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Abstract

This thesis studies triangulated 2-dimensional manifolds from a combinatorial perspective. We
explore the properties of such triangulations with the help of simplicial surfaces. Here, a simplicial
surface encodes the incidence relations between the vertices, edges and triangles of a triangulated
2-dimensional manifold, e.g., a disc, a sphere or a torus. For instance, some of the Platonic solids,
namely the tetrahedron, the octahedron and the icosahedron, can be understood as triangulations
of the 2-sphere and hence can be translated into simplicial surfaces. Since each triangle (face) of a
simplicial surface is incident to three edges, these combinatorial structures can be linked to cubic
graphs. While constructing a cubic graph from a given simplicial surface is computationally easy,
deciding whether a given cubic graph is the graph describing the incidences between the faces and
edges of some simplicial surface is quite challenging; even more, determining the existence of such a
simplicial surface for an arbitrary cubic graph is still an open problem in graph-theoretical research.

The goal of this thesis is to study simplicial surfaces and their connections to cubic graphs.
Moreover, we provide construction methods for cubic graphs and simplicial surfaces arising from
cubic graphs. To achieve this goal, we make use of group-theoretical approaches.

First, we examine homomorphisms between simplicial surfaces. Of particular interest are sim-
plicial surfaces that have no proper epimorphic images. That means we study simplicial surfaces,
where every epimorphism from such a simplicial surface onto another simplicial surface is already
an isomorphism. We establish the existence of infinitely many simplicial surfaces that satisfy
the above property and further elaborate on special homomorphisms, namely endomorphisms and
butterfly-friendly homomorphisms between simplicial surfaces.

As another main result, we modify a well-known cubic graph construction, presented by Frucht
in 1949, and exploit our modification to establish the existence of simplicial surfaces having au-
tomorphism groups that are isomorphic to arbitrary finite groups. For certain groups, we further
associate the arising simplicial surfaces to polyhedra in Euclidean 3-space such that the simplicial
surfaces and the corresponding polyhedra have isomorphic automorphism and symmetry groups.

Next, we exploit highly symmetric cubic graphs to construct simplicial surfaces with large
automorphism groups. More precisely, we demonstrate that the automorphism group of a vertex-
or edge-transitive cubic graph can be used to construct symmetric simplicial surfaces such as closed
face-transitive or closed edge-transitive surfaces. These constructions are achieved by providing
suitable cycle double covers of given vertex- or edge-transitive cubic graphs. Our theoretical results
allow us to compile two censuses: one containing closed face-transitive surfaces with at most 1280
faces, derived from cubic vertex-transitive graphs with automorphism groups of order at most
1011, and one containing closed edge-transitive surfaces with at most 5000 faces, constructed from
cubic edge-transitive graphs. Finally, we classify the sets of open face-transitive surfaces and open
edge-transitive surfaces.
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To Susanna Pütz: I cannot express how grateful I am for your support throughout this entire
time. You have been cheering me on in times of struggle and you have celebrated every success
with me. I am so grateful to have you by my side.

Finally, I want to thank my family - my parents Elizabeth Akpanya and Felix Akpanya, and
my brothers Hope Akpanya, Divine Akpanya and Courage Akpanya: You have supported
me through this entire journey. Your support motivated me to study mathematics, leading to me
finding my passion and the completion of this thesis. To my Mum and Dad: Thank you for your
love and for always believing in me. This thesis is dedicated to you.

This work emerged as part of subproject A04 in the SFB/TRR 280 and was funded by the
Deutsche Forschungsgemeinschaft (DFG, German Research Foundation) – SFB/TRR 280, Project-
ID: 417002380.

vi



Authorship Declaration

This thesis contains work that has been or will be submitted to a journal.

• Details of the work: [2] Reymond Akpanya and Tom Goertzen. Surfaces with given Auto-
morphism Group. 2023. arXiv:2307.12681 [math.GR].

Student contribution to work: The author of this thesis contributed fully to all mathe-
matical ideas. The content of this work can be found in Section 7 of this thesis. The author
of this thesis was responsible for writing [2, Sections 4, 7], and the mathematical ideas of
these sections were developed in joint work with Goertzen. [2, Sections 1, 2] were written in
collaboration by both authors. Goertzen was responsible for writing [2, Sections 3, 5, 6], and
the mathematical ideas of these sections were developed in joint work with the author of this
thesis. The implementations developed for this work are available in [72].

• Details of the work: [5] Reymond Akpanya and Jonathan Spreer. Classification of face-
transitive surfaces, 2025. In preparation.

Student contribution to work: This work emerged as the result of a research visit at the
University of Sydney. The author of this thesis contributed fully to all mathematical ideas.
The content of this work can be found in Sections 3 and 5 of this thesis. The author of this
thesis was responsible for writing [5, Sections 2, 3, 4, 6], and all mathematical ideas were
developed in joint work with Spreer. Further, [5, Section 1] was written in collaboration by
both authors. Spreer was responsible for writing [5, Sections 5, 7], and the mathematical ideas
were developed in joint work with the author of this thesis. The implementations developed
for this work were implemented by the author of this thesis and are contained in [6].

vii



viii



Introduction

Combinatorial structures have attracted significant interest across diverse fields of mathematical
research as powerful tools that generate profound theoretical insights which enable wide-ranging
applications. These structures play an important role in numerous mathematical disciplines, such
as graph theory, topology, and geometry, while also proving to be valuable in fields such as computer
science, computer graphics, and civil engineering. Moreover, combinatorial methods offer innovative
solutions to complex problems, making them essential for both, theoretical studies and practical
applications, see [53, 67, 82, 83] to name only a few.

The combinatorial objects that are the focus of this thesis are called simplicial surfaces. Loosely
speaking, a simplicial surface is a combinatorial structure that describes the incidence relations
between the vertices, edges and faces of a triangulated 2-dimensional manifold, e.g., a disc, a
sphere or a torus. We refer the reader to [74] for the theoretical foundation and to [14, 23, 55, 86]
for some extensive studies of simplicial surfaces.

At RWTH Aachen University, the investigation of simplicial surfaces was initially motivated by
a research question posed by Prof. Dr. Martin Trautz, see [23]. He asked whether surfaces in Eu-
clidean 3-space can be approximated using triangulated surfaces composed of triangles belonging
to only a few congruence classes. Reducing this problem to the approximation via triangulated
surfaces that consist of triangles of a single congruence class admits a purely combinatorial inves-
tigation. This approach leads to a rich theory for such triangulated surfaces, namely the theory
of simplicial surfaces. In recent years, the study of simplicial surfaces has been partly motivated
by real-life applications such as the challenge of reducing greenhouse gas emissions, see [92]. This
challenge, particularly relevant to the building sector, is one of the many reasons why the frame-
work CRC/TRR 280 (Project-ID: 417002380) is interested in creating innovative design strategies
for material minimized carbon-reinforced concrete structures and hence explores new construction
methods for 3D-geometries. In that context simplicial surfaces have found many applications,
as they facilitate the construction of 3D-geometries with interesting properties, e.g., convexity or
interlocking properties, see [49, 50, 87] for some references.

In this work we study simplicial surfaces and their relationship to cubic graphs from an algebraic
perspective. To build an initial intuition for the concept of a simplicial surface, let us begin by
considering polyhedra in Euclidean 3-space, as some of these structures can be interpreted as
triangulations of the 2-sphere. In the literature, polyhedra are described as three-dimensional
bodies whose boundaries are composed of points (vertices), straight line segments (edges), and
flat polygons (faces). There are various definitions of polyhedra, see [15, 30, 32, 34, 66] to name
only a few. While some studies require polyhedra to be convex, we also regard non-convex or
self-intersecting three-dimensional bodies with surfaces made up of vertices, edges and faces as
polyhedra, as described in [22, 31, 93] for instance. As an example of a convex polyhedron we
consider the tetrahedron, i.e. the Platonic solid whose surface consists of four vertices, six edges and
four triangular faces, see Figure Ia. As described above, we can translate the tetrahedron into a
simplicial surface by labelling its vertices by v1, . . . , v4, its edges by e1, . . . , e6, its faces by F1, . . . , F4

and recording the incidences between the different elements. The arising simplicial surface can be
visualised in a folding plan, see Figure Ib. A folding plan of a simplicial surface allows us to create
a paper model of a polyhedron that corresponds to the given simplicial surface. In order to create
such a model, the folding plan has to be cut out from a piece of paper, and vertices and edges with
the same labels have to be identified (glued together).

So, we observe that translating a given polyhedron with triangular faces into a simplicial surface
is straightforward. Now, we could ask for an even more concise description of a polyhedron con-
sisting of triangular faces by just recording a partial incidence structure of the given polyhedron.

ix



For instance, instead of denoting all incidences of the elements of a polyhedron, we might only
be interested in the incidences between the faces and edges. Since each face of a polyhedron with
triangular faces is incident to exactly three edges, we obtain a cubic graph called the face graph.
Figure Ic illustrates the face graph of the simplicial surface describing the tetrahedron.
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e4e5

v1 v2

v4

v3 v4v4

(b)

F3 F4

F2
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(c)

Figure I: The tetrahedron (a), a corresponding simplicial surface (b), and a corresponding face
graph (c)

By Steinitz (see [84]) a cubic graph that is constructed from a polyhedron, forming a triangu-
lation of the 2-sphere, as described above is a 3-connected simple planar graph. Hence, in this case
many of the properties of given simplicial surfaces and corresponding polyhedra can be derived from
the study of planar graphs. For instance, the famous Four Colour Theorem implies that if a cubic
graph encodes a partial incidence structure of a polyhedron forming a triangulation of the 2-sphere,
then it is edge-3-colourable and vertex-4-colourable, see [10]. Such colourings of a given cubic graph
can be translated into colourings of a corresponding simplicial surface to enrich the combinatorial
structure of the simplicial surface. Additionally, Fowler characterises the 3-connected cubic planar
graphs with unique edge-3-colourings, see [41]. In particular, these are exactly the cubic graphs
that describe partial incidence structures of so-called stacked polyhedra which are closely related
to Apollonian networks, see [9] and [15] for instance.

Even in the general case, triangulated 2-manifolds can be represented by simplicial surfaces,
which can be translated into corresponding face graphs that form cubic graphs. This relation
emphasises the importance of studying cubic graphs, as a means to gain a deeper understanding of
simplicial surfaces, see [39, 60, 90] for some related studies. Thus, databases containing different
classes of cubic graphs are essential for our investigation of simplicial surfaces, see [25, 76] for
instance.

The fact that every simplicial surface can be translated into a cubic graph raises the question
whether every cubic graph can be interpreted as the graph describing the incidence relations between
the edges and faces of a triangulated 2-manifold. This question can be summarised as follows:

Question. Does every cubic graph arise as the face graph of a simplicial surface?

In order to construct a simplicial surface that has a given cubic graph as face graph, we have to
construct a cycle double cover of the given graph, i.e. a collection of cycles such that every edge of
the cubic graph is contained in exactly two cycles, see [88]. It is still an open problem whether every
(cubic) graph contains such a collection of cycles. This instance is formulated in the cycle double
cover conjecture. In particular, this long-standing open problem addresses the following question:

Question. Does every (cubic) graph have a cycle double cover?
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This conjecture was posed independently by Seymour for bridgeless graphs in [81] and Szekeres
for bridgeless cubic graphs in [88]. We refer the reader to [59] for a survey of open problems that
can be related to the cycle double cover conjecture.

For cubic graphs with certain properties the existence of corresponding cycle double covers has
been established. For instance, it is well known that if a given bridgeless cubic graph is planar,
then it contains a cycle double cover. Moreover, every bridgeless cubic graph that has an edge-3-
colouring contains a cycle double cover. This result has been established by Szekeres in [88]. Note,
since the cycle double cover conjecture remains unproven, it is unknown how to construct a cycle
double cover of an arbitrary cubic graph efficiently.

As mentioned above, our study of simplicial surfaces was originally motivated by a research
question posed by Prof. Dr. Martin Trautz. The connection between this research question and the
study of simplicial surfaces is outlined by the following question:

Question. Given a simplicial surface, can we construct a corresponding triangulated surface whose
faces all form congruent triangles?

To solve this problem for a given simplicial surface, we first have to colour the edges of the
simplicial surface such that every face of the simplicial surface is incident to the same number of
edges coloured in a certain colour. There are exactly three ways to achieve this, namely colouring
the edges of a simplicial surface such that (1) all edges are coloured in the same colour, (2) two
edges of any face are coloured in a first colour and the remaining edge of any face is coloured in a
second colour and (3) the edges of any face are coloured in three different colours. The colouring
described in (2) is referred to as an isosceles-colouring (see [74]), while the colouring in (3) is
known as a Grünbaum-colouring (see [54]). Once one of these colourings of the edges of a given
simplicial surface has been established, the next step is to determine 3D-coordinates for the vertices
of the simplicial surface such that edges of the same colour all have the same edge length. Solving
the arising system of multivariate quadratic equations yields a triangulated surface in Euclidean 3-
space whose triangles all have the same congruence type. The complexity of solving such systems of
polynomial equations that arise for the simplicial surface describing the combinatorial structure of
the regular icosahedron is discussed in [22] and [67]. For more studies on the problem of embedding
simplicial surfaces into Euclidean 3-space as polyhedra consisting of congruent triangles, we refer
to [2, 31, 40, 52, 68, 93].

We note that simplicial surfaces can also be examined in a topological setting. More precisely, in
certain cases they can be interpreted as simplicial complexes and maps on 2-manifolds, see [26, 29].
Here, we say that a simplicial surface can be understood or interpreted as a simplicial complex, if
the incidences between the vertices and faces of the simplicial surface are sufficient to determine the
whole incidence structure of the simplicial surface. However, as the primary focus of this thesis is
the combinatorial study of simplicial surfaces, we provide relevant references [24, 28, 29, 58, 75, 94]
and proceed by outlining the structure of this thesis.

Structure of this thesis

The goal of this thesis is to explore simplicial surfaces and their combinatorial properties. In par-
ticular, we analyse the connection of simplicial surfaces to cubic graphs and triangulated manifolds
in Euclidean 3-space. Our investigations aim to contribute to the understanding of these combi-
natorial objects. Here, the questions outlined in the above section serve as a source of inspiration
for our studies. In particular, we address special cases of these open problems and hence derive
construction methods for cubic graphs, simplicial surfaces and polyhedra in Euclidean-3-space.
Throughout this work, group-theoretical approaches play a central role in achieving our objectives.

xi



Moreover, this thesis demonstrates that finite groups can be employed to construct cubic graphs,
simplicial surfaces and polyhedra with prescribed symmetry properties.

In order to illustrate our different results, we start this thesis by giving some preliminary notes
on simplicial surfaces in Section 1. We formally introduce the definition of a simplicial surface and
elaborate on various properties that can be derived from given simplicial surfaces, see Section 1.1.
Of particular interest for this thesis is the definition of the face graph of a simplicial surface (see
Section 1.2). Furthermore, we introduce colourings of the vertices and edges of a given simplicial
surface that can be used to enrich its combinatorial structure (see Section 1.3). In Section 2 we
introduce families of simplicial surfaces that are of fundamental importance for this thesis.

Section 3 examines different group actions that can be employed to analyse the combinatorial
structures of given simplicial surfaces and cubic graphs. This section lays the foundation for our
investigations in Sections 5, 6 and 7, and further introduces the notion of automorphism induced
cycles of cubic graphs.

In Section 4 we study homomorphisms between different simplicial surfaces. Here, our focus
lies on simple and endomorphism-simple simplicial surfaces. Loosely speaking, a simplicial surface
is said to be simple, if every epimorphism of the given simplicial surface onto another simplicial
surface is already an isomorphism. Here, we prove that the simplicial tetrahedron, see Figure Ib,
is the only simple simplicial sphere, i.e. a simplicial surface that describes the incidence structure
of a triangulated 2-sphere. Furthermore, a simplicial surface is said to be endomorphism-simple, if
every endomorphism of the given simplicial surface is already an automorphism of the simplicial
surface. In this context, we show that every closed connected simplicial surface with all vertex-
degrees being odd is endomorphism-simple. Finally, we establish the existence of infinitely many
simple and infinitely many endomorphism-simple but not simple simplicial surfaces.

In Section 5, we examine simplicial surfaces that are face-transitive. Loosely speaking, a simpli-
cial surface is said to be face-transitive, if it corresponds to a simplicial complex and its automor-
phism group acts transitively on the faces of the simplicial surface. We aim to analyse this class of
highly symmetric simplicial surfaces by distinguishing between closed and open simplicial surfaces.
As a main result, we establish that there are exactly five classes of open face-transitive surfaces.
Furthermore, we present a distinguishing invariant that helps us to examine closed face-transitive
surfaces more closely. Based on this invariant, we show that there are exactly 13 types of closed
face-transitive surfaces. We use our theoretical results to construct a census of closed face-transitive
surfaces with at most 1280 faces, derived from cubic graphs with automorphism groups of order at
most 1011. We achieve this goal by constructing cycle double covers of given vertex-transitive cubic
graphs. In particular, these cycle double covers are constructed by exploiting the automorphism
groups of the corresponding vertex-transitive cubic graphs.

Next, we study edge-transitive surfaces, see Section 6. Loosely speaking, we refer to a simplicial
surface as edge-transitive, if it can be interpreted as a simplicial complex and its automorphism
group acts transitively on the edges of the simplicial surface. First, we establish that there is exactly
one open connected edge-transitive surface. Similarly as presented in Section 5, we aim to classify
the set of closed edge-transitive surfaces by exploiting suitable group actions on edge-transitive
cubic graphs. As a main result, we show that there are exactly five types of closed edge-transitive
surfaces. We exploit this result to construct a complete census of closed edge-transitive surfaces
with at most 5000 faces by providing suitable cycle double covers of cubic edge-transitive graphs.
Again, this construction is achieved by making use of the automorphism groups of corresponding
cubic edge-transitive graphs.

Section 7 considers simplicial surfaces whose automorphism groups are isomorphic to given
finite groups. For this purpose, we exploit a well established cubic graph construction introduced
by Frucht, see [42]. In his work, Frucht starts with an arbitrary finite group and constructs a cubic
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graph with the goal that the automorphism group of the resulting cubic graph is isomorphic to the
given finite group. Frucht’s construction modifies a Cayley graph of the given finite group to obtain a
suitable cubic graph. In his construction, Frucht distinguishes between groups that are generated by
one element, by two elements or by more than two elements. First, we simplify Frucht’s construction
for groups that are generated by two elements and consequently obtain smaller cubic graphs that
have given finite groups as automorphism groups. In the general case, we address a slight oversight
in Frucht’s proposed construction from [42]. We illustrate that the cubic graphs resulting from the
construction introduced by Frucht do not have automorphism groups that are isomorphic to the
given groups. Hence, in case a finite group is generated by more than two elements, we present
a slight modification of Frucht’s construction to correct the proof presented in [42]. Based on
our modified constructions, we prove that every finite group can be realised as the automorphism
group of some simplicial surface. We achieve this by equipping cubic graphs resulting from our
modified constructions with suitable cycle double covers. For some classes of finite groups, we
provide alternative constructions of simplicial spheres. Additionally, we construct infinite families
of simplicial surfaces that can be realised in Euclidean 3-space as polyhedra consisting of congruent
equilateral triangles as faces such that the automorphism groups of the simplicial surfaces and the
symmetry groups of the corresponding polyhedra are isomorphic.

In our investigations we have employed various computer algebra systems to accomplish our
objectives, including GAP [44], Magma [21] and Maple [63]. In particular, we make use of the
GAP-packages simpcomp [37] and SimplicialSurfaces [72] to examine the combinatorial struc-
tures of simplicial surfaces. The GAP-packages Digraphs [18] and GraphSym [76] are used to
handle cubic graphs. Furthermore, we have used the GAP-package GAPic [71] to create illustra-
tions of cubic graphs and different polyhedra. The folding plans of simplicial surfaces presented
in this thesis have been created using the functionalities provided in SimplicialSurfaces [72].
Here, Magma is exploited to examine graphs and to deal with large automorphism groups of
simplicial surfaces and cubic graphs. Furthermore, we have exploited the programming language
Julia [19] to construct numerical approximations of polyhedra. Lastly, we have used the Maple-
package SimplicialSurfaceEmbeddings [80] to construct polyhedra corresponding to given sim-
plicial spheres. The implementations and functionalities, that are relevant to this thesis and have
been created during our investigations, are available in [1, 3, 6, 8, 71, 72].
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Notations

In this section, we introduce some notations that are used throughout this thesis. For more details,
we refer to [74] and the content of this thesis.

Notation Description

|M | The cardinality of a set M

Pow(M) The power set of a set M

M ⊎N The disjoint union of two sets M and N

M∆N The symmetric difference of two sets M and N

⌊x⌋ The floor function of x ∈ R
In The identity matrix in Rn×n

xt The transpose of a vector x ∈ Rn

∥x∥ The Euclidean norm of a vector x ∈ Rn

gcd(n, k) The greatest common divisor of natural numbers n and k

conv(M) The convex set of a subset M ⊆ Rn

H ≤ G A group H is a subgroup of a group G

|g| The order of an element g of a group G

G×H The direct product of two groups G and H

N ⋊H The semi-direct product of two groups N and H

orbG(x) The orbit of x under the group G

StabG(x) The stabiliser of x in G

CG,S The Cayley graph of a group G with generating set S

χ(X) The Euler characteristic of a simplicial surface X

g(X) The genus of a simplicial surface X

Λ The set of all (ℓ1, ℓ2, ℓ3) ∈ R3
>0 satisfying the triangle inequality

∼ An admissible relation on a simplicial surface

(X/∼) The simplicial surface obtained via an admissible relation ∼
u(v) The umbrella of an inner vertex v of a simplicial surface

Θ(X) The set of vertices of faces of a simplicial surface X

V(X) The vertex-edge graph of a simplicial surface X

λX An embedding of Aut(X) into Aut(F(X))

X(F ) The sub-surface of X induced by a face F

TF (X) The simplicial surface obtained by attaching a tetrahedron to X

Tv(X) The simplicial surface obtained by removing a tetrahedron from X

α(σ, F1, . . . , Fn) The σ-induced α-cycle

(c1, . . . , ck)-cycle A cycle with edges coloured in c1, . . . , ck

For more information on the groups used in our investigations, we refer the reader to [16, 17, 44].
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1 Preliminaries

The objects that form the main interest of this thesis are called simplicial surfaces. This section
outlines the fundamental definitions and concepts that are essential to study these combinatorial
triangulations and are therefore used throughout this work. Unless stated otherwise, these notions
are taken from [74]. As [2, 4, 5] are also based on [74], these notions can be also found in the
mentioned works.

1.1 Simplicial surfaces

A simplicial surface describes the incidence relations between the vertices, edges and faces of a
triangulated 2-manifold. Below, we give a formal definition of these combinatorial triangulations.

Definition 1.1.1

A simplicial surface (X,<) is a countable set X partitioned into three non-empty sets
X0, X1 and X2 such that the relation <, called the incidence, is a subset of the union
(X0×X1) ⊎ (X1×X2) ⊎ (X0×X2) satisfying the conditions (1.) - (5.) given below. Here,
we refer to the elements of X0, X1 and X2 as vertices, edges and faces, respectively.

1. For each edge e ∈ X1 there are exactly two vertices v ∈ X0 with v < e.

2. For each face F ∈ X2 there are exactly three edges e ∈ X1 with e < F and exactly
three vertices v ∈ X0 with v < F . Moreover, any of these three vertices is incident
to exactly two of these three edges.

3. For each edge e ∈ X1 there are either exactly two faces F1, F2 ∈ X2 with e < F1 and
e < F2, or exactly one face F ∈ X2 with e < F . In the first case, e is called an
inner edge. In the latter case, we say that e is a boundary edge.

4. For each vertex v ∈ X0 the vertex-degree of v, denoted by deg(v), is the number
of faces that are incident to v. This number satisfies 1 ≤ deg(v) <∞.

5. Umbrella condition: For each vertex v ∈ X0 with n := deg(v) there exists a
sequence (F1, . . . , Fn), where F1, . . . , Fn are pairwise distinct faces of X with v < Fi

for i = 1, . . . , n, such that Fj and Fj+1 share a common edge ej ∈ X1 with v < ej
for j = 1, . . . , n − 1. In the case that Fn and F1 share a further edge en ∈ X1 with
v < en and en /∈ {e1, . . . , en−1}, the vertex v is called an inner vertex. In this
case, the sequence can be viewed as a cycle (F1, . . . , Fn), called the umbrella of v
and denoted by u(v). In the case, where F1 and Fn do not share such an edge, v is
called a boundary vertex, and the sequence of faces is called the half-umbrella
of v.

If every e ∈ X1 is an inner edge, we say that X is a closed simplicial surface. Other-
wise, we refer to X as an open simplicial surface. A set Y = Y0⊎Y1⊎Y2 with Yi ⊆ Xi

for i = 1, 2, 3 is called a sub-surface of (X,<), if (Y,<) satisfies the conditions (1.)-(5.).

In this thesis, all simplicial surfaces are assumed to be finite, i.e. if X is a simplicial surface, then
|X| < ∞. The above definition yields a huge variety of interesting combinatorial structures. For
instance, up to relabelling, there exists exactly one simplicial surface consisting of three vertices,
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three edges and one face, and exactly one closed simplicial surface consisting of three vertices,
three edges and two faces. These simplicial surfaces, namely the simplicial One-Face and the
simplicial Janus-Head are illustrated in Figure 1.1.

F1

e3

e2 e1

v1 v2

v3

(a)

F2F1 e1

e3e3

e2e2

v2

v3

v1v1

(b)

Figure 1.1: The simplicial One-Face (a) and the simplicial Janus-Head (b)

Furthermore, up to relabelling, there exist exactly three open simplicial surfaces that consist of
two faces. One such simplicial surface can be constructed by the disjoint union of two simplicial
One-Faces. The other two simplicial surfaces, called the simplicial Butterfly and the simplicial
Open-Bag , are shown in Figure 1.2.

F2F1 e1

e5e3

e4e2

v2

v3

v4v1

(a)

F2F1 e1

e4e3

e2e2

v2

v1

v3v3

(b)

Figure 1.2: The simplicial Butterfly (a) and the simplicial Open-Bag (b)

The simplicial surfaces in Figures 1.1 and 1.2 are first examples of so-called connected simplicial
surfaces.

Definition 1.1.2

Let (X,<) be a simplicial surface. We say that (X,<) is connected if any pair of distinct
faces F, F ′ ∈ X2 satisfies one of the following conditions:

1. there exists an edge e ∈ X1 with e < F and e < F ′, or

2. there exist faces F1, . . . , Fn ∈ X2 and edges e1, . . . , en+1 ∈ X1, where n ≥ 1, such
that e1 < F, en+1 < F ′, and ei < Fi and ei+1 < Fi for all i = 1, . . . , n.

We call a connected sub-surface (Y,<) of (X,<) a connected component of (X,<), if
there exists no connected sub-surface (Z,<) of (X,<) with Y ⊊ Z.

In Section 2 we present further examples of connected simplicial surfaces. For the remainder of
this section, we assume, if not stated otherwise, that the discussed simplicial surfaces are connected.

A combinatorial invariant that helps us to analyse simplicial surfaces is the vertex-counter .
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This invariant counts the degrees of the vertices of a given simplicial surface X and is defined as a
polynomial in the indeterminates {Vn | n ≥ 1}, i.e.∏

v∈X0

Vdeg(v).

The vertex-counters of the simplicial One-Face and the simplicial Butterfly are given by V1
3 and

V1
2 · V22, respectively. Another invariant that is essential in the study of simplicial surfaces is the

Euler characteristic, which allows us to understand simplicial surfaces in a topological setting.

Definition 1.1.3

Let (X,<) be a simplicial surface. We define the Euler characteristic χ(X) of X as

χ(X) := |X0| − |X1|+ |X2|.

For instance, the Euler characteristic of the simplicial One-Face is equal to 1 and the simplicial
Janus-Head has Euler characteristic 2. There are many properties that could be introduced in order
to investigate simplicial surfaces. For simplicity, we define properties such as the orientability etc.
as usual and refer the reader to [74] for more details. Together with the orientability of simplicial
surfaces we can define the genus g(X) of a closed simplicial surface X as shown below:

g(X) :=

{
2−χ(X)

2 , if X is orientable,

2− χ(X), if X is non-orientable.

We call a closed simplicial surface with Euler characteristic 2 (genus 0) a simplicial sphere .
Further, we refer to a closed simplicial surface of genus 1 as a simplicial projective plane if it
is non-orientable and as a simplicial torus if it is orientable. Additionally, a closed simplicial
surface that is non-orientable and has genus 2 is called a simplicial Klein bottle . Note that if a
given simplicial surface X is closed, then the faces and edges of X satisfy the equality

3 · |X2| = 2 · |X1|.

Next, we introduce a notion that allows us to describe incidences between certain elements of
a given simplicial surface more precisely.

Definition 1.1.4

Let (X,<) be a simplicial surface and i, j ∈ {0, 1, 2} with i ̸= j. For an element x ∈ Xi

we define the set Xj(x) as

Xj(x) :=

{
{y ∈ Xj | x < y}, if i < j,

{y ∈ Xj | y < x}, if i > j.

Furthermore, for a subset S ⊆ Xi, we define

Xj(S) := {Xj(x) | x ∈ S}.

From now on we identify a simplicial surface by its underlying set of vertices, edges and faces.
Thus, whenever it is clear form the context, we simply denote a simplicial surface (X,<) by X.
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For instance, we see that the set X0(F1), where X is the simplicial Butterfly illustrated in
Figure 1.2a, is given by X0(F1) = {v1, v2, v3}. The above notion allows us to introduce the sub-
surface that is defined by a face of a given simplicial surface. Hence, if F ∈ X2 is a face of a
simplicial surface X, we define X(F ) to be the sub-surface of X given by the set

X(F ) := X0(F ) ∪X1(F ) ∪ {F}. (*)

Furthermore, the notion presented in Definition 1.1.4 enables us to define so-called vertex-faithful
simplicial surfaces. For such a simplicial surface it is sufficient to examine a partial incidence
structure to determine the entire simplicial surface, up to isomorphism. This is detailed below.

Definition 1.1.5

Let X be a simplicial surface. If the map

f : X1 ∪X2 → Pow(X0), x 7→ X0(x)

is injective, we say that X is a vertex-faithful simplicial surface.

Note that vertex-faithful simplicial surfaces can be understood as simplicial complexes. Thus,
the entire incidence structure of a given vertex-faithful simplicial surface is determined by its
vertices of faces, i.e. the incidences between the vertices and faces of the simplcial surface. We
observe that the simplicial One-Face is vertex-faithful, whereas the simplicial Janus-Head is not.
Another example of a vertex-faithful simplicial surface is given by the simplicial tetrahedron
T . As the name indicates, this simplicial surface describes the incidence structure of a regular
tetrahedron, see Figure 1.3a, and hence consists of four vertices, six edges and four faces. We
determine the incidence structure of T by giving its set of vertices of faces. If the vertices of T
are denoted by v1, v2, v3, v4, then the vertices of faces, i.e. the set T0(T2) = {T0(F ) | F ∈ T 2},
describing the simplicial tetrahedron, is given by

T0(T2) = {{v1, v2, v3}, {v1, v2, v4}, {v1, v3, v4}, {v2, v3, v4}}.
A folding plan of the simplicial tetrahedron is shown in Figure 1.3b.

(a)

F2

F1

F3 F4

e1

e4e5

e2 e3

e6 e6

e4e5

v1 v2

v4

v3 v4v4

(b)

Figure 1.3: A regular tetrahedron (a) and the simplicial tetrahedron (b)

Since we constantly construct and analyse simplicial surfaces by using their corresponding ver-
tices of faces, we introduce a notation for the vertices of faces of a given simplicial surface. In
particular, if X is a simplicial surface, then we denote the vertices of faces X0(X2) of X by Θ(X).
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A way to construct new examples of vertex-faithful simplicial surfaces is to manipulate the
incidence structure of given simplicial surfaces. In the following, we present two such modifications.
We therefore denote the symmetric difference of two sets M,N by M∆N := (M ∪N) \ (M ∩N).

Definition 1.1.6

Let X be a vertex-faithful simplicial surface, M a set with X ⊂ M and F ∈ X2 a face
with X0(F ) = {v1, v2, v3}. Furthermore, let v ∈ M \ X be an element. Then, we define
the vertex-faithful simplicial surface Y = TF (X) by the following vertices of faces:

Θ(Y ) := Θ(X)∆ {{v1, v2, v3}, {v1, v2, v}, {v1, v3, v}, {v2, v3, v}}.

We say that Y is constructed by attaching a tetrahedron onto X.

Definition 1.1.7

Let X be a vertex-faithful simplicial surface. Further, let v ∈ X0 be an inner vertex
satisfying deg(v) = 3 and X2(v) = {F1, F2, F3}. Since the degree of v is 3, there exist
vertices v1, v2, v3 ∈ X0 with

(X0(F1), X0(F2), X0(F3)) = ({v2, v3, v}, {v1, v3, v}, {v1, v2, v}).

If {v1, v2, v3} /∈ Θ(X), then the following vertices of faces yield the vertex-faithful simplicial
surface Y = Tv(X):

Θ(Y ) := Θ(X)∆ { {v2, v3, v}, {v1, v3, v}, {v1, v2, v}, {v1, v2, v3} }.

We say that Y is constructed by removing a tetrahedron from X.

In [74] the operations introduced in Definitions 1.1.6 and 1.1.7 (illustrated in Figure 1.4), are
referred to as tetrahedral extension and tetrahedral reduction , respectively. We note that it
is possible to define the above operations for simplicial surfaces that are not vertex-faithful in a
similar way.

F

F3

F1F2

reduction

extension

v1 v2

v2

v1 v2

v3

v

Figure 1.4: The tetrahedral extension and reduction of a simplicial surface

An interesting class of simplicial surfaces that can be constructed by using the above operations
is the family of multi-tetrahedral spheres, see [74]. Here, a multi-tetrahedral sphere is a simplicial
surface that can be constructed from recursively applying tetrahedral extensions to the simplicial
tetrahedron. Since these simplicial surfaces correspond exactly to Apollonian networks (see [9])
and stacked 2-spheres (see [26]) their properties are well understood. For instance, the work of
Fowler (see [41]) implies that multi-tetrahedral spheres are exactly the simplicial spheres that have
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unique vertex-4-colourings. Here, a simplicial surface has a vertex-4-colouring if its vertices can
be coloured with exactly four colours such that neighbouring vertices are coloured differently. We
refer the reader to [4, 15, 20, 26, 52, 66] for more studies related to multi-tetrahedral spheres.

Next, we give the notion of homomorphism between simplicial surfaces.

Definition 1.1.8

Let (X,<) and (Y,≺) be simplicial surfaces. A map ϕ : X → Y is called a homomor-
phism if it satisfies the following two conditions:

1. for all x, x′ ∈ X the incidence x < x′ in X implies ϕ(x) ≺ ϕ(x′) in Y ,

2. for every face F ∈ X2 the restriction of ϕ to the vertices and edges incident to F is
a bijection onto the set of vertices and edges that are incident to ϕ(F ), respectively.
This means ϕ(x) ∈ Yi for all x ∈ Xi and i = 1, 2, 3.

We define iso-, mono- and epimorphisms in the usual way. Furthermore, we say that simplicial
surfaces X and Y are isomorphic, if there exists an isomorphism ϕ : X → Y.

Definition 1.1.8 enables us to define the automorphism group of a simplicial surface. In this
work, we will see that the automorphism group of a simplicial surface provides valuable insights
into the properties of the corresponding simplicial surface, see Sections 5, 6 and 7.

Definition 1.1.9

Let X be a simplicial surface. We call an isomorphism ϕ : X → X an automorphism
of X. We define the set of all automorphisms of X as the automorphism group of X
and denote it by Aut(X).

It is easy to see that the automorphism group Aut(X) of a simplicial surface X indeed forms
a group with the composition of maps as group multiplication. For instance, the automorphism
group of the simplicial tetrahedron is isomorphic to the symmetric group S4. In Section 3 we will
explore various group actions of an automorphism group on the corresponding simplicial surface.

1.2 Face graphs of simplicial surfaces

By considering partial incidence structures of a given simplicial surface, we can associate the sim-
plicial surface to different graphs which allows us to examine the simplicial surface from a graph-
theoretical perspective. In this section we focus on the face graph of a simplicial surface, see
Definition 1.2.2. This graph results from recording the incidences between the faces and edges
of a given simplicial surface. Note, in Section 1.3 we will also discuss the vertex-edge graph of a
simplicial surface which is the graph that describes the incidences between the vertices and edges
of a given simplicial surface. However, before introducing the definition of a face graph, we give
the following remark.

Remark 1.2.1 In this work, we follow the standard terminology of (topological) graph theory as
given in [51, 70] for instance. We note that although the graphs in this thesis are undirected,
we refer to the elements of a given graph as nodes and arcs to distinguish the elements of given
graphs from those of given simplicial surfaces. Thus, let G = (V,E) be a graph. We define the
automorphism group Aut(G) of G as the set of all automorphisms of G, i.e. the set of all bijective
functions σ : V → V that preserve the incidences between the nodes and arcs of G . Further, for
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an arc e = {v1, v2} ∈ E we define σ(e) := {σ(v1), σ(v2)}. The group Aut(G) acts on the nodes and
arcs of G via

Aut(G)× (V ∪ E)→ (V ∪ E), (σ, x) 7→ σ(x).

We denote the orbit of an x ∈ V ∪E under a subgroup H ≤ Aut(G) by orbH(x). Furthermore, for
a subset S ⊆ V ∪ E we define orbH(S) := {orbH(x) | x ∈ S}.

Definition 1.2.2

Let X be a simplicial surface. The face graph F(X) of X is defined as the graph
F(X) = (V,E) with nodes V = X2 and arcs E = X1. Two nodes F1, F2 ∈ V are connected
in F(X) via an arc e ∈ E if and only if F1, F2 interpreted as faces and e interpreted as
an edge of X satisfy e ∈ X1(F1) ∩X1(F2).

Since simplicial surfaces consist of faces that are incident to three edges, the resulting face
graphs are cubic. We see that boundary edges of a simplicial surfaces translate into loops of the
corresponding face graph. Hence, the face graph F(X) of a simplicial surface X is loop-less if and
only if X is closed. Additionally, F(X) has no multi-arcs if and only if X has no vertices of degree
1 or inner vertices of degree 2. These observations establish that F(X) is simple if and only if X
is closed and all vertex-degrees are greater than 2. The face graphs of the simplicial One-Face,
simplicial Janus-Head and simplicial tetrahedron are illustrated in Figure 1.5.

F1

(a)

F2F1

(b)

F3 F4

F2

F1

(c)

Figure 1.5: The face graphs of the simplicial One-Face (a), the simplicial Janus-Head (b) and the
simplicial tetrahedron (c)

We refer the reader to [13, 39, 95] for some works that can be related to the study of face graphs
of simplicial surfaces. Since we are mainly interested in the face graphs of closed simplicial surfaces
that do not contain vertices of degree 2, we make the following assumption.

Remark 1.2.3 If G is an arbitrary cubic graph that is not associated to a simplicial surface, i.e.
it is not precisely stated that G forms the face graph of some simplicial surface, then we assume G
to be a simple graph. However, if G is known to be the face graph of some simplicial surface X,
then X determines whether G is simple or not.

An essential tool for studying cubic graphs is an arc-colouring of a cubic graph.

Definition 1.2.4

Let G = (V,E) be a cubic graph. We call a map κ : E → {1, 2, 3} an arc-colouring of G .
Furthermore, we call κ an arc-3-colouring, if for every node v ∈ V the arcs that are
incident to v are all coloured differently.
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As described above, the face graph of a simplicial surface represents a partial incidence structure
of the corresponding simplicial surface: The faces and edges of a simplicial surface X translate
directly into the nodes and arcs of the corresponding face graph F(X). For the translation of the
vertices of the simplicial surface additional data is necessary. When dealing with a closed simplicial
surface, the vertices of the simplicial surface or more precisely their umbrellas can be realised in
the corresponding face graph as a cycle double cover.

Definition 1.2.5 [88]

Let G = (V,E) be a cubic graph and C a set of cycles of G. We call C a cycle double
cover of G, if every arc in G is contained in exactly two cycles in C. We say that C is
vertex-faithful if any two cycles of C intersect in at most one arc.

Hence, in order to associate a cubic graph to a (vertex-faithful) simplicial surface, we have to
construct a (vertex-faithful) cycle double cover of the given graph. Note that the notion of a cycle
double cover of a (cubic) graph has been introduced in [81, 88].

If X is a closed simplicial surface and F(X) its face graph, we call a cycle C in F(X) that
describes an umbrella of a vertex of X a vertex-defining cycle of X. Thus, a simplicial surface
X is uniquely determined by F(X) together with the cycle double cover that contains all vertex-
defining cycles of X.

We notice that a given cubic graph has to be bridgeless in order to have a cycle double cover.
However, even for bridgeless cubic graphs the existence of cycle double covers is not established.
This instance is formulated in [81, 88] as the cycle double cover conjecture .

Conjecture 1.2.6 [81, 88]

Every bridgeless (cubic) graph has a cycle double cover.

There are many conjectures that arise from altering the above conjecture. An overview of
open problems that are related to the cycle double cover conjecture can be found in [59, 96].
For more investigations dealing with cycle double covers of cubic graphs, we refer the reader to
[39, 47, 64, 69, 95].

To exemplify the definition of a cycle double cover, we examine the face graph of the simplicial
tetrahedron T , see Figure 1.5c. Here, we see that the graph

F(T ) = ({F1, F2, F3, F4}, {{F1, F2}, {F1, F3}, {F1, F4}, {F2, F3}, {F2, F4}, {F3, F4}})

has exactly two cycle double covers. These cycle double covers, see Figure 1.6, are given by

C1 := {(F1, F2, F3), (F1, F2, F4), (F1, F3, F4), (F2, F3, F4)},
C2 := {(F1, F2, F3, F4), (F1, F3, F2, F4), (F1, F2, F4, F3)}.

Here, the cycle double cover C1 describes the vertex-defining cycles of the simplicial tetrahedron
T . Further, the cycle double cover C2 gives rise to a closed simplicial surface X with vertex counter
V 3
4 and Euler characteristic 1. It can be verified that X is not orientable and thus X forms a

simplicial projective plane. Since C2 contains pairs of cycles that intersect in more than one arc,
we notice that X is not vertex-faithful.
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F4
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(a)
F1 F2

F4

F3

(b)

Figure 1.6: Two different cycle double covers of the face graph F(T )

In the following we comment on the existence of vertex-faithful cycle double covers of cubic
graphs. In particular, we notice that there are bridgeless cubic graphs that do not give rise to
vertex-faithful simplicial surfaces. The cubic graph G (shown in Figure 1.7) is an example of such
a graph. We notice that this graph is the generalised Petersen graph G(9, 3), see [45]. By using the
functionalities provided in [72], we have verified that this cubic graph has exactly 140 cycle double
covers.

1
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14
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16

17

18

Figure 1.7: The generalised Petersen graph G(9, 3)

Moreover, if C is a cycle double cover of G, then C satisfies 4 ≤ | C | ≤ 8. Below, we give an
example of a cycle double cover C′ of G consisting of four cycles.

C′ = {(1, 9, 8, 7, 6, 5, 4, 3, 2), (1, 10, 13, 16, 7, 6, 15, 12, 18, 9, 8, 17, 14, 11, 2),
(3, 12, 18, 15, 6, 5, 14, 11, 17, 8, 7, 16, 10, 13, 4),

(1, 10, 16, 13, 4, 5, 14, 17, 11, 2, 3, 12, 15, 18, 9)}.

Take a moment to verify that any two cycles of the cycle double cover C′ intersect in more than
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one arc. The simplicial surface X with F(X) = G that arises from the cycle double cover C′ has 4
vertices, 27 edges and 18 faces. Thus, X satisfies χ(X) = −5. With GAP, we have verified that X
is non-orientable with

S3 ∼= Aut(X) ↪→ Aut(F(X)) ∼= D2·9.

We conclude this section with a note on the construction of cycle double covers for given cubic
graphs.

Remark 1.2.7 Since the existence of a cycle double cover of an arbitrary bridgeless cubic graph
G is still an open problem, see Conjecture 1.2.6, in general it is not clear how to construct such a
collection of cycles covering every arc of G exactly twice. Enforcing some properties on G leads to
results on the construction of cycle double covers of G . For instance, Szekeres shows in [88] that if
G has an arc-3-colouring, then a cycle double cover of G is given by the set of bi-coloured cycles,
see Figure 1.8 for illustration.

Figure 1.8: A subgraph of an arc-3-coloured cubic graph with bi-coloured cycles depicted by dot-
ted lines

As an example, we consider the face graph of the simplicial tetrahedron T illustrated in Fig-
ure 1.5c. As described above, F(T ) is determined by

F(T ) = (V,E) = ({F1, F2, F3, F4}, {{F1, F2}, {F1, F3}, {F1, F4}, {F2, F3}, {F2, F4}, {F3, F4}}).

Thus, the arc-3-colouring κ : E → {1, 2, 3} satisfying

κ({F1, F2}) = κ({F3, F4}) = 1,

κ({F1, F3}) = κ({F2, F4}) = 2,

κ({F1, F4}) = κ({F2, F3}) = 3

gives rise to the cycle double cover C2 of F(T ) illustrated in Figure 1.6b. Further, if G is a planar
graph, then a cycle double cover of G can be constructed from the faces of G resulting from a planar
embedding of G . For instance, the cycle double cover C1 of the face graph F(T ) (see Figure 1.6a)
is derived by computing the faces of the illustrated planar embedding of F(T ). Moreover, Tarsi and
Goddyn make use of Hamiltonian paths in bridgeless (multi) graphs to construct corresponding cycle
double covers consisting of six cycles, see [48, 89].

In Sections 5 and 6 we demonstrate that if G is assumed to be highly symmetric, then the
automorphism group of G can be helpful for the construction of a corresponding cycle double cover.
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1.3 Colourings of simplicial surfaces

We present colourings of a simplicial surface that can be used to enhance its combinatorial structure.
In particular, we present vertex-k-colourings, where k ∈ N, and Grünbaum-colourings of simplicial
surfaces, see Definitions 1.3.1 and 1.3.4. These colourings (for k = 3) form maps on the vertices and
edges of a simplicial surface whose restrictions to the vertices and edges of any face yield bijections.

Definition 1.3.1

Let X be a simplicial surface and k ∈ N a natural number. A map κ : X0 → {1, . . . , k} is
called a vertex-colouring of X. Furthermore, κ is called a vertex-k-colouring of X if
κ is surjective and every edge e ∈ X1 with X0(e) = {v, v′} satisfies κ(v) ̸= κ(v′). We say
that κ is proper, if k ≤ k′ holds for every vertex-k′-colouring of X.

It is easy to see that every simplicial surface X has a vertex-|X0|-colouring. Furthermore, we
observe that a vertex-k-colouring of a simplicial surface can be translated into a node-colouring
of the corresponding vertex-edge graph, i.e. the graph that arises from the incidences between the
vertices and edges of X.

Definition 1.3.2

Let X be a simplicial surface. The vertex-edge graph V(X) of X is defined as the graph
V(X) = (V,E) with nodes V = X0 and arcs E = X1. Two nodes v1, v2 ∈ V are connected
in V(X) via an arc e ∈ E if and only if v1, v2 interpreted as vertices and e interpreted as
an edge of X satisfy X0(e) = {v1, v2}.

Figure 1.9 illustrates the resulting vertex-edge graphs of the simplicial One-Face (see Fig-
ure 1.1a) and the simplicial tetrahedron (see Figure 1.3b).

v1 v2

v3

(a)

v1 v2

v3

v4

(b)

Figure 1.9: The vertex-edge graphs of the simplicial One-Face (a) and the simplicial tetrahedron (b)

Note that the graphs V(T ) and F(T ), where T is the simplicial tetrahedron, form complete
graphs on four nodes and hence are isomorphic. Moreover, we know that the vertex-edge graph of
a simplicial surface X is simple if and only if X is vertex-faithful.

We observe that a face of a simplicial surface X induces a clique of size 3 in the corresponding
vertex-edge graph. Hence, for every k ∈ N with the property that there exists a vertex-k-colouring
of X, we know that k ≥ 3 follows. Thus, if X has a vertex-3-colouring, then this colouring must
be proper. In Section 4 we will illustrate various examples of simplicial surfaces that have vertex-
3-colourings. In general, it is a computationally hard task to find a proper vertex-k-colouring of a
given simplicial surface (see [46]). In the case that such a proper vertex-k-colouring of a simplicial
surface X exists, the number k corresponds to the chromatic number of the vertex-edge graph of X.
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Although it is challenging to compute the chromatic number of the vertex-edge graph of X, various
upper bounds for this number have been established in graph-theoretical studies. In Remark 1.3.3
we address some of these upper bounds. We see that such bounds for the chromatic number of the
vertex-edge graph of X can be translated into upper bounds for the number of colours of a proper
vertex-k-colouring of X.

Remark 1.3.3 Let X be a closed simplicial surface and κ a proper vertex-k-colouring of X. If
X is a simplicial sphere, the vertex-edge graph of X is planar and we deduce by the Four-Colour-
Theorem (see [10]) that k = 3 or k = 4. Furthermore, if X is a simplicial torus, we know by
[79] that a proper vertex-k-colouring of X consists of at most 7 colours, i.e. k ≤ 7. In particular,
the Ringel-Young Theorem established in [79] (which proves the Heawood-conjecture formulated in
1890) gives us an upper bound for the number k with respect to the Euler characteristic of X. By
this theorem we know that the following inequality holds:

k ≤
⌊7 +√49− 24χ(X)

2

⌋
.

In Section 4.1 we use the above facts to prove that there is exactly one simplicial sphere X with
the property that every simplicial surface that forms an epimorphic image ofX is already isomorphic
to X, namely the simplicial tetrahedron T . Now, we present the notion of a Grünbaum-colouring.

Definition 1.3.4 [54]

Let X be a simplicial surface. A map ω : X1 → {1, 2, 3} is called an edge-colouring.
We say that ω is a Grünbaum-colouring of X, if the restriction of ω to the edges of
any face of X yields a bijection.

Grünbaum-colourings were first introduced in [54]. In [74], Niemeyer et al. refer to a colouring, as
described in Definition 1.3.4, as a wild-colouring. In their work, these wild-colourings are extensively
studied in a group-theoretical setting. Moreover, we observe that a Grünbaum-colouring of a closed
simplicial surface X can be translated into an arc-3-colouring of the underlying face graph F(X).
This allows us to study Grünbaum-coloured simplicial surfaces from a graph-theoretical perspective.

For simplicity, we restrict ourselves to defining colourings of simplicial surfaces by illustrating
the corresponding colours in figures. In particular, we represent the colours 1, 2, 3 of a Grünbaum-
coloured and the colours 1, . . . , 4 of a vertex-4-coloured simplicial surface with the colours red,
green, blue and orange, respectively. In order to illustrate Definitions 1.3.1 and 1.3.4, we consider
the simplicial tetrahedron T and construct corresponding colourings.

F2

F1

F3 F4

e1

e4e5

e2 e3

e6 e6

e4e5

v1 v2

v4

v3 v4v4

(a)

F2

F1

F3 F4

e1

e4e5

e2 e3

e6 e6

e4e5

v1 v2

v4

v3 v4v4

(b)

Figure 1.10: A Grünbaum-colouring (a) and a vertex-4-colouring (b) of the simplicial tetrahedron T
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We obtain a Grünbaum-colouring of T by colouring the edges of T as illustrated in Fig-
ure 1.10a. Moreover, a proper vertex-4-colouring of T is given in Figure 1.10b. Up to permu-
tation of colours, the simplicial tetrahedron T has exactly one Grünbaum-colouring and exactly
one vertex-4-colouring. This is due to the fact that the vertex-edge graph V(T ) and the face graph
F(T ) form complete graphs on four nodes.

A Grünbaum-colouring of a simplicial surface gives rise to exactly two different types of edges,
namelymirror and rotational edges. These edges, arising from a Grünbaum-colouring, are described
in the following definition.

Definition 1.3.5

Let X be a simplicial surface, ω : X1 → {1, 2, 3} a Grünbaum-colouring and e ∈ X1 an
inner edge with X2(e) = {F1, F2}. Further, let e1, e2 ∈ X1 be edges with e1 ∈ X1(F1)\{e},
e2 ∈ X1(F2) \ {e} and X0(e) ∩ X0(e1) ∩ X0(e2) ̸= ∅. If ω(e1) ̸= ω(e2), then we say that
e is a rotational edge, see Figure 1.11a. Otherwise, we define e to be a mirror edge,
see Figure 1.11b.

F2F1 e

e2e1

(a)

F2F1 e

e2e1

(b)

Figure 1.11: A rotational edge (a) and a mirror edge (b) of a Grünbaum-coloured simplicial surface

Although a Grünbaum-colouring of a simplicial surface forms a combinatorial property of the
simplicial surface, it can be interpreted geometrically. We comment on this in the following. For
this, we define Λ as the set of all triplets of positive real numbers satisfying the triangle inequalities,
i.e. if (ℓ1, ℓ2, ℓ3) ∈ Λ, then there exists a triangle with edge lengths ℓ1, ℓ2, and ℓ3, see [4].

Let X be a vertex-faithful simplicial surface that is equipped with a Grünbaum-colouring ω. A
natural question that arises is whether X can be translated into a triangulated surface in Euclidean
3-space whose faces all form congruent triangles. To answer this question, we have to assign lengths
to the edges of X such that all edges with the same colour under ω have the same edge length.
Thus, we have to compute a (ℓ1, ℓ2, ℓ3)-embedding of X with (ℓ1, ℓ2, ℓ3) ∈ Λ.

Definition 1.3.6 (see [4, 74])

Let X be a vertex-faithful simplicial surface and ω : X1 → {1, 2, 3} a Grünbaum-colouring
of X. An (ℓ1, ℓ2, ℓ3)-embedding of X with (ℓ1, ℓ2, ℓ3) ∈ Λ is a map ϕ : X0 → R3 such
that any pair of vertices v1, v2 ∈ X0 with {v1, v2} ∈ X0(X1) satisfies the distance equation

∥ϕ(v1)− ϕ(v2)∥ = ℓi,

where the edge e ∈ X1 with X0(e) = {v1, v2} satisfies ω(e) = i. We denote the three-
dimensional body

⋃
m∈Θ(X) conv(ϕ(m)) that results from X together with ϕ by ϕ(X) and

call it the embedded simplicial surface.
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If X is a vertex-faithful simplicial sphere and ϕ an (ℓ1, ℓ2, ℓ3)-embedding of X, then the embed-
ded simplicial surface ϕ(X) can be interpreted as a polyhedron in Euclidean 3-space consisting of
triangles that all have edge lengths (ℓ1, ℓ2, ℓ3) ∈ Λ.

In general, one has to solve a system of multivariate quadratic equations to construct an em-
bedding of a given Grünbaum-coloured simplicial surface. Hence, constructing embeddings of given
simplicial surfaces by finding solutions for such systems can be a difficult task. In [22], Brakhage et
al. investigate such a system of polynomial equations and construct all injective (1, 1, 1)-embeddings
of the simplicial icosahedron, i.e. the simplicial surface that describes the incidence structure of the
regular icosahedron (see Section 2), such that the symmetry groups (see Definition 1.3.7) of the
resulting polyhedra are non-trivial.

Definition 1.3.7

Let X be a vertex-faithful simplicial surface and ϕ : X0 → R3 an (ℓ1, ℓ2, ℓ3)-embedding of
X with (ℓ1, ℓ2, ℓ3) ∈ Λ. The symmetry group Aut(ϕ(X)) is defined as the group of all
isometries π ∈ E(3) that leave ϕ(X) invariant, i.e. π(ϕ(X)) = ϕ(X) for π ∈ Aut(ϕ(X)).

If X is a vertex-faithful simplicial surface and ϕ an (ℓ1, ℓ2, ℓ3)-embedding of X, then

Aut(ϕ(X)) ↪→ Aut(X) ↪→ Aut(F(X)).

Moreover, if
∑

v∈X0
ϕ(v) = (0, 0, 0)t, then Aut(ϕ(X)) is a subgroup of the orthogonal group O(3).

Figure 1.12 shows various views of three different polyhedra that result from constructing injective
(1, 1, 1)-embeddings of the simplicial icosahedron.

(a) (b) (c)

Figure 1.12: Various views of different polyhedra corresponding to the simplicial icosahedron: the
regular icosahedron (a), the great icosahedron [33] (b) and an icosahedron with symmetry group
of order 2 [22] (c); see [2]

By Miller, the simplicial icosahedron has exactly one Grünbaum-colouring, see [67]. Further-
more, Miller classifies the (ℓ1, ℓ2, ℓ3)-embeddings of the Grünbaum-coloured simplicial icosahe-
dron, where (ℓ1, ℓ2, ℓ3) ∈ Λ form the edge lengths of a scalene triangle. We refer the reader to
[2, 4, 22, 31, 40, 65, 68, 93] for more studies on embeddings of simplicial surfaces.

Due to Niemeyer et al. we have the following conjecture:

Conjecture 1.3.8 (see [73])

For every simplicial sphere there exists an injective (1, 1, 1)-embedding.
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A natural question that arises is whether the above conjecture can be formulated for closed
simplicial surfaces of arbitrary genus. This generalisation turns out to be false. Simplicial surfaces
that do not have injective (1, 1, 1)-embeddings can be derived from [35, 38, 65, 85] for instance. In
[2] this question is answered by stating that a simplicial surface whose vertex-edge graph contains
a clique of size greater than four cannot be embedded into R3 via an injective (1, 1, 1)-embedding.

Remark 1.3.9 (see [2]) Let X be a simplicial surface such that its vertex-edge graph V(X) = (V,E)
contains a clique C ⊆ V = X0 of size n ≥ 5. In this case there exists no injective (1, 1, 1)-
embedding of X. This can be verified as described in the following: Let us assume that there exists
an injective (1, 1, 1)-embedding ϕ of X. Furthermore, let v1, . . . , v5 ∈ X0 be vertices such that
v1, . . . , v5 interpreted as nodes of V(X) satisfy v1, . . . , v5 ∈ C. Since ϕ(v1), ϕ(v2), ϕ(v3) satisfy

∥ϕ(v1)− ϕ(v2)∥ = ∥ϕ(v1)− ϕ(v3)∥ = ∥ϕ(v2)− ϕ(v3)∥ = 1,

these coordinates give rise to an equilateral triangle with edge lengths 1 in R3. Without loss of
generality, we assume that this triangle is given by

(ϕ(v1), ϕ(v2), ϕ(v3)) =
(
(0, 0, 0)t, (1, 0, 0)t, (12 ,

√
3
2 , 0)

t
)
.

Now, the points ϕ(v4) and ϕ(v5) have to be on the intersection of the spheres S1, S2, S3 ⊂ R3 with

S1 := {x ∈ R3 | ∥x− ϕ(v1)∥ = 1},
S2 := {x ∈ R3 | ∥x− ϕ(v2)∥ = 1},
S3 := {x ∈ R3 | ∥x− ϕ(v3)∥ = 1}.

Since the intersection S1 ∩ S2 ∩ S3 equals{(
1
2 ,

1
2
√
3
,
√

2
3

)t

,

(
1
2 ,

1
2
√
3
,−
√

2
3

)t
}

and ϕ(v4) ̸= ϕ(v5) (ϕ is injective), we can assign ϕ(v4) to the first and ϕ(v5) to the second coordinate

in the above set. This implies ∥ϕ(v4)−ϕ(v5)∥ = 2
√

2
3 which contradicts ϕ being a (1, 1, 1)-embedding.

As an example of a simplicial surface that does not have an injective (1, 1, 1)-embedding, we
consider the simplicial surface X that is described by the following vertices of faces:

Θ(X) := {{v3, v5, v6}, {v3, v6, v7}, {v3, v4, v7}, {v2, v5, v7}, {v2, v3, v5}, {v1, v2, v3}, {v1, v3, v4},
{v1, v4, v5}, {v4, v5, v6}, {v2, v4, v7}, {v2, v4, v6}, {v1, v2, v6}, {v1, v6, v7}, {v1, v5, v7}}.

We see that X consists of 7 vertices, 21 edges and 14 faces and hence satisfies χ(X) = 0. Since
X is closed, connected and orientable, it forms an example of a simplicial torus. In fact, in the
literature, this simplicial surface is also known as the Möbius torus, i.e. the minimal triangulation
of the torus, see [34]. We observe deg(v) = 6 for all v ∈ X0 and hence V(X) is isomorphic to
the complete graph on 7 nodes. Although this simplicial surface cannot be embedded into Euclidean
3-space via an injective (1, 1, 1)-embedding, its combinatorial structure can be visualised in a folding
plan, see Figure 1.13.

Since the vertex-edge graph of a simplicial sphere X cannot contain a clique of size 5 or greater
(V(X) is planar), Conjecture 1.3.8 remains open.
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Figure 1.13: The simplicial surface X forming a minimal triangulation of the torus [34]
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2 Families of simplicial surfaces

Here, we present examples of simplicial surfaces that are particularly relevant to this thesis, to
enhance the understanding of these combinatorial structures. The examples presented in this
section include simplicial surfaces derived from well-known polyhedra such as the tetrahedron,
octahedron, and icosahedron. Additionally, we introduce more complex and less familiar simplicial
surfaces to demonstrate the richness of the theory of simplicial surfaces. The simplicial surfaces
presented in this section can be found in [74].

2.1 Closed simplicial surfaces

We start this subsection by introducing examples of closed simplicial surfaces. Here, we illustrate
that the Platonic solids can be exploited to construct closed vertex-faithful simplicial surfaces, see
Section 2.1.1. Moreover, we present the simplicial double-umbrellas and the generalised Janus-
Heads as further examples, see Sections 2.1.2 and 2.1.3.

2.1.1 The Platonic solids

The Platonic solids, named after the ancient Greek philosopher Plato, have fascinated mathemati-
cians and artists for centuries due to their high symmetry and aesthetic beauty. In this work, these
three-dimensional shapes also play a significant role and hence appear in various contexts. There
are exactly five such solids: the tetrahedron, the cube, the octahedron, the dodecahedron and the
icosahedron, see Figure 2.1. These are exactly the convex polyhedra in R3 whose faces all form
congruent regular polygons.

Figure 2.1: The five Platonic Solids, see [7]

Three of these solids, namely the tetrahedron, the octahedron, and the icosahedron, consist of
equilateral triangles as faces and can therefore directly be translated into simplicial surfaces that
describe their incidence geometry. By subdividing the faces of the dodecahedron and the cube into
congruent triangles, we obtain simplicial surfaces that allow us to analyse the incidence structure
of these polyhedra. The simplicial surfaces arising from the Platonic solids are detailed below.
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The simplicial tetrahedron

The simplicial tetrahedron T has been introduced in Section 1. Since every vertex of T has
vertex-degree 3, the vertex-counter of T is given by V 4

3 . Moreover, the automorphism groups of T
and its face graph satisfy Aut(T ) ∼= Aut(F(T )) ∼= S4.

The simplicial octahedron

Next, we introduce the simplicial octahedron O, which describes the incidence structure of a
regular octahedron. Thus, O is vertex-faithful and consists of 6 vertices, 12 edges and 8 faces. If
the vertices of the simplicial surface O are given by v1, . . . , v6, then the entire incidence structure
of O is determined by the following vertices of faces:

Θ(O) := {{v1, v2, v3}, {v1, v3, v4}, {v1, v4, v5}, {v1, v2, v5},
{v2, v3, v6}, {v2, v5, v6}, {v3, v4, v6}, {v4, v5, v6}}.

In Figure 2.2a we present a folding plan of the simplicial surface O. Moreover, Figure 2.2b shows
the corresponding face graph F(O).

F4

F1
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F7

F2 F5

F3
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e2e3

e4 e5

e6

e7 e8
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e9
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e10

e11

e11

e12

e12

v1 v2

v5

v5

v3

v6

v6

v6

v4

v4

(a)

F1

F2 F3

F4

F5

F6 F7

F8

(b)

Figure 2.2: The simplicial octahedron O (a) and its face graph F(O) (b)

Since every vertex of the simplicial octahedron is incident to exactly four faces, we know that
the vertex-counter of O is given by V 6

4 . Furthermore, this simplicial surface satisfies the statement
Aut(O) ∼= Aut(F(O)) ∼= C2 × S4.

2.1.1.1 The simplicial icosahedron

The simplicial icosahedron I is the simplicial surface that describes the incidence structure of
the vertices, edges and triangular faces of a regular icosahedron. Hence, this simplicial surface is
vertex-faithful and has 12 vertices that all have vertex-degree 5. The vertex-counter of I is given
by V 12

5 . Because of I being vertex-faithful, the entire incidence structure of this simplicial surface
is determined by the vertices of faces
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Θ(I) := {{v1, v2, v3}, {v1, v2, v4}, {v1, v4, v5}, {v1, v5, v6}, {v1, v3, v6},
{v2, v3, v7}, {v2, v4, v8}, {v4, v5, v9}, {v5, v6, v10}, {v3, v6, v11},
{v2, v7, v8}, {v4, v8, v9}, {v5, v9, v10}, {v6, v10, v11}, {v3, v7, v11},
{v7, v8, v12}, {v8, v9, v12}, {v9, v10, v12}, {v10, v11, v12}, {v7, v11, v12}}.

A folding plan illustrating the incidence structure of the simplicial icosahedron is presented in
Figure 2.3. In this figure we have omitted the information on the edges for simplicity.
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Figure 2.3: The simplicial icosahedron I

The face graph of the simplicial icosahedron is a cubic graph that consists of 20 nodes and 30
arcs, see Figure 2.4. We notice that the automorphism group of the simplicial surface I and its
face graph F(I) are isomorphic with the property that Aut(I) ∼= Aut(F(I)) ∼= C2 ×A5.
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Figure 2.4: The face graph F(I) of the simplicial icosahedron I
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The simplicial cube

The cube is the Platonic solid that consists of 6 congruent squares as faces. Hence, this polyhedron
does not directly yield a simplicial surface. However, we can modify this polyhedron to obtain a
related polyhedron that consists of triangular faces and has the same symmetry group as the cube.
This is achieved by subdividing each face of the cube into 4 triangles as indicated in Figure 2.5.

Figure 2.5: Subdividing a square into four triangles

Applying the above modification to the faces of the cube gives rise to the simplicial cube , i.e.
the simplicial surface X given by the following vertices of faces:

Θ(X) := {{v1, v2, v9}, {v2, v3, v9}, {v3, v4, v9}, {v1, v4, v9}, {v1, v2, v10}, {v2, v6, v10},
{v1, v5, v10}, {v5, v6, v10}, {v2, v3, v11}, {v2, v6, v11}, {v3, v7, v11}, {v6, v7, v11},
{v1, v4, v12}, {v4, v8, v12}, {v1, v5, v12}, {v5, v8, v12}, {v3, v4, v13}, {v3, v7, v13},
{v4, v8, v13}, {v7, v8, v13}, {v6, v7, v14}, {v7, v8, v14}, {v5, v8, v14}, {v5, v6, v14}}.

It can be observed that this simplicial surface consists of 14(= 8 + 6) vertices, 36(= 12 + 4 · 6)
edges and 24(= 6 · 4) faces. Thus, this simplicial surface forms a simplicial sphere that satisfies
Aut(X) ∼= Aut(F(X)) ∼= C2×S4. Further, we know that the vertex-counter of X is given by V 6

4 V
8
6 .

In the literature the operation of replacing every face of polyhedron by triangles as indicated in
Figure 2.5 is known as the kis operation , see [30].

The simplicial dodecahedron

Finally, we present a simplicial surface that can be obtained by manipulating the incidence structure
of a regular dodecahedron. The dodecahedron forms the dual of the icosahedron and hence consists
of 20 vertices, 30 edges and 12 faces forming pentagons. As presented above, we can subdivide the
faces of the dodecahedron by applying the kis operator to obtain a triangulation of this polyhedron
that consists of congruent triangular faces, see Figure 2.6 for illustration.

