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Abstract. We propose a method for the uncertainty quantification of nonlinear hyperbolic equations with
many uncertain parameters. The method combines the stochastic finite volume method and tensor trains in a
novel way: the physical space and time dimensions are kept as full tensors, while all stochastic dimensions are
compressed together into a tensor train. The resulting hybrid format has one tensor train for each spatial cell
and each time step. We adapt a MUSCL scheme to this hybrid format and show the feasibility of the approach
using several classical test cases. A convergence study is done on the Burgers' equation with three stochastic
parameters. We also solve the Burgers' equation for an increasing number of stochastic dimensions and show
an example with the Euler equations. The presented method opens new avenues for combining uncertainty
quantification with well-known numerical schemes for conservation law.

1 Introduction

This work focuses on uncertainty quantification for nonlinear hyperbolic equations with many parameters. Var-
ious methods have been developed to study how uncertainties affect partial differential equations. Two main
categories are Monte Carlo-type methods and the use of an orthogonal basis, for example with the generalized
polynomial chaos expansion (gPC). The gPC method can be either intrusive, with e.g. stochastic Galerkin meth-
ods, or non-intrusive, e.g. stochastic collocation. The Monte Carlo method is non-intrusive and its convergence
rate is independent of the problem dimension, but it converges very slowly. The gPC method has an exponen-
tial convergence rate when the solution of the equation depends smoothly on the stochastic parameters. This
makes it well-suited for elliptic and parabolic equations, but the smooth dependency is in general not observed
for hyperbolic problems.

Barth [I] introduced the stochastic finite volume method (SFV) to study hyperbolic equations with uncer-
tainties. The SFV is a deterministic formulation of the equations that keeps some properties of the original
hyperbolic problem, such as well-posedness [2]. However, since a new dimension is added for each uncertain
parameter, solving numerically the equations quickly becomes impossible.

When adapting methods that were developed for low dimensions to high dimensions, the number of param-
eters at hand increases exponentially. This phenomenon is called the curse of dimensionality. Low-rank tensor
formats appear as a possible solution to keep the storage and operations manageable. Low-rank tensors can be
seen as a generalization to tensors of the well-known low-rank matrix decomposition. Several tensor formats
have been developed, among them the canonical, the Tucker and the hierarchical formats [3]. Here, we focus
on one hierarchical format, namely the tensor train format. Tensor trains have been successfully used for solving
elliptic, parabolic and linear hyperbolic problems [4], 5 [6]. The non-linear hyperbolic case presents new difficulties
because the structure is much less preserved over space and time: for example, shocks can appear. In [7], the
authors propose to combine SFV with tensor trains and obtain promising results.

In this paper, we propose a mixed formulation where — in contrast to [7] — the time and physical space are
kept in the full format while the stochastic space is compressed in the tensor train format. Section [2]introduces
the problem and presents the principle of the stochastic finite volume method. In Section [3] we recall the main
ideas of the tensor train format. The new mixed format is presented in Section [dl A MUSCL-type algorithm
adapted to the mixed format is then described. It highlights the few modifications needed to use tensor trains



compared to the classical scheme. In Section [5 we show numerical experiments that prove the feasibility and
efficiency of our approach.

2 The stochastic finite volume method

We are interested in conservation laws with uncertain initial data. The problem is presented in the one-
dimensional space, but the method is the same for higher dimensions. Let T > 0, 2, C R, Q¢ C R”,
and let u: (0, 7) x Q. x Q¢ — RP be the solution to

0 of
a—:(t,x;wg) + a(u(t,x;wg)) =0, Xx€8Q, wegeQ, te(0,T), (1)
u(0, x;we) = up(Xx; we),  x € Qy, we € Q. (2)

Here, f = (f1,...f,) is the flux field. The random input wg is parametrized by a random variable £ : Q — Q¢
defined on the probability space (2, F,P). We assume that there exists a probability density p : R™ — [0, c0)
such that the expectation and the variance for u can be expressed as

E[U(f,X)]Z/Q u(t, x; we)p(€) d€,  Varlu(t, x)] = E[(u(t, x) — E[u(t, x)])]. (3)

2.1 General description of the method

The idea is to consider the space Q¢ C R™ as new "spatial directions" of the problem [8]. The stochastic
problem — is reformulated as a deterministic problem for the unknown u(t, x, £).

