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meaning that the second derivative of the potential is nonzero in each of the wells
but G"”(—1) # G”(1) is allowed. Under fairly general conditions on the initial data,
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1. Introduction

Dynamic metastability is a phenomenon in which generic solutions of a time-dependent system rapidly
relax to a configuration that is not a stationary solution but then eventually—canonically after an ezpo-
nentially long slow motion phase—change dramatically. The seminal example of dynamical metastability is
the one-dimensional Allen-Cahn equation, whose metastability was described and analyzed in unpublished
notes of John Neu and the landmark papers of Carr and Pego [11] and Fusco and Hale [17]. The first energy
method for its analysis was introduced by Bronsard and Kohn in [9]. The Allen-Cahn equation and variants
thereof has since been studied by many authors and we do not attempt a comprehensive review, but point
for instance to [12,14,20,24,25] and the references therein.

A related, fourth-order equation for which metastability has been numerically and analytically captured
is the one-dimensional Cahn-Hilliard equation; see for instance [1-4,7,8,15,19,22,23]. Unlike the Allen-Cahn
equation, the Cahn-Hilliard equation preserves mass.

For both the Allen-Cahn and Cahn-Hilliard equations, there are slowly evolving configurations consisting
of multiple layers (see below for more details). The closest pair of layers attracts, however the attraction
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force is so weak (exponentially weak in the distance between layers) that the time it takes for the layers to
come together and annihilate is exponentially long.

Relazation to equilibrium—not metastability—for the Cahn-Hilliard equation on the line was analyzed in
[21] and a two-scale phenomenon was observed: For initial data not too far from a kink (a single transition
layer satisfying +1 boundary conditions at +00), the system relaxes quickly to a kink because of energetic
preferences and then more slowly to the kink that is singled out by the conserved quantity. The Allen-Cahn
equation on the line does not display this behavior: If the same +1 boundary conditions are imposed, the
solution passes through metastable phases as excess transition layers annihilate (cf. [25]), but once only one
transition layer remains, convergence is exponential in time with an order one rate. Heuristically, this is due
to the fact that any center of the transition layer is equally fine; there is no conserved quantity to single
out one kink as being better than any other.

In this paper, we consider the Allen-Cahn equation with a selection mechanism that generates metastable
behavior even for single layer solutions. Namely, we consider the equation on a bounded interval (0, L) with
u(0) = —1, u(L) = 1. Whereas on the line or on a bounded interval with periodic boundary conditions,
there is a continuum of energy minimizers, our problem has a unique energy minimizer—but a continuum of
near minimizers, which will be the source of the metastability. For an appropriate class of initial data, the
solution will converge in an order one time to a small neighborhood of a near minimizer and then remain
close to that near minimizer for an exponentially long period of time before eventually converging to the
true minimum. The cartoon that one should have in mind is that of a Mexican hat potential where the ring
at the base is not flat but exponentially close to being flat.

Our motivation is three-fold. On the one hand, the paper can be considered didactic in the sense that it
demonstrates an application of the metastability framework developed in [20,22]. For simplicity, we restrict
our attention to the convergence to a single-layer profile and to uniformly bounded disturbances, so that the
presentation simplifies in several ways compared to [25]. On the other hand, we attempt to shine a light on
the metastability and weak energetic preferences that can be captured with current tools of analysis. While
the Allen-Cahn equation may be considered a toy model, the phenomenon is of broader interest. See [18§]
for a recent application in the context of a self-attention model (a toy model arising in machine learning).
A final motivation is to reveal the effect of asymmetry of the potential in the sense that unequal second
derivatives control the “timescale of metastability” in the sense of Theorem 1.5 and Remark 1.7 below.
While this effect can be understood heuristically from a harmonic approximation and has been studied in
the physics literature [13], to the best of our knowledge this is a new result in the mathematics literature;
see also (1.3) and the accompanying discussion below..

The reason that we do not also study the Cahn-Hilliard equation is that its conserved quantity makes the
equation overconstrained for our purpose. The Allen-Cahn equation, with its freedom to consider arbitrarily
shifted kinks, is the right setting to observe the effect of the asymmetry.

