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ABSTRACT
In this work, we present a model-order reduction technique for nonlinear structures assembled from components. The reduced-
order model is constructed by reducing the substructures with proper orthogonal decomposition and connecting them by a
mortar-tied contact formulation. The substructure projection matrices are computed by the proper orthogonal decomposition
(POD) method from snapshots computed on the substructure level. The snapshots are computed using Latin hypercube sampling
based on a parametrization of the boundary conditions. In numerical examples, we show the accuracy and efficiency of the method
for nonlinear problems involving material and geometric nonlinearities as well as non-matching meshes. The method can predict
solutions of new systems with varying boundary conditions and material behaviors.

1 | Introduction

Many engineering structures are made of components.
High-resolution finite element simulations of such systems
are computationally expensive, especially for problems involving
geometric and material nonlinearities. Model-order reduction
(MOR) can reduce this effort. In this work, we propose a method
where the reduced-order model (ROM) of a nonlinear modular
system is constructed from ROMs of the substructures.

The coupling of reduced substructures has a long history for lin-
ear dynamical systems. For an overview of the historical develop-
ment of those methods, the reader is kindly referred to de Klerk
et al. [1]. A very popular component mode synthesis method is
the Craig-Bampton method ([2]), where the internal degrees of
freedom (DOFs) are approximated by a combination of eigen-
modes and so-called static constraint modes. The static constraint
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modes linearly relate the boundary DOFs to the internal DOFs
and are computed by a static condensation of the stiffness matrix.
Not many works exist that extend these component mode syn-
thesis methods to nonlinear problems. For geometric nonlin-
earities, there exist works by Wenneker [3], Kuether et al. [4,
5], and Bui et al. [6] that extend the Craig-Bampton method
([2]). In Kuether et al. [4, 5], a Craig-Bampton approximation of
the displacement is used where the internal DOFs are reduced
eigenmodes and static constraint modes. All of these quanti-
ties are computed from the linear stiffness matrix. Bui et al. [6]
enhanced the Craig-Bampton approach by static modal deriva-
tives to account for the nonlinearity. In all of these works, the
nonlinear force vector and stiffness matrix are approximated by
cubic polynomial functions. This approximation is only valid for
St. Venant-Kirchhoff materials and geometric nonlinearities. For
large strains and nonlinear materials, the static constraint modes
would also be a function of the displacement and would need to
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be updated in every Newton iteration. These methods only hold
for small strains with large rotations because the static constraint
modes are computed from the linear stiffness matrix.

In this work, we propose a data-driven reduction method where
the DOFs of each substructure are reduced by the proper orthog-
onal decomposition (POD) method. The POD-Galerkin method
([7]) reduces the size of the system of equations and increases
the speed of the solution. In the past, it was successfully applied
to solve nonlinear solid mechanics problems, see for example,
[7–10]. An overview of POD in the field of structural dynam-
ics is given in Kerschen et al. [11]. A drawback of POD-based
model-order reduction is that the solution time still depends
on the original size of the problem, because in every iteration
the nonlinear force vector and the tangential stiffness matrix
have to be assembled. Therefore, different hyperreduction tech-
niques where developed that can reduce the computational time
to assemble the system. For recent works of POD-based hyper-
reduction techniques in nonlinear mechanics, see among oth-
ers: energy-conserving sampling and weighting ([12]), discrete
empirical interpolation method for nonlinear solid mechanics
([13, 14]), (continuous) empirical cubature method ([15, 16]),
hyperreduction for nonlinear structural dynamics [17], hyper-
reduction for nonlinear computational homogenization prob-
lems (e.g., [18, 19]). In this work, we present a POD-based
component-wise MOR method, which is the foundation of future
works including hyperreduction.

Not many works use POD-based MOR in substructuring prob-
lems, where the ROM of the whole system is assembled from the
ROMs of the components. For linear problems, component-wise
POD was used in Ritzert et al. [20], where it was applied to para-
metric substructures and in [21], where it was used for topology
optimization of lattice-like structures. In nonlinear mechanics,
Zhou et al. [22] proposed a method where the components are
reduced by POD and connected by a penalty method. The penalty
matrices are also reduced by parts of the substructure POD bases.
In [23], a method was proposed to compute periodic structures by
another component-based MOR approach. In this approach, the
substructures are coupled by fictitious interfaces.

In this work, we propose a new approach. We use a mortar-tied
contact formulation as a basis and reduce the degrees of freedom
of the substructures by individual pre-computed POD bases. The
mortar method is a state-of-the-art contact mechanics method
for non-matching meshes. An advantage of the method is that
the Lagrange multipliers, as well as the slave-side DOFs, can
be removed from the equation system by static condensation,
by choosing dual shape functions for the Lagrange multipliers.
This property is used in this MOR technique. For more informa-
tion regarding the mortar method for tied-contact, the reader is
referred to for example, [24–27]. Each substructure is reduced
by POD projection matrices. The slave side interface DOFs are
not reduced because they can be related to the reduced interface
displacements of the master side.

In the numerical examples, we discuss the performance and accu-
racy of our method. We investigate large deformations, stability
effects, different stiffnesses of the substructures, non-matching
meshes, and viscoelastic material behavior. For all numerical
examples, the snapshots are computed on the substructure level.

We parametrize the displacement boundary conditions and use a
Latin hypercube sampling (LHS) procedure.

1.1 | Outline of the Paper

In Section 2, we first discuss the mortar tied-contact full order
model (Section 2.1) and then explain the component-based
model-order reduction technique, where the substructures are
first reduced and then connected by the reduced mortar
tied-contact (Section 2.2). The accuracy and performance of the
MOR technique and the snapshot sampling are investigated in
the numerical examples in Section 3. Finally, the results are dis-
cussed in Section 4.

2 | Component-Based Model-Order Reduction

2.1 | Full-Order Model

The full-order model (FOM) from which we derive our
reduced-order model (ROM) is a mortar-tied-contact formulation
with static condensation of the Lagrange multipliers and the con-
tact displacements on the slave side. In the following, it is briefly
derived.

2.1.1 | Weak Formulation

In tied-contact problems, we introduce two conditions that must
be fulfilled in addition to the balance of linear momentum. The
first condition is that the displacements of two bodies must be
equal on the contact interface Γ1,2

𝑐
:

𝒖1
𝑐
= 𝒖2

𝑐
on Γ1,2

𝑐
(1)

The second condition is the equilibrium of the traction acting on
the two bodies at the contact interface:

− 𝒕1
𝑐
= 𝒕2

𝑐
on Γ1,2

𝑐
(2)

A tied-contact problem consisting of two substructures is dis-
played in Figure 1.

