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A framework for numerical evaluation of entropy-conservative volume fluxes in gas flows with internal energies
is developed, for use with high-order discretization methods. The novelty of the approach lies in the ability
to use arbitrary expressions for the internal degrees of freedom of the constituent gas species. The developed
approach is implemented in an open-source discontinuous Galerkin code for solving hyperbolic equations.
Numerical simulations are carried out for several model 2-D flows and the results are compared to those

obtained with the finite volume-based solver DLR TAU.

1. Introduction

Accurate simulation of non-equilibrium flows with chemical re-
actions and internal degrees of freedom is crucial for a multitude
of aerospace applications [1-3]. For such flows, using higher-order
discontinuous Galerkin (DG) methods is an attractive prospect, as it
enables a more accurate simulation of turbulent effects, lessens the
requirements on grid-shock alignment, improves computational effi-
ciency due to data locality, and adds additional solution adaptivity
capabilities via p-adaptivity [4-10]. DG methods are also the natural
framework for polynomial expansion-based uncertainty quantification
and sensitivity analysis studies [11,12], an area of research with grow-
ing importance, as larger and larger parts of the R&D cycle in aerospace
are carried out via simulation tools. The less stringent requirements of
DG methods with regards to shock-grid alignment [13] are also useful
for uncertainty quantification and sensitivity analysis studies, as those
oftentimes require automated simulation of hundreds and thousands of
test cases, where automated well-aligned mesh generation is possible
only for simple geometries [14].

Development of DG methods suitable for aerospace applications
is still an active area of research, as questions of numerical stabil-
ity, shock capturing, and insufficient numerical diffusion inherent to
higher-order methods need to be addressed. Recent achievements in
these areas include the DG spectral element method with Legendre—
Gauss-Lobatto quadratures (DGSEM-LGL) [15-17], artificial viscosity
approaches [13,18,19], shock filtering [18,20], and subcell limiting
techniques [21-24].

Another question is the choice of the numerical flux functions: from
a physics point of view, a crucial desired property of a numerical
scheme is entropy conservation [25-28], especially in the context
of DG methods [16,29-31]. For summation-by-part (SBP) schemes,
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ensuring entropy conservation/entropy stability at the semi-discrete
level requires entropy-conservative numerical flux functions for the
volume and surface fluxes [16,31]. Augmented by a dissipative surface
flux function, the spatial semi-discretization then guarantees entropy
stability [30]. Multiple entropy-conservative flux functions have been
developed [31], but they usually assume restrictions on the description
of the internal energy of the gas flow. Quite often, a constant ratio of
specific heats is assumed. Whilst this greatly simplifies the derivation
of numerical fluxes, it is not applicable to the kind of high-temperature
flows encountered in real-life combustion and aerospace applications,
where excitation internal degrees of freedom plays a significant role [1-
3,32]. Therefore, development of new numerical fluxes that possess
attractive properties, such as preservation of entropy, kinetic energy,
and pressure equilibrium, for gases with non-trivial internal energy
functions and/or equations of state is of very high relevance to the
applied CFD community in order to drive the development of new
robust higher-order methods for large-scale simulations.

Several works have concerned themselves with exactly such devel-
opments. In [33,34], entropy-conservative schemes were developed for
gases with internal degrees of freedom where the internal energy is
modeled by a polynomial function of temperature [32]. In [35], the DG
method was applied to the simulation of reacting mixtures with special
attention paid to the numerical evaluation of fluxes that avoid gen-
erating spurious pressure oscillations; the internal energies were also
modeled using NASA polynomials [32]. In [36], entropy-conservative
discretizations have been proposed for gases with an arbitrary (non-
ideal gas law) equation of state; the impact of internal degrees of
freedom on the ideal gas effects were also modeled by polynomial
functions of temperature. In [37], entropy-stable flux functions were
derived for gas mixtures with internal energies described either by
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polynomial fits, or with vibrational spectra modeled by the infinite har-
monic oscillator model. Flux functions for mixtures with thermal non-
equilibrium between the vibrational and rotational-translational modes
were derived as well. Similarly, in [10], an approach has been proposed
to construct entropy stable flux functions for mixtures of molecules
with vibrational spectra described by infinite harmonic oscillators.
In [38] an alternative approach for evaluating entropy-conservative
fluxes for gases with arbitrary equations of state was proposed, based
on computation of correction terms as solutions of an optimization
problem.

Thus, recent advancements in the field of structure-preserving meth-
ods for gas dynamics have significantly expanded the range of ap-
plicability of such entropy-conservative schemes to real gases with
complex equations of state and dependencies of internal energy on the
gas temperature. However, they usually still rely either on polynomial
fits or the infinite harmonic oscillator model, both of which are not
accurate descriptions of real-life vibrational spectra of molecules. In
addition, the approaches used to derive the flux functions does not
easily generalize to other expressions for internal energy spectra.

In the present work, a new approach to derive entropy-conservative
flux schemes is developed, based on interpolation of the specific heats
and entropy integrals. It is applied to the simulation of inviscid high-
enthalpy flows over a cylinder, and compared to results obtained with
the second order finite volume-based DLR TAU solver [39].

The paper is structured as follows. First, the flow equations for
a high-temperature gas flow are presented, the thermodynamic prop-
erties of high-temperature gases are discussed, and a brief overview
of the impact of various modeling assumptions is given. Then, an
entropy-conservative flux is derived for the equations in question,
and its computational properties are analyzed. Next, a short overview
of the used simulation framework is given and results of numerical
simulations are presented. Finally, future work prospects are discussed.

2. Flow equations and thermodynamic properties

We consider a two-dimensional flow of a single-species inviscid gas.

The compressible Euler equations governing such a flow are given
by
J J J
—u+ —f +—f =0. 1
ot ox * ody”? M
Here t € [0,1,,,,] is the time, x and y are the spatial coordinates in the
flow domain 2 c R?, u is the vector of conservative variables, and f,,
f, are the inviscid fluxes.

The vector of conservative variables u € R* is given by
T

u=(p,pv,.pv,, E) 2

where p is the density, v, and v, are the flow velocities in the x and y
directions, and E = pe = pe;, +pv? /2 is the total flow energy. Here, e is
the specific energy, and ¢, is the specific internal energy. The inviscid
fluxes are given by

T
f, = (/’Ux’/w;zc +p, puv,, (E + p)Ux) , 3

T
f,= (pvy, PO, pUs + p, (E + p)vy) - @

Here p is the pressure. We use the ideal gas law to relate pressure,
density, and temperature: p = nkT, where n is the number density
(n = p/m, where m is the mass of the constituent gas species), k is the
Boltzmann constant, and 7T is the flow temperature. All that is left to
fully close the system of equations is a relation between the specific
internal energy and the temperature.
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2.1. Internal energy models

We now consider several models for ¢;,(T). The simplest case is
that of the calorically perfect gas, where ¢, (T") = ¢, T, where ¢, is the
constant-valued specific heat at constant volume. The ratio of specific
heats y = (c,+k/m)/c, in this case is also temperature-independent. The
calorically perfect gas case, especially with ¢, = 5/2k/m (corresponding
to y = 1.4), is the standard one in a large amount of literature concerned
with CFD methods in general and entropy-conservative formulations in
particular, and we do not consider it in detail. The factor 5/2 comes of
the contribution of the translational degrees of freedom (3/2) and the
fully excited rotational degrees of freedom (2/2) for molecular gases.