1.1. Setting and result
We study the one-dimensional Allen—Cahn equation
Ou = Oppu — G'(u), re(0,L), t>0 (1.1)
subject to the boundary conditions
u(0)=-1, wu(L)=1. (1.2)

Here G(u) is a double-well potential with unique and nondegenerate global minima normalized to be at +1
with G(£1) = 0. Here “nondenerate” means that the second derivatives at the minima are strictly positive:
0 < G"(£1). For recent work on degenerate potentials, we refer to [6,16].
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While previously the literature has often focused on potentials with equal second derivatives at the minima
or “dismissed” asymmetry by reducing to estimates in terms of min{G”(—1),G"(1)}, we are specifically
interested in allowing—and probing the influence of—asymmetry in the form

G (~1) £ G"(1). (1.3)

For the rest of the paper, when we refer to an “asymmetric potential,” we mean that (1.3) holds. Equality
of the second derivatives was assumed in [17, p. 86] and a slow motion timescale based on the minimum of
the second derivatives was established in [11, p. 547], [1, p. 94], and [19, p. 23]. The effect of asymmetry
is captured in the weighted coarsening timescale derived by Chen [12, p. 402, point (3)] and Bethuel and
Smets [5, p. 86], however in [12] the case of n > 2 interfaces on R is investigated, and in [5] well-prepared
data with n > 2 on R is the focus (n = 1 would not be metastable). In particular, our result is not contained
in and cannot be deduced from the results of [5,12].

Equation (1.1) is often studied with a small parameter ¢ appearing in the equation, in which case typical
transition layers connecting +1 occur on scale €. This is equivalent via a rescaling of space to studying (1.1)
for L large and order-one transition layers.

The Allen-Cahn equation is the L? gradient flow of the scalar Ginzburg-Landau energy

L
E(u) := /
0

While for Neumann or periodic boundary conditions, the solution for generic initial data converges for

(0,u)? + G(u) dz. (1.4)

N~

t — oo to u = —1 or u = 1, under the “pinned” Dirichlet conditions, the solution approaches the (unique)
function

v, r=argmin E  subj to v,(0) = —1, v (L) = 1. (1.5)
We denote the minimal energy by
ex := E(vy).

The solution v, is monotone and has a unique zero z,. For a symmetric potential, =, = L/2. For an
asymmetric potential, there holds

L\/G'(1)
Ve i 0(1). (1.6)

See Subsection 2.1 below for proofs of these facts. To fix ideas and without loss of generality, we will assume
that

T, =

G”(l) > G//(_l)

so that the zero z, is located in the right half-interval [L/2, L).

We will now introduce our “slow manifold” of approximate minimizers. In order to get universal bounds
on our constants, we will work with functions whose zero is uniformly bounded of order L away from the
endpoints and x,. Without loss of generality, we will consider centers to the left of z., but we could just as
well consider centers bounded to the right of z,. Choosing the left-hand side, we restrict to the approximate
minimizers:



4 M.G. Westdickenberg / J. Math. Anal. Appl. 548 (2025) 129376

Definition 1.1. We define the approximate minimizers or energy optimal profiles as

N (L) :={ve : [0,L] — R: for some & € (2./2,3z./4),
ve = argmin E subj to v¢(0) = —1, v¢(§) =0, ve(L) = 1}.

More generally, one could consider ¢ € (az,,fz,) for any a < f in (0,1), but the constants in the
theorem would depend on « and (3.

Notice that v € N (L) is continuous but typically not differentiable, but the jump in the first derivative
is exponentially small in L. Also the dependence of E(v) on £ is exponentially weak. (We will make these
statements more precise in Subsection 2.1 below.)

In our theorem we will select initial conditions from N(L) and then during the evolution consider ap-
proximate minimizers whose zeros are allowed to take values in a larger interval:

Ni(L) = {ve : [0, L] — R: for some & € (z./4,7x,/8),
ve = argmin F subj to vg(0) = —1, v¢(§) =0, ve(L) = 1}.

Remark 1.2. We emphasize for future reference that

2. "2 o(L)

and for ve € Ny (L),
¢ =0(L).