The physical space €2, and the parametrized probability space Q¢ are discretized as Cartesian grids, respec-
tively denoted by C. and C¢. The time interval [0, T] is discretized with a time step At,

Co=UiK}, Ce=U;KL, [0.t] = Uglti, ti + At],

where j = (j1,...Jm) is a multi-index. We introduce a constant mesh size in the spatial direction Ax, and in

each stochastic dimension A&y, ..., A€, The cells K. and Kg are defined as
) Ax
Ky = [Xic12, Xiv12l, Xz = X £ - (4)
j Aie
KE =N 172 &iprr2ls e =& £ —- (5)
Let Ny and Ng,, ..., N, denote the number of 1D cells in each spatial and stochastic direction, respectively.
We introduce the cell average in space
1
a'(©) = et [ u(e'x.) ox (6)
|Kx| Kl

and the cell average in space and in expectation over a cell j

1
;= ol = o [ a6 dxp(e) de (7)
" |KJ| LAIGARZR
Here the cell volumes are

K= [ ox=x K= [ el e ®)
x £

Integrating Equation in space and taking the expectation over a cell yields

/KJ / " x, &) dx p(€ d£+/m / (u(t", x,&)) dx p(§) d¢ = 0. (9)



After integration by parts, Equation @D reads

- du? .
Ax|KZ| d;;g + E;[f(u(t, X172, €)) — f(u(t, xi—1/2,€))] = 0. (10)

The exact flux f is replaced by a numerical flux F: the value of the solution at the interface x5 is
approximated using the values of the averages in the surrounding cells uf_ 10 u? ,ﬁ,-”ﬂyj. Let .7-',”; and .75',”]_
denote the numerical flux at the interface x;y1/» and x;_1 », respectively. The approxmation for their expectation

over each cell is denoted by .7_'-',”; and .7:',”; Then Equation ([10]) is approximated by

T

J du’J n+ =n— =n+ + (N =n— —/on
AXlKﬁ‘ dt '7: -7'-19 =0, -7'-13 = E;[F (U/,j I -7'-13 =E;[F (U/,j ]. (11)

The integrals are approximated using the midpoint rule. We introduce the approximated volume for the
stochastic cells K; = A& ... A&y, p(€5). The approximated average over a spatial cell is

ay; ~ u(t", xi, &) p(€). 42

By abuse of notation, let ﬁ,’-’d and .’f',”f denote the approximated expectation of the solution and the numerical
fluxes, respectively. The semi-discrete equation reads then

du'J n+ —n—
KjAX dt +K .7: K]"’Fi,j =0. (13)

After simplifications (K; # 0), the semi-discrete scheme reads

da? ; 1 _ _
13 n+ n—
iy (.7-',-4- - 7-',,j> =0. (14)

2.2 Numerical flux

The numerical flux is computed for a MUSCL scheme [9]. The expectation of the numerical flux at the interface
i+ 1/2 is defined by

H" _ f (u’+1/2-7) +f ( ’+1/2-7) af+1/2vj n+ n— 15
i+1/24 = 5 T Uit ~Uit1p5 ) (15)
where intermediate values "1++1/23 uf:uzj are linear reconstructions of the solution using the approximate

derivative, and a,+1/23 is the local speed. Since the midpoint rule is used to compute the expectation, all
quantities should be understood as evaluated at the point §;. The intermediate values are computed at the
interface between two cells in space:

_ Ax
u7r1/2,j =0, — 7(“x)7+1,j (16)
_ B Ax
u7+1/2,3 u7 + T(UX)/(TJ' (17)

The approximation of the derivative (ux)/; is computed with a limiter (here the minmod function),

u’.—ua” .. u’,.—u’.
n.o_ . ¥} -1, i+1,5 iJ
(uy); = minmod ( Ax , A ) . (18)
The local speed is given by
ain+1/2,j = max{ (f/(u,+1/21)) p(f/(u,+1/23))} (19)

where p(A) denotes the spectral radius of the matrix A. We recall that, if A\;(A) are the eigenvalues of A, the
spectral radius is defined by p(A) = max; |[\;j(A)].



2.3 Fully-discrete formulation and computational cost

We conclude the presentation of the stochastic finite volume method with the time discretization. A simple

forward Euler scheme yields
At -
i~ E( 7+1/2,j - H?—1/2,j)' (20)

Note that in the case of a forward Euler discretization in time, the cell average in space is computed only for
the initial condition. The cell average of the next time steps is directly given by .

