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 A B S T R A C T

To ensure the effective and objective development of transportation networks, it is crucial to 
identify performance limitations across various subsystems. A timetable-independent assessment 
of infrastructure capacity at railway junctions is a fundamental aspect of long-term rail network 
planning. While recent research introduced queueing-based methods to quantify route-based 
railway junction performance, modelling arrival and service processes has been limited to 
exponential distributions. This work utilizes Phase-Type Distributions to propose an extension 
to a previously described Continuous-Time Markov Chain model. In a comparison between 
assumed distribution combinations, the effect of a more detailed stochastic process modelling 
is described. Furthermore, an analysis of the differences to a simulation method is conducted 
for an exemplary railway junction. The introduced method enables infrastructure managers to 
accurately model stochastic processes for performance determination in the early stages of the 
strategic planning phase.

. Introduction

Due to the increasing demand for environmentally friendly modes of transportation, railway infrastructure managers worldwide 
eed to develop their infrastructure further. Performance analysis of individual facilities serves as a valuable method to evaluate 
xisting infrastructure and compare expansion and new construction scenarios. Some well established methods are particularly suited 
or analysing current infrastructure and timetables, for example those designed to determine capacity utilization (UIC, 2004). On 
he other hand, efficient resource management requires a focus on long-term planning. For this purpose, timetable-independent 
ethods can be particularly useful.
While such methods for railway lines are already well established in their practical implementation, methods for railway junctions 

r nodes are still the subject of ongoing research. The currently utilized systems in practice employ single-channel approximations 
or multichannel service systems, such as railway route nodes and junctions. However, those systems with parallel utilizable routes 
re particularly critical points that need to accommodate the traffic from multiple railway lines.
In a preceding work (Emunds and Nießen, 2024a), a multichannel method was introduced to analyse the performance of railway 

unctions and estimate the necessity for an overpass structure to mitigate route dependencies. In that study, the arrival and service 
rocesses were modelled using only exponential distributions, necessitating the use of approximation formulas to accommodate 
ther probability distributions.
In contrast, this work introduces a novel approach, modelling general independent arrival and service processes with phase-type 

istributions in a Continuous-Time Markov Chain for multi-channel railway systems. This model can be used to obtain more accurate 

∗ Corresponding author.
E-mail address: emunds@via.rwth-aachen.de (T. Emunds).
ttps://doi.org/10.1016/j.jrtpm.2025.100523
eceived 5 December 2024; Received in revised form 17 March 2025; Accepted 8 May 2025
vailable online 26 May 2025 
210-9706/© 2025 The Authors. Published by Elsevier Ltd. This is an open access article under the CC BY license 
 http://creativecommons.org/licenses/by/4.0/ ). 

https://www.elsevier.com/locate/jrtpm
https://www.elsevier.com/locate/jrtpm
https://orcid.org/0000-0002-4862-1872
https://orcid.org/0000-0001-6236-8335
mailto:emunds@via.rwth-aachen.de
https://doi.org/10.1016/j.jrtpm.2025.100523
https://doi.org/10.1016/j.jrtpm.2025.100523
http://creativecommons.org/licenses/by/4.0/


T. Emunds and N. Nießen Journal of Rail Transport Planning & Management 35 (2025) 100523 
approximations of the queue-lengths of the different routes through the infrastructure, thereby enabling timetable-independent 
quantifications of the occupancy of each route, which allows for a detailed bottleneck analysis of the infrastructure.

The contribution of this work is manifold, including:

• A novel Continuous-Time Markov Chain model that utilizes phase-type distributions for modelling arrival and service processes 
in a railway junction.

• An algorithm designed to efficiently compute timetable capacity by comparing queue-length estimations to their respective 
thresholds.

• A comprehensive study analysing the influence and approximation quality of different queuing models for varying distributions 
of traffic types across routes.

• A case study demonstrating the usability of route-based analysis to evaluate the performance of a railway junction infrastruc-
ture that accommodates both freight and passenger traffic.

The remainder of this work is structured as follows. Section 2 presents the current state of research. In Section 3, a formal descrip-
tion of the junction capacity determination problem is provided. Subsequently, the novel model and the employed approximation 
formulas are introduced in Sections 4.3 and 4.5, along with an explanation of the algorithm for efficient capacity determination 
in Section 4.6. Section 5 offers a validation of the proposed method and a comparison with other models under different traffic 
distribution scenarios. Finally, an example railway junction combining a freight and a passenger traffic line is analysed in Section 6.

2. Related work

This section provides a summarized overview of the state-of-the-art for railway capacity analysis, focusing on key methodologies 
and their applications.

Railway capacity is defined in various ways depending on the planning stage and requirements (Jensen et al., 2020; Emunds and 
Nießen, 2024a). The theoretical capacity refers to the maximum number of trains that can be scheduled without conflicts, considering 
driving dynamics and control systems. The timetable capacity or maximal capacity includes additional factors such as train-mix and 
schedule quality. Finally, the operational capacity or practical capacity accounts for disturbances and delays, ensuring acceptable 
operational quality. Research also focusses on calculating the capacity utilization, which measures how much of the available capacity 
is used in a given timetable.

Various methodologies have been employed for railway performance analysis and vary in their dependency on timetables; some 
are timetable-dependent while others are not, making them useful for early infrastructure planning stages.

These methodologies differ based on the analysed infrastructure (lines, junctions, stations, networks), infrastructure decomposi-
tion, and solution methods like mixed integer programming (MIP) or matrix calculations.

The UIC Code 406 (UIC, 2004, 2013) is widely used internationally for assessing railway line and station capacities by determining 
capacity utilization through compression methods requiring a timetable or randomly generated sequences of train types to overcome 
timetable dependencies (Goverde, 2007; Goverde et al., 2013; Abril et al., 2008; Bešinović and Goverde, 2018; Jensen et al., 2020).

Optimization methods estimate theoretical capacity through linear mixed-integer programming problems for lines, stations, and 
networks. They solve railway timetabling problems to build optimal timetables based on objective functions (Zwaneveld et al., 
1996; Burdett and Kozan, 2006; Burdett, 2016; Harrod, 2009; Lusby et al., 2011; Cacchiani and Toth, 2012; Cacchiani et al., 2016; 
Yaghini et al., 2014). Some optimization approaches incorporate rolling stock information or model delay propagation effects using 
max-plus algebras (De Kort et al., 2003; Mussone and Wolfler Calvo, 2013; Liao et al., 2021).

Simulations provide detailed insights into operational parameters by simulating train operations based on given timetables or 
random variables representing arrival and service processes (Zieger et al., 2018; D’Acierno et al., 2019).

Analytical methods based on queueing theory efficiently analyse timetable or operational capacities during early planning stages 
by considering inter-arrival and service time distributions, thus typically remaining independent of a predefined schedule. Methods 
to determine the performance of railway lines (Schwanhäußer, 1974; Schwanhäußer and Schultze, 1982; Wendler, 2007; Weik 
and Nießen, 2017), railway junctions (Schwanhäußer, 1978; Wakob, 1981; Nießen, 2008, 2013; Schmitz et al., 2017; Weik, 2020; 
Emunds and Nießen, 2024a) and track groups (Potthoff, 1970; Fischer and Hertel, 1990) have been introduced.

These timetable-independent models inherently address uncertainties in arrival and service processes, such as train precedence, 
buffer times or minimum headway times. To incorporate these uncertainties into UIC Code 406 or simulation based methodology, 
multiple timetable samples must be considered (Jensen et al., 2020; Weik et al., 2020). Alternatively, optimization methods require 
additional complexity to ensure robust solutions (Liebchen et al., 2009).

The timetable-independent method proposed here is based on queueing theory. Table  1 compares other queueing-based methods 
for evaluating railway junction performance with the model introduced in this paper. For example, Schwanhäußer (1978) introduces 
a single-channel approximation to obtain performance indicators of railway junctions by scaling route-based waiting times with the 
occurrence probability of route conflicts. While Schwanhäußer considers exponentially distributed inter-arrival times, Wakob (1981) 
extends this model for Erlang distributed arrival processes.

Nießen (2008, 2013) analyses interlocking nodes for their timetable and operational capacity using loss probabilities in service 
systems. To this end, exponentially distributed inter-arrival and service times are employed and results are scaled to approximate 
non-exponential service times, utilizing the variation coefficient.

In Schmitz et al. (2017), a railway junction is divided into two service stations and is modelled as a Markov Chain. Notably, the 
exponential scaling of the state space due to the storage of the request type, as well as the assumption of an existing subdivision into 
2 
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Table 1
Analytical junction capacity determination methodology.
 Literature Multi-channel 

model
Timetable 
capacity

Route-based 
decomposition

Route-based 
quality 
assessment

Explicit 
non exponential 
process 
modelling

Solution 
method

 

 Schwanhäußer 
(1978)

✓ (✓) closed-form 
formula

 

 Wakob (1981) ✓ (✓) (✓) iterative 
formula

 

 Nießen (2008, 
2013)

✓ ✓ (✓) iterative 
formula

 

 Schmitz et al. 
(2017)

✓ ✓ ✓ matrix–vector 
equations

 

 Weik (2020) ✓ (✓) ✓ matrix–vector 
equations

 

 Emunds and 
Nießen (2024a)

✓ ✓ ✓ ✓ probabilistic 
model-checking

 

 introduced 
here

✓ ✓ ✓ ✓ ✓ probabilistic 
model-checking

 

Remarks: Please note that a statement in bracelets means that this feature is partially supported.

independent service stations, are significant properties of this approach. This method allows a railway junction to be considered as 
a multi-channel service system and analysed using phase-type distributed arrival and service processes.

To analyse the significance of switch connections in station yards, Weik (2020) examines interlocking nodes by approximating 
them as a series of interconnected service stations in a single-channel system, following the methodology of Schwanhäußer (1978), 
Wakob (1981). In this model, the arrival, service, and an additional repair processes are represented using phase-type distributions.

In contrast, this paper is based on the model proposed by Emunds and Nießen (2024a). This model enables the performance 
evaluation of various junction infrastructures by discretizing the utilized infrastructure based on operational route paths and 
modelling the arrival and service of requests on this infrastructure using a Markov chain. Initially, only exponentially distributed 
inter-arrival and service processes were considered using the Markov chain model, which had to be converted into processes with 
variation coefficients not equal to 1 using approximation formulas for multi-channel service systems according to Fischer and Hertel 
(1990).

