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Abstract

In High-Energy Physics, detailed and time-consuming simulations are needed
to describe particle showers in calorimeters. These particle showers are
recorded as energy deposits (hits) in the cells of the detector. To mitigate the
computational demands of such simulations, surrogate models are widely
studied. In this thesis, Generative Adversarial Networks (GANSs) are inves-
tigated as a fast and flexible approach. If the cells of the detector could be
represented by a regular grid, a GAN model would usually use (De-)Con-
volution layers to up/down-scale the number of voxels. However, due to
the often irregular geometry in modern high-granular calorimeters and the
small fraction of cells with a hit in such detectors, a grid representation is
often not feasible. By representing the shower as a point cloud (PC), i.e., a
set of real vectors, these issues can be addressed. In PCs, the complex de-
pendencies between the points must be correctly modeled. Particle showers
are inherently tree-like processes, as each particle is produced by the decay
or the detector interaction of a particle of the previous generation. With this
inductive bias, a GAN has been developed, that generates such PCs in a tree-
based manner. For this model, numerous new components for Graph Neural
Networks (GNNs) have been developed that allow up/down-scaling of PCs.
This model is applied to two popular benchmark datasets, which both can
be represented as PCs: JETNET, a dataset containing jet constituents, and
CALOCHALLENGE, a dataset containing particle showers in calorimeters. The
novel model achieves a good fidelity on both datasets.
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CHAPTER 1

Introduction

1.1. Particle Showers and Generative Models

In particle colliders, such as the Large Hardon Collider (LHC), particles are accelerated
and collided at high energies and resulting in the production of heavier and rare, unstable
particles. These particles are studied to obtain insights into the features of the interactions
and properties of the produced particles and to discover novel, so-far unknown interactions
or particles. Depending on the interaction, these collisions may produce a wide variety
of particles. These frequently unstable particles may produce additional particles through
decays. The collision point is surrounded by a detector that records the energy depositions
of the produced particles within the detector material. From these energy depositions, the
type and energy of the particles can be reconstructed. Modern detectors frequently feature
two major components:

A tracker, situated close to the interaction point, records the trajectory of the particles.
The trajectories of charged particles are bent by a magnetic field, allowing to infer the
momentum and charge sign from the curvature of the trajectory and the strength of the
field.

A calorimeter, situated further away from the interaction point, measures the energy
and direction of particles by stopping them. In interactions with the material, the particles
can deposit their energy in the calorimeter. A high-energetic particle will produce less
energetic particles through detector interactions and decays. These produced particles
can then generate further particles themselves. This yields a cascade of particle called a
shower. The shower is stopped when the energy of the particles falls below the material-
specific threshold, and the energy has been absorbed by the calorimeter almost completely.

The Need for Generative Models for Particle Showers

In particle physics, intricate simulations meticulously replicate the fundamental physics
processes, measurement processes, and details of the experimental apparatus. However,
accurate simulations of large and complex detectors, especially calorimeters, using current
Monte Carlo-based tools such as those implemented in the Geant4 [1] toolkit are compu-
tationally intensive. Currently, more than half of the worldwide LHC grid resources are
used for the generation and processing of simulated data [2]. Due to the high number of
particles in showers, the simulation of calorimeters is responsible for the majority of the
run time needed to simulate an event for the LHC experiments, e.g., Atlas [3].

For the upcoming High-Luminosity phase of the LHC (HL-LHC) [4], the computational
requirements will exceed the computational resources if no significant speed-ups can be
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Chapter 1. Introduction

achieved, e.g., for the CMS experiment by 2028 [5], projecting the current technologies.
This will become even more demanding for future high-granularity calorimeters, such as
the CMS HGCAL [6], with its complex geometry and extremely high number of channels.

To address these challenges, fast simulation approaches based on Deep Learning, includ-
ing Generative Adversarial Networks (GANs) [7] and Variational Autoencoders (VAEs) 4],
have been explored early [9-14] and deployed recently [15].

1.2. Development of a Tree-based Generative Model

In many calorimeters, the cells within the layers are arranged in a grid, allowing their
energy depositions to be represented as a 2D matrix. However, for large calorimeters
with irregular geometry, it is more advantageous to represent particle showers as points
in space. These so-called Point Clouds (PCs) are particularly efficient when the data is
sparse, meaning only few cells have energy depositions.

Particle showers are inherently tree-like processes: They start with a single particle (the
root), and further particles (the child nodes) are generated in decays and interactions with
the material. Each particle produces its “children” independently of the rest of the shower.

The DEepTREE model, developed in this thesis, can produce a PC in a way that follows
this tree structure. It starts with a single root node, sampled from noise, and maps this
node iteratively to more and more points.

This is the first time that a tree-based generative model is used for the generation of
data describing a tree-like physics process.

Generating particle showers with a PC-based model requires the production of a mas-
sive number of points and involves complex pre- and postprocessing. Moreover, few es-
tablished metrics and benchmarks are available. A related task is the generation of jets,
where competitive benchmarks are available, the processing is simpler, and the PCs repre-
senting the jets can be much smaller. Thus, the fidelity is first established employing jets,
and the scaling potential is later demonstrated using a calorimeter dataset.

12



1.2. Development of a Tree-based Generative Model

Milestones

To transform DEEPTREE from an idea into a working model capable of generating realistic
particle showers, the development was divided into the following milestones:

1 PC Upscaling Method
A generator layer must be designed to introduce a new level of nodes into a tree
structure, enabling hierarchical PC upscaling.

2 Generator Proof-of-Concept
A proof-of-concept for the generator should be established before further develop-
ment.

3 Scalable Critic with Iterative PC Downscaling
A critic for PCs should be developed that maintains an efficient runtime even at high
cardinalities. PC-based critics often aggregate points in a single step, causing a rapid
reduction in the number of elements. A more gradual reduction in the number of
elements could improve both convergence and performance. To achieve this, the
critic should employ an iterative downscaling method.

4 Fidelity Proof
The model must demonstrate the ability to accurately reproduce the desired distri-
butions.

5 Systematic Quantification of Architecture Choices
The effects of various architectural choices should be systematically quantified to
optimize the model’s performance. Metrics should be mapped to a common, quan-
tifiable scale.

6 Invertible Transformation of Discrete Cells to Continuous Space
A method should be developed to transform discrete calorimeter cells into a contin-
uous space in an invertible manner.

7 Mitigation Strategy for Multiple Points in the Same Cells
A PC-based model may produce several points that are mapped to the same cell,
whereas a cell can have at most one energy deposit. A dedicated mitigation strategy
must be developed to avoid these ‘multi-hits’.

8 Scaling Proof
The model’s ability to handle large PCs, such as those required for representing
particle showers, should be demonstrated.

Thesis Structure

This thesis presents the development of a PC-based model named DEeEPTREE. A brief
overview of the related physics and ML topics is given in Section 2.2 and Chapter 3, respec-
tively. DEEPTREE is a GAN consisting of two components: a generator that maps noise to
the data space and a critic that separates real data from generated data. The generator’s
objective is to produce outputs indistinguishable from real data. The model architecture
and training process are detailed in Chapter 5 (Milestones 1 and 3).

13



Chapter 1. Introduction

The model’s fidelity is first demonstrated by generating the jet constituents that result
from parton hadronization. These constituents naturally form a PC. Subsequently, the
model’s scaling potential is validated by generating the energy deposits of particle showers,
which can also be represented as a PC. The JETNET [16, 17] dataset, which includes jet
constituents and accompanying metrics [18], is detailed in Chapter 6. Initially, the 30-
constituent subset (JETNET-30) is used for the development of the generator (Chapter 7),
employing the critic of another model. By achieving competitive results on JETNET-30, the
feasibility of the PC upscaling approach is confirmed (Milestone 2).

Subsequently, the model, including the DEEPTREE critic, is scaled to JETNET-150 [17],
where each jet contains up to 150 constituents (Chapter 8). During this phase, a new
scalable critic is developed. With the sensitive metrics of JETNET at hand, the fidelity of
DEEPTREE is demonstrated (Milestone 4).

The effects of various design choices are systematically reviewed in the ablation study
presented in Chapter 9, thereby achieving Milestone 5.

Following the demonstration of the model’s fidelity on this dataset, its scalability is
tested on a calorimeter dataset (Milestone 8). Following this path, an invertible transfor-
mation method for calorimeter cells and a mitigation strategy for multi-hits are developed
(Milestones 6 and 7). For this purpose, the CALOCHALLENGE dataset (Chapter 10) is utilized.

14



CHAPTER 2

Showers, Calorimeters, and Jets

CHAPTER ABSTRACT In this chapter, an overview of calorimeters
and the particle showers recorded within them is provided. Additionally,
the commonly used simulation approach is highlighted.

2.1. Interactions of Particles with Matter

The type, rate, and effect of particle interactions with matter vary significantly depending
on the particle and the material [19, Sec. 6.2]. For the calorimeters discussed later, only
electromagnetic and nuclear interactions are relevant. In typical High-Energy Physics
experiments, only stable particles, such as photons (y), electrons/positrons (e*), charged
hadrons (p, %, K*), and neutral hadrons (n, K E ), can reach the calorimeter [20] and initiate
a particle shower by interacting with the material. Within the shower, other, less stable
particles may also be present. The dominant type of interaction for a particle changes with
its energy. These interactions lead to the particle losing energy as is travels through the
material. This material-specific energy loss is referred to as the stopping power —3—5 , which
describes the energy loss per unit distance.

2.1.1. Charged Particles

Electrons and Positrons

For electrons and positrons, multiple processes contribute to a material’s stopping power:

1 Moller/Bhabha scattering
For electrons/positrons at low energies, Meller/Bhabha scattering (e"e” — e e /
ete”™ — ee™) exhibits a noticable contribution to the cross section to the otherwise
dominant ionization.

2 lonization
In ionization, the energy transferred from a free particle traversing matter to an
electron bound to an atom or molecule is sufficient to free the electron'. Ionization is
the most common process over a wide range of energies. Trackers rely on ionization
to record the path of a charged particle.

15



Chapter 2. Showers, Calorimeters, and Jets

3 Bremsstrahlung
When the electromagnetic field of, for example, an atom, bends the path of a charged
particle, photons are radiated. At high energies, bremsstrahlung becomes the dom-
inant contribution to the stopping power of electrons and positrons.

|||||||| |||||||| T TTTTT
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Figure 2.1. | Stopping Power over Energy in Lead as a Function of Electron / Positron
Energy.|
See Section 2.1.1 for the discussion. Taken from [21].

Figure 2.1 illustrates the stopping power of lead, divided by the energy of the electron or
positron. For electrons at low energies, Mgller scattering has the highest cross section,
while at higher energies, ionization becomes dominant, followed by bremsstrahlung. In
addition to bremsstrahlung, charged particles can also radiate photons through Cherenkov
or transition radiation [21, p. 33.7]. Cherenkov radiation occurs when the velocity of the
charged particle exceeds the phase velocity of light in the material. This principle is used
to measure the energy of particles, for example, in Cherenkov light detectors. Transition
radiation occurs when a charged particle transitions between materials with different opti-
cal properties. However, typically neither of these two processes contributes significantly
to the stopping power in particle detectors.

Muons and Heavy, Charged Particles

In many respects, the muon can be described as a heavier version of the electron. However,
the stopping power due to bremsstrahlung is proportional to m™*, significantly reducing
its effect for muons compared to electrons. For muons and other charged particles heavier
than electrons, such as protons or ions, the Bethe formula [21, Eq. 33.2] describes the
energy loss per unit distance:

dE _ Kzzgi I 2 BPy Wi g S (2.1)
dx Ap2|2 ' '

1“Electron (positron) scattering is considered ionization when the energy loss per collision is below 0.255

MeV, and as Mgller (Bhabha) scattering when it is above” [21, p.17]

16



2.1. Interactions of Particles with Matter

Here, A/ Z/ Irepresents the material’s atomic mass / atomic number / excitation energy,
m / z denotes the particle’s mass / charge, and J is a term to correct for density effects. K
is a constant, and m, is the electron mass. W, represents the maximum possible energy
transfer to an electron in a single collision. In Fig. 2.2, different contributions to the stop-
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Figure 2.2. | Stopping Power over as a Function of Muon Energy|
See Section 2.1.1 for the discussion. Taken from [21].

ping power for muons in copper are shown. Most notably is the gently increasing slope
with a low stopping power starting at 100 MeV and extending to 100 GeV. Particles at the
global minimum of this spectrum are referred to as minimum ionizing particles (MIPs).
Their characteristic energy deposition [19, Eq. 7.5] of

2
_9E _ 35— 1.4710g ZMVCM” (2.2)
dx g

can be used for the calibration of calorimeter cells.

2.1.2. Photons

For photons, four processes are relevant in their interaction with matter, listed in order of
increasing energy [21]:

1 Photoelectric Effect
The photon is absorbed by an atom, which then releases a free electron.

2 Rayleigh Scattering
The photon scatters elastically with an electron, without transferring sufficient en-
ergy to free the electron (y + e~ — y +¢7).

3 Compton Scattering
The photon scatters inelastically with an electron, transferring part of its momentum
to the electron, which is then freed (y + e~ — y +¢7).

17



Chapter 2. Showers, Calorimeters, and Jets

4 Pair Production
In the presence of the strong electric field of a nucleus, the photon is converted into
an electron-positron pair (y — e*e™).

R (b) Lead (Z=82) =

? o o - experimental Gy,
1 Mb[—

—  ORayleigh

1kb[—

Cross section (barns/atom)

csCompton
10 mb / | | | |

10eV 1 keV 1 MeV 1 GeV 100 GeV
Photon Energy

Figure 2.3. | Contributions to the Cross Section of Photons in Lead.|
See Section 2.1.1 for the discussion. Taken from [21].

Figure 2.3 shows the cross section of different photon interactions in lead. While the
photoelectric effect (o), ) dominates at low energies below 100 keV, the Compton effect
(0Compton) is most influential at mid-range energies, and pair production (k¢ + k) domi-
nates at energies above 100 MeV.

2.1.3. Electromagnetic Particle Showers

Through many of the described processes, a single high-energy free particle can be con-
verted into two free particles, either by decay, radiation, or by ionizing an atom or molecule.
For example, through bremsstrahlung, a charged particle can generate an additional pho-
ton, which can then create an ee™ pair through pair production. These free particles
can continue to generate more free particles. Through these processes, a single charged
particle can initiate a cascade of particles, known as a particle shower, specifically an elec-
tromagnetic shower in this context. With each interaction, the average energy of the free
particles decreases, increasing the likelihood of being absorbed by the material. As a re-
sult, the free particles either exit the material or are absorbed, terminating the shower. The
material-specific distance over which an electron’s energy is reduced by a factor of e ! is
referred to as the radiation length X,. This quantity determines the length of an electro-
magnetic shower of a given energy for a specific material. The longitudinal and transverse
profile of the shower, as well as the number of energy depositions in the calorimeter, are
determined by the energy of the shower-initiating particle, and can therefore be used to
reconstruct it (see, e.g., Fig. 33.20 in Ref. [21]).

18



2.2. Calorimeters

2.1.4. Hadronic Particle Showers

While high-energy charged hadrons lose their energy through electromagnetic processes
such as bremsstrahlung and ionization, similar to muons, neutral hadrons interact with
the nuclei through the strong interaction [20].

The hadronic processes can be categorized into two components [19, Sec. 6.2.5]:

1 Energetic Component
The interaction produces secondary hadrons (p, n, a1 - Yy) with momenta that
constitute a significant fraction of the primary hadron’s momentum, typically at the
GeV scale.

2 Soft Component
A large portion of the energy is consumed by nuclear processes such as excitation,
nucleon evaporation, spallation, etc. This results in secondary particles (e*,y,n)
with characteristic energies on the nuclear MeV scale.

Similar to electromagnetic showers, a high-energy hadron will produce a hadronic shower
through these processes. Due to these complex hadronic and nuclear processes, recon-
structing the energy of the shower-initiating particle is more challenging for hadronic
showers. Additionally, hadronic showers produce neutrinos, which do not deposit their
energy in the calorimeter. Through the production of neutral pions, which decay into
photons, a hadronic shower contains an embedded electromagnetic shower. As energy
can only be transferred from the hadronic to the electromagnetic part, but not in the other
direction, the expected fraction of energy contained in the electromagnetic part increases
during the evolution of the shower.

While the datasets studied in this thesis contain only electromagnetic showers, their
structure is similar enough from an ML perspective that the results can likely be transferred
to hadronic showers [22].

2.2. Calorimeters

Calorimeters [19] are used to measure the energy of particles by recording their energy
depositions within a material. These devices are classified into sampling and homogeneous
types. In a sampling calorimeter, alternating layers of passive material, which interacts
with the particles, and active material, where the energy is recorded, are used. The passive
material typically has a high atomic number Z to minimize the mean free path, ensuring
that the particle deposits its full energy within the calorimeter. In a homogeneous calori-
meter, the particle interaction and energy recording occur within the same material.

2.2.1. Types

The method of converting deposited energies into electric signals varies significantly de-
pending on the type of calorimeter used, its position within the detector, the expected
radiation dose, the event rate, and even the presence of a magnetic field.

+ In scintillators, the incoming particles ionize the atoms, creating electron-hole pairs.
When these pairs recombine, photons are emitted and subsequently measured. An
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Chapter 2. Showers, Calorimeters, and Jets

example of this type is the electromagnetic calorimeter at the CMS experiment [23],
which uses crystal scintillators. The CMS HGCAL [6], described later in this section,
uses plastic scintillators in some parts.

« In silicon detectors, ionized charges generate electron-hole pairs in the depletion
region of a silicon diode. Due to the applied electric field, these charges drift before
recombining, producing a current pulse that is measured. This method offers several
advantages, including high spatial resolution, radiation resistance, and the ability to
operate at high event rates. For these reasons, silicon detectors are frequently used
in trackers [24]. The CMS HGCAL utilizes this technology.

2.2.2. Energy Resolution
The primary design goal of calorimeters is the best possible energy resolution:

2 2 5
(AFE) B (%) +<%) + o (2.3)
E
_—— —— -—
Sampling Noise Constant

where a, b, and c are detector constants [19, Eq. 6.23]. The sampling term arises from
statistical fluctuations. In theory, a homogeneous calorimeter can yield the optimal energy
resolution, as they are significantly less affected by sampling fluctuations, because the full
energy of the particle is deposited in active material. This assumes that the shower is fully
contained in the calorimeter. The energy independent noise term arises from the noise
inherent to the electronics. Lastly, the constant term can be created by a multitude of
sources, like imperfections in the material or the calibration.

2.2.3. CMS HGCAL

The CMS High Granularity Calorimeter (HGCAL) [25] is the endcap calorimeter designed
for the upcoming high-luminosity phase of the Large Hadron Collider (LHC).
The design goals and associated advantages are as follows [25, p. 13]:

1 High Density
The calorimeter is designed with high density to capture the full shower of particles.

2 Radiation Tolerance
The calorimeter must maintain its energy resolution under the high radiation levels
expected during the high-luminosity phase.

3 Lateral Granularity (orthogonal to the beam axis)
High lateral granularity improves shower separation, enables the observation of nar-
row jets, and aids the construction of sharp jet borders, which helps exclude more
energy deposits from pileup.

4 Longitudinal Granularity (along the beam axis)
High longitudinal granularity increases the number of ‘slices’ measured, reducing
uncertainty from fluctuations. This granularity also enables the use of pattern-
matching algorithms for better particle classification and discrimination. Moreover,
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2.2. Calorimeters

since pileup energy is mostly deposited in the first layers, high longitudinal granu-
larity can help reject these contributions.

5 Precision Time Measurement
Precision timing of energy depositions enhances pileup rejection and aids in the
reconstruction of the primary vertex.

6 Contribution to Trigger Decision
Contributing to the trigger decision is expected to enhance overall efficiency.

The HGCAL is a sampling calorimeter that employs highly granular silicon cells in re-
gions of high radiation and scintillator tiles further from the interaction point. The re-
sulting complex geometry is shown in Fig. 2.4. To optimize the number of silicon cells
produced from a wafer, the wafers are cut into a hexagonal shape and divided into hexag-
onal cells. The wafers close to the interaction point are particularly granular, with a cell
surface area of 0.52 cm?, while those further away have a surface area of 1.18 cm?. More-
over, to minimize radiation damage, the thickness varies between 100, 200, and 300 um.
The scintillator tiles are arranged in a grid-like geometry, with tiles that shrink in size
towards the interaction point. As passive materials, copper, stainless steel, lead, and a
copper-tungsten composite are used.

While the electromagnetic part of the calorimeter utilizes only the silicon cells, the later
layers of the hadronic part combine both types of cells. In total, the HGCAL will contain
over 6 million cells. This high granularity allows for the precise reconstruction of the
primary vertex, enabling the rejection of pileup energy depositions that do not originate
from the primary vertex. The high resolution of the HGCAL also allows it to differentiate
showers produced by (7° — yy) from e*/y showers, even for showers occuring close to
the beamline. Additionally, the inherent timing capabilities of the silicon sensors will be
aiding the rejection of pileup events, the locating of the primary vertex, and assisting in
reconstruction.

From a Machine Learning perspective, the HGCAL presents a unique challenge: The
combination of hexagonal cells and grid-like tiles results in a highly irregular geometry
that cannot be directly represented by a matrix. As a result, most established ML methods,
such as those used for image generation, cannot be directly applied. The very high gran-
ularity of the HGCAL means repersenting every cell withs energy deposited cell would
correspond to a vast output space for any model.

Additionally, simulating a shower in such a highly granular calorimeter would fre-
quently produce a calorimeter image characterized by a high degree of sparsity, with
the majority of cells containing no energy deposition. While the approaches discussed
in this thesis are applicable to any calorimeter, the assumptions made about the data are
specifically motivated by the conditions of the HGCAL during the High-Luminosity phase,
scheduled for 2030 [26].
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See Section 2.2.3 for the discussion. All figures are modified from [6]. The figure at the top shows

a longitudinal cut-away view of the calorimeter. For the layers in the electromagnetic part (CE-E)
and the first few layers of the hadronic part, hexagonal silicon wafers containing hexagonal silicon
cells are used. Wafers closer to the beamline have a higher cell density, as shown in the lower right.

This type of layer is depicted at the middle left. Layers further from the interaction point consist of
silicon wafers near the beamline and scintillator tiles further away, as shown at the middle right.

This results in a complex geometry, particularly at the boundary between the two cell types, as

Figure 2.4. | Sketch of the CMS HGCAL.|
illustrated at the bottom right.
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2.3. Calorimeter Simulation with GEANT4

Geant4 [1] is the state-of-the-art framework for simulating particle interactions with mat-
ter. A wide range of physics processes, including electromagnetic interactions, hadronic
interactions, and decays in various materials, can be modeled using this framework. Geant4
operates on a three-dimensional representation of the targeted object, such as a detector
in high-energy physics. Additionally, it supports a wide variety of particles.

The simulation begins with the primary particles, which are assigned specific proper-
ties, such as type, energy, and direction, at their origin. Each particle is tracked by Geant4
as it moves through the geometry, step by step. At each step, the probabilities for all pos-
sible interactions are calculated based particle properties and the encountered material.
The physics process is then determined by sampling according to these probabilities. The
distance the particle travels before the interaction occurs is sampled according to the rate
of the selected process. Once the particle is shifted to its new position, the corresponding
process is evaluated. This evaluation may involve energy loss, scattering, the generation
of secondary particles, or absorption. If the particle is neither absorbed nor decayed, the
simulation continues to the next step. If the particle crosses a material boundary, the proba-
bilities are recalculated for the new material, and a new process is sampled. The simulation
concludes when all particles have either been absorbed or have exited the defined volume.

It should be noted that this simulation can result in multiple energy deposits within a
single cell. These multi-hits are later combined into a single energy deposit by a separate
simulation step.

2.4. Jets

Jets [27] are collimated sprays of hadrons produced by high-energy final state quarks and
gluons. Such a parton initiates a cascade of QCD radiations, where one parton produces
additional partons (e.g., g = qg, ¢ = qg, or g — gg). Once the particle energies drop to
the hadronization scale, confinement forces the partons to form hadrons.

A jet algorithm combines the reconstructed particles into a jet based on their posi-
tion and energy. To obtain jet observables that can be predicted using perturbative QCD,
such an algorithm must be invariant under collinear splittings and infrared radiation. In a
collinear splitting, a parton splits into two partons with the same momentum vector direc-
tion. Infrared radiation refers to the emission of low-energy gluons at small angles. The
anti-kr algorithm [28] satisfies both requirements.

For this algorithm, the distance between a particle or jet i and j is defined as

i — y)? + (¢ — ¢))*
R? ’

dj = min (pr; 2 pr; %) (2.4)
where pr is the transverse momentum, y is the rapidity, ¢ is the azimuthal angle, and R
is the radius parameter. Based on this distance, the algorithm sequentially combines the
jet with the closest particle. Due to the negative exponent of pr, high-pr particles are
included first. The combination stops, when the “distance to the beam” pr;? is smaller
than dj; for all particles.

This algorithm is used to construct the jets in the JETNET dataset, which are used in this
thesis.
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CHAPTER 3

Deep Learning

CHAPTER ABSTRACT In this chapter, an overview of the prevalent
Deep Learning methods is given. Specifically, the relevant methods for
the DEEPTREE model, developed in this thesis, are introduced. Finally,
related models are discussed.

In more and more applications, Machine Learning (ML) models, and specifically Neural
Networks (NNs), have displaced classical methods. This is especially true for generative
tasks, such as chatbots with GPT-4 [29] or image generation with DALL-E 3 [30].

Neural Networks NNs are compositions of layers, which are typically differentiable
functions with adaptable parameters 6. If a NN has many layers, the network is considered
deep, and the method is referred to as Deep Learning. Under certain conditions, NNs are
universal approximators, meaning that a sufficiently large NN can model any function to
arbitrary precision [31]. In the optimization of a NN, called training, the parameters 0 are
adjusted to minimize a loss function L.

Inductive Bias  As stated in Ref. [32], “[...] we use the [inductive] term bias to refer
to any basis for choosing one generalization over another, other than strict consistency
with the observed training instances” Choosing a model with the right inductive bias can
both improve performance on unseen data and aid in searching the solution space, i.e.,
optimizing the model parameters [33].

Optimization by Empirical Risk Minimization

In supervised learning, a model, here a NN, predicts a target variable Y depending on an
input variable X with a joint distribution pp(X,Y). The dimension of Y is typically much
smaller than that of X. The training dataset of size n consists of pairs of observations of the
input and target variables D = {(x1, 1), ..., (%, ¥»)}. The output of the NN, y; = NNpg(x;),
is compared to the target y; using a scalar loss function L(y;, 3;). The expected loss for
parameters 0 is referred to as the risk.

R(8) = E(s. - po [L(x, NNg(»)]
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Chapter 3. Deep Learning

The goal of the optimization is to minimize this risk. Because pp is unknown, the risk is
estimated on the training dataset as

RO=1 S Lk NNp(x)). (3.1)
n(x,y)eD

The minimization of this quantity is known as Empirical Risk Minimization [34, Sec. 8.1.1].
The inductive bias of the model can allow it to correctly predict the target for samples that
follow the pp distribution, even if they are not part of the training sample. This is referred
to as the model’s ability to generalize.

Generative Models In a generative task, a model reproduces the distribution of a
random variable X, sometimes given a conditioning variable Y. The loss captures how well
the generated distribution pg(X|Y) aligns with the true distribution pp(X|Y).

Losses

Depending on the task, different loss functions are minimized. In a supervised setting, the
goal is to produce an output ymatching the target yfor a given input x. In a regression task,
the mean squared error (y — 7)? is appropriate, while for binary classification, the cross
entropy ylog y is the natural choice. Generative modeling is a special case because the
goal is to produce a distribution that follows the data distribution. Thus, the loss functions
quantify how well the generated distribution matches the data distribution.

Chapter Outline First, Feed-Forward Neural Networks (FFNs), which serve as build-
ing blocks for many models, are introduced in Section 3.1. The optimization of NNs in
general is explained in Section 3.2. NNs typically have a large number of parameters,
which makes regularization techniques necessary for their successful optimization (Sec-
tion 3.3). The attention mechanism, which is at the core of many state-of-the-art models,
is presented in Section 3.5. In Section 3.6, ML methods for graph-structured data will be
introduced. The generative approach of the DEEPTREE model is a Generative Adversarial
Network (GAN), as detailed in Section 3.4. Different approaches for handling calorimeter
data in NNs are summarized in Chapter 4. Lastly, related PC-based GANSs, later employed
as benchmarks, are presented in Section 4.6.

26



3.1. Feed-Forward Neural Networks

3.1. Feed-Forward Neural Networks

Feed-Forward Neural Networks (FFNs) [34], or Multilayer Perceptrons, are the fundamen-
tal architecture of Deep Learning. Figure 3.1 shows a scheme of such an FFN. They are
concatenations of linear layers f and activation functions o:

FFN =0,0f,0...00; 0f;. (3.2)

Linear Layers The linear layers provide a linear transformation with a weight matrix
W € R”* and a bias vector b € R’ as parameters:

f(x) =Wx+b (3.3)

The dimensions of W and b depend on the size of the input (R?) and output vector (R).

Activation Functions The activation functions must be non-linear; otherwise, the
FFN becomes just one linear operation. Usually, they are applied to each element of the
input vector independently. A notable exception is the softmax activation [35], frequently
used for classification tasks. Ref. [36] provides a benchmark for the numerous available
activation functions.

The most common choices [37] are ReLU [38], GELU [39], Sigmoid [40], Tanh [34, Sec.
6.3.2], and LeakyReLU [41]. In this thesis, LeakyReLU, Sigmoid, and GELU are used:

>0
LeakyReLU(x) = x X = with parameter s € (0, 1), (3.4)
s'x x<0
Sigmoid(x) = (1 + exp(—x))~}, (3.5)
GELU(x) = x®(x), (3.6)

where @ is the cumulative distribution function of the standard normal distribution.

FFNs are universal approximators, capable of approximating any function to an arbitrary
degree of precision if they are sufficiently large [31]. While they achieve competitive re-
sults on their own in tasks such as classification, they frequently serve as building blocks
for more complex models. For the optimization of an FFN, the calculation of the gradient
is necessary (Section 3.2). This calculation is demonstrated in detail in Appendix F.

3.1.1. Initialization of Weights and Biases

The initial values of the weight and bias can play an important role for the convergence of
a network. Incorrect initialization can lead to exploding or vanishing values, halting the
optimization before it begins. The Glorot [42] and He [43] initializations are frequently
used. In PyTorcH [44], weights and biases are initialized by default by sampling from
U([—%, %]), where i is the size of the input vector.
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Figure 3.1. | Schematic diagram of an FFN with four Linear Layers.|

The input variables x; are multiplied with a separate weight Wll] for each node j in the first linear
layer, represented by the blue “+” node. Each of these nodes sums over the weighted inputs and
the bias, represented by the green “b” node. The sum is then passed on to an activation node,
represented by the brown “c” node. The next linear layer takes these activations as input and

«

follows the same procedure with a different weight matrix and bias vector.
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3.2. Optimization of Neural Networks

3.2.1. Gradient Descent

The goal of the optimization of NNs is to minimize the empirical risk R(@) (Eq. 3.1). As
the networks are differentiable with respect to their parameters 0 almost everywhere, the
gradient descent method [45, Sec. 5.2.4] can be used to minimize this function. In this
method, the gradient of the empirical risk, scaled with a learning rate n > 0, is iteratively
subtracted from the parameters:

9%,
0 — 0 — VpR(0), where Vg = 9, |- (3.7)

The optimization process that follows this update rule is commonly referred to as stochastic
gradient descent (SGD). While convergence to a minimum is not mathematically guaran-
teed without further requirements on R(6), notably convexity [46, Eq. 8.2], in practice this
approach works well for a wide variety of architectures. Calculating the gradient of the
empirical risk on the entire training dataset for each update of the parameters is typically
inefficient. In the most common approach, the training dataset is divided into smaller sub-
sets called (mini)batches. In each step, the gradient of the risk is computed on a (mini)batch
and used to update the parameters as described. In an epoch, the parameters are updated
with each batch once. This method is known as minibatch gradient descent.

3.2.2. Backpropagation

NNs are usually compositions of functions NN = f; o f, 0 f5.... According to the chain
rule, the derivative of the NN with respect to a parameter of such a function contains the
derivatives of all preceding functions in the composition. Recomputing these derivatives
for each parameter is very inefficient. Backpropagation [40] offers an efficient way to
compute these derivatives for deep NNs.

Computational Graph

For this method, the loss and the NN are represented by a computational graph' [34,
Sec. 6.5.1].  In this directed graph, functions, parameters, and inputs are represented
as nodes. The edges indicate the direction of the dependencies: Each node is connected to
the nodes that depend on it. If an edge connects node a to node b, b is termed the successor
of a and a is termed the predecessor of b. The graph has a universal sink; thus, starting
from any node and following the edges always leads to a single node, the loss node L. The
sources, i.e., nodes with outgoing but no incoming edges, are the inputs and parameters of
the NN. There are no isolated nodes, i.e., nodes without incoming or outgoing edges, in
the graph.

Gradient Computation

The computation of the gradients takes place in two stages: In the forward pass, the inputs
are propagated through the network. The algorithm iteratively computes the values of

'For an introduction to graphs in general, see Section 3.6.1.
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the nodes, referred to as activations, for all nodes where the inputs are available. Thus,
it follows the edges of the graph until the loss value is computed. Note that saving these
activations greatly increases the memory demand of a model during training compared to
evaluation.

During the backward pass, the derivative of the loss is iteratively propagated back from
the loss node L(y, y) to the parameters 6. The algorithm starts with the loss node, which
is assigned the derivative 1. The backward pass takes place in four steps:

1. The derivatives of the current node are computed with respect to each of the prede-
cessors. They are evaluated at the activation of the respective predecessor that was
saved during the forward pass.

2. The computed derivatives are multiplied by the derivative assigned to the node.
Through this product, the chain rule is implemented.

3. The derivatives are then assigned to the respective predecessors. If a node has mul-
tiple successors, the derivatives are summed.

4. The algorithm continues with the next node that has been assigned a derivative from
each of its successors.

In this way, the algorithm follows the edges in the opposite direction until all trainable
nodes have been assigned a derivative.

Backpropagation Example

As an example, let f, fo, and f3 be the functions composing the NN:
NN = f3(f2(xa, 02, f1(x1,01)), f1(x1,01),65) (3.8)
For this NN, the gradient of the loss L(NNjp) can be calculated as

oL (962k . 9% 2f

dg, L afs afgiaj;lf aaf1 30,
VgL = | dp,L ﬁa—;a—; (3.9)
3 2 2
%, L AL ofs
df3 9b;

Note, that the same terms appear multiple times for different parameters. Now, this gradi-
ent should be obtained with backpropagation. Figure 3.2 shows the computational graph
for Eq. 3.8.

