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We provide an implementation of the unstructured Finite-Volume Arbitrary Lagrangian / Eulerian (ALE) 
Interface-Tracking method for simulating incompressible, immiscible two-phase flows as an OpenFOAM module. 
In addition to interface-tracking capabilities that include tracking of two fluid phases, an implementation of 
a Subgrid-Scale (SGS) modeling framework for increased accuracy when simulating sharp boundary layers is 
enclosed. The SGS modeling framework simplfies embedding subgrid-scale prfiles into the unstructured Finite 
Volume discretization. Our design of the SGS model library significantly simplfies adding new SGS models and 
applying SGS modeling to Partial Differential Equations (PDEs) in OpenFOAM.

Program summary
Program title: twoPhaseInterTrackFoam
CPC Library link to program files: https://doi.org/10.17632/6b49wb7fvd.1
Developer’s repository link: https://gitlab.com/interface-tracking/twophaseintertrackfoamrelease
Licensing provisions: GPLv3
Programming language: C + +
Nature of problem: Two-phase flow problems involving surface-active agents (surfactants), variable surface tension 
force and very sharp boundary layers.
Solution method: An OpenFOAM implementation of the Arbitrary Lagrangian / Eulerian Interface Tracking 
method. 

1. Introduction

The unstructured Finite Volume Arbitrary Lagrangian / Eulerian In
terface Tracking method in OpenFOAM (ALE-IT) [39,37] is a highly 
accurate method that tracks fluid phases as deforming solution domains 
separated by fluid interfaces in the form of deforming domain bound
aries (cf. Fig. 1). Modeling fluid interfaces using domain boundaries 
makes it possible to directly apply jump conditions at fluid interfaces 
as boundary conditions. Additionally, it is possible to solve Partial Dif
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ferential Equations (PDEs) on the fluid interface, by discretizing surface 
transport equations using the discretization of the domain boundary. 
Our implementation of the ALE-IT method, which we provide in this 
manuscript, has been successfully applied to hydrodynamically chal
lenging two-phase flow problems [25], two-phase flows with soluble 
surfactant [11,12,29] and two-phase flows with interfacial mass trans
fer [41,30]. This type of the ALE-IT method has also been extended to 
handle large mesh deformations by allowing for topological changes on 
tetrahedral meshes, driven by mesh quality criteria [31,26]. However, 
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transferring the methodology from [26] into our implementation of the 
ALE-IT method is a complex task, which we will address in our future 
work.

Mass transfer across the fluid interface often results in extremely 
steep concentration gradients, that cannot be resolved by modern nu
merical simulation methods at affordable computational costs. The 
Subgrid-Scale (SGS) modeling approach [1,4,42] employs a local an
alytical solution to enhance the computation accuracy for the passive 
scalar transport in interfacial boundary layers, saving multiple local re
finement levels in the Finite Volume mesh. This speeds up simulations 
significantly, in some cases enabling them in the first place, in other 
cases saving computational resources, while delivering results with very 
high accuracy. The topic of Subgrid-Scale modeling for transport pro
cesses at fluid interfaces is gaining attention and some modfications 
have been made to include reactive species [17] or local curvature 
effects [16]. While the SGS modeling addressed in this paper is imple
mented in the ALE-IT method, others have implemented it in the VoF 
method, e.g. [42,6], or in the Front Tracking method [16,8].

With this publication, we provide an open-source implementation of 
our ALE-IT method as an OpenFOAM module, which simplfies the de
velopment of SGS models for interfacial transport phenomena in Open
FOAM. Researchers that do not use OpenFOAM will be able to analyze 
our implementation details, which is very helpful for developing these 
methods.

The version of the ALE-IT method from this manuscript is v1.1, avail
able in the GitLab repository [33] and archived as [38]. Results reported 
in this paper are archived as [34].

The advantages of our ALE-IT method are high simulation accuracy 
of two-phase flows involving incompressible fluid phases with strong 
differences in densities, strong ifluence of surface tension forces, effects 
of variable surface tension coefficients, transport of species concentra
tions on and across the fluid interface, and the Subgid-Scale modeling 
of mass transfer at fluid interfaces.

This version of the ALE-IT method is limited to moderate deforma
tions of the fluid interface and does not allow for topological changes of 
the fluid interface, which will be addressed in our future work. Com
pared to other two-phase flow simulation methods, including those 
available in OpenFOAM, our ALE-IT method excells in accuracy, under 
above mentioned limitations.

The following sections cover the details of the mathematical model, 
equation discretization, and Subgrid-Scale modeling implemented in the 
version 1.1 of our ALE-IT OpenFOAM module, as well as the results for 
some showcases.

2. Mathematical model

2.1. Arbitrary Lagrangian/Eulerian (sharp) interface (tracking) model

We model isothermal flow of two immiscible incompressible fluids, 
schematically shown in Fig. 1, e.g. as a liquid and a gas phase separated 
by a sharp interface Σ(𝑡). Appropriate boundary conditions are then en
forced at the fluid interface Σ(𝑡), see [39]. We only briefly outline the 
model, the reader is additionally referred to [18] for more details.

Isothermal flow of an incompressible Newtonian fluid inside an arbi
trary moving control volume 𝑉 bounded by a closed surface 𝑆 ∶= 𝜕𝑉 , 
i.e. 𝑆 is the boundary of the finite volume, moving with the boundary 
velocity 𝐯𝑠 is governed by the mass and linear momentum conservation 
laws:

∮
𝑆

𝜌𝐯 ⋅ 𝐧 𝑑𝑆 = 0, (1)

𝜕

𝜕𝑡 ∫
𝑉

𝜌𝐯 𝑑𝑉 + ∮
𝑆

𝜌((𝐯− 𝐯𝑠)⊗ 𝐯) ⋅ 𝐧 𝑑𝑆 = ∮
𝑆

𝝉 ⋅ 𝐧 𝑑𝑆 − ∫
𝑉

∇𝑝 𝑑𝑉 , (2)

where 𝐧 is the outward pointing unit normal on 𝑆 , 𝜌 is the fluid density, 
𝐯 is the fluid velocity, 𝐯𝑠 is the velocity of surface 𝑆 , and 𝝉 is the viscous 

Fig. 1. Definition of the solution domain for the ALE-IT method. 

stress tensor which together with the thermodynamic pressure 𝑝′ makes 
the Cauchy stress tensor 𝐓 = −𝑝′𝐈+ 𝝉 . The dynamic pressure in Eq. (2) 
is dfined as

𝑝 = 𝑝′ − 𝜌𝐠 ⋅ 𝐫, (3)

where 𝐠 is the gravitational acceleration vector and 𝐫 is the position 
vector. Furthermore, the viscous stress tensor of the Newtonian fluid is 
given by

𝝉 = 𝜂(∇𝐯+∇𝐯𝑇 ), (4)

where 𝜂 is the dynamic viscosity.
The relationship between the rate of change of the volume 𝑉 and 

the velocity 𝐯𝑠 is dfined by the geometric (space) conservation law (GCL, 
see [35,10]):

𝜕

𝜕𝑡 ∫
𝑉

𝑑𝑉 − ∮
𝑆

𝐯𝑠 ⋅ 𝐧 𝑑𝑆 = 0. (5)

The formulation of the above mathematical model is a well-known ALE 
formulation.

2.2. Interface coupling conditions

If fluid phases are immiscible, fluid flow eqs. (1) and (2) can be 
applied for each phase separately, while on the interface the proper 
boundary conditions must be used. The relation between fluid veloc
ities on the two sides of the interface is determined by the kinematic 
condition, which states that the velocity must be continuous across the 
interface:

𝐯l = 𝐯g, (6)

where 𝐯l and 𝐯g are the fluid velocities at the two sides (e.g. liquid and 
gas) of the fluid interface.

The dynamic condition follows from the momentum conservation 
law and states that forces acting on the fluid at the interface are in equi
librium:

(𝑝g − 𝑝l)𝐧Σ − (𝝉g − 𝝉 l) ⋅ 𝐧Σ = 𝜎𝜅𝐧Σ +∇ 𝑠𝜎 − (𝜌g − 𝜌l) (𝐠 ⋅ 𝐫) 𝐧Σ, (7)

where 𝐧Σ is the unit normal vector on the interface, which points from 
the liquid phase to the gas phase, 𝜅 = −∇ 𝑠∙𝐧Σ is twice the mean curva
ture of the interface, 𝜎 is the surface tension coefficient and ∇ 𝑠𝜎 is the 
gradient of the surface tension coefficient, where ∇ 𝑠 = ∇(𝐈 − 𝐧Σ𝐧Σ) is 
the surface gradient operator. The last term on the right-hand side of 
eq. (7) appears due to transformation of the thermodynamic pressure to 
the dynamic pressure at the interface. The pressure jump across the in
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terface is obtained by taking the normal component of the force balance 
(eq. (7)):

𝑝g − 𝑝l = 𝜎𝜅 − 2
(
𝜂g − 𝜂l

)
∇ 𝑠 ⋅ 𝐯− (𝜌g − 𝜌l) (𝐠 ⋅ 𝐫), (8)

The second term on the right-hand side of eq. (8) represents the jump 
of the normal viscous force across the interface, expressed through the 
surface divergence of the interface velocity. For example, the normal 
viscous force at the interface can be expressed as (see [7]):

(𝐧Σ ⊗ 𝐧Σ) ∶ 𝝉 = 2𝜂 (𝐧Σ𝐧Σ) ∶ ∇𝐯 = −2𝜂∇ 𝑠 ⋅ 𝐯, (9)

where the following identity, being valid for an incompressible fluid 
flow (∇ ⋅ 𝐯 = 0), is used:

∇ ⋅ 𝐯 =∇ 𝑠 ⋅ 𝐯+ (𝐧Σ⊗ 𝐧Σ) ∶ ∇𝐯. (10)

By taking the tangential component of the force balance (eq. (7)) one ob
tains a relation between the normal derivative of the tangential velocity 
on the two sides of the interface:

𝜂g
(
∇𝐯t ⋅ 𝐧Σ

)
g − 𝜂l

(
∇𝐯t ⋅ 𝐧Σ

)
l = −∇ 𝑠𝜎 −

(
𝜂g − 𝜂l

)(
∇ 𝑠𝑣n

)
, (11)

where it is taken into account that the tangential component of the vis
cous force at the interface can be expressed as follows:

(𝝉 ⋅ 𝐧Σ) ⋅ (𝐈− 𝐧Σ ⊗ 𝐧Σ) = 𝜂
(
∇𝐯t ⋅ 𝐧Σ +∇ 𝑠𝑣n

)
, (12)

where 𝐯t = (𝐈 − 𝐧Σ ⊗ 𝐧Σ) ⋅ 𝐯 is the tangential velocity component and 
𝑣n = 𝐧Σ ⋅𝐯 is the normal velocity component at the interface. A non-zero 
gradient ∇ 𝑠𝜎 of the surface tension coefficient can occur for example due 
to a nonuniform distribution of surfactant at the interface or due to the 
presence of a temperature gradient.