The expected behavior is the following: An appropriate initial condition with projection in A(L), and
hence with a large region of uy < 0 and a large region of ug > 0, will quickly relax to some almost minimizer
ve € Ni(L) and then slowly evolve towards the absolute minimizer v,, with the zero x of the solution
slowly approaching x.. Our goal is to capture the sharp exponential timescale of this metastable phase. The
timescale is controlled by the projection onto the slow manifold: If ug is order-one away from a function
vo € N(L) with zero zg, then it is trapped near vy for a time of order exp(1/G"”(—1)xo). If on the other
hand wg is order-one away from an energy optimal profile with a zero to the right of x,, then it is trapped
nearby for a time of order exp(y/G”(1)(L — xg)). See Remark 1.7 for a more detailed statement. We do
not consider initial data such that the projection has a zero close to x, since this is the stable rather than
metastable regime.

The metastable set with which we will work is the set of functions with order one energy and order one
L2-distance to a member of the slow manifold:

M(L,Ch) = {u € H*((0,L)), u(0) = =1, u(L) = 1, such that E(u) < C; and
there exists v € N'(L) such that |ju —v||3, < Cl}.
We will often abbreviate
N =N(L), M=M(L,C).

Throughout the paper we will for u € M(L,C;) let x and vy denote any zero of v and a corresponding
constrained minimizer v = vy (a “projection onto A”) such that

||U_U||i2 < Cr. (1.7)
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A solution u may (initially) have additional zeros for which the associated almost minimizer v does not
satisfy (1.7); these zeros are not admissible for the projection.
Notice that x and v depend on time. To get fine results, we will track the v-related energy gap

By construction of v, there holds £ > 0.
For initial data ugp € M and the associated (constant in time) function v, we will for the solution u of
the Allen-Cahn equation (1.1) sometimes track the simpler quantities

2
H(t) := |lu = vol[ 2

E=E(t):= E(u) — E(v) and H

We define in addition the dissipation

D =D(t) = /<8mu — G'(u))2 dx.

Because of the gradient flow structure and since vq is fixed in time, there holds

d -
_ " &£-D
dtg

, (1.8)
and hence £ is decreasing in time (not true for &).

Remark 1.3 (Zero(s) of the solution). Here u € M does not rule out—and is not disturbed by—the existence
of more than one zero of u. However we will show that after an order-one initial relaxation stage, v has
precisely one zero. As a consequence, the zero and the associated v € N are from that point on uniquely

defined (and continuous in time).

Remark 1.4 (Initial data). For simplicity of presentation and in order to have only universal constants in
our estimates, we restrict to initial data such that

E(ug) < 4ey, lwo — vo||2LQ < de,.
As was carried out in [25], one can extend to initial data with larger energy/distance at the expense of an
initial layer in time in which bounds depend on these values. Notice that according to Remark 1.2 above,
the zero x¢ in the statement of the theorem is O(L) and ¢ is exponentially small.
Theorem 1.5. Let Coq be the constant from Lemma 2.5 below. There exist L1, € € (0,1) such that for any
L>1Ly, wuye M(L,4e,), (1.9)
the following holds true. Let xo denote the zero of the projection vg € Ny (L) associated to ug and define
d = exp(—2+/G"(—1)x0) and — T,:=¢e6 L (1.10)

For the solution u(t) of the Allen—Cahn equation (1.1) with initial condition uy and all t € [0,T.], there
exists a projection v = v(t) € Ny (L) and u, v satisfy:
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(i) There exists an order one time sy such that on [0, s1], there holds

Ju(t) = o(®) 3 + E() S o exp (—t/(2Cea)) + (5 + €5 ) 6 (1.11)
Ix(t) - x(0)| £ &0 + &4, (1.12)
() = woll < (&6 + &) (1+3t), (1.13)

(ii) On [s1,Ty], the solution has exactly one simple zero and is drawn into an exponentially small neighbor-
hood of the slow manifold and remains trapped in the sense that

lu(t) = v(®)5 + E(1) S E(s1) exp (~t/(2Cea)) + 6, (1.14)
[x(t) — x(s1)[ S E(s1)2, (1.15)

[u(t) —uls1)ll L2 S E(s1)2.

=

=

(1.16)
The theorem is proved in Subsection 3.
Remark 1.6 (Timescale separation). From (1.14) we read off that at latest by the order L time
s9 = 8Cea/G"(—1)xy,

the solution is §2 close to N (L), whereas the time s3 to come within an order-one neighborhood of v, is,
according to (1.16), exponentially long of order s3 > §~1.