Figure 2.6: Subdividing a pentagon into five triangles
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Hence, the simplicial surface that arises from this construction has 32(= 20 + 12) vertices,
90(= 30 + 12 · 5) edges and 60(= 12 · 5) faces. We refer to this simplicial surface as the simplicial
dodecahedron . In the following we define the incidence structure of this simplicial surface by a
suitable group action. Let therefore G ≤ S32 be the finite group that is given by

G := ⟨(3, 6)(4, 7)(5, 8)(11, 14)(12, 15)(13, 16)(17, 19)(18, 20)(21, 22)(23, 24)(25, 27)(26, 28),
(2, 4)(3, 5)(6, 19)(8, 17)(9, 16)(11, 18)(12, 20)(14, 15)(22, 29)(23, 32)(25, 30)(28, 31),

(1, 2)(4, 5)(7, 8)(9, 10)(12, 13)(15, 16)(17, 18)(19, 20)(25, 26)(27, 28)(29, 30)(31, 32)⟩.

By exploiting this group, we obtain the set M := {{π(1), π(2), π(21)} | π ∈ G} which enables us to
construct the vertices of faces of the simplicial dodecahedron X via

Θ(X) := {{vi, vj , vk} | {i, j, k} ∈M}.

Note that the vertex-counter of the simplicial dodecahedron is given by V 12
5 V 20

6 and the statement
Aut(X) ∼= Aut(F(X)) ∼= C2 ×A5 holds.

2.1.2 The simplicial double-umbrellas

Next, we present the class of simplicial double-umbrellas. For n ≥ 3, we introduce the simplicial
double-umbrella (n)2 as the simplicial surface that describes the incidence geometry of the n-
gonal bi-pyramid, i.e. the polyhedron that results from combining two n-gonal pyramids such that
the bases of both pyramids coincide, see Figure 2.7 for illustration.

Figure 2.7: Bi-pyramid constructed from two triangular pyramids

Hence, the simplicial double-umbrella X := (n)2 consists of n + 2 vertices, 3n edges and 2n
faces. We define X0 := {v, v′, v1, . . . , vn} and determine X by the following vertices of faces:

Θ(X) := {{v, vi, vi+1} | i = 1, . . . , n} ⊎ {{v′, vi, vi+1} | i = 1, . . . , n},

where we read the subscripts modulo n. In Figure 2.8 we show the folding plans of the simplicial
double-umbrellas (3)2 and (5)2. In these folding plans we have omitted the information on the
corresponding edges for simplicity. Figure 2.9 illustrates the face graphs F((3)2) and F((5)2).
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Figure 2.8: The simplicial double-umbrella (n)2 for n = 3 (a) and n = 5 (b)
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Figure 2.9: The face graph F((n)2) for n = 3 (a) and n = 5 (b)

By observing the different vertex-degrees we see that the vertex-counter of (n)2 is given by V 6
4

for n = 4 and V n
4 V

2
n otherwise. Moreover, for n = 4 the simplicial surface (n)2 is isomorphic to the

simplicial octahedron. Hence, it can be shown that for every n ̸= 4 the automorphism group of the
simplicial surface (n)2 is isomorphic to the direct product C2 ×D2·n.

2.1.3 The generalised Janus Heads

In Section 1.1 we have presented an example of a closed simplicial surface that is not vertex-
faithful and consists of two faces, namely the simplicial Janus-Head. Motivated by this example
we introduce the family of generalised Janus-Heads.

For n ∈ N we denote the generalised Janus-Head consisting of 2n faces by Jn. In the case
that n = 1 we define the simplicial surface Jn as the simplicial Janus-Head. For n > 1 we determine
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Jn by the following incidences: First, let the vertices, edges and faces of X := Jn be given by

X0 := {v, v′} ⊎ {v1, . . . , vn},
X1 := {e1, . . . , en} ⊎ {e′1, . . . , e′n} ⊎ {e1, . . . , en},
X2 := {F1, . . . , Fn} ⊎ {F ′

1, . . . , F
′
n},

respectively. We use these elements to describe the incidence structure of X. This incidence struc-
ture is given as follows:

X0(ei) = {v, vi}, X0(e
′
i) = {v′, vi}, X0(ei) = {v, v′},

X0(Fi) = {ei, e′i, ei}, X0(F
′
i ) = {ei, e′i, ei+1},

where i = 1, . . . , n and the subscripts are read modulo n. Hence, Jn forms a non-vertex-faithful
simplicial sphere with Aut(Jn) ∼= Aut(F(Jn)) ∼= C2 ×D2·n. We observe that the vertex-counter of
Jn is given by V 3

2 if n = 1 and by V n
2 V

2
2n if n ̸= 1. Figure 2.10 illustrates the simplicial surface J3

and its face graph forming a non-simple graph.

F ′
2

F ′
1

F2 F3

F ′
3

F1

e′2

e2 e3

e3e2

e1 e1e′1

e′2 e′3

e′3

e′1

v2 v′

v v3v′

v1 v′

(a)

F ′
3

F1F ′
1

F2

F ′
2 F3

(b)

Figure 2.10: The generalised Janus-Head J3 (a) and its face graph F(J3) (b)

2.2 Open simplicial surfaces

Definition 1.1.1 admits various examples of open simplicial surfaces. Here, we present some of these
simplicial surfaces.

2.2.1 The simplicial ripped umbrellas

First, we present the family of simplicial ripped umbrellas. For n ∈ N we define the simplicial
ripped umbrella Rn as follows: Let the vertices of Rn be given by v, v1, . . . , vn+1. We set Rn to
be the vertex-faithful simplicial surface that is determined by the following vertices of faces:

Θ(Rn) := {{v, vi, vi+1} | i = 1, . . . , n}.

Hence, the simplicial surface Rn is connected and consists of n + 2 vertices, 2n + 1 edges and n
faces. Thus, the Euler characteristic of Rn is given by χ(Rn) = n + 2 − (2n + 1) + n = 1. As an
example we show the folding plan of the simplicial surface R5.
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Figure 2.11: The simplicial surface R5

Moreover, we observe that the vertex-counter of Rn is given by V 3
1 if n = 1, by V 2

1 V
2
2 if n = 2

and by V 2
1 V

n−1
2 V 1

n otherwise. It can be shown that the automorphism group Aut(Rn) is isomorphic
to the group D2·3 if n = 1 and isomorphic to the group C2 × C2 if n = 2. Furthermore, we know
that for n ≥ 3 the automorphism group of Rn satisfies Aut(Rn) = C2.

2.2.2 The simplicial umbrellas

Next, we introduce the simplicial umbrellas. For a natural number n > 1 we denote the simplicial
umbrella consisting of n faces by Un. We define Un to be a simplicial surface consisting of exactly
one inner vertex of degree n, and n boundary vertices of degree 2. For simplicity, we define U2 to
be the simplicial surface drawn in Figure 2.12a.

F2F1 e1

e4e3

e2e2

v2

v1

v3v3

(a)

F3

F1

F2 F4

F5

F6

e9

e2 e3

e4e1

e6 e5e7

e8 e10

e11

e12

v3 v4

v v5v2

v1 v6

(b)

Figure 2.12: The simplicial umbrella Un for n = 2 (a) and n = 6 (b)

Note that the simplicial surface U2 is isomorphic to the simplicial Open-Bag, see Figure 1.2b.
For n ≥ 3 we want the simplicial surface X := Un to be vertex-faithful and hence defined by the
following vertices of faces:

Θ(X) := {{v, vi, vi+1} | i = 1, . . . , n},

where we read the subscripts modulo n. It can be observed that the automorphism group of the
simplicial surface Un is isomorphic to the dihedral group D2·n for n ̸= 2 and isomorphic to C2×C2

for n = 2. As an example we illustrate the folding plan of the simplicial 6-umbrella in Figure 2.12b.
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2.2.3 The simplicial 3-strips

The simplicial umbrellas and the simplicial ripped umbrellas form examples of open simplicial
surfaces that have Euler characteristic 1. In the following we present examples of open simplicial
surfaces with Euler characteristic 0, namely the simplicial 3-strip. More precisely, let n ≥ 5 be a
natural number. We denote the simplicial 3-strip of length n by S(3, n) and define this simplicial
surface as follows:

If n is even, we define k := n
2 and the vertices of faces of the simplicial surface S(3, n) as

Θ(S(3, n)) :={{vi, vi+1, vk+i}, {vi+1, vk+i, vk+i+1} | i = 1, . . . , k − 1}∪
{{v1, vk, vn}, {v1, vk+1, vn}}.

This incidence structure is illustrated in Figure 2.13.

F1

F2

Fn−1

Fn
e e

v1 v2 vk

vk+1 vk+2 vn

v1

vk+1

. . .

Figure 2.13: The simplicial 3-strip S(3, n) for an even n ≥ 5

For n = 6 we obtain the simplicial 3-strip S(3, 6) shown in the below figure.
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v1

v4

Figure 2.14: The simplicial 3-strip S(3, 6)

In case n is odd, k is defined as k := n−1
2 and the vertices of faces of S(3, n) (illustrated in

Figure 2.15) are given as follows:

Θ(S(3, n)) :={{vi, vi+1, vk+i+1}, {vi, vk+i, vk+i+1} | i = 1, . . . , k} ∪ {{v1, vk+1, vn}}.
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F2

Fn−2

Fn−1

Fn

e e

v1 v2 vk

vk+2 vk+3 vn

vk+1

v1
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. . .

Figure 2.15: The simplicial 3-strip S(3, n) for an odd n ≥ 5
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In Figure 2.16 we show the simplicial surface S(3, 5).
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v1

Figure 2.16: The simplicial 3-strip S(3, 5)

Hence, the simplicial surface S(3, n) consists of n vertices, 2n edges and n faces and thus
χ(S(3, n)) = 0 holds. Moreover, we know that S(3, n) is orientable if and only if n is even.

2.2.4 The simplicial (4, 2)-strips

Lastly, we introduce the family of simplicial (4, 2)-strips. These simplicial surfaces form further
examples of simplicial surfaces with Euler characteristic 0. For a natural number n > 2 we denote
the simplicial (4, 2)-strip consisting of 2n faces by S(4, 2n). For simplicity, if n = 3 and n = 4,
we define the simplicial (4, 2)-strips S(4, 6) and S(4, 8) as illustrated in Figures 2.17 and 2.18,
respectively.
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Figure 2.17: The simplicial surface S(4, 6)
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Figure 2.18: The simplicial surface S(4, 8)

For n > 4 we define S(4, 2n) to be the vertex-faithful simplicial surface that is constructed
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from the simplicial 3-strip S(3, n) by subdividing each face of S(3, n) into two faces such that every
boundary edge of S(3, n) is subdivided into two boundary edges, see Figure 2.19 for illustration.

F2

F3F1

F ′
2 F ′′

2

F ′′
1F ′

1 F ′′
3F ′

3

Figure 2.19: Subdividing the faces of the simplicial surface S(3, n), where boundary edges are
illustrated in blue and inner edges in red

Figures 2.20 and 2.21 shows illustrations of the simplicial surfaces that arise from the above
construction.

F ′′
1F ′
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F ′
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v2
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. . .

Figure 2.20: The simplicial surface S(4, 2n) for an even n > 4, where boundary edges are illustrated
in blue and inner edges in red
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Figure 2.21: The simplicial surface S(4, 2n) for an odd n > 4, where boundary edges are illustrated
in blue and inner edges in red

Hence, we see that the simplicial surface S(4, 2n) consists of 2n vertices, 4n edges and 2n
faces. This results in the Euler characteristic of S(4, 2n) being 0. Finally, we know that S(4, 2n) is
orientable if and only if n is even.
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3 Group actions

In this section, we study group actions that can be used to investigate simplicial surfaces and their
face graphs. Note that these actions have also been discussed in [2, 74] for instance. The statements
derived in this section are essential for our study of edge- and face-transitive surfaces in Sections 5
and 6. For simplicity, we assume that the simplicial surfaces in this section are always connected.
In this work we follow the standard group-theoretical terminology as given in [27, 36] for instance.

3.1 Group actions on simplicial surfaces and their face graphs

Understanding the action of automorphism groups on the corresponding simplicial surfaces allows
us to explore the symmetries of simplicial surfaces and their associated face graphs in much more
detail. Thus, we begin this section by describing the action of Aut(X) on a simplicial surface X.
We then link this group action to an action of Aut(F(X)) on F(X).

Remark 3.1.1 Let X be a simplicial surface. We observe that Aut(X) acts on X via

Aut(X)×X → X, (ϕ, x) 7→ ϕ(x).

We denote the orbit of an x ∈ X under a subgroup H ≤ Aut(X) by orbH(x). Furthermore, for a
subset S ⊆ X we define orbH(S) := {orbH(x) | x ∈ S}. Similarly, Aut(F(X)) acts on F(X) via

Aut(F(X))×F(X)→ F(X), (σ, x) 7→ σ(x).

Since an automorphism ϕ ∈ Aut(X) satisfies ϕ(x) ∈ Xi, for all x ∈ Xi and i ∈ {0, 1, 2}, the
introduced action of Aut(X) on X can be restricted to an action Aut(X)×Xi → Xi. In particular,
the action of Aut(X) on the faces X2 induces a homomorphism

Aut(X)→ Sym(X2)

that maps an automorphism ϕ ∈ Aut(X) onto the permutation π ∈ Sym(X2) of faces in X2 it
effects. Since the automorphism ϕ respects the incidences between the faces and edges of X, the
permutation π can be understood as an automorphism of F(X). This instance yields the homomor-
phism

λX : Aut(X)→ Aut(F(X)). (1)

With Proposition 3.1.3 it follows that, if X is a vertex-faithful simplicial surface, then the homo-
morphism λX is a monomorphism. Thus, if X is vertex-faithful, λX allows us to embed Aut(X)
into Aut(F(X)).

We proceed by examining the action of Aut(X) onX. First, we show that, ifX is not isomorphic
to the simplicial Janus-Head, then an automorphism ϕ ∈ Aut(X) is uniquely determined by the
images of the edges of any face of X.

Proposition 3.1.2

Let X be a connected simplicial surface that is not isomorphic to the simplicial Janus-
Head, F ∈ X2 a face with X1(F ) = {e1, e2, e3} and ϕ ∈ Aut(X). If there exists an
automorphism ψ ∈ Aut(X) satisfying ϕ(ei) = ψ(ei) for i = 1, 2, 3, then ϕ = ψ follows.

This section is based on research originally published in [5].
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Proof. If X is isomorphic to the simplicial One-Face, it is easy to verify that the above statement
holds. Thus, we assume that X is not isomorphic to the simplicial One-Face. We first notice that
ϕ(ei) = ψ(ei) for i = 1, 2, 3 implies ϕ(x) = ψ(x) for every x ∈ {F} ∪ X1(F ) ∪ X0(F ). Hence, we
prove the proposition by showing that if ϕ(x) = ψ(x) holds for all x ∈ {F1} ∪ X1(F1) ∪ X0(F1),
where F1 is an arbitrary face, then ϕ(y) = ψ(y) holds for all y ∈ {F2} ∪X1(F2) ∪X0(F2) with F2

being a face of X with X1(F1) ∩X1(F2) ̸= ∅. The result then follows from the connectivity of X.
Thus, let F1 ∈ X2 be an arbitrary face with X1(F1) = {e, e′, e′′} and ϕ(x) = ψ(x) for all

x ∈ {F1} ∪X1(F1) ∪X0(F1). Since X is connected and not isomorphic to the simplicial One-Face,
there exists a face F2 ∈ X2 that satisfies X1(F1) ∩ X1(F2) ̸= ∅. Without loss of generality, we
assume that e is the edge that is incident to F1 and F2, and that the edges incident to F2 are given
by X1(F2) = {e, e, e′}. Here, we prove the equality of ϕ(F2) = ψ(F2). The reasoning of ϕ(y) = ψ(y)
for all y ∈ X1(F2) ∪X0(F2) can be achieved by an analogous argument.

Because ϕ and ψ respect the incidences of X, the edge ϕ(e) has to be incident to ϕ(F1) = ψ(F1),
to ψ(F2) and to ϕ(F2). Now, we know that ϕ and ψ are both bijective and that ϕ(e) is incident to
exactly two faces which yields ϕ(F2) = ψ(F2). This concludes the result.

With a similar strategy as presented in the above proof, we can show the following statement.

Proposition 3.1.3

Let X be a vertex-faithful simplicial surface, F ∈ X2 a face with X0(F ) = {v1, v2, v3}
and ϕ ∈ Aut(X). If there exists an automorphism ψ ∈ Aut(X) with ϕ(vi) = ψ(vi) for
i = 1, 2, 3, then ϕ = ψ follows.

We notice that the above statement does not hold if the simplicial surface X is not connected.
Further, the simplicial Janus-Head J is a non-vertex-faithful simplicial surface with the property
that for every ϕ ∈ Aut(J ) there exists a distinct automorphism ψ ∈ Aut(J ) with ϕ(v) = ψ(v) for
every v ∈ J0. Thus, it is necessary that a given simplicial surface is vertex-faithful to ensure the
correctness of the above proposition.

Moreover, Proposition 3.1.3 implies that in case X is a vertex-faithful simplicial surface, it is
sufficient to only examine the images of the vertices of X under an automorphism in order to
determine the given automorphism fully. This instance is summarised in the following remark.

Remark 3.1.4 Let X be a vertex-faithful simplicial surface and X0 = {v1, . . . , vn} its set of
vertices. By Proposition 3.1.3 we know that an automorphism ϕ ∈ Aut(X) is uniquely determined by
the images ϕ(v1), . . . , ϕ(vn). Hence, it suffices to determine the permutation π ∈ Sym({v1, . . . , vn})
that satisfies π(vi) = ϕ(vi), for all 1 ≤ i ≤ n, in order to determine the automorphism ϕ fully.

Next, we discuss the stabilisers of certain elements of a simplicial surface. If G is a group acting
on a set M and x ∈ M is an element, then we denote the stabiliser of x in G by StabG(x). We
observe that the stabilisers of edges and faces of a vertex-faithful simplicial surface can be embedded
into finite groups of small orders, see Lemmas 3.1.5 and 3.1.6.

Lemma 3.1.5

Let X be a vertex-faithful simplicial surface and F ∈ X2 a face. Then the stabiliser
StabAut(X)(F ) can be embedded into the group Sym(X0(F )).
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Proof. Let X0(F ) be given by {v1, v2, v3}. Since an automorphism ϕ ∈ StabAut(X)(F ) respects
the incidence structure of X, the vertices ϕ(v1), ϕ(v2) and ϕ(v3) have to be incident to the face
ϕ(F ) = F . Thus, the vertices v1, v2, v3 are permuted. With Proposition 3.1.3 the automorphism ϕ
is uniquely determined by the permutation of the vertices v1, v2, v3 that is effected by ϕ. Thus, we
conclude that StabAut(X)(F ) is isomorphic to a subgroup of Sym(X0(F )).

Lemma 3.1.6

Let X be a vertex-faithful simplicial surface and e ∈ X1 an inner edge. Then, the stabiliser
StabAut(X)(e) can be embedded into the group C2 × C2.

Proof. First, let v1, v2 ∈ X0 be vertices with X0(e) = {v1, v2}, and F1, F2 ∈ X1 faces satisfying
X2(e) = {F1, F2}. For every i = 1, 2 let wi ∈ X0 be the vertex such that wi ∈ X0(Fi) \ {v1, v2}.
Every automorphism ϕ ∈ Aut(X) that stabilises e has to permute the two vertices v1 and v2, and
also w1 and w2. With Proposition 3.1.3 the automorphism ϕ is uniquely identified by the images
of v1, v2, w1, w2 under ϕ. This means that ϕ can be identified with a permutation

π ∈ {(), (v1, v2), (w1, w2), (v1, v2)(w1, w2)} = ⟨(v1, v2), (w1, w2)⟩

which implies that StabAut(X)(e) is isomorphic to a subgroup of the group C2 × C2.

With similar arguments, we can show the following statement.

Corollary 3.1.7 Let X be a vertex-faithful simplicial surface and e ∈ X1 a boundary edge. Then,
the stabiliser StabAut(X)(e) can be embedded into the group C2.

LetX be a vertex-faithful simplicial surface and Aut(X) its automorphism group. If e ∈ X1 is an
edge and F ∈ X2 is a face, then |StabAut(X)(F )| ∈ {1, 2, 3, 6} and |StabAut(X)(e)| ∈ {1, 2, 4} follows.
Hence, |Aut(X)| ≤ 6|X2| which is the well-known upper bound on the number of automorphisms
of a triangulated surface, closely related to Hurwitz’s automorphism theorem, see [57].

It is well known that if G is a group acting on a set M, then elements in M that are contained
in the same G-orbit have stabilisers that are conjugate in G. In the following, we reformulate this
well-known result to exploit this fact in this thesis.

Lemma 3.1.8

Let X be a simplicial surface and x1, x2 ∈ X two elements of X. If x1 and x2 are contained
in the same orbit under Aut(X), then the stabilisers of x1 and x2 are conjugate in Aut(X).

Proof. For every i = 1, 2, let Si = StabAut(X)(xi) be the stabiliser of the element xi in Aut(X). Per
assumption, there exists an automorphism ϕ ∈ Aut(X) with ϕ(x1) = x2. Thus, the desired result
follows by showing that

f : S1 → S2, ψ 7→ ϕ ◦ ψ ◦ ϕ−1

is a group isomorphism. First, we see that f(ψ)(x2) = x2 holds for all ψ ∈ S1 which establishes
that the map f is well-defined. Furthermore, with

f−1 : S2 → S1, ψ 7→ ϕ−1 ◦ ψ ◦ ϕ

and f(ψ1 ◦ ψ2) = ϕ ◦ ψ1 ◦ ϕ−1 ◦ ϕ ◦ ψ2 ◦ ϕ−1 = f(ψ1) ◦ f(ψ2) for all ψ1, ψ2 ∈ S1 it follows that f is
a group isomorphism. We obtain f(S1) = S2 and thus the stabilisers S1 and S2 are conjugate.
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Moreover, if X is a simplicial surface, then the order of the stabiliser of an element x ∈ X tells
us how many automorphisms map x onto a given element y ∈ orbAut(X)(x). This result follows
directly from the orbit-stabiliser theorem. Again, we reformulate this fact to exploit it in our
studies.

Proposition 3.1.9

Let X be a simplicial surface and x1, x2 two elements of X that are contained in the
same orbit under Aut(X). Then there exist exactly | StabAut(X)(x1)| = | StabAut(X)(x2)|
automorphisms of X that map x1 onto x2.

Proof. Let M be the set of all automorphisms that map x1 onto x2. Since x1 and x2 are contained
in the same Aut(X)-orbit,M is non-empty. Thus, let ϕ ∈M be an automorphism. We observe that
f : StabAut(X)(x2)→M,ψ 7→ ψ ◦ϕ is well-defined. With f−1 :M → StabAut(X)(x2), ψ

′ 7→ ψ′ ◦ϕ−1,
we know that the map f is bijective. Hence, the equality |M | = | StabAut(X)(x2)| follows.

By closely analysing the map f that has been constructed in the proof of Proposition 3.1.9, we
obtain the following corollary.

Corollary 3.1.10 Let X be a simplicial surface, x1, x2 ∈ X two elements and ϕ ∈ Aut(X) an
automorphism that maps x1 onto x2. Then for every ϕ′ ∈ Aut(X) that maps x1 onto x2 there exists
an automorphism ψ ∈ StabAut(X)(x2) such that ϕ′ = ψ ◦ ϕ.

3.2 Group actions on vertex-defining cycles and umbrellas

In Sections 5 and 6 we aim to construct vertex-faithful simplicial surfaces by constructing vertex-
faithful cycle double covers of cubic graphs with the help of the automorphism group of the given
graph. For this purpose, we introduce an action of the automorphism group of a cubic graph on
its cycles and an action of the automorphism group of a simplicial surface on its umbrellas.

Remark 3.2.1 Let G = (V,E) be a cubic graph and M be the set of all cycles in G. The group
action Aut(G)× V → V, (σ, x) 7→ σ(x) yields a well-defined group action of Aut(G) on M via:

Aut(G)×M →M, (σ, (v1, . . . , vn)) 7→ σ((v1, . . . , vn)) := (σ(v1), . . . , σ(vn)).

Moreover, let X be a closed simplicial surface. In the following we denote the umbrella of a vertex
v ∈ X0 by u(v). Thus, if u(X) := {u(v) | v ∈ X0} is the set containing all umbrellas of X, then the
action of Aut(X) on the faces X2 can be extended to an action of Aut(X) on u(X) via

Aut(X)× u(X)→ u(X), (ϕ, (F1, . . . , Fn)) 7→ ϕ((F1, . . . , Fn)) := (ϕ(F1), . . . , ϕ(Fn)).

The set u(X) can also be interpreted as the set of vertex-defining cycles of X in F(X). Thus, the
group H := λX(Aut(X)) (see (1) in Remark 3.1.1) is maximal in Aut(F(X)) with the property
that the action of H on the cycles of F(X) leaves the cycle double cover u(X) invariant. Hence,
Aut(X) ∼= Aut(F(X)) is equivalent to saying that for every vertex-defining cycle C ∈ u(X) and
every σ ∈ Aut(F(X)) the image σ(C) is again a vertex-defining cycle of X, see [2]. Finally, we
observe that ⋃

v∈X0

u(v)H

describes the cycle double cover of F(X) consisting of the vertex-defining cycles of X.
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Lastly, we introduce the definition of an automorphism-induced α-cycle. In Sections 5 and 6
this definition is used for the construction of vertex-faithful cycle double covers. Loosely speaking,
the main idea of this definition is to construct a cycle of a cubic graph G by first constructing a path
P in G and then let a cycle in G arise by applying different powers of an automorphism σ ∈ Aut(G)
to P.

Definition 3.2.2

Let G = (V,E) be a cubic graph and F1, . . . , Fn ∈ V nodes such that {Fi, Fi+1} ∈ E for
i = 1, . . . , n − 1. Furthermore, let σ ∈ Aut(G) be an automorphism of order ℓ satisfying
σ(F1) = Fn and Σ := {σi(Fj) | i = 1, . . . , ℓ, j = 1, . . . , n − 1}. We define a σ-induced
α-cycle as the cycle

α(σ, F1, . . . , Fn) := (σ(F1), . . . , σ(Fn−1), . . . , σ
ℓ(F1), . . . , σ

ℓ(Fn−1))

if |Σ| = (n− 1)ℓ, and as the empty cycle () otherwise.

We exemplify the above definition by considering the cubic graph G = (V,E) illustrated in
Figure 3.1.

1

2 3

4

5

6 7

8

Figure 3.1: A cubic graph G with 8 nodes

The nodes 1 and 2 of G are connected by an arc in G . Furthermore, we see that the automorphism
group Aut(G) = ⟨(3, 6)(4, 5), (2, 4)(6, 8), (1, 2)(3, 4)(5, 6)(7, 8)⟩ contains the automorphism σ defined
by σ := (1, 2, 3, 4)(5, 6, 7, 8). Since σ has order 4 and we observe

|{σi(1) | i = 1, . . . , 4}| = |{1, 2, 3, 4}| = 4 = (2− 1) · 4,

the σ induced α-cycle α(σ, 1, 2) is given by

α(σ, 1, 2) = (σ(1), σ2(1), σ3(1), σ4(1)) = (2, 3, 4, 1) = (1, 2, 3, 4).

We observe that the orbit

orbAut(G)(α(σ, 1, 2)) = orbAut(G)((1, 2, 3, 4))

={(1, 2, 3, 4), (1, 2, 6, 5), (1, 4, 8, 5), (2, 3, 7, 6), (3, 4, 8, 7), (5, 6, 7, 8)}

is a vertex-faithful cycle double cover that forms the vertex-defining cycles of a simplicial octahe-
dron, see Section 2.
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4 Homomorphisms of simplicial surfaces

This section deals with the study of homomorphisms of simplicial surfaces (see Definition 1.1.8). Of
particular interest in this section are homomorphisms that form epimorphisms and endomorphisms
(Definition 4.2.2) of simplicial surfaces. We use these special homomorphisms to introduce simple
and endomorphism-simple simplicial surfaces (Definitions 4.1.1 and 4.2.3). Here, we investigate
these classes of simplicial surfaces and describe their properties. Loosely speaking, we refer to
a simplicial surface X as simple if every simplicial surface that forms an epimorphic image of
X is already isomorphic to X. We establish the result that a simple simplicial sphere has to be
isomorphic to the simplicial tetrahedron. Moreover, X is said to be endomorphism-simple if every
endomorphism ϕ : X → X is an automorphism of X. In this context, we show that every closed
connected simplicial surface with all vertex-degrees being odd is endomorphism-simple. Finally, we
establish the existence of infinitely many simple and infinitely many endomorphism-simple but not
simple simplicial surfaces.

4.1 Simple simplicial surfaces

In this subsection we study simple simplicial surfaces. A natural question that arises in this
context is whether the existence of certain sub-surfaces of a simplicial surface implies that the
given simplicial surface cannot be simple. Here, we present the fact that closed simplicial surfaces
with vertices of degree 2 and closed vertex-faithful simplicial surfaces with two neighbouring vertices
of degree 4 that are not contained in a so-called 3-waist (see Definition 4.1.8) cannot be simple.
Further, we examine different classes of simplicial surfaces and determine whether these classes
contain examples of simple simplicial surfaces. For instance, we show that a simplicial surface that
forms a simplicial umbrella or a simplicial ripped umbrella is not simple. Theorem 4.1.23 forms
the main result of this subsection. This theorem establishes that the only simple simplicial sphere
is the simplicial tetrahedron. We prove this result by equipping simplicial spheres with vertex-
colourings. Therefore, we state different facts about simplicial surfaces whose vertex-edge graphs
can be coloured with 3 or 4 colours. By using an algorithm implemented in GAP and available
in [72], we construct a new example of a simple simplicial surface and exploit it to deduce the
existence of infinitely many simple simplicial surfaces.

First, we present the definition of a simple simplicial surface.

Definition 4.1.1

A simplicial surface X is called simple, if every simplicial surface Y with the property
that there exists an epimorphism ψ : X → Y is already isomorphic to X.

This definition differs from the definition that has been presented in [74]. In this section we
show that Definition 4.1.1 and the definition introduced by Niemeyer et al. are equivalent. We
proceed by giving some examples of simple simplicial surfaces to enhance clarity of the definition.

Example 4.1.2 • Let X be the simplicial One-Face. Then X is simple. This follows directly
from the fact that the simplicial One-Face is the smallest simplicial surface.

• Let T be the simplicial tetrahedron. Then it follows that T is simple. This can be seen by the
below fact: Let Y be a simplicial surface such that there exists an epimorphism ϕ : T → Y . If
Y is not isomorphic to T , then there exist two distinct vertices v1, v2 ∈ T0 with ϕ(v1) = ϕ(v2).
We notice that the vertex-edge graph of T is the complete graph on four nodes. Thus, there
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exists an edge e ∈ T1 with T0(e) = {v1, v2}. Further, for a face F ∈ T2(e), we observe that the
map ϕ is not bijective on the sub-surface T (F ) (see (*) in Section 1). This results in ϕ not
being a well-defined homomorphism which is a contradiction. We therefore conclude that ϕ
is injective on the vertices of T . Because of T being vertex-faithful, this directly implies that
the map ϕ is injective, which means that the epimorphism ϕ is an isomorphism. With similar
arguments as presented above it can be shown that the simplicial umbrella U3 is simple.

In general, simple simplicial surfaces do not have to be connected. This instance is described
in Example 4.1.28. Next, we define the notion of an admissible relation of a simplicial surface.
This notion allows us to decide whether a given simplicial surface is simple by constructing suitable
partitions of the vertices, edges and faces of the corresponding simplicial surface.

Definition 4.1.3 (see [74])

Let (X,<) be a simplicial surface and ∼ an equivalence relation on X with corresponding
partition P of X into equivalence classes. Furthermore, let ≲ be the relation on P that is
induced by the relation < as follows: Two classes C, C′ ∈ P satisfy C ≲ C′ if and only if
for every y ∈ C′ there exists an element x ∈ C such that x < y holds in X. We call ∼ an
admissible relation of X, if the following properties are satisfied:

1. For each class C ∈ P there exists an i ∈ {1, 2, 3} with C ⊆ Xi. That means that the
set of equivalence classes P can be partitioned as follows:

P = (P ∩ Pow(X0)) ⊎ (P ∩ Pow(X1)) ⊎ (P ∩ Pow(X2)).

2. The tuple (P,≲) forms a well-defined simplicial surface, i.e. (P,≲) satisfies the
axioms formulated in Definition 1.1.1.

If the equivalence relation ∼ on X satisfies the above properties, we denote the simplicial
surface (P,≲) by (X/∼).

An admissible relation of a simplicial surface requires the corresponding partition of the sim-
plicial surface that is equipped with an incidence relation to form a well-defined simplicial surface.
It can be observed that every simplicial surface has an admissible relation. In particular, if X is
a simplicial surface, then the set {{x} | x ∈ X} corresponds to a set of equivalence classes of an
admissible relation ∼ of X. The simplicial surface arising from this relation is isomorphic to X.
Here, we refer to this admissible relation as the trivial admissible relation of X. Below, we give
some examples of non-trivial admissible relations.

Example 4.1.4 Let X be the simplicial Butterfly with vertices, edges and faces, and corresponding
incidences as illustrated in Figure 4.1.

F2F1 e1

e5e3

e4e2

v2

v1

v4v3

Figure 4.1: The simplicial Butterfly X
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We observe that, up to isomorphism, X has exactly four admissible relations. These admissible
relations ∼1, . . . ,∼4 are identified by their corresponding partition sets P1, . . . ,P4 given as follows:

P1 := {{v1}, {v2}, {v3}, {v4}} ⊎ {{e1}, {e2}, {e4}, {e3}, {e5}} ⊎ {{F1}, {F2}},
P2 := {{v1}, {v2}, {v3, v4}} ⊎ {{e1}, {e2}, {e4}, {e3, e5}} ⊎ {{F1}, {F2}},
P3 := {{v1}, {v2}, {v3, v4}} ⊎ {{e1}, {e2, e4}, {e3, e5}} ⊎ {{F1}, {F2}},
P4 := {{v1}, {v2}, {v3, v4}} ⊎ {{e1}, {e2, e4}, {e3, e5}} ⊎ {{F1, F2}}.

The simplicial surfaces corresponding to the partitions P1, . . . ,P4 are shown in Figures 4.2a to 4.2d,
respectively.

{F2}{F1} {e1}{v3} {v4}

{v2}

{v1}

{e4}{e2}

{e3} {e5}

(a)

{F2}{F1} {e1}{v3, v4} {v3, v4}

{v2}

{v1}

{e4}{e2}

{e3, e5} {e3, e5}

(b)

{F2}{F1} {e1}{v3, v4} {v3, v4}

{v2}

{v1}

{e2, e4}{e2, e4}

{e3, e5} {e3, e5}

(c)

{F1, F2}

{v2}

{v1}

{v3, v4}{e1}

{e3, e5}

{e2, e4}

(d)

Figure 4.2: All admissible relations of the simplicial Butterfly X

Since the admissible relation ∼1 is trivial, the simplicial surface (X/∼1) is isomorphic to X. The
simplicial surface (X/∼2) consists of three vertices, four edges and two faces. Hence, this simplicial
surface is isomorphic to the simplicial Open-Bag. Moreover, we notice that the simplicial surfaces
(X/∼3) and (X/∼4) are isomorphic to the simplicial Janus-Head and the simplicial One-Face,
respectively.

In the following, we highlight the advantages of introducing the notion of admissible relations.
It can be observed that a simplicial surface Y that is constructed from an admissible relation of a
given simplicial surface X forms an epimorphic image of X. A more general form of this statement
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is presented in [74] as the Homomorphism Theorem of simplicial surfaces. We introduce a version
of this theorem that is tailored to our needs.

Proposition 4.1.5

Let X and Y be simplicial surfaces. Then there exists an epimorphism ϕ : X → Y if and
only if there exists an admissible relation ∼ of X such that (X/∼) and Y are isomorphic.

Proof. First, we assume that there exists an epimorphism ϕ : X → Y . In this case, we can define
an equivalence relation ∼ by the partition P that arises from the pre-images of the elements of
Y under ϕ, i.e. P := ϕ−1(Y ) = {ϕ−1(y) | y ∈ Y }. We show that the equivalence relation ∼ is an
admissible relation of X. Since the map ϕ is a well-defined homomorphism, we obtain

P = (P ∩ Pow(X0)) ⊎ (P ∩ Pow(X1)) ⊎ (P ∩ Pow(X2)).

Thus, we obtain an incidence relation ≲ that arises from ∼ as follows: Two equivalence classes
C, C′ ∈ P satisfy C ≲ C′ if and only if for every y ∈ C′ there exists an element x ∈ C such that
ϕ(x) is incident to ϕ(y) in Y. Since the different equivalence classes of P form sets of pre-images
under the epimorphism ϕ, we know that equipping P with the relation ≲ results in a well-defined
simplicial surface (X/∼) = (P,≲).

Thus, the equivalence relation ∼ is indeed an admissible relation of X. It remains to show that
(X/∼) and Y are isomorphic. This can be seen by constructing the map ϕ′ : (X/∼)→ Y defined by
ϕ′(C) := ϕ(x), where x is an element in C. Since the equivalence classes of P are sets of pre-images,
we know that the equality ϕ(x) = ϕ(x′) holds for all x, x′ ∈ C. Hence, the map ϕ′ is independent
of the choice of a representative of an equivalence class and therefore well-defined. It is easy to see
that ϕ′ forms an isomorphism from (X/∼) to Y.

Now, we assume that there exists an admissible relation ∼ of X with (X/∼) being isomorphic
to Y . Therefore, there exists an isomorphism ψ1 : (X/∼) → Y. Further, we know that for every
x ∈ X there exists a unique equivalence class Mx ∈ (X/∼) such that x is contained in Mx. Thus,
the map ψ2 : X → (X/∼), x 7→Mx forms a well-defined epimorphism from X onto (X/∼). Hence,
ψ1 ◦ ψ2 is an epimorphism from X onto Y .

Inspecting the proof of Proposition 4.1.5 in more detail gives us the following result.

Corollary 4.1.6 Let X and Y be simplicial surfaces and ϕ : X → Y an epimorphism. Then the
partition {ϕ−1(y) | y ∈ Y } yields an admissible relation ∼ of X with (X/∼) ∼= Y .

In [74] simple simplicial surfaces have been introduced as simplicial surfaces that have exactly
one admissible relation, namely the trivial admissible relation. By combining the results that are
presented in Proposition 4.1.5 and Corollary 4.1.6, we see that the definitions of simple simplicial
surfaces presented in this work and in [74] are equivalent. We make use of the above results in
order to determine whether a given simplicial surface X is simple. Instead of considering all possible
epimorphisms ϕ of X and verifying that all surfaces ϕ(X) are isomorphic to X, Proposition 4.1.5
allows us to prove that X is simple by showing that the trivial admissible relation is the only
admissible relation of X.

In general, it is not clear whether the existence of a certain sub-surface of a simplicial surface X
implies that X is simple. On the other hand, we are able to deduce that a closed simplicial surface
is not simple if it contains vertices of degree 2.
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Proposition 4.1.7

Let X be a closed simplicial surface and v ∈ X0 with deg(v) = 2. Then X is not simple.

Proof. Without loss of generality we choose X to be connected. If the simplicial surface X consists
of exactly two faces, then X is isomorphic to the simplicial Janus-Head. Since the two faces of X
are incident to the same three edges and three vertices, it is easy to see that X can be mapped
onto the simplicial One-Face and that the resulting map forms an epimorphism. Now, let us
assume |X2| ≥ 4. Since deg(v) = 2, there exist distinct vertices v1, v2, v3, edges e1, . . . , e6 and faces
F1, F2, F3 of X such that the following incidences are satisfied:

X0(e1) = {v, v1}, X0(e2) = {v, v2}, X0(e3) = {v1, v2}, X0(e4) = {v1, v2},
X0(e5) = {v2, v3}, X0(e6) = {v1, v3}, X1(F1) = {e1, e2, e3},
X1(F2) = {e1, e2, e4}, X1(F3) = {e3, e5, e6}.

The sub-surface of X that contains the above vertices, edges and faces is illustrated in Figure 4.3 on
the left. With this information we can construct an admissible relation ∼ of X whose corresponding
equivalence classes are given by

{{v1}, {v2}, {v, v3}, {e1, e6}, {e2, e5}, {e3, e4}, {F1, F2, F3}} ⊎ {{x} | x /∈ X \M},

whereM := {v, v1, v2, v3}⊎{e1, . . . , e6}⊎{F1, F2, F3}. The sub-surface of Y := (X/∼) that contains
all non-trivial equivalence classes of ∼, i.e. Y ({F1, F2, F3}), where {F1, F2, F3} forms a face of Y
(see (*) in Section 1), is illustrated in Figure 4.3 on the right.

F1

F3F2 {F1, F2, F3}

e1

e2e1

e4 e5

e3 e6

v v1

v2 v3v1

{v1}

{v2}

{v, v3}{e3, e4}

{e2, e5}

{e1, e6}

Figure 4.3: Constructing an admissible relation of the simplicial surface X

Since the number of faces of Y satisfies |Y2| = |X2| − 2 < |X2|, we know that X and Y are not
isomorphic. This implies that ∼ is not trivial and X can therefore not be simple.

The above result implies that for every n ∈ N the simplicial n-fold Janus-Head (see Section 2)
is not simple. In particular, it can be shown that for every n > 1 there exist exactly n admissible
relations of the simplicial n-fold Janus-Head such that the resulting simplicial surfaces are iso-
morphic to the simplicial (n−1)-fold Janus-Head. Moreover, we observe that the simplicial n-fold
Janus-Head can be mapped onto the simplicial One-Face via a corresponding epimorphism. Note
that by using similar arguments as presented in the proof of Proposition 4.1.7 it can be verified
that open simplicial surfaces with vertices of degree 2 are not simple.

Next, we examine simplicial surfaces that do not contain so-called 3-waists.
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Definition 4.1.8 (see [74])

Let X be a closed simplicial surface. Furthermore, for i = 1, 2, 3 let vi be a vertex and ei
an edge of X. We call a tuple (v1, e1, v2, e2, v3, e3) a 3-waist of X, if

• X0(ei) = {vi, vi+1} for i = 1, 2, 3, where we read the subscripts modulo 3 and

• X2(ei) ∩X2(ei+1) = ∅ for i = 1, 2, 3, where we read the subscripts modulo 3.

In particular, we show that closed vertex-faithful simplicial surfaces containing two neighbouring
vertices of degree 4 that do not lie on a 3-waist cannot be simple.

Proposition 4.1.9

Let X be a closed vertex-faithful simplicial surface. Furthermore, let v and v′ be two
neighbouring vertices with deg(v) = deg(v′) = 4. If v and v′ are not contained in a
3-waist of X, then X is not simple.

Proof. Since v and v′ are vertices of X with deg(v) = deg(v′) = 4 that do not lie on a 3-waist and
X is vertex-faithful, we know that there exist distinct vertices v1, . . . , v4, edges e1, . . . , e11 and faces
F1, . . . , F6 of X such that the following incidences are satisfied:

X0(e1) = {v1, v4}, X0(e2) = {v, v1}, X0(e3) = {v′, v1}, X0(e4) = {v1, v2},
X0(e5) = {v, v4}, X0(e6) = {v, v′}, X0(e7) = {v′, v2}, X0(e8) = {v3, v4},
X0(e9) = {v, v3}, X0(e10) = {v′, v3}, X0(e11) = {v2, v3},
X1(F1) = {e1, e2, e5}, X1(F2) = {e2, e3, e6}, X1(F3) = {e3, e4, e7},
X1(F4) = {e5, e8, e9}, X1(F5) = {e6, e9, e10}, X1(F6) = {e7, e10, e11}.

The sub-surface consisting of the above vertices, edges and faces of X is illustrated in Figure 4.4
on the left.

F1 F2 F3

F4 F5 F6

e1 e2 e3 e4

e8 e9 e10 e11

e5 e6 e7v4 v v′ v2

v1

v3

{F1, F2, F3}

{F4, F5, F5}

{e5, e6, e7}

{v1}

{v3}

{v, v2}{v′, v4}

{e2, e4}{e1, e3}

{e8, e10} {e9, e11}

Figure 4.4: Constructing an admissible relation of the simplicial surface X
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We prove the statement by giving a suitable admissible relation of X. We define an admissible
relation ∼ of X by constructing the following partition of X into equivalence classes (see Figure 4.4
on the right):

{{v′, v4}, {v, v2}} ⊎ {{v̂} | v̂ ∈ X0 \ {v, v′, v2, v4}}⊎
{{e1, e3}, {e2, e4}, {e5, e6, e7}, {e8, e10}, {e9, e11}} ⊎ {{e} | e ∈ X1 \ {e1, . . . , e11}}⊎
{{F1, F2, F3}, {F4, F5, F6}} ⊎ {{F} | F ∈ X2 \ {F1, . . . , F6}}.

The simplicial surface Y := (X/∼) satisfies |Y2| = |X2| − 4 < |X2|. This implies that X and Y are
not isomorphic and hence X is not simple by Proposition 4.1.5.

By exploiting the above construction, we are able to give the following corollary.

Corollary 4.1.10 Let n ≥ 4 be a natural number. Then there exists an epimorphism from the
simplicial double-umbrella (n)2 onto the simplicial double-umbrella (n− 2)2.

We observe that the simplicial double-umbrella (2)2 is not simple by Proposition 4.1.7. More-
over, it can be observed that simplicial umbrella (3)3 can be mapped onto the simplicial umbrella
U3 via an epimorphism. Therefore, the class of simplicial double-umbrellas does not yield examples
of simple simplicial surfaces.

With the simplicial One-Face and the simplicial umbrella U3 we have already seen two examples
of open simplicial surfaces that are simple. The boundary cycles of both simplicial surfaces have
length 3.

Definition 4.1.11 (see [74])

Let X be a simplicial surface. We call (v1, e1, . . . , vn, en) a boundary cycle, if

1. vi is a boundary vertex and ei a boundary edge of X for all 1 ≤ i ≤ n,

2. X0(ei) = {vi, vi+1} for all 1 ≤ i ≤ n, where we read the subscripts modulo n.

Here, we describe that the above statement holds in general, i.e. boundary cycles of open simple
simplicial surfaces always have length 3.

Proposition 4.1.12

Let X be an open simplicial surface, n ∈ N a natural number and (v1, e1, . . . , vn, en) a
boundary cycle of X. If X is simple, then the equality n = 3 holds.

Proof. We prove the statement by contradiction and assume that X is an open simple simplicial
surface containing a boundary cycle P = (v1, e1, . . . , vn, en) of length n ̸= 3. We aim to conclude
the result by giving a case distinction with respect to the length n.
Case n = 2: If n = 2, we know that X yields an admissible relation ∼ that corresponds to the
partition {{e1, e2}} ⊎ {{x} | x ∈ X \ {e1, e2}}. We notice that (X/∼) has more inner edges than
the simplicial surface X. Hence, (X/∼) is not isomorphic to X and the existence of the admissible
relation ∼ establishes that X is not simple. This is a contradiction.
Case n > 3: If n > 3, then, the vertices v1, v3 and the edges e1, e2 are pairwise distinct. Because
n > 3, we can assume that these vertices and edges are not incident to the same face in X. Hence,
the partition {{v1, v3}, {e1, e2}}⊎{{x} | x ∈ X \ {v1, v3, e1, e2}} gives rise to an admissible relation
∼ of X. As described in the previous case, we observe that the simplicial surface (X/∼) is not
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isomorphic to X and hence X is not simple. Since this is a contradiction and the desired result is
established.

Using the terminology from [74], we obtain a different perspective on the simplicial surfaces that
are constructed in the above proof. In particular, these simplicial surfaces can be seen as simplicial
surfaces that arise from applying crater and rip mender to the simplicial surface X.

A useful approach to show that a simplicial surface is not simple is to colour the vertices of the
given simplicial surface and exploit this colouring to derive a corresponding admissible relation, see
Definition 1.3.1. We use these vertex-k-colourings to show that the only simple simplicial surface
that has a vertex-3-colouring is the simplicial One-Face, see Corollary 4.1.14.

First, we show that simplicial surfaces with vertex-3-colourings admit admissible relations that
result in the simplicial One-Face.

Lemma 4.1.13

Let X be a simplicial surface and κ : X0 → {1, 2, 3} a vertex-3-colouring of X. Then there
exists an admissible relation ∼ of X such that the resulting simplicial surface (X/∼) is
isomorphic to the simplicial One-Face.

Proof. In order to prove the above statement, we make use of the vertex-3-colouring κ and construct
a Grünbaum-colouring ω of X which yields an admissible relation. We proceed as follows: For an
arbitrary edge e ∈ X1 with X0(e) = {v, v′} we define the colour ce of e as ce := {κ(v), κ(v′)}. Thus,
we observe that the vertex-3-colouring κ gives rise to a partition of X1 consisting of exactly three
partition sets E1, E2, E3. These sets are given by

Ei := {e ∈ X1 | ce = {1, 2, 3} \ {i}}

for i = 1, 2, 3. Since for every face F ∈ X2 and every i = 1, 2, 3 the statement X1(F )∩Ei ̸= ∅ holds,
the three partition sets E1, E2, E3 can be interpreted as the colour classes of a Grünbaum-colouring.
Hence, the set

P := {κ−1(1), κ−1(2), κ−1(3)} ⊎ {E1, E2, E3} ⊎ {X2}

corresponds to a set of equivalence classes of an admissible relation ∼ of X. The simplicial surface
(X/∼) arising from the admissible relation ∼ has exactly three vertices, three edges and one face.
We therefore deduce that this simplicial surface is isomorphic to the simplicial One-Face.

Corollary 4.1.14 is a direct consequence of the above lemma.

Corollary 4.1.14 Let X be a simplicial surface and κ : X0 → {1, 2, 3} a vertex-3-colouring of X.
The simplicial surface X is simple if and only if X is isomorphic to the simplicial One-Face.

By observing the partition sets that are constructed in the proof of Lemma 4.1.13, we are able
to give the following remark.

Remark 4.1.15 We consider the simplicial surface X, the vertex-3-colouring κ and the Grünbaum-
colouring ω of X as in the setting of Lemma 4.1.13. Furthermore, we assume that |X2| ≥ 2. In
the proof of Lemma 4.1.13 we have used the vertex-3-colouring κ and the partition sets E1, E2, E3 to
construct an admissible relation ∼ of X that yields the simplicial surface (X/∼) that is isomorphic to
the simplicial One-Face. Here, we describe that by using the same vertex-3-colouring κ and the same
partition sets E1, E2, E3, we are able to construct admissible relations of X such that the resulting
simplicial surfaces are isomorphic to the simplicial Janus-Head. Let therefore ∅ ≠ F ⊊ X2 be an
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arbitrary subset. With this subset we can give a partition of X that corresponds to an admissible
relation ∼′. This partition is given as follows:

{κ−1(1), κ−1(2), κ−1(3)} ⊎ {E1, E2, E3} ⊎ {F , X2 \ F}.

The equivalence relation ∼′ is indeed an admissible relation of X. We observe that the resulting
simplicial surface has exactly three vertices, three edges and two faces. Hence, (X/∼′) is isomorphic
to the simplicial Janus-Head. We see that every non-empty subset F that does not contain all faces
of X yields an admissible relation of X whose corresponding simplicial surface is isomorphic to the
simplicial Janus-Head. Thus, by defining n := |X2| we observe that the above construction yields
exactly

1

2

n−1∑
k=1

(
n

k

)
= 2n−1 − 1

admissible relations of X that result in simplicial surfaces that are isomorphic to the simplicial
Janus-Head. With similar constructions we can show that there are exactly 3(2n−1 − 1) admissible
relations of X that give rise to simplicial surfaces that are isomorphic to the simplicial Open-Bag
and exactly 3(2n−1 − 1) relations yielding the simplicial Butterfly.

Lemma 4.1.13 forms a powerful tool to examine simplicial surfaces with respect to them being
simple. For instance, it allows us to prove that simplicial ripped umbrellas are not simple by
constructing corresponding epimorphisms onto the simplicial One-Face.

Proposition 4.1.16

Let n ∈ N be a natural number with n > 1. Then there exists an epimorphism of Rn onto
the simplicial One-Face.

Proof. The simplicial ripped umbrella X := Rn contains distinct vertices v, v1, . . . , vn+1 such that
the vertices of faces determining the incidence structure of X are given by

Θ(X) = {{v, vi, vi+1} | i = 1, . . . , n}.

With this incidences, we are able to construct a vertex-3-colouring of X. More precisely, the map
κ : X0 → {1, 2, 3} defined by κ(v) := 3 and κ(vi) := (i mod 2) + 1 for all 1 ≤ i ≤ n + 1 forms
a vertex-3-colouring of X. By Lemma 4.1.13, we know that X can be mapped onto the simplicial
One-Face.

With similar arguments we can determine which simplicial umbrellas can be mapped onto the
simplicial One-Face.

Proposition 4.1.17

Let n ∈ N be a natural number with n > 1. Then the simplicial umbrella Un has a
vertex-3-colouring if and only if n is even.

Proof. If n = 2, then Un has exactly three vertices. Hence, it is easy to see that Un has a vertex-3-
colouring. So, let us assume n ≥ 3. Then the simplicial surface Un is vertex-faithful. Thus, Un has
vertices v, v1, . . . , vn such that the entire incidence structure of the simplicial surface is determined
by the following set of vertices of faces:

Θ(Un) = {{v, vi, vi+1} | i = 1, . . . , n},
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where we read the subscripts modulo n. If n is even, we obtain a vertex-3-colouring of X := Un by
the map κ : X0 → {1, 2, 3} defined by κ(v) := 3 and κ(vi) = (i mod 2) + 1 for all 1 ≤ i ≤ n.

Now, let κ : X0 → {1, 2, 3} be a vertex-3-colouring of X. Further, we assume that the colour of
v is given by κ(v) = 3. Since for all 1 ≤ i ≤ n the vertex v is adjacent to the vertex vi, the colour
of the vertex vi satisfies κ(vi) ∈ {1, 2}. Moreover, since the vertices vi and vi+1 are adjacent for all
1 ≤ i ≤ n, we know that κ(vi) ̸= κ(vi+1) holds. So, the colours of the vertices v1, . . . , vn alternate
between 1 and 2, i.e. (κ(v1), . . . , κ(vn)) ∈ {(1, 2, . . . , 1, 2), (2, 1, . . . , 2, 1)}. Thus, n is even.

The umbrella of a vertex of a given vertex-faithful simplicial surface gives rise to a sub-surface
that is isomorphic to a simplicial umbrella. For simplicial surfaces that are not vertex-faithful, this
statement is not true in general. However, we can still make use of this observation to obtain the
following corollary as a direct consequence of the above proposition.

Corollary 4.1.18 Let X be a closed simplicial surface. If X has a vertex-3-colouring, then deg(v)
is even for every v ∈ X0.

In Remark 4.1.20 we record the fact that the contrary does not hold. In fact, there are simplicial
surfaces with only even vertex-degrees that do not have corresponding vertex-3-colourings. Before
proceeding to the mentioned remark, we observe that the simplicial surfaces that have a vertex-
3-colouring are exactly the simplicial surfaces that have a Grünbaum-colouring with edges being
mirror edges.

Proposition 4.1.19

Let X be a closed simplicial surface. Then X can be Grünbaum-coloured such that all
edges form mirror edges if and only if there exists a vertex-3-colouring of X.

Proof. First, let ω : X1 → {1, 2, 3} be a Grünbaum-colouring of X such that all edges of X form
mirror edges with respect to ω. Furthermore, let v ∈ X0 be an arbitrary vertex and (F1, . . . , Fn) the
umbrella of v in X. For every 1 ≤ i ≤ n there exists an edge ei ∈ X1(v) with X2(ei) = {Fi, Fi+1}.
Here, we read the subscripts modulo n. Note that the edges e1, . . . , en are exactly the edges that
are incident to the vertex v. We therefore define the colour cv of the umbrella of v under ω as
cv := (ω(e1), . . . , ω(en)). Since every edge of X is a mirror edge with respect to ω by our hypothesis,
we know that ω(ei) = ω(ei+2) for all i = 1, . . . , n. This implies (up to cyclic shifts of entries of
tuples) that the colour of the umbrella of v satisfies

cv = (ω(e1), . . . , ω(en)) ∈ {(1, 2, . . . , 1, 2), (1, 3, . . . , 1, 3), (2, 3, . . . , 2, 3)}.

Thus, we obtain a partition of the set X0 via the sets V1,V2,V3 that are given by

V1 := {v′ ∈ X0 | cv′ = (1, 2, . . . , 1, 2)},
V2 := {v′ ∈ X0 | cv′ = (1, 3, . . . , 1, 3)},
V3 := {v′ ∈ X0 | cv′ = (2, 3, . . . , 2, 3)}.

Since all edges of X are mirror edges with respect to ω, we know that every face of X is incident to
exactly one vertex of each of the above partition sets. That means that the partition sets V1,V2,V3
can be interpreted as the colour classes of a vertex-3-colouring of X.

Now, we assume that X has a vertex-3-colouring κ : X0 → {1, 2, 3}. We prove the statement
by constructing a colouring of the edges and showing that this map is a Grünbaum-colouring that
enforces every edge of X to be a mirror edge. We define the map ω : X1 → {1, 2, 3} as follows: For
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an edge e ∈ X1 with X0(e) = {v, v′} we define the colour of e under ω as ω(e) := i, where i satisfies
i ∈ {1, 2, 3} \ {κ(v), κ(v′)}. Since the map κ forms a vertex-3-colouring of X, we observe that the
edges X1 can be partitioned into three sets. These sets partitioning the edges of X are given by

ω−1(i) = {e ∈ X1 | κ(X0(e)) = {1, 2, 3} \ {i}}

for i = 1, 2, 3. Since every face F ∈ X2 is incident to exactly one edge of each of the above partition
sets, the map ω is a Grünbaum-colouring of X. It remains to show that every edge e ∈ X1 is a
mirror edge with respect to the Grünbaum-colouring ω. Let therefore e be an arbitrary edge of X.
Since e is an inner edge, e incident to two faces F1, F2 ∈ X2. Thus, let v1, . . . , v4 ∈ X0(F1)∪X0(F2)
be vertices and e1, . . . , e4 ∈ X1(F1) ∪X1(F2) edges such that the incidences

X0(e) = {v1, v2}, X0(e1) = {v1, v3}, X0(e2) = {v2, v3}, X0(e3) = {v1, v4}, X0(e4) = {v2, v4}

hold. We assume that e, e1, e2 and e, e3, e4 are incident to the same face, respectively (see Fig-
ure 4.5). If κ(v1) = 1 and κ(v2) = 2, then κ(v3) = κ(v4) = 3 follows. We therefore obtain

ω(e) = 3, ω(e1) = 2, ω(e2) = 1, ω(e3) = 2, ω(e4) = 1.

The colours 1, 2 and 3 of the vertex colouring κ and the Grünbaum-colouring ω are illustrated in
Figure 4.5 with the colours red, green and blue, respectively. Hence, the edge e is a mirror edge of
X with respect to ω and the result follows.

e

e4e2

e3e1

v2

v1

v4v3

Figure 4.5: The sub-surface that is induced by an edge of the simplicial surface X with correspond-
ing vertices and edges coloured in red, green and blue

The set of simplicial surfaces that can be Grünbaum-coloured such that all edges are mirror edges
forms an interesting class of simplicial surfaces and therefore occurs in many different situations. For
instance, in Section 5 we link these simplicial surfaces to face-transitive surfaces. In the literature
these simplicial surfaces are also referred to as balanced triangulations, see [91] for further details.
In particular, this class of simplicial surfaces have been largely analysed in [74]. Here, we give some
additional comments.

Remark 4.1.20 The simplicial surfaces that can be Grünbaum-coloured such that all edges form
mirror edges have been studied in [74]. In their work, Niemeyer et al. have established the result
that a simplicial sphere X has only even vertex-degrees if and only if X has a Grünbaum-colouring
with all edges being mirror edges. A natural question that arises is whether this statement holds for
closed simplicial surfaces in general. Unfortunately, the generalisation of this statement is not true.
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As a counterexample we consider the vertex-faithful simplicial surface X consisting of 9 vertices
v1, . . . , v9 such that the entire incidence structure of X is determined by the vertices of faces below:

Θ(X) = {{v7, v8, v9}, {v6, v7, v8}, {v3, v4, v5}, {v4, v8, v9}, {v2, v3, v8}, {v3, v5, v7},
{v1, v2, v3}, {v3, v4, v8}, {v1, v2, v5}, {v4, v6, v9}, {v2, v6, v8}, {v1, v6, v7},
{v1, v3, v7}, {v2, v4, v6}, {v2, v4, v5}, {v1, v5, v9}, {v1, v6, v9}, {v5, v7, v9}}.

Figure 4.6 shows a folding plan of the corresponding simplicial surface. Since X is vertex-faithful,
we omit the information on the edges of X in the figure below for simplicity. The simplicial surface
X consists of 9 vertices, 27 edges, and 18 faces and therefore has Euler characteristic χ(X) = 0.
Since this simplicial surface is orientable, it forms an example of a simplicial torus. This simplicial
surface satisfies deg(v) = 6 for all v ∈ X0. Up to permutation of colours, X has exactly one
Grünbaum-colouring ω. This Grünbaum-colouring ω enforces every edge of the simplicial surface
X to be a rotational edge.

F4

F1

F2

F3

F5

F6

F7

F8

F9

F10

F11 F12

F13

F14

F15 F16

F17

F18

v1v2

v3

v4

v4

v5

v5

v6v6

v7 v8v8

v9

v9v9

v4

Figure 4.6: A simplicial surface with all vertex-degrees being even that has no Grünbaum-colouring
enforcing every edge to be a mirror edge

Additionally, one might ask whether every simplicial surface with only even vertex-degrees has
a Grünbaum-colouring that either enforces every edge to be a mirror edge or every edge to be a
rotational edge. This statement turns out to be false. As an example, we consider the simplicial
surface Y that is determined by

Θ(Y ) = {{v4, v5, v6}, {v2, v3, v7}, {v1, v2, v7}, {v1, v2, v8}, {v1, v3, v6},
{v2, v4, v9}, {v3, v5, v9}, {v3, v4, v7}, {v1, v5, v10}, {v3, v4, v6},
{v2, v4, v10}, {v2, v5, v8}, {v4, v5, v9}, {v1, v3, v8}, {v1, v4, v10},
{v2, v5, v10}, {v1, v4, v7}, {v2, v3, v9}, {v1, v5, v6}, {v3, v5, v8}}.

This simplicial surface consisting of 10 vertices, 30 edges and 20 faces has vertex-counter V 5
4 V

5
8 .

Moreover, it can be observed that Y has exactly one Grünbaum-colouring which enforces 20 edges
to be mirror edges and 10 edges to be rotational edges.
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By Lemma 4.1.13 simplicial surfaces that have vertex-3-colourings and that are not isomorphic
to the simplicial One-Face cannot be simple. We extend this fact and prove that a simplicial surface
with a vertex-4-colouring is simple if and only if the given simplicial surface is either isomorphic to
the simplicial tetrahedron or the simplicial umbrella U3. For this purpose we introduce the following
lemma.

Lemma 4.1.21

Let X be a simplicial surface. Furthermore, let κ : X → {1, . . . , 4} be a proper vertex-4-
colouring of X. Then there exists an admissible relation ∼ of X such that the resulting
simplicial surface (X/∼) is either isomorphic to the simplicial tetrahedron or the simplicial
umbrella U3.

Proof. We prove the above statement by constructing an admissible relation in a similar way as
described in the proof of Lemma 4.1.13. We start by defining a map f that maps an edge of X onto
a set of vertex-colours. This map f can be obtained as follows: For an arbitrary edge e ∈ X1 with
X0(e) = {v, v′} we define f(e) to be given as f(e) := {κ(v), κ(v′)}. We observe that the four colour
classes of the vertex-colouring κ give rise to six sets that partition the set of edges X1, namely the
sets E1, . . . , E6 given by

E1 := {e ∈ X1 | f(e) = {1, 2}}, E2 := {e ∈ X1 | f(e) = {1, 3}},
E3 := {e ∈ X1 | f(e) = {1, 4}}, E4 := {e ∈ X1 | f(e) = {2, 3}},
E5 := {e ∈ X1 | f(e) = {2, 4}}, E6 := {e ∈ X1 | f(e) = {3, 4}}.

We claim that the sets E1, . . . , E6 are all non-empty. We assume the contrary and without loss
of generality consider the set E3 to be empty. Then there exists no edge e ∈ X1 that satisfies
f(e) = {1, 4}. This implies {κ(v′) | {v, v′} ∈ X0(X1(v))} = {2, 3} for all v ∈ X0 with κ(v) ∈ {1, 4}.
This helps us to construct a vertex-3-colouring of X. This vertex-3-colouring κ′ of X is achieved
by κ′(v′) := 1 for v′ ∈ κ−1(1) ∪ κ−1(4) and κ′(v′) = i for v′ ∈ κ−1(i), where i = 2, 3. Hence, κ′ is a
vertex-3-colouring which contradicts κ being proper. Thus, the sets E1, . . . , E6 are all non-empty.

Now, we construct a map g that assigns a face to a set of vertex-colours with respect to κ
and use this map to construct an admissible relation of X. For an arbitrary face F ∈ X2 with
X0(F ) = {v1, v2, v3} we define g(F ) as g(F ) := {κ(v1), κ(v2), κ(v3)}. Moreover, for every 1 ≤ i ≤ 4
we define the set Fi as the set

Fi := {F ∈ X2 | g(F ) = {1, . . . , 4} \ {i} }.

Since every face of X lies in exactly one of the above sets, X2 can be written as X2 =
⊎4

i=1Fi.
We claim that there exists at most one 1 ≤ i ≤ 4 such that Fi is empty. We therefore assume the
contrary. Without loss of generality, we assume that F1 and F2 are empty. This directly implies
that there exists no edge e ∈ X1 with f(e) = {3, 4} which is a contradiction to E6 being non-empty.
Thus, the set

P := {κ−1(i) | i = 1, . . . , 4} ⊎ {Ei | i = 1, . . . , 6} ⊎ {Fi | Fi ̸= ∅, i = 1, . . . , 4}

forms a partition of X that corresponds to an admissible relation ∼ of X. We observe that if the
sets F1, . . . ,F4 are all non-empty, then the admissible relation ∼ gives rise to a simplicial surface
that is isomorphic to the simplicial tetrahedron. Further, if one of the sets F1, . . . ,F4 is empty,
then the simplicial surface (X/∼) is isomorphic to the simplicial umbrella U3.
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The below Corollary follows directly from Lemma 4.1.21.

Corollary 4.1.22 Let X be a simplicial surface and κ : X0 → {1, . . . , 4} a proper vertex-4-
colouring of X. The simplicial surface X is simple if and only if X is either isomorphic to the
simplicial tetrahedron or the simplicial umbrella U3.

By using the construction presented in the proof of Lemma 4.1.21, we can show that there exists
an admissible relation of the simplicial umbrella Un, where n ≥ 3 is odd, such that the simplicial
surface that arises from this relation is isomorphic to the simplicial umbrella U3.

Now, we present Theorem 4.1.23. This theorem establishes that simplicial spheres that are not
isomorphic to the simplicial tetrahedron cannot be simple. We deduce this result by exploiting
Lemmas 4.1.13 and 4.1.21.

Theorem 4.1.23

Let X be a simplicial sphere. If X is simple, then X is isomorphic to the simplicial
tetrahedron.

Proof. We know that the vertex-edge graph of X is planar (see [74] for instance). Thus, the Four-
Colour-Theorem (see [10]) implies that the nodes of the vertex-edge graph can be coloured in at
most four colours such that adjacent nodes are coloured differently. Such a colouring of the vertex-
edge graph translates directly into a vertex-k-colouring κ of X with k ≤ 4. Since a face of X induces
a clique of size 3 in the vertex-edge graph, the number k is either 3 or 4. If k = 3, then Lemma 4.1.13
implies that X can be mapped onto the simplicial One-Face via an epimorphism. Hence, X is not
simple. Furthermore, if k = 4 and there exists no vertex-3-colouring of X, then by Lemma 4.1.21
we know that there exists an epimorphism that maps X onto the simplicial tetrahedron or the
simplicial umbrella U3. Thus, if X is not isomorphic to the simplicial tetrahedron, X cannot be
simple.