In this work, models are derived that enable the computation of phase-type distributions. In particular, several influencing factors 
on the accuracy of the approximation are presented and analysed.

3. Problem description

This work introduces a method to evaluating the performance of a double-track railway junction. The performance is assessed 
using the metric known as timetable capacity, which gauges the infrastructure’s ability to accommodate train schedules, see also 
Wendler (2007), Emunds and Nießen (2024a). Specifically, it pertains to the timetabling process, wherein the infrastructure manager 
allocates service slots to various requests submitted by train operators. With this approach, random distributed requests can be 
modelled, encompassing all potential timetables that could result in such a procedure. Conflicts may arise due to the inherent 
randomness of the requests, which might necessitate imposing waiting times for some of these requests. Furthermore, it may be 
necessary to decline certain requests if no conflict-free allocation is possible. The performance of the infrastructure can be assessed 
by the estimated number of requests that are pending, referred to as the estimated queue length 𝐿. Although the method we propose 
is designed to model the allocation of scheduling requests, for clarity, we often refer to these requests as trains.

A railway junction describes the infrastructure that connects railway lines to more than two different destinations. It usually 
consists of entry- and exit-signals from and to every direction, as well as one or multiple switches to set the path for the different 
routes between origins and destinations. In comparison with a railway station, trains are not allowed to have scheduled stops in a 
railway junction, they only stop if the signalling system indicates occupied infrastructure in their planned route.

However, in the remainder of this work, a simple example of a double-track railway junction with four different routes will be 
considered. These routes can be distinguished regarding their direction, A-B (𝑟1) and A-C (𝑟2) start in A towards B or C, while B-A 
(𝑟3) and C-A (𝑟4) end in A, coming from B or C. This exemplary infrastructure is depicted in Fig.  1.

Since no use of turnout tracks is required for the two routes between A and B, we refer to the line between A and B as the main 
line and the line between A and C as the branch line. The proportion of the main line in the total traffic volume is then given by 

𝑝𝑚𝑎𝑖𝑛 =
𝑛𝑚𝑎𝑖𝑛
𝑛𝑡𝑜𝑡𝑎𝑙

, (1)

where it depends on the number of trains on the main line (𝑛𝑚𝑎𝑖𝑛) and the total number of trains 𝑛𝑡𝑜𝑡𝑎𝑙 = 𝑛𝑚𝑎𝑖𝑛 + 𝑛𝑏𝑟𝑎𝑛𝑐ℎ on main and 
branch line (𝑛 ).
𝑏𝑟𝑎𝑛𝑐ℎ

3 
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Fig. 1. Exemplary infrastructure of a railway junction.

We express the railway junction as a tuple 𝐽 = (𝑅,𝐶) of a set 𝑅 of 𝑘 routes and a conflict matrix 𝐶 ∈ {0, 1}𝑘×𝑘, describing whether 
two routes 𝑟, 𝑟′ ∈ 𝑅 can be used at the same time (𝐶𝑟,𝑟′ = 0), or are conflicting (𝐶𝑟,𝑟′ = 1).

In addition to the infrastructure, performance can depend on the used train types 𝑇 . We therefore formulate an occupation 
request type 𝑜 = (𝑟, 𝑡) ∈ 𝑂 ⊂ 𝑅 × 𝑇  as a combination of a route 𝑟 ∈ 𝑅 and a train 𝑡 ∈ 𝑇 .

For some examples, it might be suitable to give the distribution of a given total number 𝑛total of requests to the number of 
requests of same type 𝑜 = (𝑟, 𝑡). This can be formalized by a function 

𝜃 ∶ R → R|𝑂| ∶ 𝑛total ↦ 𝜃
(

𝑛total
)

, (2)

yielding the number of requests 𝑛𝑟,𝑡 = 𝜃𝑟,𝑡
(

𝑛total
) for every occupation request type 𝑜 = (𝑟, 𝑡).

Determining the timetable capacity of a railway junction involves the definition and calculation of multiple parameters, some 
of which can already serve as an indicator about the quality of the planned junction.

Table  2 gives a list of the used notations.
Performance analysis of railway infrastructure is typically conducted with respect to a fixed time horizon 𝑡𝑈 , which defines the 

duration of the investigation period in minutes. The arrival rate 𝜆𝑟 = 𝑛𝑟
𝑡𝑈

 represents the average number of trains per route that 
request service on route 𝑟 per minute.

The performance of railway infrastructure is significantly influenced by the service times planned for train usage. For this purpose, 
the minimum headway times ℎ(𝑟𝑖 ,𝑡𝑖),(𝑟𝑗 ,𝑡𝑗 ) describe the minimum time interval required for the route-train combination (𝑟𝑗 , 𝑡𝑗 ) to initiate 
service after the service of the preceding route-train combination (𝑟𝑖, 𝑡𝑖) has commenced. These headway times are dependent not 
only on the infrastructure and the specific routes that the trains 𝑡𝑖 and 𝑡𝑗 are scheduled to traverse, but also on certain rolling stock 
parameters, such as acceleration and braking behaviour, as well as train length.

For comprehensive details on obtaining blocking and minimum headway times, readers are referred to Hansen and Pachl (2014). 
In this paper, it is assumed that the minimum headway times are provided; typically, these would have been calculated using a 
microscopic tool prior to conducting a detailed infrastructure analysis. However, microscopic data might not be available for long 
planning horizons, and assumptions or other measures to estimate blocking times might be necessary.

Let 𝑛𝑟,𝑡 denote the number of trains on route 𝑟 of train type 𝑡. For a given pair 𝑟, 𝑟′ of conflicting routes (𝐶𝑟,𝑟′ = 1), the minimum 
headway time ℎ(𝑟,𝑡),(𝑟′ ,𝑡′) of all possible sequences (𝑟, 𝑡), (𝑟′, 𝑡′) of train-route combinations for this route pair 𝑟, 𝑟′, can be weighted 
with the total number of possible sequences for 𝑟 and 𝑟′, 𝑛𝑟,𝑟′ =

∑

𝑡
∑

𝑡′ 𝑛𝑟,𝑡 ⋅ 𝑛𝑟′ ,𝑡′ , to obtain the average minimum headway time 

ℎ𝑟,𝑟′ =
∑

𝑡

∑

𝑡′
𝑛𝑟,𝑡 ⋅ 𝑛𝑟′ ,𝑡′ ⋅ ℎ(𝑟,𝑡),(𝑟′ ,𝑡′) ⋅

1
𝑛𝑟,𝑟′

(3)

between all train pairs 𝑡, 𝑡′ on route 𝑟 and 𝑟′ respectively. By further weighting the average minimum headway times ℎ𝑟,𝑟′  for 
each conflicting route pair with the total number of trains 𝑛𝑟′  per conflicting route 𝑟′, the average service time for a route 𝑟 can be 
calculated as: 

𝑏𝑟 =
∑

𝑟′
𝐶𝑟,𝑟′ =1

𝑛𝑟′
𝑛𝑟,conflict

⋅ ℎ𝑟,𝑟′ , (4)

where 𝑛𝑟′
𝑛𝑟,conflict

 describes the probability of the pair (𝑟, 𝑟′), i.e. a sequence describing any train on the route 𝑟′ ∈ 𝑅 following any train 
on the conflicting route 𝑟. Here, the total number of conflicting trains for route 𝑟 is given by 

𝑛𝑟,conflict =
∑

𝑟′
𝐶𝑟,𝑟′ =1

𝑛𝑟′ . (5)

Using this service time 𝑏𝑟 for each route, the service rate 𝜇𝑟 = 1
𝑏𝑟
 describes the average number of trains that can be serviced on 

route 𝑟 per minute.
4 
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Table 2
List of notations.
 𝑅 Set of routes  
 𝑟𝑖 Route 𝑖  
 𝐶 ∈ {0, 1}𝑘×𝑘 Conflict matrix  
 𝐽 = (𝑅,𝐶) Junction infrastructure  
 𝑡𝑈 Time horizon  
 𝑇 Set of trains  
 𝑂 Set of occupation request types  
 𝜃 Request distribution  
 𝜆 Arrival rate  
 𝜇 Service rate  
 𝜌 Occupancy rate  
 𝑣𝐴 Variation coefficient arrival process  
 𝑣𝑆 Variation coefficient service process  
 𝑆 Set of states  
 𝑞𝑖 Number of requests in queue of route 𝑟𝑖  
 𝑠𝑖 Status of Service of route 𝑟𝑖  
 𝑝𝐴,𝑖 Phase of arrival process on route 𝑟𝑖  
 𝑝𝑆,𝑖 Phase of service process on route 𝑟𝑖  
 𝑀 Maximum rate  
 𝑀𝐶 =

(

𝑆,𝑄rates , 𝑡init , 𝐴𝑃 ,
)

Continuous-Time Markov Chain  
 𝑄rates Transition rate function  
 (𝑢, 𝑣) Transition from state 𝑢 to state 𝑣  
 𝐿𝑟 Expected queue length of route 𝑟  
 𝑚 number of waiting slots  
 𝐿𝑙𝑖𝑚𝑖𝑡 Threshold value for sufficient quality  
 𝑝pt Share of passenger trains  
 𝑝main Share of main line traffic  
 𝑛total Total number of trains  
 𝑛max Timetable capacity  
 𝑝suburban Share of suburban trains  
 𝑝regional freight Share of regional freight trains  
 𝑛(𝑟,𝑡) Train numbers on route 𝑟 and for traffic type 𝑡  
 ℎ𝑖,𝑗 Minimum headway time of the sequence train 𝑗 after train 𝑖 
 𝑏 Service time  
 𝑛𝑟 Number of trains on route 𝑟  

The occupation ratio 𝜌𝑟 of a route can be determined by comparing the arrival- and service rates 

𝜌𝑟 =
𝜆𝑟
𝜇𝑟

. (6)

Furthermore, to determine the timetable capacity of a railway junction, the expected queue-length 𝐿𝑟 can be calculated for every 
route 𝑟 ∈ 𝑅 utilizing the arrival rate 𝜆𝑟 and service rate 𝜇𝑟.

To enforce a sufficient timetable quality, a limit to the expected queue length 𝐿limit,𝑟 can be set by the infrastructure manager, 
see Section 4.2 for a detailed description. This limit depends on the share of passenger trains and can therefore vary between 
every route, depending on its operating programme. However, the expected queue-length of every route can be compared to the 
route-specific threshold value to determine the quality factor 

𝑞𝑓𝑟 =
𝐿𝑟

𝐿limit,𝑟
(7)

of this specific route. Therefore, the bottleneck in the analysed railway junction infrastructure layout can be identified by comparing 
the quality factors of the different routes.