2.3. Surfactant transport

If impact of surfactant on the flow field is to be analyzed, it is nec
essary to extend the mathematical model by an equation which governs 
the transport of surfactant in the liquid bulk and an equation which gov
erns the transport of surfactant along the interface. The bulk surfactant 
transport equation in ALE form reads as follows:

𝜕

𝜕𝑡 ∫
𝑉

𝑐 𝑑𝑉 + ∮
𝑆

(𝐯− 𝐯𝑠)𝑐 ⋅ 𝐧 𝑑𝑆 − ∮
𝑆

(𝐷∇𝑐) ⋅ 𝐧 𝑑𝑆 = 0, (13)

where 𝑐 is the volume-averaged bulk surfactant concentration and 𝐷 is 
the bulk surfactant diffusion concentration.

The governing equation for surfactant transport along a surface patch 
𝑆 attached to the fluid interface (𝑆 ⊂ Σ(𝑡)) and bounded by a closed 
curve 𝜕𝑆 which can move along the interface reads:

𝜕

𝜕𝑡 ∫
𝑆

Γ 𝑑𝑆 + ∮
𝜕𝑆

(𝐯− 𝐛) ⋅𝐦 Γ 𝑑𝐿− ∮
𝜕𝑆

(𝐷Γ∇ 𝑠Γ) ⋅𝐦 𝑑𝐿 = ∫
𝑆

𝑠Γ 𝑑𝑆, (14)

where Γ is the surfactant concentration at the interface, Γ∞ is the sat
urated surfactant concentration under the given thermodynamic condi
tions, 𝐦 is the outward pointing unit bi-normal on 𝜕𝑆 , 𝐛 is the velocity 
at which the curve 𝜕𝑆 moves along the interface, 𝐿 is the arc length mea
sured along 𝜕𝑆 , 𝐷𝑠 is the diffusion coefficient of the surfactant along 
the interface and 𝑠Γ is the source/sink of surfactants per unit area due 
to adsorption and desorption.

For the sake of simplicity, we focus in this paper on the prominent 
Langmuir’s kinetics law [21,5,29] for the transfer of surfactant between 
the bulk and the interface due to adsorption and desorption:

𝑠Γ = 𝑘a
[
𝑐I(Γ∞ − Γ) − 𝛽Γ

]
, (15)

where 𝑘a and 𝛽 are the parameters of the adsorption and desorption 
kinetics, respectively, and 𝑐I is the value of the bulk surfactant concen
tration at the interface. The implementation allows for a straightforward 
extension to cope with other sorption models. The normal derivative of 

bulk surfactant concentration at the interface is given by following ex
pression:

(∇𝑐 ⋅ 𝐧)Σ = −
𝑠Γ
𝐷
. (16)

In order to account for the surfactant bulk-interface mass transfer bal
ance (eq. (16)), the normal derivative of the surfactant concentration at 
the interface needs to be calculated with sufficient accuracy. Due to con
vection along the interface and typically small surfactant diffusivities, 
extremely thin boundary layers appear and make this calculation a chal
lenging step. At this point, use of Subgrid-Scale modeling for improved 
flux calculation as described in section 4 is benficial.

The surface tension is related to the surfactant concentration on the 
interface and given for the Langmuir sorption model with its adsorption 
isotherm by the following equation of state

𝜎 = 𝜎0 +𝑇Γ∞ ln
(
1 − Γ 

Γ∞

)
, (17)

where 𝜎0 is the surface tension of a clean interface,  is the universal 
gas constant and 𝑇 is the temperature [21,5,29]. Equation (17) can also 
be written as

𝜎 = 𝜎0
[
1 + 𝛽𝑠 ln

(
1 − Γ 

Γ∞

)]
, (18)

where 𝛽𝑠 =
𝑇Γ∞
𝜎0

is the elasticity number.

3. Finite volume and finite area discretisation and 
equation-system solution

3.1. Discretisation of the computational domain

The cell-centered Finite Volume Method (FVM, [39]) is used to dis
cretise the bulk fluid models (volumetric transport equations) and the 
face-centered Finite Area Method (FAM, [39]) is used to discretise the 
surfactant transport model, a transport equation on the fluid interface 
(moving surface). This discretization is sketched in Figs. 5 and 7 and can 
be seen for a case with a bubble in Fig. 19. The finite volume/area dis
cretisation is based on the integral form of the conservation equation 
over a fixed or moving control volume/area. The discretisation pro
cedure is divided into two parts: discretisation of the computational 
domain and the equation discretisation. Here we provide a brief de
scription of both discretisation methods together with a description 
of the interface tracking method, while more details can be found in 
[39,37,36].

The time interval is split into a finite number of time-steps Δ𝑡 and 
the equations are solved in a time-marching manner. The computational 
space is divided into a finite number of polyhedral control volumes (CV) 
or cells bounded by polygons. The cells do not overlap and fill the spatial 
domain completely. Fig. 2 shows a polyhedral control volume 𝑉𝑃 around 
the computational point 𝑃 located in its centroid, face 𝑓 with area 𝑆𝑓 , 
face unit normal vector 𝐧𝑓 and the centroid 𝑁 of a neighboring CV 
sharing the face 𝑓 . The geometry of the CV is fully determined by the 
position of its vertices.

In case the solution domain is changing in time, e.g., when the fluid 
interface deforms, the finite volume mesh is adjusted to the time-varying 
position or shape of the solution domain boundaries using a deforming 
mesh approach. The internal CV-vertices are moved based on the pre
scribed motion of the boundary vertices, while the topology of the mesh 
stays unchanged. In the implemented moving mesh interface track
ing solver, a finite-volume automatic mesh motion solver is applied, 
where the Laplace equation is solved for mesh-point displacements with 
variable diffusion coefficient, using the polyhedral unstructured cell
centered FVM.

The polygonal cell-faces which coincide with the interface consti
tute the finite area mesh on which the surfactant transport equation is 
discretised. Fig. 3 shows a sample polygonal control area 𝑆𝑃 around 
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Fig. 2. Polyhedral control volume (cell) and the notation used (adopted from 
[39]).

Fig. 3. Polygonal control area. 

the computational point 𝑃 located in its centroid, the edge 𝑒, the edge 
length 𝐿𝑒, the edge unit bi-normal vector 𝐦𝑒 and the centroid 𝑁 of 
the neighboring control area sharing the edge 𝑒. The bi-normal 𝐦𝑒 is 
perpendicular to the edge normal 𝐧𝑒 and to the edge vector 𝐞.

3.2. Discretisation of volumetric equations

The second-order collocated FV discretisation of an integral con
servation equation transforms the surface integrals into sums of face 
integrals and approximates them and the volume integrals to the sec
ond order accuracy. Error estimates for the unstructured FVM have been 
analyzed in detail, e.g., in [19,20]. We rely on second-order divergence 
and Laplace term discretization and second-order interpolation schemes, 
denote approximated quantities with ≈ and omit the error terms in the 
description below for clarity, to place focus on the discretization. The 
spatially discretised form of the momentum eq. (2) for the moving con
trol volume 𝑉𝑃 reads:

𝜕
(
𝐯𝑃 𝑉𝑃

)
𝜕𝑡 

+
∑
𝑓

(𝑉̇𝑓 − 𝑉̇𝑠,𝑓 ) 𝐯𝑓

=
∑
𝑓

𝜈𝑓 [(∇𝐯) ⋅ 𝐧]𝑓 𝑆𝑓 + (∇𝑝)𝑃 𝑉𝑃 ,
(19)

where the subscripts 𝑃 and 𝑓 represent the cell-center and face-center 
values. The volume flow rate due to fluid flow through the cell-face, 
𝑉̇ 𝑛+1
𝑓

= (𝐧 ⋅ 𝐯𝑆)𝑛+1
𝑓

must satisfy the discretised mass conservation law, 
where the superscript 𝑛+1 represents the new time-step, while the vol
ume flux due to grid motion, 𝑉̇ 𝑛+1

𝑠,𝑓
, must satisfy the discretised GCL, 

eq. (5). The evaluation of the mesh-face volume fluxes is described in 
[13,37].

The face-center values of all dependent variables are calculated using 
linear interpolation of the neighboring cell-center values. The exception 
is the face value of the dependent variable in the convection term [𝐯𝑓
in eq. (19)] which must be calculated using some of the bounded con
vection discretisation schemes available in OpenFOAM.

The face-normal derivative of the velocity [𝐧 ⋅ ∇𝐯]𝑓 is discretised 
using the linear scheme with non-orthogonal and skewness correction 
(see Fig. 2):

(∇𝐯 ⋅ 𝐧)𝑓 ≈
𝐯𝑁 − 𝐯𝑃
𝑑n,𝑓

+
(∇𝐯)𝑁 ⋅ 𝐤𝑁 − (∇𝐯)𝑃 ⋅ 𝐤𝑃

𝑑n,𝑓
, (20)

where 𝑑n,𝑓 = 𝐧𝑓 ⋅ 𝐝𝑓 , 𝐤𝑃 = (𝐈− 𝐧𝑓 ⊗ 𝐧𝑓 ) ⋅ (𝐫𝑓 − 𝐫𝑃 ) and 𝐤𝑁 = (𝐈− 𝐧𝑓 ⊗
𝐧𝑓 ) ⋅ (𝐫𝑁 −𝐫𝑓 ). The first term on the right-hand side of eq. (20) is treated 
implicitly, while the correction term is treated explicitly.

