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1. Introduction

In the classical knapsack problem, we are given a knapsack of capacity B and a set of items, each of which has a size
and a value. The goal is to pack a subset of items such that the total size does not exceed the capacity B, maximizing the
value of the packed items. In the proportional variant of the problem (also called unweighted or simple knapsack problem),
the size and the value of each item coincide. Stated as an online problem, B is given upfront, but the items are revealed one
by one in a sequence of requests. The online algorithm has to decide whether the requested item is packed or discarded
before the subsequent item arrives and cannot revoke the decision. To measure the quality of the solution, we use the
competitive ratio, that is, the value attainable by an optimal offline algorithm divided by the value of the solution computed
by the online algorithm in the worst case. It is well-known that, even in the proportional variant, no online algorithm for
the online knapsack problem achieves a bounded competitive ratio [2]. This indicates that the classical notion of online
algorithms is overly restrictive for the knapsack problem. Unless otherwise stated, we focus on the proportional variant in
this paper.
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Table 1

Results on the competitive ratio of the online knapsack problem with removal and limited recourse.
The function f (k) is given explicitly by f(k) = (vk? 4+ 6k + 5+ k + 1)/(2k + 2). These results are
illustrated in Fig. 1.

Uses of recourse Upper bound Lower bound

k <3 in total 1+ 5y (Theorems 2, 3,4) 1+ k;r_1 (Theorem 1)

4<k<12intotal 5/4 (Theorem 4) 1+ 5 (Theorem 1)
B 1

k> 13 in total 1+ i) (Theorem 5) 1+ 57 (Theorem 1)

k per step f( <1+ g  (Theorem 6) f()>1+ g5 (Theorem 7)

Table 2
Results on the competitive ratio of the online knapsack problem with removal and limited
recourse, as well as information on the end of an instance. Instances are given in the form

(X1, ..., Xn—1, (Xn, L)), marking the last item. These results are illustrated in Fig. 1.
Uses of recourse  Upper bound Lower bound
: 1 1
k>1 in total 1+ m (Theorem 9) 1+ m (Theorem 8)
k> 1 per step 1+ r2/ki0546 (Theorem 10) 1+ A (Theorem 8)

In the literature, several ways of relaxing the online requirements have been considered for various online problems,
leading to so-called semi-online problems [3,4]. Such semi-online problems enable us to study the effect of different degrees
of online behavior on the hardness of computational problems. Semi-online problems can be roughly divided into two
classes: On the one hand, one can equip the algorithm with some extra information about the instance, e.g., the size of
an optimal solution. On the other hand, one can relax the irrevocability of the algorithm’s decisions. Several models from
the second class have already been considered for the online knapsack problem: In the model of delayed decisions 5], one
grants the online algorithm the right to postpone its decisions until they are really necessary. This means that the algorithm
is allowed to temporarily pack items into the knapsack as long as its capacity allows and to remove them later on to avoid
overpacking of the knapsack [G]. In the reservation model, the algorithm has the option to reserve some items in an extra
storage at some extra cost, with the possibility of packing them into the knapsack later [7].

In this paper, we consider a semi-online model called recourse. In the model of recourse, the algorithm is allowed
to withdraw a limited number of its previous decisions. Recourse has mainly been studied for the Steiner tree problem,
minimal spanning tree problem, and matchings [8-14]. In case of the knapsack problem, we distinguish two types of
recourse: (i) An item that has been selected previously is discarded (to make space for a new item); and (ii) an item was
previously discarded and is added afterwards. The second type of recourse is costlier than the first type, as an unlimited
number of items has to stay at disposal.

The first type of recourse is known as removal and has been studied extensively by Iwama and Taketomi [6] for the
proportional model, who showed that the competitive ratio of the problem is exactly the golden ratio ¢ ~ 1.618. Han et
al. [15] showed that this can be lowered to no more than 10/7 using randomization, but their bounds are not tight. In
this paper, we only consider deterministic algorithms. Other researchers have considered the problem going beyond the
proportional knapsack [16-18].

Applying the second type of recourse directly to the classical online knapsack problem does not get us too far: The same
hard example as for the problem without recourse, that is, one instance consisting of the items & and 1 (for some arbitrarily
small ¢ > 0) and another one consisting of the ¢ only, also proves an unlimited competitive ratio here since discarding the
first item makes the instance stop and does not leave room for any recourse.

In this paper, we reserve the term “recourse” for the second type of recourse, and call the first type of recourse “re-
moval”, following the terminology introduced by Iwama and Taketomi [G]. We combine the option of unlimited removal
with limited recourse, that is, a limited number of re-packings of discarded items. The resulting upper and lower bounds
on the competitive ratio are shown in Table 1 and illustrated in Fig. 1. Classically, in the online model, upon arrival of
an item, the algorithm does not know whether this will be the last item in the sequence or not. Besides analyzing this
standard model, we additionally consider two different ways of communicating information about the end of the sequence
to the algorithm. The problem exhibits a surprisingly rich structure with respect to this parameter. Our respective bounds
are shown in Table 2 and illustrated in Fig. 1.

1.1. Preliminaries

In the online knapsack problem ONLINEKP used in this paper, an instance is given as a sequence of items I = (x1, ..., Xp).
For convenience of notation, we identify an item with its size. In each step 1 <i <n, an algorithm receives the item x; > 0.
At this point, the algorithm has no knowledge of the items (x;;+1,...,X;) and no knowledge of the length n of the instance.
It maintains a knapsack S < I such that, in each step, the items in the knapsack do not exceed the capacity of the knapsack.
We normalize this size to 1 and thus assume that x; € [0, 1] for all i. All items x;, for j <1, that are not in S are considered
to be in a buffer of infinite size.
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Fig. 1. Competitivity of the PROPORTIONAL KNAPSACK PROBLEM WITH REMOVAL AND RECOURSE. Results from Table 1 are shown in solid lines, while results from
Table 2 are shown in dashed lines.

In the framework of this paper, given the item x;, an algorithm first adds it to the knapsack S, potentially exceeding
the size limit. It may then remove any number of items from S, moving them to the buffer, and possibly return a certain
number of items from the buffer to S afterwards, expending one use of recourse for each returned item. The number of
times an algorithm can use recourse will vary between various scenarios. For simplicity, we say that the algorithm packs an
item if it is kept in the knapsack upon its arrival, and that it discards an item if it is immediately removed in the step of
its arrival. After this process, the condition ines x; <1 must hold, that is, the selected items respect the capacity of the
knapsack.