The timetable capacity of a given railway junction infrastructure 𝐽 can be formulated as the maximal number of train requests 
𝑛max that can be scheduled, under consideration of a fixed distribution 𝜃 to routes, while respecting given minimum headway times 
ℎ(𝑟𝑖 ,𝑡𝑖),(𝑟𝑗 ,𝑡𝑗 ) and not exceeding a set limit 𝐿limit,𝑟 of the expected queue-length per route.

A method to calculate the route-based queue length has been introduced in Emunds and Nießen (2024a). It corresponds 
to modelling the railway junction as a Continuous-Time Markov Chain (CTMC) and calculating the state probabilities utilizing 
probabilistic Model-Checking.

Since this model utilizes Markov Chains to model the arrival and service processes, it assumes exponentially distributed inter-
arrival and service times. Therefore, the arrival and service processes have been supposed to be completely random, expressed by 
their coefficient of variation of 𝑣𝐴 = 𝑣𝐵 = 1. In correspondence with the Kendall notation (see Kendall, 1953), we call this fully 
exponential setting (M/M).

However, the coefficient of variation can vary between different settings and general planning rules specify the coefficient of 
variation for the arrival process to 𝑣 = 0.8 and for the service process to 𝑣 = 0.3. Hence, more general distributions need to 
𝐴 𝐵

5 
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be analysed in a queueing system for railway infrastructure. We call this general independent setting (GI/GI), also following the 
Kendall notation.

The next section extends the Continuous-Time Markov Chain model using phase-type distributions and further explains quality 
thresholds.

4. Methods

In this section, the methods for calculating the timetable capacity of a railway junction are presented. First, the Continuous-
Time Markov Chain model for exponential arrival and service processes is described. Afterwards, the threshold values that ensure 
sufficient infrastructure quality are defined in Section 4.2. Next, the approximation methods used to adapt exponential distributions 
to general independent settings are discussed in Section 4.3. The novel model, which incorporates phase-type distributions for the 
arrival and service processes, is introduced in Section 4.4. Finally, the algorithm designed to efficiently compute timetable capacity 
using queue-length estimations (Section 4.5) is described in Section 4.6.

4.1. A queueing based railway junction CTMC

Following the approach in Emunds and Nießen (2024a), a CTMC model can be obtained by describing the railway junction as 
a queueing system.

For this, we model the queuing system as a stochastic process {𝑋(𝑡)|𝑡 ∈ 𝜏}, where 𝑡 ∈ 𝜏 describes a point in continuous Time 𝜏
and 𝑋(𝑡) corresponds to a random variable with values, called states, in a state set 𝑆.

This state set 𝑆 can be used to formalize the stochastic process as a Continuous-Time Markov Chain 𝑀𝐶 =
(

𝑆,𝑄rates, 𝑡init, 𝐴𝑃 ,
)

with a transition rate function 𝑄rates ∶ 𝑆 × 𝑆 → R+
0 , an initial distribution 𝑡init ∶ 𝑆 → [0, 1] with ∑𝑢∈𝑆 𝑡init(𝑢) = 1, a set of atomic 

propositions 𝐴𝑃  and a labelling function  ∶ 𝑆 → 2𝐴𝑃 , 𝑢 ↦ (𝑢) ⊂ 𝐴𝑃 . To obtain the estimated queue length of every route, 
this information needs to be accessible via the labelling function. Therefore, we define the set of atomic propositions as the set of 
|𝑅|-Tuples 𝐴𝑃 =

{(

𝑞𝑟
)

𝑟∈𝑅 |𝑞𝑟 ∈ N0}, which represents all possible combinations of queue-lengths (𝑞𝑟)𝑟∈𝑅 for the different routes. The 
labelling function 𝐿 therefore maps a state 𝑢 ∈ 𝑆 to the tuple (𝑢) = (

𝑞𝑟 (𝑠)
)

𝑟∈𝑅, with 𝑞𝑟(𝑢) as the queue length of route 𝑟 at state 𝑢. 
Finally, we utilize a simple initial distribution 

𝑡init(𝑢) =

{

1 if 𝑢 = 𝑢0
0 else,

(8)

with one starting state 𝑢0 ∈ 𝑆, describing an empty system.
In the former contribution (Emunds and Nießen, 2024a), the state set has been described as 

𝑆̂𝑀,𝑀 =
{(

𝑞1, 𝑠1,… , 𝑞𝑘, 𝑠𝑘
)

|𝑞𝑟 ∈ {0,… , 𝑚}, 𝑠𝑟 ∈ {0, 1}
}

. (9)

Hence, the number of waiting requests 𝑞𝑟 ∈ {0,… , 𝑚}, and the state of use of the track 𝑠𝑟 ∈ {0, 1} are described for each route 
𝑟. Regarding the transitions (𝑢, 𝑣) ∈ 𝑆 × 𝑆, three different types have been distinguished: Arrival transitions (… , 𝑞𝑖, 𝑠𝑖,…

)

↦
(

… , 𝑞𝑖 + 1, 𝑠𝑖,…
) correspond to an arrival to route 𝑖; Service transitions (… , 𝑞𝑖, 1, 𝑞𝑖+1 …

)

↦
(

… , 𝑞𝑖, 0, 𝑞𝑖+1 …
) correspond to the 

service on route 𝑖; and Choice transitions 𝑢 ↦ 𝑣 correspond to the choice which route to serve next. The transition rate function 

𝑄𝑀,𝑀 (𝑢, 𝑣) =

⎧

⎪

⎨

⎪

⎩

𝜆𝑟 if arrival to 𝑟
𝜇𝑟 if service at 𝑟
𝑀 if choice transition,

(10)

maps the transitions (𝑢, 𝑣) to their rates. In this model, the choice rate 𝑀 corresponds to a very high rate, in order to introduce 
only negligibly small delays to the system. Note that a state might have a single outgoing choice transition, corresponding to the 
start of the service on a route if the associated queue is not empty and no other conflicting route is being served. We still call this a 
choice transition, even though it technically does not correspond to a choice between multiple possibilities. It is therefore possible 
that multiple non conflicting routes might be served in parallel. The number of channels of the modelled queuing system depends 
on the currently served requests. However, we calculate the estimated queue length 𝐿𝑟 for every route and therefore assume a 
single-channel queue in the approximation formulas introduced below.

To model non-exponential inter-arrival and service time distributions, we extend this formulation with phase-type distributions 
in Section 4.4. Before, thresholds for the performance determination are introduced in the next section.

4.2. Threshold values

The calculated queue-length 𝐿𝑟 for a route can be compared with limit values for the queue-length 𝐿𝑙𝑖𝑚𝑖𝑡,𝑟 to assess the quality 
of the provided transport service. For long-term infrastructure planning, the largest German infrastructure manager, DB InfraGO 
(2022), utilizes the threshold 

𝐿limit, r = 0.479 ⋅ exp(−1.3 ⋅ 𝑝pt,𝑟) (11)

(Schwanhäußer and Schultze, 1982).
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This formula is dependent on the share of passenger trains 

𝑝pt,𝑟 =
number of passenger trains on route 𝑟
total number of trains on route 𝑟 (12)

on route 𝑟. The more passenger trains are in the operating programme of this route, the higher the threshold for sufficient timetable 
quality. Some intuition into this can be obtained by looking at allowances for time deviations in the timetabling process in Germany 
(DB InfraGO, 2023). While the timetable constructor might only move passenger trains up to 3 min, freight trains may be shifted 
by up to 30 min - depending on the ordered type.

4.3. Approximation formulas

Different techniques have been developed to approximate the general independent queueing system (GI/GI). In this section, 
we focus on two well-known approximation formulas in Hertel (1984) (Section 4.3.1) and Kingman (1961) (Section 4.3.2), while 
the utilizing of phase-type distributions in the Markov Chain to model general independent stochastic processes is presented in 
Section 4.4.

4.3.1. Hertel approximation
To achieve the coefficients of variation of 𝑣𝐴 = 0.8 and 𝑣𝐵 = 0.3, the calculated queue-lengths can be scaled with the 

approximation formula 

𝐿𝑟(𝑀∕𝑀) ⋅ 1
𝛾
≈ 𝐿𝑟(𝐺𝐼∕𝐺𝐼) (13)

from Hertel (1984) (see also Fischer and Hertel, 1990).
For this, the parameters 

𝛾 = 2
𝑐 ⋅ 𝑣2𝐵 + 𝑣2𝐴

(14)

and 

𝑐 =
(𝜌𝑟
𝑠

)1−𝑣2𝐴 ⋅ (1 + 𝑣2𝐴) − 𝑣2𝐴. (15)

are determined in dependence on the occupation ration 𝜌𝑟 = 𝜆𝑟∕𝜇𝑟, the amount of channels 𝑠 = 1 and the coefficients of variation 
𝑣𝐴, 𝑣𝐵 . This has been used in Emunds and Nießen (2024a) to model non-exponential arrival and service time distributions.

4.3.2. Kingman approximation
Another Approximation, that has been widely used for single-channel systems (see f.e. Gudehus, 1976), is the Kingman 

approximation formula (Kingman, 1961) 

𝐿𝑟(𝑀∕𝑀) ⋅

(

𝑣2𝐴 + 𝑣2𝐵
2

)

≈ 𝐿𝑟(𝐺𝐼∕𝐺𝐼). (16)

It gives a good approximation for single-channel scenarios with a high occupation ratio 𝜌 → 1.

4.4. Phase-type distributions

To use the estimated queue lengths 𝐿𝑟 with the Markovian model, they are scaled with one of the approximation formulas in 
Section 4.3 to facilitate arbitrary coefficients of variation for the interarrival and service distributions.

In this section, we introduce a novel Continuous-Time Markov Chain formulation, enabling a direct modelling of general 
independent distributions.

For this, phase-type distributions (Cox, 1955), a type of distribution function, whose parameters can be fitted to approximate 
any other arbitrary probability distribution (Asmussen et al., 2003), can be used. Additionally, they can be represented by a 
Continuous-Time Markov chain, which facilitates their integration into the described model.

Specifically, the service and arrival processes on railways can be modelled with hypoexponential distributions because their 
assumed coefficients of variation 𝑣𝑋 < 1, 𝑋 ∈ {𝐴,𝐵} are less than 1 (cf. Weik, 2020).

