting from the underlying structure of the classical groups. A group G is a
classical group if G € {SL(d,q),Sp(d,q),SU(d, q),2d,q)} as in Section [2.2| and we denote all of
these by CL(d,q) where CL stands for SL, Sp, SU or 2 and represents the respective type. The goal
of this chapter is to describe and explain the overall concept and structure of the algorithms for
constructive recognition of classical groups of this thesis. We start by giving a detailed description
of all subalgorithms. Afterwards, these subalgorithms are combined into a single algorithm, namely
STANDARDGENERATORS, presented as pseudo code in Section which is the foundation for the

constructive recognition algorithms of classical groups presented in this thesis.

The input of the algorithm STANDARDGENERATORS is a set X of invertible d x d matrices over I,
such that the group G = (X)) is a classical group in its natural representation. That a given group
G is indeed a classical group in its natural representation can be verified using naming algorithms

which are explained in Section [1.1.7]

The output of the algorithm STANDARDGENERATORS is a base change matrix £ € GL(d,g) and an
MSLP & such that if & is evaluated in X, then the output of & is a specific generating set, namely

the standard generators, of CL(d,q)%, which are defined as follows.

55
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Definition 3.1
Let § € CL(d,q). Then S is a set of standard generators of CL(d, q) if there is a base change matrix
% € GL(d,q) such that $¥ = {g“ | g € S} is equal to a specific subset of CL(d,q) as defined in
® Definition |5.1/for CL(d, q) being a special linear group,
¢ Definition [6.3|for CL(
® Definition|7.3|for CL(d,q) being a special unitary group or
* Definition [8.3|for CL(d, q) being an orthogonal group.

d,q) being a symplectic group,

We are interested in these generating sets because they yield a variety of advantages compared to
arbitrary generating sets of classical groups. Firstly, these generating sets contain the DLLO standard
generators defined in [32} [59] which can be used to verify relations of a finite presentation of a
classical group, see [60]], and, therefore, the correctness of the output of a randomised constructive
recognition algorithm. Secondly, it is possible to perform efficient rewriting procedures as in
Section starting with standard generators while it is unclear how to perform rewriting with

arbitrary generators.

The algorithms of this thesis are designed to deal with large classical groups defined as follows.

Definition 3.2
Let CL(d,q) be a classical group in its natural representation. Then CL(d,q) is a base case group it
® CL(d,q) is a special linear group and d < 2,
* CL(d,q) is a symplectic group and d < 4,
* CL(d,q) is a special unitary group and d < 4 or
* CL(d,q)

is an orthogonal group and d < 6.

Moreover, CL(d,q) is a large group if it is not a base case group.

In this thesis we do not deal directly with base case groups, but instead refer the reader to results
and algorithms already existing in the literature, see Table[3.4] An exception are the special linear
groups where we give a detailed description of a constructive recognition algorithm for SL(2,¢) in
Section [5.2]in order to gain an understanding of how constructive recognition algorithms for base

case groups work and outline their underlying mathematical problems.
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In summary, base case groups are classical groups in small dimension for which specialised and
efficient constructive recognition algorithms exist. If the input group G is a base case group, then
we call an algorithm specifically designed for constructive recognition of the base case group G. If
G is not a base case group, then we apply the corresponding constructive recognition algorithm
for CL(d,q) described in this thesis. The algorithm STANDARDGENERATORS, which is given in

Section 3.4} relies for all classical groups on the same three basic subalgorithms, namely
(1) a GoingDown algorithm which is explained in Section
(2) a BaseCask algorithm which is explained in Section[3.2]and
(3) a GoingUp algorithm which is explained in Section

After dealing with all subalgorithms in the following sections the structure of the combined algorithm

STANDARDGENERATORS is outlined in Section

Another notation we use frequently throughout this thesis is given in the following definition.
As usual, we denote a conjugate of a group G by a a base change matrix £ € GL(d,q) by G¥ =
(L 1¢L | ge€G).

Definition 3.3
Let G<GL(d,q)and U < G. Then U is stingray embedded of degree n in G for n < d if there exists
a group H < GL(n,q), a base change matrix £ € GL(d,g) and an isomorphism o , from H to U¥

such that
- ) a 0
0y H—-U", a—diag(a,l;, )=
0 I,

We denote a stingray embedding by

H 0
U< = < G*¥.
o I,
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3.1 GoingDown algorithm

The GomngDown algorithm is the first subalgorithm which is called by the STANDARDGENERATORS
algorithm. The input of the GoingDown algorithm is a generating set X such that (X) = G =
CL(d,q) which is also the input of the STANDARDGENERATORS algorithm. In this section, we exclude
Sp(d,q) for g even from CL(d,q) which is further elaborated in Remark The GoingDown
algorithm is a randomised algorithm and relies on finding stingray elements with a random procedure
of elements of G. Therefore, there is an additional input N € N which is used as an upper bound for
the maximal number of chosen random elements. If the limit N is exceeded, then the GoingDownN
algorithm returns fail. The GomngDown algorithm of this thesis is a one-sided Monte-Carlo
algorithm, therefore we also discuss how to choose N € N for a given 0 < € < 1 such that the
GomngDown algorithm succeeds with probability 1 — €. Stingray elements, which are used by
the GoingDownN algorithm, are discussed in detail in Chapter[4 The output of the GomngDown
algorithm is a base change matrix £, an MSLP & and a subgroup (X,;) = U < G with U = CL(n,q)

a base case group such that

e [cLing)| o)

oo )

Moreover, evaluating the MSLP & in X yields the generators X, of U.

The GomngDown algorithm repeatedly applies a subroutine, which is the GoingDown basic step.
The input of the GoiIngDowN basic step subroutine is a stingray embedded subgroup U of G
(initially G itself), and it returns a subgroup H of U which is stingray embedded of smaller degree
in G than its predecessor U. This is used as input for the next GoINGDowN basic step invocation,
and so on, until eventually a terminal group is reached which is defined below in Definition 3.6 We
denote by U,_, the input and by U, the output of the i-th iteration of the basic step. Before the
first iteration U is defined to be G. After each iteration of the basic step, the subgroup U, satisfies

U < U_, and U, is the input for the next iteration of the basic step that is

U, := GoingDownBasicSter(U,_,,N), where U, < U,_,.

The input N is as for the GoingDown algorithm used to control the maximal number of chosen

random elements. The basic step is applied until U, is isomorphic to a terminal group. In this case
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we set k := i and the GoiINngDown basic step returns a descending chain
U<U_<..<U<,=¢G, (3.1.1)

where U, is a terminal group and k is roughly log*(d) which is the iterated logarithm as in Defi-
nition 2.62] To be more precise, each of the groups U, of the descending chain is isomorphic to a
classical group U, = CL(d,,q) of the same type as G and is stingray embedded in G for d;, < d and
d,<d, <...<d <d,=d. Thusthereis & € GL(d,q) such that

The base change matrix £, can also be computed by the GoingDown basic step by taking the base
change matrix £, , of U._, and modifying it to a base change matrix £; of U.. Moreover, the
GoiNngDowN basic step also returns an MSLP & such that when G, is evaluated in the generators

of U,_, it returns generators of U, that is
(U, %,,6,) = GoingDownBasicSter(U,_,,.%,_,N), where U <U,_,.

Lastly, we add d,_; with U,_; = CL(d,_,,q) as input parameter for optimisation to control the
length of the descending chain that is

(U,%,,d;,S.) = GoingDownBasicSter(U._, %, ,,d._,N), where U <U,_,.

4

We additionally require that d; < 4[log(d._,)] holds. This restriction ensures that the length % of the
descending chain is in O(log"(d)). The descending chain given in (3.1.1) is the descending recognition

chain and a sub-chain of the full descending recognition chain given in Definition

The GoingDowN basic step is based on stingray elements which are defined and treated in detail
in Chapter 4, The basic step uses stingray elements as follows: In U,_; we seek two stingray
elements s,,s, € U,_,, using the Algorithms [5and [7] of Chapter i In Chapter [10/we discuss that

(s;,5,) = CL(d,, q) holds with high probability. One reason why the algorithm uses stingray elements
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is that (s, s,) is automatically stingray embedded in CL(d, g), i.e.

U == 0?0 <a
I A
The base change matrix to achieve this block structure can be computed using the algorithms of
Section Since the basic step relies on finding stingray elements by a random procedure and
on generating classical groups using stingray elements, the GoINgGDown algorithm is a randomised
algorithm. Therefore, the GoingDown algorithm returns fail after selecting at most N random
elements. The probability that the GoingDown algorithm succeeds completely relies on N and we
analyse in Chapter |10/ how to choose N in order to have a success rate of at least 1 — ¢ for a given

e€(0,1).

We introduce a notion for a descending recognition chain in the next definition.

Definition 3.4
Let CL(d, q) be a classical group in its natural representation. Then a descending chain of subgroups

of CL(d, q) is a full descending recognition chain with

if U, = CL(d;,q) of the same type as CL(d,q) is stingray embedded in CL(d,q), d, < d;,_, and
d. < 4[log(d._,)] for all 1 < <k, the subgroup U, of CL(d,q) is isomorphic to a base case group

and the subgroup U,_, is isomorphic to a terminal group. The sub-chain
U, <...<U, < U =CL(d,q),

is the descending recognition chain.

Remark 3.5

Note that a descending recognition chain can be computed using the GoingDown basic step repeat-

edly.

A terminal group is similar to a base case group and defined as follows.
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Definition 3.6
Let CL(d, q) be a classical group in its natural representation. Then CL(d,q) is a terminal group if

® CL(d,q) is a special linear group and d = 4,

CL(d,q) is a symplectic group and d = 8,

CL(d,q) is a special unitary group, d = 10 and ¢ is even or

)
)
CL(d, q) is a special unitary group, d = 6 and ¢ is odd,
)
)

CL(d,q) is an orthogonal group and d = 8.

Remark 3.7

It is not possible to reach a base case group using the GoINGDowN basic step because their degrees
d; of U, = CL(d,,q) are too small to find stingray elements or generating classical groups with these
elements. Therefore, we stop the GoingGDowN basic step at a terminal group and the GoimngDown
algorithm relies on alternative algorithms to identify a stingray embedded base case group which
is the final step of the GoingDown algorithm and the last step for computing a full descending

recognition chain from the descending recognition chain of the GoingDown basic step such that

GoingDown basic step

U<U <..<U<U=G
—

Final step

where U, is a base case group and U,_; a terminal group. The degrees of the terminal groups of
the GoiINGDOWN basic step are summarised in Table For terminal groups there are no direct
constructive recognition algorithms without computing base case groups so far but the GoingDown

algorithm can identify base case groups in terminal groups efficiently using the algorithms of the

sections given as in Table

Type ¢qeven ¢ odd

SL 4 4
Sp — 8
SU 10 6
Q 8 8

Table 3.1: Dimensions of the terminal groups of the GoiInGDown basic step, i.e. a terminal group as
in Definition [3.6| has been reached in the descending chain (3.1.1)) of the GoingDown basic step.
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Type Section
SL Section 5.1.3

Sp Section [5.1.3|and Section|6.1.3
SU Section [5.1.3|and Section 7.1
Q Section [5.1.3|and Section 8.1

Table 3.2: Sections for the algorithms of the final step of the GoingDown algorithm to compute a
base case group from a terminal group of the descending recognition chain.

Remark 3.8

Note that there are some classical groups in their natural representation whose degree lies between
the one of a base case group and the one of a terminal group, see Table These exceptional
classical groups are either not covered by the constructive recognition algorithms of this thesis or
additional algorithms to deal with these groups are discussed in the sections about the final step, see
Table If a group is not covered in this thesis, then this is mentioned at the beginning of each

chapter and we refer to algorithms already existing in the literature.

Type Ranges for d which are not covered  Algorithms in the literature

SL 3 65
Sp 6 (20]
SU  5ifgisoddand 59 if g is even [21,32]
0O 7 (32, 59]

Table 3.3: Groups whose degree lies between base and terminal groups.

3.2 BaseCask algorithm

The BaseCask algorithm is the second subalgorithm of the STANDARDGENERATORS algorithm. Let
G := CL(d,q) be the input of STANDARDGENERATORS. Then the input of the BASECASE algorithm
is a generating set X of a base case group CL(d,,q) < G as in Definition 3.2 of the same type as G,
e.g. if G is a special linear group, then the base case group is also a special linear group. Moreover, a
base change matrix ¥ € GL(d, q) is known such that (X)) is stingray embedded with degree d, in
G¥. Since the BAseCasE algorithm is also randomised we again use N as additional input to restrict
the maximal number of selecting random elements to N. The output of the BaseCask algorithm is
an MSLP & and a base change matrix £’ € GL(d, q) such that if & is evaluated in X', the output
are the standard generators of CL(d,q)% as in Deﬁnition
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For base case groups efficient constructive recognition algorithms are known which do not rely
on constructive recognition of subgroups. Therefore, the BAseCask algorithm calls an efficient
constructive recognition algorithm for CL(d,,q) which is possible as CL(d,,q) is a base case group.
As mentioned earlier efficient algorithms for constructive recognition of base case groups already

exist in the literature, see Table[3.4] and are not treated in this thesis except for special linear groups

in Section 5.2l

Group  Reference

SL(2,4) [271]
Sp(4,9) [20]
SU(4,q)  [21]
Q*6,q9)  [22]

Table 3.4: Constructive recognition algorithms for base case groups

Properties of the BaseCask algorithms e.g. if a given algorithm is randomised (see Section [1.1.1) or if
it requires the discrete logarithm oracle (see Section depend on the choice of the constructive
recognition algorithm for the base case group. Note that the constructive recognition algorithms
used for base case groups can readily be exchanged when more efficient constructive recognition

algorithms become available. The current state-of-the-art algorithms often call other base case

algorithms as displayed in Figure

SL(2,
- (T q%—‘

Sp(4,9) SU3,9) Q*(6,9)
T
SU(4,9) <—‘
Q7 (6,9)

Figure 3.1: Relation of algorithms for constructive recognition of base case groups. We use B — A
to denote that B calls the function A.

The state-of-the-art algorithm for constructive recognition of SL(2, ¢) is given in [27]]. This algorithm
is randomised and uses the discrete logarithm oracle. Since a constructive recognition algorithm to
recognise SL(2, q) is used by all the other constructive recognition algorithms for base case groups,
these base case algorithms are also randomised and involve a discrete logarithm oracle. So far, it is
unknown whether it is possible to recognise SL(2, g) constructively without the discrete logarithm

oracle.
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As for the GoingDown algorithm the success of the BaseCask algorithm depends on the choice
of N and for a given € € (0,1) we can select N such that the BAseCasE algorithm succeeds with
probability at least 1 — €. The choice of N of the BASECAasE algorithm is not discussed in this thesis,

instead we refer to the literature, see Table

3.3 GoingUp algorithm

The last subalgorithm of STANDARDGENERATORS is the GoINGUP algorithm. The input of this
algorithm is X with (X) = G = CL(d, ¢) in its natural representation and the standard generating
set S of a stingray embedded subgroup () = H < G¥, where H is a base case group of the same
type as G for a known base change matrix £ € GL(d, g). Moreover, the standard generators S of
H can be written as words in X, i.e. a constructive recognition algorithm has been used on H.
The GoingUPp algorithm is also randomised and, therefore, we use N as input to allow at most N
selections of random elements. The output of the GomngUp algorithm is an MSLP & and a base
change matrix £’ such that if & is evaluated in (SUX<)?" the output are the standard generators

of G¥¢ =CL(d,q).

Similar to the GoingDown algorithm, the GomngUp algorithm uses a step repeatedly until the
standard generators of G have been constructed. The input of the GoingUP step are X and S with
(§ V=H < G where H = CL(n,q) is stingray embedded and of the same type as G for a known
base change matrix Le GL(d,q). The standard generators S of H can be written as words in X
and are encoded in an MSLP &. Moreover, the base change matrix & as well as N to control the
maximal number of random element selections are additional inputs of the GoingUp step. The
output of the GOINGUP step is a base change matrix £ € GL(d, g) and an MSLP which evaluates in
SUX¥ to the standard generators of another stingray embedded classical subgroup K of GZ. Since
the output of the GoingUP step is an MSLP evaluating to the standard generators of a subgroup of
G we denote this by saying that the input of the i-th step is given by X, S, ,,.%¢,_, and N and the
output group is given by §; and Z; with (S;) = H,;) resulting in

(§,,%,) = GoingUpSTEP(X, S, |, % |,N).

Note that this is not completely accurate as the output is not directly S; but rather only an MSLP
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which evaluates to the standard generators S; of H ;). We ignore this small inaccuracy since we know
that the MSLP evaluates to S;. So far we only noted that H; < G¥ holds but we know more about

1

the output of the GomngUP step which is H(i:l% < H(ii_ < G and H;) = CL(n;,q) is of the same

type as G. By setting H g = H this yields a chain of subgroups called an ascending recognition chain

1 L% w1 _
<..<H S <H! =G%.

_ g% &5 1
H—@mfﬁo— (1) ()

In most cases the length of an ascending recognition chain is greater than the length of the descending
recognition chain. Since the standard generators of each H|;) are known and H,,) = G, the standard

generators of G are constructed by the GoingUP algorithm.

The GomngUp step is more complicated than the GoiNngDowN basic step and consists of seven
phases. Therefore, we are not discussing the details of the GoiNngUP step in this chapter and refer to
a detailed description accompanied by an example in Section Instead we continue this chapter

by displaying the input and output of the GoingUP step in matrix form.

Each of the H;) is a stingray embedded classical group of the same type as G, i.e.

CL(n;, 0
H, = (7;,9) e
o I

and the standard generators of H(;) are known. The GonGUP step then roughly proceeds as follows.
We identify an element ¢ € G¥~1 such that

. CLU(AN(d,n;_1),q) 0 |
<H(i—1)’ H(i—l)) = <G%

0 Ly dm,_ )

for a base change matrix ; € GL(d, q) such that (H;_;), Hj,_,) is stingray embedded as displayed
above. The function .A(d,n) depends on the type of the classical group CL(d,q) and is given in
Table The reason why A(d, n) differs for the classical groups is discussed in the corresponding

GoinGgUP chapters of each type of classical group.

Clearly, H < (H,H*) and the standard generators for H are known. Using this knowledge and ¢

we can very carefully construct standard generators for (H,H¢) = CL(./(d,n),q). Then we set
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Group A (d,n)

SL(d,q) min{2n—1,d}
Sp(d,q) min{2n—2,d}
SU(d,q) min{2n—2,d}
Ad,q) min{2n—4,d}

Table 3.5: Values of A(d, n) for the classical group CL(d, g).

H,; = (H,H¢) and the standard generators for /) can be derived. Since we want to avoid as many
matrix operations as possible the standard generators of H; are only encoded in an MSLP instead
of performing the actual matrix computations. As for the GoingDown algorithm we introduce a

notion for an ascending recognition chain in the next definition.

Definition 3.9
Let (X) =G € {SL(d,q),Sp(d,q),SU(d,q),%d,q)}. Then an ascending chain of subgroups of G
with

H=Hg=<Hy...<Hy_y<Hy =G,

where H ;) = CL(n;,q) of the same type as G is stingray embedded in G and H is a base case group,

is an ascending recognition chain.

3.4 STANDARDGENERATORS algorithm

In this chapter we describe the fundamental structure of all constructive recognition algorithms of
this thesis in a single algorithm STANDARDGENERATORS. The STANDARDGENERATORS algorithm uses
the three subalgorithms GomngDown, BaseCast and GoingUPp outlined in the previous sections.

The input and output of the STANDARDGENERATORS algorithm are as described in the introduction

of Chapter
The STANDARDGENERATORS algorithm deals with the input (X) = G := CL(d, q) as follows:

1) If G is a base case group, then call the BASECASE algorithm on G and return the output.
2) Call the GomngDown algorithm with input G to construct a base case group U with U < G.

3) Call the BASECASE algorithm with input U to recognise U constructively.
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4) Call the GoingUp algorithm with input U to express the standard generators of G as words

in X in an MSLP.

The STANDARDGENERATORS algorithm can be displayed in pseudo code as follows.

Algorithm 3: STANDARDGENERATORS

Input: » (X)=G:=CL(d,q) be a classical group except, Sp(d, q) for d and g even,
in its natural representation
» ¢ €(0,1) such that the algorithm succeeds with probability 1—¢
Output:  fail OR where
€ GL(d,q) is a base change matrix and
is an MSLP such that if © is evaluated on X, then the standard generators
of G are computed
function STANDARDGENERATORS(G, €)
if G is a base case group then
return BAseCase(G)
Ny, N,, N5 < MaxiMALR ANDOMSELECTIONS ¢ (d, ¢, €)
U,%,,6, = GomcDown(G,N)
6,, %, :=BaseCase(U,N,)
&;, %, = GomncUn(GH4%, U4, N;)
Concatenate &, G, and G; into a single MSLP & AND ¥ := %,%,%;

return

Algorithm STANDARDGENERATORS yields the structure for the constructive recognition algorithms
of this thesis. In the next four chapters we present the details for the subalgorithms GomngDown,
BaseCase and GoingUP for each of the classical groups. While the GoingDown algorithm is very
similar across the various classical groups we have to deal with different algebraic problems to design
efficient GoinGUP algorithms in all cases. Moreover, we describe two different GoingUp procedures,
one of which is based on linear algebra and the other one is based on involutions. The GomngUp
algorithm based on involutions can be proven for all classical groups simultaneously which is done
separately in Chapter[9} The big advantage of the linear algebra approach is the efficiency of writing
an MSLP from X to the standard generators of CL(d, ¢g). But this comes at the price of having longer

MSLPs than the MSLPs of the approach using involutions. More details about both approaches are
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given in Chapter[9] The complexity of the algorithm STANDARDGENERATORS in discussed partially

in Chapter

We finish this chapter by stating the main theorem for all classical groups of this thesis.

Theorem 3.10
Let (X) = G € {SL(d,q),Sp(d,q),SU(d,q),d,q)}, except Sp(d,q) for g and d even, and € € (0, 1).
Algorithm STANDARDGENERATORS [Alg. [3]] is a one-sided Monte Carlo algorithm which given input
G and € outputs with probability at least 1 —¢ an MSLP & and base change matrix £ such that &

evaluates from X to the standard generators of G¥.

Proof. The correctness is proven as displayed in Table

| GomngDown | BaseCase | GomngUp |

SL(d,q) 5.13 527 | [.35/and[9.3]
Sp(d,q) 6.9 6.10 6.13
SU(d, q) 7.7 7.9 7.11
O(d, q) 8.8 8.10 8.12

Table 3.6: Theorems which prove the correctness of the subalgorithms GoimngDown, BaseCask and
GorngUp used in Algorithm STANDARDGENERATORS [Alg. [3].

The function MAXIMALR ANDOMSELECTIONS, (d, ¢, €) defines three integers N, N,, N; for the maxi-
mal number of random selections of the GoingDown, BaseCase and GoingUp algorithm and is
used in Line 3 of Algorithm STaANDARDGENERATORS [Alg.B]]. How N;, N,, N; are computed is given
and justified in Corollary for N;, Remark for N, and Corollary [10.37for N;. Note that
we only perform a complexity analysis of the GoingUp algorithm based on a conjecture which is
not proven in this thesis. Therefore, we only provide a conjecture about how to choose N; based on

practical results. O

Theorem 3.11
Suppose Conjecture [10.33is true. The complexity of Algorithm STANDARDGENERATORS [Alg. [3]] as
stated in Theorem .10/ is
log(d)

0(d’log(d) +d*log(d)log(log(d))log(q) + m( +2(q)+ 3(q))
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where { denotes an upper bound on the number of field operations required for computing a
random element, 2)(¢q) denotes an upper bound on the number of field operations for constructively
recognising a base case group and 3(¢q) denotes an upper bound on the required number of field

operations for the final step. For a unitary or orthogonal group the complexity of Algorithm

STANDARDGENERATORS [Alg. |3]] as stated in Theorem is

log(d
0(d’log(d) + d*log(d)log(log(d)) log(q) + %Z +9(q)+ 3(q) + log(d)V(q))

where 20(g) is an upper bound on the number of field operations for computing a square root.

Proof. Theorem[10.38 O
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Chapter 4

Stingray elements

In this chapter we introduce important elements of classical groups which play a critical role in the
GoiNGDowN algorithm presented in this thesis as outlined in Chapter[3| Stingray elements have
been studied in numerous publications, see [38} 39, |40, 42, 43, |75, 81]], and the treatment presented

here is based on these references.

In Section[4.1|stingray elements are defined and properties of these elements are summarised. Moreover,
we introduce randomised methods for computing stingray elements in matrix groups using pre-
stingray candidates. In Section 4.2l we summarise results from [75] about the proportion of pre-
stingray candidates and, therefore, the probability of computing stingray elements by random
procedure. In Section |4.3| additional algorithms designed for computing properties of stingray

elements are introduced for later use.

4.1 Definition of stingray elements

In this section stingray elements are defined and general properties of stingray elements are sum-
marised. We start with the definition of stingray elements.
Definition 4.1: Definition [2.53]

Let G < GL(d,q) and let W be a G-invariant subspace of IF;, le.wg € Wiorallwe Wand g €G.

Then G acts irreducibly on W if there is no G-invariant subspace of W other than {0} and W.

71
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Definition 4.2: [42, Section 3.2]
A matrix s € GL(d, q) is a stingray element or more precisely a stingray element of degree m if s has a
(d — m)-dimensional 1-eigenspace E, and s acts irreducibly on a complementary invariant subspace

d . . . . . . .
W, <7 of dimension 7. The space W, is the stingray body and E| is the stingray tail.

Example 4.3

Consider the following matrix:
4 13 3 212 40 4 0 0 0 4
3344341032 1,40 00
21043112203 O Of'®

4 11 change of basis 1
—

o
N
N
N
N
o
()
A RN
N
o
—

341143 4 2 1 1

0222213212 1
This element acts irreducibly on a 4-dimensional subspace and fixes a 6-dimensional subspace point-

wise. []

For an algorithm that uses stingray elements it is important to have an efficient way to find these
special elements in a given group. Because the properties of stingray elements are quite rare, a
random search cannot be justified and is very unlikely to succeed. Therefore, we introduce two
cumulative definitions stingray candidates and pre-stingray candidates to relax the properties we are
looking for such that a random search is much more promising in classical groups. The probability

of computing pre-stingray candidates by random selection is summarised in Section

Definition 4.4
A matrix § € GL(d, q) is a stingray candidate if § has a (d — m)-dimensional 1-eigenspace and s acts

on a complementary invariant subspace.

'MediaProduction. *Manta Ray Image*. iStock.com/MediaProduction, Stock ID: 1173588191. Used under standard
license. Accessed August 26, 2022.
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This raises two relevant questions:
a) How can one find stingray candidates?
b) How can we check if a stingray candidate is a stingray element?

We present a randomised algorithm to compute stingray candidates and determine the probability of
successtully finding one. Since stingray candidates still are rare, we relax the properties even further
and search for pre-stingray candidates from which we can easily construct stingray candidates. The
probability of finding pre-stingray candidates is high and has already been studied by Niemeyer and
Praeger [75].

The definition of pre-stingray candidates is quite different compared to stingray elements and stingray
candidates. The idea is to have a computable property which is useful to construct stingray candidates.
The connection is shown in Theorem

Definition 4.5: [75, Remark 3.2]
A matrix s € GL(d,q) is a pre-stingray candidate if the characteristic polynomial y,(x) has an
irreducible factor P(x) € F, [x] of degree m over F, and no other irreducible factors of degree

divisible by m. The irreducible factor P(x) is a stingray factor.

The following theorem is the key for Algorithm FINDSTINGRAYCANDIDATE [Alg. [4]].

Theorem 4.6: [75, Remark 3.2]
Let G < GL(d,q) and let s € G be a pre-stingray candidate, i.e. we can write the characteristic poly-
nomial as y,(x) = P,(x)P,*(x)...P,*(x) where P,,..., P, are irreducible polynomials, and deg(P,)
does not divide deg(P;) for i > 2. Then s* is a stingray candidate where B = p# [T~ (g%#") —1)

and 5 =[log,(max{c,,...,c;})]-

Proof. [75, Remark 3.2]. O

The following algorithm implements the ideas of Theorem
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Algorithm 4: FINDSTINGRAYCANDIDATE

Input: » (X)=H<GL(d,q)
» A natural number4 < n <d
» NeN
Output:  fail OR where
€ H is a stingray candidate,

is an MSLP from X to ¢ and

€ N where N — V' is the number of random selections that were used

function FINDSTINGRAYCANDIDATE(H, 72, N)

1 while N >0 do
2 N—N-—-1
3 (h,&)« PseupoRanpom(H) // & evaluates on X to h
4 x5 < characteristic polynomial of
5 {P;} < irreducible factors of y,
6 K« {P; | 2 <deg(P;) < min{2[log(n)],[
7 if exists P; € K, m « deg(P;) does not divide deg(P;), j # i then
8 B+« asin TheoremHAND &'« MSLP to h® using &
9 return
10 return fail
Remark 4.7

Note that the degree of a stingray factor of a pre-stingray candidate is equal to the dimension of the

stingray body of a corresponding stingray element.

Thus question a) is solved. For question b) we need to decide efficiently whether a stingray candidate

acts irreducibly on the m-dimensional subspace. To examine this, we consider ppd-elements.

Definition 4.8: [80]

Let a,b € N with a,b > 1. A prime r which divides (a® — 1) is a primitive prime divisor (or ppd for

short) of a®—1if r fa’ — 1 for all ; € N with ; < b.

Let ¢ = p/ be a prime power and d,m € N. A matrix g € GL(d, q) is a ppd(d, q; m)-element if there

is a primitive prime divisor r of ¢” — 1 such that r divides the order of g.
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Definition 4.9
Lets € GL(d, g) be a pre-stingray candidate, i.e. the characteristic polynomial y,(x) has an irreducible
factor of degree m over F, and no other irreducible factors of degree divisible by 7. Then s has the

ppd-stingray property if s is a ppd(d, q; m)-element. In that case 5% is a ppd-stingray element where B

is chosen as in Theorem

The advantage of a pre-stingray candidate s with ppd-stingray property is that the element 5%
automatically acts irreducibly on the m-dimensional invariant subspace. That means that s® is not

only a stingray candidate but rather a stingray element.

Lemma 4.10: [[75, Remark 3.2]
Let G < GL(d,q) and let 5 € G be a pre-stingray candidate with ppd-stingray property. Choose B as
in Theorem 4.6, Then s is a stingray element, i.e. it acts irreducibly on an m-dimensional invariant
subspace and fixes a complementary (d — m)-dimensional subspace point-wise where m = deg(P(x))

and P(x) is the stingray factor of 5. Moreover, s? is a ppd(d, g; m)-element.

Proof. [75, Remark 3.2]. O

Remark 4.11

Clearly every ppd-stingray element is a stingray element but there are stingray elements which are

not ppd-stingray elements.

In order to use ppd-stingray elements in an algorithm, we need an efficient algorithm to check for
the ppd-stingray property.

Lemma 4.12
Let G < GL(d,q) and s € G be a pre-stingray candidate, 1.e. the characteristic polynomial y,(x) has
an irreducible factor of degree 7 over F, and no other irreducible factors of degree divisible by 7.
Let W < FZ be the s8-invariant m-dimensional subspace. Then s has the ppd-stingray property if
and only if (5‘W)(qm_1)/ ¥ 21, where ¥ = ¥(m, g) denotes the product of all primitive prime divisor

of ¢” — 1 with multiplicity.
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Proof. The linear transformation s|  induced by s on W has order dividing g™ —1. If there is a
primitive prime divisor of ¢” — 1 which also divides [s| |, then s has the ppd-stingray property.
Since the order of S|, divides ¢” — 1 and (E‘W)(q "=D/¥ £ 1, the natural number ¥ must contain a
prime divisor of |5‘W| Hence, there exists r € N prime with 7 | ¥ and 7 divides |5‘W| Thus, there is

a primitive prime divisor of g” — 1 which divides |s|_|.
w

The opposite direction also holds using [[75]]: Remark 3.2 of [[75]] states that if s € G < GL(d, q) has
the ppd-stingray property, then there exists » € N prime with » | g” — 1 and r divides |s?|. Hence,
r divides |(5‘W)B| = |s?| and » divides |s],, |- Since 7 is a primitive prime divisor of g™ —1, r does

not divide (g™ —1)/¥ and, therefore, (5‘W)(‘1m_1)/‘¥ #1. [

Remark 4.13
(E‘W)@m_l)/ ¥ £ 1 is a non-identity matrix if and only if x¢"~D/¥ £ 1 within the polynomial ring

F [x]/{P,(x)) which can be checked efficiently, see [75, Remark 3.2].

Algorithm FINDSTINGRAYCANDIDATE [Alg. 4]] and Remark4.13|can be combined in a single algorithm

as Algorithm FINDSTINGRAYELEMENT [Alg. [5]].

Theorem4.14|states the correctness of Algorithm FINDSTINGRAYELEMENT [ Alg. 5] and its termination
using at most N random elements. In Chapter [10] we determine how to choose N to control the

probability that the algorithm returns an output that is not fail.

Theorem 4.14
Algorithm FINDSTINGRAYELEMENT [Alg. 5[] terminates using at most N random selections and works

correctly.

Proof. Clear. O

Algorithm FINDSTINGRAYELEMENT [Alg. [5]] would require a large amount of tries to reach a high
success probability in symplectic and orthogonal groups since pre-stingray candidates with the
ppd-stingray property as in Definition [4.9|are quite rare. In order to adapt the stingray elements
approach for symplectic and orthogonal groups, the pre-stingray candidates must have an additional

property. This is used in Chapter|[6]and Chapter 8]
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Algorithm 5: FINDSTINGRAYELEMENT

Input: » (X)=H<GL(,q)
» A natural number4 < »n <d
» NeN
Output:  fail OR where
€ H is a ppd-stingray element,
is an MSLP from X to ¢ and
€ N where N — V' is the number of random selections that were used

function FINDSTINGRAYELEMENT(H, 72, N)

1 while N >0 do
2 N«—N-—1
3 (h,8)« PseupoRanpom(H) // & evaluates on X to b
4 X < characteristic polynomial of »
5 {P;} < irreducible factors of y,
o || KB, |2 < deg(P,) < min{2flog(m)} [ 31— 1})
7 if exists P; € K, m « deg(P;) does not divide deg(P;), j # i then
8 if x(@"=D/¥(md) L | within F,[x]/(P;(x)) then // Remark
9 B+« asin TheoremAND &'« MSLP to h? using &
10 return
11 return fail

Definition 4.15: [75, Section 3]

For T let F denote the algebraic closure. Two polynomials P,(x), P,(x) € F ,Lx] are conjugate if for
each root A € E of P,(x) the element A~ is a root of Py(x). A polynomial P(x) is self-conjugate if

P(x)€F [x]is conjugate to itself.

Definition 4.16

Let P(x) =39 Ax' €F ,[x] be a polynomial of degree d. Then the reciprocal or reflection of P(x)
is PR(x):=31% A,_;x'. We call P(x) self-reciprocal or palindromic if P(x)= P%(x) holds.

The connection between self-conjugate and self-reciprocal polynomials shown in the next lemma is
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widely-known.

Lemma 4.17
Let P(x):= 3, A;x' €F,[x] be a polynomial of degree d. Then all of the following hold:
1) PR(x)=x?P(x™").
2) If P(x) is self-reciprocal, then P(x) is self-conjugate.

3) If P(x) is irreducible, monic, self-conjugate and d > 1, then P(x) is self-reciprocal.

Proof.
1) Follows from x*P(x~1) =% x4 = PR(x).
2) By 1) we have P(x) = x4 P(x~') which implies the claim.

3) Let y,...,2, € E be the roots of P(x), i.e. P(x) = [T%,(x — ;). Since P(x) is irreducible,
the . are pairwise distinct. Since P(x) is self-conjugate, for every 1 < i < d there is a unique
1<j <dsuchthat;z; = 1. Moreover i # j as 17 = 1 would imply z; = +1, hence P(x) = x+1,
but deg(P(x)) > 1. Hence, the roots come in pairs and d is even. Thus the constant term of

P(x) is equal to P(0) = (=1 [T, 2, =T I%, 2 = 1.

1=1"% 1=1%

Hence, PR(x) is monic. Moreover, by 1) every root of P(x) is a root of PX(x). This implies
P(x) and P®(x) have the same roots and the same degree and P(x) divides P%(x), hence

P = PR(x). O]

Algorithm 6: SELFRECIPROCALCHECK

Input: » P(x)€F,[x] with Z?:o A.x' =P(x)
Output: if P(x) is self-reciprocal and otherwise
function SELFRECIPROCALCHECK(P)

1| A=Ay forall i €{0,...,[ 4]} then

2 ‘ return

3 else
4 ‘ return

Lemma presents an efficient way to check whether a polynomial of F [ X ] is self-reciprocal and
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Algorithm SeLFREciPROCALCHECK [Alg. [f]] is used as a self-reciprocal test in the following.
Remark 4.18

In the following we are interested in self-conjugate, irreducible factors of degree at least 2 of the

characteristic polynomial of matrices in SL(d,q). That means that we are computing monic,

irreducible polynomials of degree at least 2 and by Lemmal4.17]being self-conjugate and self-reciprocal

is equivalent in these cases. Therefore, we use self-reciprocal instead of self-conjugate in the following.

Note that verifying the statement P(x)= P(x)=x*P(x") is more costly than comparing equality

of A;and A, . foralli e {O,...,[%J}.

Definition 4.19
Let G < GL(d,q). An element s € G is a self-reciprocal pre-stingray candidate if the characteristic
polynomial y,(x) has a self-reciprocal irreducible factor P(x) € F,[x] of degree 2 over IF , no other
self-reciprocal irreducible factor of degree divisible by 27 and no non-self-reciprocal irreducible
factor of degree divisible by m. The irreducible factor P(x) is a self-reciprocal stingray factor.
If s € G is a self-reciprocal pre-stingray candidate with the ppd-stingray property, then s is a

self-reciprocal ppd-stingray element where B is chosen as in Theorem

Self-reciprocal ppd-stingray elements are important for the GoingDown algorithm of the symplectic
and orthogonal groups. Since self-reciprocal pre-stingray candidates form a subset of the pre-stingray
elements, Algorithm FINDSTINGRAYELEMENT [Alg. |5]] can be used for self-reciprocal pre-stingray
elements while additionally applying Algorithm SeLFREcProcALCHECK [Alg. [f]] to the irreducible

factors.

Algorithm 7: FINDSELFRECIPROCALSTINGRAYELEMENT

Input: » (X)=H < GL(d,q)
» A natural number4 < »n <d
» NeN
Output:  fail OR where
€ H is a self-reciprocal ppd-stingray element,
is an MSLP from X to ¢ and

€ N where N — V' is the number of random selections that were used
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function FINDSELFRECIPROCALSTINGRAYELEMENT(H , 72, N)

1 while N >0 do

2 N—N-—1
3 (h,8)« PseuboRanpom(H) // & evaluates on X to b
4 x5 < characteristic polynomial of 4
5 {P;} < irreducible factors of y,
6 K —{P;|2<deg(P;) < min{2[log(n)],[ 51— 1},deg(P;) is even, SerrREcrPrROCALCHECK(P; )}
7 if exists P; € K, 2m « deg(P;) does not divide deg(P;), j # i if SerRecirrocar Creck(P;)
AND m does not divide deg(P;), j #iif not(SeLrReciPrOCALCHECK(P))) then

8 if x(@"=D/¥0md) £ | within F,[x]/(P;(x)) then
9 B+ asin TheoremAND &'« MSLP to h® using &

10 return

1 return fail

Theorem 4.20

Algorithm FINDSELFRECIPROCALSTINGRAYELEMENT [Alg. [7]] terminates using at most N random

selections and works correctly.

Proof. Clear. O

Lastly, we need one final lemma about the stingray body of stingray elements in this thesis.

Lemma 4.21: [42, Lemma 3.9(a)]
Let s € CL(d, q) be a stingray element with stingray body W, and stingray tail E,. Then we have

Fg = W, ®E,. Moreover, W, and E, are non-degenerate if CL(d, q) preserves a non-degenerate form.

Proof. The decomposition F ;l =W, ®E, is clear since W, is a complementary subspace of E_. It is
left to show that W, and E, are non-degenerate if CL(d, q) preserves a non-degenerate form ®. For

the proof of that we follow [42, Lemma 3.9(a)]. Let w € W, and v € E_. Then

(w,v) =d(wg,vg)=d(wg,v)
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which is equivalent to ®(w — wg,v) = 0. Since s — 1 is non-singular on W,, we can conclude
that {wg —w | w € W,} = W,. Therefore, ®(w,v) = 0 for all w € W, and hence v € (W,)*.
Since v € E, was arbitrary, E, < (W,)*. Using 2) of Lemma we can also conclude that
dim((W,)!) = dim(Fg) —dim(W,) = d — dim(W,) = dim(E,) since Fg = W, @ E, and, hence, it
follows that (W)t = E_. Thus, W, N(W,)* = W, N E, = {0} and, therefore, W, is non-degenerate.

Similarly, it can be shown that E, is non-degenerate. O

In the algorithms of this thesis we are not dealing with single stingray elements but instead with

pairs of stingray elements as given in the next definition.

Definition 4.22
If s,,s, € GL(d, q) are stingray elements, then (s,,s,) is a stingray pair. Moreover, in special linear
groups a stingray pair (s, s,) is a stingray duo if W, N W, = {0} where W, is the stingray body of s,
for i € {1,2}. In symplectic, unitary and orthogonal groups a stingray pair (s, s,) is a stingray duo if
W, is non-degenerate for z € {1,2} and W, N W, = {0} and W, @ W, is non-degenerate where W,

is the stingray body of s. for 7 € {1,2}.

Remark 4.23
Note that in symplectic, unitary and orthogonal groups if s,, s, € GL(d, q) are ppd-stingray elements,

s

then W, is non-degenerate for i € {1,2} using Lemma where W, is the stingray body of s;.

Hence, we only need to verify that W, N W, = {0} and W, & W,_ is non-degenerate.
1 2 1 2

s

4.2 Proportion results about stingray elements

In order to comment on the efficiency of the algorithms designed in this thesis, it is important
to know the proportion of pre-stingray candidates in G, i.e. the probability that a pre-stingray
candidate of G is chosen by one random selection in G. Niemeyer and Praeger [[75]] have already

dealt with this question and we summarise the most important results below.

Let H =CL(d,q). In the GoingGDownN basic step we select random elements until we find a (self-
reciprocal) pre-stingray candidate as outlined in Chapter 3] The self-reciprocal property is omitted

in the case of special linear groups and special unitary groups. In this section we summarise results
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about the probability that a random element is a (self-reciprocal) pre-stingray candidate based on the
results by Niemeyer and Praeger [[75]]. In Section we extend some of the results of this section

to be more fitting to the algorithms designed in this thesis.

Since H is finite it is sufficient to compute the size of the set of all (self-reciprocal) pre-stingray
candidates in order to compute the probability that a random element of H is a (self-reciprocal)

pre-stingray candidate. The sets are defined as follows.

Definition 4.24: [75, Definition 3.1]
Let H be a d-dimensional classical group defined over a finite field with g elements, as in one of the
rows of Table Let k be an integer such that 1 <k <d.
(z) Let IT, denote the set of all elements h € H with characteristic polynomial y,(x) for which
one of the following conditions holds:
(a) H=SL(r,q) or SU(r,q) and b is a pre-stingray candidate with stingray factor of degree
k where k is odd in case SU(7,q).
(b) H=Sp(2r,q), SO*(2r,q) or SO°(27 +1,q) and b is a self-reciprocal pre-stingray candi-
date with self-reciprocal stingray factor of degree k.

(i7) Let Hzpd denote the subset of IT,, consisting of those elements 4 which also have the ppd-stingray

property.

The integer » of Definition depends on the entry in Table

H d a &
SL(7,q) 7 1 1
SU(7,q) 7 1 2
Sp(27,9) 2r 2 1
SO°(2r+1,9) 2r+1 2 1
SO*(27,q) 2r 2 1

Table 4.1: Groups and constants in Theorem and (75, Table 1].

ppd
n | oI, I’
2 1
2 1
mon | 1= mor 1= aem

Table 4.2: Definitions of £, ;; and m, 5 in Theorem [75, Table 2].
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Theorem 4.25: [75, Theorem 3.3]
Let g be a prime power and F, a finite field with g elements. Let H,d, and 8 be as in one of the
rows of Table Let k be a positive integer with max{3,log(7)} < k& < r/2 and such that k is odd
when H = SU(7,q). Let II be one of IT, or ngd such that IT # @, and let £, ;; and m, ;; be as in
Table Then

Zk,u o 5
1) 527 < 1g1 < 555 and

m, 1 |H| 5

2) if log(r) <k < 2log(r), then 7 < i < o

Proof. [75, Theorem 3.3]. O

Theorem 4.26: [75, Theorem 1.1]
Let H be a d-dimensional classical group defined over a finite field with g elements, as in one of the
rows of Table 4.1} Let r,a be as in Table 4.1} and let £ € N such that max{3,log(7)} <k < r/2 and
k odd if H =SU(7,q). Let IT be the set IT;? 9. Each element of IT powers up to an element which has
a (d — ak)-dimensional 1-eigenspace and acts irreducibly on a complementary invariant subspace of

dimension ak. Moreover,

2

o -5
9eak < < 3ak”

|H|

Proof. [75, Theorem 1.1]. O

The two theorems above prove that the probability of finding a pre-stingray candidate with ppd-
stingray property by random search is promising in classical groups.

Remark 4.27
Notice that there is a slight error in [[75, Theorem 1.1] as not all elements of IT, power up to an
element that acts irreducibly on a complementary invariant subspace of dimension ak but this has

. . . d
no effect on the results of this thesis as we are only using elements of IT;*".

Remark 4.28
Note that the proportion results of Theorem are given for special linear groups and unitary

groups based on stingray elements and for symplectic groups and orthogonal groups based on
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self-reciprocal stingray elements as outlined in Definition Therefore, we design algorithms
using stingray elements in special linear groups and unitary groups and self-reciprocal stingray

elements in symplectic groups and orthogonal groups in this thesis.

4.3 Algorithms for stingray elements

In this section more important algorithms are introduced and analysed, e.g. for computing the
stingray body and stingray tail of stingray elements. Moreover, since stingray elements act irre-
ducibly and invariantly on a subspace while fixing a complementary subspace, these elements are
stingray embedded and we design an algorithm for extracting the stingray embedded group such
that further computations can be performed using matrices of smaller degree and are thus more

efficient.