The gain gainy (1) of the algorithm ALG on the instance I is given as the sum ines x; of the item sizes in S after the
last step n. Its strict competitive ratio pa.c(I) on I is defined as paic(I) = gainger(I)/gaina; ¢ (I), where gaing,;(I) is the gain
of an optimal offline algorithm, that is, an algorithm that knows the entire instance in advance. The smaller the ratio, the
better the algorithm performs. The strict competitive ratio pa,c of the algorithm is then defined as the worst case over all
possible instances, paic = sup; pawc(l). This definition is often generalized to the competitive ratio of an algorithm, which
allows for a constant additive term to be added to gaina;;(I) in the definition of pa.c(I). However, since in ONLINEKP the
optimal solution for any instance is bounded by 1, any algorithm would have a competitive ratio of 1 if this were allowed.
Therefore, this relaxation does not add any benefit to the analysis of this problem. We will only consider the strict version
and refer to it simply as competitive ratio.

1.2. General behavior of algorithms

All algorithms presented in this paper will follow a similar framework. We will usually classify items by their sizes: For
a bound b with 1/2 <b < 1, we call an item small if it is of size at most 1 — b, medium if its size is greater than 1 — b but
smaller than b, and large if its size is at least b.

We say that an algorithm stops if it maintains its current configuration and discards all future items. The focus of our
algorithms will always be on medium items. All algorithms will follow the same rules regarding small and large items in
the following order of priority:

1. Pack any large item, removing any previously packed items in the knapsack, and stop.

2. Pack any small item. If a small item cannot be packed without exceeding the capacity of the knapsack, discard it and
stop.

3. When packing medium items, ignore any small items in the knapsack. If this causes the combined size of the items in
the knapsack to exceed its capacity, remove small items one by one in any order until all items fit, then stop.

We now show that this allows us to ignore small and large items in our proofs that these algorithms attain the required
competitive ratio:

Lemma 1. Let ALG be any algorithm that differentiates between small, medium and large items with respect to b. Assume that ALG
follows Rules 1-3 regarding small and large items as a first priority. Then, ALG achieves a competitive ratio of at most 1/b if and only if
it achieves such a ratio on all instances containing no small or large items.

Proof. Assume that ALG obtains a competitive ratio of at most 1/b on all instances containing only medium items. If an
instance contains any large item, ALG will pack it and achieve a gain of at least b and thus a competitive ratio of at most
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1/b. If a small item in an instance does not fit, ALc must have already packed items of combined size 1 — (1 —b) =b and
thus achieve a gain of at least b for a competitive ratio of at most 1/b. The same holds if a small item has to be removed
to make room for a medium item. The only case that remains is that of an instance containing small and medium items,
for which ALG packs all small items. Consider any fixed optimal solution to this instance. Let S be the combined size of
all small items in the instance and let Ma.c be the combined size of the medium items in the algorithm’s solution. Lastly,
let Mopr be the size of an optimal solution for the subinstance consisting only of medium items. If there are no medium
items in the instance, since ALG packs all small items, it is optimal. If there is at least one medium item in the instance, ALG
achieves a gain of Ma,c + S, while the optimal solution cannot be larger than Mgpr + S. The algorithm therefore achieves a
competitive ratio of at most

MOPT +S < MOPT
Mawc+S ~ Mac

However, since ALG ignores small items when packing medium items by Rule 3, Mopr/Maic is exactly the competitive ratio
it would achieve if the instance consisted of the medium items only, so by assumption, Mopr/Mac < 1/b. O

1.3. Related work

Online problems with recourse date back to Imase and Waxman [8] who have studied the online Steiner tree problem
and utilized the benefit of a limited number of rearrangements. The number of required recourse steps was subsequently re-
duced by a sequence of papers [9-11]. Recently, recourse was considered for further problems, in particular online matching
[12-14].

Many different kinds of semi-online problems have been considered in the literature; Boyar et al. [3] give an overview
of some of these. In particular, many results on semi-online algorithms focus on makespan scheduling problems with some
extra information, starting with the work by Kellerer et al. [19]; see the survey by Dwibedy and Mohanty [4] for a recent
overview of this line of research.

Many semi-online settings assume the availability of some extra information, e.g., the total makespan in scheduling
problems. In the model of advice complexity, one tries to measure the performance of an online algorithm in the amount
of any information conveyed by some oracle that knows the whole input in advance. This very general approach to semi-
onlineness provides a powerful tool for proving lower bounds. The model was introduced by Dobrev et al. [20] in 2008 and
shortly afterwards revised by Emek et al. [21], Bockenhauer et al. [22], and Hromkovic et al. [23]. Since then, it has been
applied to many different online problems; for a survey, see the work by Boyar et al. [3] and the textbook by Komm [24].

In this paper, we consider a slightly different kind of semi-online problems, where the online condition is not relaxed
by giving some extra information to the algorithm, but by relaxing the irrevocability of its decisions. In one approach, the
online algorithm is allowed to delay its decisions until there is a real need for it. For instance, in the knapsack problem,
the algorithm is allowed to pack all items into the knapsack until it is overpacked, and only then has to decide which
items to remove. Iwama and Taketomi [6] gave the first results for online knapsack with removal. A version in which the
removal is not completely for free, but induces some extra cost was studied by Han et al. [25]. Delayed decisions were also
studied for other online problems by Rossmanith [5] and by Chen et al. [26]. Béckenhauer et al. [7] analyzed another semi-
online version of online knapsack which gives the algorithm a third option besides packing or rejecting an item, namely to
reserve it for possible later packing at some reservation cost. The advice complexity of online knapsack was analyzed by
Bdckenhauer et al. [27] in the classical model and later in the model with removal [28].

2. Number of uses of recourse bounded per instance

In this section, we analyze the scenario in which an algorithm can only use recourse a limited number of k > 1 times
in total. Even if we just allow one use of recourse per instance, the upper bound of (v/5 + 1)/2 ~ 1.618 proven by Iwama
and Taketomi [6] for the online knapsack problem with removal (but without recourse) can be improved, as we show in
the following. We find a lower bound of 1+ 1/(k 4+ 1) for the competitive ratio of any algorithm. In the case 1 <k <3, we
present algorithms that exactly match this lower bound. For all other values of k we give an upper bound of 1+ 1/(@— 1).

2.1. Lower bound
Theorem 1. Any algorithm that uses recourse at most k > 1 times in total cannot have a competitive ratio of less than 1+ 1/(k + 1).

Proof. We present a family of instances dependent on & > 0, such that any algorithm that uses at most k recourses in total
cannot have a competitive ratio of less than (k 4+ 2)/(k + 1) for at least one of these instances in the limit ¢ — 0. These

instances are given in Table 3; they all start with k copies of the item x; = k% + ¢. For the proof to work as intended, ¢

is chosen such that 0 < & < —L—. Note that any deterministic algorithm must act identically on these instances up to the

k+2)%"
point where they differ.
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Table 3
Family of instances in the proof of Theorem 1.
k copies
N
I X1 X2
I X1 X2 X3
I3 X1 X2 X3 y3:kJ+2—(k+1)€
Is x1 X2 X3 x4:ti—;+e y4:k$2—e
Is X1 X2 X3 X4=%+8 X5=$ J’5=ﬁ—%
Ig X1 X2 X3 X4=’,§%+8 X5=ﬁ
1

All instances start with k items of size x;, where x; = x3
(k+2)e.