Fig.  2 illustrates two different types of service processes: one with exponentially distributed service times (Fig.  2(a)) and one 
with hypoexponentially distributed service times (Fig.  2(b)). In the Markov chain for the latter distribution, three intermediate states 
were introduced, which can be reached through transitions with different rates from the preceding states.

The number 𝑘 of the minimum required phases to approximate a distribution 𝑋 with coefficient of variation 𝑣𝑋 can be determined 
using 

𝑘 ≥ ⌈

1
𝑣𝑋2

⌉ , (17)

(see David and Larry, 1987).
7 
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Fig. 2. Examples of the service process with exponential (M) or phase-distributed (Ph) service times.

4.4.1. Hypoexponential parameter fitting
To adapt the hypoexponential distribution 𝑋̂ to a distribution 𝑋, both the number of phases 𝑘 and the transition rates 𝜇𝑝𝑖  of 

the corresponding phases can be used. Weik (2020) adapts an approach by Sommereder (2011), which divides the phases into two 
successive Erlang distributions 𝑋1, 𝑋2. The 𝑘 phases are determined using the coefficient of variation according to (17) and divided 
into 𝑘𝑋1

= ⌈

𝑘
2 ⌉ and 𝑘𝑋2

= 𝑘 − 𝑘𝑋1
 phases.

In a first step, a combined distribution (𝑋∗
1 , 𝑋

∗
2 ) of two artificial Erlang distributions with 𝑘𝑋1

/𝑘𝑋2
 phases is fitted to the coefficient 

of variation 𝑣𝑋 . For this, the expected value of 𝑋∗
1  is fixed to 𝐸(𝑋∗

1 ) = 1.
By determining the expected value 

𝐸(𝑋2
∗) =

𝑘𝑋1
𝑘𝑋2

𝑣𝑋2 +
√

𝑘𝑋1
𝑘𝑋2

(𝑣𝑋2(𝑘𝑋1
+ 𝑘𝑋2

) − 1)

𝑘𝑋1
(1 − 𝑣𝑋2𝑘𝑋2

)
(18)

for the artificial Erlang distribution 𝑋2
∗, the target coefficient of variation 

𝑣𝑋 =

√

𝑉 𝑎𝑟(𝑋1
∗) + 𝑉 𝑎𝑟(𝑋2

∗)
𝐸(𝑋1

∗) + 𝐸(𝑋2
∗)

=

√

1∕𝑘𝑋1
+ 𝐸(𝑋2

∗)2∕𝑘𝑋2

1 + 𝐸(𝑋2
∗)

(19)

can be approximated together with the artificial Erlang distribution 𝑋1
∗.

To correctly estimate the expected value 𝐸(𝑋) of the distribution 𝑋, the expected values of the artificial Erlang distributions are 
then adjusted via 

𝐸(𝑋1) =
𝐸(𝑋)

1 + 𝐸(𝑋2
∗)

(20)

and 

𝐸(𝑋2) =
𝐸(𝑋)𝐸(𝑋2

∗)
1 + 𝐸(𝑋2

∗)
. (21)

Finally, the transition rate 𝜇𝑝𝑖  between phases 𝑖 − 1 and 𝑖 can then be determined by 

𝜇𝑝𝑖 =

⎧

⎪

⎨

⎪

⎩

𝑘𝑋1
𝐸(𝑋1)

𝑖 ≤ 𝑘𝑋1
𝑘𝑋2
𝐸(𝑋2)

𝑖 > 𝑘𝑋1 .
(22)

4.4.2. Example
In the example from Fig.  2(b), the following parameters would be used to define a corresponding hypoexponential distribution 

for a service process with coefficient of variation 𝑣𝐵 = 0.5 and a mean service time of 𝑏̄ = 3: In total, 

𝑘 = 4 = 1
0.52

(23)

phases need to be considered, with 𝑘𝑋1
= 𝑘𝑋2

= 2 states for the two artificial Erlang distributions. Using (18)–(22), it follows that 

𝜇𝑝𝑖 =

{

1.33 1 ≤ 𝑖 ≤ 2
1.33 2 < 𝑖 ≤ 4

(24)

for the transition rates between the states of the 4 phases, where the first transition represents the transition from state s to state p1, 
and the last transition represents the transition from state p3 to state 𝐞𝐦𝐩𝐭𝐲. Note that the states may have additional specifications, 
such as the number of waiting requests, which are omitted here.

4.4.3. States
To model hypoexponential distributions for the service and/or arrival processes, the current phase of the service and/or arrival 

processes must be added to the state description for each route.
The state set 𝑆̂𝑀,𝑀  with exponentially distributed inter-arrival and service times from Eq.  (9) can be extended to the state set 

𝑆̂ =
{(

𝑞 , 𝑠 , 𝑝 , 𝑝 … , 𝑞 , 𝑠 , 𝑝 , 𝑝
)

|

(

𝑞 , 𝑠 , 𝑝 , 𝑝
)

∈ 𝑆̃
}

(25)
𝑃ℎ,𝑃ℎ 1 1 𝐴,1 𝑆,1 𝑘 𝑘 𝐴,𝑘 𝑆,𝑘 𝑟 𝑟 𝐴,𝑟 𝑆,𝑟 𝑟

8 
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where with 
𝑆̃𝑟 = {0,… , 𝑚} × {0, 1} × {0,… , 𝑘𝐴,𝑟 − 1} × {0,… , 𝑘𝑆,𝑟 − 1} (26)

the set of tuples can be specified that describe the state of this track for a route 𝑟.
Thus, the number of waiting requests 𝑞𝑟 ∈ {0,… , 𝑚}, the state of use of the track 𝑠𝑟 ∈ {0, 1}, as well as the current phase of 

arrival 𝑝𝐴,𝑟 ∈ {0,… , 𝑘𝐴,𝑟 − 1} and service process 𝑝𝑆,𝑟 ∈ {0,… , 𝑘𝑆,𝑟 − 1} are described for each route 𝑟. Here, 𝑘𝐴,𝑟 and 𝑘𝑆,𝑟 denote 
the number of phases in the arrival or service process.

For readability, the notations 𝑞𝑟(𝑢) for the queue-length 𝑞𝑟, 𝑠𝑟(𝑢) for the service status 𝑠𝑟, and 𝑝𝐴,𝑟(𝑢), 𝑝𝑆,𝑟(𝑢) for the phase of the 
arrival/service process 𝑝𝐴,𝑟, 𝑝𝑆,𝑟 of route 𝑟 at state 𝑢 are additionally used in the following.

Furthermore, the states-space 𝑆̂𝑃ℎ,𝑃ℎ can be restricted to 

𝑆𝑃ℎ,𝑃ℎ =

⎧

⎪

⎨

⎪

⎩

𝑢 ∈ 𝑆̂|
𝑘
∑

𝑖=1

𝑘
∑

𝑗=1
𝑗≠𝑖

(

𝐶𝑖,𝑗 ⋅ 𝑠𝑖(𝑢) ⋅ 𝑠𝑗 (𝑗)
)

= 0

⎫

⎪

⎬

⎪

⎭

(27)

by using the conflict matrix 𝐶 to exclude states 𝑢∗ ∈ 𝑆̂𝑃ℎ,𝑃ℎ ⧵ 𝑆𝑃ℎ,𝑃ℎ, that cannot be visited because of conflicting (𝐶𝑖,𝑗 = 1) routes, 
being serviced at the same time 𝑠𝑖(𝑢∗) = 𝑠𝑖(𝑢∗) = 1.

By formulating the transition rate function 𝑄rates, the railway junction can be modelled as a Continuous-Time Markov chain 
𝑀𝐶 =

(

𝑆𝑃ℎ,𝑃ℎ, 𝑄rates,
𝑡init, 𝐴𝑃 ,

)

. To map the hypoexponential distribution in the arrival or service process, the arrival or service transitions in Emunds 
and Nießen (2024a) are replaced by transitions between individual phases in the respective process.

4.4.4. Transitions
The three different transition types from the model in Section 4.1 can also be formulated on the set of states 𝑆 = 𝑆𝑃ℎ,𝑃ℎ.
The arrival process to a route 𝑟 has been described by a transition 𝑡 = (𝑢, 𝑣) with 𝑞𝑟(𝑣) = 𝑞𝑟(𝑢) + 1 in the M/M model. However, 

for the use of a phasetype distribution with a total of 𝑘𝐴,𝑟 phases, a change in rates after 𝑘∗𝐴,𝑟 phases and the two rates 𝜆𝑟,𝑎 and 𝜆𝑟,𝑏, 
multiple transitions (𝑢, 𝑣) need to be formulated for the arrival of a train. They can be distinguished according to the arrival phase 
𝑝𝐴,𝑟(𝑢) from the start state of a transition. For 𝑝𝐴,𝑟(𝑢) ≤ 𝑘∗𝐴,𝑟, transitions from 𝑢 to 𝑣 with 

𝑝𝐴,𝑟(𝑣) = 𝑝𝐴,𝑟(𝑢) + 1, (28)

are applied with a rate of 𝑄𝑃ℎ,𝑃ℎ(𝑢, 𝑣) = 𝜆𝑟,𝑎. Furthermore, for 𝑘∗𝐴,𝑟 ≤ 𝑝𝐴,𝑟(𝑢) ≤ 𝑘𝐴,𝑟, transitions of 

𝑝𝐴,𝑟(𝑣) = 𝑝𝐴,𝑟(𝑢) + 1, (29)

with rate 𝑄𝑃ℎ,𝑃ℎ(𝑢, 𝑣) = 𝜆𝑟,𝑏 are added. Lastly, transitions starting the service or adding the train to the queue are formulated for 
𝑝𝐴,𝑟(𝑢) = 𝑘𝐴,𝑟. When no conflicting routes are serviced in the start state 𝑢, the service of route 𝑟 can start in state 𝑣

𝑠𝑟(𝑣) = 1, (30)

otherwise a train is added to the queue 
𝑞𝑟(𝑣) = 𝑞𝑟(𝑢) + 1 (31)

of the route. Both possible transitions reset the phase of the arrival process to 
𝑝𝐴,𝑟(𝑣) = 1 (32)

in the end state 𝑣 and use a rate of 𝑄𝑃ℎ,𝑃ℎ(𝑢, 𝑣) = 𝜆𝑟,𝑏.
Service transitions between states 𝑢, 𝑣, with 𝑠𝑟 = 1, are similarly modelled. Let 𝑘𝑆,𝑟 be the number of phases in the service process 

with a change from rate 𝜇𝑟,𝑎 to 𝜇𝑟,𝑏 after 𝑘∗𝑆,𝑟 phases. Then, for 𝑝𝑆,𝑟(𝑢) ≤ 𝑘∗𝑆,𝑟 transitions 