First, given a stingray element, we require an algorithm to compute the stingray body (see Algorithm
CompUTESTINGRAYBODY [Alg. [9]]) and the stingray tail (see CompuTESTINGRAYTAIL [Alg. [8]]). These

algorithms rely solely on basic linear algebra.

Algorithm 8: CoMPUTESTINGRAY TAIL

Input: » s € GL(d,q) a stingray element
Output: < IFZ the stingray tail, i.e. the 1-eigenspace, of s
function CoMPUTESTINGRAY TAIL(s)
E «— KerneL(s —1;)

return

Algorithm 9: CoMPUTESTINGRAYBODY

Input: » s € GL(d,q) a stingray element
Output: < ]FZ the stingray body of s, i.e. s acts irreducibly and invariantly on
function CoMPUTESTINGRAYBODY(s)
W, < Imace(s — 1)

return
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Lemma 4.29
Algorithm CompUTESTINGRAYTAIL [Alg. [§]] and CompUTESTINGRAYBODY [Alg. [9]] work correctly

and terminate.

. . . . . d .
Proof. Clearly the two algorithms terminate. Since s is a stingray element, F; decomposes into
IFZ =W, ® E, where E_ is the stingray tail of s and W, is the stingray body. Note that s — I, is the
unique (s)-invariant submodule of F’; on which s acts non-trivially and irreducible, see [42, Lemma

3.7(c)]. This is exactly what the algorithms compute. O

Using Algorithm CompuTESTINGRAYBODY [Alg. 9] it is, therefore, easy to verify whether the
stingray bodies of (ppd-)stingray elements intersect trivially and, thus, whether a pair of (ppd-
)stingray elements forms a stingray duo. An algorithm to check whether a pair of ppd-stingray

elements is a stingray duo is given by Algorithm IsStinGrayDuo [Alg. [10].

Algorithm 10: IsSTingRAYDUO

Input: » (s,5,) € CL(d,q) a stingray pair of ppd-stingray elements
» @ a preserved form by CL(d,q) (omitted if CL(d,q) =SL(d,q))

Output: if (s, 5,) 1s a stingray duo as in Definition 4.22|and otherwise

function IsSTiINGRAYDUO((s{, 5,), ®)

1 W, < CoMPUTESTINGRAYBODY(s;)
2 W, < CoMPUTESTINGRAYBODY(s,)
3 W « write basis of W and W, into one matrix

4 if Kerner(W) = {0} then

5 lf ISNONDEGENERATE(W,@) then // Note that this check is omitted in special linear groups
6 return
7 return

The performance of the constructive recognition algorithms of this thesis can be improved by using
lower-dimensional matrices. This can be achieved by observing the action of stingray elements on
their stingray bodies. This corresponds to extracting the non-trivial block of a stingray element after
applying a suitable base change, e.g. extracting the non-trivial block of the right matrix of Example

An algorithm to compute the action of a (ppd-)stingray element on its stingray body is given
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by Algorithm INDUCEDACTIONREPRESENTATION [Alg. [11]].

Algorithm 11: INDUCEDACTIONR EPRESENTATION

Input: » s € GL(d,q) a (ppd-)stingray element
Output: € GL(m, q) which corresponds to the linear action of s on its stingray body
function INDUCEDACTIONR EPRESENTATION(S )
W, < COMPUTESTINGRAYBODY(s)
B — Basis(W,)
s"« Arriv(B, b — Corrricients(4B, b - s5))

return

Remark 4.30

Line 3 of Algorithm INDUCEDACTIONREPRESENTATION [Alg. [11]] is executed as follows: Since the
stingray body W, of a (ppd-)stingray element s € GL(d, ¢) is invariant under the action of s, we can
choose a basis (4,,...,b,,) of W, and b;s € W, for 1 <i < m. Hence, for 1 <1 < m we can express
b;s as a linear combination of (b,,...,b ) and write the coeflicients of this linear combination as a

row in a matrix which results in an 7 x m matrix describing the action of s on the stingray body

W
Lastly, we represent a group which is generated by stingray elements of GL(d, ¢) as lower-dimensional
matrices by observing the action of the group on an irreducible and invariant subspace of ]FZ .Asa
group generated by stingray elements is also stingray embedded in GL(d, q), computing this new
representation corresponds to extracting H of Definition 3.3 We cannot call Algorithm INDUCEDAC-
TIONREPRESENTATION [ Alg.[11]] on both stingray elements because we assume that the stingray bodies
of stingray elements intersect trivially and, therefore, Algorithm INDUCEDACTIONREPRESENTATION
[Alg. uses different base change matrices for extracting the non-trivial block of the stingray
elements. We solve this problem by observing the action of the stingray elements on the sum of

their stingray bodies which is achieved by Algorithm INDUCEDACTIONREPRESENTATIONGROUP [Alg.

12]].
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Algorithm 12: INDUCEDACTIONR EPRESENTATIONGROUP

Input: » U < GL(d,q) generated by (ppd-)stingray elements
Output: < GL(ci ,q) which is generated by the linear action of the generators of U on
the sum of their stingray bodies
function INDUCEDACTIONR EPRESENTATIONGROUP(U)
A—1[]
for s € Generators(U) do
W, < CoMPUTESTINGRAYBODY(S)

AprPEND(A, W)

B — Basis((A))
U]
for s € Generators(U) do

L APPEND([? , Arpiy (9B, b — CorrrICiENTS( B, b - 5)))

return
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Chapter 5

Special linear group

This chapter details an efficient realisation of the strategy outlined in Chapter 3| for the special linear
group SL(d, q) in its natural representation for d > 4. If d = 2, then we refer to [27]], and if d =3,
then we refer to [65]]. This chapter builds upon preliminary concepts and ideas from Akos Seress
and Max Neunhofler who had the idea of using stingray elements for a constructive recognition

algorithm.

We start this chapter by introducing standard generators for special linear groups and proving how
arbitrary transvections can be computed as words in this generating set. Afterwards we describe the

subalgorithms as outlined in Section

Section [5.1| deals with the GoingDown algorithm and is divided into four subsections. Given the
matrix group (X) = G = SL(d, q), the aim is to compute a subgroup U of G with U = SL(2,q).
Section introduces the GoINGDOWN basic step, while Section applies the GoingDownN
basic step iteratively in the main GoingDown algorithm. Given U, < G with U, =2 SL(d,,q) the
goal of the GongDown basic step is to compute a subgroup U, of U; with U, = SL(d,_,,q)
and d; | < 4[log(d;)]. Stingray elements play a major role in this process. In Section the
GomngDown basic step is employed to design an algorithm for computing a descending recognition
chain of subgroups of G as in Definition [3.4| terminating in a subgroup isomorphic to SL(4,¢),
i.e. a terminal group as in Definition The correctness of this algorithm is also proven. In

Section we discuss why the GoiIngDown basic step in Section cannot be used to compute

89
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a subgroup isomorphic to SL(2,q). Therefore, we introduce another approach by Leedham-Green
and O’Brien and explain why their methods are applicable. The approach by Leedham-Green and
O’Brien is used as the final step and for computing the full descending recognition chain as outlined
in Chapter 3 In Section a variation of the GoiINngDownN basic step is discussed which yields a
faster practical run-time and incurs no additional costs regarding the MSLPs. Additionally, another
idea is illustrated to improve the run-time even further at the cost of longer MSLPs. Lastly, in

Section we combine the GOINGDOWN basic step of Section and final step of Section[5.1.3]

into a single GoingDown algorithm for special linear groups.

Section 5.2 deals with the BaseCask algorithm, i.e. given (X},) = U = SL(2, ¢) the standard genera-
tors of U are expressed as words in X;. For this we rely on an algorithm for constructive recognition

of SL(2,q), see [27]]. We do not discuss the details of [27]] but justify it is applicable in our situation.

Section[5.3|introduces the GomngUp algorithm. We prove the correctness of two different approaches
for GoingUP basic steps. The first one is based on linear algebra and uses ideas which are completely
new and have not been published previously. The second approach produces shorter MSLPs and is
based on involutions and ideas from [59]] but in contrast to our first approach is only applicable

when the characteristic is odd and has worse run-time in practice.

We start this chapter by introducing the standard generators of special linear groups. As in Chapter[2}

g = p/ denotes a prime power, (¢, ..., ) an IF -basis of F| and d, 7 are natural numbers with

n<d.LetV = FZ with basis {4,,..., 5,}. The matrices E; ;() are as defined in Section

Definition 5.1
Let d >2 and let S CSL(d,q). Then § is a set of standard generators for SL(d,q) if § is conjugate to
the following set consisting of 2/ + 2 elements:
* Ey(w;)for1<i<f,
* E,(w;)for1<i<f,
® 2 permutation matrix z, corresponding to the permutation (1,d,d —1,...,2) with the entry
(21); 4 changed to —1if d is even and
® 2 permutation matrix z, corresponding to the permutation (2,d,d —1,...,3) with the entry

(2,),4 changed to —1 if d is odd.
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Remark 5.2

The negative entries are introduced to ensure that the elements are contained in SL(d, g).

The following lemma shows how arbitrary transvections can be expressed in terms of the standard

generators and computes upper bounds for the length of these words.
Lemma 5.3
Let § C SL(d,q) be the set of standard generators with respect to the basis (4,,...,5,) and let
M=[S,1;,1,,1,]
1) Letz€F, and:= Zle Ajw; for A; €F . By identifying the finite field element A; € F, with

an integer in {0,..., p — 1}, this yields

E (1) = l_IEl,z(wj)/lj and Ey (1) = HE2,1(°‘)j)Aj-

Moreover, there exists a (2f 4+ 5)-MSLP & of length at most f — 1+ 2log,(g) such that
Eval ,(&)=[E,,(2)] or Eval , (&) =[E,,(2)]

2) Moreover,

E, (z) =FE ;1) for2<i<d—1,
zl(l) =E_ () for2<i<d-—1and
El]() l+1]+1(z) for2<;<d—1and1<:<d-2.

Proof. 1) Ifk€{0,...,p—1}, then E, )(w,)* = E, ,(kew;) and hence

f f f
_E1,2<Z/1j > l—[Eu /1 w; :HEu
j:l

. . . 1. .

Using repeated squaring the computation of E, ,(w;)" needs at most 2log,(p) operations.
Since computing each of the f matrices E, 5(c j)A]- thus requires at most 2log,(p) operations
and multiplying the resulting / matrices requires further f — 1 operations, we need at most

f =14 f2log,(p) = f —1+2log,(q) operations. This can be done analogously for £, ,(2).

2) First, we prove that EU(Z)Z{l =E,;,,(2) by showing b,eEl,i(z)Z;1 =bE ; (1)for 1<k <d.
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Note that b,z, = b,. Hence,

blEl,i(l)Zz_I = b1zzE1,z‘(Z>Zz_1 = blEl,i<l)Zz_1 = (171 + Zbi)zz_l = blzz_l + lbz‘zz_l = bl + ZbH—l’
bzzzEl,i(l)Zz_l = del,i(l)Zz_l = bdzz_l =b, and

byz,E  (1)z; = b, (E,;(1)z;' =b, forke{3,...,d}.

Hence, El,i(z)zz_1 = E, ;,,(2) and analogously it can be shown that Ei)l(z)zz_1 =E, ., (2). Second,
we show that Ei,]»(z)zf1 =E; . ;41(2). We have

bl»HEi’]-(z)Zl_ = IoiﬂzlEi’j(z)zl_1 =(b,+ 119]-)21_1 =b;,+1b, .,
byz,E; ()27 = b,E; (1)z7 = b, and

b/eZ1Ei,,‘(l)Z1_l = la,e_lEi’]-(z)zl_1 =b, forke{2,....d}\{i+1}.

1

Hence, E; ;(1)" =E,,; ;,(2)- O

Example 5.4

We visualise the algorithms of this chapter using the following example matrices of F;**'*:

321 3 4 0 3 1 2 1 4 2 4 010 1 0 3 2 0 4 4 3 3 1 2 1 4 4 2 1
2 2 0 4 2 2 41 3 2 4 4 1 4 2 3 21 2 3 2 4 1 2 3 1 2 2 00 0O
34 1 1 3 3 1 4 2 3 1 1 4 1 3 2 1211 1 1 1 4 3 2 1 4 2 0 0 3
4 1 4 0 2 1 4 2 2 0 3 0 4 2 0 4 4 1 0 0 1 2 3 0 3 4 1 2 3 0 2 O
0O 4 4 1 4 2 1 0 1 1 0 2 2 4 1 3 1 0 3 0 0 3 3 0 4 1 3 00 1 1 1
1 2 4 3 4 4 3 3 0 2 2 4 0 1 2 2 02 3 3 3 2 4 3 0 3 1 3 4 0 1 2
4 3 1 2 1 2 3 2 0 3 3 1 0 4 3 3 01 3 1 0 1 4 0 4 2 1 4 3 0 3 0
2 4 3 1 3 1 1 2 0 4 4 3 0 2 4 4 3 4 4 0 2 0 0 4 4 0 2 2 1 1 2 4
31 2 4 2 4 4 4 1 1 1 2 03 1 1|1 0 2 3 0 4 4 4 00 03 2 10 1
0O 1 1 4 2 3 4 0 4 0 0 3 3 1 4 2 4 1 1 0 1 1 3 1 4 2 4 3 2 0 1 2
4 4 2 1 3 0 1 2 4 2 4 4 3 0 2 O 0 4 0 3 4 2 3 1 2 0 4 4 4 3 3 3
0 0 00O0OOOO0OOO0OO0OT1TO0OO0OO0O 4 3 2 1 3 0 0 0 1 3 4 3 0 3 1 4
0 2 2 3 4 1 3 0 3 3 0 1 2 2 3 4 121 3 1 4 2 2 3 2 1 2 3 0 10
4 3 1 2 1 2 2 2 03 3 1 0 0 3 3 3 4 0 0 4 1 0 4 3 2 2 1 2 3 4 2
o1 1 4 2 3 4 0 4 4 0 3 3 1 0 2 o3 1 3 3 1 0 3 3 0 3 0 4 1 1 4
2 0 4 0 0 4 01 4 3 4 1 3 3 3 2 1 11 3 3 4 3 3 4 3 3 4 4 3 0 O
_ ﬂEl = dEZ

and G= := (a®1,a). The symbol Z, which is the Greek capital letter xi, is used in this chapter
to refer to groups and group elements mentioned in previous examples. The symbol itself has no

meaning except for recalling these previous examples.
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5.1 GoingDown algorithm

Stingray elements are key to the GoingDown algorithm as they are used in the GoingDown basic
step to find a subgroup of SL(d, g) isomorphic to SL(d’, g) quickly, where d’ < 4[log(d)]. Later in
this section we study how the GoingDown basic step can be implemented while the idea of the
basic step is illustrated in Figure[5.1] Repeated calls to the GoingDown basic step yield a descending
recognition chain as in Definition that is

SL(4,q)=2 U, < U, ,=SL(d,_,q)<...<U =SL{d,,q)< U,=G,

where d; < 4[log(d;_,)] for 2 < i < k. In Section 5.1.2] Algorithm GorngDownToDim4 [Alg.
implements this strategy and we prove its correctness and analyse its complexity. Unfortunately,
the GoingDown basic step is not applicable to find a subgroup U of G isomorphic to the base case
group SL(2,g). The reason for this is explained in more detail in Remark In Section [5.1.3]
we introduce a method of Leedham-Green and O’Brien [59] to construct a subgroup of SL(4,¢)

isomorphic to SL(2,q) which is our final step as outlined in Chapter [3|

Lastly, a variation of the GorngDown basic step is introduced in Section[5.1.4 which yields a practical
run-time improvement while having no effect on the length and memory quota of the produced
MSLPs. In Section 5.1.4] we also discuss an approach for improving the run-time at the cost of longer
MSLPs.

5.1.1 GoingDownN basic step

Let G =SL(d,q). In this section we describe and prove the correctness of one GoiIngGDowN basic
step. Given a stingray embedded subgroup H of G with H = SL(d’,q) for d’ < d as in Definition
the aim of the basic step is to compute a stingray embedded subgroup U of H, and thus U is
also a stingray embedded subgroup of G, with U = SL(d”,q) and d” < 4[log(d’)]. The algorithm
to compute the subgroup U is a randomised algorithm using stingray elements. Therefore, this

section heavily relies on Chapter [4and the algorithms presented there.

We start with a sketch of the idea. Let s, 5, € GL(d, g) be two stingray elements, let W, < F; be
their respective stingray bodies, dim(W, ) = n, and E_ their respective stingray tails for 7 € {1,2},

where 7, + n, < 4[log(d)]. As in Example there are base change matrices &, such that the
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stingray element slg" is a matrix with a non-trivial 7, X n; block in the upper left hand corner and 1s
on the remaining diagonal. The base change matrix &, can be computed by appending a basis for
the stingray tail £, to a basis for the stingray body W, for i € {1,2}. This is illustrated by the upper
left gray block in Figure[5.1 With high probability the base change matrices &, and &, are different.
However, since 7, and 7, are relatively small compared to d, the elements s, and s, must have a large

, € GL(d,q) that

common l-eigenspace, namely E, NE, . We consider a base change matrix &, |

arises if we choose a basis for W, + W, and append a basis for the large common 1-eigenspace E, NE,
of s, and 5,. Let 7 := dim(W, + W, ) = d —dim(E, NE, ). The actions of the stingray elements

"(gs s ‘gs \5 . . . . .
s, " ands) " on W, + W, are represented with orange blocks in Figure5.1{ It is important that

1
the base change matrix is identical for 5, and 5,. With high probability W, N W, ={0}, (s,,s,) acts
irreducibly on W, + W, and (s;,s,) = SL(n,q) as illustrated in Figure The probability results

are summarised in Chapter |10/and the action of the stingray pair (s,,s,) is discussed in more detail

in Remark

5= * e GL(d,q) 5= * e GL(d,q)
| Base change matrix ., | Base change matrix .%,
* *
% 0 0
¢ - ¢
i = =5 0= =5
1 0 1 0
0 0
0 1 0 1
SL(n,q) 0
1...0
0
0 ... 1

Figure 5.1: Visualisation of generating special linear groups using stingray duos.'

'MediaProduction. *Manta Ray Image*. iStock.com/MediaProduction, Stock ID: 1173588191. Used under standard
license. Accessed August 26, 2022.



5.1. GOINGDOWN ALGORITHM 95

Two interesting questions are why the matrices in the orange block “interact” with each other and
how the stingray elements can be displayed under the described base change of Figure[5.1] The next
remark deals with this and the following example illustrates it.
Remark 5.5
Let s;,5, € SL(d, q) be two stingray elements and W, , W, < IFZ with W, N W, = {0} where W,
is the stingray body of s.. First, note that every element of the intersection of the stingray tails
E, NE, isfixed by s, and 5, and that £, NE, is a complementary subspace of W, + W, . Second,
let w, € W, and w, € W, . Then
w;s; €W,
as 5; leaves W, invariant. Before we compute w,s, notice that w, = @, + ¢ where @, € W, and

s

€L, and

wy(sy— 1) = (@, +0)(s, — 1)

= y(sy— 1) +0(sy — 1)

@y (s;— 1)

=w;s,— ol e W, .
— o) ~ — / / __ o~ ~
Thus, w,s; = @5, — @, + w, = @'+ w, where w' =5, — B, € W, .

Example 5.6
Let G =SL(6,5). Then

112 4 23 321133

2 40 4 41 330403

333 03 2 033012
$; = , S, =

4 3 4 2 2 3 31103 4

1 4 02 3 3 023 003

1 021 4 2 1 04 3 21

are two stingray elements with s;,s, € G =SL(6,5) and additionally (s,,s,) = SL(4,5). Here W, =

((2,1,1,1,0,0),(4,4,1,0,4,1)) and W, = ((3,0,2,4,1,0),(1,4,0,3,0,1)) such that the dimension

n; :=dim(W, ) = 2. Moreover, W, N W, ={0} and thus dim(W, + W, ) =4. Since W, N W, = {0}
[ 1 2 1 2 1 2
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and dim(W, ) = 2 we know that dim(E, ) = dim(F§) —dim(W, ) = 6 —2 = 4 and dim(E, NE, ) =
dim(F$) — dim( W, ) —dim(W, ) = 6 —2—2 = 2. We can also compute a basis for the common
l-eigenspace of s; and s, which is given by E NE = ((1,4,0,2,4,0),(0,1,3,0,2,2)). This yields
abasis B = ((2,1,1,1,0,0), (4,4, 1,0,4,1),(3,0,2,4,1,0),(1,4,0,3,0, 1), (1,4,0,2,4,0),(0,1,3,0,2,2))

for IF¢. With respect to this basis 9, the elements s, and s, are represented as the following matrices
5 P 1 2 P 8

4 2 1 000
1 2 0113
%%_3310 2 B 3 2
s, = , s, =
4 2 01 4 3
10 10
01 01

In order to improve the run-time, it is reasonable to represent the matrices s, and s, as elements of an
(n, + n,)-dimensional special linear group which is described in more detail in Section Note
that in this example SL(4,g) = (s, s,) and that (s, s,) is stingray embedded of degree 4 in SL(6,5).

The next algorithm implements the GoingDown basic step, i.e. computes the next subgroup of a

descending recognition chain
SL(4,9)=2U,<U, ,=SLd,_,9)<...<U =SLd,q)<U,=G
where d; <4[log(d,_|)]for1<i<k.

Remark 5.7

Some randomised algorithms described in this thesis call other randomised algorithms. In order
to bound the overall number of computed random elements, we use a “global” variable N. That
means if a randomised algorithm A uses the variable N and calls a randomised algorithm B with
input N, then A and B “share” the identical N, 1.e. if N is decreased by B and B returns N, then the
N of A is “updated” and thus also decreased. The variable N is very useful in this context to bound

the maximal number of random elements computed by the input N.
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Remark 5.8

Some algorithms of this thesis call other randomised algorithms which can either return a valid

10

11

12

97

output or fail. Whether an algorithm returns valid output or fail needs to be checked before the

output is given as an argument to the next function. If a randomised algorithm A calls a randomised

algorithm B and B returns fail, then A also terminates and returns fail. The check whether

B returns fail requires an if statement in an implementation. To provide better readability of

algorithms we sometimes omit this if-statement and refer to this remark instead.

Algorithm 13: GoingDownBasicSTEPSL

Input: » d, eNwithd, >4
» (X)=G<GL(d,q) with G=SL(d,,q)
» NeN

Output:  fail OR where

e N with 4 <, <4[log(d,)],
< G with [ 2SL(/,,q),
is an MSLP from X to generators of [/ and

€ N where N — V' is the number of random selections that were used

function GoingDownBasicSTePSL(d,, G,N)

while N >0 do // Remark

(51,6, N)« FinDSTINGRAYELEMENT(G, dy, N) // Remark

W, < CoMPUTESTINGRAYBODY(s;)

repeat
(55,6,,N)« FinoStincravELement(G, dy, N) // Remark
W/S2 < CoMPUTESTINGRAYBODY(S,)

until IsSTINGRAYDUO((s4, $,))

dy — dim(W, ) + dim(W )

if (sy,s,) = SL(d,, q) then

// Using a naming algorithm, see Section [1.1.7

S « an MSLP from X to (s,s,) using &, and &,

return

return fail
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Remark 5.9
1) The input parameter N of Algorithm GomneDownBasicSTEPSL [Alg. [13]] is used to control

the maximal number of random elements chosen. Even though Algorithm GomngDownBasic-
STePSL [Alg.|13]] does not compute random elements itself, Algorithm FINDSTINGRAYELEMENT
[Alg. 5] is used which is a randomised algorithm to compute stingray elements, see Chapter
The Algorithm GomngDownBasicSTEPSL [Alg. [13]] is a one-sided Monte Carlo algorithm and
its success depends on the control parameter N. Thus if N is too small, then the algorithm
can fail. How N has to be chosen in order to obtain a success probability of at least 1 — ¢ for
¢ €(0,1) is discussed in Chapter 10|

2) The condition of the if statement in Line 9 of Algorithm GoingDownBasicSTepSL [Alg. [13]],

which is (s;,5,) 2 SL(d,, ¢), can be verified using a naming algorithm as in Section [1.1.7]

We now establish the correctness of Algorithm GoingDownBasicSTEPSL [Alg. [13]] and its termina-

tion using at most N random elements.

Theorem 5.10
Algorithm GoingDowNBasicSTEPSL [Alg. [13]] terminates using at most N random selections and is

correct.

Proof. We start by proving that the algorithm terminates. Algorithm GoimngDownBasicSTEPSL
[Alg. [13]] contains two loops which start in Line 1 and in Line 4. The loop of Line 1 terminates if
N <0. For every computation of a random element N is decreased and every call of Algorithm
FINDSTINGRAYELEMENT [Alg. [5]] requires at least one computation of a random element. Therefore,
the statement N < 0 becomes true after at most N executions of FINDSTINGRAYELEMENT [Alg. .
In this case Algorithm GoingDownBasicSTEPSL [Alg. [13]] returns fail. The loop of Line 4 also
returns fail if N <0 by Algorithm FINDSTINGRAYELEMENT [Alg. [5]] in Line 5.

The correctness is clear since the algorithm either returns fail or a subgroup which is isomorphic to
SL(d,, q) as this is verified in Line 9. We only have to prove that 4 < d, < 4[log(d,)]. The non-trivial
and irreducible subspace of the stingray element returned by Algorithm GomngDownBasicSTePSL
[Alg. [13]] has dimension bounded by 2 and 2[log(d, )]. Since d, is the sum of two such integers it lies
between 4 and 4[log(d,)]. O
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Example 5.11

Iready known from

= a

We apply Algorithm GoingDownBasicSTEPSL [Alg. [13]] to the group G

4 4

1

1 4 2 2 2

4

1 4 0 0 4

4

2

2

3 4 3

4

2 2 0 0 2 4

2

3 2 0

4

3

4

0o 2

3 4 0

2

4 2 0 2

0

4

1

2 4 4 4

1
0 4

2 4 3 3

0

4

2

Example 5.4, Using Algorithm FINDSTINGRAYELEMENT [Alg. [5]] we can identify the following two

stingray elements of G

4 4 4

0

0

4 4 4

For 1 € {1,2} the element s, acts irreducibly on a 3-dimensional subspace W, and fixes a comple-

2

13. For each of s, and s, we

3 and dim(E| )

mentary 13-dimensional subspace E_, i.e. dim(W,)

0
0
0
0
0
0

0 0
0 0
0 0
0 0
0 0
0 0

0
0
0
0
0

4
0

0
0

2 0 O

0o 2

0

0

4 0 4

0
0
0

0
0
0

0 0
0 0
0 0

0

0

4 2 4 0

0
0

0 0 O©
0 0 O©

compute a matrix &, where the first 3 row vectors form a basis for W, and the last 13 row vectors

form a basis for E_.

0

2 2 00

0
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The matrices £, and &, can be used as base change matrices, that is

and

NN

W O =

S~ O »

_ O &

O R

N R W

CHAPTER 5. SPECIAL LINEAR GROUP

- O
(SRR N
NoOA W

Note that W, "W, = {0}. Hence, we can construct a base change matrix £ which maps the original

basis to a basis which consists of a basis for W, + W, followed by a basis for the 10-dimensional
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5

common fixed space £, NE_. We obtain

4 2 0 4 4 4

0o 2

4

3 04 4 2 3

2 4 4

0 4

4

0 4 4 4 0 0 O

3

I/

I/

Then

and

n O O n + o

N e O — <+ o

+ — ¥ + O —

Moreover

—~
n
)
=
—
w
S
——
O O v + o
N N O — T o
+ - <+ + O —
o O —
o — O
— O O
~N~N~—
L
o O —
o — O
— O O
+ O <+ <+ — —
— O v N0
NN AN NN
N~Ne—
~_—

—1
3

=Y

1

SL(6,5). We record the base change matrix &, by setting £

~

(s155,)

T

and, hence, G

5.1.2 Combining GoingDowN basic steps

SL(d,q). By repeatedly calling the GoingDown basic step, we now have all the methods

Let G=

needed to construct a descending recognition chain as in Definition (3.4{ of special linear groups as
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where d; < 4[log(d,_,)] for 1 <1 < k. Observe that the chain reaches a group isomorphic to

SL(4,q) rapidly as the basic step is reducing the dimension logarithmically. The overall number of

GomngDown basic steps required is given by the iterated logarithm log”(d).
Remark 5.12

Note that all state-of-the-art algorithms require a lot more steps. The currently best algorithm is an

algorithm by Dietrich, Leedham-Green, Liibeck and O’Brien [32,59]], in the following referred to as

DLLO algorithm. The DLLO algorithm has two variations from which one is based on a “splitting”
step (called “One” in [59]]) and the other on a “conjugating” step (called “Two” in [59]]). In practice
the variation of the DLLO algorithm with the “splitting” step is used. In each call to the “splitting”
step of the DLLO algorithm two subgroups of half of the input dimension are computed in best case.
Moreover, the DLLO algorithm has to be applied to both computed subgroups. The GoingDown
algorithm in this thesis avoids “splitting” by constructing only one subgroup which is isomorphic
to SL(2,g). It should be mentioned that the DLLO algorithm is also applicable for non-natural
irreducible matrix representations and for black box settings and, hence, does not exploit properties

of the natural representation as we do in our GOINGUP algorithms which in turn has an enormous

impact on the design of the overall algorithm.

Finally, the following algorithm computes a descending recognition chain by iteratively applying

Algorithm GomngDownBasicSTerSL [Alg. [13]].

Algorithm 14: GomngDownToDim4

Input: » d eNwithd >4
» (X)=G=SL(d,q)
» NeN
Output:  fail OR where
< G with [/ = SL(4,q),
is an MSLP from X to generators of [/ and

€ N where N — V' is the number of random selections that were used
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function GoingDownToDiv4(d, G, N)

1 U+« G AND dim «-d AND & « an MSLP from X to X
2 while dim > 4 do
3 (dim, U,&’,N) «— GomcDownBasicSterSL(U, dim, N) // Remark [5.7| and
4 & « Composition of & and &’
5 return
Theorem 5.13

Algorithm GomngDownToDim4 [Alg. [14]] terminates using at most N random selections and is

correct.

Proof. The algorithm only contains one loop. The return value of Algorithm GoingDownBasic-
STePSL [Alg. [13]] is either a subgroup which is isomorphic to SL(dim,q) or fail. If the return value
is fail, then the function terminates immediately. Let d; be equal to dim and let d, be equal to the
first return value in Line 3. Then d, < d, since 4 < d, < min{4[log(d,)], [%]} and, therefore, the

algorithm terminates.

If d =4, then G =SL(4,q). Otherwise we have after every execution of the while loop in Line 2

that U = SL(dim,q). Since dim strictly decreases in each iteration the claim follows. O

Remark 5.14

Recall the descending recognition chain
SL(4,q)=2U,< U, ,=SLd,_,q)<...< U =SL{d,,q)< U,=G,

which is computed by Algorithm GoingDownToDm4 [Alg. [14]]. Algorithm GomngDowNToDim4
[Alg. [14] uses Algorithm GomngDownBasicSTEPSL [Alg. [13]] which verifies that a group generated
by two stingray elements is isomorphic to a special linear group using naming algorithms. Note
that the number of calls to naming algorithms can be reduced by slight variations of the algorithms.
Different alternatives for these variations are, e.g.

* always use a naming algorithm, i.e. verify that U, = SL(d,,q) for all i € {1,...,k},

* only use a naming algorithm until the first subgroup is computed, i.e. only verify that U, =

SL(d},q),
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® never use a naming algorithm and restart from the input group if a maximal number of random
selection is reached, i.e. restart from U, = G,
® never use a naming algorithm but instead of restarting from the input group backtrack one
step, 1.e. if a maximal number of tries is reached in the process of computing U, , ; as a subgroup
of U, then restart from U,_, and compute another subgroup U..
Practical tests of implementations could be used to compare the impact on the running time which

is not done in this thesis.

Example 5.15
In Example we computed a subgroup G < G= with GZ = SL(6,5). As we have not found a

subgroup of G= which is isomorphic to SL(4,5) we repeat the GoingDowN basic step with input
GZ. Note that all matrices in the following are given as elements of (GZ)% of Example if not
mentioned otherwise.

Again we identify two stingray elements in G- using Algorithm FINDSTINGRAYELEMENT [Alg. :

30 1 1 1 4 30113 3 0
4 4 2 1 0 2 1 4 3 4 4 0
02 1 1 2 1 4 3 02 0 2
S;7= |3 4 4 2 3 3 , Syt= 4 3 4 3 0 2 e(GH*T
4 2 2 3 0 4 133 4 00
0 4 0 2 4 3 2 2 3 4 2 3
\ 1o/ \ 1o/

The dimension of the stingray tails £, and E, is 14 and both elements have 2-dimensional

stingray bodies W, and W, . The following base change matrices

4 4 2 4 10 422110
2 413 0 1 2 4 2 1 0 1
311000 2 100 00
Z,=|2 201 00 and Z:=|0o 0 4 1 0 0
1 100 10 2 000 10
1 2 00 0 1 1 0 4 00 1
\ Lo/ \ Lo/
satisfy
et (02 et [0
s; 0 =12 4 and 5,0 = 4
Iy Ly

The next base change matrix maps the given basis to a basis consisting of a basis of W, + W, and a
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basis for £, NE,
3 4
4 4 2 4 1 0
2 4 1 3 0 1
4 2 2 11 0
Lo=12 4 21 0 1
103 2 3 0
001 0 4 1 1
\ L/
Then
0 2 10 2 2
= 2 4 = 01 4 0
550 =1]o 4 1 0 and s, ¢ = 01
303 0 1 4 4
\ | 1,/ \ | 1,/
Moreover
0 2 10 2 2
2 4 01 4 0
=SL(4,5)
0 4 1 0 01
303 0 1 4 4

and, hence, G5 = (53(215)71, sigla)il) 2 SL(4,5). Note that G; < G=. We denote the new base change

matrix by &7 = ¥7< .

5.1.3 Final step of the GoingDown algorithm

At this point we assume that we have found U < G with U = SL(4, ¢) which is a terminal group.
To obtain a base case group, however, we need H < G with H 2 SL(2,g). Unfortunately, the idea
from Section is not applicable as the next remark shows.
Remark 5.16
Note that stingray elements of special linear groups with a 1-dimensional stingray body are equal to
the identity matrix. To see this, apply a base change to obtain a block matrix structure as in Example
where one block visualises the stingray tail which is an identity matrix of size (d — 1) x (d —1)
and the other block visualises the stingray body which has to be (1) € F,*" since the stingray element
is contained in SL(d, q).
Let G = SL(4,9) and suppose we search for two stingray elements s,,s, € G with H = (s,s,) =
SL(2,g). One idea could be to use the GoingDowN basic step, i.e. to search for two stingray elements

with 1-dimensional stingray bodies which also intersect trivially and verify (s,,s,) = SL(2,9). As we

have noted, stingray elements with 1-dimensional stingray body are equal to the identity matrix.
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Therefore, it is not possible that (s;,s,) = SL(2,9).
Another idea is to compute two stingray elements s,,s, € G which have the same 2-dimensional

stingray body. Note that there are

(), =

different 2-dimensional subspaces of IF;. Therefore, the probability that s, and s, have the same

2-dimensional stingray body is given by

1 _(@=D'—9) _ ! L

<;>q (g*—1D(g*—q) (*+1)(g*+q+1) g*

which decreases as ¢ increases. For example, if ¢ = 121, then the probability that s, and s, have the

same 2-dimensional stingray body is 0.0000000046.

Instead we use a method from the DLLO algorithm [32, 59]]. In the following we only sketch the
method for g odd.

Definition 5.17: [59, Definition 4.1]
Let G < GL(d,q).
1) g € Gisaninvolutionif g #1; and g> = 1.
2) g € G is astrong involution if g is an involution and dim(E,(g)) € {f%], oo [%J}.

3) g € G is a strong pre-involution if |g| is even and gl&!/? is a strong involution.

The probability to find a strong pre-involution by selecting independent uniformly distributed

random elements is promising as the next lemma shows.

Lemma 5.18: [66, Theorem 1.1]
Let g be odd and d > 3. Define A(d,q):={g € SL(d,q) | g is a strong pre-involution}. Then

Adg) o 1
[SL(d,q)) ~ 5000log,(d)




10

11

12

13

14

15

5.1. GOINGDOWN ALGORITHM 107

Proof. [66, Theorem 1.1]. O

Algorithm 15: GoingDowNFINALSTEPSL

Input: » (X) =G =SL(4,q) with g odd
» NeN
Output:  fail OR where
< G with [/ =SL(2,q),
€ GL(4,q) is a base change matrix such that is stingray embedded in G,
is an MSLP from X to generators of [/ and
€ N where N — V' is the number of random selections that were used
function GoingDowNFINALSTEPSL(G, N)

repeat // First find a strong pre-involution

g < PseupoRanDoM(G) AND N —N —1

until g is not a strong pre-involution with dim(E,(g))=2 AND N >0
if N<O0then
‘ return fail

g gl&l2 AND £ —E (g)UE_(g)

(C,N) <« CentrALISEROFINVOLUTION(G, g, N) // Remark I and I
gens «— [] // Extract a SL(2,q).

while N >0 do

g < PseupoRaNDOM(C¥) AND N « N —1

if exists £ € N such that the 2 x 2 bottom right block of g’ is trivial but the 2 x 2 top left
block is not then

gens < gens U{g’}

lf (gens) = SL(2,q) then // Using a naming algorithm, see Section [1.1.7

return

return fail

Let g € G =SL(d,q) be a strong involution. We seek a strong involution since the derived group of

its centraliser satisfies

Co(g) =SL(E,(g)) x SL(E_(g))
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which is proven in [59]]. In our case, G is a natural SL(4,¢) and we seek an involution g € G with
dim(SL(E,(g))) = 2 such that a SL(2, ) can be extracted. We give the algorithm in pseudo-code as
Algorithm GomngDowNFiNaLSTepSL [Alg. [15]].

Theorem 5.19

Algorithm GoingDowNFINALSTEPSL [Alg. [15]] is correct and terminates.

Proof. [59, Chapter 11]. O

Example 5.20
We continue Example Remember that we computed G5 < G= with G = SL(4,¢4) and

G5 = (s;,5,) where

&
10 and s =

\ | 1/ \ | 1o/
Now we are using Algorithm GomngDowNFINALSTEPSL [Alg.|15]] to compute a subgroup isomorphic

w O N O
Rl

S~ O &~ N

S = O N

to SL(2,¢). If not stated otherwise, then the matrices are given as elements of (G5)% . By randomly

choosing elements of (G5)% we identify

12 0 2
303 30
as=12 4 3 1
303 0 4
X 7/

Using the characteristic polynomial and a pseudo-order algorithm [76} Section 2.5] this yields that

the order of 4 divides 120. By setting

o1 2 3
31 3 3
‘16 = ng = |4 3 4 1
0 1 3 0
X 7/

we observe that 4, is not the identity and, since the pseudo-order of a5 is known, that 4; is the
identity. Hence, 4, is an involution. Further, basic computations show that the (—1)-eigenspace of

a, is 2-dimensional. Hence, we compute a base change matrix %, into a basis consisting of a basis of
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the (—1)-eigenspace and the 1-eigenspace

2, =

O = O =
- O — O
L I S
[ R G

Note that
2,

O O O +
o O &~ O
O = O O

Using Bray’s algorithm [[18]] we can compute C, zs(aég;)il) efficiently. Under the base change matrix
&7 an element of Cng(aé"%E)_l) is a block-diagonal matrix, e.g. the following element is in

L2y
CG~(“2 ) )

\ | 1,/

By random search of elements in Cgz(a 6"%2: ) we find the following two elements which can be

displayed as follows using the base change matrix £;.%;", namely

2 2 2
\ | 1o/ \ | 1o/

The order of <; :) divides 12 and the order of C 2) divides 4 using again a pseudo-order algorithm

[[76, Section 2.5]. Hence, we raise 4, and a4 to these integers, respectively, yielding

ENEN
o ~

12 _ — _
dg=a,” = 10 =0 1 and a,,:=ag = 10 =

n 0 1 Iy
| 1o/ \ | 12/

o

(al (LY 1’458%53;1>4>

Since SL(2,q) = =: G5 < G=, the algorithm was successful. Again the new

base change matrix is stored by setting £ := £, .
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Using an algorithm for constructive recognition of SL(2,g), we can encode the standard generators
from Definition 5.1 as words in the generators form Algorithm GomngDowNFINaLSTEPSL [Alg. [15]].

A description of a constructive recognition algorithm for SL(2,¢) is given in Section

Remark 5.21
In Algorithm GoingDowNFINALSTEPSL [Alg. [15]] we compute the 1- and (—1)-eigenspace of an

involution which requires that 1 # —1, i.e. char(F) # 2. If char(FF) = 2, then the computation of
usable involutions becomes more difhicult. Nevertheless, there are constructive algorithms based on

involutions in characteristic 2 which are described in [32]] but not further discussed in this thesis.

We use similar algorithms for the final step in the other classical groups for which we provide a

generalised algorithm in pseudo-code as Algorithm GomngDowNFNaLSTEPCL [Alg. [16]].

Theorem 5.22
Algorithm GoingDowNFINALSTEPCL [Alg. [16] is correct and terminates.

Proof. [59, Chapter 11]. ]

Remark 5.23
A modified version of Algorithm GoiIngDowNFINALSTEPCL [Alg. [16] can be used as the final step

algorithm for CL(d, q) with g even. This is not discussed in this thesis and we refer to [32, Chapter

5].

Algorithm 16: GoingDowNFINALSTEPCL

Input: » (X) =G =CL(d,q) a terminal group as in Definition 3.6/ with ¢ odd
»d eNwith2<d' <d
» NeN
Output:  fail OR where
< G with [/ 2 CL(d’,q) of the same type as G,
€ GL(d, q) is a base change matrix such that is stingray embedded in G,
is an MSLP from X to generators of [/ and

€ N where N — V' is the number of random selections that were used
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function GoingDownNFINALSTEPCL(G, d’, N)

repeat // First find a strong pre-involution

g < PseupoRanDoM(G) AND N —N —1
until g is not a strong pre-involution with dim(E,(g))=d’ AND N >0
if N <0 then

‘ return fail

g« gltl/2Z AND %« E (g)UE_,(g)

(C,N)« CeNTRALISEROFINVOLUTION(G, g, N) // Remark I and I
gens «— [] // Extract a SL(2,q).

while N >0 do

g <« PseupoRanpoM(C¥) AND N N —1

if exists £ € N such that the (d —d’) x (d —d’) bottom right block of g’ is trivial but the
d’ x d’ top left block is not then

gens < gens U{g’}

lf <gens) = CL(d/,q) then // Using a naming algorithm, see Section [1.1.7

return

return fail

5.1.4 GoingDownN basic step with lower-dimensional matrices

In this chapter an extended version of the GoingDown algorithm is introduced and proved to be
correct. This method improves the running time asymptotically while the length and memory of

the output MSLPs remain the same.

The general idea is to extract the non-trivial blocks of stingray elements, which is possible using a
respective base change matrix as displayed in Example 5.6} after each GoingDown step such that all
subsequent computations can be performed with smaller-dimensional matrices and, therefore, more
efficiently. Algorithm INDUCEDACTIONREPRESENTATIONGROUP [Alg. [12]] plays a key role for the

methods of this chapter.

Recall that Algorithm INDUCEDACTIONREPRESENTATIONGROUP [Alg. [12]] introduced in Chapter 4

takes as input a subgroup U < GL(d, q) which is generated by a stingray duo (s, 5,) with dim(W, ) =
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n; and outputs a group U < GL(n,+7,,q) generated by the actions of 5, and s, on W, +W, . Thiscan
be done as all relevant information about (s, s,) is already present in the action of (s,,s,) on W, + W, .

1 2
Instead of calling the next GoiINGDowN basic step with input group (s, s,) we call it with input
U < GL(n, 4 n,,q) where U is the output of Algorithm INDUCEDACTIONR EPRESENTATIONGROUP
[Alg. . Continuing with U is more efficient since we are only dealing with (7, 4 7,) X (1, + n,)
matrices instead of d x d matrices. By using this trick repeatedly this refines the descending

recognition chain

SL(4,9)2 U, < U, ,~SL(d,_,q)<...< U, 2SL(d,,q) < U,= G =SL(d, ),
where d, < 4[log(d._,)] for 2< i <k into

SL(4,9)= U, < U, ,=SL(d;_,9)<...<U,=SL(d,,q) < U,= G =SL(d, q).

Here H S U denotes that H is isomorphic to a stingray embedded subgroup of U. Note that we
cannot say that U, is a subgroup of U._, any more as the elements of U, are d; x d. matrices and the

elements of U,_, are d, | x d, | matrices.

Using these ideas Algorithm GoingDownToDim4 [Alg. [14] can be improved as follows.

Algorithm 17: GoingDowNToDimM4LDVErsioN1

Input: » d eNwithd >4
> <X1> =G =SL(d,q)

» NeN
Output:  fail OR where
=SL(4,9) and
€ N where N — V' is the number of random selections that were used

function GoingDownToDiv4LDVEersion1(d, G, N)
U+« G AND dim «d
while dim > 4 do
(dim, U,&,N)« GomncDownBasicSterSL(U, dim, N) // Remark [5.7| and

U «— INDUCEDACTIONREPRESENTATIONGROUP(U)

return
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One crucial difference compared to Algorithm GomneDownToDiv4 [Alg. is that the out-
put of Algorithm GoingDownToDimM4LDVersion1 [Alg. [17] is no longer a subgroup of G. Let
(g1>8) = U be the output of Algorithm GomnDownToDiM4LDVersiond [Alg. [17]]. Then U can
be stingray embedded into G by defining §, = diag(g;,,_,) and U is isomorphic to U = (§,, §,) =
SL(4,q). Note, that the stingray embedding is not sufficient to replace GoingDownToDmv4 [Alg.
by Algorithm GoimngDowNToDm4LDVersiond [Alg. [17]] yet. By using Algorithm INDUCEDAC-
TIONREPRESENTATIONGROUP [Alg. [12]] we apply implicitly a base change matrix to naturally embed
U <GL(d,q) into GL(d,q). Hence, we need to keep track of these base change matrices after each
GoingDown basic step in course of Algorithm GomngDownToDm4LDVersiond [Alg. [17]]. This
corresponds to basic linear algebra through linear combinations of basis vectors of the stingray bodies

of stingray elements and results in the following final algorithm.

