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ABSTRACT

This PhD thesis presents a comprehensive analysis of the impact of finite top- and bottom-quark
masses on the Higgs production cross section via gluon-gluon fusion. Our study substantially
reduces the uncertainties previously associated with these mass effects on the cross section.
We also explore the implications of different mass renormalization schemes, delivering results
for both the MS and on-shell renormalization schemes. Furthermore, we provide an in-depth
comparison between the 4-flavor and 5-flavor schemes to address the treatment of finite quark
masses. An additional novel aspect of our research is the examination of how finite quark
masses affect the Higgs-rapidity spectrum. Finally, we offer well-founded recommendations to
guide future experimental and phenomenological research in this field.



ZUSAMMENFASSUNG

Diese Dissertation präsentiert eine umfassende Analyse des Einflusses endlicher Top und
Bottom Quarkmassen auf den Wirkungsquerschnitt von hadronischer Higgsproduktion im
Gluon-Gluon-Fusionskanal. Unsere Studie verringert erheblich die zuvor mit diesen Masseffekten
verbundenen Unsicherheiten bezüglich des Wirkungsquerschnitts. Wir untersuchen außerdem
die Auswirkungen verschiedener Massenrenormalisierungsschemata und liefern Ergebnisse
sowohl für das MS- als auch das On-Shell-Renormalisierungsschema. Darüber hinaus bieten
wir einen detaillierten Vergleich zwischen dem 4-Flavor- und dem 5-Flavor-Schema, um die
Behandlung endlicher Quarkmassen zu adressieren. Ein neuartiger Aspekt unserer Forschung
ist zudem die Untersuchung, wie sich endliche Quarkmassen auf das Higgspapiditätsspektrum
auswirken. Schließlich geben wir fundierte Empfehlungen, um zukünftige experimentelle und
phänomenologische Forschung in diesem Bereich zu leiten.
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NOTAT ION , CONSTANTS AND CONVENT IONS

• In this thesis, I will be using the Einstein summation convention, by which any index—be
it a Lorentz, color or flavor index—which appears twice is implicitly summed over.

• I will be using natural units
ℏ = c = 1. (0.1)

• The electron charge is
−e, e > 0. (0.2)

• The metric is

gµν =




1

−1
−1

−1



. (0.3)

• The normalization of the Levi-Civita anti-symmetric tensor ϵµνρσ is

ϵ0123 = +1 (0.4)

• The Pauli matrices are defined as

σ1 ≡
(
0 1

1 0

)
, σ2 =

(
0 −i
i 0

)
, σ3 =

(
1 0

0 −1

)
, τ i ≡ σi. (0.5)

• Unless specifically specified otherwhise we will use the following values for appearing
physical constants

• GF = 1.16637× 10−5 GeV−2

• mH = 125.00 GeV

• mt = 173.06 GeV

• mt(mt) = 162.7 GeV

• mb = 4.78 GeV

• mb(mb) = 4.18 GeV

• mc(mc) = 1.27 GeV

• mZ = 91.1876 GeV

• We use the NNPDF31_nnlo_as_0118 and NNPDF31_nnlo_as_0118_nf_4 PDF set in the
5FS and 4FS respectively.

• αs is extracted from the PDF set at the relevant scale.



1 I N TRODUCT ION

After the great successes of quantum electrodynamics (QED), physicists in the 1950s sought
a quantum field theoretical description of other fundamental forces, like strong and weak
interactions. In 1954 Chen Ning Yang and Robert Mills proposed a theory which, similar
to QED, relied on gauge invariance, but extended the idea to non-abelian gauge groups [5].
Although these theories provided a compelling foundation for encapsulating the strong and
weak interactions under the banner of local gauge invariance, they also led to a conundrum:
They theorized massless gauge bosons which were simply not there.

One way to resolve this problem is through the phenomenon of confinement pioneered by
Murray Gell-Mann [6], and realized in quantum chromodynamics (QCD). Here, particles
charged under the QCD gauge group are not observable at large distances since separating two
colored particles will eventually trigger the creation of new particles, leading to the formation
of color neutral states.

In 1961, Sheldon Glashow [7] and later Abdus Salam and John Ward [8] proposed models
based on the SU(2)×U(1) gauge symmetry, which for the first time unified the electromagnetic
and the weak interaction under a single theoretical framework. However, in their proposed
models, the gauge symmetry was always explicitly broken by the masses of the gauge bosons.
Consequently, their models turned out to be unrenormalizable.

The solution materialized in the early 1960s when several physicists—François Englert, Robert
Brout [9], Peter Higgs [10], Gerald Guralnik, Carl Hagen, and Tom Kibble [11]—proposed
spontaneous symmetry breaking (SSB) as a mechanism to impart mass to otherwise massless
gauge bosons while preserving the core symmetry of the gauge theory. This so-called Higgs
mechanism introduced a scalar field permeating spacetime that acquires a nonzero vacuum
expectation value (VEV) that provided mass to the gauge bosons. Shortly afterward, Stephen
Weinberg [12] applied the Higgs mechanism to the electroweak model and hence formulated
the standard model (SM) of particle physics as we know and love it today1.

A key prediction was the existence of a new particle, the Higgs boson, which would serve as
empirical evidence of the models’ validity. Yet, for decades, the Higgs boson remained the one
missing piece of this otherwise extensively tested framework. It was not until 2012, using the
unprecedented energies of the Large Hadron Collider (LHC) at CERN, that the ATLAS [13]
and CMS [14] collaborations finally observed a new particle whose properties aligned with those
predicted for the Higgs boson. This discovery not only completed the particle content of the
SM but also confirmed how massive gauge bosons could arise naturally from gauge-invariant
theories.

But all is not well in the SM. Although it is one of, if not the best tested model ever proposed,
the SM has several shortcomings. For one, astrophysical and cosmological observations have
collected an overwhelming amount of evidence for the existence of a new type of very weakly
interacting matter, elusively called dark matter (DM). However, currently there is no member

1 Though in his original publication, Weinberg did not include quarks since, famously, he did not believe in their
existence at the time.

1



2 introduction

of the SM which could serve as a DM candidate. Since the masses of all fundamental particles
in the SM are generated through the Higgs mechanism, it is plausible that at least a fraction
of the DM’s mass is generated in the same fashion. The Higgs boson thus takes a central place
in the search for DM, as it might be the portal connecting the SM with the DM sector. One
promising way to look for DM is therefore by searching for invisible Higgs decays [15, 16].

Another issue of the SM is related to the value of the Higgs mass itself. As it stands, radiative
corrections result in an unstable Higgs potential [17], meaning that at some point there must
be physics beyond the SM, which will at least meta-stabilize the potential. This implies that
our universe could be in a meta-stable state and at some point in time transition into a vastly
different universe.

Since this suggests that the Higgs is sensitive to some new physics scale, it also gives rise to
another problem—the electroweak hierarchy problem. In a nutshell, it poses the question of
why the Higgs mass is so much smaller than the Planck scale. If one were to believe that the
SM is accurate up to the Planck scale, then perturbative corrections of the Higgs mass would
make the bare Higgs mass quadratically sensitive to that scale. Hence, the renormalization
constant must be fine-tuned to cancel this huge number, and render a renormalized mass
at the electroweak scale. This huge cancellation seems unnatural to many physicists2, and
sparked lots of ideas for extensions of the SM, such as supersymmetry, conformal models, or
extra dimensions. It should be noted though that all these models have been either excluded
or have seen significant tension.

These selected examples demonstrate that Higgs research has not stopped with its discovery.
On the contrary, the Higgs boson has proven to be a central figure in the search for physics
beyond the Standard Model (BSM). Nevertheless, the absence of direct evidence for new
physics at the LHC is likely going to persist in the near future. Physicists are therefore turning
to more subtle signals, in the hope that BSM physics might hide behind small deviations from
the SM. Since the Higgs discovery, the field of particle physics has thus transitioned into an
era of precision measurements. This requires better colliders and detectors as well as highly
sophisticated measurement strategies. But any comparison to the SM is rendered moot, if its
predictions are not precise enough. Aware of this, theoretical particle physicists have launched
an extensive program in the pursuit of improving the accuracy of our SM predictions.

A prime example of this pursuit can be seen in a central observable of Higgs physics phenomenol-
ogy: the gluon-gluon fusion Higgs production cross section. First predicted by Georgi, Glashow,
Machacek and Nanopoulos in 1978 [18] at leading order (LO), it has since been calculated at
next-to-LO (NLO) [19, 20], next-to-NLO (NNLO) [21–23] and even next-to-NNLO (N3LO) [24,
25], though the latter two were computed under the assumption of an infinitely heavy top quark.
Today’s cross section prediction is almost three times as large as what was originally proposed
by Glashow et al., highlighting the importance of perturbative corrections in QCD. However,
the story does not end here. The cross section has been pushed to next-to-N3LO (N4LO) in
the soft-virtual approximation [26], such that missing higher order uncertainties (MHOU) are
now believed to be below 1.9% of the total cross section. Furthermore, electroweak corrections
have been addressed both at LO [27, 28] and NLO QCD [29–34]. Finally, the cross section has
been calculated without the assumption of an infinitely heavy top quark at NNLO [35].

Besides the MHOU, the largest source of uncertainty now stems from the light-quark induced
Higgs production contribution. Here, the Higgs does not couple to the top quark, but to lighter
quarks, like the bottom or charm quark. Since the coupling strength to the Higgs is proportional

2 Myself excluded.



introduction 3

to the mass of the respective particle, these contributions are generally suppressed with respect
to the top quark induced production channel. Nevertheless, for precision predictions, their
contribution cannot be omitted. Recently, we reported results on this contribution at NNLO [3,
4], thereby eliminating this piece of uncertainty.

In this PhD thesis, we follow up on our previous work, explaining in detail the challenges of
the computation and how we overcame them. Furthermore, we combine our findings with the
above-mentioned contributions, and thoroughly investigate the associated uncertainties, to
give a new best prediction for the gluon-gluon fusion cross section. This shall prove useful for
any further research in Higgs physics phenomenology.

This thesis is structured as follows: In Chapter 2, we explain the basics of the SM and the
Higgs mechanism. We also provide a roadmap on how to perform cross section calculations.
The experienced reader may skip this chapter. Chapter 3 is dedicated to the Higgs potential, its
perturbative corrections, and the resulting implications for our universe. Chapter 4 discusses
the Higgs production cross section. We present simple LO and NLO cross section calculations.
These introduce core concepts which will prove useful when going to NNLO. Since the heavy-
top limit is so central for the gluon-gluon fusion cross section, we also thoroughly discuss it
here. We conclude the chapter by providing an overview on the current status of the cross
section. In Chapter 5, we discuss the computational details for the NNLO computation, before
providing our results in Chapter 6. Finally, we give our conclusions and further outlook in
Chapter 7.





2 FUNDAMENTALS

2.1 cross sections

Cross sections offer the possibility to directly test the SM and many of the great successes of
the SM are its cross section predictions. The cross section is simply defined as the probability
to create some final state from some initial state per unit of time per target particle normalized
by the incoming particle flux. This definition allows for straightforward measurement through
counting experiments. For instance, experiments like CMS and ATLAS collide particles and count
how often a particular final state is produced within a given time interval.

From a theoretical perspective, cross sections can be calculated using

dσ̂ij→n =
1

F
dΦn|Mij→n|2, (2.1)

where F denotes the flux factor1

F ≡ 4p1 · p2, (2.2)

dΦn is the Lorentz invariant phase space measure

dΦn =

[
n∏

i=1

d4qi
(2π)4

(2π)δ(q2i −m2
i )Θ(q0i )

]
(2π)4δ(4)

(
p1 + p2 −

n∑

i=1

qi

)
, (2.3)

andMij→n is the scattering amplitude describing the short distance interactions.

The computation of cross sections involves three basic steps:

1. calculation of the hard scattering amplitude,

2. phase-space integration,

3. and the convolution with parton distribution functions (PDFs).

We will discuss each step in detail below.

2.1.1 The Hard Scattering Amplitude

The hard scattering amplitude describes the transition probability from a specific initial state
to a particular finial state. Since the scattering is hard, it implies that the energy transfer
between particles during scattering is large compared to the QCD scale. Thus, we operate
within the perturbative regime of QCD and can perform an expansion in terms of the coupling
constant

Mij→n = αnBorn
s

(
M(0)

ij→n +
αs

π
M(1)

ij→n +
(αs

π

)2
M(2)

ij→n +O
(
α3
s

))
. (2.4)

1 In the following we assume that the initial-state particles are massless.

5



6 fundamentals

Here, nBorn denotes the power of the coupling constant at LO. One can of course perform
a simultaneous expansion in the electromagnetic coupling constant α, however for processes
involving color charged particles, the QCD corrections are typically much more significant due
to the larger coupling strength of QCD. For high precision predictions, electroweak corrections
are however important.

The coefficients in the series of Eq. (2.4) can be computed graphically using Feynman rules.
These are the set of all allowed propagators and vertices together with the corresponding
mathematical prescription. The Feynman rules for the complete SM are listed in Appendix A.
To calculate the coefficientM(l)

ij→n for a specific process, one has to draw all possible connected
and amputated Feynman diagrams with the initial state (i, j) and final state n which contain
2(nBorn + l) vertices2. Then one uses the Feynman rules to get the mathematical translation,
keeping in mind that momentum must be conserved at every vertex and also taking into
account possible symmetry factors.

Beginning withM(1)
ij→n, and in certain cases known as loop induced processes, even starting

fromM(0)
ij→n, we will encounter loops within the diagrams. Inside a loop, the momentum of

the edges cannot be uniquely determined through momentum conservation. Consequently,
we must leave the momentum unspecified and integrate over all possible values. Typically,
it is the computation of these loop integrals that makes the calculation of hard scattering
amplitudes so challenging. A plethora of powerful techniques has been developed over the
years to tackle this daunting task. Still, the computation of loop integrals remains a highly
active field of research and two-loop amplitudes with 5 or more scales are only just becoming
available. A detailed description of modern techniques is beyond the scope of this thesis. For a
comprehensive overview see Ref. [36].

Loop integrals are notorious for exhibiting divergences. To tame these, we introduce regulators,
i.e. we introduce a parameter such that the integral becomes a function of that parameter. For
a suitable regulator, the integral will now converge if the regulator is set to an unphysical value,
and exhibits a pole at the physical value. The most commonly used regularization scheme is
dimensional regularization (DR). Here, we make the loop integral a function of the spacetime
dimension by replacing

∫
d4k

(2π)4
(· · · ) −→ µ̄2ϵ

∫
ddk

(2π)d
(· · · ) , d ≡ 4− 2ϵ ∈ C, γE = 0.5772 . . . . (2.5)

The dimensionally regularized integral satisfies the usual integral properties like linearity,
translation invariance and rescaling. The mass scale,

µ̄2 =
µ2

4π
eγE (2.6)

was introduced to retain the mass dimension of the integral to 4, while absorbing some common
factors of loop integrals. The physical limit then corresponds to ϵ→ 0. A divergent integral in
four dimensions will hence have ϵ-poles in DR. The poles are categorized as ultraviolet poles
if their origin are large loop momenta, i.e. the four dimensional integral diverges for k →∞.
Further we categorize poles as infrared poles if the singularity arises from loop momenta which
are either soft (k → 0) or collinear (k · pi → 0) to one of the external massless legs. UV and
IR singularities are mutually exclusive since they originate from different regions of the phase
space. This means that the poles do not multiply together, and we may only get a single UV

2 Quartic vertices are counted twice.



2.1 cross sections 7

pole per loop integration. The soft and collinear singularities are not exclusive, meaning that
IR singularities can develop one double pole per loop integration.

The IR singularities cancel for inclusive observables as we shall discuss in detail in Section 2.1.3.
UV poles, on the other hand, are removed through a method called renormalization. Renor-
malization hinges on the idea that the fields, constants, and masses we observe in nature are
not necessarily the same as the ones in our Lagrangian. Instead, they are related through
renormalization constants. In QCD for example, we have

AB,a
µ =

(
ZA
3

)1/2
AR,a

µ

qB = Z
1/2
2 qR

gB = Zgg
R

mB = Zmm
R (2.7)

Here A is the gluon field, q denotes quark fields, g is the coupling constant of QCD, and m is
the mass of the quark. In these equations B refers to bare quantities appearing within our
Lagrangian while R signifies renormalized quantities that are finite by definition. In the SM,
it can be shown [37, 38] that we can choose renormalization constants, such that Green’s
functions, i.e. vacuum expectation values of time ordered products of local renormalized fields,
are free of UV divergences. Scattering amplitudes, generally do not depend on the unphysical
fields, which is why the fields can be kept unrenormalized in this case. Since at LO Green’s
functions do not require renormalization, all renormalization constants are equal to the identity
at this order.

The definition of the renormalization constants is not unique. Indeed, the renormalization
constants were designed to absorb singularities, but the finite part is a priori unconstrained. We
call a prescription which uniquely determines the renormalization constants a renormalization
scheme. The most widely used renormalization scheme is the MS scheme. Here, beyond the
leading 1 and a universal factor of µ̄ϵρi , the renormalization constants only consist of poles,
i.e. the renormalization constants have the structure

Zi(α) = µ̄ϵρi
(
1 +

z1
ϵ

α

4π
+
(z22
ϵ2

+
z21
ϵ

)( α
4π

)2
+ . . .

)
. (2.8)

ρi is the mass dimension of the operator in units of ϵ, so that the factor µ̄ϵρi corrects for
the mismatch in mass dimensions between the four-dimensional renormalized and the d-
dimensional bare quantities. For example: the coupling constant gB has mass dimension ϵ,
hence the renormalized coupling gR has mass dimension zero and ρi = 1.

MS-renormalized masses are generally different from the pole mass. The on-shell (OS) renor-
malization scheme is an alternative to the MS scheme specifically designed, such that the
renormalized mass matches the pole mass. It is therefore the suitable choice for external parti-
cles that are asymptotically free. Bare quantities are independent of the chosen renormalization
scheme. The invariance under the change of the renormalization scheme defines a group, the
renormalization group (RG). In the MS scheme, the change from one scale µ̄ to another defines
a continuous subgroup of the RG. This means we can formulate the invariance in terms of a
differential equation

0 =
d

d logµ
aB = aR

dZMS
a

d logµ
+ ZMS

a

daR

d logµ
, (2.9)

where a could be a mass or a coupling. Eq. (2.9) is called the renormalization group equation
(RGE), and it can be leveraged to determine the scale dependence—also called the running—of
the observable.
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The final step in calculating the hard scattering amplitude involves the application of the
Lehmann-Symanzik-Zimmermann (LSZ) reduction formula. It relates the scattering amplitudes
to Green’s functions, and it is the reason why we only considered amputated Feynman diagrams.
In practice, one just has to multiply each external field with the square root of the corresponding
LSZ constant. These constants are defined as the proportionality factor between the propagator
of the interacting and the free theory3. As such, they are numerically identical to the OS field
renormalization constants.

2.1.2 The Parton Distribution Functions

In hadron collisions, the initial state is not made up of elementary particles, but are bound
states thereof. This means that during an inelastic scattering event, the partons which take
part in the short-range interaction only carry a fraction of the original hadron momentum

p1 = x1P1, p2 = x2P2. (2.10)

Here p1 and p2 denote the momenta of the partons, and P1 and P2 are the momenta of the
hadrons. Since the momentum of the parton cannot be larger than that of the hadron, x1,2 is
restricted to be less than one. Furthermore, since the energy of the parton must be positive
the momentum fraction must also be positive. Otherwise, the momentum fraction is a priori
unconstrained. We therefore integrate over all allowed values of x1 and x2

dσH1H2→n(S) =

∫ 1

0
dx1dx2

∑

ij

fH1,i(x1)fH2,j(x2)dσ̂ij→n(x1P1, x2P2, µR)

=

∫ 1

0

dτ

τ

∑

ij

Lij(τ)dσ̂ij→n(τS, µR) ,

(2.11)

where S = 2P1 · P2 is hadronic center-of-mass energy, and n denotes a certain final state.
fHk,i(xk) are the (unrenormalized) parton distribution functions (PDFs). They describe the
probability of finding a parton i with momentum fraction xk inside the hadron Hk. Lorentz
invariance of the partonic cross section allowed us to conclude that it can only depend on the
partonic center-of-mass energy s

dσ̂ij→n(x1P1, x2P2, µR) = dσ̂ij→n(x1x2S, µR). (2.12)

We then defined the partonic luminosity

Lij(τ) ≡ (f̃H1,i ⊗ f̃H2,j)(τ) ≡
∫ 1

0
dx1dx2 f̃H1,i(x1)f̃H2,j(x2)δ(τ − x1x2), (2.13)

where f̃H,i(x) ≡ xfH,i(x), to arrive at the second line of Eq. (2.11).

At this stage the partonic cross section can still exhibit singularities whenever a final state
parton becomes collinear to one of the initial-state partons. At LO for example, the divergence
due to initial-state collinear emissions reads

dσ̂ab→cn(s, µR)
∣∣∣
div.

= −αs

2π

1

ϵ

∫ 1

0
dz
∑

d

(
P

(0)
db (z)dσ̂ad→n(zs, µR) + P

(0)
da (z)σ̂db→n(zs, µR)

)
,

(2.14)

3 The interacting field theory might have an additional continuous spectrum.
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where P (0)
ij are the LO Altarelli-Parisi splitting kernels4:

P (0)
qq (x) = CF

[
1 + x2

(1− x)+
+

3

2
δ(1− x)

]
,

P (0)
qg (x) = TF

[
x2 + (1− x)2

]
,

P (0)
gq (x) = CF

[
1 + (1− x)2

x

]
,

P (0)
gg (x) = 2CA

[
x

(1− x)+
+

1− x
x

+ x(1− x)
]
+ δ(1− x)β0

2
.

(2.15)

We absorb these collinear singularities into the PDFs through a process called collinear
renormalization, by defining the renormalized PDFs fH,i(x, µF ) via

fH,i(x) ≡ (Zij(·, µF )⊗ fH,j(·, µF ))(x). (2.16)

Beyond the pole term, the renormalization constants are generally scheme dependent. From
Eq. (2.14) we see that the MS renormalization constant at NLO are given by

Zij(z, µR, µF ) = δ(1− z)δij +
αs

2π

1

ϵ
P

(0)
ij (z) +O

(
α2
s

)
. (2.17)

Now the sum ∑

c

dσH1H2→cn + dσH1H2→n (2.18)

is guaranteed to be free of initial-state collinear divergences at NLO, if dσH1H2→n does not
have these divergences at Born level.

Since the initial-state collinear divergences are of a completely different origin than the UV
divergences, we introduce a new scale µF , called the factorization scale. This scale separates
the long-distance (non-perturbative) physics contained in the PDFs from the short-distance
(perturbative) physics contained in the partonic cross sections.

The factorization theorem (2.11) is central in the SM as it tells us that the PDFs are universal
quantities, i.e. they are not specific to any one process. It is a postulate of the parton model, in
which hadrons are thought of as a collection of free elementary particles. In QCD however, the
theorem requires proof [41]! The PDF for all light partons are displayed in Fig. 2.1. In Fig. 2.2
we show the partonic luminosity for exemplary parton combinations. PDFs describe long range
interactions, a regime in which QCD is non-perturbative. As such, PDFs are non-perturbative
objects which have to be measured in experiments or be calculated non-pertubatively, e.g. on
the lattice.

The factorization scale is unphysical in the sense that it is not a parameter in our theory,
nor can it be measured in an experiment. As usual, we can apply the RGE to determine the
running of the renormalized PDFs

0 =
d

d lnµF
fH,i(x) =

d

d lnµF
(Zij ⊗ fH,j(·, µF ))(x). (2.19)

4 The definition of β0 can be found in Eq. (4.71)
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Figure 2.1: The various PDFs multiplied by x as
a function of x. The plot was created
using the LHAPDF6 [39] interface to the
NNPDF31_nnlo_as_0118 [40] PDF set
at a scale of µF = mH/2.
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Figure 2.2: Displayed is the partonic luminosity
for combinations of various partons.
The luminosities are defined as Lqg =
2×∑i(Lqig+Lq̄ig), Lqq̄ = 2×∑i Lqiq̄i ,
Lqq′ =

∑
i,j(Lqiqj+Lqiq̄j+Lq̄iq̄j )−Lqq̄.

The setup is the same as in Fig. 2.1.

This can be rewritten to

dfH,i(x, µF )

d lnµF
= 2αs


Z−1

ij ⊗
dZ

(1)
jk

dαs
⊗ fH,k(·, µF )


 (x)

=
αs

π

(
P

(0)
ij ⊗ fH,j(·, µF )

)
(x) +O

(
α2
s

)
,

(2.20)

where Z(1)
ij is the residue of the renormalization constant. So even though the PDFs are

not perturbative, their dependence on the factorization scale is. Eq. (2.20) is the famous
Dokshitzter-Gribow-Lipatow-Altarelli-Parisi-evolution equation (DGLAP equations) [42–44].

In the derivation above, we have treated the partons inside the hadrons as massless, which
leads to real collinear singularities. In reality, all quarks have finite masses, so the phase-space
integration only yields logarithmic mass enhancements of the form ln(s/m2

q) instead of actual
singularities. The DGLAP equations then automatically resum these logarithms. For most
applications at the LHC, the typical hard scattering scale is orders of magnitudes larger
than all quark masses except for the top-quark mass. It is therefore beneficial to treat them
as massless partons, as the appearance of the large logarithms would otherwise completely
destroy the perturbative convergence. However, treating quarks as massless also implies that
we neglect their mass-dependent effects in the hard-scattering matrix elements. If the scattering
process is sensitive to the quark masses—for example, in processes involving Higgs couplings
to quarks—these mass effects might be lost.
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The number of quark flavors treated as active (massless) partons defines our flavor scheme (FS).
For instance, if we treat the lightest four flavors (up, down, strange, charm) as massless, while
considering the bottom and top quarks as massive, we are working in the 4FS. Analogously, if
the bottom quark is also considered massless, we are working in the 5FS, and so on.

2.1.3 The Phase-Space Integration

Even after renormalization and collinear renormalization can the amplitude exhibit divergences.
The scatting amplitude in and of itself is not a physical observable; therefore, it is not required
to be finite. Physical observables are cross sections, which are obtained by performing phase-
space integrations over the squared amplitudes. However, even after integrating over the
phase space, the cross section is not guaranteed to be finite. The reason is that the Born
process is indistinguishable from processes with additional infrared radiation. Indeed, no
matter how precise a detector is, below a certain resolution, it becomes impossible to detect a
very soft photon or to distinguish two highly collinear jets. Hence, computing a cross section
with a fixed final state does not make physical sense. Instead, one must consider sufficiently
inclusive observables—so called IR-safe observables. For these, Kinoshita, Lee and Nauenberg
proved that in unitary theories all IR singularities cancel [45, 46]. This is known as the
Kinoshita-Lee-Nauenberg (KLN) theorem.

An example of an observable which is trivially IR safe is the fully inclusive cross section

σ̂ij→n+X =

∞∑

k=1

σ̂ij→n+k, for σ̂
(0)
ij→n finite, (2.21)

where n+ k indicates that in addition to the final state n we now have k massless partons
of whatever flavor. In perturbation theory, the infinite sum is truncated at a given order and
each order

σ̂
(l)
ij→n+X =

l∑

k=0

σ̂
(l−k)
ij→n+k, (2.22)

summed together with the contribution from collinear renormalization will be finite. For
example at NLO, the finite inclusive cross section reads

σ̂
(1)
ij→n+X = σ̂Rij→n + σ̂Vij→n + σ̂Cij→n, (2.23)

where
σ̂Rij→n =

1

F

∫
dΦn+1

∑

c

|M(0)
ij→n+c|2 (2.24)

is the real correction,

σ̂Vij→n =
1

F

∫
dΦn 2Re

((
M(0)

ij→n

)∗
M(1)

ij→n

)
(2.25)

is the virtual correction, and

σ̂Cij→n =
1

F

∫
dΦn

αs

2π

1

ϵ

(
µ2R
µ2F

)ϵ∑

c

∫ 1

0
dz
[
P

(0)
ci (z)|M(0)

cj→n|2 + P
(0)
cj (z)|M(0)

ic→n|2
]

(2.26)

are the corrections from collinear renormalization. Figure 2.3 provides a pictorial representation
of the required partonic cross sections for Higgs boson production in the gluon-gluon fusion
channel at various perturbative orders.
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Figure 2.3: Pictorial representation of the needed partonic cross sections at various perturbative orders
of the fully inclusive hadronic cross section. The graphic shows the example of Higgs
production in the gluon-gluon fusion channel.

Although the sum of the contributions to the cross section is guaranteed to be finite due to
the KLN theorem, the presence of IR singularities in the individual terms poses significant
challenges for practical calculations. These singularities prevent a straightforward evaluation
of the phase-space integrals. To overcome this, we once again have to introduce regulators
(such as DR) to make the integrals well-defined. Over the years, numerous techniques have
been developed to compute phase-space integrals efficiently. These techniques can generally be
categorized into two main types: Analytic methods, and numerical methods.

As the name suggests, in the former class, the phase-space integrals are solved analytically.
One noteworthy member of this class is the reverse-unitarity method [23], which was first
applied to Higgs production in the gluon-gluon fusion channel. The method uses unitarity,
to rewrite the phase-space integrals in terms of loop integrals over cut-propagators. One can
then apply the remarkable techniques developed for Feynman integrals to these phase-space
integrals and solve them analytically. The major downside of this approach is that it is highly
process and observable dependent, meaning that for every process and every observable we
have to start over from scratch. Furthermore, by the very nature of the method, you are always
restricted to inclusive jet observables. Nevertheless, it has been successfully applied to, among
others, Higgs-rapidity and Higgs-pT distributions [47].

Among the numerical methods, there are two major approaches: slicing and subtraction
methods. The former rely on a variable that isolates the IR-sensitive region of the phase space.
Consider once again the example of Higgs production. Here, the IR-sensitive region of the
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phase space corresponds to configurations where the transverse momentum of the Higgs boson,
pT , approaches zero. The phase-space integral can then be decomposed into

∫ pT

0
dkT dσ̂ij→H+c =

∫ pcut
T

0
dkT dσ̂ij→H+c +

∫ pT

pcut
T

dkT dσ̂ij→H+c. (2.27)

The second integral on the right-hand side is now finite and can be computed numerically, e.g.
using Monte-Carlo (MC) techniques. If we choose pcut

T small enough, then we can approximate
the integrand in the first integral by its IR limit and solve the integral analytically. The pole
of the integral should then cancel against the poles in the virtual integration and the counter
term from collinear renormalization. The major advantage of this method is its simplicity.
One big downside is its dependence on the unphysical cutoff scale. Ideally it is chosen very
small such that the approximation introduces little to no error. But if chosen too small, the
integrations will have huge logarithmic enhancements which can easily spoil the numerical
precision. Another disadvantage is that not all processes or observables have easily identifiable
slicing variables, or the analytic integration is very challenging. For example, pT slicing only
works for color singlet production, indeed if we have a jet in the final state, we can encounter
collinear divergences also at finite transverse momenta of the jet. For processes involving jets,
a possible slicing variable is the N -jettiness

TN ≡
∑

k

min
i

{
2pi · qk
Qi

}
, (2.28)

with N , the number of jets, qk, the momenta of the unresolved partons, pi, the momenta of
the resolved jets, and Qi a normalization factor which can for example be set to the jet energy.
However, in this instance the analytic integration below the cutoff becomes highly non-trivial
and is a matter of active research. Currently, the N -jettiness beam functions are known at
N3LO [48], the 0-jettiness soft function is known at N3LO [49, 50], and NNLO 1-jettiness soft
functions and jet functions are known as well [51–54].

Subtraction methods, on the other hand, work by subtracting the infrared limits at the integrand
level. In the Frixione-Kunszt-Signer subtraction scheme (FKS subtraction scheme) [55], one first
isolates the IR divergence by partitioning the phase space into sectors using selector functions.
These functions isolate specific infrared limits by approaching unity when a particular limit is
approached (e.g.when an unresolved parton becomes soft or collinear), and vanish in other
limits. For a single unresolved parton, a possible selector function is

Sn+1,k ≡
1

dn+1,k


∑

j

1

dn+1,j




−1

, where dn+1,k ≡
(
En+1√

s

)α

(1− cos θn+1,k)
β. (2.29)

The first index n+ 1 is the index of the unresolved parton, while the second index is the index
of the reference parton. En+1 denotes the energy of the unresolved parton, this factor therefore
identifies soft singularities. Consequently, the power α can be set to zero if the unresolved
parton is a quark. Other than that, the powers must be strictly positive α, β > 0. If the
n+1-parton now becomes collinear to one of the other partons, say parton i, then the selector
function Sn+1,i will approach one. And since the selector functions are strictly positive and
form a decomposition of unity ∑

k

Sn+1,k = 1, (2.30)

all other selector functions will go to zero simultaneously.
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The real emission cross section can then be written as a sum over sectors:

σ̂ij→n+u =
1

F

∑

k

∫
dΦn+1 |M(0)

ij→n+u|2Sn+1,k. (2.31)

Now say we found a way to factorize the phase space such that the IR limits of a specific sector
are isolated (see for example Ref. [56]). Then in each sector, we will have two unit integrations
over ξ and η which parameterize the soft and collinear limit respectively, i.e. if ξ → 0, then
the momentum of the unresolved parton goes to zero and if η → 0, the unresolved parton will
become collinear to the reference momentum of that sector. The amplitude has the singular
scaling |M(0)

ij→n+u|2 ∼ ξ−2η−1, leading to an integral of the form

∫ 1

0

dη

η1+ϵ

dξ

ξ1+2ϵ
f(η, ξ, · · · ), (2.32)

where f is a function regular in the limits η, ξ → 0. If we now apply the distributional identity

1

x1−ϵ
=

1

ϵ
δ(x) +

∑

k=0

ϵk

k!

(
lnk x

x

)

+

, (2.33)

we can explicitly carry out all integrations.

The sector improved residue subtraction scheme [56–58] extends the FKS subtraction scheme
to NNLO. As of today, it is the only subtraction scheme capable of computing any QCD
phase-space integral. Beyond NNLO, developing efficient and general subtraction schemes
remains an open challenge in perturbative QCD.

2.2 the standard model of particle physics

The SM of particle physics is a theory that describes all known matter and their fundamental
interactions, except for gravity. It unifies the electromagnetic, weak, and strong forces under
a single theoretical framework. The matter content of the SM is classified into two primary
groups: fermions and bosons. The fermions have spin 1/2, they are further subcategorized
into quarks and leptons. Quarks participate in strong interactions, while leptons interact only
via the electromagnetic and weak forces. In contrast, bosons have integer spin. There exists
a single particle with spin 0—the Higgs boson—and four vector bosons, namely the gluon,
the photon, and the W and Z bosons. The vector bosons act as force carrier for the strong,
electromagnetic, and weak force respectively. Fermions are organized into three generations,
with each generation containing two types of quarks (up-type and down-type) and two leptons
(a charged lepton and its corresponding neutrino). These generations are shown in Fig. 2.4,
along with their masses, charges, and spins.

The interactions between SM particles are described by a non-abelian gauge theory of the
SU(3)C × SU(2)L × U(1)Y group. Here, SU(3)C governs the strong interactions. It applies
to all colored particles, i.e. quarks and gluons. The quarks transform under the fundamental
representation of the SU(3)C group, whereas the gluons—or more precisely its field strength
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Figure 2.4: Elementary particles of the SM. The image was generated with the help of Ref. [59].

tensor—transforms under the adjoint representation. SU(2)L × U(1)Y governs electroweak
interactions. The left-handed fermions form doublets under the SU(2)L group

LiL ≡
(
νiL

liL

)
, QiL ≡

(
uiL

diL

)
,

νi = (νe, νµ, ντ ) , li = (e, µ, τ) , ui = (u, c, t) , di = (d, s, b) ,

(2.34)

while right-handed fermions are singlets under the same group. The phase transformation
U(1)Y acts on all particles except right-handed neutrinos according to their quantum number,
the hypercharge Y .