_ 1 _ k+1
=z te andxz—k+2+

Now, let ALG be any algorithm that uses at most k recourses in total and assume that it has a competitive ratio strictly
less than (k+2)/(k +1).

1. The algorithm must pack item x, in each instance, removing all previously packed copies of x;: otherwise, its competi-
tive ratio on instance I is at least

k+1)/(k+2)+ (k+2)e k+1 k+2
ALG = — >
k-(1/k+2)+¢) k k+1
2. The algorithm must then pack the item x3, remove x, and use its entire recourse to retrieve the k copies of x; in
instances I, and I3, and hence also in I4 and I5:

o If it packs item x3, but only uses its recourse to retrieve m < k copies of xq, its competitive ratio on instance I, is at
least

e—>0.

2t k+2e G+ k+2e k41

1 > 5 — ase —> 0.
M+ (gz+8) ~ k-(gz+8) k

PALc =

o If it does not pack item x3 and keeps x;, its competitive ratio on instance I3 is at least

1 k+2

— ase — 0.
+k+2e k+1

>
PAc Z 177
k+2

So, from here on, the algorithm cannot use any further recourse.
3. The algorithm must then pack item x4 in instances I4 to Ig, removing x3 and all copies of x;: otherwise, its competitive
ratio on instance I4 is at least

1 k+2
_)
+k+De k+1

>
PALe Z 777 ase — 0.

k+2
4. The algorithm must then pack item x5 and remove x4 in instances I5 and Ig: otherwise, its competitive ratio on instance
I5 is at least

e > 1 k+2
ALG = e
m+g k+1

5. However, in this situation, its competitive ratio on instance Ig is at least

k+1

s+ k+2)¢ k+2

k+2——>k+1> + ase — 0.
1 k+1

PALc =
k+2

Hence, the competitive ratio pac is at least (k+2)/(k+1)=1+1/(k+1). O
2.2. Upper bounds
We now show that for 1 <k < 3, the lower bound of Theorem 1 can be matched by a corresponding upper bound.
We start by presenting an algorithm A; that uses recourse at most once and that achieves a competitive ratio of 3/2. We
distinguish between small, medium, and large items with respect to b =2/3 as described in Subsection 1.2. Algorithm A
1. treats large and small items as described in Subsection 1.2.
2. always keeps the largest medium item. If it encounters a medium item x; that fits together with a previously encoun-

tered medium item xj, it removes the currently packed one, uses its recourse to retrieve x; and stops.

5
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Theorem 2. Algorithm A1 has a competitive ratio of at most 3/2.

Proof. We prove that Aq is either optimal or achieves a gain of at least 2/3 and thus a competitive ratio of at most 3/2. As
shown in Lemma 1, we can assume that the instance contains only medium items. Now, consider the number of (medium)
items in the optimal solution on the instance, which cannot be more than two. If it contains exactly two, A; can pack two
items as well, leading to a gain of at least 1/3 + 1/3 = 2/3. If the optimal solution contains only one item, the algorithm is
optimal, since it keeps the largest item. O

We now present an algorithm A, that uses recourse at most twice and that achieves a competitive ratio of 4/3, match-
ing the lower bound of Theorem 1. We refer to small, medium and large items with respect to b = 3/4 as described in
Subsection 1.2. The algorithm acts as follows:

1. It treats large and small items as described in Subsection 1.2.

2. It keeps the largest medium item encountered so far. If possible, it also keeps the smallest medium item.

3. If a new medium item x; fits with a previously encountered medium item x; such that x; + x; > 3/4, it retrieves x; if
necessary and stops.

4. If a new medium item fits with two previously encountered medium items, it retrieves one or both of those if necessary
and stops.

Theorem 3. Algorithm A, uses recourse at most twice and has a competitive ratio of at most 4/3.

Proof. We first note that algorithm A, never has to use recourse to retrieve the smallest medium item in Rule 2: Let x;nin
and xj,,, be the smallest and largest medium item before the current item is revealed, and let Xy, and Xmax be the smallest
and largest medium item after it is revealed. If x_ . + X{,,, <1, then the algorithm already packed the smallest medium
item and can replace it if xpin < x;mn without using recourse. If x;mn + Xpax > 1, then Xmip + Xmax < 1 is only possible if
Xmin < x;mn, that is, if the current item is Xpin, Xmax > X/.x, SO Xmin can also be packed without using recourse. There is
one exception in the special case that the second medium item in the instance is larger than the first one; in this case,
Xmin = Xpax and is thus contained in the knapsack. Therefore, A, can only use recourse in Rule 3 or Rule 4. In both cases, it
uses recourse once or twice and stops afterwards.

As shown in Lemma 1, we can assume that the instance contains only medium items. We now look at an optimal
solution for the instance. It is clear that, if the algorithm stops, it achieves a gain of at least 3/4 and thus a competitive
ratio of at most 4/3. We will therefore also assume that it does not stop.

If the optimal solution contains one (medium) item, the algorithm is optimal, since it packs the largest item. If the
optimal solution contains three items, the algorithm stops due to Rule 4.

The only remaining case is that the optimal solution contains exactly two items. Call these items m; and m, with
mq < my. We can assume w.l.o.g. that M = mq + my < 3/4, otherwise the algorithm would stop due to Rule 3 once the
second of these items is revealed.

Case 1: If the algorithm only packs the largest item xmax in the instance, we first note that, since m; < mjy, we have
my < M/2 < 3/8. We must then have xmax > 5/8 (otherwise, the item m; would be packed due to Rule 2). The algorithm
therefore has a competitive ratio of at most

- my +mp - % _ 6 4

= Xmax 5/8 5 3°
Case 2: If the algorithm packs both the largest item xpnax and the smallest item Xy, we note that xpmax > my > M/2. The
algorithm therefore has a competitive ratio of at most
my +my - M
" Xmin +Xmax ~ 1/4+M/2 .
This term increases with M, so we have
M 3/4
p< <
1/44+M/2 1/4+3/8

6 4 -
=—-<=-.
5 3

For the last of our tight bounds, we present an algorithm A3z that uses recourse at most three times and that achieves a
competitive ratio of 5/4, matching the lower bound of Theorem 1. We refer to small, medium and large items with respect
to b =4/5 as described in Subsection 1.2. The algorithm acts as follows:

1. It treats large and small items as described in Subsection 1.2.

2. As a first priority, it always keeps the largest medium item encountered so far. If possible, it also keeps the smallest.
If possible after that, it also keeps the second smallest. Note that it will never have to use recourse to maintain this
configuration.
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3. If either of the following two conditions are met, the algorithm no longer follows the requirements of Rule 2.

a) If there is a combination of exactly two medium items with combined size at least 10/13, one of which is already
in the knapsack, the algorithm packs both without using recourse, and removes any other medium item currently in
the knapsack.

b) If there is a combination of exactly two medium items with combined size at least 10/13 such that both items have
size at least 9/25, the algorithm packs both, expending at most one use of recourse, and removes any other medium
item currently in the knapsack.