In this work, we use the Lagrange multiplier method to
enforce those conditions. We introduce the Lagrange multi-
plier 𝝀 = −𝒕1

𝑐
= 𝒕2

𝑐
and come up with the variational saddle-point

problem that can be derived from the Lagrange functional model
(see e.g., [27]):

𝑛𝑠∑
𝑖=1
𝛿𝑔𝑖int(𝒖, 𝛿𝒖) +

𝑛𝑐∑
𝑗=1
𝛿𝑔𝑗

𝑐,𝑢
(𝝀, 𝛿𝒖1

𝑐
, 𝛿𝒖2

𝑐
) = 0

𝑛𝑐∑
𝑗=1
𝛿𝑔

𝑗

𝑐,𝜆
(𝒖1
𝑐
, 𝒖2
𝑐
, 𝛿𝝀) = 0 (3)

Here, 𝑛𝑠 is the number of substructures and 𝑛𝑐 is the number
of tied-contact interfaces. The displacements at the tied contact
interfaces denoted by 𝒖1

𝑐
, 𝒖2
𝑐

are subsets of the displacements of
the respective substructures that share that interface. The weak
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FIGURE 1 | Illustration of a domain that is composed of two subdo-
mainsΩ1

0 andΩ2
0, with the Neumann boundaries Γ1

𝜎
, and Γ2

𝜎
and Dirichlet

boundaries Γ1
𝑢
, and Γ2

𝑢
. At the contact interface Γ1,2

𝑐
, the two tied contact

conditions are displayed.

form of the balance of linear momentum for the quasi-static
case is

𝛿𝑔𝑖int = ∫Ω0

(𝑺 ∶ 𝛿𝑬 − 𝜌𝒃 ⋅ 𝛿𝒖)d𝑉 − ∫Γ𝑡
𝛿𝒖 ⋅ 𝒕 d𝐴 (4)

where 𝑺 is the second Piola-Kirchhoff stress tensor, 𝛿𝑬 is the vir-
tual Green-Lagrange strain tensor, 𝒃 are the body forces, 𝜌 is the
density, and 𝒕 are the tractions acting on the boundary Γ𝑡. From
the variational Lagrange multiplier method, we get the following
contributions that enforce the tied-contact constraints

𝛿𝑔𝑗
𝑐,𝑢

= ∫Γ1,2
𝑐

(
𝛿𝒖1

𝑐
− 𝛿𝒖2

𝑐

)
⋅ 𝝀 d𝐴 (5)

𝛿𝑔
𝑗

𝑐,𝜆
= ∫Γ1,2

𝑐

𝛿𝝀 ⋅
(
𝒖1
𝑐
− 𝒖2

𝑐

)
d𝐴 (6)

2.1.2 | Discretization

To solve Equation (3), we discretize Equation (4) to Equation (6)
with the finite element method (FEM). A displacement-based
discretization of Equation (4) leads to the nonlinear 𝑛 ×
1-dimensional vector equation

𝑮(𝑼 (𝑡), 𝑡) = 𝑹(𝑼 (𝑡)) − 𝑭 ext(𝑡) (7)

𝑹(𝑼 (𝑡)) is the internal force vector that depends nonlinearly
on the displacement vector 𝑹(𝑼 (𝑡)) at time 𝑡, and 𝑭 ext(𝑡) is
the external force vector. The discretization of Equation (5) and
Equation (6) yields

𝛿𝑔𝑐,𝑢 = 𝛿(𝑼 1
𝑐
)𝑇𝑫𝑇𝚲 − 𝛿(𝑼 2

𝑐
)𝑇𝑴𝑇𝚲 (8)

𝛿𝑔𝑐,𝜆 = 𝛿𝚲𝑇𝑫𝑼 1
𝑐
− 𝛿𝚲𝑇𝑴𝑼 2

𝑐
(9)

where we introduce the mortar-matrices 𝑫 and 𝑴 . These matri-
ces arise from a finite element discretization of the interface dis-
placements 𝒖𝑖

𝑐
= 𝑵 𝑖 𝑼 𝑖

𝑐
and the Lagrange multipliers 𝝀 = 𝑵̂

1𝚲.
𝑵1 and 𝑵2 are shape functions for the displacements and the

coordinates of the slave and master side interface elements. 𝑵̂1

are the shape functions of the Lagrange multiplier, defined on the
slave side of the interface. The mortar matrices are computed for
all 𝑛𝑒 interface elements and assembled into the matrices 𝑫,𝑴 .
They are defined as:

𝑫 = A𝑛𝑒
𝑒=1 𝑫𝑒, 𝑫𝑒 = ∫Γ1

𝑒

(𝑵̂1)𝑇𝑵1 d𝐴 (10)

𝑴 = A𝑛𝑒
𝑒=1 𝑴 𝑒, 𝑴 𝑒 = ∫Γ1

𝑒

(𝑵̂1)𝑇𝑵2 d𝐴. (11)

Here, A is the assembly operator. The integrals on the element
level can be solved by the mortar method (e.g., [25, 26]). The
advantage of this method is that the integrals can be solved for
non-conforming meshes.

The discretized equations for a system consisting of 𝑛𝑠 substruc-
tures and 𝑛𝑐 tied-contact interfaces read

𝑛𝑠∑
𝑖=1

𝑮𝑖(𝑡,𝑼 𝑖) +
𝑛𝑐∑
𝑗=1

(𝑫𝑇
𝑗
𝚲𝑗 −𝑴𝑇

𝑗
𝚲𝑗) = 0 (12)

𝑛𝑐∑
𝑗=1

(𝑫𝑗𝑼
1
𝑐,𝑗

−𝑴 𝑗𝑼
2
𝑐,𝑗
) = 0 (13)

Note that the displacements of each contact interface 𝑗: 𝑼 1
𝑐,𝑗

and
𝑼 2
𝑐,𝑗

are a subset of the displacements of a substructure 𝑼 𝑖. Since
𝑮𝑖(𝑡,𝑼 𝑖) is a nonlinear vector, the above system of equations
(Equations (12) and (13)) will be solved by the Newton-Raphson
scheme. For the linearization of Equation (12), we define the tan-
gential stiffness matrix of a substructure 𝑖 for the displacement
state 𝑼 𝑘

𝑖
as 𝑲 𝑖(𝑼 𝑘

𝑖
) ∶= 𝜕𝑮𝑖

𝜕𝑼 𝑖

|𝑼 𝑘
𝑖
. To compute the solution of the

𝑘 + 1 iteration we solve the following equation system for all Δ𝑼 𝑖

𝑛𝑠∑
𝑖=1

(
𝑮𝑖(𝑡,𝑼𝑘

𝑖 ) +𝑲 𝑖(𝑼𝑘
𝑖 ) Δ𝑼 𝑖

)
+

𝑛𝑐∑
𝑗=1

(
𝑫𝑇
𝑗 𝚲

𝑘
𝑗 −𝑴𝑇

𝑗 𝚲
𝑘
𝑗

)
= 𝟎 (14)

𝑛𝑐∑
𝑗=1

(
𝑫𝑗 Δ𝑼 1

𝑐,𝑗
−𝑴 𝑗 Δ𝑼 2

𝑐,𝑗

)
= 𝟎 (15)

The displacements of all substructures are then updated
by 𝑼 𝑘+1

𝑖
= 𝑼 𝑘

𝑖
+ Δ𝑼 𝑖. This procedure is repeated until

Equations (12) and (13) are approximately fulfilled.

