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A data-driven strategy for phase field

nucleation modeling
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We propose a data-driven strategy for parameter selection in phase field nucleation models using
machine learning and apply it to oxide nucleation in Fe-Cr alloys. A grand potential-based phase field
model, incorporating Langevin noise, is employed to simulate oxide nucleation and benchmarked
against the Johnson-Mehl-Avrami-Kolmogorov model. Three independent parameters in the phase
field simulations (Langevin noise strength, numerical grid discretization and critical nucleation radius)
are identified as essential for accurately modeling the nucleation behavior. These parameters serve as
input features for machine learning classification and regression models. The classification model
categorizes nucleation behavior into three nucleation density regimes, preventing invalid nucleation
attempts in simulations, while the regression model estimates the appropriate Langevin noise
strength, significantly reducing the need for time-consuming trial-and-error simulations. This data-
driven approach improves the efficiency of parameter selection in phase field models and provides a
generalizable method for simulating nucleation-driven microstructural evolution processes in various

materials.

For many years, the phase field (PF) method is widely utilized for simulating
microstructure evolution processes ', with applications to various fields like
solidification’, solid-state transformations®, grain growth and coarsening’,
additive manufacturing®, fracture”, biological systems'’ and many other
use cases. The fundamental concept of the methodology is based on the use
of “phase fields” (order parameters), which allow to distinguish between
the different phases or grains, and the use of partial differential equations for
the evolution of the microstructure as expressed through the dynamics of
these order parameters. These evolution equations replace a tedious tracking
of the interface locations, which is required for complementary sharp
interface modeling, and therefore largely simplify the algorithmic effort for
these moving boundary problems. A characteristic feature is the use of
diffusive interfaces, and their thickness is usually chosen significantly larger
than physical interface thicknesses, in order to avoid too fine discretizations
of the computational domain. However, this increase of the interface
thickness requires careful extrapolation of results towards the sharp inter-
face limit to ensure reliable results. This step can be supported by superior
model formulations involving thin interface approaches®' and nondiagonal
phase field models'*"".

Although these approaches nowadays allow to perform large scale
quantitative simulations of technically relevant multi-components alloy
systems in the deterministic growth regime, the formulation of nucleation as
arandom event is still a challenge. For example, oxidation can significantly

limit materials service through degradation processes. Although the phase
field method is employed to tailor the materials design in various ways,
reproducing properly the initial nucleation of oxides is still difficult for this
approach. A central reason for this difficulty is the mentioned increase of the
interface thickness, as it naturally implies that nuclei have to appear on scales
much larger than the numerical interface thickness, far beyond their
expected physical size, as otherwise they would shrink and disappear
immediately for insufficient supersaturations and undercooling. A natural
choice of a Langevin noise strength in the evolution equations to enable
thermal fluctuations is therefore not sufficient for obtaining a proper
nucleation behavior, therefore requiring model-specific and technical code
modifications beyond the established deterministic phase field evolution
equations.

Generally, there are two different approaches to modeling the
nucleation behavior in phase field simulations. The straightforward method
is in the spirit of the above discussion that one can explicitly include a
Langevin noise term into the governing phase field equations. Another
method has been proposed by Grandsy et al."*, in which the critical fluc-
tuations are calculated as a function of local composition, i.e. chemical
driving force. Through statistically assigning the critical fluctuations to
different areas of the simulation domain and adding a Langevin noise with
small amplitude, a potential nucleus growth beyond critical fluctuations is
determined. Although the second method can significantly reduce the
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computational effort, the nucleation formation in the phase field simula-
tions remains sensitive to the underlying grid spacing of the simulation
domain, the local driving force and the amplitude of the fluctuations.
Improper parameters may lead to the decay of the fluctuations or numerical
instabilities of the simulations. Using a trial and error method can help to
identify proper parameters for nucleation in the phase field simulations, to
be in agreement with experimental observations. However, existing phase
field models are still inherently computationally expensive and require high-
performance computing resources.

A particular application of phase field nucleation models is related
to the formation of oxides. Zaeceme and Kadiri developed a multi-phase
field model with simple quadratic free energy density for non-selective
oxidation to study oxidation kinetics and stress generation in the Zr-
ZrO, system”. Sherman et al. formulated a phase field model to study
the equilibrium state of an oxide where the film thickness is below the
Debye length'’. Kim et al. examined the kinetics of diffusion-controlled
oxide growth by using Sherman’s model'”. Wang et al. investigated the
impact of alloy composition, oxide nuclei size, shape and distribution
on the internal to external oxide growth transition'*. However, these
investigations only consider the oxidation processes in sandwich
structures or with pre-existing oxide nuclei. These artificially pre-
defined morphologies may lead to inconsistent grain numbers and
shapes, as well as improper grain boundary distributions compared to
experimental observations.