In the present work, we assume that our gas consists of diatomic
molecules, which possess only rotational and vibrational degrees of
freedom. That is, we neglect the impact of electronic excitation and
can write g, = &, + £, + &y, Where g, = %kT/m is the specific
translational energy, and ¢, and ¢, are the specific rotational and
vibrational energies, respectively. Moreover, we assume a ‘“rigid rotor”
model [2], that is, the rotational and vibrational degrees of freedom are
uncoupled. We also assume that the rotational mode is fully excited,
leading to ¢, = kT /m. As a consequence, the specific heat of the
rotational degrees of freedom simplifies to c,,,, = k/m. For a more
detailed discussion of the validity of these assumptions, at least with
regard to viscous fluid properties, the reader is referred to [40].

For the vibrational degrees of freedom, we consider the two follow-
ing models:

1. Infinite harmonic oscillator:
2 0y
k 0, k QU exp ( T )
6Vibr = - N CL' Vibr = - 5
0, . 2
mCXP(F)—l mT2<exp(%>—l)

where 6, is the characteristic vibrational temperature of the
molecules.
2. Cut-off oscillator:

imax
IR < Epi
Evibr = mZ Z £p,i CXP <—ﬁ> ,

()

i
max €
Zyior = Z exp <_ﬁ> s

vibr ;=0 i=0
1 1 imax £ imax £ 2
2 v,i v,i
et S e () (S ()]
v,vibr mZvibr sz g v,i kT ; v,i kT
©
Here Z;, is the vibrational partition function, the summation

over i denotes the summation over all the allowed discrete
vibrational states, ¢, ; is the vibrational energy of the molecule in
vibrational state i, and i,,,, is the maximum allowed vibrational
state. Usually this is chosen based on the dissociation energy D
of the molecule, such thate,; <D<eg,; ..
In the case of ¢,; = (i + %2 k6,, where 6, is the characteristic
vibrational temperature of the molecular species, one obtains the
cut-off harmonic oscillator model. In case a non-linear dependence
of the vibrational energy on the level number is assumed, one ob-
tains a so-called cut-off anharmonic oscillator model. In the present
work, second-order terms are considered in the case of the
anharmonic oscillator model: ¢,,; = (i + %) kBU—gi‘ + %2‘ kO, anhs
where 6, ,,;, is the characteristic temperature of the anharmonic
correction.

In the present work we consider two molecular species: O, and N,.
For O,, the following values were used to determine the vibrational
spectrum [41]: a dissociation energy D of 59364 K, a characteristic vi-
brational temperature 6, of 2273.5 K, and a characteristic temperature
of the anharmonic correction 6, ,,, of 17.366 K. For N,, the following
values were used: D = 113252 K, 6, = 3393.48 K, 0, ,,, of 20.603 K.
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Fig. 1. The heat capacity ratio y as a function of temperature for different models of
the vibrational energy spectrum of oxygen (black lines) and nitrogen (blue lines).

Fig. 1 shows the impact the choice of the vibrational energy spec-
trum description has on the thermodynamic properties of the gas (in
this case, the heat capacity ratio y). Three different models of increasing
complexity are considered: the infinite harmonic oscillator, the cut-off
harmonic oscillator, and the cut-off anharmonic oscillator. For both
of the cut-off models, the cut-off was determined by the dissociation
energy D. It can be seen that the heat capacity ratio strongly de-
viates from the room temperature value of 1.4, with all the cut-off
models exhibiting non-monotone behavior. For nitrogen, the effects of
vibrational excitation and vibrational spectrum cut-off appear at higher
temperatures than for oxygen, due to its higher characteristic vibra-
tional temperature and larger dissociation energy. Due to the larger
dissociation energy of nitrogen, the difference between the infinite
and cut-off harmonic oscillator models is also not significant in the
temperature range considered, appearing only for T > 12000 K, whereas
for oxygen the difference becomes noticeable already for temperatures
above 6000 K. The impact of anharmonicity is more pronounced for
both molecules. It can thus be concluded that whilst the infinite har-
monic oscillator model does allow for simulation of more complex
thermodynamical phenomena compared to a calorically perfect gas
model, it is noticeably less accurate than the more detailed cut-off
oscillator models for high temperatures. Note that the presented results
do not account for effects such as electronic excitation, which further
complicates the thermodynamic behavior of gases at temperatures
higher than 7000-10000 K [32,41].

2.2. Implementation of internal energy models in a CFD solver

Accounting for internal energy effects in a flow solver involves
implementing several functions: (1) one to compute the flow tempera-
ture T from the conservative variables, (2) one to compute a specific
internal energy given the flow temperature 7', (3) one to compute the
specific heats given the flow temperature T, and (4) one to compute
the flow entropy given the temperature and conservative variables.

In general, no closed-form expression exists to compute 7 from
€t~ As such, existing packages for high-temperature flow simulation,
such as Mutation++ [42], use a non-linear solver to obtain the flow
temperature. In the present work, a single-species gas is considered, and
an approach based on linear interpolation between tabulated values is
used due to the lower computational cost.

First, reasonable minimum and maximum values of T are chosen,
e.g., Tnin = 10K, T;,,,, = 50000 K, as well as a temperature discretization
step AT. The impact of the choice of AT on the accuracy of simulations
is considered later in the numerical results section; for practical appli-
cations, a value of AT = 1 K is used. The full specific internal energy
et = &n(T) is computed over the specified temperature range with
the corresponding step in AT and stored, as well as the total specific
heat ¢, = ¢,(T). This allows for efficient computation of temperature, a
primitive variable, from energy, a conservative variable, as the Newton
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solver used to solve for temperature can use the linear interpolation for
¢, and ¢, instead of the potentially computationally more expensive
analytical expressions.

3. Entropy-conservative flux

Having defined our system of flow equations and its closures, we
are interested in developing an entropy-conservative flux function. In
this, we follow the methodology of Tadmor [25], with the help of the
more generic formulation of the entropy as given in [10].

3.1. Entropy and entropy variables

The physical entropy s is defined as the specific quantity

T

T
s:/ wdr—klnp:r](T)—klnp. (2]
0 m m

We will hereafter refer to the fOT C”T(T)dr as the “integral part” of the
entropy. As it will play a central role in the following derivations,
we denote it by 5(T) to simplify the notation. We also define the
mathematical entropy as the volume density s = —ps.

The specific entropy satisfies the entropy balance equation [43]

% 4y .Vs=020, ®)
ot
where v = (v,,v,) is the velocity vector, and ¢ is the entropy produc-
tion. The entropy production ¢ depends on the physics of the problem
being considered, i.e. presence of shockwaves, chemical reactions, etc.,
and we thus leave it unspecified.

