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Introduction

Nowadays, large datasets arise in many application fields, where the notion “large* may either
refer to the sample size, or to the number of observed attributes. In regression-type models,
the goal is to obtain a model, which quantifies the dependence structure between some variable
Y, which is called the response variable, and some predictors X1, Xs,..., X, based on their
values for a sample of size n € N. It may happen that the number of predictors p exceeds
the sample size n, which causes that classical methods to obtain estimates of the predictors’
regression coefficients, e.g. maximum likelihood estimates, do not yield “accurate“ estimates
or even do not exist. If p < n together with p being very large, similar issues may occur, even
though e.g. maximum likelihood estimates may exist from the theoretical point of view. To
be more precise, such cases where p is very large come with complex inversion tasks of large
matrices, which cause problems in practice. In both cases, i.e. p > n or p < n and p very
large, the terminology high-dimensional is used in the literature. In high-dimensional settings,
the application of penalized regression techniques is able to resolve the discussed issues, yielding
the desired estimates, where these techngies rely on the so-called sparsity assumption. That
is, a model is called sparse, if only a relatively small fraction of the predictor variables has an
influence on the response variable. The assumption that the true underlying model is sparse
provides the possibility to obtain convenient estimates of the regression coefficients through pe-
nalized regression. The following example, which is taken from Hastie et al. (2015) (Chapter 1),
illustrates this concept.

In medical research, scientists investigate the impact of genes on diseases. That is, given
a patients’ gene information, one aims to predict the probability of whether the patient will
develop a certain disease or not. An example is considered where measurements of 4718 genes
are given for n = 349 cancer patients. The goal is to predict the probability that the patient
will develop a certain cancer class, based on the patients’ given 4718 gene measurements. For
the cancer classes, 15 different classes are considered, that is, bladder, breast, colon, kidney
etc., see Hastie et al. (2015) (Chapter 1). Building a regression-type model with the elaborated
purpose, the coefficient vector that needs to be estimated is of dimension 4718 x 15 = 70770,
which is challenging with a sample size of only n = 349, thus known approaches like maximum
likelihood estimation will not yield any results. However, it is known from former medical
research, that only a few genes have an influence on the cancer class, i.e. the model is known
to be sparse. Under the sparsity assumption, it is convenient to obtain coefficient estimates
through penalized regression, which imposes a penalty function on the coefficients such that the
resulting model balances the quality of the fit as well as the model complexity. There are plenty
of different choices of penalty functions in the literature, which are presented at the beginning
of this thesis. Coming back to the example, through penalized regression the (comparably)
large amount of attributes (i.e. predictors) can be cut down to the essential parts that are
needed to characterize the cancer class. To be more precise, Hastie et al. (2015) (Chapter 1)
fitted a penalized regression method which yielded that only 254 genes have at least one nonzero
coefficient, thus are influential at least for one cancer class. That is, out of 70770 coefficients
to be estimated, only 254 are nonzero, which drastically decreases the model complexity and
highly increases its interpretability, understanding what type of genes have an influence on the
cancer class. The resulting (cross-validation) error rate of the obtained model was calculated as
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10%, thus the grand majority of 90% of the samples were correctly classified by this model.

Motivated by the example of the previous paragraph, which shows the strength and impor-
tance of penalized regression methods, this thesis focuses on penalized logistic regression. That
is, a binary response variable Y with an underlying logistic regression model is considered. For
the predictor variables, the focus lies on factors, thus categorical predictors with a fixed number
of levels. Another characteristic of this thesis is, that the notion sparsity is not only studied in
the context of selecting predictors that have some influence on the response variable (referred
to as factor selection), but also in the context of fusing the levels of a factor that have the
same influence on the response variable (referred to as levels fusion), which further reduces the
complexity of the considered regression model. The particular structure of this thesis is given
below.

Chapter 1 starts with the introduction of the considered framework and provides an overview
of existing penalized regression methods, where theoretical properties provided in the literature
for linear regression are transferred to the considered setting of logistic regression. First, the
focus lies on penalized regression methods for levels fusion, i.e. those introduced in Bondell
and Reich (2009), Gertheiss and Tutz (2010b) incorporating an Li-type penalty and Oelker
et al. (2014a) incorporating an Lo-type penalty, to name the main references. Then, penal-
ized regression methods introduced for the purpose of factor selection are considered, where the
main references are the works of Yuan and Lin (2006), Meier et al. (2008) who consider the
so-called group lasso penalty as well as Fan and Li (2001) and Wang et al. (2007) proposing
(group) SCAD and, finally, Zhang (2010) and Huang et al. (2012) contributing (group) MCP.
Details on the clear definitions, purposes and differences of the named methods are given at
the respective point in the chapter. Computational methods employed for obtaining the cor-
responding estimates are discussed before characteristics of the different penalized regression
approaches are underlined by comparing the corresponding coefficient paths. Finally, extensive
simulation studies are conducted using the statistical software R, investigating the behavior of
the presented methods in five different simulation designs, showing the advantages and disad-
vantages of the methods. These studies reveal that, on the one hand, the existing methods for
performing levels fusion yield models that are not sparse enough on the factor level, i.e. it is
desirable to improve their factor selection performance. On the other hand, it is demonstrated
that the existing methods designed for factor selection are not able to conduct levels fusion,
i.e. sparsity in the context of fusion of the levels of a factor with a similar influence on the
response variable is neglected. These investigations underline that, so far, there exists no penal-
ized regression approach for simultaneously performing factor selection and levels fusion. Since
such an approach would be highly suitable especially (but not only) in the context of regression-
type models incorporating factors, this gap will be closed in the upcoming chapters of this thesis.

In Chapter 2, a new approach is proposed to simultaneously perform factor selection and
levels fusion with a penalized logistic regression technique, for which a new penalty function is
introduced. To build a solid basis for the foregoing thesis, this chapter focuses on the theoretical
investigation of the new method. In particular, theoretical properties are proven, e.g. con-
sistency results, asymptotic normality along with factor selection consistency as well as fusion
consistency. These properties are very valuable as they show that, e.g., under some suitable
regularity conditions, the probability that the new method will exclude influential factors from
the model goes to zero as the sample size goes to infinity (consistency in factor selection). A
similar result for levels fusion is shown, i.e. it is proven that the probability that the method
fuses the levels of the factors correctly goes to one as the sample size goes to infinity (fusion
consistency). These properties justify that the new method is a suitable choice for the purpose
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of obtaining sparse models in penalized logistic regression with factors.

Then, Chapter 3 develops convenient algorithms to calculate the estimates for the new
regularization technique introduced in Chapter 2. Since the optimization problem that needs
to be solved to obtain estimates includes the minimization of a function that is not continuous
caused by the structure of the novel penalty function, a suitable approximation will be applied.
Subsequently, two algorithms to solve the resulting optimization problem will be considered, one
of them being a Newton-type algorithm applied on penalized versions of the hessian and the
score and one being a block-coordinate descent algorithm. Further, coefficient paths applying
both algorithms are provided, which underline the functionality of the algorithms and empha-
size that the new technique simultaneously performs factor selection as well as levels fusion, i.e.
the purpose for which it was introduced. Having that, the focus of this chapter returns to the
simulation designs provided in Chapter 1 and the behavior of the new method in the same five
simulation designs is investigated. These simulations show that the new method is, on the one
hand, able to improve the factor selection performance of those penalties for levels fusion and, on
the other hand, able to perform both factor selection and levels fusion, closing the gap illustrated
at the end of Chapter 1. Furthermore, it is demonstrated that both algorithms proposed at the
beginning of this chapter perform well, one being more suitable in designs of lower dimensions,
and the other in designs of higher dimensions.

Finally, Chapter 4 provides statistical inference analysis for the proposed method of Chap-
ter 2. In general, performing statistical inference in (high-dimensional) penalized regression
is challenging, as thoroughly explained in this chapter. However, it is shown how statistical
inference can be conducted in the framework of the novel penalized regression technique. In
particular, a two-stage method is proposed, including a step for dimension reduction through
factor selection and levels fusion (step 1), and an inferential step (step 2). Considering two
different approaches for corrections for multiplicity of testing, a single and a multiple sample
splitting approach is applied. The main difficulty ensuring a suitable theoretical basis applying
the novel penalty function in step 1, compared to the existing approaches in the literature, e.g.
the main references Wasserman and Roeder (2009) and Meinshausen et al. (2009), is the fact
that factor selection and levels fusion is performed here. Consequently, in step 1, it is necessary
to ensure the so-called screening properties for both factor selection and levels fusion. However,
Chapter 2 justifies the assumption of these screening properties, enabling to proof error control
properties, e.g. bounding the probability of even one false rejection of the null hypotheses of the
tests considered in step 2. Generally speaking, the two-stage method first reduces the dimension
in step 1 and, having that, those truly non-influential factors that are still included in the model
are removed in step 2. The factor selection consistency shown in Chapter 2 yields that the prob-
ability that all the influential factors are included in the selected model of step 1 tends to one as
the sample size increases, which is necessary to ensure that the two-stage method is reasonable,
similar arguments apply for the respective fusion property. Consequently, the two-stage method
further increases the sparsity level of the final selected model, while ensuring important and
appropriate theoretical properties.

To sum up, this thesis contributes a novel penalty function for penalized logistic regression
which is suitable especially for the incorporation of factors as it simultaneously performs factor
selection and levels fusion. A thorough examination of theoretical properties and the behavior
in simulation studies demonstrate that this technique is advantageous. Additionally, a two-stage
approach enables statistical inference analysis.






Chapter 1
Penalized Logistic Regression

This chapter gives an overview of existing penalized (logistic) regression approaches, where its
structure is as follows. Section 1.1 establishes the underlying regression-type model that is con-
sidered, including the explanatory variables, the random response variable and the underlying
distribution of the latter. Having that, Section 1.2 proceeds with the framework and purpose
of penalized regression. Since penalized regression techniques involve tuning parameters, the
cross-validation procedure as a suitable tool for the determination of those is presented. Fur-
ther, definitions of theoretical properties are introduced, which are desirable to be satisfied by
the penalized regression approaches and with respect to which the approaches are compared,
ensuring a comparable scale. Then, a selection of penalized regression approaches being suit-
able for the considered framework is presented, along with appropriate algorithms to solve the
resulting optimization problems. Starting with penalties on differences in Section 1.3, those for
grouped structures are discussed in Section 1.4 and finally non-convex penalties are examined
in Section 1.5. Through the literature, theoretical properties for the majority of the considered
approaches are proven for the linear regression model, while it is often stated that the results
are extendable to logistic regression. However, it is not clear whether these extensions require
some adjustments in the assumptions or proofs. Consequently, in this thesis, the results are
transferred, if possible, to the case of logistic regression adjusting the assumptions and proofs,
respectively. Finally, Section 1.7 introduces the framework of the simulation studies that were
conducted to compare the considered penalized regression approaches from the computational
side. The conducted simulation designs are presented, as well as details on tuning and measures
with respect to which the methods are compared. The results are presented and discussed in
Section 1.8. This chapter is closed by a final comparison of the considered methods in Section
1.9, including a discussion on improvement possibilities, which motivates the introduction of a
new penalized regression approach in Chapter 2.

1.1 The Model

First of all, the underlying model that is considered throughout the whole thesis is introduced in
this section, which is the logistic regression model as a special case of a generalized linear model
(GLM). Before doing so, the necessary framework corresponding to the explanatory variables,
the random response variable as well as distributional assumptions are specified. References for
more detailed information on GLMs are given by McCullagh and Nelder (1989), Myers et al.
(2010), as well as Agresti (2015), while further details on GLMs and corresponding treatments
for categorical variables can be found in Kateri (2014), Tutz (2011) and Agresti (2002).

1.1.1 Explanatory Variables and the Response Variable

One considers J € N categorical explanatory variables denoted by 271,..., %27 and a binary
random response variable Y, where the latter takes values in the set {0,1}. The explanatory
variables are also called predictor variables or covariates. In particular, a categorical variable is
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a variable whose measurement scale consists of a set of categories (according to Agresti (2002),
Section 1.1), where the categories are also called levels. The focus here lies on categorical ex-
planatory variables, which are also called factors. Factors can be either nominal or ordinal,
where the latter means that the levels can be naturally ordered - if this is not the case, the
factor is called nominal. Further, if a factor has only two levels, it is called a binary factor and
can be considered either as nominal or ordinal, depending on the modeling context.

Each factor 25, j € {1,...,J}, is assumed to have p; + 1 levels (p; € N), which are coded by
0, ..., pj. In this thesis, the commonly used dummy coding scheme is applied, that is, for each
factor a series of dummy variables is introduced, which take values in the set {0, 1}, depending
on the level of the corresponding factor, specified in (1.1). Consequently, for each factor %},
j€{l,...,J}, pj dummy variables Zj1,..., Zj,, are introduced, constructed as follows

Zip=1e2=k je{l,.... 0L ke{l, .. p} (1.1)

The reason why p; dummy variables are introduced instead of p; + 1, even though the number
of levels of 2 is pj + 1, is the following. If 25, =0Vk € {1,...,p;}, it is clear that Z; takes
the first category, which is coded as zero, i.e. a dummy variable for this category is redundant.
This category is the so-called reference category. Clearly, any other category of a factor can be
chosen to be the reference category, however, it is common to use the first category, which is
also done in this thesis. The total number of levels throughout all factors without counting the
reference categories is defined as p, hence

J
p = ij.
j=1

Summing up, one sets

*
% = (%1,1,...,%7171,...,%‘]71,...,%J’p(])

2 2y

as the vector of the non-redundant dummy variables corresponding to the J factors under
consideration and x* € RP as a realization of 2. One considers n € N given observations
of Z* denoted by x7,...,x; € RP. These observations are written into a matrix X* € R"*P
yielding the following structure

.’B17zJ—1 ) R $17p %

j=1Pi Ty
A J—1 R ] xr*
2, 5, Pj P 2
X = 2y P ~ ™. (1.2)
*
T
T J-1 R 4 n
n’ijl Dj P

The (sub-)matrices X; € R"*Ps are defined such that they contain the n observed samples of the
dummy variables corresponding to covariate Z; as illustrated in (1.3), i.e. X* = (Xq;...; X ).
To be more precise, the structure of the sub-matrices is as follows

:El,zz;ll pi xl,zzzlpi

Toxmi-l_  eee Toxmi
CXj = | e T TRl e {2, ) (13)

X

xﬂ,zz;ll pi :UTLZLI Pi
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Remark 1.1.1. The above explained coding scheme for categorical covariates is commonly used
and follows several works, e.g. Oelker et al. (2014b) and Gertheiss and Tutz (2010b). However,
other coding schemes exist, as e.g. the so-called split coding scheme which is appropriate if
ordinal covariates are considered, according to Tutz (2011) (Section 1.4.1). To be more precise,
one sets 25, =1 & Z; > k and Z;; = 0 otherwise. This split coding scheme takes into
account the ordering of the levels as the variable 27 indicates whether covariate 2 takes a
level “above“ k or not. Nevertheless, this thesis does not restrict the categorical covariates to
be ordinal, i.e. the dummy coding scheme is applied. Further details on other coding schemes
can also be found in Chiquet et al. (2016).

Finally, y is defined as the vector containing the observed sample of size n of the response
variable, in particular

y:=(y1,- - yn)" ER™ (1.4)

1.1.2 Generalized Linear Model (GLM)

The goal now is to predict the expected value of the binomial distributed binary response variable
Y given the predictor variables 271, ..., 2, where the particular assumed underlying model is
introduced in the following. First, one needs to introduce the design matriz which is denoted
by X € R+ The design matrix X is given by an extension of X* (1.2) adding a column
of ones, which account for including an intercept in the model, thus

X =@t x*). (1.5)

The design matrix X is assumed to be fized, i.e. this thesis considers a fized design. With x;
the i-th row of the design matrix X is denoted, i.e. x; = (1, }), where ] contains realization
1 of Z7*. Further, one defines

2= (1,27,

thus 2" is the vector of non-redundant dummy variables corresponding to the factors under
consideration extended by the value one as the first entry.

In contrast to the explanatory variables, the response variable Y is assumed to be random.
For the random response variable Y, the response vector is denoted by

Y = (Y1,...,Y,)7

which contains a random sample of size n. The corresponding observed response vector is de-
noted by y and was introduced above in (1.4).

The vector of (unknown) regression coefficients is denoted by 3, which is also called coefficient
vector for short in this thesis. In particular

/B = (ﬁintuﬁLla B 761,]31) .. '7BJ,17 o 75J,pj)7

B By
hence 3 is of dimension p+ 1. Here, B;,: represents the intercept of the model and 31, ..., 8 are
defined as the parameter sub-vectors of dimensions pq,...,ps corresponding to the considered

factors.
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The classical linear model is given by

E(Y|z) = 2, (16)
or, in matrix notation,
J
E(Y|X)=1"8+> X,;8; = X8, (1.7)
j=1

modeling the expectation of Y given the explanatory variables as a linear function, where the
linearity corresponds to linearity in 8. With a binary random response variable Y, this model is
in general not suitable, since the product @3, which is also called the linear predictor n := a3,
in matrix notation 1 := X 3, may take values on the whole real line R, while the expectation of
a binary random response variable Y should be between zero and one.

For that reason, a generalized linear model (GLM) is considered next, which applies an ap-
propriate function g(-) to the expectation on the left hand side of equation (1.6), and (1.7)
respectively, one compares (1.11) and (1.12). Thus, the linear model (1.6) is a special GLM
where ¢(-) is chosen to be the identity function. These type of models were introduced by
Nelder and Wedderburn (1972) and provide a unified framework for different types of random
response variables being modeled by explanatory variables. It is required that the distribution of
the random response variable Y belongs to the exponential dispersion family, which is specified
in the upcoming definition. Thus, before the model can be rigorously introduced, the following
definition of the exponential dispersion family (EDF) is needed. The EDF is a general family of
distributions for Y, that has continuous as well as discrete distributions as members, making it
a broad class of distributions.

Definition 1.1.2 (Tutz (2011), Section 3.1). A family of distributions & := {Py 4|0 € R, ¢ >
0} is said to belong to the exponential dispersion family, if and only if, for some given, real-
valued functions ¢(+), ¢(+,-) and a non-negative real-valued function a(-), its probability density
functions (pdf) or probability mass functions (pmf) can be written as

yo — »(0)
a(e)

The parameter ¢ > 0 is called the dispersion parameter and # € R the natural parameter.

£(416.6) = e ( +elw.9)). (1.8)

More information on the EDF can be found in the work of Jorgensen (1997) and the references
therein. With Definition 1.1.2, one further deduces for i = 1,...,n and 8 = (0y,...,0,) as well
as functions a1 (), ..., a,(®)

E(Y|2;) = ¢'(0:), Var(Yla:) = ai(¢)¢" (6:), (1.9)

according to Tutz (2011) (Section 3.4.1) and McCullagh and Nelder (1989) (Section 2.2.2). As
one can see, ensuring a positive variance one can conclude that ¢”(-) > 0 since the functions
a;(+) are non-negative according to Definition 1.1.2.

Remark 1.1.3 (Natural exponential family (NEF)). For a known dispersion parameter ¢, (1.8)
simplifies as follows

f(yl0) = exp (y0 — p(0) + c(y)) - (1.10)

In this case, the family of distributions is called natural exponential family (NEF).
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Generalized linear models consist of three different components (Agresti (2002), Section 4.1.1):

(i) Random component: the random response variable Y with an independent random sam-
ple Y = (Y1,...,Y,) of size n, where the (conditional) response distribution of Y;, i €
{1,...,n} given the predictors, is assumed to belong to the EDF (Definition 1.1.2) with
natural parameter 6; and conditional mean denoted by p(xz;) = E(Y; | ;).

(ii) Systematic component: the explanatory variables yielding the linear predictor n = X3
(ni ==x;B,1 € {1,...,n}, respectively).

(iii) Link function: an invertible function ¢(-) linking the random and the systematic compo-
nent, that is g (E(Yi|x;)) = n; for ¢« € {1,...,n}, or, in matrix notation ¢ (E(Y|X)) = n,
where in the latter case the link function is applied componentwise.

The following definition of a GLM is obtained.

Definition 1.1.4 (Generalized linear model (GLM), Nelder and Wedderburn (1972)). Y is
assumed to be a random response variable and £27,..., 2 J explanatory variables, measured
on an observed sample of size n. Further, it is assumed that the components of the corresponding
random response vector Y = (Y7,...,Y,,) are conditionally independent, given x;, i € {1...,n}
and the distribution of Y;|@; belongs to the EDF. Then, for a monotonic, differentiable link
function ¢(-), the GLM models the expected response as follows

Equivalently, in matrix notation applying the function g(-) componentwise it holds that
9(E(Y|X)) = XB. (1.12)

It is noted that the linear predictor n = X3 is linear in the parameter 3, that is, one can
also include explanatory variables being non-linear functions of other underlying variables, such
as interaction terms or polynomial terms.

Remark 1.1.5. In the framework of GLMs, the pmf or pdf f(y|f, ¢) of Definition 1.1.2 may be
written for simplicity reasons as f(y|3).

Remark 1.1.6 (Random design and fixed design). In this thesis, the explanatory variables
are considered as fixed, which is denoted in the literature as fized design. Nevertheless, it
is also possible to consider the explanatory variables as random, called random design. For
the latter, one can similarly set up a GLM as in the fixed case (Definition 1.1.4), but with
the additional assumption that (X7,Y1),...,(X},Y,) is an iid random sample of (Z™,Y),
according to Bithlmann and Geer (2015). From the methodological point of view, there is no
difference between these two cases as argued in Biithlmann and Geer (2011), but when it comes
to model misspecification one needs to distinguish, as elaborated in Biithlmann and Geer (2015).
References treating a random design in case of an underlying linear model in terms of inference
analysis are given by Geer et al. (2014) and Javanmard and Montanari (2014b).

Definition 1.1.7 (Canonical link, Agresti (2002), Section 4.1.1). If the link function in Defini-
tion 1.1.4 is chosen such that the conditional mean of the response is transformed to the natural
parameter of the EDF, that is, if

0; = g(p(zi)),

the function g(-) is called the canonical link.

In the case of a canonical link function, one can write by (1.11) that
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0; = x;3, hence 0; = n;.

The choice of the canonical link function comes with some comfortable simplifications of the
associated inferential procedure according to Agresti (2015) (Section 4.5.5), e.g. the observed
and expected Fisher information matrices coincide, such that the Fisher scoring and Newton-
Raphson algorithms are identical.

Having specified the underlying model, i.e. the GLM (1.12), the next natural step is to
consider point estimation of the parameters. The predominant estimator in the frequentist
approach is the maximum likelihood estimator (MLE), which is provided in Definition 1.1.9
after introducing the (log-)likelihood function in Definition 1.1.8. The MLE is given by the
maximizer of the likelihood function, where the latter provides the probability of the observed
sample y as a function of the parameter 3. In the following, f(y|3) is assumed to be a pmf/pdf
from the EDF (Definition 1.1.2 and Remark 1.1.5).

Definition 1.1.8 ((Log-)Likelihood function, Casella and Berger (2002), Definition 6.3.1). One
assumes ¥, ..., Y, to be realizations of an iid sample from a pmf or pdf f(y|3), where 8 :=
(Bo, B1s - - -, Bp) € RPTL is some parameter vector and X € R™ P+, For y := (y1,...,yn) € R",
the likelihood function is defined as

L(Bly) = T Fw18) (1.13)
=1

and the corresponding log-likelihood function

Ln(Bly) :=In(ln(Bly)); (1.14)

for which L,,(8) and 1,,(3), respectively, is written for short. It is noted that the dependence on
X is not expressed in L, (B|y) and 1,(8|y), respectively, since the design matrix X is assumed
as fizred.

Definition 1.1.9 (Maximum likelihood estimator, Casella and Berger (2002), Definition 7.2.4).
The same setting as in Definition 1.1.8 is assumed. The maximum likelihood estimator (MLE)
is defined as the maximizer of the likelihood function, i.e.

BMY) = arg max,(B) = arg min — Ly (3).
AR+ BeRr+

Under the choice of the canonical link function, the log-likelihood function is strictly concave
if X is of full rank (cf. Agresti (2015), Section 4.5.1) which is thoroughly examined in the
following remark.

Remark 1.1.10. This remark analyzes the definiteness of the Fisher information matrix, hence
whether the log-likelihood function is strictly concave or not.

(i) First, the reason why the log-likelihood function is strictly concave under the choice of
the canonical link function if X € R™®*1 ig of full rank is obtained. Here, “full rank*
means that rank(X) = p + 1, for which it is necessary to ensure n > p + 1 since it holds
that

rank(X) < min(n,p + 1).

By straightforward calculations, it can be seen that the Hessian matrix of the log-likelihood
function, being equal to the expected Fisher information matrix Ir(8) since a canonical
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(iii)

link is used (according to Agresti (2015), Section 4.5.5), is given by

0*Ln(B)
Ir(B) :=E <_3[32
0°Ln(B) T (np”(mlﬂ) w"(wnﬁ)>
= o) xTqia X, 1.15
op? a9 a.(9) 19
where a;(-) and ¢(-) are introduced in Definition 1.1.2. It holds that the matrix W, defined
by

(" (@1B) @”(%ﬂ))
W := diag <,..., , 1.16
w@ T an0) (19
is strictly positive definite since % > 0Vi=1,...,n, one refers to the explanation

right below (1.9). Having that, one can define A := W1/2X ¢ RP+Dx(+1) guch that
ATA=W'"X)T(W'2X) = XTWX = —Ip(B).

Now, assuming that X is of full rank, one can conclude that A is of full rank. Further,
even though this is not used for the following lines, one can conclude that AT A and the
Hessian matrix of the log-likelihood (1.15) are of full rank, i.e. Ir(3) is invertible.

For some z € RPT1\{0}, one can deduce

ZIXTWXz2=2TATAz = (A2)T(Az) = ||Az|> > 0, (1.17)

where the latter inequality uses that A is of full rank, hence Az = 0 < z = 0. Otherwise,
if it would not be known that A is of full rank, one could just write ||Az|[?> > 0 which
would not be sufficient for strict concavity. Consequently, ATA = XTW X is strictly
positive definite, such that the Hessian of the log-likelihood (1.15) is strictly negative
definite, yielding that the log-likelihood is strictly concave.

It can be seen from (1.17) that the Fisher information matrix is always at least positive
semi definite. Thus, it can always be ensured that the log-likelihood function in the
setting considered here, i.e. using the canonical link function, is concave so the negative
log-likelihood function is convex.

In Appendix B, regularity conditions are provided ensuring theoretical properties like
consistency of the MLE, where the latter is discussed in Appendix C.

1.1.3 Logistic Regression

This section specifies the choice of the link function g(-) used in this thesis. Considering a binary
random response variable, there are different appropriate choices for the link function, such as
the logit link, probit link or complementary log-log link, which are provided in Definition 1.1.11.

Definition 1.1.11 (Agresti (2007), Section 3.2). In case of a binomial random response variable,
an appropriate link function should map the interval [—o0, c0] to [0, 1]. Some well-known choices
for link functions in case of a binomial random response variable are given by the following
functions, where p is written instead of u(x) for simplicity.

(i)

The probit link is defined as

g(p) =2 (u),

where ®(-) is the cumulative density function (cdf) of the standard normal distribution
N(0,1).
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(ii) The log-log link is defined as

g(p) := —log(—log (1)),

in particular, this link function is the inverse of the cdf of the Gumbel distribution according
to Agresti (2015), Section 5.6.3.

(iii) The complementary log-log link is defined as

g(p) = log(—log(1 — u)).

It is called “complementary® log-log, since the log-log link (ii) is applied to 1 — u, the
“complement® of .

(iv) The logit link is defined as

1
=1 e 1.18
9(1) Og(l_/J, (1.18)
in particular, this link function is the inverse of the cdf of the standard logistic distribution
according to Agresti (2015), Section 5.1.3.

In general, it depends on the application context which link function is the most appropriate
choice. Comparing the probit link, emerging from the inverse of the cdf of the standard normal
distribution, and the logit link, emerging from the inverse of the cdf of the standard logistic
distribution, one first notes that the standard logistic distribution looks similar to the standard
normal distribution but the standard logistic distribution has slightly thicker tails and a stan-
dard deviation of 1.8 rather than one according to Agresti (2007) (Section 3.2.5). Consequently,
the probit link function is a bit more steep than the logit link function. However, they both
share the property of being symmetrical around 0.5 in terms of satisfying g(u) = —g(1 — p),
and, with respect to goodness-of-fit measures, the resulting fits using the probit or the logit link
are often similar (McCullagh and Nelder (1989), Section 4.3.1). In contrast, the log-log and the
complementary log-log link do not satisfy the provided symmetry relation, i.e. they could be
more suitable in cases where the probability that the response variable equals one approaches
one at a different rate than it approaches zero, which could be reasonable for settings where the
number of zeros and ones in the observed sample y significantly differ from each other (Ming-
Hui Chen and Shao (1999)). However, one can say that the most common choice is the logit link
(iv) as it is the canonical link function for a binary random response variable (shown below),
yielding some comfortable simplifications, as explained earlier right below Definition 1.1.7.

In this thesis, the canonical link function for the considered binomial response is chosen, i.e.
the logit link function (1.18). The fact that this is the canonical link can be directly seen as

g(p) = log (1“) = log (1 . ﬂ) = g(u) = 0. (1.19)
Mz

—p

=0, one compares Remark 1.1.12

Consequently, the logit link supplies the logistic regression model (cf. Agresti (2002), equation
(5.9)), i.e.

B(Y]) = S22 (1.20)
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which is the underlying model that is considered throughout this thesis. It is noted that, by the
binomial distribution of the random response variable, it holds that

p(x) = B(Y|z) = (Y = 1]z) = (=), (1.21)
where sometimes p and 7 might be written for short as in (1.19).

The fact that the binomial distribution belongs to the EDF is needed for the rigorous appli-
cation of Definition 1.1.2, for that reason the following remark is provided.

Remark 1.1.12. In Defintion 1.1.2, the first argument of the pmf f(y|0, ¢) is the quantity v,
while writing v := (y,z) € RP™2 for an observation, one can similarly write f(v|6,¢) for the
pmf to emphasize that it also depends on x, even though it is assumed fized and given. For
Y ~ Bin(1, ), the following holds for logistic regression (Myers et al. (2010), Section 5.1)

6 = log(n/(1—m)),
= log(1 +exp(f)),

o(0)
a(p) = 1,
cly,¢) = 1.
Consequently, the binomial distribution belongs to the EDF and NEF.
Considering an iid sample of size n and writing v; = (y;, x;) € RP*2 for i = 1,...,n and
exp(ziB)

(1.22)

i

1+ exp(x;0)’

the log-likelihood function (1.14) considering logistic regression (1.20) is given by

L,(B) = Ln(B|v) Zln 1 —m)t~¥ird) Zyzwzﬁ (1 +exp(x;3)). (1.23)

=1

Next, the structure of the coefficient vector @ is discussed. By (1.20), for every dummy
variable 27 ;, j € {1,...,J}, i € {1,...p;} in the model, one needs to estimate a coefficient j; ;.
Thus, one needs to obtain an estimate ,é of the vector of coefficients 3 being of length p 4+ 1
with parameter space € := RPT!. As already shortly mentioned in Section 1.1.2, the structure
of the unknown coefficient vector is as follows

B = (Bint: B1, ... Bs)" € R, (1.24)

where B;,+ denotes the intercept and
,sz (ﬁj,la"-aﬁj,p]‘) GRpj, jE {1,...,J}, (125)

is the parameter sub-vector corresponding to the j-th factor. The estimates are denoted by B
and 3;, respectively, where an upper index may be added indicating which method was used for

the estimation, e.g. B (ML) and B ) for the MLE according to Definition 1.1.9.

Remark 1.1.13. Later in this thesis, when considering asymptotic properties of different es-
timation methods letting n — oo, the quantities p, and J respectively, can be either fixed or
diverging with n. To be more precise, in the diverging case, the number of covariates J and
the dimension of the parameter space p 4+ 1, in particular p, may depend on the sample size n.
Whenever it is necessary to emphasize that p or J are allowed to grow with n, the expressions
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pn and J,,, respectively, are employed. The differentiation between fixed p and diverging p,, will
(only) play a role in theorems where asymptotic behavior is investigated, thus the differentiation
will only be done when it comes to asymptotic properties, otherwise p is considered as fized.
Throughout the whole thesis, it is always clearly specified whether the case of p being fixed
(denoted by fized p or fized case) or diverging with n (denoted by diverging p, or diverging
case) is observed. Clearly, writing fized p also means that J is fixed, similarly for diverging p;,.
Further, X and the estimate B also depend on n, but since this is always the case the subscript
is omitted for simplicity of notation, except for theorems where this is explicitly needed and
mentioned.

To sum up, the previously introduced fized explanatory variables and a binary random re-
sponse variable Y are considered, where the expected value of the random response variable
given the explanatory variables is modeled by a logistic regression model. The next section will
address the question on the estimation of the coefficient vector 3.

1.2 Penalized Regression

The straightforward procedure to estimate 8 would be to use the maximum likelihood (ML)
approach maximizing the (log-) likelihood function obtaining the MLE BML) by fitting (for
example) a Newton-Raphson algorithm (cf. Agresti (2007), Section 3.5). Nevertheless, there
may occur some problems with this classical approach, which were touched in the introduction
of this thesis and are rigorously examined in the following.

1.2.1 High-Dimensional Models and Sparsity

One recalls that the parameter space of the estimate of the regression coefficient vector 3 is
Q:=RPHL

hence the dimension of the parameter space is p + 1. Further, the number of factors is J, where
each covariate j € {1,...,J} contributes p; dummy variables - and thus entries in the coefficient
vector - to the model, one compares (1.24) and (1.25). Consequently, since p = 23-7:1 pj, it is
clear that the number of parameters to be estimated, which is p+ 1, may be very large compared
to the sample size n, even though only a moderate size of factors is incorporated in the model.

In cases where p is “large®, the model is called high-dimensional. High-dimensional models
include those where (i) p > n and also those where (ii) p < n together with p being “large“. In
(i), the term of p being “large* refers to the fact that p is large compared to the sample size.
To conclude, one can say for short that high-dimensional models are those where p is large,
where the quotation marks are left out for simplicity reasons in the following. On the one hand,
for (i), the MLE may be unreliable from a theoretical point of view, which is emphasized in
Lederer (2022) (Section 1.2) for the case of an identity link function. On the other hand, for
(ii), the MLE may exist from the theoretical point of view, however its calculation in practice
comes with complex inversion tasks of large matrices, which may be problematic. As introduced
below, penalized regression techniques can be able to resolve such issues, providing a convenient
tool to obtain estimates of regression coefficients for high-dimensional models. These techniques
rely on the so-called sparsity assumption, which is introduced next.

In this thesis, models are considered under the sparsity assumption, which means that it is
assumed that the true underlying model is sparse. In particular, sparse models are models
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where it is known in advance that most of the regression parameters are equal to zero (Lederer
(2022), Section 2.2), i.e. most explanatory variables do not contribute significantly in modeling
Y. In terms of factors, the term of sparsity is transferred to parameter sub-vectors being equal
to zero, which is rigorously defined later in this chapter (Definition 1.2.4). Assuming that the
model is sparse, it is known that the majority of the parameters in the model, in particular
the sub-vectors corresponding to the covariates, are zero. In other words, it is assumed that
only a few of the considered factors have a significant influence on the random response variable.

This sparsity assumption can be motivated with a variety of applications, one of them given
in the introduction of this thesis. Under the sparsity assumption, the goal is to identify those
factors having an influence on the response and estimate the effect, meaning the corresponding
coefficient sub-vector, in one step. The identification of influential covariates is also referred to
as variable selection or factor selection, where the latter is used in the framework of factors.
However, considering factors, it is further desirable to identify those levels of a factor that have
the same influence on Y, which further contributes to a more sparse model, as specified below.

1.2.2 Levels Fusion for Categorical Covariates

In the same way as understanding that there may be just a handful of covariates having an
influence on the random response variable, one can also think about the impact of two levels of
a factor on the random response variable. That is, with categorical covariates, it may happen
that two levels of a factor have the same influence on the random response variable. In this
case, the goal is to fuse those two levels, since it is unnecessary to keep both in the model. This
procedure is called levels fusion. Clearly, this is not restricted to fusion of two levels, one can
also fuse more than two levels corresponding to the same factor.

Variable/factor selection as well as levels fusion, while simultaneously performing parameter
estimation, can be reached through penalized regression employing a penalty function Py(3),
which is the basis of this thesis and is introduced below.

1.2.3 The Objective Function

The general procedure of penalized regression is to minimize the sum of the negative log-
likelihood function —L,,(3) : RPT! — R and an appropriate penalty function Py(3) : RPT! — R
with A > 0 being a tuning parameter which is specified below. One defines the objective function
Mpen(B) : RPFL - R as

Myen(B) = —La(B) + PA(8), B € RV, (1.26)

and the penalized regression estimator as

B = arg min Mpe,,(8). (1.27)
BeRp+1

Writing B refers to (1.27), with no specific chosen penalty function. Otherwise, for specific
penalty functions, an upper index is added indicating the specific applied penalty function
PA(B).

The procedure above is referred to as penalized regression, or penalized logistic regression if an
underlying logistic regression model is considered. Further, this method is sometimes also re-
ferred to as reqularized regression and the methods, thus the choices of the penalty function
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Py(B3), are called regularization methods.

Clearly, choosing A = 0 in (1.26) and minimizing M., (3) yields the MLE BML) where a non-
significant effect is estimated by a very small value (in absolute value), but the coefficient of such
an effect will not be exactly set to zero. Hence, the purpose of adding the penalty term Py (3)
is that these estimates of non-significant effects are set to zero to obtain a sparse model, where
the tuning parameter \ controls the amount of imposed penalization. The effect of employing a
penalty function can be demonstrated by considering the following popular penalized regression
example, the so-called lasso introduced by Tibshirani (1996) which uses the L; norm as penalty
function Py\(8), i.e.

P (B) == N8l (1.28)

By penalizing the L, norm of the coefficient vector, this penalty function enforces that the entries
of the coefficient vector 3 are shrunken (in absolute value) towards zero for increasing A, while
starting from some value of A, they are exactly set to zero (Hastie et al. (2015), Section 2.2).
A graphical illustration is provided later in this chapter (Section 1.4). The tuning parameter
A is required to decide on the level of shrinkage, balancing model fit and model complexity. In
practice, the tuning parameter is determined using cross-validation (CV), where more details on
the CV procedure are obtained below. Using the Lo norm as penalty function Py(3), that is,

PR (8) .= A\ | (1.29)

results in the Ridge penalty (Hoerl and Kennard (1970)), which applies shrinkage to the coeffi-
cients’ estimates, but is not able to perform variable or factor selection. The latter fact is caused
by the structure of the constraint region, which is explained in detail in Hastie et al. (2020) (Sec-
tion 2.2, especially Figure 2.2). Consequently, with the Ridge penalty function, the coefficient
estimates are not exactly set to zero, i.e. this method does not yield a sparse model. Another
popular approach is the Elastic Net introduced by Zou and Hastie (2005), which is a convex
combination of the Ridge and the lasso penalty. There exist also penalty functions that are
applied to (pairwise or adjacent) differences of entries of the coefficient vector, which is used for
shrinkage of the respective differences and levels fusion, more details are provided in Section 1.3.

The choice of the penalty function Py(3) depends on the application context, the objective, as
well as the structure of the covariates. Thus, by imposing different penalty functions, different
objectives can be fulfilled, although there are multiple penalty functions even within the same
objective, as discussed in more details in the course of this chapter.

1.2.4 Tuning: k-Fold Cross-Validation

The tuning parameter A > 0 controls the impact of the penalty on the resulting estimates, in
particular the amount of penalization that is imposed. For penalties performing factor/variable
selection, the tuning parameter controls the sparsity in terms of factor/variable selection of the
resulting model, whereas for fusion-type penalties, the tuning parameter controls the amount
of performed fusions in the resulting model, which is also a type of sparsity. Clearly, there is a
need for approaches to determine the “best“ tuning parameter A.

A general commonly used approach to determine \ is to execute k-fold cross-validation (CV)
for £ € N. That is, one randomly partitions the available dataset containing y and X, de-
noted by 2, into k disjoint sets 24, ..., %, such that ¥ = L'Jf:l%. This partition is carried

out in a manner such that the derived subsets are roughly equal-sized (=~ % samples contained
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in each %;), of course it is not always possible that they are strictly equal-sized. With a pre-
determined grid for A candidates, A\ € {Apin, .., Amaz}, the CV-error is calculated for each
A € {Amins - -+ s Amaz }, explained below, and then one decides for the “best” Agp¢, that is, the
one with the smallest CV-error.

It remains to explain how the CV-error is calculated for some A. First, one fixes A €
{Amins--+>Amaz}. Then, one goes through all the partitions %;,i € {1,...,k}, one fits the
model with tuning parameter A on the dataset 2\%; and validates the resulting fit in terms
of the prediction error on the left-out dataset %;. To be more precise, the predictive deviance
measure is used which is defined next.

Definition 1.2.1 (Predictive deviance, Agresti (2002) (Section 4.1.5)). v := (y, X) is some
given data, where X is a fixed design matrix and y is a realization from an iid sample from
the random response variable Y. ,é is the estimate of the coefficient vector from the GLM
under consideration. Additionally, L, (fi|v) := L, (B|v) is the log-likelihood of the GLM under
consideration and L, (y|v) the log-likelihood of the saturated model, i.e. the model of perfect fit.
Then, the predictive deviance of the GLM under consideration is defined as

D(v|fr) := =2(Ln(ft|v) — Ln(y|v)). (1.30)
For short D(v|ft) is called deviance.

The deviance is based on the likelihood ratio statistic for nested models (cf. Appendix C)
and it is an appropriate choice for measuring the goodness-of-fit having an underlying logistic
regression model (cf. Tutz (2011) Sections 3.7.1 and 3.8.1). For the linear model, the deviance

n

equals the sum of squared errors, that is Z(yZ — )2

i=1
Coming back to the CV technique, for each A € {Anin, - - - s Amaz }, the model is fitted k times,
each time on the data subsample 2\%;, i = 1,...,k. The corresponding deviances are denoted

by D(v|a®). Then the CV-error is defined by

F\H

k
Z (v]a®) (1.31)

Finally, one chooses Agpt as the one with the smallest CV-error. Clearly, the result (choice of
Aopt) depends on the number k of folds as well as the fineness of the grid for A, i.e. the finer
the grid, the more accurate the choice of Aypi. Nevertheless, a finer grid for A and a higher
value for k comes with more involving computations. The most involving choice for k is k = n,
which is known as leave-one-out cross-validation (LOOCYV). As elaborated in James et al. (2014)
(Section 5.4.1), LOOCV gives approximately unbiased estimates of the test error. Nevertheless,
it produces a higher variance than k-fold CV with k£ < n, so one faces a bias-variance trade-
off when choosing k£ for CV. In the literature, ¥ = 5 and £ = 10 are convenient, commonly
used choices (e.g. Hastie et al. (2015) Section 3.5.1, James et al. (2014) Sections 5.1.3 and
5.1.4) balancing the computational costs as well as the bias-variance trade-off. In the simulation
studies provided in this thesis, £k = 5 is chosen.

1.2.5 Theoretical Properties: Definitions

Definitions concerning (possible) theoretical properties that are of interest and may be fulfilled
by the penalized regression approaches introduced later in this chapter are provided.
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The definition of groupwise structure is supplied, which is a property of the structure of the
underlying explanatory variables in the regression model. In terms of factors, this structure was
implicitly introduced in Section 1.1, as specified in Remark 1.2.3 below.

Definition 1.2.2 (Groupwise structure, Bithlmann and Geer (2011), Section 4.2). One says
that the parameter vector B = (Bint, f1, 02, .., 0p) can be structured into groups, or that it

shows a groupwise structure, if the index set {1, ..., p} corresponding to the entries of 3 (except
for the intercept) can be partitioned into g € N disjoint groups. To be more precise, it is required
that there exist pairwise disjoint index sets ¢, ...,%, such that

9
G,y 9y C{1,...,p} with szlng{l,...,p}.

Further, it is required that there exists at least one group ¢, j € {1, ..., g}, for which |¥;| > 2.
One may also say that the explanatory variables show a groupwise structure.

Remark 1.2.3. In a natural way, categorical explanatory variables, i.e. factors, show a group-
wise structure with ¢ = J and |¥;| = p;. For simplicity, one denotes the groups ¢, ...,%; by
1,...,J, one compares (1.24). In the following, this groupwise structure induced by the factor
variables is considered.

In what follows, 8* € RP*! denotes the true underlying coefficient vector and by B; € RP
the true sub-vector corresponding to the j-th factor.

Definition 1.2.4 (True active sets and sparsity).

(i) In the case of fixed p, the true underlying structure is said to be sparse if, without loss of
generality, the true active set, which is given by

AT i={je{l,... J}|Bj # 0} = {j e {1,... J}[||Bjll2 # O},

can be written as A* = {1, ..., jo} with jo € N, jo < J. In this case, the Fisher information
matrix Ip(3*) is given in the following form

w _ [d11 T2
Ir(6) = [121 122] ’

where I1; € RPOXP0 and pg := Zgozl Dj-

(ii) In the case of diverging p,, the true underlying structure is said to be sparse if, without
loss of generality, the true active set, which is given by

At ={je{l,... n} B8] # 0} ={j € {1,... Jn} |[IB]l]2 # 0},

can be written as A* = {1, ..., jon} with jon, € N, jo, < Jn ¥n € N. To avoid confusion,
a lower index n in A* is omitted, since the truth is fixed and does not really depend on
the sample size. Additionally, it is assumed that departing from some n € N, all truly
influential factors are included in the model, that is

dneN, joeN: |A* =joVn>n.

In other words, also for the diverging case, there exists a set A* with |A*| = jo containing
all influential factors for n large enough. For asymptotic analyses, this means that one can
operate with A* also in the diverging case letting n — oo. For this jy introduced above
it holds that jo < J,Vn > fi. The Fisher information matrix can be written in the same
way as above, but with I'r, I1; and pg being replaced by Ir,, I11, and pg,, respectively.
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Throughout the whole thesis it is assumed that the true underlying structure is sparse.

Analogously to the true active set (Definition 1.2.4), the estimated active set is defined as
follows.

Definition 1.2.5 (Estimated active set). One assumes that a penalized regression method is
applied according to (1.26) yielding a penalized regression estimate (3 given by (1.27). Then,
the estimated active set is defined as

(i) case of fixed p
An={j el JY|B; 20} = {j e {1,... 0} 1Bl # 0},
(ii) case of diverging py,

Ani={j €{1l,... T} |B; #0} = {5 € {1,... T} |||Bjll2 # 0}.

Since the estimated active set A, depends on B and on the chosen penalty function Py(8), an
upper index is added to A, whenever necessary, indicating which penalty function was utilized
to obtain 3.

In a similar way, the following definition concerning fusion sets is provided.

Definition 1.2.6 (True active fusion set). The set C* is defined as the active set of true fusions,
that is,

(i) case of fixed p

0" = {(okom) € {1, Y % {1 02 Bk # B}
(ii) case of diverging py,

CF = {(j,k,m) e{l,.., T x{1,...,p; Y| By # B}Zm}-

If a factor j is ordinal, rather than nominal, only the pairwise differences 37, # 57, , for
k€ {2,...,p;} are considered in the definition of C* above.

The reason why C* is called true active fusion set, even though it include those indices for
which 37, # [}, is, that it can be understood as the true active set on the space of all pairwise
(or adjacent) differences. Consequently, C* includes the active, i.e. nonzero, differences. The
same applies for the estimated active fusion set C), defined next.

Definition 1.2.7 (Estimated active fusion set). One assumes that a penalized regression method
is applied according to (1.26) yielding a penalized regression estimate 3 given by (1.27). Then,
the estimated active set of fusions (also called the estimated active fusion set) is defined as

(i) case of fixed p
Cn = {(]7 kam) € {17 ) J} X {17 oo 7pj}2 ‘ B],k 7é Bj,m} 5 (132)
(ii) case of diverging pj,

Cp = {(j,k,m) e{l o T x {1 )P B # Bym} (1.33)
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Similar to Definition 1.2.6, the sets above need to be adjusted if a factor j is ordinal, since in
this case one only compares the adjacent coefficients of a factor. Further, these sets can also
be defined as estimated active sets (Definition 1.2.5) on the space of all pairwise or adjacent
differences. Since C, depends on a penalized regression estimator B, which depends on the chosen
penalty function P)(3), whenever needed, an upper index may be added to C,, indicating which
penalty function was chosen to obtain B

In addition, the following fusion sets F™* and Fj, are introduced, which are restricted to the
truly influential factors, reporting on the one hand the indices where the truth is fused (F*) and
on the other hand those where the estimates are fused (F},). In contrast, the sets C* and C,, are
not restricted to the truly influential factors and the indices are reported where the truth and
the estimates are not fused, which is the reason why C* and C,, are called active sets of fusions.

Definition 1.2.8. One assumes that a penalized regression method is applied according to
(1.26) yielding a penalized regression estimate 3 given by (1.27). Then, the set of true fusions
for the influential factors, as well as the corresponding set for the estimate are defined as

F*o= {Gkm) € {1, T} x (1,02 | B £ 0, Bg = Bj k< m},
Fo = {Gkm) € (L) x (Lo} B £ 0, B = B k< m).

Remark 1.2.9. For some penalization methods fusion consistency is shown with respect to C,
and C* and for some with respect to F, and F*, where it is always clarified on which set the
fusion consistency is based on. Fusion consistency with respect to C,, and C* is stronger, since
F, C C¢ and F* C (C*)°. Nevertheless, starting from Chapter 2, the diverging case is examined,
such that the focus lies on F,, and F™* since these sets are also bounded in the diverging case,
which is the reason why no distinction is made in the definition above between the fixed and
the diverging case.

For the following definition, one recalls that setting single entries of the coefficient vector to
zero, i.e. removing single variables from the model, as done for example considering metric
covariates, is referred to as wvariable selection. Considering categorical covariates, one aims to
either remove the whole factor from the model or keep the whole factor in the model, which is
referred to as factor selection. The following definition is about consistency in variable selection
as well as about consistency in factor selection, where this thesis focuses on the latter since
categorical explanatory variables are considered.

Definition 1.2.10 (Consistency in variable selection/factor selection). A regularization method
is said to be consistent in variable selection/factor selection, if the resulting active set A, (re-
sulting from the penalized estimator (3) satisfies
. _ * _
7}1_)113() P(A4, =A%) =1. (1.34)

This definition is valid for both cases of p being fixed and p,, diverging with n in the setup of
this thesis. If for a penalized regression method it is known that

Tim P(A" C A,) =1 (1.35)

holds, this does not imply consistency in variable/factor selection as defined in (1.34). Neverthe-
less, if (1.35) is satisfied it corresponds also to a (weaker) kind of consistency in the sense that all
significant variables or factors have been selected. Thus, it is also referred to as variable/factor
selection consistency, but it is always clearly specified whether (1.34) or (1.35) holds.
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For the next definition, the order in probability notation is used, i.e. O, and op,, where the first
one refers to stochastic boundedness and the latter to convergence in probability. In particular,
for a sequence of real-valued random variables (Z,),cn and a real-valued sequence (a,)peny € R
one defines

Zn

Gn

Zn = 0plan) = Ve>03M,NeN: IP’<

>M)<eVn>N,

>e):O.

Definition 1.2.11. A regularization method is said to be /n consistent if, for the resulting
penalized estimate 3, it holds that

Zn

D/ P ey
Zn = op(ay) & p lim— =0, 1.e.Ve>0.nh_>ngOP(an

n—oo Ap

VallB — B[ = Oy(1).

It is noted that this directly yields ||@ — 8*|| = 0,(1), which is referred to as consistency in the
literature (Casella and Berger (2002), Section 10.1.1). However, consistency does not imply /n
consistency.

Definition 1.2.12. A regularization method is said to satisfy the asymptotic normality property
if, for the resulting penalized estimate 3 and a positive semi-definite, symmetric matrix 3 €
RJ0%Jo with o ; > 0 (0j; being the entries on the diagonal of ¥), it holds that

V(Bas — B5) —=a N(0, ) (n — o).

Here, N (0, X) is the jp dimensional normal distribution. This definition is valid for both cases
of p being fixed and p,, diverging with n in the setup of this thesis. Further, B4- and B« are
the sub-vectors of ,é and (%, respectively, containing only the components that belong to the
active set A*.

Since the true active set A* is not known in advance, the question that naturally arises is how
the sub-vectors BA* and B%. of the definition above can be identified. For this, the notion of
oracle MLE and oracle properties is crucial, which is provided next. The following definition
follows Fan et al. (2020) (Section 5.8) as well as Fan and Li (2001) (Section 3.2).

Definition 1.2.13 (Oracle MLE, oracle properties).

(i) An oracle MLE (,é(ML))O is defined as a MLE knowing in advance which of the variables
are influential and which are noise variables, i.e. knowing A*. Specifically,

(829)" = ((8°),,.-0).

Ax’

where

(B(ML)>Z* := argmin —L,(03).
B(A*)CZO

Following further the lines of Fan et al. (2020) (Section 5.8), the oracle MLE supplies the
MLE of the elements of the coefficient vector that are nonzero, assuming that A* is known.
Nevertheless, this oracle MLE is not a “real“ estimator, since A* is unknown. But, it is
used as a reference evaluating the theoretical properties of an estimator, which is clarified
next.
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(ii) A penalized regression technique with some resulting estimator B is said to satisfy the
oracle properties if it is consistent in variable/factor selection in the sense of (1.34) and
has the same asymptotic distribution as the oracle MLE. One also says that the estimator
is an oracle estimator.

Remark 1.2.14 (On the oracle properties). From the definition above, it is known that an
oracle estimator needs to have the same asymptotic distribution as the oracle MLE. Under
certain regularity conditions (Appendix B.1 and Appendix C.1), it is known that

Vi ((B%)" = B3.) —a N(O, ),

for a positive semi-definite, symmetric matrix ¥ € R%*J with ¢;; > 0 and N (0, ) being the
jo dimensional normal distribution. This result can be found in Fan et al. (2020) (Section 5.8)
as well as in Appendix C.1 of this thesis. Consequently, an estimator ,é has the same asymptotic
distribution as the oracle MLE if and only if the asymptotic normality property of Definition
1.2.12 is satisfied. To conclude, an estimator B satisfies the oracle properties if it is consistent
in variable/factor selection and satisfies the asymptotic normality property.

Next, different penalty functions being appropriate in the framework of categorical explana-
tory variables are investigated in detail. The motivation and characteristics of the penalty
functions are provided, as well as associated computational methods and coefficient paths. Fur-
ther, theoretical properties are shown, such as (y/n) consistency, consistency in factor selection
or fusion consistency, respectively, and asymptotic normality. To do so, the case of p being fized
is considered, whereas the more complex case allowing p,, to grow with n is treated later in this
thesis for the new penalty function introduced in Chapter 2.

1.3 Penalties on Differences

This section introduces penalty functions Py(-) which are not directly applied to the coefficient
vector, or coefficient sub-vector, rather they are applied on the differences of the (dummy) vari-
ables’ coefficients. These type of penalties enforce fusion of levels belonging to the same factor
that have the same influence on the random response variable. For a nominal factor, all pairwise
differences of levels corresponding to the same factor are considered, while for an ordinal factor
only adjacent ones are build. The reason for that is, for a nominal factor there is no ordering
between the levels, hence all pairwise differences need to be considered. In contrast, for an
ordinal factor, the fact that the levels can be reasonably ordered yields that only the adjacent
differences need to be considered, since if two levels need to be fused, they have to be neighbored.

More specifically, the L; penalization of the differences (Section 1.3.1) is discussed, which is
denoted by CAS-L;. Moreover, the similarly structured Ly penalization of the differences is
investigated (Section 1.3.2), which is denoted by CAS-Ly. A computational method to calcu-
late the estimates in practice is further presented in Section 1.3.3. This method is applied in
Section 1.3.4 on a specific example, providing the associated coefficient paths which illustrate
the dependence of the coefficients’ estimates on the tuning parameter.

1.3.1 L, Penalization of Differences (CAS-L,)

The L norm as penalization was widely used for selection purposes, e.g. for variable selection
in the lasso (Tibshirani (1996)). It is recalled that the L; norm of t € R*, t = (¢1,...,t.) for
some £ € N is given by [[¢||1 :== X5 [ti]-
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Considering an analysis of variance (ANOVA) model, Bondell and Reich (2009) introduced the
CAS-ANOVA penalty (“Collapsing and Shrinkage in ANOVA“) and Gertheiss and Tutz (2010b)
observed this penalty in the linear model case. Bondell and Reich (2009) use the so-called sum
to zero constraint for identifiability, i.e.

pj
> Bik=0Vjie{l,...,J},

k=1

while Gertheiss and Tutz (2010b) use zero as reference category
Bio=0VYje{l,...,J} (1.36)

where the latter is followed here (Section 1.1.1). The penalty function, which is called CAS-L;
penalty or simply Li penalty for short in this thesis, is defined by

J

P)(\CAS-Ll)(IB) =3 POAS L)), (1.37)
j=1

where

factor j € {1,...,J} nominal: ~ PUASE(g) =0 Y wl™ 85, — B, (1.38)

0<r<s<p;

pj
factor j € {1,...,J} ordinal: P)\CAS'L1 (Bj) == A Z wj(k) Bk — Bjk—1]- (1.39)
k=1

Here, in (1.38), wj(-rs) for j € {1,...,J} and r,s € {1,...,p;}, r # s, or wj(k) in (1.39), respec-
tively, are optional weights which are discussed below. If the tuning parameter A is allowed to
depend on the sample size n, a lower index is added, i.e. A\,. In the same way as for the linear
model, one can consider penalty function (1.37) for the setting of logistic regression, replacing
the quadratic loss in the objective function (1) of Gertheiss and Tutz (2010b) by the negative
log-likelihood function (1.23). However, in the mentioned papers, logistic regression or other

GLMs are not considered.

This type of penalty function enforces coefficients of levels corresponding to the same factor
to be set equal if they are close enough to each other, hence have a similar influence on the
random response variable. Further, by choosing reference category zero (1.36) and including
the reference category in the sum of the penalizing term, as done above in (1.38) and (1.39),
respectively, these sums also contain the absolute values of the coefficients. In particular, for
e.g. (1.38) the sum can be re-written as

rs rs 0s
> 1B =Bl = 3wy B = Byl 2w 18l (1.40)

0<r<s<p; 1<r<s<p;, 0<s<p;

which yields that not only the differences of the coefficients are penalized (first sum in (1.40)),
but also the absolute values of the coefficients (second sum in (1.40)). Consequently, the coef-
ficients (and not only their differences) are shrunken towards zero, similar to the lasso penalty
(1.28) which (only) penalizes the absolute values of the coefficients. In the setting considering
factors with reference category zero, shrinkage of a single entry of the coeflicient vector refers to
shrinkage of the difference between this particular entry (i.e. the corresponding category) and
the reference category. Consequently, if a single coefficient is set to zero, this refers to fusion
with the reference category. If a whole coefficient sub-vector of a factor is set to zero, this refers
to factor selection. However, CAS-L; is not designed for factor selection.
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Choice of Weights

The subsequent lines comment on the choice of the weights appearing in (1.38) and (1.39). In
general, wj(»rs) (nominal case) and wj(.k) (ordinal case) are optional weights that can be appro-
priately chosen, or set to one. The goal of the weighting process is to transform all factors on
the same scale, meaning that one takes into account a possible inhomogeneous distribution of
the numbers of levels in each factor. Further, weights can account for the fact that the design
may be unbalanced, i.e. if the number of observations for the levels of a factor differ from each
other. Since the following choice of weights appear at several points throughout this thesis, it

is discussed and justified here once.

With n'¥) denoting the number of observations of level r of factor j, Bondell and Reich (2009)
propose to use the following weights, which are also employed in Gertheiss and Tutz (2010b)

N E))
Wi = 2Rt (nominal factor), (1.41)
pj+1 n
@) 4 ,0)
+
w](,k) — Mk T k1 (ordinal factor). (1.42)
n

These weights (1.41) and (1.42) are non-adaptive weights, where the adaptive versions are intro-
duced below. Detailed justifications on the choice of the weights can be found in Gertheiss and
Tutz (2010b) as well as in Bondell and Reich (2009), where both use the notion of “standardized
predictors®. A short form of the idea behind that is given in the subsequent paragraph, where
the arguments are taken from these two references.

The CAS-L; penalty function is applied to the differences of the coefficients. Hence, these
differences can be interpreted as predictors in an augmented regression model. Thus, to stan-
dardize these predictors, it is reasonable to consider an augmented design matrix Z. To be
more concrete, one considers d to contain all the coefficient vectors 3; and all the corresponding
pairwise differences for j = 1,...,J. That is, one considers for j € {1,...,J} the vector

v = (Bj1—Bj2,---»Bi1 = Bjpjs- -+ Bipj—1 — Bip;) (1.43)

which contains all pairwise differences of factor j except for the differences with the reference
category zero. Then the overparametrized model with parameter vector § = (81,v1,...,87,7.7)
is considered, having p + % E}-le pj(p; — 1) parameters. 6 = M is written for an appropriate
matrix M consisting of blocks of identity matrices and blocks of matrices constructing all differ-
ences. Now, the corresponding design matrix for the augmented regression task is given by Z,
which is n x (p+ % Z}'le pj(p; —1)), and satisfies Z6 = X 3, hence ZM = X. Following further
the arguments of Bondell and Reich (2009), one could also consider the regression model in the
augmented parameter space using design matrix Z, adding the set of constraints § = M3 and
directly standardizing the columns. However, they elaborate that this procedure comes with a
loss of interpretation. In particular, the parameters that result from the explained procedure
have a different interpretation than the differences of the parameters, i.e. the coefficients, as
argued in Bondell and Reich (2009). Thus, the weights being the euclidean norm of the columns
of Z that correspond to each of the differences are used, which directly yield the weights (1.41)
and (1.42).

Applying the steps explained in the paragraph above, CAS-L; can be interpreted as lasso on
an augmented parameter space, which is elaborated in Gertheiss and Tutz (2010b). This fact is
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helpful to obtain convenient computational methods, as well as theoretical properties that are
already known for lasso.

Having discussed the choice and the origin of non-adaptive weights, the focus is turned to the
choice of adaptive weights. With an initial estimator 3, the adaptive weights are chosen as

o) = w](m) NBir — Bjsl ™t (nominal covariates), (1.44)
(

= w®) . |Bjk — Bjr—1]""  (ordinal covariates), (1.45)

according to Gertheiss and Tutz (2010b) and Bondell and Reich (2009). By using these adaptive
weights with the initial estimator being the MLE for example, one can see that weights for pairs
where the MLEs are close to each other become inflated, such that the penalty will favor to
set the corresponding difference to zero and fuse the coefficients. This makes intuitively sense,
but one also needs to note that the result will depend on the quality of the initial estimate, so
it needs to be chosen carefully. When CAS-L; is used with adaptive weights as given above,
this method is simply called adaptive CAS-L;. Tt is also possible to use other /n consistent
estimators as initial estimators in the adaptive weights, where the y/n consistency will ensure
convenient theoretical properties, as discussed in the following.