Contrary, machine learning generated significant progress for mate-
rials modeling, e.g. for material design, materials properties prediction,
microstructure investigations, and improving and accelerating ab initio
simulations'*”. In particular, in the field of corrosion, data-driven
approaches successfully predict electrochemical corrosion®, stress corro-
sion cracking™, the corrosion rate of alloys™ and the corrosion resistance for
multi-principal element alloys™. Therefore, the question arises whether
machine learning (ML) techniques can be suitable for the required para-
meter optimization in phase field nucleation models. With the development
in recent decades, more and more powerful machine learning models have
emerged, among them several deep learning algorithms, namely, convolu-
tional neural networks (CNN), recurrent neural networks (RNN) and other
artificial neural networks (ANN)>. A machine learning model is considered
as a black box that can analyze complicated relationships by training a
mathematical model according to a given data set. The construction of
relationships between the input parameters and output results without
consideration of underlying physical models can be powerful for situations,
where appropriate physical descriptions are difficult to develop or the
computing time for an existing model becomes too long. As a result of such
an approach, the computing speed can be accelerated tremendously through
the use of a trained model. For example, Z. Shen et al. developed a phase field
model for the breakdown process of polymer-based dielectrics by incor-
porating the electrical, thermal, and mechanical effects and training a
machine learning model on the basis of high-throughput simulation results
to produce an analytical expression for the breakdown strength as a function
of different material parameters™. D. Zapiain et al. built a model for learning
the microstructural evolution of targeted systems directly by combining
phase field and history-dependent machine learning techniques to accel-
erate the calculations”.

In the present work, we aim to demonstrate such a fruitful combination
of phase field and machine learning models for an efficient formulation of
oxidation during the service of ferritic steel-based interconnects for solid
oxide fuel and electrolyzer applications. Solid oxide fuel cells (SOFCs) are an
attractive approach for efficiently producing energy in an environmentally
friendly manner*™". Generally, SOFCs are operated as a serial “stack” with
common interconnects between the cells, which link the anodes and cath-
odes of adjacent units. The interconnects not only establish the electrical
connection between the electrodes of neighboring cells but also block the
contact of the oxidizing and reducing atmospheres. Therefore, inter-
connects are of crucial importance for the performance of SOFCs, and their
properties significantly influence the overall performance of SOFCs™.

Different metallic alloys are broadly selected as interconnects due to their
high mechanical strength, sufficient thermal conductivity, excellent elec-
tronic conductivity and low price™. At the high working temperature of
SOEFCs, ferritic stainless steels with formation of protective chromia scales
are promising candidates, such as AISI430°*, ZMG332* and Crofer 22
APUY, The formation of continuous Cr,O5 protective layers with 20-25%
Cr content increases the oxidation resistance of the interconnects. The
oxidation patterns are complex and depend on temperature, Cr con-
centration, atmospheric conditions and composition™ . Already for a Fe-
Cr binary alloy, the oxide layers typically consist of Fe-rich oxides, Fe-Cr
mixed oxide and Cr-rich oxides from the exposed interface to the matrix.
Two severe challenges arise when ferritic stainless steels are chosen as
interconnects. First, the overall electrical resistance during service time
increases. Second, the Cr,0Os layer can react with dry or wet air, which leads
to the evaporation of gaseous hexavalent Cr species, such as CrO;(g) and
CrO,(OH),. As a result, cathode materials like La,Sr;_.Co,Fe;_,Os.5
(LSCF) can subsequently react with the gaseous Cr species, and a formation
of a Sr- and Cr-containing oxides is observed in the cathodes, leading to Cr-
related degradation®. Therefore, a deep understanding of the Cr-oxide
formation processes in ferritic steels is important to optimize the perfor-
mance and longevity of SOFCs.

Aiming to develop a machine learning model that accurately predicts
nucleation parameters, thereby reducing computational costs and
improving model fidelity, we propose a data-driven strategy for the phase
field oxide nucleation modeling in the present work. The integration of
phase field modeling of the Cr,O; nucleation process during the initial
oxidation process in the interconnect with machine learning predictions of
nucleation parameters for the desired Cr,O; oxide nucleation density is
explored. To this end, a grand potential-based phase field nucleation model
is developed in section “Phase field nucleation model”. The phase field
nucleation model is benchmarked against classical models in section “Phase
field model validation”. In view of the fact that the nucleation behavior in
phase field simulations depends on the grid spacing, the chemical driving
force as well as the amplitude of the fluctuation, the influence of these
parameters on the nucleation density in the phase field simulations is
investigated in section “Phase field simulation analysis”. Then, based on the
phase field results, the predictions of the nucleation density via a developed
ANN model are demonstrated. First, a classification of the different
nucleation density regimes is done in section “Phase field simulation ana-
lysis”, followed by a quantitative regression in section “Regression model”.
As a result, we obtain machine learning-based predictions for the choice of
numerical parameters in the phase field model to get the desired nucleation
behavior.

Results and discussion

Phase field nucleation model

As mentioned in the introduction, there are different approaches to
model nucleation in phase field simulations, with different advantages
and disadvantages. In the present work, we adapt the approach pro-
posed by Ode and Ohnuma®. A central observation is, that the direct
addition of an additive white noise term to the phase field evolution
equation (14) at each grid point would typically require unreasonably
high noise strengths, as otherwise, the fluctuations would be insufficient
to trigger the formation of a nucleus. This is a result of the fact that nuclei
typically appear on scales lower than those considered in mesoscale
phase field simulations, and therefore the interface thickness overrides
the physical critical radius for nucleation, hence affecting artificially the
nucleation energy barrier. However, overcoming this effect by
increasing the noise strength tends to destabilize the numerics and is
therefore not a favorable approach.