In order to derive an entropy-conservative flux, we first need to
compute entropy variables, defined by

05
=% 9
@ oJu ©)
As before, our vector of conservative variables is the following
T 1 2 T
u= (p,pux,pvy,E) = (p,pvx,pvy,peim + Epv ) s (10)
and we define our vector of primitive variables as
T
7= (p, Uy, Uy,T) . an
Using the chain rule, we can write the entropy variable vector [43]
T -1
w=E=(0_5) (a_u) . (12)
Ju oz o0z

Computing the derivatives of the conservative variables with respect to
the primitive variables is straightforward

1 0 0 0
ou Uy p 0 0
A 13
0z Uy 0 p 0 ( )
G+ 300 P P, pC,
Inverting, we obtain
1 0 0 0
Ju\~! _%X % 0 0
=) = Yy 1 14
( 0z ) _7} 0 » 0 a4
%UZ*Ehu b _ Yy 1
pey ey pey  pey
Making use of the Leibniz integral rule, we get
0s ( k ¢, )T
L= (-s+2,0,0,-p2) . 1
0z s+ m ’ T as

Applying (12) and omitting any constant terms independent of the flow
variables, we obtain the vector of entropy variables.

o= (wl,wz,w3,w4)T =|-s(T)+ (16)
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3.2. Derivation of entropy-conservative flux

The equation for entropy-conserving flux F™£C./ ¢ R* in spa-
tial direction j (j = x,y) is given by the following compatibility
condition [25]:

"] - FmECT — [y ] =0, a7

where [a]] = a, — a_ is the jump in the value of a flow variable a, and
a_ and a, denote the values of a flow variable @ at two points between
which the flux is computed, that is, the flux F™£C€./ depends on both
flow states u,. The flux potentials are given by [10]:

k
v = ;pvj. (18)

To obtain an entropy-conservative flux F™EC./ | we need to write [o]]
and [ly;]l in terms of jumps our preferred variables (in this case, the
primitive variables z)

loll = A(z_,z,) - [z, A(z_.z,) € R, 19
w1 =B (z_.z,) - [z, B(z_.,z,) € R4 (20)

Here A(z_,z,) and B (z_,z,) are matrices dependent on the values
of the primitive variables at the two points between which the flux is
computed. The compatibility condition (17) can be rewritten as

((FomEC)T. A (2_,2,) = B (2.2.) ) - [2] = 0, ¥ [1z]] € R*, @D
Once A(z_,z,) and B (z_,z, ) have been found, F™™FCJ can be com-
puted as

FUmECS = (B (z_,z,) A™ (z,,z+))T. (22)

It should be noted that there is no single unique entropy-conservative
flux, and the outlined procedure gives one of the many possible
entropy-conservative fluxes. An overview of various fluxes obtained by
different choices of primitive variables z can be found in [31].

In order to obtain rewrite the jumps in the entropy variables in
terms of jumps in the primitive variables, we first need to introduce
the following averaging operators [27,31]

{{a}} = (a +a,), (23)

Hahgeo = Va-ay. (24)

a, —a

{athiog = m- (25)

Then, the following relations hold:

[[ab]l = {{a}} (6] + {{b}} [all, (26)
all __ f{a}} 1

[[Z]] - {{b}}2 Tpp2 Lo+ {{ b }} lal, @7

logap = 1<) 28)

{{a}}log '

Let us write out the jumps for w,, w3, w, (as defined by (16)), as
their derivation is straightforward and does not require any additional
discussion. We find

foa]) = o3} [[l]] + {{l}} o]
~fodt {7 ] e 29)

By analogy we obtain

sl = - o, —— 11+ { £ }} ] (30)

{T}}geo

2
} geo
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Finally, for [[co4]] we get

[ry. (31
lod =7 }}Zm

Let us now focus the attention on w,, taking into account the
definition of entropy (7).

[l ] ——ﬂv]]+[[ m]] [[U){;T%]]

{feu) wn{a)
w0 S el s = 2UTH,

- {{;}} {etea- {21} (o)) 10,1

ko) Hem) 1
— = T — X
L o g {{T}}émﬂ ]]+{{r}} fein]

| s

24T N, T - {{%}} {ve} o,
-{{7 1 e 1w, .

All that is left is to express the jumps in #(T) and &, (T) in terms
of jumps in T. At first this seems impossible unless some specific
expressions for c,(T) and ¢;,, are provided. Even then, a closed-form
solution is not necessarily available. For the simplest case of an infinite
harmonic oscillator [10], the resulting flux formulae are quite complex
and involve hyperbolic functions. Another approach is to use the NASA
polynomials [32], which approximate specific heats as polynomials
in T and 1/T. The polynomial fits for entropies and enthalpies are
obtained via simple analytical integration. One can substitute the poly-
nomial approximations into (32) and obtain a closed-form expression
for the jump in w; using the relevant chain rules, which is the pro-
cedure employed in [33]. The drawback of the approach is that for
each internal energy model, a new set of fits has to be performed
as the coefficients given by NASA take into account effects such as
anharmonicity, electronic excitation, etc. Moreover, in thermally non-
equilibrium multi-temperature flows, additional fits for the vibrational
components of the internal energies need to be provided.

However, we can formally write out the jumps in 5(¢) and ¢;
the mean value theorem:

T, T
In(T)] = / @ g, / @ g, =
0 T 0 T

=—[sI-

int USIME

/ &) g - ry e
T_

(33)

T, T_ T,
lewml = / c,(r)dr — / c,(r)dzr = / e (0)dr = [TTe, (T**). (34)
0 0 T_

Here T*, T** are some values of the temperature in the interval
[min (T_,T,),max (T_,T+)]. Based on this formalism, we can simply
define the following quantities:

e, (T*) ()] (35)
T T TI

PN Hgim]]
(1) = 3- o

With that, we can write out the final expression for [w,]:

b =417 T Z{{E?ﬂog B {{{{;i}n}lg}ei“T“+{{%}}cu () 171
{vh+
#”ﬂ-{{%}} (o)} 1)

{71 en 37
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Substituting into (17) and solving for the flux components, we
obtain two entropy-conserving flux vectors (in the x and y spatial
directions) for the conservative variables:

E3 = (o hog {{ex}) - (38)
num,x _ gynum,x E {r}}

FPUx F {{ }} m {{ l/T}} (39

Fns = ({0, (40)

ri = (4 - ({7 e )

an = {3}

+ F  {{em ) -

+ {oh B+ o 1) F “Dn

In the y direction:
Fy™ = {{p}og {0y} - (42)
F;‘LE‘X'“’Y = Fum {v )}, (43)
Fpam = Fpm (o, + £ L0 (44)

=i, (S - {7 e )

fih {5

+ E [ {em )} -

+ ({0 ) Em 4 {{0,)) Emm, (45)

The only remaining part is the computation of c”(;:), ¢, (T*).
It should be stressed that up to this point, no quantities have been
approximated. For practical purposes, however, one requires some
numerical procedures to compute [[7] and [#(T)]. For example, given
an analytical expression for ¢;,(T) (e.g. one incorporating the infinite
harmonic oscillator model (5) or cut-off oscillator model (6) for the
internal energy), one can use Newton’s method to compute 7_, T,
from the given values of ¢, _, &, . to a desired degree of precision.
From the computed temperature values, one can then evaluate n(7_)
and »(T,) numerically using some quadrature rule. The disadvantage
of such an approach is the potentially high computational cost, as each
flux evaluation requires multiple evaluations of ¢;,,(T) and c,(T) in the
Newton solver iterations and the numerical integration for #(T). In the
present work, we propose the following procedure. Values of ¢;;, and
¢,(T) are pre-computed and tabulated at the start of a simulation over
a range of temperatures with a uniform step size of AT. During the
course of a simulation, piece-wise linear interpolation is then used to
compute the values of ¢, ¢,(T') where required. The piece-wise linear
interpolation is of ¢,(T) is used to compute 5(T) exactly. We can write

(@(T) = e )T T
n(T) = Zn, < 8 T”)ln<ﬁ>+(cvm—cm)-

(46)

Here c,; denotes a tabulated value of ¢,(T") computed at a tabulated
temperature of T}, c,(T) is a linearly interpolated value of ¢, at an
arbitrary temperature. The index N is defined as |T —T.,,;,/AT |, where
Tin is the minimum temperature used for pre-computing the values.
The values #; are the integrals of ¢,(T)/T computed over the AT -sized
intervals assuming a linear interpolation of ¢,(T") over the interval:

(cpin1 —c, )T T,
n = <CW_ - “T> In <T+1> +(Coirr = Cui) - 47)

1
To reduce the computational cost of computing #(T') during a simu-

lation, the values of E =0 !y can also be tabulated for N =0, ..., N,

where N, + 1 is the size of the tables used to store pre—computed
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values of &, (T) and ¢, (T). Thus, the computation of #(T) is then
reduced to getting a value from a look-up table and evaluating one
logarithm. The proposed algorithm not only provides a direct numerical
procedure for evaluation of the entropy-conservative flux presented
above for a gas with an arbitrary equation for the internal energy
distribution function, but also potentially leads to a reduction in the
computational cost (as potentially expensive on-the-fly computations
are replaced by linear interpolation). In principle, other higher-order
interpolation methods can be used, as the developed flux formulation
is independent of the numerical procedures used to estimate C”(TT:),
¢, (T**). The error due to the interpolation of energy and specific heats
will be analyzed in the next section, and in the numerical results section
it will be shown that with a reasonable choice of AT (on the order of
1 K) the error in the entropy production rate can be made to be on
the order of machine precision, thus guaranteeing numerical entropy
conservation. A numerically stable procedure for evaluation of C”(TT),
¢, (T**) is discussed in 3.4.

This concludes the derivation of the entropy-conservative numerical
flux for the case of a single-species gas with arbitrary internal energies.

3.3. Properties of the entropy-conservative flux
We now investigate and prove several properties of the flux (38)—(45).

Theorem 1. The numerical flux given by Egs. (38)-(45) is consistent if
limr_-r ¢, (T*)/T* = ¢,(T)/T and llmT —>T c, (T*) = c,(T).

Ty—T

Proof. We prove consistency of the flux in the x spatial direction, as
consistency of the flux in the y direction can be proved by analogy. We
need to show that F™'™ (u,u) = f, (u).

The averaging operators (23)-(25) are consistent, thus immediately

leading to consistency of the density and momentum fluxes F,"™
Fnum.x Fnum.x
pvy 2 vy
We now consider the energy flux in more detail. Per the requirement

that ¢, (T*)/T* — ¢,(T)/T and ¢, (T**) > c,T)as T, > Tand T_ > T
we have that ¢, (T*)/T* — {{1/T}} ¢, (T**) =0

Using the consistency of the averaging operators we can therefore
write

num,x __ pnum,x _
Fy = Fp (qm

5

v+l
)+ o v, Fum, 48)

Applying the consistency of the density and momentum fluxes, the
energy flux can be rewritten as

num,x U T 2
FE T = pUx| Eine — B +pU +pr+pUxU
U + U
Ux\ PEinc t P ) + pl=v.(E+p). (49)

This can be seen to be exactly equal to the energy flux in the x
direction for Euler equations as given by (3). [J

Theorem 2. The numerical flux given by Egs. (38)—(45) is kinetic energy
preserving.

Proof. We consider the flux in the x direction, proof for the y direction
is analogous. The momentum flux for x component of the momentum
is given by

k {{p}
Fhumx _ pnum,x 2 .
pUX 14 {{ UX }} + m {{ l/T }} (50)
The quantity £ -2 js a consistent approximation of the pressure, and

((I/T))
thus, the numerical flux (38)—(45) is kinetic energy preserving [26,29,

311. O
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Remark 1. In the case of ¢, = const, the flux given by Egs. (38)-(45)
and evaluated using the proposed procedure (piece-wise linear inter-
polation of ¢,(T) and subsequent use of Eq. (46)) reduces to the flux
proposed by Chandrashekar [29], differing only up to a trivial change
of variables from T t0 RgyeificT -

Proof. For the density and velocity fluxes, this is immediately evident
if one uses Ry T instead of T' as the variable, where Ry,.iric = % All
that remains is to simplify the expressions for the energy flux (we only
consider the flux in the y direction, the derivation for the x direction
is done by analogy). For constant c,, we have that #(T,) — n(T_) =
[TT+ ¢,/tdr = ¢, (logT, —logT_). Since this is a specific case of a
piece-wise linear ¢,, this analytical integration is recovered exactly
in our proposed numerical procedure. We can therefore write that
T* = {{T}}1,g- We also have that {{e;, }} = ¢, {{T}}. Therefore, we can
re-write expression (45) as

2
e (Lo TR MY

e S {51

2
+ {od} B+ {o b} £ 1

The term — {{T }geo{‘1 j can easily be shown to be equal
to 0. Finally, using t ef1n1t10n of v = ¢,/c, and Mayer’s relation
¢, = ¢, + k/m, we can write k/(m(y — 1)) instead of c¢,. Thus, we obtain
the final expression for the energy flux:

e i, En+{{e}

Fnum Y = phumy| & _
’ my—1 {{T}}log 2
+ oy £ + oy £ (52)

This can be seen to be exactly the energy flux as proposed by Chan-
drashekar [29] up to a trivial change of variables from T
to RspecificT' O

Theorem 3. Let ¢, (T) and c,(T) be piece-wise interpolated with error
of order (AT)", where AT is the spacing between equidistant values of T
used for the interpolation. We assume n(T) to be computed exactly using
the piece-wise interpolation for ¢, (T') (see Eq. (46)). Let us also assume (1)
a negligibly small error in the non-linear estimation of temperature from
the interpolated energy, (2) that the function e;, (T) is differentiable, (3)
the derivative c,(T) = ¢! (T) is bounded from below by a non-zero value.
Then the error in the numerical energy flux evaluated using Eq. (41) using
a piece-wise interpolation for &, (T) and c,(T)) when compared to an exact
computation of the flux (that is, it is assumed that one can compute T'(g;,,)
and n(T') with no numerical errors) is of the order (AT)".

First, we prove the following lemma.

Lemma 1. Let p(x) be a piece-wise interpolation of a differentiable

function f(x) with error of order (Ax)", where Ax is the spacing between
equidistant values of x used for the interpolation. Let f'(x) > A > 0,
where A is a constant. Then given a value f, = f(x,), the following holds:
7 Yfo) = P N(fy)| £ C(4x)", where C is a constant.

Proof. Let us denote p!(fy) as %,. As f is differentiable, we can
apply the mean value theorem, assuming without loss of generality that
Xog > xq:
(&) — f(xp)
Xo = Xp
We have that f(x() =

| f(%o) = f (xo)|
[f"(e)]

= f/(c), ¢ € [xg, %ol (53)
fo = p(Xy), so we can write that

%o — xo| =
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_ G0 —pG)] Gt G
I/l If' @l = A

cax)'. O (549
Now we prove the statement of the theorem.

Proof. We consider the energy flux in the x direction, as proof for
the y direction is done by analogy. Given two vector of conservative
variables u_, u,, the values of p, v,, v,, and ¢, for the states — and
+ can be computed exactly. Therefore the error comes only from the
term ((T1)2,, ((TT) - {{ 1 }} ¢ T™).