For simplicity, further derivations are shown for a system with
two substructures, where one body is called master and the other
is called slave. From now on, the master degrees of freedom will
be denoted by a superscript 𝑀 and the slave degrees of free-
dom by a superscript 𝑆. The displacements and residual vectors
of each substructure are split into internal degrees of freedom
𝑼 𝐼 , 𝑮𝐼 and tied contact degrees of freedom 𝑼𝐶 , 𝑮𝐶 . The tan-
gential stiffness matrices are split accordingly into four block
matrices. For this special case, Equations (14) and (15) can be
written in matrix-vector notation:

⎡⎢⎢⎢⎢⎢⎢⎢⎣

𝑲𝑀
𝐼𝐼

𝟎 𝑲𝑀
𝐼𝐶

𝟎 𝟎
𝟎 𝑲𝑆

𝐼𝐼
𝟎 𝑲𝑆

𝐼𝐶
𝟎

𝑲𝑀
𝐶𝐼

𝟎 𝑲𝑀
𝐶𝐶

𝟎 −𝑴𝑇

𝟎 𝑲𝑆
𝐶𝐼

𝟎 𝑲𝑆
𝐶𝐶

𝑫𝑇

𝟎 𝟎 −𝑴 𝑫 𝟎

⎤⎥⎥⎥⎥⎥⎥⎥⎦

⎡⎢⎢⎢⎢⎢⎢⎢⎣

Δ𝑼𝑀
𝐼

Δ𝑼𝑆
𝐼

Δ𝑼𝑀
𝐶

Δ𝑼𝑆
𝐶

𝚲

⎤⎥⎥⎥⎥⎥⎥⎥⎦
= −

⎡⎢⎢⎢⎢⎢⎢⎢⎣

𝑮𝑀
𝐼

𝑮𝑆
𝐼

𝑮𝑀
𝐶

𝑮𝑆
𝐶

𝟎

⎤⎥⎥⎥⎥⎥⎥⎥⎦
(16)
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This equation system has the typical saddle point structure with
a zero block matrix on the main diagonal. It can have both pos-
itive and negative eigenvalues and is therefore indefinite(cf. e.g.,
[28]). The saddle point structure is unfavorable for efficient solu-
tion algorithms. It requires special preconditioning techniques
to apply iterative solution methods like the conjugate gradient
(CG), or the generalized minimal residual (GMRES) method ([29,
30]). Moreover, the additional degrees of freedom would require
additional mode matrices for the ROM. In this paper, we use the
mortar method to compute the matrices 𝑫 and 𝑴 ([24, 25, 27]).
The advantage of this method is that the Lagrange multipliers
can be removed from the system of equations in Equation (16),
and it can be transformed into a symmetric positive definite sys-
tem of equations. Another advantage is the integration proce-
dure to compute the mortar matrices 𝑫 and 𝑴 , which allows for
non-conforming meshes. The integration procedure is explained
in detail in for example, [25, 26].

2.1.3 | Static Condensation

In this section, we describe how the system of equations in
Equation (16) can be transformed into a symmetric positive def-
inite system by static condensation. From the fifth equation in
Equation (16), it follows that:

Δ𝑼𝑆
𝐶
= 𝑫−1𝑴 Δ𝑼𝑀

𝐶
∶= 𝑷 Δ𝑼𝑀

𝐶
(17)

where 𝑷 ∶= 𝑫−1𝑴 is the discrete interface coupling operator
([25]). The Lagrange multipliers 𝚲 can be expressed as

𝚲 = 𝑫−𝑇 (−𝒈𝑆
𝑐
−𝑲𝑆

𝐶𝐼
Δ𝑼𝑆

𝐼
−𝑲𝑆

𝐶𝐶
Δ𝑼 𝑠

𝐶

)
(18)

by reordering the fourth equation of the equation system given
in Equation (16). By inserting Equation (18) into the second and
third equation of Equation (16) and utilizing Equation (17), we
obtain the final condensed system of equations:

⎡⎢⎢⎢⎣
𝑲𝑀
𝐼𝐼

𝟎 𝑲𝑀
𝐼𝐶

𝟎 𝑲𝑆
𝐼𝐼

𝑲𝑆
𝐼𝐶

𝑷

𝑲𝑀
𝐶𝐼

𝑷 𝑇𝑲𝑆
𝐶𝐼

𝑲𝑀
𝐶𝐶

+ 𝑷 𝑇𝑲𝑆
𝐶𝐶

𝑷

⎤⎥⎥⎥⎦
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

𝑲cond

⎡⎢⎢⎢⎣
Δ𝑼𝑀

𝐼

Δ𝑼𝑆
𝐼

Δ𝑼𝑀
𝐶

⎤⎥⎥⎥⎦
⏟⏟⏟
Δ𝑼 cond

= −
⎡⎢⎢⎢⎣

𝑮𝑀
𝐼

𝑮𝑆
𝐼

𝑮𝑀
𝐶

+ 𝑷 𝑇𝑮𝑆
𝐶

⎤⎥⎥⎥⎦
⏟⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏟

𝑮cond

(19)

Here also the definition of the interface coupling operator 𝑷 ∶=
𝑫−1𝑴 is used. This static condensation requires the inversion of
the mortar matrix 𝑫, which for standard shape functions is com-
putationally expensive. A solution to this problem was proposed
by [27] by choosing dual shape functions for the Lagrange multi-
pliers. Because of these dual shape functions, the mortar matrix
𝑫 reduces to a diagonal matrix that can be easily inverted.

The dual Lagrange multiplier shape functions 𝑁̂𝑆

𝑗
are defined by

the biorthogonality condition with the displacement shape func-
tions𝑁𝑆

𝑘
:

∫Γ𝑒
𝑁̂
𝑆

𝑗
𝑁𝑆
𝑘

d𝐴 = 𝛿𝑗𝑘 ∫Γ𝑒
𝑁𝑆
𝑘

d𝐴 (20)

which was first presented in the works of [31] and applied to the
mortar method in [27]. The Lagrange multiplier shape functions

are computed by a linear mapping of the standard displacement
shape functions

𝑁̂
𝑆

𝑗
= 𝑎𝑗𝑘𝑁𝑆

𝑘
(21)

with the coefficient matrix 𝑨 = [𝑎𝑗𝑘]. The coefficients are
obtained by the expression

𝑨 = 𝑩𝑪−1 (22)

stemming from the biorthogonality condition Equation (20). The
entries of the matrices 𝑩 = [𝑏𝑗𝑘] and 𝑪 = [𝑐𝑗𝑘] are computed by

𝑏𝑗𝑘 = 𝛿𝑗𝑘 ∫Γ𝑒
𝑁𝑘 d𝐴 (23)

𝑐𝑗𝑘 = ∫Γ𝑒
𝑁𝑗𝑁𝑘 d𝐴 (24)

With the method described above, the condensed system of
equations can be efficiently computed. It should be noted that
the interface-coupling operator 𝑷 only needs to be computed in
the beginning. Only the residual vectors and tangential stiffness
matrices of the substructures have to be evaluated in every iter-
ation step. The condensed system of equations Equation (19) is
the basis of the reduced-order model described in the following
section.

2.2 | Reduced-Order Model

2.2.1 | Component-Based Model-Order Reduction

The idea of this model-order reduction (MOR) technique is to
reduce the DOFs of the substructures on their own and assemble
them into a global reduced system of equations. The difference to
the MOR techniques in Zhou et al. [22], Ritzert et al. [20] is that
we here use the mortar method for mesh-tying (cf. Section 2.1)
instead of the penalty approach.