The SU(3)C × SU(2)L×U(1)Y gauge symmetry is spontaneously broken into SU(3)C ×U(1)Q,
where the U(1)Q group corresponds to gauge transformation of the electromagnetic interaction,
hence the subscript Q indicating the electric charge. To ensure that the particles have the
correct charges, the hypercharge must satisfy the Gell-Mann–Nishijima relation:

Y

2
= Q− I3. (2.35)

With the particle charges displayed in Fig. 2.4, we find that the hypercharges of the SM
particles are:

LiL QiL νiR liR uiR diR
Y
2 −1

2
1
6 0 −1 2

3 −1
3



16 fundamentals

The transformation properties of the gauge bosons is dictated by the covariance of the covariant
derivative

Dµ ≡ ∂µ − igAa
µT

a
R − ig2W a

µI
a + igY

Y

2
Bµ

T a
R =




T a for quarks,

0 for leptons,
Ia =





τa

2 for left-handed fermions,

0 for right-handed fermions,

(2.36)

where T a and τa are the Gell-Mann and Pauli matrices.

Before spontaneous symmetry breaking, the Lagrangian which governs the evolution of all
matter fields must be invariant under the SU(3)C × SU(2)L ×U(1)Y gauge group. Up to a CP
violating term5 the SM Lagrangian is the most general mass-dimension four Lagrangian for
the described particle content which respects the above described gauge symmetries

LSM = LG + LF + LY + LH . (2.37)

The gauge-field Lagrangian LG describes the free propagation and in the case of the non-abelian
groups SU(3)C and SU(2)L also the self-interaction of the gauge bosons. It is given by

LG = −1

4
Ga

µνG
aµν − 1

4
W a

µνW
aµν − 1

4
BµνB

µν ,

Ga
µν ≡ ∂µAa

ν − ∂νAa
µ + gfabcAb

µA
c
ν ,

W a
µν ≡ ∂µW a

ν − ∂νW a
µ + g2ϵ

abcW b
µW

c
ν ,

Bµν ≡ ∂µBν − ∂νBµ.

(2.38)

The propagation of the fermions and their interaction with the gauge bosons is described by

LF = L̄iLi /DLiL + ν̄iRi /DνiR + l̄iRi /DliR + Q̄iLi /DQiL + ūiRi /DuiR + d̄iRi /DdiR. (2.39)

The Higgs field is a doublet of the SU(2)L group. We want the field to acquire a non-vanishing
VEV to dynamically generate the fermion and boson masses. Of course, the vacuum cannot
carry an electric charge, which means that the Higgs field must be electrically neutral along
the direction of SSB. We choose this to be the second component of the doublet. With the
Gell-Mann–Nishijima relation we can then deduce that hypercharge of the doublet must be
Y = +1. The Higgs doublet field thus takes the form

Φ =

(
ϕ+

ϕ0

)
, (2.40)

where the superscript indicates the electric charge.

In order to generate a non-vanishing VEV, the Higgs field must be in a potential with a global
minimum away from zero. Hence, the only gauge invariant mass-dimension four Lagrangian
we can construct is

LH = (DµΦ)
† (DµΦ)− V (Φ)

V (Φ) = λ(Φ†Φ)2 − µ2Φ†Φ, µ2, λ > 0.
(2.41)

5 The absence of the CP violating term θ g2

64π2 ϵ
µναβF a

µνF
a
αβ is an unsolved problem of particle physics, known as

the strong CP problem.
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The restriction λ > 0, comes from the stability constrain of the potential, whereas µ2 > 0 is
necessary in order to ensure that the global minimum of the potential is not at zero but at

Φ†
0Φ0 =

µ2

2λ
≡ v2

2
̸= 0. (2.42)

After SSB we can expand the Higgs field around its minimum

Φ =

(
ϕ+

1√
2
(v +H + iξ)

)
. (2.43)

The real scalar field H is the famous Higgs boson, whereas the fields ϕ± and ξ are unphysical
since they can always be eliminated through a gauge transformation. Such a gauge fixing
condition is called a unitarity gauge, and since the ϕ± and ξ bosons decouple they are also called
would-be Goldstone bosons. For calculations beyond tree-level it is however often advantageous
to choose a non-physical gauge, in which these unphysical particles are not decoupled. After
inserting the expansion in the Higgs Lagrangian, the mass of the Higgs can be read off from
its square term, yielding

mH =
√
2µ. (2.44)

SSB enables the generation of vector boson masses without breaking the gauge symmetry
explicitly. If we insert the expanded Higgs field in the Higgs Lagrangian, we get quadratic
terms of the gauge boson fields

LH ⊋
v2

2

{
g22

(
0 1

)
IaIb

(
0

1

)
W a

µW
b µ − g2gY

(
0 1

)
Ia

(
0

1

)
W a

µB
µ +

g2Y
4
BµB

µ

}

=
v2

2

{
g22
4

[
(W 1)2 + (W 2)2

]
+

1

4

(
Bµ W 3µ

)( g2Y gY g2

gY g2 g22

)(
Bµ

W 3
µ

)}
.

(2.45)

The physical states can now be extracted by diagonalizing the mass matrix
(
Aγ

µ

Zµ

)
=

(
cos θW − sin θW

sin θW cos θW

)(
Bµ

W 3
µ

)
, cos θW =

g2√
g2Y + g22

, sin θW =
gY√
g2Y + g22

. (2.46)

In this new basis, we have one massless boson Aγ
µ, which we identify as the photon and a

charge neutral boson of mass
mZ =

v

2

√
g2Y + g22. (2.47)

The vector bosons W 1 and W 2 are not eigenstates of the charge operator. We therefore define
the new states

W±
µ =

1√
2

(
W 1

µ ∓ iW 2
µ

)
, QW±

µ = ±W±
µ , (2.48)

which are eigenstates of Q and have mass

mW =
v

2
g2. (2.49)

Last but not least, we discuss the Yukawa sector of the SM Lagrangian. Before SSB, fermions
cannot generate masses because a mass term would mix the left- and right-handed components
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of the fields, thereby breaking the chiral gauge symmetry. Here, once again, the Higgs field comes
to the rescue: by coupling the fermions with the Higgs field through a Yukawa interaction6

LY = −
(
yνijL̄iLΦ

cνjR + ylijL̄iLΦljR + ydijQ̄iLΦdjR + yuijQ̄iLΦ
cujR

)
+ h.c., (2.50)

where Φc is the charge-conjugated field to Φ, we do not explicitly break the symmetry. However,
after SSB this Lagrangian will generate exactly the required mixing between left- and right-
handed fields to generate the fermion masses. The Yukawa-interaction matrices yν,l,d,uij can be
shifted from the Yukawa sector to the fermion sector through a field redefinition. Indeed, if we
apply the singular value decomposition of the Yukawa matrix

y = U †
LydiagUR, with (ydiag)ij =

√
2Yiδij and UL,R ∈ U(3), (2.51)

and redefine our fermion fields to be

fiR −→ URijfjR, fiL −→ ULijfjL, f = ν, l, u, d (2.52)

the Yukawa Lagrangian becomes

LY = −
∑

i

(
mνi ν̄iνi +mli l̄ili +mui ūiui +mdi d̄idi

)(
1 +

H

v

)
. (2.53)

Here we identified the Yukawa coupling as Yi = mi/v in order to generate the required mass
terms. Consequently, we observe that the Yukawa coupling of the Higgs to the fermions is
proportional to the mass of that fermion. The field redefinition is a change from a flavor
eigenbasis, which is diagonal in the couplings to the gauge bosons, to a mass eigenbasis. In
the mass eigenbasis the part of fermion Lagrangian which contains the interaction to the
electroweak gauge bosons after SSB is

LF ⊋
∑

f

(−Qf )ef̄i /A
γ
fi +

∑

f

e

sin θW cos θW
f̄i(I

3
fγ

µPL − sin2 θWQfγ
µ)fiZµ

+
e√

2 sin θW

(
ūiγ

µPL(VCKM)ijdjW
+
µ + d̄iγ

µPL(V
†
CKM)ijujW

−
µ

)

+
e√

2 sin θW

(
ν̄iγ

µPL(V
†
PMNS)ijljW

+
µ + l̄iγ

µPL(VPMNS)ijvjW
−
µ

)
.

(2.54)

Here we identified the electromagnetic coupling constant

e =
g2gY√
g22 + g2Y

, (2.55)

as the factor in front of the photon interaction term. The operators PL,R are just the projectors
onto the left- and right-handed components

PL,R =
1∓ γ5

2
. (2.56)

The CKM and PMNS matrices7 are the results of the field redefinitions

VCKM ≡ Uu
L
†Ud

L, VPMNS ≡ U l
L
†
Uν
L. (2.57)

6 In the original formulation of the SM, there are no neutrino Yukawa interactions since they were believed to be
massless. Neutrino oscillation experiments have shown however that neutrinos do in fact have finite masses.

7 Named after Cabibbo, Kobayashi and Maskawa, and Pontecorvo, Maki, Nakagawa and Sakata.
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Typically, one prefers to work in the mass eigenbasis of the quarks, while the neutrinos are kept
in the flavor eigenbasis, in which case one encounters flavor changes (neutrino oscillations)
through propagation. This is why the PMNS matrix is defined in terms of the complex
conjugate of the CKM matrix equivalent in the lepton sector.

Beyond LO, the fields, coupling constants and masses require renormalization in order to give
finite cross section predictions. The corresponding renormalization constants are

WB,a
µ =

(
ZW
3

)1/2
WR,a

µ ,

BB
µ =

(
ZZ
3

)1/2
BR

µ ,
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(
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)1/2
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ZL
2i
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(
Zu,R
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)1/2
dB,a
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gBY = ZY g
R
Y ,
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R
2 ,

(
µ2
)B

= Zµ2

(
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)R
,

λB = Zλλ
R,

yd,Bij = Zd
y,ijy

d,R
ij ,

yu,Bij = Zu
y,ijy

u,R
ij .

(2.58)





3 THE E F F ECT I V E H IGGS POTENT I A L & THE
STAB I L I T Y OF OUR UN I V ERSE

Like all other quantities in the SM Lagrangian, the parameters dictating the shape of the
Higgs potential (2.41) require renormalization when we go to higher orders of perturbation
theory. It was noticed by Coleman and E. Weinberg [60] that these radiative corrections can
significantly alter the potential, and by extension the whole SM. In the following, we want to
investigate the effect of these loop corrections and answer a very important question: is the
Higgs potential stable?

As we showed in Section 2.2, the Goldstone bosons are not physical particles since they can be
absorbed by a suitable gauge choice. The study of the Higgs potential hence boils down to its
dependence on the Higgs field component which is invariant under the gauge transformation.
Following our previous convention, this means we only have to consider the real part of the
second component of the Higgs field, i.e. only the real scalar field ϕ = 1√

2
ReΦ2. When expressed

in terms of this field, the Higgs sector of the Lagrangian becomes

LH =
1

2
DµϕD

µϕ− V (ϕ)

V (ϕ) =
1

2
µ2ϕ2 − λ

4
ϕ4.

(3.1)

One can show that a sufficient condition for SSB is that a non-vanishing VEV be a stationary
point of the effective action

δΓ[ϕ]

δϕ
= 0, ϕ ̸= 0. (3.2)

Where the effective action is defined as the Legendre transform of the generating functional
for connected Green’s functions W [J ], i.e.

Z[J ] ≡ N
∫
Dϕ ei(S[ϕ]+J ·ϕ) = eiW [J ] = ei(Γ[ϕ]+J ·ϕ), ϕ ≡ δW

δJ
. (3.3)

We then define the effective potential as

Γ[ϕ] ≡
∫

d4x (−Veff(ϕ) + . . .) , (3.4)

where the omitted terms contain derivatives of ϕ. The effective potential is the natural extension
of the tree-level potential (3.1) since the SSB condition now translates into the condition that
ϕ be minimum of the potential

dVeff

dϕ
= 0,

d2Veff

dϕ2
> 0, ϕ ̸= 0. (3.5)

The effective action can now be expanded around some arbitrary field value ω

Γ[ϕ] =
∞∑

n=1

1

n!

∫ n∏

i=1

[dxi (ϕ(xi)− ω)] Γ(n)(x1, . . . , xn). (3.6)

21
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Although ω is often assumed to be the VEV, it need not be. Γ(n) denotes the n-th functional
derivative of the effective action evaluated at ω. Ergo, it is the 1-particle-irreducible (1PI)
Green’s function −i ⟨Ω|T{ϕ(x1) . . . ϕ(xn)|Ω⟩, but in a new theory in which ϕ has been replaced
by ϕ− ω. Comparison of Eqs. (3.4) and (3.6) then yields1

Veff = −
∞∑

n=1

1

n!
Γ(n)(pi = 0) (ϕ− ω)n . (3.7)

Note that the 1PI Green’s function is now in its momentum space representation. If we now
differentiate with respect to ω and then set ϕ = ω we get

dVeff

dω

∣∣∣∣
ϕ=ω

= Γ(1)(p = 0). (3.8)

The right-hand side is now just the 1PI tadpole amplitude in the shifted theory. The effective
potential can thus be obtained by integrating this amplitude over ω and equating the result at
ω = ϕ.

As an example, let us consider the scalar contribution to the effective Higgs potential at one
loop. In the first step, the field ϕ is shifted to ϕ− ω, yielding a potential of

V = −1

2
µ2(ϕ− ω)2 + 1

4
λ(ϕ− ω)4. (3.9)

The field ϕ hence acquires an effective mass of µ2 − 3λω2. Furthermore, the shifted theory
has a three-point vertex with coupling constant −6iωλ and a four point vertex with the same
coupling strength as in the un-shifted theory. Next, we compute the scalar contribution to the
one-loop one-point 1PI Green’s function, i.e. the first tadpole diagram in Fig. 3.1, the result
reads

Γ(1)(p = 0) = µ̄2ϵ
1

2

∫
ddk

(2π)d
−6iλω

k2 − µ2 + 3λω2
. (3.10)

The factor 1/2 is the symmetry factor of the diagram. According to Eq. (3.8), the effective

Figure 3.1: Tadpole Feynman diagrams at one loop. All Feynman diagrams in this thesis were created
using FeynGame [61–63].

potential can now be obtained through integration over ω,

V
(1)
eff

∣∣
scalar =

µ2ϵR
16π2

eϵγE
∫

ddk

iπd/2

∫ ϕ

dω
3λω

k2 − µ2 + 3λω2
=

µ2ϵR
16π2

eϵγE
∫

ddk

iπd/2
1

2
ln

(
k2 − µ2 + 3λϕ2

k2

)
.

(3.11)

1 This can be seen easily after inserting Eq. (3.7) into (3.4). If one then takes functional derivatives in ϕ(xi) and
subsequently integrates over xi, one regains the correct 1PI Green’s function.
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The lower bound of the ω integration is hereby irrelevant since it just results in a global shift
of the potential. We chose the lower bound as

√
µ2/(3λ) in order to have a particularly easy

k-integration. To solve the k-integral, we perform a Wick rotation to Euclidean space, then
the angular integration can be solved straightforwardly, resulting in

Veff
∣∣
scalar =

µ2ϵR
16π2

eϵγE
∫ ∞

0
dkE k

d−1
E ln

(
1 +

µ2 − 3λϕ2

k2E

)∫

Sd−1
1

dΩ
1

2πd/2

=
µ2ϵR
16π2

eϵγE
∫ ∞
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dkE k
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E ln
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µ2 − 3λϕ2

k2E

)
1

Γ
(
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)
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=
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16π2
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2

Γ
(
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)
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1

d
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µ2 − 3λϕ2

k2E + µ2 − 3λϕ2

=
µ2ϵR
16π2

eϵγE
1

dΓ
(
d
2

)
(
µ2 − 3λϕ2

)d/2 ∫ ∞

0
dxx

d
2
−1(1 + x)−1

(3.12)

In the third line we integrated by parts. The boundary terms can be set to zero in dimensional
regularization since we can always find a dimension for which the integrand vanishes suitably
fast (here d ∈ (0, 2)), and then use analytic continuation to generalize to arbitrary dimensions.
In the last step, we substituted x = k2E/(µ

2−3λϕ2). The resulting integral is Euler’s β-function
B
(
d
2 , 1− d

2

)
. After expanding in ϵ, we find that the effective potential is

Veff
∣∣
scalar =

(µ2 − 3λϕ2)2

64π2

[
−1

ϵ
+ log

(
µ2 − 3λϕ2

µ2R

)
− 3

2
+O(ϵ)

]
. (3.13)

As usual, the poles can be removed through renormalization. The contributions from fermions
and the vector bosons are computed analogously. The full one-loop effective potential in the
MS scheme then reads

Veff = V0 + V1

V0 = −µ2ϕ2 + λϕ4, V1 =
∑

i

ni
64π2

m4
i,eff(ϕ)

[
log

(
m2

i,eff(ϕ)

µ2R

)
− Ci

]
,

(3.14)

with i =W,Z, t,H and

CW = CZ =
5

6
, Ct = CH =

3

2
,

nW = 6, nZ = 3, nt = −12, nH = 1,

m2
W,eff =

1

4
g22ϕ

2, m2
Z,eff =

1

4

(
g22 + g2Y

)
ϕ2, m2

t,eff = Y 2
t ϕ

2, m2
H,eff = µ2 − 3λϕ2.

(3.15)

Numerically, the top quark has the largest impact on the radiative corrections, with smaller
but significant corrections coming from the vector bosons. The Higgs self coupling is only of
minor significance, due to the small value of λ, and only becomes relevant at smaller field
values, where the constant µ2-term can become important.

The µ2 = 0 case is particularly interesting because it represents the only dimensionful parameter
in the SM Lagrangian. If it could be set to zero, then the Lagrangian would be classically
scale invariant, and all masses would be generated dynamically through radiative corrections.
Models constructed under this assumption are call conformal models. They were fairly popular
a couple of decades ago since the additional scaling symmetry would also solve the electroweak
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hierarchy problem. If we assume µ2 = 0 and ignore the self-interaction of the Higgs, then the
Higgs mass is easily calculable and reads

m2
H =

3

8π2
v2
[
1

16
(3g42 + 2g22g

2
Y + g4Y )− 4Y 4

t

]
. (3.16)

Unfortunately, the potential becomes unstable for top-quark masses above 125 GeV, and hence
the model is not realized in nature.

If we want to study the stability of the Higgs potential, then we must look at its behavior
at large field values. At large ϕ, logarithms of the form log(ϕ2/µ2R) become large, and so our
perturbative expansion becomes untrustworthy. To circumvent this, the appearing logarithms
can be resummed to all orders by means of RGE methods. The potential cannot depend on
the unphysical renormalization scale, and hence must satisfy

0 =
dV (ϕ)

d logµR
=


 ∂

∂ logµR
+ βλ

∂

∂λ
− γµ2µ2

∂

∂µ2
− γϕ ∂

∂ϕ
+
∑

i=2,Y

βi
∂

∂gi
+ βYt

∂

∂Yt


V (ϕ).

(3.17)
Here the β-funtions are defined as

βλ =
dλ

d logµR
, βi =

dgi
d logµR

. (3.18)

The anomalous dimensions of µ2 and the field, are

γµ2 = − d logµ2

d logµR
, γ = − d log ϕ

d logµR
. (3.19)

The differential equation (3.17) can be solved via

V (ϕ) = −1

2
µ2(t)G2(t)ϕ2 +

1

4
λ(t)G4(t)ϕ4, t = log

(
ϕ

µR

)
,

G(t) ≡ exp

(
−
∫ t

0
dt′ γ(gi(t

′), λ(t′))

)
.

(3.20)

If instead, we expand (3.17) in terms of couplings, we get

− ∂V1(ϕ)

d logµR
=


βλ

∂

∂λ
− γµ2µ2

∂

∂µ2
− γϕ ∂

∂ϕ
+
∑

i=2,Y

βi
∂

∂gi
+ βYt

∂

∂Yt


V0(ϕ). (3.21)

Comparison of the quadratic and quartic terms then yieds expressions for βλ and γµ2

βλ = 4λγ +
1

16π2
(24λ2 +

3

2
g42 +

3

8
(g22 + g2Y )

2 − 24Y 4
t ),

γµ2 = −2γ − 3λ

4π2
.

(3.22)

The Higgs anomalous dimension, can be easily derived from the two-point function. The result
reads

γ =
1

64π2
(
−9g22 − 3g2Y + 12Y 2

t

)
. (3.23)
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The remaining β-functions are

βYt =
1

16π2

(
9

2
Y 3
t − 8g2sYt −

9

4
g2Yt −

17

2
g2Y Yt

)
, βs = −

7

16π2
g3s ,

βg2 = − 19

96π2
g32, βgY =

41

96π2
g3Y .

(3.24)

We thus obtained a system of differential equations for all the couplings. Once solved, the
results can be inserted into (3.20) to obtain the resummed effective potential. At one-loop
the system of differential equations is already in a triangular form, meaning that the system
of equations is already more or less decoupled. Furthermore, the RGEs for gs, g2 and gY are
simple enough to be solved analytical. The results can then be inserted into the RGE of Yt,
which is typically solved numerically. One then proceeds analogously with the RGEs of λ
and µ2. The boundary conditions on the coupling constants can be set from measurements,
whereas the boundary conditions on the µ2 and λ are given by the requirement that

dVeff

dϕ

∣∣∣∣
ϕ=v

= 0,
d2Veff

dϕ2

∣∣∣∣
ϕ=v

= m2
H . (3.25)

The renormalization scale dependence of the various couplings at one-loop accuracy are
displayed in Fig. 3.4.

The resulting potential should now be accurate for very large field values, even reaching
up to the Planck scale if there is no beyond the SM phyiscs entering in between. We can
study the stability of the effective potential by studying its large ϕ limit at various scales.
If we assume the SM to be an accurate description of nature up to the Planck scale, then
the effective potential should be bounded from below, or else the VEV would not be stable.
Furthermore, the effective potential can develop a second minimum. If this minimum has
at a lower energy then our VEV, then the universe would at some point in time transition
from our current “false” vacuum to the true minimum of the potential. The various scenarios
are illustrated in Fig. 3.2. In Fig. 3.3, we show the stability of the Higgs potential in the

Stable

Unstable

Metastable

Veff(ϕ)

ϕ

Figure 3.2: Illustration of effective Higgs potential for various scenarios.

(mH ,mt) plane. We note that the stability bounds are notorious for being extremely sensitive
to the chosen boundary conditions. We can see that due to the negative minus sign of the
fermionic contributions to the effective potential (see nt in Eq. (3.15)), the potential becomes
unstable if the top-quark mass becomes too large. We also observe that for the SM Higgs
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Figure 3.3: Stability of the Higgs potential as a
function of the Higgs and top-quark
mass. Red areas are unstable, yellow
areas are metastable, and green areas
are stable. The computational setup
described in the Conventions.
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Figure 3.4: Scale dependence at one-loop accuracy
of the various couplings for the SM
values of the Higgs and top-quark mass.
The computational setup described in
the Conventions.

and top-quark masses, the potential is unstable but very close to the stability bound. With a
two-loop calculation, absolute stability is now excluded at the 3σ-level [17]. Since an unstable
vacuum is impossible, there must be some new physics mechanism which ensures that the
potential is bounded from below. If the new physics scale is smaller than the scale at which
the quartic Higgs coupling becomes negative (∼ 1012 GeV see Fig. 3.4), then the potential
would become absolutely stable once again. If, on the other hand, new physics only enters at
even larger scales, then the potential exhibits a second VEV and our universe is metastable.

If our vacuum is truly metastable, then a) there must be a mechanism which ensured that
the correct “false” vacuum was chosen, and b) the false vacuum must be sufficiently stable to
have survived for at least the age of our universe (13.8 billion years). The first point could for
example be explained, if today’s vacuum started of as the true vacuum and only became the
false vacuum as the universe cooled down. How exactly the mechanism is realized is however
highly model specific. The second point, that the false vacuum is sufficiently long-lived to have
survived this long, is highly dependent on the new physics scale. Generally speaking, a higher
new physics scale, results in a lower vacuum tunneling rate, that means the loosest bounds on
SM parameters are therefore derived assuming that new physics only enters at the Planck scale.
Since the SM is so close to the stability bound, it turns out that the Planck scale suffices to
make the universe stable enough to have survived this long [17]. To address the question posed
at the beginning of this chapter regarding the stability of the Higgs potential: surprisingly,
within the framework of the SM, it is not stable. However, by making minimal assumptions
about BSM physics, there exists a vast parameter space where the VEV is sufficiently stable
to have persisted throughout the lifetime of the universe.

Lastly, we comment on the Landau pole of the quartic Higgs coupling. If βλ is positive, then λ
will at some point become large. If λ approaches unity, we lose perturbative convergence, the
βλ function will then become even larger and the Landau pole is quickly reached after losing
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perturbative convergence2. From Eq. (3.22), we can see that the βλ-function becomes larger
for larger λ, ergo for larger Higgs-boson masses, but decreases for larger top-quark masses. For
the SM top-quark mass, one finds that the Higgs quartic coupling becomes non-perturbative
at mH > 175 GeV [17].

In conclusion, the Higgs boson is intricately connected to numerous fundamental concepts in
physics, serving as a cornerstone in our understanding of particle interactions and symmetry
breaking. Its properties not only illuminate aspects of the SM but also offer valuable insights
into BSM theories. By examining the stability of the effective Higgs potential, we can impose
significant constraints on both SM and BSM parameter spaces, guiding future research and
deepening our comprehension of the universe’s underlying principles.

2 Since the RGE was derived perturbatively, it is, however, by no means clear that the pole would actually be
reached.





4 HADRON I C H IGGS PRODUCT ION

In hadron-hadron collisions, a single Higgs boson can be produced via five main channels,
listed below in descending order according to their cross sections:

1. Gluon-gluon fusion (pp→ H),

2. Vector-boson fusion (pp→ qqH),

3. Higgs Strahlung (pp→WH or pp→ ZH),

4. tt̄ or bb̄ associated production (pp→ tt̄H, or bb̄H),

5. Single-top associated production (pp→ tH).

Examples of leading-order (LO) Feynman diagrams for these channels are shown in Fig. 4.1.
The cross sections for these processes span nearly three orders of magnitude, as illustrated

Figure 4.1: Example LO Feynman diagrams for the various hadronic Higgs-production channels. From
top-left to bottom-right: gluon-gluon fusion, vector-boson fusion, Higgs Strahlung, tt̄ or
bb̄ associated production, and the last two diagrams correspond to single-top associated
production. V labels electroweak vector bosons, i.e. either a Z or W boson. In case a fermion
line is drawn without an arrow, it indicates that both fermion flows are valid. q and q′ mark
massless quarks.

in Fig. 4.2. At the lower end is single-top associated Higgs production, with a cross section
of about 0.08 pb at a center-of-mass energy of 13,TeV. The next rarest channels, with cross
sections of approximately 0.5 pb, are tt̄ and bb̄ associated production, followed closely by the
two Higgs-strahlung processes (pp→WH and pp→ ZH). Vector-boson fusion ranks second
in magnitude, with a cross section of around 3.8 pb.

However, all other channels are dwarfed in comparison to the gluon-gluon-fusion channel with
a cross section of approximately 46 pb. This channel alone accounts for nearly 90% of all
produced Higgs bosons at the LHC.

29
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Figure 4.2: Inclusive Higgs production cross section as a function of the hadronic center-of-mass energy
for various Higgs production channels. The figure was taken from Ref. [64].

The relatively large production cross section of the Higgs boson has enabled experimentalists
to measure it with remarkable precision. Today, its most precise determination (under the
assumption of SM branching ratios) was reported in Ref. [65] and reads

σpp→H(13 TeV) = 47.1± 3.8 (±8%) pb. (4.1)

A key theoretical tool for describing the production and decay of the Higgs is the narrow
width approximation, ΓH/mH ≈ 3× 10−5 ≪ 1. Under this approximation, the cross section
for producing a Higgs boson and observing it in a particular decay mode can be factorized as

σpp→H→X = σpp→H
ΓH→X

ΓH
, (4.2)

where ΓH denotes the total decay width of the Higgs, and ΓH→X is the partial decay width
for the final state X.

Looking to the future, the planned high-luminosity phase of the LHC (HL-LHC) offers the
prospect of even more precise cross-section measurements. As shown in Table 4.1, uncertainties
below 4% are expected in some decay modes.

Such high-precision measurements are critical for searches beyond the SM, as experimental
results must be compared closely with theoretical predictions. Any deviation from the SM
expectation may serve as a hint of new physics, whereas agreement at this unprecedented level
of accuracy places stronger constraints on extensions of the SM. Since the discovery of the
Higgs boson in 2012 [13, 14], there has therefore been a continual drive to reduce the theoretical
uncertainties of the SM predictions. Among the various Higgs production mechanisms, the
gluon-gluon-fusion channel stands out as the most precisely measured and is thus particularly
important for these ongoing efforts.
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Decay Mode CMS [%] ATLAS [%]
H → γγ ±2 (stat.) ±3 (sys.) ±2 (stat.) ±3 (sys.)
H → ZZ∗ ±2 (stat.) ±3 (sys.) ±2 (stat.) ±4 (sys.)
H →WW ∗ ±1 (stat.) ±3 (sys.) ±1 (stat.) ±4 (sys.)
H → bb̄ ±3 (stat.) ±5 (sys.) ±3 (stat.) ±4 (sys.)
H → µ+µ− ±9 (stat.) ±2 (sys.) +12

−13 (stat.) ±3 (sys.)
H → ττ ±3 (stat.) ±5 (sys.) ±3 (stat.) +12

−10 (sys.)

Table 4.1: Projected relative statistical and systematic uncertainties on the Higgs production cross
section in the gluon-gluon-fusion channel and its subsequent decays for the high-luminosity
phase of the LHC, according to Ref. [66].

In the next sections, we concentrate solely on the gluon-gluon-fusion channel. We present
explicit calculations of its cross section at leading order (LO) and approximate next-to-leading
order (NLO), and we provide an overview of the current theoretical status along with the
remaining challenges.

4.1 the leading-order cross section

Having established that the gluon-gluon-fusion Higgs production cross section is central for
many phenomenological applications, we now want to perform the actual LO calculation, which
was first demonstrated by Georgi et al. in 1978 [18]. The calculation not only serves as an
instructive example on cross section calculation, and thereby allows us to put our experience
from Section 2.1 to good use, but it already introduces many important concepts we can
transfer to the NNLO computation.

At LO, there are only two possible Feynman diagrams, depicted in Fig. 4.3. As we can see,

Figure 4.3: LO Feynman diagrams for Higgs production in the gluon-gluon-fusion channel.

gluon-gluon fusion is a loop induced process with two scales: the mass of the quark running
in the loop mq, and the Higgs mass mH which must simultaneously represent the partonic
center-of-mass energy. The initial-state gluons carry the on-shell momenta p1 and p2. Let us
then define the amputated amplitude via

iM≡ iMµν,abεaµ(p1)ε
b
ν(p2). (4.3)
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With the Feynman rules presented in Appendix A, we find that the amplitude reads

iMµν,ab = −
∫

d4k

(2π)4

× Tr

[
−imq

v
δij
i(/k + /p1 + /p2 +mq)

(k + p1 + p2)2 −m2
q

(igγνT a
ik)
i(/k + /p1 +mq)

(k + p1)2 −m2
q

(igγµT b
kj)

i(/k +mq)

k2 −m2
q

]

+ {p1 ←→ p2, µ←→ ν, a←→ b}.

(4.4)

The extra minus sign in front of the integral stems from the closed fermion loop.

Even without performing the explicit calculation, we can already anticipate the general
structure of the amplitude. Color wise, the amplitude must be proportional to δab because it is
the only available rank-two tensor. Since it is a symmetric tensor, the Lorentz structure must
also be symmetric or else the amplitude would not respect Bose symmetry. The amputated
amplitude must therefore satisfy

Mµν,ab(p1, p2) =Mνµ,ba(p2, p1). (4.5)

The only symmetric rank two tensors we have available are gµν , (pµ1p
ν
2 + p

µ
2p

ν
1), p

µ
1p

ν
1 , and pµ2p

ν
2 .

But since just the transverse parts give rise to physical amplitudes, the only relevant tensors
are gµν and pµ2p

ν
1 . Lastly, we know that the amplitude must satisfy the Ward identity. This

allows us to restrict the tensor structure even further, such that we end up with

iMµν,ab = i
αs

π

1

v
δab (pµ2p

ν
1 − (p1 · p2)gµν) C(mH ,mq). (4.6)

Notice that we have only made use of very general properties of the amplitude. This is why the
decomposition in Eq. (4.6) will hold at every order of αs. The function C(mH ,mq) is called
the Higgs-gluon form factor. It has mass dimension 0, i.e. its functional dependence on mq

and mH must enter through a mass ratio

C(mH ,mq) = C(z), with z ≡ m2
H

4m2
q

. (4.7)

The factor of 1/4 was introduced, so that the normal threshold is located at z = 1. Mathemat-
ically, this means that z = 1 is a solution of the Landau equations. Physically, we can interpret
the singularity as the point where we have enough energy to produce the quark pair on-shell.

The form factor can now be extracted through a simple projection

C(z) = πv

iαs

1

N2
c − 1

δab
1

(p1 · p2)2(d− 2)
(p2µp1 ν − (p1 · p2)gµν) iMµν,ab. (4.8)

Let us further define a pertubative expansion of the Higgs-gluon form factor

C = C(0) + αs

π
C(1) +

(αs

π

)2
C(2) + · · · (4.9)

If we now insert the LO expression of Eq. (4.4) and perform some basic manipulations, we
find for the leading coefficient

C(0)(z) = TF
1

2− 2ϵ

1

z

∫
ddk

iπd/2
1

[k2 −m2
q + i0+][(k + p1 + p2)2 −m2

q + i0+]

×
(
2ϵ+

m2
H

[(k + p1)2 −m2
q + i0+]

(
1

z
+ ϵ− 1

))
,

(4.10)
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which, after solving the appearing integrals (see Appendix B) and expanding in ϵ, finally
reduces to

C(0)(z) = TF
1

z

{
1−

(
1− 1

z

)[
1

2
ln

(√
1− 1/z − 1√
1− 1/z + 1

)]2
+O(ϵ)

}
. (4.11)

The LO Higgs-gluon form factor is plotted in Fig. 4.4 along with the NLO and NNLO
corrections. As expected from the Landau equations, we pick up an imaginary part starting
from the normal threshold at z = 1.

Since the two incoming gluons are vector bosons which subsequently form a spinless final state,
we would expect them to always carry opposite spins. This intuition is indeed confirmed by
the tensor structure of the amplitude (4.6), as it always vanishes once contracted with two
polarization vectors of the same helicity1.
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Figure 4.4: Real and imaginary part of the renormalized Higgs-gluon form factor at various perturbative
orders. NNLO is divided by ten for better visibility. NNLO results also depend on the number
of light-quark flavors which has been set to 5 (5FS). The top-quark mass is renormalized in
the OS scheme. Infrared divergences are subtracted in the MS scheme with the help of the
Z operator (see e.g. Ref. [58]). Vertical dashed lines indicate the z-values for the top- (mt)
and bottom-quark (mb(mH/2)) masses. The renormalization scale is set to µR = −mH , in
order to eliminate some appearing logarithms and their analytic continuation. The plot was
created using the results of Ref. [67].