L Starting with the loss node L, the derivative of the current node is computed for each
successor. For L, this is only f3. First, the derivative ¢, L is assigned to the respective

node f3.
f3 The node f3 has fi,f,, and 605 as inputs. The derivatives of f; are calculated for each

of these inputs (9, f3, 9y, f3, 9, f3), multiplied with the assigned derivative d,L and
assigned to the fi, f, and 63 nodes. Here, 0 receives the derivative 9y, L - 9y, f3.
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Figure 3.2. | The Computational Graph for the example NN (Eq. 3.8) with the Derivatives
for Backpropagation.|

See Section 3.2 for the discussion. Each node depends on its predecessors, i.e., the nodes connected
to it. The boxes next to the edges show the partial derivatives of the successors with respect to the
predecessor nodes. If a node has multiple successors, the derivatives of the successors are added.
The derivative of the loss with respect to a node can be obtained by multiplying all boxes on the
path to the loss node.

f> The derivatives of f, with respect to f; and 6, are then computed and assigned to the
respective nodes. Since the focus is solely on the gradients of the parameters, the
derivative with respect to the input x, does not need to be calculated. Here, 6, re-
ceives the derivative gL - 9y, f3 - g, f-

f1 The nodes f; has assigned derivatives from f, and f3, that are summed up to 9L -

(8f2 f39¢ f2 + 95, f3) The derivative of f; is computed for its input 6; (dy, f1), multi-
plied with the assigned derivative. This yields the derivative for the parameter 6;,
2L (22, 95) 2k
ofs \of,0fy = 9fi) 96,

3.2.3. The Apam Optimizer

Optimizers, like SGD (Eq. 3.7), provide an update rule for the parameters of the model.
Their goal is to achieve fast and stable convergence to an as-low-as-possible minimum.
One of the most popular optimizers is Abam [47]. It assigns each parameter a separate,
adaptive learning rate. It increases (decreases) the learning rate for a parameter that re-
ceives a large (small) gradient with low (high) variance. The update rule (Eq. 3.7) for a

parameter 0 is modified to:
m

6«—0—n IR(0), (3.10)

A

v+ €

where 7 is the original, fixed learning rate and ¢ is a small value to avoid division by zero.
i and ¥ are approximations for the first and second moments” of the gradient for 6. The

2The first moment of a random variable is the mean, the second moment is the variance plus the square of
the mean.
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estimates for the first and second moments, m and v, are initialized to 0 and updated with
the derivative at each step:

m <« Bim+ (1 — B;)9gR(0), (3.11)
(2
ve Bov+ (11— B) (9R(O))". (3.12)
The parameters f, f» € (0,1) determine how quickly m and v adapt to the most recent
gradients; higher values slow down the change. In PYTorcH, these values default to 0.9

and 0.999. For a small number of steps, this introduces a bias towards 0 for both moments.
This is corrected by scaling the estimates with:

R t—00

m:m/(l—ﬂi)——ﬂn,

t—o0

v=v/(1-f) — v,

where t is the number of steps.
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3.3. Regularization

A NN may contain billions of parameters that allow it to rapidly adapt to model any func-
tion. On the other hand, this flexibility also makes them unstable and susceptible to over-
training, where the model adapts to the specific statistical fluctuations of the training set
and does not perform well on other samples. A NN may perform well on the training
dataset (low training loss), but worse on an independent validation sample (high valida-
tion loss), even if it follows the same distribution as the training dataset. Additionally,
deep NNs may suffer from exploding (vanishing) gradients, where the magnitude of the
gradient may increase (decrease) as they are propagated through the layers. Both cases
can stop the learning process.

Regularization techniques should restrict the optimization of the NN to mitigate these
problems without degrading performance. In the following section, common regulariza-
tion techniques that are used in this thesis are outlined.

3.3.1. Early Stopping

0.20 , , : :
e—e Training set loss
0.15 —— Validation set loss H

Loss (negative log-likelihood)

0 50 100 150 200 250
Time (epochs)

Figure 3.3. | Development of the Training/Validation Loss of an Example Classifier during
the Training|
See Section 3.3 for the discussion. Taken from Ref. [34].

Typically, a NN first approximates the target distribution and shows overtraining only
later in the training process. Figure 3.3 shows the typical development of the loss of a NN,
in this case a classifier, during the training. The loss is computed on the training set and the
validation set. At first, the loss drops rapidly on both samples. At some point, the loss on
the validation set stops dropping and starts to rise slowly again (overtraining). By selecting
the parameter set at the step with the lowest loss on the validation set, this overtraining
can be avoided. This is called Early Stopping [34, Sec. 7.8]. As the validation set has been
used to select the model configuration, it can no longer serve as an independent test set.
Therefore, the dataset must be split into a training, test, and validation set, where the
validation set is typically the smallest of the three.
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3.3.2. Dropout

Dropout [48] is a technique that effectively turns a densely connected FFN into a more
stable ensemble of sparsely’ connected FFNs. In each training step, a fraction p € (0,1)
of the weights are temporarily deactivated, i.e., set to zero. When the loss is calculated,
the deactivated nodes do not contribute to the activation of the following layer. Therefore,
the respective weights and biases remain unchanged during the gradient step. Thus, each
gradient step takes place on a different, thinned-out version of the FFN. This reduces the
influence of individual weights on the FFN output and limits the adaptation to statistical
fluctuations in the training dataset. During inference, dropout is deactivated and the full
set of weights is used. While dropout is active, the activations are scaled up by a factor of
(1 - p)~! to compensate for the deactivated nodes.

3.3.3. Weight Decay

In weight decay, the gradient 93R(0) in the update rule (Eq. 3.7) is replaced by A6 + 9,R(6),
where A, with A > 0, is a parameter. For Adam, this changes the update rule and the
estimation of the moments (Egs. 3.10 and 3.11). In full, the update rule becomes*

g < (A0 + 99R(H)),
m« Bim+(1- pi)g,
ve Bov+(1-Br)g?
mem/(1-p),
Vev/(1-5),

m

Vo+e

where t is the number of past gradient steps. With this change, each weight is moved
toward zero proportional to its magnitude if there is no opposing gradient present. This
limits the magnitude of the weights and can stabilize the training.

As demonstrated in Ref. [49], weight decay and L, regularization of the weight ([34, Eq.
5.1]) coincide for SGD but not for ApaM, as the weight decay term influences m and v. The
authors instead propose a variant of Adam, where the weight decay is decoupled from the
calculation of m and v (AdamW).

0<—0—-n g,

3.3.4. Input Normalizations for Point Clouds

This section introduces the two approaches for normalizing point clouds: Batch Normal-
ization and Layer Normalization.

Batch Normalization

Batch Normalization [50] scales the mean and variance to 0 and 1, respectively. For this,
the mean and variance of each feature are first estimated on a batch and then used to

The sparse connection here refers to some elements in the weight matrix that are fixed to 0. Typically,
each node is connected with a trainable weight to each node in the next layer, as shown in Fig. 3.1.
4See pytorch.org/docs/2.0/generated/torch.optim.Adam.html, accessed 22.07.2024.
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3.3. Regularization

normalize this batch. The batches of PCs have three dimensions: A batch dimension B,
a point dimension P, and a feature dimension F. While B and F are fixed, P varies with
the cardinality, i.e., the number of points of the PCs within the batch. In the FFNs of the
DEeePTREE model (Chapter 5), the normalization takes place over both B and P. This yields
the following algorithm for updating the batch x:

vf,

RS
3
)
M=
D1~
&
™
<

b=1p=1
1 &< 2
of < 250, >, (= %) vy,
b=1p=1
Yb.p.f T Hf
xhpjf—-—:fifzz— Vb,p,f,
or+€
f
Xbp.f < VPbp.ft+ Py vb, p, f.

¢ is a small value to avoid divisions by zero, and yrand S are trainable parameters. They
are initialized with 1 (yy) and 0 (fy). For the DEEPTREE model, the training of y; and f¢
has been deactivated. This makes Batch Normalization a more aggressive regularization
method, as the means and the variance remain fixed. During training, running estimates
of the yiy and 0]% are computed similarly to m and ¥ in Section 3.2.3. These estimates are

used during evaluation instead of computing ¢ and 0']20 on the test/validation batches.

By fixing the scale of the input variables, Batch Normalization can help to avoid explod-
ing or vanishing gradients. Moreover, some activation functions only have an effect if the
input distribution is partly positive and partly negative (ReLU and LeakyReLU) or has a
small width (standard deviation around 1) around 0 (sigmoid). Thus, Batch Normalization
can stabilize the training process and improve performance.

Batch Normalization scales the features in the feature dimension (F) independently by
computing the mean and variance along the batch dimension (B) and the point dimension
(P). This normalization ensures that all features in a batch are scaled consistently but
allows for different scales for each point and each PC.

Layer Normalization

Layer Normalization [51] works similarly to Batch Normalization, but instead of scaling
the last dimension (F) and aggregating the first dimensions (B, P), it does the opposite. For
PCs, the number of points varies with each PC. Therefore, a scale for each point (P) cannot
be computed independent of the batch index (B). Simply put, 44, , and oy, , can be computed,
whereas 1, and o), cannot. Thus, to apply Layer Normalization to batches of PCs, the mean
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and variance must be computed along F for each point in the batch independently.

F
1
Pop < F D pf vb, p
f=1
1 F 2
2
%p T F Z (”b,p - xb,p,f) vb, p
f=1
Xb,p.f ~ Hb,p
Bopf T T vb, p, f,
lab, pte
Xp,p.f < Vo,pXb,p,f T ,Bb,p vb, p, f.

As each point is scaled independently, the difference in magnitude between the points
is removed. This is likely the cause for the observed performance deterioration when
applying Layer Normalization to the DEEPTREE model. Layer Normalization was originally
introduced for Natural Language Processing, where the vectors are tokens representing
words with no inherent meaning to their magnitude, contrary to PCs.

While other, dedicated normalization techniques for graphs or PCs exist [52], they did not
yield better performance for the DEEPTREE model.

3.3.5. Parameter Normalizations

Instead of scaling the input as in Batch Normalization, Weight Normalization [53] and
Spectral Normalization [54] scale the weight matrices of linear layers.

Weight Normalization

In Weight Normalization, W is split into a normed direction component and a scalar
magnitude component g that are optimized separately:

. W;;

W, ;= g—z. (3.13)
2k Wik
Thus, each row of the matrix is normalized.
Spectral Normalization
Spectral Normalization [54] scales the weight matrix W using
< W
W = , 3.14
Isv(W) (3.14)
where Isv is the Spectral Norm, i.e., the largest singular value, of W:
[Wh]|
Isv(W) = max ———. (3.15)
Ihj=o0 [

In other words, Spectral Normalization limits the factor by which the normalization of a
vector can change through the linear layer to a maximum of 1. Thus, the Lipschitz constant
of the matrix is fixed to 1.
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3.3. Regularization

Since Parameter Normalizations apply to the parameters rather than the input variables,
they need to be recomputed at each step during training but not afterward. Moreover,
they can be used simultaneously with Input Normalizations, like Batch Normalization and
Layer Normalization.

Application to WGANs

For the Wasserstein GANs (WGANS, Section 3.4.2), a component of the model, the critic,
must satisfy the Lipschitz criterion. This can be achieved by normalizing the weight ma-
trices of the linear layers. Initially, Ref. [55] proposed using Weight Normalization [53]
for GANs. However, Ref. [56] demonstrated that Weight Normalization often imposes ex-
cessive constraints on the matrix and recommended using Spectral Normalization instead.
Spectral Normalization introduces a single constraint for the entire matrix, thereby avoid-
ing this issue.
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3.4. Generative Adversarial Networks

3.4.1. Introduction

Generative Adversarial Networks (GANs) [7] are a class of generative models. Contrary
to, e.g., Variational Autoencoders (VAEs) [8] or Normalizing Flows (NFs) [57], they do not
explicitly model the likelihood of the data distribution. A GAN consists of two parts with
opposite training objectives: the generator G and the discriminator D. The generator G
maps a noise vector z from a (usually Normal) distribution p, to the generator distribution
pG in the domain 2 of the data distribution pp. The discriminator D maps from 2 to (0,1).
The objective of the discriminator is to classify each sample x as either coming from the
generator (“fake” = 0) or from the dataset (“real” = 1). In contrast, the generator aims to
produce samples that the discriminator classifies as being part of the dataset.

MiniMax Objective In Ref. [7], the following binary cross-entropy (BCE) objective
is proposed, which is minimized for the generator and maximized for the discriminator:

m(i}n max Eypp og DGO)] + E,py [log(1 — D(G(2)))] .- (3.16)

Equivalence of Successful Optimization and Perfect Fidelity For an optimal dis-
()
Po(x)+pc(x)

o pp(x) )] [O ( pc(G(z)) )]
Ex~paaa [l g( 0+ pa00) | B 8\ e + poe@)

= D (ol E9) + Dy (ol 2222 ~1oge)
= 2Djs(pplpg) — log(4)

criminator D*(x) = , this objective equals

The Kullback-Leibler divergence D, and the Jensen-Shannon divergence Dy are defined
as

_ P(x) P(x)
Dy (PIQ) = x~plog(Q( )) 3. peotos (Q( )) (3.17)
Dys(PIQ) = 5 Dx1.(PIQ) + 3 Dk(QIP). (5.18)

for the probability distributions P and Q on the sample space X. The Djg is non-negative
and zero if, and only if, pp(x) = pg(x) Vx € &. Thus, if this objective is minimized, the
distribution is perfectly reproduced.

Alternating Optimization The model is optimized by alternately training the gen-
erator and the discriminator. The objective (Eq. 3.16) can be decomposed into separate loss
functions for the generator and the discriminator:

Lp = ~Ex-py,, [log DGO — B, [log(1 — DGE))], (319)
Lg = B, [log(1 - D(GE))] (3.20)
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3.4. Generative Adversarial Networks

Non-saturating Loss The objective would yield log(1 — D(G(z))) as the generator
loss, but the authors noted that this loss might not provide a sufficient gradient: “Early in
learning, when [the generator] is poor, [the discriminator] can reject samples with high
confidence because they are clearly different from the training data. In this case, log(1 —
D(G(z))) saturates. Rather than training [the generator] to minimize log(1 — D(G(z))), we
can train [it] to maximize log D(G(z)).” [7] This yields the following loss terms, referred to
as non-saturating loss:

Lp= ~Eyp,, [log D(x)] ~ E,., [log(1 - DG (s.21)
Lg =E,, [log D(G(2))]. (3.22)

3.4.2. Wasserstein GAN

Since their invention, multiple variants have been introduced to improve the stability of
GANS. InRef. [58], a “Wasserstein GAN” (WGAN) is introduced. It is motivated by Optimal
Transport [59]. The generator should now be optimized to minimize the Wasserstein-1
distance W; (also called Earth Movers distance):

W- , = inf  E, ) llx— vl
l(PD pG) Vel pp.pc) (x,y) y[” y”]

where II(pp, pg) is the set of all joint distributions with marginals pp and pg. The authors
demonstrate that the W; distance — contrary to, e.g., the Djs — provides a usable gradient,
even if pp and pg have a disjoint support. The Kantorovich-Rubinstein duality [59] relates
it to the supremum over all 1-Lipschitz functions that map from the sample space to R:

Wi(pp, pg) = sup Exopy [fGO] = Exeepo [f(6)]-
Ifle<t

The authors propose to approximate the W; distance by optimizing a parametric 1-Lipschitz
function called critic C : & — R, effectively replacing the discriminator®. The objective
of the critic is to map the real / fake samples to +oo/ — co. This yields the following loss
functions:

Lo = =Eyp,, [COO] + E,p, [C(G(2))], (3.23)
Lg = —E,, [C(G(2))]. (3.24)

Enforcing the Lipschitz Criterion

To enforce the Lipschitz continuity on the critic, its weights are restricted to a compact
space. In Ref. [58], the interval [—0.01,0.01] is chosen. It is noted that this ‘weight clipping’
might have significant downsides, such as vanishing gradients if the interval is too small,
or a long training time if the interval is too large. Moreover, this restriction might lead the
weights to take values on the boundary of the interval [60]. In the following paragraphs,
other options to enforce the Lipschitz continuity are presented.

5A NN that takes the role of the discriminator while mapping to R instead of (0,1) is referred to as a critic.
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Gradient Penalty In Ref. [60], the loss of the critic is expanded by the frequently
used gradient penalty:

AE, 4 [(IViD@®)]; — 1], (3.25)

with x = ax + (1 — @)X, x ~ pp, ¥ ~ pg, and @ ~ U[0,1]. In other words, the critic
is penalized if its gradient deviates from 1. For this, the normalization of the gradient is
evaluated on a sample X that is randomly interpolated between a real and a fake sample.
Thus, the gradient is limited along the path from pg to pp. The hyperparameter A controls
the influence of this loss term. To fulfill the Lipschitz continuity, only gradients with
a magnitude greater than 1 (instead of # 1) would need to be penalized. However, the
authors argue that this is not a major constraint on the critic, as the optimal critic has
gradients with normalization 1 almost everywhere in pp and pg [60, Corollary 1]. If the
data space & contains more complex structures than vectors, the interpolation between
the samples from pp and pg becomes challenging. This is especially true in the case of
PCs, as they are unordered and have a varying size. To produce an interpolated PC, one
would not only need to find a way to pair the points from the two PCs but also a way to
handle the differing cardinality®. While not impossible, this is certainly a major obstacle
for applying the gradient penalty to PC-based GANs.

Weight Normalization & Spectral Normalization Instead of penalizing the gradi-
ent of the critic for a random sample, one can design the critic as a Lipschitz continuous
function over the entire input space. A composition f o g of Lipschitz continuous functions
f. & (with Lipschitz constants L, L) is Lipschitz continuous itself, as

1/ (g(x1)) = f(gG)Il < Lllg(x1) — gGro)ll < LyLgllxq — xal.

Thus, if the critic is designed as a composition of Lipschitz continuous functions, it is
Lipschitz continuous itself. In the case of FFNs, this means choosing a Lipschitz continuous
activation function, e.g., ReLU, and limiting the weights of the linear layers.

Weight Normalization and Spectral Normalization (Section 3.3.5) both rescale the weight
matrices W € R™™ of each linear layer in the network. Moreover, both normalizations en-
force the Lipschitz criterion on the rescaled matrix W: In Weight Normalization (Eq. 3.13),
the Lipschitz criterion is fulfilled with constant |g|\/m:

IW(x; = xo)

— \/i(iwi’ﬂjf

B2 s
¢y —2 A,
i j ZkW?,k !

5The PC-based GANS in Section 4.6 and the DEEPTREE model developed in this thesis sample the cardinality
from the training dataset to produce a PC of this size. During training, the respective PC could be sampled
alongside the cardinality to compute the gradient penalty. However, this still leaves the problem of
matching the points between the generated and the simulated PC.
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3.4. Generative Adversarial Networks

By Cauchy-Schwarz inequality:

i
_,_/

\ <1

< |glVmllAll.

In Spectral Normalization, the weight matrix W is rescaled to W using the largest singular
value of W (Eq. 3.14). Thus, the Lipschitz criterion is fulfilled by

o Wl
[Whi| [Whi|

MaX|h|0 MaXjhl=0 "

< gl Z i

W

WA =l oy < 1AL

Weight Normalization introduces one constraint for each row of the matrix and may
lead the critic to consider only a single feature [56]. Therefore, Spectral Normalization,
which does not have this problem, is recommended for GANS.

3.4.3. Least Squares and Hinge Objectives

In Refs. [61, 62], new training objectives are proposed to address the issues of vanishing
and exploding gradients. With the cross-entropy loss (Eq. 3.21), a sample that is distributed
similarly to the data distribution receives a vanishing loss [61]’. Instead of using the
logarithm in the critic’s objective, the L, distance to the target of 1/0 for real/fake samples
is recommended in Ref. [61]:

Lo = 2 By, [CCO) = D]+ S B, [0GE)P, (3.26)
Lo = 5 Exp [(C(GE) ~ 1] (3.27)

This adjustment ensures that the loss remains limited for C(G(z)) — 0, while samples far
from the target still have a significant influence on the gradient.

In Ref. [62], the Hinge loss has been proposed for GAN training:
Le = —Eyx-p,,, [min(0, -1+ C(x))] — E, -, [min(0, -1 — C(G(2)))], (3.28)
Lo = ~ B, [CGE))] (5.29)

The loss matches the Wasserstein loss, but for the minimum expressions in the critic loss.
These terms break the gradient for real/fake samples that have reached 1/-1. This offers
two advantages: First, it prevents the critic from running to +oco. Secondly, it halts the
training of the critic for correctly separated samples. If the optimization were to continue,
the critic would become more and more certain of its assignment and would likely provide
a worse gradient to the generator. Instead of continuing to increase the separation between
the samples, the generator is given a chance to ‘catch up’ to the critic.

7A critic output of D(G(z)) = 0.99 results in a loss of L; = 0.01, while an output of D(G(z)) = 0.01 results
in aloss of L; = 4.6.
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3.4.4. Advantages and Disadvantages

The major advantage of GANs is their performance: GANs have significantly advanced the
state-of-the-art in image generation, with notable examples such as DCGAN [63], Style-
GAN [64], and CycleGAN [65]. Additionally, the GAN approach is highly flexible: In
principle, any differentiable parametric function can be used as a discriminator or gener-
ator if it maps to and from the correct domain. Moreover, GANs are typically fast in data
generation. On the other hand, GANs also come with significant disadvantages:

« By design, GANs do not provide access to the likelihood, unlike VAEs or NFs. This
also makes their evaluation more challenging. During training, metrics need to be
computed on the generator output to track the progress of the training.

« GANSs frequently suffer from mode collapse, where the generator fails to produce the
full support of the distribution. For example, in a GAN trained on a dataset con-
taining handwritten digits 0 to 10 (like MNIST [66]), the GAN might produce only
sevens. This can be explained by the following, simplified learning process: Typi-
cally, a discriminator can easily distinguish whether a sample is within the support
of the distribution. Thus, the generator first learns to produce samples from (a subset
of) the support of the distribution [67]. In the next step, the discriminator learns the
data distribution. It penalizes, i.e., assigns a value closer to 0 to samples from regions
in the phase space where pp < pg and vice versa. Over a series of training steps,
the generator adapts and aims to reproduce the data distribution. However, if the
generator learns to produce similar samples classified as data early in the training, it
is incentivized to reproduce only these similar samples. If the discriminator fails to
sufficiently penalize repeated generations of these samples, the generator may learn
to trick each successive generation of the discriminator instead of actually learning
the data distribution. This way, the discriminator is locked in a local minimum and
continues producing the same value [68].

 The generator is trained by differentiating the discriminator output with respect
to the generator weights. Through the product rule, each additional layer after the
layer of a given weight adds a factor to the gradient of that weight. In networks with
many layers, like GANS, this may lead to exploding or vanishing gradients [69, 70].
Vanishing gradients are especially problematic for GANSs, as they usually change
the dimension of the data, making it difficult to implement residual connections that
could mitigate this problem.

« A major challenge with GANs is their generally unstable training process, even
when mitigation strategies like Wasserstein loss or spectral normalization are ap-
plied.

In summary, the most significant advantage of GANSs is their fidelity, while their most sig-
nificant drawback is their notoriously difficult and unstable training [67].

Recently, there has been a shift from GANSs to diffusion models, largely due to the latter’s
even better fidelity and more stable training processes. On the other hand, when it comes
to data generation, a diffusion model is typically much slower than a comparable GAN.

42



3.5. Attention Mechanism

3.5. Attention Mechanism

The most central building block in many generative state-of-the-art models [29, 30] is the
transformer shown in Fig. 3.4. It is built on the Attention Mechanism [71], more specifically
the “scaled dot product attention” and the Multi-HeadAttention constructed from it. It
was proposed in the context of natural language processing, where it assigns an attention
weight, i.e., a measure of importance, between the elements of two sequences of words A
and B with lengths L and S. The mechanism is formulated in terms of a query Q € RE*%,
akey K € R5*%_ and a value V € RS*%,

KT
Attention(Q,K,V) = softmax(Q—)V € RXd, (3.30)
d

where the softmax is applied to the rows of the matrix:

eXp Ai,j
- for A € R*™. (3.31)
k=0 €Xp Ak
Note that K and V have the same length and thus can be produced by embedding the
same sequence into di and d, respectively. Q and K, on the other hand, both need to be
embedded into dj. but may have differing lengths.

softmax(A); ; =

Instead of computing a single attention at a time, the authors also introduce Multi-
HeadAttention, where the attention function is evaluated for h different linear mappings of
O, K, and Vto a common dimension d,;,o4c]. The resulting h vectors are concatenated and
mapped to RY% with a trainable matrix:

Multi — HeadAttention(Q, K, V) = Concat (head,, ..., headh)T W, ¢ ]RLXdV, (3.32)
) eRLx(hdy) ’ E]R(M)de

where

head; = Attention(QW2, KWK, vw), (3.33)

where the W2, WK € R¥dmodel and WY € R%*dmodel

The attention mechanism is mainly employed in two ways: as CrossAttention to combine
two sequences, or as SelfAttention to update a sequence with itself. With mappings <, fX,
and fV that embed the sequences into dy,ogey, the CrossAttention for the two sequences is

defined as

CrossAttention(A, B) = Multi — HeadAttention( fQ(B), fK(A), fV(A)) e RIxd (3.34)

For a single sequence A, SelfAttention is defined as
SelfAttention(A) = Multi — HeadAttention(f2(A), fX(A4), fY(A)) e R4, (3.35)

SelfAttention and CrossAttention are the central building blocks in the transformer archi-
tecture.
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Figure 3.4. | The Transformer Architecture.|
See Section 3.5 for the discussion. Adapted from Ref. [71].

Example Task: Translation Using Transformers

Figure 3.4 shows the transformer architecture. It consists of two parts: the encoder, which
encodes a sequence, and the decoder, which transforms a different sequence using the
encoder input. The input to the encoder is referred to as the input sequence, while the
input to the decoder is referred to as the output sequence, as shown in Fig. 3.4. The decoder
produces an output vector for each element in the output sequence, depending on the
encoded input sequence. For a translation task, the input sequence represents the sentence
that should be translated.

Text Representation To be processed by a transformer, words need to be mapped to
numbers. First, the words are converted to tokens, which may represent words, syllables,
or characters. The two vocabularies provide two bijective mappings between the tokens
and integer indices for both languages. Each of the indices is represented by a specific
vector. With the tokens now represented by vectors, a positional encoding is added to
inform the model about the position of the token in the sequence.

Processing Steps Both the embedded input and the output sequence are updated with
Self-Attention. For the encoder block, the input sequence is then updated with an FFN.
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The updated input sequence is fed into the Cross-Attention of the decoder as K and V.
The output sequence enters the Cross-Attention as Q, thus producing a sequence with the
same length as the output sequence. The resulting sequence is passed through an FFN,
completing the decoder block. The encoder and the decoder blocks are repeated several
times. Each time, the encoder output is passed to the respective decoder’s Cross-Attention.

Output & Loss Finally, each vector of the decoder’s output sequence is mapped to
the space of possible tokens with a linear layer. Softmax is applied to the new vectors to
produce the probability for each token. From these probabilities and the target tokens, the
cross-entropy loss can be computed.

Training The transformer is trained and evaluated by providing the encoder with the
full input sentence and the decoder with a part of the output sentence. The sentences are
framed with start and stop tokens, which indicate the beginning and end of the sequence.
The decoder should predict the next token of the translated sentence. During training,
multiple output sequences are produced from a single translated sentence: In the first
step, the output sequence consists only of the start token. Afterward, the tokens of the
translated sentence are appended one by one in the following steps. In each step, the
output sequence is passed through the decoder. The resulting probabilities of the last
token in the output sequence are compared to the next token in the translated sentence,
and a loss is computed from the difference. In the final step, the output sequence is the
start token plus all tokens of the translated sentence, and the loss is computed from the
difference to a stop token.

Evaluation During the evaluation, the output sequence starts as a single start token.
In each evaluation step, the output sequence is passed through the transformer with the
fixed input sequence. The decoder produces a probability vector for each of the tokens in
the output sequence, but only the last one is used to predict the next token. This token is
then appended to the output sequence. These evaluation steps continue until a stop token
is predicted.

Transformers for Point Clouds

Transformers were originally designed for ordered sequences, such as sentences, which
contrasts with the unordered nature of PCs focused on in this thesis. However, the at-
tention functions consist of permutation equivariant operations (Section 4.5). In fact, the
positional encoding is necessary to break the equivariance for transformers [71, Sec. 3.5].
Therefore, these functions are well-suited for PC-based models. The run time of Self-
Attention, however, scales quadratically with the number of inputs and thus is not appli-
cable to large PCs. The later described MDMA model (see Section 4.6.3) employs Cross-
Attention to a central node to implement an attention mechanism with linear scaling.

A transformer can process multiple sequences/PCs of varying size simultaneously by
padding them to the size of the largest sequences/PCs and masking the additional tokens/-
points. However, this becomes increasingly computationally inefficient with larger cardi-
nalities. The graph attention in Section 3.6.5 translates the attention mechanism to graphs
and PCs by formulating it as a message-passing step (Section 3.6). This graph attention is
used for the critic of the DEEPTREE model developed in this thesis (Section 5.2).
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3.6. Graph Neural Networks

The introduction given in this section largely follows H. William’s book [72] on Graph
Neural Networks (GNNs).

3.6.1. Graphs, Point Clouds, and Trees

Node € V

Edge € E

Graph (V,E)

Figure 3.5. | Example Graph.|

See Section 3.6.1 for the discussion.

Figure Fig. 3.5 shows a sketch of an example graph. A graph G = (V, E) consists of a set
of nodes V and a set of edges E C V x V that connect the nodes to each other. An edge is
a tuple (u,v) € E connecting the source node u to the target node v. The set of edges E is
frequently represented by the adjacency matrix:

1 (G,j))€eE

o= (3.36)
Yoolo ()¢ E

Note that this representation is not unique as the nodes are unordered.
A graph is undirected if, and only if, for each edge, there exists another edge pointing in
the opposite direction:
(u,v) € E < (v,u) € E. (3.37)

Connections from a node to itself are referred to as self-loops. If there exists a series of
edges in E with [(, s1), (51, $2)s -+ (Sk—25 SK)> (Sk—1, V)], then u is connected to v by a path of
length k (called a “k hop path”). The distance from u to vis the length of the shortest path.

The incoming/outgoing degree d™/°% of a node u is the number of incoming/outgoing
edges:

dt(w) =#{(s,t) €E : t = u}, (3.38)
d°%(u) = #{(s,t) €E : s =u}. (3.39)

For undirected graphs, d™ and d°“t coincide. For this thesis, the neighborhood ./ of a node
is the set of nodes that are connected to it:

N(u)=1{s : (s,u) € E}. (3.40)
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The number of nodes is called the cardinality C = |V|, and the number of edges the edge
count. The feature matrix X € RV for d € N contains the feature vectors of the nodes
as rows. The feature vector of the node with index i is denoted by x;. In this context, the
nodes are used to refer to the associated feature vectors.

Point Clouds

In this thesis, PCs are defined as graphs without edges, containing nodes with real feature
vectors of the same dimension®. Most GNNs rely on edges to transfer information be-
tween nodes. Therefore, to use GNNs with PCs, edges need to be added. This can be done,
for example, by constructing edges using the k-NN algorithm [73]. Further approaches are

discussed in Section 4.6.

Trees

A tree is a graph (Section 3.6.1) with a specific set of connections. Each edge in this graph
connects a parent to one of its children. Nodes without children are called leaves. All nodes
have one parent, except for the root node, which has no parent. The ancestors of a node
are all nodes on the path between the root and the respective node, including its parent,
its parent’s parent, and so forth. The root node is an ancestor to all nodes except itself.
The distance between two nodes is defined as the number of edges on the shortest path
between them. The distance to the root node equals the number of ancestors minus one.
The ith level of a tree consists of all nodes that are at a distance i from the root node.

Challenges in Applying Deep Learning to Graphs

Graphs are versatile data structures capable of representing diverse structures, ranging
from molecular structures [74] to social networks [75]. Grids and sequences can also be
represented by graphs, with edges connecting neighboring nodes on the grid or sequen-
tial nodes in a sequence. However, this flexibility comes at a cost. Many established Deep
Learning techniques, such as Convolutional Neural Networks [76] for grid-based data and
Recurrent Neural Networks [40] for sequences, cannot be directly applied to graphs. Addi-
tionally, graphs present challenges with varying cardinalities and node degrees, complicat-
ing their representation as matrices. This often excludes the use of the matrix operations,
which are integral to many commonly used Deep Learning techniques. Consequently,
Deep Learning on graph-structured data requires not only specialized architectures but
also a specialized set of algorithms to effectively process these structures [77].

Adapting GNNs to Varied Graph Types and Tasks

The structure of a graph varies significantly depending on the type of data it represents.
For instance, a graph representing molecules may have only a few nodes, whereas a graph
representing a social network may have millions. A graph depicting emails between users
may feature multiple edges between two nodes. On the other hand, a graph representing
points on a surface measured by a LiIDAR (Light Detection and Ranging) sensor may have
no edges at all. This diversity yields a multitude of different tasks, such as classifying or
regressing a value for an edge, node, or graph, or predicting the existence or properties

8Note that the most commonly used definition of PCs requires the feature vectors to be of dimension 3,
representing Cartesian coordinates. This requirement is not imposed in this thesis.
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of unknown edges or nodes. Additionally, the processing of datasets can differ: In a node
classification task involving many small graphs, batches of graphs are created, and a GNN
is applied to each batch. In contrast, a social network dataset may consist of a single,
massive graph. For processing with a GNN, this graph may need to be divided into sub-
graphs. This large variance in graph structures, tasks, and representations necessitates a
large variety of GNN architectures tailored to address specific problems.

3.6.2. Message Passing

The dominant Deep Learning paradigm for graphs is Message Passing [72, 77, 78] (also
known as Neural Message Passing). This method describes an update rule for the nodes
of the graph, composed of three steps:

1. For each edge e;; connecting a source node x; to a target node x;, messages m, ; are
computed using a message function ¢.

2. The messages are then aggregated for each target node with a permutation-invariant
aggregation function €p, typically a sum or mean function.

3. Finally, with the aggregated messages (D¢ y(;) m; j and the target node x;, an update
function y computes the new value of x;.

This update rule can be written as:

x < v(x, €D $(xix;e;)). (3.41)
jeN (i) Tf—‘
essage

(.

Aggregate

Update

The functions y, ¢, and € must be differentiable and are chosen based on the specific
Message Passing Layer (MPL). Depending on the MPL, y, ¢, or both may contain trainable
parameters.

For an even more general Message Passing approach, where the edges and graph fea-
tures are updated as well, see Ref. [72, Section 5.6]. In practice, MPLs function as the
elementary transformation for GNNs, similar to Linear Layers for FFNs (Section 3.1). Af-
ter an MPL, each node encodes information about the nodes in its direct neighborhood
(1 hop), but not about the neighbors of its neighbors (2 hop). To encode information from
node v in node u, one MPL is needed for each hop distance between u and v. This algo-
rithm therefore focuses on local features, i.e., features of nodes with a small distance to the
target node. To combine information from distant nodes, many MPLs are needed, often
leading to over-smoothing, where nodes become more and more similar to each other [72,
Sec. 5.3]. To counteract this over-smoothing, multiple mitigation strategies, such as skip
connections and gated updates, have been developed [72, Sec. 5.3.1-5.3.2].

3.6.3. Graph Convolutions

In convolutions, two functions fand h are combined into a single function by computing
the integral over the product and shifting the argument of h with the integration variable:

(F +I0) = | f5h0x=y)dy.
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For functions on a finite set S, the discrete convolution is defined as:

(f * W)@ = Y, fF(DhG = ).
JES
In Convolutional Neural Networks (CNNs) [79], the input matrix f € R™, representing
a picture, and the 2D filter h € R™>™ are interpreted as functions that map from their
index to the value at the given position. fand h map values outside the range of their
dimensions to 0 (“zero padding”). With that, their discrete convolution can be computed
as:
(f * W)@, j) = ), r.s € NF(r, hi—r,j—s).

For images, on which CNNs usually operate, the NN should be constructed in a translation-
invariant manner so that the extracted features are independent of their position in the
image. Thus, CNNs benefit from the translation equivariance of the convolutions, e.g., for
a single dimension

(frhi+a)=Y fOhi+a—-r =Y fi+a—r)h),
relN r’'elN

{31}

or equivalently with “-” as the argument placeholder

(f*h)(+a)= f() *xh(-+a) = f(- +a) > h(:).

Note, that because of the zero padding, the summation variable can be changed without
changing the bounds. This result demonstrates that shifting the filter, the image, or the
convolution is equivalent. If the translation equivariant convolution is followed by a trans-
lation invariant operation, e.g., maximum pooling, the result is translation invariant. See
Ref. [80] for a general discussion.

The convolution theorem states that the convolution can be computed by the element-
wise product © of the Fourier transforms:

(fxh)=F (F(oFh).

By defining a Graph Fourier transformation &%, the convolutions can be extended to
graphs. Here, fand g are functions that assign a value to each node in the graph. The
Laplacian L of an undirected graph is defined as

L=D-A,

where A € {0, 1}|V‘X|V| is the adjacency matrix and D the degree matrix diag ((d(1), ..., d(|V]))).
This Laplacian can be decomposed into the orthogonal matrices U, containing the eigen-
vectors y; as columns, and A, containing the eigenvalues on the diagonal A;:

L=U"AU.
The Graph Fourier transformation is then defined by a projection on the eigenvectors:

f=oF|[f] —U'f = flu,

f=gF 1f) = Uf = Z f(ADw
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These operations are inverse because of the orthogonality of U. This allows for the defi-
nition of a graph convolution for a ‘signal’ f and the ‘filter’ h:

(fxh) =UUTfoU'h).

By representing the filter h by its Graph Fourier coefficients @ = U™ h, the convolution can
be rewritten as

(f+xh)=UUf00),
= (U diag () UNf.