As a consequence of the above result, we can decide whether a given open simplicial surface
with Euler characteristic 1 is simple. This fact is addressed in the proposition below. The idea to
prove this result is to construct a simplicial sphere Z that contains a given open simplicial surface
X with χ(X) = 1 as a sub-surface and then exploit Theorem 4.1.23.

Proposition 4.1.24

Let X be a connected open simplicial surface with χ(X) = 1. Then X is simple if and only
if X is isomorphic to the simplicial One-Face or the simplicial umbrella U3.

Proof. In Example 4.1.2, we have established that the simplicial One-Face and the simplicial um-
brella U3 are simple. Now, we assume that X is not isomorphic to one of these two simplicial
surfaces. Furthermore, let X ′ be a simplicial surface that forms an isomorphic copy of X, i.e.
X ∩ X ′ = ∅ and ϕ(X) = X ′, where ϕ : X → X ′ is an isomorphism. With these information, we
define the simplicial surface Y to be given as the disjoint union of X and X ′. Further, we define M
as the set that contains all boundary vertices and edges of X. Thus, the set that contains all the
boundary vertices and edges of Y is given byM ′ :=M ∪ϕ(M). We exploit this fact to construct an
admissible relation ∼ of Y such that (Y/∼) is a simplicial sphere. This is achieved by the following
partition set:

P := {{x, ϕ(x)} | x ∈M} ⊎ {{y} | y ∈ Y \M ′}.

We observe that the equivalence relation ∼ that corresponds to the partition P is indeed an admis-
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sible relation of Y with Z := (Y/∼) being closed and connected. In other words Z is the simplicial
surface obtained by glueing X and X ′ along their boundaries. Moreover, we notice that the number
of boundary vertices in M is equal to the number of boundary edges in M . Thus, the simplicial
surface Z satisfies

χ(Z) = |Z0| − |Z1|+ |Z2| = (2|X0| − |M |)− (2|X1| − |M |) + 2|X2| = 2χ(X) = 2.

Hence, Z forms a simplicial sphere. By Theorem 4.1.23 we know that there exists an admissible
relation ∼Z of Z (with corresponding partition PZ of Z) such that the simplicial surface (Z/∼Z)
is isomorphic to the simplicial One-Face, the simplicial umbrella U3 or the simplicial tetrahedron.
For every C ∈ PZ we define CX :=

⋃
m∈C(m ∩X) and see that

{CX | C ∈ PZ} \ {∅}

forms a partition of X that corresponds to an equivalence relation ∼X on X. In particular, this
relation forms an admissible relation of X such that the simplicial surface (X/∼X) is isomorphic to
a sub-surface of the simplicial surface (Z/∼Z). Hence, (X/∼X) is either isomorphic to the simplicial
One-Face, the simplicial Butterfly, the simplicial umbrella U3 or the simplicial tetrahedron. By our
assumption, X is not isomorphic to the simplicial umbrella U3 or the simplicial One-Face. Hence,
if (X/∼X) is isomorphic to the simplicial One-Face or the simplicial umbrella U3, then X is not
simple. If (X/∼X) is isomorphic to the simplicial Butterfly, X can be mapped onto the simplicial
One-Face via a corresponding epimorphism which means that X is not simple. Finally, if (X/∼X)
is isomorphic to the simplicial tetrahedron, then X and (X/∼X) cannot be isomorphic (X is open),
and again X is not simple.

With similar arguments, we can establish the result that every open simplicial surface that
forms a sub-surface of a simplicial sphere is not simple.

Corollary 4.1.25 Let X be a connected open simplicial surface containing exactly n boundary
cycles with n > 1. If χ(X) = 2− n and X is orientable, then X is not simple.

We have observed that the key to proving Theorem 4.1.23 and Proposition 4.1.24 is that a
simplicial sphere has a vertex-4-colouring that allows us to partition the vertices, edges and faces
of a given simplicial surface in order to obtain an admissible relation. In general, a proper vertex-
k-colouring (k > 4) of a given simplicial surface that yields an admissible relation derived from the
vertex-colouring does not necessarily exist.

So far we have only seen the simplicial One-Face, the simplicial umbrella U3 and the simplicial
tetrahedron as examples of simple simplicial surfaces. The question arises whether these simplicial
surfaces are the only examples of simple simplicial surfaces.

Remark 4.1.26 With our computations in GAP we are able to verify the existence of a simple
simplicial surface consisting of 10 faces. We obtain this simplicial surface by the following obser-
vation: By implementing the algorithm that is presented in Section 4.3 in GAP, we see that up to
isomorphism the simplicial icosahedron can be mapped onto exactly two simplicial surfaces via a
butterfly-friendly epimorphism (see Definition 4.3.1). One of these two simplicial surfaces is the
simplicial tetrahedron. The other one is a closed simplicial surface X that consists of 6 vertices, 15
edges and 10 faces. This simplicial surface contains six vertices v1, . . . , v6 such that the incidence
structure of X is determined by the following vertices of faces (see Figure 4.7):

Θ(X) = {{v1, v2, v3}, {v1, v2, v4}, {v1, v3, v6}, {v1, v4, v5}, {v1, v5, v6},
{v2, v3, v5}, {v2, v4, v6}, {v2, v5, v6}, {v3, v4, v6}, {v3, v4, v5}}.
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Figure 4.7: A simple simplicial surface X with 10 faces

This simplicial surface satisfies χ(X) = 1 and is not orientable. We notice deg(vi) = 5 for all
1 ≤ i ≤ 6. Even more, X is the famous 6-vertex triangulation of the real projective plane, see [61].
Because X is vertex-faithful, its vertex-edge graph is isomorphic to the complete graph on 6 nodes.
We therefore know that no pair of vertices can be identified under an admissible relation of X. We
further elaborate on this argument in Lemma 4.1.27 which implies that X is simple.

The examples of simple simplicial surfaces that have been presented in this section all have the
property in common that the corresponding vertex-edge graphs are complete graphs. We notice
that this observation can be generalised.

Lemma 4.1.27

Let X be a simplicial surface such that the vertex-edge graph of X is isomorphic to the
complete graph with n nodes, where n ∈ N. Then X is simple.

Proof. We show the statement by contradiction and assume that the simplicial surface X is not
simple. Then there exists an admissible relation ∼ of X such that the arising simplicial surface
Y = (X/∼) is not isomorphic to X. We define the map ϕ : X → Y by ϕ(x) := Cx, where Cx is the
unique equivalence class with respect to ∼ that contains the element x ∈ X. Since Y arises from
an admissible relation of X, we know that the map ϕ is a well-defined epimorphism. Because X
is not isomorphic to Y , there exists at least one equivalence class V ⊆ X0 of the relation ∼ that
satisfies |V| ≥ 2. Since the vertex-edge graph of X is the complete graph on n nodes, we know that
there exists an e ∈ X1 with X0(e) ⊆ V. Thus, the epimorphism ϕ is not bijective on the vertices
X0(e) which means that the epimorphism is not well-defined.

We present a construction that results in examples of simple simplicial surfaces that are not
connected.

Example 4.1.28 Let X and Y be closed simplicial surfaces such that the vertex-edge graphs of X
and Y are isomorphic to the complete graphs with n and m nodes, respectively. By Lemma 4.1.27
we know that X and Y are simple. If n ̸= m, then the disjoint union of X and Y forms a simple
simplicial surface.
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Finally, we exploit the above lemma to establish the existence of infinitely many simple simplicial
surfaces.

Proposition 4.1.29

There exist infinitely many connected simple simplicial surfaces.

Proof. With [78, Theorem 10.1] we know that there exist infinitely many simplicial surfaces such
that the corresponding vertex-edge graphs are complete graphs. By Lemma 4.1.27 these simplicial
surfaces are simple. Thus, the result follows.

4.2 Endomorphism-simple simplicial surfaces

In this subsection, we examine the set of endomorphism-simple simplicial surfaces. We investigate
certain classes of simplicial surfaces and analyse whether they contain examples of endomorphism-
simple simplicial surfaces. We see that there are indeed various examples of such simplicial surfaces.
For instance, we prove that the simplicial umbrella Un is endomorphism-simple if and only if n is
odd, see Proposition 4.2.10. Moreover, we establish the existence of simplicial spheres that are
endomorphism-simple. We conclude this fact by showing that closed simplicial surfaces with all
vertex-degrees being odd are endomorphism simple, see Theorem 4.2.12. Finally, we exploit this
theorem to show that there exist infinitely many simplicial spheres that are endomorphism-simple.

First, we present the definition of a strong homomorphism of a simplicial surface.

Definition 4.2.1

Let X and Y be simplicial surfaces. We call a homomorphism ϕ : X → Y strong, if the
image ϕ(X) is a simplicial surface.

In general, the image of a homomorphism of simplicial surfaces does not have to be a simplicial
surface. Next, we introduce the definition of an endomorphism of a given simplicial surface.

Definition 4.2.2

Let X be a simplicial surface. We call a strong homomorphism ϕ : X → X an endomor-
phism.

Note that the image of a simplicial surface X under an endomorphism forms a sub-surface of
X. With the above definition of an endomorphism of a simplicial surface, we are able to present
endomorphism-simple simplicial surfaces.

Definition 4.2.3

Let X be a simplicial surface. We call X endomorphism-simple, if every endomorphism
ϕ : X → X is already an automorphism of X.

The investigation of mathematical objects that do not admit any non-trivial endomorphisms is
common in graph-theoretical studies.

Remark 4.2.4 For instance, in [45] the authors examine generalised Petersen graphs to determine
cubic graphs that are cores. In that context, a graph is referred to as a core if every endomorphism
of the graph is an automorphism. In their work, Garćıa-Marco et al. classify the class of generalised
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Petersen graphs G(n, k) forming cores based on the natural numbers n and k.

Since every endomorphism ϕ : X → X of a simplicial surface X gives rise to an epimorphism
ϕ′ : X → ϕ(X), we directly conclude the following proposition.

Proposition 4.2.5

Let X be a simplicial surface. If X is simple, then X is endomorphism-simple.

Therefore, the simplicial One-Face, the simplicial tetrahedron and the simplicial umbrella U3
are endomorphism-simple. Next, we give an example of a simplicial surface that is endomorphism-
simple, but not simple.

Example 4.2.6 Let X be a simplicial surface with vertices v1, . . . , v8 such that the entire incidence
structure is determined by the vertices of faces below:

Θ(X) = {{v1, v7, v8}, {v5, v7, v8}, {v1, v6, v7}, {v1, v6, v8}, {v2, v3, v5}, {v2, v3, v4},
{v2, v4, v5}, {v3, v4, v6}, {v3, v5, v7}, {v3, v6, v7}, {v4, v5, v8}, {v4, v6, v8}}.

This simplicial surface can be constructed by manipulating the incidence structure of the simplicial
octahedron O. In particular, the simplicial surface X arises from the simplicial octahedron by ap-
plying tetrahedral extensions to two faces F1, F2 ∈ O2 with O0(F1) ∩ O0(F2) = ∅. That means that
X is isomorphic to the simplicial surface TF1(TF2(O)). A folding plan of X is shown in Figure 4.8.
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Figure 4.8: An endomorphism-simple simplicial sphere X with 12 faces

Thus, X forms a simplicial sphere with 12 faces and Theorem 4.1.23 implies that X is not
simple. At this point we do not have the tools to prove that X is endomorphism-simple. The theorem
that yields this result, Theorem 4.2.12, is presented in this section. We elaborate further on X being
endomorphism-simple after presenting the proof of the mentioned theorem, see Remark 4.2.13.

We know that there exists an endomorphism of a given simplicial surface X, if there exists an
admissible relation of X such that the resulting simplicial surface is isomorphic to a sub-surface
of X. In this subsection we make use of this characterisation. In particular, we construct suitable
admissible relations to show that a given simplicial surface is not endomorphism-simple. We proceed
by observing that the simplicial double-umbrellas are not endomorphism-simple. We conclude this
statement by showing that the simplicial double-umbrellas can be mapped onto simplicial umbrellas
via corresponding endomorphisms.
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Proposition 4.2.7

Let X be the simplicial double-umbrella with 2n faces, where n ≥ 2 is a natural number.
Then X is not endomorphism-simple.

Proof. Since X is the simplicial double-umbrella with 2n faces, we know that X consists of n + 2
vertices, 3n edges and 2n faces. Up to isomorphism, the sets X0, X1 and X2 are given by

X0 = {v1, . . . , vn} ⊎ {v, v′},
X1 = {e1, . . . , en} ⊎ {e′1, . . . , e′n} ⊎ {ê1, . . . , ên},
X2 = {F1, . . . , Fn} ⊎ {F ′

1, . . . , F
′
n},

respectively. By reading the following subscripts modulo n, we are able to describe the incidence
structure of X fully. In particular, for 1 ≤ i ≤ n the incidences of the simplicial surface X are
given by:

X0(ei) = {v, vi}, X0(e
′
i) = {v′, vi}, X0(êi) = {vi, vi+1},

X1(Fi) = {ei, ei+1, êi}, X1(F
′
i ) = {e′i, e′i+1, êi}.

The simplicial surface X yielding the above incidences is illustrated in Figure 4.9.

F1 Fn

F ′
1 F ′

n

e1 e2 en e1

e′1 e′2 e′n e′1

ê1 ên. . .v1 v2 vn v1

v

v′

Figure 4.9: The simplicial double-umbrella X with 2n faces

With this information we define an admissible relation ∼ of X that corresponds to an endomor-
phism of X that is not an automorphism of X. We construct this admissible relation as follows:
We define ∼ by the following partition of X into equivalence classes:

{{v, v′}} ⊎ {{vi} | i = 1, . . . , n} ⊎ {{êi} | i = 1, . . . , n}⊎
{{ei, e′i} | i = 1, . . . , n} ⊎ {{Fi, F

′
i} | i = 1, . . . , n}.

The simplicial surface (X/∼) that arises from the admissible relation ∼ is isomorphic to the
simplicial umbrella Un.
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{F1, F
′
1} {Fn, F

′
n}

{ê1} {ên}. . .

{v, v′}

{e1, e′1}

{e2, e′2}

{en, e′n}

{e1, e′1}

{v1} {v2} {vn} {v1}

Figure 4.10: The simplicial surface (X/∼) that arises from an admissible relation of X

Since there exists a sub-surface of X that is isomorphic to the simplicial umbrella Un, we know
that X is not endomorphism-simple.

Additionally, we present the fact that simplicial surfaces that have vertex-3-colourings cannot
be endomorphism-simple.

Proposition 4.2.8

Let X be a simplicial surface and κ : X0 → {1, 2, 3} a vertex-3-colouring of X. If X is
not isomorphic to the simplicial One-Face, then X is not endomorphism-simple

Proof. If X has a vertex-3-colouring, then we can construct an admissible relation ∼ of X such that
(X/∼) is isomorphic to the simplicial One-Face, see Lemma 4.1.13, which is a subsurface of every
simplicial surface. Hence, every simplicial surface that has a vertex-3-colouring can be mapped onto
the simplicial One-Face via an endomorphism. If the given simplicial surface X is not isomorphic
to the simplicial One-Face, then the corresponding endomorphism is not bijective.

Next, we introduce the lemma that helps us to prove that simplicial surfaces whose vertex-
degrees are all odd are endomorphism-simple. This lemma states that a homomorphism of a given
simplicial surface maps inner vertices with odd vertex-degrees onto inner vertices with odd vertex-
degrees.

Lemma 4.2.9

Let n ≥ 3 be an odd natural number and X := Un a simplicial umbrella. Furthermore, let
Y be a simplicial surface such that there exists a strong homomorphism ϕ : Un → Y . If
v ∈ X0 is the inner vertex satisfying degX(v) = n, then the vertex ϕ(v) is an inner vertex
of Y with degY (ϕ(v)) being odd.

Proof. In order to prove the statement we assume that the simplicial surface X consists of vertices
v, v1, . . . , vn such that the entire incidence structure of X is determined by the vertices of faces

Θ(X) := {{v, vi, vi+1} | i = 1, . . . , n},
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where we read the subscripts modulo n. Since the image of a simplicial surface under a strong
homomorphism is again a simplicial surface, we can assume without loss of generality that the
strong homomorphism ϕ : X → Y is surjective.

First, let the equality n = 3 hold. Since the simplicial surface U3 is simple, every epimorphism
ϕ of X onto another simplicial surface has to be an isomorphism. It therefore follows that ϕ(v) is
inner and that degY (ϕ(v)) = 3 is odd.

Next, let n ≥ 5 be an odd natural number and d defined as d := degY (ϕ(v)). Since n is odd, X
cannot be mapped onto the simplicial One-Face via an epimorphism which implies d ̸= 1. If d = n,
then we conclude that ϕ(v) is an inner vertex with the vertex-degree d = n being odd. Thus, we
examine the case d < n. By Proposition 4.1.5, there exists an admissible relation ∼ such that
(X/∼) is isomorphic to Y. For simplicity, we identify the simplicial surface Y with the simplicial
surface (X/∼), i.e. Y = (X/∼).

Case ϕ(v) is boundary vertex: First, we assume that ϕ(v) is a boundary vertex. Since the
simplicial surface Y could have inner edges that are not incident to ϕ(v), we exploit the admissible
relation ∼ to construct another admissible relation ∼′ of X such that the simplicial surface (X/∼′)
is isomorphic to the simplicial ripped umbrella Rd with the equivalence class {v} forming a vertex
of (X/∼′) with vertex-degree d. We achieve this as follows: Since the vertex v of X is adjacent to
the vertices v1, . . . , vn, the set {v} is an equivalence class with respect to the admissible relation
∼ that forms a vertex of Y . Since we have identified (X/∼) and Y , this means that ϕ(v) = {v}.
Furthermore, since ϕ(v) is a boundary vertex of degree d, the vertex ϕ(v) is incident to exactly d+1
edges. Hence, there exist equivalence classes E1, . . . , Ed+1 such that these d+ 1 classes are exactly
the edges that are incident to the vertex {v} in Y . We use these edges to construct a partition of the
vertices of X. More precisely, for every 1 ≤ i ≤ d+1, we define the set Vi as Vi :=

⋃
e∈Ei X0(e)\{v}.

It can be observed that the set of vertices can be partitioned into X0 = {v} ⊎ V1 ⊎ · · · ⊎ Vd+1. In
the following we exploit this partition of the vertices X0 to construct a partition of the edges of X.
For simplicity, we denote the class V ∈ {V1, . . . ,Vd+1} that contains a given vertex v′ ∈ X0 \{v} by
V(v′). Thus, let e1, . . . , en ∈ X1 be the edges satisfying X0(ei) = {vi, vi+1} for 1 ≤ i ≤ n, where we
read the subscripts modulo n. Hence, these edges are not incident to v in X. Therefore, for every
1 ≤ i ≤ n we define the set E ′i as the set given by E ′i := {e ∈ X1 | X0(e) ⊆ V(vi) ∪ V(vi+1)}. Then,
for 1 ≤ i < j ≤ n two sets E ′i and E ′j have a non-trivial intersection if and only if E ′i = E ′j . We
therefore know that there exist d indices 1 ≤ i1 < · · · < id ≤ n such that the sets E ′i1 , . . . , E

′
id

form
a partition of the set {e1, . . . , en}. Now, if F1, . . . ,Fd are the equivalence classes that form exactly
the faces of Y, then

{{v},V1, . . . ,Vd+1} ⊎ {E1, . . . , Ed+1} ⊎ {E ′i1 , . . . , E
′
id
} ⊎ {F1, . . . ,Fd}

forms a partition of X into equivalence classes yielding an admissible relation ∼′. We notice that
the simplicial surface (X/∼′) is connected with {v} being a vertex of degree d. We see that (X/∼′)
has one vertex of degree d, two vertices of degree 1 and d − 1 vertices of degree 2 if d ̸= 2 and
two vertices of degree d and two vertices of degree 1 if d = 2. This implies that (X/∼′) ∼= Rd and
hence there exists an epimorphism ϕ′ of X onto the simplicial surface Rd, see Proposition 4.1.5. By
Proposition 4.1.16 there exists an epimorphism ψ of Rd onto the simplicial One-Face. Thus, ψ ◦ ϕ′
is an epimorphism of X onto the simplicial One-Face. That means that X has a vertex-3-colouring.
This is a contradiction to the fact that the number n is odd. Hence, ϕ(v) has to be an inner vertex.

Case d is even: Now, we assume that the vertex ϕ(v) is inner with the degree d of ϕ(v)
being even. Similarly as presented in the case of ϕ(v) being a boundary vertex, we can exploit
the admissible relation ∼ to derive an admissible relation ∼ of X such that the arising simplicial
surface (X/∼) is isomorphic to the simplicial umbrella Ud. By Proposition 4.1.17 we know that Ud
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has a vertex-3-colouring. Furthermore, Lemma 4.1.13 implies that there exists an epimorphism ϕ
that maps Ud onto the simplicial One-Face. Finally, Proposition 4.1.5 establishes that there exists
an epimorphism ψ : X → (X/∼). We therefore obtain a well-defined epimorphism that maps X
onto the simplicial One-Face via ϕ ◦ ψ. Again, this means that X has a vertex-3-colouring which
contradicts n being odd. Hence, the result follows.

As a direct consequence of the above lemma we present the following proposition. We show
that the simplicial umbrella Un is endomorphism-simple if and only if n is odd.

Proposition 4.2.10

Let n ∈ N be a natural number. Then the simplicial umbrella Un is endomorphism-simple
if and only if n is odd.

Proof. If n is even, then there exists an endomorphism from Un onto a sub-surface of Un that is
isomorphic to the simplicial One-Face, see Lemma 4.1.13. Hence, Un is not endomorphism-simple. If
n is odd, then we conclude the statement as follows: Let therefore ϕ : Un → Un be an endomorphism
of Un with Y := ϕ(Un) and v ∈ Un the inner vertex of degree n. We know that the image of v under
ϕ has to be an inner vertex, by Lemma 4.2.9. Since v is the only inner vertex of Un, we obtain
degY (ϕ(v)) = n. Because Un is the only sub-surface of Un that contains an inner vertex of degree
n, we know that the endomorphism ϕ is an automorphism of Un. Hence, the simplicial surface Un
is endomorphism-simple.

Hence, there exist infinitely many connected open endomorphism-simple simplicial surfaces that
are not simple. Since a vertex of a vertex-faithful simplicial surface induces a sub-surface that is
isomorphic to a simplicial umbrella, we deduce that a closed vertex-faithful simplicial surface with
all vertex-degrees being odd can only have a closed simplicial surface as an epimorphic image.

Proposition 4.2.11

Let X be a closed vertex-faithful simplicial surface and Y a simplicial surface such that
an epimorphism ϕ : X → Y exists. If deg(v) is odd for all v ∈ X0, then Y is closed.

Proof. With Lemma 4.2.9 we know that for every v ∈ X0 the vertex ϕ(v) is an inner vertex. Thus,
it follows that that Y = ϕ(X) is closed.

The above proposition gives an alternative method to prove that the simplicial tetrahedron is
simple: Since the simplicial tetrahedron is closed with all vertex-degrees being odd, an epimorphic
image of the simplicial tetrahedron must have the same properties. We observe that there is no
smaller simplicial surface than the simplicial tetrahedron that is closed and has only odd vertex-
degrees and thus we rediscover the fact that the simplicial tetrahedron is simple.

With Proposition 4.2.11 we can prove the theorem establishing the result that a simplicial
surface with all vertex-degrees being odd is endomorphism-simple.

Theorem 4.2.12

Let X be a closed connected vertex-faithful simplicial surface such that the vertex-degree
deg(v) is odd for all v ∈ X0. Then X is endomorphism-simple.
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Proof. Let ϕ : X → X be an endomorphism of X. By Proposition 4.2.11 we know that the sub-
surface ϕ(X) has to be closed. Since X is connected, X is the only sub-surface of X that is closed.
Thus, we conclude the equality ϕ(X) = X. Therefore, the endomorphism ϕ is an automorphism of
X and the result follows.

Now, we are able to explain that the simplicial surface presented in Example 4.2.6 is indeed
endomorphism-simple.

Remark 4.2.13 We notice that the vertices of the simplicial surface X presented in Example 4.2.6
either have degree 3 or 5. Hence, all vertex-degrees are odd and Theorem 4.2.12 implies that X is
endomorphism-simple.

The observation that simplicial surfaces whose vertex-degrees are all odd form examples of
endomorphism-simple simplicial surfaces helps us to construct an infinite family of endomorphism-
simple simplicial spheres.

Proposition 4.2.14

There exist infinitely many endomorphism-simple simplicial spheres.

Proof. Let n > 2 be an odd natural number. In the following we read all subscripts modulo n. We
define the vertex-faithful simplicial surface Xn as follows: Let the vertices of the simplicial surface
Xn be given by v, v1, . . . , vn and v′, v′1, . . . , v

′
n. Hence, we determine the incidence structure of Xn

by the below vertices of faces:

Θ(Xn) ={{v, vi, vi+1} | i = 1, . . . , n} ⊎ {{vi, vi+1, v
′
i+1} | i = 1, . . . , n}⊎

{{vi, v′i, v′i+1} | i = 1, . . . , n} ⊎ {{v′, v′i, v′i+1} | i = 1, . . . , n}.

v v′i

vi+1 v′i+1 v′

vi

Figure 4.11: A sub-surface of Xn consisting of four faces

By construction, every edge of the simplicial surface Xn is incident to exactly two faces, hence
Xn is closed. Thus, the Euler characteristic of Xn is given by

χ(Xn) = |(Xn)0| − |(X
n)1|+ |(X

n)2| = |(X
n)0| −

1
2 |(X

n)2| = 2n+ 2− 1
2 · 4n = 2.

Since the simplicial surfaceXn contains 4n ≥ 12 faces, it is a simplicial sphere that is not isomorphic
to the simplicial tetrahedron. Hence, Xn is not simple. By examining the degrees of the different
vertices, we observe that deg(v) = deg(v′) = n and deg(w) = 5 for all w ∈ X0 \ {v, v′} hold. Thus,
by Theorem 4.2.12 the simplicial surface Xn is endomorphism-simple.
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The simplicial surface X3 that results from the construction in the above proof is isomorphic
to the simplicial surface that is presented in Example 4.2.6. Moreover, the simplicial surface X5 is
isomorphic to the simplicial icosahedron. Additionally, we know that for every odd n ∈ N \ {1} the
vertex counter of Xn is V 2n

5 V 2
n if n ̸= 5 and V 12

5 if n = 5. Lastly, we give a remark on simplicial
surfaces whose vertex-degrees are all odd.

Remark 4.2.15 • Let X be a closed simplicial surface. If all vertex-degrees of X are odd then
|X0| is even. This can be seen by the following fact: We assume that the number of vertices
of X is odd. Since every face is incident to exactly three vertices, we know that the following
equality holds:

3|X2| =
∑
v∈X0

deg(v).

The sum of the vertex-degrees on the right hand side of the equation is odd. But since X is
closed, the number of faces is even, which implies that 3|X2| is even. Thus, the above equation
results in a contradiction.

• By using plantri [25] or the simplicial surfaces library contained in [72] it can be verified that
there exist exactly three vertex-faithful simplicial spheres with all vertex-degrees being odd that
do not have 3-waists and that have at most 28 faces. Two of those are well known examples
of spheres, namely the simplicial tetrahedron and the simplicial icosahedron. The last one is
a simplicial sphere with 28 faces that has vertex counter V 14

5 V 2
7 . This simplicial surface is

isomorphic to the simplicial surface X7 that forms a member of the family constructed in the
proof of Proposition 4.2.14.

4.3 Computing butterfly-friendly homomorphism

This subsection deals with the investigation of homomorphisms of simplicial surfaces from a compu-
tational point of view. As described above, up to isomorphism, we can determine an epimorphism
of a given simplicial surface by constructing a suitable admissible relation. Thus, the computer
algebra system GAP can be employed to compute epimorphisms of a simplicial surface by construct-
ing partitions of the corresponding vertices, edges and faces that result in admissible relations. In
experiments with GAP, we have observed that constructing all admissible relations of a given sim-
plicial surface turns out to be computationally infeasable. In general, there is more hope to compute
all butterfly-friendly epimorphisms of a given simplicial surface (see Definition 4.3.1).

Definition 4.3.1 (see [74])

Let X and Y be simplicial surfaces. A homomorphism ϕ : X → Y is called butterfly-
friendly, if for each inner edge e ∈ X1 the restriction of ϕ to X2(e) is a surjection onto
the set Y2(ϕ(e)).

In this section, we present the details of the algorithm that computes all butterfly-friendly
epimorphisms of a closed simplicial surface and therefore allows us to study epimorphisms of given
simplicial surfaces in GAP. The corresponding function is available in [72].

Let X and Y be simplicial surfaces such that there exists a homomorphism ϕ : X → Y .
Enforcing ϕ to be butterfly-friendly is equivalent to saying that for every inner edge e ∈ X1 with
X2(e) = {F1, F2} the image ϕ(e) is a boundary edge if and only if ϕ(F1) = ϕ(F2). For instance, the
homomorphisms that have been presented in the proof of Proposition 4.2.7 are butterfly-friendly.
We proceed by giving an example of a homomorphism that is not butterfly-friendly.
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Example 4.3.2 Let X be the disjoint union of two simplicial butterflies with elements and inci-
dences as illustrated in Figure 4.12.

F2F1 F ′
2F ′

1
e1

e5e3

e4e2

e′1

e′5e′3

e′4e′2

v2

v1

v4v3

v′
2

v′
1

v′
4v′

3

Figure 4.12: The simplicial surface X that arises from the disjoint union of two simplicial butterflies

Thus, the partition set

{{v1, v′1}, {v2, v′2}, {v3, v4}, {v′3, v′4}} ⊎ {{e1, e′1}, {e2, e4}, {e′2, e′4}, {e3, e5}, {e′3, e′5}}⊎
{{F1, F2}, {F ′

1, F
′
2}}

corresponds to an admissible relation ∼ of X. The resulting simplicial surface (X/∼) is isomor-
phic to the simplicial Butterfly, see Figure 4.13.

{e1, e′1} {F ′
1, F

′
2}{F1, F2} {v′3, v′4}{v3, v4}

{e2, e4} {e′2, e′4}

{e3, e5} {e′3, e′5}

{v2, v′2}

{v1, v′1}

Figure 4.13: The simplicial surface (X/∼) that arises from an admissible relation of X

We know that for every x ∈ X there exists a unique equivalence class Mx ∈ (X/∼) such that
the statement x ∈Mx holds. Thus, the map ϕ that is defined by ϕ(x) :=Mx for an element x ∈ X
forms an epimorphism of X onto (X/∼) that is not butterfly-friendly. This can be seen by the fact
that the restriction of ϕ to X2(e1) does not form a surjection onto the faces that are incident to the
edge ϕ(e1) = {e1, e′1}, namely {{F1, F2}, {F ′

1, F
′
2}}.

In order to establish an algorithm that computes all admissible relations of a closed simplicial
surface that correspond to butterfly-friendly epimorphisms, we modify the definition of an admis-
sible relation of a simplicial surface slightly to develop the concept of a weak admissible relation.
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Definition 4.3.3

Let (X,<) be a simplicial surface and ∼ an equivalence relation on a subset S ⊆ X with
corresponding partition P of S into equivalence classes. Furthermore, let ≲ be the relation
on P that is induced by the relation < as follows: Two elements C, C′ ∈ P satisfy C ≲ C′
if and only if for every y ∈ C′ there exists an element x ∈ C such that the statement x < y
in X holds. We call ∼ a weak admissible relation on X, if the following properties
are satisfied:

1. For each class C ∈ P there exists 1 ≤ i ≤ 3 with C ⊆ Xi, i.e. P is partitioned into

P = (P ∩ Pow(X0)) ⊎ (P ∩ Pow(X1)) ⊎ (P ∩ Pow(X2)).

2. The tuple (P,≲) satisfies the axioms (1) - (4) formulated in Definition 1.1.1.

As an example we consider the simplicial ripped umbrella that consists of three faces.

Example 4.3.4 Let X = R3 be a simplicial ripped umbrella. Then we know that X consists of
vertices X0 = {v, v1, . . . , v4}, edges X1 = {e1, . . . , e4}⊎{e′1, e′2, e′3} and faces X2 = {F1, F2, F3} that
are given in such a way that the incidence structure of X is determined by X0(ei) = {v, vi}, for
i = 1, . . . , 4, and X1(Fj) = {ej , ej+1, e

′
j} and X0(e

′
j) = {vj , vj+1} for j = 1, 2, 3. Hence, we observe

that the set {{x} | x ∈ X \ {F2, e
′
2}} forms a set of equivalence classes that corresponds to a weak

admissible relation ∼′ .

F2

F1 F3 {F3}{F1}
e2 e3

e1

e′2

e′1

e4

e′3

v

v2 v3

v1 v4

{v2}

{e1}

{v3}

{e4}{v1} {v4}
{v}

{e3}{e2} {e′3}{e′1}

Figure 4.14: Constructing a weak admissible relation of the ripped umbrella R3

It can be observed that every admissible relation of a given simplicial surface is also a weak
admissible relation. Moreover, if X is a simplicial surface and F ∈ X2 is a face, then the set

{{x} | x ∈ X0(F ) ∪X1(F ) ∪ {F}}

forms a partition set that corresponds to a weak admissible relation of X. We refer to such a weak
admissible relation as trivial.

In the following remark we demonstrate how a given admissible relation can be exploited to
construct different weak admissible relations of a given simplicial surface.

Remark 4.3.5 Let X be a simplicial surface and ∼ an admissible relation of X with corresponding
partition set P. Furthermore, let the faces of X be given by X2 = {F1, . . . , Fn}. Here, we show
that the admissible relation ∼ can be constructed by modifying weak admissible relations step by
step: For i = 1, . . . , n, we define Fi := {F1, . . . , Fi}. With these sets of faces we can construct an
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equivalence relation ∼i, where 1 ≤ i ≤ n, that corresponds to the following set of equivalence classes

Pi := {C ∩
⋃

F∈Fi

(X0(F ) ∪X1(F ) ∪ {F}) | C ∈ P}.

Hence, we see that the relation ∼i is a weak admissible relation satisfying Fi ⊆
⋃

C∈Pi
C. After

n steps, we finally obtain the admissible relation ∼n that corresponds exactly to the admissible
relation ∼ .

The above remark gives us an algorithm to construct an admissible relation of a given simplicial
surface X with |X2| = n. The idea of this algorithm is to construct a sequence of distinct weak
admissible relations (∼1, . . . ,∼n) such that:

1. the weak admissible relation ∼1 is trivial,

2. (loosely speaking) for i = 1, . . . , n − 1 the relation ∼i+1 contains the relation ∼i, (This is
described in more detail below.)

3. the relation ∼n is an admissible relation of X.

Condition 2. means that if Pi and Pi+1 are the partitions that correspond to the weak admissible
relations ∼i and ∼i+1 respectively, then we know that for every class C ∈ Pi there exists exactly
one class C′ ∈ Pi+1 that satisfies C ⊆ C′. In this case we know that for i = 1, . . . , n−1 the statement⋃

C∈Pi

C ⊂
⋃

C′∈Pi+1

C′.

holds. Here, we aim to construct the weak admissible relation ∼i+1 from the relation ∼i by finding
a face F ∈ X2 that is not contained in any equivalence class of Pi and modifying these equivalence
classes in such a way that the face F, the edges X1(F ) and the vertices X0(F ) are contained in
equivalence classes of the arising weak admissible relation ∼i+1 . There are exactly two cases that
can occur by pursuing the above approach, namely we modify the classes of the relation ∼i in such
a way that

1. the set {F} forms an equivalence class with respect to the weak admissible relation ∼i+1 or

2. there exists an equivalence class C ∈ Pi that yields C ∪ {F} being an equivalence class in the
partition Pi+1

In the first case the partition Pi+1 arises from the partition Pi via

Pi+1 = Pi ⊎ {{x} | x ∈ (X0(F ) ∪X1(F ) ∪ {F}) \
( ⋃
C∈Pi

C
)
}.

This can be achieved as indicated in the pseudo-code formulated in Algorithm 1.
In the second case, the classes of the partition Pi can be exploited to construct the classes of

Pi+1. In particular, if E1, E2, E3 ∈ (Pi ∩ Pow(X1)) and V1,V2,V3 ∈ (Pi ∩ Pow(X0)) are exactly the
equivalence classes that contain the vertices and edges that are incident to the faces in C, then we
know that there exist setsM1 ⊆ {1, 2, 3}×X0(F ) andM2 ⊆ {1, 2, 3}×X1(F ) with |M1| = |M2| = 3
such that the equivalence classes of Pi+1 are given by

Pi+1 =(Pi \ {V1,V2,V3, E1, E2, E3, C}) ⊎ {Vj ∪ {v} | (j, v) ∈M1}⊎
{Ej ∪ {e} | (j, e) ∈M2} ⊎ {C ∪ {F}}.
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This is detailed in the pseudo-code presented in Algorithm 2.

Algorithm 1: Extend weak admissible relation 1 (Extend1)

Input: A simplicial surface X, a partition P corresponding to a weak admissible
relation ∼ of X; a face F ∈ X2 with F /∈

⋃
C∈P C

Output: A set of weak admissible relations of X that all contain the equivalence class {F}
1 M ← X0(F ) ∪X1(F ) ∪ {F};
2 P ′ ← P;
3 candidates← {};
4 for x in M do
5 if there exists no class C in P with x ∈ C then
6 P ′ ← P ′ ∪ {{x}};

7 if P ′ is a weak admissible relation of X then
8 candidates← candidates ∪ {P ′};
9 return candidates;

Algorithm 2: Extend weak admissible relation 2 (Extend2)

Input: A simplicial surface X; a partition P corresponding to a weak admissible
relation ∼ of X; a class C ∈ P ∩X2; distinct classes E1, E2, E3 ∈ P ∩X1 with Ei ≲ C
for i = 1, 2, 3; a face F ∈ X2 with F /∈

⋃
C′∈P C′; distinct edges e1, e2, e3 ∈ X1(F )

Output: Set of weak admissible relations of X that all contain the equivalence class
C ∪ {F}

1 candidates← {};
2 for i = [1, 2, 3], [3, 1, 2], [2, 3, 1], [3, 2, 1], [1, 3, 2], [2, 1, 3] do
3 for j = [1, 2, 3], [3, 1, 2], [2, 3, 1], [3, 2, 1], [1, 3, 2], [2, 1, 3] do
4 for l = 1, 2, 3 do
5 [i1, i2]← [m,n] with {i[l],m, n} = {1, 2, 3};
6 [j1, j2]← [m,n] with {j[l],m, n} = {1, 2, 3};
7 E ′j[l] ← Ej[l] ∪ {ei[l]};
8 vi[l] ← v ∈ {v′ | v′ ∈ X0(ei1) ∩X0(ei2)};
9 Vj[l] ← V ∈ {V ′ | V ′ ≲ Ej1 , Ej2};

10 V ′j[l] ← Vj[l] ∪ {vi[l]};

11 V ← {V ′1,V ′2,V ′3};
12 E ← {E ′1, E ′2, E ′3};
13 C ← C ∪ {F};
14 P ← P \ ({x ∈ P | x ≲ C} ∪ {C});
15 P ← P ∪ (V ∪ E ∪ {C});
16 if P is a weak admissible relation of X then

17 candidates← candidates ∪ {P}

18 return candidates;

We use the above algorithms to describe the algorithm that computes all admissible relations
of a given simplicial surface. In experiments we have observed that the ordering of the faces that
is used to build up the admissible relation from weak admissible relations has a great impact on
the runtime of our implemented algorithm. We have therefore implemented the algorithm in such
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a way that we first add the faces that are incident to a given vertex to an already existing weak
admissible relation. If all faces of the given vertex are included into the weak admissible relation,
we proceed with a vertex that is contained in the resulting weak admissible relation and that is
incident to faces that are not yet contained in the weak admissible relation. The details of this
algorithm are formulated in Algorithm 3.

Algorithm 3: Algorithm to construct all admissible relations that correspond to butterfly-
friendly epimorphism

Input: A simplicial surface X
Output: The set of all admissible relations corresponding to butterfly-friendly

epimorphisms
1 v ← v′ ∈ X0;
2 F ← F ′ ∈ X2(v);
3 candidates← {{{x} | x ∈ (X0(F ) ∪X1(F ) ∪ {F})} };
4 visitedVertices← {v};
5 visitedFaces← {F};
6 while visitedVertices ̸= X0 and visitedFaces ̸= X2 do
7 umbOfV← [F1, . . . , Fn], where (F1, . . . , Fn) is the (half-)umbrella of v and F1 in

visitedFaces;
8 newcandidates← {};
9 for i = 2, . . . , n do

10 if Fi not in visitedFaces then
11 e1, e2, e3 ←edges in X1 with X1(Fi) = {e1, e2, e3};
12 for P in candidates do
13 newcandidates← newcandidates ∪ Extend1(P, Fi);
14 for C in P ∩X2 do
15 E1, E2, E3 ←classes in P ∩X1 that are incident to C;
16 newP← Extend2(P, C, Fi, E1, E2, E3, e1, e2, e3);
17 newcandidates← newcandidates ∪ newP;

18 visitedFaces← visitedFaces ∪ {Fi};

19 visitedVertices← visitedVertices ∪ {v};
20 if (X0 \ visitedvertices) ̸= ∅ then
21 v ← v′ ∈ X0 \ visitedvertices;
22 if newcandidates ̸= ∅ then
23 candidates← newcandidates;

24 else
25 return {};

26 result← {};
27 for P in candidates do
28 if P corresponds to a Butterfly-friendly epimorphism then
29 result← result ∪ {P};

30 return result ;

By implementing the above algorithm in GAP, we are able to observe the following.

Example 4.3.6 Here, we present some of the results that we obtain by running Algorithm 3 in

63



GAP to compute epimorphic images of different simplicial surfaces.

1. Let O be the simplicial octahedron. Then, up to isomorphism, there exists exactly 8 simpli-
cial surfaces that form epimorphic images of the simplicial surface O, where the resulting
epimorphism is buttterfly-friendly, namely the simplicial One-Face, the simplicial Butterfly,
the simplicial Open-Bag, the simplicial Janus-Head, the simplicial umbrella U2, the simplicial
umbrella U4, the simplicial double-umbrella (2)2 and the simplicial octahedron O.

2. Next, we discuss the simplicial double-umbrella (5)2. Since this simplicial surface contains
two inner vertices of degree 5, we know by Lemma 4.2.9 that an epimorphic image of (5)2

contains inner vertices of degree 3 or 5. With GAP we verify that (5)2 has exactly 4 epimor-
phic images, where the corresponding epimorphism is butterfly-friendly, namely the simplicial
double-umbrellas (5)2 and (3)2, and the simplicial ripped umbrella R3 and R5, up to isomor-
phism.

3. We know that, up to isomorphism, there exist exactly two vertex-faithful simplicial spheres
with 12 faces without 3-waists. One of these simplicial spheres is the simplicial double-
umbrella (6)2. By using our derived algorithm in GAP, we see that, up to isomorphism,
(6)2 has exactly 18 epimorphic images, where the corresponding epimorphisms are butterfly-
friendly. The other simplicial sphere is the simplicial surface X that is described by the
vertices of faces

Θ(X) := {{v1, v4, v6}, {v1, v4, v8}, {v1, v6, v7}, {v1, v7, v8}, {v2, v3, v5}, {v2, v3, v6},
{v2, v4, v5}, {v2, v4, v6}, {v3, v5, v7}, {v3, v6, v7}, {v4, v5, v8}, {v5, v7, v8}}.

The vertex-counter of X is given by V 4
4 V

4
5 . Again, by Lemma 4.2.9 we know that an epimorphic

image of X must contain inner vertices of odd degree. We observe that, up to isomorphism,
there are exactly four epimorphic images of X with corresponding butterfly-friendly epimor-
phism, namely the simplicial surface X, the simplicial tetrahedron, the simplicial surface Y
with vertex-counter V 2

3 V
2
4 V

2
5 defined by the vertices of faces

Θ(Y ) := {{v1, v3, v5}, {v1, v3, v6}, {v1, v2, v5}, {v1, v2, v6},
{v2, v3, v5}, {v2, v3, v4}, {v3, v4, v6}, {v2, v4, v6}}

and the simplicial surface Z illustrated in the below figure.

F1F2

F3F4

e1

e2e3

e4

e5

e6

e6

e7

e7

v1

v2

v2

v3

v3

v4

Figure 4.15: An epimorphic image Z of the simplicial surface X

4. Up to isomorphism, there are exactly four vertex-faithful simplicial spheres with 14 faces
without 3-waists. These simplicial surfaces can be distinguished by their vertex-counter. We
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see that these simplicial surfaces with vertex-counter V 5
4 V

2
5 V

2
6 , V

7
4 V

2
7 , V

4
4 V

4
5 V6 and V 3

4 V
6
5

have exactly 11, 7, 5 and 2 epimorphic images, where the corresponding epimorphisms are
butterfly-friendly, respectively (up to isomorphism).
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5 Face-transitive surfaces

In this section we investigate a special class of simplicial surfaces, namely the class of face-transitive
surfaces. We refer to a simplicial surface as face-transitive, if the simplicial surface is vertex-
faithful and its automorphism group acts transitively on the faces of the simplicial surface. We
aim to analyse this class by distinguishing between closed and open simplicial surfaces. For open
face-transitive surfaces we make the following observation:

Observation. There are exactly five classes of open face-transitive surfaces, see Theorem 5.2.6.

In that context, we give various examples of open face-transitive surfaces. The key to classifying
the set of open face-transitive surfaces is to examine the boundary edges of given face-transitive
surfaces.

As a first step in the classification of closed face-transitive surfaces, we present the vertex-
face type (see Definition 5.3.2). This distinguishing invariant helps us to establish the following
observation.

Observation. There exist exactly seven types of closed face-transitive surfaces, see Theorem 5.3.3.

These types of closed face-transitive surfaces correspond exactly to the different vertex-face
types. Moreover, we show that these types can be further subdivided into 13 sub-types. We
demonstrate that for every sub-type there exists a corresponding closed face-transitive surface, see
Section 5.4. Additionally, we present procedures that enable us to reconstruct given face-transitive
surfaces from node-transitive cubic graphs. Our investigations lead to the following observation.

Observation. A face-transitive surface X can be reconstructed from its face graph F(X) and a
certain subgroup of the automorphism group Aut(F(X)), see Section 5.4.

We follow the below methodology to construct closed face-transitive surfaces of a specific type:
Let G be a cubic node-transitive graph and Aut(G) its automorphism group. Our aim is to construct
a closed face-transitive surface of a certain vertex-face type having G as its face graph. For this
purpose, we compute a suitable subgroup H ≤ Aut(G) and exploit its properties to derive a cycle
double cover that satisfies the necessary and sufficient conditions for it to be the cycle double cover
of a face-transitive surface of a prescribed vertex-face type. We address the conditions and the
suitable choice of a subgroup H depending on the vertex-face type of the examined face-transitive
surface in Section 5.4.

Our investigation is based on the census of cubic node-transitive graphs with at most 1280
nodes addressed in [77] and available in [76]. Based on this database, we compile a census of
closed face-transitive surfaces that have at most 1280 faces and whose underlying face graphs have
automorphism groups of order at most 1011.

5.1 Properties of face-transitive surfaces

First, we give the formal definition of a face-transitive surface.

Definition 5.1.1

A simplicial surface X is called face-transitive, if it is vertex-faithful and Aut(X) acts
transitively on X2.

This section is based on research originally published in [5].
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This definition yields a wide range of interesting simplicial surfaces. We have already seen
examples of face-transitive surfaces. The simplicial surfaces that are derived from the Platonic
solids in Section 2 are all closed face-transitive surfaces. Additionally, the simplicial One-Face and
the simplicial Butterfly are examples of open face-transitive surfaces.

First, we note that if the automorphism group of a simplicial surface acts transitively on the
faces of the simplicial surface, then the automorphism group of the corresponding face graph has
to be node-transitive.

Lemma 5.1.2

Let X be a face-transitive surface. Then F(X) is node-transitive.

Proof. We have to show that for any pair of nodes F1, F2 of F(X) there exists an automorphism
σ ∈ Aut(F(X)) that maps F1 onto F2. The nodes F1 and F2 can be interpreted as faces of the face-
transitive surface X and hence there exists an automorphism ϕ ∈ Aut(X) that satisfies ϕ(F1) = F2.
Since ϕ respects the incidences between the faces and edges of X, we obtain ϕ|X2

∈ Aut(F(X)).

In general, a face-transitive surface does not have to be connected. For instance, the disjoint
union of a finite number of simplicial One-Faces forms a face-transitive surface. In the following
proposition we establish that the connected components of a face-transitive surface have to be
face-transitive surfaces themselves.

Proposition 5.1.3

Let X be a face-transitive surface and Y a connected component of X. Then Y is a
face-transitive surface.

Proof. Per assumption, X is face-transitive. Thus, for arbitrary faces F1, F2 ∈ Y2 ⊆ X2 there exists
an automorphism ϕ ∈ Aut(X) that maps F1 onto F2. Since ϕ respects the incidences of X, every
y1 ∈ Y has to be mapped onto an element y2 ∈ Y under ϕ. This implies ϕ(Y ) = Y and hence the
map ψ : Y → Y, y 7→ ϕ|Y (y) is an automorphism of Y satisfying ψ(F1) = F2. Since F1 and F2 are
arbitrary faces of Y , the simplicial surface Y is face-transitive.

Next, we show that the connected components of a face-transitive surface are all isomorphic.

Proposition 5.1.4

Let X be a face-transitive surface and Y, Z two connected components of X. Then Y and
Z are isomorphic.

Proof. Let F1 ∈ Y2 and F2 ∈ Z2 be arbitrary faces. Since X is face-transitive, there exists an
automorphism ϕ ∈ Aut(X) with ϕ(F1) = F2. Because ϕ respects the incidences of X, we know that
every y ∈ Y has to be mapped onto an element z ∈ Z, i.e. ϕ(y) ∈ Z. This implies ϕ(Y ) = Z. Hence,
ϕ|Y is injective with ϕ|Y (Y ) = Z, and therefore Y and Z are isomorphic simplicial surfaces.

Hence, we are able to restrict our investigations to connected face-transitive surfaces only.

Remark 5.1.5 Since the connected components of a face-transitive surface are all isomorphic, we
assume that the simplicial surfaces in the remainder of this section are all connected.

We know that the action of the automorphism group of a face-transitive surface X on X2 results
in exactly one orbit. This yields the following question:
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Question. Can we determine | orbAut(X)(X0)| and | orbAut(X)(X1)|?

This question is addressed in detail in Lemma 5.1.6 and Corollary 5.1.7.

Lemma 5.1.6

Let X be a face-transitive surface. Then | orbAut(X)(X0)| ≤ 3 holds.

Proof. Let F ∈ X2 be a face with X0(F ) = {v1, v2, v3} and v ∈ X0 an arbitrary vertex. We know
that there exists a face F ′ ∈ X2 satisfying v ∈ X0(F

′). Because X is face-transitive, there exists an
automorphism ϕ ∈ Aut(X) mapping F onto F ′. Since ϕ respects the incidences of X, the vertices
ϕ(v1), ϕ(v2), ϕ(v3) have to be incident to ϕ(F ) = F ′. So, there exists a 1 ≤ i ≤ 3 with ϕ(vi) = v.
That means that v ∈ orbAut(X)(vi) holds and thus the result follows.

Corollary 5.1.7 Let X be a face-transitive surface. Then | orbAut(X)(X1)| ≤ 3 holds.

Due to the orbit-stabiliser theorem, we know that the orbit of an edge e ∈ X1 of a closed
face-transitive surface X satisfies

| orbAut(X)(e)| ∈ {12 |X2|, |X2|, 32 |X2|}.

Moreover, two vertices v1, v2 ∈ X0 that are contained in the same Aut(X)-orbit must have the same
vertex-degree, i.e. deg(v1) = deg(v2). We exploit this observation to give the following remark.

Remark 5.1.8 Let X be a closed face-transitive surface and Aut(X) its automorphism group.
Furthermore, let n = | orbAut(X)(X0)| be the number of Aut(X)-orbits on X0. With Lemma 5.1.6,
we know that 1 ≤ n ≤ 3 holds.

If n = 3, then Aut(X) has exactly three orbits on the vertices of X, namely V1, V2, V3 satisfying
|V1| = k, |V2| = l and |V3| = m. Thus, for v1 ∈ V1, v2 ∈ V2 and v3 ∈ V3 we deduce

3|X2| =
∑
v∈X0

deg(v) = deg(v1)k + deg(v2)l + deg(v3)m.

In the case that we have exactly two orbits on the vertices of X, namely V1 of length k and V2 of
length l, we obtain

3|X2| =
∑
v∈X0

deg(v) = deg(v1)k + deg(v2)l,

where v1 ∈ V1 and v2 ∈ V2. Finally, if Aut(X) has exactly one orbit on X0, we conclude

3|X2| =
∑
v∈X0

deg(v) = deg(v)|X0|,

where v ∈ X0. Thus, if all vertices are contained in one Aut(X)-orbit, either the degree of a vertex
or the number of vertices is divisible by 3.

The number of orbits on the vertices of a face-transitive surface can give insights into the
structure of the given simplicial surface. For instance, let X be a closed face-transitive surface with
exactly one Aut(X)-orbit on X0, and v ∈ X0 a vertex with deg(v) = d. Then by Remark 5.1.8 the
Euler characteristic of X is given by

χ(X) = |X0| − |X1|+ |X2| = |X0| − 1
2 |X2| = |X0| − d

6 |X0| = 6−d
6 |X0|.
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This implies that a face-transitive surface X whose automorphism group acts transitively on the
vertices X0 is a simplicial torus or a simplicial Klein-Bottle if and only if deg(v) = 6. Note that
the result that the vertex-degrees of a vertex-transitive simplicial torus all have to be 6 has already
been established in [24].

5.2 Open face-transitive surfaces

In the following, we examine the set of open face-transitive surfaces. As a main result, we present
Theorem 5.2.6 which establishes that there are exactly five classes of open face-transitive surfaces.

First, we establish the existence of infinitely many open face-transitive surfaces.

Proposition 5.2.1

Let n ≥ 3 be a natural number. Then the simplicial umbrella Un is face-transitive.

Proof. The simplicial surface X := Un, n ≥ 3, is vertex-faithful. Thus, X contains vertices
v, v1, . . . , vn such that the vertices of faces of X are given by

Θ(X) = {{v, vi, vi+1} | i = 1, . . . , n},

where we read the subscripts modulo n. Note that a permutation of the vertices that leaves Θ(X)
invariant corresponds to an automorphism of X, see Remark 3.1.4. Hence, we construct corre-
sponding permutations of the vertices v, v1, . . . , vn to show that all faces of X are contained in the
same Aut(X)-orbit. Let therefore F1 and F2 be arbitrary faces of X. Without loss of generality,
we assume X0(F1) = {v, v1, v2}. Moreover, there exists a 1 ≤ i ≤ n such that X0(F2) is given
by X0(F2) = {v, vi, vi+1}. Thus, we see that the permutation (v1, . . . , vn)

i−1 corresponds to an
automorphism ϕ ∈ Aut(X) that maps F1 onto F2. Hence, the result follows.

We notice that the automorphism group of the simplicial umbrella with n faces is isomorphic
to the group D2·n if n ≥ 3 and C2 × C2 if n = 2.

In order to prove the main theorem of this section, Theorem 5.2.6, we have to examine the
action of the automorphism group on a given simplicial surface in more detail. First, we notice
that an automorphism of a simplicial surface maps boundary edges onto boundary edges and inner
edges onto inner edges.

Lemma 5.2.2

Let X be a simplicial surface, ϕ ∈ Aut(X) an automorphism and e ∈ X1 an edge. Then
e is an inner edge if and only if ϕ(e) is an inner edge.

Proof. Let e be an inner edge with X2(e) = {F1, F2}. Since ϕ is an automorphism of X, i.e. ϕ is
bijective and respects the incidences of X, it follows that ϕ(F1) and ϕ(F2) are exactly the faces
that are incident to ϕ(e). Hence, ϕ(e) is an inner edge. If ϕ(e) is an inner edge we conclude the
proof with the same argument by exploiting ϕ−1 as an automorphism that maps ϕ(e) onto e.

Thus, we show that automorphisms of a simplicial surface map inner vertices onto inner vertices.

Lemma 5.2.3

Let X be a simplicial surface, ϕ ∈ Aut(X) an automorphism and v ∈ X0 a vertex. Then
v is an inner vertex if and only if ϕ(v) is an inner vertex.
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Proof. Since v is an inner vertex, the edges in X1(v) are all inner edges. Further, the edges in
X1(ϕ(v)) are all images of edges in X1(v) under ϕ. Thus, Lemma 5.2.2 implies that the edges in
X1(ϕ(v)) are all inner edges and ϕ(v) is therefore an inner vertex. By exploiting ϕ−1, we can reason
by the same argument that ϕ(v) being an inner vertex implies that v is an inner vertex.

Next, we examine the inner vertices of an open face-transitive surface. With Lemma 5.2.2, we
are able to establish that an open face-transitive surface contains at most one inner vertex.

Lemma 5.2.4

If X is an open face-transitive surface, then there exists at most one inner vertex in X.

Proof. We prove the statement by contradiction and assume that X contains two distinct inner
vertices v and v′. Since X is open, there exists a boundary edge e ∈ X1 with X0(e) = {v1, v2}.
Note that v1 and v2 are boundary vertices and thus {v, v′} ∩ {v1, v2} = ∅. Furthermore, we know
that there exists a face F ∈ X2 that is incident to e, i.e. X2(F ) = {v1, v2, v3} for a vertex v3 ∈ X0.
If v3 is a boundary vertex, then all vertices of F are boundary vertices and thus there exists no
automorphism ϕ ∈ Aut(X) that maps F onto a face F ′ ∈ X2(v), see Lemma 5.2.3. Thus, v3 has to
be an inner vertex and we can assume v = v3. We see that the edges e′ and e′′ with X2(e

′) = {v, v1}
and X2(e

′′) = {v, v2} are both inner edges. Since X is face-transitive, every face in X is incident
to exactly two inner edges and one boundary edge by Lemma 5.2.2. This implies that the umbrella
of v is a connected component of X, see Figure 5.1 for illustration.

F1

F2

F3

F4

F5

F6

v

Figure 5.1: The umbrella of v with boundary edges coloured in blue and inner edges coloured in
red

Since v′ is an inner vertex that is not contained in the described connected component and X
is connected, we obtain the desired contradiction.

As a direct consequence of the above lemma, we obtain the following result.

Corollary 5.2.5 Let X be a face-transitive surface with exactly one inner vertex. Then X is
isomorphic to a simplicial umbrella Un with n ≥ 3.

The above lemma allows us to prove the main result of this subsection. In particular, we show
that an open face-transitive surface is contained in one of five families of simplicial surfaces. We
refer the reader to Section 2 for a detailed description of these families.
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Theorem 5.2.6

Let X be an open face-transitive surface. Then X is isomorphic to one of the following
simplicial surfaces:

1. the simplicial One-Face,

2. the simplicial Butterfly,

3. the simplicial umbrella Un with n ≥ 3,

4. the simplicial strip S(3, n) with n ≥ 5,

5. the simplicial strip S(4, 2 · n) with n ≥ 3.

Proof. Let F ∈ X2 be a face and nF the number of inner edges of F . Since F is incident to exactly
three edges, we know that 0 ≤ nF ≤ 3. Further, because of X being face-transitive, every face
of X is incident to exactly nF inner edges. Thus, we prove the above statement by giving a case
distinction with respect to the value of nF .
Case 1 (nF = 0): If nF = 0, then F is incident to exactly three boundary edges. Since X is
connected, we know that X2 = {F} and hence X is isomorphic to the simplicial One-Face.
Case 2 (nF = 1): Next, we examine the case nF = 1. Let therefore e ∈ X1 be the inner edge
with X2(e) = {F, F ′}. The face F ′ is also incident to exactly one inner edge, namely e, and two
boundary edges. Because of X being connected, we know that X2 = {F, F ′} and X is therefore
isomorphic to the simplicial Butterfly.
Case 3 (nF = 3): If nF = 3, then every edge in X is an inner edge. This implies that X is a
closed simplicial surface which is a contradiction.
Case 4 (nF = 2): Finally, we examine nF = 2. Therefore, let v, v1, v2 ∈ V0 be vertices and
e1, e2, e

′
1 ∈ X1 edges that are incident to the face F . In particular, we assume that e1 is the

boundary edge incident to F and that

X0(e1) = {v, v1}, X0(e2) = {v, v2}, X0(e
′
1) = {v1, v2}, X1(F ) = {e1, e2, e′1}.

F

e′1

e1 e2

v2

v

v1

Figure 5.2: The face F of X with boundary edges coloured in blue and inner edges in red

If one of the vertices v, v1, v2 is an inner vertex, then it is the only inner vertex of X and
thus X is isomorphic to a simplicial umbrella by Corollary 5.2.5. It remains to consider the case
that all vertices of X are boundary vertices. We first show that the degrees of v, v1, v2 satisfy
deg(v),deg(v1),deg(v2) ≤ 4.We verify this statement by contradiction and assume d := deg(v) > 4.
Recall that the edge e1 is the boundary edge that is incident to F1 := F . Let (F1, . . . , Fd) be the
half-umbrella of v with X0(Fi) = {v, vi, vi+1} for 1 ≤ i ≤ d. Further, for every 1 ≤ i ≤ d let e′i
be an edge of X with X0(e

′
i) = {vi, vi+1}. Finally, for every 1 ≤ i ≤ d + 1 let ei be an edge with

X0(ei) = {v, vi}, see Figure 5.3 for illustration.
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F3

F1

F2 F4

F5

e′3

e3 e4

e5e2

e1 e6e′1

e′2 e′4

e′5

v3 v4

v v5v2

v1 v6

Figure 5.3: The half-umbrella of the vertex v with boundary edges coloured in blue and inner edges
coloured in red

Since F1 has to be incident to exactly two inner edges, we know that e′1 is an inner edge and
the vertex-degree of v2 therefore satisfies deg(v2) ≥ 3. Moreover, due to e′2, e

′
3, e

′
4 being boundary

edges, we know that deg(v3) = deg(v4) = 2. Thus, F3 is incident to two vertices of degree 2 and
one vertex of degree d, i.e. (deg(v),deg(v3), deg(v4)) = (d, 2, 2). Since an automorphism of X has
to map a vertex onto a vertex with the same vertex-degree, there exist no automorphism of X that
maps F1 onto F3. Therefore, X is not face-transitive, which is a contradiction.

Hence, deg(v), deg(v1), deg(v2) ≤ 4 follows. We recall that v and v1 are the vertices of F1 that
are incident to the boundary edge e1. Since v2 is incident to two inner edges, the vertex-degrees
satisfy deg(v2) ≥ 3 and 2 ≤ deg(v), deg(v1) ≤ 4. Further, because v2 is a boundary vertex and
therefore incident to a boundary edge e ∈ X1 with X2(e) = {F ′}, we know that an automorphism
that maps F = F1 onto F ′ has to map the vertex v onto v2 or the vertex v1 onto v2. We assume
that v1 gets mapped onto v2 which implies deg(v1) = deg(v2) (the other case follows with a
similar argument). Now, we give a case distinction with respect to the possibilities of forming a
tuple (deg(v),deg(v1), deg(v2)). By our above argumentation we know that 2 ≤ deg(v) ≤ 4 and
3 ≤ deg(v1) = deg(v2) ≤ 4 holds. Thus, there are exactly 3 · 2 = 6 possibilities to form such a
tuple, namely

(deg(v), deg(v1),deg(v2)) ∈ {(2, 3, 3), (3, 3, 3), (4, 3, 3), (2, 4, 4), (3, 4, 4), (4, 4, 4)}. (**)

Since every face of X is incident to exactly two inner edges and one boundary edge, we see that
deg(v1) = deg(v2) = 4 holds if and only if deg(v) = 2. Furthermore, deg(v) = 4 implies that a
neighbour vertex of v must have vertex-degree 2. This yields deg(v1) = deg(v2) = 2 which is not
possible, see (**). Hence, (deg(v), deg(v1), deg(v2)) is either (3, 3, 3) or (2, 4, 4).

v2

v

v1 . . .

. . .

(a)

v v1

v2

. . . . . .

(b)

Figure 5.4: Sub-surfaces of a simplicial (4, 2)-strip (a) and a simplicial 3-strip (b), both with
boundary edges coloured in blue and inner edges coloured in red
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If (deg(v),deg(v1), deg(v2)) = (3, 3, 3), then there exists an n ≥ 5 such that X is isomorphic
to the simplicial 3-strip, see Figure 5.4b. Furthermore, if (deg(v),deg(v1), deg(v2)) = (2, 4, 4),
then there exists an n ≥ 3 such that X is isomorphic to the simplicial (4, 2)-strip S(4, 2 · n), see
Figures 5.4a. In Propositions 5.2.7 and 5.2.8 we show that if X is isomorphic to one of the above
simplicial surfaces, then X is face-transitive, which concludes the proof.

To prove Theorem 5.2.6 it remains to show that the simplicial strips defined in Section 2 are
indeed face-transitive surfaces in order to verify the above theorem.

Proposition 5.2.7

The simplicial strip S(3, n) with n ≥ 5 is an open face-transitive surface.

Proof. Let X := S(3, n) be a simplicial 3-strip with n ≥ 5. We prove that X is face-transitive by
constructing permutations of X0 that leave Θ(X) invariant and therefore correspond to automor-
phisms of X that map arbitrary faces onto each other, see Remark 3.1.4.
Case (n is even): If n is even, we define k := n

2 and hence Θ(X) is given by

Θ(X) = {{vi, vi+1, vk+i}, {vi+1, vk+i, vk+i+1} | i = 1, . . . , k − 1} ∪ {{v1, vk, vn}, {v1, vk+1, vn}}.
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v1 v2 vk

vk+1 vk+2 vn

v1

vk+1

. . .

Figure 5.5: The simplicial 3-strip S(3, n) for an even n ≥ 5

Furthermore, let F1, F2 ∈ X2 be arbitrary faces and π := (v1, vk+1, v2, vk+2, . . . , vk, vn) a per-
mutation of the vertices. Without loss of generality, we can assume that X0(F1) = {v1, v2, vk+1}.
Thus, if X0(F2) = {vi, vi+1, vk+i} for some 1 ≤ i ≤ k − 1, then the permutation

π2(i−1) = ((v1, . . . , vk)(vk+1, . . . , vn))
(i−1)

corresponds to an automorphism ϕ ∈ Aut(X) that maps F1 onto F2. If X0(F2) = {v1, vk, vn},
then π−2 yields the desired automorphism mapping F1 onto F2. We proceed by examining the
case X0(F2) = {vi+1, vk+i, vk+i+1} for 1 ≤ i ≤ k − 1. Here, π2(i−1)+1 is a permutation yielding an
automorphism that maps F1 onto F2. Furthermore, if X0(F2) = {v1, vk+1, vn}, we obtain a desired
permutation of the vertices by π−1. Hence, X is face-transitive.
Case (n is odd): In the case that n is odd, k is defined as k := n−1

2 and the vertices of faces of
X are given as follows (Figure 5.6):

Θ(X) = {{vi, vi+1, vk+i+1}, {vi, vk+i, vk+i+1} | i = 1, . . . , k} ∪ {{v1, vk+1, vn}}.

Again, we construct corresponding permutations of vertices v, v1, . . . , vn to show that any two
faces of X are contained in the same Aut(X)-orbit. By defining π as

π := (v1, vk+2, v2, vk+3, . . . , vk, vn, vk+1),
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we can reason that X is face-transitive as shown in the case of n being even. Hence, the result
follows.
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Figure 5.6: The simplicial 3-strip S(3, n) for an odd n ≥ 5

The fact that S(4, 2 · n) forms a face-transitive surface can be shown with similar arguments,
i.e. by constructing permutations of the vertices of S(4, 2 · n) that correspond to automorphisms
that map arbitrary faces onto each other.

Proposition 5.2.8

The simplicial strip S(4, 2 · n) with n ≥ 3 is an open face-transitive surface.

By examining the automorphism groups of open face-transitive surfaces, we obtain the following
corollary.

Corollary 5.2.9 Let X be an open face-transitive surface. Then Aut(X) is isomorphic to

1. the direct product C2 × C2 if X is isomorphic to the simplicial Butterfly,

2. a dihedral group if X is not isomorphic to the simplicial Butterfly.