The cell-face volumetric fluid flux in the non-linear convection term 
is treated explicitly after the discretisation, i.e. its values from the pre
vious iteration are used. The cell-center gradient of the dependent vari
ables used for the calculation of the explicit source terms and the non
orthogonal correction in eq. (20), is obtained by using the least-squares 
fit [9]. This method produces a second-order accurate gradient irrespec
tive of the mesh quality.

The temporal discretisation of all equations is performed by using 
the second-order accurate implicit three time level scheme [13] referred 
to as the backward scheme in OpenFOAM. All terms of eq. (19) are eval
uated at the new time instance 𝑡𝑛+1 = 𝑡𝑛+Δ𝑡 and the temporal derivative 
is discretised by using two old-time levels:(
𝜕𝐯
𝜕𝑡 

)𝑛+1
≈ 3𝐯𝑛+1 − 4𝐯𝑛 + 𝐯𝑛−1

2Δ𝑡 
, (21)

where 𝐯𝑛+1 = 𝐯(𝑡𝑛 + Δ𝑡), 𝐯𝑛 = 𝐯(𝑡𝑛) and 𝐯𝑛−1 = 𝐯(𝑡𝑛 − Δ𝑡). One can also 
use other temporal discretisation schemes available in OpenFOAM.

When eqs. (20) and (21) are substituted into eq. (19) and the con
vection discretisation scheme is applied, the discretised form of the 
momentum eq. (2) can be written in the form of a linear algebraic equa
tion, which for cell 𝑃 reads:

𝑎𝑃 𝐯𝑛+1𝑃 +
∑
𝑁

𝑎𝑁 𝐯𝑛+1
𝑁

= 𝐫𝑃 + (∇𝑝)𝑃 , (22)

where the diagonal coefficient 𝑎𝑃 , the off-diagonal coefficients 𝑎𝑁 and 
the source term 𝐫𝑃 can be found in [37].

The mathematical model of fluid flow is solved using a segregated 
solution procedure where the discretised momentum equation is solved 
decoupled from the discretised pressure equation. The discretised pres
sure Poisson equation, obtained by combining the discretised momen
tum and continuity equations, reads:∑
𝑓

(1 
𝑎

)
𝑓
(𝐧 ⋅∇𝑝)𝑛+1

𝑓
𝑆𝑛+1
𝑓

=
∑
𝑓

𝐧𝑛+1
𝑓

⋅
(𝐇
𝑎 

)
𝑓
𝑆𝑛+1
𝑓
, (23)

where the (1∕𝑎)𝑓 and (𝐇∕𝑎)𝑓 terms are calculated by using the tempo
rally consistent Rhie-Chow interpolation procedure proposed in [37].

The face normal derivative of the pressure at the left hand side of 
eq. (23) is discretised using eq. (20) applied on the pressure field. The 
absolute volume fluid flux 𝑉̇ 𝑛+1

𝑓
through the cell face 𝑓 is calculated as 

follows:

𝑉̇ 𝑛+1
𝑓

= 𝐧𝑛+1
𝑓

⋅
[(𝐇
𝑎 

)
𝑓
−
(1 
𝑎

)
𝑓
(∇𝑝)𝑛+1

𝑓

]
𝑆𝑛+1
𝑓
. (24)

Volume flux calculated in this manner will satisfy the discretised conti
nuity equation if the pressure field satifies the pressure eq. (23).

3.3. Discretisation of surface equations

Applying a second-order collocated finite area method, the surfac
tant transport eq. (14) can be discretised on the moving control area 𝑆𝑃
(see Fig. 3) as follows:

𝜕
(
Γ𝑃 𝑆𝑃

)
𝜕𝑡 

+
∑
𝑒 
(𝐦 ⋅ 𝐯)𝑒𝐿𝑒 Γ𝑒 =

∑
𝑒 
𝐷Γ,𝑒(𝐦 ⋅∇ 𝑠Γ)𝑒𝐿𝑒 + (𝑠Γ)𝑃 𝑆𝑃 , (25)

where the subscripts 𝑃 and 𝑒 represent the face-center and edge-center 
values, and it is assumed that finite-area points move in normal direction 
which means that (𝐦 ⋅ 𝐛)𝑒 = 0.
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Fig. 4. Edge-based local orthogonal coordinate system whose axis are aligned 
with the orthogonal unit vectors 𝐧, 𝐭 and 𝐭′, where vector 𝐭 is tangential to the 
geodetic line 𝑃𝑒𝑁 .

Fig. 5. Representation of the interface with the mesh boundary faces. 

The edge-center tangential velocity 𝐯t is calculated using following 
linear interpolation formula:

𝐯t,𝑒 = (𝐓𝑒)T ⋅
[
𝑒𝑥𝐓𝑃 ⋅ 𝐯t,𝑃 + (1 − 𝑒𝑥)𝐓𝑁 ⋅𝐕t,𝑁

]
, (26)

where 𝑒𝑥 is the interpolation factor which is calculated as the ratio of 
the geodetic distances 𝑒𝑁 and 𝑃𝑒𝑁 (see Fig. 3):

𝑒𝑥 =
𝑒𝑁

𝑃𝑒𝑁
, (27)

and 𝐓𝑃 , 𝐓𝑁 and 𝐓𝑒 are the tensors of transformation from the global 
Cartesian coordinate system to the (𝐭′𝑒, 𝐭𝑒,𝐧𝑒) edge-based local coordi
nate system dfined in Fig. 3. The convection term in eq. (25) is discre
tised using the linear upwind discretisation scheme by taking into ac
count geodetic distances between the neighboring control area centers. 
The diffusion term is discretised using the central differencing scheme 
with non-orthogonal correction [19]:

(𝐦 ⋅∇ 𝑠𝜓)𝑒 = ||𝚫𝑒|| 𝜓𝑁 −𝜓𝑃
𝐿𝑃𝑁

⏟ ⏞⏞⏞⏞⏞⏞⏟ ⏞⏞⏞⏞⏞⏞⏟
Orthogonal contribution

+ 𝐤𝑒 ⋅ (∇ 𝑠𝜓)𝑒,
⏟ ⏞⏞⏞⏟ ⏞⏞⏞⏟

Non-orthogonal correction

(28)

where 𝐤𝑒 =𝐦𝑒 −𝚫𝑒, 𝚫𝑒 =
𝐭𝑒

𝐭𝑒⋅𝐦𝑒
, 𝐿𝑃𝑁 is the geodetic distance 𝐿𝑒𝑃 and 

𝐭𝑒 is the unit tangential vector to the geodetic line 𝑃𝑒𝑁 at the point 𝑒
(see Fig. 4).

3.4. Interface tracking procedure

The numerical modeling of the two-phase fluid flow with a sharp in
terface is performed using a moving mesh interface tracking procedure. 
The computational mesh consists of two separate parts, where each of 
the meshes covers only one of the considered two fluid phases, see Fig. 1. 
The two meshes are in contact over two geometrically equal surfaces, 𝑆l
and 𝑆g, at the boundary between the phases, i.e. the interface. Surface 
𝑆l represents the liquid side of the interface, and surface 𝑆g represent 
the gas side of the interface. Each surface is dfined by a set of boundary 
faces, see Fig. 5, where each face l𝑓 on the surface 𝑆l has a correspond
ing geometrically equal face g𝑓 on the surface 𝑆g. Matching of the two 
meshes at the interface is assumed in order to make the explanation of 
the interface tracking method clearer, and is not required in general.

Coupling of flow equations between fluid phases is performed by 
applying adequate boundary conditions at the boundary faces which 
dfine the side l and g of the interface. At the side l the pressure 𝑝l and 
normal velocity derivative (∇𝐯 ⋅𝐧)l are specfied, while at the side g the 
velocity 𝐯g is specfied and normal derivative of dynamic pressure is set 
to zero, (𝐧 ⋅∇𝑝)g = 0. The boundary conditions are calculated using the 
kinematic and dynamic conditions as follows:

1. The value of dynamic pressure specfied on the face l𝑓 (see Fig. 5) 
is calculated from the dynamic pressure at the face g𝑓 using eq. (8) 
as follows:

𝑝l𝑓 = 𝑝g𝑓 − (𝜌l − 𝜌g) 𝐠 ⋅ 𝐫l𝑓
− (𝜎𝜅)l𝑓 − 2

(
𝜂l − 𝜂g

)
(∇ 𝑠 ⋅ 𝐯)l𝑓 ,

(29)

where 𝑝g𝑓 is the dynamic pressure at the face g𝑓 calculated by ex
trapolation from the fluid g, and 𝐫l𝑓 is the position vector of the face 
center l𝑓 . The surface divergence of the velocity vector (∇ 𝑠 ⋅ 𝐯)l𝑓 at 
l𝑓 is calculated using the surface Gauss integral theorem [40]. The 
procedure for calculating the surface force (𝜎𝜅)l𝑓 is described later 
in this section.

2. The normal velocity derivative specfied at l𝑓 is calculated from the 
normal velocity gradient at g𝑓 using eq. (11), as follows:

(∇𝐯 ⋅ 𝐧)l𝑓 =
𝜂g

𝜂l
(𝐈− 𝐧l𝑓 ⊗ 𝐧l𝑓 ) ⋅

[
(∇𝐯)g𝑓 ⋅ 𝐧l𝑓

]
+ 1 
𝜂l

(∇ 𝑠𝜎)l𝑓 − 𝐧l𝑓 (∇ 𝑠 ⋅ 𝐯)l𝑓

+
(𝜂g − 𝜂l)
𝜂l

(
∇ 𝑠𝐯n

)
l𝑓 ,

(30)

where 𝐧l𝑓 = −𝐧g𝑓 is the unit normal of the face l𝑓 . Equation (30) is 
derived using the identity ∇𝐯 ⋅𝐧+𝐧 (∇ 𝑠 ⋅𝐯) = (𝐈−𝐧⊗𝐧) ⋅(∇𝐯 ⋅𝐧). The 
surface gradient of the normal velocity component (∇ 𝑠𝐯n)l𝑓 at l𝑓 is 
calculated using the surface Gauss integral theorem. Calculating the 
tangential surface force (∇ 𝑠𝜎)l𝑓 is described later in this section.

3. According to the kinematic condition (6), the tangential velocity 
component specfied on g𝑓 is transferred from l𝑓 :

(𝐯t )g𝑓 = (𝐯t )l𝑓 . (31)

The normal velocity component specfied on g𝑓 is calculated from 
the condition of zero net mass flux, (𝑉̇g𝑓 − 𝑉̇g𝑓 ) = 0, i.e.

