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ARTICLE INFO ABSTRACT

Keywords: Active research on optimal control methods comprises the developments of research groups from various
Dynamic optimization fields, including control, mathematics, and process systems engineering. Although there is a consensus on
Control ‘fecmr parametrization the classification of the main solution methods, different terms are often used for the same method. For
Collocation example, solving optimal control problems with control discretization and embedded state integration may be
Single shooting . . . . .

Multiple shooting called sequential method or direct single shooting. Equally severely, the same term may be used ambiguously:

Is control vector parameterization a synonym for control discretization or for direct single shooting? Both
misleading distinctions and ambiguity complicate the scientific discourse. Thus, we delineate standard terms
from open-loop optimal control in this tutorial. More precisely, we formulate and challenge hypotheses
on the terminology of direct methods, i.e., solution methods using control discretization combined with
state integration and/or state discretization. In particular, we point out the parallel of the embedded state
integration with a numerical integration scheme and the reduced-space formulation of approaches using state
discretization. Taking a step further towards integrated scheduling and control problems, we additionally
investigate the similarities and differences between the discrete-time solution of optimal control problems
and optimal quasi-steady operation. In this context, we also hint on the discrete-time representation in
scheduling which refers to the handling of controls rather than the handling of process dynamics. Rather
than concluding with the “correct” term to use, this tutorial concludes with recommendations on how to
avoid misunderstandings in the versatile research community.
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Fig. 1. Overview on standard methods for solving optimal control problems and their common terminology. The bold, colored terms are used throughout this tutorial.

1. Introduction

For dynamic processes, the future state of the system depends
on the current state and control values. Such processes are typically
modeled with differential equations. Consequently, dynamic optimiza-
tion addresses optimization problems with differential or differential—
algebraic equations (DAEs) embedded. We, in particular, focus on
dynamic optimization problems determining control functions. Such
infinite-dimensional dynamic optimization problems are also known as
optimal control problems.

In our context, both terms “dynamic optimization problem” [e.g.,1-
3] and “optimal control problem” [e.g.,4-9] are ambiguous: often,
“dynamic optimization” is also used as an umbrella term including both
finite dimensional problems like dynamic parameter estimation prob-
lems and infinite dimensional optimal control problems [e.g.,10,11].
Similarly, optimization with differential equations or DAEs embedded
may comprise both finite and infinite dimensional problems. However,
“optimal control” may refer to closed-loop control or model-predictive
control, i.e., optimization problems with a strong focus on online
applications and, typically, least-squares objectives [e.g.,12]. In this
tutorial, we focus on the offline optimization of open-loop optimal
control problems. In other words, our hidden conjecture is that the
control functions, i.e., the system inputs which can be manipulated
from a technical or human controller, depend on time but not explicitly
on feedback from the system states.

Throughout this tutorial, we use an example rather than a general
optimal control problem for our discussions. Without loss of generality,
we refer to the optimal control problem

'y
min / L(x(t)) dt
u(-) 0

dx ) _ 40
s.t. E(t) =30 vt € [0,1/] (ocCpP)
x(0) = x

x(tf) =xy

with infinitely many optimization variables u(r), ¢ € [0,7,], a Lagrange-
type objective function, a nonlinear but control-affine ordinary dif-
ferential equation (ODE), state x : [0,7,] — R, an explicitly known
initial value x; and an endpoint constraint. The feasible control domain
u(t) € [u™™, umX] C R, t € [0, t7] and the initial value x, are chosen such
that we can ensure x(7) > 0 for any ¢ € [0, ¢ 7l Together with essentially
bounded controls u € L*®([0, ¢ 1), we obtain a well-posed optimization
problem. Note that (OCP) is designed to be as simple as possible for
showcasing hidden parallels between direct methods.

The standard approaches for solving optimal control problems like
(OCP) are essentially, but not exclusively, based on three princi-
ples [e.g.,2,4,13,14], see Fig. 1: Firstly, Pontryagin’s maximum princi-
ple gives indirect methods [15]. Secondly, control discretization yields
direct methods. Thirdly, Bellman’s principle of optimality results in
dynamic programming [16,17]. There is a variety of further approaches
out of our scope, e.g., solution approaches based on the calculus of
variations [e.g.,18-20].

Literally, “indirect” and “direct” refers to the indirect optimization
of the controls via derived optimization variables, namely the adjoints,
or the direct determination of the (discretized) controls. Referring to
the terminology used for optimal control subject to partial differential
equations (PDEs), indirect and direct methods are therefore also called
“First optimize, then discretize” and “First discretize, then optimize”
methods, respectively [e.g.,21]. However, we can imagine a direct
“First optimize, then discretize” method, namely when deriving exact
sensitivity equations and, subsequently, applying control discretization.
Moreover, “First optimize, then discretize” suggests that the boundary
value problem obtained by Pontryagin’s maximum principle (optimize)
is solved with discretization methods. In principle, we may determine
the control function via control vector iteration [e.g.,22] or, for com-
paratively simple problems, the analytical solution. In other words, it
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is a hidden conjecture that discretization is required for the solution of
optimal control problems.

In the following, we formulate and challenge hidden conjectures for
standard direct methods as hypotheses. We validate or disprove (parts
of) each hypothesis based on the literature as well as reformulations
showcased with (OCP). Our aim is to increase understanding, not to
pass judgement. In line with the objectives of a tutorial, we recall the
standard approaches of direct methods depicted in the bottom of Fig.
1 based on (OCP) right before the related discussions. Note again that
there are further (hybrid) solution approaches which are not depicted
in Fig. 1, compare also Section 2.3.

We may conjecture that an external integration software, i.e., a
dedicated ODE or DAE solver, provides solution trajectories for the
continuous-time differential equations, while numerical integration
schemes with a fixed step size yield discrete-time solutions. Conse-
quently, we also study the usage of “discrete-time” and ‘“continuous-
time”. This excourse brings us to the field of scheduling and, more
specifically, integrated scheduling and control problems. In this field
of research, continuous-time dynamics may be solved by discretization
methods or approximated with the help of steady-state assumptions.
Thus, we also investigate the parallels and differences between discrete-
time solutions and quasi-steady operation. Either way, we aim at the
optimal piecewise constant control of a continuous process which
relates the scope of this tutorial with the field of sampled-data con-
trol [e.g.,23,24]. The focus of this tutorial is therefore distinct from
purely discrete-time models where the determination of state and
control values at intermediate time points may not be possible or even
infeasible.