5.3 Closed face-transitive surfaces

We proceed by investigating closed face-transitive surfaces. First, we recall that the simplicial
surfaces in this section are all considered to be connected. Additionally, we assume all following
simplicial surfaces to be closed and vertex-faithful. A natural question that arises in this study is
whether the set of closed face-transitive surfaces is finite. This question is answered by establishing
that the simplicial double umbrellas form examples of face-transitive surfaces.

Proposition 5.3.1

Let n ≥ 3 be a natural number. Then the simplicial double umbrella X := (n)2 is a
face-transitive surface.

Proof. Since X is vertex-faithful, we can determine X by its vertices of faces, namely

Θ(X) = {{v, vi, vi+1} | i = 1, . . . , n} ⊎ {{v′, vi, vi+1} | i = 1, . . . , n},

where we read the subscripts modulo n, see Section 2. Hence, v and v′ are vertices of degree n and
v1, . . . , vn are vertices of degree 4.
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By Remark 3.1.4, we know that a permutation of X0 that leaves Θ(X) invariant corresponds to
an automorphism of X. Hence, we construct corresponding permutations to show that X is face-
transitive. Thus, let F1 and F2 be arbitrary faces of X. Without loss of generality, we can assume
X0(F1) = {v, v1, v2}. If there exists a 1 ≤ i ≤ n with X0(F2) = {v, vi, vi+1}, then the permutation
(v1, . . . , vn)

i−1 gives us an automorphism of X that maps F1 onto F2. Additionally, if there exists
a 1 ≤ i ≤ n with X0(F2) = {v′, vi, vi+1}, we see that the permutation (v, v′)(v1, · · · , vn)i−1 yields
an automorphism that maps F1 onto F2, which concludes the proof.

Next, we present the vertex-face type of a face-transitive surface which forms an invariant that
is fundamental for our desired classification of face-transitive surfaces. This invariant helps us to
determine the structure of a given face-transitive surface and is the key to the construction methods
described in Section 5.4.

Definition 5.3.2

Let X be a face-transitive surface and F ∈ X2 a face. Further, let S = StabAut(X)(F ) be
the stabiliser of F in Aut(X). Hence, we define the vertex-face type vf(X) of X as

vf(X) := (| orbAut(X)(X0)|, |S|).

Since all face-stabilisers of a face-transitive surface are conjugate, see Lemma 3.1.8, they all
have the same order. Thus, the vertex-face type of a closed face-transitive surface X does not
depend on the choice of a face F ∈ X2 and is therefore well-defined.

By examining the possible orders of a face-stabiliser of a closed face-transitive surface X (see
Lemma 3.1.5) and the possible number of orbits of the action of Aut(X) on X0 (see Lemma 5.1.6),
we deduce that there are at most 4 · 3 = 12 possible vertex-face types for X. In the following
theorem, we prove that out of these 12 possibilities only 7 can really occur as the vertex-face type
of a given face-transitive surface.

Theorem 5.3.3

Let X be a face-transitive surface. Then the vertex-face type of X satisfies

vf(X) ∈ {(3, 1), (2, 1), (2, 2), (1, 1), (1, 2), (1, 3), (1, 6)}.

Proof. Let F ∈ X2 be a face with X0(F ) = {v1, v2, v3}. We give a case distinction on the values
of n := | orbAut(X)(X0)|, i.e. the number of Aut(X)-orbits on X0. By Lemma 5.1.6, we know that
1 ≤ n ≤ 3 holds.
Case n = 3: If n = 3, then v1, v2, v3 are contained in three pairwise disjoint Aut(X)-orbits. Hence,
an automorphism ϕ ∈ StabAut(X)(F ) has to satisfy ϕ(vi) = vi for i = 1, 2, 3. With Proposition 3.1.3
we know that ϕ must be trivial. So, | StabAut(X)(F )| = 1 and vf(X) = (3, 1) follow.
Case n = 2: We have to show that vf(X) ∈ {(2, 3), (2, 6)} is not possible. If |StabAut(X)(F )| = 3,
then StabAut(X)(F ) is cyclic. Thus, StabAut(X)(F ) contains an automorphism ϕ satisfying

ϕ|{v1,v2,v3} = (v1, v2, v3) ∈ Sym({v1, v2, v3}).

Thus, v1, v2, v3 are all contained in the same orbit which implies | orbAut(X)(X0)| = 1. This con-
tradicts n = 2. With similar arguments we can exclude |StabAut(X)(F )| = 6 which concludes the
proof.
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Note that we obtain the following equality for the automorphism group of a face-transitive
surface X:

|Aut(X)| =|StabAut(X)(v)| · | orbAut(X)(v)|
=|StabAut(X)(e)| · | orbAut(X)(e)|
=|StabAut(X)(F )| · |X2|,

where v ∈ X0 is a vertex, e ∈ X1 is an edge and F ∈ X2 is a face. The above equalities enable us
to establish the following proposition.

Proposition 5.3.4

Let X be a face-transitive surface with χ(X) ∈ {1, 2}. Then vf(X) ̸= (1, 1).

Proof. We prove the statement by contradiction and assume that X is a face-transitive surface with
vf(X) = (1, 1) and χ(X) ∈ {1, 2}. Hence, if v ∈ X0 is a vertex, then the order of the automorphism
group Aut(X) satisfies |StabAut(X)(v)| · |X0| = |Aut(X)| = 1 · |X2|. This statement is equivalent
to

|StabAut(X)(v)| =
|X2|
|X0|

=
|X2|

χ(X) + |X2|
2

.

Since the order of StabAut(X)(v) has to be a natural number, the above equation implies that

χ(X) + 1
2 |X2| divides |X2|. Because of χ(X) + 1

2 |X2| > 1
2 |X2|, we conclude χ(X) + 1

2 |X2| = |X2|.
This results in χ(X) = 2 and |X2| = 4. So, X is isomorphic to the simplicial tetrahedron T with
vf(T ) = (1, 6) ̸= (1, 1), which is a contradiction.

5.4 Construction of face-transitive surfaces

Now, we describe our procedures to compute face-transitive surfaces. In particular, we aim to con-
struct these simplicial surfaces by providing suitable cycle double covers of cubic node-transitive
graphs. Theorem 5.3.3 forms one of our key ingredients to achieve this goal. For this purpose,
we recall that the automorphism group of a simplicial surface X can be embedded into the auto-
morphism group Aut(F(X)) via the map λX , see Remark 3.1.1. Furthermore, we refer the reader
to the definition of an automorphism induced α-cycle (see Definition 3.2.2) as this definition is of
fundamental importance for the following constructions. We pursue the following approach:

We analyse face-transitive surfaces and their structure based on their vertex-face types, and find
strategies to reconstruct the umbrellas of these simplicial surfaces from their face graphs. That
means, we describe the corresponding vertex-faithful cycle double covers of the face graphs of given
face-transitive surfaces. The results of this section can be summarised in the following observation.

Observation. A face-transitive surface X can be reconstructed from its face-graph F(X) with the
help of λX(Aut(X)) acting on F(X).

With these information, we approach arbitrary cubic node-transitive graphs and aim to con-
struct closed face-transitive surfaces that have the given cubic graph as face graph. In particular, we
start with a cubic node-transitive graph G = (V,E) and compute subgroups H ≤ Aut(G) satisfying
|H| = s|V |, where s ∈ {1, 2, 3, 6}. Based on the order of a derived subgroup, we use our theoretical
results and aim to construct vertex-faithful cycle double covers of G yielding face-transitive surfaces
with prescribed vertex-face types.
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To achieve our constructions, we recall that the umbrella of a vertex v ∈ X0 of a simplicial
surface X is denoted by u(v). Moreover, we introduce the definition of a coloured umbrella of X.

Definition 5.4.1

Let X be a simplicial surface, ω : X1 → {1, 2, 3} an edge-colouring and u(v) = (F1, . . . , Fn)
the umbrella of a vertex v ∈ X0. In the following, we read all subscripts modulo n.
Furthermore, let e1, . . . , en be the edges in X with X2(ei) = {Fi, Fi+1}.

• The umbrella u(v) is called mono-coloured, if |{ω(ei) | i = 1, . . . , n}| = 1.

• We say that u(v) is bi-coloured, if |{ω(ei) | i = 1, . . . , n}| = 2 and the colouring
satisfies ω(ei) ̸= ω(ei+1) for i = 1, . . . , n.

• We refer to a cycle as tri-coloured if |{ω(ei) | i = 1, . . . , n}| = 3 and the colouring
satisfies ω(ei) ̸= ω(ei+1) for i = 1, . . . , n.

We define the colour of the umbrella of v by ω(v) := ω(u(v)) := (ω(e1), . . . , ω(en)).
Furthermore, we call u(v) a (c1, . . . , ck)-umbrella with respect to ω with ci ∈ {1, 2, 3}, if
n is divisible by k and ω(ei+k) = ω(ei) for all i ∈ 1 ≤ i ≤ n.

Note, an edge-colouring ω of a simplicial surface X can be translated into an arc-colouring κ of
the corresponding face graph F(X) via κ({F, F ′}) := ω(e) for e ∈ X1 with X2(e) = {F, F ′}. Hence,
we can define mono-, bi- and tri-coloured cycles of given cubic graphs in a similar way. Further, we
recall that the colours 1, 2 and 3 of given edge-coloured simplicial surface and of given arc-coloured
cubic graphs are illustrated in figures with the colours red, green and blue. Before proceeding to the
different constructions of face-transitive surfaces, we establish a relation between the Aut(X)-orbits
on the vertices of a simplicial surface X and the λX(Aut(X))-orbits on the vertex-defining cycles
of X.

Lemma 5.4.2

Let X be a simplicial surface. Furthermore, let v1, v2 ∈ X0 be vertices with corresponding
umbrellas u(v1) and u(v2), and vertex-defining cycles C1 and C2 in F(X), respectively.
Then the following statements are equivalent:

1. v1 ∈ orbAut(X)(v2),

2. u(v1) ∈ orbAut(X)(u(v2)),

3. C1 ∈ orbλX(Aut(X))(C2).

Proof. The result follows from observing that automorphisms of a simplicial surface as well as
automorphisms of its face graph preserve the face-edge incidences and the node-arc incidences.

5.4.1 Face-transitive surfaces with vertex-face type (3,1)

In this section, we examine face-transitive surfaces whose automorphism groups yield exactly three
orbits on the vertices of the corresponding simplicial surfaces. Here, we show that the umbrellas
representing the different vertices of such a simplicial surface are all bi-coloured. In order to describe
the structure of a face-transitive surface X with vf(X) = (3, 1), we give the following definition.
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Definition 5.4.3

Let G = (V,E) be a cubic node-transitive graph and H ≤ Aut(G) such that

1. H acts transitively on the nodes V with |H| = |V |, and

2. the action of H on E results in exactly three orbits E1, E2 and E3.

The partition of E = E1 ⊎ E2 ⊎ E3 induces an arc-colouring κ : E → {1, 2, 3} with
κ({F, F ′}) := i for {F, F ′} ∈ Ei. If the set of all cycles that are bi-coloured with respect
to κ is a vertex-faithful cycle double cover of G, we call H a (3, 1)-group of F(X) and
we denote the above cycle double cover by C(3,1)(H).

The following theorem gives the desired description of a face-transitive surface X of vertex-face
type (3, 1).

Theorem 5.4.4

A simplicial surface X is a face-transitive surface with vf(X) = (3, 1) if and only if
H := λX(Aut(X)) is a (3, 1)-group of F(X) and the cycle double cover C(3,1)(H) contains
exactly the vertex-defining cycles of X.

Proof. Let X be a face-transitive surface with vf(X) = (3, 1). Furthermore, let X0 = V1 ⊎ V2 ⊎ V3
be the three Aut(X)-orbits on X0. These orbits define a partition of X1 into X1 = E1⊎E2⊎E3 with

E1 := {e ∈ X1 | X0(e) ⊆ V2 ∪ V3},
E2 := {e ∈ X1 | X0(e) ⊆ V1 ∪ V3},
E3 := {e ∈ X1 | X0(e) ⊆ V1 ∪ V2}.

Note, these partition sets form Aut(X)-orbits on X1. Since every face of X is incident to exactly
one edge of each class, the above partition defines a Grünbaum-colouring of X. In particular, the
Grünbaum-colouring ω : X1 → {1, 2, 3} defined by ω(e) := i for e ∈ E i enforces every edge of
X to be a mirror edge, see Definition 1.3.5. Thus, all umbrellas of X must be bi-coloured, see
Figure 5.7a.

v

(a) (b)

Figure 5.7: An edge-coloured umbrella of the simplicial surface X (a) and the corresponding arc-
coloured subgraph in F(X)

The Grünbaum-colouring ω corresponds to an arc-colouring κ of F(X) via κ({F, F ′}) := ω(e)
where e ∈ X1 is an edge with X2(e) = {F, F ′}. Note that the colour classes of κ are exactly the
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H-orbits of the arcs of F(X). Thus, the bi-coloured umbrellas of X (with respect to ω) directly
translate into bi-coloured cycles of F(X) (with respect to κ), see Figure 5.7b. Moreover, since the
vertex-defining cycles of X are exactly the bi-coloured cycles in F(X) with respect to κ, we deduce
that H is a (3, 1)-group of F(X) and C(3,1)(H) = {u(v) | v ∈ X0}, where we interpret an umbrella
of a vertex as a cycle in the face graph F(X).

Now, we assume that H = λX(Aut(X)) is a (3, 1)-group of F(X). Thus, let κ be the arc-
colouring of F(X) resulting in the cycle double cover C := C(3,1)(H). Since H acts transitively
on the nodes of F(X) with trivial node-stabiliser (according to the orbit-stabiliser theorem), X is
face-transitive with trivial face-stabilisers. Moreover, Lemma 5.4.2 implies that vertices v1, v2 of X
satisfy v1 ∈ orbAut(X)(v2) if and only if the corresponding vertex-defining cycles C1, C2 in C satisfy
C1 ∈ orbH(C2). Since colour classes of κ coincide with H-orbits on the arcs of F(X), we know
that C1 ∈ orbH(C2) is equivalent to κ(C1) = κ(C2). This implies that the action of Aut(X) on the
vertices X0 produces three orbits, and X is therefore a face-transitive surface with vf(X) = (3, 1).

A direct consequence of Theorem 5.4.4 is stated below.

Corollary 5.4.5 Let G be a cubic node-transitive graph and H ≤ Aut(G) a (3, 1)-group of G, then
G is the face graph of a face-transitive surface.

The cubic graph G, illustrated in Figure 5.8, is an example of a node-transitive graph that yields
a face-transitive surface X with vf(X) = (3, 1). The group H = Aut(G) yields the following orbits
on the arcs of G :

E1 := { {1, 14}, {22, 24}, {13, 15}, {18, 23}, {3, 5}, {16, 17},
{6, 8}, {19, 20}, {9, 11}, {4, 7}, {2, 21}, {10, 12} },

E2 := { {1, 15}, {23, 24}, {14, 17}, {3, 6}, {11, 22}, {7, 13},
{5, 21}, {2, 20}, {12, 18}, {4, 16}, {8, 19}, {9, 10} },

E3 := { {1, 24}, {2, 7}, {15, 23}, {3, 14}, {6, 17}, {5, 22},
{13, 20}, {11, 21}, {10, 16}, {8, 12}, {4, 9}, {18, 19} }.

In Figure 5.8 the H-orbits E1, E2 and E3 are coloured in red, green and blue, respectively.

1

2

3

4

56

7

8

9

10 11

12

13

14

15

16

17

18

19

2021

22 23

24

Figure 5.8: The cubic node-transitive graph G with Aut(G)-orbits on its arcs coloured in red, green
and blue
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Thus, the set C(3,1)(H) is given by

{(1, 15, 23, 24), (1, 14, 3, 5, 22, 24), (1, 14, 17, 16, 4, 7, 13, 15),
(2, 20, 13, 7), (2, 21, 5, 3, 6, 8, 19, 20), (2, 7, 4, 9, 11, 21),

(3, 6, 17, 14), (4, 9, 10, 16), (5, 21, 11, 22), (6, 17, 16, 10, 12, 8),

(8, 12, 18, 19), (9, 11, 22, 24, 23, 18, 12, 10), (13, 20, 19, 18, 23, 15)}.

Hence, C(3,1)(H) forms a vertex-faithful cycle double cover of G. The resulting face-transitive surface
X with F(X) ∼= G and vf(X) = (3, 1) can be described by the following vertices of faces:

Θ(X) = {{v1, v2, v3}, {v4, v5, v6}, {v2, v5, v7}, {v3, v6, v8}, {v2, v5, v9},
{v5, v7, v10}, {v3, v4, v6}, {v5, v10, v11}, {v6, v8, v12}, {v8, v10, v12},
{v6, v9, v12}, {v10, v11, v12}, {v3, v4, v13}, {v2, v3, v7}, {v1, v3, v13},
{v3, v8, v10}, {v3, v7, v10}, {v11, v12, v13}, {v5, v11, v13}, {v4, v5, v13},
{v5, v6, v9}, {v2, v9, v12}, {v1, v12, v13}, {v1, v2, v12}}.

By observing the above vertices of faces, we see that X has 13 vertices, 36 edges and 24 faces, and
hence has Euler characteristic −1. Further, the simplicial surface X is non-orientable and satisfies
Aut(X) ∼= Aut(F(X)) ∼= S4.

Note, in Theorem 5.4.4 we fix the automorphism group of a given face-transitive surface X to
be isomorphic to the (3, 1)-group H of F(X). In general, a (3, 1)-group can construct a simplicial
surface with a larger automorphism group and hence a different vertex-face type. That means, a
simplicial surface X that results from a cubic node-transitive graph from constructing a vertex-
faithful cycle double cover consisting of bi-coloured cycles obtained as described in Corollary 5.4.5,
is not necessarily a face-transitive surface of vertex-face type vf(X) = (3, 1). As an example, we
consider the simplicial octahedron O and its face graph F(O) = (V,E) illustrated in Figure 5.9.
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Figure 5.9: The face graph F(O) with H-orbits on its arcs coloured in red, green and blue

We see that

H = ⟨(1, 6)(2, 5)(3, 8)(4, 7), (1, 3)(2, 4)(5, 7)(6, 8), (1, 2)(3, 4)(5, 6)(7, 8)⟩

81



forms a subgroup of Aut(F(O)) that is a (3, 1)-group of F(O). More precisely, H is a subgroup of
Aut(F(O)) of order 1 · 8 that acts transitively on the set V = O2. Furthermore, the H-orbits on
the arcs of F(O) are given by

orbH(E) = { {{1, 2}, {3, 4}, {5, 6}, {7, 8}},
{{1, 4}, {2, 3}, {5, 8}, {6, 7}},
{{1, 5}, {2, 6}, {3, 7}, {4, 8}} }

and hence | orbH(E)| = 3. Thus, the corresponding set of bi-coloured cycles is given by

C′ = {(1, 2, 3, 4), (1, 2, 6, 5), (2, 3, 7, 6), (3, 4, 8, 7), (1, 4, 5, 8), (5, 6, 7, 8)}

which forms a vertex-faithful cycle double cover of F(O). We observe that the simplicial surface
that arises from this vertex-faithful cycle double cover is the simplicial octahedron O which implies
vf(O) = (1, 6) ̸= (3, 1).

We see that a face-transitive surface X with vf(X) = (3, 1) enforces certain restrictions to the
vertex-degrees of vertices of the corresponding simplicial surface. These restrictions are addressed
in the following.

Lemma 5.4.6

Let X be a face-transitive surface with vf(X) = (3, 1). Then for all v ∈ X0 the degree of
v, namely deg(v), is even.

Proof. This follows directly from the fact, that the umbrellas of vertices of X are bi-coloured. Such
a bi-coloured umbrella exists, if and only if the umbrella contains an even number of faces.

Next, we count the automorphisms of a face-transitive surface X that stabilise an arbitrary
vertex v ∈ X0.

Lemma 5.4.7

Let X be a face-transitive surface with vf(X) = (3, 1). Then |StabAut(X)(v)| = deg(v)
holds for every vertex v ∈ X0.

Proof. Let v ∈ X0 be a vertex and F ∈ X2(v) a face. Since the automorphisms of X respect
the three Aut(X)-orbits on X0, we know that an automorphism ϕ ∈ Aut(X) mapping F onto an
arbitrary face F ′ ∈ X2(v) has to satisfy ϕ(v) = v. This implies ϕ ∈ StabAut(X)(v). Because of the
face-stabilisers of F and F ′ in Aut(X) being trivial, we further know that there exists exactly one
automorphism mapping F onto F ′. We therefore obtain

| StabAut(X)(v)| = |{ϕ ∈ Aut(X) | ϕ(F ) ∈ X2(v)}| = deg(v),

which concludes the proof.

Now, we describe how we use Theorem 5.4.4 to implement an algorithm in GAP that computes
all face-transitive surfaces of vertex-face type (3, 1) of a given node-transitive graph.
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Algorithm 4: Compute all face-transitive surfaces with vertex-face type (3, 1) of a given
cubic node-transitive graph

Input: A cubic node-transitive graph G = (V,E)
Output: A set of face-transitive surfaces with vertex-face type (3, 1)

1 surfaces← {};
2 candidates← {H ≤ Aut(G) | |H| = 1 · |V |, | orbH(V )| = 1 and | orbH(E)| = 3};
3 for H in candidates do
4 red← first H-orbit on E // coloured in 1;
5 blue← second H-orbit on E // coloured in 2;
6 green← third H-orbit on E // coloured in 3;
7 cdc← {C | C is a (1, 2)-cycle};
8 cdc← cdc ∪ {C | C is a (1, 3)-cycle};
9 cdc← cdc ∪ {C | C is a (2, 3)-cycle};

10 if cdc is a vertex-faithful cycle double cover of G then
11 X ← simplicial surface with F(X) = G with vertices corresponding to cdc;
12 if |Aut(X)| = 1 · |X2| then
13 Add(surfaces, X);

14 return surfaces;

5.4.2 Face-transitive surfaces with vertex-face type (2,2)

In this subsection, we analyse face-transitive surfaces with vertex-face type (2, 2). In order to
determine such a simplicial surface with the help of its face graph, we introduce (2, 2)-groups of
given cubic node-transitive graphs.

Definition 5.4.8

Let G = (V,E) be a cubic node-transitive graph and H ≤ Aut(G) such that

1. H acts transitively on the nodes V with |H| = 2 · |V |,

2. E partitions into two H-orbits E1 and E2 with |E1| = |V | and |E2| = 1
2 |V |, and

3. there exist nodes F1, F2, F3 ∈ V satisfying {{F1, F2}, {F2, F3}},⊈ E1, and an auto-
morphism σ ∈ H satisfying σ(F1) = F3.

The partition E = E1 ⊎ E2 defines an arc-colouring κ : E → {1, 2} of G, by setting
κ({F, F ′}) := i for {F, F ′} ∈ Ei. Let u be a mono-coloured cycle in G with respect to κ.
If orbH(u)∪ orbH(α(σ, F1, F2, F3)) (cf. Remark 3.2.1,Definitions 3.2.2 and 5.4.1) forms a
vertex-faithful cycle double cover of G, we say that H is a (2, 2)-group of G. We denote
the above cycle double cover by C(2,2)(H).

With Definition 5.4.8 we can describe the face-transitive surfaces of vertex-face type (2, 2).

Theorem 5.4.9

A simplicial surface X is a face-transitive surface with vf(X) = (2, 2) if and only if
H := λX(Aut(X)) is a (2, 2)-group of F(X) and the cycle double cover C(2,2)(H) contains
exactly the vertex-defining cycles of X.
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Proof. Let X be a closed face-transitive surface satisfying vf(X) = (2, 2). Then, we know that
|Aut(X)| = 2 · |X2|. Further, X0 is partitioned into two Aut(X)-orbits, namely V1 and V2. Without
loss of generality, we assume that every face of X is incident to exactly one vertex in V1 and exactly
two vertices in V2. Hence, this defines a partition of X1 into

E1 := {e ∈ X1 | X0(e) ∩ V1 ̸= X0(e)} and E2 := {e ∈ X1 | X0(e) ∩ V2 = X0(e)}.

Since the face-stabilisers of X are all of order two, E1 and E2 are precisely the Aut(X)-orbits on
X1 with | E1 | = |X2| and | E2 | = 1

2 |X2|. We denote the edge-colouring arising from this orbits by
ω. Hence, ω(e) = i for e ∈ Ei with i = 1, 2. In figures, we illustrate edges in E1 with the colour
red and edges in E2 with green. For i = 1, 2 let vi ∈ Vi be a vertex, and u(v1) = (F1, . . . , Fn) and
u(v2) = (F ′

1, . . . , F
′
m) umbrellas in X. Hence, the edges in u(v1) are all contained in E1 and the

umbrella u(v1) is mono-coloured with respect to ω, see Figure 5.10a.

v1

(a) (b)

Figure 5.10: The edge-coloured umbrella u(v1) of the simplicial surface X (a) and the corresponding
arc-coloured subgraph in F(X) (b)

Further, the edges in u(v2) alternate between E1 and E2, and thus the umbrella u(v2) is bi-
coloured with respect to ω, see Figure 5.11a.

F ′
1

F ′
2

F ′
m

v2

(a) (b)

Figure 5.11: The edge-coloured umbrella u(v2) of the simplicial surface X (a) and the corresponding
arc-coloured subgraph in F(X) (b)

We notice that the edge-colouring ω yields an arc-colouring κ of F(X). In particular, this
colouring is defined by κ({F, F ′}) := ω(e), where e ∈ X1 is an edge with X2(e) = {F, F ′}. Hence,
the colour classes of κ form H-orbits on the arcs of F(X). Since κ−1(2) = {X2(e

′) | e′ ∈ E2} forms
a perfect matching of F(X), the deletion of these arcs results in a disjoint union of (mono-coloured)
cycles in F(X) corresponding to the vertex-defining umbrellas in orbAut(X)(v1).
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Further, in order to describe the cycles in F(X) corresponding to the umbrellas of orbAut(X)(v2),
we assume without loss that e ∈ X1 with X2(e) = {F ′

m, F
′
1} is in E2. Since X is face-transitive,

there exists an automorphism ϕ ∈ Aut(X) mapping F ′
m onto F ′

2. Moreover, the stabiliser of the
face F ′

2 in Aut(X) has order two (due to the orbit-stabiliser theorem). Thus, there exists a non-
trivial ψ ∈ StabAut(X)(F

′
2) that interchanges the vertices that are incident to the edge e′ := ϕ(e)

with X2(e
′) = {ϕ(F ′

m), ϕ(F ′
1)} = {F ′

2, F
′
3}. We observe that either ϕ or ψ ◦ ϕ fixes v2, cf. the green

edges in Figure 5.11a. For simplicity, we assume it is ϕ. Thus, we conclude ϕ(F ′
i ) = F ′

i+2 for every
i = 1, . . . ,m, where we read the subscripts modulo m. By defining ℓ as the order of ϕ, we see that
the umbrella of v2 can be written as

(F ′
1, . . . , F

′
m) = (ϕ(F ′

m), ϕ(F ′
1), . . . , ϕ

ℓ(F ′
m), ϕℓ(F ′

1)).

Let σ := λX(ϕ) be an automorphism of F(X). Then, we see that the cycle

(F ′
1, . . . , F

′
m) = (σ(F ′

m), σ(F ′
1), . . . , σ

ℓ(F ′
m), σℓ(F ′

1)) = α(σ, F ′
m, F

′
1, F

′
2)

is a σ-induced α-cycle in F(X). This implies that every vertex-defining cycle in the Aut(X)-orbit
of v2 is an automorphism induced α-cycle. Altogether, the set of vertex-defining cycles of X is
given by

C := orbH((F1, . . . , Fn)) ∪ orbH(α(σ, F ′
m, F

′
1, F

′
2)).

Since H acts transitively on the nodes X2 with |H| = |Aut(X)| = 2 · |X2|, we conclude that H is
a (2, 2)-group of F(X).

Now, let H be a (2, 2)-group of F(X) = (V,E) with vertex-faithful cycle double cover C(2,2)(H).
The arc-colouring κ of F(X), whose colour classes are given by theH-orbits on E, corresponds to an
edge-colouring ω of X via ω(e) := κ({F, F ′}), where e ∈ X1 is the edge with X2(e) = {F, F ′}. Since
H acts transitively on the nodes of F(X) with |H| = 2 · |V |, we know that X is face-transitive with
face-stabilisers of order two (due to the orbit-stabiliser theorem). Moreover, by Lemma 5.4.2, two
vertices v1 and v2 of X lie in the same Aut(X)-orbit if and only if the corresponding vertex-defining
cycles C1, C2 ∈ C(2,2)(H) are contained in the same H-orbit. This is equivalent to saying the cycles
C1, C2 have the same colour with respect to κ. Thus, there exist exactly two Aut(X)-orbits on
the vertices, namely the set of vertices with mono-coloured umbrellas and the set of vertices with
bi-coloured umbrellas, each with respect to ω. Thus, vf(X) = (2, 2) follows.

Theorem 5.4.9 yields the following immediate corollary.

Corollary 5.4.10 Let G be a cubic node-transitive graph and H ≤ Aut(G) a (2, 2)-group of G,
then G is the face graph of a face-transitive surface.

An example of a cubic node-transitive graph that is isomorphic to the face graph of a face-
transitive surface X with vf(X) = (2, 2) is the graph G shown in Figure 5.12. The arcs of G can be
subdivided into two H-orbits with H := Aut(G), namely:

E1 := {{1, 3}, {2, 4}, {5, 7}, {6, 8}, {5, 9}, {3, 9}, {6, 10}, {4, 10}, {1, 7}, {2, 8}},
E2 := {{1, 2}, {3, 4}, {5, 6}, {7, 8}, {9, 10}}.

By defining σ := (1, 4)(2, 3)(5, 6)(7, 10)(8, 9) ∈ H, we obtain the following vertex-faithful cycle
double cover of G:

orbH(α(σ, 4, 2, 1)) ∪ orbH((1, 7, 5, 9, 3))

={(1, 3, 4, 2), (5, 7, 8, 6), (5, 9, 10, 6), (1, 7, 8, 2), (3, 9, 10, 4), (1, 7, 5, 9, 3), (2, 8, 6, 10, 4)}.
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Figure 5.12: A cubic node-transitive graph G with Aut(G)-orbits on its arcs coloured in red and
green

The resulting simplicial surface X that is described by the vertices of faces

Θ(X) = {{v1, v4, v5}, {v1, v4, v6}, {v1, v5, v7}, {v1, v6, v7}, {v2, v3, v5},
{v2, v3, v6}, {v2, v4, v5}, {v2, v4, v6}, {v3, v5, v7}, {v3, v6, v7}}

satisfies F(X) ∼= G and vf(X) = (2, 2). Moreover, we observe that Aut(X) and Aut(G) are both
isomorphic to the dihedral group D2·10.

However, a face-transitive surface X that is constructed by using Corollary 5.4.10 does not
necessarily satisfy vf(X) = (2, 2). Again, we consider the simplicial octahedron O and the corre-
sponding face graph illustrated in Figure 5.13 as an example. The group

H ′ := ⟨(1, 2, 3, 4)(5, 6, 7, 8), (1, 2)(3, 4)(5, 6)(7, 8), (1, 5)(2, 6)(3, 7)(4, 8)⟩

forms a subgroup of the automorphism group Aut(F(O)) of order 16 = 2 ·8.We show that H ′ forms
a (2, 2)-group of F(O), where the resulting cycle double cover C′ corresponds to the umbrellas of
the simplicial octahedron. The H ′-orbits on the arcs of F(O) are illustrated in different colours in
the below figure.

1

2 3

4

5

6 7

8

Figure 5.13: The face graph F(O) with H ′-orbits on its arcs coloured in red and green
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With σ′ := (1, 6)(2, 5)(3, 8)(4, 7) ∈ H ′ and (1, 2, 3, 4) being a mono-coloured cycle in F(O), we
observe that the set

C′ =orbH′(α(σ′, 1, 5, 6)) ∪ orbH′((1, 2, 3, 4))

={(1, 2, 6, 5), (1, 4, 8, 5), (2, 3, 7, 6), (3, 4, 8, 7)} ∪ {(1, 2, 3, 4), (5, 6, 7, 8)}
={(1, 2, 3, 4), (1, 2, 6, 5), (2, 3, 7, 6), (3, 4, 8, 7), (1, 4, 5, 8), (5, 6, 7, 8)}

is a vertex-faithful cycle double cover whose cycles correspond to the vertex-defining cycles of the
simplicial octahedron.

Note, a face-transitive surface X with vf(X) = (2, 2) contains vertices with even vertex-degree.

Proposition 5.4.11

Let X be a face-transitive surface with vf(X) = (2, 2). Furthermore, let V1 and V2 be the
Aut(X)-orbits on X0 with |V1| < |V2|. Then for all v ∈ V2 the degree deg(v) is even.

We conclude this section by translating our results into an algorithm for our investigations in
GAP.

Algorithm 5: Compute all face-transitive surfaces with vertex-face type (2, 2) of a given
cubic node-transitive graph

Input: A cubic node-transitive graph G = (V,E)
Output: A set of face-transitive surfaces with vertex-face type (2, 2)

1 surfaces← {};
2 candidates← {H ≤ Aut(G) | |H| = 2 · |V |, | orbH(V )| = 1 and | orbH(E)| = 2};
3 for H in candidates do
4 red← first H-orbit on E with |red| = |E| // coloured in 1;
5 green← second H-orbit on E with |green| = 1

2 |E|// coloured in 2;
6 [F1, F2, F3]← a path of length 3 in G with {F1, F2} and {F1, F2} coloured differently;
7 automorphisms← {σ ∈ Aut(G) | σ(F1) = F3};
8 for σ in automorphisms do
9 cdc← orbH(α(σ, F1, F2, F3));

10 cdc← cdc ∪ {C | C is a monocoloured cycle of colour 1};
11 if cdc is a vertex-faithful cycle double cover then
12 X ← simplicial surface with F(X) = G and vertices corresponding to cdc;
13 if Aut(X) = 2 · |X2| then
14 Add(surfaces, X);

15 return surfaces;

5.4.3 Face-transitive surfaces with vertex-face type (1,6)

Here, we discuss the structure of a face-transitive surface with vertex-face type (1, 6). We show
that the vertex-defining cycles of such a face-transitive surface X form cycles that are induced by
automorphisms of F(X). In order to characterise face-transitive surfaces, where all face-stabilisers
have order 6, we give the definition of a (1, 6)-group of a cubic node-transitive graph.
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Definition 5.4.12

Let G = (V,E) be a cubic node-transitive graph and H ≤ Aut(G) such that

1. H acts transitively on the nodes V and arcs E with |H| = 6 · |V |, and

2. for F1, F2 ∈ V , {F1, F2} ∈ E, there exists an automorphism σ ∈ H such that
σ(F1) = F2.

If the orbit orbH(α(σ, F1, F2)) (Remark 3.2.1 and Definition 3.2.2) is a vertex-faithful
cycle double cover of G, then we say that H is a (1, 6)-group of G. We denote the above
cycle double cover by C(1,6)(H).

Theorem 5.4.13

A simplicial surface X is a face-transitive surface with vf(X) = (1, 6) if and only if
H := λX(Aut(X)) is a (1, 6)-group of F(X) and the cycle double cover C := C(1,6)(H)
contains exactly the vertex-defining cycles of X.

Proof. Let X be a face-transitive surface with vf(X) = (1, 6). Since all face-stabilisers of X have
order 6, we know that the automorphism group Aut(X) acts transitively on the edges and vertices
of X. Additionally, if e ∈ X1 is an edge, then the orbit-stabiliser theorem implies that the stabiliser
of e satisfies | StabAut(X)(e)| = 4. These facts allow us to determine the vertices of X with the help
of the face graph F(X) and the group H.

Thus, let v ∈ X0 be a vertex and u(v) = (F1, . . . , Fn) the umbrella of v. Moreover, for 1 ≤ i ≤ n
let Fi ∈ X2 be a face with X0(Fi) = {v, vi, vi+1}, where we read the subscripts modulo n.

F1

F2

F3

F4

F5

F6

v1

v2v3

v4

v5 v6

v

Figure 5.14: The umbrella u(v) of the simplicial surface X

Since the stabiliser of the edge e′ ∈ X1 with X0(e
′) = {v, v2} has order 4, there exists a unique

automorphism ψ ∈ StabAut(X)(e
′) that satisfies

(ψ(v), ψ(v1), ψ(v2), ψ(v3)) = (v2, v3, v, v1).

Additionally, we know that the stabiliser StabAut(X)(F2) contains a unique automorphism ϕ′ satis-
fying (ϕ′(v), ϕ′(v2), ϕ

′(v3)) = (v3, v, v2). Hence, ϕ := ϕ′ ◦ ψ satisfies ϕ(v) = v and ϕ(Fi) = Fi+1 for
i = 1, . . . , n. We conclude that the order of ϕ is n and the umbrella of v can be written as

(F1, . . . , Fn) = (ϕ(F1), . . . , ϕ
n(F1)).
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By interpreting the umbrella (F1, . . . , Fn) as a cycle of the F(X) and defining σ := λX(ϕ) we
observe that (F1, . . . , Fn) = α(σ, F1, F2) is a σ-induced α-cycle. Since all the vertices lie in exactly
one Aut(X)-orbit, the cycle double cover consisting of all vertex-defining cycles of X is given by
orbH(α(σ, F1, F2)). Thus, H forms a (1, 6)-group of F(X).

To complete the proof, we assume that H is a (1, 6)-group of F(X). Let F ∈ X2 be an
arbitrary face. Since Aut(X) ∼= H, it follows that X is face-transitive and the stabiliser StabH(F )
of F interpreted as a node of F(X) is isomorphic to StabAut(X)(F ) with |StabH(F )| = 6. We
therefore conclude that the stabiliser StabAut(X)(F ) is transitive on the set X0(F ) which implies
that the automorphism group Aut(X) is transitive on X0. That means that X is a face-transitive
surface with vf(X) = (1, 6).

As a direct consequence of the above theorem, we obtain the following corollary.

Corollary 5.4.14 Let G be a cubic node-transitive graph and H ≤ Aut(G) a (1, 6)-group of G,
then G is the face graph of a face-transitive surface.

An example of a cubic node-transitive graph G that gives rise to a simplicial surface of vertex-
face type (1, 6) is the Petersen graph shown in Figure 5.15.

1
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4

5 6

7

8

9

10

Figure 5.15: The Petersen graph

We construct a face-transitive surface from G with Corollary 5.4.14 by defining

H := ⟨(1, 2)(3, 5)(6, 7)(8, 10), (2, 5)(3, 4)(7, 10)(8, 9), (3, 7)(4, 9)(5, 6)(8, 10)⟩ ≤ Aut(G).

By choosing σ as the automorphism (1, 2, 3, 4, 5)(6, 7, 8, 9, 10) ∈ H, we obtain the following vertex-
faithful cycle double cover of G:

orbH(α(σ, 1, 2)) = {(1, 2, 3, 4, 5), (1, 6, 9, 7, 2), (4, 9, 7, 10, 5),
(3, 8, 6, 9, 4), (1, 6, 8, 10, 5), (2, 7, 10, 8, 3)}.

Since |H| = 60 = 6 · 10 and H acts transitively on the nodes and arcs of G, the subgroup H is a
(1, 6)-group of G. The resulting simplicial surface X forms a face-transitive surface of vertex-face
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type (1, 6) that can be described by the following vertices of faces:

Θ(X) = {{v1, v2, v5}, {v1, v2, v6}, {v1, v4, v6}, {v1, v3, v4}, {v1, v3, v5},
{v2, v4, v5}, {v2, v3, v6}, {v4, v5, v6}, {v2, v3, v4}, {v3, v5, v6}}.

We observe that the simplicial surface X is non-orientable and has 6 vertices, 15 edges and 10 faces.
Furthermore, the automorphism group of X satisfies A5

∼= Aut(X) ↪→ Aut(F(X)) ∼= S5.
Note, in the literature, a face-transitive surface X satisfying vf(X) = (1, 6) is often referred to

as a regular map. For more details on the study of regular maps we refer to [29].
We conclude this subsection by giving an algorithm that computes face-transitive surfaces of

vertex-face type (1, 6) from given node-transitive graphs.

Algorithm 6: Compute all face-transitive surfaces with vertex-face type (1, 6) of a given
cubic node-transitive graph

Input: A cubic node-transitive graph G = (V,E)
Output: A set of face-transitive surfaces with vertex-face type (1, 6)

1 surfaces← {};
2 candidates← {H ≤ Aut(G) | |H| = 6 · |V |, | orbH(V )| = 1 and | orbH(E)| = 1};
3 [F1, F2]← {F1, F2} ∈ E;
4 for H in candidates do
5 automorphisms← {σ ∈ Aut(G) | σ(F1) = F2};
6 for σ in automorphisms do
7 cdc← orbH(α(σ, F1, F2));
8 if cdc is a vertex-faithful cycle double cover of G then
9 X ← simplicial surface with F(X) = G and vertices corresponding to cdc;

10 Add(surfaces, X);

11 return surfaces;

5.4.4 Face-transitive surfaces with vertex-face type (1,2)

In this section, we focus on face-transitive surfaces with vertex-face type (1, 2). Similarly to the
previous case, we show that the vertex-defining cycles of a face-transitive surface with vertex-face
type (1, 2) are given by the orbit of an automorphism induced α-cycles. For this, we introduce
(1, 2)-groups of given cubic node-transitive graphs.

Definition 5.4.15

Let G = (V,E) be a cubic node-transitive graph and H ≤ Aut(G) such that

1. H acts transitively on the nodes V with |H| = 2 · |V |,

2. E partitions into two H-orbits E1 and E2 with |E1| = |V | and |E2| = 1
2 |V |, and

3. for F1, . . . , F4 ∈ V with {F1, F2} ∈ E2 and {F2, F3}, {F3, F4} ∈ E1, there exists an
automorphism σ ∈ Aut(G) such that σ(F1) = F4.

If orbH(α(σ, F1, F2, F3, F4)) (see Remark 3.2.1 and Definition 3.2.2) forms a vertex-
faithful cycle double cover of G, then H is said to be a (1, 2)-group of G. We denote
the above cycle double cover by C(1,2)(H).

90



The following theorem characterises face-transitive surfaces X with vf(X) = (1, 2).

Theorem 5.4.16

A simplicial surface X is a face-transitive surface with vf(X) = (1, 2) if and only if
H := λX(Aut(X)) is a (1, 2)-group of F(X) and the cycle double cover C(1,2)(H) contains
the vertex-defining cycles of X.

Proof. Let X be a face-transitive surface with vf(X) = (1, 2). Due to the orbit-stabiliser theorem,
we know that an edge e ∈ X1 satisfies

|Aut(X)| = 2 · |X2| = |StabAut(X)(e)| · | orbAut(X)(e)|.

Hence, an Aut(X)-orbit on X1 must either be of length 1
2 |X2| or |X2|. Because the face-stabilisers

of X have order 2, we know that there exists exactly two Aut(X)-orbits on X1, namely E1 and E2
of cardinality |X2| and 1

2 |X2|, respectively.
Thus, we obtain an edge-colouring ω of X via ω(e) := i for e ∈ E i with i = 1, 2. This edge-

colouring naturally yields an arc-colouring κ of F(X) via κ({F, F ′}) := ω(e), where e ∈ X1 is an
edge with X2(e) = {F, F ′}. As a first step, we describe the different vertices of X by determining
the colours of the corresponding umbrellas with respect to the edge-colouring ω. We then conclude
that H is a (1, 2)-group of F(X) by translating the colour classes of ω and the umbrellas of X into
H-orbits on the arcs of F(X) and vertex-defining cycles of X.

Let therefore v ∈ X0 be a vertex and u(v) = (F1, . . . , Fn) its umbrella. Further, for 1 ≤ i ≤ n let
Fi ∈ X2 be a face with X0(Fi) = {v, vi, vi+1}, where we read the subscripts modulo n. Moreover, let
e1, e2, e3 ∈ X1 be edges with X0(e1) := {v, v1}, X0(e2) = {v, v2}, X0(e3) = {v1, v2}. Without loss of
generality, we assume e1, e3 ∈ E1, e2 ∈ E2. Note that |StabAut(X)(e1)| = 2 and |StabAut(X)(e2)| = 4.

First, we assume that the non-trivial element ϕ ∈ StabAut(X)(e1) fixes v1. Since the edge-
stabilisers of the edges in E1 are all conjugate in Aut(X) (see Lemma 3.1.8), this implies that
if ψ ∈ StabAut(X)(e) is the non-trivial automorphism stabilising an arbitrary edge e ∈ E1, then
ψ(v′) = v′ for all v′ ∈ X0(e). Since v1 is incident to both e1, e3 ∈ E1, the above argument enforces
the umbrella of v1 to be mono-coloured with ω(u(v1)) = (1, . . . , 1). This means that there exist no
automorphism ϕ′ ∈ Aut(X) mapping v onto v1, which contradicts vf(X) = (1, 2).

Thus, ϕ interchanges the vertices v and v1, i.e. ϕ(v) = v1 and ϕ(v1) = v. Therefore, we obtain
ω(u(v)) = (1, 1, 2, . . . , 1, 1, 2) and hence u(v) is an umbrella a (1, 1, 2)-umbrella, see Definition 5.4.1.
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F5

F6

F1

v2

v3v4

v5

v6 v1

v

(a) (b)

Figure 5.16: The edge-coloured umbrella u(v) of the simplicial surface X (a) and the corresponding
arc-coloured subgraph in F(X) (b)
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Since Aut(X) acts transitively on the vertices of X, every umbrella of X forms a (1, 1, 2)-
umbrella and every vertex-degree must be a multiple of 3 but not equal to 3. Because, if the degree
of a vertex is 3, then all vertex-degrees are equal to 3 and X must be isomorphic to the simplicial
tetrahedron with vf(X) = (1, 6), which is a contradiction.

In the following, we describe how these (1, 1, 2)-umbrellas of X can be computed by exploiting
different automorphisms of Aut(X). For this, we recall that X2(v) = {F1, . . . , Fn} with n > 3.
Thus, let ϕ1 be the automorphism mapping F1 to F4. Since the stabiliser of the edge e5 ∈ E2 with
X0(e5) = {v, v5} has order 4 (see Figure 5.16), there exists an automorphism ϕ2 ∈ StabAut(X)(e5)

such that ϕ = ϕ2 ◦ ϕ1 stabilises the vertex v and satisfies ϕ(F1) = F4. This results in ϕ(Fi) = Fi+3

for all 1 ≤ i ≤ n, where the subscripts are read modulo n. Thus, the umbrella u(v) is given by

u(v) = (F1, . . . , Fn) = (ϕ(F1), ϕ(F2), ϕ(F3), . . . , ϕ
ℓ
(F1), ϕ

ℓ
(F2), ϕ

ℓ
(F3)),

where ℓ denotes the order of ϕ. Since the faces F1, . . . , Fn can also be seen as nodes of F(X),
the automorphism σ := λX(ϕ̄) enforces the cycle (F1, . . . , Fn) = α(σ, F1, F2, F3, F4) to be a σ-
induced α-cycle of F(X). Since the set of vertex-defining cycles of X can be obtained from
orbH(α(F1, F2, F3, F4)), it follows that H forms a (1, 2)-group of F(X).

Now, let H be a (1, 2)-group of the face graph F(X). We know that Aut(X) is isomorphic
to H. Thus, |Aut(X)| = |H| = 2 · |X2| and the node-transitivity of H translates into the face-
transitivity of Aut(X). That means that X is face-transitive, with face-stabilisers of order 2 (due
the orbit-stabiliser theorem). Moreover, by the construction of C(1,2)(H), it directly follows that H
acts transitively on the vertex-defining cycles of X which is equivalent to Aut(X) acting transitively
on X0. Hence, H and C(1,2)(H) enforce X to be a face-transitive surface with vf(X) = (1, 2).

As usual we obtain the following corollary.

Corollary 5.4.17 Let G be a cubic node-transitive graph and H ≤ Aut(G) a subgroup. If H is a
(1, 2)-group of G, then G is the face graph of a face-transitive surface.

An example of a cubic node-transitive graph that gives rise to a face-transitive surface of vertex-
face type (1, 2) is the graph G = (V,E) illustrated in Figure 5.17.
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Figure 5.17: The cubic node-transitive graph G with H-orbits on its arcs coloured in red and green
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The group H defined by

H := ⟨(2, 16)(3, 4)(7, 13)(8, 15)(9, 10)(12, 14),
(1, 5)(2, 7)(3, 15)(4, 8)(6, 11)(9, 12)(10, 14)(13, 16),

(1, 15)(2, 3)(4, 11)(5, 12)(6, 10)(7, 8)(9, 13)(14, 16)⟩ ≤ Aut(G),

satisfies |H| = 32 and | orbH(V )| = 1. Furthermore, we obtain the below H-orbits on the arcs of G:

E1 := {{6, 10}, {6, 9}, {11, 14}, {11, 12}, {10, 13}, {4, 16}, {4, 5}, {7, 9},
{14, 16}, {2, 3}, {8, 13}, {3, 5}, {1, 8}, {2, 12}, {7, 15}, {1, 15}},

E2 := {{9, 14}, {10, 12}, {13, 16}, {5, 6}, {2, 7}, {1, 11}, {3, 8}, {4, 15}}.

In Figure 5.17, the arcs contained in the orbits E1 and E2 are coloured in red and green, respectively.
As described in Corollary 5.4.17, the automorphism

σ := (1, 2)(3, 8)(4, 10)(5, 13)(6, 16)(7, 11)(9, 14)(12, 15) ∈ H

gives rise to the following vertex-faithful cycle double cover:

orbH(α(σ, 1, 11, 12, 2)) = {(6, 9, 14, 11, 12, 10), (4, 16, 13, 10, 6, 5), (4, 16, 14, 9, 7, 15),
(2, 12, 10, 13, 8, 3), (2, 7, 9, 6, 5, 3), (1, 8, 3, 5, 4, 15),

(1, 8, 13, 16, 14, 11), (1, 15, 7, 2, 12, 11)}.

Note that the arising face-transitive surface X with F(X) ∼= G satisfies vf(X) = (1, 2) and can be
described by the below vertices of faces:

Θ(X) = {{v6, v7, v8}, {v4, v5, v8}, {v4, v5, v6}, {v2, v3, v6}, {v2, v5, v6}, {v1, v2, v5},
{v3, v5, v8}, {v4, v6, v7}, {v1, v3, v5}, {v1, v2, v4}, {v1, v7, v8}, {v1, v4, v8},
{v2, v4, v7}, {v1, v3, v7}, {v3, v6, v8}, {v2, v3, v7}}.

Hence, X is a simplicial torus consisting of 8 vertices, 24 edges and 16 faces, and an automorphism
group satisfying

C8 ⋊ (C2 × C2) ∼= Aut(X) ↪→ Aut(F(X)) ∼= GL(2, 3)⋊ C2.

Next, we describe that a face-transitive surface X that is constructed with Corollary 5.4.17 does not
have to satisfy vf(X) = (1, 2). For this purpose, we consider the graph G′ illustrated in Figure 5.18.
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Figure 5.18: The cubic node-transitive graph G′ with H ′-orbits on its arcs coloured in red and green
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We choose H ′ to be the subgroup of Aut(G′) defined by

H ′ := ⟨(3, 12)(5, 11)(6, 8)(9, 13)(14, 18)(16, 17),
(1, 15)(2, 7)(3, 8)(4, 10)(5, 14)(6, 12)(9, 16)(11, 18)(13, 17),

(1, 17, 8)(2, 9, 11)(3, 13, 15)(4, 5, 12)(6, 14, 10)(7, 18, 16),

(1, 7, 10)(2, 15, 4)(3, 5, 9)(6, 17, 18)(8, 16, 14)(11, 13, 12)⟩.

Then H ′ has order 2 · 18 and acts transitively on the nodes of G′ . Furthermore, H ′ gives rise to the
following orbits on the arcs of G′:

E1 := {{1, 3}, {2, 14}, {12, 18}, {1, 12}, {2, 18}, {3, 14}, {9, 10}, {4, 16}, {13, 17},
{10, 13}, {4, 17}, {9, 16}, {5, 7}, {8, 15}, {6, 11}, {7, 11}, {6, 15}, {5, 8}},

E2 := {{1, 15}, {11, 14}, {5, 18}, {2, 10}, {12, 16}, {3, 17}, {4, 7}, {8, 13}, {6, 9}}.

Hence, defining σ′ := (1, 4)(2, 10)(3, 16)(5, 8)(6, 11)(7, 15)(9, 14)(12, 17)(13, 18) ∈ H ′ results in the
following cycle double cover of G′:

orbH′(α(σ′, 1, 12, 16, 4)) = {(6, 15, 8, 13, 10, 9), (4, 16, 9, 6, 11, 7), (4, 17, 13, 8, 5, 7),
(2, 18, 12, 16, 9, 10), (2, 14, 3, 17, 13, 10), (2, 18, 5, 7, 11, 14),

(1, 15, 6, 11, 14, 3), (1, 12, 16, 4, 17, 3), (1, 15, 8, 5, 18, 12)}.

The resulting simplicial surface X ′ satisfies vf(X ′) = (1, 6) and is described by the vertices of faces:

Θ(X ′) = {{v7, v8, v9}, {v4, v5, v6}, {v5, v7, v8}, {v2, v3, v8}, {v3, v6, v9}, {v1, v2, v7},
{v2, v3, v6}, {v1, v3, v9}, {v1, v2, v4}, {v1, v4, v5}, {v2, v6, v7}, {v4, v8, v9},
{v1, v3, v5}, {v5, v6, v7}, {v1, v7, v9}, {v2, v4, v8}, {v3, v5, v8}, {v4, v6, v9}}.

In the proof of Theorem 5.4.16 we have established the following result.

Proposition 5.4.18

Let X be a face-transitive surface with vf(X) = (1, 2). Then for all v ∈ X0 we know that
the degree deg(v) is divisible by 3.

Lastly, we present a pseudocode that describes how we construct of face-transitive surface with
vertex-face type (1, 2) in GAP.
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Algorithm 7: Compute all face-transitive surfaces with vertex-face type (1, 2) of a given
cubic node-transitive graph

Input: A cubic node-transitive graph G = (V,E)
Output: A set of face-transitive surfaces with vertex-face type (1, 2)

1 surfaces← {};
2 candidates← {H ≤ Aut(G) | |H| = 2 · |V |, | orbH(V )| = 1 and | orbH(E)| = 2};
3 for H in candidates do
4 red← first H-orbit on E with |red| = |E| // coloured in 1;
5 green← second H-orbit on E with |green| = 1

2 |E|// coloured in 2;
6 paths← {[F1, . . . , F4] | [F1, . . . , F4] is a path of length 4 with {F1, F2} in green and

{F2, F3}, {F3, F4} in red} ;
7 for [F1, . . . , F4] in paths do
8 automorphisms← {σ′ ∈ Aut(G) | σ′(F1) = F4};
9 for σ in automorphisms do

10 cdc← orbH(α(σ, F1, . . . , F4));
11 if cdc is a vertex-faithful cycle double cover of G then
12 X ← simplicial surface with F(X) = G and vertices corresponding to cdc;
13 if |Aut(X)| = 2 · |X2| then
14 Add(surfaces, X);

15 return surfaces;

5.4.5 Face-transitive surfaces with vertex-face type (1,3)

In this section, we investigate face-transitive surfaces of vertex-face type (1, 3). We show that the
automorphism group of such a simplicial surface falls into one of two types. Moreover, we describe
that the vertex-defining cycles of a face-transitive surfaceX with vf(X) = (1, 3) form automorphism
induced α-cycles of the face graph F(X).

First, we establish the definition of a (1, 3)-group of a given cubic node-transitive graph.

Definition 5.4.19

Let G = (V,E) be a cubic node-transitive graph and H ≤ Aut(G) such that

1. H acts transitively on the nodes V and arcs E with |H| = 3 · |V |,

2. for F1, F2, F3 ∈ V with {F1, F2}, {F2, F3} ∈ E, there exists an automorphism σ ∈ H
such that σ(F1) = F3.

Furthermore, let orbH(α(σ, F1, F2, F3)) (cf. Remark 3.2.1 and Definition 3.2.2) be a vertex-
faithful cycle double cover of G. We say that H is a (1, 3)-group of G of type 1 if there
exists an automorphism π ∈ Aut(G) with α(π, F1, F2) = α(σ, F1, F2, F3), we denote the

above cycle double cover by C(1,3)1 (H). If there exists no such π, then we say that H is a

(1, 3)-group of G of type 2 and denote the above cycle double cover by C(1,3)2 (H).

We call a subgroup H of the automorphism group of a node-transitive cubic graph a (1, 3)-
group, if H is a (1, 3)-group of any type. In this case, we denote the corresponding cycle double
cover by C(1,3)(H).
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Theorem 5.4.20

A simplicial surface X is a face-transitive surface with vf(X) = (1, 3) if and only if
H := λX(Aut(X)) is a (1, 3)-group of F(X) and the cycle double cover C(1,3)(H) contains
the vertex-defining cycles of X.

Proof. If X is a face-transitive surface with vf(X) = (1, 3), then the automorphism group Aut(X)
has order |Aut(X)| = 3 · |X2|, and all face-stabilisers are cyclic of order 3. In particular, for every
F ∈ X2, the stabiliser StabAut(X)(F ) acts transitively on X1(F ). This implies that Aut(X) acts
transitively on X1 and all edge-stabilisers are therefore conjugate in Aut(X), see Lemma 3.1.8.
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Figure 5.19: An umbrella of a face-transitive surface X

We exploit the above facts to show that the subgroup H of the automorphism group Aut(F(X))
forms a (1, 3)-group of F(X). Let v ∈ X0 be a vertex of X with umbrella u(v) = (F1, . . . , Fn).
Moreover, for 1 ≤ i ≤ n let Fi be a face with X0(Fi) = {v, vi, vi+1} and ei ∈ X1 an edge with
X0(e) = {v, vi}, where the subscripts are read modulo n. Note that |StabAut(X)(ei)| = 2 for all
i = 1, . . . , n by the orbit-stabiliser theorem. Thus, for every 1 ≤ i ≤ n let ϕi ∈ StabAut(X)(ei)
be the non-trivial automorphism stabilising the edge ei. It follows, that either (1) ϕi(v) = vi and
ϕi(vi) = v for all 1 ≤ i ≤ n, or (2) ϕi(v) = v and ϕi(vi) = vi for all 1 ≤ i ≤ n.

Case 1: We observe that because of the stabiliser of F1 being cyclic of order 3, the automorphism
ϕ2 cannot fix F1. We therefore know ϕ2(v1) = v3 and ϕ2(v3) = v1. This enables us to compute an
automorphism of X that applies a cyclic shift to the faces Fi incident to v, where 1 ≤ i ≤ n. Let
ψ ∈ StabAut(X)(F2) be the unique automorphism satisfying ψ(v) = v3, ψ(v2) = v and ψ(v3) = v2.
Then ϕ := ψ ◦ ϕ2 satisfies ϕ(v) = v, ϕ(v1) = v2 and ϕ(v2) = v3. Since ϕ respects the incidences of
X, we know that ϕ is an automorphism stabilising v and mapping Fi onto Fi+1, where subscripts
are read modulo n. Hence, the umbrella of v can be written as

u(v) = (F1, . . . , Fn) = (ϕ(F1), . . . , ϕ
n(F1)).

By considering F1, . . . , Fn as nodes of the face graph F(X) and defining σ := λX(ϕ) we observe
that (F1, . . . , Fn) = α(σ, F1, F2) = α(σ2, F1, F2, F3) is a σ-induced α-cycle of F(X). Moreover, all
vertices of X lie in the same Aut(X)-orbit and the vertex-defining cycles of X are contained in the
orbit orbH(α(σ, F1, F2)). This results in H being a (1, 3)-group of F(X) of type 1.
Case 2: Since the face-stabilisers are cyclic and of order 3, we know that ϕ2 interchanges the faces
F1 and F2 and ϕ3 interchanges the faces F2 and F3. Thus, we define ϕ′ := ϕ3 ◦ ϕ2 and obtain
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ϕ(Fi) = Fi+2 and ϕ′(v) = v. Thus, the umbrella of v can be written as

u(v) = (F1, . . . , Fn) = (ϕ′(F1), ϕ
′(F2), . . . , ϕ

′ℓ(F1), ϕ
′ℓ(F2)),

where ℓ denotes the order of ϕ′. Thus, by interpreting F1, . . . , Fn as nodes of the face graph and
considering σ := λX(ϕ′), we see that (F1, . . . , Fn) = α(σ, F1, F2, F3) is a σ-induced α-cycle of F(X).

It remains to show that there exists no π ∈ Aut(F(X)) with α(π, F1, F2) = α(σ, F1, F2, F3).
We assume that there is such an automorphism π. This automorphism π must be the image of an
automorphism ψ ∈ Aut(X) under λX satisfying (F1, . . . , Fn) = (ψ(F1), . . . , ψ

n(F1)) in X. Hence,
ψ maps F1 either onto F2 or Fn. Without loss of generality, we assume ψ(F1) = F2. This means
ψ(v) = v, ψ(v1) = v2 and ψ(v2) = v3. Since the stabiliser of F2 is cyclic of order 3, there exists a
unique automorphism ψ′ ∈ StabAut(X)(F2) satisfying ψ

′(v) = v2, ψ
′(v2) = v3 and ψ

′(v3) = v. Hence,
the automorphism γ := ψ′ ◦ ψ satisfies γ(v) = v2 and γ(v2) = v. That means γ ∈ StabAut(X)(e2).
Because of γ being non-trivial and γ /∈ StabAut(X)(v), we know γ ̸= ϕ2. Hence, the stabiliser of
e2 contains {id, ϕ2, γ} and therefore has order 4, a contradiction because vf(X) = (1, 3) implies
| StabAut(X)(e)| = 2 for all e ∈ X1. Since all the vertices of X lie in one Aut(X)-orbit, the vertex-
defining umbrellas of X can be translated into the orbit orbH(α(σ, F1, F2, F3)) and hence H forms
a (1, 3)-group of F(X) of type 2.

To complete the proof, let H be a (1, 3)-group of F(X). Let F ∈ X2 be an arbitrary face.
Since Aut(X) ∼= H we know that X is face-transitive and the stabiliser StabH(F ) of the node F is
isomorphic to StabAut(X)(F ) of the face F , hence, cyclic of order 3. We conclude that StabAut(X)(F )
is transitive on X0(F ), Aut(X) is transitive on the vertices of X, and hence X is a face-transitive
surface with vf(X) = (1, 3).

Corollary 5.4.21 Let G be a cubic node-transitive graph and H ≤ Aut(G) a subgroup. If H is a
(1, 3)-group of G, then G is the face graph of a face-transitive surface.

An example of a cubic node-transitive graph that gives rise to a face-transitive surface X with
vf(X) = (1, 3) is the graph G illustrated in Figure 5.20.
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Figure 5.20: A cubic node-transitive graph G
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The group H defined by

H := ⟨(1, 2)(3, 5, 12, 14, 11, 6)(4, 13, 10, 8, 9, 7), (1, 5)(2, 7)(3, 4)(6, 8)(9, 12)(10, 13)(11, 14)⟩

forms a subgroup of Aut(G) that has order 3 · 14, and acts transitively on the nodes and arcs of G.
Furthermore, H contains the automorphism σ := (1, 5, 11, 4, 13, 6)(2, 7, 10, 12, 14, 8)(3, 9). Hence,
by exploiting Corollary 5.4.21, we obtain the following vertex-faithful cycle double cover of G:

orbH(α(σ, 1, 5)) = {(4, 13, 10, 8, 9, 7), (2, 12, 6, 13, 10, 3), (2, 11, 4, 7, 14, 3), (2, 12, 9, 8, 5, 11),
(1, 6, 13, 4, 11, 5), (1, 14, 3, 10, 8, 5), (1, 14, 7, 9, 12, 6)}.

Thus, H is a (1, 3)-group of G of type 1 and the above cycle double cover gives rise to the
face-transitive surface X that can be described by the following vertices of faces:

Θ(X) = {{v5, v6, v7}, {v2, v3, v4}, {v2, v3, v6}, {v1, v3, v5}, {v4, v5, v6}, {v2, v5, v7}, {v1, v3, v7},
{v1, v4, v6}, {v1, v4, v7}, {v1, v2, v6}, {v3, v4, v5}, {v2, v4, v7}, {v1, v2, v5}, {v3, v6, v7}}.

This simplicial surface X forms a minimal triangulation of the torus (see [34]) with

C7 ⋊ C6
∼= Aut(X) ↪→ Aut(F(X)) ∼= PSL(3, 2)⋊ C2.

As described in the previous cases, a face-transitive surface X that results from the procedure
established in Corollary 5.4.21 does not have to satisfy vf(X) = (1, 3). An example of this observa-
tion is the simplicial tetrahedron T and its face graph. The vertex-defining cycles of the simplicial
tetrahedron T can be reconstructed from its face graph F(T ) with Corollary 5.4.21 by exploiting
H ′ := ⟨(1, 2)(3, 4), (1, 2, 3)⟩ ≤ Aut(F (T )) as a (1, 3)-group of type 1 of F(T ) and the automorphism
σ′ := (1, 2, 3) ∈ H ′.

Note, in the literature, a face-transitive surface whose automorphism group yields a (1, 3)-group
of type 1 of the corresponding face graph is also referred to as a chiral map, see [29] for more details.
With our computations in GAP, we have been able to verify the existence of a face-transitive
surface Y , where the group λY (Aut(Y )) forms a (1, 3)-group of type 2 of the face graph F(Y ).
The smallest example of such a face-transitive surface with vertex-face-type (1, 3) is the simplicial
surface Y described by the below vertices of faces. This simplicial surface is orientable and consists
of 36 vertices, 216 edges and 144 faces. Hence, the Euler characteristic of Y is χ(Y ) = −36. Note
that its automorphism group satisfies

Aut(Y ) ∼= Aut(F(Y )) ∼= (((C3 × C3)⋊Q8)⋊ C3)⋊ C2.

The vertices of faces of Y are given by

Θ(Y ) = {{v34, v35, v36}, {v31, v32, v33}, {v28, v29, v30}, {v25, v26, v27}, {v24, v32, v35}, {v32, v34, v35},
{v23, v24, v32}, {v22, v29, v33}, {v20, v21, v27}, {v18, v19, v20}, {v17, v28, v29}, {v15, v16, v22},
{v14, v23, v26}, {v13, v15, v22}, {v11, v12, v36}, {v10, v21, v33}, {v8, v9, v19}, {v21, v35, v36},
{v9, v21, v23}, {v19, v29, v30}, {v8, v24, v35}, {v7, v11, v29}, {v21, v29, v35}, {v6, v23, v28},
{v15, v19, v36}, {v20, v22, v34}, {v4, v5, v24}, {v18, v19, v31}, {v3, v10, v21}, {v5, v28, v30},
{v8, v9, v13}, {v21, v29, v33}, {v9, v12, v17}, {v16, v28, v31}, {v7, v25, v29}, {v8, v16, v28},
{v2, v3, v17}, {v2, v5, v15}, {v6, v12, v25}, {v17, v27, v28}, {v11, v13, v18}, {v1, v3, v16},
{v3, v10, v24}, {v6, v10, v28}, {v6, v25, v35}, {v14, v17, v18}, {v19, v31, v36}, {v23, v31, v32},
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{v1, v11, v29}, {v3, v16, v31}, {v12, v16, v20}, {v4, v7, v31}, {v10, v15, v19}, {v1, v32, v34},
{v3, v25, v26}, {v1, v19, v29}, {v5, v9, v25}, {v3, v17, v24}, {v14, v26, v30}, {v18, v31, v33},
{v13, v30, v32}, {v4, v14, v30}, {v6, v10, v12}, {v3, v25, v31}, {v8, v19, v24}, {v17, v22, v24},
{v3, v26, v30}, {v7, v25, v31}, {v10, v19, v24}, {v8, v16, v35}, {v17, v22, v29}, {v16, v20, v22},
{v9, v12, v25}, {v18, v20, v27}, {v15, v27, v32}, {v10, v14, v15}, {v4, v5, v30}, {v3, v13, v30},
{v7, v11, v13}, {v11, v26, v36}, {v6, v13, v22}, {v11, v23, v26}, {v12, v32, v33}, {v23, v28, v31},
{v5, v9, v34}, {v4, v21, v36}, {v11, v12, v16}, {v2, v7, v8}, {v1, v2, v3}, {v4, v21, v27},
{v22, v26, v34}, {v20, v21, v23}, {v2, v6, v23}, {v26, v34, v36}, {v9, v14, v17}, {v3, v13, v21},
{v2, v17, v36}, {v8, v26, v33}, {v12, v30, v32}, {v12, v20, v30}, {v7, v10, v14}, {v15, v25, v27},
{v5, v28, v34}, {v14, v15, v16}, {v10, v28, v34}, {v2, v15, v36}, {v17, v18, v27}, {v14, v16, v35},
{v6, v13, v18}, {v13, v15, v32}, {v19, v20, v30}, {v22, v26, v33}, {v4, v22, v24}, {v7, v8, v13},
{v1, v9, v34}, {v1, v2, v6}, {v2, v5, v33}, {v1, v9, v19}, {v7, v20, v34}, {v8, v27, v28},
{v5, v18, v33}, {v1, v11, v16}, {v8, v26, v27}, {v7, v10, v34}, {v2, v7, v20}, {v14, v18, v35},
{v2, v20, v23}, {v9, v13, v21}, {v25, v29, v35}, {v1, v4, v27}, {v9, v14, v23}, {v12, v17, v36},
{v5, v11, v18}, {v4, v31, v36}, {v1, v4, v6}, {v11, v23, v24}, {v2, v8, v33}, {v1, v27, v32},
{v5, v15, v25}, {v5, v11, v24}, {v4, v7, v14}, {v6, v18, v35}, {v4, v6, v22}, {v10, v12, v33}}.

