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SUMMARY

Unraveling the inner workings of the brain has been one of the most
fascinating research topics in human society for centuries. Evolving
from the early discoveries of neurons by Golgi and Cajal, the field of
neuroscience has made significant progress in examining the anatomy;,
physiology and functionality of the human brain. A driving factor for
this research is the explosion in the availability of detailed anatomical
and physiological data from experiments over the past decades, as
well as advances in the availability of computational resources. Com-
bined, these changes enable ever more precise studies of both brain
connectivity and function conducted in the field of Computational
Neuroscience.

This thesis aims to further our understanding of the link between
structure and dynamics in the brain, which fundamentally underlies
its structure-function relationship. Specifically, a focus is set on study-
ing the impact of spatial connectivity, i.e., the distance-dependent
wiring principles of neurons, on cortical activity of the visual regions.
Choosing a computational approach, detailed anatomical knowledge
is integrated into biologically constrained models of cortical circuits,
allowing for an investigation of the relationship of structure and dy-
namics in silico.

First, the technological foundations are established that enable ef-
ficient simulations of large-scale neural networks at realistic neural
and synaptic density. An open-source software platform is conceptu-
alized and implemented that facilitates the automated execution and
analysis of performance benchmarks of neural network simulators,
which are the backbone of simulations in modern Computational
Neuroscience. Thereby, development is aided that optimizes the time-
to-solution in such simulations, ultimately allowing to integrate ever
more anatomical detail into cortical network models.

Second, this thesis consults a broad range of experimental data
to construct a comprehensive spatial neural network model of the
primary visual cortex (V1) of macaque monkey. Simulations reveal that
the model of V1 exhibits strongly pathological activity: it is unable to
exist in a balanced dynamical state in which the statistics of the activity
resemble experimentally observed states. Revisiting the underlying
connectivity and linking it to the dynamics of a model of local cortex
exposes that the inherent recurrent targeting patterns stemming from
low-resolution data based on light microscopy (LM) necessarily lead to
diverging activity. In contrast, the implausible dynamics are remedied
by replacing the LM data set by a recent high-resolution data set based
on electron microscopy (EM). Substituting the LM connectivity by
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EM connectivity in the model of V1 resolves the unbalanced activity,
yielding a model that exhibits biologically plausible activity without
further fine-tuning. Thus, the derived model can act as a platform for
future research to study the dynamical and functional implications
of spatial connectivity, shedding light on optimal wiring strategies
employed by the visual cortex in the brain.

Third, a novel predictive connectivity rule is developed that ex-
plicitly takes the spatial distributions of synapses relative to the cell
bodies into account. To compare the predicted connectivity to an
experimental ground truth, a general method for comparing the re-
current connection structure of networks is devised based on matrix
decomposition. A subsequent analysis demonstrates that the precise
spatial connectivity rule outperforms a classical approach based on the
distance between neurons. Thereby, it paves the way for incorporating
the intricacies of local spatial connectivity into the next generation of
modeling.

Overall, this work provides a thorough account on spatial connec-
tivity in cortical neural networks. It thus contributes to uncovering the
structure-dynamics-function triad of the brain, ultimately leading to a
deeper understanding of its working mechanisms.
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ZUSAMMENFASSUNG

Seit Jahrhunderten ist die Entschliisselung des menschlichen Gehirns
eines der faszinierendsten Forschungsthemen unserer Gesellschaft.
Wihrend die Entdeckung der Neuronen und ihrer Struktur durch
Golgi und Cajal den Anfang der modernen Neurowissenschaften dar-
stellt, wurden seither bedeutende Fortschritte bei der Untersuchung
der Anatomie, Physiologie und Funktionalitdt des menschlichen Ge-
hirns gemacht. Diese Forschung wurde in den letzten Jahrzehnten
entscheidend beschleunigt durch die zunehmende Verfiigbarkeit von
Rechenressourcen sowie detaillierten anatomischen und physiologi-
schen Daten aus Experimenten. Zusammengenommen ermoglichen
diese Verdnderungen prazisere Studien der Konnektivitdt und Funkti-
on des Gehirns, die im Bereich der Computational Neuroscience durch-
gefiihrt werden.

Ziel dieser Arbeit ist es, unser Verstdndnis fiir die Verbindung zwi-
schen Struktur und Dynamik des Gehirn zu vertiefen, welche fiir
den Struktur-Funktions-Zusammenhang entscheidend ist. Dabei wird
ein Schwerpunkt auf die Untersuchung von raumlicher Konnektivi-
tat gelegt, welche die entfernungsabhangige Verschaltung zwischen
Neuronen beschreibt, sowie ihren Einfluss auf die kortikale Aktivitat
in visuellen Gehirnregionen. Durch die Wahl eines computergestiitz-
ten Ansatzes wird detailliertes anatomisches Wissen in biologisch
motivierte Modelle kortikaler Schaltkreise integriert, was eine Un-
tersuchung der Beziehung zwischen Struktur und Dynamik in silico
ermoglicht.

Zundchst werden in dieser Arbeit die technologischen Grundlagen
geschaffen, die eine effiziente Simulation grofser neuronaler Netzwerke
mit realistischer neuronaler und synaptischer Dichte ermoglichen. Es
wird eine Open-Source-Softwareplattform konzipiert und umgesetzt,
die die automatisierte Ausfithrung und Analyse von Benchmarks fiir
verschiedene Simulatoren ermdglicht, welche das Riickgrat der mo-
dernen Computational Neurosciences bilden. Insbesondere unterstiitzt
die Softwareplattform die Entwicklungsarbeit an Simulatoren, wel-
che die Rechenzeit minimiert. Dies ist letztendlich entscheidend fiir
die Integration von immer mehr anatomischen Details in kortikale
Netzwerkmodelle.

Im zweiten Teil der Arbeit wird ein breites Spektrum an expe-
rimentellen Daten herangezogen, um ein umfassendes rdumliches
neuronales Netzwerkmodell des priméren visuellen Kortex (V1) von
Makakenaffen zu erstellen. Simulationen zeigen, dass das Modell von
V1 eine starke pathologische Aktivitdt aufweist: Das Modell ist nicht
in der Lage einen stabilen dynamischen Zustand zu erreichen, in
dem die simulierte Aktivitdt experimentell beobachteten Zustanden
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dhnelt. Die Uberpriifung der zugrundeliegenden Konnektivitat und
ihre Verkniipfung mit der Dynamik eines Modells des lokalen Kortex
zeigt, dass die inhdrenten rekurrenten Zielmuster, die aus niedrig
aufgelosten, auf Lichtmikroskopie (LM) basierenden Daten stammen,
zwangsldufig zu divergierender Aktivitat fithren. Dies kann behoben
werden, indem der LM-Datensatz durch einen neueren, hochauflo-
senden Datensatz auf Basis der Elektronenmikroskopie (EM) ersetzt
wird. Das Ersetzen der LM-Konnektivitat durch EM-Konnektivitdt im
Modell von V1 fiithrt zu einer Modellarchitektur, die ohne weiteres
fine tuning eine biologisch plausible Aktivitit zeigt. Somit kann das
entwickelte Modell als Plattform fiir zukiinftige Forschungsprojekte
dienen, die die dynamischen und funktionellen Auswirkungen der
raumlichen Konnektivitdt untersuchen. Dadurch kénnen die optima-
len Strategien der Verschaltung von Neuronen untersucht werden, die
im visuellen Kortex des menschlichen Gehirn vorliegen.

Im dritten Teil der Arbeit wird eine neuartige Regel fiir die Vorher-
sage der Konnektivitdt in Modellen entwickelt, die ausdriicklich die
raumliche Verteilung der Synapsen relativ zu den Zellkérpern bertick-
sichtigt. Um die vorhergesagte Konnektivitdt mit einer experimentellen
Grundwahrheit zu vergleichen, wird eine allgemeine Methode zum
Vergleich der rekurrenten Verbindungsstruktur von Netzwerken ent-
wickelt, die auf Matrixzerlegung basiert. Eine anschlieflende Analyse
zeigt, dass die préazise raumliche Konnektivititsregel die klassischen
Ansatze tibertrifft. Damit ebnet sie den Weg fiir eine neue Genera-
tion von Modellen, welche die Feinheiten der lokalen rdumlichen
Konnektivitdt des visuellen Kortex verstarkt einbezieht.

Insgesamt stellt diese Arbeit eine umfassende Untersuchung der
rdaumlichen Konnektivitdt von neuronalen Netzwerken im Kortex dar.
Sie tragt somit dazu bei, den Struktur-Dynamik-Funktions-Dreiklang
des Gehirns aufzudecken, was letztlich zu einem tieferen Verstindnis
der grundlegenden Funktionsmechanismen fiihrt.
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INTRODUCTION






BACKGROUND

For centuries, humans have been fascinated by the inner workings
of the brain. Not only is it able to process an astounding amount of
simultaneous sensory information with an energy efficiency orders
of magnitude higher than that of modern computer hardware, it also
brings about phenomena such as consciousness and self-awareness,
which have been studied as much by natural scientists as by philoso-
phers. It is natural to ask: what is the physical structure that underlies
the brain and all its capabilities? Early pioneers in the field of neu-
roanatomy have been instrumental at shedding light on this very
question. The silver staining method invented by Camillo Golgi in
1873 visualized what we now know as neurons for the first time (Golgi,
1873). Santiago Ramoén y Cajal applied Golgi’s staining method to
produce highly detailed drawings revealing the key constituent el-
ements of neurons: the input-receiving dendrite, the cell body (also
called soma), and the output-sending axon (Ramoén y Cajal, 1888). Fol-
lowing these observations, Cajal proposed the neuron doctrine, which
argues for neurons as individual cells communicating through contact
points, or synapses, in a directed fashion. These discoveries laid the
groundwork for the vast field of neuroscience that has emerged since.

The following decades of neuroscientific investigations have pro-
duced a broad knowledge base about the structure of the brain. This
thesis concerns itself with the outermost layer of the brain, known as
the cerebral cortex. Approximately 2mm thick in humans, it plays a
pivotal role in higher-order information processing and cognitive func-
tions such as perception, attention, memory, and language (Kandel
et al., 2000). Perpendicular to its surface, the cortex exhibits a laminar
structure—it can be subdivided into distinct layers based on the den-
sity and morphology of the present neurons. Figure 1.1 shows original
drawings by Cajal where a layered structure becomes apparent.

Commonly, six layers are identified and aptly named L1 to L6, where
L4 is also referred to as the granular layer due to its small, densely
packed neurons. This layered organization allows for hierarchical
information processing: certain layers predominantly receive sensory
inputs while others generate motor outputs or engage in higher-level
computations. In the direction parallel to its surface, the cortex can be
categorized into areas that each fulfill different functions. Also here, a
functional hierarchy emerges. For example, the primary visual cortex
(V1) of mammalian species, which is the key area investigated in this
thesis, is part of the visual hierarchy: in the ventral stream, which is
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Figure 1.1: Layered structure of the cerebral cortex. Perpendicular to the
cortical surface, shown here as the vertical direction, distinct layers
emerge, each with its characteristic density of neural populations.
Left: Nissl-stained visual cortex of a human adult. Middle: Nissl-
stained motor cortex of a human adult. Right: Golgi-stained motor
cortex of a human infant. Adapted from Ramon y Cajal (1899).

mainly responsible for object recognition in the visual input provided
by the retina, V1 is the first area to receive sensory information. Each
neuron in V1 has a receptive field: the collection of points in the visual
scene from which a neuron receives information from the retina. After
neuronal processing within V1, information is sent up the hierarchy
to areas V2 and V3.

Brain areas also display characteristic organization principles within.
Coming back to the example of V1, its surface is organized in a retino-
topic manner: neurons close in cortical space have overlapping recep-
tive fields—they receive sensory input from close by points in visual
space. Thus, the visual scene is mapped continuously onto the cortical
surface. The horizontal organization of V1 also induces spatial connec-
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tivity patterns parallel to the cortical surface. For example, in certain
species of primates, horizontal connections form clusters between neu-
rons of similar tuning to input modalities. While conceptually useful,
the functional categorization is not strict: since the brain is highly
interconnected, also across areas, brain functions can be distributed
among multiple areas.

Besides anatomical knowledge, physiological properties are of high
relevance to understand the inner mechanisms of the brain. Even
before the structure of the brain started to be revealed by Golgi and
Cajal, Luigi Galvani found that electricity is the driving force in neural
transmission (Galvani, 1791). Today, we recognize this as the electric
communication between neurons. Essentially, neurons integrate the
electrical stimulation induced by incoming signals on its dendrites, and
once enough charge has accumulated—more precisely, its membrane
is depolarized beyond a threshold—an action potential is generated: an
all-or-nothing response that is characterized by a large momentary
depolarization of the membrane potential. Subsequently, the action po-
tential, also called spike, travels down the axon and acts, via synapses,
as input to downstream neurons. Thus, the brain communicates in a
digital fashion: the voltage trace of the action potential is always the
same; the only information carried by it is its time of arrival. While
the signal transmission along the presynaptic axon and postsynaptic
dendrite are purely electrical, most types of synapses actually operate
chemically. Upon arrival of an action potential, neurotransmitters are
released that travel through the synaptic cleft—the gap in-between axon
and dendrite—binding to receptors and evoking a fluctuation in the
postsynaptic membrane potential that may lead to the formation of a
new action potential.

The neurons themselves exhibit a variety of shapes and sizes, influ-
encing their physiological properties and functional roles within the
brain. Despite this diversity, neurons in the cerebral cortex of adult
mammals can be broadly classified into two primary types based
on the type of neurotransmitter that is released by their presynaptic
terminals: glutamatergic and GABAergic. When they bind to receptors
on the postsynaptic side of a synapse, glutamatergic neurotransmit-
ters elicit a depolarization of the membrane potential, thereby acting
towards the creation of an action potential. Conversely, GABAergic
neurotransmitters elicit a hyperpolarization, driving the postsynaptic
neuron further away from the threshold potential. Thus, these classes
are also referred to as excitatory and inhibitory, indicating their elec-
trophysiological properties. Since these kinds of neurotransmitter are
characteristic for the presynaptic neuron, the elicited response is al-
ways of the same type—either of excitatory or of inhibitory nature.
This feature is referred to as Dale’s law.
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Despite decades of work that followed the initial observations by
Golgi, Cajal and Galvani, many aspects of the brain’s working mecha-
nisms remain poorly understood. Regarding clinical applications, a
deep knowledge of the underlying processes that cause harmful con-
ditions remains elusive to this day. As advances in modern medicine
continue to raise life expectancy, such understanding is of particular
relevance to treat diseases of the aging brain: both Alzheimer’s and
Parkinson’s disease have seen marked increases in prevalence and
incidence over the last 35 years (Li et al., 2022; Savica et al., 2016).
These conditions put a significant burden not only on the affected
individuals and families, but also the healthcare system at large: the
worldwide annual societal cost of dementia, which is largely driven by
Alzheimer’s, is estimated at over one trillion US dollars (Wimo et al.,
2023). Our lack of effective treatments for such diseases highlights the
urgent need for deeper insights into brain function and dysfunction.

Advances in technology, however, open up avenues of research that
were impossible just a few decades ago. The past years have seen an
explosion in the availability of detailed anatomical and physiological
data from experiments, enabling more precise studies of both brain
connectivity and function. Anatomical studies have long been based
on using tracers—visible substances injected into neural tissue that
travel along axons, thereby revealing neural projections. In recent
years, machine learning techniques have been applied to analyses
of image-based electron microscopy reconstructions, uncovering pre-
cise connectivity information for ever larger volumes of cortex (e.g.,
MICrONS Consortium et al. (2021)). Electrophysiological studies have
benefited from advanced electronics components as well as sophisti-
cated signal processing pipelines. Using the Utah Array?’, the activity
of neurons can be recorded in vivo at 100 sites across a surface of
4 x 4mm? simultaneously, and using the Neuropixels? probe, the ac-
tivity orthogonal to the cortical surface can be observed at up to 5000
recording electrodes.

In parallel with experimental advances, the exponential growth in
computational power has allowed researchers to create increasingly
sophisticated models of the brain, incorporating ever more detailed
data. Computational Neuroscience, the study of just such models
of the brain or its constituent parts, aims to utilize the conceptual
benefits that are inherent to simulations of physical systems to study
its properties. First, comparing the behavior of a computational model
to its physical counterpart allows to validate the set of assumptions
made for its creation. Second, once a sufficiently close description to
the physical system is found, alterations of its parameters—e.g., the

1 https://blackrockneurotech.com/products/utah-array
2 https://www.neuropixels.org
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neuronal properties or the principles of connectivity—can uncover the
working mechanisms of the system.

Crucial for a successful model-based investigation is the choice of ab-
straction—as George E.P. Box famously put it, “all models are wrong,
but some are useful” (Box, 1976). Depending on the scientific hy-
pothesis under investigation, studies in Computational Neuroscience
may choose a bottom-up or top-down approach. The former focuses on
how sensory information is processed starting from the simple, basic
stimuli up to more complex representations. These models typically
operate in a hierarchical fashion, where lower-level sensory inputs
(e.g., edges) are combined to form higher-level representations (e.g.,
shapes). The processing in these models is largely stimulus-driven,
meaning that the characteristics of the stimuli dictate the neural re-
sponses. In contrast, the top-down approach emphasizes the influence
of higher-level cognitive processes on perception and interpretation of
sensory information. Thus, it explicitly considers how expectations,
prior knowledge, and context shape the brain’s understanding of
stimuli.

The level of description in these models ranges from including sin-
gle ion channels in the membranes of morphologically detailed neuron
models to representing whole brain areas by just a few differential
equations. Since current technology does not allow for simulations
that have arbitrary biological detail while at the same time spanning
arbitrary network size, a balance between the two must be struck. Com-
putational Neuroscience has seen the development of dedicated simula-
tors—specialized software for executing biophysical simulations—that
handle the technological difficulties of efficiently simulating neurons
or neuronal networks (Einevoll et al., 2019). Thereby, the model com-
plexity is separated from the technological complexity, and the perfor-
mance of simulators can be optimized, enabling simulations of neural
networks of ever greater complexity. In conjunction with the chosen
level of description, also an appropriate choice of simulation technol-
ogy is necessary, as different simulators are optimized for different
purposes.

Given the developments on the experimental and computational
side, high-resolution anatomical data can now be integrated to con-
strain biologically plausible neural networks. Such networks can be
efficiently simulated, enabling larger and more complex models to be
run for longer periods of biological time. Finally, the detailed electro-
physiological data provides the ground truth activity against which
the dynamics of the simulated networks can be validated. Thereby,
computational models can probe the link between the structure and
dynamics of neural networks, providing a crucial piece in the puzzle
of the structure-function relationship of the brain.






SCOPE OF THIS THESIS

This thesis works towards an understanding of the spatial connectivity
principles in the visual cortex of mammals. Thereby, it contributes
to finding optimal principles of neural connectivity that facilitate the
computations of processing visual scenes. A thorough understanding
of such connectivity principles may lead to advancements in visual
prostheses, aiding visually impaired humans and animals in perceiv-
ing their surroundings. Furthermore, it can guide implementations of
image processing in artificial neural networks, bringing the speed and
efficiency of these applications closer to the capabilities of the brain.

This thesis puts a focus on the early brain areas contributing to
the ventral stream in the visual hierarchy of mammals, which mainly
processes object recognition. A particular emphasis is put on studying
the connectivity in the primary visual cortex (V1) of Macaca mulatta,
also known as macaque monkey. This choice is motivated by three key
reasons. First, the macaque monkey is a “visual” animal: in contrast
to, for example, the mouse, it has a well-developed sense of vision
that utilizes sophisticated connectivity principles that are of interest
for this work. Second, compared to animals with a simpler cortical
organization, its brain strikes a closer resemblance to the human brain.
Third, compared to investigating the human brain directly, anatomical
and electrophysiological data is much more broadly available for the
macaque monkey, especially in the visual regions.

Since the inhomogeneities of spatial connectivity principles found in
the visual system of macaque monkey make them difficult to be stud-
ied purely analytically, a computational approach is chosen: neural
network models are built in a data-driven way mimicking biologically
observed anatomy. Different spatial connectivity principles are inte-
grated such that the distribution of synapses can be controlled via
parameters, giving a handle on the model connectivity. Analyzing
the activity of such models, this thesis sheds light on the structure-
dynamics relationship, which is a key component of the structure-
dynamics-function triad of the brain.

For an investigation of the spatial connectivity principles, models
need to (a) represent single neurons between which the connectivity
principles are enforced, and (b) represent neural tissue of sufficient
size such that the spatial connectivity principles can be represented
faithfully. The resulting networks consist of tens of millions of neurons
with tens of billions of synapses, henceforth called large-scale. For these
reasons, this thesis models the visual system on the level of point neu-
rons, which allows for constructing networks at biologically realistic
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neural and synaptic densities even for comparatively large parts of
cortex. In this paradigm, each neuron’s internal state—e.g., its mem-
brane potential—is governed by one or a few differential equations,
while its concrete morphology is neglected. Whenever the membrane
potential reaches a threshold, an action potential, or spike, is elicited
and sent to the postsynaptic partners. Thus, statistical measures of the
activity of cortex can be validated against experimental observations.

This thesis addresses three key aspects of using a computational
approach to study spatial connectivity: the technological foundations
for large-scale simulations of spiking neural networks, linking spatial
connectivity to the dynamics of spiking neural networks of primary
visual cortex, and deriving precise spatial connectivity for future
modeling studies.

TECHNOLOGICAL FOUNDATIONS FOR LARGE-SCALE SIMULATIONS
OF BIOLOGICALLY REALISTIC SPIKING NEURAL NETWORKS

Simulating biologically plausible cortical network models requires
substantial computational resources. Fortunately, Computational Neu-
roscience has seen a separation between simulators which provide
the technological infrastructure, and models that implement biologi-
cal constraints such as the connectivity. Especially for the large-scale
networks considered in this thesis, efficient implementations using
optimized simulators are imperative. Continually optimizing the per-
formance of these simulators for a wide range of models, software,
and hardware environments is aided by benchmarks—experimental
evidence of performance metrics with associated metadata. However,
collecting, storing, and displaying benchmark results such that they
can be integrated into the development workflow proves challeng-
ing. Therefore, a strategy is needed for benchmarking neural network
simulators sustainably, i.e., making the data and metadata easy to
collect and access, thereby avoiding costly reruns and providing valu-
able insight for future performance adaptations in the underlying
simulators.

These technological foundations are considered in Part ii. In Chap-
ter 3, a software solution for sustainable performance development of
neural network simulators is conceptualized and implemented. Fur-
ther, concrete performance implications of simulator adaptations are
demonstrated for three neural networks which are characteristic of
modern, biologically inspired models.
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LINKING SPATIAL CONNECTIVITY TO THE DYNAMICS OF SPIKING
NEURAL NETWORKS OF PRIMARY VISUAL CORTEX

Models of neural networks necessarily come with many free param-
eters. For example, even the abstract integrate-and-fire neuron model,
the state of which is governed only by a single variable, has over ten
parameters. Further, the precise network structure is, by and large,
unknown. Thus, models of neural networks, especially when created
at a large physical scale, are notoriously under-constrained. To cre-
ate models resembling the structure of cortex found in experiments,
detailed connectivity data can help to better constrain the parameter
space. Therefore, a thorough account of the available connectivity
data and an implementation appropriate for efficient instantiation and
simulation of such models is critical. A key benefit of the computa-
tional approach lies in the fact that neural network models allow to
study how the simulated activity changes under alterations of the
underlying network connectivity. Experimental recordings provide
target dynamics, usually given in terms of the statistics of the observed
activity. For example, one can infer neuronal spike rates or the distri-
bution of inter-spike intervals from electrophysiological recordings. In
a first step, the assumptions of the model building process can thereby
be validated. Further, models can yield concrete predictions for con-
nectivity parameters that are yet to be experimentally determined,
which are testable in future experiments. Thereby, such computational
models can shed light onto the intricate connectivity structure found
in the cortex, and inform future functional studies about possible
computational benefits.

Part iii details the construction and simulation of anatomically
constrained spiking neural network models of visual cortex, linking
the observed dynamics to the underlying anatomy. In Chapter 4,
a model of macaque V1 is constructed that integrates a variety of
distinct spatial connectivity principles operating at different spatial
scales based on recent connectivity data. Simulations of this model
uncover pathological states of activity that, after a critical evaluation of
the underlying structure, is hypothesized to originate in the targeting
patterns of excitatory neurons in the network. Chapter 5 thoroughly
investigates this hypothesis by comparing the dynamical implications
of different local cortical architectures.

DERIVING PRECISE SPATIAL CONNECTIVITY FOR FUTURE MODEL-
ING

To inform future computational studies of spatial connectivity, a pre-
cise account of the biological connectivity is imperative. Of course,
neural network models necessarily make abstractions and assump-
tions. Therefore, the intricate details of local cortical connectivity need

11
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to be distilled into a form such that they are applicable to constrain
computational models. Here, probabilistic connectivity rules that pre-
dict the number of synapses between neurons given, for example,
their cell type and relative positions, are a powerful tool that can
straight-forwardly be used to connect neurons in a network model.

Part iv aims to advance our understanding of cortical connectivity
principles with a view towards computational modeling. As a prereq-
uisite, Chapter 6 discusses how the connectivity structure of different
neural networks can be compared in a systematic fashion. Based on
their adjacency matrices, which represent the number of connections
between all pairs of neurons, this chapter derives a novel measure
of similarity between networks. Then, in Chapter 7, a novel proba-
bilistic rule of connectivity is developed which takes the characteristic
spatial distributions of synapses of neurons into account. Applying
the measure of matrix similarity demonstrates that this rule captures
the intricate details of spatial synaptic targeting patters to a greater
degree than established rules. Thereby, Part iv paves the way for future
computational investigations to include precise spatial connectivity
information in the creation of ever more biologically realistic network
models.

Finally, Part v summarizes the technological and neuroscientific
insights gained throughout this thesis and gives an outlook on how
future modeling studies can build on the presented results. It thereby
paints a picture of how future computational studies, created in the
spirit of models used in this thesis, can deepen our understanding of
the functional implications of spatial connectivity.



Part II

TECHNOLOGICAL FOUNDATIONS FOR
LARGE-SCALE SIMULATIONS OF
BIOLOGICALLY REALISTIC SPIKING NEURAL
NETWORKS






PREFACE

The networks studied in this work share one fundamental property:
they are models that represent neurons and synapses at realistic den-
sity while, at the same time, spanning areas of cortex on the order of
square millimeters. Consequently, the number of neurons range from
tens of thousands to millions of neurons, and the number of synapses
range from tens of millions to billions. As such, efficient model im-
plementations on modern high-performance computing (HPC) in-
frastructure are imperative for scientific investigations, which require
simulations over multi-dimensional parameter spaces to study differ-
ences in network activity. Furthermore, if models aim to interact with
the outside world, e.g., by controlling an artificial agent, models need
to run in real-time—the time it takes to perform the simulation needs
to match the intrinsic biological time of the model.

Through decades of work, the community of neuroscientists has
achieved a separation of model implementation from the underlying
simulation technology (Einevoll et al., 2019). Thereby, new models are
not required to implement fast solvers to the differential equations
that govern the state variables of the neurons, or efficient communica-
tion strategies between neurons that are distributed on the compute
cores of a machine or even across compute nodes in a multi-node
setup. Instead, dedicated simulators, which are developed alongside
novel neuroscientific models, can focus on optimal performance and
efficiency, thereby enabling the simulation of models with ever greater
detail and complexity. Currently available simulators specialize in
different aspects of research in Computational Neuroscience. For ex-
ample, NEURON (Carnevale and Hines, 2006; Lytton et al., 2016; Migliore
et al., 2006) and Arbor (Akar et al., 2019) focus on small networks of
morphologically detailed neurons, NEST (Gewaltig and Diesmann,
2007; Helias et al., 2012; Ippen et al., 2017; Jordan et al., 2018; Kunkel
and Schenck, 2017; Kunkel et al., 2012, 2014; Morrison et al., 20053;
Plesser et al., 2007; Pronold et al., 2021) and Brian (Goodman and
Brette, 2008; Stimberg et al., 2019) reduce the complexity of single
neuron representation in favor of enabling simulations with a large
number of neurons and synapses, and GeNN (Knight et al., 2021; Knight
and Nowotny, 2018; Knight and Nowotny, 2021; Stimberg et al., 2020;
Yavuz et al., 2016) and NESTGPU (Golosio et al., 2021) leverage the
computational power of GPUs for neuronal network simulations.

To enable the next generation of network models which incorporate
detailed anatomical as well as functional information, neural network
simulators need to be continuously optimized for simulation perfor-
mance. Over the past years, tremendous effort has been dedicated
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towards this philosophy (Jordan et al., 2018; Kunkel et al., 2014; Kurth
et al., 2022; Pronold et al., 2021). A fundamental tool for analyzing the
performance in all of these works is the concept of benchmarking, i.e.,
recording detailed information on simulation speed, memory usage,
or other performance quantities, and comparing them across differ-
ent versions of the underlying simulation code. Computer science
routinely uses benchmarks for assessing the performance of novel
hard- and software. For example, the latest version of the LINPACK
benchmarks (Dongarra et al., 2003), originally released in 1979, quan-
tifies the compute performance of HPC systems (TOP5o0 list). For
applications in the field of Artificial Intelligence, standard benchmarks
guide development to ever more powerful network architectures and
training techniques, e.g., MLPerf™ (Mattson et al., 2019) or the High Per-
formance LINPACK for Accelerator Introspection (HPL-AI) benchmark?.
Ostrau et al. (2020) developed a benchmarking framework for deep
spiking neural networks, comparing results from Spikey (Pfeil et al.,
2013), BrainScales (Schemmel et al., 2010), NEST, SpiNNaker, and GeNN.

This part of the thesis devises a benchmarking workflow for neu-
ronal network simulators to continually evaluate the performance
alongside development. Conceptual considerations are implemented
in beNNch, a platform for executing and analyzing performance bench-
marks for such simulators. Furthermore, beNNch is designed to store
and display benchmarking results such that they can be readily shared
between researchers. Thereby, reproducibility of benchmarking studies
in the field of Computational Neuroscience is facilitated, ultimately
paving the way for enhancements of the simulation technology that
make it possible to study cortical networks of ever more biological
realism.

1 https://mlcommons.org
2 https://www.icl.utk.edu/hpl-ai
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A BENCHMARKING FRAMEWORK FOR NEURONAL
NETWORK SIMULATORS

This chapter is based on the following publication:

J. Albers, J. Pronold, A. C. Kurth, S. B. Vennemo, K. H. Mood, A.
Patronis, D. Terhorst, J. Jordan, S. Kunkel, T. Tetzlaff, M. Diesmann,
and J. Senk: A Modular Workflow for Performance Benchmarking of
Neuronal Network Simulations (Albers et al., 2022).

Author contributions:

The author jointly designed this study with Jari Pronold (JP), Anno
Christopher Kurth (ACK), Stine Brekke Vennemo (SBV), Kaveh
Haghighi Mood (KHM), Alexander Patronis (AP), Dennis Terhorst
(DT), Jakob Jordan (J]J), Susanne Kunkel (SK), Tom Tetzlaff (TT),
Markus Diesmann (MD) and Johanna Senk (JS). The author imple-
mented the software framework together with JP, ACK, SBV, KHM, DT
and JS. The author executed and analyzed all benchmarks. The author,
together with JP, SK, and JJ produced the explanatory figures. The
author and AP implemented the shrinking MPI buffers, while JJ and
JS implemented spike compression, and SK implemented neuronal
input buffers with multiple channels.

3.1 INTRODUCTION

In Computational Neuroscience, benchmarking poses a particular chal-
lenge, as the underlying neuroscientific simulations—which are often
highly sensitive to numerical details—are already notoriously hard
to reproduce (Crook et al., 2013; Gleeson et al., 2019; Gutzen et al.,
2018; McDougal et al., 2016; Pauli et al., 2018; Rougier et al., 2017).
Benchmarking adds another layer of complexity to this situation since
the recorded performance metrics crucially depend on the computa-
tional environment. In fact, the complexity of comparing benchmarks
in Computational Neuroscience can be separated in five independent
dimensions of complexity (Figure 3.1).

First, the hardware configuration has an obvious impact on the
performance metrics: different processors, RAM setups, and com-
munication infrastructure inherently affect the benchmark outcome.
Second, even if the hardware configuration is identical across bench-
marks, the software configuration, such as the utilized software stack,
the used number of nodes, processes per node, and threads per pro-
cess can significantly alter performance. Third, different simulators,
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3.1 INTRODUCTION

while producing the same results of network dynamics, can achieve
those results with various degrees of efficiency. But even when using
the same simulator, different versions or compile flags may alter per-
formance significantly. The aforementioned three dimensions apply to
nearly all software that is to be benchmarked. The fourth dimension is
particular for Computational Neuroscience, where models and simula-
tors are disentangled: different models may highlight various aspects
of a simulators performance. For example, neuroscientific models may
vary greatly in the number of connections between neurons, highly
impacting how much simulation time is spent communicating be-
tween neurons. In addition, depending on the application, the neuron
models employed may have various degrees of biological realism, and
thereby differ in the computation time required to solve for their state
variables. To avoid optimizations that only enhance the simulations of
certain types of network models, simulators cannot rely on a single
,representative” network model, but must instead be benchmarked for
an array of models that incorporate different characteristic traits of
models used in Computational Neuroscience. Finally, benchmarking
is complex due to the required communication between researches
within and across labs. Only when benchmarking results are displayed
in a comparable fashion, and these results are easily sharable or acces-
sible, benchmarking of neuronal network simulators can be achieved
in a sustainable way.

To overcome the dimensions of complexity, we envision a platform
for performing benchmarks of neuronal network simulators. In this
work, we conceptualize a modular framework for executing such
benchmarks across hardware and software configurations, simulator
versions, and models, analyzing the performance results, and display-
ing them in a condensed and easily sharable manner. Further, we
construct a particular implementation named beNNch that focuses on
the NEST Simulator, and highlight how it can aid simulator develop-
ment.

Section 3.2 conceptualizes the benchmarking workflow (Section 3.2.1),
implements the concepts into a reference benchmarking framework
for the NEST simulator (Section 3.2.2), and applies it on three frequently
used network models, making a case for the relevance of performance
benchmarking for simulator development (Section 3.2.3). Section 3.3
provides details on the specific performance optimizations investi-
gated here. Finally, the use of this framework for further simulator
development is discussed in Section 3.4.
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3.2 RESULTS
3.2.1  Workflow Concepts

In this chapter, we devise a generic workflow for performance bench-
marking that is applicable to simulations running on conventional
HPC architectures. Figure 3.2 shows the conceptual workflow, which
comprises four segments that sequentially depend on each other.
The segments are further subdivided into modules, each one linked
to a specific realization used in our reference implementation (Sec-
tion 3.2.2). The notion “workflow” here describes abstract concepts
of general applicability with regard to benchmarking efforts, and
“framework” refers to the software implementation we have developed.
Further, we differentiate between “internal” and “external” modules:
the former we consider as essential building blocks of the workflow
while the latter can be exchanged more readily. In the following, we in-
troduce each of the workflow’s conceptual segments and explain how
our proposed solutions address the identified problems (cf. Figure 3.1).