𝑝𝑆,𝑟(𝑣) = 𝑝𝑆,𝑟(𝑢) + 1, (33)

with a rate of 𝑄𝑃ℎ,𝑃ℎ(𝑢, 𝑣) = 𝜇𝑟,𝑎 are used. For 𝑘∗𝑆,𝑟 ≤ 𝑝𝑆,𝑟(𝑢) < 𝑘𝑆,𝑟, the rate changes to 𝑄𝑃ℎ,𝑃ℎ(𝑢, 𝑣) = 𝜇𝑟,𝑏 and the same property 
(33) for 𝑢 and 𝑣. Finally, if 𝑝𝑆,𝑟(𝑢) = 𝑘𝑆,𝑟, the service process is terminated by resetting 

𝑝𝑆,𝑟(𝑣) = 1. (34)

The last type, choice transitions, are used to model the initiation of service for a route when multiple routes 𝑟 ∈ 𝑅 can be 
serviced due to the absence of conflicting routes being active in the initial state 𝑢. For each such possible route 𝑟∗, a transition (𝑢, 𝑣)
with an artificial rate 𝑄𝑃ℎ,𝑃ℎ(𝑢, 𝑣) = 𝑀 is introduced, ensuring that 

𝑠𝑟∗ (𝑣) = 1 (35)

and 
𝑞 (𝑣) = 𝑞 (𝑢) − 1 (36)
𝑟∗ 𝑟∗
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are satisfied.
Ideally, these choice transitions would not introduce any additional time into the system. Therefore, the rate 𝑀 should be selected 

to be sufficiently high, such that the expected induced time 1∕𝑀 remains negligibly small. For all models presented in this paper, a 
rate of 𝑀 = 600 has been selected, corresponding to a delay of 1∕600 minutes, which is considered to provide an adequately precise 
approximation (see also Emunds and Nießen, 2024a). Because all choice transitions occur at the same rate from any given state, 
there are no priorities assigned to different routes or requests.

Additionally, transitions from other processes must also be incorporated into the introduced intermediate states. Consequently, 
the arrival of a request on a route 𝑖′ can be modelled during phase 𝑗 of the service process for another route 𝑖. A full description of 
a model in the PRISM modelling language can be found in the online repository (Emunds and Nießen, 2024b).

The modelling approach introduced here, which employs hypoexponential distributions for the arrival and/or service processes, 
is evaluated for accuracy in Section 5.

4.5. Queue-length analysis

The introduced Continuous-Time Markov Chain 𝑀𝐶 =
(

𝑆𝑃ℎ,𝑃ℎ, 𝑇
)

= (𝑆, 𝑇 ) models the process of scheduling train requests on 
the considered railway junction. In order to assess the performance of this junction, the length 𝐿𝑟 of the queue can be determined 
for all routes 𝑟 by analysing the probability 𝑝(𝑢) of the states 𝑢 ∈ 𝑆 with certain queue-lengths in the stationary distribution, i.e. the 
probability that the system is in state 𝑢 in the long run. Hence, the expected length of the queue can be calculated with 

𝐿𝑟 =
∑

𝑢∈𝑆
𝑞𝑟 (𝑢)>0

𝑝(𝑢) ⋅ 𝑞𝑟(𝑢). (37)

The same basic concept has already been used by other analytical approaches in the performance determination of railway 
infrastructure (Schmitz et al., 2017; Weik and Nießen, 2017; Weik, 2020; Emunds and Nießen, 2024a). Note that this estimation 
with stationary distributions assumes static rates in the CTMC, and therefore corresponds to a theoretical analysis of static traffic 
distributions for long time horizons. In such a capacity analysis, the influence of partial timespans with less or more traffic is 
therefore neglected. While various solution methods to determine the state probabilities 𝑝(𝑢) have been used, Emunds and Nießen 
(2024a) introduced an approach that builds the CTMC in the formal PRISM language (Parker et al., 2000) and applies probabilistic 
model-checking (Hensel et al., 2022) to obtain the expected queue-lengths 𝐿𝑟. The same mechanism is used for this work.

4.6. Capacity determination algorithm

To determine the timetable capacity of a railway junction, multiple 𝑛total values must be tested to find the maximum train 
count 𝑛max, where the expected queue lengths 𝐿𝑟 do not exceed the limit 𝐿limit,𝑟 (Section 4.2). With the introduced approach 
of modelling phase-type distributions directly within the CTMC, the number of states increases significantly (see also Section 5), 
leading to considerably longer computation times for the expected queue lengths 𝐿𝑟. It is therefore crucial to minimize the number 
of iterations in which the queue lengths must be recalculated, i.e., the number of tested 𝑛total values.

To achieve this, a root finding problem can be formulated. Let the function 
𝐿𝑟 ∶ 𝑁total → R, 𝑛total ↦ 𝐿𝑟(𝑛total) (38)

describe the estimation of the expected queue-length 𝐿𝑟(𝑛total) = 𝐿𝑟 for a given train count 𝑛total ∈ 𝑁total by utilizing probabilistic 
model-checking on a formulated CTMC.

By comparing it to the limit, the quality factor 

𝑞𝑓𝑟(𝑛total) =
𝐿𝑟(𝑛total)
𝐿limit

(39)

of a route 𝑟 can be obtained. Since the limit has to be adhered to for every route, the optimal 𝑛∗total = 𝑛max fulfils the property 

𝑞𝑓max
(

𝑛∗total
)

= max
𝑟∈𝑅

𝑞𝑓𝑟
(

𝑛∗total
)

= 1, (40)

such that the maximum quality factor 𝑞𝑓max is exactly 1, and therefore the queue length at one route is exactly at the limit for this 
route.

The function 
𝜙 ∶ 𝑁total → R ∶ 𝑛total ↦ 𝜙

(

𝑛total
)

= 𝑞𝑓max
(

𝑛total
)

− 1 (41)

can now be formulated, whose root 𝜙
(

𝑛∗total
)

= 0 describes the timetable capacity 𝑛∗total = 𝑛max of the railway junction.
To determine the root of 𝜙, the algorithm from Brent (1973), as implemented in scipy (Virtanen et al., 2020), was utilized. 

This algorithm efficiently computes the root of a function 𝑓 ∶ R → R within a specified interval [𝑎, 𝑏], where 𝑓 changes its sign, 
achieving a solution up to a chosen level of accuracy. In the validation implementation (Section 5.3) and the case study (Section 6), a 
termination criterion was set to ensure both a total error of less than 10−3 and a relative error below 10−3. An Algorithm, describing 
how to obtain the function evaluation 𝜙(𝑛total) for a given total train count 𝑛total is given in Appendix  A.

This algorithm is then called consecutively from within Bent’s method for varying 𝑛total, until the set tolerances are met and 𝑛max
has been found.
10 
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Table 3
Parameters of the studied models.
 Arrival 
process

Service 
process

Number 
of phases 
Arrival

Number 
of phases 
Service

𝑣𝐴 𝑣𝑆 Number 
of waiting 
slots 
𝑚

Number 
of states

Number 
of transitions

 

 M M 1 1 1 1 5 10 368 63 688  
 Ph M 2 1 0.8 1 5 141 108 829 825  
 M Ph 1 12 1 0.3 5 623 376 3 664 703  
 Ph Ph 2 12 0.8 0.3 5 8 192 448 46 447 056  

5. Validation

To analyse the different distribution functions, the following distinguishes between four different applications.

• Exponentially distributed inter-arrival and service times (M/M)
• Phase-type distributed inter-arrival and exponentially distributed service times (PH/M)
• Exponentially distributed inter-arrival and phase-type distributed service times (M/PH)
• Phase-type distributed inter-arrival and service times (PH/PH)

For each distribution of arrival and service processes, a model of the junction from Fig.  1 was created.
In Table  3, the parameters of the different models are presented. Particularly noteworthy is the influence of the hypoexponential 

distribution on the size of the model. While the number of states for the model with exponentially distributed inter-arrival and service 
times is still in the order of 104, more than 8 million states must be considered for the model with hypoexponentially distributed 
inter-arrival and service times.

The solving process has been automated using Python 3.10.9 (Van Rossum and Drake Jr., 1995; Python Software Foundation, 
2022) and the probabilistic model-checker Storm (Hensel et al., 2022) with its Python-Interface stormpy (Junges and Volk, 2023). 
Furthermore, scipy (Virtanen et al., 2020) has been used for an implementation of the Brent’s method (see Section 4.6). Used CTMC 
models (see Section 4.4) have been expressed in the PRISM modelling language (Parker et al., 2000; Kwiatkowska et al., 2011). The 
used model files can be found in the online repository (Emunds and Nießen, 2024b).

Results are compared to simulations, that have been implemented in Python 3.10.9 (Van Rossum and Drake Jr., 1995; Python 
Software Foundation, 2022), utilizing SimPy (Team SimPy Revision, 2023) and Ciw (The Ciw library developers, 2024; Palmer 
et al., 2019). An implementation can be found in the online repository (Emunds and Nießen, 2024b). In the simulation, inter-arrival 
times and service times are drawn randomly from phase-type distributions fitted according to Section 4.4.1 for every route. This 
process does not utilize any timetable information. Trains are managed using first-in-first-out (FIFO) queues for every route, and 
conflicting routes are prevented from starting service simultaneously by ensuring that shared resources are not utilized concurrently. 
The validity of this approach is verified through conflict analysis and the queue-length per route is monitored at each simulated 
minute and averaged for comparison purposes.

In the following sections, computation times and the approximation quality of the different experiments are analysed.

5.1. Computation time

All experiments have been conducted on an Intel Xeon Platinum 8160 Processor (2.1 GHz) and with a working memory of 32 
GB. Additionally, 100 Simulations with 22 simulated hours each have been performed on the same processor with 4 GB of RAM 
for every considered train count 𝑛𝑡𝑜𝑡𝑎𝑙. To ensure the simulated system reaches a steady-state condition, characterized by minimal 
fluctuations after initial transient behaviours, the first and last hours of the 22-hour period were excluded from consideration.

When examining the computational times necessary to determine the queue lengths in the individual experiments, the size of the 
state-space becomes a significant factor. Fig.  3 shows the distribution of the respective calculations for each model. Furthermore, 
Fig.  3 includes the computational time required to serially simulate 2000 hours of traffic, which does not differ significantly between 
the assumed distributions of inter-arrival and service times. It is evident that the computation time increases substantially with the 
number of states.