The first model using graph convolutions is constructed in Ref. [81]. For a graph with |V|
nodes of size C, the node matrix X has dimensions |V|xC. This convolution, where X takes
the place of the signal, is used to update X:
C
X; < o(X*h) = O'(U diag (0) ; UTXk) vie{l,..,|V]},

k=1
where 0 contains the coefficients of the filter h and o is an activation function. The arrow
denotes that the value on the left is replaced with the value on the right. In Ref. [81], it is
proposed to restrict the Laplacian to the lowest d eigenvalues and set the other columns in
U and other entries in 0 to zero. However, this operation remains computationally expen-
sive because the decomposition of the Laplacian needs to be computed, and the gradient
must be backpropagated through it. Additionally, it is noted that the removed eigenvectors
may contain meaningful information about the graph.

In Ref. [82], this is developed into the much simpler GCNConv layer:

X « o(AX0),

where A = (D + ]l)l/ 2(1+A)D + ]1)1/ 2 is a normalized version of the adjacency matrix A
with added self-loops, o is an activation function, and 0 is a trainable matrix. It is shown
that this GCNConv layer can be derived as a first-order approximation of the previously
introduced filters. Moreover, it can be expressed as an MPL:

> =
jen @iy Nd@d())
The neighbors of the target node are directly used as messages and normalized with the
geometric mean of the degrees of the source and target nodes. This prevents nodes with

high degrees from causing numerical instabilities and dominating the graph. Additionally,
self-loops are added to the graph.

x; < 07 (3.42)

3.6.4. GINConv

Instead of using a simple, linear mapping like GCNConv, GINConv [83] uses an FFN as
the update function. Moreover, the self-loops are scaled with a trainable weight «.

X; < hg (xi (1+¢)+ Z ReLU(xj))
jeN (@
The authors prove that a GNN built from GINConv layers can match the power of the
Weisfeiler-Leman graph isomorphism test ([72, Sec. 7.3.3]), but a GNN built from GCN-
Conv layers cannot. This MPL is used in the generator of the DEEPTREE model (Section 5.1)
introduced later.
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3.6.5. Graph Attention Layers

The attention mechanism (Section 3.5), and the transformer architecture constructed with
it, has become the dominant building block of NNs for Natural Language Processing and
Computer Vision. In Ref. [84], this attention mechanism is reformulated for GNNs by the
“Graph ATtention layer” ( GATConv). This layer uses the update rule

X; < Z @; j0:x;. (3.43)
jeN (ufiy

Attention is now used to weigh the source node(s) j (key and value) to the target node i
(query). For two neighboring nodes, the score of an edge (i, j) is defined as

¢;j = LeakyReLU (aJ 6x; + a/ 6;x;) (3.44)

The attention weight ¢; ; of source node j to target node i is computed by scaling the score
¢;; with the softmax over the neighborhood of i:

ei,j
«; ; = softmaxe; ; =

| = . (3.45)
MW Y Yken (ol Gk

The attention vectors ag, a; and the matrices 6;, 6; are trainable parameters of the net-
work.

Additionally, the authors also offer an extension to multiple (K) attention heads and
propose averaging the output:

K

1
Xﬂ—EZ > ool (3.46)
h=1 je N Q)uli}

Static Attention Problem The weight of a neighbor j scales with the scalar product
of a trainable attention vector and a linear mapping of its feature vector athj. In Ref. [85],
it is noted that the scale, but not the ranking (the ordering by size), of the attention weights
«@; j depends on the target node x;. Therefore, a global ranking of nodes exists. This defeats
the purpose of the attention mechanism, where the weights should indicate, which node
is important for which other node. Instead, in the GATv2Conv layer, the calculation of
the edge scores is modified to

€= a' LeakyReLU (Osxi+9txj) , (3.47)

with a as a trainable vector and 0,, 6, as trainable matrices. To maximize the attention
weight, the projection of the source node 6,x; may now shift the projection of the target
0,x; in the direction of the attention vector a.

Modification to the Attention Weights In the update rule for GATConv/GATv2Conv,
the projection of the source node 6,x; appears twice, directly and indirectly in the calcula-
tion of the attention weight (Eqs. 3.43 and 3.47). Instead of using 6;x;+6,x; in the calculation
of @; j, the GATmConv variant employed in Section 5.2 uses 6;x;—0,x;. In this way, a mes-
sage 0,x; that shifts 6,x; away from the attention vector a will have a higher, instead of a
lower, attention weight.
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CHAPTER REVIEW In this chapter, the ML background for the
DEePTREE model is provided. First, simple FFNs and the fundamental
methods for optimization and regularization are introduced (Sections 3.1
to 3.3). GANs, the generative approach followed by DEEPTREE, are de-
tailed in Section 3.4. The frequently used attention mechanism is de-
scribed in Section 3.5. As will be detailed in the following chapter, it is
often advantageous to represent the showers as PCs, which are graphs
without edges. The NNs that operate on these graphs or PCs, along with
the extension of the attention mechanism to graphs, are detailed in Sec-
tion 3.6.




CHAPTER 4

Handling Calorimeter Data in Generative
Models

CHAPTER ABSTRACT The data produced by calorimeters varies
significantly in structure. This chapter provides an overview of the ap-
proaches used to handle this data in generative models. Additionally,
generative models related to the DEEPTREE model are presented.

4.1. Data Representation

A collection, such as an array or vector, is considered sparse if many of its elements contain

zero values. In the context of a calorimeter, a shower manifests as energy depositions in the

calorimeter cells. Here, the sparsity refers to the fraction of cells with no energy deposition.
Two primary methods are used to represent the calorimeter’s state in vector form:

1 Fixed-Size Position Representation

In this method, the position of an element within the vector corresponds to the spe-
cific cell where energy is deposited. The vector’s size is determined by the total
number of calorimeter cells. When cells are distributed along each coordinate inde-
pendently, the calorimeter follows a regular grid structure. In this case, the calori-
meter can be represented as a multidimensional matrix, where each cell is accessible
via a tuple of indices. An example of this is provided by the CALOCHALLENGE dataset
2/3, which features a cyclical geometry, as discussed in Chapter 10.

2 Variable-Size Index Representation

This method uses a variable-sized set of tuples. Each tuple contains a cell index
and the associated energy deposition. Cells without energy deposition are not rep-
resented. This yields a dense representation of otherwise sparse data, leading to
vectors of varying sizes. In scenarios with high sparsity, the memory required for
the index representation can be orders of magnitude smaller than that of the position
representation. When cell indices are converted into coordinates, the set transforms
into a PC, as will be discussed in the following.
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4.2. Neural Networks for Regular Calorimeters

For calorimeters that can be represented by a regular grid, models frequently employ con-
volutions [79], e.g., Refs. [86-89]. In image processing, convolutions are commonly used
to capture features within an image. A filter, which is a trainable matrix, is passed over
the image. For each position of the filter, its values are multiplied with the values of the
pixels below it and then summed up, producing one value for each position. Similarly,
convolutions can be applied to pixels or voxels that represent the cells of a regular calori-
meter. The size of the filter determines the run time, the number of parameters, and the
extent of the distance between pixels it can combine. Convolutions are inherently local
and translation-invariant, which are helpful biases for images and calorimeter images.

Recently, the “Vision Transformer” [90] approach has gained popularity in image pro-
cessing [91]. In this approach, an image is divided into patches of fixed dimensions. These
patches are then converted into a sequence of tokens and provided to a transformer. This
method has only recently been adapted for calorimeter simulation [92].

However, neither of these approaches is directly applicable when the calorimeter geom-
etry is irregular.

4.3. Neural Networks for Irregular Calorimeters

Most existing approaches represent particle showers in the detector using pixels or voxels.

Especially for high-granularity calorimeters like the CMS HGCAL [6], the calorimeter cells
are highly irregular, and the data is often sparse. A review of existing methods for modeling
calorimeters with irregular geometries reveals the following approaches:

Dense Mapping A trainable matrix is used to map from the position representation
to a latent space. In this method, neighboring and distant cells are connected in the same
way, introducing no helpful inductive bias for the model. The number of parameters is the
number of cells times the size of the latent space. Thus, for calorimeters with many cells,
this method is likely to fail due to the large matrix size. However, for smaller calorimeters
and sufficiently large datasets, this may be a viable option, as used by, e.g., Refs. [89, 93,

].

1D Convolutions Assuming the calorimeter is represented by a vector in the position
representation, 1D convolutional filters can be applied to this vector. A major advantage
over dense mapping is that the number of parameters scales with the size of the filter rather
than the number of cells. However, with this (arbitrary) ordering, pairs of cells that are
equidistant in space might have different distances in their indices. This largely defeats
the purpose of convolutions, which aim to identify repeating patterns as they move over
the input. Moreover, to combine information about cells to each other with large index
differences, an equally large filter would be needed. Thus, the use cases for this approach
are very limited. This approach is employed by, e.g., Refs. [94, 95].

Superfine Grid Instead of simulating the irregular geometry of the calorimeter, one
can simulate the calorimeter using a regular, superfine grid. The resulting calorimeter
image can be approached with regular convolutions, thus benefiting from their inductive
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bias. To map the generated superfine calorimeter image to the real calorimeter, the su-
perfine cells must be merged into real cells. The difficulty and speed of this combination,
especially for irregular geometries and a high number of cells, remain unclear. A major
downside is that the superfine calorimeter image might be much larger than the actual
calorimeter, which, in turn, might be significantly larger than a dense representation like
the index representation. This becomes especially problematic for high granularity calori-
meters that already contain numerous cells.

Learnable Geometry Mapping InRef. [96], the “Geometry Latent Mapping” (GLaM),
a learnable mapping between the irregular calorimeter and a regularized version of the
calorimeter, is introduced. The method achieves state-of-the-art fidelity on the Caro-
CHALLENGE dataset 1 (Section 2.2). However, constructing such a regularized version of
the calorimeter might be more difficult for other calorimeters, and the scaling behavior to
calorimeters with more cells is unclear. For a more detailed discussion, see Appendix E.1.

Vector Quantization The vector-quantized VAE (VQVAE) [97] introduces a way to
discretize the latent space of a VAE. On this discrete latent space, transformers can be
applied. While this changes the representation of the shower to a sequence of tokens,
the encoder and decoder rely on one of the other data handling approaches and therefore
face the same issues and restrictions regarding their applicability. For a more detailed
description, see Appendix E.2.

Point Clouds The approach chosen for the DEEPTREE model are PCs, which are dis-
cussed in detail in the following section.

4.4. Point Clouds

PCs are a natural representation for particle showers, which are essentially energy depo-
sitions at specific points in space, i.e., in the calorimeter cells. A PC is an unordered set
of vectors with the same size. To represent a particle shower as a PC, vectors contain-
ing the hit energy and the position of the respective cell are collected in a set. An index
representation, can easily be converted to a PC by replacing the cell index with the cell’s
position, as described at the beginning of this section. PCs have several properties that in-
troduce specific advantages and disadvantages (labeled with ‘a’ and ‘v’) for the modeling
of particle showers.

Dense Representation for Sparse Data In PCs, cells without an energy deposition
are not represented, making them a dense representation for the sparse calorimeter data.
This has multiple upsides:

A Like the index representation, PCs are memory efficient if only a small fraction of
cells contains hits, i.e., if the sparsity is high.

A This smaller size also means that the output of the model can be smaller by orders of
magnitude compared to a sparse representation. In general, a model with a smaller
output size is easier to train and faster to evaluate.
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A In a sparse representation, most elements do not carry any information, effectively
diluting the information content. A generative model trained on such a representa-
tion must first learn to ignore these irrelevant elements before learning to reproduce
the meaningful ones. Furthermore, it may be very challenging for a model to pro-
duce an energy deposition in one cell without energy depositions in its neighboring
cells. These problems are avoided with a dense representation, like a PC.

Calorimeter Independent Using a PC representation makes the data structure, and
therefore the model, independent of the geometry of the calorimeter. This has multiple
effects:

A Showers of any calorimeter can be represented.

A The same model architecture can be applied to any calorimeter. Thus, a model pre-
trained on one calorimeter could be transferred to another without the need to repeat
the entire training process. This opens up the possibility of developing a foundation
model for calorimeter simulation.

¥ In a grid-based model, certain properties of the calorimeter, such as the number of
layers or the number of cells, are intrinsic to the model’s architecture. In contrast, a
PC-based model has no inherent information about the calorimeter. Therefore, the
model must learn the calorimeter geometry.

Continuous Representation for Discrete Calorimeter Cells While PCs are con-
tinuous and can take any position in space, calorimeter cells are discrete.

¥ NNs typically map a continuous input to a continuous output'. To evaluate the
model, the points generated in continuous space need to be mapped to discrete
calorimeter cells. Each cell may only be assigned one energy, so the mapping must
be injective. Thus, either the mapping needs to be injective by itself, or multiple
energy depositions assigned to the same cell have to be combined (Section 10.3.4).

V¥ The dominant method to train NNs is via gradient descent, which requires the NNs
to be differentiable. However, calorimeter cells are discrete in nature. This intro-
duces multiple issues for both training and evaluation, especially for GANs. The
critic could quickly learn the discrete distances between neighboring calorimeter
cells and greatly penalize the generator for any single point not on the grid, ef-
fectively derailing the GAN training. A similar problem exists for likelihood-based
models like Variational Autoencoders [8] and Normalizing Flows [57]. A PC with a
single point that does not align with a cell would need to be assigned a likelihood
of 0, which might destabilize the training. In this thesis, this issue is approached by
mapping the discrete cells to a continuous space for training (Section 10.3).

'There are exceptions, such as transformers (Section 3.5) producing tokens or the VQVAE producing code-
book vectors. However, the quantization in these cases is not intrinsic to the model but is obtained by
taking the argmax of the transformer’s output or matching the NN output to the closest codebook vector.
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Varying Size The number of energy depositions varies from shower to shower, and
consequently, the size of the PC varies as well.

V¥ Unlike grid-based data, PCs cannot be represented as matrices with constant dimen-
sions. The handling of PCs is more challenging due to the varying cardinality.

¥ While modeling the cardinality is possible, PC-based models frequently require the
cardinality of the PC they should generate (Section 4.6).

Use Case These advantages and disadvantages make PCs a better representation for
more granular calorimeters, where sparsity is higher and denser cells form a ‘more con-
tinuous’ space.

Existing PC-based Models

While there are existing PC models that have been developed on PC datasets like, e.g.,
ShapeNet [98], the main focus of these models is to produce PCs that reproduce the shapes
or surfaces of 3D objects. These points are largely independent of each other, or the de-
pendency between the points plays a minor role, which is why many of these models
produce independently distributed points [99, Sub. C]. For calorimeter simulation, the
dependencies between points must be correlated, making ShapeNet an unsuitable dataset
for this purpose. The PC-based GANSs designed for jets and particle showers are presented
in Section 4.6.

4.5. Permutation Equivariance and Invariance

PCs and the energy depositions they represent are inherently unordered. The order of the
points in memory is therefore arbitrary. Designing a network that does not depend on this
order avoids the need to learn this order independence.

Two types of order independence are distinguished based on the network’s output space.
A network that transforms a PC by mapping each point in the input PC to a corresponding
point in the output PC should preserve the order (equivariance). If the network maps a PC
X to another space, the output should be independent of the order (invariance).

A function fis permutation equivariant if, and only if,

f(PX) = Pf(X), (4.1)
for any permutation P. Only functions that do not change the cardinality of the PC can be

permutation equivariant.
Similarly, a function g is permutation invariant if, and only if,

g(PX) = g(X), (4.2)

for any permutation P.
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Concatenation of Permutation Invariant and Equivariant Function It follows
that a function composed of a permutation invariant function g concatenated with a per-
mutation equivariant function fis permutation invariant:

g f(PX) = g(f(PX)) = g(Pf(X)) = g(f(X)) = g = f(X). (4.3)

Let ftake the PC X and a vector as input, and be equivariant under permutations of
X. The equivariance is preserved if the vector is produced by a permutation invariant
function g:

f(PX,g(PX)) = f(PX,g(X)) = Pf(X, g(X)).

Thus, permutation invariant or equivariant networks can be designed by chaining permu-
tation invariant or equivariant layers. In this thesis, invariance and equivariance always
refer to behavior under permutation.

58



4.6. Related Point Cloud-based GANSs for Jets and Calorimeter Showers

4.6. Related Point Cloud-based GANSs for Jets and
Calorimeter Showers

As described in Section 4.4, representing particle showers as PCs instead of voxels has
multiple advantages. In a GAN approach, the generator would need to map from a random
vector to a PC of varying cardinality. Such a mapping is difficult to construct.

Refinement Approach

PC-based GANs [99-103] frequently choose a refinement approach shown in Fig. 4.1: The
generator starts out with a PC of the desired size with points sampled from noise. A series
of update blocks is applied to the PC, first in the generator and then in the critic. In the
final step of the critic, the points are aggregated and mapped to a single value, usually with
an FFN (Section 3.1).

Frequently, the update blocks match one of the following three categories, described in
Message Passing (Section 3.6) terms:

Update via Dense Connections Each node is updated with the full information from
all other nodes. While this approach maximizes the information accessible to each
node, it may also make it challenging to filter out the information relevant to a
specific node. Additionally, a significant drawback of this method is its quadratic
time complexity for the cardinality. An example of this approach is Ref. [99].

Local Update Edges are constructed between the nodes, commonly by k-NN or a distance
criterion. The resulting graph is then updated with an MPL. This method focuses on
local relations between the nodes, such as the distance, and might make it difficult
to model global distributions like mass or hit energy sum. The run time of the MPL
is proportional to the number of constructed edges. Ref. [104] is an example of this
method.

Update via Central Node A first MPL collects messages from each node to a single, sep-
arate node, the central node. In a second MPL, each of the nodes in the PC receives a
message from this central node. This approach is more sensitive to global properties
of the PCs and less to local ones. Because the number of messages is the cardinality
of the PC for both MPLs, the time complexity scales linearly with the cardinality.
Examples of this method are provided in Refs. [100-103].

Frequently, the update block includes an FFN, that updates the points individually be-
fore or after the “Message Passing” step(s).
In an image-based GAN approach like DCGAN [63], convolutions are applied to iteratively
up- or downscale the data: The generator would apply convolutions in sequence to itera-
tively upscale a random vector to an image and then the critic would apply convolutions to
iteratively downscale the image to a scalar. Such operations cannot be directly translated
to PCs, which is why this refinement approach is prevalent for PC-based GANs.

In the following parts of this section, the architectures of selected PC-based GANs for

particle showers (Section 2.1) are presented. Particle showers are inherently tree-based
processes, as each particle is produced by the decay or detector interaction of a particle

59



Chapter 4. Handling Calorimeter Data in Generative Models
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Figure 4.1. | Scheme of the Refinement Approach common in PC-based GANs|
Described in Section 4.6

of the previous generation. An existing GAN that produces PCs in a tree-based manner is
TREE-GAN [105]. While applying TREE-GAN (Section 4.6.4) to this task was not successful,
it inspired the DEEPTREE model [106, ], which has been developed in the course of this
thesis and is also presented in this section.
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Figure 4.2. | The MP-GAN model.|
See Section 4.6.1 for the discussion. Taken from Ref. [99] and modified.

4.6.1. MP-GAN

The ‘Message Passing GAN’ (MP-GAN) [99] is the baseline model provided with the JET-
NET dataset. It outperforms numerous PC-based GANs like r-GAN [108], GraphCNN-
GAN [109], and TREE-GAN [105] on the JETNET dataset. MP-GAN follows the refinement
approach described in Section 4.6 and Fig. 4.1, specifically the ‘Update via Dense Connec-
tions’ method.

Both the generator and the critic are composed of a sequence of two MPLs each. They
follow the update rule:

x! = FEN,, <x,-, > FFNm(xi,xj)),

jenN @)

where the two FFNs consist of three fully connected linear layers each. For these MPLs,
the points are densely connected, meaning the neighborhood of each point is the entire
PC. The generator starts out with a PC of randomly initialized points that are updated by
two MPLs. The discriminator processes an input PC through its two MPLs, averages the
points, and then maps the average to a scalar using a single linear layer.

One downside of this implementation is that the dense connections in the MPLs connect
each point with every other point, resulting in the aforementioned quadratic scaling of
time complexity with the cardinality. While this is manageable with a cardinality of 30 for
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JETNET-30, it becomes impractical for JETNET-150 and even more so for particle shower
datasets with higher cardinalities.

The critic of this model is used for the proof-of-concept of the DEEPTREE generator
in Section 7.3.
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4.6.2. EP1C-GAN

The ‘Equivariant Point Cloud GAN’ (EP1C-GAN) [103] was the first model to achieve good
results on the JETNET-150 dataset. This model adopts the refinement approach outlined
in Section 4.6 and Fig. 4.1, specifically the ‘Update via Central Node’ method.

Pi > Pr

o8 =

P

point attributes

A 4

)
6 66

global
attributes
O,
[é
[0/¢)
v

Figure 4.3. | The update block of EPIC-GAN|

See Section 4.6.2 for the discussion. Taken from Ref. [103]. “The global function ¢® and point
function ¢? are learned by NNs. The @ symbol indicates the aggregation function p?~8, with both
element-wise summation and average pooling”

EP1C-GAN starts with a randomly initialized PC. The cardinality n is sampled from the
dataset. Figure 4.3 illustrates the update block used in both the generator and the critic.
The FFN ¢¢ takes an aggregation (‘®’) of the points (referred to as ‘point attributes’) p;
and the central node (referred to as ‘global attributes’) ¢, to update the central node. This
aggregation is the concatenation of the feature-wise sum and the feature-wise mean. A
second FEN, @7, is then evaluated for each point in parallel to update the points with the
central node. Through these two message passing steps to and from the central node,
each EPiC layer computes at most n messages, thereby achieving a run time complexity
proportional to the cardinality.

Both the generator and the critic consist of a sequence of the described update blocks.
Before the first update block, both the generator and critic contain an FFN transforming
the points separately. The generator contains an additional FFN that transforms the points
after the last update block. In the critic, the central node is initialized by applying the sum-
and-mean aggregation to the input PC, followed by an FFN. The same structure is used to
map the PC to the scalar after the last update block.

The implementation of EPIC-GAN uses a regular tensor structure, i.e., matrices with
fixed dimensions. During the training, PCs are grouped into batches with the same cardi-
nality.

The authors compute the metrics after recentering the jet, i.e., recomputing the relative
variables. This changes the scale of the computed metrics. Ref. [102] contains the recom-
puted values without this recentering. These values are used to compare the performance
of this model.
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4.6.3. MDMA

The ‘Mean-fielD Matching Attentive GAN’ (MDMA) [102] is a PC-based GAN that uses
the attention mechanism (Section 3.5) to implement the refinement approach, specifically
the “‘Update via Central Node’ (Section 4.6 and Fig. 4.1).
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Figure 4.4. | The update block of MDMA |
See Section 4.6.3 for the discussion. Taken from Ref. [102].

Like MP-GAN and EP1C-GAN, MDMA also starts out with a randomly initialized PC
x. The cardinality n is sampled from the dataset. A mean field point, X, is initialized with
the feature-wise mean of the points in the PC. It will serve as the central node. Figure 4.4
shows the update block used in both the generator and the critic. First, all points are passed
through a linear layer (‘Particle-wise ¢’) that maps each point individually to f features.
The mean field is then normalized with Layer Normalization (Section 3.3). Now, CrossAt-
tention (Section 3.5) is used to update the mean field with all points from the PC. For this,
the mean field is passed to the Multi-HeadAttention (Eq. 3.32) as the query Q € R™/, the
other points are passed as both key K € R/ and value V € R™/. In the CrossAttention,
Qs first multiplied with K7, yielding a dimension of 1 x n. After softmax, Q—KfT € R is
multiplied with V, yielding a dimension of 1 x f. Because Q contains a single element, the
mean field x, MDMA achieves a scaling of the time complexity proportional to the cardi-
nality. In the GNN terms, this corresponds to a message passing to the central node. After

64



4.6. Related Point Cloud-based GANSs for Jets and Calorimeter Showers

concatenating the new mean field with the cardinality, they are passed through a linear
layer. This vector is appended to each point and passed on as the new mean field to a
further update block. Lastly, the points are passed individually through a final linear layer
(‘Particle-wise /|x”’). In the GNN terms, this would correspond to the message passing
from the central node to the other points.

The update blocks for generator and critic differ in activation, normalization, residual
connections and other details. In the critic, the mean field of the last update block is
mapped with a linear layer to a scalar.

MDMA yields competitive results for the JETNET (Chapter 6) and CALOCHALLENGE (Chap-
ter 10) but has recently been surpassed by diffusion-based models [110, 111], though at
the cost of a slower generation time. Based on MDMA, a successor model with a higher
fidelity was proposed [112]. It uses the same update blocks, but is a “conditional flow
matching” [113] model instead of a GAN.
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4.6.4. TREE-GAN

The idea to generate a PC using a tree-based upscaling in a GAN was first introduced in
TREE-GAN [105]. The authors target the generation of PCs representing the surfaces of 3D
objects like planes, tables, or cars. As a critic, the r-GAN [108] critic is used. The following
description uses the tree terminology introduced in Section 3.6.1.

Model Description

The generator is constructed from a series of alternating ‘branching’ and ‘graph convo-
lution’ layers that are applied to a single root node p:=° € R% sampled from a standard
normal distribution. In the branching layer [, each of the input points pll is mapped with a
matrix VilH point to d; new points:

p§+l — [‘/ll-i-lpll]] for ] € {1, ceny d[};

where [A]; denotes the j-th column of a matrix A. After applying k branching layers, the

cardinality has been scaled up to H;;l dj points. The authors use a different branching
factor of 2 for all but the last branching layer: {dl}l7:1 = {1,2,2,2,2,2,64}. After each
branching layer, the points are updated with a graph convolution layer:

Loop Ancestor Bias
141 _ I N, Y
Pt =o| F(ph+ D, Ulg+ ¥ |,
‘Ijed(Pz!)

where &/(p) are the ancestors of node p.
The loop term transforms the newly constructed leaves. First, LeakyReLU activation is
applied to them, followed by a linear layer without bias W that maps the number of features

to fi41.
Fi(p) = W LeakyReLU(p)). (4.4)
Srexfi E

In the ancestor term, the Ujl matrices project the ancestors of each leaf to n features. As
the number of features differs for each level of the tree, a separate matrix is needed for
each preceding level of the tree. All the terms are summed up and assigned as the new
features of the leaves. For all but the final layer, LeakyReLU is applied as activation.

The bias term is a trainable vector.

Clustering Issues

By omitting the ancestor term, the authors demonstrate that the distance between points in
the final layer is determined by the number of common ancestors [105, Eq. 9]. This causes
TREE-GAN to frequently position nodes originating from the same parent close to each
other. The resulting clusters are shown on the right in Figure 4.5, where points are colored
according to their parent. While this clustering may be advantageous when modeling the
surface of objects, it becomes a disadvantage when point density is crucial, as is the case
with the particle showers targeted in this thesis.
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Baseline tree-GAN

e

Figure 4.5. | 3D PCs Generated by TREE-GAN.|

“Unsupervised 3D [PCs] generated by the TREE-GAN for multiple classes (e.g., Motorbike, Laptop,
Table, Guitar, [...]). Our TREE-GAN [...] can also produce [PCs] for semantic parts of objects, which
are denoted by different colors” [105].

s

Modeling a 2D Gaussian

The effects of this can be seen in Fig. 4.6, where TREE-GAN has been trained to produce
a 2D Gaussian distribution (g = [1,1], o = [[1,0.5],[0.5,1]]). The overall shape of the
Gaussian distribution is matched by TREE-GAN, but there are some gaps in the tails of the
distribution. The density, however, is grossly misrepresented, as a large fraction of the
points are placed close to (0,0). As TREE-GAN targets the generation of surfaces, modeling
the density is secondary to modeling the shape correctly. This is the opposite of the particle
shower generation aimed at in this thesis.

By replacing the matrix operations of TREE-GAN, the performance of the model can be
improved. Figure 4.7 (Fig. 4.8) shows the 2D histogram for a model where the branching
matrices V! (ancestor matrices U’) have been replaced with FFNs. These FFNs consist of
8 linear layers with LeakyReLU activation, and the number of hidden nodes matches the
output dimension. Further hyperparameters are shown in Table 4.1. In both cases, the 2D
histograms show 8 distinct peaks instead of a smooth Gaussian distribution, effectively
splitting the singular peak into 8 compared to the unchanged model.

In addition to its insufficient performance, TREE-GAN faces a significant challenge when
generating large PCs: The number of matrices, and consequently the number of param-
eters required for the branching and ancestor terms in the graph convolution, increases
rapidly with the number of levels. This issue becomes particularly problematic for PCs
with high cardinalities, where a tree with many levels is needed to produce such PCs.
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Simulation Model Model — Simulation

10° 10! 102 103 -10* —10?> —10°0 10° 10> 10*

Figure 4.6. | 2D Histograms Comparing the output of TREE-GAN to the Target Gaussian
Distribution.|

See Section 4.6.4 for the discussion. The plot design is explained in A.2. The model was trained for
36k steps. Approximately 165k points are shown.

Simulation Model Model — Simulation

-102 -10°0 10° 107

Figure 4.7. | 2D Histograms Comparing the output of TREE-GAN with the Modified
Branching to the Target Gaussian Distribution.|

See Section 4.6.4 for the discussion. The branching matrices in TREE-GAN have been replaced with
FEN. The plot design is explained in A.2. The model was trained for 44k steps. Approximately 165k
points are shown.
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Simulation Model Model — Simulation

10° 10! 102 103 —-102 -10°0 10° 102

Figure 4.8. | 2D Histograms Comparing the output of TREE-GAN with the Modified An-
cestor Convolution to the Target Gaussian Distribution.|

See Section 4.6.4 for the discussion. The ancestor convolution matrices in TREE-GAN have been
replaced with FFN. The plot design is explained in A.2. The model was trained for 60k steps. Ap-
proximately 165k points are shown.

Table 4.1. | Hyperparameters for Training TREE-GAN on a Gaussian Distribution)|
See Section 4.6.4 for the discussion.

Parameter Generator Discriminator
Loss Cross-entropy

Batch size 50

Points per sample 512

Optimizer Adam

Learning rate 107*

Weight decay 2-107*

Gradient Steps per generator step 1 2

Features (nf) [96, 64, 64, 64, 2] [2, 64, 128, 256]
Branching factor (d)) (2,2, 2, 64] -

Support (K) 10 -
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CHAPTER REVIEW Particle showers can vary significantly be-
tween calorimeters, requiring different approaches to handle them in
a generative model. In this chapter, these approaches and their advan-
tages are discussed (Sections 4.1 to 4.4). The assumptions of an irregular,
highly granular calorimeter lead to the use of PCs as the data structure
for the DEEPTREE model. Since PCs have no intrinsic order, PC-based
models should be independent of the order, as discussed in Section 4.5.
Lastly, related PC-based GANs, which will later serve as benchmarks for
the DEePTREE model, are detailed in Section 4.6.




CHAPTER 5

The DEEPTREE Model

CHAPTER ABSTRACT In this chapter, the design of the DEEPTREE
GAN, developed by me, is described briefly. It is motivated by the tree-
like nature of particle showers. The generator uses a tree structure to
map a single node to a PC, while the critic maps the input PC iteratively
to smaller and smaller PCs. As such, both parts of the model change the
size of the PC and thus do not follow the popular refinement approach
detailed in Section 4.6. The performance of this model and the design
choices are evaluated in the following chapters.

In a tree-based process, the properties of a node depend solely on its ancestors. Particle
showers follow a tree-like structure, where the properties of particles determine the prop-
erties of their decay products and energy depositions. Modeling the architecture to mirror
this tree structure may not only facilitate the PC upscaling, but also introduce a beneficial
inductive bias.

The idea of DEEPTREE was to develop a tree-based generative model for PCs, that ben-
efits from this inductive bias. Due to their flexibility in architecture, fast generation, and
high fidelity, this model was developed as a GAN.

Generator Approach

The DEEPTREE generator starts out with a single point. At each step, a mapping gener-
ates a fixed number of new points from each existing point. This process continues until
the desired number of points is reached. By starting from a single point and iteratively
expanding it into a larger PC, the input and output dimensions of each mapping are con-
strained, thereby reducing the number of required parameters. Directly mapping a single
point to a large PC would require an infeasible number of parameters.

TREE-GAN

While TREE-GAN [105] follows a tree-based approach as well, applying TREE-GAN to jets
or particle showers leads to subpar results, as shown in Ref. [99]. Modifications to TREE-
GAN could not sufficiently improve the model (Section 4.6.4). Although the DEEPTREE
generator is based on similar ideas as TREE-GAN, its model architecture differs signifi-
cantly. A detailed comparison to TREE-GAN is provided in Section 5.1.
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Invariance and Equivariance in the Refinement Approach

The PC-based GANS for jets and particle showers typically employ a refinement approach
(Section 4.6). In this approach, the generator starts out with a PC of the desired cardinal-
ity and subsequently transforms it. This design allows for a permutation invariant critic
and a permutation equivariant generator (Section 4.5). However, the DEEPTREE genera-
tor changes the cardinality and thus cannot be equivariant!. The DEEPTREE critic, by
contrast, is designed to be permutation invariant.

Critic Approach

In a critic, the input is mapped to a scalar value to separate the generated samples from
real data. Typically, PC-based critics first transform the PC and then aggregate the points
into a single vector, often using a sum. This vector is then mapped to a scalar, usually
through an FFN. This aggregation causes a sudden reduction in dimensionality in a single
step. Examples of this approach may be found in Refs. [99, 102, 103, 105]. During back-
propagation, the gradients for all points must pass through this bottleneck. Although this
does not theoretically limit the critic [114], it may pose practical challenges.

The goal of this critic is to avoid this bottleneck by using an iterative aggregation
method. Furthermore, the critic should be permutation invariant and avoid quadratic time
complexity with the cardinality C. This iterative aggregation is achieved with a pooling
operation named bipartite pool. Each bipartite pool contains a PC with k trainable points.
Edges are constructed from each input point to each point of the pool, forming a bipartite
graph. A message passing layer (Section 3.6) applied to this graph creates a new PC com-
bining information from both PCs, but with the cardinality k. The bipartite pool’s time
complexity scales with c - k, thus meeting the scaling requirement. By using a sequence of
bipartite pools with decreasing cardinality, the input PC is aggregated iteratively.

Development Strategy

Starting the development of a PC-based model directly on a particle shower dataset with
10* to 10° hits would present numerous challenges:

+ Generating large PCs will inherently result in slow training and evaluation, leading
to long turnaround times.

« In model development, the architecture is iteratively improved. If training fails com-
pletely, performance metrics cannot be evaluated, making it impossible to determine
whether a change constitutes an improvement. This failure is more likely with mod-
els producing larger outputs. Preliminary experiments on smaller-scale PCs can
demonstrate the model’s fundamental viability, providing a basis for iterative re-
finements to tackle larger datasets.

« Ina GAN, feedback from a critic is needed to train the generator. In the development
of the generator, one may choose to use an ‘established’ critic, like the MP-GAN critic
(Section 4.6.1), that has demonstrated competitive performance. This critic may not
have the required memory or run time scaling for large PCs.

! An alternative design for a tree-based generator, invariant under certain permutations, is detailed in Ap-
pendix C.1. While achieving competitive results generating 30 points for JETNET-30 (Chapter 7), it ulti-
mately failed to generate up to 150 points for JETNET-150.
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« Reliable design decisions require well-studied, sensitive performance metrics. These
metrics may be computationally expensive or unavailable for large-scale particle
showers.

« Asdescribed in Section 4.4, discrete calorimeter cells need to be mapped to a continu-
ous space for training and vice versa for evaluation. Both directions of this mapping
introduce potential errors or failures to a particle shower model.

Therefore, it is advantageous to first develop the model on a suitable proxy task and move
to calorimeter simulation once the model’s capabilities have been established.

Jet Generation as a Proxy Task

The generation of jet constituents (see Section 2.4) serves as a natural proxy for calorimeter
simulation. Both processes involve tree-like physics processes that generate large PCs un-
der constraints, such as total energy or invariant mass. These constraints result in distinct
global distributions, like the shower energy distribution or the double peak in the mass
spectrum of top-quark initiated jets. This complexity makes jets challenging to model and
provides sensitive, physics-based metrics for evaluation. Consequently, if a scalable model
performs well on jets, it is likely to perform well on particle showers.