Theoretical Properties of CAS-1;

Bondell and Reich (2009) (Section 4) and Gertheiss and Tutz (2010b) (Appendix, Proposition 1)
show that under some regularity conditions, the adaptive CAS-L; satisfies asymptotic normality
and fusion consistency in terms of differences in their considered underlying model. It is assumed
that §; is an entry of

8:=(81,...,8y), (1.46)

where §; = (8;,7;), j € {1,...,J} (cf. (1.43)) contains all possible pairwise/adjacent differences
of the coefficient vector corresponding to factor j including the differences with the reference
category zero. The number of entries in d; is given by %pj (pj —1)+p; if the j-th factor is nominal
and by 2p; — 1 if it is ordinal. 6™ is the vector containing the true values of the differences.
The true active set (of fusions) C*, introduced in Definition 1.2.6, is given by the entries of the
vector of the true differences 8* being truly zero, hence, written in terms of *

J
o - ficfrifpooinnd.
j=1

In a similar way, with B denoting a penalized regression estimator and b the respective differ-
ences, the active set of the estimator is obtained (one compares Definition 1.2.7)

J
Cn:{ie{1,...,p+;ij(pj—1)}|5i750}. (1.48)
j=1

Gertheiss and Tutz (2010b) show for CAS-L; in the linear model that, under certain regularity
conditions, the estimator of the differences is asymptotically normal distributed and that the
probability that C),, and C* coincide converges to one (cf. Proposition 1 of this reference). They
show this statement for J = 1 factor and argue that it can be directly generalized to the case of
multiple categorical inputs, J > 2. A similar result can be found in Bondell and Reich (2009).
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The natural question that arises is whether these properties similarly hold for the general

case treating GLMs instead of the special case of linear regression. In particular, it is of in-
terest whether the mentioned proposition in the paragraph above holds for logistic regression.
Diving into the proof of Proposition 1 in Gertheiss and Tutz (2010b), one can see that the
asymptotic normality part of the proposition can be adjusted for logistic regression, which is
considered e.g. in Zou (2006) for adaptive lasso. To do so, one needs to ensure the consistency
of the unpenalized MLE appearing in the adaptive weights, which can be done imposing the
regularity conditions (Regl)-(Reg3) which are given and discussed in Appendix B.1. The fact
that these conditions ensure consistency of the MLE is provided in Theorem C.1.2 later in this
thesis which particularly references Casella and Berger (2002), Theorem 10.1.6. In the linear
model case, Gertheiss and Tutz (2010b) explain in their proof of Proposition 3 that consistency
of the unpenalized least squares estimator is ensured by the condition 7% — ¢; € (0,1) (n — 00).
This condition is not required in case of logistic regression, as justified in Theorem 1.3.1 below.
Further, to transfer Proposition 1 of Gertheiss and Tutz (2010b) to the logistic regression case,
one needs to adjust the adaptive weights using the general unpenalized MLE instead of the
particular unpenalized least squares estimate.
In Theorem 1.3.1 below, 3 is some covariance matrix, which is singular because of the over-
parametrization coming from considering the differences, as explained above, where for further
details reference is made to Bondell and Reich (2009). For the specific form of X, one examines
the proof of Proposition 1 in Gertheiss and Tutz (2010b). However, for the purposes of this
thesis, no further analysis on the structure of this covariance matrix is necessary. Summing up,
the following theorem is provided transferring Proposition 1 of Gertheiss and Tutz (2010b) to
the case of logistic regression.

Theorem 1.3.1 (Asymptotic normality and fusion consistency of CAS-L; for logistic regression,
fixed p). One assumes that A—\/% — 0, as well as A\, — oo, for n — oo. Further, one sets

J=1and B(ML) is the unpenalized MLE of the parameters of an underlying logistic regression
model (Definition 1.1.9). One assumes (Regl)-(Reg3) of Appendix B.1, ensuring that 8MD) is

consistent (Theorem C.1.2). For the adaptive weights UNJYS) = wYS)IBAﬁMLE) - 3§MLE)\_1 with

wgrs) = plh_lw/nr +ns ((1.44) and (1.41)), respectively, one assumes that wgm) — grs (N — 00)

for some ¢,s € (0,00) Vr,s € {1,...,p;}, r # s. C* is defined as in (1.47), §(CAS=L1) a5 in
(1.46) and LA agin (1.48), where the latter two quantities are based on the penalized

logistic regression estimate B(CAS*Ll) with penalty function (1.38). Then, it holds that

(i) Vr(BSATE) — 5ty -4 N(0, %),
(ii) lim P(C{CAS-LY — 0*) =1,

n—o0

Proof. Before starting with the proof, it is noted that in (i) above, one may ask the question
how to identify the sub-vectors Sg?:AS_Ll) and 6. of §(CAS-L1) and &§*, respectively, since C* is
not known in advance. For that reason, reference is made to some previous Definitions 1.2.12

and 1.2.13 as well as to Remark 1.2.14 where this question is answered.

Referring to Zou (2006) (Theorem 4 with v = 1), a similar result for adaptive lasso in GLMs
is provided, i.e. logistic regression is covered. In Section 2.3 of Gertheiss and Tutz (2010b), it
is shown that for the case of an ordinal factor, CAS-L; can be seen as lasso on an augmented
parameter space of all adjacent differences, i.e. estimating §. As already explained earlier
introducing the weights for CAS-L;, a transformation matrix M is obtained which satisfies
M3 = § and the design matrix X is similarly transformed X = ZM. After the estimation
by executing lasso with the transformed design matrix, the estimates of 3 are provided by a
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back-transformation. Finally, if a nominal factor is considered, similar arguments apply by re-
ordering the levels in an increasing manner. It is further noted that in this theorem adaptive
weights are employed for CAS-L1, consequently the mentioned results for adaptive lasso are
suitable. To sum up, the claim follows applying Theorem 4 of Zou (2006) using the augmented
parameter space as explained above according to Gertheiss and Tutz (2010Db). 0

Proposition 2 of Gertheiss and Tutz (2010b) provides consistency of the estimator B(CAS_Ll)
in the linear model, in the sense that ||3(CAS=L1) — B%|| = 0,(1), however, it does not provide
information about the rate of convergence, as /n consistency does (Definition 1.2.11). The
goal is to transfer this proposition to the case of logistic regression. As one can see in the
proof of Theorem 1.3.2, uniqueness of the unpenalized MLE is needed, which is ensured if the
log-likelihood function is strictly concave. For this, conditions on the definiteness of the Fisher
information matrix are needed, provided in (Reg2), as well as rank(X) = p + 1, for which one
consults Remark 1.1.10 (i). Furthermore, the consistency of the unpenalized MLE is ensured
by (Regl)-(Reg3) and, as explained right before Theorem 1.3.1, the condition 2% — ¢; (n — o)
imposed in the linear model case can be omitted.

Theorem 1.3.2 (Consistency of CAS-L; for logistic regression, fixed p). One assumes a fixed
tuning parameter A € [0,00). Further, one sets J = 1 and (Regl)-(Reg3) of Appendix B.1

are supposed to hold. Further one assumes that rank(X) = p 4+ 1. For the weights wgm) =

p11+1\/m (1.41), one assumes that wgm) — grs (n — o0) for some ¢, € (0,00)Vr, s €
1,...,pi}, r s. Then, the penalized logistic regression estimate B(CAS_Ll) with penalt

J g 9 y
chosen by (1.38) is consistent, that is Ve > 0 it holds

Jim P(|BOASTED — 57| > 0) = 0.

Proof. Steps similar to Gertheiss and Tutz (2010b) (proof of Proposition 2) are provided, adjust-
ing the loss function being the negative log-likelihood assuming an underlying logistic regression
model. That is, the objective function is given by

MEASII(B) = —L,(B) + A S wl™ |1, — B,

0<r<s<p1

where A is assumed fixed in this theorem. It is known that —L,(3) is strictly convex, so
unique minimizers exist under (Regl)-(Reg3) and rank(X) = p+ 1. BMD) is the uniquely

determined unpenalized MLE, thus the minimizer of —L,(8) and B(CAS=L1) the minimizer of

Mégf S'Ll)(ﬁ). Consequently, BML) also uniquely minimizes —fL n(B) while B(CAS=L1) minj-

mizes lMISSnAS Ll)(,@). By Gertheiss and Tutz (2010b), it holds

1, j(cas- L) (B(CAS-L1)y an(B(ML))’
n

pen p
1 _ 1 A
M}ggnAS Ll)(IB(CAS Ll)) n (B (CAS—-Ly) )

Consequently,
1 N _ 1 R
Ly (BOASTI) Sy L (B,

Using that, as done in Gertheiss and Tutz (2010b) for the least squares estimate (LSE), the
MLE BML) ig uniquely determined as the minimizer of —%Ln(,@) being strictly convex, it is
deduced

BOAS=L1) L, BML)

so the consistency of B(CAS_Ll) is provided by the consistency of B(ML). O
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The CAS-L; penalization can exhibit limitations, as discussed below.

(i) Observing the CAS-L; penalty function (1.37) with (1.38) and (1.39), respectively, one
can see that the penalization depends on the absolute value of the coefficients’ differences.
That is, larger differences are penalized more than smaller differences, so the shrinkage
depends on the absolute value of the coeflicients’ differences. A similar phenomenon can
be observed in the well-known lasso approach, where the penalization depends on the
absolute value of the coefficients producing biased estimates (Fan and Li (2001)). To
overcome this issue, as done for lasso in Zou (2006), one can use adaptive weights for
CAS-L; introduced above. Further, asymptotic normality and fusion consistency for this
choice of adaptive weights were stated in Theorem 1.3.1. However, the adaptive weights
depend on the quality of the initial estimates, e.g. the unpenalized MLE. Consequently,
one aims for an alternative to adaptive weights, especially for cases where a consistent
initial estimate is not available.

(ii) Oelker et al. (2014b) state that the CAS-L; penalty does not always enforce fusion effi-
ciently, since observing just one ordinal factor as an example (so J = 1) with 0 < g; <
B2 < ... < By, the penalty becomes

P1
Z |8 — Bi-1| = ‘/Bm = Pol = |5p1‘
=1

such that essentially the absolute value of the range of the coefficients is penalized.

(iii) One refers to Proposition 1 in Oelker et al. (2014b), which obtains an explicit structure
of the penalized least squares estimate ,@ (hence in the linear model) with the CAS-L;
penalty ((1.37) and (1.39)) for J = 1 ordinal predictor in an orthonormal design without
an intercept. By the explicitly obtained structure of this proposition, the authors conclude
that the outer categories of the factor are always fused first, no matter how close the
coefficients in the middle are. Additionally, no shrinkage is applied for coefficients of levels
that are not fused yet with another level, which is further visualized in Oelker et al. (2014b)
(Figure 1).

These potential issues motivate the application of another norm on the differences, namely the
Lo “norm“ which is discussed next. Actually the Ly “norm* is not a norm, but in the literature
this term is commonly used such that the quotation marks around “norm“ are omitted for
simplicity.

1.3.2 L, Penalization of Differences (CAS-L)

The following approach of penalizing with the Ly norm was introduced by Oelker et al. (2014b).
The Ly norm is defined by

HtHO = 1{R\0}(t) , tER, (149)

where 1g(-) denotes the indicator function on a set S C R. A visualization of the Ly norm is
given in Figure 1.1.

Applying the Ly norm on the differences of the coefficients, that is || 8, —Bj.s/l0, 7 € {1,...,J},
r,s € {1,...,pj}, r # s and summing up, it counts the number of differences (of the entries of
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Figure 1.1: For t € [—1.5, 1.5] C R, the Ly norm (1.49) as well as the L, norm are visualized.

(3) that are nonzero, meaning that the corresponding pairwise or adjacent coefficients are not
equal. Each factor is penalized separately, that is

J
PO () .= 3 PO (), (1.50)
j=1

similar to CAS-L; (1.37). The components P)(\CAS'LO)(ﬁj), j € {1,...,J} are again defined
differently for nominal and ordinal factors, i.e.

factor j € {1,...,J} nominal: P{“* (g =X 3 w185, — Bisllo. (1.51)

0<r<s<pj;

pj
factor j € {1,...,J} ordinal: PO (8;) = A" wl™ 180 — Bjacallo. (1.52)
k=1

Here, w](-rs) and w](.k), respectively, are optional weights which are specified below. In the following

this penalty is referred to as CAS-Lg, or simply Lg. Similarly to CAS-Lq, as explained in
Section 1.3.1, this penalty enforces fusion of coefficients of the levels corresponding to the same
factor by applying the Ly norm on the differences of the coefficients. However, since CAS-Lg
just differentiates between a difference being zero or nonzero, this type of penalty applies no
shrinkage to the (differences of the) coefficients, and it does not depend on the absolute value
of the differences, which is different to CAS-L;. This distinction will be further clarified and
illustrated later in this thesis (Section 1.3.4).

Choice of Weights

Analogously to CAS-L; weights can be imposed, considering exactly the same choices as intro-
duced in Section 1.3.1 for the adaptive and non-adaptive weighting schemes, according to Oelker
et al. (2014b).

Theoretical Properties of CAS-L

To the best of one’s knowledge, there are no theoretical properties developed so far for the
presented CAS-Lg approach, neither in penalized logistic regression, nor in the framework of
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other GLMs. However, since a new penalty function is introduced in Chapter 2 which includes
an Lo part, /n consistency can be obtained for CAS-Lg as a special case of the penalty in the
mentioned chapter. Thus, to avoid unnecessary redundancies, reference is made to a selection
of theorems proven in Chapter 2 in the subsequent lines.

Specifically, under the regularity conditions (Regl)-(Reg3) given in Appendix B.1, a result on
\/n consistency is provided, which directly follows from Theorem 2.3.2, where particularly /n
consistency for this new penalty function is proven. It is noted that, since the objective function

§ CAS-L
MGAST)(8) = —1,(8) + P51 ()

. . CAS-L . L
is not convex, caused by the non-convexity P)(\ 0)(5), the result is about a local minimizer,
or more precisely a sequence of local minimizers.

Theorem 1.3.3 (y/n consistency for CAS-Ly, fixed p). It is supposed that the regularity con-

ditions (Regl)-(Reg3) from Appendix B.1 hold. One sets a0 := max{/\nwjrs); 0<r<sc<
pj,j € {1,...J}} and assumes a) = O,(1). Then, there exists a local minimizer B(CAS=L0) of

MISS{XS_LO)(B) satisfying

A(CAS—Lo) _ a*||. 1
16 Bl =0 (=)

Proof. Direct consequence of Theorem 2.3.2 choosing A} = 0, which yields a} = 0,(1). O

With regard to asymptotic normality of CAS-Lg, no results are available for linear models,
logistic regression or GLMs in general. The asymptotic normality results proven for the new
penalty function in Chapter 2 (Theorem 2.3.5) are not transferable here, since, choosing A} = 0
in the referenced theorem, it cannot be guaranteed that A7 - n(=1/2 5 o0, which is a necessary
assumption. Thus, further work needs to be investigated to obtain asymptotic normality for
CAS-Lg in logistic regression, as well as for linear regression and other GLMs.

For the same reasons as described above, reference is made in the following to another proof
of a theorem presented later in this thesis to avoid unnecessary redundancies. In particular, the
fusion consistency result, which is provided in Chapter 2, especially in Theorem 2.3.37, similarly
holds for CAS-Lg setting AT = 0 in the mentioned theorem. This directly gives the following
result.

Theorem 1.3.4 (Fusion consistency for CAS-Lg, fixed p). It is supposed that the regularity

conditions (Regl)-(Reg3) from Appendix B.1 hold. One sets al) := max{)\nwj(»rs) ;0<r<s<

pj,j € {1,...J}} and assumes a? = O,(1), thus, there exists a local minimizer 3(CAS=Lo) of

M,ﬁS{"S‘LO)(B) satisfying Hﬁ(CAS_LO) —B*l2 =0, <i> by Theorem 1.3.3. Further, one assumes

Jn
that the conditions of Theorem 2.3.26 hold with A} = 0. Then it holds for FT(LCAS'LO) being the
fusion set corresponding to this particular /n consistent B(CAS=Lo) that
. * _ 72(CAS-Lo)y\ _
JLH;OIP’(F =F) )=1.
Proof. Direct consequence of Theorem 2.3.37 choosing AT = 0. O

1.3.3 Computation of CAS-L; and CAS-L,

For CAS-Lg, Oelker et al. (2014b) propose to use the PIRLS (“Penalized Iteratively Reweighted
Least Squares“) algorithm which was introduced in Oelker and Tutz (2013) and is examined for
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a general form of penalties in Appendix A.1. By the flexibility of the PIRLS algorithm being
applicable to a huge variety of penalties, this approach can be used to compute CAS-L; estimates
as well. For the particular choices of the approximating functions introduced in Appendix A.1
(for short: Nj is an approximation of the applied norm in the penalty and Dj is the derivative),
this thesis follows Oelker and Tutz (2013) (Table 1) using

CAS-Ly : Ni(€) = /€& ¢, Dy(&) = (€ +¢) /2 ¢,

2
CAS-Lo : Nil€) = 7oy — 1
N SR CON. :
Dile) = e e (1 1+exp(—7|€)) Ve +e

where in the approximations of CAS-Lg, the absolute value |£| is further approximated with

VE2 + cas in CAS-L;.

A visualization of these approximations and the impact of the parameters v and ¢ is provided
in Figure 1.2, where N;(&) is named as N (£) in this figure for simplicity. As described above, for
the approximation of Ly it is further used that || = /€% 4 ¢, which is not displayed in Figure
1.2 for the sake of simplicity, since the impact of ¢ can already be seen in the plot on the left
hand side. In general, ¢ ensures the differentiability (for both Ly and Lq) and ~ determines the
steepness of the logistic function (for Lg). For different choices of the parameters, which are
displayed in different colors in Figure 1.2, the approximations show different qualities. Roughly
speaking, one can see that ¢ should be “small“ whereas v should be chosen “large®, which is
also supported by the fact that for v — co and ¢ — 0, the approximation of Ly converges to
1¢]]o, according to Oelker and Tutz (2013).

1.0
1.0

0.8
0.6 0.8
L

0.6
L

0.4
0.4

N o
s -~ [k ol -~ Eb
N(&) with ¢ = 0.05 N(g) withy=5

—— N(&) with ¢ =0.01 —— N(g) withy=10

g4{— N(&) with ¢ = 0.001 g4{— N(E) with y =30
T T T T T T T T T T
-1.0 -0.5 0.0 05 1.0 -1.0 -05 0.0 05 1.0
3 3

Figure 1.2: Visualization of the approximations of the Ly norm ||¢||1 (left) and the Lo norm ||¢||o (right)
for £ € [-1,1] C R. In each plot, the dashed green line is the norm itself. However, it is noted
that the Ly norm on the right hand side (dashed green line) is not continuous at zero (one
compares Figure 1.1), the dashed green vertical line is only drawn for visualization purposes.
A similar figure can be found in Oelker and Tutz (2013).

1.3.4 Coefficient Paths of CAS-L,; and CAS-L,

Coefficient paths are a visualization of the coefficient estimates applying a particular penalized
regression method. On the horizontal axis, the tuning parameter is displayed while on the ver-
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tical axis the corresponding resulting coefficient estimates are shown. To be more precise, the
paths start at the unpenalized MLE (i.e. A = 0) on the left. Proceeding to the right on the
horizontal axis, the tuning parameter is increased until a pre-chosen maximum tuning parameter
Amax 18 reached. This value is chosen such that all factors are excluded from the model.

In Figure 1.3, coefficient paths of CAS-Ly and CAS-L; for an example including J = 2 or-
dinal factors, where p; = p, = 3, are shown. The data, being of sample size n = 400, is
simulated with multinomial distributions with equal probabilities and the truth is chosen as
B* =(1.5,0.7,1.4,1.2,—-0.3, —0.5,—1). In the following sections presenting other regularization
methods, the same example is picked up to exhibit coefficient paths, such that all methods can
be compared on the basis of a common example.

CAS-L1 CAS-LO

| == Br1 e = PBrz2c ¢+ Prg == Poy e = Pore ¢ Po3 z‘|'—ﬁ1.1"'ﬁ|v2—ﬁ1.3'—ﬁzJ"'ﬁz,z—ﬁz.a

0.5
0.5

estimators
estimators

0.0
1

0.0
1

-1.0
-1.0

-15
-15

0.0 02 0.4 0.6 08 1.0 0.0 0.2 0.4 06 0.8 1.0
M Amax M hmax

Figure 1.3: Coefficient paths for CAS-Ly (left) and CAS-Lq (right). On the horizontal axis, the tuning
parameter increases from left to right, where the coefficient estimates on the leftmost side in
each plot are the MLE. In this example, J = 2 ordinal factors were chosen with p; = ps = 3
and 3* = (1.5,0.7,1.4,1.2,-0.3, —0.5, —1).

The shapes of the coefficient paths demonstrate the characteristics of both approaches. On
the one hand, the L; approach shrinks the coefficients towards zero as the tuning parameter
increases and fuses coefficients corresponding to the same level if they are “close enough® to
each other. Further, it performs (indirect) selection, corresponding to fusion of all levels with
the reference category. On the other hand, the Ly approach performs no shrinkage of the coef-
ficients, but it performs fusion, as well as (indirect) selection.

The fact that, in contrast to L1, Ly does not perform shrinkage is caused by the Ly penalty
which just differentiates between an element (a difference) being zero or non-zero as already
explained earlier introducing Lg. Figure 1.4 represents this difference by displaying both penalty
functions (CAS-L; and CAS-Lg) for one factor (J =1, p1 = 2). CAS-L; on the left hand side
enforces shrinkage since the penalty function decreases as the value of the difference |31 — 2]
decreases, whereas CAS-Lg on the right hand side does not perform shrinkage and only examines
whether the coefficients are equal or not.
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Figure 1.4: |8, — 52|, corresponding to the CAS-Ly penalty function (left) and ||81 — 2|0, corresponding
to the CAS-Lq penalty function (right) for J = 1, A = 1, and weight wy = 1. It is noted that
the Ly norm is not continuous, the figure is only for visualization purposes.

1.3.5 Other Penalties on Differences

Probably one of the most popular penalties using differences of the coefficients is the fused lasso
introduced by Tibshirani et al. (2005). The reason why the fused lasso technique is not further
analyzed here is that it does not account for groups, that is, the penalty constraint for the linear
model is for tuning parameters A\; € RZ% and Ay € RZ° given by

p p
DBl < A and Y85 = Bi-a] < o
J=1 j=2

By setting a constraint on all consecutive differences of the coefficients, it does not take into
account the factor structure, making it not suitable for the setup of this thesis including factors.
In contrast, CAS-L; and CAS-Lg only build the differences of the coefficients that belong to
the same factor. Further, the first constraint that is responsible for the selection tasks similarly
ignores a groupwise structure.

The so-called variable fusion method introduced prior to the fused lasso by Land and Fried-
man (1996) takes the second constraint from the two above, that is Z?:Q |Bj — Bj—1] < A for
a tuning parameter A € R2%. In this way, it similarly does not take into account the factor
structure so it will not be further considered in this thesis.

Another penalty function applied on the coefficients’ differences is the so-called SCOPE pro-
posed by Stokell et al. (2021), which is given by the following penalty function

J Pj
> pilBiy = Bir-1))-
j=1r=1
Here, ;1) < ... < ,Bj,(pj) are the order statistics of B; and p;(-) are concave, non-decreasing

penalty functions. In a linear model with hierarchical categorical variables, the work of Zhao and
Yang (2024) considers a combination of CAS-L; and SCOPE, however, this methodology is not
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comparable to those presented in this thesis so far, as Zhao and Yang (2024) take into account the
underlying hierarchical structure. The structure of the SCOPE penalty function mainly differs
from the penalties on differences considered above, i.e. CAS-Lg and CAS-Lq, in the aspect that
the ordering in SCOPE is defined by the size of the coefficients and not by the ordering of the
levels as for ordinal factors in CAS-L; and CAS-Lj as argued in Gertheiss and Tutz (2023).
To obtain the resulting SCOPE estimates, this ordering needs to be executed at each step of
the optimization process, which can be computationally very demanding in high-dimensional
settings, i.e. if p is large. In the framework of high-dimensional categorical data analysis in
the linear model with multiple responses, the SCOPE is applied in Yang (2023), however, it
is commented in the summary of the paper that for large sample sizes and dimensions, the
computational cost of the method can not be ensured. Consequently, the SCOPE methodology
will no longer be considered in the further course of this thesis.

1.4 Penalties for Grouped Structures

As explained in Section 1.2, in the presence of categorical covariates, one aims to perform factor
selection rather than variable selection, i.e. either include or exclude a whole factor. For this
purpose, a selective overview of penalty functions designed for factor selection is given, including
group lasso (Section 1.4.1) as well as group SCAD (Section 1.5.1) and group MCP (Section 1.5.2),
where the latter two are included in the next Section 1.5 about non-convex penalties, since they
emerge from SCAD and MCP, respectively, being non-convex penalty functions.

1.4.1 Group Lasso

To achieve the goal of factor selection Yuan and Lin (2006) proposed the group lasso for the
linear model. Kim et al. (2006) and Meier et al. (2008) investigated the group lasso for logistic
regression, where Kim et al. (2006) named their approach “Blockwise Sparse Regression®, given
by the minimizer of the objective function (1.26) with the following choice of penalty function

J
Pl (B) = 23185k, (1.53)
7=1

Here, K;j € RPi*Pi, j =1,...,.J are positive definite matrices and ||3;|k; = (8] K;3;)"/?. In
the following, the choice K; = p; - I,;xp, is made, following Yuan and Lin (2006) as well as
Meier et al. (2008). This is a convenient choice resulting in weights which account for the fact
that the factors may have a different number of levels, that is, the penalty function simplifies to

J
PEY(B) =23 w5 1Byl (1.54)

J=1

In Figure 1.5, the group lasso penalty function for a simple example is displayed. The charac-
teristics of the group lasso can be clearly seen in this figure, i.e. the penalty function decreases
as the absolute value of the components $; and (o decrease, until the penalty function equals
zero if B1 = P2 = 0. In practice, this means that the coefficients are shrunken towards zero and
either both coefficients are set to zero, i.e. 51 = 82 = 0, or both are nonzero.

Theoretical Properties Group Lasso

For the linear model, asymptotic properties of the group lasso were studied in Nardi and Rinaldo
(2008), as well as Wei and Huang (2010). With the penalty function introduced in (1.54), the
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Figure 1.5: Group lasso penalty function P\(3) for J =1, p1 = 2 and A\ = 1. In particular, the value of
V2||B|2 is displayed on the vertical axis for B = (31, B2) and By, 32 € [~2,2].

(non-adaptive) group lasso objective function is given by

MED(B) == —Ln(B) + 1S /i8]l (1.55)
=1
However, the more general form
n
MEV(B) = L (8) + 2 wjl|8;ll2 (1.56)
=1

may also be used with some optional weights w;, e.g. adaptive weights, where it will always be
clarified what kind of weights are imposed.

A result on the existence concerning the minimum of the group lasso objective function is
provided below. For this, it is required that > ;y; € (0,n), which means that neither all
observations y; are equal to one nor equal to zero. Hence, at least one observation is equal to
zero and at least one observation is equal to one, respectively.

Theorem 1.4.1 (Meier et al. (2008), Lemma 1, logistic regression). It is supposed that for
the given observed sample y = (y1,...,Yyn) of the random response variable Y it holds that

n
Zyi € (0,n) and that A > 0. Then, the minimum of the group lasso optimization problem is
i=1

a_ttained, i.e. the set

SCL .= 3 e R | B = argmin M(CM(8) &, (1.57)

en
ﬁeRerl P

where MIS&L) (B) is given by (1.55), is non-empty.

Proof. Meier et al. (2008), Appendix A.1. O
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Theorem 1.4.1 ensures that at least one minimizer of the group lasso objective function exists.
The next natural question is about conditions to ensure that the minimizer is unique, which is
answered in the next corollary. The statement of this corollary is taken from Meier et al. (2008),
however, in this reference it is not stated as a corollary and not rigorously proven whereas a
proof is addressed here.

Corollary 1.4.2 (Meier et al. (2008), logistic regression). It is supposed that the conditions of
Theorem 1.4.1 hold. Then, it holds that the set of minimizers SG given by (1.57) is a convex set,
where all elements in this set yield the same value of the objective function My, (3). However,
if the design matrix X is of full rank, the minimizer is unique, hence |S¢| = 1.

Proof. 1t is recalled that the canonical link function is utilized for logistic regression. Now, if the
design matrix X is of full rank, it is known by Remark 1.1.10 that the log-likelihood function
L, (B) is strictly concave, hence — L, (3) is strictly convex. Consequently, the objective function
MISS@L) (B) (1.55) is strictly convex. Moreover, Theorem 1.4.1 yields that a minimizer exists, so it
must be unique. In the other case, where one cannot ensure that X is of full rank, Remark 1.1.10
provides that the log-likelihood function is concave (strict concavity cannot be ensured in this
case), yielding convexity for the negative log-likelihood function. Consequently, the resulting

objective function MpCiI;L(,B) is convex, so the set of minimizers S is a convex set. O]

In what follows, theorems on asymptotic properties of the group lasso in the considered setting
are provided, which are, as some of the previous results for CAS-Lg, deduced from theorems
of Chapter 2 and referenced here to avoid unnecessary redundancies. More specifically, the
following two theorems are directly received by choosing A\j =0 Vn € N in Theorem 2.3.2 and
Theorem 2.3.5, which are discussed later.

Theorem 1.4.3 (1/n consistency of group lasso in logistic regression, fixed p). It is supposed that
the regularity conditions (Regl)-(Reg3) from Appendix B.1 hold. One sets a’ := max{\,w;; j €
{1,...J}} and assumes a,//n = 0,(1). Then, for B(GL) being a global minimizer of (1.56), it

holds that .
18 ~ 112 = 0, (=)

Proof. Works completely analogous to the proof of Theorem 2.3.2, adjusting for the fact that,
at the end of the proof, it is used that (1.56) is convex, thus B(CL) is a global minimizer. O

The next step is to provide an asymptotic normality result for group lasso in logistic regression.

Theorem 1.4.4 (Asymptotic normality of group lasso in logistic regression, fixed p). One
assumes that (Regl)-(Reg3) of Appendix B.1 hold and the true underlying structure is sparse
(Definition 1.2.4 (i)). For the group lasso with objective function (1.56), the adaptive weights
wj = || ,é](-ML) ||37 are employed for some arbitrarily chosen 5 > 0 where 3ML) is the unpenalized
MLE. Furthermore, it is supposed that A, - n=1/2 — 0 and A, - n('"Y/2 — co0. Then, it holds
for a global minimizer B(GY) of (1.56) that

Vi (B = B ) = N(O, I,

where Bj(ﬁL) and 3%. denote the sub-vectors of B(GL) and 3%, respectively, containing only the
components belonging in the true active set A*.

Proof. As mentioned earlier in this thesis, the question may arise how to identify ﬁ:(ﬁL) and
B%~, since A* is unknown. For that reason, one refers to the previous Definitions 1.2.12, 1.2.13
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as well as Remark 1.2.14 answering this question. The same applies for all upcoming theorems
on asymptotic normality presented in this thesis.

The proof of this theorem works completely analogous to the proof of Theorem 2.3.5, adjusting
for the fact that, at the end of the proof, it is used that (1.56) is convex, thus B(GL) is a global
minimizer. [

Theorem 1.4.5 (Factor selection consistency of group lasso in logistic regression, fixed p). One
assumes that (Regl)-(Reg3) of Appendix B hold and the true underlying structure is sparse
(Definition 1.2.4 (i)). Further, one assumes that for a} := {\w;; j € {1,...,J} it holds that
al/y/m = 0p(1). Then, the \/n consistent estimator of Theorem 1.4.3 satisfies

Ve>0 IN eN: P(A* ¢ ASY) < eVn > N.
Proof. Direct consequence of Theorem 2.3.8. O

By the popularity of lasso, group lasso is considered in several works deriving asymptotic
results under different assumptions, which are discussed in comparison to this thesis in the
following remark.

Remark 1.4.6 (Comparison to other results in the literature). First, the work of Meier et al.
(2008) considers a different kind of consistency than this thesis, making the results not com-
parable. Wang and Leng (2008) show similar results than those provided here, however, they
consider the linear model rather than logistic regression. Similar arguments apply for Nardi and
Rinaldo (2008), where both the fixed and the diverging case is considered for the linear model.
The contribution of Wang and Tian (2019) show more general results considering GLMs for p,,
being allowed to diverge. These results are stronger compared to those provided here, neverthe-
less, since the case of fixed p is considered in this chapter, it is desirable to avoid more complex
regularity conditions that need to be imposed in the diverging case (cf. Appendix B). Zhang
and Xiang (2015) consider a gaussian response variable, while their proving arguments are not
extendable to the setting considered here, thus the results are not comparable. Finally, Wang
et al. (2015) consider the diverging case in a general GLM framework under the so-called sparse
Riesz condition (SRC). In particular, the SRC requires that the eigenvalues of the covariance
matrices of all subsets of variables are bounded from above and from below according to Zhang
and Huang (2008). However, in this thesis, the SRC is not imposed, where reference is made to
Appendix B.5 for further details.

A selection of references treating group lasso in other frameworks different from the one consid-
ered here is given by e.g. Dahinden et al. (2006) and Nardi and Rinaldo (2012) in the context
of log-linear models, while group lasso is considered from a non-parametric perspective in Bach
(2008) and Ravikumar et al. (2009).

1.4.2 Computation of Group Lasso

A block coordinate descent (BCD) approach is applied to obtain a solution for the group lasso
optimization problem, which is provided by Breheny and Huang (2015).

This algorithm, for linear and logistic regression, is similar to Yuan and Lin (2006), where
group lasso in the linear model is considered in the latter reference. However, as Breheny and
Huang (2015) pick up in their Section 2.4, applying the BCD algorithm to group lasso for logistic
regression, the difficulty is that, other than in a linear model setup, there are no block-wise closed
form solutions available. The authors solve this issue by employing a quadratic approximation
of the log-likelihood function, which gives a loss function in the form of a weighted least squares
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problem, such that a closed form solution can be obtained similar to the linear model case. The
concrete form of this quadratic approximation is provided later in (1.63). In the work of Meier
et al. (2008), a BCD is applied for group lasso (implemented in the R package grplasso), but
since the comparison of grplasso and grpreg supplied in Breheny and Huang (2015) shows
that grpreg tends to be faster, this thesis will follow the algorithm and R package of Breheny
and Huang (2015). Different from that, the approaches proposed in these two referenced papers
are similar.

The BCD algorithm for group lasso works analogously for the two other groupwise penalties
considered in this chapter, which are not introduced yet. However, as announced at the beginning
of this section, they will be presented in Section 1.5 such that, to avoid unnecessary repetitions,
the application of BCD for group lasso is given in Section 1.5.3.

1.4.3 Coefficient Paths of Group Lasso

In the following, coefficient paths for lasso (1.28) and the previously discussed group variant of
lasso, the group lasso, are investigated. To do so, the example provided in Section 1.3.4 is used,
that is, J = 2 ordinal factors are considered with p; = po = 3 and true coefficient vector chosen
to be given by B* = (1.5,0.7,1.4,1.2,—0.3, —0.5, —1). Examining Figure 1.6, one can see that
lasso (left) shrinks the coefficients towards zero and sets them to zero if they are close enough
to zero. However, lasso completely ignores the underlying groupwise structure. The group lasso
(right) takes into account the groupwise structure, that is, either the whole factor is removed
from the model or all levels are kept. Further, as done in lasso, the coefficients are shrunken
towards zero by group lasso. Additionally, one can observe that neither lasso nor group lasso
perform levels fusion (in contrast to CAS-L; and CAS-Ly, one consults Figure 1.3), which one
also expects by their construction. To conclude, the group lasso penalty enforces shrinkage of
coefficients’ values, as well as factor selection, whereas lasso is not performing factor selection.

Lasso Group Lasso

8— o == fByg e oo Py wm— Pz e @ fog o ¢ o fop wm—— o T o = frge e e Pyp e Py @ foq e ¢ o Pop wmm—— o3
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Figure 1.6: Coefficient paths for lasso (left) and the groupwise variant group lasso (right). On the hori-
zontal axis, the tuning parameter increases from left to right, where the coefficient estimates
on the leftmost side in each plot are the unpenalized MLE. In this example, J = 2 ordinal
factors were chosen with p; = p2 = 3 and 8* = (1.5,0.7,1.4,1.2,-0.3,-0.5, —1).
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1.5 Non-Convex Penalties

The domain of non-convex penalization is examined in this section, including the group SCAD
and group MCP penalty where also the non-groupwise approaches SCAD and MCP are dis-
cussed, which build the basis for the corresponding groupwise versions. In the literature, these
types of penalties are also called folded concave penalties, which is due to the fact that, even
though they are neither convex nor concave on R, they are concave on R™ and R~ and axially
symmetric around zero. Starting with SCAD and group SCAD in Section 1.5.1 the MCP and
group MCP are introduced in Section 1.5.2.

1.5.1 SCAD and Group SCAD

The abbreviation SCAD stands for “Smoothly Clipped Absolute Deviation Penalty“, while group
SCAD refers to its groupwise version. Before SCAD is introduced, it is noted that discussing
simulation studies in Section 1.7, it is argued that the group SCAD is favored for the purposes
of this thesis. Nevertheless, doe to the fact that group SCAD builds upon SCAD, it is of high
importance to thoroughly introduce SCAD pointing out its purpose and characteristics. For
that reason, the introduction of SCAD is more extensive compared to group SCAD as its major
properties are directly transferrable from SCAD.

SCAD

The SCAD penalty function was proposed by Fan and Li (2001) targeting at fixing some (po-
tential) drawbacks of the so-called Bridge penalty. To be more precise, the Bridge penalty is
given by
Brid
PP(B) = X1l a >0,

and was introduced by Frank and Friedman (1993) (cf. Fu (1998) and Huang et al. (2008)).
Depending on the choice of ¢ > 0, the following consequences arise, which are described Fan and
Li (2001). Choosing ¢ = 1, P;\Bﬂdge) (B) leads to the lasso penalty P)(\Lasso) (B) (Section 1.2.3),
which produces biased estimates since the penalization rate depends on the absolute value of the
coefficients, for which one consults e.g. Table 4.1 in Fan et al. (2020) which summarizes some
characteristics of different penalty functions. For ¢ > 1, e.g. Ridge P/SRldge) (B) for ¢ = 2 (Section
1.2.3), the resulting estimates are not sparse. Finally, for ¢ < 1, Fan and Li (2001) argue that
the solution is no longer continuous in the data, which may cause instability in the resulting
estimate. Clearly, it depends on the application context whether these consequences are severe
disadvantages or whether they are negligible, i.e. other advantages predominate. However, Fan
and Li (2001) argue that a “good“ penalty function should satisfy these three properties (unbi-
asedness, sparsity and continuity) and, as a consequence, they introduce SCAD.

The SCAD penalty function is given by

P SCAD) Z (SCAD) ‘/Bz ) (158)
where
AlBil if |Bi] < A,
(18i]* — 27A|Bi| + A?) .
SCA _ .
PN (18, ) = 2y — 1) A <|Bi] <A, (1.59)
1)\2

2
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for a parameter v > 2 that needs to be chosen in practice. Even though P§SCAD) (B) depends on

the parameter v, a lower index -y is not added in P§SCAD) (B) to be consistent with the previously
introduced penalty functions and the literature, e.g. Fan and Li (2001). The parameter ~ is
arbitrary but fixed, more details on its choice are given below.

T . (SCAD) .

o demonstrate the role of v, for § € [-5, 5] the penalty function py (18],~) for different
values of v > 2 and fixed A\ = 1 is visualized in Figure 1.7. It can be seen that for |3 < A, the
SCAD penalty function (1.59) equals the lasso penalty function applying the same amount of
shrinkage. For A < || < vA the SCAD penalty function is quadratic while for |3| > A the
penalization remains constant. Hence, for |3| > v\, the penalization rate does not depend on
the size of the absolute value |3|, which is different from lasso. Thus, it is expected that SCAD
removes the issue of biasedness for large coefficients in absolute value that one observes for the
lasso penalty.

-5.0 -25 00 25 50

B

Figure 1.7: p\°P)(|8|,) for different values of v € {2.5, 3.7, 5}, A =1 and 8 € [—5,5]. The value of

controls how fast the penalty drops off.

As one can further see in Figure 1.7, the parameter v determines the concavity of the function,
hence how fast the penalty function drops off until it remains constant. For larger values of ~,
this drop off is more moderate than for smaller values. In practice, Fan and Li (2001) suggest
to use v = 3.7, which arises from Bayesian arguments corresponding to the minimization of the
posterior risk function, where they further argue that the convenience of this choice is underlined
by their simulation studies.

Remark 1.5.1 (Impact of v on the resulting estimates). It was demonstrated above that  con-
trols the concavity of the SCAD penalty function. That is, the choice of v has an impact on the
bias of the resulting estimates, meaning that lower values of v give less biased estimates. How-
ever, the greater v the “more concave“ the penalty function, and consequently the greater the
chance for multiple local minimizers such that the stability may decrease, hence the variability
in the estimates increase, which results in a bias-variance trade-off.

The SCAD approach is an alternative to adaptive lasso which uses adaptive weights to account
for the fact of biasedness, where the adaptive lasso depends on the quality of the MLE, which
may be unstable especially in high-dimensional settings. Nevertheless, a drawback of SCAD
compared to adaptive lasso is the fact that the resulting optimization problem is non-convex
which makes it more involving from the computational point of view.
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The other two potential issues of the Bridge penalty mentioned at the beginning of this sec-
tion, i.e. the missing continuity of the solution for ¢ < 1, as well as the missing sparsity for g > 1,
are further addressed by SCAD. The sparsity property emerges from the sparsity property of
lasso, since for |G| < A, the penalization of SCAD equals those of lasso. Lastly, continuity of the
SCAD penalty function is obviously given.

Discussing theoretical properties for SCAD, Theorem 2 of Fan and Li (2001) provides oracle
properties (i.e. factor selection consistency and asymptotic normality, cf. Definition 1.2.13) for
SCAD in the logistic regression setting under some regularity conditions for the case of fixed p.
Oracle properties for the case where p,, is allowed to grow with n are investigated by Fan and
Peng (2004), Fan and Lv (2011) and Kim et al. (2008), where the first two sources also include
logistic regression. For one-step estimates using a local linear approximation (LLA) of SCAD,
oracle properties are obtained by Zou and Li (2008). For varying coefficient models (models
where the parameter vector 8 may depend on e.g. a time component), SCAD is analyzed in
Wang et al. (2008) and for partially linear models by Xie and Huang (2009). However, since
using the group variant group SCAD is favored instead of SCAD in this thesis, being more
suitable for factor structures, no further details are provided on theoretical properties of SCAD.

Remark 1.5.2 (How to obtain a (potential) oracle solution?). An important fact that needs to
be mentioned working with such non-convex penalties as SCAD is, that in general, the properties
(e.g. oracle properties) typically hold for a local minimizer. As a consequence, the question arises
whether an algorithm, applied to solve the resulting minimization problem, is able to find this
particular local minimizer, for which it is known that it satisfies the oracle properties. In the
works of Zhang (2010), Fan and Lv (2011) and Zhang and Zhang (2012), conditions are found
under which the optimization problem has a unique solution, however, as mentioned in Fan et al.
(2014), these conditions may be too strong in practice. In their paper, they propose an algorithm
for which it is shown that the probability that the local minimizer found by this algorithm equals
the oracle estimator can be bounded from below. Nevertheless, the question whether one can
find the local minimizer that satisfies certain properties in general is very challenging, and,
following the focus of this thesis, this issue will not be discussed further, referring to the works
of Fan et al. (2014), Loh and Wainwright (2013) as well as Loh and Wainwright (2017).

Group SCAD

The group SCAD was proposed by Wang et al. (2007) for time-varying coefficient models, i.e.
models where the parameter 3 is allowed to depend on a time component. Huang et al. (2012)
discussed the group SCAD for linear regression while in Breheny and Huang (2015), group
SCAD is further considered for logistic regression, where the focus lies more on computational
aspects rather than on asymptotic properties. The penalty function of group SCAD, denoted by
P)(\gSCAD) (B), applies pg\SCAD)(-) for all factors j € {1,...,J} to the Ly norm of the sub-vector

corresponding to the j-th factor. Thus, it is given by

J
PR (B) =3 0P (118; 12, ), (1.60)

j=1

(SCAD) L - e

where py (-,7) is given by (1.59). Similar to SCAD, the parameter v > 2 indicates how
fast the penalization rate drops off. As further noted introducing SCAD, Fan and Li (2001)
propose to choose v = 3.7, consequently this is used in the simulation studies of this thesis for
group SCAD. For J =1, p; =2, v =3.7and A = 1, the resulting group SCAD penalty function
is displayed in Figure 1.8. By the singularity at the origin, one can see that the group SCAD
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Figure 1.8: Group SCAD for v = 3.7, A = 1 for one factor J = 1 with p; = 2, such that Pl(gSCAD)(,B) =
P11, 3.7) = PP (VBT + BE, 3.7) and By = (B, Ba), B = (Bins, B)-

penalty function results in a sparse model according to Fan and Li (2001), i.e. it performs
factor selection. Additionally, this penalty function enforces shrinkage of the coefficients and for
“large“ values of ||31]|2, which means ||31||2 > v\ = 3.7, the penalization rate remains constant.

Group SCAD for logistic regression is not the most popular approach that is treated in the

literature, especially from the theoretical point of view. As elaborated in the following, there are
some references treating asymptotic properties for group SCAD in the linear model, but logistic
regression is, to the best of one’s knowledge, neglected from the theoretical point of view, i.e.
asymptotic properties for group SCAD in the logistic regression model are missing so far. To be
more precise, Fan and Li (2001) show oracle properties for SCAD, including linear and logistic
regression. For the linear model, they similarly hold for group SCAD as shown by Wang et al.
(2007) (fixed p case) and Guo et al. (2015) (diverging p, case), respectively. However, these
works do not treat other GLMs, or especially logistic regression. Asking whether (i) one can
transfer the proofs for group SCAD in the linear model to group SCAD in the logistic regression
model, or, (ii) one can transfer the proofs for SCAD in the logistic regression model to group
SCAD in the logistic regression model, the following observations are made.
For (i), diving into the proof of Guo et al. (2015) (Theorem 1), the particular structure of the
linear model is used, thus one cannot transfer this proof to group SCAD in logistic regression. For
(ii), analyzing the requirements and the corresponding proofs of Theorem 1 and 2 provided by
Fan and Li (2001), the authors require bounds on the derivatives of the SCAD penalty function
needed for the Taylor approximation in the proof. However, for group SCAD, one receives
an additional inner derivative from the Lo norm, which complicates the Taylor approximation,
especially from the second order term. To conclude, further work is required to close this gap
and obtain theoretical properties for group SCAD in penalized logistic regression. Since, from
Chapter 2 on, SCAD and group SCAD are not further considered, it is beyond the scope of this
thesis to close this gap.



1.5 Non-Convex Penalties 43

1.5.2 MCP and Group MCP

Having discussed the SCAD and group SCAD approaches, another penalty function that belongs
to the category of folded concave penalty functions is investigated next, along with its groupwise
variant. In particular, the MCP and group MCP are introduced, where the abbreviation MCP
stands for “Minimax Concave Penalty*. Generally speaking, the MCP penalty has several sim-
ilar properties like SCAD, such that Section 1.5.1 will serve as reference to avoid unnecessary
repetitions, however, the differences between these two approaches are pointed out. Further, by
similar arguments as provided at the beginning of Section 1.5.1, it is important to introduce
MCP in detail, even tough group MCP is favored for the purposes of this thesis.

MCP

The MCP penalty function was introduced in the work of Zhang (2010) with similar purposes
as elaborated earlier for SCAD. For some parameter v > 0 controlling the concavity, the MCP
is defined as

MCP Z o (MCP) ’/Bz )

where

pM (181, ) = A/ ( >+ dz. (1.61)

Here, the notation (-)4 refers to the positive part of the function, thus defining the function
flx):=1- 75 it holds that (f(z))+ = max(f(x),0).

In the following, the apostrophe denotes the derivative of a function. As the name of MCP in-
dicates, ensuring an unbiasedness and selection property, which are introduced in (1.62) directly
below, it minimizes the maximum concavity k(p)), which is defined as

._ P\ (B1) — P\(B2)
Mloa)= s = Th

according to Zhang (2010). The unbiasedness and selection properties that are ensured are given
by

AR =0 VBN lim ph(9) = A (1.62)

where limg_,o4 denotes the right-hand limit. These conditions are taken from Zhang (2010)
and can be similarly found in Fan et al. (2020) (Section 4.4.1). The unbiasedness property
given on the left hand side of (1.62) ensures that the penalization rate remains constant starting
from 8 > v\, which ensures that larger values of 8 are not penalized disproportionally more
than smaller ones, thus it ensures unbiasedness. This conclusion is further explained in Fan
and Li (2001) (Section 2). The selection property, or sparsity property, on the right hand side
of (1.62), ensures that the penalty function is singular at the origin, which ensures that the
penalty function can perform selection, further details on this conclusion can be found, again,
in Fan and Li (2001) (Section 2). Referring to the work of Zhang (2010), among the penalty
functions satisfying the unbiasedness and selection property (1.62), the MCP further minimizes
the maximum concavity x(py) which means that it is the “most convex“ among these functions.
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Figure 1.9: p{MCP)(|ﬁ|,'y) for different values of v € {2.5, 3.7, 5}, A =1 for g € [-5,5].

For 8 € [-5,5], the function pg\MCP)(W [,7) is visualized in Figure 1.9. Being singular at the

origin, the penalization rate of the MCP directly relaxes the penalization rate, until it remains
constant. This is different from SCAD, which equals the lasso for |3| < A before the penaliza-
tion rate drops off, which can be clearly seen in Figure 1.10, where both penalty functions are
displayed with the same choices of parameters. However, for the role of ~, similar arguments
as in SCAD apply, where it was discussed that the parameter v controls the concavity of the
function. Further, the impact of the choice of 4 on the estimates, which was explained for SCAD
in Remark 1.5.1, similarly apply for MCP. In practice, Zhang (2010) suggested to use v = 2.7.

R
/ SCAD

MCP

-5.0 -85 00 25 50

Figure 1.10: p§SCAD)(|5|,3.7) and p{MCP)(|ﬂ|,3.7), both for v =3.7, A\=1 and € [-5,5].

Turning the focus to theoretical properties, Zhang (2010) prove oracle properties for MCP
in penalized linear regression, however, logistic regression is not treated. Oracle properties for
penalized likelihood models, incorporating logistic regression, in a more general framework of
folded concave penalty functions, including SCAD and MCP, are provided in Fan and Lv (2011).

Based on the characteristics of MCP pointed out above, the extension to group MCP follows
naturally and is provided in the following.
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Figure 1.11: Group MCP for v = 2.7, A = 1 for one factor J = 1 with p; = 2, such that Pl(gMCP)(ﬂ) =
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Group MCP
The group MCP, which is considered in Huang et al. (2012) for the linear model, is, similar
to group SCAD (1.60), given by the application of pg\MCP) to all Lo norms of the sub-vectors
corresponding to factor j, where j € {1,...,J}. In particular
J
MCP MCP
P (8) = 37 o (118511207).

j=1

where p)\ (| 1B5l|2,7) is given by (1.61). In the same way as done for MCP in Figure 1.9, the re-

sulting group MCP penalty function P)(\gMCP) (B) for v = 2.7 and A = 1 applied to B = (Bint, B1)
with 81 = (51, 82) € [—2,2] x [-2,2] is displayed in Figure 1.11. Tt is recalled that the intercept
is not penalized. The impact of v in group MCP is similar to MCP and the optimization problem
resulting from group MCP is non-convex. In Huang et al. (2012), the choice v = 2.7 is suggested.

In Huang et al. (2012), the group MCP is considered for the linear model, where theoretical
properties such as oracle properties are shown. They refer to group SCAD as “2-norm group
MCP“ which obviously comes from the fact that in the penalty function given above, the MCP
(1.61) is applied to the Ly norm of every sub-vector 3; for j =1,...,J. The corresponding proof
can not be transferred to logistic regression without substantial adjustments, since it is used that
the errors in the considered linear model follow a normal distribution, which is used to derive
distributions of other quantities. In Breheny and Huang (2015), the group MCP approach is
considered for logistic regression, where the focus lies on algorithms, in particular group descent
algorithms, where the investigation of theoretical properties is neglected. Thus, analogously to
group SCAD, further work is required to investigate theoretical properties for group MCP in
penalized logistic regression.

1.5.3 Computation of Non-Convex Penalties

Breheny and Huang (2011) obtain coordinate descent algorithms for non-convex penalties in-
cluding SCAD and MCP which was extended to the groupwise versions group SCAD and group
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MCP (and group lasso) in Breheny and Huang (2015). Introducing first the coordinate descent
(CD) approach for SCAD and MCP, the block coordinate descent (BCD) approach for group
SCAD and group MCP (and group lasso) is subsequently discussed. The general idea of these
two algorithms is provided in Appendix A.2.

Coordinate Descent for SCAD and MCP

In the logistic regression framework, Breheny and Huang (2011) start with a local quadratic
approximation (LQA) of the loss function, which is the negative log-likelihood function L, (3).
This local quadratic approximation (LQA) is done to obtain closed form solutions for MCP and
SCAD in a single dimension being available in linear regression according to Breheny and Huang
(2011) (Sections 2.1 and 2.2). Consequently, with the LQA, logistic regression is transformed
to a weighted linear regression problem (Breheny and Huang (2011), Section 3). The LQA is
updated in every iteration step k of the CD algorithm. In particular, according to Breheny and
Huang (2011), the LQA at some given B%) 1o0ks as follows

Ln(B) = !

~ oG - x8)Wh(Eh - Xp), (1.63)

where the working response %) and the diagonal matrix with weights W) are specified in
Appendix A.2, spefically in (A.8) and (A.7), respectively. As one can see in (1.63), the LQA of
the log-likelihood is divided by 2n, the following remark comments on that.

Remark 1.5.3.

(i) In the literature, some authors multiply the log-likelihood (or the squared difference in the
linear model, respectively) by the factor ﬁ, e.g. Breheny and Huang (2011) and Guo et al.
(2015). Since this multiplicative factor does not change the solution of the minimum of the
log-likelihood, it is a convenient choice because it stabilizes the algorithm and it ensures
that the impact of the tuning parameter A does not depend on the sample size n. One can
also neglect this factor, in this case one has to be careful when comparing two solutions
for different tuning parameters and different sample sizes. This factor is used employing
a CD and BCD algorithm following Breheny and Huang (2011), as well as Breheny and
Huang (2015), nevertheless it is not used in PIRLS which is specified in Appendix A.1.

(ii) In Breheny and Huang (2011), treating the particular case of logistic regression, they write

that the diagonal entries of W) are given by TI'l(k)(l - WE’C)), where (%) = (ng), e ,Wﬁlk))
is evaluated at the current iteration ,3(’“). It is noted that this is in line with Remark A.1.4
since p®) = w(#) whereby the mentioned remark specifies the matrix W) for the case

of logistic regression.

Having executed the LQA (1.63), Breheny and Huang (2011) propose the following algorithm,
where it is noted that here, the notation 8 = (Bint, 51,52, ..., Pp) instead of the factor-wise

notation, ie. 18 = (ﬁinta 51,1, e 7B1,p17 ceey BJ,I, e aBJ,pJ) = (ﬁinta Bla e 7/8J) is employed once
being more convenient for CD approaches not proceeding factor-wise.
Algorithm 1.5.4 (CD for SCAD and MCP, Breheny and Huang (2011)).

(i) One sets the start value B8(?). One sets k = 1.

(ii) One repeats the following steps until convergence is reached.

(ii.i) One updates the LQA of the loss function L, (8) according to (1.63).

(ii.ii) Ome updates the intercept BA(k)

wnt*
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(ii.iii) Ome cycles through all coordinates i = 1,...,p and updates coordinate i as follows
A(k+1 . Ak+1)  5(k+1 A(k+1 Ak A
B = arﬁgnﬂgnMpen(ﬁ,-(nj LAY B 8L B B).
i€

(iii) Finally, one sets B =730,

For the update of the intercept term, Breheny and Huang (2011) propose to set A = 0 in the
considered framework using the LQA of the log-likelihood (i.e weighted least squares). To be
more precise, in the most simple case of “classical® least squares, the weight matrix W) is
the identity matrix and the updating value of the intercept is simply the mean of the partial

~ 1 N
residual, i.e. B(k) = X1, (y - X,mtﬁ(fmz)), cf. Breheny and Huang (2011). Here, X, is
n

int int

the column of the design matrix belonging to the intercept, thus X1 = 17 € R"*! while the
negative lower index indicates that the corresponding column/entry is removed. Updating the
intercept in this way clearly cause no challenges if n < p. Considering the weighted least squares
emerging from the LQA of the log-likelihood as considered here, a similar update incorporating
the weight matrix W) is used as derived in Breheny and Huang (2009) (equation (9)) and

further obtained in Breheny and Huang (2015).

In the work of Breheny and Huang (2011), it is not specified which convergence criterion is
applied for Algorithm 1.5.4. Further, they use Algorithm 1.5.4 to fit a whole solution path,
that is, to obtain a minimizer for each value of the tuning parameter in some interval, hence
A € [Mnin, Amaz) With a given grid of values. They propose to start at B = 0 with tuning
parameter \;,q., Where \p,q. is the smallest value for which all explanatory variables are excluded
from the model. Then, proceeding towards A, (often chosen to be A\, = 0, hence the
unpenalized solution), they propose to take the estimate from the previous value of X\. The
algorithm given above calculates the solution for one fixed value of A, which is determined in
practice by k-fold CV. Breheny and Huang (2011) implemented their approach in the R package
ncvreg, which is used in the simulation studies of this thesis.

Remark 1.5.5 (Convergence of CD for SCAD and MCP). As Breheny and Huang (2011) note,
the algorithm described above is in general not guaranteed to converge, similar to the iteratively
re-weighted least squares (IRLS) algorithm in the framework of GLMs, compare Hastie et al.
(2015) (Section 4.4.1). However, Breheny and Huang (2011) argue that, ensuring that no model
saturation occurs, they have not observed failures of convergence.

Block Coordinate Descent for Group SCAD, Group MCP and Group Lasso

The block coordinate descent (BCD) approach for group SCAD and group MCP, proposed by
Breheny and Huang (2015) is considered. Furthermore, in the mentioned reference, the BCD
approach is similarly applied to group lasso, such that the algorithm described in the following
is applicable for group lasso, group SCAD and group MCP. For the general idea of BCD, one
refers to Appendix A.2.

For the coefficient vector 8, one returns to the commonly used factor-wise notation, i.e. one

writes 16 = (Bintvﬁl,l» ey Bl,pp cee ,BJ,lv ey BJ,pJ) = (5int,:617 cee a/@J)'

The BCD approach uses the same LQA of L,(3) as in (1.63). In Breheny and Huang (2015)

Algorithm 1.5.6, which is provided directly below.
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Algorithm 1.5.6 (BCD for group SCAD, group MCP and group lasso, Breheny and Huang
(2015)).

(i) One sets the start value B8(?). One sets k = 1.

(ii) One repeats the following steps until convergence is reached.

(ii.i) One updates the approximation of L, (3).

(ii.ii) One updates the intercept BA(k)

wnt*

A]('k+1) = arg IT;II] Mpen(Bi(S:_l)mégk—i_l)a ey A;']i—;l)716j7 B]('lj_)la v ué(Jk))
B;ERYI

using the obtained closed form solutions.
(iii) Finally, one sets B=p3".

For a discussion on the start values, one refers to the explanations given right below Algorithm
1.5.4, which similarly apply to Algorithm 1.5.6. The intercept term is updated analogously to
Algorithm 1.5.4.

For group lasso, the resulting optimization problem is convex, which does not hold for group
SCAD and group MCP since the penalty functions are non-convex. Thus, different results con-
cerning convergence to global/local minima for group lasso on the one hand and group SCAD
and group MCP on the other hand can be inferred. Breheny and Huang (2015) show in Proposi-

tion 2 the so called descent property, i.e. for Mpe,(8) being equal to Méf}fcp) (B), M]gﬁ’}%CAD) (B),
as well as MZSS{J) (B), they show that Mpe,(B%+Y) < M., (B*)) holds for B*) being the es-
timate after iteration £ € N. For group lasso this implies convergence to the global minimum
because MIESnL) (B) is convex. For group SCAD and group MCP, due to their non-convexity, only

convergence to a local minimum is received.

Finally, references are provided that supply alternative possibilities to obtain estimates for
the non-convex penalties SCAD, MCP and the corresponding groupwise versions. Fan and Li
(2001) propose to use a local quadratic approximation of the penalty function and Newton-
Raphson to obtain the estimate for SCAD, which is similar to the PIRLS algorithm (Appendix
A.1). Wang et al. (2007) as well as Wang et al. (2008) applied this approach to group SCAD.
Furthermore, Zou and Li (2008) propose a local linear approximation to obtain a lasso type
optimization problem. Having that, they execute the least-angle regression (LARS, Efron et al.
(2004)) algorithm. As elaborated in Breheny and Huang (2011), this approach requires the
computation of a comparably huge amount of lasso paths for one approximation of SCAD and
MCP path, making it computationally more involving. However, since closed form solutions are
available as discussed above, the CD and BCD approaches are favored for SCAD, MCP and
their groupwise variants, respectively.

1.5.4 Coefficient Paths of Non-Convex Penalties

Coefficient paths for SCAD and group SCAD, as well as for MCP and group MCP are visualized
in Figures 1.12 and 1.13, respectively, exhibiting the characteristics of the respective method.
To obtain a comparable scale, the same example as in Sections 1.3.4 and 1.4.3 is used.
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Comparing the paths of SCAD on the left hand side of Figure 1.12 to the paths of lasso on
the left hand side of Figure 1.6, one can see that for “smaller* values of the absolute value of the
coefficients, the SCAD paths look similar to lasso, while from some point on, the penalization
relaxes and is constant for “larger” values of the coefficients. Similar arguments apply for group
SCAD, where it gets clear that group SCAD, compared to SCAD, includes or excludes a whole
factor from the model, instead of single components, i.e. variables.

SCAD Group SCAD
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Figure 1.12: Coefficient paths for SCAD (left) and the groupwise variant group SCAD (right). On the
horizontal axis, the tuning parameter increases from left to right, where the coefficient
estimates on the leftmost side in each plot are the MLE. In this example, J = 2 ordinal
factors were chosen with p1 = ps = 3 and 3* = (1.5,0.7,1.4,1.2,-0.3, —0.5, —1).

For MCP, displayed on the left hand side in Figure 1.13, compared to lasso, similar arguments
apply, with the difference that MCP directly relaxes the penalization rate. Additionally, com-
paring group MCP (right hand side of Figure 1.13) to group SCAD (right hand side of Figure
1.12), one can clearly see that the paths, right before the respective factor is excluded from the
model, are more steep for group MCP than for group SCAD. This is caused by the fact that
(group) MCP directly relaxes the penalization rate of (group) lasso, while (group) SCAD applies
the same penalization rate in this area (for |3;], ¢ € {1,...,p} or ||B;ll2, j € {1,...,J} being
“small“, respectively)
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Figure 1.13: Coefficient paths for MCP (left) and the groupwise variant group MCP (right). On the
horizontal axis, the tuning parameter increases from left to right, where the coefficient
estimates on the leftmost side in each plot are the MLE. In this example, J = 2 ordinal
factors were chosen with p1 = ps = 3 and B* = (1.5,0.7,1.4,1.2,-0.3, —0.5, —1).
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1.6 Overview

Having introduced several different penalized regression approaches, an overview of the theoret-
ical properties that are, to the best of one’s knowledge, shown so far in the existing literature
or in this thesis is given in Table 1.1. However, it is noted that the regularity conditions needed
may differ throughout the approaches, for more details one refers to the provided references. It
is reported whether a specific property holds for the linear model (LM) or logistic regression
(LogReg), since the linear model is treated in the majority of approaches while logistic regression
is the model considered in this thesis.