If we expand the form factor around large quark masses, i.e. we perform a large mass expansion
(LME), we find that it approaches a constant

C(0)(z) = TF

(
2

3
+

7

45
z +

4

63
z2 +O

(
z3
))

. (4.12)

1 This can be seen easily by boosting to the center-of-mass frame and using ϵµ(−p, λ) ∝ ϵµ(p,−λ).
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We will discuss the leading term of the expansion, i.e. the infinite mass limit, in more detail in
Section 4.2. On the other side of the spectrum, we can see that if the mass of the Higgs is far
greater than the mass of the internal quark, the form factor is approximately

C(0)(z) = TF
4z

[
4− log2(−4z) + 1

z

(
log(−4z) + log2(−4z)

)
+O

(
1/z2

)]
. (4.13)

This expansion is known as the high-energy limit (HEL) of the Higgs-gluon form factor. In
this limit, the Higgs-gluon form factor is roughly proportional to the square of the mass of the
quark running in the loop. One power of mq is hereby picked up from the Yukawa coupling.
The other factor mq is a consequence of the scalar coupling to the Higgs. Indeed, without
the quark mass, the trace in Eq. (4.4) would contain an odd number of gamma matrices and
vanish consequently. Physically, we can interpret this as a helicity flip of the internal quark at
the Higgs interaction vertex. And since massless QCD conserves helicity, the other helicity
flip is provided by the mass. The appearing double logarithms log2(m2

q/m
2
H) originate from

a soft quark exchange (For a formal proof see Ref. [68]). In fact, the quark mass acts as an
infrared regulator of the integral in Eq. 4.10, so the appearance of these logarithms is not
entirely unexpected. Numerically, these logarithms can be very large. The bottom quark, for
example, will yield a double logarithm of about 46. I.e., although suppressed by a factor of
m2

q/m
2
H , the contributions from lighter quark flavors are logarithmically enhanced and hence

highly significant for precision predictions.

If we now apply Eq. (2.1) and perform the phase space integration, which for a single particle
is trivial because of the momentum conserving delta function, we get for the partonic cross
section

σ̂gg→H(τS) =
π

64v2
m2

H

(αs

π

)2
|C(z)|2δ

(
τS −m2

H

) 1

1− ϵ . (4.14)

The initial state was averaged over spin and color. In conventional dimensional regularization,
the gluons have d− 2 = 2(1− ϵ) spin degrees. Finally, after the convolution with the partonic
luminosity, we arrive at the LO cross section

σLO
pp→HX(S) =

π

64v2

(αs

π

)2
Lgg
(
m2

H

S

)
|C(0)(z)|2. (4.15)

From Fig. 4.4, we can see that the top-quark exerts the largest impact on the Higgs-gluon
form factor and hence the LO hadronic cross section. We can read off the partonic luminosity
from Fig. 2.2 and find that the cross section for the top-quark induces Higgs production reads2

σLO
pp→HX(t) = 16.30 pb (4.16)

at a hadronic center-of-mass energy of 13 TeV. Although expected to have a less significant
impact, we can also include the effects of finite bottom-quark masses by coherently summing
together the corresponding form factors. With mt and mb(mH/2), we find

σLO
pp→HX(t+ b) = 15.23 pb, (4.17)

i.e. the bottom quark lowers the cross section by around 6.5% at LO.

To quantify the impact of the individual quarks flavors, we can decompose the cross section in
terms of the respective Yukawa couplings Yi:

σpp→HX =
∑

i≤j

YiYjσij . (4.18)

2 Values of masses and coupling constants are provided in the Conventions.
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Without the inclusion of electroweak corrections this decomposition is always possible. We call

σi×j = YiYjσij , (4.19)

the i-j-interference contribution and
σi = Y 2

i σii (4.20)

the pure-i contribution to the cross section. Both contributions are depicted at LO in Fig. 4.5.
Clearly, the dominant contribution for the lighter quark flavors comes from the interference with
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Figure 4.5: σi (diagonals) and σi×j (off-diagonals) at LO for the three heaviest quark flavors at 13 TeV.
The red box indicates the sum of each row, and hence the combined effects of each additional
flavor. The computational setup is described in the Conventions. We use the on-shell mass
value for the top-quark and MS masses for the bottom- and charm-quark. Scale uncertainties
are computed with 7-point-variation.

the top-quark. The pure-bottom contribution is already below a percent and the pure-charm
quark mass effects are completely negligible. The inclusion of the charm quark lowers the total
cross section by around 1%.

4.2 the heavy-top limit

The computation of the Higgs production cross section in full QCD is quite challenging. As
we saw above, even at leading order we encounter loop integrals with two mass scales. It is
therefore maybe not surprising that the first NLO corrections to this process were actually
computed in an approximation framework [19]. In the approximation, we assume that the
quark, which is coupling to the Higgs is much heavier than the Higgs z ≪ 1. That means we
are only interested in the leading term of the LME. In the SM, the top quark is the only quark
for which this approximation is applicable, which is why it is often referred to as the heavy-top
limit (HTL).

The finite distance interaction of the gluon and the Higgs will therefore shrink down to a point
like vertex which we can describe with the effective Lagrangian

L(0)HTL = L(nf−1)
QCD − C1

H

v

1

4
Ga

µνG
aµν . (4.21)

We see that the coupling constant now has mass dimension −1, so the theory will not be UV
renormalizable. That means that we cannot absorb all UV divergences into multiplicative
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renormalization constants as we did for the SM (see Eq. (2.58)). Instead, additional independent
terms must appear in our Lagrangian to cancel the arising divergences. On the other hand, as
long as we focus solely on QCD corrections and single-operator insertions, the color-singlet
Higgs can be treated as a classical field, and we only need to renormalize the gauge-invariant
dimension-four operator

O1 ≡ −
1

4
Ga

µνG
aµν . (4.22)

To indicate the pertubative order, we gave the Lagrangian in Eq. (4.21) a superscript. The
superscript nf −1 of the QCD Lagrangian specifies the number of active flavors. It was reduced
by one since the heaviest quark flavor was integrated out. The constant C1 is called a Wilson
coefficient, and it needs to be matched to the full theory in the infinite-quark-mass limit. At
LO for example, we find that the Higgs-gluon form factor in the effective theory simply reads

C(0) = − π

αs
C1. (4.23)

If we compare this to the leading term of our LME (4.12), we find

C1 = −
αs

π

2

3
TF +O

(
α2
s

)
. (4.24)

The main benefit of the approximation lies in the reduced complexity. By integrating out
the heavy quark, we have reduced a loop-induced process to a tree-level process. Moreover,
the heavy-quark mass is eliminated as a scale; hence, the appearing Feynman integrals will
generally be much simpler to solve.

4.2.1 Renormalization of Gauge Invariant Operators

Beyond LO, gauge invariant operators, such as O1, can mix under renormalization not only
with other gauge invariant operators but also, notably, with operators that are not gauge
invariant. To understand this phenomenon, let us consider the following partition function:

Z[J,K] ≡ eiW [J,K] ≡ N
∫
DΦ ei(S[J,K]+J ·Φ+K·δBRSΦ), Z[0, 0] = 1,

J =
(
Ja
µ , J̄

a, Ja, Ja
B, η, η̄, ϕ

)
, Φ =

(
Aaµ, ca, c̄a, Ba, ψ̄, ψ,O1

)
, K =

(
Ka

µ, L
a
)
,

J · Φ ≡
∫

ddx
[
Ja
µ(x)A

aµ(x) + J̄a(x)ca(x) + Ja(x)c̄a(x) + Ja
B(x)B

a(x)

+ψ̄(x)η(x) + η̄(x)ψ(x) + ϕ(x)O1(x)
]
,

K · δBRSΦ ≡
∫

ddx
[
Ka

µ(x)δBRSA
aµ(x) + La(x)δBRSc

a(x)
]
,

(4.25)

where J represents various sources coupled to the fields Φ, and K is a source specifically
coupled to the Becchi-Rouet-Stora (BRS) variation of the gauge and ghost field. The BRS
transformation is defined by

δλ ≡ λδBRS, with λ Grassmann odd, and

δλψ = iλgcaT aψ, δλA
a
µ = λ(Dµc)

a,

δλc
a = −1

2
λgfabccbcc, δλc̄

a = λBa, δλB
a = 0.

(4.26)
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The field Ba is the Nakanishi-Lautrup auxiliary field

Ba = −1

ξ
∂µAa

µ. (4.27)

Its introduction causes the BRS-variation to be degree-two instead of degree-three nilpotent,
i.e. δ2BRS = 0.

As usual, we can define the effective action as the Legendre transform of the generating
functional for connected Green’s functions W [J,K]. Notice that we do not transform the BRS-
variation of the fields, so the effective action is still a functional of K. Since the gauge-fixing
Lagrangian does not receive quantum corrections, let us also define

Γ̂[Φ, kaµ ≡ Ka
µ+∂µc̄

a, La] ≡ Γ[Φ, kaµ, L
a]−SGF = Γ[Φ, kaµ, L

a]−
∫

ddx

(
−∂µBaAa

µ +
ξ

2
BaBa

)
.

(4.28)
Here, we also utilized that the BRS variation of the gauge field only couples to the combination
kaµ = Ka

µ + ∂c̄aµ. This effective action satisfies the famous Zinn-Justin equation [69]

0 =
δΓ̂

δAa
µ

· δΓ̂

δkaµ
+
δΓ̂

δca
· δΓ̂
δLa

. (4.29)

At NLO, the bare effective action Γ̂ can be decomposed into the Born contribution Ŝ = S−SGF,
the finite part of the one-loop correction Γ̂1−loop

fin , and the divergent part of the one-loop
correction Γ̂1−loop

div
Γ̂ = Ŝ + Γ̂1-loop

fin + Γ̂1-loop
div +O

(
ℏ2
)
. (4.30)

If we insert this into the Zinn-Justin equation (4.29), truncate the expression at one-loop, and
only consider the divergent part we get

0 =

[
δŜ

δAa
µ

· δ

δkaµ
+
δŜ

δca
· δ

δLa
+

δŜ

δkaµ
· δ

δAa
µ

+
δŜ

δLa
· δ
δca

]
Γ̂1-loop

div ≡ sΓ̂1-loop
div . (4.31)

Here, we also defined the linearized Slavnov operator s. The operator is an extension of the
BRS transformation, and is also degree-2 nilpotent. Renormalization iteratively removes the
divergences at each loop order; therefore, it is straightforward to see that Eq. (4.31) actually
holds at every loop order. This equation tells us that although the counter terms of the effective
action are not required to be gauge invariant, they must be vanishing under the action of s.
Since counter terms are also polynomial in the external fields and have ghost number zero,
one can then show [70–72], using Becchi-Rouet-Stora-Tyutin (BRST) cohomology, that the
counter terms are linear combinations of BRST-exact, and gauge invariant operators

Γ̂ct = sF + gauge invariant operators. (4.32)

Since s is nilpotent, it is easy to see that the first term automatically satisfies the Zinn-Justin
equation. Moreover, the equation can now be leveraged to determine a complete operator
basis. Since we are not interested in Green’s functions of the BRS variation of fields, we can
set Ka

µ = La = 0 for all practical purposes. We can then make the general Ansatz

sF

∣∣∣∣
La=0,kaµ=∂µc̄a

= s
(
f [Aa

µ, c
a, ∂µc̄

a] + ga[Aa
µ, c

a, ∂µc̄
a]La

) ∣∣∣∣
La=0,kaµ=∂µc̄a

=

[
δŜ

δAa
µ

· δf

δ(∂µc̄a)
+

δŜ

δ(∂µc̄a)
· δf
δAa

µ

+
δŜ

δLa
· δf
δca

+
δŜ

δca
· ga
]

La=0

.

(4.33)
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The functional derivatives can be worked out straightforwardly. The action and the Lagrangian
can be decomposed into a gauge, a Faddeev-Popov, a matter, and a source sector

Ŝ = SG + SFP + SM + SS =

∫
ddx (LG + LFP + LM + LS) . (4.34)

The gauge-fixing term has been subtracted, so it does not appear on the right-hand side. The
Lagrangians are

LG = −1

4
Ga

µνG
aµν =

1

2
Aa

µ (g
µν□− ∂µ∂ν)Aa

ν − gfabc∂µAa νAb
µA

c
ν −

1

4
g2fabef cdeAaµAb νAc

µA
d
ν ,

LFP = ∂c̄ ·Dc = ∂µc̄
aDab µcb,

LM =

nl∑

i=1

q̄i(i /D −mi)qi,

LS = LaδBRSc
a + ϕO1. (4.35)

Note that the source Lagrangian does not contain the term proportional to Ka
µδBRSA

aµ since
we defined the effective action Γ̂ as a functional of kaµ, and we set kaµ = ∂µc̄

a. It is then
straightforward to work out the relevant functional derivatives

δSG
δAa

µ

= (gµν□− ∂µ∂ν)Aa
ν − gfabc

(
−∂µAb νAc

ν + ∂νAb µAc
ν − ∂ν

(
Ab

νA
c µ
))

− g2fabef cdeAb νAc µAd
ν

= Dab
ν G

b νµ,

δSFP

δAa
µ

= −fabc∂µc̄bcc,

δSM
δAa

µ

= g

nl∑

i=1

q̄iγ
µT aqi,

δSFP

δca
= Dab µ∂µc̄

b,

δSFP

δ(∂µc̄a)
= Dab µc̄b = δBRSA

aµ,

δSS
δLa

= δBRSc
a. (4.36)

Note that δ/δ(ca) and δ/δ(∂µc̄a) are Grassmann odd ; that is, we get an additional minus sign
whenever we permute the derivatives with other ghost fields. This explains, for example, the
lack of a minus sign in δSFP /δc

a. All derivatives not explicitly shown in Eq. (4.36) vanish
either identically or after setting La = 0. These functional derivatives can now be inserted into
Eq. (4.33), yielding

sF =

{[
Dab

ν G
b νµ − fabc∂µc̄bcc + g

nl∑

i=1

q̄iγ
µT aqi

]
· δ

δ(∂µc̄a)

+ δBRSA
aµ · δ

δAaµ
+ δBRSc

a · δ
δca

}
f +Dab µ∂µc̄

b · ga.
(4.37)
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The structure of the functionals f [Aa
µ, c

a, ∂µc̄
a] and ga[Aa

µ, c
a, ∂µc̄

a] is almost entirely dictated
by the mass dimension and the ghost number. Indeed, the effective action must be dimensionless
and have vanishing ghost number. A quick inspection of the linearized Slavnov operator (4.31)
shows that it must satisfy

dim(s) = −3, and gh(s) = 1. (4.38)

Consequently, the functionals f and ga must fulfil

dim(f) = 3, gh(f) = −1, dim(ga) = 1, and gh(ga) = 1. (4.39)

So up to a factor, the only possible local functionals are

f [Aa
µ, c

a, ∂µc̄
a](x) = ∂µc̄a(x)Aa

µ(x), ga[Aa
µ, c

a, ∂µc̄
a](x) = ca(x). (4.40)

In the end, we are only interested in a basis of independent operators, so we can consider f
and ga independently from one another. Setting ga to zero yields

sF =

[
Dab

ν G
b νµ − fabc∂µc̄bcc + g

nl∑

i=1

q̄iγ
µT aqi

]
Aa

µ + δBRSA
aµ∂µc̄

a

= Dab
ν G

b νµAa
µ + g

nl∑

i=1

q̄i /Aqi − ∂µc̄a∂µca

≡ O4,

(4.41)

where the minus sign in front of the last term of the second line stems from the anti-commutivity
of the ghost fields. Similarly, setting f to zero and ga = ca yields

sF = Dab µ∂µc̄
bca = (Dµ∂µc̄)

aca = O5. (4.42)

In addition, the counter terms can contain additional gauge-invariant operators like

O2 =

nl∑

i=1

miq̄iqi. (4.43)

These operators are only unique up to operators vanishing by the classical equations of motions.
Ergo, counter terms to O1 can also contain operators of the form

O3 =
∑

i=1

q̄i

(
i

2

←→
/D −m

)
qi. (4.44)

Additional gauge invariant operators like
∑

i q̄i /Dqi are now no longer independent, and can be
expressed in terms of linear combinations of other operators, in this case by O2 and O3. Note
also that the operator O5 is gauge invariant, vanishes by the classical equations of motion,
and—as we showed above—is BRST-exact.

The BRST-transformation generated by the linearized Slavnov-operator is a symmetry of the
action. The associated conserved charge defines the physical space, i.e. physical states are
in the kernel of the charge operator. The matrix element of BRST-exact operators between
physical states is thus vanishing. This is crucial, as it assures that the gauge-variant operators
do not enter the computation of physical observables.
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In summary, we can distinguish three types of operators: type-I operators which are gauge
invariant and have non-zero matrix elements, type-IIa operators which are gauge invariant but
give zero matrix elements due to the equation of motion, and finally type-IIb operators which
are gauge variant but BRST-exact and thus also give zero when applied to physical states.

In the present case, the complete operator basis reads

OI




O1 = −1

4G
a
µνG

aµν ,

O2 =
∑nl

i=1miq̄iqi,

OIIa

{
O3 =

∑nl
i=1 q̄i

(
i
2

←→
/D −m

)
qi,

OIIb




O4 = AaµDνGa

νµ + g
∑nl

i=1 q̄i /Aqi − ∂µc̄a∂µca,
O5 = (Dµ∂

µc̄)aca.

(4.45)

The operator basis is constructed only of light fields, and the light fields are defined in a
decoupled theory. As previously discussed, the operator O5 is BRST-exact, gauge invariant,
and vanishes due to the equations of motion. It thus classifies both as a type-IIa and a type-IIb
operator.

Since operators of type-II cannot generate non-vanishing S-matrix elements through renormal-
ization, the renormalization matrix must have the following general structure:

(
OR

I

OR
II

)
=

(
zI,I zI,II

0 zII,II

)(
OB

I

OB
II

)
. (4.46)

Therefore, the final form of our effective Lagrangian reads

LHTL = L(5)QCD +
H

v

5∑

i=1

CB
i OB

i . (4.47)

As usual, we replace the bare operators by their renormalized counterparts

CB
i OB

i = CB
i Z

−1
ij OR

j . (4.48)

We can hence identify the renormalized Wilson coefficients as

CR = (Z−1)TCB. (4.49)

Using the RGE, we find that the anomalous dimension matrix of the Wilson coefficients is
determined through

dCR

d lnµ
=

(
Z
d(Z−1)

d lnµ

)T

CR = −
(

dZ

d lnµ
Z−1

)T

CR ≡ γTCR. (4.50)

With the structure of the renormalization matrix (4.46), we arrive at an important conclusion:
The Wilson coefficients of type-II operators cannot mix into the Wilson coefficients of type-I
operators through the running in the scale. Since the type-II operators render no contribution
to the scattering matrix element, we can focus our attention on the gauge invariant operators
and their Wilson coefficients.
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We now want to determine the I, I part of the renormalization matrix zI,I , in order to determine
the running of the Wilson coefficients. Let us start by defining the generating functional

Z[J ] ≡ z[J ]/z[0], z[J ] ≡
∫ ∏

i

DΦj e
i(S+J ·Φ), S = S[A, c, c̄, q, q̄] ≡

∫
ddxL,

J =
(
Jµ, J̄ , J, η̄, η

)
, Φ =

(
1

g
Aµ, c, c̄, q, q̄

)
,

(4.51)

with the Lagrangian

L ≡ − 1

4g2
Ga

µνG
aµν − 1

2ξg2
(∂ ·A)2 + ∂µc̄a(Dµc)

a + q̄

(
i

2

←→
/D −mq

)
q. (4.52)

The Lagrangian is the QCD Lagrangian with only one active quark flavor and rescaled gauge
fields

Aa
µ −→

1

g
Aa

µ. (4.53)

Therefore, the covariant derivatives are now also defined in terms of the rescaled fields

Dµ = ∂µ − iT a
RA

a
µ(x). (4.54)

Green’s functions of the operators O1 and O2 can now be generated by applying the differential
operators3

D1 = −
1

2
g
∂

∂g
+ ξ

∂

∂ξ
− 1

2
Jµ ·

δ

δJµ
,

D2 = −mq
∂

∂mq
,

(4.55)

on the partition function, that means

−iDkz[J ] =

∫ ∏

j

DΦj Ôk(0)e
i(S+J ·Φ) ≡ zOk

[J ]. (4.56)

Here Ôk(0) denotes the Fourier transform of the operator Ok(x) at zero momentum. The
normalization of the generating functional then properly subtracts the vacuum expectation
value of the operators

−iDkZ[J ] =
1

z[0]

∫ ∏

j

DΦj

(
Ôk(0)− ⟨Ω|Ok(0)|Ω⟩

)
ei(S+J ·Φ) ≡ ZOk

. (4.57)

In the MS scheme, the R-operation commutes with the differential operators in Eq. (4.55), i.e.
the renormalized operators can be generated from the renormalized generating functional

ZOR
k
= −iDkZ

R[J ], (4.58)

which, on the other hand, is given by

ZR[J ] = zR[J ]/zR[0],

zR[J ] =

∫ ∏

i

DΦj e
i(SR+J ·Φ),

SR ≡ S[Z ′ 1/2
3 AR, Z

′ −1/2
3 cR, Z̃

−1/2
3 c̄R, Z

1/2
2 qR, Z

1/2
2 q̄R, Zgg, Zmmq, Z

−2
g Z ′

3ξ
R].

(4.59)

3 We only provide the operators for the type-I operators since they are the only ones necessary for computing
physical amplitudes.
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Using the chain rule, the derivatives can be reexpressed as

−iDkz
R[J ] =

∫ ∏

j

DΦj

[
Ôk(0) +

∑

i

(Dk lnZi)
∂SR

∂ lnZi

]
eiS

R+J ·Φ,

where Zi ∈
{
Z ′
3, Z̃3, Z2, Zg, Zm

}
.

(4.60)

With the Lagrangian of Eq. (4.52), the derivatives of the action can be computed explicitly,
yielding

Zg
∂SR

∂Zg
= −2Ô1(0), and Zm

∂SR

∂Zm
= −Ô2(0). (4.61)

We hence find that the renormalization constants are given by

zI,I11 = 1− 2D1 lnZg = 1 + g
∂ lnZg

∂g
, zI,I12 = −D1 lnZm =

g

2

∂ lnZm

∂g

zI,I21 = 0, zI,I22 = 1.

(4.62)

Here, we made use of the fact that the MS-renormalization constants are independent of the
quark mass and the gauge parameter. We can rewrite the appearing derivatives in terms of
the β-function and the mass-anomalous dimension. Indeed,

4π

αs
β̄ ≡ d lnαs

d lnµ
= −d lnZαs

d lnµ
= −

(
∂ lnZαs

∂ lnαs

d lnαs

d lnµ
+
∂ lnZαs

∂ lnµ

)
= −

(
4π

αs
β̄
∂ lnZαs

∂ lnαs
+ 2ϵ

)

⇒ ∂ lnZαs

∂ lnαs
= g

∂ lnZg

∂g
= −1− 2ϵ

αs

4πβ̄
= −1 + 1

1− β
2ϵ

4π
αs

,

(4.63)
where, in the last step, we used the relation between the d- and four-dimensional β-functions

β̄ = β − 2ϵ
αs

4π
. (4.64)

Similarly, we find

γm ≡ −
d lnmq

d lnµ
=

d lnZm

d lnµ
=
∂ lnZm

∂ lnαs

d lnαs

d lnµ
=
∂ lnZm

∂ lnαs

4π

αs
β̄

⇒ ∂ lnZm

∂ lnαs
=
g

2

∂ lnZm

∂g
=
αs

4π

1

β̄
γm = −γm

2ϵ

1

1− β
2ϵ

4π
αs

(4.65)

Finally, we want to use the above results to calculate the anomalous dimension matrix in
Eq. (4.50). The entries of the renormalization constant matrix depend only on the renormal-
ization scale through the coupling constant, i.e.

γI,I = − dzI,I

d lnµ
(zI,I)−1

∣∣∣∣
ϵ=0

= −∂z
I,I

∂αs
(zI,I)−14πβ̄

∣∣∣∣
ϵ=0

=
∂zI,I (1)

∂αs
2αs. (4.66)

Where we used that zI,I consists only of poles in the MS scheme, and once again applied
the relation between the β-functions given in Eq. (4.64). zI,I (1) denotes the residue of the
renormalization matrix

zI,I = 1 +
∑

i=1

zI,I (i)ϵ−i. (4.67)
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We then obtain the following form for the anomalous dimension matrix:

γI,I =

(
4παs

d
dαs

(
β
αs

)
−αs

dγm
dαs

0 0

)
. (4.68)

The structure of this matrix reveals that the C1 Wilson coefficient, which is the relevant
coefficient for the HTL, is completely independent of the other Wilson coefficients. The RGE
for the Wilson coefficient (4.50) can now be written as:

∂C1

∂αs
4πβ +

∂C1

∂ lnµ
= 4παs

d

dαs

(
β

αs

)
C1. (4.69)

The β-function has the general expansion

β =
(αs

4π

)2∑

i=0

βi

(αs

4π

)i
. (4.70)

For example, at one-, and two-loop level, it can be shown [73–78]

β0 = −
11

3
CA +

4

3
TFnf ,

β1 = −
34

3
C2
A +

20

3
CATFnf + 4CFTFnf .

(4.71)

We can solve the partial differential equation in Eq. (4.69) perturbatively by proposing the
Ansatz

C1 =
αs

4π
C

(0,0)
1 +

(αs

4π

)2(
C

(1,0)
1 + C

(1,1)
1 ln

µ

µ0

)

+
(αs

4π

)3(
C

(2,0)
1 + C

(2,1)
1 ln

µ

µ0
+ C

(2,2)
1 ln2

µ

µ0

)
+ · · · .

(4.72)

The coefficients without logarithms, C(i,0)
1 , mark the initial conditions; they need to be matched

to the full theory in the infinite mass limit. The coefficients of the logarithms, on the other
hand, can be determined through a comparison of coefficients; they read:

C
(1,1)
1 = 0,

C
(2,1)
1 = C

(0,0)
1 β1 − C(1,0)

1 β0, C
(2,2)
1 = 0,

C
(3,1)
1 = 2C

(0,0)
1 β2 − 2C

(2,0)
1 β0, C

(3,2)
1 = β20C

(1,0)
1 − β0β1C(0,0)

1 , C
(3,3)
1 = 0.

(4.73)

It is clear from the structure of the differential equation that all coefficients C(i,i)
1 are indeed

zero except for C(0,0)
1 .

4.2.2 Matching of Wilson Coefficients

By expanding the Higgs-gluon form factor for large quark masses, we were able to determine
the LO Wilson coefficient (see Eq. (4.24)). Of course, if we needed the full Higgs-gluon form
factor to determine the Wilson coefficient, the HTL would be of little use, as it would not
provide any simplifications. Fortunately, the large quark mass limit can already be used at the
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integrand level using the large mass expansion, thus tremendously simplifying the computation
of the amplitudes.

Alternatively, one may find the matching coefficients by means of a low-energy theorem [79–81],
which states:

−iGB
O1,...,On,q̄iqi(p1, . . . , pn−1, 0) =

∂

∂mB
i

GB
O1,...,On

(p1, . . . , pn−1). (4.74)

Here, O1, . . . ,On are local operators and GO1,... denotes the momentum space representation
of the corresponding Green’s functions

∫ ( n∏

i=1

ddxi e
ipi·xi

)
⟨Ω|T

[
OB

1 (x1) . . .OB
n (xn)

]
|Ω⟩

≡ (2π)dδ(d)

(
n∑

i=1

pi

)
GB

O1,...,On
(p1, . . . , pn−1).

(4.75)

|Ω⟩ hereby denotes the vacuum state of the interacting theory and T is the time ordering
operator. The theorem relates the mass derivative of a Green’s function to a Green’s function
of the same operators but with the insertion of q̄iqi at zero momentum.

The theorem follows upon application of the Gell-Mann–Low formula

∂

∂mB
i

⟨Ω|T
[
OB

1 (x1) . . .OB
n (xn)

]
|Ω⟩ = N⟨0|T

[
OB

1,I(x1) . . .OB
n,I(xn)

×(−i)
∫

ddx

(
1 +

HB
I (x)

v

)
q̄Bi (x)q

B
i (x) exp

(
−i
∫

ddzHB
int,I(z)

)]
|0⟩.
(4.76)

The subscript I indicates interaction picture fields, |0⟩ is the vacuum state, now of the free
theory, and Hint is the interaction part of the Hamiltonian. The normalization factor N is
defined as

N−1 = ⟨0|T exp

(
−i
∫

ddzHB
int,I(z)

)
|0⟩ , (4.77)

and it cancels the disconnected contributions of the numerator on the right-hand side of
Eq. (4.76). In the absence of electroweak corrections, we can omit the field of the Higgs4 in
the integral of Eq. (4.76). This also implies that none of the operators O1, . . . ,On, contain
any electroweak fields, which would cause Wick contractions with the Higgs. After switching
to momentum space, we then immediately arrive at Eq. (4.74).

Since the proof relied on relations at the level of the Lagrangian, the statement is true only for
bare amplitudes and Green’s functions beyond LO. It can be straightforwardly generalized to
include an arbitrary number of massive particles by simply summing over all massive particles.
Lastly, we note that the differential operator does not act on any masses present within the
operators themselves.

4 Not to be confused with the Higgs field.
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We can now apply the low-energy theorem to the gluon self-energy. Let us first consider
the amputated Green’s function of two gluons with the insertion of the composite operator
Oh = h̄BhB, where h indicates a heavy quark field. In momentum space, it reads

GB,ab µν
A,A,Oh

(p, 0)
∣∣∣
amp.

=

∫
ddx ddy eip·(x−y) ⟨Ω|T

[
AB,aµ(x)AB,bν(y)Oh(0)

]
|Ω⟩
∣∣∣
amp.

≡ δab
[
−gµνp2GB

A,A,Oh
(p2)

∣∣∣
amp.

+ terms proportional to pµpν
]
,

(4.78)

where T denotes the time ordering operator and p is the momentum along the gluon line. As
discussed in detail above, in the limit of an infinite quark mass mB

h →∞, the operator h̄BhB

can be expressed as a linear combination of the operators O1, . . . ,O5

GB,ab µν
A,A,Oh

(p, 0)
∣∣∣
amp.

≃

−
∫

ddx ddy eip·(x−y) ⟨Ω|T
[
AB,aµ(x)AB,bν(y)

1

mB
h

5∑

i=1

CB
i OB

i (0)

]
|Ω⟩
∣∣∣
amp.

.
(4.79)

The ≃ symbol indicates that the relation holds only up to power corrections of order 1/mB
h
2.

As noted earlier, the operators O1, . . . ,O5 are defined in a decoupled theory in which the
heavy quark has been integrated out. In the MS scheme, the Appelquist-Carazzone decoupling
theorem [82] does not hold in its naïve sense, i.e. heavy degrees of freedom, do not decouple
at low energy. The standard method to circumvent this issue is by introducing decoupling
constants. These relate quantities in the decoupled theory (denoted with a superscript (nl))
with the full high energy theory:

gB,(nl) = ζBg g
B, m

B,(nl)
i = ζBmi

mB
i , ξB,(nl) − 1 = ζB3 (ξB − 1),

q
B,(nl)
i =

√
ζB2 q

B
i , AB,(nl),a

µ =
√
ζB3 A

B,a
µ , cB,(nl),a =

√
ζ̃B3 c

B,a.
(4.80)

The purpose of the decoupling constants is to absorb any residual logarithmic dependence on
the decoupled fields. The decoupling relations therefore only hold up to power corrections of
1/m2

h. The decoupling constants are functions of gB,mB
i and the scale µ, but the function

arguments are left implicit. The amputated Green’s function then becomes5

GB,ab µν
A,A,Oh

(p, 0)
∣∣∣
amp.

≃

− ζB3
∫

ddx ddy eip·(x−y) ⟨Ω|T
[
AB,(nl),aµ(x)AB,(nl),bν(y)

1

mB
h

5∑

i=1

CB
i OB

i (0)

]
|Ω⟩
∣∣∣
amp.

(4.81)

At LO in αs, we will have only contributions from the operators O1 and O4, as all other
operators would yield disconnected contributions

GB,ab µν
A,A,Oh

(p, 0)
∣∣∣
amp.

≃

− 1

mB
h

δab
(
−gµνp2ζB3

(
CB
1 + 2CB

4

)
+O(αs)

)
+ terms proportional to pµpν .

(4.82)

We now set the mass of light quarks in the QCD Lagrangian to zero; however, their masses as
defined in Eq. (4.45) may still be non-vanishing. In the limit of vanishing gluon momentum

5 Note that the amputated Green’s function scales with the inverse of the fields.
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p→ 0, the coefficient of the transverse part does not receive any αs-corrections in DR since all
Feynman integrals involved are necessarily scaleless6. We have thus shown the all-orders result:

GB
A,A,Oh

(0, 0)
∣∣∣
amp.

≃ − 1

mB
h

ζB3
(
CB
1 + 2CB

4

)
. (4.83)

By applying the LSZ reduction formula, we can rewrite the amputated Green’s functions in
terms of connected ones. The operator Oh is hereby irrelevant as it is not considered to be
external. Eq. (4.74) thus holds for regular, connected and 1PI Green’s functions. Application
of Eq. (4.74) then yields

(
CB
1 + 2CB

4

)
=

∂ ln ζB3
∂ lnmB

h

. (4.84)

We can repeat the same analysis for Gc̄,c,Oh
(p, 0) and Gc̄,c,g,Oh

(p, p, 0); in the limit as p→ 0,
we obtain

(
−CB

4 − CB
5

)
=

∂ ln ζ̃B3
∂ lnmB

h

,

(
−CB

5

)
=

∂

∂ lnmB
h

ln

(
ζ̃B3

√
ζB3 ζ

B
g

)
.

(4.85)

Eqs. (4.84) and (4.85) form a linear system of equations that we can solve for the Wilson
coefficients. The solution for the physical Wilson coefficient reads

CB
1 = −

∂ ln ζBg
2

∂ lnmB
h

. (4.86)

In the MS scheme, the renormalization constant of the heavy-quark mass is independent of
the mass; we can thus write

∂

∂ lnmB
h

=
∂

∂ lnmh
. (4.87)

With the renormalization matrix in Eq. (4.62), we can then find the renormalized version of
Eq. (4.86)

C1 = −
∂ ln ζ2g
∂ lnmh

. (4.88)

The decoupling constants are known at two-, three-[83], and four-loop [84, 85] order. Note
that we only require the logarithmic dependence of decoupling constants to obtain the Wilson
coefficients. The logarithmic structure on the other hand may be reconstructed from lower
order terms in combination with the β-function and the mass anomalous dimension [81]. The
four-loop decoupling constant is therefore sufficient to match the Wilson coefficient up to

6 Typically, limits like p → 0 do not permute with the integrals. However, as we are working in DR, we can
always find a dimension d for which the appearing integral is vanishing in the limit p → 0, as it can only
depend on p2. Indeed, any such integral with positive mass dimension will necessarily vanish in this limit. We
can then argue based on the identify theorem that the integral must in fact be vanishing for all d.
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N4LO. Here, we present only the Wilson coefficient up to N3LO, as it is the highest order for
which full cross section calculations are available at present:

C
(0,0)
1 = −4

3
,

C
(1,0)
1 = −44

3
,

C
(2,0)
1 = −5554

27
+

76

3
ln

(
m2

h

µ2

)
+ nl

[
134

9
+

64

9
ln

(
m2

h

µ2

)]
,

C
(3,0)
1 =

2892659

486
− 897943

108
ζ(3) +

13864

27
ln

(
m2

h

µ2

)
− 836

3
ln2
(
m2

h

µ2

)
− 64

81
ln3
(
m2

h

µ2

)

+ nl

[
−40291

243
+

110779

162
ζ(3) +

7040

81
ln

(
m2

h

µ2

)
− 184

3
ln2
(
m2

h

µ2

)]

+ n2l

[
13730

729
+

308

81
ln

(
m2

h

µ2

)
+

128

27
ln2
(
m2

h

µ2

)]
.