Theorem 5.24
Algorithm GoimngDownToDmv4LD [Alg. 1s correct and terminates.

Proof. The algorithm does the same as Algorithm GoingDownToDimv4 [Alg. [14]] except the ad-
ditional computation of a basis of the sum of the stingray bodies of the generators of U at the
end of the while loop in Line 7. Since the computation of such a basis has no impact on the
GomngDown algorithm the output group is a subgroup isomorphic to SL(4,q) as for Algorithm
GoimngDowNToDiv4 [Alg. [14]]. The construction of a suitable base change matrix corresponds to
linear combinations of basis vectors after the computation of the stingray bodies of the generators

of U as it 1s done in the Line 5 to 7. O

Algorithm 18: GoingDownToDim4LD

Input: » d e Nwithd >4
> (X)=G=SL(d,q)
» NeN
Output:  fail OR where
< G with [/ =2 SL(4,9),
€ GL(d,q) is a base change matrix such that is stingray embedded in G,
is an MSLP from X to generators of [/ and

€ N where N — N/ is the number of random selections that were used




10

114 CHAPTER 5. SPECIAL LINEAR GROUP

function GoingDownToDmv4LD(d, G, N)

U« G AND dim «d AND 2 «I; AND &« an MSLP from X to X

while dim > 4 do

(dim, U,&',N) « GoincDownBasicSTerSL(U, dim, N) // Remark [5.7| and
& « Composition of & and &’

VVSI <« CoMPUTESTINGRAYBODY(S,) !/ We assume U= (s;,s,)
V(/S2 < CoMPUTESTINGRAYBODY(s,)

W (W, +W,) AND B W - 3B

U «— INDUCEDACTIONREPRESENTATIONGROUP(U)

% — B with a basis for the common 1-eigenspace

return !/ Let (g, g)=U

Remark 5.25

The output of Algorithm GomngDownToDmm4LD [Alg.[18]] is U < G with U = SL(4,¢q) and U~
is stingray embedded in G¥. Since U is a terminal group we want to use the algorithm presented
in Section to compute a base case group in G and the algorithms of Section [5.2|to recognise
the base case group constructively. We also use Algorithm INDUCEDACTIONR EPRESENTATIONGROUP

[Alg. [12] to continue these computations with 4 X 4 matrices instead of d x d matrices.

5.1.5 Complete GoingDown algorithm

We finish this chapter by giving the overall GoingDown algorithm which uses as sub-algorithms

Algorithm GomngDowNToDiM4LD [Alg. [18]] and Algorithm GomngDowNFINaLSTerSL [Alg. [15]].

Algorithm 19: GoingDown

Input: » (X)=G=SL(d,q) withd >4
» NeN
Output:  fail OR where
< G with [/ =SL(2,9),
is a base change matrix such that is stingray embedded in G~ and

is an MSLP from X to generators of
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function GoingDown(G, N)

1 (U, %4,,6,,N)« GomncDownToDm4LD(d,G,N) // Remark [5.7| and

2 U < INDUCEDACTIONR EPRESENTATIONGROUP(U)

3 (U,%,,6,,N)— GomncDownFINALSTEPSL(U, N) // Remark [5.7] and

4 S « Composition of &, and &, AND & « &, diag(%,,1;_,)

5 return // Let (g,&)=U
Theorem 5.26

Algorithm GoingDown [Alg. [19]] is correct and terminates.

Proof. Clear. O

5.2 BaseCask algorithm

Let (X) = H =SL(2,g). Our goal is to express the standard generators of SL(2, ¢) given in Definition
as MSLPs in X. For this we use an algorithm by Conder and Leedham-Green [28]].

We briefly outline the idea and present pseudo-code for the constructive recognition algorithm of

SL(2,4q) given in [28]. All results, concepts and algorithms of this section are well-known.

Algorithm 20: CoNsSTRUCTIVERECOGNTTIONSL2

Input: » (X)=G=SL(2,9)
» NeN
Output:  fail OR where
€ GL(2,q) is a base change matrix,
are standard generators of (X)),
is an MSLP from X to the standard generators & and

€ N where N — V' is the number of random selections that were used
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function ConsTRUCTIVERECOGNITIONSL2(G, N)
1 repeat
2 a <« PseunoRanDoM(G) AND N« N —1 // step 1

3 until 2 has order g —1 OR N <0

4 (v,w) <« eigenvectors of 4 in Ff] AND (2,27 1)« the corresponding eigenvalues in F 7 /17 step 2
5 ¢ < PseupoRanDoM(G) AND b «—4¢ // step 3
6 repeat // Explained in Remark
7 ¢ < PseunoRanpom(G) AND i « for loop condition if possible /1 step 4
8 N—N-—1

9 until bic, fixes (v) OR N <0

10 ay«[a,bic,] // step s
1 repeat

12 ¢, < PseunoRanpom(G) AND j « for loop condition if possible // step 6
13 N«—N-—1

14 until w is an eigenvector for b/ ¢, and a, < [a, b/ c,] is not the identity OR N <0

15 % —(v,w) AND a,al,azha‘g_l,affq,a;_l // step 7

16 if N <0 then

17 return fail
18 return
Theorem 5.27

Algorithm ConsTrRUCTIVERECOGNITIONSL2 [Alg. [20]] terminates using at most N random selections

and works correctly.

Proof. [28]. ]

Remark 5.28
1) Algorithm ConsTrRUCTIVERECOGNITIONSL2 [Alg. 20]] requires the availability of a discrete

logarithm oracle in F, and, hence, the constructive recognition algorithms of this thesis require
this oracle as well. The algorithms used for constructive recognition of base case groups as

outlined in Table[3.4| can be replaced by other constructive recognition algorithms for base
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case groups. That means if an algorithm to solve constructive recognition of SL(2,q) without
the discrete logarithm becomes available, then that algorithm can be replaced.

2) The complexity of Algorithm ConsTrRUCTIVERECOGNITIONSL2 [Alg. [20] is polynomial in
log(g) given a discrete logarithm oracle and a prime factorisation of g — 1.

3) For further discussions about constructive recognition of SL(2,¢) and the use of the discrete

logarithm, see [59].

Example 5.29

We continue Example As explained and proven in Section we can describe stingray
elements by their action on their stingray bodies and, therefore, as lower-dimensional matrices.
Hence, we extract the non-trivial blocks of the matrices 44 and 4,, of Example and continue
with the matrices

11 4 1

g = and g, =

01 4 0
and apply Algorithm ConstruCTIVERECOGNITIONSL2 [Alg. [20]] to (g;, g,)- By random search we
identify

4 4

a= € (g, &)
21

which has order 4 =5—1=¢ — 1. In the second step we compute the eigenvalues 3 and 2 as well as

the eigenvectors (3,1) and (4, 1) of 4, respectively. Using the base change matrix £, :=((3,1),(4,1))

we obtain
2y
3
a=
2
Again by random search we compute
4 1 4 2
b= and ¢ =
31 4 1
and, hence,
2,
2
b, =
13

The product b°¢, fixes {(3,1)) and, therefore, already has a form similar to a transvection. In general
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we can use the discrete logarithm to compute a suitable i in step 4. By taking the commutator

a, b°c,] the vector (3, 1) lies in the 1-eigenspace and, thus,
1 gensp
2,
0 1
[a,b°¢c,] =
4 1

which is a transvection. Analogously we can compute j =1 and

2,
4 1
=
4
such that
2,
4 2
be, =
4

Overall, the following matrices are written as words in g,, g,, namely

34 34 ‘24

, a,=[a,b%]= and a,:=[a,b'c,]=
2 4 1 1

2
Il

Remark 5.30
Algorithm CoNsTRUCTIVERECOGNTITIONSL2 [Alg. [20]] returns three matrices (,4,,4,) and a base

change matrix .%. The three matrices (2,4,,4,) are given as elements of G¥~ where a is a diagonal
matrix with a primitive element at position (1, 1) while 4, is a transvection with a non-zero entry at
position (2,1) and 4, is a transvection with a non-zero entry at position (1,2).

This generating set is not the same as the one described in Definition Therefore, we must

perform some additional computations.

The generating set of Definition [5.1|can be computed using the output of Algorithm ConsTrUC-
TIVERECOGNITIONSL2 [Alg. 2] by using Algorithm STANDARDGENERATINGSETSL2 [Alg. [21]]. Algo-

rithm STANDARDGENERATINGSETSL2 [Alg. [21]] is a slight variation of Algorithm CompleteSL2Basis
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implemented by O’Brien in Magma [|16]] at Magma/package/Group/GrpMat/CompTree/GrpMat/s12q/

natural.m in version Magma V2.27-5 and proceeds as follows.

We start by choosing a primitive element w € F, and compute the diagonal matrix diag(cw, w™)
as a word in (a,a,,a,). This is done by computing & € N such that 4* = diag(cw, ™). This
process can be seen as normalising the primitive element of 4 at position (1, 1) to a desired primitive
element. This is an optional step which also involves the discrete logarithm. Since Algorithm
ConsTRUCTIVERECOGNITIONSL2 [ Alg.[20]] already utilises the discrete logarithm, a second application
of the discrete logarithm does not affect the asymptotic complexity. In practice and for large fields
the run-time can be improved by skipping the normalisation process of the primitive element at

position (1,1) of a.

From now on, we say that w € F_ is the primitive element at position (1,1) of 4 independent
of whether the normalisation step has been carried out or not. We continue by writing the
inverse of the entry (2,1) of 4, and the inverse of the entry (1,2) of 4, as an F,, linear com-
bination of {&? w?,...,w¥?}. Afterwards we compute a specific product of « and 4, using
this linear combination respectively of 2 and 4, to write the transvections E, (1) respectively
E,,(1) as words in (a,4,,4,). Then we compute lists A, and A}, containing the transvections
Al = {E, (%), E, ((0?),..., Ey (w72} and A}, = {E| (), E 5(@?),..., E (0¥ 2}, The set
(% w?..., 00”2} isan T , basis of F, but for the standard generators of SL(2,¢) of Defini-
tion We use the F, basis {w®, w!,...,c/™"}. Therefore, we write w* for 0 < k < f—1 as

2 ...,w¥7?}. Afterwards we evaluate this linear combination in

a linear combination in {e?, w
{E,1(0°),Ey 1 (00?),..., E, (w? 7%} to obtain the transvection E, (w*) and evaluate this linear com-
bination in {E; (), E; ,(w?),..., E; ,(w* )} to obtain the transvection E, ,(w*). Lastly, we use

the transvections E,,(1) and E, (1) to write the permutation matrix z, € SL(2,g) as a word in

(a,a,,a,).

These computations are summarised in Algorithm STANDARDGENERATINGSETSL2 [Alg. 21]].
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Algorithm 21: STANDARDGENERATINGSETSL2

Input: » (a,a,,a,) the output of Algorithm ConsTRUCTIVERECOGNITIONSL2 [Alg.
Output: An MSLP © from (4,4,,4,) to standard generators of Definition

function STANDARDGENERATINGSETSL2((a,44,4,))

1 Choose w a primitive element of IF,

2 Find & such that a[1,1]* = « (Note that this involves the discrete logarithm)

3 | age—a® AND g, I, AND a5 1,

4 Write (2,[2,1]) 7" = 1500° + 1y0? + oot +... + lf_lef—Z forz,...,27 1 €F,
5 Write (a,[1,2]) 7! = jow® + 7% + 00 +... +]f_1a)2f_2 for jo,...,77_1 €F,
6 forie€[0,...,f—1]do

7 L ¢ ag’ AND a,a,((ay)°) AND a5« as((a,)°)"

8 A, < [as] AND A —[a,]

9 forz€[0,...,f—1]do

10 ArpeEND(A),, aéﬂé))

11 ArpEND(A’,, a‘(‘“é))
12 A,—[]AND A, <[]
13 forze[1,...,f]do

14 Write w; = 1500% + 1;0% + oot +... + zf_lwzf_z forzy,...,17 €F,

15 ArpEND(A,,, A [1]RA] [2]1 .. AL [f]71)

16 ArpEnD(Ay, AL [1]RA) 2] AL FT7)
17 & « MSLP from (a,a,,4,) to (A,,Ay, (A, [1]) 7 A,[1](A,[1])7") using the steps above
18 return

Theorem 5.31

Algorithm STANDARDGENERATINGSETSL2 [Alg. 21]] terminates using at most N random selections

and works correctly.

Proof. The algorithm terminates clearly. The correctness follows by easy computations. O
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Remark 5.32
The output of Algorithm STANDARDGENERATINGSETSL2 [Alg. 21]] can be interpreted as follows.

The set A, corresponds to upper transvections, namely the transvections E, 5(c;) for 1<z < f of

Definition 5.1, the set A, corresponds to lower transvections, namely the transvections £, (w;) for

1<i<d of Definition 5.1} and (A4, [1])™'A,[1](4,[1])"" corresponds to z, of Definition 5.1, Note

that z, is trivial if d = 2.

Example 5.33

In Example|5.29| we computed matrices a,4, and a, as words in gl(.gq)*l and gz”s’p“)i1 where

3 1 1 1
a= , a4, = and a,=
2 4 1 1

In the following all matrices are given as elements of (g, g,)*"" as we do not require an additional
base change matrix. Applying Algorithm STANDARDGENERATINGSETSL2 [Alg. to (a,a,,4,)
returns the standard generators of Definition [5.1|as follows. We choose 2 as the primitive element of

IFs. Solving the discrete logarithm, i.e. computing k such that 3* =2, returns & =3 and

; 3° 2
agi=a’ = =
2’ 3

For the upper transvections nothing is to do as 4, := a, = E,(2°). For the lower transvections we set
(,[2,1]) ' =(-1)'=—1=—1-1=—1-2% i.e. 1z, =—1. Then

1

—1 __
1 -

11

— 0 _ & Vg — 0 —
c=ay, =1, and 4 =L(a)°=al=a

This concludes the computation of the transvections of Definition Lastly we compute z, by

—1
(A,D)7A A, ) =4, 4,4, = 1
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5.3 GoingUp algorithm

In this section we assume that we have found a stingray embedded subgroup H of G¥ for a known
base change matrix ¥ € GL(d,q), .e. H < (X*¥) = G¥ =SL(d, q), with H = SL(2,q) and an MSLP
from X to the standard generators of H. Starting from this setting, we describe an algorithm to
compute standard generators of G. Similarly to the GoingDown algorithm we present a GoingUp
step which is being used repeatedly. In this thesis we present two versions of a GoingUp step, both
of which are randomised algorithms. The GoingUp algorithm presented in this section builds upon

a strategy proposed in a draft by Akos Seress and Max Neunhofler.

The GomngUP step of this section uses linear algebra and relies on completely original ideas. On
the one hand, every computation of this solution can be performed extremely fast in the natural
representation of classical groups which results in a very efficient GoingUp step. On the other
hand, the computations require that the given representation of a classical group is the natural
representation and the GomngUPp step of this section cannot easily be modified for non-natural

representations. Using the GOINGUP step repeatedly yields an ascending recognition chain
H=Hg<Hy...<Hy_ ) <Hy»=G.

as described in Definition

The second solution for a GOiNGUP step of this thesis is based on ideas of [59]]. Since this solution is
applicable with minor modifications to all classical groups, the concepts and algorithms are presented

in a separate chapter, see Chapter [9]

Comparing the GoiNGUP step of this section, in the following called the solution based on linear
algebra, and the GoiNGUP step in Chapter 9] in the following called the solution based on involutions,
we can observe that, practically speaking, the solution based on linear algebra performs much faster
than the solution based on involutions when applied to a classical group in its natural representation.
However, this comes at the price that the MSLPs for the standard generators of G are longer using
the solution based on linear algebra instead of the solution based on involutions and that the solution

based on linear algebra cannot be used in non-natural settings.
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For the remainder of this thesis, we denote the GoingUP step of the solution based on linear algebra

as GoiNGUP step, while the GoiNngUP step of the solution based on involutions is discussed in

Chapter 9}

5.3.1 Overview of the GoingUPp step

We start this section by stating the main theorem and giving a description of the GoingUP step in
detail. The theorem is proved by the correctness of the presented GoingUPp step of this section.
The algorithm consists of seven phases. One of these phases is randomised while the others are
deterministic. Since one phase is randomised, the GoiNngUP step overall is also randomised. The
GoingUP step algorithm is presented as Algorithm GomgUrStEP [Alg. 27]] in Section In
Section we call the GoingUP step repeatedly to construct standard generators of the input
group G which results in the final Algorithm GomngUr [Alg. 2§]].

We start with our hypothesis on the setting of this section and then state the main theorem. After-
wards, the theorem is divided into seven phases which we investigate in more detail and prove their

correctness in the course of this section.

Hypothesis 5.34

For the remainder of this section we assume (X) = G = SL(d, q) containing a stingray embedded
subgroup H < (X¥) = G¥ with H = SL(n,q) for n < d and for a known base change matrix
% € GL(d,q). Moreover, standard generators Y, of H are given as words in X. Let V = IFZ and
suppose that B = (v,,...,v,)is a basis for V and let V, = (v,,...,v,) and F,_, =(v,_4,...,v,) (cf.
Definition 2.7). We assume that H acts on V, as SL(z,¢) and that H fixes F,_, point-wise. Recall

that (w,,...,w,) isan F -basis for F.

The main theorem summarising GoINGUP step is the following.

Theorem 5.35
Let X C SL(d,q) such that (X) = G = SL(d,q), let 2 < n < d with » =2 or n odd and let
¥ € GL(d,q) be a base change matrix. Let Y:¥ be a set of standard generators for the subgroup
SL(n,q) stingray embedded into G¥. Furthermore, let & be an SLP from X to Y, and let n’ :=
min{2n —1,d}.
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Then there is an algorithm that computes a base change matrix £’ € GL(d,q) together with
an SLP &' from X to a set Y,,, which is a set of standard generators for SL(n’,q) and (Y:Z') is

stingray embedded in G¥'.

We prove Theorem by stating an algorithm. The algorithm consists of seven phases, called SL1)

to SL7), which are discussed and proven in the remainder of this section.

Remark 5.36
The general idea of the algorithm is the following. Let H = SL(V,) & SL(n, q) be stingray embedded

in G¥ and G =SL(d, q). Given standard generators Y, for H, we construct an element g € G¥
with the following properties:

(C1) dim(V,+V, g)=n',

(C2) if n’ < d, then dim(Fix(H)+ Fix(g)) = dim(F, , +Fix(g))=d.

Note that H acts on V,, as SL(V,) 2 SL(%,g) and similarly H#¢ acts on Vg as SL(V, g) = SL(n, q).
By Lemma[2.5/dim(V,NV, g) =dim(V,)+dim(V, g)—dim(V,+V, g) = 2n—n’ = max{1,2n—d}.
In Section we formulate an additional property (C3) which cannot be defined at this point. If
g does not satisfy (C3), then we construct a new element g € G¥. In the remainder of this section
we prove that this setup allows us to choose a basis for the 7’-dimensional subspace V., =V +V ¢
of V in such a way that we can use g-conjugates of certain transvections in H to assemble standard
generators for SL(n’, g) with respect to the new basis. Consequently, we conclude that (H, H¢) is
indeed isomorphic to SL(7/,q). If n’ < d, then we have roughly doubled the degree from 7 to 2n—1

using g.

Definition 5.37
Assume the setting as described in Hypothesis and let g € G¥.
1) If g satisfies (C1) and (C2) of Remark [5.36] then g is a weak doubling element with respect to
H.
2) If g is a weak doubling element with respect to H and additionally fixes v,, then g is a
doubling element with respect to H.
If the context is clear, then a weak doubling element and doubling element with respect to H are

only denoted by a weak doubling element and doubling element.
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Remark 5.38

The next sections can be summarised as follows.

1)

2)

3)

Contruction of a doubling element: Construct an element g € G satisfying the properties
(C1) and (C2) and fixing v , 1.e. a doubling element as in Definition This is achieved by
random selection of elements of G and discussed in Section [5.3.2

Contruction of a new base change matrix: Construct a new base change matrix £’ such
that (H,H?¢)?" is stingray embedded in G¥¥" which is possible because of the properties
(C1) and (C2). The computation of £’ is deterministic and discussed in Section In
that section we also formulate an additional property (C3) which can only be given after
constructing £’. If g does not satisfy (C3), then we start over from 1).

Contruction of transvections and standard generators: If 2) is successful, then we can con-
clude that (H, H8)?" = SL(n’,q). Hence, we construct transvections and standard generators
for (H,H?)?'. Note that we only need to compute permutation matrices corresponding to
the n’- and (n’ — 1)-cycles of Definition [5.1| as the transvections of the standard generators
of H are also the transvections of the standard generators of (H, H2)¥'. The computations

performed in 3) are deterministic and discussed in Section [5.3.4]

In each section the task described in Remark is divided into more phases which are discussed in

detail in the corresponding section and labelled as SL1) to SL7). Lastly, in Section the phases

SL1) to SL7) are combined into a single algorithm for the GoingUP step. Proving its correctness

yields the proof for Theorem In Section we also discuss two examples of the GomngUp

step. When first reading through the GoiNngUP step some parts may not be clear directly, but one

can always return to these two examples to compare the theoretical results with their applications.

5.3.2 Construction of a dimension doubling element

The goal in this section is the construction of a doubling element, i.e. an element g € G satisfying

the properties (C1) and (C2) and fixing v , leading to Algorithm ComMPUTEDOUBLINGELEMENT [Alg.

23]]. Recall from Hypothesis the setting for this section. We give a condensed version of what is

achieved.
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Remark 5.39
SL1) Construct an element ¢ € H which has a fixed space of dimension d — 7+ 1. This can be done

easily as we have standard generators Y, for H.

SL2) Compute random elements 2 € G¥ until § := ¢ satisfies the two conditions (C1) and (C2)
of Remark [5.36] i.e. until § is a weak doubling element.

SL3) Find a conjugate g € G¥ of § which also satisfies the two conditions (C1) and (C2) and

additionally fixes v , i.e. a doubling element.

Note that the GoingUp algorithm is randomised as in SL.2) we search for random « € G such that
¢ := t* satisfies the two properties (C1) and (C2) of Remark We do not analyse the proportion

of usable elements in this chapter and only prove the correctness. Complexity results are given in

Chapter

The following lemma shows how SL1) is carried out in the solution of this thesis. Note that there are
multiple other choices for ¢ € H having a fixed space of dimension d —7+ 1. Recall the permutation
matrices z; and z, from Definition 5.1 which are permutation matrices corresponding to 7 and 7 —1

cycles, respectively.

Lemma 5.40

An element t € H < G¥ which has a fixed space of dimension d — 7 + 1 is given by

E (1), ifn=2,

L= < Zy, if n>2and p is even,

Zy, if n>2and p is odd.

Proof. If n =2, then we take ¢t = E| ,(1). Its fixed space is {v,, ..., v,) and thus has dimension d —1 =
d—2+1=d—n+1.1f n>2, then n is odd by assumption in Theorem If the characteristic
p is odd, then we take for ¢ an (n —1)-cycle z, which has fixed space is (v{,v,,1,7,5,..., ;). If

P =2, then we select an n-cycle z; which has fixed space (v, +v,+...+v,,v,,,...,7,). O

The element ¢ is constructed as an MSLP in the given standard generators Y, of H = SL(n,q), but
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can also be written explicitly as a matrix of (X)¥ at a cost of O(d?).

Now that ¢ has a fixed space of dimension d — 7 + 1, we compute a random a € G< and check
whether ¢ = ¢* satisfies the properties (C1) and (C2) of Remark We repeat this until ¢ has

the required properties.

Remark 5.41
Verifying (C1) and (C2) of Remark is one of the few places in GoingUp step where we must

multiply (d X d)-matrices, since  is created as a matrix in the same input basis as X, and we must

construct the matrix of 2 and g as an element of (X)%. This is necessary to check (C1) and (C2).

Lemma 5.42
Let ¢ be as in Lemma[5.40]and let § := ¢“ be a weak doubling element.
1) dim(V, NFix(g)) > 1 and if n’ < d, then dim(V, NFix(g)) = 1.
2) V., is invariant under the action of §.

3) If n’ < d, then dim(F, , NFix(g))=d —n'.

Proof. In the following we use Lemma

1) Since ¢ and ¢ are conjugate we know that dim(Fix(¢)) = dim(Fix(¢)) = d —n + 1. Note that
dim(V, 4+ Fix(¢)) < dim(V') =d. Hence,

dim(V, NFix(¢)) = dim(V,) + dim(Fix(g)) — dim(V, + Fix(g))
=n+(d—n+1)—dim(V, +Fix(g))

=d +1—dim(V, + Fix(§)) > 1.

Now let n’ < d, i.e. n’ =2n— 1. Then using (C1) of Remark[5.36] it follows that

dim(V, NV, §)=dim(V,)+dim(V, §)—dim(V, + V., §)
=n+n—n

=n+n—2n—1)=1.

Notice that V, NFix(g) C V, ¢ and thus
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dim(V, NFix(¢g)) <dim(V, NV §)=1.
Since dim(V, NFix(g)) > 1, the result follows.

If ' = d, then the statement is clear. Let us assume that #’ =2n—1 < d. We construct a basis
of V, which shows that V, is invariant under the action of . A basis of V, consists of n’

elements since dim(V,,) = n’ by (C1). Notice that using 1) it follows that

dim(V, +Fix(¢)) = dim(V,) + dim(Fix(§ )) — dim(V,, N Fix(#))

=n+(d—n+1)—1=d.

Therefore, V, + Fix(g)= V. Since V, <V, it follows that V, 4+ Fix(¢) = V which implies

that

dim(V, NFix(§)) = dim(V,,) + dim(Fix(§)) — dim(V,,, + Fix(§))

=2n—1)4+d—n+1)—d =n.

Since dim(V, N(V,NFix(¢))) = dim(V, NFix(g)) = 1, it follows that

dim(V, +(V,, NFix(g))) = dim(V,) + dim(V,, N Fix(§)) — dim(V, N (V,, N Fix(§)))

—n+n—1=2n—1=n'.

Since V, +(V,,NFix(g)) <V, it follows that V, +(V ,NFix(¢)) = V,,. Therefore, we can

choose a basis of V, as follows:

e Choose a non-zero vector v, € V, NFix(g).
e Select 7 —1 vectors v,,...,v, € V to extend this to a basis of V.

e Choose n—1 vectors from V,, NFix(g) to extend this to a basis of V.

Clearly this basis is invariant under the action of § as either v,§ = v, orv,§ €V g <V ..
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3) If ' < d, then dim(F,;_, +Fix(¢)) = d by (C2). Hence, as claimed, we obtain

dim(F,_ NFix(3)) = dim(F,_ )+ dim(Fix(3)) — dim(F,_ + Fix(3))

=d—2n+1=d—n'. ]

Remark 5.43
If n’ =d <2n—1, then it is possible that dim(V, NFix(g)) > 1 which is important in Remark

Corollary 5.44
Let ¢ be a weak doubling element and V as in Hypothesis ThenV +V g=V +V g

of [5.

Proof. Notethat V. +V g¢=V, by, g =(V,+V g ' =V '+ V. O

n

G
N
[\S}

Remark 5.45
Note that there is one more condition (C3) which can only be formulated in Section If that

condition is not satisfied, then we restart from SL2) and try another element a.

Algorithm 22: CompuTEWEAKDOUBLINGELEMENT

Input: » (X)=G<SL(d,q)
» A base change matrix ¥ € GL(d,q)
» SL(n,q) = (Y,) = H < G¥ stingray embedded and constructively recognised
» NeN
Output:  fail OR where
€ G¥ is a weak doubling element,
is an MSLP from X UY, to ¢ and

€ N where N — V' is the number of random selections that were used
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function ComruTEWEAKDOUBLINGELEMENT(G, ¥, H,N)

1 Choose t € H as described in Lemma|[5.40 /7 sty
2 repeat // start of SL2)
3 N—N-—1

4 it N <O then

5 return fail

6 g « t* for random 2 € G¥

7 until ¢ satisfies (C1) and (C2)

8 S« MSLP from X UY, to ¢

9 return

Our next goal is to construct a conjugate g of ¢ such that g is a doubling element. We seek an
element L € H with v,L = v, where 0 # v € V, NFix(§), and write L as a word in the standard
generators Y, and finally compute g := LgL™!. Lemma proves the existence of an element
L € H with the described properties, Lemma shows that g is a doubling element and lastly we

describe how L can be found. We start by proving that L € H = SL(n, q) exists.

Lemma 5.46

SL(d,q) acts doubly transitive on the 1-dimensional subspaces of Fg .

Proof. [91, Theorem 4.1] O

Next we show that g := L§L™" is a doubling element.

Lemma 5.47
Let ¢, G and H be as in Lemmal[5.40/and § := t* a weak doubling element for a random element
a € G¥. Let L € H such that v,L = v where 0# v € V, NFix(g). Then
1) LgL ! satisfies (C1) and (C2).
2) v, €V, NFix(LgL™).

Proof. 1) Since L € H, it follows that V.L =V and so
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dim(V,+V LgL ) =dim(V, L+ V Lg)=dim(V, +V g)=n'
and (C1) holds. Moreover, LF, ,L™'=F, (notice L € H) and so
dim(Fix(LgL ™)+ F, )=dim(Fix(L§L™")+ LF, [ ")=dim(Fix(§)+F, )=d
and (C2) holds.
2) Wehave v, €V, and v, LgL ' =vgL ' =vLl ' =v, since 0# v €V, NFix(g). O

Remark 5.48
We proceed as follows to find L satisfying the hypothesis of Lemma [5.47}

1) Let 0# v € V,NFix(§) and v = 377 A0, for A; € F. This is possible since v € V,, and
(v45-..,v,) isabasisof V.

2) If A, #0, then we normalise the first entry of v by multiplying it by A", allowing us, without
loss of generality, to assume A, = 1. Through this normalisation L can be written as a product
of the elements £, (w;) for 1<z < f and 1 <j <n—1. The elements £, ;(w;) are expressed
in the standard generators Y, of H = SL(%,¢q), as shown in Lemma

3) If A, =0, then we select a non-zero A; and find a L’ € H such that v,L' = vE; (1), following

—1

the same procedure outlined in 2). Finally, we define L := L'E; (1)

Algorithm 23: CoMPUTEDOUBLINGELEMENT

Input: » (X)=G<SL(d,q)
» A base change matrix ¥ € GL(d, q)
» SL(n,q) = (Y,) = H < G¥ stingray embedded and constructively recognised
» NeN
Output:  fail OR where
€ G¥ is a doubling element,
is an MSLP from X UY, to ¢ and

€ N where N — N’ is the number of random selections that were used
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function ComruTeDoUBLINGELEMENT(G, £, H, N)
1 (§,6,,N)«— ComruteWeAKkDoOUBLINGELEMENT(G, £, H,N)
2 if ¢ = fail then

3 return fail

4 L < as described in Remark|5.48{ AND &, « MSLP from Y, to L // sL3)

5 g« LgL~' AND G+ Compose &, and &,

6 return

Remark 5.49

Notice that the matrices E, ,(w;) and E, |(w;) are given as elements of (X)* which contains the
stingray embedded subgroup H isomorphic to SL(7,q) and standard generators Y, can be written

as words in X as described in Hypothesis[5.34]

5.3.3 Construction of a new base change matrix

. . . . . /
The goal of this section is the construction of a new base change matrix £’ such that (H, H?#)¥

is stingray embedded in G¥%'. All computations in this section are deterministic. Recall from
Hypothesis the setting for this section and that g € G is a doubling element, i.e. satisfies (C1)
and (C2) and fixes v, as described in Section This section only covers one phase as described

in the next remark.

Remark 5.50
SL4) Compute a base change matrix .’ such that (H, H8)%' is stingray embedded in G¥%',

The goal of SL4) is to compute a base change matrix £’ € GL(d,q) such that (H,H?&)<" is
stingray embedded in G¢¥" and if (H,H?) = SL(n',q), then standard generators of (H,H?#)¥’
can be constructed using the steps SL5) to SL7) described in Section Note that we formulate
an additional condition (C3) in this section which can only be defined after the construction of £”’.
If g does not satisfy (C3), then we must choose a new random element 2 € G¥ and restart from
phase SL2). If g satisfies (C3), then we can conclude in Section[5.3.4|that (H, H¢) = SL(n’,q) and

construct standard generators of (H,H¢).
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Remark 5.51

The base change matrix £’ is computed by constructing a specific basis of IFZ. Let t: V—>F,  be

the projection map to F, , of the decomposition V=V, @ F, .

1)

2)

3)

The first 7 vectors of the new basis are equal to the vectors in the old basis, i.e. v} := v, for
1<:1<n.
Notice that the vectors 7(v,g),...,7(v, ,g) are linear independent if »’ < d using the

following argument: Let 4, € F, such that 0 = 37"~ La;m(v,g) = (30 a;v;g). Thus,

"lav,geV,and Y a0, = (30 a;v,)g €V, g. Note that V, NV, g = (v,) and that
(- a;v,)g € V,NV,g. Hence, Av, is a linear combination of (v,g,...,v,_;g) such that
Av, =37 a;v;g which is equivalent to Av, = Av,g™' =37~ 4,v,. This is only possible if
A=a,=...=a, ;=0as(v,,...,v,) is a basis. With a similar argument it can be shown that
(v,g),-.., (v, ,g) contains a linear independent subset of size d —n if d = n’.

The vectors v) _ ,,..., v/, of the new basis are chosen as a linearly independent subset of the

n+12°
vectors 7t(v,g),..., (v, ,g). lf n’ <d, then we take all the vectors (v, g),..., (v, ,g)and
otherwise we choose a linearly independent subset.

In the case 7’ < d we extend (v{,...,v/,) to a basis B’ = (v1,...,v}) of V by choosing a basis

of F,_ NFix(g) which is possible by condition (C2).

The matrix £’ € GL(d, q) is now chosen to be the base change matrix between % and %’. Note

that (C1) and (C2) ensure that (H, H¢) can be stingray embedded in G using Remark

Remark 5.52

With respect to the new basis B’ we can observe the following.

1)
2)
3)
4)

V,=(v],...,v)).

V,+V,g=(v},...,v,).

(VL ---12}) C i),

Note that 1) and 3) ensure that for our stingray embedded subgroup H = SL(n,q) in G¥ also

H*' is a stingray embedded subgroup in G4,

. . . . /
From this point on, we consider all of our matrices as elements of G¥<". For the standard generators

Y of H=SL(n,q), no changes are necessary, see 3) of Remark However, the matrix g must

be conjugated by the base change matrix %’ and we denote the resulting matrix by ¢, i.e. ¢ := g’
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At this point we formulate the last condition (C3). If (C3) is satisfied by ¢, then we can conclude
that (H,H?¢) = SL(n’,q) in Section The necessity for condition (C3) is discussed in more
detail in Section

Remark 5.53

The final condition on ¢ is the following.
(C3) The vectors v} and fv;c_Tr for 1 < j < n—1 span as an F _-subspace the F -subspace

/ / / /
(Ve s U 50y g5 ee s UL

Definition 5.54
Assume the setting as described in Hypothesis Let g € G¥ be a doubling element and
¢ = g?, where ¥’ is chosen as in Remark If ¢ additionally satisfies (C3), then ¢ is a

strong doubling element.

Note that (C3) can only be verified after computing the base change matrix ¢’ which is also
the reason why this condition is introduced at this point. If (C3) is not satisfied by ¢, then we
return to SL2) and try another random element « € G*. Note that (H,Hg)¥* "= (H,H¢). We
give an algorithm to compute a strong doubling element ¢ € G¢" satisfying (C1), (C2) and (C3)
in pseudo-code called Algorithm CompUTESTRONGDOUBLINGELEMENT [Alg. 24]] using Algorithm
CompuTEDOUBLINGELEMENT [Alg. 23] of Section[5.3.4]

Algorithm 24: CoMPUTESTRONGDOUBLINGELEMENT

Input: » (X)=G<SL{d,q)
» A base change matrix ¥ € GL(d,q)
» SL(n,q) = (Y,) = H < G¥ stingray embedded and constructively recognised
» NeN

Output:  fail OR where

€ G?7 isastrong doubling element,

€ GL(d, q) is a base change matrix as in Remark [5.51

is an MSLP from X UY, to ¢ and

€ N where N — V' is the number of random selections that were used
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function ComrUTESTRONGDOUBLINGELEMENT(G, £, H, N)

1 while N >0 do

2 (g,6,N)«— CovmruteDousLinGELEMENT(G, &, H,N) // Remark [5.7| and
3 ¥’ — as described in Remark[5.51| AND ¢« g‘g/ // sL4)
4 if the submatrix (c_l)l-,j for n+1<i:<n’and 1 <j <n—1 has full rank then

5 return

6 return fail

5.3.4 Construction of transvections and standard generators

Given a strong doubling element ¢ € G¥¥" as described in Section the goal of this section is to
conclude that (H, H¢) 2 SL(n’, q) and the construction of transvections and standard generators for
(H,H¢). All computations in this section are deterministic. Recall from Hypothesis the setting
of this section and that ¢ € G%¥  satisfies (C1), (C2) and (C3). Moreover, note that (H,H¢) is
stingray embedded in GZ' by the construction of £’ € GL(d, g) in Section In this section
the last phases SL5) to SL7) are described in the next remark.
Remark 5.55

SL5) Using c, construct transvections £; (w,) for n < j <n'for (H,H¢) =SL(n’,q).

SL6) Using c, construct transvections E,, ;(w;) for n < j < n'for (H,H¢) =SL(n’,q).

SL7) Using the transvections of phases SL5) and SL6) construct standard generators for (H, H¢) =

SL(n’,q) by assembling permutation matrices corresponding to 7’- and (n" — 1)-cycles as in

Definition 5.1l

In SL5) and SL6), the transvections E; (w;) and E, :(w,) are conjugated by ¢ and transformed by
matrix multiplications into transvections of SL(n’,q) = (H, H°) as stingray embedded elements of
G¥%'. This is necessary to subsequently compute permutation matrices of SL(#’,4) in SL7). For
SL6) we need the transvections computed in SL5). Recall from Definition the notation 7, _, for

transvections.

The purpose of SL5) is to construct the elements Ej’n(coi) fort<i<fandn+1<j]<n as

elements of G¢<’. For this consider the transvections T; of fort1<i<fand1<j<n—1and

/
z]"
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the lemmas from Section 2.3l

Forany 1<i < f, Lemma|2.32states that the conjugate 7°¢ _, , corresponds to the transvection
1 ]') n

T

w;v'c
i

1 > given that v/ ¢ = v/. Note that all the transvections TS fix v), as this is the case for
13 j’ n
¢ and the transvections T,, ., ;. Consequently, (v, | v} ¢ =0for1<j<n—1.
13 ]" n

Thus, for 1 <: < f and 1 <j < n—1, the vectors coiv]/. and coi’u]" ¢~ are all orthogonal to v, under
the standard scalar product, see Definition Moreover, we have MSLPs for T, , for all vectors

wEA::{wiv]{|1§iSf,lgjgn—l}u{wiv]{c_Tr|1§i§f,1§j§n—1}. From (C3), it

/

follows that the vectors in A span the subspace (vy,...,v,_,,v, ...,

@;,). Hence, utilising Lemmas

2.33|and 2.34) we expressall 7, , ., for 1<: < f and n+1<j <n’as words of the elements T _,
1 ]’ n ¥n

for w € A. This results in the successful construction of the elements E; (o) in G*# B
Remark 5.56
1.) Note that we must perform linear algebra computations over the prime field GF(p) here,
but once again we use the results of the computations only to write an MSLP for these
transvections.
2.) In our implementation we check the property (C3) of ¢ of Remark already in Algorithm
CoMPUTESTRONGDOUBLINGELEMENT [Alg. to avoid unnecessary computations at this

point.

The idea of SL5) is to compute E j,n(col-)‘ for 1<i<fand1<; <n—1and somehow to construct
. ) ;. . . )
Ej’n(a)l—) for 1<i < f and n+1<j < n’ using the elements {Ej’n(a)i) |[1<i<f,1<j<n—1}

. . . / .
To obtain a usable algorithm we start by computing T¢ , , as elements of G*¥', i.e. E; (w;)",
wivj,fvn 1N i

which is given in Lemma
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Lemma 5.57

Let 7/ =min{2n —1,d}, let 1 < j <7 —1and let c € GZ<" be a strong doubling element. Let

10 ... 0 ™), 0..0
01 ... 0 wfch),, 0 ..0
00 ... 1 wj(ct), ,; 0 ... 0
Y= A Doty eSL(n',q).
0 0 0 1 0 0
00 . 0 wy(c ™y, 1 o O
00 ... 0 wlc),; 0.1

Then E; (w;)* =diag(y,1,;_,) € G%¥,

Proof. It ke {n’+1,...,d}, then

ekEj,n(wi)C = e/eC_IEj,n(c‘)i)C = e/eEj,n(a)i)C =60 =6

Moreover for k € {1,...,n"} —{n} we have
e/ec_lEj,n(wi)C = (C_l)/e,—Ej,n(a)i>C
= (¢ et (e e,)e

=ec o wi(c_1)k,jenc =et a)z‘(c_l)k,jen

and

Remark 5.58
Using the standard generators of H = SL(n,g), the matrix E; ,(c,)° can be multiplied by transvec-

tions of H resulting in row and column operations. Using row and column operations another

element of (H, H¢) can be constructed where the entries in the 7-th column of E; () above the
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(n,7n) entry are zero such that matrices of the form diag(y; , , ,1;_,) are constructed where

10 0 0 0 0

01 0 0 0 0

0 0 1 0 0 0
yj,n,a)i —

0 0 ... 0 1 0 0

00 0 w;(c™),y; 1 0

00 ... 0 wfch),. 0 ..1

In the following we denote the process of using row and column operations to construct another
matrix with zeros at specific positions as “eliminating” these entries. Using (C3) the column vectors
((cpgris--r (€ ;) for 1< i <n—1 of length (7' — n) below the n-row entry of ¢™" generate
the full f(n’— n)-dimensional F ,-vector space. Observe that the group G, == ({y; ., [1<7 <

n—1,1<i < f}) is abelian and in fact isomorphic to ] =" via the isomorphism given by

10 0O 0 O 0

01 0O 0 0 0

. 00..1 0 0..0
7 =Gy (AyppeesAy) =

00 ..0 1 O 0

00 ..0 A, 1 ..0
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That means that for elements

1 0 0 0 0 0 1 0 0 0 0 0

01 0 0 0 0 01 0 0 0 0

00 ... 1 0 0 ... 0 0 0 ... 1 0 0 ... 0
Vi = N

00 ... 0 1 0 ... 0 0 0 ... 0 1 0 ... 0

00 .. 0 (9), 1 ...0 00 ... 0 (3)yyy 1 ... O

00 ..0 (y), 0 ...1 00 ..0 (), 0 ..1

the isomorphism ¢ yields

1 0 0 0 0 0
01 0 0 0 0
L, oo 0 0 ... 0
V'Y=
0O 0 ... 0 1 O ... 0
00 ..0 Zl<y1)n+1 + ZZ(yZ)n—H 1 ... 0
00 ... 0 (), +5l), 0 .. 1
where 1,2, €F p represented as elements of {0,..., p — 1}, i.e. linear combinations of the columns

are computed. Note that our goal is the computation of the transvections E; (w;) for 1 <7 < f
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andn+1<;<n',eg.

0 1 0 0 0 0
00 1 0 O 0
E,  (0;)=]0 0 01 0 0
00 0 w, 1 0
O 0 ... 0 0 1 0
00 0 0 0 1

By multiplying the matrices y, , , appropriately, the standard basis of ;" as an IF ,-vector space,
Le. W11, W,y W€, ;... W e, ;, can be computed and thus the transvections E; (w,) for

1<i<fandn+1<;7<n"

We combine Lemma and Remark and obtain Algorithm CoMPUTEVERTICALTRANSVECTIONS
[Alg. 3],

In SL6), the transvections E, ]-(col-) for 1<i<fand n+1<j <n aselements of G¥¥ " should be
computed. This is more complicated than computing the transvections E; ,(w;) for 1 <7 < f and
n+1<j < n'in phase SL5) because ¢~ ™" does not necessarily fix the 7-th basis vector anymore.
The next lemma therefore carries out a computation similar to the one described in Lemma 5.57]
and has the desired consequences. Recall that for a matrix a € GL(d, g) the i-th row of 4 is denoted

_ and the i-th column of 4 is denoted by a_ ;.

by a;

Zy

Algorithm 25: CoMPUTEVERTICAL TRANSVECTIONS

Input: » SL(n,q) = (Y,) = H <SL(d, q) stingray embedded and constructively recognised
» ¢ €SL(d,q) a strong doubling element
Output: ={E; () [1<i<fin+1<)< n'} C (H,H*) transvections of SL(n’,q)
An MSLP © from Y, U{c} to
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function ComPUTEVERTICALTRANSVECTIONS(H, ¢)
// Function implements SL5) based on Lemma I and Remark '
1 Tv []
2 for le{w,...,wor}and j €{2,...,n—1} do
3 T<—E],n(/1>c
4 forkel[l,...,n—1] do
5 L TeEk,n(—A(c_l)k,j)T /] Note that E, (—A(c '), ;)€ H
6 Aoo(Ty, T)
7 TV «— [ ]
8 for Ae{wy,...,r}and j€{n+1,...,n"} do
9 E; ,(A) < Multiply the matrices of fv suitably
10 Apo(Ty,E; ,(4))
1 S « MSLP for the computations of Ty,
12 return
Lemma 5.59

Let n’ = min{2n — 1,d}, let 1 < j < n—1 and let ¢ € G¥¥ be a strong doubling element. Let

y € SL(n,q) with

S In’ + diag(wi(c_l)l,n’ T a)i(c_l)n—l,n’ w;, C()l»(C_l >n+1,n’ Tt wi(c_l)n’,n) ) (Cj,—’ tee

Then E, (w;)" =diag(y,1,_,) € G%¥,

Proof Itk e{n'+1,...,d}, then
ek, (@) =ecTE, (w;)c = ¢E, (w;)c =ec =g
Forke{l,...,n"} —{n} we have

ekc_lEn,j(a)i)C = (C_l)/e,—En,j<a)i)C

= ((C_l)/e,— + wi(c_l)k,nej)c

—e,c e+ a)i(c_l)k)nejc =e,+ a)l-(c_l)k’ncj’_

T
c]-,_) r
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and

enc_lEn,]-(a)i)c =e,E, (w;)c =(w;e;+e,)c =wecte,c=wi; _+e,.