CAS-1q CAS-Lg Group lasso Group SCAD Group MCP
Property
LM LogReg| LM | LogReg| LM LogReg | LM LogReg | LM LogReg
(v/n) con- | Gertheiss| Thm. | n.s.| Thm. | Nardi| Thm. | Wang | n.s. Huang | n.s.
sistency and 1.3.2 1.3.3 and 1.4.3 et al. et al
Tutz (v/n) Ri- (v/n) (2007) (2012)
(2010b) naldo
(2008)
(vn)
consistency | - - - - Nardi | Thm. Wang | n.s. Huang | n.s.
factor se- and 1.4.5 et al. et al.
lection Ri- (2007) (2012)
naldo
(2008)
fusion con- | Gertheiss| Thm. | n.s.| Thm. |- - - - - -
sistency and 1.3.1 1.3.4
Tutz
(2010b)
asymp. Gertheiss| Thm. | n.s.| n.s. Nardi | Thm. Wang | n.s. n.s. n.s.
normality | and 1.3.1 and 144 et al.
Tutz Ri- (2007)
(2010Db) naldo

(2008)

Table 1.1: Selected overview of theoretical properties shown so far of CAS-L;, CAS-Lg, group lasso,
group SCAD and group MCP. Here, “Thm.“ is an abbreviation of “Theorem“ By (v/n)
consistency, it is either allowed that ||3 — B*|| = o0,(1) or, knowing more about the rate
vnllB - 8| = O,(1), where the latter implies the first. If \/n consistency is satisfied,
thus /n||3 — B*|| = O,(1), the expression \/n is added in round brackets, otherwise only
consistency, thus ||3 — B*|| = op(1) holds. It is noted that fusion consistency can either rely
on F,, and F* or C,, and C*, one compares Remark 1.2.9 and the referenced theorems in this
table. The abbreviation “n.s.“ stands for “not shown“, so the corresponding property is, to
the best of one’s knowledge, not shown so far in the considered setting.

1.7 Simulation Studies

Having discussed the theoretical background of the considered methods, they are now compared
with respect to their computational performance in different simulation studies. The goodness
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of fit measures are supplied in Section 1.7.1, such that the quantities for the comparison are
uniform and clear among all designs and methods.

Since existing approaches are compared in the following simulation studies, it is necessary to
comment on the novelty of the studies presented in this thesis. In the literature, the majority
of the existing studies consider only linear regression and neglect the area of logistic regres-
sion incorporating categorical explanatory variables. For example, Oelker et al. (2014b) present
a simulation study where ML, CAS-L;, CAS-Ly and different choices of weights and choices
of tuning with CV (and generalized CV) are compared. There is just one design where they
assumed a binary random response variable, thus the question comes up how the approaches
behave in different designs with a binary response. In addition, the high-dimensional case where
n < p is not covered in Oelker et al. (2014b) where these gaps are closed in the simulation
studies of this thesis. More specifically, among others, a design including a factor with a rare
but relevant category is considered, along with a design containing an interaction term of two
explanatory variables and a design of high-dimension where n < p.

Gertheiss and Tutz (2010b) analyzed different approaches of CAS-L; for the linear model and
not the logistic regression model, where the latter is treated in the following simulation studies.
The work of Gertheiss and Tutz (2010a) deals with regularization in the area of categorical effect
modifiers in the linear model which is generalized for GLMs in Oelker et al. (2014a). They both
use a penalty that corresponds, in the case of ordinal data, to the fused lasso thus it is based
on Ly. The observed study in Oelker et al. (2014a) assumes a binomial response incorporating
only continuous covariates and one nominal effect modifier.

In the studies of Breheny and Huang (2015), linear and logistic regression were investigated
but the comparison is limited to group lasso, group SCAD and group MCP. Guo et al. (2015)
analyzed group lasso, group SCAD and SCAD but only for the linear model and not for logistic
regression.

These references are some examples for simulation studies where the intensive analysis of penal-
ized logistic regression for categorical covariates, including non-convex groupwise approaches,
convex groupwise approaches and fusion-type penalties on differences of the coefficients are ne-
glected, underlining the importance and novelty of the simulation studies conducted in this
thesis. Different penalized regression approaches are compared in terms of goodness of fit mea-
sures which are provided in the next section.

1.7.1 Goodness of Fit Measures

One assumes that ,[9 is some estimate arising from a particular penalized regression method and
B3* the truth. Due to the focus of this thesis, modified versions of the “classical“ false positive
(FP) and false negative (FN) rates are considered to account for factor selection and levels fusion.
It is noted that the sparsity measures, i.e. overall and practical sparsity introduced below, are
not examined in the references discussed above, thus a new perspective for comparison with
respect to the sparsity aspect is considered.

(i) FP/FN rates for factor selection, denoted by F P .. and F N g, respectively, that is

e (L d} « 1351l £ 0. 118311 = 0}
FP e = - , .64
. GellnJ) : 1BT=0)] (1.64)

O {aef{n, Ty 1Bl =0, 1851l # 0}
FNawe = 0 c @ 0y IBT£0] (1.65)

(ii) FP/FN concerning fusion with the truth being influential, measuring FP/FN fusion rates
limited to those factors which are truly influential. These measures are denoted by
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FPfinf truth and F'Nying truth and are defined as follows

k,l * *
FPf,inﬁ.truth = |{(], ) ﬁj ¢ ?é 5] b 2 (Zr |BJ’T|) ?é O}| (166)
{Gis 1) e (z 18;,1) # 0}
7l 9 X ) *T 0
FNfinfitruth = G D) : Py = B]l Pix 7 O <Z 5 |) ? }’. (1.67)
{6 kD) By # By (20185,1) # 0}

In practice, the value zero is added at the beginning of every sub-vector of ,é and G*
to ensure that fusion with the reference category is also taken into account. For ordinal
factors the adjacent indices (j, k,k — 1) are compared.

(iii) Predictive deviance (compare Definition 1.2.1)
D(vlf) == —2 Z{yz log(f1:) + (1 = yi) log(1 — fu;) }.

(iv) Mean squared error of the coefficients (MSEC)

1

MSEC(B) = -
P

P
ZB - B))-

(v) Sparsity measures, in particular practical sparsity (PS) and overall sparsity (OS), which
are defined as

PS 1{j € {1,..,J} : |IBj]]2 # 0}| and true value PS* := |{j € {1,..,J} : 1852 # 0}
0S = [{ke{l,...,p}: B # 0} and true value OS* := [{k € {1,...,p} : B # 0}

Having provided the goodness of fit measures with respect to which the methods are compared,
the next step is to specialize which methods are analyzed, along with the choice of weights and
computational details.

1.7.2 Methods

A broad comparison of the following methods in different design settings is obtained, where the
respective abbreviation used in the studies is given in brackets

(i) unpenalized ML (ML) introduced in Section 1.1.2,
(ii) CAS-L; (L1.CV) introduced in Section 1.3.1,
(iii) CAS-Ly (LO.CV) introduced in Section 1.3.2,
(iv) group lasso (glasso.CV) introduced in Section 1.4.1,
(v) group SCAD (gSCAD.CV) introduced in Section 1.5.1,

(vi) group MCP (gMCP.CV) introduced in Section 1.5.2.
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Some fundamental methods discussed earlier in this thesis are excluded from the simulation
studies for the following reasons. In the foregoing sections, Ridge regression, Elastic Net and
the lasso were introduced. However, it is known that Ridge regression is not able to perform
any variable selection. The lasso approach is able to perform variable selection, but it does not
perform factor selection, thus it ignores an underlying groupwise structure. Similar arguments
apply to Elastic Net as convex combination of lasso and Ridge. Thus, no further reporting and
analyzing Ridge, lasso and Elastic Net is done here, since these approaches are not suitable for
the purposes of this thesis.

Finally, SCAD and MCP are neglected by the same arguments that were given for lasso. Nev-
ertheless, their groupwise variants are investigated.

The methods that are compared (listed above) are all (except for (i)) either designed for factor
selection or for levels fusion, making them promising approaches for the presence of categorical
explanatory variables. The unpenalized ML is only included for reference.

Choice of Weights

In Oelker and Tutz (2013), as well as in Gertheiss and Tutz (2010b), the weights given by
(1.41) for nominal factors and (1.42) for ordinal factors are recommended, thus those weights
are employed for the methods CAS-L; and CAS-Lg. For group lasso, Breheny and Huang (2015)
(equation (2.5)) multiply the Lz norm of the coefficient sub-vectors by the weight ,/p;, which
is in line with (1.54). The same is done for group SCAD and group MCP, in particular in their
work they absorb the weight into the tuning parameter, that is, they write A; := A-,/p;j and use
Aj as tuning/penalization parameter for factor j, instead of explicitly defining some weighting
factor. However, this is clearly equivalent. Consequently, the weight ,/p; is employed for every
sub-vector in group lasso, group MCP and group SCAD.

All these weights mentioned above are non-adaptive weights. Non-adaptive weights are used
for all considered methods to keep a comparable scale. However, adaptive weights are imposed
in Chapter 3 considering the new introduced penalty function of Chapter 2.

Computational Details and Tuning

CAS-L; and CAS-Lg were fitted with the R package gvem. cat which obtains estimates executing
the PIRLS algorithm. For the required parameters (one compares Appendix A.1) ¢ = 107° was
chosen (for Lo and L) as in Oelker et al. (2014b) which is needed for the approximation of the
penalty in PIRLS. Furthermore, for Ly an additional parameter ~ for the approximation of the
Ly norm is needed, where v = 10 was chosen following Oelker et al. (2014b). Finally, as step
length parameter in PIRLS, v = 0.05 was used (for Ly and L), again following Oelker et al.
(2014b).

Group lasso, group SCAD and group MCP were fitted using the R package grpreg which
obtains estimates executing BCD.

For every method, 5-fold CV was employed to determine the tuning parameter A. The tuning
ranges as well as the number of A values to be fitted in this range are not specified, instead the
default settings implemented in gvem.cat and grpreg, respectively, were used. However, the
authors explain that the minimum value A,,;, of A is typically chosen as being zero, while the
maximum value A4 is chosen such that all factors are excluded from the model. Then, X is
cross-validated over the interval [Apin, Amaz)-
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1.7.3 Simulation Designs

To compare the different approaches, several simulation designs were conducted which are pre-
sented below. Designs B8.1 and B8.2 are both sparse designs, with at least half of the can-
didate explanatory variables being noise variables, where B8.1 is unbalanced and in B&8.2 the
class probabilities were sampled in a specific range. Further, a design was incorporated with
a rare but relevant category, called B6.rare. A design with an interaction term is obtained
by design B6.inter.pos, which will sometimes be abbreviated as B6.inter. Finally, a design of
high-dimension is included, denoted by design highdim, where p = 171 > 100 = n. In all de-
signs introduced below, the random response variable Y is chosen to be binary, considering an
underlying logistic regression model. Further, the datasets were sampled using the R function
simulation contained in gvcm.cat.

Design B8.1

The idea of the following design, which is called B8.1, is taken from Gertheiss and Tutz (2010b)
where in the given reference the design was used for the case of linear regression. It con-
sists of J = 8 covariates 27,...,Zg, in particular 25, Zs, Z7, Zs are nominal with true
parameter vectors B3, ..., 35 and the remaining variables 27, ..., Z4 are ordinal with true pa-
rameter vectors G, ...,3;. Among the four ordinal (nominal) covariates, two covariates have
eight levels and two covariates have four levels, in particular p; = p2s = ps = pg = 7 and
p3 = pgy = py = pg = 3. Four of the covariates are influential and the remaining four are non-
influential noise variables. The covariates are drawn from a multinomial distribution with prob-
abilities (0.1,0.1,0.2,0.05,0.2,0.1,0.2,0.05) for the eight-level covariates and (0.1,0.4,0.2,0.3)
for the others. The true coefficient vector is given by

B = (1,81, 83, B3, B, Bs, B, B7, B3),
where 8% = (0,1,1,2,2,4,4), 85 = (0,0,0,0,0,0,0), 85 = (0,—2,—-2), 8% = (0,0,0),
B; = (07 lvla 17 17 _27_2)7 /6; = (0707070707070)a /6; = (07272)7 /6§ = (07070)

The sample size is chosen to be n = 1000 and R = 100 replications were executed. The chosen
number of replications follows the source of this design, i.e. Gertheiss and Tutz (2010b).

Design B8.2

The idea of the second examined design, called B8.2, is taken from Oelker et al. (2014b). The
simulation was done for J = 8 ordinal covariates 27, ..., Zg with four levels each, hence p; =
3 Vie{l,...,8}, drawn from a multinomial distribution with sampled probabilities between
0.12 and 0.44. Among the eight covariates, four covariates are chosen to be influential and the
remaining four are chosen to be non-influential noise variables. The true coefficient vector is
given by

B* = (2,81,8,65.8:, 65, 85,87, 83),
where 87 = (0,-0.8,—0.8), 85 = (1,1,0), 8% = (0.4,0.6,0.8), B} = (=0.7,—1,0),
B5 = Bs = B7 = B = (0,0,0).

As in design B8.1, the sample size is n = 1000 with R = 100 replications. As in design B8.1,
the chosen number of replications follows the source of this design, i.e. Oelker et al. (2014b).
Consequently, for the upcoming designs, the same number of replications is chosen to ensure
comparability.
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Design Bb6.rare

This design consists of J = 6 nominal covariates 27, ..., Zg where just 27 and 25 are chosen
to have an influence on the random response variable. 25 includes a rare but relevant category,
and further a rare but not relevant category. However, the focus here clearly lies on the detection
of the rare but relevant category. The sampling is conducted as follows

23 ~ Bin(1, 0.6),
25 ~ Mult(0.1,0.01,0.35,0.01,0.07,0.2, 0.05, 0.06, 0.06, 0.09),
23 ~ Bin(0.3),
111111
~Mult (2, =2, = 2 =
Vf@//;l Ut<676>6>67676>7
111
As~Mult | -, =, =~
5 u (47 27 4) ’
Zs ~ Bin(0.3).

The true coefficient vector is given by

B = (1,81, 83, B3, B1, B3, Bs),
where B} = i, = —0.5, 85 = (5,1,0,1,-0.5,-0.5,1.5,2,0.6), B = 5, =0,
/BZ = (070707070)7 /6; = (0,0), 162 = Bg,l =0.

This design is chosen such that the first level of 25 (not the reference category) is rare (sample
probability of 0.01) but relevant (entry of the coefficient vector equals 5).
As in designs above, the sample size is n = 1000 with R = 100 replications.

Design B6.inter.pos

This design is a design with an interaction (positive interaction) and it is called B6.inter.pos,
sometimes abbreviated as B6.inter, including J = 6 covariates 27, ..., Z5. Two binary variables
21 ~ Bin(1, 0.6) and 25 ~ Bin(1, 0.25) are simulated, thus with success probabilities 0.6 and
0.25, respectively. 27 and %5 are both chosen to be influential on the random response variable.
Having that, an interaction variable 23 := 23 - 23 is defined. Choosing 7, = p5; = 0.5
yields that both 27 and 23 have the same influence on the response while 55, = 2 means
that the appearance of both yields a positive interaction. It is noted that, since 27, 2> and
Z3 are binary, their corresponding coefficient sub-vectors only have one entry. Choosing some
noise variables 23 ~ Mult(0.4,0.2,0.3,0.1), 25 ~ Bin(1, 0.7) another influential variable 2¢ ~
Mult(%, %, %) is added which does not influence the interaction variable. All covariates are chosen
to be ordinal and the true coefficient vector is given by

/6* - (17/6;5;718;762716;765)7

where 87 =1, =05, B3 =5, =05, B3 =f3, =2,

Bi =(0,0,0), B3 = /Bg,l =0, B = (-04,-0.6).

As in the designs above, the sample size is n = 1000 with R = 100 replications.

Design highdim

In this design, J = 60 ordinal covariates 271, ..., Zg are considered where the first 50 have four
categories, in particular

1111

#j ~ Mult <4’4’4’4

>,Vje{1,...,50}
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and the last ten covariates have three categories, that is

111

o~ Mult (2.2 2
2 ut(3’3’3

) , Vje{51,...,60}.

The first five covariates 27, ..., %25 are chosen to be influential which is approximately 8% of
the covariates in total. In contrast to the other designs, n = 100 observations are simulated
such that this design with p = 171 and p > n is high-dimensional. The true coefficient vector is
given by

B* = (2716T7B;7/6§>/317/6>5k>/6§7"'7B§O)7
where 87 = (—1,0.5,2), 85 = (1.5,1.5,0.5), 8% = (1,2,2.5), B} = (—0.5,—0.3,0.5),
B = (2,1,3), B} = (0,0,0) ¥j € {6,...,50}, B} = (0,0) ¥j € {51,...,60}.

R = 100 replications are executed.

1.8 Analysis of the Results

The results of the simulation designs presented in Section 1.7.3 with the methods listed in Sec-
tion 1.7.2 are provided and analyzed in this section. It is recalled that L; is written as an
abbreviation of CAS-L; and Ly as an abbreviation of CAS-Ly.

For some simulation designs, further specific goodness of fit measures are of interest, which
are provided in the following remark.

Remark 1.8.1.

(i) Sometimes it is necessary to add observations if data is analyzed where complete separation
(Albert and Anderson (1984), Section 3.2) occurs. If this is the case, the augmented dataset
is used for all the penalties such that they are on a comparable scale and the proportion
of added observations is reported.

(ii) For design B6.inter.pos with an interaction term, the proportion of replications where the
corresponding variables, incorporating the interaction term, are included in the model is
reported.

(iii) Especially in the high-dimensional design highdim, it is important to report the proportion
of failures of the considered methods. Here, failure refers to the fact that the conducted
function in R did not yield a result, which may have different reasons, e.g. convergence
issues or singular matrices.

(iv) In design B6.rare with a rare but relevant category the proportion of replications where
the rare but relevant category was excluded from the model is measured.

(v) The values for FPs o, F' N tac, F P infl.truth, N nfltruth s well as OS and PS provided
in the tables presenting the results of the simulation studies are the mean values over all
R € N replications.

First, the proportion of observations that needed to be added for every replication is inves-
tigated. Calculating the mean value over all replications, the resulting mean proportions are
displayed in Table 1.2. One can see that all of these values are comparably low (around 1% for
highdim and < 1% for the other designs), so just a few observations needed to be added in some
replications to avoid complete separation, consequently the results are representable.
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Design Mean value
B8.1 (n =1000) 0.00056
B8.2 (n = 1000) 0
B6.rare (n = 1000) 0.00214
Bé6.inter.pos (n = 1000) 6-107°
highdim (n = 100) 0.0108

Table 1.2: Mean value over all R = 100 replications of proportion of added observations out of sample
size n.

1.8.1 Results of Design B8.1

In the conducted study, none of the methods failed in any replication. First, the sparsity levels
obtained by the methods are examined, which are given in Table 1.3. In this table, the mean
value over all R = 100 replications of the sparsity levels, overall sparsity (OS) and practical spar-
sity (PS), are displayed. Since ML performs no (factor) selection, one can see that OS = 40.00
and PS = 8.00 for this approach, which is what one expects and what is analogously observed
in all other designs. However, looking at the values for L; and Lg, Lo obtains a sparser model
than Li, indicated by smaller values of the sparsity levels, which is similarly observed in the
simulation studies of Oelker et al. (2014b). Nevertheless, the sparsity levels of Lj indicate that
still too little selection is performed, since OS = 24.86 and PS = 6.61 where the true values are
given by OS* = 16 and PS* = 4, respectively. As for Li, the OS and PS of group lasso are
comparably high, being near to ML, indicating that, in this design B8.1, L; and group lasso
yield models that are not sparse enough. The sparsity levels of group SCAD and group MCP
can be located on a similar level, yielding OS and PS values being nearest to the truth among
the observed methods. Further, group MCP seems to select a slightly more sparse model, which
is similarly observed by Breheny and Huang (2015) (Section 4).

ML | L1.CV | LO.CV | glLasso.CV | gSCAD.CV | gMCP.CV
OS | 40.00 | 35.09 | 24.86 37.29 20.75 20.33
PS | 8.00 7.91 6.61 7.35 4.17 4.07

Table 1.3: [B8.1, n=1000] Overall Sparsity (OS) and Practical Sparsity (PS), true values are given by
0S* = 16, PS* = 4.

Turning the focus to Table 1.4 analyzing the resulting FP/FN rates, the fact that L; selects
models being not sparse enough in this design, which was observed in the paragraph above
analyzing OS/PS, is confirmed since F' P g, is given by 0.98 while F' Ny g, is 0.00 so nearly no
factor selection is performed. The corresponding fusion rates F Py ing truth and F'Ny infl truth sShow
a similar pattern. The same applies for group lasso, which is related to L1, both being based
on a lasso-type penalty. Comparing both fusion penalties, thus L; and Lo, the F'P; p,. for Lg is
33% lower (in absolute difference), where the F'N; g, rate for Ly is zero, so the factor selection
performance of Lg is improved against the Ly penalization of the differences. Nevertheless, as
discussed in the paragraph above, the (factor) selection of Ly is still too weak. For Ly, comparing
the fusion rates F'Pfinf truth and FNfing truth to those of all other methods, Ly shows the most
satisfactory fusion performance. To be more precise, group lasso, group SCAD and group MCP
perform no fusion at all, which can be seen by the F' Py nq truth rate of 1.00 and correspondingly
F Ny infl.truth Tate of 0.00. Further, L also shows a high value of F Py na truth, being near to 1.00,
together with a value of F' Ny g truth being near to 0.00, thus only weak fusion is performed.
It remains to discuss the factor selection performance of group SCAD and group MCP. These
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two approaches show an outstanding selection performance with both rates F'P .. and F' N fac
being near to zero. As observed above in terms of OS/PS, group MCP seems to be slightly
sparser compared to group SCAD.

ML [ L1.CV [ LO.CV | gLasso.CV | gSCAD.CV | gMCP.CV

FPifac | 1.00 | 098] 0.65 0.84 0.04 0.02
FNqtae | 0.00 | 0.00 | 0.00 0.00 0.00 0.00
FPjinfiiratn | 1.00 | 0.81 | 0.39 1.00 1.00 1.00
FNfinfliraen | 0.00 | 0.02 | 0.21 0.00 0.00 0.00

Table 1.4: [B8.1, n1=1000] FP/FN rates fusion and factor selection.

To sum up, in terms of OS/PS and the discussed FP/FN rates, one can conclude that group
SCAD and group MCP show the best selection performance, while they perform no fusion.
Moreover, it is inferred that Ly performs selection and fusion tasks, whereas the selection per-
formance is comparably weak. The methods L; and group lasso achieve no satisfactory results in
terms of OS/PS and the considered FP/FN rates. However, it remains to analyze the predictive
deviance and MSEC, which is done next.

Remark 1.8.2 (Comparison to Gertheiss and Tutz (2010b)). In Gertheiss and Tutz (2010b),
where the design B8.1 is taken from, a linear model is observed with a sample size of n = 500,
while an underlying logistic regression model with n = 1000 was employed here, to be in line with
the other designs that were considered. They focus on the L; penalty with different choices of
weights, that is (i) without weights, (ii) with marginal class frequencies as weights, (iii) adaptive
weights with the inverse of the LSE and (iv) adaptive weights with the inverse of the LSE and
marginal class frequencies. The choice of weights in this thesis (one compares Section 1.7.2)
corresponds to (ii). Looking at Figure 5 of Gertheiss and Tutz (2010b), one can see that the FP
selection rate for the version weighted with marginal class frequencies (ii) are located around
0.80 and the corresponding FN rate around 0.00. For the fusion rate they report as FP value
around 0.65 and for the FN value around 0.00. Since the rates are given in a bar chart, the
exact values cannot be provided here. These rates show a similar pattern as the rates that
were observed for Lp in Table 1.4, with the latter results being more extreme. However, in
Gertheiss and Tutz (2010b), they show that adaptive weights clearly improve the results, while
such adaptive weights were not considered in the simulations of Chapter 1, to keep all methods
on a comparable scale. The fact that adaptive weights improve the performance of L; is also
what would be expected, since the penalization rate of L; depends on the absolute value of the
(differences of the) coefficients. As mentioned earlier, adaptive weights are imposed in Chapter
3 considering the new introduced penalty function of Chapter 2.

According to Figure 1.14, it can be seen that the median of the MSEC is higher for Ly com-
pared to Ly while Lg also shows slightly more variance in the errors. Even though L, performs
too little (factor) selection and fusion, as elaborated above, it shrinks the parameter estimates
towards zero because of the properties of the lasso type penalty. This is a difference to Ly which
does not shrink estimates towards zero. This causes that even if the OS and PS values are “too
high* for Ly, the MSEC is lower than for Lg because of the shrinkage. Analogous arguments
apply for group lasso. From both figures (MSEC and predictive deviance), one can infer that Lg
is more sensitive corresponding to changes in the data which yields a higher variance in predic-
tive deviance and MSEC. In the simulation study B8 of Oelker et al. (2014b) (which is picked
up in design B8.2), they similarly observe that Ly is more sensitive with respect to variations
in the data, compared to Li. This may be caused by the fact that the penalty function is not
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Figure 1.14: Predictive deviance and mean squared error of coefficients (MSEC) for design B8.1,
n = 1000.

continuous. Group SCAD and group MCP can be located on a similar level in terms of MSEC
and predictive deviance, which is in line with the observations made in Breheny and Huang
(2015) (Section 4). In terms of the predictive deviance measure, all methods, except for ML,
can be located on a comparable scale with their medians being similar.

To sum up the elaborations of the paragraphs above, one can argue that Ly shows the best
fusion performance, while group SCAD and group MCP show the best factor selection perfor-
mance. However, even though group lasso cannot keep up with group SCAD and group MCP
in terms of factor selection performance in this design, the shrinkage properties cause that the
resulting predictive deviance and MSEC values are still competitive.

1.8.2 Results of Design B8.2

For all considered methods, no failures in any of the replications were observed. Table 1.5
represents the OS/PS sparsity levels of the fitted methods, in particular the mean value over
all performed replications. A similar pattern as in the previous design B8.1 (Section 1.8.1) is
observed, that is, L1 and group lasso show values for OS and PS being the highest, indicating
that the resulting models are not sparse enough. Recalling that L; and group lasso are both
penalties based on the lasso explains their similarities in behavior. However, it is crucial to
remark that the fact that the OS of Lg is less than the OS of group lasso does not mean that
the selection performance of Ly is “better” (one consults F'Ps ¢, and F' Ny g, in Table 1.6), since
the OS/PS values do not take into consideration whether the right entries/sub-vectors of the
coefficient vector are set to zero. Further, also being similar to design B8.1 in Section 1.8.1, in
terms of OS/PS, the methods group SCAD and group MCP can be located on a comparable

scale, where the models selected by group MCP seem to be more sparse compared to group
SCAD.
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ML | L1.CV | LO.CV | gLasso.CV | gSCAD.CV | gMCP.CV
OS | 24.00 | 20.34 | 16.32 19.65 13.98 12.30
PS | 8.00 7.66 6.58 6.55 4.66 4.10

Table 1.5: [B8.2, n=1000] Overall Sparsity (OS) and Practical Sparsity (PS), true values are given by
05* =9, PS* =4.

Next, the FP/FN rates obtained in Table 1.6 are analyzed. One can see that in this design, the
factor selection performance of group lasso is better than the performance of L1, indicated by a
lower F'P; t,. rate and similar F' Ny ¢, rate. However, group lasso performs no fusion. Comparing
both penalties designed for fusion, i.e. Lo and L1, Ly shows a higher FPynq truth Tate, while
the F Ny infl.truth Tate is lower, where the differences in absolute values are [0.60 — 0.37| = 0.23
and [0.09 — 0.21| = 0.12. This indicates that the Ly approach performs “more“ fusion, but at
the cost of some false fusions. However, for a more balanced and less conservative fusion result,
one would prefer L.

ML | L1.CV | LO.CV | gLasso.CV | gSCAD.CV | gMCP.CV

FPsg | 1.00 0.92 0.65 0.64 0.22 0.12

F Nt | 0.00 0.00 0.00 0.01 0.05 0.09
FPfinfl.trutn | 1.00 0.60 0.37 1.00 0.97 0.95
FN¢infitruth | 0.00 0.09 0.21 0.01 0.06 0.10

Table 1.6: [B8.2, n=1000] FP/FN rates fusion and factor selection.

Finally, one considers Figure 1.15. As in the last design (Section 1.8.1), the Lo approach seems
to be sensitive in variations in the data. The fact that the MSEC is the lowest for L; and group
lasso can be explained by the fact that both penalties perform shrinkage of the coefficients.
Thus, even though they may select too little factors as noise variables, it may happen that they
shrink the corresponding coefficients towards zero, causing a competitive value for MSEC. In
terms of predictive deviance, all approaches could be ranked on a similar scale.

To conclude, Ly shows the most satisfactory fusion performance being less conservative than
Ly. Group SCAD and group MCP show the best factor selection performance, however, in terms
of MSEC, group lasso and L; outperform the other approaches.

1.8.3 Results of Design B6.rare

It is recalled that this design includes a category that is rare but relevant, hence dummy vari-
able %51 has a comparably small success probability being 0.01 and a comparably high true
coefficient vector of 33, = 5. Furthermore a non-influential rare category is included, in partic-
ular dummy variable 25 3, where the focus clearly lies on the detection of the rare but relevant
category, which is of high importance in applications for example to detect rare diseases. Thus,
besides the measures that were considered in the previous designs, measures showing whether
the methods included or excluded the rare but (not) relevant categories in the model are exam-
ined, where it is noted that exclusion corresponds to fusion with the reference category.

For all considered methods, no failures in any of the replications were observed. First, the
sparsity measures, thus OS/PS values given in Table 1.7 are analyzed. One can notice that L
selects the less sparse model, while Ly and group lasso can be ranked on a similar scale. Group
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Figure 1.15: Predictive deviance and mean squared error of coefficients (MSEC) for design BS8.2,
n = 1000.

SCAD and group MCP yield the most sparse models, being nearest to the true sparsity levels.
As in the previous designs, L is less sparse than Lg, performing too little of dimension reduction.

ML | L1.CV | LO.CV | gLasso.CV | gSCAD.CV | gMCP.CV
OS | 19.00 | 18.23 | 15.55 15.10 10.61 9.89
PS | 6.00 5.86 5.39 4.09 2.33 1.87

Table 1.7: [B6.rare, n=1000] Overall Sparsity (OS) and Practical Sparsity (PS), true values are given by
0S* =9, PS* =2.

Turning the focus on Table 1.8 showing the FP/FN rates concerning factor selection and
levels fusion, L; has the highest values of F'P; ¢,., underlying the observations made above an-
alyzing Table 1.7. Lg decreases the F'P g, rate compared to L1, however, the factor selection
performance of these two approaches is not satisfactory. Group lasso highly improves the factor
selection performance compared to L; and Lg. The FP; g, rates for group SCAD and group
MCP are the lowest, fact that was similarly observed in the foregoing simulation designs. Nev-
ertheless, group SCAD and group MCP, as well as group lasso, perform no fusion, showed by
the F'Pyinf.truth rates being equal to one and F'Ny inq truth rates being equal to zero. The fusion
performance of L1, measured in F Pfng truth and F Ny ing truth, indicates that not enough fusion
is performed, while Ly performs more fusion, coming with an increase in F'Nying truth-

Table 1.9 shows the proportion of replications where the rare but relevant category was
(falsely) excluded from the model and the corresponding value for the rare but not relevant
category. Furthermore, a column was added showing the absolute difference of these two pro-
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ML | L1.CV | LO.CV | gLasso.CV | gSCAD.CV | gMCP.CV

FP; g | 1.00 0.96 0.85 0.53 0.10 0.02

F Nt | 0.00 0.00 0.00 0.01 0.03 0.10
FPfinfl.trutn | 1.00 0.92 0.68 1.00 1.00 1.00
EFNgingtruth | 0.00 0.05 0.25 0.00 0.00 0.00

Table 1.8: [B6.rare, n=1000] FP/FN rates fusion and factor selection.

portion values, where one aims for a high value such that the method can distinguish between
rare but relevant and rare but not relevant. Here, exclusion from the model refers to fusion with
the reference category for fusion-type penalties, while the factor-wise selection penalties group
lasso, group SCAD and group MCP will either include or exclude the whole factor. The latter
fact can be seen in Table 1.9, since both proportion values are equal. On the one hand, they do
not exclude the rare but relevant category from the model, on the other hand they also cannot
exclude the rare but not relevant one (hence fuse with the reference category). For Ly and Ly,
the absolute difference in the proportion values is around 10%, which is the highest value among
the considered methods.

rr excl. | ror excl. | abs. diff.

ML 0.00 0.00 0.00

L1.CV 0.00 0.09 0.09
LO.CV 0.06 0.17 0.11
glasso.CV 0.00 0.00 0.00
gSCAD.CV 0.00 0.00 0.00
gMCP.CV 0.00 0.00 0.00

Table 1.9: [B6.rare, n=1000] Proportion of replications where the rare but relevant (rr) and rare but
not relevant (rnr) category was excluded from the model. Further, in the last column, the
absolute difference (abs. diff.) of the two proportions.

Finally, the predictive deviance and the MSEC displayed in Figure 1.16 are observed, where all
approaches can be ranked on a similar scale both in terms of predictive deviance as well as MSEC.

Such a design may appear in real data applications in detection of rare diseases, thus one
would prefer the groupwise approaches group lasso, group SCAD and group MCP in terms of
the measures discussed above in such examples. However, this design shows that it may be
reasonable to use a penalty function that is able to perform both factor selection as well as
fusion of levels. With that, one could obtain a sparse model and differentiate between rare but
relevant and rare but not relevant categories.

1.8.4 Results of Design B6.inter.pos

This design is a design including an interaction term of the explanatory variables 27 and Z5.
Thus, it is analyzed whether the methods are able to detect this interaction. In particular, one
sets 23 = 271 - 25 and 27, 25, Z3 are influential where the appearance of both 27 and 25
has significantly more influence on the response than the appearance of just one of the two, in
terms of a higher true coefficient value.

No failures of the considered methods in any of the replications were observed. First, Table
1.10 is analyzed, which displays the proportion of replications where the respective factor is
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Figure 1.16: Predictive deviance and mean squared error of coefficients (MSEC) for design B6.rare,
n = 1000.

included factors
X3 | 2, Za | T, 22, 23
ML | 1.00 1.00 1.00
L1.CV | 1.00 0.95 0.95
LO.CV | 0.93 0.68 0.61
glasso.CV | 1.00 0.90 0.90
gSCAD.CV | 0.99 0.57 0.56
gMCP.CV | 0.98 0.56 0.54

Table 1.10: [B6.inter.pos, n=1000] Proportion of replications where 23 is included (left column), 27, 23
are included (middle column) and 27, %, Z3 are included (right column).

included in the model. Here, methods are preferable where the difference of the values in the
middle and the right column is small, that is, if the method includes Z7 and %5 then factor
Z3 is further included. For Lg, the largest difference in the percentage of replications where
%7 and 25 are included and where all three 27, 25 and 23 are included is noticed, where
this difference is given by 7%. For L; and group lasso, the values in the middle column and in
the right column of Table 1.10 are the same, meaning that if 27 and Z3 are included in the
model, the interaction term 23 = 27 - 25 is also (correctly) included in the model. For group
SCAD and group MCP, the detection of the interaction term seems to work better than for L,
since the difference in proportion of replications detecting 27, 25 as influential and all three
21, 5, Z3 is around 1% - 2%. With respect to these measures, L; and group lasso would be
preferable, which further holds for the MSEC values displayed in Figure 1.17.

Now the FP/FN rates displayed in Table 1.12 are investigated. It is noted that in this design,
no fusion of truly influential factors need to be performed, thus no fusion tasks occur such that
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Figure 1.17: Predictive deviance and mean squared error of coefficients (MSEC) for design B6.inter.pos,
n = 1000.

fusion measures are neglected. However, in terms of selection rates F'P; f,. and F'N, g, one can
notice that the model selected by L; is less sparse than the others, which is underlined by the
sparsity measures OS/PS provided in Table 1.11.

ML | L1.CV | LO.CV | gLasso.CV | gSCAD.CV | gMCP.CV
OS | 9.00 8.22 6.70 7.71 5.97 5.32
PS | 6.00 5.64 4.72 5.23 4.15 3.8

Table 1.11: [B6.inter, n=1000] Overall Sparsity (OS) and Practical Sparsity (PS), true values OS* =5
and PS* = 4.

Group SCAD and group MCP select the most sparse models, however, they also show the
highest values for F'N t,. in Table 1.12, thus this comes with some false selections. Even though
the difference in performance of the methods is not that distinct in this design, group lasso
may be ranked as best performing, since it balances sparsity, as well as MSEC and predictive
deviance and, finally, it includes the influential variables 27 and 25 as well as their interaction
Z3 in around 90% of replications.

ML | L1.CV | LO.CV | gLasso.CV | gSCAD.CV | gMCP.CV

FPsg | 1.00 0.84 0.62 0.68 0.41 0.33

F Nyt | 0.00 0.01 0.13 0.03 0.17 0.20
FPf,inﬁ.truth

FN¢infitruth | 0.00 0.03 0.18 0.03 0.15 0.19

Table 1.12: [B6.inter, n=1000] FP/FN rates fusion and factor selection.
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1.8.5 Results of Design highdim

At last, the results of the high-dimensional design are discussed. Here, the approaches ML, CAS-
Ly and CAS-L; failed in 100% of the replications with the chosen computational approach, which
can be seen in Table 1.13. Thus, the results of group lasso, group SCAD and group MCP are
analyzed, while ML, Ly and L; are neglected.

Proportion

ML 1.00

L1.CV 1.00
LO.CV 1.00
glasso.CV 0.00
gSCAD.CV 0.00
gMCP.CV 0.00

Table 1.13: [highdim] Proportion of replications where the methods failed.

First, the values of OS/PS obtained in Table 1.14 are investigated. As given in this table, the
true OS is given by OS* = 15 and the true PS is given by PS* = 5, thus group SCAD is the
closest to the truth. The group MCP approach yields a too sparse model in this design, while
the models selected by group lasso seem to be too large.

glasso.CV | gSCAD.CV | gMCP.CV
0OS 36.98 15.08 6.84
PS 13.00 5.22 231

Table 1.14: [highdim, n=100] Overall Sparsity (OS) and Practical Sparsity (PS), true values OS* = 15
and PS* =5.

The FP and FN rates in Table 1.15 underline the observations made concerning OS and PS.
The F P, rate for group MCP is nearly zero and the F'N; g, rate is the highest among all
observed methods which underlines the fact that group MCP produces the most sparse models,
which are too sparse for this design, the same applies for group SCAD. These rates of group
MCP show that, approximately, none of the truly zero coefficients are set to nonzero (F P f,c)
while approximately 60% of the truly nonzero coefficients are falsely set to zero (F'Nj g,c). Group
lasso shows the lowest F'N, g, value, at the cost of higher F'P; ¢, since the selected model is
less sparse. However, especially when one is interested in two-step procedures, a method may
be favored where the selected model could be sparser, but not too many truly influential factors
are excluded, hence group lasso seems to be a reasonable choice.

glasso.CV | gSCAD.CV | gMCP.CV

F P tac 0.17 0.04 0.00

F N fac 0.27 0.43 0.59

FPf infl.truth 0.62 0.31 0.10
FNf,inﬂ.truth 0.26 0.41 0.56

Table 1.15: [highdim, n=100] FP/FN rates fusion and factor selection.

Looking at Figure 1.18, it can be noticed that all methods perform similarly in terms of MSEC
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and predictive deviance for this design. To sum up, in this high-dimensional design the group

lasso procedure is preferable.
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1.9 Conclusion

The previous sections gave an overview of methods for executing variable/factor selection and
levels fusion in a framework of categorical explanatory variables with an underlying logistic
regression model. Theoretical properties were investigated, as well as characteristics coming
from the penalty function (e.g. convexity, non-convexity, shrinkage properties etc.) and com-
putational methods. Finally, their performance was discussed in five different simulation designs.

The simulation studies conducted in this thesis showed that comparing the fusion-type penal-
ties Lo and L, the approach using the Ly norm yields more sparse models, while the resulting
models with L; were often not sparse enough. Further, compared to L1, the Ly approach does
not shrink the difference of the coefficients (and the coefficients themselves) towards zero, which
comes from the construction of the Ly norm differentiating between zero and nonzero. However,
this fact may prevent the need of using adaptive weights. Consequently, for the fusion-type
penalties, one would prefer Ly for the purposes of this thesis. Nevertheless, the computation
with PIRLS offered some convergence issues in the high-dimensional design, such that there
is a need for alternative computation methods for high-dimensions. Furthermore, it is of high
interest to investigate whether the selection performance of Ly could be improved, since Ly only
performs implicit selection including reference category zero in the differences, which does not
respect groupwise structures.

The groupwise approaches that were investigated, group lasso, group SCAD and group MCP
showed the most satisfactory factor selection performance, but they are not able to fuse levels
of the same factor having a similar influence on the random response variable. However, their
factor selection performance outperformed the factor selection performance of the fusion-type
penalties L1 and Lg. Among the groupwise approaches, it was noticed that group lasso produces
less sparse models than group SCAD and group MCP, where group MCP produces the most
sparse models among these considered approaches. Because of the theoretical nature of group
lasso, it shrinks the coefficients more towards zero than group SCAD and group MCP, which
caused that group lasso showed the lowest MSEC in the majority of the designs.

To increase the sparsity level of group lasso through levels fusion, it is proposed to combine
the Lg fusion penalty with the group lasso penalty for factor selection, which is introduced in
the following Chapter 2. Group MCP or group SCAD were not chosen for the factor selection
part for several reasons. First, these type of penalties include an additional tuning parameter ~,
which would cause more involving tuning tasks as the new proposed penalty function of Chapter
2 already includes two tuning parameters \g and A1, where one tuning parameter is needed for
the fusion tasks, and one for the selection tasks. Thus, it is straightforward that it is desirable to
avoid three tuning parameters. Second, the optimization problem coming from the Ly approach
is not convex, thus it is desirable to avoid another penalty that is not convex, e.g. group SCAD
or group MCP. Third, for the group lasso penalty, in the simulation studies presented here, it
was inferred that the MSEC was the lowest among the considered methods. Lastly, for group
SCAD and group MCP, it was observed that there is a gap in the existing literature investigating
theoretical properties for logistic regression models, hence the theoretical basis for this setting is
missing. This justifies the idea of introducing a new penalty function combining Ly and group
lasso, which is introduced in the following chapter.



Chapter 2

Introduction and Theoretical Properties of
Ly-Fused Group Lasso (L(-FGL)

As the previous chapter gave an overview of existing penalty functions to perform penalized
logistic regression, as well as the extension of some theoretical properties from linear to logistic
regression, this chapter provides the introduction of a new penalized regression method. Mo-
tivated from the drawbacks of particular methods elaborated in the simulation studies in the
previous chapter and some theoretical gaps, a new penalty function is proposed here. To be
more precise, the penalty function to be introduced is called Ly-Fused Group Lasso (Lo-FGL),
for the purpose of combining the ability of factor selection as well as levels fusion. To do so,
an Lo fusion-type penalty for levels fusion is combined with a group lasso penalty for factor
selection. Besides Lo-FGL, the corresponding adaptive variant incorporating adaptive weights,
the adaptive Lo-FGL is further introduced. As demonstrated in Section 1.3.2, using solely
CAS-Lg cannot ensure asymptotic normality, however, adding a group lasso penalty enables
the asymptotic normality property for Lop-FGL, shown in the subsequent analyses. One of the
main challenges is to show appropriate theoretical properties, including properties of the fusion
performance, since including an Ly norm causes that the penalty function is not continuous.
Further, appropriate computational approaches are required, especially accounting for the fact
that with two penalty functions, two tuning parameters are incorporated.

The chapter is organized as follows. Section 2.1 gives the motivation and intuition behind
Lo-FGL, as well as the detailed structure of the penalty function and the resulting objective
function to be minimized. Further, the penalty function is graphically illustrated and the im-
pact of the tuning parameters is underlined. Having that, the investigation of the existence
of Ly-FGL is exhibited in Section 2.2, further showing that the objective function decreases if
two coefficients that are close enough to each other are fused, thus set to be equal. In Section
2.3, asymptotic properties of Ly-FGL are investigated, including estimation consistency results,
asymptotic distributions as well as factor selection and levels fusion consistency.

It is noted that some earlier version of the content of Sections 2.1, 2.2 and 2.3 are partially
included in Kaufmann and Kateri (2024) published in Electronic Journal of Statistics.

2.1 Motivation and Penalty Function
For the simultaneous performance of factor selection and fusion of levels corresponding to the

same factor, the so-called Ly-Fused Group Lasso, abbreviated as Ly-FGL, is introduced, which
is defined through the following penalty function

J J .
PO 8) = M S 1Bl + 20 Y S w18 — Bisllo. (2.1)
j=1

7=10<r<s<p;
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Here, X := (A1, Ag) € RZ% x R20 is some (two-dimensional) tuning parameter and K,

j € {1,...,J} are positive definite matrices. By the nature of the penalty function, one ex-
pects that Lo-FGL is a suitable choice for penalized regression tasks corresponding to discrete
structures, that is, incorporating categorical explanatory variables. As introduced in Chapter 1,
the focus of this thesis is logistic regression with factors, however, Lo-FGL can be further used
for other underlying model schemes, e.g. in a probit model, as well as considering a mixture of
categorical and continuous explanatory variables.

The penalty function (2.1) is an intersection between the group lasso penalty (Section 1.4.1)
and the Ly fusion penalty CAS-Lj (Section 1.3.2). For j € {1,...,J}, it is supposed that some
weight is given by wy ), which is specified below. Corresponding to the choice of the positive
definite matrices K, with K; := ng)ij xp; and \/u?gj) =: ng), the penalty function (2.1) is of
the following form

S (C) Alzw 181303 Y w5~ Al (22)

J=10<r<s<p;

In particular, using the convenient choice K := p;I,, «p; (i.e. w? ) = = p;) results in ng )= /D;-

()

These type of (non-adaptive) weights w;’’ compensate for the fact that the number of levels of

(Jirs)

the factors may be distributed inhomogeneously. The weights for the Lo-part, namely w; for

je{l,...,J}and r,s € {1,...,p;}, 7 # s, are discussed later.

The use of adaptive weights leads to the so-called adaptive Lo-FGL. In the following, the lat-
ter choice of K is used, that is K := p;I;, «p,, and theoretical properties both for the Lo-FGL
and the adaptive version are investigated.

The Lo-FGL penalty function includes an Lj fusion-type penalty. From Chapter 1, it is known
that this fusion penalty is convenient for the analyses of categorical explanatory variables, where
including the reference category chosen to be zero, indirect selection is enforced. However, to
directly enforce factor selection performance, a group lasso penalty is incorporated in the con-
struction of Lo-FGL.

The Lg-FGL estimate B(LO‘FGL) is defined as a minimizer of the following objective function

M(LO—FGL) (/3) - _L (16) + P(Lo-FGL) (ﬁ)

pen

- +A12w1 IIﬂJII2+AoZ S wdBi — Bisllo- (2:3)

J=10<r<s<p;

The following remark discusses the question of local and global minimizers corresponding to the

minimization of MéLO “FGL) (8).

Remark 2.1.1 (Local and global minimizers (Lo-FGL)). Caused by the incorporation of the
Lo norm in Lo-FGL, which is not even a continuous function (e.g. |[t||o is not continuous

Lo-FGL) 3)

in ¢ = 0), the resulting optimization problem minimizing M,g is neither convex nor
concave. The fact that the penalty function is not convex can be seen for example in Figure

2.1. That is, depending on the negative log-likelihood function —L,, () which is added to the
penalty function P;\LO'FGL) (B), several local minimizers of MISLO “FGL) (B) may exist. Moreover, it
cannot be ensured in general that a global minimizer of MIEeLT? -FGL) (B) is unique. Consequently,
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the algorithms that are obtained as well as the theoretical properties throughout this thesis are
about local minimizers. This comes from the natural structure of the objective function and is
in line with other works investigating non-convex penalty functions, such as Fan and Li (2001),
Fan and Peng (2004), Guo et al. (2015), Kim et al. (2008), Fan and Lv (2010).

The Lo-FGL estimate 8LoFCL) ig defined as a minimizer of Méfﬁ'FGL) (B), thus there may
exist multiple estimates. However, to avoid notational complexity, one writes

B — arg min ML) (B)
BeRpt1

keeping in mind that local and global minimizers are allowed.

Figure 2.1 shows the value of the penalty function PﬁLO'FGL) (B) = |1Bll2 + 1|81 — B2]lo for

B1, B2 € [—2,2]. Thus, the penalty tuning parameters were chosen to be equal Ao = A\; = 1.
It becomes clear that Lo-FGL combines shrinkage, factor selection and fusion of levels in one
penalty since the value of the penalty function decreases (i) if the absolute values of §; and o
decrease, (ii) if 51 and Sy are equal and (iii) if f1 = f2 = 0. In particular, (i) refers to the
shrinkage property, (ii) to levels fusion and (iii) to factor selection.

0 el
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=
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P)(\LO-FGL)

Figure 2.1: ||B||2 + ||/1 — B2l|o is displayed for By, B2 € [—2,2] and Ao = A\ = 1.

By varying the tuning parameters Ay and Aq, the focus can either be set on selection or on
fusion depending on the application context, where reference is made to Figure 2.2 being similar
to Figure 2.1, where different tuning parameters, i.e. A1 # Ag, are applied in the first figure.
That is, on the left hand side of Figure 2.2, Ay = 1 and Ay = 5 are chosen, hence the focus is
on levels fusion. On the right hand side, Ay = 5 and Ag = 1 are chosen, so the focus is on factor
selection. This shows the flexibility of Lyo-FGL in different applications and settings.

2.1.1 Tuning Methods

For the application of the Lo-FGL penalty function (2.1) in practice, one needs to determine
the best pair A = (Mg, A1) € RZ? x RZ0 of the two-dimensional tuning parameter. For this, two
different approaches to determine the best tuning parameter pair denoted by \* = (A, A\]) are
considered, a stepwise and an iterative approach.
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6

P;LU—FGL)

Figure 2.2: ||B]|2 + ||81 — B2l|o is displayed for (1, B2 € [—2,2]. Left hand side: A\g = 1, \g = 5. Right
hand side: \y =5, \g = 1.

(i) Stepwise approach. In the stepwise approach, one proceeds as follows.

(a) Ao := 0 is fixed and the best tuning parameter for A;, denoted by A}, is determined
applying (one-dimensional) CV (Section 1.2.4),

(b) A1 := Aj is fixed and the best tuning parameter for Ao, denoted by Aj, is determined
applying (one-dimensional) CV (Section 1.2.4).

(ii) [lterative approach. In the iterative approach, one performs the procedure described above
first, that is, (i)(a) and (i)(b), while after (i)(b) Ao := A{ is fixed and the optimal A} is
determined with (one-dimensional) CV. In the sequel, an analogue procedure is followed for
Ao, fixing A := A]. This procedure is iterated until a pre-specified number of iterations
is reached, or the improvement in predictive deviance does not exceed a pre-specified
tolerance.

One could ask for performing CV on a two-dimensional grid to determine A\* = (A§, \}), hence
two-dimensional CV, but this clearly results in a strongly computational intensive method.
Thus, the techniques introduced above are applied here to avoid increasing the computational
time. The reason that, for both approaches (i.e. stepwise and iterative), one starts with the
group lasso part (tuning of A;) is caused by the fact that this saves computational time since
once a factor is excluded from the model, one does not need to investigate this factor further
for fusion of levels.

2.2 Existence

This section starts with a theorem about the existence of an Lo-FGL estimate, that is, the
existence of a (local or global) minimum of the objective function. Further, it is shown that
the objective function decreases if coefficients that are “close enough® to each other are fused.
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What is meant by “close enough® is specified later in this thesis (Theorem 2.3.15), providing
the existence of a fusion threshold. Moreover, the existence in the high-dimensional case where
p > n is provided in Remark 2.2.2 in the sequel.

Theorem 2.2.1 (Existence of Ly-FGL, Kaufmann and Kateri (2024)). One assumes that A\; >
0, Ao >0and 0 <>, y; <n. Then, the set

={ﬁ|é:argmin—L mzm Ie +Aoz S wd18i — Bisllo

p+1
BeR 7J=10<r<s<p; }

Lo-FGL . .
oFG )( -) decreases if coefficients

is nonempty. Moreover, the value of the objective function MZS
that are close enough to each other are fused.

Proof.
(1) S # 0: One sets J = 1, the proof for J > 1 works analogously. It is shown that for J =1,
the group lasso estimator, given by

ﬁ(GL) = argmin —L,(8) + M||8||k,
ﬁeRP-F

fulfills 3(GL) € S. By assumption, 0 < Yo yi < nand by Meier et al. (2008) (Lemma 1) it can
be concluded that the group lasso estimator B(GL) exists. It is noted that, for the group lasso
estimator to be unique, further requirements are needed which are not imposed here, compare
Corollary 1.4.2. However, by definition of B(GL) | there exists an e-neighborhood of B(GL) | where
€ = (e1,...,6p) € R, such that 3G minimizes the sum —L,(-) + A\1]| - ||, that is

—La(B" + &) + MIBY + ek = —La(BEY) + Ai[1B .

Consequently, adding Ao >, wérs) | ]ﬁAﬁGL)

leads to

- BgGL) +e&, —&5||o on both sides of the inequality, this

MEFGL) (3(GL) )

pen

= —Ln(BY + &) + M|IBCY + |k + 2o Y wf ™ |IBEY — B + £, — el

s

Ln(BCY) + M|IBCY | + X0 Y wy ) ||BEM — BOL) 1 e, — e ]lo. (2.4)

8

For the group lasso estimate it either holds that ,é(GL) =0or BﬁGL) =% 0Vr, according to Meier
et al. (2008). In the latter case it is further known that ,5’,(«GL) #+ ,5’§GL) Vr, s almost surely. For
the case that By(ﬂGL) # BgGL) Vr,s one can choose € small enough such that

BOY tg, £ BOY e, Vi, s,

Consequently, one concludes that the Ly norms of BSGL) — BﬁGL) and BﬁGL) — B£GL) + & — €5
coincide since all values of the differences are nonzero, i.e.

15 — BISY) + e — eallo = 1AL = BV lo.

Then one obtains that (2.4) equals

—Lan (B + M8 i + No 32w 1B = Bl = Mpen (B)

7,8
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€1 €2
}: N g .
Bapw—i Brs—i = Brzi Bags
< c >
Figure 2.3: Location of Bny,, Bnfr—1 and the fused coefficients B¢, = [yr—1 for the case

min{ﬂnf,ry ﬂnf,rfl} = ﬁnf,rfl-

and thus M,%,? FGL) (BEL) 4 g) > M,geLﬁ -FGL) (B(G1) for a sufficiently small e. If B(CL) = 0, by

applying the same arguments as above, it can be inferred

MEFOL(BEN) gy > —L,(0 )+)\1H0HK+)\OZw ller — €50
N————

8

>0
> —L,(0) + M|0]|x = MLy (0) = MLy (391)
thus MISeL}L) "FGL) (BCL) ) > M(L}L) "FGL) (B(G1)). Hence, the group lasso estimator B(GY) is an

element of the set S such that S # () and the first part of the claim follows.

(2) Mzﬁfg “FGL) (B) decreases if coefficients that are close enough to each other are fused: Again,
one assumes that J = 1 and one starts with the case of an ordinal factor comparing adjacent
categories for fusion. The goal is to show that the objective function MISLO “FGL) (B) decreases if
coefficients that are close enough to each other are fused. It is noted that, since the reference
category is chosen to be zero, there is no appearance of the reference category in the coefficient

vector 3. One writes 3,7 (not fused), B¢ (fused) € RP with

,an = (5,”{1, -anf,p) , where 5nf,i #+ /an,i—l Vi=2,..,p (IlOt fused),
B = (B, Brp), where Bnri = Bri # Bri—1 = Bufi-1
Vi=2,..,r—1Lr+1,..pand B;, = Bf,_1.

So in By the categories r and r — 1 are fused and, except for these categories, 3,5 and By
coincide.

It is noted that Bf, = Brr—1 € Min{Bnsr, Bnfr—1}, max{Bnsr, Bnpr—1}]. Without loss of
generality, it is assumed that min{B,,, Bnfr—1} = Bnfr—1. Since an ordinal factor is observed,
this holds by definition, but when observing nominal factors one has to differentiate between
these two cases. However, the other case works in the same way. Thus it holds that

an,r - ﬁnf,r—l =€ +e=¢>0

for some (small) € (not to be mixed up with €) and B¢, = Bnrr—1 + €, one consults Figure 2.3

for a visualization of the setting. Now the goal is to show Mszo “FGL) (Bf) < ]\@L0 “FGL) (,Bn ).
Clearly, it depends on the design and the tuning etc. how small € has to be such that the
objective function decreases, which is further specified in the proof of Theorem 2.3.15. By
construction one can write B, — By = (0,...,0,—€1,€2,0,...,0). Because of the continuity
of the negative log-likelihood —L,(8) and the norm ||B|/k it holds that Vd;,02 Jé1,é2 >
0 such that VB,¢, B¢ with ||, — Bf|| < min{é, &} it holds

| Ln(Bny) = Lu(Byf)| < 01,
1Bl — 1IBsllx| < 02
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Because of the definition of B, (no categories fused) and B¢ (category r and r — 1 fused) it
holds that 37, w||Buri — Busi-illo = X wl) =: ¢ and for the fused version 37, w37 —
Bri-1llo = c—w(()T). Furthermore Ly, (8 ¢) — Ln(Bf) > —01 and ||Bn¢||k — ||Bf|| Kk > —d2. Thus,
for B¢, By with ||Bnr — Bf|| = € < min{é;, &} it can be inferred

M(LO—FGL) (:an) _ M(LO—FGL) (Bf)

pen pen

p .
= —Ln(Bug) + M1Busllic + 20 S WS 1Busi — Bugi-illo
=1

p .
La(Br) = MlIByllc = 2o Y- w181 = Braallo
i=1
= —Ln(Bug) + Ml1Bnsllxc + Ln(Br) — MlIByllxc + Ao -
> =81 — M6+ Ao - w”. (2.5)
Now, if Ag (tuning for fusion) is chosen large enough and 1,02 are chosen small enough such
that Ag - wt()r) > 01 + A162, it can be argued from the above equation that

M(L()—FGL) (an) _ M(LO—FGL) (ﬂf) >0e M(LO—FGL) (ﬁnf) > M(LO—FGL) (IBf)

pen pen pen pen
. . (Lo-FGL), \ . . .
Consequently the value of the objective function Mpen (-) in By is less than in By, hence

the objective function decreases if coefficients that are close enough to each other are fused.
The proof can directly be extended to the case where more categories are fused and also for
the nominal case. It is clear that Ao controls fusion since larger Ay values enforce fusion for
categories that are further apart. O

Remark 2.2.2 (Existence in high-dimensional case where p > n). For the Lo-FGL estimate
with A1 > 0 and Ay > 0, the proof above is not restricted to the case p < n, hence existence
can be ensured in the high-dimensional case where p > n, based on the existence of group
lasso shown in Meier et al. (2008) and used in the proof above. Allowing for \; = 0 or both
A1 = Ao = 0, the existence of Lo-FGL corresponds to the existence of the maximum likelihood
estimator (MLE) or CAS-Ly, respectively.

2.3 Asymptotic Properties

Asymptotic results for Lo-FGL are provided in the following, where both cases of p being fixed
and p, being allowed to diverge with n are considered. In particular, /n consistency properties
are shown first (Section 2.3.1), then asymptotic normality results are provided (Section 2.3.2)
before factor selection consistency is exhibited (Section 2.3.3). Finally, fusion properties of
Lo-FGL are obtained (Section 2.3.4).

2.3.1 /n Consistency

First, the following lemma is provided being necessary for technical steps in the proof of Theorem
2.3.2. To be more precise, it is shown that if the objective function MISQL}L)'FGL) (B) satisfies that
its functional value on the boundary of some RP ball Z = {z* + u | ||u||2 < ¢} with center
x* € RP and radius ¢ € R™Y is greater than its functional value in the center *, then there exists
a local minimum énside the RP ball. Obviously, if the function MI%,S'FGL) (B) was continuous,
the statement of the lemma would be clear since in a compact set a continuous function attains

its minimum and maximum, hence in &, and then one could use the assumption of the lemma
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B2 4 “ 9 B1 = B2

D
D

by by ﬂl

Figure 2.4: Partition of the ball 2 into %1 and 9. The red line shows the 1-dimensional hyperplane
where f(83) is not continuous, hence 51 = [35.

(i.e. (2.6) below) to show that the infimum (minimum) is not attained at the boundary of .
However, to proof the following lemma, the explicit structure of MTEQL,Q'FGL) (B), especially the

characteristics of the discontinuities, is crucial.

Lemma 2.3.1 (Kaufmann and Kateri (2024)). MéeLT?'FGL) (B) is the objective function of Lg-

FGL, given in (2.3). One assumes that for some z* € R? and ¢ € R™Y it holds

H i‘r‘lf MEFOL) (% 4 u) > MILFOD) (g7). (2.6)
ulla=c
Th . - (Lo-FGL) |/ g\« s s

en, there exists at least one local minimum of Mper, (B) inside Z := {x* +u|||ul|2 < ¢},

where inside means in the domain 2 = {z* + u | ||u||2 < c}.

Proof. For simplicity of notation, one writes Mpey(-) instead of Méfﬁ'FGL)(-) throughout the

following proof. Since the intercept is not penalized and only appears in the log-likelihood, it is
neglected, i.e. Mpen(3) is observed for 3 € RP and x* € RP (instead of RPFL).

Now, it is shown that My, attains its infimum (i.e. minimum) in . Having that, (2.6) is
used to show that the infimum is not attained at the boundary, hence it is in 9. The proof is
conducted for the case p = 2 and J = 1, cases of higher dimensions work in a similar manner,
although more possible cases arise for the infimum to occur, as specified below. The ball Z is
partitioned into two subsets in the following way

D = \{B = (B1,62) : p1 < P2},
Dy = P\{B = (b1, 52) : B2 < P}

So the hyperplane satisfying 1 = [ is included in both subsets. Obviously it holds that
2 = 91 U P,. This partition is displayed in Figure 2.4.