After this, it no longer follows the requirements of Rules 2 or 3 and only changes the contents of the knapsack due to

Rules 4 and 5.

4. If at any point there is a combination of one to three previously encountered medium items with total size at least
4/5, it replaces the items in the knapsack with these, expending at most two uses of recourse (since one of these items
must be the current one), removes any other medium item currently in the knapsack, and stops.

5. If any four medium items fit and the algorithm can retrieve all of those that are in the buffer without using recourse
more than three times in total, it does so, removes any other medium item currently in the knapsack, and stops.

Theorem 4. Algorithm A3 uses recourse at most three times and has a competitive ratio of at most 5/4.

Proof. The algorithm can use recourse due to Rules 3, 4 or 5. It uses recourse at most once in Rule 3 and at most twice in
Rule 4. Since it can only invoke each of these rules once, it uses recourse at most three times in those two steps combined.
Rule 5 by definition never exceeds three uses of recourse.

As shown in Lemma 1, we can assume that the instance contains only medium items. We first state the following simple
fact:

Observation 1. As long as the algorithm follows Rule 2, for any item of size x in the buffer, the knapsack will contain items of total size
at least 1 — x.

Proof. It is clear that this holds in the step where x was moved to the buffer. In fact, the knapsack must contain items of
total size greater than 1 — x, since the algorithm would have kept x otherwise. We now show that this continues to hold
after each further step. If the contents of the knapsack are not changed, the claim clearly continues to hold. If an additional
item is added to the knapsack without removing others or if only the largest item in the knapsack is replaced, then it
continues to hold, since the combined size of items in the knapsack only grows larger. If one of the two smallest items y is
removed, then the knapsack must now contain items of combined size at least 1 — y > 1 — x, since by definition y < x (note
that the second smallest medium item would be removed before the smallest). O

We now consider a fixed optimal solution and distinguish two cases.
Case 1: We first assume that this optimal solution has size less than 4/5. If Rule 3 was ever invoked, the algorithm
reaches a competitive ratio of at most

4/5 26 5

e R
10/13 25 4
so we will further assume that this is not the case and the algorithm always follows Rule 2.
Case 1a: The optimal solution contains exactly one item. In this case, the algorithm is optimal, since it keeps the largest item.
Case 1b: The optimal solution contains exactly two items my < my. In this case, we know that m; +my < 10/13 or my < 9/25,
since otherwise the conditions of Rule 3 would be satisfied, which we assumed is not the case. If both m; and m; are
part of the algorithm’s solution, the algorithm is optimal, so assume that one of them is not. If m, is not part of the
algorithm’s solution, m; can also not be part of it: Since that solution also contains the largest item in the instance, it
would otherwise beat the optimal solution. By Observation 1, the algorithm achieves a gain of at least 1 — m7. Now recall
that m; +my < 10/13 or my < 9/25. If m; + my < 10/13, then m; < 5/13, so the algorithm achieves a gain of at least 8/13
and a competitive ratio of at most

10/13 5
8/13 ~ 4~
If my < 9/25, the algorithm achieves a competitive ratio of at most
4/5 5
16/25 4~

Case 1c: The optimal solution contains exactly three items my < my < ms. We then know that my +m3 <4/5—1/5=3/5,
and so my < 3/10. If the algorithm’s solution contains all three of these items, it is optimal, so assume that this is not the
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case. If one of the two smaller items m; or my are not in the knapsack (or if my =ms3 and ms is not in the knapsack), by
Observation 1, the algorithm achieves a gain of at least 1 —m; > 7/10 and a competitive ratio of at least

4/5 8 5

——=c-<-.

7/10 7 4
We therefore know that the algorithm packs m; and my, but not ms, and that my, < ms. This however means that the
algorithm is optimal, since it must also pack the largest medium item, which is at least ms.

Case 2: We now cover the case where the optimal solution is at least 4/5.

Case 2a: The optimal solution contains fewer than four items. In this case, the algorithm can achieve a gain of at least 4/5
due to Rule 4.

Case 2b: The optimal solution contains exactly four items and Rule 3b) was never invoked. In this case, when the fourth of these
items arrives, the algorithm has three uses of recourse left, so it achieves a gain of at least 4/5 due to Rule 5.

Case 2c: The optimal solution contains exactly four items and Rule 3b) was invoked. In this case, the algorithm has two more
uses of recourse left. We will see that this is enough. Let m; < m, < m3 <my4 be the items in the optimal solution and let
X1 < xy be the items packed by Rule 3b). We can assume that these items are distinct, otherwise the algorithm could easily
pack four items. By definition, x; +x, > 10/13 and x; > 9/25. We can also assume that x; +x; < 4/5, so x; < 2/5, and that
mi+my+m3+myg>5/4-(x1 +x2) >25/26, so m3 + my > 25/52. Since my +my +m3 +m4 <1, we have m3 +myg < 3/5.
This means that x; + m3 +my4 < 1. On the other hand, x; + m3 +m4 >9/25 + 25/52 = 1093/1300 > 4/5, so the algorithm
is able to achieve a gain of at least 4/5 due to Rule 4. O

Finally, we present a rough upper bound for general values of k. For this, we define a family of c-competitive algorithms
A, for any 1 <c¢ <2 and bound the amount of recourse they use. Let 1 < ¢ < 2. We refer to small, medium and large items
with respect to 1/c as described in Subsection 1.2. Then the algorithm A/ acts as follows:

1. It treats large and small items as described in Subsection 1.2.
2. It packs medium items in two phases:
Phase 1. The algorithm packs any medium item it can. The first time a medium item no longer fits, it removes medium
items such that it retains an optimal solution on the subinstance consisting only of medium items, and enters Phase 2.
Phase 2. The algorithm keeps track of the size Mopr of an optimal solution on the subinstance consisting only of
medium items, and the combined size Ma,c of the medium items in its current solution. If |log.(2Mopr)] >
llog.(2Maic)], it removes all medium items currently in the knapsack and uses recourse to pack medium items
of combined size Mgpr.

Lemma 2. For any 1 < ¢ < 2, algorithm A, is c-competitive and uses recourse no more than
2. (CLlogc(Z)J _ ])
2-(c—1)2

times.

Proof. We first show that the algorithm achieves a competitive ratio of c. As shown in Lemma 1, we can assume that the
instance contains only medium items. If the algorithm never enters Phase 2, it is clearly optimal. Note that by definition of
Phase 1, the first time a medium item does not fit, all previous medium items must be contained in the knapsack. Thus,
A/ can in fact reconstruct an optimal solution by removal only. Since the instance contains only medium items, Mopr and
Ma.c as defined in Phase 2 are in fact the current optimal solution, and the algorithm’s solution, respectively. Finally, in
Phase 2, as long as [log.(2Mopr)| = |log.(2Ma.c)], we know that log.(2Mopr) — log.(2Maic) < 1, so log.(Mopr/Maic) <1,
and Mopr/Maic < c. Thus, A is in fact c-competitive.