Remark 1.7 (Metastable set and the clock). Whether G”(—1) or G”(1) appears in the “clock” of the
metastable lifetime is controlled by whether the zero of the initial projection is to the right or the left
of the zero of the energy minimizer v,. If instead of A as defined above we consider initial data not far from
a near minimizer v with zero o € (z. + a(x. + L)/2, BL) to the right of z., the metastable timescale is

§ = exp(—2y/G"(1)(L — x0)).

Remark 1.8 (Small initial data). For initial data such that are well-prepared in the sense that & < §2, the
solution already enters stage (ii) within an order one time (cf. Lemma 2.8), the motion of the zero (or zeros,
since multiple zeros are possible within the initial layer) is estimated by §'/4 (cf. (1.12) and (1.15)), and
not much happens for a long time in the sense that:

inf {t > 0: [[u(t) = u(0)] . = 672} 2 87" ~ exp(21/G7(~ D))

Remark 1.9 (Going through collisions). We do not track multi-kink metastable solutions in this paper, but
the theorem can be used for going through collisions in the sense that after two transition layers have come
close to each other, the configuration can be viewed as an order-one disturbance of a single layer state.

Assumption 1.10 (Potential). The potential G satisfies

« GisC?,

o the only zeros of G’ are £1,0 and s = +1 are the unique local and global minima of G normalized so
that G(+1) = 0,

o G'(£1) > 0.
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Notation 1.11. We use the Landau O(-) and o(-) notation and sometimes write
A<SB if = =0(1).

If A< Band B < A, we write A ~ B. We occasionally use C to represent a constant whose definition may
change from line to line and for exponentially small terms when we are not interested in a sharp constant.

1.1.1. Organization

We begin in Subsection 2.1 by collecting, with proof, the facts about the energy landscape in the asymmet-
ric setting. Then in Subsections 2.2-2.4 we reprise the facts about the energy—energy—dissipation estimates,
the differential inequality for the dissipation, and the metastability tools that will serve as the backbone
of our main proof. These results are imported from previous papers. While this unfortunately means that
this paper is not self-contained, repeating the proofs here would take up more space than appropriate. We
comment on minor adjustments as we present the results and simplify the statement of the metastabil-
ity tools to the Allen-Cahn setting, which hopefully makes the results very accessible for the reader who
wants to quickly understand the implications for the current setting. In Section 3 we assemble the proof of
Theorem 1.5.

2. Ingredients

In this section we collect the tools that will be necessary to prove the theorem. In the first subsection,
we focus on the energy of the minimizer and almost minimizers, especially in the asymmetric case. In
the following subsections we review the algebraic and differential estimates and metastability framework
developed by the author and co-authors in [20-22,25].

2.1. The minimizer and enerqgy landscape in the asymmetric case

We collect in this subsection the facts and proofs related to an asymmetric potential. To be self-contained
and to highlight the dependence on unequal second derivatives, we include the details of the proofs. However
we emphasize that the idea of the expansions is not new; they have deep roots in the applied literature and
in the math literature go back at least to [10] but earlier references may exist. We begin with the properties
of the minimizer.

Lemma 2.1. There exist C, L1 € (0,00) with the following property. For any L > Ly there exists a unique
vx satisfying (1.5) and such that

1
ex 1= E(vy) = / V2G(v)dv + exp(—L/C)
1

in the sense that

Flogle. — [ VAW = - + 1) e (2.1)

-1

The unique zero of v, is given by

. L\/G"(1)
TG () + /G

+0(1) e (2.2)
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and v, satisfies the ordinary differential equation
v = 1/2G(v) + 2 on (0,L) (2.3)

for a unique constant c, estimated by

! —’Ul — ex _ G//(_l) Gll(l)
(0) = v(L) = p( e ¢G,,(1)+0<1>Lm>. (2.4)

Proof. Existence of a minimizer v follows from the direct method of the calculus of variations and v satisfies
the Euler-Lagrange equation

—0pzv + G'(v) = 0.
Multiplying with 0,v and integrating from 0 to x gives

(v)? _ @) O — o
5~ G(v) = 5 =g for ¢:=2'(0) =v'(L), (2.5)

where for simplicity of notation we have set v’ = 9,v. From (2.5) and the boundary conditions we deduce
(2.3) and

c> 0.