By definition, the objective function can be written as
Mpen(B) = 9(B) + f(8B),

Wherev for /8 = (51a52),
9(B) == —La(B) + M8l
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is the sum of the log-likelihood and group lasso part and
F(B) = Xowol|B1 — B2llo

is the Lo part. By definition of the Ly norm applied to differences, this norm is equal to zero
if the object on which the norm is applied is zero and one otherwise, hence it is zero if the
difference is zero and it is one if the difference is nonzero. Thus, with the considered partition,
f(B) is not continuous on the one-dimensional hyperplane §; = [, displayed in red in Figure
2.4. Actually, in the differences on which Ly norm is applied in f(-), the differences with the
reference category zero are omitted for simplicity, which is possible because these quantities can
be treated similarly, adding the axes where 51 = 0,82 € R, as well as 51 € R, 82 = 0 to the
partition. Hence, with the same arguments provided for the generalization to more levels and
more factors, it is sufficient to treat the functions as provided above.

For g(8) being a continuous function, it is known that in the compact set Z it attains a (local)
minimum. One defines

By = (59717@1,2) := argmin g(3).

BeD
Without loss of generality, it is assumed that B, € %, the other case works analogously.
Differentiating between the two possible cases (1) Sg1 # Pg,2 and (2) Bg1 = g2 yields the
following.

Case (1): Byt # By
In this case f(By) = f((Bg,1,84,2)) = 1-wo = wp. Consequently, the infimum of the
objective function either occurs in &y without the hyperplane (81 = f2) or it occurs
on this hyperplane. In particular, this means

inf Myen(8) € {9(8y) + wo. inf o((b.5))}

so the infimum of M., is either attained in B, or in (b,b) for some b € [b1, ba]. Thus,
the infimum of M, is attained somewhere in Z.

Case (2): Bg1 = Bg2
In this case f(By) = f((Bg,1,84,1)) = 0. Consequently

inf Mpen(B) = inf
Jnf Mpen(B) = inf ()

and hence the infimum of M., is attained in 3,.

In both cases, there exists some B € 2 for which the infimum of M., (8) is attained, hence it
equals the minimum, which yields

arg min Mpe,(8) = B.
Beg
It is noted that, in Figure 2.4 the case may occur that the red hyperplane does not go through
the domain Z hence there is no intersection of the hyperplane and 2. If this is the case, the
claim directly follows since then the function f(-) is equal to one everywhere, hence Mpep(-)
would be continuous in the domain 2.

It remains to show that 3 € 9. One assumes that 3 is on the boundary of 2, hence 3 € .@\@ .
Consequently, it holds by definition of the infimum that

inf Myen (2" + 1) = Myen(B) < Myen(8) VB € 7

llull2=c

and this also holds for 3 = z* € Z which is a contradiction to the assumption (2.6). Therefore,
it holds that 3 € Z, hence there exists a local minimum of M, in 2. O
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Next, a result concerning the existence of a \/n consistent (sequence of) Lo-FGL estimator(s)
for the case of fixed p is exhibited. The convergence properties of al and a2 introduced below
ensure that the amount of penalization for factor selection and levels fusion are controlled. The
corresponding assumption for factor selection is taken from Wang and Leng (2008), where in
their work the adaptive group Lasso is considered.

Theorem 2.3.2 (y/n consistency for fixed p, Kaufmann and Kateri (2024)). One assumes that
the regularity conditions (Regl)-(Reg3) from Appendix B.1 hold and that p is fixed. One sets
al = max{)\?ng) ;7 €{1,...J}} and a2 = max{)\gw(()j’m); 0<r<s<pjjeil,... J}H}
and assumes al/v/n = 0,(1), a2 = O,(1). Then, it holds that there exists a local minimizer
BLoFGL) of MQSBL,?'FGL) (B) satisfying

A(Lo-FGL) _ a%||. _ 1
18 =0, ().

Proof. For simplicity of notation, one writes Mpen(3) for M,geL,ff'FGL) (8), P\(B) for P)(\LO'FGL) (8)
and 3 for BLoFGL) throughout the following proof. Following the ideas of Fan and Li (2001)
and Wang and Leng (2008) it has to be shown that Ve > 0 one can find a suitable ¢ > 0 such
that the following holds

. . 1 .
P <u€Rpl7ﬂ£|2:chen <B + \/ﬁu> > Mpen(,@ )) >1—ec. (27)

In contrast to Fan and Li (2001), the sum of the negative log-likelihood and the chosen penalty
is minimized where they maximize the negative objective function which is clearly equivalent.
The idea of Fan and Li (2001) is transferred to the case of Lo-FGL including two penalties and
two types of tuning parameters and weights. Having shown (2.7), one can deduce that there
exists a local minimum inside the ball {8* + ﬁu where ||u||2 < ¢} using Lemma 2.3.1. This

yields that one can find a local minimizer such that ||8* — 8|2 = Op(1/+/n) which is the claim.
Plugging in the definition of M, (3) yields with Hy(u) := Mpe, (B* + ﬁu) — Mpen(B*) that

1 LG 1
Hw) = ~Ln (8 + ) + L)+ 00 Ll 107 + Zull = 1971

J
j 1S * * 1 * *
2w (185 = B+ ==l = 185, — Biullo) . (29

7=10<r<s<p;
At first, the log-likelihood parts in H,(u) are analyzed, before the penalty parts are examined.

Step 1 (log-likelihood): Like in Zou (2006) (proof of Theorem 4) the behavior of the log-
likelihood part —L, (,6'* + ﬁu) + L, (B*) is examined with a Taylor expansion of g,(u) :=

—L, (,6* + ﬁu) + L, (B*) around u = 0 which yields using g,(0) = 0

* 1 *
—L, (B + \/ﬁu> + L, (B") =T p+Topn+ T3 (2.9)
In particular, it holds with a,, := ﬁ, which is only introduced here for consistency purposes

with the proof of the respective theorem for the diverging case which is provided later (Theorem
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2.3.3),
n
Ty = _aanLn(IB*)u = _Z[ (332:6 )]ZB U CQp
i=1
1 1927 1 Ty a2,
Tg,n:—iuv Z§g0 ;") umm u o,

=1

/// wzﬁ )

@\P—‘

) n
— U U U, a
Z 8@8@% RO =00 2

1

n’
the following asymptotic properties are obtained using (Regl)-(Reg3), where the abbreviation
CLT is used for central limit theorem (Casella and Berger (2002), Theorem 5.5.14), as well as
LLN for the (weak) law of large numbers (Casella and Berger (2002), Theorem 5.5.2)

These equalities can be directly seen by straightforward calculations. Plugging in that o, =

n

T
Tin=— lyi—¢ (mi,@*)]ai’/; 4 N(0,uTIp(8%)u) (using CLT),
=1

n 1 le 1 . '
Ton =Y =¢ 5% (28" uTZ ——Lu 5uTJF(ﬁ Ju (using LLN), (2.10)
i=1
1 1
Ty = n71/26 - > " (@iB) (] u)®  (using LLN)
=1

—pE(M (z)|xzTul?) < oo by (Reg3)

thus 6y/nT3, < co according to Zou (2006) (proof of Theorem 4). With these properties one
can conclude that the likelihood part of the objective function, hence (2.9), is asymptotically
dominated by (2.10), thus by the expression u’ I-(3*)u.

Step 2 (penalty): By the triangle inequality it holds that
185 — —=ull2 < [|Bjll2 + [|—=ull2 < ||8; — U|2 Bill2 < ull2,
185 f \ 1351 ’f \ | NG 2 = 1185l Hf |

which yields

J
; 1
Sl (185 + vl = 1511 < ah =l = op(Dlfull
s J \/ﬁ J f p

which is similarly obtained in Wang and Leng (2008). For the Ly part it holds

J
j,rS) 1 * *
)\gz Z w(()J (”/Bjr_ js"‘%(ur_us)HO_ ||/6j,r_ﬁj,s”0> (2.11)

J=10<r<s<p;

J
<Y Y wdN (2.12)

7=10<r<s<p;
! <af=0p(1)

such that (2.11) is Op(1). It is noted that p and J are fixed in this theorem thus they do not
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grow with the sample size n. All in all, one can write

=)~ Myeu(8)

J
= Tt To+ Tt A0 0 (118 + —=ulle = 1151
j=1 "

J
i 1
203w (Hﬁ}‘,r — B+ %(ur —us)|lo — 1185, — }}HO)
J=10<r<s<p;
— T+ D+ Do, +oDlul+0,(1) (2.13)
~— ~— ~—
—aN(...) %p%uTIF(ﬁ*)u bounded

Myen (ﬁ* +

It is concluded that the expression H,(u) = Mpen(8* + ﬁ) — Mpen(B) is asymptotically domi-

nated by %uTI r(B*)u > 0 where this expression is positive since the Fisher information matrix
was assumed to be positive definite at 3*. Hence, for n large enough, ¢ can be chosen (large
enough) such that (2.13) > 0 hence (2.7) holds so there exists a local minimizer 3 being \/n-
consistent. O

Having proven the existence of a y/n consistent Lyp-FGL estimator for the case of fixed p, this
is extended to the case of diverging p,,. However, instead of imposing the regularity conditions
of Appendix B.1, the respective conditions of Appendix B.2 are imposed. Further, some adjust-
ments are needed on controlling the amount of penalization and, finally, an assumption on the
growth of the ratio of n and p, is needed, which is similar to Fan and Peng (2004). After the
proof of the following theorem, a remark (Remark 2.3.4) is supplied discussing convenient cases
where these assumptions are satisfied, demonstrating that they are not too restrictive.

Theorem 2.3.3 (Consistency in the diverging p, case, Kaufmann and Kateri (2024)). One
assumes that the regularity conditions (div.Regl)-(div.Reg3) of Appendix B.2 hold and that

al and a? are defined analogously to Theorem 2.3.2. With a,, := \/ B2, it is assumed that

anahJn, = 0p(1) and a p,(p, — 1) = 0,(1). Lastly, it is supposed that p, = o(n'/*). Then, it

holds that there exists a local minimizer G(Lo-FGL) of M]f,eLr?'FGL) (B) satisfying

180T — B¥([5 = Oy ().

Proof. For simplicity of notation, one writes Mpen(3) for MlgeLﬁ'FGL) (8), P\(B) for P)(\LO'FGL) (8)

and 3 for B(Lo-FGL) throughout the following proof. The proof is related to the proof of The-
orem 1 in Fan and Peng (2004), transferred to Lo-FGL including a sum of two penalties and
incorporating two types of tuning parameters and weights. The first part of the proof, where the
log-likelihood is observed, is similar to Fan and Peng (2004). As in the proof of Theorem 2.3.2,
it is shown that for any given ¢ > 0, (2.7) is satisfied, where ﬁ is replaced by ay,. Similarly,
one defines Hy, (u) := Mpen (8" + anu) — Mpe,(8*) and writes

JIn

Hy(u) = —Lo(B + anu) + Lo(8%) + A1 S (w185 + anujlls — wi?||8j]]2)
j=1

In ) .
Y Y @B, — B+ anlur —us)llo — wiTIBE, — Blllo).  (2.14)
J=10<r<s<p;

Again, the log-likelihood part and the penalty part of the objective function are analyzed sepa-
rately.
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Step 1 (log-likelihood): For the log-likelihood part a Taylor expansion as in the proof of
Theorem 2.3.2 is performed, but since p,, is allowed to grow with n, the asymptotic behavior of
the components of the Taylor expansion differ from the mentioned theorems. In particular, for
the Taylor expansion of g,(u) := —L,(8* + apu) + L,(B8*) around uw = 0 using the fact that
9rn(0) = 0 it holds

—Ln(B* + anu) + Ln(8*) = Tip + Tom + T (2.15)

Here, the quantities 11 ,,, 755,13, are similar to the proof of Theorem 2.3.2 with general o,.
For T} ,, using the Cauchy-Schwartz inequality (CS) and (div.Reg2) one deduces

(Cs)
Tinl = |V La(B)u| < anl[VTLa(8%)]2 |Jull
(div.Reg2)
=7 Op(anympn)|[ull2 = Op(a2n)|[ulls = Op(pa)||ull2

since

. ") 0Ly (5*)
V'L, 3 =

_ - alogfn Uzu@*)alngn(v“ﬂ )
= njz:l Z 9B, 0B;

. E(BIngn(“z B*) Blog fn (v;,B* )) [Ir (B9 <C

28; 98;
=Pn nOp(l).

Hence ||V L,,(8%)||2 = Op(\/7rpn). In particular it holds T}, = Op(py)||u||2 since a2n = p, =
Qin+/Mpp. For the second summand T3, the following equalities are inferred as in Fan and Peng
(2004)

)

1 *
Ton = —§uTV2Ln(,6 Yua?

1 1 1
= —§uTV2Ln(,@*)uai +§uTIF(ﬁ*)una3L - iuTIF(B*)unai

=0

%(V2Ln(5*) + IF(,B*))] una? + %uTIF(,B*)una%

1

1

1(VQLN(@*) - E(Van(ﬁ*))} una + %UTIF(B*)unaZ

= SaZulo,(1/p)u+ S ou Tp(8)u,

where it was used that Ir(8*) = —E(V2L,(8%)) and || 1 V2L, (8*)+Ir(B%)|| = op(5 ) following
Lemma 8 of Fan and Peng (2004) which needs the assumption pi/n — 0 as n — oo. Moreover,
as elaborated in the previous sentence, it is known that

1-92L0(8%) + I (8"l pn = 0p(1)

so using p, > 1 yields
1 k *
H;VQLn(B )+ Ir(B7) = op(1).
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Consequently,

n 1
Top = §aiuT0p(1)u + 2a uTIF(ﬁ Ju = §pnuT(IF(B*) + op(1))u.

The last summand 73, is treated as follows.

1| & 93L,(BY) " & 93 log fu(vy, B%) 3
T5., = WU UR, | = U U L
Tl 5| 2 Gaasan | 5 R 2 g,

13n
<5

=1

’inu]'uk s

9° log fn(v1, B*)
Z 930850

(%)

1,7,k

where, using the Cauchy Schwarz inequality, one obtains

-

=1

Za lngn Ulv )

(Cs)
98,08, < 3 [[(1og fu(vr, )|z - [lulf3:

=1

Ui U5 UL
1,5,k

Following (div.Reg3), every component in ||(log f,,(v;, 8%))"”||2 can be bounded by some function
M, ; jx(x;), hence

n n

. 1/2
5 o 18" z(z Mw)

=1 =1 \i,j,k=1

so consequently

. 1/2
Z (log fu(v1, B ))/”||2'||u||g§||u||22(Z P ) : (2.16)

=1 =1 7. k=1

Now the asymptotic behavior of the right hand side of the inequality (2.16) is observed. Using
the Cauchy Schwarz inequality, it holds

2
3
Z TL,Z,] k ml Z TL,’L,] k :L'l pn
7]k 1 ,]k) 1

1/2
= Z nl,], .’Z}'l <pn ( Z n,l,jk wl ) Spi/Q (217)

1,5,k=1 i, J,k=1

With (2.17) using «,, = \/pn/n one can write

1/2
1
VEYS ganHqu Z ( Z n,mk )

<
=1 7. k=1
3/2 od 3/2 3p
< —adlul3 Zp/ 3wl [3npd/? = H I \}
Si : h : < P% _ P% < P;lz P%
ince it was assumed that — 0, using 0 < N — 0 one deduces Vo — 0.

Consequently, it holds that 0p(pn). S0 Ts.n = 0p(pn)||ul]3.

SR
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Step 2 (penalty): It holds that
J"L

NS (w118 + cwujllz = w185 12)

=1

Jn . Jn .
<A wPagluglls < Jlullsan S A0 < Jlullz analdn = 0p(1)]|ull2
j=1 j=1

since by assumption analJ, = 0,(1). For the Ly part, since
1Bjr = Bjs + an(ur — us)llo = 185, — Bjsllo < 1,
one can deduce

JIn, . .
MY (w08 — B+ anlur —us)llo — w185, — Bh,llo)

71=10<r<s<p;

T , Jn
< Z Z Agng’”)g a?LZ Z 1 =: ().

J=10<r<s<p; J=10<r<s<p;

The quantity 23'121 > 0<r< s<p; 1 is equal to the number of differences including all J,, predictors
of the model. Of course, this depends on the design, i.e. whether ordinal or nominal factors or
mixtures are observed. The highest number of possible differences occurs when all factors are
nominal, hence it can be bounded by w. Additionally, by the assumptions a%pn (pn—1) =
op(1), hence

(**):aoi Z 1<a0w:0(1)
n = Yn p

J=10<r<s<p; 2

so the Lo part of the penalty function is op(1).

It can be concluded by the steps above, as well as (2.14) and (2.15)

Hy(u)= Ti, + To.n +  Tsn +op(D|ul* 4 op(1),
=0p(pn)llull  =IpauT(Ip(B*)+op(1))u. =0p(pn)llull?

i.e. all the summands are asymptotically dominated by %pnuTI r(B*)u > 0 where the last
inequality holds since it was assumed that the Fisher information matrix is positive definite in
B = B* in (div.Reg2). So choosing c large enough, it can be ensured that H,(u) > 0. O

Remark 2.3.4 (On the assumptions of Theorem 2.3.3, Kaufmann and Kateri (2024)). The
assumption p, = o(n'/4), hence p*/n — 0, implies p2 /y/n — 0. Consequently, the assumption
anak J, = 0,(1) holds for example if a’ converges to some constant or is simply bounded, since

3/2 2
ana}ZJn = 1/%],1&711 < ,/%pna}l = %a}b < % a}l.

For the requirement that alpy, (p, —1) = 0,(1), observe the case of weights chosen to be constant
and equal to one for the Ly part. Thus a? = A\? and choosing for example A} = o(1/p2) yields
that Afpn(pn — 1) = 0p(1) holds.
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2.3.2 Asymptotic Normality

This section provides the existence of an Lo-FGL estimator being asymptotically normal dis-
tributed. As in the previous section, the case of p being fixed is investigated first, before the
case of diverging p,, is covered. The assumptions that are needed to be imposed on the amount
of penalization are, for the group lasso part, similar to those imposed by Zou (2006) for the
adaptive lasso.

Theorem 2.3.5 (Existence of an estimator satisfying the asymptotic normality property for the

case fixed p, Kaufmann and Kateri (2024)). One assumes that (Regl)-(Reg3) of Appendix B.1

hold and that the true underlying structure is sparse according to Definition 1.2.4 (i). For the
group lasso part the adaptive weights w§j )
~v > 0 where B(ML) is the unpenalized MLE. Furthermore, it is supposed that A7 - n~1/2 - 0 and
A7 -n=1D/2 5 0o, For the tuning and weights of the Ly part, one assumes a0 = op(1). Then,

it holds that there exists a local minimizer B(LO‘FGL) of Méé‘{'FGL) (B) satisfying
Lo-FGL) * —
f(ﬂ( . 5,4*) —a N0, I;;"),
where ﬁ and B%. denote the sub-vectors of BLo-FGL) and B*, respectively, containing

only the components belonging in the true active set A*.

Proof. For simplicity of notation, one writse Mpen(3) for MISLO “FGL) (8), P\(B) for P)(\LO'FGL) (8)
and 3 for BLoFGL) throughout the following proof. The proof follows Zou (2006) where the
oracle properties for the adaptive lasso are shown. One writes 3 = 3* + % and remember that

by (2.8) it holds

Ho(w) = Myeo (5 +f) Myen (67)

1
_ —Ln<ﬂ*+\/ﬁu)+L +A”wa> (118! +\fU|l2 16:112)

= ||B](ML) ||, " are employed for some arbitrarily chosen

(Lo-FGL)

=:(%) — P ()

J
n j,TS * * 1 * *
Yl (18— B+ (=l = 18], = Bl )

J=10<r<s<p;

=P2,n(u)
It is noted that the quantities B ,(u) and Pa ,(u) are only defined and needed for simplicity of
notation during this proof. One aims to minimize @& = arg min,, H,(u), then @ = \/n(3 — B*).
Although 4 depends on n, a lower index in 4 is omitted for simplicity, as for B. Since Hy(u) is
the same as (2.8) in the proof of Theorem 2.3.2, the first steps performing a Taylor expansion
of the log-likelihood part (x) resulting in 77 5,75, T3, (one compares (2.9)) and observing the
asymptotic behavior of those using the regularity conditions are similar. Hence, it remains to

analyze the asymptotic behavior of the functions B ,(u) and B, (u).
It holds that

J
_ \n Dy g+ L Wi (9] 3%
Pinlu) = Aljgl[w£|ﬂj+ = 0118511

:)\?Z

JEA*

AT Y

jgA*

wi? 1185 + Al

w185 + 212 — i 1512]

w1165 1
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For the case that (3] # 0, hence j € A*, one gets by the consistency of the MLE (compare
Theorem C.1.2)

: 1 .
ng) = ALy P 1871127 (218)
18,7113

and it holds further that
V{187 + %Ib —1851l2} < vn{l1B}l]2 + \}Hu]'b — 18512} = [lujll2 < oo,
V{187 + fHQ_ 185112} = v/n{ |13} H2—HIH2—H/3 2} = —llujll2 > —oc,
i.e., to conclude

—[lujll2 < Vi8] + [l2} < [ag]2- (2.19)

f\lz—llﬁj

In the following, denote the summands of Py ,(u) for j € A* by (B1,.(u)) 4., the analogous
notation is used for the summands where j ¢ A*. Using Slutky’s Theorem (Casella and Berger
(2002), Theorem 5.5.17), it is inferred

ALY L ||y —
jGA* \/>

A . . *
= AL U Va8 + - 185k 0

—llB3 115

(Rin(w) . w185 +

w1851l

—0 bounded using (2.19)

for the case that 8 # 0. Now the case that 37 = 0, hence j ¢ A*, is treated. With w§j) =
1BMY]157 = /2| BMY \/all;7, one can deduce

(Pra@)gye =27 > wi|| 2L S V|,
) b vl \/ﬁjeA*) RV

= PO IBME) 57 o,

oo JE(A)

Op(1)

which goes to oo for ||u;||2 # 0 and equals zero otherwise. Hence one gets for the j-th summand
of P1,n(u), denoted by (P, (u));, for n — oo

0 if H’U;jHQZO, ,6;20,
(Prn(w))j —p § 00 if [luyll2 #0, 85 =0, (2.20)
0 if 85 #0.

This yields

Pin(w) = Y PBra(w)j+ > Bia(u

JEA* JjEA*
= Z (ml,n(u»j + Z (ml,n(u»j + Z (ml,n(u»ja
jeAx JEA*, ||lu;l]2=0 JEA*, ||u;l|27#0

—p0 —p0
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where the last summand converges in probability to co, however, if ||[u;|| = 0 for all j ¢ A*, the
last summand is zero. Consequently it is concluded for B ,(u) that

0 ,if uj=0Vj ¢ A*

oo , otherwise.

PBin(u) —p {

For Ps ,,(u), using (2.11), it holds that

J .
Ponw) <3 S WA p= Palu) =, 0.

J=10<r<s<p;

<af =op(1)
=op(1)
To sum up
H,(u) = Tin +  Tn A Pialw) + T, +Pon(u).
~~ ~—~ —_—— N —
—auTN(0,Ip(B%)  —piulIp(B*)u see (2.20)  —p0 —p0

Finally, one infers

%uﬂ*hlum — ug*WA*, if u; =0V5 ¢ A

00 , otherwise

Hn(u) —d H(u) = {

where W ~ N(0,Ir(3*)) and consequently W« ~ N(0,I11). The unique minimum of H(w)
is clearly at w™® = (w30, u&i?)c) = (I;'Wa-,0)T which can be obtained by straightforward
calculations. Consequently, there exists @ = argmin,, H,(u) satisfying @4+ —4 IﬁlwA* and
U(q+)e —+q 0 with the same arguments provided in Knight and Fu (2000) for the non-convex
Bridge estimator and the claim follows. O

Besides the MLE, it is possible to use alternative adaptive weights in the group lasso part,
discussed in the following remark.

Remark 2.3.6 (Adaptive weights in the group lasso part). Besides the MLE used in Theo-
rem 2.3.5, one could also use another consistent initial estimator 3, where consistency is un-
derstood in the sense of (2.18). That is, one could also use an Lo-FGL estimator as initial
estimator with ng) = ||,3§LO_FGL)||57. Since it may happen that ||B§L°'FGL)||2 = 0 by the
construction of Lyo-FGL, one can follow Zou and Zhang (2009) and Xin et al. (2017) and set

j o (Lo- =
ng) _ (H ﬂ](Lo FGL)H 2+ %) , which clearly not affects any shown asymptotic property.

To extend Theorem 2.3.5 to the case of diverging p,, it is noticed that an approximation of
the Lo part in Lo-FGL is necessary, since sub-differentiability of the penalty function is needed
in the proof of the respective theorem. As in Appendix A.1, as well as displayed in Figure 1.2,
the Ly norm is approximated as follows

2
1+ exp(—0/¢])

However, no further approximation of the absolute value in the denominator (as done in PIRLS,
Appendix A.1) is needed since it is sufficient if the (approximation of the) penalty function
satisfies sub-differentiability. Consequently, the approximation of M,Ef,?‘FGL) (B) is defined as

follows

1110 =~ —1=:N(¢).

METE () = —L,(B) + ;S w|1Bill + A0S Y wPTINB, — By,
j=1

J=10<r<s<p;
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satisfying M,§£,53 FGL) (B) ~ M,Sé? “FGL) (B). In the same sense as for BLo-FGL) o minimizer of
MISELT?_FGL) (B) is called an approximate Lo-FGL estimator. The same notation ﬁ(LO'FGL) is used

for the approximate Lo-FGL, since it is only used in the following theorem, so there is no need
to introduce a new notation.

Based on this approximation given above, the theorem that is provided next (Theorem 2.3.7)
shows that in the diverging p, case, one can find a local minimizer of MZELO FGL) (B3), thus an
approximate Lo-FGL estimator, being asymptotically normal distributed. Before doing so, the

following comments on the respective proof and the imposed regularity conditions are essential.

For the proof, it is crucial to ensure that there exists an approximate Lo-FGL estimator sat-
isfying consistency in the sense that ||3F0FGL) — g*||; = Op(ay,) for o, = Pn However,

using the fact that N(£) < 1, one can show the existence of such a , / 5 consistent approximate

Lo-FGL estimator under the same assumptions as in Theorem 2.3.3, caused by the fact that in
the second step of the respective theorem, it is used that ||...||p < 1, which similarly holds for
the approximation. Consequently, under the same assumptions imposed in Theorem 2.3.3, there
exists some local minimizer B(LoFGL) of Méfﬁ_FGL) (B) satisfying ||BLoFCL) — B*||y = Op(ay,)

Pn
e

for ooy, =

For this local minimizer being consistent, the asymptotic normality property is shown in the
following Theorem 2.3.7. The idea of this theorem is taken from the reference Wang and Tian
(2019), where the adaptive group lasso is investigated. However, it is transferred to the case
of the approximate Lg-FGL penalty function, incorporating a group lasso and an Ly part, as
well as two tuning parameters. Clearly, some regularity conditions are necessary, starting with
(div.Regl)-(div.Reg4). Additionally, to ensure the existence of a consistent (local) minimizer,
the assumptions of Theorem 2.3.3 are needed. Corresponding to (A6) in Wang and Tian (2019)
and (8) in Zhao and Yu (2006), a further condition controlling the size of the minimum of the
true parameter is needed. Lastly, as prov1ded in the assumptlons of Theorem 2.3 in Wang and
Tian (2019), it is assumed that )\"n2(2 1) -5 0 and ATn 1= )\”n4 — 00 holds, where § is
specified below. Actually, the assumption including f},;,, in the theorem below is automatically
satisfied with the sparsity assumption imposed here (Definition 1.2.4 (ii)). However, to keep the
theorem as general as possible, this condition is kept.

Theorem 2.3.7 (Existence of an approximate Lop-FGL estimator satisfying the asymptotic
normality property for the diverging p, case, Kaufmann and Kateri (2024)). One assumes that
(div.Regl)-(div.Reg4) of Appendix B.2 and the assumptions of Theorem 2.3.3 hold. Further,
one assumes that the true underlying structure is sparse according to Definition 1.2.4 (ii). With

Biin = _ min [|B]]|2 it is supposed that there exists some 3 <§<1land C > 0such

i Jj=1,.. -J0,n

that nz(1-93* > (. Additionally, one assumes that )\"n2(2 +1) - 0 and )\17”L4 — 00 as

min
n — oo. For the group lasso part the adaptive weights w = ,@j||2 are employed, where 3 is
a \/n/pn consistent initial estimator, hence ||3 — B*||2 = O »(v/Pn/n). Finally, one assumes that
E(Y —¢'(218%))* < oo, where ¢ is the cumulant function in the EDF expression (Definition 1.1.2)

for the density function of Y. Then, there exists a local minimizer B(L0-FGL) of M,ng‘FGL) (B)
satisfying
1/2 (Lo-FGL
€n I11/7n (/6 - ) /BA*) (0 1)
where ,6 (Lo-FGL) 4 nd 3%~ denote the sub-vectors of B(LO‘F GL) and B*, respectively, containing
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only the components belonging in the true active set A*, while e, is a pg, dimensional unit
vector.

Proof. During the following proof, one writes Mpen for Méﬁﬁ‘FGL), as well as @ for BLo-FGL) for
simplicity of notation. The proof corresponds to Wang and Tian (2019) (Theorem 2.3), where a
related theorem is shown for adaptive group lasso. First, introduce the following abbreviations

A8 = A S w8 and 1(8) = NS X wli N e — )

j=1 Jj=10<r<s<p;

Using an approximate Lyg-FGL estimator ,é' being a minimum of Mpen(ﬁ) by definition, it holds
that VMpen(8) = 0 which yields

OLn(B) _ 0£1(8) , 0fo(B)
9B Ba-  O0Bar

A Taylor expansion of the left hand side 88L§f ) and re-arranging results in

af1(B) N dfo(B)

0B A= 0B 4=
OLn(8%-) OLa(BiN" 5 ..
T + V 4 ((%A* ) (Bar — B+)

8Ln(§A*)> .

1 -
5B =835 (T2 ) (B — B3, (221)

where €4+ is between ,@ A« and 37. Since the assumed regularity conditions of Wang and Tian
(2019) also hold here (in particular (div.Reg2)-(div.Reg4) are required for the following equality)
and B is consistent (one consults Theorem 2.3.3 and the explanations right before Theorem
2.3.7), one can follow the lines of Wang and Tian (2019), equation (4.5), resulting in

2
= o0p(1).
2

|56 - 8795 (222)) 5, - )

Similarly, following Wang and Tian (2019) (below equation (4.5)), it is shown that for the
sub-differential of the (adaptive) group Lasso part it holds

()
=0p| — |-
9 n

The derivative of the approximation of the Ly part leads to a sub-differential. Since the function
N (&) includes the absolute value function ||, it is not differentiable in zero. Nevertheless, it is
sub-differentiable with ]8|§|| < 1. Consequently, it holds

df1(B)
0B a+

aN(e)  vexp(—lE) G

o€ (1 + expl vlé’l H
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It is further inferred that

afo (B) L (j,rs) 0
= (P> D w5z NBir — Bis)
H aﬁA* 2 §=10<r<s<p; 8BA* ,
jO,n ( ) 8 2
= Y > w” T N(Bjr — Bjs)
2
o JelLdon}msel0, p;} )

2
< (a2 gpononn — 1)) = opLop(1) = 0,(1),

where the latter equalities hold since po,, < p, and alp,(p, — 1) = 0,(1) by the assumptions of
the consistency theorem (Theorem 2.3.3).
Additi . L. (B )\ :
itionally it holds that V 4~ (W) = —Ii1,, thus, putting all together one can
deduce by (2.21)

OL, (3%
o) +oy(1) = s

_1/20L, (8%
& Op(1)+en111%23ﬁ([j?)

where it is known by (div.Reg2) that the Fisher information matrix is finite. It remains to show
that the second summand on the left hand side of (2.22) converges in distribution to a standard
normal distribution N(0,1). Again, since the regularity conditions of Wang and Tian (2019)
hold, it is referred to their work showing that by the CLT of Lindeberg-Feller

—1/20L,(B%)
en Ill,T/L TA?

as n — co. Now the claim follows. O

— I p(Bas — B:) +0,(1)

= enli{5(Bar — B3, (2.22)

—d N(07 1)

2.3.3 Consistency in Factor Selection

Having shown results on consistency and asymptotic normality, the focus of this section is on
consistency in factor selection, which is also denoted as selection consistency for short. In
particular, it is shown that, asymptotically, the probability that Lo-FGL excludes influential
factors from the model can be made arbitrarily small. The theorem provided next (Theorem
2.3.8) was motivated by the work of Bunea (2008) where the focus of this reference lies on L; as
well as L1 and Lo penalization in linear and logistic regression, however, the presence of factors
is not addressed there. More specifically, Theorem 2.3.8 shows that, for the consistent estimator
of Theorem 2.3.2, the probability that the true active set A* is not contained in the estimated

active set by Lo-FGL, that is A%LO*FGL), can be made arbitrarily small.

Theorem 2.3.8 (Selection consistency for fixed p, Kaufmann and Kateri (2024)). One assumes
that the conditions of Theorem 2.3.2 are satisfied. Then, for the minimizer 3(°0FGL) of Theorem
2.3.2 it holds that Ve > 0 one can find N € N such that

P(A* ¢ ALoFCL)Y <o vy > N, (2.23)

where A%LO'FGL) is the estimated active set corresponding to B(LO‘F GL),
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Proof. For simplicity of notation, one writes A,, for A%LO'FGL), as well as ,é for B(LO'FGL) through-

out the following proof. The beginning of the proof follows Bunea (2008) (Proof of Lemma 3.1)
but the proof is transferred to the more general case of 3; being a sub-vector instead of a single
entry of the coefficient vector. Having that, the proven /n consistency of the estimator B of
Theorem 2.3.2 is used to show the claim. Starting with the probability on the left hand side of
the claim (2.23), one can deduce

P(A* Z A,) j ¢ A, for some j € A¥)
,Bj =0 and 3; # 0 for some j € A")

B(
B(
B(118; — 8112 = 118} 12 for some j € A”)
B(
B(

VANVAN

IN A

18; = Bjll2 = min || 87|z for some j € A7)

IN

18~ Il > min 1167]12). (224)

It is noted that lmll4n |18/ ]2 is a minimum over a finite set, thus it always exists. Now the goal is
e *

to bound (2.24) by some . Since it is known from Theorem 2.3.2 that 18 — B*||2 = Op(1/y/n)
one gets that Ve > 0 there exist constants M, N > 0 such that

P(|[vn(B — B*)|la > M) <e Vn > N. (2.25)

- N M
Hence, for n > N it holds that PP <||ﬂ — B2 > —
vn

~ M
M, N > 0, one can always choose some N’ > 0 such that 7 < lmli4n 187 ]]2 for all n > N'. Tt is
n  leA*

> < e. Now, with € > 0 and constants

noted that by definition ||3/||2 # 0 VI € A*. Now one can write expression (2.24) as

R R M -
P(IA— 8"l > uip 18712) < P (18— 112 > —= ) <= ¥n > max{¥, N}

Consequently, Ve > 0 some N := max{N, N’} can be found such that
P(A*Z A,)<eVn >N
which completes the proof. ]

As a next step, the respective result on consistency in factor selection for the case of diverging
pp, is provided. Actually, in the theorem below, instead of imposing the sparsity assumption of
Definition 1.2.4 (ii), it would be sufficient to require that there exists some C' > 0 such that
lnel,iélg [18/]] > C, which can be seen during the respective proof.

Theorem 2.3.9 (Selection consistency in the diverging p,, case, Kaufmann and Kateri (2024)).
One assumes that the conditions of Theorem 2.3.3 are satisfied. Then, for the minimizer
B(Lo-FGL) of Theorem 2.3.3 it holds that for Ve > 0 one can find N € N such that

P(A* ¢ ALFoFOL)Y < ¢ v > N, (2.26)
Proof. For simplicity of notation, one writes A,, for A%LO'FGL), as well as ,3 for B(LO‘FGL) through-

out the following proof. The idea of the proof works analogously to the proof of Theorem 2.3.8,
hence showing P(A* € A,,) < P(||B3—B"||2 > lmji4n B/ 1]2). Having that, (2.25) is modified using
E *

Theorem 2.3.3 (here, B is the minimizer from Theorem 2.3.3) which yields

P(|la; (8- B")|l2> M) <e ¥n > N
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with o, = /2. By the sparsity assumption (Definition 1.2.4) the set A* is finite, thus there
exists some C' > 0 such that lrn{i4n 187|] > C ¥n € N. Consequently, one can find N € N for
E *
which it holds that 0 < M/ Pn <C< lm,i4n ||| Vn > N’, since \/pn/n — 0 by the assumptions.
n €A
The rest works analogously to the proof of Theorem 2.3.8. O

2.3.4 Fusion Properties

In the following examination, the fusion properties of Lo-FGL are analyzed. To be more precise,

the existence of a fusion threshold corresponding to the (coefficients’) difference of two levels
(Lo-FGL)

from the same factor is proven. To do so, the behavior of the objective function Mpen (B) of
Ly-FGL being minimized is investigated in two theorems, where it is analyzed how M,Sé?‘FGL) (B)

behaves if entries of the coefficient vector 3 are fused. In particular, one of these results is an
asymptotic result (Fusion property objective function II, Theorem 2.3.17) where the tuning pa-
rameter, as well as the number of factors, are allowed to grow with n, which further covers
the case of p being fixed as a by-product. The other result is a non-asymptotic result (Fusion
Property objective function I, Theorem 2.3.15), i.e. it holds for fixed n and fixed p, = p. In
particular, it is shown that, depending on the coefficients’ difference, the objective function de-
creases if two levels corresponding to one factor are fused - that is, the corresponding coefficients
are set to be equal. These Theorems 2.3.15 and 2.3.17 build the basis for Theorem 2.3.26, giving
a statement about the resulting estimator B(LO‘FGL). Finally, this section is closed with a theo-
rem showing an asymptotic screening property for fusion, provided in Theorem 2.3.37. For the
majority of the theorems, corresponding corollaries are supplied showing a similar statement for
sub-sequences, which are crucial in the proof of Theorem 2.3.37.

Recall that ,é(LO‘FGL) is the Lo-FGL estimator being of dimension p 4+ 1. In the following,
reduced versions of the estimator are introduced, accounting for the fact that levels fusion, as
well as factor selection, may be performed. For this, an introduction of the quantities p;f and

p® in Notation 2.3.10 is necessary.

Notation 2.3.10. Remember that the number of levels of factor 2 is given by p; for

j €{1,...,J}. Now, after a fusion-type penalty as Lyo-FGL is applied, the number of levels
after fusion may be less or equal than before. That is, let p?f denote the number of levels of
Z; after Lo-FGL was performed, where af is an abbreviation for after fusion. If factor Z;

f

is identified as a non-influential noise variable, thus j ¢ A, it holds that p? = 0. In general

p?f <p;Vje{l,...,J}. Additionally, one defines

J
pt =30 = S Y,

Jj=1 JEAR
where this quantity is defined similarly for diverging p,, replacing .J by .J,,, thus writing p%/.

After providing an example for motivation purposes, the notation of reduced versions of the
estimates is introduced in Notation 2.3.12.

Example 2.3.11. Assume that J = 2 factors are considered as candidate explanatory variables
in the Ly-FGL penalized logistic regression model. To be more precise, let 27 be an ordinal
factor with five levels (p; = 4) and 2% a nominal factor with four levels (p; = 3), i.e. p=17. To
obtain B(LO‘F GL) | one is looking for

A(Lo-FGL 5 A A
BLFCL) = (3,4, B1, B2)
= (Bint, B12,513, 514,15, P22,P23,5P24) € RE.
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Now one assumes that, after Lo-FGL was performed, levels three and four of 27 are fused and
factor 25 is identified as non-influential noise variable. This leads to the following structure

BUEFCL) - — (3, By, Ba)
(Bints P12, P13, 813,515 0.0,0) € RE,

It clearly holds that p‘ff = 3 and pa = 0. Consequently, without loss of information, one can
write B0 FGL) in a reduced version, which is denoted by ﬁrech FOL)  That is, in ﬁ (Lo-FGL) 41,4

excluded factors are left out, as well as the replicates for the conducted fusions. In particular,
for this example one deduces

~(Lo-FGL . PN 4
ﬂﬁe(f )= (Bints P1,2,61.3,B15) € R*,

with pof = pif 4 p3f = 3, thus BT ¢ L,

Motivated by the provided example, the following notation is introduced.
Notation 2.3.12 (Extended/full and reduced version of the estimator/estimates).

i) With BLoFGL) heing the (full) Lo-FGL estimator of dimension p+1, the reduced parameter
vector is defined by

A(Lo-FGL 14-paf
Bl "M emi

Clearly, depending on the given context, ,Brech FGL) can be considered as a random variable,

as ,B(LO FGL) " the same applies for the quantities introduced below. The full parameter
vector (minimizer of (2.3)) including zeros for the removed factors and repetitions corre-
sponding to the fused levels) is denoted by

B(Lo-FGL) ¢ Rt

To sum up, with some appropriate matrix H € {0, 1}(1+p)x(1+paf), it holds

A(Lo-FGL (Lo-FGL
BTl — 1 L.

@S
ii) In the same way, for every factor 2 and a suitable matrix H; € {0, 1} *Pi" where “41¢
is not needed for the intercept since this matrix H; operates factor-wise, one gets the
following

5(Lo-FGL) 5(Lo-FGL)
B] /6] red :

Analogously this yields the corresponding reduced factor-wise sub-vector

4(Lo-FGL) p*f
ﬁj,red € RY )

and the factor-wise full version

B](LO-FGL) c RV

As continuation of Example 2.3.11, the following example concerning the extended/full version
of the truth 3* is supplied.
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Example 2.3.13. In the setting of Example 2.3.11, it is now assumed that the truth is given
by

B*=(2, 1.1.1.8, 0.0.,0),

so factor .75 is truly a noise variable and levels two, three and four of factor 27 are fused, hence
p] =2, p5 =0, p* = 2. Then, the reduced version of the truth is given by

:ed = (27 L, 8)
Consequently, Notation 2.3.14 is provided.

Notation 2.3.14 (Extended/full and reduced version of the truth). As in Notation 2.3.12, one
writes

B* € RPH!

for the full vector of the truth and
/B:ed € Rp*Jrl

for the reduced version, where p* is the dimension of the true parameter vector, including true
levels fusions and true factor selections. In the same way for the factor-wise reduced versions
for every j, one writes

16 ;,red € R

and for the full versions
B; € R,

It is recalled that, as a general assumption in the presented asymptotic theory, the number of
levels p; of a factor j € {1,...,J,} is not allowed to grow with n. Consequently, also in the case
of a diverging number of parameters, the (possible) fusions are countable. It is further recalled

that the weights w(()j7ik),w§j’i) depend on n for all j € {1,...,J,}, 4, k € {1,...,p;}, although it
is not expressed in a sub-index. Analogously, the objective function Méﬁﬁ‘FGL) (B) and B(Lo-FGL)
depend on n. These considerations are crucial for the upcoming section.

Fusion Property of the Objective Function | and Il

To investigate the behavior of the objective function M,%,?FGL) (B) in case of fusion, the relation

between MISGLJQ'FGL) (By) and M,§£,8‘FGL) (Bny) is revisited. Tt is noted that the quantities G

and 8, ¢ are not necessarily local minimizers of MlgeLﬁ'FGL) (B), these are “candidate“ coefficient
vectors, and, at first, not random variables. Later, the developed results are used to show

properties of the resulting estimators B(LO‘FGL) being random variables.

Different from Theorem 2.2.1, in the following theorem (Theorem 2.3.15) the existence of a

fusion threshold is proven, specifying the fusion execution of Lg-FGL. The weight w((f’r) in the

theorem below is treated as non-random, where it is commented on the case of w(()L’r) being
random after the proof in Remark 2.3.16. It is worth noting that Theorem 2.3.15 is not an
asymptotic property, hence p is fixed. A continuity assumption on the log-likelihood function
is required, which is introduced and specified in Appendix B.3 as well as in the proof of the

following theorem.
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B2y B=(B15)

: 5f = (B,1,By,2), where By 1 = By
nyl € [min{ﬁnf,h an,2}7max{lgnf,ly,gnf,2}]

v
=™
-

min{ﬁnf,l’ ﬁnfﬂ} ma‘x{an,ly /an,Q}

Figure 2.5: Visualization of ﬁnf and the corresponding Bf in the simplified setting J = + = 1 and
p.=p1=2.

Theorem 2.3.15 (Fusion Property objective function I of Lo-FGL). For a factor ¢ € {1,...,.J}
(being ordinal without loss of generality), one defines 8,7 € RPT! and B € RPT! such that for
some (fixed) r € {1,...,p,}

Brs = (Bufint: Brf1:Bns2s - Bufu—ts Bufis Brfusts - - Bnf,s)
B,,,L/'_,, = (an,t,l’ ...,an,L,pL) , where anwn #+ an,m—l (level r and r — 1 of ¢ not fused),
Bf = (Bint: Br1:Br2: - - Bru=1. 810, Brust, - Br)
,éfﬁL = (ijb,l, ~--va,L,pL) , where an“ = Bﬁb,i Vie{l,...,p }\{r,r — 1}
and B, , = Br.r—1 (level r and r — 1 of ¢ fused).

For j € {1,...,J}\{¢}, let ,énf,j = /éf,j- Further, one defines A := an’bﬁ,_—ﬁnfmr_l and assumes
that (Contl) of Definition B.3.1 (Appendix B.3) is satisfied. Now, there exists some Ay > 0,
depending on A1, Ag, w((f’r), as well as on B, ¢ and n, such that for all 0 < A < Ay, it holds that

M (Lo-FGL) (/Bn ) M(Lo -FGL) (/Bf)7

pen pen

so the value of the objective function MZSLO FGL)( -) decreases if coefficients B, fur and B, Fur—1

are fused. This holds in the same way for ¢ being nominal and levels r,s € {1,...,p,}.

Proof. For simplicity of notation, Mpey(-) is written for MZSLO FGL)(‘) throughout the following

proof. Further, it is sufficient to prove this Theorem for the case of ¢+ being ordinal while the
nominal case works analogously.

By definition, in 3 + the categories r and r—1 of factor ¢ are fused and except for these categories,
B, ¢ and 3 ¢ coincide. It may occur that in B,  levels of other factors are fused, but, as defined
above, not level r and r — 1 of factor ¢. Hence, in 8, ¢ there are § € Ny fusions and in 8 ¢ there
are £ + 1 fusions. By the nature of fusion, it holds that

Bf,L,T’ = Bf,L,T’*l € [min{B’nf,l,,T’ an,L,r71}7 maX{Bﬂf,L,T‘? an,b,rfl}]v

see Figure 2.6 and Figure 2.5. Without loss of generality, one assumes min{Bn Fors Bn Fur—1) =
Bn fur—1- Since an ordinal covariate is observed, this holds by definition but observing nominal
covariates one has to differentiate two cases, however, they can be treated analogously. Thus,
for some A1, Ay > 0 it holds that

an,L,r - an,L,Tfl = A1 + AQ =A>0= /an,b,r = an,L,T'fl + A,
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A
_ Al AQ
| ] | =
o _ T 1 =
Ian,r—l ﬂf,r—l = /Bf,'r ﬂnf,'r
Figure 2.6: Location of ﬁnf”, an” 1 and the fused coefficients ﬁf” 1 = ﬁf” for the case
mln{ﬁnfb T,anL r—1} = PBnfur—1, the other case works analogous]y The sub-index ¢ is

neglected in the figure for the sake of clarity.

for which it is referred again to Figure 2.6 for a visualization. Now one has to show that
Mpen(By) < Mpen(Bny). By construction

Bnr —Br =(0,...,0,A1, —As,0, ..., 0). (2.27)

Because of the continuity of the negative log-likelihood —L;,(8) by (Contl) of Definition B.3.1
(Appendix B.3) and the norm ||8||k, , one can find for all €1, €2 > 0 some §(e1, an, n), (e, Bng,n) >
0, such that for all B; with ||B,; — By|l2 < min{d(e1, Bnys,n), (€2, Bus,n)} it holds that

~|Ln(:6f) - L?(ﬁnf)! <1, (2.28)
1Bnsullic, — [1Bsulli | < €2 (2.29)

For A1 # 0, one chooses €1 and €5 such that

1 Agw™”
0<e < )\ow(”) and 0<62<§%
1

With these choices of €1, €5, one can deduce

36(e1, Buypyn), dea, Bug,n) = ¥ By, Buy with ||Bns — Byll2 < min{d(er, Bug, n), (€2, Bug,n)} :
|Ln(Bf) — Ln(Bny)| < €1 and [||Bny.llk, — 181k, | < e

For A\ = 0, any €9 > 0 can be c}}osen, since in this case, inequality (2.31) shown below, holds
for all ex. Let d(e1, By, n),0(e2, Bnyr,n) be given as above and let

1By — Bylla < min{d(e1, Bus,n),d(€a, Bus,n)} =: Ao(Bus,n, 1, €2).
(¢,7)

Since €1, €2 depend on Ag, A\; and w7, the expression AO(an,n €1, €2) also depends on these
quantities, however it is noted that n is fixed. Now, it remains to analyze the Ly part of the
objective function evaluated in 3, 7 and Jé; ¢. Because of the structure of B, s and Jé; ¢ it can be
inferred that

J Dy

SN w1 Burii — Bupiiillo

j=1li=1

D . 5 J Py . N B
=> wé’ i = Bugaicallo+ D > wé ’Z)Hﬁnf,j,i — Bnys.ji—1llo
=1

j=1,ji=1
SN - W) L N~ NS ) -
= Z wy || Br i — Brfui-llo +wg™"” + Z Z wi™ | Bnt.ji — Bnf.gi-1llo
i=1,ir j=1, j#ui=1
=:(1 =:(2

=+ 0 +w0L’T)
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and analogously using that Bf,m‘ = Bf7L7r_1 = ||Bf7L77' - Bf,L,T‘—lHO = 0 (%) one can write

J Dby ~
>3 wf Brsa = Bra-illo
Jj=1li=1
S -
Lyi
:Zw() Hﬁf,u 5]%1 1”0"‘ Z Zw Hﬁsz Bf,j,i—l”o
1=1 j=1,j#vi=1

=(a, since By ;=B ; ViFt
P
) g
= Z w(()L Z)Hﬁf,b,i — Bfui-1llo + (2
i=1,ir
= (1, since By, i =PBnsi ViE{2,.,p P\ {r,r—1}

=G +G
By (2.28) and (2.29), for ||Bns — Bfll2 < Ao(Bnf,n, €1, €2), it holds that

Lo(Bf) = Lu(Bng) > —e1 and ||Bnfl |k, — 1Bk, > —e2.
Putting all steps together, one obtains for Han — Bng < Ao(an, n,€1,€2)

Mpen(;énf) - Mpen(/éf)

J Pj L B
= —Lo(Bg) + M 1Bl + 20 S S w§ " Bugii — Busi-illo
j=1i=1
~ J pJ ( ') ~ ~
La(Br) — MI1Brallr, — 2o D> w§™lBri — Brii-llo
j=1l1=1

= Ln(By) — Ln(Bns) + MlIBns.llk, — M|IBrallk, + Ao - wi™ (2.30)
> —€1 — AMéa+ Ag - w(L ")

>0, (2.31)

where the latter holds by the choice of €1,€e5. This yields in total, that with Ao(ﬁnf, n,€1,€2)
as given above, for all A< Ag(,@nf,n 61,62) with ﬁnf” an’“n 1 =A< Ao(,an,n €1,€2) it
holds ||B,; — Bflla < A1 + Ay = A < Ag(Bnf,n, €1, €2), 50 all the inequalities above hold and it
can be concluded that

Mpen(;énf) > Mpen(éf) VA < AO(an7n7€1762)

so the claim follows. Consequently the value of the objective function in Bf is less than in
Bnf, hence the objective function decreases if 8, , and 3,7, ,-1 are fused, given that they are
close enough to each other, specified by Ag(Byf,n, €1,€2). It is recalled that the latter quantity

depends on A, A\g and wéb’r) through ¢; and es. O

Remark 2.3.16 (Theorem 2.3.15 for random variables). Theorem 2.3.15 is stated with 3,, ¢ and

B € RP*L thus not for random variables. Further, the weight w(()L’T) was considered and treated
as non-random. However, one can similarly provide the theorem considering these quantities as
random variables. For this, (Contl) is needed, and a similar structure of B '+ and B ¢ is imposed,
where the equalities are assumed to hold with probability one, hence almost surely (a.s.). Then,
the statement of the theorem consequently holds with probability one and the proof is completely
similar with the equalities and inequalities used in the proof holding a.s. Further, continuity is
used as explained in Remark B.3.2. To sum up, Theorem 2.3.15 analogously holds for an,,éf
(¢,r

and wy ) being random variables.
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The following theorem (Theorem 2.3.17) discusses an asymptotic property of the objective
function MJSeLﬁ) FGL) (B), corresponding to Theorem 2.3.15. Throughout this theorem (Theorem
2.3.17) and its proof the case of diverging p, is considered, however, it is obvious that it also
holds for fixed p ( Pn =P constant). Similar to the previous theorem, the weight w(() ") as well
as the quantities 3, IS ,Bf, below being sequences, are treated as non-random, the case of those
being random variables is picked up after providing and proving the theorem in a remark (Re-

mark 2.3.19).

In some of the following theorems, for simplicity, ¢ is used for any constant, which are of
course not all necessarily equal.

Theorem 2.3.17 (Fusion Property objective function II of Lo-FGL, fixed p and diverging p,, ).
Let ¢ denote any constant. For any factor ¢ € {1,...,J,} (ordinal without loss of generality, one
compares Theorem 2.3.15), one defines sequences ,Bn 7 C RP»+1 and ,Elf C RP»tlin the completely
analogous way to Theorem 2.3.15, in particular these are sequences in n. It is assumed that with
A, = an,w“ — an,m,l it holds that A,, — 0(n — oo) and for the weight w((f’r) it is supposed

that inf w[()b’r) = ¢ > 0. Further, let inf A\j = ¢ > 0 and sup A\] = ¢ < co. Finally, let (Cont2)
neN neN neN

of Definition B.3.1 (Appendix B.3) be satisfied for the case of fixed p and (Cont3) for the case

of diverging p,. Then, there exists some ng € N such that the value of the objective function

MéLO FGL)(‘) decreases VYn > ny if coefficients 3, fur and B fur—1 are fused, hence it holds that

M(LO—FGL)(IB ) > M(Lo FGL)(/@ ) Vn > ny.

pen pen

Proof. For simplicity of notation, My (-) is written for MZELO FGL)( -) in the following proof. The

crucial difference between this proof and the proof of Theorem 2.3.15 is, that for the diverging
py, case, the dimensions of 3, ¢ and 3 + grow. However, since these quantities coincide except for
two fized entries, one can similarly use the continuity of the log-likelihood, with the difference
that one needs to ensure (Cont3), respectively. Further, it is noted that since the claim is
an asymptotic property, the quantities an and Bf are sequences in n, where the values of
the entries may change with increasing n, as long as they satisfy the construction provided in
Theorem 2.3.15, that is, they coincide except for two fized entries.

By straightforward calculations using the construction of Bf and an similar to the proof of
Theorem 2.3.15 one can deduce

Mpen(lénf) - Mpen(/éf)
JIn, Jn
- _Ln(ﬁnf)"i_)‘gz Z Hﬁnﬁj}t _ﬁnf,j,sHO"i‘)‘TllzHﬁnf,jHKj

J=10<t<s<p; 7j=1
— | =LaBr) + 25D Y. Brje — Brasllo+ AT D 1Byl x,
j=10<t<s<p, j=1

= Lu(By) = Ln(Bag) + Xows” + A7 (11Busillre, = 11Bsllx.)
N——
0] (I1) (I11)

Analyzing (I), by the continuity of the log-likelihood function given by (Cont3), it follows that

Ver > 035(617137#) : V/éfa H/an - BfHQ < 5(617an) : HLn(/an) - Ln(Bf)HQ < €1.

It is important that this 5(61,an) is valid for all functions —L,(+), thus for all n € N, so
(€1, Bny) does not depend on n, see Definition B.3.1 (Appendix B.3). For (II) it is known that

inf \jwg" =¢> 0.
neN
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Finally, for (IIT), the continuity of the norm || - ||k, : RP* — R is used which yields

Veg > 035(‘5%@7#,0 : Vléf,w ||an,L - nyb‘|2 < 5(62’an,b> : ||an,LHKL - ||Bf,LHKL < €.

Now, let €1, €5 be chosen such that

1 3 3 ( ’
0<e< 3 rlzrellf\l Ao lerellf\l wy n) (2.32)
1. . (¢,m) 1
0 < e < = inf A\§ inf wy"/' ———
€2 < 5 Inf Ag inf wg P

2.33
neN neN ( )

where all expressions on the right hand side of the inequalities exist and are nonzero by assump-
tion. For those €1, €2, it is known by the continuity that there exist d(e1, Bny), (€2, Bny,) such
that for all By with ||B,r — Bf||2 < min{d(e1, Bny), é(€2, Bny,)} one can infer

i i L ()
Moen (Bus) — Myen(By) > —€1 — Mlea + A0 - w0l > 0 (2.34)

where (%) holds by (2.32) and (2.33), that is, ¥n € N it holds that

1 L,r)
—€1 > —— inf A} inf wy’
! 2 neN 0 neN 0

1. . (¢,7) 1 1, . (¢,7) 1
< —inf A\J inf wy"'——— < —inf \J inf wy"' —
2 2 nel "0 nen 0 sup, ey AP — 2 nel 0 pen 0
1 1
= —€e > — - inf A{ inf wOL’T),

2 )\? neN neN

and consequently

Y n, (67 L e ) el Lo )y (67)
@ At +Agwg > —5 Inf Ag Inf wg A3 An dnf Ao Inf wg™ + Aguy
= 0 ok N
> 0,

so () is justified.
Now, with this choice of €y, ea, inequality (2.34) holds for all 3 I3 Bn ¢ for which

1B — Busll2 < min{d(e1, Bny), 6(e2, Buy,)?}-

By assumption )
B?’Lf,L,T - ﬂnf,b,r—l = An — 0

and by construction U,éf — Buylla < Ap — 0, so there exists ng € N such that ||B; — Bufll2 <
min{o(e1, Bnr), 0(€2, Bnr,)} YV > ng, so inequality (2.34) holds Vn > ng and the claim follows.
The proof can directly be extended to the case of ¢ being a nominal factor. O

Remark 2.3.18 (Equicontinuity). In the proof of Theorem 2.3.17, it is crucial that §(eq, an)
does not depend on n, otherwise it may happen that §(eq, an) decreases for increasing n and
this would cause problems if it decreases faster than ||B; — Buf|l2 < A, goes to zero. This
justifies why it is necessary to assume that the family .# = {L,(8), n € N} of functions is
equicontinuous, one compares (Cont2) and (Cont3) of Definition B.3.1 (Appendix B.3). The
quantity (e, Bn ¢) does not depend on n either, since it arises from the continuity of the norm
| - ||k, : RP* — R. One can argue that || - ||k, may depend on n though some adaptive weight.
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If this is the case, one needs to ensure equicontinuity of the family of functions in the same
way as done for the log-likelihood functions in (Cont2) and the proof works completely similar.
(Cont3) is not necessary, because the definition space of the function || - ||k, : RP* — R that is
considered does not depend on n. To conclude, since it is common for group lasso to impose
V/Pj as a weight, or, using adaptive weights, the inverse of a consistent initial estimator, such
as MLE (Theorem C.1.2), the continuity of the norm as used in the proof of Theorem 2.3.17 is
sufficient.

Remark 2.3.19 (Theorem 2.3.17 for random variables). In case of Theorem 2.3.17, one can

()

analogously consider an and Bf, as well as wy"’ as sequences of random variables. The
requirements of the theorem are adjusted to hold a.s., that is P (nh_{go A, = 0) = 1, which

is for short A, —,s 0, and further P (in£I w(()b’r) = c) = 1. The other requirements are not
ne
changed, since they do not include a random variable, so one similarly assumes ian g =¢>0,
ne

sup A\ = ¢ < oo and (Cont2) or (Cont3), respectively. To sum up, all assumptions of Theorem
neN
2.3.17 hold (at least) with probability one, and consequently one can deduce that the statement

holds with probability one, in particular
P(Ing €N : ¥n > ng : MELTOD (B, p) > M (Bp)) = 1.

pen pen
Remark 2.3.20 (On the assumptions of Theorem 2.3.15 and Theorem 2.3.17).

i) In Theorem 2.3.15, it is only required that the continuity assumption (Contl) holds for
the log-likelihood function.

ii) In Theorem 2.3.17, where n — oo is considered, it is required that the continuity assump-
tions for diverging n hold, i.e. the assumptions for the family of functions .# = {L,,(3),
n € N}, thus (Cont2) for fixed p and (Cont3) for diverging py,.
Further, the sizes of the infimum and supremum of the tuning parameters Ajj, AT and the
weight w(()L’T) are controlled. These are straightforward and reasonable assumptions, since,
if one would neglect to require the infimum of the tuning for fusion A§ to be greater than
zero, one could clearly not expect that the penalty performs some fusion. Further it is
needed to ensure that the weight w((f’r) of the Lg norm for the corresponding factor is
bounded from below, ensuring the impact of the Ly fusion part. Finally, the tuning part

for factor selection needs to be bounded from above.

To conclude, the assumptions of Theorem 2.3.15 and Theorem 2.3.17 are reasonable and not
restrictive.

Since in the proof of Theorem 2.3.17 the actual (numerical) value of the sample size n is
not used, one can directly state the following Corollary 2.3.23 about a similar result for sub-
sequences. To do so, the following notation is introduced.

Notation 2.3.21 (Subsequences). In general, the quantity B is defined as being a minimizer
of the objective function My, (B) with some penalty function Py(3), where these quantities
all depend on the sample size n. However, a lower index of n was neglected so far to avoid
unnecessary notational complexity. Interpreting B as a sequence of the sample size n, sub-
sequences of El are considered introducing the following notation.

i) Square brackets. First, write [B]n for the estimator ,3 based on a sample of size n. The
same is done for the objective function My, (3) based on a sample of size n, that is,
[Mpen(8)]n, as well as possibly for the weights, e.g. [wy U, rs)] . Hence, the square brackets

around the quantities indicate on which sample size the quantity is based on.
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ii) Round brackets. Second, by writing round brackets around a sequence of quantities with
a lower index n, it is indicated that the n-th element of this sequence is picked.

With this notation, one can construct sub-sequences ((85“"),)nen of ((8)n)nen as follows. Let
(an)nen C N be a strictly monotonic increasing sequence. One defines the sub-sequence 3% of

A~

B as
(BMM))N = (B)(z,l (: [B]an)’

hence the n-th element of the sub-sequence Bsm’, denoted by ( B"””),,, picks the element of ,é
based on a sample of size a,, hence, in this case, the a,-th element (B)(,”. It is noted that
for the “original® 3 it holds that (8)s, = [Bla, so if one does not consider any subsequence,
it does not matter if square or round brackets are used. However, this equality does not need
to hold for the sub-sequence ﬁs“b, since for BSUb the sample size is not necessarily equal to the
“number of the element“ of the sequence. By construction it holds that [Bs“b]an = (,és“b)n, SO
the n-th element of the sub-sequence B‘*“b is based on a, samples. To clarify this notation, an
example of the construction is given in Example 2.3.22. This notation is only used whenever
sub-sequences are utilized or whenever it is needed for clarity. Otherwise, the index n and the
brackets are omitted in all quantities except for the tuning parameters for simplicity of notation,
as mentioned at the beginning of the thesis.

