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Curved Three-Director Cosserat Shells with Strong Coupling
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Figure 1: Two scenes with curved geometries demonstrate our incremental potential formulation of a Cosserat shell model. It is strongly
coupled to other systems through frictional contact based on “High-Order IPC” [FJZ*23]. Left: An initially wrinkled “sheet of papyrus”
first rolls up like a scroll and is then pushed open again using three rigid bodies. Right: A half sphere is twisted into a “dumpling-inspired”
shape, by applying an angular velocity directly to a single vertex (the “north pole”).

Abstract
Continuum-based shell models are an established approach for the simulation of thin deformables in computer graphics. How-
ever, existing research in physically-based animation is mostly focused on shear-rigid Kirchhoff-Love shells. In this work we
explore three-director Cosserat (micropolar) shells which introduce additional rotational degrees of freedom. This microrota-
tion field models transverse shearing and in-plane drilling rotations. We propose an incremental potential formulation of the
Cosserat shell dynamics which allows for strong coupling with frictional contact and other physical systems. We evaluate a cor-
responding finite element discretization for non-planar shells using second-order elements which alleviates shear-locking and
permits simulation of curved geometries. Our formulation and the discretization, in particular of the rotational degrees of free-
dom, is designed to integrate well with typical simulation approaches in physically-based animation. While the discretization
of the rotations requires some care, we demonstrate that they do not pose significant numerical challenges in Newton’s method.
In our experiments we also show that the codimensional shell model is consistent with the respective three-dimensional model.
We qualitatively compare our formulation with Kirchhoff-Love shells and demonstrate intriguing use cases for the additional
modes of control over dynamic deformations offered by the Cosserat model such as directly prescribing rotations or angular
velocities and influencing the shell’s curvature.

CCS Concepts
• Computing methodologies → Physical simulation;

ciency and numerical properties in comparison to full volumetric
simulations. A common approach for shells in computer graph-
ics is to individually model in-plane stresses with an inherently
two-dimensional approach (e.g. the Baraff-Witkin model [BW98;
Kim20]) combined with a separate bending model based on dis-
crete curvature measures (e.g. Discrete Shells [GHDS03; BMF03]).
In the recent work of Wen and Barbič [WB23] however, it was em-
phasized that the application of continuum models can instead au-

1. Introduction

Objects with shell-like geometries such as paper, fabrics, cans,
metal sheets and thin-walled 3D prints are ubiquitous in our daily
lives. As such, their simulation is also of high interest in the field 
of physically-based animation. It is well known that for such ob-
jects, codimensional simulation as a surface embedded in three-
dimensional space is beneficial in terms of computational effi-

© 2024 The Author(s). Computer Graphics Forum published by Eurographics - The European 
Association for Computer Graphics and John Wiley & Sons Ltd.
This is an open access article under the terms of the Creative Commons Attribution License, which 
permits use, distribution and reproduction in any medium, provided the original work is properly 
cited.

DOI: 10.1111/cgf.15183

CGF 43-8 | e15183

https://orcid.org/0000-0001-6818-2953
https://orcid.org/0000-0003-4651-7542
https://orcid.org/0000-0003-3920-7765
https://orcid.org/0000-0002-1908-4027
https://doi.org/10.1111/cgf.15183
http://crossmark.crossref.org/dialog/?doi=10.1111%2Fcgf.15183&domain=pdf&date_stamp=2024-10-17


2 of 16 F. Löschner, J. A. Fernández-Fernández, S. R. Jeske & J. Bender / Curved Three-Director Cosserat Shells with Strong Coupling

tomatically lead to a unified strain energy that is consistent with
volumetric models for wide ranges of shell thicknesses. Usually,
such approaches are also less dependent on the orientation of edges
than typical geometrically motivated bending energies. At the same
time, such models maintain controllability over the deformations
by explicitly identifying the effect of different energy terms which
allows us to non-physically scale their influence relative to each
other.

Research on continuum-based shell models in the physically-
based animation community focused nearly exclusively on
Kirchhoff-Love (KL) shells [WB23; CSvRV18; CTT17; TWS06;
GKS02] where the main assumption is that no transverse shear-
ing occurs (i.e. a slice of material orthogonal to the midsurface al-
ways stays orthogonal during deformation). Overall, the shape of
a KL shell is entirely determined only by the positional degrees of
freedom of the midsurface. Meanwhile, in the mechanics and ap-
plied mathematics community, shell models that incorporate shear-
ing and are based on rotational degrees of freedom are much more
prevalent [SF89; SFR90; SB95]. One family of such models are
Cosserat models which are already long established in graphics
for the simulation of one-dimensional rods [Pai02; ST07; KS16;
DKWB18; SKH*21]. More recently, Löschner et al. [LFJ*23] ex-
plored the application of a Cosserat (or “micropolar”) material
model for the simulation of three-dimensional deformables pro-
viding explicit control over bending modes which cannot easily
be achieved with classic hyperelastic materials. Taking inspiration
from this work, we investigate the remaining gap of Cosserat mod-
els in physically-based animation for flat and curved shells.

The three-director Cosserat shell models that we consider in this
work introduce an orthogonal frame, the orientation of three direc-
tors or unit vectors, as additional degrees of freedom. These de-
grees of freedom represent the microrotation field which models
transverse shearing and in-plane “drilling” rotation of the material
as illustrated in Figure 2. This in-plane rotation distinguishes the
model from one-director Cosserat models such as the one presented
by Weischedel [Wei12]. Several aspects make such Cosserat mod-
els an intriguing option for the simulation of shells in physically-
based animation. As the bending strains of the surface are directly
based on the microrotations, we do not have to rely on discrete geo-
metric curvature measures of the positional degrees of freedom that
can fluctuate for meshes of bad quality. Instead, we immediately
obtain a formulation of only first-order derivatives of the degrees
of freedom. It also enables us to directly apply higher-order dis-
cretizations to the shell model which is otherwise not immediately
straightforward for established approaches in computer graphics.
Finally, we can not only effectively control the shell’s curvature,
but also directly apply point- or edge-wise rotation and angular ve-
locity constraints as well as torques or angular accelerations.

In this work, we propose a novel incremental potential formula-
tion for the dynamic simulation of three-director Cosserat shells.
As opposed to typical formulations from the mechanics litera-
ture, this allows for strong coupling to other physical system com-
monly used in graphics such as rigid bodies or three-dimensional
deformables through frictional contact. To achieve this, we adapt
an approach originally presented for three-dimensional microp-
olar deformables [LFJ*23] and apply it to established Cosserat

in-plane “drilling”transverse shearing

Figure 2: Three-director Cosserat (micropolar) shells model
transverse shearing and in-plane “drilling” in addition to in-plane
stretching/shearing and bending modes of Kirchhoff-Love shells.
The dashed and colored arrows indcate the orientation of the direc-
tors in the undeformed and deformed configuration, respectively.

plate [SNB16] and Cosserat shell [NSBN23] models. Our contri-
bution focusses on the analysis and validation of this approach
with insights for the application in physically-based animation.
We present the fundamental kinematics known in the mechanics
literature from the perspective of computer graphics practitioners
and highlight the required changes to the previously introduced fi-
nite element method (FEM) based solver to support codimensional
curved reference configurations (Section 3.1 and 4.2). Specifically
for shells, a naive discretization using first-order elements can lead
to strong shear-locking even in simple scenarios. Therefore, we
experimentally validate a discretization utilizing second-order ele-
ments for the shell displacements (Section 4.2). As part of our con-
tribution, we also experimentally compare and discuss the afore-
mentioned plate and shell models and provide insights on their pa-
rameters and the effect of individual energy terms with respect to
the application in animation (Section 3.2). In this context, we moti-
vate the use of the simpler plate model, even for curved shells, and
substantiate this decision in our evaluation (Section 5). We also
show that the model is consistent with the full three-dimensional
model (Section 5.2). Finally, we present several compelling exper-
iments demonstrating the additional control over the curvature of
the material as well as coupling with frictional contact which can
be realized due to our proposed formulation (see Figure 1).

2. Related Work

Plates and shells in graphics Even though continuum-based shell
models are established in the graphics community for a long
time [GTS02; GKS02], the simulation of shells with non-planar
rest configurations attracted significant attention with the geomet-
rically motivated Discrete Shells model introduced concurrently
by Grinspun et al. [GHDS03] and Bridson et al. [BMF03]. Several
subsequent works further analyzed and built upon this [GGWZ07;
GGRZ06]. There is a large body of research which can sub-
stantially improve the results or efficiency of shell simulations
such as the enhancement of coarse simulations with “wrinkle
fields” [CKSV23; CCK*21] and other detail enhancement ap-
proaches [RK13; MC10; BMWG07], consistent progressive sim-
ulation with a hierarchy of meshes [ZDF*23; ZDF*22], remesh-
ing and adaptive refinement [NPO13; NSO12; BD12; GKS02], and
adaptive rigidification of shells [MK23]. While some of these meth-
ods do not necessarily build on specific shell models they would
still require adaptions to apply them to Cosserat shells which is
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out of scope for this publication but an interesting direction for
future work. However, our incremental potential formulation di-
rectly permits coupling with other physical systems through ro-
bust frictional contact [LFS*20; LKJ21] to, e.g., rigid [FLS*21] or
affine [LFJ*23] bodies or three-dimensional deformables [KE22;
SB12] and other shell models.