The only question that remains for uniqueness is whether there can be more than one c¢ for which a solution
exists. For this, we use the familiar trick of expressing the interval length via

L 1
L:/dx:/
0 1

for any solution v (by substitution). Regarding L as a function of the parameter ¢, we compute

<&

(2.6)

/ dv

1
dv

L’(C)Z_C/W<O

—1

and deduce that there exists a unique ¢, for which (2.6) holds. This value uniquely determines the minimizer,
which we henceforth refer to as v,.
From the representation formula (2.6) we also deduce that in the regime L > 1 of interest, there holds

e K 1,

so that an expansion in ¢, will be justified.
We now turn to the derivation of (2.2). Similar computations to above will yield the formula for the zero
x4, which because of the monotonicity from (2.3) is uniquely determined. We calculate on the one hand

0
VO D, =G [t (2.7)

2G(v) + ¢2
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and on the other hand

(2.8)

T T | e

We then add and subtract the leading order term in each and expand the first integral in ¢, while calculating
the second integral explicitly. In (2.7) this yields

0 0
/G (=1, = +/G"(— 1 _ 1 v ; v
¢(=Da. el 1)_/1\/2G(v)+c§ «/(v+1)2+c§d +_/1,/(v+1)2+c3d

= C_ +o(ci) +log(c; ) +log(1 + /(1 + c2))
=log(c; ) + C_ +1og(2) + o(c.), (2.9)

for

/OWI

V2@ o
In (2.8), on the other hand, we obtain
1

VETIIL ) mf—/m = e o

———dv
v—1)2+¢2 ) v—1)2 42

= C4 + o(cy) +log(cs) — log(—1 + /(1 + ¢2))
—log(c;") + Cy +1log(2) + ofc.), (2.10)

for

1

"
/ Gr1) 1 do.
0

Solving (2.9) and (2.10) for log(c; '), equating them, and solving for z, yields

o G"( N A o
* \/G” )+ \/G” \/G” )+ \/G”
Substituting this expression back into (2.9) leads to the quantitative estimate of c,:

\/G” + \/G”

+ o(cy).

log(c; ') =

+O0(1) L o0, (2.11)

which gives (2.4).
Finally, we express the energy as

L
d:

[\
S~

L
%(v; — V2G(v,))? da:—&-/\/QG(U*)U; dx
0

(=)
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1
(2:3)/\/26‘(1;) dv+O(Lc?),
—1

which together with (2.11) establishes (2.1). O
We now turn to the almost minimizers.

Lemma 2.2. There exists L1 < oo such that for any L > Ly, the following holds true. Let v, ¥ be two functions
that minimize the energy subject to £1 boundary conditions at 0 and L and zeros x,, xy, respectively. Then
the energy satisfies a Lipschitz condition

|E(v) — E(D)| < 6|z — 5] (2.12)
If the zeros of v, U satisfy
. 7
% <xy <25 < g% (2.13)

then (2.12) holds with

log(0™1) = 2¢/G"(—1)xy + O(1) s 00 (2.14)

Similarly, if the zeros of v, satisfy

3
T < Ty < ZL’ (2.15)
then (2.12) holds with

log(6™1) = 2¢/G"(1)(L — x,) + O(1) 1S 00- (2.16)

Remark 2.3. The restrictions on x,,z; can be loosened to belonging to the intervals [az,, Sx.] or [z, +
alxy + L)/2,BL] for any a, 8 in (0,1) at the expense of increasing L;.

Proof. For any ¢ € (0, L), there exists a unique, continuous minimizing v that satisfies

and on each of the subintervals (0,&) and (&, L), this minimizer satisfies
—"(x) + G'(v(z)) = 0.

The energy of a minimizer v with zero £ is naturally a function of £&. With a slight abuse of notation, we
denote the energy as E = E(&) and by the mean value theorem, it suffices to estimate |E’ ()| appropriately.