(4.89)

Notice that the decoupling constant ζg is a function of α(nl+1)
s , i.e. we must recursively apply

the decoupling relations (4.80) to express everything in terms of decoupled quantities. The
heavy mass mh is the MS mass.

4.2.3 Higher-Order Corrections

With the effective theory matched, we are ready to discuss higher order corrections to the
Higgs production cross section. In the HTL, the cross section has been computed up to N3LO
in the literature [19, 22, 23, 86]. Here, we will briefly recapitulate the NLO calculation, as it
nicely illustrates the methods introduced in Section 2.1, and already allows for some important
observations.

We start with the computation of the hard scattering amplitudes. At NLO, we require the
one-loop Higgs-gluon form factor, and the tree-level amplitudes for qq̄ → Hg, qg → Hq, and
gg → Hg.

The careful reader might wonder why we do not need to compute the qq̄ → H amplitude. The
reason is that these amplitudes will be zero at all orders. Indeed, the corresponding amplitude
takes on a form

Mqq̄→H = i
αs

π
v̄(p2) [· · · ]u(p1)δc1c2

1

v
Cqq̄H , (4.90)

where the dots indicate an a priori unknown number of γ-matrices. However, since there is no
external vector field, the γ-matrices must be contracted. The only available objects to contract
a γ-matrix with are either other γ-matrices, or the momenta p1 or p2. Contractions among
γ-matrices can always be simplified by applying the anti-commutation relations provided by
the Clifford algebra of the γ-matrices. Afterwards, we are left only with contractions involving
p1 and p2. These, on the other hand, vanish in Eq. (4.90) due to the equation of motion.

The virtual contributions to the cross sections result from evaluating the Feynman diagrams
in Fig. 4.6. The result is the NLO correction to the Higgs-gluon form factor in the HTL and
reads

C(0) = 1

3

{
1 +

αs

π

(
−m

2
H + i0+

µ2

)−ϵ(
−3

2

1

ϵ2
+

11

4
+
π2

8

)}
. (4.91)



48 hadronic higgs production

Figure 4.6: One-loop corrections to the Higgs-gluon form factor. The first diagram contributes through
the NLO Wilson coefficient.

Figure 4.7: Feynman diagrams for the real-radiation corrections in the gluon-gluon channel.

Using Eq. (4.14) for the partonic gg → H cross section, we then find

σ̂gg→H =
π

576v2
ξ
(αs

π

)2
δ(1− ξ)

×
[
(
1 + ϵ+O

(
ϵ2
))

+
αs

π

(
m2

H

µ2

)−ϵ(
− 3

ϵ2
− 3

ϵ
+

5

2
+

7π2

4
+O(ϵ)

)
+O

(
α2
s

)
] (4.92)

where we defined ξ as the square of the Higgs mass over the partonic center-of-mass energy

ξ =
m2

H

s
=
m2

H

τS
. (4.93)

As expected, the NLO partonic cross section is not finite by itself because the IR divergences
only cancel in inclusive observables. Therefore, we must also compute the real-radiation
corrections as well as the contributions from collinear renormalization. For the former, we
evaluate the diagrams shown in Fig. 4.7 and obtain the averaged squared amplitude

|Mgg→Hg|2 =
1

N2
A4(1− ϵ)2

α3
s

v2

(
32

3π

)[
(1− 2ϵ)

m8
H + s4 + t4 + u4

stu
+
ϵ

2

(
m4

H + s2 + t2 + u2
)2

stu

]
,

(4.94)
where NA is the dimension of the adjoint representation, i.e. NA = N2 − 1 for SU(N) groups.
The symbols s, t and u denote the usual Mandelstam variables. Since the Mandelstam variables
are not completely independent, as they must satisfy

s+ t+ u = m2
H , (4.95)

the squared matrix element only depends on the final state momenta through t or u. The
phase-space integral is 2× d dimensional. We can reduce one of the d dimensional integrals
via the momentum conserving delta function. Using spherical coordinates and the remaining
two delta functions which ensure on-shellness of the Higgs and the final state gluon, we can
carry out the energy and momentum-magnitude integral explicitly. This is particularly simple
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in the center-of-mass frame. We are hence left with an integral over the Sd−2
1 sphere. If we

now apply the recursion relation
∫

Sd−2
1

dΩ =

∫ 1

−1
dcos θ sind−4 θ

∫

Sd−3
1

dΩ, (4.96)

and use that the amplitude only depends on the azimuthal angle, i.e. the scattering angle of
the Higgs (or gluon), we can carry out the integral over the Sd−3

1 sphere explicitly. In the end,
the phase-space integral becomes a single one-dimensional integral

P.S. =
1

8π

1

Γ(1− ϵ)

(
s

µ2eγE

)−ϵ

(1− ξ)1−2ϵΘ(1− ξ)
∫ 1

0
dω ω−ϵ(1− ω)−ϵ, (4.97)

where ω is related to the scattering angle of the Higgs via

ω =
1 + cos θ

2
. (4.98)

The amplitude in Eq. (4.94) is proportional to 1/tu, i.e. it diverges if the final state gluon
becomes collinear to one of the initial-state gluons. Consequently, we expect the appearance of
poles once we perform the phase-space integration. Indeed, we find after a straightforward
integration

σ̂gg→Hg =
1

576π2
αs

v2
(1− ξ)−1−2ϵ

(
s

µ2

)−ϵ

Θ(1− ξ)

×
[
−3

ϵ

(
1 + ξ4 + (1− ξ)4

)
− 11

2
(1− ξ)4 − 6(1− ξ + ξ2)2 + ϵ

(
3π2

2
− 6 + (1− ξ) · (· · · )

)]
.

(4.99)

The cross section also has a soft singularity at ξ → 1, which can be regulated by applying
the distributional identity in Eq. (2.33). The O(ϵ) terms proportional to (1− ξ) that are only
hinted at in Eq. (4.99) will hence not contribute as they are only integrated together with the
delta function δ(1− ξ). The final result then reads

σ̂gg→Hg =
1

576π2
α3
s

v2

(
s

µ2

)−ϵ

Θ(1− ξ)
{[

3

ϵ2
+

3

ϵ
+ 3− 3π2

4

]
δ(1− ξ)

− 6ξ

ϵ

[
ξ

(1− ξ)+
+

1− ξ
ξ

+ ξ(1− ξ)
]
(1 + ϵ)− 11

2
(1− ξ)3

+ 6

(
log(1− ξ)

1− ξ

)

+

[
1 + ξ4 + (1− ξ)4

]}
.

(4.100)

The poles proportional to the delta function δ(1 − ξ) exactly cancel between real (4.100)
and virtual contributions (4.92). The remaining divergences should cancel after coupling and
collinear renormalization. According to Eq. (2.26), the additional contribution from collinear
renormalization is

σ̂Cgg→Hg = 2× αs

2π

1

ϵ

∫ 1

0
dz P (0)

gg (z)σ̂gg→H(zs) =
1

576π2
α3
s

v2
1

ϵ
ξPgg(ξ)(1 + ϵ). (4.101)

With the definition of the splitting kernel in Eq. (2.15), we see that the remaining poles in
the real-radiation contribution are indeed canceled. The additional pole introduced by the
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collinear renormalization is finally canceled by the charge renormalization. Gathering the fruits
of our labor, we determined that the inclusive partonic cross section at NLO reads

σ̂gg→HX =
α2
s

576πv2
Θ(1− ξ)

{
δ(1− ξ)

+
αs

π

[
δ(1− ξ)

(
π2 +

11

2

)
− 11

2
(1− ξ)3 + 6

(
1 + ξ4 + (1− ξ)4

)( log(1− ξ)
1− ξ

)

+

+ ξPgg(ξ) log

(
s

µ2

)]}
.

(4.102)

We can carry out the same analysis for the qq̄ and qg channel. The relevant Feynman diagrams
are depicted in Fig. 4.8. The amplitude for qq̄ → Hg does not exhibit any collinear or soft

Figure 4.8: Feynman diagrams contributing to the qq̄ (left) and qg (right) channel of the Higgs
production cross section.

divergences, rendering collinear renormalization unnecessary. The result for the cross section
reads

σ̂qq̄→Hg =
1

486π2
α3
s

v2
Θ(1− ξ) (1− ξ)3 . (4.103)

The qg-channel, on the other hand, has a collinear divergence when the final state quark
becomes collinear to the initial-state quark. After collinear renormalization, we find for the
cross section

σ̂qg→Hg + σ̂Cqg→Hg =
α3
s

576π2v2
Θ(1− ξ)

×
{
(1− ξ)3ξ − 7

3
+

1

2
ξPgq(ξ)

[
1 + log

(
s

µ2

)
+ 2 log(1− ξ)

]}
.

(4.104)

After convolution of the partonic cross section with the partonic luminosity we get the hadronic
cross section, which is displayed in Fig. 4.9 as a function of the hadronic center-of-mass energy.
The cross section is split into the various channels. The soft + virtual channel denotes all
contributions which originate from integrating the delta function δ(1− ξ) and irreducible plus
distributions, i.e. terms of the form

(
f(ξ)

1− ξ

)

+

O
(
(1− ξ)0

)
. (4.105)

At NLO, only gluon-induced Higgs production (see Eq. (4.102)) contributes to the soft +
virtual channel.

The majority of the hadronic cross section is due to a gluon-gluon initial state, making up
more than 95% of the total cross section over the full spectrum of energies. Roughly half of
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Figure 4.9: Hadronic cross section as a function of the hadronic center-of-mass energy. The total cross
section is partitioned into its various channels. The channel denoted soft + virtual collects
the leading terms of the threshold expansion around (1− ξ) in Eq. (4.102), that is all terms
proportional to δ(1− ξ) and irreducible plus distributions. The lower plot shows the ratio
of the various channels to the NLO cross section. The computational setup is described in
the Conventions.

this contribution comes from LO. The other half is composed, yet again, of roughly two equal
parts, the soft + virtual contribution and the remaining real-radiation part. The quark-gluon
initial state has the second-largest impact, whereas quark-quark induced Higgs production
is completely negligible, contributing below 1‰. The large suppression of the qq̄ channel is
almost entirely due to the reduced partonic luminosity of the channel. Indeed, from Fig. 2.2,
we see that the qq̄ flux is roughly 30 times smaller than the qg one. This is also the order of
magnitude of the ratio of the qg and qq̄ induced Higgs production cross section.

The gluon-gluon and quark-gluon luminosities, on the other hand, are rather similar, especially
close to the production threshold, where most of the contributions to the cross section originate,
as larger values of ξ are suppressed by L/τ . Yet, we observe that the quark-gluon channel
contributes almost an order of magnitude less than the gluon-gluon channel. To investigate
the origin of this suppression, we can look at the coefficient of the logarithm log(µ2) which is
predetermined by the RGE

∂σ̂qg→Hq

∂ logµ2
= −αs

2π

∫ 1

0
dξ Pgq(ξ)σ̂gg→H ,

∂σ̂gg→Hg

∂ logµ2
= −2× αs

2π

∫ 1

0
dξ Pgg(ξ)σ̂gg→H . (4.106)

At the threshold, the ratio of the logarithmic coefficients of the quark-gluon and the gluon-gluon
channel is thus CF /(4CA) = 1/9. Incidentally, this is also roughly the ratio we observe between
the cross sections of the two channels. The origin of the suppression is thus partly due to
the difference in the color factor and the additional combinatorial factors in the gluon-gluon
channel.
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Since the NLO corrections are of the same magnitude as the LO cross section, the perturbative
result is not yet reliable. One would need to go to even more loops and higher multiplicities in
the hope to reach perturbative convergence.

4.2.4 Phenomenological Application

Having discussed the HTL at length, it is important to investigate how well the approximation
works for phenomenological applications. In Fig. 4.10, we show the relative error of the cross
section in the HTL compared to the results with a finite quark mass for different powers of αs

in the various partonic channels.
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Figure 4.10: Relative error of the HTL compared to the results with finite top-quark mass for various
center-of-mass energies. Displayed are contributions to the cross section in each partonic
channel. The computational setup is described in the Conventions. The methods to compute
the NNLO results with finite top-quark mass are described in Chapter 5.

At LO, the HTL underestimates the cross section by around 6.5%. In the HTL, the Higgs-
gluon form factor is accurate up to power corrections of order z = m2

H/4m
2
t ≈ 13%, so the

observed accuracy of the approximation aligns with our expectations. For radiative corrections,
m2

H/m
2
t ≈ 52% is the more natural expansion parameter and the quark-gluon as well as the

quark-quark channel show that they are indeed only roughly 50% accurate.

The gluon-gluon channel on the other hand shows a remarkable property: the accuracy of
the HTL stays quite constant across perturbative orders in αs. In our opinion, this feed is
explained by the fact that much of the structure of the perturbative corrections is dictated by
lower orders, and that, for this channel in particular, these kinds of corrections turn out to be
numerically large. Indeed, we can apply Catani’s I operator [87] to predict the poles, as well
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as the overall factor (−m2
H/µ

2)−ϵ, of the Higgs-gluon form factor in Eq. (4.91). So the part of
the partonic cross section which is derived from LO reads

σ̂gg→H

∣∣∣
∝σ

(0)
gg→H

=
π

576v2
ξ
(αs

π

)2
δ(1− ξ)

×
[
(
1 + ϵ+O

(
ϵ2
))

+
αs

π

(
m2

H

µ2

)−ϵ(
− 3

ϵ2
− 3

ϵ
− 3 +

3π2

2
+O(ϵ)

)
+O

(
α2
s

)
]
.

(4.107)

Numerically, the finite part is largely dominated by the π2 term which originated from the
analytic continuation of the Sudakov (double) logarithm. The analytic continuation needed at
time-like momentum transfer thus causes a large logarithm. The logarithm, on the other hand,
stems from a soft-gluon exchange in the loop.

For the real-radiation cross section, we can once again already anticipate the initial-state-
collinear as well as the soft divergences

σ̂gg→Hg =
1

576π2
αs

v
(1− ξ)−1−2ϵ

(
s

µ2

)−ϵ

Θ(1− ξ)

×
[
−1

ϵ
ξ(1− ξ)P (0)

gg (ξ)
2(−1 + 2ϵ)Γ(−ϵ)

Γ(3− 2ϵ)
+ (1− ξ)2 · (· · · )

]
.

(4.108)

The (1− ξ)2 terms, which we denoted by (· · · ) are finite and regular in the soft limit ξ → 1.
We know that there cannot be any terms of order (1 − ξ) apart from those in the splitting
function because every term in the matrix element (4.94) which is constant in the soft limit,
still has collinear divergences in the phase-space. I.e. all next to soft contributions are captured
in the splitting function. In fact, if we compare with the cross section in Eq. (4.99), then we
see that the actual lowest order term is even (1− ξ)4.

The partonic luminosity together with the factor 1/τ causes a strong enhancement of the
phase-space region close to the threshold ξ → 1 or τ → m2

H/S. Therefore, the hadronic cross
section will be well approximated by convolving the inclusive cross section

σ̂gg→HX

∣∣∣
∝σ

(0)
gg→H

=
α2
s

576πv2
Θ(1− ξ)

{
δ(1− ξ)

+
αs

π

[
δ(1− ξ)π2

(
3

4
+O

(
1/π2

))
+ 6

(
1 + ξ4 + (1− ξ)4

)( log(1− ξ)
1− ξ

)

+

+ ξPgg(ξ) log

(
s

µ2

)]}
.

(4.109)

Numerically, we find that the approximation is around 90% accurate at NLO. The main
deviations are caused by the soft-virtual channel. We can therefore expect to see deviations in
the rescaling factor

rN
nLO =

σQCD,NnLO
pp→HX

σHTL,NnLO
pp→HX

(4.110)

across perturbative orders of the order of 10% ×m2
H/4m

2
t ≈ 1% based on the gluon-gluon

channel alone. The quark-gluon channel contributed only 3% to the cross section at NLO, and
the accuracy of the HTL is only about 50% accurate in this channel. In total, we can therefore
expect to see deviations in rNnLO of the order of 2% across perturbative orders.
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Strictly speaking, our discussion was limited to NLO. However, we claim that most of the
arguments are transferable to higher orders in perturbation theory. Indeed, the factor π2 we
received from analytic continuation of the Sudakov logarithm will also be encountered at
higher order, and the effects can be resummed to all orders [88]. Ergo, the driving contribution
is indeed proportional to the Born cross section. This procedure is also sometimes referred to
as π2-resummation (see Section 4.3.1 for more details). At high orders of perturbation theory,
it was demonstrated [86] that the quality of the resummation deteriorates, meaning that the
Sudakov logarithms are no longer the driving contributor to the soft-virtual contribution.
We can therefore expect to see larger deviations from the exact rescaling at higher orders of
perturbation theory. Similarly, our discussion on how to obtain the leading coefficients of the
threshold expansion by requiring cancellation of initial-state collinear divergences can also be
transferred to higher orders of perturbation theory [89] (see Section 4.3.1 for more details).
This way, at NnLO, it is in principle possible to correctly predict the first n leading logarithms
from lower orders, and the leading logarithm is dictated by the LO cross section.

We can exploit the fact that the rescaling parameter only receives small corrections in order to
improve the HTL cross section results. This works by rescaling the HTL results by

σrHTL,NnLO
pp→HX = rLOσHTL,NnLO

pp→HX , (4.111)

where the superscript “rHTL”, now refers to the rescaled heavy-top limit. Since the gluon-gluon
channel is the dominant production channel and here the rescaling factor remains quite constant
across the perturbative orders, the rHTL cross section yields a good approximation (∼ 2%)
for the Higgs production cross section7.

4.3 theory status

Having analyzed the gluon-gluon-fusion Higgs production cross section at LO, and NLO in
the HTL, we are now equipped with all concepts to discuss state-of-the-art theory predictions.

As already mentioned, the most precise theoretical predictions come from N3LO cross sections
in the rHTL [24, 86]. They apply the method of reverse unitarity (see section 2.1.3) to perform
the phase-space integration fully analytically. The cross section is calculated in terms of a deep
expansion in the threshold parameter (1− ξ)

σ̂ij→HX = δigδjgσ̂SV +

N∑

n=0

c
(n)
ij (1− ξ)n, (4.112)

where σ̂SV is the leading term, the soft-virtual contribution we already encountered, which
only constitutes δ-functions and plus-distributions. The soft-virtual contribution has been
calculated at N3LO in Ref. [90]. Because the partonic luminosity is concentrated heavily around
the threshold region, one would expect to see good convergence of the threshold expansion
of the hadronic cross section. Indeed, Ref. [24] computed the first 37 terms of the threshold
expansion, and found that the hadronic cross section is already well approximated by the first
five terms.

In the meantime, results without reliance on the threshold expansion have become available [25],
confirming the expected accuracy of the threshold expansion and shifting the total cross section
by around +0.10 pb at 13 TeV.

7 Excluding the effects from light quarks and electroweak corrections.
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In Fig. 4.11 we show the results for the gluon-gluon-fusion cross section in the rHTL at various
perturbative orders as a function of the hadronic center-of-mass energy.
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Figure 4.11: Gluon-gluon-fusion hadronic cross section as a function of the center-of-mass energy.
Displayed are results computed in the rHTL at various perturbative orders. Transparent
bands indicate the scale uncertainty calculated by variation of µR in the range [mH/4,mH ].
The computational setup is described in the Conventions. The plot was created with the
help of SusHi [91, 92].

As we discussed before, the NLO cross section is about twice as large as predicted in the Born
approximation. NNLO corrections are still sizeable, contribution roughly 20% to the cross
section. The NLO scale uncertainties underestimate the effect of higher orders, as the central
NNLO cross section is outside the previous uncertainty bands. Only when we go to N3LO do
we see perturbative convergence and corrections consistent with the previous scale uncertainty
bands. The scale uncertainties at this order are below 4% for the displayed collision energies.

At this level of precision, it becomes important to investigate other sources of uncertainty and
perform a careful evaluation of their impact on the cross section. The most important sources
are:

• The scale uncertainties,

• The PDF uncertainties,

• Uncertainties related to electroweak corrections,

• Uncertainties related to finite top-quark masses,

• Uncertainties related to light quarks.

In the following we will discuss them one-by-one.
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4.3.1 Scale Uncertainties

Scale uncertainties serve as an estimate of MHOU. They are typically computed by a 7-point
scale variation, meaning that the cross section is evaluated at a central scale µ and the
additional 6 points (µR, µF ) = (µ/2, µ/2), (µ/2, µ), (µ, µ/2), (2µ, µ), (µ, 2µ), (2µ, 2µ). The
envelope of the cross section at the seven points then forms the scale uncertainty. Since neither
the renormalization nor the factorization scale are physical, observables like the cross section are
in principle independent of these scales. However, as we are truncating the perturbative series
at some fixed order, we are left with some residual scale dependence. The scale dependence is
therefore a good indicator of missing higher orders. Even so, especially at low orders, the scale
uncertainties cannot always be trusted as Fig. 4.11 illustrates instructively.
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Figure 4.12: Hadronic cross section as a function of the renormalization scale (top panel) and fac-
torization scale (bottom panel). The respective other scale is kept fixed at mH/2. The
computational setup is described in the Conventions. The plot was created with the help
of SusHi [91, 92].

Fig. 4.12 shows the functional dependence of the hadronic cross section on the renormalization
and factorization scale for various perturbative orders. We see that there is very little dependence
on the factorization scale, i.e. the vast majority of the scale uncertainties derive from the
variation of renormalization scale. This also justifies why the scale uncertainties in Fig. 4.11
are computed by only varying the renormalization scale, while the factorization scale was kept
fixed at the central value. We also observe that the dependence on the scale nicely stabilizes
as we increase the perturbative precision. For the central scale, µR = µF = mH/2 has become
the de facto standard for the inclusive cross section and is also the recommendation of the
Higgs Working Group [64]. The observed functional dependence in Fig. 4.12 supports this
choice, as the N3LO corrections are minor at this scale and the cross section is particularly
flat in this regime. It should be noted that the minor dependence on the factorization scale is
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only observed for the total cross section. If instead, we are considering individual production
channels, the functional dependence remains very large because the DGLAP equations mix
the quark and gluon PDFs.

The scale uncertainties can be further reduced by including higher order corrections. Although
full N4LO predictions are still beyond the current state-of-the-art in computational capabilities,
we can predict at least some parts of the higher order corrections.

Results in the soft-virtual approximation
Since the partonic luminosity is sharply peaked around the threshold (see Fig. 2.2), corre-
sponding to ξ → 1 (or alternatively τ → m2

H/S), we can get a good approximation of the
hadronic cross section by expanding the partonic cross section around the threshold as seen in
Eq. (4.112). The leading term, i.e. the soft-virtual approximation has already been computed
up to four loops [26] in the HTL. In Tab. 4.2, we show a comparison of the cross section in the

σrHTL [pb] ∆σrHTL [pb] ∆σs.-v. [pb] ∆σs.-v./∆σrHTL

LO 16.3 16.3 +16.3 1
NLO 35.1 18.8 +7.8 0.42

NNLO 44.3 9.1 +3.4± 4.8 0.37

N3LO 45.8 1.6 +1.2± 2.2 0.83

N4LO +0.14± 0.24

Table 4.2: Comparison of the cross section computed in the full rHTL (σrHTL) and in the soft-virtual
approximation (σs.-v.). ∆σs.-v. and ∆σrHTL refer to the perturbative correction of the
respective order. The assigned uncertainties are computed based on lower oders using
δ(∆σNnLO

s.-v. ) = max{|1−∆σNLO
rHTL/∆σ

NLO
s.-v. |, . . . , |1−∆σNn−1LO

rHTL /∆σNn−1LO
s.-v. |}∆σNnLO

s.-v. . Results
up to N3LO have been computed with SusHi using the computational setup described in
the Conventions at a hadronic center-of-mass energy of 13 TeV. The N4LO results for the
soft-virtual approximation were taken from Ref. [26]. Note that the authors of that reference
use a slightly altered computational setup.

soft-virtual approximation (rescaled) with the corresponding results in the rHTL. We can see
that the approximation is only qualitative, meaning that it only captures the rough magnitude
of the contribution. We assigned a conservative error of the soft-virtual approximation based
on the order at which the approximation works the worst and then rescaled to the respective
order. The soft-virtual approximation is therefore not suited for precision predictions, but can
give us valuable insides into the order of magnitude of the corrections.

The soft-virtual approximation can be further improved. As we discussed in Section 4.2.4, the
cancellation of initial-state collinear divergences can be leveraged to determine the leading
logarithms of the cross section. For example at N4LO, the coefficients of the logarithms8

log7(1− ξ), log6(1− ξ), and log5(1− ξ) (4.113)

in c
(0)
ij can be determined. This is especially important to stabilize the factorization scale

dependence since otherwise we would introduce an additional contribution to the cross section
which is only present in one of the partonic channels, the gluon-gluon channel.

At the central scale of µR = µF = mH/2, the partial N4LO contribution shifts the cross
section by about +0.3%. Scale uncertainties are reduced from around 4% to below 2%. The
systematic uncertainty coming from the truncation of the threshold expansion is estimated by

8 In fact, one can also get parts of the log4(1− ξ) coefficient.
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comparing the full cross section results with the soft-virtual approximation at lower orders in
perturbation theory, and rescaling the error to the N4LO correction (see Eq. (6.7)). The error
is estimated to be around 0.5% of the total cross section.

Threshold Resummation
The threshold logarithms appearing in c

(0)
ij can actually be resummed to all orders. The

hadronic cross section can be cast into the form

σ(N) =
∑

ij

fi(N,µF )fj(N,µF )σ̂ij(N,µR, µF ), (4.114)

where we switched from τ -space to N -space by means of a Mellin transform

σ(N) ≡
∫ 1

0
dτ τN−1σ(τ)

τ
. (4.115)

In N -space, also called Mellin space, the threshold region τ → m2
H/S corresponds to the limit

N → ∞. In this limit, it can be shown [93–96] that the partonic cross section satisfies the
resummed form

σ̂ij(N) = δigδjgσ̂
LO
gg→HCgg exp[GH(logN)] +O(1/N) . (4.116)

Cgg collects all constant contributions for N → ∞ and can therefore be extracted from
lower orders in the large N limit. GH(logN) contains the threshold logarithms, which get
resummed by exponentiation. It requires the cusp anomalous dimension—now known at
four-loop accuracy [97]—making it possible to compute the full N3LO + next-to-next-to-next-
to-leading logarithm cross section results. The results9 [86] show that at the central scale, the
fixed and resummed cross section are nearly identical. This can be interpreted as additional
validation of our scale choice. Additionally, it confirms the N4LO soft virtual approximation,
which also found that the corrections at the central scale are very close to zero.

π2-Resummation
In Section 4.2.4, we showed that the soft-virtual contribution to the cross section is dominated
by a Sudakov logarithm at time-like momentum transfer. This fact can be exploited to predict
numerically large coefficients at higher orders and ultimately can be used to perform an all
order resummation, sometimes referred to as π2-resummation [88].

Since the logarithm stems from a soft-gluon exchange, we can apply techniques from soft-
collinear effective theory (SCET) [98, 99] to map the Higgs-gluon form factor to a Wilson
coefficient of SCET. In SCET, we integrate out all the hard modes so that we can approximate

Ga
µνG

aµν −→ CS(−q2)× (−q2)gµνAaµ
n⊥Aa ν

n̄⊥, (4.117)

where Aµa
n⊥ and Aa ν

n̄⊥ are effective, gauge invariant operators representing gluons traveling
along the light-like directions n and n̄ defined by the momenta of the incoming hadrons. q2

is the square of the momentum of the operator and CS(Q
2) is the Wilson coefficient. The

Higgs-gluon form factor in SCET, and hence the leading logarithmic contribution to the full
Higgs-gluon form factor is then simply given by

C(0)
∣∣∣
SCET

= CS(−m2
H − i0+), (4.118)

9 The authors of that reference use a Padé approximation for the four-loop cusp anomalous dimension, as the
full result was still unknown at that point in time. They claim that the approximation is highly accurate.
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which we can use to match the Wilson coefficient

CS(Q
2) = 1 +

αs

4π
CA

(
− ln2

(
Q2

µ2

)
+
π2

6

)
. (4.119)

The key benefit of working in the SCET framework is that we can now apply RGE methods.
Indeed, the Wilson coefficient satisfies the RGE

dCS

d lnµ
=

[
ΓA
cusp ln

Q2

µ2
+ γS

]
CS , (4.120)

where ΓA
cusp is the cusp anomalous dimension of Wilson lines with light-like segments in the

adjoint representation, and γS is the anomalous dimension of the operator. The solution of the
differential equation therefore automatically yields a resummed expression of the Higgs-gluon
form factor. The solution can be written in terms of the recursive equation

|CS(−m2
H)|2 = U(m2

H)|CS(−m2
H)|2,

with lnU(m2
H) =

αs(m
2
H)

π

CAπ
2

2

{
1 +

αs(m
2
H)

4π

[
CA

(
67

9
− π2

3

)
− TFnl

20

9

]
+O

(
α2
s

)}
.

(4.121)
We see that the leading π2 term matches our findings in Eq. (4.107).

The resummation drastically improves results at low order of perturbation theory. However,
at higher orders, the quality of the resummation deteriorates. This indicates that at these
orders the factors of π2 are no longer dominant. The procedure should therefore not be used
to “improve” the N3LO cross sections.

4.3.2 PDF Uncertainties

All results presented so far, were computed using NNLO PDF sets, including all N3LO cross
section results. This creates a mismatch between the hard scattering matrix elements and the
PDFs, so that the cross sections predictions do not, in fact, have full N3LO accuracy. The
reason for applying PDF sets at NNLO accuracy is the lack thereof at N3LO.

PDFs are usually fitted to experimental data and then evolved to the desired scale using the
DGLAP equation (2.20). To achieve N3LO accuracy, we therefore require

1. hard scattering amplitudes the PDFs can be matched to,

2. and the N3LO splitting functions for the DGLAP evolution.

Regarding the first point, the exact N3LO coefficient functions for deep-inelastic scattering
in the massless limit have been known for a long time [100–105], whereas massive coefficient
functions are only available in approximation frameworks [106, 107]. Furthermore, N3LO
predictions for charged- and neutral-current Drell-Yan production are also available, both for
the total [108–110] and for differential cross sections [111, 112]. These processes are especially
valuable for the matching of the PDFs since they are experimentally very clean.

In Mellin space, the DGLAP equation (2.20) transforms from an integral-differential equation
to a mere partial differential equation

∂fH,i

∂ logµ
= −γij(N,αs(µ))fH,j(N,µ), (4.122)
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where γij(N,αs) is related to the Mellin transform of the splitting functions

γij(N,αs(µ)) = −
αs

µ

∫ 1

0
dxxN−1Pij(x, αs(µ)). (4.123)

Much progress has been made in evaluating specific moments of the splitting functions [113–
119]. Additionally, parts of the splitting functions can be predicted through resummation
techniques at low Bjorken-x, at leading logarithmic [120] and next-to-leading logarithmic [121–
123] accuracy. Very recently, all 1→ 2 splitting amplitudes were computed fully analytical by
Mistlberger et al. [124], these describe the limit of amplitudes in which two of the external
partons become collinear. It represents one important ingredient of the splitting kernel.

Although the evolution kernels are not yet fully known, the ingredients we do have can be still
be used to at least construct an approximate N3LO PDF set. Results for such PDF sets were
recently published by the MSHT [125] as well as the NNPDF [126] collaboration, which were then
combined in Ref. [127]. They use the available data for deep-inelastic scattering and Drell-Yan
production to fit the PDFs. For the running they use (most of) the known Mellin moments of
the splitting kernels and smoothly interpolate between them.

In Fig. 4.13 and Tab. 4.3, we compare the gluon-gluon-fusion rHTL cross section results at N3LO
computed with different approximate N3LO PDF sets. The NNPDF40_an3lo_as_01180_mhou
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Figure 4.13: The gluon-gluon-fusion cross section at 13 TeV in the rHTL at N3LO for various PDF
sets normalized by the cross section computed with the NNPDF31_nnlo_as_0118 PDF set.
The provided uncertainties only include the PDF uncertainties. The uncertainty of the
normalization is not propagated. The computational setup is described in the Conventions.
Results were computed using iHixs 2 [128].

includes MHOU. This encompasses the scale uncertainties of the hard scattering matrix
elements the PDFs are fitted to, and estimates of the omitted terms in the incomplete N3LO
splitting kernels. In the NNPDF40_an3lo_as_01180_pdfas PDF set, the replicas are created
with different values of αs between αs(mZ) = 0.117 and 0.119, in order to estimate the αs

uncertainties. PDF sets ending with “_qed”, also include corrections from QED.
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PDF σgg→HX [pb]
NNPDF31_nnlo_as_0118 48.8± 0.46

NNPDF40_an3lo_as_01180 47.06± 0.26

NNPDF40_an3lo_as_01180_mhou 46.90± 0.30

NNPDF40_an3lo_as_01180_pdfas 47.06+0.40
−0.33

NNPDF40_an3lo_as_01180_qed 46.28± 0.26

MSHT20an3lo_as118 45.28+0.83
−0.75

MSHT20xNNPDF40_aN3LO 46.08± 0.89

MSHT20xNNPDF40_aN3LO_qed 45.41± 0.78

Table 4.3: The gluon-gluon-fusion cross section at 13 TeV in the rHTL at N3LO for various PDF sets.
The provided uncertainties only include the PDF uncertainties. The computational setup is
described in the Conventions. Results were computed using iHixs 2 [128].

Before the publication of aN3LO PDF sets, the uncertainty due to the mismatch of the PDFs
was often estimated through lower orders rescaled to N3LO,

δ(PDF− th) =
1

2

∣∣∣σNNLO,NNLO PDF
gg→HX − σNNLO,NLO PDF

gg→HX

∣∣∣. (4.124)

This is for example the recommendation of the Higgs Working Group [64]. The factor 1/2
is included as a conservative estimate of the rescaling factor, as the N3LO effect will be
suppressed compared to the NNLO one. For the NNPDF31_nnlo_as_0118 PDF set at 13 TeV,
this uncertainty turns out to be close to 1%. However, from Fig. 4.13, we can see that with this
approach the impact of the N3LO PDFs is severely underestimated, as the results computed
with the aN3LO PDFs is shifted by around 4-6%. This difference underscores why fully
consistent N3LO PDF sets are crucial for accurate cross section predictions.

We can also see that the different approaches followed by the NNPDF and MSHT collaborations,
yield central values which are not compatible within the associated uncertainty bands. Fur-
thermore, the PDF-uncertainty estimates themselves differ significantly by about a factor of
three.

Provided that the MHOU are well estimated by the NNPDF collaboration, the approximations
of the splitting kernels by a finite number of Mellin-moments seems to be highly accurate,
effecting the cross sections only on the level of 3‰.

The αs-uncertainties, make up about half of the total PDF uncertainty, as visible from the
error increase between the NNPDF40_an3lo_as_01180 and NNPDF40_an3lo_as_01180_pdfas
PDF set.

The inclusion of QED effects shifts the cross section by around −0.6 pb at 13 TeV.

Because of the sizeable difference between the PDFs of the two collaboration we advise using
the combined PDF sets until the origin of the discrepancy has been identified or full N3LO
PDF sets become available.
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4.3.3 Electroweak Corrections

Besides the discussed QCD corrections, we can also consider electroweak corrections. These
are generally suppressed because of the smaller coupling constant α(mZ) ≈ 1/127, but the
percentage-level precision of our predictions makes an investigation of electroweak effects
indispensable.