Continuum-based shells in graphics Most continuum-based
shell models in graphics are based on the Kirchhoff-Love assump-
tion. A popular approach for their discretization is the use of subdi-
vision surfaces [COS00] as they satisfy the strong continuity re-
quirements of KL shells without further modifications [GKS02;
TWS06; WHP11]. A different approach to deal with is by apply-
ing non-conforming discretizations such Discontinuous Galerkin
methods [KGBG09; NR08]. Whereas earlier works focused on a
specific material model, Clyde et al. [CTT17] generalized this to
general Green strain-based materials but rely on numerical integra-
tion across a shell’s thickness. In contrast, Chen et al. [CSvRV18]
restrict their model to the Koiter shell energy (corresponding to
the St. Venant-Kirchhoff material in the volume), allowing them to
avoid the numerical integration in thickness direction and to apply
a particular discretization with first-order triangles rigorously mo-
tivated by Weischedel [Wei12]. Recently, Wen and Barbič [WB23]
generalized this by deriving a KL shell energy for arbitrary hyper-
elastic material models which does not have the typical continuity
requirements of KL models through clever simplification. Beyond
KL shells, Guo et al. [GHF*18] simulate shear-deformable shells
by splitting the shell deformation into KL and normal/shearing
modes (see also [LBC12; EOB13]) and achieve frictional con-
tact using an MPM discretization with subdivision surfaces. While
these methods all use codimensional models, Chen et al. [CXY*23]
instead proposed a volumetric prism element with reduced integra-
tion, completely discarding shearing modes to avoid locking for the
simulation of thick shells with arbitrary material models.

Cosserat shell models As Weischedel [Wei12, Ch. 1.3] notes,
even for moderately thick shells KL models can incur large dis-
placement errors in bending modes due to their rigidity to shear-
ing. Together with the fact that shear-deformable models received
almost no attention in physically based animation, this motivates
us to investigate Cosserat models, which are shear-deformable
and introduce additional rotational degrees of freedom. Cosserat
models models are long established in mechanics and engineer-
ing [SF89; SFR90; SB95; DKS13] and also led to “shell ele-
ments” for thick shells with rotational degrees of freedom such as
the popular MITC elements [LB04; LLB14] and others [FOZ95].
In this work, we consider three-director models which are de-
rived from a three-dimensional Cosserat (or micropolar) contin-
uum [NBO15]. In contrast to one-director Cosserat shells [Wei12]
(see [AAE10] for a classification) they have a direct connection
to previous Cosserat rod [Pai02; ST07; KS16] and micropolar de-
formable models [LFJ*23] in graphics. The specific models that we
employ are a) the Cosserat plate model originally derived by Neff
[Nef04] and numerically discretized by Sander et al. [SNB16] and
b) the related Cosserat model for curved shells derived by Bîr-
san et al. [BGMN19] and extended for non-orientable surfaces
and numerically discretized by Nebel et al. [NSBN23]. The ex-
isting discretization approaches are mathematical elegant [San12;

San15] but numerically quite involved and hard to integrate into
typical frameworks used in physically-based animation. Instead,
we follow a discretization approach based on the interpolation of
angular velocities originally proposed for the simulation of three-
dimensional micropolar deformables in animation [LFJ*23] and
adapt it to shells in this work.

Higher-order elements To avoid locking we employ second-
order elements for the discretization of shells (Section 4.2). The
use of higher-order discretizations is generally less common in
computer animation. However, there are both early works, e.g.,
on surface modeling with curved elements [CG91] as well as
many recent works, e.g., on 𝑝-refinement [SHD*18; WMA*15],
deformables [WKS*11; BC14], embedded three-dimensional de-
formables [LLK*20] and contact handling [FJZ*23] highlighting
their benefits for different applications [SHG*22]. In the context of
shells, Le et al. [LDB*23] recently proposed an adaption of the
Discrete Shells [GHDS03; BMF03] bending energy for second-
order triangle meshes and demonstrated the superior efficiency and
accuracy of this discretization in several experiments. We share
these conclusions but apply such elements to a continuum-based
model. A key advantage of higher-order elements is their ability to
accurately represent curved geometries. Automatically generating
these meshes is an active area of research, especially in engineer-
ing [SPZ21; TPM18; FP16] with tools already available [GKT*24;
YZHY19; IW18]. Alternatively, it is possible to generalize sur-
face reconstruction methods to generate curved meshes [LZRJ19;
BZKR17]. Nevertheless, the results of Le et al. [LDB*23] and our
experiments (Section 5) demonstrate that second-order elements
give high-quality results even for coarse meshes without such tools.

Non-Euclidean shells & controlled deformations Typical
continuum-based models assume the existence of a stress-free rest
state where the strain measures evaluate to zero. In contrast to this,
non-Euclidean elasticity [SE10; ESK09] describes deformables
that do not have such a stress-free configuration and exhibit
internal stresses even without external forces. In simulations,
such deformables can be created by prescribing a non-zero target
metric of the shell for stretching and/or bending which can induce
complex deformations with buckling and wrinkling [VSWH14].
Chen et al. [CSvRV18] investigated this concept in detail by
proposing target metrics defined through physical models of e.g.
heat or moisture distributions. For three-dimensional micropolar
deformables similar effects can be achieved by prescribing a
rest “wryness tensor” [LFJ*23]. Recently, Wen et al. [WWB24]
proposed a method for shape modeling of surfaces which explicitly
prescribes compatible fundamental forms such that a smooth
target shape can be perfectly matched by the shell in contrast
to non-Euclidean shells. Finally, example-based methods can be
used for an even broader range of artistically controlled defor-
mations [STC*12; FB11]. These methods first require a set of
exemplary deformations which could be created with one of the
approaches mentioned above, or with the capabilities of Cosserat
shells that we demonstrate in this work.

Computer Graphics Forum published by Eurographics and John Wiley & Sons Ltd.
© 2024 The Author(s).

 14678659, 2024, 8, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1111/cgf.15183 by R

w
th A

achen U
niversity Z

entraler R
echnungseingang, W

iley O
nline L

ibrary on [30/07/2025]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense



4 of 16 F. Löschner, J. A. Fernández-Fernández, S. R. Jeske & J. Bender / Curved Three-Director Cosserat Shells with Strong Coupling

3. Cosserat shells: kinematics & constitutive model

As Cosserat shell models are not well established in the computer
graphics community, we will first present the necessary kinematic
relations followed by the introduction of the constitutive models
that we employ in our implementation. In comparison to the three-
dimensional micropolar deformables presented in computer graph-
ics by Löschner et al. [LFJ*23], the kinematic relations differ sig-
nificantly as they now have to expressed in local coordinates on
a curved surface instead of a cartesian coordinate system. With
respect to the sources of the constitutive models that we imple-
ment [SNB16; NSBN23], we interpret the models and their param-
eters in the context of computer graphics and present insights into
their effects and usage.

Notation In the following, Latin indices 𝑖, 𝑗 , 𝑘 ... range over the set
{1,2,3} and Greek indices 𝛼, 𝛽,... range over the set {1,2}. Indices
appearing twice in an equation indicate summation over the index.
Vectors 𝒆𝑖 ∈ R3 and 𝒆𝛼 ∈ R2 denote the three and two dimensional
cartesian unit vectors. For a vector-valued function 𝒇 : R𝑛 → R

𝑚,
we define [∇ 𝒇 ]𝑖 𝑗 = 𝜕 𝑓𝑖/𝜕𝑥 𝑗 , i.e. ∇ 𝒇 ∈ R𝑚×𝑛 is the Jacobian of 𝒇 .
We denote the axial vector of a skew-symmetric matrix A ∈ R3×3

with axlA and its entries are given by axlA = [𝐴32, 𝐴13, 𝐴21]𝑇
such that A𝒙 = axlA× 𝒙 for all 𝒙 ∈ R3. For a matrix A we identify
the symmetric part with symA and the skew-symmetric part with
skewA. We denote the identity matrix with 1.