The above example establishes that a face-transitive surface satisfying |Aut(X)| = 3|X2| does
not have to be a chiral map.

Lastly, we present algorithms that construct the face-transitive surfaces discussed in this sub-
section in GAP.

Algorithm 8: Compute all face-transitive surfaces with vertex-face type (1, 3) of a given
cubic node-transitive graph (Type 1)

Input: A cubic node-transitive graph G = (V,E)
Output: A set of face-transitive surfaces with vertex-face type (1, 3)

1 surfaces← {};
2 candidates← {H ≤ Aut(G) | |H| = 3 · |V |, | orbH(V )| = 1 and | orbH(E)| = 1};
3 [F1, F2]← {F1, F2} ∈ E;
4 for H in candidates do
5 automorphisms← {σ ∈ Aut(G) | σ(F1) = F2};
6 for σ in automorphisms do
7 cdc← orbH(α(σ, F1, F2));
8 if cdc is a vertex-faithful cycle double cover of G then
9 X ← simplicial surface with F(X) = G and vertices corresponding to cdc;

10 if |Aut(X)| = 3 · |X2| then
11 Add(surfaces, X);

12 return surfaces;
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Algorithm 9: Compute all face-transitive surfaces with vertex-face type (1, 3) of a given
cubic node-transitive graph (Type 2)

Input: A node-transitive cubic graph G = (V,E)
Output: A set of face-transitive surfaces with vertex-face type (1, 3)

1 surfaces← {};
2 candidates← {H ≤ Aut(G) | |H| = 3 · |V |, | orbH(V )| = 1 and | orbH(E)| = 1};
3 [F1, F2, F3]← [F1, F2, F3] is a path of length 3 in G;
4 for H in candidates do
5 automorphisms2← {σ2 | σ ∈ Aut(G), σ(F1) = F2};
6 automorphisms← {σ ∈ Aut(G) | σ(F1) = F3, σ /∈ automorphisms2};
7 for σ in automorphisms do
8 cdc← orbH(α(σ, F1, F2, F3));
9 if cdc is a vertex-faithful cycle double cover of G then

10 X ← simplicial surface with F(X) = G and vertices corresponding to cdc;
11 if |Aut(X)| = 3 · |X2| then
12 Add(surfaces, X);

13 return surfaces;

5.4.6 Face-transitive surfaces with vertex-face type (2,1)

In this section, we investigate face-transitive surfaces with trivial face-stabilisers and automorphism
groups yielding exactly two vertex-orbits. Here, we show that the umbrellas of a face-transitive
surface X with vf(X) = (2, 1) are either (1) mono-coloured and bi-coloured umbrellas that are
induced by automorphisms or (2) correspond to tri-coloured cycles of the face graph F(X). We
note that in the case of vf(X) = (2, 1), the face stabilisers are trivial, and we need to be more
careful in constructing the corresponding vertex-defining cycles. We start this section by giving the
different definitions of (2, 1)-groups of a given node-transitive cubic graph.

Definition 5.4.22

Let G = (V,E) be a cubic node-transitive graph and H ≤ Aut(G) such that

1. H acts transitively on the nodes V with |H| = 1 · |V |,

2. E partitions into two H-orbits E1 and E2 with |E1| = |V | and |E2| = 1
2 |V |, and

3. there exist F1, . . . , F5 ∈ V with {F2, F3}, {F4, F5} ∈ E1 and {F1, F2}, {F3, F4} ∈ E2,
and an automorphism σ ∈ Aut(G) such that σ(F1) = F5.

The partition E = E1 ⊎ E2 gives rise to an arc-colouring κ : E → {1, 2} of G by
κ({F, F ′}) := i for {F, F ′} ∈ Ei. Let u be a mono-coloured cycle in G with respect to κ and
orbH(u)∪orbH(α(σ, F1, . . . , F5)) (cf. Remark 3.2.1, Definition 3.2.2 and Definition 5.4.1)
a vertex-faithful cycle double cover of G. We say that H is a (2, 1)-group of G of type 1,
if there exists an automorphism π ∈ Aut(G) with α(π, F1, F2, F3) = α(σ, F1, . . . , F5). We

denote the above cycle double cover by C(2,1)1 (H). If there exists no such π, then we say
that H is a (2, 1)-group of G of type 2 and denote the above cycle double cover by

C(2,1)2 (H).
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Definition 5.4.23

Let G = (V,E) be a cubic node-transitive graph and H ≤ Aut(G) such that

1. H acts transitively on the nodes V with |H| = 1 · |V |, and

2. E partitions into three H-orbits E1, E2, and E3, all of cardinality
1
2 |V |.

The partition E = E1 ⊎ E2 ⊎ E3 yields the arc-colouring κ : E → {1, 2, 3}, defined by
κ({F, F ′}) := i for {F, F ′} ∈ Ei. If the (unique) set containing all the (1, 2)- and
(3, 1, 3, 2)-cycles with respect to κ (cf. Definition 5.4.1) is a vertex-faithful cycle double
cover of G, then we say that H is a (2, 1)-group of G of type 3, with the cycle double

cover denoted by C(2,1)3 (H).

We call a subgroup H of the automorphism group of a node-transitive cubic graph a (2, 1)-
group, if H is a (2, 1)-group of any type and simply denote the corresponding cycle double cover by
C(2,1)(H). We proceed by formulating the theorem that describes the structure of a face-transitive
surface of vertex-face type (2, 1).

Theorem 5.4.24

A simplicial surface X is a face-transitive surface with vertex-face type vf(X) = (2, 1)
if and only if H := λX(Aut(X)) is a (2, 1)-group of F(X) and the cycle double cover
C(2,1)(H) contains exactly the vertex-defining cycles of X.

Proof. Let X be a face-transitive surface with vf(X) = (2, 1). Then, X satisfies |Aut(X)| = 1 · |X2|.
Furthermore, let V1 and V2 be the two Aut(X)-orbits on X0. Without loss of generality, we
assume that every face of X is incident to exactly one vertex in V1 and exactly two vertices in
V2. With the orbit-stabiliser theorem, we see that the number of Aut(X)-orbits on X1 satisfies
| orbAut(X)(X1)| ∈ {2, 3}. We therefore conduct a case distinction to determine the structure of the
umbrellas of X with respect to the number of orbits on the edges.
Case 1: We examine the case | orbAut(X)(X1)| = 2. The orbits V1, V2 induce a partition of X1 by

E1 := {e ∈ X1 | X0(e) ∩ V1 ̸= X0(e)}, E2 := {e ∈ X1 | X0(e) ∩ V2 = X0(e)}.

We notice that | E1 | = |X2| and | E2 | = 1
2 |X2|. Since | orbAut(X)(X1)| = 2, the partition sets E1

and E2 are Aut(X)-orbits. Hence, the map ω : X1 → {1, 2} defined by ω(e) := i for e ∈ E i with
i = 1, 2 forms an edge-colouring of X which can be translated into an arc-colouring κ of F(X) via
κ({F, F ′}) := ω(e) for X2(e) = {F, F ′}.

Further, let v1 ∈ V1, v2 ∈ V2 be vertices with corresponding umbrellas u(v1) = (F1, . . . , Fn)
and u(v2) = (F ′

1, . . . , F
′
m). The umbrellas of the vertices in orbAut(X)(v1) are mono-coloured and

the umbrellas of the vertices in orbAut(X)(v2) are bi-coloured umbrellas with respect to ω. The
mono-coloured cycles representing the vertices orbAut(X)(v1) are directly obtained from deleting
the edges {X2(e) | e ∈ E2} from F(X) as also described in the proof of Theorem 5.4.9. Hence,
these cycles describe the umbrellas in orbAut(X)(u(v1)).

Next, we describe the umbrellas of the vertices in the Aut(X)-orbit of v2. First, note that u(v2)
is bi-coloured, and hence m is even. Thus, we define k := m

2 . Moreover, let e1, . . . , em be the
edges with X2(e1) = {F ′

1, F
′
2}, . . . , X2(em) = {F ′

m, F
′
1}, respectively. Without loss of generality, we

assume that e2i ∈ E2, i = 1, . . . , k, see Figure 5.21 for an illustration.
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Figure 5.21: The edge-coloured umbrella u(v2) of the simplicial surface X

By Lemma 3.1.8 the edge-stabilisers of e2, e4, . . . , em are all conjugate in Aut(X) and have order
two. Thus, for 1 ≤ i ≤ k let ϕ2i be the non-trivial automorphism in StabAut(X)(e2i). We have the
following two cases:

(a) ϕ2i(v2) = v2 for all 1 ≤ i ≤ k, that is, these automorphisms stabilise the vertex v2; or

(b) ϕ2i(v2) ̸= v2 for all 1 ≤ i ≤ k, that is, the vertices of the corresponding edges are interchanged.

Case (1a): If all ϕ2, ϕ4, . . . , ϕm stabilise v2, then the automorphism ϕ := ϕ2◦ϕm of order ℓ satisfies
ϕ(F ′

i ) = F ′
i+4, where all subscripts are read modulo n. Hence, the umbrella of v2 can be written as

(F ′
1, . . . , F

′
m) = (ϕ(F ′

1), ϕ(F
′
2), ϕ(F

′
3), ϕ(F

′
4), . . . , ϕ

ℓ(F ′
1), ϕ

ℓ(F ′
2), ϕ

ℓ(F ′
3), ϕ

ℓ(F ′
4)).

By defining σ := λX(ϕ) we see that u(v2) = α(σ, F ′
1, . . . , F

′
5) is a σ-induced α-cycle in F(X)

which implies that the cycle double cover containing all the vertex-defining cycles of X is given by
orbH((F1, . . . , Fn)) ∪ orbH(α(σ, F ′

1, . . . , F
′
5)). If there exists an automorphism π ∈ Aut(F(X)) sat-

isfying α(π, F ′
1, F

′
2, F

′
3) = α(σ, F ′

1, . . . , F
′
5) then without loss of generality π maps F ′

1 onto F ′
3. Thus,

the automorphism σ′ := π ◦ λX(ϕm) is a non-trivial element in the stabiliser of e1, a contradiction
to |StabAut(X)(e1)| = 1. Thus, H is a (2, 1)-group of F(X) of type 2.
Case (1b): Now, we assume that the automorphisms ϕ2, ϕ4, . . . , ϕm do not stabilise the vertex
v2. Hence, let ψ ∈ Aut(X) be the automorphism that maps F ′

1 onto F ′
2. Since | E1 | = |X2|, the

stabiliser StabAut(X)(e1) is trivial and the automorphism ψ cannot stabilise e1. Hence, we know
that ψ(v2) ̸= v2 and ψ(em) = e2. If we define ϕ′ := ϕ2 ◦ ψ ∈ Aut(X), we observe ϕ′(v2) = v2 and
hence ϕ′ ∈ StabAut(X)(v2). Furthermore, we know that ϕ′(F ′

1) = ϕ2(ψ(F
′
1)) = ϕ2(F

′
2) = F ′

3 and
ϕ′(F ′

m) = ϕ2(ψ(F
′
m)) = ϕ2(F

′
3) = F ′

2. We therefore conclude ϕ′(F ′
i ) = F ′

i+2. If ℓ is the order of ϕ′,
then the umbrella of v2 can be written as (F ′

1, F
′
2, . . . , F

′
m) = (ϕ′(F ′

1), ϕ
′(F ′

2), . . . , ϕ
′ℓ(F ′

1), ϕ
′ℓ(F ′

2)).
By defining σ := λX(ϕ′) we observe that u(v2) = α(σ, F ′

1, F
′
2, F

′
3) is a σ-induced α-cycle in F(X).

Thus, we obtain the cycle double cover containing all the vertex-defining cycles of X as the set
orbH((F1, . . . , Fn)) ∪ orbH(α(σ, F ′

1, F
′
2, F

′
3)). Together with α(σ, F ′

1, F
′
2, F

′
3) = α(σ2, F ′

1, . . . , F
′
5) it

follows that H is a (2, 1)-group of F(X) of type 1.
Case 2: Here, we assume that the Aut(X)-orbits of X1 are given by E ′1, E ′2, E ′3 with |E ′i| = 1

2 |X2|
for i = 1, 2, 3. We define an edge-colouring ω′ of X via ω(e) := i for e ∈ E ′i and i = 1, 2, 3 which
can be translated into a corresponding arc-colouring κ of F(X) as usual. Note that we still obtain
a partition of X1 via

P1 := {e ∈ X1 | X0(e) ∩ V1 ̸= X0(e)}, P2 := {e ∈ X1 | X0(e) ∩ V2 = X0(e)}.
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Since |P2| = 1
2 |X2|, the set P2 must be an Aut(X)-orbit. Thus, without loss of generality, we can

assume P2 = E ′3. This implies P1 = E ′1 ∪E ′2 and the umbrellas of vertices in V1 must be bi-coloured.
This implies that the edges in E ′1 ∪ E ′2 are all mirror edges with respect to ω. Hence, the following
cases remain to be checked:

(a) all the edges of X are mirror edges,

(b) the edges contained in E ′1 ∪E ′2 are mirror edges and the edges in E ′3 are rotational edges.

Case (2a): If all edges are mirror edges, the automorphism group Aut(X) has three vertex-orbits
(as described in the proof of Theorem 5.4.4), a contradiction to vf(X) = (2, 1).
Case (2b): In this case, we observe that all umbrellas in orbAut(X)(v1) are (1, 2, . . . , 1, 2)-coloured
and all umbrellas in orbAut(X)(v2) are (3, 1, 3, 2)-coloured. These umbrellas can directly be trans-
lated into (1, 2)- and (3, 1, 3, 2)-coloured cycles of the face graph F(X) with respect to κ. Hence, we
obtain a vertex-faithful cycle double cover of F(X) consisting of only (1, 2)- and (3, 1, 3, 2)-coloured
cycles and H is a (2, 1)-group of F(X) of type 3.

Next, we assume that H forms a (2, 1)-group of F(X). The arc-colouring of F(X) defines
an edge-colouring ω of X by ω(e) := κ({F, F ′}), where e ∈ X1 and X2(e) = {F, F ′}. Since
H = λX(Aut(X)), and H acts transitively on the nodes of F(X) with |H| = 1 · |V |, we have that
X is face-transitive with trivial face stabiliser. Due to Lemma 5.4.2, two vertices v1 and v2 of X
lie in the same Aut(X)-orbit if and only if the corresponding cycles C1, C2 ∈ C(2,1)(H) in F(X) are
contained in the same H-orbit. This is equivalent to saying that the corresponding vertex-defining
cycles of X have the same colour with respect to κ. Thus, there exist exactly two Aut(X)-orbits
on the vertices, and we obtain vf(X) = (2, 1).

The below corollary is a direct consequence of the above result.

Corollary 5.4.25 Let G be a cubic node-transitive graph and H ≤ Aut(G) a subgroup. If H is a
(2, 1)-group of G, then G is the face graph of a face-transitive surface.

The cubic node-transitive graph G = (V,E) that is illustrated in Figure 5.22 admits the con-
struction of a face-transitive surface with vertex-face type (2, 1). Here, the group H defined by

H := ⟨(1, 3, 6)(2, 4, 5)(7, 12, 10)(8, 11, 9)(13, 23, 15)(14, 24, 16)(17, 30, 33)(18, 29, 34)
(19, 26, 36)(20, 25, 35)(21, 28, 31)(22, 27, 32)(37, 39, 41)(38, 40, 42),

(1, 8, 3, 11, 6, 9)(2, 7, 4, 12, 5, 10)(13, 39, 23, 41, 15, 37)(14, 40, 24, 42, 16, 38)

(17, 26, 30, 36, 33, 19)(18, 25, 29, 35, 34, 20)(21, 32, 28, 22, 31, 27),

(1, 2)(3, 14)(4, 13)(5, 21)(6, 22)(7, 19)(8, 20)(9, 17)(10, 18)(11, 15)(12, 16)(23, 29)

(24, 30)(25, 27)(26, 28)(31, 41)(32, 42)(33, 39)(34, 40)(35, 36)(37, 38)⟩

forms a subgroup Aut(G) that has order 42 = 1 · |V | and acts transitively on the nodes of G. We
observe that the H-orbits on E (illustrated in red and green) are given by

E1 := {{1, 10}, {3, 7}, {2, 8}, {2, 18}, {6, 12}, {4, 11}, {14, 19}, {1, 20}, {4, 29}, {7, 25},
{5, 9}, {16, 22}, {13, 15}, {24, 26}, {17, 40}, {3, 25}, {8, 18}, {5, 34}, {12, 35},
{13, 23}, {19, 27}, {17, 21}, {14, 27}, {31, 38}, {37, 39}, {16, 36}, {30, 42}, {28, 30},
{9, 34}, {6, 35}, {11, 29}, {10, 20}, {21, 40}, {15, 23}, {39, 41}, {26, 32}, {24, 32},
{37, 41}, {33, 38}, {31, 33}, {22, 36}, {28, 42}},
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E2 := {{1, 2}, {3, 4}, {7, 8}, {5, 6}, {11, 12}, {13, 14}, {19, 20}, {9, 10}, {21, 22}, {15, 16},
{23, 24}, {39, 40}, {25, 26}, {17, 18}, {27, 28}, {31, 32}, {37, 38}, {41, 42}, {29, 30},
{33, 34}, {35, 36}}.

1

2

3

4

5

6

7

8

9

10

11

12

13

14

15

16

17
18

19

20

21

22

23

24

25

26

27

28

29

30

31

32

33

34

35
36

37

38

39

40

41
42

Figure 5.22: The cubic node-transitive graph G with H-orbits on its arcs coloured in red and green

By choosing σ defined as

σ :=(1, 9, 6, 11, 3, 8)(2, 10, 5, 12, 4, 7)(13, 37, 15, 41, 23, 39)(14, 38, 16, 42, 24, 40)

(17, 19, 33, 36, 30, 26)(18, 20, 34, 35, 29, 25)(21, 27, 31, 22, 28, 32) ∈ H,

we construct the following cycle double cover with Corollary 5.4.25:

orbH(α(σ, 1, 10, 9)) ∪ orbH((1, 10, 20))

= {(1, 10, 9, 5, 6, 12, 11, 4, 3, 7, 8, 2), (1, 20, 19, 14, 13, 15, 16, 22, 21, 17, 18, 2),
(3, 25, 26, 24, 23, 13, 14, 27, 28, 30, 29, 4), (5, 34, 33, 31, 32, 24, 23, 15, 16, 36, 35, 6),

(7, 25, 26, 32, 31, 38, 37, 39, 40, 17, 18, 8), (9, 34, 33, 38, 37, 41, 42, 28, 27, 19, 20, 10),

(11, 29, 30, 42, 41, 39, 40, 21, 22, 36, 35, 12), (37, 41, 39), (13, 23, 15), (14, 27, 19),

(3, 25, 7), (31, 38, 33), (17, 40, 21), (4, 29, 11), (5, 34, 9), (6, 35, 12), (1, 20, 10),

(24, 32, 26), (16, 36, 22), (2, 18, 8), (28, 42, 30)}.

Since the above cycle double cover is vertex-faithful, we know that H is a (2, 1)-group of G of type
1. This cycle double cover gives rise to the face-transitive surface X satisfying vf(X) = (2, 1) and
F(X) ∼= G. With GAP we have been able to verify that X is orientable with C7 ⋊ C6

∼= Aut(X)
and Aut(F(X)) ∼= PSL(3, 2)⋊ C2.
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Furthermore, the simplicial surface Y described by the below vertices of faces forms a face-
transitive surface with λY (Aut(Y )) being a (2, 1)-group of type 2 :

Θ(Y ) = {{v11, v12, v13}, {v9, v10, v14}, {v9, v11, v14}, {v7, v8, v15}, {v6, v11, v13}, {v8, v9, v13},
{v5, v11, v16}, {v4, v7, v17}, {v5, v8, v16}, {v4, v9, v18}, {v3, v10, v19}, {v4, v9, v17},
{v7, v8, v20}, {v2, v9, v17}, {v11, v12, v20}, {v3, v10, v18}, {v9, v10, v20}, {v4, v12, v21},
{v8, v12, v13}, {v2, v3, v16}, {v6, v11, v16}, {v3, v11, v21}, {v8, v12, v17}, {v4, v6, v16},
{v3, v8, v20}, {v3, v4, v21}, {v6, v8, v19}, {v1, v7, v17}, {v1, v3, v19}, {v1, v5, v13},
{v1, v7, v15}, {v2, v12, v16}, {v8, v9, v15}, {v7, v10, v19}, {v2, v6, v19}, {v2, v7, v19},
{v3, v8, v16}, {v5, v10, v13}, {v7, v11, v14}, {v4, v6, v14}, {v2, v5, v18}, {v7, v11, v21},
{v4, v7, v14}, {v4, v5, v15}, {v2, v7, v20}, {v1, v12, v21}, {v5, v10, v14}, {v1, v12, v18},
{v9, v11, v15}, {v1, v9, v18}, {v1, v9, v13}, {v1, v5, v19}, {v5, v8, v19}, {v6, v10, v21},
{v7, v10, v21}, {v3, v11, v20}, {v1, v3, v15}, {v1, v6, v17}, {v4, v5, v18}, {v2, v12, v17},
{v6, v10, v13}, {v6, v8, v17}, {v2, v9, v20}, {v2, v5, v14}, {v10, v12, v20}, {v3, v4, v15},
{v5, v11, v15}, {v10, v12, v18}, {v1, v6, v21}, {v4, v12, v16}, {v2, v6, v14}, {v2, v3, v18}}.

We observe that the simplicial surface Y is non-orientable and consists of 21 vertices, 108 edges
and 72 faces and therefore forms an example of a simplicial surface with Euler characteristic −15.
It can be shown that Y satisfies Aut(Y ) ∼= Aut(F(Y )) ∼= (C3 × C3)⋊ C8.

Lastly, the simplicial surface Z, determined by the following vertices of faces, forms a face-
transitive surface with vf(Z) = (2, 1) and | orbAut(Z)(Z1)| = 3 :

Θ(Z) = {{v14, v15, v16}, {v12, v13, v17}, {v10, v11, v18}, {v8, v9, v19}, {v6, v7, v20}, {v5, v6, v21},
{v8, v14, v21}, {v11, v14, v22}, {v4, v12, v23}, {v3, v11, v17}, {v2, v13, v23}, {v9, v10, v24},
{v5, v6, v25}, {v3, v6, v20}, {v5, v14, v26}, {v3, v6, v25}, {v10, v15, v27}, {v7, v15, v27},
{v4, v5, v26}, {v10, v11, v16}, {v3, v11, v18}, {v3, v12, v17}, {v4, v15, v26}, {v11, v13, v17},
{v2, v4, v28}, {v6, v8, v21}, {v7, v9, v29}, {v8, v13, v19}, {v1, v2, v28}, {v7, v15, v30},
{v11, v14, v16}, {v14, v15, v26}, {v7, v9, v27}, {v4, v15, v30}, {v12, v13, v23}, {v6, v8, v29},
{v2, v13, v19}, {v7, v12, v30}, {v2, v9, v24}, {v10, v15, v16}, {v1, v3, v18}, {v1, v5, v28},
{v8, v9, v29}, {v1, v3, v25}, {v1, v10, v18}, {v4, v12, v30}, {v1, v5, v25}, {v2, v9, v19},
{v8, v14, v22}, {v2, v4, v23}, {v7, v12, v20}, {v6, v7, v29}, {v4, v5, v28}, {v1, v2, v24},
{v11, v13, v22}, {v3, v12, v20}, {v9, v10, v27}, {v1, v10, v24}, {v5, v14, v21}, {v8, v13, v22}}.

This orientable simplicial surface has 30 vertices, 90 edges and 60 faces. We furthermore see that
Z satisfies Aut(Z) ∼= Aut(F(Z)) ∼= S3 ×D2·10.

A face-transitive surface X that is constructed with the help of Corollary 5.4.25 does not have
to satisfy vf(X) = (2, 1). This could be verified by examining the simplicial octahedron O together
with the (2, 1)-group H of F(O) of type 1:

H := ⟨(1, 5)(2, 8)(3, 7)(4, 6), (1, 6)(2, 5)(3, 8)(4, 7), (1, 8)(2, 7)(3, 6)(4, 5)⟩.

The proof of Theorem 5.4.24 implies that a face-transitive surface of vertex-face type (2, 1) contains
vertices of even vertex-degree.
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Proposition 5.4.26

Let X be a face-transitive surface with vf(X) = (2, 1). Furthermore, let V1 and V2 be the
orbits on the vertices of X with |V1| < |V2|. Then for all v ∈ V2 the degree deg(v) is even.

We conclude this section by stating how we construct face-transitive surfaces of vertex-face-type
(2, 1) in GAP.

Algorithm 10: Compute all face-transitive surfaces with vertex-face type (2, 1) of a given
node-transitive graph (Type 1)

Input: A node-transitive cubic graph G = (V,E)
Output: A set of face-transitive surfaces with vertex-face type (2, 1)

1 surfaces← {};
2 candidates← {H ≤ Aut(G) | |H| = 1 · |V |, | orbH(V )| = 1 and | orbH(E)| = 2};
3 for H in candidates do
4 red← H-orbit on E of size |V | // coloured in 1;
5 green← H-orbit on E of size 1

2 |V | // coloured in 2;
6 [F1, F2, F3]← [F1, F2, F3] is a path of length 3 in G with {{F1, F2}, {F2, F3}} ⊈ red;
7 σ ← σ′ ∈ {σ ∈ Aut(G) | σ(F1) = F3};
8 cdc← orbH(α(σ, F1, F2, F3));
9 cdc← cdc ∪ {C | C is a mono-coloured of G of colour 1};

10 if cdc is a vertex-faithful cycle double cover of G then
11 X ← simplicial surface with F(X) = G and vertices corresponding to cdc;
12 if |Aut(X)| = 1 · |X2| then
13 Add(surfaces, X);

14 return surfaces;
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Algorithm 11: Compute all face-transitive surfaces with vertex-face type (2, 1) of a given
cubic node-transitive graph (Type 2)

Input: A node-transitive cubic graph G = (V,E)
Output: A set of face-transitive surfaces with vertex-face type (2, 1)

1 surfaces← {};
2 candidates← {H ≤ Aut(G) | |H| = 1 · |V |, | orbH(V )| = 1 and | orbH(E)| = 2};
3 paths← {[F1, . . . , F5] | [F1, . . . , F5] is a path of length 5 inG} ;
4 for H in candidates do
5 red ← H-orbit on E of size |V | // coloured in 1;
6 green ← H-orbit on E of size 1

2 |V | // coloured in 2;
7 for [F1, . . . , F5] in paths do
8 if {F1, F2}, {F3, F4} in red and {F2, F3}, {F4, F5} in green then
9 σ1 ← σ′ ∈ {σ ∈ Aut(G) | σ(F1) = F3};

10 σ2 ← σ′ ∈ {σ ∈ Aut(G) | σ(F1) = F5};
11 if σ21 ̸= σ2 then
12 cdc← orbH(α(σ2, F1, . . . , F5));
13 cdc← cdc ∪ {C | C is a mono-coloured of G of colour 1};
14 if cdc is a vertex-faithful cycle double cover of G then
15 X ← simplicial surface with F(X) = G and vertices corresponding to cdc;
16 if |Aut(X)| = 1 · |X2| then
17 Add(surfaces, X);

18 return surfaces;

Algorithm 12: Compute all face-transitive surfaces with vertex-face type (2, 1) of a given
cubic node-transitive graph (Type 3)

Input: A node-transitive cubic graph G = (V,E)
Output: A set of face-transitive surfaces with vertex-face type (2, 1)

1 surfaces← {};
2 candidates← {H ≤ Aut(G) | |H| = 1 · |V |, | orbH(V )| = 1 and | orbH(E)| = 3};
3 for H in candidates do
4 for l in [[1, 2, 3], [1, 3, 2], [2, 1, 3], [2, 3, 1], [3, 1, 2], [3, 2, 1]] do
5 red← l[1]-th H-orbit on E // edges coloured in 1 ;
6 blue← l[2]-th H-orbit on E // edges coloured in 2;
7 green← l[3]-th H-orbit on E // edges coloured in 3;
8 cdc← {C | C is a (1, 2)-cycle};
9 cdc← cdc ∪ {C | C is a (3, 1, 3, 2)-cycle};

10 if cdc is a vertex-faithful cycle double cover of G then
11 X ← simplicial surface with F(X) = G with vertices corresponding to cdc;
12 if |Aut(X)| = 1 · |X2| then
13 Add(surfaces,X);

14 return surfaces;
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5.4.7 Face-transitive surfaces with vertex-face type (1,1)

Lastly, we deal with the face-transitive surfaces with vertex-face type (1, 1). We prove that the
umbrellas representing the vertices of such a simplicial surface are either tri-coloured or correspond
to automorphism induced α-cycles. For this purpose, we introduce different notions of (1, 1)-groups
of given node-transitive cubic graphs.

Definition 5.4.27

Let G = (V,E) be a cubic node-transitive graph and H ≤ Aut(G) such that

1. H acts transitively on the nodes V with |H| = 1 · |V |, and

2. E partitions into three H-orbits E1, E2, and E3, all of cardinality
1
2 |V |.

The partition E = E1 ⊎ E2 ⊎ E3 gives rise to the arc-colouring κ : E → {1, 2, 3} via
κ({F, F ′}) := i for {F, F ′} ∈ Ei. If the (unique) set consisting of all the (1, 2, 3)-cycles
with respect to κ forms a vertex-faithful cycle double cover of G, then we say that H is

a (1, 1)-group of G of type 1, with the cycle double cover denoted by C(1,1)1 (H). If the
(unique) set consisting of all the (1, 2, 3, 1, 3, 2)-cycles with respect to κ forms a vertex-
faithful cycle double cover of G, then we say that H is a (1, 1)-group of G of type 2,

with the cycle double cover denoted by C(1,1)2 (H).

Definition 5.4.28

Let G = (V,E) be a cubic node-transitive graph and H ≤ Aut(G) such that

1. H acts transitively on the nodes V with |H| = 1 · |V |,

2. E partitions into two H-orbits E1 and E2 with |E1| = |V | and |E2| = 1
2 |V |, and

3. there exist nodes F1, . . . , F7 ∈ V satisfying {F2, F3}, {F3, F4}, {F5, F6}, {F6, F7} ∈ E1

and {F1, F2}, {F4, F5} ∈ E2, and σ ∈ Aut(G) such that σ(F1) = F7.

The partition E = E1 ⊎ E2 gives rise to an arc-colouring κ : E → {1, 2} of G via
κ({F, F ′}) := i for {F, F ′} ∈ Ei. Further, let orbH(α(σ, F1, . . . , F7)) be a vertex-faithful
cycle double cover of G. We say that H is a (1, 1)-group of G of type 3, if there exists
an automorphism π ∈ Aut(G) with α(π, F1, . . . , F4) = α(σ, F1, . . . , F7). We denote the

above cycle double cover by C(1,1)3 (H). If there exists no such automorphism π, then we
say that H is a (1, 1)-group of G of type 4 and denote the above cycle double cover by

C(1,1)4 (H).

In this section, we refer to a subgroup H ≤ Aut(G) as a (1, 1)-group, if H is a (1, 1)-group of
any type. Additionally, we denote the corresponding cycle double cover by C(1,1)(H). Now, we
formulate the main result of this subsection.

Theorem 5.4.29

A simplicial surface X is a face-transitive surface with vf(X) = (1, 1) if and only if
H := λX(Aut(X)) is a (1, 1)-group of F(X) and the cycle double cover C(1,1)(H) contains
exactly the vertex-defining cycles of X.
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Proof. Let X be a face-transitive surface satisfying vf(X) = (1, 1). Then the automorphism group
Aut(X) has exactly 1 · |X2| elements. By the orbit-stabiliser theorem, there are either (1) exactly
three edge-orbits or (2) exactly two edge-orbits of Aut(X) acting on X1. We therefore give a case
distinction with respect to the number of Aut(X)-orbits on X1 to obtain the desired result.

Case 1:

Let E1, E2, E3 with | E1 | = | E2 | = | E3 | = 1
2 |X2| be the Aut(X)-orbits on X1. These edge-orbits

naturally yield a Grünbaum-colouring ω of X via ω(e) := i for e ∈ E i . This Grünbaum-colouring
can be translated into an arc-colouring κ of F(X) via κ({F1, F2}) := ω(e), where e ∈ X1 is an edge
with X2(e) = {F1, F2}. Since Aut(X) and H are isomorphic, the colour classes of κ are exactly
the H-orbits on the arcs. By Lemma 3.1.8, all edges that are contained in the same Aut(X)-orbit
have the same type with respect to ω, i.e. the edges in an edge-orbit E i for an i ∈ {1, 2, 3} are
either all rotational edges or all mirror edges with respect to ω. This can be verified by examining
the non-trivial automorphism of an edge-stabiliser. To describe the vertex-defining umbrellas of X,
we give a case distinction with respect to the types of the edges contained in the sets E1, E2, E3.
Without loss of generality, this case distinction results in the following four cases:

(a) all the edges of X are mirror edges,

(b) the edges in E1 ∪E2 are mirror edges and the edges in E3 are rotational edges,

(c) the edges in E1 are mirror edges and the edges in E2 ∪E3 are rotational edges,

(d) all the edges of X are rotational edges.

In the following we will verify that only (c) and (d) occur as possible structures of the Grünbaum-
colouring ω of X.
Case 1(a): If all edges of X are mirror edges, then the umbrellas of X are all bi-coloured with
respect to ω. More precisely, let F ∈ X2 be a face with X0(F ) = {v1, v2, v3} ∈ X2 and e1, e2, e3
edges with X0(ei) = {v1, v2, v3} \ {vi}. Furthermore, we assume that for i = 1, 2, 3 the edge ei is
contained in the edge-orbit E i. Since all edges ofX are mirror edges, we know that the colours of the
umbrellas u(v1), u(v2) and u(v3) are given by ω(u(v1)) = (2, 3, . . . , 2, 3), ω(u(v2)) = (1, 3, . . . , 1, 3)
and ω(u(v3)) = (1, 2, . . . , 1, 2). In particular, v1 is not incident to any edge in E1, but v2 is. Since
the colour classes of ω are Aut(X)-orbits on the edges, it follows that no automorphism in Aut(X)
can map v1 onto v2. This contradicts vf(X) = (1, 1).
Case 1(b): Let F be a face, e1, e2, e3 edges and v1, v2, v3 vertices with incidences as described in
the previous case. Since e1 and e2 are mirror edges with respect to ω, the umbrella of v3 must be
bi-coloured with ω(u(v3)) = (1, 2, . . . , 1, 2). Hence, we see that v3 is not incident to any edge of
colour 3. Since the colour classes of ω are Aut(X)-orbits on X1, there exists no automorphism of
X mapping v3 onto v2 or v1. Again, this contradicts the fact that vf(X) = (1, 1).
Case 1(c): Here, we describe that this case leads to tri-coloured umbrellas corresponding to the
vertices of X, as defined in Definition 5.4.1: For a vertex v ∈ X0 the colour of the corresponding
umbrella u(v) = (F1, . . . , Fn) is given by

ω(u(v)) = (1, 2, 3, 1, 3, 2, . . . , 1, 2, 3, 1, 3, 2),

see Figure 5.23. Take a moment to verify that, no matter the starting configuration, the colour of
the umbrella is determined. In addition to that, the vertex-degrees must be multiples of 6.
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(a) (b)

Figure 5.23: The edge-coloured umbrella u(v) of the simplicial surface (a) and the corresponding
arc-coloured subgraph in F(X) (b)

Since Aut(X) acts transitively on the vertices of X, we conclude that all vertex-defining um-
brellas of X are (1, 2, 3, 1, 3, 2)-coloured. Hence, we obtain a vertex-faithful cycle double cover of
F(X) consisting of only (1, 2, 3, 1, 3, 2)-cycles and H is a (1, 1)-group of F(X) of type 2.
Case 1(d): Here, we conclude that, for all v ∈ X0, the colour of the corresponding umbrella
u(v) = (F1, . . . , Fn) is given by ω(u(v)) = (1, 2, 3, . . . , 1, 2, 3). In Figure 5.24a we give an illustration
of such an umbrella.

v

(a) (b)

Figure 5.24: The edge-coloured umbrella u(v) of the simplicial surface X (a) and the corresponding
arc-coloured subgraph in F(X) (b)

As before, these (1, 2, 3)-umbrellas are translated into (1, 2, 3)-cycles of the underlying face graph
F(X), see Figure 5.24b. This results in H being a (1, 1)-group of type 1.

Case 2:

We assume that the Aut(X)-orbits on X1 are given by E1, E2 with | E1 | = |X2| and | E2 | = 1
2 |X2|.

Hence, the map ω : X1 → {1, 2} defined by ω(e) := i for i = 1, 2 forms an edge-colouring of X
leading to an arc-colouring κ of F(X) via κ({F, F ′}) := ω(e) for X2(e) = {F, F ′}. This enables us
to determine the umbrellas of X as follows: Let v ∈ X0 be a vertex with corresponding umbrella
u(v) = (F1, . . . , Fn). As described in the proof of Theorem 5.4.16, the umbrella of the vertex v
forms a (1, 1, 2)-umbrella with respect to ω. Since Aut(X) acts transitively on the vertices of X, all
the umbrellas of X are (1, 1, 2)-umbrellas and must be of the same vertex-degree divisible by 3. If
the vertex-degree of any vertex of X is 3, then X must be isomorphic to the simplicial tetrahedron
which results in vf(X) = (1, 6) ̸= (1, 1). Hence, all vertex-degrees of X are at least 6.
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Next, we construct automorphisms of X to show that the umbrella u(v) is induced by an
automorphism. Therefore, for i = 1, . . . , n let Fi be a face with X0(Fi) = {v, vi, vi+1} and ei ∈ Xi

an edge with X0(ei) = {v, vi} (subscripts read modulo n). Without loss of generality, we assume
e1 ∈ E1 and e2 ∈ E2.

F2

F3

F4

F5

F6

F1

v2

v3v4

v5

v6 v1

v

(a) (b)

Figure 5.25: The edge-coloured umbrella u(v) of the simplicial surface X (a) and the corresponding
arc-coloured subgraph in F(X) (b)

Furthermore, let ϕ1, ϕ2 ∈ Aut(X) be the unique automorphism that satisfy ϕ1(F1) = F4 and
ϕ2(F4) = F7, where we read the subscripts modulo deg(v). With these maps we define the auto-
morphisms σ1 := λX(ϕ1) and σ2 := λX(ϕ2). This results in two cases, namely

(a) (F1, . . . , Fn) = α(σ1, F1, . . . , F4), and

(b) (F1, . . . , Fn) ̸= α(σ, F1, . . . , F4).

Case 2(a): We directly conclude σ1 = σ2 and α(σ1, F1, . . . , F4) = α(σ1
2, F1, . . . , F7). Since the

vertex-defining cycles of X are given by orbH(α(σ1, F1, . . . , F7)), we see that H is a (1, 1)-group of
type 3.
Case 2(b): Note that in this case the automorphisms ϕ1 and ϕ2 both do not stabilise the vertex
v. However, we can make use of these automorphisms to construct an automorphism that does. By
defining ϕ′ := ϕ2◦ϕ1, we observe that ϕ′(Fi) = Fi+6, for all 1 ≤ i ≤ n. Hence, we define γ := λX(ϕ′)
and obtain the vertex-defining cycle of v via (F1, . . . , Fn) = α(γ, F1, . . . , F7). Since there exists no
π ∈ Aut(F(X)) with α(π, F1, . . . , F4) = α(σ, F1, . . . , F7), the subgroup H is a (1, 1)-group of type 4.

Now, let H be a (1, 1)-group of F(X) with cycle double cover C(1,1)(H). Further, let F ∈ X2 be
an arbitrary face. Since Aut(X) ∼= H, the simplicial surface X is face-transitive and the stabiliser
StabH(F ) of the node F is isomorphic to StabAut(X)(F ) of the face F with | StabAut(X) | = 1.
Additionally, Lemma 5.4.2 implies that Aut(X) acts transitively on the vertices of X, i.e. X is a
face-transitive surface satisfying vf(X) = (1, 1).

The above theorem allows us to formulate the following corollary.

Corollary 5.4.30 Let G be a cubic node-transitive graph and H ≤ Aut(G) a subgroup. If H is a
(1, 1)-group of G, then G is the face graph of a face-transitive surface.

An example of a face-transitive surface X with exactly one Aut(X)-orbit on X0 and trivial
face-stabilisers is determined by the following vertices of faces. We observe that X contains 9
vertices, 27 edges and 18 faces. Thus, the Euler-characteristic of X is given by χ(X) = 0. Since X
is orientable, X is a simplicial torus:
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Θ(X) = {{v7, v8, v9}, {v6, v7, v8}, {v3, v4, v5}, {v4, v8, v9}, {v2, v3, v8}, {v3, v5, v7},
{v1, v2, v3}, {v3, v4, v8}, {v1, v2, v5}, {v4, v6, v9}, {v2, v6, v8}, {v1, v6, v7},
{v1, v3, v7}, {v2, v4, v6}, {v2, v4, v5}, {v1, v5, v9}, {v1, v6, v9}, {v5, v7, v9}}.

This face-transitive surface can be reconstructed from its corresponding face graph F(X), see
Figure 5.26, and the automorphism group

H := Aut(F(X)) = ⟨(1, 3)(2, 15)(4, 8)(5, 10)(6, 18)(7, 17)(9, 12)(11, 14)(13, 16),
(1, 4)(2, 10)(3, 6)(5, 16)(7, 9)(8, 18)(11, 17)(12, 14)(13, 15),

(1, 16, 7, 8, 10, 12, 6, 15, 11)(2, 18, 9, 5, 4, 17, 13, 3, 14)⟩.

The action of H on the arcs of F(X) yields the following three orbits:

E1 := {{1, 2}, {3, 15}, {4, 10}, {16, 18}, {6, 13}, {11, 14}, {5, 8}, {12, 17}, {7, 9}},
E2 := {{1, 4}, {3, 8}, {16, 17}, {6, 18}, {10, 14}, {7, 13}, {5, 11}, {9, 15}, {2, 12}},
E3 := {{1, 18}, {3, 6}, {4, 8}, {9, 16}, {14, 15}, {10, 17}, {12, 13}, {5, 7}, {2, 11}}.

Figure 5.26 shows an illustration of the face graph F(X) with the partition sets E1, E2, E3 coloured
in red, green and blue, respectively.
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18

Figure 5.26: The face graph F(X) with H-orbits on its arcs coloured in red, green and blue

Hence, we obtain the following set of (1, 2, 3)-cycles and notice that this set yields the vertices
of the simplicial surface X:

{(7, 13, 12, 17, 16, 9), (5, 11, 14, 15, 9, 7), (3, 8, 5, 7, 13, 6),
(3, 15, 14, 10, 4, 8), (3, 15, 9, 16, 18, 6), (2, 12, 17, 10, 14, 11),

(1, 18, 6, 13, 12, 2), (1, 4, 8, 5, 11, 2), (1, 18, 16, 17, 10, 4)}.

Since the above cycle double cover is vertex-faithful, H forms a (1, 1)-group of F(X) of type 1.
Note that Aut(X) ∼= Aut(F(X)) ∼= D2·9 holds. With Y (corresponding vertices of faces given
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below), we obtain an example of a face-transitive surface with vf(Y ) = (1, 1), where λY (Aut(Y ))
is a (1, 1)-group of type 2 of F(Y ) :

Θ(Y ) = {{v16, v17, v18}, {v13, v14, v15}, {v11, v12, v14}, {v8, v9, v10}, {v6, v7, v9}, {v5, v8, v17},
{v4, v12, v13}, {v3, v15, v16}, {v5, v10, v18}, {v2, v7, v8}, {v2, v9, v17}, {v7, v10, v11},
{v3, v4, v13}, {v1, v11, v16}, {v6, v12, v17}, {v13, v16, v17}, {v2, v3, v14}, {v6, v13, v18},
{v2, v6, v11}, {v1, v8, v9}, {v3, v5, v8}, {v12, v13, v18}, {v14, v16, v18}, {v1, v5, v7},
{v4, v9, v17}, {v2, v11, v15}, {v6, v12, v16}, {v1, v4, v11}, {v6, v10, v15}, {v3, v13, v16},
{v8, v12, v17}, {v1, v14, v18}, {v5, v11, v14}, {v2, v7, v13}, {v2, v10, v16}, {v4, v8, v12},
{v4, v5, v14}, {v7, v8, v18}, {v1, v5, v15}, {v4, v11, v15}, {v1, v12, v16}, {v5, v6, v7},
{v3, v9, v12}, {v8, v10, v15}, {v2, v3, v8}, {v1, v7, v17}, {v5, v6, v11}, {v9, v13, v14},
{v2, v13, v15}, {v3, v4, v10}, {v2, v9, v10}, {v11, v12, v18}, {v5, v17, v18}, {v1, v14, v15},
{v3, v12, v14}, {v6, v10, v18}, {v1, v9, v12}, {v6, v15, v16}, {v2, v6, v17}, {v3, v7, v9},
{v4, v5, v10}, {v3, v5, v15}, {v1, v8, v18}, {v2, v14, v16}, {v7, v13, v17}, {v6, v9, v13},
{v3, v7, v10}, {v4, v8, v15}, {v1, v4, v17}, {v10, v11, v16}, {v4, v9, v14}, {v7, v11, v18}}.

Note that Y is orientable and satisfies |Y0| = 18, |Y1| = 108, |Y2| = 72. With GAP we can verify
that Aut(Y ) ∼= Aut(F(Y )) ∼= (S3 × S3) ⋊ C2. Next, we present the simplicial surface Z that is
described by the following vertices of faces:

Θ(Z) = {{v18, v19, v20}, {v15, v16, v17}, {v12, v13, v14}, {v10, v11, v13}, {v9, v12, v19}, {v8, v12, v13},
{v7, v16, v18}, {v6, v10, v16}, {v5, v7, v15}, {v9, v14, v16}, {v3, v4, v10}, {v6, v13, v20},
{v4, v12, v17}, {v2, v3, v19}, {v1, v2, v13}, {v2, v9, v15}, {v5, v14, v17}, {v4, v13, v15},
{v8, v14, v17}, {v12, v14, v19}, {v2, v6, v17}, {v4, v7, v20}, {v10, v17, v19}, {v3, v11, v14},
{v6, v9, v16}, {v2, v7, v10}, {v1, v11, v17}, {v3, v4, v16}, {v13, v18, v19}, {v10, v13, v16},
{v5, v6, v15}, {v13, v16, v19}, {v6, v13, v14}, {v2, v6, v14}, {v5, v10, v11}, {v2, v11, v13},
{v1, v6, v20}, {v1, v4, v7}, {v9, v10, v20}, {v9, v11, v18}, {v9, v15, v19}, {v9, v11, v20},
{v7, v11, v16}, {v4, v5, v13}, {v7, v8, v18}, {v3, v5, v6}, {v2, v10, v19}, {v2, v3, v14},
{v15, v16, v19}, {v6, v7, v10}, {v3, v6, v18}, {v13, v15, v20}, {v1, v5, v9}, {v3, v18, v20},
{v6, v12, v18}, {v1, v8, v16}, {v2, v8, v15}, {v2, v7, v8}, {v1, v7, v12}, {v4, v5, v14},
{v1, v8, v13}, {v1, v11, v12}, {v8, v14, v20}, {v1, v5, v19}, {v2, v17, v18}, {v1, v2, v4},
{v4, v17, v18}, {v1, v3, v19}, {v8, v9, v10}, {v3, v11, v12}, {v6, v15, v17}, {v1, v6, v9},
{v4, v12, v15}, {v3, v12, v15}, {v8, v10, v12}, {v5, v7, v19}, {v4, v10, v20}, {v4, v9, v14},
{v10, v12, v17}, {v3, v5, v10}, {v5, v8, v18}, {v2, v4, v9}, {v7, v11, v15}, {v3, v8, v20},
{v7, v14, v20}, {v7, v14, v19}, {v8, v16, v17}, {v5, v11, v17}, {v5, v8, v9}, {v11, v15, v20},
{v9, v12, v18}, {v1, v3, v16}, {v3, v8, v15}, {v2, v11, v18}, {v1, v17, v20}, {v11, v14, v16},
{v4, v16, v18}, {v6, v7, v12}, {v5, v13, v18}, {v17, v19, v20}}.

We observe that Z is a face-transitive surface with vertex-face type (1, 1). Furthermore, we see that
Z is orientable and has exactly 20 vertices, 150 edges and 100 faces. Additionally, the automorphism
groups of Z and its face graph F(Z) are isomorphic with Aut(Z) ∼= Aut(F(Z)) ∼= C5 × (C5 ⋊C4).
It can be verified that the group λZ(Aut(Z)) is a (1, 1)-group of type 3 of F(Z).
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Lastly, we present a non-orientable surface Z ′ that is an example of a face-transitive surface
with vf(Z ′) = (1, 1) and λZ′(Aut(Z ′)) forming a (1, 1)-group of F(Z ′) of type 4. The incidence
structure of this simplicial surface is fully determined by the following vertices of faces:

Θ(Z ′) = {{v26, v27, v28}, {v24, v25, v27}, {v21, v22, v23}, {v19, v20, v22}, {v18, v19, v26}, {v16, v17, v20},
{v14, v15, v24}, {v12, v13, v15}, {v10, v11, v22}, {v15, v21, v28}, {v9, v13, v14}, {v7, v8, v28},
{v6, v14, v18}, {v8, v13, v26}, {v4, v5, v26}, {v11, v15, v19}, {v3, v18, v25}, {v12, v21, v22},
{v2, v4, v28}, {v9, v24, v27}, {v3, v24, v26}, {v4, v9, v13}, {v18, v26, v27}, {v6, v17, v21},
{v1, v6, v11}, {v6, v7, v17}, {v11, v16, v19}, {v20, v23, v27}, {v7, v22, v23}, {v2, v18, v27},
{v7, v12, v16}, {v5, v19, v25}, {v10, v15, v20}, {v7, v15, v28}, {v10, v13, v16}, {v7, v8, v23},
{v4, v17, v26}, {v13, v14, v16}, {v10, v16, v20}, {v2, v8, v17}, {v2, v14, v18}, {v7, v17, v27},
{v3, v17, v26}, {v7, v12, v15}, {v2, v14, v24}, {v1, v4, v21}, {v12, v18, v22}, {v4, v11, v23},
{v1, v7, v27}, {v16, v19, v24}, {v5, v6, v12}, {v13, v15, v19}, {v2, v10, v13}, {v6, v7, v14},
{v2, v4, v5}, {v5, v12, v26}, {v5, v14, v22}, {v12, v24, v25}, {v3, v11, v17}, {v8, v9, v23},
{v4, v23, v25}, {v5, v10, v22}, {v18, v19, v22}, {v19, v24, v26}, {v10, v15, v24}, {v13, v19, v25},
{v1, v3, v9}, {v4, v11, v28}, {v2, v8, v13}, {v20, v27, v28}, {v1, v8, v25}, {v2, v17, v27},
{v7, v14, v22}, {v5, v8, v25}, {v6, v10, v11}, {v14, v16, v21}, {v3, v9, v18}, {v8, v17, v20},
{v5, v8, v9}, {v11, v16, v17}, {v2, v5, v10}, {v5, v9, v14}, {v9, v23, v27}, {v8, v26, v28},
{v1, v16, v21}, {v4, v17, v21}, {v12, v16, v24}, {v20, v22, v28}, {v12, v18, v25}, {v11, v22, v28},
{v5, v6, v19}, {v6, v19, v20}, {v1, v7, v16}, {v6, v10, v18}, {v12, v13, v26}, {v11, v15, v23},
{v1, v4, v9}, {v3, v23, v25}, {v1, v25, v27}, {v9, v10, v18}, {v4, v13, v25}, {v14, v15, v21},
{v2, v3, v28}, {v9, v10, v24}, {v3, v21, v28}, {v15, v20, v23}, {v1, v6, v20}, {v6, v12, v21},
{v1, v8, v20}, {v3, v21, v23}, {v2, v3, v24}, {v1, v3, v11}}.

Hence, Z ′ satisfies (|Z ′
0|, |Z ′

1|, |Z ′
2|) = (28, 168, 112) and

Aut(Z ′) ∼= Aut(F(Z ′)) ∼= C2 × ((C2 × C2 × C2)⋊ C7).

Next, we demonstrate that a simplicial surface that is obtained from Corollary 5.4.30 does not
have to be a face-transitive surface satisfying vf(X) = (1, 1). We therefore consider the simplicial
tetrahedron T and its face graph illustrated in Figure 5.27. Furthermore, we define the group
H ′ as H ′ := ⟨(1, 2)(3, 4), (1, 3)(2, 4), (1, 4)(2, 3)⟩ ≤ Aut(F(T )). We observe that |H ′| = 4 and the
H ′-orbits on the arcs of F(T ) = (V,E) are given by

orbH′(E) = { {{1, 2}, {3, 4}}, {{1, 3}, {2, 4}}, {{1, 4}, {2, 3}} }.

3 4

2

1

Figure 5.27: The face graph F(T ) with H ′-orbits on its arcs coloured in red, green and blue

114



Hence, the set {(1, 2, 3), (1, 2, 4), (1, 3, 4), (2, 3, 4)} forms the cycle double cover consisting of
the resulting (1, 2, 3)-cycles. These cycles are exactly the vertex-defining cycles of the simplicial
tetrahedron T and hence the corresponding face-stabilisers are not trivial.

By examining the proof of Theorem 5.4.29 more closely, we obtain the following result.

Proposition 5.4.31

Let X be a face-transitive surface with vf(X) = (1, 1). Then for all v ∈ X0 the degree
deg(v) is divisible by 3.

Finally, we present the algorithms that enable us to construct face-transitive surfaces with
vertex-face type (1, 1) in GAP.

Algorithm 13: Compute all face-transitive surfaces with vertex-face type (1, 1) of a given
cubic node-transitive graph (Type 1)

Input: A node-transitive cubic graph G = (V,E)
Output: A set of face-transitive surfaces with vertex-face type (1, 1)

1 surfaces← {};
2 candidates← {H ≤ Aut(G) | |H| = 1 · |V |, | orbH(V )| = 1 and | orbH(E)| = 3};
3 for H in candidates do
4 red← first H-orbit on E // edges coloured in 1;
5 blue← second H-orbit on E // edges coloured in 2;
6 green← third H-orbit on E // edges coloured in 3;
7 cdc← {C | C is a (1, 2, 3)-cycle};
8 if cdc is a vertex-faithful cycle double cover of G then
9 X ← simplicial surface with F(X) = G and vertices corresponding to cdc;

10 if |Aut(X)| = 1 · |X2| then
11 Add(surfaces, X);

12 return surfaces;
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Algorithm 14: Compute all face-transitive surfaces with vertex-face type (1, 1) of a given
cubic node-transitive graph (Type 2)

Input: A node-transitive cubic graph G = (V,E)
Output: A set of face-transitive surfaces with vertex-face type (1, 1)

1 surfaces← {};
2 candidates← {H ≤ Aut(G) | |H| = 1 · |V |, | orbH(V )| = 1 and | orbH(E)| = 3};
3 for H in candidates do
4 for l in [[1, 2, 3], [1, 3, 2], [2, 1, 3], [2, 3, 1], [3, 1, 2], [3, 2, 1]] do
5 red← l[1]-th H-orbit on E // edges coloured in 1 ;
6 blue← l[2]-th H-orbit on E // edges coloured in 2;
7 green← l[3]-th H-orbit on E // edges coloured in 3;
8 cdc← {C | C is a (1, 2, 3, 1, 3, 2)-cycle};
9 if cdc is a vertex-faithful cycle double cover of G then

10 X ← simplicial surface with F(X) = G and vertices corresponding to cdc;
11 if |Aut(X)| = 1 · |X2| then
12 Add(surfaces, X);

13 return surfaces;

Algorithm 15: Compute all face-transitive surfaces with vertex-face type (1, 1) of a given
cubic node-transitive graph (Type 3)

Input: A node-transitive cubic graph G = (V,E)
Output: A set of face-transitive surfaces with vertex-face type (1, 1)

1 surfaces← {};
2 candidates← {H ≤ Aut(G) | |H| = 1 · |V |, | orbH(V )| = 1 and | orbH(E)| = 2};
3 paths← {[F1, . . . , F4] | [F1, . . . , F4] is a path of length 4} ;
4 for H in candidates do
5 for [F1, . . . , F4] in paths do
6 σ ← σ′ ∈ {σ ∈ Aut(G) | σ(F1) = F4};
7 cdc← orbH(α(σ, F1, . . . , F4));
8 if cdc is a vertex-faithful cycle double cover of G then
9 X ← simplicial surface with F(X) = G and vertices corresponding to cdc;

10 if |Aut(X)| = 1 · |X2| then
11 Add(surfaces, X);

12 return surfaces;
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Algorithm 16: Compute all face-transitive surfaces with vertex-face type (1, 1) of a given
cubic node-transitive graph (Type 4)

Input: A node-transitive cubic graph G = (V,E)
Output: A set of face-transitive surfaces with vertex-face type (1, 1)

1 surfaces← {};
2 candidates← {H ≤ Aut(G) | |H| = 1 · |V |, | orbH(V )| = 1 and | orbH(E)| = 2};
3 paths← {[F1, . . . , F7] | [F1, . . . , F7] is a path of length 7} ;
4 for H in candidates do
5 for [F1, . . . , F7] in paths do
6 σ1 ← σ′ ∈ {σ ∈ Aut(G) | σ(F1) = F4};
7 σ2 ← σ′ ∈ {σ ∈ Aut(G) | σ(F1) = F7};
8 cdc← orbH(α(σ2, F1, . . . , F7));
9 if cdc is a vertex-faithful cycle double cover of G and σ21 ̸= σ2 then

10 X ← simplicial surface with F(X) = G and vertices corresponding to cdc;
11 if |Aut(X)| = 1 · |X2| then
12 Add(surfaces, X);

13 return surfaces;

5.5 Notes on implementations

In this section we briefly describe how we use our theoretical results to compute a (not complete)
census of face-transitive surfaces. In particular, we present the face-transitive surfaces whose face
graphs have at most 1280 nodes and an automorphism group of order at most 1011. Our imple-
mentations and the corresponding database of face-transitive surfaces are available in [6]. For
this construction we make use of GAP[44] and Magma [21]. First, we exploit the GAP-packages
SimplicialSurfaces [72], Simpcomp [37] and Digraphs [18] to handle the combinatorial struc-
ture of the different simplicial surfaces and their face graphs. More precisely, for a given cubic
node-transitive graph G = (V,E) with corresponding automorphism group Aut(G), we apply the
following steps to achieve our goal:

1. We compute the set H containing all subgroups H ≤ Aut(G) satisfying |H| = s|V |, where
s ∈ {1, 2, 3, 6},

2. for every H ∈ H we compute all face-transitive surfaces that have G as a face graph and an
automorphism group isomorphic to H.

(1) Computing all subgroups of a given automorphism group with desired orders is a task of high
complexity. Therefore, we fasten up our computation by restricting ourselves to computing all
subgroups with prescribed orders up to conjugation. This restriction is justified, since conjugate
subgroups of Aut(G) give rise to the same set of face-transitive surfaces, up to isomorphism. In
particular, given a cubic node-transitive graph G = (V,E), we compute the desired subgroups
of Aut(G) by constructing chains of maximal subgroups and check along the way whether the
computed subgroups are still transitive on the nodes of G and whether the computed subgroups
contain s|V | elements, where s ∈ {1, 2, 3, 6}. By aiming to achieve this computation solely in GAP,
we encountered some problems. In particular, the data base provided in [76] contains cubic graphs
G = (V,E) with |V | ≤ 1280 and |Aut(G)| > 106. Starting from such a large automorphism group
and computing subgroups that have at most 6|V | ≤ 6 · 1280 = 7680 elements by computing chains
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of maximal subgroups could not always be achieved in GAP. We therefore made use of Magma to
compute chains of maximal subgroups which has allowed us to construct all face-transitive surfaces,
where the automorphism groups of the corresponding face graphs have order at most 1011. Out of
the 111360 cubic node-transitive graphs that are contained in [76], only 480 have automorphism
groups with order greater than 1011. Based on experiments that we conducted with these cubic
graphs in GAP, we formulate the following conjecture for the remaining 480 cubic graphs with large
automorphism groups.

Conjecture 5.5.1. Let G = (V,E) be a cubic node-transitive graph satisfying |V | ≤ 1280 and
Aut(G) > 1011, then there exists no face-transitive surface X with F(X) ∼= G .

(2) Depending on the order of a derived subgroup H ≤ Aut(G) of a cubic node-transitive graph
G, we exploit the different results established in Section 5.4 to construct cycle double covers of G.
Since not every cycle double cover of G gives rise to a vertex-faithful simplicial surface, we also
check whether the constructed cycle double cover is vertex-faithful. To speed up the construction
of the corresponding cycle double covers we only construct one, two or three cycles of a given
cycle double cover and let the other cycles be computed by the action of the subgroup H on these
computed cycles.

The results of our computations are summarised in the following table. In this table, we provide
the numbers of different face-transitive surfaces that we have computed in our investigation. For
this purpose, we denote the set of all face-transitive surfaces with a certain vertex-face type vf(X),
where X is a face-transitive surface, that (1) have at most 1280 faces and (2) have face graphs
whose automorphism groups are of order at most 1011, by M(vf(X)).

vf(X) |M(vf(X))| Type 1 Type 2 Type 3 Type 4

(3,1) 6645 × × × ×
(2,2) 4373 × × × ×
(2,1) 10491 1160 528 8803 ×
(1,1) 60733 56592 3376 555 210

(1,2) 4098 × × × ×
(1,3) 223 210 13 × ×
(1,6) 239 × × × ×

Table 1: Numbers of computed face-transitive surfaces with at most 1280 faces with respect to the
different vertex-face types.

Here, an entry ”×” denotes that the corresponding type of face-transitive surfaces is not defined.
Hence, we see that, up to isomorphism, there are exactly 86802 face-transitive surfaces with at most
1280 faces whose face graphs have automorphism groups of order at most 1011. Out of these face-
transitive surfaces exactly 80243 are orientable and 6559 are non-orientable. In Section 8.1, we
provide more information on the different numbers of face-transitive surfaces with respect to their
Euler characteristics and their vertex-face types. Note, in the tables contained in Section 8.1 and
the tables contained in this section we write (v, s).i if the corresponding column or entry labelled
by (v, s).i contains information about face-transitive surfaces X with vertex-face type (v, s), where
the groups λX(Aut(X)) are (v, s)-groups of type i. Similarly, we write (v, s) if a column or entry
labelled by (v, s) contains information about face-transitive surfaces with vertex-face type (v, s).
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The following tables contains the number n(vf(X)) that describes the number of faces of a minimal
example of a face-transitive surface with a certain vertex-face type. Here, we consider a face-
transitive surface X to be minimal, if for every face-transitive surface Y , where (1) X and Y have
the same vertex-face type and (2) λX(Aut(X)) and λY (Aut(Y )) are both (v, s)-groups of F(X)
and F(Y ) of the same type (see Section 5.4), the inequality |X2| ≤ |Y2| holds.

vf(X) (3,1) (2,2) (2,1).1 (2,1).2 (2,1).3

n(vf(X)) 24 6 20 56 32

vf(X) (1,1).1 (1,1).2 (1,1).3 (1,1).4 (1,2)

n(vf(X)) 18 72 72 112 24

vf(X) (1,3).1 (1,3).2 (1,6)

n(vf(X)) 14 144 4

Table 2: Minimal number of faces of a face-transitive surface with a certain vertex-face type

We have designed several tests to ensure that the census of face-transitive surfaces provided in
[6] is correct. In particular, we have conducted the following tests:

1. For every node-transitive cubic graph G with fewer than 50 vertices, we constructed all face-
transitive surfaces by computing all possible cycle double covers of G using the function
AllSimplicialSurfacesOfDigraph provided in [72]. We then verified that applying our
algorithms to G produced the same set of face-transitive surfaces, up to isomorphism.

2. For every node-transitive cubic graph G = (V,E) with |Aut(G)| ≤ 4000 and |V | ≤ 600, we
computed all subgroups H ≤ Aut(G) of order |H| = s|V |, where s = 1, 2, 3, 6, using the
function ConjugacyClassesSubgroups from [44]. We then compared these results to the
candidate subgroups computed via our algorithm, which is based on computing chains of
maximal subgroups, ensuring consistency up to conjugacy.

3. For every node-transitive cubic graph G with |Aut(X)| ≤ 200000 and |V | ≤ 800 we have
computed a copy G′ of G by randomly relabelling the nodes of G with the labels 1, . . . , |V |
and checked whether the set of face-transitive surfaces with G as face graph is equal to the
set of face-transitive surfaces with G′ as face graph, up to isomorphism.

4. Finally, we have taken 200 face-transitive surfaces from [6, 37, 94] and checked whether we
can reconstruct them, by first computing their face graphs and then applying our algorithms.
We have further constructed random copies of these simplicial surfaces constructed the face
graphs of the original simplicial surfaces and the copies, and checked whether the sets of
candidate groups and the sets of face-transitive surfaces are the same, up to isomorphism.

As described above, we have thoroughly tested the implemented code to ensure its functionality
and reliability. However, we acknowledge that errors may still occur despite these efforts.
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6 Edge-transitive surfaces

In this section, we study the class of edge-transitive surfaces. Here, we refer to a vertex-faithful
simplicial surface X as edge-transitive, if there exists exactly one Aut(X)-orbit on X1, see Defini-
tion 6.1.1. We demonstrate that this class includes examples of both, open and closed simplicial
surfaces. When dealing with open edge-transitive surfaces, we make the following observation.

Observation. Up to isomorphism, there is exactly one open connected edge-transitive surface,
namely the simplicial One-Face, see Theorem 6.1.5.

Similarly as presented in Section 5, we aim to classify the set of closed edge-transitive surfaces
by exploiting suitable group actions on given simplicial surfaces and their face graphs. As a main
result, we classify the set of edge-transitive surfaces and make the following observations:

Observation. There are exactly four types of closed edge-transitive surfaces, see Theorem 6.1.10.

We demonstrate that these types can be further subdivided into five sub-types, see Section 6.2.
We make use of the following approach to construct edge-transitive surfaces: Let G be a given cubic
arc-transitive graph and Aut(G) its automorphism group. Our goal is to construct an edge-transitive
surface of a certain type that has G as its face graph. For this purpose, we compute a suitable
subgroup H ≤ Aut(G) and make use of its properties to construct a vertex-faithful cycle double
cover that yields a desired edge-transitive surface. We address the conditions and the suitable
choice of a subgroup H, depending on an invariant called the face-edge type (Definition 6.1.9) in
Section 6.2. In order to achieve the described constructions, we exploit the census of cubic arc-
transitive graphs contained in [76]. As a result, we compute a complete census of all edge-transitive
surfaces with at most 5000 faces.