We now argue on the number of uses of recourse that A, expends. At the end of Phase 1, and thus at the beginning of
Phase 2, Mp.c > 1/2: If a medium item does not fit, then the combined size of medium items previously in the knapsack
or the new medium item must be greater than 1/2. This means that log.(2Ma.c) is always positive.

Now assume that a medium item arrives which causes [log.(2Mopr)] > |log.(2Mac)].

Since Mopr increased, the current medium item must be part of any optimal solution at this point and A/ can pack it

without using recourse. Let M, be the combined size of all other medium items in such an optimal solution. Since all

those items were available before, we know that [log.(2M{,,)| < |log.(2Mayc)], and thus Mg, < cllo8CMac)l+1.1 /2,
Since any medium item has size greater than 1 — 1/c, the algorithm has to expend at most cl108&@Mac)l+1 /(2. (1 —1/c))
uses of recourse to reconstruct an optimal solution.
Each time A/ uses recourse, |log.(2Ma.c)] increases by at least 1. The largest possible value that [log.(2Mopr)| can
achieve is |log.(2)], so whenever the algorithm uses recourse, |log.(2Mac)| < [log.(2)], so [log.(2Mawc)] < |log.(2)] — 1.
Therefore, iterating through the possible values of [log.(2Ma.c)], the number of uses of recourse expended by A is limited

by
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loge@I=1 41

2 2-(1-1/c)

i=0
2 [logc(2)]-1 i
= C
2-(c—-1 Z
i=0
2 clloge@1 _ 1

T2 -1 c-1
C2 . (CUOgc(Z)J — ‘l)

= . 0O
2-(c—1)2
Theorem 5. For any k > 4, there exists an algorithm Ay that uses recourse at most k times in total and has a competitive ratio of at
most
1
+ .
V2k—1

Proof. For smaller values of k, we can use the algorithm from Theorem 4 that uses recourse at most three times. For larger
values, we use the algorithm A; for as small a value of ¢ as possible. By Lemma 2, A, uses recourse at most

2. (CLlogc(Z)J —1) c?. (Clogc(Z) -1) 2
< =
2-(c—1)2 - 2.(c—-12 2-(c—1)2
times. It therefore suffices to choose ¢ such that
2
— <k.
2-(c—1)2
This is a quadratic inequality and is equivalent to
2k + 2k 2k +1 1
c>——=1+ =1 .
2k —1 2k —1 2k =1

3. Number of uses of recourse bounded per step

In this section, we consider algorithms that can use recourse a limited number of k > 1 times per step. We give sharp
bounds on the competitive ratio of an optimal algorithm in this case, tending to 1 when k tends to infinity. Let by, =
(vk? + 6k +5 —k —1)/2. Then by, satisfies the equation

b2+ (k+1)-by— (k+1)=0. (1)

It is easy to check that 1/b, = (v/k% + 6k 4+ 5+k +1)/(2k + 2). Alternatively, we can define by as the unique positive root of
the quadratic function ¢ (x) = x>+ (k+1) -x— (k+1). Since @((k+1)/(k+2)) = —(k+1)/(k+2)?> < 0 and @((k+2)/(k+3)) =
1/(k +3)? > 0, we can check that (k+1)/(k+2) < by < (k+2)/(k+3), and thus 1 +1/(k+2) < 1/by <1+ 1/(k + 1).

3.1. Upper bounds

We first give a family of algorithms Bj that use recourse at most k times per step and achieve a competitive ratio of
1/bk. We distinguish between small, medium and large items with respect to by as described in Subsection 1.2.

1. Algorithm By, treats small and large items as described in Subsection 1.2.

2. As long as at most k medium items fit, B, packs them optimally, using its recourse to do so. As soon as it is presented
with a medium item that will fit with k previous ones, it will use its recourse to retrieve any of these that are in the
buffer. The algorithm then abandons Rule 2 and continues with Rule 3.

3. The algorithm maintains the k + 1 smallest medium items encountered so far. Note that it can do so without using
recourse.

(a) If it encounters an additional medium item that fits with these k + 1, it packs it and stops.

(b) If, however, at any point the algorithm encounters a medium item that fits with at most k previously encountered
ones, such that their sum is at least by, it packs it, uses its recourse to retrieve any of the others that might be in
the buffer and stops.
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Theorem 6. For any k > 1, algorithm By, has a competitive ratio of at most 1/b, <1+ ﬁ

Proof. As shown in Lemma 1, we can assume that the instance contains only medium items.

If there are k 4 2 items in the output of By, then the algorithm’s gain is at least (k + 2) - (1 — by), which is greater than
by, since by < (k+2)/(k + 3), so its competitive ratio is smaller than 1/by.

If there are at most k items in the output of By, either at most k items can be packed together, in which case the
algorithm is optimal, or they were packed because their sum is at least by, in which case the algorithm achieves a gain of
at least by and a competitive ratio of at most 1/by.

We can therefore assume there are exactly k + 1 items in the output of By. If their sum is at least by, then By has a
competitive ratio of at least 1/by. Otherwise, let M, be their sum and let Mgpr be the value of an optimal solution. There
are at most k 4+ 1 items in the optimal solution, otherwise the algorithm would have packed k + 2 items by Rule 3a). Also,
Mopr < by, otherwise By would have packed items of combined size at least b, by Rule 3b). Now, the competitive ratio of
By on the instance is at most

Mopr - bk 1

Mawc — (k +1)- (1 - bk) bk
by choice of by. O

An interesting thing to note is that the definition of B and the proof of Theorem 6 also hold for k = 0. In this case,
1/b, = (/54 1)/2, which is the competitive ratio of the algorithm for online knapsack with removal (but without recourse)
in [6]. The algorithms By can thus be seen as an extension of that algorithm.

3.2. Lower bounds

We now prove that the algorithms By are in fact the best possible.
Theorem 7. Any algorithm ALG that uses recourse at most k times per step cannot have a competitive ratio of less than 1/by > 1+ k_+2

Proof. We define a, =1 — by and present two instances Iy = (a, ..., ax, by +¢€) and I = (ag, ..., ax, by +&,1— (k+1) - ap),
both of which start with k4 1 copies of ai. Since I; is a prefix of I, the algorithm must act the same on both instances up
to the item by +&. We claim that the algorithm cannot have a competitive ratio of less than 1/b, on both of these instances.
By design, the algorithm will not be able to pack both an item of size a; and the item of size by + ¢. Since by >
(k+1)/(k + 2), it also cannot pack the two items by + ¢ and 1 — (k+ 1) - a; simultaneously.
If no items are packed, the competitive ratio is unbounded on I;. If the algorithm packs up to k + 1 items g, its
competitive ratio on I is at least

by +¢ by, 1
PALG = > =,
(k+1)-ar — (k+1)-(1—by) by
by definition of by in (1).