For the derivation of the ROM, we use a system composed of two
substructures denoted by the superscripts𝑆 for the slave side and
𝑀 for the master side (cf. Equation (16) to Equation (19)). The
displacement vectors of the substructures are split into internal
displacements 𝑼𝑆,𝑀

𝐼
with 𝑛𝑆,𝑀

𝐼
degrees of freedom and interface

displacements 𝑼𝑆,𝑀

𝐶
with 𝑛𝑆,𝑀

𝐶
degrees of freedom. The displace-

ments of the master side are approximated by the product

𝑼𝑀 =

[
𝑼𝑀
𝐼

𝑼𝑀
𝐶

]
≈

[
𝚿𝑀
𝐼

𝚿𝑀
𝐶

]
𝒂𝑀 = 𝚿𝑀𝒂𝑀 (25)

where 𝚿𝑀
𝐼

and 𝚿𝑀
𝐶

are the internal and contact parts of the
master-side projection matrix𝚿𝑀 with the dimensions 𝑛𝑀 × 𝑚𝑀 .
The vector 𝒂𝑀 contains the 𝑚𝑀 reduced displacements of the
master substructure. The product

𝑼𝑆 =

[
𝑼𝑆
𝐼

𝑼𝑆
𝐶

]
≈

[
𝚿𝑆
𝐼

𝟎
𝟎 𝑰

][
𝒂𝑆
𝐼

𝑼𝑆
𝐶

]
(26)

approximates the slave-side displacements. Here, only the inter-
nal DOFs are approximated by the 𝑛𝑆

𝐼
× 𝑚𝑆

𝐼
-dimensional pro-

jection matrix 𝚿𝑆
𝐼

and the corresponding unknowns 𝒂𝑆
𝐼

. The
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slave-side interface displacements𝑼𝑆
𝐶

are not approximated since
they can be expressed in terms of the interface-coupling operator
𝑷 and the approximation of the master-side displacements 𝑼𝑀

𝐶

(cf. Equation (17))
𝑼𝑆
𝐶
= 𝑷 𝚿𝑀

𝐶
𝒂𝑀 (27)

The reduced system of equations is obtained by inserting the rela-
tions Equation (25), Equation (26) and Equation (27) into the con-
densed equation system Equation (19) and applying a Galerkin
projection with the projection matrices 𝚿𝑀

𝐼
, 𝚿𝑆

𝐼
and 𝚿𝑀

𝐶
. In the

Galerkin projection, we multiply the transposed projection matri-
ces from the left side to the corresponding degrees of freedom.
This leads to the reduced quantities:

𝑲̂cond =

[
(𝚿𝑀 )𝑇𝑲𝑀𝚿𝑀 + (𝚿𝑀

𝑐 )𝑇𝑷 𝑇𝑲𝑆
𝑐𝑐𝑷 𝚿𝑀

𝑐 (𝚿𝑀
𝑐 )𝑇𝑷 𝑇𝑲𝑆

𝑐𝑖𝚿
𝑆
𝑖

(𝚿𝑀
𝑖 )𝑇𝑲𝑆

𝑖𝑐𝑷𝚿𝑀
𝑐 (𝚿𝑆

𝑖 )
𝑇𝑲𝑆

𝑖𝑖𝚿
𝑆
𝑖

]
(28)

Δ𝒂cond =

[
Δ𝒂𝑀

Δ𝒂𝑆
𝑖

]
(29)

𝑮̂cond =

[
(𝚿𝑀 )𝑇𝑮𝑀 + (𝚿𝑀

𝑐
)𝑇𝑷 𝑇𝑮𝑆

𝑐

(𝚿𝑆
𝑖
)𝑇𝑮𝑆

𝑖

]
(30)

In Equation (28) the master-side contact and internal contribu-
tions are summed up:

(𝚿𝑀 )𝑇𝑲𝑀𝚿𝑀 = (𝚿𝑀
𝑖
)𝑇𝑲𝑀

𝑖𝑖
𝚿𝑀
𝑖

+ (𝚿𝑀
𝑖
)𝑇𝑲𝑀

𝑖𝑐
𝚿𝑀
𝑐

+ (𝚿𝑀
𝑐
)𝑇𝑲𝑀

𝑐𝑖
𝚿𝑀
𝑖

+ (𝚿𝑀
𝑐
)𝑇𝑲𝑀

𝑐𝑐
𝚿𝑀
𝑐

(31)

(𝚿𝑀 )𝑇𝑮𝑀 = (𝚿𝑀
𝑖
)𝑇𝑮𝑀

𝑖
+ (𝚿𝑀

𝑐
)𝑇𝑮𝑀

𝑐
(32)

The Lagrange Multipliers can be computed from the reduced dis-
placements by

𝚲 = 𝑫−𝑇 (−𝑮𝑆
𝐶
−𝑲𝑆

𝐶𝐼
𝚿𝑆
𝐼
Δ𝒂𝑆

𝐼
−𝑲𝑆

𝐶𝐶
𝑷 𝚿𝑀

𝐶
Δ𝒂𝑀

)
(33)

The discrete nonlinear system of reduced equations is solved by
the Newton-Raphson method. The iterative solution algorithm
for a time step is shown in Algorithm 1

ALGORITHM 1 | Newton-Raphson solution of the nonlinear modu-
lar system.

while ‖𝑮̂cond(𝑼𝑀
𝑗
,𝑼𝑆

𝑗
)‖>𝑡𝑜𝑙. do

Δ𝒂 = −
(
𝑲̂cond(𝑼𝑀

𝑗
,𝑼𝑆

𝑗
)
)−1

𝑮̂cond(𝑼𝑀
𝑗
,𝑼𝑆

𝑗
)

𝑼𝑀
𝑗+1 = 𝑼𝑀

𝑗
+
[
𝚿𝑀
𝐼
Δ𝒂𝑀

𝚿𝑀
𝐶
Δ𝒂𝑀

]
𝑼𝑆
𝑗+1 = 𝑼𝑆

𝑗
+
[

𝚿𝑆
𝐼
Δ𝒂𝑆

𝐼

𝑷𝚿𝑀
𝐶
Δ𝒂𝑀

]
𝑗 ← 𝑗 + 1

end

2.2.1.1 | Comment. It should be noted that for every itera-
tion the residuals 𝑮𝑆,𝑮𝑀 and the tangential stiffness matrices
𝑲𝑆,𝑲𝑀 have to be computed for every substructure. The com-
putational effort to solve the system is reduced but the compu-
tation of those matrices still depends on the original problem
size 𝑛 = 𝑛𝑀 + 𝑛𝑆 . At this stage, hyperreduction techniques could
be used to reduce this effort even further. In nonlinear solid
mechanics, the discrete empirical interpolation method (DEIM)
(see [14, 32]), (continuous) empirical cubature ([15, 16]), or
energy-conserving sampling and weighting (ECSW) ([12, 17])
proved to be well suited. However, having a working POD-based
model-order reduction is a necessary step towards hyperre-
duced component-based model-order reduction. The extension
to hyperreduction is out of the scope of this paper but will be
addressed in future works.

2.2.2 | Proper Orthogonal Decomposition

In the previous paragraph, we introduced the projection matrices
𝚿𝑀
𝐼

, 𝚿𝑀
𝐶

, and 𝚿𝑆
𝐼

but have not mentioned yet how they can be
computed. We use the proper orthogonal decomposition (POD)
method to compute the projection matrices since it showed good
results for nonlinear mechanics simulations ([10, 17]). In POD,
the projection matrix is computed from collected data of 𝑙 dis-
placement states of the substructure, the so-called snapshots. The
snapshots are stored in a matrix

𝑺Snap =
[
𝑼 1,𝑼 2, . . . ,𝑼 𝑙

]
= 𝚽𝚯𝛀 (SVD) (34)

which can be decomposed by a singular value decomposition
(SVD) into the left and right mode matrix 𝚽 and 𝛀, respectively,
as well as the singular values 𝚯. The projection matrix is con-
structed by selecting only the first 𝑚 columns of 𝚽. Leading to
the 𝑛𝑠 × 𝑚 dimensional projection matrix

𝚿 =
[
𝚽1, . . . ,𝚽𝑚

]
(35)

where 𝑛𝑠 is the number of DOFs of the substructure. The pro-
jection matrices for the internal DOFs 𝚿𝑀

𝐼
and 𝚿𝑆

𝐼
or interface

DOFs 𝚿𝑀
𝐶

are obtained by selecting the corresponding DOFs of
the projection matrix of a substructure.