3.2.1.1  Configuration and preparation

The first of the four workflow segments (Figure 3.2, left) comprises
five distinct modules. Together, they set up all prerequisites necessary
for the simulations. “Software deployment” handles the installation of
the simulation software and its dependencies, and “machine config-
uration” specifies parameters that control the experiment conditions
of the simulation such as the number of compute nodes. Thus, these
two modules target the “hardware configuration”, “software configu-
ration”, and “simulators” dimensions of the benchmarking problem
(Figure 3.1). Both the “model” and the “model configuration” modules
address the “models and parameters” dimension: the former provides
the implementation of the network model, and the latter passes pa-
rameters to the model such as the biological model time. Thus, we
achieve a separation of the model and its parameters. Finally, the “user
configuration” module collects user-specific data such as custom file
paths or specific compute budgets.

3.2.1.2  Benchmarking

All modules related to running the benchmark simulations are con-
tained in the second segment (Figure 3.2, second from the left). Since
compute clusters typically manage the workload via queuing systems,
compute-intensive calculations are submitted as jobs via scripts which
define the required resources and hold instructions for performing
the simulation. In the workflow, the module aptly named “job script
generation” handles this part. Here, we can see the first link between
modules: model, user and machine configuration are combined to
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create a job script which is subsequently submitted to the job queue
via the module “job submission”. With the simulator software in
place (handled by the “software deployment” module in the first seg-
ment), “job execution” performs the model simulation according to
the job-submission parameters. Usually, simulations for neuroscien-
tific research purposes would, at this point, focus on the output of
the simulation—for example, neuronal spike times or voltage traces.
However, benchmarking is mainly concerned with the performance
results, which are recorded in the final benchmarking module called
“data generation”.

3.2.1.3 Data- and metadata handling

Handling all data and metadata produced by the simulations presents
itself as a core challenge in conducting performance benchmarks.
With data, we here refer to the results of the performance measure-
ments, while we use metadata as an umbrella term describing the
circumstances under which the data was recorded according to the di-
mensions of benchmarking (Figure 3.1). Since the execution of multiple
simulations using different configurations, software, hardware, and
models is an inherent part of benchmarking, data naturally accumu-
lates. Recording the variations of performance across these dimensions
leads to a breadth of metadata that needs to be associated to the mea-
sured data. Standardizing the underlying formats for both types of
data is essential for making the results comparable for researchers
working with the same simulation technology. The workflow segment
“Data- and metadata handling” (Figure 3.2, third from the left) pro-
poses the following solution: first, the raw performance data, which
typically stems from different compute nodes of the HPC system,
are gathered and transferred into a standardized format, while the
simulation-specific metadata is automatically recorded. Next, the meta-
data is associated to the data files, thereby eliminating the need for
manually keeping track of simulation parameters, software environ-
ment conditions, and experiment choices. We here choose to attach
the relevant metadata directly to the performance-data files in order
to simplify filtering and sorting of results. Finally, “initial validation”
creates a swiftly accessible view on the results such that erroneous
benchmarks can be quickly identified.

3.2.1.4 Data presentation

The last workflow segment (Figure 3.2, fourth from the left) addresses
the challenges posed by “Researcher communication” . It proposes a
solution to making the results of benchmarking accessible and com-
parable for the users, thereby facilitating the drawing of meaningful
conclusions. First, “metadata based filtering and sorting” allows for a
dynamic choice of which results to include in the comparison. Here,
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dynamic means that the user can choose arbitrary cuts through the
hypercube of metadata dimensions such that the filtered results only
differ in metadata fields of interest. Second, the data is presented in a
format such that intuitive switching between benchmarks is possible,
while key metadata is presented alongside the performance results.
This includes a standardization of the data representation. The pre-
sentation of data should be comprehensive and consistent such that
the benchmarking results are comparable in the long term. Thereby,
the risk of wasting resources because of re-generations of results is
severely reduced, making the process of software development more
sustainable.

3.2.2 beNNch: A Reference Implementation

We build on the workflow concepts developed in Section 3.2.1 and
here introduce a reference implementation for modern Computational
Neuroscience: beNNch'—a benchmarking framework for neuronal net-
work simulations. beNNch not only serves as a proof-of-concept, but
also provides a software tool that can be readily used by neurosci-
entists and simulator developers. While beNNch is constructed in a
way that plug-ins can be developed for any neuronal network simu-
lator, we specifically implement compatibility for the NEST simulator
(Gewaltig and Diesmann, 2007) designed for simulating large-scale
spiking neuronal network models. In the following subsections, we
detail software tools, templates, technologies, and user specifications
needed to apply beNNch for benchmarking NEST simulations. Each
of the conceptual modules of Figure 3.2 is directly associated to a
concrete implementation.

3.2.2.1 Builder

Reproducible software deployment is crucial for guaranteeing that
the benchmarks are repeatable and comparable. To ensure usability
of the benchmarking framework, however, we need to abstract in-
formation on the hardware architecture and the software tool chain
that is not immediately relevant. An automated tool for installing
software should not depend on the particular flavor of the operating
system, the machine architecture or overly specific software dependen-
cies. In addition, such a tool needs to make use of system-provided
libraries. beNNch uses the tool Builder? for this purpose. Given a fixed
software stack and hardware architecture, Builder provides identical
executables by deriving the install instructions from “plan files”. Inte-
gration with other package management systems such as easy_build
(Geimer et al., 2014) or Spack (Gamblin et al., 2015) is achieved by

1 https://github.com/INM-6/beNNch
2 https://github.com/INM-6/Builder
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using the same environment module systems3. Thereby, the required
user interaction is minimized and, from a user perspective, installa-
tion reduces to the configuration of installation parameters. Given a
specified variation of the software to be benchmarked, beNNch calls
Builder to deploy the requested software. In doing so, Builder checks
whether the software is already available and otherwise installs it
according to the specifications in the plan file. The depth to which
required dependencies need to be installed and which mechanisms are
used depend on the conventions and prerequisites available at each
execution site. For any installation, the used software stack—including
library versions, compiler versions, compile flags, etc.—are recorded
as metadata.

3.2.2.2 NEST

beNNch implements compatibility with the NEST simulator (Gewaltig
and Diesmann, 2007), enabling the performance benchmarking of
neuronal network simulations at the resolution of single neurons. The
NEST software is complex, and the consequences of code modifications
for performance are often hard to predict. NEST has an efficient C++
kernel, but network models and simulation experiments are defined
via the user-friendly Python interface PyNEST (Eppler et al., 2009; Zayt-
sev and Morrison, 2014). To parallelize simulations, NEST provides two
methods: for distributed computing, NEST employs the Message Pass-
ing Interface (MPI, Message Passing Interface Forum, 2009), and for
thread-parallel simulation, NEST uses OpenMP (OpenMP Architecture
Review Board, 2008).

3.2.2.3 Instrumentation

We focus our performance measurements on the time-to-solution. Ac-
quiring accurate data on time consumption is critical for profiling
and benchmarking. To this end, we make use of two types of timers
to collect this data: The timers are either built-in to NEST on the C++
level, or they are included on the Python level as part of the PyNEST
network-model description. The latter type of timers are realized
with explicit calls to the function time. time() of the Python Standard
Library’s time package. To achieve consistency throughout the frame-
work, we use standardized variable names for the different phases of
the simulation. Figure 3.3 shows the simulation flow of a typical NEST
simulation. During “network construction”, neurons and auxiliary
devices for stimulation and recording are created and subsequently
connected according to the network-model description. Afterwards, in
the course of “state propagation”, the network state is propagated in a
globally time-driven manner. This comprises four main phases which
are repeated until the entire model time has been simulated: update of

3 https://modules.readthedocs.io and http://1lmod.readthedocs.io
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Figure 3.3: Instrumentation to measure time-to-solution. Successive phases
of a NEST simulation; time is indicated by top-down arrow. Fan-
ning arrows denote parallel operation of multiple threads. The
main phases network construction (cyan) and state propagation
(pink) are captured by external timers on the Python level. Built-in
NEST timers on the C++ level measure sub-phases: node creation
and connection (both grey, not used in benchmark plots); update
(orange), collocation (yellow), communication (green), and deliv-
ery (blue). The sub-phases of the state propagation are repeated
until the simulation is finished as shown by the dashed arrow
connecting delivery and update.

neuronal states, collocation of spikes in MPI-communication buffers,
communication of spikes, and delivery of the received spikes to their
respective thread-local targets. NEST’s built-in timers provide a detailed
look into the contribution of all four phases of state propagation, while
timers on the Python level measure network construction and state
propagation.

In NEST, the postsynaptic connection infrastructure is established
during the “connection” phase. However, the presynaptic counterpart
is typically only set up at the beginning of the state propagation
phase (see Jordan et al., 2018, for details). In this work, we trigger
this step deliberately and include it in our measurement of network-
construction time rather than state-propagation time. Besides, it is
common practice to introduce a short pre-simulation before the actual
simulation to give the network dynamics time to level out; the state
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propagation phase is only recorded when potential startup transients
have decayed (Rhodes et al., 2019). The model time for pre-simulation
can be configured via a parameter in beNNch. For simplicity, Figure 3.3
does not show this pre-simulation phase.

3.2.2.4 beNNch-models

We instantiate the “model” module with the repository beNNch-models#
which contains a collection of PyNEST neuronal network models, i.e.,
models that can be simulated using the Python interface of NEST
(Eppler et al., 2009). In principle, any such model can be used in con-
junction with beNNch; only a few adaptations are required concerning
the interfacing. On the input side, the framework needs to be able to
set relevant model parameters. For recording the performance data,
the required Python timers (Section 3.2.2.3) must be incorporated.
On the output side, the model description is required to include in-
structions to store the recorded performance data and metadata in a
standardized format. Finally, if a network model is benchmarked with
different NEST versions that require different syntax, as is the case for
switching between NEST 2.X and NEST 3.X, the model description also
needs to be adjusted accordingly. Which model version is used in a
simulation can thereby be deduced from knowing which simulator
version was tested. For fine-grained version tracking, we additionally
record the commit hash of beNNch-models and attach it as metadata to
the results. Instructions on how to adapt existing models are provided
in the documentation of beNNch-models.

The current version of beNNch provides benchmark versions of three
widely studied spiking neuronal network models: The two-population
HPC-benchmark model?, the microcircuit model® by Potjans and Dies-
mann (2014) representing 1 mm? of cortical surface with realistic neu-
ron and synapse densities, and the multi-area model” by Schmidt et al.
(2018a,b) consisting of 32 microcircuit-like interconnected networks
representing different areas of visual cortex of macaque monkey. The
model versions used for this study employ the required modifications
described above.

3.2.2.5 config files

When executing benchmarks, the main user interaction with beNNch
consists of defining the characteristic parameters. We separate this
from the executable code by providing yaml-based templates for “con-
tig files”. Thereby, the information that defines a benchmark experi-

4 https://github.com/INM-6/beNNch-models

5 original  repository:  https://github.com/nest/nest-simulator/blob/master/
pynest/examples/hpc_benchmark.py

6 original repository: https://github.com/nest/nest-simulator/tree/master/
examples/nest/Potjans_2014

7 original repository: https://github.com/INM-6/multi-area-model
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ment is kept short and well arranged, limiting the number of files a

user needs

to touch. Code 3.1 presents an excerpt from such a config

file which specifies model, machine, and software parameters.

paramete

- na
pa

rset:

me: model_parameters
rameter:

# can be either "metastable” or "ground”

{name: network_state, type: string, _: "metastable"}

# biological model time to be simulated in ms

{name: model_time_sim, type: float "10000."}

PR—

# "weak” or "strong"” scaling

- ha

pa
#

#

- na

pa
#

#

Code 3.1:

{name: scaling_type "strong"}

S
me: machine_parameters
rameter:

number of compute nodes

{name: num_nodes, type: int "4.8,12,16,24,32"}

PR—

number of MPI tasks per node

{name: tasks_per_node, type: int, _: "8"}
number of OpenMP threads per task

{name: threads_per_task, type: int, _: "16"}

me: software_parameters

rameter:

simulator used for executing benchmarks
{name: simulator "nest-simulator”}
simulator version

{name: version

) =

”3.@”}

-

Excerpt of a config file in yaml-format for setting model, ma-
chine, and software parameters for benchmarking the multi-area
model. When giving a list (e.g., for num_nodes), a job is created for
each entry of the list. Model parameters: network_state describes
particular model choices that induce different dynamical fixed
points; model_time_sim defines the total model simulation time in
ms; scaling_type sets up the simulation for either a weak- or a
strong-scaling experiment. The former scales the number of neu-
rons linearly with the used resources which might be ill-defined for
anatomically constrained models. Machine parameters: num_nodes
defines the number of nodes over which the scaling experiment
shall be performed; tasks_per_node and threads_per_task specify
the number of MPI tasks per node and threads per MPI task re-
spectively. Software parameters: simulator and version describe
which version of which simulator to use (and to install if not yet
available on the machine).
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While some parameters are model-specific, standardized variable
names are defined for parameters that are shared between models.

3.2.2.6 JUBE

At this point, the first segment of the benchmarking workflow (Fig-
ure 3.2) is complete and hence all necessary requirements are set up:
the software deployment provides the underlying simulator (here:
NEST with built-in instrumentation), the models define the simulation,
and the configuration specifies the benchmark parameters. This in-
formation is now processed by the core element of the framework:
generating and submitting simulation jobs and gathering and uni-
fying the obtained performance data. We construct this component
of beNNch around the XML-based JUBE® software tool using its yaml
interface. Built around the idea of benchmarking, JUBE can fulfill the
role of creating job scripts from the experiment, user and machine
configuration, their subsequent submission, as well as gathering and
unifying of the raw data output. Here, we focus on the prevalent
scheduling software SLURM (Yoo et al., 2003), but extensions to allow
for other workload managers would be straightforward to implement.
Our approach aims at high code re-usability. Model specific code is
kept to a minimum, and where necessary, written in a similar way
across models. Adhering to a common interface between JUBE scripts
and models facilitates the integration of new models, starting from
existing ones as a reference. Since JUBE can execute arbitrary code, we
use it to also record metadata in conjunction with each simulation.
This includes specifications of the hardware architecture as well as
parameters detailing the run and model configuration.

3.2.2.7 git-annex

Without a mature strategy for sharing benchmark results, communi-
cation can be a major obstacle. Typically, each researcher has their
preferred workflow, thus results are shared over different means of
communication, for example, via email attachments, cloud-based stor-
age options, or git repositories. This makes it difficult to maintain
an overview of all results, especially if researchers from different labs
are involved. Ideally, results are stored in a decentralized fashion that
allows for tracking the history of files while allowing on-demand
access for collaborators. To this end, we use git-annex? as a versatile
base technology; it synchronizes file information in a standard git
repository while keeping the content of large files in a separate object
store, thereby keeping the repository size at a minimum. git-annex
is supported by the GIN platform' which we employ for organizing

8 https://fz-juelich.de/en/ias/jsc/services/user-support/software-tools/jube
9 https://git-annex.branchable.com
10 https://gin.g-node.org
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our benchmark results. In addition, it allows for metadata annotation:
instead of relying on separate files that store the metadata, git-annex
can directly attach them to the data files, thereby implementing the
“metadata annotation” module. Previously this needed to be cataloged
by hand, whereas now the framework allows for an automatic anno-
tation, reducing the workload on researchers and thus probability of
human mistakes. A downside of following this approach is a limita-
tion to command line-based interaction. Furthermore, git-annex is not
supported by some of the more widely used git repository hosting
services such as GitHub or GitLab in favor of Git LFS.

A difficult task when scaling up the usage of the framework and,
by extension, handling large amounts of results, is providing an effi-
cient way of dealing with user queries for specific benchmark results.
Attaching the metadata directly to the performance data not only
reduces the visible complexity of the repository, but also provides
an efficient solution: git-annex implements a native way of selecting
values for metadata keys via git-annex “views”, automatically and
flexibly reordering the results in folders and sub-folders accordingly.
For example, consider the case of a user specifying the NEST version to
be 3.0, the tasks_per_node to be either 4 or 8, and the network_state
to be either metastable or ground. First, git-annex filters out meta-
data keys for which only a single value is given; in our example,
only benchmarks conducted with NEST version 3.0 remain. Second, a
hierarchy of directories is constructed with a level for each metadata
key for which multiple options are given. Here, the top level contains
the folders “4” and “8”, each containing sub-folders metastable and
ground where the corresponding results reside.

However, it may be difficult to judge exactly what metadata is
important to collect; oftentimes, it is only visible in hindsight that
certain metadata is relevant for the simulation performance. Therefore,
recording as much metadata as possible would be ideal, allowing
for retrospective investigations if certain metadata becomes relevant
after run time. Importantly, a balance needs to be struck between
recording large amounts of metadata and keeping the volume of an-
notations manageable. In our implementation, we choose to solve
this issue by recording detailed metadata about the system, software,
and benchmarks, but only attaching what we currently deem rele-
vant for performance to the data. The remaining metadata is archived
and stored alongside the data, thereby sacrificing ease of availability
for a compact format. This way, if future studies discover that a cer-
tain hardware feature or software parameter is indeed relevant for
performance, the information remains accessible also for previously
simulated benchmarks while staying relatively hidden otherwise. Fur-
thermore, using git as a base technology allows to collect data sets
provided by different researchers in a curated fashion by using well es-
tablished mechanisms like branches and merge-request reviews. This
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use of git-annex thereby implements the “metadata based filtering
and sorting” module of Figure 3.2.

3.2.2.8 beNNch-plot

To enable a comparison between plots of benchmark results across
the dimensions illustrated in Figure 3.1 it is paramount to use the
same plotting style. To this end, we have developed the standalone
plotting package beNNch-plot'* based on matplotlib (Hunter, 2007).
Here, we define a set of tools to create individual plot styles that
can be combined flexibly by the user. The standardized definitions
of performance measures employed by beNNch directly plug into this
package. In addition, beNNch-plot includes default plot styles that can
be readily used, and provides a platform for creating and sharing new
ones. beNNch utilizes the default plot styles of beNNch-plot for both
initial validation—a preliminary plot offering a quick glance at the
results, thereby enabling a swift judgement whether any problems
occurred during simulation—and visualization of the final results.

3.2.2.9 flip-book

When devising a method of presenting benchmark results we found
the following aspects to be of crucial relevance for our purposes. First,
it should be possible to navigate the results such that plots are always
at the same screen position and have the same dimensions, thereby
minimizing the effort to visually compare results. To achieve such a
format, we decided to create a flip-book in which each slide presents
the results of one experiment. Second, relevant metadata should be
displayed right next to the plots. This can include similarities across
the runs, but more importantly should highlight the differences. As
each user might be interested in different comparisons, we let the user
decide which kind of metadata should be shown. Third, it should
be easy to select only the benchmarks of interest in order to keep
the number of plots small. This is already handled by the filtering
provided by git-annex views as described in Section 3.2.2.7. As an
underlying technology for programmatically creating HTML slides we
use jupyter notebooks' in conjunction with the open source HTML
presentation framework reveal. js'3. An exemplary flip-book contain-
ing the NEST performance results described in this work is published
alongside the beNNch repository'4. By respecting these considerations,
our proposed solution offers a way of sharing benchmarking insights
between researchers that is both scalable and flexible.

11 https://github.com/INM-6/beNNch-plot
12 https://jupyter.org

13 https://github.com/hakimel/reveal. js
14 https://inm-6.github.io/beNNch
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3.2.2.10 Exchanging external modules

beNNch is written in a modular fashion; as such, it is possible to ex-
change certain modules without compromising the functionality of the
framework. In particular, the “external modules” (see Figure 3.2) are
implemented such that an exchange is straight-forward to implement.
This section presents a recipe to exchange the “job execution” module,
i.e., the simulator, along with necessary changes in “data generation”
and “model” that follow:

First, the simulator to be substituted instead of NEST needs to be
properly installed. Builder—our implementation of the “software de-
ployment” module—provides the flexibility to install any software as
well as make it loadable via a module system. Thus, a plan file spec-
ifying dependencies as well as source code location and installation
flags needs to be created for the new simulator.

Second, models compatible with the new simulator need to be
added. On the framework side, the execute commands may need to
be adapted. Required adaptations to the models are the same as for
PyNEST models and are described in Section 3.2.2.4.

Third, the instrumentation needs to be changed. As NEST has
built-in instrumentation, only superficial timing measurements are
necessary on the model level. Depending on the new simulator’s
existing ability to measure performance, timing measurements might
need to be implemented on the simulator or model level. If different
measurements than implemented are of interest, a simple addition
to an existing list in beNNch suffices to add the recorded data to the
csv-format result file.

For the development of simulation software with the goal to opti-
mize its performance, it is vital to focus efforts on those parts of the
simulation loop that take the most time to complete. Benchmarking
can help in identifying performance bottlenecks and testing the effect
of algorithmic adaptations. However, the dimensions of benchmarking
identified in Figure 3.1 make this difficult: to guarantee that observed
differences in performance are caused by changes in the simulator
code, many variables need to be controlled for, such as hardware and
software configurations as well as simulator versions. General-purpose
simulators also need to be tested with respect to different settings and
applications to ensure that a performance improvement in one case
does not lead to a crucial decline in another case. Neuronal network
simulators are one such example as they should exhibit reasonable
performance for a variety of different models with different resource
demands. A systematic assessment of the scaling performance cover-
ing the relevant scenarios is therefore a substantial component of the
iterative simulator development.

beNNch, as an implementation of the workflow outlined in Sec-
tion 3.2.1, provides a platform to handle the complexity of benchmark-
ing while staying configurable on a low level. The following suggests

31



32

A BENCHMARKING FRAMEWORK FOR NEURONAL NETWORK SIMULATORS

how beNNch can support the process of detecting and tackling perfor-
mance issues of a simulator. In a first step, exploration is necessary
to identify the performance bottlenecks of the current version of the
simulation engine. As many software and model parameters need
to be explored, the centralized location of configuration parameters
built into beNNch helps in maintaining an overview of conducted ex-
periments. Neuronal network simulations can usually be decomposed
into separate stages, such as neuronal update and spike communi-
cation. The instrumentation and visualization of these stages is part
of beNNch and points the researcher to the respective sections in the
code. If a potential bottleneck for a certain model is identified, tests
with other models provide the basis for deciding whether these are
model- and scale-specific or are present across models, hinting at long-
reaching issues of the simulator. beNNch’s native support for handling
the benchmarking of multiple models alleviates the researchers from
operating a different code base for every model. In the process of
solving the simulator issue, running further benchmarks and directly
comparing new results can assist in deciding which adaptations bear
fruit. The standardized visualization tools of beNNch support spotting
differences in performance plots. Finally, an ongoing development
of a neuronal network simulator should respect the value of insights
gained by resource-intensive benchmarks. To this end, beNNch imple-
ments a decentralized storage of standardized performance results. In
addition to preserving information for the long term, this also helps
in communicating between researchers working on the simulator’s
development.

3.2.3 Use case: NEST development

This section illustrates the relevance of performance benchmarks for
the development of neuronal network simulators with the example of
recent changes to the NEST code base. We use beNNch to outline crucial
steps of the development from the release candidate NEST 3.0rc to
the final NEST 3.0 and also discuss improvements compared to the
latest NEST 2 version (NEST 2.20.2, Fardet et al., 2021). Table 3.1
summarizes the NEST versions employed in this study. Regarding
the dimensions of HPC benchmarking in Figure 3.1, this use case
primarily addresses the “Simulators” dimension by testing different
NEST versions and the “Models and parameters” dimension by testing
different network models; the approach can be extended similarly to
the other dimensions.
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Shorthand notation Description

2.20.2 Official 2.20. 2 release (Fardet et
al., 2021)

3.0rc Release candidate for 3.0

3.0rc+ShrinkBuff 3.0rc plus shrinking MPI
buffers

3.0rc+ShrinkBuff+SpikeComp 3.0rc+ShrinkBuff plus spike
compression

3.0 Official 3.0 release

(Hahne et al., 2021) =
3.0rc+ShrinkBuff+SpikeComp
plus neuronal input buffers
with multiple channels

Table 3.1: Shorthand notation and description of NEST versions used in this
work.

Our starting point is the weak-scaling experiments of the HPC-
benchmark model (Jordan et al., 2018); the times for network construc-
tion and state propagation as well as the memory usage remain almost
constant with the newly introduced 5g kernel (see their Figures 7 and
8). Figure 3.4 shows similar benchmarks of the same network model
conducted with beNNch using the release candidate in Figure 3.4A and
the final release in Figure 3.4B.

The graph design used here corresponds to the one used in the
flip-book format by the framework. A flip-book version of the results
shown in this work can be accessed via the GitHub Pages instance
of the beNNch repository'+. While the release candidate in Figure 3.4A
exhibits growing state-propagation times when increasing the num-
ber of nodes, network-construction times stay constant and are, for
Tmodel = 1s, small, making up less than 10% of the total simulation
time. The phases “delivery” and “communication” both contribute
significantly to the state-propagation time. Jordan et al. (2018) report
real-time factors of about 500 (e.g., their Figure 7C) in contrast to
values smaller than 40 shown here and their simulations are by far
dominated by the delivery phase (see their Figure 12). A comparison
of our data and the data of Jordan et al. (2018) is not straightforward
due to the inherent complexity of benchmarking and we will here
emphasize a few concurring aspects: First, Jordan et al. (2018) run
their benchmarks on the dedicated supercomputers JUQUEEN (Jiilich
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Figure 3.4: Weak-scaling performance of the HPC-benchmark model on
JURECA-DC. A NEST 3.0rc. The left graph shows the absolute
wall-clock time T, measured with Python-level timers for both
network construction and state propagation (legend in panel B);
the model time is Ty,oqe1 = 1s. Error bars indicate variability
across three simulation repeats with different random seeds. The
top right graph displays the real-time factor defined as wall-clock
time normalized by the model time. Built-in timers resolve four
different phases of the state propagation (legend in panel B):
update, collocation, communication, and delivery. Pink error bars
show the same variability of state propagation as the left graph.
The lower right graph shows the relative contribution of these
phases to the state-propagation time. Same colors used for phases
as in Figure 3.3. B NEST 3.0. Same display as panel A.

Supercomputing Centre, 2015) and K Computer (Miyazaki et al., 2012)
while our benchmarks use the recent cluster JURECA-DC (Thornig
and von St. Vieth, 2021). Each compute node of the BlueGene/Q sys-
tem JUQUEEN is equipped with a 16-core IBM PowerPC A2 processor
running at 1.6 GHz and each node of the K Computer has an 8-core
SPARC64 VIIIfx processor operating at 2 GHz; both systems provide
16 GB RAM per node. In contrast, the JURECA-DC cluster employs
compute nodes consisting of two sockets, each housing a 64-core AMD
EPYC Rome 7742 processors clocked at 2.2 GHz, that are equipped
with 512 GB of DDR4 RAM. Here, nodes are connected via an Infini-
Band HDR10oo/HDR network. Second, Jordan et al. (2018) use 1 MPI
process per node and 8 threads per process while our simulations
are performed throughout this study with 8 MPI processes per node
and 16 threads per process. Third, Jordan et al. (2018) simulate 18,000
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neurons per MPI process while we only simulate 11,250 neurons per

process. This list of differences is not complete and only aims to il-

lustrate that potential discrepancies in benchmarking results may be
explained by differences in hardware, software, simulation and model

configuration, and other aspects exemplified in Figure 3.1.

Having demonstrated that beNNch can perform weak-scaling experi-
ments of the HPC-benchmark model as done in previous publications,
we next turn to strong-scaling benchmarks of the multi-area model
(Schmidt et al., 2018b) shown in Figure 3.5.
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Figure 3.5: Strong-scaling performance of the multi-area model on

JURECA-DC. Same display as in Figure 3.4. The multi-area
model is simulated in its meta-stable state leading to a high
amount of spikes that are communicated. The model time is
Tiodel = 10s. Simulations are repeated for ten different random
seeds. A NEST 2.20.2 (latest NEST 2 release). B NEST 3.0 release
candidate. C NEST 3.0 release candidate with shrinking MPI
buffers.
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To fulfill the memory requirements of the model, at least three
compute nodes of JURECA-DC are needed; here, we choose to demon-
strate the scaling on four to 32 nodes. Initially, we compare the latest
NEST 2 version (Figure 3.5A) with the release candidate for NEST 3.0
(Figure 3.5B). The improved parameter handling implemented in
NEST 3.0rc reduces the network-construction time. However, the com-
munication phase here largely dominates state propagation in both
NEST versions shown; both use the original 5g kernel. Previous sim-
ulations of the HPC-benchmark model have not identified the com-
munication phase as a bottleneck Jordan et al., 2018, Figure 12. Com-
munication only becomes an issue when then smallest delay in the
network is of the same order as the computation step size because NEST
uses the smallest delay as the communication interval for MPI. While
the HPC-benchmark model uses 1.5ms for all connections—which
is a good estimate for inter-area connections—the multi-area model
and microcircuit use distributed delays with a lower bound of 0.1 ms
leading to a fifteen-fold increase in the number MPI communication
steps.

The following identifies and eliminates the main cause for the large
communication time in case of the multi-area model, thus introducing
the first out of three performance-improving developments applied
to NEST 3.0rc. Cross-node communication, handled in NEST by MPI,
needs to strike a balance between the amount of messages to transfer
and the size of each message. The size of the MPI buffer limits the
amount of data that fits into a single message, and is therefore the
main parameter controlling this balance. Ideally, each buffer would
fit exactly the right amount of information by storing all spikes of
the process relevant for the respective communication step. Due to
overhead attached to operating on additional vectors, a scheme in
which the buffer size adapts precisely for each MPI process for each
communication step can be highly inefficient. Therefore, in cases
where communication is roughly homogeneous, it is advantageous
to keep the exchanged buffer between all processes the same size, as
is implemented in NEST 3.0rc. While buffer sizes are constant across
processes, NEST does adapt them over time to minimize the number
of MPI communications. Concretely, whenever the spike information
that a process needs to send exceeds what fits into one buffer, the
buffer size for the next communication step is increased. However, the
original 5g kernel of NEST does not shrink buffer sizes. In networks
such as the multi-area model, the firing is not stationary over time;
transients of high activity propagate through the network (Schmidt
et al., 2018b). In general, startup transients may cause high spike rates
only in the beginning of a simulation unless the network is carefully
initialized (Rhodes et al., 2019). If the rates decrease, the spiking in-
formation becomes much smaller than the available space in the MPI
buffer. Consequently, the original 5g kernel preserves unnecessarily
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large buffer sizes which results in the communication of useless data.
To address this issue, a mechanism for automatically shrinking the
buffer sizes has been introduced. For details see Section 3.3.1. The
release candidate with the implementation of shrinking MPI buffers
(NEST 3.0@rc+ShrinkBuff) approximately halves the time spent in the
communication phase compared to the original implementation (com-
pare Figure 3.5C, Figure 3.5B).

Next, we assess the strong-scaling performance of the microcircuit
model (Potjans and Diesmann, 2014) in Figure 3.6.
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Figure 3.6: Strong-scaling performance of the microcircuit model on
JURECA-DC. Same display as in Figure 3.4. The model time
is Tinodel = 10s. Simulations are repeated for ten different ran-
dom seeds. A NEST 3.0 release candidate. B NEST 3.0 release
candidate with spike compression and shrinking MPI buffers.
C NEST 3.0.
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The model size is similar to the size of one of the 32 areas of the
multi-area model. The microcircuit therefore requires fewer resources.
We show results of the model run on one to six compute nodes; for a
detailed analysis of NEST’s thread scaling performance on the example
of this model refer to Kurth et al. (2021). Using NEST 3.0rc, the micro-
circuit is simulated faster than the HPC-benchmark and the multi-area
models and achieves approximately real time (Tyai/ Timodel = 1, Fig-
ure 3.6A). The finer resolution of the vertical axis of the top-right
graph reveals a small gap between the state propagation measured
with Python timers and the sum of the phases timed on the C++ level
which is not visible for the other models. The state-propagation time
of the microcircuit is also dominated by the communication phase
similarly to the respective benchmarks with the multi-area model (Fig-
ure 3.5B) and even increases with the number of nodes used. However,
shrinking MPI buffers does not reduce communication significantly
(data not shown), indicating that we face a different bottleneck with
the microcircuit model. With on the order of 10° outgoing connections
per neuron, a single neuron of this model has multiple targets on
each MPI process and, in particular, on multiple threads of a given
process. Since the 5g kernel is designed to send out a separate copy of
a neuron’s spiking information to each target thread, multiple copies
of identical information about the activity of a presynaptic neuron
may be sent to the same process, causing unnecessary communication
load. To tackle this, we devise a spike compression algorithm which
only requires transmitting the spiking information once to each MPI
process where it is locally routed to the receiving threads. For details
see Section 3.3.2. This algorithm leads to a significant reduction in
communication time for the microcircuit model (compare Figure 3.64,
Figure 3.6B).

The microcircuit model easily fits within the main memory of one
compute node of JURECA-DC. Due to the simplicity of the employed
model neurons and the absence of synaptic plasticity mechanisms, the
network model causes little workload during update and delivery in
a strong-scaling experiment—real-time simulation is already possible
with a single compute node. Consequently, communication naturally
starts to dominate the state-propagation time at a few compute nodes
even with the spike-compression optimization described above. While
increasing the number of compute nodes from one to two still results in
a fair reduction of state-propagation time, scaling is already sub-linear,
and increasing the number of compute nodes further hardly results
in further improvement. Therefore, simulation phases other than the
so far discussed communication become important if the objective of
the optimizations is, for example, achieving real-time performance
with even fewer resources. In the following we highlight an algorithm
adaptation that concentrates on the update phase. A redesign of the
neuronal input buffers prevents neurons from retrieving the input
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values for different channels, for example, excitatory and inhibitory,
from separate locations in memory. Thereby, the cache can be better
utilized during neuronal updates. Instead of maintaining separate
buffers for the input channels as in the original 5g kernel, neurons
maintain a single buffer with all inputs for a particular simulation time
step stored contiguously in memory. For details see Section 3.3.3. This
adaptation is most effective for network models with short minimum
synaptic delays; both the microcircuit and the multi-area model use
0.1ms. Figure 3.6C shows the resulting decrease in update time for
few compute nodes.

In summary, the analysis with beNNch exposes the communication
phase as a major performance bottleneck in microcircuit and multi-
area model simulations with the release candidate NEST 3.@rc. The
underlying problem is, however, a different one for each of the two
models, and they are rectified with different adaptations to the code:
the shrinking MPI buffers (Section 3.3.1) improve the performance
of the multi-area model while spike compression (Section 3.3.2) in-
creases simulation speed of the microcircuit model. Notably, none of
the adaptations introduce performance regressions for the respective
other model (data not shown). In addition, the update phase is im-
proved by introducing neuronal input buffers with multiple channels
(Section 3.3.3). Returning to the HPC-benchmark model, Figure 3.4B
shows that the kernel adaptations are not detrimental to the originally
tested model; the overall state-propagation time is preserved with
the final NEST 3.0 release. However, the reduced communication and
update times here come at the cost of increased delivery times due to
an additional indirection introduced with spike compression. Ongo-
ing work targets the delivery phase (Pronold et al., 2021) and gives a
perspective for performance improvements in future NEST releases.
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The series of NEST 2.X releases includes enhancements, bug fixes, and
contributions to maintenance with only marginal effects on the PyNEST
user interface (Eppler et al., 2009). Performance-related updates to the
simulation kernel are accomplished under the hood. The 3g kernel
(Helias et al., 2012; Kunkel et al., 2012) is in use from NEST 2.2.0 (van
Albada et al., 2015b). NEST 2.12.0 (Kunkel et al., 2017) introduces the
4g kernel (Kunkel et al., 2014) which implements novel data structures
allowing for an efficient and flexible representation of sparse network
connectivity on highly distributed computing systems such as super-
computers. The 5g kernel (Jordan et al., 2018) in NEST 2.16.0 (Linssen
et al., 2018) continues this direction of development toward an optimal
usage of HPC systems for large-scale simulations by disentangling
the memory usage per compute node from the total network size. The
transition from NEST 2 to NEST 3 corresponds to a refurbishment of the
simulator code which also breaks the backwards compatibility of the
user interface. While improved high-level functionality and parameter
handling are the primary goals of this transition, the 5g kernel is
supposed to remain. In the past, performance changes due to kernel
updates have been predominantly assessed using the HPC-benchmark
model. The performance of the NEST 3.0 release candidate (“3.0rc”),
however, is in addition evaluated with the microcircuit and multi-area
model which exhibit a more complex connectivity structure and a
different distribution of synaptic delays. In this way, so far undetected
performance bottlenecks are discovered and subsequently resolved,
leading to the official release NEST 3.0 (Hahne et al., 2021).