A detailed examination of control methods apart from direct meth-
ods for offline open-loop optimal control as well as of numerical
integration schemes and solution methods for DAEs, PDEs, boundary
value problems, or mixed-integer problems lies beyond the scope of this
tutorial. In particular, we do not focus on robust control or stochastic
optimal control problems [e.g.,25,26].

The remainder of this article is structured as follows. In Section 2,
we investigate hidden conjectures on direct methods for the solution
of optimal control problems like (OCP). In particular, we focus on
methods using state discretization in Section 2.1, methods using state
integration in Section 2.2, and methods combining both of these ap-
proaches in Section 2.3. In Section 3, we link and compare these
methods with approaches postulating quasi-steady behavior. We chal-
lenge our conclusions with the common knowledge available via Chat-
GPT [27] in Section 4, before we summarize and formalize them in
the form of recommendations for (mostly) unambiguous terminology
in Section 5.

2. Hidden conjectures on direct methods

In all direct methods, we start with discretizing the infinite-
dimensional function space L*([0, ¢ fa)) which hosts the control function
u(+) into a finite-dimensional vector space R"« which hosts the control
coefficients & = (#;);,,.. ,, - This is also known as transcription in the
context of trajectory optimization [4]. In detail, we choose finitely
many basis functions ¢; : [0,? =R i=0,....n,—1 and parameterize
the control function via u(r) ~ Z:’zgl ;- @;(t), t €[0,1/]. As an example,
we exploit the indicator function 17 : [0,7,] — {0, 1} with 1(r) = 1 if
t € T and 1;(1) = 0 otherwise for defining piecewise constant controls.

Approach 1 (Control Discretization). For solving (OCP) with direct meth-
ods, we use piecewise constant controls given by specific basis functions
@ () = 1y, () for any i = 1,....n, defined on subintervals given by
time discretization 0 =ty <t < - <t, =1, which yields the discretized
optimal control problem

t
min / ! L(x(1)) dt
a 0
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dx i; . .

s.t. E(I) = 7;) Vt € [t;, 1) Vi=0,...,n,—1 (discOCP)
x(0) = x
x(tf) =Xy

Note that piecewise constant discretization is often used without
an explicit function rule for the control values u() in the interior of
the subintervals r € (7;,7;,;). Another common discretization is the
choice of piecewise polynomials [e.g.,13, Sec. 10]. Note further that
the solution obtained by direct methods is, in general, only optimal
for the discretized problem (discOCP). Some optimization algorithms
guarantee convergence to the solution of (OCP) by an adaptive control
and/or state discretization [e.g.,28,29].

Direct methods mainly use two approaches for solving the dif-
ferential equations embedded: a-priori state discretization and state
integration, cf. Fig. 1. In the following subsections, we therefore succes-
sively focus on approaches using state discretization, state integration,
or both. In particular, we argue that state integration may be performed
with an external integration software or an embedded numerical in-
tegration scheme hidden from the optimizer, see Hypothesis 6 and
Section 2.3.

2.1. Distinct terminology for approaches using state discretization

When using state discretization, we determine finitely many state
values which are the solution of the differential equations or the related
boundary value problem. Collocation [30,31] is a standard approach
for the solution of boundary value problems where the states are inter-
polation polynomials on subintervals [z;,7,,,], i =0, ..., n, the so-called
collocation elements. The differential equations and the boundary val-
ues are enforced at the n. collocation points ¢; €10,1], j=1,....nc,
i.e., at time points #; + ¢; - h;. Alternative choices for the interpola-
tion polynomials and collocation points result in specific collocation
approaches like trapezoidal collocation and Hermite-Simpson collo-
cation [e.g.,4,32,33]. In orthogonal collocation, the collocation points
are the roots of orthogonal polynomials, e.g., Legendre or Chebyshev
polynomials [34]. Since direct methods using state discretization (“full
discretization”) typically apply collocation, we formulate the hidden
conjecture:

Hypothesis 1.
same method.

“Full discretization” and “direct collocation” refer to the

Already in the late 1960’s, Tabak and Kuo proposed to discretize
both controls and states where the discretized state values satisfy the
differential equations according to a numerical integration scheme [9].
For example, we may apply the explicit Euler scheme.

Approach 2 (Full Discretization with the Explicit Euler). We discretize the
state of (discOCP) according to the explicit Euler scheme with step width

h; =t —t;, i=0,...,n,— 1 and obtain

My
. [,: 2
oy

[}
St X =% +h-— Vi=0,...,n,—1 (FullDisc: Euler)
Xj
X0 = Xxg
5&"14 =Xy

Subsequently, Reddien and Biegler et al. proposed to use orthogonal
collocation for an accurate and efficient state discretization [11,35-37].

As an example, we interpolate the first derivative of the state based
on one collocation point ¢, and, thus, with constant interpolation
polynomials. With this, the differential equation of (OCP) reads as

u(t; +c; - hy) v

l1de Vi=0,...,n,—1
x(t;+c - h) Jo

u

x(ti+7-h)=x(t)+h;-

resulting in the following fully discretized optimal control problem.
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Approach 3 (Direct Collocation). We discretize the state of (discOCP)
according to collocation with the single collocation point ¢, = 0 and obtain

'y
min / L(x(0))dr
a,x 0

> | =

Stox(t; +Th) =% +7-h - Vre[0,1]Vi=0,...,n,—1 (Coll)

Vi=0,...,n,—1

Xy =x@; + hy) u
X =X

T, = Xg

In comparison, (FullDisc:Euler) results in the same state values %; =
x(1;) at the grid points but does not explicitly define state values x(¢;+7-
h;) at the interior of the collocation elements 7 € (0, 1). Note that direct
indicates that we are solving the problem with discretized controls,
i.e., using a direct method, compared to solving the boundary value
problem obtained from Pontryagin’s maximum principle, i.e., using an
indirect method, cf. Fig. 1.