The starting point of our considerations is to use a grand potential-
based phase field model without consideration of nucleation, as detailed in
the methods section. This phase field model allows for more accurate
representation of the free energy landscape, which is crucial for predicting
microstructure evolution"’. We add an uncorrelated, white Gaussian noise
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to this basic phase field model, such that the evolution equation becomes as
extension of Eq. (14) (see methods section)
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where §;;is the Kronecker delta. For the definition of all parameters, we refer
to the methods section. As will be discussed below, the selection of the
proper noise strength is essential, and a suitable approach for it is presented
in this work.

The second element is that supercritical fluctuations, which maylead to
the formation of a nucleus, are spatially extended. Therefore, if at a certain
location, the phase field (including the thermal fluctuations) exceeds a cri-
tical value, the phase field is elevated above the nucleation threshold inside a
spherical environment with a randomly selected radius. In this way, the
nucleus, which would physically appear on a scale below the grid resolution,
is magnified to a scale which is spatially resolved in the phase field simu-
lations. Its further growth or shrinkage is then described by the evolution
equation (1).

It is obvious that the behavior of this nucleation model depends on
physical aspects and numerical details of the implementation, which are
analyzed in the following. The goal is to identify the most relevant depen-
dencies, in order to find a strategy for selecting the noise strength such that
the desired nucleation density is obtained. We note that due to the afore-
mentioned nucleus enhancement, the noise strength is becoming a
numerical parameter and is therefore not determined by the fluctuation-
dissipation theorem.

Physically, we expect the nucleation to depend on the bulk driving
force, which is in the current context the grand potential difference Aw
between the mother and oxide phase. In analogy to the work in ref. 43, the
first derivative of the well potential term and chemical free energy are
considered, while the interface gradient term is omitted. Hence, for an
assumed grain j of phase  growing from grain i of the o matrix, the

= A(Z—T)o(t —t), ©)

simplified expression of the critical fluctuations is aa e + ““‘" = 0. After
expansion, we have
oh
MO(r]oa ’10{1 + 2’10:1)}0(1[3]’1;2]) + ((U - w/}) =0. (3)

With #g; = 1 — #,; and dimensionless Y5 = 1.5, #cri(Aw) can be solved
numerically, where Aw = w, — wg is the grand potential difference. This
critical phase field value is used explicitly in the procedure explained above,
as the order parameter inside the artificially stabilized nucleus is set to this
value. From this physical argument, we can therefore expect the nucleation
process to be dependent on the dimensionless ratio A/#;.

The second dependence, which is based on physical arguments, is
that the nucleation density will depend on the local value of the critical
nucleus. Whereas in the above consideration, the gradient square term
from the phase field model has been ignored, it is directly linked to the
formation of a critical nucleus as a balance between the above bulk
energy gain and an increase of interfacial energy. Therefore, the
characteristic length scale for the critical nucleus is given by R, = o/
Aw with the interfacial energy o. It is calculated via the integration of
Wgraa aNd Wy, Lo 0= J iooo(wgrad + wp,,) dx. A larger chemical
driving force or smaller interface energy requires a smaller nucleation
radius, which directly leads to larger nucleation density. Therefore, we
expect the choice of the Langevin noise to depend on the dimen-
sionless ratio R,/ W with the phase field interface thickness W, and

the latter is normalized to one in the following. Finally, as elaborated in
ref. 43, the phase field nucleation behavior depends on the chosen grid
spacing as a numerical parameter. Therefore, the third expected
relevant dependency for the selection of the Langevin noise strength is
the ratio Ax/W.

Altogether, we therefore expect that the noise strength for determining
the desired nucleation is density will depend in a nontrivial way on the three
parameters R.;/ W, Ax/W and A/#qi. A direct way to determine the noise
strength A would be by performing many phase field simulations and then
iteratively determining the suitable choice for this parameter. However, such
an iterative approach is tedious and time-consuming, and therefore we
propose here a strategy based on selected small-scale phase field simulations
in combination with machine learning techniques, for accelerated deter-
mination of the noise strength. We illustrate the approach in detail in the
following sections for the given phase field model. We note that the selection
of suitable parameters may additionally depend on other internal model
parameters, which are used e.g. for the detection of nuclei within a certain
environment and the rate of nucleus magnification. However, these para-
meters are kept constant throughout the simulations and are therefore not
screened. On a more general level, we emphasize that the overall approach
will also be beneficial for other phase field applications and different
nucleation models, which suffer from the combined dependence on physical
and numerical influencing factors.