While the cardinality of a PC representing a particle shower can reach 10°, the used
jet datasets typically have cardinalities ranging from 10% to 103, making jet generation
significantly faster than shower generation. Additionally, the hits of particle showers are
positioned discretely in space (at the cells), whereas jet constituents are distributed in a
continuous space. Thus, the translation between the model’s continuous space and the
data’s discrete space, required for calorimeter cells, can be omitted.

In summary, developing a PC-based generative model using jets allows for fast turnaround
times, the application of sensitive metrics, and circumvents issues related to the discrete
nature of calorimeter cells. This makes jets an ideal test bed for developing models for
particle showers.

Chapter Outline

In the following sections, the generator and critic architectures are briefly presented. This
is followed by a description of the training process, and the various FFNs used across
the model. The names of the hyperparameters are introduced in Monospaced Font in the
following sections. The default hyperparameters are listed in Table 5.1. Chapter 9 contains
a systematic review of the design choices. The model’s capabilities are showcased in the
subsequent chapters.
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Table 5.1. | Default Hyperparameters for the DEEPTREE model]|
See Chapter 5 for the discussion. This set of hyperparameters used is in Chapter 8 and serves as
the reference for Chapters 7, 9 and 10.

Common Ratio Gradient Steps 1:1
Optimizer Adam (f; = 0.9, f5 = 0.999)
Weight Decay 107*
Batch Size 200
Validation Interval 2000 Critic Steps
Early Stopping Window 1000
(Section 5.3.3) Minimum Improvement 0.95
[Linear, Dropout,
Order Normalization, Activation]
FFNs Hidden Nodes 100
(Section 5.3.4) L1.near Layers 5
Bias None
Activation LeakyReLU(s = 0.1)

U(—k, Vk) with

Weight Initialization k = (input size)!

Generator Loss Hinge .
(Section 5.1) + 0.1 Feature Matching (Eq. 5.1)
' Learning Rate 107°
Node Features by level [64,33,20,10,3]
Branching Factor by level [1,2,3,5,5] (I b; = 150)
Global Feature Size 10
Condition [Cardinality]
Dropout 0
FENs Normalization Batch Normalization
Ancestor MPL MPL GINConv (Section 3.6.4)
(Section 5.1.2) Nl.lmber of MPLs !
Hidden Nodes 100
Critic Loss Hinge
(Section 5.2) Learning Rate 3.107°
Point Dimensions by level [3,10,10,10]
Cardinality by level [Cardinality,30,6,1]
Condition [Cardinality, pgre t,njet,mjet]
Dropout 0.5
FENs Normalization Spectral Normalization
MPL GATmConv (Section 3.6.5)
Bipartite Pool Attention Heads 16
(Section 5.2.1) Normalization None
Dropout 0.0
Embedding Layer Latent Features 40
(Section 5.2.2) Normalization Batch Normalization
Suberitics Latent Features ' ' 40
(Section 5.2.2) Central Node Dimension 40
Number of CNUs 2
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5.1. Generator

The DEEPTREE generator maps a noise vector to a PC using a tree-based structure. It was
published in Ref. [106]. The following description uses the tree terminology introduced
in Section 3.6.1.

Architecture

The generator is composed of multiple generator levels, each containing a set of compo-
nents with independent parameters, as shown in Fig. 5.1. The tree begins as a single root
node, sampled from Gaussian noise. As the tree progresses through the sequence of gener-
ator levels, the nodes are updated, and new levels are added to the tree. In each generator
level, the following sequence of layers is executed:

1. The global feature layer aggregates the highest level of the tree, i.e., the leaves, into
a global feature vector. This global feature is then passed to the branching layer and
the ancestor MPL. The nodes themselves remain unchanged by this layer. A detailed
description of this layer is provided in Section 5.1.3.

2. The branching layer takes the current leaves and maps each to a fixed number of
new nodes. These new nodes are then attached as children to the node from which
they were created, thereby adding a new level to the tree. This layer is described in
detail in Section 5.1.1.

3. The ancestor Message Passing Layer (ancestor MPL) updates all nodes depending
on their ancestors. This step does not alter the number of nodes or the number of
features. A detailed description of this layer is provided in Section 5.1.2.

zn~ N(O ﬂD)
S ») | Level 2 |
E Level 1
_____
R R > ‘ Level 0 ‘
» Global Feature
Y
Repeat for <
P Branching [
each level
Y
Ancestor  [€
MPL
________________ ' v
Cut to
given size

Figure 5.1. | The DEEPTREE Generator.|
See Section 5.1 for the discussion.
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Level Counting The levels of the tree and the generator are indexed beginning from
0. The Node Features at each tree level are denoted by f;, and the Branching Factors by
by. It should be noted that the branching factor at level 0 is set to 1, corresponding to the
root node (by = 1). The node features decrease with each subsequent level (f; > fi,; for
all ). At generator level [, the branching layer maps a tree with [ levels to a tree with [ + 1
levels. This mapping increases the number of leaves by a factor of b, ;. Simultaneously,
the number of features per node decreases from fto fi, .

Output Cardinality The number of leaves [[; b, increases with each level until the
desired cardinality is reached. The branching factors b; are selected so that [ [; 5 meets or
exceeds the maximum cardinality in the dataset. For each PC, the cardinality C is sampled
from the dataset. The first Cleaves from the highest level of the generator are then returned
as the output PC.
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5.1.1. Branching Layer

Figure 5.2 illustrates the branching layer of generator level 1. It takes a tree with two levels
(root node + 1st level) as input and returns a tree with three levels as output. With the
nodes from tree level 1 (dark green / orange) as the parents, their children (blue+green /
red+yellow in tree level 2) are generated independently for each parent: First, the global
feature is appended to the parent (‘Concat’). Then, each parent (in R™/1) is mapped by the
branching FFN to its size times the number of branches (Ro1*f1). After splitting the output
into by, 1 new children for each parent (‘Reorder’), the parent is added to each of them as a
residual connection (‘+’). With the new children added as leaves to the tree, all the levels
of the tree are stacked up and passed through a dimensionality reduction FFN (‘Dim. Red.
FFN’). This FEN reduces the number of features of all nodes from f; to f;, ;. Thus, with each
branching layer, the number of leaves increases while the number of features decreases.

Level 1 — Level 2 For each leaf

COndItlon 1 X (NFeatures + NDynGF + Ncondition)
I B I O .
Branching
C tW >
Global Feature onca FEN
Level 0 {

Level 1 {

LI T T]
Level 2

CLTT]

CTTT]

- R Dim. Red.
o comn J—f O

Y

1 x N, Branches * N Features

N, Branches X N, Features

Figure 5.2. | The Branching Layer for Generator Level 1.|
See Section 5.1.1 for the discussion.

5.1.2. Ancestor Message Passing Layer

The ancestor MPL propagates information down the tree from each ancestor to its descen-
dants. For this purpose, a graph is constructed, where each node is directly connected to
its descendants. Additionally, self-loops, connecting each node to itself, are included in
the graph. Figure 5.3 shows an example of this graph structure from the perspective of
node 4, which is updated with the aggregated messages from nodes 1, 2, and 4. The MPL
used is GINConv Section 3.6.4, as implemented in PYG [77]. In GINConv, the messages
are the source nodes, which, in this case, are the ancestors of the target node. These
messages are aggregated by summing over all messages addressed to each target node.
The aggregates are then added to the target nodes and passed through an FFN. Finally,
the target nodes are updated with the output of the FFNs plus the original values of the
target nodes as a residual connection. For the last linear layer of the FFN, normalization
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O

Figure 5.3. | Sketch of an example graph of the Ancestor MPL for Generator Level 2.|
See Section 5.1.2 for the discussion.

and activation are not applied, so the network’s output remains unrestricted. The FFN
inside GINConv is constructed like the other FFNs in the generator (Section 5.3.4).

Run Time and Performance Impact

The ancestor MPLs compute a message for each ancestor of every node at each gener-

ator level. For a tree with k layers, ZIIE:O Hﬁ':o b; messages need to be computed in the
branching layer. The number of parameters increases linearly with the number of levels,
since a single FFN is used for each ancestor MPL and level. However, the run time of the
MPL is proportional to the number of messages, making the ancestor MPL the component
with the worst timing complexity in the model. Removing the ancestor MPLs showed
no significant impact on the run time for a cardinality of 150 (Section 9.4.3). However,
this impact is expected to become significant when generating large PCs. The ancestor
MPL is not strictly necessary, unlike the branching layer. Previous studies on JETNET-30
using a different branching layer (Appendix C.1) suggested a performance boost with its
inclusion. However, this finding was not reproduced in the ablation study on JETNET-150
(Section 9.4). Therefore, whether this component should be included in the model remains
inconclusive, especially for large PCs.

5.1.3. Global Feature Layer

Figure 5.4 shows the Global Feature Layer for Generator Level 2. The leaves (tree level
2) are first passed through an FFN ¢; that maps them to ny,, features. The transformed
leaves are summed up, and the resulting vector is passed through a second FFN ¢, that
maps it to the Global Feature Size. This vector is then concatenated with the genera-
tor’s conditioning variables. ny, is the harmonic mean of the Node Features and the
Global Feature Size, rounded down.
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Figure 5.4. | The Global Feature Layer for Generator Level 2.|
See Section 5.1.3 for the discussion.

5.1.4. Comparison to TREE-GAN

Compared to TREE-GAN (Section 4.6.4), this generator introduces major changes:

Branching The branching mechanism (Section 5.1.1) in DEEPTREE uses two small
FFNs per level: One for increasing the number of nodes and another for reducing the
number of features. The first FFN maps n; to b - n;, and the second FFN reduces the dimen-
sion of each node from n; to n,. In TREE-GAN, a separate matrix for each parent maps from
the input dimension n; to b times the output dimension n,. The dimension is then reduced
in the subsequent ancestor convolution. Because a separate matrix is used for each of the

I—

parents in each level, this uses Z;czl Hrzll d, matrices for a tree with k levels.

Ancestor Convolution After the branching, both models implement a graph con-
volution step to pass information from the ancestors to their descendants. In TREE-GAN,
only the leaves are updated using the leaf itself and its ancestors. Since each ancestor has
a different dimension, each of them is mapped to the dimension of the leaf using a separate

trainable matrix. Moreover, a separate set of these matrices is required for each level of
k(k+1)
2

the tree. Therefore, the total number of matrices for this step is 2;;1 /= , where k
is the number of levels in the tree. In DEEPTREE, all nodes in the tree maintain the same
dimension at all times. This allows all nodes to be updated simultaneously using a single
FFN in the ancestor MPL for each layer.

The self-loop term in TREE-GAN is included in the message passing step, as all nodes
receive a message from themselves.

Summary DEeEPTREE employs more complex components, such as MPLs and FFNss,
compared to the matrices used by TREE-GAN. However, its uniform treatment of all nodes
significantly reduces the number of required mappings. Applying an MPL to a dynamic
tree structure requires tracking the tree level and PC each node belongs to, which substan-
tially increases the complexity for DEEPTREE.
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5.2. Critic

In the most common design for PC-based critics, the critic first transforms the points,
then aggregates them into a single vector, and finally maps that vector to a scalar output
(Section 4.6). The DEEPTREE critic deviates from this approach in two major ways:

1. The cardinality of an input PC is reduced iteratively. This structure yields a model
that resembles image-based GAN approaches like DCGAN [63], where the critic
applies convolutions in sequence to iteratively downscale an image to a scalar.

2. The DEePTREE critic contains multiple subcritics that are placed before and after
the cardinality is reduced, i.e., before and after the pooling operations. The critic
produces a separate scalar for each subcritic instead of a single scalar.

The DEEPTREE critic was published in Ref. [107].

5.2.1. Point Cloud Pooling with the Bipartite Pool

For the iterative reduction of the cardinality, a pooling operation must meet the following
requirements:

« It must be differentiable to enable backpropagation.

« It must accept an arbitrary input cardinality, given the varying cardinality of the
inputs.

Additionally, it should satisfy the following criteria:

« The pooling should be permutation invariant, as the input PCs are unordered. If not,
the critic would need to learn this invariance.

« The run time should scale well with large PCs, ideally linearly with the input cardi-
nality C.

« The pooling should map to a selectable but fixed cardinality k, allowing for a regu-
larly shaped output that allows faster subsequent operations.

« For efficient implementation, the pooling must be applicable to batches containing
PCs with different cardinalities.

Existing Point Cloud Pooling Operations

These requirements exclude many existing graph pooling layers from the PyG library?.
For instance, the ‘Dense Pooling Layers’ require a fixed cardinality input and the k-NN-
based or clustering-based pooling layers tend to have long run times. In TopK-based pool-
ing, points that do not rank among the k largest values in a specified feature are removed
from the PC. A series of experiments using two pooling layers based on this approach,
TopKPooling [115] and SAGPooling [116], have not yielded successful results.

2See pytorch-geometric.readthedocs.io/en/2.5.3/modules/nn.html#pooling-layers.
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5.2. Critic

Bipartite Pool

In the Bipartite Pool proposed with this model, a bipartite graph is constructed, densely con-
necting the input PC to k trainable nodes (“seed nodes”). An MPL is then applied to this graph,
returning k points.

The dense connections result in an edge count of k - c. Since each edge generates one
message, the time complexity of the MPL is proportional to k - c. GATmConv°>, with 16
Attention Heads, is used as the MPL (Section 3.6.5).

Comparison to “Pooling by Multi-HeadAttention”

With the employed graph-attention mechanism (Section 3.6.5), this pooling operation cor-
responds to a graph version of the “Pooling by [Multi-HeadAttention]” [117]. In this
method, the attention mechanism (Section 3.5) is applied to the input tokens and k trainable
seed nodes, creating a permutation-invariant pooling operation. The Multi-Head Attention
uses the input as the key and value, while the seed nodes serve as the query. However, the

authors only apply this pooling with a single seed node (k = 1).

Processing Variable-Sized Point Clouds with Regular Shapes

The attention mechanism relies on matrix operations, which require matrices with regular
shapes. This limitation makes it incompatible with the PyG batches containing PCs of
varying cardinality, as used in the DEEPTREE model (Section 5.3.5). To process a batch
containing PCs of varying cardinalities with matrices of fixed dimensions, a workaround
is necessary.

In the models described in Section 4.6, this is achieved by padding the PCs with dummy
points to match the cardinality of the largest PC in the batch. The attention mechanism
is then applied with a mask to exclude the dummy points from the computation. This
approach is used in MDMA (Section 4.6.3) during the cross-attention calculation in its
update block. However, padding introduces computational overhead, which increases with
the variance in the cardinality of PCs within a batch. In contrast to this approach, the
bipartite MPL approach circumvents this issue and offers greater flexibility by allowing
the application of any message passing layer.

5.2.2. Architecture

The critic architecture is shown in Fig. 5.5. It features three subcritics, that are trained
simultaneously. Each subcritic is applied at a different level of the aggregation. The first
subcritic is applied directly to the input PC. The subsequent subcritics are applied after the
pooling operations. The expectation is that the first subcritic provides feedback on lower-
level features, while the latter two operate on more aggregated data, providing feedback
on higher-level features. Before pooling, an embedding layer is applied. This layer maps
the points to the Point Dimension for the current level using an FEN. The following
transformation of the points is carried out through a “Central Node Update” (CNU) block,
which is also used in the subcritics. In this block, the PC is aggregated into a single vector

3GATmConv is a variant of GATv2Conv with modifications to the calculation of the attention weights
(see Section 3.6.5). The impact of reverting this modification is explored in Section 9.5 (configuration
62-crit.bbp.gatplus).
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Chapter 5. The DEePTREE Model

that then transforms the points individually. This corresponds to two message-passing
steps: one from the points to a central node, and another from the central node back to
the points. The following sections will detail the components of the critic.

Embedding | ..*77 f Central Node Update )
- FFN CNU
.'.' maXx; T; FFN
212 — il
|\ J

Bipartite

Bipartite
Pool & | Embedding i

Input ——> Embedding Pool
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Subcritic

Subcritic

( Bipartite Pool f Subcritic )
dense 15 cNu CNU

variable fixed number I i

size of trainable

input nodes Zz &

max; £; > FFN >
¢ ) Zz |i' —Z;
& y,

Figure 5.5. | The Critic and its Components.|
See Section 5.2 for the discussion.

Multi-Aggregation Inthe CNUs and subcritics, the points are aggregated into a sin-
gle vector. This aggregation is typically achieved by summing over the points. To provide
additional information about the distribution, the vector is computed by concatenating
the sum, the maximum, the cardinality C, and the width. The width of the distribution is
estimated by calculating the mean absolute deviation:

1 1
sznxi—;;){ﬂ-

Central Node Update For the following description of the embedding layers and the
subcritics, a CNU block is defined as follows: First, the input PC is mapped to the latent
dimension n; using an FFN. Next, a central node is computed by “multi-aggregating” the
transformed PC. The aggregated vector is then passed through a second FFN that maps it
to ng. This vector is appended to each of the transformed points. Finally, the points are
mapped back to their input dimension using a third FFN. In the embedding layer, both n,
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5.2. Critic

and nj of the CNU are set to the Latent Features (Table 5.1). In the subcritics, n, is set
to the Central Node Dimension, while n; corresponds to the dimension of the incoming
points.

Embedding Layers

An embedding layer is positioned before each bipartite pool. First, an FFN maps the points
to a fixed dimension for each aggregation level (Point Dimensions by level). The trans-
formed PC is then passed through a CNU block. A residual connection (‘+’) sums each
point with and without the transformation by the CNU block. The resulting PC is returned
as the output.

Subcritics

Each subcritic is constructed using two CNUs with a residual connection and an FEN.
The input PC is first transformed through two subsequent CNUs. A residual connec-
tion (‘+’) sums the outputs of both CNUs. This PC is subsequently aggregated using the
multi-aggregation scheme. The aggregated vector is concatenated with the conditioning
variables and passed through an FFN, which maps the vector to a scalar. When three
subcritics are employed, the critic produces three scalars for each input PC.

Let Lo(C,G) and Lg(C,G) be the critic and generator losses (Section 3.4), such as
=By [COO] +E,p, [C(G(2))] and —E,_,, [C(G(2))] for the WGAN (Eq. 3.23). These
loss terms are evaluated separately for each subcritic C; and then summed, yielding:

Z Lc(G;, G) as the loss for the critic, and
i€Subcritics
Z Ls(G;, G) as the loss for the generator.

i€Subcritics

In this way, the batch is evaluated across three different critics simultaneously, with back-
propagation taking place for all of them in parallel.

Permutation Invariance of the Critic

As argued in Section 4.5, the critic should be permutation invariant. All operations used
in this critic are either permutation equivariant or invariant: The edges in a Bipartite
Pool densely connect the input and output points, making the MPL permutation invariant.
The multi-aggregation is inherently invariant; the numerous FFNs operate on all points
independently and are thus equivariant. The output FEN of the CNUs takes an equivariant
input (from the first FEN) and an invariant input (from the multi-aggregation). Therefore,
the CNUs are equivariant. As compositions of equivariant and invariant functions, the
subcritics themselves are permutation invariant (Section 4.5).
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Chapter 5. The DEePTREE Model

5.3. Training and Implementation

The generator and critic are trained using an alternating series of one gradient step for
the generator followed by one for the critic (referred to as Ratio Gradient Steps). The
composition of the loss is detailed in the following section. Apam with Weight Decay is
employed as the Optimizer (Section 3.2.3). A study of the learning rates revealed that the
optimal rates were very low, specifically 10~ for the generator and 3 - 10 for the critic*.

5.3.1. Loss

Feature Matching Loss

In addition to the Hinge loss (Eq. 3.28), the generator is also trained to minimize the feature
matching loss [53]. For this loss, the activations of the layers within the critic are compared
between a generated batch and a batch from the training dataset. The feature matching
loss cannot directly operate on an unordered PC. Therefore, the input PC and the output
of the Embedding and Pooling layers are multi-aggregated (Section 5.2.2) into vectors,
which are then concatenated into a single vector r. To ensure that all features in r are on
a comparable scale, the mean p and standard deviation o are computed for each feature i
on the simulation batch. g and o are then used to rescale each feature of r:
, _Thi— B

r = .
i
i

This yields the following loss term’:

Epm = Ezep, s~ pyy LIF' () = 1/ (G(2))]1 - (5.1)

Model Loss

By default, Hinge Loss (Eq. 3.28) is used as the GAN objective, and the feature matching
loss is scaled by a factor of 10 (Table 5.1). Altogether, this yields the following loss functions
L and Lg for the critic and the generator:

LC - Z Ex~Pdata [mln(o’ -1+ Cl(x))] + EZ‘“Pg [mln(o’ -1- CI(G(Z)))]s (52)
i€Subcritics

Lg=— Y EuplGG@)]+10-E,epy vp,  [I'(x) = ' (G@)Iy] (5.3)
i€Subcritics

5.3.2. Selection of the Best Parameter Set

To monitor the training process, the metrics m are recorded at fixed validation
intervals on a validation set. The score s,,(t) represents the fraction of recorded val-
ues that are higher (worse) than the value recorded at validation step ¢ for a given metric

*Parts of this study have been repeated in Section 9.2.2, confirming the results.
51t should be noted that an L, normalization, rather than the L, normalization proposed by the authors, is
employed to improve robustness against outliers.
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n
1
sm(t) = ; Z ﬂmizmt-
i

This score maps the values for each metric to a range between 0 and 1. By averaging the
score across all metrics, a qualitative ranking of the model configuration at the respective
validation steps is obtained. If this averaged score is 1, the model configuration at this val-
idation step achieves the best metrics across all validation steps. The model configuration
with the highest averaged score is saved and used for evaluation.

The dataset-specific metrics are introduced in Section 6.3.

5.3.3. Early Stopping

To avoid unnecessary training, the process is halted when performance gains stagnate
(Section 3.3.1). An “early stopping criterion” is introduced to terminate training when the
criterion is met. For the DEEPTREE model, this criterion is defined as:

/\(f min m; < min mt).

tgwindow tewindow

This criterion compares the minimum value of each metric inside and outside a window
of recent validation times (Early Stopping Window in Table 5.1). If the smallest value of
the metric is among the most recent values, i.e., inside the window, it indicates that the
metric is improving. If the minimum within the window is greater for all metrics than the
minimum outside, training is terminated. To avoid continuing the training for vanishingly
small gains, the minimum outside the window is scaled down by a Minimum Improvement
factor f € (0,1). By default, this factor is 0.95, and the early stopping window comprises
1000 values, computed every 2000 critic steps. This window size ensures a sufficient num-
ber of gradient steps to prevent premature termination of training.

5.3.4. Hyperparameters of the Feed-Forward Neural Networks

Both the generator and the critic iteratively change the cardinality of the PC. Due to this
iterative structure, both parts require numerous mappings with small input and output
spaces, typically between 10 and 100. These mappings are provided by FFNs (Section 3.1).
FFNs are sequences of linear (matrix) and non-linear (activation) functions, interleaved
with normalization and dropout layers®. The first linear layer maps from the input space
to the Hidden Nodes, and the last linear layer maps from the Hidden Nodes to the output
space. The linear layers in between map between the same number of Hidden Nodes.
Dropout (Section 3.3.2), if used, is always applied directly to the output of the linear layers.

5.3.5. Data Representation

Because the number of energy depositions (for particle showers) or constituents (for jets)
varies, the cardinality of the PCs also changes (see Chapter 4). As a result, batches of these
PCs cannot be represented by regular matrices. The DEEPTREE model utilizes the batch

®The model’s performance may significantly depend on the order of these operations. A study on this
ordering is presented in Section 9.2.
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Chapter 5. The DEePTREE Model

format implemented in the PYG GNN library [77]. In this format, the points of all PCs are
stacked into a 2D matrix, while a 1D vector records, which PC each point belongs to’.
The memory size of a batch is proportional to the cardinality.

This provides DEEPTREE with a computational advantage over other PC-based models
(see Sections 4.6.1 to 4.6.4). Unlike the sparse representation, where PCs are frequently
padded to the largest cardinality in the batch to enable stacking into a regular tensor,
this method avoids unnecessary padding. In sparse representations, the added points are
later excluded from computation using a mask. If the cardinality varies significantly®, a
large fraction of particles may need to be masked out. Thus, employing the PYG batch
format offers computational benefits, while the implementation is more complex and time-
consuming.

’See pytorch-geometric.readthedocs.io/en/2.5.3/advanced/batching.html, accessed 17.07.2024.
8For example, the cardinality in the CALOCHALLENGE datasets varies widely, see Fig. 10.8.
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5.4. Run Time and Memory Scaling

5.4. Run Time and Memory Scaling

Although theoretical considerations can guide the design of a model with the desired run
time behavior, determining the actual run time based solely on these considerations is
infeasible due to the model’s complexity, particularly in the generator. Additionally, the
maximum cardinality that the model can produce is constrained by the GPU memory.
Thus, run time and memory measurements are necessary" .

For this measurement, 30 batches containing 10 PCs each are evaluated on an NVIDIA
A100 80 GB PCle GPU. The first three measurements are discarded as warmup runs, and
the run time for the remaining 27 batches is averaged.

The cardinality is increased stepwise until the GPU runs out of memory. Unless stated
otherwise, the default hyperparameters are used (Table 5.1).

It should be noted that in this generation scenario, the computed values of the nodes
in the model were not stored, as they are not required for backpropagation Section 3.2.1.
Therefore, in a training scenario, the required GPU memory will increase.

5.4.1. Generator

The cardinality of the PCs produced by the generator is the product of the branching fac-
tors. For this measurement, all branching factors are set to the same value, referred to as
the base b. At each step, the branching factors are expanded by the base ([], [b,b], [b,b,]],
...), increasing the cardinality by a factor of b v, b2, b3, ...), until the GPU runs out of
memory. Bases with values from 2 to 5 are investigated. Additionally, the generator is
evaluated both with and without the Ancestor MPL (Section 5.1.2). Figure 5.7 presents the
resulting run time and memory measurements. Assessing the scaling behavior with cardi-
nality is challenging due to the limited number of data points available for each parameter
set. However, the available points suggest a roughly linear scaling for both run time and
allocated memory. For cardinalities exceeding 100k, the run time and memory plots align
closely.

A lower base leads to a faster increase in run time and allocated memory and vice versa.
Removing the Ancestor MPL reduces the median run time and allocated memory by ap-
proximately 46% for parameter sets that produce more than 100k points.

5.4.2. Critic

For the critic, the expected run time behavior is straightforward to determine: The number
of messages, and therefore the run time in the first bipartite pooling, is proportional to the
input cardinality (Section 5.2.1). After the first pooling operation, the cardinality becomes
fixed, resulting in a constant run time. Thus, a linear run time behavior is expected. This
prediction is confirmed by the measurements presented in Fig. 5.7, which demonstrate a
linear scaling behavior for both run time and memory.

9The memory measurement is obtained using torch.cuda.max_memory_allocated, see pytorch.org/
docs/2.0/generated/torch.cuda.max_memory_allocated.html. The run time refers to the elapsed
time for the Python code ("Wall time”). The time for the transfer to GPU memory is not included.
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See Section 5.4.2 for the discussion. The base refers to the factor by which the cardinality is in-
creased in each step. If the marker is a dot / cross, the generator is constructed with / without the
Ancestor MPL (Section 5.1.2). Note, that 10 PCs are generated at the same time.
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See Section 5.4.2 for the discussion. Note, that 10 PCs are evaluated at the same time.

39



Chapter 5. The DEePTREE Model

5.4.3. Summary

Remarkably, the generator is capable of producing a batch with 10 PCs, each containing
500k points, simultaneously. The critic reaches its limit at just under 40k points. Even for a
PC with an extremely high cardinality of 400k, the generator’s run time is approximately
14 ms on an NVIDIA A100 GPU with 80 GB of memory. This clearly demonstrates the
model’s computational scalability, particularly for the generator, which is most critical for

potential future deployment.

90

CHAPTER REVIEW In this chapter, the DEEPTREE model, consist-
ing of a generator and a critic, was introduced. The generator’s cen-
tral component is the branching layer, which iteratively upscales PCs
in a tree-based manner. This enables the generator to map a single in-
put vector to PCs with high cardinality, i.e., many points, while limiting
the number of parameters (Milestone 1). This iterative upscaling in the
generator is mirrored by the critic, where the bipartite pool iteratively
downscales PCs (Milestone 3). The bipartite pool is not only differen-
tiable but also permutation invariant and has favorable run time com-
plexity. It can be applied not only to this model, but may also serve as a
general-purpose embedding for PCs of arbitrary cardinality. The critic
consists of multiple subcritics, each applied to a stage of the iterative
downscaling. Each subcritic produces a separate output, and the loss is
computed for each subcritic and summed. This approach of iteratively
increasing/decreasing the cardinality in the generator/critic is a unique
feature of the DEEPTREE model. Other models usually do not change the
number of points, as detailed in Section 4.6.




CHAPTER 6

The JETNET Dataset

CHAPTER ABSTRACT In this chapter, the JETNET datasets are in-
troduced. These datasets exhibit distinct and complex distributions due
to the intricate physics processes that generate them. Using sensitive
and efficient metrics, these datasets will serve as benchmarks for assess-
ing the fidelity of the DEEPTREE model.

JETNET [16, 17, 99] is a collection of publicly available datasets of jets, described by their
constituents that have been produced through hadronization (Section 2.4). The datasets
differ in the jet origin particle and in cardinality, i.e., the number of constituents (30 or 150).
They are referred to as g jets for gluons, q jets for light quarks (up, down, or strange), and
t jets for hadronically decaying top quarks, depending on the jet origin particle!. Each
dataset contains approximately 170k individual jets, divided into 110k for training, 50k for
testing, and 10k for validation.

Dataset Generation

Details of the dataset generation are provided in Ref. [99, Appendix B]: The events are
based on proton-proton collisions with a center-of-mass energy of 13 TeV, matching the
conditions of the LHC. The transverse momentum of the parton is constrained within
a narrow window around 1 TeV. Initially, parton-level events are generated using MAD-
GRAPH5_aMCATNLO 2.3.1 [118]. Subsequently, the decay and hadronization processes
are simulated with PYTHIA 8.212 [119]. The resulting particles are then clustered using

the anti-kT algorithm [28] with a distance parameter of R = \/(AU)Z + (Ag)? = 0.8, as

implemented in FASTJET 3.1.3 [120]. The initially narrow parton p'l? i spectrum is broad-
ened by the parton shower and by particles not captured by the clustering algorithm. Jets
with extreme fluctuations of plre " outside the range [0.8 TeV, 1.6 TeV | are removed from
the datasets.

'The most recent release [16, 17] adds jets initiated by W and Z bosons, though they are not used in this
thesis.
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Chapter 6. The JETNET Dataset

6.1. Relative Jet Variables

The jet constituents are considered massless and are thus described by transverse momen-
tum pr, pseudorapidity 7, and azimuthal angle ¢:

E mr cosh y prcoshy
Px| | prcos¢ B prcosd

Py prsing | 7| prsing
Pz mr sinh y prsinhy

>

with the transverse mass mr = \/p% + m? = pr.

Jet Coordinates

The jet coordinates, denoted with the rel superscript, describe the constituents relative to
the kinematic properties of the jet:

e = -,

irel = (¢i—qﬂet) mod 27,
prel = pri

i

"

Effectively, the jet axis is shifted to (qrd, qﬁrel) = (0,0), and the jet’s transverse momentum
is normalized to 1. This adjustment makes jets with different axes directly comparable.

Relative Jet Variables

Based on these jet coordinates for the constituents, relative variables of the jet can be
constructed. They are denoted with t.

Mass The mass of a jet can be calculated as follows:

oo (5 (5] (20 (2

: 2 2 2
= (Z pr,i cosh Th) - (Z Pr.i cOs ¢i) - (Z Pr.i Sin ¢i) - (Z pr,i sinh Ui) :

where the last step assumes that the constituents are massless. If the expression is com-
puted for the jet coordinates defined above, this yields the relative mass

2 2 2 2
me = (Z p%e} cosh qfel) - (Z prre} cos irel> - (Z p»rfe} sin irel) - (Z prre} sinh ry{el)
i i i i

(ffr) |

2
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6.1. Relative Jet Variables

. jet . .
Transverse Momentum The transverse momentum of a jet P!r is given by:

2

. .2 . .2 . .2 2
e ettt (zprqs) +(zpmsm¢i) |
i i

If pjl? is computed with relative variables, the relative transverse momentum is obtained:

2 2
=2 rel rel rel _: rel
pT—(ZpT,icos ; ) +<ZpT,ismi ) )

i i

In processing the dataset, the coordinates are first translated to the jet coordinates. Sub-
sequently, the constituents are truncated to the 30/150 highest prrel constituents. The jet
coordinates correspond to all constituents, while only the truncated jet is provided in the
dataset. With each removed constituent, pr shifts further from 1 towards 0, resulting in a
continuous pr distribution limited to a maximum of 1.
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6.2. Analysis of the Dataset Features

Figures 6.1 to 6.5 show the distributions of various jet properties for the investigated
datasets. These histograms are based on the full datasets, each containing approximately
170k jets for each jet origin particle.

6.2.1. Cardinality

In Fig. 6.1, the histograms of jet cardinality are shown. For JETNET-30, the overwhelming
majority of jets are significantly affected by the truncation to 30 constituents, leading to a
large fraction of jets being assigned to the cardinality 30 bin. q jets, comparedtotjetsand g
jets, tend to have lower cardinality. Therefore, they are the least affected by the JETNET-30
truncation, losing on average only 11 (of 38) constituents (29%). The most severely affected
are the g jets, which lose on average 37 (of 67) constituents (55%), followed by the t jets,
which lose on average 33 (of 63) constituents (52%). In the JETNET-150 dataset, q jets and
t jets are almost entirely contained within the 150 constituents limit, resulting in only a
minor cutoff peak in the 150 constituents bin. The distribution of constituents for g jets,
however, features a heavier tail, leading to a more pronounced cutoff peak.

6.2.2. Transverse Momentum

Constituents The distribution of pfrel across the constituents is shown in Fig. 6.2a. For
all jet types, the JETNET-30 and JETNET-150 histograms coincide for all but the two lowest

prrel bins. This indicates that each dropped constituent contributes only a small fraction of

pr- A distribution with many constituents at high prrel values implies that the momentum
is concentrated in fewer constituents. Thus, the momentum is most concentrated in q jets,
followed by g jets, and then t jets. All jets contain a large fraction of constituents with pfrel
close to 0, having little influence on the jet properties. The vertical dashed lines indicate
the average p}el of the 31st constituent, i.e., the largest pfrel that is dropped for JETNET-30.
This value is significantly lower for q jets (=0.002) compared to g jets (~0.0055) and t jets

(0.0059), confirming the observed momentum concentration.
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Figure 6.1. | The Cardinality Distribution of the Jets.|
See Section 6.2.1 for the discussion.
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See Section 6.2.2 for the discussion.
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Jets Figure 6.2b shows the pr distributions. Had none of the constituents been
dropped, pr would remain at 1. As increasingly larger pfrel constituents are removed,
pr shifts away from 1 and moves closer to 0, as explained in the previous chapter. The
magnitude of this effect depends on the number of constituents dropped, which is deter-
mined by the cardinality distribution (Fig. 6.1), and the amount of momentum carried by
the removed constituents, as determined by the p{-el distribution (Fig. 6.2a).

This results in a significant difference between the JETNET-30 and JETNET-150 distribu-
tions for pr.

When the pfrel values are more evenly distributed among the constituents, the lowest
p—rrel constituents carry a larger fraction of py. Thus, their removal has a more substantial

impact.

q jets Since q jets generally contain fewer constituents (Fig. 6.1) and their low p—rl-e1

constituents carry a smaller fraction of py (Fig. 6.2a), they are least affected by the cut
to 30 constituents. As a result, their py distribution in JETNET-30 closely resembles the
JETNET-150 distribution, which is nearly singular at 1.

g jets In contrast, g jets contain so many constituents that they are significantly im-
pacted not only by the cut to 30 constituents but also by the cut to 150 constituents (Fig. 6.1).
Thus, g jets exhibit the largest tail toward 0 in the JETNET-30 distribution among the three
jet types, with even some deviations from 1 in the JETNET-150 distribution.

t jets The t jets are nearly fully contained within the 150 constituents, resulting in
a pr distribution concentrated at 1 in JETNET-150. For JETNET-30, their pr distribution
behaves similarly to that of the g jets, though its tail does not deviate as far from 1.