6.1 Properties of edge-transitive surfaces

We begin this subsection by introducing the formal definition of an edge-transitive surface.

Definition 6.1.1

Let X be a simplicial surface. We say that X is edge-transitive, if X is vertex-faithful
and the automorphism group of X acts transitively on X1.

The simplicial One-Face is the smallest example of an open edge-transitive surface. Additionally,
some of the face-transitive surfaces, illustrated in Section 5, are also examples of edge-transitive
surfaces. For instance, the simplicial tetrahedron, the simplicial octahedron and the simplicial
icosahedron (see Section 2) are all face- and edge-transitive. Furthermore, we observe that the
disjoint union of a finite number of simplicial One-Faces forms an edge-transitive surface. This
implies that edge-transitive surfaces do not have to be connected. In the following proposition we
comment on edge-transitive surfaces that are not connected by showing that their corresponding
connected components form edge-transitive surfaces.

Proposition 6.1.2

Let X be an edge-transitive surface. If Y forms a connected component of X, then Y is
an edge-transitive surface.
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Proof. Per definition, we know that for arbitrary edges e1, e2 ∈ Y1 ⊆ X1 there exists an auto-
morphism ϕ ∈ Aut(X) with ϕ(e1) = e2. As ϕ respects the incidence structure of X, we see that
ϕ has to map every y1 ∈ Y onto another element y2 ∈ Y . This implies ϕ(Y ) = Y . Hence,
ψ : Y → Y, x 7→ ϕ|Y (x) is an automorphism of Y satisfying ψ(e1) = ϕ|Y (e1) = e2. Hence, the
connected component Y is edge-transitive which concludes the result.

Moreover, we can show that the connected components of an edge-transitive surface are all
isomorphic.

Proposition 6.1.3

Let X be an edge-transitive surface. If Y, Z are connected components of X, then Y and
Z are isomorphic.

Proof. Let e1 ∈ Y and e2 ∈ Z be arbitrary edges. Since X is edge-transitive, there exists an
automorphism ϕ ∈ Aut(X) that maps e1 onto e2. Because ϕ respects the incidences of X, the
equality ϕ(Y ) = Z follows. Thus, ϕ|Y is an isomorphism that maps Y onto Z.

Proposition 6.1.3 justifies the following restriction.

Remark 6.1.4 Since the connected components of an edge-transitive surface are all isomorphic,
we assume that the simplicial surfaces in the remainder of this section are all connected.

We have introduced the simplicial One-Face as an example of an open edge-transitive surface.
Now, we show that every open edge-transitive surface has to be isomorphic to the simplicial One-
Face.

Theorem 6.1.5

An open simplicial surface X is edge-transitive if and only if X is isomorphic to the
simplicial One-Face.

Proof. It suffices to show that an open edge-transitive surface is isomorphic to the simplicial One-
Face. Let therefore e ∈ X1 be a boundary edge. By Lemma 5.2.2 we know that the edges in
orbAut(X)(e) = X1 are all boundary edges. Since X is connected, |X1| = 3 follows. Hence, X has
to be isomorphic to the simplicial One-Face.

Therefore, we make the following assumption.

Remark 6.1.6 We assume that the simplicial surfaces in the remaining section are all closed.

Next, we study different orbits that arise from the action of an automorphism group Aut(X) on
a given edge-transitive surface X. Per definition, Aut(X) is transitive on the edges X1. A natural
question that arises is:

Question. How many orbits does Aut(X) induce on X0 and X2?

This question is addressed in detail in Propositions 6.1.7 and 6.1.8.

Proposition 6.1.7

Let X be an edge-transitive surface. Then Aut(X) has at most two orbits on X2.
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Proof. Let e ∈ X1 be an edge with X2(e) = {F1, F2}. We show that an arbitrary face F ∈ X2

lies in the Aut(X)-orbit of F1 or F2. For this purpose, let e′ ∈ X1(F ) be an edge. Since X is
edge-transitive, there is an automorphism ϕ ∈ Aut(X) satisfying ϕ(e) = e′. Since ϕ respects the
incidences of X, we know that either F1 or F2 has to be mapped onto F under ϕ.

Thus, if F is a face of an edge-transitive surface X, then | orbAut(X)(F )| ∈ {12 |X2|, |X2|}.
Next, we show that the automorphism group of an edge-transitive surface acts transitively on the
corresponding vertices.

Proposition 6.1.8

Let X be an edge-transitive surface. Then Aut(X) is transitive on X0.

Proof. With similar arguments as presented in the proof of Proposition 6.1.7, we can show that the
action of Aut(X) on X0 yields at most two vertex-orbits. So, let us assume that there are exactly
two Aut(X)-orbits on X0, namely V1 and V2. If there exists an edge e ∈ X1 and an i ∈ {1, 2}
such that e is incident to two vertices in Vi, then | orbAut(X)(X0)| = 1 and Vi = X0 follows by
the edge-transitivity of X. This contradicts our assumption. So, every edge in X is incident to
a vertex in V1 and to a vertex in V2. Now, let F ∈ X2 be a face with X1(F ) = {e1, e2, e3} and
X0(F ) = {v1, v2, v3}, where vi /∈ X0(ei) for i = 1, 2, 3 (see Figure 6.1 for illustration).

F

e3

e2 e1

v2

v3

v1

Figure 6.1: A face F of the edge-transitive surface X

The edges e1 and e2 are both incident to vertices that lie in distinct Aut(X)-orbits. Without
loss of generality, we assume v3 ∈ V1 and v1, v2 ∈ V2. This implies that e3 is incident to two vertices
in V2, namely v1 and v2. This is a contradiction and hence we conclude the result.

Similarly to our investigations in Section 5, we introduce an invariant that will enable us to
construct edge-transitive surfaces from given cubic arc-transitive graphs. Here, this invariant is
given by the face-edge type of a given edge-transitive surface.

Definition 6.1.9

Let X be an edge-transitive surface and e ∈ X1 an edge. Further, let S = StabAut(X)(e)
be the stabiliser of e in Aut(X). We define the face-edge type fe(X) of X as the tuple

fe(X) := (| orbAut(X)(X2)|, |S|).

Because of Lemma 3.1.8 the edge-stabilisers of an edge-transitive surface X are all conjugate in
Aut(X). This implies that the above invariant is well-defined and not dependant on the edge-choice.
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In Section 6.2, we make use of the face-edge type to achieve our desired classification of edge-
transitive surfaces with at most 5000 faces. For this purpose, we need to examine the different
values taken by the entries of the face-edge type. Because of Proposition 6.1.7 we know that the
first entry of a face-edge type is either one or two. Together with Lemma 3.1.6, we are able to
deduce that the face-edge type of an edge-transitive surface X satisfies the following theorem.

Theorem 6.1.10

Let X be an edge-transitive surface. Then the face-edge type of X satisfies

fe(X) ∈ {(1, 2), (1, 4), (2, 1), (2, 2)}.

Proof. By Lemmas 6.1.7 and 3.1.6 we know that the face-edge type of X satisfies

fe(X) ∈ {(1, 1), (1, 2), (1, 4), (2, 1), (2, 2), (2, 4)}.

Thus, we have to show that fe(X) ∈ {(1, 1), (2, 4)} is not possible. We prove this statement by
contradiction. First, we assume fe(X) = (2, 4). In this case, Aut(X) has exactly two orbits on X2,

where each orbit is of size |X2|
2 . By the orbit-stabiliser theorem, we then obtain

|StabAut(X)(F )| ·
|X2|
2 = |Aut(X)| = 4 · |X1| = 4 · 32 · |X2| = 6 · |X2|,

where F ∈ X2 is a face. This implies |StabAut(X)(F )| = 12 and thus contradicts that the stabiliser
StabAut(X)(F ) can be embedded into a symmetric group of order 6, see Lemma 3.1.5.

Now, we examine the case fe(X) = (1, 1). That means that X is face-transitive and all edge-
stabilisers are trivial. Hence, the orbit-stabiliser theorem implies

|StabAut(X)(F )| · |X2| = |Aut(X)| = 1 · |X1| = 1 · 32 · |X2| = 3
2 · |X2|,

where F ∈ X2 is a face. Thus, | StabAut(X) | = 3
2 follows. Since this is a contradiction, the result

follows.

6.2 Construction of edge-transitive surfaces

In this section we focus on the construction of edge-transitive surfaces. Here, Theorem 6.1.10
allows us to analyse edge-transitive surfaces with different face-edge types case by case and propose
methods to reconstruct these simplicial surfaces from their face graphs. Then, these construction
methods are used to compute edge-transitive surfaces from given cubic graphs by providing suitable
cycle double covers. Since λX : Aut(X) → Aut(F(X)) is a monomorphism (see Equation (1) in
Remark 3.1.1), we know that a cubic graph giving rise to an edge-transitive surface has to be
arc-transitive.

Lemma 6.2.1

The face graph F(X) of an edge-transitive surface X is arc-transitive.

The results of this section can be summarised as follows.

Observation. An edge-transitive surface X can be reconstructed by exploiting its face-graph F(X)
and the action of the group λX(Aut(X)) ≤ Aut(F(X)) on F(X).

An essential tool that allows us to achieve the desired constructions is the notion of a face-
colouring of a simplicial surface.
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Definition 6.2.2

Let X be a simplicial surface. A map f : X2 → {1, 2} is called a face-2-colouring of X,
if every pair of faces F1, F2 ∈ X2 with X1(F1) ∩X1(F2) ̸= ∅ satisfies f(F1) ̸= f(F2).

Note that a simplicial surface X has a face-2-colouring if and only if F(X) is bipartite. This
provides us with the foundation to conduct the described case-by-case analysis.

6.2.1 Edge-transitive surfaces with face-edge type (1,4)

First, we discuss the structure of an edge-transitive surface with face-edge type (1, 4). Per definition,
such a simplicial surface is face-transitive. Thus, we obtain the desired description of these edge-
transitive surfaces by determining the corresponding vertex-face types, see Definition 5.3.2.

Theorem 6.2.3

A simplicial surface X is edge-transitive with fe(X) = (1, 4) if and only if X is face-
transitive with vf(X) = (1, 6).

Proof. If X is edge-transitive with fe(X) = (1, 4), then we know that X is face-transitive. We
compute the order of a face-stabiliser with the orbit-stabiliser theorem. In particular, if F ∈ X2 is
a face, then

|StabAut(X)(F )| · |X2| = |Aut(X)| = 4 · |X1| = 4 · 32 · |X2| = 6 · |X2|.

Thus, | StabAut(X)(F )| = 6 and vf(X) = (1, 6) follow. Furthermore, if X is face-transitive surface
with vf(X) = (1, 6), then the stabiliser of a face F ∈ X2 is transitive on the edges X1(F ). Hence,
we conclude that Aut(X) is transitive on X1. For an edge e ∈ X1 we obtain

| StabAut(X)(e)| · |X1| = |Aut(X)| = 6 · |X2| = 6 · 23 · |X1| = 4 · |X1|,

which implies fe(X) = (1, 4).

Theorem 6.2.3 establishes that if X is an edge-transitive surface with fe(X) = (1, 4), then the
group λX(Aut(X)) forms a (1, 6)-group of the face graph F(X) and hence the corresponding vertex-
defining cycles of X can be described as the λX(Aut(X))-orbit of a σ-induced α-cycle α(σ, F1, F2),
where F1, F2 are suitable nodes in F(X) and σ ∈ λX(Aut(X)) is a suitable automorphism, see
Definition 5.4.12. Thus, we refer the reader to Section 5.4.3 for examples of such edge-transitive
surfaces.

6.2.2 Edge-transitive surfaces with face-edge type (1,2)

Next, we examine edge-transitive surfaces with face-edge type (1, 2). Since these simplicial surfaces
are face-transitive per definition, we determine the corresponding vertex-face types in order to
obtain our desired description.

Theorem 6.2.4

A simplicial surface X is edge-transitive with fe(X) = (1, 2) if and only if X is face-
transitive with vf(X) = (1, 3).
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Proof. Let X be edge-transitive with fe(X) = (1, 2). That means X is face-transitive and thus it
remains to show that the face-stabilisers of X all have order 3. By observing

| StabAut(X)(F )| · |X2| = |Aut(X)| = 2 · |X1| = 2 · 32 · |X2| = 3 · |X2|,

where F ∈ X2 is an arbitrary face, we conclude vf(X) = (1, 3). Now, let X be a face-transitive
surface with vf(X) = (1, 3). In this case, the stabiliser of a face F ∈ X2 is cyclic and hence
transitive on the edges X1(F ). This implies that Aut(X) is transitive on X1. By the orbit-stabiliser
theorem, we obtain

|StabAut(X)(e)| · |X1| = |Aut(X)| = 3 · |X2| = 3 · 23 · |X1| = 2 · |X1|

for an edge e ∈ X1. Thus, fe(X) = (1, 2) follows.

Theorem 6.2.4 demonstrates that the vertex-defining cycles of an edge-transitive surface X with
fe(X) = (1, 2) can be described as the λX((Aut(X))-orbit of a suitable automorphism-induced α-
cycle. Moreover, the above result establishes that there are exactly two types of edge-transitive
surfaces, namely edge-transitive surfaces X with λX(Aut(X)) forming a (1, 3)-group of F(X) of
type 1 or type 2. For examples of such edge-transitive surfaces, we refer the reader to Section 5.4.5.

6.2.3 Edge-transitive surfaces with face-edge type (2,2)

We proceed by focusing on edge-transitive surfaces with face-edge types equal to (2, 2). In order to
describe the vertex-defining cycles in the face graphs of these simplicial surfaces, we introduce the
definition of a (2, 2)-group of a given cubic arc-transitive graph.

Definition 6.2.5

Let G = (V,E) be a cubic arc-transitive graph and H ≤ Aut(G) such that

1. H acts transitively on the arcs E with |H| = 2 · |E|,

2. the action of H on V yields exactly two H-orbits,

3. for F1, F2, F3 ∈ V with {F1, F2}, {F2, F3} ∈ E, there exists an automorphism σ ∈ H
that maps F1 onto F3.

If orbH(α(σ, F1, F2, F3)) is a vertex-faithful cycle double cover of G (see Remark 3.2.1 and
Definition 3.2.2), then we say that H is a (2, 2)-group of G. We denote the above cycle

double cover by C(2,2)(H).

The above definition allows us to characterise the desired edge-transitive surfaces.

Theorem 6.2.6

A simplicial surface X is an edge-transitive surface with fe(X) = (2, 2) if and only if

H := λX(Aut(X)) is a (2, 2)-group of F(X) and the cycle double cover C(2,2)(H) contains
exactly the vertex-defining cycles of X.

Proof. First, let X be an edge-transitive surface with fe(X) = (2, 2). Thus, |StabAut(X)(e)| = 2
holds for all e ∈ X1 and Aut(X) has exactly two orbits on X2. Moreover, if F ∈ X2 is a face, then
|StabAut(X)(F )| = 6 by the orbit-stabiliser theorem. In order to prove the result, let e ∈ X1 be an

126



edge, ϕ ∈ StabAut(X)(e) a non-trivial automorphism and F ∈ X2(e) a face. First, we argue that ϕ
stabilises F. To prove this statement, we assume the contrary, namely ϕ(F ) ̸= F. In this case, we
know that X is face-transitive. This can be verified as follows: Let F ′ ∈ X2 be an arbitrary face
and e′ ∈ X1(F

′) an edge. Since X is edge-transitive, there exists an automorphism ψ ∈ Aut(X)
that maps e onto e′. By Lemma 3.1.8 the non-trivial automorphism ϕ′ ∈ StabAut(X)(e

′) does not
stabilise F ′. Thus, either ψ or ϕ′ ◦ ψ maps F onto F ′. Since F ′ was arbitrary, X is face-transitive,
which contradicts fe(X) = (2, 2).

Hence, ϕ stabilises F . Because Aut(X) has exactly two orbits on X2, there exists a face-2-
colouring of X with colour classes corresponding to the Aut(X)-orbits on X2. This helps us to prove
thatH := λX(Aut(X)) is a (2, 2)-group of F(X) as follows: Let v ∈ X0 be a vertex and n := deg(v).
Furthermore, for every 1 ≤ i ≤ n let Fi be a face and ei an edge with v ∈ X0(Fi) ∩X0(ei). More
precisely, for every 1 ≤ i ≤ n we assume X2(ei) = {Fi, Fi+1}, where we read the subscripts
modulo n, see Figure 6.2 for illustration.

F1

F2

F3

F4

F5

F6

e6

e1e2

e3

e4 e5

v

Figure 6.2: The umbrella u(v) of the simplicial surface X with Aut(X)-orbits on X2 coloured in
blue and yellow

Thus, the umbrella of v is given by u(v) = (F1, . . . , Fn). We know that n is even and hence we
define k := n

2 . In the following we aim to construct an automorphism that applies a cyclic shift
to the faces that are incident to v. For this, let ψ1 be an automorphism that maps e1 onto e3 and
ψ2 ∈ StabAut(X)(e3) non-trivial. Note that ψ1 maps F1 onto F3. Further, we observe that either
ψ1 or ψ2 ◦ ψ1 stabilises the vertex v. For simplicity, we assume that ψ1 stabilises v. Because of
ψ1(Fn) = F2 and ψ1(F1) = F3, we obtain

(F1, . . . , Fn) = (ψ1(F1), ψ1(F2), . . . , ψ
k
1 (F1), ψ

k
1 (F2)).

Interpreting (F1, . . . , Fn) as a cycle of F(X) and defining the automorphism σ := λX(ψ1) yields
(F1, . . . , Fn) = α(σ, F1, F2, F3) being a σ-induced α-cycle. Since all the vertices lie in exactly one
Aut(X)-orbit (see Proposition 6.1.8), the cycle double cover consisting of all vertex-defining cycles
of X is given by orbH(α(σ, F1, F2, F3)) and therefore H forms a (2, 2)-group of F(X).

Next, let H := λX(Aut(X)) be a (2, 2)-group of F(X) = (V,E) and e ∈ X1 is an arbitrary edge.
The statement Aut(X) ∼= H implies that X is edge-transitive and that the stabiliser StabH(e) of
e interpreted as an arc of F(X) is isomorphic to the stabiliser StabAut(X)(e) of e interpreted as an
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edge of X with |StabAut(X)(e)| = 2. Moreover, H having exactly two orbits on V = X2 translates
directly into Aut(X) having exactly two orbits on X2. This implies that X is an edge-transitive
surface with vf(X) = (2, 2).

Corollary 6.2.7 Let G be a cubic arc-transitive graph and H ≤ Aut(G) a (2, 2)-group of G, then
G is the face graph of an edge-transitive surface.

By using Corollary 6.2.7, we are able to construct a simplicial surface X with fe(X) = (2, 2).
This simplicial surface X consists of 36 vertices (all of vertex-degree 12), 216 edges, and 144 faces.
The corresponding vertices of faces of X are given by:

Θ(X) = {{v34, v35, v36}, {v32, v33, v35}, {v31, v32, v34}, {v29, v30, v34}, {v28, v29, v36}, {v26, v27, v35},
{v25, v26, v36}, {v23, v24, v35}, {v22, v23, v33}, {v20, v21, v32}, {v20, v28, v33}, {v18, v19, v34},
{v17, v24, v34}, {v15, v16, v32}, {v18, v22, v31}, {v14, v17, v30}, {v15, v25, v31}, {v12, v13, v29},
{v12, v27, v30}, {v19, v23, v36}, {v17, v19, v35}, {v18, v24, v36}, {v11, v16, v35}, {v10, v20, v29},
{v14, v23, v28}, {v9, v17, v27}, {v9, v18, v25}, {v8, v11, v24}, {v7, v12, v26}, {v11, v15, v26},
{v5, v6, v23}, {v5, v21, v24}, {v15, v27, v33}, {v11, v27, v32}, {v16, v26, v33}, {v10, v21, v34},
{v10, v30, v32}, {v17, v18, v23}, {v8, v15, v22}, {v11, v13, v21}, {v13, v26, v28}, {v6, v10, v19},
{v7, v10, v16}, {v5, v14, v20}, {v4, v8, v18}, {v2, v3, v17}, {v4, v9, v15}, {v4, v16, v19},
{v2, v13, v24}, {v20, v30, v31}, {v21, v29, v31}, {v7, v13, v36}, {v7, v25, v29}, {v6, v20, v22},
{v3, v7, v19}, {v2, v9, v12}, {v1, v2, v11}, {v1, v6, v16}, {v12, v25, v28}, {v6, v14, v33},
{v3, v12, v14}, {v2, v14, v27}, {v1, v5, v13}, {v1, v3, v10}, {v1, v8, v21}, {v3, v9, v30},
{v5, v22, v28}, {v8, v9, v31}, {v2, v5, v8}, {v1, v4, v7}, {v3, v4, v6}, {v4, v22, v25},
{v32, v34, v35}, {v29, v34, v36}, {v26, v35, v36}, {v23, v33, v35}, {v20, v32, v33}, {v18, v31, v34},
{v17, v30, v34}, {v15, v31, v32}, {v12, v29, v30}, {v23, v28, v36}, {v17, v27, v35}, {v18, v25, v36},
{v11, v24, v35}, {v20, v28, v29}, {v12, v26, v27}, {v15, v25, v26}, {v5, v23, v24}, {v15, v22, v33},
{v11, v21, v32}, {v26, v28, v33}, {v10, v19, v34}, {v21, v24, v34}, {v10, v16, v32}, {v18, v22, v23},
{v5, v20, v21}, {v4, v18, v19}, {v2, v17, v24}, {v4, v15, v16}, {v20, v22, v31}, {v14, v20, v30},
{v25, v29, v31}, {v13, v21, v29}, {v27, v30, v32}, {v7, v19, v36}, {v16, v19, v35}, {v13, v24, v36},
{v7, v10, v29}, {v14, v17, v23}, {v2, v12, v13}, {v6, v19, v23}, {v3, v17, v19}, {v8, v18, v24},
{v1, v11, v16}, {v6, v10, v20}, {v12, v14, v28}, {v9, v15, v27}, {v9, v12, v25}, {v7, v16, v26},
{v11, v13, v26}, {v14, v27, v33}, {v6, v16, v33}, {v9, v17, v18}, {v8, v11, v15}, {v3, v7, v12},
{v1, v5, v6}, {v2, v11, v27}, {v1, v10, v21}, {v3, v10, v30}, {v5, v8, v22}, {v5, v13, v28},
{v9, v30, v31}, {v8, v21, v31}, {v2, v5, v14}, {v1, v4, v8}, {v1, v2, v3}, {v3, v4, v9},
{v1, v7, v13}, {v4, v7, v25}, {v4, v6, v22}, {v22, v25, v28}, {v2, v8, v9}, {v3, v6, v14}}.

We observe that X is orientable and satisfies χ(X) = −36. With GAP we are able to verify
that

Aut(X) ∼= Aut(F(X)) ∼= (((C3 × C3)⋊Q8)⋊ C3)⋊ C2.

Note that X is minimal with the property fe(X) = (2, 2) with respect to the number of faces. Next,
we present how we construct edge-transitive surfaces with face-edge type equal to (2, 2) in GAP.
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Algorithm 17: Compute all edge-transitive surfaces with face-edge type (2, 2) of a given
cubic arc-transitive graph

Input: A cubic arc-transitive graph G = (V,E)
Output: A set of edge-transitive surfaces with face-edge type (2, 2)

1 surfaces← {};
2 candidates← {H ≤ Aut(G) | |H| = 2 · |E|, | orbH(V )| = 2 and | orbH(E)| = 1};
3 [F1, F2, F3]← [F1, F2, F3] is a path of length 3 in G;
4 for H in candidates do
5 automorphisms← {σ′ ∈ Aut(G) | σ′(F1) = F3};
6 for σ in automorphisms do
7 cdc← orbH(α(σ, F1, F2, F3));
8 if cdc is a vertex-faithful cycle double cover of G then
9 X ← simplicial surface with F(X) = G and vertices corresponding to cdc;

10 if |Aut(X)| = 2 · |X1| then
11 Add(surfaces, X);

12 return surfaces;

6.2.4 Edge-transitive surfaces with face-edge type (2,1)

Finally, we examine the structure of an edge-transitive surface with face-edge type (2, 1). We
prove that the vertex-defining cycles corresponding to the vertices of such a simplicial surface form
automorphism-induced α-cycles. Before proceeding further, we give the definition of a (2, 1)-group
of a given cubic arc-transitive graph.

Definition 6.2.8

Let G = (V,E) be a cubic arc-transitive graph and H ≤ Aut(G) such that

1. H acts transitively on the arcs E with |H| = 1 · |E|,

2. the action of H on V yields exactly two orbits V1, V2,

3. for F1, F2, F3 ∈ V with {Fi, Fi+1} ∈ E for i = 1, 2 there exists an automorphism
σ ∈ H that maps F1 onto F3.

If the orbit orbH(α(σ, F1, F2, F3)) (Remark 3.2.1 and Definition 3.2.2) is a vertex-faithful
cycle double cover of G, then we say that H is a (2, 1)-group of G. We denote the above

cycle double cover by C(2,1)(H).

This enables us to formulate the desired description of an edge-transitive surface X satisfying
fe(X) = (2, 1).

Theorem 6.2.9

A simplicial surface X is an edge-transitive surface with fe(X) = (2, 1) if and only if

H := λX(Aut(X)) is a (2, 1)-group of F(X) and the cycle double cover C(2,1)(H) contains
exactly the vertex-defining cycles of X.
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Proof. First, letX be an edge-transitive surface that satisfies fe(X) = (2, 1), i.e. |StabAut(X)(e)| = 1
for all e ∈ X1 and | orbAut(X)(X2)| = 2. Furthermore, let v ∈ X0 be a vertex and n := deg(v).
Since Aut(X) has exactly two orbits on X2, the vertex-degree of v is even and we can define k := n

2 .
Further, for every 1 ≤ i ≤ n let Fi ∈ X2 be a face and ei ∈ X1 an edge with v ∈ X0(Fi) ∩X0(ei).
More precisely, for every 1 ≤ i ≤ n we set X0(Fi) = {v, vi, vi+1} and X0(ei) = {v, vi}, where we
read the subscripts modulo n, see Figure 6.3.

F1

F2

F3

F4

F5

F6

e6

e1e2

e3

e4 e5

v6

v1v2

v3

v4 v5

v

Figure 6.3: The umbrella u(v) of the simplicial surface X with Aut(X)-orbits on the faces coloured
in blue and yellow

Thus, u(v) = (F1, . . . , Fn) forms the umbrella of v. As shown in the proof of Theorem 6.2.6, we
seek an automorphism of X that applies a cyclic shift to the faces F1, . . . , Fn. Let therefore ϕ1 be
an automorphism that maps e1 onto e2 and ϕ2 ∈ Aut(X) an automorphism that maps e2 onto e3.
Since fe(X) = (2, 1), we know that ϕ1(F2) ̸= F3 holds. That means that ϕ1(F2) = F2. Moreover,
since the edge-stabiliser of the edge e ∈ X1 with X0(e) = {v1, v2} is trivial, ϕ1 cannot stabilise the
vertex v. Hence, ϕ1(v) = v2, ϕ1(v1) = v and ϕ1(v2) = v1 hold. Additionally, we know that the edge
e′ ∈ X1 with X0(e

′) = {v2, v3} satisfies |StabAut(X)(e
′)| = 1. Hence, the automorphism ϕ2 can also

not stabilise v, and ϕ2(v) = v3, ϕ2(v3) = v2 and ϕ2(v2) = v follows. This implies that ϕ := ϕ2 ◦ϕ1 is
an automorphism of X satisfying ϕ(v) = v, ϕ(v1) = v3 and ϕ(F1) = F3. By observing the incidence
structure of X, we obtain ϕ(Fi) = Fi+2 for all i = 1, . . . , n, where we read the subscripts modulo
n. Thus, the umbrella of v can be written as

(F1, . . . , Fn) = (ϕ(F1), ϕ(F2), . . . , ϕ
k(F1), ϕ

k(F2)).

If we interpret the umbrella (F1, . . . , Fn) as a cycle of F(X) and define σ := λX(ϕ), we observe
that (F1, . . . , Fn) = α(σ, F1, F2, F3) is a σ-induced α-cycle. Since all the vertices lie in exactly one
Aut(X)-orbit (see Proposition 6.1.8), the cycle double cover consisting of all vertex-defining cycles
of X is given by orbH(α(σ, F1, F2, F3)) and H hence forms a (2, 1)-group of F(X).

It remains to show that if the subgroup H is a (2, 1)-group of F(X) = (V,E), then X is
edge-transitive with fe(X) = (2, 1). Therefore, let H be such a group and e ∈ X1 an arbitrary
edge. From Aut(X) ∼= H we deduce that X is edge-transitive and that the stabiliser StabH(e) of
e interpreted as an arc of F(X) is isomorphic to the stabiliser of e interpreted as an edge of X
such that | StabAut(X)(e)| = 1. Moreover, H having exactly two orbits on V translates directly into
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Aut(X) having exactly two orbits on X2. Hence, we conclude that X is an edge-transitive surface
with fe(X) = (2, 1).

Corollary 6.2.10 Let G be a cubic arc-transitive graph and H ≤ Aut(G) a (2, 1)-group of G, then
G is the face graph of an edge-transitive surface.

With Corollary 6.2.10, we can construct a simplicial surface X with fe(X) = (2, 1). As an
example we give the simplicial surface X that is described by the below vertices of faces:

Θ(X) = {{v26, v27, v28}, {v24, v25, v27}, {v22, v23, v26}, {v21, v24, v26}, {v19, v20, v28}, {v17, v18, v27},
{v16, v22, v28}, {v14, v15, v25}, {v13, v18, v26}, {v11, v12, v24}, {v11, v19, v27}, {vv10 , v17, v25},
{v8, v9, v23}, {v6, v7, v21}, {v13, v17, v28}, {v5, v12, v27}, {v4, v21, v22}, {v14, v22, v24},
{v12, v18, v23}, {v3, v11, v21}, {v2, v5, v20}, {v1, v9, v18}, {v3, v6, v16}, {v5, v11, v25},
{v4, v14, v26}, {v4, v23, v24}, {v10, v16, v19}, {v8, v19, v22}, {v6, v17, v26}, {v4, v13, v20},
{v1, v16, v21}, {v2, v4, v15}, {v2, v7, v13}, {v1, v8, v12}, {v1, v6, v11}, {v14, v21, v23},
{v8, v10, v28}, {v6, v13, v27}, {v10, v20, v22}, {v3, v10, v14}, {v5, v19, v24}, {v9, v14, v17},
{v6, v18, v28}, {v5, v13, v15}, {v7, v11, v16}, {v9, v10, v15}, {v3, v15, v17}, {v4, v5, v7},
{v8, v16, v20}, {v3, v9, v25}, {v12, v19, v25}, {v2, v8, v18}, {v2, v9, v12}, {v1, v3, v7},
{v1, v2, v23}, {v7, v15, v20}, {v24, v26, v27}, {v22, v26, v28}, {v19, v27, v28}, {v17, v25, v27},
{v14, v24, v25}, {v18, v23, v26}, {v11, v21, v24}, {v8, v22, v23}, {v6, v21, v26}, {v13, v20, v28},
{v12, v18, v27}, {v16, v21, v22}, {v5, v19, v20}, {v9, v17, v18}, {v6, v16, v28}, {v5, v15, v25},
{v4, v13, v26}, {v12, v23, v24}, {v11, v16, v19}, {v10, v17, v28}, {v4, v14, v15}, {v2, v13, v18},
{v1, v11, v12}, {v6, v11, v27}, {v10, v19, v25}, {v9, v14, v23}, {v4, v7, v21}, {v5, v13, v27},
{v4, v20, v22}, {v10, v14, v22}, {v3, v11, v25}, {v8, v9, v10}, {v6, v7, v13}, {v13, v15, v17},
{v2, v5, v12}, {v19, v22, v24}, {v3, v14, v21}, {v2, v8, v20}, {v1, v6, v18}, {v3, v10, v16},
{v14, v17, v26}, {v4, v5, v24}, {v8, v12, v19}, {v3, v6, v17}, {v1, v21, v23}, {v1, v3, v9},
{v5, v7, v11}, {v2, v4, v23}, {v1, v8, v16}, {v2, v9, v15}, {v8, v18, v28}, {v7, v16, v20},
{v1, v2, v7}, {v10, v15, v20}, {v9, v12, v25}, {v3, v7, v15}}.

We observe that X satisfies (|X0|, |X1|, |X2|) = (28, 168, 112) and χ(X) = −28. With GAP we
can verify that

Aut(X) ∼= Aut(F(X)) ∼= (C2 × C2 × C2)⋊ (C7 ⋊ C3).

Note that X is minimal with the property fe(X) = (2, 2) with respect to the number of faces. We
conclude this section by presenting an algorithm that allows the construction of edge-transitive
surfaces with face-edge type (2, 1) in GAP.
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Algorithm 18: Compute all edge-transitive surfaces with face-edge type (2, 1) of a given
cubic arc-transitive graph

Input: An cubic arc-transitive cubic graph G = (V,E)
Output: A set of edge-transitive surfaces with face-edge type (2, 1)

1 surfaces← {};
2 candidates← {H ≤ Aut(G) | |H| = 1 · |E|, | orbH(V )| = 2 and | orbH(E)| = 1};
3 [F1, F2, F3]← [F1, F2, F3] is a path of length 3 in G;
4 for H in candidates do
5 σ ← σ′ ∈ {σ ∈ Aut(G) | σ(F1) = F3};
6 cdc← orbH(α(σ, F1, F2, F3));
7 if cdc is a vertex-faithful cycle double cover of G then
8 X ← simplicial surface with F(X) = G and vertices corresponding to cdc;
9 if |Aut(X)| = 1 · |X1| then

10 Add(surfaces, X);

11 return surfaces;

6.3 Notes on implementations

In this section we describe how we use our theoretical results to compute the complete census of
edge-transitive surfaces with at most 5000 faces. Since our approach to construct edge-transitive
surfaces is similar to our construction of face-transitive surface, we refer to Section 5.4 and [5] for
more technical details on our constructions. Our implementations and the resulting database of
edge-transitive surfaces are available in [1]. Similar to our investigation of face-transitive surfaces in
Section 5.5, we exploit GAP and Magma to compute the desired simplicial surfaces. First, we anal-
yse edge-transitive surfaces and their face graphs with the GAP-packages SimplicialSurfaces [72],
Simpcomp [37] and Digraphs [18]. More precisely, for a given cubic arc-transitive graph G = (V,E)
with corresponding automorphism group Aut(G), we apply the following steps to achieve our desired
goal:

1. We compute the set H containing all subgroups H ≤ Aut(G) that act transitively on the arcs
of G and satisfy |H| = s|V |, where s ∈ {1, 2, 4},

2. for every H ∈ H we compute all edge-transitive surfaces that have G as a face graph and an
automorphism group isomorphic to H.

We refer the reader to Section 5.5 for more details on the above two steps. Note that there are
exactly 2389 cubic arc-transitive with at most 5000 nodes, see [76]. With GAP we have verified
that a cubic arc-transitive graph G = (V,E) with |V | ≤ 5000 satisfies |Aut(G)| ≤ 225792. Thus,
Step 1. turns out to be easier than the task of computing all subgroups H ′ ≤ Aut(G′) of a cubic
node-transitive graph G′ = (V ′, E′) satisfying |H ′| = s′|V ′|, where s′ ∈ {1, 2, 3, 6}, as described in
Section 5.5.

The results of our computations are summarised in the following table. In this table, we provide
the numbers of different edge-transitive surfaces that are computed with the algorithms described
in Section 6.2. Here, we denote the set of all edge-transitive surfaces with at most 5000 faces that
have a certain face-edge type fe(X), where X is an edge-transitive surface, by M(fe(X)).
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fe(X) |M(fe(X))| Type 1 Type 2

(1,4) 790 × ×
(1,2) 1040 958 82

(2,2) 119 × ×
(2,1) 236 × ×

Table 3: Numbers of edge-transitive surfaces with at most 5000 faces with respect to the different
face-edge types

Again, we write ”×” if the type of edge-transitive surfaces described by the corresponding entry
is not defined. Our results establish that there are exactly 790 + 958 + 82 + 119 + 236 = 2185
edge-transitive surfaces with at most 5000 faces, up to isomorphism. Out of these edge-transitive
surfaces exactly 2002 are orientable and 183 are non-orientable. In Section 8.2, we give more
detailed information on the different numbers of edge-transitive surfaces with respect to their Euler
characteristics and their face-edge types. Note, in the tables in Section 8.2 and also the tables in this
section we write (f, s).i if the corresponding column or entry labelled by (f, s).i contains information
about edge-transitive surfaces X with face-edge type (f, s), where the groups λX(Aut(X)) form
(f, s)-groups of type i of F(X). Similarly, we make use of the notation (f, s). The following table
contains the numbers n(fe(X)) that describe the number of faces of minimal examples of edge-
transitive surfaces with face-edge types fe(X) (with respect to the number of faces).

fe(X) (1,4) (1,2).1 (1,2).2 (2,2) (2,1)

n(fe(X)) 4 14 144 144 112

Table 4: Minimal number of faces of a edge-transitive surface with a certain face-edge type

We have implemented several tests to ensure that the derived census of edge-transitive surfaces
contained in [6] is correct. In particular, we have conducted the following tests:

1. For every arc-transitive cubic graph G with at most 56 nodes, we have constructed all edge-
transitive surfaces by computing all possible cycle double covers of G with the help of the
implementations in [72]. We then verified that applying our algorithms to G produced the
same set of edge-transitive surfaces, up to isomorphism.

2. For every cubic arc-transitive graph G = (V,E) with |Aut(G)| ≤ 4000, we computed all
subgroups H ≤ Aut(G) of order |H| = s|V |, where s = 1, 2, 4, using the GAP-function
ConjugacyClassesSubgroups, see [44]. We then checked whether the candidate subgroups
computed via our algorithm, which is based on computing chains of maximal subgroups is
equal to the above set of subgroups, up to conjugacy.

3. For every cubic arc-transitive graph G = (V,E) with |V | ≤ 5000 we have computed a copy
G′ of G by randomly relabelling the nodes of G with the labels 1, . . . , |V |. We then checked
whether the set of edge-transitive surfaces with G as face graph is equal to the set of edge-
transitive surfaces with G′ as face graph, up to isomorphism.

Again, we are aware of the fact that errors may still occur despite these efforts of testing.
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7 Surfaces with given automorphism groups

In this section, we examine simplicial surfaces that have automorphism groups that are isomorphic
to given finite groups. In particular, we show that for every finite group G, there exits a simplicial
surface that has an automorphism group that is isomorphic to G, see Theorem 7.3.1 and Theo-
rem 7.3.5. In order to achieve this result, we make use of a cubic graph construction that has been
introduced by Frucht in [42]. In his work, Frucht exploits a finite group G and a corresponding
generating set to construct a cubic graph Γ and then claims that Γ has an isomorphism group
isomorphic to G. First, we show that the construction introduced by Frucht can be simplified for
finite groups that are generated by two elements, i.e. if G is a group with a generating set of size
two, then we can construct a cubic graph Γ with Aut(Γ) ∼= G that has less nodes than the graph
that arises from Frucht’s original construction. In the general case, we fix a slight oversight by
Frucht by modifying his construction to obtain cubic graphs that actually have given groups as
automorphism groups. These constructions are essential to prove Theorem 7.3.5 as described in
the following:

We show that the cubic graphs that result from our modified constructions, see Remark 7.1.10,
can be equipped with cycle double covers such that the arising simplicial surfaces have automor-
phism groups that are isomorphic to the automorphism groups of the underlying cubic graphs and
hence isomorphic to the prescribed finite groups. In the general cases Cn, Dn, A5 for n ≥ 4, we
provide alternative constructions of simplicial surfaces that form simplicial spheres. Furthermore,
in these cases we construct (1, 1, 1)-embeddings of the corresponding simplicial surfaces such that
the automorphism groups of the simplicial surfaces, the underlying cubic graphs and the symmetry
groups of the arising polyhedra are all isomorphic.

Note that Frucht appeared to be aware of this minor oversight, see [12, 43]. Furthermore,
alternative constructions of cubic graphs with given finite groups as automorphism groups, but
significantly more nodes, can be found in [12, 62]. Before proceeding further, we make the following
assumptions.

Remark. 1. In contrast to the previous sections, where Dn denoted the dihedral group of order
n, we now choose Dn to be the dihedral group acting on n points. That means that |Dn| = 2n.

2. We assume all simplicial surfaces in this section to be closed and connected.

3. If G is a finite group and S a generating set, then we choose S to be a minimal generating
set satisfying 1G /∈ S. Hence, if |S| ≥ 2, then G is assumed to be non-cyclic.

7.1 Frucht’s cubic graphs

In this subsection, we slightly modify the cubic graph construction that has been introduced by
Frucht in [42]. Note that, for an arbitrary finite group G generated by n elements, the cubic graph
Γ that results from Frucht’s construction has 2(n + 2)|G| nodes. In the case n = 2, we modify
Frucht’s cubic graph construction by contracting 3-cycles in Γ (see Figure 7.1 for illustration) such
that the cubic graph Γ′ resulting from this modification has 2(2 + 1)|G| = 6|G| nodes and still
satisfies Aut(Γ′) ∼= G.

This section is based on research originally published in [2].
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Figure 7.1: Contracting a 3-cycle in a cubic graph

Furthermore, in the general case we demonstrate that the construction introduced by Frucht
does not yield cubic graphs whose automorphism groups are isomorphic to given finite groups, see
Remark 7.1.8. Hence, we modify his construction for groups that are generated by more than two
elements. Moreover, we show that the cubic graphs that arise from our modification have arc-3-
colourings and hence yield cycle double covers, as described in Remark 1.2.7. For this purpose,
we recall Frucht’s construction in this section, see Remark 7.1.6. Note, the case that G is a cyclic
group is discussed in Section 7.2.

Since Frucht’s construction is based on Cayley graphs, we introduce the formal definition of
these directed graphs.

Definition 7.1.1

Let G be a finite group with generating set S = {g1, . . . , gn}. We define the Cayley graph
CG,S = (N,A) as the directed graph with N = G as nodes and A = {(g, gs) | g ∈ G, s ∈ S}
as arcs.

In Figure 7.2, we see a subgraph that corresponds to an undirected version of a subgraph of a
Cayley graph with n generators.

g

g · g1

g · g−1
1

g · gn

g · g−1
n

Figure 7.2: Undirected Cayley graph of a group G with n generators

Note that if S is an inverse-closed generating set of a group G, then the Cayley graph CG,S can
be interpreted as an undirected graph. Moreover, we see that the Cayley graph CG,S of a group G
with generating set S = {g1, . . . , gn} can be equipped with an arc-n-colouring κ that is induced by
S as follows:

κ : {(g, g · s) | g ∈ G, s ∈ S} → {1, . . . , n}, (g, g · gi) 7→ i.
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Furthermore, the automorphism group of the Cayley graph CG,S that is equipped with the arc-
colouring κ corresponds to the left-action of the group G on itself.

Lemma 7.1.2

Let G be a finite group and S = {g1, . . . , gn} a generating set of G. The automor-
phism group of the Cayley graph CG,S respecting its S-induced arc-n-colouring is given
by Aut(CG,S) = {πg : G→ G, h 7→ g · h | g ∈ G}. Moreover, Aut(CG,S) ∼= G holds.

In this work, Frucht makes use of quadratic forms to define cubic graphs, see [42]. These
polynomials or more precisely the corresponding monomials describe the incidences of nodes of the
arising cubic graphs. This is detailed in the below definition.

Definition 7.1.3

Let Γ = (V,E) be a graph with V = {F1, . . . , Fn} and x1, . . . , xn formal indeterminates
such that Fi corresponds to xi for all 1 ≤ i ≤ n. Furthermore, for 1 ≤ i, j ≤ n we define
ai,j as 1 if {Fi, Fj} ∈ E and 0 otherwise. Thus, we define the quadratic form QΓ of Γ
as

QΓ :=
n∑

i,j=1

ai,jxixj .

It can be observed that the quadratic form of a given graph can be related the adjacency matrix
of the graph as described below.

Remark 7.1.4 Let Γ = (V,E) be a graph and V = {F1, . . . , Fn} the nodes of Γ. Furthermore, let
x = (x1, . . . , xn) be formal indeterminates such that xi corresponds to the node Fi for all 1 ≤ i ≤ n,
and Q := QΓ the quadratic form of Γ. If A ∈ {0, 1}n×n denotes the adjacency matrix of Γ, then

Q =
1

2
xAxt.

We observe that each monomial xixj of Q corresponds to an arc {Fi, Fj} ∈ E and thus the adjacency
matrix A can be recovered from Q. Moreover, we know that Aut(Γ) is isomorphic to the group
consisting of the permutations of the columns and rows of A that leave the adjacency matrix A
invariant. Thus, the automorphism group of Γ is isomorphic to the group of permutations of
x = (x1, . . . , xn) that preserve the quadratic form Q.

With Remark 7.1.4 it suffices to determine a quadratic form in order to define a cubic graph.

Remark 7.1.5 Let Γ = (V,E) be a cubic graph and Q its quadratic form with corresponding
indeterminates x1, . . . , xn. Since Q determines Γ and also Aut(Γ), up to isomorphism, we identify
V with the set of formal indeterminates i.e. V = {x1, . . . , xn}.

Now, we are able to recall Frucht’s graph construction from [42].

Remark 7.1.6 Let G be a finite group and S = {g1, . . . , gn} be a generating set of G. In [42]
Frucht constructs a cubic graph Γ based on G and S by splitting each node of the Cayley graph
CG,S, see Figure 7.3a, into several nodes as shown in Figure 7.3b. This construction is formalised
below by presenting a suitable quadratic form.
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g

g · g1

g · g−1
1

g · gn

g · g−1
n

(a)

x1,g

x2,g

x3,gx4,g

x5,g

x6,g

x2n+3,g

x2n+4,g

x6,g·g1

x5,g·g−1
1

x2n+4,g·gn

x2n+3,g·g−1
n

(b)

Figure 7.3: Undirected Cayley graph (a) and part of Frucht’s original cubic graph construction (b)

In order to give the quadratic form describing the desired cubic graph Γ, we assume that |G| = h
and that G is given by

G = {g1, . . . , gn︸ ︷︷ ︸
∈S

, gn+1, . . . , gh}.

Note, every node of the Cayley graph CG,S corresponds to a group element of G. Thus, for every
g ∈ G Frucht presents 2n + 4 indeterminates, namely x1,g, . . . , x2n+4,g. Furthermore, for i ̸= j
Frucht introduces a quadratic form Qi,j via

Qi,j :=
h∑

k=1

xi,gkxj,gk .

Based on the quadratic forms Qij, Frucht defines the quadratic form QF that yields the cubic graph
Γ as follows:

QF =Q1,2 +Q1,4 +Q1,5 +Q2,3 +Q2,4 +Q3,5 +Q3,6 +Q4,2n+4

+
n∑

i=2

Q2i+3,2i+4 +
n∑

i=2

Q2i+2,2i+3 +R,

where R is given by

R =

h∑
k=1

n∑
j=1

x2j+3,gkx2j+4,gj ·gk .

We observe that the resulting graph Γ is indeed cubic and has exactly (2n + 4)|G| = 2(n + 2)|G|
nodes.

Next, we show that the cubic graphs that result from Frucht’s cubic graph construction can be
arc-3-coloured.

Proposition 7.1.7

Let G be a finite group and S = {g1, . . . , gn} be a generating set of G with n ≥ 2. Then the
cubic graph Γ with quadratic form QF as given in Remark 7.1.6 has an arc-3-colouring.
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Proof. Based on the quadratic form QF , we can construct an arc-3-colouring of Γ = (V,E) by
presenting a suitable partition of the arcs E. For this purpose, we define E(q) as the set of arcs in
E that correspond to the monomials that are summands of q, where q is a subsum of the quadratic
form QF . This notion helps us to partition the arcs E into the sets E1, E2, E3 with

E1 := E(Q1,4 +Q2,3 +R),

E2 := E(Q1,5 +Q2,4 +Q3,6 +
n∑

i=2

Q2i+3,2i+4),

E3 := E(Q1,2 +Q3,5 +Q4,2n+4 +
n∑

i=2

Q2i+2,2i+3).

Thus, κ : E → {1, 2, 3} defined by κ(e) := i for e ∈ Ei with i = 1, 2, 3 forms an arc-colouring of
Γ. The arc-colouring κ is shown in Figure 7.4, where arcs coloured in 1, 2 and 3 are illustrated with
the colours red, green and blue, respectively. Hence, it is straightforward to see that κ is indeed an
arc-3-colouring of Γ.

x1,g

x2,g

x3,gx4,g

x5,g

x6,g

x2n+3,g

x2n+4,g

x6,g·g1

x5,g·g−1
1

x2n+4,g·gn

x2n+3,g·g−1
n

Figure 7.4: Part of Frucht’s original cubic graph construction equipped with an arc-3-colouring

We proceed by demonstrating that in general Frucht’s cubic graph construction (see Remark 7.1.6)
does not yield cubic graphs with given finite groups as automorphism groups.

Remark 7.1.8 For a group G that is generated by two elements S = {g1, g2}, Frucht proves in [42]
that the cubic graph Γ with quadratic form QF as described in Remark 7.1.6 satisfies Aut(Γ) ∼= G.
However, in the case that G is generated by more than two elements, this statement does not hold
in general. As an example, we consider the group G = A5 with the generating set

S = {g1 = (1, 5)(2, 4), g2 = (1, 2, 4, 3, 5), g3 = (2, 5, 3)}.

With GAP, we have been able to verify that the automorphism group of the cubic graph Γ resulting
from Frucht’s construction based on G and S satisfies Aut(Γ) ∼= C2×A5 ≇ A5. Hence, in this case
Frucht’s construction does not lead to a cubic graph with A5 as automorphism group. Furthermore,
we have observed that in Frucht’s construction the order of the generators is important. That means
by reordering the generators in S, we can obtain non-isomorphic cubic graphs. This instance is also
described in [43].

The example presented in Remark 7.1.8 raises the following question.
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Question. Why does Frucht’s reasoning fail in the case n > 2?

This question is addressed in the following: In [42] Frucht computes the automorphism group of
a cubic graph Γ that is constructed via Remark 7.1.6 by exploiting the idea that an automorphism
of Γ maps cycles in Γ onto cycles with the same length. He then uses these cycle lengths to argue
that an automorphism of Γ maps nodes onto nodes with the same cycle triplets, see Definition 7.1.9.
However, for n > 2 generators, his argumentation fails as he missed pairs of nodes with the same
cycle triplet that can be mapped onto each other with automorphisms that do not correspond
to elements of a given group G, namely the nodes x1,g and x2,g illustrated in Figure 7.3b. This
instance leads to an automorphism group Aut(Γ) that is larger than G.

Definition 7.1.9

Let Γ = (V,E) be a cubic graph and e1, e2, e3 ∈ E arcs that are all incident to the same
node v ∈ V . For all 1 ≤ i < j ≤ 3 let ci,j be the length of a minimal cycle passing through
the arcs ei, ej. We define the cycle triplet of v as the tuple (c1,2, c1,3, c2,3).

Now, we present our modified construction with the aim of filling the gap in his proof.

Remark 7.1.10 Let G = {g1, . . . , gh} be a finite group with h elements and S = {g1, . . . , gn} a
generating set of G. For n = 2 and n > 2 we can construct cubic graphs by substituting each node of
the Cayley graph CG,S with components as illustrated in Figure 7.5a and Figure 7.5b, respectively.
This constructions are formalised below by presenting suitable quadratic forms.

x1,gx2,g

x3,g

x4,g

x5,g

x6,g

x4,g·g1

x3,g·g−1
1

x6,g·g2

x5,g·g−1
2

(a)

x1,g
x2,g

x3,g

x4,g

x5,gx6,g

x7,g

x8,g

x2n+5,g

x2n+6,g

x8,g·g1

x7,g·g−1
1

x2n+6,g·gn

x2n+5,g·g−1
n

(b)

Figure 7.5: Simplified construction for two generators (a) and modified construction for more than
two generators (b)

Again, for i ̸= j we use the quadratic form Qi,j given by

Qi,j :=

h∑
k=1

xi,gkxj,gk .

This allows us to define the desired quadratic forms. For n = 2, let xi,gj be formal indeterminates,
where i = 1, . . . , 6 and j = 1, . . . , h. Thus, we define the graph Γsimp by the quadratic form

Qsimp := Q1,2 +Q1,3 +Q1,4 +Q2,3 +Q2,6 +Q4,5 +Q5,6 +Rsimp,
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where Rsimp is given by

Rsimp :=
h∑

k=1

x3,gkx4,gk·g1 + x5,gkx6,gk·g2 .

For n > 2, the graph Γmod is defined by the following quadratic form:

Qmod :=Q1,2 +Q1,3 +Q1,6 +Q2,3 +Q2,4 +Q3,7 +Q4,5 +Q4,6 +Q5,7 +Q5,8 +Q6,2n+6

+
n∑

i=2

Q2i+5,2i+6 +
n∑

i=2

Q2i+4,2i+5 +Rmod,

with Rmod given by

Rmod :=

h∑
k=1

n∑
j=1

x2j+5,gkx2j+6,gk·gj .

We observe that in both cases the resulting graphs are indeed cubic. For n = 2 and n > 2 the
arising cubic graphs have exactly 6|G| and (2n+ 6)|G| nodes, respectively.

In Figure 7.6a we illustrate an example of a cubic graph that results from Frucht’s original
construction for the group Q8 with two generators. The cubic graph shown in Figure 7.6a has 8
cycles of length 3. Note that contracting these 3-cycles gives rise to the cubic graph that results from
our simplification of Frucht’s construction for groups generated by two elements, see Figure 7.6b
and Remark 7.1.10. The cubic graph illustrated in Figure 7.6b has 64 − 2 · 8 = 48 nodes and an
automorphism group that is isomorphic to Q8. Iterating the process of contracting 3-cycles leads
to a cubic graph with larger automorphism group on 32 nodes. By Proposition 7.1.7, we know that
the cubic graph in Figure 7.6a is arc-3-colourable. Figure 7.6b illustrates an arc-3-colouring of the
cubic graph resulting from our simplified construction. In Proposition 7.1.12, we will show that a
cubic graph resulting from one of our modifications in Remark 7.1.10 can always be equipped with
an arc-3-colouring.

(a) (b)

Figure 7.6: Cubic graphs with automorphism groups isomorphic to Q8: Frucht’s original construc-
tion on 64 nodes (a) and our modified construction on 48 nodes (b)
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We proceed by showing that our modifications in Remark 7.1.10 lead to cubic graphs with given
groups as automorphism groups. We prove this statement by making use of cycle triplets of given
cubic graphs, see Definition 7.1.9. For simplicity, we assume that the entries of a cycle triplet of a
node of a cubic graph are ordered lexicographically.

Theorem 7.1.11

Let G be a finite group with generating set S = {g1, . . . , gn}, where n ≥ 2. Then there
exists a cubic graph Γ with Aut(Γ) ∼= G on 6|G| nodes for n = 2 and (2n + 6)|G| nodes
for n > 2.

Proof. Let Γmod and Γsimp be the cubic graphs with quadratic forms Qmod and Qsimp as given
in Remark 7.1.10, respectively. In order to prove the result we exploit the incidence structures of
Γmod and Γsimp as illustrated in Figure 7.5. First, we show that automorphisms of Γmod and Γsimp

have to map components illustrated in Figure 7.5a and Figure 7.5b onto other such components,
respectively. Hence, we give a case distinction with respect to (1) n = 2 and (2) n > 2.
Case (1): For n = 2 and some g ∈ G, the nodes x1,g and x2,g (shown in Figure 7.5a) have the
same cycle triplet, namely (3, 5, 6). However, the node x4,g is incident to two nodes that lie on
a 3-cycle, i.e. x1,g and x3,g·g−1

1
, but x6,g is incident to exactly one node that lies on a 3-cycle,

i.e. x2,g. Thus, an automorphism π∈ Aut(Γ) has to map a node xi,g onto a node xi,g′ for some
g′ ∈ G, i.e. π(xi,g) = xi,g′ . Hence, components illustrated in Figure 7.5a are mapped onto other
such components.
Case (2): Similarly, for n > 2 and some g ∈ G the node x4,g (see Figure 7.5b) is the only node in
the illustrated component that has cycle triplet (4, 5, 2 + 2n). Thus, the incidence structure of the
underlying cubic graph enforces illustrated components to be mapped onto other such components.

The remaining part of this proof is analogous to the proof given by Frucht in [42]. In particular,
the remaining part is based on showing that the automorphism group of the cubic graphs Γsimp

and Γmod are isomorphic to the automorphism groups of the corresponding arc-n-coloured Cayley
graphs, where the arc-n-colouring is induced by S for n = 2 and n > 2, respectively. Hence, we
obtain Aut(Γsimp) ∼= G for n = 2 and Aut(Γmod) ∼= G for n > 2 by Lemma 7.1.2

Thus, our proposed modification indeed fills the gap in Frucht’s proof for his desired cubic graph
construction. Hence, we obtain Frucht’s result that for every finite non-cyclic group G, there exists
a cubic graph Γ satisfying Aut(Γ) ∼= G. Note that Frucht gives two cubic graphs (see Fig. 1 and
Fig. 2 in [42]) with automorphism groups of order 1 and 2, respectively. Further, the case that G
is cyclic is handled in Theorem 7.2.2.

We conclude this section by establishing that the cubic graphs resulting from Remark 7.1.10
can always be arc-3-coloured.

Proposition 7.1.12

Let G be a finite group and S = {g1, . . . , gn} a generating set of G with n ≥ 2. Then the
cubic graphs Γsimp and Γmod with quadratic forms Qsimp and Qmod from Remark 7.1.10
can be arc-3-coloured.

Proof. We prove the above statement by introducing suitable arc-3-colourings of Γsimp = (V,E)
for n = 2 and Γmod = (V ′, E′) for n > 2. For this purpose, if (E′′, Q) ∈ {(E,Qsimp), (E

′, Qmod)} is
one of the above quadratic forms, then we define E′′(q), where q is a subsum of the quadratic form
Q, as the set of arcs in E′′ whose corresponding monomials are summands of q.
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Case n = 2: We make use of the quadratic form Qsimp as given in Remark 7.1.10 to construct an
arc-3-colouring of Γsimp. We observe that E can be partitioned into the sets E1, E2, E3 with

E1 := E(Q1,2 +Rsimp),

E2 := E(Q1,4 +Q2,3 +Q5,6),

E3 := E(Q1,3 +Q2,6 +Q4,5).

Thus, κsimp : E → {1, 2, 3} with κsimp(e) := i for e ∈ Ei, i = 1, 2, 3 is an arc-colouring of Γsimp, see
Figure 7.7a for an illustration of κsimp with arcs coloured in 1, 2 and 3 visualised with red, green
and blue, respectively. Hence, we conclude that κsimp is indeed an arc-3-colouring of Γsimp.
Case n > 2: Here, we exploit the quadratic form Qmod as given in Remark 7.1.10. In this case the
arcs of the cubic graph Γmod can be partitioned into the three sets E′

1, E
′
2, E

′
3 with

E′
1 := E′(Q1,6 +Q2,3 +Q4,5 +Rmod),

E′
2 := E′(Q1,2 +Q3,7 +Q4,6 +Q5,8 +

n∑
i=2

Q2i+5,2i+6),

E′
3 := E′(Q1,3 +Q2,4 +Q5,7 +Q6,2n+6 +

n∑
i=2

Q2i+4,2i+5).

Hence, we see that the map κmod : E′ → {1, 2, 3} with κmod(e) := i for e ∈ E′
i, i = 1, 2, 3 is an

arc-colouring of Γmod. This arc-colouring is shown in Figure 7.7b with arcs coloured in 1, 2 and 3
visualised with red, green and blue, respectively. Thus, κmod is an arc-3-colouring of Γmod and we
conclude the result.
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Figure 7.7: Cubic graphs equipped with arc-3-colourings: Simplified construction for two generators
(a) and modified construction for more than two generators (b)

In Section 7.3 we exploit the arc-colourings κmod and κsimp that are constructed in the above
proof to show that a given finite group can be interpreted as the automorphism group of a simplicial
surface, see Theorem 7.3.5.

7.2 Cubic graphs with cyclic or dihedral automorphism groups

Frucht’s cubic graph construction for cyclic groups in [42] differs from his construction for non-cyclic
groups (see Remark 7.1.6). We first recall his construction for cyclic groups and then introduce
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a new family of cubic graphs whose automorphism groups are dihedral. For both, the family
of cubic graphs with cyclic automorphism groups and the newly introduced family with dihedral
automorphism groups, we construct corresponding planar straight-line embeddings.

Remark 7.2.1 For a cyclic group Cn with n > 2, Frucht constructs a cubic graph ΓCn consisting
of 6n nodes such that the corresponding automorphism group is cyclic of order n. The quadratic
form QCn that uniquely determines the cubic graph ΓCn is given as follows: If the indeterminates
corresponding to the nodes of the graph ΓCn are given by ai, bi, ci, di, ei, fi for i = 1, . . . , n, then
Frucht defines the quadratic form QCn via:

QCn :=
n∑

i=1

(aibi + aiei + aifi + bifi + cidi + cifi + ciei)

+

n−1∑
j=1

(bj+1ej + djdj+1) + b1en + d1dn.

In Figures 7.8a and 7.8b we show illustrations of the graph ΓCn for n = 5 and n = 6, respectively.

With these quadratic forms, we are able to formulate the following result by Frucht.

Theorem 7.2.2 ([42] Frucht)

If n > 2 is a natural number, then the cubic graph ΓCn from Remark 7.2.1 satisfies
Aut(ΓCn)

∼= Cn.

Next, we compute a planar straight-line embedding of the cubic graph ΓCn , where n > 2. We
construct such an embedding by exploiting the following remark.

Remark 7.2.3 Let n > 2 be a natural number. Then ΓCn is a well-defined cubic graph with
nodes ai, bi, ci, di, ei, fi, where i = 1, . . . , n. By defining π := (a1, . . . , an) · · · (f1, . . . , fn) we see that
Aut(ΓCn) = ⟨π⟩. Thus, Aut(ΓCn) can be embedded into GL2(R) via Ψ : Aut(ΓCn) → GL2(R)
defined by Ψ(πj) := (Mα)

j for all 1 ≤ j ≤ n, where α := 2π
n and

Mα :=

(
cos(α) − sin(α)

sin(α) cos(α)

)
.

Hence, Aut(ΓCn)
∼= ⟨Mα⟩ follows.

We can construct the desired planar straight-line embedding of ΓCn by exploiting the above
matrixMα to assign 2D-coordinates to the nodes of ΓCn . Note that by just assigning 2D-coordinates
to the different nodes of ΓCn the corresponding straight-line embedding is determined fully.

Proposition 7.2.4

Let n > 2 be a natural number and ΓCn the cubic graph from Remark 7.2.1. Then ΓCn is
planar.

Proof. We prove this statement by constructing a planar straight line embedding of the cubic graph
ΓCn = (V,E). Let therefore α be defined by α := 2π

n and v, w1, w2 ∈ R2 defined by

v := (1, 0)t, w1 := (cos(α)− 1, sin(α))t, w2 := (sin(α), 1− cos(α))t.
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Furthermore, let ϕ : V → R2 be given as follows: We define the images of a1, . . . , f1 under ϕ as

ϕ(a1) := v +
1

2
w1, ϕ(b1) := v +

1

4
w1,

ϕ(c1) := v +
1

2
w1 + 2w2, ϕ(d1) := v +

1

2
w1 + 3w2,

ϕ(e1) := v +
3

4
w1, ϕ(f1) := v +

1

2
w1 + w2.

With this information we are able to determine the map ϕ fully. More precisely, for all 1 ≤ i ≤ n−1
we define

ϕ(ai+1) := (Mα)
iϕ(a1), ϕ(bi+1) := (Mα)

iϕ(b1),

ϕ(ci+1) := (Mα)
iϕ(c1), ϕ(di+1) := (Mα)

iϕ(d1),

ϕ(ei+1) := (Mα)
iϕ(e1), ϕ(fi+1) := (Mα)

iϕ(f1).

We observe that ϕ is a planar straight line embedding of ΓCn .

In Section 7.3 we give an alternative argument to prove that the graph ΓCn is planar. Further-
more, Figure 7.8a and 7.8b illustrate the above planar embedding for n = 5 and n = 6, respectively.

(a) (b)

Figure 7.8: Planar straight-line embeddings of ΓCn for n = 5 (a) and n = 6 (b)

Next, we introduce a new infinite family of cubic graphs that all have dihedral automorphism
groups with less nodes than the cubic graphs that result from the cubic graph constructions in the
previous section.

Remark 7.2.5 For n > 3 the dihedral group Dn of order 2n can be generated by 2 elements.
Thus, constructing a cubic graph with an automorphism group that is isomorphic to Dn is covered
by Frucht’s general construction in Remark 7.1.6 and our simplification of Frucht’s construction
in Remark 7.1.10. However, for n > 3, we can define a cubic graph ΓDn with 4n instead of
(2 · 2 + 4) · |Dn| = 16n or 6 · |Dn| = 12n nodes that still has a dihedral automorphism group as
described in the following: Let ai, bi, ci, di for i = 1, . . . , n be indeterminates corresponding to the
nodes of the graph ΓDn = (V,E). Hence, we define ΓDn by the quadratic form QDn with

QDn :=

n∑
i=1

(aibi + aici + cidi + bici) +

n−1∑
j=1

(ajbj+1 + djdj+1) + anb1 + d1dn.
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Figures 7.9a and 7.9b illustrate the graph ΓDn for n = 5 and for n = 6, respectively.

First, we show that the cubic graph ΓDn for n > 3 indeed has an automorphism group that
forms a dihedral group of order 2n.

Theorem 7.2.6

If n > 3 is a natural number, then the cubic graph ΓDn from Remark 7.2.5 satisfies
Aut(ΓDn)

∼= Dn.

Proof. By examining the quadratic form QDn , we see that ΓDn has exactly n cycles of length 3,
namely

(a1, b1, c1), . . . , (an, bn, cn).

We prove the above statement by examining the action of an automorphism of ΓDn on these cycles.
Hence, let π ∈ Aut(ΓDn) be an automorphism. Since π has to map a cycle of length 3 onto a
cycle of length 3, we know that π permutes the cycles (a1, b1, c1), . . . , (an, bn, cn). Thus, there exists
a 1 ≤ i ≤ n with π((a1, b1, c1)) = (ai, bi, ci). Because of π being an automorphism and therefore
respecting the incidences of ΓDn , this implies π(d1) = di. Moreover, π has to permute the nodes
d1, . . . , dn such that π((d1, . . . , dn)) = (d1, . . . , dn). That means that either (1) π(d1+j) = di+j for
all 1 ≤ j ≤ n or (2) π(d1+j) = di−j for all 1 ≤ j ≤ n, where the subscripts are read modulo n.
Case (1): If π(d1+j) = di+j for all 1 ≤ j ≤ n, then π(c1+j) = ci+j for all 1 ≤ j ≤ n follows.
Moreover, π has to map the cycle (d1, c1, a1, b2, c2, d2) onto a cycle of the same length. This
instance implies π(a1+j) = ai+j and π(b1+j) = bi+j for all 1 ≤ j ≤ n. Therefore, π can be written
as π = σi−1, where σ is defined as σ := (a1, . . . , an) · · · (d1, . . . , dn).
Case (2): If π(d1+j) = di−j for all 1 ≤ j ≤ n, we deduce that π maps c1+j onto ci−j for all
1 ≤ j ≤ n, which implies π(a1+j) = bi−j and π(b1+j) = ai−j for all 1 ≤ j ≤ n by the same
argument as presented in the previous case. Thus, π is given by π = σi−1s, where s is defined by

s := (a1, b1)

⌊n
2
⌋∏

j=1

(a1−j , b1+j)(a1+j , b1−j)(d1−j , d1+j)(c1−j , c1+j),

with the transpositions (ck, ck), (dk, dk) for k ∈ {1, ⌊n2 ⌋} defined as the identity. Hence, we conclude
Aut(ΓDn) = ⟨σ, s⟩ ∼= Dn and the result follows.