If the item by + ¢ is packed, then the algorithm cannot retrieve all k + 1 items a, when the item 1 — (k+ 1) - qi is
presented in I,. Since 1 — (k+ 1) -ax + k-ar =1 — (1 — by) = by, the competitive ratio on this instance is at least

>
pALG_bk—i-S’

which goes to 1/by as e - 0. O
4. Information on the end of an instance

Previously, all problems were defined in a way where the algorithm had no information on whether a certain item was
the last item of the instance or not. It might be natural to allow an algorithm access to this information. In the situation
where no recourse is allowed, this distinction does not matter: Any instance could be followed by a final item of size 0, in
which case removing any items would not lead to a better solution. With recourse however, there might be an advantage
in recognizing the end of an instance.

4.1. Two different ways to communicate the end of an instance
There appear to be two different ways in which the information that the instance ends might be encoded. On the one
hand, the instance might be given in the form (xq,...,x,, L) where L informs the algorithm that the previous item was

the last one, allowing it to perform one last round of removal and recourse. On the other hand, the instance could be given

10
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in the form (x1,...,xn—1, (Xn, 1)), where the algorithm is informed that an item is the last of the instance in the same step
that the item is given and can use removal and recourse as usual. We will show in Lemma 3 that an algorithm will always
perform at least as well if it receives the information in the former variant than in the latter. However, in the scenario where
the size of the recourse is bounded by k uses in total, the chosen variant does not matter, as will be shown in Lemma 4.

Lemma 3. For any algorithm ALG operating on instances of the form

(X1, ..., Xn-1, (Xn, 1))
that has a competitive ratio of ¢ > 1, there is an algorithm ALG' with the same limits on its recourse as ALG operating on instances of
the form
X1, ..., %, 1)
with a competitive ratio of at most c.
Proof. Algorithm ALG' copies the behavior of ALG up to the last item. Given the item _L, it behaves as ALG would on the

item (0, L). This change does not affect the optimal solution. Since ALG has a competitive ratio of at most ¢ on that instance
by assumption, AL’ has a competitive ratio of at most ¢ on the original instance and thus on any instance. O

Lemma 4. For any algorithm ALG operating on instances of the form

(Xl,---vxn,J—)

that uses recourse at most k times in total and that has a competitive ratio of ¢ > 1, there is an algorithm ALG' operating on instances
of the form

(X1, ..., Xn—1, (Xn, 1))

that uses recourse the same number of times as ALG with a competitive ratio of at most c.

Proof. Given an instance (Xq,...,Xs_1, (Xn, L)), ALG' simply simulates ALG on the instance (X1, ...,Xn_1,Xs, L), leading to
the same competitive ratio that ALG achieves. O

Note that the same proof does not work (without adaptation) in the scenario where algorithms may use their recourse
k times per step, since ALG would be able to use its recourse an additional k times compared to ALG .

In this section, we will focus on instances of the form (x1,...,X,_1, (xn, L)) even in the case where the amount of
recourse is limited by step, since it feels natural to tie the use of recourse to the reveal of an item.

4.2. Lower bounds

We first give a lower bound on the competitive ratio of any algorithm for the knapsack problem with removal and limited
recourse. The bound is given for k > 1 uses of recourse per step, and thus clearly also holds for k > 1 uses of recourse in
total.

Theorem 8. No algorithm that receives instances of the form (x1, ..., xn—1, (xn, L)), and that uses recourse at most k > 1 times per
step can have a competitive ratio better than

_ 2k+1
VAkA 1813 1 8k2 4 2k — 2k2
where the asymptotic behavior of cy is given by

1 1
14— <<l —.
R T e e e R T

Ck

Proof. We choose a; > 0 to satisfy the following condition:

1 O @k+D)a 2)
QRk+1)-a, 2k-(1—=2k-ap)’

Solving this equation leads to

11
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o = YK+ 815 + 8K + 2k — 2k
= (2k+1)2

: (3)

SO

Vakt 4 8Kk3 +8k2 +4k+1-2k* 1
2k +1)2 T 2k+17

We then set by =1 — 2k -ay + ¢ where ¢ > 0 is chosen sufficiently small, and, since (2k + 1) - a; < 1 by (4), we have by > ay.
We present 2k + 1 copies of a; and 2k copies of by. An important thing to note is that any combination of 2k of these items
will fit, but the only way to pack 2k + 1 of them is to pack all copies of ay.

If the algorithm packs fewer than k copies of by, we present the final item (1 — 2k - by, L). Since it can retrieve at most k
copies of by, the algorithm’s best possible gain is ay + 2k —1) - by + (1 — 2k -by) =1 +ax — b, = 2k + 1) - a; — ¢ if it decides
to pack at most 2k of the original items. If the algorithm instead packs all (2k + 1) copies of a, it can no longer pack the
final item, since by Equations (2) and (4), 2k - by < (2k + 1) - a for small enough values of ¢. The algorithm’s competitive
ratio is therefore at least 1/((2k + 1) - ai).

If the algorithm packs at least k copies of by, it must have packed at most k copies of a,. We then present the final item
(¢, 1). Since 2k -ay + by > 1 and by > a, and at most k items a; can be retrieved, the algorithm can pack at most 2k of the
original items for a gain of at most 2k - by + €. As &€ — 0, its competitive ratio is therefore at least 2k + 1) - a,/(2k - (1 —
2k - ay)), which is 1/((2k + 1) - ax) by Equation (2).

Using the value of g, in (3), the competitive ratio the algorithm achieves for a fixed k is at least

1 _ 2k +1
2k +1)-ax /43 + 813 + 82 + 2k — 2k?
For the bounds on ¢, note that

(4)

ag <

1 1\?
<2k2+2k+1——+—> > 4k* + 8k> + 8k? + 2k,

2k 4k?
hence
2k +1 . 2k 41
VakA + 8k3 + 8k2 + 2k — 2k2 (2k2 +2k+1- L+ 4;7) _ k2
8k> + 4k? 2k —1
TR LAC —2k+1 | BG 1A —2k+1
>1+4 2k — 1 =14 .
- 8k3 + 4k2 + 2k — 3 4k2 + 4k + 3
On the other hand, note that
1 2
<2k2 +2k+1— ﬁ) < 4k* + 8k> + 8k* + 2k,
hence
2k +1 - 2k +1
VAKE 4 8Kk3 + 8kZ + 2k — 2k2 T (2% + 2k + 1 — o) — 2Kk
2k +1 4k? 42k 1
Tokr1- L A t2k—1 | a@irk—1

4.3. Upper bounds

Lastly, we give concrete algorithms that use the fact that the end of the instance is communicated to them. We again
assume that the instance is given in the form (x1, ..., Xp—1, (Xn, L)).