Conclusion 1. Direct collocation is a specific variant of the full
discretization approach. Since (orthogonal) collocation is the state-of-
the-art approach for handling state discretization, “direct collocation”
is sometimes equated with the full discretization approach [e.g.,6,10,

38]. O

In the literature, we find further synonyms for full discretization:

Hypothesis 2.
the same method.

“Full discretization” and “simultaneous method” refer to

Literally, both states and controls are discretized by “full discretiza-
tion” and simultaneously optimized by the “simultaneous method”.
We can imagine to decouple these two approaches: we discretize
both states and controls (full discretization) but evaluate the states
sequentially while optimizing only the controls (sequential method),
see Hypotheses 3 and 7. However, the standard approach is to use a
combination, namely to optimize an algebraic optimization problem
where the differential equations are reformulated as equality con-
straints (simultaneous method) based on discretized states (full discretiza-
tion), see Approaches 2 and 3. “Full discretization”, “simultaneous
method”, and “all-at-once method” are therefore often used synony-
mously [e.g.,10,13,14]. Note that there are further related terms like
“one-shot approach” [e.g.,39] or “simultaneous analysis and design”
(SAND) [40] in the field of optimal control subject to PDEs.

In direct multiple shooting [41], the states are partially discretized
and optimized simultaneously to the discretization and optimization
of controls, see Approach 5. Thus, direct multiple shooting may also
be classified as “simultaneous method” or “full discretization method”
[e.g.,6,14], although it is more often regarded as hybrid method, see
Section 2.3.

Conclusion 2. The use of ”full discretization” and “simultaneous
method” is ambiguous: On the one hand, both terms may synonymously
refer to a simultaneous full discretization approach. On the other hand,
either of the terms may be used as umbrella term for the other as well
as hybrid approaches like direct multiple shooting. []

In this tutorial, we use the term “full discretization” for the specific
direct method to stress the usage of state discretization as opposed to
state integration, see Fig. 1.

2.2. Distinct terminology for approaches based on state integration

Apart from collocation, single shooting is a common approach for
the solution of boundary value problems [e.g.,42]. When combining
single shooting with control discretization, we obtain a direct method
for optimal control where the integration is hidden in the evaluation of
a black-box function.

Journal of Process Control 154 (2025) 103513

Approach 4 (Direct Single Shooting). We assume that function
Fint(..q, xo) : [0,2;] > R evaluates the solution x(-) of the differential
equation of (discOCP) with control values @ initialized at x(0) = x,. Thus,
we can replace the differential equation with a function evaluation and
obtain

'y .
min / E(Fmt(t; i, xo)) dr
@ Jo

st F™(tp1d,xg) = xf (sish)

Since the state integration is embedded in the optimization when
using direct single shooting, we may conjecture:

Hypothesis 3.
the same method.

“Direct single shooting” and “sequential method” refer to

Literally, “sequential method” comprises all methods where state
integration and optimization of controls is performed sequentially such
that the states are dependent variables. Apart from direct single shoot-
ing, see Approach 4, this is also true for hybrid methods like direct
multiple shooting where all state values except those at the grid points
are dependent variables, see Approach 5. However, in the literature, di-
rect multiple shooting is classified as a hybrid or simultaneous method,
compare Hypothesis 2, while direct single shooting is called a (pure)
sequential method [e.g.,2,43]. In parts of the literature, direct meth-
ods using embedded state integration, which we call “direct single
shooting”, are explicitly introduced as ‘‘sequential methods” [e.g.,14].

Conclusion 3. Even though direct single shooting is a specific vari-
ant of the sequential method in theory, “direct single shooting” and
“sequential method” are used synonymously in the literature. []

Since the controls but not the states are discretized in direct single
shooting, we may also conjecture:

Hypothesis 4. “Direct single shooting” and “partial discretization” refer
to the same method.

While “full discretization” refers to the discretization of both con-
trols and states, “partial discretization” is an umbrella term indicating
any approach solely discretizing the controls. This includes, e.g., direct
single shooting and a dynamic programming approach [14]. However,
“full discretization” and “partial discretization” may also be used for
the opposed direct methods applying state discretization and state
integration, respectively.

Conclusion 4. The use of the term “partial discretization” is ambigu-
ous: it may comprise or equate direct single shooting. []

In large parts of the literature, the counterpart of full discretization
is called “control vector parameterization”, leading to the following
hidden conjecture:

Hypothesis 5. “Direct single shooting” and ‘“control vector parameteri-
zation” refer to the same method.

In fact, the usage of “control vector parameterization” is ambiguous.
Literally, “control vector parameterization” means to parametrize the
control vector, i.e., to discretize the controls. Control discretization was
originally proposed for the solution of boundary value problems [44].
Since the late 1960’s and early 1970’s, it has also been increasingly used
for optimal control, first by applying it to the solution of the boundary
value problems obtained from indirect methods [45-48]. Subsequently,
control discretization was combined with embedded state integration
giving rise to a novel direct method [8,49,50]. With these and further
advancements, control discretization with embedded state integration
became a capable state-of-the-art method and was shortly referred to
as “control vector parameterization”.
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Conclusion 5. Some groups [e.g.,51-53] use “control vector pa-
rameterization” as a synonym for direct single shooting, while oth-
ers [e.g.,41] use the term literally, i.e., as a synonym for control
discretization. []

Either way, the embedded state integration is often related to an
external integrator:

Hypothesis 6. In direct shooting methods, the differential equations are
solved with an external integration software.

Nowadays, direct shooting methods apply external ODE or DAE
solvers which provide accurate solutions of the differential equations
by limiting the integration error via adaptive grid refinement and the
implementation of state-of-the-art methods, e.g., for handling stiff dif-
ferential equations [e.g.,54-56]. However, when control discretization
with embedded state integration was proposed for optimal control,
there had hardly been any capable ODE or DAE solvers, yet. Still, the
differential equations were not treated as equality constraints to be
handled by the optimizer but hidden within the optimizer’s function
evaluations.