3.1. Kinematic relations

To model shells we only consider the midsurface S of a thin
three-dimensional deformable with constant thickness ℎ at rest.
As we want to model arbitrary non-developable surfaces which
can be closed and have holes, we cannot generally assume that a
single parametrization 𝜔 ⊂ R

2 exists that covers the entire shell
surface. Instead, more rigorous works introduce an abstract two-
dimensional manifold that can be covered by a set of local charts
that are subsets of R2 (realized in practice by, e.g., the parametriza-
tion of the FEM reference element). For the practical purpose of
this introduction however, we disregard this distinction and assume
a local parametrization 𝜔 ⊂ R

2 exists. For a more rigorous treat-
ment which also explores the implications of non-orientable sur-
faces we refer to the work of Nebel et al. [NSBN23].

The physical configuration of the midsurface is described by an
embedding 𝒎 : 𝜔 → R

3 which maps points from the parametriza-
tion domain to their position in three-dimensional space. As for mi-
cropolar volumetric deformables, every point in the shell has an ori-
entation which is given by the microrotation field R : 𝜔 → 𝑆𝑂 (3).
The microrotation field captures the out-of-plane bending of the
shell and additionally characterizes its transverse shearing and
“drilling” (i.e. in-plane “twisting” of the material, see Figure 2). In
general, it does not have to match the macroscopic rotation of the
material R which (for three-dimensional deformables) is uniquely
determined by the polar decomposition of the deformation gradient
F =RU. The microrotation is an independent degree of freedom but
will be coupled with the deformation by the constitutive model.

Tangent space The deformation of a shell is described using quan-
tities in the tangent space of the surface. Following classic literature

𝒆3

𝒆2𝒆1

ℎ

𝒎0 (𝜉)

𝒎(𝜉)

𝒏0

𝒂1
𝒂2

𝜉1
𝜉2

Parametrization 𝜔

J

F = jJ†

j

Undeformed shell Deformed shell

Figure 3: The geometry of the undeformed (left) and deformed
shell (right) in R

3 is described by the midsurface embeddings
𝒎0 and 𝒎, respectively, in the coordinates 𝜉𝛼 ∈ 𝜔 of the local
parametrization. The maps J and j transform vectors from the
parametrization space into the tangent space of the shell midsur-
face. Depending on the parametrization, the covariant basis vec-
tors 𝒂1 and 𝒂2 do not have to be orthonormal.

on shells, the tangent space is spanned by the covariant basis vec-
tors {𝒂1, 𝒂2} ⊂ R

3. Let J = ∇𝜔𝒎0 ∈ R3×2 denote the Jacobian of
the undeformed (rest state) midsurface embedding 𝒎0 with respect
to the parametrization 𝜔. Then, the covariant basis {𝒂1, 𝒂2} is given
by the columns of

J =
𝜕𝒎0
𝜕𝜉𝛼

⊗ 𝒆𝛼 = 𝒂𝛼 ⊗ 𝒆𝛼 , (1)

where 𝜉𝛼 ∈ 𝜔 are the coordinates of the parametrization. Note that
these basis vectors are generally neither orthogonal nor normalized.
The matrix I = J𝑇J ∈ R2×2 represents the metric tensor or first fun-
damental form of the surface and

√
detI defines the ratio of area

elements of the embedding 𝒎0 to area elements in the parametriza-
tion domain. With the surface normal at rest

𝒏0 =
𝒂1 × 𝒂2

∥𝒂1 × 𝒂2∥
=

𝒂1 × 𝒂2√
detI

, (2)

the contravariant basis {𝒂1, 𝒂2} is defined to fulfill the properties
𝒂𝛼 · 𝒂𝛽 = 𝛿𝛼𝛽 and 𝒏0 · 𝒂𝛼 = 0. In particular, the contravariant basis
vectors are given by the the rows of

(J𝑇J)−1J𝑇 = 𝒆𝛼 ⊗ 𝒂𝛼 = J† , (3)

where J† ∈ R2×3 denotes the pseudoinverse of J. The map given
by J† performs the expansion of any vector with respect to the co-
variant basis (projection into parametrization space). It follows that
JJ† performs the orthogonal projection onto the tangent plane in
R

3 (i.e. it discards the normal component) and is therefore also the
identity operator on this subspace [Mey00]. Let 𝒇 : 𝜔 → R

𝑛 be a
vector field on the surface, then the surface gradient ∇S 𝒇 ∈ R𝑛×3

Computer Graphics Forum published by Eurographics and John Wiley & Sons Ltd.
© 2024 The Author(s).

 14678659, 2024, 8, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1111/cgf.15183 by R

w
th A

achen U
niversity Z

entraler R
echnungseingang, W

iley O
nline L

ibrary on [30/07/2025]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense



F. Löschner, J. A. Fernández-Fernández, S. R. Jeske & J. Bender / Curved Three-Director Cosserat Shells with Strong Coupling 5 of 16

can be defined as

∇S 𝒇 =
𝜕 𝒇

𝜕𝜉𝛼
⊗ 𝒂𝛼 = ∇𝜔 𝒇J† , (4)

which yields the directional derivative on the surface when multi-
plied with some direction in R3 [SBS23]. Accordingly, we see that
JJ† = ∇S𝒎0 is the surface gradient of the rest state embedding,
which is sometimes referred to as the “first fundamental tensor” a
of the surface [BGMN19]. For a visualization of the involved maps,
see Figure 3.

Deformation gradient Let j = ∇𝜔𝒎 ∈ R3×2 denote the Jacobian
of the embedding of the shell in some deformed state. Then, the
deformation gradient F ∈ R3×3 is given by

F = ∇S𝒎 =
𝜕𝒎

𝜕𝜉𝛼
⊗ 𝒂𝛼 = jJ† . (5)

Note the similarity of this to the expression to the deformation gra-
dient of volumetric deformables in the context of FEM, where the
Jacobians would be the element Jacobian in the reference and the
deformed configuration, respectively — only here, the inverse is
replaced by the pseudoinverse.

Microrotations Every point in a micropolar continuum has an ori-
entation that is often identified by a set of pairwise orthonormal
directors {𝒅1, 𝒅2, 𝒅3} ⊂ R

3. The directors can be interpreted as the
columns of a rotation matrix R = 𝒅𝑖 ⊗ 𝒆𝑖 , which is one possible rep-
resentation of the previously introduced microrotation field. How-
ever, for the strain and stress in a micropolar material, the absolute
orientation of the directors is not relevant, only the incremental ro-
tation from the the rest state contributes to stresses. Therefore, the
strain measures that we introduce below will only depend on the
elastic microrotation Q ∈ 𝑆𝑂 (3) which is the rotation that maps
the rest state microrotation R0 to the total microrotation R:

R = QR0 ⇔ Q = RR𝑇
0 . (6)

Therefore, if the shell is in this rest state, the microrotation degrees
of freedom would be Q = 1. The rest rotation R0 itself does not
occur in any of the kinematic relations or constitutive laws, so we
could leave it undefined. However, for example for an intuitive vi-
sualization of the director field, a common way to define the rest
rotations is by the polar decomposition

R0 = polar[𝒂1 |𝒂2 |𝒏0] , (7)

which results in a set of directors R0 = 𝑫𝑖 ⊗ 𝒆𝑖 with 𝑫3 = 𝒏0 and
the remaining directors tangent to the shell surface. The deformed
third director 𝒅3 is always given by 𝒅3 =Q𝒏0. Note that in practice,
after applying a discretization, the total microrotation R is not con-
tinuous across elements (just as the discrete deformation gradient
and macroscopic rotation R are not continuous in classical elastic-
ity) as typical elements are not globally C1 continuous. Therefore,
R is not uniquely defined on the edges or vertices of a discretization
but it can be evaluated for example at the quadrature points. This
does not apply to the elastic microrotation Q which is continuous
between elements for conforming discretizations.

Strain measures The in-plane stretching and shearing of the shell
is measured with the shell strain tensor E ∈ R3×3 given by

E = Q𝑇F−F0, with F0 = JJ† , (8)

which is the analogue to the three-dimensional Cosserat strain ten-
sor E = R𝑇F−1, notably with the identity matrix replaced by the
previously introduced surface identity tensor JJ†. The strain due
to spatially varying elastic microrotations is measured using the
shell curvature-bending tensor 𝚪 ∈ R3×3 which is reminiscent of
the “wryness tensor” as its three-dimensional counterpart:

𝚪 = axl
(
Q𝑇 𝜕Q

𝜕𝜉𝛼

)
⊗ 𝒂𝛼 = 𝚪𝜔J† , (9)

where the columns of the matrix 𝚪𝜔 ∈ R3×2 are given by the axial
vector terms from the first expression.