6.2.3. Azimuthal Angle and Pseudorapidity

Figures 6.3a and 6.4a show the p and ¢! distributions for the constituents, while
Figs. 6.3b and 6.4b present the resulting 77 and ¢ distributions. All distributions are uni-
modal and symmetric.

Constituents Constituents located farther from the jet axis tend to have a lower prrd,

making them more likely to be excluded when moving from JETNET-150 to JETNET-30. Asa
result, the ' and ¢! distributions are more concentrated around the jet axis in JETNET-30
compared to JETNET-150. Consequently, the distributions for JETNET-150 exhibit a sharper
peak around 0 than those for JETNET-30.

Jets In contrast, the 7 and gz§ distributions show the opposite effect. As constituents
are dropped, the jet axis, previously centered at zero, becomes increasingly undetermined.
This results in broader 7 and gg distributions for JETNET-30 compared to JETNET-150, al-
though the broadening is more pronounced in the 7 distributions than in the ¢ distributions.
The ¢ distributions differ significantly from the # distributions. For JETNET-150, they are
nearly singular around 0 across all jet types.
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Figure 6.3. | The 5! and 7 Distributions of the constituents/jets.|
See Section 6.2.3 for the discussion.
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See Section 6.2.3 for the discussion.
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Figure 6.5. | The Distributions of the Relative Jet Mass .|
See Section 6.2.4 for the discussion.

Jet Type Comparison Inthe 7, 7, and ¢*! distributions, q jets show the highest den-
sity around 0, followed by g jets, with the t jets distributions being comparatively broader.
For JETNET-30, both g jets and t jets show similar, narrow widths, while the distribution
of q jets is even more concentrated around zero.

6.2.4. Mass

Figure 6.5 shows the (relative) mass distributions of the jets. The m distributions of g jets
and q jets are unimodal and peak at low values, while the t jets show a bimodal distribution.
For q jets and g jets, the jet origin particle directly produces the jet, whereas t jets contain
subjets produced by the decay products of top quarks. Top quark decay into a bottom
quark (producing a subjet) and a W boson with an almost 100% branching ratio. The W
boson can then decay into a quark pair, producing two additional subjets. The clustering
algorithm may or may not capture all three of these subjets, resulting in the characteristic
double peak structure [99]. When transitioning from JETNET-150 to JETNET-30, removing
constituents shifts the mass distribution to lower values for all jet types. For q jets and
g jets, this leads to a sharper peak as the mass distribution is bounded by 0 on the lower
end. In the t jets m distribution, both peaks shift to lower values, but only the higher mass
peak is significantly broadened. This sharp double peak structure, as seen in the t jets
mass spectrum, is challenging for generative models to reproduce. Thus, the t jet dataset
serves as a particularly useful performance benchmark. After establishing the generator
on all three datasets in JETNET-30, the development of the critic will focus solely on the t
jet JETNET-150 dataset.
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6.3. Fidelity Metrics

To evaluate the quality of the generative models, several metrics are employed in this the-
sis, which are explained in detail below. With the publication of the dataset [99], the WlM,
WlP , WIEFP, and FPND metrics were provided, as described in the following section. In Ref.
[121], the authors additionally propose FPD and KPD. All metrics have been implemented
in the JETNET library [18]. As recommended by the library, a test set of 50,000 jets is used
for the computation of these metrics in this thesis.

The lowest achievable value for a given metric can be estimated by computing the metric
on a sample of 50,000 jets sampled from the training set. In the presentation of the results,
this is referred to as the Limit.

Uncertainty Quantification

To quantify the statistical uncertainty arising from the finite training sample size, boot-
strapping is applied. The test set and the generated set are sampled five times with re-
placement to create bootstrapped samples of the same size as the original test/generated
set. The metrics are then evaluated for each sample. The results are reported as the mean
+ standard deviation of the computed values. For the FPND, the authors of Ref. [99] chose
not to compute an uncertainty but rather to compute the metric once on the full test set.
To maintain comparability with this baseline, this approach is followed in this thesis.

6.3.1. Wasserstein Distance and Derived Metrics

The Wasserstein-p distance [59, Eq. 6.2] between two distributions P and Q is defined as
W,(P,Q) = inf (E(y - llx — y[1P)V/?, 6.1
WP = inf (Eeyy I~ yil) (6.)

where II(P, Q) is the set of all distributions that have P and Q as marginal distributions. In
other words, any” joint distribution that minimizes the distance between Pand Qis sought.
For p = 1, this distance is called the Earth Mover’s Distance and can be interpreted as the
amount of “work” required to shift between the distributions along the shortest path, in
the form of the joint distribution y. The Wasserstein distance fulfills the triangle inequality
(W,(P,R) < Wy,(P,Q) + W,(Q, R)), is symmetric (W,(P, Q) = W,(Q, P)), and is finite [122].
These are all desirable properties for defining a metric. In contrast, the commonly used
KL divergence (Eq. 3.17) is not symmetric and becomes infinite if the distributions do not
overlap®.

A major downside of the Wasserstein distance is its large computational cost in high
dimensions [123]. However, recent substantial advances have been made to achieve ac-
ceptable scaling behavior [124]. For one-dimensional variables or multinomial Gaussian
distributions, explicit solutions exist, which will be presented in the following paragraphs.

General Approach by Minimizing the Pairing

Let x = {xy,....Xp} and y = {yj,..., y,} be two samples of equal size. Instead of finding the
joint distribution y, the distance is minimized over the pairings between the elements of

?In general, the optimal joint distribution is not unique.
*More precisely, the KL divergence becomes infinite if there is an area with positive measure where the
density of Qis 0 and the density of Pis not [122].
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the samples [125, Lemma 4.2]:

1< 1/p
Wp(& X) = lgél;: <; Zl: Ix; — Y(r(i)”p> > (6.2)

where S, is the set of all permutations. For large sample sizes, iterating over all possible
pairings becomes computationally infeasible.

One Dimensional Case

If P and Q are real and one-dimensional, the minimization can be achieved by sorting the
samples:

1 n 1/p
Wy(x,y) = (; Z lx) — y)l? ) : (6.3)
1
where x;) and y|;) are the ith-smallest values in the sample.

Multinomial Gaussian Case

For two multinomial Gaussian variables P ~ /' (g,X) and Q ~ A (y’,X’), an explicit
solution exists for p = 2 for any dimension:

Wo(P.Q))" = |u— p'l5 + tr (z +x -2 (s 2wzl 2)5) : (6.4)

where $'/2 denotes the principal square root of X, i.e., the (unique) matrix fulfilling
SV251/2 = 3 and 22 = 31/2

1D Wasserstein Distance for Physics Variables

In this thesis, the Wasserstein-1 distance is applied to one-dimensional physics variables.
rel

The WM and WY are computed for the mass and p¢! distributions, respectively. The W
is a weighted average of the W; distances for prrel, 7'l and ¢!, The standard deviation o,

is used to weight the means . and return a weighted average?. For K = {5, ¢™l, p»rrel},
the WY is defined as

D keK HieW 12
WP = SxeKI e (Z WK> , (6.5)
ZKEK WK xeK

with
>, N

WK = O-k - N—.
i (= %)
This weighted average not only combines the three metrics into one, but also improve ro-

bustness: As a higher standard deviation leads to a lower weight, a W{* with high variance
has less influence on the W} than one with low variance.

*Proposed by Benno Kich.
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6.3.2. Energy Flow Polynomials

Energy Flow Polynomials (EFPs) [126] provide a complete linear basis of infrared and
collinear safe [127] jet observables. Achieving a good match on a set of EFPs indicates
a well-performing model. For a graph G with edges E(G) and N nodes, the EFP is defined
as:

M M
EFPg = Z Z Ziy " iy H Ouip

=1 =1 (k.)eE(G)

where M is the jet cardinality, the z; represent the momenta or energies of the constituents,
and the 6, ; denote the angular distances between the constituents.

Each EFP corresponds to a graph® G, where each node in the graph is assigned to one
of the M jet constituents. Each edge is then assigned the angular distance 6;; between the

nodes it connects. In the case of a hadron collider simulated in JETNET, they are given by
0 = (mi = njf* + Iy = $*)P/% for a p > 0 and 7, = pi,

where fis chosen as 1. The product of these angular distances is then multiplied by the en-
ergy (or pfrel) fraction of each of the nodes. Finally, the sum of this product is computed for
each possible assignment of nodes to jet constituents. In this way, each EFP is permutation
invariant and includes all particles.

Due to the high computational costs, the EFPs evaluated in the JETNET library for the
computation of WlEFP are restricted to connected graphs® with 4 nodes and 4 edges (4 <
|[E(G),4 < N). For the resulting EFPs, the Wasserstein-1 distances are computed and

combined using the weighted average (Eq. 6.5), as for W7

6.3.3. Metrics based on the Fréchet Inception Distance
Fréchet PARTICLENET Distance

The Fréchet PArRTICLENET Distance (FPND) applies the concept of the Fréchet Inception
Distance [128] (FID) to jets instead of images. FID compares high-dimensional images by
passing them through a classifier, such as the Inception classifier [129], and analyzing the
activations in a selected linear layer. These activations are assumed to follow a multino-
mial Gaussian distribution .4'(u, X). The Fréchet distance or Wasserstein-2 distance is then
calculated using Eq. 6.4. To adapt this principle for jets, a pretrained PARTICLENET [130]
model is utilized. PARTICLENET is a permutation-invariant regression or classification net-
work. In PARTICLENET, the input PC is processed through a sequence of EdgeConv [151]
blocks, followed by a summation of the points and a mapping to the output classes via an
FFN. The activations from the first linear layer after the pooling layer are used to compute
p and X. This model has been trained to classify ¢, g, and g jets on JETNET-30. Since PARTI-
CLENET accepts a maximum of 30 constituents, the PCs of JETNET-150 must be truncated
to 30 constituents to compute this metric.

*More specifically, a multigraph without self-loops, i.e., a graph that allows multiple edges between the
same nodes but no edge from a node to itself.
%I.e., a graph where there exists a sequence of edges that connects any two nodes in the graph.
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Fréchet Physics Distance

The Fréchet Physics Distance (FPD) calculates the Fréchet distance based on a set of 36
EFPs, rather than the activations of layers in PARTICLENET. All EFPs of graphs with four
or fewer edges are included, which is a superset of the EFPs used to compute W, The
distribution of these EFPs is assumed to follow a multinomial Gaussian distribution, al-
lowing the Fréchet distance to be computed using Eq. 6.4. Studies in Ref. [121] indicate
that the FPD may be even more sensitive than the FPND.

However, the FPD would exhibit a bias that decreases with increasing sample size. To
obtain an unbiased metric for any sample size, the value of the metric is extrapolated to
an infinite sample size [132]. Specifically, the FPD is evaluated for bootstrapped samples
of varying sizes’, and a linear fit is performed on the inverse of the sample size. In Ref.
[121], it is demonstrated that the resulting intercept provides an unbiased metric.

Further Metrics

In addition to the metrics presented here, the Kernel Physics Distance, Maximum Mean
Discrepancy, and coverage were proposed in Ref. [121]. As these did not prove to be as
sensitive as the other metrics, they are omitted from the studies in this thesis.

"Using 10 samples with sizes between 20k and 50k.
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6.4. Pre- and Postprocessing

Without any scaling, the input variables to a NN may span many orders of magnitude. For
effective convergence of NN, it is advantageous to apply a transformation that shifts the
mean of all input variables to 0 and scales the variance to 1 [76]. To generate samples,
the inverse transformation is applied to the output of the generator. The transformations
employed here are implemented in SCIKIT-LEARN [133].
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Figure 6.6. | The 5! Distribution of the Simulation Datasets|
See Section 6.4 for the discussion.
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Figure 6.7. | The ¢™ Distribution of the Simulation Datasets.|
See Section 6.4 for the discussion.

The Figs. 6.2a, 6.3a and 6.4a show the input and output distributions for the p%el, qﬁrel, and

n'! variables. For the training, 7! and ¢! are scaled separately to mean 0 and standard

deviation 1 using the StandardScaler from SKLEARN [133].

X—H 1 E
x; — lTwnhp: sz:x,- and o = Nzi:|xi—/1|2. (6.6)

rel

The distribution of pT~ is strictly positive and steeply falling. To transform it to a sym-
metric unimodal distribution, it is first transformed using a Box-Cox transformation [134]
and then scaled to a standard normal distribution, that is shown in Fig. 6.8.
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See Section 6.4 for the discussion.
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Figure 6.9. | The plre t Distribution, used as a Conditioning Variable, before and after the
Transformation.|

See Section 6.4 for the discussion. As the transformation for the conditional variables was only
introduced for the training on JETNET-150 t jets, the right-hand plot only shows this dataset.
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Figure 6.10. | The 7/®! Distribution, used as a Conditioning Variable, before and after the
Transformation.|

See Section 6.4 for the discussion. As the transformation for the conditional variables was only
introduced for the training on JETNET-150 t jets, the right-hand plot only shows this dataset.
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Transformation. |

See Section 6.4 for the discussion. As the transformation for the conditional variables was only
introduced for the training on JETNET-150 t jets, the right-hand plot only shows this dataset.
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See Section 6.4 for the discussion. As the transformation for the conditional variables was only
introduced for the training on JETNET-150 t jets, the right-hand plot only shows this dataset.
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Conditioning Variables

The Figs. 6.9 to 6.12 show the distributions of pﬁ'l-Et, 7, mi®t, and the cardinality. If the
generator is provided with critical jet variables, such as m, it does not need to learn the
distribution of these variables. Instead, it merely needs to learn how to produce jet con-
stituents that add up to a jet with the given properties.

This approach reduces the significance of metrics computed on these jet variables and
complicates comparisons to other models. However, the generator must be provided with
the cardinality to produce a PC of the correct size. Thus, the generator is conditioned only
on the cardinality, as shown in Fig. 6.12. The critic, on the other hand, is not used during
generation and may be conditioned on any variable.

JETNET-30 For the training on JETNET-30, the jet type, p!re t, ryjet, m€t and the cardi-
nality are provided to the MP-GAN discriminator, as described in Ref. [99]. Following the
training procedure of MP-GAN, no transformations are applied to the conditioning vari-
ables in JETNET-30. Therefore, the transformations of these variables are not shown in the
respective plots.

JETNET-150 In the transition from the JETNET-30 dataset to JETNET-150 t jets, trans-
formations are introduced to the conditioning variables. The Figs. 6.9 to 6.12 show the

transformed distributions of pgf Y et miet and cardinality provided to the DEEPTREE critic.

For the transformations of p]ret, 7, and m/®, standard scaling (Eq. 6.6) is applied. For
cardinality, the “Index Transformation”, developed in Section 10.3.1, is employed. These
transformations move the distributions much closer to the shape of a standard normal
distribution.

6.5. Jet Momentum Rescaling

At the beginning of this section, the rescaling of the variables of the constituents is de-
scribed. Through this rescaling, pr can be approximated by ) pfre}

2 2
P = (Z P cos ,.re1> + (Z P sin {el) .
i i
Thus, for qﬁird =0
pr= il
1

For JETNET-150, this yields an almost singular ), prre} distribution, as shown in Fig. 6.13.

While the two nearly singular ) p%e} and pr distributions are easily recognized by the
critic, they present a significant challenge for the generator to model. To facilitate the
generator’s task, its output should be normalized in the same manner. To compute prrel,
the four-momentum vectors of the constituents would need to be summed. By rescaling

> p}e} instead of pr, this calculation and the backpropagation through the 7! of each

component can be avoided. The effect of rescaling ), pfre} to 1 is shown in Fig. 8.2. To
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Figure 6.13. | The ), pfre} Distribution of the Jets in JETNET-150.|
See Section 6.5 for the discussion.

perform this rescaling, the inverse transformation must first be applied to the p%el values,
after which they need to be rescaled and transformed again. All these computation steps
must be differentiable, so that the gradient from the critic can pass through them and be
used to update the generator. The PYTorcH implementation of this rescaling is described

in Appendix D.1.

CHAPTER REVIEW In this chapter, the JETNET datasets, along with
the metrics for these datasets, are introduced. Moreover, the necessary
pre- and postprocessing steps are presented. With these sensitive met-
rics and available benchmarks, the JETNET datasets serve as an ideal
proxy task for generative models for particle showers.
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CHAPTER 7

Generator Development on JETNET-30

CHAPTER ABSTRACT In this chapter, the proof-of-concept for the
DEePTREE generator is described, utilizing a novel, tree-based upscaling
method for PCs (Milestone 2). To achieve this, the generator is combined
with an established critic and applied to JETNET-30. The model demon-
strates performance that is competitive with the MP-GAN baseline and
shows a clear advantage over TREE-GAN.

This study was published in Ref. [106].

As afirst step in model development, it is essential to establish that the generator is capa-
ble of modeling complex dependencies between particles. The points in the PC represent
the constituents of the jet, and thus their properties determine the distributions of these
points. Therefore, the ability to model complex dependencies between constituents can be
tested by investigating the modeling of jet properties, such as jet mass. The generator’s
ability to scale to higher cardinality is established in the following chapters.

7.1. Study Setup

For each of the three jet types, the model was trained separately.

Choice of the Critic Since the viability of the tree-based PC generation approach
needed to be established first, the DEEPTREE critic was developed after this study. There-
fore, the critic from the MP-GAN baseline model [99] was used, as it had already demon-
strated its effectiveness. Numerous previous attempts to use other critics, including Point-
Net [135], PARTICLENET [130], and the r-GAN [108] critic, were not successful.

Cardinality Cut For this study, the cardinality cut described in Section 5.1 was omit-
ted. As a result, the produced PCs always contain 30 constituents. Given that only a small
fraction of jets has fewer than 30 constituents (see Fig. 6.1), the impact of these surplus
constituents on performance is expected to be minimal.

109



Chapter 7. Generator Development on JETNET-30

Hyperparameters Other deviations from the default hyperparameters (Table 5.1) are
summarized in Table 7.1. For this study, the CyclicLR [136] learning rate scheduler was
employed. However, since it did not significantly benefit the training, the scheduler was
removed in subsequent studies. It should also be noted that the generator in this study em-
ploys the permutation-equivariant variant of the branching mechanism, which is further
detailed in Appendix C.1.

Table 7.1. | Hyperparameters Different from the Default for Training DEEPTREE on
JETNET-30.|
See Section 7.2 for the discussion. For the default hyperparameters, see Table 5.1.

Common Ratio Gradient Steps 1:2
Generator ‘
(DEEPTREE) Loss Hinge (Eq. 3.28)

Node Features by level [64,33,20,10,3]
Branching Factor by level [1,2,3,5,5] (][] b; = 30)
Branching Mechanism Equivariant (Appendix C.1)

Name CycliclLR?
base_1r 1072
Scheduler cycle_momentum false
max_1lr 1074
step_size_up 10%
Criti o
(Af[lpl_(é} AN) Optimizer Adam (f; = 0.0, f, = 0.9)
Learning rate 3-1074
jet type, cardinality,
Condition [J- P Y

p!;t’ ﬂjet’ mjet:lb

a As provided by PyTorcH:
pytorch.org/docs/2.0/generated/torch.optim.lr_scheduler.CyclicLR.html, accessed
10.07.2024.

b The critic is trained for each jet type separately. Therefore, jet type is a constant
value that could have been omitted, but this would have deviated from the original
critic architecture.
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7.2. Generated Distributions

Distribution of the Coordinates of the Constituents

In Fig. 7.1, the distributions of the jet coordinates of the constituents — prrrel, 7!, and ¢re!
— generated by DEEPTREE are compared to those from the test dataset. Overall, the distri-
butions show a good match across the datasets, though some deviations are observed in
the tails. These disagreements will be quantified later in this section (Table 7.2).

Distribution of the Jet Variables

The jet variables, shown in Fig. 7.2, are computed by summing the four-momentum vectors
of the massless constituents and calculating 7, pr, and rn, as described in Section 6.1. As
these variables combine all constituents, they are more sensitive to mismodeling than the
marginal variables ryrel, gbrel, and prrel.

Pseudorapidity Overall, the model reproduces the distributions of the jet variables
well. For all three jet types, the 77 distribution is unimodal and symmetric. In the case of g
jets and q jets, the 7 distribution features a sharp peak at 0, which the model struggles to
replicate precisely. However, the modeling is more accurate for t jets, where the peak is
broader.

Transverse Momentum Due to the scaling described in Section 6.1, pr is normalized
to 1. The truncation of constituents reduces the momentum, shifting the pr of the affected
jets from 1 to a value less than 1 (Fig. 6.2a). The resulting pr distribution is character-
ized by a slowly rising shape, which is abruptly cut off at 1. While the model successfully
reproduces the rising part of the distribution, it struggles to model the cut-off peak accu-
rately. The tail of the distributions is accumulated in an overflow bin, indicated by the
framed bar at the right end of the distribution. This issue is particularly pronounced for
the q jet distribution, which shows the sharpest cut-off peak. This cut-off feature was arti-
ficially introduced by first converting to relative jet variables and then truncating the jets’
constituents to 30 (Section 6.1). Distributions that combine a continuous and a singular
distribution are especially challenging to model and are unlikely to be encountered in a
real-world setting. Therefore, modeling this variable does not serve as a critical perfor-
mance test of the model.

Mass In contrast, the jet mass, represented by m, is a crucial physics variable as it
reconstructs the mass of the jet’s origin particle. The m distributions for g jets and q
jets show a sharp turn-on followed by an exponentially falling tail. Meanwhile, the t jets
distribution presents a double peak spectrum, as described in Section 6.2.4. The model
successfully reproduces all of these jet mass distributions.
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Figure 7.1. | Distributions of the Kinematic Variables of the Jet Constituents for the three
Jet types in the JETNET-30 Test Datasets.|

See Section 7.2 for the discussion. The plot design is explained in Appendix A.1. Tables 5.1 and 7.1
contain the hyperparameters for these trainings.
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Figure 7.2. | Distributions of the Jet Variables for the three Jet types in the JETNET-30 Test
Datasets.
See Section 7.2 for the discussion. The plot design is explained in Appendix A.1. Tables 5.1 and 7.1
contain the hyperparameters for these trainings. Note that the pr and 7 plots for q jets have been
logarithmically scaled for better visibility.
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7.3. Achieved Metrics and Benchmark

A quantitative comparison using the introduced metrics is provided in Table 7.2, where
DEePTREE is compared to the MP-GAN and TREE-GAN baselines. Overall, the DEEPTREE
generator performs similarly to the MP-GAN generator: While DEEPTREE shows higher
fidelity, indicated by lower metrics, on the top quark dataset and at least comparable per-
formance on the light quark dataset, its performance is worse for the gluon dataset. The
DEEPTREE generator demonstrates a significant advantage over the TREE-GAN generator
across all metrics for each jet type with any of the two critics investigated. The sole ex-
ception is the WlM for the g jets, where the models perform similarly. At this stage, the
generator always produces the full 30 constituents for each of the jets. Therefore, the per-
formance for jets with fewer than 30 constituents is limited, as is frequently the case for
the q jets (Fig. 6.1). In subsequent studies, the generator will produce a variable cardinality
sampled from the dataset (Section 5.1).
The model weights and code for this study are available on GitHub'.

lgithub.com/DeGeSim/chep23DeepTreeGAN
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7.3. Achieved Metrics and Benchmark

Table 7.2. | Comparison of the Proposed DEEPTREE to the MP-GAN Baseline.|

See Section 7.3 for the discussion. See Section 4.6.1 for the description of MP-GAN. The metrics
and their computation are presented in Section 6.3. Lower values indicate better performance for
all metrics. The uncertainty is reported as the standard deviation of the metrics calculated on the
bootstrapped samples. The best central value of a model for a given metric is highlighted in bold.
The “Limit” row represents the in-sample distance measured by sampling datasets from the training
dataset and calculating the metrics. To ensure comparability with [99], bootstrapping is omitted
in the computation of FPND. Thus, no uncertainty is provided. Note that the MP-GAN and TREE-
GAN models were selected for WM, and the testing sample was used to compute the given metrics.
The values for MP-GAN and TREE-GAN are taken from Ref. [99, Fig. 3].

Dataset Generator /Critic WlM(x103) WlP (x10%) WIEFP(xlO5 ) FPND
Gluon Limit 0.7+0.2 0.444+0.09 0.63+0.07 0.01
MP-GAN/MP-GAN 0.7+0.2 09+03 0.7+0.2 0.12
DeePTREE/MP-GAN 1.8 +£0.2 1.6 £ 0.6 2.14+0.2 0.34
TREE-GAN/PARTICLENET 1.7 £0.1 40+04 441 84
TREE-GAN/MP-GAN 244+0.2 12+ 7 18+ 9 69
Light Quarks Limit 0.5+0.1 0.5+0.1 0.46 £0.04 0.01
MP-GAN/MP-GAN 0.6 +0.2 49+05 0.7+04 0.35
DeePTREE/MP-GAN 0.9+0.2 1.7+0.3 09+0.2 0.15
TREE-GAN/PARTICLENET 10.1+0.1 57405 41+03 11
TREE-GAN/MP-GAN 48 +£0.2 33+6 10+ 2 148
Top Quarks  Limit 0.51 +£0.07 055+0.07 1.1+0.1 0.01
MP-GAN/MP-GAN 0.6 £0.2 23403 24+1 0.37
DEePTREE/MP-GAN 0.6+0.1 11405 1.34+03 0.14
TREE-GAN/PARTICLENET 5.194+0.08 9.1 +0.3 16 + 2 17
TREE-GAN/MP-GAN 1344+04 4547 50 + 30 66
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CHAPTER REVIEW In this chapter, a proof-of-concept for the PC
upscaling approach used in the generator is presented on a jet dataset
containing up to 30 jet constituents. The achieved metrics demonstrate
that the DEEPTREE generator has a significant advantage over the TREE-
GAN generator and is competitive with the MP-GAN baseline. Thus,
Milestone 2 has been achieved.




CHAPTER 8

Critic Development on JETNET-150

CHAPTER ABSTRACT In this chapter, the DEEPTREE model is
applied to the JETNET-150 dataset, which contains up to 150 jet con-
stituents. At the same time, the capabilities of the novel DEEPTREE critic
are demonstrated. This critic was not available during the training on
JETNET-30 in the previous chapter. The model demonstrates competitive
fidelity compared to other benchmark models (Milestone 4).

This study was published in Ref. [107].

8.1. Study Setup

As described in Section 6.2.4, the t jets have a complex structure and are particularly chal-
lenging to model. This provides highly sensitive metrics for benchmarking the model’s
capabilities. Thus, this study focuses exclusively on t jets.

The hyperparameters are set to match the defaults given in Table 5.1.

Generator The generator now employs branching factors of 2, 3, 5, and 5, producing
a total of 150 points. Additionally, the generator now uses the default branching
method instead of the equivariant method' used in the previous study on JETNET-
30. Furthermore, the cut on cardinality is now applied, as described in Section 5.1.

Critic Due to the O(n?) time and memory complexity of the MP-GAN critic, employing
it on a dataset with such increased cardinality is infeasible. It is replaced by the
DEEPTREE critic (Section 5.2). The DEEPTREE critic is conditioned on pr, 7}, and m.

'In the default branching method, each parent is first mapped to b times its size and then split into b children
(Section 5.1).
In the equivariant branching method, each parent is first split into b children. An FFN then maps the
children to the size of their parents (Appendix C.1).
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8.2. Generated Distributions

Distribution of the Coordinates of the Constituents

The distribution of the variables of the constituents is shown in Fig. 8.1. As in the previous

study on JETNET-30, the generated distributions closely match the dataset distributions,

with some deviations observed in the tails. While the 7! and ¢"! distributions show a
rel

Gaussian-like shape, the py~ distribution is steeply falling, making it more challenging to

model. Therefore, the successful modeling of p—rrel is particularly encouraging.

Distribution of the Jet Variables

Figure 8.2 shows the distributions of the jet variables.

rel

Pseudorapidity Compared to the 5 distribution, the 7 distribution has a much nar-
rower width around 0. Note the change in the range of the plot from [-0.4, 0.4] for 7! to
[-0.02, 0.02] for 7. Thus, the observed shift in the generated distribution is still significant,
but occurs on a small scale.

Transverse Momentum In the test dataset, py is normalized while all constituents
are available (Section 6.1). Due to this normalization, the pr distribution effectively forms
a delta distribution at 1 for JETNET-150, as shown in Fig. 6.2b. To calculate the gradients,
> pfre} is scaled to 1 after the generator, as described in Section 6.5. As expected, the figure
shows that this scaling still results in a pr distribution concentrated very close to 1, but
with a finite width. Although the figure may suggest a drastic difference between the
generated and data distributions, the normalization of pr deviates from 1 by at most 2%
for both distributions.

Mass Compared to JETNET-30, the t jet mass distribution in JETNET-150 shows a much
sharper top mass peak. This, combined with the potential contribution of up to 120 addi-
tional constituents to the mass, presents a significant modeling challenge. In the generated
mass distribution, the double peak structure is clearly visible, though the model does not
produce a peak as sharp as that observed in the test dataset.
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Figure 8.1. | Distributions of the Variables of the Constituents for the t jets in the JETNET-

150 Test Dataset.|

See Section 8.2 for the discussion. The plot design is explained in Appendix A.1. The generated
distributions match the dataset distribution well, but for some deviations in the tails.
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Figure 8.2. | Distributions of the Jet Variables for the t jets in the JETNET-150 Test Dataset. |
See Section 8.2 for the discussion. The plot design is explained in Appendix A.1. Each variable has
been computed from the sum of the four-vectors of the constituents, making them highly sensitive
to small deviations in the modeling of these constituents. For example, in the distribution of pr,
the subtle differences in normalization approaches can be clearly visualized, especially given the
very fine scale.
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8.3. Achieved Metrics and Benchmark

In Table 8.1, DEEPTREE is compared to other state-of-the-art GANSs, introduced in Sec-
tion 4.6.3 and Section 4.6.2. While DEEPTREE achieves the best FPD, MDMA achieves the
best WM, WlEFP, and - by a narrow margin - W1P . Thus, DEEPTREE is shown to be com-
petitive in this context. Within the ablation study in the following chapter, a model con-
figuration with minor hyperparameter adjustments was found that further narrows the
gap between MDMA and DEepTREE (Table 9.5). Diffusion and flow-matching based mod-
els [137, ] have recently provided state-of-the-art results for the JETNET-150 dataset,
but sample production is drastically slower compared to the GAN approaches. Therefore,
they were not considered in this comparison. The DEEPTREE code and weights for this
study are available on GitHub?.

Table 8.1. | Comparison of the Proposed DEEPTREE to EP1IC-GAN and MDMA |

See Section 8.3 for the discussion. See Sections 4.6.2 and 4.6.3 for the description of EP1IC-GAN and
MDMA. The metrics and their computation are presented in Section 6.3. Lower values indicate
better performance for all metrics. The uncertainty is reported as the standard deviation of the
metrics calculated on the bootstrapped samples. The best central value of a model for a given metric
is highlighted in bold. The “Limit” row represents the in-sample distance measured by sampling
datasets from the training dataset and calculating the metrics. Values for EP1IC-GAN and MDMA
taken from Ref. [102, Table 1].

Model WlM(x103) W1P(><103) WlEFP(x105) FPD(x10%)
Limit 0.424+0.09 0.12+£0.04 1.2240.32 1.24+0.6

EP1C-GAN 0.69 £0.08 0.65+0.03 2.67+039 22+1
MDMA 0.57+£0.09 0.10+0.02 212+064 53409
DEepTREE 149 +£0.04 0.13+0.02 5.01+0.08 3.4+0.7

2github.com/DeGeSim/nips23DeepTreeGANV2
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CHAPTER REVIEW In this chapter, the DEEPTREE model is applied
to a jet dataset containing up to 150 jet constituents. Instead of the es-
tablished critic used in the preceding study, the DEEPTREE critic, which
has better time complexity, is employed. This critic features a novel PC
downscaling method, whose capabilities are tested with this study. The
DeepTREE model demonstrates its fidelity by achieving competitive met-
rics within the benchmark. Thus, Milestone 4 has been achieved.




CHAPTER 9

Ablation Study

CHAPTER ABSTRACT In this chapter, the design choices of the
DEEPTREE model (Milestone 5) are reviewed. A systematic review is
necessary to understand, which of these choices are advantageous. To
quantify the impact of these choices, a method was developed to ex-
press the metrics on a common, meaningful scale. For this purpose, a
baseline configuration is trained multiple times. Each modified config-
uration is trained once. It is then tested whether the metrics produced
by the modified configuration can be excluded from the population of
baseline trainings.

9.1. Evaluation Method

Ideally, all possible combinations of choices would be evaluated to select the optimal con-
figuration, but this is computationally infeasible. Instead, a single change is introduced
to the model at a time. If many of the introduced modifications result in either worse or
similar performance, it suggests that the model configuration is already well optimized. In
addition to improved performance, more stable training (e.g., through regularization) and
a less complex architecture are also desirable. Modifications that achieve these goals are
therefore considered more favorable.

Dataset and Metrics Although this model is ultimately designed for calorimeters,
conducting an ablation study on the CALOCHALLENGE dataset, introduced in the following
chapter, would demand excessive resources and lacks the sensitive metrics available for
JETNET-150. Therefore, the performance is evaluated using the JETNET-150 t jets dataset.
The configuration in Table 5.1 is used as the baseline.

Computational Considerations As described in Section 5.3.2, the model parame-
ters with the best performance on the validation set are used for testing. To improve the
stability of parameter selection, the size of the validation set is increased from 10k to 25k
jets. Consequently, the training set is reduced by 15k jets, resulting in a total of approx-
imately 95k jets, which may negatively impact performance. For this study, stability of
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Chapter 9. Ablation Study

the results is prioritized over absolute performance. To manage the significant compu-
tational demands, training is terminated at epoch 2500, unless stopped earlier by Early
Stopping (Section 5.3.3). For comparison, the model presented in Chapter 8 was trained
for approximately 4000 epochs. Therefore, the metrics produced in this study cannot be
directly compared to those in Section 8.3.

Run Time Measurements The run time of the generator and critic was measured
on an NVIDIA Tesla A100 GPU. The post-processing time of approximately 0.1 ms per
jet was omitted. The same batch size used during training was maintained for these mea-
surements. The memory required per jet differs between training and jet generation. As
described in Section 3.2, during training, the activations of each layer must be stored in
memory to calculate the gradients during the backward pass. Additionally, the critic is not
evaluated during jet generation. In a generation scenario, the batch size could potentially
be increased by a factor of about 8!. This increase could reduce the overhead fraction and
result in more significant changes in the observed run time.

9.1.1. Quantifying the Significance of Changes in the Metrics

The training of these investigated models — and, to some extent, the computation of the
metrics — is a stochastic process. It is important to quantify whether the metric x from a
modified training indicates a significant change in performance compared to the baseline
trainings. The distribution X of the metric for baseline trainings is inherently unknown. If
the distribution were known, the cumulative distribution function (CDF) could be used to
determine how likely the metric is to take a value < x, assuming the metric was produced
using the baseline configuration:

Pr(X < %) = CDF(¥) (9.1)

A value close to 0 (1) would suggest that it is unlikely to obtain such a low (high) metric
with the baseline configuration, indicating an improvement (deterioration). Since the CDF
is not available, it can be approximated by the empirical CDF (eCDF) [139, Sec. 15.4]. To
achieve this, the model is trained multiple times using the baseline configuration. Given
the sample of metrics produced by these baseline trainings x, the eCDF is computed as
follows: .

eCDF(%) = = ) T,cx (9.2)

N xex

A major advantage of eCDFs is that they map any distribution to the same [0,1] scale. In
the following ablation studies, eCDFs will be applied to the metrics to make them directly
comparable. Because eCDFs are discontinuous functions, the metrics will be evaluated on
a linear interpolation of the eCDFs to obtain a continuous performance measure.

Distribution of Metrics for the Baseline Trainings The baseline configuration is
trained 13 times. The eCDFs for all metrics from these trainings are presented in Fig. 9.1.
The metrics are plotted on the x-axis, with the corresponding eCDF on the y-axis. The
median of the metric for the baseline trainings is indicated by the blue vertical line, which

This factor was estimated by taking the ratio of the peak GPU memory usage during generation to that
during training.
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intersects the eCDF at y = 0.5. The ratio between the worst and best recorded metric is
substantial, exceeding a factor of 5 for FPD.