Originally, integration and optimization were decoupled by di-
rectly including the sensitivity equations of the states within the op-
timization problem [e.g.,8,49]. Subsequently, state integration was
included within the evaluation of the objective function, e.g., in com-
bination with derivative-free optimization methods or penalty for-
mulations [e.g.,7,50,57]. A further advancement was the proposal of
forward and backward differentiation based on a numerical integration
scheme for the state integration embedded in the optimization of the
controls [51]. Only then, capable solvers were available for integrating
the states externally [e.g.,5,58].

Conclusion 6. In direct shooting methods, using an external inte-
gration software for the embedded state integration is the standard.
This standard allows for exploiting all recent advancements for the
efficient and accurate solution of differential equations. However, judg-
ing from the origins of direct single shooting, the embedded call of
an integration software may alternatively be replaced by the evalua-
tion of problem-specific sensitivity equations or numerical integration
schemes. [

The use of numerical integration schemes points towards a hidden
parallel between direct collocation and direct single shooting.

Hypothesis 7. Direct single shooting handles the differential equations
substantially differently compared to the full discretization method.

In the standard approaches, the optimizer implicitly handles the
integration by calling an external integration software like a black-
box function Fint within direct single shooting, see (SiSh), while it
explicitly handles an algebraic equation system given by orthogonal
collocation within full discretization, see (FullDisc:Euler). Following
our conclusions for Hypothesis 6, we may also include the evaluation
of the numerical integration scheme hidden in Ft in the optimization
problem.

As an example, we use an explicit Euler scheme on the time grid
used for discretizing the controls. With this, (SiSh) transforms into

"u
min ;)c(xi)

[}
St Ry =R Ry — Vi=0,..,n,—1 (SiSh:Euler)
Xi
Xo =X
Xy, =%g
Note that we distinguish between equality constraints ‘=" handled

)

by the optimizer, see the endpoint constraint, and assignments “:=",
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see the numerical integration scheme. The assignments refer to sim-
ple function evaluations triggered by the optimizer. In particular, the
assignments can be substituted into the objective and constraints, cf.
(SiSh), when using an explicit numerical integration scheme. Thus,
(SiSh:Euler) is a reduced-space formulation of (FullDisc:Euler): we
reduce the number of optimization variables by identifying and deter-
mining the states as dependent variables.

If the objective function or constraints require knowledge of inter-
mediate state values, we can add an interpolation scheme for the states.
A piecewise linear interpolation connecting the state values determined
based on the explicit Euler scheme yields

'y
min / L(x(t))dt
a 0

Stox(t+7h) =% +7 h =t Vre[0,1]Vi=0,....n,—1
Xi
Ripy 1= Xt + hy) Vi=0,....n,—1
R0 1=Xg (SiSh:interpol)

x”u :x/.

which is the reduced-space formulation of (Coll).

Reduced-space formulations [59,60] are similar to decomposition
approaches: the structure of the model equations is exploited for re-
ducing the dimensionality of the optimization problem. However, the
dimensionality reduction is performed during modeling with reduced-
space formulations and within the optimization algorithm with de-
composition algorithms [61, Sec. 3.4.3]. The parallel between direct
collocation combined with such reduction approaches and direct single
shooting has been already hinted in the 1990’s:

“In fact, the use of decomposition techniques for the solution of the
large NLP arising from the complete discretization approach leads to
methods that are, in general, very similar to the control parameterization
approach. The main remaining difference between the two approaches
is the precise method used for approximating the infinite dimensional
DAEs by a finite number of constraints. It can readily be shown that
the collocation methods on finite elements (that are primarily used
in the context of the complete discretization approach) are equivalent
to fully implicit Runge—Kutta single-step integration methods. On the
other hand, most implementations of control vector parametrization rely
on multistep backward-difference formula (BDF) integration methods
(Gear, 1971). However, in principle, there is no reason why either
integration method could not be used in either approach although one
would expect multistep methods to lead to more efficient (i.e., smaller)
approximations especially at high accuracies.” (Vassiliadis, Sargent,
and Pantelides 1994 [58], p. 2114)

The equivalency of specific collocation and Runge-Kutta meth-
ods has been shown around 1970 [62,63]. For the proof, the first
derivative of the states are interpolated with Lagrange polynomials.
Consequently, the right-hand side of the explicit ODE equals the in-
terpolation polynomial which gives the well-known formulas for the
Runge-Kutta coefficients based on Lagrange polynomials defined with
the collocation points [e.g.,64]. Still, collocation is slightly distinct from
Runge-Kutta methods:

“The only difference is that in collocation one works in terms of polyno-
mial coefficients and in implicit Runge—Kutta in terms of values of the
function f.” (Wright 1970 [63], p. 219)

We may close this gap with a natural continuous extension [65] which
basically defines an interpolation scheme for obtaining a continuous-
time trajectory based on the determined state values. As an example,
compare the linear interpolation used in (Coll) and (SiSh:interpol).
Overall, the state integration may be modeled with exactly the
same equations within both direct single shooting and full discretiza-
tion. Even though, the structural differences between the resulting
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optimization problems remain [13,14,28,41,43,53,66]: In the reduced-
space/direct single shooting formulation, we have few optimization
variables, namely n, in (SiSh:Euler), but a dense optimization problem.
In the full-space/full discretization formulation, we have a significantly
larger number of optimization variables, namely »2 in the small exam-
ple (FullDisc:Euler), but obtain a highly structured, sparse optimization
problem. Moreover, using equality constraints rather than assignments
in the full-space/full discretization formulation gives the optimizer
more flexibility for choosing the related control values and allows for
easily imposing initial values and/or constraints on intermediate state
values. Together, this results in less sensitivity to integration errors
or unstable differential equations. Note that specialized integrators,
e.g., for handling stiff differential equations, can be used for stabilizing
direct shooting methods.