(𝐯n)g𝑓 = −
𝑉̇g𝑓

𝑆g𝑓
𝐧l𝑓 , (32)

where 𝑉̇g𝑓 is the volume flux of the face g𝑓 . Since the displacement 
of mesh points on the side g is equal to the displacement on the side 
l of the interface, 𝐮g𝑖 = 𝐮ł𝑖, the same is valid for the volume fluxes 
of the faces l𝑓 and g𝑓 :

𝑉̇g𝑓 = 𝑉̇l𝑓 . (33)

The specfication of interface boundary conditions using the above 
procedure is done at the beginning of each outer iteration. In general, at 
the end of an outer iteration, the net volume flux through the boundary 
side l is different from zero, i.e.

[𝑉̇ p
l𝑓 − (𝑉̇𝑠)

p
l𝑓 ] ≠ 0, (34)

where 𝑉̇ p
l𝑓 is the fluid volume flux through the face l𝑓 and (𝑉̇𝑠)

p
l𝑓 is 

the cell-face volume flux through the same face, both obtained in the 
previous outer iteration. In order to correct the net volume flux, the 
interface points must be moved to accomplish the following volume flux 
corrections:

𝑉̇ ′
l𝑓 = [𝑉̇ p

l𝑓 − (𝑉̇𝑠)
p
l𝑓 ]. (35)
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Fig. 6. Definition of the interface using control points. 

The displacement of the interface points is calculated based on the pro
cedure proposed in [28], where a control point l𝑐 is attached to each 
face l𝑓 at the side l of the interface as is shown in Fig. 6. The corrected 
position of the interface points is calculated using the following proce
dure:

1. Calculate the volume 𝛿𝑉 ′
l𝑓 which face l𝑓 sweeps on the way from 

the current to the corrected position in order to cancel the net mass 
flux: 

𝛿𝑉 ′
l𝑓 =

2
3
𝑉̇ ′
l𝑓 Δ𝑡, (36)

where 𝑉̇ ′
l𝑓 is the volume flux correction for face l𝑓 , eq. (35).

2. Using the above, the displacement of control points in the direction 
𝐟l𝑐 is:

ℎ′l𝑐 =
𝛿𝑉 ′

l𝑓

𝑆
p
l𝑓 𝐧

p
l𝑓 ⋅ 𝐟l𝑐

, (37)

where 𝑆p
l𝑓 and 𝐧pl𝑓 are the area and unit normal of the face l𝑓

in the previous iteration and 𝐟l𝑐 is the control point displacement 
direction. The new corrected positions of the control points are cal
culated according to the following expression:

𝐫𝑛l𝑐 = 𝐫pl𝑐 + ℎ
′
l𝑐 𝐟l𝑐 , (38)

where 𝐫pl𝑐 is the position vector of the control point l𝑐 before the 
correction.

3. The new position of the interface mesh point l𝑖 is obtained by pro
jection to the plane which is laid over the corresponding control 
points using the least square method.

3.5. Calculation of interface curvature and surface tension

Regardless of the approach used for tracking the interface between 
the phases in a multiphase fluid flow, the implementation of surface 
tension is always demanding.

Let us assume the interface is discretised with an unstructured sur
face mesh consisting of arbitrary polygonal control areas. The surface 
tension force acting on the control area 𝑆lf (see Fig. 7) can be expressed 
by the following equation:

𝐅𝜎l𝑓 = ∮
𝜕𝑆l𝑓

𝜎𝐦 𝑑𝐿 =
∑
𝑒 ∫
𝐿𝑒

𝜎𝐦 𝑑𝐿 =
∑
𝑒 
𝜎𝑒𝐦𝑒𝐿𝑒, (39)

where 𝜎𝑒 and 𝐦𝑒 are the surface tension and bi-normal unit vector at 
the center of the edge 𝑒 and 𝐿𝑒 is the length of the edge 𝑒. If the total 
surface tension force for each control area in the mesh is calculated using 
eq. (39), then the total surface tension force for a closed surface will be 
exactly zero if the unit bi-normals 𝐦𝑒 for two control areas sharing the 
edge 𝑒 are parallel and have opposite direction.

Fig. 7. Control area 𝑆l𝑓 at the interface. 

It remains to decompose the surface tension force 𝐅𝜎l𝑓 into the tan

gential component (∇ 𝑠𝜎)l𝑓 used in eq. (30), and the normal component 
(𝜅𝜎)l𝑓𝐧l𝑓 used in eq. (29). Using the surface Gauss integral theorem, the 
surface tension force acting on the control area 𝑆l𝑓 can be expressed by 
the following equation:

𝐅𝜎l𝑓 = ∫
𝑆l𝑓

∇ 𝑠𝜎 𝑑𝑆 + ∫
𝑆l𝑓

𝜅𝜎𝐧 𝑑𝑆. (40)

When the right hand side of eq. (40) is approximated by the mid-point 
role and the result of the discretisation is equalised with the right hand 
side of eq. (39), the following expression is obtained:

(∇ 𝑠𝜎)l𝑓 + (𝜅𝜎)l𝑓 𝐧l𝑓 =
1 
𝑆l𝑓

∑
𝑒 
𝜎𝑒𝐦𝑒𝐿𝑒. (41)

Hence, the tangential component of the surface tension force acting on 
the control area 𝑆l𝑓 is equal to the tangential component of the right 
hand side of eq. (41):

(∇ 𝑠𝜎)l𝑓 =
1 
𝑆l𝑓

(𝐈− 𝐧l𝑓𝐧l𝑓 ) ⋅
∑
𝑒 
𝜎𝑒𝐦𝑒𝐿𝑒 (42)

and its normal component is equal to the respective normal component:

(𝜅𝜎)l𝑓𝐧l𝑓 =
1 
𝑆l𝑓

(𝐧l𝑓 ⊗ 𝐧l𝑓 ) ⋅
∑
𝑒 
𝜎𝑒𝐦𝑒𝐿𝑒. (43)

If the surface tension coefficient is constant (𝜎 = const.), eq. (42) will 
give a tangential component of the surface tension force equal to zero 
if the normal unit vector of the control area 𝑆lf satifies the following 
equation:

𝜅l𝑓𝐧l𝑓 =
1 
𝑆l𝑓

∑
𝑒 
𝐦𝑒𝐿𝑒 (44)

or, if 𝜅l𝑓 ≠ 0:

𝐧l𝑓 =

∑
𝑒 
𝐦𝑒𝐿𝑒

|∑
𝑒 
𝐦𝑒𝐿𝑒| . (45)

With eqs. (42) to (44) we shall formulate a procedure for the calcu
lation of the surface tension force which ensures that the total surface 
tension force on a closed surface will be exactly zero. Unfortunately, the 
fufillment of this condition is not sufficient for successful application of 
surface tension forces in the calculation. Specifically, unphysical fluid 
flow near the interface arises due to local (rather than global) inaccu
racy in the calculation of surface tension forces.

From eq. (39) one can see that the accuracy of surface tension force 
calculation depends on the accuracy of calculation of the bi-normal unit 
vector 𝐦𝑒 which is calculated using the following expression:

Computer Physics Communications 308 (2025) 109460 

6 



M. Schwarzmeier, S. Raju, Ž. Tuković et al. 

𝐦𝑒 = 𝐞̂ ×
𝐧𝑖 + 𝐧𝑗

2 
, (46)

where 𝐞̂ is the unit vector parallel with edge 𝑒 and 𝐧𝑖 and 𝐧𝑗 are the in
terface normal unit vectors in points 𝑖 and 𝑗 (see Fig. 7). Using eqs. (44) 
and (46) one obtains the exact value of curvature of the control area 𝑆l𝑓
if the points of the control area lie on the surface of the sphere.

3.6. Solution procedure

Based on the described interface tracking method, one can now de
fine the solution procedure for the Navier-Stokes system on a moving 
mesh, which may be used for simulating two-phase fluid flow using a 
moving mesh interface tracking method. The procedure consists of the 
following steps:

1. For the new time instance 𝑡 = 𝑡𝑛+1, initialize the values of all de
pendent variables with the corresponding values from the previous 
time instance;

2. Dfine the displacement directions for the interface mesh points and 
the control points;

3. Start of outer iteration loop:
(a) Update pressure and velocity boundary conditions at the inter

face;
(b) Assemble and solve the discretised momentum equation eq. 

(19) on the mesh with the current shape of the interface. The 
pressure field, face mass fluxes and volume fluxes are used from 
the previous (outer) iteration;

(c) The velocity field obtained in the previous step is used for the 
assembly of the discretised pressure eq. (23). After the pressure 
equation is solved, new absolute mass fluxes through the cell 
faces are calculated. The net mass flux through an interface is 
generally different from zero;

(d) In order to compensate the net mass flux obtained in the pre
vious step, the interface displacement is calculated using the 
interface points displacement procedure dfined in the previ
ous section;

(e) The interface points displacement is used as a boundary condi
tion for the solution of the mesh motion problem. After mesh 
displacement, the new face volume fluxes are calculated using 
the current points positions and the position from the previous 
time instance;

(f) Convergence is checked and if the residual levels and the net 
mass flux through the interface do not satisfy the prescribed 
accuracy, the procedure is returned to step (a).

4. If the final time instance is not reached, return to step 1.

4. Subgrid-scale model

4.1. Motivation

The simulation of realistic gas-liquid systems is still a huge challenge, 
e.g. when one would like to simulate an industrial scale bubble column 
reactor. The nature of this application is multi-scale. One of the smallest 
scales occurring is that of concentration boundary layers of the rising 
bubbles at realistic, i.e. high, Schmidt numbers. With conventional FV
methods these scales have to be resolved, what is still unfeasible for an 
application as the one mentioned above. This motivated the first paper 
to discuss SGS modeling [1]. In SGS modeling, an analytical function 
is used to describe the prfile of a scalar field inside its boundary layer 
and to use this SGS information for improved flux computation.

The method has been developed further since and has been applied 
in the context of Volume of Fluid [42,17,4] as well as in interface track
ing frameworks [29,30,41]. An overview on the state of Subgrid-Scale 
modeling was also given by [43]. Recently, the approach was taken up 
in [16], where local curvature and tangential convection effects have 
been included.

Fig. 8. The simplfied model for species transfer across a bubble surface. [42] 
adapted from [4].