9.1.2. Ablation Result Figures

In the following sections, the results of the ablation studies are displayed, for instance,
in Fig. 9.3. The performance metrics evaluated are WlM, WlP , WIEFP, FPD, and FPND, as
detailed in Section 6.3. Additionally, the run time of the generator, the critic, or the full
model is provided in milliseconds, depending on which part of the model is affected by
the change. For each configuration, a single training is conducted, and the metrics are
computed. These metrics are then normalized to the [0,1] range using the interpolated
eCDFs derived from the baseline trainings. Configurations are listed in the rows, with
metrics given in the columns. Each cell in the ablation figures contains two numbers: the
first is the value mapped with the eCDF, and the second is the actual metric value. The
first column is an exception, where the cells display the average eCDF for the respective
row/configuration. The cells are color-coded according to the eCDF value, ranging from
blue (0, better than the baseline trainings) through white (0.5, median) to red (worse than
the baseline trainings). eCDF values within the [0.2, 0.8] range are assumed to indicate
no significant change in training performance. Therefore, it is expected that 20% of the
trainings will yield an eCDF above 0.8 and below 0.2 purely by chance. In the last column,
the run time for the part of the model affected by the change is provided for a single PC.
The median of the baseline trainings is presented in the first row.

Average of the eCDFs of the Metrics

Since the mapped values are all within the [0,1] range, the five performance metrics can
be easily averaged (shown in the “Metrics” column in the ablation figures). Averaging
provides a more robust measure against fluctuations compared to relying on a single per-
formance metric. However, because the performance metrics are correlated, this average
can only mitigate fluctuations in the performance measurement, not fluctuations inherent
in the training process. If the metrics from a training were independent, Metrics would
represent the sum of five independent variables, and the distribution of Metrics would
approximate a Gaussian distribution. A low value in one metric typically indicates suc-
cessful training and is expected to correspond with low values in the other metrics for
the same training, and vice versa. Therefore, a positive correlation between the metrics
is expected. Table 9.1 shows the Pearson correlation coefficients between the metrics. All
but the W /WEP coefficient are positive. Thus, Metrics is not the sum of independent
variables, and cannot be assumed to be Gaussian.

In Fig. 9.2, the histogram of Metrics for the baseline trainings is shown. Ten values fall
within the range of 0.5 to 0.71. The remaining three trainings have Metrics values of 0.17,
0.17, and 0.27. The range from the second-lowest to the second-highest value is [0.17, 0.68].
It is assumed that a Metrics within the range of [0.17, 0.68] indicates no substantial change
in the performance of the training.

2Since the baseline timing distributions have a narrow width for both generator and critic, minor speed
changes often result in large shifts in the eCDF.
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Figure 9.1. | The eCDFs and their Linear Interpolations of the metrics of the Baseline

Trainings.|

See Section 9.1 for the discussion.
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9.1. Evaluation Method

wM  wP wff FPD FPND
wM 1 019 012 026 036
wy 1 -0.44 004 0.22
WP 1 021 048
FPD 1 031
FPND 1

Table 9.1. | The Pearson Correlation Coefficients for the eCDFs of the Baseline Trainings.|
See Section 9.1.2 for the discussion.
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Figure 9.2. | The Histogram of Metrics of the Baseline Trainings.|
See Section 9.1.2 for the discussion.

Nomenclature The median of the baseline trainings is referred to as 0-base. Each
training with a modified configuration is assigned a running number i and is labeled as
i-gen, i-crit, or i-common, depending on whether the modification affects the generator,
the critic, or both.
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9.2. Simultaneous Modifications of Generator and
Critic

In this section, changes affecting both parts of the GAN are investigated.

9.2.1. Loss

0.0 0.2 0.4 0.6 0.8 1.0
[ — i - |
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Figure 9.3. | Ablation Results for Modifications to the Loss Terms.|

See Section 9.2.1 for the discussion and Section 9.1.2 for the explanation of the figure. Blue is better,
red is worse, and white means unchanged. The cells are labeled with the metric and with the eCDF
of the metric (1st and 2nd number).

GAN Objectives The baseline 0-base was trained using the Hinge Loss (Eq. 3.28),
while 1-common.CE, 2-common.MSE, and 3-common.W were trained using non-saturating
cross-entropy (Eq. 3.21), least squares (Eq. 3.26), and Wasserstein (Eq. 3.23) loss, respec-
tively. For the 3-common.W configuration, a gradient penalty loss®(Eq. 3.25) with a factor
of 1 was applied.

The configuration with cross-entropy loss (1-common.CE) shows a small advantage in
WIM and FPND. In contrast, the configuration with least squares loss (2-common.MSE)
shows a significant disadvantage in WET® and FPD. The configuration using Wasserstein
loss (3-common . W) with gradient penalty effectively fails to converge. The run time shown
in the figure reflects the time taken by the components during evaluation and does not
account for backpropagation. During training, each gradient step is significantly slower

3The gradient penalty is computed by calculating the gradient of the critic with respect to an “interpolated
sample” multiple times. These samples are typically interpolated linearly between one sample from the
generator and one from the dataset. For a PC-based GAN, constructing an “interpolated PC” raises two
issues: First, since PCs are inherently unordered, it is unclear how to match the points from the two PCs
to each other. Second, the cardinality of the PCs could differ. In the DEEPTREE model, the cardinality
is taken from the dataset during training, ensuring that the cardinalities match by construction. In this
experiment, the points were matched in the arbitrary order produced by the generator. However, it
is plausible that ordering both PCs by pi¢' before interpolation could yield better performance. This
complex problem lies outside the scope of this thesis.
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9.2. Simultaneous Modifications of Generator and Critic

than the baseline (approximately 40 ms vs. 57 ms per batch on an NVIDIA V100), likely
due to the computation-intensive evaluation of the gradient penalty. While fidelity might
improve with a different choice of the loss factor, the training speed cannot.

Feature Matching Loss By default, the generator is trained with the Hinge loss
(Eq. 3.28) and a Feature Matching Loss (Eq. 5.1) intended to stabilize the training. How-
ever, removing this loss term improves the wPk WlEFP, and FPND metrics (4-gen.nofml).
Conversely, the FPD significantly worsens. As indicated by the wide plateau for FPD in the
range [6,10] in Fig. 9.1, it is a volatile metric. Therefore, these results still likely suggest a
performance improvement.

9.2.2. Other Modifications

0-base - [7050] [I7050 [53050 [72050 [a9050  [045050]
5-common.bs1000 - 0.12]0.09) 57]0.
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9-common.noscale . .31/0. .16]0. .76]1. 26.39]1.00]
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Figure 9.4. | Ablation Results for other Modifications Affecting Both Model Parts.|

See Section 9.2.2 for the discussion and Section 9.1.2 for the explanation of the figure. Blue is better,
red is worse, and white means unchanged. The cells are labeled with the metric and with the eCDF
of the metric (1st and 2nd number).

Batch Sizes To make the configurations with different batch sizes comparable, the
number of epochs is adjusted to achieve similar training times using an NVIDIA Tesla
V100%. The configuration with batch size 1000 / 50 (5-common.bs1000/6-common.bs50)
was trained for a total of 9200 / 900 epochs, corresponding to 255 / 330 hours of training
time. As expected, this results in a significant speedup for the batch size 1000 configuration
and a slowdown for the batch size 50 configuration. The 5-common.bs1000 configuration
shows an improvement, particularly for W1P and FPND, but performs worse for FPD. FPND
and WETF are significantly degraded for 6-common . bs50.

“Due to computational constraints, the trainings take place on V100 GPUs, but the run time of the model
is measured on A100 GPUs.
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Chapter 9. Ablation Study

Learning Rate Scaling the learning rate of the generator and critic up (or down) by a
factor of 5 in the configuration 7-common.lrhigh (8-common.lrlow) leads to a significant
deterioration in performance across three of the five metrics.

Jet Momentum Rescaling For the JETNET datasets, the output of the generator is
rescaled such that ); prre} equals one, as discussed in Section 6.5. This rescaling occurs
during training, with gradients propagated from the critic through the scaling into the
generator. While this improves the modeling of momenta, it is uncertain whether it dis-
turbs the gradient. The configuration 9-common.noscale demonstrates that the model
can converge without this rescaling; however, the performance is significantly degraded
on WETP FPD, and FPDN.

Ratio of Critic to Generator Steps In the default configuration, the critic and gen-
erator are trained in alternating steps. GANs are often trained with more critic steps per
generator step, as seen in Ref. [58]. In the 10-common.stepratio3 configuration, the critic
was updated three times for each generator step. The performance of this configuration is
significantly worsened across all metrics.
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9.3. Modifications to the Feed-Forward Neural Networks

9.3. Modifications to the Feed-Forward Neural
Networks

The numerous small FFNs within the DEEPTREE model are critical to its performance. In
this section, modifications to these FFNs are discussed.

Number of Nodes & Number of Layers In the default configuration, the FFNs of the
generator use 100 hidden nodes across 3 layers. Reducing the number of hidden nodes to
50 (11-gen.ffn.hn50) drastically reduces performance. Doubling the number of hidden
nodes (12-gen. ffn.hn200) improves W} and WE’, but significantly degrades WM and
FPD. Increasing the number of layers from 3 to 5 (13-gen. ffn.nl5) negatively impacts
WY and FPD for the generator.

Bias By default, the FFNs do not include a bias term. Adding a bias term to the gen-
erator (14-gen.ffn.bias) leads to an improvement in WY, while other changes remain
insignificant. For the critic, the addition of a bias term significantly deteriorates W} and
FPD (15-crit.ffn.bias).

Activation The use of GELU [39] and SELU [140] activations instead of LeakyReLU
is explored for the generator FFNs in configurations 16-gen.ffn.gelu and 17-gen.ffn.
selu. Both modifications worsen most metrics, particularly the configuration with SELU
activation.

Normalization The choice of normalization is crucial for the convergence of a model.
In the generator, Batch Normalization is applied to the FFNs, while the critic utilizes Spec-
tral Normalization.” Removing Batch Normalization from the generator leads to a de-
cline in performance, most notably in WEEY and FPD (18-gen. ffn.nonorm). Adding Spec-
tral Normalization to Batch Normalization (19-gen. f fn.snbn) significantly improves W;
but worsens FPD. For the critic FENs, removing Spectral Normalization unexpectedly re-
sults in a substantial performance improvement (21-crit.ffn.nonorm), particularly in
WM, WEFPand FPD. However, eliminating normalization could negatively affect train-
ing stability. Replacing Spectral Normalization with Batch Normalization improves WM
but significantly degrades WlEFP, FPD, and FPND (20-crit.ffn.bn). Combining both nor-
malizations for the critic improves Wlp but considerably worsens WlEFP, FPD, and FPND
(22-crit.ffn.snbn). It should be noted that the normalizations for the branching layers
in the generator and the embedding layer in the critic are investigated separately in the
respective sections (Section 9.4 and Section 9.5).

Dropout In the default configuration, the FFNs of the generator are trained without
dropout, while those of the critic are trained with a dropout rate of 0.5. Introducing a
dropout rate of 0.1 or 0.3 to the generator effectively prevents the model from converging
(23-gen.ffn.dr1 and 24-gen. ffn.dr3). Reducing the dropout rate for the critic FFNs to

SNote that the embedding layer in the critic and the branching layer in the generator also use Batch Nor-
malization. The normalization of these components is tuned separately (see Sections 9.4 and 9.5).
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Figure 9.5. | Ablation Results for the FFNs,|

See Section 9.3 for the discussion and Section 9.1.2 for the explanation of the figure. Blue is better,
red is worse, and white means unchanged. The cells are labeled with the metric and with the eCDF
of the metric (1st and 2nd number).
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9.3. Modifications to the Feed-Forward Neural Networks

0.3 or 0.0 has a minor impact on the average eCDF Metrics (25-crit.ffn.dr0/26-crit.
ffn.dr3). For both dropout rates, WlP improves, but for 0.0, FPND deteriorates.

Ordering of Linear Layer, Normalization, and Activation Configurations 27-
common.ffn.actfirst / 28-gen.ffn.actfirst / 29-crit.ffn.actfirst explore an al-
ternative approach to constructing the FFNs. The order of layers within the FFNs is cru-
cial, as discussed in Appendix C.3. Instead of starting with a linear layer followed by Batch
Normalization and LeakyReLU activation, the FFNs in these configurations begin with nor-
malization and activation before the linear layer. This reordering, combined with residual
connections, introduces significant architectural changes: The residual connections now
link the outputs of two linear layers instead of two activations. Additionally, the resulting
sum is passed through Batch Normalization and an activation function before reaching a
linear layer.

Applying this construction method to both model parts / the generator results in a no-
table deterioration of FPND / WIEFP (27-common.ffn.actfirst /28-gen.ffn.actfirst).
For the critic, this modification does not produce any significant change in performance.
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9.4. Modifications to the Generator

9.4.1. Tree
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Figure 9.6. | Ablation Results for Modifications to the Trees of the Generator.|

See Section 9.4.1 for the discussion and Section 9.1.2 for the explanation of the figure. Blue is better,
red is worse, and white means unchanged. The cells are labeled with the metric and with the eCDF
of the metric (1st and 2nd number).

In the generator, a single point is mapped through a series of branching layers to a PC with
the desired cardinality. The tree structure, including the branching fractions and the size
of the points at each level, are considered hyperparameters. In Table 9.2, the tree structure
of three modified configurations are compared to the baseline. So far, the prime factors
of the desired cardinality have been used as branching fractions in order from lowest to
highest ([1,2,3,5,5], similar to the parameters used in Ref. [105]). In the configuration 30-
gen.tree.inv, the order of the branching fractions is inverted to [1,5,5,3,2]. The point
dimensions remain unchanged. This results in a performance improvement, especially for
wT, WEFP "and FPND. For the last layer, the authors of Ref. [105] use a greatly increased
branching fraction, thus avoiding an additional level of the tree. In the configuration 32-
gen.tree.short, the branching fractions of the last two levels (5 and 5) are combined into
one (25). The point dimensions remain unchanged, and the last level is skipped. This con-
figuration shows significantly improved performance, especially for WM, WIP , and WlEFP.
A similar gain in performance, especially for WM and FPD, is observed when doubling the
point dimensions to [128,64,40,20,3] in the 31-gen.tree.1ftx configuration. Here, the
branching fractions remain unchanged. In summary, every single change to the generator
tree yields significant improvements. Therefore, the generator tree is a promising area for
further optimization.
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9.4. Modifications to the Generator

Configurations | Levels — 0 1 2 3 4
Branching Fractions 1 2 3 5 5
0-base Cardinality 1 2 6 30 150
Point Dimension 64 33 20 10 3
Tensor Size 64 66 120 300 450
Branching Fractions 1 5 5 3 2
30-gen. tree. inv Cardinality 1 5 25 75 150
Point Dimension 64 33 20 10 3
Tensor Size 64 165 500 750 450
Branching Fractions 1 2 3 25
32-gen. tree.short Cardinality 1 2 6 150
Point Dimension 64 33 20 3
Tensor Size 64 66 120 450
Branching Fractions 1 2 3 5 5
31-gen. tree.lftx Cardinality 1 2 6 30 150
Point Dimension 128 64 40 20 3
Tensor Size 128 128 240 600 450

Table 9.2. | The Branching Fractions and Point Dimensions for the Configurations Mod-
ifying the Tree of the Generator.|

See Section 9.4.1 for the discussion. The “Tensor Size” is the number of floats that represent the PC
at the given level.

9.4.2. Branching Layer

The most central components of the generator are the branching layers that map each
parent to b new leaves. The default mode of operation is detailed in Section 5.1.1. An FFN
is used to map from the feature dimension of the parent fto b - f. The resulting vector is
then divided into the b new leaves. After this, a second FFN is applied to all nodes in the
tree, reducing their dimension.

Equivariant Branching Mechanism In the configuration 33-gen.br.eqv, an alter-
native branching method (Appendix C.1) is explored. This method requires that the num-
ber of features at each level I must be divisible by the branching factor of the subsequent
level I + 1. In the default configuration, this requirement is already met, with the number
of features set to [64,33,20,10,3] and the branching factor to [1,2,3,5,5]. However, this alter-
native branching method demonstrated significantly worse performance across all metrics
compared to the default branching layer.

Noise Branching Mechanism Another alternative branching method (Ap-
pendix C.2) was evaluated in the configuration 34-gen.br.noise. In this approach,
each parent is concatenated to a noise vector before being mapped to its children. The
concatenated noise vector is different for each of its children. However, this method
resulted in a significant deterioration in performance across all metrics.
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Figure 9.7. | Ablation Results for the Branching Layer of the Generator.|

See Section 9.4.2 for the discussion and Section 9.1.2 for the explanation of the figure. Blue is better,
red is worse, and white means unchanged. The cells are labeled with the metric and with the eCDF
of the metric (1st and 2nd number).

Dimensionality Reduction in Branching Layer vs. in Ancestor MPL In the de-
fault configuration, children of the branching FFN are produced with the same size as their
parent. The dimension of all nodes is then reduced by the subsequent dimensionality re-
duction FEN. Alternatively, the FFN within GINConv in the ancestor MPL (Section 5.1.2)
may be utilized for reducing node dimensions. In this case, the dimensionality reduction
FFN in the branching layer is removed. This results in a dimensional change in the nodes
before and after the ancestor MPL. To implement the residual connection for the MPL,
the output of the MPL is added to the input, truncated to match the same dimension. The
resulting configuration 35-gen.br.nodimred produces no significant change in perfor-
mance.

Residual Connections The branching layers contain a residual connection, where
each parent is added to its newly produced child (Fig. 5.2). When this residual connection
is removed, a degradation in the FPD metric is observed (36-gen.br.nores).

Normalization Batch Normalization is employed to regularize the branching layer,
including both the branching FFN and the dimensionality reduction FFN. In the train-
ings 37-gen.br.nonorm and 38-gen.br.snbn, Batch Normalization is either removed or
Spectral Normalization is added. The removal of Batch Normalization results in a drastic
deterioration across all metrics, whereas the addition of Spectral Normalization leads to a
clear improvement in all metrics.
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Figure 9.8. | Ablation Results for the Ancestor MPL of the Generator.|

See Section 9.4.3 for the discussion and Section 9.1.2 for the explanation of the figure. Blue is better,
red is worse, and white means unchanged. The cells are labeled with the metric and with the eCDF
of the metric (1st and 2nd number).

9.4.3. Ancestor MPL

As described in Section 5.2, the ancestor MPL passes messages from each node to all its
descendants.

Parent vs. Ancestor Connections If messages are passed by parents only to their
direct children, rather than to all descendants, a slight decline in performance is observed,
particularly for FPD and FPND metrics (39-gen.ac.allac).

Choice of MPL GINConv Section 3.6.4 is utilized as the MPL. Substituting it with
GATv2Conv (Eq. 3.47), which is employed in the critic, results in a worse WEt", with no
other significant changes in performance (40-gen.ac.convgat).

Size of FFN inside the MPL By default, the FFN within GINConv in the ancestor MPL
utilizes 100 hidden nodes. Doubling the number of hidden nodes results in a significant
improvement for WM and FPD (42-gen.ac.nh200). Conversely, halving the number of
hidden nodes also leads to an improvement in FPD and WIP (41-gen.ac.nh50). However,
the results of these changes appear contradictory, rendering the findings inconclusive.

Residual Connection over MPL A residual connection has been added to skip over
the MPL, aimed at preventing a vanishing gradient (Section 5.1.2). The removal of this
residual connection severely degrades performance across all metrics (45-gen.ac.nores).
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Multiple MPLs When the ancestor MPL is replaced by a sequence of four MPLs in-
stead of a single one, WM and FPND significantly worsen (43-gen.ac.4).

Removing the MPL In the 44-gen.ac.no configuration, the ancestor MPLs are re-
moved from the generator. Surprisingly, this results in a significant performance boost
in W and FPD, along with a reduction in run time. Eliminating this component would
substantially reduce the model’s complexity and could drastically improve run time, par-
ticularly when scaling to larger PCs.

9.4.4. Gating the Condition
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Figure 9.9. | Ablation Results for the Gating in the Generator.|

See Section 9.4.4 for the discussion and Section 9.1.2 for the explanation of the figure. Blue is better,
red is worse, and white means unchanged. The cells are labeled with the metric and with the eCDF
of the metric (1st and 2nd number).

The branching layer and ancestor MPL both receive the condition and the global feature
as additional inputs. In the branching layer, these inputs are concatenated with the parent
and passed through the branching FFN to generate the children. In the ancestor MPL, they
are concatenated with each node before being passed to the MPL. Instead of concatenation,
the “Gated Conditioning Unit,” described in Appendix D.3, is used to combine the input
vector with the global feature and the condition. This modification could enhance the
network’s responsiveness to global features and the condition while reducing the input
size of subsequent components, such as the branching FFN. With the configuration 48-
gen.br.gated, this gating is applied to the branching layers; with 47-gen.ac.gated, it
is applied to the ancestor MPLs; and with 46-gen.cgated, it is applied to both. For the
branching layers (48-gen.br.gated), the impact on performance is mixed: Wlp improves,
but WIM deteriorates. When the gating is applied to the ancestor MPLs alone (47-gen.
ac.gated), performance declines across all metrics. Similarly, a significant performance
deterioration is observed when gating is applied to both types of layers (46-gen. cgated),
particularly affecting W} and FPND.
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9.4.5. Other Modifications
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Figure 9.10. | Ablation Results for other Modifications to the Generator.|

See Section 9.4.5 for the discussion and Section 9.1.2 for the explanation of the figure. Blue is better,
red is worse, and white means unchanged. The cells are labeled with the metric and with the eCDF
of the metric (1st and 2nd number).

Truncating the Output PC Since this generator produces a fixed-size PC, points
must be removed before returning the PC. The target cardinality C is sampled from the
dataset. The first C points in the output vector of the generator are used, as described
in Section 5.1. In the configuration 49-gen. topk, the C points with the largest prrd values
are selected instead. This results in not only a drastic performance degradation across all

metrics but also a significant increase in the generator’s run time.

Conditioning For the generator, the condition consists solely of the target cardinality.
Removing this condition significantly degrades performance across all metrics (50-gen.
nocond). While the generator’s reliance on this condition is a minor limitation, many
established methods exist for reproducing a one-dimensional distribution.

Size of the Global Feature The global feature layer aggregates the leaves and con-
structs the global feature, which is used to condition the subsequent branching layer and
ancestor MPL. Both doubling the size to 20 (52-gen.nglob20) and removing the global
feature entirely (51-gen.nglob0) result in performance degradation, particularly for WlEFP
and FPD.
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9.5. Modifications to the Critic

9.5.1. Tree Structure
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Figure 9.11. | Ablation Results for Modifications to the Tree of the Critic.|

See Section 9.5.1 for the discussion and Section 9.1.2 for the explanation of the figure. Blue is better,
red is worse, and white means unchanged. The cells are labeled with the metric and with the eCDF
of the metric (1st and 2nd number).

Similar to the generator, the critic possesses its own tree-like® structure in which the
points are aggregated. The bipartite pool maps a PC of any cardinality to a fixed number
of nodes (Section 5.2.1). Thus, instead of fixing the branching factor as in the generator,
the cardinality at each level beyond the input is fixed. By default, these cardinalities are
set to [C, 30, 6, 1], where C is the input cardinality. In Table 9.3, three configurations with
modified tree structures are compared to the baseline.

The critic is composed of multiple subcritics, operating both before and after the pooling
operations. The first subcritic operates on the full-size PC and can focus on low-level fea-
tures, while the subsequent subcritics, which operate on increasingly aggregated PCs, can
concentrate on higher-level features. However, the necessity of these additional subcritics
is uncertain. The model 55-crit.tree.single includes only a single pool, which aggre-
gates the PC into one point (cardinalities [C, 1] with point dimensions [3, 20]). As a result,
it contains only two subcritics. As expected, this leads to significantly poorer performance
in FPD and WY,

Conversely, adding two additional levels, along with two more subcritics, also proved
detrimental to performance. In the configuration 54-crit.tree.long, cardinalities of [C,
50, 30, 15, 6, 1] and point dimensions of [3, 10, 10, 10, 10] were used, causing a significant
degradation in W, WEP and FPD.

Similarly, shifting to higher cardinalities [C, 75, 25, 5, 1] (with point dimensions [3, 10,
10, 10, 10]) improved WlEFP but worsened WIP and FPD (56-crit.tree.wide).

However, shifting to increasing point dimensions [3, 20, 40, 80] showed a substantial
advantage for WM and FPD (53-crit.tree.1ftx).

Note that the structure used in the critic is not strictly a tree, as the Bipartite Pool connects each input
node with all seed nodes, rather than a single parent.
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Configurations | Levels — 0 1 2 3 4 5
Cardinality C 30 6 1
0-base Point Dimension 3 10 10 10
Tensor Size c-3 300 60 10
Cardinality C 1
55-crit.tree.single Point Dimension 3 20
Tensor Size c-3 300

Cardinality C 50 30 15 6 1
S54-crit.tree.long Point Dimension 3 10 10 10 10 10
Tensor Size c-3 500 300 150 60 10

Cardinality C 75 25 5 1
56-crit.tree.wide Point Dimension 3 10 10 10 10
Tensor Size c-3 300 60 10 10
Cardinality C 30 6 1
53-crit.tree.lftx Point Dimension 3 20 40 80
Tensor Size c-3 60 240 80

Table 9.3. | The Cardinalities and the Point Dimensions for the Configurations that
Change the Tree of the Critic.|

See Section 9.5.1 for the discussion. The input cardinality is C. The “Tensor Size” is the number of
floats that represent the PC at the given level.

9.5.2. Bipartite Pool

For the MPL layer within the bipartite pool, GATmConv, a variant of GATv2Conv, is
employed. These MPLs are described in Section 3.6.5. Reverting to GATv2Conv results in
a significant deterioration in W§ and WEF (62-crit.bbp.gatplus). In a prior study, a
configuration using GINConv instead (Section 3.6.4) failed to converge.

To ensure a Lipschitz continuous critic, all components must satisfy the Lipschitz con-
dition. By default, Spectral Normalization is not applied to the 6;/6, matrices. Applying
it produces inconclusive results, as some metrics deteriorate (WlM, FPD) while others im-
prove (WIP) (63-crit.bbp.sn).

Increasing the number of attention heads from 16 to 32 degrades performance in WlEFP
and FPD (64-crit.bbp.heads32). Conversely, reducing the number of attention heads to 4
worsens Wi and FPND, but improves WM and WETF (65-crit.bbp.heads4). Additionally,
it reduces the runtime of the critic from 32 to 28 ms per PC.
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Figure 9.12. | Ablation Results for Modifications to the Bipartite Pool in the Critic.|

See Section 9.5.2 for the discussion and Section 9.1.2 for the explanation of the figure. Blue is better,
red is worse, and white means unchanged. The cells are labeled with the metric and with the eCDF
of the metric (1st and 2nd number).

9.5.3. Embedding Layer
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Figure 9.13. | Ablation Results for Modifications to the Embedding Layer in the Critic.|
See Section 9.5.3 for the discussion and Section 9.1.2 for the explanation of the figure. Blue is better,
red is worse, and white means unchanged. The cells are labeled with the metric and with the eCDF
of the metric (1st and 2nd number).

Normalization Previous studies have indicated that the normalization of embedding
layers is crucial for the model’s performance. As a result of these studies, the embedding
layers in the critic are the only components that utilize Batch Normalization, while Spec-
tral Normalization is applied to the remaining parts. However, removing Batch Normaliza-
tion yields inconclusive results, with WM improving but W} deteriorating (57-crit.emb.
nonorm). In the configuration 60-crit.emb.sn, where Batch Normalization is replaced
by Spectral Normalization, a significant degradation in performance is observed across all
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metrics. When both normalizations are applied, the results remain inconclusive: WlM and
WIP improve, but FPD deteriorates (61-crit.emb.snbn).

Central Node Dimension The effectiveness of an embedding layer depends on its
CNUs (Section 5.2). Halving the Central Node Dimension n, to 20 improves FPND, but the
overall impact on performance is inconclusive (58-crit.emb.1at20). Doubling n, results

in degraded performance, particularly for WEF and FPD (59-crit.emb.1at80).

9.5.4. Subcritics
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Figure 9.14. | Ablation Results for Modifications to the Subcritics.|

See Section 9.5.4 for the discussion and Section 9.1.2 for the explanation of the figure. Blue is better,
red is worse, and white means unchanged. The cells are labeled with the metric and with the eCDF
of the metric (1st and 2nd number).

The subcritics consist of two CNUs with a residual connection, multi-aggregation, and
an FFN (Section 5.2). Removing the CNUs from the subcritics significantly worsens per-
formance across all metrics except Wi (66-crit.scrit.cnu@). Conversely, doubling the
number of CNUs to 4 results in a deterioration in FPD (67-crit.scrit.cnu4). Halving or
doubling the central node dimension in the CNUs produces no significant change in any
metric (68-crit.scrit.lat20/69-crit.scrit.lat80).

9.5.5. Removing the Condition

The critic is conditioned on d;, 1, and m. Removing this conditioning results in a drastic
improvement in W¥ and FPD, but also leads to a drastic deterioration in WM and WEF?
(70-crit.nocond).
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Figure 9.15. | Ablation Results for Removing the Condition from the Critic.|

See Section 9.5.5 for the discussion and Section 9.1.2 for the explanation of the figure. Blue is better,
red is worse, and white means unchanged. The cells are labeled with the metric and with the eCDF
of the metric (1st and 2nd number).
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9.6. Optimizing the Design

As expected, the performance of most configurations in these ablation studies is either
worse than or comparable to the baseline configuration. Only 3 out of 70 configurations
have an Metrics lower than or equal to the best baseline training (0.17, see Fig. 9.2). Con-
versely, approximately 68% (48 out of 70) of the modified configurations produce metrics
with eCDFs greater than 1, meaning they fall outside the distribution of the baseline train-
ings.
This suggests that the model is overall well-tuned.

Table 9.4 shows the best-performing configurations that yield at least three metrics with
eCDFs < 0.2.

Table 9.4. | The Configurations of the Ablation Study that Yield at Least Three Metrics
with eCDFs < 0.2,
See Section 9.6 for the discussion.

Configuration Metrics | No. of Metrics with eCDF < 0.2
38-gen.br.snbn 0.14 5/5
31-gen.tree.lftx 0.15 3/5
21-crit.ffn.nonorm 0.17 5/5
32-gen.tree.short  0.20 3/5
4-gen.nofml 0.27 3/5
4L4-gen.ac.no 0.34 3/5
5-common.bs1000 0.34 3/5
30-gen.tree.inv 0.35 3/5

To determine whether these changes genuinely improve performance or are simply due
to statistical fluctuations, these configurations would need to be trained repeatedly, and
the resulting metric distributions need to be compared to the baseline. Nevertheless, the
study provides a set of observations that could be used to improve the model in the future:

« Spectral Normalization, initially intended for the critic, might instead benefit the
branching layers of the generator.

« The tree structure shows potential for improvement, particularly in the generator,
where all introduced changes lead to significant improvement in three of the five
metrics.

+ The Feature Matching Loss may deteriorate the performance.

+ The ancestor MPLs in the generator, which account for the majority of the genera-
tor’s complexity, may be unnecessary or even harmful.

This clearly shows that the best possible performance with this model has not yet been

achieved, and further studies are likely to yield additional improvements. Beyond im-
proving the metrics, it is also desirable to achieve a more stable training process, such as
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through regularization, and to simplify the architecture. Thus, adding Spectral Normal-
ization to the branching layer (38-gen.br.snbn) or removing the ancestor MPLs (44-gen.
ac.no) are particularly promising modifications. While some of these changes can be im-
plemented independently, others may interact or counteract each other. To determine the
optimal combination of changes, a more complex and detailed study is required, which is
beyond the scope of this thesis.
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Table 9.5. | Comparison of the DEEPTREE- with the 31-gen.tree.1ftx Configuration —
to EPIC-GAN and MDMA |

See Section 9.6 for the discussion. The default and 31-gen.tree.1ftx configurations are described
in Table 5.1 and Section 9.4.1. See Sections 4.6.2 and 4.6.3 for the description of EPIC-GAN and
MDMA. The metrics and their computation are presented in Section 6.3. Lower values indicate
better performance for all metrics. The uncertainty is reported as the standard deviation of the
metrics calculated on the bootstrapped samples. The best central value of a model for a given metric
is highlighted in bold. The “Limit” row represents the in-sample distance measured by sampling
datasets from the training dataset and calculating the metrics. Values for EP1IC-GAN and MDMA
taken from Ref. [102, Table 1].

Model WlM(x103) W1P(><103) WIEFP(xIOS) FPD(x10%)
Limit 0424+£0.09 0.124+£0.04 1.22+£0.32 1.2+ 0.6
EP1C-GAN 0.69+£0.08 0.65+0.03 2.67 +£0.39 22+1
MDMA 0.57+0.09 0.10+0.02 212+064 53+0.9
DEePTREE (default) 1.49+£0.04 0.134+0.02 5.01 +£0.08 3.44+0.7
DEePTREE (31-gen.tree.1ftx) 0.77 £0.06 0.17 +£0.02 3.46 &+ 0.10 25404

Best Configuration Performance

Table 9.5 presents the metrics computed for the 31-gen.tree.l1ftx configuration. With
the updated hyperparameters, DEEPTREE performs almost on par with EP1IC-GAN and
MDMA across all metrics, and even outperforms them in FPD. The distribution of the
jet variables is shown in Fig. 9.16. Compared to the previous distributions in Fig. 8.2, the
m and 7} distributions show better agreement with the dataset distribution.
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Figure 9.16. | Distributions of the Jet Variables — with the 31-gen.tree.1ftx Configu-
ration — for the t jets in the JETNET-150 Test Dataset.|

Update to Fig. 8.2. The 31-gen.tree.lftx configuration is described in Section 9.4.1. The plot
design is explained in Appendix A.1.
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CHAPTER REVIEW In this chapter, a method was developed to sys-
tematically quantify changes to a model with fluctuating performance.
This method was then applied to review the architecture and hyperpa-
rameter choices for the DEEPTREE model. While the study confirms the
choices at large, it also opens up multiple avenues for further improving
the model. Thus, Milestone 5 has been achieved.




CHAPTER 10

CALOCHALLENGE

CHAPTER ABSTRACT This chapter describes the entry to the
CALOCHALLENGE competition using the DEEPTREE model. The proper-
ties of the dataset necessitate changes to the model and the processing
steps (Milestones 6 & 7). Generating particle showers requires produc-
ing PCs with very high cardinalities. While the studies in the previous
chapters focused on achieving high fidelity at mid-range cardinalities,
this study demonstrates the model’s capability to scale up to even higher
cardinalities (Milestone 8).

10.1. Introduction

The “Fast Calorimeter Simulation Challenge 2022” (CALOCHALLENGE) [141] is a public!
competition aimed at developing generative models for calorimeter simulation. Each of
the three provided datasets contains particle showers initiated by a single particle, simu-
lated using GEANT4. The datasets are simulated with an increasing number of calorimeter
cells and therefore increasing difficulty:

Dataset 1 [142] is based on the ATLAS GEANT4 open datasets [143]. The dataset is
divided into two parts: one containing particle showers initiated by photons, and
the other by charged pions. Its irregular geometry comprises 368 cells for photons
and 533 cells for pions.

Dataset 2 [144] features a detector with cylindrical geometry. The detector consists of
45 layers along the cylinder axis, made from active (silicon) and passive (tungsten)
material. These layers are divided into 9 radial and 16 angular segments, resulting
in 144 cells per layer, for a total of 6480 cells. The 100k showers are initiated by elec-
trons, with energies sampled from a log-uniform distribution in the range [1 GeV,
1TeV ]. An additional 100k electron showers are provided for testing,.

Dataset 3 [145] differs from Dataset 2 only in the segmentation of the detector. It consists
of 45 layers, each divided into 18 radial and 50 angular segments, yielding a total of
40500 cells.

lcalochallenge.github.io/homepage/
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Potentially, each cell can contain an energy deposition. This allows the shower to be
represented as a PC, with each energy deposition corresponding to a point. The number
of cells determines the maximum cardinality of the PC. Thus, the maximum cardinality
of more than 40k for Dataset 3 places an extremely high memory demand on the GPU,
resulting in very slow processing times. In contrast, Dataset 1 contains only 368/533 cells,
making it less demanding and enabling faster turnaround times.