Conclusion 7. Briefly speaking, the state-of-the-art approaches of
direct single shooting and full discretization are substantially different
since these methods follow different paradigms: the former exploits the
capabilities of state-of-the-art ODE or DAE solvers for an efficient inte-
gration, while the latter formulates an algebraic optimization problem
and exploits its structure for an efficient optimization. However, the
state integration may be performed equally, in particular, when using
Runge-Kutta methods within direct single shooting and collocation
within the full discretization approach. Still, the structural differences
in the respective optimization problems remain and come down to the
comparison of reduced-space and full-space formulations. []

In the following section, we investigate reduced-space formulations
and other hybrid methods combining state discretization and state
integration in more detail.

2.3. Multiple shooting and other hybrid methods

Direct multiple shooting is commonly referred to as hybrid method
[e.g.,2,3,43,67] since it combines both (partial) state discretization and
state integration, see the corners of Fig. 2. More precisely, state integra-
tion is performed independently on subintervals, the so-called shooting
intervals. For this, shooting variables are introduced which serve as initial
values for the integration. As for single shooting, see Approach 4, the
integration is typically performed by an external solver, see Hypothesis
6. Closing constraints enforce the equality of the shooting variables
with the last state value obtained in the previous shooting intervals
such that we obtain continuous state trajectories. The “closing con-
straints” are also called “matching constraints” [e.g.,41] or “continuity
conditions” [e.g.,3] in the literature.

As an example, we use the time grid used for the control discretiza-
tion to define the shooting intervals.

Approach 5 (Direct Multiple Shooting). We assume that function
FM(sa;,s;) @ [#,1:4,] — R evaluates the solution x,(-) of the differential
equation of (discOCP) with fixed control value &; initialized at x;(t;) = s;.
Thus, we can replace the differential equation within each subinterval with
a function evaluation and obtain

'y
min / L(x@) dt
i,s 0

n,—1
stox() = Y g 0 x,(0) Vi=0,...,n,—1
i=0
x,() 1= F™r;a,,s) Vi€ [tpti1Vi=0,....n,— 1
x(t) =5, Vi=0,...,n,—1
S0 += Xo (MusSh)
xi(ti+1)=si+1 Vi=0,...,nu— 1

Sy, =Xy
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Analogously to (SiSh:Euler), we can replace black-box function
Fint(.) with an integration scheme which is hidden from the optimizer
as depicted in the middle row in Fig. 2. When using the explicit Euler
scheme with step width h;; =1, ;,; -1, ; defined for intermediate time
pointst; =ty <t <+ <t =ty i=0,...,n,~1, (MuSh) transforms
into

min Y'Y (%, ;)
s 320 j=0
i
st Ry :=>Aci’j+hi,j-f Vj=0,...,n; = 1Vi=0,...,n,—1
LJ
fci,() =; Vi:O,...,nu—l
Sp 1= Xg (MuSh:Euler)
f‘i,n, = Sit1 Vi=0,...,n,—1

I=Xf

In principle, full discretization and direct single shooting can be
viewed as the limiting cases of direct multiple shooting: We obtain
the former when restricting ourselves to a single integration step per
shooting interval and the latter when restricting ourselves to a single
shooting interval. In line with that, stability and sparsity properties of
direct multiple shooting are settled between those of full discretiza-
tion and direct single shooting, compare the concluding paragraphs
of Hypothesis 7. The decision whether to use state integration and/or a
reduced-space formulation affects also the accessibility of intermediate
state values for imposing constraints or for exploiting knowledge on the
solution, e.g., state values at specific time points. When using reduced-
space formulations, i.e., direct shooting methods where the state values
are assigned via integration schemes, the optimizer can easily impose
constraints on the intermediate state values although it can adapt at
most the shooting variables.

Compared to (SiSh:Euler), we may interpret (MuSh:Euler) as a par-
tial reduced-space formulation: a subset of the state values is assigned
while the rest, the shooting variables, are optimization variables. Simi-
larly, we can design different reduced-space formulations for handling
the objective function. In fact, we can replace the Lagrange-type ob-
jective /Otf L(x(1)) dt with a Mayer-type objective y(t,), where dy/dt =
L (x) and y(0) = £ (x(0)). This additional differential equations may be
handled equivalently or differently to the other differential equations.
In particular, we obtain a partial reduced-space formulation when
reformulating a quadrature formula for the numerical integration of the
Lagrange-type objective within full discretization, see (FullDisc:Euler),
as assignments for evaluating a Mayer-type objective

S.t. Yy =i+ h - LX) Vi=0,..,n,—1
Yo = L(%o)
2 2 '21 .
R =%+ h - — Vi=0,...,n,— 1
Xi
X0 =Xg
X, =xr .

where we observe fi(fco) = L(%,) and fi(fc,) = h; - L(%;) for any i =
1,....n,.

Direct single or multiple shooting have been combined with full dis-
cretization approaches to obtain more efficient solution methods. Sim-
ilar to the assignments used in the reduced-space formulation [e.g.,59,
68,69], state integration may be nested within the optimization by
applying collocation [70-72] or the implicit Euler scheme [3] in each
iteration of the optimizer, see the middle right scheme in Fig. 2. In the
same way, the state integration within direct multiple shooting may be
performed with collocation which, in turn, is hidden from the optimizer
with the help of the lifted Newton algorithm [12,73], see the middle
left scheme in Fig. 2.
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4 Grei controls and states only controls
Optimization . .
(simultaneous) (sequential)
Integration Full discretization [13,73,87]
Optimizer
min [}7 £(z(t)) dt
st a(ty) =ay
integrated
(simultaneous) @ (1) i
GO =3 Vhile—y
z(0) = zo
Lifting [1,71] or reduced-space Nesting [45,51,56,57] or reduced-space [50,63,80]
Optimizer Optimizer
min [i7 £(x(t)) dt min [i7 £(x(t)) dt
st x(ty) =y st z(ty) = xf
embedded
(sequential) d _u(t) Gt 0)
) = ) vt Gt = 20 vt
2(0) =z 2(0) = 7
Integration scheme Integration scheme
Direct multiple shooting [19] Direct single shooting [43,68,91]
Optimizer Optimizer
min fotf L(x(t)) dt min fé’ L(x(t)) dt
st a(ty) =y st x(ty) = af
external
sequential) da _u(d) dz _u(®)
( () - 23 Lo= v |
z(0) = xo z(0) = 2o
Integrator Integrator

Fig. 2. Schematic overview of standard and hybrid methods for solving optimal control problems like (OCP). Such optimal control problems extend an algebraic optimization
problem (upper box) by differential equations (lower box). From top to bottom, the handling of the differential equations changes, namely from transforming it into constraints
handled by the optimizer ( ) via using an integration scheme hidden from the optimizer ((J) to using an external integration software ( ). Arrows from controls and/or states
to the model boxes indicate optimization variables. In the schemes on the left, both controls and states are optimized after applying state discretization (—=). The dashed arrow
indicates that only a part of the state values are optimized (-=53). In the schemes on the right, the state values are dependent variables since state integration is used (—).