After conjugating E,, ;(w;) by ¢ the result becomes slightly more complicated than the conjugation
of E; (w;) by c. Remark displays how the transvections E, (1) for n+1<j <7’ can still be

computed starting from E, (e, ).

Remark 5.60
Let 1<j <n—1,let ”’ =min{2n—1,d} and let ¢ and £’ be as constructed in the previous phases.

Moreover, we assume that SL5) has already been performed, i.e. that MSLPs for the transvections
. -,

E; (w;)for 1<i < fand n+1<; <»' have been computed.

By Lemmal5.59|E,, .(1)° = diag(y,;_,/) where y € SL(n’,q) and 1 < j <n—1. Asin SL5) the n'xn’

top left block y of E, (1) should be transformed into the transvection E, ,, (1). To illustrate the

operations we are performing, we represent the #” x »’ top left block y of £, (1)¢ as in (5.3.1)).

n—1 1 n'—n
A LA S LAl
n—1
A A o A ... Ao
14| * * * N I P =l % ... o« |=y. (5.3.1)
< 4 o < S
n'—n
4 4 o < 4o

We are using 7’ — n to deal with both cases for n’, i.e. n”’ =2n—1<d and n’' = d 75 2n —1
simultaneously. If ' =2n—1<d,then ' —n=2n—1—n=n—1and if ' =d #2n—1, then
n' —n < n—1. Remember that we have standard generators and, therefore, all transvections of
SL(n,q) for the top left n x n block (consisting of red upper triangles, green diamonds, blue stars

and black flower). We start by eliminating the red (upper-) and orange (lower-) triangle blocks by
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adding the n-th row using row operations. Let k € {1,...,n—1} and 7 as in Lemma Then

(e + (¢ ¢ )+ (_(C_l)/e,n)(wicj,— +e,)=e +w,(cT ), C—— (C_1>k,nwicj,— — (e,

=€, — (C_l )k,n €,

where ¢, +c,(c™"), ,¢; _isthe k-throw of E,, /(1) and w;c; _+e, is the n-th row of E,, (1). Hence,
the addition of these rows can be achieved by multiplying with E;  (—(c™"), ,,) from the left. Note
that £, ,(—(c™");,,) € SL(n,q) and, therefore, we can write E, ,(—(c™"), ,,) as a word in Y. After

these 7 — 1 row operations, the matrix of (5.3.1)) is transformed into the matrix of (5.3.2)):

o
I_, 0
o
S I I (5.3.2)
< 4| <
< | <

We proceed analogously with the rows below the 7-th row using the same argument for k& €

{n+1,...,n'}. Notice that this is only possible since we have already computed the transvections

Ej,n(wi) for1<i<fandn+1<;<n'inSL5). After these additional » — 1 row operations we
transform into
o
I, 0
o
N I IS S (5.3.3)
o
0 I,
o

Notice that the green diamond entries are known, i.e. the entry at position (k,7) is —(c™'), , , since
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(e + (™6 )+ (= Nw;c; _+e,)=e,—(c"), e, By adding the columns 1 to 7 —1
multiplying by the corresponding scalars to the n-th column, the green diamond entries in the
n-th column above the 7-th entry can be eliminated. This can be performed by multiplying the
matrices E, ,((c™"), ,) € H from the right. The entry in position (7, 7) is changed to 1 during these

operations if this was not the case which is shown at the end of this remark. After these column

operations (5.3.3)) is transformed into

0
I, 0
0
S I " I (5.3.4)
o
0 1,
o

The rest is now clear. The rows 1 to 7 — 1 are added to the n-th row in order to eliminate the entries
to the left of the n-th entry in the n-th row. Moreover, the columns 7 + 1 to »n’ are added to the

n-th column to eliminate the entries below the 7-th entry, resulting in the final matrix

0
I, 0
0
0 ... O|1|x ... = |- (5.3.5)
0
0 In—l
0

The entry in Position (7, 7) of (5.3.5)) must be 1 since this is an upper triangular matrix which is
also contained in SL. Note that the entries in position (7,7) in this matrix and matrix in (5.3.4) are

the same which is why it already was 1 before these final row and column operations. Moreover,
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the rows in blue are equal to (¢; ), , which are equaltoe,...,e, ; by choosing the basis 98" of

.....

»nt;(1) using only transvections for

which an MSLP is known. Therefore, an MSLP evaluating to E

phase SL4) proactively. Overall, £, (1) is transformed into £

-~ ]( ) is constructed.

We also give a pseudo-code performing SL6) in Algorithm CoMPUTEHORIZONTALTRANSVECTIONS

[Alg. 26]] for computing the “horizontal” transvections E, (w;)forn <j <n’and 1<i < f.

Algorithm 26: CoMPUTEHORIZONTAL TRANSVECTIONS

Input: » SL(n,q) = (Y,) = H <SL(d, q) stingray embedded and constructively recognised
» ¢ € SL(d,q) a strong doubling element
Output: ={E, ()| n+1<j <n'} C(H,H) transvections of SL(n’, q)
An MSLP © from Y, U{c}UTy, to

function CompruTEHORIZONTALTRANSVECTIONS(H , )

// Function implements SL6) based on Lemma ! and Remark '

Ty T[]

for je€{2,...,n—1} do

T —E, (1)
forkell,...,n—1]do

THEk,n(_(C_l)k,n)T // As in (5.3.2) of Remark [5.60)

forke[n+1,...,n']do

T‘_Ek,n(_(c_l)k,n)T // As in (5.3.3) of Remark [5.60

forkell,...,n—1]do

i T—TE,,(c ) // As in (5.3.4) of Remark [5.60

forkell,...,n—1] do

T<—En,k<_(c_1)j,/e)T // As in (5.3.5) of Remark [5.60)

forke[n+1,...,n' ] do

i T—TE,,(c ) // As in (5.3.5) of Remark [5.60

ApD(Ty,E)

S « MSLP for the computations of T

return
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In the last and final phase, the 7’- and (7" — 1)-cycles are now assembled. This can easily be realised

with the transvections from SL5) and SL6) as described in Lemma

Lemma 5.61
Let » =2 or n be odd. The permutation matrices z;, z, as in Definition [5.1|for SL(n’,q) can be

computed using the matrices of the set X ={z,z,,E; ,(1),E, ;(1)} for n +1<i <#'.

Proof. Let n be odd. Transpositions can be easily computed as £ (1)E,, ;(1)E; (1) is the permutation

7,1
matrix which corresponds to (7,2) € §,, for n < i < n’, where the entry in position (z,7) is equal
to —1 and E; ,(1)E[(1)E, (1) is the permutation matrix which corresponds to (7,i) € §,, for

n < i <n', where the entry in position (7, ) is equal to —1. Moreover
ymp q

(n,n')-(n,n' —1)-(n,n' —=2)-...-(n,n+1)
=(n,n',n'—1)-(n,n' —=2)-...-(n,n+1)

=(n,n',n'—1,...,n+1).

and

/

(ny,n—1,...,1)-(n,n'sn' —1,...,n+ 1) =(n,n—1,...,,n',n' —1,....,n+1)=(n',n' —1,...,1),

/

(n,n—1,...,2)-(n,n',n' —1,...,n+ 1) =(n,n—1,....2,n",n' —1,...,n+ 1) =(n',n' —1,...,2).

Due to the position of —1 in the transpositions, the matrices correspond to the standard generators
of Definition Now let n = 2. Then E3,2(1)E2_,31(1)E3’2(1) is a word for z, of SL(3,¢) and
El,z(l)E_l(l)El,z(l)(Em(l)EZ_y;(1)E3,2(1)) is a word for z, of SL(3,g). O

2,1

5.3.5 GoinGUr step

Finally all phases and subalgorithms of this section are combined into a single algorithm which
can be used for a single GOINGUP step as stated in Theorem The seven phases of the previous
sections are summarised in Remark Recall that phases SL1) to SL3) are formulated in Remark

of Section [5.3.2] that phase SL4) is formulated in Remark of Section and that phases
SL5) to SL7) are formulated in Remark of Section[5.3.4]
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Remark 5.62
Let (X) = G =SL(d, q) contain a stingray embedded subgroup H < (X¥) = G¥ with H = SL(n,q)

for n < d and for a known base change matrix & € GL(d, q). Moreover, standard generators Y, of

H are given as words in X. The following seven phases must be performed for Theorem and,

therefore, for one GoingUP step:

SL1) Construct an element ¢ € H which has a fixed space of dimension d — 7 + 1.

SL2) Compute random elements @ € G until § :=¢* is a weak doubling element.

SL3) Find a conjugate g € G of § which is a doubling element.

SL4) Compute a base change matrix £’ such that (H,H$)% is stingray embedded in G¥¥',
Set ¢ = g% and verify whether ¢ is a strong doubling element. Proceed if ¢ is a
strong doubling element.

SL5) Using c, construct transvections E; (w,) for n < j <n'for (H,H¢) =SL(n’,q).

SL6) Using c, construct transvections E,, ;(w;) for n < j <n'for (H,H¢) =SL(n’, q).

SL7) Using the transvections of SL5) and SL6) construct standard generators for (H, H¢) = SL(n’,q)
by assembling permutation matrices corresponding to 7’- and (7’ — 1)-cycles as in Definition

5.1

Note that the condition (C3) is tested by Algorithm CoMPUTESTRONGDOUBLINGELEMENT [Alg.
in SL4) and if ¢ does not satisfy (C3), then we return to SL2). An overall algorithm for one

GoinGUP step is given in pseudo-code in Algorithm GomngUrSteP [Alg. 27]].

Algorithm 27: GoingUPSTEP

Input: » (X)=G<SL(d,q)

» A base change matrix ¥ € GL(d,q)

» SL(n,q) = (Y,) = H < G¥ stingray embedded and constructively recognised

» NeN
Output:  fail OR where

SL(min{2n—1,d},q) = ,
€ GL(d, q) is a base change matrix such that // is stingray embedded in G¥ |
is an MSLP from X UY’, to the standard generators ), of /7 and

€ N where N — N/ is the number of random selections that were used
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function GoingUrSTEN(G, ¥, H,N)
1 (¢, %',6,,N)« ComrureStrONGDOUBLINGELEMENT(G, £, H,N)

2 if ¢ = fail then

3 return fail

4 Ty, 6, « CoMPUTEVERTICALTRANSVECTIONS(H, ¢)

5 T¢;,6; — ComrPUTEHORIZONTAL TRANSVECTIONS(H, ¢)

6 Use T, and T}, to construct z; and z, of SL(n’,q) as an MSLP &, using Lemma/5.61 /7 s

7 Compose 6,,6,,5;,8, into one MSLP &

8 return

Theorem 5.63

Algorithm GoingUrSTEP [Alg. 27]] terminates using at most N random selections and is correct.

Proof. The correctness is clear since the correctness of each phase has been proven in the preceding
sections. Therefore, it is left to show that Algorithm GomngUrStEP [Alg. 27]] terminates. Note that
most lines are deterministic and can be performed in finite time. The only critical line is Line 1, 1.e.

finding a suitable ¢, which is controlled by N to have only a finite number of tries. O

We provide two examples to illustrate the algorithm and its underlying ideas. We recommend
revisiting these examples while delving into the detailed algorithm description to gain a deeper
understanding of its workings and overall structure.
Example 5.64

We again continue Example In the course of this chapter we computed a base change matrix &,
and a subgroup G5 < G= = (a™1,4™) with G 2 SL(2,q) and (G5)# is stingray embedded in (G=)*
such that we can express the standard generators of G5 as words in a=1,a™2. Using the GoingUp
step of this section we compute standard generators of a subgroup of G= isomorphic to SL(3,¢).
Note that in our setting, d =16, n =2, ¢ = p =5, n’ =3 and until we have computed a new base
change matrix, every matrix is given as an element of (G=)%:. Moreover, we set H(%) = (G5)%. We
now work through the seven phases given in Remark

SL1) We need an element ¢ which has a fixed space of dimensiond —n+1=16—2+1=15. We
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may choose ¢ to be a transvection of H(%), namely

114

SL2) We compute random elements a € (G=)% until § := ¢ satisfies the properties (C1) and (C2).

In this example we choose the following two elements of GL(16,5):

1 4 4 4 4 4 1 2 0 1 1 0 1 3 2 0 o1 1 3 1 1 2 2 0 3 2 3 1 3 3 1
32 01 0 4 0 0 4 4 4 2 1 1 4 1 1 0 4 2 4 4 3 3 0 2 3 2 4 2 2 4
321 2 3 0 4 1 1 0 2 4 2 3 3 0 32 3 1 2 2 4 4 01 4 1 2 1 1 2
22 3 3 0 0 1 0 2 2 0 2 4 2 1 1 23 3 0 3 3 1 1 0 4 1 4 3 4 4 3
2 0 4 2 1 3 4 0 0 4 3 0 0 4 1 2 32 2 1 3 2 4 4 01 4 1 2 1 1 2
4 4 4 1 4 1 1 4 2 2 0 0 1 3 4 1 32 2 1 2 3 4 4 01 4 1 2 1 1 2
2 2 4 3 1 0 3 0 1 0 3 1 2 4 0 O 1 4 4 2 4 4 4 3 0 2 3 2 4 2 2 4
1 1. 0 0 2 4 4 0 4 4 4 3 0 2 1 O 2 3 3 4 3 3 1 2 0 4 1 4 3 4 4 3
0 4 2 2 3 2 3 4 2 3 1 3 1 2 4 301 4 4 2 4 4 3 3 1 2 3 2 4 2 2 4]
o 0 o0 3 2 0 3 3 3 01 1 3 1 4 4 32 2 1 2 2 4 4 0 2 4 1 2 1 1 2
1 2 2 1 1 2 4 4 0 3 1 2 2 4 0 4 0o 0o 0o 00 000 00 1 0 00 00O
34 3 1 2 3 3 1 3 1 3 0 4 1 4 4 32 2 1 2 2 4 4 01 4 2 2 1 1 2
2 3 2 1 1 2 4 4 2 2 3 2 3 1 0 O 2 3 3 4 3 3 1 1 0 4 1 4 4 4 4 3
2 0 3 4 0 4 1 4 3 4 4 1 1 1 1 O 4 1 1 3 1 1 2 2 0 3 2 3 1 4 3 1
1 0 3 3 1 4 0 1 4 0 1 2 1 0 4 2 4 1 1 3 1 1 2 2 0 3 2 3 1 3 4 1
33 4 01 4 2 3 2 3 1 1 1 0 3 4 32 2 1 2 2 4 4 01 4 1 2 1 1 3
—a :g

Even though § appears to be a random element of F{**'¢, this is not a case. We discussed in Lemma
that elements in SL(d, g) satistying property (C1) and (C2) are rare. Checking that ¢ satisfies
(C1) and (C2) can be done with just three applications of the Gaussian algorithm. In our example
V,=(e,e,) and V,§ = (g, _,§, ) where §; _ denotes the i-th row of §. Therefore, dim(V, + V,§)
can be computed by applying the Gaussian algorithm to the matrix containing e, e,, §, _ and g, _ as
rows. To verify condition (C2), note that F, = (e;,...,e,,) and that Fix(g) is just the null space of
¢ — 1. Then we can use the same computation as we did for (C1).

SL3) We want a conjugate g of ¢ such that g satisfies (C1) and (C2) and fixes v, = ¢,. First, we
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compute V,NV,§ = (e, +¢,) and note that e, is not contained in the fixed space of §. We write

as a word in the standard generators of H(%). Note that in this case L is one of the standard generators
we already computed. Moreover, e,L = e, + ¢,. By setting g := L§L™" we have V,NV,g = (e,). We
proved in Lemma [5.47| that our new element g still satisfies (C'1) and (C2) and that V,NV, g = (e,).
SL4) We compute a new base change matrix %;. This is straightforward and explained in Section[5.3.3]

and, thus, we only state the base change matrix %,

1 000 00O 0 0CO0OO0OO0OO0OO0O O0CO0O O
61 0 0 00 0 O0O0OO0OO0OO0OO0 O0O0 O
oo 13 11 2 203 2 3 13 31
6o o011 0 0 O0O0CO0O0O0OO0OO0OO0OO0 O
6o o1 1 0 0 O0O0O0O0OCO0OO0OO0OCO0OO
0o 0 0o o0 1 4 0 0O0O0O0O0O0O0O0O
0o 0 o0 o001 2 00O0O0O0O0O0O0O
28:20 o 0o 0o 00 1 2 000 O0O0O00O0 O.
0o 0 0 o000 01 3 0 O0O0O0O0O0O
0o 0o 000 0 O0O0OT1TU3 O0O0O0O0O0 O
0 0o 0o 00 00 O0OO0OT1TO0M4 0 0 00O
0o 0 000 0 0 O0OO0OO0OT1TO0OO0OO0O0O
0o 0 000 0 0 O0OO0OO0OO0OT1TT1TO0O0O0
0 00 00 O0O0OO0OO0CO0OO0OCO0O 1T 2 00
0000 00O O0O0OO0OO0OO0OO0OO0OT1T 4O
o 0 o0 00 o0 o0 O0o0 o000 o0 o012

.. . = —1
From now on every matrix is given as an element of (G=)%% . We have

4 11

010
g% =c=

123

o)

SL5) We need to construct E;,(1) and write it as a word in X and the standard generators of [—I(%).
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For this we conjugate transvections of (H(%>)-g = H(%) = SL(2,5) with ¢. We have

SR,

Since we have standard generators for H(% we can write E; ,(1)° € H(%) as a word in the standard

generators and obtain

1 00
010

E1,2(1)CE1,2(1)2 —
0 4 1

oo fn)

Moreover, we can normalise the entry at position (3,1) such that

1 00
010

(E1,2(1)CE1,2<2))4 = (E1,2(1)CE1,2(2))_1 = = 3,2(1)
011

o)

which completes SL5). In general, we must perform further computations in SL5) which we see in

Example
SL6) To obtain E, (1) we start by conjugating E, (1) by ¢ such that

2 4 4

. 4 2 1
E2,1<1) =

2 3 4

o)

As for E, ,(1)°, we aim to replace this element by a transvection in (H(%),(H(EO))‘> < (GH44 1 by

multiplying group elements which can be written as words in X. For this we note that we can
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multiply the given element by transvections. Since all transvections E; ((A) for 1 < 7,7 <2 with
i #jand A€T; liein H(%), these elements can be written as words in X'. Moreover, we wrote £; ,(1)
asa word in X in SL5). We can view multiplying E, (1) by transvections as effecting elementary

row and column operations. We start by adding the second row to the first such that

E1,2(1)E2,1<1)C =
2 3 4

oo fn)

Since we already have computed the transvection E; ,(1) we can use this element to add the second

row to the third row such that

1 10

5 . 4 21
Es,z(l) E1,2(1)E2,1(1) —

0 21

oo fn)

Now we can clear the top left 2 x 2 block using transvections of H(%) = §1(2,5) to obtain

1 00
5 . L 0 3 1
E2,1(1)E3,2(1) E1,2(1)E2,1(1> E1,z(1) — 0 2 1

oo fn)

Now the only thing left is to use the transvection E;,(1) to clear the entry at position (3,2)

1 00
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Similarly to SL1) we must do more computations in SL6) in general.

SL7) We finish this example by computing the permutation matrices of SL(3,5). We have

1 00
0 0 4

Es,z(l)Ez,a(l)_1E3,z(1) =
010

SR,

which corresponds to the permutation matrix z, of SL(3,5) and

0 40 1 00 0 01
1 00 0 0 4 1 00
0 01 0 010

S L e B Sy

which corresponds to the permutation matrix z, of SL(3,5). Now we have standard generators for a

SL(3,5) stingray embedded subgroup of (GZ)%% " which we call H(El) 2 SL(3,5) in the following.

As a few important details are not visible in the first application of the Going U step, we also review

a quick version of the second application. Here, we do not go into as much details as in Example

but instead focus on the differences.

Example 5.65
Up to this point we have computed words for standard generators of H(El) = SL(3,5) as a

stingray embedded subgroup of (G=)%%"

. By applying the GomngUp step a second time, we
compute standard generators for SL(7’,5) where n’ = 2n—1=5. First, we need an element ¢ which
has a fixed space of dimension d —7n +1=16—3+ 1 = 14. Instead of a transvection as in Example

we chose t := z,. Trying random elements until we find a ¢ which satisfies (C1) and (C2),
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replacing ¢ by a conjugate g such that it fixes v; = e; and performing a base change using

0
0
0

0 0
0 0
0 0

0
0
0

0 0 2

0

0 0
0 0
0 0
0 0
0 0
0 0
0 0
0 0
0 0
0 0
0 0

0
0
0
0
0
0
0
0
0
0

1 0 4 0 O

4

0

0
0

0 0

0 0

0
0

yields the element

. In SL5) we again conjugate

—1 cp—1
8 9

£,

From now on every matrix is given as an element of (G=)*

transvections of SL(3,5) with ¢ such that

=
~
o o o o —
o o o i o
N o ~ < o
o ~— (@] o o
~— o o o o
Il
<
—~
—
~—
“a
o
N
]
=)
<
~
o o o o —
o o o ~— o
o N ~ < 0
o ~— o o o
~— o o o o
Il
<
—~~
i
~—
o
i
N
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Using suitable b, b, € H(El) we compute

1 0 00O 1 00 0O
01 00O 01 00O
. 001 0O . 00100
&= E1,3(1) bl = and g,= 2,3(1) hz =
0 0 1 0 0 0 1 0
0 0 01 0 0 01
I I

Note that we do not compute the transvections E, 5(1) and E; (1) directly as it was the case in
Example We use an additional trick here by extracting parts of a column in each matrix, namely
those marked in orange to obtain w, = (4,3) € F: and w, = (4,0) € F2. Since (w,, w,) = FZ we can
express the standard basis of F? as a linear combination in the basis (w,, ,) which is e, = 4w, and

e, = 2w, + 2w,. Hence,

1 0000 1 0000
01 00O 01 0 0O
. 00100 5 00100
E4,3(1) =& = and E5,3(1) =8 &=
00110 00010
0 0001 00101
I, I

SL6) and SL7) are similar as in Example except that we must perform more computations.

5.3.6 Combining GoingUP steps

We have demonstrated how we can compute standard generators for a stingray embedded special
linear group of dimension nearly twice that of a given stingray embedded special linear group
with standard generators. In this section Algorithm GoingUrStEP [Alg. 27]] is used to develop an
algorithm which can be used to compute standard generators for G < SL(d,q) with G = SL(d, q),

where H < G with H = SL(2,q) are given and standard generators of H are known.
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Algorithm 28: GoingUp

Input: » (X)=G=SL(d,q)
» A base change matrix ¥ € GL(d,q)
» SL(2,q) = (Y,) = H < G¥ stingray embedded and constructively recognised
» NeN
Output:  fail OR where
€ GL(d,q) is a base change matrix,
is an MSLP from X UY, to the standard generators of G and
€ N where N — V' is the number of random selections that were used

function GoingUr(G, £, H,N)

1 n<«2 AND &« an MSLP from X UY, to X UY,
2 while n < d do
3 n < min{2 n— 1, d} // Nearly double the dimension.
4 (H,%,6',N)« GomeUrSter(G, ¥, H,N) // Remark [5.7| and
5 S« Compose & and &
6 return

Theorem 5.66

Algorithm GoingUp [Alg. [28]] terminates using at most N random selections and is correct.

Proof. Follows immediately from Theorem O

5.3.7 GoincUr with lower-dimensional matrices

Similar to the results in Section we aim to improve the performance of the GomngUp algorithm
using linear algebra. The key idea is to reuse the descending recognition chain of special linear

groups
SL2,q)=H = U, < Up_, =SL(4,q) < Ui, 2SL(dy_p.q) <... < U, =5L(d,,q) < U= G

where d. < 4-log(d._,) of the GoingDown algorithm. Instead of representing the elements of H as

elements of G, i.e. d X d matrices we can represent them as 4 X 4 matrices and as a subgroup of U,_,.
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In this setting we can also use Algorithm GomngUpStEP [Alg. 27]] to construct standard generators
of a subgroup of U, , isomorphic to SL(3,¢). In the next step we can represent the generators of the

subgroup of U,_, isomorphic to SL(3,¢) as elements of U,_, and again call Algorithm GoingUpSTEP

[Alg.[27]] on SL(3,q) and U,_,.

Using this idea we can work with lower-dimensional matrices.
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Chapter 6

Symplectic group

This chapter details an efficient realisation of the strategy outlined in Chapter [3|for the symplectic
group Sp(d, g) in its natural representation for d > 8 and g odd. If d =2, then Sp(2,4) =SL(2,9)
and we refer to Section [5.2) which provides a detailed description of [27]]. If d =4, then Sp(4,4) is a

base case group and we refer to [20], and if d = 6, then we also refer to [20].

This chapter is structured identically as the chapter for the special linear groups, see Chapter[5| Since
the main ideas for constructive recognition of classical groups are as outlined in Chapter [3|and we
discussed a detailed description of the algorithms in Chapter [5|for special linear groups we focus
mostly on the differences between the algorithms for special linear groups and symplectic groups
and do not provide a complete explanation of the GoingUP step for symplectic groups.
Remark 6.1

In symplectic groups we have to deal with two different cases depending on the characteristic of
the underlying field F, . If g is odd, then we can proceed in a similar way as we do for special linear
groups. The differences and additional steps between the GoingDown and GomngUp algorithm for
symplectic groups in odd characteristic and the GoingDown and GoingUPp algorithm for special
linear groups are described and explained in Section |6.1| and Section If g is even, then we

encounter the following situation. The goal of the GoingDown algorithm is to compute a full

159
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descending recognition chain

CL(dk+1>‘]> = Uk+1 < CL(dst) =U, < CL(dk—l’Q) =0, <...< CL(dl’Q) =U,<U,=G

where CL(d,,,q) is a base case group and CL(d},q) is a terminal group. It is important that
each group of this chain has the same type as the input group G. For example if we are dealing
with symplectic groups in odd characteristic, then repeated calls to the GoingDown basic step for

symplectic groups yield a descending recognition chain

Sp(di,q) = U, <Sp(d,_1,q) = U,_; <...<Sp(d},q) = U, < Uy =G =5p(d, q).

Note that self-reciprocal ppd-stingray elements, which we compute in the GomngDown basic step of
symplectic and orthogonal groups, always have even degree by Definition Thus, d; is even for
all 1 <7 <k which we also conclude in Section[6.1}

For g even there exists an isomorphism between Sp(d, ¢) and O°(d+1,¢) [91, Theorem 11.9]. Hence,
we are indirectly dealing with two different types of classical groups as input group. This has the
effect that for g even the groups of the descending recognition chain computed by the GomngDown
basic step for symplectic groups have a different type than the input group G = Sp(d, ¢) leading to

the following chain

O (dy, )2 U, <V (dy_1,9) =2 U, <...<Q(d},q) = U, < Uy =G =Sp(d,q).

That U. is isomorphic to QF(d., q) follows from the fact that d; is even and that U, is contained in
an orthogonal group which is unavoidable using stingray elements and proven in [40] or can be
generalised from [81, Lemma 3.3]. That U, is isomorphic to Q¥(d,, g) is a problem for the overall
constructive recognition algorithm for symplectic groups in even characteristic since the GoingUp
algorithm assumes that the base case group has the same type as the input group. If this is not the
case, as for symplectic groups in even characteristic, then the GoiNGgUP step conjugates a group
Qn,q) = H < Sp(d,q) with an element g € Sp(d,q). But, unfortunately, the group (H,H?) is

not isomorphic to a classical group and the GoingUPp step fails. Therefore, Sp(d, g) for g even is
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not considered in this thesis. Recall that Sp(d, q) and O°(d + 1,¢) are isomorphic for g even [91,
Theorem 11.9]. Since O°(d +1, q) is reducible O°(d +1, g) is identified as Sp(d, ¢) and a constructive
recognition algorithms for Sp(d, q) is used for O°(d + 1,g). As we exclude Sp(d,q) for q even in
this thesis we also exclude O°(d + 1, ¢g) for g even.

Nevertheless, the GomngUP algorithm for symplectic groups which is presented and proven in this
chapter is applicable for even and odd characteristic but as we cannot compute a stingray embedded
symplectic base case group in even characteristic the requirements for the GoingUP step are not

satisfied.

From this point on we are only dealing with symplectic groups in odd characteristic if not mentioned
otherwise. This chapter is structured as Chapter [5|for special linear groups. After the introduction,
we define a set of standard generators for symplectic groups, prove that the elements of this set
indeed generate symplectic groups and provide rules to write specific transvections as words in these
generators. In Section |6.1] we describe a GoingDown algorithm for symplectic groups and prove its
correctness. The GOINGDOWN basic step differs only in one aspect compared to the GoingDown
basic step for special linear groups which is that we compute two self-reciprocal stingray elements
instead of two stingray elements, see Definition for the definition of self-reciprocal stingray
elements. In Section[6.2] we briefly discuss the constructive recognition algorithms for the symplectic
base case groups. We do not dive as deep into the details of the presented algorithms as for the special
linear group and instead only provide a reference and a reasoning why the methods are applicable. In
Section [6.3| we present an algorithm for the GoingUp step which requires only a few modifications

compared to the GoiNngUP step for special linear groups, see Section

The notations for the remainder of this Chapter are as follows. The input group is denoted by G
and G is a symplectic group in its natural representation. We use U and H as subgroups of G where
U is used in the GoingDown algorithm and H is used in the GoingUp algorithm. Depending on
the characteristic p of the underlying field, U and H are either symplectic groups, if p is odd, or

orthogonal groups if p is even.

Before we introduce standard generators of symplectic groups a notation for specific elements of
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symplectic groups is given in the next definition. As in Chapter[2]q = p/ denotes a prime power,
(wyse.. ,a)f) an Fp-basis of F, and d,n are natural numbers with 7 < d. Let V = Fd with basis
{by,...,b,}. The matrices I; (2) satisfy (; ;);; = 1 and all other entries of ; ; are equal to 0 as defined

in Section 2.1}
Definition 6.2

Let d be even. For i,j €{1,...,d}, with j #i and A€ F_—{0} we set
I;+1; (A), fi+7=d+1,

Eo | LAl N1y, ifi€f2,.. 9 j<iorje(s+1,...d—1},j<i
i,] —
orj E{Z,...,%},i <j orie{%-l—l,...,d—l},i <7,

I+ Ii,j(/l) + Id—j+1,d—i+1(/1)> otherwise.

Definition 6.3
Let d be even and ¢ an odd prime power. Let $ C SL(d, q). Then S* is a set of standard generators
for Sp(d, q) if S is conjugate to the following set consisting of 3/ + 3 elements:
 E(w,)for1<i<f,
. Ezsﬁ(coi) for1<i<f,
« E(w,)for1<i<f,

. .S
® 2 permutation matrix le

2),
Sp

® a permutation matrix z,

corresponding to the permutation (1,2,..., %)(% +1,d,d—1,..., %l +

corresponding to the permutation (1,2)(d —1,d) and

Sp

. . . . . S
* a permutation matrix z," corresponding to the permutation (1,d) with the entry (z;*),,

changed to —1.

Lemma 6.4

Let d be even and ¢ an odd prime power. Every element E?I;(/l) can be written in terms of the

standard generators of Definition [6.3| as follows:

f
so=TTeke E0=T]ewy =i eo-T]6e
j=1



6.1. GOINGDOWN ALGORITHM 163

where 1 = Z]le ’1;‘ w; for /1]- €F,. Moreover,

d

Efg(l)zsngp =E" () for2<i< 2L
S 2P S . d . d
EiE(z)l :Ei-lil,j+1(l) for2§]§5—1and1§z§3—2,
Sp 4P _ =Sp
El,d(l) ’ _E§+1,1( )
ESp (lepzzsp)—l _Esp f d 1<i< d )
i,l(l) = i+1,1(l) ory +1<:<a-2,
Sp, P S . d . d
Ei’lj).(z)1 :Eifl,]’—f—l(l) forlS]SE—Zandlﬁzgz—l,
S 2P S d .
EX " =EPX, . () for S +2<i<n
and analogously starting with Ei " (2).
Proof. The proof is similar to the proof of Lemma O

Lemma 6.5

Let d be even and g an odd prime power. Then Sp(d, q) is generated by the standard generators of
Definition

Proof. This follows immediately as the standard generators of Definition [6.3| contain the DLLO

standard generators [59]] for symplectic groups. O

For the remainder of this chapter let d be even, g an odd prime power and G := Sp(d, ¢q) in its

natural representation.

6.1 GoingDown algorithm

In this chapter we discuss the GoingDown algorithm for symplectic groups. As for special linear
groups and as outlined in Chapter [3| the GoingDown algorithm for symplectic groups uses a
GoiNngDowN basic step which is discussed in Section and a final step which is discussed in
Section In Section[6.1.2)the GoINGDowN basic step is used repeatedly for the computation of
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a descending recognition chain and afterwards the final step is used for the computation of the full

descending recognition chain.

Overall the GoingDown basic step for symplectic groups is similar to the GoingDown basic step
for special linear groups in Section[5.1] The goal of the GoINGDOWN basic step for symplectic groups

is the same, which is to compute a descending recognition chain as in Definition 3.4} 1.e.
Sp(8,9)= U, <8p(d_1,9) = Up < ... <Sp(d;,q) 2 U S Uy =G

where d; < 4[log(d;_,)]. Recall from Definition 3.6 that a terminal group is a subgroup of G of the
same type and of smallest degree such that it can be reached in the descending recognition chain
using stingray elements. For special linear groups the terminal group is given by SL(4,¢) while

Sp(8,¢) is the terminal group in symplectic groups as described in Table [3.2/in Chapter

There is only one slight difference between the GoingDown basic step for special linear groups and
symplectic groups which is the stingray element itself. Recall from Section [4.1| the definition of
self-reciprocal stingray elements given in Definition While we use stingray elements for special
linear groups, we choose self-reciprocal stingray elements for symplectic and orthogonal groups as
described in [75]]. Note that we discussed Algorithm FINDSELFRECIPROCALSTINGRAYELEMENT [Alg.
for randomised computations of self-reciprocal stingray elements which is a slight variation of

Algorithm FINDSTINGRAYELEMENT [Alg. [5]].

In the final step we briefly discuss two algorithms from the literature to compute a stingray embedded
Sp(4,4)in Sp(8,g). One of these two algorithms is the constructive recognition from Leedham-Green
and O’Brien [59]] and the other algorithm is for black box constructive recognition of symplectic

groups by Brooksbank [20].

6.1.1 GoingDown basic step

In this section we present an algorithm for the GoingDown basic step in symplectic and orthogonal
groups. As outlined in Section [6.1]the main idea of the GorngDown basic step for symplectic groups
is similar to Algorithm GoingDownBasicSTEPSL [Alg. [13]] which is discussed in Section [5.1.1]
Instead of general stingray elements we compute self-reciprocal stingray elements by random proce-

dures in the GoiIngDown basic step for symplectic groups. A definition of self-reciprocal stingray
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elements and how these elements can be computed, has been discussed in Chapter[d] An algorithm
for a randomised computation of self-reciprocal stingray elements is given by Algorithm FINDSEL-

FRECIPROCALSTINGRAYELEMENT [Alg. [7]].

An algorithm for the GoingDownN basic step for symplectic groups is given by Algorithm Going-
DownBasicStePREcIPrROCAL [Alg. 29]].
Remark 6.6

Recall from Remark [4.28]that we use self-reciprocal stingray elements for the GoingDown basic step
in symplectic and orthogonal groups. Therefore, Algorithm GomngDownBasicSTEPRECIPROCAL
[Alg. 29]] presented below is designed to be a GoingDown basic step algorithm for both symplectic
and orthogonal groups. Note that we call a naming algorithm in Line 9 of Algorithm GomngDown-
BasicStepRECIPROCAL [Alg. [29]]. If the input group G is isomorphic to a symplectic group, then we
check (s, s,) = Sp(d,,q) and if the input group G is isomorphic to an orthogonal group, then we
check (s,s,) = (d,,q). Note that the function body of Algorithm GoingDownBasicSTEPRECIPRO-
caL [Alg.[29] is otherwise identical to the function body of Algorithm GoingDownBasicSTEPSL
[Alg. [13]] except that we use Algorithm FINDSELFRECIPROCALSTINGRAYELEMENT [Alg. [7]] instead of
Algorithm FinpSTiNGRAYELEMENT [Alg. [5]].

Algorithm 29: GoingDownNBAsICSTEPRECIPROCAL

Input: » d, eNwithd, >8
» (X) =G <GL(d,q) with G=Sp(d,,q) and g odd or G =Q(d,,q)
» ® a form preserved by G
» NeN
Output:  fail OR where
e N with 8 < d, <4[log(d,)],
< G with [/ 2 Sp(d,,q) if G=Sp(d,,q) and [/ ZQ(d,,q) otherwise,
is an MSLP from X to generators of [/ and

€ N where N — V' is the number of random selections that were used
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function GoingDownBasicStepRECIPROCAL(,, G, P, N)

1 while N >0 do // Remark
2 (51,6, N)«— FINDSELFRECIPROCALSTINGRAYELEMENT(G, d;, N) // Remark
3 W, < CoMPUTESTINGRAYBODY(s;)

4 repeat

5 (55,6,,N)<— FINDSELFRECIPROCALSTINGRAYELEMENT(G, d;, N) // Remark
6 VVSZ < CoMPUTESTINGRAYBODY(S,)

7 until IsSTINGRAYDUO((s4, 5,), @)

8 d, « dim(W; )+ dim(W, )

9 if (s;,5,) ZSp(d,, q) (resp. (s;,s,) ZQ(d,, q)) then  // using a naming algorithm, see Section [1.1.7
10 S « an MSLP from X to (s,5,) using &; and &,

11 return
12 return fail

Theorem 6.7

Algorithm GoingDowNBasicSTEPRECIPROCAL [Alg. 29]] terminates using at most N random selec-

tions and works correctly.

Proof. The proof is similar to the proof of Algorithm GoingDownBasicSTEPSL [Alg. [13]]. It is
clear that the algorithm terminates. If the algorithm does not return fail, then the output must be

isomorphic to Sp(d,, q) and 8 < d, < 4[log(d,)]. O

Remark 6.8

Since symplectic groups are defined by forms defined on the underlying vector space, we must verify
an additional property of the stingray pairs to ensure that the (classical) group generated by stingray
pairs is non-degenerate as in Definition By our assumption G is a symplectic group in its
natural representation and, thus, we can compute the underlying symplectic form and represent the
form by its Gram-matrix. Recall from Lemma[4.21|that if s € Sp(d, q) is a ppd-stingray element,
then W, is non-degenerate, where W, is the stingray body of s. Therefore, given a stingray pair

(s1,5,) of ppd-stingray elements Algorithm IsStinGrAYDUO [Alg. [10]] verifies that W, N'W, = {0}
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and that W, @ W, is non-degenerate to ensure that (s, s,) is a stingray duo. Note that we use the
underlying form @ of the input group G to verify that W, & W, is non-degenerate by restricting ¢

s

to W, @ W, and verifying that the restriction has full rank.

S

6.1.2 Combining GoiNgDowN basic steps

Similarly to the GoingDown algorithm for special linear groups the GoingDown basic step for
symplectic groups is repeatedly called until a terminal group as in Definition [3.6|is computed. An

algorithm implementing this is given by Algorithm GomneDownToDmm8SympLecTIC [Alg. 3]

Algorithm 30: GoingDownToDim8SyMPLECTIC

Input: » deNwithd >8
» (X) =G =Sp(d,q) with g odd
» & a form preserved by G
» NeN
Output:  fail OR where
< G with V2 Sp(8,9),
is an MSLP from X to generators of [/ and
€ N where N — V' is the number of random selections that were used

function GoingDowNToDm8SymreLecTic(d, G, P, N)

1 U+« G AND dim «d AND & « an MSLP from X to X
2 while dim > 8 do
3 (dim, U,&’,N)«+ GomncDownBasicSterReciprocar(dim, U, @, N) // Remark [5.7| and
4 S « Composition of & and &’
5 return
Theorem 6.9

Algorithm GomngDownToDmv8SympLECTIC [Alg. [30]] terminates using at most N random selections

and works correctly.

Proof. Analogously to the proof of Theorem[5.13 O
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6.1.3 Final step of the GoingDown algorithm

In this chapter we assume that a stingray embedded subgroup U < G =Sp(d, q) with U = Sp(8,¢)
is computed and that standard generators of U can be written as words in the generators X of G.
Note that U is a terminal group as U = Sp(8,¢) and that U can be computed using Algorithm
GomgDownToDm8SympLecTIC [Alg.[30]]. The goal of this chapter is to identify a subgroup Uy < U
with U, = Sp(4,q) and U is stingray embedded in U.

As for special linear groups it is not possible to find a symplectic base case group, i.e. Sp(d, q) for
d < 4, using the GoiINgDownN basic step of symplectic groups. Therefore, we rely on alternative
algorithms and use methods from the DLLO constructive recognition algorithm [|59] as well as a

method from Brooksbank [20]. This is done in two steps as follows:

1) Call Algorithm GoingDowNFINALSTEPCL [Alg. [16] from the DLLO constructive recognition
algorithm on U to compute U < U with U = Sp(6,9) and U is stingray embedded in
U. The algorithm involves involutions as in Definition and is similar to Algorithm
GomngDowNFINALSTEPSL [Alg. [15]].

2) Apply a method from Brooksbank [20, Section 5.1] to U to compute U, < U with U, =

Sp(4,¢) and U, is stingray embedded in U.

As U is stingray embedded in U and Uj is stingray embedded in U it is clear that U, must also be
stingray embedded in U. Note that there are more possibilities to identify U, e.g. by applying
the DLLO constructive recognition algorithm [59] on U and afterwards writing down generators
for U,. For this thesis no comparisons between different approaches have been performed as the
running time is negligible in contrast to the running time of the entire GoingDown and GomngUp

algorithm.

We are not dealing with the details of 1) and 2) in this thesis as both methods are well-known but
instead give an overview of the used methods. Algorithm GomngDownNFiNaLSTEPCL [Alg. [16] is
used for 1) by calling GoingDownFinalStepCL(G,4,N). For 2) we use a method from [20, Section

5.1] which is based on ppd-elements, see Definition 4.8} and given in Algorithm GomngDownSp6To4
[Alg. [B1]l.
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Algorithm 31: GoingDownSr6To4

Input: > (X)=G=Sp(6,9) with g odd
» NeN
Output:  fail OR where
< G with [/ = Sp(4,q),

€ GL(d,q) is a base change matrix such that is stingray embedded in G,

is an MSLP from X to generators of [/ and
€ N where N — NV’ is the number of random selections that were used
function GoingDownSP6To4(G, N)

repeat

g «—PseupoRanDoM(G) AND NN —1
until ¢ is a ppd-element of a specified order given in [20, Section 5.1] or N <0
if N <0 then

‘ return fail

g §q<d—z>/z+1

repeat

if g <5 then

2158, &3 < PseunoRanDoOM(G) AND N« N —1
U—(g,8%,8%,¢8%)

else

g, < PseupoRanpoM(G) AND N N —1
U<(g,8%)

until Sp(4,4)= U OR N <0

if N <0 then

return fail

return

X « base change matrix to embed U standard AND & «— MSLP to the generators of U

We are not discussing details or correctness of these algorithms and refer to the publications
[20] and [59]. Using these algorithms we know that there are efficient methods to construct

a stingray embedded Sp(4,¢) in Sp(8,g).
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6.2 BaseCask algorithm

In this section we assume that H < G := Sp(d, q) has been computed successtully, where H = Sp(4, q)
and H is stingray embedded in G. This can be done using the algorithms described in Since
H = Sp(4,q) we have found a symplectic base case group as in Definition [3.2for which eflicient
constructive recognition algorithms are known, see e.g. [20]. For the implementation of the
BaseCask algorithm for symplectic groups, we utilise the constructive recognition algorithm for
H = Sp(4,q) given in [20]. We are not discussing the details of the algorithm in [20] but instead

state the main theorem about its complexity.

Theorem 6.10: [20]
Let H = (X) = Sp(4,g9). Then there is a Las Vegas algorithm to recognise H constructively.
The complexity of the algorithm is O(& + {'log(q)) where { is the complexity to construct a
(nearly) uniformly distributed random element of H as an MSLP in X and & is the complexity of

constructively recognising (a homomorphic image of) SL(2,g).

Remark 6.11
Since the constructive recognition algorithm for Sp(4,¢) given in Theorem uses a constructive

recognition algorithm for SL(2,g) which currently needs a discrete logarithm oracle as in Definition

the BAseCAasE algorithm for symplectic groups also requires a discrete logarithm oracle.

6.3 GoingUp algorithm

This section describes the GoingUp algorithm for symplectic groups. Let (X) = G =Sp(d, q) for g

even or odd. Recall the definition of an ascending recognition chain of G outlined in Chapter

2! 2 £ 27 gt
- SH,Oy<H =G

IA

1

where H ;) = Sp(d,,q) stingray embedded in G and dy, =4 < d, < ... <d, =d. The group H,
of the ascending recognition chain with Hy = Sp(4,¢) can be computed for g odd using the
GomngDown and BaseCask algorithm for symplectic groups of Section [6.1)and Section |6.2such that

Sp(4,9) = H < G stingray embedded is computed. Moreover, standard generators of H can be
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written as words in X. As for special linear groups, we apply a GoinGUP step on H g to compute the
next group of the ascending recognition chain H,;). Additionally, by the GoinGUp step we can write
standard generators of H|;, as words in X. By applying the GomngUP step repeatedly this yields an
ascending recognition chain. Therefore, we assume in this section that H < G is stingray embedded
with H = Sp(n,q) is given and that standard generators of H can be written as words in X, i.e.

H :H(z) for some 7.

Section introduces a GOINGUP step for symplectic groups and Section uses the GoingUp

step for symplectic groups repeatedly to compute standard generators of G.

6.3.1 GoinGUp step

In this section we describe the GomngUp step for symplectic groups. The solution and key ideas are
similar as to the GoiNGUP step of special linear groups, see Section 5.3 Therefore, we mainly focus
on the differences between the GoingUP steps for symplectic groups and special linear groups. The
details of the GoiNngUP step for special linear groups are not discussed and repeated in this section
and instead we refer to Section The results of this section are valid for g even and odd. Our

hypothesis for the remainder of this section is the following.