Recalling the definitions of ¢, (T*)/T*, ¢, (T**), we can re-write the
above term as

According to Lemma 1, the error in the estimation of 7_ and T,
is of order (AT )" Therefore, the errors in the computation of {{T}}2 a0’

; are also all of order (AT)"; this also holds for the

error in the computatlon of & 45 &

, and

int— and for any products of these
1

Ein —Eint,—
?;;;emes Therefore, the error in {{T}}? o {{ 7 }} ﬁ
The only remaining term to analyze is #(T,) — n(T_). There are two
sources of error: (1) the error due to the interpolation used for c,(T")
and (2) the error due to the choice of interpolation points 7_, T, (as
they are computed from an interpolation of energy). The errors due to
the interpolation of ¢,(T) and the choice of integration limits are both
of order (AT)". Thus, the errors in the computation of #(7T,), n(T_) are
also of order (AT)"
Therefore, the term (55) appearing in the energy flux has error of
order (AT)". [

is of order

This concludes the analysis of the properties of the developed
entropy-conserving numerical fluxes for a gas with an arbitrary internal
energy function. To summarize:

» The flux is consistent.

+ The flux is kinetic energy preserving.

» The flux reduces to the entropy-conservative
Chandrashekar in case of a constant specific heat.

« If piece-wise interpolation with a step-size of AT and error of
order (AT)" is used to compute the internal energy &, (T) and
¢,(T), whilst the integral part of the entropy # is computed exactly
using the piece-wise interpolation for ¢, (T), then the error in the
energy flux is of the order (4T)".

flux of

3.4. Algorithm for pre-processing and flux computation

Here, an outline of the overall algorithm for the pre-computation
of relevant tabulated values and subsequent estimation of the flux
components is presented.

Algorithm 1 shows a pseudocode description of how the necessary
tabulated quantities are precomputed. To distinguish between the flow
variables arrays of tabulated values, we subscript the latter with A. All
of the arrays T, E4, c, 4, 114 are of size Ny, +1 and store the tabulated
values. The user has to provide the minimum and maximum values
of the temperature range, as well as the temperature step AT. The
functions for computation of the specific internal energy ¢;, and the
specific heat ¢, from temperature are assumed to be known. Naturally,
the discretization step AT should be chosen such that the error due to
the approximations used is acceptably small; the impact of the choice
of AT is discussed in the next section.

Algorithm 2 shows the computation of the quantities required for
the calculation of the fluxes as given by Egs. (38)-(45). First, the
temperature is computed from the internal energy, and is then used
to approximate the specific heats and integral parts of the entropy of
the left and right states. In order to ensure numerical stability in case
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Algorithm 1 Pre-computation of tabulated quantities
Require: T, > 0, Thax > Trins AT > 0, €, (T), ¢,(T)
Noax < [ Tmax — Tmin)/AT] > Compute number of array elements
fori=0,..., Ny, do
Tyli] < Ty + iAT
temperature array
Eli] < £, (T4li1)
cpalil < ¢, (Tyli])
array
if i is O then
nalil < 0
else ) _ ,
nalil < muli = 11 + (cv,A[i —1]- —(C”'A[”_%"AAT[’_”)TAM )
In (T:?illjl] ) + (e alil = ey 4 — 11)
entropy using piece-wise interpolation for ¢,
end if
end for

> Set element of uniformly spaced

> Compute and set element of energy array
> Compute and set element of specific heat

> Compute integral part of

Algorithm 2 Computation of quantities necessary for calculation of
fluxes
Require: p_, v, _, Uy —s Eint—> Pis Ux 45 Uy 45 Einet

fori=—,+ do > Compute relevant quantities for left and right
states
T, < T(gjp) > Compute temperature from energy using a

non-linear solver
fri < (T; = Tain) /AT
Ir; < |fr.l > Find position in array of temperature
Sfri < fri—Ir; > Find linear interpolation coefficient
cpi = (U= fr)-cyally )+ fr;- ey AUz + 1] > Find specific heat
from temperature

(epi=cp AU i DTAUT ] T
i < '1A[1T,i] + (CU’A [IT’i] - - Ag" - ) In (TA[IT,,‘] )
(epi = coallr 1) > Compute integral part of entropy
end for

if |T, —T_| < r then 1> r is a small fixed tolerance to avoid division
by 0

T« (T, +T.)/2

f? — (T = T/ AT

Iz < |LfF]

e fr-1IF

¢, < (1= f7) - ey alIF] + fF - ¢, 4l I + 11 > Find specific heat from
temperature

¢,(TH/T* «¢,/T

e, (T™) < ¢,
else

e (TH/T* « (ny—n_) /(T - T_)

CU(T**) « (Eim,+ - 5im,—> / (T+ - T—)
end if

the temperatures of the left and right states are close, one has to take
(01 Ilfanﬁ

extra care in computing =%, "5 We can do so by writing
Ty (@) T,
oy ST [en]  fre@de (56)
ey r1 07l T

We can use the mid-point rule to approximate the integrals appearing
in these expressions:

fi S TSP OUITIE) o, ) +oUITIR) 57)
[T 71 T 7

/T* ¢, (r)dr T 3 —

T _ [TTe, (D) + OITTI) _ e,(T) + OUITIP), (58)

(71 [r1
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where T = (T_ +T,)/2. Assuming that we use the mid-point approxima-
tions (57)—(58) when |T, — T_| < r, where r is some small tolerance, the
error will be on the order of r2. Thus, with a sufficiently small choice
of the tolerance r, the error due to the mid-point approximation can
be made to be on the order of machine precision. This approximation
in the limit of vanishingly small temperature jump also ensures con-
sistency of the flux in accordance with Theorem 1. It should be noted
that the non-linear solver used to compute the temperature from energy
also uses the linear interpolation of the energy and specific heats in the
iterations.

3.5. Computational complexity

We now briefly analyze the computational cost of the algorithm.
Compared to the case of constant ¢, for each entropy-conservative flux
computation, the following additional computations are required:

1. computation of T, T_ from &, ,, &, _ using a non-linear solver,
2. calculation of [[eim]], [7(T)1,
3. calculation of ¢, (T*)/T*, ¢, (T*).

In the following analysis we disregard the cost of the computation of
temperature from energy (as this can be a call to an independent non-
linear solver). For the case of |T, — T_| < r, only subtraction, division,
and multiplication operations are required. For the case of |T, - 7T_| >
r, additional operations are required, as two specific heats need to be
linearly interpolated instead of one; in addition, two logarithms need
to be computed. Some of the division operations, such as dividing by
AT, can be replaced by multiplication operations if the quantity 1/4T is
pre-computed and stored, leading to a lower computational effort [44].
The formulation in [10] requires at least three exponentiations and
computing two logarithms, whereas the present algorithm does not
require the exponentiation operations, thus leading to a potentially
lower computational cost. Again, it is important to note that in this
brief analysis, the cost of computing the temperature from the energy
is neglected. In addition, it should again be stressed that the com-
putational cost of the flux formulation proposed in the present work
is independent of the exact expressions for the internal energy and
specific heat used in the precomputation step. Another possible factor
influencing the computational efficiency of the proposed algorithm not
considered in the present analysis is the role of cache effects. The
approach proposed in the present work requires storing several large
one-dimensional arrays of floating point numbers, which are being
accessed at every step of the simulation, which could lead to frequent
loading and eviction of data from the CPU cache. Timing results of the
actual implementations of the various flux functions are presented in
the next section.