Overall, full discretization, direct single shooting, and hybrid meth-
ods like direct multiple shooting differ in the handling of optimization
variables and constraints. However, all of these methods may use the
same approximate solution of the embedded differential equations no
matter whether the integration is integrated or embedded within the
optimization or whether an external integration software is called, see
also Hypotheses 6 and 7.

We may conjecture that an external integrator gives an accurate so-
lution for the continuous-time differential equations, whereas a numer-
ical integration scheme embedded in the optimization problem gives
only an approximation, namely the solution of the related discrete-
time difference equations. However, external integration software are
just implementations of numerical integration schemes. Either way,
we obtain a discrete-time trajectory. We therefore investigate further
implications for discrete-time solutions in the following section.

3. Hidden parallels between discrete-time dynamics and quasi-
steady operation

We clarify the terminology before we compare discrete-time and
quasi-steady solutions. With direct methods in mind, we formulate a
first hidden conjecture:

Hypothesis 8. A “discrete-time system” is obtained by discretizing
differential equations.

Commonly, differential equations are solved by transforming them
into algebraic equations with the help of time discretization and a
numerical integration scheme. In control theory, the resulting equation
system is called “discrete-time model” [e.g.,74, p. 107]. In particular

for linear ODEs, we can exploit the knowledge of the analytical solution
to obtain an equivalent reformulation by the discretization.

In the context of scheduling problems, we also distinguish between
discrete-time and continuous-time systems [e.g.,75-77]. Scheduling
problems aim at the optimal timing of processes including the deter-
mination of starting and end time points. When using continuous-time
systems, these time points can take any real value in the time horizon
[to. 1], see Fig. 3(a). When using discrete-time systems, these time
points are chosen from a set of a-priori given time points ¢;, i =0,...,n
with ¢, = t,, see Fig. 3(b). In fact, the time representation, namely
the choice between continuous-time or discrete-time systems, refers to
the handling of the scheduling controls rather than the handling of
differential equations potentially embedded.

We interpret scheduling problems as optimal control problems: a
control variable decides whether to run the process. When solving this
optimal control problem with direct methods, in particular, a control
discretized on a fixed time grid, we obtain a discrete-time system in
terms of scheduling. This is still true if the underlying process is char-
acterized by differential equations which we solve with the analytical
continuous-time solution.

Conclusion 8. “Discrete-time” is used differently in different fields
of research. While it refers to the handling of differential equations
in control theory, it refers to the handling of (scheduling) controls in
scheduling. []

For the term “quasi-steady”, we first check whether there is a
distinction to a similar term:

Hypothesis 9. “Quasi-steady” and “pseudo-steady” are synomyms.
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to ti t2 ... tn

(b) Discrete-time system

Fig. 3. Schematic overview of time representation in scheduling problems.

Even though the different names “pseudo-steady” and “quasi-steady”
may be used for slight distinctions, see Section 2.10 in Supplementary
Material 1, there is no universal distinction between these two terms
in the literature. As an example, the steady-state approximations for
chemical reaction kinetics [78-80] is called quasi-steady state assump-
tion (QSSA) [81-83], pseudo-steady state hypothesis (pssh) [83,84] or,
by the International Union of Pure and Applied Chemistry (IUPAC),
steady-state approximation [85]. Note also that in these established
terms, the words “assumption”, “hypothesis” and “approximation” are
used with the same meaning, namely for an approximation whose
validity is rarely checked but which typically results in a small error.
Still, these terms as well as “quasi-steady” and “pseudo-steady” may
refer to distinct terms.

Conclusion 9. In the literature, “quasi-steady” and “pseudo-steady”
are mainly treated as synonyms. []

The term “quasi-steady” itself is ambiguous. We conjecture:

Hypothesis 10.  “Quasi-steady” operation refers to a time series of
steady-state operating points.

In the literature, we primarily find two different usages of the
term ‘“‘quasi-steady”. On the one hand, “quasi-steady” refers to almost
steady-state processes, namely if

(i) a state subject to a dynamic process is (approximately) constant
in time [e.g.,86,87];
Example: The fluid level in a tank is constant if the inflow equals the
outflow.

(ii) the rate of change is small compared to other changes in time
[e.g.,78,88];

Example: The concentration of a highly reactive intermediate sub-
stance has a negligible rate of change compared to less reactive
products of chemical reactions.

(iii) states describe (almost) time invariant properties [e.g.,89];
Example: The amplitude of a time dependent harmonic oscillation is
constant.

(iv) the steady state is temporary [e.g.,90].

Example: Between two transient phases, the system remains in a
steady state for a specific time period.

On the other hand, “quasi-steady” refers to piece-wise constant state
trajectories. This includes both trajectories switching between a fixed
number of modes [e.g.,91-93] and trajectories with continuous-valued
operating points [e.g.,94-96]. In the former, the optimizer decides
which of the discrete operation modes is chosen at any point in time,
while it can choose any real value within given bounds for the current
operating point in the latter.

Conclusion 10. States are called “quasi-steady” if they are almost
constant for a specific time period and, in particular, if they are
governed by piece-wise constant operating points. []

In the following, quasi-steady operation refers to a time series of
(almost) steady-state operating points. This description is also valid for
discrete-time solutions of differential equations obtained with the help
of numerical integration schemes. Thus, we challenge the following
hidden conjecture:

Hypothesis 11.  Quasi-steady operation and discrete-time dynamics
are distinct approaches for approximating the continuous-time dynamics
embedded in optimal control problems.