The electroweak corrections to the LO QCD partonic cross section can be classified into two
categories: the light-quark contributions and the top-quark contributions. The top-quark

Figure 4.14: Light-quark contribution to the LO electroweak corrections of the gluon-gluon-fusion Higgs
production cross section.

Figure 4.15: Top-quark contribution to the LO electroweak corrections of the gluon-gluon-fusion Higgs
production cross section. The wavy line represents all electroweak gauge bosons (γ,W,Z).

contribution contains a Yukawa-coupling of the top, and the light-quark contributions contain
all the remaining diagrams. The respective diagrams are depicted in Fig. 4.14 and 4.15. Real
radiative electroweak corrections like those depicted in Fig. 4.16 do not contribute to the
cross section, since two diagrams which only differ by the direction of the fermion flow exactly
cancel. Even though the preconditions are not strictly met, this can be shown analogous to
Furry’s theorem10.

Figure 4.16: Example Feynman diagrams of radiative electroweak corrections to the gluon-gluon-fusion
Higgs production cross section. The remaining four Feynman diagrams can be obtained by
permutation of external gluon, photon and Higgs. Two diagrams which differ only by the
direction of the fermion flow exactly cancel.

The two-loop light-quark contribution to the Higgs-gluon form factor was calculated in Ref. [27].
The top-quark contribution was then worked out in Refs. [28–30]. The latter reference also

10 Furry’s theorem states that the abelian part of the sum of two diagrams that differ only by the direction of
a closed fermion line vanishes, if there are an odd number of vertices proportional to the γ-matrices. In the
present case, the color factor is δc1c2 , i.e. it is fully abelian. There is an even number of vertices, however one
of the vertices is a Yukawa interaction and hence does not introduce a γ-matrix. It is easy to show that with
these conditions, Furry’s theorem still applies.
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includes the effect from finite bottom-quark masses, including diagrams in which we encounter
flavor changes due to a W -boson exchange. The leading electroweak corrections increase the
LO cross section by around 5%. Almost the entirety of this correction is due to the light-quark
contribution.

Beyond LO in αs, the hadronic cross section was first estimated at O
(
α3
sα
)

using the HTL
and also treating the massive vector bosons as infinitely heavy [31]. Furthermore, since the
top-quark contribution was negligible at LO, the authors omitted it in their calculation at
NLO. With this approximation, the electroweak corrections can be incorporated through a
modification of the Wilson coefficient

C1 =

[
αs

4π
C

(0)
1 +

(αs

4π

)2
C

(1)
1 +O

(
α3
s

)]

+
α

4π

[
αs

4π
C

(0)
1,w +

(αs

4π

)2
C

(1)
1,w +O

(
α3
s

)]
.

(4.125)

One then finds for the electroweak coefficient

C
(0)
1,w = − 2

sin2 θW cos2 θW

[
5

4
− 7

3
sin2 θW +

22

9
sin4 θW

]
− 4

sin2 θW
,

C
(1)
1,w = C

(0)
1,w

14

3
.

(4.126)

The same contribution was later reevaluated in the limit of massless electroweak gauge
bosons [32] as well as in the soft-gluon approximation [33]. Although the approximations make
completely different assumptions about the mass spectrum, the phenomenological results turn
out to be quite similar, increasing the NLO cross section between 5.4 and 5.2%. This shows
that the cross section is not very sensitive to the mass of the vector bosons.

Still, results with finite vector-boson masses would be highly desirable and were recently
reported in Ref. [34]. The authors found that the electroweak corrections increase the NLO
cross section by around 5.1%, confirming that the previous approximations were indeed
accurate. The O

(
α3
sα

2
)

QCD predictions are rescaled to order O
(
α5
sα

2
)

using the rHTL with
electroweak corrected Wilson coefficients (see Eq. (4.125)). The electroweak corrections increase
the N3LO rHTL cross section by 4.4± 0.3%. By far, the dominating source of uncertainty of
this contribution is the missing higher order uncertainty. Uncertainties related to the omission
of the top-quark contribution, finite quark-mass effects, or partonic channels at O

(
α3
sα

2
)

are
all below 0.1%.

4.3.4 Finite Top-Quark Mass Effects

So far our discussion of perturbative corrections was mainly focused on the HTL approximation.
In Section 4.2.4, we explained how the approximation can be improved to also encompass
some finite top-quark mass effects by means of rescaling the cross sections. We argued that
in the dominant gluon-gluon channel especially, the rHTL approximation will be highly
accurate. Nevertheless, we also saw significant deviations—in particular for the other partonic
channels—which could yield important corrections to the rHTL cross section.

This makes the higher-order corrections with finite top-quark mass indispensable. The LO
calculation with finite top-quark masses presented in Section 4.1 was extended to NLO in
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channel σNNLO
rHTL [pb] (σNNLO

t − σNNLO
rHTL ) [pb] (σNNLO

t − σNNLO
1/mt

) [pb]

O
(
α2
s

)
+O

(
α3
s

)
+O

(
α4
s

)
O
(
α3
s

)
O
(
α4
s

)
O
(
α4
s

)
√
S = 8TeV

gg 7.39 + 8.58 + 3.88 +0.0353 +0.0879 −0.047
qg 0.55 + 0.26 −0.1397 −0.0153 +0.001

qq 0.01 + 0.04 +0.0171 −0.0191 -
total 7.39 + 9.14 + 4.18 −0.0873 +0.0535 −0.046√

S = 13TeV
gg 16.30 + 19.64 + 8.76 +0.0345 +0.2431 −0.145
qg 1.49 + 0.84 −0.3696 −0.0408 +0.015

qq 0.02 + 0.10 +0.0322 −0.0501 -
total 16.30 + 21.15 + 9.70 −0.3029 +0.1522 −0.130

Table 4.4: Comparison of cross sections computed in the rHTL (σrHTL), the cross section with finite
top-quark masses (σt), and the cross section computed with power corrections (σ1/mt

)
at NNLO. The computational setup is described in the Conventions. Exact results were
extracted from Ref. [35]. The power corrections were computed using iHixs 2 [128]. The
quark-quark channel is not yet available with power corrections, which is why we do not
include it in the above table. The channel is suppressed by the PDFs, i.e. the total cross
section will be left almost unaffected.

Refs. [20, 129]. Later, power corrections to the HTL of the form O
(
m4

H/m
4
t

)
became available

at NNLO [130–132]. Still, a residual theoretical uncertainty of about 1% of the total cross
section persisted. Only with the computation of the exact top-quark mass dependence of the
NNLO cross Section [35] was the uncertainty finally (effectively) eliminated.

The main results of that reference are displayed in Tab. 4.4 (also see Fig. 4.10). We also
compare the cross sections with exact top-quark mass dependence with the mH/mt expansion.
We see that the finite-top-quark-mass effects are small (< 0.4%). In the gluon-gluon channel,
the rHTL works exceptionally well, approximating the NNLO cross section with percent-level
accuracy. Again we expect this kind of accuracy on the basis of the rescaling procedure. In the
other partonic channels the approximation works significantly worse, showing deviations of up
to 19%. The sheer dominance of the gluon-gluon channel assures that the total cross section is
approximated well by the rHTL.

The power corrections O
(
m4

H/m
4
t

)
to the HTL do not significantly improve the rHTL, but

they do get the order of magnitude as well as the sign right.

The residual theoretical uncertainty of the finite-top-quark-mass effects can be estimated from
the scale uncertainty of the difference σt − σrHTL, taking into account all correlations.

Since the perturbative series of the cross section is truncated at some fixed order, it will have
some residual renormalization scheme dependence. The scheme-dependence of the cross section
was investigated in Refs. [4, 86] including our own analysis. The difference between the OS
and MS schemes was found to be less than 1‰ of the total cross section, rendering also the
uncertainty on the scheme dependence completely negligible.
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4.3.5 Effect of Light Quarks

In Section 4.1, we investigated to what extent light quarks affect the gluon-gluon-fusion
Higgs production cross section at LO. Here, we found that the main contribution arises
from the interference with top-quark induced Higgs production. The inclusion of the bottom
quark lowered the cross section by around 6.5% at 13 TeV. The next-heaviest quark—the
charm—further reduced the cross section, this time by 1%.

Since perturbative corrections are typically quite large in gluon-gluon fusion, it is once again
vital to also compute higher-order corrections to the interference. The NLO cross section for
arbitrary quark masses was computed in Ref. [129].

Once again, we estimate the theoretical uncertainty from missing higher orders through the
assigned scale uncertainties. The HWG, instead suggests estimating the uncertainty based on
lower orders and rescale them to the N3LO correction in the rHTL. Since the light-quark-mass
effects are not expected to scale with the cross section of the rHTL, we do not believe that
this is a reliable estimate of the uncertainty and do not apply them going forward.
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Figure 4.17: σi (diagonals) and σi×j (off-diagonals) at NLO for the three heaviest quark flavors at a
hadronic center-of-mass energy of 13 TeV. The red box indicates the sum of each row, and
hence the combined effects of each additional flavor. The computational setup is described
in the Conventions. We use the on-shell scheme for the top-quark mass and the MS scheme
for the charm- and bottom-quark masses. The scale uncertainties are computed using
7-point variation.

The NLO results for the pure-flavor and the interference effects are displayed in Fig. 4.17. We
see that the top-bottom interference contribution to the cross section increased in magnitude
by 58% from LO to NLO. We once again observe that the top-bottom interference contribution
is by far the most significant one among the effects of light quarks. All other light-quark
mass effects are still within the scale uncertainty of the top-bottom interference contribution.
Improving these contributions beyond NLO is therefore completely unnecessary. Interestingly,
we observe that the scale uncertainties of the pure-top and the top-bottom interference
contribution are almost perfectly anti-correlated.

With the scale uncertainty, we estimate that effects of missing higher orders in the light-
quark contribution are of the order of 7‰. However, this estimate is too naïve. Indeed, if we
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choose a different renormalization scheme for the bottom-quark mass, say the OS scheme, the
top-bottom interference contribution at NLO becomes (again at

√
S = 13 TeV)

σt×b = −2.42+0.19
−0.12 pb, (4.127)

which differs from our previous MS renormalized cross section contribution by −0.66 pb or
38%. The large discrepancy between the results is somewhat expected since the hard scattering
amplitude in the high energy limit roughly scales with m2

b (see Eq. (4.13)) and the relation
between the OS and the MS bottom-masses converges very poorly [133, 134]. Therefore, the
cross section can only show a good perturbative convergence in one of the schemes if at all.
At NLO, we have not determined enough coefficients of the perturbation series to make a
reliable argument about the convergence, making higher order predictions indispensable. If we
assign the error in a way to encompass both the on-shell- and MS-renormalized results, it will
constitute a 1.7% uncertainty on the total cross section, making it one of the leading sources
of uncertainty.

Eliminating this source of uncertainty by computing higher order corrections to the top-bottom
interference contribution is one of the major aims of this PhD thesis. With these predictions
we want to investigate the perturbative convergence in the different mass-renormalization
schemes in order to assess which one works best for phenomenological applications.

The cross sections presented in this section were all computed in the 5FS, i.e. the bottom-
and charm-quark were considered massless and could appear in the initial state. Since the
hard scattering matrix element vanishes for massless particles, we then proceeded to set the
light-quark masses to non-vanishing values in all closed quark loops which couple to the Higgs11.
This ad hoc introduction of quark masses has become the de facto standard for light-quark
mass effects in gluon-gluon fusion, but well-grounded justifications of this procedure have been
lacking so far. In this PhD thesis, we aim to close this gap and explore the validity of this
massification procedure by comparing the results of top-bottom-interference contributions to
the same but computed in the 4FS, in which the quark-masses are treated consistently.

4.3.6 Differential Cross Sections

Up to this point the main focus of our discussion has been the total cross section of the
gluon-gluon-fusion channel. However, differential cross sections can shine some light on the
production kinematics of the Higgs and additionally offer a plethora of rich phenomenology
and experimental applications. In this section, we will briefly summarize the current status
on differential cross sections of Higgs production in the gluon-gluon-fusion channel. The
possibilities to study the Higgs production cross section in terms of its kinematics are endless,
so our discussion is by no means complete, instead we will focus on the most phenomenologically
relevant distributions.

The Higgs-pT Distribution
Arguably the most important distribution is the Higgs-pT distribution

dσpp→HX

dpT
, (4.128)

where pT is the transverse momentum of the Higgs with respect to the beam axis. pT -
distributions have been calculated up to third order in perturbation theory using the rHTL [135,

11 We will later show that this method indeed ensures gauge-invariant IR-safe cross sections.
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136], including subsequent decays to photons [137] and leptons [138]. The rHTL only provides
a good approximation of the cross section up to pT ∼ mH since above this threshold, the
top-quark running in the loop is getting resolved. For larger pT , the partonic pT -distribution
is well described by a power law. This can be understood with a simple dimensional analysis.
Indeed, at large pT , the transverse momentum is the dominant scale, and we can neglect the
top-quark mass. In order to match the mass dimension, −3, of the differential partonic cross
section dσpp→HX/dpT , we require the scaling behavior

dσ̂ij→HX

dpT
∼ p−3

T . (4.129)

In the rHTL on the other hand, the coupling constant is proportional to 1/v2 and hence has a
non-vanishing mass dimension. The large pT scaling of the partonic cross section is therefore

dσ̂rHTL
ij→HX

dpT
∼ v−2p−1

T . (4.130)

Unfortunately, these power-laws no longer hold on the hadronic level because of the convolution
with the partonic luminosities. However, since the partonic luminosity dies off extremely quickly,
especially at larger values of τ (see Fig. 2.2), the largest contribution to the hadronic cross
section will come from the region close to the threshold production. We can then expand the
partonic cross section around the threshold yielding

dσpp→HX

dpT
=

∫ 1

smin/S

dτ

τ

∑

ij

Lij(τ)
dσ̂ij→HX(τS)

dpT

≈
∑

ij

dσ̂ij→HX(smin)

dpT

∫ 1

smin/S

dτ

τ
Lij(τ),

(4.131)

where
√
smin denotes the minimum partonic center-of-mass energy

smin =

(
pT +

√
p2T +m2

H

)2
mH≪pT≈ 4p2T . (4.132)

In good approximation, the ratio of the hadronic cross sections in the rHTL and the exact
theory must therefore satisfy

dσrHTL
pp→HX

dpT

/
dσpp→HX

pT
∼ p2T /v2 (4.133)

at pT ≫ mH . The inclusion of finite top-quark mass effects is therefore of immense importance
especially at large pT and has been studied up to NNLO in Refs. [139–141].

At smaller transverse momentum, pT ∼ mH/2, we can resolve the effects of the lighter
quark masses. This is particularly interesting because it demonstrates that this region is
sensitive to the Yukawa coupling of the light quarks [142, 143]. In a recent study by the CMS
collaboration [144]12, the authors fitted experimental data to the Higgs-pT spectrum and were
able indirectly determine the following constraints on the coupling modifiers:

−1.2 < κb < 1.1, −4.9 < κc < 4.8. (4.134)

The effect of light-quark masses on the Higgs-pT spectrum has been studied up to NNLO in
Refs. [4, 146–148].

12 Also see Ref. [145] for an updated analysis.
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At LO and in all virtual corrections, the Higgs is produced with vanishing pT because there is no
other final state particle for the Higgs to recoil against. The LO and all virtual corrections will
therefore only contribute to the zero-bin of the distribution. The transverse momentum hence
acts as a slicing parameter. Consequently, at small transverse momentum, the cross section
will receive large logarithmic enhancements because the cut-off threshold acts an IR regulator.
These logarithms cancel in the exact cross section, but because the perturbation series is
truncated, fixed-order results still suffer from their appearance and yield inaccurate results
whenever these logarithms become dominant. To stabilize the behavior in these phase-space
regions, the logarithms can be resummed to all orders [139, 149–155].

The Higgs-Rapdity Distribution
The Higgs rapidity is defined as

ηH ≡
1

2
ln
p0H + p3H
p0H − p3H

, (4.135)

where pH is the momentum of the Higgs, and the z-axis aligns with the beam direction. For
the Higgs-rapidity distribtuion, all channels, be it real or virtual, can contribute to any bin
of the distribution. Consequently, the respective distribution will not show any logarithmic
enhancements that require resummation, unlike in the pT -distribution.

The Higgs-rapidity distribution has been calculated up to N3LO in the HTL [156, 157]. The
effect of finite top-quark masses has been studied at NNLO in Ref. [155]. The effect of finite
bottom-quark masses, on the other hand, was recently presented by us [4] and will be discussed
in this PhD thesis.

4.3.7 Summary

The theory uncertainties of the fully inclusive gluon-gluon-fusion Higgs production cross
section are summarized in Fig. 4.18. The errors on the various sources of uncertainty are
assigned according to the above description (for details see Section 6.4). The uncertainty
on the top-bottom interference contribution is assigned based on the difference between the
NLO cross sections with OS and MS renormalized bottom-quark masses. The main source of
uncertainty is the scale uncertainty, which still makes up almost 42% of the total error budget.
The second most dominant source of uncertainty comes from the top-bottom interference
contribution which makes up for about a third of the total error. The only other notable error
comes from the soft-virtual approximation. Other sources of uncertainty are already reduced
to a point where further improvements would no longer affect the total error significantly.

In order to significantly improve the uncertainty of the cross section, one can either refine the
scale uncertainties, or the top-bottom interference contribution. The former is very challenging,
as one would need to go to five-loop order. In the foreseeable future, this kind of computation
seems out of reach. This leaves us only with the second option of improving the uncertainty of
the top-bottom interference contribution, by performing the full NNLO cross section calculation
with finite bottom-quark masses. This shall be the focus of this PhD thesis.
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Figure 4.18: Total error budget of the fully inclusive gluon-gluon-fusion Higgs production cross section
at 13 TeV. The errors on the various sources of uncertainty are estimated as described in
Section 6.4. For the top-bottom interference contribution, the error is estimated based on
the difference between NLO cross section with OS and MS-renormalized bottom-quark
masses. For asymmetric uncertainty, we use the total span divided by two.





5 COMPUTAT IONAL DETA I LS

Our final goal is clear now: We want to investigate how finite top- and bottom-quark masses
affect the Higgs production cross section, both on the inclusive and the differential cross section
level. In particular, we want to study the impact of the mass renormalization scheme on the
cross section to eliminate one of its main remaining uncertainties. Furthermore, aside from the
commonly used 5FS, we want to explore the impact of alternative FSs to assess the validity of
the treatment of light-quark masses in the 5FS.

In this chapter, we describe the necessary methods for computing the Higgs production cross
section with full top- and bottom-quark mass dependence at NNLO.

5.1 computing the amplitudes

The base ingredients of the calculation are the scattering amplitudes. In addition to the
LO amplitude for gg → H presented in Section 4.1 and the NLO amplitudes computed in
Ref. [129], we require amplitudes for the following partonic processes

• real-real amplitudes (one-loop):

1. gg → Hgg;

2. gg → Hqq̄;

3. qq̄ → Hq′q̄′;

4. qq̄ → Hqq̄;

5. + processes related by crossing symmetry;

• real-virtual amplitudes (two-loop):

1. gg → Hg;

2. qq̄ → Hg;

3. + processes related by crossing symmetry;

• virtual-virtual amplitudes (three-loop):

1. gg → H.

In the following, we discuss the computation of each amplitude one by one.

In this section, we work exclusively in the 5FS. The necessary modifications for adapting the
amplitudes to the 4FS will be presented in Section 5.2. When working in the 5FS, the bottom-
quark mass is generally zero. Since this would imply that the total top-bottom interference
contribution would vanish, the mass is then set to its actual value in any closed quark loop

71
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coupling to the Higgs. Therefore, in Feynman diagrams such as those in Fig. 5.3, the bottom
quark is treated as massive; however, if the top and bottom quark are exchanged, the bottom-
quark mass is set to zero. With a massification prescription like this, it is essential to verify
that gauge invariance and IR safety are not lost in the process.

The proof that gauge invariance and IR safety are preserved proceeds via the replica technique.
Consider the SM, but with the following quark content: nb identical copies of the bottom
quark, nb′ massless quarks (denoted b′) serving as our massless bottom quark, and the top
quark. Without the inclusion of electroweak effects this theory is equivalent to QCD with the
addition of a Yukawa interaction to the Higgs; ergo this theory is gauge invariant and free
of IR-divergences. Furthermore, gauge invariance and IR safety also hold for each separate
Yukawa coupling contribution (Yt or Yb) and each power of nb and nb′ , as these are arbitrary
parameters from the viewpoint of QCD. This means that the parts of the amplitude which are
proportional to Ytnb are separately gauge invariant, and so are the parts which are proportional
to Ybnbnb′ , and so on. Examples of Feynman diagrams contributing to a selection of Yt, Yb, nb,
and nb′ power-combinations are depicted in Fig. 5.1. Likewise, after squaring, the contribution

Figure 5.1: Example Feynman diagrams and their scaling with the Yukawa coupling, nb, and nb′ .

YtYbnb′nb is going to be separately IR finite. We have thus shown that contributions with a
massive bottom-quark loop which does not couple to the Higgs do not mix gauge-dependent
terms or IR divergences with the selected contribution from our massification procedure.

5.1.1 The Real-Real Corrections

The real-real corrections involve just a single loop containing either a top or a bottom quark.
Examples of different Feynman diagrams for various partonic channels are depicted in Fig. 5.2.

As one-loop amplitudes, they can be computed numerically with publicly available libraries
like RECOLA [158]. However, the real-real corrections often represent the bottleneck of the
computation of the phase-space integrals, which makes an efficient evaluation of the amplitudes
desirable. We therefore use an analytic form of the amplitude instead. We utilize the amplitude
computed in Ref. [159] and its implementation provided by MCFM [160–162], which in turn uses
QCDLoop [163, 164] for the evaluation of one-loop integrals.
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Figure 5.2: Example Feynman diagrams for one-loop real-real corrections in various partonic channels.

We found that using the analytic expressions speeds up the amplitude evaluation by a factor
of 20 compared to the numerical evaluation in RECOLA.

5.1.2 The Real-Virtual Corrections

For the real-virtual corrections, we encounter—for the first time—Feynman diagrams that
have two different mass scales in the loop. Fig. 5.3 shows all (up to inversion of the fermion
flow inside the triangle loops) Feynman diagrams with two different quarks running in the
loops. Naturally, we observe that all two-loop integrals actually factorize into two separate

Figure 5.3: Feynman diagrams for the two-loop real-virtual corrections with two massive quarks. Fermion
lines without arrows indicate that both fermion flows are valid. In the 5FS, the bottom
quark is always coupling to the Higgs.

one-loop integrals making them quite straightforward to solve.

The contributions to the scattering amplitude containing only a single massive quark involve
genuine two-loop integrals. Fig. 5.4 shows a selection of contributing Feynman diagrams.
Two-loop integrals, especially non-planar ones, with three mass scales are very challenging to
compute analytically, even with state-of-the-art methods. As of today, the analytic form of
these amplitudes is still unknown; however approximations for a nearly massless bottom quark
have been calculated relatively recently [165, 166]. We therefore decided to instead evaluate the
appearing two-loop integrals numerically at fixed phase-space points and interpolate between
them during the phase-space integration.
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Figure 5.4: Example Feynman diagrams for the two-loop real-virtual corrections with a single massive
quark in various partonic channels.

In any case, for both the one-mass and two-mass contributions, we first reduce the amplitude
to form factors. To make potential symmetries more apparent, we cross the radiated parton to
the initial state, i.e. we consider the amplitudes

g(p1) + g(p2) + g(p3) −→ H(p4), q̄(p1) + q(p2) + g(p3) −→ H(p4). (5.1)

Projection to Form Factors
We can factor out the external polarization vectors, spinors and color factors to rewrite the
amplitudes in terms of their amputated counterpart

Mggg→H =Mµνρε
µ
1ε

ν
2ε

ρ
3f

c1c2c3 , Mq̄qg→H = v̄(p1)Mρu(p2)ε
ρ
3T

c3
c1c2 . (5.2)

After squaring the amplitude and summing over the color of the external partons, we get the
color factors

f c1c2c3f c1c2c3 = CANA = 24, T c3
c1c2T

c3
c2c1 = CFNc = 4. (5.3)

It is convenient to choose polarization vectors which are cyclically transverse to the external
momenta, i.e.

ε1 = ε(p1, p2, λ1), ε2 = ε(p2, p3, λ2), ε3 = ε(p3, p1, λ3), (5.4)

where the second argument indicates the reference vector, and λi denotes the helicity of the
i-th particle. We can then propose the form factor decomposition of the amplitudes

Mµνρ = gµνpρ2F1 + gµρpν1F2 + gνρpµ3F3 + pµ3p
ν
1p

ρ
2F4,

v̄(p1)Mρu(p2) = v̄(p1)
[
/p3p

ρ
1 − (p1 · p3)γρ

]
u(p2)G1 + v̄(p1)

[
/p3p

ρ
2 − (p2 · p3)γρ

]
u(p2)G2.

(5.5)

Here, we used the Ward identity, to restrict the tensor coefficients inMρ.

The tensor coefficients span a vector space with respect to the scalar product

⟨aµ1,···µng
|bµ1,···µng ⟩ ≡

∑

pol.

a∗µ1...µng

[ ng∏

i

ε∗µi
i ενii

]
bν1...νng

(5.6)

where ng is the number of external gluons, i.e. ng = 3 for ggg → H and ng = 1 for q̄qg → H
and the summation is performed over the polarizations of all external particles. The tensor
coefficients hence form a—not necessarily orthonormal—basis.

Any vector can be written as a linear sum over basis vectors

|v⟩ =
∑

i

vi |ei⟩ . (5.7)
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Then the projector to the j-th basis vector can be found via

⟨ej |P ≡ Pj =
∑

k

G−1
jk ⟨ek| , (5.8)

where G is the Gram-matrix
Gij = ⟨ei|ej⟩ . (5.9)

With this little interlude from linear algebra, it is then easy to verify that the projectors for
the F1, . . . , F4 form factors are given by

Pµνρ
1 =

1

d− 3

(
gµνpρ2

t

su
− pµ3pν1pρ2

1

su

)
,

Pµνρ
2 =

1

d− 3

(
gµρpν1

u

st
− pµ3pν1pρ2

1

st

)
,

Pµνρ
3 =

1

d− 3

(
gνρpµ3

s

tu
− pµ3pν1pρ2

1

tu

)
,

Pµνρ
4 =

1

d− 3

(
−gµνpρ2

1

su
− gµρpν1

1

st
− gνρpµ3

1

tu
+ pµ3p

ν
1p

ρ
2

d

stu

)
.

(5.10)

Consequently, the form factors can be obtained by applying the projectors to the amplitudes

Fi = ⟨ei|Pµνρ|Mµνρ⟩ = Pµ1ν1ρ1
i

(
−gµ1µ2 +

p1µ1p2µ2 + p2µ1p1µ2

p1 · p2

)

×
(
−gν1ν2 +

p2 ν1p3 ν2 + p3 ν1p2 ν2
p2 · p3

)(
−gρ1ρ2 +

p3 ρ1p1 ρ2 + p1 ρ1p3 ρ2
p3 · p1

)
Mµ2ν2ρ2 .

(5.11)

Here, we used the standard identity
∑

λ

ε∗µ(p, n, λ)εν(p, n, λ) = −gµν +
pµnν + pνnµ

p · n (5.12)

to rewrite the sum over the polarization vectors.

Similarly, using ∑

λ

u(p, λ)ū(p, λ) = /p, and
∑

λ

v(p, λ)v̄(p, λ) = /p, (5.13)

we find for the projectors of G1 and G2
1

v̄(p1)P
µ
1 u(p2) =

1

2st(d− 3)
v̄(p1)

[
d− 2

t

(
/p3p

µ
1 −

t

2
γµ
)
− d− 4

u

(
/p3p

µ
2 −

u

2
γµ
)]
u(p2),

v̄(p1)P
µ
2 u(p2) =

1

2su(d− 3)
v̄(p1)

[
d− 2

u

(
/p3p

µ
2 −

u

2
γµ
)
− d− 4

t

(
/p3p

µ
1 −

t

2
γµ
)]

u(p2).

(5.14)

These allow the extraction of the form factors via

Gi = ⟨ei|Pµ|Mµ⟩ =
(
−gµ1µ2 +

p3µ1p1µ2 + p1µ1p3µ2

p3 · p1

)
tr
{
Pµ1
i Mµ2

}
, (5.15)

where we have used Eq. (5.13) once again, to rewrite the polarization sum in terms of a
Dirac-trace.

1 Note that the projectors are defined as the entire left-hand side.
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Helicity Amplitudes
Since the form factors depend on the choice of our tensor basis, we would rather express our
end result in terms of helicity amplitudes

Mλ1λ2λ3
ggg→H =Mµνρε

µ(p1, p2, λ1)ε
ν(p2, p3, λ2)ε

ρ(p3, p1, λ3),

Mλ1λ2λ3
q̄qg→H = v̄(p1, λ1/2)Mρu(p2, λ2/2)ε

ρ(p3, p1, λ3).
(5.16)

To find the relation between the form factors and the helicity amplitudes, we consider all
independent helicity configurations. We then use the spinor-helicity formalism (see Ref. [167]
for a pedagogical introduction to the topic) to rewrite them in terms of spinor products like

⟨ij⟩ ≡ ū(pi,−1/2)u(pj , 1/2), [ij] ≡ ū(pi, 1/2)u(pj ,−1/2). (5.17)

The results for the ggg → H amplitudes read

M+++
ggg→H =

1√
2

su

⟨12⟩ ⟨23⟩ ⟨31⟩

(
F1 +

t

u
F2 +

t

s
F3 +

t

2
F4

)
,

M++−
ggg→H =

1√
2

[12]3

[13][23]

u

s

(
F1 +

t

2
F4

)
,

M+−+
ggg→H =

1√
2

[13]3

[12][23]

s

t

(
F2 +

u

2
F4

)
,

M−++
ggg→H =

1√
2

[23]3

[12][13]

t

u

(
F3 +

s

2
F4

)
.

(5.18)

The other four helicity amplitudes can be determined via charge conjugation

Mλ1,λ2,λ3 =M−λ1,−λ2,−λ3
∣∣
⟨ij⟩↔[ji]

. (5.19)

Similarly, for the q̄qg → H process we find the helicity amplitudes

M−++
q̄qg→H = − 1√

2

[13]2

[12]
sF1,

M+−+
q̄qg→H =

1√
2

[23]2

[12]
sF2.

(5.20)

The +−− and −+− amplitudes can be determined with Eq. (5.19), and all other helicity
configurations produce vanishing amplitudes due to the conservation of angular momentum.

The form factors, amplitudes and helicity amplitudes admit a perturbative expansion in αs.
We define

Mλ1λ2λ3
ijk→H =

4π

v

(αs

4π

)3/2∑

i=0

(αs

4π

)i
M(i),λ1λ2λ3 . (5.21)

Mapping to Topologies and the Reduction to Master Integrals
We generate all diagrams with DiaGen/IdSolver [168], our in-house software tool for the
generation of Feynman diagrams. As output, we obtain FORM [169, 170] code that we can
further manipulate. We apply the color algebra and project to the form factors as described
above. DiaGen/IdSolver is also capable to find prototypes, i.e. it automatically identifies a
minimal set of integral families and assigns appearing integrals accordingly.

In principle, DiaGen/IdSolver is also able to find relations between appearing Feynman
integrals, so-called integration-by-parts identities (IBP), by means of the Laporta algorithm [171].
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However, due to the immense complexity of the problem at hand, intermediate expressions are
prone to become very large. This makes solving the appearing linear system of equations by
traditional methods, such as Gaussian elimination, highly inefficient. The appearance of large
intermediate expressions can be circumvented by using finite-field methods. In a nutshell, one
inserts fractional samples for the appearing kinematic invariants and then performs the Laporta
algorithm with reduced kinematics, making it much simpler to solve. The final IBP identities
relate the master integrals by rational functions. One can then reconstruct the functional
dependence on the kinematic variables through repeated sampling, as in performing a fit. The
rational values are mapped to finite fields—explaining the name of the method—which allows
computations without loss of precision. We use this workflow implemented in the publicly
available tool chain Kira⊕ Firefly [172–174].

After applying the IBP identities, we end up with three integral families for amplitudes with a
single internal massive quark. We adapt the definition provided in Ref. [165]. The propagators
of each family are printed in Tab. 5.1. Note that the Feynman diagrams can never have more

# Planar 1 (PL1) Planar 2 (PL2) Non-planar (NPL)
1 k21 k21 −m2 k21 −m2

2 (k1 − p1)2 (k1 − p1)2 −m2 (k + p1)
2 −m2

3 (k1 − p1 − p2)2 (k1 − p1 − p2)2 −m2 (k1 − p2 − p3)2 −m2

4 (k1 − p1 − p2 − p3)2 (k1 − p1 − p2 − p3)2 −m2 k22 −m2

5 k22 −m2 k22 −m2 (k2 + p1)
2 −m2

6 (k2 − p1)2 −m2 (k2 − p1)2 −m2 (k2 − p3)2 −m2

7 (k2 − p1 − p2)2 −m2 (k2 − p1 − p2)2 −m2 (k1 − k2)2
8 (k2 − p1 − p2 − p3)2 −m2 (k2 − p1 − p2 − p3)2 −m2 (k1 − k2 − p2)2
9 (k1 − k2)2 −m2 (k1 − k2)2 (k1 − k2 − p2 − p3)2

Table 5.1: Integral families for all contributions with only one internal massive quark as defined in
Ref. [165]. m is the mass of the internal top or bottom quark.

than seven internal lines, meaning that integrals appearing in physical amplitudes are missing
at least two of the propagators. The physical subsectors of the integral families are depicted
graphically in Figs. 5.5, 5.6, and 5.7. For the contributions containing two massive internal
quarks, we do not provide the integral families since the two-loop integrals factorize to one-loop
integrals.

UV-Renormalization, IR-Subtraction and LSZ-Reduction
So far our analysis has focused on bare amplitudes regulated in dimensional regularization.
The UV-poles are eliminated through renormalization of the coupling constant and the quark
masses. Following the description in Section 2.1, we replace the bare coupling constant and
masses by their renormalized counterparts and subsequently expand in αs. We isolate the α5/2

s

term to obtain the two-loop correction to the amplitude. We employ the MS scheme for αs,
and—for now—the OS scheme for all the quark masses.

To obtain physical amplitudes, we employ the LSZ reduction formula. This means for each
external particle, multiplying by the square root of the corresponding LSZ-constant. In dimen-
sional regularization, only heavy fields contribute to the LSZ constants, as other contributions
necessarily lead to scaleless integrals. This means that the gluon LSZ constants are already
non-trivial at one loop, whereas the quark LSZ constants only gets non-trivial corrections at
two loop, which makes them irrelevant for the calculation at hand. Because bottom quarks are
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Figure 5.5: Graphical representation of the physical sectors embedded in the first integral family (PL1).
Dotted lines represent massless propagators, while solid lines have the quark mass in the
propagator.

Figure 5.6: Same as Fig. 5.5 but for the second integral family (PL2).

treated as massless whenever they do not couple to the Higgs, they do not contribute to the
LSZ constants. Hence, only the top-quark mass appears in these constants.

The remaining poles are of IR origin. They cancel against poles arising during phase-space
integration, so we subtract them at the amplitude level. We employ the MS scheme and
subtract only the divergences predicted by the Z operator (see for example Ref. [58]).

Results for the Contributions with Two Heavy Quarks
Once all the above steps have been performed, we separate the contributions containing two
heavy-quark loops from the rest of the amplitude. The IR-poles do not receive contributions
from heavy internal lines and are therefore irrelevant for this contribution. The LSZ constants
of the gluons on the other hand, do contribute. In the coupling renormalization constants, we
single out the contributions from the top quark, i.e. we set the number of quarks to

nf = nl + nh. (5.22)
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Figure 5.7: Same as Fig. 5.5 but for the third non-planar integral family (NPL).