Theoretically, the stochastic finite volume method has the advantage to give a complete description of the
solution dependency to the random variables. However, the problem becomes computationally intractable when
the dimension of the stochastic space €2¢ increases. Indeed, in the general case m > 1 with Ng, ..., Ng,
stochastic cells and N; time steps, the discrete solution ﬁﬂj is a tensor with a number of entries growing
exponentially with the number of directions:

(@7 ;) n=1.... v, € RPN x RPMa - x RPM 5 RPMa - xx RPN (21)

For the considered problem, m can become very large, making the tensor ﬁfj too large for computation or
storage. To circumvent this problem, we propose to use a low-rank tensor approximation. Following [7] we
choose to use the tensor train format. Tensor trains are briefly described in the next section.

3 The tensor train format

Various low-rank formats for tensors have been proposed [3]. We focus on the tensor train format, which was
introduced by [4] for numerical analysis.

3.1 Definition of a tensor train

For m € N, an mth-order tensor T € RMX**Nm is 3 tensor train if it can be written as a sum of products of
third-order tensors,

n...m
T(h, ... im) = Z G1(ih, 01)Ga(ay, i, @2) - - Gm(0tm, im)- (22)
a...om=1
The third-order tensors G, € Rt=1*Nexe gre called the cores of the tensor train, and the values rq, ..., ry are

called the ranks. For the first and the last cores, the ranks are set to ry = rpe1 = 1. The tensor train rank
(TT-rank) is the largest rank of the tensor train. We denote it by r = maxe—1._.m(rz).

The tensor train format has two properties that make it well suited for our objective: it breaks the curse of
dimensionality, and the associated approximation problem can be solved. Breaking the curse of dimensionality
is a common goal of low-rank formats. For an mth-order tensor with N entries in each dimension, a total of
N™ entries is required to describe the tensor. Adding new dimensions to the tensor increases exponentially the
number of entries. For a tensor train, only O((m—2)Nr?+2Nr) entries are necessary: adding new dimensions to
a tensor train increases only polynomially its number of entries. Not all tensors have a low-rank representation,
hence, for practical applications it is necessary to have some way of approximating a given tensor by a tensor
in the low-rank format of choice. In this regard, the tensor train format is more convenient than other low-
rank formats, the canonical decomposition for example. It was proved in [4] that the problem of finding a
quasi-optimal tensor train approximation of a tensor for a given rank is well-posed. The proof is constructive,
and the paper provides an algorithm to construct the quasi-optimal approximation. In contrast, the canonical
decomposition has a higher compression rate, but its approximation problem is ill-posed [10].



3.2 Operations on tensor trains

Tensor trains allow for a range of algorithms for many common tensor operations. We list here the ones that will
be used in the rest of the paper. Algebraic operations on tensors such as addition, element-wise multiplication,
and tensor contraction can be done directly in the tensor train format by applying the appropriate operations
on the cores. However, the resulting tensors have generally larger ranks. A rounding algorithm was introduced
in [4]. The rounding of a tensor train consists in approximating it with a tensor train of a lower rank. This
operation is again done directly in the tensor train format, and requires O(mNr? + mr*) operations. Hence,
after each algebraic operation, the result should be rounded to keep the rank low.

Applying a non-algebraic function to a tensor train is also possible thanks to the cross approximation algo-
rithm. The cross approximation was first introduced in [11], and a version with adaptive ranks was developed
in [12]. Cross approximation consists in evaluating the function at some entries of the tensor. Error estimates
for the cross approximation algorithm have been developed in [13] [14] for element wise errors and in [15] for
errors in the Frobenius norm. The main results of those papers is that the approximation error does not grow
exponentially with the number of dimensions.

4 A mixed format for the stochastic finite volume method

We propose here a method to solve hyperbolic equations with a high number of uncertain parameters. Our
method takes advantage of the low-rank approximation while keeping the structure of deterministic solvers. The
idea is to use the tensor train format only for the stochastic space, and to keep the full format in space and
in time. We choose to keep a full format in time because we do not expect the solution to have a low-rank
approximation with respect to time. The solution of a nonlinear hyperbolic problem can indeed significantly
differ from the initial condition as time passes due to the steepening of gradients and, thus, discontinuities may
develop. A comparison between low-rank approximation and full format in time was done in [6] for linear and
quasi-linear hyperbolic problems. The authors observed that the full format in time was more accurate than
its low-rank approximation, and we can expect the effect to be even more noticeable for non-linear problems.
Moreover, keeping the full format in space and in time allows us to adapt more easily well-known deterministic
solvers. Indeed, this way most steps are the same as a classical algorithm. The operations on scalars are simply
replaced by operations on tensor trains, as we will describe in more detail later.