4.2. Analytical model

The SGS model we implement is based upon analytical solution of a 
simplfied problem, depicted for a bubble in Fig. 8. The idea behind the 
SGS modeling is to zoom in on the interface, so that the curvature gets 
negligibly small, allowing the analytical model therefore to assume a 
(locally) flat boundary. This assumption is adequate for scenarios with 
a concentration boundary layer thickness small in comparison to the 
radius of curvature of the given boundary.

At the interface Σ of the model problem (see Fig. 8), a constant and 
homogeneous concentration 𝑐Σ is prescribed, which can be computed 
from Henry’s law under the sensible assumption of a well-mixed gas
side concentration, as is pointed out by [4].

The velocity in the substitute model problem is parallel to the in
terface. No velocity gradient normal to the boundary exists in the 
model problem (𝜕𝑣∕𝜕𝑥 = 0). There could be a non-zero gradient in the 
boundary-parallel direction, in which case the boundary layer thick
ness 𝛿 in eq. (48) would change accordingly. There is no velocity com
ponent normal to the boundary.

In the application within ALE-IT, the boundary geometry and the 
velocity field have to be resolved. In a co-moving reference frame, the 
interface neighboring cell’s velocity should be nearly parallel to the 
interface and with the assumption of zero interface-normal velocity gra
dient the next cells velocity should be nearly identical to it. When a thin 
scalar boundary layer exists, the SGS can model the scalar fluxes normal 
to the boundary without resolving the scalar boundary layer itself.

Further assumptions of the substitute problem are a given, constant 
value (e.g. zero concentration) upstream (𝑦 < 0) of the domain and far 
away from the boundary (𝑥 → ∞) as well as negligible diffusion in 
streamwise direction. We also assume quasi-steadiness and the trans
ported scalar being passively transported.

Applying these assumptions to the advection-diffusion eq. (13) with 
the sorption term 𝑠Σ + [ [𝒋 ⋅ 𝒏Σ] ] = 0 on Σ(𝑡) and Fick’s law 𝒋 = −𝐷∇𝑐 and 
𝜈 being the boundary-parallel velocity, lead to the expression

𝜈
𝜕𝑐

𝜕𝑦
=𝐷 𝜕

2𝑐

𝜕𝑥2
for 𝑥 > 0 and 𝑦 > 0 (47)

with the boundary conditions

𝑐(𝑥, 𝑦 = 0) = 𝑐∞, 𝑐(𝑥→∞, 𝑦 > 0) = 𝑐∞ and 𝑐(𝑥 = 0, 𝑦 > 0) = 𝑐|Σ.
The analytical solution to this problem is

𝑐(𝑥, 𝑦) = 𝑐|Σ + (𝑐∞ − 𝑐|Σ) ⋅ erf
(
𝑥 
𝛿(𝑦)

)
with 𝛿(𝑦) =

√
4𝐷𝑦∕𝜈. (48)

The boundary layer thickness 𝛿 is considered a free parameter, which in 
IT will be fitted for each interface-attached cell individually as described 
in section 4.3.2. The fitting selects the locally best approximation from 
the family of given error-functions in eq. (48).

From the analytical solution for the fitted parameter, we can approx
imate a more accurate boundary-normal gradient of the scalar concen
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Fig. 9. The concentration prfile and linear/corrected gradient next to a bound
ary. Adapted from [42]. (For interpretation of the colors in the figure(s), the 
reader is referred to the web version of this article.)

tration at the interface as well as at the first cell faces normal to the 
boundary, 𝑥𝑓 in Fig. 9. These gradients are used to scale the convective 
and diffusive scalar fluxes in the Finite Volume discretization, keeping 
the discretization of convective and diffusive operators implicit. Scaling 
is only applied in interface normal direction and described in detail in 
sections 4.3.3 and 4.3.4.

Without the SGS, the maximally second-order unstructured Finite 
Volume convective and diffusive fluxes are underestimated at the inter
face and overestimated at the first cell faces normal to the boundary. 
Fig. 9 visualizes the linear gradient calculation in red and the actual 
gradients at the interface and the first cell faces normal to the boundary 
with the dashed blue lines.

Note that in the algorithm the concentration in the first cell is not al
tered by the SGS. Instead the gradients are used to scale the diffusivities 
at the respective locations, as described in sections 4.3.3 and 4.3.4.

Details of the SGS model can be found in [4,42,30]. It has been 
applied to VoF by [42], where the implementation becomes more com
plicated.

4.3. Algorithm

4.3.1. Equation discretization in finite volume solvers
The species transport eq. (13) is discretised using the unstructured 

Finite Volume Method, e.g. using the backward scheme as described 
above for Navier-Stokes equations,

3𝑐𝑛+1
𝑃
𝑉 𝑛+1
𝑃

− 4𝑐𝑛
𝑃
𝑉 𝑛
𝑃
+ 𝑐𝑛−1

𝑃
𝑉 𝑛−1
𝑃

Δ𝑡 
+
∑
𝑓

Φ𝑓 𝑐𝑛+1𝑓
=
∑
𝑓

𝐷𝑓 (∇𝑐)𝑛+1𝑓 ⋅𝑺𝑓 ,

(49)

where 𝑉𝑃 is a control volume/cell, Φ𝑓 = 𝑺𝑓 ⋅ (𝐯 −𝒘)𝑓 is the face flux 
and the superscripts 𝑛+1, 𝑛 and 𝑛−1 symbolize the new, current and pre
ceding timestep. The formula is written for a constant time step size. The 
subscript 𝑃 and 𝑓 represent the value at the cell centers, respectively the 
face centers.

For the SGS model to take effect in the computation, we will modify 
the diffusivity coefficient and the face fluxes in the equation above.

4.3.2. Computation of model parameter boundary layer thickness
The model parameter boundary layer thickness 𝛿 is computed by it

eratively comparing the amount of the scalar in the first cell adjacent to 
the boundary in the simulation, 𝜂𝑐 , with the amount that would be con
tained in said cell for a given 𝛿, 𝜂𝑆𝐺𝑆 . In Fig. 9 both light brown areas 
have to be the same size or the area enclosed by the real concentration 
prfile and the cell centered FV-value has to be the same. Mathemati
cally this is being expressed in this expression:

𝜂𝑐 =
𝑐 − 𝑐|Σ
𝑐∞ − 𝑐|Σ

! 
= 1 
𝑉 ∫
𝑉

𝜂(𝑥∕𝛿) 𝑑𝑉 = 𝜂𝑆𝐺𝑆 (50)

with

𝜂(𝑥, 𝑦) =
𝑐(𝑥, 𝑦) − 𝑐|Σ
𝑐∞ − 𝑐|Σ = erf(𝑥∕𝛿(𝑦)). (51)

Using the derivative of 𝜂𝑆𝐺𝑆 with respect to 𝛿, as described in [30], 
we use a Newton-bisection method until eq. (50) is fufilled within a 
given tolerance. For details like the initial value and the algorithm in 
detail the reader is referred to the previously cited article. We ensure 
numerical robustness of the Newton-Bisection root finding approach by 
limiting the next value during the search to a value larger than 2−52 , 
a floating point number SMALL (machine epsilon) used in OpenFOAM 
to stabilize floating-point arithmetic. While we recommend this to be 
always used, we have implemented it as an optional switch. For both, 
the advective and diffusive flux, the same idea is utilized: the scaling of 
the fluxes according to the boundary layer thickness and therefore the 
theoretical values given by the SGS.

4.3.3. Computation of diffusive fluxes
With 𝐷𝑓 being the face-centered molecular diffusivity, 𝑆𝑓 being the 

area magnitude of the finite volume face and 𝜕𝑛𝑐 being the surface nor
mal gradient of the scalar c, the face-centered diffusive flux 𝐹𝐷

𝑓
is given 

by

𝐹𝐷
𝑓

= −𝐷𝑓𝑆𝑓 (𝜕𝑛𝑐)𝑓 . (52)

In the following, we use the superscript 𝑆𝐺𝑆 to indicate the value is 
obtained from, or modfied by, the SGS model. The SGS model solves the 
analytical model for the actual surface normal gradient of 𝑐, which will 
be (𝜕𝑛𝑐)𝑆𝐺𝑆𝑓

. However, we solve the transport equation for 𝑐 implicitly 
to retain a high-degree of numerical stability and scale the diffusion 
coefficient to account for the ifluence of the SGS model. Therefore, we 
state that the flux computed with the molecular (physical) diffusivity 
coefficient and the normal gradient from the SGS model is equal to the 
flux computed from the implicit unstructured FVM gradient and a scaled 
diffusion coefficient, i.e. meaning

𝐹𝐷
𝑓

= −𝐷𝑓𝑆𝑓 (𝜕𝑛𝑐)𝑆𝐺𝑆𝑓

! 
=𝐷𝑆𝐺𝑆𝑆𝑓 (𝜕𝑛𝑐)𝑜𝑓 , (53a)

which can be easily re-arranged into

𝐷𝑆𝐺𝑆
𝑓

=
𝐷𝑓 (𝜕𝑛𝑐)𝑓
(𝜕𝑛𝑐)𝑆𝐺𝑆

. (53b)

This scaling is applied to the cell faces at the boundary as well as 
at first cell faces normal to the boundary. For both respective locations 
the diffusivity parameter needs to be modfied at the corresponding po
sition, 𝑥Σ and 𝑥𝑓 in Fig. 9. There are exceptions, when the correction is 
not employed, the details of this can be found in [30].

4.3.4. Computation of advective fluxes
In similar manner to the diffusion, the advective flux is given by

𝐹 𝑐
𝑓
∶= 𝑐𝑆𝐺𝑆

𝑓
𝐹𝑓 = 𝑐𝑓𝐹𝑆𝐺𝑆𝑓

Φ, (54)

where 𝐹 𝑐
𝑓

is the volumetric flux of the concentration 𝑐 at the face 𝑓 , and 
𝐹𝑓 ∶= 𝐯𝑓 ⋅ 𝐒𝑓 is the volumetric flux. Since no convection of the species 
normal to the interface can take place, the scaling for advective fluxes is 
only applied to the first cell faces normal to the boundary. Equation (54) 
analogously to our procedure for the diffusive flux, leads to

Φ𝑆𝐺𝑆 = 𝑐
𝑆𝐺𝑆

𝑐
Φ. (55)

Exception handling is done similar to diffusion fluxes, of which the de
tails can be found in [30].
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Fig. 10. Class diagram of the Subgrid-Scale model, also showing a potential new model. 