The continuous-time solution of differential equations embedded in
an optimal control problem can be approximated with different levels
of accuracy, see Fig. 4. We achieve the smallest but least accurate model
when replacing the transient state trajectory with a steady state. The
most accurate but computationally costly approximation is given by a
discrete-time trajectory obtained from an accurate integration scheme.
As a compromise, we may use steady-state assumptions resulting in
quasi-steady behavior. The discussion of whether the system dynamics
can be adequately represented by decoupled operating points is not in
scope of this tutorial but discussed elsewhere [e.g.,95,97-99]. Instead,
we focus on quasi-steady operation where the dynamic system behavior
is explicitly considered by coupling subsequent state values in time.

In quasi-steady operation, we may introduce a coupling in time via
transition modes [e.g.,100], ramping constraints limiting the difference
of subsequent state values [e.g.,99,101,102] or a combination of these
approaches [e.g.,103]. Pointing to a parallel with discrete-time solu-
tions of differential equations, we focus on first-order static ramping
where the difference between subsequent state values is constrained
by a constant ramp

Axramp .
Xig1 <X +h; - —\prmD Vi=0,..,n,—1 (staticRamp)
N N Ax™mP .
XH_IZXI-—}'I,-'W VIIO,...,V!M—I

Moving the ramping into bounds of an auxiliary variable yields

% =% +h -0 Vi=0,....n,-1

u

(explEuler)

Axtamp 4y ramp
he|-2—. 22—
Agramp ’ pgramp

For operational optimization, the main difference between (stati-
cRamp) and (explEuler) is that we exclusively optimize for the state
values in the former while we optimize for the control and, when using
full discretization, also the state values in the latter.

The difference equation of (explEuler) resembles the explicit Euler
scheme for differential equation dx/dt = u. We extend (explEuler)
to general explicit ODEs dx/dt = f(x,u) based on a dynamic ramp-
ing approach proposed for integrated scheduling and control [104,
105]. Therein, Baader et al. replace the process dynamics with time-
dependent bounds on the scheduling control which corresponds to the
backward direction of our reformulation, namely from (explEuler) to
(staticRamp). For this, the existence of at least two distinct controls is
exploited: at least one for scheduling, i.e., for determining the optimal
operating point, and at least one for control, i.e., for maintaining the
operating point.

We adapt the dynamic ramping approach from Baader et al. [104,
105] to our example which contains only one control. In fact, we re-
place the process dynamics with time-dependent bounds on subsequent
state values by applying the explicit Euler scheme and introducing an
auxiliary variable

Rip1 =R+ k- fGnd)  Yi=0,..,n,—1

——

=:v(1;)

u

The process dynamics and the control bounds determine the bounds
on the ramping variable v. We extend our example (OCP) with control
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Fig. 4. Schematic overview of different paradigms for modeling process dynamics.

bounds u(f) € [-u™*,y™*] and state bounds x(f) € [x™®", x™2X] for
any t € [0,7,]. We obtain state-dependent ramping limits v (x(1)) €
[—u™ /x(t), u™* /x()], t € [t;,t;,,]. However, we have only limited in-
formation on the transient state values at the interior of the subintervals
t € (t;,1;41) in quasi-steady operation: We only know the neighboring
state values x; and x;,; as well as the general state bounds. Thus, we
propose three different ramping strategies:

(R1) Maximum flexible ramping allowing for the largest deviations
possible with the given differential equation, i.e.,
_umax umax _umax umax

v(t) €[ min ,  max l=[——,—1 Vtelt.t,)
xe[xminxmax] X yg[ymin ymax] X xmin 7 xmin i

(R2) Minimum flexible ramping guaranteeing that we cannot exceed
the inertia given by the differential equation, i.e.,

_umax . umax _umax umax
min 1=1 ,—=] Vtet, 1)

xe[xmin ymax] X xmax ’ ymax /

v(t) €[ max

XE[xmin xmax] X

(R3) Dynamic ramping with time-dependent bounds assuming that we
have a steady state in the interval, i.e.,
ax

umax
,——1 VtEe [t tyy)

v(t) €[ X0

—
t.

x(1;)

Maximum and minimum flexible ramping are static, i.e., inde-
pendent from the time discretization. When using dynamic ramping
with a refined time grid, we can, however, obtain a more accurate
approximation of the reachable state differences.

Quasi-steady operational optimization with dynamic ramping

My
min gﬁ(fci)

st &4 sfc,+h,-ufc_ Vi=0,..,n,—1 (dynRamp)
1
umax
S 2 8= by Vi=0,...,n,—1
1
X0 = Xg
Xp, =%y

shows strong parallels to direct methods using the explicit Euler
scheme for solving the differential equations. In fact, dynamic ramping
(R3) is an equivalent formulation for the system of (in)equalities con-
sisting of the related difference equation and the control bounds. Thus,
the feasible set for the discretized states % is the same in optimization
problems (dynRamp), (FullDisc:Euler), and (SiSh:Euler). Despite this
similarity, there are three structural differences between the quasi-
steady optimization problem (dynRamp) and the discrete-time optimal
control problems (FullDisc:Euler) and (SiSh:Euler). Firstly, the subse-
quent state values are coupled via inequality constraints in (dynRamp),
while they are coupled via equality constraints and assignments in
(FullDisc:Euler) and (SiSh:Euler), respectively. Which of these mod-
eling alternatives results in more favorable convergence properties
depends on the optimization algorithm used and its specific imple-
mentation. Secondly, the piecewise constant states and controls share
the same time discretization in (dynRamp), while (FullDisc:Euler) and
(SiSh:Euler) allow for two different time grids similar to (MuSh:Euler).
Thirdly, the control values are chosen implicitly in (dynRamp), while
(FullDisc: Euler) and (SiSh:Euler) explicitly provide the optimal control

values. In fact, the quasi-steady problem formulation determines the
optimal state values such that the difference of subsequent values stays
in the limits given by any control value within [¢™", »™*]. However, we
may need explicit information on the control values for implementing
the optimal control strategy in reality. In the best case, we can refor-
mulate the ramping constraints such that we can calculate the control
values from the optimal state values. In the worst case, we need to solve
another optimal control problem, e.g., where the objective value is the
deviation of the current state prediction to the optimal state trajectory.
For (OCP), we obtain

t
min / " (x0) = 2% 0))? do
0

u(-)
dx o u(®)
s.t. a(l‘) = _x(t)

x(0) = x

vVt e [O,tf]

when using the integral least squares deviation as the error measure.