3.3.1 Shrinking MPI buffers

Motivated by reducing the memory footprint of the postsynaptic
infrastructure—necessary to deliver spikes to their process-local tar-
gets—the 5g kernel of NEST 3.0@rc prepares a separate part of the MPI
send buffer for each target process and only includes the relevant
spikes. Thus, each process is responsible for sending the spikes of its
neurons to all target processes for each communication time step. NEST
3.0rc implements a homogeneous buffer size across processes to avoid
overhead introduced by variable buffer sizes; in the latter case, each
process would need to complete two rounds of communication, one
for transmitting the size, and one for the actual spiking information.
Similarly, transmitting a certain amount of information via sending
MPI buffers is more efficient when fewer buffers—each carrying more
information—are sent. NEST 3.0rc consequently aims to reduce the
number of needed MPI buffers to only 1 by dynamically increasing
the global buffer size whenever a process cannot fit all spikes into the
buffer. Specifically, every time more than a single buffer needs to be
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sent by a process, NEST increases the buffer size of the following com-
munication step by a factor of 1.5. In this scheme, a reduction of buffer
sizes is not implemented, meaning that buffer sizes can only increase
or stay constant. The kernel of NEST 3.0@rc+ShrinkBuff addresses this
by introducing the following algorithm for shrinking the global buffer
size. In each communication round in which only a single send buffer
is required, the buffer for the following round decreases by a factor
of 1.1. Even though this implementation leads to an oscillation of
buffer size for constant spiking activity, tests show that this simple
mechanism only introduces negligible cost while being robust.

3.3.2 Spike compression
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introduced with the 5g kernel (Jordan et al., 2018, same display
as their Figure 4A). Blue arrow illustrates additional indirection
with compressed spike delivery. Dashed arrows indicate spikes
from the same source neuron with target on a different thread.
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NEST’s 5g kernel (Jordan et al., 2018) introduces a two-tier connection
infrastructure for routing spikes. The connection infrastructure consists
of data structures on the presynaptic side (the MPI process of the
sending neuron) and the postsynaptic side (the MPI process of the
receiving neuron), cf. Section 3.2.2.3. Communication of spikes is
organized as follows: when a neuron becomes active, its targets are
retrieved from the local presynaptic data structure. These targets
represent indices of synapses in the “thread-local” postsynaptic data
structure through which spikes are routed to the target neurons. The
presynaptic side then creates MPI buffers containing collections of such
indices which are subsequently communicated to the postsynaptic side
via the MPI Alltoall function. To deliver spikes on the postsynaptic
side, each thread uses the received spikes to index its local postsynaptic
data structure and register a spike in the corresponding synapse
(Figure 3.7, “original spike delivery”). If a presynaptic neuron has
targets on multiple threads of a process, it hence has to send multiple
spikes, i.e., indices in different thread-local data structures, to the
target process.

Here, we adapt this infrastructure as follows. We introduce an
additional data structure on the postsynaptic side which is shared
across threads (“process local”). This data structure contains, arranged
by source neuron, the indices of all process-local synapses. While
the presynaptic part of communicating spikes remains essentially
identical, the postsynaptic part incurs an additional indirection: Each
entry in the MPI receive buffer now represents an index in the new
process-local postsynaptic data structure. Using this index, each thread
can retrieve the indices of thread-local targets, to which it can then
deliver spikes as previously (Figure 3.7, “compressed spike delivery”;
note that the origin of the dashed arrow changes). In contrast to the
previous implementation, each presynaptic neuron thus sends at most
one spike to each process.

In NEST 3.9, spike compression is turned on by default, but the
previous 5g behavior can be recovered by setting:

nest.SetKernelStatus({"use_compressed_spikes"”: False})

3.3.3 Neuronal input buffers with multiple channels

Simulation technology for spiking neuronal networks requires tech-
niques to handle synaptic transmission delays. The reference sim-
ulation code follows a globally time-driven approach: spikes are
constrained to a time grid and regularly exchanged between MPI
processes using collective communication. The time grid defines the
simulation time step for neuronal updates, whereas the minimum
synaptic delay dmin in the network model defines the communica-
tion interval (Morrison et al., 2005b), which comprises at least one
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Figure 3.8: Neuronal input buffers accounting for synaptic delays in simu-
lations of spiking neuronal networks. A Structure of neuronal
input buffers assuming a minimum synaptic delay dpin of three
simulation time steps and a maximum delay dmax = 2dmin. To
buffer upcoming inputs during simulation a total buffer size of
dmin + dmax time slots is required, which corresponds to three
communication intervals of three simulation time steps each. Af-
ter every spike communication and subsequent spike delivery to
local targets, simulation time is advanced, meaning that the rela-
tive time origin S of the neuronal input buffers advances by dmin
time slots with a wrap-around at the buffer end. A pre-calculated
and continuously updated look-up table maps the index relative
to S to the actual buffer index. Example: The relative time origin
S is located at the fourth time slot. Synaptic delays of the inputs
of the middle buffer segment elapse with the upcoming three sim-
ulation time steps; the neuron integrates these inputs updating
its state. Spikes are then communicated and new inputs delivered
to the neuron are added to the time slots in the last or first buffer
segment depending on the delay, which is at least dpyi, and at
most dmax. Relative time origin S then advances to the seventh
buffer slot (not shown). B Original neuronal spike buffers for two
input channels (e.g., excitatory and inhibitory synaptic inputs).
For each channel a separate resizable array buffers the inputs for
the upcoming time slots. C Multi-channel input buffer for two
input channels. A single resizable array stores the inputs for the
upcoming time slots, where for each time slot a fixed size array
holds the inputs sorted by channel.

simulation time step. In the microcircuit model and the multi-area
model used in this study the minimum delay is 0.1 ms (i.e., dmin = 1
simulation time step) and in the HPC-benchmark model it is 1.5ms
(i.e., dmin = 15 simulation time steps). While communication and
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subsequent process-local delivery of spikes define interaction points
between neurons, within a communication interval each neuron in-
dependently updates its state for all time steps without interruption.
Hence, a simulation cycle of neuronal update, spike-communication,
and spike-delivery phase propagates the network state by one com-
munication interval, but within each update phase neurons propagate
their state in potentially shorter simulation time steps. All spikes
emitted by the process-local neurons during such an update are imme-
diately transmitted during the subsequent communication and on the
receiver side delivered to their target neurons. Hence, to account for
synaptic delays, neurons cannot immediately integrate the incoming
spikes into their dynamics, but they need to buffer the inputs until
the corresponding delays elapse. To this end, neurons maintain input
buffers of dmin + dmax time slots, where d.x denotes the maximum
synaptic delay in the network (Figure 3.8A). The relative time origin S
defining the time slots from which to retrieve inputs during update
and the time slots for adding inputs during spike delivery advances
by dmin time slots at the end of every simulation cycle. In this way, the
time slots that were read and reset during the update of the current cy-
cle become available for adding new inputs during the spike delivery
in the next cycle. For cases where the communication interval com-
prises multiple simulation time steps (e.g., HPC-benchmark model),
input retrieval is most costly for the first step as the corresponding
buffer entry needs to be loaded into cache, but then benefits from the
already cached subsequent buffer entries in the subsequent steps of
the communication interval. If, however, the communication interval
consists of only one simulation step due to a very short minimal synap-
tic delay (e.g., microcircuit and multi-area model), input retrieval is
costly for every simulation step as each step is handled in a separate
simulation cycle, and hence caching of relevant input buffer entries
is rendered ineffective during the spike communication and delivery
that follows each neuronal update phase.

Most neuron models need to distinguish between input channels
to treat the corresponding inputs dynamically differently, as for ex-
ample, excitatory and inhibitory synaptic inputs causing different
postsynaptic responses. The original input-buffer design required a
separate resizable array per channel storing the channel’s input values
per time slot (Figure 3.8B). This entailed retrieval of the input values
for a particular time step from separate locations in memory, which
amplifies the cache inefficiency during update for network models
with short minimum delays described above. To alleviate this issue,
the newly introduced input buffer allows storing the input values
for multiple channels per time slot contiguously in fixed size arrays
in a single resizable array (Figure 3.8C). Thus, neurons now retrieve
all input values for a particular time step by accessing subsequent
locations in memory in one pass.
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3.4 DISCUSSION

We identify five fundamental dimensions of complexity of neuronal
network benchmarks: hardware configuration, software configuration,
simulators, models and parameters, and researcher communication.
This chapter proposes a solution that spans all five dimensions: a
generic workflow for conducting benchmarking studies of arbitrary
simulator software for neuronal networks. We envision a modular
design where different workflow elements interact in a standardized
way, while the modules themselves can have various realizations.
The workflow starts at the user input for configuring the benchmark,
and ends at displaying the results such that performance differences
between simulator versions, software, or hardware configurations
are easy to spot. As such, it transforms the labor-intensive task of
performing neuronal network benchmarks into a routine effort that
can be done in a collaborative way. Automatized execution reduces
the potential for errors, and the tracing of hardware and software
metadata ensures comparability of benchmark results over time.

To bring the theoretical considerations towards an application, a
concrete software implementation called beNNch is developed that
specializes in performance benchmarks of the NEST simulator. Since
simulation performance crucially depends on properties of the neu-
roscientific network model, such as the number of neurons, num-
ber of synapses, and communication delays, beNNch includes three
well-known network models that have been adapted for automatized
benchmarking: a balanced random network model consisting of an ex-
citatory and an inhibitory population of neurons, a microcircuit model
constrained by local cortical connectivity, and a multi-area model with
slow, long-range connectivity between areas. Thereby, beNNch can aid
in ensuring that future adaptations to the underlying simulator benefit
a wide rage of network models.

To demonstrate how beNNch can be directly integrated into the loop
of simulator development, we investigate the effect of three partic-
ular performance adaptations: shrinking MPI buffers for optimized
communication across compute nodes, spike compression for efficient
routing of spikes to the relevant neurons, and modified neuronal in-
put buffers for optimal cache usage. Testing the code adaptations on
all three models, we show that each adaptation speeds up particular
stages of the simulation for at least one model, while avoiding negative
performance impacts on the other models. Thanks to these adapta-
tions, future models can leverage the computational performance of
NEST to include ever more biological detail into the simulations. This
enables, for example, detailed parameter scans of microcircuit-like
models (see Chapter 5), as well as the simulation of larger scale models
that take spatial connectivity explicitly into account (see Chapter 4).
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Since its inception, the proposed reference implementation has been
implemented into the development workflow of the NEST simulator.
Still, future versions of beNNch could overcome some limitations of
this proof-of-concept implementation. First, the interface for executing
and analyzing benchmarks could be streamlined, for example using
a graphical user interface. This would not only simplify the process
of regularly executing benchmarks, but also enable neuroscientists
with less proficiency in high-performance computing to find optimal
simulation setups for their own models. Further, the execution of
benchmarks could be directly integrated into the development loop
of simulators such as NEST: triggering a reference benchmark when-
ever a performance-relevant modification is made to the source code
could ensure that the performance never degrades on accident. Finally,
beNNch can be extended in a straight forward way. For example, new
reference network models can be added which highlight different per-
formance bottlenecks, and new performance metrics can be integrated
into both the recording and the plotting process.
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LINKING SPATIAL CONNECTIVITY TO THE
DYNAMICS OF SPIKING NEURAL NETWORKS
OF PRIMARY VISUAL CORTEX






PREFACE

In this part of the thesis, we develop novel neural network models that
are constrained in their connectivity principles by neuroanatomical
findings. We thereby aim to gain insights into computational bene-
fits of the distinct wiring structure that can be observed in cortex.
In particular, we focus on the primary visual cortex of mammalian
species, often referred to as V1. Hubel and Wiesel pioneered the study
of this brain area in modern neuroscience (Hubel and Wiesel, 1959,
1962, 1968), revealing a columnar organization and the existence of
simple and complex cells that differ in their response properties to
external visual stimuli. Since then, the primary visual cortex has been
under intense investigation in the field of neuroscience, resulting in a
large body of existing anatomical and electrophysiological data. These
studies have revealed particular spatial organizational principles of the
neural substrate: vertically, the classical distinction into layers of cortex
applies, while horizontally, neurons follow a retinotopic organization
where neurons that are close in cortical space have receptive fields that
are close in visual space. Therefore, it is natural to ask how spatial
connectivity principles can efficiently aid computation in such neural
circuits.

When the connectivity is sufficiently homogeneous, mean-field the-
ory can be employed to obtain analytical estimates of dynamical
state variables (e.g., van Vreeswijk and Sompolinsky (1996), Amit and
Brunel (1997), Brunel (2000)). However, the inhomogeneous spatial
connectivity schemes observed in V1 call for a different approach.
In this work, we follow a simulation-based ansatz that allows us to
integrate such complex connectivity principles in our models. Because
of the breadth of experimental studies concerning mammal V1, this
brain area lends itself well to simulation-based investigations as (a)
the parameters of connectivity are reasonably well constrained, and (b)
the dynamical behavior of simulated models can readily be validated
by comparing to the spiking activity of biological networks.

We here choose to work in the paradigm of neural networks that
consist of point-like neurons with simplified dynamical variables. This
formulation allows for constructing networks at biologically realis-
tic densities of neurons and synapses even for comparatively large
parts of cortex. Avoiding downscaling or subsampling is crucial for
accurately comparing the resulting system activity to experimental
data since otherwise, either the first-order or second-order statis-
tics of the system dynamics are necessarily altered (van Albada et
al., 2015a). Since the length scale of spatial connectivity investigated
here—reaching up to 4 mm for long-range connectivity—necessitates
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network sizes on the same order, the resulting neural networks consist
of tens of millions of neurons with tens of billions of synapses. Simu-
lations of this magnitude can only be routinely performed thanks to
the continued development of dedicated simulation technology, which
is aided by benchmarking tools such as the framework developed in
Part ii.

This part is split into two chapters. First, in Chapter 4, we construct
a large-scale model of macaque primary visual cortex using various
anatomical data sources. We focus on a derivation of spatial synaptic
connectivity according to three distinct organizing principles: medium-
range isotropic connectivity that depends on the inter-soma distance of
neurons, long-range patchy connectivity that links neurons of similar
tuning preference across receptive fields, and short-range push-pull
connectivity that depends on the input correlations of neurons that pre-
dominantly receive sensory input. After deriving the connectome and
its crucial parameters, we turn to instantiating spiking neural network
simulations of the model. This reveals a fundamentally unbalanced
dynamical state in which neurons are either completely silent or fire
at frequencies well beyond what is biologically plausible.

Hypothesizing that the instability is inherent in the derived connec-
tivity, we set out to systematically investigate the underlying connec-
tivity structures that leads to such pathological behavior. In particular,
we suspect the lack of data quality in an anatomical data set to be
the root cause, leading to positive feedback loops in the derived con-
nectivity. In Chapter 5, we investigate a recently released alternative
data set that exchanges light microscopy (LM) for electron microscopy
(EM) to reconstruct not only neural processes but also single synapses.
Deriving a population-based connectivity map for the EM-based data
set provides an updated view on the local cortical connectivity which,
beyond our own work, may also be relevant for the community at
large, which has relied on LM-based connectivity for numerous com-
putational studies (Antolik et al., 2024; Potjans and Diesmann, 2014;
Schmidt et al., 2018b). Instantiating spiking neural network simu-
lations of both models allows to directly compare the influence of
neural targeting patterns, revealing that the putative excitatory feed-
back loops are indeed a key factor underlying the unstable network
dynamics observed in Chapter 4.

Finally, we turn back to the model of macaque V1 and replace the
connectivity derived from the LM data set by the newly derived, EM-
based connectivity. Here, we observe that a ground state of biologically
realistic firing rates is reached without the need for any fine tuning
of input parameters or connectivity strengths. Thereby, we provide a
comprehensive model of macaque visual cortex that takes numerous
spatial connectivity schemes into account, is arbitrarily scalable, and
lends itself to being incorporated into a network of multiple areas.
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The resulting model establishes a platform for investigating the com-
putational benefits of spatial connectivity rules in visual processing.
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4.1 INTRODUCTION

In this chapter we aim to construct a model of primary visual cortex
(V1) of macaque monkey that is constrained by biologically informed
spatial connectivity rules. We aim to build a platform with which com-
putational questions about the nature of these connectivity rules can
be answered systematically. We choose the macaque monkey as our
target animal because the connectivity found in its visual system ex-
hibits intricate patterns not found in, for example, mice or rat: beyond
simple spatial connectivity where the connection probability is only
a function of distance between the neurons, Livingstone and Hubel
(1984) showed already 40 years ago that long-range connectivity forms
distinct patches. Further, functional connectivity schemes have been
theoretically proposed, e.g., push-pull connections between neurons
in the thalamic input layer 4C that aid in producing contrast-invariant
responses of cortical neurons (Troyer et al., 1998). With a spatial model
of macaque V1 in place, connectivity schemes observed experimentally
or proposed theoretically can be investigated in a single framework.
Previous studies have already investigated spatial connectivity us-
ing different approaches. Senk et al. (2023) extend the classical local
microcircuit (Potjans and Diesmann, 2014) by adding isotropic spatial
connectivity to obtain a scalable network of macaque V1. In this study,
however, more intricate spatial connectivity patterns are missing. An-
tolik et al. (2024) successfully compile a large body of experimental
data to create a model of cat V1 that includes patchy and push-pull
connectivity. They create an extensive list of dynamical properties that
can be used to validate such models against experimental recordings,
and show that their model exhibits these characteristics. There, the
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authors only consider a subset of cortical layers (2/3 and 4), and fur-
ther downscale the number of neurons and synapses in the model,
thereby necessarily altering the statistics of the activity (van Albada
et al., 2015a). Billeh et al. (2020) create a biologically constrained, full-
scale model of mouse V1, exploiting a vast library of anatomical and
electrophysiological data recorded by the Allen Institute for Brain
Science. In contrast to macaque, mice do not exhibit more intricate
spatial connectivity principles such as patchy connectivity. Therefore,
this model does not allow for a dynamical evaluation of the effects of
such connectivity schemes.

In our work, we aim to create a model that combines the strengths
of the previous approaches by implementing a full-scale neuronal
network of all cortical layers of macaque V1, including spatial or-
ganizational principles beyond isotropic distance-based connectivity.
Investigating the dynamical property of this model enables an inves-
tigation of the structure-dynamics link, paving the way for future
studies of the structure-dynamics-function triad.
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In this chapter, we develop and implement a spatially organized spik-
ing neural network model of macaque primary visual cortex. While
our derivation focuses on Vi—the earliest of the visual areas in the
cortical hierarchy—we construct our model in a way such that it is
amendable to include areas further up in the hierarchy as a natu-
ral extension. To constrain our model, we incorporate a large body
of experimental data: Vanni et al. (2020) review over 350 published
studies on connectivity data, and condense these information into con-
nectivity profiles. We further supplement these data with additional
connectivity data from other mammal species where necessary.

In our modeling, we make the following key assumptions. We rep-
resent neurons as leaky integrate-and-fire (LIF) model neurons that
are connected using current-based synapses. Neurons are grouped
into excitatory (E) and inhibitory (I) cell types in the cortical layers
L2/3A, L3B, L4A/B, L4C, L5, and Lé. L1 is disregarded due to its
small density of neurons. L2/3 is split in accordance with the coun-
terstream hypothesis which suggests that L2/3A processes feedback
information from areas higher in the cortical hierarchy, while L3B
processes feedforward information (Markov et al., 2013). Further, we
split L4 due to their difference in anatomy: L4C, the layer which is
primarily targeted by the thalamus, exhibits spatial connectivity on
a shorter length scale. Thus, we model 12 populations in total: one
excitatory and one inhibitory population per layer.

We start by deriving a cell type and layer-resolved synaptic con-
nectome that specifies the number of local synapses between the
populations of our model. We then distribute these synapses accord-
ing to three spatial organization principles: isotropic connectivity, where
the connection probability decays with distance; patchy connectivity,
which links neurons with similar input-tuning preferences; and push-
pull connectivity based on input correlations from thalamic projections.
Thereby, we make the size of our model arbitrarily scalable. For all fur-
ther investigations, we choose a size of 4 x 4mm?. After constructing
our model, we instantiate it using the NEST simulator (Gewaltig and
Diesmann, 2007) to run dynamical simulations in order to investigate
the effect of distributing the synapses according to the different spatial
organization principles.

4.2.1  Cell type and layer-resolved synaptic connectome

Our main data source is the comprehensive overview of connectivity
data in macaque visual cortex by Vanni et al. (2020). Given a presynap-
tic population, they report relative connection strengths that indicate
preferential termination layers of outgoing synapses of the popula-
tion’s neurons. To obtain a full connectome between presynaptic and
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postsynaptic populations, we have to supplement information on the
targeting patterns of these synapses on postsynaptic populations. This
additional data is not available for macaque monkey in a sufficient res-
olution. Resting on the observation that certain structural features are
shared across species (Douglas and Martin, 2004), we derive this data
from morphological reconstructions in cat visual cortex (Binzegger
et al., 2004). This procedure allows us to split the incoming synapses
onto a neuron in our model into three categories: intra-areal, i.e., com-
ing from other neurons in V1; thalamo-cortical, i.e., originating in
the thalamus and carrying sensory information; or cortico-cortical,
i.e., stemming from different cortical regions such as V2, V4, or non-
visual areas. For connections of the first kind, we derive the total
number of recurrent synapses between the different populations of
our model, S, shown in Figure 4.1 (see Section 4.3.1.1 for details of
the derivation).

L2/3AE
L3BE

L4A/BE
c  L4CE 108
ke
= L5E
©
5
3 L
O -
S— L2/3Al .
® -10
o L3Bi -
— -
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SiaAB

¢ & & & & &
SRR

source population

Figure 4.1: Population-resolved synaptic connectome of macaque V1. Num-
ber of synapses S 45 between presynaptic source populations B
and postsynaptic target populations A in logarithmic scale.

For inhibitory source populations (right column), we observe a pro-
nounced diagonal in the number of synapses, indicating a preference
of neurons to connect to to other neurons in the same layer. For ex-
citatory source populations (left column), the targeting patterns are
more diverse, see e.g. L4CE strongly connecting to populations in
L3B, L4A/B, and L4C. This pattern is in line with the hypothesis of
a bottom-up flow of information: layer 4C, the main input layer for
visual sensory information, acts a relay and transmits its inputs to the
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supragranular layers for further computation (see, e.g., Yabuta and
Callaway (1998)).

Next to the recurrent connectivity, we further derive the number
of thalamo-cortical synapses S, and cortico-cortical synapses S
from other brain areas, for all populations A from the same data sets
(for details of the derivation, see Section 4.3.1.2 and Section 4.3.1.3,
respectively). This yields the mean in-degrees per neuron given in
Table 4.1.

Population A | ST S
2/3AE 0 169
2/3Al 0o 117

3BE o 169
3BI o 108
4A/BE 51 253
4A/BI 30 136
4CE 238 197
4CI 187 139
5E 11 184
51 0 44
6E 139 699
6l 54 578

Table 4.1: Thalamo-cortical and cortico-cortical mean in-degrees.
Population-specific mean number of incoming connections
of thalamo-cortical and cortico-cortical type per neuron.

In agreement with previous studies on thalamic projections (Blasdel
and Fitzpatrick, 1984; Garcia-Marin et al., 2017; Yabuta and Callaway,
1998), the main input layer of sensory information from the thalamus
is L4C. The cortico-cortical input mainly targets the excitatory popula-

tions across all layers, with a preference of connecting to neurons in
Lé.

4.2.2  Spatial connectivity

Having derived the total number of synapses in our model, we next
seek to distribute the intra-areal synapses according to spatial organi-
zation principles observed experimentally.
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4.2.2.1  Medium-range isotropic connectivity

As an underlying model, we assume an exponential decay of connec-
tion probability P with horizontal inter-somatic distance 7:

P(r) =Plex (4-1)

To obtain numerical estimates for the decay parameter A, which in

principle may depend on the cell types and layers of the populations

under consideration, we fit spatial connection profiles to experimental
data as exemplified in Figure 4.2.
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Figure 4.2: Lateral connectivity of excitatory presynaptic neurons. A-F Bidi-
rectional tracing of axons in different layers of primary visual
cortex of adult squirrel and owl monkeys from injections into
layer 3, from Sincich and Blasdel (2001). G Fitting an exponential
decay with horizontal distance to the inverse luminosity of the
tracing image in layer 5.

Estimates for A between different populations are summarized in
Table 4.2 and Table 4.3 (for a detailed derivation, see Section 4.3.2.1).

Source Population
Target Layer | L2/3A L3B L[4AB [L4C Ls L6
L2/3A 0261 0.215 0.178 0.141 0.212 0.141
L3B 0215 0.261 0249 0.141 0.215 0.215
L4AB 0.141 0.261 0261 0.215 0.171 0.261
L4C 0.121 0.121 0.121 0.141 0.171 0.215
Ls 0261 0.215 0.249 0.141 0.216 0.121
L6 0.215 0.141 0.212 0.141 0.249 0.261

Table 4.2: Estimates of characteristic lengths of connectivity A,p in mm for
excitatory presynaptic neurons.

We find that excitatory presynaptic populations have a consistently
larger spatial spread than inhibitory ones. Further, one can observe
that the spatial spread is generally largest for connections where both
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Source Population
Target Layer | L2/3A L3B L4AB IL4C Ls L6

L2/3A 0.123 0.123 0.103 0.051 0.062 0.062
L3B 0.123 0.123 0.103 0.051 0.062 0.062
L4AB 0.062 0.062 0.062 0.062 0.062 0.062
L4C 0.062 0.062 0.062 0.062 0.062 0.062

L5 0.092 0.092 0.103 0.123 0.144 0.144

L6 0.092 0.092 0.103 0.123 0.144 0.144

Table 4.3: Estimates of characteristic lengths of connectivity A,p in mm for
inhibitory presynaptic neurons.

the pre- and postsynaptic neurons are in the same layer. Finally, we
note that neurons in L4C have a particularly short range of isotropic
connectivity. This might be related to its function as the main input
layer for sensory information from the thalamus, rather playing a role
of relay to the different cortical layers than performing computations
within itself.

4.2.2.2 Long-range patchy connectivity

Neurons in V1 exhibit an orientation tuning preference: their neural
response is strongest if a bar stimulus that is presented in their recep-
tive field is of a particular orientation (Hubel and Wiesel, 1959). In
macaque monkey, neurons that are close to each other, and therefore
have overlapping receptive fields due to the retinotopic arrangement
of V1, also have similar orientation tuning preference (Hubel and
Wiesel, 1977). Thereby, they form a spatially clustered orientation tun-
ing map along the dimensions parallel to the cortical surface. This map
is intricately linked to experimentally observed patchy connectivity:
long-range connections link neurons of similar orientation tuning pref-
erence (Stettler et al., 2002). Spanning different receptive fields, these
connections may facilitate the spatial integration of information.

Since experimental evidence on the fraction of patchy synapses with
respect to isotropically distributed synapses is lacking, we introduce
the patchiness parameter ¢ € [0,1] that controls this fraction while
keeping the total number of synapses S, constant (Equation 4.73).
Outgoing patchy connections are constrained to an encompassing
ellipse which is oriented at the same angle as the orientation prefer-
ence of the neuron under investigation (Bosking et al., 1997). From
Angelucci et al. (2002), we derive the layer-specific spatial extents of
these ellipses as shown in Table 4.4.

First, we implement an orientation tuning map for the neurons
in our model according to an input-driven scheme following Sadeh
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Layer of source population Major axis [mm] Minor axis [mm]

2/3A 3.0 1.9
3B 3.0 1.9
4A/B 3.3 2.2
5 4.0 2.3
6 4.0 2.3

Table 4.4: Layer-dependent extent of patchy connectivity. Major and minor
axis lengths of the ellipse that encompasses the patchy connectivity
profile, centered on the source neuron.

and Rotter (2013) (see Section 4.3.2.2 for details). Figure 4.3 shows a
top-down view of the V1 model with the imposed orientation tuning
map.
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Figure 4.3: Patchy connectivity links neurons of similar orientation pref-
erence. Colors represent the spatially clustered orientation tun-
ing preference of cortical neurons in our model. White circles
represent randomly chosen source neurons with an orientation
preference of 60°, black circles represent target neurons for which
connections are established in the model. Connections are a super-
position of isotropic connections for short distances (< 500 pm)
and patchy connections at large distances (2 500 um). The latter
are encompassed by an ellipse oriented at the same angle as the
orientation preference of the source neurons (here, 60°).
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Here, the color codes for the orientation preference of the neurons
in space. Next, we connect neurons of the same orientation preference
with a uniform connection probability within the elliptical bounds
given by Table 4.4. Due to the arrangement of iso-orientation domains,
this leads to a patchy pattern in the connectivity. In Figure 4.3, we
see examples of such patchy connections superimposed with isotropic
connectivity as established by a randomly chosen subset of neurons in
L2/3E : at short distances (< 500 um), connections are isotropic and
independent of orientation preference. At larger distances (2 500 pm),
connections are preferentially made to neurons of the same orientation
preference. Since the preferred orientation of the source neurons under
consideration here is 60°, the encompassing ellipse is also oriented at
60°.

4.2.2.3  Short-range push-pull connectivity

In the sensory input layer 4C, we implement an additional connectivity
scheme called push-pull connectivity following Troyer et al. (1998) and
Martinez et al. (2005). Depending on the input correlations of any two
cortical neurons, which here stem from upstream connections that
originate in the thalamus, their joint connection probability is either
increased or decreased. Functionally, this organization principle is
thought to support contrast-invariant responses of cortical neurons in
the visual areas.

First, we create a thalamic input model consisting of two excitatory
populations: ON neurons fire most strongly when a bright stimulus is
centered in their receptive fields, and OFF neurons fire most strongly
when a dark stimulus is centered in their receptive fields. The cortical
neurons in V1 receive input connections according to a Gabor profile
(Equation 4.76) with either ON or OFF thalamic neurons in the center
of their receptive field, where the orientation of the Gabor distribution
matches the orientation preference of the neuron under consideration
(see Figure 4.4).
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Figure 4.4: LGN projection patterns to V1 neurons. Large circles mark V1
neurons, small circles mark ON LGN neurons (bright) or OFF
LGN neurons (dark). V1 neurons get input connections from LGN
neurons according to a Gabor filter centered on their position,
and rotated according to their orientation preference.

Based on these projection patterns, push-pull connections are cre-
ated between neurons of the same orientation preference. We denote
by ( the fraction of push-pull connections to the total number of recur-
rent connections, which is a free parameter of the model. For a detailed
derivation of the push-pull connectivity scheme, see Section 4.3.2.3.

4.2.3 Dynamical simulations

Having defined how neurons of different cell types and in different
layers connect with each other, we instantiate a spiking neural network
simulation to investigate the dynamical properties of the network. We
sample neuron positions randomly inside a 4 x 4mm? area matching
the densities reported in O’Kusky and Colonnier (1982). Next, we
recurrently connect neurons according to the spatial connectivity prin-
ciples outlined in Section 4.2.2. Finally, we provide a model-external
stimulus via cortico-cortical connections which act as a background
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drive. For all simulations, we use the high-performance neural network
simulator NEST.

To study the dynamical behavior, we first aim to find a biologically
plausible ground state of activity when no thalamic input is present.
To first order, we define such a state by populations exhibiting mean
firing rates on the order of 0.1Hz to 10 Hz. We consider how the
network behaves under change of two main parameters: the firing
rate of the external drive, vex, and the weight of inhibitory recurrent
connections relative to the strength of excitatory ones, g.

100

v [spikes/s]

8 9 10 1
Vext [spikes/s]

Figure 4.5: Activity of spiking network of macaque V1. Mean firing rate
v across all neurons depending on g, the weight of inhibitory
recurrent connections relative to the strength of excitatory ones,
and veyt, the rate of external drive.

Independent of the patchiness parameter ¢ and the push-pull pa-
rameter (, Figure 4.5 shows that the model does not settle into a
biologically plausible ground state for realistic parameter ranges of
the external input vey and strength of inhibition g. Indeed, there is
a sharp transition when increasing the external input or decreasing
the strength of inhibition. Once the threshold is reached, the network
activity transitions from a quiescent state to a diverging one in which
neurons fire at pathological frequencies of over 100 Hz. To test whether
the inhomogeneity in the external input, i.e., in the derived number of
cortico-cortical synapses S, causes this pathological dynamical state,
we perform the same simulations with a fixed external in-degree of

% = 600 for excitatory populations, and an in-degree of S¢ = 500
for inhibitory connections (Figure 4.6).
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Figure 4.6: Activity of spiking network of macaque V1 for homogeneous
external input degrees. Indegree of cortico-cortical external con-
nections set to S% = 600 for excitatory and S% = 500 for in-
hibitory neurons. Mean firing rate v across all neurons depending
on g, the weight of inhibitory recurrent connections relative to
the strength of excitatory ones, and vext, the rate of external drive.

Also in the case of homogeneous input, the network dynamics ex-
hibit the same sharp transition between completely quiescent and
pathologically active. This suggests that the recurrent cortical con-
nectivity in the model is responsible for the biologically implausible
dynamics. We next investigate this hypothesis by considering the
targeting patterns of recurrent connections.
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TARGET SPECIFICITY We define the target specificity as the pref-
erence of a neuron of population B to target excitatory postsynaptic
neurons relative to its preference of targeting inhibitory neurons:

PvE,B — Pul,B
TS, p = —~——= ¢ [-1,1]. 2
ob PoE,B + Pul,B [ ] (42)

where p,x is the probability of a presynaptic neuron of population B
to make a connection to a postsynaptic neuron in layer v of efficacy
X € {E,I}. Figure 4.7 shows the target specificity of all populations.

1
L2/3A

L3B

L4A/B

target layer
target specificity

-0.5
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Figure 4.7: Target specificity of neurons in the model of V1. A positive (red)
TS implies that the neurons in the presynaptic population prefer-
ably target excitatory postsynaptic neurons in the target layer; a
negative (blue) TS implies that the neurons in the presynaptic
population preferably target inhibitory postsynaptic neurons in
the target layer.

Strikingly, we find that all populations prefer to target excitatory
neurons. This is especially problematic for excitatory presynaptic pop-
ulations: we suspect that the implied positive feedback loops provide
a possible explanation for the observed pathological dynamical be-
havior of the model. This conclusion is in agreement with Potjans
and Diesmann (2014) who amend the connectivity of their cortical
microcircuit mode, which they also derived from connectivity data by
Binzegger et al. (2004), with additional physiological connectivity data
motivated by a discrepancy in target specificity between data sources
(see their Figures 4 and S3). Their proposed reorganization precisely
leads to a reduction of target specificity, i.e., a stronger targeting of
inhibitory neurons by excitatory neurons. The authors found that such
a reorganization is essential for asynchronous and irregular activity
with realistic firing rates in their model.
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4.3 METHODS

Given a layer u in V1, Vanni et al. (2020) provide the number of
synapses S" in that layer. The data by Binzegger et al. (2004) can be
used to split these synapses into three categories that depend on the
location of the presynaptic neuron:

St — giau + gtha,u 4 ogeet (4-3)

where Sia# gthatt and §ect denote the number of intra-areal, thalamo-
cortical, and cortico-cortical synapses, respectively.