2.3 | Computation of Snapshots

For the component-wise model-order reduction technique
described in Section 2.2, suitable substructure modes are needed.
These modes should give accurate results when the substruc-
ture is used in arbitrary structures and subjected to varying
loading or tied-contact conditions. To compute such modes, the
snapshots should contain many deformation states that could
possibly occur, such that the modes can be used in different
structures under different loading conditions. To achieve this,
we parametrize the boundary conditions applied on the possible
interface surfaces of the substructures. The snapshots are com-
puted by evaluating the full-order model of the substructure for
different sample points in the parameter space. In this work, the
sampling points are selected by the Latin hypercube sampling
method (LHS), which creates sample points over the whole
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parameter space and avoids clustering. Other possible meth-
ods are greedy search methods, where the sample parameters
are selected adaptively (see e.g., [33] or [34]). An overview of
parametric model-order reduction is given in Benner et al. [35].

In this work, the snapshots are computed by a displacement-
driven approach. A snapshot is computed by moving the pos-
sible contact interfaces in space and computing the resulting
displacement field. There are many possibilities to parametrize
this deformation. In this work, our goal is to use a parametriza-
tion that is simple and easy to implement. In systems, the sub-
structure interfaces do not remain planar but deform in the nor-
mal direction and in the in-plane direction. Therefore, normal
and in-plane deformations of the contact interface have to be
allowed in the sampling process.

The parametrization is done by applying constant displacements
and rotations of the possible contact interfaces. In 3D, this leads
to 6 parameters per interface. In 2D, this number reduces to 3. To
allow the in-plane and normal deformations, we use two differ-
ent approaches. For the two-dimensional load case in Section 3.1,
we allow these deformations by computing three snapshots per
sampling point with varying boundary conditions. We take one
snapshot where we only fix the normal DOF, another snapshot
where we only fix the in-plane DOF, and a third snapshot where
we fix both directions. A more detailed explanation can be found
in Section 3.1.2.

In Section 3.2, we consider a three-dimensional load case, where
the same approach would lead to seven different boundary
condition cases per sample point. This increased number of snap-
shots makes this approach impractical for 3D cases. A differ-
ent approach to allow the normal and in-plane deformations
of the contact interfaces is to append elastic blocks to the con-
tact interfaces and apply the deformations to these blocks. This
approach is chosen for the three-dimensional example and is fur-
ther described in Section 3.2.2. This method could also be used
in the 2D case. The other method is preferred for the 2D case
because the elastic blocks increase the computational effort due
to the tied contact equation system and the increased number
of DOFs.

3 | Numerical Examples

3.1 | Example 1

3.1.1 | Boundary Value Problem

In this numerical example, we use the same substructure in two
different systems. For both systems, we use the same mode matri-
ces that we computed from the snapshots generated by the Latin
hypercube sampling (cf. Section 2.3). This example demonstrates
that the substructure modes can be used to predict solutions of
systems under various loading conditions.

The first system consists of six substructures and is displayed in
Figure 2. The substructure in the bottom right corner has a finer
mesh than the other substructures. In total, the system has 29358
DOFs. Each substructure is characterized by a Neo-Hookean
material behavior with a Young’s modulus of 𝐸 = 80GPa and a

FIGURE 2 | Geometry, mesh and boundary conditions of the 2 × 3
example. The substructure on the bottom right has a finer mesh than the
other substructures.

FIGURE 3 | Geometry, mesh and boundary conditions of the 3 × 3
example. The blue substructures have a Young’s modulus of 𝐸 = 80GPa,
the gray substructures of 𝐸 = 20GPa.

Poisson’s ratio of 𝜈 = 0.15. In addition to this nonlinear material
behavior, we also consider geometric nonlinearities by employ-
ing finite strain theory. Boundary conditions and dimensions are
provided in Figure 2. The maximum displacement applied to the
system is 𝑢̄max

𝑥
= 30 mm.

The second system consists of nine substructures and is displayed
in Figure 3. Here, all substructures have the same mesh, but
the substructures marked in blue have a higher stiffness than
the gray substructures. The blue substructures have a Young’s
modulus of 𝐸 = 80GPa, the gray substructures of 𝐸 = 20GPa,
and all substructures have the same Poisson’s ratio 𝜈 = 0.15. The
system has in total 36,990 DOFs. The boundary conditions and
dimensions can be taken from Figure 3. We apply a displace-
ment in 𝑦-direction on the whole right surface, while fixing the
𝑥-displacement on that side.

6 of 17 International Journal for Numerical Methods in Engineering, 2025
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3.1.2 | Snapshot Computation

Snapshots are computed at the substructure level using a Latin
hypercube sampling procedure, as described in Section 2.3. The
following parametrization is a specific choice that aims to provide
general snapshots that can be used to reduce arbitrary systems
under varying loading conditions. Alternative parametrizations
are possible and may lead to improved results.

We parametrize the Dirichlet boundary conditions on the four
edges with in total ten parameters. Two parameters 𝑑𝑥, 𝑑𝑦 for
the normal displacements on the four edges. The 𝑥-displacement
on the left and right edge depend on the parameter 𝑑𝑥. The
𝑦-displacement on the top and bottom edge is parametrized by 𝑑𝑦.
Additionally, we prescribe in-plane displacement and rotations of
all four edges. The in-plane displacements are described by the
parameters 𝑝𝑙

𝑦
and 𝑝𝑟

𝑦
for the 𝑦-displacement on the left and right

edge and 𝑝𝑡
𝑥

and 𝑝𝑏
𝑦

for the 𝑥-displacement at the top and bottom.
The rotations of the edges lead to 𝑥- and 𝑦-displacements and are
parametrized by the angles 𝜑𝑙

𝑧
, 𝜑𝑟

𝑧
, 𝜑𝑡

𝑧
, 𝜑𝑏

𝑧
. A snapshot is com-

puted by applying a displacement vector at specific parameter
point to a displacement driven nonlinear full-order simulation of
the substructure. The snapshot parametrization is illustrated in
Figure 4.

Prescribing these displacements to the 𝑥- and 𝑦-displacements of
all four edges would lead to planar surfaces without strains. To
circumvent this problem, we compute three different snapshots
with different boundary conditions for every sample point. In the
first case, we prescribe 𝑥- and 𝑦-displacements at all DOFs of

FIGURE 4 | Illustration of the snapshot parametrization.

all edges. In the second case, we prescribe only the normal dis-
placements of each boundary, neglecting the displacement BCs
stemming from the in-plane parameters. Every node at the edges
can freely deform in in-plane direction. In the third case, we pre-
scribe only the in-plane displacements and let the normal dis-
placements remain unrestricted.