Using the model for exponentially distributed inter-arrival and service times, approximately 0.22 s are required to compute 
the expected queue length on average. In contrast, computing the expected queue length using the model with arrival and service 
processes following a hypoexponential distribution requires over 140 seconds. However, all analytical methods can calculate the 
queue length faster than a simulation of 2000 hours of traffic, which takes a mean time of over 550 seconds. The computation time 
for the simulation could be significantly reduced by employing parallel simulations.
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Fig. 3. Computation times of all considered models.

Table 4
Parameters of the approximation settings.
 Arrival 
process

Service 
process

Approx. 
formula 
𝑣𝐴

Approx. 
formula 
𝑣𝑆

Service rate 
per route
𝜇𝑟

Total 
train count 
𝑛𝑡𝑜𝑡𝑎𝑙

Quality 
threshold 
𝐿𝑙𝑖𝑚𝑖𝑡

Share of 
main traffic 
𝑝𝑚𝑎𝑖𝑛

 

 M M 0.8 0.3 0.3 4,… , 40 0.13 0.5  
 Ph M 1 0.3 0.3 4,… , 40 0.13 0.5  
 M Ph 0.8 1 0.3 4,… , 40 0.13 0.5  
 Ph Ph 1 1 0.3 4,… , 40 0.13 0.5  

5.2. Queue-length approximation quality

In addition to the computation times of the different models, the approximated queue-lengths can be compared. For this, an 
exemplary railway junction with 4 routes (see Fig.  1) has been chosen. For this example, we assume passenger traffic only, hence 
resulting in a quality threshold (see Section 4.2) of 𝐿𝑙𝑖𝑚𝑖𝑡 = 0.479 ⋅ exp(−1.3) = 0.13. The service rates have been assumed to have 
artificial values of 𝜇𝑟 = 0.3 for every route 𝑟 ∈ 𝑅, corresponding to a mean minimum headway time of 𝑏̄ = 1∕0.3 ≈ 3.33 min. 
To highlight the dependencies of the results on the occupancy rate 𝜌, the total number of trains in the infrastructure per hour 
𝑛total =

∑

𝑟∈𝑅 𝑛𝑟 has been varied from 𝑛total ∈ {4, 8,… , 40} by setting the arrival rate 𝜆𝑟 = 𝑛𝑟∕60 for every route 𝑟 ∈ 𝑅. For a fixed 
traffic distribution of 𝑝main = 0.5, the number of trains per route 𝑛𝑟 is given by 𝑛𝑟 = 𝑛total∕4 for every route. The arrival-rate per 
route 𝜆𝑟 has hence been set to values between 1∕60 and 10∕60.

The expected queue length 𝐿𝑟 for each route 𝑟 has been calculated for every experimental distribution setting. Furthermore, for 
the models with exponential arrival and/or service processes, the approximation formulas by Hertel (Section 4.3.1) and Kingman 
(Section 4.3.2) have been applied to approximate the expected queue-length of the general independent system 𝐿𝑟(𝐺𝐼∕𝐺𝐼). In their 
formulas, the coefficients of variation 𝑣𝐴 and 𝑣𝐵 have been set according to the used distribution setting: If a coefficient of variation 
𝑣𝑋 ≠ 1 has been used in the model, the corresponding coefficient of variation has been set to 𝑣𝑋 = 1 in the approximation formula. 
Otherwise a coefficient of variation of 𝑣𝐴 = 0.8 has been used for the arrival process and of 𝑣𝑆 = 0.3 for the service process. Table 
4 lists the values in the approximation formulas.

To analyse the approximation quality of a single route, a fixed traffic distribution of 𝑝main = 0.5 has been set for varying 𝑛total. 
Selecting route 𝑟3 from B to A, Fig.  4 shows the estimated values for the queue-length at this route and compares them to the mean 
of the simulation. The values have been calculated with the specified model and either not scaled at all (Fig.  4(a)) or approximated 
with the Hertel (Fig.  4(b)) or Kingman (Fig.  4(c)) method. In this example, all four routes 𝑟 ∈ 𝑅 are assumed to have the same 
number of trains 𝑛𝑟 = 𝑛𝑡𝑜𝑡𝑎𝑙∕4 in an hour.

In all three Figs.  4(a)–4(c), the graphs of the PH/PH model and the simulation are almost congruent for a train count 𝑛𝑡𝑜𝑡𝑎𝑙
below 23. At higher train numbers, the difference between the two calculates queue-lengths increases. This can be explained with 
the limitations in the maximum queue-length, or the number of waiting slots 𝑚 in the queueing system, which has been set to 𝑚 = 5 in 
the analytical experiments, but remained unlimited for the simulation setup. The probability of more than 5 trains having to wait for 
their service increases with an increasing number of trains. Consequently, the analytical models, which omit the state probabilities 
12 
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Fig. 4. Comparison of the queue-length estimations at route 𝑟3 for different arrival- and service-process distributions with and without scaling factors.

with more than 5 simultaneous waiting trains, underestimate the total queue-length. However, since the quality threshold is defined 
for a limit of 𝐿𝑙𝑖𝑚𝑖𝑡 = 0.13, the PH/PH model gives an adequate estimation in the neighbourhood of the limit and can therefore be 
used without any scaling functions to evaluate the performance of the example railway junction.

For the graph (Fig.  4(a)) without any applied scaling, it is clearly evident that there are significant differences between the 
simulation method and the models with exponential arrival and/or service processes. In these three experiments, only 12 − 14.5
trains per hour would be permitted to meet the given quality threshold specified quality threshold, whereas both the simulation 
method and the PH/PH model would set this limit at approximately 17 trains per hour. Additionally, the M/PH model demonstrates 
greater alignment with the simulation and PH/PH model compared to the PH/M model, which still exhibits more accuracy than 
the basic M/M model. These discrepancies can be attributed to variations in the coefficients of variation 𝑣𝐴 and 𝑣𝑆 from 1 — the 
M/PH model accurately represents the service process (characterized by a smaller coefficient of variation), while the PH/M model 
provides a more precise description of the arrival process (with 𝑣𝐴 closer to 1).

However, when an approximation method is applied, the M/M model closely aligns with the simulation and the PH/PH method. 
In the case of the Hertel approximation (Fig.  4(b)), significant discrepancies become evident for a total train count of 𝑛𝑡𝑜𝑡𝑎𝑙 ≥ 17. 
Similarly, for the Kingman approximation (Fig.  4(c)), differences become apparent for 𝑛𝑡𝑜𝑡𝑎𝑙 ≥ 19.

The models for the PH/M and M/PH settings consistently overestimate or underestimate the simulation results within the 
relevant region where the total train count is 𝑛𝑡𝑜𝑡𝑎𝑙 ≤ 22. In the case of the Hertel approximation, the PH/M model yields an 
overestimation while the M/PH model yields an underestimation. Alternatively, for the Kingman approximation, both models 
produce overestimations, albeit more closely aligned with the simulation results.

5.3. Performance determination quality

While the results for the raw queue-length estimations have been analysed in the previous section, this section focuses on the 
application of the introduced methods for performance assessment. In certain regions, such as those far from the quality threshold, 
a small deviation from the correct result in the analysed parameter may not significantly impact the overall approximation quality 
of performance indicators.
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Fig. 5. Comparison of the performance determination by the share of main line traffic 𝑝𝑚𝑎𝑖𝑛 for the different methods.

Therefore, we apply the capacity determination algorithm from Section 4.6 for all four analytical settings and both introduced 
approximation methodologies (see Section 4.3), the parameter settings can be found in Tables  3 and 4.

Table  5 summarizes the results for the different calculation scenarios.
The algorithm from Section 4.6 assumes monotonicity for the queue-length function 𝐿𝑟 ∶ 𝑃main ×𝑁total → R, which cannot be 

guaranteed for the non-deterministic simulations. Therefore, 100 simulations, each lasting 20 h, are conducted for every combination 
of 𝑝main ∈ 𝑃main = {0.1,… , 0.9} and 𝑛total ∈ 𝑁total = {12.00, 12.04,… , 19.92, 19.96}. From this, the bounds 𝑛∗max, LB and 𝑛∗max, UB can 
be identified to limit the optimal train-count 𝑛max in the simulation that meets the quality thresholds (see Appendix  B).

In Fig.  5, the results of the performance determinations are depicted for the different methods.
When comparing the simulation results to the PH/PH method (Fig.  5(a)), some minor deviations are apparent. For example, 

the analytical solution exhibits a clear symmetry around the axis 𝑝𝑚𝑎𝑖𝑛 = 0.5, which is only qualitatively reflected in the simulation 
results. This demonstrates that even the averaged simulation results represent only a subset of all possible outcomes, whereas the 
analytical method performs the capacity determination deterministically.
14 
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Table 5
Selected indicators for the different methods.
 Approximation 
formula

Arrival 
process

Service 
process

Mean 
number of 
iterations

Mean total 
computation 
time

Maximum 
capacity
𝑛̂𝑚𝑎𝑥

Traffic share 
at max. 
capacity

 

 None M M 9 2.22 s 11.70 0.5  
 None PH M 9 17.04 s 12.97 0.5  
 None M PH 8.44 78.86 s 14.53 0.5  
 None PH PH 9 1432.20 s 16.90 0.1  
 Kingman M M 8.89 2.35 s 16.80 0.5  
 Kingman PH M 8 15.76 s 15.91 0.5  
 Kingman M PH 7.78 74.65 s 15.55 0.5  
 Hertel M M 9.33 2.31 s 17.29 0.5  
 Hertel PH M 8 15.70 s 15.91 0.5  
 Hertel M PH 9.22 87.33 s 18.17 0.5  

Overall, the simulation and PH/PH results are similar in terms of capacity 𝑛𝑚𝑎𝑥 and exhibit the same general pattern: one local 
maximum for homogeneous traffic and two local maxima at the extremes, where nearly all traffic is concentrated on either the main 
or branch line.

For the raw analytical methods without any applied scaling factor (Fig.  5(a)), the M/PH, PH/M, and M/M methods significantly 
underestimate the available capacity and fail to exhibit the same general pattern of two maxima at the extremes.