Example 2.3.22. One considers the strictly monotonic increasing sequence (a,)neny € N given
as

(an)nen = (2,4,5,6,7,8,11,...)

and one defines (35%),, := [8],, following Notation 2.3.21. The construction of the sub-sequence
is visualized in Table 2.1, where in the two respective columns on the right hand side of the
sequence and the sub-sequence, the corresponding number of the element of the sequence (sub-
sequence) as well as the sample size of the element of the sequence (sub-sequence) are given.

seq. number sample size sub-seq. number sample size
((B)n)neN of element | of element ((,@S“b)n)neN of element | of element

(B 1 1 )

(B)2 2 2 (B0) 2 (ar = 2)

(@)3 3 3 .

B)s 4 | (B) (@ = )

(B)s 5 5 (B) 5 (a5 = 5)

(B)s 6 6 (B**) 6 (a;=6)

B)r 7 7 (B) 7 (a5 =17)

(B)s 8 8 (B) 8 (a0 =5)

(B)o 9 9

(B 11 11 (8% 11 (a7 =11)

Table 2.1: Construction of sub-sequence ((85*),,)nen from the sequence ((8),)nen with (8540),, := [Ba,
and (an)nen given in Example 2.3.22.

This example emphasizes that the following equalities hold with (35%),, := [8]a

n

B = [Bln: (B*)n = 18", = (B)a.-
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To conclude, with the sub-sequence ((35%),,) e, one picks the elements of the sequence ((3)n)nen
with the sample sizes given by the elements of the strictly monotonic increasing sequence
(an)nEN C N.

The following corollary gives an analogous statement to Theorem 2.3.17 applied to sub-
sequences, with the distinction that in Corollary 2.3.23 it is only required that the difference
Bn for — Bn For—1 (with objective function etc. based on a, samples), denoted by A, , goes to
zero, hence the same requirement as in Theorem 2.3.17 applied to a sub-sequence. It is shown
that in this case, the decrease in the objective function holds for this sub-sequence.

Corollary 2.3.23 (Fusion Property objective function II of Ly-FGL for sub-sequences, fixed p
and diverging p,). Let ¢ denote any constant. For any factor . € {1,...,J,} (ordinal without loss
of generality, one compares Theorem 2.3.15), one defines ((B,/)n)nen € RP» 1 and ((8f)n)nen C
RP»*1 completely analogous to Theorem 2.3.15. Let (an)nen € N be a strictly monotonic
increasing sequence and, based on this sequence, one defines sub-sequences of an,,@f from
Theorem 2.3.17 as follows

((82),), = <<an>a”)n€N7 ((87),), = ((Bf)an) . (2.35)

neN

One assumes that

I:/B’rsLI;?L7T:|aTL - [/BZIJL”I,)L,Tfl]an = Aan —0 (n — 00 SO ap — OO)

and for the weight [wéb’r)]n one supposes inlf\] [wéL’T)]n = ¢ > 0. Further, let inlf\! g =¢ >0,
ne ne

sup Al = ¢ < oo and one assumes that (Cont2) of Definition B.3.1 (Appendix B.3) is satisfied
neN

for the case of fixed p and (Cont3) for the case of diverging p,. Then, there exists some ng € N

such that Va, > ay,, the value of the objective function [M,Sé:,?'FGL)(-)]an decreases Ya,, > ay, if
coefficients [ ZQ‘;‘?L7T](1" and | Z??L,rfl]an are fused, hence

(MO (B an > MG (87, Yan > an,.

pen pen
o . . . (Lo-FGL), \ . .
Proof. For simplicity of notation, Mpey(-) is written for Mpen (+) in the following proof.
Initially, the following comments are supplied.

i) By construction of the sub-sequences, the n-th element of the sub-sequence ((Bﬁgrb)n)neN’
denoted by (,Bff;b)n, is based on ap samples (hence (,6',5;}6)” = [,Bff}b]an) and is of dimension
Pa,, + 1. The same holds for ((B;“b)n)neN.

ii) It is only required that [BZQ}?L,T]G/H - [BZI}?MA]% =: Ag, — 0(n — o0) for the sub-sequence,
hence for every a,-th element of j3, fu,r and By, f.,r—1, respectively. However, the assump-
tions on the weights and the tuning parameters are made for all n € N and not only for
sub-sequences. The reason for that is consistency with the other theorems, since in the
proofs where this Corollary 2.3.23 is needed, the requirements are already given for all

n € N, hence no sharper version of the assumptions is necessary.

The proof is similar to the proof of Theorem 2.3.17, nevertheless selected steps are executed
again for adaption to notation (Notation 2.3.21). Let €1, €2 be given such that (2.32) and (2.33)
hold and let n € N. For those €1, €2, it is known by the continuity, similar to the proof of
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Theorem 2.3.17, that there exist d(eq, ,Bs“b) 5(62,,@2%) such that for all [ﬂsub]an, [,BSUb]an with
1185, = [B5)anll2 < min{d(er, Z?b)75(627 354,)} one obtains

nf
[Mpen (B31))an — [Mpen (85
(QEO) 2sub asub Y 2sub A asub Y . (e,r)
- [ (18 )]an [ (IB )]an + Lan ’ ‘ [Ian,L]an | ‘KL Lap ‘ | [ﬁ ]an ’ ‘KL + 0,an [wO }an
> —€1 — )\1,an52 + )\O,an [ éL T)]an

—

*

=

0,

where () holds by (2.32) and (2.33). To be more precise, the justification for (x) is as follows:
since

1 1 1
(2.32): 0 < €1 <3 mf Ao %gg[wéb,r)]n < 57{21{1 N, irellf\;[w((’hr)]a” < 5/\07% [w(()L r)]an
1 (t.7) 1 1 (e,m) 1
2.33) : 0 < €2 < — inf Ay inf ’ - < Zinf )\ £ , I
(233):0< 2 <5 A R0 I ooy = Z otk Mo R0 e S -
1 @y 1
<A ,
- 2 Ozan [wo ]an )\1701"7
one infers (A4, > 0)
1 T
—€ > —5/\0,% [w((f’ )]an
1
)\1 an €2 > AO an[ s T)]tln

and finally

NS 1 LT 1 L,r LT
—e1 = Avane2 + Ao, (106 o > 5 M0, [0 o — G200y + oa, - [0, >0,
so (x) is justified. Now, with this choice of €1, €2, it is known that

[Mpen (B35 an, = [Mpen (85 Nan >0 ()

holds for all [35"],,, [B;4]a, for which |[[35"]a, — [B5%]a.[l2 < min{d(er, B34, 6(e2, B5F)}
By assumption, it holds that [35% ], — [Bffﬂ,rq]an = A,, — 0 and by construction

nf,r
H[BSUZ)] an [IBSUI)]C’WLH2 S A(ln — 07
so there exists ng € N such that
1087 Nan = B3 Tanll2 < min{d(er, B34), 6(e2 Br)} ¥ an = any.
Hence, inequality (x*) holds YV a,, > a,,. Consequently
[Mypen (B3 )an > [Mpen(B7)a,, Yan > ang,

which was to be shown. The proof can directly be extended to the nominal case, see explanations
in the proof of Theorem 2.3.15. O
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Remark 2.3.24 (Corollary 2.3.23 for random variables). Similarly to Remark 2.3.19, Corol-

lary 2.3.23 can be transferred to the case considering B, s 3 and w((f’r) as sequences of ran-

dom variables assuming P (nh_{go A,, = 0) = 1, which is for short A,, —4s 0, and further

P (ian [w(()”)]n = c) = 1. The requirements that do not depend on random variables are not
ne

changed, i.e. ian Ag = ¢ > 0,sup A7 = ¢ < oo and (Cont2) or (Cont3), respectively, are assumed.
ne

ne
Then, the statement of Corollary 2.3.23 holds with probability one, i.e.
P (3no : Yan > any : [Mpen(ByF)an > [Mpen(B5)]a, ) = 1.

Fusion Properties of the Estimates

After showing in Theorems 2.3.15 and 2.3.17 that the penalty function decreases when particular
coeflicient values are set to be equal, with the transfer to random variables given in Remarks
2.3.16, 2.3.19 and 2.3.24, results are inferred about @(Lo-FGL) being a minimizer of the objective

function MZSEL,?'FGL) (B).

Before the next theorem, which is Theoerm 2.3.26, is supplied, the following remark is provided
on its assumptions.

Remark 2.3.25. In Theorem 2.3.26, the same assumptions as in Theorems 2.3.15 and 2.3.17
are adopted, adding a minimal neighborhood condition which is introduced and specified in
Definition B.4.1 of Appendix B.4. The latter is needed to ensure that the radius of the neigh-
borhood, with respect to which the local minimizer is considered, is bounded from below (over
n € N).

Even though no sub-sequences are constructed in Theorem 2.3.26, Notation 2.3.21 is used, in
particular the square brackets, to emphasize on which sample size the estimate is based on, since

this clarifies the theorem and the steps of the proof. However, it holds that ([,é(LO'FGL)}n> N

((B(LO'F GL))n) . thus the n-th element of the sequence of estimates is based on n samples.
n

Finally, Theorem 2.3.26 below shows, knowing that for increasing n the estimates of two
entries of an Lg-FGL estimate converge to each other, they are set to be equal at some ng €
N. After the proof, Remark 2.3.27 explains the transfer from estimates to estimators, thus
considering ([B3LoFGL], ), cn and the weight ([w((f’r)]n)neN as sequences of random variables.
However, in Theorem 2.3.26 the quantity ([EI(LU'FGL)},L)%N C RPnH! (or € RPF! in the fixed

case, respectively) is considered as a sequence of estimates, further the sequence of weights

([w(()b’r)]n)neN C R is treated as non-random.

Theorem 2.3.26 (Fusion properties of estimates, fixed p and diverging p,). Let ¢ denote

any constant and let ¢« € {1,...,J,} be a factor (ordinal without loss of generality) and r €

{1,...,p,}. Let ([B(LO'FGL)]H) - be any sequence of (local) minimizers of [Mzgé?_FGL) (B3)]n,
n

respectively, based on n € N samples, for which it is assumed that

[B(LO-FGL)]n _ [B(Lo—FGL)

t,r—1

ln =1 Ay = 0(n — 0).

Further, for the weight [w((f’r)]n it is assumed that inlf\] [wéL’T)]n = ¢ > 0 and additionally inlf\I Ao =
ne ne

¢ > 0, as well as sup A\ = ¢ < oo. Finally, let (Cont2) be satisfied for the case of fixed p and
neN
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(Cont3) for the case of diverging p,, as well as the minimal neighborhood condition of Definition
B.4.1 (Appendix B.4). Then, for this given sequence ([,é(LO'FGL)]n> o it holds that
n

Ing €N 1 ¥n > ¢ [BE0TD), = BRIV,

LT t,r—1
so departing from this ng, levels 7 and r — 1 of factor ¢ are fused.

Proof. For simplicity of notation, [,@]n is written for [ﬁ(LO'FGL)]n and [Mpen,(+)], for [Mzgfr?'FGL) ()]n
throughout this proof. It is noted that ([,é]n)neN is a sequence of (local) minimizers of [Méfﬁ'FGL) ()],
respectively, for which A, — 0. Hence, the sequence ([B]n)nGN is some given, fixed sequence of
(local) minimizers.

It is supposed that the statement of the theorem is not true, that is, with 4, € N
Vnp € Nduvg > ng : [BL,T—l]l/l 7& [BL,T]Ul' (236)
Let some ng € N be arbitrary but given. The following points are considered.

A

i) First, one defines some quantities based on sample size 11 > ng satisfying (2.36). Let [3],,
the vi-th element of the given sequence of estimators. Thus, [3],, is a (local) minimizer
of [Mpen(-)],,- That is, there exists a neighborhood .47, C RP1+! of [3],, with radius
€y, > 0 such that

[Myen(B)]vy 2 [Mpen (B)]u, ¥ B satisfying |18 — [Blu,[l2 < e,
thus for all 8 in the neighborhood .4;, .

ii) Second, one defines the fused and the not fused quantities as in Theorem 2.3.17. In
particular, one sets [B,],, := [B],, for the not fused version and [By],, for the fused
version (see Theorem 2.3.17). In other words, [B/],, completely coincides with [By,],,
except for the fact that for the not fused version [B, #]u, it holds that

[an,L,T‘]Vl 7& [an,L,T‘—lL/1)
whereas for the fused version [B¢],, it holds that
[Bf,L,T]Vl = [Bf,b,r—l]zq-

By (2.36), one knows that [BL7T_1]V1 # [Burluy, thus the not fused version [Brfliy can be
defined as [B] v, since level r and r — 1 of level ¢ are not fused for sample size v;.
Together with (i) this yields

Wno € N 311 > no, My C R [Myen(B)y > [Mpen(Bug)l VB € M. (2.37)
By assumption and construction of the not fused version 3, f» it holds

[an,b,'r]n - [an,L,r—l]n = [BL,r]n - [BAL,T—l]n = An — 07 (238)
which further leads to
H[an]n - [Bf]n||2 — 0.
Then, by Theorem 2.3.17

3 vy € N such that Vn > va : [Mpen(Bup)ln > [Mpen(81)]n- (2.39)
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Now, ng from the beginning of the proof is set as ng := v5. On the one hand, by (2.39) it holds
that

Vn>uwy: [Mpen(an)]n > [Mpen(ﬁf)]n (*)
and, on the other hand, by (2.37)
Jv > vy, J%,l - prl—i_l : [Mpen<,6)]1/1 > [Mpen(an)]ul VIB € %1- (**)

Now one needs to show that [Bf]ul € A, to get a contradiction. For this, the following cases
may occur, where it is recalled that ||[B,f]n — [Bflnll2 < An.

o Case 1: Ay <€y,
Then [Bf] € A, hence (xx) yields

[Mpen(ﬁf)]m = [Mpen(lénf)]uu

whereas by () it holds

[Mpen(an)]zq > [Mpen(ﬁf)]up

which is contradictory.

o Case 2: Ay, > €,
In this case, ,Elf and an are yet not close enough. Thus, ng chosen above needs to
be increased. However, even if A, — 0, one needs to ensure that the radius of the
neighborhood ¢, does not converge to zero. For this, the following cases may occur.

— Case 2.1: min e, exists
neN

Then, let vjin,1 be this particular value for which 0 <e,,,,,, < €, Vn € N. Further,
since A, — 0, there exists vpin2 such that A, < €., Vn > Vpin2. Hence, for
Vnin = Max{Vpmin.1, ymmgj, one knows that Vn > vy, : [Bfln € A, hence [Bf]n
is in the neighborhood of [B,,f],, with radius e, (the neighborhood introduced above)
for n > Vpin. One sets ng := max{va, Umin}, S0 vo ensures that decrease of the
objective function (), whereas v, ensures that 3 ¢ is in the neighborhood of B, ¥
(xx)". Consequently, as above, by (2.39) it holds that

Vn > InaX{VQ, Vmin} : [Mpen(an)]n > [Mpen(ﬁf)]n (*),
and, on the other hand, by (2.37)
Jv > maX{V2anin}a J%/l C Rpu1+1 : [Mpen(ﬁ)]ul > [Mpen(an)]lq Vﬁ € %1- (**)/

By the elaboration above one infers [Bf]n € N, Yn > Upin, thus [,éf],,l € N, since
v1 > max{v2, Vmin} > Vmin, S0 by (**)" one can conclude

[Mpen(:éf>]n > [Mpen (an)]n

whereas by (%) one further knows

[Mpen(an)]n > [Mpen<5f)]n7

which is contradictory.

— Case 2.2: milr\} €n, does not exist. This case is excluded by the minimal neighborhood
ne

condition (Definition B.4.1, Appendix B.4).
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Thus, the claim follows. O

Remark 2.3.27 (Theorem 2.3.26 for random variables). Similar to the arguments provided in
Remark 2.3.19, Theorem 2.3.26 similarly holds for sequences of random variables, satisfying the

corresponding conditions a.s. That is, one assumes that P ( h_)m A, = 0) = 1, which is for short
n—oo

neN
random variable are the same, thus ing Ay = ¢ >0, sup A} = ¢ < oo and (Cont2) or (Cont3) are
ne neN
assumed hold, respectively. Further, it is supposed that the minimal neighborhood condition of

Definition B.4.1 of Appendix B.4 holds (the one for random variables, respectively). Then, the
statement of Theorem 2.3.26 holds a.s., that is

A, —as 0, and further P | inf [wéL’T)]n = c> = 1. The conditions that do not depend on some

LT t,r—1

P (3o €N : Va3 mp : [BLFED], — [T ) g,

Now, as Theorem 2.3.17 was transferred to the case of subsequences in Corollary 2.3.23, the
same is done with Theorem 2.3.26 in the following Corollary 2.3.28.

Corollary 2.3.28 (Fusion properties of estimates for subsequences, fixed p and diverging p,).

Let ¢ denote any constant and let ¢ € {1,...,J,} be a factor (ordinal without loss of gen-

erality) and r € {1,...,p,}. Let ([,Q(LO'FGL)]R) . be any sequence of (local) minimizers of
n

[Mlgg‘ﬁ'FGL) (8)]n, respectively, based on n € N samples, for which ([3],)ney is written for sim-

plicity in this corollary. Let (a,)ner € N be a strictly monotonic increasing sequence and, based
on this sequence, a sub-sequence of 3 is defined as follows
(B) = (Ba)

neN neN

analogously to Corollary 2.3.23, hence the n-th element of the sub-sequence BS“b equals the
an-th element of the Lo-FGL estimator sequence 3, so [8°*®],, = (8°®)n = (B)a, = [Bla,-

It is assumed that [Aiﬁfl’]an - [Affﬁl’_l]an = A,, = 0(n — o0, so a, — o0) and for the weight
(1.7)

[wy ] that irellf\][w((f’r)]n = ¢ > 0. Further, let irellf\l Ay = ¢ >0 and sup A\] = ¢ < oo. Finally, let

neN
(Cont2) be satisfied for the case of fixed p and (Cont3) for the case of diverging p,, and let the

minimal neighborhood condition be satisfied (Definition B.4.1, Appendix B.4). Then, for this
given sub-sequence ([BS”b]an) . it holds that
n

dng e N : Vn>ng : [ASUb]an = [Asub lan-

LT t,r—1

Proof. It is supposed that the statement is not true, that is

Vno € N 3u1 > ng ¢ [B%a,, # [B7%)a,, - (%)

L,r L,

One defines the following quantities based on this sample size a,,, similar to (i) and (ii) in
the proof of Theorem 2.3.26. Thus [65“1’]%1 is a (local) minimizer of [Mpen(B)a,, and one

sets [an]ay1 = [ﬁ‘s“b]a”. Further [Bf]a,jl is defined as explained in Theorem 2.3.17. Hence,

[B‘*ub]%1 (and [an]ayl) is an Lo-FGL estimate (of dimension p,, + 1) based on a,, samples. By
assumption and construction, it holds that

[an,b,r]an - {anvb’r_l]an = [Bff;b}an - [Biﬁbfl]an = Aan — 0 (n — OO)
Then, by Corollary 2.3.23, it is known that
JmweN: Va, > Ay, - [Mpen(/énf)}an > [Mpen(léf)]an- (**)

Executing similar steps as in the proof of Theorem 2.3.26, the claim follows. O
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Analogously to Remark 2.3.27, Corollary 2.3.28 similarly holds for random variables, as pro-
vided in the following remark.

Remark 2.3.29 (Corollary 2.3.28 for random variables). Corollary 2.3.28 similarly holds for

sequences of random variables, satisfying the corresponding conditions a.s. That is, one assumes

that P ( lim A,, = O) = 1, which is for short A,, —4.s 0, and further P <inf [w((f’r)]n = c) =1.
n—00 neN

The other requirements are not changed hence assume inlf\I Ay = ¢ >0,supA] = ¢ < oo and
ne neN

let (Cont2) or (Cont3) hold, respectively. Further, one assumes that the minimal neighborhood
condition of Definition B.4.1 (Appendix B.4) holds for random variables. Then, the statement
of Corollary 2.3.28 holds a.s., that is

P(3n0 € N s Vi o : [FL0TGV), — [3LTO0], ) 1.

LT t,r—1

Screening Property Fusion

The goal of this subsection is to proof the screening property for fusion, in particular lim,,_,~, P(F},, =
F*) =1, which is provided in a theorem at the end of this section (Theorem 2.3.37). The Defi-
nition of F* and F), given in Definition 1.2.8 is recalled, where F}, is based on B(£0-FGL) e,

Foo= {Grs) e (L Ty < {L.p B8] £0, B, = Bl 7 < 5},
Fo = {Gms) €{L Ty x {1,.p )2 18] # 0, BT = Bl v <)

For diverging p,, j € {1,...,J,} is written.

Remark 2.3.30 (Properties of Fusion sets F*, F},). By construction and the sparsity assumption
(see Definition 1.2.4), it is known that, even in the case of diverging p,, the sets F** and F), are
countable and finite Vn € N. Further, there exists some

Fraz = {(j,m,8) € {1,...jo} x {1,...,p;}*}

with |Finez| < oo, such that F,, C F.:Vn € N as well as F* C F,4, where jo € N is the
number of truly influential factors. The sparsity assumption yields jo < J (fixed case) and
with jo, being the number of truly influential factors with J,, candidate factors, it is known
that Ing € N such that jo, = joVn > ng. Hence, it is concluded that in the fixed and in the
diverging case, both sets F™*, F,, are countable and finite Vn € N.

Since the assumptions ensuring the existence of some /n consistent Lo-FGL estimator are
needed more often, the following definition is introduced for brevity.

Definition 2.3.31. The assumptions for /n consistency of the Ly-FGL estimator B(LO‘FGL) are
said to be satisfied if

(i) Fixed p: (Regl)-(Reg3) of Appendix B.1 hold and with a2 and a) as defined in Theorem
2.3.2, it holds that a}/\/n = 0,(1) and af) = O,(1).

(ii) Diverging p,: (div.Regl)-(div.Reg3) of Appendix B.2 hold and with a, := ,/* and
a2, al as defined in Theorem 2.3.2 it holds that aalJ, = 0,(1), ap,(pn — 1) = 0,(1) and

n»'n

pn = o(n'/*).

If these assumptions are satisfied, there exists some sequence B = B(LO‘FGL) for which it holds

for fixed p that [|3 — B*[|2 = Oy (ﬁ) and for diverging p, that ||8 — 8*||2 = Oy (,/pn—"), which
was proven in Section 2.3.1.
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Remark 2.3.32 (Consistency sub-sequences). For short, ﬁ(LO'FGL) = B is written below, where
two important implications are presented for sub-sequences of 3, assuming that 3 is (i) y/n or

(ii) /n/pn consistent, respectively.

(i) Fixed p: Assume that |3 — B*|]2 = O, (ﬁ), that is

Ye>03IM,N >0 : P(vn||B - B2 > M) <e Vn>N.

Then, for a strictly monotonic increasing sequence (an)neny € N it also holds that with

A

(B3)a, denoting the a,-th element of the sequence, hence the estimate based on sample size
Gn

Ve >03M, N >0 : P(yan||(B)a, — B||2 > M) <€ Ya, > N.

So for the sub-sequence ((,és"b)n) N T ((/é)an) o Onie can deduce that

Ve >03M, N >0 : P(y/an||(8°)n — B*|]2 > M) < e Vn with a,, > N.

(ii) Diverging p,: in the same way as for fixed p one can infer that

VE>OEIM,N>0:IP>< (ﬁ)an—ﬂ*|\2>M>§eVan2N.

&H
Pa,,

The next two lemmata (Lemma 2.3.33 and Lemma 2.3.35) are needed as preparations for the
upcoming theorems in this subsection.

Lemma 2.3.33. One assumes that for a real-valued sequence (r,)nen € R it holds that
nlggo rn, # 1 for some r € R. Then, there exists a sub-sequence (7, )nen € R of (7,)nen such that

de>0,n9 €N : |7y — 7| > cVn > ng.
Proof. Since lim r, # r, it is known that
n—oo
de>0:YNeNIn>N:|r—r|>e

This means that, for this €, there exists for NV = 1 some ny € N, n; > N = 1 such that
|rn, — 7| > € and in the same way

|rny, — 7| > € (np € Nyny > 1),
[Tny — 7| > € (n2 € Nyng > 2),
[Ty — 7| > € (n3 € N,n3g > 3),

Now, from the sequence (n;);en one needs to construct a strictly monotonic increasing sequence
to be able to construct a sub-sequence (7 )nen Of (7 )ner. The set N := {n1,ng,n3,nq4,...} CN
containing all elements of the sequence (n;);en has a smallest element, since it is a subset of N.
Now, it may happen that for some &, j € N it holds that nj = n4y;, so duplicates may appear
in 91. But, for this duplicate ng, by construction it holds that 3¢ € N : ng < n; since n; > ¢
so at least this holds for ¢ > nj, = ng4;. Hence, the number of duplicates and the successive
elements in that are not strictly monotonic increasing in 91 are countable and finite. Leaving
out the duplicates one gets M := {n; |i € N,n; # n;, Vj € N}, which is a countably infinite set.
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Further, with the same argument as above 9t has a smallest element (note that 9t C 91 C N).
Hence, a sub-sequence (72;);en can be constructed as follows

np := min{M},

fg := min{MM\{n1}},
ng := min{IM\{n1, n2}},

fli = min{im\{ﬁl, ce ,fli_l}},

By definition, the sequence (7;);en is strictly monotonic increasing. The sub-sequence of (74, )ieN
is constructed as follows: (7;)ien := (7', )ien such that for ¢ := e and every i € N it holds

|7i — 7| = |rn, — 7| > € =c Vi€ Nsincen; € M CN.

To sum up, the subsequence (7;);en satisfies |7; — r| > ¢ Vi € N so the claim follows with
no Z 1. OJ

Remark 2.3.34 (Lemma 2.3.33 for random variables). Transferring the statement of Lemma
2.3.33 to the setting of sequences of random variables, let ((é )n) o be a sequence of random
n

variables, and further ¢ some random variable. It is assumed that P (limn_mof % C), thus

¢ #as €, then there exists a sub-sequence ((éS“b)n) N of ((f)n) . such that

ne

]P)(Elc> 0,m0 €N : [|{5% —¢|| > ¢ Vn > no) =1
In particular, one can further adjust the sub-sequence ((é S“b)n> . such that
n

P(3c>0: [I¢™ ~¢||>cV¥neN) =1

holds.

Lemma 2.3.35 (Componentwise limit, fixed p and diverging p,). Let the conditions of Def-
inition 2.3.31 be satisfied such that there exists some Lo-FGL estimator B(LO'FGL), which is
denoted for short by 3 in this lemma, such that B is \/n consistent (fixed p) or \/n/p, consis-
tent (diverging py, ), respectively. Then, for every j € {1,...,J} (5 € {1,...,J,}, respectively)
and every r € {1,...,p;} it holds that

p hmﬂ],r = 5;:1”7

n—oo

hence the limit in probability exists and is equal to the true value.

Proof. The claim directly follows from /n consistency, since using v/n||8 — 8*|| = O,(1) one
infers || — 3°]| = 0p(1) and |5, — 52,1 < 18— B%]] = 0p(1) 50 By — Bl = 0p(1). For /il

consistency the steps can be similarly executed using /n/p, — oo. O

Corollary 2.3.36 (Componentwise limit for subsequences, fixed p and diverging p,). Lemma
2.3.35 holds in the same way for any sub-sequence B°“* of 3. In particular, let the requirements
of Definition 2.3.31 hold and let (an)neny € N be an arbitrary strictly monotonic increasing

sequence. Defining B as explained in Notation 2.3.21, that is ((,@Wb)n)neN = ((B)“”)neN
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such that (3°%), = [8°*"),, = [Bla, = (B)a,, it holds for all j € {1,...,J} (j € {1,...,Jn},
respectively) and r € {1,...,p;} that

asub *

b hm[ 3,7 ]an = Py

n—oo
Proof. Completely analogous to Lemma 2.3.35 using that any sub-sequence of a consistent esti-
mator is itself consistent. O

In the next Theorem 2.3.37, it is proven that for a \/n consistent (\/n/p,, respectively)
sequence of estimators, the probability that the corresponding fusion set F;, equals the true
fusion set F™* tends to one for n — oo, which is called (asymptotic) screening property for fusion.
It is noted that the fusion sets are those corresponding to the sequence of /n consistent (v/n/pn,

A

respectively) estimators. Since it is crucial which element of the sequence ((,@)n) = ([Bln .
n

is considered, the notation with round and square brackets is employed.

Theorem 2.3.37 ((Asymptotic) Screening Property Fusion, fixed p and diverging p,,). Let the
conditions of Theorem 2.3.26 hold. Further, the assumptions for y/n consistency are required
to hold (Definition 2.3.31 (i) for the case of fixed p and (ii) for the case of diverging p,), such

that there exists some sequence of Ly-FGL estimators ((,B(LO FGL))n) N’ denoted by ((,B)n) .
n n

for short in this theorem, such that ((,@)n> N is \/n consistent (fixed p) or \/n/p, consistent
n

(diverging p,,), respectively. Then, for both cases, for F,, being the fusion set corresponding to
this particular [3],, it holds that

lim P(F* = F,) = 1. (2.40)

n—oo

Proof. To show the claim, two subset relations are shown, first Jim P(F,, C F*) =1 and second
. * _
nh_)ngo P(F* C F,)=1.
@ It is shown that lim P(F,, € F*) = 0. In particular, it is shown that Ve > 0 there exists
n—oo

some Ny € N such that P(F,, € F*) < € Vn > Nj. Starting with P(F,, ¢ F*), one deduces for
some constant ¢ > 0

P(F, Z F*) < P((j,r,s) ¢ F* for some (j,r ) € Fy)
< P(B5, # B, and [Bis)n = [Bisln)
< P(18}, — Bl > cand either (1301~ 81,1 2 5 or [1Bjala — Bl 2 5)
< P16~ 81 2 § or Bialn— Bl 2 5 )
< P8 -Blz3). (241)

where in the last inequality it is used that if [[5;,], — Bl > §or 1B).s]n — Bi sl = § it follows
that [|[8], — B*|| > § since

5 < VIBird = 8,12 + 1Byl = B1.l2 <1118l - 8711
Now, one needs to show that there exists some N; € N such that

P (I8 - 812 5) < evn> N, (2.42)
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see (2.41). For this, the y/n consistency (\/n/pn, respectively) is used, similar to the proofs of
Theorem 2.3.8 and 2.3.9. That is, since § is some constant, it is known that n can be increased

in a way such that \A} § (M /P < 5, respectively), for which it is refered to the previously
referenced proofs for more detalls. T~0 sum up, for both the case of p being fixed and for p,
diverging with n, one can find some N; € N (large enough), such that (2.42) holds.

@ Now, it is shown that lim P(F* € F,) = 0. In particular, it is shown that Ve > 0 there
n—oo
exists some Ny € N such that P(F* Z F,,) < € ¥Yn > Ny. Starting with P(F™* Z F,), one deduces

P(F* ¢ F,) < P((j,r,s) ¢ F, for some (j,r,s) € F*)
< P8}, =B Bisln # [Bisln)
= P (B, =B |Birln — 1Bjslnl = ca > 0)
< P (B, =B |Bisln — [Bislal = en > 0, cn =45 0) (2.43)

+P( G T j757 H/Bj,r]n - [Bj,s]n‘ =Cp > 07 Cn 7L>a.s 0) . (244)

Observing the first summand (2.43), the fact that ¢, —,.. 0 yields, by using Theorem 2.3.26
and Remark 2.3.27, that P(3ng : Yn > ng : [Bjr]n = [Bjs]n) = 1, hence (2.43) equals

P (B}:r = 5;,37 HBj,r‘]n - [Bj,s]n| =Cp > 07 Cn —a.s 0, Ean : Vn > no - [Bj,r]n = [Bj,s]n)
“ p@g) =0,
where in () it was used that [8;,]n = [Bj.sln¥n > ng and |[Br]n — [Bj.s)n] = ¢n > 0 are con-
tradictory. Thus, it remains to calculate (2.44), for which Remark 2.3.34 is used. In particular,

this remark yields that a sub-sequence Bs“b of ,é can be found such that for some constant ¢ > 0
it holds P (|[ 5“b]n - SUb] | >cVne N) = 1. Consequently, for (2.44) it holds

(244) < P (6” — B5 s = 0 and Isome sub- sequence (3 for which \[65“1’] -5 5“1’] | >c> 0)
< P(I(B)n = B = o).

Now, for the same reason elaborated in the first step C, using that any sub-sequence is also
consistent (see Remark 2.3.32), one can conclude that there exists some Ny € N such that
Vn > Ny the following inequality holds

P(||(B%),, — B*]| > ¢) < €

To sum up, both relations are shown and the claim follows. ]

Remark 2.3.38 (On the assumptions). Since several requirements were imposed in Theorem
2.3.37, and similarly in other theorems of this section, it is demonstrated below that these
assumptions do not exclude one another, in contrast, it may be even helpful to impose them
together.

e Fixed p: the requirements mf )\0 = ¢ > 0 and sup A\] = ¢ < oo are not contradictory to
neN

al/v/n = o,(1) and af) = Op( ), which are mutually imposed in Theorem 2.3.37. First,
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one knows for every € > 0

ﬁ < c-max{ng)\je{l,...,J}}
V|~ Vn

) al ) c-maX{ng)]jE{l,...,J}}
:>nh_>ngoIP’(‘\/ﬁ 26) th_{gOIP’< n >e|. (2.45)

Hence, al/v/n = 0,(1) would be e.g. satisfied if the weights ng) are bounded a.s., or if

max{ng) |je{l,...,J}} = op(/n), thus bounding the supremum of AT over n € N by
some constant is helpful to control a}. Second, the requirement a!) = O,(1) means that a9,
which is defined as the maximum over j € {1,...,J} and r,s € {1,...,p;} of the product

gw(()j ’TS), is stochastically bounded. Hence, bounding the tuning parameter A\f from below
is clearly not contradictory to this requirement. To sum up, one can see that bounding
the tuning parameters for fusion and selection is not conflicting with al /\/n = 0,(1) and
ad = 0,(1), instead it can be even helpful, such that these conditions are reasonable to be
imposed mutually.

Diverging p,: first, in the same way as for fixed p case one can write

. 1 _ . Pn n, (9) | .
JgnéOIP’(|anaan| >¢e) = Jim P <‘ . max{\{w," |j € {j,....In}}Jn| > 5)
< lim P ( /P maxtu | € G Jub | > g) (2.46)

so to ensure that the first limit on the left hand side is zero, such that ayal.J, = o,(1), it is
sufficient to ensure that the last limit on the right hand side (2.46) is zero. As one can see,
(2.46) takes advantage of the fact that the supremum of A} exists over n € N, such that this
requirement is helpful to ensure a,al J, = 0,(1). Second, coming to alpy,(pn, —1) = 0,(1),
this requirement is similarly not affected by T}LIelIf\I Ay > ¢ > 0 as in the fixed case. Third,

assuming that the ratio of p, and n can be controlled asymptotically, that is p, = o(n'/4),
is obviously not affected by requirements on the tuning parameters. Summing up, as for
fixed p, the assumptions made in Theorem 2.3.26 and the ones needed for the consistency
Theorems in Kaufmann and Kateri (2024), which are mutually imposed in Theorem 2.3.37,
do not exclude one another and are reasonable to be assumed mutually.



Chapter 3

Computational Methods and Simulation Studies
for Ly-FGL

Having introduced and investigated the purpose of Lo-FGL in Chapter 2, altogether with solid
theoretical properties, this chapter focuses on the application of Lo-FGL in practice. That is,
computational methods are specified and resulting coefficient paths are exhibited. Moreover,
the performance of Lop-FGL is examined in simulation studies.

To be more precise, in order to determine estimates B(LO'FGL), optimization algorithms to
minimize the objective function MlgeLﬁ]_FGL) (B) are needed. Therefore, Section 3.1 presents the
application of two different algorithms to Lo-FGL, specifically the PIRLS algorithm (Section
3.1.1) and a block coordinate descent (BCD) algorithm (Section 3.1.2). These types of algorithms
are introduced in their general forms in Appendix A, however, their application to the objective
function of Lo-FGL is specified here. Additionally, presenting the coefficient paths for both
algorithms, the characteristics of Lo-FGL especially in comparison to CAS-Lg and group lasso are
demonstrated. Finally, Section 3.2 presents results from simulation studies that were conducted,
showing that Lo-FGL fulfills the purpose for which it is introduced. To ensure a comparable
scale, the goodness of fit measures, as well as the designs for the simulations are the same as
presented in Section 1.7. An earlier version of the coefficient paths, the application of PIRLS
and BCD for Lo-FGL, and a small selection of the conducted studies (i.e. parts of design B8.2
and highdim) can be similarly found in Kaufmann and Kateri (2024) published in Electronic
Journal of Statistics.

3.1 Computational Methods

Analyzing the objective function MéeLT?'FGL) (B) including an Lo norm, the function is neither

continuous (in RP*1), nor convex or concave. However, as discussed in Appendix A.1, especially
in Example A.1.3, it is convenient to approximate the Ly norm, which is applied for Lo-FGL in
both algorithms presented below. For the group lasso part of MéeLﬁ_FGL) (B), the PIRLS algorithm
applies a quadratic approximation, while in the BCD approach this approximation is neglected,
which is one of the main differences of these two approaches. Clearly, another difference is that
the BCD approach proceeds (block) coordinate-wise, thus the objective function is minimized
with respect to each factor separately, keeping the others fixed. The subsequent sections provide
details on these aspects, specifying the algorithms.

113
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3.1.1 PIRLS for L,-FGL

It is recalled from Appendix A.1, that the PIRLS algorithm can be applied to penalty functions
of the following structure

L
PIB) =" Ami(|la BlIn,),

=1

which can be further written as in (A.3). Moreover, it is recalled that Oelker and Tutz (2013)
extended PIRLS to penalties with vector-valued arguments, writing R;3 for some matrix R;
instead of aérﬁ for some vector a;, which is needed for the group lasso part in PﬁLO'FGL) (B).
Because of the fact that Ly-FGL has two tuning parameters A\; and )\g, as well as two different
penalty functions, one ends up with two penalty terms in the PIRLS algorithm. To be more

precise, the following choices are made

group lasso part: ni(C) =+/pi- ¢, RiB =P, (3.1)
Lopart:  pi(¢) == wd™™¢, al B = Bix — Bjm for0 <k <m <p;.  (3.2)
The vectors alT are responsible to pick the possible differences corresponding to the factors
j €{1,...,J}, thus the entries of these vectors a; are contained in the set {—1,0, 1} as justified
in an example below (Example 3.1.1). For the group lasso part, the matrix R; extracts the
sub-vector §; from the vector 3. Note that, for group lasso, the indices | € {1,..., L} coincide
with j € {1,...,J}, whereas for the Ly part, [ € {1, ..., L} combines both the number of factors,
as well as the number of differences that need to be considered, where the latter depends on
whether a factor is nominal or ordinal. This is the reason why in (3.1) [ is written as index on
the left and right hand side of R;3 = 3, while in (3.2) one needs to write af 3 = Bk — Bjm-

Example 3.1.1. An example is exhibited to clarify the structure of the vectors a; needed to
produce all (pairwise/adjacent) differences of the coefficients of a factor. For this, J = 2 nominal

J
factors with p; = 1, po = 3 are considered. One defines the matrix 2 € {—1,0, 1}23':1 djx(pﬂ),

where d; is the number of differences corresponding to factor j. Hence one deduces

1)

d = pj , factor j ordinal,
N I J1( )
pj + 2

, factor j nominal.

The matrix 2( is constructed such that the product I3 gives a vector with entries being the
corresponding differences. In the given example this matrix is

O 01 0 O as
0O 00 1 0 as
A=10 0 0 0 1 |={as|,
0O 01 -1 0 as
0O 0 1 0 -1 ag
O 00 1 -1 ay

where the orange rows correspond to differences from the first factor and the blue rows to those
from the second factor. Consequently, with 8 = (Bint, 81,1, 82,1, B2,2, B2,3) one infers

A8 = (B1.1, B2.1, 22, 23, P21 — P22, Poi — Bos, Boz — Pas)t.
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Further it holds that L = ijl d; so in this example L = 7. One defines £; as the set of the rows
in 2 that build differences for factor j, thus |£;| = d;. In this example £; = {1} ( row) and
£;=1{2,3,4,5,6,7} (bluc rows) and it holds that |£;| = d;. Sub-matrices 2; € {—1,0,1}%*?i
are extracted from the matrix 2 for each factor, such that 2(;3; gives the differences of factor j.
Above, 21 is given by the entries being and bold, while 2(5 is given by the entries being
blue and bold. Additionally, one sets a;; € {—1,0,1}? for [ € {1,...,d;}, j € {1,...,J} as the
rows of ;.

It remains to provide the choices of the approximations of the norms appearing in Lo-FGL.
For this, one can follow the choice of Oelker and Tutz (2013), presenting an approximation for

the Lo norm, as well as the euclidean norm || - ||, that is,
group lasso [|&||:  Ni(€) = (¢7¢ +2c>1/2, (33)
Lo norm: Ni(&) = T op(ED) 1, (3.4)
DU = ey (1~ Tremid) e

To sum up, all the quantities needed to apply the PIRLS algorithm to the objective function

M,ﬁé?‘FGL) (B) are discussed, such that it can be proceeded to the resulting coefficient paths.

Coefficient Paths (PIRLS)

Coeflicient paths for Lyo-FGL are provided, together with paths for CAS-Ly and group lasso,
enabling a comparison with the approaches Lo-FGL is build from. All three approaches are
computed with the PIRLS algorithm, using the approximations given in the paragraph above.

J = 2 categorical covariates are considered where 27 has three and %5 has two categories,
drawn from a multinomial distribution with equal probabilities. The true coefficient vector is
chosen to be

B =(2, 1.2,1,0.5, —0.8,—0.5).

To simulate the dataset, the simulation function from the package gvem.cat is used. For the
fit of CAS-Lg, Lo-FGL and group lasso with PIRLS, dedicated R code was developed and used
for this purpose. Note that the R package grpreg, which was chosen in Chapter 1 to obtain the
group lasso estimates, does not employ the PIRLS algorithm.

The next step is to choose minimum and maximum values for the tuning parameters. As
minimum values for the tuning parameters, zero was chosen for all methods which leads to the
unpenalized MLE. The maximum values were chosen in a way such that all factors are excluded
from the model, or fused with the reference category, respectively. The points in the paths where
the fusion/selection occurs are not comparable among the methods, which is caused by the fact
that Lo-FGL requires two tuning parameters and different maximum values were chosen here.
However, the coefficient paths are only for visualization purposes, underlining the characteristics
of the corresponding penalty, where their performance is evaluated later in this chapter.

Figure 3.1 displays the resulting coefficient paths. On the left hand side of each path plot,
the unpenalized MLE can be seen, while proceeding to the right on the horizontal axis, the
tuning parameter is increased until the maximum value is reached. For Lg-FGL, both tuning
parameters are increased simultaneously.

On the left hand side (first row), the paths for group lasso are shown, on the right hand side
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Figure 3.1: Coefficient paths for several methods. In the first row on the left hand side, one can see group
lasso and on the right hand side Lo-FGL, whereas in the second row one can see CAS-Ly.
All methods are computed with PIRLS. This figure can similarly be found in Kaufmann and
Kateri (2024).

(first row) Lo-FGL is displayed while in the second row the paths for CAS-Lj are provided. As
elaborated in Chapter 1, group lasso performs factor selection, including or excluding factors
from the model and performing shrinkage of coefficients. However, since PIRLS uses a quadratic
approximation of group lasso, the paths in Figure 3.1 show that the coefficients of the factors
are shrunken towards zero, while they are not completely set to zero, different from the paths
shown in Figure 1.6. But, since PIRLS is only applied to group lasso for visualization purposes
and not in the simulation studies, this is not an issue. Turning the focus to the paths of Lg-
FGL, this issue does not occur since a further Ly penalty on the differences is incorporated.
The paths demonstrate that Lo-FGL performs shrinkage of coefficients, further it fuses levels
of the same factor if they are close enough to each other, and it performs factor selection.
In contrast, the CAS-Ly penalty on the right hand side only performs levels fusion. To sum
up, the coefficient paths underline the purpose for which Ly-FGL is introduced, simultaneously
shrinking coefficients towards zero, performing factor selection as well as levels fusion. Further,
they demonstrate that PIRLS is probably a convenient choice to compute the solutions, which
is further investigated in the simulation studies in Section 3.2.
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3.1.2 Block Coordinate Descent for L,-FGL

As an alternative to the PIRLS algorithm, a block coordinate descent (BCD) approach applied
to Lo-FGL is considered. The general idea of BCD is described in Appendix A.2, while one
needs to specify how to deal with the Ly norm, as well as how the block-wise updates including
minimization problems in RPs are solved. Further, it needs to be commented on how the group
lasso part, which was quadratically approximated in PIRLS, is treated in the BCD approach.

It is recalled that the BCD algorithm cycles through blocks of coordinates, minimizing the
objective function with respect to the current block of coordinates while keeping the others fixed.

The objective function is MZSEL?;"FGL) (B) and for the (block-wise) minimization of this function,
an approximation for the Ly part and the log-likelihood is employed. For this, it is recalled

that MzgeLﬁ'FGL) (B), given by (2.3) is defined as the sum of the negative log-likelihood function

—Ly(B), the group lasso penalty P)(\GL)(,B) and the (CAS-)Lo penalty P/gCAS'LO)(ﬁ), compare
(1.50) for the latter.

For L,(B) and P/SCAS'LO)([‘?), the same approximations as used in PIRLS (Appendix A.1) are

employed. The group lasso part P)(\GL) (B) is not approximated. In particular, for P/gCAS'LO) (B)
one approximates at some 3%) similar to (A.6)

. } A 1 A A
PO (B) m PO (B0)) 4 2(8T A8+ BT A,80)). (3.6)

Actually, since one proceeds block coordinate-wise, which refers to factor-wise here, P/gCAS'LO) (B)
is approximated separately for each j € {1,...,J} to ensure the possibility of coordinate-wise
minimization. Thus, (3.6) is done separately for all j € {1,..., J} so one obtains A ; instead of
A, as specified below. The log-likelihood function L, (3) is approximated by a Taylor expansion,
similar to Breheny and Huang (2011), that is

L0 _ xp W (gh _ xp). (3.7)

2n

Here, W) is a diagonal matrix of weights, which is given by (A.7), for the special structure
for logistic regression reference is made to Remark A.1.4. Further, §*) is the working response
introduced in (A.8).

Proceeding factor-wise, for each j € {1,...., J} one receives the following approximation of the

penalty term in some ﬁA](k), analogously to (3.6)

CAS-L CAS-Lo) , 4(k 1 4k Ak
BT (B)) m PR (B0) 4 D (8] A8 + (BT A8, (3.8)
It is noted that the quantity A); depends on the iteration step k, but an upper index is
neglected for simplicity. This factor-wise procedure is possible and reasonable since P/{CAS'LO) (B)
is constructed as the sum of the Ly penalties, summing over all factors, cf. (1.50). Thus,

P)(\CAS_LO)(,BJ-) for some factor j only depends on this factor j and is independent of all other
factors ¢ # j, hence the penalty satisfies the separability property in terms of factors (cf.
Appendix A.2).

Remark 3.1.2. [Details on A, ; for P§CAS'L0)(ﬂj)] First, for the structure of £; as well as a; ;,
one refers to Example 3.1.1. For factor j € {1,...,J} with p;+1 levels, being nominal without
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loss of generality, the components of the approximation look as follows

acl 5 Dy(af,8")
Ay =202 plllal, B0 ) T Sy al
=1 al,j:@j
1<5]
1 1
=X Z 1— A
(1+exp< vlaf,B %)( 1+exp<—v|afja§’“r>)
27al,jal?j

_ . (3.9)
(a7 + ¢

The vectors a; ; € {—1,0,1}?7 build the differences of the coefficients corresponding to the same

factor, cf. Example 3.1.1. It holds that A, ; € RP7*Pi and A) ; is symmetric. A) ; depends on
ﬁ§k) at iteration step k.

Consequently, the function g(3;, B ) given below provides the covariate-wise approximation
of the log-likelihood and Ly penalty part that is used in the BCD procedure, the remaining
group lasso part is discussed below

98, 80) = S @® - XB)TW P - x) + PO (F0)

1 A A
+5(87 A8 + BT A8, (3.10)

For the group lasso part in Lo-FGL, it is recalled that the convenient choice of matrix K; =

pj - Ip;xp;, was made such that |[B|[x; = /Pj|Bjl[2- The group lasso part /p;||B;|2 is sub-
differentiable and even differentiable except in B; = 0. Thus, there is no need to employ an
approximation of this function.

To sum up, one ends up with the following function g, being an approximation of the objective

function MZSLO -FGL) (8)

3(8;, B%) == g(B5, B®) + A1 y/pj118;]]2-

For the minimization of g, a quasi Newton algorithm is used, for which the function optim()
in R is applied. This leads to the BCD quasi Newton algorithm for Ly-FGL provided in the
following algorithm.

Algorithm 3.1.3 (BCD for Lo-FGL with quasi Newton).
(i) The start value is set as 3© = 0 if not specified otherwise. One sets k = 1.

(i) While |3%) — 3%=1| > ¢ and k < maxsteps:
(LoFGL) ()

one updates approximation of Mpen
(il.a) for j=1,...,J
ome sets §(8;, 8%) = g(8;, BM) + /\1\/p7llﬁgl\2
Y = argming, 3(8;, 8®)
(ii.b) one sets Bkt (B (k1) , ,,B(kH ,B T LB k))
one sets k =k + 1.

one uses quasi Newton to obtain ,6 -

(iii) One sets BLoFGL) — g(k+1),
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Coefficient Paths (BCD)

This subsection provides coefficient paths for group lasso, CAS-Lg as well as Ly-FGL, all ob-
tained with the BCD quasi Newton algorithm introduced above (Algorithm 3.1.3).

For this, J = 2 factors with four levels each are considered, thus p; = ps = 3, drawn from
a multinomial distribution with equal probabilities. The truly underlying coefficient vector is
chosen to be
B =(-0.5,2,2,1.8,0.5,1,0.5).

For the minimum and maximum values of the tuning parameters, value zero was chosen as
minimum, whereas the maximum value was chosen such that all factors are excluded from the
model. The resulting coefficient paths are provided in Figure 3.2. On the left hand side in every
plot, the unpenalized MLE is displayed, while proceeding to the right the tuning parameter is
increased, where for Lyo-FGL both tuning parameters are increased simultaneously, similar to
the coefficient paths shown for PIRLS.

Group Lasso with BCD quasi Newton

L0 fused GL with BCD quasi Newton

e o
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Figure 3.2: Coefficient paths for several methods. In the first row on the left hand side, one can see group
lasso and on the right hand side Lo-FGL, whereas in the second row one can see CAS-Ly.
All methods are computed with BCD.

Observing the paths, one can see that Lo-FGL connects the ability of group lasso to select
factors and of CAS-Lj to fuse coefficients corresponding to the same factor if they are close
enough to each other. The same observations were made analyzing the coefficient paths using
PIRLS. Comparing the paths of BCD and PIRLS, it is observed that using BCD and quasi
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newton, the paths of group lasso (left) in Figure 3.2 look less smooth than those in Figure 3.1
where PIRLS was used. The reason for that is PIRLS uses a quadratic approximation of the
whole penalty function, while BCD is not approximating the group lasso part.

One can conclude that both approaches, the PIRLS algorithm and the BCD algorithm look
promising being applied to Lg-FGL. Next, in Section 3.2, these algorithms are examined and
compared in different simulation studies, which show their potential as well as their limitations.

3.2 Simulation Studies

Now that algorithms to solve the resulting minimization problem of Lo-FGL are introduced,
their performance is investigated in simulation studies. The goodness of fit measures, as well as
details on the simulation designs can be found in Section 1.7.1 and Section 1.7.3, respectively.
However, it needs to be clarified which methods are compared, that is, what kind of weights and
tuning method are used, as well as which algorithm is applied.

3.2.1 Methods

The methods that are compared are provided in Table 3.1. For Ly-FGL including two tuning
parameters, the stepwise and the iterative tuning method, introduced in Section 2.1.1 are com-
pared. The iterative method is applied for Lyg-FGL fitted with PIRLS and not with BCD, the
reason for that is given analyzing the results of the simulation studies. Since Ly-FGL is intro-
duced to increase the factor selection of CAS-Lg, the focus lies on comparing Lo-FGL with this
method. However, it is also resorted to the results of group lasso, group SCAD and group MCP
provided in the simulation studies of Chapter 1, comparing these results to Lo-FGL. Further,
the unpenalized ML, referred to as ML, is included as reference similar to Chapter 1.

Method | Algorithm | Weights Tuning Referred to as

CAS-Ly | PIRLS non-adaptive | CV LO.CV

CAS-Ly | PIRLS adaptive CcvV L0.adap.CV

Lo-FGL | PIRLS non-adaptive | stepwise CV | LO.FGL.PIRLS

Lo-FGL | PIRLS adaptive stepwise CV | LO.FGL.PIRLS.adap

Lo-FGL | PIRLS non-adaptive | iterative CV | LO.FGL.PIRLS.iterative
Lo-FGL | PIRLS adaptive iterative CV | LO.FGL.PIRLS.adap.iterative
Lo-FGL | BCD non-adaptive | stepwise CV | LO.FGL.BCD

Lo-FGL | BCD adaptive stepwise CV | LO.FGL.BCD.adap

Table 3.1: Methods compared in simulation studies of Chapter 3.

Whenever needed for brevity, the expression iterative is written as it.

Choice of Weights

In Table 3.1, it is specified whether adaptive or non-adaptive weights are used in the correspond-
ing method, which is specified in the subsequent paragraphs. For Lo-FGL, (adaptive) weights
can be chosen in the Ly part and in the group lasso part of the penalty function.

For the non-adaptive weights in the Lg part of Lo-FGL, as well as for the non-adaptive weights
in CAS-Lg, the weights (1.41) are used for a nominal factor while (1.42) are used for an ordinal

factor. Further, for Ly-FGL in the group lasso part, the non-adaptive weight w%j ) = \/Pj is
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chosen, accounting for the fact that the factors may have a different number of levels.

For the adaptive weights in the Lg part of Lo-FGL, as well as for the adaptive weights in CAS-
Ly, the non-adaptive weight is multiplied with the inverse of the difference of the corresponding
unpenalized MLE BMD) | as in (1.44) and (1.45) with initial estimator chosen as 3 = BML) | For
the group lasso part of LO FGL, the non-adaptive weight 1s multlphed with the inverse of the

norm of the sub-vector corresponding to factor j, that is w1 = /P;l| ,6 ML)H2 .

Remark 3.2.1. In the case of |B](1>/[L) — BA](?L)] = 0, there arise problems with the adaptive
L) B(ML)|

)

]ﬁJML) ] + 1 which is in line with Xin et al. (2017) and Zou and Zhang (2009). The
same apphes for the adaptlve weights used for the group lasso part. However, in the simulation
studies for this thesis this issue did not occur. It is expected that this issue may occur when
using some penalized regression estimator as initial estimator on which the adaptive weights are
based. This is caused by the fact that, depending on the method, the initial estimator may
enforce that sub-vectors are set to zero or levels are fused, causing that the denominator of the
adaptive weight may be zero.

Weights in the LO part dividing by zero. However, in this case one can replace | ﬁj(l:fl

Computational Details and Tuning

As in the simulation studies provided in Chapter 1, CAS-Ly was fitted with the R package
gvem. cat, further ¢ = 107°, 4 = 10 and v = 0.05 were chosen. The same choices were made for
all Ly-FGL approaches. For the CV range in CAS-Lg, again the default settings implemented in
gvem. cat were chosen. As upper and lower values for the Lo-FGL tuning parameter A = (A, A1),
the choice Ajpwer = (0,0) was made and for Aypper = (Aupper,0, Aupper,1) the values were chosen in
a way that all factors are excluded from the model, where Aypper0 = Aupper,1 Was used to ensure
that no focus is set on factor selection or levels fusion. Since the tuning method incorporating
two tuning parameters is much more computationally involving, ny = 10 different values were
fitted for both tuning parameters in the specified tuning range for Lo-FGL in all considered
designs. For all methods, k = 5 fold CV was applied.

3.2.2 Analysis of the Results

Having obtained all necessary details on the methods and the conducted simulation designs, this
section discusses the corresponding results.

Results of Design B8.1

For all observed methods, no failures were observed in any of the replications. In Section 1.8.1,
where the results of B8.1 for the methods considered in Chapter 1 are examined, it was inferred
that the factor selection performance of LO.CV can still be improved, while keeping the ability to
perform fusion tasks, for which Lyg-FGL was introduced. Thus, it is investigated in the following
whether Lo-FGL fulfills this purpose.

As a start, Table 3.2 is analyzed showing the FP/FN rates concerning factor selection as
well as levels fusion. At first sight, which is also underlined by the OS/PS rates in Table 3.3
and the errors of Figure 3.3, one can see that the Ly-FGL fitted with BCD in both adaptive
and non adaptive versions, does not show a satisfactory performance. Thus, LO.FGL.BCD and
LO.FGL.BCD.adap are neglected in the further analysis of this design BS8.1.
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However, comparing LO.CV and LO.FGL.PIRLS, one can see that LO.FGL.PIRLS does not im-
prove factor selection and performs worse levels fusion. In contrast, the corresponding adaptive
version LO.FGL.PIRLS.adap clearly improves the factor selection performance, however, the fu-
sion performance is worse. Observing Lyo-FGL with PIRLS and the iterative tuning method,
that is LO.FGL.PIRLS.iterative, there is a high improvement in FP; ¢,. compared to LO.CV,
which is decreased from 0.67 to 0.09. Further, one can notice an improvement of the fusion
performance, where both corresponding rates are significantly decreased, in particular from 0.43
to 0.11 and from 0.19 to 0.15, respectively. Similar arguments apply comparing the adaptive
versions, that is LO.adap.CV and LO.FGL.PIRLS.adap.iterative, where the improvement is
less distinct than for the non-adaptive versions. In terms of FP/FN rates, over all approaches,
LO.FGL.PIRLS.iterative or the adaptive version LO.FGL.PIRLS.adap.iterative should be
clearly favored over LO.CV. Furthermore, taking into account the results of FP/FN rates for group
lasso, group SCAD and group MCP provided in Section 1.8.1, in particular Table 1.4, the new ap-
proaches LO.FGL.PIRLS.iterative and the adaptive version LO.FGL.PIRLS.adap.iterative
also outperform group lasso, group SCAD and group MCP, with the factor selection performance
being similar, but the fusion performance is considerably improved.

ML LO.CV | LO. LO.FGL.| LO.FGL.| LO.FGL.| LO.FGL. | LO.FGL.| LO.FGL.
adapt.| PIRLS | PIRLS. | PIRLS. | PIRLS BCD BCD.
Cv adap it adap.it adap
FPs o 1.00 | 0.67 0.36 0.73 0.09 0.09 0.04 0.96 0.98
FNg fac 0.00 | 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
FPtinfiirutn| 1.00 | 0.43 0.20 0.72 0.69 0.11 0.12 0.64 0.62
FEN¢ingitrutn| 0.00 | 0.19 0.19 0.04 0.07 0.15 0.20 0.05 0.04

Table 3.2: [B8.1, n=1000] FP/FN rates fusion and factor selection.

Coming to the sparsity measures of OS and PS in Table 3.3, a similar pattern is recog-
nized. The resulting model of method LO.CV is not sparse enough, with an overall sparsity
of 25.51 and a practical sparsity of 6.69 (mean value over all R = 100 replications). Also
LO.FGL.PIRLS reaches not enough sparsity, where the values are even worse for LO.CV. In con-
trast, observing the iterative tuning method LO.FGL.PIRLS.iterative and the corresponding
adaptive variant LO.FGL.PIRLS.adap.iterative, one can see that the resulting models are the
most sparse ones, with the OS and PS values being nearest to the true values. Consequently,
LO.FGL.PIRLS.iterative or the adaptive version LO.FGL.PIRLS.adap.iterative are similarly
favored over LO.CV in terms of sparsity measures. Adding the results of OS/PS of group lasso,
group SCAD and group MCP provided in Section 1.8.1, in particular Table 1.3, into the com-
parison, one can notice that the sparsity levels of LO.FGL.PIRLS.iterative and the adaptive
version LO.FGL.PIRLS.adap.iterative are nearest to the truth.

ML LO.CV | LO. LO.FGL.| LO.FGL.| LO.FGL.| LO.FGL. | LO.FGL.| LO.FGL.
adapt.| PIRLS | PIRLS. | PIRLS. | PIRLS BCD BCD.
Cv adap it adap.it adap

0OS 40.00 | 25.51 | 19.36 | 32.36 18.54 14.92 13.82 37.17 37.42
PS 8.00 | 6.69 5.42 6.93 4.36 4.34 4.17 7.86 7.92

Table 3.3: [B8.1, n=1000] Overall Sparsity (OS) and Practical Sparsity (PS), true values are given by
OS* =16, PS* = 4.

Finally, the error measures displayed in Figure 3.3 are considered. In terms of predictive
deviance, which is displayed in the boxplot on the left hand side, all methods except for the
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BCD approach can be located on a comparable scale. Also in terms of MSEC displayed in the
boxplot on the right hand side, the differences in the methods, again except for BCD, are not
that distinct, however the MSEC values of LO.FGL.PIRLS.iterative and the adaptive version
LO.FGL.PIRLS.adap.iterative are the lowest among all methods.

Pred. Deviance [B8.1, n=1000] MSEC [B8.1, n=1000]

800 —

1.0

|
|
{ o
B
=
T
HI-e
e
Joo
{oo

700 o —
T i . ° o
H H . 1 - 8
600 -| E- H : 0.5 4 - : ° —_
Baaaales ‘ ==
T R 3 LB L 4
e 5 4 00 - R
T T T T T T T T T T T T T T T T T T
- Q o (] Q - Q Qo (o] Q
s 3 & 2 & £ £ 8 8 s 3 & 2 & £ £ 8 8
> a [ ] ® ® ] B g o T ] k] K] ) k)
S a T I il I 1 ] S a T < T I ) I
= © o (%] k) 2 = a - < o %] i} i} = o
° i v} = = [0} &) ° | | = = O} &)
= g & 9 g & 3 S gz 4 g & 3
3 pe o T 2 S A 3 b=] o T 3 S =
a =) T } [0] 9 | T } 0]
[0} - [%)] s 0] - %] [
(e = = =} [ - = =]
IS o c = = o] i S
] w o = w o
S _ S |
- 0] - 0]
L u
o o
- -

Figure 3.3: Predictive deviance and mean squared error of coefficients (MSEC) for design B8.1, n = 1000.

To sum up, in all considered error measures, rates and sparsity, the favorable methods are
clearly LO.FGL.PIRLS.iterative and LO.FGL.PIRLS.adap.iterative, which outperformed
the other methods and improved the factor selection performance of LO.CV, being the pur-
pose for which it is introduced. The investigation also included a comparison to the meth-
ods group lasso, group SCAD and group MCP of Section 1.8.1, showing the advantages of
LO.FGL.PIRLS.iterative and LO.FGL.PIRLS.adap.iterative. Further, in this design the
stepwise tuning approach used in LO.FGL.PIRLS and LO.FGL.PIRLS.adap and the BCD ap-
proaches LO.FGL.BCD as well as LO.FGL.BCD.adap seem to be less convenient.