Phase field model validation

For the application of the proposed phase field nucleation model, it is
essential that it leads to physically reasonable predictions. Therefore, we start
with a comparison of phase field nucleation simulations with the established
and frequently used Johnson-Mehl-Avrami-Kolmogorov (JMAK)
model” . The JMAK theory describes the time evolution of the volume
fraction of a new phase that forms during a phase transformation, and it
provides a framework for analyzing the rate of the transformation. Typi-
cally, JMAK theory can be expressed as

Y(t)/Y,, = 1— exp(—kt"), (4)

where Y() is the fraction of the new phase at time . Y, is the equilibrium
fraction of the new phase, k is a constant relating to the nucleation and
growth rates, # is the so called Avrami exponent, which is determined by the
mechanisms of nucleation and growth. The expression for # is given by

n=qd+ B, (5)

where typically q equals 1 for interface-controlled growth while g ~ 0.5 for
diffusion-controlled growth patterns. d is the spatial dimensions, and B is
related to the nucleation generation mode. For preexisting nuclei, B = 0,
while B = 1 for continuous nucleation with a constant rate. Generally, the
Avrami exponent n can conveniently be extracted through plotting
In{—In[1 — Y(#)/Y ]} versus In(t)".

Figure 1 compares two-dimensional phase field simulations with the
JMAK theory for a critical nucleation radius of R.;/W = 0.1. In these
simulations, the grid spacing is chosen as Ax = Ay = 0.8 W, and the amplitude
of the fluctuation is A/#;=0.12 and 0.06 to generate different nucleation
densities. In Fig. 1a, five independent two-dimensional phase field simula-
tions with continuous nucleation mode using different random number
initializations are presented as the cross points when A/#.,;=0.12, all leading
to essentially the same results. The corresponding average nucleation den-
sity after convergence is, which is defined as the number of nuclei per unit
area of the two-dimensional system size. We note that nucleation occurs
continuously during the simulation, but as the supersaturation decreases
due to the formation and growth of oxide nuclei, it converges to a density,
which is optimized in the following investigations. Snapshots of one of the
phase field simulations are displayed in the embedded figures. In Fig. 1b, the
average nucleation density is 1.13 x 10~*W 2, which is much lower than in
Fig. 1a, leading to coarser structures.
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Fig. 1 | Comparison of the phase field results with the Johnson-Mehl-Avrami-
Kolmogorov (JMAK) theory in two-dimensions for two different nucleation
densities. a 1.05 x 10°W 2 and (b) 1.13 x 10~*W2 for continuous nucleation. The
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agreement between phase field results and the JMAK theory supports the phase field
nucleation concept. To verify the robustness of the validation, the error analysis of
phase field results in (a) and (b) are measured via mean absolute error (MAE).

(a) High Density

Fig. 2 | Snapshots of microstructures for different nucleation densities. The
snapshots are labeled as (a) high density (using R/ W = 0.1, Ax/W = 0.8, A/#crie =
0.2), (b) medium density (Reit/ W = 0.1, Ax/W = 0.8, A/#fjoiy = 0.12) and (c) no
nucleation (R./ W = 0.12, Ax/W = 0.4, A/#j.;x = 0.07). High, medium and no
densities refer to nucleation densities are in the range of [4.47 x 10™*W 2, ], [4.47 x

(b) Medium Density

(c) No Nucleation

10*W%,0] and [-o0,0], respectively. At here, density 4.47 x 10™*W~? corresponding
to 300 nuclei in the selected simulation domain. The higher nucleation density
indicates the stronger nucleation driving force and thus the smaller average size of
oxide grains.

Next, the phase field results are fitted against the JMAK expression
(shown as solid lines) in the intermediate time regime. We find that the
corresponding slopes of the fitted lines are 2.01 and 1.989 for the two panels,
which are in excellent agreement with the expected Avrami exponent 7 = 2.
Furthermore, the error analysis of the phase field results in Fig. la and b are
also implemented via mean absolute errors (MAE) according to the fitted
slopes of five independent phase field simulations. The small MAEs indi-
cates the the robustness of the validation. Therefore, we can conclude that
the nucleation generation model in the present work agrees with the JMAK
theory and is independent of the nucleation sites and densities.

Phase field simulation analysis

In order to construct a database of nucleation density for training the
machine learning models, 547 phase field simulations are carried out for
different dimensionless nucleation parameters. In this section, the central
results of these simulations are summarized. In Fig. 2a—c, selected phase field
results representing “high density”, “medium density” and “no nucleation”
nucleation are presented. When the nucleation density is larger than 4.47 x
107*W 2, corresponding to 300 nuclei in the chosen size of the simulation
domain, the phase field results are marked as “high density”. When the

nucleation density is in between 0 and 4.47 x 10~*W >, the label “medium
density" is assigned. For the phase field results without nucleation, the “no
nucleation” label is used. The choice of these dividing criteria has no direct
physical meaning and therefore the actual choice of the limiting values is not
critical. However, it assists in selecting the desired nucleation density in the
machine learning regression model.