3.6. Dissipative flux

The entropy-conservative flux (38)—(45) can be augmented with a
dissipation term and used to reduce the oscillations in flows with strong
shocks. In principle, the dissipative term can be chosen such that flux
is entropy-stable:

Fnum,ES,j — Fnum,EC,j _ lD[[a)]] j =x,y (59)
) B s -

Here D is a dissipation matrix constructed in a way such that the
flux F™ES.J is entropy-stable [45,46]. The construction of a suitable
dissipation operator D is left for future work. In the present work, for
simulations with strong shocks a local Lax—Friedrichs scalar dissipation
is added to the entropy-conservative flux:

Fnum,D,j — Fnum,EC,j _ %l{u]L j=x, (60)

where FW™ESi  js  the entropy-stable version of the
entropy-conservative flux F™£CJ and 1 is the fastest local wave
speed. This version of the flux is used for the simulations containing
strong shocks presented in the next section.
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Fig. 2. Relative error in the energy flux for different temperature jumps as a function
of the discretization step AT for a calorically perfect gas.

4. Numerical results

To verify the developed flux and apply it to simulation of two-
dimensional high-speed flows, the developed algorithms for computa-
tion of flow properties and fluxes were implemented in Trixi.jl [47,48],
a modular framework for solving systems of hyperbolic equations us-
ing the DGSEM method. The strong stability preserving Runge-Kutta
method [49] SSPRK43 was used for time integration, as provided by
the DifferentialEquations.jl library [50]. The simulation code is publicly
available on Github [51].

4.1. Comparison to exact expressions for fluxes

First, the developed flux is compared to existing entropy-conserving
fluxes for cases where exact expressions for the latter are available. We
compare it to the flux of Chandrashekar [29] in the case of a calorically
perfect gas, and to the flux of Peyvan et al. [10] in the case of a gas
described by the infinite harmonic oscillator model.

4.1.1. Calorically perfect gas

In the case of a calorically perfect gas, the error due to interpolation
of temperature is almost zero, as in that case temperature is a linear
function of energy and the inversion via the Newton-Solver is nearly
exact. For this test case we assume that ¢, = %%, which corresponds
to an adiabatic index y = 1.4. The densities and velocities of the left
and right states were assumed to be and given by p_ = p, = 3.8485 -
1073 kg/m?, v, _ = v, , = 1000 m/s, v, = v,, = 500.0 m/s, whereas
the temperature of the left state 7_ was taken to be 1000 K and six
different temperature jumps were considered: T, /T_ = 1.001, T, /T_ =
1.01, T, /T_ = 1.1, T, /T = 2.0, T, /T_ = 5.0, and T, /T_ = 10.0. The
tolerance r used in Algorithm 2 was taken to be equal to AT /2; that is,
for |T, — T_| < r the specific heat was simply evaluated at the midpoint
(T, +T_) /2, as opposed to using look-up tables for the integral part of
the entropy and the internal energy. In practice, significantly smaller
values of the tolerance r should be used, as it leads to a noticeable
reduction in the error in the flux evaluation, as will be seen further in
Sections 4.2, 4.3. However, to better showcase how the flux behavior
changes once |T, —T_| > r, the relatively large value of r = AT /2 was
chosen for this test case.

Fig. 2 shows the error in the evaluation of the flux for the energy
FI'™* using Eq. (41) computed via Algorithm 2 for various choices
of AT, as compared to the exact expression for the calorically per-
fect gas as given by Eq. (52), i.e. the entropy-conservative flux of
Chandrashekar [29]. It can be observed that as long as |TJr —T_| >
AT /2, the error in the flux computed via Algorithm 2 is extremely
small, almost on the order of machine precision. It can also be seen
that for a given temperature jump T, /7_, as soon as AT is chosen
large enough that |T, —T_| < AT/2, the error in the flux becomes
significantly larger. Therefore, it can already be seen that using smaller
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Fig. 3. Relative error in the energy flux as a function of the discretization step AT,
infinite harmonic oscillator.

values of the tolerance r will lead to smaller errors, as in fewer cases
will the simplified computation be used. For reasonable choices of a
temperature discretization step (i.e. 1-10 K), the error still remains low
even when the flux is computed using the simplified approximation
with the mean temperature.

4.1.2. Infinite harmonic oscillator

Next, we compare the energy flux (41) to the flux derived in [10] for
the case of the infinite harmonic oscillator model. The gas was assumed
to be molecular oxygen (with a molecular mass m = 5.3134 x 10726 kg),
and a characteristic vibrational temperature of 6, = 2273.5 K was used.
The same flow conditions and temperature jumps were considered as
for the previous case, and values of the tolerance r was again chosen
to be AT /2. For the evaluation of both fluxes, the temperatures were
assumed to be known exactly, i.e. no impact of the non-linear solver
was considered. It should be noted that the numerical flux proposed
in [10] relies upon a Taylor expansion of a hyperbolic sine function of
a non-linear combination of 7_ and T,, using only the first four terms
of the series. For larger temperature jumps, the expansion was found
to require one extra term to provide a sufficiently accurate value.

Fig. 3 shows the relative errors in the energy flux (compared to
the flux from [10] assuming exactly known temperatures) for different
temperature jumps as a function of the discretization step AT. The black
lines show the error relative to the flux of Peyvan et al. [10] when a
5-term Taylor expansion is used, the red line shows the error relative to
the same flux when only 4 terms are used for the largest temperature
ratio T, /T_ = 10.

Compared to the case of the calorically perfect gas, the choice
of temperature discretization step AT has a noticeable impact on the
accuracy of the flux, as it affects the accuracy of the computation of
¢,(T) and as a result, the accuracy of the computation of #(T).

Again, it can be seen that at small values of AT, the proposed
flux expression (41) achieves excellent error. The error in this case is
specific to the linear interpolation used in the present work, however,
the developed numerical flux formulation allows for use of higher-
order interpolations or even exact expressions for energy, specific heats,
and the integral part of the entropy. A practical large-scale simulation
will also require maintaining a balance between computational cost
and accuracy — as will be discussed in the next subsection, use of
simplified interpolations based on tabulated values can provide a no-
ticeable speed-up compared to use of exact analytical expressions. Even
at extremely large values of AT, i.e. 100-1000 K, the error compared
to the exact flux derived in [10] is still less than 1%.

It can also be seen that for the largest temperature jump considered,
the 4-term expansion used in [10] proves to be insufficiently accurate.
In fact, the number of terms required in the Taylor expansion used can
be considered to be an implicit numerical parameter, higher values of
which may lead to an increase in accuracy, but also to an increased
computational cost. In the present work, the main parameter is the
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Table 1

Time required for one flux evaluation, omitting computation of temperature from energy.

Present work Peyvan et al. Chandrashekar [29]
[10], 4-term
expansion

17 ns 23 ns 11 ns

Table 2
Time required to compute T from internal energy.

Inversion using
interpolated &;,, c,

75-85 ns

Inversion using exact
formulas for €, ¢,

400 ns

explicitly defined AT, which has a direct impact on the computational
cost of the pre-processing step at the start of the simulation, as its
choice affects how many values of ¢, (T), €,,(T), and n(T) need to be
computed. The impact of the value of AT on the computational cost
of the simulation itself is less noticeable, although use of very large
look-up tables may lead to slow-down due to cache misses.

4.1.3. Computational cost comparison

We carry out a brief comparison between the computational cost of
calculating the flux vector (38)-(41) in conjunction with Eq. (46), the
computational cost of calculating the flux vector as given in [10], and
the computational cost of evaluating the flux of Chandrashekar [29] for
a calorically perfect gas. The flux of Chandrashekar [29] was included
in the analysis as a baseline, despite its assumption of a calorically
perfect gas. All fluxes were implemented in the Julia programming
language.