We can exploit the orthogonal matrix Mα, see Remark 7.2.3, to construct planar straight-line
embeddings of the graphs ΓDn for n > 3 as seen in the cyclic case in Proposition 7.2.4.

Proposition 7.2.7

Let n > 3 be a natural number and ΓDn the cubic graph from Remark 7.2.5. Then ΓDn is
planar.

Proof. We proceed in the same way as presented in the proof of Proposition 7.2.4 and construct
a planar straight line embedding of ΓDn = (V,E) as follows: Let α be defined by α := 2π

n and
v, w1, w2 ∈ R2 defined by

v := (1, 0)t, w1 := (cos(α)− 1, sin(α))t, w2 := (sin(α), 1− cos(α))t.

Furthermore, let ϕ : V → R2 be a map, where the images of a1, b1, c1, d1 under ϕ are defined by

ϕ(a1) := v +
3

4
w1, ϕ(b1) := v +

1

4
w1,
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ϕ(c1) := v +
1

2
w1 + w2, ϕ(d1) := v +

1

2
w1 + 2w2.

Thus, for all 1 ≤ i ≤ n− 1 we determine the map ϕ via

ϕ(ai+1) := (Mα)
iϕ(a1), ϕ(bi+1) := (Mα)

iϕ(b1),

ϕ(ci+1) := (Mα)
iϕ(c1), ϕ(di+1) := (Mα)

iϕ(d1).

Thus, it is straightforward to see that ϕ yields a planar straight-line embedding of ΓDn .

Figure 7.9a shows the constructed planar embedding for n = 5 and Figure 7.9b for n = 6.

(a) (b)

Figure 7.9: Planar straight-line embedding of ΓDn for n = 5 (a) and n = 6 (b)

7.3 Cycle double covers and simplicial surface constructions

In Sections 7.1 and 7.2 we have exploited Frucht’s cubic graph construction to establish that every
finite group can be interpreted as the automorphism group of a cubic graph. Based on this result,
we show that every finite group G can be realised as the automorphism group of a simplicial
surface. We achieve this by computing an Aut(Γ)-invariant cycle double cover of a cubic graph Γ
that arises from one of the constructions presented in Remarks 7.1.10 and 7.2.1. Since Γ satisfies
Aut(Γ) ∼= G, we obtain a simplicial surface with prescribed automorphism group (This instance is
detailed in Remark 3.2.1). We therefore follow the below methodology: In [42] Frucht conducts
a case distinction to construct cubic graphs based on a finite group G, namely (1) |G| ≤ 2, (2)
G ∼= Cn for n > 2 and (3) G ≇ Cn for n ≥ 1. Based on this case distinction we construct simplicial
surfaces with prescribed automorphism groups. (1) For |G| ≤ 2 Frucht gives two cubic graphs (see
Fig. 1 and Fig. 2 in [42]) with automorphism groups of order 1 and 2 which yield simplicial spheres
with automorphism groups of order 1 and 2, respectively. (2) In Theorem 7.3.1 we show that in
case G ∼= Cn with n > 2 the cubic graph ΓCn constructed in Remark 7.2.1 can be equipped with an
Aut(ΓCn)-invariant cycle double cover. (3) The general case, namely G ≇ Cn for n ∈ N is covered
by Theorem 7.3.1. Here, we use Remark 1.2.7 and construct cycle double covers of given cubic
graphs by exploiting corresponding arc-3-colourings as described by Szekeres in [88]. Hence, if Γ is
a cubic graph resulting from our modification of Frucht’s construction and X a simplicial surface
with F(X) = Γ, then |X2| equals the number of nodes of Γ, i.e. 6|G| for n = 2 and (2n+ 6)|G| for
n > 2. Additionally, if G = Dn with n > 3, then we construct an Aut(ΓDn)-invariant cycle double
cover of the cubic graph ΓDn constructed in Remark 7.2.5, see Theorem 7.3.3. Finally, we present
some examples of cubic graphs and corresponding simplicial surfaces with automorphism groups
that are isomorphic to G = A5.
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We start this section by showing that the cubic graph ΓCn with n > 2 yields a vertex-faithful
simplicial surface with cyclic automorphism group of order n.

Theorem 7.3.1

Let ΓCn with n > 2 be the cubic graph from Remark 7.2.1. Then there exists a vertex-
faithful simplicial sphere X satisfying F(X) = ΓCn and Aut(X) ∼= Cn.

Proof. In the following, we read all subscripts modulo n. First, we recall that the quadratic form
of the cubic graph ΓCn is given by

QCn =
n∑

i=1

(aibi + aiei + aifi + bifi + cidi + cifi + ciei)

+

n−1∑
j=1

(bj+1ej + djdj+1) + b1en + d1dn.

We define a cycle double cover of the graph ΓCn as follows:

C ={(ai, bi, fi) | i = 1, . . . , n} ∪ {(ai, fi, ci, ei) | i = 1, . . . , n}∪
{(ei, ci, di, di+1, ci+1, fi+1, bi+1) | i = 1, . . . , n}∪
{(d1, . . . , dn), (b1, a1, e1, . . . , bn, an, en)}.

It is straightforward to see that C forms a vertex-faithful cycle double cover of ΓCn . We observe
that Aut(ΓCn) leaves the above cycle cover C invariant, i.e. π(C) = C for every π ∈ Aut(ΓCn). Thus,
the resulting simplicial surface X with F(X) = ΓCn and vertices corresponding to C satisfies

Aut(X) ∼= Aut(F(X)) ∼= Cn.

It remains to show that X is a simplicial sphere. This can be shown by examining the vertex-
counter of X. Since the different vertex-degrees correspond to the lengths of the cycles in C, we see
that the vertex-counter of X is given by V n

3 V
n
4 V

n
7 VnV3n. Thus, χ(X) = (n+n+n+2)−9n+6n = 2,

which concludes the proof.

As a direct consequence, we obtain the following proposition.

Proposition 7.3.2

Let ΓCn with n > 2 be the cubic graph constructed in Remark 7.2.1. Then ΓCn is a
3-connected planar graph.

Proof. By Theorem 7.3.1 the graph ΓCn is the face graph of a vertex-faithful simplicial sphere X.
By Steinitz, see [84], this is the case if and only if ΓCn is planar and 3-connected.

For n > 3 we give an analogous result for the dihedral group Dn.

Theorem 7.3.3

Let ΓDn with n > 3 be the cubic graph from Remark 7.2.5. Then there exists a vertex-
faithful simplicial sphere X satisfying F(X) = ΓDn and Aut(X) ∼= Dn.
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Proof. Here, we read all subscripts in this proof modulo n. We know that the quadratic form QDn

is given by

QDn =
n∑

i=1

(aibi + aici + cidi + bici) +
n−1∑
j=1

(ajbj+1 + djdj+1) + anb1 + d1dn.

Hence, we construct a cycle double cover of ΓDn via

C ={(ai, bi, ci) | i = 1, . . . , n}∪
{(ai, ci, di, di+1, ci+1, bi+1) | i = 1, . . . , n}∪
{(d1, . . . , dn), (a1, b1, a2, b2, . . . , an, bn)}.

The above set forms a vertex-faithful cycle double cover of ΓDn . Moreover, Aut(ΓDn) leaves the
above cycle double cover C invariant. Thus, the resulting simplicial surface X with F(X) = ΓDn

and vertices corresponding to C satisfies

Aut(X) ∼= Aut(F(ΓDn))
∼= Dn.

Since the vertex-counter ofX is given by V n
3 V

n
6 VnV2n, we know that χ(X) = (n+n+2)−6n+4n = 2.

Hence, X is vertex-faithful simplicial sphere with a dihedral automorphism group.

The above theorem directly implies the below result.

Proposition 7.3.4

Let ΓDn with n > 3 be the cubic graph constructed in Remark 7.2.5. Then ΓDn is a
3-connected planar graph.

Proof. Theorem 7.3.3 establishes that ΓDn is the face graph of a vertex-faithful simplicial sphere.
Hence, ΓDn is planar and 3-connected by Steinitz [84].

Next, we show that the cubic graphs that arise from our modification of Frucht’s cubic graph
construction are the face graphs of simplicial surfaces.

Theorem 7.3.5

Let G be a finite non-cyclic group with generating set S = {g1, . . . , gn}, where n ≥ 2. Then
there exists a simplicial surface X such that Aut(X) ∼= G.

Proof. We give a case distinction with respect to (1) n > 2 and (2) n = 2.
Case (1): First, we assume n > 2. By Theorem 7.1.11 there exists a cubic graph Γ = (V,E) that
satisfies Aut(Γ) ∼= G. We choose Γ to be the cubic graph that is described by the quadratic form
Qmod in Remark 7.1.10, i.e. Γ := Γmod. Furthermore, we define E(q), where q is a subsum of the
quadratic form Qmod, as the set of arcs that corresponds to the monomials that are summands
of q. In the proof of Proposition 7.1.12, we have constructed an arc-3-colouring κmod of Γ, see
Figure 7.10b for illustration. We exploit this arc-3-colouring to construct the cycle double cover
Cmod of Γ consisting of all bi-coloured cycles of Γ as described in Remark 1.2.7. The resulting
simplicial surface X with F(X) = Γ and vertices corresponding to Cmod satisfies Aut(X) ≤ Aut(Γ).
Thus, it remains to show that every automorphism of Aut(Γ) leaves the cycle double cover Cmod

invariant. If we denote G by G = {g1, . . . , gh}, as in Remark 7.1.10, we observe that for every
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1 ≤ m ≤ h = |G| the element gm ∈ G induces an automorphism σm of Γ via σm(xi,gk) := xi,gmgk

for all 1 ≤ i ≤ 2n+ 6 and 1 ≤ k ≤ h. Since Aut(Γ) ∼= G and σm ̸= σm′ for m ̸= m′, we know that
Aut(Γ) = {σ1, . . . , σh}.Moreover, we observe σm(E(Qi,j)) = E(Qi,j) and σm(E(Rmod)) = E(Rmod)
for all 1 ≤ m ≤ h. Hence, Aut(Γ) respects the arc-3-colouring κmod. We therefore conclude that
the cycle double cover Cmod is invariant under Aut(Γ) which means Aut(X) ∼= Aut(Γ) ∼= G.
Case (2): Similarly, if n = 2, we can exploit the arc-3-colouring κsimp (Figure 7.10a) of the cubic
graph Γ′ := Γsimp, see Remark 7.1.10, to construct a cycle double cover Csimp consisting of all the
bicoloured cycles with respect to κsimp. We can verify that the resulting simplicial surface X ′ with
F(X ′) = Γ′ and vertices corresponding to Csimp satisfies Aut(X ′) ∼= Aut(Γ′) ∼= G analogously to
the case n > 2. Hence, the result follows.

In the following we comment on the vertex-degrees of the simplicial surfaces constructed in the
proof of Theorem 7.3.5. Again, note that the construction of these simplicial surfaces is based on
the arc-3-colourings of the cubic graphs illustrated in Figures 7.10a and 7.10b.
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Figure 7.10: Cubic graphs equipped with arc-3-colourings: Simplified construction for two genera-
tors (a) and modified construction for more than two generators (b)

Remark 7.3.6 Let G be a finite group and S = {g1, . . . , gn} a generating set of G. In the cases
(1) |S| = 2 and (2) |S| > 2, we can determine the lengths of the cycles in the cycle double covers
constructed in the proof of Theorem 7.3.5 and hence compute the vertex-counter of the arising
simplicial surfaces. This allows us to compute the Euler characteristics of these simplicial surfaces.
Case (1): Let Csimp be the cycle double cover that has been established in the proof of Theorem 7.3.5
based on the arc-3-colouring κsimp, and X

′ the corresponding simplicial surface. In this case, we
know that Csimp yields |G| blue-green cycles of length 6. Further, we have |G|/|g1 ·g2| blue-red cycles
of length 6 · |g1 ·g2|. Finally, we obtain |G|/|g2| red-green cycles of length 2|g2| and |G|/|g1| red-green
cycles of length 4|g1|. This implies that the vertex-counter of X ′ is given by

V
|G|
6 · V |G|/|g1·g2|

6|g1·g2| · V |G|/|g1|
4|g1| · V |G|/|g2|

2|g2| .

Since the simplicial surface X ′ has |G|(1+ 1
|g1·g2| +

1
|g1| +

1
|g2|) vertices, 9|G| edges and 6|G| faces,

the Euler characteristic of X ′ is given by

χ(X ′) = |G| ·
(

1

|g1 · g2|
+

1

|g1|
+

1

|g2|
− 2

)
.
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Case (2): Next, let Cmod be the cycle double cover, κmod the arc-3-colouring and X the correspond-
ing simplicial surface from the proof of Theorem 7.3.5. Hence, we observe that Cmod contains |G|
blue-green cycles of length 2n+6. We have |G|/|g1 · · · gn| blue-red cycles of length 6 · |g1 · · · gn|. Ad-
ditionally, for i = 2, . . . , n we obtain |G|/|gi| green-red cycles of length 2|gi| and |G|/|g1| green-red
cycles of length 4|g1|. In total, the vertex counter of X is given by

V
|G|
2n+6 · V

|G|/|g1···gn|
6|g1···gn| · V |G|/|g1|

4|g1| ·
n∏

i=2

V
|G|/|gi|
2|gi| .

Since we know |X0|, it is straightforward to compute the Euler characteristic of X as follows:

χ(X) = |G| ·

(
1

|g1 · · · gn|
+

n∑
i=1

1

|gi|
− n− 2

)
.

Note, in both cases we can find pairs of blue-red and green-red cycles that share more than one
arc, hence the simplicial surfaces X and X ′ are not vertex-faithful.

For some finite groups, we can give alternative cycle double covers of the cubic graphs con-
structed in Remark 7.1.10 that yield vertex-faithful simplicial surfaces. As an example, we consider
the quaternion group Q8 = ⟨i, j|i4 = j4 = 1, i2 = j2, ij = j−1i⟩ with generators g1 := i, g2 := j.
The resulting cubic graph is isomorphic to the cubic graph shown in Figure 7.6b. Below, we de-
scribe a cycle double cover of this cubic graph yielding a vertex-faithful simplicial surface of Euler
characteristic 0. This cycle double cover consists of the cycles:(

x1,g, x2,g, x3,g
)
,
(
x1,g, x2,g, x6,g, x5,g, x4,g

)
,

for all g ∈ Q8 and(
x3,g, x1,g, x4,g, x3,g·i−1 , x2,g·i−1 , x6,g·i−1 , x5,g·i−1·j−1 , x6,g·i−1·j−1 , x5,g·i−1·j−1·j−1 , x4,g·i−1·j−1·j−1

)
,

for all g ∈ Q8 (some elements g ∈ Q8 yield the same cycle). Further, we note that no graph with
automorphism group Q8 can be embedded onto a sphere, see [11]. Hence, if X is a simplicial surface
with Aut(F(X)) ∼= Q8, then χ(X) ̸= 2.

With Theorem 7.3.5 we have demonstrated that our cubic graphs derived from the construc-
tions inspired by Frucht yield simplicial surfaces. The number of faces of such a simplicial surface is
significantly larger than the order of the corresponding automorphism group. Hence, we do not nec-
essarily obtain highly symmetric simplicial surfaces, e.g., simplicial surfaces whose automorphism
groups act transitively on the corresponding faces.

However, if a cubic graph forms an undirected Cayley graph of a given group G, then we
can associate a simplicial surface to the given graph that possesses a large automorphism group.
In this case, the construction of cycle double covers of the cubic Cayley graph can be linked to
arc-3-colourings of the graph as described in the following.

Remark 7.3.7 Let G be a finite group with generators S and CG,S an undirected cubic Cayley
graph. Then G satisfies one of the following statements:

1. The group G is generated by three distinct involutions S = {s1, s2, s3} and hence the graph
CG,S can be arc-3-coloured (each involution corresponds to a colour on the arcs). We can
obtain a cycle double cover of CG,S by the set of all bi-coloured cycles of CG,S. Note that a
cycle that is constructed by the generators si and sj with 1 ≤ i < j ≤ 3 has length 2 · |si · sj |.

151



2. The group G is generated by one involution s and another element x with |x| > 2. If |x| is
even, we can construct an arc-3-colouring of CG,S by colouring the arcs corresponding to the
involution s in one colour and the arcs obtained by the cycles arising from powers of x in
alternating colours. Hence, if G is a group generated by S = {s, x, x−1} with |s| = 2 and
|x| = 2n with n > 1, then the cycles of the resulting cycle double cover either have length
|x|, 2 · |s · x| or 2 · |s · x−1|.
Even if |x| is not even, we can always obtain a cycle double cover via

{(g, g · x, . . . , g · x|x|−1) | g ∈ G} ∪ {(g, g · s, g · sx, . . . , g · (sx)|sx|−1, g · (sx)|sx|−1 · s) | g ∈ G}.

In all the above cases the proposed cycle double covers are invariant under the action of a
subgroup H ≤ Aut(CG,S) that is isomorphic to G. Furthermore, if Aut(CG,S) ∼= G, then we obtain
a simplicial surface X with |G| faces and automorphism group isomorphic to G.

Note that [56] establishes that every undirected Cayley graph can be equipped with a cycle
double cover.

Lastly, we present some cubic graphs that have automorphism groups that are isomorphic to A5

and further demonstrate that the presented graphs can be equipped with cycle double covers. The
case G = A5 turns out to be interesting, as there is a cubic graph Γ with Aut(Γ) ∼= G such that a
corresponding simplicial surface can be equipped with a (1, 1, 1)-embedding. As first example, we
consider the cubic graph Γ illustrated in Figure 7.11.
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Figure 7.11: A node-transitive cubic graph with automorphism group isomorphic to A5

The graph Γ has 30 nodes and forms the smallest node-transitive graph with an automorphism
group that is isomorphic to A5. We observe that an Aut(Γ)-invariant cycle double cover consisting
of 10 cycles of length 6 and 6 cycles of length 5 is given by

{(14, 27, 28, 24, 19, 17), (9, 30, 25, 18, 13, 10), (8, 26, 29, 20, 23, 11), (7, 15, 16, 21, 22, 12),
(3, 28, 27, 12, 7, 4), (3, 13, 18, 23, 20, 4), (2, 11, 8, 17, 14, 5), (2, 25, 30, 21, 22, 5),

(1, 9, 10, 24, 19, 6), (1, 16, 15, 29, 26, 6), (3, 28, 24, 10, 13), (2, 25, 18, 23, 11),

(1, 16, 21, 30, 9), (6, 26, 8, 17, 19), (5, 22, 12, 27, 14), (4, 20, 29, 15, 7)}.
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Hence, the simplicial surface X with F(X) = Γ and vertices corresponding to the above cycle
double cover has 16 vertices, 45 edges and 30 faces. We observe that X is a non-orientable simplicial
surface satisfying χ(X) = 1.

Next, we introduce a simplicial sphere Y with Aut(Y ) ∼= A5 that can be embedded into Eu-
clidean 3-space via a (1, 1, 1)-embedding ϕ such that A5

∼= Aut(ϕ(Y )). For this purpose, we consider
the snub dodecahedron, see Figure 7.12a. The snub dodecahedron forms an Archimedean solid with
an automorphism group that is isomorphic to A5. Moreover, it can be shown that the graph that
describes the incidences between its vertices and edges is isomorphic to a Cayley graph of A5. In par-
ticular, this Cayley graph can be obtained via the generators S = {(1, 2)(3, 4), (1, 2, 3, 4, 5), (1, 3, 5)}.
Thus, by replacing every pentagonal face of the snub dodecahedron with 5 triangles via the kis op-
erator, see [30], we obtain a triangulated sphere with automorphism group isomorphic to A5, called
the pentakis snub dodecahedron, see Figure 7.12b. Figure 7.13 shows the face graph of the simpli-
cial surface Y corresponding to the pentakis snub dodecahedron. Moreover, this face graph forms
a planar cubic graph with automorphism group isomorphic to A5.

(a) (b)

Figure 7.12: Snub dodecahedron and pentakis snub dodecahedron

Figure 7.13: Face graph of the simplicial surface corresponding to the pentakis snub dodecahedron
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7.4 Embeddings of simplicial surfaces

Inspired by the simplicial surfaces with cyclic and dihedral automorphism groups constructed in
Theorems 7.3.1 and 7.3.3, we now establish the existence of infinite families of simplicial surfaces
with cyclic or dihedral automorphism groups. In particular, we construct these families such that a
corresponding simplicial surface can be equipped with a (1, 1, 1)-embedding such that the simplicial
surface and the arising polyhedron both either have dihedral or cyclic automorphism and symmetry
groups. Hence, we establish the following result.

Theorem 7.4.1

If G = Cn with n > 2 or G = Dn with n > 3, then there exists a simplicial surface X and
a corresponding (1, 1, 1)-embedding ϕ of X such that Aut(X) ∼= Aut(ϕ(X)) ∼= G.

We achieve this goal as described in the following: For every n > 2 we construct an infinite
family (X(n,k))k∈N0 of vertex-faithful simplicial surfaces such that for every k ∈ N0 there exists a
(1, 1, 1)-embedding ϕ of X(n,k) with

Cn
∼= Aut(ϕ(X(n,k))) ∼= Aut(X(n,k)).

Further, for every n > 3 we construct an infinite family of vertex-faithful simplicial surfaces
(Y (n,k))k∈N0 such that for every k ∈ N0 there exists a (1, 1, 1)-embedding ψ of Y (n,k) satisfying

Dn
∼= Aut(ψ(Y (n,k))) ∼= Aut(Y (n,k)).

The idea behind the construction is to combine tetrahedra, n-pyramids and n-strips ( see Fig-
ures 7.14a and 7.14b) in such a way that they preserve the desired cyclic or dihedral symmetry.

(a) (b)

Figure 7.14: A 4-pyramid (a) and a 4-strip (b)

Since we aim to construct vertex-faithful simplicial surfaces, we can define a simplicial surface
X by constructing a subset of the vertices of faces Θ(X) and then let the remaining vertices of
faces be computed by a suitable group action on X0. For example, the group

G := ⟨(v2, v3, v4, v5)⟩ ≤ Sym({v1, . . . , v6})

yields the vertices of faces of the simplicial octahedron O via

Θ(O) = orbG({v1, v2, v3}) ∪ orbG({v2, v3, v6})
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={{v1, v2, v3}, {v1, v3, v4}, {v1, v4, v5}, {v1, v2, v5},
{v2, v3, v6}, {v3, v4, v6}, {v4, v5, v6}, {v2, v5, v6}},

where g ∈ G acts on a subset {v, v′, v′′} via g({v, v′, v′′}) = {g(v), g(v′), g(v′′)}.

Remark 7.4.2 For simplicity, we identify a face F of a vertex-faithful simplicial surface X with
its set of incident vertices, i.e. we write F = {v1, v2, v3}, if v1, v2, v3 ∈ X0 are the three vertices
that are incident to F.

7.4.1 Construction of cyclic families

In this subsection, we give a detailed construction of the families (X(n,k))k∈N0 for n > 2. We
define these simplicial surfaces by computing the corresponding vertices of faces. Furthermore,
we present the desired (1, 1, 1)-embeddings of these simplicial surfaces and prove that the arising
automorphism and symmetry groups are all cyclic. Note that we are inspired by the quadratic form
presented in Remark 7.2.1 and therefore denote the faces of X(n,k) by Fai , Fbi , Fci , Fdi , Fei , Ffi and
Fi,j , Fi,j for suitable i, j.

Remark 7.4.3 Let n > 2 be a natural number and k ∈ N0. We define the vertex-faithful simplicial
surface X(n,k) as follows: Let the vertices of X(n,k) be given by v1, . . . , v(k+3)n+2. Here, we make
use of the cyclic group

G := ⟨ (v1, . . . , vn) · · · (v(k+2)n+1, . . . , v(k+3)n)︸ ︷︷ ︸
g:=

⟩

to compute the vertices of faces Θ(X(n,k)). In particular, we define Θ(X(n,k)) by

Θ(X(n,k)) := {Fai , Fbi , Fci , Fdi , Fei , Ffi | i = 1, . . . , n} ∪ {Fi,j , Fi,j | i = 1, . . . , n, j = 1, . . . , k},

where the different faces are specified below. First, we define the vertices that are incident to the
faces Fa1 , Fb1 , Fc1 , Fd1 , Fe1 , Ff1 by

Fa1 := {v(k+1)n+1, v(k+2)n+1, v(k+3)n+2},
Fb1 := {vkn+1, v(k+2)n+1, v(k+3)n+2},
Fc1 = {vkn+1, vkn+2, v(k+1)n+1},
Fd1 = {v1, v2, v(k+3)n+1},
Fe1 := {vkn+2, v(k+1)n+1, v(k+3)n+2},
Ff1 := {vkn+1, v(k+1)n+1, v(k+2)n+1}.

If k > 0, then the vertices of faces of F1,j and F1,j for 0 < j ≤ k are defined by

F1,j := {v(j−1)n+1, v(j−1)n+2, vjn+1} and F1,j := {v(j−1)n+2, vjn+1, vjn+2}.

This allows us to construct the remaining vertices of faces by the action of G on the above faces. In
particular, the vertices of the faces Fai+1 , . . . , Ffi+1

for i = 1, . . . , n−1 are given by gi(Fa1), . . . , g
i(Ff1),

respectively. In the case that k > 0, we define the vertices of the faces Fi+1,j and Fi+1,j for
i = 1, . . . , n− 1 and j = 1, . . . , k by gi(F1,j) and g

i(F1,j), respectively.
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For n > 2 and k ∈ N0 the simplicial surface X(n,k) has Euler characteristic 2 and hence forms a
simplicial sphere. Furthermore, the simplicial surface X(n,0) is isomorphic to the simplicial surface
constructed in the proof of Theorem 7.3.1. For example, for n = 4 and k = 0, we obtain the
simplicial surface X(4,0) consisting of 14 vertices, 36 edges and 24 faces that is described by the
following vertices of faces:

Θ(X(4,0)) = {{v1, v2, v6}, {v1, v2, v13}, {v1, v4, v6}, {v1, v4, v7}, {v1, v5, v8}, {v1, v5, v13},
{v1, v7, v8}, {v2, v3, v6}, {v2, v3, v11}, {v2, v5, v11}, {v2, v5, v14}, {v2, v13, v14},
{v3, v4, v6}, {v3, v4, v9}, {v3, v5, v9}, {v3, v5, v12}, {v3, v11, v12}, {v4, v5, v7},
{v4, v5, v10}, {v4, v9, v10}, {v5, v7, v8}, {v5, v9, v10}, {v5, v11, v12}, {v5, v13, v14}}.
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Figure 7.15: The simplicial surface X(4,0)

Next, we seek to construct (1, 1, 1)-embeddings of the simplicial surfaces constructed in Re-
mark 7.4.3. To achieve this, we assign 3D-coordinates to the vertices of X(n,k) as follows.

Remark 7.4.4 Let n > 2 be a natural number and k ∈ N0. Further, let l ∈ N be a natural number
satisfying gcd(n, l) = 1 and cos(α) ≤ 1

2 , where α := 2πl
n . Thus, we define scalars ρ and h as

ρ :=

(
∥

(
cos(α)

sin(α)

)
−

(
cos(2α)

sin(2α)

)
∥

)−1

=
1√

2 (1− cos(α))
,

h :=

√√√√1− ρ∥

(
cos(α)

sin(α)

)
−

(
cos(α2 )

sin(α2 )

)
∥2 =

√
1− 2ρ(1− cos(α2 )).

Inspired by the construction of the vertices of faces Θ(X(n,k)) in Remark 7.4.3, we define the 3D-
coordinates of some of the vertices of X(n,k) and obtain the remaining 3D-coordinates by introducing
suitable group actions. Hence, a (1, 1, 1)-embedding ϕ of X is given by

ϕ(vjn+1) := −jh
(

0, 0, 1
)t

+ ρ
(

cos(j α2 ), sin(j α2 ), 0
)t
,
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ϕ(vjn+2) := −jh
(

0, 0, 1
)t

+ ρ
(

cos((j + 1)α2 ), sin((j + 1)α2 ), 0
)t
,

for j = 0, . . . , k and

ϕ(v(k+3)n+1) :=
√
1− ρ2

(
0, 0, 1

)t
,

ϕ(v(k+3)n+2) :=− (kh+
√

1− ρ2)
(

0, 0, 1
)t
,

ϕ(v(k+1)n+1) :=
1

3
(ϕ(vkn+1) + ϕ(vkn+2) + ϕ(v(k+3)n+2))

+
(ϕ(v(k+3)n+2)− ϕ(vkn+1))× (ϕ(vkn+2)− ϕ(v(k+3)n+2))

∥(ϕ(v(k+3)n+2)− ϕ(vkn+1))× (ϕ(vkn+2)− ϕ(v(k+3)n+2))∥
,

ϕ(v(k+2)n+1) :=
1

3
(ϕ(vkn+1) + ϕ(v(k+1)n+1) + ϕ(v(k+3)n+2))

+
(ϕ(vkn+1)− ϕ(v(k+3)n+2))× (ϕ(vkn+1)− ϕ(v(k+1)n+1))

∥(ϕ(vkn+1)− ϕ(v(k+3)n+2))× (ϕ(vkn+1)− ϕ(v(k+1)n+1))∥
.

For every i = 1, . . . , n− 1 and every j = 0, . . . , k we set that ϕ maps the vertex vjn+(i+1) of X
(n,k)

onto

ϕ(vjn+(i+1)) = ϕ(gi(vjn+1)) := (Mα)
iϕ(vjn+1),

with g := (v1, . . . , vn) · · · (v(k+2)n+1, . . . , v(k+3)n) and Mα defined as

Mα :=


cos(α) − sin(α) 0

sin(α) cos(α) 0

0 0 1

 . (2)

We observe that the edges that are incident to the faces Fa1 , . . . , Ff1 , F1,j , F1,j all have length 1
by construction. Since the Euclidean norm is invariant under the multiplication with orthogonal
matrices, ϕ is indeed a (1, 1, 1)-embedding of X(n,k). For simplicity, we denote this embedding of

X(n,k) by ϕ
(n,k)
l .

Figure 7.16 shows the polyhedra that arise from the (1, 1, 1)-embeddings ϕ
(4,0)
1 , ϕ

(5,0)
1 and ϕ

(7,0)
2

of the simplicial surfaces X(4,0), X(5,0) and X(7,0), respectively.

(a) (b) (c)

Figure 7.16: Polyhedra that result from embedding the simplicial surfaces X(4,0) (a), X(5,0) (b) and
X(7,0) (c) into R3 with corresponding (1, 1, 1)-embeddings
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For n > 2 and k ∈ N0 the above procedure yields

|{l | 1 ≤ l ≤ n

2
, gcd(n, l) = 1, cos

(
2πl
n

)
≤ 1

2}|

different polyhedra corresponding to X(n,k) that cannot be transformed into each other by using
rigid Euclidean motions only. In Figure 7.17, the construction of the family (X(4,k))k∈N0 is illus-

trated by showing the polyhedra that result from the (1, 1, 1)-embeddings ϕ
(4,1)
1 , ϕ

(4,2)
1 and ϕ

(4,3)
1 of

the simplicial surfaces X(4,1), X(4,2) and X(4,3), respectively.

(a) (b) (c)

Figure 7.17: Polyhedra that result from embedding the simplicial surfaces X(4,1) (a), X(4,2) (b) and
X(4,3) (c) into R3 with corresponding (1, 1, 1)-embeddings

Next, we analyse the automorphism groups of the simplicial surfaces contained in (X(n,k))k∈N0 .

Proposition 7.4.5

Let n > 2 be a natural number and k ∈ N0. Further, let l ∈ N be a natural number with

gcd(n, l) = 1 and cos(2πln ) ≤ 1
2 . Then the (1, 1, 1)-embedding ϕ

(n,k)
l from Remark 7.4.4

satisfies

Aut(ϕ
(n,k)
l (X(n,k))) ∼= Aut(X(n,k)) ∼= Cn.

Proof. By construction ⟨Mα⟩, with Mα given as in (2) in Remark 7.4.4, is a subgroup of the

symmetry group Aut(ϕ
(n,k)
l (X(n,k))). Since ⟨Mα⟩ ∼= Cn, it suffices to show Aut(X(n,k)) ∼= Cn.

Thus, let ψ be an automorphism of X(n,k). We observe that v(k+2)n+1, . . . , v(k+3)n are exactly the

vertices of degree 3 in X(n,k) and that v(k+3)n+2 is the only with vertex-degree 3n. Since ψ has to

map vertices of X(n,k) onto vertices with the same vertex-degree, we conclude

ψ(v(k+2)n+1) = v(k+2)n+i

for some i ∈ {1, . . . , n} and
ψ(v(k+3)n+1) = v(k+3)n+1.

Since F = {v(k+1)n+1, v(k+2)n+1, v(k+3)n+1} is a face of X(n,k), the same holds for its image
under ψ, namely

F ′ := ψ(F ) = {ψ(v(k+1)n+1), v(k+2)n+i, v(k+3)n+1}.
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Hence, ψ(v(k+1)n+1) has to be a vertex with deg(ψ(v(k+1)n+1)) = deg(v(k+1)n+1) = 4 such that F ′

forms a face of X(n,k). This leads to ψ(v(k+1)n+1) = v(k+1)n+i. Thus, the incidence structure of

X(n,k) enforces that the restriction of ψ to the vertices of X(n,k) is given by

((v1, . . . , vn) · · · (v(k+2)n+1, . . . , v(k+3)n))
i−1.

and by Remark 3.1.3 the automorphism group Aut(X(n,k)) is cyclic. Thus, we obtain

Cn
∼= ⟨Mα⟩ ≤ Aut(ϕ

(n,k)
l (X(n,k))) ↪→ Aut(X(n,k)) ∼= Cn.

7.4.2 Construction of dihedral families

Next, we present the construction of the simplicial surface Y (n,k) for n > 3 and k ∈ N0. We pursue
a similar approach as presented in Section 7.4.1 to compute the incidence structure of the desired
simplicial surfaces and the corresponding (1, 1, 1)-embeddings. In Proposition 7.4.8 we prove that
for n > 3 and k ∈ N0 the simplicial surface Y (n,k) and the polyhedra arising from the constructed
(1, 1, 1)-embeddings both have automorphism and symmetry groups that are isomorphic to the
dihedral group of order 2n.

First, we introduce the incidence structure of Y (n,k). Again, we are inspired by the quadratic
form and the corresponding cubic graph established in Remark 7.2.5 and denote the faces of the
desired simplicial surface Y (n,k) by Fai , Fbi , Fci , Fdi and Fi,j , Fi,j for suitable i, j.

Remark 7.4.6 Let n > 3 be a natural number and k ∈ N0. We follow the approach in Remark 7.4.3
and construct the vertex-faithful simplicial surface Y (n,k) as follows: Let the vertices of Y (n,k) be
given by v1, . . . , v(k+2)n+2. We define Y (n,k) by its vertices of faces:

Θ(Y (n,k)) := {Fai , Fbi , Fci , Fdi | i = 1, . . . , n} ∪ {Fi,j , Fi,j | i = 1, . . . , n, j = 1, . . . , k},

where the different faces are specified below. First, let the faces of Fa1 , . . . , Fd1 be defined by

Fa1 := {vkn+1, v(k+1)n+1, v(k+2)n+2},
Fb1 := {vkn+2, v(k+1)n+1, v(k+2)n+2},
Fc1 := {vkn+1,kn+2, v(k+1)n+1},
Fd1 := {v1, v2, v(k+2)n+1}.

If k > 0, then we define the vertices of the faces F1,j and F1,j for 0 < j ≤ k by

F1,j := {v(j−1)n+1, v(j−1)n+2, vjn+1} and F1,j := {v(j−1)n+2, vjn+1, vjn+2}.

Here, the permutation h := (v1, . . . , vn) · · · (v(k+1)n+1, . . . , v(k+2)n) gives rise to the vertices of the re-

maining faces of Y (n,k). More precisely, for i = 1, . . . , n−1 the vertices of the faces Fai+1 , . . . , Fdi+1
,

are given by hi(fa1), . . . , h
i(Fh1), respectively. If k > 0, then we define the vertices of the faces

Fi+1,j and Fi+1,j for i = 1, . . . , n− 1 and j = 1, . . . , k by hi(F1,j) and h
i(F1,j), respectively.

For n > 3 and k ∈ N0 the simplicial surface Y (n,k) has Euler characteristic 2 and hence forms a
simplicial sphere. Furthermore, the simplicial surface Y (n,0) is isomorphic to the simplicial surface
constructed in the proof of Theorem 7.3.3. For n = 4 and k = 0, we obtain the simplicial surface
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X(4,0) consisting of 10 vertices 24 edges and 16 faces that is described by the following vertices of
faces:

Θ(Y (4,0)) = {{v1, v5, v10}, {v2, v6, v10}, {v3, v7, v10}, {v4, v8, v10},
{v2, v5, v10}, {v3, v6, v10}, {v4, v7, v10}, {v1, v8, v10},
{v1, v2, v5}, {v2, v3, v6}, {v3, v4, v7}, {v1, v4, v8},
{v1, v2, v9}, {v2, v3, v9}, {v3, v4, v9}{v1, v4, v9}}.
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F6

F7
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F9F10

F11 F12

F13F14

F15 F16

v1

v2
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v4v4

v5v6

v7 v8v9

v10

v10

v10

v10 v10

Figure 7.18: The simplicial surface Y (4,0)

We proceed by presenting the desired (1, 1, 1)-embedding of the simplicial surface Y (n,k).

Remark 7.4.7 Let n > 3 be a natural number and k ∈ N0. Further, let l ∈ N be a natural number
satisfying gcd(n, l) = 1 and cos(α) ≤ 1

2 , where α := 2πl
n . We define the scalars ρ and h as in

Remark 7.4.4. Hence, a (1, 1, 1)-embedding ψ of the simplicial surface Y (n,k) is given as follows:
For 0 ≤ j ≤ k we define the following images:

ψ(vjn+1) := −jh
(

0, 0, 1
)t

+ ρ
(

cos(j α2 ), sin(j α2 ), 0
)t
,

ψ(vjn+2) := −jh
(

0, 0, 1
)t

+ ρ
(

cos((j + 1)α2 ), sin((j + 1)α2 ), 0
)t
.

Furthermore, we set

ψ(v(k+2)n+1) :=
√
1− ρ2

(
0, 0, 1

)t
,

ψ(v(k+2)n+2) :=− (kh+
√
1− ρ2)

(
0, 0, 1

)t
,

ψ(v(k+1)n+1) :=
1

3
(ψ(vkn+1) + ψ(vkn+2) + ψ(v(k+2)n+2))

+
(ψ(v(k+2)n+2)− ψ(vkn+1))× (ψ(vkn+2)− ψ(v(k+2)n+2))

∥(ψ(v(k+2)n+2)− ψ(vkn+1))× (ψ(vkn+2)− ψ(v(k+2)n+2))∥
.

Hence, the images of the remaining vertices can be defined by

ψ(vjn+(i+1)) = ψ(gi(vjn+1)) :=Mα
iψ(vin+1)
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with 1 ≤ i ≤ n − 1 and 0 ≤ j ≤ k, where Mα is given as in (2). Again, we see that the edges
that are incident to the faces Fa1 , Fb1 , Fc1 , Fd1 , F1,j , F1,j all have length 1 by construction. Since
the Euclidean norm is invariant under the multiplication with orthogonal matrices, ψ is indeed a
(1, 1, 1)-embedding of Y (n,k). For simplicity, we denote the (1, 1, 1)-embedding ψ of the simplicial

surface Y (n,k) constructed above by ψ
(n,k)
l .

Figure 7.19 illustrates the polyhedra that arise from the (1, 1, 1)-embeddings ψ
(4,0)
1 , ψ

(5,0)
1 and

ψ
(7,0)
2 of the simplicial surfaces X(4,0), X(5,0) and X(7,0), respectively.

(a) (b) (c)

Figure 7.19: Polyhedra that result from embedding the simplicial surfaces Y (4,0) (a), Y (5,0) (b) and
Y (7,0) (c) into R3 with corresponding (1, 1, 1)-embeddings

Note, as presented in the cyclic case the above construction gives rise to

|{l | 1 ≤ l ≤ n

2
, gcd(n, l) = 1, cos(2πln ) ≤ 1

2}|

different polyhedra corresponding to Y (n,k) that can not be transformed into each other by using
rigid Euclidean motions. In Figure 7.20, we illustrate the construction of the family (Y (4,k))k∈N0

by presenting the polyhedra that result from the (1, 1, 1)-embeddings ψ
(4,1)
1 , ψ

(4,2)
1 and ψ

(4,3)
1 of the

simplicial surfaces Y (4,1), Y (4,2) and Y (4,3), respectively.

(a) (b) (c)

Figure 7.20: Polyhedra that result from embedding the simplicial surfaces Y (4,1) (a), Y (4,2) (b) and
Y (4,3) (c) into R3 with corresponding (1, 1, 1)-embeddings
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Lastly, we show that the simplicial surfaces constructed in Remark 7.4.6 and the polyhedra
arising from their above (1, 1, 1)-embeddings all have dihedral symmetry.

Proposition 7.4.8

Let n > 3 be a natural number and k ∈ N0. Further, let l ∈ N be a natural number with

gcd(n, l) = 1 and cos(2πln ) ≤ 1
2 . Then the (1, 1, 1)-embedding ψ

(n,k)
l from Remark 7.4.7

satisfies

Aut(ψ
(n,k)
l (Y (n,k))) ∼= Aut(Y (n,k)) ∼= Dn.

Proof. Let α and Mα be defined as in (2) in Remark 7.4.4. Further, let S be defined as

S :=


1 0 0

0 -1 0

0 0 1

 .

We observe that Mα and S define automorphisms of the polyhedron ψ
(n,k)
l (Y (n,k)) satisfying

Mn
α = S2 = I3. Since ⟨Mα, S⟩ ∼= Dn is a subgroup of Aut(ψ

(n,k)
l (Y (n,k))), it remains to show

that Aut(Y (n,k)) ∼= Dn. Let therefore ϕ ∈ Aut(Y (n,k)) be an automorphism. By our construc-
tion in Remark 7.4.6, v(k+1)n+1, . . . , v(k+2)n are exactly the vertices of degree 3 in Y (n,k). Since
ϕ has to map vertices onto vertices with the same degree, ϕ permutes the vertices of degree
3. By examining the incidence structure of Y (n,k), we see that there exists a 1 ≤ i ≤ n with
ϕ(v(k+1)n+1) = v(k+1)n+i. Furthermore, the image of the face F = {vkn+1, vkn+2, v(k+1)n+1} under
ϕ, namely F ′ := ϕ(F ) = {ϕ(vkn+1), ϕ(vkn+2), v(k+1)n+i}, must again be a face of the simplicial

surface Y (n,k). Examining the vertex-degrees of the simplicial surface Y (n,k) leads to the following
two cases: (1) ϕ(vkn+1) = vkn+i or (2) ϕ(vkn+1) = vkn+i+1.
Case (1): If ϕ(vkn+1) = vkn+i, then ϕ(vkn+2) = vkn+i+1 follows. Thus, the restriction of ϕ to the
vertices is given by

((v1, . . . , vn) · · · (v(k+1)n+1, . . . , v(k+2)n))
i−1.

Case (2): If ψ(vkn+1) = vkn+i+1, then we know that ϕ(vkn+2) = vkn+i. Hence, the restriction of
ϕ to the vertices of the simplicial surface is given by

((v1, . . . , vn) · · · (v(k+1)n+1, . . . , v(k+2)n))
i−1 · ϕS ,

whereby ϕS is a suitable involution that arises from S by embedding Aut(ψ
(n,k)
l (Y (n,k)) into

Aut(Y (n,k)). Thus, by Remark 3.1.4 we obtain

Dn
∼= ⟨S,Mα⟩ ≤ Aut(ψ

(n,k)
l (Y (n,k))) ↪→ Aut(Y (n,k)) ∼= Dn.
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8 Appendix

8.1 Data: Face-transitive surfaces with respect to vertex-face types and Euler
characteristics

This section contains some information about the census of face-transitive surfaces contained in [6].
We refer the reader to Section 5.4 for a description of how to read the below tables.

8.1.1 Data of orientable face-transitive surfaces with at most 1280 faces

χ(X)

(3,1)

(2,2)

(2,1).1

(2,1).2

(2,1).3

(1,1).1

(1,1).2

(1,1).3

(1,1).4

(1,2)

(1,3).1

(1,3).2

(1,6)

2

2

642

0

0

0

0

0

0

0

0

0

0

3

0

14

45

164

0

565

54013

0

0

0

2393

175

0

36

-2

2

1

0

0

0

0

0

0

0

0

0

0

0

-4

6

6

0

0

0

0

0

0

0

0

0

0

2

-6

5

6

0

0

1

0

0

0

0

0

0

0

0

-8

8

9

0

0

1

0

0

0

0

1

0

0

1

-10

6

5

0

0

2

0

0

0

0

2

0

0

1

-12

6

4

2

1

3

0

0

0

0

0

0

0

1

Table 5: Numbers of computed orientable face-transitive surfaces with at most 1280 faces with
respect to their Euler characteristics and vertex-face types

χ(X)

(3,1)

(2,2)

(2,1).1

(2,1).2

(2,1).3

(1,1).1

(1,1).2

(1,1).3

(1,1).4

(1,2)

(1,3).1

(1,3).2

(1,6)

-14

4

4

1

0

0

0

0

0

0

0

0

0

2

-16

15

22

0

0

7

0

0

0

0

2

0

0

0

-18

18

19

4

1

8

1

1

1

0

2

1

0

2

-20

5

5

3

0

4

2

0

0

0

2

0

0

0

-22

4

1

4

0

0

0

0

0

0

0

0

0

0

-24

21

8

0

0

18

2

0

0

0

1

0

0

2

-26

3

6

1

0

0

0

0

2

0

0

0

0

3

-28

13

9

1

0

3

0

0

0

1

0

0

0

2

Table 6: Numbers of computed orientable face-transitive surfaces with at most 1280 faces with
respect to their Euler characteristics and vertex-face types
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χ(X)

(3,1)

(2,2)

(2,1).1

(2,1).2

(2,1).3

(1,1).1

(1,1).2

(1,1).3

(1,1).4

(1,2)

(1,3).1

(1,3).2

(1,6)

-30

11

8

1

2

6

2

1

1

0

3

0

0

1

-32

26

29

4

1

25

6

4

0

0

3

1

0

1

-34

4

1

2

0

0

0

0

2

0

0

0

0

0

-36

23

19

3

3

14

4

1

1

0

1

0

1

0

-38

4

0

1

0

0

0

0

0

0

0

0

0

0

-40

25

21

6

3

15

1

0

0

0

3

0

0

1

-42

7

8

6

0

3

0

0

0

0

1

1

0

2

-44

6

1

0

0

2

0

0

0

0

0

0

0

0

Table 7: Numbers of computed orientable face-transitive surfaces with at most 1280 faces with
respect to their Euler characteristics and vertex-face types

χ(X)

(3,1)

(2,2)

(2,1).1

(2,1).2

(2,1).3

(1,1).1

(1,1).2

(1,1).3

(1,1).4

(1,2)

(1,3).1

(1,3).2

(1,6)

-46

9

1

0

0

0

0

0

0

0

0

0

0

0

-48

46

24

3

0

67

4

0

1

0

6

0

0

2

-50

5

6

1

3

3

4

3

2

0

0

0

1

2

-52

7

3

6

0

2

0

0

0

0

0

0

0

0

-54

28

23

4

0

25

4

1

0

0

4

2

0

3

-56

32

12

2

0

13

4

0

4

1

4

0

0

0

-58

6

1

0

0

0

0

0

0

0

0

0

0

0

-60

14

11

3

0

20

12

6

0

0

6

0

0

0

Table 8: Numbers of computed orientable face-transitive surfaces with at most 1280 faces with
respect to their Euler characteristics and vertex-face types
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χ(X)

(3,1)

(2,2)

(2,1).1

(2,1).2

(2,1).3

(1,1).1

(1,1).2

(1,1).3

(1,1).4

(1,2)

(1,3).1

(1,3).2

(1,6)

-62

3

0

5

0

0

0

0

0

0

0

0

0

0

-64

65

60

8

2

83

14

29

1

0

15

1

0

3

-66

5

3

4

0

4

1

0

0

0

1

0

0

0

-68

5

2

5

1

2

0

0

2

0

0

0

0

0

-70

16

15

0

1

5

0

0

0

0

0

0

0

1

-72

51

34

2

2

82

18

10

3

1

11

1

0

2

-74

3

0

1

0

0

0

0

2

0

0

0

0

0

-76

7

3

1

0

2

0

0

0

0

0

0

0

0

Table 9: Numbers of computed orientable face-transitive surfaces with at most 1280 faces with
respect to their Euler characteristics and vertex-face types

χ(X)

(3,1)

(2,2)

(2,1).1

(2,1).2

(2,1).3

(1,1).1

(1,1).2

(1,1).3

(1,1).4

(1,2)

(1,3).1

(1,3).2

(1,6)

-78

15

7

6

1

3

1

0

0

0

1

1

0

0

-80

58

44

21

7

50

7

2

1

0

5

0

1

2

-82

5

1

6

0

0

0

0

2

0

0

0

0

0

-84

15

12

6

0

15

7

0

2

2

4

1

0

1

-86

4

0

1

0

0

0

0

0

0

0

0

0

0

-88

37

12

2

1

11

0

0

0

0

0

0

0

3

-90

36

24

7

2

21

3

0

0

0

5

1

0

2

-92

7

1

0

0

2

0

0

0

0

0

0

0

0

Table 10: Numbers of computed orientable face-transitive surfaces with at most 1280 faces with
respect to their Euler characteristics and vertex-face types

165



χ(X)

(3,1)

(2,2)

(2,1).1

(2,1).2

(2,1).3

(1,1).1

(1,1).2

(1,1).3

(1,1).4

(1,2)

(1,3).1

(1,3).2

(1,6)

-94

6

1

0

0

0

0

0

0

0

0

0

0

0

-96

107

62

8

5

204

33

32

5

3

26

0

0

3

-98

6

5

7

1

6

5

5

1

0

2

0

0

1

-100

17

13

15

2

11

3

4

2

0

0

1

0

0

-102

7

1

5

0

5

2

0

4

0

1

0

0

2

-104

27

6

8

0

7

0

0

6

0

0

0

0

0

-106

5

1

0

0

0

0

0

0

0

0

0

0

0

-108

45

33

7

3

50

25

10

3

1

11

0

1

1

Table 11: Numbers of computed orientable face-transitive surfaces with at most 1280 faces with
respect to their Euler characteristics and vertex-face types

χ(X)

(3,1)

(2,2)

(2,1).1

(2,1).2

(2,1).3

(1,1).1

(1,1).2

(1,1).3

(1,1).4

(1,2)

(1,3).1

(1,3).2

(1,6)

-110

12

3

6

2

1

0

0

0

0

0

0

0

2

-112

78

28

2

6

41

11

0

8

3

6

0

0

0

-114

7

2

10

0

3

2

0

0

0

1

1

0

0

-116

9

1

9

0

2

0

0

0

0

0

0

0

0

-118

7

1

0

0

0

0

0

0

0

0

0

0

0

-120

38

18

10

0

109

32

20

0

2

21

0

0

0

-122

4

0

5

0

0

0

0

2

0

0

0

0

0

-124

14

8

0

1

2

0

0

0

0

0

0

0

0

Table 12: Numbers of computed orientable face-transitive surfaces with at most 1280 faces with
respect to their Euler characteristics and vertex-face types
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χ(X)

(3,1)

(2,2)

(2,1).1

(2,1).2

(2,1).3

(1,1).1

(1,1).2

(1,1).3

(1,1).4

(1,2)

(1,3).1

(1,3).2

(1,6)

-126

43

19

15

4

24

7

0

0

0

3

1

0

0

-128

145

87

19

13

271

76

175

6

3

44

0

0

3

-130

9

5

0

0

0

0

0

0

0

0

0

0

1

-132

19

5

0

0

17

5

0

0

0

1

0

0

0

-134

5

0

1

0

0

0

0

0

0

0

0

0

0

-136

31

12

6

1

12

0

0

2

0

0

0

0

3

-138

8

4

1

0

4

3

0

0

0

1

0

0

0

-140

5

11

4

0

17

0

0

2

2

0

0

0

0

Table 13: Numbers of computed orientable face-transitive surfaces with at most 1280 faces with
respect to their Euler characteristics and vertex-face types

χ(X)

(3,1)

(2,2)

(2,1).1

(2,1).2

(2,1).3

(1,1).1

(1,1).2

(1,1).3

(1,1).4

(1,2)

(1,3).1

(1,3).2

(1,6)

-142

8

1

4

0

0

0

0

0

0

0

0

0

0

-144

166

73

10

9

285

61

69

15

8

43

1

1

5

-146

4

0

3

0

0

0

0

4

0

0

0

0

0

-148

16

5

5

0

2

0

0

0

0

0

0

0

0

-150

31

15

0

3

28

9

0

1

0

5

0

0

2

-152

30

9

2

1

10

0

0

4

0

0

0

0

0

-154

14

6

4

4

2

0

0

0

0

0

0

0

1

-156

25

3

9

0

16

6

0

2

0

1

0

0

0

Table 14: Numbers of computed orientable face-transitive surfaces with at most 1280 faces with
respect to their Euler characteristics and vertex-face types
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χ(X)

(3,1)

(2,2)

(2,1).1

(2,1).2

(2,1).3

(1,1).1

(1,1).2

(1,1).3

(1,1).4

(1,2)

(1,3).1

(1,3).2

(1,6)

-158

4

0

1

0

0

0

0

0

0

0

0

0

0

-160

148

93

36

13

187

30

19

0

1

13

0

1

2

-162

43

44

13

2

57

36

10

1

1

20

0

0

5

-164

6

2

3

0

0

0

0

2

0

0

0

0

0

-166

5

1

0

0

0

0

0

0

0

0

0

0

0

-168

56

31

7

1

61

24

7

10

2

18

1

0

1

-170

5

3

0

0

0

0

0

0

0

0

0

0

0

-172

4

2

6

0

0

0

0

0

0

0

0

0

0

Table 15: Numbers of computed orientable face-transitive surfaces with at most 1280 faces with
respect to their Euler characteristics and vertex-face types

χ(X)

(3,1)

(2,2)

(2,1).1

(2,1).2

(2,1).3

(1,1).1

(1,1).2

(1,1).3

(1,1).4

(1,2)

(1,3).1

(1,3).2

(1,6)

-174

9

1

1

1

1

4

0

0

0

1

0

0

0

-176

135

21

2

2

23

4

0

8

0

0

0

0

2

-178

5

1

2

0

0

0

0

2

0

0

0

0

0

-180

47

20

11

3

67

51

12

3

2

22

0

0

1

-182

3

1

10

0

0

6

0

0

0

4

0

0

2

-184

33

8

11

1

5

0

0

0

0

0

0

0

0

-186

11

3

6

0

0

4

0

0

0

1

1

0

0

-188

4

1

0

0

0

0

0

0

0

0

0

0

0

Table 16: Numbers of computed orientable face-transitive surfaces with at most 1280 faces with
respect to their Euler characteristics and vertex-face types
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χ(X)

(3,1)

(2,2)

(2,1).1

(2,1).2

(2,1).3

(1,1).1

(1,1).2

(1,1).3

(1,1).4

(1,2)

(1,3).1

(1,3).2

(1,6)

-190

18

4

2

2

2

0

0

0

0

0

0

0

3

-192

188

93

14

9

483

148

217

13

7

94

1

0

3

-194

2

0

3

0

0

0

0

4

0

0

0

0

0

-196

8

11

1

2

10

7

7

4

2

2

0

0

1

-198

31

30

4

0

20

7

0

0

0

9

0

0

0

-200

21

19

24

2

57

23

16

6

1

8

0

0

0

-202

3

1

4

0

0

0

0

0

0

0

0

0

0

-204

18

5

7

1

8

8

0

8

0

1

0

0

0

Table 17: Numbers of computed orientable face-transitive surfaces with at most 1280 faces with
respect to their Euler characteristics and vertex-face types

χ(X)

(3,1)

(2,2)

(2,1).1

(2,1).2

(2,1).3

(1,1).1

(1,1).2

(1,1).3

(1,1).4

(1,2)

(1,3).1

(1,3).2

(1,6)

-206

3

0

1

0

0

0

0

0

0

0

0

0

0

-208

120

35

13

8

17

5

0

10

0

0

0

0

4

-210

1

2

9

0

3

6

0

0

0

3

0

0

0

-212

4

3

1

0

0

0

0

0

0

0

0

0

0

-214

6

1

0

0

0

0

0

0

0

0

0

0

0

-216

100

40

3

3

134

92

57

8

3

59

1

0

4

-218

3

0

0

0

0

0

0

0

0

0

0

0

0

-220

6

3

3

0

4

1

0

0

0

2

0

0

0

Table 18: Numbers of computed orientable face-transitive surfaces with at most 1280 faces with
respect to their Euler characteristics and vertex-face types
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χ(X)

(3,1)

(2,2)

(2,1).1

(2,1).2

(2,1).3

(1,1).1

(1,1).2

(1,1).3

(1,1).4

(1,2)

(1,3).1

(1,3).2

(1,6)

-222

8

3

7

1

0

5

0

0

0

1

1

0

0

-224

182

67

15

17

102

49

17

16

7

9

1

0

0

-226

3

1

2

0

0

0

0

2

0

0

0

0

0

-228

9

5

5

0

12

9

0

2

0

1

0

0

2

-230

6

2

0

1

1

0

0

0

0

0

0

0

0

-232

33

10

1

1

2

0

0

0

0

0

0

0

0

-234

11

20

8

3

6

7

0

0

2

3

1

0

0

-236

2

1

0

1

0

0

0

0

0

0

0

0

0

Table 19: Numbers of computed orientable face-transitive surfaces with at most 1280 faces with
respect to their Euler characteristics and vertex-face types

χ(X)

(3,1)

(2,2)

(2,1).1

(2,1).2

(2,1).3

(1,1).1

(1,1).2

(1,1).3

(1,1).4

(1,2)

(1,3).1

(1,3).2

(1,6)

-238

11

7

0

2

6

0

0

0

0

0

0

0

1

-240

105

24

20

2

301

98

65

4

3

49

0

0

2

-242

0

4

13

0

4

5

9

1

0

0

0

0

0

-244

6

2

2

0

0

0

0

0

0

0

0

0

0

-246

2

2

4

0

1

6

0

4

0

1

0

0

0

-248

23

6

1

0

1

0

0

4

0

0

0

0

0

-250

13

12

3

3

0

2

3

3

0

0

0

0

0

-252

25

20

18

6

27

48

16

14

5

5

1

0

0

Table 20: Numbers of computed orientable face-transitive surfaces with at most 1280 faces with
respect to their Euler characteristics and vertex-face types
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χ(X)

(3,1)

(2,2)

(2,1).1

(2,1).2

(2,1).3

(1,1).1

(1,1).2

(1,1).3

(1,1).4

(1,2)

(1,3).1

(1,3).2

(1,6)

-254

2

0

0

0

0

0

0

0

0

0

0

0

0

-256

341

126

12

35

704

302

781

18

11

143

2

1

7

-258

4

1

1

0

0

6

0

0

0

1

1

0

0

-260

6

5

13

2

5

0

0

2

0

0

0

0

0

-262

1

1

0

0

0

0

0

0

0

0

0

0

0

-264

55

13

4

1

52

11

0

4

0

5

0

0

1

-266

1

1

7

0

0

0

0

0

0

0

0

0

0

-268

7

2

0

0

0

0

0

0

0

0

0

0

0

Table 21: Numbers of computed orientable face-transitive surfaces with at most 1280 faces with
respect to their Euler characteristics and vertex-face types

χ(X)

(3,1)

(2,2)

(2,1).1

(2,1).2

(2,1).3

(1,1).1

(1,1).2

(1,1).3

(1,1).4

(1,2)

(1,3).1

(1,3).2

(1,6)

-270

40

38

10

8

26

26

3

0

0

16

1

0

1

-272

61

20

12

2

14

7

0

6

0

0

0

0

0

-274

0

1

2

0

0

0

0

2

0

0

0

0

0

-276

5

5

0

0

2

11

0

0

0

1

0

0

0

-278

1

0

0

0

0

0

0

0

0

0

0

0

0

-280

13

13

14

0

43

7

0

10

2

4

0

1

0

-282

7

0

1

0

1

7

0

0

0

1

0

0

0

-284

6

1

6

0

0

0

0

0

0

0

0

0

0

Table 22: Numbers of computed orientable face-transitive surfaces with at most 1280 faces with
respect to their Euler characteristics and vertex-face types
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χ(X)

(3,1)

(2,2)

(2,1).1

(2,1).2

(2,1).3

(1,1).1

(1,1).2

(1,1).3

(1,1).4

(1,2)

(1,3).1

(1,3).2

(1,6)

-286

0

1

2

0

0

0

0

1

0

0

0

0

0

-288

365

97

16

13

337

278

355

37

36

130

0

0

7

-290

5

0

5

0

0

0

0

6

0

0

0

0

0

-292

11

4

4

1

0

0

0

2

0

0

0

0

0

-294

1

8

13

1

6

14

6

2

0

1

1

0

1

-296

21

14

3

0

5

0

0

4

0

0

0

0

0

-298

0

1

0

0

0

0

0

0

0

0

0

0

0

-300

13

4

6

0

16

57

13

8

0

9

1

0

0

Table 23: Numbers of computed orientable face-transitive surfaces with at most 1280 faces with
respect to their Euler characteristics and vertex-face types

χ(X)

(3,1)

(2,2)

(2,1).1

(2,1).2

(2,1).3

(1,1).1

(1,1).2

(1,1).3

(1,1).4

(1,2)

(1,3).1

(1,3).2

(1,6)

-304

54

20

1

0

13

8

0

8

0

0

0

0

1

-306

2

16

5

0

7

10

0

4

0

3

0

0

0

-308

1

5

1

2

0

0

0

2

2

0

0

0

0

-310

10

4

2

1

1

0

0

0

0

0

0

0

0

-312

105

8

10

0

12

13

0

12

0

5

1

0

0

-314

1

0

0

0

0

0

0

0

0

0

0

0

0

-316

3

1

0

0

0

0

0

0

0

0

0

0

0

-318

3

1

1

1

1

8

0

0

0

1

0

0

0

Table 24: Numbers of computed orientable face-transitive surfaces with at most 1280 faces with
respect to their Euler characteristics and vertex-face types
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χ(X)

(3,1)

(2,2)

(2,1).1

(2,1).2

(2,1).3

(1,1).1

(1,1).2

(1,1).3

(1,1).4

(1,2)

(1,3).1

(1,3).2

(1,6)

-320

267

91

40

47

474

143

125

6

3

71

0

1

2

-322

1

1

0

0

2

0

0

0

0

0

0

0

0

-324

21

16

6

0

33

116

25

14

7

37

0

0

2

-328

25

6

4

2

0

0

0

0

0

0

0

0

0

-330

3

4

10

0

0

0

0

0

0

0

0

0

0

-332

5

0

0

0

0

0

0

0

0

0

0

0

0

-336

121

39

12

1

93

23

0

22

2

7

1

1

2

-338

1

0

2

0

0

0

0

0

0

0

0

0

0

Table 25: Numbers of computed orientable face-transitive surfaces with at most 1280 faces with
respect to their Euler characteristics and vertex-face types

χ(X)

(3,1)

(2,2)

(2,1).1

(2,1).2

(2,1).3

(1,1).1

(1,1).2

(1,1).3

(1,1).4

(1,2)

(1,3).1

(1,3).2

(1,6)

-340

7

7

0

1

14

0

0

0

0

0

0

0

1

-342

12

9

9

1

3

0

0

0

0

0

0

0

0

-344

19

6

0

0

4

0

0

4

0

0

0

0

0

-348

2

1

7

0

1

0

0

0

0

0

0

0

0

-350

8

13

2

8

17

0

0

0

0

0

0

0

2

-352

218

26

3

19

41

14

0

16

0

2

0

0

0

-354

0

0

1

0

1

0

0

0

0

0

0

0

0

-356

1

1

0

0

0

0

0

0

0

0

0

0

0

Table 26: Numbers of computed orientable face-transitive surfaces with at most 1280 faces with
respect to their Euler characteristics and vertex-face types
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χ(X)

(3,1)

(2,2)

(2,1).1

(2,1).2

(2,1).3

(1,1).1

(1,1).2

(1,1).3

(1,1).4

(1,2)

(1,3).1

(1,3).2

(1,6)

-360

133

19

14

10

103

81

11

11

1

29

0

0

0

-364

4

2

0

1

0

5

0

8

0

6

0

0

0

-366

5

2

2

1

0

0

0

4

0

0

0

0

0

-368

37

11

2

3

2

10

0

0

0

0

0

0

0

-370

7

3

0

0

0

0

0

0

0

0

0

0

0

-372

5

0

9

0

1

0

0

2

0

0

0

0

0

-374

0

0

2

0

0

0

0

0

0

0

0

0

0

-376

2

1

1

0

5

0

0

0

0

0

0

0

0

Table 27: Numbers of computed orientable face-transitive surfaces with at most 1280 faces with
respect to their Euler characteristics and vertex-face types

χ(X)

(3,1)

(2,2)

(2,1).1

(2,1).2

(2,1).3

(1,1).1

(1,1).2

(1,1).3

(1,1).4

(1,2)

(1,3).1

(1,3).2

(1,6)

-378

0

10

10

5

0

16

0

0

0

12

3

0

1

-380

8

0

1

0

0

0

0

2

0

0

0

0

0

-384

144

39

0

8

208

173

265

16

9

41

0

0

0

-388

0

1

2

0

0

0

0

0

0

0

0

0

0

-390

4

1

5

0

5

12

0

0

0

10

0

0

1

-392

5

2

2

0

1

22

3

21

1

4

0

0

0

-394

1

0

0

0

0

0

0

0

0

0

0

0

0

-396

12

1

2

0

1

6

0

1

0

2

0

0

0

Table 28: Numbers of computed orientable face-transitive surfaces with at most 1280 faces with
respect to their Euler characteristics and vertex-face types
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χ(X)

(3,1)

(2,2)

(2,1).1

(2,1).2

(2,1).3

(1,1).1

(1,1).2

(1,1).3

(1,1).4

(1,2)

(1,3).1

(1,3).2

(1,6)

-400

5

12

20

4

37

56

35

6

4

14

0

0

0

-402

0

1

0

0

0

0

0

0

0

0

0

0

0

-404

1

2

0

0

0

0

0

0

0

0

0

0

0

-406

6

4

0

5

2

0

0

0

0

0

0

0

0

-408

52

7

6

3

21

0

0

4

0

0

0

0

0

-410

11

0

2

0

0

0

0

0

0

0

0

0

0

-414

0

1

8

0

3

0

0

0

0

0

0

0

0

-416

15

12

8

5

13

17

0

21

0

2

0

1

2

Table 29: Numbers of computed orientable face-transitive surfaces with at most 1280 faces with
respect to their Euler characteristics and vertex-face types

χ(X)

(3,1)

(2,2)

(2,1).1

(2,1).2

(2,1).3

(1,1).1

(1,1).2

(1,1).3

(1,1).4

(1,2)

(1,3).1

(1,3).2

(1,6)

-418

1

0

0

0

4

0

0

0

0

0

0

0

1

-420

3

1

2

0

6

0

0

7

0

1

1

0

0

-424

5

2

0

1

0

0

0

0

0

0

0

0

0

-426

0

0

1

0

0

0

0

0

0

0

0

0

0

-428

1

0

0

0

0

0

0

0

0

0

0

0

0

-430

6

4

3

5

1

0

0

0

0

0

0

0

0

-432

24

17

6

2

30

26

11

2

12

25

0

0

2

-434

0

0

4

0

0

0

0

0

0

0

0

0

0

Table 30: Numbers of computed orientable face-transitive surfaces with at most 1280 faces with
respect to their Euler characteristics and vertex-face types
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χ(X)

(3,1)

(2,2)

(2,1).1

(2,1).2

(2,1).3

(1,1).1

(1,1).2

(1,1).3

(1,1).4

(1,2)

(1,3).1

(1,3).2

(1,6)