Results of Design B8.2

For all observed methods, no failures were observed in any of the replications. First, as in the
previous design B8.1, it is noticed that Lo-FGL with BCD does not perform satisfactory, which
can be seen for example in the high FP; ¢, rates (Table 3.4) and OS and PS values (Table
3.5) indicating that nearly no factor selection is performed. Consequently, both adaptive and
non-adaptive versions of Ly-FGL fitted with BCD are not considered further for B8.2.

One observes the FP/FN rates provided in Table 3.4. First, one can see that, comparing
LO.FGL.PIRLS and LO.FGL.iterative, the FP rates F' P\ and F Py ing truth are clearly im-
proved, at the cost of a (comparably lower) increase in the corresponding FN rates F'N f,c and
F Ny inl.truth- This means that, applying the iterative method, more factor selection and levels
fusion is performed, at the cost of some false selections and false fusions. Comparing the corre-
sponding adaptive versions LO.FGL.PIRLS.adap and LO.FGL.adap.iterative a similar pattern
is recognized, however not that distinct as for the non-adaptive versions. This observation is
further underlined looking at the sparsity levels in Table 3.5, that is, the iterative tuning method
yields a more sparse model, very close to the true sparsity level, than the non-iterative method.
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ML LO.CV | LO. LO.FGL.| LO.FGL.| LO.FGL. LO.FGL.| LO.FGL.| LO.FGL.
adapt. | PIRLS | PIRLS. | PIRLS. | PIRLS BCD BCD.
Cv adap it adap.it adap
F P tac 1.00 | 0.62 0.45 0.47 0.16 0.31 0.10 0.87 0.87
F N fac 0.00 | 0.01 0.03 0.28 0.22 0.32 0.30 0.01 0.00
FPfinfltrutn | 1.00 | 0.32 0.23 0.71 0.72 0.53 0.61 0.61 0.64
FN¢infitrutn | 0.00 | 0.21 0.26 0.31 0.26 0.40 0.35 0.13 0.11

Table 3.4: [B8.2 n=1000] FP/FN rates fusion and factor selection.

Thus, if a more sparse model is needed, the iterative tuning method should be recommended.
However, if false selections or false fusions are not allowed, at the cost of higher false positives,
the stepwise tuning method used in LO.FGL.PIRLS and LO.FGL.PIRLS.adap should be recom-
mended. Additionally, the sparsity levels of e.g. LO.FGL.PIRLS.iterative are also closer to
the true values than the corresponding levels that were observed for group lasso, group SCAD
and group MCP in Table 1.5.

ML LO.CV | LO. LO.FGL. LO.FGL.| LO.FGL.| LO.FGL.| LO.FGL.| LO.FGL.
adapt. | PIRLS | PIRLS. | PIRLS. | PIRLS BCD BCD.
Cv adap it adap.it adap
0OS 24.00| 16.13 | 13.93 13.04 10.66 10.40 9.00 20.79 20.78
PS 8.00 | 6.47 5.67 4.74 3.77 3.95 3.20 7.45 7.46

Table 3.5: [B8.2, n=1000] Overall Sparsity (OS) and Practical Sparsity (PS), true values are given by
05* =9, PS* =4.

Coming back to the rates table (Table 3.4) comparing LO.CV to the methods using Lo-FGL,
e.g. LO.FGL.PIRLS.iterative, one observes that, on the one hand, the F'P; ¢, rate is decreased,
at the cost of an increase in F'N g, rate. But, the F'N; g, rate of LO.CV of 0.01 in combina-
tion with the comparably high F'P; g, rate indicates that too little factor selection is performed,
which is further underlined by the sparsity measures of LO.CV given in Table 3.5. Thus, in terms
of factor selection looking for a sparse model, LO.FGL.PIRLS.iterative would be recommended
over LO.CV. On the other hand, the levels fusion performance of LO.CV is superior to the one of
LO.FGL.PIRLS.iterative, but this is also what was expected since LO.CV is a penalty designed
for levels fusion, while Lo-FGL performs both factor selection as well as levels fusion, thus it
balances the performance of fusion and selection tasks. Adding a comparison to group lasso,
group SCAD and group MCP, where the results are provided in Table 1.6, one can notice that
the Lo-FGL approach, taking for example LO.FGL.PIRLS.iterative, comes with a moderately
worse factor selection performance, but also with an improvement in levels fusion performance,
hence, it can be seen once again that it balances both tasks, which is what is expected by its
nature.

Turning the focus to the error plots displayed in Figure 3.4, in terms of predictive deviance
all approaches are ranked on a similar scale. Moreover, with respect to MSEC, one can find
that the adaptive versions of Lo-FGL improve the results of the non-adaptive versions, while in
general one can see here that Lo-FGL seems to be a bit more sensitive with respect to changes in
the data compared to Lg. Further outstanding is the fact that the adaptive version of Lg, thus
L0.adapt.CV, does not improve the values for MSEC compared to LO.CV. However, for Lo-FGL
the adaptive versions for the approaches fitted with PIRLS do improve the MSEC. This may
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be explained by the fact that, since the Ly norm only differentiates between a difference being
zero or not, i.e. not depending on the absolute value of the difference, adaptive weights seem
to have less of an impact. In contrast, Lo-FGL further incorporates a group lasso part, where
the norms of the sub-vectors are calculated, which clearly depend on the actual value of the
corresponding sub-vectors. Consequently, employing adaptive weights in Lo-FGL seem to have
more of an impact on the MSEC compared to L.

Summing up the results of B8.2, the new regularization method Lo-FGL, especially fitted
with PIRLS using iterative tuning and adaptive weights, thus LO.FGL.PIRLS.adap.iterative
improves the factor selection results of Lg, increasing the sparsity level and balancing factor
selection and levels fusion performance. The sparsity level of LO.FGL.PIRLS.adap.iterative
is very close to the true sparsity level, thus this method is able to identify the true underlying
sparsity structure, which is supported by the values of F'Ps ¢, and F' Ny gac.
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Figure 3.4: Predictive deviance and mean squared error of coefficients (MSEC) for design B8.2, n = 1000.

Results of Design B6.rare

For all considered methods, no failures were observed in any of the replications. As in the previ-
ous designs B8.1 and B8.2, the analysis of LO.FGL.BCD and its adaptive variant LO.FGL.BCD.adap
is neglected since they show no satisfactory performance in this design B6.rare, meaning that the
resulting models are not sparse, which further results in comparably high MSEC. It is recalled
that the design B6.rare is a design with a rare but relevant category, thus the proportion of
R = 100 replications, where this rare but relevant (rr) category was excluded from the model is

provided.

At first, the FP/FN rates displayed in Table 3.6 are analyzed. Similar to the previous design
B8.2, Lo-FGL PIRLS using stepwise tuning results in a less sparse model in terms of factor
selection and levels fusion, than with iterative tuning. LO.FGL.PIRLS.iterative decreases the
F P, g, rate for factor selection of LO.CV from 0.85 to 0.15, which is outstanding. Nevertheless,
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this is at the cost of a, comparably low, decrease in the corresponding F'Nj tac rate from 0.00
to 0.27, where it should be noted that the rates of LO.CV indicate that only a slight factor
selection is performed, which is underlined by the sparsity measures of Table 3.7. Comparing
the fusion performances of these two methods, the F Py ing truth, "N infl.truth rates of LO.CV are
given by 0.68/0.25, while for LO.FGL.PIRLS.iterative one obtains 0.49/0.30, so the decrease
in the F'Pfing truth Tate is clearly higher than the comparably slight increase in the correspond-
ing F'Nyinfl.truth rate. For the corresponding adaptive versions, one can find that the model of
LO.FGL.PIRLS.adap.iterative is more sparse than LO.CV, indicated by the smallest sparsity
values for LO.FGL.PIRLS.adap.iterative in Table 3.7, which comes at the cost of more false
selections in terms of higher F'N g,..

ML LO.CV | LO. LO.FGL.| LO.FGL.| LO.FGL. LO.FGL.| LO.FGL.| LO.FGL.
adapt. | PIRLS | PIRLS. | PIRLS. | PIRLS BCD BCD.
Cv adap it adap.it adap
FPsfqc 1.00 | 0.85 0.39 0.66 0.16 0.15 0.05 0.92 0.91
FNs fac 0.00 | 0.00 0.01 0.09 0.14 0.27 0.36 0.01 0.00
FPtingierutn| 1.00 | 0.68 0.42 0.87 0.83 0.49 0.39 0.82 0.84
FENyinfitrutn| 0.00 | 0.25 0.27 0.08 0.08 0.30 0.31 0.08 0.08

Table 3.6: [B6.rare, n=1000] FP/FN rates fusion and factor selection.

Further observing the sparsity measures (Table 3.7), one can notice again that the models
fitted with methods LO.FGL.PIRLS.iterative and LO.FGL.PIRLS.adap.iterative obtain the
most sparse model over all considered methods, which underlines the observations made in the
paragraph above. However, the OS rate of L0O.adap.CV is nearer to the true value than the one of
LO.FGL.PIRLS.adap.iterative, thus the model obtained by LO.FGL.PIRLS.adap.iterative
may be too sparse. But, method LO.FGL.PIRLS.iterative nearly hits the true sparsity levels
OS* and PS*.

Finally, comparing the rates of Table 3.6 and the sparsity measures of Table 3.7 to the re-
sults provided in Section 1.8.3, Lo-FGL fitted with PIRLS using iterative tuning can keep up
with the methods designed for factor selection (group lasso, group SCAD, group MCP), i.e.
F P ¢y of for example LO.FGL.PIRLS.iterative being 0.15 is similar to the rate for gSCAD.CV
which is 0.10 and the OS and PS values are competitive, with LO.FGL.PIRLS.iterative be-
ing a bit more sparse. The latter can further be recognized in the increased F'N; g, rate of
LO.FGL.PIRLS.iterative (0.36) compared to gSCAD.CV (0.03). However, comparing the fusion
rates F'Pfinfl.truth and FNfing ¢roen one can find that LO.FGL.PIRLS.iterative is able to per-
form levels fusion, while gSCAD.CV is not. Thus, once again, it can be recognized that Lo-FGL
combines the ability of factor selection with levels fusion.

ML LO.CV | LO. LO.FGL.| LO.FGL.| LO.FGL.| LO.FGL. | LO.FGL.| LO.FGL.
adapt.| PIRLS | PIRLS. | PIRLS. | PIRLS BCD BCD.
Cv adap it adap.it adap
0OS 19.00| 15.14 | 10.54 14.47 10.45 8.32 7.23 17.13 17.03
PS 6.00 | 5.40 3.53 4.46 2.36 2.05 1.48 5.66 5.65

Table 3.7: [B6.rare, n=1000] Overall Sparsity (OS) and Practical Sparsity (PS), the true values are given
by OS8* =9, PS* = 2.

Since this design includes a rr category, the focus is turned to Table 3.8, analyzing the pro-
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portion of replications where the rr category, and the rare but not relevant (rnr) category
respectively, were excluded from the model. Further, the absolute difference of these two pro-
portions is obtained, resulting in a measure whether the method can differentiate between rare
but relevant and rare but not relevant. The lowest values for (falsely) exlcluding rr are reached
by ML, LO.FGL.BCD and its adaptive variant LO.FGL.BCD.adap, which can be explained by the
fact that (nearly) no factor selection or levels fusion is performed, thus the rr category is not
excluded, but, as one can see, the rnr is also not excluded. The goal is to find a method which
can identify a rare but relevant category and obtain a sparse model, which is of high interest
e.g. in medical applications researching rare diseases.

The maximum difference of (falsely) excluding the rr category and (correctly) excluding the rnr
category is obtained by LO.adap.CV, thus this method seems to differentiate best between rnr
and rr. However, LO.adap.CV performs less factor selection compared to LO.FGL.PIRLS.adap.
iterative, which was found above when discussing F'P; o and F'Ng .. This is, once again,
explained by the fact that by the nature of Lo-FGL and the iterative tuning method, Lo-FGL
balances factor selection and levels fusion, while Ly is not able to perform factor selection.
Hence, performing Ly, the rr category can only be (falsely) excluded when it is fused with the
reference category and not through (false) factor selection. However, this comes at the cost
of a less sparse model with Lg, so it depends on the application context which method would
be preferred, depending on whether the focus lies on a balance of sparsity and detecting a rr
category, or whether one aims to strictly avoid the exclusion of the rr category, accepting a less
sparse model. Further, referring to Section 1.8.3, Lo-FGL clearly improves the performance in
detecting the rr category compared to group lasso, group SCAD and group MCP, which ex-
cluded both the rr and rnr category in none of the replications, caused by their nature of only
performing factor selection.

ML LO.CV | LO. LO.FGL.| LO.FGL.| LO.FGL.| LO.FGL. | LO.FGL.| LO.FGL.
adapt.| PIRLS | PIRLS. | PIRLS. | PIRLS BCD BCD.
Cv adap it adap.it adap
IT 0.00 | 0.09 0.05 0.06 0.05 0.21 0.18 0.00 0.01
excl.
ror 0.00 | 0.25 0.41 0.11 0.13 0.37 0.13 0.07 0.06
excl.
abs. 0.00 | 0.16 0.36 0.06 0.08 0.19 0.13 0.06 0.05
diff.

Table 3.8: [B6.rare, n=1000] Proportion of replications where the rare but relevant (rr) and rare but not
relevant (rnr) category was excluded (excl.) from the model. Further, in the last row the
absolute difference (abs. diff.) of the two proportions is reported.

In terms of predictive deviance, displayed in the boxplot on the left hand side of Figure 3.5,
all considered methods can be ranked on a comparable scale. Observing MSEC on the right
hand side, LO.CV and LO.adap.CV outperform LO.FGL.PIRLS and LO.FGL.PIRLS.iterative,
including their adaptive variants. This is explained by a similar fact as above, since if a rare but
relevant category is excluded, the MSEC is increased since “relevant® in that sense corresponds
to a high value of the corresponding coefficient.

Results of Design B6.inter.pos

Among the considered methods, no failures were observed in any of the replications. It is re-
called that in this design, there is a positive interaction between two binary factors 27 and %5,
which is denoted by Z3. In particular, 27 and 25 have the same influence on the random
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Figure 3.5: Predictive deviance and mean squared error of coefficients (MSEQC) for design B6.rare,
n = 1000.

response variable, with the coefficient being equal to 0.5, while the interaction of both Z3 is
positive, with coefficient being equal to two, thus the interaction has significantly more influence
on the random response. Besides observing rates, as well as sparsity and error measures, the
proportion of replications where 27, 25 and 23 are detected as influential by the examined
methods is investigated. It is outlined that in this design, different from the designs considered
above, LO.FGL.BCD as well as the corresponding adaptive version seem to be a convenient choice.

ML LO.CV | LO. LO.FGL.| LO.FGL.| LO.FGL. LO.FGL.| LO.FGL.| LO.FGL.
adapt. | PIRLS | PIRLS. | PIRLS. | PIRLS BCD BCD.
Cv adap it adap.it adap
FPsfqc 1.00 | 0.61 0.41 0.56 0.49 0.35 0.38 0.32 0.26
FNg fac 0.00 | 0.12 0.14 0.18 0.28 0.28 0.33 0.12 0.14
F Pt infitruth
FENyinfitratn) 0.00 | 0.17 0.21 0.20 0.30 0.31 0.35 0.23 0.26

Table 3.9: [B6.inter, n=1000] FP/FN rates fusion and factor selection. By construction of this design,
no fusions of truly influential factors need to be performed, thus F Py ;p 1 ¢ruth can not be
obtained.

The analysis is started by the examination of the FP/FN rates in Table 3.9. Since no fusion of
truly influential factors needs to be performed, so no fusion tasks appear, the analysis of fusion
measures is neglected. Coming to the F' P ¢, F'Nj tac factor selection rates, the iterative tuning
method of Lo-FGL with PIRLS is favorable compared to the stepwise one. Further, comparing
the selection performance of LO.CV and LO.FGL.PIRLS.iterative, similar observations as in
the previous designs are made, that is, LO.FGL.PIRLS.iterative improves the factor selection
performance of LO.CV, which is similarly observed looking at the sparsity measures in Table
3.10. Different from the designs considered so far, one can see that the method LO.FGL.BCD as
well as the adaptive variant LO.FGL.BCD.adap further improves the factor selection performance
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of the corresponding Lo-FGL methods computed with PIRLS. Hence, among all methods con-
sidered in this design, Lo-FGL fitted with BCD is favorable, both in the adaptive and in the
non adaptive version. Drawing the connection to Chapter 1, especially Section 1.8.4, one can
notice that these two approaches further outperform group lasso, group SCAD and group MCP
in terms of F'P; fac, F' Ny fac Tates.

ML LO.CV | LO. LO.FGL.| LO.FGL.| LO.FGL.| LO.FGL. | LO.FGL.| LO.FGL.
adapt.| PIRLS | PIRLS. | PIRLS. | PIRLS BCD BCD.
Cv adap it adap.it adap

0OS 9.00 | 6.69 5.73 6.09 5.48 4.87 4.74 5.48 5.08
PS 6.00 | 4.73 4.25 4.41 3.88 3.60 3.44 4.15 3.97

Table 3.10: [B6.inter, n=1000] Overall Sparsity (OS) and Practical Sparsity (PS), true values OS* =
5, PS* =4.

With respect to sparsity measures displayed in Table 3.10 a similar pattern can be recognized
as described in the paragraph above. That is, the methods using PIRLS tend to select models
that are more sparse than those using only Ly. In particular, the sparsity level resulting from
Lo-FGL fitted with BCD and adaptive weights, LO.FGL.BCD.adap, is prominently near to the
true values. These results are comparable to the OS/PS values of group SCAD and group MCP
shown in Section 1.8.4, where these penalties are designed for factor selection, thus Lg-FGL is
competitive.

included factors

X3 | 21, 2 | X1, X2, X3
ML 1.00 1.00 1.00
LO.CV 0.94 0.72 0.67
L0O.adapt.CV 0.97 0.62 0.60
LO.FGL.PIRLS 0.98 0.73 0.71
LO.FGL.PIRLS.adap 0.99 0.52 0.51
LO.FGL.PIRLS.it 0.99 0.56 0.55
LO.FGL.PIRLS.adap.it | 0.99 0.43 0.42
LO.FGL.BCD 1.00 0.63 0.63
LO.FGL.BCD.adap 0.99 0.63 0.62

Table 3.11: [B6.inter, n=1000] Proportion of replications where the mentioned factor is included in the
model.

By the nature of this design (B6.inter.pos), the proportion of replications where 27, 25
as well as the interaction term are included in the model are of interest. One might expect
that, if 27 and 25 are included, the interaction %23 should also be included. For this, the
focus is turned to Table 3.11, showing the proportion of replications where 23 (left column),
27 and Z5 (middle column) and all three 27, 22 and 23 (right column) are included in
the resulting model. One can notice that for all considered methods, the proportions given
in the middle column compared to the right column do not differ significantly, meaning that
if 27, %5 are included in the model, they all further include the interaction term %73 in the
majority of cases. However, the value of the difference of the middle and the right column is the
highest for LO.CV, a fact that was similarly observed in Section 1.8.4. Further, all methods show
comparably high values of proportions including 273, which is also expected because, compared
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to the other factors, it has a high influence on the random response in the sense that the true
coeflicient value is comparably high. However, looking at the column in the middle, one can
recognize that LO.FGL.PIRLS.adap, LO.FGL.PIRLS.it and LO.FGL.PIRLS.adap.it show the
worst performance in this example, coming with the lowest value of proportion including the
influential factors 27 and 25. Nevertheless, the focus of this design is to analyze whether if 27
and 45 are evaluated as influential, then the interaction term 273 is also evaluated as influential,
which is satisfied by all methods.
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Figure 3.6: Predictive deviance and mean squared error of coefficients (MSEC) for design Bé.inter,
n = 1000.

Finally, exploiting the error measures displayed in Figure 3.6, all methods can be ranked on a
similar level. Recalling the results above, Lo-FGL fitted with BCD (adaptive and non-adaptive
version), which showed the best performance in terms of FP/FN rates and sparsity measures,
would be the method of choice for this design.

Results of Design highdim

By construction, this design includes p = 171 parameters to be estimated while the sample size
is given by n = 100. First, the proportion of replications where the methods failed are discussed,
which are displayed in Table 3.12. Here, failure refers to the fact that the called function in R did
not yield an estimate, which may be caused e.g. by convergence issues or by singular matrices.

All methods that include the PIRLS algorithm, except for LO.adapt.CV failed in every repli-
cation, and also LO.adapt.CV failed in the grand majority of replications (87%). Clearly, this is
a disadvantage of the PIRLS algorithm and the reasons for these failures depend on the design
and are discussed in Appendix A.1. The ML approach only failed in 16% of the replications,
however, as noticed exploiting the values for MSEC and predictive deviance below, the results
are not satisfactory, thus the ML approach is not a convenient option in this design. Lastly,
fitting Lo-FGL with the BCD approach showed no failures, where the corresponding adaptive
version failed in 30% of the replications, which can be explained by the missing quality of the
ML estimates, which are used as adaptive weights. The fact that the number of failures for
the BCD are much lower than for PIRLS comes from the fact that the BCD approach proceeds
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Proportion
ML 0.16
LO.CV 1.00
LO.adapt.CV 0.87
LO.FGL.PIRLS 1.00
LO.FGL.PIRLS.adap 1.00
LO.FGL.PIRLS.iterative 1.00
LO.FGL.PIRLS.adap.iterative 1.00
LO.FGL.BCD 0.00
LO.FGL.BCD.adap 0.30

Table 3.12: [highdim, n=100] Proportion of replications where the methods failed.

factor-wise, cycling through the factors and minimizing the objective function w.r.t. one fac-
tor, keeping all others fixed. Thus, the high-dimensionality has a significantly lower impact on
this algorithm, since in every cycle j € {1,...,J}, a minimization problem in R?i instead of
RPF! is solved. As a consequence, in further analyses, only ML, LO.adapt.CV, LO.FGL.BCD and
LO.FGL.BCD.adap are considered. For the results of LO.adapt.CV it is crucial to keep in mind
that the method failed in the grand majority, that is 87%, of the replications, thus the results
need to be interpreted carefully.

ML | LO.adapt.CV | LO.FGL.BCD | LO.FGL.BCD.adap

FP, e | 1.00 0.17 0.34 0.34
FN,fae | 0.00 0.83 0.63 0.70
FPfinirutn | 1.00 0.08 0.25 0.19
FNjinforath | 0.00 0.91 0.76 0.81

Table 3.13: [highdim, n=100] FP/FN rates fusion and factor selection.

Table 3.13 shows the FP/FN rates for factor selection and levels fusion, respectively, whereas
in Table 3.14 the sparsity levels OS/PS are displayed. From both of the tables, one can conclude
that even though LO.adapt.CV nearly hits the true sparsity levels, in particular OS, the rates of
FP; g, and F N g, show that the true noise variables are not identified as noise and the other
way around. This also results in a comparably high value of MSEC, shown in Figures 3.7 and
more precisely in Figure 3.8, in both figures on the right hand side. In combination with the
high proportion of failures, LO.adapt.CV is ranked as not convenient for this high-dimensional
design.

ML | LO.adapt.CV | LO.FGL.BCD | LO.FGL.BCD.adap
OS | 170.00 15.46 49.66 49.79
PS | 60.00 10.00 20.59 20.26

Table 3.14: [highdim, n=100] Overall Sparsity (OS) and Practical Sparsity (PS), the true values are
given by OS* =15, PS* = 5.

It remains to discuss the BCD approaches for Lyp-FGL, namely LO.FGL.BCD and the adaptive
variant LO.FGL.BCD.adap. The OS and PS values in Table 3.14 point out that the resulting
models are not sparse enough, which is underlined by the rates of F'Ps . and F'N g, of Table
3.13. However, even though the sparsity levels can still be improved, Lo-FGL shifted the high-
dimensional problem to a non high-dimensional problem.
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Coming back to Figures 3.7 and 3.8 showing the values for predictive deviance and MSEC of
the considered methods, as mentioned above, ML shows no satisfactory performance with an
outstanding high predictive deviance and MSEC. Further, in terms of MSEC, LO.FGL.BCD and
LO.FGL.BCD.adap outperform LO.adapt.CV, whereas in terms of predictive deviance, they can
be located on a similar scale.

Lastly, the connection to the results of the methods considered in Chapter 1 in the high-
dimensional design (Section 1.8.5) is drawn. In terms of sparsity levels, it was recognized that
group MCP yields a model that is too sparse. In terms of selection performance, group lasso
and group SCAD perform better than Lg-FGL, however, this is what one expects by its na-
ture, balancing fusion and selection tasks. It is concluded that L¢-FGL, fitted with BCD, is
clearly advantageous compared to Lo, which failed in every replication of this high-dimensional
design. Nevertheless, it is desirable that the factor selection performance of LO.FGL.BCD and
LO.FGL.BCD.adap is further improved, especially in this high-dimensional design. For this pur-
pose, a two-stage Lo-FGL is introduced in Chapter 4, which performs further model selection
through statistical inference in a two-step procedure.
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Figure 3.7: Predictive deviance and mean squared error of coefficients (MSEC) for design highdim,

n = 100.
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Chapter 4

Statistical Inference for L,-FGL

Having introduced Lo-FGL in Chapter 2, along with asymptotic properties, and provided algo-
rithms as well as the performance in simulation studies in Chapter 3, the next natural step is to
investigate statistical inference analysis for Lo-FGL. Thus, this chapter provides the theoretical
foundation of such a procedure. There are two major characteristics of (high-dimensional) penal-
ized regression avoiding that one can directly apply standard procedures for statistical inference,
e.g. likelihood ratio tests or score tests. First, the possibility of high-dimensionality may cause
inconsistency of the MLE, which is discussed further in Appendix C providing a selection of
important theorems in classical ML theory. In Ning and Liu (2017) (Section 2.2), the issues of
score tests (Lehmann and Romano (2005), Section 12.4.3) coming with inconsistency of the MLE
are considered. Second, since model selection and coefficient estimation are performed in one
step in penalized regression, one only knows which hypotheses can be tested after performing
penalized regression, since one needs to know the selected model. However, there are techniques
to perform statistical inference in (high-dimensional) penalized regression, which are discussed
in the following.

Going through the existing literature, one can recognize that most of the approaches, except
for the so-called sample splitting approaches which are examined throughout this chapter, can
be classified in two different groups: (i) conditional inference and (ii) unconditional inference.
For the sake of completeness, the characteristics of these two approaches are briefly discussed
in the paragraphs below before proceeding to sample splitting. In general, lasso for the linear
model is examined in the majority of references, where there are just a few treating logistic
regression and other penalties as lasso.

First, the difference between conditional and unconditional inference is clarified, before dis-
cussing the associated references. The common way of performing hypothesis tests is that the
target hypothesis of interest is determined before the data for fitting the model is received and
then the pre-determined hypothesis is tested. In particular, in the (unpenalized) logistic regres-
sion setting, a random response variable Y and J predictor variables are investigated, assuming
an underlying logistic regression model. Given the underlying model, one can determine the
target hypothesis, e.g. test whether a particular predictor variable is influential on the random
response variable. If the setting is not high-dimensional, there are several approaches to test
such hypotheses knowing the model. The issue that arises in the framework of penalized regres-
sion performing dimension reduction, in both non high-dimensional and high-dimensional cases,
is that the model is not known in advance. For example, with Lo-FGL, factor selection and
levels fusion are carried out based on the given data. As a consequence, one cannot determine
a hypothesis in advance since the inference target being the penalized estimator 3 changes with
the selected model, in particular the dimension of 3 changes. For that reason, one needs to
condition on the selected model, which is referred to as conditional inference. Otherwise, if the
target of inference is the truth 3*, this problem obviously does not occur since the truth does
not change with the selected model, even if the model is selected through penalized regression.
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In this case, unconditional inference for the truth can be performed.

Now, selected approaches treating (i) conditional inference, including the works of Lee et al.
(2016), as well as Lockhart et al. (2014) and finally Taylor and Tibshirani (2018) are examined
with respect to their main purpose. First, the work of Lockhart et al. (2014) treats the linear
model with a lasso penalization. They construct a covariance test statistic based on the fitted
values and show that, assuming that the true model is linear, the asymptotic distribution of
the test statistic under the null hypothesis is an exponential distribution. Their proposed test
statistic is based on the paths of lasso depending on the tuning parameter A, testing the sig-
nificance of a variable entering the active set at a given knot of the path. Second, Lee et al.
(2016) obtain post-selection inference for the lasso in the linear model, where they study the
resulting conditional distribution using the fact that, for lasso, the selection events can be ex-
pressed through a set of linear inequalities in y. Hence, the condition that a particular model
is selected can be re-written through these linear inequalities. With the help of the so-called
polyhedral lemma, this set of linear inequalities can be re-written in a particular way, simplifying
the quantification of the conditional distribution. In Hastie et al. (2015) (Section 6.3.2) details
about the polyhedral lemma and a graphical illustration are provided. Therefore, compared to
Lockhart et al. (2014), the work of Lee et al. (2016) is not based on lasso paths. Third, Taylor
and Tibshirani (2018) generalize the approach of Lee et al. (2016) explaining how one can treat
the lasso in a more general penalized likelihood framework, including logistic regression. Using
a Taylor expansion, they express the penalized likelihood problem as a weighted least squares
regression (which was similarly done in Section 3.1.2) and then they also apply the polyhedral
lemma.

Next, a short review of a selection of existing approaches treating (ii) unconditional inference
is provided. In the work of Geer et al. (2014), a de-biased version of lasso is obtained by in-
verting the Karush-Kuhn-Tucker (KKT) conditions (the bias issue of the lasso was discussed
in Section 1.5.1). It is shown that this unbiased lasso has a Gaussian limiting distribution,
enabling statistical inference. The work of Zhang and Zhang (2014) is related to the approach of
Geer et al. (2014), where in Zhang and Zhang (2014) relaxed projections are used, in particular
low-dimensional projections (LDP), in a linear model framework with lasso. It is further gen-
eralized by Ma et al. (2020) through a weighted LDP method, referred to as generalized LDP,
for de-biasing, making it applicable for logistic regression, where lasso is considered in their
work. In Javanmard and Montanari (2014a), a de-biased version of lasso in high-dimensional
linear regression is observed based on the sub-gradient of the lasso. Another approach for bias
correction is Bithlmann (2013) using Ridge estimation. Other than that, Ning and Liu (2017)
introduce the decorrelated score function approach.

The sample splitting approach, which is explained and applied in this chapter, cannot be
classified to (i) conditional inference or (ii) unconditional inference, as justified in this chapter.
Single sample splitting is proposed in Wasserman and Roeder (2009) and is generalized to multi-
ple sample splitting in Meinshausen et al. (2009), in both cases in the context of linear regression
models. These two works are the basis of the idea applying sample splitting to Lo-FGL in this
thesis, where details on the differences and challenges are discussed rigorously throughout this
chapter. Moreover, it is justified why the approach of sample splitting is the most convenient
for Lo-FGL compared to those approaches presented in the paragraphs above.

This chapter is organized as follows. The two-stage Lo-FGL with single sample splitting is
introduced in Section 4.1. After that, the extension to multiple sample splitting is provided
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in Section 4.2. For both the single and multiple sample splitting two-stage Lo-FGL, not only
the idea is introduced, but further convenient asymptotic error control properties are shown,
yielding that two-stage Lo-FGL is a reasonable choice with a solid theoretical basis. It is noted
that a selection of important theorems in classical ML theory is provided in Appendix C.

4.1 Two-Stage L(-FGL with Single Sample Splitting

As explained above, one cannot directly perform statistical inference by applying the likelihood
ratio test provided in Appendix C for two nested models .#y and .#1 emerging from a penal-
ized regression procedure. Consequently, a two-stage Lo-FGL procedure is introduced in the
following, based on a sample splitting approach enabling statistical inference.

4.1.1 The Splitting Procedure (Single Sample Splitting)

Two-stage Lo-FGL for single sample splitting, as the name indicates, uses a single sample split-
ting method. The approach of sample splitting, in particular single sample splitting, has its roots
in Wasserman and Roeder (2009) where it was applied to linear models. However, the authors
do not test factors being influential, which requires testing whether sub-vectors of the coeflicient
vector are (simultaneously) equal to zero rather than single entries. It is noted that the desig-
nation single in single sample splitting refers to the fact that one performs a single data split as
specified below (Algorithm 4.1.1), and not to testing only a single hypotheses. In the work of
Meinshausen et al. (2009), the technique of single sample splitting was augmented to multiple
sample splitting using a pre-specified number B € N of splits, yielding more reproducible results.

It is noted that the differentiation between fixed p and diverging p,, is only needed when it
comes to asymptotic properties letting n — oo. Thus, the following methods and quantities
for Lo-FGL are introduced for fixed p, the case of diverging p, is treated later in the provided
asymptotic theory, as well as the corresponding regularity conditions that are imposed.

As the definitions of the reduced /full versions of the estimates (e.g. BLo-FGL) BEEL(?'FGL)) and

the truth, as well as p?f , introduced earlier in Section 2.3.4, are crucial in the following, one
may recall Notation 2.3.12 and Example 2.3.11 (for the reduced/full versions of the estimates),
Notation 2.3.14 and Example 2.3.13 (for the reduced/full versions of the truth) as well as Nota-
tion 2.3.10 (for p?f).

Let ©; C RP*! be a given parameter space for the coefficient vector B and let D be a given
dataset of sample size n € N. Then, one can proceed as given in Algorithm 4.1.1 below.

Algorithm 4.1.1 (Two-stage Lo-FGL with single sample splitting).

(i) The data D is split randomly into two different independent parts of equal size, called Dy
and DQ.

(ii) Step 1: the Lo-FGL regularization method is performed on the initial parameter space
Q; C RP*!, which yields B(0FOL) ¢ R+t UG ¢ Ritn wigh pof = 27 p?f and
a selected model denoted by S, coming with a selected set of factors A, and a fusion set
F,,. Through factor selection and levels fusion, the dimensionality of the parameter vector
is reduced, thus the parameter space for step 2 (below) is reduced based on the parameter

vector Bﬁf(f'FGL). This parameter space is denoted by {2s.
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(iii) Step 2: MLE is performed on the dataset Do considering the parameter space {23. The

resulting estimate is denoted by Bi’a e RP'+1 and ,35" € RPT! respectively (stated in
Notation 4.1.2).

(iv) Based on the results of step 1 and step 2, likelihood ratio tests (LRT) are performed,
testing whether the factors j € A, selected by Lo-FGL in step 1 above are influential. In
particular, only those factors j € A, are kept in the (final) model, that are evaluated as
influential by the executed tests, technical details are given during this section.

This procedure is called two-stage Lo-FGL for single sample splitting. For a visualization of
two-stage Lo-FGL for single sample splitting it is referred to Figure 4.1.

D

split

o, out
: : . (Lo-FGL) 4 (Lo-FGL)
D, PLoFGL: —— | A" " B

[j model S,

Q//// /out

g
i LRT {-—— |[Final model

Figure 4.1: Visualization of two-stage Lo-FGL for single sample splitting based on the LRT, introduced
in Section 4.1.1. The light gray box visualizes (i) of Algorithm 4.1.1, the green one (ii), the
blue one (iii) and, finally, the red one visualizes (iv).

Notation 4.1.2. In the procedure described above (Algorithm 4.1.1), the model selected by
Lo-FGL is denoted by S,. The coefficient vectors based on the reduced parameter space (s,

thus the selected model S,,, are denoted by 37 (reduced version) and B°» (full version) and the
corresponding estimates by Bfe*a (reduced version) and 35n (full version). The corresponding
factor-wise versions, thus the sub-vectors, are denoted by ,Bﬁ oo Bf ™ and ,éf oo BJS” respectively.
The dimensions of full and reduced versions are induced by the dimension reduction through
Lo-FGL similar to Notation 2.3.12 and Example 2.3.11. To ensure clarity, the following example
is provided.

Example 4.1.3. The setting of Example 2.3.11 is recalled, i.e. J = 2 factors are considered as
candidate explanatory variables, where 27 is an ordinal factor with five levels (p; = 4) and 25
a nominal factor with four levels (p; = 3) such that p = 7. It is assumed that fitting Lo-FGL in
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step 1 of Algorithm 4.1.1 yields the following structure
= (Bint, 1, B)
= (Bints Pr2,P13,P1,3 P15, 0,0.0) € R®.

Thus, levels three and four of 27 are fused and factor Z5 is identified as non-influential noise
variable. The corresponding reduced version (cf. Example 2.3.11) is given by

Ié(LO'FGL)

~(Lo-FGL 5 s s 4
ﬂﬁedo ) = (Bints P1,2,61,3,P15) € RY,

with p®f = p(ff+pgf = 3, thus ,@Efg_FGL) € R1*+P" . Having that, in step 2 of Algorithm 4.1.1, the

MLE on the parameter space € (being of dimension 1+ p®/ induced by ,@fjci)_FGL)) is obtained,

which is denoted by ,éi’a according to Notation 4.1.2. It is known that this estimate has the

4(Lo-FGL . . .
same structure as 6560{) ) by construction, i.e. in this example

3 (B B BB ’
By = (Bint, B1,2,01,3,01,5) € RY,

where obviously the numerical values of ﬁfg}i and Bﬁi{)'FGL) are not necessarily identical. The

FGL)

full version Bgn is analogously to B(LO‘ given by

B = (Bint, 31,2731,3,[31,3751,57 0,0,0) € R®.

It is noted that the quantity B;ge’a is defined on the reduced parameter space (s, so it is directly
reduced by definition, however, the lower index “red is kept to indicate that the quantity is
of dimension p® + 1, while the full version BS" is of dimension p + 1. With that, notational
consistency with the previous chapters (Notations 2.3.12 and 2.3.14) is ensured. The same
applies for the other quantities of Notation 4.1.2.

The next section discusses the relation of sample splitting and conditional inference, in par-
ticular in terms of nominal and conditional type-I-errors.

4.1.2 Nominal and Conditional Type-I-Errors

In the introduction of this chapter, the concepts of conditional and unconditional inference and
the role of sample splitting in statistical testing were touched, where this section supplies more
technical details and underlines the advantage of applying sample splitting. The following ar-
guments are taken from Fithian et al. (2017) and Schultheiss et al. (2021), adjusted for the
setting used here. Further details on the hypothesis being tested and the employed test are
given a subsequent section (Section 4.1.4), whereas here the focus lies on clarifying nominal and
conditional type-I-errors along with their difference, for which no further details on the testing
procedure are required at this point.

Starting with J € N candidate (categorical) explanatory variables and a coefficient vector
B € RPF! to be estimated in the underlying penalized regression model, one aims to set the co-
efficients of non-influential factors to zero and for influential ones to fuse those levels having the
same influence on the random response, with the help of the Lo-FGL regularization technique.
Hence, one assumes that some regularization technique is applied, in fact Lo-FGL, which yields
a selected model S,, and an active set of selected predictors A, C {1,...,J} with |A,| = jo < J,
for which Definition 1.2.5 is referenced. This dimension reduction induces a reduced parameter
space of dimension p®/ + 1 (Notation 2.3.10).
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In general, post-selection inference or inference after selection, as the name indicates, deals
with inference on the estimator after having selected a model based on the data. Now, the ques-
tion arises whether a method is applied where (i) the model is chosen (based on prior knowledge
or data) and then inference is performed based on an independent dataset (independent from
that used for model selection) or whether (ii) the model and the hypothesis are chosen adap-
tively. In the latter case one also chooses the hypothesis adaptively, since, if one does not know
which model is selected, one also does not know which hypothesis is tested since statistical tests
are only performed for the predictors included in the model, thus only for j € A,,. As mentioned
in the introduction of this chapter, the latter case (ii) is also referred to as conditional inference.

In particular, in two-stage Lo-FGL for j € A, the following hypothesis is tested

Hyj : Sn =0 versus Hyj: /Bf?ed #0, (4.1)

j,?ed -
where the upper index S, corresponds to the model selected by Lo-FGL (cf. Notation 4.1.2).

For testing a hypothesis Hy ; for j € A,, a “classical“ nominal level a-test satisfies that, under
the null hypothesis Hy j, the type-I-error can be bounded by the nominal level a € (0, 1), i.e.

Pt ;.80 (reject Hp ;) < a. (4.2)

(nominal) type-I-error

However, for asymptotic tests, the above error-control is reached asymptotically. The lower
index S, in the probability (4.2) indicates that this is a probability under the assumption that
the data comes from the model S,. Because of the fact that S, is not completely specified by
the subset of selected predictors A, since here fusion is allowed besides selection, S, instead of
A, is written in the lower index. Moreover, the other lower index Hp ; indicates that this is
a probability under the assumption that Ho ; is true. This type-I-error (Lh.s. of (4.2)) is also
referred to as nominal type-I-error.

In contrast, as Fithian et al. (2017) argue, if the model S,, and the hypothesis being tested are
chosen adaptively (described by (ii) above), one aims to control (asymptotically, if necessary)
the selective type-I-error, also called conditional type-I-error, given by the left hand side of

Pry,.5, (reject Ho ;| (Sn, Ho ;) selected) < a. (4.3)

conditional type-I-error

It is noted that one only tests hypothesis Hy ; for j € A, hence to test Hy ; one needs to ensure
that j is in the selected subset A,. Additionally, for the dimension p?f of the parameter vector
being tested, one needs to know the fusions of levels so it is necessary to know the selected model
S,., hence the condition on the left hand side of (4.3) is crucial.

Following Fithian et al. (2017), if it can be ensured that model selection is performed on a
dataset which is independent from the dataset where inference is performed, the nominal and
the conditional type-I-errors are identical. Consequently, dividing the data D into two different
independent parts D; and D, fitting the model on D; and then, having chosen the model,
performing inference on Do (cf. Algorithm 4.1.1), it can be ensured that

n

Pho.,.5n (reject Hyj) = P8 (reject Ho ;| (Sn, Ho ;) selected) . (4.4)

nominal type-I-error conditional type-I-error
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To be more precise, the equality above holds since the randomness in selecting (S’n, Hy ;) emerges
from the randomness in D1, while the randomness in rejecting Hy ; emerges from the randomness
in Dy. It is noted that the randomness in D and Dy is caused by the respective included ran-
dom sample of the random response variable. Thus, ensuring that D; and Dy are independent,
the conditional probability on the right hand side of (4.4) equals the unconditional probability
on the corresponding left hand side by the definition of conditional probabilities (one compares
e.g. Casella and Berger (2002), Definition 1.3.2).

To sum up, the sample splitting approach solves the problem of controlling the conditional
type-I-error since it equals the nominal type-I-error. Applied to two-stage Lo-FGL this means
that after step 1 of Algorithm 4.1.1 it can be assumed that S,, hence A,, and p?f Vi e A,
are known. This makes it possible to derive (asymptotic) size « tests. Thus, ensuring that an
independent split is availiable, performing the two-stage procedure with sample splitting yields
(4.4) which is crucial in the further course of this chapter.

Next, in Section 4.1.3, the regularity conditions that need to be imposed for two-stage Lo-FGL
are discussed.

4.1.3 Assumptions/Regularity Conditions

The conditions provided below are necessary to obtain asymptotic results for two-stage Lo-FGL.
It is recalled that A* is the true active set and A, is the active set of the estimates, say the
estimated active set, for which Definitions 1.2.4 and 1.2.5 are referenced. In what follows, the
estimated active set A,, refers to B(LO‘FGL), that is

Ay = ALY = fie (1, g BT 2o} (= {je ... 7} B £ 0}).
The following quantities based on the true active set A* are defined

Ju = (A7), (4.5)
j2 = |A" = J = jr. (4.6)

Further, one recalls the definition of the fusion sets (Definition 1.2.8), where F}, refers to Lo-FGL
in the following, i.e.

F* o= {Grs) e (L Ty < {1 p 1B £0, B, = Bl 7 < 5},

Fo = {Grs) € {1l Ty x {1,.,p )2 18] # 0, Bt = Bl p <)

An upper index indicating that the sets F, and A, are based on Lo-FGL is neglected for
simplicity, since only Lo-FGL is considered in the following.

Remark 4.1.4. In the sets F**, F,, above, the full/extended versions of B(LO'FGL) and the truth
B* are used since in these sets the indices r,s € {1,...,p;} are analyzed (and not just r,s €
{1,... ,p?f }orr,s €{l,...,p;}, respectively). However, investigating the requirement 3; # 0
in F* and Fj, it does not matter if one requires 37 # 0 or B red # 0. The latter fact is also
valid for the active sets A* and A,,.

Finally, Notation 2.3.10 is recalled for the definition of pflf , which is p%f = 23‘121 p?f . Clearly,

for the fixed and the diverging case, p;f depends on n, however, similar to B(LO'FGL), a lower

index is neglected for simplicity. Further, one recalls that in both the fixed and the diverging
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case,

the levels corresponding to one factor, i.e. pj, are not allowed to grow with n, they are

assumed fixed Vj.

One considers the following regularity conditions that are imposed for two-stage Lo-FGL.

(A1)

(A2)

(A3)

(A4)

It holds that 1i_>m P(A* € A,) = 0 (screening property concerning factor selection). In
n—0oo

particular one assumes that the assumptions of Theorems 2.3.8 (case of fixed p) and 2.3.9
(case of diverging p,,) are satisfied, ensuring that such an active set exists.

The resulting model is sparse, hence fitting Lo-FGL on a sample of size n results in an
estimate BAr(eL(f_FGL) € ]szfﬂ, where pflf < n. In the case of fixed p, one analogously

assumes p* < n.

It holds that li_>m P(F* = F,) = 1 (screening property concerning levels fusion). In
n—oo

particular, one assumes that the assumptions of Theorem 2.3.37 are satisfied, ensuring
that such a fusion set exists.

The number of factors selected by Lo-FGL is bounded from above, in the sense that
Jk e N :|A,| <k Vn € N. Further, one assumes that departing from some ng € N, the
number of executed fusions is constant Vj € {1,...,J} (j € {1,...,Jn}, respectively).

Remark 4.1.5 comments on the role and convenience of these conditions.

Remark 4.1.5 (On the regularity conditions).

(i)

(i)

(iv)

Dividing the initial dataset with n € N items into two datasets Dy and D, the model in
(A2’) is fitted on n/2 samples which provides that the resulting dimension after regular-
ization is less than n/2. For the case that n is odd, allocate the one remaining sampling
item either to Dy or to Dy. The selected active set is denoted by A, rather than A, s,
even if the model is based on n/2 items. Also later on, it is written p&/ < 5 rather than
pZJ;Q < 5 and similarly p < 5, keeping in mind that the model is based on 7 items.

In general, assumptions (A1l’) and (A2’) are similar to those in Meinshausen et al. (2009),
where the latter (A2’) differs since fusion is performed in two-stage Lo-FGL and further
grouped variables are treated here. If no grouped variables would be treated, and hence
no levels fusion would be performed, one would assume that |4, < § as in Meinshausen
et al. (2009).

Conditions (A1’) and (A3’) are called screening properties, in particular (A1’) concerning
factor selection and (A3’) concerning levels fusion. These conditions are crucial to ensure
that two-stage Lo-FGL is a reasonable method as specified thoroughly in the course of this
chapter. It is further underlined that these properties are proven for Lyp-FGL in Chapter
2, which emphasizes the importance of the provided theoretical background.

First, (A4’) ensures that the number of hypotheses being tested after step 2 (of Algorithm
4.1.1) is bounded from above, which is not a restriction on p,, or the growth of p,,, it only
provides that the number of factors selected by Lo-FGL is bounded by some arbitrarily high
constant being a reasonable assumption under the sparsity assumption (Definition 1.2.4).
Second, (A4’) assumes that for each j, there exists some ng € N such that p?f = p% Vn >
ng for some p‘% € {1,...,p;}. However, to avoid unnecessary notational complexity, p?f
continues to be used in the proofs for n — oo, since it is only crucial that the quantity p?f

is constant departing from some ng. Without going into further details, this assumption
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ensures that the degrees of freedom of the asymptotic distribution of the LRS is well-
defined.

Remark 4.1.6 (On the truth 3., being an interior point of the parameter space 23). To ensure
convenient asymptotic properties of the MLE, it needs to be ensured that the truth 3}, € ]Rp*Jrl
is an interior point of the parameter space for MLE, i.e. Qo with dim(Q9) = 1 + Z] 1 pj .
However, the dimensions of 3}, € RP “+1 and Qy may not be the same caused by the Lg-
FGL regularization in step 1 (of Algorithm 4.1.1), such that this remark provides a technical
explanation on how this requirement is still reasonable. The true parameter vector 3} 4 € RP+1
has to be filled with zeros (for the true excluded factors and true fusions with reference category
that are not detected by Lo-FGL) and repetitions (for the true fusions that are not detected
by Lo-FGL). For example, in the same setting as considered in Example 4.1.3, it holds that
dim(Q9) = 4 induced by Brfcf FGL) _ (ﬁmt, 31,2,[;’1,3,@,5) € R*, where 25 was evaluated as
noise variable and levels three and four of 27 were fused. Assume that the truth is given by

cd = (B BT 281 3) where %5 is truly a noise variable but, in contrast to ,Bﬁfdo_FGL), levels
three and five of 27 are fused. Then, it holds that dim(8},;) = 3 while dim(Q3) = 4, such
that the entry By 5 of B4 is repeated, i.e. one writes (5, 57 2, 513, 81 3) € {2 such that this
parameter vector can be an mterior point of €29. By the screening properties it is known that,
asymptotically, p* < Z] 1 pj , so this procedure can be executed ensuring that the dimension
of ()5 is not smaller than those of 3.

As discussed in Appendix C, to guarantee desirable asymptotic behavior of the MLE and
LRT, appropriate regularity conditions need to be satisfied. In the framework of two-stage Lg-
FGL (Algorithm 4.1.1), this means particularly that the regularity conditions (Regl)-(Reg3)
for fixed p ((div.Regl)-(div.Reg3) for diverging p,,) are needed for the corresponding parameter
space where the MLE is executed on, i.e. 3. Analogously, these conditions are needed for
the initial parameter space to ensure theoretical properties of Ly-FGL (cf. Chapter 2). These
considerations induce the following definition.

Definition 4.1.7 (GlobalReg). In the given setting, the global regularity conditions, abbrevi-
ated as GlobalReg, are said to be satisfied if

(i) (Regl) holds ((div.Regl) for diverging p,,)
) (Reg2) holds ((div.Reg2) for diverging py,)
(iii) (A1’)-(A4’) hold
) (Reg3) holds for both €; and Q9 ((div.Reg3) for diverging p,,)

Now that the regularity conditions are specified, one can proceed to the technical details of
the test being executed in two-stage Lo-FGL.

4.1.4 Properties and Details of Likelihood Ratio Test and p-values for Two-Stage
Lo-FGL

A likelihood ratio test is employed, taking into account factor selection and levels fusion per-
formed in step 1 of Algorithm 4.1.1. One defines the following models that are compared for
some j € A,

//lo(j) : model where B] nq =0 (nested in //ll(j)),
//ll(j) . model where 37 ng 7 0.

J,re
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The following hypothesis is considered, testing the nested models given above, i.e.

Hy; : ﬁ] nd = versus Hyj : B; ;Led;«éO (4.7)

Remark 4.1.8 (Role of the screening properties concerning the validity of the test). The argu-
ments provided in Schultheiss et al. (2021) (Section 2.1) concerning which hypothesis is tested
and how the validity of the test for the truth (assumed screening) can be ensured are transferred
to the setting considered here. On the one hand, one could test

Hoj @ Bjrea =0 versus Hij : B} ,q70 (4.8)

for the sub-vectors of the truth, or, on the other hand, one could test (4.7) corresponding to
the selected submodel S, and j € A,. Equivalently, in the hypothesis (4.7) one could write
the full versions BS” of the parameter sub-vectors instead of the reduced ones BS” 4> since the
independent entrles are crucial, and the full versions arise from the reduced ones by repeating
fused entries and adding zeros for noise factors (cf. Notation 4.1.2), similar arguments apply to
(4.8). Coming back to the hypotheses above, under the screening properties (A1’) and (A3’),
(A1) ensures that all truly active factors are included in the selected model while (A3’) ensures
that the fusions of the truly active variables are executed correctly. Thus, the true model
S* is nested in the selected model S,, which provides by the given explanations according to
Schultheiss et al. (2021) that

Bir =B VjeA,.

Consequently, tests and inference statements valid for (4.7) are also valid for (4.8). The same
applies in the multiple split case discussed later.

The difference of the number of parameters included in the models %éj ) and .//ll(j ), particularly
the number of entries in their coefficient vectors and not the number of factors, is given by
rj := param. included in model //ll(j ) param. included in model ///é D = p]f )
which is assumed to be known when performing the test (cf. Section 4.1.2). The test statistic
that is observed for some Y = y is given by (cf. (C.5))

Tinly) =T (M”07 n,y) = =2 (La(in" ™ ly) = Lo(a" M ly)) | (4.9)

where ﬂ(()j)’(ML) denotes the MLE of p under model .# G ), ie. ﬂ(()ML) emerges from the MLE

ﬁ(()ML) using the underlying model equation, similar to (C.4) of Appendix C.2 for the case of

logistic regression. Analogous arguments apply to u(J) (ML)

Theorem C.2.1 obtains the asymptotic distribution of T]n(Y) One can conclude that, ob-
serving a single hypothesis, the decision rule for some given observed sample Y = vy is for
J € Ap

Hy ; is rejected < T n(y) > X;af o (4.10)
j ’

where Xfoa i is the upper o quantile of the y? distribution with p?f degrees of freedom. Because
j b

of the structure of the x? distribution and 7}, (y) > 0, one does not need to take the absolute
value of T} ,(y) comparing it to the quantile in (4.10). If multiple tests are applied, some mul-
tiplicity corrections are necessary, which are introduced later (Bonferroni correction: Section
4.1.5 and Benjamini Yekutieli correction: Section 4.1.6).

The next remark supplies the asymptotic error control for the test provided above.
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Remark 4.1.9 (On the type-I-errors and the asymptotics). For the test statistic T} ,, the asymp-
totic distribution is known, hence if the null hypothesis Hy ; is rejected if and only if T} ,, > X72J“ o
j b

one obtains

lim IP’HOjvgn(reject Hyj) =, (4.11)

n—o0

i.e. asymptotic control of the nominal type-I-error.

Next, a closer look is taken on the (large sample) p-values and their characteristics, which are
crucial when discussing asymptotic properties of two-stage Lo-FGL.

Large Sample p-Values

Op,; is the parameter space corresponding to null hypothesis Hy ; provided in (4.7). In general,
the corresponding ezact p-value for the LRT is defined by

peract (V)= sup Pg(Tjn(Y) > Tjn(y)), (4.12)

raw,j,n
56907‘7'

according to Casella and Berger (2002) (Theorem 8.3.27). The lower index “raw“ corresponds
to the fact that, later, adjusted p-values are introduced and used, hence this p-value is somehow
“raw“ in the sense that it is not adjusted. The computation of the exact p-value (4.12) calls
for the distribution of the LRS, which is only known asymptotically. For this purpose, large
sample p-values, also known as asymptotic p-values, are considered, based on the asymptotic
distribution of the LRS (Theorem C.2.1). Of course, one could also work with the exact p-values
(4.12) in the theoretical work, but it is not possible to calculate the exact values in applications,
such that large sample p-values are considered here. One sets

~(j),MLE ~(j),MLE
Prowin¥) = Py, (s = =2 (Lol 1Y) = L@ v)) ) a1
= 1= B(Tia(Y),

with T af being a X;a s distributed random variable with distribution function denoted by Fj.
g j

In the following, solely large sample p-values (4.13) are utilized, where p-value is written in-
stead of large sample p-value for simplicity.

Now, with expression (4.13) of P4y j(y) one can calculate the p-value for each testing problem
of the considered form. Basing the test decision on the p-value one proceeds as follows

reject Hy j & Prawjn < .

Remark 4.1.10 proves the equivalence of the test decision being based on the test statistic and
on the p-value.

Remark 4.1.10. It can be easily seen that, on the one hand
reject Hy © Praw jn(y) <a e 1—Fi(Tin(y)) < o
and on the other hand, by using that for the upper quantile it holds by definition

Fj(Xzz)j,a) = ]P)(ij < X%j,a) =1- P(ij > X;zaj,a) =l-a
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Hence, using that Fj(-) is a monotonically increasing function being a cumulative distribution
function, one can deduce

reject Hy & Tn(y) 2 X3 o Fy(Tin()) 2 Fi0G, o) € Fi(Tiay) = 1—a
& Fi(Tin(y) —12 —a & 1= Fi(Tin(y) < o

Consequently, basing the test decision on the test statistic for a specified « is equivalent to
employing the corresponding p-value.

For the random variable me,j,n(Y) one knows that it is asymptotically uniform distributed
on [0,1], since it is defined by the cumulative distribution function of a continuous random

variable, namely Tt evaluated at Tj,(Y"), where the latter follows asymptotically the same
J
distribution as 7 .s. In particular, one knows that for a nominal level o € (0,1) under the null

hypothesis Hy ; i‘é holds

lim P (Praw,jin(Y) <o) =a. (4.14)

n—oo

This can similarly be written as
Pry,; (Prawjn(Y) < a) = a+o(1).

The definition of P, j» was provided for selected factors, i.e. j € A,. Therefore, one defines
]5]-,” which also takes into account those factors j ¢ A,. In particular, for j ¢ A,, hence the
variables that are not selected by Lo-FGL in step 1 (of Algorithm 4.1.1), one sets I:’j,n =1. For
the others, one calculates ]5],1 = Prqw,jn- To sum up

~ o { P’/‘aw,j,n 1fj € ATH (4 15)

T itj ¢ A,

Remark 4.1.11 (On setting p-values to one (or not) and the number of true null hypothesis).
In the single split, it is actually not necessary to set the p-value to one (cf. (4.15)) for the
factors that are not selected in step 1 (of Algorithm 4.1.1), since one just takes into account the
previously selected factors j € A, in hypothesis testing (by definition of two-stage Lo-FGL in
the single split). In contrast, considering multiple splitting later in this chapter (Section 4.2),
setting the p-value to one for the factors that are not selected in step 1 is crucial, as justified in
the appropriate section. However, it is important to note at this point that the number of true
null hypotheses for two-stage Lo-FGL in the single split is given by |(A*) N A,|, while for the
corresponding multiple split the number of ¢rue null hypotheses is [(A*)¢| for which justification
is provided at the respective point. The reason why the latter is mentioned here even though
the multiple split is not introduced yet is that two lemmata of this section (Lemma 4.1.19 and
Lemma 4.1.20) are easily transferrable from single to multiple split and vice versa, adjusting for
the number of true null hypotheses. Thus, to avoid repetitions it is shortly commented whenever
there exist such a straightforward extension.

To sum up, technical details on the hypothesis being tested after step 2 of Algorithm 4.1.1
in two-stage Lo-FGL were provided. However, only the case of testing one hypothesis was
considered, so the next step is to apply some multiplicity correction techniques. Consequently,
the next two Sections 4.1.5 and 4.1.6 give further details on the Bonferroni and Benjamini
Yekutieli corrections for multiple testing.
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4.1.5 Bonferroni Correction

Recalling the particular structure of two-stage Lo-FGL given in Algorithm 4.1.1, only those
factors are kept in the final model that are evaluated as influential by Lo-FGL in step 1 and by
the executed test after step 2. Hence, having executed the likelihood ratio test and calculated
the needed p-values P;,, (cf. (4.15) and Section 4.1.4) for all j € A, the final selected set of
predictors in the single split adjusted for multiple testing, denoted by A, ¢(«), is given by

Apg(e)i={j € Ay : PinlAn| <a} ={j € Ay : P <a}, (4.16)
where
Py 1= min (P[4, 1). (4.17)

Thus, for the indices in A, r(«a) there is statistical evidence that the corresponding factor has
an influence on the random response variable. The multiplication of the p-value pj,n with the
cardinality of A,, accounts for the fact that multiple tests (in particular |A,,| tests, one for each
factor j € A,) are executed. In other words, the nominal level with respect to which each of
the tests is executed is divided by |A,|, which is the well-known Bonferroni correction (Dunn
(1961)). The Bonferroni correction ensures that the probability of at least one false rejection
(among the considered family of hypotheses) is bounded by «, according to Lehmann and Ro-
mano (2005) (Theorem 9.1.1). This error is also called family wise error rate (FWER) and plays
a crucial role in the subsequent part of this thesis.

It is important to remark that, at this point of the chapter, it is not clear whether Bonferroni
correction applied to two-stage Lo-FGL satisfies FWER control caused by the preceding regu-
larization step (cf. Algorithm 4.1.1). However, this question will be answered throughout this
chapter.

Remark 4.1.12.

(i) If the rejection of Hy ; is based on the test statistic 7}, instead of the p-values, as done
subsequently in this chapter (Theorems 4.1.14 and 4.1.16), A,, r(«) is written even though
it is originally defined through p-values in (4.16). But, it is clear that in this case

Anf(a) = {j € An : Tjn 2 Cj,a/|An|} : (4.18)

where ¢; o /14,,| = X is the upper «a/|A,| quantile of the x? distribution with p?f

2
4’ /| Anl
degrees of freedom.

(ii) In (4.16) one could also write A, f(a) = {j €{l,...J} : Pj,|A, < a} since for j ¢ A,

it holds that Pj,, = 1 and consequently P;,|A,| = |A,| > a since a < 1, one compares
Remark 4.1.11.

Even though, in general, FWER control is achieved through the Bonferroni correction, it has
its limitations as the nominal level with respect to which each of the hypotheses are tested can
be very low depending on the number of executed tests. Consequently, for a “large* number of
tests, this procedure may allow too little rejections according to Lehmann and Romano (2005)
(Section 9.1), i.e. it may be too conservative. For this purpose, an alternative correction for
multiple testing is discussed next.
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4.1.6 Benjamini Yekutieli Correction

Caused by the possible limitations of the Bonferroni correction explained in the previous Sec-
tion 4.1.5, the Benjamini Yekutieli correction introduced in Benjamini and Yekutieli (2001) and
applied for sample splitting in Meinshausen et al. (2009) is further considered.

To weaken the boundedness of the probability of making even one false rejection (FWER),
the Benjamini Yekutieli approach aims to control the false discovery rate (FDR). The FDR is
the expected value of the ratio of the false rejections among the total rejections. This approach
permits more rejections, making it less conservative, of course at the cost of probably more
false rejections. In general, according to Lehmann and Romano (2005) (Section 9.1), it holds
that FDR < FWER where equality holds if all hypotheses are true. Thus, the FDR control is
more liberal allowing more rejections. Nevertheless, it depends on the number of hypotheses
to be tested which of the two approaches is more convenient so it depends on the particular
application. For more on multiple testing and the FDR/FWER control it is referred to Finner
and Roters (2001), Sarkar (2002) and Sarkar (2008).

The Benjamini Yekutieli correction introduced below emerges from the well-known Benjamini
Hochberg correction obtained by Benjamini and Hochberg (1995), which was initially designed
for controlling the FDR for independent p-values. Since p-values are random variables (cf. Sec-
tion 4.1.4), the concept of independent p-values is defined as it is for random variables, where for
the latter reference is made e.g. to Casella and Berger (2002) (Definition 4.6.5). The approach
of Benjamini and Hochberg (1995) was generalized and adjusted in Benjamini and Yekutieli
(2001) for p-values omitting the independence requirement, which is suitable for the setting of
this thesis. In fact, both approaches execute the same ordering of the p-values and they reject
the hypotheses in the "same" manner, but with a different level ¢ > 0 (one compares Theorems
1.2 and 1.3 of Benjamini and Yekutieli (2001)), where the role of ¢ is explained below.