For both strain measures it can be shown that they are frame-
independent (i.e. unaffected by rigid body transformations of the
degrees of freedom), as well as independent of the local coordinates
(i.e. independent of the parametrization) [NSBN23]. The indepen-
dence from the parametrization is what allows the FEM discretiza-
tion to directly use the local coordinates of the reference elements
as a local parametrization. These local coordinates might be arbi-
trarily oriented relative to neighboring elements depending on node
ordering. Due to the parametrization independence, this does not
affect the energy of the shell. The strain measures are planar ten-
sors (i.e. of rank 2) and their components measure the strain or cur-
vature in the (possibly curved) reference configuration of the shell
w.r.t. the cartesian basis of R3. For example, for a plate initially
perpendicular to the 𝑧-axis, the third column of the strain measures
will always be zero (i.e. no change in 𝑧-direction), while for a cylin-
der extending along the 𝑧-axis those entries will be non-zero if it is
e.g. stretched in 𝑧-direction or twisted around the 𝑧-axis.

Non-Euclidean shells Although we do not know of a rigorously
derived Cosserat shell model that explicitly incorporates non-
Euclidean elasticity [SE10; CSvRV18], we can model similar ef-
fects using a modified “rest state” deformation gradient F0 or a
“rest state” curvature tensor 𝚪0 by substituting 𝚪 = 𝚪−𝚪0 in the
constitutive model. As noted before, these rest quantities are de-
fined with respect to the reference configuration in the cartesian
basis of R3 — otherwise, if a different coordinate system is more
convenient to prescribe the quantity, applying a change of basis to
R

3 is required. In our experiments in Section 5 we demonstrate
several cases where this approach is used to generate complex de-
formations and shapes.

3.2. Constitutive model

A Cosserat material model for shells can be defined in terms of an
energy density function Ψ depending on the previously introduced
strain tensor E(Q,F) and the curvature tensor 𝚪(Q, 𝜕Q/𝜕𝜉𝛼). In
this work, we mainly focus on a Cosserat material model intended
for plates (i.e. planar rest configurations), originally derived us-
ing dimensional reduction from a three-dimensional model by Neff
[Nef04]. While this model is formally “exact” only for shells with
planar rest configurations, we will also apply it to curved shells and
experimentally verify our results by comparing it to a full Cosserat
shell model for curved configurations. This reference model was
rigorously derived by Bîrsan et al. [BGMN19] and extended for
non-orientable surfaces by Nebel et al. [NSBN23]. It contains
higher-order terms that make it accurate up to order O(ℎ5) for

Computer Graphics Forum published by Eurographics and John Wiley & Sons Ltd.
© 2024 The Author(s).

 14678659, 2024, 8, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1111/cgf.15183 by R

w
th A

achen U
niversity Z

entraler R
echnungseingang, W

iley O
nline L

ibrary on [30/07/2025]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense



6 of 16 F. Löschner, J. A. Fernández-Fernández, S. R. Jeske & J. Bender / Curved Three-Director Cosserat Shells with Strong Coupling

curved shells. For reference, we reproduce the variant of this curved
shell model that we implemented for verification in the supplemen-
tary document. It also depends on additional expressions for rest
state curvature measures (Gaussian curvature, mean curvature, etc.)
which can be found in the supplementary document as well. Both
models were derived such that the integration in thickness direction
ℎ was resolved analytically. In the case of planar rest geometries
the curved shell model reduces exactly to the aforementioned plate
model as all higher-order corrective terms are scaled by curvature
measures of the rest geometry. Overall, these additional terms make
the material slightly stiffer or softer in regions of high curvature.
Therefore, applying the plate model to a curved rest configuration
can be considered an approximation of the true material behavior.
Our motivation for suggesting this approximation is that the plate
model is cheaper to evaluate and easier to implement as the full
shell model requires implementation of additional geometric curva-
ture measures and it directly couples the strain measures in the con-
stitutive model making the resulting derivatives significantly more
complex. Finally, we note that while both models lead to a codi-
mensional simulation in terms of the midfsurface, it is still pos-
sible to recover the full three-dimensional deformation including
changes in thickness. Such reconstruction formulas can be found
in the literature for the respective model [SNB16; NSBN23].

The Cosserat plate model We now give a brief overview of the
Cosserat model for flat plates [Nef04; SNB16] that we employ. As
introduced before, it can either be derived by dimensional reduction
from a three-dimensional Cosserat deformable or by simplifying
the curved shell model by assuming a flat reference configuration
which removes all terms of order ℎ5 such that only terms of at most
order ℎ3 remain. For a full derivation, we refer to the mechanics
literature. After either of these procedures, the resulting internal
energy of a Cosserat plate with thickness ℎ can be written as

𝐸 (E,𝚪) =
∫
𝜔
ℎΨmemb (E) +

ℎ3

12
Ψbend (c𝚪) + ℎΨcurv (𝚪)𝑑S , (10)

where the “alternator tensor” c ∈ R3×3 is given by

c =
(√

detI
)−1

(𝒂1 ⊗ 𝒂2 − 𝒂2 ⊗ 𝒂1) , (11)

and the first fundamental form I = J𝑇J. The individual terms of
Eq. (10) are the membrane energy density Ψmemb, the bending en-
ergy density Ψbend and the Cosserat curvature energy density Ψcurv
which we discuss in the following sections.

Membrane energy The Cosserat membrane energy Ψmemb deter-
mines the plate’s response to in-plane stretching and shearing as
well as the coupling of the displacement to the microrotation field.
With the kinematic relations defined above, the “physically linear”
(i.e. large rotation but small strain) isotropic membrane energy for
a Cosserat plate is given by

Ψmemb (E) = 𝜇∥symE∥2
𝐹 + 𝜇𝑐 ∥skewE∥2

𝐹 + 𝜇𝜆

2𝜇+𝜆 tr(E)2 , (12)

where 𝜇 and 𝜆 are the first and second Lamé parameters and 𝜇𝑐
is the Cosserat couple modulus. The formulation of the membrane
energy is nearly identical to the energy of a three-dimensional mi-
cropolar model but is evaluated with the planar shell strain tensor

instead. The couple modulus 𝜇𝑐 , which is introduced in addition
to the parameters of classic linear elasticity, can be interpreted to
control the coupling of the microrotations to the macroscopic rota-
tion of the surface (as it penalizes the skew-symmetry part of the
strain). Therefore, it was argued in the context of three-dimensional
deformables in physically-based animation to use a value close to
the stiffness of the material, i.e. 𝜇𝑐 ≈ 𝜇 [LFJ*23]. This avoids typ-
ical artifacts of linear materials that can appear if the microrota-
tions could strongly deviate from the continuum. From a theoretical
point of view, the Cosserat model can be seen as a generalization of
the classic shear-rigid Kirchhoff-Love shells and shear-deformable
Reissner-Mindlin plate models [Nef04] which can be recovered at
the limits 𝜇𝑐 → ∞ and 𝜇𝑐 = 0, respectively. However, these limit
cases are numerically more challenging, requiring additional con-
siderations. Similar to the three-dimensional model, the membrane
energy can also be extended for large strains by replacing the lin-
earized volume term tr(E)2 with a nonlinear term such as

ΨV,nonlin (𝐽) =
1
2

(
(𝐽 −1)2 + (𝐽−1 −1)2

)
, 𝐽 =

√
det i

√
detI

, (13)

where 𝐽 measures the local change in area with the first fundamen-
tal form i = j𝑇 j in the deformed configuration.

Bending energy The bending energy Ψbend results from the di-
mensional reduction of a three-dimensional solid to a two dimen-
sional surface and models its flexural stiffness due to the non-zero
thickness. For the models we employ, the bending energy den-
sity is identical to the physically linear membrane energy den-
sity, i.e. Ψbend (A) := Ψmemb (A) for some argument A. As noted
by Wen and Barbič [WB23], explicitly identifying the terms re-
lated to bending allows us to potentially scale the bending stiffness
independently of the thickness in a non-physical way.

Curvature energy The curvature energy Ψcurv is a purely non-
classical contribution and can be used to introduce additional stiff-
ness against changes of orientation of the microrotation field on
top of the volumetrically-consistent bending energy. In this work,
we consider the energy

Ψcurv (𝚪) = 𝜇𝐿2
𝑐 ∥𝚪∥2

𝐹 , (14)

where 𝐿𝑐 is a characteristic length scale of a “microstructure”
in the context of micropolar materials in the mechanics litera-
ture. For us however, this parameter and this term of the material
model is mainly interesting to control the stiffness with respect to
a prescribed “rest” curvature 𝚪0 independently of the thickness or
stretching stiffness of the shell. We demonstrate this in our experi-
ments in Section 5.