Arguing as in the previous proof, we deduce the existence of unique and, for L large, exponentially small
in L (cf. (2.11)) values c— = c_(§), ¢+ = c4+(§) such that

v'(0) = c_ and  v'(z) = /2G(v) + (c_)% on (0,¢), (2.17)
V(L) =cy and  v'(x) = /2G(v) + (c4)2 on (&, L). (2.18)

We then represent the energy as
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5 2

L
\2 . .
BE) = (v') G dr T /2G(v)+%dm+/2G(’v)+ %dx
13

2

2 2

0
1
A ¢
\/2G(v) + % dv+/\/ cidv—gﬁ—i(L £).
0

Differentiating with respect to £ and using the length representation formulas (as for (2.7), (2.8)), we obtain

(2.17),(2.18)

L— o °—n~

the simplified expression:

2
E'(¢) = —74-7, (2.19)
so that (2.12) holds with
2 2
0= sup S
£€lon,as] 2

It remains to estimate the right-hand side in case of (2.13) or (2.15). Estimating c¢_, ¢4 as in (2.9) and
(2.10) gives

log(c =26V/G" (1) + O(V)psoe,  og(c3%(€)) = 2(L = )V G"(1) + O(1) 100 (2:20)
The result then follows from (2.19) and (2.20) using the dominance conditions in (2.13) or (2.15). For
instance (2.13) implies that £ € [z, 23] fulfills
7T (22 G"
e <, (1)
8 \/G” + \/G”

and hence
G// G// 5

We conclude from here and (2.20) that both ¢2 and ¢? are of exponential order exp(—2y/G"(—1)§) and
that ¢ satisfies (2.14).
Similarly, in the case (2.15), £ € [zg, z,] Obeys

L+, (22 L\/G'(1)
2 VG + /G )

£

and hence

V(I &) < VAT

and (2.16) follows analogously to (2.14). O
2.2. Algebraic properties including energy—energy—dissipation

For the initial phase of the evolution, we will use the squared L? distance H to the fixed function vy to
measure changes in the solution. It will be important to know that the solution u still has a projection onto
a near minimizer whose zero is not too far away from that of vy. This fact is contained in the following
lemma.
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Lemma 2.4. For any Cy € (0,00), there exists L1 € (0,00) with the following property. For any L > Li and
u € M(L,C), let z, denote the zero of a function vy € N'(L) and let H := |ju — v0||iz. Then u has a zero
X € (x./4,7x./8) such that

|x— 2, < H+ H3 (2.21)
and such that the energy-optimal profile v € N, (L) associated to x satisfies

< H+Hs. (2.22)

~

2
[ = vl[ 12

The main workhorse of the metastability proof is the following nonlinear energy—energy—dissipation
(EED) estimate.

Lemma 2.5. For any Cy € (0,00), there exist L1,Ceq € (0,00) such that, for any L > Ly, u € M(L,C1),
and the projection v € N (L) of w as in Lemma 2.4, there holds:

L o3 < € < CuuD. (2.23)
Ced
The proofs are long but elementary. The main idea is to consider the dichotomy that either the energy
gap is small or not, or that the dissipation is small or not, respectively. In the former case, one linearizes,
while in the latter case, a rough bound suffices. We refer to [20,22,25] for the proofs. Equality of the second
derivatives is not necessary in any of the arguments (only nondegeneracy). The only nontrivial difference
in the current setting is that our energy-optimal profiles satisfy the Euler-Lagrange equations (2.17), (2.18)
rather than

vy = /2G(v) 4 2G (Vimaz)
as in [20], but ¢+ and G(Vymqz) have in common that they are exponentially small in L, which is the relevant
fact.
The second ingredient for the metastability proof is a Lipschitz condition on Ny (L). To pass from shifts
in zeros to shifts in L2, we will make use of the following elementary lemma, a proof of which can be found

in [20]. Because our slow manifold consists of single kinks, the statement and proof simplify slightly.

Lemma 2.6 (Lemma 3.2 of [20]). There exists Ly € (0,00) such that for any L > Ly and for any two
v,0 € Ny (L) with zeros x, T, there holds:

o= #| S o =872 + o =8l and Ju =] Slo -3+ 1. (2.24)
We will use Lemma 2.6 together with the Lipschitz condition from Lemma 2.2 to deduce
|E(v) = E(©)] < 6llv — o],
when |z — #| < 1.
2.3. Small dissipation and one simple zero

In order to deduce that the solution has only one simple zero after the energy has relaxed, we employ
the following differential inequality for the dissipation.
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Lemma 2.7. [25, Lemma 2.6] There exist €, L1 € (0,00) such that, for any L > Ly and a solution u €
M(L,C1) of the Allen-Cahn equation (1.1), the following holds true. If u has a projection v € N1 (L) such
that ||u —v||, <e, then

%D <D. (2.25)

Smallness of the dissipation then follows as in [22] from the following lemma.

