Journal of Computational Electronics (2025) 24:171
https://doi.org/10.1007/510825-025-02412-4

=

Check for
updates

Thermodynamically consistent stabilization of the drift-diffusion
model for arbitrary band structures and carrier statistics

Tobias Linn'® - Max Renner'© . Christoph Jungemann'

Received: 2 July 2025 / Accepted: 19 August 2025
© The Author(s) 2025

Abstract

To this day, the drift-diffusion model remains the most widely applied semiconductor simulation tool. This is due to its unri-
valed numerical robustness when it is discretized with the finite volume method and the Scharfetter—Gummel stabilization.
Unfortunately, this stabilization is only valid for nondegenerate carrier statistics. Several extensions of the Scharfetter—Gum-
mel scheme to degenerate semiconductors have been proposed; however, they either rely on additional approximations or
lack the stability for a full-scale device simulation. In this paper, we address this issue and present a generalization of the
Scharfetter—Gummel scheme using no further approximations. Our scheme works for arbitrary band structures and coarse
grids and is guaranteed to be thermodynamically consistent. Similar to Scharfetter—Gummel, it leads to a diagonally dominant
Jacobian (M-matrix) for the discrete continuity equation preserving its excellent stability properties. An implementation of
the algorithm is available online via Zenodo under the MIT license. It has already been used in a 2D device simulation at

4K where it exhibited excellent stability at a negligible runtime penalty.

Keywords Drift-diffusion model - Generalized Scharfetter—Gummel - Fermi—Dirac statistics - Arbitrary band structures

1 Introduction

Since the 1960s, the simulation of semiconductors has
played a central role in the development of electronic
devices. To this day, the drift-diffusion (DD) model remains
the most important and widely used approach for modeling
charge transport in semiconductor materials. A significant
part of the model’s enduring success can be attributed to the
well-known Scharfetter—Gummel (SG) stabilization scheme
[1]. It provides a simple analytical formula for the discre-
tized current density along an edge that in 1D leads to a nod-
ally exact solution under the assumption of nondegenerate
Maxwell-Boltzmann carrier statistics, a constant mobility
and no generation or recombination. It also ensures non-
negative carrier densities regardless of the grid spacing and,
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moreover, guarantees thermodynamic consistency, i.e., the
discretized current is exactly zero at thermal equilibrium.

Unfortunately, the assumption of Maxwell-Boltzmann
carrier statistics makes the scheme invalid in the degenerate
case, e.g., for high doping concentrations, at cryogenic tem-
peratures or for organic semiconductors. When Fermi—Dirac
statistics is used instead, an implicit integral equation for the
edge current arises [2] which cannot be solved analytically
[3]. Hence, it has to be solved either by approximations or
by numerical means.

Approximation-based schemes include the diffusion-
enhanced scheme [4, 5] and the inverse activity scheme [6].
While these approaches preserve thermodynamic consistency
and can be used for actual device simulation [7], they require
very fine grids or suffer from reduced accuracy far from equi-
librium. The generalized SG scheme presented in [2] uses an
analytic approximation of the Fermi—Dirac integral which
reduces the problem to an implicit algebraic equation, solvable
by fixed-point iteration or Newton’s method. More recently, in
[3, 8] the integral was computed without further approxima-
tions using numerical quadrature rules, e.g., Gauss—Legendre
quadrature. While this approach appears to be very promising,
we find several problems with its implementation, in particu-
lar when using nonadaptive quadrature rules. Furthermore,
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thermodynamic consistency is only given up to the accuracy ©
of the numerical quadrature and not guaranteed. Fn) = . Z(of (r = mdt, “

In this paper, we will address these issues and develop
an improved version of [3, 8] using the adaptive Tanh—Sinh
quadrature and improved Taylor series expansions around
critical points. The scheme uses no further approximations
as compared to the original SG scheme and works for arbi-
trary band structures, coarse grids and at an accuracy up to
machine precision. A Fortran implementation of our method
is publically available at [10]. The function takes the same
input and output as the SG expression (including the relevant
derivatives) and can therefore easily replace the SG scheme
in any device simulator. This implementation has already
been used in steady-state and transient 2D device simula-
tions at 4K [9] and is thus proven to be robust enough even
for the most extreme conditions. As the calculation can be
effectively parallelized, the runtime penalty in [9] was less
than 6 %.

The remaining paper is structured as follows. In Sect. 2,
the DD model and the implicit integral equation for the cur-
rent density are presented. Subsequently, the quadrature
scheme used for the solution method is outlined in Sect. 3.
The algorithm to calculate the edge current is developed in
Sect. 4. Lastly, we demonstrate the capability of our method
and compare it to existing schemes from the literature in
Sect. 5.