4. Problem formulation and discretization

After introducing the material model, we now present our dis-
cretization approach for the simulation of three-director Cosserat
shells. Naturally, this procedure is slightly more involved than
the discretization of classic shell or cloth models established
in physically-based animation. While the mechanics and applied
mathematics literature predominantly focuses on static problems,
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we are mostly interested in the dynamic behavior of shells. In gen-
eral, we build upon the approach for the discretization of micropo-
lar volumetric deformables introduced by Löschner et al. [LFJ*23].
In summary, this includes the formulation of the dynamics as an in-
cremental potential, spatial discretization using FEM and interpo-
lation of the microrotation field by updating rotations at the quadra-
ture points with interpolated angular velocities. We briefly recap the
most important aspects and highlight the differences when adapting
the approach to shells.

4.1. Incremental potential formulation

The foundation of our discretization is the implicit time integration
of the shell model which we formulate as an optimization prob-
lem. We define its degrees of freedom to be the global translational
and angular velocities 𝒗 and 𝝎 associated with the previously intro-
duced material model. In particular, applying the backward Euler
method, we solve for a minimizer of the incremental potential

𝐸 (𝒗,𝝎) = 𝐸int (𝒗,𝝎) +𝐸ext (𝒗,𝝎) + 1
2
(𝒗− 𝒗0)𝑇Mρ (𝒗− 𝒗0)

+ 1
2
(𝝎−𝝎0)𝑇M 𝑗 (𝝎−𝝎0) , (15)

where 𝐸int is the material’s total strain energy, 𝐸ext accounts for
external potentials (such as gravity or contact potentials), 𝒗0 and
𝝎0 are the velocities at the end of the previous time step and Mρ

and M 𝑗 are the mass matrices for the translational and rotational
degrees of freedom. Both matrices can either be lumped or com-
puted in an FEM consistent way, taking into account a curved rest
geometry as suggested by Wen and Barbič [WB23]. In practice, we
assume a quasi-static behavior of the microrotation field by setting
the rotational inertia density to zero (M 𝑗 = 0). Although our for-
mulation still permits using a non-zero value, doing so can cause
unintuitive dynamic behavior as it assigns rotational inertia energy
to individual material points. For example, consider a pendulum
modeled with the present shell model and a non-zero rotational in-
ertia density. When set into motion under gravity, this would cause
the pendulum to accelerate more slowly as any initial potential en-
ergy will be converted not only into classical kinetic energy (i.e. a
swinging motion) but instead split between the classical kinetic en-
ergy and the additional rotational inertia energy. While this could
be desired behavior in the mechanics or engineering communities
where micropolar materials are used in specialized applications, we
consider this too obscure to explore in this work.

In order to robustly minimize the potential 𝐸 (𝒗,𝝎) we use New-
ton’s method which requires the global gradient and Hessian of
the objective function. We obtain the corresponding per-element
derivative expressions using the symbolic differentiation frame-
work SymX [FLW*23]. Overall, the optimization-based formula-
tion allows us to easily couple the shell model with other physical
systems, such as rigid bodies, volumetric (micropolar or classic)
deformables or to incorporate a robust model for frictional contact
such as IPC [LFS*20; LKJ21], by adding their respective energy
contributions to the objective function. This also includes boundary
conditions for positions or velocities and rotations or angular veloc-
ities which we prescribe using potentials corresponding to penalty
forces. Even though it is possible to prescribe boundary conditions

for the rotations (e.g. for “clamping” a surface using only its bound-
ary nodes) this is not necessary to obtain a well-defined problem (at
least in the case of 𝜇𝑐 > 0).

4.2. Finite element discretization

For the spatial discretization of the model we use the finite element
method. As established before, the surface of the shell has to be
covered by patches of local parametrizations. When using FEM,
this is realized through the tesselation of the surface into individual
elements locally parametrized by their reference element. Referring
back to the introduction of the kinematic relations, the configura-
tion of the shell’s rest state is described by the midsurface embed-
ding 𝒎0. Its FEM interpolation inside of an element, parametrized
by the reference element coordinates 𝝃 ∈ R2, is given by

𝒎0 (𝝃) =
𝑛sh∑︁
𝑖=1

𝑿𝑖𝑁𝑖 (𝝃) , (16)

where 𝑿𝑖 are the nodal positions in the undeformed configuration
and 𝑁𝑖 (𝝃), 𝑖 = 1,...,𝑛sh are the shape functions of the element. Then,
the element Jacobian J ∈ R3×2 is given by

J(𝝃) = 𝜕𝒎0
𝜕𝝃

=

𝑛sh∑︁
𝑖=1

𝑿𝑖∇𝑁𝑖 (𝝃) . (17)

Both expressions can be written in terms of matrix multiplications

𝒎0 (𝝃) = X𝑒𝑵𝑒 (𝝃) and J(𝝃) = X𝑒∇𝑵𝑒 (𝝃) , (18)

where X𝑒 ∈ R3×𝑛sh is the horizontally stacked vector of nodal po-
sitions, 𝑵𝑒 (𝝃) ∈ R𝑛sh is the column vector of the element’s shape
functions and ∇𝑵𝑒 (𝝃) ∈ R𝑛sh×2 is the corresponding Jacobian. Fol-
lowing these definitions we can directly evaluate, e.g., the deforma-
tion gradient F = jJ† with j = x𝑒∇𝑵𝑒. The other kinematic quan-
tities follow accordingly. The evaluation of the total strain energy
is then approximated using numerical integration over 𝑛el elements
with a quadrature rule on the reference element with 𝑛qp points by

𝐸int =

∫
𝜔
Ψ𝑑S ≈

𝑛el∑︁
𝑖

∫
𝑇̂
Ψ(𝒎0 (𝝃))

√︁
detI𝑖 (𝝃)𝑑𝝃 (19)

≈
𝑛el∑︁
𝑖

𝑛qp∑︁
𝑗

𝑤̂ 𝑗 Ψ̂( 𝒑̂ 𝑗 )
√︃

detI𝑖 ( 𝒑̂ 𝑗 )𝑑𝝃 , (20)

where 𝑇 is the reference element, I𝑖 (𝝃) = J𝑖 (𝝃)𝑇J𝑖 (𝝃) is the first
fundamental form of the 𝑖-th element, 𝑤̂ 𝑗 and 𝒑̂ 𝑗 are the weights
and points of a quadrature rule and Ψ̂ is strain energy density trans-
formed to the the reference element.

Interpolation of rotations To numerically integrate the energy
density over an element according to Eq. (20), the embedding of
the deformed shell 𝒎 and the microrotation field Q has to be eval-
uated at the quadrature points. The deformation of the shell can be
interpolated analogous to Eq. (16). As we use velocities as degrees
of freedom, we additionally have to substitute the time integration
rule into the interpolation to obtain the updated nodal positions of
the current configuration. For the microrotation field however, it is
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less clear how to obtain a consistent interpolation scheme as ro-
tations do not form a vector space. We follow the approach intro-
duced by Löschner et al. [LFJ*23] which keeps track of the rota-
tions at the quadrature points as additional history variables and
updates them by applying a time integration rule for quaternions,
either exactly using the quaternion exponential function or using
the common approximation

𝒒(𝝎) ≈ 𝒒̃(𝝎)
∥ 𝒒̃(𝝎)∥ with 𝒒̃(𝝎) = 𝒒0 +

Δ𝑡

2
𝝎𝑞𝒒0 , (21)

where 𝜔𝑞 is a quaternion with its imaginary part set to the angu-
lar velocity which can be interpolated as a vector from the nodal
values. This is done in each Newton iteration as part of the en-
ergy evaluation. To get rid of a potential path dependence of the
solution due to the additional history variables, the incrementally
updated rotations could be “reset” after each or a certain number
of time steps, for example using the stable updating approach pro-
posed by Magisano et al. [MLMG20] or using spherical weighted
averages [BF01]. In our experiments however, this was not neces-
sary even for time step sizes around Δ𝑡 = 10ms. The orientation of
the directors (i.e. columns of the rotation matrix Q) can be recov-
ered by converting the quaternion 𝒒 into its matrix representation.

Curvature tensor from quaternions Above, the curvature tensor
𝚪 was introduced in terms of the rotation matrix representation Q
of the elastic microrotations. As we use a unit quaternion repre-
sentation 𝒒 in practice to perform the time integration, we directly
compute the curvature tensor based on unit quaternions by

𝚪 = 𝚪𝜔J† with 𝚪𝜔 = 2vec
(
conj(𝒒) 𝜕𝒒

𝜕𝜉𝛼

)
⊗ 𝒆𝛼 , (22)

where vec(𝒒) ∈ R3 denotes the imaginary part of the quaternion,
conj(𝒒) its conjugate and 𝒆𝛼 are the unit vectors of R2. The gradi-
ent of 𝒒 is approximated analogous to Eq. (17).