Lemma 2.8. [22, Lemma 2.12] There exist L1, v1 € R" such that if L > Ly and uw € M(L,C) satisfies
E <~ on|st] fory <~ and somet > s+ 1, then

max D <.
[s+1,¢]

Notice that the choice of s + 1 is arbitrary; it would do to take s + a for any fixed constant a > 0.

Although the condition in [22, Lemma, 2.12] is stated in terms of £ rather than &£, we can infer £ < 2y from
& < v and by possibly increasing L1, since for any two v,9 € Ay (L) the energy difference is exponentially
small in L.

As in [22], smallness of the dissipation then implies simple zeros.

Lemma 2.9. /22, Lemma 2.13] There exist L1,y € R such that if L > L; and v € M(L,C4) satisfies
E+ D <, then u has exactly one simple zero.

2.4. Metastability tools

We now state (without proof) two metastability propositions from [20,22], used also in [25]. For simplicity
of presentation, we specify them to our setting. For the more general results, we refer to [22,25].

During the initial relaxation phase, we will use Proposition 2.10 to establish exponential in time conver-
gence of € (instead of ).

Proposition 2.10 (Proposition 2.9 of [22]). Let Coq € (0,00). Suppose that for a solution u of the Allen-Cahn
equation on [0,T], there holds

(i) For every u there is an energy-optimal profile v € N (L) such that

Ju— |32 < E(u) — E(v) < Cea D, (2.26)

1
C'ed
(ii) There is a constant 6 € (0,1) such that for all appropriately chosen energy-optimal profiles vy,vy €

N (L) we have
|E(U1) - E(U2)| S 5H’U1 — ’UQHLQ. (227)
Define the initial energy gap & := E(u(0)) — E(v(0)). For all t < min{T,6~'} there holds
|E(u(t) — E(u(0))| S & exp(—t/(2Cea)) + (5 + 501) 5. (2.28)

Furthermore, changes in the solution and along the slow manifold are controlled by

sup (J[u(®) = (Ol 2 + [0(t) = v(O)l2) S (&5 + &5 ) (1+0t). (2.29)
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After the order-one time such that the energy and dissipation have become so small that (according to
Lemma 2.9) the solution has only one simple zero, we will use Proposition 2.11 to deduce the exponentially
long metastable timescale.

Proposition 2.11 (Proposition 2.10 of [22]). Consider the conditions of Proposition 2.10. Suppose moreover
that t — E(v(t)) is integrable on [0,T]. Then for every e € (0,1) there is a constant C. such that

lu(t) = v(®)l 72 + E(u(t)) — E(v(1))
Sexp(—(1— €)t/Cea) & + Ceb. (2.30)

Furthermore, changes in the solution and along the slow manifold are controlled by
1
[u(t) = u(0)]l > + llv(t) —v(0)][ 2 S & +0(t+1). (2.31)
3. Proof of Theorem 1.5

We are now ready to prove our theorem.

Proof of Theorem 1.5. We will control two phases of the evolution, an initial phase [0, s1] in which we use
rougher control on the energy decay from Proposition 2.10 and a second phase [s1,Ty] in which u has only
one simple zero moving continuously in time, so that we can apply Proposition 2.11.