Here nl is the number of light quarks, and nh is the number of heavy quarks. In the 5FS we
have nl = 5 and nh = 1. The renormalization constant in the MS scheme then reads

Zg = 1− α
(nf )
s

4π
2β0

1

ϵ
+O

(
α2
s

)
= 1 +

α
(nf )
s

4π

1

ϵ

(
−11

6
CA +

2

3
(nl + nh)TF

)
+O

(
α2
s

)
. (5.23)

To single out the contributions from the top quark we only take terms proportional to nh
and set nh to one afterwards. We then apply the decoupling relations of Eq. (4.80) to replace
the coupling constant with its decoupled counterpart in the lower order amplitudes2. We can
absorb these terms into the renormalization of the coupling constant, such that we end up
with the effective renormalization constant

Z(nl)
g

∣∣
∝nh

=
αs

4π

2

3
TF

(
1

ϵ
− ln

(
m2

t

µ2

))
+O

(
α2
s

)
. (5.24)

This is simply the top-quark contribution to the OS coupling renormalization constant. The
decoupling constants were specifically introduced to cure the MS scheme from the appearance
of non-decoupling effects. In the OS scheme this issue does not arise because of the Appelquist-
Carrazzone theorem (see Section 4.2.2). The equality of the renormalization constants is
therefore not accidental.

At one loop, the top-quark contribution to the renormalization constant is of abelian nature. In
QED, the Ward identity implies the all order relation Ze = Z

−1/2
3 . We can therefore conclude,

or verify explicitly that the one-loop renormalization constant is also related to the gluon LSZ
constant

2(Z(nl)
g − 1)

∣∣
∝nh

= −(Z3 − 1) +O
(
α2
s

)
. (5.25)

This has the profound effect that if the external number of gluons is identical to the power
of the coupling constant (at lower order), then the contributions exactly cancel. This is for
example the case in the ggg → H amplitude.

The result for the helicity amplitude of the ggg → H amplitude read

M(1),+++
ggg→H

∣∣∣∣
2 masses

=
1√
2

1

⟨12⟩ ⟨23⟩ ⟨31⟩

{
− 4m2

t stu

(s+ t)
C̃0(u,m

2
t )

[
B̃(m2

H ,m
2
b)

+
s+ t

u
+ 2

m2
b

u

(
4m2

b − s− t
)
C̃1(u,m

2
H ,m

2
b)−

4m2
b

s+ t
B̃(u,m2

b)

]

+ (s→ t, t→ u, u→ s) + (s→ u, u→ t, t→ s)

}
(5.26)

M(1),−++
ggg→H
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2masses

= − 1√
2

[23]3

[12][13]

4m2
t st

u(s+ t)
C̃0(u,m

2
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[
B̃(m2

H ,m
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+
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u
+ 2

m2
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(
4m2
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)
C̃1(u,m

2
H ,m

2
b)−

4m2
b

(s+ t)
B̃(u,m2

b)

] (5.27)

2 In the renormalization constants we can simply set α
(nl+nh)
s = α

(nl)
s at this order in perturbation theory.
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Where we defined the auxiliary functions3

B̃(s,m2) ≡ β(s,m2) log

(
−1− β(s,m2)

1 + β(s,m2)
+ i0+

)
,

C̃0(s,m
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+

2
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6m2
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√
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s
.

(5.28)

All other helicity amplitudes are either related via charge conjugation (5.19), or by Bose
symmetry

M+−+
ggg→H = −M−++

ggg→H

∣∣∣∣
p1↔p2

, M++−
ggg→H = −M−++

ggg→H

∣∣∣∣
p1↔p3

. (5.29)

Note that the Mandelstam variables are defined in terms of incoming gluon momenta, i.e.

s = (p1 + p2)
2, t = (p1 + p3)

2, u = (p2 + p3)
2. (5.30)

For the quark channel the result reads

M(1),−++
q̄qg→H
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]
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(5.31)

Once again all other amplitudes can be obtained through a relabeling of the external momenta
and applying charge conjugation. We see that the functional dependence on the Mandelstams
is identical in all amplitudes in Eqs. (5.26), (5.27), and (5.31). This is because the expression
is related to the off-shell Higgs-gluon form factor, appearing in all Feynman diagrams of this
contribution (see Fig. 5.3).

Contributions With One Heavy Quark
For completeness, we reproduce here the LO helicity amplitudes computed in Ref. [175]

M(0),+++
ggg→H =

1√
2

16m2stu

⟨12⟩ ⟨23⟩ ⟨31⟩

{
− 8

[
1

ut
+

1

tt1
+

1

uu1

]
− 8

s

[
2s+ t

u21
B1(u) +

2s+ u

t21
B1(t)

]

− 2(s− 4m2)

stu
[s1C1(s) + (u− s)C1(t) + (t− s)C1(u)]− 16m2

[
1

tt1
C1(t) +

1

uu1
C1(u)

]

+
8m2

s
D(u, t) +

s− 4m2

stu
[stD(s, t) + usD(u, s)− utD(u, t)]− 4

s2
E(u, t)

}
,

(5.32)

3 The functions are closely related to the finite part of the bubble integrals, and the triangle integrals with one
off-shell leg but otherwise on-shell external momenta. These functions are slightly modified to simplify the
expressions, but we keep the standard notation B for bubble integrals and C for triangle integrals. The tilde is
added to make the distinction from the original integrals more apparent.
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M(0),−++
ggg→H =

1√
2

[23]3

[12][13]

16m2st

u

{
8m2

H

stu
+

2(m2
H − 4m2)

stu
[s1C1(s) + u1C1(u) + t1C1(t)]

− m2
H − 4m2

stu
[stD(s, t) + usD(u, s) + utD(u, t)]

}
,

(5.33)

M(0),−++
q̄qg→H =

1√
2

[13]2

[12]

m2

s1

[
2 + 2

s

s1
B1(s) +

(
4m2 − u− t

)
C1(s)

]
. (5.34)

Here m is the internal quark mass and we defined

s1 = s−m2
H , t1 = t−m2

H , u1 = u−m2
H . (5.35)

The appearing functions are directly linked to standard Feynman integrals which we provide
in Appendix B.

Although there is one fewer scale in the contributions with only one quark mass, the two-loop
amplitudes are substantially more complex because the integrals no longer factorize. Instead
of attempting to solve the remaining integrals analytically, we followed a numerical approach,
where the amplitudes are evaluated at fixed phase-space points. These points can then be
used as grid points for interpolations during the phase-space integration. For the numerical
evaluation of the master integrals we follow the strategy outlined in Ref. [35], which itself is
based on methods presented in Ref. [176]. The general idea is to derive a system of differential
equation for each integral family, find suitable boundary conditions analytically, and then solve
the differential equations numerically.

The amplitude is a function of four variables, e.g. s, t, u and the quark mass m. The Higgs mass
is not a free parameter, as it can be expressed as a sum over the Mandelstams. We can however
simply factor out one scale—say the collision scale s—to make everything dimensionless,
leaving us effectively with just three scales. We choose to parameterize the amplitude in terms
of the dimensionless variables

z ≡ − t+ u

s
, λ ≡ t

t+ u
, x ≡ m2

s
=

m2

m2
H

(1− z). (5.36)

These variables are advantageous because they parameterize soft and collinear limits. Indeed,
soft limits are described with z → 0, whereas the collinear limits are captured by λ→ 0 for
the t-collinear and λ→ 1 for u-collinear. Furthermore, z and λ are bounded by

0 ≤ z ≤ 1, 0 ≤ λ ≤ 1, and 0 ≤ x (5.37)

for physical production kinematics.

To apply the method of differential equations, we need to apply derivatives with respect to
our variables, but the master integrals are functions of the external momenta. We can apply
the chain rule to relate the derivatives

(
z
∂

∂z

)
=

(
t
∂

∂t

)
+

(
u
∂

∂u

)
+

t+ u

s+ t+ u

(
x
∂

∂x

)

=

(
pµ3

∂

∂pµ3

)
− z

1− z

(
x
∂

∂x

)
, (5.38)

(
λ
∂

∂λ

)
=

(
t
∂

∂t

)
− λ

1− λ

(
u
∂

∂u

)
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=
1

2

((
pµ1

∂

∂pµ1

)
−
(
pµ2

∂

∂pµ2

)
+ (1− 2λ)

(
pµ3

∂

∂pµ3

))
. (5.39)

The derivative with respect to x remains unchanged. One can now proceed to apply the
differential operators onto the master integrals. The derivatives result in new integrals, which
we can subsequently relate to our master integrals through the repeated use of IBPs.

We found that it is advantageous to shift almost all the appearing master integrals from
d = 4 − 2ϵ to d + 2 dimensions, by application of dimension-shift relations (see Ref. [36]
for a comprehensive introduction). This way, all spurious poles of the top-level sector are
removed, and the integrals must only be computed up to ϵ0. As a byproduct, we found that
the coefficients in front of the master integrals are significantly reduced in complexity.

In order to solve the differential equation, we need to find suitable boundary conditions.
Because the HTL has already been extensively studied, we choose it as our boundary condition.
To this end, we expand the integrals in the limit of a large internal mass m,x→∞ by means of
the large mass expansion (see Ref. [177] for a comprehensive introduction). It allows expanding
integrals in the limit of large masses already at the integral level, i.e. the remaining integrals are
devoid of the large mass. The expansion is implemented in the workflow of DiaGen/IdSolver.
The only required integrals are massless four-point functions and vacuum integrals which can
be found in the appendix of Ref. [178].

The solutions found at the boundary x→∞ are then transported to the physical plane—i.e.
to finite quark masses—by solving the differential equation in the x-direction. This strategy is
illustrated in Fig. 5.8. The differential equation is solved numerically using the Bulirsch-Stoer

Figure 5.8: Graphical illustration of the parameter space and the strategy for transporting the boundary
conditions at x→∞ to the physical plane shown in red. This figure was taken (with slight
modification) from Ref. [178].

algorithm. Since we are working within the physical parameter space defined by Eq. (5.36), we
can no longer relate the various matrix elements by means of the crossing relations in Eq. (5.29).



5.1 computing the amplitudes 83

We will therefore have to switch to a physical momentum configuration, and compute all
matrix elements4

M−++
gg→gH ,M+−+

gg→gH ,M++−
gg→gH ,M+++

gg→gH ,

M−++
q̄q→gH ,M+−+

q̄q→gH ,M+−+
gq̄→q̄H ,M++−

gq̄→q̄H ,M++−
qg→qH ,M−++

qg→qH

(5.40)

individually. Notice that we can still apply the charge conjugation identity in Eq. (5.19) if we
first pull out the spinor-helicity factors. Nevertheless, the exchange of the first two momenta
does not take us out of the physical parameter space and hence this crossing symmetry
(followed by charge conjugation) can still be exploited

|Mλ1λ2λ3
gg→gH |2(λ, z, x) = |Mλ2λ1λ3

gg→gH |2(1− λ, z, x), (5.41)

|Mλ1λ2λ3
q̄q→gH |2(λ, z, x) = |Mλ2λ1λ3

q̄q→gH |2(1− λ, z, x), (5.42)

|Mλ1λ2λ3
qg→qH |2(λ, z, x) = |Mλ2λ1λ3

gq̄→q̄H |2(1− λ, z, x). (5.43)

We relate the squared amplitudes to avoid phase factors arising from the spinor-helicity factors.
The physical parameter space is therefore effectively cut in half. Consequently, we only need to
solve the amplitude for 1/2 ≤ λ ≤ 1 and can infer the remaining domain using these symmetry
relations.

We therefore choose initial conditions which are just above the symmetry line λ = 1/2, and
then sample different values in z. The samples are then transported to the physical plane
using the differential equation in the x-direction. The resulting solutions then serve as initial
conditions for the differential equation in the λ-direction, allowing us to get samples in the
entire physical parameter space. The strategy is illustrated in Fig. 5.9.

At z → 0, we encounter soft divergences. These divergences will cancel in inclusive observables
once we perform the phase-space integration. The large cancellations thus require particularly
numerically accurate amplitudes. To minimize potential errors of the interpolation, we therefore
sample z logarithmically, such that the grid points are especially dense in this region of the
phase space. Similarly, for z → 1, although there are no IR divergences, the differential equation
still exhibits poles which for this region of the parameter space are located particularly close
together. This is caused by the remapping of the phase-space to the unit square using the
Möbius transformation in Eq. (5.36). Consequently, this region suffers from the appearance of
large cancellations as well. So to avoid mismodelling the amplitudes we also sample points
close to this boundary more densely. In the end we generated around 1000 values of z, ranging
from 10−4 to 1− 10−4.

The poles of the differential equation in λ are dealt with via a contour deformation in the
complex plane. Once again we sample λ logarithmically, such that we obtain more points
towards the IR-sensitive λ→ 1 region. In total, we sample around 500 λ-points, yielding in
total, a dense grid of the physical plane of about 106 grid points.

As we highlighted repeatedly, around the IR sensitive regions z → 0 and λ → 0, 1, the
amplitudes are dominated by the singularities 1/z, 1/

√
λ and 1/

√
1− λ, a contribution which

will eventually cancel against other IR divergences. On the other hand, the dominance of the
singularity will negatively impact the precision of the interpolation for the non-divergent terms.
We would therefore like to subtract the IR-divergences before performing the interpolation.

4 The helicities are assigned to the partons in the order they appear in the corresponding process, i.e. the first
helicity belongs to the first appearing parton, the second to the second, and the third to the third.
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Figure 5.9: Illustration of the physical plane (shown in red in Fig. 5.8) for a bottom quark with a mass
ratio of m2

b/m
2
H = 1/684. The colored thin lines indicate poles of the differential equation

in λ. The circled crosses with the errors indicate the boundary condition for the differential
equation in λ and the path along which the differential equation is solved. The integration
paths are not to scale and are for illustrative purposes only.

It is well known that the leading IR behavior factorizes from the amplitude. Consider for
example, the limit of two almost collinear outgoing partons with momenta

pµ1 = z1p
µ + kµ⊥ −

k2⊥
z1

nµ

2p · n, pµ2 = (1− z1)pµ − k⊥ −
k2⊥

1− z1
nµ

2p · n, (5.44)

where k⊥ · p = k⊥ · n = 0, and p and n are on-shell (p2 = n2 = 0). Further, p and n are not
collinear, i.e. p · n ∼ O

(
p0n0

)
. The collinear limit is therefore parameterized by k⊥ → 0. Then

the leading power behavior of the one-loop averaged squared matrix element is given by

2Re⟨M(0)
a1a2,···(p1, p2, . . .)|M

(1)
a1a2,···(p1, p2, . . .)⟩ ≃

4παs
1

p1 · p2

[
⟨P (0)

a1a2(z1)⟩ × 2Re⟨M(0)
a,···(p, . . .)|M(1)

a,···(p, . . .)⟩

+
αs

4π
⟨P (1)

a1a2(z1)⟩ ⟨M
(0)
a,···(p, . . .)|M(0)

a,···(p, . . .)⟩
]
.

(5.45)

Here a1 and a2 denote the flavor of the respective parton, while the flavor a is set by flavor
conservation of the process a→ a1a2. That means (a1 = q, a2 = q̄) implies a = g, and further
(a1 = g, a2 = q)⇒ a = q, (a1 = g, a2 = g)⇒ a = g, and so on. ⟨P (0,1)

a1a2 (z1)⟩ are the tree-level
and one-loop averaged splitting functions. For reasons that will be explained below, the exact
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structure of the one-loop splitting functions is of no concern to us. The tree-level averaged
splitting functions in four dimensions read

⟨P (0)
gg (z1)⟩ = 2CA

(
z1

1− z1
+

1− z1
z1

+ z1(1− z1)
)
,

⟨P (0)
qq̄ (z1)⟩ = ⟨P (0)

q̄q (z1)⟩ = TF (1− 2z1(1− z1)) ,

⟨P (0)
qg (z1)⟩ = ⟨P (0)

q̄g (z1)⟩ = CF
1 + z21
1− z1

,

⟨P (0)
gq (z1)⟩ = ⟨P (0)

gq̄ (z1)⟩ = ⟨P (0)
qg (1− z1)⟩ .

(5.46)

Initial-state collinear divergences can be recovered by replacing p2 → −p2 as well as Pa1a2 →
(−1)2sa+2sa1Pa1a2 , where sa and sa1 are the spins of the respective partons.

Similarly, when one of the external gluons becomes soft, q → 0, the factorization of the one-loop
squared amplitude with external partons reads

2Re ⟨M(0)
g,a1,···(q, p1, . . .)|M

(1)
g,a1,···(q, p1, . . .)⟩ ≃

− 4παs

{∑

(i,j)

(Sij(q)− Sii(q)) 2Re ⟨M(0)
a1,···(p1, . . .)|Ti ·Tj |M(1)

a1,···(p1, . . .)⟩

+
αs

4π

[∑

(i,j)

(Sij(q)− Sii(q))Rij ⟨M(0)
a1,···(p1, . . .)|Ti ·Tj |M(0)

a1,···(p1, . . .)⟩

− 4π
∑

(i,j,k)

Sik(q)Iij ⟨M(0)
a1,···(p1, . . .)|fabcTa

iT
b
jT

c
k|M

(1)
a1,···(p1, . . .)⟩

]}
.

(5.47)

The sums run over distinct parton indices. Ti denotes the color operator of the i-th particle,
i.e., it is the generator of the SU(3) group in the representation of that particle: fundamental
for quarks, complex-conjugated for anti-quarks, adjoint for gluons and trivial for colorless
particles. The ket |M⟩, denotes an abstract vector in color and spin space, i.e. the vector is
related to the usual amplitudes via

|Ma1,...,an⟩ ≡
∑

λ1,...,λn

∑

c1,...,cn

M(λ1, c1; . . . ;λn, cn) |λ1, . . . , λn; c1, . . . , cn⟩ . (5.48)

Once again, the exact structure of the one-loop coefficients Iij and Rij is irrelevant for our
purposes (see Ref. [58] for a definition). The eikonal factor is defined as

Sij(q) ≡
pi · pj

(pi · q)(pj · q)
. (5.49)
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We claim that the regulated, averaged squared amplitudes

⟨M(0)
gg→gH |M

(1)
gg→gH⟩|regulated ≡ ⟨M(0)

gg→gH |M
(1)
gg→gH⟩ − ⟨M

(0),rHTL
gg→gH |M

(1),rHTL
gg→gH ⟩

− ⟨M(0)
gg→H |M

(1)
gg→H −M

(1),rHTL
gg→H ⟩ ×





8παs
t ⟨P

(0)
gg

(
s

s+u

)
⟩ if |t| < |u|

8παs
u ⟨P (0)

gg

(
s

s+t

)
⟩ if |u| < |t|

,

⟨M(0)
qg→qH |M

(1)
qg→qH⟩|regulated ≡ ⟨M(0)

qg→qH |M
(1)
qg→qH⟩ − ⟨M

(0),rHTL
qg→qH |M

(1),rHTL
qg→qH ⟩

+ ⟨M(0)
gg→H |M

(1)
gg→H −M

(1),rHTL
gg→H ⟩ × 8παs

t
⟨P (0)

qq̄

(
s

s+ u

)
⟩ ,

⟨M(0)
qq̄→gH |M

(1)
qq̄→gH⟩|regulated ≡ ⟨M(0)

qq̄→gH |M
(1)
qq̄→gH⟩ − ⟨M

(0),rHTL
qq̄→gH |M

(1),rHTL
qq̄→gH ⟩,

(5.50)

are free of IR divergences.

By subtracting the amplitude in the rHTL we are eliminating all infrared divergences coming
from one-loop splitting functions or soft functions in Eqs. (5.45) and (5.47). These functions
now only act on the difference between the LO Higgs-gluon form factor in QCD and in the
rHTL; however, that difference is zero by definition of the rHTL. Notice that the factor used
for rescaling the cross section in the HTL for the interference contributions is now defined in
terms of

rLOt×b =
σ̂LOt×b

σ̂LO,rHTL
t×b

, (5.51)

which for on-shell masses yields approximately −0.129. In contrast to the rescaling factor
for the pure top-quark contribution, this rescaling factor has no direct phenomenological
relevance, in the sense that it can incorporate finite-quark-mass effects, and is used only as a
computational trick.

Even after subtraction of the rHTL squared amplitudes, the difference still exhibits divergences
coming from tree-level splitting and soft functions. For the gg −→ gH amplitude the divergence
can be handled by subtracting

⟨M(0)
gg→H |M

(1)
gg→H −M

(1),rHTL
gg→H ⟩ ×





8παs
t ⟨P

(0)
gg

(
s

s+u

)
⟩ if |t| < |u|

8παs
u ⟨P (0)

gg

(
s

s+t

)
⟩ if |u| < |t|

(5.52)

from the difference. To see this, consider the t-collinear limit (p1 · p3 → 0). We can choose the
anti-collinear direction to be along p2, and then determine5

z1 =
p1 · p2

p1 · p2 − p3 · p2
=

s

s− u. (5.53)

Hence, Eq. (5.52) has exactly the structure required from a collinear limit (5.45). The u-
collinear limit works analogously. In the soft limit, where t and u tend to zero, we can expand
the splitting functions and get

(5.52)→ ⟨M(0)
gg→H |M

(1)
gg→H −M

(1),rHTL
gg→H ⟩ × 8παs

t
2CA

s

u
. (5.54)

Remembering that the Higgs-gluon form factor was diagonal in color-space, i.e. proportional
to δc1c2 , we see that this is exactly the soft divergence predicted by Eq. (5.47).

5 Note that z1 is only unique up to power corrections.
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Since there is no qg → H process, the qg-channel cannot develop a soft divergence. The initial-
state collinear divergence is subtracted with the corresponding splitting functions analogous to
the gg channel. The different sign comes from the splitting function, which generates a minus
sign if a fermion is crossed to the initial state.

Lastly, after subtraction of the squared amplitude of the rHTL, the qq̄-channel does not exhibit
any IR singularity, due to the lack of available Born processes.

In Fig. 5.10 we present the results for the top-bottom interference contribution to the amplitudes,
while Fig. 5.11 shows the results for the pure-top-quark contribution. Despite having subtracted
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Figure 5.10: Top-bottom interference contribution to the amplitudes gg → gH (top left), q̄q → gH (top
right), qg → qH (bottom left) and gq̄ → q̄H (bottom right) normalized by the partonic
center-of-mass energy s. Displayed is only half of the parameter space λ ∈ [0.5, 1]; the
other half can be obtained by means of the symmetry relations in Eqs. (5.41), (5.42) and
(5.43). For better visibility, we only show grid points in the range of λ ∈ [0.5, 0.98] and
z ∈ [0.02, 0.98]. The amplitude is computed with on-shell renormalized quark-masses. The
computational setup is described in the Conventions.

the IR-divergences, the amplitudes still exhibit some residual divergences in the IR-sensitive
regions close to z → 0 and λ → 1. These divergences are however much better behaved,
only showing logarithmic growth at the edges of the phase-space, and consequently can be
integrated over. As expected, the q̄q-channel does not show logarithmic divergences in the soft
limit z → 0 since the q̄q → H process was forbidden by the conservation of angular momentum
(see discussion around Eq. (4.90)).
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Figure 5.11: Same as in Fig. 5.10 but for the pure-top-quark contribution to the amplitudes. Plot range
for the gg → gH has been changed to z ∈ [0.002, 0.965] and λ ∈ [0.5, 0.98], for better
visibility.

In the pure-top-quark contribution, the gg → gH and q̄q → gH amplitudes display their
most prominent features around the tt̄-production threshold at zthreshold = 1 − m2

H

4m2
t
≈ 0.87.

This outcome aligns with our expectations, as Landau’s equations predict a branch cut in
the amplitude beginning at the production threshold. The amplitudes for the qg → qH and
gq̄ → q̄H processes do not exhibit this branch cut at LO since here the discontinuity lies outside
the physical parameter space at t = 4m2

t > 0 and u = 4m2
t > 0. At NLO, the normal thresholds

are nevertheless present. Since the normal threshold only enters via perturbative corrections,
we can expect to see less pronounced features around it. For the top-bottom interference
contributions, the threshold region is less feature rich since the amplitudes with top-quark
induced Higgs production are no longer squared, but instead multiplied by the bottom-quark
induced Higgs production. The latter do not have branch cuts at the tt̄-thresholds, causing a
smoother behavior in this region of the parameter space.

Interpolation
During the phase-space integration, we require the amplitude at any point of the parameter
space, not just at the grid points we computed. We can achieve a highly accurate approximation
of the amplitudes by interpolating between the grid points. To do this, we first identify a
4 × 4 sub-grid, such that the target point lies inside the center square. We then construct
one-dimensional cubic splines in the λ-direction for each fixed value of z using the relevant
grid points. We can then use these spline fits to obtain approximations of the amplitude
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at the target-λ value and the four fixed z-values. Next, we use these four values to build a
second cubic spline in the z-direction, which can then be used to get an approximation of
the amplitude at the target phase-space point. The method is illustrated in Fig. 5.12 and can
be straightforwardly generalized to any dimension. Note that this method does not rely on a

λ
z

A
m
p
.

Figure 5.12: Graphical illustration of the method to perform multidimensional interpolations using cubic
splines. The surface represents the actual amplitude; the black dots mark the computed
grid points; the large red dot is the target phase-space point; the solid red line indicates
the spline fit in the λ-direction; the orange dots mark the value of the λ-fits at the target-λ;
the dashed red line marks the spline fit in the z-direction.

rectangularly distributed grid samples—only that the samples lie in a straight line along one
direction. This is important as our grid samples were distributed logarithmically. Furthermore,
grid points which are located very close to poles of the differential equation are not being
evaluated due to the contour deformation. But as the interpolation method does not rely on
equidistant grid points, we can still interpolate these regions of the phase-space.

During the phase-space integration we will also encounter phase-space regions which lie outside
our computed grid, making it necessary for us to extrapolate. In the IR-sensitive regions,
the amplitude must grow double-logarithmically, whereas in the high-energy limit z → 1 it
can be shown [131, 179] that the amplitude grows as log3(1 − z). One can therefore use a
power-logarithmic Ansatz for the extrapolation of the amplitude. However, we found that
extrapolations using the cubic splines yielded results compatible within the MC uncertainties,
which is why we went with this simpler approach for our final results. The alternative
extrapolation method serves as additional cross-check of the accuracy of our amplitudes in
these regions of phase space.

After completing the interpolation, we reintroduce the subtraction terms from Eq. (5.50),
which we know fully analytically across the entire phase-space, to obtain the full amplitudes.
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5.1.3 The Virtual-Virtual Corrections

Lastly, we consider virtual-virtual corrections to the gg −→ H amplitudes—that is, the three-
loop Higgs-gluon form factor. We can decompose the NNLO contribution to the form factor
according to the quark loops of the respective Feynman diagrams as follows:

C(2) = ntC(2)t + n2tC(2)tt + ntnlC(l)tl

+ nbC(2)b + n2bC
(2)
bb + nbnlC(2)bl

+ ntnb

(
C(2)tb + C(2)bt

)
.

(5.55)

Here, the first index indicates which quark flavor couples to the Higgs, and the second index—if
present—marks the flavor of the other quark loop. That means contributions inside C(2)t are
computed from Feynman diagrams with only a single quark loop containing the top quark.
Example Feynman diagrams for this contribution are shown in Fig. 5.13. C(2)b is computed by
the same means only with the top quark replaced by the bottom quark.

Figure 5.13: Example Feynman diagrams for contributions to C(2)t , containing only a single heavy-quark
loop.

Similarly, C(2)tt then contains two closed top-quark loops, C(2)tl one top-quark and one light-quark
loop, and so on. All Feynman diagrams containing two closed quark-loops are depicted in
Fig. 5.14. The C(2)t , C(2)tt , C(2)tl , C(2)b , C(2)bb and C(2)bl contributions are computed with only a single
heavy-quark mass, making these contributions functions of only one dimensionless variable,
namely

zq =
m2

H

4m2
q

. (5.56)

The C(2)tb and C(2)bt parts of the form factor, on the other hand, are now functions of both zb
and zt. They are the only instance, where we encounter non-factorizable Feynman-integrals
with two-different masses in the whole cross section calculation. Note that when working in
the 5FS, the C(2)tb contribution is set to zero because the bottom-quark loop is not coupling to
the Higgs.

Both the one- and two-quark-mass contributions have recently been computed [67, 180]. They
apply a method similar to what we have described in the previous chapter. They derive a set of
differential equations, this time in terms of zq or zb and zt and subsequently solve the differential
equations numerically. The heavy-top and the high-energy limit are used as boundary conditions
of the differential equation. They derive a deep asymptotic expansion using a combination of
the large-mass expansion and the method of regions [181]. For phenomenological application,
both the bottom- and the top-quark mass are sufficiently far away from the threshold that the
asymptotic expansions approximate the amplitude without a relevant loss of precision. We
therefore use the provided series expansions for our computations. In the public version of
Ref. [67], the amplitude is not provided with the nt,b tags, i.e. it is not possible to individually
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Figure 5.14: All Feynman diagrams with two closed quark loops. The quark loop coupling to Higgs,
marked in red, must be a heavy-quark line, i.e. either a top or bottom quark. The black
quark loop can be either a top, bottom, or light quark. Reversed fermion flows are not
explicitly drawn.

extract the C(2)bb and C(2)b contribution. This is indispensable when working in the 5FS. We
obtained the amplitudes with the relevant tags through private communication with the
authors of Ref. [67].

The results for the various coefficients of the Higgs-gluon form factor are presented in Figs. 5.15
and 5.16. For the mixed contributions C(2)tb and C(2)bt , we only display the results for a fixed
OS mass of the quark which is not coupling to the Higgs. The full mass dependence of the
mixed coefficients is displayed in Fig. 5.17. We can see that the dominant contribution
to the Higgs-gluon form factor comes from Cb in the high-energy limit. Since an additional
fermion loop results in a power suppression of 1/Nc, one can expect that the other coefficients
C(2)bb , C

(2)
bl and C(2)bt will be less significant. The observed discrepancy between the contributions

is however larger than what can be expected from a mere color suppression, a phenomenon
which is commonly observed in the computation of amplitudes. The mixed contribution C(2)bt is
completely negligible, and is small even compared C(2)bl and C(2)bb . This can be understood from
the Appelquist-Carrazzone theorem, which implies that the amplitude should be suppressed
by a factor of m2

H/4m
2
t .

Below the threshold—i.e., in amplitudes where the Higgs couples to the top quark—the
dominant coefficient stems from contributions without a second fermion loop. However, the
imaginary part does receive significant corrections. The mixed coefficient C(2)tb is hereby also
relevant since it is no longer suppressed by large quark masses.
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Figure 5.15: Coefficients of the Higgs-gluon form factor in the large-mass expansion. For the C(2)tb

contribution, we set the bottom-quark mass to its OS-value. Both quark masses are
renormalized in the OS scheme. IR divergences are subtracted in the MS scheme. The
renormalization scale has been set to µR = mH . The computational setup is described in
the Conventions.

Recently, it was noticed by Liu and Penin that the leading logarithms, i.e. logarithms of the
form

αn
s log

n+1(m2
b/m

2
H), (5.57)

of the high-energy limit of the virtual amplitudes can be predicted and resummed to all orders
of perturbation theory [68]. They identified soft quark exchanges as the cause of the leading
logarithm, and were able to rewrite the amplitude in terms of a Sudakov form factor. The
Higgs gluon form factor in the high-energy limit at leading-logarithmic (LL) accuracy reads

C(zb)
∣∣∣∣
LL

= −Z2
gg(x)

(
3

2

1

4zb
ln2
(
− 1

4zb

))
C(0)(0), (5.58)

where

Z2
g = exp

[
−CA

ϵ2
αs

2π

]
, g(x) = 2F2(1, 1; 3/2, 2;x/2) = 2

∞∑

n=0

n!

(2n+ 2)!
(2x)n,

and x =
αs

4π
(CA − CF ) ln

2

(
1

4zb

)
.

(5.59)

Here 2F2 denotes a generalized hypergeometric function. If we expand this in αs we recover
the same high-energy limit (at LL accuracy) as in the fixed-order calculations. It is interesting
to compare the full fixed-order results, with the leading-logarithmic approximation. On the
one hand, it shows how much of the amplitude is dictated by the leading logarithm; on the
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Figure 5.16: Same as in Fig. 5.15 but for high-energy limit. This time C(2)bt is computed using the fixed
OS top-quark mass.

other hand, if accurate, it allows us to go to very high order of perturbation theory such that
we can assess the quality of the perturbation series. At µR = mH , with an OS-renormalized
bottom-quark mass and IR divergences subtracted in the MS scheme, the form factor is6

C
(
m2

H

4m2
b

)
= (−0.021 + 0.030i)

{
1 + (9.237− 0.442i)

αs

π
+ (23.571 + 40.173i)

(αs

π

)2}

= (−0.021 + 0.030i)
{
1 + (0.329− 0.016i) + (0.029 + 0.051i)

}

C
(
m2

H

4m2
b

) ∣∣∣∣
LL

= (−0.024 + 0.030i)

{
1 + 10.36

αs

π
+ 33.48

(αs

π

)2

+ 79.44
(αs

π

)3
+ 153.93

(αs

π

)4}

= (−0.024 + 0.030i)
{
1 + 0.369 + 0.043 + 0.004 + 0.0002

}
.

(5.60)

We note that the full results hold in the 4FS, for better comparability, though numerically the
differences between the schemes is very small. Similarly, we omit the effects from top-quark
loops since these are also not accounted for in the LL approximation. Again, the numerical
effect is almost negligible.

Eq. (5.60) shows that the LL approximation is quite accurate at low perturbative order, but
the quality of the approximation deteriorates at higher orders. At NNLO only the order of
magnitude of the real part is correctly predicted, whereas the imaginary part is completely off.

6 The computational setup is described in the Conventions.
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Figure 5.17: The coefficient C(2)tb in the 4FS as a function of x = m2
t/m

2
H and y = m2

b/m
2
H . Left plot

shows the real part of the coefficient, right plot shows the corresponding imaginary part.
This figure was taken from Ref. [180].

For the top-bottom interference contribution, the imaginary part of the NNLO corrections is,
however, irrelevant since the LO amplitude below the z = 1 threshold is real. For precision
predictions, the LL approximation is not suited, especially at high loop order.

The perturbative convergence of the amplitude seems to be relatively good. We can therefore
conclude that logarithms of the form log2(m2

b/m
2
H) do not spoil the convergence and do not

necessarily need to be resummed.

5.2 the 4-flavour scheme

Up to this point, our discussion was mainly focused on the 5FS, where the bottom quark is
considered to be a constituent of the proton. Consequently, to avoid the appearance of large
logarithms, we have set the mass of the bottom quark to zero, except in closed bottom-quark
loops that couple to the Higgs. To assess the validity of this prescription, we now investigate
the alternative 4FS. Here the bottom quark is consistently treated as a massive particle, and
by excluding the quark from the initial state, the large IR logarithms will cancel in sufficiently
inclusive observables. In this section, we want to summarize the necessary adaptations of our
calculation for the 4FS.

The Real-Real Corrections
In addition to the amplitudes already computed in the 5FS, the real-real corrections now
include an additional channel, in which the Higgs is produced in association with a massive
bb̄ pair. Ergo, we need amplitudes for the processes gg −→ Hbb̄ and qq̄ −→ Hbb̄. The second
and third diagram in Fig. 5.2 are examples of contributing Feynman diagrams. Note however
that we still require the Higgs to couple to a closed quark loop. Hence, a contribution like
the one displayed in Fig. 5.18 is not considered in the present calculation. Instead, they are
considered in the interference of the bottom-bottom fusion- and gluon-gluon fusion-channel
and were evaluated in the 4FS a long time ago [182].