We first describe a family of algorithms A,f (b) that use recourse at most k times in total. Let 1/2 < b < 1. We distinguish
between small, medium, and large items with respect to b as described in Subsection 1.2 and present an algorithm that
expends at most k > 1 uses of recourse in total. The algorithm acts as follows:

1. It treats small and large items as described in Subsection 1.2.

2. It keeps as many of the smallest medium items as possible, prioritizing smaller items.

3. Once the final item (x,, L) arrives, it computes an arbitrary optimal offline solution (note that the algorithm is not
required to be efficient).

12
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Optimal solution

number of items r i=j—r k
items my,..., my Mty eens mj Mmji1,..., My j
size My M> M3
Solution constructed by algorithm
number of items r i=j—r k
items my,..., my Z1, ..., Zi Mmji1, ..., My j
size M >(k+i)-(1-=b)-M M3

Fig. 2. Solution constructed by the algorithm in Theorem 9.

o If the optimal solution contains at most k medium items, it retrieves them.

o If the optimal solution contains exactly k + i medium items for i > 0, it retrieves the largest k of these. It further
packs all of the medium items in the optimal solution that are among the smallest ones kept in the knapsack. Finally,
it packs the remaining of the smallest medium items one by one, starting with the largest, as long as they fit.

Lemma 5. For any k > 1, algorithm AkL (b) uses recourse at most k times in total and achieves a competitive ratio of at most 1/b if

k+i)-i+k
T+ k+1)
foralli e N withi>1.

(5)

Proof. As shown in Lemma 1, we can assume that the instance contains only medium items. If the optimal solution contains
at most k items, the algorithm is optimal. So assume the optimal solution contains k + j items for j > 1. We now fix
some notation. We call the items in the optimal solution mq < --- <my ;. We first consider any items that are already in
the knapsack when the final item arrives. Since the items are ordered by size, we can assume that those are the items
mi,...,my for 0 <r <k+ j. If r > j, the algorithm is optimal, since it can retrieve the k items mj 1, ..., mgy;. We will
therefore assume that r < j and define i = j — r. Since the optimal solution contains k + j items, there must be at least
k+ j—1 items already in the knapsack, of which at least k4 j—1—r > i are not contained in the optimal solution. We choose
the largest i such items and call these z; < --- < z;. We introduce the notation My =mq +---+m;, My =M1+ --- +m;j
and M3 =mjy1 + --- + my4j, such that the optimal solution has size My + M + M3. The process is illustrated in Fig. 2.
Since the items are ordered, we know that M;/i < M3 /k and thus M3 > (k/i) - M>.
We first prove that M, <i/(k +i). If not, we would have

I<+i_
— =

i
M M3 >My-(1+k/i — 1.
2+ M3 > 2(+/)>k+i

This implies that

z1+~--+zizi-(1—b)=(1—b).(k+i).kLz(/<+i).(1—b)-1v12.

+1
The algorithm will pack the k items mj1,..., My}, the r items my,...,m; and at least the i items z1, ..., z;, for a com-
petitive ratio of at most
M1 + M3 + M3 - M3 + M3
Mi+(k+i)-(1—=b)-My+ M3 — (k+1i)-(1—b)-My+ M3
- My +k/i- My
“(k+1i)-(1—=b)-My+k/i-M>y
k+i
Tik+i-(1-b)+k
1

i-(1=b)+k/(k+i)’
which is at most 1/b, since
i-(1=b)+k/(k+i)=b
< k+i)-i-1-b)+k=>k+1i)-b
< k+i)-i+k>=k+i)-(+1)-b
k+i)-i+k
b= (1'(+1))~(k+i)

13
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which is given by (5). O

-1
Theorem 9. For any k > 1, for the choice of b = (1 +1/k+ ZJE)) , algorithm Akl(b) achieves a competitive ratio of at most

1
14 ——.
k+ 2k
Proof. We can see that
i+1)-(k+i) i 14 1
k+1)-i+k k+i)-i+k  k+i+k/i

It can be checked using standard methods of calculus that the real function f(x) =k + x + k/x takes its minimum on
-1

{x > 0} at x = v/k. Hence, by choosing b = <1 +1/(k+ 2«/E)) , Condition (5) is fulfilled and by Lemma 5, AkL(b) achieves

a competitive ratio of 1/b. O

Lastly, we give a family of algorithms Bf{-(b) that use recourse at most k times per step depending on a paramter b and
make use of the fact that they know the end of an instance. We again assume that the instance is given in the form

X1, ..., Xp—1, (Xp, 1)) .

Let 1/2 <b < (2k + 2)/(2k + 3). We distinguish between small, medium and large items with respect to b as described
in Subsection 1.2 and present an algorithm that behaves as follows:

. It treats large and small items as described in Subsection 1.2.

. It keeps as many of the smallest medium items as possible, prioritizing smaller items.

. If any 2k + 2 medium items fit, it adds the current one to the 2k + 1 smallest previous ones and stops.

. If at any point a gain of at least b can be reached with at most k medium items, it retrieves them and stops.

. If at any point a gain of at least b can be reached with k < £ < 2k + 1 medium items and the current item is not the
last one, it retrieves the other at most 2k items in two steps and stops.

. If the item (x,, L) arrives, it computes an arbitrary optimal offline solution (note that the algorithm is not required to
be efficient). If that solution contains at most k medium items, it retrieves them. If it contains k < ¢ < 2k + 1 medium
items, if x, is part of the optimal solution, it adds it to the knapsack. Then it retrieves the largest k medium items in
the optimal solution that are not xj. It further packs all of the medium items in the optimal solution that are among the
smallest ones kept in the knapsack. Finally, it packs the remaining of the smallest medium items one by one, starting
with the largest, as long as they fit.

G A WN

<))

Lemma 6. For any k > 1, algorithm Bkl(b) uses recourse at most k times per step and has a competitive ratio of at most 1/b as long as
b satisfies the condition

k
b’4i-b— — -b—i<0 6
* k+i = (6)
foralll <i<k+1.
Proof. We first show that b < (2k+2)/(2k+3): Since Condition (6) is satisfied for b = 0 and the coefficient of b® is positive,

we know that, if the condition is not satisfied for b = 2k + 2)/(2k + 3), it is also not satisfied for any larger value of b. This
is the case, since fori=1,

2k+2\? 2k+2 kK 2k+2 : 1 0
— . — = — >
2k+3 2k+3 k+1 2k+3 (2k +3)2

This means that (2k+2) > (2k+3)-b, so (2k+2)-(1—b) > b, which in turn implies that, if the algorithm can pack any 2k+2
medium items, it achieves a gain of at least b and hence a competitive ratio of at most 1/b. If any 2k + 2 medium items
fit, the algorithm can do this: Before the last of these items was revealed, the other 2k + 1 medium items must have fit, so
the algorithm would have kept at least the smallest 2k + 1 medium items, which would then fit with the newly revealed
one. We will therefore assume that no 2k + 2 medium items fit. (Note that, for certain values of b for k > 3, it might not
even be possible for 2k + 2 medium items to fit.) As shown in Lemma 1, we can also assume that the instance contains
only medium items. We now consider any optimal solution. If this solution consists of at most k items, the algorithm can
retrieve them all and is optimal. We will therefore assume that it consists of k + j items my < .- <myj for 1 < j<k+1.