Applying the Kingman approximation (Fig.  5(b)) significantly reduces the gap between the results of the M/M model and 
the PH/PH model, particularly for the homogeneous traffic scenario at 𝑝𝑚𝑎𝑖𝑛 = 0.5. However, substantial differences in the 
calculated capacities persist in other traffic distributions. Notably, the order of approximation accuracy changes with the Kingman 
approximation: the M/M model offers the best approximation, followed by the PH/M model, and lastly the M/PH model.

Using the Hertel formula (Fig.  5(c)), the M/M model also provides the best fit to the PH/PH and simulation results. Although the 
M/M model still fails to accurately capture the capacity increase for highly heterogeneous traffic distributions, its overall estimates 
are quite close, with differences of less than 0.5 trains per hour at the local extrema of the PH/PH results. The M/PH model 
overestimates capacity by up to 1.5 trains per hour in the homogeneous scenario, intersects the PH/PH model near the boundaries, 
and underestimates performance at both the lowest and highest traffic shares. In contrast, the PH/M model shows the exact same 
poor approximation quality as with the Kingman approximation, with a clear underestimation of capacity by at least 1 to 1.5 trains 
per hour.

In summary, the PH/PH model delivers the most accurate results, although it requires the highest computational time. On the 
other hand, the Hertel approximation enables the M/M model to achieve a good fit for homogeneous traffic scenarios in a fraction 
of the time. The use of PH/M or M/PH models is generally not advisable, as these models are more inaccurate after applying an 
approximation formula, while also demanding more computational time. Depending on the application scenario, engineers may opt 
for the M/M model combined with the Hertel approximation for preliminary and rapid planning stages, while reserving the PH/PH 
model for more detailed analysis of junction infrastructure in selected long-term projects.

6. Case study

In this Section, we consider a double track railway junction, where a mixed-traffic railway line is divided into a freight line from 
and to a freight yard and a line for passenger traffic only (see Fig.  6).

Fig. 6. Traffic scenario of the case study.
Consistent with the introduced notation, the line to the passenger station ’B’ is called main line and the line to the freight yard 

’C’ branch line. For the railway junction infrastructure itself, we consider the same infrastructure as in Fig.  1, Fig.  7 redraws it for 
convenience.

6.1. Setup

The traffic on this infrastructure can be described with four different train types: Suburban (s) and regional (r) trains cover 
passenger traffic, while cargo trains can be distinguished between long-distance freight (lf) and regional freight (rf) trains. Depending 
on their origin and destination, only certain routes are feasible for these types of trains (see Table  6).
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Fig. 7. Infrastructure of the considered railway junction.

Table 6
Traffic in the case study.
 Train types Route Origin Destination Conflicts 
 suburban train, 
regional train

𝑟1 A B 𝑟2  

 long-dist. freight train, 
regional freight train

𝑟2 A C 𝑟1, 𝑟3  

 suburban train, 
regional train

𝑟3 B A 𝑟2, 𝑟4  

 long-dist. freight train, 
regional freight train

𝑟4 C A 𝑟3  

To assess the junction’s performance, minimum headway times of the different routes have to be considered. Usually, an 
infrastructure manager would utilize microscopic infrastructure data to calculate minimum headway times with their corresponding 
toolset. However, for this made-up example, no microscopic data exists, therefore minimum headway times have been estimated in 
Table  7.

Furthermore, the number of trains per route-train combination has to be specified to calculate the arrival rates in the Markov 
Chain model from Section 4.4. Together with the service rates, calculated from the weighted minimum headway times, queue-
lengths can be estimated for every route 𝑟 ∈ 𝑅. Note that no priorities have been assigned to the different routes and train types, 
in correspondence with the definition of choice transition rates in Section 4.4.4.

In addition to the total number of trains 𝑛total, the volume of traffic per combination of route-train 𝑛(𝑟,𝑡) ∈ R depends on the 
share of main line traffic 𝑝main ∈ [0, 1], as well as on the share of suburban trains 𝑝suburban ∈ [0, 1] and regional freight trains 
𝑝regional freight ∈ [0, 1]. For the remainder of this case study, we assume a fixed rolling stock distribution of 𝑝suburban = 0.5 for 
passenger and of 𝑝regional freight = 0.5 for freight trains.

Therefore, we can formulate the functions 𝜃(𝑟,𝑡) ∶ R → R, 𝑛total ↦ 𝑛𝑟,𝑡 describing the number of trains per combination for every 
total number of trains.

To analyse the performance capabilities of this railway junction, the introduced CTMC model for phase-type inter-arrival and 
service time distributions can be formulated (Section 4.4). Since the model’s size depends on the number of phases in the service 
process, the variance coefficient for the service process per route 𝑣𝑆,𝑟 must be calculated.

Table 7
Assumed minimum headway times ℎ𝑖,𝑗 in minutes for the considered junction.
 (𝑟𝑖 , 𝑡𝑖) \ (

𝑟𝑗 , 𝑡𝑗
) (

𝑟1 , 𝑠
) (

𝑟1 , 𝑟
) (

𝑟3 , 𝑠
) (

𝑟3 , 𝑟
) (

𝑟2 , 𝑙𝑓
) (

𝑟2 , 𝑟𝑓
) (

𝑟4 , 𝑙𝑓
) (

𝑟4 , 𝑟𝑓
) 

 (𝑟1 , 𝑠) 2.5 5.5 5 5  
 (𝑟1 , 𝑟) 3 2 3 3  
 (𝑟3 , 𝑠) 2.5 5.5 1.5 1.5 5 5  
 (𝑟3 , 𝑟) 3 2 1.5 1.5 3 3  
 (𝑟2 , 𝑙𝑓) 3.5 5.5 3 2 3 6  
 (𝑟2 , 𝑟𝑓) 8 8.5 2.5 2.5 7 4  
 (𝑟4 , 𝑙𝑓) 3.5 5.5 3 6  
 (𝑟4 , 𝑟𝑓) 8 8.5 7 4  
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Table 8
Service Rates, Variance Coefficients and size of the CTMC Model (PH/PH) at different 𝑝main Values.
 𝑝main 𝜇1 𝜇2 𝜇3 𝜇4 𝑣𝑆,1 𝑣𝑆,2 𝑣𝑆,3 𝑣𝑆,4 Number of 

states
Number of 
transitions

 

 0.1 0.25 0.20 0.36 0.19 0.27 0.36 0.52 0.33 5.36 × 106 3.05 × 107  
 0.2 0.26 0.21 0.36 0.19 0.29 0.40 0.51 0.33 4.32 × 106 2.46 × 107  
 0.3 0.26 0.21 0.35 0.18 0.31 0.43 0.51 0.34 3.91 × 106 2.23 × 107  
 0.4 0.27 0.21 0.35 0.18 0.33 0.45 0.50 0.34 3.70 × 106 2.11 × 107  
 0.5 0.28 0.22 0.34 0.18 0.34 0.47 0.49 0.34 3.44 × 106 1.96 × 107  
 0.6 0.28 0.22 0.34 0.17 0.36 0.49 0.48 0.34 3.17 × 106 1.81 × 107  
 0.7 0.29 0.22 0.33 0.17 0.37 0.51 0.47 0.33 3.01 × 106 1.72 × 107  
 0.8 0.29 0.22 0.32 0.16 0.39 0.52 0.45 0.33 2.95 × 106 1.68 × 107  
 0.9 0.30 0.22 0.32 0.16 0.40 0.53 0.44 0.32 3.09 × 106 1.76 × 107  

Table  8 summarizes the calculated service rates 𝜇𝑟, variance coefficients 𝑣𝑆,𝑟 and model size for the analysed traffic distributions 
of 𝑝main ∈ {0.1,… , 0.9}. Additionally, the variance coefficient for the arrival process has been set to 𝑣𝐴 = 0.8. The results of those 
calculations are described and analysed in the following Section 6.2.

6.2. Timetable capacity results

Using the algorithm described in Section 4.6, the performance capabilities of the railway junction with fixed
𝑝main, 𝑝suburban, 𝑝regional freight traffic shares can be estimated. For this, a lower bound of 𝑛total, LB = 1 and an upper bound of 
𝑛total, UB = 40 has been chosen.

Fig.  8 highlights the convergence of the method for the described example with a main line traffic share of 𝑝main = 0.5.

Fig. 8. The number of trains 𝑛total in the junction with a traffic split of 𝑝main = 0.5 for all iterations.
The figure shows the continuous convergence of the capacity determination algorithm for a growing number of iterations. While 

the given limits of 1 and 40 are explored in iteration 0 and 1, the algorithm terminates after 10 calls to the model-checking, 
respectively after 9 iterations at a value of 𝑛total = 𝑛max = 11.93, corresponding to the timetable capacity for the specified case.

The timetable capacity 𝑛𝑚𝑎𝑥 for other main traffic shares 𝑝main ∈ {0.1,… , 0.9} has been calculated similarly. Fig.  9(a) presents 
the results for both the PH/PH model and the M/M model, with the latter further scaled using the Hertel approximation (see 
Section 4.3.1). Information about the computation times can be obtained from Appendix  C.

In the PH/PH model, the highest timetable capacities are determined for scenarios involving asymmetric traffic, where movement 
predominantly occurs on either the branching or the main line. The maximum number of trains per hour is calculated as 𝑛max = 15.78
for a main track probability of 𝑝main = 0.1, and 𝑛max = 14.47 trains per hour for 𝑝main = 0.9.

Compared to the PH/PH model, the M/M model significantly overestimates timetable capacity. While the difference is marginal 
for scenarios with a high main traffic (and therefore passenger traffic) share, it increases to a full train at 𝑝main = 0.5 and exceeds 
2.5 trains at 𝑝main = 0.1.

Furthermore, Fig.  9(b) depicts the quality factor for each route, which can be used to assess the infrastructure’s bottleneck. In 
the given example, route 𝑟3 consistently has a quality factor of 1 for every 𝑝main, indicating that this route is the bottleneck for every 
described traffic scenarios.

This can be explained by the lower capacity limit for passenger traffic compared to freight traffic, and by the fact that route 𝑟3
conflicts with both branching routes 𝑟2 and 𝑟4, which have high service times due to their exclusive utilization for freight traffic.

The influence of the traffic share on the other routes’ quality is as expected: the freight traffic routes 𝑟2 and 𝑟4 improve their 
quality factors as traffic on these routes decreases, while route 𝑟1 sees its quality factor increase inversely.

In summary, the analysis reveals that the introduced PH/PH model provides a more accurate estimation of timetable capacity. 
Its route-based application can be used to identify the bottleneck in the infrastructure for different traffic scenarios.
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Fig. 9. Timetable capacity 𝑛max of the two models PH/PH and M/M and quality factor per route for varying 𝑝main.