Quadrature rules and element type As the interpolation of the
nodal rotations to the interior of an element is nonlinear (which
all consistent interpolation approaches have in common), a single
quadrature point is generally not enough to accurately integrate the
involved energy densities even on linear elements. This is in con-
trast to classic elasticity where a single quadrature point is suffi-
cient for linear elements due to the constant deformation gradient.
More specifically, using only one quadrature point can be consid-
ered a form of reduced integration in the context of the Cosserat
model. With this approach we encountered numerical artifacts such
as zero-energy modes in the rotation field making this choice basi-
cally unusable without further modifications.

However, seemingly unlike to the three-dimensional model, us-
ing more accurate quadrature rules for linear elements lead to sig-
nificant locking issues for shells. This prevents the simulation es-
pecially of stiff but bendable materials without excessively fine
meshes. In the context of shells, locking is a well known prob-
lem in engineering [HLP96], applied mathematics [Wei12; Qua12]
and computer graphics [LKJ21; LDB*23]. We note that the results
from Weischedel [Wei12] for one-director Cosserat shells can not
be trivially applied to the Cosserat model presented here, as our
degrees of freedom include an entire frame of directors instead

of only one director. A mid-edge discretization of the microrota-
tion field (corresponding to non-conforming Crouzeix–Raviart ele-
ments) does not seem to be sufficient to resolve locking.

To alleviate the issue for our implementation of the three-
director Cosserat model, we follow the conclusions of Sander et al.
[SNB16] and Nebel et al. [NSBN23] that a second-order discretiza-
tion of the deformation combined with a first-order discretization
of the rotation field should be appropriate to resolve locking in
most cases. In particular, we will employ second-order Lagrange
triangles (quadratic, six nodes) for the deformation, combined with
standard first-order Lagrange triangles (linear, three nodes) for the
rotation. As the geometry of the shell and accordingly the shape of
the elements is defined by the quadratic elements, the element Jaco-
bian is always provided by the quadratic element, even for the eval-
uation of the rotation gradients. The basis functions of the linear
elements are only used for the interpolation of the angular veloci-
ties and rotation gradients and they can reuse the connectivity of the
quadratic mesh (by ignoring the edge midpoints). For the numeri-
cal integration we use a three-point Gaussian quadrature rule of
order two for all triangle elements (see supplementary document)
We performed several experiments (see Section 5.1) to validate that
our implementation of the discretization is mostly locking free.

5. Evaluation

In the following, we present several experiments to check the cor-
rectness of our implementation, to verify the consistency of the
model and the discretization and to demonstrate applications of the
Cosserat shell model in the context of physically-based animation.
For strong coupling with existing physical models, we used the
STARK simulation framework [FLL*24]. We always initialize the
elastic microrotation field Q (or rather the corresponding quater-
nions) with an identity rotation as we reasoned in Section 3.1. All
experiments use second-order Lagrangian triangle elements (later
denoted as quadratic elements), as reasoned in Section 4.2, except
for comparisons where a differing element type is explicitly noted.
This information, including full timing information and the num-
ber of the corresponding degrees of freedom for all experiments,
can also be found in in the supplementary document. All timings
were measured on a workstation with an AMD 5975WX CPU (32
cores, 3.6GHz) and 256GB of DDR4 8-channel RAM. To render
quadratic triangle meshes, we use the quadratic basis functions to
interpolate displacements and normals onto a finer linear triangle
mesh obtained by subdivision of the simulation mesh at rest.

System solves For the solution of the linear system in each Newton
iteration we generally use a direct solver based on LU decomposi-
tion. Employing a direct solver guarantees robust solves even for
extremely stiff material parameters and challenging contact prob-
lems. As for classic hyperelastic material models, the Hessian of
the Cosserat shell model can generally become indefinite even in
simple scenarios such as the twisting strip shown in Figure 4. How-
ever, for scenarios which are dominated by elastic forces (without
contact and friction), a simple numerical projection to positive def-
initeness of element-wise Hessians often leads to a substantial in-
crease in the number of iterations required for Newton’s method
to converge (similar to classic materials [LLF*23]). Therefore, we
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Figure 4: A clamped plate is twisted by two (top right) and four full revolutions (bottom right) with an angular velocity of one revolution
per second. The elastic microrotation field Q is visualized using a coordinate frame oriented according to its columns (the directors). As the
initial configuration is flat, they coincide with the total microrotation R and the 𝑧-axis (blue) is almost perpendicular to the surface.

opted to not perform projections of the shell model at all and to
only project contributions of the contact model. Finally, while the
LU decomposition is a safe choice to solve even indefinite systems,
this can in principle result in a direction that is not a descent di-
rection. In these situations we restart the time step with a smaller
step size which happened only for some challenging contact situ-
ations in our experiments and did not occur in the purely elastic
experiments. Nevertheless, for applications with strong robustness
requirements, even in degenerate configurations, further analysis
regarding inversion stability and projections should be performed
in the future. For experiments with very stiff materials, we imple-
ment the robust line search method introduced by Longva et al.
[LLF*23]. To determine convergence of Newton’s method, we use
the residual of the balance of forces and for most experiments we
apply a tolerance of ϵ = 1 ·10−7 on the maximum norm. For exper-
iments with frictional contact we use a tolerance of ϵ = 1 ·10−3.

Contacts In our experiments, we demonstrate interactions of mi-
cropolar shells with our implementation of IPC [LFS*20]. For the
contact handling of the quadratic surface meshes we obtain a colli-
sion proxy mesh by performing a trivial subdivision per quadratic
triangle into four linear triangles, directly reusing the existing mesh
vertices without additional interpolation. This corresponds to the
most simple realization of the “High-Order IPC” concept intro-
duced by Ferguson et al. [FJZ*23]. For more details on contact
handling we refer to the course by Andrews et al. [AEF22].

Constitutive model We presented two Cosserat models, a simpli-
fied plate model for planar rest configurations (Section 3.2) and a
shell model specifically for curved initial configurations (see sup-
plementary document). If not otherwise indicated, we used the plate
model for the following experiments. In particular, for geometries
with an actually planar rest state the curved shell model is identical
to the plate model as all additional terms vanish for zero rest state
curvature. In the “Möbius strip” and “twisted half sphere” experi-
ments described below (see Section 5.3), we compare both models
on actual curved geometry to justify our application of the plate
model, even for non-planar piecewise affine meshes.

5.1. Validation: discretization and locking

Twisting strip To verify that our discretization of the Cosserat
shell model can handle large rotations, we simulate a plate (10cm ×
1cm, ℎ = 2mm) clamped on one side. The plate is very stiff (pa-

Final frame for linear triangle meshes (𝑛𝑦 = 1, 4, 16, 64)

Final frame for quadratic triangle meshes (𝑛𝑦 = 1, 4, 16, 64)

1 2 4 8 16 32 64
Mesh resolution (ny)

0.0

1.0

2.0

3.0

D
ef
le
ct
io
n
(in

cm
)

Linear
Quadratic

1
Figure 5: We apply a progressive load to a plate which leads to dif-
ferent deflections depending on the discretization. The dashed lines
indicate max. and min. expected deflection (i.e. solution of finest
mesh vs. no deflection). Linear elements exhibit shear-locking while
quadratic elements yield accurate results even for coarse meshes.

rameters based on aluminum) without significant additional bend-
ing stiffness (𝐸 = 7 · 1010 Pa, 𝜈 = 0.35, 𝜇𝑐 = 𝜇, 𝐿𝑐 = 2 · 10−6 m).
On the non-clamped side, we prescribe a constant twisting angular
velocity of 𝜔𝑥 = 360◦ s−1 to both the nodal positions and rotations
over 4 s with a fixed time step of Δ𝑡 = 10ms. As shown in Figure 4,
this set of parameters leads to an almost symmetricly twisted con-
figuration with four complete twists of the plate without any inver-
sions or buckling. At this final configuration, the maximum angular
distance between orientations inside of an element over the entire
mesh is 36.9◦. Newton’s method required on average 4 iterations
per time step to converge without any projection.

Computer Graphics Forum published by Eurographics and John Wiley & Sons Ltd.
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Final frame for linear triangle meshes (𝑛𝑦 = 1, 4, 16, 64)

Final frame for quadratic triangle meshes (𝑛𝑦 = 1, 4, 16, 64)

1 2 4 8 16 32 64
Mesh resolution (ny)

0.0
0.1
0.2
0.3
0.4
0.5
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1
Figure 6: For an initially flat plate (𝐿 = 0.5m) we prescribe the
curvature of a cylinder (𝐻 = 1/𝑟 = 4𝜋m−1) which results in a near
cylindrical shape with a gap between the plate’s ends depending
on the discretization. The dashed lines indicate the maximum and
minium achievable gap size (i.e. plate length vs. zero gap). Again,
quadratic elements converge very quickly.