For the nucleation example labeled with “high density” in Fig. 2a,
the dimensionless nucleation parameters R/ W, Ax/W and A/#;, are
chosen as 0.1, 0.8 and 0.2, respectively. Here, the nucleation density is
about 1.6 x 10°W*and the dimensionless average radius of the grains is
about 5.5W after 10° simulation time steps. A decrease of the tempera-
ture during operation can lead to large chemical driving forces, and more
suitable nucleation sites are activated by the larger fluctuations in the
matrix phase. In turn, when the chemical driving force and the fluc-
tuations decrease, the number of suitable nucleation sites drops sig-
nificantly and the average grain radius increases due to more
pronounced grain growth. For the medium density case in Fig. 2b, the
nucleation density and dimensionless average grain radius are
approximately 1.79 x 10™*W* and 30W, respectively. Finally, in Fig. 2c,
when the chemical driving force or the fluctuations are not large enough,
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Fig. 3 | Representation of the phase field results as the dataset for the machine
learning method. From (a) to (c), the data are classified according to the dimen-
sionless nucleation density, i.e. more than 4.47 x 10™*W %, up to 4.47 x 10"*W*and

Medium Density Domain

Pruc 1073 (W2) Pruc 103 (W2)

No Nucleation Domain

9 9

©

~

o o

no nucleation. The influence of the key parameters, R.,;/ W, Ax/W and A/1,;,, are
explicitly demonstrated. Increasing Ax/W, A/#i,» and decreasing R.;/ W leads to a
higher nucleation density.

nucleation cannot occur and only subcritical white noise fluctuations are
visible inside the simulation domain. Figure 3 includes all the phase field
results. As mentional above, these results serve as input for training the
machine learning models. The dimensionless nucleation parameters
Reit/ W, Ax/W and A/# i are in the range 0.05 t0 0.15, 0.4 to 0.8 and 0.06
to 0.22, respectively, and are shown in Fig. 3 for the three categories with
high and medium density, as well as no nucleation. Firstly, the sensitivity
of the phase field results to the chosen parameters, i.e. R ., Ax/ Wand A/
Heriv- are summarized. The parameter R /W is crucial in determining
the critical radius for nucleation. Variability in this parameter directly
impacts the nucleation rate, where a smaller R /W promotes more
frequent nucleation events, potentially leading to a higher nucleation
density and finer microstructure. Conversely, a larger value can suppress
nucleation, resulting in lower nucleation density and coarser structures.
Ax/W is a numerical parameter, which represents the grid resolution. It
is introduced by the numerical method, i.e. finite difference method. It
contributes the Laplacian term in the phase field equations. A larger Ax/
W can leads to higher nucleation density. Additionaly, A/#; affects the
amplitude of the noise term in the Langevin equation, influencing the
stochasticity of the nucleation process. Higher values of A/ increase
the influence of thermal fluctuations, potentially leading to more ran-
dom nucleation events and a less predictable microstructure. Lower
values significantly reduce this stochastic effect, making the nucleation
fomation unsuccessfully. Typically, the medium density category is the
most relevant range for the phase field simulations, as it corresponds to
phase transformation under the condition of quasi-equilibrium or with
moderate chemical driving force, while the high nucleation density
region corresponds to transformations with large undercooling or
supersaturation. From the phase field results, we find that the medium
density parameter case only occupies the smallest parameter region.
Obviously, this region depends on the choice of the category criteria, as
discussed above. Consequently, the manual determination of suitable
nucleation parameters in the phase field simulations demands large
computational resources due to the high sensitivity, especially when the
desired value needs to be located in the medium density domain.

Data driven strategy

In this paper, we propose a data-driven strategy for phase field modeling,
where suitable machine learning techniques based on the initial phase field
results are developed, which can optimize the phase field nucleation para-
meters, such that the intended nucleation density is achieved. To this end, a
deep learning ANN is employed, as detailed in the methods section. Figure 4
illustrates our data-driven strategy for linking the phase field and the
machine learning modeling. For this purpose, the nucleation density py,, is
obtained from the phase field simulations, together with the previously
identified relevant and dimensionless features amplitude A/fcq, grid

spacing Ax/W and critical nucleation radius R,;/ W. This four-dimensional
data set is taken as input data for the further data driven regression analysis,
as detailed in the methods section. For the classification, the nucleation
density is translated to the three different regimes according to the
description above. Here, a non-linear relation between the nucleation
density and three dimensionless nucleation features is expected. Both a
classification and a regression multi-layer ANN model are trained in the
present work, in the spirit of a fast but coarse analysis using a classification
model first and a more refined regression model for tuning the continuous
model parameters afterwards. In detail, the purpose of the classification
model is to assign categories of “no nucleation”, “medium density” and
“high density” of nuclei to different spatial regions in the simulation domain,
as discussed in the previous section “Phase field simulation analysis”. This
information can be used to avoid time-consuming nucleation attempts in
regions of the phase field simulation domain where it is not expected to play
a role. The regression model predicts the nucleation density with regard to
specific nucleation parameters. Consequently, the combination of these two
models can significantly decrease the computation efforts of the phase field
simulations. For instance, the chemical driving and the surface energy are
essentially constant during the typical operation of an interconnect material
for a specific temperature. Hence, the nucleation parameter R.;/W is
constant. To reproduce experimental results, suitable amplitudes of the
fluctuations have to be determined through the regression model,
depending on the chosen grid spacing.

Classification model
As a first step, a classification model is developed to evaluate the nucleation
behavior. Here, we use the nucleation density as the criterion to divide the
parameter space into three different domains, as mentioned before, i.e., no
nucleation, medium density and high density. According to this classifica-
tion model, unnecessary computations in the phase field simulation could
be avoided, such as the possibility of nucleation events in the “no nucleation
region" could be skipped and the check loop for the appearance of new
nuclei in the “medium density region" could be done less frequently, or
larger time steps could be used.