The low-rank format is used in the stochastic directions, where the number of dimensions is the largest.
There is no theoretical argument ensuring that a problem starting with a low-rank structure keeps a low-rank
structure. In previous works [16], [I7], it was even observed that shocks can appear in the stochastic direction,
even if there is no flux in this direction. However, previous results [7] give experimental evidence that low-rank
formats can well approximate the solution.

We now describe our method. For conciseness, the method is given for a scalar equation with one spatial
dimension and with the same discretization in each stochastic dimension: A§; = A, = --- = A€, =: A€, and
Ng, = Ng, = --- = Ng, =: Ng. In this case, the discrete solution & has Ny N, N¢" entries. We fix one time step
n and one spatial cell /, and consider the array of the numerical solution for all cells in the stochastic space.
This m-dimensional array is approximated as a tensor train, denoted by U,”.

Ul ~ (ij)je{l lllll Ny (23)
By doing this for all spatial cells, we get a one-dimensional array (a vector) of tensor trains, one for each
spatial cell. Hence, at the time step n we consider the vector of tensor trains U" = (U7, ..., U} )T. The same
approximation is done for each reconstructed solution at the interface i + 1/2. The resulting tensor train is
denoted by U™

i+1/2°
n+ ~ nt
Uttie ™ (42525) s e (24)
and we consider the vector of tensor trains U”i_: (Ug/iz, . U,’\’/iﬂrl/z)T
With similar notations, let H" = (Hf/2, C HR/X+1/2) be the vector of tensor trains representing the numerical

flux expectation at the interfaces.



A practical example of our approach is now presented for the MUSCL scheme with forward Euler in time.
Note that the idea is very general and can in principle be applied to any type of finite volume solver. After
presenting the scheme, we describe how to compute the expectation and variance of the solution over the whole
stochastic space.

4.1 The MUSCL scheme in the mixed format

We adapt the scheme from Section 2] to apply it to arrays of tensor trains. Assume that, for a fixed cell i and

time step n, we know how to compute the tensor train approximations U,-” and Uf’jl/z, U/n+_1/2~ Then the scheme
reads:
_ _ At _
U/‘nH =U' - Et(/_/fﬂm - Hrn—l/2)' (25)
n+ n—
— f (U,-+1/2) +f (U,-+1/2) ajt1/2 U U )
i+1/2 = D) ) ( i+1/2 /+1/2) ' (26)
a1/ = max (17 (U )1 (U )1 ) (27)
— Ax
Uin++1/2 =Ul - 7(Ux)7+1r (28)
_ — Ax
Uin+1/2 =U'+ 7(Ux)7 (29)
gn—0gn. gn.,—gn
n __ . I i—1 i+1 i
(Ux)! = minmod ( A Ax > : (30)

Equations — are similar to a classical MUSCL scheme with no stochastic variables. The only difference
is that the objects L_/,”, UI.”fl/Q, (Ux)f7 and /—_/fﬂ/2 are scalars in the classical case, and tensor trains in our mixed
formulation. Hence, all operations on these objects must be adapted to the tensor train format. As explained in
Section[3] linear and polynomial functions can be applied directly to tensor trains, whereas the cross-interpolation
algorithm must be used for non-polynomial functions. In our case, the operations (T1, T2) — minmod(Ty, T2)
and the function (T1,T2) — max(|T1|, |T2|) are non-polynomial in the variables T1, T». Depending on the
problem at hand, this can also be the case for the initial condition ug, the flux f and its derivative 1.

The first step of the algorithm is to compute the cell average of the initial condition in the mixed format {°
using (12). For scalar equations, we make use of the maximum principle |u(t, x, £)| < maxy¢ |uo(x, &)| to use

the fixed time step
1 Ax

t< =———e=r.
2 max |f(U9)]
The case for systems of equations will be described in Section [5.2] The solution is then propagated in time

following the scheme (25)-(30).

The algorithms are summarized in Appendix [Al

A (31)

4.2 Computing expectation and variance

Once the solution in the mixed format U is known, we compute its expectation and variance. For simplicity, we
describe the computation for two stochastic variables €1, &>. The expectation and variance of the solution v at
time t and point x are

Elu(t, x)] :/Q u(t, x, €1, &2)pe(€) dg, (32)
Var[u(t, x)] = E[(u(t, x) — E[u(t, x)])?] = E[u(t, x)?] — E[u(t, x)]?. (33)

We make the additional assumption that the random variables are independent and denote by p1, p»> the probability
distributions associated to &§; and &5, respectively. The integral over the whole space Q¢ is approximated as a



sum
Ne  Ne

Eluf] ~ Y ar, ,pi(€)pa(6)(A€)% (34)
h=1p=1

This operation can be seen as a contraction of the tensor “fjl,jz with the tensor p(§,)p(§;,). Moreover, the
tensor p(&;,)p(&;,) is a tensor train with rank 1 and cores p(€;,) and p(§;,). With the mixed-format approximation
U,”, the tensor contraction can be computed in the tensor train format. For the variance, we first compute the
squared solution in the mixed format by operation on tensor trains, then we compute its expectation as above

and finally obtain the variance from Equation ([32]).