Plate under load To investigate locking, we repeat a classic ex-
periment similar to the one performed by Sander et al. [SNB16].
We clamp a plate on one side, with the same parameters and di-
mensions from the twisting experiment. Along the edge of the free
end, we apply a linearly increasing load of up to 50 N in the posi-
tive global 𝑧-direction. We perform the experiment with a sequence
of meshes under uniform refinement, starting with 𝑛𝑥 ×𝑛𝑦 = 10×1
squares split into two triangles each. For the discretization we com-
pare linear elements with quadratic elements for the displacement,
while the rotations are always discretized using linear elements.
For the evaluation, we measure the deflection of the free end of the
plate which is visualized in Figure 5. It is clearly visible that linear
elements exhibit locking which is not present if the displacement
is discretized with quadratic elements. This behavior is not limited
to extremely stiff materials as demonstrated here, but can also be
observed for an appropriately scaled down stiffness and load.

Cylinder coiling As a variation on the previous experiment and
to verify our implementation of the curvature tensor and the as-
sociated bending energy terms, we perform a second locking ex-
periment. This time, we clamp an initially planar plate (50cm×
12.5cm, ℎ = 1cm) of a softer material (𝐸 = 1 · 106 Pa, 𝜈 = 0.35;
𝜇𝑐 = 𝜇, 𝐿𝑐 = 1 ·10−2 m) on one side. Per quadrature point, we pre-
scribe a rest-state curvature tensor 𝚪0 (see Section 3.1) with all
entries set to zero except for [𝚪0]21 = 4𝜋m−1 which matches the
curvature of a cylinder of the given dimensions. Again, we sim-
ulate a series of uniformly refined meshes starting with a grid of

𝑛𝑥 × 𝑛𝑦 = 4×1. For the evaluation, we measure the Hausdorff dis-
tance between the two ends of the plate which should ideally be
zero when the plate forms a cylinder. As shown in Figure 6, with
linear elements, the plate does not form a cylinder at all for coarse
meshes, improving only after several levels of refinement. Whereas
individual quadratic elements are also generally unable to perfectly
reproduce a non-zero constant mean curvature (as polynomials do
not have a constant radius of curvature), they already show a good
approximation of the cylinder with the coarsest mesh.

The results of our two previous experiments regarding lock-
ing are in agreement with the conclusions drawn by Sander et
al. [SNB16] and Nebel et al. [NSBN23] that for Cosserat shells
second-order elements are necessary for the discretization of the
displacement field to avoid substantial shear-locking while first-
order elements are sufficient to discretize the rotations.

Regarding the runtime of simulations, it is clear that for a mesh
with the same number of elements a simulation with quadratic ele-
ments will be slower due to the higher number of degrees of free-
dom which makes assembly and linear solves more costly. This is
exacerbated with increasing mesh resolution due to the cubic com-
plexity of the LU decomposition. However, if we compare sim-
ulations with comparable behavior, we can achieve a significant
speedup with quadratic elements. For example, in our “plate under
load” experiment for a grid of 𝑛𝑦 = 16 elements, quadratic elements
required 2.7 more runtime than linear elements (550 ms vs 201 ms
per time step). However, a quadratic mesh with 𝑛𝑦 = 2 performs
already comparable to the linear mesh and runs 6.3 times faster
(32 ms per time step) than the higher resolution linear mesh. For
full timing information see the supplementary document.

5.2. Consistency with other models

Three-dimensional deformables To verify the consistency of the
presented Cosserat shell model with its “parent” three-dimensional
model (see e.g. [NBO15]), we recreate the “lotus flower” scene
shown by Löschner et al. [LFJ*23] with identical material param-
eters but using codimensional shells. The material is relatively soft
to stretching but stiff to bending (𝐸 = 5 · 105 Pa, 𝜈 = 0.3; 𝜇𝑐 = 𝜇,
𝐿𝑐 = 1m). The three layers of the “flower” are plates (1m × 1m,
ℎ = 1cm), originally discretized by a 100×100×1 hexahedral grid
subdivided into linear tetrahedrons. Over time, a linearly increas-
ing curvature is prescribed with a different strength per layer and a
single vertex in the center is fixed in position. For the evaluation,
we compare the final shape of the codimensional plates of differ-
ent mesh resolutions to the three-dimensional model as rendered in
Figure 7. For the error metric, we compute the maximum between
the Hausdorff RMS (root mean square) distances of the midsurface
of the volumetric mesh to the reduced model and vice versa, which
is plotted in Figure 8. We observe that the shell model is visually
already close to the volumetric solution for the coarsest resolutions
and with refinement the distance quickly falls within the thickness
of the plates. Although a more detailed analysis would require an
even finer volumetric discretization, especially in the thickness di-
rection, this generally confirms the consistency of the shell model.

Kirchhoff-Love shells In this experiment we qualitatively com-
pare simulations of our implementation of the Cosserat shells

Computer Graphics Forum published by Eurographics and John Wiley & Sons Ltd.
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Figure 7: We recreate the micropolar “lotus flower” scene [LFJ*23] with the codimensional shell model and identical material parameters.
Even a coarse 4×4 grid of quadratic elements per layer matches the shape well (left), while the 32×32 grid matches the displacement almost
perfectly (middle). Originally, the volumetric simulation used 60k linear tetrahedrons (100×100×1 grid, right). For the error between the
codimensional simulations and the volumetric solution see Figure 8.

4 8 16 32 64
Codimensional mesh resolution (n×n)

0.0
0.5
1.0
1.5
2.0
2.5

d H
R
M
S
(in

cm
)

Layer 1
Layer 2
Layer 3

1
Figure 8: The plot shows, per layer of the lotus flower (see Fig-
ure 7), the RMS of the Hausdorff distance 𝑑H between the midsur-
face of the volumetric mesh (fixed resolution) and the shell model
with increasing mesh resolution. The distance quickly falls within
the plate’s envelope (ℎ/2 , dashed line) and indicates consistency
of the shell with the volumetric model.

(quadratic elements) with an implementation of the Kirchhoff-
Love shell model by Wen and Barbič [WB23] with a St. Venant-
Kirchhoff material (linear elements). We simulate the Stanford
bunny (scaled to 50 cm height) with three different shell thick-
ness values (ℎ = 10mm, 3.75mm and 1.5mm) and a soft material
(𝐸 = 1 · 105 Pa, 𝜈 = 0.4) under gravity (ρ = 500kgm−3), with fric-
tional contact and with a clamped base. For the Cosserat shell we
use the nonlinear volume term given by Eq. (13). While we can-
not expect identical results, due to the fundamental difference in
the models’ assumptions, we obtain qualitatively similar dynamic
behaviors of the shells as shown in Figure 9. Furthermore, we ob-
served that the KL model can be more easily affected by very low
quality meshes with stretched triangles and large differences in
area. The discrete curvature measures and normal orientations used
by it can strongly fluctuate between neighboring elements around
sharp corners, leading to less stable contributions of the bending
terms and more Newton iterations, especially for larger thickness
values. Whereas we can circumvent this for the Cosserat model by
approximating the shell’s behavior with the simplified plate model
which does not depend at all on the surface normals (bending and
curvature terms only depend on the microrotation DOF), this is not
possible for the KL model as bending is inherently defined by the
normals. However, such problems were rare and did not occur for
typical meshes of decent quality.

Figure 9: Three bunnies of thickness ℎ = 10mm, 3.75mm and
1.5mm (left to right) simulated with the Cosserat plate model (top
row) behave qualitatively consistent with the Kirchhoff-Love model
with St.VK material presented by Wen and Barbič [WB23] (bottom
row). The transparent shape indicates the rest shape.

5.3. Controlled deformation

With the Cosserat shell model we have several ways of directly
or indirectly influencing the rotational degrees of freedom and the
curvature of a shell. This includes directly prescribing rotations or
angular velocities as boundary conditions on nodes of the mesh, ap-
plying external angular accelerations or torques (as surface loads or
volume densities) and manipulating the rest curvature of the shell.

Curvature “modes” To demonstrate the effects of prescribing dif-
ferent components of the curvature tensor by specifying a non-zero
𝚪0, we use a plate (8cm× 100cm, ℎ = 1cm) that is very soft to
stretching but stiff to bending (𝐸 = 1 · 104 Pa, 𝜈 = 0.3; 𝜇𝑐 = 𝜇,
𝐿𝑐 = 1m). A single row of vertices in the middle of the plate, par-
allel to its shorter extent, is fixed in position. Per simulation run,
we prescribe for one entry of the curvature tensor a positive curva-
ture on the right side of the boundary condition and the opposite
curvature on the left. The results are visualized in Figure 10.