The parameter space used in the LHS is defined by:

𝑑𝑥 ∈ (−1, 3) [mm] 𝑑𝑦 ∈ (−1, 3) [∘]

𝑝𝑙
𝑥
∈ (−3, 3) [mm] 𝜑𝑙

𝑧
∈ (−15, 15) [∘]

𝑝𝑟
𝑥
∈ (−3, 3) [mm] 𝜑𝑟

𝑧
∈ (−15, 15) [∘]

𝑝𝑡
𝑦
∈ (−3, 3) [mm] 𝜑𝑡

𝑧
∈ (−15, 15) [∘]

𝑝𝑏
𝑦
∈ (−3, 3) [mm] 𝜑𝑏

𝑧
∈ (−15, 15) [∘]

In this 10 dimensional parameter space, we compute 50 sample
points by LHS. At every sample points, we compute two load steps
for the three BC-cases described above, leading in the end to a
total of 300 snapshots.

The POD modes are computed by the singular value decompo-
sition of the snapshot matrix consisting of the snapshots from
the LHS and three snapshots containing the rigid body transla-
tions and rotations. The decay of the normalized singular values
is shown in Figure 5 on the left side. To assess the quality of the
POD basis, we compute ten unseen test samples with increasing
number of modes and analyze the mean displacement error 𝑒.
The displacement error 𝑒 is given by

𝑒 =
||𝑼MOR − 𝑼Ref||||𝑼Ref|| (36)

where || • || denotes the 𝐿2 norm of •. The results can be seen
on the right side of Figure 5. We show the mean values of the
three boundary condition sets described above and the mean of
all simulations. The blue area is the area between the minimum
and maximum error. It can be seen that the mean displacement
error drops from 𝑒 = 21.6% at 14 modes to 𝑒 = 3.7% for 15 modes.
Utilizing more modes does not reduce the error significantly. The
mean error converges to a value of 𝑒 = 1.3%. The singular values
show a similar behavior, where the slope of the decay decreases
after 15 modes.

FIGURE 5 | Decay of the normalized singular values (left), and decay of the mean error of ten unseen test samples over the number of modes 𝑚.
The blue area is the difference between the minimum and maximum mean displacement error.
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The test samples show that the POD basis can approximate the
displacement states resulting from the sampling parameter space.
In the proposed method, the module is used as a substructure
of arbitrary systems made of multiple substructures. Since the
substructure snapshots are not computed with those systems,
the substructure POD basis is non-optimal for some displace-
ment states that could occur in arbitrary systems. These systems
can still be approximated if the parameter space mimics possi-
ble deformation states of the substructure. A higher number of
modes can still increase the accuracy.

3.1.3 | Simulation

The accuracy of the substructuring method and substruc-
ture modes is evaluated by comparing reduced solutions with
full-order mortar tied-contact simulations. In Figure 6 displace-
ment error norms are shown over the applied displacement for
different numbers of modes per substructure. In general, the
error of the 2 × 3 structure is higher than that of the 3 × 3 struc-
ture. For all shown number of substructure modes, the error is
below 1.2%. It can be seen that by increasing the number of sub-
structure modes the displacement error decreases. However, for
the 3 × 3 system, the displacement error of the simulation with 60
modes per substructure is not in every solution step smaller than

the simulation with 50 modes per substructure. For the 2 × 3 sys-
tem, the error decreases when the number of modes is increased
from 50 to 60.

In Figure 7 we show normalized force-displacement diagrams
of the two load cases, for an increasing number of substructure
modes.

For the system consisting of 2 × 3 substructures, it can be seen
that with all three different numbers of modes per substructure,
the reference solution can be predicted. For the system with 3 × 3
substructures, the reaction forces of the reduced solution are
overestimated. By increasing the number of modes of the sub-
structure the reaction forces converge to the reference solution.
A reason for the overestimation could be that the snapshots are
computed with a Young’s modulus of 𝐸 = 80 GPa and the softer
substructures have a Young’s modulus of 𝐸 = 20 GPa.

In Figures 8 and 9, we show the shear stress contour plots as
well as the displacements of the two systems. The black outline
is the outline of the reference solution computed by the mor-
tar tied-contact method without model-order reduction. For the
reduced solution of both systems, 50 modes per substructure are
used. The different displacement states of the substructures in the

FIGURE 6 | Plot of the displacement error norm over the prescribed displacement for the 2 × 3 and 3 × 3 example, for different numbers of sub-
structure modes. For both systems, we show solutions with 40, 50, and 60 modes per substructure.

FIGURE 7 | Plot of the reaction forces over the displacements for the 2 × 3 and 3 × 3 example. For both systems, we show solutions with 40, 50, and
60 modes per substructure.
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two systems can all be described by the same substructure modes.
The modes can be used to reduce substructures with different
numbers of free edges, contact interfaces, or interfaces, where
boundary conditions are applied. This indicates the versatility of
the computed modes.

The reduced-order system has approximately 98 times fewer
DOFs than the reference model

(29358
300

≈ 98
)

. The results from
Figure 8 show further that non-matching meshes are possible
to solve with the proposed ROM. The system has approximately
82 times fewer DOFs than the reference solution

(36990
690

≈ 82
)

.
It can also be seen that the modes computed with the method
described in Section 2.3 can be used for different stiffnesses of
the substructures.

In Figure 10 we show the 𝑦𝑦-component of the Cauchy stress
tensor 𝝈 at the displayed interface for the ROM and FOM. The
black outline indicates the substructure interface. It can be seen
that the interface curvature of the ROM is smaller than that
of the FOM. Consequently, the stresses in the interface region

FIGURE 8 | Cauchy shear stress contour plots of the deformed
reduced solution. The black outlines are the reference solutions.

differ. With increasing distance from the interface, the stresses
are approximated more accurate.

3.2 | Example 2: Ring-Segment

3.2.1 | Boundary Value Problem

In this numerical example, we use the same substructure in two
different systems. The dimensions and mesh of the component
are shown in Figure 12. The boundary value problems are illus-
trated in Figure 11. On the left, four components are assembled
into a ring structure, with 15876 DOFs in total. The other system
consists of five substructures with 19845 DOFs. The displacement
boundary conditions can be seen in Figure 11. In the following,
we use the term “ring”-structure for the example on the left and
the term “omega” for the structure shown on the right.

In Section 3.2.3, the results for a Neo-Hookean material and in
Section 3.2.5 the results for a finite strain viscoelasticity model
are shown. For all simulations, we use mode matrices computed
from the same set of snapshots. The snapshot parametrization is
explained in Section 3.2.2.

In Figure 12 we show the meshes of the module used in the
numerical examples from Figure 11.

3.2.2 | Snapshot Computation

The snapshots are computed for the substructure in the middle
with the boundary value problem shown in Figure 13. The two
substructures that are attached left and right are used to apply
the boundary conditions on the surfaces Γ1

𝑢̄
and Γ2

𝑢̄
. This makes

deflections of the interfaces in 𝑥- and 𝑦-direction possible. These
deflections are necessary, because these interfaces do not remain
planar after deformation if the substructures are assembled into
larger systems.

On both surfaces, we apply a displacement that depends on
six parameters 𝑼𝐵𝐶 = 𝑼𝐵𝐶 (𝑑𝑥, 𝑑𝑦, 𝑑𝑧, 𝜑𝑥, 𝜑𝑦, 𝜑𝑧). The param-
eters 𝑑𝑥, 𝑑𝑦, 𝑑𝑧 describe a displacement of the surface in

FIGURE 9 | Cauchy shear stress contour plots of the deformed reduced solution. The black outlines are the reference solutions.
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FIGURE 10 | Zoom of the Cauchy stress 𝜎𝑦𝑦 contour plots at the interface for the reduced solution (left) and full-order solution (right). The black
outlines are the substructure boundaries. The stresses are computed in the center of the element.