First, we focus on the recurrent connectivity of the network model,
which is governed by the intra-areal connections. Combining the data
by Vanni et al. (2020), which specifies connectivity from presynaptic
neurons to synapses, and the data by Binzegger et al. (2004), which
specifies connectivity from synapses to postsynaptic neurons, we first
derive the total number of synapses between a presynaptic population
B and a postsynaptic population A, called S 4p. Following the same
recipe, we next consider thalamo-cortical connections originating from
other brain areas, before turning to cortico-cortical connections. Af-
ter completing an initial connectome, which specifies all incoming
synapses for our model neurons, we introduce the notion of space to
our model. Specifically, this means distributing the synapses according
to experimentally observed spatial connectivity schemes dominant at
different spatial scales.

4.3.1  Synaptic connectome

4.3.1.1 Intra-areal synapses

SYNAPSES TO POSTSYNAPTIC POPULATIONS Binzegger et al. (2004)
provide three main quantities, which we denote by the following for
this work:

. p‘?j, the probability for an existing connection onto a neuron of
type i with synapse in layer u to come from a neuron of type j.
Note that this probability is conditional on i and u, which we
mark by pipes in front of the respective indices. Subsequently,
the normalization condition is given by }_; pt; =1Viu.

* si, the total number of synapses onto a neuron of type i that
reside in layer u. One can calculate the total in-degree of such
a neuron by summing over all layers in which a connection is
possible: ), si = K; .

* ¢;, the relative occurrence of neurons of type i by. The normaliza-
tion condition here reads } ;c; =1 .
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|u

Investigating the precise numerical values of P)ij reveals that given
a postsynaptic neuron resides in layer 6 with its synapse in the same
layer, the fraction of cortico-cortical presynaptic partners is unreal-
istically large (0.557). Unfortunately, alternative data for this type
of connectivity does not exist in the literature. Therefore, we resort
to manually adapting this value, and introduce v < 0.557 as a re-
placement. Other connection probabilities are scaled such that the
normalization is fulfilled.

First, we define the probability for an intra-areal synapse (i.e., a
synapse for which both the pre- and postsynaptic neurons reside
in V1) of efficacy X in layer u to establish a connection that targets
population A as

ulx _ #intra- areal syn. of efficacy X in layer u targeting pop. A
A

# intra-areal synapses of efficacy X in layer u
(4-4)

The conditionality on efficacy and layer implies a normalization con-
dition ) 4 plu‘x =1V u, X. This probability can be calculated from the
data by Binzegger et al. (2004).

We first note that

N - ¢; = total number of neurons of type i

N -¢;-si = total number of synapses in layer u with a
postsynaptic neuron of type i

N-c-s} “ — total number of synapses in layer u with a
“Plij ynap y
ostsynaptic neuron of type i
postsynap yp

that have a presynaptic neuron of type j.

|u X

Thus, p!;'* can be calculated as

Y. Y Ngst P}lu Y Y cst le”
p\u|x _ i€AjeXnNia ] icAjeXnia J @5)
4 Y ¥ Ngst p}f; Y X st pIZ

i jeXnNia i jeXnia

Here, j € X Niais a symbolic notation for all neuron types j that are of
efficacy X that reside in V1. The total number of intra-areal synapses
in layer u with efficacy X can be read from the denominator:

S =Y Y Ngst pt‘} (4.6)
i jeXnia

From this, we calculate the fraction of intra-areal synapses in layer u
as

Y Y Ngst pI ZZNcisﬁ’p‘“

—~ = |ij
i j€ia i j€ia

ZZNQS pl a ;Ncislkl . (4.7)

fia,u _
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In a similar fashion, we can calculate f°“*, the fraction of cortico-
cortical synapses in layer u, as well as 2%, the fraction of thalamo-
cortical synapses in layer u. For these calculations, we first define the
reduced fraction of intra-areal and cortico-cortical synapses in layer u
as

- fia,u B fcc,u
fla’u = fia,u +fcc,u 4 fCC,H = fia,u _|_fcc,u : (48)

We can derive the relative fraction of intra-areal excitatory and
inhibitory synapses in a given layer u via

%M:% and 4 =1-y). 4.9)
SE/ + SI !
Note here that
gt gl — Y ¥ N ¢t P}:; ) (4.10)
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With these prerequisites in place, we can finally define

pliX.— gl plulx (4.11)
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We interpret this quantity as the probability that an intra-areal synapse
in layer u targets population A and has efficacy X. Here, we have to
take into account that the layer resolution provided by Binzegger et al.
(2004) is coarser than the one chosen for this model of V1. In particular,
layer 2/3 and layer 4 are not divided into the sub-layers 2/3A, 3B, and
4A /B, 4C. Therefore, we need to adapt the formulation of ﬁtfx. First,
we define

A=A1WA (4.12)
u=u Wi (4.13)

where A is a population in layer u, A; and Aj; are the sub-populations
of A in the respective sublayers 11 and u,, and v is some different layer.
For the case where an intra-areal synapse of efficacy X resides in layer
v and makes a connection to population A, we split the probability as

_|lvX _|vX _|oX
pa =Pl P (4.14)
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Jox N1 jex Jox _ Na o jex (4.15)
pAl N1+N2pA/ pAz N1+NZPA 45

with N7 and N; being the number of neurons of the respective sub-
populations. We here assume that a synapse of efficacy X that resides
in layer v uniformly targets neurons of population A. In the case
where v itself consists of two sublayers, v = v; W v2, we assume no
dependence of the connection probability on the sub-layer that the
synapse lies in, i.e.

PRt =P =P (416)

Therefore, Equation 4.14 becomes
_[oX X

_|‘l)1X _|Z)2X _‘sz

pA - pAl + pAz = pAl + pAz (4"17)
S~~~ SN~~~
Ny _|JvX Ny _|oX
NN, Pa Ni+N; Pa

Finally, we need to consider the case in which the synapse lies in the
same (sub-)layer u as the postsynaptic neuron. If we take the approach
outlined above, the split into sub-layers yields

_|u X _|up X _|u X _|upX

Pa, > Pa, and py,” > Py, (4.18)
or

X _|upX X _|upX

P < parand piit < pi (4.19)
since

ﬁ\uix _ N; r—)|uiX _ N; ﬁ\“X (4.20)

4 Ni+ Np A N1+ N» A )
is independent of i and thus

X X X X

P =P, P =P (4-21)

Here, A; denotes a sub-population in layer u;. The second inequality
of Equation 4.18 and the first inequality of Equation 4.19 are problem-
atic: we expect that the connection probability is highest if the target
population is in the same layer as the synapse. To circumvent this
issue, we introduce an ad-hoc factor a« = 0.8 that replaces the relative
frequency of number of neurons in the sub-layers. Using «, we define

_|u X _|oX _|u X _|oX
P‘Aj =a- gy, p'Aj =(1-a) pl (4-22)

and

ﬁ‘;\llzx =(1-a)- F_’[ZX/ Pa, =& Pa - (4.23)
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PRESYNAPTIC NEURONS TO SYNAPSES From Vanni et al. (2020),
we directly obtain the following quantities:

e 57X, = the relative anatomical connection strength for connections
of efficacy X from layer v — u, where v is the layer of the
presynaptic neuron and u is the layer in which the intra-areal
synapse resides

¢ S" = the total number of synapses in layer u

In contrast to the data from Binzegger et al. (2004), the data from
Vanni et al. (2020) has a finer layer resolution than our model of
V1. Therefore, we can reduce the information to our desired layer
resolution by summing the finer relative connection strengths over
the sub-layers u and v, respectively, and normalize the expression by
dividing by the product of the number of sub-layers of u and v:

. Zu’eu,v’év Wilfrz;e”x

X

From this, we can determine the probability for a synapse of efficacy
X terminating in u to be originating in v, q}fy. As before, the condition

on X and u implies the normalization ), q}fy = 1V u, X, which can be
guaranteed by calculating

X
X _ fuo_ 2

The relative anatomical connection strengths derived in Vanni et al.
(2020) were obtained by combining a large body of studies based
retrograde tracer experiments, where a dye is injected into brain
tissue, which is subsequently taken up by synapses and transported
along the axon towards the cell body. Since the injection site itself
still contains the dye even after update of the surrounding synapses,
neurons at the injection sites cannot be identified. Consequently, this
method underestimates the number of neurons within the uptake
zone of the dye, which leads to an underestimation of intra-layer
connections in our model. We therefore devise a scheme to correct for
this underestimation. Following the findings of Markov et al. (2011),
we assume an exponential decrease in density of labeled neurons with
distance from the injection site:

lffv(”) = lffv,o e Mas . (4.26)

Here, IX,(r) denotes the density of labeled neurons in layer u after
injecting a hypothetical tracer that is taken up by neurons of efficacy
X in layer v, lffm marks the zero-distance density, and A5 denotes
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the characteristic length scale of spatial decay. For the anatomical
connection strength, this implies

. r
m)fu xe ‘B

(4-27)
We make the following simplifying assumptions:

¢ the uptake zone of the dye can be approximated by a sphere
with radius 7))

* the layer u can be approximated as a cylinder with radius r; and
height L,

e the uptake sphere is centered at the middle of layer u

A graphical depiction of these assumptions is shown in the top panel
of Figure 4.8; the bottom panel of Figure 4.8 defines the coordinate
system used in the following.

We formally set r; = co. Given these assumptions, the number of
synapses of efficacy X in layer u as measured by tracing studies is

SX ~ lim e T dV —/ e " dV , (4.28)
S("blob)

1= J7(r)

=:1("plob)

where Z(r;) denotes the cylinder with radius r; that approximates
layer u, and S(rpj0p) denotes the sphere with radius 7). Which approx-
imates the uptake zone of the dye. We now account for the missing
connections inside the blob of dye, calculating a corrected number of
connections:

1(0)
I(rpiob)

s = ¥ (4-20)

Consequently, the intra-layer relative anatomical connection strengths
get corrected:

1(0)
Xcorr _ X | ]
Muw Muu I<rb10b)

(4-30)

This leaves the issue of evaluating the integral I(rpop). First, we
consider the spherical blob of dye which is centered on the origin of
the coordinate system. Since we use spherical coordinates, excluding
the dye simply imposes the constraint r > rpop. Next, we consider the
layer boundaries. If r < L, /2, the integration is not constrained by the
layer boundaries. In the case of r > L, /2, the height of the integration

!
is constrained: |z| < % In spherical coordinates, z is expressed as
z = rcos 6, thereby implying a constraint on the azimuth angle 6:

L L
rlcos 8| < 7” = arccos <2Z> <0<m/2, (4.31)
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Figure 4.8: Amending estimated strengths of connectivity for short dis-
tances. Top Model assumptions: a sphere of dye in the center of
cylindrical layers. Bottom Spherical coordinate system centered
on the blob.

where we use 0 < 0 < 7r/2. For the integration, we need to consider
two distinct cases. If the radius of the blob is smaller than or equal to
half the laminar thickness (rpjop < %), the entire blob is contained in-
side the layer. We term this case the spherical case, as the blob boundary
within the layer boundaries describes a sphere. If, however, the radius
of the blob exceeds this limit (rpjgp > %), only part of the sphere will



4.3 METHODS

be contained in the layer boundaries as the top and bottom are cut off.

We aptly name this the marshmallow case.
Before solving the integrations for the two cases, let us first derive
the solution to two generic integrals, I; (1) and L(rq,72).

n 41 Jr

::[Ayl4-A2}e*“/A (432)

r2 %)
I(r1,12) ::/ r2e "M dr = —/\rze_r/)L

r1

)
+ 2/\/ re "M dr
"

= {/\1’2 —|—2)\2r} /A

L r2n? / I dr
T r1

= {/\rz +2A%r + 2/\3} /A" (4-33)

r2

For the spherical case, we first note that we can split the integral into
two regions. For rpjop < 7 < LZ , we integrate over the whole sphere,
and 6 is unconstrained. For r > L, we need to enforce Equation 4.31.
Adding the two parts of the 1ntegral, exploiting the symmetry of the
system, and performing some simplifications, we obtain

L“ 2w pm ;
Lsphere (Tb10b) / / / e 1r? sin(6) d6dedr
blob
2 prt/2 P
+ 2/ / / e~ 11 sin(0) déddr

I‘CCOS

2
=47 e~ ir2dr
Tblob

+2-27‘(/L e r? | — cos(7/2)

TM
Ly
+ cos | arccos | — dr
2r
Ly

2 s Lu [
=41 e xr dr+7 e rdr
T14

Tblob

IZ(rblobrLTu) Il(%)

Ly

T { [Arz +2A%r + 2)\3} e /A

Tblob
L, 2
+~Ar+A est t . (4-34)

In this derivation, we write A instead of AX to enhance readability.
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In the marshmallow case, ¥ > 1y > Lz—“ holds. Therefore, we do
not need to split the integral as in the spherical case. Thus, it becomes

2t pc/2
Imarshmallow rblob — 2/ / / *Xr Sln( ) dedﬁodr
Tblob arccos
= 47'(—” / re /M dr
2 Tblob
I (Tplob)
LM 2| Thlob/ A
=dn— [Mblob +A ] e'blob/ 7t (4-35)
Icase (0) can be trivially obtained for both cases via
Icase(o) = lim Icase(”blob) (4-36)
Tplob—0

COMBINING THE DATA At this point, we have all the necessary in-
gredients for deriving the recurrent connectome in our model. Putting
them together yield the total number of synapses from population B
to A:

—Zfla”S”ﬂ T PA (4-37)

where v is the layer that the source population B resides in, and X is
B’s efficacy. Using the definition ﬁ:X (Equation 4.12), this expression
reduces to

o= st p 459
u

When calculating the number of synapses from population B to A in
area V1, we need to replace

fia,u Su With J?ia,u X (Su o zlha) . (4_39)
4.3.1.2 Thalamo-cortical synapses

Next, we consider synaptic inputs to model neurons that stem from
the thalamus, i.e., the input region from which sensory data from the
retina is relayed. We follow the recipe laid our for intra-areal synapses,
first estimating the distribution of synapses given a presynaptic pop-
ulation, then estimating the strength of connectivity from a given
synapse to the postsynaptic populations, and finally combining the
two.

PRESYNAPTIC POPULATIONS TO SYNAPSES We use an analogous
notation as in Section 4.3.1.1 and denote the probability for a synapse
with its presynaptic partner in the thalamus that resides in layer u to
establish a connection with a cortical population A as

lutha _ # thalamo-cortical synapses in layer u targeting population A
W=

# thalamo-cortical synapses in layer u
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(4-40)
Similarly to before, we calculate
tha  icA Lijetha N Ci Sf P}Z YicA Ljctha Ci 57 P{Z
e = 4= 0 G

YiYjetha N Cis} Pij Y Yjctha Ci S} Pij
where j € tha encompasses all thalamic neuron types identified in
Binzegger et al. (2004). We can again read off the total number of

thalamo-cortical synapses from the denominator:

tha,u _ RTEIN|
S = Z Z Nc;s; Pij - (4-42)
i jetha
with which the fraction of thalamo-cortical synapses that terminate
in layer u with respect to the total number of synapses terminating in
this layer can be computed as

Yy Ncisf‘p{;

i jetha

ftha,u —
Z N Ci Sl”
i

(4-43)

Remembering that Binzegger et al. (2004) uses a coarser layer reso-
lution as our model, we need to modify the connection probabilities
|u,tha . . .
p,  asin Equation 4.14 and Equation 4.16 except for synapses ter-
minating in layer 4. Here, we assume that synapses which terminate
in a sub-layer of L4 also only make connections within that sub-layer,

and accordingly set

L4A/B L L4A/B
p‘L:A/BX = p‘LS(’ p£44CX =0 (444)
as well as
L4C L L4C
p‘L44CX = p‘LS(' p‘L;%/BX =0. (4-45)

SYNAPSES TO POSTSYNAPTIC POPULATIONS Due to the finer layer
resolution of the data by Vanni et al. (2020), we collect the termination
data of the sublayers of L2/3, L3B, L4A/B, and L4C, which are the
main termination layers for thalamo-cortical projections in our model.
First, we define

th th
gtha,L2/3A _ Lo Lucl2/3A Muv. tha,L3B _ Yo Yuerss Tuv (4.46)

B tha B th,
Yo ZueLZ/S Ukt Yo ZueLZ/S Ubts
and gthal4A/B othaldC analogously. Using these relative connection

strengths, we calculate the number of thalamo-cortical synapses that
terminate L4A /B as

tha,L4A/B
tha L4A/B gtha L4 _ g

thaL4A/B _
5 =8 = fthaliA/B

Stha,L4 f’tha,L4A/ B , ( 4. 47)

75



76

A SPATIALLY ORGANIZED MODEL OF MACAQUE PRIMARY VISUAL CORTEX

and analogously for the other model layers L2/3A, L3B, and L4C. For
convenience, we define

tha,u
~tha,u .__ 8

4 T ftha,u

Vu € {L2/3A, L3B, L4A/B, L4C} (4.48)

where we set §"# = 1 for u € {L1, L5, L6}. This allows us to generally
write the number of synapses in layer u as

gthau _ g—tha,u ftha,usu ) (4-49)

Analogous to the intra-areal connectivity, we finally compute the
probability that a thalamo-cortical synapse that terminates in layer u
originates from the thalamic sub-population v:

tha
tha _  Nuw

q = .
o =y, yptha

(4.50)

COMBINING THE DATA Similar to Equation 4.37, we combine the
data to obtain the number of thalamo-cortical synapses that target
population A which originate in sub-population v as

She, = g e s gl et (451)
u

Since our model does not distinguish between the different thalamic
sub-populations, we marginalize over v using that }_, ‘7|t22 =1

S’;};a _ thha,u ftha,u gt p\:,tha ) (4.52)
u

4.3.1.3 Cortico-cortical synapses

Finally, we seek to estimate the cortico-cortical input that neurons
in our model of V1 get. Since we are here only interested in the
input summed over all areas of origin, we only need to consider
the data set by Binzegger et al. (2004) describing the connectivity
from synapses to postsynaptic populations combined with the cortico-
cortical synapse density in the different layers. Analogous to the
derivations for intra-areal and thalamo-cortical connectivity, we start
by defining the probability for a cortico-cortical synapse in layer u to
establish a connection with population A as

plu’cc _ # cortico-cortical synapses in layer u targeting population A
W=

4

# cortico-cortical synapses in layer u
(4.53)

which can be evaluated via

ol ot ) ol |t
lu,cc LicaN¢i Si p\i,CC _ LicACi Si p\i,CC ( )
Pa- = Y. Nc;s* e Y cist o 7 o4
i 1of p\i,cc U] P|i,cc
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Here, p}?cc is the probability of a synapse in layer u that targets popu-

lation 7 has a presynaptic neuron of cortico-cortical origin. We read off
the total number of cortico-cortical synapses in layer u as

geeu 2 N¢;s! p‘l w’ (4-55)

and calculate the fraction of cortico-cortical synapses that terminate in
layer u as

ZNCZS p}zucc

ccu 1 =6
f ENG s (4.56)
1

As before, the coarser layer resolution demands splitting the proba-

bilities p;*" between the sublayers akin to Equation 4.14 and Equa-
tion 4.16.

Putting the ingredients together, we arrive at the number of cortico-
cortical synapses targeting population A:

S§ = L f St e (4-57)

u
4.3.1.4 Redistributing synapses

Looking closer at the derived number of synapses that target the mod-
eled populations, we observe that the fraction of intra-areal, thalamo-
cortical, and cortico-cortical synapses averaged over all populations
yield

| =75%, P, =215% Pph

mode mode

1= 3.5% . (4.58)

mode

We can compare these numerical results to Markov et al. (2011) who
determine the same fractions experimentally using retrograde tracer
injections in V1. They report the following values:

P oo = 85%, PSS ... =13% P&

Markov — 2% . (459)

Markov —

To match the experimentally obtained fractions, we redistribute synapses
from cortico-cortical to intra-areal.

4.3.2  Spatial connectivity

We consider three types of recurrent spatial connectivity in our model.
First, we implement medium-range isotropic connectivity that de-
creases in strength with distance between somata. Next, we add long-
range patchy connectivity which establishes synapses between neu-
rons with similar tuning preferences. Finally, we introduce short-range
push-pull connectivity based on input correlations of cortical neurons.
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4.3.2.1  Medium-range isotropic connectivity

The aim of this section is to derive the parameters of the isotropic
intra-areal connectivity. We assume an exponential decay of connection
probability with distance:

Pap(r) = Phy ¢ b (4.60)

Here, A, B are the post- and presynaptic populations, P9 is the peak
probability at zero distance, and A 4p is the characteristic length of the
spatial decay.

We first note that, given the quantities derived in the previous
section and assuming a characteristic length A4p, we can calculate P,
with the following ansatz:

. 27w oo o
o [ [ et wo
= 21tpaANpAap*Php , (4.62)

where p4 is the density of postsynaptic neurons and Np is the number
of presynaptic neurons. Solving Equation 4.62 for P%, yields the
peak connection probability at zero distance. Thus, the task left is
determining the numeric values for A 4.

We usually interpret Equation 4.60 along the lines suggest by Equa-
tion 4.62: given an arbitrary presynaptic (source) neuron, Pap(r; Aap)
describes the probability to establish a connection with a neuron of
the postsynaptic (target) population. Note that this relation also holds
in the reverse direction: the distance-dependent connection probability
between a given target neuron in population A and a putative source
neuron in population B follows Equation 4.60 as well. In this case,
Equation 4.62 needs to be modified, replacing p4 by pp (the density of
presynaptic neurons), and replacing Np by N4 (the number of post-
synaptic neurons). The two equations are mathematically equivalent
since

paNB = papp - Area = Npp. (4.63)

Here, Area denotes the area under consideration.

In principle, the characteristic lengths are specific to all pairs of pop-
ulations A, B. However, the full matrix (Agp) 4 p cannot be determined
since the data on some pairs of populations is lacking. Thus, we need
to introduce some simplifying assumptions.

INHIBITORY PRESYNAPTIC NEURONS  We start by considering con-
nections in which the presynaptic neuron is inhibitory. For lateral
connections of these neurons, precise data is generally sparse. Packer
and Yuste (2011) measured the distance-dependent connection proba-
bility between paravalbumin-positive neurons and pyramidal cells in
mouse cortex. Fitting an exponential decay with distance to this data
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(Figure 4.9) reveals a good agreement with our modeling assumption
(Equation 4.60).

a=1.07, A=123.9pum

a- efr/)\

—— data

connection probability
o o o o -
R o  ®» o

o
o

0 100 200 300 400
intersomatic distance r [um]

Figure 4.9: Distance-dependent connection probability. Navy points are
experimental data for inhibitory presynaptic neurons in layer 2/3
(Packer and Yuste, 2011), light blue curves show exponential fits.

Unfortunately, data of this quality are not available for macaque
V1. Kritzer et al. (1992) studied inter- and intra-laminar connections
established by GABAergic neurons in macaque V1 by retrogradely
tracing these neurons, and comparing the spread of labeling from
injections into supragranular, granular and infragranular layers. The
authors observe that the labeled neurons spread in a circle centered
on the injection site, irrespective of its layer. Further, most of the
heavily labeled neurons cluster in a smaller circle, also centered on
the injection site, consistent with our picture of decreasing connection
probability with distance. While this spatial spread is of equal size
across all layers for injection sites in the granular layer, the spread gets
increasingly smaller with laminar distance for injection sites in supra-
and infragranular layers. The data on circle radii are summarized in
Table 4.5.

These findings give a good qualitative understanding of the projec-
tion of inhibitory neurons. To obtain quantitative estimates, we combine
these insights with the absolute value of A for inhibitory connections
originating in L2/3 and terminating in the same layer.
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Injection site
Source layer | Supragranular Granular Infragranular

L2 0.6 0.3 0.25

L3 0.6 0.3 0.3
L4A/B 0.5 0.3 0.5
L4C 0.25 0.3 0.5

Ls 0.3 0.3 0.6

L6 0.25 0.3 0.6

Table 4.5: Estimated spread of lateral connectivity of inhibitory presynaptic
neurons in mm from Kritzer et al. (1992). The columns of spatial
spread refer to the different injection sites under consideration.

Denoting the number of intra-areal synapses within a radius R
between two populations A, B by Slj’é{, we can calculate the fraction

of all connections that are established within a circle of radius r as

ia,R
5 AB

Pis = G - (464)
where v denotes the layer in which the population A resides. Plugging
in

ia R 2t rR 0 o
28 =y [ [Pty w9
_ R
= 271paNp (7\032 — AoB(AvB + R)e AvB) , (4.66)

and Equation 4.62, we obtain

R R
Pig =1=(—+1.exp(—5—). (4.67)
vB vB
Taking A1p/312/31 =123.9 pm from fitting to the data by Packer and
Yuste (2011) and plugging in R =600 pm from Table 4.5, we obtain

600
Py /4123 = 0.95. (4.68)

In the context of our model, we interpret this as follows: only neurons
falling within the radius in which 95% of target neurons reside are
identified as labeled by the tracer. Assuming that the same relation
also holds for identifying labeled cells in the other layers, we can
determine the lacking characteristic lengths by solving

R R
vB +1) exp( vB

1 _
( /\UB /\UB

) =0.95 (4.69)

for A,g, where R,p is given by Table 4.5. Thereby, we obtain the char-
acteristic lengths of connectivity from inhibitory presynaptic neurons
for all layers (Table 4.3).
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EXCITATORY PRESYNAPTIC NEURONS Next, we turn to connec-
tions in which the presynaptic neurons are excitatory. Sincich and
Blasdel (2001) provide image-based data on the spread lateral con-
nectivity in adult squirrel and owl monkeys. The authors use the
bidirectional (i.e., retro- and anterograde) tracer biocytin injected into
layer 3 of primary visual cortex to label axons and cells (left panels
of Figure 4.2). Their images thus describe the termination pattern of
lateral projections with post and presynaptic neurons in L3. Assuming
that the target neurons are uniformly distributed in the cortical tis-
sue, we employ Peter’s rule, which states that the proximity of axons
to dendrites is a proxy for connections between neurons. Thus, the
darkness (i.e., inverse luminosity) of the staining in the left panels
of Figure 4.2 are a proxy for the connection probability. We fit the
isotropic function

(x—x0)2+(y—y0)?

f(CIXOIyOI)\/d) =c-e~  *  +d

to the inverse luminosity to obtain estimates of the characteristic length
of connectivity. Alongside A, the parameters c (a pre-factor), xo and yo
(the coordinated of the point of highest connection probability), and
d (an offset) are optimized. This yields all characteristic lengths for
excitatory neurons residing in layer 3 (Table 4.6).

Target layer | A, 135 [mm]
L2 0.204
L3 0.282
L4B 0.241
L4Cu 0.171
L4CB 0.112
Ls 0.226

Table 4.6: Characteristic length scales for lateral connections of excitatory
presynaptic neurons in layer 3 derived from data by Sincich and
Blasdel (2001).

To estimate the horizontal connectivity from excitatory neurons
outside of layer 3, we have to turn to additional retro- and anterograde
tracing studies. In the following, we consider Blasdel et al. (1985) for
neurons outside of layer 4C, and Fitzpatrick et al. (1985) for neurons
inside layer 4C. Unfortunately, these data do not describe the detailed
decay of connectivity with distance, only providing estimates of the
maximal range of connections. First, we qualitatively group the range
of connections into the categories short, medium, and long, depending
on whether their maximal range is below 300 pm, below 600 um, or
above 600 um, respectively (Table 4.7).
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Source layer
Target population | L2/3A L3B/L4A 14B LsA LsB L6

L2/3A long med. short short long short

L3B med. long med. med. med. med.

L4A/B short long long short med. long

L4C N.A. N.A. N.A. short med. med.

L5 long med. long long long N.A.

L6 med. short long med. long long

Table 4.7: Qualitative spread of horizontal connectivity from excitatory
neurons. Maximal extent of axons smaller than 300 pm (short),
smaller than 600 pm (med.), or above 600 pm (long) as reported by
Blasdel et al. (1985) and Fitzpatrick et al. (1985).

Then, we assign a representative characteristic length scale derived
from the data by Sincich and Blasdel (2001) to each group: 141 pm
for short-range, 215 um for medium-range, and 261 um for long-range
connections. The characteristic lengths for populations of excitatory
presynaptic neurons are summarized in Table 4.2

4.3.2.2 Long-range patchy connectivity

In addition to isotropic connectivity governed by a uni-directional
exponential decay with distance, we connect neurons in our model
with long-range patchy connectivity. We first define a scheme with
which to assign preferred stimulus orientations to neurons in our
model, thereby forming a spatially clustered orientation tuning map,
where neurons of similar orientation preference are close to each other.
Building on this foundation, we introduce long-range connections
between iso-orientation domains in the orientation tuning map, i.e.,
patchy connectivity.

ORIENTATION TUNING MAP To generate an orientation tuning
map, we follow the approach outlined in Sadeh and Rotter (2013).
There, an orientation tuning map emerges naturally from the targeting
patterns of thalamic input to visual cortex. We start by creating a grid
of N cortical neurons in a square of size L x L. Next, we create a similar
grid of Ny, < N thalamic neurons in a square of size L’ x L', and jitter
both the horizontal and vertical coordinates with displacements drawn
uniformly from the range [—a,a|. Choosing L’ > L avoids boundary
effects. Thalamic neurons then connect to cortical neurons with a
spatial weight distribution w given by

_
w=wp-e 2, (4.70)
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where d denotes the horizontal distance between a thalamic and corti-
cal neuron, wy represents a parameter governing the peak connection
weight, and the standard deviation ¢ controls the spatial spread (Fig-
ure 4.10).

R

Figure 4.10: Connectivity between thalamic and cortical neurons which
induces an orientation tuning map. Cortical neurons in orange,
thalamic neurons in green. Connections of one exemplary thala-
mic neuron to all cortical neurons within 20 around its location
in blue.

The thalamic neurons provide a sinusoidal current I(t) to all con-
nected cortical neurons following

I(t) = Isin(27 - fi + ¢o) , (4.71)

where [ is the amplitude, f; is the temporal frequency, and ¢, is the
phase. To emulate a moving bar stimulus, the phase ¢, can be adjusted
depending on the desired orientation 6 € {0°,30°,60°,90°,120°,150° }
as follows:

360

p0) =20 g ([ <) (X))

sin(@) )"y (4.72)

Here, f; denotes the spatial frequency, and (x, y) mark the coordinates
of the thalamic neuron in question. The orientation tuning map is gen-
erated by determining the preferred orientation, i.e., the orientation 6
under which a given neuron exhibits the largest increase in membrane
potential V;,, for all neurons. For the grid of cortical neurons defined
above, this yields the orientation tuning map displayed in the left
panel of Figure 4.11.
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Figure 4.11: Modeled orientation tuning map. Top Preferred orientation of

a bar stimulus of cortical neurons placed on a regular grid that
receive input from thalamic neurons. Bottom Relative frequency
of occurrence of orientation preference across cortical neurons.

We note that no orientation is strongly over-represented (right panel
of Figure 4.11), in line with experimental evidence in V1 (Ju et al,,
2021). Further, we can adjust ¢ to obtain iso-orientation domains of
biologically realistic sizes: Amir et al. (1993) report patch widths,
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which are a proxy for the iso-orientation domain size, between 0.1 mm
and 0.6 mm.

For the model, we can use this map to assign randomly sampled
neurons an orientation preference by determining the orientation
preference of the closest point in this grid. However, for comparing
this map to experimentally obtained ones, we process it in a similar
way to what is done in experimental studies by smoothing it spatially.
For this, we first generate a much finer grid of K x K points that
represents a discretized version of the cortical sheath, where to each
point we assign the orientation preference of the closest grid neuron
in the L x L square. Then, we define a square kernel window with a
side length of k ~ %, which is moved over the fine grid of points and
calculates the circular mean (i.e., where 0° is equal to 180°) over the
kernel window. This results in an orientation tuning map as shown
in Figure 4.12 exhibiting similar properties, such as right-handed and
left-handed pinwheels, as experimentally observed ones (cf. Blasdel
(1992), Malach et al. (1993), and Yacoub et al. (2008)).

180°
150°
= o
£ 120° E
o 90° &
2} C
— ke
S IS
g 60° .é
O o
30°
OO

2.0 :
-20 -15 -1.0 -05 00 05 10 15 20
cortical space [mm]

Figure 4.12: Processed orientation tuning map. Smoothed with a square
kernel containing k X k neurons.

The parameters used for creating the orientation maps are summa-
rized in Table 4.8.

PATCHY CONNECTIVITY With the orientation tuning map in place,
we turn to establish patchy connections between neurons of the same

85



86 A SPATIALLY ORGANIZED MODEL OF MACAQUE PRIMARY VISUAL CORTEX

Parameter  Value Description

L 4mm Side length of cortical sheath

L 4.8mm Side length of thalamic sheath

N 3600 Number of cortical neurons
N, 196 Number of thalamic neurons

a 0.1 mm Spatial jitter for thalamic neurons
wo 10pA Peak connection weight

o 0.25mm Standard deviation of spatial connectivity

I 30pA Peak current amplitude

fi 1Hz Temporal input frequency

fs 4mm! Spatial input frequency

750 Number of points in fine grid
k 35 Number of fine grid points in kernel

Table 4.8: Parameters for creating and processing the orientation tuning
map.

orientation preference. We introduce the patchiness parameter ¢ ¢
[0,1] controlling the fraction of patchy to isotropic connections:
AB = ¥Sis +  (1-9)Sip (4-73)
—— ——
synapses of patchy conn.  synapses of isotropic conn.

Following Bosking et al. (1997) and Sincich and Blasdel (2001), we
model patchy connectivity such that a source neuron connects equally
likely (i.e., with probability Pf‘%mhy) to all other neurons that are of
the same orientation preference and that lie inside of an ellipse, the
orientation of which depends on the stimulus orientation preference
of the source neuron. Here, the semi-minor and semi-major axes of the
encapsulating ellipse are typically much larger than the diameter of
the iso-orientation domains, such that a patchy pattern connecting var-
ious iso-orientation domains emerges. We can calculate the expected
number of synapses of both connection schemes and equate them to

the two terms of Equation 4.73:

i 1 h L i
Sla,patchy _ / N Ppatc y dO = psia
AB No Jetiipse paNBE,p S aB
abrm tch ;
= NiopANBPEEC Y =ySip

Ppatchy o EbezBNO

= A8 = ZbrepaNp (4-74)
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and

iajiso __ 27 oo 0,iso.. ,—r/Ayx i o ia
Sap = o Jo paNpP, g re drde = (1-9)Sis
PO,iso 27 poo )

- 1;%3 / / paNpPYgre "/ *xdrde = (1 — )S'4;

g J0Jo
:Si/?B
= Pyt =(1-9)Ph, (4.75)

In this derivation, we use that p4 is the neuron density of population
A, Np is the number of neurons in population B, a2 and b are the semi-
major and semi-minor axes of the encapsulating ellipse, respectively,
and Np is the number of orientations used in the model. Patchy
connectivity is present between all populations except connections
from or to L4C, and from L6 to Ls.