The additional amplitudes are evaluated using the public amplitude library RECOLA [158].
However, the exclusion of the bottom-bottom fusion channel is not supported by RECOLA and
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Figure 5.18: Example Feynman diagram for a contribution to the gluon-gluon-fusion–bottom-bottom-
fusion interference at NLO in the 4FS. Because the Higgs does not only couple to closed
quark loops, it is not considered a contribution to gluon-gluon fusion.

requires some out-of-the-box thinking. Our approach works by computing the amplitudes in
the two-Higgs-doublet model instead of the SM. The details of the model are irrelevant for
our purposes, the only important aspect is that the model now contains a second Higgs boson
H2. We switch off any coupling to lighter quarks, including the bottom quark. Hence, we can
compute the top-quark induced Higgs production in association with a massive b̄b pair. But
how can we now obtain the amplitudes for the bottom-quark induced Higgs production? The
solution is to couple the second Higgs boson to the top quark but rescale the momenta and
masses to match the SM values. This means that we choose the mass of the second Higgs
boson as

mH2 =
mt

mb
mH , (5.61)

and rescale all external momenta by

pµi →
mt

mb
pµi . (5.62)

This ensures that the mass ratio of the Higgs boson to the internal quark running in the loop
and to the external quarks matches the SM ratio of mH to mb. Since the mass dimension of
the amplitude (without the inclusion of the VEV) is vanishing, the global rescaling has no
effect on the numerical result of the amplitude.

The Real-Virtual Corrections
Let us follow the notation from Section 5.1.3 and introduce the bookkeeping parameters nl, nb
and nt to label light-, bottom-, and top-quark loops. The two-loop real-virtual amplitudes for
the gluon-gluon fusion amplitudes then allow for the decomposition

M(1)
ij→kH = ntM(1),t

ij→kH + n2tM(1),tt
ij→kH + ntnlM(1),tl

ij→kH

+ nbM(1),b
ij→kH + n2bM

(1),bb
ij→kH + nbnlM(1),bl

ij→kH

+ ntnb

(
M(1),tb

ij→kH +M(1),bt
ij→kH

)
,

(5.63)

where once again the first superscript indicates which quark flavor is coupling to the Higgs.
In the 5FS bothM(1),tb

ij→kH andM(1),bb
ij→kH were vanishing. For the 4FS we can get theM(1),tb

ij→kH

contribution fromM(1),bt
ij→kH upon exchanging the top and the bottom quark; this amounts to

changing
mt ←→ mb (5.64)
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in Eqs. (5.26), (5.27), and (5.31).M(1),bb
ij→kH could be computed in the same fassion, but instead

we include it in our numerical grids. We thus reconstruct the full amplitude while keeping
track of all bookkeeping parameters, preserving maximal flexibly and allowing us to seamlessly
change between FSs.

The Virtual-Virtual Corrections
Similarly, the 3-loop Higgs-gluon form factor is known as a deep asymptotic series with full
parametric dependence on nl, nb and nt. The only necessary changes to adapt the amplitude
to the 4FS are to include the C(2)bb and C(2)tb terms previously omitted.

5.3 MS-scheme

So far, our discussion of amplitudes was limited to OS-renormalized quark masses. In the OS
scheme, the renormalized mass is identical to the pole mass, that means it corresponds to the
position of the pole of the quark propagator. It is however not physical since quarks cannot
exist as free asymptotic particles. Scattering matrices in QCD will therefore not exhibit poles
at the OS mass.

As explained in Section 4.3.5, the top-bottom interference contribution is highly sensitive to
the renormalization scheme, especially of the bottom-quark mass. One of our central aims
was therefore to examine how the choice of the mass-renormalization scheme affects results
at NNLO. In this section, we want to discuss the relevant adjustments necessary for the
computation of the MS-renormalized amplitudes.

Strictly speaking, the MS scheme is actually a family of renormalization schemes, as every
scale µ forms a new scheme. Since µ can be varied continuously, the RG invariance can be
leveraged in the form of the RGE

0 =
d lnmB

q

d lnµ
⇒ d lnmq

d lnµ
= −d lnZm

dαs
πβ̄ = 2αs

dZ
(1)
m

dαs
≡ −γm. (5.65)

Here, β̄ is again the d-dimensional β function of Eq. (4.64), Z(1)
m is the residue in the ϵ-expansion

of the mass-renormalization constant, and γm is the mass anomalous dimension. The solution
of the RGE is given by

mq(µ) = mq(µ0) exp

[
−
∫ µ

µ0

dµ′

µ′
γm(µ′)

]
, (5.66)

which truncated at one-loop yields

mq(µ) = mq(µ0)

(
αs(µ)

αs(µ0)

)−γ0/β0

= mq(µ0)

(
1− αs(µ0)

4π
β0 ln

(
µ

µ0

))γ0/β0

,

where γ0 = 6CF ,

(5.67)

and β0 as in Eq. (4.71). Beyond one-loop the differential equation becomes very challenging to
solve analytically. We instead fall back to solving the differential equation numerically using
the publicly available software tool CRunDec [183], at the highest available 4-loop accuracy.
Around the top-quark MS mass, we observed that CRunDec encounters numerical instabilities,
which we do not observe when using its Mathematica sister tool RunDec [184]. The Higgs
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Figure 5.19: Running of the top (top panel) and bottom quark (bottom panel) mass. The solid green
curve is the result computed with CRunDec at 4-loop accuracy. The dashed blue curve is
the same but computed with RunDec [184]. The dashed red curve uses CRunDec except for
the region µR ∈ [mt(mt)− 15 GeV,mt(mt)+15 GeV], where we use a cubic spline instead.
The computational setup is described in the Conventions.

production cross section is quite insensitive to the top-quark mass, hence we do not expect
this to be of much importance. Especially considering that in the total cross section the
standard scale choice µR = mH/2 is below this instability region even for the scale variation.
Nevertheless, we will later also introduce dynamical scales which can exceed mt(mt) for a
large Higgs transverse momentum. For this reason, we bridge the problematic region around
µR ∈ [mt(mt)−15 GeV,mt(mt)+15 GeV] using a cubic spline fit which we construct from the
top-quark mass at mt(mt)−15 GeV, mt(mt)−14 GeV,mt(mt)+14 GeV, and mt(mt)+15 GeV.
In Fig. 5.19, we can see that the spline fit correctly reproduces the results of RunDec in the
unstable parameter window. The evolved quark masses then enter the computed amplitudes.

Since the real-virtual amplitudes containing only a single heavy-quark flavor were computed
using a fixed mass ratio m2

q/m
2
H (see Section 5.1.2), we recompute the amplitude using a

variety of different quark masses. In total, we computed the amplitude for nine different quark
masses as listed in Tab. 5.2. Using the interpolation method discussed in Section 5.1.2, we are
now able to very quickly compute all amplitudes with high precision in a large region of the
parameter space. Note that the chosen grid masses have been selected explicitly to eliminate any
interpolation error for the standard fixed scale choices. Hence, we rely on the interpolation only
when using a dynamic scale. To assess the accuracy of our interpolation method, we removed
each set of grid points corresponding to the masses mb(mH),mb(mH/2),mb(mH/4),mt and
reran the MC simulation. The results differed by less than the MC uncertainty, proving the
robustness of our interpolation method.
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Grid mass Value [GeV] Approximate ratio m2
b,t/m

2
H Relative error [‰]

mb 4.78 1
684 0.2

mb(mH) 2.789 1
2011 0.9

mb(mH/2) 2.961 1
1782 0.2

mb(mH/4) 3.170 1
1557 1.0

mmin
b 1.67 1

5602 0.1
mt 172.4 23

12 4
mt(mH) 166.1 136

77 0.0
mt(mH/2) 176.2 149

75 0.0
mt(mH/4) 188.2 213

94 0.0

Table 5.2: Mass ratios squared, m2
b/m

2
H and m2

t/m
2
H , used for the generation of numerical values of the

two-loop four-point amplitudes. We chose values corresponding to the OS masses, according
to PDG recommendations [185], and MS masses at scales relevant for 7-point variation w.r.t.
a central scale of mH/2. For the latter, we used mb(mb) = 4.18 GeV as recommended by the
PDG and mt(mt) = 162.7 GeV. The dynamic scale used for our differential cross-section
predictions (see Eq. (6.1)) can exceed mH , and reaches values of up to 1 TeV. At these high
scales, the bottom-quark mass is mb(1 TeV) = 2.41 GeV. To avoid extrapolations outside
our numerical grids for the amplitudes, we therefore included another mass value, mmin

b ,
below this minimum.

Evaluating OS-renormalized amplitudes at the MS mass does not make them MS renormalized.
We can however extract the MS-renormalized amplitudes by rewriting the OS mass in terms
of the MS mass

mOS = m(nm)(µ)


1 + c

(nm,nl)
1 (µ)

α
(nl)
s (µ)

π
+ c

(nm,nl)
2 (µ)

(
α
(nl)
s (µ)

π

)2

+O(α3
s)


 , (5.68)

and then expand all amplitudes in αs up to the required fix order. The superscripts nm
and nl define which quark flavors have been decoupled from the mass and αs. The relation
between the quark masses in the different renormalization schemes can be extracted using the
renormalization-scheme invariance of the bare quark mass, which yields the relation

ZMS
m (µ)m(µ) = ZOS

m mOS. (5.69)

Meaning that the coefficients c1 and c2 can simply be extracted from the
(
α
(nl)
s

)1
and

(
α
(nl)
s

)2

coefficients of the expanded ratio ZMS
m (µ)/ZOS

m . The OS-renormalization constant still has
logarithmic dependencies on the OS masses. We eliminate any residual logarithmic dependence
by recursively inserting the relation of Eq. (5.68). Note that if the quark with the mass m is
not being decoupled from the running of αs, then its mass is set to zero in all contributions
to the renormalization constants which feature a closed quark loop of that flavor. This is to
ensure consistency with our previous prescription of quark masses.
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With the renormalization constants computed in Refs. [186, 187] we find

c
(nf ,nl)
1 (µ) = CF

(
1− 3

4
ln

(
m(nf )(µ)2

µ2

))
,

c
(nf ,nl)
2 (µ) = − 1

384
CF

{

+ CA

(
−132 ln2

(
m(nf )(µ)2

µ2

)
+ 740 ln

(
m(nf )(µ)2

µ2

)
+ 144ζ(3)− 1111 + π2 (32− 96 ln(2))

)

+ 3CF

(
− 36 ln2

(
m(nf )(µ)2

µ2

)
− 36 ln

(
m(nf )(µ)2

µ2

)
− 96ζ(3) + 71 + 8π2(8 ln(2)− 5)

)

+ 4nlTF

(
12 ln2

(
m(nf )(µ)2

µ2

)
− 52 ln

(
m(nf )(µ)2

µ2

)
+ 8π2 + 71

)}

−
nf∑

i=nl+1

1

96
CFTF

(
12 ln2

(
m(nf )(µ)2

µ2

)
− 24 ln

(
m(nf )(µ)2

µ2

)
ln

(
m

(nf )
i (µ)2

µ2

)
− 52 ln

(
m(nf )(µ)2

µ2

)

+ 32 ln

(
m

(nf )
i (µ)2

µ2

)
+ 48(xi − 1)2

(
x2i + xi + 1

)
Li2(1− xi) + 48x4i ln

2(xi) + 48x2i ln(xi)

− 48
(
x4i + x3i + xi + 1

)
(Li2(−xi) + ln(xi) ln(xi + 1))− 16π2(x3i + xi) + 72x2i + 71

)
,

(5.71)

where we defined xi =
m

(nf )

i (µ)

m
(nf )

(µ)
, nf is the total number of quarks, i.e. nf = 6 in the SM, and

nl is the number of light quarks, i.e. the number of quarks which have not been decoupled in
the running of αs. The sum therefore runs over all quark flavors which are decoupled from the
running of αs; this includes the quark with mass m(nf ) in case it is decoupled. This implies
that the OS-MS-mass relation of the bottom quark somehow depends on the mass of the top
quark. Since the top-quark mass is orders of magnitudes larger than the bottom-quark mass,
this seems quite unphysical. The problem is that we relate the OS mass with the MS mass
within the full nf = 6 theory. Instead, we would like to relate the OS mass to the decoupled
masses defined by

m(nm)(µ) = ζm

(
α(nm+1)
s (µ), ln

(m(nm+1))2

µ2

)
m(nm+1)(µ),

with ζm(αs, L) = 1 +
(αs

π

)2
TF

[
89

288
CF +

5

24
CFL+

CF

8
L2

]
.

(5.72)

Once we expand our relation in xi ≫ 1, which we can do anyway as all decoupling relations
only hold up to power corrections, we find that all non-decoupling effects cancel as expected.
The coefficients for general nm ≤ nf are therefore given by Eq. (5.71) upon replacing nf → nm
on the left- and right-hand side.
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In case we have a hierarchy among the mass scales for which xi ≪ 1, for example when
considering the top-quark OS-MS-mass relation in the 4FS, we can expand the expression
yielding

c
(nm,nl)
1 (µ) = CF

(
1− 3

4
ln

(
m(nm)(µ)2

µ2

))
,

c
(nm,nl)
2 (µ) = − 1

384
CF

{

+ CA

(
−132 ln2

(
m(nm)(µ)2

µ2

)
+ 740 ln

(
m(nm)(µ)2

µ2

)
+ 144ζ(3)− 1111 + π2 (32− 96 ln(2))

)

+ 3CF

(
− 36 ln2

(
m(nm)(µ)2

µ2

)
− 36 ln

(
m(nm)(µ)2

µ2

)
− 96ζ(3) + 71 + 8π2(8 ln(2)− 5)

)

+ 4nlTF

(
12 ln2

(
m(nm)(µ)2

µ2

)
− 52 ln

(
m(nm)(µ)2

µ2

)
+ 8π2 + 71

)}

− 1

96
CFTF

{
72 +

nm∑

i=nl+1

[
71− 20 ln

(
m(nm)(µ)2

µ2

)
− 12 ln2

(
m(nm)(µ)2

µ2

)

+8π2(1− 3xi) + 16 ln(xi)

(
4− 3 ln

(
m(nm)(µ)2

µ2

))]}
.

(5.74)
The sum once again runs over all quark flavors decoupled from the running of αs, with masses
less or equal than m. We once again underscore that these are not the “standard” relations
between the pole and the MS masses, due to our prescription of the bottom-quark mass in
loops that do not couple to the Higgs. However, they follow upon replacing

nl −→ nl − 1 (5.75)

in Eqs. (5.71) and (5.74).

For convenience, we also provide the numerical values for the top- and bottom-quark mass
scheme relations in the 4 and 5FSs

5FS : mt = m
(6)
t (m

(6)
t )


1 + 1.333× α

(5)
s (mt)

π
+ 8.237×

(
α
(5)
s (mt)

π

)2

+O
(
α3
s

)



= (162.7 + 7.493 + 1.608) GeV = 171.793 GeV, (5.76)

4FS : mt = m
(6)
t (m

(6)
t )


1 + 1.333× α

(4)
s (mt)

π
+ 8.864×

(
α
(4)
s (mt)

π

)2

+O
(
α3
s

)



= (162.7 + 7.434 + 1.694) GeV = 171.828 GeV, (5.77)

5FS : mb = m
(5)
b (m

(5)
b )


1 + 1.333× α

(5)
s (mb)

π
+ 8.132×

(
α
(5)
s (mb)

π

)2

+O
(
α3
s

)



= (4.18 + 0.398 + 0.174) GeV = 4.752 GeV, (5.78)

4FS : mb = m
(5)
b (m

(5)
b )


1 + 1.333× α

(4)
s (mb)

π
+ 9.278×

(
α
(4)
s (mb)

π

)2

+O
(
α3
s

)


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= (4.18 + 0.443 + 0.245) GeV = 4.869 GeV. (5.79)

The first two corrections in the expansion already suggest a relatively good perturbative
convergence for the top quark. The bottom quark on the other hand receives quite large
correction, indicating poor convergence of the perturbation series, a phenomenon which
actually worsens with higher loop order [133, 134]. Although there exists no formal proof in
QCD, it is believed that the perturbation series in Eq. (5.68) only converges asymptotically.
Asymptotic expansions can sometimes be summed by means of a Borel transform defined by

f(αs) =

∞∑

n=1

cnα
n
s ⇒ B[f ](t) =

n∑

n=0

cn+1
tn

n!
. (5.80)

The omission of the tree-level α0
s term is conventional. Formally, we then find

f(αs) =

∫ ∞

0
dt e−

t
αsB[f ](t), (5.81)

in the sense that this integral representation reproduces the expansion of f term by term. This
way, we can analytically extend the domain of series beyond its classical radius of convergence.
However, if the Borel transform of the series has a pole on the real positive axis—say at t0 > 0—
then we cannot perform the integration in Eq. (5.81) right away. Even so, we can shift the
pole away from the real axis by a small amount ±i0+, so that we can define the finite integral

f±(αs) =

∫ ∞

0
dt e−

t
αsB[f ](t± i0+). (5.82)

Since this shift is arbitrary, the result is not unique, and will generally result in the finite
difference

f+(αs)− f−(αs) = 2πi
∑

t ∈ poles of B[f ]
Re(t)>0, Im(t)=0

Res(B[f ], t)e−
t
αs . (5.83)

But if t/αs ≫ 1, then this difference is exponentially suppressed. The leading pole, that is
the pole on the positive real axis with the smallest real part, therefore results in the largest
ambiguity. It is also called the leading renormalon singularity. In complete analogy, subsequent
poles are called subleading renormalon singularities. It can be shown [188, 189] that the leading
renormalon singularity of the OS-MS-mass relation in Eq. (5.68) is located at t = −1/(2β0).
With the QCD scale ΛQCD ≈ µ exp

(
− 1

2β0αs

)
, we thus observe that the ambiguity is linear in

ΛQCD/m. In QCD, the leading renormalon is of IR origin. Renormalization schemes, which are
insensitive to the IR—such as the MS scheme—consequently do not suffer from these linear
power ambiguities; they are renormalon free. The OS scheme on the other hand is IR sensitive.
As a result, OS quark masses can never be determined more precisely than ΛQCD/m [190]. For
the top quark, this ratio is tiny (∼ 1‰) and therefore irrelevant for most phenomenological
applications. For lighter quarks such as the bottom quark, the ratio becomes more sizable
(∼ 5%). Perturbation series in the OS scheme thus often exhibit particularly bad perturbative
convergence.

Still, Eqs. (5.78) and (5.79) show that the OS bottom-quark mass is reproduced relatively
well at µR = mb. If we however evaluate the OS-MS-mass relation at µR = mH/2, we find
(in the 5FS) mb = 4.29 GeV, which already deviates significantly from the OS mass value
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of mb = 4.78 GeV. This can be seen as an additional indicator for poor convergence of the
perturbation series. The top-quark mass is not relevantly affected by the choice of the FS,
whereas we see a slight shift of the bottom-quark mass of around 2%.

Equipped with the coefficients in Eq. (5.71), we can now insert the OS-MS-mass relation
into the OS-renormalized amplitudes. A subsequent expansion in αs, then yields the relation
between the amplitudes in the OS and the MS scheme

MMS(m(µ)) =MOS(m(µ)) + δM(m(µ)),

δM(1)(m(µ)) = m(µ)c1(µ)
αs(µ)

π

dMOS,(0)

dm

∣∣∣∣
m=m(µ)

,

δM(2)(m(µ)) = m(µ)

[
c1(µ)

αs(µ)

π

dMOS,(1)

dm

∣∣∣∣
m=m(µ)

+ c2(µ)

(
αs(µ)

π

)2 dMOS,(0)

dm

∣∣∣∣
m=m(µ)

]

+
1

2

(
m(µ)c1(µ)

αs(µ)

π

)2 d2MOS,(0)

dm2

∣∣∣∣
m=m(µ)

.

(5.84)

The relevant LO and NLO amplitudes are known fully analytically. For the Higgs-gluon form
factor at LO, the first and second derivative is performed fully analytically. At NLO, we use
a deep asymptotic expansion in the high-energy or large-mass limit, and then perform the
necessary mass derivatives fully automized using Mathematica. For the one-loop real corrections,
we apply the derivatives already at the level of Feynman rules using DiaGen/IdSolver. Taking
mass derivatives is necessary for the large-mass expansion, a feature already implemented
in the framework of DiaGen/IdSolver, and we use the implementation therein to get the
derivatives. They are then processed using the same tool chain described in Section 5.1.2. In a
nutshell, we project to form factors, use IBPs to reduce the integrals to master integrals, and
insert the solutions to the appearing one-loop integrals.

5.4 performing the phase-space integration

Once we have collected all relevant amplitudes, we perform the phase-space integration to
obtain cross sections. We carry out the phase-space integration numerically using MC methods.
The IR singularities arising during the integration are handled using the sector-improved
residue subtraction scheme7 [57], implemented in the private software package Stripper.

Typically, Stripper runs the MC simulation at a fixed renormalization scale and uses the
provided lower-order amplitudes to automatically evolve the final result to other scales. However,
this procedure only applies if the involved masses are renormalization-scale independent;
therefore, it is not fully automated in the MS scheme. Each renormalization scale is therefore
run individually.

For the top-quark-induced Higgs production cross section, we subtract the rHTL limit already
on the integrand level. Since the rHTL already captures the bulk of the cross section, this
massively improves the MC uncertainties. To get the total cross section, we then add back the
rHTL cross section after performing the phase-space integration. The rHTL cross sections on

7 See Section 2.1.3 for a brief review on subtraction schemes.
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the other hand can be evaluated extremely efficiently by public software tools like SusHi or
iHixs 2. This combination of numerical phase-space integration with rHTL-based subtraction
yields stable and efficient cross-section computations.





6 RESULTS AND D I S CUSS ION

In this chapter, we present the main results of this PhD thesis. First, we show results for
the total and differential top-bottom interference contributions to the gluon-gluon-fusion
Higgs-production cross section in both the 4FS and the 5FS. We then compare the results in
the OS and the MS renormalization schemes for the top- and bottom-quark masses. We also
provide pure-top-quark-mass effects and, finally, compare our findings with other works.

We use two scale choices; for the fully-inclusive cross section we use the central scale of
µ = mH/2, as it shows very good perturbative convergence as explained in Section 4.3.1. In
differential cross sections we use the dynamic scale

µ =
HT

2
≡ 1

2

(√
m2

H + p2T +
∑

i

pi,T

)
, (6.1)

where pT is the transverse momentum of the Higgs, and pi,T is the transverse momentum
of the i-th final state parton. The scale was chosen on the one hand to match previous
studies [141, 146, 148], and on the other hand to improve perturbative convergence at large
pT , where the Higgs mass alone is no longer the natural scale. This is evident, for example, in
the phase-space measure of Eq. (4.97), which shows that at large transverse momentum, we
encounter logarithms of the form log(µ2/s). Since HT is the minimum partonic center-of-mass
energy (see Eq. (4.132)), it will result in better convergence at large pT .

Unless specified otherwise, we follow the computational setup described in the Conventions.

6.1 total cross section

6.1.1 Effects of Finite Top-Quark Masses

As mentioned before, the finite top-quark mass effects on the Higgs production cross section in
the OS-scheme have already been studied in Ref. [35]. Here, we reproduce the result computed
therein and complement them with scale uncertainties. We further provide results for additional
center-of-mass energies. The results are displayed in Tab. 6.1. Moreover, we compare the rHTL
and the full QCD cross sections in the various partonic channels in Fig. 4.10 and Tab. 4.4.

As discussed earlier, the rHTL provides an excellent approximation of the cross section. By
looking at Fig. 4.10, we see that this is especially true for the gluon-gluon channel, whereas
the other channels show discrepancies of O(10)%. The dominance of the gluon-gluon channel
then results in the remarkable accuracy of the rHTL when combining all partonic channels,
yielding approximations with sub-percent precision. We observe that the NNLO correction of
σt − σrHTL has the opposite sign and roughly half the magnitude of the NLO correction. The
lower scale uncertainties are reduced drastically by a factor of 4–6 going from NLO to NNLO,
while the upper uncertainties increase slightly.
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In Tab. 6.2, we show the difference between top-quark induced gluon-gluon fusion cross sections
computed with a top-quark mass defined in the MS and the OS schemes. Based on the previous
studies at LO and NLO, it was conjectured that the renormalization scheme of the top-quark
mass has little effect on the cross section. We find this trend continued at NNLO, where the
difference amounts to just −0.01 pb or 0.2‰ at 13 TeV. Based on our findings, we conclude
that the scale uncertainties overestimate the uncertainty of the difference between the cross
sections in the two schemes. The scale uncertainties themselves decrease slightly going from
NLO to NNLO.

Lastly, we compare the pure-top-quark effects between the 4 and 5FS. In both schemes, the
Higgs boson couples exclusively to the top quark; but the two schemes differ in the treatment of
the bottom-quark mass. The results are displayed in Tab. 6.3. The differences between the two
schemes are insignificant, reaching 0.03 pb at NLO and 0.01 pb at NNLO at a center-of-mass
energy of 13 TeV. At NLO the only difference between the computations is the used PDF
set and the additional qg −→ Hq channel in the 5FS. Only at NNLO do we have explicit
dependence on the bottom-quark mass in the 4FS, which does, however, not give rise to
significant deviations; in fact the NNLO results show even smaller deviations between the two
schemes. We stress that the rHTL cross sections themselves decrease by a significant −1.16 pb
when moving from the 5 to the 4FS (see Tab. 6.5).

6.1.2 Effects of Finite Bottom-Quark Masses

Tab. 6.4 shows one of the major findings of this work: the top-bottom interference contribution
to the gluon-gluon fusion cross section at NNLO. Herein, we compare various computational
setups, including results computed with MS- and OS-renormalized bottom- and top-quark
masses as well as results in the 5 and 4FS.

In Appendix C, we provide results for additional collider energies relevant for LHC phenomenol-
ogy.
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Order σrHTL [pb] (σt − σrHTL) [pb] (σt − σrHTL)/σrHTL [%]
√
s = 7 TeV

O(α2
s) +5.85 –

LO 5.85+1.56
−1.11 – –

O(α3
s) +7.14 −0.0604

NLO 12.99+2.89
−2.14 −0.0604+0.021

−0.037 −0.5
O(α4

s) +3.28 +0.0386(2)

NNLO 16.27+1.45
−1.61 −0.0218(2)+0.035

−0.009 −0.1
√
s = 8 TeV

O(α2
s) +7.39 –

LO 7.39+1.98
−1.40 – –

O(α3
s) +9.14 −0.0873

NLO 16.53+3.63
−2.73 −0.0873+0.030

−0.052 −0.5
O(α4

s) +4.19 +0.0523(2)

NNLO 20.72+1.84
−2.06 −0.0350(2)+0.048

−0.013 −0.2
√
s = 13 TeV

O(α2
s) +16.30 –

LO 16.30+4.36
−3.10 – –

O(α3
s) +21.14 −0.303

NLO 37.44+8.42
−6.29 −0.303+0.10

−0.17 −0.8
O(α4

s) +9.72 +0.147(1)

NNLO 47.16+4.21
−4.77 −0.156(1)+0.13

−0.03 −0.3
√
s = 13.6 TeV

O(α2
s) +17.47 –

LO 17.47+4.67
−3.32 – –

O(α3
s) +22.76 −0.338

NLO 40.23+9.07
−6.77 −0.338+0.11

−0.18 −0.8
O(α4

s) +10.47 +0.162(1)

NNLO 50.70+4.53
−5.14 −0.176(1)+0.14

−0.03 −0.3
√
s = 14 TeV

O(α2
s) +18.26 –

LO 18.26+4.88
−3.47 – –

O(α3
s) +23.86 −0.362

NLO 42.12+9.51
−7.10 −0.362+0.12

−0.20 −0.9
O(α4

s) +10.98 +0.171(1)

NNLO 53.10+4.75
−5.39 −0.191(1)+0.15

−0.04 −0.4
Table 6.1: Total gluon-gluon fusion cross section in the rHTL and the pure-top-quark-mass effects

for a selection of hadronic center-of-mass energies relevant for LHC phenomenology. The
top-quark mass is renormalized in the OS-scheme. The computational setup is described in
the Conventions. The scale uncertainties are determined with seven-point variation taking
into account all correlations.
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Order (σMS
t − σOS

t ) [pb]
√
s = 13 TeV

O(α2
s) −0.04

LO −0.04+0.12
−0.17

O(α3
s) +0.02

NLO −0.02+0.14
−0.30

O(α4
s) +0.01

NNLO −0.01+0.12
−0.24

Table 6.2: Difference of cross sections for Higgs production through a closed top-quark loop with the
top-quark mass defined either in the MS or the OS scheme. The results are computed for
LHC @ 13 TeV using the computational setup described in the Conventions. The scale
uncertainties are determined with seven-point variation taking into account all correlations.

Order (σt − σrHTL) [pb]
√
s = 13 TeV

5FS 4FS
mt = 173.06 GeV mt = 173.06 GeV

mb(mb) = 4.18 GeV
LO - -
O(α3

s) −0.30 −0.27
NLO −0.30+0.10

−0.17 −0.27+0.09
−0.16

O(α4
s) +0.14 +0.12

NNLO −0.16+0.13
−0.03 −0.15+0.10

−0.02

Table 6.3: Effect of the finite top-quark mass on the gluon-gluon fusion cross section in the 4 and 5FS.
The top-quark mass is defined in the OS-scheme, while the bottom-quark mass is defined
in the MS scheme. The results are computed for LHC @ 13 TeV using the computational
setup described in the Conventions. The scale uncertainties are determined with seven-point
variation.
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Order σt×b [pb]
√
s = 13 TeV

5FS 5FS 5FS 4FS 5FS
mt = 173.06 GeV mt = 173.06 GeV mt(mt) = 162.7 GeV mt = 173.06 GeV mt = 173.06 GeV
mb(mb) = 4.18 GeV mb = 4.78 GeV mb(mb) = 4.18 GeV mb(mb) = 4.18 GeV mb = 4.78 GeV

Yb = mb/v

O(α2
s) −1.11 −1.98 −1.12 −1.15 −1.223

LO −1.11+0.28
−0.43 −1.98+0.38

−0.53 −1.12+0.28
−0.42 −1.15+0.29

−0.45 −1.223+0.29
−0.44

O(α3
s) −0.65 −0.44 −0.64 −0.66 −0.623(1)

NLO −1.76+0.27
−0.28 −2.42+0.19

−0.12 −1.76+0.27
−0.28 −1.81+0.28

−0.30 −1.85+0.26
−0.26

O(α4
s) +0.02 +0.43 −0.02 −0.02 +0.019(5)

NNLO −1.74(2)+0.13
−0.03 −1.99(2)+0.29

−0.15 −1.78(1)+0.15
−0.03 −1.83(2)+0.14

−0.03 −1.83(1)+0.08
−0.03

Table 6.4: Top-bottom interference contribution to the gluon-gluon fusion cross section for various computational setups. The results are computed for
LHC @ 13 TeV using the computational setup described in the Conventions. The scale uncertainties are determined with seven-point variation.
Numbers in parentheses indicate the MC uncertainties on the last provided digit.
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Using an MS renormalized bottom-quark mass, an OS renormalized top-quark mass, and the
5FS, we find that the central value is not shifted significantly going from NLO to NNLO. The
result is therefore consistent within the previously estimated scale uncertainty bands. The
latter are reduced significantly in this setup. The upwards scale variation is halved, reaching a
precision of 7% whereas the lower uncertainty is reduced even further to about 2%. Overall,
we observe a good perturbative convergence with this setup.

When the top-quark mass is renormalized in the MS scheme instead (3rd column of Tab. 6.4),
we find only minor changes in the results. This is true both for the central value and the
associated scale uncertainties. This aligns with our earlier observation for the pure-top-quark-
mass effects, which also displayed very little dependence on the top-quark mass renormalization
scheme.

The situation is very different for the renormalization scheme of the bottom-quark mass. At
LO, the cross sections in the two renormalization schemes differ by almost 80%. At this order,
the only difference during the computation is the numerical value of the bottom-quark mass.
The OS mass of the bottom quark is mb = 4.78 GeV, whereas the MSmass at the central
scale can be read off Fig. 5.19 and reads about mb(mH/2) = 3.0 GeV. The large difference
at LO is therefore explained by the large discrepancy of the two mass values and the fact
that the Higgs-gluon form factor shows a strong quadratic dependence on the quark mass
in the HEL (see Eq. (4.13)). In principle, the difference should be mitigated when including
higher orders in perturbation theory. However, the poor perturbative convergence of the
OS-MS-mass relation in Eq. (5.78) often averts such mitigations in practice. Indeed, although
we observe that the gap between the MS- and OS-results is reduced significantly, the results
in the OS-scheme are unreliable, as the NNLO correction has nearly the same magnitude
as the NLO correction but comes with the opposite sign. Alternating corrections of similar
magnitude are a typical indicator of bad perturbative convergence. The NNLO corrections
also lie outside the previously estimated uncertainty band. Additionally, we find that the scale
uncertainties actually increase going from NLO to NNLO, giving us further evidence that the
cross section does not stabilize in the OS-scheme. The main conclusion here is that the cross
section results with an OS-renormalized bottom-quark mass are not trustworthy. The NNLO
predictions therefore allowed us to eliminate the scheme-uncertainty previously associated
with the gluon-gluon fusion cross section, by conclusively demonstrating that the MS scheme
performs better in this instance.

To further investigate the origin of the improvements of the perturbative convergence in
the MS scheme, we also computed results in a mixed renormalization scheme, where the
bottom-quark mass is renormalized in the OS-scheme, but the Yukawa coupling of the Higgs
and the bottom-quark is renormalized in the MS scheme. We stress that this scheme is formally
inconsistent since in the SM, the Yukawa couplings are set by the mass via

Y =
m

v
. (6.2)

Hence, the renormalization constant of the Yukawa coupling is fixed by those of the mass and
the VEV. With the inclusion of electroweak corrections, this can result in problems of gauge
invariance, but since our considerations are limited to QCD corrections, we can ignore these
for our purposes. The results are much simpler to derive from the OS results than when using
the MS scheme consistently because the Yukawa coupling only enters our cross section linearly.
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That means that the derivatives in Eq. (5.84) are trivial, and the perturbative corrections can
be obtained via

σ
(0)
t×b,Mixed =

mb

mb
σ
(0)
t×b,OS

σ
(1)
t×b,Mixed =

mb

mb

[
σ
(1)
t×b,OS + c

(5,5)
1

αs

π
σ
(0)
t×b,OS

]

σ
(2)
t×b,Mixed =

mb

mb

[
σ
(2)
t×b,OS + c

(5,5)
1

αs

π
σ
(1)
t×b,OS + c

(5,5)
2

(αs

π

)2
σ
(0)
t×b,OS

]
,

with σNNLO
t×b = σ

(0)
t×b + σ

(1)
t×b + σ

(2)
t×b.

(6.3)

The results for the mixed renormalization scheme are displayed in the last column of Tab. 6.4.
We can see that the main improvements on the perturbative convergence are already captured by
the mixed scheme, as we no longer encounter alternating corrections of similar magnitude. The
central values are compatible across all orders with the results computed using a consistent MS-
renormalized bottom-quark mass within the provided scale uncertainties. The scale uncertainties
themselves are generally also very similar, and even slightly smaller in the mixed scheme.