Conclusion 11. Both discrete-time dynamics and quasi-steady opera-
tion provide the same approximate solution to the differential equations
if the numerical integration scheme used in the former is captured by
an adequate ramping in the latter. The resulting optimization problems
show nevertheless structural differences in the handling of constraints
and optimization variables as well as the specific information provided
for the optimal control strategy. []

4. Retrospective with chatgpt

Since ChatGPT is trained with publicly available data [106], we
assume that its responses represent the common knowledge. We can
draw three main conclusions when comparing our conclusions with the
responses of ChatGPT, see Supplementary Material 1:

(i) ChatGPT focuses on the literal definitions of the terms, whereas
we additionally included the common usage of the terms in the
literature, see the conclusions on Hypotheses 1-6, 8, 9.

(ii) The terminology used by ChatGPT is not fully consistent. For
example, solvers and numerical methods are mixed in the re-
sponse to Hypothesis 6; and distinct terminology in different
communities may be neglected, see response to Hypothesis 8,
or emphasized, see response to Hypothesis 9.

(iii) ChatGPT does not point out the hidden parallels developed
for Hypotheses 7 and 11.

For the remaining Hypothesis 10, ChatGPT gives basically the same
overview as we do in this tutorial.

In summary, the comparison with ChatGPT’s responses emphasizes
the motivation of this tutorial: There is a consensus on the general
methods and the corresponding terminology in the research commu-
nities, but ambiguities remain. Moreover, parallels between specific
variants of standard methods may easily be overlooked. We there-
fore develop recommendations for a well-defined terminology in the
following section.

5. Conclusions

In this tutorial, we investigated ambiguous terminology for standard
optimal control methods to clear potential misunderstandings between
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different research groups. We will now use this analysis to dare to
extend some warnings (“!””) and recommendations (“=").

In the introduction, we started with briefly delineating “optimal
control” from which we conclude:

11 “Optimal control” refers to the class of infinite-dimensional
optimization problems with differential(-algebraic) equations
embedded or closed-loop control problems.

= When using “optimal control”, specify whether it is open-loop or
closed-loop optimal control.

In the main part, we focused on direct methods for offline open-
loop optimal control. In detail, we argued that direct collocation is a
specific variant of (simultaneous) full discretization which, in turn, may
be considered as a specific simultaneous method. Note, however, that
pairs of these three terms are used synonymously in parts of the liter-
ature. Analogously, “direct single shooting” is handled as synonym or
specification of “partial discretization”, while “direct single shooting”
and “sequential method” mainly refer to the same method. Literally,
“control vector parameterization” means discretization of controls and
is therefore a paradigm shared by all direct methods. Historically,
however, it became a synonym for direct single shooting in parts of
the literature and, thus, may just refer to a specific direct method. In
brief:

12 Although collocation is the standard approach used within the
full discretization approach, there are alternative state discretiza-
tion approaches.

Distinguish between full discretization and direct collocation.

The terms “full discretization”, “simultaneous method”, and
“control vector parameterization” are ambiguous, cf. Fig. 1.
Specify the intended meaning when using any of these terms.

=
13

=

Commonly, the embedded state integration within direct single
shooting is performed by an external ODE or DAE solver. Alternatively,
a numerical integration scheme may be used which is evaluated within
the optimizer’s iterations. This alternative has been used in the origins
of direct single shooting and is used in hybrid methods combining full
discretization and direct shooting. The numerical integration scheme
can be hidden from the optimizer when using assignments rather than
equality constraints. This yields a reduced-space formulation of the
full discretization approach. Based on the usage of numerical inte-
gration schemes, we continued to elaborate a strong parallel between
the discrete-time solution obtained by direct methods and the opti-
mal quasi-steady operation considering adequate ramping constraints.
Note, however, that there are distinct definitions of “quasi-steady” and
“discrete-time”. We conclude:

14 Although the use of an external integration software is the stan-
dard for the state integration embedded in direct single shooting,
there are alternative approaches.

Recall that most external integrators implement a numerical integra-
tion scheme when studying and extending direct shooting approaches.
“Quasi-steady operation” may refer to a(n) (almost) constant
operating point or a time-series of (almost) constant operating
points.

Specify the intended meaning when using “quasi-steady”.
“Discrete-time system” refers to a reformulation of dynamic
systems by discretizing the differential equations or a specific
time representation used in scheduling problems.

= Specify the intended meaning when using “discrete-time system”.

Following the motivation of this tutorial, investigating hidden par-
allels between solution methods for mixed-integer nonlinear program-
ming, mixed-integer optimal control, and scheduling with finitely many
alternative control values merits careful attention. For example,

10
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continuous-time systems in scheduling [e.g.,75] show parallels to switch-
ing time optimization in mixed-integer optimal control [e.g.,1,107,

108]: in both approaches the optimal time point of control switches,

e.g., for changing modes or starting a new process, is chosen freely

from a continuous-valued time interval. Besides, both scheduling and

optimal control problems may contain discrete-continuous dynamic

systems, i.e., differential equations which switch their behavior at

specific time points. For both, methods for solving “hybrid systems”

may be of interest [e.g.,21,109-111].

Taking one step further, methods for solving integrated schedul-
ing and control problems are related to those for integrated design
and control problems. However, what is the difference between “de-
sign” and “control”? “Optimal control” problems may contain “design
parameters” [e.g.,7,51], while “design“ problems in the context of
model-based optimal experimental design optimize “controllable vari-
ables” of processes which may or may not be dynamic [e.g.,112,113].
Even more general, is there a difference between “mathematical op-
timization” and “mathematical programming”? While an answer of
the latter question has been found by the Mathematical Optimization
Society (MOS) [114], the answer of the former question as well as
investigations for further related fields of research are left for future
work.
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