Entry to the CALOCHALLENGE Competition

Dataset 2 was selected for this study because it contains a realistic shower simulation and
has a reduced processing time compared to Dataset 3. The model developed in this study
was submitted to the competition and presented at the ML4Jets2023 conference [146], to-
gether with the results of other models [147]. A final evaluation is in preparation [141].

Simulated Detector

Figure 10.1 shows the coordinate system of the simulated detector for Dataset 2. The
shower initiating particles enter the detector along the axis of the cylinder (z-axis). Energy
deposits within the cells of the cylinder are described by the z index (in {0 ... 44}), the
angular index « (in {0 ... 15}), and the radial index r (in {0 ... 8}).

front view

3d view

Ag

Figure 10.1. | Coordinate System for the Detector in CALOCHALLENGE Datasets 2 and 3

[141]

See Chapter 10 for the discussion.

Since the detector is invariant to rotations in « and the initial particle enters along the z
axis, the entire dataset is symmetric in . As a result, the «a indices are evenly distributed
(Fig. 10.3). Most hits occur close to the beam axis. The indexing of the radial segmentations
begins with the innermost layer. Many energy depositions occur close to the beam axis,
resulting in a falling r distribution (Fig. 10.2). Showers are initiated by a single particle,
which produces an increasing number of particles with decreasing energies through decays
and interactions, until the particles’” energies fall below the threshold for producing new
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particles and are absorbed. This process creates a longitudinal (z) hit distribution that
peaks rapidly and then gradually decreases (Fig. 10.4).

Point Cloud-based Models for the CALOCHALLENGE

A particle shower can be effectively represented as a PC if the following assumptions
(Chapter 4) are satisfied:

+ The detector comprises a high number of densely distributed small cells, creating an
almost continuous space.

+ The geometry is irregular, preventing the shower from being represented on a grid.

+ The sparsity, defined as the fraction of cells without a hit, is high.

However, these assumptions are violated in all datasets: Dataset 1 contains a very low
number of cells. Although the simulated detectors in Datasets 2 and 3 contain significantly
more cells, the sparsity remains low, as discussed later in this section.

The low sparsity and regular geometry in these datasets suggest that a grid-based model,
such as a CNN [79] or a VisionTransformer [90], might be more appropriate. Moreover,
these properties negate the advantages of a PC-based model and introduce several chal-
lenges:

 Representing the shower as a PC assumes a continuous space with a continuous
density of points. When the detector consists of large cells, the density of hits may
vary rapidly at the boundaries, which is difficult to replicate with a PC-based model.

« A grid representation places adjacent cells next to each other, allowing neighbor-
hood information to be utilized, for example, by a convolutional layer. This neigh-
borhood information is not inherently included in the PC-based representation and
cannot be directly evaluated. In a high-sparsity setting, hits in neighboring cells
would be rare, limiting the usefulness of this information.

« Each point in the PC representation contains the position and energy of the hit,
resulting in a dimension of 3+1. By contrast, a grid representation uses an ordered
tensor, where the cell positions are defined by their placement within the tensor
(Chapter 4). As a result, the dimension of a single cell is 1 (just the energy). When
the fraction of cells with hits, multiplied by the point dimension (4), exceeds 1, the
tensor size used to represent the PC becomes larger than that of the tensor in a grid
representation.

« As a postprocessing step, points from this continuous space are mapped to discrete
cells. If the points are not sparsely deposited, multiple points could be mapped to
the same cell.

However, if a PC-based model can produce reasonable results under these suboptimal
conditions, this further proves its capabilities.
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10.2. Model

The cardinalities required for the CALOCHALLENGE Dataset 2 put DEEPTREE’s scalability to
the test. While cardinalities could reach 6480, i.e., depositing energy in every single cell of
the calorimeter, the highest cardinality observed in the dataset is 5496. As a compromise
between the potential and the observed maximum cardinality, the branching factors were
configured to produce a final cardinality of 6000.

Hyperparameters The changes to the model are presented in Table 10.1. In addi-
tion to the modifications necessary to produce PCs with the required cardinalities, several
changes were introduced that improved results in a preliminary study. The ablation study
presented in the previous chapter occurred after this study. Therefore, the suggested im-
provements could not be included here.

Conditioning Variables The goal of the CALOCHALLENGE was to provide a model
capable of generating a shower with a given energy. Thus, the initial energy Ej,, the
cardinality C, and the average energy per hit E were used as conditioning variables not
only for the critic, but also for the generator.

Avoiding Multiple Hits per Cell By default, the model has no incentive to maintain
a distance between two points. However, placing points too close together may result
in both hits being mapped to the same cell. In addition to the postprocessing strategy
described in the following section, a loss term is introduced to penalize the model when
too many points are too close to each other. This ‘nndist ’loss term compares the distances
of each point to its nearest neighbor and penalizes the model if its generated distributions
deviate from the dataset distribution. Further details are discussed in Appendix D.2.
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Table 10.1. | Hyperparameters Different from the Default for Training DEEPTREE on the
CALOCHALLENGE Dataset.|
See Section 10.2 for the discussion. For the default hyperparameters, see Table 5.1.

Common Batch size 50
Condition [Eiy, C, E]
[Activation, Linear,
FFNs Order Dropout, Normalization]
Generator Loss Hinge + 10 - nndist
Node Features by level [64,25,15,10,8,6,4]
Branching Factor by level [1,2,3,4,5,5,10] (][] b; = 6000)
Ancestor MPL Gating (Appendix D.3) True
Branching Layer  Gating (Appendix D.3) True
Critic FFNs Dropout 0.3
Embedding Layer Normalization Batch + Spectral Normalization
Bipartite Pool Normalization Spectral Normalization
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10.3. Pre- & Postprocessing

As outlined in Section 4.3, the pre- and postprocessing steps required to train and evaluate
a PC-based model on calorimeter data with discrete cells are quite extensive. The prepro-
cessing of the training dataset involves the following steps, which are described in detail
below:

1. Hits are converted into points containing the energy and the r, ¢, and z indices of
the respective cells.

2. The discrete indices are transformed to continuous distributions (“dequantized”).

3. The marginal distributions of the points (hit energy and coordinates) are mapped to
distributions approximating a standard normal distribution.

Conversely, the postprocessing of the generated showers involves the following steps:
1. The transformations of the marginal distributions are inverted.
2. An algorithm converts the points into energies assigned to cells.

3. Since the showers are invariant under rotation in ¢, the generated PCs are rotated
by a random shift to ensure a flat « distribution.

Choice of the Transformations

The set of transformations described here was chosen to map the coordinates of the points
to distributions approximating a standard normal distribution. In this context, approximat-
ing a standard normal distribution means that the distribution is unimodal, symmetric, and
has a standard deviation close to 1. The output distribution of a newly initialized FFN also
approximates a standard normal distribution (Fig. C.4), being unimodal, symmetric, and
having a standard deviation roughly around 1, depending on the input and weight initial-
ization. As a result, the coordinate distributions produced by the model immediately after
initialization are similar to the target coordinate distributions. This approach simplifies
the task for the model.

10.3.1. Mapping between the Discrete Cells and Continuous Points

PCs representing particle showers consist of points located at the positions of the cells.
Training a generative model directly on this “quantized” PC would require the model to
first learn to reproduce the discrete geometry within the continuous space of the PC. To
simplify this task, the discrete distributions should be dequantized, transforming them into
continuous ones. The exact location of the energy deposition within a cell is inherently
unknown. Therefore, each position within the cell is equally likely, and the positions of
the hits should be transformed into a uniform distribution spanning the cell. This dataset
has a regular grid structure, where the cells can be addressed by r, «, and z indices. Thus,
instead of operating on the positions, we operate on the indices.
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Figure 10.2. | The r Distribution of the Simulation Dataset.|
See Section 10.3.1 for the discussion.
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Cell Index Transformation
The r, @, and z indices are transformed through the following sequence of steps:

1. Uniform noise ([0, 1)) is added to these indices to make the distribution continu-
ous. This can be reversed by applying the floor operation.

2. The continuous values are scaled to have a minimum of 0 and a maximum of 1.

3. The distribution is then transformed using the “logit” function (reverse: “expit”),
defined as
X

logit x = log , and expitx =

1-x 1+expx
4. Finally, the distribution is scaled to have a mean of 0 and a standard deviation of 1,
this is referred to as “normal scaling”.

If each index contains the same number of points, adding uniform noise and scaling to [0,1]
results in a standard uniform distribution. This distribution can then be converted to one
resembling the standard normal distribution by applying the “logit™* function and normal
scaling. The effects of these transformations on the coordinates are shown in Fig. 10.4
(2), Fig. 10.3 (a), and Fig. 10.2 (r). Even for the r and z indices, which are not as uniformly
distributed as ¢, the transformed distributions approximate a standard normal distribution.

Inverting the Transformations

During generation, the applied transformations are inverted, and the floor operation is
used to discretize the coordinates into indices. Since the model was trained on this con-
tinuous space, it may produce hits close to each other that are mapped to the same cell.
The simplest approach to address this issue is to sum the hits assigned to the same cells.
However, this method results in fewer hits at higher energies. Under the assumption of
high sparsity, this effect would be rare. But given the very low sparsity in this dataset, a
specialized algorithm is required to manage these cases. A preceding study demonstrated
that the introduced nndist loss (Appendix D.2), which has been added to the model, can
mitigate this effect by spacing out the points, though it does not fully resolve the issue.
In Section 10.3.4, a custom algorithm is presented that shifts low-energy hits to neighbor-
ing cells.

10.3.2. Hit Energy Transformation

The hit energies typically follow an approximate power law distribution, |E| ¢, where ¢ > 0.
Using the Box-Cox transformation, these distributions can be transformed into Gaussian-
like distributions®. The hit energies are scaled using a Box-Cox transformation [133] and
then normal scaled. For evaluation and generation, these transformations are inverted.
Applying the Box-Cox transformation and normal scaling to the hit energies E results
in a normal-like distribution, although the density is not completely smooth, as shown
in Fig. 10.5.

2 Applying the inverse of the CDF of the standard normal distribution would directly return the standard
normal distribution. However, this approach showed no advantage and proved to be numerically unsta-

ble.
3See scikit-learn.org/stable/modules/preprocessing.html, accessed 10.07.2024.
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See Section 10.3.2 for the discussion.
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See Section 10.3.3 for the discussion.
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Figure 10.7. | The Average Energy per Hit E Distribution of the Simulation Dataset.|
See Section 10.3.3 for the discussion.

10.3.3. Transformation of the Conditioning Variables

Any distribution can be transformed into a standard normal distribution by first apply-
ing the inverse CDF, followed by the CDF of the standard normal distribution. If the in-
verse CDF is unknown, it can be approximated using a sample. This transformation is im-
plemented by SKLEARN’s QuantileTransformer [133]. While the QuantileTransformer
produces distributions that closely resemble the desired normal distribution, it can also
introduce undesired artifacts (Appendix B) if applied to an independent sample. If the
QuantileTransformer were applied to the points, its inverse transformation would need
to be applied to the model output. To avoid this, the QuantileTransformer is applied only
to the conditioning variables, leaving the generator output unaffected.

The initial energy E;, and the average energy E are both transformed using the Box-
Cox transformation followed by QuantileTransformer. Figures 10.6 and 10.7 show the
resulting normal-like distributions.

In Fig. 10.8, the distributions for the cardinality C before and after the transformation
are shown. The cardinality distribution peaks quickly at approximately 115 points and has
a very long tail extending beyond 5000 points. Due to this long tail, roughly 19% of the
showers occupy more than half of the 6480 calorimeter cells. However, instead of nor-
mal scaling, QuantileTransformer is applied as the final step. The resulting distribution
closely approximates a standard normal distribution (Fig. 10.8).
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10.3.4. Hit-Shifting
Method

As previously discussed, the generator is not directly aware of the calorimeter cells. It may
produce multiple hits for a single calorimeter cell (multi-hits, see Section 2.3), especially
in showers with very high cardinality. Simply summing the multi-hits for each cell would
result in a low cardinality and hits with very high energies. To mitigate this effect, an
algorithm is employed to move the multi-hits from “overcrowded” cells to neighboring
empty cells (in r/a/z). Because higher energy hits are more important, the algorithm
moves the multi-hits in order of energy, skipping the highest energy hit. If no adjacent
empty cells are available, the remaining multi-hits are summed up.

The underlying assumption is that moving a hit from one cell to the next does not sig-
nificantly alter any distribution. This assumption will be tested in the following section
(Section 10.4.1).

Limitations and Edge Cases

The algorithm is expected to perform less effectively at the borders of a calorimeter, where
finding an empty neighboring cell is more challenging. Additionally, if i is the maximum
index for a given coordinate, multi-hits can be shifted from i to i — 1 but not from i + 1
to i. This introduces a negative bias for cells in the outer layer and a positive bias for the
cells adjacent to them. By shifting multi-hits between neighboring bins, the algorithm may
smear out distributions and is unsuitable for distributions with extreme density changes
from one cell to the next.

Run Time

The algorithm iterates through the neighboring cells of all cells with multiple hits until all
multi-hits have been moved to a neighboring empty cell. Thus, its run time scales with
both the number of multi-hits and the probability of finding an empty cell next to a cell
with a multi-hit. This makes the algorithm fast in a high-sparsity setting, for which the
DeepTREE model has been designed, but slow in a high-occupancy setting.

However, in the study presented in the following section, these undesired effects are found
to be negligible. Furthermore, it is demonstrated that this algorithm can significantly im-
prove the fidelity of a PC-based model in a low-sparsity setting. This algorithm, along
with other tools for handling calorimeter data as PCs, has been packaged and released on
the Python Package Index [148].
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10.4. Evaluation

Assessing the fidelity of a generative model for this dataset is more challenging than for
the JETNET datasets. Since no set of sensitive metrics has been established yet, there is no
baseline for comparison. Therefore, in addition to evaluating the marginal distributions
of the hits, 2D distributions and a set of shower variables are also used to evaluate the
performance.

Furthermore, the effects of the hit-shifting will be evaluated in the following sections.
By design, the DEEPTREE model produces the same cardinality as in the dataset, but the
aggregation of hits causes the cardinality to deviate. To investigate the effects of aggre-
gation and hit-shifting, the dataset is compared to the model output with hit-shifting and
aggregation (labeled “DEEPTREE (Shift+Sum)”), with summation only (labeled “DEEPTREE
(Sum)”), and without aggregation (labeled “DEEPTREE (No Aggr.)”). The last option cannot
be used to map the PCs to calorimeter cells, and is provided only for comparison.

10.4.1. Cardinality and Hit Variables

Cardinality

The cardinality in a shower is shown in Fig. 10.9. The dataset distribution peaks near zero,
then rapidly falls to a plateau that extends beyond 5000 hits. The no-aggregation distribu-
tion matches the dataset distribution by design. In the aggregation-only distribution, the
near-zero peak shifts closer to zero, whereas the distribution with hit-shifting accurately
reproduces this peak.

The dataset distribution reaches a maximum cardinality of 5623 hits. The tail of the
aggregation-only distribution extends only to 3546 hits, leading to increased oversampling
in the [1000, 3500] hits range and undersampling beyond that. With hit-shifting, the tail
extends to 4688 hits, and oversampling becomes noticeable only above 3000 hits. As car-
dinality increases, the likelihood of hits occupying the same cells also increases, making
the effect of hit-shifting more pronounced. Overall, hit-shifting significantly improves the
agreement between the generated and dataset distributions.

Hit Energy

Figure 10.10 shows the energy distribution of the hits. Summing hits in the same cells
leads to fewer hits but with higher energies. The dataset distribution contains many hits
at low energies. The lower end of the distribution (<400 MeV) matches well with the no-
aggregation distribution, while the aggregation-only distribution shows fewer hits at these
energies due to aggregation. Hit-shifting significantly improves the agreement, though no-
ticeable discrepancies between the generated and dataset distributions persist, particularly
in the high-energy tails:

For higher energies, the no-aggregation distribution initially contains too few hits be-
tween 800 MeV and 2200 MeV and too many in the tail of the distribution. The aggregation-
only distribution contains fewer hits overall but overpopulates the tail of the distribu-
tion starting at 1900 MeV. Additionally, it includes hits with energies outside the range
of the dataset distribution. Hit-shifting significantly increases the number of generated
low-energy hits, resulting in a distribution that lies midway between the no-aggregation
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Figure 10.11. | Distribution of r for the Hits with and without Shifting the Hits.|
See Section 10.4.1 for the discussion. The histogram on the right is weighted with the hit energy
to an average weight per hit of 1. The plot design is explained in Appendix A.1.

and aggregation-only distributions. The remaining discrepancy could be reduced with a
transformation that scales the tail of the distribution differently.

Hit Coordinates

The distributions of the coordinates are shown in Figs. 10.11 to 10.13. To fairly assess
the fidelity of the model, the random shift in « (Section 10.3) was not applied for these
histograms. The observations are similar across all coordinates and can be summarized as
follows:

For the unweighted histograms, the no-aggregation distribution generally aligns well
with the dataset distribution. The aggregation-only distribution produces too few hits
overall. Its ratio to the dataset distribution decreases as the number of hits in the dataset
distribution increases within the respective bin. Hit-shifting significantly reduces this mis-
match, but does not entirely restore the fidelity seen in the no-aggregation distribution.
Overall, hit-shifting moves the generated distributions closer to those of the dataset.

In the energy-weighted histograms, the differences among the three generated distri-
butions are negligible. By design, the distribution is the same for the no-aggregation and
aggregation-only distributions, but may differ for the hit-shifting distribution. Overall, the
generated distributions align well with the dataset distribution, as the ratio is mostly in the
range [0.9, 1.1]. An exception is the r distribution, where the i = 1 bin is overpopulated,
and hit-shifting slightly worsens the modeling. This distribution may be challenging to
model, as most of the energy is concentrated close to the beam axis in the r = 0 bin.
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10.4.2. 2D Distributions of the Hit Variables

To evaluate the quality of the produced 2D distributions, both hit-shifting (previously la-
beled ‘Shift+Sum’) and « rotation are applied again as described in Section 10.3. Since
the distributions are flat in &, combinations of variables involving « are omitted. To com-
pare the histograms, the limits of the color scales in the difference histograms, labeled
“DeEePTREE— CC Dataset 2,” are set to + one quarter of the maximum count in the his-
tograms for the dataset distribution.

The hit energy vs. rhistogram (Fig. 10.14) shows that high-energy hits are concentrated
close to the beam axis (r = 0). While the model generates some outlier hits at very high
energies, the overall distribution is well-reproduced, with the differences between the his-
tograms being close to zero.

The hit energy vs. z histogram (Fig. 10.15) shows that the highest energy hits are most
frequently deposited around layer 11. While the model reproduces this pattern very well,
it also generates some outlier hits with very high energies, primarily near the peak of the
distribution in layer 11. This issue is likely caused, or at least exacerbated, by the necessary
aggregation of hits in this area (see Section 10.3.4).

Figure 10.16 shows the z vs. r histograms. Most hits are concentrated in the r = 0
bin and the z € {1...9} range. The model produces too few hits for the r = 0 bins (for
z € {1...18}) and too many in the r = 1, z € {0...4} bins. Note that each bin in this histogram
combines 16 angular bins in the detector for 100 showers. Thus, the maximum count in
each histogram bin is 1600. Many of the histogram bins in this area reach counts over
1400, indicating that all cells in this area are almost always (>87.5%) occupied. This high
occupancy is inherently challenging for a PC-based model to reproduce accurately.

In the energy-weighted version of the same z vs. r histograms (Fig. 10.17), nearly all en-
ergy content is concentrated in the two innermost r layers and the first 20 z layers. Overall,
the model accurately reproduces this distribution. However, it slightly overestimates the
energy content in the r = 1, z € {7...19} bins.
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Figure 10.14. | 2D Histogram of the Hit Energy and r for the Dataset Distribution, the
Generated Sample and the Difference between them.|

See Section 10.4.2 for the discussion. The histograms contain 100 showers. The plot design is
explained in A.2.
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Figure 10.15. | 2D Histogram of the Hit Energy and z for the Dataset Distribution, the
Generated Sample and the Difference between them.|

See Section 10.4.2 for the discussion. The histograms contain 100 showers. The plot design is
explained in A.2.
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Figure 10.16. | 2D Histogram of zand rfor the Dataset Distribution, the Generated Sample
and the Difference between them.|

See Section 10.4.2 for the discussion. The histograms contain 100 showers. The plot design is
explained in A.2.
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Figure 10.17. | Energy Weighted 2D Histogram of z and r for the Dataset Distribution,
the Generated Sample and the Difference between them.|

See Section 10.4.2 for the discussion. The histograms contain 100 showers. The plot design is
explained in A.2.
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10.4.3. Shower Variables

Finally, the model’s performance is evaluated based on shower-level variables instead of
hit variables. Figures 10.18 to 10.21 present a set of computed shower variables.

Shower Development

First, the development of the shower along the z-axis is investigated. The distribution of
the layer with the highest hit count (“peak layer”) is shown in Fig. 10.18. In the model
distribution, the peak is slightly too high and shifted to the right compared to the dataset
distribution. To further analyze the shower shape, a turn-on/turn-off layer is defined as
the first/last z layer to contain at least half of the cardinality of the peak layer. The cor-
responding histograms are shown in Figs. 10.19 and 10.20. The turn-on layer distribution
peaks quickly in the second layer and vanishes by the 8th layer. While the model closely
matches most layers to the simulation, the bin for layer 0 is overpopulated, and the highest
bin in layer 1 is underpopulated. The turn-off layer distribution is much wider than the
two preceding distributions, stretching roughly from layer 8 to layer 35. The generated
distribution aligns well with the dataset distribution, with only minor deviations in the
tails.

Response

One of the three conditioning variables for the model is the energy of the shower initiat-
ing particle, E. Figure 10.21 shows the response, defined as the sum of the produced hit
energies divided by E. Both the model and dataset distributions peak at approximately
0.8, but the dataset distribution has a much narrower width. This suboptimal modeling
of the response might be attributed to the gating mechanism (Appendix D.3). Although it
was introduced following some initial success, the ablation study (Chapter 9) conducted
afterward revealed that it was ultimately disadvantageous.

Density of the Shower

To investigate the modeling of energy density in the shower, the fractions of energy de-
posited in a sphere around the center of the shower are computed. This sphere is centered
at the energy-weighted average of the hits in Euclidean coordinates. For each hit, the dif-
ference vector to the center is calculated. A hit is included in the sphere if the norm of
the difference vector is less than a set “radius” r (here 0.3 and 0.8). To treat all coordinates
equally, the standard deviation is computed for each coordinate, and its inverse is used to
scale the distance to the center for that coordinate:

0'371 - (¥ = YCenter) <r.

-1

‘ Ox - (x - xCenter)
—1

Oz - (z - ZCenter)

The histograms for the two spheres with radiir = 0.3 and r = 0.8 are shown in Fig. 10.22.
For the r = 0.3 sphere, the tails are well-modeled, but the model distribution shows some
deviations in the center of the rising distribution. For the r = 0.8 sphere, the ratio of model
bins to simulation bins is mostly around 1. However, the peak around 0.87 is overpopu-
lated, and the [0.75, 0.83] range is underpopulated by the model.
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Figure 10.18. | Distribution of the z Layer
with the Highest Hit Count.|

See Section 10.4.3 for the discussion. The plot
design is explained in Appendix A.1.
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See Section 10.4.3 for the discussion. The plot
design is explained in Appendix A.1.
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Layer with at least half of the Hit Count of
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See Section 10.4.3 for the discussion. The plot
design is explained in Appendix A.1.
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See Section 10.4.3 for the discussion. The plot
design is explained in Appendix A.1.
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See Section 10.4.3 for the discussion. The plot design is explained in Appendix A.1.

10.4.4. Run Time Analysis

Applying hit-shifting enhances fidelity across all distributions, but it significantly increases
the generation time. As shown in Table 10.2, hit-shifting accounts for approximately 90% of
the total generation time. As detailed in Section 10.3.4, the algorithm’s run time heavily de-
pends on occupancy and is expected to decrease significantly in the targeted low-sparsity
setting. Nevertheless, DEEPTREE remains one of the fastest models in the CALOCHALLENGE
competition, as detailed in the following section.

Table 10.2. | Run Time for the Different Steps in the Generation for 1000 batches of size
of 100 using an Nvidia V100.|

Step Time per shower [ms]

Generator 0.53
Hit-Shifting 4.49
Map PC to grid 0.06

Total time 5.08
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10.5. Comparison to Other Models in the
CALOCHALLENGE Competition

In the CALOCHALLENGE competition, the performance of DEEPTREE is compared to 17 other
models on dataset 2. While the final performance evaluation is still pending [141], prelim-
inary results are available [147].

Fidelity A range of classifier-based metrics is used to evaluate the fidelity of the mod-
els. For the first set of metrics, a classifier is trained to differentiate the model output from
the dataset distribution. The harder it is for the classifier to separate the two classes, the
better the generative model. In this comparison, DEEPTREE places 9th, 13th, and 15th de-
pending on the classifier used (high-level, low-level, ResNet) [141, Tab. 20]. Another set of
metrics is obtained by training a classifier to distinguish between the datasets of the differ-
ent submitted models. The best generative model is the one to which the classifier assigns
the highest score when classifying the dataset. In this evaluation, the DEEPTREE model
places 14th and 15th [141, Tab. 14/Tab. 15]. In summary, the DEEPTREE model performs
poorly in the classifier-based metrics.

However, a classifier may rely on a single discriminative feature to distinguish between
two samples. In such cases, a classifier-based metric might down-rank a model based on
one specific aspect, even if the model is otherwise more generalizable and versatile, and
adaptable to various use cases, as outlined below.

Figure 52 in Ref. [141] shows a high separation power for the number of hits per layer
for the DEEPTREE model. Additionally, the DEEPTREE model samples the cardinality it
generates from the dataset. During postprocessing, hits assigned to the same cells may
be combined (Section 10.3). As a result, the model produces fewer hits than expected
(Fig. 10.9). Therefore, the number of hits, combined with the shower energy, can be used
to distinguish samples generated by DEEPTREE. Moreover, the mismodeling in the re-
sponse (Fig. 10.21) may also serve as a distinguishing feature for samples generated by
DEEPTREE. Any of these easily constructed and discriminative features could explain the
reduced performance on classifier-based metrics. This clearly underestimates the potential
of the model.

In the KPD and FPD metrics, which are based on EFPs (Section 6.3), DEEPTREE ranks
8th and 5th, respectively [141, Tab. 19].

Run Time With postprocessing, DEEPTREE ranks 4th and 7th for a batch size of 100
on CPU and GPU, respectively [141, Tab. 24/Tab. 25]. Table 10.2 shows that hit-shifting
accounts for the majority of the run time, while the model itself only accounts for ap-
proximately 10% of the run time. If this fraction is used to estimate the run time without
postprocessing, DEEPTREE would likely rank first on both CPU and GPU. As detailed
in Sections 10.3.4 and 10.4.4, the run time would be drastically lower in the high-sparsity
setting, that DEEPTREE was designed.

Number of Parameters It is worth noting that DEEPTREE is the model with the
second-lowest parameter count required for generation [141, Tab. 13].
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10.6. Conclusion of the CALOCHALLENGE Study

Fidelity

Overall, the model reproduces the investigated variables quite well. Notable issues include
high-energy outlier hits, challenges in modeling the response, and undersampling in the
r=0/z € {1...18} bins (Figs. 10.10, 10.16 and 10.21). However, these issues could likely
be addressed with further improvements to the model.

Ultimately, it has become clear that several issues*arise from the PC-based nature of the
model combined with the low sparsity of this dataset, for which the model was not origi-
nally designed. While hit-shifting (Section 10.3.4) significantly improves performance, it
cannot fully recover the model’s fidelity.

Further Improvements

Due to time constraints, the training of this model was completed before the ablation study
(Chapter 9) and, therefore, could not benefit from its conclusions. This includes the obser-
vation that gating the generator likely deteriorates performance (46-gen.cgated). Fur-
ther improvements could also be achieved by refining the pre- and postprocessing steps.
The model might find Euclidean coordinates easier to handle than the provided cylindri-
cal coordinates. While the transformation chain for the discrete cylindrical coordinates
produces distributions that are quite close to a standard normal distribution (Figs. 10.4
to 10.2), the “CDF quantization” introduced in Ref. [100] could further improve fidelity
without changing the model architecture. The transformation of the hit energy distribu-
tion (Section 10.3.2) also shows some challenging features that could affect the modeling
in Fig. 10.10. In the hit-shifting (Section 10.3.4), prioritizing an axis with less variation
from bin to bin, such as a over z over r, could help reduce the smearing effect.

Conclusion

As outlined in Section 10.1, the designated use case for the DEEPTREE model is orthogonal
to the CALOCHALLENGE datasets. Moreover, this dataset poses the test of whether this
model can scale to such high cardinalities. The model passed this scaling test and was able
to produce distributions with reasonable fidelity at this high cardinality. The properties of
the dataset recommended a pixel- or voxel-based model (Section 10.1). Many of the models
in the CALOCHALLENGE competition follow this approach and yield better fidelity than the
DeepTREE model. However, considering that DEEPTREE is a novel model designed for an
orthogonal use case and can be applied to any irregular calorimeter, this is an impressive
result nevertheless. Moreover, the discussed improvements will likely further enhance the
fidelity.

A final evaluation will take place in Ref. [141].

*E.g., in the z vs. r (Fig. 10.16) distribution.
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CHAPTER REVIEW In this chapter, the DEEPTREE model was ap-
plied to a particle shower dataset containing up to approximately 5600
hits, with each hit represented by a single point. A dedicated pre-
and postprocessing strategy was developed to transform the discrete
calorimeter cells into a continuous space (Milestone 6). Additionally,
the developed hit-shifting algorithm significantly mitigated issues aris-
ing from multiple points being assigned to the same cells (Milestone
7). The achieved fidelity with this high number of points demonstrates
the model’s scaling capabilities and its applicability to particle show-
ers (Milestone 8). The model’s performance in the context of the Calo-
Challenge has been thoroughly discussed. In the following chapter, the
model will be positioned within the current state of the art in generative
modeling.




CHAPTER 11

Conclusion

With the ever-increasing number of events, LHC experiments are intensively search-
ing for generative models to accelerate their calorimeter simulations [5]. A particularly
challenging task is the generation of particle showers for the next generation of high-
granularity calorimeters.

Current Landscape of Generative Models for Jets and Particle Showers

Since the start of this PhD project, the number of models for jet and calorimeter simula-
tion has rapidly increased [15, 89, 94-96, 99-103, , , , , , , -168]. For
jets, the PC-based approach (Chapter 1) has become predominant [99, -103, , ,

—168]. In contrast, for calorimeter simulation, PC-based models remain in the minor-
ity, as demonstrated by the CALOCHALLENGE [147] competition. In Table 11.1, the models
submitted to the competition are listed. Only 5 of the 22 submitted models are PC-based.
When considering contributions for the high-granularity datasets 2 and 3, only 4 of the
16 models are PC-based. However, it should be noted that at the start of this PhD project,
no PC-based model was available. Most models operating on datasets 2 and 3 use con-
volutions, which are easier to design because the simulated calorimeters in these datasets
are completely regular. In contrast, PC-based models require more complex pre- and post-
processing. Additionally, the CALOCHALLENGE datasets are not sparse, meaning a large
fraction of the cells contain hits. This scenario is the opposite of one where a PC-based
model would excel. However, the prospect of moving to a realistic, irregular calorimeter
with more than an order of magnitude more cells favors a PC-based approach.

Thesis Review

The main contribution of this thesis is the DEEPTREE model, which generates PCs repre-
senting the particle showers in a tree-based manner. The aim is to model the response of
calorimeters. After the introduction (Chapter 1), the necessary background in both physics
and machine learning (Section 2.2 and Chapter 3) was provided, followed by a detailed ex-
planation of the DEEPTREE model in Chapter 5. As discussed in Chapter 1, jets can serve as
a suitable proxy task for developing generative models for particle showers. The JETNET
dataset (Chapter 6), which contains jets and their constituents, allows to first investigate
the model’s fidelity with a fast turnaround time, while the scalability is demonstrated later.
The fidelity of the DEEPTREE model was demonstrated on this dataset in Chapters 7 and 8.
In Chapter 9, an approach was developed to systematically review the design choices of
the model. The model’s scaling potential to higher cardinalities, necessary for generating
particle showers, was demonstrated on the CALOCHALLENGE dataset (Chapter 10).
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Table 11.1. | Data Handling Strategy of Models Submitted to the Caro-
CHALLENGE Competition.|

See Chapter 11 for the discussion. See Chapter 4 for the discussion of the different ap-
proaches. The name of the models is the one given in CALOCHALLENGE [147].

Data Dataset
Approach Model Handling 1 2 3
CALOSHOWERGAN [149] Dense v
MDMA [102] PC o
GAN BoLoGAN [89] Dense v
DEEPTREE [106, 107] PC v
L2LFLows [150] Pixel Sequence Va4
CavroFrLow [151, 152] Pixel Sequence oI/
NF CALOINN [153] Dense VA
SuPERCALO [154] Dense v
CALOPOINTFLOW [155] PC VA
CALODIFFUSION [96] GLaM? Voxels VAR A
CaroCroups [156, 157]  PC v
Diffusion CALOSCORE [138, 158] Pixels/Voxels (Ds. 1/2+43) v v V
CALOGRAPH [95] PC v
CaroDiT [92] Voxels+Tokens v
CarLo-VQ [94] Tokens VARV
CALOMAN [159] Dense v
VAE DNNCALOSIMT93] Dense v
GEANT4-TRANSFORMER®  Voxels/Tokens v
CALOINN+VAE [153] Dense/Voxels (Ds. 1/2+3) v v /
CALOLATENT [160] Voxels v
CALODREAM [161] Voxels/Tokens VA
CFM i
CALOFOREST Dense v
a See Section 4.3
b Also known as “CERN-Geneva VAE”.
¢ To be published by Dalila Salamani et al.
d To be published by Jesse C. Cresswell and Taewoo Kim
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Thesis Contribution

In summary, the main contributions of this thesis are as follows:

o DEEPTREE, a PC-based GAN.

The concept of a tree-based generative model for PCs was advanced from a model
that failed to produce a Gaussian distribution to a model capable of generating parti-
cle showers with thousands of hits. To implement a tree-based GAN, novel methods
for the differentiable up- and downscaling of PCs were developed. PC upscaling and
downscaling is a rarely focused area of machine learning, especially for large PCs
with varying cardinalities. This is the first time that a tree-based generative model
is used for the generation of a tree-like physics process. Additionally, it is the first
graph-based model that changes the cardinality of the PC. The developed Bipartite
Pool provides a fast, permutation-invariant, and generally applicable embedding of
PCs (Section 5.2.1). During the ablation study (Chapter 9), several potential path-
ways for further improving DEEPTREE emerged, suggesting that its full capabilities
of this approach have yet to be realized. The DEEPTREE model was published in Refs.
[107, 146] and is part of the CALOCHALLENGE competition [141], which is expected
to be published soon. This makes DEEPTREE one of the first PC-based models to be
developed, optimized, and benchmarked in a open calorimeter competition.

« CALOUTILS [148], a fully PC-based library containing tools for handling calorimeter
data and metrics for their evaluation.

« A CMS-internal tool [169] was implemented to extract the positions and neighbor-
hood relations between cells. This neighborhood construction works across subde-
tectors and from one layer to the next.

« A contribution' was submitted to the popular GNN library PyG [77], enabling the
manipulation of batches of PCs or graphs in PYG’s dense representation.

These contributions have been recognized by the CMS collaboration as service work. For
a full list of the public contributions, see Appendix G.

CALOCHALLENGE Review

Employing PC-based models like DEEPTREE is advantageous when the calorimeter is irreg-
ular and highly granular, and the showers deposit their energy in a small fraction of cells
(Section 10.1). While these assumptions do not hold for the CALoOCHALLENGE datasets, the
competition establishes metrics and baselines to evaluate fidelity and run time. A model
that demonstrates good fidelity and run time on the CALOCHALLENGE dataset and can han-
dle the HGCAL geometry is likely to perform well on HGCAL data. The preliminary results
of the competition are discussed in Section 10.5. The DEEPTREE model demonstrates rea-
sonable fidelity and run time. This is an impressive result for a novel model designed for a
use case orthogonal to the CALOCHALLENGE datasets, highlighting its remarkable flexibility
and making it a strong starting point for a wide range of application. While some models
show a better fidelity, most use approaches that cannot be applied to calorimeters with ir-
regular geometries or are unlikely to scale to highly granular calorimeters (Chapter 4). For

'Currently under review: github.com/pyg-team/pytorch_geometric/pull/8414
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DEEPTREE, on the other hand, the path forward is much clearer, as detailed in the follow-
ing. Moreover, due to time constraints, the ablation study took place after the model had
been submitted to the CALOCHALLENGE competition. Consequently, numerous significant
improvements could not be included.