Acrobatic armadillos To show the effect of rest curvature on non-
planar meshes, we repeat the previous experiment with three ar-
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Figure 10: Visualization of the different curvature “modes” by
respectively prescribing one component of the rest curvature tensor
𝚪0 per plate. One row in the middle of each plate (red line) is fixed
in position and we prescribe positive/negative curvature values to
the right/left of it. We obtain four out-of-plane bending modes (two
top rows) and two in-plane “drilling” modes (bottom row).

Figure 11: The curvature of these armadillos (non-planar shells)
was prescribed by modifying the third column of the rest curvature
tensor 𝚪0 corresponding to orientation changes along the 𝑧-axis.
Individually prescribing a curvature value per row results in bend-
ing around the 𝑥-, 𝑦- or 𝑧-axis, respectively (left to right).

madillos. For each of the deformed armadillos shown in Figure 11
we set a constant prescribed curvature along the global 𝑧-axis, i.e.
the third column of the curvature tensor 𝚪0. This confirms the in-
tuition we gave about the orientation of the strain measures given
in Section 3.1. For a non-planar mesh, all entries of the curvature
tensor 𝚪 ∈ R3×3 may be non-zero, however it will always be of
(column) rank 2 as it never has a component normal to the surface.

Buckling of a circular plate To demonstrate another aspect of
non-Euclidean shells, we recreate an experiment of a circular plate
with curved boundary (𝑟 = 2.5cm, ℎ = 0.3mm, 𝐸 = 1 · 106 Pa,
𝜈 = 0.4; 𝜇𝑐 = 𝜇, 𝐿𝑐 = 1 · 10−3ℎ) subject to non-uniform growth,

Figure 12: The Cosserat shell model also allows us to prescribe a
“rest” deformation gradient F0, here, a radially varying expansion
(white: no expansion, blue: highest expansion) to reproduce the
buckling of non-Euclidean shells shown by Chen et al. [CSvRV18].

Figure 13: A Möbius strip (80 curved second-order triangles)
clamped on the top left side is subject to gravity. The coordinate
frames visualize the elastic microrotation Q (the rotational degrees
of freedom) which are given the identity matrix in the rest state
(left). As the rest configuration is curved, the 𝑧-axis (blue) gener-
ally does not correspond to the (possibly sheared) surface normal
given by the total microrotation R = QR0 (see Section 3.1).

discretized with 120 curved second-order triangles. To achieve this,
we scale the actual rest value of F0 (see Eq. (8)) with a radially and
time-dependent factor 𝑐(𝑟, 𝑡) of up to 𝑐 = 1.35. At some point the
expanded material “does not fit” into the planar shape constrained
by the non-expanded material and buckles out-of-plane. Depending
on whether the highest expansion is in the center or on the bound-
ary of the plate, we obtain the shapes shown in Figure 12 which
qualitatively agree with results from Chen et al. [CSvRV18].

Möbius strip As a first experiment to validate the use of the
Cosserat plate model for the simulation of curved shells, we simu-
late a Möbius strip under gravity (inspired by [NSBN23]). To ob-
tain a mesh with actually curved elements, we construct the Möbius
strip in a preceding simulation where we twist and bend a plate
(10cm × 1cm, ℎ = 0.5mm) consisting of 80 second-order elements
by prescribing curvature followed by a “merge by distance” op-
eration when the two ends are close enough such that we obtain
the final non-orientable surface. This mesh is then used as the rest
state for the actual simulation (𝐸 = 1 · 106 Pa, 𝜈 = 0.4; 𝜇𝑐 = 𝜇,
𝐿𝑐 = 1 · 10−3ℎ) with gravity (ρ = 2000kgm−3). For comparison,
we ran the simulation with our two implemented Cosserat models
(the plate and curved shell model, respectively, see Section 3.2). To
determine the error between the models we measured the maximum
two-sided Hausdorff distance between the surfaces at the end of the
simulation which amounted to an absolute maximum distance of
only 𝑑abs = 7 · 10−6 m or a relative distance w.r.t. to the bounding
box of the Möbius strip of 𝑑rel = 1.56 · 10−4. The two shells be-
haved visually identical through the simulation. Newton’s method
required on average 2 iterations to converge to our tolerance.

Twisted half sphere For the experiment shown Figure 1 (right),
we simulate a half sphere with 1536 curved elements (𝑟 = 1m,
ℎ = 1mm) made from a soft material (𝐸 = 1 ·104 Pa, 𝜈 = 0.4; 𝜇𝑐 = 𝜇,
𝐿𝑐 = 1 · 10−5 m). Over the first 4 s of the simulation we directly
apply an angular velocity of 𝜔𝑧 = 90◦ s−1 to a single vertex (the
north-pole) of the half sphere while its equator is fixed in position.
The prescribed angular velocity results in complex wrinkling and
the shape shown in the render. The scene is simulated with fric-
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tional contact to avoid obvious penetrations. As in the previous ex-
periment, we compare the deformations of the shell at the end of the
simulation obtained with the Cosserat plate and curved shell model,
respectively. The maximum two-sided Hausdorff distance between
the solutions was 𝑑abs = 1 · 10−6 m or 𝑑rel = 1.4 · 10−7 relative to
the bounding box. Again there was no visual difference during the
entire simulation. The runtime of this scene for 6s simulated time
was 126s in total or 210ms on average per time step with the plate
model and 141s in total or 234ms on average per time step with
the curved shell model. Overall the simulation with the shell model
was approximately 12% slower, mostly due to the more expensive
evaluation of the material model itself. Newton’s method required
on average 2-3 iterations to converge to our tolerance, largely unaf-
fected by the choice of model.

Ancient papyrus scroll For this experiment we start with a “wrin-
kled” (non-planar) sheet of “papyrus” (0.5m × 0.25m, ℎ = 1mm)
with a stiffer material (𝐸 = 1 · 108 Pa, 𝜈 = 0.3; 𝜇𝑐 = 𝜇, 𝐿𝑐 = 1 ·
10−2 m) made of 200 curved second-order elements. Originating
from the two shorter sides, we prescribe a spatially and temporally
varying rest curvature 𝚪0 to roll it like a scroll. Afterwards, we
add three rigid bodies with prescribed kinematics to push the scroll
open again by frictional contact which results in the configuration
shown in Figure 1 (left). Over 1509 time steps with an average
Δ𝑡 = 9.9ms, Newton’s method required on average 4-5 iterations to
converge to our tolerance, however some time steps are significant
outliers with many more iterations due to complex contacts. The
runtime of this scene for 15s simulated time was 272s in total or
180ms on average per time step.

6. Conclusion

In this work we proposed a novel incremental potential formu-
lation of three-director Cosserat (“micropolar”) shells well suited
for the application in physically-based animation and allowing for
strong coupling with frictional contact and other physical systems.
We presented a corresponding FEM discretization for non-planar
meshes with second-order elements which did not show signifi-
cant locking in our experiments. In our evaluation, we also demon-
strated that our formulation is quantitatively consistent with the
three-dimensional Cosserat (micropolar) continuum model but re-
quires much fewer degrees of freedom to achieve visually compa-
rable results. Furthermore, we compared two existing constitutive
models, a Cosserat model for curved shells and a simplified model
for initially planar plates and found that the models yield compa-
rable results on curved geometries. Therefore, we recommend the
use of the plate model in the context of computer graphics as it is
cheaper to evaluate and easier to implement because it does not de-
pend on any geometric curvature measures and also has less com-
plex derivatives as the strain measures do not get directly coupled
as in the curved shell model. Additionally, it is worth noting that the
low number of Newton iterations that were required for the model
to converge to our residual tolerance indicate that the rotational de-
grees of freedom do not pose a significant numerical challenge rel-
ative to other established continuum-based shell models.

We also identified some interesting opportunities for future work
in this direction. While we focused on three-director Cosserat mod-

els, a practical evaluation of one-director models in physically-
based animation remains a compelling future avenue. Weischedel
[Wei12] suggested a discretization of such a one-director model
with linear triangles motivated by discrete differential geometry,
however we also see applications for a higher-order discretiza-
tions to simulate curved geometries. Secondly, for practical appli-
cations where the robustness of the constitutive model is of high
importance it would make sense to more thoroughly investigate
the inversion stability [SHST12], robustness in demanding buck-
ling scenarios and definiteness properties of the model in the spirit
of recent work of Wu and Kim [WK23] and Shi and Kim [SK23]
and similarly motivated works [SGK19]. For the temporal dis-
cretization, we applied first-order methods. Due to the rotational
degrees of freedom, application of higher-order time integration
methods [LLJ*20] remains an open problem for now. Finally, as
we focused on an isotropic physically linear model with large ro-
tations, it would be a logical next step to explore nonlinear and
anisotropic constitutive models. Overall, we believe to have pre-
sented intriguing examples for the use of the additional modes of
control that Cosserat models offer and we hope to inspire future
research in this direction.
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