Hypothesis 6.12
Let g be even or odd and d € N be even and (X) = G =Sp(d, q) containing a stingray embedded

subgroup H < (X¥) = G¥ with H = Sp(n,q) for n < d and for a known base change matrix
% € GL(d,q). Note, that » must be even. Moreover, standard generators Y, of H are given as
words in X. Let V = Fj and suppose that B = (v,,...,v,) is a basis for V and let V, = (v,,...,v, )
and F;_, =(v,,,...,74) (cf. Definition 2.7). We assume that H acts naturally on V/, as Sp(1,q)

and that H fixes F,_, point-wise. Recall that (w,,...,w/) isan F -basis for F .

We start this section by stating the main theorem which is similar to Theorem for special linear

groups.
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Theorem 6.13
Let g be even or odd. Let X C SL(d,g) such that (X) = G =Sp(d,q) with 4 < n < d and n,d
even and let £ € GL(d, q) be a base change matrix. Let Y¥ be a set of standard generators for the
subgroup Sp(7, q) stingray embedded into G¥. Furthermore, let & be an SLP from X to Y, and
let n' .= min{2n —2,d}.
Then there is an algorithm that computes a base change matrix £’ € GL(d,q) together with
an SLP &’ from X to a set Y,,, which is a set of standard generators for Sp(n’,q) and (Y:Z') is

stingray embedded in GZ'.

Recall that the definition of a weak doubling element in special linear groups requires the element

to satisfy two properties (C1) and (C2) of Remark which are repeated in the next remark.
Remark 6.14

Let g € G¥. Then g is a weak doubling element with respect to H if

(C1) dim(V,+V g)=n'and

(C2) if n’ < d, then dim(F, A +Fix(g))=d.

Note that we defined 7’ := min{2n—2, d} for symplectic groups while »" := min{2n—1,d } for special
linear groups as indicated in Table[3.5]of Chapter 3] One reason for this is that 2z —1 is odd. The
other reason for this is as follows: The main aim of one GoNnGUP step is to compute the permutation
matrices for SL(n’,q) or Sp(n’,g). The standard generators of special linear groups, see Definition
contain permutation matrices corresponding to an 7- and an (n—1)-cycle. Therefore, computing
a permutation matrix of larger degree can be achieved by multiplying two permutation matrices of
two copies of SL intersecting in a subspace of dimension 1. The standard generators of symplectic

.. . . . S
groups, see Deﬁnltlon contain a permutatlon matrix le

corresponding to a permutation of
cycle type (5)*. Therefore, multiplying two permutation matrices which correspond to the standard
generator le P in two different copies of Sp(7,q) will only yield the required permutation matrix, if

the subspaces on which the two copies of Sp(7,g) act intersect in a space of dimension at least 2.

As for special linear group we start by computing a weak doubling element but are actually inter-
ested in finding a strong doubling element. In special linear groups this is achieved by replacing a

weak doubling element § € G¥ by a conjugate g € G yielding a doubling element element and
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after applying a base change matrix ¢’ € GL(d,q) to ¢ := g  we verify the last condition (C3)
given in Remark Recall that (vy,...,0)) = B¥ . We repeat the last condition (C3) in the next

remark.

Remark 6.15

(C3) The vectors v} and fv;c_Tr for 1 < j < n—1 span as an F _-subspace the F -subspace

Similar to the special linear group we prove the correctness of Theorem by stating an algorithm

and proving the correctness of this algorithm. Moreover, the algorithm also consists of seven phases

as for special linear groups, see Remark

Remark 6.16

Let (X) = G =Sp(d, q) contain a stingray embedded subgroup H < (X¥) = G¥ with H = Sp(n,q)

for n < d, n even and for a known base change matrix £ € GL(d, q). Moreover, standard generators

Y, of H are given as words in X . The following seven phases must be performed for Theorem [6.13]

and, therefore, for one GoiNngUP step of symplectic groups:

Sp1) Construct an element ¢t € H which has a fixed space of dimension d — 7 + 2.

Sp2) Choose random elements @ € G until § := ¢* satisfies (C1) and (C2).

Sp3) Find a conjugate g € G¥ of § which satisfies (C1) and (C2) and additionally fixes v, and v, .

Sp4) Compute base change matrices £’ and £ such that (H,H#)*¢" is stingray embedded in
G%¥" and preserves the standard form. Set ¢ :== g¢" and verify whether ¢ satisfies (C3) of
Remark|[6.15] Proceed if ¢ satisfies (C3).

Sp5) Using ¢, construct transvections E;i(wi) forn < j <n'for (H,H) = Sp(n,q).

Sp6) Using ¢, construct transvections E:i(a)i) forn<j <n'for (H,H) = Sp(n,q).

Sp7) Using the transvections of Sp5) and Sp6) construct standard generators for (H, H¢) = Sp(n’,q)

: . .S
by assembling a permutation matrix z,”

in Definition [6.3]

/
corresponding to a permutation of cycle type (5 ) as

In the following we discuss the phases in more detail which shows that many results of the GoingUp
step for special linear groups also hold for symplectic group even though if n’ < d, then V, NV ¢ is

2-dimensional for symplectic groups and V, NV ¢ is 1-dimensional for special linear groups.
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In Sp1) we construct an element r € H which has a fixed space of dimension d — 7 + 2. This can be
achieved without further computations for symplectic groups as such an element is contained in the

standard generators Y, of H.

Lemma 6.17
Recall from our Hypothesis that H < (X¥) = G¥ with H = Sp(n,q) for n < d and for a
known base change matrix ¥ € GL(d,q). An element of t € H < G which has a fixed space of

dimension d —n + 2 is given by ¢ := zlS P,

Sp . .
Proof- The fixed space of z;" is given by (i+o+. v v DT D) O

In Sp2) we choose random elements 2 € G and check whether § := ¢“ satisfies (C1) and (C2) of
Remark If ¢ satisfies (C1) and (C2), then ¢ has similar properties as in special linear groups

summarised in Lemma Here we state a version of this result for symplectic groups.

Lemma 6.18
Recall from our Hypothesis that H < (X¥) = G¥ with H = Sp(n,q) for n < d and for a
known base change matrix £ € GL(d,q). Let t € H < G¥ be as in Lemmal6.17]and for random
a € G let § = t* be a weak doubling element, i.e. an element which satisfies (C1) and (C2).
1) dim(V, NFix(¢)) >2 and dim(V, NFix(g))=21if n' < d.
2) V,:=V 4V g isinvariant under the action of §.

3) If n’ <d, then dim(F, A NFix(g))=d —n'.

Proof. Analogously to the proof of Lemma O

If n’ < d, then V, and V¢ intersect in a 2-dimensional subspace instead of an 1-dimensional
subspace as in the case of special linear groups. This is necessary for the success of the GoimngUp
step of symplectic groups as our goal is to construct a double cycle zlS P of H¢ which multiplied with
the double cycle lep of H results in the double cycle lep of a stingray embedded subgroup of G
isomorphic to Sp(#n’, ). Note that the product of the double cycle lep of H and the double cycle
zlS P of H can only result in a standard generator of Sp(n’,q) if V, and V § intersect in a subspace of

dimension at least 2.
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The aim of Sp3) is to find a conjugate g € G¥ of § which satisfies (C1) and (C2) and additionally
fixes v, and v,. As dim(V, NFix(g)) > 2 using 1) of Lemma we can assume that we find
two linearly independent vectors w,, w, such that (w,,w,) < V, NFix(g). We can find elements
L,L,e Hwithv, L =w,v,L,= ‘szl_l and v,L, = v,, express L,L, in terms of the standard
generators Y, and then compute the conjugate g :=L,L,§(L,L,)™". The following lemma shows
that g is an element satisfying (C1) and (C2) and additionally fixes v; and v,. Afterwards we

describe how L, and L, can be found and written as words in Y, .

Lemma 6.19

Recall from our Hypothesis that H < (X¥) = G¥ with H = Sp(n,q) for n < d and for
a known base change matrix £ € GL(d,q). Moreover, B = (v,,...,v,;) is a basis for V. Let
t € H be as in Lemma For a € G¥ assume that § = ¢* is a weak doubling element, i.e. a
satisfies (C1) and (C2). Let L;,L, € H such that v,L, = w,, v,L, = w,L" and v,L, = v, where
(w,,w,) <V _NFix(¢) and dim({w,, w,)) = 2. Then

1) L,L,§(L,L,) " satisfies (C1) and (C2) and

2) v,v, €V NFix(L,L,§(L,L,)™).

Proof. Note that if L;v = v, then also Li_lfv =vfori=1,2.
1) We have L,L, € H. Hence, the claim follows with the same proof as for Lemma 1).
2) Asv,,v, €V, and since 0 # w, € V, NFix(g)
v, L,L g(L,L) " '=v, L g(L,L) " '=w g(L,L) '=w L['L; =0, L] =,
shows that v, € V, NFix(L,L,§(L,L,)™"). Moreover, since 0 # w, € V, NFix(g)
0, Ly Ly §(LoLy ) = w, LT Ly §(LyLy )™ = w0, §(L,L) ! = (w, LT )L = v,

shows that v, € V., NFix(L,L,g(L,L,)™). O

We proceed as follows to compute L, and L,.
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Remark 6.20

If (w,), # 0 and (w,L]"), # O, then we assume w.Lo.g. that w, = (1, w,, w3,...,w,,_,0) and
w, L' = (0,w,,,w,3,...,9,,_;,1). If this is not the case, we simply go back to Sp2). We can now

directly write down L, and L, for the vectors w, w, as in Lemma as follows:

1 Wi, Wiy oo Wi, 0 1 0 o ... 0 0
0 1 0 .. 0 9w, —w,,, 1 0 .. 0 0
0 0 1 .. 0 w, —w, , O 1 .. 0 0
L= 1,n—2 L= 2,12
0 0 0 1 —w, w,, 0 0 10
0 0 0 0 1 0wy, Wy ... @, 1
Remark 6.21

1) Note that Sp(7,¢) acts on the 2-dimensional subspaces of F} and has two orbits namely the
hyperbolic pairs, i.e. w;, @, € F} linear independent with (w, | w,) # 0, and pairs which are
orthogonal, i.e. w;,w, € I} linear independent with (w, | w,) =0, see [91, Theorem 8.2].
The Sp(n,q) orbit of hyperbolic pairs is larger than the orbit of orthogonal pairs and, hence,
with high probability a basis of a 2-dimensional subspace of V, NFix(c) is a hyperbolic pair.
Since Sp(7, q) acts transitively on the hyperbolic pairs and since v, and v, are a hyperbolic
pair L, and L, of Lemma are contained in Sp(7,g) with a high probability.

2) Clearly L, and L, satisfy the requirements of Lemma [6.19}

The goal of Sp4) is to compute a new base change matrix £’ € GL(d, q) from 9 to a basis %’ such
that (H, H#)¥" is stingray embedded in G¥<'.
Remark 6.22
This can be achieved similarly to the corresponding goal in Remark [5.51]except that we choose fewer
vectors of V, g as dim(V, NFix(g)) = 2. Recall that 7: V — F,__ is the projection map to F,_, of
the decomposition V=V, @& F, . We define the basis B’ as follows:
® The first # vectors of the new basis are equal to the vectors in the old basis, i.e. v :=v; for

1<i1<n.
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® The basis vectors v’

vi1>-+->U, are chosen as a linearly independent subset of the vectors
n

7(0,8)s.-., (v, ,g). lf n’ < d, then we take all the vectors 7(v,g),..., (v, ,g) and other-
wise we choose a linearly independent subset.
* In the case n’ < d, that is, n’ = 2n —2, we extend (v}, ...,v,,) to a basis B’ = (vy,...,v)) of

V by choosing a basis of F;, , NFix(g), which is possible by condition (C2).

Let &’ € GL(d, q) be the base change matrix from 98 to 9B’ and from this point on, we assume that
all of our matrices are given as elements of GZ<’. For the standard generators Y, of Sp(,4), there

is nothing to do, while the matrix of g must be conjugated by the base change £".

Now we must deal with an additional problem which does not occur in special linear groups. One
advantageous property of special linear groups is that we can ignore underlying forms but this is not
the case for the other classical groups as for the symplectic group. Hence, we perform an additional

base change before we continue as for special linear groups.

Remark 6.23
.Z;/
Let Hy = (H,H?$" ). Note that Hy acts on (v],...,v/,) and fixes (7)7’2,+1,...,'U;). We compute the
underlying form of Hy on (v},...,v,) and perform a base change Z” such that H" respects the
standard form on (v],...,v/,)¢". If this is not possible, then we know that Hj is not isomorphic to
Sp(#’, g) and we return to Sp2). From this point on, we assume that all of our matrices are expressed
p\7.,q P p P
as elements of GZ¢"%". Note, that the base change has no effect on the standard generators of H as

the underlying form of H on V, is already the standard form.

Remark 6.24

Let d € N and define J, :=(J,) 4 € GL(d, q) with

i,7€{1,...,

1, ifi+;=d+1,
(]d)i,j:

0, otherwise.
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], is the back-diagonal matrix. Moreover, for d € N even we define

0 Ju

2

—J. O
2

Pd::

Note that P, is the standard form preserved by Sp(d, q) as in Remark By Remark HE"
preserves the form diag(P,,,1, ). In the implementation of the GoingUP step in GAP [37]], see
Chapter a base change matrix £” € GL(d,q) is chosen such that H" preserves a different

form. Let

P, 0
b= € GL(n/,q).

Given that H" preserves the form diag(P,,, I, ) it follows that there exists a base change matrix
£" € GL(d,q) such that HZ" preserves the form diag(b,1, ). For consistency with the imple-
mentation we assume for the remainder of this section that the form diag(b,1, /) is preserved by
H". Note that this assumption does not alter the results, but rather affects how the matrices are

presented in the following.

. . / " . . .
As for special linear groups, we denote ¢ by g %", Moreover, we can now verify the last condition:

(C3) The vectors w,v} and wi'zz]{’c_Tr for1 <i < fand 2 <; < n—1 span the subspace

1 V2 /! 1/
(V)5 s Uy Uy g5 V).

If (C3) is not satisfied by ¢, then we return to Sp2) and try another random element « € G¥.

We give an algorithm to compute ¢ € GZ4#" in pseudo-code by Algorithm CompuTeCSP [Alg.

32]].



10

11

12

13

14

15

16

17

18

19

6.3. GOINGUP ALGORITHM

Algorithm 32: CompuTECSP

Input: » (X)=G<Sp(d,q)
» A base change matrix ¥ € GL(d,q)
> Sp(n,q) = (Y,) = H < G stingray embedded and constructively recognised
» NeN
Output:  fail OR where
€ G? is an element satisfying (C1), (C2) and (C3),
€ GL(d, q) is a base change matrix,
is an MSLP from X UY, to ¢ and
€ N where N — V' is the number of random selections that were used

function ComruTeCSe(G, £, H,N)

t € H as described in Lemmal6.17 // sp)

¢ «—t* for randoma € G¥ // start of sp2)
while N >0 do
while ¢ does not satisfy (C1) and (C2) and (w,, w,) is not a hyperbolic pair for
(wy,w,) < V,NFix(g) do
N—N-—-1
if N <0 then

return fail

g « t* for random a € G¥

S, MSLP from X UY, to §

L, < as described in Remark |6.20 AND &, « MSLP from Y, to L, // sp3)
L, < as described in Remark |6.20 AND &; < MSLP from Y, to L, /7 sp3)
g L,L gL' L7V AND £’ as described in Remark [6.22 /7 sp4)

%" « base change matrix to standard form of (H,H gzl) AND ¢ g% ¢’

if the submatrix (c_l)i’j for n+1<i<n"and 2<; <n—1 has full rank then

S « Compose &, G, and &5 into one MSLP
return
else
g1 // Element of H which does not satisfy (C1) and (C2)

return fail
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Remark 6.25

Computing the preserved form of a group and a base change matrix to the standard form involves
an application of the meataxe [79] which has complexity 0((n’)’) measured in field operations of

FF,. For more information see [|13]].

Lemma 6.26
Recall from our Hypothesis that H < (X¥) = G¥ with H = Sp(n,q) for n < d and for a
known base change matrix £ € GL(d,q). Let ', ¢” € GL(d,q) be base change matrices as in

Remark [6.22]6.23|and [6.24] Let ¢ be as constructed in CompuTeCSP [Alg. [32]] and

110 0|0|0 0
O % % 0| % *
Ofl*x ... %x|0|=*x ... % ,
y = e Sp(n',q).
0|0 ... 0j1|0 ... O
O % % | 0| % *
O] * % 0| % *

Then ¢ =diag(y,1,_,) € GZ<<".

Tr

Proof. It is clear that v,c = v, and v,c = v,. So it remains to show that v,c'" = v, and that

v,c" = . Note that (v,,v,) is a hyperbolic pair. Let b be the Gram-matrix of the underlying

n

form. Since ¢ € G =Sp(d, q) we have for all v,w € V that

(we |ve) =web(ve)" =web o =wbo™ = (w | v)

Hence, using that bo/" =o',

v o =0 bw™ = (v, |w)=(v,c|wc)= (v, | we)=v,bc"w T =0 "W,

T

Therefore, v, c* = v . With the same argumentation it follows that v,c " = v,. O
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Remark 6.27

. . "o . . / " /AN
With the computations so far we know that HF" is stingray embedded in G*¥ %", that H;Y" is

. . . . . "
isomorphic to Sp(#’,¢) in its natural representation and that H;’  respects the standard form.

Now we can continue as for special linear groups and conjugate transvections of H with c.

Lemma 6.28
Let n’ = min{2n — 2,d}, and let ¢ and £'£” be as constructed in the previous phases. Let

2§j§n—1,letz:1ifj§%andz:—lifj>§and

1 rewic, iy, 1€, it1n—1 0 W€ it 0 IWOG
0 1 0 a)l-(c_l)zf 0 0
0 0 1 a)i(c_l)n_lj 0 0
ES
0 0 0 1 0 0
0 0 0 wi(c_l)nﬂ’] 1 0
0 0 0 (¢ 0 1

Then y € Sp(#’, ) and Efi(a)i)c =diag(y, 1, /).

Proof. Recall that E;}:l(a)i) =L+ 1 (w,)+1], (). Feke{n'+1,...,d}, then

S 158 S
el (w,) =ec 1E].f;(a)i)c =L (w;)c =ec=e.

Moreover for k € {1,...,n'}\ {1,7}

1S _ S _
€€ 1Eji(@i)":(c 1)k,—E]-;(‘°z‘)C:(C 1)k (1 ‘|‘]j,n(‘°z‘)+l]1,n—j+1<wi))c

—

=((c e+ wi(c_l)/e,jen + l@i(c_l)k,len—jﬂ)c
_ _
= ((c l)k,—+wi(c l)k,jen>c

=e,c e+ C‘)i(c_l)k,]'enc =6+ wi(c_l)k,jen
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and

1S s
e c 1E]‘51(a)i)c = elEji’z(wi)C =e(l;+1 (w;)+ 1]y, 4(w;))c

= (e + ellj,n(wi) + lelll,n—j—i—l(wi))c

=(ey+iwie, . )c=ectiwe, jc=etiwic,
as well as

g s
e,c 1Ejf:l(a)l-)c = enE].f:l(wl-)c —ec=e,.

Remark 6.29

Similarly to Remark |5.58|for special linear groups, the top left 7 x 7 block of Efi(wi)c is contained

in H = Sp(n,q), hence we can express an element » € H as a word in the standard generators Y, of

H such that

10 0 0 (¢ —w, (¢,
01 0 0 0 0

S 00 ... 1 0 0 0

thi(wi)C:

’ 00 ...0 1 0 0
00 ... 0 wlc™),p, 1 0
O O O C()i(C_l)n/,]‘ O 1

By (C3) the column vectors of length (7 —2) below the (7,7) entry generate the full f(n'—n)
dimensional IF -vector space IF;’/_”, i.e. by multiplication the transvections Eil;(a)i) for1<i<f

and 7+ 1< j <n’ can be computed as in Remark

We combine Lemma and Remark into Algorithm ComPUTEVERTICALTRANSVECTIONS [Alg.

for computing the vertical transvections Efi (w)for1<i<fandn+1<;<n’
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Algorithm 33: CoMPUTEVERTICAL TRANSVECTIONSSP

Input: » Sp(n,q) = (Y,) = H <Sp(d, q) stingray embedded and constructively recognised
» ¢ €Sp(d,q) satistying (C1), (C2) and (C3)
Output: = {E]Si(wl) |1<i<f,n+1<j<n'}C(H,H") transvections of Sp(n’,q)
An MSLP © from Y, U{c} to
function CompUTEVERTICALTRANSVECTIONSSP(H , ¢)
/7 sps)
Ty <[]
for le{w,...,wr}and j €{2,...,n—1} do
T—E" ()
// Do row operations

forke[2,...,n—1] do

T B ()T 11 vt shat B (K )<
e Tl,n AND T<—E1s€l(_l)T // Note that Ei‘;(—z)eH
Aon(Ty,T)
Ty <[]

for Aef{wy,...;wrband j€{n+1,...,n"} do
E]SP;(/{) « Multiply the matrices of fv suitably
1~ E" (), AND EP () —EP (—)E" ()
ApD(Ty, E; ,(A))

S « MSLP for the computations of Ty,

return

In Sp6), the transvections Ezpj(a)i) for 1<i < fand n+1<; < n’ are computed. In contrast to

special linear groups, this is easier for symplectic groups as ¢ also fixes v, and v, .

Lemma 6.30

Let n' = min{2n — 2,d}, and let ¢ and £'%" be as constructed in the previous phases. Let

2§j§n—l,letz:1ifj§%andz:—lifj>%and
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1 o .. 0 0 0 0
za)i(c_l)z’n_ﬁ1 1 .. 0 0 0 0
l“)i<c_1)n—1,n—j+1 o ... 1 0 0 0
Y=
0 WiCiy wor W;Ci, 1 WiCiypy e Wiy
10;(c Vpptmjrr O - 0 0 1 .. 0
1, (¢ Nypin 0 e 0 0 0 e 1

Then y € Sp(n’,q) and E:S(a)i)c =diag(y, 1, ).

Proof. We have that EnSp].(a)i) =1+ 1, (w)+ i, (). Tk e{n'+1,...,d}, then it is clear

1

that e,eE].S,El(w)‘ =e,. For ke {1,...,n'}\ {1,n} we have

1S - s _
epc E(w;)e = () E S (w)e = (g I+ 1, () + o, y(w;))e

1 = n,j

(e + (¢ e+ lwz‘(c_l)/e,n—j+131)c

6.26) _ _
(e F100:( Ny jrr)e

113

= ekc_lc + za)i(c_l)k’n_ﬁlelc =e, + za)i(c_l),e,n_]-ﬂe1

and
1S s
€nC 1En3’<wi)c = enE]',Ii;(a)i)C =e,(Iy+1, (w;)+ 1, (w;))c
= (en + enln,j(wi) + Zenln—j+1,1(wi>)c
= (e, tw;e;)c =ec+weic =e +wc;
as well as

158 s
e,c 1En5(a)i)c =eEl(w,)c=ec=e,.

Now we continue analogously as for Sp5) in Remark
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Remark 6.31

10

11

12

13

14

In contrast to the special linear group we do not need the transvections of Sp5) to compute the
desired transvections of Sp6). Therefore, one could also swap Sp5) and Sp6) for symplectic groups
but to minimise the differences between the special linear group and the other classical groups we

retain the order.

We also provide pseudo-code for performing Spé) using Algorithm ComPUTEHORIZONTALTRANSVEC-

TionsSe [Alg. 34]l.

Algorithm 34: CompUTEHORIZONTALTRANSVECTIONSSP

Input: » Sp(n,q) = (Y,) = H <Sp(d, q) stingray embedded and constructively recognised
» ¢ €Sp(d, q) satisfying (C1), (C2) and (C3)
Output: = {E:i.(l) |n+1<j<n'} C(H,H) transvections of Sp(n’,q)
AnMSLP & from Y, U {c} to

function ComruTEHORIZONTAL TRANSVECTIONSSP(H, € )

// sp6)

Ty (]

for A€{wy,...,ws}and j€1{2,...,n—1} do
T<—E2p].(/1)c

// Do row operations

forkel2,...,n—1] do

L T «— TEil?k(—/lcj,k) // Note that Ez?k(_/lfj,k)eH
e Tn,l AND T « TESE(_Z) // Note that E;f’l(—z)eH
ADD(Y:H, T)

Iy —[]

for Ae{wy,...,s}and j€{n+1,...,n"} do
ESP].(A) < Multiply the matrices of fH suitably
P (DEF (—)

n,] n,1

S S
1 (_Eni‘(/l)n,l AND E].’F;l())<—E
Apo(Ty,E, ;(4))
S « MSLP for the computations of T}

return
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Finally, we have enough symplectic transvections to compute the element le P eSp(n’,q)in (H,H)

which automatically proves that (H,H¢) = Sp(n’, q).

Lemma 6.32

Let 7 be even. The permutation matrix (zlSP Y of Sp(n’,q) can be computed using the matrices of

S

the set X = {zlp,EiS[:l(l),Ejpi(l)} forn+1<i<n’

Proof. Double transpositions can be computed via (EZS[:Z (1))_1E35(1)(Eis,51 (1))~! which is the permu-
tation matrix corresponding to (1,7)(n,n' —i+n+1)€ S, forn <i < %/ where the entries in
position (i,1) and (n’'—i + n + 1, 7) are equal to —1 and Elsfl(l)(Eji)_l(l)Elsfl(l) is the permutation
matrix which corresponds to (1,2)(n,n'—i+n+1)€ S forn <i < %/ where the entries in position

(1,7) and (n,n' — i 4 n) is equal to —1. Moreover,

n' n'
(1,72 + 1><n,n’ -(1,71 +2>(n,n/— 1) -...-(1,71 + ?><n,n’——>
/ /

)
n n
:(1,n—|—1,n+2><n,n/,n/—1)'...-(1,71—0—E)(n,n/—g)
/

/

:(1,;1-{—1,...,%)(71,72/...,71/—%)

and

/ /

(Lo DG L D4 2) (Lt L, D) (' = 7))
/ /

(1,...,%,714—1,...,%)(%—|—1,n’...,n/—%,n,...,g—|—2>.

Because of the position of —1 in the transpositions, the matrices correspond to the standard generators

of Definition [5.1] after a final base change. O

The GoingUP step of this section is given in pseudo-code using Algorithm GoingUprSTEPSP [Alg.

35]].
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Algorithm 35: GoingUPSTEPSP

Input: » (X)=G<Sp(d,q)
» A base change matrix ¥ € GL(d,q)
> Sp(n,q) = (Y,) = H < G stingray embedded and constructively recognised
» NeN
Output:  fail OR where
Sp(min{2n —2,d},q) = )
€ GL(d, q) is a base change matrix such that // is stingray embedded in G¥ ",
is an MSLP from X UY, to the standard generators ), of /7 and
€ N where N — V' is the number of random selections that were used
function GoingUrSTEPSP(G, £, H,N)
1 (c,¥',6,,N)« ComrureCSr(G, %,H,N)

2 if ¢ = fail then

3 return fail

4 Ty/,6, — CoMPUTE VERTICALTRANSVECTIONSSP(H, ¢)

5 Ty, 65 «— ComPUTEHORIZONTALTRANSVECTIONSSP(H, ¢)

6 Use T, and T}, to construct lep of Sp(n’,q) as an MSLP &, using Lemma 6.32 /1 sp7)

7 Compose 6,,6,,5;,8, into one MSLP &

8 return

Theorem 6.33
Algorithm GoingUpSTEPSP [Alg. [35]] terminates using at most N random selections and works

correctly.

Proof. Follows with the same argumentation as in Theorem [5.63] O

6.3.2 Combining GoingUP steps

As for special linear groups, the GomngUP step for symplectic groups is called repeatedly until

standard generators of the input group G = Sp(d, g) are constructed.
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Algorithm 36: GoingUpSp

Input: » (X)=G=Sp(d,q)
» A base change matrix ¥ € GL(d,q)
> Sp(4,q) = (Y,) = H < G¥ stingray embedded and constructively recognised
» NeN
Output:  fail OR where
€ GL(d,q) is a base change matrix,
is an MSLP from X U Y, to the standard generators of G and
€ N where N — V' is the number of random selections that were used

function GoingUrSe(G, £, H,N)

1 n«—4 AND &« an MSLP from X UY, to X UY,
2 while n < d do
3 n < min{2 n —2, d} // Nearly double the dimension.
4 (H,%,6',N)« GomeUrSTerSe(G, ¥, H,N) // Remark [5.7| and
5 S« Compose & and &
6 return

Theorem 6.34

Algorithm GomngUprSp [Alg. [36]] terminates using at most N random selections and works correctly.

Proof. Follows immediately from Theorem [6.33] O



Chapter 7

Special unitary group

In this chapter we describe an efficient constructive recognition algorithm for special unitary groups
SU(d, q) in their natural representation for d > 6 if ¢ is odd and d > 10 if ¢ is even as outlined in
Chapter[3] If g is odd and d =5, then we refer to [21]] and if g is even and d € {5,...,9}, then we

refer to [32]]. If d < 4, then we also refer to [21].

The ideas of this chapter are similar to the ones introduced for special linear groups, see Chapter 5]
and symplectic groups, see Chapter 6, which is why we do not repeat the whole underlying theory
in this chapter but instead highlight the differences. The results are valid for all characteristics, i.e.
for g even and odd. Recall that in unitary groups if ¢ € SU(d, q), then g € GL(d,q?), and that F e

admits a field automorphism ~— of order 2.

This chapter is structured similarly to Chapter[5|for special linear groups and Chapter [f|for symplectic
groups. Section|7.1|deals with the GoingDown algorithm for unitary groups. The GomngDown
basic step for unitary groups is identical to the GoingDowN basic step for special linear groups. The
final step also relies on algorithms from the DLLO algorithm [32}59]], see Section [5.1.3] Recall from
Chapter 3| that the terminal group for unitary groups differs depending on whether ¢ is odd or ¢
is even as displayed in Table If g is even, then we compute a stingray embedded SU(10,¢) as a
terminal group using the GoiINnGDowN basic step while we compute a stingray embedded SU(6,¢q)

if ¢ is odd. How we handle this distinction of ¢ is discussed in more detail in Section[7.1]
In Section[7.2] we cite an algorithm which can be used for constructive recognition of SU(4,¢), i.e.

189
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an algorithm for handling unitary base case groups. We do not discuss the details of the constructive

recognition algorithm for SU(4, ¢) and instead refer to the publication [21]].

In Section [7.3|the GomngUP step for unitary groups is presented. The main approach is very similar

to the GoingUP algorithm for symplectic groups and we discuss the differences in Section

Before we introduce our standard generators of unitary groups a notation for specific elements of

unitary groups is given in the next definition.

Definition 7.1
Let d €N be even. For i,j €{1,...,d}, A€F »\{0} and j # i we set

Esvy e | 4 ifi+j=d+1,
i,] 3

L+ 1 (A =1y 14 ia(A),  otherwise.

Let d €N be odd. For z,5 € {1,...,d}, A€F ,\{0} and j # i we set

I +1; ,(A), ifit+j=d+1,

By ={ 1 (N =Ly jiramina (A ifi+jAd+1andi,j £
,] T _

[d +Ii,]'(/1)_]d—j+1,d_i+1</1) +In—j+1,j</12)’ 1f 1= dzil

Li+1 (AN —1y g (A +1L, 04(4,),  otherwise.

For d odd A, €F . — {0} has to be chosen such that A+ A+ A, =0.

Remark 7.2
1) There always exists A, € F , — {0} such that AA+ A, 4+ A, =0 as required in Definition

2) The matrix I, + E; ((A) for i +j = d + 1 is an element of SU(d, q) if and only if A+A=0.
Therefore, we have to be careful during computations to not accidentally use elements which

are not contained in SU(d, q).
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Definition 7.3

Let S5V CSL(d,q). If g is odd, then let w € F . be a primitive element and let @ := «0@*/2, Then

SSU SSU

is a set of standard generators for SU(d, q) if $>° is conjugate to the following set consisting of

5f 45 elements if d is even and 5f + 6 elements if d is odd:

. Elsg(a)) for 1 <1 <2f,

1

o E57(w;)for 1<i<2f,

o EY(a (') ) for0<i< f—1,

. . . . d~,d d
* apermutation matrix z;V corresponding to the permutation (1,2,...,5)(5+1,d,d—1,..., 5+

2)ifdisevenand (1,2,..., (4 4 1,d,d —1,..., 22 +2) if d is odd,

® a permutation matrix z;° corresponding to the permutation (1,2)(d — 1,d),

® a permutation matrix z2U corresponding to the permutation (1,d) with the entry (z3Y
p 3 P & p Y \Z3" )14

changed to @ and entry (25), , changed to a4,

* a diagonal matrix z5Y corresponding to diag(cw?*!,1,...,1,c0~@+D),
* a diagonal matrix ziV corresponding to diag(w,w™,1,...,1,w%,w ™) if d is even and

diag(w™,1,...,1, 0" + (' — Dot i if d is odd and
. EfEfH(l) if d is odd.

2!

Lemma 7.4

Every element E ZSEJ(/I) can be written in terms of the standard generators of Definition

Proof. The standard generators of Definition|7.3|contain the DLLO standard generators [32,/59] and,
therefore, generate SU(7,q). Hence, the elements EZSEJ(/I) can be written in terms of the standard

generators of Definition O

Lemma 7.5

SU(d, q) is generated by the standard generators from Definition

Proof. This follows immediately as the DLLO standard generators [32, 59]] are contained in the set

of standard generators from Definition O
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7.1 GoingDown algorithm

In this section we describe the GoingDown algorithm for unitary groups (X) = G = SU(d, q)
in their natural representation. The algorithms of this chapter are valid for all characteristics but
require that d > 6 if ¢ is odd and d > 10 if ¢ is even. Note that if d =4, then the input group G is a
base case group, which is handled by a separate base case algorithm by the STANDARDGENERATORS
algorithm as outlined in Chapter 3} The output of the GorngDown algorithm for unitary groups is
a base change matrix £ € GL(d, g?), a stingray embedded subgroup SU(4,4) = U of G¥ and an
MSLP & from X< to generators of U.

The GomngDown algorithm consists of two subalgorithms as presented in Chapter [3| First, a
GoIiNnGgDownN basic step is repeatedly used to compute a stingray embedded terminal group of G.
Second, an additional algorithm is called on the terminal group to construct a stingray embedded
base case group. The process of computing a stingray embedded base case group in a terminal group

is the final step.

For unitary groups we can use the same methods as for the GoirngDown basic step for special linear
groups described in Section The modifications of the GoingDownN basic step for special linear
groups to unitary groups are outlined in Remark

Remark 7.6
Recall the GoingDown basic step for special linear groups given in pseudo-code as Algorithm

GoimngDownBasicSTEPSL [Alg. [13]] in Section For readability of Chapter [5|the Algorithm
GomngDownBasicSTErSL [Alg. is only provided for special linear groups but can easily be
modified to be applicable for special linear groups and special unitary groups as it is done in
Algorithm GomngDownBasicSTEPRECIPROCAL [Alg. [29]] for symplectic and orthogonal groups. By
changing the input and output of Algorithm GoimngDownBasicSTEPSL [Alg. [13]] we introduce a
new algorithm GoingDownBasicSTeP [Alg. [37]] which is usable in special linear groups and unitary
groups. Note that the function body of Algorithm GoingDownBasicStEep [Alg. [37]] is the same as
of Algorithm GomngDownBasicSTEPSL [Alg. [13[] except that we call a naming algorithm for special
linear group on (s, s,) if the input group G is isomorphic to a special linear group and a naming

algorithm for unitary group if the input group G is isomorphic to a unitary group in Line 9.
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Algorithm 37: GoingDowNBASICSTEP

Input: » d, eNwithd, >4
» (X) =G < GL(d,q?) with G =SL(d,,q) or G=SU(d,,q) and d, > 6
» @ a form preserved by G (omitted if G = SL(d},q))
» NeN
Output:  fail OR where
e N with 4 <, <4[log(d,)],
< G with [V 2SL(d,,q) if G=SL(d,,q) and [/ 2SU(/,,q) otherwise,
is an MSLP from X to generators of [/ and
€ N where N — V' is the number of random selections that were used
function GoingDownBasicSter(d,, G, ®,N)

while N >0 do // Remark

(51,6, N)« FinoStTiNnGrRAYELEMENT(G, dy, N) // Remark
W, < CoMPUTESTINGRAYBODY(s;)
repeat
(53,6,,N)« FnDSTINGRAYELEMENT(G, dy, N) // Remark
VVSZ < CoMPUTESTINGRAYBODY(s,)
until IsSSTINGRAYDUO((s4, ), )

d, « dim(W; ) +dim(W, )

if (Sl,52> = SL(dz, q) (resp. (Sl,S2> = SU(dz, q)) then // Using a naming algorithm, see Section [1.1.7

S « an MSLP from X to (s,s,) using &, and &,

return

return fail

Using Algorithm GomngDownBasicStep [Alg. we introduce an algorithm in pseudo-code
which uses the GoingDown basic step for unitary groups repeatedly until a terminal group is
computed as Algorithm GomngDowNToDmm6Or10SU [Alg. B8]l Note that Algorithm Goine-
DownNToDm60R10SU [Alg. 38]] computes a stingray embedded SU(6, g) if g is odd and SU(10, q)

if g is even.
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Algorithm 38: GoingDownToDmm60Or10SU

Input: » d eNwithd >6if g odd and d > 10 if g is even
» (X)=G=SU(d,q)
» @ a unitary form preserved by G
» NeN
Output:  fail OR where
< G with 7 2 SU(6,q) if g 1s odd and [/ 2 SU(10, ¢q) if ¢ is even,
is an MSLP from X to generators of [/ and
€ N where N — V' is the number of random selections that were used

function GoingDownToDm60r10SU(d, G, P, N)

1 if g is even then
2 ‘ e« 10
3 else

4 L e—6

5 U«—GAND dim «d AND &« an MSLP from X to X

6 while dim > e do

7 (dim, U,&',N)«+ GomncDownBasicSter(dim, U, @, N) // Remark [5.7| and
8 S « Composition of & and &’
9 return

Theorem 7.7

Algorithm GoingDowNToDmm60R10SU [Alg. [38]] terminates and works correctly.

Proof. Analogously to the proof of Theorem [5.13] O

Lastly we deal with the final step of the GoingDown algorithm for unitary groups which aims
to compute a stingray embedded base case group in the terminal group. Note that the terminal
group for unitary groups depends on g, i.e. Algorithm GomngDownToDim60Rr10SU [Alg.
outputs a subgroup U of G with U ZSU(6,9) if ¢ is odd and U = SU(10,¢) if g is even. In the final
step for unitary groups we use methods from the DLLO algorithm [32,[59] by calling Algorithm
GomngDownNFINALSTEPCL [Alg. [16]] which is described in Section Note that Algorithm
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GomNngDowNFINALSTEPCL [Alg. [16]] can be used for both settings, i.e. U = SU(6,q) for g odd and
U = SU(10, q) for q even, by calling GoingDownFinalStepCL(U,4,N), see Remark[5.21] Using these

methods a stingray embedded SU(4,¢) in U can be computed.

An overall GoingDown algorithm for unitary groups is not discussed but can easily be derived
from the GoingDown algorithm for special linear groups in Section using the subalgorithms

introduced in this section.

7.2 BaseCask algorithm

In this section we assume that a stingray embedded subgroup (X) = H < G =SU(d, q) has been
computed and that H = SU(4, ¢) which can be achieved using the results and GoingDown algorithm
for unitary groups of Section Since H = SU(4,q) we have a unitary base case group as in
Definition Therefore, there is an efficient constructive recognition algorithm for H. The
algorithm presented in [21] is used in the implementation of the algorithms of this thesis. As
displayed in Figure 3.1/ constructive recognition of SU(4,q) is based on constructive recognition of
SU(3,g) which relies on constructive recognition of SL(2, q). Therefore, constructive recognition of
SU(4, q) also involves the usage of a discrete logarithm oracle as in Definition [1.6, As for symplectic
and orthogonal groups we are not diving into the details of [21]] and only state the main theorem

about the complexity.

Theorem 7.8: [21]
Assume the availability of oracles which constructively recognise SL(2,4) and compute discrete

logarithms in cyclic groups of order ¢ £ 1. There is an

0(d*log(d)(d log'(q) + & logg + ()

time Las Vegas black-box algorithm which constructively recognises any SU(d,q) where d > 3.
Here, { is the complexity to construct a (nearly) uniformly distributed random element of H as

an MSLP in X and & is the complexity of constructively recognising (a homomorphic image of)

SL(2,9).



196 CHAPTER 7. SPECIAL UNITARY GROUP
Proof. [21]. O

Corollary 7.9
Assume the availability of oracles which constructively recognise SL(2,4) and compute discrete

logarithms in cyclic groups of order g £ 1. There is an

0(¢ + &logq +log'(q))

time Las Vegas black-box algorithm which constructively recognises SU(4,q). Here, { is the
complexity to construct a (nearly) uniformly distributed random element of H as an MSLP in X

and & is the complexity of constructively recognising (a homomorphic image of) SL(2,¢).

7.3 GoingUp algorithm

In this section we describe the GoingUp algorithm for unitary groups. The algorithm is similar to
the GoingUp algorithm for symplectic groups, see Section [6.3] Thus, we only highlight and discuss
the differences between the GomngUp algorithm for symplectic and unitary groups. Our hypothesis

for the remainder of this section is the following.

Hypothesis 7.10
Let d € N and (X) = G =SU(d, q) containing a stingray embedded subgroup H < (X¥) = G¥
with H =2 SU(n, q) for n < d, n even and for a known base change matrix ¢ € GL(d, ¢*). Moreover,
standard generators Y, of H are given as words in X. Let V = FZ and suppose that B = (v,,...,v,)
is a basis for V and let V, = (v,,...,v,) and F,_, = (v, ,,...,9,) (ct. Definition . We assume
that H actson V, as SU(n, ) and that H fixes F;_, point-wise. Recall that (w,,..., /) isan F -basis

for Fq.

Theorem 7.11
Let X C SU(d,q) such that (X) = G = SU(d,q) with 4 < n < d and n even and let
¥ € GL(d,q%) be a base change matrix. Let Y:? be a set of standard generators for the sub-
group SU(n, q) stingray embedded into G . Furthermore, let & be an SLP from X to Y, and let
n' :=min{2n—2,d}.
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Then there is an algorithm that computes a base change matrix ¥’ € GL(d,¢?) together with
an SLP &' from X to a set Y,,, which is a set of standard generators for SU(n’,q) and (Y:Z') is

stingray embedded in G¥'.

Recall that the definition of a strong doubling element in special linear and symplectic groups
requires the element to satisty three conditions (C1), (C2) and (C3) of Remark and[5.53] Let
g € G¥. Then g is a strong doubling element with respect to H if

(C1) dim(V, +V g)=n".

(C2) If ' < d, then dim(F,_, +Fix(g))=d.

~ 1ol ~ ! Pl .
(C3) g fixes v, and v,,. Let (v7,...,9") = B%* and c := §* ¥ for base change matrices &', "

as computed in Remark|6.22)and Remark|6.23] The vectors w, v} and w; v cTfor1<i<f

1

and 2 < j < n—1 span the subspace (v},...,7,_, v, ,...,7),).

Moreover, recall the seven phases of the GomngUP step for symplectic groups:

Sp1) Construct an element ¢ € H which has a fixed space of dimension d —#n + 2.
Sp2) Choose random elements 2 € G until § := t* satisfies (C1) and (C2).
Sp3) Find a conjugate g € G¥ of § which satisfies (C1) and (C2) and additionally fixes v, and v,,.

Sp4) Compute base change matrices £’ and %" such that (H,H8)¢" %" is stingray embedded in

G4%' and preserves the standard form. Set ¢ := g¢" and verify whether ¢ satisfies (C3) of

Remark [6.15]
Sp5) Using ¢, construct transvections Ei};(wi) forn < j <n'for (H,H) = Sp(n,q).
Sp6) Using ¢, construct transvections Eii(a)i) forn<j <n'for (H,H) = Sp(n,q).

Sp7) Using the transvections of Sp5) and Sp6) construct standard generators for (H, H¢) = Sp(n’,q)

n'\2

s . :
P corresponding to a permutation of cycle type (5)* as

by assembling a permutation matrix z,

in Definition

The phases applied to the unitary group are denoted by SU1) to SU7). A summary of the seven
phases for unitary groups is given in Remark and the complete GomngUp algorithm for unitary
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groups is given by Algorithm GomngUrSU [Alg. B9

The phases SU1), SU2) and SU4) can be performed the same way as the phases Sp1), Sp2) and Sp4).
For the phases SU5), SU6) and SU7) there are minor differences compared to the phases Sp5), Spé)
and Sp7), while phase SU3) has to be redesigned from scratch. We start by discussing how phase
SU3) can be achieved, which we do in Remark[7.13] and afterwards discuss the slight differences
in the phases SU5), SU6) and SU7) compared to the phases Sp5), Sp6) and Sp7). A solution of the
phases SU5), SU6) is given in Remark and a solution of the phase SU7) in Lemmal[7.15

In phase Sp3) a weak doubling element ¢ is given and we aim to compute a conjugate of ¢ which is
a doubling element, i.e. an element which satisfies (C1) and (C2) and additionally fixes v, and v,,.

In phase Sp3) we constructed matrices L, L, € Sp(n,q) of the form

1 Wiy Wiy oo Wi,y 0 1 0 o ... 0 0
0 1 0 .. 0 w,, —w,,, 1 0 .. 0 0
0o 0 1 .. 0 w, —w, , O 1 .. 0 0
L= e Ry 2,n—2
0 0 0 .. 1 —w, w, O 0 .. 1 0
0 0 o ... 0 1 0 Wy, Wyy -0 W, 1
for two vectors w; = (1,w, 5, @, 3,...,@,,_;,0) and w, = (0, w,,, @, ;,...,w,,_y,1) such that the

element (L,L,)"'8(L,L,) is a doubling element. Note that in symplectic groups L,,L, € H =
Sp(n,q) for all vectors w, = (1,w, ,, @, 3,...,©; ,_;,0) and w, = (0,w,,, @, 3,..., @, ,_;,1). Recall
that in unitary groups E}\(A) and E,Y(A) is an element of SU(z,q) if and only if A+ A=0, see
Remark Thus, for (1,v,,...,v, ,0)€ IFZZ the matrix

1 v, v V1 0

010 0 —v

0 0 1 0 —v, 5
€ SL(n,q9")

000 1 —,
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is not always contained in SU(7,q). Hence, we cannot proceed for unitary groups as for symplectic
groups. For phase SU3) we start by observing the action of unitary groups on 1-dimensional

subspaces.