7. Discussion and conclusion

In this work, a novel model for performance estimation of railway junctions has been introduced, utilizing Continuous-Time 
Markov chains with various distribution functions for inter-arrival and service times. The study examines the impact of using phase-
type distributions compared to exponential distributions on the approximation accuracy of the models, with results compared against 
simulations.

Four different models, each describing distinct distributions for inter-arrival and service times, were analysed for their approx-
imation quality and computation time. Special attention was given to the differences in approximation quality for various traffic 
distributions between the two intersecting railway lines in the analysed railway junction. Additionally, a case study was conducted 
to investigate the timetable capacity for a junction that splits a mixed traffic line into freight and passenger lines.

While the introduced model generally produces more accurate results, its computation times are significantly longer compared to 
models that utilize only exponential distributions. This is due to the use of phase-type distributions, which introduce additional states 
into the CTMC. As a result, the number of states becomes large even for relatively simple junctions. Consequently, the scalability 
of the introduced method is highly limited. To apply this approach to more complex railway junctions or even entire railway 
stations, further research is needed on decomposition techniques and alternative approximation methods. If such techniques allow 
for efficient sub-calculations of complex infrastructure without adding significant approximation errors, they would enable the use of 
models with phase-type distributions to benefit from their increased accuracy. However, given the current computational demands, 
it may initially be more practical to explore more complex systems using purely exponential arrival and service process models and 
enhancing their results with approximation formulas.

A major parameter influencing both the model size and the timetable capacity of railway junctions is the variation coefficient of 
the service process. In some chapters of this work (see Section 5), a default value was used, while in the case study, it was calculated 
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based on minimum headway times. For efficient use of the introduced method, it is essential to obtain an accurate estimation of 
this value to ensure the generation of reliable and usable results.

To assess the performance of the railway junction, queue lengths computed with CTMC models are compared to thresholds in the 
capacity determination algorithm (see Section 4.6). Although these thresholds are commonly used in practice, they were originally 
designed for line capacities. Therefore, new thresholds may need to be developed to appropriately assess the quality of multi-channel 
systems.

Future work may also explore techniques to incorporate priorities into the formulation. With the current route-based decompo-
sition, priorities between routes could potentially be included by adjusting the rates of choice transitions. To incorporate priorities 
between different train types while maintaining the route-based decomposition, alternative techniques may be required, such as 
manipulating service times using priority coefficients, as demonstrated in the works of Schwanhäußer (1978) and Wakob (1981).

The proposed method, despite its longer computation times, allows for the substitution of approximation techniques (Section 4.3) 
in application scenarios that demand high accuracy. The introduced method demonstrates significantly shorter computation times 
compared to simulation approaches while producing deterministic results, making it more practical than the numerous simulation 
iterations needed to achieve sufficiently representative outcomes. However, a parallel implementation of simulation iterations might 
outperform the computation time of the introduced method.

The proposed model, which explicitly models phase-type distributions within the Continuous-Time Markov chain, can be utilized 
by infrastructure managers to obtain precise, timetable-independent estimations of the capacity of railway junctions. This enables 
a reduction in the reliance on computationally expensive simulations in long-term railway planning scenarios.
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Appendix A. Capacity determination algorithm

In Section 4.6, the root-finding problem has been introduced, which determines the timetable capacity of a railway junction by 
comparing the estimated queue-length per route 𝐿𝑟 to their respective maximum thresholds 𝐿𝑟,limit, while varying the total train 
count 𝑛total.

Since some parameters of the railway junction, such as the arrival rates 𝜆𝑟, service rates 𝜇𝑟 and variation coefficients 𝑣𝐴,𝑟, 𝑣𝑆,𝑟
may depend on the total train count 𝑛𝑡𝑜𝑡𝑎𝑙, the CTMC model has to be formulated from inside the function call of the root-finding 
method.

Algorithm 1 therefore describes the complete inner function, that computes all relevant parameters before the calculation of the 
quality factor and the result 𝜙 (

𝑛total
) for a chosen (𝑛total

) in an interval [𝑛total, LB, 𝑛total, UB
]

.
In the initial foreach loop, the number of trains per route, denoted by 𝑛𝑟, along with other computable parameters, is 

established. Subsequently, the frequencies of train sequences 𝑝𝑖,𝑗 are determined, which allows for the setting of the remaining 
parameters in the following foreach loop. The next phase involves formulating the Continuous-Time Markov Chain (CTMC) and 
calculating the queue lengths 𝐿𝑟. Finally, the difference between the maximum quality factor and the optimal ratio of 1 is computed 
and returned.

With this information, Brent’s method determines whether the set tolerances are met and the timetable capacity 𝑛max has been 
found. Otherwise, the interval [𝑎, 𝑏] is shortened, selecting a new bound 𝑛total replacing 𝑎 or 𝑏, where 𝜙 needs to be evaluated. An 
example of the convergence of this method can be found in Section 6.2.
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Algorithm 1: Inner Function for Brent’s Method
Data: Railway Junction 𝐽 = (𝑅,𝐶), Minimum Headway Times ℎ(𝑟𝑖 ,𝑡𝑖),(𝑟𝑗 ,𝑡𝑗 ), Total Number of Trains 𝑛total, Request 

Distribution 𝜃
Result: 𝜙 (

𝑛total
)

1 foreach route 𝑟 ∈ 𝑅 do
2 Determine number of trains on the route 𝑛𝑟;
3 Determine arrival rate 𝜆𝑟 = 1∕𝑛𝑟;
4 Determine share of passenger trains 𝑝pt;
5 Determine 𝐿limit, r;
6 end 
7 Determine frequencies of train sequences 𝑝𝑖,𝑗 ;
8 foreach route 𝑟 ∈ 𝑅 do
9 Determine service times 𝑏𝑟;
10 Determine service rates 𝜇𝑟 = 1∕𝑏𝑟;
11 Determine variation coefficients 𝑣𝑆,𝑟 ;
12 Determine phase-type parameters 𝑘𝐴,𝑟, 𝑘𝑆,𝑟, 𝜆𝑟,𝑎, 𝜆𝑟,𝑏, 𝜇𝑟,𝑎, 𝜇𝑟,𝑎;
13 end 
14 Build the CTMC 𝑀𝐶 = (𝑆, 𝑇 );
15 Get 𝐿𝑟

(

𝑛total
) with probabilistic model checking;

16 Determine 𝑞𝑓max
(

𝑛total
)

;
17 Determine 𝜙 (

𝑛total
)

;
18 return 𝜙 (

𝑛total
)

Appendix B. Performance determination for simulations

In Section 5.3, we conduct 100 simulations, each lasting 20 h, for 𝑝main ∈ 𝑃main = {0.1,… , 0.9} and 𝑛total ∈ 𝑁total =
{12.00, 12.04,… , 19.92, 19.96}.

This extensive computation was necessary because the algorithm from Section 4.6 assumes monotonicity for the function 
𝐿𝑟 ∶ 𝑁total → R, 𝑝main ↦ 𝐿𝑟(𝑛total).

However, since the simulation is not deterministic, even taking an average of 100 simulation runs does not guarantee a monotonic 
function approximation. It is therefore possible that there exist 𝑛total,1, 𝑛total,2 ∈ 𝑁total for a fixed 𝑝′main ∈ 𝑃main, with: 

𝐿𝑟(𝑛total,1) ≥ 𝐿𝑟(𝑛total,2) (B.1)

and 𝑛total,1 < 𝑛total,2.
Therefore, it might not be possible to find a single value 𝑛∗max ∈ 𝑁total that meets the quality threshold requirement: 

𝐿𝑟(𝑛∗max) ≤ 𝐿limit, (B.2)

where for all larger 𝑛′ ∈ 𝑁total, with 𝑛∗max < 𝑛′, the limit 

𝐿𝑟(𝑛′) > 𝐿limit (B.3)

is exceeded and for all smaller 𝑛′′ ∈ 𝑁total, with 𝑛∗max > 𝑛′′, the limit 

𝐿𝑟(𝑛′′) ≤ 𝐿limit (B.4)

is not violated.
Hence, we introduce the two bounds to the capacity 𝑛∗max, LB, 𝑛∗max, UB ∈ 𝑁total, where the lower bound 𝑛∗max, LB meets the 

condition (B.4): For all smaller 𝑛′′ ∈ 𝑁total, with 𝑛∗max, LB > 𝑛′′, the limit 

𝐿𝑟(𝑛′′) ≤ 𝐿limit (B.5)

is not violated.
Similarly, 𝑛∗max, UB meets the condition (B.3): For all larger 𝑛′ ∈ 𝑁total, with 𝑛∗max, UB < 𝑛′, the limit 

𝐿𝑟(𝑛′) > 𝐿limit (B.6)

is exceeded.
These bounds are chosen to be as tight as possible, so that 𝑛∗max, LB represents the highest value and 𝑛∗max, UB represents the lowest 

value that satisfy the corresponding conditions.
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Table C.9
Performance Metrics for Different Model Types at Various 𝑝main Values.
 Model type 𝑝main # 

Iterations
# Calls to
model-checking

Mean model-checking 
time (s)

Total computation 
time (s)

 

 M/M 0.1 10 11 0.13 2.89  
 M/M 0.2 9 10 0.13 2.75  
 M/M 0.3 9 10 0.12 2.63  
 M/M 0.4 9 10 0.22 9.75  
 M/M 0.5 9 10 0.14 2.81  
 M/M 0.6 9 10 0.13 2.19  
 M/M 0.7 10 11 0.17 4.15  
 M/M 0.8 10 11 0.21 9.58  
 M/M 0.9 10 11 0.13 2.86  
 PH/PH 0.1 10 11 93.09 1025.04  
 PH/PH 0.2 9 10 65.20 656.58  
 PH/PH 0.3 8 9 67.71 610.58  
 PH/PH 0.4 9 10 60.55 606.76  
 PH/PH 0.5 9 10 48.74 488.77  
 PH/PH 0.6 9 10 61.68 617.89  
 PH/PH 0.7 9 10 43.84 439.48  
 PH/PH 0.8 9 10 40.65 407.56  
 PH/PH 0.9 8 9 50.39 454.54  

Appendix C. Computation times case study

Table  C.9 lists the computation times for both models and different 𝑝main values from the case study in Section 6.

Data availability

The processed data required to reproduce the above findings are available to download from Emunds and Nießen (2024b).
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