4.3.2.3  Short-range push-pull connectivity

Following Troyer et al. (1998) we implement a spatial projection scheme
from LGN neurons to V1. This creates a natural way of feeding vi-
sual input to the model, and simultaneously establishes a basis for
a push-pull connectivity scheme that connects neurons based on the
correlation of their receptive fields.

LGN INPUT MODEL  We represent the LGN by two populations of
uniformly distributed neurons in a sheath with size L x L. The ON
population contains thalamic neurons with an ON receptive field, i.e.,
neurons that most strongly fire when a light stimulus is centered in
their receptive fields while the surround is dark. The OFF popula-
tion contains thalamic neurons with the opposite OFF property, i.e.,
neurons that most strongly fire when the stimulus centered on the
receptive field is dark with a bright surround. Connections from these
ON and OFF neurons to the cortical neurons in V1 are established
as follows. Given a cortical target neuron in L4C with an orientation
tuning preference of 6, where 6 € {0°,30°,60°,90°,120°,150°}, and
a random phase ¥ € {0°,180°}, we connect presynaptic ON/OFF
thalamic neurons according to a probability distribution shaped like a
Gabor filter:

) - 'y7/ +/_ _,)/Zx/Z +y/2
G(x, ;A ¢, ,0) = [cos (27r ) —i—l[))} exp( e ) (4.76)
+/-
where | - denotes the absolute value of the positive/negative
part of a function, and

/

x" = xcos(0) +ysin(f), vy = —xsin(P) + ycos() . (4-77)

Following Jones and Palmer (1987), we choose v = 0.6 and A = 40.
We constrain the spatial width ¢ of the Gabor filter by considering the
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size of receptive fields in macaque V1 (Hubel and Wiesel, 1968; Tootell
et al., 1982) to ¢ = 0.165mm. This procedure yields the connectivity
pattern shown in Figure 4.13.

2 ON cell (LGN)
OFF cell (LGN)
® target cell (V1)

cortical space [mm]
o
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_’I -
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B
cortical space [mm]
2 4 ON cell (LGN)

OFF cell (LGN)
® target cell (V1)

cortical space [mm]
o

-2 —1 0 1 2
cortical space [mm]

Figure 4.13: Spatial connectivity patterns between thalamic LGN neurons
(small circles) and cortical V1 neurons (big circles). Top Source
neurons of a randomly chosen cortical neuron with an orienta-
tion preference of 120° and ¢ =0°. Bottom Source neurons of a
randomly chosen cortical neuron with an orientation preference
of 60° and ¢ =180°.
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PUSH-PULL CONNECTIVITY Following Troyer et al. (1998), we im-
plement intra-areal push-pull connections between cortical neurons in
L4C depending on their input correlations. If the presynaptic neuron
is excitatory (inhibitory), positive correlation implies stronger (weaker)
connectivity, whereas negative correlation implies weaker (stronger)
connectivity. We here use the presynaptic connectivity patterns de-
scribed by Equation 4.76 to determine input correlations: overlapping
areas of ON and ON or OFF and OFF thalamic neurons imply a corre-
lated response in the neurons, whereas overlapping areas of ON and
OFF imply an anti-correlated one. Since the overlap of ON and OFF
areas, and thereby the absolute value of this correlation, is highest for
neurons with similar orientation preference, we neglect push-pull con-
nections between neurons that have different orientation preferences.
In this simplified case of Gabor filters with the same orientation 6, the
described correlation can be approximated by a convolution of the
respective single-neuron Gabor filters, which results in a Gabor filter
with a widened spatial spread of ¢’ = v/20 and a phase ¢ that is the
sum of the phases of the single-neuron Gabor filters. Thus, writing
p¥ ; as the connection probability of a neuron of type Z of efficacy X
to a neuron of type Y, where X € {E,I} and Y,Z € {ON, OFF}, we
obtain:

ponon (% y) = G(x,y,A,0,7, V2 o)
p%N,OFF(x/y) = G(x,y, A, ,7,V2-0)
ponon (% y) = G(x,y,A, 7,7, V2 0)
pION,OFF(xfy) = G(x,y,A,0,7, \@'U)
porrorr(XY) = G(x,y,1,0,79,V2 - 0)
p%FF,ON(x/]/) =G(x,y, A, V2-0)
poreore (4, y) = G(x,y,A, 0,7, V2 - 0)
p%)FF,ON(xf]/) =G(x,y,4,0,7,V20)

4.3.3 Implementation of spatial connectivity

In the isotropic connectivity scheme (Section 4.3.2.1), the naive NEST
implementation of exponentially decaying connection probability with
distance leads to performance issues when scaling up the size of the
considered network since each presynaptic neuron evaluates whether
to create a connection with all potential postsynaptic partners. There-
fore, the connection algorithm scales with the number of neurons
N as O(N?). To allow for an arbitrary scaling of network size, we
implement a modification to this algorithm that preserves the num-
ber of synapses while keeping the time for establishing connections
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constant. We introduce a parameter R which defines the radius of
a cylinder in which connections are considered, effectively setting
the connection probability to zero outside of this range. To keep the
number of synapses constant, we calculate a scaling factor a(R) that
linearly increases the zero-distance connection probability P9 ;.

The number of intra-areal synapses between two populations A, B

is given by
— 2t rR o
Sip = pANB/ / PYyre "xdrde (4.78)
o Jo
_ R
= 271p4Np (AUXZ — Aox(Aox + R)e Avx) . (4.79)
With the total number of synapses given by
Sty = Shy (4-80)
we can calculate the scaling factor as
Sia 2
a(R) = 11:,?2 =— Aox — (4.81)
SaB Aox™ — Apx(Apx + R)e Fox
1
(4.82)

= R _L .
1 (14 & )e
If we choose R « A,x we eliminate the dependency of « on the layer
under consideration, obtaining the scaling factors listed in Table 4.9.

Radius R «(R)

Aox 3.78
2Apx 1.68
3Mox 1.25
Ay 1.10
5Apx 1.04

Table 4.9: Radius-depend scaling factor « for peak zero-distance connection
probability. The proposed scaling procedure preserves the number
of synapses while limiting the radius around a presynaptic neuron
in which connections are established.

For our model, we choose R = 4A,x to strike a balance between min-
imizing adaptations of the peak zero-distance connection probability
and impacts on performance.

4.3.4 Simulation parameters

Table 4.10 gives a summary of the model specifications for the con-
ducted spiking neural network simulations of the derived model of
macaque V1. We further list all chosen parameters of the model in
Table 4.11.
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Neuron and synapse models

Populations

Subthreshold dynamics

Synaptic current

Spiking

Delay

Excitatory (E) and inhibitory (I) neurons
in layers 2/3A, 3B, 4AB, 4C, 5, 6
V() = — B )

T . Cm
Lyyn(t) = w - e_%@)(t —t* —d), where
® denotes the Heaviside function
If V(t—6t) < Vi and V(t) > V4, where
Jt is the simulation time step:

o t* =t

o V(t*) = Vieset fOr t € [t*, 1" + Tpef]
Time d between emission and reception
of spikes is given by d = do + rv. +

N(0,04), where r is the horizontal inter-
soma distance

Spatial connectivity

Medium-range

Long-range

Short-range

Isotropic connection probability p
e~"/A48, where r is the horizontal inter-
soma distance and A 4p depends on the
presynaptic population B and postsynap-
tic population A.

Patchy connectivity —between iso-
orientation domains. Proportion of
patchy  connections governed by
P € [0,1]. Present between all popula-
tions except connections to or from L4C,
and from L6 to Ls.

Push-pull connection probability de-
pends on neural input correlations which
are estimated by thalamic projection pat-
ters. Proportion of push-pull connections
governed by ¢ € [0,1]. Present only in
L4C.

Input

Input drive

Table 4.10: Model summary. Neuron and synapse model, spatial connectivity,

and input.

Cortico-cortical (cc) synapses as model-
external input; cc neurons fire according
to a Poisson process with rate vey;.
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Neuron parameters

Er —65mV Reversal potential

T 10 ms Membrane time constant

Ci 250 pF Membrane capacity

Vin —50mV Threshold membrane potential
Vieset | —65mV Reset membrane potential

Tref | 2mMS Refractory period

Synapse parameters

wxe | 87.8pA Synaptic weight of excitatory neurons
wx; | —§ - WXE Synaptic weight of inhibitory neurons
Tsyn | 0.5ms Time constant of postsynaptic current

Delay parameters

do 0.5ms Delay offset
1

Ve 0.3mmms~ | Conduction velocity

of 0.05ms Standard deviation

Spatial connectivity parameters

Y 0.3 Fraction of patchy connections

¢ 0.5 Fraction of push-pull connections

Table 4.11: Model parameters. Descriptions and numerical values used for
simulations of the macaque V1 model.
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4.4 DISCUSSION

In this chapter, we construct a detailed model of macaque V1 at the
resolution of single neurons and synapses. The model is split into
six cortical layers along the axis perpendicular to the cortical surface:
L2/3A, L3B, L4A/B, L4C, L5, and L6, where the number of neurons
and synapses varies between the layers. Further, each layer houses one
excitatory and one inhibitory population, bringing the total number
of populations in the model to twelve. We use a broad set of anatomi-
cal data to constrain the connectivity between the populations in the
model, combining estimates of connection probability from presynap-
tic neurons to terminating synapse locations, and from synapses to
postsynaptic populations. Based on the calculated number of synapses
Sap between populations B and A, we further derive spatial con-
nection principles on three different scales: medium-range isotropic
connectivity, long-range patchy connectivity, and short-range push-
pull connectivity. In the process, we develop a thalamic input model
that supplies sensory information to the neurons of V1. Based on the
model of the thalamus, we also endow the model with an orientation
tuning map parallel to the cortical surface which imposes spatially
clustered iso-orientation domains where nearby neurons respond most
strongly to the similarity oriented bar stimuli. By introducing the spa-
tial connectivity principles, we elevate the model to a model that is
arbitrary scalable in size. Since spatial convergence and divergence
of connectivity between areas can be straight-forwardly integrated in
this framework, the model is amendable to future extensions such as
the addition of cortical areas higher up in the hierarchy.
Implementing the biological constraints using the NEST simulator,
we instantiate spiking neural network simulations to record and ana-
lyze the resulting activity. Probing the dynamical state of the model,
we find that it is unable to exhibit a biologically realistic ground state
of spontaneous activity: increasing the external drive vey or reduc-
ing the inhibitory coupling strength parameter ¢ beyond a certain
threshold always leads to runaway excitation that pushes the model
into a pathological state in which the firing rate of neurons averaged
across populations exceeds 100 spikes/s, much higher than what is
biologically plausible. The same holds true when replacing the het-
erogeneous external drive by a homogeneous one that is the same for
all populations, indicating that the intra-areal connectivity is the root
cause of the instability. In line with Potjans and Diesmann (2014), we
suspect that the target specificity encoded in the anatomical data by
Binzegger et al. (2004) is a main contributor to this unrealistic ground
state: we identify potential positive feedback loops in the recurrent
targeting pattern of excitatory populations. In Chapter 5, we there-
fore set out to systematically investigate this hypothesis by taking a
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closer look at the architecture of local cortical circuits using recent
high-resolution experimental data.



REVISITING ARCHITECTURES OF LOCAL CIRCUITS
IN PRIMARY VISUAL CORTEX

This chapter is based on the following publication:
A. C. Kurth*, J. Albers*, M. Diesmann, S. J. van Albada: Cell-type
specific projection patterns promote balanced activity in cortical microcircuits
(Kurth et al., 2024). * indicates equal contributions.

Author contributions:

Under the supervision of Prof. Dr. Sacha van Albada (SvA) and Prof.
Dr. Markus Diesmann (MD), the author conceived the project to-
gether with Anno Christopher Kurth (ACK). Both the author and
ACK conceptualized the work presented in this chapter. The author
analyzed the MICrONS data set, ACK analyzed the Stepanyants data
set, and the author and ACK jointly analyzed the Binzegger data set.
Both jointly analyzed and compared the resulting connectivity maps,
instantiated spiking neural network simulations, and analyzed the
dynamical activity. The author amended the previously developed
model of V1 with the connectivity from the MICrONS data set derived
in this work, and analyzed the dynamical properties of the amended
model. All analyses were refined in ongoing discussions of the author
with SvA and MD.

5.1 INTRODUCTION

In this section, we aim to understand the role of recurrent targeting
patterns in local cortical circuits for their dynamical states. In par-
ticular, we want to investigate the hypothesis posed in Section 4.4:
excitatory feedback loops in the connectivity derived from Binzegger
et al. (2004) lead to unstable network dynamics. Staying in the frame-
work of data-driven modeling, we investigate the targeting patters
in a recent data set of the local cortical connectivity in mouse V1
(MICrONS Consortium et al., 2021), and link them to the dynamical
states of a network model based on this connectivity. Notably, this set
is based on morphological reconstructions using electron microscopy
(EM) instead of light microscopy (LM) as was the case for the data by
Binzegger et al. (2004). While the basic technology of EM has been
around for almost a century (Knoll and Ruska, 1932), only recent
advances in machine learning on image-based data have enabled the
analysis of volumes on the order of 1 mm? of cortical tissue, as this
entails on the order of 1PB of imaging data.
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We start by deriving the spatial scale of connectivity from both EM
and LM data in Section 5.2.1. Next, from each data set, we derive local
cortical microcircuits, i.e., models without a notion of space, but con-
strained in their size by their spatial connections such that 75 % of all
incoming connections originate from within the model (Section 5.2.2).
After instantiating spiking neural network simulations and analyzing
the resulting activity (Section 5.2.3), we link the observed dynamics
to the underlying targeting patterns of the recurrent connectivity. We
find that indeed, positive feedback loops are a main contributing fac-
tor for unstable dynamics in microcircuits based on the LM data set.
Having derived an alternative connectivity based on EM, we return
to our model of V1 derived in Chapter 4 and replace the LM-based
connectivity (Section 5.2.5). Thereby, we are able to remedy the un-
stable dynamics and bring the spatial network of V1 into a state of
biologically plausible resting state activity without the need of further
fine-tuning.
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We here compare the architectures of local cortical microcircuits de-
rived from two data sets, and derive corresponding microcircuit mod-
els—spiking neural networks of point neurons akin to the model
developed in Chapter 4 but on a smaller spatial scale ranging from
0.5 to 1 mm?.

Binzegger et al. (2004) estimate connectivity based on LM recon-
structions of the morphology of 39 neurons from cat primary visual
cortex, using a generalized version of Peters’ rule (Braitenberg and
Schiiz, 1991; Peters and Feldman, 1976). Supplementing the data with
previously obtained numbers of neurons and synapses (Beaulieu and
Colonnier, 1985; Beaulieu and Colonnier, 1983), the authors provide
estimates for the numbers of synapses between neurons of various
classes. For inhibitory neurons, the authors mainly focus on basket
cells, leaving a certain fraction of inhibitory synapses unexplained.

The MICrONS data set (MICrONS Consortium et al., 2021) contains
an EM reconstruction of ~1 mm?® of mouse visual cortex, consisting of
about 75 thousand neurons and about 500 million synapses. For this
work, we only consider connections originating from 266 presynaptic
neurons with fully reconstructed and proofread axons.

While the MICrONS data give direct access to actual neural connec-
tions, the data of Binzegger et al. (2004) yield potential connectivity.
In the following, we denote the model based on the MICrONS data
set with Mgy, and the model based on the Binzegger data set with
Mipm. In the two models, the cortical layers 2/3, 4, 5, and 6 are dis-
tinguished (henceforth, we refer to these as L2/3, L4, L5, and L6).
Each layer contains one excitatory (E) and two inhibitory populations
(Ib, Inb) corresponding to basket and non-basket cells. For the LM
data set, we follow Izhikevich and Edelman (2008), assigning unex-
plained inhibitory synapses to presynaptic non-basket cells. In the EM
data set, all neurons can be straightforwardly mapped to one of the
populations.

5.2.1 Spatial Connectivity

We estimate the spatial organization of local cortical connections us-
ing both the distance-dependent mean number of synapses and the
distance-dependent connection probability. Here, the connection prob-
ability is defined as the probability that two neurons establish at least
one synapse. The connection probability consequently neglects the
multiplicity of synapses between pairs of neurons.

We assume an exponential decay of the mean number of synapses
Sap(d) between one presynaptic neuron of population B and one
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postsynaptic neuron of population A with horizontal somatic distance

d:

d
Sap(d) = SYpexp (‘2%1) (5.1)

Here, S, denotes the peak number of synapses, and A’/; denotes
the characteristic length of cortical connectivity between populations
B and A. Taking the density w(d) of distances d between pre- and
postsynaptic neurons into account, the density of the expected mean
number of synapses s4p(d) between a single neuron in presynaptic
population B and all neurons in postsynaptic population A at distance
dis w(d)-Sap(d).

Likewise, we assume an exponential decay of the connection proba-
bility with distance d between individual neurons in the presynaptic
population B and postsynaptic population A:

d
pas(d) = phpexp (—Wn> (5.2)
AB

Here, p%B denotes the connection probability at zero distance. pap(d)
is the conditional probability for a neuron in population B to form
at least one synapse with a particular neuron in population A given
that the horizontal distance of their somata is d. This assumption is in
agreement with the isotropic connectivity rule assumed throughout
Chapter 4.

For Mgy, Sap(d) and pap(d) can straightforwardly be extracted
from the actual connectivity reported in the EM data. Figure 5.1B
shows example fits of the density of the mean number of synapses,
with resulting spatial decay constants A, displayed in Figure 5.1A.
We here assume a uniform distribution of neurons to approximate the
true distribution of distances in the reconstructed volume, avoiding
problems arising due to sparse data for some population pairs. (cf. Sec-
tion 5.3.1). Further, we show example fits for the connection probability
in Figure 5.2B and spatial decay constants Ap" in Figure 5.2A.
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Figure 5.1: Spatial scale of the mean number of synapses from EM data. A

Spatial scale of the mean number of synapses estimated from
MICrONS data for excitatory (E), inhibitory basket (Ib), and
inhibitory non-basket (Inb) cells with somata in cortical layers 2/3,
4, 5, or 6. White tiles indicate < 50 synapses. Tiles colored blue
(red) for connections in which the source population is inhibitory
(excitatory). B Example fits showcasing high-quality (left) and
low-quality (right) curve fits (see Section A.1.1 for overview of

fits).
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Figure 5.2: Spatial scale of the connection probability from EM data. A Spa-
tial scale of the connection probability estimated from MICrONS
data for excitatory (E), inhibitory basket (Ib), and inhibitory non-
basket (Inb) cells with somata in cortical layers 2/3, 4, 5, or 6.
White tiles indicate < 50 synapses. Tiles colored blue (red) for con-
nections in which the source population is inhibitory (excitatory).
B Example fits showcasing high-quality (left) and low-quality
(right) curve fits (see Section A.1.1 for overview of fits).
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In agreement with the literature, we find that the spatial scales
of local excitatory and inhibitory connectivity at the studied range
are generally comparable, with a tendency for excitatory connection
lengths to exceed the inhibitory ones (Levy and Reyes, 2012; Packer
and Yuste, 2011; Perin et al., 2011; Reimann et al., 2017). Furthermore,
we observe that Syp(d) consistently exhibits smaller characteristic
lengths than p4p(d). Calculating the fraction

ASm
Cx = ApX ’ X e {E/ 1_b/ Il'lb} (53)

~ yconn
A AvX

for all pairs of populations, where v is the layer of the presynaptic
population and X is that population’s cell type, we observe a consistent
average c* = 0.7 (Figure 5.3). Thereby, we can estimate A”;; from A",
and vice versa.

mean = 0.7 mean = 0.7 mean = 0.7
IO e ettt bl b
0.5 1 1
0.0- - -
CE Cib Cinb

Figure 5.3: Comparing the spatial scales of the mean number of synapses
and connection probability. Ratios between spatial scales of the
mean number of synapses and the connection probability for
actual connectivity from the EM data set, grouped by cell type of
presynaptic population. Histogram over all pairs of populations.

For M, data on actual connectivity is not available. Instead, the
spatial scale of the potential connectivity has been estimated solely
based on the morphological reconstructions (Hellwig, 2000; Stepa-
nyants et al., 2007): a potential synapse between a pre- and postsynap-
tic neuron is registered if their axon and dendrite are sufficiently close
(Figure 5.4).
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L2/3

LS

Figure 5.4: Deriving potential connectivity from morphological reconstruc-
tions. Illustrating the calculation of potential connectivity from
morphologies based on Peters’ rule. The location of the presy-
naptic neuron (blue) of population B is fixed. The postsynaptic
neuron (red) of population A is randomly placed in a box with
side length A = 25um centered on the horizontal coordinates of
the presynaptic neuron and the vertical coordinate of the postsy-
naptic neuron. The positions inside the box and rotations around
the vertical axis are sampled n = 100 times (gray dots). The con-
nection probability is defined as m/n where m is the number of
samples for which the axon and dendrite are sufficiently close
(red circles) at least once.

With this approach, the authors estimate both the mean number of
synapses and the connection probability. First, we assess the consis-
tency of potential and actual connectivity on the basis of the EM data.
Using the provided morphologies, we reproduce the method (Fig-
ure 5.4) to obtain an estimate of the characteristic length scale of the
connection probability A%, pot, Comparing to the previously derived
estimates from actual connectivity, AP;", we find a good agreement
across most pairs of populations (Figure A.1.5).

Next, we calculate /\;yg’p()t for all pairs of populations from the LM
data set. In the methodology of potential connectivity, we expect that
the estimated number of potential synapses is prone to noise due to
multiple adjacent segments of reconstructed neural processes being
counted as locations of potential synapses. Thus, we use estimates
of the connection probability for the pairings of populations where
this information is available in Stepanyants et al. (2007), and then
convert A" P o A?’g’pm using c*. For all other pairs of populations,
we directly estimate Sap(d). For pairs of populations with no data in
Stepanyants et al. (2007), we make additional generalizing assumptions
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(Section A.1.2). Example fits of this procedure are shown in Figure 5.5B,
with the resulting A;yg’pm displayed in Figure 5.5A.
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Figure 5.5: Spatial scale of the mean number of synapses from LM data.
A Spatial scale of the mean number of synapses estimated from
data by Stepanyants et al. (2007). Excitatory-to-excitatory charac-
teristic lengths estimated from connection probabilities and con-
verted using c*. Remaining length scales estimated from expected
number of potential synapses. B Example fits showcasing high-
quality (left) and low-quality (right) curve fits (see Section A.1.1
for overview of fits).

5.2.2  Connectivity Maps

Because our models My and Mgy consider distance-independent
mean connection probabilities p 45, the size of the represented cortical
tissue and consequently the number of neurons and synapses must be
fixed to derive the corresponding connectivity maps. To this end, we
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distribute neurons with realistic densities for each model in a template
space. Assuming the distance-dependence of the mean number of
synapses Equation 5.1, we determine the fraction of model-internal
synapses for each pair of pre- and postsynaptic populations for circular
patches of cortical tissue (Figure 5.6).

|
L+

~0.3 intra-model synapses: ~0.6

intra-model synapses:

13 +

Figure 5.6: Model construction. Sketch illustrating the fraction of intra-
model synapses depending on model size.

Here, model-internal synapses refer to incoming synapses originat-
ing from neurons in the model. The model radii %, and r7,, are then
chosen such that the fractions of model-internal synapses averaged
over pre- and postsynaptic populations are approximately 75 % (see
Section 5.3.2), resulting in r%,; = 0.55mm and r7,, = 0.75mm.

Figure 5.7 shows that M has a higher number of neurons in most
populations, which is expected due to the larger size of the model.
Turning to connectivity, we observe that the populations of M have
a significantly higher in-degree, i.e., number of incoming connections
per neuron, except for 6Ib. Consequently, the connection probabilities
between populations are higher in My than in Mgy (Figure 5.8).

Still, common patterns can be identified: both models show an
excitatory sub-circuit between L2/3E and L5E, inhibitory basket cells
project mainly within the same layer, and inhibitory non-basket cells
preferentially target neurons in the same or higher layers. The main
differences can be observed in the projection pattern of excitatory to
inhibitory cells, as further discussed in Section 5.2.4.
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Figure 5.7: Number of neurons and in-degrees of derived microcircuits.
Numbers of neurons (top) and in-degrees (bottom) for both mod-
els with radii r;,; = 0.55mm and r},; = 0.75mm. The model
radii are chosen so that the fraction of model-internal synapses is
approximately 75 % averaged over population pairs (Equation 5.5).
For the in-degrees, solid bars indicate the number of intra-model
synapses, while transparent bars (stacked) indicate synapses with
presynaptic neurons not contained in the models. Mgy, consists
of ~96 thousand neurons and ~64 million synapses; M con-
sists of ~108 thousand neurons and ~455 million synapses.
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Figure 5.8: Connectivity maps. Mean connection probabilities between two
arbitrary neurons of given source- and target populations for the
two models.
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5.2.3 Model dynamics

To investigate the dynamical properties of the constructed models
Mim and Mgy, we instantiate and simulate spiking neural networks
defined by the derived numbers of neurons and connectivity maps
(see Section 5.3.3). Neurons are modeled as leaky integrate-and-fire
units with conductance-based synapses using the neural simulation
engine NEST (Gewaltig and Diesmann, 2007). Excitatory and inhibitory
non-basket cells are modeled as regular-spiking neurons and include
spike-frequency adaptation and relative refractoriness (Dayan and Ab-
bott, 2001); inhibitory basket cells, which are Parvalbumin-expressing,
are fast-spiking neurons and are modeled without adaptation (Feld-
meyer et al., 2018) (see Section 5.3.3). We constrain the recurrent
synaptic weights using the data of Avermann et al. (2012) for E, Ib,
and Inb neurons of layer 2/3 in rat cortex. While this choice neglects
layer- and species-specific diversity, it reduces model complexity. The
weights are consistent with a recently discussed hierarchy of connec-
tion strengths in mouse visual cortex (Kraynyukova et al., 2022) (see
Section A.1.3). Synaptic inputs from neurons not contained in the
networks are modeled as excitatory conductance fluctuations in the
form of Ornstein-Uhlenbeck processes with population-specific mean
Ua, variance 0,4, and time scale 74 (Destexhe et al., 2001; Isbister et al.,
2023). The extrinsic drive to each neuron is statistically independent of
all other drives. For a detailed model specification see Section A.1.4.

The extrinsic drive to both network models is adjusted to approx-
imately satisfy experimentally observed firing rates (Ringach et al.,
2002; Wohrer et al., 2013) using the method suggested by Isbister et al.
(2023) (Table A.1.7, Table A.1.8). Concretely, p14 and o4 are chosen for
each population A such that 04 = xua with cell-type independent
X. The optimized inputs lead to the network activity displayed in
Figure 5.9. In the resultant state, the spiking activity of both networks
exhibits biologically plausible characteristics: asynchronous irregular
activity (Cohen and Kohn, 2011; Ecker et al., 2010) (Figure 5.9A,B),
low firing rates obeying vy, > vy, > Vg in most cases (Atallah et al.,
2012; Gentet et al., 2012; Snyder et al., 2016) (Figure 5.9C,F), broadly
distributed coefficients of variation of the inter-spike intervals (Softky
and Koch, 1993) (Figure 5.9D,G), and low synchrony assessed by co-
fluctuations of neural membrane potentials (Golomb and Rinzel, 1994)
(Figure 5.9E,H). The dot displays only include neurons that spiked at
least once in the observation interval, akin to experimental recordings
where silent neurons remain unobserved.

To systematically investigate the dynamical repertoire of both mod-
els, we perform a parameter scan varying the mean drives yg and
to the sets of excitatory and inhibitory populations (Figure 5.10).
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Figure 5.9: Model activity with optimized external input. Red indicates
excitatory, light blue inhibitory basket, and dark blue inhibitory
non-basket populations. The simulation gathers statistics over 10s
of biological time starting 0.5 s after simulation onset. A, B Raster
plots (spikes marked as dots) of 50% of neurons that spiked at
least once for the time stretch from 0.5s to 2.0s. C-H Population-
resolved firing rates v, coefficients of variation of the inter-spike
interval CVig (Equation 5.8), and synchrony x (Equation 5.9).
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Figure 5.10: Model activity under variation of extrinsic drive. Simulation
time of T = 10s with a simulation period of Tpre = 0.5s before
data acquisition to avoid transients due to initial conditions. The
mean input to all excitatory () and inhibitory (y;) neurons is
varied. A-C Population-averaged firing rates of E, Ib, and Inb
neurons. D Population-averaged coefficients of variation CVig;
of the inter-spike interval (Equation 5.8). E Population-averaged
synchrony x (Equation 5.9).
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We find that My has only a narrow band of extrinsic drives for
which the firing rates resemble experimentally observed activity: if
is too large, the excitatory cells do not fire or have a vanishingly small
tiring rate, and if pf is too large, the network rapidly transitions to a
highly synchronized state (Figure 5.10A-E left). In contrast, the activity
of MEgp smoothly depends on the extrinsic drive with plausible firing
rates, irregular spiking, and low synchrony across a large domain
of the parameter space (Figure 5.10A-E right). Additionally, Mgum
exhibits the paradoxical effect (Adesnik, 2017; Sanzeni et al., 2020;
Tsodyks et al., 1997), where increasing y; decreases the firing rate
of inhibitory basket cells. Note that also for Mpy the inhibitory
basket cells reduce their firing rate when increasing y; for large ug
and small y;. We do not consider this as a paradoxical effect, since
for large pg and small yj;, My exhibits biologically implausible,
highly synchronized activity, suggesting that in this case, the reduced
inhibitory firing rate is due to a qualitative change in dynamical state.

5.2.4 Linking structure and dynamics

What is the structural reason for this discrepancy between the models?
Consider the specificity of projections from a given source population
to excitatory versus inhibitory neurons in a target layer, which we
term target specificity (Equation 5.10, which is Equation 4.2 generalized
for multiple inhibitory populations). The target specificity attains a
positive (negative) value if a projection preferentially targets excitatory
(inhibitory) neurons (Figure 5.11).
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Figure 5.11: Target specificity for both network models. Positive values
indicate a preferential targeting of excitatory neurons in a layer
by a given source population; negative values indicate preference
for inhibitory targets. Upper row: M ys; lower row: Mgy
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For M, all presynaptic populations have a positive target speci-
ficity. For Mgy, a more nuanced picture emerges where excitatory
presynaptic populations preferentially target inhibitory neurons (left
column), while there are inhibitory neurons of both cell types with
positive as well as negative target specificities (middle and right col-
umn). This suggests that excitatory neurons that are more strongly
innervated by recurrent connections, as is the case in My, are the
origin of pathological dynamics. We test this in Mgy by redistributing
synapses from excitatory neurons that previously targeted inhibitory
neurons such that they target excitatory neurons instead, while con-
serving the total number of synapses (Figure 5.12).

When a moderate number of synapses are redistributed, the tar-
get specificity of excitatory neurons becomes balanced (Figure 5.124,
left). The resulting model retains the biologically plausible dynamics
across a large part of the parameter space (Figure 5.12B-F, left column).
Increasing the number of synapses that are redistributed until the
target specificity of excitatory neurons resembles that of M (Fig-
ure 5.12A, right), Mgy shows qualitatively similar dynamics to My ym
(Figure 5.12B-F, right column): for excitatory neurons, the transition
between the firing regime at large yr and small y; and that at smaller
ue and large ur becomes more abrupt. Further, the paradoxical ef-
fect in the activity of inhibitory neurons becomes less pronounced.
Finally,the increased target specificity results in highly synchronous
activity for a larger portion of the parameter space.

Thus, the biologically implausible activity of My can in part be
explained by the underlying positive target specificity, which in turn
stems from the assumptions of the reconstruction of the local cortical
circuit.
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Figure 5.12: Effect of increased target specificity in Mgy Parameter & €
[0,1] linearly controls redistribution of synapses onto excita-
tory neurons leading to an increase in target specificity (cf. Sec-
tion 5.3.5). « = 0 corresponds to the original model, « = 1
implies that all synapses target excitatory neurons. Color code in
top panels as in Figure 5.11, in bottom panels as in Figure 5.10.
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5.2.5 Amending the macaque V1 model

In this section, we revisit the model of macaque V1 introduced in
Chapter 4 which derives part of its connectivity from the same LM
data set by Binzegger et al. (2004). In Section 5.2.4, we identify that the
connectivity derived from Binzegger et al. (2004) leads to divergent
activity in a microcircuit model due to its targeting patterns onto
excitatory neurons, which is not the case using the connectivity data
derived from the MICrONS Consortium et al. (2021) data set. First, we
recall that in the V1 model, the Binzegger et al. (2004) data is used to
derive the connection probabilities of given synapses in given layers to
postsynaptic populations (paragraph 4.3.1.1). These probabilities can
straight-forwardly be replaced by the newly obtained EM-based data,
thereby introducing a more balanced recurrent targeting pattern into
the model of V1. Figure 5.13 shows the characteristic activity of the
V1 model amended by EM data for a range of inhibitory connection
strength ¢ and external input vext without further fine-tuning.

First, we observe that the sharp transition between quiescent and
pathological states observed in Section 4.2.3 are not present. Instead,
the population-averaged firing rate is a smooth function of the two
parameters (Figure 5.13A). Furthermore, the activity stays balanced
even for small values of inhibitory connection strength which have
been observed experimentally (Figure 4B of Billeh et al. (2020)). Fig-
ure 5.13B,C show the spiking activity and firing rate statistics for g = 1
and vext = 11 spikes/s, demonstrating that the first-order statistics are
in agreement with biological expectations of asynchronous irregular
activity and firing rates between 0.1 and 10 spikes/s. We leave opti-
mizing this ground state to more accurately reflect population-specific
firing rates to future studies, as this work conducted for Mgy and
M following the method by Isbister et al. (2023).
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Figure 5.13: Activity of spiking network of macaque V1 with EM connec-
tivity data. Homogeneous cortico-cortical input as in Figure 4.6.
A Mean firing rate v across all neurons depending g, the weight
of inhibitory recurrent connections relative to the strength of
excitatory ones, and vext, the rate of external drive. Star indi-
cates parameters for raster plot. B Raster plot for ¢ = —1 and
Vext = 11 spikes/s subsampled to show 10 % of all spikes. C
Average spontaneous activity of the model populations. Same
color coding as in B.
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5.3 METHODS
5.3.1 Spatial connectivity

To obtain estimates for the characteristic lengths of local cortical con-
nectivity, we assume an exponential decay for the mean number of
synapses with lateral distance between somata (Equation 5.1). The EM
reconstruction allows for determining the density of the mean num-
ber of actual synapses s4p(d) between a single presynaptic proofread
neuron and all postsynaptic neurons at inter-somatic distance d for
pairs of the considered cell types. Using the distribution of uniformly
sampled points in a rectangle with distance d (Sheng, 1985), we ap-
proximate the number of potential postsynaptic partners w(d) given
the dimensions of the reconstructed volume. We then fit

sap(d) = S5 - w(d) - exp (—d/AT} ) (5.4)

to obtain A4p between presynaptic population B and postsynaptic
population A.

Additionally, we estimate the distance-dependent connection prob-
ability, i.e., the probability of establishing at least one synapse. We
define the connection probability pag(di, d») between a presynaptic
neuron of population B and a postsynaptic neuron of population A
that have a horizontal inter-somatic distance d with d; < d < d, as
the number of connected neuron pairs divided by the total number of
neuron pairs in the same range of distances. Here, the total number
of neuron pairs is given by the product of the number of neurons of
populations A and B within the range of distances. We also assume an
exponential decay for the continuous pap(d), albeit with a different

syn

characteristic length scale (Equation 5.2). The quantity ¢* = <%) AB
measures the discrepancy between the distance dependence of the
mean number of synapses and the connection probability based on
the EM data set.