Table 1 presents the computational costs of one flux evaluation
for the three flux functions considered. As expected the flux of Chan-
drashekar [29] is computationally the most of efficient, since for the
calorically perfect gas no interpolations are required. For the flux
derived in [10], the original proposed 4-term Taylor expansion of the
hyperbolic sine function was used; as discussed above, for large tem-
perature jumps, this may be insufficient and more terms may need to
be included, leading to higher computational costs. It can be seen that
the proposed flux function is approximately 50% slower than the flux
of Chandrashekar [29], but still roughly 25% faster than the analytical
flux for the infinite harmonic oscillator model with the 4-term Taylor
expansion [10].

As already mentioned, the computational costs of the flux (38)—(41)
and the flux from [10] do not include the cost of the inversion of the
energy in order to obtain the temperature. Assuming that 7_ = 1000 K
and T, = 1500 K, and using an initial guess of 300 K as the starting
solution, Mutation++ (compiled using the —03 compiler flag) requires
approximately 400 ns to compute 7_ and T, from the corresponding
energies; it does so using exact analytical formulas for the vibrational
energy and specific heat of vibrational degrees of freedom, as given
by (5). Using the piece-wise linear interpolation of the internal energy
and specific heat, an implementation of Newton’s method in Julia re-
quires approximately 75-85 ns for the computation of 7_ and T, when
also using an initial guess of 300 K and the same relative and absolute
tolerance of 10712, For a more complicated internal energy function,
such as (6), the cost of inverting the energy to obtain temperature will
be even higher. These results are summarized in Table 2.

Therefore, it can be concluded that the flux function itself (38)-(41)
is computationally very efficient, especially for cases of a calorically
imperfect gas, as it allows for use of arbitrary internal energy functions
without the computational complexity of those having an impact on the
cost of the flux evaluations. The use of a piece-wise linear approxima-
tion for the internal energy and specific heats also leads to a significant
speed-up of the Newton solver used to compute the temperature from
the internal energy.
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Fig. 5. Time-averaged absolute value of the entropy production rate as a function of
the parameter r.

4.2. Periodic flow

To assess the performance of the developed flux, we consider a two-
dimensional test case with periodic boundary conditions, similar to the
one investigated in [10], but with a larger temperature variation. A
square domain [0, 1] x [0,1] was assumed. The gas was taken to be
molecular nitrogen, with a molecular mass of m = 4.6517 x 1072° kg
and with the vibrational spectrum modeled by an infinite harmonic
oscillator model with 6, = 3393.5 K. The temperature discretization
AT was taken to be 1 K. The pressure in the domain was taken to be
constant as p = 195256 Pa, and a velocity vector v = (11450;0)T m/s
was assumed. A temperature profile varying in the x direction was
prescribed as T'(x) = 9000.0 + 2000sin(2zx). A uniform 64 x 64 grid
was used for the discretization of the domain, and third degree polyno-
mials were used in the DG method. All shock-capturing functions and
positivity-preserving limiters were turned off, and the flux (38)—(41)
was also used for the interface fluxes (instead of a Riemann solver),
to ensure that no stabilization or dissipation schemes can impact the
entropy conservation. The total entropy production rate (over all cells
in the simulation domain), which can be defined as
Jds odu
ou’ or
was computed via analysis callbacks available in Trixi.jl. Different
values of the tolerance r (as used in Algorithm 2) were used, ranging
from 0.5 K to 107¢ K.

Fig. 4 shows the total entropy production rate plotted over time
for different values of the tolerance r. It can be clearly seen that the
entropy is not conserved to machine precision, due to the errors in
the computation of temperature and the integral part of the entropy;
however, the overall magnitude of the entropy production rate is still
very small. Moreover, lower values of r lead to noticeably lower values
of the entropy production rate. To better assess the impact of the value
of r on the entropy production rate, we plot the time-averaged absolute
value of the entropy production rate as a function of r, as shown
on Fig. 5. It can be seen that decreasing r up to a value of 10~# K

Serot(f) = 61)
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Fig. 6. Change of total kinetic energy of the flow over the course of the simulation.
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Fig. 7. Density (left) and pressure (right) at + = 0.75 s for the weak blast wave test
case, 64 x 64 grid.

leads to decreasing entropy production rates due to errors in the flux
function; use of values of r smaller than 10~* K however does not
lead to lower entropy production rates due to other sources of error
becoming dominant.

Finally, we consider the kinetic energy preservation property of the
flux. Fig. 6 shows the relative change in the kinetic energy of the whole
flowfield E,;, ,, compared to the initial value of the kinetic energy for a
value of r = 10~¢ (the choice of r was not found to have any noticeable
effect on the results). It can be seen that fluctuations do occur, as the
kinetic energy preservation is affected by the pressure discretization,
and a similar behavior has been observed for other fluxes [52]. The
derivation of an entropy-conservative flux with a different pressure
discretization that would ensure strict kinetic energy preservation is
left for future work. However, it should be noted that the change in
the kinetic energy is quite small, less than 0.1%.

4.3. Blast wave

Next, we consider the weak blast wave condition adapted from [21].
The initial conditions are given by

p 0.341388 p 0.399117
vl 0.0 . ) > . Uy | [ 102.5 cos(¢h)
0, = 0.0 if Vx%+y*>0.5; v, =1 102.5 sin(¢h) else (62)
P 101325.0 P 126149.6
Here ¢ = tan~!(y/x). The initial conditions of the problem correspond

to a circular-shaped region with a radius of 0.5 m of higher density and
pressure with a constant outward radial velocity. As in the previous
case, the gas was assumed to be molecular nitrogen, with a vibrational
spectrum described by the infinite harmonic oscillator model. A square
domain of size [-2,2] x [-2,2] was used, discretized by a uniform
64 x 64 grid. Third degree polynomials were used in the DG method.
Similar to the previous case, different values of the tolerance r (as used
in Algorithm 2) were used, ranging from 0.5 K to 1076 K.

Fig. 7 shows the density and pressure profiles at r = 0.75 s. The
oscillations in the density and pressure in the radial direction are due
to the absence of numerical diffusion in the simulation. The ripples

10
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Fig. 10. Time-averaged absolute value of the entropy production rate as a function of
the parameter r.

observed in the center of the domain are numerical artifacts due to
the use of a coarse uniform Cartesian grid, which is poorly suited
for the radially symmetric problem under consideration. Nevertheless,
as expected, the simulation is stable, even without dissipative surface
fluxes, shock capturing, and/or positivity preserving limiters.

Fig. 8 shows the same simulation on a uniform 256 x 256 grid.
The improved grid resolution can be seen to remedy the ripples in the
center of the domain, whereas the oscillations across the blast wave
front remain, as no numerical diffusion is applied within the solver.

Fig. 9 shows the total entropy production rate plotted over time for
various values of the tolerance r for a temperature discretization step
AT of 1 K. Similar to the previous test case, it can be seen that whilst
there is an error in the entropy production rate at higher values of r,
it decreases rapidly when smaller values of r are used. Fig. 10 shows
the time-averaged absolute value of the entropy production rate as a
function of r. The error is almost of the order of machine precision
when r is taken equal to 107 K.