5 Numerical results

In this section, we apply the method to two hyperbolic problems: the Riemann problem associated to Burgers'
equation, and the Sod problem for the Euler equations. The first problem is used to investigate some properties
of the method. We study two performance indicators: the convergence order in the expectation and variance,
and the number of tensor entries. We also evaluate the influence of some parameters on the performance of
the algorithm, namely the TT-rank and the tolerance for the cross approximation algorithm. Finally, we show
that the method can scale up for a larger number of stochastic dimensions. The second problem showcases the
method’s applicability to a system of equations, and its ability to capture effects such as shock, rarefaction, and
contact waves.
The method was implemented in python with the tntorch library [18].

5.1 Stochastic Burgers’ equation

We consider the Burgers' equation with uncertain initial conditions,

du 10u? 14+30 . v g, x<0
0u 10 o gy = TR - (3)
ot 2 dx 14>, vreée x>0
Letvp =(vi1,..., Vim)' andvg = (V1. ..., Vr.m)'. For now, the number m of random variables is arbitrary.
The value of m and of the coefficients v, , vg will be given in each subsection. We focus on the case where the
solution is a shock wave, hence, we assume that for all realizations of € = (&3, ..., &) it holds
m m
1+ZVL,[& > _1+ZVR'Z&' (36)
=1 £=1
Under this assumption, the exact solution to is a shock
uL(§), x < s(é)t u (§) + ur(€)
u(t, %, €) = R (37)
ur(§),  x>s(é)t

In the following, we focus on the case m = 3 and study the algorithmic performance for an increasing number
of (spatial and stochastic) cells. Then, we consider the scale-up possibility by increasing m.

5.1.1 Convergence study and influence of algorithmic parameters

The random variables are assumed independent and & ~ U(0,1), for all £ € {1,..., m}. We fix m = 3,
(v, vi2,vi3)=1(0.1,0,-0.1), (vg1, Vr2, Vr3) = (0.1, —0.1,0). The initial condition then reads

to(x, §) = (38)

140.1& —0.1&5, x<0
—140.1¢; — 0.1&,, x>0



= £=0.1,r=1 0.0200 1 —e £=0.1,r=1
-»- £=0.01, r=1 £=0.1,r=5

£=0.1,r=5 0.0175 4
-%- £=0.01, r=5

o
o

2x1072 4

4
©

0.0150

o
o
%

0.0125

-2 |
10 0.0100

Nt/ N

0.0075 1

o
Y

—— £=0.1,r=1
-¥- £=0.01, r=1
£=0.1,r=5

|E7T_Eex| / |Eex|
[varr — vare| / [vare|
o
<

6x10° 0.0050

°
)

-%- £=0.01, r=5 & \ 0.0025 4
1 & Mx—x_x_x_x
4x%1073 order 0.0000 {
4x 10! 6x 10! 102 4x 10! 6x 10} 102 40 50 60 70 80 90 100
Nx Nx Nx

Figure 1: L!-error of the expectation and variance, and number of parameters for a shock wave for N, = N.
The curves for the same r and different € are superposed.

We investigate the influence of some parameters on the performance of the algorithm. Various performance
indicators can be used, here we focus on three values: the L1-error between the approximated and exact solution
expectation, the LI-error between the approximated and exact solution variance, and the compression ratio for
the solution at the final time. The compression ratio is defined as the number of entries for the mixed format
divided by the number of entries for the full tensor. The relative L -error in expectation at final time t” is defined

by

IETT — Eex|L1

Elfi e =
‘ |L ,reI |EeX|L1

N,
1 & e
o [Eln =5 D E[@). (39)
X =1

Here the expectations for the exact and approximated solution are computed with

Ny Xi+1/2
Err —Bade = 7 (E[u,-"] - [ Bt t)]) . (40)

Xj—1/2

For the integration of the exact expectation along x, we use the midpoint rule. The expectation for the tensor
train E[UP] is computed as described in Section [4.2] The expectation and the variance of the exact solution
are given in Appendix . Since their expression requires nontrivial integration, the integrals are numerically
approximated using the scipy.integrate package [19].