With )
P}, := min (ij|An|, 1)

as in (4.17), the p-values P;,, for j =1,...J are ordered corresponding to their size
Py = Poyn < - < Py
For some given ¢ > 0, one calculates
k(q) := max {z e{l,...J}: Py, <i- q}

and rejects the null hypotheses up to hypothesis Hy (x(q)), where the hypotheses are ordered due
to their corresponding p-values, Thus, hypotheses Hy (1), ..., Ho x(q) are rejected. Hence one
knows that

Piyn <k(q)-q Vie{l,...,k(q)} (4.19)

The final set of factors included in the model with the multiplicity correction as explained above,
is denoted by AE’}/((]) and is given by

AR (@)= {j € An s Py < Plgn}- (4.20)

Clearly, using different corrections, in fact Bonferroni or Benjamini Yekutieli, to adjust for
multiplicity of testing, results in different theoretical properties of two-stage Lo-FGL. Hence,
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it is important to justify whether one examines the selected set A, r(a) using Bonferroni or
the selected set AE}; (¢) using Benjamini Yekutieli. As analogously mentioned in the previous
section, it is not clear at this point of this chapter whether Benjamini Yekutieli correction
applied to two-stage Lo-FGL results in FDR control caused by the preceding regularization step
(Algorithm 4.1.1), however, this will be clarified throughout this chapter.

4.1.7 Type-l-Error Control and Consistent Selection with Bonferroni Correction

In the following, theoretical properties for the two-stage Lo-FGL procedure using the Bonferroni
correction for multiple testing (Section 4.1.5) are developed.

Remark 4.1.13 (Comparison to Wasserman and Roeder (2009)). Since the single split method,
which is applied for two-stage Lo-FGL, was introduced by Wasserman and Roeder (2009), the
main differences of this approach to two-stage Lo-FGL are emphasized here. For the concrete
specification of the presented aspects, the corresponding upcoming theorems and proofs are
linked.

(i) In Wasserman and Roeder (2009) the linear model with LSE is utilized rather than logistic
regression with MLE as done in this thesis. Hence, they use some t-test statistic while
here the LRS is used, i.e. the distribution of the test statistic is only known asymptotically
rather than exact. Consequently, probabilities including the LRS can only be quantified
asymptotically (i.e. n — oo) which impose challenges in the proofs of Theorem 4.1.14
as well as Theorem 4.1.16, as discussed at the appropriate point. To provide a brief
example, considering sums of such probabilities where the summation index depends on n,
challenges arise since the probability can only be quantified if the limit and the sum can
be interchanged which is obviously not straightforward. In contrast, knowing the exact
distribution of the test statistic, this challenge does not occur.

(ii) In this thesis Lo-FGL is proposed and used as regularization technique allowing for factor
selection and levels fusion, while in their work the focus lies (only) on variable selection
methods. Hence, it is necessary to add and ensure a screening property concerning fusion
(A3’) to ensure that the tests are also valid for testing the truth (cf. Remark 4.1.8).
The challenge arising here is that this additional screening property (A3’) cannot only be
assumed to hold, it needs to be proven that it is valid under suitable assumptions. Such
a theorem was rigorously presented and proven in Chapter 2, specifically Theorem 2.3.37,
which requires several preparatory theorems and corollaries as provided in Section 2.3.4.

(iii) The focus of this thesis is on categorical covariates, i.e. factors, which leads to other hy-
potheses as in the work of Wasserman and Roeder (2009) since here testing is done on
sub-vectors instead of single entries of the coefficient vector. In particular, in their work,
the hypotheses are of the form 3; = 0 whereas in this investigation sub-vectors 3; = 0
are tested. Consequently, since fusion is allowed here, the dimension of the sub-vector
corresponding to a factor after step 1 (of Algorithm 4.1.1) may be of lower dimension,
ie. p?f < pj. Thus, the distribution of the test statistic (in particular its degrees of free-
dom) and the critical value depend on the regularization of step 1. Since the critical value
depends on p?f , each critical value may be different among the factors, which causes chal-
lenges as justified in the proof of Theorem 4.1.14, together with a possibility to overcome
this issue.

Theorem 4.1.14 shows that, testing several hypotheses Ho 1, Ho 2, ..., Ho |4,|, also called a
family of hypotheses, the probability of one false rejection (i.e. the FWER) does not exceed the
level a. This FWER is also called type-I-error corresponding to the global null hypothesis. For
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this theorem (Theorem 4.1.14), both cases of fixed p and diverging p,, are allowed, as long as
GlobalReg (Definition 4.1.7) are ensured to hold. Hence, p without the lower index n is written
for simplicity of notation.

Theorem 4.1.14 (Type-I-error control/FWER control of two-stage Lo-FGL in single split with
Bonferroni, fixed p and diverging p,). One assumes that GlobalReg (Definition 4.1.7) hold and
the LRT is executed at level @ € (0, 1), where the correction for multiplicity is done by Bonferroni
correction, thus for j € A,

reject HO,j ~ ,‘T],n(y) > X;qf a/|An|’
7 b n
Then, it holds that two-stage Lo-FGL controls the type-I-error/FWER, in particular

limsupP ((A")°N Ay ¢(a) #0) < cu.

n—o0

Proof. The beginning of this proof roots in Wasserman and Roeder (2009). Setting
M, = A, N (A")°

as the set of true noise factors that are (falsely) evaluated as influential by Lo-FGL and setting
further

TiuY) = Ty, 4P nY), (LRS)
2
C: = a s
jiar/|An X! /| An]
2 : a . 2 . . . o .
where Xp; /| An] is the upper A quantile of the Xp? s distribution, it is shown that

P (35 € My : Thn > ¢jayan) < @ +o(1). (4.21)

Here, T}, denotes T;,(Y") for brevity. The left hand side of the inequality (4.21) is the proba-
bility that at least one j € M, hence estimated as influential in step 1 (of Algorithm 4.1.1) by
Lo-FGL but truly non-influential, is (again) falsely evaluated as influential after step 2. It holds
that, using P(A* € A,) = o(1) and P(F* # F},) = o(1) from GlobalReg (Definition 4.1.7), by
applying the law of total probability twice

P(3j €My : Tjn > cjagan) (4.22)
= P(3j €My : Ty > Cjapans A C An) + P (35 € My : Ty > Cjapia,, A° € An)
= P(3j €My : Ty > Cjaya, A C A, F* = F,) (4.23)
1P (aj € My : Tjp > Ciayians A" C An, F* # Fn)
+P (Hj €My : Tjp > Ciayiany A" L An, F* = Fn)
+P (Hj € My : Tjn > ¢jayians A" L An, F* # Fn)

< IP’(Hj € My : Tjp > Ciafians A" C An, F* = Fn) +P(A* C Ay, F* #Fp)
P (A" Z A, F* = F,) +P(A* € A, F* £ F)
< P(35 €My i Tjn> jasia, A" C An, F* = F) + P(F* # F,) + P(A" € A,)

+P (A" Z Ap)
= P(3j €My : Ty > cjagian, A C Ap, F* = F,) + 0(1),
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S S

Figure 4.2: Here, G is the set containing all possible models. On the left hand side, one can see the
case where the true model S* is not nested in the selected model S,,, where the truth cannot
be an interior point of the parameter space (s, corresponding to selected submodel S,. In
contrast, on the right hand side, where the true model S* is nested in S,, one can ensure
that the truth is an interior point of the parameter space )y. It is noted that (A1’) is needed
for screening concerning factor selection and (A3’) for screening concerning levels fusion.

To sum up, one finds that
P (35 €My : Tyn > ¢jagan)

(4.24)
=P (3j € My : Tin > Ciaya A" C An, F* = F,) +o(1).

At this point it has to be specified how the regularity conditions, especially the screening prop-
erties (A1’) and (A3’), as well as the sparsity assumption (A2’), are employed in this proof.
Assumptions (Regl)-(Reg3) are necessary after step 2 (of Algorithm 4.1.1) to ensure that the
statistic T}, is asymptotically X @ distributed. These conditions are given by GlobalReg (Def-

inition 4.1.7), however, it has to be commented on whether it is reasonable to ensure (Reg3)
((div.Reg3), respectively) for €y, in particular that the truth is an interior point of 9, since
this depends on the performance of Lo-FGL. The screening properties A* C A,, and F* = F,
(holding asymptotically a.s.) ensure that the truth is an interior point of Qg, since it is ensured
that the true model is nested in the selected model S,, due to the fact that no influential fac-
tors are excluded from the model and the fusions of the truly influential factors are detected
correctly. For a visualization of the situation one observes Figure 4.2. The sparsity assumption
(A2’) is needed to ensure that the design in step 2 is not high-dimensional. Thus, (Regl)-(Reg3)
((div.Regl)-(div.Reg3), respectively) are ensured for step 2 and one can use that the asymp-

totic distribution of the considered test statistic is a X o distribution, where by (A4’) p; of

well-defined for increasing n.

The probability P (Elj € My, : Tjn > ¢jajja,, A" C An, F™ = Fn) is further quantified for
n — oo, which is the first summand of (4.24). In Wasserman and Roeder (2009), the maxi-
mum over j € M, of T}, is considered, arguing that if the maximum over all test statistics T},
exceeds some critical value, there exists at least one j € M,, for which T}, exceeds this critical
value. However, as shortly mentioned in Remark 4.1.13, this approach is not suitable here, since
the critical value ¢; /|4, depends on j. To overcome this challenge, a Bonferroni inequality is
applied below using the asymptotic distribution of the test statistic and the imposed regularity
conditions.

To be more precise, the following events are defined
Bjn = {T]JL > Cj7a/|An|7A* CA, F* = Fn}, (j € Mp)
By = {3j €My : Tjn> cjajia, A C An, F* = Fy}.
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Clearly, it holds that B,, C U Bj,, and, since M, is countable, using the Bonferroni inequality
JjEMny
one gets

P(B.) < Y P(By). (4.25)

For every j € My, one knows that T} ,, asymptotically follows a X of distribution under the null

hypothesm which is left out as lower index in the probability for 51mph(:1ty of notation. Hence,
with ¢; belng the upper quantile of this limiting distribution of T}, it holds that

P(Bjn) = o(1). (4.26)

=
| Anl
By (A4’), it holds that |A,| = O(1) and by construction M,, C A, so the number of summands
is bounded, hence

P(B,) < |M,]|- +o(l) <a+o(l) = lim P(B,) < a.

|A | - n—00

Here, it is crucial to ensure that the term o(1) in (4.26), coming from the asymptotic distribution
of the test statistic, remains controlled going to zero even though the sum (4.25) depending on
n is considered, which is ensured by (A4’) as explained above. Now, by definition of B,, one can
deduce

nh_)ngo P(B,) = nh_)n(}OP 3j €My : Tjn > cjajja,, A" C An, F* = F, | <. (4.27)
=B,
Consequently, combining (4.24) and (4.27) yields
nhﬁnoloIP) (El] eEM, : T, > Cj,a/|An|) < a+o(1), (4.28)
so the claim follows. O

For the subsequent thesis, the notion of consistency (of the test) is required, for which the
following definition is supplied.

Definition 4.1.15. In the considered setting, let for all factors j € A* exist a sequence of
significance levels (o, )nen C (0, 1) at a rate such that

Jim pp ;=0 Vj € A", (4.29)
where
png =P (T < cjan, A" C Ay, F* = F,) (4.30)

and k given by (A4’). Then, the executed test is said to be consistent

Hence, according to the definition provided above, consistency of the test means that for truly
influential factors j € A*, the probability of not rejecting Hy j;, i.e. the probability of a false
rejection, tends to zero as n — oo, where the corresponding significance level is allowed to go to
zero. Probably, to ensure this consistency, one needs to control the rate of a,, — 0, to ensure
that this convergence is not too fast compared to the increase of the sample size. However,
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this is not further investigated in this thesis, i.e., being in line with Meinshausen et al. (2009)
(Section 3.4), it is assumed that such a rate exists.

The next theorem shows factor selection consistency using the Bonferroni correction. Hence,
using the two-stage Lo-FGL with Bonferroni correction it is achieved that, asymptotically, the
true noise factors are selected as noise and the true influential factors as influential. The
following theorem holds for both cases, i.e. fixed p and diverging p,, as long as GlobalReg
(Definition 4.1.7) and the consistency of the test (Definition 4.1.15) are ensured.

Theorem 4.1.16 (Consistency of two-stage Lo-FGL in single split using Bonferroni correction,
fixed p and diverging p,). One assumes that GlobalReg (Definition 4.1.7) hold and that the LRT
is executed at level «,,, where the correction for multiplicity is done by Bonferroni correction
and for the sequence (a,)nen C (0,1) it holds ay, — 0 for n — oo, such that consistency in the
sense of Definition 4.1.15 is ensured. Then, it holds that the two-stage Lo-FGL in the single
split is factor selection consistent, i.e.

lim P(A* = A, f(an)) = L. (4.31)

n—oo

Proof. The idea of this proof roots in Wasserman and Roeder (2009), transferred to the case
of two-stage Lo-FGL (cf. Remark 4.1.13). By Theorem 4.1.14, using «,, — 0 for n — oo, it is
known that

lim P ((A*)° N A (an) #0) =0,

n—oo

which directly yields

lim P (A, (o) € A") = 1.

n—oo

Now, it remains to show that lim P (A" C A, (ay)) = 1.
n—00 ’

For some j € A*, it is shown that

!

lim P(j ¢ Ay f(an)) =0.

n—o0

By the law of total probability (applied twice) and the regularity conditions of GlobalReg (Def-
inition 4.1.7), it holds that

P(j ¢ Anslan) = P( ¢ Anslon), A" C A) +P(j ¢ Ay plan), A £ Ay)
= P(j ¢ Anslan), A" C Ay, F* = )
+P(j & Anjlom), A" C A, F* 7 Fy)
P (5 ¢ Anflan), A* € Ay, F* = )
+P(j ¢ Anflon), A" L An, F* # Fy)

P(j ¢ Anplan), A C Ay, F* = F) + 2P (F* £ F,) +P(A" € Ay).
~—_———

=o(1) =o(1)

IN

The first summand on the right hand side of the inequality is the probability of not rejecting
Hj ; for j € A* being truly influential and can be re-written as

P(j ¢ Anplon), A" C Ay, F = F) =P (Tjn < ;2 A" C A F = Fy) . (432)
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Quantifying this probability (4.32) further requires steps different from Wasserman and Roeder
(2009) since a LRT is applied in this thesis (cf. Remark 4.1.13). Consequently, the proof here is
continued by utilizing the consistency of the LRT rather than the concrete distribution of the
test statistic as done in the mentioned reference. The latter would not be suitable here as the
distribution of the LRS is just known asymptotically.

Thus, (4.32) is analyzed with the help of p,, ; defined in (4.30) and for which one knows that
(4.29) holds. However, one needs to get rid of the dependence on |A,| in the quantile on the
right hand side of (4.32). The requirements A* C A,,, F* = F,, ensure the theoretical properties
of the LRT and they hold asymptotically a.s. by the GlobalReg (Definition 4.1.7) assumption,
one further regards the explanations in the proof of Theorem 4.1.14.

and ¢; en = Xzzoaf o (k comes from (A4’)), one deduces
ik

an

An|

For j € A* with Cj,om, = Xiqf
e

Qp Qp
> — = Cj, an < Cj.an
|An‘ k‘ P An| Tk

= P (T > ¢jon A" C A, F* = F) <P (Tjo > ¢j o0 A° C Ay F* = F,) . (4.33)

Thus, by (4.29) it holds

lim P (T), > ¢j 0 A" C Ap, F* = F,) = lim 1 pp; = 1.

By (4.33) one can infer
1 - . Qap * * g frd .
nh_)rgoIP’ (T]n > CJ’W’A CA,F Fn) 1
Thus, for j € A* this yields
Jim P (75, < ¢j qn A7 C Ay, F* = F,) =0. (4.34)

To sum up, it was shown that for each j € A* that

7}1_?;01? (J & An,p(am)) =0,

ie.
Jim P (A" C Ay p(an)) =1
and the claim follows for both the fixed p and the diverging p,, case. O

4.1.8 FDR Control with Benjamini Yekutieli Correction

The main objective of the following examination is Theorem 4.1.18 and its proof, showing false
discovery rate (FDR) control of the two-stage Lo-FGL procedure using the Benjamini Yekutieli
(BY) correction for multiplicity of testing.

Remark 4.1.17. At first, a comparison of two-stage Lo-FGL with the main references where this
idea emerged from is provided in the following. For the concrete specification of the presented
aspects, the corresponding upcoming theorems and proofs are linked. Even though single sample
splitting is considered at the moment, this remark is further valid for the multiple sample
splitting applied for two-stage Lo-FGL introduced later in this chapter (Section 4.2), which is
mentioned here to avoid repetitions later.
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(a) Comparison to Meinshausen et al. (2009)

(i) In their work, the linear model with LSE is utilized rather than logistic regression
with MLE as done in this thesis. Consequently, similar challenges arise as described
in Remark 4.1.13 (i), while the difference is that considering the BY adjustment, the
focus lies on p-values rather than on the test statistic. However, only the asymp-
totic distribution of the the p-values (and the test statistic) is available such that
probabilities including these quantities can only be determined asymptotically. Fur-
ther, considering e.g. the expectation of a quantity incorporating the p-value (as
done in the proof of Theorem 4.2.4), it is necessary to utilize the weak convergence
of the probability measures that come with the fact that the considered p-value is
asymptotically uniform distributed. Justifications for these challenges are given in
the respective theorems and proofs (single split: proof of Theorem 4.1.18, multiple
split: proofs of Theorems 4.2.3, 4.2.4 and 4.2.6).

(ii) A screening property concerning levels fusion is required rather than only for selection,
which is already explained in detail in Remark 4.1.13 (ii) and is analogously valid for
this comparison.

(iii) In their work, the hypotheses are of the form ; = 0 whereas in this investigation sub-
vectors B; = 0 are tested because of the group structure of categorical covariates,
which results in the fact that the distribution of the test statistic depends on the
dimension of 3;, i.e. on the Lo-FGL regularization of step 1 (Algorithm 4.1.1).
Reference is made to Remark 4.1.13 (iii), where this aspect is discussed.

(b) Comparison to Benjamini and Yekutieli (2001)
They neither observe a two step procedure, nor particular tests, in their work the focus
rather lies (only) on the correction for multiple testing with FDR control based on p-
values. Thus, this approach has a substantially different purpose, however, it serves as
a valuable tool for two-stage Lo-FGL. For that reason, some of their results concerning
properties of the BY procedure are picked up in the following examination as they are of
high importance in several proofs.

For the explanation of the Benjamini Yekutieli correction it is referred to Section 4.1.6. The
definition of the quantities j; and jo given in (4.5) and (4.6) is recalled, where j; denoted the
number of true null hypotheses (truth 87 = 0 is a noise variable), thus j; = [(4%)¢|. Further,
jo = J — j1 denoted the number of truly false null hypotheses, thus jo = |A*|. For the single
split case, one considers these quantities with the intersection of A,, (Remark 4.1.11), i.e. one
defines

J = |A,] (total number of hypotheses in single split),
g1 = |(A")° N A, (number of true null hypotheses in single split),
Jo 1= |A* N Ay (number of truly false null hypotheses in single split).

In addition, the following quantities are defined

V(BY)(C]) = |A£ffy) () N (A%, (number of false rejections) (4.35)
RPY)(q) := ]Aify)(Q)’a (number of total rejections)  (4.36)

recalling that Agfy)(q) is given by (4.20) and denotes the final set of factors included in the
model, applying BY correction. Consequently, V(BY)(q) is the number of false rejections of the
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null hypotheses, whereas R(BY)(q) is the number of total rejections of the null hypotheses. In
addition, one sets

V(BY)(q)
max (1 KBV (g))

W(q) = (4.37)
which is the ratio of false rejections and total rejections. Clearly, the maximum in the denomi-

nator is taken to avoid the division by zero for the case that none of the hypotheses is rejected.
The expectation of the ratio (4.37), i.e. E(W(q)) is called false discovery rate (FDR).

Theorem 4.1.18 (FDR control for two-stage Lo-FGL in single split with Benjamini Yekutieli,
fixed p and diverging p,,). It is assumed that GlobalReg (Definition 4.1.7) hold. Further, § > 0
-1

J
1
and A;ny)(q) is defined as in (4.20) with ¢ := ¢ E - , thus the LRT of two-stage Lo-FGL
’ —
=1

is executed at level ¢, where the correction for multiplicity is done by BY. Then it holds that,
asymptotically, the two-stage Lo-FGL in the single split controls the FDR by ¢, in particular

limsup E(W(q)) < 4. (4.38)
n—oo

The proof of Theorem 4.1.18 requires the following lemmata on properties of the BY procedure
(Lemmata 4.1.19 and 4.1.20), which can similarly be shown by replacing j1,jo and J by 71, jo
and J (cf. Remark 4.1.11). However, since they are also applied in the multiple split, the proof
is conducted for the more general case taking ji,jo and J. Finally, it is noted that these two
lemmata are not asymptotic properties, i.e. p is obviously fixed. The following lemma and its

proof can be found in Benjamini and Yekutieli (2001) (Lemma 4.1).

Lemma 4.1.19 (Benjamini and Yekutieli (2001), Lemma 4.1). j; is the number of true null
hypotheses among the hypotheses being tested based on the p-values P, ,, i € {1,...,71 +
j2}, while jo is the number of false null hypotheses. By defining the event E, s(¢) that the
Benjamini Yekutieli (BY) procedure rejects exactly v true null hypotheses (falsely) and s false
null hypotheses (correctly) for given g > 0, it holds that

]P)(EU,S(q)> = iip({Pi,n < QU—l-s} N E’u,s(‘]))? (4-39)
i=1
where
Quts == q - (v+s). (4.40)

This also holds when replacing P;, by aggregated p-values Q;(v) and Q?dap in the multiple
split rigorously introduced later in this chapter but mentioned at this point for the sake of
completeness.

Proof. This lemma is shown for “general“ p-values P;,, i.e. no particular form or structure of
the p-values is used, it is only used that the test decision rejecting the null hypothesis Hy; or
not is based on the p-values P;,. Therefore, the proof is also valid replacing P;, by Q;(vy) or
Q?dap in the multiple split.

By definition of the event E, (q), exactly v null hypotheses are falsely rejected. Since one
recognizes that j; of the null hypotheses are truly correct (i.e. those should not be rejected),
there are different possibilities for these v wrong rejections to occur among the truly correct null
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hypotheses. Hence, w C {1,..., 1} is a subset of the truly correct null hypotheses where |w| = v
for some v € N, v < j;. Thus, w is the set of the (indices of) the true null hypotheses that are
falsely rejected. Now, one defines the event E}’ (q) as the event in E, s(q) that the v falsely
rejected null hypotheses are exactly those null hypotheses in w C {1,...,j1}. Consequently,
E, s(q) is the (general) event that exactly v true null and s wrong null hypothesis are rejected
while the event E}ﬁs(q) specifies the particular hypotheses that are falsely rejected. With these
definitions one can write by the law of total probability
P(EU,S(Q)) = Z P(Efffs(Q)) (4'41)
wg{l,...,jl},|w|=v
and further
P ({Phn < Quast N EU7S(Q)) = Z ]P)({Pi,n < Qurst N Eﬁs(‘])) (4.42)
wC{1,....j1 },|w|=v
For i € w one knows that P;, < ¢- (v+ s) = qy+s since v + s null hypotheses are rejected and

hypothesis i as well, since ¢ € w (cf. (4.19)). For i € {1,...,j1}\w it holds that P;, > ¢y+s
since this hypothesis is not rejected by construction. This yields

P(EY,(0)), ificw

" . (4.43)
0 , ifi e {1,..., 1 H\w.

P{Pin < quis} N E(q) = {

Combining all steps from above one can deduce

Ji

442
S P{Pin < Goys} N Bus(g)) Z S PP < quis} NEE(q)

1=1 i= lwg{l’ 7]1} |’LU|:'U

J1
= Z ZP({R,n < QU-i-s} N Egjs(Q))

wg{lv'“vjl}v \w\:v i=1

(4.43) 1 »
= Z Z 1{i€w}]P)(Ev,s(q))

11)@{1,...7j1}7 ‘w‘:’u =1

= 3 v-P(EY(q))

wQ{lz"'7.j1}7 "UJ‘:’L)

v-P(Eys(q)),

—
N

(4.41)

J1

where in (%) above it is used that Z 1w P(Eys(q)) = v - P(E,(q)) since by construction
i=1

w C{1,...,j1} and |w| = v. Consequently, the claim follows. O

The following lemma and its proof can be found in Section 4 of Benjamini and Yekutieli

(2001). Similarly, the statement is picked up in Meinshausen et al. (2009) in their proof of
Theorem 3.3.

Lemma 4.1.20 (Benjamini and Yekutieli (2001) Section 4, expressions (9), (10) and (28)). One
assumes the same setting as in Lemma 4.1.19. C’z(,z)s (¢) is the event in which if hypothesis Hy ;)
is rejected, then v — 1 true null hypotheses are (falsely) rejected and s false null hypotheses are

(correctly) rejected alongside with it. J is the number of total hypotheses. One defines
(g U{ Q) |v+s=t} (4.44)

pisk(a) == PUPin € [(j — 1), jal} N C(g)). (4.45)
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Then, the FDR can be written in the following way

J 1 k
= Y Z%Z k(g (4.46)

i€(A*)c k=1 " j=1

This also holds when replacing P;,, by aggregated p-values Q;(7) and Q?dap in the multiple
split rigorously introduced later in this chapter but mentioned at this point for the sake of
completeness.

Before proving Lemma 4.1.20, the following remark is supplied.

Remark 4.1.21. The outer sum in (4.46) is taken over all true null hypotheses, which can be
adjusted if just a subset as in the single split is taken, i.e. replacing i € (A*)¢ by i € (A*)°N A,
(cf. Remark 4.1.11). Further, the inner sum is taken over all hypotheses being tested (which is .J
here) and this sum can also be adjusted by taking J = |Ay| < J instead of J restricting the tested
hypotheses to the selected factors of step 1 (of Algorithm 4.1.1) in the single split. Consequently,
the lemma above and its proof is valid in the same way for the explained adjustments, replacing
in the proof ji, jo and J by ji, j» and J, respectively.

Proof. (of Lemma 4.1.20) First, the fact that this Lemma also holds when replacing P; , by the
aggregated p-values Q;(7) or Q?dap is explained at the beginning of the proof of Lemma 4.1.19
and this applies in the same way to this proof.

Since |(A*)¢| = j1, hence one has j; true null hypotheses, the number of false rejections v satisfies
v < ji, and, without loss of generality, one assumes that (A4*)¢ = {1,...,71} for simplicity of
notation. The number of true rejections, which is denoted by s, satisfies s < jo with jo = |A*|.
It is noted that for the number of false rejections one does not include zero to avoid that the
denominator is zero, one recalls the definition of W (g). The number of total rejections is then
v+ s. Now, with the event E, s(¢) defined in Lemma 4.1.19, the FDR, i.e. E(W(q)), can be
expressed more precisely using the definition of the expectation and the explanations above

EW(@) = Y ——P(Fus(a)) (4.47)
s=0v=1
= 22: i " _T_ . (11) zl:P({P)i,n < qutstN EU,S(q))> (using Lemma4.1.19)
s=0v=1 i=1
J1 Jj2 j1
= Z<sz+s ({Pin < us} N Euslq ))). (4.48)
i=1 \s=0v=1

The next goal is to get rid of the direct dependency on v and s by reconstructing E, s(¢q) such
that it only depends on i and the total number of rejections k = v + s (and the chosen level q).

For all i € {1,...,71} = (A*)¢ the corresponding hypotheses are truly correct. Hence, if
P, < quys for i € {1,...,71} one has a false rejection. With that, for i € {1,...,/1}, one

deduces that {P;, < qu+s} N C’l(f?s(q) is the event that hypothesis i is falsely rejected and,
given this rejection, one has v — 1 other false rejections and s correct rejections because of the
intersection with C(Z)( ). Hence in total there are v — 14 1 = v false rejections and s correct
rejections. Consequently, by definition, this is the same event as {P;, < quts} N Eys(q) for
i € {1,...,71} where also the true null hypothesis i is rejected (since P;, < gy+s) and one has
v false and s correct rejections in total. To sum up, it holds that

{Pin < urs) N Eus(q) = {Pip < qurs} NCSU(q) , i€ {1,... 1} (4.49)
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Recalling the definition of C,gi)(q), that is
k
U {Cih@) v +s =1},

one can see that C,gl) (q) for i € {1,...,71} is the event that if one (falsely) rejects hypothesis
i, one further rejects another ¢ € {0,...,k} hypotheses where for the latter it is not specified
which of them are correct and which of them are wrong rejections. By construction, it holds
that for each i € {1,...,J1}, the C’,(f)(q) are disjoint. As a consequence, replacing v+ s by k and

using the definition of C,gi)(q), one ends up with

]2 ]1 1

ZZ {PanQv—l-s}mC(Z ( ))

SO’U].U+ k

<{Pm < g} N CP (). (4.50)

HM&

Combining the equation (4.50) above with (4.48) and (4.49)

E(W (q) ZZ (P < g} N 9 (q). (4.51)

zlk:l

With ¢i = ¢ - k by definition, one can write
k .
P({Pin < 0} N C (@) = S P(Pyy € [(G — 1)g,4a) N C (q)),
7j=1

which, in combination with (4.51) and j; = |(A*)¢|, provides

EW(@) = 3.

so the claim follows. I
Having all necessary tools available, the proof of Theorem 4.1.18 can be executed.

Proof. (of Theorem 4.1.18) The proof roots in Meinshausen et al. (2009) (Theorem 3.1) and
Benjamini and Yekutieli (2001) adapted for two-stage Lo-FGL (cf. Remark 4.1.17). At first,
adjusting the approach of Meinshausen et al. (2009) with respect to the additional screening
property concerning fusion (A3’) proven in Chapter 2, the following quantities are defined

Kin = Pjn - 1{A* C A, F*=F,} +1{A*Z A,,F* =F,}
+1{A*Z A, F*#+ F,} +1{A* ¢ A,,F* = F,},
where 1{} are indicator functions being zero or one. Consequently, ;, is given by the adjusted

p-value Pj, if A* C A, and F* = F,,, and by one otherwise. Since by GlobalReg (Definition
4.1.7) li_>m P(A* € A,,) =0and li_>m P(F* # F,,) = 0, it holds that ;, = P;, almost surely for
n oo n (o.)
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n — oo. This step is needed to ensure the regularity conditions for the convergence properties of
MLE and LRS, one refers to the explanations provided in the proof of Theorem 4.1.14. However,
to avoid confusion and keep the notation simple, one continues writing P; ,, instead of x;,, in the
following and omits the conditions A* C A,,, F* = F}, in the probabilities. This is completely
analogous to the steps below the lines starting from (4.22).

Further, without loss of generality, one omits the min(1, -) function in the definition of P;,, and
one assumes that P;,, < 1. This does clearly not affect the selection process of the test.

To prove the claim, one needs to show that

lim sup E(W(g)) < 4.
n—oo

Using Lemma 4.1.20 the expression E(W(q)) can be re-written as follows, noting that the single

split is considered hence the intersection with the selected set A, is taken, i.e. j; = [(A*)°N A,|

are the true null hypothesis instead of ji, analogously jo = |A* N A, | is used instead of jo = |A*|

and J = |A,|, respectively, whereby reference is made to Remarks 4.1.11 and 4.1.21.

J 1k ) JoJ 1
E(W(q) = Z Z P sz‘jk(Q) = Z Z %pzjk(Q)
i€(A*)°NA, k=1~ j=1 1€(A*)°NA, j=1 k=]
J o J 1 J 1 J
< Z Z Z *.ngk(Q) - Z - szgk(Q)
i€(A")enAy, j=1k=j J ie(A)enAn j=1 7 k=j
J 1 J
< Z - szjk(Q) (SlIlCe pzyk’(q) > 0)
i€(A*)°NA, j=1 17 k=1
J 1 J J 1
= Z = > Dowukle) =) f0), (4.52)
P ie(A*)enA, k=1 =17
=:f(4)

where (x) above can be seen by explicitly writing down the summands, that is

k=1 " j=1
1 1
= pi11(q) + ;(]mz((/) + pio2(q)) + 5(2%’13( q) + pie3(q) + piz3(q))
1
+ + ... +j( @)+ i)
1 1 1
= pi11(q) + 51%’12(0) + gpm(Q) + -+ FPin 1.7(2)
1 1 1
+;[)/22((1) + 3]%23((1) + + ..+ jpmj(q)
1 1
+§pi33(q) + +o jpigj(Q)
1
+ + + jpizu(CI)
+...
+21,75(0)
jpu,] q
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’ij

?r'M—‘

It is noted that the quantity f(j) defined in (4.52) further depends on other quantities rather
than j, e.g. on q. Nevertheless, further indices are omitted for simplicity of notation. The next

J
step is to re-write the sum Z l,f(j) of (4.52) with straightforward steps as
j=1

Ay R TN A T
Z (j - J‘Fl) JZlf(])‘i‘j]Z:lf(] )

j—1 13 J-1 J
=2 2 )~ Z )+ Z e

=17 = j=1 =1

sum 1 sum 2 sum 3
= )+ W)+ 1)+ Q) + @+ [E) 4+ () 4+ (T = 1)
sum 1
— 350+ 50 + @)+ UM + @)+ F@) + o+ (1) + o+ (T = 1)
sum 2
FSIW)+ Q)+ 1)
sum 3
1. 1, -

= f(1)+ +3 B+ =F()

T 1
= Z *f(ﬂ)a

=1

where all summands, except for the colored ones, cancel out. Having that, in combination with
(4.52) one can deduce

-1 /9 1 J 1 J
E(W < - — )+ = 4.53
( (q))_._1<j j+1); Z_: (459)
J= J'=1 =
J J
Since by definition f(j) = Z Pijk(q), the sum Z Pijk(q) is further specified as follows
i€(A")en A, k=1 k=1
J J
Yo pir(@) =Y B({Pin €[ = )a.ja) 1 G (@)}) (by definition, one compares (4.45))
k=1 k=1
(H%nEKJ—lqjq}ﬂ(LJC )) (4.54)
= ]P)(R,n € [(] - 1)%]‘]])7 (455)

where in (4.54) it was used that C,gi) (q) are disjoint for i € (A*)°N A, (ori € (A*), respectively,
all true null hypotheses), whereby reference is made to the proof of Lemma 4.1.20. In equation
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(4.55) it was used that by construction the union U C,gi) (¢) is the event that if hypothesis

k=1
i is rejected (at level ¢), another ¢ € {0,...,J — 1} hypotheses are rejected as well, resulting
in k € {1,...,J} total rejections. Hence, following the arguments of Benjamini and Yekutieli

(2001) (right after equation (11)), this union is simply the whole space of events that possibly
occur. In consequence, using the definition of f(j) and equation (4.55) one can write

f) = Z szjk Z P(Pl,n € [(J — Vg, jq)). (4.56)
1€(A*)eNA, k=1 1€(A*)°NA,

For the defined p-values P;,, = Pi,n|An\ (4.17), one deduces for i € (A*)°N A,

]P)(Pz,n < JQ) = ]P)Ho,i(Pi,n < JQ) = ]P)Ho’l(pl,n|f4n| < ](I) = ]P)Ho,i (Pz n > ’iq |> (457)

where for i € (A*)° N A, the lower index Hy; was omitted so far for simplicity. Moreover, by
the asymptotic uniform distribution (4.14) it holds

Prro. (n < |ii|) < min< ol )) Vi€ A, N (AY)E. (4.58)

One notes that here, the fact that the distribution of the p-values is only known asymptotically
is crucial (cf. Remark 4.1.17 (i)) as the sum of the probability that is bounded in (4.58) is
considered right below, where the summation index depends on n, in particular the number
of summands. Thus, one needs to ensure that the term o(1) going to zero for n — oo keeps
controlled even though the term is summed over a quantity depending on n. To be more precise,
the bound (4.58) which is independent of ¢ € (A*)¢ N A,, yields (again, under Hy ;)

Z P(Pi,n < JQ) = Z PHo,i(Pi,n < ]CI)
1€(A*)°NA, 1€(A*)°NA,
< min <1, |,]4q| +0(1)> (A% N Ay
Jq e
< (o) 1 n . (4.59)

Consequently, it holds that

J 3 4.56 J ) )
Sy 2y P(P,, € [(j' — 1)g,'q))
ji=1 5'=1i€( A*)cmAn

= > ZPPWE (' = 1)g,5'q)
i€(A%)eNA, j'=1
= > P(Pin <jaq)
i€(A*)°NAy
(4.59) ( iq )
< +o(1))-[(A") N A,
A (1)) - I \
< jg+o(1),
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where in the last step it was used that [(A*)° N A,| is bounded by (A4’) (i.e. properties of
Ly-FGL), hence the term o(1) remains controlled going to zero. Finally, the result is

S T T A A
EW(q) < S ) > U+ DU
o\ atl e J i3
—— ——
<jg+o(1) <Jg+o(1)
j—-1
1 1 1 -
< ————)Jq9; +=Jg+o(1
< {;(j ]Jrl)Jq} FJa+o(1)
-1 T q
> 1 +q+o(1) q;j%( )
j= j=
——
=q
= q+o(1),
which yields
limsup E(W(q)) < g,
n—oo
so the claim follows. O

4.2 Extension: Two-Stage L(-FGL with Multiple Sample Splitting

In this section, the investigations of Section 4.1 for single sample splitting are extended to
multiple sample splitting. As done for the single split, the differentiation between fixed p and
diverging p,, is only needed when it comes to asymptotic properties, as well as regularity con-
ditions needed for those. Hence, two-stage Lo-FGL for the multiple split is introduced for fixed
p, the case of diverging p, is treated later when asymptotic theory is provided.

The purpose for which multiple sample splitting was proposed in Meinshausen et al. (2009)
is to provide a tool that is more stable in terms of reproducibility compared to the single split.
More precisely, performing the single split method only once, the result depends on the particular
data split, while for multiple sample splitting, the idea is to execute the single sample splitting
method B € N times for some fired B > 0 resulting not in single p-values but in a collection
of p-values for each hypothesis. For that reason, the two-stage Lo-FGL for multiple sample
splitting is introduced in Section 4.2.1.

4.2.1 The Splitting Procedure (Multiple Sample Splitting)

Let Q; C RPF! be a given parameter space for the coefficient vector B and let D be a given
dataset of sample size n € N, as in the single split (Algorithm 4.1.1). The following procedure
is considered.

Algorithm 4.2.1 (Two-stage Lo-FGL with multiple sample splitting). For b = 1,..., B, the
following steps are executed.

(i) The data D is split randomly into two independent parts of equal size, called Dll’ and DIQ’.

(ii) Step 1: Lo-FGL regularization method is performed on the initial parameter space € C
Rp+1, which ylelds B(LO—FGL),I) c Rp—l—l and BlgeLdo-FGL),b c Rl—‘—paf,b' Here’ paf,b = 5]:1]7?]0717
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and p?f b

is called S? coming with a selected set of variables A% C {1,...,J} and a fusion set F?.
Through factor selection and levels fusion, the dimensionality of the parameter vector is
reduced, thus the parameter space for step 2 (below) is reduced based on the parameter

vector ,@Efé]_FGL)’b. This parameter space is denoted by Qg C RI+P,

is the number of levels of factor j after fusion in split b. The selected submodel

(iii) Step 2: MLE is performed on the dataset D} with parameter space Q3. The resulting
~5b af A8 . . .
estimate is denoted by ,Big € R and BSZ € RP*!L respectively (stated in Notation
4.2.2).

(iv) Based on the results of step 1 and step 2, LRTs are performed, testing whether factors
jE Afl selected by Lo-FGL are influential, in particular p-values for these hypotheses are
obtained resulting in B p-values for each hypothesis.

Aggregating the B p-values for each hypothesis, for which details are given during this section,
the final test decision keeping a factor or not is based on the aggregated p-values.

This procedure is called two-stage Ly-FGL for multiple sample splitting, where it may be ab-
breviated as two-stage Lo-FGL whenever needed for simplicity. As in the single split case, elab-
orated in Section 4.1.2, for each b = 1,..., B, one can assume Sg,Ag and p?f’ij e{l,....,J}
to be known after step 1 (of Algorithm 4.2.1). Further, the fact that nominal and conditional
type-I-errors coincide apply in the same way for the multiple split case for each split (cf. Section
4.1.2).

& Qb ob ab
Notation 4.2.2. Similar to Notation 4.1.2, the notation ﬁsvb@, ﬁfe*a, ,Bf” and ,BS"

- - . Jore
. /\Syb ~Gb ~Gb ~Gb

coefficient vectors and 877, B,., B;" and B; 4

b=1,...,B is introduced.

q for the

for the corresponding estimates for each split

In terms of regularity conditions, no further conditions are needed in the multiple split case
as imposed in the single split case. GlobalReg (Definition 4.1.7) are assumed for each split
b=1,...,B, where B € N is fixed, which is no further restriction since GlobalReg do not
impose a structure on the dataset or the split.

4.2.2 Details of Likelihood Ratio Test and p-Values

For a broad discussion on properties and details on the LRT and the p-values for two stage
Lo-FGL in the single split, reference is made to Section 4.1.4, which is valid for the multiple
split case as well. However, details on some differences in the multiple split are given below.

After performing MLE in step 2 (of Algorithm 4.2.1), one obtains p-values pjbn for each

b=1,...,B based on testing whether factor j is influential, i.e.
Sh gb
H{; : By =0 versus HYj: B0 #0. (4.60)

for all j € {1,...,J}. As in the single split, under the GlobalReg (Definition 4.1.7) assumption,
the p-values obtained for the testing problem above are also valid for testing the truth

Hoj : Birea=0 versus Hij: 3] .4 # 0, (4.61)

for all j € {1,...,J}. In particular, it is referred to Remark 4.1.8 which similarly applies in the
multiple splitting case. Thus, for every b = 1,... B, one gets a valid p-value for testing (4.61).
The final test decision is based on an aggregated p-value, which is discussed more detailed in
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the upcoming section (Section 4.2.3).

With AP denoting the active set of factors selected by Lo-FGL in split b € {1,..., B}, analo-
gously to (4.15), one sets

o Pl jn ifj e Ab,
J,n - N . b
1 ifj ¢ A).
The p-value Pv?aw,j,n for split b = 1,..., B is the same as P4y, in the single split case, one
compares Section 4.1.4, based on the current split.
For the p-values 15]1?7” for which j € A% one needs to adjust for the multiplicity as in the
previous section dealing with single splits. For this, one applies the Bonferroni correction for
every split b € {1,..., B}

Ph, = min (P}, |A],1) Wi e {1,...,.J}, (4.62)

cf. Section 4.1.5. Further, the Benjamini Yekutieli correction introduced in Section 4.1.6 is
applied for the multiple split case in some subsequent section (Section 4.2.5).

Most of the quantities for the multiple split case corresponding to those in the single split case
have been introduced. However, what is still missing is the aggregation method of the resulting
p-values for each split, which is provided next.

4.2.3 Aggregation of p-Values

The execution of two-stage Lo-FGL in the multiple split case yields B p-values len, e ,an for
all j € {1,...,J}, thus it has to be decided how to further treat/aggregate these p-values for
each factor j. This is done by following the choice made in Meinshausen et al. (2009), where
they propose to use empirical quantiles. For this, ¢,(-) denotes the empirical v quantile function.
For some v € (0,1), one sets

pb
Qi) = min{l,qAY ({;’n,bzl,...,B}>}. (4.63)

Then, for some given v € (0, 1), there is one aggregated p-value Q;(y) for each factor j = 1,...,J,
which is based on the p-values calculated in each split b = 1,..., B. To ensure that for each
factor j € {1,...,J}, the same number B of p-values are aggregated, it is crucial to set the
p-value to one if a factor is not selected as influential in step 1 (Algorithm 4.2.1) in some cycle
b=1,...,B. Otherwise, this would result in a loss of information. Thus, in the multiple split
case, the number of true null hypotheses is given by |A*| since all factors are tested after step 2
(Algorithm 4.2.1) based on the aggregated p-values, a fact that was briefly mentioned in Remark
4.1.11.

The remaining problem here is the choice of v € (0,1). It is proposed in Meinshausen et al.
(2009) to use an adaptive version of @;(y), which selects a suitable value of v for the quantile
based on the data. In particular, for v,,;, being some lower bound for 7y, one defines

€ 'Vminvl)

Q?dap = min {1, (1 — log(Ymin)) X inf Qj(’)’)} . (4.64)
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This extra correction factor (1 — log(vmin)) accounts for the fact that the FWER remains con-
trolled at level o, which is justified in the proof of some subsequent theorem (Theorem 4.2.4). In

brief, the origin of this factor is lead back to the asymptotic uniform distribution of the p-values
P .
]777/

Analogously to the single split case, the Bonferroni correction as well as the Benjamini Yektu-
ieli correction are applied to adjust for multiplicity of testing. Only the resulting final selected
sets need to be given, as the procedures were already explained in Sections 4.1.5 and 4.1.6,
respectively. The cases of using Q;(7) for some fixed v, or the adaptive version Q?dap , as
aggregated p-value are differentiated.

4.2.4 Bonferroni Correction

The resulting sets of final selected predictors for the multiple sample splitting using the aggre-
gation (4.63) and (4.64), respectively, with Bonferroni correction are given by

A pomue(aly) == {7 € {1,...J} : Q;j(7) < a}, (4.65)
An,f,,mult(a) = {] € {1, RN J} : Q?dap < Oé}. (466)

It is recalled that in Q;(y) and Q?dap p-values were aggregated that already include the multi-
plication with the number of hypotheses, which is |A%| in split b € {1,..., B}, for which (4.62)
is consulted.

If the test decision is based on using the multiplicity correction as given in (4.65), one gets
the following decision rule, where null hypothesis Hy ; given by (4.61)

reject Hyj & Q;(v) < a.
The analogous decision rule is applied using the multiplicity correction as given in (4.66) replac-

ing Q;(~) above by Q?dap.

4.2.5 Benjamini Yekutieli Correction

For the Benjamini Yekutieli correction in the multiple split case, one proceeds as follows. Having
obtained the aggregated p-values @;(7) for some given fixed v € (0,1) or Q?dap , respectively,
they are ordered according their size and, as in the single split method, for ¢ € (0, 1), the value

k(gly) = max {i € {1,...J}|Qq(7) < iq}, (4.67)
is determined, or, using the adaptive version
k(q) == max{i € {1,...,J} Q)™ < ig}. (4.68)

Then, all null hypotheses for which i < k(q) (or ¢ < k(q|7y), respectively) are rejected, hence the
final selected sets of predictors for the multiple sample splitting using the Benjamini Yekutieli
correction are given by

AP ) = (i € {1,... T} Qi(7) < Piaioy b (4.69)
AP (g) = (i e {1, T} Q™ < Py} (4.70)



4.2 Extension: Two-Stage Lo-FGL with Multiple Sample Splitting 167

4.2.6 Type-l-error Control and Consistent Selection with Bonferroni Correction for
Multiple Split

In Theorem 4.2.3 provided below, FWER control is shown using the aggregated p-values Q;(7)
based on the Bonferroni correction to adjust for multiplicity. In particular, it is shown that,
asymptotically, the probability of at least one false rejection can be bounded from above by the
level «, so type-I-error control is obtained.

Theorem 4.2.3 (Type-I-error control/FWER control of two-stage Lo-FGL in multiple split
with Bonferroni applied on Q;(7v), fixed p and diverging p,). It is assumed that GlobalReg
(Definition 4.1.7) hold for every split b € {1,...B}, where B € N is fixed and v € (0,1) is
given. Further, it is assumed that the LRT is executed at some given level a € (0,1), resulting
in Ay, fmu(e|y) defined as in (4.65). Then, it holds that two-stage Lo-FGL (multiple split)
controls the type-I-error/FWER, in particular

lim sup P(Ap, £ mue(c]y) N (A)C # 0) < e (4.71)

n—o0

Proof. Since this theorem holds for p being fixed and p, being allowed to diverge, J and p
instead of J, and p, are written in this proof for simplicity. The proof roots in Meinshausen
et al. (2009) (proof of Theorem 3.1) transferred to two-stage Lo-FGL (cf. Remark 4.1.17). To
show the claim, the goal is to show that

limsupP (35 € (A")°: Q;(7) <) < a. (4.72)

n—o0

For all b=1,..., B, it holds by GlobalReg (Definition 4.1.7)

P(A* ¢ A})
P(F* # Fp)

o(1),
o(1).

It is noted that here screening properties concerning selection and fusion are required (cf. Re-
mark 4.1.17 (ii)). Under these properties one deduces by the Bonferroni inequality

B
P (A" g Al for at least one b€ {1,...,B}) <Y P(A* € Ah) =o(1),  (473)
b=1

B
P (F* # F? for at least one b € {1,.. .,B}) < Z P(F* # F?) = o(1), (4.74)

since
B
{A* ¢ AP for at least one b € {1,...,B}} C | J{4* ¢ A%},
b=1
B
{F* # F? for at least one b € {1,...,B}} C U{F* #+ FP}.
b=1

Consequently one can write (abbreviating “for at least one“ by “f.a.l.0.) by applying the law
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of total probability twice
P(3j e(A):Q

= P(3j € (4 : Qi) <
+P (35 € (A7) QJ('y) <ala* g Al falo.be{1,...,B} and F* = F} Vbe {1,..., B})

(

(v

/-\

7) a) (4.75)
j(7) < ala” € Aband F* = F) Vbe {1,..., BY)

/-\

+P (35 € (A7) : Qj(7) <ol F* # F} talo. be {l,..., By and A* C A} Vbe {1,...,B})

+P (35 € (4)°: Q;(7) < alA* € Aband F* # F) falo. be {1,..., B})

< P(3j €(A)°:Q(7) <alA" CAband F* = F) Vb=1,...,B)
+P (A" g A falo be{l,...,B})
+P (P # Fhfalo. be{l,...,B}) + P (A" ¢ A, falo. be{1,..., B})
< P(3j €(A)°:Qi(7) S alA" CAhand F* = F) Vb =1,...,B) +o(1). (4.76)

=:(%)

where in (4.76) inequalities (4.73) and (4.74) are applied. For simplicity of notation, the latter
condition in the probabilities and expectations are written in the following steps as

(4):={A*Cc A’ F*=F° vb=1,...,B}.

As a next step, the first summand (x) of (4.76) is further analyzed. Throughout the whole
proof, the min(1,-) function in the definition of P?, and Q;(7) is omitted such that it is as-
sumed that Pj, < 1and @Q;(v) < 1. This does clearly not affect the selection process of the test.

Further, one defines the following quantity 7j(u) representing the proportion of p-values P]bn
among the splits b =1, ..., B being less than or equal to u € R, in particular

1 B
= 52 Yoo (Pn)- (4.77)
b=1

It can be recognized that the events {Q;(v) < a} and {7(ay) > v} are equivalent since, on the
one hand, starting with {Q;(v) < a} and the definition of Q;(y) one deduces

Qi) Las gy ({ jn,b =1,. B}) < a, (4.78)

where the latter means that, by the definition of the empirical quantile, ¢,(-) is an element for
which it holds that

;an < gy ({ ijn, b=1,... ,B}) for at least v - B items. (4.79)
Equation (4.79) holds because for a random sample S := (S, Sa,...,Sp), the empirical quantile
¢y(S) is by definition an element which fulfills that a fraction v of the sample is less than or
equal to this quantile ¢,(S) and a fraction of 1 —+ is greater than or equal to this quantile g, (S).
Using that S is of size B, it holds for at least - B items (Sp is some entry of S, b=1,...,B)

that S, < ¢4(S) and for at least (1 — ) - B items that S, > ¢4(S), b =1,...,B. Now, this
1 1
consideration is applied to Sy = le hence S = ( P P]-Bn) which yields (4.79).
,)/ b

7,m? 7,no
Y

One can write

1
(4.79) & P]bn < Y4y ({ J b =1,. B}) for at least - B items. (4.80)



4.2 Extension: Two-Stage Lo-FGL with Multiple Sample Splitting 169

Hence, the inequality on the right hand side of (4.78) means that

J7n7

1
P < gy ({ﬁbe b=1,... ,B}) < ya for at least - B items. (4.81)

On the other hand, starting with m;(a7y) > v, one can infer
(a7 B Zl( oooa’y]( )>7<:>Zl( ooa’y]( )>B g
b=1

where the latter means that ijn < ary for at least v - B items, which is the same as (4.81). To
sum up, one can deduce

Qi(7) L ae mi(ay) > 7. (4.82)

Having shown this equivalence (4.82), one can re-write (%) in (4.76) as

(x) = P@Eje(Ad):Q;(7) <al(+))
< ) P@i() <al(+)
J'E(A*)c
= E (1(—s0)(Q; (I(+))
JE(A*)°
(4.82) E (1py,00)(mi(a7)(+)) (4.83)

JE(A*)°

In the next step, the Markov inequality is applied, which says that for h(-) being a monotonic
increasing function and Z : €2 — R being a real-valued random variable, it holds that

h(a)P(Z > a) < E(h(Z)).

Choose the function h to be the identity and a := = resulting in the following inequality
1
E (Lpoo(mi(0n) | (+) = Br(en) 91 (4) € = Elmlon) (). (@89

To sum up, one can infer for (x) the following inequalities and equalities starting with (4.83),
where explanations of the steps can be found below

(4 83)

(+) > E (10 (mi(a)|(+))
JE(A*)e
e Z (mj(7@) | (+))
E(A*)
Def.ﬂ'J b
= Z E <B Z 1(foo,a'y}(Pj,n) ‘ (+))
]G(A*)C —
LmEll Z ZE( —oo,a] )|(+))
]E (A*)e b=1
~5 Z > E (L (PR [(4) (4.85)

b 1je(A*)en(Ab)
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B i jeatynan)

B ay
_ l . l . & *\C b ary . *\C b
-3 g;(KA.>rw@&»uAgy+ou> (A 4L
B
gi.;bﬂ<mbﬁﬂ qn) (4.87)
§a+idnza+dﬂ. (4.88)

The following details are provided for the inequalities and equalities above:

o In (4.85) it is used that for j € (A4*)°\(A%) it holds 15” = 1 hence ijn = 1 and since ay < 1
one deduces 1(_ oOM](P ) = 0 for those j € (A*)¢ \(Ag), hence the sum can be written
over j € (A*)°N(A4%).

o In (4.86) it is used that all the probabilities are conditional on A* C A% and F* =
F’VYb=1,...,B (one recalls the definition of (+)), and the p-values ]3;’” are chosen as
valid p-values corresponding to the LRT being asymptotically uniform, similar to (4.58) in
the single split case.

o In (4.87) it is used that by (A4’) the number of factors selected by Lo-FGL in step 1 (of
Algorithm 4.2.1) is bounded, thus |(4*)¢ N A% - 0(1) = O(1) - o(1) = o(1). This step is
crucial since due to the fact that the p-values are asymptotically uniform distributed, the
term o(1) appears in (4.86). Thus, one needs to ensure that this term remains controlled
going to zero (i.e. o(1)), even though the sum depending on n is considered in (4.86).

Now, it can be concluded that (x) < a + o(1), thus
. Def .. . “e
lm () 2 i P3) € (4 Q) < al(+) < o

n—o0

which, using (4.75) and (4.76), further yields

P(3j € (A7): Q;(7) < a) Sa+o(l),
so finally

limsupP (35 € (A")°: Q;(7) <) < a.

n—o0

O]

Similar to Theorem 4.2.3, type-I-error control with Bonferroni correction is provided using
the adaptive version of p-values Q?dap , hence the selected set given by (4.66). In particular, this
error control is provided in Theorem 4.2.4.

Theorem 4.2.4 (Type-I-error control/FWER control of two-stage Lo-FGL in multiple split with
Bonferroni applied on Q?dap , fixed p and diverging p,). One assumes that GlobalReg (Definition
4.1.7) hold for every split b € {1,..., B}, where B € N is fixed. Further, one assumes that the
LRT is executed at some given level o € (0, 1) resulting in Ay, ¢ (o) defined as in (4.66). Then,
it holds that two-stage Lo-FGL (multiple split) controls the type-I-error/FWER, in particular

limsup P (A, fmau(c) N (A" #0) < a. (4.89)
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Proof. To show the claim, the goal is to show

limsup P (Elj € (AN Q;dap < a) < a. (4.90)
n—oo

The first part of the proof is analogous to the proof of Theorem 4.2.3, especially the steps around

equation (4.75), i.e. it roots in Meinshausen et al. (2009) (Theorem 3.2), adjusted for two-stage

Lo-FGL (cf. Remark 4.1.17). Adapting the first steps from Theorem 4.2.3 using the law of total

probability twice, the remaining goal is to show

limsupP | 35 € (4")° : de“pga A*C A and F*=F’vb=1,...,B| <a. (491

n—oo

—(+)

Throughout the whole proof, as in the proof of Theorem 4.2.3, without loss of generality, the
min(1,-) function in the definition of P]bn and Q?dap is omitted and it is assumed that P}, <1

and Q?dap < 1, the same can be applied for ]5an

Under the null hypothesis, hence for j € (A*)¢N A?, for each b, it holds that the p-values Pan
are asymptotically uniform distributed on [0, 1]. Moreover, for all v € (0,1) (later v € (Vmin, 1)
is observed) one has -y € (0, 1) and further ijn =1 for j ¢ A%, which yields

1(,0070[7} (P]b,n) =0 for j §é AI;L

Next, an expression for the expectation of the supremum of some uniform distributed random
variable is derived, which is later replaced by the p-values P]’{n which are asymptotically uniform
distributed given (+4). In particular, for some continuous real-valued random variable, denoted
by U, with support supp(U) = [0, 1] C R, it holds (justification is provided below)

1 () 0 U?>a,
sup )“”;j”] =@ @Ymin <U < a, (4.92)
YE(Ymin,1 1
U < aYmin-

The following lines justify (4.92).

o Case 1: U > a. Then, since v € (0, 1), it follows that U > a, i.e. 1(_s ay](U) = 0 so the
supremum is clearly zero.

e Case 2: avmin < U < a. Then, the supremum is clearly attained at v = % € (Ymin, 1),
which lies between 7y, and one by the definition of case 2. With that, one gets 1(_ g 4] (U)

1(_OO,U](U ) = 1 and the supremum of the whole expression equals % =7

o Case 3: U < a7vymin- Then, it is known that U < ay holds for all v € (Ymin, 1). Conse-
quently the supremum is attained at v = yin, thus the supremum equals

min

With (4.92), one can further deduce

1 —00.(v U Ymin & o
E ( sup ('Y]()> = / Yoidx —|—/ arldz = a(l —log(Ymin)).  (4.93)
YE(Ymin,1) v 0 AYmin

In contrast to Meinshausen et al. (2009), due to the fact that the p-values I-:’jbn considered here
are asymptotically uniform distributed (cf. Remark 4.1.17), further steps according to the weak
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convergence of the corresponding probability measure of the p-values are required, thus (4.93)
cannot be applied directly.

It holds that the conditional distribution of Pb (conditional on A* C Ab and F* = F?)
converges to a uniform distribution on [0, 1] for all j € (A*)¢. Denote the probability measure
of Pb conditional on A* C Ab and F* = F) b by ]P’Pb , where it is noted that IP’Pb depends

on n. The probability measure of the uniform dlstrlbutlon on [0, 1] is denoted by IP’U It holds
Pﬁn —4 U, so the corresponding probability measures converge weakly, i.e.

PP?’ —w PU. (4.94)
I,

Further lim P(A* ¢ A%) = o(1) and Jim P(F* # F°) = o(1) by GlobalReg (Definition 4.1.7),

hence it holds
1, pb
lim B sup L—oo,00)(Bin)
o ’YG(’sz‘ml) v

1 Pb
<  lim E sup M (+) | +0o(1)
oo YE(Ymin,1) v
(4.92) =5 1 b
= nh_)rgoE (Pjnl[a'ymm, )(Pj’n) + ’Yminl(_oqa’ymm) (P])‘ (+)> + 0(1)
im [ e lim [ ae'dP
= Jim | S (z) + Jim . ax pjzy’n(x)
. A Ymin 1 «@
(1949 / APy () + / 1Py (x) (4.95)
0 'Ymin QYmin
4.93
“2 01— log(min)), (4.96)
Consequently, one infers
1 P?
E ( sup Wﬂ(ﬂn)) < a1 — log(Ymin)) + o(1). (4.97)
YE(Ymin,1) v

Moreover, using that ay € (0,1) and ijn — 1 for j ¢ AP, one receives the following equalities
and inequalities

1 —00,x an
Z E ( sup (’7](]’)>
je(A*)e YE(Ymin,1) Y
1 —00,ar an
= Z E ( sup (’7](]’)>
jE(A*)enAb YE(Ymin,1) Y
pb
1 <—oo,°‘7g:| (PJJZ) i
= E sup |AD | (smce pb Pgbm’Ab’)
je(anyenat | 1€(min,1) v
b
(o]
< Jarnal mes B| sp S (495)
je(Aan)enAy YE(Ymin,1) Y
(4.97) i} N
< lan° “Ab!‘Ab‘(l — 10g(Ymin)) + [(A%)¢ N A% o(1)
< a(l - log(/)/mzn)) + 0(1) (499)
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It is noted that in (4.99) it was used that by (A4’) it is known that [(4*)¢ N A%| = O(1) and
consequently o(1) - [(A*)¢ N AL| = o(1).

Since the inequality (4.99) holds for every b = 1,..., B it also holds for the average over

b=1,...,B. In particular, since the supremum of the sum of two functions can be bounded
from above by the sum of their suprema, one deduces

LB 1. PP B 1o o (PP
Z E( sup B Zb_l ( oo,ozﬂ( ],n)) < %Z Z E( (sup ( , ﬂ( ],n))
_ e

JE(A*¥)e YE(Ymin,1) v b=1je(A*)e Ymin,1) 7
(499) 1 B
< =D [a(l = log(ymin)) + o(1)]
Bi=
= a1l —log(ymin)) + o(1). (4.100)
1
The definition of the function 7;(-) yields 7;(ay) Z 1(—oo,am( ) which, using (4.100),
b=
allows to infer
> E < sup W) < a(1 —log(Ymin)) + o(1). (4.101)
jG(A*)C 'YE('VminJ) ’y

Using equation (4.101) and the Markov inequality (similar to (4.84)) one can see that

> E( (sup lh,oo)(ﬂj(av))> < > 1JE< (Suplﬂj(av)>
.,

]E(A* €(Ymin, ]G(A*)C v YE(Ymin,
(4.101)
<7 a1 = 10g(min)) + o(1). (4.102)
Since it was previously shown that Q;(v) < a & m;(ay) > v (proof of Theorem 4.2.3), one finds
> P inf Q;(y) <« = inf (o) >~
]E(A* 'Ye('\/minyl) je A* 'YmZ'ru
< ( sup  mj(ay) > 7)
je A*)C €(Ymin,1
= ( )(%’(M)))
]E A* ’szna
(4.102)
< ol —log(ymin)) +o(1). (4.103)

(07

————F = € (0, 1) (since a, Ymin € (0,1

Applying the inequality (4.103) above to a level & :=

hence 1 — log(Ymin) > 1) one receives

Z P inf  Q;(v)(1 —log(ymin)) < a | <a+o(1). (4.104)

_ adap
_Qj
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To conclude, by the definition of Q?dap it holds that

(4104) & 3 P(Q" <a) <a+o(l) (4.105)
jE(A*)e

= P i adap ) < o+ o1
[ @ <o) <aron)

= limsupP | min Qadap<oz < a,
n—+00 JE(A*)e

thus (4.90) is proven. Hence, the probability that there exists at least one j € (A*)¢ (true noise)
for which it holds j € A, fmuit(a), hence (falsely) evaluated as influential by two-stage Lo-FGL
with multiple split, is asymptotically bounded by « and the claim follows. ]

Selection consistency for two-stage Lo-FGL in multiple split using Bonferroni correction and
the aggregated p-values Q?dap is investigated in the next theorem (Theorem 4.2.5).