Technically, the prediction dataset in our classification model consists
of 47 data points and the trained model accuracy reaches 94.54 %. Figure 5
shows the distribution of the three different nucleation regimes. The clas-
sification algorithm calculates actually the possibility of each category and
the final category is determined according to the highest possibility. The
yellow, green and blue regimes in the plot reflect the high, medium and no
nucleation density regimes, respectively. Although the domain boundaries
between these regimes are not straight, it can be useful to use approximating
dividing planes instead, as indicated in the figure. Such separators are easy to
parameterize and to use directly in PF simulations to discriminate locally
between the different nucleation regimes. Obviously, stronger thermal noise
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Fig. 4 | Data-driven strategy for linking phase field and machine learning models. Classification and regression machine learning models are developed based on three
dimensionless features amplitude A/#,i, grid spacing Ax/W and critical nucleation radius R.,;/ W and the nucleation density p,,. from phase field modeling.

Fig. 5| 3D plot of the predicted nucleation regime
based on the machine learning

classification model. Three different colors yellow,
green and blue represent high, medium and no
nucleation regimes, respectively. The surrounding
red dashed line marks the border of the domain
boundaries of the three different categories, whereas
the blue dashed line indicates the intersection of the
planar approximation. These planar approxima-
tions of the regimes can be used as simplified
boundaries in phase field simulations e.g. to sup-
press unnecessary nucleation attempts in the “no
nucleation regime” for saving computer time.
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and lower critical radii favor high nucleation densities. The dependence on
the grid spacing as a numerical parameter is less pronounced, exhibiting
easier nucleation for coarser grids, similar to the discussion in the Ode et al.
research®”. Overall, the machine learning classification model shows good
consistency with the phase field model, see Fig. 3.

Regression model

Beyond the classification, also a regression model is developed to predict
the nucleation density directly. As mentioned before, the goal is to
predict efficiently suitable parameters for the desired nucleation beha-
vior in the PF simulations. Typically, a single PF simulation with the
system dimensions given in the methods section requires single node
computation times of several minutes. In contrast, the resulting ML
predictions are about 10° times faster. Figure 6 (a) shows the predicted
nucleation density versus the phase field results. The mean absolute

error (MAE), root mean squared error (RMSE) and R-square are 0.0002
W2, 0.0002 W and 0.9863, respectively. It is worthwhile to mention
that the MAE and RMSE are identical, which indicates that the error
distribution of the prediction is uniform. Furthermore, the R-square
here is close to one, expressing that the machine learning predictions
match the phase field values very well. Close to the origin, some devia-
tions can be found, which is due to the fact that the ML model can predict
unphysical negative nucleation densities, which do not play a role. Thus,
the machine learning model possesses comparable accuracy and shows a
good agreement with the phase field model.

To investigate the impact of three identified independent features, A/
Heriv Rerie/ Wand Ax/W, on the nucleation density, Fig. 7 (a) shows a 3D heat
map of the nucleation density based on the machine learning regression
model. Overall, it shows a similar tendency as the previous classification
model. Furthermore, to clarify the interaction of the different features’
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Fig. 7 | Analysis of machine learning regression model results. a 3D heatmap of the
predicted nucleation density p,,,c based on the machine learning regression model,

(b) 2D plot at R./ W = 0.10, (c) 2D plot at Ax/W = 0.7, (d) 2D plot at A/#, = 0.13.
The color bar in each graph reflects the values of nucleation density. Whereas the

influence on the nucleation density is weak in wide parameter ranges, strong gra-
dients appear in an intermediate regime, emphasizing the importance of accurate
parameter selection for obtaining the desired nucleation density.

impact on the nucleation behavior, three cross-sectional views are shown in
Fig. 7, where one of the variables is set constant and the other two features
vary in a certain range. Specifically, Re,i/ W, Ax/W and A/f; are set as 0.1,
0.71 and 0.13, respectively, see Fig. 7b-d. We observe a monotonic
dependence of the nucleation density on the control parameters, exhibiting
a rather steep increase in the medium nucleation density, following the
rationale discussed in the preceding section. An additional SHAP value
analysis’ is employed, which can be used to explain the contribution of
individual features to a model’s predictions, see Fig. 6b. The color bar
indicates the magnitude of the feature values, and a positive/negative SHAP
value means that the related features have a positive/negative influence on
the final prediction. Here, a higher amplitude A/7.,,, alower critical nucleus
radius R,/ W and a higher grid spacing Ax/ W may generally lead to a higher

nucleation density. The SHAP value calculation supports the previous
analysis and is consistent with the previous phase field simulation in Fig. 3.