For the LM data set, Stepanyants et al. (2007) derive the connection
probability using potential connectivity, defined as the probability that
a source and target neuron of given cell types at inter-somatic distance
d form at least one synapse based on morphological reconstructions
of single neurons. This connection probability is given for a subset
of pairs of populations. For these, we again fit Equation 5.2 which
we convert to an estimate of the characteristic length of the mean
number of synapses A’jp using c*. For a different subset of pairs of
populations, Stepanyants et al. (2007) derive the distance-dependent
mean number of synapses Sap(d) under further assumptions, which
we fit using Equation 5.1 to also obtain A?’g . These fits are displayed
in Figure A.1.4. Finally, for pairs of populations in our model where
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Stepanyants et al. (2007) provide neither of the two quantities, we
generalize from the existing estimates as detailed in Section A.1.2.

Further, we assess the consistency of the LM potential connectivity
with the potential and actual connectivity from the EM data. For this,
we use the same morphology-based ansatz to derive a connection prob-
ability based on potential connectivity from the EM data. Compared
to (Stepanyants et al., 2007), we use more single-cell reconstructions
(266 compared to 41), and fewer cell positions within each box (100
compared to 1000). Then, we compare the resulting length scales of
spatial connectivity with estimates from the actual connectivity de-
rived above. For the EM data set, the two methodologies result in
estimates of AGF" that are comparable across all pairs of populations.

In all cases, scipy.optimize.curve_fit (Jones et al., 2001) performs
non-linear least-squares fits using the Levenberg-Marquardt algorithm
(Moré, 2006).

5.3.2 Connectivity maps

To constrain the size of the models, we calculate

F(T’) = <FAB(7’)>AB = < SZlB’_r > ’ (5-5)

total, <r
SAB

the fraction of intra-model synapses for a circular patch of cortex
with radius . To determine the expected number of synapses from
population B to population A of neurons within a circular patch
with radius 7, Sffl‘lg’gr, we uniformly distribute neurons with realistic
densities in the patch and calculate the number of synapses according
to Equation 5.1. Similarly, the total number of synapses between the
populations, Sff"gal’gr, is determined by increasing the sampling radius
of the presynaptic population to 3r. The model radius r* for both
models is determined so that F(r*) & 75%.

We calculate the number of synapses between populations A and B

internal to the model as
Sty = 7%y Ean(r”)

where p5 ; is the density of synapses from population B to population
A extracted from the respective data set, and finally the distance-
independent connection probability between a neuron in presynaptic
population B and a neuron in postsynaptic population A as

PAB =

where N4y, Np are the number of neurons in populations A and B,
respectively. Population pairs having insufficient data to constrain the
characteristic length scales (cf. A.1.2) are neglected in determining
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the model sizes, but they are nevertheless connected according to the
(scaled) total number of synapses in the respective data sets. Thus,
also populations without a fitted length scale are connected, unless
the corresponding number of reported synapses is zero.

5.3.3 Network model and single-neuron dynamics

Using the derived connectivity maps we instantiate network graphs
for the two models using a pairwise Bernoulli connection rule with
source- and target-population-specific connection probabilities p4p
(see the user-level documentation of NEST for an ontology based on
(Senk et al., 2022)). The resulting networks are directed versions of
Erd6s-Rényi graphs (Erd6s and Rényi, 1959).

Single neurons are modeled as leaky integrate-and-fire units with
conductance-based synapses. The membrane potential for units repre-
senting inhibitory basket cells evolves as

Cme =—9L (Vm - EL) - (gex +gext) (Vm - Eex)
— &in (Vm - Ein) (5.6)

with the membrane capacitance C,,, leak conductance g; and reversal
potentials Ej, Eey, Ein. The conductances obey

Tonon (1) = —8en (1) + Tox 0y L0t — 1 — )
j tj

Tingin(t) - _gin(t) + Tin Zwk 25(t - tk - dk)

k tr

Text@ext(t) = —(ext(t) — ) + 0V 2Texttf (1),

where j (k) is a presynaptic neuron, t; (t) its spike times, w; (wy)
the weight on a target neuron, d; (d) is the connection delay, Tex, Tin
are the synaptic time constants, y is the mean and ¢ the standard
deviation of the extrinsic drive modeled as an Ornstein-Uhlenbeck
process (17 denotes white noise), and Ty its timescale. The timescales of
response conductances and the extrinsic conductance modulation can
differ since the latter entails slower fluctuations from the not explicitly
modeled neural tissue. For all simulations, we fix ¢/ = ¢ = 0.2
(Destexhe et al., 2001) while the mean varies between populations
and experiments. If V,, crosses the threshold Vy, at time t/, the unit
emits a spike with this time-stamp, is reset to Vieset, and is kept at
this value for T,e¢. Units representing excitatory cells or inhibitory non-
basket cells have additional currents that implement spike-frequency
adaptation (a) and relative refractoriness (rr):

Cme = —8L (Vm - EL) - (gex +gext) (Vm - Eex)
—&in (Vin — Ein) — §a (Vi — Ea) — §ur (Vi — Er) - (5-7)
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The corresponding conductances evolve according to
Taga(t) = —ga(t) + Ta ) 0(t — )
£

Trrg.rr(t) == _grr(t) + Tor 25(t - ti)

ti

where t; are the timings of the spikes emitted by the units.

The neuron models used in this study are specified using NESTML
(Plotnikov et al., 2016). The state of the neurons (Equation 5.6, Equa-
tion 5.7) is integrated with an embedded Runge-Kutta-Fehlberg 4(5)
method (Fehlberg, 1969). The Langevin equation describing the extrin-
sic drive is integrated using an exact scheme (Gillespie, 1996; Rotter
and Diesmann, 1999).

5.3.4 Analysis of dynamical data

The firing rates are determined for each neuron by counting the spikes
and dividing by the observation time. Coefficients of variation of the
inter-spike intervals (ISIs) for each neuron are given by

standard deviation of ISIs

CVig = (5-8)

mean of ISIs

Both quantities are calculated using the Electrophysiology Analysis
Toolkit elephant (Denker et al., 2022). To determine the synchrony yx
of each population, we record the membrane potential of 50 neurons
per population and calculate

. ((tvihi= i) )
(Voo = (Var)")

where (...); denotes the average over the neurons in one population,
and (...)7 denotes the time average.

(5.9)
i, T

5.3.5 Target specificity

For a presynaptic population B and a layer v, the target specificity is
given by

TS, g = PvE,B — PovIb,B — Polnb,B c[-1,1].

(5.10)
PoE,B + Pulb,B + Poinb,B

A positive (negative) value indicates that B preferentially targets exci-
tatory (inhibitory) neurons in layer v.

We redistribute synapses between populations to increase the value
of the target specificity using a control parameter « € [0,1] while
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keeping the total number of synapses fixed. On the level of the mean
number of synapses, this amounts to:

Sg}’{;iva = (1 - 0‘) ’ Sgﬁo,vE
Sjﬁf{gm}z =(1-a) Siur};b,vE
Sukor = SeEE + Sith B + SolnboE
This definition implies that & = 0 leaves the connectivity maps (and

thus the target specificity values) unchanged, while for « = 1 all
synapses exclusively target excitatory populations (TS = 1).
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5.4 DISCUSSION

In this chapter, we revisit the local connectivity of the visual cortex in
light of recent advances in using electron microscopy (EM) for recon-
structing neuronal processes and synapses. We compare our findings
to results from an established data set which is based on morphologi-
cal reconstructions using light microscopy (LM). First, we investigate
the lateral spatial spread of connections. Comparing the spatial decay
of the mean number of synapses and the connection probability, we
find that the former drops off faster than the latter with a robust factor
of ¢* = 0.7 averaged over populations. Further, using the precise EM
data set, we derive both the actual connection probability and the
potential connection probability, the latter of which is based solely on
the morphological reconstruction of axonal and dendritic arbors. In
a subsequent comparison we demonstrate that potential connectivity
delivers accurate estimates for the actual connection probability with
distance.

Second, we derive connectivity maps between populations of differ-
ent cell types in different layers that describe their recurrent connection
probabilities. Between the two models, we observe some general simi-
larities in connectivity patterns such as stronger sub-circuits between
excitatory neurons in layer 2/3 and 5.

Third, we study the dynamical behavior of spiking microcircuit
models built from the anatomical information. While the LM-based
model can exhibit biologically plausible activity when fine-tuning the
external input to the populations, systematically varying the input
parameters reveals that this is only the case for a narrow band of exter-
nal drive parameters. When slightly moving away from the optimized
input, the activity in the LM-based microcircuit quickly vanishes or
diverges. As such, it is not a good model of how the brain operates
under varied input conditions. In contrast, the EM-based microcircuit
exhibits biologically plausible activity for a wider range of input ac-
tivity, depending smoothly on the provided input. Further, it exhibits
the paradoxical effect of decreasing firing rates in inhibitory popula-
tions when their external drive is increased, which is also observed in
experiments (Adesnik, 2017).

Fourth, we link the difference in dynamical behavior between the
models to their underlying connectivity. Investigating the targeting
patters, i.e., whether a neuron of a given population prefers to target
excitatory or inhibitory neurons, reveals putative excitatory feedback
loops in the LM-based connectivity. Conversely, excitatory neurons in
the EM-based microcircuit prefer to target inhibitory neurons, while
the targeting patterns of inhibitory neurons are more balanced. We
show that shifting the targeting pattern of the EM-based circuit to-
wards the one observed in the LM-based circuit, we reproduce the
unstable dynamical behavior qualitatively. From this experiment, we
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conclude that targeting patterns play a key role in balanced activ-
ity of microcircuits. Due to the favorable dynamics observed in the
EM-based model, we suggest that future simulation studies should
use connectivity derived from EM data over LM-based connectivity
data. We want to highlight that this work already provides the con-
nectivity derived from EM data in a format that is directly usable for
instantiating spiking neural networks. Thereby, LM-based connectivity
structure can straight-forwardly be replaced in existing models.

Finally, we return to our spatial model of macaque V1 introduced
in Chapter 4, where we use the same LM data to derive connection
probabilities from existing synapses to postsynaptic neurons. In that
chapter, we found that the subsequently instantiated spiking network
model is unable to reach a stable ground state of biologically plausible
activity. In Section 4.2.3 we hypothesize that the targeting patterns
of the model are a main cause of this instability. Replacing the LM-
based connectivity by the newly derived EM-based connectivity in
our model of V1, we indeed confirm this hypothesis: the amended
model of V1 exhibits asynchronous irregular activity with biologically
plausible firing rates for a range of parameters without any further
fine-tuning.

Exchanging the LM data for EM data in the model of macaque V1
also entails a change of species from which the connectivity data is
derived: from cat, which has been under consideration for the LM
data set, to mouse, which was investigated for the EM data set. On
a large spatial scale, this might be problematic since the mouse lacks
critical spatial connectivity principles that are of explicit interest for
the model of macaque V1 developed here. In particular, neurons in
mouse V1 are not organized according to an orientation tuning map,
and are therefore also not connected via patchy connectivity which
links iso-orientation domains across visual receptive fields. However,
we here only use the mouse data for deriving the total number of
synapses between populations, in the same way the cat data was
used before (see Section 4.2.1 for an overview and Section 4.3.1 for a
detailed derivation). Thus, the spatial connectivity employed in the
model (Section 4.2.2) is not affected by this change of data source.

This concludes our endeavor of constructing a spatially organized
model of macaque primary visual cortex. The V1 model in its final
iteration, including the amendment by EM connectivity data, can act
as a platform on which future studies can thoroughly investigate the
role of spatial connectivity in the processing of visual information
in cortical networks. Further, it can be extended by including simi-
larly constructed models of areas higher in the cortical hierarchy to
investigate the effect of converging and diverging spatial connectivity
between areas, or refining the thalamic input model to provide even
more realistic sensory drive to the cortical populations.
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TOWARDS PRECISE SPATIAL CONNECTIVITY
FOR MODELING






PREFACE

In Part iii, we explore various spatial connectivity principles that
govern the organization of local cortical circuits on different length
scales. In particular, we investigate long-range patchy connectivity,
short-range push-pull connectivity, and medium-range isotropic con-
nectivity. In this part of the thesis, we challenge the assumptions of
the latter, which neglects complex synaptic targeting patterns in favor
of a simple description of connection probability that only depends on
the inter-somatic distance. Leveraging the highly detailed connectivity
data based on electron microscopy (EM) by MICrONS Consortium
et al. (2021) already employed in Chapter 5, we take a closer look at the
spatial distributions of synaptic connections—or constellations—that
neurons of different cell types exhibit. Deriving population-averaged
constellations for both postsynaptic sites on dendrites and presynaptic
sites on axons, we derive a novel connectivity rule based on a measure
of overlap of constellations.

This, however, raises the question of how to compare the accuracy
of connectivity rules. Concretely, how do we assess which connectivity
rule is more suited to capturing the inherent connectivity structure that
can be observed by experiments? Opportunely, the EM data set pro-
vides a ground truth connectivity between the reconstructed neurons
in the cortical tissue under consideration. Representing the network
graph as an adjacency matrix, where each entry specifies the num-
ber of synapses between pairs of neurons, the comparison between
connectivity rules condenses to assessing the similarity between the
predicted and observed adjacency matrices. Thus, we start by develop-
ing singular angle similarity (SAS)—a similarity measure for matrices
that can be used to assess the pairwise closeness of connectomes—in
Chapter 6. Here, we extend existing approaches to non-symmetric
matrices, which is necessary since local circuits in the brain are princi-
pally directed. While we thoroughly test the developed measure for
this specific purpose, we note that the measure is generally applicable
to any pair of real-valued matrices that have the same shape.

Then, in Chapter 7, we derive the novel connectivity rule based
on the precise spatial constellations of synapses. Bringing the in-
sights from both chapters together, we finally compare the predictive
power of the constellation-based rule to a traditional, purely distance-
dependent one by assessing the similarity to the experimental ground
truth using SAS. We find that the constellation-based rule is able to
robustly outperform the traditional rule, capturing the intricate details
of spatial synaptic targeting patters that are characteristic for each neu-
ral population to a greater degree. This constellation-based predictive
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connectivity rule is specifically tailored for future computational stud-
ies of neural networks that aim at investigating the structure-dynamics
relationship, akin to the work presented in Part iii.



QUANTIFYING THE SIMILARITY OF MATRICES
WITH ARBITRARY SHAPE

This chapter is based on the following publication:

J. Albers*, A. C. Kurth*, R. Gutzen, A. Morales-Gregorio, M. Denker,
S. Griin, S. J. van Albada, M. Diesmann: Assessing the similarity of
real matrices with arbitrary shape (Albers et al., 2024). * indicates equal
contributions.

Author contributions:

The author conceptualized this work together with Anno Christopher
Kurth (ACK) and Robin Gutzen (RG). The author jointly constructed
the methodology with ACK and RG. The software module was imple-
mented by the author, RG, ACK, and Aitor Morales Gregorio (AMG).
The author derived the formal analysis together with ACK, RG and
AMG, with whom he also wrote the original draft. The review and
editing was performed by the author, ACK, RG, AMG, Michael Denker
(MDe), Sonja Griin (SG), Sacha J. van Albada (SvA) and Markus Dies-
mann (MDi). The visualization was done by the author, ACK, AMG,
and RG. MDe, SvA, and MDi supervised the work. The funding was
acquired by SG, SvA, and MDi.

6.1 INTRODUCTION

Many complex systems can be characterized by interactions between
their constituent parts, for example social groups, transportation sys-
tems, chemical reactions, or brain networks. In the study of such
systems, matrices are a useful tool to represent pairwise interactions,
spatio-temporal dependencies, or the covariance structure. For exam-
ple, the adjacency matrix of a neural network describes the recurrent
connectivity between its neurons. Quantifying the similarity between
such matrices provides valuable information for analyzing the under-
lying systems at hand.

Traditional measures of matrix similarity are typically derived from
the Frobenius scalar product (A, B)r = tr(ABT) between two matrices
A and B, such as the Frobenius norm, ||A — B||2 = (A — B, A — B)F,
or the cosine similarity, (A, B)r, where ||A||r = ||B||r = 1 (Robert
and Escoufier, 1976; Schonemann, 1966). However, these approaches
neglect the inherent two-dimensional structure of matrices. Alterna-
tively, similarity can be computed by calculating the canonical angles
between the subspaces spanned by the matrix columns (Golub and

127



128

QUANTIFYING THE SIMILARITY OF MATRICES WITH ARBITRARY SHATPE

Zha, 1995). Because the embedding space needs to be of significantly
higher dimension than the subspaces, this approach is limited to ma-
trices where the number of rows is much larger than the number
of columns (or vice-versa). To overcome these limitations, Gutzen
et al. (2023) introduced a similarity measure based on the alignment
of eigenvectors of the matrices under consideration. However, this
method comes with its own set of limitations as it is only well-defined
for square, symmetric, positive definite matrices.

Here, we present a measure that overcomes the limitations imposed
by previous approaches. Using singular value decomposition (SVD),
we derive the singular angle similarity (SAS) from the alignment of
the respective left and right singular vectors. By construction, it takes
the two-dimensional structure of matrices into account while being
applicable to arbitrarily shaped real matrices.

We start by formally deriving SAS in Section 6.2.1. To provide an
alternative viewpoint, Section 6.2.2 gives a geometric interpretation of
the derived measure. Third, we evaluate how SAS compares to tradi-
tional measures of matrix similarity by testing its ability to recognize
shared structure between classes of random matrices in Section 6.2.3.
Fourth, we characterize how SAS behaves under change in matrix
dimensionality, addition of noise, and introduction of degeneracy
in Section 6.2.4. Then, we turn to concrete use cases: Section 6.2.5
demonstrates that SAS can provide a nuanced classification of random
graphs based on their adjacency matrices, and Section 6.2.6 shows
how SAS can be used to decode brain states from electrophysiological
recordings.

Section 6.3 formally defines the random matrix classes (Section 6.3.1)
and random graphs (Section 6.3.2) as well as the notion of introducing
degeneracy to matrices (Section 6.3.4) used throughout this work.
Further, we detail the preprocessing of neural data in Section 6.3.3.

Finally, Section 6.4 summarizes our findings and highlights how
SAS can be used in the context of comparing predictive connectivity
rules.
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We present a measure for assessing the structural similarity between
two arbitrary, real matrices named singular angle similarity (SAS). The
measure is based on singular value decomposition (SVD), which
introduces the left and right singular vectors with corresponding
singular values (Trefethen and Bau, 2022). SAS exhibits the following
properties:

¢ SAS attains values between 0 and 1 where higher values imply
greater similarity.

e SAS is invariant under actions of identical orthogonal maps from
the left or the right on the compared matrices; this includes the
consistent permutation of rows and columns as a special case
(Section A.2.2).

e SAS is invariant under transposition of both matrices (Sec-
tion A.2.2).

¢ SAS is invariant under scaling with a positive factor; in particular,
SAS =1 for M = c1M,, 1 € RT (Section A.2.3).

* SAS is zero if the two compared matrices are equal up to a nega-
tive factor: SAS = 0 for My = c;M,,c2 € R™ (Section A.2.3).

6.2.1 Derivation of singular angle similarity

Consider two arbitrary, real, m x n matrices M,, M;,. Without loss
of generality, we assume m < n. SVD guarantees the existence of
orthogonal matrices U; € R"*™ and V; € R"*", and diagonal matrices
Y = diag(Uil,...,af) € R™*" where (T{ > al.l > 0for!l > j>1such
that

M; = Uz, Vi . (6.1)

Here, i € {a,b}. SVD is schematically presented for a 2 x 2 case
in Figure 6.1. The columns of V;, denoted by v}, ..., v}, are the right
singular vectors, and the columns of U;, denoted by uz-l, ..., uj", are the
left singular vectors. With this, the SVD can also be written in the form

M; = i ol @0 . (6.2)

i i
j=1

Here, ® denotes the outer product of two vectors. Thus, under the

action of M; the vectors v/ are transformed into the vectors (T{ ”Z- The
1

i
singular values ¢, ..., 0]" are unique—they are the square root of the

eigenvalues of MiMZ-T € R™*™. We note that if both M; are symmetric
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]\Ia :\16"
M, UxvTe

Lo

L RS 7 € U

Figure 6.1: Singular value decomposition and singular angles. Schematic
representation of the transformations applied on the basis vectors
e (yellow) by the components of SVD for two 2 x 2 matrices
M, (red) and M, (blue). Small graphs next to the green arrows
illustrate the isolated action of the corresponding transformations
VT, %, and U on e. Below, the singular angles of the first () (V)
and &/* (U)) and second (¢~ (V) and &/~ (U)) kinds are shown
as the angles between the column vectors of V, and Vj, and U,
and Uy, respectively, as defined in Equation 6.3.

positive-definite matrices (e.g., covariance matrices), then U; = V;, and
the singular values become the eigenvalues.

For simplicity of the derivations, we at first assume that there are no
degenerate singular values except zero. The overwhelming majority
of higher-dimensional matrices encountered in practice indeed satisfy
this assumption.

Left and right singular vectors that correspond to non-degenerate
singular values are uniquely determined up to a joint multiplication
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by —1. Thus, the vector pairs (u] v; ) and (— ul, —v; ) both are equally

valid singular vectors to a non-degenerate singular value U'Z > 0.

If min{c}, Oi} # 0 we define the left singular angle #/* (U) and the
right singular angle a/* (V) of the first kind as

W (U) = <I(u{z,u{7) = arccos <(u{1,u£)> ,
W (V) = <I(v{1,vé) = arccos ((v{l,vé)) . (6.3)

Due to the ambiguity in vector pairs of left and right singular vectors
we additionally define left singular angles of the second kind as
W (U) = <(—u,ul) = <, —ub) and mutatis mutandis for right
singular angles of the second kind a/"~ (V). The singular angles of the
first and second kinds are visualized in Figure 6.1. There, we have

W U) + o (U) =1 =T (V) +al— (V). (6.4)

One has to consider either (ucj'+(U),oc7'+(V)) or (a]"*(ll),zxj'*(V)>
together due to the ambiguity in the sign. We define the singular angle
as the smaller average of the two choices

i T (U) 4+ (V) = (U) 4+ = (V)
#/ = min 5 , >

= min{&, 7 — &'} (6.5)

where & = (a/*(U) + &/ (V))/2. Using the angular similarity

A]_l—“—je[o 1] (6.6)
/2

and defining the singular value score as w/ = w(aZ;, O'Z];) where w(x,y) >
0 denotes a weight function, we calculate SAS as the weighted average

of the angular similarities:

SAS==L— €[0,1]. (6.7)

Here, k is the largest natural number less than or equal to m such that
min{c¥, o} # 0. In the following, we choose

w(x,y) = (x+)/2. (6.8)

Another possible choice is w(x,y) Vv (x%2 4+ y?)/2 (cf. Gutzen
et al. (2023)). One can substitute other vector-based smularlty mea-

sures for the angular similarity defined in Equation 6.6. For example,
substituting cosine similarity yields A/ = cos(a/).

According to our definition of SAS in Equation 6.7, singular angles
stemming from singular vectors of which at least one has a corre-
sponding singular value of zero do not contribute to SAS.
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DEGENERATE CASE If two or more nonzero singular values are
identical, the described approach cannot be readily applied since
there is no canonical choice for pairing singular vectors: left and

right singular vectors ué‘,. LU k+l and v Uk+l corresponding to the

degenerate singular value 0 = of = ... Ik+l are only unique up
to an orthogonal transformation acting on the subspaces spanned by
the singular vectors. This is the higher-dimensional generalization
of the ambiguity regarding the factor —1 for the one-dimensional

case described above. Writing the corresponding vectors as columns
of matrices Ui[k:kw € R™! and Vi[k:kw € R™*!, this means that the

columns of the matrices

U.[k:kH]O and V‘[k:k-H]O (6.9)

1

are valid left and right singular vectors. Here, O € R/ is an arbitrary
orthogonal matrix. Note that in order to maintain consistency between
the singular vectors, the same orthogonal transformation O must be

applied to both, Ul.[k:kw and Vi[k:kH]. Thus, left and right singular
vectors can only be given up to this ambiguity, and consequently
singular angles according to Equation 6.3 are not well-defined.

This problem can be mitigated by using the canonical angles be-
tween the subspaces spanned by the left and right singular vectors
of the matrices M; (Jordan, 1875). If the two subspaces are given in
terms of orthonormal bases B; (written again as columns of matrices),
the canonical angles are the angles between corresponding column
vectors of B,O, and B,O,, where O,, O, are suitable orthogonal trans-
formations (Zhu and Knyazev, 2013) (see Section A.2.1). This can
be interpreted as optimally aligning the two orthonormal coordinate
systems while keeping the subspaces invariant.

We define singular angles for degenerate singular values building

on that interpretation: assuming without loss of generality o = & =

. = o, we define U-aligned left and right singular angles for

k <j < k —|—l as
(1) = « (U 0ge, U 00
WU (V) = (V[k k+l]O;l ],V[k k+l]obue],) _ (6.10)

Here, ¢; is the j-th standard normal basis vector, and the orthogonal
transformations O}/, Ofl are chosen such that a/U (U) are the canonical
angles. The U-aligned singular angles are then given by the mean of
the U-aligned left and right singular angles:

U (U) 4 alH(V)

Wt = > (6.11)

The corresponding angles in the V-aligned case are defined mutatis
mutandis. The singular angles are then given by either the U- or V-
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aligned singular angles, depending on which have the smaller sum:

u if 2] lx]"u < 2] a]"V

vV o if 2] (Xj’V S Z] lXj’u

o = /X where X = (6.12)

In this way, the singular angles for singular vectors corresponding
to degenerate singular values directly generalize the singular angles

in the non-degenerate case. For their contribution to SAS, we define

w = w ((Té,di) for k <j <k+1,ie. the singular values are combined

in their matching order. A complication may arise when ¥ = ... = ¢¥+!
and (7{7‘_’” = .. = 0'{;+n for some m and n. Here, the degenerate

subspaces of the two matrices are partially overlapping. We treat this
case by applying the above described method to the subspaces given
by ui[k—m:k-i-max{n,l}]’ Vi[k—m:k—&-max{n,l}]‘

Additionally, if two singular values are close so that small perturba-
tions can lead to a change in their order, the pairing of singular vectors
will change, potentially leading to different SAS values. This can be
avoided by rounding the singular values to a precision determined for
the matrices at hand. Thereby, degeneracy is introduced which can be
treated as described above.

6.2.2  Geometric interpretation of SAS

Singular angle similarity has a geometric interpretation. The left and
right singular vectors of M; (i € {a,b}) are the respective eigenvec-
tors of the square matrices MiMl-T and MZ-T M;. Further, MiMl»T and
M M; have the same eigenvalues (the squared singular values of M;).
Consider for each of these symmetric positive-definite matrices a hy-
perellipsoid spanned by the respective eigenvectors scaled by their
eigenvalues (Figure 6.2).

The hyperellipsoid collapses in most dimensions as matrices M; typ-
ically have only a small number of large singular values (cf. Marchenko
and Pastur (1967)). Dimensions associated with the largest singular
values dominate its shape, and the angle between the corresponding
left and right singular vectors of the matrices M, and M, are of main
relevance for SAS. Thus, a high SAS indicates that the hyperellipsoids
are aligned, whereas a low SAS indicates misalignment or different
shapes. If two matrices share two-dimensional structural features, their
hyperellipsoids will be similarly shaped and point into similar direc-
tions, producing a high SAS. MiMiT and MZT M, are the correlation
matrices up to a normalization by the number of rows and columns,
respectively, and the subtraction of the mean. Therefore, SAS takes
into account the correlation structure along both axes of the matrices.
This distinguishes the measure from common methods such as cosine
similarity and the Frobenius norm.
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M, M,

M,MT MT M, My M M M,
¢ > I ('()I'I'(‘l{lfi()ll ¢ > I
axi1s
\\ \\ , 4 ,/
\\ \\ ,/ ,I
Nz
\\\ ,1'\\\ ,l,
4 \
\\¥ L’I \\.\l ‘l,

Figure 6.2: Geometric interpretation of SAS. Matrices M, (red) and M,
(blue) as in Figure 6.1. The eigenvectors of MiMiT and MZT M;
(same colors) scaled by the square root of their eigenvalues span
the main axes of ellipsoids. These square matrices capture the
correlation structure of M; along the horizontal and vertical axis,
respectively (double-headed colored arrows). SAS compares the
angles between the corresponding ellipsoids (dashed colored
arrows).

6.2.3 Comparison with standard measures for random matrices

By its very definition, SAS captures two-dimensional structures that
are invisible to traditional measures of matrix similarity. Figure 6.3
shows the ability of different measures to discriminate between classes
of random matrices with such structure.

Concretely, we compare SAS with cosine similarity,

(Mo, My)F = tr(M,M}) , (6.13)

and Frobenius distance,

1M — My||r =/ (Ma — My, Ma — My)r, (6.14)
where we normalize the matrices such that

[|Mallp = [[Mp[r =1,
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Figure 6.3: Comparison of SAS with standard measures. A-E Single in-
stances of the different random matrix classes. For visibility,
negative values are shown as white. a—e Histograms of SAS,
cosine similarity, and the Frobenius norm between instances of
the random matrix classes (n = 100, all pairs compared). Filled
distributions indicate self-similarities (self-distances), non-filled
ones indicate cross-similarities (cross-distances). Legends show
effect sizes 6 for the comparison between distributions.
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Figure 6.3A-E show single instances of the five matrix classes defined
in Section 6.3.1: uncorrelated normal matrices (UC) where matrix en-
tries have no correlation; cross-correlated normal matrices (CC) where
a 2d correlation between matrix entries is introduces; cross-correlated
block matrices (CB) where the same correlation is introduced, but
limited to a subset of matrix entries; shuffled, cross-correlated block
matrices (SB) which are CB matrices with randomly shuffled rows;
and doubly shuffled, cross-correlated block matrices which are CB
matrices with randomly shuffled rows and columns.

We first calculate the self-similarity, the pairwise similarity between
instances of the same random matrix class, and the cross-similarity,
which refers to the similarity between instances of different classes
(Figure 6.3a—e). We analogously define self- and cross-distance for the
Frobenius distance. Subsequently, we investigate whether the different
measures distinguish the random matrix classes from each other based
on realizations of their particular structures. Fundamentally, this only
works if the structure quantified by a measure is more similar between
instances of the same class than across classes. Thus, for SAS and
cosine similarity, the self-similarity must be meaningfully greater than
the cross-similarities. Conversely, since the Frobenius norm measures
a distance rather than a similarity, the self-distance must be smaller
than the cross-distance. We call a difference meaningful if the effect
size 6 between pairs of distributions is greater than one. Assuming
an underlying Gaussian model for the distributions, we employ the
definition

g — Hself — Heross (6.15)

2 2
Oielf T0Goss

of the "Cohen’s D" effect size Cohen (1988) underlying the common
Student’s and Welch’s t-statistics Student (1908) and Welch (1947),
where y and ¢ are the mean and standard deviation of the self- and
cross-similarity distributions. Thus, two distributions are meaningfully
different if the distance of their means is greater than the quadratic
mean of their standard deviations.

Figure 6.3a shows that UC matrices cannot be distinguished from
the other matrix classes by any measure. This is expected: since the
entries are independent, there is no detectable structure. In particular,
this means that no structure is shared between different UC matrices
or between UC matrices and matrices of other classes. Geometrically,
this corresponds to ellipsoids that are oriented in random directions
for each instance.

By definition, CC matrices exhibit such fluctuations. However, co-
sine similarity and the Frobenius norm fail to identify the common
correlation structure (Figure 6.3b). Only SAS separates the self- and
cross-similarity meaningfully and can thereby distinguish this matrix
class from the others.
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A similar conclusion holds true for CB matrices, where the corre-
lated structure is embedded into an otherwise uncorrelated matrix
(Figure 6.3¢): again, only SAS separates the self- and cross-similarities
meaningfully.

Next, we consider SB matrices. By construction, these are CB ma-
trices with permuted rows. Between SB matrices, the CB correlation
structure along the horizontal axis (quantified by MMT) is destroyed
while the correlation structure along the vertical axis (quantified by
MTM) stays the same. Since SAS takes into account both, it detects
similarity between SB and CB matrices despite the permutation of
the rows. This leads to a higher cross-similarity between CB and SB
matrices than between CB and the other matrix classes (Figure 6.3c).
Since the block structure exhibited by CB matrices can be viewed as
one specific permutation of the rows, the self-similarity of SB and
the cross-similarity between SB and CB follow the same distribution
(Figure 6.3d) while SB matrices are separable from UC and CC matri-
ces. The cosine similarity and the Frobenius norm fail to separate SB
matrices from the other classes. The choice of the axis along which we
permute is arbitrary; the results are identical if we permute columns
instead of rows.

Finally, we turn to DB matrices (Figure 6.3e). Here, starting from
CB matrices, both, the columns and rows are permuted. Consequently,
between DB matrices a correlation structure is neither retained along
the horizontal nor along the vertical axis. Neither SAS nor the other
measures can detect similarity between DB matrices in comparison
with DB matrices and matrices of the other classes.

Why are these examples relevant? They show that SAS captures cer-
tain two-dimensional correlation structures between instances. In con-
trast, the traditional measures cannot identify them. Additionally, SAS
retains similarity even after permutation along one axis—including
shifts as a special case. This is relevant in practical applications, for
example in the analysis of highly parallel time series: even if the
time series are not aligned, SAS exposes structural similarities. How-
ever, if both rows and columns are randomly permuted SAS fails
to identify similarity. This is expected since in this case there is no
two-dimensional correlation structure between instances left for SAS
to identify.

6.2.4 Characterization

6.2.4.1 Scale dependence and robustness

To assess the dependence of SAS on matrix size, we calculate the self-
similarity for increasing dimensionality N and observe a decreasing
SAS for all random matrix classes (Figure 6.4A). Since the probability
distribution for an angle between two random vectors increasingly cen-
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Figure 6.4: Characterization of SAS. In all panels, lines indicate the mean

and shadings indicate the standard deviation over 10 realizations.
In cases of constant matrix size, N = 300. A-C and E-G share the
same legends. A Self-similarity for varying dimensionality N. B
SAS between identical matrix instances for varying variance of an
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increasing the degree of putative structural similarity quantified
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ters around 7r/2 with increasing dimensionality (Cai et al., 2013), the
resulting SAS between UC matrices decreases with increasing matrix
dimensionality. This intuition generalizes to the other matrix classes.
Hence, a quantitative comparison of SAS values is only reasonable for
matrices of the same dimensionality.

Next, we investigate how SAS decreases between two identical
copies of a matrix when gradually perturbing one of them. We an-
alytically study SAS between a matrix M and a perturbed version
of itself, M + /eW, using Rayleigh-Schrodinger perturbation theory
(Landau and Lifshitz, 2013). Here, /€ is chosen as a perturbation
parameter since this ensures a linear scaling of the variance of the per-
turbation matrix with €. We find that, for a large class of perturbations,
SAS follows 1 — arccos (1 — O(e)) /5 (see Section A.2.4). This implies
that small differences are identified as dissimilarities arbitrarily fast
(%‘;’flﬁ) — oo for x — 0). Thus, SAS is sensitive to small differ-
ences in the compared matrices. For an empirical analysis, we study
the sensitivity of SAS under perturbations of the form M = M+ W
where W is a matrix of the UC class with zero mean and variance
U}%ert = fo?,0 < f < 1. As predicted analytically, Figure 6.4B shows
a rapid fall-off for small perturbations that continues as a gradual
decrease for each of the considered classes.