Lemma 7.12: [91, Theorem 10.12]
If V is an F-vector space with Witt index 1, then PSU(V) is a faithful doubly transitive group on
the isotropic points of V. If V is an F-vector space with Witt index at least 2, then PSU(V) is

transitively on the hyperbolic pairs of V.

Proof. [91, Theorem 10.12]. O

Based on Lemmalf7.12] we proceed as in the next remark to compute L,, L, € H = SU(n, q) such that
(L,L,)'g(L,L,) satisfies (C1) and (C2) and additionally fixes v, and v,

Remark 7.13: SU3)
We assume that (w,,w,) <V NFix(c) where (w,, w,) is a hyperbolic pair, w, has a non-zero entry
at position 1 and w, has a non-zero entry at position 7. If this is not satisfied, then we return to
choosing random elements ¢, € G¥. We normalise the entry at position 1 of w, and the entry at
position 7 of w,. Moreover, by linear combinations of w, and w, we may assume that

w, =(1,4y,...,4,_,,0) and w, =(0,2,...,2, 4,1)

shp—1»

as elements of F”,. Note that this process can fail if w, and w, both have the same entry in position

1 and 7 but in this case we also restart with choosing another random element ¢, € G¥. Next we

introduce for (1,,,...,v, ;) =v € F, the notation
L vy vy, oo v, v,
010 .. 0 —v5
00 1 .. 0 —v )
T, = e SL(n,q°).
00 0 I
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Note that in contrast to symplectic groups 7, is not contained in SU(n,q) for all (1,v,,...,v, ) € F,

which is why the construction of L, L, € H requires more effort. For S €T , we now compute

— wl +/6w2 :(1,/124—/312,...,/1”_1 +ﬂ1n_1’/6>.

We aim to prove two things. Firstly, that there always exists an element S € F ; such that T, €

w+fw,

SU(n,q). Secondly, we seek to develop an efficient method for computing S € F , such that
T

wi+Bw,

with Tw1 +Ba,
that for

€ SU(n,q). Since we describe a constructive and eflicient method for computing S € F

€ SU(n,q), this also proves the existence. Note that 7 is even and recall from Remark

b= € GL(n,q%)

1 0

follows SU(n,q) = {a € SL(n,q?) | aba* = b} where a* = (aTr) = (z)"". Hence, we aim to compute
B €T, such that

b=T, bT*

18w, 7w+ fw,
S 0=+ + B, )+ Bu) + o+ (A + B)A, + B, )+ B
S0=L+ B+, +fr,_ A+ Bi)+ (A + Br)(A,_ + B1,5)
S0=LB(, G+ +ut, B+ 1, b+t A )FB+A, G+ + A7)+
=N =72 =73
(A, At A, )

=4

<0 ZIBEY1 + 81, +BV3 T Vs

Note that y; € F, := Fix(F ;) since

M=ty Tt il (=2, b+, =Y

Therefore, we solve the equation y,y; =y, for some y, € F . which can be done efhiciently using
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Hilbert 90 [62, Theorem 3 and 4]. We set 3, := By, yielding

0 :/BBVl +/87/2 ‘|’EV3 Vs
S 0=BByo+Brers 12+ BToYs ' vs+ 1
<0 :ﬂoa‘l‘/goﬁ +E$ + Vs

0 0

Observe that

%: 1+ln—1A_2+"'+12An—1 = 1+EA2+"'+ZAn—1 :}/3
yielding

0 0

= o, w7
S 0=L,Bo+ Bo=+ Lo +74

0 0

= Y2, 2 (7
< 0=5,5, +/60?2 +/60<;2> + Vs
0 0

o:ﬁoz+ﬁoﬁ +E$ + Vs

We set 7 := % such that
0

0 :ﬁoE‘l‘ﬁoé +E<Q> Vs
Yo Yo

<:>0=/50E+/50?+E?+74
& 0=BoBo+ Bof + BT + 77— 17 + 74

S 0=(Bo+)Bo+7)— 77

Hence, we have to solve (B, 4+ 7)(8,+ #) = 7 — v, Note that #7 € F; as 7 = 77 and y, € F, as
¥4 = v, and, therefore, }?7—;/4 € F,. Again using Hilbert 90 [62, Theorem 3 and 4] we can efhiciently
compute x € F ; such that xx = #7 —v,. Finally, we can substitute the solution to compute a

suitable [ as

X —

Yo

|

x:,@o—l—?@ﬁo:x—?@ﬂ%:x—?@ﬁ:

Overall, we proceed as follows to compute S € F,; such that T, , 5, € SU(n,q) starting from

w, =(1,Ay,..., A _,0)and w, = (0,2,,...,2, ;,1):
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1) Compute ¥;,%,, 73, V4 based on w, and w,.
2) Solve y, with y,y; = ¥, using Hilbert 90.
~ 12

3) Sety:= yg.

4) Solve xX = 7 — y, using Hilbert 90.

5) A solution is now given by 5 = x;—oy
Using these computations, we compute 5 € F ; such that T, , 5, € SU(n,q)andset L, :=T,, 5, .
This concludes the computation of L,.
For the computation of L, we first replace w, by w, := w,(L,)™". Note that all the entries of w, and

w, are the same except the entry at position 7n. If w; has a zero at position 7, then we return to

computing ¢, € G¥. Without loss of generality we assume that (w,, w,) <V, NFix(c) where
w, =(1,0,...,0) and =(0,2,..052, 4,1).

Similarly to the computation of L, we define for (v,...,v, ,1)=v€ F, the notation

1 0 0 0 O

—v,, 1 0 0 O
= _V.n—Z O 1 O O €SL(n,q%).

-, 0 0 ... 1 0

2 V, V3 . V1

Note that | T is not contained in SU(7,q) for all (v,,...,v, ;,1)=ve F, which is why we have to

perform a few more computations again. As for L, we aim to compute 5 € F , such that for

vi=Bwi+w, =61, 02, 1)
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holds 4, .., T € SU(n,q). Using the Gram-matrix 4 yields

b = ﬁw1+w2Tb,3wl+w2 T —0= ﬁ + IB + llln_—1+ Z2Zn_—2+' ot Zn—la‘

€F, €F, €F,

=1,€F,

Since y, € Fy we compute y € F, with yy = y; using Hilbert 90 [62, Theorem 3 and 4] resulting in
0= B+ B+7y7. Asolution of 0= B+ B+ 77 is given by 3 := —IT if char(F) # 2 and otherwise

U
n+1

a solution is given by the entry at position (7,1) of E®
75—

(y) € SU(n,q) which can be computed

efficiently and concludes the computation of Z,.

We continue this section by discussing the minor differences between the phases SU5), SU6) and

SU7) and the phases Sp5), Sp6) and Sp7).

Remark 7.14: SU5) and SU6) [a minor modification of Sp5) and Spé6)]

Recall from Lemma|6.28that the conjugation of symplectic transvections Efi (w)for2<;<n—1

with a strong doubling element ¢ yields an element of the form diag(a,, ) with

1 Zwicn—j-i-l,Z Za)icrz—j-ﬁ-l,n—l 0 Zwicn—j-i-l,n-i-l Zwicn—j-i-l,n’
0 1 0 a)l-(c_l)z,]- 0 0
0 0 1 w;(c™h), 0 0
a:= o/
0 0 0 1 0 0
0 0 0 (€)1, 1 0
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Afterwards we compute an element b € H = Sp(n, q) such that

hE;};(a)i)C =

0

0

n+l,;
0 0 0
1 0 0
0 1 0
0 col-(c_l)nﬂ)j 1
0 a)i(c_l)n,’]- 0

The conjugation of unitary transvections E]‘Slnj(wi) € H=SU(n,q)for2<j <n—1witha

strong doubling element c¢ also yields an element of the form diag(a,1, ,,) with

0 1

0 0
a:=

0 0

0 0

0 0

_wi(c_l)z,]‘ 0 —w;(c7)

1 wi(c_l)n—l,j
0 1

0 wi(c_l)n—H,]
0 a)l-(c_l)n/’]

n+1,j cee _C()Z(C_l)n/,]

0

Recall that E£77(A) is an element of SU(,¢) if and only if A +1=0, see Remark Thus, we can
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only ensure to compute b € H = SU(n,q) such that

10 ..0 * —w; (™) e (e,

01 0 0 0 0

00 ... 1 0 0 0
hE]‘S,S<C‘)i)C =

00 ... 0 1 0 0

00 ..0 col-(c_l)nﬂ’j 1 0

00 ... 0 wlch),; 0 1

The non-zero entry (hE]SE(coi)‘)l,n has no impact on further computations and we simply have to

eliminate this entry lastly. The same minor modification holds for Spé).

The last minor difference between the algorithm for unitary and symplectic groups can be identified
in phase SU7). Note that in symplectic groups Sp(d, q) the degree d has to be even while for unitary
groups SU(d, q) the degree d can also be odd. Thus, in unitary groups we additionally have to
consider the case that d is odd which requires additional computations for all standard generators

given in Definition

Lemma 7.15: SU7)
Let 7 be even and 7’ be odd, i.e. n” = d. Then the standard generators of Definition [7.3|for Sp(»’, q)
can be computed using the elements of the set A:=Y, U {E]S'S(coi),EnSE(coi) |n+1<7<n',1<i<

/3

Proof. All standard generators except z;V and z5V are already contained in A. Note that E 1SU +(hHe

> 2

{E]-S,S(wi),Esg(wi) |for n+1<j <n',1<i<f}. The standard generator zV can be computed
as for symplectic groups in Lemma Thus, it is only left to compute z3Y which can easily be

done since we have all unitary transvections including Elsg(l) e{E jsg(co l-),Esg(a)l-) |[forn+1<

2

J<n’,1<i<f}. O
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We finish this chapter by summarising the seven phases and the GoingUp algorithm for unitary
groups.
Remark 7.16

Recall from our Hypothesis that H < (X¥) = G¥ is stingray embedded with H = SU(n,q)

for n < d and for a known base change matrix £ € GL(d, ¢?).

SU1) Construct an element ¢ € H which has a fixed space of dimension d —» + 2. This phase can
be done as Sp1) for symplectic groups, see Lemma6.17]

SU2) Choose random elements 2 € G until § := ¢* satisfies (C1) and (C2). This phase can be
done as Sp2) for symplectic groups.

SU3) Find a conjugate g € G¥ of § which satisfies (C1) and (C2) and additionally fixes v, and v,,.
A solution for unitary groups is given in Remark

SU4) Compute base change matrices £’ and £ such that (H, H#)%¢" is stingray embedded in

Gggl /g//

and preserves the standard form. Set ¢ := g# " and verify whether c satisfies (C3).

This phase can be done as Sp4) for symplectic groups, see Remark [6.22}6.23|and|[6.24] Proceed

if ¢ satisfies (C3).
SU5) Using c, construct transvections E].S}Vf(wl-) for n < j <n'for (H,H®) 2 SU(n’,q). This phase
can be done as Sp5) for symplectic groups with a minor modification, see Remark
SU6) Using c, construct transvections Ezljj(a)l) forn < j <n'for (H,H)=SU(n',q). This phase
can be done as Sp6) for symplectic groups with a minor modification, see Remark

~y

SU7) Using the transvections of SU5) and SU6) construct standard generators for (H,H¢) =

SU(n’,q) by assembling a permutation matrix z}V corresponding to a permutation of cy-

cle type (%/)2 as in Definition A solution for unitary groups is given in Lemma|7.15

Note that we do not present an algorithm in pseudo-code for the GoingUp step for unitary groups

but such an algorithm can easily be derived from this remark and Section

Theorem 7.17

Algorithm GomngUrSU [Alg. [39]] terminates using at most N random selections and works correctly.

Proof. This can be proven as for symplectic groups, see Theorem [6.34] O
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Algorithm 39: GoingUrSU

Input: » (X)=G=SU(,q)
» A base change matrix .¥ € GL(d,4?)
» SU(4,q9) = (Y,) = H < G stingray embedded and constructively recognised
» NeN
Output:  fail OR where
€ GL(d, q?) is a base change matrix,
is an MSLP from X U Y, to the standard generators of G*“ and
€ N where N — V' is the number of random selections that were used
function GoingUrSU(G, ¥, H,N)
n<«—4 AND &« an MSLP from X UY, to X UY,
while » < d do
n< min{2-n—2,d} // Nearly double the dimension

(H,%,6',N)« GomcUrSterSU(G, £, H,N) // Remark [5.7| and |5.8| and

S« Compose S and &

return
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Chapter 8

Orthogonal group

This chapter details an efficient realisation of the strategy outlined in Chapter 3| for orthogonal
groups §)(d, q) in their natural representation for d > 8 and all characteristics except Q°(d, q) for d

odd and g even. If d < 6, then we refer to [22]], and if d =7, then we refer to [32, 59]].

Recall that there are three types of (quasi-)simple orthogonal groups namely Q*(d,q), Q°(d,q) and
¥ (d,q). The fact that there are three different types influences the success of the GoimngDown and

GoimngUp algorithm for orthogonal groups which is explained in more detail in Section [8.1) and

Section

Section(8.1]describes the GoingDown algorithm for orthogonal groups. The GorngDown algorithm
uses a GOINGDOWN basic step and a final step as outlined in Chapter[3] The GoingDowN basic step
for orthogonal groups is identical to the GoingDown basic step for symplectic groups which is
described in Section Note that Section [6.1] only deals with the GomngDown algorithm for
symplectic groups in odd characteristic but the algorithms described in Section|[6.1|are also applicable
for orthogonal groups in even characteristic. For the GoingDown final step of orthogonal groups
we use methods from the DLLO algorithm [3259]] to compute a stingray embedded base case group
)(6,9). For the GomngUp algorithm we additionally require that the base case group (6, ¢q) is of

plus type. Therefore, if the base case group €2(6,g) is of minus type, then we repeat the final step.

In Section [8.2| we cite an algorithm which can be used for constructive recognition of Q*(6,¢), 1.e.

the orthogonal base case group. As for symplectic and unitary groups we do not dive into the details

209
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of the constructive recognition algorithm for Q% (6,¢) and instead refer to the publication [22].

In Section[8.3|the GornGUp basic step for orthogonal groups is presented. There are a few differences
and special situations compared to the other classical groups which we address in Section [8.3|but the

overall solution is similar to the algorithm for symplectic groups, see Section[6.3], and for unitary

groups, see Section|[7.3]

As for the other classical groups we introduce a notation for specific elements of orthogonal groups.
Note that we avoid orthogonal groups of minus type in all algorithms as much as possible which is

why we only need to define specific elements for orthogonal groups of plus and circle type.

Definition 8.1
Let d be even. For i,j €{1,...,d}, A€F \{0} and j # i with i +; # d +1 we set
ES(A) =1+ [i,j(’{) _Id—j+1,d—i+1(/1)-
Ford and g odd, A€F, —{0} and #,j € {1,...,d} with i+ #d +1and j # i we set
Id+]i>f</1)_1d—j+1,d—i+1(/1)> if 1,7 @,

E9 ()= LAT (N +Ey i geii QO+ E, (B, ifi=%" and

A A .
Li+ L (D+ 1y g (5 FE; , 11((5)),  otherwise.

Remark 8.2

Note that for ¢ even and d odd Ei(,)].()) is not defined if i = ‘! or ] = 4

2

Based on the matrices of Definition [8.1) we present standard generators for orthogonal groups in

odd characteristic.

Definition 8.3
Let S° CQ(d,q). If q is odd, then let y € F,. be a primitive element, let a := y@*V/2 and @ = 2.
Then S© is a set of standard generators for )(d, q) if S© is conjugate to the following set consisting
of 2f + 6 elements if (d, q) is of plus type, 2f +5 elements if U(d, g) is of circle type and 2f +5
elements if £)(d, q) 1s of minus type:
o E&(col-) for1<:i<f,

o Ez‘?i(a)i) for1<i<f,
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® apermutation matrix z. If Q(d, q) is of plus type, then z corresponds to the permutation

(1,d —1)(2,d) with entries (z7), 4, = (2),, =—1. It Q(d, q) is of circle or minus type, then

zp corresponds to the permutation (1,d) with the entries (7)), ; = (z),; = —1.
® atransvection zy with z{ = EO (1) if (d, q) is of plus type, z3 == EOM( 1)if Q(d,q) is of

circle type and zp =1, + 1, +(1)+ 1, 4(1)+ 14 (2) if Q(d, ) is of minus type.
2 3 2
e adiagonal matrix z{ with z2 = diag(w, w, 1,..., 1,0 ™, w™") if Q(d,q) is of plus type and

29 = diag(w? 1,...,1,w™2) if Q(d,q) is of circle type. If Q(a’ q) is of minus type, then

let A = %(}/‘1_1 +yith), B = l0{()/‘1_1 —y 1) and C = ;a7 '(y7"' — y7™") and set
Z3O p—l diag(a),1,...,1,A,A,1,..., )+Id d+1(C)+1d+1 (B)

® a permutation matrix z,’. If (d, q) is of plus type, then z> corresponds to the permutation

%’1 = (240)%_’_1’0[ = —1. If

Q(d,q) is of circle type, then z2 corresponds to the permutation (1,2, ..., ?) % +1,d,d—

(1,2,...,%)(% +1,d,d — 1,...,% +2) and if % is even, then (z2)

Lo d+1 +2) and if E is even, then (z‘?)@_ .= (Z?)d“ﬂd —1. If Q(d, g) is of minus
+3) and if

type, then z{> corresponds to the permutation (1,2,. d )( +2,d,d— ”21
d .
5 — lis even, then (Z‘?)%—l,l = (z‘?)%%d =—1.

® a permutation matrix zZ which corresponds to the permutation (1,2)(d — 1,d) with
(29)2,1 = (Zso)d—l,d =—L

e If Q(d,q) is of plus type, then we additionally require the diagonal matrix z{ with

z0 =diag(w, 0™, 1,..., L, w,07).

Remark 8.4
If g is even, then we have to replace some of the standard generators of Definition [8.3|as follows.

For orthogonal groups of plus type there is nothing to do. For orthogonal groups of minus type

we have to replace the generators z3” and z’. As in Definition 8.3[let y € F_, be a primitive

element and 7 = y + y7. Then we set z¥ = I, +1, g(l) + 1, 4(1) + 14 ,(n). Moreover, we set
5 75

29 = diag(a),1,...,1,1,C,1,...,1,co_1)—|—14’d (A)+1i, (B) where A= y 14y, Bi=y+y1

$+1.%

and C := }/_‘JH + }/’7—1 +1.

Note that the standard generators of Definition [8.3 for orthogonal groups contain the DLLO

standard generators. For more details about the DLLO standard generators see [32, 59]].
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Lemma 8.5

Let Q(d,q) be of plus or minus type. Then every element EZO](A) can be written in terms of the

standard generators of Definition

Proof. The standard generators of Definition [8.3|contain the DLLO standard generators [32}59]]
and, therefore, generate Q(d, q). Hence, the elements EZO]()) can be written in terms of the standard

generators of Definition O

Lemma 8.6

Qd,q) 1s generated by the standard generators of Definition

Proof. This follows immediately as the DLLO standard generators [32}, 59] are contained in the set

of standard generators from Definition O

Remark 8.7

In this chapter we present algorithms for constructive recognition of (d, q) for d > 8 in its natural
representation except £2°(d,q) for d odd and g even. Note that the algorithms are also valid for
the orthogonal groups O(d, q) and SO(d, g) in their natural representation except that a few more
standard generators must be computed in the BaseCask algorithm. The GoingDown and GomngUp

algorithm can be applied analogously for O(d, ) and SO(d, g).

8.1 GoingDown algorithm

In this section let d € N with d > 8 and (X) = G =Q(d, q), except for d odd and g even. Recall from
Remark that we use (d, g) if a result is independent of the type of the underlying orthogonal
form. The goal of this section is the description of a GoingDown algorithm for the computation of

the full descending recognition chain for orthogonal groups, i.e.

O 6,9)2U,<U,_,=20%8,9)<...<U,=20d,,q) < U, =G =Q(d, q),
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where d; < 4[log(d;_,)] for 2< i < k—2. As outlined in Chapter[3|a GomngDown basic step is

repeatedly used to compute the descending recognition chain
Ut 2Q58,9)< ... < U 2 Q(dy,q) < Uy = G=Q(d, q),

and afterwards a final step algorithm is used to compute the last subgroup Q(6,9)* = U, < U, _,. For
orthogonal groups we use the same GoINGDowN basic step algorithm as for symplectic groups, i.e.
Algorithm GomngDownBasicSTePREcIPROCAL [Alg. [29]]. Note that we only described algorithms
for symplectic groups in odd characteristic in Chapter [p|but Algorithm GoiNgDowNBASICSTEPRE-
cIPROCAL [Alg. [29]] is also applicable in even characteristics and, therefore, for orthogonal groups

Q(d,q) with g even and g odd.

For orthogonal groups we set an additional condition on the full descending recognition chain
which is that the base case group is an orthogonal group of plus type which means Q*(6,9) = U,.
Applying the final step algorithm to the terminal group U, , = Q*(8,¢q) yields a stingray embedded
subgroup U, < U, , with either U, Q" (6,q) or U, = Q(6,9). It U, =Q(6,9), then we call the

final step algorithm with input U, | = Q*(8,q) again.

As we use the same GoiINGDownN basic step for orthogonal groups as for symplectic groups, we
waive to recall a description of the GoiINGDowN basic step and refer to Section Nevertheless,
we use Algorithm GomngDownBasicSterREcIPROCAL [Alg. [29]] to provide a pseudo-code algorithm

for the computation of the descending recognition chain for orthogonal groups.

Algorithm 40: GoingDowNToDIM8ORTHOGONAL

Input: » deNwithd >8
> (X) = G=0(d,q)
» Q a quadratic form preserved by G and the polar form ® of Q
» NeN
Output:  fail OR where
< G with [/ 2Q%(8,4),
is an MSLP from X to generators of [/ and

€ N where N — V' is the number of random selections that were used
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function GoingDownToDimmM8OrTHOGONAL(d, G, (Q, D), N)

1 U+« G AND dim «—d AND & « an MSLP from X to X
2 while dim > 8 do
3 (dim, U,&’,N)«+ GomncDownBasicSterREciPrOCAL(dim, U, @, N) // Remark [5.7| and
4 & « Composition of & and &’
5 return
Theorem 8.8

Algorithm GoingDownToDmmM8OrTHOGONAL [Alg. [40]] terminates and works correctly.

Proof- Analogously to the proof of Theorem [5.13] O

Algorithm 41: GoINGDOWNORTHOGONAL

Input: > (X)=G=0Q(d,q)
» Q a quadratic form preserved by G and the polar form ® of Q
» NeN
Output:  fail OR where
< G with [/ ZQ*(6,9),
€ GL(d, q) is a base change matrix such that is stingray embedded in G and
is an MSLP from X to generators of

function GoingDowNORTHOGONAL(G,(Q,®),N)

1 (U,6,,N)« GomncDownToDimm8OrTHOGONAL(d, G,(Q,®),N) // Remark [5.7| and
2 %, + CompUTEBASECHANGEMATRIXFORSTINGRAYEMBEDDING(U, G)

3 U < INDUCEDACTIONR EPRESENTATIONGROUP(U)

4 repeat

5 (U, %,,8,,N)«— GomcDownFinarSterCL(U, 6,N) // Remark [5.7| and
6 until U'=Q%(6,9)

7 S « Composition of &, and &, AND & « %, diag(%,,1;_)

8 return /] Let (g,g)=U"

For the final step in orthogonal groups we use algorithms from the DLLO algorithm as
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we did for special linear groups, symplectic groups and unitary groups. Again we do not provide a
pseudo-code algorithm for the final step and refer to Section and Section We state the
complete GoiINgDownN algorithm for orthogonal groups by Algorithm GoingDowNORTHOGONAL

[Alg.[41]] in pseudo-code.

Theorem 8.9

Algorithm GoiNgDowNORTHOGONAL [Alg. [41]] terminates and works correctly.

Proof. Analogously to the proof of Theorem [5.26] O

8.2 BaseCask algorithm

This chapter deals with constructive recognition of H = )(6,q) where H is a stingray embedded
subgroup of G =Q(d,q). Even though H could be an orthogonal group of plus or minus type we
only focus on the plus type as the GoingDown algorithm of Section 8.1 only outputs a subgroup of
G 1isomorphic to 7(6,q). Since H = )(6,q), the group H is a base case group as in Definition
and, therefore, efficient constructive recognition algorithms for H are known. In the implementation
of the algorithms of this thesis the algorithm used is presented in [22]]. As for symplectic and unitary
base case groups constructive recognition of H is based on constructive recognition of SL(2,q)
which is why the algorithm of [22] is randomised and involves the discrete logarithm oracle. We are

not discussing details of [22]] and only state the main theorem about the complexity.

Theorem 8.10: [22]
There is an 0(log(q)(log’(q) + & log(q) + {))-time Las Vegas algorithm which constructively recog-
nises H, with probability greater than 3/4, when given (X) = H =2 Q"(6,g) and having available an
constructive recognition algorithm for SL(2,g) and a discrete log oracle. Here, { is the complexity
to construct a (nearly) uniformly distributed random element of H as an MSLP in X and & is the

complexity of constructively recognising (a homomorphic image of) SL(2,g).

Proof. [22]. O
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8.3 GoingUp algorithm

In this section we discuss the GomngUP algorithm for orthogonal groups. As for the other classical
groups a GOINGUP step is repeatedly applied. Thus, the GoingUp algorithm can be implemented
with minor modifications as the GoingUp algorithm for symplectic groups, see Algorithm Goin-
cUrSp [Alg. [36] and Algorithm GomngUrOmeca [Alg. ¢#2]]. The GoingUp step for orthogonal
groups is similar to the GoNnGUP step for symplectic and unitary groups and outlined in Chapter 3|
Hence, we focus on the differences between the GomngUP step for orthogonal groups and the
GoingUp step for symplectic and unitary groups in this section. Our hypothesis for the remainder

of this section is the following.

Hypothesis 8.11
Let d € Nand (X) = G =Q(d,q), except for d odd and g even, containing a stingray embedded

subgroup H < (X¥) = G¥ with H = Q*(n,q) for n < d and for a known base change matrix
% € GL(d,q). Note that » must be even. Moreover, standard generators Y, of H are given as words
inX.Let V= ]FZ and suppose that B =(v,,...,v,) is a basis for V and let V, = (v,,...,v,) and

Fy_,=(0,41---,7,) (cf. Definition2.7). We assume that H acts on V,, as Q*(#,q) and that H fixes

—n

F,_, point-wise. Recall that (w,,...,w/) isan F -basis for .

We start this section by stating the main theorem for orthogonal groups.

Theorem 8.12
Let X CSL(d,q) such that (X) = G =Q(d,q), except for d odd and g even, with 6 <7 <d and n
even and let £ € GL(d, q) be a base change matrix. Let Y be a set of standard generators for the
subgroup QF(n, q) stingray embedded into G“. Furthermore, let & be an SLP from X to Y, and
let n’ == min{2n —4,d}.
Then there is an algorithm that computes a base change matrix £’ € GL(d, q) together with an SLP
&' from X to aset Y,,. If n’ < d, then Y, is a set of standard generators for Q*(n’,q) and (Y:Z') is

stingray embedded in G¥'. If ' = d, then Y, is a set of standard generators for GZ'.

As in Section[7.3| we restate the conditions for strong doubling element and the phases of a GomngUp

step. Afterwards, we discuss which phases require further discussion for orthogonal groups. Recall
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that the definition of a strong doubling element in special linear, symplectic and unitary groups
requires the element to satisfy three conditions (C1), (C2) and (C3) of Remark and
Let § € G¥. Then § is a strong doubling element with respect to H if § fixes v, and v, and the
following three conditions hold

(C1) dim(V,+V,8)=n".

(C2) If »’ < d, then dim(F,_, +Fix(g))=d.

/ol ~ P! ol . .
(C3) Let (vy,...,v"):=B*% and c:= §“* for base change matrices £’, £" as computed in

Remark|6.22{and Remark|6.23| The vectors col-v]’.’ and a)l-'v;’c_Tr fort<i<fand2<;<n—1

span the subspace (v5,...,v,_, v, ,..., 7).

Moreover, recall the seven phases of the GomngUP step for symplectic groups:

Sp1) Construct an element ¢ € H which has a fixed space of dimension d — 7 + 2.
Sp2) Choose random elements a € G until § := ¢* satisfies (C1) and (C2).
Sp3) Find a conjugate g € G¥ of § which satisfies (C1) and (C2) and additionally fixes v, and v, .

Sp4) Compute base change matrices £’ and %" such that (H,H8)¢" %" is stingray embedded in

G¥4%" and preserves the standard form. Set ¢ := g¢" and verify whether ¢ satisfies (C3) of
Remark [6.15

Sp5) Using ¢, construct transvections E;i(wi) forn < j <n'for (H,H) = Sp(n,q).

Sp6) Using ¢, construct transvections Ezi(a)i) for n < j <n'for (H,H®) = Sp(n’,q).

Sp7) Using the transvections of Sp5) and Sp6) construct standard generators for (H, H¢) = Sp(n’,q)

. . .S . . /
by assembling a permutation matrix z,* corresponding to a permutation of cycle type (5)* as

in Definition [6.3]

The phases applied to the orthogonal group are denoted by O1) to O7). A summary of the seven
phases for orthogonal groups is given in Remark and the complete GomngUPp algorithm for
orthogonal groups is given by Algorithm GomngUrOmEca [Alg. 42]].

The phases O1), O2) can be performed the same way as the phases Sp1), Sp2). Note that for phase

O1) we have to write t € H as a word in Y, which has a fixed space of dimension d —n +4, e.g.
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z9z9. For the phases O4), O5), O6) and O7) there are minor differences compared to the phases
Sp4), Sp5), Sp6) and Sp7) while phase O3) requires more changes and a different approach. We
continue this section by discussing how phase O3) can be solved which is done in Remark
Afterwards we describe how the phases O4), O5), O6) and O7) can be carried out. A solution for
phase O4) is given in Remark [8.18] a solution for the phases O5), O6) is given in Remark [8.19and
a solution for phase O7) is given in Lemma[8.20]

For orthogonal groups Theorem states that dim(V, + V g) = min{2n —4,d} instead of
min{2n —2,d} as it is the case for symplectic and unitary groups. Equivalent to dim(V, +V g) =
min{2n —4,d} is that dim(V, NFix g) > 4, see Lemma 1) with a slightly modified proof. For

O3) we require that dim(V, NFix g) > 4 which is discussed in detail in the following.

We start by observing the action of orthogonal groups on 1-dimensional subspaces. Recall that a

non-zero vector v € V is singular if Q(v)=0.

Lemma 8.13: [91, Lemma 11.29]
Suppose the dimension of an F-vector space V is at least 5 and the Witt index of V is at least 2. Then
for all singular points w,,w, and w, such that w,, w, € (w,)*\{w;} there is an element g € QA(V)

which fixes w; and takes w, to w,.

Proof. [91, Lemma 11.29]. ]

Now we have to ensure, that we can find singular points satisfying the requirements of Lemma [8.13]

By our assumption dim(V,) > 6, dim(V, NV, ¢) > 4 and v, and v, are singular vectors, see [91,

Lemma 7.3]. Moreover, v, € (v,)* and v, € (v,)*.

Lemma 8.14: [91, Lemma 11.2]

If F is finite and dim(V') > 3, then V'\{0} contains a singular vector.

Proof. [91, Lemma 11.2]. O

Lemma 8.15

V. NV g contains at least two linear independent and singular vectors.
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Proof. Using Lemma we know that V,NV, § contains at least one singular vector w, # 0. Since,
dim((V, NV, g)\(w,)) = 3, we can use Lemma again to identify a second singular element

w, €(V, NV, §)\(w,). Clearly, w, and w, are linear independent. O

Remark 8.16
Note that the proofs of Lemma and are constructive, i.e. they provide an algorithm for

computing two linear independent singular vectors w,w, €V, NV _g.

Our next aim is to show how we can use Lemma|8.13|to map two linear independent singular vectors
w,w,€V, NV gtov,and v,.

Remark 8.17: O3)
By our assumption given in Theorem dim(V) > 6 and by the computations so far we know
dim(V, NV, §)> 4. Moreover, v, and v, are singular vectors, v, € (v, )+ and v, € (v,)*. Our aim
is to compute two singular vectors w,, w, € V., NV, § with w, € (v )*\{v,} and w, € (v,)\{v,}. If
v,€V. NV gandv, €V, NV g, then there is nothingto do. If v, € V. NV gandv, ¢V NV ¢
or vice verse, then we can proceed as in the case that v,v, ¢ V. NV _g. Thus, we assume in the
following that v;,v, ¢ V. NV §.
The orthogonal complement of (,)* in V, can be computed in &(n*). Moreover, by Lemma|2.14]
dim({v,)*) > n—1and, thus, dim({v,)*N(V,NV, §)) > 3. By Lemma[8.14 W := (v, )t N(V, NV, §)
contains a singular vector. The proof of Lemma [8.14]is constructive and, hence, we continue as in
the proof of [91, Lemma 11.2]. Suppose first that char(F,) = 2. We choose 0# #, € W, compute
the orthogonal complement (#,)* and choose #, € W N {u,)*\{#,}. Since char(F ;) =2, every
element of F_ is a square and, thus, there are x,y € F_ such that xu, +yu, # 0 and Q(xu, +yn,) =
x*Q(u,)+y?Q(u,) = 0. Suppose now that the characteristic of F ; 1 odd. Then we choose non-zero
vectors u,, uy, us € W with u, € (u,) and u; € (n,,n,)*. We suppose that #,, u,, u, are non-singular.
Using [91, Lemma 11.1] we can find x,y € F, such that x*Q(#,) + y*Q(#,) = —Q(#u5) and, thus,
xu, +yu,+ uy is singular.
Hence, we can identify a singular vector w; € W. Moreover, we assume that the first entry
of w, is non-zero such that we can rescale the entry in the first position to 1 and, thus, w, =

(1,0, 5, W, 35---,w, ). Overall, v,,w, € (v )\{v,} and the vectors v,,w,,v, are singular. By
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Lemma there is an element L, € H which maps v, to w, and fixes v, such as

1 Wiy, Wiz o0 Wipg W
0 1 o ... 0 —W,,
0 0 1 ... 0 —W,,_
L = b2 €N (n,q).
0 0 0 1 —w,,
0 O 0 0 1

Again we continue as in the proof of [91, Lemma 11.2] to identify a singular vector w, € V., N
V. (L,gL7") such that w, € (v,)*\{9,}. Note that dim({v,)*N(V,NV, (L,§L]"))) > 3. Analogously
to w,, we assume that the last entry of w, is non-zero such that we rescale the entry in the last
position to 1 and, thus, w, = (w, |, @, ,,..., @, ,_,1). Overall, v,,w, € ('vl)L\{fvl} and the vectors

v, W,, v, are singular. By Lemma there is an element L, € H which maps v, to w, and fixes v,

such as
1 0 0 0 0
w, , 1 0 0 0
—w, , O 1 .. 0 0
L,:= 2 €N (n,q).
w,, 0 0 10
W1 Wy Wis Wyn 1

Remark 8.18: O4) [a minor modification of Sp4)]
Sp4) aims to compute a base change matrix £’ € GL(d, ) such that (H, H#8)%' is stingray embedded
in G¥%" and, if it is possible, then a second base change matrix %" € GL(d, q) such that the top
left (n’ x n')-block of (H, H&)*" %" preserves the standard form. Note that if the computation of
%" fails, then we can already conclude that (H, H¢&)* " is not isomorphic to Sp(#’,q) and, thus, we
return to phase Sp2).

In orthogonal groups we proceed as described above and as in Remark and except that



8.3. GOINGUP ALGORITHM 221

for the computation of the second base change matrix £” € GL(d, q) we compute the preserved
quadratic form of (H,H#)¥" and a base change matrix %" € GL(d,q) such that the standard
quadratic form is preserved. This also ensures the correctness of this phase for even characteristic.
Moreover, if n’ < d, then we only proceed if (H, H8)%#" preserves the standard quadratic form
of an orthogonal group of plus type. If (H, H2)%"%" preserves the standard quadratic form of an

orthogonal group of minus type, then we also return to phase O2).

Remark 8.19: O5) and O6) [a minor modification of Sp5) and Spé6)]
The phases O5) and O6) can be performed in a similar way as the steps Sp5) and Sp6). The results

of Lemma and Lemma are also valid for orthogonal groups with z = 1 in all cases and
the proof can be done analogously. We also continue as in Remark [6.29) except that we never try
to eliminate the entry at position (1,7) as matrices of the form I, + 1, () are not contained in
Q" (n,q). Note that this has no consequences on the further computations of phases O5) and O6) as
(H,H?)?"?" preserves the standard quadratic form by Remark and, thus, the entry at position

(1,7) automatically becomes zero.

Lemma 8.20: O7)
Let 7 be even. Then the standard generators of Definition [8.3|for 2(r’,q) can be computed using

the elements of the set A:=Y, U {Efn(wi),Egj(wi) |n+1<7<n1<i<f}.

Proof. If n’ < d, then (H,H8)*¢" = Q*(n’,q) and we only need to assemble the standard generator
z{ which can be done as in Lemmal6.32] If »’ = d and G =Q*(d, q), then we can also proceed as
in Lemma6.32] If »' = d and G is of circle or minus type, then we can proceed as in Lemma [6.32]to
assemble the standard generator z0. Afterwards, we can compute all Siegel transformations and,

thus, the remaining standard generators. O

We finish this chapter by summarising the seven phases and the GoingUp algorithm for orthogonal

groups.
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Remark 8.21

Recall from our Hypothesis that H < (X¥) = G¥ is stingray embedded with H = Q*(n,q)

for n < d and for a known base change matrix £ € GL(d, g).

O1) Construct an element ¢t € H which has a fixed space of dimension d —n + 4.

02) Choose random elements 2 € G until § := ¢ satisfies (C1) and (C2). This phase can be
done as Sp2) for symplectic groups.

O3) Find a conjugate g € G¥ of § which satisfies (C1) and (C2) and additionally fixes v, and .
A solution for orthogonal groups is given in Remark

O4) Compute a base change matrix £’ such that (H, H2)%" is stingray embedded in GZ%'. Set

¢ := g and verify whether c satisfies (C3). This phase can be done as Sp4) for symplectic

groups, see Remark [6.22 6.23|and [6.24| except that we use quadratic forms and if #»’ < d, then
additionally (H, H¢)? = Q0*(n’,q), see Remark Proceed if ¢ satisfies (C3).

O5) Using ¢, construct transvections Efn(a)i) for n < j <n'for (H,H®) = Q(n',q). This phase
can be done as Sp5) for symplectic groups with a minor modification, see Remark

06) Using ¢, construct transvections E}Sj(a)i) forn <j <n'for (H,H) = Q(n',q). This phase
can be done as Sp6) for symplectic groups with a minor modification, see Remark

O7) Using the transvections of O5) and O6) construct standard generators for (H, H¢) = Q(n’,q)
by assembling standard generators as in Definition A solution for orthogonal groups is
given in Lemma [8.20]

Note that we do not present an algorithm in pseudo-code for the GongUP step for orthogonal

groups but such an algorithm can easily be derived from this remark and Section

Algorithm 42: GoingUrOMEGA

Input: > (X)=G=0(d,q)
» A base change matrix ¥ € GL(d,q)
» QF(6,9) = (Y,) = H < G¥ stingray embedded and constructively recognised
» NeN
Output:  fail OR where
€ GL(d, q) is a base change matrix,
is an MSLP from X U Y} to the standard generators of G*“ and

€ N where N — V' is the number of random selections that were used
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function GoingUrPOMEGA(G, £, H,N)

1 n«6AND G« an MSLP from X UY, to X UY
2 while n < d do
3 n<« min{2-n—4,d} // Nearly double the dimension.
4 (H,%,6',N)« GomcUrSterOwmeca(G, ¥, H,N) // Remark [5.7] and |5.8| and
5 S« Compose G and &
6 return

Theorem 8.22

Algorithm GomngUrOMEGA [Alg. 42]] terminates using at most N random selections and works

correctly.

Proof. This can be proven as for symplectic groups, see Theorem[6.34] O
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Chapter 9

GoingUp using involutions

Even though the GoingUPp step presented in this thesis is very fast and efficient in practice for
all classical groups, the fact that the algorithm is only applicable to such groups in their natural
representations is a disadvantage. Therefore, we introduce and prove the correctness of an alternative
GoinGUP step based on involutions for all classical groups in odd characteristic in this chapter which
in practice appears to be usable in gray box settings. In this chapter we prove that the alternative
GoingUPp step is also correct in all classical groups of odd characteristic in their natural representation
but we do not show the correctness in gray box situations. In the following the GoingUP step
introduced in Chapter [5|to Chapter [§]is called GoiNngUp algorithm based on linear algebra and the
algorithm of this chapter is called GoinGUp algorithm based on involutions. Involutions can be
used for constructive recognition of classical groups in gray and black box situations as shown in
[33]]. Moreover, the length of the output MSLPs produced by the GomngUp algorithm based on
linear algebra is larger than the length of the MSLPs produced by the GomngUp algorithm based on
involutions. Note that the GoingUp algorithm based on involutions requires g to be odd which we

assume for the remainder of this chapter.

We start this chapter by describing the framework used in the Leedham-Green and O’Brien (LGO)
algorithm [59]] and discuss how this setting differs from the framework after using the GomngDown
and BaseCask algorithm of this thesis. Let G = CL(d, ¢). The main idea of the LGO constructive

recognition algorithm consists of the computation of an involution 7 € G and the centraliser of the

225
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involution in C,(z) which has the following form after a suitable base change.

where U, = CL(d,,q) and U, = CL(d,, q) are classical groups of the same type as G and d, +d, = d.
Afterwards, the LGO algorithm is applied to U, and U, recursively, resulting in a binary tree

structure as in Figure

CL(d,q)
l ! l

FCL(% >j FCL(‘ZP )j
q q
CL(d,,, CL(d,,, CL(d,,, CL(d,,,
r ( 61)7 r ( 51)7 r ( CI)T r ( 6])7
| J | | | | J
CL(n;,q) CL(n,q) CL(n3,q) CL(n,q) --- CL(n_;q)  CL(7_;,q9) CL(n,9)

Figure 9.1: Simplified graphical visualisation of the LGO algorithm.

In Figure(9.1|a constructive recognition algorithm is applied on the groups CL(%,,q),...,CL(n;,q)
as these groups are base case groups as described in Except at leaf groups of Figure 9.1/ we can

assume that we have the setting

where U, = CL(d},q), U, = CL(d,,q) and d, +d, = d and by recursion we can assume that standard
generators of U, and U, are known. In this situation a glueing algorithm is applied to G, U, and U,
to compute standard generators of G. The solution of the LGO constructive recognition algorithm
is reminiscent of a paradigm known as “divide-and-conquer” in the area of computer science.
Remark 9.1

After describing the main idea of the LGO algorithm we summarise the details of the framework
for the glueing algorithm. We require

® agroup G=CL(d,q),

* U,U, <G with U = CL(d,,q), U, = CL(d,,q) all of the same type as Gand d, +d, =d,
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e U, and U, are constructively recognised and

e U, and U, commute, i.e. there is a base change such that

After summarising some details of the LGO algorithm we now deal with the setting using the
GoingDown and BaseCaske algorithm of this thesis. The GoingDown algorithm constructs a

descending recognition chain which is visualised in Figure|[9.2|similar to Figure 9.1|for the LGO

algorithm.
CL(d,q)

l
CL(dl’ q)
1
;
CL(dk—z’ q)
{
CL(d/e—l’ q)
l
CL(d},q)

Figure 9.2: Simplified graphical visualisation of the GoingDown algorithm.

In Figure[9.2]a vertical version of a full descending recognition chain is given. Comparing Figure
and Figure 9.2 we notice that after having applied the GoingDown algorithm of this thesis, a
less useful structure compared to the LGO algorithm is obtained. However, the trade-off is that
we reach a base case group much quicker and that we only need to recognise one base case group

constructively.

The goal of this chapter is to use the glueing algorithm of the LGO algorithm as an GoingUp
step. Since the setting after the GoingDown algorithm is different compared to the setting of the
LGO algorithm we must perform additional computations such that the LGO glueing algorithm

becomes applicable. From the setting of the LGO algorithm as described in Remark 9.1 we have
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U, = CL(d,,q) as we only constructed the standard generators of one subgroup of G. Hence, we

are missing

¢ U, with U, = CL(d,,q) such that U, and U, commute,
® an MSLP which evaluates from the generators of G to the standard generators of U, and

e astingray embedded group G < G such that U, x U, < G and G = CL(d, +d,,q).

We proceed as follows to find the missing groups and MSLPs evaluating to generators of these groups.
We assume that CL(n,q) =2 H < (X) = G = CL(d,q) and that standard generators of H can be
written as words in X. The group H takes on the role of U,. First, we compute a group H, < G
with Hy = CL(2n,q) and H < Hy. Secondly, we compute an element # € Hy such that H and H*
commute. The group H” takes on the role of U,. Moreover, standard generators of H* can be

written as words in X as H” is conjugate to H. We summarise this in Table

Requirements of LGO glueing algorithm | Computed in this chapter

CL(d,q)=2U <G CL(n,q)=H<H,

U, is constructively recognised H is constructively recognised
CL(d),q) = U, <G CL(n,q)= H" < H,

U, is constructively recognised H" is constructively recognised
G = CL(d, +d,q) H, = CL(2n,q)

U, and U, commute H and H” commute

Table 9.1: Comparison between the requirements of the LGO glueing algorithm and the computations
of this chapter.

The first section of this chapter deals with the computations of Hy and # € Hy which are needed for
the LGO glueing algorithm. These computations and the LGO glueing algorithm are then combined
in a single algorithm which is used as the GoingUPp step based on involutions. The second section
uses the GoiNGUP step based on involutions iteratively to construct standard generators of the input
group similarly to Algorithm GomngUp [Alg. 28] based on linear algebra in Section The
GoinGUp step of this chapter uses methods from [32]] and [59]].