5. Software design of the SGS model library

The software design is closely related to the model as described in 
section 4.

The first benfit of our implementation is a strict adherence to the 
OpenFOAM design principles, which enable easy library extension with 
new models alternative to the SGS [30] and their Run-Time Selection 
(RTS) [22] using cofiguration files. The implementation is depicted in 
Fig. 10, already showing how a new model newSubGridScaleModel
would be implemented.

The second benfit of our software design is the possibility to ap
ply SGS models to any Partial Differential Equation (PDE) discretized 
in OpenFOAM, without requiring extensive modfication of existing 
solvers. Our SGS model library can be applied to any part of the domain 
boundary with a minimal requirement of a prismatic boundary-adjacent 
mesh with at least three layers of cells in the boundary layer.

Our design of the SGS model implements an OpenFOAM library with 
a class hierarchy and RTS [22]. A base class which does nothing is 
present, so an option remains of not using SGS modeling. The SGS model 
is implemented in a derived class, with virtual functions implementing 
the functionality from [30]. All functionality needed by the SGS is either 
accessed from core OpenFOAM libraries or is contained within the SGS 
model implementation, which ensures the modularity of the SGS model. 
An alternative SGS model will require similar addressing and geometric 
mesh information in the boundary layer and the implementation pro
vided in the original SGS model can be re-used.

To enable the user of the SGS a good understanding of the effects of 
the SGS model and to make accessible insights for further developments 
of the SGS model, we implemented the possibility to output various SGS 
model parameters into OpenFOAM volScalarFields. These include 
the model parameter 𝛿 or an indication of the exception handling, what 
represents the reason the SGS model might not be employed. These can 

easily be inspected visually, an example is given in Fig. 14, where the 
diffusion coefficient after the SGS scaling is visualized. One can see, 
that on the iflow side, the scaling is strong and of opposite effect for 
the boundary faces versus the faces between adjacent cell and the next 
outer cell layer. On the ouflow side in contrast, there is little effect to 
be seen. The third layer represents the un-modified diffusion coefficient. 
Visualizing multiple operating figures of the SGS enables insights into 
and deepens the understanding of the simulation case and the effect of 
the SGS to it.

An exemplfied code for the modfication of the PDE in an Open
FOAM solver for applying an SGS model from our model library is shown 
in Listing 1.

The SGS requires some values as user input, that are read from the 
cofiguration file transportProperties in OpenFOAM, with the relevant 
SGS sub-dictionary shown in Listing 2.

The SGS model can be activated with the keyword-pair type
SubGridScale for a mesh boundary patch specfied by the keyword 
patchName. Additional required user input is the fa-field concentra
tion, dfined with the keyword cInfinity. Optional parameters are, 
whether to output additional parameters from the SGS model as an 
OpenFOAM volScalarField and the level of verbosity from 0 to 3 
to print to the solver log. 0 corresponds to a quiet mode and 3 prints 
very extensive information of almost all processes and results within 
the SGS algorithm and calculations. As these settings affect simulation 
performance and disk consumption, the first defaults to false while 
the later affects log readability and defaults to 1, which gives limited 
log-output. These visualizing capabilities as well the rapid info state
ment level enable insights to the user, but they also help with future 
model development.

Our framework is continuously and automatically tested, cf Ap
pendix A.

Computer Physics Communications 308 (2025) 109460 

9 



M. Schwarzmeier, S. Raju, Ž. Tuković et al. 

Listing 1: A minimal example of the application of the SGS model to a PDE solver in OpenFOAM.

# i n c l u d e " b a s e S u b G r i d S c a l e M o d e l . H " 
i n t m a i n ( i n t a r g c , c h a r * a r g v [ ] ) 
{ 

. . . 

a u t o P t r < b a s e S u b G r i d S c a l e M o d e l > s g s P t r = 
b a s e S u b G r i d S c a l e M o d e l : : N e w ( t r a n s p o r t P r o p e r t i e s . s u b D i c t ( " S G S " ) ) ; 

w h i l e ( s i m p l e . l o o p ( ) ) 
{ 

I n f o < < " T i m e �= �" < < r u n T i m e . t i m e N a m e ( ) < < n l < < e n d l ; 
w h i l e ( s i m p l e . c o r r e c t N o n O r t h o g o n a l ( ) ) 
{ 

/ / C o m p u t e S G S d a t a n e e d e d f o r s c a l i n g . 
s g s P t r − > u p d a t e ( p s i ) ; 
f v S c a l a r M a t r i x p s i E q n 
( 

f v m : : d d t ( p s i ) 
+ f v m : : d i v ( s g s P t r − > s c a l e d F l u x ( p h i , p s i ) , p s i ) 
− f v m : : l a p l a c i a n ( s g s P t r − > s c a l e d D i f f C o e f f ( D , p s i ) , p s i ) 

= = 
f v O p t i o n s ( p s i ) 

) ; 

p s i E q n . r e l a x ( ) ; 
f v O p t i o n s . c o n s t r a i n ( p s i E q n ) ; 
p s i E q n . s o l v e ( ) ; 
f v O p t i o n s . c o r r e c t ( p s i ) ; 

} 
r u n T i m e . w r i t e ( ) ; 

} 
} 

Listing 2: transportProperties sub-dictionary for the SGS model.

S G S 
{ 

/ / C h o o s e t h e S G S m o d e l : " S u b G r i d S c a l e " o r " i n a c t i v e " 
t y p e S u b G r i d S c a l e ; 

/ / p a t c h t o a p p l y S G S t o 
p a t c h N a m e f r e e S u r f a c e ; 

/ / f a r -f i e l d c o n c e n t r a t i o n 
c I n f i n i t y c I n f i n i t y [ 0 − 3 0 0 1 0 0 ] 0 ; 

/ / ( o p t i o n a l : ) S w i t c h , w h e t h e r t o l i m i t n e x t 
/ / s e a r c h p o i n t t o b e b i g g e r t h a n S M A L L 
i S G S f a l s e ; 

/ / ( o p t i o n a l : ) w r i t e p a r a m e t e r s f o r v i s u a l i z a t i o n 
/ / o f S G S p a r a m e t e r s 
v i s u a l i z e P a r a m e t e r s t r u e ; 

/ / ( o p t i o n a l : ) v e r b o s i t y l e v e l f o r i n f o s t a t e m e n t o u t p u t ( 0 -3 ) 
i n f o L v l 1 ; 

} 

6. Results

6.1. Error norms and rate of convergence

For verfication cases, we employ up to three different error norms.
The 𝐿1-, 𝐿2- and 𝐿∞-norms are calculated by

𝐿1 = 
∑
𝑖 
|||𝑦𝑖,𝑛𝑢𝑚 − 𝑦𝑖,𝑟𝑒𝑓

||| (56)

𝐿2 =
√∑

𝑖 

(
𝑦𝑖,𝑛𝑢𝑚 − 𝑦𝑖,𝑟𝑒𝑓

)2
(57)

𝐿∞ = max |||𝑦𝑖,𝑛𝑢𝑚 − 𝑦𝑖,𝑟𝑒𝑓
||| (58)

where 𝑦𝑛𝑢𝑚 is the numerically computed value, 𝑦𝑟𝑒𝑓 the reference value, 
either from an analytical solution of the given problem or a value to be 
assumed correct.

The rate of convergence is used to describe, how fast a numerical 
method converges towards a mesh-independent solution. The rate of 
convergence for two given cases with different discretization length is 
approximated as

𝑐 =
log 𝑒1

𝑒2

log ℎ1
ℎ2

, (59)

where 𝑐 is the rate of convergence, 𝑒 is the error, computed as 𝑒 = 𝑦𝑛𝑢𝑚−
𝑦𝑟𝑒𝑓 , and ℎ is the typical discretisation length. For the cases, where we 
compute a rate of convergence in this article, the edge length of the 
surface mesh is the typical discretization length. The subscripts 1 and 
2 denote the two different cases, where ℎ1 is the bigger discretisation 
length.

6.2. Flat plate test case

The smallest test for model development and code verfication is 
what we call the flat plate test case. It implements the assumptions 
made in section 4.2 and was already implemented by e.g. [30]. The 
test consists of a flat plate with a prescribed constant concentration of 
1 mol∕m3. A velocity parallel to the plate is prescribed for the whole do
main, including the boundaries so there is no velocity boundary layer 
at the plate. Initially and in the iflow, the concentration is set to zero, 
the length of the plate is 0.005 m and the fluid velocity is 0.1 m∕s. The 
timestep of 0.0002 s is used for a physical duration of 0.1 s, which is 
double the time the fluid needs to be transported through the domain. 
Fig. 11 visualizes the setting.

With the possibilities described in section 5, it can be verfied that 
fundamental parts of the algorithm as described in section 4.3 are imple
mented correctly, like the boundary layer thickness 𝛿 and the diffusion 
correction. Benficially, there is an analytical solution to this model for 
comparison. For these reasons the test enables insights into the capabil
ities of the SGS model and the implementation thereof. This simple test 
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Fig. 11. Set-up of the flat plate test. Figure taken from [30]. 

Fig. 12. Results for the parameter study over of the flat plate test case. 

case does circumvent most of the error-handling and also convective 
flux correction must not have an effect on the outcome.

In Fig. 12 the local Sherwood numbers of a parameter study along 
the boundary surface are displayed. The parameter study has four levels 

of mesh rfinement, where the cell size halves between each execution 
from 40 𝜇m to 5 𝜇m, four different diffusivity levels spanning four orders 
of magnitude from 5 × 10−8 m2∕s to 5 × 10−11 m2∕s and every of these 
setups is run with and without active SGS model. Taking the length of 
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the plate as reference length 𝐿, the Peclet number is within the interval 
[104,107].

It is apparent, how without the SGS model, the Sherwood number 
cannot be computed in cases with a boundary layer that is small in 
comparison to the cell size, i.e. when the cell size is big and the dif
fusivity is small. In contrast to the linear interpolation with the SGS 
model the Sherwood number is captured reasonably well in all cases. 
Note in Fig. 12, that at some locations the Sherwood number with the 
application of the SGS model is actually smaller than without it.