Next, we numerically study SAS while adding structure to a noise
matrix. In particular, we calculate SAS between a matrix M and the
convex combination of the same matrix with a UC matrix N:

(1—AMN+AM  forAe[0,1]. (6.16)

Figure 6.4C shows that SAS is well-behaved also for small values of A:
it increases smoothly when adding structure for all matrix classes.

Finally, starting from CB matrices, we investigate the change of
cross-similarity when shifting the correlated block of one matrix either
vertically or diagonally by s indices (Figure 6.4D). In both cases, SAS
gradually decreases and saturates once the blocks are non-overlapping
(s = 80). Importantly, SAS saturates to a value higher than the mean
CB - UC cross-similarity for the vertical shift, whereas it saturates to
a value lower than that for the diagonal shift. Thus, SAS identifies
shared structure when it is shifted vertically, but not when it is shifted
diagonally. While potentially counter-intuitive, this can be understood
when considering the case of DB matrices (Figure 6.3e): the diagonal
shift is a specific example of a permutation in both directions, and
once the blocks are non-overlapping, there is no correlation structure
between the two matrices that SAS can identify. We conclude that SAS
cannot detect similarity between matrices if a sufficient amount of the
relevant structure is moved across instances.

We perform an analogous analysis for network adjacency matrices
of six different graph models: Erd6s-Rényi (ER), directed configura-
tion model (DCM), one cluster (OC), two clusters (TC), Watts-Strogatz
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(WS), and Barabaési-Albert (BA), as defined in Section 6.3.2. The re-
sults are qualitatively similar to those obtained for the four classes of
random matrices: SAS decreases with increasing network size N (Fig-
ure 6.4E), SAS rapidly decreases for small perturbations (Figure 6.4F),
SAS gradually increases when adding structure (Figure 6.4G), and SAS
decreases when shifting either vertically or diagonally (Figure 6.4H).
A notable exception is that for WS networks, SAS does not decrease
when increasing N. In this network model the number of nearest
neighbors each node is connected to scales with N. Therefore the
correlation in the adjacency matrix also scales with N, rendering the
similarity measured by SAS independent of N. For investigating the
effect of a perturbation on identical network matrices (Figure 6.4F), we
define the gradual change such that an increasing fraction g of matrix
elements is altered. Specifically, for each of the gN? randomly selected
matrix elements, existing connections are removed and missing con-
nections are established with a multiplicity of one. For the binary
adjacency matrices this corresponds to bit-flipping the corresponding
entries. In the case of adding structure (Figure 6.4G), we choose the
ER adjacency matrices as the noise component N. Note that while
the sum over all entries stay the same on average under the convex
combination, the entries are not confined to natural numbers anymore.

6.2.4.2 Degenerate singular values

We evaluate the discriminability of matrix classes with SAS in the
presence of degenerate singular values (Figure 6.5). Specifically, we
quantify how well CB matrices with non-overlapping blocks and OC
matrices with non-overlapping clusters can be discriminated when
making the singular value spectrum degenerate.

We introduce degeneracy gradually as described in Section 6.3.4. In
the case of CB matrices, for which the singular value spectrum exhibits
a smooth decay (not shown), SAS is able to distinguish matrices with
blocks at different positions even for high degeneracy (6 > 1 up to
D =~ 0.85) as shown in Figure 6.5A-C.

In contrast, the spectrum of singular values of OC matrices is domi-
nated by one singular value (not shown), which is of highest relevance
for SAS. When introducing degeneracy from the center (Figure 6.5D)
or starting from the smallest singular value (Figure 6.5E), 6 remains
roughly constant until d = 299, d = 300, respectively. At precisely
these values, the largest singular value becomes degenerate and 6
drops below 1. For the left-degenerate case (Figure 6.5F), some dis-
criminability is retained for small values of d even though the largest
singular value is made degenerate already at d = 2. These cases sug-
gest that SAS is not principally limited by the presence of repeated
singular values.
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singular value.
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6.2.5 Categorization of random graphs

We apply SAS to the adjacency matrices that describe the network
architecture in various directed and undirected probabilistic graphs
as defined in Section 6.3.2. Example adjacency matrices of network
instances are shown in Figure 6.6A-F. Since these matrices M; only
contain non-negative entries, so do MiMl-T and MiT M;. The Perron-
Frobenius theorem (Deuflhard and Hohmann, 2008) guarantees that
the left and right singular vectors corresponding to the largest sin-
gular value have only non-negative or only non-positive entries (cf.
Section A.2.5). As such, these singular vectors are confined to a single
orthant of the N-dimensional vector space. Even if these vectors are
random, they cannot be assumed to be orthogonal. Indeed, for the ER
network, for which all other singular vectors are of random orienta-
tion, the first left and right singular vectors scatter around the vector

T
<1 /V/N,..,1/v/N ) across instances. Therefore, the first singular vec-

tors necessarily enclose smaller angles across models compared to the
other pairs of singular vectors. Consequently, information regarding
the difference between models—which is encoded most strongly in the
first singular vectors—is reduced. Thus, it is a priori not clear whether
SAS reliably distinguishes between network models.

SELF-SIMILARITY OF NETWORK MODELS  Firstly, we examine the
self-similarity of the network models (Figure 6.6a—f). We find that
ER networks exhibit the lowest self-similarity compared to all other
network models. This is consistent with the ER network model maxi-
mizing the entropy under the constraint that the average number of
connections is constant: ER networks have the least structure that is
shared across instances. This can be also understood from their defini-
tion inasmuch as each connection is realized independently with the
same probability. In this sense, ER networks are analogous to the UC
random matrices. The other network models instead feature structural
properties that are consistent across instances, stemming from shared
variations in the connection probability. This is most obvious for the
OC and TC network models (analogous to the CB random matrix
class), where certain subgroups of nodes have a higher connection
probability p among themselves compared to the rest of the network.
Further, we expect WS networks to have reliably detectable structure,
i.e., high self-similarity, as every node has dominant local connectiv-
ity. SAS confirms these expectations, as seen when comparing the
respective self-similarity distributions in Figure 6.6a—f.

SELF-SIMILARITY VS. CROSS-SIMILARITY Secondly, we study
whether SAS can differentiate between the particular structures present
in the adjacency matrices of the network models. Using the effect size
defined in Equation 6.15, Figure 6.6a—f confirm that the self-similarity
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is meaningfully higher than the cross-similarity except for special
cases.

First, ER networks do not exhibit 8 > 1 for all cases. As for the UC
matrices, this is expected as all matrix elements are uncorrelated. As
a matter of fact, the cross-similarity with WS networks yields even
higher SAS values than the self-similarity of ER. Why is this the case?
The first left and right singular vectors of both ER and WS networks

T
scatter around (1 /VN,..,1/V/N ) . The deviation between singular

vectors of ER networks, however, is larger than that between those of
WS networks across instances. This leads to a better alignment, i.e., a
higher angular similarity, of the singular vectors, resulting in a higher
SAS between ER and WS as compared to ER and ER networks.

Second, we note that SAS distinguishes between the OC and TC
networks despite overlapping clusters. Figure 6.6c—d show that the
respective self-similarities are closer to the cross-similarity of OC and
TC than to the other cross-similarities. Thus, SAS identifies the clus-
tered networks to be more similar among each other than compared
to the remaining networks.

We conclude that SAS is sensitive to the structure present in matrices,
enabling it to distinguish between model classes. The same conclusion
also holds true for non-square matrices of network connectivity where
a full graph is instantiated, but only subsamples are analyzed with
SAS (see Section A.2.6).

6.2.6  Separation of brain states

We investigate brain activity originating from different experimental
trials as a use case for SAS with non-square matrices of experimental
data. The publicly available data set from Chen et al. (2022) is based on
extracellular recordings from the visual cortex of a macaque monkey.
In the experiment, bright bars move across a screen in one of four
directions (rightward (R), leftward (L), upward (U) or downward (D)),
evoking a strong neural response (Figure 6.7A). The data consists of
the multi-unit activity envelope (see Section 6.3) yielding one 64 x 400
matrix per trial; sample matrices are shown in Figure 6.7B.

Neurons in the primary visual cortex (V1) respond according to
their feature selectivity, primarily stimulus location (Tootell et al.,
1982) and orientation (Hubel and Wiesel, 1959), but also movement
direction De Valois et al. (1982). Beyond these well-known response
properties of single neurons, the population activity—represented
as a two-dimensional spatio-temporal matrix—may reveal additional
information about brain dynamics. By applying SAS, we investigate
shared variability across both time and neurons.

In the data set at hand, SAS reveals that neural activity of all trial
types exhibits higher self- than cross-similarity with effect sizes 6 > 1
(Figure 6.7C). Trials with stimulus movement along the same axis (L-R
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or U-D) are more similar to each other than to ones with orthogonal
stimulus movement. This is a desirable outcome of SAS: in L-R (resp.
U-D) trials, neurons that share an orientation tuning aligned with
the stimulus are expected to have a higher probability of a strong
response. The consideration implies that the shared orientation of the
bar stimulus in L and R (resp. U and D) trials leads to more similar
responses in these trial pairs.

In this use case, SAS outperforms common measures of matrix simi-
larity. Both cosine similarity and the Frobenius norm can distinguish
trial types—albeit with lower |0| than SAS—but fail to identify the
shared variability along the same axis (L-R or U-D) (Figure A.2.2).
Therefore, the use case highlights the ability of SAS to identify the
two-dimensional structure of matrices in experimental data.
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6.3 METHODS
6.3.1 Random matrices

To compare SAS to standard measures of matrix similarity, we define
the following classes of random matrices with shape N x N where each
entry is drawn from a continuous probability distribution. Numerical
values for the corresponding model parameters are summarized in
Table 6.1.

UNCORRELATED NORMAL MATRIX (UC) For random matrices of
this class, each entry is drawn independently from a normal distri-
bution with the same mean u and variance ¢?. Collections of these
matrices are also referred to as real Ginibre Ensembles.

CROSS-CORRELATED NORMAL MATRIX (cc) We first indepen-
dently sample N random vectors from an N-dimensional normal
distribution with mean y and covariance matrix C where

a i—j
Cij = N &P (—b‘N]‘> .

Thus, the entries of the correlation matrix decay exponentially with
distance from the diagonal. The sampled vectors are the columns of
an N x N matrix K!. We repeat the process to obtain an independent
matrix K2 to finally define K = (K! + K2")/2. Since each entry of the
K'is normally distributed, so is each entry of their sum K, and the co-
variance between entries Ky and Ky, is (Cy + Cpiy ) /4. Normalization
by N in the argument of the exponential ensures that the strength of
the correlation scales with the size of the matrix.

CROSS-CORRELATED BLOCK MATRIX (CB) Again, uncorrelated
normal (UC) matrices B are sampled. Then, the entries By; where
plower < o < pUPPEr gnd plower < | < pUPPer gre replaced by a correlated
normal structure as defined above, forming a block on the diagonal.

SHUFFLED, CROSS-CORRELATED BLOCK MATRIX (sB) Matrices
are sampled according to CB. Then, the rows are permuted randomly
while the columns remain untouched.

DOUBLY SHUFFLED, CROSS-CORRELATED BLOCK MATRIX (DB) Ma-
trices are sampled according to CB. Then, the rows and columns are
permuted randomly.
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Parameter Model(s) Meaning Value
N all dimensionality 300

u all mean of distribution 0

o2 ucC variance of distribution 1/N
a CcC peak covariance 10

b CC inverse characteristic length 100
plower CB block index 10
buPPer CB block index 90

Table 6.1: Parameters of random matrices. Uncorrelated normal matrix (UC),
cross-correlated normal matrix (CC), cross-correlated block matrix
(CB), and shuffled, cross-correlated block matrix (SB).

6.3.2 Random graphs

We compare the adjacency matrices of six well-known network models
with SAS. For all graphs, we derive the parameters such that the mean
total number of connections N, in the graph is conserved. Table 6.2
summarizes the numerical values chosen for the corresponding model
parameters.

ERDOS-RENYI (ER) In this network model Erd6s and Rényi (1959),
every connection has the same probability of being realized: p = ¥,
where N, is the total number of possible connections in the graph. Note
that this network model maximizes the entropy under the constraint
that the mean number of connections is fixed (Park and Newman,
2004).

DIRECTED CONFIGURATION MODEL (DcM) In a directed config-
uration model (Cooper and Frieze, 2004), a two-step probabilistic
process is applied. First, random in-degrees and outdegrees are drawn
for each node such that the total number of connections across nodes
is preserved (we fix these numbers for all graph instances). Second,
connections are established by randomly matching each outgoing con-
nection with an incoming connection. Thus, two nodes can have more
than one connection, and the resulting adjacency matrix is not strictly
binary.

ONE-CLUSTER ERDOS-RENYI (0C) Based on an ER graph, we
introduce a single cluster by increasing p between a certain subset
of nodes of the network, while uniformly decreasing p for all other
connections such that N, is conserved. The relative increase of p is
denoted by 7, and the location of the cluster on the diagonal is defined
by the bounding indices b'°¥e" and bUPPer,

TWO-CLUSTER ERDOS-RENYI (TC) For the two-cluster ER network,
we create two non-overlapping clusters on the diagonal using the
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same method as in the OC model. The nodes that form the clusters are
chosen such that there is maximal overlap with the single cluster of the
OC model: the first cluster starts at the same index b'°"e" and extends
up to index b™id and the second cluster starts at index b™4 + 1 and
extends up to index b"PPeT.

WATTS-STROGATZ (Ws)  We create a small-world network following
Watts and Strogatz (1998). Here, N,, nodes initially form a ring, where
each node is connected to k = % (N, — 1) of its nearest neighbors. Af-
terwards, all connections are uniformly redistributed with probability

pws. Note that this model is undirected.

BARABASI-ALBERT (BA) As an example of a scale-free network, we
create Barabdsi-Albert networks as introduced in Albert and Barabasi
(2002). Here, from an initial star graph with m = % (N, —1)/2 nodes,
new nodes are added subsequently until the desired number of nodes
N,, is reached. Each added node is connected to m existing nodes,
where the probability of each existing node being selected for a new
connection is proportional to the number of connections it already has.

Note that this model is undirected.

Param. Model(s) Meaning Value
N, all number of nodes 300
N, all number of possible connections 90000
N all mean number of connections 9000
r ocC relative increase of p in cluster 10
plower ocC cluster index 50
bupper ocC cluster index 100
pmid TC index between clusters 920
Pws WS reconnection probability 0.3

Table 6.2: Parameters of random graphs. Erdés-Rényi (ER), directed config-
uration model (DCM), one cluster (OC), two clusters (TC), Watts-
Strogatz (WS), and Barabasi-Albert (BA).

6.3.3 Brain data

We apply SAS to compare non-square matrices of brain activity in
response to visual stimuli. We use an openly available data set, which
has an extensive description of the task and recording apparatus
(Chen et al., 2022). In the experiments, the activity of neurons in the
primary visual cortex (V1) of one macaque monkey (Macaca mulatta)
was recorded using several extracellular electrode arrays (Utah arrays,
8 x 8 electrodes). The quality of the signals was assessed based on the
signal-to-noise ratio and channel impedance. For details of the data
recording and processing we refer to Chen et al. (2022). Here, we focus
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on a single array (ID = 11) during a receptive field mapping task. In
this task, for each trial the macaque had to fixate its gaze to the center
of the screen for 200 ms. Subsequently, one bright bar moved across
the screen for 1000 ms in one of four directions: rightward (R), leftward
(L), upward (U), or downward (D). The different task modalities are
in the following referred to as trial types. For each trial type, there are
N = 120 repetitions.

The activity time series recorded from the electrodes was processed
to obtain the multi-unit activity envelope (MUAe) with a sampling
rate of 1kHz, a commonly used signal as a proxy for neuronal fir-
ing rates (Supér and Roelfsema, 2005), see (Morales-Gregorio et al.,
2023) for specific details of the processing. We align the trials to the
peak response, defined as the maximum response from the average
MUAe across electrodes, and cut data in a window + 200 ms around
the alignment trigger. This yields one 64 x 400 matrix per trial: 64
electrodes during 400 ms at 1kHz; see examples in Figure 6.7B. We
then group the matrices by trial type for comparison by SAS.

6.3.4 Degenerate matrices

To assess SAS in the presence of degenerate singular values we con-
struct matrices with various levels of degeneracy from random matri-
ces and random graphs. Given a matrix M = UZVT, we introduce a
degeneracy parameter d forcing

ol = —a“d—yffaf (6.17)
=..= g .17
j=i

and define the degenerate matrix as
M =uxivT, (6.18)

where in £ the corresponding singular values are replaced by their
empirical mean. We distinguish three special cases of starting index
i such that either the highest (first), lowest (last), or central singular
value are first made degenerate, referred to as H-, L-, and C-degenerate,
respectively. In the C-degenerate case, i is adjusted such that the
central singular value lies in the center of the interval [i,i + d]. Finally,
we denote the relative degeneracy of an N x N matrix as D = d/N.
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6.4 DISCUSSION

In this chapter, we develop singular angle similarity (SAS), a novel
measure for assessing the similarity of real matrices of arbitrary shape.
SAS is based on the singular value decomposition of the matrices
under consideration. First, the singular vectors are ordered by their
singular value. Then, the corresponding vectors of the two matrices
are matched pairwise. Finally, information about the alignment of the
vectors is calculated and distilled into a single value between 0 and 1,
indicating minimal and maximal similarity, respectively.

We show that SAS is able to reliably detect structural similarities in
matrices where traditional measures fail or are not applicable by con-
struction. Further, SAS is robust to noisy or degenerate data, making
it readily applicable also to experimental data such as recordings of
brain activity. SAS directly generalizes the eigenangle score for square,
symmetric, positive definite matrices (Gutzen et al., 2023) and the an-
gular similarity for vectors (Section A.2.7). Here, our choice of vector
similarity measure (Equation 6.6) and weight function (Equation 6.8)
can be straight-forwardly exchanged. Because SAS is sensitive to ma-
trix size (Section 6.2.4), its results can only be compared in relative
terms. Thus, a reference model is needed to which different matrices
can be compared. Here, natural choices are an Erd6s-Rényi graph for
random networks, and an uncorrelated normal matrix for random
matrices, as both contain no structural features.

In the context of this thesis, SAS’s applicability to adjacency matrices
is of particular interest. So far, we have only used matrices to display
the average connection probabilities or mean number of synapses
between populations of neurons. However, due to the unprecedented
accuracy of electron microscopy imaging for neural anatomy, we are
now in a position to evaluate the connectivity at neural resolution for
large volumes of neural tissue. By construction, SAS is a more suitable
measure than previously developed ones since such connectomes are
generally non-square and non-symmetric, and contain possibly intri-
cate connection motifs that cannot be captured by one-dimensional
measures of similarity. In the next chapter, we set out to study whether
the detailed information of preferred synaptic locations can be effec-
tively used to predict local cortical connectivity. In the subsequent
analysis, we use SAS to compare the predicted single-neuron connec-
tomes to a traditional, distance based rule akin to the one used in our
modeling efforts described in Part iii.
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Author contributions:

This project was supervised by Stefan Mihalas (SM). The author devel-
oped the constellation-based connectivity rule in close collaboration
with Stefan Berteau (SB). The author devised and implemented the
distance-based connectivity rule. Further, the author carried out the
comparison between the two predictive rules using singular angle
similarity. The work was continually refined in ongoing discussions
with SB and SM.

7.1 INTRODUCTION

In the course of this thesis, we investigate spatial connectivity rules in
the visual system that describe local cortical connectivity on three dif-
ferent spatial scales: long-range patchy connectivity (Section 4.2.2.2),
short-range push-pull connectivity (Section 4.2.2.3), and medium-
range isotropic connectivity (Section 4.2.2.1 and Section 5.2.1). In this
chapter, we reconsider the latter connectivity principle. Previous stud-
ies have found that neurons vary in their preference of where they
establish synapses on a given target process. For example, Beaulieu
and Colonnier (1985) show that in area 17 of the cat visual cortex, in-
hibitory synapses are found more frequently on somata and proximal
dendrites, while excitatory synapses are found more frequently on
distal dendrites and spines. In the medial superior olive of Mongolian
gerbils, which is part of the auditory brain stem, axons are found to
follow dendrites and establish multiple synaptic sites along the way
(Callan et al., 2021). Such findings bring into question the validity of
assuming a connectivity rule that smoothly decays with inter-somatic
distance. The recent data set by MICrONS Consortium et al. (2021),
which derives the connectivity between neurons in the primary visual
cortex of a mouse using electron microscopy (EM), allows to reexam-
ine this assumption. In Section 5.2.1, we already make use of this very
data set to update the isotropic connectivity rule that was formerly
derived from reconstructions based on light microscopy. However, this
derivation still assumes a probabilistic description of connectivity that
only depends on the horizontal distance between somata.

In this chapter, we go beyond the commonly used isotropic de-
scription of local cortical connectivity and introduce a novel proba-
bilistic connectivity rule that takes the detailed spatial distributions
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of synapses explicitly into account. We leverage the synapse-level
resolution of the EM data set to derive constellations—the spatial distri-
butions of synapses on both axons and dendrites. By averaging over
single-neuron constellations, we obtain population-specific, character-
istic constellations. Calculating spatial overlaps between presynaptic
axonal and postsynaptic dendritic constellations, we predict the synap-
tic connectivity between single neurons based on their populations
and relative three-dimensional positions. For validation, we compare
the predictive power of the devised connectivity rule to the distance-
base rule derived in Section 5.2.1: we assess the similarity to the
experimental ground truth given by the EM data set using singu-
lar angle similarity (SAS), developed in Chapter 6. The comparison
demonstrates that the constellation-based rule reliably outperforms
the distance-dependent rule in the similarity of its predictions to the
experimental ground truth connectivity. Thus, constellations can play
a valuable role in informing the connectivity of future studies that aim
to investigate the link between neural network dynamics and their
underlying structure.
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7.2 RESULTS
7.2.1  Ground-truth connectivity

From the data set by MICrONS Consortium et al. (2021), we first derive
the ground truth connectivity for the recurrent circuitry between 266
fully reconstructed neurons of various cell types and cortical layers
(see Section 77.3.1). This yields a matrix of size 266 x 266 where each
integer-valued entry corresponds to the number of synapses between
the respective pair of neurons. Figure 7.1 displays this matrix, where
the neurons are sorted by population.
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Figure 7.1: Ground truth connectome. Number of synapses between pre-
and postsynaptic neurons. Logarithmic color scale. Nonexistent
connections displayed as white. Large labels combine with small
labels to create populations (see Table 7.1).

Here, we can observe a certain block-like structure, indicating that
more connections exist within populations than across. This network
graph acts as a baseline to which we can compare the connectomes
calculated from the two employed statistical rules.
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7.2.2  Predictive connectomes

Next, we use the positions and cell types of the subgraph of 266
neurons to calculate the predicted connectivity according to both the
constellation-based and distance-dependent rule (for detailed deriva-
tions, see Section 7.3.2 and Section 7.3.3, respectively). These rules
yield the expected number of synapses shown in Figure 7.2.

Both connectivity rules yield a real-valued estimation of the ex-
pected number of synapses between each pair of neurons. Therefore,
a comparison to the ground truth connectivity (Figure 7.1) is not
straight-forward: first, we have to sample concrete realizations, i.e.,
integer-valued numbers synapses, from these predictions. Here, we as-
sume that the number of established synapses k is Poisson-distributed
based on a maximum entropy argument (Section 7.3.4). Thus, for
each entry of a predictive connectome specifying the mean number
of expected synapses S, we draw the expected number of established
synapses according to

Sk

plkiS) = oo~ (71

Examples for such instantiated, integer-valued connectomes are
shown in Figure 7.3.
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Table 7.1). Top Distance-dependent connectivity rule. Bottom
Constellation-based connectivity rule.
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Figure 7.3: Instantiated connectomes. Instantiated number of synapses be-
tween pre- and postsynaptic neurons drawn according to a Pois-
son distribution with mean S given by the predictive rules. Log-
arithmic color scale. Large labels combine with small labels to
create populations (see Table 7.1). Top Distance-dependent con-
nectivity rule. Bottom Constellation-based connectivity rule.
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To obtain a quantitative measure of which connectome more closely
resembles the connectivity structure found in mouse visual cortex, we
utilize the novel matrix similarity measure developed in Chapter 6,
singular angle similarity (SAS). First, we draw 10000 instantiations
of possible connectomes from the probabilistic descriptions shown in
Figure 7.2 according to the Poisson assumption (Equation 7.1). Then,
we compare all instantiations to the ground truth given in Figure 7.1
using SAS as a measure of similarity. Figure 7.4 shows the resulting
distributions of similarity.

distance rule
constellation rule

0.07 0.08 0.09 0.10 0.11
SAS

Figure 7.4: Comparing the predicted connectomes to the ground truth us-
ing SAS. Distribution of SAS between the ground truth and
10000 instantiations of distance-based connectomes (purple) and
constellation-based connectomes (peach), respectively.

We observe that the constellation-based connectivity rule produces
predictions that achieve greater similarity to the ground truth connec-
tome than predictions of the distance-dependent rule. The absolute
values of SAS in Figure 7.4 may appear small with respect to the
possible range SAS € [0,1]. However, recall that the absolute values of
SAS are of no relevance as they are dependent on the characteristics of
the matrix such as dimensionality and sparsity (Section 6.2.4). There-
fore, only the comparison between the similarities of two models to a
joint null model—here, the ground truth—is a meaningful measure of
greater or lesser similarity. In Section 6.2.4, the distributions of SAS
are separated by an effect size (Equation 6.15) of

0 — Vconst;allation — VZdistance —16, (72)
\/Uconstellatimzw +o'dis‘(ance
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where 6 > 1 indicates robust separability. Thereby, we conclude
that the constellation-based connectivity rule captures more of the
inherent structure of connectivity observed in visual cortex than the
distance-dependent one.
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7.3 METHODS

The analyses in this chapter are based on the local cortical connectivity
reported by MICrONS Consortium et al. (2021). In their study, the
authors use electron microscopy (EM) to reconstruct the morphologies
of around ~ 75,000 neurons in the primary visual areas of mouse
cortex. The resolution of the obtained imaging data is high enough that
single synapses can be resolved. Thereby, the resulting connectome is
not just a probabilistic description, but represents actual ground truth
connectivity between the observed neurons. Since the morphological
reconstruction of axons is significantly more difficult than of dendrites,
the authors found that automatized methods are not suitable for axon
reconstruction. As a consequence, the axons need to be proofread
by hand, which is a labor intensive process. Thus, only a limited
subset of the ~ 75,000 neurons have fully proofread axons. We here
consider the same subset of 266 fully manually proofread neurons as
in Chapter 5, but only focus on the recurrent connectivity between
neurons in this subset. Further, we disregard any autapses in the data

set as their detection has been identified as unreliable by the authors.

7.3.1 Preprocessing

For the subgraph of 266 neurons, the data set provides all outgoing
and incoming synapses, as well as all neuron positions. Compared
to Chapter 5, we here choose a more detailed resolution on the cell

typing side, differentiating between ten cell types in total (Table 7.1).

For inhibitory subtypes, we further split the neurons into different
populations depending on the cortical layer ¢ in which their soma
resides, where ¢ € {L1,123,14,L5,L6}.
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Cell type Description

23P pyramidal cell, predominantly found in layer 2/3
4P pyramidal cell, predominantly found in layer 4

5P-IT pyramidal cell, predominantly found in layer 5, inter-
telencephalic-projecting

5P-NP  pyramidal cell, predominantly found in layer 5, near-
projecting

5P-PT  pyramidal cell, predominantly found in layer 5, extra-
telencephalic-projecting (pyramidal tract)

6P pyramidal cell, predominantly found in layer 6
BC basket cell

BPC bipolar cell

MC Martinotti cell

NGC neurogliaform cell

Table 7.1: Cell type classification. Fine-grained cell typing used in this work.
Pyramidal (P) cells are excitatory; BPC, BC, MC, and NGC are
inhibitory. Inhibitory cells are further subclassified depending on
the cortical layer in which their soma resides.

7.3.2  Constellation-based connectivity rule

First, consider all neurons of a particular population A, i.e., of a cell
type for excitatory neurons, or a cell type and layer combination for
inhibitory neurons. For these neurons, we collect the spatial positions
of their axonal and dendritic synapses relative to their soma body.
We denote by X3*°" the set of all three-dimensional vectors x%°"
encoding the relative displacement of a single synapse, and similarly
for dendritic synapses. Thereby, we obtain two collections of synaptic
locations for each population, which we call constellations. Figure 7.5
shows examples of single-neuron constellations.

Next, we calculate the constellation overlap O;; for all pairs of neurons
in our data set. Assume a given a presynaptic neuron of population
B with a soma location s; and a postsynaptic neuron of population
A with a soma at location s;. For each axonal constellation element
xFOn € X§ON, we center a three-dimensional Gaussian function at its
absolute position s; + x3°". Then, we iterate over all dendritic constel-
lation elements x$e"d € X9end and evaluate the Gaussian function at
their absolute positions s; + x¢end.

Summing over the entire constellation, this procedure yields a mea-
sure of overlap O;;, where Oj; is larger the more the two constellations
spatially overlap:
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Figure 7.5: Constellations of two example neurons. Synaptic locations rela-
tive to the soma body. Vertical axis (y axis) corresponds to cortical
depth, where negative values indicate locations closer to the corti-
cal surface. Horizontal axes (X, z axes) correspond to directions
parallel to the cortical surface. Left Dendritic constellation of an
example pyramidal cell in layer 5 (cell type 5P-PT). Right Axonal
constellation of an example basket cell in layer 2/3 (cell type BC,
L23).

2
(S‘_i_xaxon) o (Si+xdend)
Oij= Y, Y exp —[ L 22 A } (7.3)

xjiqend exiend X%XOHEXEXOH

Here, ¢ is a parameter of the model that controls how close an
axonal and dendritic constellation element have to be to evoke the
same overlap, which we set to ¢ = 20 pm.

Finally, we normalize the overlap by introducing fitting parameters
k 4p that fulfill

) ) kasOij = Sas, (7.4)

jEBiEA

where S 45 is the total number of synapses between all neurons of
populations B and A. Note that k4p only depend on the populations,
not on the individual neurons. Figure 7.6 shows a schematic of the
employed constellation scheme.
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Figure 7.6: Constellation connectivity scheme. Top Large blue circle repre-
sents an inhibitory neuron of population B at its spatial position
sj; blue stars are the characteristic axonal constellation of popula-
tion B, X§*°", with their origin shifted to coincide with sj. Large
red triangle represents an excitatory neuron of population A at
its spatial position s;; red circles are the characteristic dendritic
constellation of population A, X4, with their origin shifted
to coincide with s;. Bottom Zoomed version of the gray cube of
cortical space highlighted in top part of the figure. Dark blue
spheres represent 1o and 2¢ distances of a Gaussian function (see
Equation 7.3.2) centered on the axonal constellation element (blue
star).
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7.3.3 Distance-dependent connectivity rule

We employ the same approach as described in Section 5.2.1 to calculate
the distance-dependence of the mean number of synapses Sap(d)
between two neurons with a distance d between their somata:

Sap(d) = SYpexp (—&) (7.5)

In this formulation, S, marks the peak number of synapses, and
A ap denotes the characteristic length of cortical connectivity between
populations B and A. To estimate the observed distribution of dis-
tances between established connections, we have to account for the
density of distances d between pre- and postsynaptic neurons, w(d),
which has been calculated analytically for uniformly sampled points
in a rectangle by Sheng (1985). Thus, we fit

san(d) = wld) - San(@d) = Sy w(d)-ep (5 ) o)

to the distance-distribution of synapses observed in the EM data
set (cf. Equation 5.4, all fits in Figure A.3.1). This procedure yields the
characteristic lengths A op shown in Figure 7.7. For combinations of
pre- and postsynaptic populations where less than five synapses exist,
we omit the fit and instead assume a constant connection probability.

After obtaining the characteristic lengths, we normalize the connec-
tivity rule by fitting parameters m 4p that fulfill

¥ ¥ mipSantd) = ¥ Lomawexp (5 ) =San,  (9)

jEBiIcA JEBiIcA

similar to the constellation-based connectivity rule (Section 7.3.2).
We here absorb the normalization factor S%B in mp. The predicted
number of synapses between a presynaptic neuron of population B
and a postsynaptic neuron of population A with a horizontal inter-
somatic distance d is then given by

d
MAp - eXp <—)W3) . (7.8)
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Figure 7.7: Characteristic lengths of isotropic distance-dependent connec-
tivity. Characteristic lengths from fitting Equation 7.6 to the ob-
served number of synapses (see Figure A.3.1 for fits). X indicates
insufficient data (< 5 synapses).
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7.3.4 Poisson model for the distribution of the number of synapses between
neurons

Given the mean number of synapses S between two neurons, we
assume the integer number of established synapses k between the two
neurons to be Poisson distributed with mean S. This is motivated by
the following model for the generation of synapses: each neuron pair
has n sufficiently close sites on the neural processes where synapses
can be formed. At each site, a synapse is formed independently with
probability p. Since the mean number of synapses is S, it follows that
p = S/n. The number of synapses thus is distributed according to the
binomial distribution with # trials and success probability p, B(n; p).
In contrast to the mean number of synapses, the number of sites on
which synapses can be formed is difficult to estimate. Therefore, we
consider the set of all binomial distributions that have fewer than n
trials and mean S, B(n; S). For all n, B(n; S/n) maximizes the entropy
in B(n;S) (provided S/n < 1). Letting n tend to infinity, B(n;S/n)
converges to the Poisson distribution with mean S with respect to
the Kullback-Leibler divergence (Harremoés, 2001). We thus identify
the maximum entropy distribution in (J,>1 B(n; S) with the Poisson
distribution. The Poisson distribution is therefore the optimal model
for the distribution of synapses provided the mean S is known while
the number of possible sites at which synapses can be formed is
unknown.

Lifting the assumption of homogeneity in synapse creation, we next
consider the generalized binomial distribution B%(#; py, ..., pn)- The
probability for the natural number k is determined by the probability
of k successes in n independent Bernoulli experiments where each
experiment is successful with probability p;. The mean of this distri-
bution is given by Y} ; p;. The generative process described above
suggests a generalization of the model of the distribution of synapses
where a different probability for synapse formation governs each site.
We denote by 8BS (n; S) the set of all generalized binomial distributions
with at most 7 trials and mean S. Note that B(n;S) C B%(n;S). The
distribution maximizing the entropy in 8B%(n;S) is B(n;S/n) (pro-
vided S/n < 1). Thus, the Poisson distribution is also the maximum
entropy distribution of the set of generalized binomial distributions
with mean S, U,,>1 G (n;S) and hence is the best model for the dis-
tribution of synapses given its mean, also under the more general
model of synapse formation stemming from the generalized binomial
distribution (Harremoés, 2001).
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7.4 DISCUSSION

In this chapter, we present a novel rule for predicting local spatial
connectivity in visual cortex based on the characteristic spatial distri-
butions—or constellations—of axonal and dendritic synapses. First,
we derive single-neuron constellations from a recent data set that
reconstructs the morphology of neurons in mouse V1 using electron
microscopy (EM), fully leveraging its synapse-level resolution. Next,
we group neurons according to cell type and, for inhibitory neurons,
also according to cortical layer, to calculate population-specific con-
stellations. Based on the overlap of the axonal constellation centered
on the soma of the presynaptic neuron and the dendritic constella-
tion centered on the soma of the postsynaptic neuron, we predict the
expected number of synapses for any two neurons. Notably, the con-
nectivity rule can incorporate potential patterns of connectivity that
are specific to spatial locations with respect to a cell’s soma, thereby
going beyond classical approaches that only depend on the distance
between neurons.