The investigated parameters are the number of stochastic and spatial cells, the TT-rank, and the tolerance
for the cross approximation function. We give here some explanation for each parameter. As before, the number
of cells in the spatial direction is denoted by N,. Each stochastic direction has the same discretization, and
we denote by Ng the number of cells for each stochastic direction. For example, in the case N, = Ng = 100,
the spatial-stochastic grid is made of 100* cells. The TT-rank r corresponds to the maximal rank allowed for
each rounding operation. The tolerance € is a parameter related to the cross approximation algorithm. The
iterative algorithm terminates once the residual on the selected entries is less than €. It should be noted that
this tolerance does not give a global error on the tensor approximation, so its influence on the total error of the
algorithm is not known.

Figure [1| shows the case Ny = Ng € {40,...,100}, and Figure [2| shows the case N¢ = 20 and N, €
{40,...100}. In addition to the results shown in these figures, we also tried other values for the TT-rank and
the tolerance. For the TT-rank, we tried with r = 10, r = 100 and setting no maximal ranks, but this led to
an excess of memory for high N,. For the tolerance, we tried with € = 107°, as it is the default value in the
library tntorch. Then the algorithm became much slower, and the cross approximation failed to converge in
many cases. As we see in the results, it is not clear whether a smaller tolerance improves the accuracy of the
solution.

From Figures [I] and [2] we make the following observations:
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e The L'-errors are higher for odd N, than for even N,. This might be caused by the location of shock
relative to the cell boundary. It should also be noted that for small N,, i.e. Ny < 60, similar oscillations
can be seen in the exact solution.

e The convergence order is approximately 1. For a non-stochastic problem, a MUSCL scheme with a midpoint
integration and a central Euler is expected to converge of second order. However, to our knowledge, no
convergence order has been proved for the solution expectation of a stochastic problem. It would also be
interesting to investigate how tensor approximation alters the convergence order.

e Changing the tolerance € does not seem to have a noticeable effect.

e A larger TT-rank r yields a lower L1-error for the variance. The L!-error for the expectations is not strictly
smaller, but its oscillation in N, is smaller.

e The compression ratio is globally very small, even for r = 5.

e For a fixed N, the version with higher N is slightly more accurate. Increasing N does not seem to have
an impact on the convergence order in x. We can assume that here, the loss of convergence order in x is
not related to the discretization in Ng.

5.1.2 Scaling study

The random variables are assumed independent and & ~ #(0, 1), for all £ € {1,..., m}. We fix Ny = Ng =
20,r = 5,& = 0.1 and vary the number of stochastic dimensions m. Here the coefficients vg, v, are vgy =
0.1, vy =—0.1for £ € {1,..., m}. This ensures that the solution is a shock wave, no matter the number of
stochastic dimensions. Thus, the expectation will exhibit a discontinuity at around x = 0, see Figure [4]

Figure 3] shows the number of entries for the solution at the final time and compare it with the number of
entries for the full tensor. The number of entries for the mixed format is polynomial with respect to the number
of stochastic dimensions, whereas it is exponential for the full format. When running the experiment, we noticed
that the cross approximation algorithm did not always converge. The cross approximation failed to converge
more frequently with increasing dimensions. To check how much the convergence of the cross approximation
alters the solution, we show in Figure |§|the expectation of the solution. The numerical solution seems not to
be affected by the failed convergence: a shock is still visible at the expected location.

5.2 Euler equations

The last experiment is the Sod problem for the Euler equations. We use this example to show that the algorithm
can be extended to systems, and that the approximated solution can capture features such as shocks and contact
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waves typical for nonlinear hyperbolic problems. We also investigate the influence of the mesh size and the rank
on the solution.

5.2.1 Problem description

We consider the Euler equations in one spatial dimension,

o (° 8 pu
Fril Nl R pu>+p | =0. (41)
oE (PE + p)u

Here p is the density, u the velocity, E the total energy, p the pressure. For an ideal fluid with a specific heat
ration vy = 1.4, the pressure is given by

2
ou
P:(’Yﬁl)(PE*Y)- (42)
Note that compared to the Burgers' equation, the flux of the Euler equations consists in non-polynomial func-
tions. Hence, cross approximation is required for the flux evaluation. We consider the Sod shock tube problem
for x € [0, 1] with free boundary conditions and with m = 3 stochastic directions,