FIGURE 11 | Boundary value problems of two systems “ring” and
“omega” that are assembled from the same modules. For both sys-
tems, the undeformed configuration is shown as an outline, and the
deformed configuration is shown in gray. Both systems are fixed where
the deformed and the undeformed configurations coincide. The displace-
ment boundary conditions are applied to the marked area.

𝑥, 𝑦, 𝑧-direction. The parameters 𝜑𝑥, 𝜑𝑦, 𝜑𝑧 rotate the surfaces Γ1
𝑢̄

and Γ1
𝑢̄

around the 𝑥, 𝑦, 𝑧-axes. The parameter ranges for the Latin
hypercube sampling (LHS) are:

𝑑𝑥 ∈ (−80, 80) [mm] 𝜑𝑥 ∈ (−60, 60) [∘]

𝑑𝑦 ∈ (−30, 30) [mm] 𝜑𝑦 ∈ (−60, 60) [∘]

𝑑𝑧 ∈ (−100, 100) [mm] 𝜑𝑧 ∈ (−15, 15) [∘]

For each random parameter point, we compute two snapshots.
One where we apply the displacement to the surface Γ1

𝑢̄
and set

all displacement of the surface Γ2
𝑢̄

to zero, and a second one where
the same displacement is applied to Γ2

𝑢̄
. For the sampling we use

a Neo-Hookean material model with the Lame constants: 𝜆 =
14907 MPa, 𝜇 = 34783 MPa. We compute snapshots at 60 LHS
sample points where the displacement boundary condition is
applied incrementally in three load steps. Three load steps are
necessary to ensure convergence for all parameter combinations.

FIGURE 12 | Geometry and mesh of a module. Cross-section (left)
and top view (right).

Additionally, we compute snapshots with the minimal and maxi-
mal value of each parameter, while all other parameters are zero.
This ensures that the extreme values of the parameter space are
covered in the snapshots. Leading in total to a number of 486
snapshots, including also the six rigid body motions.

The POD basis is computed by the singular value decomposi-
tion. The decay of the normalized singular values can be seen
in Figure 14. Additionally, we generate 10 test samples by Latin
hypercube sampling that where not included in the snapshot
samples. We analyzed the mean displacement error of this test
samples for reduced simulations with increasing number of
modes. In the simulations, only the substructure in the center
is reduced, the pieces at the boundary are unreduced and are
used to compute apply the boundary conditions to the center
substructure.

The mean displacement error 𝑒 decreases with increasing num-
ber of modes. With 40 modes for the ring substructure, the max-
imum error is 1.1%. More modes lead to a further decrease of
the error. For 100 modes per substructure, the maximum error
is 0.2%. In contrast to the displacement error shown in Figure 5,
(Section 3.1.2) it does not converge. A difference between those

10 of 17 International Journal for Numerical Methods in Engineering, 2025
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FIGURE 13 | Boundary value problem for the snapshot computation, consisting of three substructures. The snapshots are collected for the central
substructure.

FIGURE 14 | Decay of the normalized singular values (left), and decay of the mean error of ten unseen test samples over the number of modes 𝑚.
The blue area is the difference between the minimum and maximum mean displacement error.

two systems is that the reduced test sample simulations of the
“ring” substructure are computed with the method described in
Section 2.2. With the modification that only the substructure in
the center was reduced. The other two substructures where unre-
duced, because only the POD approximation of the substructure
in the center should be tested. It could be possible that the differ-
ent error behavior is related to this difference.

3.2.3 | Neo-Hooke Material

First, we investigate the accuracy of the substructuring MOR
method and the modes for a Neo-Hookean material. The
modes are computed from the snapshots described above in
Section 3.2.2. In Figures A1 and A2 in Appendix A we show
the deformed structures and the stress contours computed by the
here proposed method.

In Figure 15 we compare the accuracy of the displacement field
for an increasing number of modes. We also compare the method
to the penalty approach proposed in Zhou et al. [22]. It can be
seen that the proposed method (cf. Section 2.2) is more accurate
than the solutions computed by the penalty method. The error
norm 𝑒 for the proposed method is for all three number of modes
below 0.15% (the displacement error is defined in Equation (36)).
Increasing the number of modes to 80 modes per substructure
can reduce the error to 0.05%.

For the penalty method, the most accurate results are computed
with 60 modes per substructure. Increasing the number of modes

here leads to increasing errors. The reason for this behavior is
that the solution depends on the choice of the penalty parame-
ter. If the penalty parameter is too high, the displacements are
underestimated. For too small values, the reaction forces are over-
estimated. The accuracy could be increased by choosing a higher
penalty parameter. The parameter not only influences the accu-
racy but also the numerical stability. In this example, the penalty
parameter was chosen as 𝜀 = 103 to get converging results. For
this parameter, we needed 10 times more load steps to reach con-
vergence. For higher penalty parameters, the reduced solution
did not converge at all. The reduced solution underestimates the
displacements. If the small penalty parameter overestimates the
displacement this can lead to smaller errors even though fewer
modes are used.

Similar observations can also be made for the force displacement
curves shown in Figure 16. The curves computed by the mortar
MOR method converge to the reference solution by increasing
the number of modes. For the penalty method, the best approxi-
mation of the force displacement curve is the simulation with 60
modes per substructure. Increasing the number of modes leads to
a underestimation of the reaction forces. The reason is the influ-
ence of the penalty parameter on the solution.

Analogously to Figure 15, Figure 17 shows the displacement error
norm over the applied total displacement

√
𝑢̄2
𝑥
+ 𝑢̄2

𝑧
. The error

norms of the mortar method and the penalty method are com-
pared for increasing numbers of modes. Compared to the “ring”
example more modes have to be included in order to get accurate

11 of 17
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FIGURE 15 | Plot of the displacement error norm over the prescribed displacement of the “ring” example. On the left, the contact conditions are
enforced by the reduced mortar approach and on the right by the penalty method. For both methods, we show solutions with 60, 70, and 80 modes per
substructure.

FIGURE 16 | Force displacement curve of the “ring” example for the two different approaches that enforce the tied contact condition. The mortar
approach is shown on the left and the penalty approach on the right. For both methods, we show solutions with 60, 70, and 80 modes per substructure.

FIGURE 17 | Plot of the displacement error norm over the prescribed displacement of the “omega” example. On the left, the contact conditions are
enforced by the reduced mortar approach and on the right by the penalty method. For both methods, we show solutions with 80, 100, and 120 modes
per substructure.

results. For 80 modes per substructure, the maximum error for
the “omega” example is one order of magnitude higher than the
error of the “ring” example. Increasing the number of modes can
reduce this error. For 120 modes per substructure, the maximum
error is 𝑒max = 0.0025. The penalty solution is less accurate than

the mortar solution. For 120 modes per substructure, the maxi-
mum error is here 𝑒max = 0.0041.

In Figure 18 we show the force-displacement curves for the
“omega” structure. From the force-displacement curve, it can

12 of 17 International Journal for Numerical Methods in Engineering, 2025
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FIGURE 18 | Force displacement curve of the omega-shaped example for the two different approaches that enforce the tied contact condition. The
mortar approach is shown on the left and the penalty approach on the right. For both methods, we show solutions with 80, 100, and 120 modes per
substructure.