At this point we can return to our intended goal of the coupled phase
field and machine learning simulations, to identify efficiently suitable
numerical parameters for the nucleation model. In a phase field model,
the grid spacing Ax is selected by the chosen discretization and the (local)
value of the critical radius R is related to the supersaturation or
undercooling, hence, it is a known quantity, as discussed in section “Data
driven strategy”. The goal is then to determine a suitable noise strength
A, in order to obtain the desired nucleation density. As suggested by
Fig. 7, the functional dependence between these parameters is mono-
tonic, hence a numerical inversion is straightforward, as demonstrated
explicitly in Fig. 8. Interestingly, the functional form looks like a
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piecewise definition, and the detailed shape may depend on the training
data set, the chosen network topology and the transfer function.
Nevertheless, the results show clearly, that (i) a proper noise strength can
be selected uniquely, and (ii) that the dependence of the nucleation
density on the numerical model parameters can be rather sensitive, and
therefore the developed coupled phase field and machine learning model
is beneficial for identifying the required parameters efficiently, which can
save high computational efforts by avoiding trial-and-error approaches.

As a result, we have therefore developed an efficient scheme for
identifying the required noise strength for the selected phase field model. We
note that this parameter selection strategy is not restricted to the current
application of oxide nucleation, but could also be transferred to other
applications, like the determination of optimized kinetic parameters
depending on the chosen numerical discretization, complementing tech-
niques like the thin interface approach in situations, where exact relation-
ships are not available.

Discussion

Tuning numerical parameters for phase field simulations in order to
reproduce a desired nucleation behavior can be a tedious and computa-
tionally expensive task. In this paper, we have proposed a data-driven
strategy for phase field nucleation modeling to overcome this challenge.
Therefore, a combination of a grand canonical phase field model together
with machine learning approaches for the classification and regression of the
nucleation behavior has been investigated, which allows to predict a suitable
noise strength for obtaining a desired nucleation density. The approach is
demonstrated for Cr,O; oxide nucleation in ferritic interconnector steels.
According to the analysis of the results the following main conclusions can
be drawn:

(i) The discussed phase field nucleation model is in agreement with
expectations from a classical IMAK description, which demonstrates
the suitability of the approach. We note that the choice of the under-
lying PF model is not critical, and similar parameter optimization
strategies can also be used for other models.

(ii) We have identified that the most relevant features for quantifying the
nucleation behavior are the Langevin noise strength, the critical radius
for oxide nucleation and the numerical grid spacing of the phase field
simulations. Such a feature identification from physical arguments is
useful for efficient and accurate machine learning models. As the
nucleation density depends smoothly on the phase field parameters,
the used number of data points leads already to an accurate description,
and additional training data is expected to lead only to minor
improvements of the predictions.

The machine learning approach allows to classify the expected
nucleation behavior, depending on the local values of the aforemen-
tioned parameters. This enables accelerated simulations by neglecting

(iii)

nucleation attempts in regions where such events are unlikely. Also, it is
conceivable that a coarser time discretization can be accepted, provided
that the ML approach predicts unfavorable nucleation conditions.
The selection of a suitable Langevin noise strength in order to repro-
duce the desired nucleation behavior using machine learning can help
to avoid additional phase field screening simulations. Instead, the pre-
trained machine learning model allows us to skip this step with high
accuracy and low computational effort.

(iv)

Finally, we mention that such a data-driven strategy can be also of use
for other applications related to phase-field simulations, as selected training
results, which are obtained from small-scale sample simulations, can be used
efficiently to optimize large-scale simulations. In particular, the developed
model can be used for further investigations of oxide scale formation and
growth for SOFC applications and degradation prevention.

Methods
Grand potential-based phase field model
Based on the work by Plapp™ and Aagesen™, a grand potential-based
phase field model is formulated for N different phases and K compo-
nents. For each phase, enumerated by «, there are p, different grain
orientations, hence the phase field order parameter for phase « is
denoted as _q)a = (My1s N5 - - +» r]%).
The number density p; of component I is defined as p; = ¢/ V,,, where ¢;
is the local atomic fraction of solvent I, and V, is the average atomic volume.
The grand potential functional is written as

Q= /V (wgrad T Wy + wchem) av. (6)

The first term wy,q contains the gradient energy, which is given by

N Pa

grad - Z Z (Vna]) ’ (7)

a_l j=1

with « being the (isotropic) gradient energy coefficient. The second term
reflects the multi-well potential density and has the form

o

m&i(’“?""%iZ ZN: Z

a=1 i=1 a=1 i=1 \ p=1 j=1.ai%fj

yw{ﬁ'] 2 2 1
N ﬁ] 4’

®)

where M is a constant of dimension energy per unit volume. y,g; is related
to the interface profile between the grain 7 of phase « and grain j of phase f.
At here, y,ip; = Ygjai = 1.5 to generate symmetrical phase field profiles™. The
last term, Wchem» is the contribution of chemical grand potential density,
which can be expressed as

Wehem = Z hot We (9)
with h, being an interpolation function, which indicates the phase fraction
and is formulated as

S

S .
] ]

=

In addition, w, is the grand potential density of phase &, which can be
written as

Wy =fo = Pabia — PeHp — -+ — Pr—1bk—1> 11
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where f,, is the chemical free energy density of phase a, and y4 is the chemical
potential of component A in the & phase, relative to the solvent with index K.
In this work, parabolic free energy functions are utilized for constructing the
dimensionless expressions f,, i.e.