6.3. Mass transfer at a spherical fluid particle

The second test case for the SGS model mimics a moving droplet or 
bubble. It uses the axisymmetric solution of velocity field from Satap
athy and Smith in [32] for low Reynolds numbers. The computational 
domain is a wedge with prescribed velocity. This test case was also im
plemented by and we take the reference solution from [30]. This test 
case introduces additional complexity compared to section 6.2, since 
there is flow non-parallel to the interface, therefore violating some of 
the assumptions made when deriving the SGS mathematical model, as 
described in section 4.2. From the visualization capabilities we can see 
in the rear part of the ``bubble'' the exception handling partially taking 
place, as there the concentration rises, not conforming to the assump
tion of a thin boundary layer (with parallel flow) made in the derivation 
of the SGS. As in section 6.2 the iflow and initial concentration is set 
to 0 mol∕m3 and the interface is set to have a constant concentration of 
1 mol∕m3. The simulated physical duration is 0.6 s and the results shown 
here represent the final state.

To see the best results with the SGS, it is important to set the inter
polation schemes to limitedLinear phi 1.0 for the concentration 
c and to linear for the interpolation of the scaled diffusion coefficient 
as well as for the flux of U in the fvSchemes-file.

We run a parameter study consisting of four different diffusivities 
from 1 × 10−8 m2∕s to 1 × 10−11 m2∕s, four different mesh resolutions 
with the meshing parameter N = [62,124,248,496] as the number of 
faces along the half-circled interface. Every study is run with and with
out employing the SGS and with a constant timestep of 0.0002 s. The 
bubble diameter of 2 mm serves as reference length for the Sherwood 
number. It can be observed from Fig. 13 that without deploying the 
SGS, the local Sherwood number is almost constant and except for the 
rear part of the bubble too low in case of small diffusivities and coarse 
meshes. When the mesh resolution is fine and the diffusivity is high, the 
boundary layer is not as thin (in comparison to the mesh cell size), and 
therefore the results of linear modeling and SGS modeling are similar.

In Fig. 14 the diffusion coefficient after scaling with the SGS is dis
played. In the cell layer adjacent to the interface, the diffusion coeffi
cient at the interface is visible, whilst in the next outer cell layer the 
scaled diffusion coefficient at the faces between interface-adjacent cells 
and that same cell is visualized. The third row of cells represents the 
uncorrected diffusion coefficient for reference.

The biggest correction is applied in the front part of the bubble, 
where the flow impinges onto the interface and the boundary layer is 
very thin, therefore the derivative in surface normal direction of the con
centration is very big. In the rear part of the bubble the boundary layer 
has grown and the main direction of the flow is no longer parallel to the 
surface, making the surface concentration gradient in interface-normal 
direction much smaller and reasonable good represented by linear in
terpolation. Therefore less correction is needed. To understand what is 
happening, we would like to point the reader to Fig. 9 again.

6.4. Marangoni-induced migration of an air bubble in silicone oil

The velocity of a bubble/droplet within an unbounded fluid sub
jected to uniform temperature gradient (𝜕𝑇 ∕𝜕𝑧) and zero gravity field 
(𝑔 = 0) is dfined by following expression [44]:

𝑣𝑇b,YBG = 2 (
2 +

𝜆𝑖

𝜆𝑜

)(
2 + 3

𝜇𝑖

𝜇𝑜

) 𝑅 
𝜇𝑜

𝜕𝜎

𝜕𝑇

𝜕𝑇

𝜕𝑧 
, (60)

where 𝑅 is the radius of the bubble, 𝑇 is the fluid temperature, 𝜎 is the 
surface tension coefficient, 𝜇𝑖 is the dynamic viscosity of the internal 
fluid, 𝜇𝑜 is the dynamic viscosity of the outside fluid and 𝜆 is the thermal 
conductivity of the fluid.

In the case the Marangoni convection is caused by a specfied fixed 
gradient of surfactant concentration along the interface, the bubble mi
gration velocity can be expressed based on eq. (60) as follows, see [27]:

𝑣Γb,YBG = 2 

3
(
2 + 3

𝜇𝑖

𝜇𝑜

) 𝑅 
𝜇𝑜

𝜕𝜎

𝜕Γ
𝜕Γ
𝜕𝑧 
, (61)

where Γ is the concentration of surfactants at the interface.
A numerical simulation is performed for an air bubble of radius 

𝑟𝑏 = 1 mm moving through the silicone oil. Relevant properties of both 
phases are listed in Table 1. The bubble is assumed to be of spherical 
shape and rigid and is fixed during the simulation. The spatial compu
tational domain consists of a volume of the spherical bubble filled with 
air and volume around the bubble bounded by the spherical surface of 
radius 𝑟 = 20𝑟b and filled with silicone oil. The spatial domain is discre
tised by the unstructured mesh consisting of 979 520 hexahedral cells.

The flow inside and outside of the bubble is driven by Marangoni 
forces due to the nonuniform distribution of surfactant concentration 
along the interface, which is fixed during the simulation. The distribu
tion of surfactant along the bubble surface is dfined by following linear 
function:

Γ 
Γ∞

=
𝑧+ 2𝑟b
𝐿 

, (62)

where Γ∞ is the saturated surfactant concentration and 𝐿 is the length 
scale, whose value is set to 525 mm. The equation of state is also linear 
and reads as follows:

𝜎 = 𝜎s
(
1 − 𝛽s

Γ 
Γ∞

)
, (63)

where 𝛽s =
𝑇Γ∞
𝜎s

is the elasticity number which amounts to 2 in this 
study.

The unsteady computation is performed with time-step size Δ𝑡 =
0.01 s using the first order accurate Euler temporal discretisation 
scheme, until steady state is reached. The gradient of the surface ten
sion coefficient as well as the gradients of volume fields is calculated 
using the least square method. The diffusion terms in the momentum 
and pressure equations are discretised using the skew-corrected central 
differencing scheme, while the convective term in the momentum equa
tion is discretised using the linear-upwind scheme. At the outer side of 
the spatial domain the velocity and normal derivative of pressure are 
set to zero and at the interface corresponding kinematic and dynamics 
conditions are enforced.

The bubble rise velocity is calculated based on numerically deter
mined volume flow rates through the faces at the interface as follows:

𝑣b =
∑
𝑓 pos(𝜙i,f )𝜙i,f∑

𝑓 pos(𝐤 ⋅ 𝐒i,f )(𝐤 ⋅ 𝐒i,f )
, (64)

where 𝜙i,f is the volume flow rate of the fluid through the face 𝑓 at 
the interface, 𝐒i,f is the area vector of the face 𝑓 at the interface and 
𝐤 is the unit direction vector of bubble motion. The bubble velocity 
calculated using eq. (64) based on simulation results amounts to 𝑣𝑏 =
0.001 325 m∕s, while the corresponding analytical (eq. (61)) gives the 
migration velocity as 𝑣Γb,YBG = 0.001 329 5 m∕s. The velocity field inside 
and around the bubble along the plane 𝑦 = 0 is shown in Fig. 15.

Computer Physics Communications 308 (2025) 109460 

12 



M. Schwarzmeier, S. Raju, Ž. Tuković et al. 

Fig. 13. Local Sherwood numbers of a parameter study for Schmidt-numbers from 1 × 104 to 1 × 107 . 

Fig. 14. Visualization of corrected diffusion coefficients for the coarsest mesh with a diffusivity of 1× 10−9 m2∕s. 

6.5. Passive scalar transport on the interface

We test the framework’s ability of adequate transport of a species 
along an interface with a rotating droplet with a prescribed concentra
tion. The droplet is represented in 2-D. The test setup follows the test 
done by [2,3]. We prescribe the initial concentration distribution and 

the velocity. For the evaluation we compute one rotation, what equals 
one second with our prescribed velocity referring to an angular velocity 
𝜔 = 1∕𝑠.

The initial distribution is given by

Γ(𝜃, 𝜏 = 0) = cos𝜃 + 1
2 

Γ0, (65)
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Fig. 15. Marangoni-induced velocity magnitude inside and around the migrating bubble along the plane 𝑦= 0. 

Table 1
Properties of air and silicone oil.

𝜌 [kg/m3] 𝜇 [Pa s] 𝜎 [N/m] 
Air 1.8 × 10−5 1.2 0.02
Oil 955 0.191 0.02

where Γ is the surface concentration, 𝜏 is the time, 𝜃 is the angle and 
Γ0 is the maximum initial concentration. After a time 𝜏 the expected 
distribution from an analytical approach is given by

Γ(𝜃, 𝜏) = 𝑒
−𝐷𝐼𝜏 cos(𝜃 −𝜔𝜏) + 1

2 
Γ0, (66)

where 𝐷𝐼 is the diffusion in interface tangential direction.
For proper evaluation a mesh rfinement study with a parameter 

variation of the diffusivity is conducted. The results are visualized in 
Fig. 16. We use a meshing parameter 𝑁 = [24,32,40,56,80,96,120], 
corresponding to the number of surface cells along the interface. The 
timestep is set to 0.0005 s regardless of the mesh size. The surface diffu
sivity is varied between 0 m2∕s and 0.1 m2∕s.

Visually it is difficult to see a difference between the discretizations 
in Fig. 16, except for very coarse mesh resolutions. In Fig. 17 the error 
norms and their rate of convergence are shown. The rate of convergence 
of the 𝐿∞-norm is close to 2, for the 𝐿2-norm it is close to 1.5 and for 
the 𝐿1-norm is around 1 for the resolutions analyzed. The rates of con
vergence shown in Fig. 17b are computed from the mesh resolution, at 
which they are shown and the next finer one. With the low error norms 
and their respective rate of convergence we deduct, that our framework 
is well able to handle transport along an interface.

6.6. Expanding fluid interface

To test the frameworks conservation of surfactant mass for an ex
panding fluid interface, we implement a test case, that mimics an ex
panding droplet like it was done by [2,3]. The initial distribution of 
species is described and there is no diffusion happening. The initial dis
tribution is the same as in eq. (65). The droplet is represented by a 

wedge that is iflated with a prescribed velocity and thereby the sur
face is stretched. The analytical solution to this setup is given by

Γ(𝜃, 𝑟(𝜏)) = cos𝜃 + 1
2 

Γ0
𝑟20

𝑟(𝜏)2
, (67)

where 𝑟(𝜏) = 3
√
3𝑉0(𝜏 + 𝜏0), where 𝜏0 = 1∕3𝑠 and 𝑟 is the radius, respec

tively 𝑟0 is the initial radius.
Fig. 18 shows, how the species concentration per area at the interface 

has decreased after 2.5 s of bubble growth. The concentration matches 
precisely the expected result for all mesh resolutions tested. We con
clude, that our framework is fit to simulate phenomena involving surface 
expansion/shrinking.