We demonstrate that the constellation-based approach outperforms
the commonly used distance-dependent connectivity rule: using singu-
lar angle similarity (Chapter 6) as a measure, the connectome predicted
by the constellation-based rule is more similar to an experimental
ground truth. This result holds robustly across sampled connectomes
from the probabilistic descriptions.

The increased biological realism of the predicted connectivity comes
at a computational cost, as the overlap calculations typically require
more resources than the evaluations of a distance-dependent con-
nectivity model. However, since this only has an influence on the
construction of the network graph, subsequent dynamical simulations
are not affected by this overhead as the same connectivity can be
reused.

As Chapter 5 showed, updates to established notions of cortical
connectivity driven by experimental anatomical data can strongly
impact the resulting dynamical repertoire of spiking network models.
The constellation-based connectivity presented in this chapter marks
a further milestone in this endeavor by exploiting the unprecedented
resolution of recent EM connectivity data. The hereby obtained precise
spatial connectivity is of particular relevance for future computational
modeling aimed at investigating the structure-dynamics interplay, akin
to the modeling efforts described in Part iii.
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CONCLUSIONS AND OUTLOOK

This thesis investigates the effect of spatial connectivity on the dynam-
ics of spiking neural networks of visual cortex. It lays the technological
foundation for simulations of large-scale neural networks (Chapter 3),
leverages detailed anatomical data from a variety of experiments to
constrain a comprehensive model of visual cortex of macaque V1
(Chapter 4), establishes links between the dynamics of instantiated cor-
tical circuits and their structure (Chapter 5), derives a novel measure
for assessing the similarity of adjacency matrices of cortical networks
(Chapter 6), and devises a data-driven probabilistic connectivity rule
for the next generation of in silico studies of spatial connectivity (Chap-
ter 7). In the following, the technological and neuroscientific insights
gained throughout this thesis are reflected, and an outlook is con-
ceived on how future modeling studies can build on the presented
results.

TECHNOLOGICAL FOUNDATIONS FOR LARGE-SCALE SIMULATIONS
OF BIOLOGICALLY REALISTIC SPIKING NEURAL NETWORKS

The spatial connectivity observed in the primary visual cortex of
macaque reaches distances of several millimeters, necessitating net-
work models at the same scale for investigating the impact of spatial
connectivity on cortical dynamics. At the same time, downscaling the
number of neurons or synapses per unit volume alters the statistics of
the emerging neural activity (van Albada et al., 2015a). Taken together,
a computational approach requires models that consist of a large num-
ber of neurons and synapses. The routine execution of such network
simulations is only viable if the models are efficiently implemented.
In the development process, benchmarks are valuable tool for under-
standing bottlenecks in the performance of simulations. Benchmarking
neural network simulators, however, proves to be complex when done
in a collaborative fashion.

Part ii identifies the complexities that are particular to benchmarks
of neural network simulators. Based on these observations, a platform
is conceptualized and implemented, designed from the ground up for
automating this task. In the process, it is demonstrated how different
adaptations of a particular simulator code have positive performance
implications for a variety of neural network architectures. Thereby, the
necessary technological prerequisites for ensuring a continual develop-
ment of neural network simulators are established: the implemented
platform aids the development of dedicated simulation software that
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is the backbone of modern large-scale network simulations. Not only
do current network simulations directly benefit from faster execu-
tion times, but the developed framework promises to facilitate future
performance optimizations of neural network simulators, paving the
way for the creation of network models that incorporate ever more
biological detail.

While the benchmarking framework developed here automates the
execution and analysis of single benchmarking runs, manual input
is still needed in the selection of which simulator versions to test.
Furthermore, the usage of the framework requires considerable exper-
tise in handling high-performance computing resources, creating a
substantial barrier of entry. These shortcomings can be addressed by
integrating the benchmarking framework directly in the development
workflow of the neural network simulators. This way, benchmarks
could automatically be triggered as soon as performance-relevant
changes are introduced in the code base. The full automation of bench-
marking would eliminate the manual component, freeing up human
resources to focus on the continual development of the performance
of neural network simulators.

LINKING CORTICAL STRUCTURE TO DYNAMICS IN ANATOMICALLY
CONSTRAINED SPIKING NEURAL NETWORK MODELS

With the technological foundations in place, Part iii leverages a broad
collection of recent anatomical data to construct and simulate detailed
neural network models of visual cortex at full neuronal and synaptic
density.

Chapter 4 derives and implements three distinct spatial connectivity
rules: (a) medium-range isotropic connectivity that decays in prob-
ability with the horizontal distance between neuron cell bodies; (b)
long-range patchy connectivity between regions of visual cortex that
share tuning properties to external stimuli, thereby establishing direct
connections between neurons coding for similar properties across the
visual scene; and (c) short-range push-pull connectivity between neu-
rons that share input correlations which have been shown to promote
contrast-invariant responses, matching experimental results. A dy-
namical analysis reveals that the model only operates in pathological
states: when increasing the external drive onto the neurons in the
network, the recurrent connectivity leads to runaway excitation, caus-
ing populations to fire at implausibly high rates. Calculating neural
targeting patters in the underlying recurrent connectivity uncovers
putative excitatory feedback loops which are hypothesized to be a
root cause of this behavior.

Chapter 5 sets out to validate this hypothesis. The connectivity data
used to constrain the model of V1 is based on probabilistic calculations
of potential connectivity: in the data set in question (Binzegger et al.,
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2004), light microscopy (LM) is used to reconstruct the morphology of
different neural cell types. Then, potential connectivity is calculated by
calculating a spatial overlap of presynaptic axonal and postsynaptic
dendritic arbors. Crucially, this method does not include information
on where actual synapses are formed. Recent advances in the applica-
tion of machine learning to imaging data from electron microscopy
(EM) have made it possible to reconstruct substantial fractions of the
actual connectivity, i.e., which neurons form synapses between each
other, for volumes of cortex on the order of 1 mm?3 (e.g., MICrONS
Consortium et al. (2021)). To compare the two data sets, local cortical
network models are derived which are constrained in their recurrent
connectivity based on the respective anatomical data. Building on this,
spiking neural network models are implemented and their dynamics
are studied across regimes of external input that may stem from other
brain areas. Thereby, it is revealed that feedback loops between excita-
tory neurons are indeed a key factor that contribute to pathological
activity in models based on the LM data set. In contrast, the model
based on the recent EM data avoids such dynamical regimes and
exhibits biologically plausible activity that smoothly depends on the
external drive.

These insights are utilized to derive an updated version of the model
of macaque V1: replacing the LM connectivity data by EM connectivity
data in the derivation of the number of synapses between populations
of the model, simulations reveal biologically plausible first-order statis-
tics of activity without fine-tuning of model parameters. Thus, the
pathological dynamics are resolved in a data-driven way, highlighting
the importance of high-resolution connectivity data constraining the
structure of the model.

As such, the model of macaque V1 developed throughout Part iii
provides a platform that future studies can use as a starting point
to examine the effect of varying the spatial connectivity embedded
within. Furthermore, the model is readily extendable. For example,
future work could utilize the software pipelines developed for the
model of V1 to create models of brain areas higher up the cortical hi-
erarchy. In particular, adding areas V2 and V4—the main constituents
of the ventral stream of visual processing—to form a joint multi-area
model would unlock investigations of hierarchical processing. Due
to its spatial nature, converging and diverging spatial connectivity
schemes observed between V1, V2 and V4 could straight-forwardly be
implemented. Considering the other direction of the cortical hierarchy,
follow-up work could also implement a more sophisticated thalamic
model which provides sensory input to the neurons in V1. Thereby,
the propagation of activity could be investigated in a systematic fash-
ion. Coupled with an assessment of performance metrics for tasks
of processing visual input, the computational benefits of the spatial
connectivity principles ingrained in the model could be studied, pro-

173



174

CONCLUSIONS AND OUTLOOK

viding crucial information on the structure-function relationship of
cortical processing.

DERIVING PRECISE SPATIAL CONNECTIVITY FOR FUTURE MODEL-
ING

Part iii demonstrates the critical nature of using high-resolution data
for constraining the connectivity in spiking neural networks of visual
cortex. Inspired by the unprecedented detail of connectivity data from
EM-based experimental studies, Part iv investigates precise spatial
connectivity that derives from the characteristic spatial distributions
of synaptic locations. With a view towards computational modeling
akin to the spiking neural networks employed in this thesis, Chapter 7
devises a predictive connectivity rule that estimates the number of
synapses between neurons given their cell types and relative displace-
ment. Naturally, the question arises whether the novel connectivity
rule provides more accurate predictions than established ones. Since
the EM data allows for an extraction of an experimental ground truth,
this accuracy can, in principle, be tested. However, this raises the
question of how to assess the similarity of networks as defined by
their connectivity structure.

Chapter 6 addresses this in a formal way: since the information
about recurrent connectivity in a network can be distilled into an
adjacency matrix, which contains the number of connections between
all pairs of neurons, the problem reduces to the quantification of
similarity between matrices. In this chapter, a novel similarity measure
is developed that captures the two-dimensional structure of matrices
by design, thereby outperforming existing approaches.

Using this measure, Chapter 7 demonstrates that a predictive con-
nectivity rule based on the precise spatial arrangements of synaptic
contact locations—or constellations—produces network connectivities
that are robustly more similar to the experimental ground truth than
predictions from a purely distance-dependent rule.

Thereby, future computational studies can use a constellation-based
rule to capture more of the intricate detail of spatial connectivity
in spiking neural network simulations. Once additional EM data
sets of comparable quality are available, future work could test the
generalization capabilities of the constellation-based rule by predicting
the connectivity across individual brains of the same species. Finally,
incorporating constellation-based connectivity in spatially resolved
spiking neural networks, akin to the model of macaque V1 developed
in this thesis, could uncover the impact of precise spatial connectivity
on the dynamics of cortical circuit models.
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CONCLUDING REMARKS

Overall, this thesis investigates links between spatial connectivity and
resulting cortical dynamics in a computational framework. In the
course of this work, three key areas of development are addressed.
First, the technological foundations for simulations of large-scale spik-
ing neural networks are established. Second, anatomically detailed
models of visual cortical areas are created in a data-driven way. Simu-
lating those networks reveals fundamental links between the structure
of cortical networks and their emerging activity, highlighting the im-
pact of accurate estimates of spatial connectivity. Finally, a precise
spatial connectivity rule with a view towards computational modeling
is derived that can inform the structure of spiking neural network
models of the next generation. Thereby, this thesis provides a thorough
account on spatial connectivity in cortical neural networks, establish-
ing frameworks for future studies to build upon. Linking the spatial
connectivity structure to the dynamics of the studied large-scale spik-
ing neural networks, it contributes to the ultimate goal of unraveling
the structure-dynamics-function relationship of the brain.
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SUPPLEMENTARY MATERIALS

A.1 SUPPLEMENT TO “REVISITING ARCHITECTURES OF LOCAL
CIRCUITS ...”

A.1.1  Population-specific characteristic lengths

We fit an exponential decay of the mean number of synapses using
Equation 5.1 and the connection probability using Equation 5.2 to
the actual and potential connectivity derived from EM and LM data
to obtain the population-specific characteristic lengths. Figure A.1.1
shows the fits for the mean number of synapses from EM data; Fig-
ure A.1.2 shows the fits for the connection probability from EM data
(actual connectivity); Figure A.1.3 shows the fits for the connection
probability from EM data (potential connectivity); and Figure A.1.4
shows the fits for the connection probability and mean number of
synapses from LM data.

Figure A.1.5 compares the length scale of the connection probability
obtained from actual and potential connectivity using EM data. We
find that the two methods produce similar estimates:

/\COI’IH

A,
Tx = ACOT”;(N ~1 Vo, X (A.1.1)

AvX

where v is the layer and X is the cell type of the presynaptic popula-
tion.
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Figure A.1.1: Density of mean number of synapses between pre- and post-
synaptic populations from EM data, actual connectivity. Pur-
ple dots indicate experimentally observed number of connec-
tions at distance d, purple curves are fits to the expected num-
ber of connections given the density of the mean number of
synapses of one presynaptic neuron with all possible partners
from the postsynaptic population at distance d (Equation 5.4).
No fits for combinations of populations where the observed
number of synapses is smaller than 50.
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Figure A.1.3: Connection probability between pre- and postsynaptic pop-
ulations from EM data, potential connectivity. Purple dots
indicate connection probability at distance d, purple curves are
fits to the expected connection probability (Equation 5.2).
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ulations from LM data. Source population horizontal, target
population vertical. Panels show potential connectivity (vertical)
at a lateral displacement d as orange dots. Orange curves are
fits to the connection probability according to Equation 5.2 for
E-to-E connections, and mean number of synapses according
to Equation 5.1 for all other types of connections.
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A.1.2  Characteristic lengths for LM-based model

Since the data of Stepanyants et al. (2007) do not have the required
resolution for the derivation in Section 5.2.2, we generalize the missing
values from the estimated A’}. For inhibitory source populations, we
choose

syn 4 Syn

Astbatb = AsE a1 (A.1.2)
syn 4 Syn

Aelbatb = e amb (A.1.3)
syn __ ,syn

/\A,vIb = )‘A,4Ib (A.1.4)

where A represents any target population, and v represents any source
layer. Since Stepanyants et al. (2007) only provide data for inhibitory
basket cells, we use the same characteristic length scales also for
inhibitory non-basket cells.

For excitatory source populations, we choose

/\i}lflr;,vE = /\i}IIEI,IUE (A'1~5)

for all source layers except v = 6 since data for this layer is lacking.
There, we choose

AAeE = MisE (A.1.6)

see Table A.1.1.
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Characteristic lengths A7/,

syn

of the mean number of synapses

Target population

Source population

2/3E 2/3Ib 4E 4Ib 5E 5Ib 6E 6Ib
2/3E 171pm | 146 pm | 171pm | 146 pm | 216 pm | 146 pm | 216 pm | 146 uym
2/31b 171pm | 160pm | 179 pm | 160 pm | 216 pm | 160 pum | 216 pm | 160 pm
4E 115pm | 131pm | 136pm | 131pm | 173 pm | 131 pm | 173 pm | 131 pm
4Ib 115pm | 124pm | 134pm | 124pm | 173 pm | 124pm | 173 pm | 124 pm
5E 129pm | 117pm | 123 pm | 117 pm | 154pm | 117 pm | 154pm | 117 pm
5Ib 129pm | 117pm | 123 pm | 117pm | 154pm | 117 pm | 154 pm | 117 pm
6E 103pm | 120pm | 123 pm | 120pm | 132pm | 120pm | 132 pm | 120 pm
6Ib 102pm | 120pm | 123pm | 120pm | 132 pm | 120pm | 132pm | 120 pm

Table A.1.1: Characteristic lengths for M ). Characteristic lengths A

syn

ip of the mean number of synapses for model M| . Green values

are estimated directly from Stepanyants et al. (2007), black values are generalized from these estimates.
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A.1.3  Connection strengths

We follow Kraynyukova et al. (2022) in defining the connection strength
J%y in a layer v from neurons of population vY to vX as

J%y = average in-degree to neuron in vX from vY x corresponding PSP.

To compare our results with theirs, we only consider inhibitory basket
cell populations and discard populations of inhibitory non-basket cells.
We find that the weights chosen in the present work (cf. Section 5.2.3)
satisfy the hierarchy of connection strengths found in Kraynyukova
et al. (2022) (called connectivity weights in their study) in most cases.
Additionally, we display the synaptic weights (assessed by unitary
PSPs) used in Kraynyukova et al. (2022) originating from previous
measurements (their reference Allen Institute for Brain Science, 2019).
For these synaptic weights, the hierarchy is satisfied for the EM model
in all cases except L6 EI-EE (Figure A.1.7, lower left panel). This is
consistent with their findings using connection probabilities in mouse
V1 obtained by electrophysiological means (their Figure 4).
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Figure A.1.6: Connection strengths for Mg)s. Layer- and population-pair-resolved connection strengths when systematically varying
the PSP of presynaptic populations. On the horizontal (vertical) axis, the PSP of presynaptic populations with putatively
smaller (larger) connection strengths is varied. Weights chosen in this work marked in orange, weights by the Allen Institute
marked in white. Green (purple) indicates that the inequality given in the column title is true (false) and therefore the
hierarchy of connection strengths is fulfilled (not fulfilled).
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A.1.4 Tables summarizing model definitions

The network architecture and the list of parameters are summarized
in the style of Nordlie et al. (2009). Table A.1.2 summarizes the mod-
els, Table A.1.3 specifies neuron and synapses models, Table A.1.4,
Table A.1.5, and Table A.1.6 give the numeric values used in the

simulations.
Structure Multi-layer network of excitatory, inhibitory bas-
ket and non-basket neurons
Populations 12 cortical populations in 4 layers (L2/3, Lg, L5,

L6),
populations vY for all v in layers, Y € {E,Ib,Inb}

Measurements | Spikes and membrane potential of neurons in all

populations

Neuron Model | Leaky integrate-and-fire neurons, E and Inb neu-

rons with adaptation

Synapse Model | Conductance-based synapses with exponentially

shaped kernel

Network Model | Pairwise Bernoulli connectivity rule

External Drive | Modulations of excitatory conductances with an

Ornstein-Uhlenbeck process

Table A.1.2: Model summaries for M, and Mgp,.

Neuron and synapse model for E and Inb cells

Dynamics

Spiking

CnVin = —8L (Vi — EL) — (gex +8ext) (Vin — Eex)
—8&in (Vin — Ein) — &a (Vi — Ea)
—8rr (Viw — Exr)
Tex§ex(t) = —gex(t) + Tex Lj W L ot —t; —d;)
Tingin(t) = —&in(t) + Tin L Wi Ly, O(t — tx — di)
Taga(t) = —&a(t) + T Xy, 0(t — 1)
Tira(t) = —Gue(t) + Tur Y, S(t—t;)
where t; is the timing of the spike emitted by the
neuron.

If V(t—) < Vi and V(t+) > Vin:
1. Set t* =t and V(t) = Vieget in (#*,t* + 7).

2. Emit spike with time stamp ¢*.

— =

Neuron and synapse model for inhibitory basket cells

Dynamics

Cme = —8L (Vm - EL) - (gex + gext) (Vm - Eex)
—8in (Vm - Ein)



A.1 SUPPLEMENT TO “REVISITING ARCHITECTURES OF LOCAL CIRCUITS ...

Spiking

Texgex (1) = —gex(t) + Tex Ljwj Ly, 6(t — tj — d))
Tingin(t) = —&in(t) + Tin L Wi Loy, O(t — tx — di)
If V(t—) < Vi and V(t4) > Vip:

1. Set t* =t and V() = Vieset in (t*,t* + 7).

2. Emit spike with time stamp t*.

Computation time step

Resolution

dt =0.1ms

Synaptic delays

Delay

Synaptic delay is exponentially distributed with a
mean

depending on the pre- and postsynaptic cell type.

The minimal synaptic delay equals dt.

Synaptic weights

Weights

Synaptic weights are lognormally distributed with a
tixed

relative (to the mean) standard deviation and the
mean

depending on the pre- and postsynaptic cell type.

Stimulation

Ext. drive

Iext =X (Vm - Eex)/

dX _ —(X=p) 2

& = T TR

where 1 denotes white noise, y and ¢ are population-
specific.

Table A.1.3: Neuron and synapse models. Models are used for spiking
neural network simulations of both My and Mgy,.

”
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Parameter | Value

Description

Neuron parameters: excitatory neurons

Cm 250pF | Membrane capacitance

Fref 2ms Refractory period

Tex 2ms Excitatory synaptic time con-
stant

Tin 5ms Inhibitory synaptic time con-
stant

X 10 ms Time constant of Ornstein-
Uhlenbeck noise

QL 16.7nS | Leak conductance

Er —70mV | Resting potential

Ein —75mV | Inhibitory reversal potential

Eex 0mV Excitatory reversal potential

Vin —50mYV | Threshold

Vieset —60mV | Reset membrane potential

Vin —60mV | Initial membrane potential

Neuron parameters: inhibitory basket neurons

Cm 250pF | Membrane capacitance

Fref 4ms Refractory period

Tex 2ms Excitatory synaptic time con-
stant

Tin 5ms Inhibitory synaptic time con-
stant

X 10 ms Time constant of Ornstein-
Uhlenbeck noise

SL 16.7nS | Leak conductance

Er —70mV | Resting potential

Ein —75mV | Inhibitory reversal potential

Eex 0mV Excitatory reversal potential

Vin —50mV | Threshold

Vieset —60mV | Reset membrane potential

Vin —60mV | Initial membrane potential

Neuron parameters: inhibitory non-basket neurons

Cn 250pF | Membrane capacitance

tref 4 ms Refractory period

Tex 2ms Excitatory synaptic time con-

stant
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Tin 5ms Inhibitory synaptic time con-
stant

(5'¢ 10ms Time constant of Ornstein-
Uhlenbeck noise

SL 16.7nS | Leak conductance

Er —65mV | Resting potential

Ein —75mV | Inhibitory reversal potential

Eex OmV Excitatory reversal potential

Vin —50mV | Threshold

Vieset —60mV | Reset membrane potential

Vin —60mV | Initial membrane potential

Adaptation parameters

sfa 14.48nS | Quantal spike-frequency
adaptation conductance
increase

Grr 3214nS | Quantal relative refractory
conductance increase

Tofa 110ms | Time constant of spike-
frequency adaptation

Ter 1.97ms | Time constant of relative re-
fractoriness

Esta —70mV | Spike-frequency reversal po-
tential

E. —70mV | Relative refractory reversal
potential

Table A.1.4: Neuron parameters for M and MEgy,.

Mean delay

Target cell type

Source cell type

E Ib Inb

E
Ib
Inb

2ms | 0.8ms | 1.5ms
1.2ms | 1.5ms | 1.5ms

1.5ms | 1.2ms | 1.5ms

Table A.1.5: Mean delays between populations of given cell types for M
and Mgy Numerical values inspired by measurements from
Avermann et al. (2012).
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Mean connection weights

Target cell type Source cell type

E Ib Inb
E 04nS | 47nS | 4.0nS
Ib 0.8nS | 47nS | 3.2nS
Inb 0.4nS | 6.5nS | 4.0nS

Table A.1.6: Mean connection weights between populations of given cell
type for M) and Mgy Numerical values inspired by mea-
surements from Avermann et al. (2012). Relative standard devia-
tion of weights equals 0.5.

ux for Mpym
Layer Cell type

E Ib Inb
L2/3 | 6.34nS | 6.79nS | 5.78nS
Lg 8.07nS | 6.67nS | 5.57nS
Ls 6.79nS | 5.61nS | 5.66nS
L6 8.00nS | 9.12nS | 8.22nS

Table A.1.7: Mean of conductance fluctuations. Change in conductances
modeled as OU processes providing external drive for the tuned

M network.

ix for Mgy
Layer Cell type

E Ib Inb
L2/3 729nS | 6.55nS | 4.50nS
Lg 7.85nS | 845nS | 5.72nS
Ls 11.98nS | 11.54nS | 7.58nS
L6 560nS | 545nS | 3.94nS

Table A.1.8: Mean of conductance fluctuations. Change in conductances
modeled as OU processes providing external drive for the tuned

Mgy network.



A.2 SUPPLEMENT TO “QUANTIFYING THE SIMILARITY OF MATRICES ...”

A.2 SUPPLEMENT TO ”QUANTIFYING THE SIMILARITY OF MATRI-

4

CES ...
A.2.1  Canonical angles between subspaces

We follow (Zhu and Knyazev, 2013). Given two subspaces H, and H,
of R" of dimension p and g, the canonical angles 6; can be iteratively
defined as

cos(6;) = U-EII:II1?U)'(€H;,{<vi' wj) st [|oi]| = [|wil| =1 (A.2.1)

and v; L vq,..., 0,1, w; L wy, .., w;_1},
or equivalently

0; = vielfl?,g}eHh{ arccos ((v;, w;)) st |vi|| =||wi]| =1 (A.2.2)

and v; L vy,...,0;_1,w; L wy,.,wi_1}.
fori =1,.., min{p,q}. The vectors v; and w; are called the canonical
vectors and determine the alignment of the subspaces. If B,, B, are
orthonormal bases of H, and Hj, respectively (written as matrices of

n x p and n X g, respectively), one can determine the canonical angles
by means of the SVD of B,B]: writing

BBl = uxv? (A.2.3)

where U € RP*F and V € R7*Y are orthogonal matrices and ¥ €
RP*1 = diag(01, .., Omin{p,q}) is @ diagonal matrix with entries greater
than or equal to zero. As in the main text we assume that the singular
values are in decreasing order. The canonical angles are then given by
6; = arccos(0;), and v; = B,Ue; as well as w; = B, Ve,.

A.2.2  Invariance properties of SAS

Let M,, M, € R™*" with SVDs
M; = Uz vyt (A.2.4)

for i € {a,b}. Noting that the transposition of an orthogonal transfor-
mation is again orthogonal, the SVDs of M! are

Mm! =vxIul. (A.2.5)

Thus, by its definition, the SAS between M, and M, is invariant under
transposition of both matrices. If working with the eigendecomposition
instead of the SVD, one obtains, in the general case,

M; = BAP (A.2.6)
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where A; is a diagonal matrix containing the eigenvalues, and the
columns of P; are the eigenvectors. Here, the eigenvectors are not
guaranteed to be orthogonal. Thus,

(Pi_l)T # P; (A.2.7)

in general. Consequently, any measure comparing the eigenvectors is
not invariant under transposition of the compared matrices. Specifi-
cally, this includes the eigenangle score Gutzen et al. (2023).

Additionally, SAS is invariant under actions of identical orthogonal
matrices from the left or right onto M;. We denote the orthogonal
matrices as O; and OJ. The action of the matrices from the left and
from the rights yields

M; = O;M;0} , (A.2.8)

and the corresponding SVD is
- . T
M:w&ﬂ:@m@&@m). (A.2.9)

Note that the singular values remain identical. Since the left and right
singular vectors of the matrices M; are 125 = U,e/ and ?75 = Viel, we
compute the left and right singular angles as

o/ (UI) = arccos ((l:laej, Clbej>) = arccos (<01 U,el, Olubef>)
= arccos ((Uaef, llbef>) = o/ (U) (A.2.10)

and mutatis mutandis for o/ (V), resp. &/ (U~), &/ (V™). We here used
the orthogonality of the matrices O;. Thus, the singular angles, the
singular values, and consequently the similarity score, are invariant
under the action of orthogonal matrices from the left and the right.

A.2.3  Change in SAS under scaling

Consider a matrix M with SVD
M=UzvT’ (A.2.11)

and scalars c; > 0 as well as ¢ < 0. In the following, our aim is to
determine the SAS between M and ¢;M for j = 1, 2.

POSITIVE SCALING We note that the SVD of cyM is
aM=U(c;Z)VT. (A.2.12)

Hence, only the singular values are scaled while the left and right
singular vectors remain constant. This implies &/ = 0 Vj, and thus an
angular similarity of A/ = 1 Vj. Therefore, SAS between M and ¢;M
equals 1.
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NEGATIVE SCALING We write c; = —1-|cz| and determine the
SVD of ¢; M as

oM = (=1-U)|ea|ZVT = Ulea|Z(-1-VT) . (A.2.13)

In the following, we focus on the first of the two representations. The
second one can be treated analogously. We first calculate

«/ (U) = arccos ((uj, —uj>> —arccos(—1) =7, (V) =0. (A.2.14)

Thus, we obtain & = 71/2 and consequently &/ = 7t/2 Vj. Therefore,
the angular similarity A/ = 1 —a//Z = 0, and the SAS between M
and co M equals 0.

A.2.4 Change in SAS under small perturbations

Consider a matrix M with SVD
M=Uuxv". (A.2.15)

For simplicity, we assume that M € R"*" is a random matrix with
non-degenerate singular values. First, we relate the singular values
as well as the left and right singular vectors to the eigenvalues and
eigenvectors of certain symmetric matrices. We calculate

MM = uz2u?, M™M= vz2y? (A.2.16)

and observe that MMT and MTM are symmetric, the squared sin-
gular values are the eigenvalues of the matrices, and since U and
V are orthogonal matrices, the left and right singular vectors are
the eigenvectors. We perturb M by a random +/eW, thus consider-
ing M + \/eW. This induces a perturbation up to first order (in \/€)
of /e (MWT + WMT) in MMT and /e <MTW + WTM) in MTM.
Following Rayleigh-Schrodinger perturbation theory (Landau and
Lifshitz, 2013) , the perturbed left singular vectors i/ read

- (u, (MWT + WMT )
W =u+ /e Z 2 12
—

= o/

uk—l—e- terms | to u/ .
(A.2.17)

while the perturbed eigenvalues are

o' = o + /el (MWT+WMT) wy+ey S
=y 0" — ot

(A.2.18)

(u, (MW + WMT )w)?
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To investigate how the eigenvalues change under perturbation, we
calculate:

(wl, (MWT + WM ul)
=/, MWTW) + (u/, WMTu/)
=(WMTW, ) + (u/, WMTW/)
=2(WMTu, ul)
=207 (Wol,ul) . (A.2.19)
Similarly,
(uk, (MWT + WMT) w) = M (Wok, ul) + of (uf, Wol) . (A.2.20)

Writing the perturbation matrix W as an expansion of the left and
right singular vectors, we get

W= ijkuj(vk)T (A.2.21)
jk

where w;; € R are the corresponding coefficients. Thus

k . 2
(0’ Wik + U'JZT)kj)

= + Verwjj+el T (A.2.22)
ko 0 -0

Consequently, it is easy to construct perturbations that leave certain
singular values unchanged. For a random perturbation, however, this
is unlikely: even when the perturbation changes a single entry of M,
since the left and right singular vectors generally have no resemblance
to the standard normal basis of R", most of the @;; differ from zero.
Neglecting the special case in which the first and second order exactly
cancel, we can assume that all eigenvalues change under perturbation.

Writing

(uk, (MWT n WMT> )
ij = 0_]'2

i , (A.2.23)
— 0

normalizing the eigenvectors yields

il = (1 - g Y c%) w + /e terms L to 1/ (A.2.24)
]
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and mutatis mutandis for the perturbed right singular vectors @'. This
implies for the angles between the left singular vectors of the unper-
turbed and perturbed matrix

o/ (U) = arccos ((uj, ﬁj>>

= arccos | (i, <1 - g ) c,é) w + /e terms L to ul)
Z

€
= arccos (1 -3 2 cé) (A.2.25)

K]

where we used the orthonormality of the u'.

By a similar argument as for the eigenvalues, we can also as-
sume that for a generic perturbation, the eigenvectors change. Thus,
Ykt c%]. > 0 since (#/,#/) < 1, and we denote by C(M, W, U) the
smallest of those terms. Hence, we obtain

®/ (U) < arccos(1 —eC(M, W, U)) (A.2.26)

where the constant also absorbs the factor % Since the same rela-
tions hold for the right singular vectors, we have &/ < arccos(1 —
€’C(M,W)) where C(M, W) = min{C(M, W, U),C(M,W,V)}. And
as this holds true for all angles &/, it implies that SAS between the
matrices M and M + \/eW is 1 — arccos(1 — eC(M, W))/Z up to first
order in €.

A.2.5 The Perron-Frobenius Theorem and the Perron vector

The Perron-Frobenius theorem (Deuflhard and Hohmann, 2008) for
non-negative square matrices asserts that if a matrix N has only non-
negative entries, then

e there is a real eigenvalue Ap > 0 of N such that, for all other
eigenvalues A of N, |A| < Ap, and

* the eigenvector corresponding to the eigenvalue Ap has only
non-negative entries. This eigenvector is called the Perron vector.

For the random graphs in this work, SAS considers N = M;M! and
N = MIM; where M,; is an adjacency matrix with non-negative entries.
In both cases, N is a symmetric positive-definite matrix. Both N share
all non-zero eigenvalues (the squares of the singular values of M;),
and the eigenvectors of N are the right and left singular vectors (up to
a potential multiplication with —1.) Since by assumption non-trivial
singular values are unique, and under the assumption that at least
one non-trivial singular value exists, the above inequalities become
strict, and the eigenvector to Ap becomes unique.
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A.2.6 Non-square matrices from subsampled networks

We define subsampled graphs as graphs where the connectivity is
only known for a random subset of source nodes. Thus, the adjacency
matrices are non-square. We keep the number of possible connections
in the network the same by instantiating a full graph of size N~ = %N N
where f < 1, and then subsample N. = fNy source nodes. For all
networks we here choose f = 2/3 and for the comparison between
subsampled graphs in this work, the list of source nodes for which
information is available is shared across network instance and models.
We use SAS to test how similar the structures of subsampled networks
are.

A R a B pcm b
0 0
o 100 1 \ Orc = 68 o, 1001 : Orc = 9.3
‘é 200 Boc = 6.3 § 2001 Boc = 8.8
g g Or = 2.7
5 300 s 300
= o = 0
400 400
0 100 200 0025 0.030 0.035 0 100 200 0025 0.030 0.035
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C oc c D 1 d
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Figure A.2.1: Self- and cross-similarity of subsampled network models.
A-F Single instances of the different network models. Col-
ored matrix elements indicate a connection between nodes. a—f
Histograms of SAS between instances of the network models
(n = 100, all pairs compared). Filled distributions indicate self-
similarities, non-filled ones indicate cross-similarities. Effect
sizes 0 between self- and cross-similarities also shown.

Instances of these subsampled graphs, their respective self- and
cross-similarities, and the corresponding effect sizes are shown in
Figure A.2.1. In subsampled graphs, some of the original structure is
inevitably invisible, and we therefore expect SAS to find less distin-
guishable structure. This is especially apparent for the DCM network,
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which does not have enough structure to be reliably distinguished
from the other network models. All other subsampled network graphs
retain enough structure such that SAS can distinguish between them.

A.2.7  SAS for 1 x n matrices

Let v; € R where i € {a,b}. In this case, the SVD reads

v; = 1.diag(HZ)iH,0,.,,,O) . [ ;i

Toil2 ‘ * ‘ ’ * ].(A.2.27)

Thus, there is only one non-zero singular value, resulting in the
weighted sum used in the definitions of SAS to consist of one sum-
mand, with weight one. Thus, SAS is the angular similarity between
v, and v}, in this case.

A.2.8 Comparison of SAS with common measures on brain data

We here compare how similarity is assessed by SAS, cosine similarity,
and the Frobenius norm between the different trial types of brain
activity data (Section 6.3.3). Figure A.2.2 shows that only SAS identifies
that the recorded activity is more similar between trials where the
stimulus has the same orientation (U-D and L-R).
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Figure A.2.2: Comparing non-square matrices of brain activity with SAS, cosine similarity, and the Frobenius norm. A Brain activity
of all recorded electrodes for one example trial of each type (different trials as shown in Figure 6.7). B Histograms of
SAS, cosine similarity and the Frobenius norm between all individual trials. Filled distributions indicate self-similarities,
non-filled ones indicate cross-similarities. Effect sizes 6 for the comparison between self- and cross-similarities also shown.
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A.3.1

We fit an exponential decay (Equation 7.6) to the distance-resolved
number of synapses to obtain the population-specific characteristic
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Population-specific characteristic lengths

lengths A 5.
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Figure A.3.1: Distance-dependent connectivity fits. Points indicate experi-
mentally observed number of synapses at a distance d, lines are
fits to the expected number of synapses given an exponential
rule (Equation 7.6). No fits for combinations of populations
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where the observed number of connections is smaller than 5.
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