Step 1. The proof will rely on a buckling argument. A priori, we will need to control changes in H(t) and
define

Ty :==inf {t > 0: H(t) > C2} (3.1)

for a universal constant Co > 4e, to be specified below. Notice that on [0,77] there holds u(t) € M(L, C2)
and hence, by Lemma 2.4, v(t) € Ny (L) is well-defined. Note also that according to (2.21) the motion of
the zeros on [0,7T7] is bounded according to

Ax(t) = |X(t) — .Z‘Q‘ < 03 = 03(02), (32)
so that
xg — C3 < X(t) < x9+ Cs. (33)

In order to apply Proposition 2.10, we need to verify (2.26) and (2.27). Since v € N, (L), the EED
estimate for & follows directly from Lemma 2.5. According to Lemma 2.2, there is a Lipschitz condition of
the form:

[E(v) — E(0)| d]x — x| (3-4)

with

_(3.3)
d < Cexp(C sup Ax(t)) exp(—2+/G"(—1)xo)
[0,7]

and hence
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(2.24) _
|E(v) = E@)] < o1+ Ax(Ty))[lv— 0l
< Ol = e (3.5)

for

5 = (14 sup Ax(t)) exp(C sup Ax(t)) exp(—2+/G"(—1)x0),
[0,71 (0,77

which by (3.2) is of exponential order exp(—21/G"(—1)x.
We set 1" := min{T},6~'}. We will show that

T<T (3.6)

and that Ax(t) satisfies a sharper bound than (3.2).
We now apply Proposition 2.10 and measure changes to the fixed function vy € N'(L) that is associated
to ug. We obtain up to time T the estimates

E(t) S Eoexp(—t/(2Cea)) + (& + €5 ) 6, (3.7)

sup ([[u(t) —u(O)ll 2 + [o(t) = vl ) < (& +&5)(145t) S &7+ S (3.8)

Choosing Cy sufficiently large with respect to the implicit constant in (3.8) implies (3.6) and uniformly
bounds

5 < exp ( -2 G”(—l)x()).
This gives

(2.24),(3.8) N
sup Ax(t) S &S +é&f, (3.9)

z—1
<6

which is (1.12), and substituting the uniform bound on 5 into the first estimate in (3.8) implies (1.13).
Also since

1€ — €| < exp(—2y/G"(—1)xy), (3.10)

(cf. Lemma 2.2) and using the EED inequality (cf. Lemma 2.5), we obtain (1.11) for £ and ||u(t) — v(t)HiIl.
According to (1.11) together with Lemmas 2.8 and 2.9, and for L; sufficiently large (with respect to
the order-one constant ), there exists an order-one time s; such that the solution has one simple zero on
[s1, 5‘1]. But then because of the boundary conditions and Lemma 2.1, the solution has one simple zero for
all t > sq.
Step 2. We now examine the relaxation of the energy gap more carefully with Proposition 2.11, which

will give 62 (rather than just 6-) distance to the slow manifold. Rather than tracking £, we here track
& = E(u(t)) — E(v(t)) on [s1,Ts], taking the solution at time s; as initial data. We again define

~

Ty = inf{t > s1: [Ju(t) —v(s1)|32 > Co}, T :=min{T},T.}
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for an € to be specified below. Because of the unique, simple zero, ¢ — E(v(t)) is measurable and, in

particular, integrable, and we may apply Proposition 2.11. Proceeding as in the previous step and setting
e = 1/2, we obtain

lu(t) = v(@)[I72 + E(t) S exp(—(t = 51)/(2Cea)) &0 + 67, (3.11)
lu(t) = u(s0)l 2 + [0(t) = v(s1) 12 S E(s1)2 + (¢ = 1 +1) (3.12)

~

on [s1,T] with a § of exponential order exp(—+/G”(—1)z¢) defined via

o= (1+ sup A;x(t)) exp(C sup Ax(t)) exp(—2v/G" (—1)zo),

0,7 [0,7]

for
Ax(t) == |x(t) — x(s1)].

Because the zero moves continuously, we can bound Ax(¢) with a continuity argument as follows: Using

(2.24) 9
Ax(t) 5 sw (o) = o(sy)llgs + o) = v(s)F2) (3.13)
te(0,7

and bounding the L? norm via (2.31), we obtain

Aux(t) < E(s1)% +8(T — 51+ 1)
< E(s1)? 4 eCexp(CAx()) (1 + Ax(L)).

Continuity of Agsx, Asx = 0, and choosing € € (0,1) small enough in the definition of T} implies
Ax(1)) S E(s1)*.

Hence we have a uniform bound on ¢, and Lemma 2.6 implies f“ > Ty, so that we obtain (1.15) up to T.
Moreover (3.11) yields (1.14). Finally (1.16) follows from (3.12). O
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