4.4. Flow around a cylinder
Finally, we consider a two-dimensional flow around a cylinder as

an example of application of the developed flux function to a high-
enthalpy flow with strong shocks. The free-stream parameters were
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oscillator model.

chosen to be vy, = 5956 m/s, p,, = 476 Pa, T,, = 901 K, based on
the experimental HEG cylinder test-case [53]; the cylinder diameter is
0.045 m. The gas was assumed to be either molecular nitrogen with a
molecular mass of m = 4.6517 x 10726 kg or molecular oxygen with a
molecular mass m = 5.3134 x 10720 kg. The flow speed is approximately
Mach 10.5, depending on the chosen model for the internal energy.
Three models for the internal energy were considered:

1. Calorically perfect molecular nitrogen flow with y = 1.4.

2. Molecular oxygen flow with the infinite harmonic oscillator
model for the vibrational spectrum with 6, = 2273.5 K.

3. Molecular oxygen flow with the cut-off anharmonic oscillator
model for the vibrational spectrum with 6§, = 2273.5 K and
6,.a0n = 17.366 K, with the cut-off at the dissociation energy of
oxygen D = 59364 K. This corresponds to 36 vibrational levels
accounted for.

For the energy and specific heat tables, a step size of AT = 1 K was
used, and the tolerance r in Algorithm 2 was taken to be 107 - AT.

The simulations were performed on simple shock-fitted structured
60 x 60 grids. A single cubic curve was fitted to the shock shape. As
it does not fit the shock perfectly, some minor errors in the density
and pressure are expected near certain regions of the shock, where the
mesh and the shock are not well-aligned. Fig. 11 shows an example of
the simulation grid, specifically, the grid used for simulations with the
infinite harmonic oscillator model. The origin of the cylinder is located
at (x,y) = (0,0). In the analysis of the simulations presented further
below, flow quantities are considered along the stagnation line, given
by y = 0, and the outflow boundary, given by x = 0. The following
boundary conditions were applied in the simulation: supersonic inflow
at the inflow boundary (highlighted in purple), supersonic outflow for
the outflow boundary (highlighted in orange), and slip conditions at the
stagnation line (highlighted in red) and cylinder surface (highlighted in
blue).

The developed entropy-conserving flux was used for the volume
fluxes, and the dissipative flux (60) was used for the surface fluxes in
order to provide sufficient numerical diffusion for the strong shocks
present in the flow. Due to the presence of strong shocks in the flow, the
sub-cell shock capturing method of Hennemann et al. [21] was used.

The DLR TAU solver [39,54] was used as a benchmark solver for this
case with a similar grid and parameters governing the gas properties.
The AUSM+ flux [55] was used, along with local time-stepping and
a first-order implicit Backward Euler solver. Due to the significant
differences in the solver architecture, as well as the time-stepping
methods, no performance comparison between the solvers is carried out
in the present work.
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Fig. 12. Flow-field pressure computed the developed entropy-conservative approach
implemented in Trixi.jl (top) and using the TAU code (bottom) for the case of a constant
specific heat (y = 1.4).

Firstly, we consider the simplest case, that of the calorically perfect
molecular nitrogen flow with y = 1.4. This case has been chosen to
verify the basic solver components in the Trixi.jl implementation, such
as handling of curvilinear structured meshes, boundary conditions, and
shock capturing.

Fig. 12 shows the computed flow-field pressure for TAU and Trixi.jl
simulations grid, with the Trixi.jl results computed using second order
polynomials. Excellent agreement in the shock position and overall
pressure profiles can be observed between the solvers. The Trixi.jl
solution used a grid with several larger cells in the pre-shock region,
therefore inflow region is somewhat larger on the top subplot. For a
more quantitative comparison, we evaluate the flow properties along
the stagnation line.

Fig. 13 shows the pressure and temperature along the stagnation
line (the surface of the cylinder is located at x = —4.5 cm) computed
using TAU and Trixi.jl, with the Trixi.jl simulation using second order
polynomials. Excellent agreement can be seen between the solvers, thus
confirming the validity of the basic solver components.

Now we consider the cases with temperature-dependent specific
heats. Fig. 14 shows the computed flow-field pressure for the case of
the vibrational spectrum modeled by an infinite harmonic oscillator.
Similar to the previous case, excellent qualitative agreement can be
seen between the simulations in the whole domain.

For a more detailed analysis of this case and that of the cut-off
anharmonic oscillator, we look at the flow-field properties along the
stagnation line y = 0 (assuming that the center of the cylinder is
located at (0,0)). Fig. 15 shows the pressure and temperature along the
stagnation line (the surface of the cylinder is located at x = —4.5 cm)
computed using TAU and Trixi.jl for the two different vibrational
spectrum models, i.e. infinite harmonic oscillator and the cut-off an-
harmonic oscillator. Compared to the case of the calorically perfect
gas with y = 1.4, both models for the vibrational spectrum have lower
values of y (as seen on Fig. 1), thus leading to smaller shock stand-off
distances [56]. The use of the cut-off harmonic oscillator model leads to
smaller values of y compared to the infinite harmonic oscillator model,
and therefore the stand-off distance is smaller for this case.

Finally, we analyze the flow quantities in the expansion region,
namely, along the outflow boundary given by x = 0. Slightly more
differences were observed between Trixi.jl simulations using different
grid and polynomial orders in this region, therefore, more results are
presented: additional simulations were carried out for second, third,
and fourth order polynomials on 30 x 30 and 60 x 60 grids.
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grid, dotted lines denote simulations conducted on a 30 x 30 grid.

Fig. 16 shows the pressure and temperature in the expansion region
along the line x = 0 (the surface of the cylinder is located at y = 4.5 cm)
for the infinite harmonic oscillator model of the vibrational spectrum.
Solid lines correspond to the 60 x 60 grid, dotted lines correspond to
the 30 x 30 grid. We see that all simulation results agree very well,
with only the second order DG simulation on the coarse 30 x 30 grid
(dotted red line) deviating slightly in terms of pressure and temperature
from the other results. The Trixi.jl-based DG simulations predict a
sharper shock, but use of the higher-order polynomials also leads to the
presence of irregularities (seen on the temperature profile at y = 8 cm),
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as well as slightly stronger oscillations near the shock (seen on the
temperature profile near y = 9.7 cm).

Finally, Fig. 17 shows the pressure and temperature along the
line x = 0 for the cut-off anharmonic oscillator model. Similarly to
the infinite harmonic oscillator case, only the DG simulation using
second order polynomials on a 30 x 30 grid displays any noticeable
discrepancy in terms of the pressure from the other results. The higher-
order simulations also exhibit slight oscillations in the temperature;
however, they were not found to affect the stability of the simulations
in general.
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Fig. 17. Pressure (left) and temperature (right) along the outflow boundary, cut-off anharmonic oscillator model. Solid lines correspond denote simulations conducted on a 60 x 60

grid, dotted lines denote simulations conducted on a 30 x 30 grid.

Therefore, it can be concluded that the developed approach for
entropy-stable simulations of high-enthalpy flows of gases with internal
degrees of freedom provides accurate results, and has good properties
in terms of computational performance.

5. Conclusion

An approach to the computation of entropy-conserving fluxes for
gases with arbitrary internal energies has been developed, based on the
piece-wise linear approximation of the temperature-dependent internal
energy and specific heat. For a calorically perfect gas, the fluxes have
been shown to reduce to well-known expressions available in literature.
A significant advantage of the proposed approach is its independence
on the exact expressions for the internal energy, as they are only
required in the pre-computation step, and the flow simulations only
perform linear interpolation, the cost of which is independent of the
exact expressions for the internal energy and specific heat capacities.

The flux function has been implemented in the Trixi.jl framework
and simulations of a Mach 10.5 flow over a cylinder were performed
for three different internal energy functions. Comparisons with compu-
tations carried out using the DLR TAU solver show excellent agreement
in the flow-field quantities.

Further future extensions of the work include the generalization
of the scheme to multi-species reacting flows, and its application to
viscous flows.
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