Perspectives for the upcoming CMS High Granularity Calorimeter

This PhD project was conducted within the CMS collaboration. It aimed to explore the
application of generative modeling for the future CMS High Granularity Calorimeter (HG-
CAL). The assumptions for the DEEPTREE model developed in this thesis are motivated by
the specific requirements and characteristics of the HGCAL. The final step of such an en-
deavor would be the integration of the generative model into the software framework of
the CMS experiment and the HGCAL, leading to the routine application of the presented
methods and tools. Integrating a model is only worthwhile if its fidelity is high enough,
its runtime behavior is acceptable, it can handle the geometry of the HGCAL, and it has
been thoroughly tested by the collaboration. At present, no existing model fully satisfies
these criteria.

While several challenges need to be addressed, rapid progress has been made in over-
coming them:

1 High-Fidelity Models
As stated, the number of available models has greatly increased since the start of
this thesis. Among these is the DEEPTREE model, which is designed to scale well
and handle arbitrary geometries due to its PC-based nature.

2 Sensitive Metrics

In Ref. [121], a set of sensitive metrics is developed and studied in detail, imple-
mented in the JETNET library [18]. These metrics were originally developed for jets
but could be adapted for calorimeters and are used, among other metrics, in the
CALOCHALLENGE. While these metrics have an acceptable run time for evaluation,
they are too slow for validation during training. My caLouTILs library [148] imple-
ments a set of fast, physics-inspired metrics for PCs. These metrics are based on the
shower-level variables used in Section 10.4.3.

3 A Benchmark Dataset with the Scale and Complexity of the HGCAL

Currently, no publicly available dataset exists for the HGCAL. This restricts the
publication of results produced with HGCAL simulated data and means that no com-
petitive benchmarks are available. This limitation is one reason why the DEEPTREE
model was scaled to the CALOCHALLENGE dataset instead of an internal CMS HG-
CAL dataset. The CMS collaboration has recognized the need for a public dataset
and plans to publish one shortly. I was involved in defining this dataset, and the in-
ternal datasets created in this context will likely serve as the template for the public
version. Once the dataset is published, the community will likely provide valuable
benchmarks.

4 PC-based Tool Chain for HGCAL Showers
The extremely high cell count and irregular structure of HGCAL strongly suggest
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the use of a PC-based model (Section 4.3). Training and evaluating such a model re-
quires an extensive pre- and post-processing chain. The data structure of a shower
is a set of tuples containing the cell IDs and the energies for each hit. It can easily
be converted to a PC by replacing the cell IDs with the positions of the cells. As
described in Section 4.3, dequantizing the cell positions during training is advanta-
geous, as implemented for the CALOCHALLENGE processing in Section 10.3. During a
hackathon [170], I developed an algorithm [171] that allows dequantization of cells
from arbitrary geometries based on their neighbors. After the PC is generated, it
must be quantized, meaning the points need to be assigned to calorimeter cells. An
algorithm to quantize PCs to the HGCAL cells still needs to be implemented. An effi-
cient option for finding the nearest cell to each point would be a k-d tree. With such
a ‘nearest cell’ search, multiple points may be assigned to the same cell. cALOUTILS
includes an algorithm that mitigates this problem by moving energy depositions to
a neighboring empty cell. This PC-based algorithm is implemented for the Caro-
CHALLENGE datasets but could be adapted to the HGCAL with moderate effort.

5 Generating Events instead of Showers
The currently developed models focus on generating showers for a single particle
rather than an entire event. To be usable in an analysis, either algorithms to combine
these showers must be developed, or generative models need to produce complete
events with their full complexity.

Outlook

While the DEEPTREE model generates large PCs quickly, its major drawbacks are the run
time and instability of the training typical for GANs. In the CALOCHALLENGE [147] com-
petition, a wide range of architectures are compared. Although the results are not yet
final, preliminary results of the CALOCHALLENGE competition [147] indicate that score-
based and “conditional flow matching” [113] (CFM) approaches most often yield the high-
est fidelity. CFM models, in particular, have recently gained popularity in the community
for their stability and high fidelity, though this comes at the cost of slower generation
speed. For JETNET, the dominant approach has already shifted from GANs to CFM. Both
MDMA and EP1C-GAN, which provide baselines in this thesis, have CFM versions ([112]
and [137]) that achieve higher fidelity but also slower generation speeds compared to their
GAN predecessors. Moreover, the current state-of-the-art model on JETNET-150 is a CFM
model [110].

To use this objective, a model would need to map from a PC to a PC for a given condition.
In image generation, models frequently use a UNet-like [172] architecture that iteratively
downscales and then iteratively upscales the image. At each level, skip connections are
added between the downscaled and upscaled images. Using the PC up- and downscaling
methods developed in this PhD project, a CFM model could be constructed that extends
the UNet structure to PCs.

This demonstrates that the developed concepts are ready to be combined with more
recent generative approaches, maximizing the benefits of both methods.
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APPENDIX A.

Plot Descriptions

A.1. 1D Histogram
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Simulation
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The plot is divided into two subplots: a histogram on the top and a ratio plot on the bottom.
The framed vertical bars in the color of the model (orange) or the dataset (blue) indicate the
number of samples outside the range of the bins, i.e., over- and underflow. Their position
on the x-axis is arbitrary. These bars are omitted if all data fall within the range of the bins.
If the histogram is weighted, the weights are scaled by the average weights in the dataset.
Error bars indicate the statistical uncertainty in both plots. The ratio plot shows the ratio of
counts in the model distribution to those in the dataset distribution, represented by orange
crosses. Triangle markers at the top or bottom of the subplot indicate when the ratio
exceeds 1.52 or falls below 0.48. To represent the uncertainty in the dataset distribution
itself, the error of the ratio between the dataset and itself is calculated and drawn as a blue
band around 1. This band is displayed only if the dataset distribution count in the bin is at
least one.
The error o is computed for each bin from the counts n:

o =+n

For a weighted histogram, with event weights w;, the error is calculated as:
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n
o= > w2
i=1

The error on the ratio is then computed from the error on the bin contents:

2
Ngen Osim 2 Ogen
Oratio = —° + .
Msim Nsim Ngen
If the number of data points becomes large, the error bars may not be visible. In the
ratio plot, the error on the x-axis corresponds to the width of the bin.
In the histograms of continuous variables, the number of bins is set to 50. For discrete

variables, such as the layer index of the cardinality, each unique value is placed in a sepa-
rate bin.

A.2. 2D Histograms

CC Dataset 2 DEEPTREE “DeepTREe” — “CC Dataset 2”
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r r
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This plot consists of three 2D heatmaps with the same axes and binning. The first two
heatmaps display the 2D distribution of hits from 100 showers, either from the dataset or
the model. The third heatmap highlights areas where the model has more (red) or fewer
(blue) data than the dataset. If the histogram is weighted, the weights are normalized by
the sum of the weights in the dataset. The maximum of the color scale for the difference
histogram is set to half of the maximum count in the dataset histogram. The contours in
the histogram are produced using SEABORN’s [173] kdeplot with default hyperparameters,
and they enclose 30%, 60%, and 90% of the points.
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APPENDIX B.

Quantile Transformer

Sklearn’s QuantileTransformer [133] implements the “Inverse transformation
method” [174] to transform between a source distribution X and a target distribution Y.
This method uses an empirical approximation of the CDF of X and the known quantile
function of Y. The quantile function F~! is the inverse of the CDF F' for a random variable
X

F(x) = P(X < x), (B.1)
F~(p) = inf{x : F(x) > p}, (B.2)
Thus,
F7Y(F(%)) = inf{x : F(x) > F(x)}
=inf{x : x > x}
=X.

In other words, the quantile F~1(p) is the lowest value such that the probability of drawing
a smaller (or equal) value is at least p. While the CDF maps the random variable to the
probability p € [0, 1], the quantile function maps the probability back to the random vari-
able. Applying the CDF F to its random variable X yields a standard uniform (% ([0, 1]))
distribution [174]:

P(F(X) < x) = P(X < Fl(x)) = F(F 1(x)) = x,

and thus,
F(X) ~ %([0,1]).

By chaining the CDF Fy of a source distribution X with the quantile function F;! of a
target distribution Y, we can transform X into Y

P(Y < x) = P(FAY) < Fy(x)) = P(U < Fy(x)) = P(Fx(X) < Fy(x)) = P(Fy '(Fx(X)) < x),

with U ~ ([0, 1]).

Most often, Y is the standard normal distributed, and its quantile function F, 1 can be
numerically computed. The CDF of the source distribution Fyx must be estimated from the
sample. In a regression task, this transformation would be applied in this direction. In
a generation task, features should be produced in the domain of Y and then transformed
back to the (unknown) source distribution X. To achieve this, the transformation needs to
be inverted, using F;l(FY(Y)).

'Fis assumed to be invertible.
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(a) Computed on n;=10k Samples. (b) Computed on n;=100k Samples.

Figure B.1. | Histogram of the Distances between one Quantile to the Following|
See Section 6.4 for the discussion.

QuantileTransformer

The working principle of the QuantileTransformer can be summarized as follows: To fit
the transformation to the source distribution X, a set of n, reference points is computed
for quantiles distributed along [0,1] on a subset of the training sample with size n;. An
empirical estimate of the CDF (eCDF) is then constructed by linearly interpolating between
the quantiles over the reference points.

In the forward transformation, the eCDF is first evaluated to map the values to [0,1].
These values are then transformed to a standard normal distribution using the quantile
function (“probit”).

In a generative setting, the inverse transformation is also needed to map the generated
features back to their original space. First, the CDF of the standard normal distribution
is applied to the generated data to map them to [0,1]. Then, an empirical estimate of the
quantile function is used to map the values back to the original distribution of X. This
quantile function is approximated by interpolating the recorded reference points over the
quantiles, in exactly the opposite way to the eCDF.

QuantileTransformer Failure Mode

If the subsample size is not sufficiently large, the distances between the quantiles, on which
the transformation is based, become susceptible to statistical fluctuations. In the transfor-
mation, the CDF of the source distribution is approximated by using a linear interpolation
that maps reference points to quantiles. This means that an interval with a low (high)
quantile distance will contain fewer (more) data than expected. This effect is reversed in
the inverted transformation.

In this example, the QuantileTransformer is used to transform from and to a standard
uniform distribution. The 1k quantiles, which are the skLEARN default, are estimated on
ng = 10k (subsample a, SKLEARN default) or 100k (subsample b) samples.

Figure B.1 shows the distribution of the differences between consecutive quantiles.
These differences correspond to a probability interval that is mapped to a value between
the two bordering reference points. To perfectly reproduce the uniform distribution, these
differences would need to be equal to 1 divided by the number of quantiles (=0.001). The
distribution for a features a sharp peak at 0 and then falls off steeply. In contrast, the
distribution for b exhibits a Gaussian-like shape centered at 0.001.
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(a) Computed on n=10k Samples. (b) Computed on n,=100k Samples.

Figure B.2. | Histogram of a Transformed Uniform Sample.|
The sample is independent of the sample that was used to fit the quantiles. See Section 6.4 for the
discussion.

The result of the forward transformation with an independent sample is shown
in Fig. B.2. While the distribution for b closely resembles a uniform distribution, the bin
counts in the histogram for a vary significantly. The same effect occurs when the inverse
transformation is applied to an independent sample.

Checkerboard Artifacts for a 2D Distribution

The same fitting, scaling, and transformation process is now repeated for another inde-
pendent variable following the same uniform distribution. In Fig. B.3, the combination
of the variables is shown for both subsamples. For subsample a, this results in a distinct
checkerboard pattern with alternating stripes of lower density (dark) and higher density
(bright). In contrast, for subsample b, this effect is greatly reduced, and the density is
almost constant, as desired.

Conclusion

The QuantileTransformer can be very useful, as it transforms any distribution to a stan-
dard normal distribution. However, it may also produce unintended artifacts, particularly
if the dataset used to estimate the quantiles is too small. The default sample size of 10k
is insufficient for the default value of 1000 quantiles. This issue becomes especially prob-
lematic when the QuantileTransformer is applied to multiple variables simultaneously.
These artifacts can occur in both the forward and inverse transformations.

Typically, the sample used to fit the QuantileTransformer is the same sample that
is transformed, in which case the described issues do not appear. However, in a gen-
erative model, the inverse transformation is applied to the output variables. Using a
QuantileTransformer to transform multiple output variables without fitting the quan-
tiles on a sufficiently large sample will likely cause the described issues. Thus, the
QuantileTransformer is applied only to the conditioning variables in Section 10.3.
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Figure B.3. | 2D Histogram of two Standard Uniform Samples yields a Checkerboard pat-
tern after the Transformation.|

See Section 6.4 for the discussion.
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APPENDIX C.

Superseded Design Alternatives

C.1. Equivariant Branching Mechanism

Level 1 — Level 2 For each leaf
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Figure C.1. | Equivariant Branching Mechanism.|
See Appendix C.1 for the discussion. This branching mechanism was used for the configuration
33-gen.br.eqv, described in Section 9.4.2.

As PCs have no inherent ordering, NN architectures for PCs are often designed to be per-
mutation invariant (if they map to a vector or scalar) or equivariant (if they preserve car-
dinality). This design choice offers the advantage that equivariance or invariance does
not need to be learned from the dataset. The DEEPTREE critic is permutation invariant by
design (see Section 5.2). However, the generator, particularly the branching layers, cannot
achieve this, as it increases the cardinality.

In Fig. C.1, a branching layer is shown that implements this invariance by treating each
node in the tree as a concatenation of its children, thereby preserving the cardinality.

In the branching layer, the parent is split into its b children, with the condition and
global vector appended to each child. The branching FFN (FENPR) then maps each
child to the dimension of its parent, before the dimensionality is reduced by another FFN,

Compared to the default branching (Section 5.1.1), the parent is split into b children z;

! As the Dimensionality Reduction FFN has no effect on the following calculation, it will be omitted.
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before the branching FFN is applied, rather than after. This approach makes the siblings,
i.e., the children of the same parent, independent of each other. Thus, the branching layer
B becomes equivariant under permutation P:

B(P{zy, 25}) = Bz, 21 }) = P(FENPR (), FENPR(2)}) = P(B({z1, 2,}))

For multiple sequential branching layers (O B)), this extends to any permutation S, ;:
o (Q BIZ)
l
=Siesj {Q FENRz, ..., ( )FENPRz, .. ( )FENPRz, .. QFFN?Rzn}
l l l l

= zQFFN?Rzl, o FENPRz;, . (OFENRz, .. QFFN?Rzn}
) l ) l

= QBZ (SK_,]Z .
l

In practice, the global feature and the condition are stacked onto each part and passed
through the branching FFN. The global feature is constructed in a permutation-invariant
way from the leaves (Section 5.1.3), and the condition is independent of the entire tree.
Therefore, adding them does not break the permutation equivariance.

If the ancestor MPL is set aside, the entire generator becomes permutation equivariant.
However, this also means that information between points is exchanged only through the
global feature constructed from the parents.

Break of the Equivariance through the Ancestor MPL

However, with the ancestor MPL, every node is updated with messages from all its an-
cestors. This means that the generator is only invariant to permutations that exchange
two children within the same branch of the tree. An example of permitted and forbidden
permutations is shown in Fig. C.2. The tree has two levels, a branching factor of 2, and
produces the points {a, b, c, d}:

« aand b, or c and d, can be exchanged, as they share the same parent.

« a and b can be exchanged with ¢ and d because the parents of these pairs share the
same parent, the root node.

« aor b cannot be exchanged with c or d.

As the number of levels increases, the fraction of allowed permutations also increases.
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C.1. Equivariant Branching Mechanism

Figure C.2. | Example of the Allowed (in green/solid) and Forbidden (in red/dotted) Per-
mutations for the Ancestor Invariant Branching|

See Section 9.4 for the discussion. While the branching and global feature layer would allow all
permutations, the ancestor MPL breaks the red/dotted permutations.
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C.2. Noise Branching Mechanism

For each leaf
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Figure C.3. | Noise Branching Mechanism.|
See Appendix C.2 for the discussion. This branching mechanism was used for configuration 34-
gen.br.noise, described in Section 9.4.2.

An alternative approach to the branching mechanism is shown in Fig. C.3. For each
child, the parent (size p) is concatenated with:

« a new noise vector of size p, sampled from %[0, 1),
« the global feature (size g),
« the condition (size c).

To avoid extremely small or large vectors, the dimension of the noise vector is bounded
within [5,15]. Let b be the branching factor. For the branching FFN, the input and output
dimensions change from RP*8%¢ and RP'? to RP*PT8+¢ and RP, respectively, compared to
the default branching mechanism (Fig. 5.2). This means the input dimension is increased,
while the output dimension is drastically reduced. In the default branching mechanism,
the children of the same parent originate from a single output vector of the branching FFN,
meaning they depend on each other. In this alternative mechanism, as with the equivariant
branching mechanism, the children of the same parent are independent of each other.
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C.3. Ordering of Linear Layer, Normalization, and
Activation in FFNs

Figure C.4 shows the distributions of activations for two FFNs. In the FFN shown in the
right column, Batch Normalization is applied after the LeakyReLU activation, while in the
left column, the order is reversed. The first layer of both networks is a linear layer. A batch
size of 10k is used, and the number of hidden nodes is set to 10. The other hyperparameters
are described in Section 5.3.4. As input, 10 standard normal distributed values were given
to the newly initialized FFNs. The matrices from the linear layers contain values drawn
from a uniform distribution, symmetric around 0 (Section 3.1.1). When standard normal
distributed data is passed through these layers, a Gaussian-like distribution with a standard
deviation of less than 1 (histograms “(0)Linear”) is produced.

In the right column, the linear layer is followed by LeakyReLU, then Batch Normaliza-
tion. LeakyReLU shifts negative values closer to 0, leaving positive values unaffected. This
reduces the standard deviation and because the distribution is symmetric around 0, the
mean becomes positive while the median remains 0 (“(1)LeakyReLU”). Batch Normaliza-
tion then shifts the distribution to a mean of 0 and scales the standard deviation to 1. Due
to the changes introduced by LeakyReLU, the following Batch Normalization (“(2)Batch-
Norm1d”) requires a larger factor to scale the standard deviation up to 1 and needs to shift
the mean back to zero. Together, this results in a distribution with a heavy tail to the right
and a large peak around = —0.5.

In the left column, where Batch Normalization is applied before LeakyReLU, swap-
ping their order sharpens the peak, shifts it to 0, and reduces the tail to the right
(“(2)LeakyReLU”).

Therefore, the distribution entering all subsequent linear layers differs between the net-
works, potentially leading to different performance outcomes.
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Figure C.4. | Comparison of the Order of the Activation and Normalization Layers inside
an FFN,|
See Appendix C.3 for the discussion.
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Listings

D.1. Jet Momentum Rescaling

# pTi is the tensor holding the p_T"rel values

pTi = pTi.double() * o + p # increase percision from float to double

## Backwards transform (1/2) of the StandardScaler

# Limit tranformed values of pTi to 30, to avoid exceeding the addressable space
idx_to_large = pTi > 30

offset = pTi[idx_to_large].detach() - 30 # remove gradient from problematic pTis
» values with “detach”

pTi[idx_to_large] = pTi[idx_to_large] - offset # shift pTis to max 30

## Backwards transform (2/2) of the BoxCox transformation

if A = 0: pTi = torch.exp(pTi)

else: pTi = torch.pow(pTi ~ A + 1, 1 / A)

# Calculate the sum over pTi for each jet with scatter_add from torch_scatter
# batchidx encodes, to which jet each constituent pTi belongs

ptsum_per_batch = scatter_add(pTi, batchidx, dim=-1)

#H Normalize pTi values

pTi = pTi / ptsum_per_batch[batchidx]

## Forward transform (1/2) of the BoxCox transformation

if A = 0: pTi = torch.log(pTi)

else: pTi = (torch.pow(pTi, A) - 1) / A

# Revert introduced shift

pTi[idx_to_large] = pTi[idx_to_large] + offset

## Forward transform (2/2) of the StandardScaler

pTi = (pTi - W) / o

The listing above shows the algorithm for jet momentum rescaling (Section 6.5). Since
the model is trained to reproduce the transformed distribution, the transformation must
first be inverted before normalization can occur. After normalization, the PC is passed to
the critic, so the transformation needs to be reapplied to the normalized data. To train
the generator, the gradient from the critic must pass through these operations. Thus, the
algorithm must be differentiable. First, the pfrel of the component is unscaled using the
inverse Box-Cox transformation with standardizing (line 2). Then, the scatter_add func-

tion from PYToRCcH SCATTER [175] is used to sum the pr of the constituents for each jet
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in the batch. To avoid exceeding the numerical range covered by the floating-point type
in the power function, the precision is switched from float to double, and the values are
capped at 30. This cap is only needed during the initial steps of model training.

D.2. Nearest Neighbor Distance Loss

import torch

from caloutils.distances import energy_distance
from torch_geometric.nn import knn_graph

from torch_geometric.data import Batch

def scale_b _to_a(a: torch.Tensor, b: torch.Tensor):
# Scale tensor b to the same mean and standard deviation as tensor a.
mean, std = a.mean(), a.std()
return (a - mean)/std, (b - mean)/std
def nndist(batch: Batch, space):
# knn_graph produces tuples with the indices of points next to each other
ei = knn_graph(batch.x[:, space], k=1, batch=batch.batch)
# convert the tuples to distances
return (x[ei[0]] - x[ei[11]).abs().mean(1)

loss = torch.tensor(0.0)
# Compute the distance in both the energy and the position space
for space in [[energy_index], position_indices]:
dists_sim = nndist(sim_batch, space)
dists_gen = nndist(gen_batch, space)
nnd_sim_scaled, nnd_gen_scaled = scale_b_to_a(dists_sim, dists_gen)
# Compute the distance between the distributions
loss += energy_distance(nnd_sim_scaled, nnd_gen_scaled)

Above, the PYTorcH code for the nndist loss term is shown. In nndist, the nearest
neighbor in the selected space is computed using PYG’s k-NN_graph function. This selected
space (space) is either the energy or the position space. In this space, the L; distance
between the nearest neighbors is calculated (nndist). The mean pand standard deviation o
of delta are computed for the distances of the training dataset and used to scale both delta
distributions with x — % (scale_b_to_a). After scaling, the distance between the two
distributions is measured using the energy (or Wasserstein-2) distance (energy_distance).
The implementation of the energy distance used in caLouTILs [148] is based on SciPy but

was reimplemented in PYTorcH to allow for automatic differentiation.
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D.3. Gated Conditioning Unit

from torch.nn import Linear, Module, LeakyRelU
class GatedCondition(Module):
def __init_ (
self, x_dim: int, cond_dim: int, out_dim: int
) -> None:
super().__init_ ()
self.out_dim = out_dim
self.x_tf = Linear(x_dim, 2 * out_dim)
self.cond_tf = Linear(cond_dim, 2 * out_dim)
self.act = LeakyReLU(0.1)
def forward(self, x, cond):
common = self.x_tf(x) + self.cond_tf(cond)
a, b = common.split(self.out_dim, -1)
return a * self.act(b)

Inspired by the Gated Linear Unit [176], a Gated Conditioning Unit is defined in the code
above. This unit combines the two input vectors (x and cond) and maps them to the dimen-
sion of x. First, both inputs are mapped to twice the output dimension using two linear
layers. The results are then summed (common) and split into a and b. LeakyReLU activa-
tion is applied to b, and the element-wise product of a and b is returned. Unlike the Gated
Linear Unit, LeakyReLU is used as the activation function.
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Geometry Mapping

E.1. Geometry Latent Mapping

In Ref. [96], a learnable mapping between an arbitrary geometry and a fixed cylindrical
grid, called “Geometry Latent Mapping” (GLaM), is introduced. For the irregular calori-
meter (with real cells), a regular calorimeter is constructed in the latent space (with latent
cells) on which the generative model operates.

Embedding Matrix and Initialization

The mapping from the real cells to latent cells and vice versa is provided by a trainable
embedding matrix and an inverse embedding matrix. The two matrices are optimized in-
dependently. Each element of the embedding matrix, which connects a real cell to a latent
cell, is initialized based on the overlapping area between the real cell and the latent cell.
The inverse matrix is initialized as the pseudoinverse of the embedding matrix.

Neighborhood Relations One desired property of such a mapping is that the neigh-
borhood relations are preserved, i.e., latent cells are neighboring if, and only if, they rep-
resent two neighboring real cells or parts of the same real cell, and vice versa for real cells.
While the matrices can, in principle, connect any real cell with any latent cell, this initial-
ization strongly biases the mappings toward those that preserve neighborhood relations,
at least approximately.

Training

The provided diffusion model is trained by first applying noise to the irregular calorimeter
image, embedding the noised result in the regular latent space, evaluating the model, and
then mapping the result back to the irregular calorimeter space. The loss is calculated for
this irregular calorimeter image. This process allows the embedding/inverse matrices and
the model to be optimized simultaneously. Both the convolution operations and this ini-
tialization provide a useful inductive bias to the model. Because the mapping preserves the
neighborhood relations of the cells, the convolutions can exploit the underlying translation
invariance of the data.

Application to CALOCHALLENGE Dataset 1

In the CALOCHALLENGE dataset 1 (Chapter 10), the calorimeter is cylindrical, and the cells
are divided based on cylindrical coordinates. The calorimeter would be completely regular
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if not for some radial and angular bins being merged in certain layers.

The embedding is performed independently for each calorimeter layer, reducing the
size of the embedding matrices. The regular latent space is defined by combining the
maximum resolutions of each coordinate. In this way, GLaM acts as a learnable version of
the “Superfine Grid” approach.

Through this mapping, the diffusion model produces state-of-the-art results [147, 177].

Challenges & and Applicability to Highly Granular Calorimeters

In this use case, the calorimeter geometry can be regularized simply by splitting cells,
which likely benefits the GLaM approach. However, more extensive modifications are
typically required, and the applicability of this method to an irregular, highly granular
calorimeter has yet to be demonstrated. Such a calorimeter may have an increased num-
ber of cells, gaps, and cells of varying shapes and sizes. Additionally, the cell geometry
may differ between parts of the calorimeter, as in the CMS HGCAL (Section 2.2.3), where
hexagonal silicon tiles are combined with grid-like scintillator tiles. For layers with many
cells, the matrix could become large and difficult to train. The authors suggest that layers
could be split into multiple blocks of cells, each mapped to the regular latent space inde-
pendently, thus replacing one large matrix with many smaller matrices. While blocks of
cells can be mapped individually, they still need to be combined into a regular, dense shape
in the latent space.

Furthermore, it is likely advantageous if the latent space shares the same geometric
structure as the real calorimeter. For calorimeters with cells having different numbers of
neighbors, such as the CMS HGCAL with its hexagonal silicon tiles (6 neighbors) and grid-
like scintillator tiles (4 neighbors), no regular latent space can fully replicate this structure.

E.2. Vector Quantization

The vector-quantized VAE (VQVAE) [97] introduces a method to discretize the latent space
of a VAE. In addition to the encoder and decoder, it features a codebook, which is a list
of trainable vectors. First, the input is passed through the encoder, producing a set of
vectors in a continuous latent space. Each of these encoded vectors is then replaced by
the closest vector from the codebook, a process known as quantization. The closeness is
determined by the norm of the distance between the vectors. The quantized vectors are
subsequently passed through the decoder to produce the output. This quantization would
ordinarily break the gradient flow to the encoder. To avoid this, the gradient is redirected
from the quantized vectors to the encoded vectors during backpropagation. In this way, the
reconstruction loss influences both the encoder and the codebook vectors. The codebook
vectors are optimized to match the encoded vectors, and vice versa. To generate samples,
vectors are sampled from the codebook and passed to the decoder.

Calo-VQ

In contrast, in the Calo-VQ model [94], after training the VQVAE, the codebook vectors
are interpreted as tokens and serve as the input sequence for a transformer (Section 3.5).
The transformer is trained to predict the next token in the sequence and can then be used
to iteratively produce a sequence of tokens that is subsequently passed to the decoder.
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This approach allows a particle shower to be treated as a sequence of tokens, enabling the
use of state-of-the-art models from natural language processing. However, the encoder
and decoder rely on dense/convolutional layers and therefore face the same issues and
restrictions regarding their applicability to irregular calorimeters.
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Calculation of the Gradients of an FFN

An FFN is a sequence of n linear layers (or “dense/hidden” layers) and a nonlinear, piece-
wise differentiable activation function o : R — R. A layer I maps the activation of the
previous layer al~! € R™-1 using the matrix W € R™*™-1 and adds the bias b € R™:

[ [ -1 I
fl=Y wha ™+ fl = whal=1 4+ pl.

J

For the first layer, a° is the input vector x. After each linear mapping, the activation func-
tion is applied elementwise to the resulting vector to produce the activation a”:

d = o) al = o(f).

The derivative of layer £l with respect to x, b, and W can be calculated as

of}
— W, I
od~! Y o _ w!
] aal—l
[
_; = 5l,k _— = 1]’!
by ab!
I of! _
af; o I-1
le = Oikdj owl
oW,

where i,k € {1,....m}}, j € {1,...,m;_1}. 1, is the identity matrix with dimensions n x n, and

O is the Kronecker delta:
1 i=j
1), ;=6 ;= )
( )1,} i,j 0 %]

Furthermore, the derivate of the activation a’ with respect to the linear mapping f' is
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% _ s o)
_ = .,ko
aft k

% _ diag (o” ( fl))’ where diag (v) is the square matrix with the

elements of vector v on the diagonal: diag (v) = 1,,v.

An FFN is constructed by chaining linear layers and activations: a"of"oa™ lof" loa"20...

To propagate the gradient from one layer to the previous layer, the activation of a layer
with respect to the activation of the previous layer must be computed:

aaf B Z aaf 0 f,l
- oal=1  of! dal~1
— S ~O"(fl 1) Wl _
2 " r r,j — diag (al(fl—l)) Wl.
— O_/(fil—l) M/l{]

By applying this rule iteratively from one layer to the next, the derivative can be calculated
between any layers [ > [

I-1+1

1 ] I+1 I-u N .
a_al — 8? C oa l — H 8? = H diag (0’(fl_”_l)) wiu
oa dal—1 oa u=0 dal—u-1 u=0

Thus, the gradients of the loss L with respect to the weights in layer [ for an FFN with n
layers can be computed as:

5 —I+1
oL oL oa" aa*l gal oL ({4 9a"* \oal off
Vyyt [] =

T oWl galoai1 gal oWl  da” oan—u=1 ) ofl oWl

n—Il+1
= 9L ( H diag (o’ (f" 1)) W”‘“) diag (0’(fl)) ® X,
u=0

u=0

©oat

and for the bias as

Vol = oL = oL nﬁl diag (o"(fn_”_l)) W' | diag (O"(fl)) .
b abl da” u=0

The f! values are saved during the forward pass. In the backward pass, the
diag (o’ (f"*')) and W™ * matrices are iteratively multiplied to calculate the derivatives
from the last layer to the first. This backpropagation with matrix operations provides an
efficient method to optimize large networks with many parameters.
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Public Contributions

Papers

« B. Kaech et al. “JetFlow: Generating Jets with Conditioned and Mass Constrained
Normalising Flows”, and ACAT 2022, 23-28 Oct. 2022, Bari, accepted, to be published
in IOPscience in the Journal Of Physics: Conference Series (poster and paper)
ARXIV: 2211.13630

« S.Schnake et al. “CaloPointFlow - Generating Calorimeter Showers as Point Clouds”,
ACAT 2022, 23-28 Oct. Bari, accepted, to be published in IOPscience in the Journal
Of Physics: Conference Series (poster and paper)

« M.Scham et al. “DeepTreeGAN: Fast Generation of High Dimensional Point Clouds”,
26th International Conference on Computing in High Energy and Nuclear Physics
(CHEP 2023), conference in Norfolk, VA, 8-12 May 2023, (poster and paper), pub-
lished in EP] Web Conf. 295 (2024) 09010
DOI: 10.1051/epjconf/202429509010

« M. Scham et al. “DeepTreeGANv2: Iterative Pooling of Point Clouds”, at “Machine
Learning and the Physical Sciences workshop” at the 37th Conference on Neural
Information Processing Systems (NeurIPS), 15 Dec. 2023 (poster and paper)

ARXIV: 2312.00042

+ C.Krause et. al.,, “CaloChallenge 2022: A Community Challenge for Fast Calorimeter
Simulation”, to be published

Software Packages

« M. Scham et al. “caloutils - Metrics and tools for evaluation of generative models for
calorimeter showers based on pytorch_geometric”, 28 July 2023
URL: pypi.org/project/caloutils/

« M. Scham et al. “Extracting the Geometry of Cells in the HGCAL from CMSSW?, 12
Oct. 2021, CMS internal only
URL: github.com/DeGeSim/cms_geo_extractor/
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M. Scham et al. “Fast simulation of the CMS HGCal with Generative Models”, Annual
meeting, (BMBF Forschungsschwerpunkt) FSP CMS Workshop, 22-24 Sep. 2021

M. Scham et al. “Fast simulation of the CMS HGCal with Generative Models”, 14th
Annual Meeting of the Helmholtz Alliance “Physics at the Terascale”, 23-24 Nov.
2021

M. Scham on behalf of the CMS collaboration, “Preprocessing for GNNs on HGCAL
calorimeter showers”, LPCC (LHC Physics Centre at CERN) Fast Detector Simulation
Workshop, 22-23 Nov. 2021 (invited talk)

M. Scham et al. “Generative Modeling with Graph Neural Networks for the CMS
HGCal”, FastSim Days 2022, Workshop at the LPC, virtual, 11-12 Oct. 2022

M. Scham et al. “Generative modeling with Graph Neural Networks for the CMS
HGCal”, Annual meeting, (BMBF Forschungsschwerpunkt) FSP CMS Workshop, 28-
30 Sep. 2022

M. Scham et al. “DeepTreeGAN: Fast Generation of High Dimensional Point Clouds”,
Helmbholtz AI conference, Hamburg, 12-14 June 2023

M. Scham et al. “DeepTreeGAN: Fast Generation of High Dimensional Point Clouds”,
ML4]Jets Workshop, Hamburg, 6-10 Nov. 2023

M. Scham et al. “caloutils - Utilities and Metrics for Generative Models of Calori-
meter Showers”, ML4Jets Workshop, Hamburg, 6-10 Nov. 2023

B. Kach et al. “Attention to Mean Fields for Particle Cloud Generation”, ML4]Jets
Workshop, Hamburg, 6-10 Nov. 2023

S.Schnake et al. “CaloPointFlow - Generating Calorimeter Showers as Point Clouds”,
ML4Jets Workshop, Hamburg, 6-10 Nov. 2023

M. Scham et al. “DeepTreeGANv2: Iterative Pooling of Point Clouds”, 6th Inter-
experiment Machine Learning Workshop (IML), 02. Feb. 2024 (talk and poster)



Posters

« M. Scham et al. Poster presenting the DeGeSim Projects, Helmholtz Al virtual con-
ference, 14-15 April 2021

« M. Scham, “Generative modeling with Graph Neural Networks for the CMS HGCal”,
CDCS Erdftnungssymposium, Hamburg, 26-28 April 2022

« M. Scham et al. Poster presenting the DeGeSim Projects, at Helmholtz Al conference,
Dresden, 2-3 June 2022

« M.Scham et al. “DeepTreeGAN: Fast Generation of High Dimensional Point Clouds”,
Hammers & Nails 2023-Swiss Edition, Ascona, 29 Oct. to 3 Nov. 2023 (poster)

B. Kéich et al. “Pay Attention to Mean Fields for Point Cloud Generation”, Hammers
& Nails 2023-Swiss Edition, Ascona, 29 Oct. to 3 Nov. 2023 (poster)

+ S. Schnake et al. “The Calorimeter Pyramid: Rethinking the design of generative
calorimeter shower models”, Hammers& Nails 2023-Swiss Edition, Ascona, 29 Oct.
to 3 Nov. 2023 (poster)

My work has been accepted by the CMS collaboration as relevant for the experiment, I
have become a CMS author and appear on all publications of the CMS collaboration since
2021 (201 publications).
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