14



H.-J. Bockenhauer, R. Klasing, T. Mémke et al. Journal of Computer and System Sciences 155 (2026) 103697

Case 1:

Case 2:

We first assume that my + - -- +myj <b. We also consider the ¢ smallest items y; <--- <y, that are kept in the
knapsack before the final item. Clearly, since k + j items fit after the final item, we must have ¢ > k+ j—1 > j.
The algorithm will retrieve the k items mj1, ..., mgy;. It will also be able to use an additional r > 0 of the items
¥Y1,...,Ye that are also in the optimal solution. Since the items are ordered, we will assume that these are the
items my,...,m;. If r = j, the algorithm is optimal, so we will assume that r < j and define i = j —r. In this
case, since £ —r > j —r =i, we must have at least i of the smallest items left. We will choose the i largest
of these and call them z; <--- <z. We also use the notation My =mq + --- +my, My =my4q1 +--- +m; and
M3 =mji1 + --- + myyj such that the optimal solution has size M; + M 4+ M3. Since the items are ordered,
we know that My/i < M3/k and thus M3 > (k/i) - M. This implies that My + M3 > M3 - (1 + k/i), so My <
(M + M3)-i/(k+1i)<b-i/(k+i), which means that

k+i b k+i
z1+--+z>i-Q1-b)=AQ-b)-i-—-——>1A-b)- — - M.
1+ +zizi( )=( ) b k+i—( ) b 2
The algorithm will construct a solution consisting (at least) of the k+ j items mq, ..., my, 21, ..., Z;, Mjq1, ..., My .
This means, its competitive ratio is at most
M1 + M3 + M3 M3 + M3

My + U0ED v, 4 vy~ A=y 4
My + (k/i) - My
= (l—b)b#.Mz-i-(k/i)'MZ

7
_ b-(k+1i) )
T (Q=b)-(k+i)-i+k-b
B b
Ci+bo i —ib

Condition (6) implies that b +i-b — % -b—1i<0 and from this we can see that the competitive ratio is at most
1/b.

We now deal with the case where the optimal solution has size at least b. If it does not contain the final item
Xn, the optimal solution must have already had size at least b when the item x;_1 was revealed. In this case, the
algorithm would have retrieved all of these items in two steps and is optimal. If x;, is part of the optimal solution,
we can pack it. Let mq <--- <myy; be the other items in the optimal solution. If j =0, the algorithm will retrieve
all of them and is optimal, so we can assume that j > 1. Now we define r, i, M1, M, and M3 as in Case 1. Since
X, > 1—b, we have M, + M3 < b. Since the items are ordered, we also still have M, /i < M3/k. Using the same
argument as in Case 1, we can show that the algorithm reaches a gain of at least x, + M1 + a_l’)bﬂ - My + M3
for a competitive ratio of

Xn + M1+ Mz + M3 My + M3
X + My + G20 vy g T DDy, g g

1
<_7
~b

as we have shown in (7). O

Theorem 10. For any k > 1, Bki(b) achieves a competitive ratio of

1

T+ —————
k+2vVk+a

where

g Y2 HV5H4AV2-5
B 2

and

> 0.546

_ k+2Vk+o
k+2vVk+a+1

Proof. We will use Lemma 6. Consider a competitive ratio of c =1+ 1/a. It can be checked that a competitive ratio of ¢
can be achieved, that is, b =1/c =a/(a + 1) satisfies Condition (6), if

a®i—@+1)-i-(k+i)<a-k (8)
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for all 1 <i <k + 1. The left-hand side of (8) is quadratic in i. For real values of i, it takes a maximum of (a- (k —a) +
k)%2/(4- (@+ 1)). It therefore suffices to check that

@- (k—ay+k? -
4.a+1) —

If we choose a =k + 2vk + d, for some d > 0, this condition can be transformed into

a-k.

(4—4d)-k*? + (11 —14d — d?) - k* + (8 — 8d — 12d?) - k*/? + (4d — 18d> — 2d>) -k — 8d> - k> —d*>0. (9)
Consider the real polynomial

pa(x)=(4—4d) - x> + (11 —14d — d?) - x* + (8 — 8d — 12d?) - x*> + (4d — 18d? — 2d>) - x> — 8d> - x — d*.
Then, the left-hand side of (9) is exactly p4(k!/%). We can see that

pa(H)=—d*—10-d> —31-d*>—22-d +23.

The given value for « is exactly the positive root in d of pg(1), so py (1) = 0. Furthermore, the first three coefficients of
Pa(x) are positive and the last three coefficients are negative, so, by Descartes’ rule of signs, py(x) will have exactly one
positive root. Since the coefficient of x° is positive and py (1) > 0, this implies that py(x) > 0 for all x> 1 and thus (9) is
satisfied for all k>1 ford=«a. O

5. Conclusion

We have analyzed a variant of the proportional online knapsack problem with removal, in which an algorithm has access
to a limited amount of additional recourse. We have given tight bounds in the case where it has access to this resource a
constant number of times for each new item. In the case where its access is limited over the entire instance, we have given
tight bounds for 1 <k < 3 uses of recourse. Whether the lower bound of Theorem 1 is tight for k > 4 remains as an open
question. If it were shown to be tight, this would imply an interesting balance: an algorithm with access to k + 1 uses of
recourse in total could achieve a better competitive ratio than one with access to k uses in every single step.

We further showed that the competitive ratio of this type of algorithm can be strongly improved if it is informed when
the instance ends. We gave an upper bound for the competitive ratio in the case where the number of uses of recourse is
constant over the entire instance and slightly improved it for the case of a constant number of uses for each new item. As
is, it is unclear whether being able to use recourse in more than one step is actually helpful. Further research might try
to answer this question. It might also analyze what the influence of the alternative way of communicating the end of an
instance mentioned in Subsection 4.1 on the competitive ratio would be.

Other variants that could be considered might restrict the immediate accessibility of the removal and/or retrieval of
items. For example, removing or retrieving items might come at a certain cost, or the buffer from which items can be
retrieved might be limited in the number or combined size of items it can contain.

Lastly, our focus was entirely on the proportional knapsack problem in this paper. It is not hard to see that the general
knapsack problem with removal is not competitive, even with additional, limited, recourse: Consider a single item of size
and value 1, followed by at most n? items of size 1/n? and value 1/n. Any algorithm must pack the first item. If an algorithm
never packs any of the small items, it will have a competitive ratio of n. But if it ever packs one of the small items and
retrieves k additional ones, the instance ends. The algorithm will achieve a gain of at most (k + 1)/n and a competitive
ratio of at least n/(k + 1). As n — oo, its competitive ratio is unbounded in both cases. This example however requires the
algorithm to be unaware of the end of an instance. It would be interesting to see whether the problem becomes competitive
if the end of the instance is communicated, as in the framework of Section 4.
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