14016 +0.1& +0.05¢;
—0.01& +0.05& +0.01& |, 0<x<05
p(0. x, &), 14+0.1¢ —0.01& +0.01¢5
u(0,x,€), | = : (43)
p(0. %, £) 0.125 + 0.05¢; — 0.056, +0.0163
0.05¢, — 0.01&, . 05<x<1
0.1+ 0.01& +0.05¢ — 0.01 &3

The random variables are assumed independent and & ~ U(0, 1), forall £ € {1, ..., m}. Here, the time step is
updated at each iteration. For a hyperbolic system with eigenvalues Aq, .. ., Ap, the CFL condition has the form
At
A max Ao < @, (44)

and we use the CFL number a = 0.4. The eigenvalues of the Euler equations are

M=U—C, o=U N3=U+C, C= E (45)

0

5.2.2 Parameter study

The Sod problem is used to investigate the influence of some parameters on the solution. We focus here
on the mesh size in the spatial and stochastic directions, and on the maximal rank. The tolerance for cross
approximation, that was varied in the Burgers case, is fixed here at € = 0.1. Since there is no analytical solution
known for the Sod problem, we focus here on the qualitative results. We plot the expectation and variance of
the primitive variables (density, velocity and pressure) at final time t = 0.2. For comparison, the expectation
and variance are also computed using a Monte-Carlo method with the library MultiWave [20]: an adaptive
discontinuous Galerkin solver was used with L = 6 refinement levels corresponding to a uniformly refined grid
with 192 cells and polynomial elements of degree 2, i.e., third-order scheme; the expectation and variance were
computed with 125,000 samples. Details can be found in [21], [T6, [I7] where similar Monte Carlo Simulations
were performed.

Figures |5 and @ respectively show the expectation and variance of the primitive variable for r = 5, Ng = 20
and for various mesh refinement in the physical space N,. For the expectation, there are little differences
between N, = 80 and N, = 160, so the scheme seems to converge. Moreover, the general shape is in globally in
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Figure 5: Expectation of p, u, p for r =5, N¢ = 20 and N, € {20, 40,80,160}. The expectation obtained with
a Monte-Carlo ("MC’) is in dotted line.
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Figure 6: Variance of p, u,p for r = 5, N¢ = 20 and N, € {20,40,80,160}. The variance obtained with a
Monte-Carlo ('MC’) is in dotted line.

good agreement with the MC results. However, in transition between the contact wave and the shock wave at
x € [0.65,0.85], there are non-physical oscillations, which will be further investigated in the next paragraph. We
also note that the results with MC are sharper, which is probably due to the fact that a third-order DG solver
was used. For the variance, in some areas convergence is slower and a local refinement could be beneficial.

Figure [7] shows the expectation of the primitive variables for Ny = 160, N = 20 and for various values of
the rank r. All the tested ranks yield mostly the same result, which supports the idea that the solution can be
represented in most cells with low-rank tensors. Only the zone x € [0.65, 0.85], between the contact wave and
the shock, shows differences for various ranks, see Figure[§ Increasing the rank is here necessary to reduce the
oscillations. Here, we see that increasing locally the rank would improve the solution while keeping computational
cost low. We also tried ranks lower than 5, but this yielded non-physical solutions.

Figure 9] and [L0] respectively show the expectation and variance of the primitive variable for Ny, = 160, r =5
and for various mesh refinement in the stochastic space N¢. Here, the number of stochastic cells does not seem
to have a significant influence, which is probably due to the choice of a uniform probability distributions for each
random variable.

In summary, we showed that for the Sod problem, a low rank representation is sufficient in most places, but
higher rank are necessary in some local parts. This example illustrates how we can use the mixed format to
gain more precise information on the problem at hand and tune the parameters to improve the solution. For
simplicity, we chose here to keep the same rank for all spatial cells, but the algorithm could easily be changed
to have a higher rank only in some cells.
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Figure 10: Variance of p, u, p for Ny = 160, r =5 and Ng € {20, 40, 80}.

6 Conclusion

In this paper, we have introduced a new method to use the stochastic finite volume method with many stochastic
parameters. The numerical experiments show the feasibility of the approach. They also underline the importance
of correctly choosing the T T-rank for the tensor approximation: there is a trade-off between the accuracy and
the need to keep computational cost tractable.

This work opens new avenues for combining the tensor train format with an accurate numerical method for
hyperbolic equations. Several aspects of the proposed method could be further investigated:

e The choice of correct algorithm parameters — such as the TT-rank or the tolerance for the cross ap-
proximation — is very likely to be problem-dependent. Hence, the algorithm should be tested on other
representative problems and for various probability densities.

e The convergence order of deterministic methods is altered by the introduction of random parameters. This
aspect should be further investigated to provide convergence estimates for this recent class of algorithms.

e The method proposed in this paper keeps each spatial cell separate, which should allow some analysis. In
particular, it would be interesting to look for correlations between the features in the physical space and
the TT-ranks in stochastic space. From the Sod example, we assume that imposing higher ranks only
on few cells should improve the result while keeping computational cost low. Further investigations are
required to validate this hypothesis.