K-1
= Z ef(c; — c}")z/Z +f2. (12)
=1

The parabolic coefficient ef determines the curvature of the parabola
(dimension: energy density) of component I in phase «. The dimensionless
chemical potential of component I in phase & can be expressed as
Up = of ./9p; = V,€¥(c; — ¢f). In the spirit of the grand canonical phase
field model we assume in the following that they are locally balanced for each
component, that we can deal with a single chemical potential y4; at each point
in space. The grand potential density of phase «a can be expressed for the
given choice of free energy densities as

K-1
Wy =f2 - ZM%/(zvﬁé?) - Aulcl[x/voc' (13)
I=1

According to the Allen-Cahn equation, the time evolution of order
parameter #,; becomes

N Pg
Tﬁm’ = szrlai - MO <’1m Nai + 2’10” Z Z Yazﬁ]r]ﬁ])

B=1j=1,ai=fj (14)
N, an,
— x . Wp-
Then, for each solute species A the diffusion equation reads
Pi_y. v 1
o Z MoV, (15)
where M, is the mobility coefficient. Using the chain rule, we have
aPA aPA a/"l 9ps 5715,
Z oy; ot Z Zar;ﬂl ot (16)
Substituting Eq. (15) in Eq. (16), we obtain
K-1
ZXAI f=V. ZMAIV!‘I Zzaq: af (17)

with y4; being the susceptibility, known as the thermodynamic factor. It is
given by

(18)

Oa_ O N~y N
Xar =5 = 7ZhﬁPA = ZhﬁXAI'
B=1

aHI a#[ B=1

The explicit form of the chemical potential evolution equations provided by
Eq. (17) can be obtained from a matrix inversion,

-1

fha Xaa Xak—1 Q4
= SE (19)
fg Xk-14 Xk—1K-1 Qx_
with
Apyx Mpi
Qxx=aB.xk1=V" ZMXIVVX ZZaZX af~ (20)
Pi

In the present work, the nucleation of 8 grains from an « matrix is
modeled via PF simulations by using the aforementioned approaches. The
total size of the two-dimensional PF simulation domain is 1024 Ax X
1024 Ay, using Ax/W = Ay/W = 0.4. The thermodynamic descriptions of
Cr,0; and the ferritic matrix are taken from the Fe-Cr-O ternary database
by Taylor et al.”. These free energy densities are fitted by a parabolic
function near the local-equilibrium states for different temperatures. As
Cr,0; is stoichiometric, the curvature of the parabola of the Cr,0; free
energy density is 1000 times larger than the ferritic matrix phase. Conse-
quently, the concentrations of Cr and O in Cr,Oj3 grains are nearly inde-
pendent of the temperature. These treatments not only reproduce all the
necessary thermodynamic properties but also save computational efforts.
Then, the dimensionless capillary length dy = M, W/6 is set as 0.1 in the PF
simulations, which is sufficient for the production of the scale of the cur-
vature of Cr,O; grains, and the dimensionless parameter « in Eq. (7) is k =
3dyW/4. In addition, the diffusivity in this work is normalized by using
D, = D;/D¢, (i=Cr, O), with D¢, being the diffusivity of Cr in the ferritic
matrix phase. The dimensionless diffusivities of Cr and O in the ferritic
matrix phase are set as 1 and 10* according to the diffusivity ratio in ref. 56,
while the diffusion of Cr and O in Cr,0O; grains are negligible. In order to
enhance the computational efficiency, periodic boundary conditions are
prescribed at all the boundaries and GPU acceleration is applied in the
simulations™’.

Artificial neural networks

The ANN algorithm is inspired by the biological neural network of animal
brains and consists of multi-layer structures. A precious and reliable model
could be obtained by utilizing suitable hyperparameters like efficient acti-
vation functions and appropriate layers/nodes™. Generally, the multi-layer
structure involves input layer, hidden layer and output layer. The different
layers play significant roles in the neural network and could be considered as
a filter for data. Deep learning is built on different, densely connected neural
layers and implements a form of progressive data distillation™.

In order to carry out the machine learning method, the open-source
package Tensorflow is used in the present work®. A total number of 547 data
sets obtained from the phase field simulations are randomly split into the
training (85% of the entire data) and testing dataset (15%). All the data are
normalized by using the MinMaxScaler algorithm from the open-source
package scikit-learn®'. The classification model in this work consists of four
different hidden layers, where each dense layer has 8 nodes, and the output
layer has the aforementioned three different categories. As an optimizer, the
root mean square propagation (RMSprop) is used. The metric and loss
function for the classification model are sparse categorical accuracy and
sparse categorical cross entropy, respectively. The regression model also
contains four different hidden layers, each dense layer possesses 8 nodes.
The final output layer delivers the desired nucleation density. The popular
optimizer Adaptive Moment Estimation (Adam) is employed for the model
training. Here, we use MSE as the metric and loss function. The evaluation of
final model is based on the MAE, MSE and R’ calculation. Additionally, a
dropout layer is introduced between each hidden layer with a dropout rate of
0.5 and an early stopping with a patience of 10 is ustilized to avoid over-
fitting. For the further data prediction, the parameter ranges are A/#]q;:
[0.06, 0.22], Ax/W: [0.4, 0.8] and R/ W: [0.06, 0.15], respectively.

Data availability
The data and codes used in this study can be shared upon reasonable
request.
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