9.1 Overview of the GoingUp step

In this section we present a GOINGUP step based on involutions and the glueing algorithm of the

LGO algorithm. For the remainder of this section let char(F) # 2. We start this section by stating
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the setting and the main theorem. Similarly to the GoingUp algorithm based on linear algebra
we prove the correctness of the GOINGUP step based on involutions by describing and proving the
correctness of an algorithm. The hypothesis of this section is similar to Hypothesis of the
GoingUPp step based on linear algebra except that we deal with all classical groups at the same time
by using CL(d, q) instead of SL(d, q), Sp(d,q), SU(d,q) or Ud, q).
Hypothesis 9.2

Let H < (X¥) = G¥ where G = CL(d,q) and H = CL(n,q) for n even, 2n < d and H is
stingray embedded in G for a known base change matrix £ € GL(d,q). Moreover, standard
generators Y, of H are given as words in X and let V = IF’;. Let B = (v,,...,v,) be a basis
of V,let V, = (v,,...,v,) and F;,_, = (v,.,...,7;). We assume that H acts on V,, as CL(%,q)

and that H fixes F,  point-wise. Additionally, if CL is an orthogonal group, then we assume

CL(n, q) =07 (n, q)

The main theorem for the GoingUP step based on involutions is the following.

Theorem 9.3
Let G =CL(d,q) and X C G such that (X) = G. Let 2 < n < d with n even and 217 < d and let
% € GL(d,q) be a base change matrix. Let Y:* be a set of standard generators for H = CL(n,q)
stingray embedded into G of the same type as G. Furthermore, let & be an SLP from X to Y.
Then there is an algorithm that computes a base change matrix £’ € GL(d, q) together with an SLP

S’ from X to aset Y, , which is a set of standard generators for Hy = CL(2#,q) of the same type as

G and (Y;Z') is stingray embedded in G¥.

Similarly to the GoinGUP step based on linear algebra, the algorithm we describe for proving
Theorem[9.3| consists of seven phases called I1) to I7). Before stating the phases we discuss the idea
of GoingUP step based on involutions in the next remark.

Remark 9.4
Let (X) = G =CL(d, q) be a classical group in its natural representation such that d is greater or
equal to the value given in Table 3.1|for each classical group. For the GomngUp algorithm based

on involutions, we assume that standard generators of a stingray embedded subgroup H < G with
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H = CL(n,q) of the same type as G can be written as words in X. Using the standard generators of
H we construct an element g € G¥ with the following three properties:

(C1) dim(V,+V, g)=2n,

(C2) dim(F,_, +Fix(g))=d and

(C3) Hy:=(H,H?)=CL(2n,q) is of the same type as G.

Using (C1) and (C2) we prove that Hy = CL(2n,q) is stingray embedded in G using a suitable
base change matrix. In this setting we compute an element # € Hy and the element # can be used
to compute H, := H" < Hj. In the course of this chapter we prove that H and H* commute.
Therefore, we can call a glueing algorithm of [59] on H, H, and Hj to construct standard generators
for Hy. Starting from a subgroup of G isomorphic to a base case group this yields an ascending

chain. Note that we are doubling the degree from 7 to 27 using g and #.

Definition 9.5
Assume the setting as described in Hypothesis

1) An element g € G¥ satisfying (C1), (C2) and (C3) is an honest doubling element.

2) Let H, < G¥ with H, = CL(2n,q) and H,, is stingray embedded in G for some base change
matrix £’ € GL(d, q). Let i € Hy be an involution, i.e. i = I,. Moreover, we assume that
the (—1)-eigenspace of 7 is V. An element » € Hy is a swapping element if there is a subspace
W of the 1-eigenspace of i such that W* =V and V* = W. Note that W NV, = {0} since

W is a subspace of the 1-eigenspace of 7.

Remark 9.6

The next sections can roughly be summarised as follows.

1) Construct an element g € G¥ satisfying the properties (C1), (C2) and (C3), i.e. an
honest doubling element as in Definition This is achieved by random selection of el-
ements of G and discussed in Section

2) Construct a new base change matrix £’ such that (H, H¢)¥" is stingray embedded in GZ<'
which is possible because of the properties (C1) and (C2). The computation of £ is deter-
ministic and discussed in Section [9.3]

3) Construct a swapping element # € (H,H¢). This step involves Bray’s algorithm [[18] and is,
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therefore, randomised. The computation of # is discussed in Section 9.4}

4) After 3) we use the LGO glueing algorithm from [59] to construct standard generators for
(H,H?). Since the LGO glueing algorithm is randomised, this step is also randomised. Note
that we do not discuss the glueing algorithm from the LGO algorithm in this thesis and instead

refer to [59].

In each of the following sections the task described in Remark [9.6]is divided into more phases which
are discussed in detail leading to the seven phases I1) to 17). Finally, in Section[9.5|the phases I1) to

17) are combined into a single algorithm for the GomngUP step based on involutions which proves

Theorem

9.2 Construction of a dimension doubling element

In this section we compute an honest doubling element, i.e. an element g € G¥ satisfying (C1), (C2)
and (C3). The results of this section finally lead to Algorithm CompuTEHONESTDOUBLINGELEMENT
[Alg. [43]]. Recall our setting from Hypothesis We start with a brief summary of the phases of

this section.

Remark 9.7

I1) Construct an element ¢ € H which has a fixed space of dimension d — . This can be easily
achieved as we have standard generators Y, for H.

12) Choose random elements 4 € G¥ until g := t* satisfies the three conditions (C1),
(C2) and (C3) of Remark i.e. until g is an honest doubling element. If g is an
honest doubling element, then set H, := (H, H?).

Note that the computation of g is a randomised process as we compute random elements a € G*
and test whether ¢“ satisfies (C1), (C2) and (C3) of Remark 9.4 We do not analyse the probability

that ¢¢ is an honest doubling element in this thesis and refer to future publications.

We start with the computation of an element ¢ € H which has a fixed space of dimension d —#, i.e.
how phase I1) can be carried out. This is easily done with the standard generators Y, of H already

found. The construction of an element ¢t € H with fixed space of dimension d —  is displayed
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exemplarily for the special linear groups in the next lemma. Note that the construction of such
an element can easily be done in special linear groups and symplectic groups since these groups
contain ppd(d, q; n)-elements which have a fixed space of dimension d —» [74, 80]. For unitary
and orthogonal groups we choose ppd(d, ¢; e,)- and ppd(d, ¢; e,)-elements such that e, + e, = 7 and

continue with both these elements. Note that we can find such elements, see [[74, [80]].

Lemma 9.8

Set

(51,2(1)—1)21[;1,2(1)’ if n=2,

=14 E,,(1)z, if n>2and p is even,

Zy if >2and p is odd.

Then ¢ has a fixed space of dimension d — 7.

Proof. The fixed space is in all cases (e e;) and, therefore, has dimension d — . O

PERCEREE)

As in the GoiNngUp approach based on linear algebra, the element ¢ € H is constructed as an MSLP
in the given standard generators Y, of H = CL(n,q), but can at the same time be written down

explicitly as an element of G¥ at a cost of O(d?).

Now that we have an element ¢ € H with fixed space of dimension d —n, we select random elements
a € G¥ and test whether g := ¢t* satisfies the three conditions (C1), (C2) and (C3) of Remark [9.4]
We repeat this until g has the required properties. If g is an honest doubling element, then we set

Hy:=(H,H$)and V,, =V +V g. The next lemma summarises some properties of g.

Lemma 9.9
Let ¢ be as in Lemmal9.8)and for random a € G let g := ¢* be an honest doubling element. Then
1) dim(V, NV, g)=0,
2) dim(V, NFix(g)) =0,
3) V,, is invariant under the action of g and

4) dim(F,_, NFix(g))=d —2n.
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Proof. The proof is similar to the proof of Lemma but added for completeness of this chapter.
1) dim(V, NV, g)=dim(V,)+dim(V,g)—dim(V,+ V,g)=n+n—2n=0.

2) Letv € V NFix(g). Thenv € V g and v € V, gNFix(g) which implies V, NFix(g) C V. NV g.
Since dim(V, NV, g) =0, the claim follows.

3) We construct a basis of V, which shows clearly that V,  is invariant under the action of g. A

basis of V,, consists of 27 elements since dim(V),,,) = 2n by (C1). First notice that

dim(V, +Fix(g)) =dim(V,)) + dim(Fix(g)) — dim(V, NFix(g))

:n—l—(d—n):d

by 2) and, therefore, V, +Fix(g) = V. Since V, <V, , it follows that V, +Fix(c) =V which

implies that
dim(V,, NFix(g)) = dim(V,,) 4+ dim(Fix(g)) —dim(V,, + Fix(g))
=2n+d—n—d=n.
Since dim(V, N(V,, NFix(g))=dim(V, NFix(g)) =0,
=n+n—0=2n

and, since V, +(V, NFix(g)) < V,,, it follows that V, +(V,, NFix(g)) = V,,. Therefore, we

can choose a basis of V,, as follows:

e Select 7 vectors (v,,...,v,) € V" asabasisof V.

e Choose 7 vectors from V,, NFix(g) to extend this to a basis of V.
Clearly this basis is invariant under the action of g.

4) Lastly,
dim(F,_,NFix(g)) =dim(F,_,)+ dim(Fix(g)) —dim(F,_, + Fix(g))

=d—n)+(d—n)—d=2d—2n—d=d—2n.
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O

Remark 9.10

We proceed as follows to test whether g := ¢ is an honest doubling element:
1) Using Gaussian elimination, verify that dim(V, +V g¢)=2n and dim(F,_, + Fix(g)) =4 as
outlined in Example
2) Compute the induced actions of the generators Y, UY¥ of Hy on V,, =V + V g using
Algorithm INDUCEDACTIONREPRESENTATIONGROUP [Alg. [12]] which generate a subgroup of
SL(2n,q) denoted by EB < SL(27n,q). Afterwards, we call a naming algorithm on FB to verify
that FB = CL(2n,q) and, therefore, that Hy = CL(2%,q).

Note that a naming algorithm only has to be called if 1) is satisfied.

We finish this section by stating a pseudo-code algorithm for computing honest doubling elements.

Algorithm 43: CompuTEHONESTDOUBLINGELEMENT

Input: » (X)=G<CL(,q)
» A base change matrix ¥ € GL(d,q)
» CL(n,q)=(Y,) = H < G stingray embedded and constructively recognised
» NeN
Output:  fail OR where
€ G 1s an element satistying (C1), (C2) and (C3), i.e. an honest doubling element,
is an MSLP from X UY, to ¢ and
€ N where N — V' is the number of random selections that were used

function ComputeHONESTDOUBLINGELEMENT(G, £, H,N)

1 Choose t € H as described in Lemma // 1)
2 repeat // start of 12)
3 N—N-—1

4 if N <0 then

5 return fail

6 g «t* for random a € G¥

7 until g does not satisfy (C1) and (C2) and (C3)

8 &'« MSLP from X UY, to g

9 return
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9.3 Construction of a new base change matrix

Let g € G¥ be an honest doubling element, let H, := (H,H?8) and V,, =V +V g. The aim of
this section is to compute a stingray embedded Hj in G“. This is carried out by the next phase I3)
which computes a new base change matrix ¢’ € GL(d, q) such that H' is stingray embedded in

/ . . . .
G<4%" which is also summarised in the next remark.

Remark 9.11
I3) Compute a base change matrix £’ € GL(d, q) such that H?" is stingray embedded in G¥<".

Similarly to SL4) of the GoinGUP step based on linear algebra for special linear groups, we compute
%' € GL(d,q) as a base change matrix from the basis 98 to another basis 9B’ given in the next
remark. Note that (C1) and (C2) ensure that 9B’ can be constructed as in Remark

Remark 9.12
Recall 72: V' — F,_, the projection map to the second summand of V=V, & F,_, of Remark 5.51]
The basis can be computed as follows:

1) Add v,,...,v, to B’ asabasisof V.

2) Add 7(v,g),...,7(v,g) to B’ as a basis of V g. Note that 7(v,g),..., (v, g) are linearly
independent. Let 1,,...,2, € F_ such that 37, 7,7(v;¢) = 0. Then n(37_,7,7,¢) = 0 and
hence 37 3,v,g=00r>" 2,v,g € V,. Since V,NV g ={0} it is clear that >" 7,0, =0.
This implies 2, =... =1, =0as vc,...,v,c are linearly independent.

3) Extend 9B’ to a basis of V' by taking d — 27 basis vectors of dim(F,  NFix(g)).

The matrix £’ € GL(d,q) is now chosen to be the base change matrix between %8 and %’ of

Remark

Remark 9.13
A generating set of H;’' is given by {h, h,,..., b, h%,b%,..., b5} where H = (h,,...h;). The

elements {h, h,,..., b, hi, b5, ..., h/f}g/ have the following form

CL(n,q) | 0 * *

, —| o | o0

b = 0o |1 and  (hf)* =| 0|CL(n,q)

N ———
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The elements of H" are, therefore, block-diagonal matrices or, to be more precise, stingray elements
where the bottom right (d —27) x (d — 2n)-matrix is the identity. We can extract the top left
non-trivial 272 x 27 blocks of the stingray embedded group HZ" in G¥¢" using INDUCEDACTIONREP-
RESENTATIONGROUP [Alg. [12]] yielding a subgroup f{; <SL(27n,q) with i]; = CL(2n,q) of the same

type as G.

9.4 Construction of a swapping element and standard generators

The goal of this section is to compute a swapping element as in Definition[9.5] Recall our setting from
Hypothesisand that we have a stingray embedded subgroup H;Y" in G¥<', where Hy = (H, H?)
for an honest doubling element g € G¥. The honest doubling element g can be computed using

the results of Section|9.2|and the base change matrix £’ € GL(d, q) using the results of Section

We start this section by introducing new notations.

Hypothesis 9.14
Since HY' is stingray embedded in G¥¥" we know that the elements of b € HZ have a block

structure, namely

h

0 Id—Zn

e HY <G%%

which 1s also described in Remark We now extract the top left 27 x 27 blocks of the elements
of Hy as elements of SL(272,q) and define thereby subgroups of SL(27,¢). For this, we define the

isomorphism t: H" — SL(2n,¢), a — 4 where 4 is the top left 22 x 21 block of a. Using ¢ we set

H:= r(H) and I—}B =1(Hp).

We continue this section by stating the remaining phases.

Remark 9.15
14) Let m = diag(—1,...,—1) € CL(n,q) and [ = diag(m,—1m) € SL(2n,q). Write i := x_l(iA) =
diag(iA 1, )€ HZ asaword in Y,,. Note that this is possible since the standard generators
Y, of H are known and that m is an element of CL(%,¢g) as 7 is even by assumption.

I5) Compute the projective centraliser PC A, (1) using Bray’s algorithm [[18]] and identify in PC A, (zA )

a swapping element # which interchanges the 1- and (—1)-eigenspaces of . Afterwards, we set
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u=1"Y#).
I6) Compute the conjugate H, := H” and a new base change matrix £” € GL(d, q) such that
H?" and Hf?" are disjoint blocks in HZ"%".

17) Call the LGO glueing algorithm on H, H, and Hj to assemble standard generators for Hj.

We start with 14) and show how this phase can be carried out.

Remark 9.16
Note that i = diag(m, 1, )€ HZ has the following form

1= 0 1.7

————

Lemma 9.17

We have i € H where i = diag(m,I, ). Moreover, i can be written as a word in terms of the

generators of Hj.

Proof. Clearly i € H?' < HZ = (H,H?)? and since the standard generators of H = H¥" are
known we can use a rewriting procedure as in Section[1.1.10[to construct a word which evaluates to

diag(z,1; ). O

Note that one important advantage of the solution of this chapter compared to the LGO algorithm
is that we do not have to search for a suitable involution by random selection of elements of Hj but

rather construct the involution 7 as a word in H.

The goal of I5) is to compute the projective centraliser PC HB(zA ) which is defined as follows.
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Definition 9.18: [59, p. 837]

Let g € G < GL(d,q), let G denote G/G N Z where Z denotes the centre of GL(d,q), and let g

denote the image of g in G. The projective centraliser PCi(g) of g € G is the preimage in G of

Cs(2).

A
The next lemma summaries important properties of PC HB(Z)

Lemma 9.19

Let 7 be even and H = CL(7,q) a stingray embedded subgroup of H » with HB = CL(2n,q). Let
[ = diag(m,—1m) € H.
1) The projective centraliser PC HB(zA ) can be computed using Bray’s algorithm [[18]] which requires
O (n({ 4+ n’log(n) + n*log(n)log(log(n))log(q))) finite field operations.

2) PC 19(3(; ) contains an element # which swaps the 1- and (—1)-eigenspace of .

Proof. 1) [59, Theorem 12.3].

2) First note that the (—1)-eigenspace of ; is given by the first 7 basis vectors of 9B’ and the
1-eigenspace of s given by the 7+ 1,...,2n basis vectors of B’. Moreover, note that the
(—1)-eigenspace and the 1-eigenspace of 1 have the same dimension. The permutation matrix
corresponding to (1,27)(2,2n—1)...(n,n + 1) is contained in CL(27,q) and swaps the first
n with the last 7 basis vectors. Therefore, there exists an element which swaps the 1- and

A
(—1)-eigenspaces. Moreover, this permutation matrix is also contained in PC; (z).
B
[

Remark 9.20

Note that computing the projective centraliser is a known method for computing swapping elements

and is used e.g. in the LGO algorithm [59]]. Moreover, the method of constructing an involution in

a stingray embedded subgroup and computing a second commutating subgroup using the centraliser

of the involution is presented in [32]. Note that an element swapping the 1- and (—1)-eigenspaces of

an involution is only contained in the projective centraliser of the involution if and only if the 1- and
3

(—1)-eigenspaces have the same dimension. This is also the reason why we compute PCy; (z) instead
B

of PCy; (i) since 7 has an n-dimensional (—1)-eigenspace and an (d — 7)-dimensional 1-eigenspace.
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A / /
Note that # € Hy and, therefore, we can compute # :=~'(#) as an element of H;Y < G¥#". For

phase 16) we now set

* H,=H" and

o B"=(vy...,v,,0,1,...,0,u) and extend B” to a basis of V' by taking d — 2n basis vectors

of dim(F,_, NFix(g)) as in 3) of Remark for A'.

Let £” € GL(d, q) be the base change matrix from % to 4”.

Lemma 9.21
Let 7 be even and H, H, and £” as described above. Then all of the following hold.
1) H,=CL(n,q),
2) the standard generators of H and H, are known,
3) (H,H,) = CL(n,q)x CL(n,q) and
4) (H,H,)*" is stingray embedded in GZ%" as CL(,q) x CL(n,q).

Proof. Most of the statements are clear or follow immediately by construction. Note that H, is
a conjugate of H and, therefore, isomorphic to CL(7,q). Moreover, the standard generators of
H, are the conjugates of the standard generators of H. The fact that H and H, commute follows
by construction as H acts on the first 7 basis vectors of 9" and fixes the rest while H, acts on
the (7 + 1)-th up to 2n-th basis vector of B” and fixes the remaining basis vectors since for any

heH,=H"andi€{l,...,n}

fviuh/:fviuu_lhu:fvibuevnu. O

In the last phase I7) we assemble standard generators for Hy as our setting is now identical to the
setting from [59]] before applying the LGO glueing algorithm. The LGO glueing algorithm is not

discussed in this thesis and instead we refer to [59]].
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9.5 GoingUPr step

Finally, we summarise all the phases introduced in Remark and in Remark

Moreover, we provide a pseudo-code algorithm implementing the GoingUPp step based on involutions
of this chapter by Algorithm GomngUpWiTHINVOLUTIONSSTEP [Alg. [44]]. The proof of correctness of
Algorithm GoingUpWiTHINVOLUTIONSSTEP [Alg. 44]] is given by Theorem which thereby also
proves Theorem Recall Hypothesis[9.2]and the additional notation introduced in Hypothesis
9.14
Remark 9.22

Let G =CL(d,q) and X C G such that (X) = G. Let 2 <7 < d with n even and 27 < d and let
¥ € GL(d,q) be a base change matrix. Let Y:¥ be a set of standard generators for H = CL(n,q)
stingray embedded into G of the same type as G. Furthermore, let & be an SLP from X to Y.
Overall, the following phases must be performed for Theorem

I1) Construct an element ¢t € H which has a fixed space of dimension d —n. This can be achieved
easily as we have standard generators Y, for H.

12) Choose random elements 2 € G¥ until g = ¢ satisfies the three conditions (C1),
(C2) and (C3) of Remark i.e. until g is an honest doubling element. If g is an
honest doubling element, then set H, := (H,H?).

13) Compute a new base change matrix ¢’ € GL(d,q) such that H is stingray embedded in

G*<.

14) Let m = diag(—1,...,—1) € CL(n,q) and [ = diag(m,—1m) € SL(2n,q). Write 7 := x‘l(f) =
diag(iA 1, )€ HZ as aword in Y,,. Note that this is possible since the standard generators
Y, of H are known and that m is an element of CL(%,¢g) as 7 is even by assumption.

I5) Compute the projective centraliser PC HB(ZA ) using Bray’s algorithm [[18]] and identify in PC HB(ZA )
a swapping element # which interchanges the 1- and (—1)-eigenspaces of ;. Then set # =
r(#).

I6) Compute the conjugate H, := H” and a new base change matrix £” € GL(d, q) such that

H¥" and H?" are disjoint blocks in HZ'¢".

17) Call the LGO glueing algorithm on H, H, and Hj to assemble standard generators for Hj.

The GomngUp step based on involutions described in this chapter is given in pseudo code with
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Algorithm GomngUpWrTHINVOLUTIONSSTEP [Alg. [44]].

Theorem 9.23
Algorithm GomngUpWiTHINVOLUTIONSSTEP [ Alg. [44]] terminates using at most N random selections

and works correctly.

Proof. The correctness follows immediately from the correctness of each phase. Therefore, it is
left to prove that Algorithm GoingUpWiTHINVOLUTIONSSTEP [Alg. [44]] terminates. Every line is
deterministic except the computation of g in Line 1, the computation of the projective centraliser in
Line 7 and the LGO glueing algorithm in Line 11 which are randomised. Since each of these algorithm

returns fail when N <0 the claim follows and we perform at most N random selections. O

Remark 9.24
Note that the computation of g in Line 1 as well as two other phases of Algorithm GoingUpWiTH-

INnvoLUTIONSSTEP [Alg. [44]] are randomised. The computation of the projective centraliser in Line 7
is randomised and the LGO glueing algorithm in Line 11 since the LGO glueing algorithm involves
a call to the constructive recognition algorithm of CL(2,g). Since both Bray’s algorithm (see [|18])
and the LGO constructive recognition algorithm (see [59]) are well-known, we omitted additional

details of proving that they terminate using a parameter N.

Algorithm 44: GoingUPWITHINVOLUTIONSSTEP

Input: » (X)=G<CL(d,q)
» A base change matrix ¥ € GL(d,q)
» CL(n,q)=(Y,) = H < G stingray embedded and constructively recognised,
n< % even
» An MSLP & from X to the standard generators Y, of
» NeN
Output:  fail OR where
€ GL(d, q) is a base change matrix,
CL(2n,q)= < GZ7 where /1, is stingray embedded in G¥
is an MSLP from X UY, to the standard generators of /7, and

€ N where N — NV’ is the number of random selections that were used




242 CHAPTER 9. GOINGUP USING INVOLUTIONS

function GoingUpWiTHINVOLUTIONSSTEP(G, L, H, &, N)

1 (g,6,,N)«— ComrureHonesTDOUBLINGELEMENT(G, £, H,N) // 11), 12), Remark
2 if g = fail then

3 return fail

4 %"« as described in Remark[9.12 // 13)

5 | Hy— (H,H$)Y

6 S, < an MSLP for i =diag(m,I;_,) € Hy where m = diag(—1,...,—1) € CL(n,q) /1 14
7 (4,N,S;)« PROJECTIVECENTRALISEROFIN\'OL.UTION(I;’B, iA, N) // 15),
8 n 1~ 1(4) a swapping element

9 H,—H" AND &, « an MSLP for H, /1 16)
10 %"« abase change matrix from (vy,...,v,) t0 (Vy,..., 0,V #y..., 0, )

1 (&5,N) <« MSLP to stand. gens. of Hp using GLUueiNnGLGO(Hy, H,H,,N) /1 1y,

12 Compose 6,5,,5,,5,,8,,8; into one MSLP &’

13 return

9.6 Combining GoingUP steps

In Section [9.5| we have proven how we can compute standard generators for a stingray embedded
classical group doubling the dimension of a given stingray embedded classical group of the same
type for which standard generators can be written as words. In this section Algorithm GomngUp-
WiTHINVOLUTIONSSTEP [Alg. [44]] is used repeatedly to design an algorithm which can be used to
compute standard generators for (X) = G = CL(d,q) when H < G is a stingray embedded base
case group of the same type and standard generators of H can be written as words in X.
Remark 9.25

In Algorithm GomngUpWirtHINvVOLUTIONS [Alg. k is chosen such that k& is maximal with
k <d—2and k =0(mod 4). We require that k is even such that £/2 is an integer. We also require
that £/2 is even because this is a requirement of Algorithm GoingUpWrTHINVOLUTIONSSTEP [Alg.
44]]. Moreover, k < d —2 because we cannot assemble standard generators for CL(d, q) using the
LGO glueing algorithm on CL(d — 1,g9) x CL(1,q). Thus, we require H, to be isomorphic to

CL(r,q) for r > 2 as the second factor.
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Algorithm 45: GoingUrWITHINVOLUTIONS

Input: » (X)=G=CL(d,q)
» A base change matrix ¥ € GL(d,q)
» CL(n',q) = (Y,)) = H < G¥ abase case group and stingray embedded in G¥
» MSLP & from X to the standard generators Y, of H
» NeN
Output:  fail OR where
€ GL(d, q) is a base change matrix,
is an MSLP from X UY,, to the standard generators of G*“ and
€ N where N — V' is the number of random selections that were used
function GoingUpWiTHINVOLUTIONS(G, £, H, &, N)

1 ne—n'

2 while n <|d /2] do

3 n<—2-n // Double the dimension.
4 (H,%,6,N)«— GomcUrWitHInvoruTionsSTer(G, £, H,S, N) // Remark [5.8| and

5 if n =d then

6 return

7 k < maximal with £ <d —2 and £ =0(mod 4) // Note d—5<k<d—2
8 H < H « stingray embedded with A = CL(k/2,4)

9 & « MSLP to standard generators of H

10 (H, %, 61,N)<—GOINGUP\X/ITHINVOLUTIONSSTEP(G,,%,ﬁ, S,N) // 5.8
1 | i diag—1-I,1,_) AND &, < an MSLP to i B

12 (C,N)«C(G¥,i,N)Y AND CL(d —k,q) = H, < G¥ « ArcoritimLGO(C, N) /] 5.8
13 S5 < MSLP to standard generators of H, // Note H,=CL(r,q) for some 2<7<5
14 (&4, N)« MSLP to stand. gens. of G using GLueincLGO(G, H,, H,,N) /7 171y, 5.8

15 Compose 6,5,,5,,5,,8, into one MSLP &’

16 return

Theorem 9.26
Algorithm GomngUpWiTHINVOLUTIONS [Alg. [45]] terminates using at most N random selections

and works correctly.
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Proof. That the algorithm terminates is clear since we prove in Theorem that Algorithm
GoiNngUPWITHINVOLUTIONSSTEP [Alg. [44]] terminates and every other computation of Algorithm
GomngUpWrTHINVOLUTIONS [Alg. 45]] is either deterministic or a well-known algorithm which is

proven to terminate using a probabilistic parameter.

For the correctness we start by assuming that d is a power of 2. In this case we can use Algorithm
GomngUrpWrTHINVOLUTIONSSTEP [ Alg. [44]] until standard generators of G are computed and correct-
ness immediately follows. From here on, we assume that d is not a power of 2 and that we can write
standard generators of H < G stingray embedded as words in X with H = CL(%,q) and n > |d/2|.
Since it is not possible to use Algorithm GoingUpWrTHINVOLUTIONSSTEP [Alg. [44]] again, we switch
to the following strategy. The standard generators of H can be written as words in X and using
this knowledge we can compute standard generators of H < H with H = CL(k, q) for arbitrary
2 < k < n by reducing the length of the permutation matrices z, and z,. We choose k in such a
way that we can double the dimension again using Algorithm GoiNngUPWITHINVOLUTIONSSTEP
[Alg. {44]] on H=CL(k /2,q) and that d —k € {2,...,5}. Therefore, by using Algorithm GoingUp-
WrTHINVOLUTIONSSTEP [Alg. [44]] on H we compute standard generators of a subgroup H, < G
with H, = CL(k,q). Since standard generators of H, are known we can write down an explicit
involution 7 of G such that C.(z)' = CL(k,q) x CL(d —k,q)=H, x CL(d —k,q) = H, X H,. As
d—ke{2,...,5} is small we can easily compute standard generators of H, = CL(d —2k,q) and use

the LGO glueing algorithm to compute standard generators for G. O



Chapter 10

Complexity analysis of algorithms

In this chapter we analyse the complexity of the STANDARDGENERATORS algorithm of Section
As proven in Chapter [5 for special linear groups, in Chapter [| for symplectic groups, in Chap-
ter [7]for unitary groups and in Chapter|[8|for orthogonal groups, the STANDARDGENERATORS algo-
rithm is a one-sided Monte Carlo algorithm using the subalgorithms GomngDown, BaseCaske and
GoimngUp. All these three subalgorithms are randomised and, thus, a complexity analysis of the

STANDARDGENERATORS algorithm requires a complexity analysis of these subalgorithms.

In Section[10.1]we compute the complexity of the GoindDown algorithm. This includes a probability
analysis of computing a ppd-stingray element whose degree lies in a specific range by random
procedure in Section[10.1.1} a probability analysis that a stingray pair is a stingray duo in Section[10.1.2
and a probability analysis that a stingray duo generates a classical group in Section In
Section [10.1.5]the probability results are used to compute an integer N € N for a given ¢ € (0, 1) such
that if the GoingDown algorithm computes at most N random elements, then the GoingDown
algorithm succeeds with probability at least 1 — e. Finally, in Section the complexity of the

GoingDown algorithm is determined and proven.

In Section we summarise complexity results of algorithms for constructive recognition of
base case groups from the literature yielding an upper bound on the complexity of the BAseCAsE

algorithm.
In Section we state a conjecture on a probability aspect of the GoingUp algorithm which is not

245
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analysed in this thesis. Assuming this conjecture holds, we compute the complexity of the GomngUp

algorithm.

Lastly, in Section a conjecture on the complexity of the STANDARDGENERATORS algorithm is

proven, based on the results of Section [10.1] Section and Section [10.3]

In the following let CL(d,q) € {SL(d,q),Sp(d,q),SU(d,q),d,q)} denote one of the classical

groups.

10.1 Complexity of the GoingDown algorithm

The GomngDown algorithm calls the randomised algorithm GoingDown basic step repeatedly.
Therefore, the probability that the GoingDown algorithm succeeds depends on the probability that

the GoingDown basic step succeeds.

Recall from Definition that (s, s,) is a stingray pair if s,,s, € GL(d, q) are stingray elements
and that a stingray pair (s, s,) is a stingray duo if W, N'W, = {0}, where W, is the stingray body of
s; for 1 €{1,2}.

We start to analyse the GoiNgDown basic step which involves the study of the following probabilities:
1) The probability to find a pre-stingray candidate with ppd-stingray property by random
selection of elements in CL(d, q).

2) The conditional probability that a stingray pair in CL(d,q) forms a stingray duo, i.e. the
probability that their stingray bodies intersect trivially and, if CL(d,q) # SL(d, q), then the

sum of their stingray bodies is a non-degenerate subspace.

3) The probability that a stingray duo in CL(d,q) generates CL(d, q).

To increase the readability of this chapter we give a glossary of all probabilities and their notation

used.
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Symbol Variables Description

P (k) [log(d)] < k < 2[log(d)] Probability to find a pre-stingray candidate
with ppd-stingray property and stingray
factor of degree k
d,q) q arbitrary, d > asin Table Probability to compute a ppd-stingray element
of degree m with [log(d)] < m < 2[log(d)]
P,..(d,q) q arbitrary, d > as in Table Probability to compute two ppd-stingray
elements of degree m,, m, with
llog(d)] < my, 1, < 2log(d)]
in exactly two random processes
P,.(d,9) q arbitrary, d > as in Table Conditional probability that a stingray pair
forms a stingray duo
P, (d,q) q arbitrary, d > as in Table Conditional probability that a stingray duo
generates a classical group of the same type
P_.(d,q) q arbitrary, d > as in Table Probability that a GoingDown basic step with
exactly two random selections is successful

P stingray(

Table 10.1: Glossary of all probabilities and their notation used in this chapter

10.1.1 Probability to find a stingray element

Recall Table 4.1]from Section 4.2 which is given again as Table In Section [4.2) we summarised
results from [75]] on the proportion of pre-stingray candidates which power up to ppd-stingray
elements s € CL(d, q) where max{3,log(r)} <k < r for k :=dim(W,) and r as in Table4.1] In this
section we extend these results to obtain better lower bounds for the probability to find a pre-stingray
candidate with ppd-stingray property by random selection in a classical group with bounds on the

dimension of the stingray body as required by the GoimngDown algorithm.

H d a &
SL(7,q) 7 1 1
SU(7,q) 7 1 2
Sp(27,q) 2r 2 1
SO°(2r+1,9) 2r+1 2 1
SO*(2r,q) 2r 2 1

Table 10.2: Groups and constants in Theorem and [75, Table 1].

In the following we define P, (k) to be the probability of finding in exactly one random selection
in a classical group G = CL(d, g) an element that powers up to an element which has a (d — ak)-
dimensional 1-eigenspace and acts irreducibly on a complementary invariant subspace of dimension
ak where a is as given in Table Our first goal is to improve the lower bound for P (k) given in
Theorem for k in the range [log(d)] < k < 2[log(d)]. Afterwards we prove lower bounds on
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the success probability of one GoiNgDownN basic step by summing the lower bounds for P (k) for

k in the range of [log(d)] < k < 2[log(d)].

The results presented in this section are based on [75]] and improved further. Note that Table

defines an integer 7. In the proof of [75, Theorem 3.3] it is shown that for & > log(r)

Ps(/e)z<1—aik>b’e<r> (10.1.1)

where b, (7) denotes the proportion of elements in the symmetric group S, with exactly one cycle
of length %k and all other cycle lengths not divisible by &. Note that [75, Theorem 3.3] requires
k > log(d) but Inequality remains valid for any & > 2. Moreover, it is shown in [75, Lemma
4.5] that if £ >3 and log(7) <k < r —k, then

— <bh(r)<

k3
ek — 3k

For the GoingDownN basic step we prove a sharper lower bound for &, (7).

Lemma 10.1
Let m,r € N with log(r) < m < r —m or equivalently log(r) < m < 3. Let b, () denote the
proportion of elements in the symmetric group S, with exactly one cycle of length 7 and all other

cycle lengths not divisible by 7. Then b, (7) > ﬁ(l e >

r—m

Proof. We adapt the proof of [75, Lemma 4.5]. Applying the inequality from the proof of [|66,
Lemma 4.2], which is derived from [[15, Theorem 2.3(b)], yields

b (r)> i( . fm>1/m<1 ~- : m)

and we only have to prove that

m \V7m_ 1
()t
r—m e

This inequality is equivalent to showing that
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Since e” > €'8") =y for m > log(r) and since » > % the claim follows. O

Corollary 10.2
Let CL(d, q) be a classical group and let £ € N with [log(d)] < k& < 2[log(d)]. If CL(d,q) =SL(d,q)
or CL(d,q)=SU(d,q), then for d > 12

rwz 2 (1-gi-7=pr o=k

for a constant C, and if CL(d,q) =Sp(d,q) or CL(d,q) =(d, q), then for d > 20

S e S e )

for a constant C,. In particular C, >0.123 and C, > 0.077.

Proof. By equation (10.1.1)
1\ b(7)
P(k)>(1—— )——.
(k)2 (1= )

If CL(d,q)=SL(d,q) or CL(d,q) =SU(d,q), then r =d and @ = 1. Note that log(d) <k <d—Fk
is satisfied for all [log(d)] < k < 2[log(d)] if d > 12. Thus, by Lemma [10.1]it follows that

rwz (-2 (=)= 2 (-0 -z 2l 0 -7=0e

If d is even and CL(d,q) = Sp(d,q) or CL(d,q) =Q(d,q), then r = % and @ = 2. Note that log(%) <
k< é —k is satisfied for all [log(d)] < k < 2[log(d)] if d > 20. If d is odd and CL(d,q) =Q(d, q),

then r = dT and @ = 2. Note that log( H<k< ——k is satisfied for all [log(d )] < & < 2[log(d)]

if d >21. Thus, by Lemmam

<1_i>4(31/e<1_d—22/€—1>

(1- 2flo;(d)])4e1/e (-5 —22/e —)

Pi(k) = <1 B ai/e>2(ztz/€ <1 o 1/e>

%

Clearly 5 3 and — are constant and <1 — %) as well as <1 — i) are increasing for ascending k. We set

C/(d)= i<1 [log( > and C)(d) = - <1 [log(d ]> By noting that C,(d) > C,(12) > 0.123 and

2e 4
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C,(d) > C,(20) > 0.077 we chose C, := C,(12) and C, := C,(20) and the claim follows. O

Since we are interested in computing a stingray element s € CL(d,q) with stingray body W, of
dimension k for any k& < 2[log(d)], we require a lower bound for the sum of the probabilities P, (k)
for [log(d)] < k < 2[log(d)]. Note that in practice we would also use a stingray element s € CL(d, q)
with stingray body of dimension & with & < [log(d)] but so far we do not have good lower bounds

for P (k) if k < [log(d)].

Definition 10.3
Let CL(d, q) be a classical group. We define

Pstingray(d’ q) — Z Ps(/e)

Then P

stingray

(d,q) denotes the probability of finding a pre-stingray candidate with stingray factor of
degree B in CL(d, g) in one random selection with [log(d)] < & < 2[log(d)].

Theorem 10.4
Let CL(d,q) be a classical group. If CL(d,q) =SL(d,q) or CL(d,q) =SU(d,q) and d > 12, then
there is a constant C, such that

log(2) 132 1

d,q)>
= e d  4e[log(d)]

P stingray(

and if CL(d,q)=Sp(d,q) or CL(d,q) =S%d,q) and d > 20, then there is a constant C, such that

d—3 2
2
d—110g< )

2flog(d)
=)

P, > S
stmgray(d’q) - C2< d—1 10g< d —2|—10g(d>-|

If CL(d,q)=Sp(d,q) or CL(d,q)=(d,q) and d > 33, then there is a constant C, such that

log(2)  2log(2) d—2 1 <d —2>2
4 4e(d—1) 4e(d—11 16e[log(d)]\d —1

G
> 7 1((6l —3)log(2)—1).

Pstingray(d’ q) >
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Proof. We start with CL(d,q) =SL(d,q) or CL(d,q) =SU(d,q) and d > 12. Using Corollary [10.2]

> orkz > o)

[log(d)]<k<2[log(d)] [log(d)1<k<2[log(d)]

=C, > <1—ﬁ>%

[log(d)]<k<2[log(d)]

Note that a decreasing function satisfies > 2 y f()> f:zH flx)dx> [ 2 f (x)dx. Therefore,

1 1
> ek > (1-—):
[log(d)1<k<2[log(d)] [log(d)]<k<2[log(d)]

2flog(d)] !
(1—

a
Mlog(d)] d

Moreover,

[(d —1)log(x)+ log(d — )Tﬂog(dﬂ
d [log(d)]

=21 (1og(2log(d)) ~logl[log(e)])) + (1og(d —2flogld)]) —log(d —logld))
=dd 10%( Toga)* 7 i)
el ?T:: ”
g i
e ths d—1)l 1 d) Plox(d)]
ﬂog(dﬂﬁksz[log(dﬂPS(k)ZCl[( - )Og(xc)i+ = )]rlog<d>1
:C1<%log(2)+$log<l—%>>.
For —1 < x with x # 0 the logarithm satisfies log(1 + x) > . By setting # := [log(d)] and
x = —~ this yields
élog(l—d” )Z% %— #_2%).
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Moreover,

which holds for d > 5. Therefore,

(k)2 SX(d ~ Dlog()~ 1)
[log(d)]<k<2[log(d)]

This yields the last inequality if CL(d,q)=SL(d,q) or CL(d,q) =SU(d, q). For the sharper bound

in the first inequality we have to deal with a more complicated integral as follows.

1 1 1 1

ez 3 -

[log(d)]<k<2[log(d)] [log(d)<k=<2[log(d)] “€ o
1 1

1 1
~2 - - )
2€ oy Sh=2floga)] -
Note that each term is a decreasing function in & and, therefore,

1 1 1 1
N
[log(d)]<k<2[log(d)] € log(d)1<k<2llog(d)]

1 2[log(d)] 1 1 1
z—f (1——)(1— >—dx
2e [log(d)] X d — X/ X

1 [(d2 —d + D)xlog(x)+ (d —1)(x log(d —x)+d) ]ZUOg(dﬂ

T2

d?x [log(d)]
_(d*=d+1log(2) d—1 3+ 1 )
ed? 4ed d = [log(d)]
S log(2)  2log(2) 1
T e ed 4eflog(d)]

which yields the claim if CL(d,q) = SL(d,q) or CL(d,q) = SU(d,q) and d > 12. Now let
CL(d,q)=Sp(d,q) or CL(d,q) =d,q) and d > 20. Using Corollary[10.2]

D R (R

[log(d)]<k<2[log(d)] [log(d)]<k<2[log(d)] d—2k—1/k

=C, > <1 #ﬁ.

[log(d)]<k<2[log(d)] d—2k—1/k
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We continue similarly as for CL(d,q) =SL(d,q) or CL(d,q) =SU(d,q). Then

2flog(d)] 5
c f -2
oy ( d—2x— 1>
c [(d —3)log(x)+ 2log(d —2x — 1)] [log(d)]
’ d—1 flog(d)]

\Y

¢ > ()

[og(d)|<k=<2[log(d)]

and

|: (d —3)log(x) —|— 2log(d —2x — 1)] [log(d)
—1 [log(d)]
d-3 2
=2 log(2log(d)])—log([log(d)) ) + 7= log(d —4log(d)]— 1)~ log(d —2[log(d)] - 1))
_d-3 2[log(d)] 2 d —4[log(d)]—1
1
“d—1 °g< [1og<d)1 > d— <d 2log(d)]— 1>
_d-3 d 4[log(d)]—
=g—1 s+ <d 2log(d)]— )
d—3 2log(d)]
=718+ 1°g<1 . 210gd]—1>
By setting x := —% > —1 the logarithm satisfies log(14-x) > 17~ and by setting # :=[log(d)]
this yields
2 log(1— 2u )> 2 —2u/(d—2u—1) _ 4u -
d—1 d—2u—1""(d—1) 1—2u/(d—2u—1) (d—1)(d—4u—1)
Lastly,

— u S_ 1 e —du>dut+1—d
d—d—t—1" d=17 d—au—1"

< d>8u+1=38[log(d)]+1

which holds for d > 33. Therefore,

Py(k) >

- ((d—3)log)— 1),

[log(d)]<k<2[log(d)]

which yields the first inequality if CL(d,q) = Sp(d,q) or CL(d,q) = 2(d,q) and d > 33. Using
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Corollary we observe the following for the sharper bounds

DR CETD S (| (L

[log(d)|<k<2[log(d)] Nlog(d)|<E<2log(d)] +€ d—2k—1

1 < 1 9 ’
=1, > 1— —)(1 — —>_
te [og(d)]<k<2[log(d)] 2k d—2k—1/k

and, therefore,

P,(k)

1 2 |
= - -7k
e foganeeogd)) - 2 —2c—1

1 [log(d)] 1 2
S O & TP TS
4e [log(d)] 2x d 2x —1

_ 1[2(d2—4d +5)x log(x) + d* —4d + 3+ 4(d —2)x log(d —2x — 1)
 de

]Zflog(d)]
2(d —1)%x flog(d)]
Further computations result in
p i[z 2—4d +5)xlog(x)+ d* —4d + 3+ 4(d —2)x log(d —2x — 1)] [og(d)]
stmgra}’  4e ( _ 1)2 Mog(d)]
>i( 4d+510g(2) d+2 d?—4d +3 >
de — 1y ~ 4(d—1)log(d)]
>log(2)_ 210g( ) d-=2 1

which proves Theorem [10.4

Example 10.5

For d > 100 we have log(d) > log(100) & 4.6 and [log(100)] = 5. Hence,

log(2) 132 1
> Pz 08 132 1 4034
[log(d)|<k<2[log(d)] e 100  20e

which implies that in SL(d, q) for d > 100 at least one in five elements powers up to ppd-stingray

element with stingray body of dimension k and & < 2[log(d)].
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Corollary 10.6
Let ¢ >0, N € Nand d > 33. Then the probability of failing to find a stingray pair (s, s,) of degrees
m, and m, with [log(d)] < m,, m, < 2[log(d)] in CL(d,q) in maximal N random selections is at
most € if N > max{log(¢™!)+2,1+ ﬁ} where x denotes the probability of finding a pre-stingray

candidate in one random selection.

Proof. In the following let x denote the probability of finding a pre-stingray candidate in one random
selection. We are interested in the probability of failing to find two stingray elements in at most

N random selection, i.e. the computation fails if we only compute one or zero stingray elements.

Therefore,

P[failing to find two stingray elements in N tries]
= P[{no stingray element found in N tries} U {one stingray element found in N tries}]

= P[no stingray element found in N tries] + P[one stingray element found in N tries]

=(1—x)V + <];[>x(1 —x)N!

=(1—x)N +Nx(1—x)""1
Our next goal is to choose N such that (1 —x)" + Nx(1—x)¥~! < ¢ leading to
(1—x)N +Nx(1—x)" T =(1—x)" 1 —x +Nx) < (1—x)M ' (N—1)< €

asl—x+Nx<N—-11+ ﬁ < N which s satisfied for N large enough. Now set M :=N —1
and y := (1 —x) such that (1—x)M"}(N —1) = y® M and note that y” M is closely related to the

product logarithm function as follows
MM = et pp = M0 pf = ¢ = M lot0) log(y) = €log(y).