6.7. Bubble rising in surfactant solution

To showcase the framework’s capabilities, we add a complex test 
case. This test case is a re-calculation of the case from [30]. It models a 
single air bubble rising in quiescent water with a surfactant, and there 
is experimental data to validate our simulation.

The previous test cases have shown in an isolated way, that the 
framework is able to resolve the boundary layer (sections 6.2 and 6.3), 
handle chemically induced changes in surface tension (section 6.4), 
compute surfactant transfer on the interface (section 6.5) and conserve 
surfactant mass on the interface, when the interface area changes (sec
tion 6.6). For this test case all of these capabilities are needed.

As we will compare our results with [30], we strive to use exactly 
the same settings in [30]. However, [30] have used an ALE-IT im
plementation in another OpenFOAM version, which introduces some 
differences in the solution algorithm, addressed below. The bubble di
ameter is 1.45mm, and it is initialized as a sphere with zero velocity. 
The fluid properties used can be found in Table 2. The timestep size used 
is 5 × 10−6 s and the mesh contains 979 520 cells, where the interface is 
being discretized with 9280 faces. It is displayed in Fig. 19, where on 
the right-hand side, the interface mesh is displayed in dark grey. The 
mesh is created with OpenFOAM’s blockMesh utility and, therefore, is 
different than the mesh in [30], but it has similar discretization lengths. 
Also, the newly introduced switch to limit the boundary layer thickness 
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Fig. 16. Results from the rotating droplet parameter study. 

Fig. 17. Errors of the rotating droplet parameter study. 

Fig. 18. Surface concentration after 0.5 s for different mesh resolutions. 

to a minimum of 1 × 10−15 m is de-activated to perform a more direct 
comparison with [30].

Table 2
Fluid properties to model water (+) and air (−).

𝜌+ [kg/m3] 𝜇+ [kg/ms] 𝜌− [kg/m3] 𝜇− [kg/ms] 𝜎0 [N/m] 
997.3 9.3 ×10−4 1.1965 1.83 ×10−5 0.0724 

To track the bubble’s motion a moving reference frame (MRF) is 
used. This MRF follows the bubble, so it stays in the center of the com
putational domain and the mesh is less deformed. The domain is now 
moving and accelerating like the bubble, making a correction in the 
momentum equation (adding 𝜌𝛼𝑀𝑅𝐹 as well as a modfied boundary 
condition for the velocity (𝑣𝑜𝑢𝑡 = −𝑣𝑀𝑅𝐹 ) necessary.

The surfactant modeled is the non-ionic dodecyl-dimethyl-phos
phine-oxide (𝐶12𝐷𝑀𝑃𝑂). Its properties can be found in Table 3. The 
sorption process is modeled with the fast Langmuir model and the thin 
concentration boundary layer at the interface is treated with the SGS 
model.

We model 4 different cases, where each one starts with a clean in
terface. The liquid phase is initialized with a surfactant concentration 
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Fig. 19. Undeformed mesh and bubble at the beginning of the simulation. 

Table 3
Surfactant (C12𝐷𝑀𝑃𝑂) properties, including fast Langmuir ad
sorption model parameters.

𝑐Σ∞ [mol/m2] 𝑎𝐿 [mol/m3] 𝐷 [m2/s] 𝐷Σ [m2/s] 𝑇 [K] 
4.17 ×10−6 4.85 ×10−3 5 ×10−10 5 ×10−7 296 

Fig. 20. Rising velocities over rising height for different initial concentrations. 

of 𝑐𝑖𝑛𝑖𝑡𝑖𝑎𝑙 = 𝑐∞ = [0, 2 × 10−3, 8 × 10−3, 5 × 10−2] mol∕m3, where 𝑐∞
is also the concentration boundary condition for iflow into the liquid 
domain. There is no surfactant present in the gas phase at any point.

Fig. 20 shows the rising velocities obtained by experiments [29], pre
vious simulations [30], as well as results of our new ALE-IT implemen
tation. There are only minor discrepancies between the two solutions 
obtained by ALE-IT simulations with SGS, that are far exceeded by the 
differences to the experimental results. Small discrepancies between two 
different ALE-IT methods are caused by the differences in the numerical 
setup, as well as uncertainties related especially to the surfactant prop
erties, like the surface diffusion coefficient, different meshing, slightly 
different numerical schemes, and the Finite Element solver used for the 
mesh motion in [30]. Both sets of results show the characteristic fea
tures of over- and undershooting for all initial concentration levels and 
a good overall agreement with experimental data.

Fig. 21 shows the surfactant distribution in the bulk phases and on 
the surface after 0.1 s for the 3 different cases with surfactant. While a 
thin boundary layer can be observed in all cases, the area where it de
taches and the amount accumulated on the interface vary greatly. In all 
cases, the surfactant accumulates at the rear part, where it immobilizes 
the surface, as can be concluded from the low velocities there in Fig. 20. 
This changes the flow field significantly. In the clean case, there is no 
visible detachment of the bubble wake, whereas in the case with the 
highest concentration, there is detachment and a recirculation zone big
ger than the bubble itself. Another major difference between the cases 
is the shape of the bubble: the clean bubble deforms into a spheroidal 
form, whereas in the cases with high concentrations the bubble remains 
almost spherical.

We have shown for a rising bubble in Figs. 20 to 22, that our frame
work can effectively capture the expected results in the rising velocity 
of the bubble, the surfactant concentration in the bulk and on the inter
face, as well as their ifluence on the bubble shape.

7. Conclusions

We provide a thoroughly automatically tested implementation of 
the unstructured Finite-Volume Arbitrary Lagrangian / Eulerian (ALE) 
Interface-Tracking (IT) method for simulating incompressible, immisci
ble two-phase flows with surfactants and Subgrid-Scale (SGS) modeling 
of interfacial mass transfer as an OpenFOAM module.

We provide a modular and easily extendible SGS model hierarchy 
within an ALE-IT OpenFOAM module, with cofigurable output param
eters for in-depth analysis. The SGS model’s ability to accurately capture 
thin boundary layers and steep gradients was demonstrated, alongside 
the critical need for flux correction not only at the interfaces but also 
across adjacent cell boundaries. Furthermore, the Interface Tracking 
module’s prficiency in accurately simulating surfactants on moving 
fluid interfaces and their impact on surface tension and Marangoni flow 
was demonstrated. We demonstrate the capabilities of our ALE-IT im
plementation for simulating complex hydrodynamics with mass transfer 
by simulating a rising bubble with soluble surfactants. Our framework is 
able to reproduce the expected results, such as the rising velocity of the 
bubble, the surfactant concentration in the bulk and on the interface, as 
well as the surfactants ifluence on the bubble shape.

Ongoing work includes ensuring consistent contact line kinematics 
[14,15] for the ALE-IT framework to improve simulation accuracy for 
contact line kinematics and dynamics, and extensions towards tetra
hedral meshes for stronger mesh deformation and topological changes 
[26].
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Fig. 21. Surfactants on the surface and in the bulk phases at t = 0.1 s for different concentration levels. 

Fig. 22. Velocities on the surface and in the bulk phases at t = 0.1 s for different concentration levels. 
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Appendix A. Automatic testing

We have set up our test cases in a Continuous Integration (CI) 
pipeline. The pipeline is depicted in Figs. A.23 and A.24. In our ap
proach we follow the practices presented in [23,24]. This means the 
tests are run and evaluated automatically in the CI with Jupyter Note
books. They also produce the results and graphs included in this work. 
A job in a succeeding stage to the downstream pipeline has been omitted 
from Fig. A.24 for the sake of readability. Said job collects and bundles 
all those artifacts from the two previous stages.

In [23,24] CI is focused on tests and their automatic evaluation. We 
have added tests to the CI pipeline, that check certain additional as
pects of the repository, like e.g. formatting and the formal correctness of 
the CITATION.cff -file. We also build an image within the CI with Open
FOAM and other needed packages. This job can not be seen in Fig. A.23, 
since it is only run once a new OpenFAOM version is available. It is lo
cated before the trigger job for the downstream pipelines.

Computer Physics Communications 308 (2025) 109460 

17 



M. Schwarzmeier, S. Raju, Ž. Tuković et al. 

Fig. A.23. Upstream CI pipeline. 

Fig. A.24. Downstream CI pipeline. 

We further expanded the CI to be able to test the code for multi
ple OpenFOAM versions, which at the moment is being done for the 
latest three versions OpenFOAM v2312, v2306 and v2212. In feature
branches only the latest version is tested to save resources.

Another feature of the CI pipeline is the addition of a test, that 
checks the OpenFOAM lo-files for warnings and errors, where tuto
rials added to the repository are automatically detected and run for a 
single timestep. This almost ensures, that there are no errors in the set
up of test cases and would also uncover some of errors in the code, that 
can only be detected, when OpenFOAM is run. The automatisation of 
this test in finding and running all simulation cases is especially valu
able. Since running all of the simulations for only one timestep needs 
a very limited amount of time it can be checked, that changes in the 
code don’t corrupt any case before committing and pushing to the cen
tral repository. The automated finding of cases also prevents forgetting 
to add a simulation case to the CI (to this testing method) and the au
tomated execution and error finding gently forces all participants of the 
repository to set up their cases to run flawlessly and fully automatised, 
e.g. they need to include everything needed to run a case in the All
run script. This ensures all the cases provided with the code can be run 
without debugging.

Another topic not covered in the previously mentioned references 
is that for repetitive tasks, like reading dictionary entries, reading files 
or calculating error norms needed for the evaluation a set of python 
functions is provided. This set of functions is also tested automatically 
with the testing framework pytest as part of the CI pipeline and precedes 
the more computationally expensive OpenFOAM-specific jobs, as can be 
seen in Fig. A.23.

Appendix B. Supplementary material

Supplementary material related to this article can be found online at 
https://doi.org/10.1016/j.cpc.2024.109460. 
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