A comparison with the fully compressed approach [7] would also be of interest. One could for example compare
the number of parameters needed by both approaches to obtain the same accuracy, when using the same finite
volume method and the same propagation in time.

The proposed algorithm is a proof of concept and can easily be combined with various high-performance
computing techniques. A mesh adaptation in the physical space could take into account the TT-rank. For
example, the method introduced in [21], 22] [I7] for mesh adaptation in physical and stochastic space could be
adapted to our setting. Moreover, the algorithm is easily parallelizable, since the numerical flux is computed
independently on each spatial cell.
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A Algorithms.

We describe the method in pseudocode. The general algorithm is presented in Algorithm|[I]and the flux computa-
tion is presented in Algorithm 2] Every time cross interpolation is used, it is made visible in the pseudocode with
the syntax 'cross(f(7T1,72,...))". Here, 'f" is the non-polynomial function and 'T1, T2, ..." are its arguments
in the tensor train format.

Remark 1 In Algorithm[1 the maximum of |f'(U°)| can be computed directly in the tensor train format. In
tntorch — the tensor train library used for this work — the minimum of a tensor train is computed by minimizing
the objective function x — tan(m/2 — x), where the objective function is evaluated with cross approximation.

Algorithm 1 Algorithm for a forward Euler scheme in time
forallie{1,..., NyNg} do

Ug < cross(ug(xi,, &1, ..., €m)) > Evaluate ug on the quadrature grid with cross approximation
end for
U° < Average(U°) > Compute the cell average of the initial condition U°
Ax

C te At < i——.
OMPHEE B8 = 2 ax [F(D0)]
forall keoO,..., N do
forallie{1,..., Ny} do

U/'E/z + Interpolate(U) > Interpolate values at interfaces, see Algorithm
/://11/2 <—_NumFqu(Ui1/2) > Compute the numerical flux at interfaces, see Algorithm
Ol 00 — AL (H, i — Hiyp) > Update the solution
end for
end for

Algorithm 2 Numerical flux computation for a MUSCL-type scheme
at « cross(max(|f’(Ui++1/2)|, |f’(Uf+1/2)|))

f(U/*H/Q) +f(U)0) - a+(u§1/2 — U7 1))

Hivij2 2Ax 2Ax
return Hiyq /o
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Algorithm 3 Interpolation
forallie{1,..., N, } do
(Uyx)" + cross(minmod(U; — Ui_1, Uiy1 — U;))
U/'T—l/2 Uy - %(Ux)?ﬂ
Ulsyjp < 07+ 3(U)7
end for

return U'*, U~

B Expectation and variance for the exact solution

We give here the expression for the expectation and variance of the exact solution to the Burgers' equation, for

the shock case and for m > 2.
We assume that v, = (Vi m + Vr.m)/2 # 0 and define

E=(¢1, ..., Em-1), Ve=(v1...., Vim-1), Yr=(VR1.,..., VRm-1), V= (V. +Vg)/2. (46)

Let c(t, x,€) = (x/t —¥- &) /vy and

1, c(é,x, t) > 1,
a(t,x, &) =< c(t,x, €), 0<c(tx, € <1, =min(1,max(0,c(t x,§))). (47)
0, c(t,x,€) <0

The expectation is

a(é) R 1 ~
E[u] = / / UR(E)P1(£1) ... pmlEm) dEm dé+ / U ()P(E) . Pn(Em) dEm €. (48)
[O’l]m—l £ [Ovl]m—l g,”:a(&)

m=0
For a uniform probability density over [0, 1], that is p; = --- = p,, = 1 and using the expression of v, ug and
Vi, VR,
. a? s Vim . P .
Elu] = (-1+vg-&a+ VR'mE +(14v. €+ > (140, -&a— VL,mE d€.
[0’1]m—1

For the variance we start by computing

. ) L2
1= [ (totn o oot fums )
[Ovl]m—l
. R /2
- ((1 + - )Pa+ (140 - v md + ?33>
2

+ ((1 FU P+ (140 O+ VL3”’> dg. (49)

The variance is then obtained with Var[u(t, x)] = E[u(t, x)?] — E[u(t, x)].
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