As0> elog(y) > —% for € €(0,1) small enough, a solution for e/15) M1 log(y) = € log(y) is given by
the Lambert W function M log(y) = W_,(¢log(y)). As y =(1—x) €(0,1) we can write y = i and,
thus, €log(y) = —elog(a) = —eloslclog@)=0—1 — _p=#—1 where # := —log(e log(a))—1. Using [26)
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Theorem 1]
W_,(elog(y)) < —1—v2u — %u

Overall,
W_,(elog(y))

Mlog(y)=W_,(elog(y)) <= M =
log(y)

14+v2u+5u
log(a)

Now the claim follows as

. Moreover, v/2u < % for u > 16 and, thus, choose M > 1(1);(:)

and, therefore, we choose M >

log(e™ log(

yielding M > o )

<log(e Hh+1<M

log(e 110g(%)):IOg(f‘l)Jrlog(log(ﬁ))_ log(e™") +10g(10g( =)
)

log(+= log(+= Clog(——) _log)
—— <1
>1
and log(e ) +1<M=N—1< N >log(e™!)+2. O

Definition 10.7

Let CL(d,q) be a classical group. Let d,q) denote the probability that we obtain two ppd-

palr(
stingray elements s,,s, € CL(d,q) with stingray bodies W, , dim(W, ) = 7, and [log(d)] < n; <

2[log(d)] in two independent selections of random elements in CL(d, g).

Corollary 10.8

Let CL(d,q) be a classical group. If CL(d, q) is a special linear or unitary group, then

log(2) 1.32 1 2
2 > J— —_—
Palr(d q) stmgray(d’ q) - < e d 4€|—10g(d)]>

and if CL(d, q) is a symplectic or orthogonal group, then

, (log(2)  2log(2) d—2 1 d —2\2\2
Py )= Prngey( o2 2 (5 _4e(d—1)_4e(d—1)2_16e[10g(d)]<d—1> ).

10.1.2 Conditional probability that a stingray pair forms a stingray duo

In this section we compute lower bounds for the probability, that two ppd-stingray elements

51,8, € G = CL(d, g) form a stingray duo. Therefore, we assume in the entire section, that s,,s,



10.1. COMPLEXITY OF THE GOINGDOWN ALGORITHM 257

are ppd-stingray elements which are computed using the algorithms of Chapter [4 Moreover, let
W, and W, be the stingray bodies of 5, and 5, and dim(W, ) = ;. The treatment presented in this

section is based on [[42]].

Definition 10.9
Let CL(d,q) be a classical group and s;,s, € CL(d,q) ppd-stingray elements. Then (s;,s,) is a

ppd-stingray pair. Moreover, (s,,s,) 1s a ppd-stingray duo if (s, s,) is a stingray duo.

Our aim is to find a lower bound for the conditional probability that a ppd-stingray pair (s, s,) of

elements in G x G is a ppd-stingray duo namely to prove that

C
P((s,,s,) stingray duo | (s,,s,) stingray pair) > 1— — (10.1.2)
q

where C; is a positive constant.
Let %6, be the G-conjugacy class of s;. Note that

{(s1,5,) € 6, X 6,](s54,5,) is a stingray duo}|
|6, % 6

P((s,s,) stingray duo | (s, s,) stingray pair) =

First, we observe the following connection.

Lemma 10.10
Let G = CL(d, q) be a classical group in its natural representation and let s € G be a stingray element
with stingray body W, and stingray tail £,. Then W, is the unique (s)-invariant submodule of FZ

on which s acts non-trivially and irreducibly.

Proof. [42, Lemma 3.7 (c)]. Note that [42, Lemma 3.7 (c)] is only proven for symplectic, unitary and

orthogonal groups but the claim also holds for special linear groups with the same argument. [

The previous lemma suggests that it might be possible to count pairs of subspaces instead of
pairs of elements. Note that we search for a stingray pair by seeking a pair (s,,5,) of pre-stingray
candidates with ppd-stingray property and raising each to some power. This yields a ppd-stingray pair

(51,5,) € G x G. Suppose that s, and s, lie in G-conjugacy classes 6, and 6, respectively. By Lemma
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10.10| W, is the unique (s;)-invariant subspace of IFZ on which s; acts non-trivially and irreducibly.

First, assume CL = SL. Then %; := {W, | g € 6} is a G-orbit of subspaces of dimension 7, of
IFZ, see [[42, p. 3.2.1], and the G-conjugacy class 6, is in one-to-one correspondence to the G-orbit
.. Second, let CL # SL. Since s; is a ppd-stingray element W, is non-degenerate by Lemmam
Hence, %, :={W, | g € 6} is a G-orbit of non-degenerate subspaces of dimension 7, of F;i and the

G-conjugacy class 6, is in one-to-one correspondence to the G-orbit %;. Next we show how |G|

and | %, | relate.

We follow [[42, Section 3] but show the results for all classical groups. We start with [42, Lemma

3.11] which provides a formula for |G|

Lemma 10.11: [42, Lemma 3.11]
Let (X) = G = CL(d, q) be a classical group and let s € G be a stingray element. Let 6 be the
G-conjugacy class of s and % = {W, | g € €}. Let W, be the stingray body and let W := W/.
Then
6] = %] |Gy : o)

where Gy, is the stabiliser of W and C(s) the centraliser of s. Moreover, there are precisely %

stingray elements s” € 6 such that W, = W.

Proof. [42, Lemma 3.11]. Note that [42, Lemma 3.11] is only proven for symplectic, unitary and

orthogonal groups but the claim also holds for special linear groups with the same argument. [

In the following we prove that using the one-to-one correspondence between the G-orbits of subspaces
and G-conjugacy classes, the conditional probability given in equation can be expressed
using subspaces of Ff]l instead of stingray elements and their conjugacy classes. Therefore, this
section is structured as follows. First, we show that the probability given in equation (10.1.2)) can
be formulated as a subspace problem of Ff]l. Second, we compute lower bounds for the subspace

proportions.
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Definition 10.12: [42} Section 2.1]
Let (X) = G =CL(d, q) be a classical group and let (s, s,) € G be a ppd-stingray pair. Let 6, be the
G-conjugacy class of s; and %, :={W, | g € 6}.
1) Let U, € %, and U, € %,. In SL(d, q) the pair (U,, U,) is a subspace-duo if U, N U, ={0}. In
Sp(d,q), SU(d,q) and Q(d, q) the pair (U,, U,) is a subspace-duo it U, N U, = {0} and U,, U,
and U, @ U, are non-degenerate.

2) We define
|subspace-duos in %, x ,|

KANEA

P(U,, ) =

Lemma 10.13

Let (X) = G = CL(d, q) be a classical group and let (s;,s,) € G be a stingray pair. Let 6, be the
G-conjugacy class of 5; and %; :={W, | g € 6;}. Then

{(s1,5,) € 6, X 6,]|(5;,5,) is a stingray duo}|
|61 x 6]

=P(U,,%,).

Proof. [42, Lemma 3.12]. Note that [42, Lemma 3.12] is only proven for symplectic, unitary and

orthogonal groups but the claim also holds for special linear groups with the same argument. [

Lemma 3| proves that instead of computing the proportion of ppd-stingray duos among the
ppd-stingray pairs, we can compute the proportion of subspace-duos among the subspace conjugacy
classes. Therefore, our next aim is to compute lower bounds for P(%,, %,).

Lemma 10.14

Let V = F? be a vector space over a finite field F and let %, = {W, | g € €} be a G-orbit of

subspaces of dimension 7; of IFZ for i = 1,2 such that n, +n, <d. Then

3
%1’%) l_[ q—n T Z

Proof. [39, Lemma 2.1]. O
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Lemma [10.14| only yields a lower bound for P(%,,%,) of special linear groups. For symplectic,
unitary and orthogonal group we additionally have to include that the subspaces and their sum are

non-degenerate as in Definition [10.122). A lower bound is given in the next lemma.
Lemma 10.15
Let V = F? be a vector space over a finite field F equipped with a non-degenerate symplectic,

unitary or quadratic form and let %; := {W, | g € 6} be a G-orbit of non-degenerate subspaces of

dimension 7; of ]FZ for 2 = 1,2 such that n, + n, <d. Let ¢ = 3.125. Then

P(U,U)>1—5>0.
q

Proof. [42, Theorem 1.1]. O

In the following we use Py (d,q) as the conditional probability that a ppd-stingray pair forms a
ppd-stingray duo, i.e. P (d,q) = P((s;,s,) stingray duo | (s;,s,) stingray pair).
Theorem 10.16

Let (X) = G = CL(d, q) be a classical group and let (s;,s,) € G x G be a ppd-stingray pair. Then

there exists a positive constant C; such that

C
P, .(d,q)=P((s,,s,) stingray duo | (s,,s,) stingray pair) > 1——.
L

Proof. Suppose that s, and s, lie in G-conjugacy classes 6, and 6,, respectively. By Lemma[10.10| W,
is the unique (s;) invariant subspace of IFZ on which s; acts non-trivially and irreducibly. Therefore,

there is a one-to-one correspondence between ppd-stingray elements and subspaces of Ffl] . Let

U ={W,|ge€E} By Lemma

[{(51,52) € 6, X 6, | (51,5,) s a stingray duo}| _ )
|6} X 6]

If CL =SL, then by Lemma

P, AU) > 1——

2q
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and if CL # SL, then by Lemma[10.15]

3.125
P(U,,U)>1—22>0.

q
Thus,

1{(s1,5,) € 6, X 6, (s,,5,) is a stingray duo}|

P((s,s,) stingray duo | (s, s,) stingray pair) =

|6} X 6]
:P(%v%z)
>1-5
q
for C; = % O

10.1.3 Conditional probability that a stingray duo generates a classical group

For an analysis of the GoingDown algorithms of this thesis it is essential to estimate the probability
that a stingray duo generates a classical group. Let s,,5, € G = CL(d,q) with stingray bodies
W, , W, and n; = dim(W, ) for i € {1,2} such that (s;,s,) is a stingray duo as in Definition
Then we denote by P, (d,q) the conditional probability that a stingray duo of G generates G, i.c.
P...(d,q)=P({s;,5,) = G| (s,5,) stingray duo of G).

We summarise the results from [40].

Theorem 10.17: [40]
Let d = n,+n, with 1 <n, <n,. Let ¢ > 1 be a prime power. Then there exists a positive constant
C, such that
1—q7' = Cq? <Py(d,q)<1—q ' —q > +247°=2q"".

10.1.4 Probability of the GoingDown basic step

In this section we compute the probability that a GoingDown basic step of a classical group
G =CL(d,q) is successful in at most N random selection. For this we combine the probability to
find a stingray pair as discussed in Section the conditional probability to have a stingray duo
given a stingray pair as discussed in Section and the conditional probability that a stingray
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duo of G generates G. Let P, (d,q) be the probability that one GomngDown basic step succeeds

with two random selections. Then we have

Pstep(d’ q) = Ppair<d’ q)Pduo(d’ q)Pgen(d’ q)

Using the results of the previous sections we can give the following lower bounds for P, (d,g).

Theorem 10.18
Let CL(d,q) be a classical group. Then there exists positive constants C; and C, such that if
CL(d,q)=SL(d,q) or CL(d,q)=SU(d,q) and d > 12, then one GoiINGDoOwN basic step succeeds
with two random selections with probability at least

Patdig)z (212 LV (1-2)(1-1- %),

If CL(d,q)=Sp(d,q) or Ud,q)=SU(d,q) and d > 33, then one GoINGDOWN basic step succeeds

with two random selections with probability at least

Pstep(d’q) = <10i(32) N 4‘22’g£21) N 4egid__21)2 - 16e[1c1)g(d)] C{Z :i>2>2<1 - %>< 1 C4>'

10.1.5 Probability of the GoingDown algorithm

In Theorem[10.18]of Section [10.1.4) we computed the probability that a GoingDown basic step with
exactly two selections of random elements is successful. Using these results we compute an upper
bound for the required number of random selections to guarantee that the GoingDown algorithm

without the GoingDown final step is successful with probability at least 1 — € for a given € € (0, 1).

Definition 10.19

Let & be a non-negative integer. We define

k, if: =0,

log,(k) = { log(k), ifi=1and

log(log, ,(k)), ifz>1.
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Recall that the iterated logarithm log” counts the number of times the logarithm function must be

applied recursively until a non-negative real number is equal or less than 1, see Definition [2.62

Theorem 10.20

Let CL(d,q) be a classical group and let € € (0,1). Let

2log*(d)log(e)

N = .
log((1— T Pogy(log,(d),0))

If the GoingDown algorithm without the GoingDown final step selects at least N random elements,
then the GoingDown algorithm without the GomngDown final step succeeds with probability at

least 1 —e.

Proof. Using Definition [10.19

. N
P[success after N random selections] > P[success after [ . J runs|
2log"(d)
[ o |
= 1— P[run not successful L 7oe"@
log*(d N
=1- <1 T I I step logz )>|~21°g (d)J

>1—e.

This is now equivalent to

(1= T T Pulon @ q)>Lm§in21_€
-
> (1 —lﬁ)l’step(logi(d),q)>|'m§%J
4:»1og(6)>[210§( dJ (1—101g_[ Pypllogi(d),q))
I log<1niogllog( sip(logz @) < {ZIO;E(GZ)J = 21021(61)

which proves the claim. O
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Corollary 10.21
In the STANDARDGENERATORS algorithm a function MAXIMALR ANDOMSELECTIONS (4, g, €) is used
to compute for a given ¢ > 0 three positive integers N, N,,N; € N such that if the GomngDown
algorithm selects at most N, random elements, the BaseCase algorithm selects at most N,
random elements and the GoingUP algorithm selects at most N; random elements, then the
STANDARDGENERATORS algorithm succeeds with probability at least 1 —e¢. Using Theorem [10.20] we

can set

N — 2log"(d)log(¢)
= * |
log (1= T 1% Puylog,(d),))

Lemma 10.22
Let CL(d, q) be a classical group. If we use a naming algorithm for every GoingDown basic step to
verify its success, then the expected number N of selected random elements for all GomngDown

basic steps is

[log"(d)1-1 2
E[N] = .
; P, (log;(d),q)

Proof. The proof is based on a well-known principle in probability theory. In the following let
N, be the number of random selections until the z-th GOoiINGDOWN basic step is successful and let

P, =P, (log.(d),q). Then

step

E[N]=E[N,+...+ Njogay]= >, E[N]
=0
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and
[log"(d)1-1 oo
> 2P, > k(1—P)!
i=0 k=1
[log"(d)1-1 © \
W CIE
1= =1 12

1=0 k=1
flog? (@)1 41T SR CoF
= — e 2 P - ——
2, T 2 NRE 2

Example 10.23
For SL(100,121) Lemma|10.22 yields an expected value on the selected random elements of 303.

10.1.6 Complexity results

In this section we compute the complexity of the GoingDown algorithm. Recall that the Goine-
Down algorithm is a one-sided Monte Carlo algorithm and, therefore, a randomised algorithm.
Thus, probability results about successfully computing suitable elements by random procedure
are required which was accomplished in the previous sections. Thus, these results are used for the

complexity analysis of the GoingDown algorithm in this section.

The GomngDown algorithm calls the GoingDown basic step repeatedly until a terminal group is
reached and afterwards a final step algorithm to compute a stingray embedded base case group in
the terminal group. Thus, a complexity analysis of the GoingDown algorithm depends on the

complexity of the GoINGDOWN basic step and the complexity of the GoingDown final step.

We start with a complexity analysis of the final step. Note that for the final step we are dealing with

a classical group CL(d, q) for a specific d as given in Table

Lemma 10.24
Let CL(d,q) be a terminal group in its natural representation. The complexity of the GoingDown

final step is at most

0({ log*(q)+log*(q) + %(q)log(q))
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if ¢ is even and at most

0(¢ +log(q)+ X(q)+ X(¢%))

if ¢ 1s odd where { denotes an upper bound on the number of field operations for computing
a random element in CL(d,q) and X denotes an upper bound on the required number of field

operations for solving the discrete logarithm in .

Proof. We recall well-known results from the literature in Table Note that we refer to results
for constructive recognition of classical groups for a specific d from which we can derive (standard)
generators for a stingray embedded base case group. Note that constructive recognition of terminal

groups has worse complexity than the actual GoingDown final step.

Group o Reference

SL(4,9) 0({ log(log(q))+log(q)) (59, Theorem 13.1]
Sp(6,¢) and g odd 0({ +log(q)+X(q)) (59, Theorem 1.1]
SU(6,g) and g odd 0({ +log(q)+X(q)) (59, Theorem 1.1]
SU(10,g) and g even  0({ log*(¢) +log*(q) + X(¢)log(g))  [32, Theorem 1.2]
)(8,g) and g even 0({ log’(q) +log*(q)+ X(q)log(q))  [32, Theorem 1.2]
(8,g) and g odd O0({ +log(q)+ X(q)+ X(¢7)) (59, Theorem 1.1]

Table 10.3: Complexity results for constructive recognition of terminal groups and corresponding
references.

Remark 10.25
In the proof of Lemma|10.24 we refer to results from the literature which form an upper bound

for the actual complexity of the GoingDown final step. Note that the GoingDown final step relies
on results from the literature, see Table [3.2] and can be replaced by an algorithm designed for the
actual aim of the GoingDowN final step. Therefore, we do not perform a complexity analysis of
the GoingDown final step in this thesis and use the upper bounds of the GoingDown final step
given in Lemma[10.24] Moreover, we denote the complexity of the GoingDown final step for all
classical groups in the following by 3(g).

We continue this section by computing the complexity of the GoingDown basic step. The
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GoingDown basic step calls Algorithm FinDStiNnGRAYELEMENT [Alg. [5]] or FINDSELERECIPRO-
cALSTINGRAYELEMENT [Alg. [7]] depending on the classical group which is why we start by analysing

these two algorithms.

Lemma 10.26
Let CL(d,q) be a classical group in its natural representation. The complexity of one iteration of
Algorithm FINDSTINGRAYELEMENT [Alg. 5[] and Algorithm FINDSELFRECIPROCALSTINGRAYELEMENT
[Alg.[7] is
O(d’log(d)+d*log(d)log(log(d))log(q) +{)

where ¢ denotes an upper bound on the number of field operations for computing a random element

in CL(d,q).

Proof. The computation of a random element is bounded by ¢ and the computation of the charac-
teristic polynomial by 0(d?) see Remark [2.66] The computation of s® has complexity 0(d>log(d)+
d?log(d)log(log(d))log(g)) by [59, Lemma 10.1] which proves the claim. O

Using the complexity analysis of Algorithm FINDSTINGRAYELEMENT [Alg. [5]] and Algorithm FinDSEL-
FRECIPROCALSTINGRAYELEMENT [Alg. [7]] we can now compute the complexity of one GoingDown
basic step. Note that the analysis of one GoingDown basic step involves the probability results of

the previous sections.

Lemma 10.27
Let CL(d, q) be a classical group in its natural representation. The complexity of one GoingDown

basic step is
O(d’log(d)+ d*log(d)log(log(d))log(q) + log(d)* log(¢)* +log(d){" + )

where { denotes an upper bound on the number of field operations for computing a random element
in CL(d,q) and {’ denotes an upper bound on the number of field operations for computing a

random element in CL(0(log(d)),q).

Proof. Note that by the results in Section[10.1|the GoingDown basic step succeeds with at most 0'(1)
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random selections. Thus, Algorithm FINDSTINGRAYELEMENT [Alg. [§], respectively FINDSELFRECIP-
ROCALSTINGRAYELEMENT [Alg.[7]], is called a constant amount of times in the GoiNgDowN basic step.
Algorithm FINDSELFRECIPROCALSTINGRAYELEMENT [Alg. [7]] and FINDSELFRECIPROCALSTINGRAYELE-
MENT [Alg. [7]] have complexity given in Lemma[10.26] Algorithm CompuTESTINGRAYBODY [Alg.
O] and IsSTingraYDUO [Alg. [10]] have complexity 0(d?) since these algorithms are applications
of the Gaussian elimination algorithm. Lastly, verifying that (s,,s,) is isomorphic to a classical
group corresponds to two calls of Algorithm INDUCEDACTIONREPRESENTATION [Alg. [11]], which has
complexity O(d?), and using a naming algorithm on @(log(d)) x O (log(d)) matrices has complexity
O (log(log(log(d)))({’ +log(d)’ log(g)?)), see [[76} Section 6.1], which proves the claim. O

Corollary 10.28
Let CL(d,q) be a classical group in its natural representation. The complexity of one GoingDownN

basic step without calling a naming algorithm is

0(d’ log(d) + d*log(d)log(log(d))log(g) + {)

where { denotes an upper bound on the number of field operations for computing a random element

in CL(d,q).

Using Lemma|[10.24|and [10.27| we compute the complexity of the GoingDown algorithm.

Theorem 10.29
Let CL(d, q) be a classical group in its natural representation. The complexity of the GomngDown

algorithm is

0(d’ log(d) + d*log(d)log(log(d))log(q) + log(d)* log(q)* +log(d){" + { + 3(q))

where { denotes an upper bound on the number of field operations for computing a random element
in CL(d,q), {’ denotes an upper bound on the number of field operations for computing a random

element in CL(0(log(d)),q) and 3(g) denotes an upper bound on the complexity for the final step.

Proof. Using Lemma|10.27|we know the complexity of one GoingDown basic step and the algorithm
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has to be called 0(log"(d)) times. Using the results from Section[5.1.4|the matrices can be represented
as O(log(d)) x O(log(d)) matrices after the first successful GoiInGDown basic step. Thus, the

complexity of the GoingDown algorithm is given by

0<d3 log(d)+ d?log(d)log(log(d))log(q) +log(d)* log(q)* + log(d){' + { +

log"(d)(log(d)’ log(log(d)) + log(d )* log(log(d)) log(log(log(d))) log(g) + log(log(d))* log(q)?
log(log(@))¢" +¢") +3(4))

which proves the claim. O

Corollary 10.30
Let CL(d,q) be a classical group in its natural representation. The complexity of the GoingDown

algorithm without calling a naming algorithm is
0(d’log(d) + d” log(d) log(log(d)) log(¢) + log"(d)¢" + ¢ + 3(q))

where { denotes an upper bound on the number of field operations for computing a random element
in CL(d,q), {’ denotes an upper bound on the number of field operations for computing a random

element in CL(0(log(d)),q) and 3(gq) denotes an upper bound on the complexity for the final step.

10.2 Complexity of the BaseCask algorithm

In this section we state a theorem which summarises the complexity of the BASECAsE algorithm
for all classical groups. The complexity of the BAseCask algorithm depends on whether the given
classical group is an orthogonal group. Note that we do not deal with base case groups in this thesis

and, therefore, the theorem is proven by results from the literature.

Theorem 10.31
Subject to the availability of a discrete logarithm oracle for IF,, SLPs for standard generators and other
elements of (X) = CL(d, q) for d < 4 and CL # 2 can be constructed in 0({ log(log(g)) + log(q)).
Moreover, there is an 0(log(q)(log*(q) + &log(g) + {))-time Las Vegas algorithm which construc-
tively recognises H, with probability greater than 3/4, when given (X) = H ZQ"(6,9) and having
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available a constructive recognition algorithm for SL(2, ) and a discrete log oracle. Here, { is the
complexity to construct a (nearly) uniformly distributed random element of H as an MSLP in X

and & is the complexity of constructively recognising (a homomorphic image of) SL(2, ¢).

Proof- For CL # Q, see [59, Theorem 13.1] and for 2%(6,¢), see Theorem m ]

In the following we denote the complexity for constructively recognising a base case group by
2(g). Thus, we do not have to distinguish between the complexity results for base case groups of
orthogonal groups and the remaining classical groups.
Remark 10.32

In the STANDARDGENERATORS algorithm a function MAXIMALR ANDOMSELECTIONS (d, 4, €) is used
to compute for a given ¢ > 0 three positive integers N;, N,,N; € N such that if the GoingDown
algorithm selects at most N, random elements, the BaseCase algorithm selects at most N,
random elements and the GoingUp algorithm selects at most N; random elements, then the
STANDARDGENERATORS algorithm succeeds with probability at least 1 —e. As we are not deal-

ing with base case groups in this thesis, we refer to the literature on how to choose N, for the

BaseCask algorithm, see Table

10.3 Complexity of the GoingUp algorithm

In this section we compute the complexity of the GoingUp algorithm. Recall that both the
GoingDown and GoingUp algorithm are randomised. Hence, a complexity analysis requires
an analysis of successfully finding a prescribed element by selecting random elements. In contrast
to the GoingDown algorithm we do not perform such a probability analysis in this thesis. Even
though we are not proving any probability results of the GoingUp algorithm, we state a conjecture

and practical tests show that this conjecture is realistic.

Conjecture 10.33
A conjugate of a strong doubling element in a classical group CL(d, ¢) in its natural representation

can be found in O(1) selections of random elements.
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A probability analysis of successtully finding a required element for a GoingUP step by selecting

random elements is already in process but not discussed in this thesis.

Based on Conjecture|10.33| we continue analysing the complexity of the GoingUp algorithm. As

for the GoingDown algorithm we start with a complexity analysis of the GoingUPp step.

Theorem 10.34
Suppose Conjecture is true. Let G = CL(d, q) be a classical group in its natural representation
and let (Y, ) = H € GL(d, q) be a stingray embedded subgroup with H = CL(7, q) of the same type

as G. If G is a special linear or symplectic group, then the complexity of one GoiNngUP step is
o(d’+{)

where ¢ denotes an upper bound on the number of field operations for computing a random element

in CL(d,q). If G is a unitary or orthogonal group, then the complexity of one GoingUP step is
0(d’+{ +9(q))

where U(q) is an upper bound on the number of field operations for computing a square root.

Proof. Recall the seven phases we are performing during one GoiNGUP step for each classical group.
Note that the phases slightly differ for each classical group but for a complexity analysis we can focus
on the phases described in Remark for special linear groups. We are discussing the complexity
of each phase.

1) In the first phase we are constructing an MSLP for an element ¢ € CL(d,q) asa word in Y,
which can be done in 0(1) for all classical groups. Note that ¢ can also be written down as a

matrix at a cost of 0(d?).

2) In the second phase we conjugate ¢ by an element a € CL(d, ) which has complexity 0(d?).
Checking the conditions (C1) and (C2) for § := t* corresponds to applications of the Gaussian
elimination algorithm which has complexity 0(d?). By Conjecture [10.33[we find a conjugate

of a strong doubling element in 0(1) selections of random elements. Hence, the second phase
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has a complexity of 0(d> + ().

3) In the third phase we compute a conjugate g := L~' gL for a specific element L € H which
has complexity 0(d’). Moreover, writing L as a word in the standard generators Y, has
complexity @(n*). For unitary and orthogonal groups the computation of L € H requires a

constant number of computations of square roots for which we use the upper bound U(q).

4) In the fourth phase we compute a new base change matrix and conjugate g with the new base
change matrix which has complexity 0(d?) resulting in a strong doubling element c. Writing
down the new base change matrix involves an application of the Gaussian algorithm which

also has complexity 0(d?).

5) In the fifth phase we write the standard basis vectors in a given basis which can be done in
O(n’) using the Gaussian elimination algorithm. Expressing all the coefficients in an I, -basis

for F, can be done in O(1).
6) The complexity of the sixth phase is at most the same as the one of the fifth phase.

7) In the seventh phase we compute an MSLP for the new permutation matrices of each classical
groups using the elements computed in the fifth and sixth phase. This involves no computations

which is why the seventh phase has complexity 0(1).

Overall, the GoingUPp step for special linear and symplectic groups has a complexity of
Ol+d>+{+d’+d>+n’+n’+1)C 0’ +{)
and for unitary and orthogonal groups has a complexity of
OU+d’ +{+d’+V(q)+d’ +n*+»° +1)C 0(d’ +{ +V(q))

which proves the claim. O
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Remark 10.35

A square root in a finite field F, can be computed in polynomial time using a discrete logarithm
oracle but depending on ¢ there are many cases where the square root can be computed with more

efficient algorithms, see [|1].

Using Theorem|10.34| we compute the complexity of the GomngUp algorithm.

Theorem 10.36
Suppose Conjecture [10.33|1s true. Let CL(d, q) be a classical group in its natural representation. If

G i1s a special linear or symplectic group, then the complexity of the GomngUp algorithm is

ol log(d) N log(d)

Togllog(d)) | Ioglog(d))"

where { denotes an upper bound on the number of field operations for computing a random element
in CL(d,q). If G is a unitary or orthogonal group, then the complexity of the GoingUp algorithm
is
p_logd) _ log(d)
log(log(d))  log(log(d))

where U(q) is an upper bound on the number of field operations for computing a square root.

¢ +log(d)V(q))

Proof. Recall that we are doubling the dimension 7 from a stingray embedded subgroup H in
CL(d,q) in each GoingUP step, see Section Using the results from Section [5.3.7] we are dealing
with at most O(log(d)) x O(log(d)) matrices until 7 is roughly log(d). Thus, using Theorem

the complexity of the first GoingUP steps is
0 (log(log(d))(log(d)’ +{")) € O(d” +log(log(d)){" + )

where {’ denotes an upper bound on the number of field operations for computing a random element
in CL(log(d),q). From that point on computations are performed with d x d matrices. Hence, we
: _log(d)
have to use d x d matrices for log(d —log(d)) = log(lig( 7l
one GoiNGUP step given in Theorem [10.34this yields the following complexity of the GomngUp

GoingUP steps. Using the complexity for
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algorithm which s

log(d) 3 5 log(d) log(d)
O(—=>=——(d =0(d .
oglogt@)' )= Togllog(d) " Togllog(d))”
Since 0(d* + log(log(d)){' +{) C 0(d’ 1ogloig()) + loglai(g() 7¢) this proves the claim. O

Corollary 10.37
Suppose Conjecture is true. For a given ¢ > 0 in the STANDARDGENERATORS algorithm
a function MAXIMALRANDOMSELECTIONS (d,¢,€) is used to compute three positive integers
N,,N,,N; € N such that if the GoingDown algorithm selects at most N, random elements, the
BAseCask algorithm selects at most N, random elements and the GoingUp algorithm selects at
most N, random elements, then the STANDARDGENERATORS algorithm succeeds with probabil-
ity at least 1 —e. As we are not performing a probability analysis on the success of finding a
strong doubling element element by selection of random elements in this thesis, we cannot discuss

on how to choose N; for a given €. In practice, N; := 100 1s sufhicient for all tests so far.

10.4 Complexity results of algorithms

In this section we compute the complexity of the STANDARDGENERATORS algorithm described in Sec-
tion[3.4] Recall that the STANDARDGENERATORS algorithm is randomised and uses the subalgorithms
GomngDown, BaseCast and GoingUp which have been analysed in Section Section and
Section respectively. Note that the complexity of the GoingUp algorithm is given in Theorem
based on Conjecture Thus, the complexity of the STANDARDGENERATORS algorithm can
also only be formulated based on Conjecture

Theorem 10.38
Suppose Conjecture [10.33] is true. For a special linear or symplectic group the complexity of
Algorithm STANDARDGENERATORS [Alg. 3]] as stated in Theorem is

0(d*log(d) + d? log(d) log(log(d)) log(q) + %maa( )43(2))
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where { denotes an upper bound on the number of field operations required for computing a
random element, 2)(¢q) denotes an upper bound on the number of field operations for constructively
recognising a base case group and 3(¢q) denotes an upper bound on the required number of field

operations for the final step. For a unitary or orthogonal group the complexity of Algorithm

STANDARDGENERATORS [Alg. |3]] as stated in Theorem is

log(d)

O(d log(d)+ d*log(d)log(log(d)) log(q) + 1"

— ==+ D(q)+ 3(q) + log(d)V(q))

where 20(g) is an upper bound on the number of field operations for computing a square root.

Proof. Algorithm STANDARDGENERATORS [Alg. [3]] calls the GoingDown, BaseCast and GoingUp
algorithm in this order. In Corollary we computed the complexity of the GoimngDown
algorithm, in Theorem the complexity of the BAseCask algorithm and in Conjecture
the complexity of the GoingUp algorithm. Thus, this yields the following complexity of Algorithm

STANDARDGENERATORS [Alg.

0’((13 log(d) + d*log(d)log(log(d))log(q) + log*(d){' + { + 3(q)+

log(d) log(d)
toglos@) " Toalon@))

- @(d3 log(d) +d” log(d)log(log(d)) log(q) + -

V(q)+d’

log(d)

oy’ P2@3@) o



276 CHAPTER 10. COMPLEXITY ANALYSIS OF ALGORITHMS



Chapter 11

Implementation

The algorithms GoingDown, BaseCase, GoingUp and STANDARDGENERATORS for all classical
groups in this thesis have been implemented in GAP [37]] by the author. However, the GomngUp
algorithm based on involutions, see Chapter 9} has not been implemented in GAP due to numerous
missing functionalities. Nevertheless, an implementation of this algorithm has been tested in Magma

[16]. The location of the GAP implementation is described in Section[11.1]

In this chapter we also compare the run-time of the constructive recognition algorithms from this
thesis with the DLLO constructive recognition algorithm [59,32]]. The constructive recognition
algorithms of this thesis and the DLLO constructive recognition algorithms are implemented in
different software as the algorithms of this thesis are in GAP, while the DLLO algorithms are in
Magma. Therefore, a direct run-time comparison is challenging, but more on that topic is discussed

in Section [11.2

The GAP code for the algorithms in this thesis spans more than 15,000 lines, which is why the code 1s

not included in an appendix but is available on GitHub [82]].

11.1 Recog package

The recog package [70], initiated by Max Neunhdéffer and Akos Seress, is available for GAP [37]]

and offers algorithms for efficient matrix group computations, with the main goal of implementing
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an algorithm for computing the composition tree of matrix groups, see Section The recog
package already includes a variety of useful algorithms, such as basic computations and applications
using a composition tree, constructive recognition (see Section of permutation groups and
naming algorithms (see Section for simple groups. Since the recog package offers many
useful algorithms for the constructive recognition algorithms in this thesis and because efficient
constructive recognition algorithms for classical groups are essential for computations involving
composition trees, the algorithms GoingDown, BaseCase, GoiNgUp and STANDARDGENERATORS
from this thesis have been integrated into the recog package by the author. The recog package is
still under development, so function names and paths may change. Thus, a snapshot of the recog
package at the time of this thesis submission is available on GitHub [|82]] which is the recog version

“recog 1.4.2DEV”.

We now present a table listing the locations of the algorithms from this thesis in the recog package
[70] version “recog 1.4.2DEV”. All algorithms from this thesis are located in the folder with the path
recog/gap/projective/constructive_recognition. In this folder, there is one GAP file and five
sub-folders. The GAP file named main.gi contains a function, which can be applied to a matrix group
G, called ConstructiveRecognitionClassicalGroupsNaturalRepresentation. This function uses
naming algorithms, see Section([1.1.7} to determine if G is a classical group in its natural representation.
If this is the case, then the function calls the corresponding constructive recognition algorithm from
this thesis. The five sub-folders are named SL, Sp, SU, 0 and utils. Within each of the four folders
SL, Sp, SU and 0, there are four files named main.gi, GoingDown.gi, BaseCase.gi, GoingUp.gi,
which implement the algorithms from this thesis. The file main.gi in each folder contains the
STANDARDGENERATORS algorithm of Chapter 3} which combines the GoingDown, BaseCask and

GoingUp algorithms into a single algorithm for each group. Details about which algorithm is found

in which file are also summarised in Table [11.1]

| GomngDown | BAsECASE | GomgUp | STANDARDGENERATORS

Sp/GoingDown.gi | Sp/BaseCase.gi | Sp/GoingUp.gi | Sp/main.gi
SU(d,q) SU/GoingDown.gi | SU/BaseCase.gi | SU/GoingUp.gi | SU/main.gi
)

SL(d,q) | SL/GoingDown.gi | SL/BaseCase.gi | SL/GoingUp.gi | SL/main.gi
q)

0/GoingDown.gi | O/BaseCase.gi | 0/GoingUp.gi | O/main.gi

Table 11.1: The algorithms of this thesis are contained in recog package [[70] under the path
recog/gap/projective/constructive_recognition.
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The GoingDown algorithm, utilising stingray elements, has many similarities across all classical
groups. Consequently, the algorithm is implemented only once as constructppdTwoStingray
in recog/gap/projective/constructive_recognition/utils/utils.gi. An additional input, a
string type, is required for distinguishing the type of the classical groups. The type parameter
can be assigned values "SL", "Sp", "SU" and "0" which sets variables within the implementation
of constructppdTwoStingray such that the GoingDown algorithm is executed as described in this

thesis. This configuration is automated in the file GoingDown.gi for each classical group.

11.2 Run-time results

In this section, we compare the run-time of the constructive recognition algorithm from this thesis
implemented in GAP with the constructive recognition algorithm by Dietrich, Leedham-Green,

Liibeck and O’Brien [32} 59]] implemented in Magma.

Due to the implementation of these algorithms in different computer algebra systems, which
have distinct performance profiles, a direct and fair comparison is challenging. Generally, the
underpinning support functions for working with matrices and polynomials over finite fields in
Magma outperform those in GAP. Despite these influencing factors, we present the run-time results in
Table detailing the performance of the constructive recognition algorithm from this thesis in

GAP compared to the DLLO constructive recognition algorithm in Magma.

q=4 q=>5 q =121

d GAP Magma GAP  Magma GAP  Magma
100 <1 7 <1 3 <1 86
200 6 20 1 8 2 436
300 11 39 4 16 7 125954
500 62 104 16 62 31 timeout
700 168 257 40 249 79 —
1000 337 515 81 16047 176 —
2000 2671 4014 532 timeout 2220 —
3000 9626 14780 2028 timeout 11637 —

“Four runs completed, six exceeded the time limit

b Two runs completed, eight exceeded the time limit

Table 11.2: Time in seconds comparing our GAP implementation against Magma. An entry with a
dash means we did not measure this computation. Entries with “timeout” indicate that no run
completed within 20 000 seconds.
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All computations for both implementations were performed on a Linux server with two AMD
EPYC 9554 64-core processors and 1.5 TB RAM, running Gentoo 2.14 with kernel version 6.1.69.
For Magma version 2.28-8 was used and for GAP version 4.13.0 together with its default set of packages
loaded plus the cvec package version 2.8.1 (for faster characteristic polynomials) with a modified

version of recog 1.4.2, where the modification is that we inserted our new algorithms. These

modifications will be part of a future release of the recog package.

For Magma we used ClassicalConstructiveRecognition(SL(d,q),"SL",d,q) as test command

while for GAP RECOG. FindStdGensSmallerMatrices_SL(SL(d,q)) was used. For each used param-

eter pair (d,q) we ran the command ten times in each system. Table reports the average of
these runs. Note that computations that exceeded 20000 seconds (about 5.5 hours) were aborted. In

some cases only a subset of the runs for a given pair (d,g) terminated within that time limit. In this

case we treated the aborted computations as if they had completed within 20 000 seconds (which is

generous as in some cases we actually waited for 15 hours before aborting).

16000 ®
i
() i [
14000 A i ! 7
1 1 II
I I /
| I I /
12000 ! i 7
/
I | J
I I — =
£ 10000 1 : f q=2(GAP) 7
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I | —— = /7
2 8000 1 1 h q =5 (GAP) )
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Figure 11.1: The graph visualises the data from Table that compares the performance of the GAP

implementation of this thesis against Magma.

Table indicates that for special linear groups the constructive recognition algorithm of this

thesis outperforms the constructive recognition algorithm by Dietrich, Leedham-Green, Liibeck
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and O’Brien [32,59]]. Especially as g grows Table highlights that the algorithms in this thesis
have better complexity by a factor such as @(log(g)). This observation is supported by the claimed
complexity result for the algorithms from this thesis given in Theorem [10.38|and the current results

for the complexity of the constructive recognition algorithm by Dietrich, Leedham-Green, Liibeck

and O’Brien [32, 59]] presented in Section
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Chapter 12

Outlook

In Chapter[11} we observed a significant improvement in the run-time of the constructive recognition
algorithms for classical groups from this thesis compared to the DLLO algorithm [32, 59]]. However,
there are several open questions which are not addressed in this thesis. Those questions can be
roughly categorised as follows:

1) What is the complexity of the STANDARDGENERATORS algorithm from this thesis?

2) Can the algorithm STANDARDGENERATORS be adapted for non-natural irreducible matrix

representations of classical groups?

3) If modifying the STANDARDGENERATORS algorithm for non-natural irreducible representations

of classical groups is possible, is it possible to design a version for black-box groups?

4) Can stingray elements be utilised in additional ways within the composition tree?

In the following sections we delve deeper into each of these questions.

12.1 Complexity of the STANDARDGENERATORS algorithm

A complexity analysis of the STANDARDGENERATORS algorithm, as outlined in Chapter 3] involves
examining the complexity of the GoingDown, BaseCast and GoingUp algorithm. Complexity
results for the STANDARDGENERATORS algorithm are provided in Theorem[10.38] While we analyse

the complexity of the GoingDown algorithm and refer to results of the BaAseCask algorithm from
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existing literature in Chapter (10, we do not conduct a complexity analysis of the randomised
algorithm GoingUp. Practical tests suggest that selecting (1) random elements in one GoingUp
step suffices, a presumption utilised in the proof of Theorem Nonetheless, an analysis of
the complexity of the GoingUP algorithm is absent and would yield theoretical insight into the

complexity of the STANDARDGENERATORS algorithm.

12.2 Gray-box algorithm

In Section we introduced black-box groups and black-box algorithms. While black-box
algorithms are applicable in every representation of a group, a slightly weaker variant exists known as
gray-box algorithms. Gray-box algorithms assume that the input group is a matrix group, eliminating
the need for oracle calls during multiplication, inversion and equality checks. This setting allows for
more efficient operations, which are costly in black-box algorithms, such as computing orders of

invertible matrices using algorithms like the pseudo-order algorithm by Celler and Leedham-Green

[24].

An important question arising from the algorithms in this thesis is whether they can be adapted for
gray-box algorithms. In gray-box algorithms, classical groups are not necessarily given in their natural
representation but in any irreducible matrix representation. However, many computations that
are efficient in natural representations become less efficient in other representations. For example,
computing stingray embedded subgroups becomes more costly as it involves restricting the action
of a group element on a subspace, which is less efficient in non-natural irreducible representations.
Moreover, the “natural” action of group elements of non-natural irreducible representation cannot
be computed efficiently and this limitation affects the efficiency of several phases of the GomngUp
step which are based on linear algebra, introduced in the Chapters[5} [6} [|and[8] Thus, the GomngUr

algorithm based on linear algebra is not directly usable as a gray-box algorithm.

In Chapter [9| we presented a second GoimngUp algorithm based on involutions. Involutions are
already used in gray-box and black-box constructive recognition algorithms for classical groups [33]].
Therefore, the GoingUP algorithm based on involutions seems to be promising in gray-box settings
and initial tests conducted in Magma were successful. However, a thorough proof of correctness and

analysis requires additional effort and an extension of the results presented in this thesis.
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12.3 Black-box algorithm

In Section [12.2} we explored the utilisation of the Algorithm STANDARDGENERATORS in gray-box
settings. While gray-box algorithms suffice for practical use so far, as the leaf groups of a composition
tree, see Section [1.1.3] are either provided as permutation or matrix groups, adapting the algorithms

from this thesis for black-box groups could be interesting in the future.

As highlighted in Section the GoingUp algorithm based on linear algebra, presented in the
Chapters[5} [0} [7]and[8] heavily relies on the natural action of the input group. However, as black-box
algorithms do not accommodate actions, the GoingUPp algorithm based on linear algebra is not
applicable. Nevertheless, preliminary tests for the GoingUp algorithm based on involutions for
gray-box classical groups, conducted in Magma, were successful. Therefore, similar tests should be
performed for black-box classical groups. As of now, the author has not conducted tests of the

GoingUp algorithm based on involutions for black-box classical groups.

Unlike the GoingUPp algorithm, the GomngDown algorithm does not depend on the natural action
of the input group. The GoingDown basic step involves tasks such as computing random elements
and their characteristic polynomials, and verifying if the stingray bodies of a stingray duo intersect
trivially. However, in black-box groups computing characteristic polynomials is not possible and,
thus, computing stingray elements by random selections requires an alternative approach. A pre-
liminary version of a black-box GoingDown basic step has been developed by Niemeyer and the

author but has yet to be published.

12.4 Further improvements of the composition tree

In this thesis we utilise stingray elements within the GoingDown basic step of the GoingDown
algorithm, where these elements serve as a powertful tool for computing a descending recognition
chain of length at most @(log"(d)). Given the pivotal role of stingray elements in this context, it is
logical to explore the potential of stingray elements in other applications, such as constructive recog-
nition of other quasi-simple matrix groups or in computing the composition tree, see Section[1.1.3]
However, the proportion results for stingray elements published in [[39} |42} [75] are currently limited

to classical groups. Therefore, further investigations into the proportion of pre-stingray elements
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for additional applications would be beneficial.

As of now, the author has not delved into exploring further applications of stingray elements.
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Notation

CL(d,q)

Description

One of the classical groups SL, Sp, SU or Q

V is a d-dimensional vector space and G < GL(d,q)
Parameter of Table

Standard basis of vector space

Complexity of constructive recognition of SL(2,¢q)
Particular transvection of SL(d,q)
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Probability parameter for randomised algorithms
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Evaluation function of MSLPs
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Iterated logarithm

List which is modified by an instruction .¢
Elements of an ordered list .4 of an instruction .
Dimension of irreducible subspace

Natural numbers

U<G<GL(d,q)with U=SL(n,q)forn<d
Orthogonal group

Omega group

Omega group of circle type

Omega group of plus type

Omega group of minus type

Cost of solving the order oracle

Set of all primes

Polynomial and in most cases P(x) € F, [x]
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SL(d,q)
SL(V)
SO(d, q)
SO(V)
SO

SO°
SOt
SO~
Sp(d,q)
Sp(V)
%

SSU
sU(d,q)
SU(V)
$X(d,q)

Tr

W, W)

U(V)

v,w,v,b,e

< %

=T ¥

Description

Group {a € ng"l | 4 is invertible and det(a) =1}
Subgroup of GL(V') with determinant 1

Special orthogonal group

Special orthogonal group

Set of standard generators of an orthogonal group
Special orthogonal group of circle type

Special orthogonal group of plus type

Special orthogonal group of minus type
Symplectic group

Symplectic group

Set of standard generators of a symplectic group
Set of standard generators of a unitary group
Special unitary group

Special unitary group

One of the groups SL, Sp, SU or SO

Matrix for the GoingUp algorithm

Transpose of a matrix a € GL(d, q)
Transvection

Transvection with respect to w, and w,

Unitary group

Finite dimensional F-vector space

Vector

Dual space

Map which is not a homomorphism
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Vector space homomorphism

(b, b,,...,b,) for basis (b, ..., b,)

Finite dimensional F-vector space. Mostly W <V

Stingray body of a stingray element s
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