-436

0

1

0

0

0

0

0

0

0

0

0

0

0

-440

1

2

4

0

15

0

0

4

0

0

0

0

0

-442

0

0

0

1

0

0

0

0

0

0

0

0

0

-444

2

1

0

1

1

0

0

0

0

0

0

0

0

-448

19

15

0

1

44

3

0

0

0

0

0

0

0

-450

0

5

0

2

0

0

0

0

1

0

0

0

0

-456

16

4

0

1

3

0

0

0

0

0

0

0

0

-460

0

0

0

0

0

0

0

0

0

0

0

0

1

Table 31: Numbers of computed orientable face-transitive surfaces with at most 1280 faces with
respect to their Euler characteristics and vertex-face types

χ(X)

(3,1)

(2,2)

(2,1).1

(2,1).2

(2,1).3

(1,1).1

(1,1).2

(1,1).3

(1,1).4

(1,2)

(1,3).1

(1,3).2

(1,6)

-462

0

0

2

0

0

3

0

0

0

0

0

0

0

-464

6

4

4

2

2

0

0

0

0

0

0

0

0

-468

0

1

5

0

0

1

0

0

0

1

1

0

0

-470

1

1

0

1

1

0

0

0

0

0

0

0

0

-472

0

0

1

0

1

0

0

0

0

0

0

0

0

-480

6

6

3

0

17

11

3

3

7

12

0

0

0

-488

4

0

4

0

0

0

0

0

0

0

0

0

0

-490

1

3

4

3

2

0

0

2

0

0

0

0

0

Table 32: Numbers of computed orientable face-transitive surfaces with at most 1280 faces with
respect to their Euler characteristics and vertex-face types
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χ(X)

(3,1)

(2,2)

(2,1).1

(2,1).2

(2,1).3

(1,1).1

(1,1).2

(1,1).3

(1,1).4

(1,2)

(1,3).1

(1,3).2

(1,6)

-496

0

0

0

0

0

0

0

8

0

0

0

0

0

-500

0

2

2

0

1

10

0

2

0

5

0

0

0

-504

0

1

0

1

0

0

0

1

6

3

0

0

2

-510

0

0

0

0

0

0

0

1

0

0

0

0

0

-512

0

0

1

0

0

4

8

0

2

2

0

0

0

-520

0

0

0

0

0

0

0

1

0

0

0

0

0

-528

0

0

0

2

0

0

0

0

0

0

0

0

0

-550

0

0

2

0

0

0

0

0

0

0

0

0

1

Table 33: Numbers of computed orientable face-transitive surfaces with at most 1280 faces with
respect to their Euler characteristics and vertex-face types

8.1.2 Data of non-orientable face-transitive surfaces with at most 1280 faces

χ(X)

(3,1)

(2,2)

(2,1).1

(2,1).2

(2,1).3

(1,1).1

(1,1).2

(1,1).3

(1,1).4

(1,2)

(1,3).1

(1,3).2

(1,6)

1

2

3

0

0

0

0

0

0

0

0

0

0

1

-2

2

1

0

0

0

0

0

0

0

0

0

0

0

-3

2

4

0

0

0

0

0

0

0

0

0

0

0

-4

3

4

0

0

0

0

0

0

0

0

0

0

0

-5

2

2

0

0

0

0

0

0

0

1

0

0

0

-6

1

2

0

1

1

0

0

0

0

0

0

0

1

-7

2

4

0

0

0

0

0

0

0

0

0

0

2

-8

6

7

0

0

1

0

0

0

0

0

0

0

0

Table 34: Numbers of computed non-orientable face-transitive surfaces with at most 1280 faces
with respect to their Euler characteristics and vertex-face types
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χ(X)

(3,1)

(2,2)

(2,1).1

(2,1).2

(2,1).3

(1,1).1

(1,1).2

(1,1).3

(1,1).4

(1,2)

(1,3).1

(1,3).2

(1,6)

-9

1

3

0

0

1

0

0

0

0

0

0

0

0

-10

2

4

0

0

1

0

0

0

0

2

0

0

0

-11

1

0

0

0

0

0

0

0

0

0

0

0

0

-12

3

3

0

0

2

0

0

0

0

0

0

0

1

-13

1

2

0

0

0

0

0

0

0

0

0

0

1

-14

4

5

0

0

1

0

0

0

0

0

0

0

1

-15

4

3

0

1

2

0

0

0

0

1

0

0

1

-16

0

0

0

0

1

0

0

0

0

0

0

0

0

Table 35: Numbers of computed non-orientable face-transitive surfaces with at most 1280 faces
with respect to their Euler characteristics and vertex-face types

χ(X)

(3,1)

(2,2)

(2,1).1

(2,1).2

(2,1).3

(1,1).1

(1,1).2

(1,1).3

(1,1).4

(1,2)

(1,3).1

(1,3).2

(1,6)

-17

1

0

0

0

0

0

0

0

0

0

0

0

0

-18

3

3

0

0

6

0

0

0

0

0

0

0

0

-20

4

4

0

2

6

0

0

0

0

1

0

0

0

-21

3

5

0

0

0

0

0

0

0

0

0

0

1

-23

2

0

0

0

0

0

0

0

0

0

0

0

0

-24

4

4

0

0

11

0

0

0

0

0

0

0

1

-25

0

0

0

0

1

0

0

0

0

0

0

0

0

-26

2

1

0

0

0

0

0

0

0

0

0

0

0

Table 36: Numbers of computed non-orientable face-transitive surfaces with at most 1280 faces
with respect to their Euler characteristics and vertex-face types
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χ(X)

(3,1)

(2,2)

(2,1).1

(2,1).2

(2,1).3

(1,1).1

(1,1).2

(1,1).3

(1,1).4

(1,2)

(1,3).1

(1,3).2

(1,6)

-27

5

5

0

0

1

0

0

0

0

0

0

0

1

-28

12

9

0

0

7

0

0

0

1

4

0

0

0

-29

1

0

0

0

0

0

0

0

0

0

0

0

0

-30

2

2

0

0

6

0

5

0

0

4

0

0

0

-32

7

4

0

0

2

0

0

0

0

0

0

0

0

-33

0

5

0

0

0

0

0

0

0

0

0

0

0

-34

1

1

0

1

0

0

0

0

0

0

0

0

0

-35

5

6

0

0

3

0

0

0

0

0

0

0

0

Table 37: Numbers of computed non-orientable face-transitive surfaces with at most 1280 faces
with respect to their Euler characteristics and vertex-face types

χ(X)

(3,1)

(2,2)

(2,1).1

(2,1).2

(2,1).3

(1,1).1

(1,1).2

(1,1).3

(1,1).4

(1,2)

(1,3).1

(1,3).2

(1,6)

-36

4

4

0

0

10

0

0

0

0

0

0

0

0

-38

2

1

0

0

0

0

0

0

0

0

0

0

0

-39

4

4

0

0

0

0

0

0

0

0

0

0

0

-40

4

4

0

0

11

0

0

0

0

2

0

0

0

-41

1

0

0

0

0

0

0

0

0

0

0

0

0

-42

6

9

0

0

5

0

0

0

0

3

0

0

0

-44

5

8

0

1

0

0

0

0

0

0

0

0

2

-45

6

9

0

1

3

0

0

0

0

0

0

0

1

Table 38: Numbers of computed non-orientable face-transitive surfaces with at most 1280 faces
with respect to their Euler characteristics and vertex-face types
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χ(X)

(3,1)

(2,2)

(2,1).1

(2,1).2

(2,1).3

(1,1).1

(1,1).2

(1,1).3

(1,1).4

(1,2)

(1,3).1

(1,3).2

(1,6)

-47

1

0

0

0

0

0

0

0

0

0

0

0

0

-48

7

13

0

3

30

0

8

0

0

5

0

0

0

-49

1

2

0

0

1

0

0

0

0

0

0

0

1

-50

9

4

0

0

1

0

1

0

0

0

0

0

0

-51

1

1

0

0

0

0

0

0

0

0

0

0

0

-53

1

0

0

0

0

0

0

0

0

0

0

0

0

-54

3

10

0

0

12

0

6

0

0

2

0

0

0

-55

1

7

0

1

0

0

0

0

0

0

0

0

2

Table 39: Numbers of computed non-orientable face-transitive surfaces with at most 1280 faces
with respect to their Euler characteristics and vertex-face types

χ(X)

(3,1)

(2,2)

(2,1).1

(2,1).2

(2,1).3

(1,1).1

(1,1).2

(1,1).3

(1,1).4

(1,2)

(1,3).1

(1,3).2

(1,6)

-56

11

8

0

0

9

0

0

0

1

1

0

0

0

-58

4

0

0

0

0

0

0

0

0

0

0

0

0

-59

1

0

0

0

0

0

0

0

0

0

0

0

0

-60

5

9

0

0

33

0

6

0

1

7

0

0

0

-62

5

7

0

1

0

0

0

0

0

0

0

0

0

-63

6

5

0

1

4

0

0

0

0

0

0

0

0

-64

10

6

0

0

2

0

1

0

0

0

0

0

0

-65

1

0

0

0

0

0

0

0

0

0

0

0

0

Table 40: Numbers of computed non-orientable face-transitive surfaces with at most 1280 faces
with respect to their Euler characteristics and vertex-face types
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χ(X)

(3,1)

(2,2)

(2,1).1

(2,1).2

(2,1).3

(1,1).1

(1,1).2

(1,1).3

(1,1).4

(1,2)

(1,3).1

(1,3).2

(1,6)

-66

1

1

0

0

5

0

0

0

0

0

0

0

0

-68

6

5

0

0

4

0

0

0

0

0

0

0

1

-70

11

13

0

0

11

0

0

0

0

0

0

0

0

-71

1

0

0

0

0

0

0

0

0

0

0

0

0

-72

2

3

0

0

22

0

1

0

0

0

0

0

1

-74

2

1

0

0

1

0

0

0

0

0

0

0

0

-75

3

4

0

0

5

0

0

0

0

0

0

0

0

-76

6

4

0

2

2

0

0

0

0

0

0

0

0

Table 41: Numbers of computed non-orientable face-transitive surfaces with at most 1280 faces
with respect to their Euler characteristics and vertex-face types

χ(X)

(3,1)

(2,2)

(2,1).1

(2,1).2

(2,1).3

(1,1).1

(1,1).2

(1,1).3

(1,1).4

(1,2)

(1,3).1

(1,3).2

(1,6)

-77

3

2

0

1

0

0

0

0

0

0

0

0

0

-78

1

0

0

0

4

0

0

0

0

0

0

0

0

-80

21

13

0

1

22

0

1

0

0

6

0

0

0

-81

5

5

0

0

3

0

0

0

0

2

0

0

0

-82

1

1

0

0

0

0

0

0

0

0

0

0

0

-83

1

0

0

0

0

0

0

0

0

0

0

0

0

-84

8

21

0

0

22

0

6

0

1

9

0

0

2

-86

3

1

0

0

0

0

0

0

0

0

0

0

0

Table 42: Numbers of computed non-orientable face-transitive surfaces with at most 1280 faces
with respect to their Euler characteristics and vertex-face types
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χ(X)

(3,1)

(2,2)

(2,1).1

(2,1).2

(2,1).3

(1,1).1

(1,1).2

(1,1).3

(1,1).4

(1,2)

(1,3).1

(1,3).2

(1,6)

-88

12

5

0

1

4

0

0

0

0

0

0

0

0

-89

1

0

0

0

0

0

0

0

0

0

0

0

0

-90

5

8

0

1

24

0

2

0

0

8

0

0

0

-91

0

6

0

0

2

0

0

0

0

2

0

0

2

-92

4

2

0

0

0

0

0

0

0

0

0

0

0

-95

7

1

0

1

0

0

0

0

0

0

0

0

2

-96

11

15

0

0

54

0

24

0

2

12

0

0

0

-98

3

2

0

0

10

0

1

0

0

0

0

0

0

Table 43: Numbers of computed non-orientable face-transitive surfaces with at most 1280 faces
with respect to their Euler characteristics and vertex-face types

χ(X)

(3,1)

(2,2)

(2,1).1

(2,1).2

(2,1).3

(1,1).1

(1,1).2

(1,1).3

(1,1).4

(1,2)

(1,3).1

(1,3).2

(1,6)

-99

13

14

0

0

4

0

0

0

0

3

0

0

0

-100

3

1

0

0

10

0

3

0

0

2

0

0

0

-101

1

0

0

0

0

0

0

0

0

0

0

0

0

-102

6

4

0

0

3

0

0

0

0

0

0

0

0

-104

14

16

0

4

4

0

0

0

0

0

0

0

3

-105

0

2

0

0

2

0

0

0

0

0

0

0

0

-106

0

0

0

0

1

0

0

0

0

0

0

0

0

-107

1

0

0

0

0

0

0

0

0

0

0

0

0

Table 44: Numbers of computed non-orientable face-transitive surfaces with at most 1280 faces
with respect to their Euler characteristics and vertex-face types
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χ(X)

(3,1)

(2,2)

(2,1).1

(2,1).2

(2,1).3

(1,1).1

(1,1).2

(1,1).3

(1,1).4

(1,2)

(1,3).1

(1,3).2

(1,6)

-108

4

10

0

0

38

0

10

0

0

2

0

0

0

-110

2

11

0

0

0

0

0

0

0

5

0

0

0

-111

0

0

0

1

0

0

0

0

0

0

0

0

0

-112

10

6

0

2

33

0

6

0

1

4

0

0

0

-113

1

0

0

0

0

0

0

0

0

0

0

0

0

-114

8

2

0

0

5

0

0

0

0

0

0

0

1

-116

9

1

0

0

2

0

0

0

0

0

0

0

0

-117

4

11

0

0

0

0

0

0

0

0

0

0

0

Table 45: Numbers of computed non-orientable face-transitive surfaces with at most 1280 faces
with respect to their Euler characteristics and vertex-face types

χ(X)

(3,1)

(2,2)

(2,1).1

(2,1).2

(2,1).3

(1,1).1

(1,1).2

(1,1).3

(1,1).4

(1,2)

(1,3).1

(1,3).2

(1,6)

-118

0

0

0

1

0

0

0

0

0

0

0

0

0

-119

4

4

0

0

2

0

0

0

0

0

0

0

0

-120

12

7

0

0

73

0

10

0

2

11

0

0

0

-121

0

0

0

0

1

0

0

0

0

0

0

0

0

-122

2

1

0

0

0

0

0

0

0

0

0

0

0

-123

1

1

0

0

0

0

0

0

0

0

0

0

0

-124

1

1

0

0

0

0

0

0

0

0

0

0

0

-125

1

0

0

0

1

0

0

0

0

0

0

0

0

Table 46: Numbers of computed non-orientable face-transitive surfaces with at most 1280 faces
with respect to their Euler characteristics and vertex-face types
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χ(X)

(3,1)

(2,2)

(2,1).1

(2,1).2

(2,1).3

(1,1).1

(1,1).2

(1,1).3

(1,1).4

(1,2)

(1,3).1

(1,3).2

(1,6)

-126

6

2

0

2

26

0

13

0

0

0

0

0

0

-128

10

14

0

0

21

0

16

0

0

0

0

0

0

-130

2

2

0

0

0

0

0

0

0

0

0

0

0

-131

1

0

0

0

0

0

0

0

0

0

0

0

0

-132

5

11

0

2

9

0

0

0

0

0

0

0

2

-134

2

1

0

0

0

0

0

0

0

0

0

0

0

-135

8

13

0

2

10

0

2

0

0

2

0

0

0

-136

4

0

0

1

1

0

0

0

0

0

0

0

0

Table 47: Numbers of computed non-orientable face-transitive surfaces with at most 1280 faces
with respect to their Euler characteristics and vertex-face types

χ(X)

(3,1)

(2,2)

(2,1).1

(2,1).2

(2,1).3

(1,1).1

(1,1).2

(1,1).3

(1,1).4

(1,2)

(1,3).1

(1,3).2

(1,6)

-137

1

0

0

0

0

0

0

0

0

0

0

0

0

-138

5

0

0

0

2

0

0

0

0

0

0

0

0

-139

1

0

0

0

0

0

0

0

0

0

0

0

0

-140

11

18

0

0

26

0

0

0

1

2

0

1

0

-142

2

0

0

0

0

0

0

0

0

0

0

0

0

-143

3

8

0

0

0

0

0

0

0

0

0

0

0

-144

20

13

0

0

55

0

11

0

0

6

0

0

1

-145

1

0

0

0

0

0

0

0

0

0

0

0

0

Table 48: Numbers of computed non-orientable face-transitive surfaces with at most 1280 faces
with respect to their Euler characteristics and vertex-face types
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χ(X)

(3,1)

(2,2)

(2,1).1

(2,1).2

(2,1).3

(1,1).1

(1,1).2

(1,1).3

(1,1).4

(1,2)

(1,3).1

(1,3).2

(1,6)

-146

3

2

0

1

0

0

0

0

0

0

0

0

0

-147

2

2

0

1

1

0

0

0

0

0

0

0

0

-148

9

4

0

0

0

0

0

0

0

0

0

0

0

-149

1

0

0

0

0

0

0

0

0

0

0

0

0

-150

8

6

0

1

22

0

3

0

0

3

0

0

0

-152

12

9

0

0

2

0

0

0

0

0

0

0

0

-153

9

10

0

0

3

0

0

0

0

0

0

0

0

-154

5

7

0

0

4

0

0

0

0

0

0

0

0

Table 49: Numbers of computed non-orientable face-transitive surfaces with at most 1280 faces
with respect to their Euler characteristics and vertex-face types

χ(X)

(3,1)

(2,2)

(2,1).1

(2,1).2

(2,1).3

(1,1).1

(1,1).2

(1,1).3

(1,1).4

(1,2)

(1,3).1

(1,3).2

(1,6)

-155

3

1

0

0

0

0

0

0

0

0

0

0

0

-156

8

2

0

0

3

0

0

0

0

0

0

0

0

-158

0

1

0

0

0

0

0

0

0

0

0

0

0

-159

3

0

0

1

0

0

0

0

0

0

0

0

0

-160

20

21

0

3

38

0

8

1

0

8

0

0

0

-162

3

10

0

1

25

0

15

1

1

13

0

0

0

-164

6

3

0

1

2

0

0

0

0

0

0

0

0

-165

2

6

0

0

5

0

2

0

0

7

0

0

0

Table 50: Numbers of computed non-orientable face-transitive surfaces with at most 1280 faces
with respect to their Euler characteristics and vertex-face types
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χ(X)

(3,1)

(2,2)

(2,1).1

(2,1).2

(2,1).3

(1,1).1

(1,1).2

(1,1).3

(1,1).4

(1,2)

(1,3).1

(1,3).2

(1,6)

-168

11

21

0

0

60

0

14

0

2

5

0

1

2

-169

0

0

0

0

1

0

0

0

0

0

0

0

0

-170

3

6

0

0

5

0

0

0

0

0

0

0

0

-171

6

3

0

0

0

0

0

0

0

0

0

0

0

-172

4

4

0

0

0

0

0

0

0

0

0

0

0

-174

3

0

0

1

1

0

0

0

0

0

0

0

0

-175

5

7

0

1

6

0

0

0

0

0

0

0

1

-176

24

7

0

2

12

0

0

0

0

0

0

0

0

Table 51: Numbers of computed non-orientable face-transitive surfaces with at most 1280 faces
with respect to their Euler characteristics and vertex-face types

χ(X)

(3,1)

(2,2)

(2,1).1

(2,1).2

(2,1).3

(1,1).1

(1,1).2

(1,1).3

(1,1).4

(1,2)

(1,3).1

(1,3).2

(1,6)

-178

1

1

0

0

0

0

0

0

0

0

0

0

0

-180

8

11

0

1

75

0

12

0

1

14

0

0

0

-182

7

7

0

0

6

0

0

0

0

10

0

0

0

-183

1

0

0

0

0

0

0

0

0

0

0

0

0

-184

4

2

0

0

2

0

0

0

0

0

0

0

0

-186

0

0

0

0

1

0

0

0

0

0

0

0

0

-188

0

1

0

2

3

0

0

0

0

0

0

0

0

-189

7

16

0

4

9

0

0

0

0

2

0

0

0

Table 52: Numbers of computed non-orientable face-transitive surfaces with at most 1280 faces
with respect to their Euler characteristics and vertex-face types
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χ(X)

(3,1)

(2,2)

(2,1).1

(2,1).2

(2,1).3

(1,1).1

(1,1).2

(1,1).3

(1,1).4

(1,2)

(1,3).1

(1,3).2

(1,6)

-190

1

1

0

0

0

0

0

0

0

0

0

0

0

-192

5

6

0

1

84

0

44

0

4

29

0

0

0

-194

1

2

0

0

0

0

0

0

0

0

0

0

0

-195

3

8

0

0

6

0

0

0

0

5

0

0

0

-196

6

3

0

0

19

0

3

0

1

0

0

0

0

-198

5

20

0

0

26

0

1

0

0

12

0

0

0

-200

5

9

0

0

32

0

1

0

0

5

0

0

0

-202

0

0

0

1

1

0

0

0

0

0

0

0

0

Table 53: Numbers of computed non-orientable face-transitive surfaces with at most 1280 faces
with respect to their Euler characteristics and vertex-face types

χ(X)

(3,1)

(2,2)

(2,1).1

(2,1).2

(2,1).3

(1,1).1

(1,1).2

(1,1).3

(1,1).4

(1,2)

(1,3).1

(1,3).2

(1,6)

-203

3

1

0

1

0

0

0

0

0

0

0

0

0

-204

9

6

0

0

13

0

0

0

0

4

0

0

1

-206

1

1

0

0

0

0

0

0

0

0

0

0

0

-207

13

0

0

4

0

0

0

0

0

0

0

0

0

-208

27

19

0

1

6

0

0

0

0

0

0

0

0

-209

0

9

0

0

3

0

0

0

0

0

0

0

0

-210

4

12

0

0

45

0

1

0

0

3

0

0

1

-212

0

2

0

0

2

0

0

0

0

0

0

0

0

Table 54: Numbers of computed non-orientable face-transitive surfaces with at most 1280 faces
with respect to their Euler characteristics and vertex-face types
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χ(X)

(3,1)

(2,2)

(2,1).1

(2,1).2

(2,1).3

(1,1).1

(1,1).2

(1,1).3

(1,1).4

(1,2)

(1,3).1

(1,3).2

(1,6)

-214

9

0

0

0

0

0

0

0

0

0

0

0

0

-215

2

3

0

3

0

0

0

0

0

0

0

0

0

-216

6

9

0

5

63

0

23

0

0

3

0

0

0

-218

0

1

0

0

0

0

0

0

0

0

0

0

0

-219

0

1

0

0

0

0

0

0

0

0

0

0

0

-220

7

5

0

0

8

0

1

0

0

12

0

0

2

-222

1

0

0

0

2

0

0

0

0

0

0

0

0

-224

12

37

0

7

41

0

24

0

2

13

0

0

0

Table 55: Numbers of computed non-orientable face-transitive surfaces with at most 1280 faces
with respect to their Euler characteristics and vertex-face types

χ(X)

(3,1)

(2,2)

(2,1).1

(2,1).2

(2,1).3

(1,1).1

(1,1).2

(1,1).3

(1,1).4

(1,2)

(1,3).1

(1,3).2

(1,6)

-225

1

2

0

0

9

0

0

0

0

0

0

0

0

-226

1

1

0

0

0

0

0

0

0

0

0

0

0

-227

1

0

0

0

0

0

0

0

0

0

0

0

0

-228

4

12

0

0

16

0

0

0

0

0

0

0

2

-230

0

1

0

1

0

0

0

0

0

0

0

0

2

-231

2

0

0

0

3

0

0

0

0

0

0

0

0

-232

3

0

0

0

3

0

0

0

0

0

0

0

0

-234

3

8

0

0

23

0

1

0

2

0

0

0

0

Table 56: Numbers of computed non-orientable face-transitive surfaces with at most 1280 faces
with respect to their Euler characteristics and vertex-face types
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χ(X)

(3,1)

(2,2)

(2,1).1

(2,1).2

(2,1).3

(1,1).1

(1,1).2

(1,1).3

(1,1).4

(1,2)

(1,3).1

(1,3).2

(1,6)

-236

0

2

0

0

0

0

0

0

0

0

0

0

0

-238

0

0

0

0

6

0

0

0

0

0

0

0

0

-240

8

9

0

0

125

0

68

0

3

25

0

0

0

-242

0

2

0

0

0

0

1

0

0

0

0

0

0

-243

4

10

0

0

7

0

0

0

0

2

0

0

0

-244

6

2

0

2

0

0

0

0

0

0

0

0

0

-245

0

1

0

0

2

0

0

0

0

0

0

0

0

-246

0

0

0

0

7

0

0

0

0

0

0

0

0

Table 57: Numbers of computed non-orientable face-transitive surfaces with at most 1280 faces
with respect to their Euler characteristics and vertex-face types

χ(X)

(3,1)

(2,2)

(2,1).1

(2,1).2

(2,1).3

(1,1).1

(1,1).2

(1,1).3

(1,1).4

(1,2)

(1,3).1

(1,3).2

(1,6)

-248

2

3

0

0

1

0

0

0

3

0

0

0

0

-250

1

1

0

0

2

0

13

0

0

2

0

0

0

-252

11

5

0

0

28

0

54

0

1

11

0

0

0

-253

0

0

0

0

0

0

0

0

0

0

0

0

1

-254

1

1

0

0

0

0

0

0

0

0

0

0

0

-255

2

2

0

1

0

0

0

0

0

0

0

0

4

-256

8

5

0

6

38

0

67

0

0

0

0

0

0

-258

0

1

0

1

6

0

0

0

0

0

0

0

0

Table 58: Numbers of computed non-orientable face-transitive surfaces with at most 1280 faces
with respect to their Euler characteristics and vertex-face types
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χ(X)

(3,1)

(2,2)

(2,1).1

(2,1).2

(2,1).3

(1,1).1

(1,1).2

(1,1).3

(1,1).4

(1,2)

(1,3).1

(1,3).2

(1,6)

-259

0

1

0

0

0

0

0

0

0

0

0

0

0

-260

7

2

0

0

4

0

0

0

0

2

0

0

0

-261

0

3

0

0

3

0

0

0

0

0

0

0

0

-264

4

4

0

0

35

0

1

0

0

4

0

0

0

-266

0

1

0

0

1

0

0

0

0

0

0

0

0

-267

1

1

0

0

0

0

0

0

0

0

0

0

0

-268

3

2

0

0

1

0

0

0

0

0

0

0

0

-270

0

2

0

0

18

0

30

0

0

13

0

0

0

Table 59: Numbers of computed non-orientable face-transitive surfaces with at most 1280 faces
with respect to their Euler characteristics and vertex-face types

χ(X)

(3,1)

(2,2)

(2,1).1

(2,1).2

(2,1).3

(1,1).1

(1,1).2

(1,1).3

(1,1).4

(1,2)

(1,3).1

(1,3).2

(1,6)

-271

1

0

0

0

0

0

0

0

0

0

0

0

0

-272

11

11

0

5

31

0

0

0

0

0

0

0

3

-273

1

8

0

0

5

0

5

0

0

9

0

0

1

-274

0

1

0

0

0

0

0

0

0

0

0

0

0

-275

1

6

0

1

10

0

2

0

0

0

0

0

0

-276

0

5

0

0

0

0

0

0

0

0

0

0

0

-278

1

1

0

0

0

0

0

0

0

0

0

0

0

-279

0

0

0

0

3

0

0

0

0

0

0

0

0

Table 60: Numbers of computed non-orientable face-transitive surfaces with at most 1280 faces
with respect to their Euler characteristics and vertex-face types
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χ(X)

(3,1)

(2,2)

(2,1).1

(2,1).2

(2,1).3

(1,1).1

(1,1).2

(1,1).3

(1,1).4

(1,2)

(1,3).1

(1,3).2

(1,6)

-280

0

9

0

0

28

0

0

0

1

7

0

0

0

-282

2

0

0

0

0

0

0

0

0

0

0

0

0

-284

1

2

0

1

0

0

0

0

0

0

0

0

0

-285

1

0

0

0

0

0

0

0

0

0

0

0

0

-286

0

9

0

1

12

0

0

0

0

0

0

0

0

-287

4

0

0

2

0

0

0

0

0

0

0

0

0

-288

5

8

0

1

97

0

55

4

3

41

0

0

0

-290

3

2

0

0

0

0

0

0

0

0

0

0

0

Table 61: Numbers of computed non-orientable face-transitive surfaces with at most 1280 faces
with respect to their Euler characteristics and vertex-face types

χ(X)

(3,1)

(2,2)

(2,1).1

(2,1).2

(2,1).3

(1,1).1

(1,1).2

(1,1).3

(1,1).4

(1,2)

(1,3).1

(1,3).2

(1,6)

-291

0

3

0

0

0

0

0

0

0

0

0

0

0

-292

13

1

0

0

0

0

0

0

0

0

0

0

0

-294

0

6

0

0

22

0

2

2

1

0

0

0

0

-296

2

2

0

0

2

0

0

0

0

0

0

0

0

-297

15

9

0

0

2

0

0

0

0

0

0

0

0

-298

0

0

0

0

1

0

0

0

0

0

0

0

0

-299

2

13

0

1

0

0

0

0

0

0

0

0

0

-300

0

8

0

2

21

0

23

0

1

7

0

0

0

Table 62: Numbers of computed non-orientable face-transitive surfaces with at most 1280 faces
with respect to their Euler characteristics and vertex-face types
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χ(X)

(3,1)

(2,2)

(2,1).1

(2,1).2

(2,1).3

(1,1).1

(1,1).2

(1,1).3

(1,1).4

(1,2)

(1,3).1

(1,3).2

(1,6)

-302

0

1

0

0

0

0

0

0

0

0

0

0

0

-303

0

0

0

1

0

0

0

0

0

0

0

0

0

-304

2

8

0

1

7

0

0

0

0

0

0

0

0

-306

0

2

0

0

6

0

1

0

0

2

0

0

0

-308

0

4

0

0

4

0

0

0

1

0

0

0

0

-310

1

0

0

0

0

0

0

0

0

0

0

0

0

-312

5

20

0

0

13

0

0

0

0

0

0

0

2

-314

1

1

0

0

0

0

0

0

0

0

0

0

0

Table 63: Numbers of computed non-orientable face-transitive surfaces with at most 1280 faces
with respect to their Euler characteristics and vertex-face types

χ(X)

(3,1)

(2,2)

(2,1).1

(2,1).2

(2,1).3

(1,1).1

(1,1).2

(1,1).3

(1,1).4

(1,2)

(1,3).1

(1,3).2

(1,6)

-315

8

6

0

0

2

0

0

0

0

2

0

0

0

-316

2

3

0

0

1

0

0

0

0

0

0

0

0

-318

1

0

0

0

0

0

0

0

0

0

0

0

0

-319

4

0

0

1

0

0

0

0

0

0

0

0

0

-320

2

1

0

0

28

0

18

1

0

17

0

0

0

-322

0

5

0

0

4

0

0

0

0

0

0

0

0

-323

0

7

0

0

0

0

0

0

0

0

0

0

0

-324

2

7

0

1

34

0

49

0

0

7

0

0

0

Table 64: Numbers of computed non-orientable face-transitive surfaces with at most 1280 faces
with respect to their Euler characteristics and vertex-face types
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χ(X)

(3,1)

(2,2)

(2,1).1

(2,1).2

(2,1).3

(1,1).1

(1,1).2

(1,1).3

(1,1).4

(1,2)

(1,3).1

(1,3).2

(1,6)

-325

0

0

0

0

1

0

0

0

0

0

0

0

0

-328

8

1

0

0

1

0

0

0

0

0

0

0

0

-329

0

1

0

1

0

0

0

0

0

0

0

0

0

-330

5

1

0

0

6

0

0

0

0

0

0

0

0

-331

1

0

0

0

0

0

0

0

0

0

0

0

0

-332

5

0

0

0

0

0

0

0

0

0

0

0

0

-333

4

4

0

1

0

0

0

0

0

0

0

0

0

-335

7

2

0

1

0

0

0

0

0

0

0

0

0

Table 65: Numbers of computed non-orientable face-transitive surfaces with at most 1280 faces
with respect to their Euler characteristics and vertex-face types

χ(X)

(3,1)

(2,2)

(2,1).1

(2,1).2

(2,1).3

(1,1).1

(1,1).2

(1,1).3

(1,1).4

(1,2)

(1,3).1

(1,3).2

(1,6)

-336

3

4

0

0

55

0

11

0

1

11

0

0

0

-338

1

1

0

0

0

0

1

0

0

0

0

0

0

-339

0

1

0

0

0

0

0

0

0

0

0

0

0

-340

4

6

0

0

22

0

0

0

0

1

0

0

0

-342

1

1

0

0

2

0

0

0

0

0

0

0

0

-344

4

4

0

2

3

0

0

0

0

0

0

0

0

-348

6

8

0

0

10

0

0

0

0

0

0

0

0

-350

0

2

0

3

14

0

1

0

0

0

0

0

0

Table 66: Numbers of computed non-orientable face-transitive surfaces with at most 1280 faces
with respect to their Euler characteristics and vertex-face types

193



χ(X)

(3,1)

(2,2)

(2,1).1

(2,1).2

(2,1).3

(1,1).1

(1,1).2

(1,1).3

(1,1).4

(1,2)

(1,3).1

(1,3).2

(1,6)

-351

11

14

0

7

1

0

0

0

0

0

0

0

0

-352

0

0

0

0

3

0

1

0

0

0

0

0

0

-354

1

5

0

0

2

0

0

0

0

0

0

0

0

-357

0

0

0

0

5

0

0

0

0

0

0

0

0

-359

1

0

0

0

0

0

0

0

0

0

0

0

0

-360

20

3

0

0

55

0

6

0

0

9

0

0

0

-362

0

0

0

0

1

0

0

0

0

0

0

0

0

-363

0

1

0

0

4

0

0

0

0

0

0

0

0

Table 67: Numbers of computed non-orientable face-transitive surfaces with at most 1280 faces
with respect to their Euler characteristics and vertex-face types

χ(X)

(3,1)

(2,2)

(2,1).1

(2,1).2

(2,1).3

(1,1).1

(1,1).2

(1,1).3

(1,1).4

(1,2)

(1,3).1

(1,3).2

(1,6)

-364

0

6

0

0

2

0

5

0

0

14

0

0

0

-366

1

0

0

0

1

0

0

0

0

0

0

0

0

-368

1

4

0

1

4

0

0

0

0

0

0

0

0

-369

0

4

0

0

3

0

0

0

0

0

0

0

0

-370

5

3

0

0

1

0

0

0

0

0

0

0

0

-371

0

5

0

0

0

0

0

0

0

0

0

0

0

-372

0

5

0

0

2

0

0

0

0

0

0

0

0

-375

5

2

0

1

2

0

0

0

0

0

0

0

0

Table 68: Numbers of computed non-orientable face-transitive surfaces with at most 1280 faces
with respect to their Euler characteristics and vertex-face types
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χ(X)

(3,1)

(2,2)

(2,1).1

(2,1).2

(2,1).3

(1,1).1

(1,1).2

(1,1).3

(1,1).4

(1,2)

(1,3).1

(1,3).2

(1,6)

-376

0

0

0

0

7

0

0

0

0

0

0

0

0

-377

0

10

0

0

9

0

0

0

0

0

0

0

0

-378

0

0

0

0

9

0

7

2

0

11

0

0

0

-380

7

3

0

2

2

0

0

0

0

1

0

0

3

-384

2

14

0

0

86

0

107

2

1

10

0

0

0

-385

0

1

0

0

0

0

0

0

0

0

0

0

0

-386

0

1

0

0

0

0

0

0

0

0

0

0

0

-387

1

6

0

0

0

0

0

0

0

0

0

0

0

Table 69: Numbers of computed non-orientable face-transitive surfaces with at most 1280 faces
with respect to their Euler characteristics and vertex-face types

χ(X)

(3,1)

(2,2)

(2,1).1

(2,1).2

(2,1).3

(1,1).1

(1,1).2

(1,1).3

(1,1).4

(1,2)

(1,3).1

(1,3).2

(1,6)

-388

0

1

0

0

0

0

0

0

0

0

0

0

0

-390

0

10

0

0

14

0

0

0

0

18

0

0

0

-392

0

0

0

0

1

0

1

0

0

2

0

0

0

-394

0

0

0

0

1

0

0

0

0

0

0

0

0

-395

1

1

0

0

0

0

0

0

0

0

0

0

0

-396

0

1

0

0

4

0

0

0

0

0

0

0

0

-399

0

1

0

1

0

0

0

0

0

0

0

0

4

-400

2

2

0

1

37

0

8

0

1

4

0

0

0

Table 70: Numbers of computed non-orientable face-transitive surfaces with at most 1280 faces
with respect to their Euler characteristics and vertex-face types
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χ(X)

(3,1)

(2,2)

(2,1).1

(2,1).2

(2,1).3

(1,1).1

(1,1).2

(1,1).3

(1,1).4

(1,2)

(1,3).1

(1,3).2

(1,6)

-402

0

2

0

0

2

0

0

0

0

0

0

0

0

-403

1

0

0

0

0

0

0

0

0

0

0

0

0

-404

0

7

0

0

0

0

0

0

0

0

0

0

0

-405

0

1

0

0

0

0

2

0

0

8

0

0

0

-408

2

2

0

0

19

0

0

0

0

0

0

0

0

-410

6

0

0

0

0

0

0

0

0

0

0

0

0

-411

0

1

0

0

0

0

0

0

0

0

0

0

0

-413

0

0

0

0

4

0

0

0

0

0

0

0

0

Table 71: Numbers of computed non-orientable face-transitive surfaces with at most 1280 faces
with respect to their Euler characteristics and vertex-face types

χ(X)

(3,1)

(2,2)

(2,1).1

(2,1).2

(2,1).3

(1,1).1

(1,1).2

(1,1).3

(1,1).4

(1,2)

(1,3).1

(1,3).2

(1,6)

-414

0

1

0

0

0

0

0

0

0

0

0

0

0

-415

0

1

0

0

0

0

0

0

0

0

0

0

0

-416

2

0

0

0

12

0

1

0

0

0

0

0

0

-418

0

1

0

0

0

0

0

0

0

0

0

0

0

-420

3

7

0

1

21

0

0

0

0

3

0

0

1

-426

0

0

0

0

9

0

0

0

0

0

0

0

0

-429

0

4

0

4

0

0

0

0

0

0

0

0

0

-430

0

0

0

0

4

0

0

0

0

0

0

0

0

Table 72: Numbers of computed non-orientable face-transitive surfaces with at most 1280 faces
with respect to their Euler characteristics and vertex-face types

196



χ(X)

(3,1)

(2,2)

(2,1).1

(2,1).2

(2,1).3

(1,1).1

(1,1).2

(1,1).3

(1,1).4

(1,2)

(1,3).1

(1,3).2

(1,6)

-432

4

2

0

1

24

0

7

0

0

5

0

0

0

-435

1

0

0

0

0

0

0

0

0

0

0

0

0

-436

0

1

0

0

0

0

0

0

0

0

0

0

0

-438

0

0

0

0

1

0

0

0

0

0

0

0

0

-440

2

3

0

1

8

0

0

0

0

0

0

0

0

-441

0

0

0

0

0

0

0

0

0

2

0

0

0

-444

0

2

0

0

0

0

0

0

0

0

0

0

0

-447

1

0

0

0

0

0

0

0

0

0

0

0

0

Table 73: Numbers of computed non-orientable face-transitive surfaces with at most 1280 faces
with respect to their Euler characteristics and vertex-face types

χ(X)

(3,1)

(2,2)

(2,1).1

(2,1).2

(2,1).3

(1,1).1

(1,1).2

(1,1).3

(1,1).4

(1,2)

(1,3).1

(1,3).2

(1,6)

-448

4

0

0

0

0

0

0

0

0

4

0

0

0

-450

0

0

0

0

11

0

0

0

1

0

0

0

0

-452

0

1

0

0

0

0

0

0

0

0

0

0

0

-455

1

2

0

2

0

0

6

0

0

3

0

0

0

-456

0

0

0

0

10

0

0

0

0

0

0

0

0

-459

1

0

0

0

0

0

0

0

0

2

0

0

0

-460

0

4

0

0

10

0

0

0

0

0

0

0

0

-468

0

1

0

0

1

0

4

0

0

0

0

0

0

Table 74: Numbers of computed non-orientable face-transitive surfaces with at most 1280 faces
with respect to their Euler characteristics and vertex-face types
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χ(X)

(3,1)

(2,2)

(2,1).1

(2,1).2

(2,1).3

(1,1).1

(1,1).2

(1,1).3

(1,1).4

(1,2)

(1,3).1

(1,3).2

(1,6)

-470

0

0

0

0

4

0

0

0

0

0

0

0

0

-475

0

5

0

0

10

0

0

0

0

0

0

0

1

-476

0

0

0

0

0

0

0

0

0

6

0

0

0

-480

0

0

0

0

1

0

39

0

0

1

0

0

0

-484

0

0

0

0

0

0

4

0

0

0

0

0

0

-487

1

0

0

0

0

0

0

0

0

0

0

0

0

-492

0

1

0

0

0

0

0

0

0

0

0

0

0

-496

0

0

0

4

0

0

0

0

0

0

0

0

0

Table 75: Numbers of computed non-orientable face-transitive surfaces with at most 1280 faces
with respect to their Euler characteristics and vertex-face types

χ(X)

(3,1)

(2,2)

(2,1).1

(2,1).2

(2,1).3

(1,1).1

(1,1).2

(1,1).3

(1,1).4

(1,2)

(1,3).1

(1,3).2

(1,6)

-500

0

0

0

0

0

0

10

2

0

1

0

0

0

-512

0

0

0

0

0

0

8

0

0

0

0

0

0

Table 76: Numbers of computed non-orientable face-transitive surfaces with at most 1280 faces
with respect to their Euler characteristics and vertex-face types.
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8.2 Data: Edge-transitive surfaces with respect to face-edge types and Euler
characteristics

This section contains some information about the census of edge-transitive surfaces contained in
[1]. We refer the reader to Section 6.2 for a description of how to read the below tables.

8.2.1 Data of orientable edge-transitive surfaces with at most 5000 faces

χ(X)

(1,4)

(1,2).1

(1,2).2

(2,2)

(2,1)

2

3

0

0

0

0

0

75

716

0

0

0

-4

2

0

0

0

0

-8

1

0

0

0

0

-10

1

0

0

0

0

-12

1

0

0

0

0

-14

2

0

0

0

0

-18

2

1

0

1

0

Table 77: Numbers of orientable edge-transitive surfaces with at most 5000 faces with respect to
their Euler characteristics and face-edge types

χ(X)

(1,4)

(1,2).1

(1,2).2

(2,2)

(2,1)

-24

2

0

0

0

0

-26

3

0

0

0

0

-28

2

0

0

0

1

-30

1

0

0

0

0

-32

1

1

0

0

1

-36

0

0

1

1

0

-40

1

0

0

0

0

-42

2

1

0

0

0

Table 78: Numbers of orientable edge-transitive surfaces with at most 5000 faces with respect to
their Euler characteristics and face-edge types

χ(X)

(1,4)

(1,2).1

(1,2).2

(2,2)

(2,1)

-48

2

0

0

0

0

-50

2

0

1

0

1

-54

3

2

0

0

0

-64

3

1

0

0

0

-70

1

0

0

0

0

-72

2

1

0

1

0

-78

0

1

0

0

0

-80

2

0

1

0

0

Table 79: Numbers of orientable edge-transitive surfaces with at most 5000 faces with respect to
their Euler characteristics and face-edge types
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χ(X)

(1,4)

(1,2).1

(1,2).2

(2,2)

(2,1)

-84

1

1

0

0

1

-88

3

0

0

0

0

-90

2

1

0

0

0

-96

3

0

0

1

0

-98

1

0

0

0

2

-100

0

1

0

0

1

-102

2

0

0

0

0

-108

1

0

1

1

0

Table 80: Numbers of orientable edge-transitive surfaces with at most 5000 faces with respect to
their Euler characteristics and face-edge types

χ(X)

(1,4)

(1,2).1

(1,2).2

(2,2)

(2,1)

-110

2

0

0

0

0

-112

0

0

0

0

1

-114

0

1

0

0

0

-126

0

1

0

0

0

-128

3

0

0

0

0

-130

1

0

0

0

0

-136

3

0

0

0

0

-144

5

1

1

1

0

Table 81: Numbers of orientable edge-transitive surfaces with at most 5000 faces with respect to
their Euler characteristics and face-edge types

χ(X)

(1,4)

(1,2).1

(1,2).2

(2,2)

(2,1)

-150

2

0

0

0

0

-154

1

0

0

0

0

-160

2

0

1

0

0

-162

6

1

0

1

2

-168

3

1

0

0

0

-176

2

0

0

0

1

-180

1

0

0

0

0

-182

2

0

0

0

0

Table 82: Numbers of orientable edge-transitive surfaces with at most 5000 faces with respect to
their Euler characteristics and face-edge types

χ(X)

(1,4)

(1,2).1

(1,2).2

(2,2)

(2,1)

-186

0

1

0

0

0

-190

3

0

0

0

0

-192

3

1

0

1

0

-196

1

0

0

0

4

-200

0

0

1

0

1

-204

2

0

0

0

0

-208

4

0

0

0

0

-216

4

2

0

0

0

Table 83: Numbers of orientable edge-transitive surfaces with at most 5000 faces with respect to
their Euler characteristics and face-edge types
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χ(X)

(1,4)

(1,2).1

(1,2).2

(2,2)

(2,1)

-222

0

1

0

0

0

-224

0

1

0

0

2

-228

2

0

0

0

0

-234

1

1

0

0

2

-238

1

0

0

0

0

-240

2

0

0

0

0

-242

0

1

0

1

2

-252

0

1

0

0

5

Table 84: Numbers of orientable edge-transitive surfaces with at most 5000 faces with respect to
their Euler characteristics and face-edge types

χ(X)

(1,4)

(1,2).1

(1,2).2

(2,2)

(2,1)

-256

11

4

1

1

3

-258

0

1

0

0

0

-264

3

0

0

0

0

-270

2

1

0

0

2

-280

0

0

1

1

0

-288

9

2

0

2

0

-290

3

0

0

0

0

-294

1

1

0

0

0

Table 85: Numbers of orientable edge-transitive surfaces with at most 5000 faces with respect to
their Euler characteristics and face-edge types

χ(X)

(1,4)

(1,2).1

(1,2).2

(2,2)

(2,1)

-300

0

1

0

0

1

-304

1

0

0

0

0

-312

0

1

0

0

0

-320

2

0

1

0

0

-324

3

0

2

2

2

-330

4

0

0

2

0

-336

6

3

1

1

6

-338

0

0

1

0

3

Table 86: Numbers of orientable edge-transitive surfaces with at most 5000 faces with respect to
their Euler characteristics and face-edge types

χ(X)

(1,4)

(1,2).1

(1,2).2

(2,2)

(2,1)

-340

1

0

0

0

0

-342

0

1

0

0

0

-350

2

0

0

0

0

-360

1

0

0

0

0

-364

0

0

0

0

2

-366

0

1

0

0

0

-378

1

4

0

0

0

-384

5

0

0

1

0

Table 87: Numbers of orientable edge-transitive surfaces with at most 5000 faces with respect to
their Euler characteristics and face-edge types
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χ(X)

(1,4)

(1,2).1

(1,2).2

(2,2)

(2,1)

-390

1

0

0

0

0

-392

0

0

0

0

2

-400

0

1

0

0

1

-402

0

1

0

0

0

-408

4

0

0

0

0

-416

5

0

1

0

0

-418

1

0

0

0

0

-420

1

1

0

0

0

Table 88: Numbers of orientable edge-transitive surfaces with at most 5000 faces with respect to
their Euler characteristics and face-edge types

χ(X)

(1,4)

(1,2).1

(1,2).2

(2,2)

(2,1)

-432

4

0

2

2

1

-438

0

1

0

0

0

-440

2

0

0

0

0

-448

0

4

0

0

2

-450

1

0

0

0

6

-456

2

1

0

0

0

-460

6

0

0

0

0

-468

1

2

0

0

2

Table 89: Numbers of orientable edge-transitive surfaces with at most 5000 faces with respect to
their Euler characteristics and face-edge types

χ(X)

(1,4)

(1,2).1

(1,2).2

(2,2)

(2,1)

-474

0

1

0

0

0

-480

2

0

0

1

0

-484

0

0

1

1

2

-486

10

9

1

2

2

-490

1

0

0

0

0

-500

0

2

0

0

0

-504

6

3

0

0

0

-506

4

0

0

0

0

Table 90: Numbers of orientable edge-transitive surfaces with at most 5000 faces with respect to
their Euler characteristics and face-edge types

χ(X)

(1,4)

(1,2).1

(1,2).2

(2,2)

(2,1)

-510

4

0

0

0

0

-512

8

3

0

0

1

-528

3

0

0

0

0

-532

0

0

0

0

2

-540

1

0

0

0

0

-544

3

0

0

0

0

-546

4

2

0

2

0

-550

1

0

0

0

0

Table 91: Numbers of orientable edge-transitive surfaces with at most 5000 faces with respect to
their Euler characteristics and face-edge types
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χ(X)

(1,4)

(1,2).1

(1,2).2

(2,2)

(2,1)

-558

0

1

0

0

0

-560

0

0

1

1

0

-570

3

0

0

0

0

-576

6

2

3

6

3

-578

0

1

1

1

3

-582

0

1

0

0

0

-588

0

0

0

0

5

-598

1

0

0

0

0

Table 92: Numbers of orientable edge-transitive surfaces with at most 5000 faces with respect to
their Euler characteristics and face-edge types

χ(X)

(1,4)

(1,2).1

(1,2).2

(2,2)

(2,1)

-600

2

0

0

0

0

-612

2

0

0

0

0

-618

0

1

0

0

0

-620

2

0

0

0

0

-624

6

2

0

0

0

-640

6

1

3

1

4

-648

10

2

0

1

0

-650

1

0

0

0

0

Table 93: Numbers of orientable edge-transitive surfaces with at most 5000 faces with respect to
their Euler characteristics and face-edge types

χ(X)

(1,4)

(1,2).1

(1,2).2

(2,2)

(2,1)

-654

0

1

0

0

0

-666

0

1

0

0

0

-672

1

2

1

0

3

-676

0

1

0

0

3

-680

1

0

0

0

0

-684

0

1

0

0

2

-700

4

3

1

1

3

-702

0

4

0

0

2

Table 94: Numbers of orientable edge-transitive surfaces with at most 5000 faces with respect to
their Euler characteristics and face-edge types

χ(X)

(1,4)

(1,2).1

(1,2).2

(2,2)

(2,1)

-720

2

2

0

2

2

-726

1

0

0

0

0

-744

0

1

0

0

0

-748

1

0

0

0

0

-754

1

0

0

0

0

-756

0

1

0

0

5

-760

3

0

0

0

0

-762

0

1

0

0

0

Table 95: Numbers of orientable edge-transitive surfaces with at most 5000 faces with respect to
their Euler characteristics and face-edge types

203



χ(X)

(1,4)

(1,2).1

(1,2).2

(2,2)

(2,1)

-768

14

5

2

5

5

-774

0

1

0

0

0

-780

0

1

0

0

0

-784

0

0

0

0

4

-798

4

2

0

0

0

-800

0

0

0

0

1

-810

4

0

0

0

0

-816

1

0

0

0

0

Table 96: Numbers of orientable edge-transitive surfaces with at most 5000 faces with respect to
their Euler characteristics and face-edge types

χ(X)

(1,4)

(1,2).1

(1,2).2

(2,2)

(2,1)

-832

4

4

2

0

2

-834

0

1

0

0

0

-840

1

0

1

1

0

-864

9

1

0

1

0

-868

1

0

0

0

2

-882

3

4

0

0

2

-888

0

1

0

0

0

-896

0

6

0

0

4

Table 97: Numbers of orientable edge-transitive surfaces with at most 5000 faces with respect to
their Euler characteristics and face-edge types

χ(X)

(1,4)

(1,2).1

(1,2).2

(2,2)

(2,1)

-900

2

1

1

1

7

-906

0

1

0

0

0

-912

2

2

0

0

0

-928

1

0

0

0

0

-936

3

4

0

0

2

-942

0

1

0

0

0

-950

1

0

0

0

0

-960

1

0

0

0

0

Table 98: Numbers of orientable edge-transitive surfaces with at most 5000 faces with respect to
their Euler characteristics and face-edge types

χ(X)

(1,4)

(1,2).1

(1,2).2

(2,2)

(2,1)

-968

1

0

0

0

0

-972

4

1

3

8

6

-978

0

1

0

0

0

-990

3

0

0

0

0

-1008

6

7

2

0

10

-1012

2

0

0

0

0

-1014

1

1

0

0

0

-1024

7

4

1

0

2

Table 99: Numbers of orientable edge-transitive surfaces with at most 5000 faces with respect to
their Euler characteristics and face-edge types
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χ(X)

(1,4)

(1,2).1

(1,2).2

(2,2)

(2,1)

-1026

0

4

0

0

0

-1032

0

1

0

0

0

-1036

0

0

0

0

2

-1050

0

1

0

0

0

-1054

1

0

0

0

0

-1056

1

0

0

0

0

-1078

2

0

0

0

0

-1080

5

1

0

0

0

Table 100: Numbers of orientable edge-transitive surfaces with at most 5000 faces with respect to
their Euler characteristics and face-edge types

χ(X)

(1,4)

(1,2).1

(1,2).2

(2,2)

(2,1)

-1086

0

1

0

0

0

-1088

3

0

0

0

0

-1092

0

0

0

0

2

-1098

0

1

0

0

0

-1116

0

1

0

0

2

-1120

1

0

0

0

0

-1134

6

7

0

0

1

-1140

0

1

0

0

0

Table 101: Numbers of orientable edge-transitive surfaces with at most 5000 faces with respect to
their Euler characteristics and face-edge types

χ(X)

(1,4)

(1,2).1

(1,2).2

(2,2)

(2,1)

-1152

15

2

1

14

6

-1156

0

1

1

1

3

-1158

0

1

0

0

0

-1160

3

0

0

0

0

-1170

0

0

1

2

1

-1176

1

2

0

0

0

-1188

1

1

0

0

0

-1194

0

1

0

0

0

Table 102: Numbers of orientable edge-transitive surfaces with at most 5000 faces with respect to
their Euler characteristics and face-edge types

χ(X)

(1,4)

(1,2).1

(1,2).2

(2,2)

(2,1)

-1200

4

2

0

1

2

-1204

0

0

0

0

2

-1206

0

1

0

0

0

-1216

0

4

0

0

0

-1218

4

0

0

0

0

-1224

1

0

0

0

0

-1232

0

0

0

0

1

-1242

0

0

0

0

2

Table 103: Numbers of orientable edge-transitive surfaces with at most 5000 faces with respect to
their Euler characteristics and face-edge types
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χ(X)

(1,4)

(1,2).1

(1,2).2

(2,2)

(2,1)

-1248

3

1

0

0

1

-1258

1

0

0

0

0

-1260

0

1

1

2

1

-1280

4

1

4

3

5

-1296

3

1

0

1

1

-1320

1

0

0

0

0

-1330

1

0

0

0

0

-1332

0

1

0

0

0

Table 104: Numbers of orientable edge-transitive surfaces with at most 5000 faces with respect to
their Euler characteristics and face-edge types

χ(X)

(1,4)

(1,2).1

(1,2).2

(2,2)

(2,1)

-1344

4

1

1

0

15

-1350

1

1

1

0

1

-1368

0

2

0

0

0

-1372

0

0

1

0

0

-1392

1

0

0

0

0

-1400

1

0

0

0

0

-1404

1

1

0

0

0

-1408

0

0

4

0

15

Table 105: Numbers of orientable edge-transitive surfaces with at most 5000 faces with respect to
their Euler characteristics and face-edge types

χ(X)

(1,4)

(1,2).1

(1,2).2

(2,2)

(2,1)

-1440

0

2

1

5

2

-1458

9

9

1

15

7

-1472

5

0

0

0

0

-1480

1

0

0

0

0

-1488

4

1

0

0

0

-1500

1

0

0

0

0

-1512

5

5

1

2

0

-1518

4

0

0

0

0

Table 106: Numbers of orientable edge-transitive surfaces with at most 5000 faces with respect to
their Euler characteristics and face-edge types

χ(X)

(1,4)

(1,2).1

(1,2).2

(2,2)

(2,1)

-1520

3

0

0

0

0

-1530

4

1

0

1

0

-1536

1

0

4

4

2

-1548

0

1

0

0

0

-1550

4

0

0

0

0

-1558

1

0

0

0

0

-1560

3

0

0

0

0

-1584

1

0

0

0

0

Table 107: Numbers of orientable edge-transitive surfaces with at most 5000 faces with respect to
their Euler characteristics and face-edge types
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χ(X)

(1,4)

(1,2).1

(1,2).2

(2,2)

(2,1)

-1600

1

0

1

1

1

-1610

1

0

0

0

0

-1620

1

0

1

1

0

-1632

12

0

0

6

0

-1638

1

3

0

0

4

-1664

6

0

3

0

0

-1680

1

1

1

0

0

-1690

1

0

0

0

0

Table 108: Numbers of orientable edge-transitive surfaces with at most 5000 faces with respect to
their Euler characteristics and face-edge types

χ(X)

(1,4)

(1,2).1

(1,2).2

(2,2)

(2,1)

-1700

2

0

0

1

0

-1720

1

0

0

0

0

-1728

7

0

1

1

1

-1764

1

1

0

0

0

-1776

0

1

0

0

0

-1800

1

0

1

0

1

-1804

1

0

0

0

0

-1848

1

0

0

0

0

Table 109: Numbers of orientable edge-transitive surfaces with at most 5000 faces with respect to
their Euler characteristics and face-edge types

χ(X)

(1,4)

(1,2).1

(1,2).2

(2,2)

(2,1)

-1856

2

0

1

0

0

-1860

0

1

0

0

0

-1872

1

3

0

0

3

-1890

1

5

0

0

0

-1944

4

3

3

0

3

-1978

1

0

0

0

0

-2000

1

0

0

0

0

-2016

5

0

1

0

0

Table 110: Numbers of orientable edge-transitive surfaces with at most 5000 faces with respect to
their Euler characteristics and face-edge types

χ(X)

(1,4)

(1,2).1

(1,2).2

(2,2)

(2,1)

-2058

0

7

0

0

0

-2068

1

0

0

0

0

-2160

2

0

0

0

0

-2184

1

1

0

0

0

-2254

1

0

0

0

0

-2350

1

0

0

0

0

Table 111: Numbers of orientable edge-transitive surfaces with at most 5000 faces with respect to
their Euler characteristics and face-edge types
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8.2.2 Data of non-orientable edge-transitive surfaces with at most 5000 faces

χ(X)

(1,4)

(1,2).1

(1,2).2

(2,2)

(2,1)

1

1

0

0

0

0

-6

1

0

0

0

0

-7

2

0

0

0

0

-12

1

0

0

0

0

-13

1

0

0

0

0

-14

1

0

0

0

0

-15

1

0

0

0

0

-21

1

0

0

0

0

Table 112: Numbers of non-orientable edge-transitive surfaces with at most 5000 faces with respect
to their Euler characteristics and face-edge types

χ(X)

(1,4)

(1,2).1

(1,2).2

(2,2)

(2,1)

-24

1

0

0

0

0

-27

1

0

0

0

0

-44

2

0

0

0

0

-45

1

0

0

0

0

-49

1

0

0

0

0

-55

2

0

0

0

0

-68

1

0

0

0

0

-72

1

0

0

0

0

Table 113: Numbers of non-orientable edge-transitive surfaces with at most 5000 faces with respect
to their Euler characteristics and face-edge types

χ(X)

(1,4)

(1,2).1

(1,2).2

(2,2)

(2,1)

-84

2

0

0

0

0

-91

2

0

0

0

0

-95

2

0

0

0

0

-104

3

0

0

0

0

-114

1

0

0

0

0

-132

2

0

0

0

0

-140

0

0

1

1

0

-144

1

0

0

0

0

Table 114: Numbers of non-orientable edge-transitive surfaces with at most 5000 faces with respect
to their Euler characteristics and face-edge types

χ(X)

(1,4)

(1,2).1

(1,2).2

(2,2)

(2,1)

-145

1

0

0

0

0

-168

2

0

1

0

0

-175

1

0

0

0

0

-204

1

0

0

0

0

-210

1

0

0

0

0

-220

2

0

0

0

0

-228

2

0

0

0

0

-230

2

0

0

0

0

Table 115: Numbers of non-orientable edge-transitive surfaces with at most 5000 faces with respect
to their Euler characteristics and face-edge types
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χ(X)

(1,4)

(1,2).1

(1,2).2

(2,2)

(2,1)

-234

1

0

0

0

0

-253

3

0

0

0

0

-255

4

0

0

0

0

-272

3

0

0

0

0

-273

1

0

0

0

0

-310

1

0

0

0

0

-312

2

0

0

0

0

-324

1

0

0

0

0

Table 116: Numbers of non-orientable edge-transitive surfaces with at most 5000 faces with respect
to their Euler characteristics and face-edge types

χ(X)

(1,4)

(1,2).1

(1,2).2

(2,2)

(2,1)

-325

1

0

0

0

0

-350

1

0

0

0

0

-380

3

0

0

0

0

-399

4

0

0

0

0

-420

1

0

1

0

0

-468

2

0

0

0

0

-475

1

0

0

0

0

-504

1

0

0

0

0

Table 117: Numbers of non-orientable edge-transitive surfaces with at most 5000 faces with respect
to their Euler characteristics and face-edge types

χ(X)

(1,4)

(1,2).1

(1,2).2

(2,2)

(2,1)

-506

2

0

0

0

0

-539

1

0

0

0

0

-580

1

0

0

0

0

-609

2

0

0

0

0

-620

2

0

0

0

0

-630

1

0

0

0

0

-684

1

0

0

0

0

-703

1

0

0

0

0

Table 118: Numbers of non-orientable edge-transitive surfaces with at most 5000 faces with respect
to their Euler characteristics and face-edge types

χ(X)

(1,4)

(1,2).1

(1,2).2

(2,2)

(2,1)

-729

1

0

0

0

0

-736

5

0

0

0

0

-744

2

0

0

0

0

-759

4

0

0

0

0

-765

2

0

0

0

0

-775

1

0

0

0

0

-792

1

0

0

0

0

-805

1

0

0

0

0

Table 119: Numbers of non-orientable edge-transitive surfaces with at most 5000 faces with respect
to their Euler characteristics and face-edge types
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χ(X)

(1,4)

(1,2).1

(1,2).2

(2,2)

(2,1)

-812

2

0

0

0

0

-816

3

0

0

0

0

-840

1

0

1

0

0

-924

1

0

0

0

0

-972

2

0

0

0

0

-975

2

0

0

0

0

-992

2

0

0

0

0

-1000

3

0

0

0

0

Table 120: Numbers of non-orientable edge-transitive surfaces with at most 5000 faces with respect
to their Euler characteristics and face-edge types

χ(X)

(1,4)

(1,2).1

(1,2).2

(2,2)

(2,1)

-1008

1

0

0

0

0

-1092

1

0

0

0

0

-1120

2

0

0

0

0

-1140

3

0

0

0

0

-1160

2

0

0

0

0

-1197

2

0

0

0

0

-1215

3

0

0

0

0

-1260

2

0

0

0

0

Table 121: Numbers of non-orientable edge-transitive surfaces with at most 5000 faces with respect
to their Euler characteristics and face-edge types

χ(X)

(1,4)

(1,2).1

(1,2).2

(2,2)

(2,1)

-1287

2

0

0

0

0

-1344

0

0

1

0

0

-1406

1

0

0

0

0

-1428

2

0

0

0

0

-1443

5

0

0

0

0

-1456

0

0

1

1

0

-1550

2

0

0

0

0

-1595

6

0

0

0

0

Table 122: Numbers of non-orientable edge-transitive surfaces with at most 5000 faces with respect
to their Euler characteristics and face-edge types

χ(X)

(1,4)

(1,2).1

(1,2).2

(2,2)

(2,1)

-1624

4

0

0

0

0

-1632

1

0

0

0

0

-1680

2

0

0

0

0

-1716

2

0

0

0

0

-1767

1

0

0

0

0

-1932

1

0

0

0

0

-1984

4

0

0

0

0

-2015

8

0

0

0

0

Table 123: Numbers of non-orientable edge-transitive surfaces with at most 5000 faces with respect
to their Euler characteristics and face-edge types
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Index

(1, 1)-group, 108
(1, 2)-group, 90
(1, 3)-group, 95
(1, 6)-group, 88
(2, 1)-group, 100, 101
(2, 2)-group, 83
(3, 1)-group, 79
(ℓ1, ℓ2, ℓ3)-embedding, 13
(c1, . . . , ck)-umbrella, 78
3-waist, 40
(2, 1)-group, 129
(2, 2)-group, 126
σ-induced α-cycle, 33

admissible relation, 36
arc-3-colouring, 7
arc-colouring, 7
attaching a tetrahedron, 5
automorphism, 6
automorphism group, 6

bi-coloured, 78
boundary cycle, 41
boundary edge, 1
boundary vertex, 1
butterfly-friendly, 58

Cayley graph, 136
closed simplicial surface, 1
connected, 2
connected component, 2
cycle double cover, 8
cycle double cover conjecture, 8
cycle triplet, 140

edge-colouring, 12
edges, 1
embedded simplicial surface, 13
endomorphism, 51
endomorphism-simple, 51
Euler characteristic, 3

face graph, 7
face-2-colouring, 125
face-transitive, 67
faces, 1

generalised Janus-Head, 22
genus, 3
Grünbaum-colouring, 12

half-umbrella, 1
homomorphism, 6

incidence, 1
inner edge, 1
inner vertex, 1
isomorphic, 6

mirror edge, 13
mono-coloured, 78

open simplicial surface, 1

proper, 11

quadratic form, 137

removing a tetrahedron, 5
rotational edge, 13

simple, 35
simplicial (4, 2)-strip, 26
simplicial 3-strip, 25
simplicial Butterfly, 2
simplicial cube, 20
simplicial dodecahedron, 21
simplicial double-umbrella, 21
simplicial icosahedron, 18
simplicial Janus-Head, 2
simplicial Klein bottle, 3
simplicial octahedron, 18
simplicial One-Face, 2
simplicial Open-Bag, 2
simplicial projective plane, 3
simplicial ripped umbrella, 23
simplicial sphere, 3
simplicial surface, 1
simplicial tetrahedron, 4, 18
simplicial torus, 3
simplicial umbrella, 24
strong, 51
sub-surface, 1
symmetry group, 14
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tetrahedral extension, 5
tetrahedral reduction, 5
tri-coloured, 78

umbrella, 1
Umbrella condition, 1

vertex-k-colouring, 11
vertex-counter, 2
vertex-defining cycle, 8
vertex-degree, 1
vertex-edge graph, 11
vertex-face type, 76
vertex-faithful, 4, 8
vertices, 1
vertices of faces, 4

weak admissible relation, 60
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Aachen University, Aachen, 2020. Veröffentlicht auf dem Publikationsserver der RWTH Aachen
University.

[15] L. W. Beineke and R. E. Pippert. Enumerating dissectible polyhedra by their automorphism
groups. Canadian J. Math., 26:50–67, 1974.

[16] H. U. Besche, B. Eick, E. O’Brien, and M. Horn. SmallGrp, the gap small groups library,
Version 1.5.3. https://gap-packages.github. io/smallgrp/, May 2023. GAP package.

213

https://github.com/ReymondAkpanya/Edgetransitivesurfaces
https://github.com/ReymondAkpanya/Edgetransitivesurfaces
https://github.com/ReymondAkpanya/Embeddings-of-wild-coloured-surfaces.git
https://github.com/ReymondAkpanya/Embeddings-of-wild-coloured-surfaces.git
https://github.com/jspreer/faceTransitiveSurfaces
https://github.com/jspreer/faceTransitiveSurfaces
https://pretalx.com/juliacon2024/talk/YDS7HF/
https://github.com/Saschobolt/GeoCombSurfX
https://github.com/Saschobolt/GeoCombSurfX
https://gap-packages.github.io/smallgrp/


[17] H. U. BESCHE, B. EICK, and E. A. O’BRIEN. A millennium project: Constructing small
groups. International Journal of Algebra and Computation, 12(05):623–644, 2002.
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