FIGURE 19 | Comparison of the solution time of a timestep, differentiating between the solution steps assembly and solution. Normalized time the
full order model (FOM) and the mortar reduced order model (ROM), for the “ring” example (left) and the “omega” example (right).

be seen that the system shows stability effects. At a displace-
ment of around

√
𝑢̄2
𝑥
+ 𝑢̄2

𝑧
≈ 200 mm the system can deform

without increased resistance up to a displacement of
√
𝑢̄2
𝑥
+ 𝑢̄2

𝑧
≈

250 mm, where the reaction forces increase again. The reduced
simulation can qualitatively predict this behavior, but the reac-
tion forces are overestimated. The results of the mortar method
are closer to the reference solution than the results of the penalty
method. For 120 modes per substructure, the force error of the
mortar method is (𝐹mortar − 𝐹Ref)∕𝐹Ref = 0.035. The force error
of the penalty method is nearly twice as high with (𝐹penalty −
𝐹Ref)∕𝐹Ref = 0.068.

In Figure 19, we show the relative simulation times regarding the
total simulation time of the FOM. For the “ring” structure, the
simulation time is 33.12% of the FOM time and for the “omega”
structure it is 37.47%. In Figure 19, we split the simulation times
into two parts. First, the assembly of the system and, second,
the solution of the system. Most time savings were achieved in
the solution of the system since the dimension of the ROM is
smaller than the dimension of the FOM. The assembly of the sys-
tem cannot be sped up by the current reduced model, because in
every iteration each element stiffness matrix and residual has to
be called and projected into the reduced space. Hyperreduction
techniques like ECSW could reduce this computational effort.

3.2.4 | Load-Parametrization

This numerical example demonstrates the versatility of the
modes and snapshots generated by the parametrization described
in Section 3.2.2. The geometry and boundary conditions are the
same as in the “omega” example. The only difference is that
we parametrize the applied displacement in 𝑥-direction. The
𝑥-displacements vary from 𝑢̄𝑥 = −300 mm to 𝑢̄𝑥 = 300 mm. The
simulations are computed in increments of 50mm. The displace-
ment in 𝑧-direction is in all cases 𝑢̄𝑧 = 150 mm. All displacement
states are visualized in Figure 20.

Figure 21 shows the displacement error over the applied displace-
ment 𝑢̄𝑥. It can be seen that for 80 modes per substructure the
results are less accurate than the results computed with 100 or 120
modes per substructure. The solution with 120 modes per sub-
structure is only at the ends of the parameter space more accurate
than the solution with 100 modes per substructure. Between 𝑢̄𝑥 =
−100 mm and 𝑢̄𝑥 = 100 mm 100 modes per substructure give the
most accurate results. A reason could be that the displacement
state for this parameter range is better covered by the snapshots.
For larger displacements, the error can than be reduced by taking
more modes into account.
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FIGURE 20 | All displacement states of the parametrized “omega”
example. The 𝑥-displacements vary from 𝑢̄𝑥 = −300 mm to 𝑢̄𝑥 = 300 mm.
The displacement 𝑢̄𝑧 = 150 mm is constant.

FIGURE 21 | Plot of the displacement error norm over the applied
displacement 𝑢̄𝑥 for 80, 100, and 120 modes per substructure.

FIGURE 22 | Force-displacement curves for different displacement
rates considering finite strain viscoelasticity. The mortar approach is used
for the reduced computation, with 100 modes per substructure.

3.2.5 | Viscoelasticity

In this section, we show that for inelastic material behavior, we
can use the same modes as above. The modes are computed with
a Neo-Hookean material (cf. Section 3.2.2) and are used now
to reduce finite strain viscoelasticity. We simulated the “omega”
boundary value problem now with a viscoelastic material law,
according to Reese and Govindjee [36], Holthusen et al. [37].
The displacement is applied over different time periods. The
force-displacement curves in Figure 22 show the rate dependence
of the reaction forces. The slower the displacement is applied, the
smaller the reaction force.

The reduced computation is computed with 100 modes per sub-
structure. The mode matrix is the same that we also used for the
example with a Neo-Hookean material. It can be seen that the
nonlinear force-displacement curves can be qualitatively repro-
duced by the reduced computation. For all three displacement
rates, the maximum force error is (𝐹MOR − 𝐹Ref)∕𝐹Ref ≈ 0.04 ±
0.001. This error is similar to the errors of the elastic simula-
tions Section 3.2.3, where the maximum reaction force error was
(𝐹MOR − 𝐹Ref)∕𝐹Ref = 0.035. It can be concluded that the elastic
substructure modes can also be used to successfully predict the
force response of viscoelastic simulations.

4 | Discussion, Conclusions, and Outlook

In this paper, we have developed a substructuring technique
using component-wise model-order reduction and a mortar
tied-contact formulation. In the numerical examples, we demon-
strated that the developed method can predict solutions of
systems constructed from reduced substructures. The method
can handle non-matching meshes, different stiffnesses, geomet-
ric nonlinearities, and material nonlinearities (finite strain vis-
coelasticity). The POD modes used for the substructure reduction
were computed by simulating the substructures for different
boundary conditions. We parametrized the boundary conditions
on possible contact interfaces and used Latin hypercube sampling
for the snapshot generation.

We also compared the mortar approach, where we removed
the Lagrange multipliers by static condensation, to the penalty
approach used in Zhou et al. [22]. The mortar approach has mul-
tiple advantages compared to the penalty approach. The penalty
approach has convergence problems for the here-discussed
numerical examples. It also leads to ill-conditioned tangen-
tial stiffness matrices. We presume that the projection of this
ill-conditioned tangential stiffness matrix leads to the observed
convergence problems. Not for all penalty parameters a solution
can be found, and many more load steps are necessary compared
to the mortar approach. The solution then also depends on the
choice of the penalty parameter. The mortar approach does not
have all these issues but has the disadvantage that the implemen-
tation is more complicated.

The proposed method requires many modes per substructure to
produce accurate results. In future works, local POD methods
will be investigated to reduce the size of the POD bases of the
substructures (cf. e.g., [38, 39]).

More research is needed in the snapshot sampling process. In
the current state, the snapshot sampling method described in
Section 2.3 can predict the solutions for the examples shown in
Section 3. It must be examined, if the method can be applied
to arbitrary geometries. Especially, geometries with larger con-
tact interfaces need to be investigated because they result in large
interface deformations. Possible methods could be to apply poly-
nomial displacement- or traction functions to the interfaces, or to
sample with different assembled structures under varying load-
ing conditions, similar to Diercks et al. [40].

The here proposed method still depends on the original dimen-
sions of the problem. In the future, we will incorporate hyper-
reduction methods into the method. Possible methods could

14 of 17 International Journal for Numerical Methods in Engineering, 2025
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be energy-conserving sampling and weighting (ECSW) ([12]) or
the discrete empirical interpolation method (DEIM) ([32]). The
method can then also be applied to other nonlinear mechan-
ical substructuring problems, for example, structural dynam-
ics or mechanical meta-materials. In the future, we will also
address other material nonlinearities, such as damage and
plasticity (e.g., [41, 42])
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Appendix A

Stress Contour Plots of Example 2

FIGURE A1 | Shear stress contour plots of the deformed reduced solution of the “ring” boundary value problem. The system is solved by the
substructuring MOR method with 80 modes per substructure. The black outline is the reference solution.

FIGURE A2 | Shear stress contour plots of the deformed reduced solution of the “omega” boundary value problem. The system is solved by the
substructuring MOR method with 120 modes per substructure. The black outline is the reference solution.
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