Theorem 4.2.5 (Selection consistency of two-stage Lo-FGL in multiple split using Bonferroni
correction with Q?dap , fixed p and diverging p, ). It is assumed that GlobalReg (Definition 4.1.7)
hold for every split b € {1,..., B}, where B € N is fixed. Further, it is assumed that the single
split is factor selection consistent, that is, for a sequence (an)nen C (0,1) with o, — 0 for
n — oo it holds

Tim P (A" = Ay j(an)) = 1. (4.106)

Then, for any choice of v € (0,1), the two-stage Lo-FGL with multiple split based on

Ay, fmult(an), hence based on the aggregated p-values Q?dap , is factor selection consistent, that
is

nh_)ngO]P’(A = Ap fmu(om)) = 1. (4.107)

Proof. The main idea of the proof roots in Meinshausen et al. (2009) (proof of Corollary 3.1),

which is brief, but is adapted thoroughly for two-stage Lop-FGL (cf. Remark 4.1.17). As in the

previous proofs, the min (1, -) function in the definitions of an, Q?dap and Q;(y) can be omitted
and it can be assumed that these quantities are all < 1.

In this theorem it is assumed that the two-stage Lo-FGL in the single split is factor selection
consistent (cf. Theorem 4.1.16), thus (4.106) is satisfied. By definition it holds that A, (as,) =
{j € Ay : Pjn|An| < o} hence by (4.106) one deduces for the single split

Tim P (PyalAn| <o) =1 Vj €A™ (4.108)
Actually, as a step in between to receive (4.108), one needs to apply the law of total probability
twice conditioning on the screening properties. However, since this is completely analogous to
the previous proofs, it is left out here and in the further steps for simplicity. Since |A*| is
bounded from above by the sparsity assumption for both cases of p being fixed and p, being
allowed to diverge (Definition 1.2.4) it is known that the maximum over all p-values for j € A*
exists. Thus, (4.108) yields

nh_}noloP <jHé?4XP]n|A | < an> =1, (4.109)
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i.e. (4.109) holds for every p-value ijn insplit b€ {1,...,B}

lim P (max pb

n—o0 JEA* J,m

A San) =1vbe{l,...,B).
Since B € N is fixed, one further deduces

. Db b —
Jim P (ygﬁ begl?.i(B} P Al < an> =1. (4.110)

The steps above are used in the following lines, where it is shown that

lim P (Q4™7 < (1~ log(ymin)) - @) = 1 ¥j € A". (4.111)

n—oo
By definition, for v =1
Q](l) =qQ1 ({p]b,n|Agr)L|’b =1, aB}> =41,

for which g1 ; is used as abbreviation in the following. By the definition of the empirical quantile
for v =1, using Pﬁn = Pﬁn\AZ\ one can deduce

= P = PP |Ab| V) € A 4.112

a5 begl,z.lji(B} m be?llf.l.?:;B} ],n| n’ J ) ( )

since for v = 1 the empirical quantile is the value for which all other elements of the set

1 1

;P]l?n, cees fan = {lem . ,Pfgn} are smaller (or equal). Since this equality (4.112) holds
Vj € A*, it also holds for the maximum, which exists by the sparsity assumption, thus

;= Pt A 4.113

grel%)f qLJ ?61%}5 66?11,241.?,(3 7,m n‘ ( )

Combining (4.110), (4.113) and Q;(1) = q1j, one can infer

Jim P (%?4)*{ Q;(1) < ozn> = limP (%?4}5 q; < an> (4.114)
(1113) —
Bt P (g, g, Pl < o)
(4.110)

(4.115)

which is used further below. Moreover, it holds

. (Def.) ) 1 ~p b
f j = f - P’ |A],b=1,....B
’Ye('lygznvl) Q] (’7) ’YE(’I}/I:”,LJ) ’yq’y ({ ‘]’n| TL| })
(4.112) 1 1
< inf  —qj=q; inf —==q;=Q;)
YEGmin ) Y T e (min,1) Y J i)

The steps above yield

76(’1721',1,1) Q;i(v) = @) < ?61?4)’5 Q;(1)

such that if maxjca« Q;(1) < ay, this also holds for @;(1) and for inf Q;(7), but the other
direction(s) does not hold in general. Consequently

{maXQj(l) < an} C{Q;(1) <a,} C { inf Qj(v) < an},

jGA* ’YE("{minal)
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thus

JEA* YE(Ymin,1)

P (maxQ]( ) < an) <P(Qj(1) <ay) <P ( inf  Qj;(y) < an> . (4.116)

Hence, since the inequality (4.116) also holds for the limit, this yields in combination with
(4.115)

lim P inf ; < =1 Vje A" 4.117
Jim. (76(;21_”71)%(7) < an> j (4.117)
Multiplying by the factor 1 —1og(Yimin) on both sides in (4.117) and using the definition of Qadap
provides the following

lim P Q5" < (1~ log(ymin)) - avn)

n—oo

= lim P (1 - 1Og(’>’mm)) : inf Qj (7) < (1 - log(Vmin)) *Qp

n—00 ~—————— Y€(Vmin,1)
>1

< lim P ( inf Qj(’Y) < (1 - IOg(’Ymin)) : an)

n—oo ’Ye('Y'minyl)

4117
@1 1, since (1 —l1og(Vmin))an — 0 at the same rate as «,.

Finally (4.111) is valid and the proof is continued.

One further deduces for a sequence a,, — 0 and j € A* (in particular one defines &, :=
oy, - (1 —log(Ymin)) — 0 and, instead of &,,, one continues to write «, for simplicity of notation)

lim P (Q“dap < an) =1 Vje A" (4.118)

n—o0
It is noted that to ensure consistency in the single split (Theorem 4.1.16), it is necessary that
ay, converges to zero at a particular rate, such that consistency is ensured in the sense of (4.29).
However, the rate at which &,, converges to zero if it embarks from «,, multiplied by a constant,
that is &, = a, - (1 —10og(Ymin)), is the same. Thus, for the single split case, (4.29) is also
satisfied replacing «,, by &, in (4.30).

Having shown the equation (4.118), one proceeds as in the single split case (Theorem 4.1.16).
From Theorem 4.2.4 it is known that it holds

lim supIP (A, fmuit(am) N (A" # 0) < oy,

i.e. for a,, — 0 this yields hm bupIP’ (Ap, fmuit(an) N (AY)C # 0) = 0, and consequently

P (Ap, fmuit(an) € A*) — 1 Hence it remains to show that PP (A* C A, ¢ muit(an)) — 1. It is

noted that A, fmu(an) is based on the aggregated p-values Q?d“p . As in Theorem 4.1.16, for
j € A* it holds that

P (] ¢ An,f,mult(an)) <P <Qadap > an) =1-P (Q?dap < an) .
Consequently, with (4.118) one can infer for all j € A* that
lim P(] §é An f,mult(an)) = 07

n—oo
which yields
lim P (A" C Ay fma(an)) =1

n—00

and the claim of Theorem 4.2.5 follows. O
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4.2.7 FDR Control with Benjamini Yekutieli Correction for Multiple Split

Having investigated FWER control and selection consistency for two-stage Lo-FGL in the mul-
tiple split case with Bonferroni correction, the next step is to analyze asymptotic properties
applying Benjamini Yekutieli correction. To be more precise, Theorem 4.2.6 provides FDR
control with Benjamini Yekuteli correction using aggregated p-values from the multiple sample
splitting approach resulting in the final selected set (4.70).

Theorem 4.2.6 (FDR control for two-stage Lo-FGI in multiple split with Benjamini Yekutieli,
fixed p and diverging py). It is assumed that ¢ > 0 and AngfY)(q) is given as in (4.70) with

7

J 1

1

q:=q ( E ) . Then for the two-stage Lo-FGL it holds that
i=1

limsup E(W(q)) < g, (4.119)
n—oo
hence the FDR of two-stage Lo-FGL in the multiple split case can be controlled with Benjamini
Yekutieli correction by §.

Proof. Adapting for two-stage Lg-FGL, the idea of the following proof roots in Meinshausen
et al. (2009) (cf. Remark 4.1.17). Since this theorem holds for p being fixed and p,, being allowed
to diverge, in this proof J and p, instead of J,, and p,, is written for simplicity of notation. The
proof works similar to the proof of Theorem 4.1.18, while here the aggregated p-values Qadap are
used instead of Pj,. Since the multiple split case is considered, the total number of hypotheses
being tested is given by |(A*)¢|, instead of |(A*)¢ N A,| as in the single split. Hence, as in the

proof of Theorem 4.1.18 one knows that

J
Z Z Z —ijk < ... (proof of Theorem 4.1.18) ... = Z ,

1
*\C ': ]
1€(A*)c k=1j= 1 j=1

Additionally, as deduced in the proof Theorem 4.1.18

i (- L) Sty in=xto
2 1) 2 S0 2 0 = 2 50
which results in
J-1 1 1 J y 1 J .
B0V < X (5 - 557) L 100+ 5 3100

Further, again executing the same steps as in the proof of Theorem 4.1.18, writing i € (A*)
instead of 7 € (A*)°N A, and Q?dap instead of P, ,, it holds

fG) =Y PQI" €[(j - 1)q.jq))- (4.120)

1€(A*)e
As a next step, (4.105) is used to show

S PRI < jg) < jq+ o). (4.121)
1€(A*)e

Since in the derivation of (4.105), it was used that o < 1 and it cannot be ensured that jq < 1,
one has to execute some steps to clarify why (4.121) holds. Clearly, for jg < 1, (4.121) follows
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directly. Now one considers jq > 1. As explained previously, the function min (1,-) can be
omitted for simplicity since it does not affect the test decision. With that, it can be assumed
that Q?dap < 1. From (4.105) it is known that (4.121) holds for j = 1 since then jg < 1 (since

€ (0,1)). Proceeding by induction over j € N, one assumes that (4.121) holds and shows
(4.121) for j + 1.

> PG+ = Y {PQ" < ja) +Plig < Q" < (j+ 1)a)}
iE(A*)C iE(A*)C

> PRI < jg) (4.122)
1€(A*)e
jq+o(1) (by induction assumption)
(J +1Dg+o(1),

VANVAN

where in (4.122) it was used that jq > 1 and Q?dap < 1, hence P (jq < Q?dap <+ 1)q> =0.
It is noted, once again, that the term o(1) appearing above and below emerges due to the fact
that the distribution of the p-values is only known asymptotically similar to the proofs presented

previously. Consequently (4.121) holds and the proof continues.
Next, by (4.120) and (4.121) one obtains

J J
S = Y Y P e[ - g, 5'q)
J'=1

j/:1 ZE(A*)C

= 3 PQ{ < jq) < jg+o(1).
1€(A*)e

This finally yields

J—1 J
1 1
E(W () < Z(.—)Zf 4+ 1S p
o\ Jj+1 J =
\W_./ S ——
<jgq+o(1) <Jgq+o(1)
< ‘7221(1.—1 )(]‘J+0(1))+1Jq+0(1)
iV 741 J
J—1 J
*) 1 1 )
() g a0y =S 24 0(1) = G4 0(1),
(j_leq) o) =0 o) = ol

where in () it was used that

£ o= £ (oo 5 (3

1
since Z <2> is finite, even if J = J, grows with n.

To sum up, it was shown that

limsup E(W(q)) < ¢

n—00

and the claim follows. O



Chapter 5
Conclusion and Further Research

In this last chapter of the thesis, a summary of the main results is provided, along with an
outline of possible further research directions corresponding to this topic.

5.1 Summary of Main Results

In Chapter 1, an overview of existing methods suitable for penalized logistic regression, es-
pecially incorporating categorical explanatory variables, i.e. those performing factor selection
and/or levels fusion was supplied. First, theoretical properties, such as (y/n) consistency, se-
lection or fusion consistency, and asymptotic normality were transferred from the linear model
case to logistic regression, if possible. Second, it was asserted that the fusion-type penalties
(only) perform indirect selection tasks, whereas this selection ignores the underlying groupwise
structure. Additionally, the penalties designed for factor selection, i.e. group lasso, group SCAD
and group MCP do not perform levels fusion. These observations were underlined in simulation
studies, incorporating five different simulation designs. These issues motivated the introduction
of a new penalty function for penalized logistic regression, especially for categorical explanatory
variables, giving the possibility to perform factor selection and levels fusion simultaneously.

Caused by the observations described in the paragraph above, a new penalty function, called
Ly-FGL was introduced in Chapter 2, combining a group lasso penalty for factor selection
with an Ly penalty on the differences for levels fusion. Under suitable regularity conditions,
asymptotic properties, such as \/n consistency, selection consistency and asymptotic normality
were shown for the case of p being fixed, as well as for the case where p,, is allowed to diverge
with n. Further, also for both cases, the fusion performance of Lo-FGL was specified by ana-
lyzing the behavior of the objective function when fusion occurs, as well as the resulting impact
on the local minimizers, hence on the Ly-FGL estimates. Moreover, the existence of a fusion
threshold was obtained, i.e. if the difference of two entries of a coefficient vector undercuts this
fusion threshold, these two entries will be fused by Lo-FGL. Hence, it was intensively analyzed
how fusion in Lo-FGL works, where selection properties such as factor selection consistency are
shown to be valid at the same time, along with \/n consistency and asymptotic normality.

Then, Chapter 3 focused on the computational approaches to obtain Lg-FGL in practice. For
this, the PIRLS algorithm and a BCD algorithm were applied to Lo-FGL. Coefficient paths were
allocated for both algorithms applied to CAS-Lg, Lo-FGL and group lasso, which underlined
the characteristics of Lo-FGL combining these two approaches. Finally, the provided simulation
studies showed that that Lo-FGL fulfills the purpose for which it was introduced, i.e. performing
factor selection as well as levels fusion simultaneously, balancing both selection and fusion tasks.

Finally, Chapter 4 investigated statistical inference for Lo-FGL. Introducing a two-stage Lo-

FGL, first for single sample splitting and then for the extension using multiple sample splitting,
the difficulty of statistical inference in (high-dimensional) penalized regression was conquered.

179
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In particular, ensuring equality of conditional and nominal type-I-error in sample splitting, the
need of conditioning on a particular selected model was eliminated. The existing single and mul-
tiple sample splitting approaches were transferred to Lo-FGL. In particular, it was investigated
how the screening properties need to be adjusted if one allows for fusion and what type of tests
one needs to execute when testing whether a factor is influential, especially if the dimension of
the corresponding coefficient vector depends on the fusion by Lg-FGL that is executed before-
hand. Considering two different types of multiplicity corrections, the Bonferroni and Benjamini
Yekutieli correction, FWER control and selection consistency was shown for the first one, while
for the latter FDR control was provided.

Overall, the new introduced penalty function was intensively investigated both from the the-
oretical, as well as from the computational perspective. The next section provides an outline of
possible further research directions linked to Lo-FGL.

5.2 Qutline of Further Research Directions

Computational Investigation of Two-Stage L,-FGL

The novel Lop-FGL regularization technique was extended to two-stage Lo-FGL in Chapter 4,
enabling statistical inference. Since the theoretical foundation of two-stage Lo-FGL was provided
in the mentioned chapter, it would be interesting to study its performance in simulation studies
as a next step. By the nature of two-stage Lo-FGL, the regularization step is not executed once,
but B € N times, each including the described stepwise or iterative CV procedure for the two-
dimensional vector of tuning parameters. It is well-known that optimization problems including
an Ly norm are computationally challenging, as is the CV procedure of a two-dimensional tuning
parameter, which both needs to be performed for one execution of Ly-FGL. Consequently, it
is expected that the computation of two-stage Lo-FGL is computationally very demanding. To
decrease the computational costs, further research on computational simplifications linked to
two-stage Lo-FGL could be advantageous.

Local and Global Minimizers of the L,-FGL Objective Function

Since the Lo-FGL penalty function is neither convex nor concave, minimizer(s) of the objec-
tive function MI%T?'FGL) (B) are not guaranteed to be unique and they are allowed to be local
minimizers as well as global ones, as elaborated in this thesis. It is recalled that this fact sim-
ilarly applies to other approaches employing a non-convex penalty function, e.g. SCAD, MCP
or Bridge. The provided theoretical results for Lo-FGL in Chapter 2 have shown that there

exists, at least one, local minimizer of Mlﬁéﬁ‘FGL’ (B) satisfying a certain property. However,

it is desirable to investigate whether possible other (local) minimizers of M,%T?'FGL) (B) satisfy
similar theoretical properties. In particular, it would be interesting to investigate whether the
(multiple) local minimizers of M,Sé?‘FGL) (B) may share some (distributional) properties. For
constrained M-estimators, this was done by Geyer (1994) requiring, among other conditions, the
so-called Clarke regularity of the constrained set. It would be beyond the scope of this thesis
to go into more details here, but it would be interesting to investigate whether the provided
theorems could be applied in some sense to Lo-FGL. Furthermore, it is desirable to analyze how
to obtain this local minimizer for which the corresponding theoretical properties are shown, as
investigated in Fan et al. (2014) for SCAD and MCP. Another reference studying local optima
in penalized regression is Loh and Wainwright (2017). In general, this is very difficult to ana-
lyze as there are papers only considering this specific topic. It is expected that the fact that
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the Ly norm is not continuous will be challenging, which requires further investigations on the
properties of the objective function.

Tuning and Computation of L,-FGL Estimates

In this thesis, a PIRLS and a BCD algorithm were implemented, using a stepwise and an iterative
tuning approach. The simulation studies showed that these are both convenient approaches,
while the advantages and disadvantages were analyzed. It could be advantageous to apply the
tuning approach over a two-dimensional grid considering more possible pairs (Ag, A1), which,
however, makes the method much more computationally involving. It is noted that in the
classical penalized regression approaches where only one tuning parameter is used, CV is clearly
less demanding from the computational point of view. To ensure that CV on a two-dimensional
grid is advantageous and does not “explode” with respect to computational time, one could
try to further decrease the computational time of the considered algorithms, or even develop
other algorithms which are faster. However, it is commonly known that optimization problems
including an Ly norm are very demanding and complex to solve, i.e. further work in this direction
could be beneficial, as similarly mentioned in the first paragraph of this section.






Appendix A
Algorithms

Appendix A covers the topic of how minimization problems in penalized regression can be solved.
Of course, it depends on the considered penalty function which algorithm is suitable to solve the
resulting minimization problem. In particular, the PIRLS algorithm is presented in Appendix
A.1, while coordinate descent approaches, especially block coordinate descent, is provided in
Appendix A.2. For the exact application of these algorithms, one refers to the corresponding
computational subsections provided for each penalty approach.

A.1 Penalized Iteratively Re-weighted Least Squares (PIRLS)

The PIRLS algorithm (Oelker and Tutz (2013)), where PIRLS is an abbreviation of "Penalized
Iteratively Re-weighted Least Squares", is a penalized version of the well-known IRLS algorithm.
The IRLS algorithm is suitable for calculating the unpenalized MLE of the parameter vector 3,
thus minimizing the negative log-likelihood function —L,(3). To do so, IRLS applies a Newton
algorithm (cf. Fan et al. (2020) Section 5.1.4 and Hastie et al. (2009) Section 4.4.1). To be
more precise, starting at some initial value 8 (e.g. B = 0 as recommended in Hastie et al.
(2009)), one updates the current value 3% at iteration step k € N as follows

-1
p® =% — (H(E* D)) s(8Y), (A1)
where B~ denotes the value at the previous iteration step k — 1. Here,

2
m(p) = 2P ()= 28

are the Hessian matrix of the negative log-likelihood function and the score function, respectively.
In particular, one obtains by straightforward calculations as in (1.15) in the case of considering

a canonical link function

where W' is given by (1.16). It is noted that in logistic regression, it holds a;(¢) = 1Vi €
{1 ...,n}, for which one refers to Remark 1.1.12.

Remark A.1.1. The updating equation (A.1) is executed until the algorithm (i.e. IRLS)
converges, as described in Fan et al. (2020) (Section 5.1.4). For canonical link functions, one
can ensure that the Hessian matrix H () is non-negative definite, such that the function to be
minimized — L, (8) is concave. However, for strict concavity ensuring the uniqueness of a global
minimizer, it is needed that the Hessian matrix is strictly positive definite, for which it is further
required that X is of full rank, i.e. rank(X) = p + 1 hence n > p + 1, where reference is made
to Remark 1.1.10. In Hastie et al. (2009) (Section 4.4.1), the authors also comment on the fact
that one cannot ensure convergence of IRLS in general.
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To obtain the penalized MLE, penalized versions of the Hessian matrix and the score are
needed. However, one cannot ensure that every penalty function Py(8) is twice (continuously)
differentiable, so one cannot directly build derivatives of Mpe,(3), which consist of Py(8) and
L, (B). To overcome this issue, PIRLS employs a local quadratic approximation (LQA) of the
penalty function P\(8). Thus, the main idea of the PIRLS algorithm is to apply a Newton
algorithm to the LQA (specified below), which is updated in every iteration step. Before further
details on PIRLS are given, the general form of the penalty functions for which the PIRLS
algorithm is applicable is provided.

Structure of the Penalty Function

The following explanations according to the PIRLS algorithm can be found in Oelker and Tutz
(2013). One considers L € N penalty functions p; : RT — R* satisfying p;(0) = 0 and one
supposes that p;(-) is continuously differentiable on R* with positive derivative, I € {1,..., L}.
Further, p;(¢) is assumed to be strictly monotonic in ( € RT. Tt is noted that p;(-) should
not be mixed up with p; introduced at the beginning of this thesis (denoting the number of
levels of factor j). For every of these L penalty functions p;(-), a separate tuning parameter
A; > 0 is allowed. The penalty functions p;() are applied to some function of 3, in particular to
lal B||n,, where || - ||y, is assumed to be a semi-norm, or at least some term that makes sense to
be used as a penalty. The vectors alT transform the coefficient vector 3, for example in the case
of fusion penalties for ordinal factors this vector forms the differences of adjacent coefficients.
An example to clarify these quantities is given below (Example A.1.2).

Finally, the PIRLS algorithm can be applied to penalty functions of the following form

L
PY(B) =Y Amu(llai BlIw,)- (A.2)
=1
Most of the time, as explained in Oelker and Tutz (2013), the penalties are of the form
J Lj
PYM(B) =D > NwalllagiByllv) (A.3)
j=li=1

meaning that each covariate j € {1,...,J} is penalized separately with L; penalty functions
per covariate. Keeping this in mind, the more compact way of writing (A.2) is used where the
parameter L combines on the one hand the different number of penalizations (for each factor)
and on the other hand the separate penalizations for each covariate.

Example A.1.2. For CAS-Lj (Section 1.3.2), the following choices are made

n(¢) = w§™e,
af,@ = Bk — Bjm for0 <k <m < p;,

where in the last equality, the vectors aE‘F are responsible for picking up the possible differences
corresponding to factor j. The entries of these vectors a; are contained in the set {—1,0,1}.

As underlined in Example A.1.2 above, the vectors alT produce the differences corresponding
to factor j. An extension of the linear transformations a,lT,@ to vector valued arguments, which
is needed in Chapters 2, 3 and 4 applying this to group lasso, leads to the corresponding trans-
formation matrices R;. For group lasso, this matrix R; picks the right sub-vector 3; out of the
full vector 3. Reference is made to Oelker and Tutz (2013) (Section 2.5) for the detailed steps
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of the explained extension.

Finally, the (semi-)norms || - ||y, appearing in the penalty function P{“" above need to be
specified. For simplicity, || - ||n, is called “norm “ even though, as e.g. for CAS-Lj mentioned
earlier, these quantities do not need to be real norms. These norms || - ||y, are approximated
by some suitable function N;(-), in case they are not twice continuously differentiable. The
derivative of Nj(-) is denoted by Dj(-). Considering penalties with vector valued arguments, the
function N;(€) depends on a vector & € RP instead of £ € R.

Example A.1.3. For the approximation of the Lo norm || - ||[o = || - || n,, following Oelker and
Tutz (2013), the following choices are made

I€llo ~ M(6) = g7y 1 (A4)
- (4 1 S
PO = T ety (U~ Tremiie) 7o (A.5)

In practice, the absolute value is further approximated || =~ /&2 + ¢ in Ny(£) and D;(§) for
some (small) ¢ > 0 (as done in (A.5) in the last multiplicative factor). Since in CAS-Lg, the
same penalty is applied to each factor (or difference of levels, respectively) one can also write
N(-) instead of Nj(-), the same applies to D;(-). For more details on the approximation used
for CAS-Lg, including explanations on the choices for v and ¢ and a visualization one refers to
Section 1.3.3.

To conclude, the necessary quantities contained in the penalty functions for which the PIRLS
algorithm can be applied were discussed. Thus, the next step is to take a closer look at the local
quadratic approximations (LQA) of the penalty function.

LQA of the Penalty Function

The arguments of this subsection follow Oelker and Tutz (2013) and Oelker et al. (2014b). Sim-
ilar to Fan and Li (2001) (I:QA for SCAD), the first step is to obtain a quadratic approximation
of P{"(B) (A.2) at some 3%). The resulting LQA is given by

en en /A 1 2 2
P{(8) ~ P (M) + 3 (BT A8 + BM AL (BM)T) | (A-6)
where
L T 3(k)
~ D;(a
Ay =D NA; and A= pi(llaiB® ) - ’(T“i) - aiaf.
=1 a; B

For further details on the derivation of these quantities, reference is made to Oelker and Tutz
(2013) and Oelker et al. (2014b). Now, based on (A.6), penalized versions of the Hessian and
the score, as well as the Fisher information matrix, can be obtained building the derivatives
of Mpen(B) replacing Py(3) in (1.26) by the LQA given in (A.6). In particular, the following
equations are deduced

spen(B) = 5(B) — AB,
Hpen(B8) = H(B) — Aj,
Ippen(B) = —E(H(B) — A)) = - X"WX + A,.
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It is recalled that I'r(3) = —XTW X is the unpenalized Fisher information matrix and W is
given by (1.16). The update of matrix W at the current iteration step k, denoted by wk g
derived by replacing 8 in W by 3%). Thus, one defines

(T o (@18M) ¢ (1,84
w = diag ( 0@ T an(@) ’ (A7)
g® = WOy —u®) + x50, (A8)

where §*) is called the working response. Further, the current estimate of the conditional mean
of the random response variable u(*) is given by

i) = (gl@1B), ..., g(@nBV).

Remark A.1.4 (Specific equations for logistic regression). For logistic regression, u(k) is given
by

H(k) _ exp(acl,é(k)) eXP(an(k)) _ eXp(XB(k))
1+ exp(z18®) 71 + exp(x,8F) 1+ exp(XB®)

Further, it holds by Remark 1.1.12 that ¢(6) = log(1 + exp(#)), such that for every i =1,...,n

0 enmh) (oo )
(1+exp(x;8))2 1+ exp(xz;8) 1+ exp(x;8)/)

With these equations, one can write the matrix W ®*) for the logistic regression setting alterna-
tively as W®) = diag(p® (1 — u®)).

" (x:8) =

Now, all quantities and approximations are available to obtain the PIRLS algorithm. In
particular, as in the unpenalized case one receives at iteration step k, replacing the (penalized)
Hessian by the (penalized) Fisher information, the following updating equation

A

AR = Bk=Y _ 1y (BE D) Ls L (BED),

Introducing a stepsize v € (0,1] and executing straightforward calculations, the iteration step
can be re-written as follows

A ~ -1
IB(k) _ (1 _ I/),B(kil) Ny (XTw(k’fl)X + A)\) XTw(kfl),g(kfl)’

according to Oelker et al. (2014b). Finally, the detailed steps of the PIRLS algorithm are given
in Algorithm A.1.5, where the quantities maxsteps € N and ¢ € R>Y are pre-chosen values
controlling the termination of the algorithm.

Algorithm A.1.5 (PIRLS, Oelker et al. (2014b)).

(i) One sets the start value B = 0, if not specified otherwise. One sets k = 1 and assigns €
and maxsteps.

18® — gD,
1852
(ii.i) One updates approximation of M., including updates of Ay, W,y as they depend

(i) While

> ¢ and k < maxsteps

on the current value of the coefficient, that is, ,8?(’“*1)

. . -1
(ii.ii) One sets ) = (1 —v)B*1) 4 v (XTW(kfl)X + AA> X Ty (k=1) g(k=1)

(iii) Finally, one sets B =730,
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Convergence and Possible Limitations of PIRLS

As IRLS in the unpenalized case (Remark A.1.1), the PIRLS algorithms has some limitations,
as the algorithm may not always converge. In particular, by arguments presented in Oelker and
Tutz (2013) which are summarized below, the convergence of PIRLS depends on the penalized
Fisher information matrix Irpe,. If it can be ensured that Ir ., is strictly positive definite, the
convergence of the algorithm, independently of the starting point, is guaranteed, since in this
case the optimization problem is strictly convex. Now, the question that naturally arises is in
which cases Ir e, might be strictly positive definite. To investigate that, a distinction between
the cases n < p and n > p is needed.

(i) n > p: in this case it is known that, since by assumption the response distribution belongs
to the exponential dispersion family, the unpenalized Fisher information matrix Ip is
strictly positive definite if X is of full rank (Remark 1.1.10), consequently the penalty
matrix Ay has to be at least positive semi-definite to ensure that I ., is strictly positive
definite so ensuring convergence of the algorithm.

(ii) n < p: analogously to (i) above, the unpenalized Fisher information matrix Ip is positive
semi-definite (Remark 1.1.10 (ii)) and thus the penalty matrix Ay has to be strictly positive
definite to ensure that Ip ., is strictly positive definite.

If it cannot be ensured that Ir ., is strictly positive definite, it may happen that the algorithm
finds non-unique descent directions. One can see above that, as expected, the convergence of
PIRLS clearly depends on the chosen penalty function. Further, for the case that n < p, there
are more restrictions that the penalty matrix has to fulfill.

A.2 Coordinate Descent

The general idea of the coordinate descent (CD) algorithm is introduced, before discussing the
block coordinate descent (BCD) algorithm.

As elaborated in Hastie et al. (2015) (Section 5.4.1), the application of CD is convenient for
objective functions for which the penalty part has an additive decomposition, that is, if one can

write
P
Pr(B) =Y hi(By),
i=1
for some suitable functions h; : R — R, ¢ = 1,...,p. This property is also referred to as
separability property and generalizes in a canonical way to the case of performing block coordinate

descent. As an example, the penalty function of SCAD, that is P/SSCAD) (B), given by (1.58),

clearly satisfies the separability property, whereas the fused lasso with penalty function
P P
MY 1B+ X2 1B — Bical,
i=1 i=1
introduced by Tibshirani et al. (2005), does not, due to the (pairwise) differences.
It is recalled that the goal is to find a minimizer of an objective function Mpe,(8), where

B € RPtL. Coordinate descent is an iterative procedure, which cycles through all coordinates of
B (that is 8; for i = 1,...,p without the intercept) performing a univariate minimization with
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respect to one coordinate f3;, keeping all others 3;, j € {1,...,p}\{i} fixed. The intercept is
updated separately employing the unpenalized solution. It is assumed that the current value
at iteration step k € N is B(k) = (BAZ(Q, AYC), el B},’“)), whereby for simplicity, the factor-wise

notation B = (Bint, B1,1,- -+ Biprs---sBits---sBip,) = (Bint, B1,...,B7) is neglected once for
these explanations about CD. The update for the next iteration step for coordinate 3; for some

1=1,...,pis given by

Bi(k—’—l) = al"g, I’%IH Mpen(/éi(:t)v B%k)a v wérb'(ﬁ)la Biv Bz(_]t,c_)la e 7/é£k))
€

Clearly, cycling through the coordinates from the first to the last one, the update would be as
follows
3 = argmin Myen (B BV, BETY 81 B B,
Bi€R

CD is applied in the literature for lasso (e.g. Friedman et al. (2010)), as well as for non-convex
penalties such as SCAD and MCP (Breheny and Huang (2011)). Since CD procedures, as
well as BCD procedures which are discussed next, are very general algorithms, not only ap-
plied in the penalized regression framework, the detailed forms of the algorithms are provided
in the corresponding sections about the method to which CD (and BCD, respectively) is ap-
plied. Thus, for details on the concrete application of CD for SCAD and MCP in the logistic
regression framework, as well as the concrete form of the algorithm, it is referred to Section 1.5.3.

It is not only possible to minimize with respect to one coordinate at a time, but also with
respect to (non-overlapping) blocks of coordinates, which leads to the BCD algorithm, being a
suitable choice for minimization problems with a groupwise structure, e.g. group lasso.

Block Coordinate Descent

Similar to the CD algorithm, the BCD algorithm, which is also called “group coordinate descent®,
cycles through blocks of coordinates and minimizes the objective function with respect to this
block of coordinates, keeping all others fixed. The groups/blocks need to be non-overlapping.
One considers as blocks the groupwise structure naturally induced by the factors, thus the blocks
are of sizes p;, j € {1,...,J}. Having that, one minimizes the objective function with respect
to one factor at a time, keeping all other factors fixed. As mentioned above introducing CD,
the BCD approach is suitable for penalties satisfying the separability property, adjusted for the
fact that separability is needed with respect to the considered blocks.

Returning to the factor-wise notation for 3, i.e.

/3 = (ﬂintvﬁl,la"',ﬂl,pla-” 7/8J,17"'?BJJ)J) = (ﬁintvﬁla"'vﬁJ)a

the update at iteration step k for factor j € {1,...,J} is given as follows

1 yeeey . .

j(‘ = argminMpen(/@mt 1P 1o Mj-1
B;ERPJ

Group lasso, group SCAD and group MCP clearly satisfy the separability property with respect
to factors, thus BCD is a convenient choice for these penalties. In practice Breheny and Huang
(2015) apply BCD to these penalty approaches, where for the block-wise updates (A.9), they
obtain closed form solutions for group lasso, group MCP and group SCAD. Section 1.5.3 gives
more details on the application of this algorithm to group lasso, group MCP and group SCAD
in the logistic regression framework.



Appendix B
Regularity Conditions

Regularity conditions which are needed throughout the whole thesis are obtained in this seg-
ment. First, regularity conditions emerging from classical ML theory are given in Appendix
B.1 for the case of fixed p, which are transferred to the case of diverging p,, in Appendix B.2.
These two sections of Appendix B can also be found in Kaufmann and Kateri (2024). In Ap-
pendix B.3 some continuity assumptions imposed on the log-likelihood function are discussed.
Finally, Appendix B.4 introduces a regularity condition on the nature of (local) minimizers of

M,ﬁf,?‘FGL) (B) for increasing sample size n.

Thus, a collection of regularity conditions is provided in the following, however, they are not
all imposed throughout the whole thesis. Whenever some of the following regularity conditions
are imposed, it is clearly specified.

B.1 Fixed p Case

For the case of p being fixed, one considers the following regularity conditions (Regl)-(Reg3).

(Regl) The distribution of the response variable Y belongs to the exponential dispersion family
(Definition 1.1.2).

2
(Reg2) The Fisher information matrix Ir(3) = E (—W
in 8= 3.

(Reg3) There exists an open set & C RPF! with 3* € ¢ such that for all 3 € & and observations
v; = (y,x;), i = 1,...,n, there exists a function M (v) € R such that the following holds

9 log(/(v18)) _
03,0808~
E(M(v;)) < oc.

) is finite and positive definite

M(’UZ) < 00,

These regularity conditions are similar to several other approaches, such as Fan and Li (2001)
and Zou (2006), being necessary for technical derivations, as well as to ensure the asymptotic
normality of the classical MLE, cf. Appendix C.

In (Reg3), it is assumed that there exists an open set & C RPT! such that for the true value
it holds that 8* € . One may ask the question what happens if the truth lies at the bound-
ary of the parameter space, which is answered next following the arguments of Lehmann and
Casella (1998) (Section 10.6). The proofs of the theorems providing consistency and asymptotic
normality of the MLE (Lehmann and Casella (1998) Theorems 3.7 and 3.10 of Section 6) use
this regularity condition in the following way: knowing that the truth is an interior point of

189
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the parameter space, it holds that for increasing n, the MLE is a root of the derivative of the
likelihood function. However, if the truth is at the boundary of the parameter space, this can
obviously not be ensured as the maximum occurs at the boundary. As explained in Lehmann
and Casella (1998) (Section 10.6), in this case it may be possible to provide other asymptotic
distributions, as supplied e.g. in Self and Liang (1987) and Andrews (1999). An approach con-
sidering an enlarged parameter space is discussed in Feng and McCulloch (1992). However, in
this thesis, this regularity condition is not a restriction, as the parameter space is RP*.

Remark B.1.1 (On the regularity conditions (Regl)-(Reg3) under the canonical link). Under
the use of the canonical link function, the natural parameter 6 equals the linear predictor x3,
which is also denoted by 7, i.e. n = 3. In this case, one receives the following simplifications.

(i) The expected and observed Fisher information matrices coincide, so from (Regl) it can be
inferred

_ OPLn(B)\ _ _0°Ln(B)
IF(IB) - E(_ 8,62 >__ 652

= X'diag (¢"(@18),-..,¢" (@ 8)) X. (B.1)

It is recalled that @;, i € {1,...,n} are the rows of the design matrix X and n; = x;0,

i = 1,...,n. Consequently, (Reg2) is satisfied if (B.1) is finite and positive definite in
B =p".

Even though logistic regression is considered in this thesis, i.e. the canonical link is em-
ployed, whenever possible, the expected Fisher information is used to keep the theory more
general and easily applicable for other link functions.

(ii) The second and third derivatives of the log-likelihood function L, (3) do not further depend
on y. Consequently, (Reg3) is ensured if there exists a function 9t(x;) such that

" (x:B)] < M(z;) < o0,
E(ON(x;)|xjrre|) < oo V1 < 4k, 1 <p.

It is clear that the functions () and M(-) (one compares (Reg3)) are not the same,
nevertheless it is neglected to write 9% in the proofs, hence M (-) is written for simplicity
of notation. The actual structure of the function plays no role, it is sufficient that here
exists such a function.

These simplifications for canonical link functions can also be found in Fan and Li (2001) (Section
3.2).

B.2 Diverging p, Case

For the diverging p, case, one assumes the following regularity conditions. In this scenario, the
dimension of the parameter space (which is 1+ p,) is allowed to grow with the sample size n,
thus the dimension of the Fisher information matrix also depends on n, as well as the dimension
of the open set & appearing in (div.Reg3). Clearly, the dimension of the truth 8* also depends
on n in this case. Nevertheless, to keep notation clear, a lower index n for the truth B* is
omitted. For all of the constants in the following regularity conditions C'is written, even if they
are not required to be the same.

(div.Regl) The distributional assumption for Y is the same as in (Regl) (Section B.1) with p
being replaced by p, and the corresponding pdf denoted by f,, instead of f.
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(div.Reg2)

(div.Reg3)

(div.Reg4)

The Fisher information matrix I, (8) satisfies the same as in (Reg2) (Section B.1)
with I'r being replaced by Ip,.

There exists an open set @, C RP»*T! with 3* € 0, such that for all 3 € &,, and
observations v;,7 = 1,...,n there exist a function M, ;1 ;(v) € R for which it holds

9*1og(fn(vilB)) ,
< ] 7/ n 9 ) == 17 M) mn-
98,0808 = My, jii(vi) VB € 0, and V j, k,1 D

Additionally, one assumes that for some constant C' < oo it holds

E(Mn,j,k,l(vi)) <C<xVyjkl=1,.. py.

There exists a constant C < oo such that

ax max [zl < C
It is recalled that the sub-matrix X; € R"*Pi of the design matrix X contains all n
samples of the dummy variables corresponding to factor 2, so «;; € RPJ denotes
the i-th row of X.

These regularity conditions are similar to Fan and Peng (2004) and Wang and Tian (2019). For
simplifications using the canonical link, as done here considering logistic regression, it is referred
to Remark B.1.1 which similarly applies in the diverging case.

Remark B.2.1. The above regularity conditions and their consequences are discussed next.

i) Alternatively to (div.Reg2) one could have also assumed that all the eigenvalues of the
Fisher information matrix are finite and strictly positive which ensures the positive definite
property, cf. Fan and Peng (2004).

ii) The fact that in (div.Reg2), and similarly in (Reg2), it was assumed that the Fisher
information matrix is finite means in particular that for a constant C' > 0 it holds that
[IF,n(ﬂ)]ik <C<ooVjk=1,..,p,and

s 10g(fn(v1|ﬂ))> <c.

Lrn(B)]jk =E ( 08,0k

iii) Condition (div.Reg4) is a technical condition needed for the oracle property of the (approxi-
mate) Lo-FGL which is shown in Theorem 2.3.7. This condition is taken from Fan and Peng
(2004). Since a dummy coding scheme is used in this thesis, each row x;;,7 € {1,...,Jp},
i€ {1,...,n} of each sub-matrix X consists of one entry being equal to one, where the
others are zero. Consequently ||x;;||2 = 1 independent of j € {1,...,J,}, i€ {1,...,n},
so observing factors in a dummy coding scheme as done here, (div.Reg4) is not a restriction.

B.3 Log-Likelihood

One considers the following continuity assumptions for the log-likelihood, that are imposed in
some of the theorems of this thesis.

Definition B.3.1. L, (3) is defined as in Definition 1.1.9. The following cases are considered:
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(i) Fixed p, fixed n
The continuity assumption 1, (Contl) for short, is said to be satisfied if the following holds
V¢o € RPH and Vn € N

Ve > 038 =8(¢,¢o,n) >0 : V¢ R [|¢o —Cll2 <8 [|Ln(Co) — Lu(Q)]l2 < &, (B.2)

thus if the log-likelihood function —L,(-) is continuous for every n € N and in every
Co € RPTL Tt is noted that § may depend on &, on {y as well as on the function —L,(-),
in particular on n.

(ii) Fixed p, diverging n
Let . be the family of functions .% := {—L,(3),n € N}. The continuity assumption 2,
(Cont2) for short, is said to be satisfied if the following holds V¢ € RPT!

Ve >036(c,40) >0 : V¢ € RPT! [[¢o— (|2 <6
and V functions — Ly, (-) € F : ||Ln(C0) — Ln(C)||2 < &,

thus, if the family .% is equicontinuous V¢y € RP*!. Compared to (Contl), where  may
depend on n, € and ¢y (and a function —L,(+) for fized n is observed and not a family of
functions), in (Cont2), § may only depend on € and ¢y. Thus, this “rate of continuity“ 0,
is the same for all functions in the family .%.

(iii) Diverging p,, diverging n
Suppose that .# is defined as in (ii). If p,, diverges with n, the dimension of the definition
space of — L, (3) grows. However, for every ¢y € RP»*! only those ¢ € RP»*! are considered
that coincide with {p in every entry except for one entry, without loss of generality entry

re{l,...pp+1} such that {o—¢ =(0,...,0,¢0, — ¢, 0,...,0) and |[{o — || = [Cor — G-
Thus, this case can be transferred to (ii). The continuity assumption 3, (Cont3) for short,

is said to be satisfied if the following holds V¢, € RP»+!

Ve >036(c,¢0) >0 : V¢ € R [|¢o — ¢l = |Cor — G <6
and Y functions — L, (-) € # : ||L,(Co) — Ln({)||2 < .

The next remark obtains an expansion to random variables.

Remark B.3.2. Since (Contl)-(Cont3) are provided for deterministic values ¢, these conditions
are also applied to random variables. B and By are supposed to be two real-valued random
variables. Then, the following holds

(i) If (Contl) is ensured, then it holds Vn € N

Ve > 030 = 0(e,Bo,n) >0 : if P(||B — Boll2 < 6) =1, thenP(|L,(8) — Ln(Bo)| <€) = 1.

(ii) If (Cont2) is ensured, then it holds

Ve > 035(8,C0) >0 : ifIP)(Hﬂo —,@HQ < 5) =1
then it holds Vfunctions — L, (-) € .Z : P(|L,(Bo) — Ln(B)| <e) = 1.

(iii) Analogously to (ii), an implication of (Cont3) for random variables can be formulated.
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B.4 Local Minimizers

For some theorems concerning fusion properties, the following regularity condition is needed,
which can be formulated for fixed p and diverging p, in the same manner, while below it is
formulated for fixed p. For diverging p,, the condition is similar replacing p by p,. Considering
sequences below, one writes round brackets around these sequences and add the sequence index
outside of the round brackets, which is further explained and introduced in Notation 2.3.21. For
now, no further details on this notation are necessary.

Definition B.4.1. One considers ((¢)n)nen € RPF! being a sequence of local minimizers of
the objective function ((Méﬁ,%‘FGL)(c))n)neN , meaning that (¢),, minimizes (Mégﬁ?'FGL)(C))n for
n € N. Thus, for each n € N, there exists a neighborhood .4;, C RPT! of ({)n of radius €, > 0
such that

(Mg D (O))n < (MG () ¥ ¢ satistying [[€ — (nll < en.

pen pen

The minimal neighborhood condition, for short (MinNeigh), is said to be satisfied if mig €n
ne

exists.

If ((B)n)nen is considered as a sequence of random variables being a sequence of local minimizers
as above, it holds that

(MSETFCL (B)), < (MSEFOE(B)),, ¥ Bsatisfying |8 — (B)al| < €n,

where the difference is that €, may depend on the random sample, as does (B)n Thus, in this

case, it is required that the minimum of ¢, exists almost surely, that is P millg €, exists | = 1.
ne

It is not necessary to further specify the size or structure of ¢, since the actual value does not
play any role, the existence of the minimum is sufficient.

The minimal neighborhood condition ensures that the radius of the neighborhood, with respect
to which the local minimizer is a minimizer, does not converge to zero for increasing n. It is noted
that, following Notation 2.3.21 introduced in Chapter 2, one can similarly write [-],, instead of
(*)n above.

B.5 Discussion On Different Regularity Conditions

In the literature, theoretical properties for penalized regression, in the grand majority penal-
ized linear regression, are investigated under a variety of different regularity conditions. These
conditions include restricted eigenvalue conditions, restricted isometry properties, compatibility
conditions, sparse Riesz conditions, as well as the irrepresentable condition (Huang et al. (2021)),
to give some examples. However, which conditions need to be imposed highly depends on the
considered setting, e.g. distributional assumptions, the underlying model assumption, as well
as the penalty functions. Thus, these conditions are not comparable in general over different
frameworks. For the Lasso considered in a linear model setting, a broad comparison of several
conditions imposed in the literature is given by Geer and Biithlmann (2009). Another reference
giving more details on these conditions for different penalty functions is Bithlmann and Geer
(2011).

Besides the technical conditions that were presented above, throughout the whole thesis it is
assumed that the true underlying model is sparse (Defintion 1.2.4), where this kind of sparsity
assumption is also referred to as Lo sparsity in the literature, e.g. in Zhang and Zhang (2012).
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In particular, it is required that, departing from some p, (in the diverging case), all influential
factors are included in the model. However, one can impose other sparsity conditions, such as

1871 =o< mg%)),

according to Bithlmann and Geer (2011) (Section 2.4.2).

To conclude, there are various ways to impose regularity conditions that lead to different the-
oretical properties. However, it is beyond the scope of this thesis to compare all these conditions
for penalized logistic regression, since the comparisons not only depend on the underlying model
and the distributional assumptions, but also on the considered penalty function. Consequently,
this thesis focusses on the regularity conditions introduced above, which follow the references
that are given at the respective point. But, one should keep in mind that one can impose alterna-
tive regularity conditions, stronger or weaker, that may lead to different, or similar, theoretical
results.



Appendix C
Selection of General Results on MLE and LRT

Let  denote the parameter space of the parameter vector 3 to be estimated in the GLM
framework introduced in Section 1.1.2, e.g. © = RP*!. Starting with theoretical properties of
the (unpenalized) MLE in Appendix C.1, the area of likelihood ratio tests (LRT) is covered in
Appendix C.2.

C.1 Theoretical Properties of the Maximum Likelihood Estimator

First, Definition 1.1.9 of Chapter 1 is recalled for the definition of the MLE in a GLM framework.
To be able to obtain asymptotic results for the MLE, one needs to impose some regularity
conditions, given in Appendix B.1. Since the main source of the theorems given in this Appendix
C is Casella and Berger (2002), the following remark on the regularity conditions of Appendix
B.1 and those given in Casella and Berger (2002) (Section 10.6.2) is provided.

Remark C.1.1. The regularity conditions that are given in Appendix B.1 and Appendix B.2,
respectively, ensure that (A1)-(A6) in Casella and Berger (2002) are satisfied. However, the
conditions provided in Casella and Berger (2002) are more general, but for the purposes of this
thesis (Regl)-(Reg3) for fixed p ((div.Regl)-(div.Reg3) for diverging p,) are assumed, so that
the conditions for testing are consistent with those used for selection/fusion and estimation.

Consistency and Asymptotic Normality

At first, a theorem treating consistency of the MLE is provided. Here, consistency refers to esti-
mation consistency, meaning that the difference between the estimator 8 and the true parameter
vector (3 converges in probability to zero (cf. Section 1.2.5).

Theorem C.1.2 (Consistency of MLE, Casella and Berger (2002), Theorem 10.1.6). One as-
sumes that regularity conditions (Regl)-(Reg3) of Appendix B.1 hold. Further, 7(3) is assumed
to be a continuous function of 8 and ML) its MLE (Definition 1.1.9). Then, for all ¢ > 0 and
all 3 € Q it holds that

lim Pg(l7(BM) —(8)| = £) = 0. (C.1)

n—oo

ML))

Consequently, T(B( is a consistent estimator of 7(3).

The next theorem yields a result on the asymptotic distribution of the MLE, in particular it
states asymptotic normality.

Theorem C.1.3 (Asymptotic normality of MLE, Casella and Berger (2002), Theorem 10.1.12).
It is assumed that (Regl)-(Reg3) of Appendix B.1 hold, that 7(3) is a continuous function of 3
and BML) its MLE (Definition 1.1.9). Then it holds that

Va(r(BMY) = 7(8)) —a N(0,0(8)), (C.2)
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where
7_/ 2
@) - B)

E(5/016)) )

is the Cramér-Rao lower bound.

If 7(-) is the identity function, i.e. 7(83) = 3, the Cramér-Rao lower bound is simply the
inverse of the expected Fisher information matrix, which coincides with the observed Fisher
information matrix when the canonical link is used, which is the case for logistic regression.

C.2 Likelihood Ratio Test

To evaluate the fit of a model, calculating the (predictive) deviance, introduced in Definition
1.2.1, is a convenient tool. For the purposes of this thesis, a comparison of the fit resulting from
two nested models is of high interest, which is specified in the following. It is noted that .4
and .# are defined as general GLMs at this moment, however, in Chapter 4 these are models
resulting from Lo-FGL in penalized logistic regression.

M is assumed to be a GLM with go € N parameters (i.e. dim(8) = qo) and #; a GLM
with ¢1 € N, go < ¢1 parameters (i.e. dim(8) = ¢1). In particular, it is assumed that .#} is a
“simpler* GLM evoking from .# by eliminating r = g1 — qo of its parameters, thus it is said
that 4 is nested in .

ﬂ(()ML) denotes the MLE of g under model ., i.e. ﬂ(()ML) emerges from the MLE B(()ML) using
the underlying model equation, which is e.g. for logistic regression applying (1.20)
(ML
A0 exp(XB5M)

- . C.4
1+ exp(X M) (©4)

Analogously, ﬂgML) denotes the MLE of g under model .#7, where it is assumed that both

,C:}(()ML) and B%ML) exist, which is obviously needed for further steps. Corresponding to Definition
1.2.1, one sets

D (yla™) = -2+ (La(@™ ly) ~ Laly|y)) i€ {1.2).

It is recalled that, since X is assumed fixed and v := (y, X), one could equivalently write
D (U\ ﬂ,EML)) instead of D (y| ﬂEML)), favoring the latter for the sake of simplicity. Similar ar-
M | y)

i

guments apply to the log-likelihood function L., (f
saturated model L, (y|y).

and the corresponding version of the

The difference of the deviances of models .#y and .4 is given by

T (Mo, #,ny) = D (y’ﬂ(()ML)) -D (y\ﬂgML))
= —2(La(af™y) - La(a{] ). (C5)

The statistic T'(.#p, #1,n,Y) is the likelihood ratio statistic (LRS) for testing
Hy : model .#;y holds versus Hi : model .#; holds,

compare Casella and Berger (2002) (Section 8.2.1). The next Theorem C.2.1 provides the
asymptotic distribution of the LRS, which is a x? distribution with r := ¢ — qo degrees of
freedom.
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Theorem C.2.1 (Asymptotic distribution of likelihood ratio statistic, Casella and Berger
(2002), Theorem 10.3.3). One assumes that the regularity conditions (Regl)-(Reg3) of Ap-

pendix B.1 hold and B(()ML) and B§ML) are given as in Definition 1.1.9 for models .#y and .,
respectively. For testing

Hy: model .# holds versus Hy: model .# holds

as described above, under the null hypothesis Hy it holds for n — oo
T(%Oy'%l)nv Y) —d X% (06)
with r := ¢1 — qo.

Now the question can be answered in which case the null hypothesis Hj is rejected at a given
nominal level o € (0,1) to ensure error control as in (C.7) below. In particular, the test decision
is as follows

H is rejected < T (Mg, M1,n,Yy) > X%,a,

where X72~,a is defined as the upper quantile of the y? distribution.

Following Casella and Berger (2002) (p. 490 f.), under the null hypothesis Hy, which is ex-
pressed by the lower index in the probability below, the type-I-error probability is asymptotically
equal to a, the nominal level, i.e.

lim Py, (reject Hy) = o (C.7)

n—oo






Notation

Part (I): General mathematical symbols

Let (X, )nen be a sequence of real-valued random variables on some probability space (€2, 2, P)
and let X be a real-valued random variable on (€2, 2(,P). Let F,, denote the cumulative distribu-
tion function (cdf) of X, for n € N and F the cdf and X, respectively. Further, let (ap)neny € R
be a real-valued sequence.

Symbol Description

R real numbers

RF k-dimensional cartesian product of R, kK € N

N natural numbers

Lisy(+) indicator function for some set S C R

l|lz||q L, norm, that is ||z||4 := (Zle xf) e for x € R* and ¢ > 0, for
q = 2 one uses the abbreviation ||z||, see row below

||| Euclidean norm of & € R¥| that is ||z|| = Zle z?

[lz||o Ly norm, that is ||z||o := [{z; # 0,7 € {1,...,k}}| where & =
(z1,...,75) € RF

(f(2)+ positive part of a real-valued function f(x), hence (f(z))+ :=
max(f(z),0)

E(X) expected value of a random variable X

P(A) probability of some event A € A

D() cdf of the standard normal distribution

rank(M) rank of a matrix M € R¥*4 d e N

X~F X is distributed according to the cdf F'

U disjoint union

exp(-) exponential function

In(-) natural logarithm

(continued)
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(continued)

Symbol

Description

Stochastic convergence/stochastic boundeness

Xy = Op(an)

X = 0p(an)

X, =g Xor X, ¢ F

X, —2pXorplimX, =X

n—oo

Ve > 0 ElM,NGNsuchthatIP’(‘Xn‘ >M> <eVn>N.
an

>6>:O

lim F,(z) = F(z)Vx € R where F is continous.
n—roo

n

Xn
p lim — =0, thus Ve > 0 : lim IP’(

n—oo Un n—=oo

a’ﬂ,

Ve>0: lim P(|X,, —X|>¢€) =0
n— oo

Xn —ras X P( lim X, =X) =1
n— o0
Distributions
Bin(k, p) binomial distribution with k£ € N independent Bernoulli trials and

Mult(p1, ..., pk)

N(p, %)

success probability p € (0,1) for each trail

multinomial distribution with success event probabilities p; €
(0,1),i€{l,....,k}, keNand X7 p; =1

(multi-dimensional) normal distribution with expectation p € R¥
and covariance matrix ¥ € R¥** ke N

x? distribution with r € N degrees of freedom
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Part (I1): Mathematical symbols in penalized regression/L,-FGL

In what follows, a list of used symbols concerning penalized regression, especially Lo-FGL, is
provided, ordered by their respective topics for clarity.

Symbol Description
Estimators
BAML) maximum likelihood estimator of (full) dimension p + 1
,@Eé\ﬁm maximum likelihood estimator of (reduced) dimension p®/ + 1
( A(ML))O oracle maximum likelihood estimator
B(Lo-FGL) Lo-FGL estimator of (full) dimension p 4 1
AﬁngGL) Lo-FGL estimator of (reduced) dimension p?/ + 1
AJ(L”'FGL) sub-vector corresponding to factor j of Lo-FGL estimator of (full) dimension
Dj
ﬁ;ﬁngL) sub-vector corresponding to factor j of Lo-FGL estimator of (reduced) dimen-
sion p?f
J¢; penalized regression estimator (no penalty specified, see (1.27))
B(CAS—L1) CAS-L; estimator (dimension p + 1)
B(CAS—Lo) CAS-Lg estimator (dimension p + 1)
B(SCAD) SCAD estimator (dimension p + 1)
B(gSCAD) group SCAD estimator (dimension p + 1)
BMMCP) MCP estimator (dimension p + 1)
B(eMCP) group MCP estimator (dimension p + 1)
B(CL) group Lasso estimator (dimension p + 1)
B* true coefficient vector (dimension p + 1)
o true reduced coefficient vector (reduced dimension p* + 1)
4 sub-vector corresponding to factor j of true coefficient vector (full dimension
P;)
7 red sub-vector corresponding to factor j of true reduced coefficient vector (reduced

dimension pj)

(continued)
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(continued)

Symbol Description

Functions

1.(8) likelihood function

L,.(B) log-likelihood function
Mpen(B) objective function

Py(B) penalty function

P)(\SCAD)(,@) SCAD penalty function
P/sLaSSO) (B) lasso penalty function
PiRidge) (8) Ridge penalty function
P;\gSCAD)(,B) group SCAD penalty function
P)(\MCP) (8) MCP penalty function
P)(\gMCP)(,[)') group MCP penalty function

P)(\LO-FGL) (/3)
CAS-L,

PO (g)

PO (g)

Lo-FGL penalty function
CAS-L; penalty function
CAS-Lg penalty function

P;\Bridge) (8) Bridge penalty function
MZEESAD) (B) SCAD objective function
M;E%SCAD)(ﬁ) group SCAD objective function
M;EZ[«LCP)(B) MCP objective function
Mgggrl\fcp) (8) group MCP objective function

Mye "1 (8)
M (8)
MG ()
Active Sets
O+

Cn

e

F,

A*

An

Lo-FGL objective function
CAS-L; objective function
CAS-Lg objective function

true active set of fusions

estimated active set of fusions

truly influential factors, true fusions

truly influential factors, estimated (performed) fusions
true active set

estimated active set

FP/FN sets in simulation studies

F Py infl truth
F Ny ing truth
Py gac
F Ny gac

false positive rate concerning fusion
false negative rate concerning fusion
false positive rate concerning factor selection

false negative rate concerning factor selection
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(continued)

Symbol Description

Two-Stage Lo-FGL: Single Split

n selected model by Lo-FGL in step 1
Ai" reduced MLE of step 2, dimension p® + 1
Af, e reduced coeff. sub-vector corresponding to 857, dimension p?f
BS" MLE of step 2, dimension p + 1
ﬁf " coeff. sub-vector corresponding to Bgﬂ', dimension p;
B Sn coefl. vector of step 2, dimension p + 1
ﬁf " coeff. sub-vector corresponding to ,65", dimension p;
i’a reduced coeff. vector step 2, dimension p*f + 1
ﬁi md reduced coeff. sub-vector corresponding to ﬂfe*a, dimension p?f
Two-Stage Lo-FGL: Multiple Split, quantities for split b € {1,...,B}
S’Z Selected model by Lo-FGL in step 1
F? truly influential factors, estimated (performed) fusions
Ab estimated active set
A Qb
ﬁi’é reduced MLE of step 2, dimension p®/ + 1
A Qb A Gb
,BjS:’r‘ed reduced Coeff.sub-vector corresponding to ,Brse’a, dimension p‘;f
BS’}; MLE of step 2, dimension p + 1
A Qb A5
f” coeff. sub-vector corresponding to ,BSZ, dimension p;
,6551 coeff. vector of step 2, dimension p + 1
. .
f" coeff. sub-vector corresponding to ,853, dimension p;
&b
5;1’(‘1 reduced coeff. vector step 2, dimension p*f + 1
ab ab
i;’bd reduced coeff. sub-vector corresponding to ﬁfcfi, dimension p;f
B(Lo-FGL).b Lo-FGL estimator of (full) dimension p 4 1
B{Lo-FGL)E Lo-FGL estimator of (reduced) dimension p®/ + 1

BJ(,L”'FGL)’I) sub-vector corresponding to factor j of Lo-FGL estimator of
(full) dimension p;

,[;‘;ﬁgéFGL%b sub-vector corresponding to factor j of Lo-FGL estimator of
(reduced) dimension p?f
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Part (I11): Abbreviations

In what follows, a list of used abbreviations in alphabetical order is provided.

Abbreviation Description

a.s. Almost surely

Adap. Adaptive

ANOVA Analysis of variance

BCD Block coordinate descent

BH Benjamini Hochberg

Bin Binomial distribution

BY Benjamini Yekutieli

cdf Cummulative distribution function
CLT Central limit theorem

CS Cauchy-Schwartz inequality

CcvV Cross validation

EDF Exponential dispersion family
FDR False discovery rate

FN False negative

FP False positive

FWER Family wise error rate

GLM Generalized Linear Model

iid Independent and identically distributed
It. Iterative

IRLS Iteratively re-weighted least squares
KKT Karush-Kuhn-Tucker

Lo-FGL Lo-fused group lasso

LARS Least angle regression

LDP Low dimensional projections

LLA Local linear approximation

LLN Law of large numbers

LM Linear model
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Abbreviation Description

LogReg Logistic regression

LOOCV Leave one out cross validation
LQA Local quadratic approximation
LRS Likelihood ratio statistic

LRT Likelihood ratio test

LS Least squares

LSE Least squares estimate/estimator
MCMC Markov chain Monte Carlo

ML Maximum likelihood

MLE Maximum likelihood estimator/estimate
MSEC Mean squared error of coefficients
Mult Multinomial distribution

NEF Natural exponential family

0S Overall sparsity

PIRLS Penalized iteratively reweighted least squares
pmf Pobability mass function

Pred. Predictive

PS Practical sparsity

SRC Sparse Riesz condition

Thm. Theorem
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