In the high-energy limit, the top-bottom interference contribution depends quadratically on
the bottom-quark mass. The poor perturbative convergence of the interference contribution is
therefore not entirely unexpected, as we observed similar problems in the OS-MS-mass relation
of the bottom quark (see Eq. (5.78)). As to why it is the MS scheme which performs better:
the standard argument is that logarithms of the form log

(
m2

b/µ
2
)

are automatically resummed
to all orders in the MS scheme by means of the running of the bottom-quark mass. In the
top-bottom interference contribution however, we also encounter Sudakov-type logarithms of
the form log2

(
m2

b/m
2
H

)
(see for example Eq. (4.13)). These logarithms are of IR origin and

should in principle dominate over the UV-logarithms, which renders the standard reasoning
not directly applicable. Nevertheless, as shown in Section 5.1.3, for the Higgs-gluon form
factor, the leading power of these Sudakov-type logarithms can be resummed to all orders
of perturbation theory. Moreover, the resummation indicated that the perturbation series
converges very quickly (see Eqs. (5.59) and (5.60)), scaling as

αn
s

n!× n2 log
2n+2

(
m2

b

m2
H

)
(6.4)

in the large-loop limit. The UV logarithms, on the other hand, only scale as

αn
sn

−γ0/β0 logn
(
m2

b

µ2

)
. (6.5)

Thus, even if the UV logarithms log
(
m2

b/µ
2
)

themselves are not large compared to the
IR logarithms log2

(
m2

b/m
2
H

)
, the corresponding coefficients could make both contributions

comparable in magnitude, especially at higher orders. The resummation of the UV logarithms
by means of the RGE in the MS scheme could therefore still be the reason for the better
convergence.

Alternatively, one could argue that in contrast to the OS scheme, the MS scheme is renormalon-
free. Consequently, its asymptotic series must converge better at large loop order.

Lastly, let us compare the results of the different FSs. Similarly to the pure-top-quark-mass
effects, we find that the differences are mild. Once again, at LO the only difference in the
computation is the used PDF set. At NLO the computations additionally differ by the inclusion
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of the bg −→ Hb channel in the 5FS, which due to the small PDF of the bottom-quark (see
Fig. 2.1) does not impact the result significantly. Only at NNLO do we encounter differences
in the calculation of amplitudes due to closed bottom-quark loops that do not couple to the
Higgs. We observe that the 4 and 5FS are compatible within the provided uncertainties across
all orders. The treatment of bottom-quark masses in the 5FS therefore seems to capture the
effects from finite bottom-quark masses well. Intuitively, this seems reasonable because the
massless limit mb → 0, works extremely well in QCD at LHC energies. We would hence expect
the same for loops that do not couple to the Higgs. It is nevertheless important to verify this
intuition, and validate that electroweak effects which are causing the strong mass dependence
are not creeping into the parts of the amplitude which should be dictated by QCD physics.

6.2 differential cross section

In addition to the total cross section, we also computed results for differential cross section
distributions, specifically for the Higgs-pT and the Higgs-rapidity distributions.

In Fig. 6.1, we show the top-bottom interference contribution to the two differential cross
sections at NNLO1. Herein, we compare results for OS and MS renormalized bottom-quark
masses. Fig. 6.2 then presents the complete differential cross section, i.e. including the pure-
top-quark and top-bottom interference contribution, and compares them to the respective
results in the rHTL2. The Higgs-pT distribution is particularly interesting, as the various
regions of pT are sensitive to very different physics. At large pT (pT ≫ mt), we see that the
rHTL completely breaks down and we are increasingly sensitive to finite top-quark mass effects.
In Section 4.3.6, we explained that this is due to the non-vanishing mass dimension of the
coupling in the HTL, resulting in a less suppressed high pT -tail. Our analysis concluded that
the ratio of the rHTL and SM differential cross section must grow quadratically in pT (see
Eq. (4.133)). We find this rough estimate confirmed in the ratio plot of the pT distribution in
Fig. 6.2. To validate this, we performed a linear fit of the logarithm of the cross-section ratio
on a logarithmic pT scale. The slope of such a fit thus indicates the power of a power-law. Our
fit resulted in a slope of 1.95 within a pT range of [500 GeV, 1000 GeV]. If the fit is performed
in a higher pT range, the slope becomes even closer to 2. The perturbative corrections are
relatively constant across the spectrum for pT > 50 GeV. The NNLO correction raises the
distribution by roughly a factor of two, both for the rHTL and the SM calculations.

At lower transverse momentum (pT < mt), the top-quark running in the loop is not resolved,
and the cross section is well approximated by the rHTL. This of course excludes the effects from
the missing light-quarks, which are however only relevant for pT < 50 GeV. At small transverse
momenta, the fixed-order cross sections are logarithmically enhanced by log(p2T /m

2
H), which

spoil the perturbative convergence. These kinds of logarithms can be resummed to all orders of
perturbation theory. For the pure-top-quark effects, the fixed-order results can be compared to
parton shower matched results [155], and one observes that resummation only becomes relevant
below transverse momenta of 20 GeV. In the very low pT region where pT ≪ mb, the bottom
quark is not resolved and the appearing logarithms can be resummed once again. However, this
region is also sensitive to non-perturbative effects [191]. For intermediate transverse momenta
mb < pT < mH , the top-bottom interference contribution also picks up additional logarithms
of the form log(pT /mb) and log(mH/mb), potentially further degrading the perturbative

1 In Fig. 6.3 we also show OS-scheme results for a slightly altered computational setup, with a finer binning.
2 In Fig. D.1 we present the analogous results for an OS renormalized bottom-quark mass.
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Figure 6.1: Higgs-pT (left) and Higgs-rapidity (right) distributions for the top-bottom interference
contribution to the gluon-gluon-fusion cross section. Compared are the 5FS results obtained
with an MS renormalized bottom-quark mass (red) against those computed with an OS
renormalized mass (blue). The results are computed for LHC @ 13 TeV using the com-
putational setup described in the Conventions. The transparent bands indicate the scale
uncertainties, whereas the error bars show the MC uncertainties.

convergence in this region. The origin and resummation of these are not well understood,
however the resummation effects have been estimated in Ref. [147]. In this reference, the authors
show that the effects are only relevant for transverse momenta below 20 GeV. Coincidentally,
this also marked the threshold, where the resummation of top-quark logarthims can no longer
be ignored. Our fixed-order results are hence reliable above this threshold.

Comparing the pT -distributions of the top-bottom interference contribution computed with
OS and MS renormalized bottom-quark masses (Fig. 6.1) reveals that the two schemes are
compatible for transverse momenta above 30 GeV. Below this threshold, we observe significant
deviations and a sharp spike at around 15 GeV in the OS scheme. In the MS scheme the
spike is also visible but less pronounced and overall there is a smoother low-pT behavior. This
indicates that the main improvements on the perturbative convergence over the OS scheme
come from this region of the phase-space.

The rapidity distribution is not subject to logarithmic enhancements and remains reliable
across the entire range. The distribution overall is less feature rich. With an MS renormalized
bottom-quark mass, the top-bottom interference contribution approximately results in a shift of
−4% across the entire rapidity spectrum. In the OS scheme the shift is slightly larger—around
−4.5% with a slight negative tilt towards larger rapidities. Relative scale uncertainties remain
roughly constant and are significantly larger in the OS-scheme, as expected from our findings
on the total cross section (see Tab. 6.4). In the right panel of Fig. 6.2, we can see that the
NNLO corrections on the total cross section result in a shift of +20% across the entire rapidity
spectrum, both for the rHTL and the SM cross section. This once again perfectly aligns with
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Figure 6.2: Higgs-pT (left) and Higgs-rapidity (right) distributions for the gluon-gluon fusion channel.
Compared are the 5FS results obtained in the rHTL with those including finite-quark-mass
effects (pure-top-quark-mass effects + top-bottom interference contribution). The bottom-
quark mass is renormalized in the MS scheme, while the top-quark mass is renormalized
in the OS scheme. The results are computed for LHC @ 13 TeV using the computational
setup described in the Conventions. The transparent bands indicate the scale uncertainties,
whereas the error bars show the MC uncertainties.

the observed corrections in the total cross section in Tab. 6.1. Similarly, the rHTL differential
cross section overshoots the full cross section by around 4− 5% across the entire spectrum,
aligning perfectly with the observed shift of the top-bottom interference contribution in the
right panel Fig. 6.1.

6.3 validation & comparison with other works

In the 4FS, the bottom-quark mass acts as an IR-regulator, resulting in huge logarithmic
enhancements of the individual amplitudes. To check that these enhancements cancel in
inclusive observables, we performed the calculation of the rHTL cross section for a number
of small bottom-quark masses. This means that the cross section contains only contributions
arising from the effective coupling of the Higgs to gluons, and the bottom-quark mass is only
relevant in bottom-quark loops which are not coupling to the Higgs. These loops, however, are
precisely the ones that give rise to the logarithmic enhancements. The results are displayed in
Tab. 6.5. The results clearly show that there are no logarithmic enhancements on the cross
section level, as there is no pronounced rise of the cross section for decreasing bottom-quark
masses. We further observe that the 4FS results approach the 5FS results in the limit mb → 0.
For realistic values of the bottom-quark mass (last two columns in Tab. 6.5), we see a significant
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Order σrHTL [pb]
√
s = 13 TeV

5FS 4FS 4FS 4FS 4FS
mb = 0.01 GeV mb = 0.1 GeV mb = 4.78 GeV mb(mb) = 4.18 GeV

O(α2
s) +16.30 +16.27 +16.27 +16.27 16.27

LO 16.30+4.36
−3.10 16.27+4.63

−3.22 16.27+4.63
−3.22 16.27+4.63

−3.22 16.27+4.63
−3.22

O(α3
s) +21.14 +20.08(3) +20.08(3) +20.08(3) +20.08(3)

NLO 37.44+8.42
−6.29 36.35(3)+8.57

−6.32 36.35(3)+8.57
−6.32 36.35(3)+8.57

−6.32 36.35(3)+8.57
−6.32

O(α4
s) +9.72 +10.8(4) +11.1(4) +9.5(2) +9.6(2)

NNLO 47.16+4.21
−4.77 47.2(4)+5.4

−5.4 47.5(4)+5.4
−5.5 45.9(2)+4.3

−4.9 46.0(2)+4.4
−5.0

Table 6.5: rHTL cross section in the 5-flavour scheme and for different bottom-quark masses in the
4-flavour scheme. In the last column the cross section and the scale variation are computed
with the MS mass. The results are computed for LHC @ 13 TeV using the computational
setup described in the Conventions. The scale uncertainties are determined with seven-point
variation. Numbers in parentheses indicate the MC uncertainties on the last provided digit.
Results in the 5FS were computed using SusHi.

change from the 5 to the 4FS of around −2%, which is, however, still well within the associated
scale uncertainties. Finally, results for OS and MS renormalized bottom-quark masses show
no significant deviations.

To further validate our findings, we compared our Higgs-pT spectra against existing Higgs+jet
analysis. The top-bottom interference contribution with OS-renormalized top- and bottom-
quark masses was compared to the results presented in Ref. [147]. In this reference, the authors
approximate the real-virtual corrections using the HTL for the top-quark, and they work under
the assumption of a nearly massless bottom-quark. Fig. 6.3 shows the comparison of the two
results. We see that the approximations perform well for transverse momenta below 40 GeV,
but result in an error of about 20% above this threshold. Since the approximation of a nearly
massless bottom quark is expected to perform well in the limit mb ≪ mH , pT , the discrepancy
is likely due to the HTL approximation. Since the pT range [0, 40 GeV] is responsible for the
majority of the top-bottom interference contribution—about 99%—, the approximation is still
highly accurate for the total cross section. Additionally, we observe that the scale uncertainties
of the first two bins are significantly larger in Ref. [147]. We were able to identify that this
difference arises only from a single scale variation (µR/µ = 1, µF /µ = 2), but we have not
found any error on our end that would account for this difference.

Furthermore, we compared our findings of the pure-top and the top-bottom-interference
contribution with both quark-masses defined in the MS scheme with the results presented in
Ref. [148]. The results show excellent agreement for transverse momenta pT ≤ 400 GeV. Above
this scale we find significant deviations. We were able to identify that the problem arises from
the real-virtual amplitudes. Indeed, our numerical grids were only computed for top-quark
masses up to a scale of µR = 125 GeV. If the scale exceeds this value, we are extrapolating
from our grid. This then results in large errors for pT > 400 GeV. We stress that all our
previous findings did not rely on this extrapolation, since we used fixed scales whenever we
renormalized the top-quark mass in the MS scheme.
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Figure 6.3: Top-bottom interference contribution to the Higgs production cross section. Displayed are our
results (blue) and the results presented in Ref. [147] (red), with data provided by the authors.
The authors of that reference used an OS top- and bottom-quark mass of mt = 173.2 GeV,
and mb = 4.75 GeV, whereas we used mt = 173.05 GeV and mb = 4.78 GeV and the
same Higgs mass of mH = 125 GeV. For the sake of this comparison, we used the same
PDF4LHC15_nlo_30 PDF set and a central scale of µ = 1

2

√
m2

H + p2T . The transparent
bands indicate scale uncertainties, whereas the error bars in the lower panel indicate the
MC uncertainties dominated by the uncertainties of Ref. [147].

6.4 recommendations for phenomenological applica-
tions

We conclude this chapter by giving our recommendations for the total gluon-gluon fusion Higgs-
production cross section for future phenomenological applications. We combine our findings
with the full N3LO rHTL results, the partial N4LO results in the soft-virtual approximation,
the available electroweak corrections, and the finite top-quark mass effects. The associated
uncertainties of each contribution are carefully examined.

Following our discussion of Section 4.3.1, we suggest using µ = mH/2 as the central scale.
Moreover, we recommend using the MSHT20xNNPDF40_aN3LO PDF set until full N3LO sets
become available.

The top-bottom interference contribution proved to be quite independent of the chosen FS.
We suggest using the 5FS going forward because large logarithms are automatically resummed
in this FS by the running of the PDFs. The renormalization scheme of the top-quark mass also
did not affect the cross section significantly. Both the MS and the OS scheme are therefore
valid choices. In the following we provide results for the latter. The bottom-quark mass on
the other hand, was very sensitive to the renormalization scheme, and the MS scheme showed
significantly better perturbative convergence, which is why we strongly recommend using this
scheme from now on.
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Figure 6.4: Comparison of the differential Higgs-pT cross section of the gluon-gluon fusion channel
between our findings and the results presented in Ref. [148]. The cross section constitutes
the pure-top-quark, the top-bottom interference, and the pure-bottom-quark contributions,
however, we neglect the pure-bottom-quark contribution for all NNLO corrections. For the
sake of this comparison, we use the same computational setup as the authors of Ref. [148],
namely top- and bottom-quark masses defined in the MS scheme with the masses mt(mt) =
163.4 GeV and mb(mb) = 4.18 GeV. The running of the quark-masses is computed at two-
loop accuracy. The Higgs mass is set to mH = 125.25 GeV. We apply the anti-kT algorithm
with a jet radius of R = 0.4 and use the central scale µ = 1

2

(√
m2

H + p2T +
∑

i pi,T

)
, where

the sum runs over all jet momenta. We use a pT -cut on the jets, requiring that at least one
of the jets satisfies pi,T > 20 GeV. We use the NNPDF40_nlo_as_01180 PDF set.

Our best prediction for the gluon-gluon fusion cross section is

σpp→HX(13 TeV) = + 15.33 pb (+33.17%) (LO rHTL)
+ 19.99 pb (+43.26%) (NLO cor. rHTL)
+ 9.20 pb (+19.91%) (NNLO cor. rHTL)

+ 1.56 pb (+3.38%) (N3LO cor. rHTL)

+ 0.14 pb (+0.30%) (N4LO cor. rHTL in s.-v. approx.)
+ 2.02 pb (+4.37%) (NLO EW-QCD)

− 0.16 pb (−0.35%) (NNLO finite top-quark mass)
− 0.23 pb (−0.50%) (NLO top-charm interference)
+ 0.10 pb (+0.22%) (NLO pure bottom-quark effects)
− 1.74 pb (−3.77%) (NNLO top-bottom interference)

46.21 pb (100%).

(6.6)

Here, “cor.” refers to the correction of the respective perturbative order. The rHTL results were
computed using iHixs 2. The N4LO results were extracted from the K-factor with respect to
N3LO at 13 TeV, provided in Ref. [26]. In this reference, the authors use a slightly altered
computational setup, including a different PDF set (MSHT2014). Since the N4LO corrections
are tiny, the final result should not be affected by this significantly. Similarly, the electroweak
corrections were extracted from Ref. [34], where the authors used the PDF4LHC15_nlo_30 PDF
set and slightly different masses for the Higgs, and the top and bottom quark3. Once again,
the electroweak corrections themselves are small, making the impact of a slightly altered

3 The authors also used a bottom-quark mass defined in the OS scheme.
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computational setup non-essential. Finally, the effects from finite top- and bottom-quark
masses were computed using the NNPDF31_nnlo_as_0118 PDF set.

We estimate the MHOU, based on the µR variation4 of the N4LO cross section in the soft-
virtual approximation in the range [mH/4,mH ] presented in Ref. [26]. The factorization-scale
dependence was shown to be very small (see Fig. 4.12), making it an accurate estimate of
MHOU. We can estimate the error of the soft-virtual approximation itself based on lower
orders. We conservatively assign the uncertainty by taking the perturbative order at which the
soft-virtual approximation yielded the worst estimate of the perturbative correction and then
apply the resulting accuracy to the N4LO results,

δ(∆σNnLO
s.-v. ) = max

{∣∣∣1−∆σNLO
rHTL/∆σ

NLO
s.-v.

∣∣∣, . . . ,
∣∣∣1−∆σNn−1LO

rHTL /∆σNn−1LO
s.-v.

∣∣∣
}
∆σNnLO

s.-v. . (6.7)

Here, ∆σNnLO
s.-v. refers to the correction of the cross section at NnLO. We can see from Tab. 4.2

that this error estimate works reasonably well, as the differences between the soft-virtual
and the full corrections is always within a 1.2σ interval. Uncertainties on the electroweak
corrections are also dominated by MHOU, and we adopt the uncertainties assigned in Ref. [34].
Errors associated with missing higher orders in the PDF fits, including the missing ingredients
for the DGLAP evolution equation, are estimated by comparing cross section results computed
using the NNPDF40_an3lo_as_01180_mhou and the NNPDF40_an3lo_as_01180 PDF sets, i.e.
the uncertainty is calculated via

δ(PDF MHOU) =

√(
σ
NNPDF40_an3lo_as_01180_mhou

gg→HX

)2
−
(
σ
NNPDF40_an3lo_as_01180

gg→HX

)2
. (6.8)

This assumes that the PDF-theory and the PDF uncertainties are uncorrelated. Uncertainties
for finite quark-mass effects are determined through seven-point scale variation. The full theory
uncertainty can be broken down as follows:

δ(theory) = +0.10
−1.73 pb (+0.2%

−3.7%) (scale)

±0.24 pb (±0.5%) (s.-v. approx.)
±0.14 pb (±0.3%) (electroweak)
±0.16 pb (±0.3%) (PDF MHOU)

+0.13
−0.03 pb (+0.3%

−0.1%) (finite top-quark mass)
+0.13
−0.03 pb (+0.3%

−0.1%) (top-bottom interference)

+0.35
−1.76 pb (+0.8%

−3.8%).

(6.9)

For the final theory uncertainty, we added all individual errors in quadrature. In Section 4.3.5
we observed that the top-bottom interference contribution is actually anti-correlated with the
pure-top-quark contribution. We do not take this anti-correlation into account here because
the correlations among the other sources of uncertainty are currently unavailable. The error
budget is illustrated in Fig. 6.5.

The uncertainty estimates are slightly different from the upcoming Higgs Working Group
recommendation [193], mainly due to the fact that electroweak corrections are not incorporated
with full NLO precision. Furthermore, the Higgs Working Group assumes maximal correlation
among the various uncertainties. The uncertainty estimates presented here are therefore smaller
by approximately 0.8% of the total cross section.

4 Recently, the MHOU were also estimated using theory nuisance parameters [192] at NNLO. The authors found
the uncertainties to be compatible.
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Figure 6.5: Total error budget of the fully inclusive gluon-gluon fusion Higgs production cross section
at 13 TeV. Uncertainties are assigned as described in the text.

Finally, the uncertainties on the PDF sets are combined with the αs uncertainties, assuming
that the errors are uncorrelated. This not entirely realistic assumption is adopted out of
necessity since the MSHT20xNNPDF40_aN3LO PDF set does not support correlations yet. The
αs-uncertainty is estimated by reevaluation of the N3LO rHTL cross section at αs(mZ) = 0.117
and αs(mZ) = 0.119, corresponding to the standard deviation of αs [194], the resulting range
is taken as the standard deviation. The combined uncertainty reads

δ(PDF + αs) =

√
[δ(PDF)]2 + [δ(αs)]

2 =

√
[0.88 pb (1.9%)]2 +

[
+1.23
−1.21 pb (+2.6%

−2.6%)
]2

= +1.52
−1.50 pb (+3.3%

−3.2%).

(6.10)

Our final best prediction for the gluon-gluon fusion cross at 13 TeV is

σpp→HX(13 TeV) = 46.21+0.35
−1.76 (theory) +1.52

−1.50 (PDF + αs) pb. (6.11)

This is in excellent agreement with the current best measurement of the cross section (4.1).





7 CONCLUS IONS & OUTLOOK

7.1 conclusions

In this work, we investigated the effect of finite bottom-quark masses on the Higgs production
cross section in the gluon-gluon fusion channel. We computed the top-bottom interference
contribution to the cross section at NNLO. In our recommended setup, where the bottom-quark
mass is renormalized in the MS scheme and the bottom quark is included in the PDFs, the
NNLO correction turned out to be tiny (+0.02 pb at 13 TeV), however the scale uncertainties
were reduced significantly. This marks the final cornerstone in a long series of theoretical
improvements to the cross section. The theoretical uncertainty is now at the level 2% of the
total cross section.

We also investigated the effects of alternative renormalization schemes, both for the top-
and for the bottom-quark mass. We found that the cross section is quite insensitive to the
renormalization scheme of the top-quark mass. For the bottom-quark mass, on the other hand,
the renormalization scheme proved crucial. The OS scheme failed to exhibit good perturbative
convergence at NNLO, whereas the MS scheme succeeded. Nevertheless, the cross section
predictions in the two renormalization schemes turned out to be compatible within a 2-σ
interval. This analysis removed the scheme ambiguity previously associated with the cross
section contribution.

Additionally, we examined the impact of the chosen FS. This was particularly interesting for
this process because it altered the treatment of the bottom-quark mass whenever it was not
coupled to the Higgs. Our findings showed that the results in the 4 and 5FS were compatible,
thus providing empirical evidence that the treatment of the bottom-quark mass in the 5FS is
indeed justified.

Besides the total cross section, we also provided results for differential cross sections, namely
for the Higgs-pT and -rapidity spectra. Our results for the pT spectrum aligned with what
was found in previous studies [147, 148]. The top-bottom interference contribution as well
as the effect of finite top-quark masses on the NNLO Higgs rapidity distribution represent
new results. The combined effect shifted the rHTL results by around −4% across the entire
rapidity spectrum.

Our analysis allowed us to give well-grounded recommendations for future research in this
field. Finally, we combined our findings with other state-of-the-art computations and care-
fully assessed their theoretical uncertainties. The resulting prediction can be used for future
experimental or phenomenological applications.
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7.2 outlook

Since the theoretical uncertainty is now dominated by scale uncertainties, and this despite
the fact that the cross section has been computed at partial N4LO, it is unlikely that we
will see a further significant reduction of the total theory uncertainty. The only uncertainties
that will probably be reduced in the near future are the MHOU in the PDFs, as well as the
uncertainty on the soft-virtual approximation. The former partly arises from the incomplete
N3LO DGLAP evolution kernels, i.e. once these have been worked out, we can see a further
reduction of the error. However, it is unclear how much the uncertainty will actually improve,
as the MHOU also include the uncertainties of the perturbative cross sections the PDFs are
matched to. Moreover, even if the uncertainty were completely removed, the impact on the
total error of the cross section is almost negligible. Regarding the error of the soft-virtual
approximation, the latest Les Houch wishlist [195], named the N4LO Higgs production cross
section as a major aim, and with tremendous progress in the calculation of the necessary
amplitudes recently [196, 197], we can hope that the full N4LO cross section will become
available in the coming years. And although the total uncertainty is likely not going to be
reduced significantly, the full calculation is still highly desirable, in order to assess the quality
of the soft-virtual approximation at this order.

The most promising way to make significant progress in the mitigation of the theory uncer-
tainties, is by improving on the PDF and αs uncertainties. We have seen in Section 4.3.2
that the PDF-uncertainty estimates of the NNPDF and MSHT collaborations are vastly different.
If the small uncertainties of the NNPDF collaboration are to be believed, then the PDF+αs

uncertainty, which is dominating for this progress, would be reduced by another factor of 2!
Understanding the origin of this discrepancy could be key, not only for the Higgs production
cross section, but for precision predictions in general.

The low-pT region of the top-bottom interference contribution is particularly interesting since
here the effects from finite bottom-quark masses are most noticeable. Consequently, it is the
region most suited for the determination of the bottom-Yukawa coupling. The fixed-order
pT -distribution is however only reliable above pT ∼ 20 GeV. Below, large logarithms can no
longer be ignored and require the resummation to all orders. The origin and resummation of
these logarithms is not yet well understood and more research along the lines of Refs. [68, 147]
is needed to improve our understanding as well as the precision of the cross section in this
critical region of the phase space.

In experimental searches and measurements of Higgs boson properties, one typically considers
only specific production and decay channels of the Higgs. Since the decay width of the Higgs is
orders of magnitude smaller than its mass ΓH/mH = 3×10−5, one can apply the narrow width
approximation (see Eq. (4.2)), such that production and decay of the Higgs boson become
factorized. Our results therefore serve as a stepping stone for a more precise determination
of the pp → H → X cross sections. This will be crucial, especially in the light of the high
luminosity phase of the LHC.



A F EYNMAN RULES OF THE STANDARD MODEL

In this chapter we list all Feynman rules of the SM. We choose to work in a unitary gauge,
meaning that the all Goldstone-bosons decouple and there are no unphysical particles in the
electroweak sector. In the QCD sector, we work in the Rξ gauge, i.e. we have unphysical
particles in the form of Faddeev-Popov ghosts. If not otherwise specified, the momenta on every
line are defined as incoming.

Propagators:

= i
δab

k2 + i0+

[
−gµν + (1− ξ) kµkν

k2 + i0+

]

= iδij
/k +m

k2 −m2 + i0+

= i
1

k2 −m2
H + i0+

= i
−gµν

k2 + i0+

= i
1

k2 −m2
W + i0+

(
−gµν +

kµkν
m2

W + i0+

)

= i
1

k2 −m2
Z + i0+

(
−gµν +

kµkν
m2

Z + i0+

)

= i
δab

k2 + i0+

Fermion–Gauge-Boson Vertices:

= igγµT a
ij = −ieγµQ

= gfabcpµ
= i e

sin θW cos θW
γµ

×
(
I3PL −Q sin2 θW

)
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= i
e(VCKM)ij√
2 sin θW

γµPL = i
e(VCKM)∗ji√
2 sin θW

γµPL

Gauge-Boson Self Interactions:

= gfabc((pρ1 − pρ2)gµν
+ (pµ2 − pµ3 )gνρ + (pν3 − pν1)gρµ)

= −ig2
(
fabef cde(gµρgνσ − gµσgνρ)

+facef bde(gµνgρσ − gµσgνρ)
+fadef bce(gµνgρσ − gµρgνσ)

)

= i e
sin θW

((pρ1 − pρ2)gµν + (pµ2 − pµ3 )gνρ

+(pν3 − pν1)gρµ)×




− sin θW for γ

cos θW for Z

= i
e2

sin2 θW
(gµσgνρ + gµρgνσ − 2gµνgρσ)×

2∏

i=1




− sin θW if Vi = γ

cos θW if Vi = Z

= i
e2

sin2 θW
(2gµρgνσ − gµνgρσ − gµσgνρ)

Higgs Interactions:

= −imq

v
δij = −i3m

2
H

v
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= i
e

sin θW
mW g

µν = i
e2

2 sin2 θW
gµν

= i
e

sin θW cos θW
mZg

µν = i
e2

2 sin2 θW cos2 θW
gµν

= −i3m
2
H

v2





B F EYNMAN INTEGRALS

In this appendix we collect some common one-loop Feynman integrals which appear repeatedly
throughout this PhD thesis.

Bubble
We define the function B(p2) as the finite part of the bubble integral

B(p2) = 2− log

(
m2

µ2

)
+ β(p2,m2) log

(
−1− β(p2,m2)

1 + β(p2,m2)
+ i0+

)
. (B.1)

The function β(s,m2) is defined in Eq. (5.28). We further define

B1(p
2) ≡ B(p2)−B(m2

H). (B.2)

Triangle
The one-loop on-shell triangle integral is

C(s) = C(p1, p2) =

∫
d4l

iπ2
1

[l2 −m2][(l + p1)2 −m2][(l + p1 + p2)2 −m2]

=
1

2s
log2

(
−1− β(p2,m2)

1 + β(p2,m2)
+ i0+

)
.

(B.3)

The triangle integral with one off-shell leg is related via

s1C1(s) ≡ sC(s)−m2
HC(m

2
H). (B.4)

Box
The one-loop box integral reads

D(s, t) = D(p1, p2, p3)

=

∫
d4l

iπ2
1

[l2 −m2][(l + p1)2 −m2][(l + p1 + p2)2 −m2][(l + p1 + p2 + p3)2 −m2]

= − 2

stβ(−st/u,m2)

{
Li2

(
1− β(−st/u,m2)

−β(−st/u,m2)− β(m2
H ,m

2)

)

− Li2

(
1 + β(−st/u,m2)

β(−st/u,m2)− β(m2
H ,m

2)

)
+ Li2

(
1− β(−st/u,m2)

β(m2
H ,m

2)− β(−st/u,m2)

)

− Li2

(
1 + β(−st/u,m2)

β(m2
H ,m

2) + β(−st/u,m2)

)

+ log

(
−1− β(−st/u,m2)

1 + β(−st/u,m2)

)
log

(
1− m2

H

4m2
(1− β2(−st/u,m2)− i0+)

)

− (m2
H → s)− (m2

H → t)

}
,

(B.5)

where p21 = p22 = p23 = 0. We further define the auxiliary function

E(u, t) = uC(u) + tC(t) + u1C1(u) + t1C(t)− utD(u, t). (B.6)
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C ENERGY SCAN OF THE TOP-BOTTOM
INTER FERENCE CONTR I BUT ION

In this appendix we provide additional results on the top-bottom interference contribution to
the gluon-gluon fusion cross section. Specifically we provide the results for collider energies of
7, 8, 13, 13.6, and 14 TeV. In Tab. C.1 we present the results computed with a setup according
to Higgs-Working-Group recommendations. Tab. C.2 show the results for an OS renormalized
bottom-quark mass, as well as the results for a mixed renormalization scheme, where the
bottom-quark Yukawa coupling has been renormalized in the MS-scheme.

7 TeV 8 TeV 13 TeV 13.6 TeV 14 TeV
LO −0.39+0.10

−0.15 pb −0.50+0.12
−0.19 pb −1.09+0.27

−0.42 pb −1.17+0.29
−0.45 pb −1.22+0.31

−0.47 pb
NLO −0.66+0.11

−0.12 pb −0.82+0.13
−0.14 pb −1.72+0.26

−0.27 pb −1.84+0.28
−0.29 pb −1.91+0.29

−0.30 pb
NNLO −0.68+0.06

−0.02 pb −0.84+0.07
−0.01 pb −1.70+0.13

−0.01 pb −1.80+0.13
−0.01 pb −1.88+0.13

−0.01 pb

Table C.1: Top-bottom interference contribution to the fully-inclusive Higgs-production cross section
for different collider energies and perturbative orders. The top-quark mass is renomalized in
the OS-scheme with a pole mass of mt = 172.5 GeV, except in the real-virtual corrections
where we use a mass of mt = 173.18 GeV. We reevaluated this contribution with a value
of mt = 171.1 GeV and found that the difference is below our MC uncertainties. The
bottom-quark mass is renormalized in the MS-scheme with a mass of mb(mb) = 4.18 GeV.
The Higgs mass was chosen as mH = 125.09 GeV. The results were computed using the
PDF4LHC21_40 PDF set. The scale uncertainties are determined with seven-point variation.
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130 energy scan of the top-bottom interference contribution

Order σt×b [pb] σt×b (Yb,MS) [pb] σt×b/σHEFT [%]
√
s = 7 TeV

O(α2
s) −0.708 −0.439

LO −0.708+0.13
−0.19 −0.439+0.10

−0.16 −12
O(α3

s) −0.226 −0.264
NLO −0.934+0.09

−0.07 −0.703+0.11
−0.12 −7.2+1.0

−0.8

O(α4
s) +0.121(3) −0.026(2)

NNLO −0.813(3)+0.10
−0.04 −0.729(2)+0.04

−0.01 −5.0+1.0
−0.8√

s = 8 TeV
O(α2

s) −0.895 −0.554
LO −0.895+0.17

−0.24 −0.554+0.13
−0.20 −12

O(α3
s) −0.268 −0.323

NLO −1.163+0.10
−0.08 −0.877+0.13

−0.14 −7.0+1.0
−0.8

O(α4
s) +0.167(3) −0.022(2)

NNLO −0.996(3)+0.12
−0.05 −0.899(2)+0.04

−0.02 −4.8+0.9
−0.8√

s = 13 TeV
O(α2

s) −1.975 −1.223
LO −1.98+0.38

−0.53 −1.22+0.29
−0.44 −12

O(α3
s) −0.446(1) −0.623(1)

NLO −2.42+0.19
−0.12 −1.85+0.26

−0.26 −6.5+0.9
−0.8

O(α4
s) +0.434(8) +0.019(5)

NNLO −1.99(1)+0.30
−0.15 −1.83(1)+0.08

−0.03 −4.2+0.9
−0.8√

s = 13.6 TeV
O(α2

s) −2.117 −1.311
LO −2.12+0.40

−0.57 −1.31+0.31
−0.47 −12

O(α3
s) −0.464(1) −0.659(1)

NLO −2.58+0.20
−0.12 −1.97+0.28

−0.28 −6.4+0.9
−0.8

O(α4
s) +0.464(9) +0.022(6)

NNLO −2.12(1)+0.33
−0.16 −1.95(1)+0.09

−0.03 −4.2+0.9
−0.8√

s = 14 TeV
O(α2

s) −2.213 −1.370
LO −2.21+0.42

−0.59 −1.37+0.32
−0.49 −12

O(α3
s) −0.475(1) −0.682(1)

NLO −2.69+0.21
−0.13 −2.05+0.29

−0.29 −6.4+0.9
−0.8

O(α4
s) +0.488(9) +0.027(6)

NNLO −2.20(1)+0.34
−0.17 −2.03(1)+0.09

−0.03 −4.1+0.9
−0.8

Table C.2: Top-bottom interference contribution to the gluon-gluon fusion cross section for top- and
bottom-quark masses defined in the OS-scheme, and in a mixed scheme, where the bottom-
quark Yukawa coupling is renormalized in the MS-scheme. The results are computed for LHC
@ 7,8,13,13.6 and 14 TeV using the computational setup is described in the Conventions.
The scale uncertainties are determined with seven-point variation. Numbers in parentheses
indicate the MC uncertainties on the last provided digit.



D ON-SHEL L RESULTS FOR THE D I F F ERENT I A L
CROSS SECT ION

Here we present the results for the Higgs-transverse momentum and -rapidity spectra with the
bottom-quark mass defined in the OS scheme. Since the relevant discrepancies between the
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Figure D.1: Same as in Fig. 6.2 but for an OS renormalized bottom-quark mass.

OS and the MS scheme were limited to pT < 40 GeV, and even here the differences were mild,
the spectra are effectively identical to the ones presented in Fig. 6.2.
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