2 Drift-diffusion model

In the DD model, the current density is given as
J = qenuVo, (1)

where ¢ is the sign of the carrier charge considered (e.g.,
g = —1for electrons), e is the positive elementary charge, n
is the carrier density, u is the mobility, and @ is the quasi-
Fermi potential. The carrier density is given by

n = nyF(n), 2

where n is a reference density (e.g., ny = N, the effective
density of states for electrons in the conduction band of a
semiconductor) and F(#) is the cumulative distribution func-
tion, with the normalized chemical potential

=§0—(P0_‘I’ 3
n v, 3

@ is the electrostatic potential and V = kBTT is the thermal
voltage for the temperature 7, where kg is the Boltzmann
constant. g, is a reference potential (e.g., g, = % for elec-
trons in the conduction band of a semiconductor, with the
conduction band edge energy E)

The cumulative distribution function is given by
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where Z(f) is the normalized density of states and f(e) is the
distribution density with the normalized energy e. For exam-
ple, assuming 3D bulk semiconductors with parabolic bands
and nondegenerate statistics (Maxwell-Boltzmann) we get

ZparaboliC(t) — %\/m (5)

T
and
MBe) = e ©)

This results in F(x) = exp(#). In the degenerate case, we
need to use Fermi—Dirac statistics instead with

1

FD _
&= e

)

In this case, F(n) is given by F; ;,(17), the Fermi-Dirac inte-
gral of order 1/2, for which efficient computation methods
are available (e.g., [11]). For other band structures, F(#) usu-
ally has to be calculated numerically using Eq. (4).

In the SG discretization, it is assumed that the electric field,
the mobility and the current density are constant along an edge
of the grid. Using these assumptions, a differential equation
for # can be derived

on J

L =Ap— —,
x - Fo ®)
where x € [0, 1] is the dimensionless edge coordinate,

Ap = @ is the normalized potential drop along the edge,

.
and j = —({eWTnUJe
with the edge length [, where J 4, is the component of J
along the edge. Together with the boundary conditions
n(0) = . and n(1) = ng, Eq. (8) is transformed into an inte-

gral equation [2]

R 1
ML A(p_L

Fn) 9
——

u(n)

dge 18 the normalized edge current density

This equation relates the unknown current j to the three
parameters Ag, i and 7.

Assuming Maxwell-Boltzmann statistics, the equation can
be solved analytically, resulting in the well-known expression
derived by Scharfetter and Gummel [1]

75 = B(-Ap)F, — B(A@) T, (10)

Ag
exp(Agp)-1
the normalized densities Fr = F(ng) and F; = F(n).

with the positive Bernoulli function B(Ag) =
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For Fermi—Dirac statistics and arbitrary band structures, it is
not possible to find an analytical expression for j(A@, ;. , ng).
Equation (9) therefore has to be either approximated or solved
by numerical means. As stated before, in this work we choose
the numerical approach.

A reliable numerical solution scheme of Eq. (9) is com-
plicated because the integrand u(n) can drastically change its
behavior depending on j and Ag. If j and Ag have different
signs, u(n) is quite well behaved (see Fig. 1). In contrast, if
they have the same sign, a pole exists at#, = F~ (j/Ap) (see
Fig. 2). Even though in [12] it was shown that a possible pole
will never be located inside of the integration interval for the
correct solution j, it can nevertheless get arbitrarily close to
one of the integration bounds.

This leads to problems when the integral is calculated by
generic numerical quadrature rules, especially for nonadaptive
ones as in [3, 8]. For instance, for Gauss—-Legendre quadrature
it is assumed that the integrand can be approximated well by
a polynomial, which is, however, not true close to a singular-
ity. As the pole can move arbitrarily close to the integration
bounds, the error of such a nonadaptive quadrature scheme can
then become arbitrarily large. Another issue is that for large
integration intervals we would either need more quadrature
points or alternatively concentrate the existing points at the
interesting regions of the integrand. This cannot be accom-
plished by a nonadaptive scheme.

In order to develop a more robust solution method for
Eq. (9), we start with some general remarks. First, since
JA@, n.ng) = —j(=A@, ng, 1), we can limit the discussion
to A@ > 0. This is equivalent to flipping the edge direction.

Furthermore, depending on Ag and An = 5z — 7, we can
identify four special cases with an analytical solution. First,
A@ = Apresults in j = 0 and a linear n(x) = n; + Anx. Sec-
ond, Ay =0 implies that #(x) = const = 5, and in turn
Jj = A@F(n). Third, the purely diffusive case with Ap =0
gives j=— /}Z“ F(n)dn [8]. The fourth special case is
A@ = Anp = Owith j = O and #(x) = const. In Table 1, all spe-
cial cases are summarized and labeled.

The solution method developed in the following chapters
consists of an adaptive quadrature scheme which is suitable
even for near-singular integrands and Taylor series expansions
around each of the special cases in Table 1. Before the solution
procedure is presented in detail, the quadrature scheme used
for the numerical solutions of the integrals is outlined in the
next section.

Table 1 Specia.l cases .where 1 Ap£0 5 Ap =0
analytical solutions exist
la Ap=Ap 2a Anp#0
b An=0 2b Ap=0

—20

Fig. 1 Integrand for F(n) = F, 201 and for various negative values
of jand Ap =1

6
4
2, |
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Fig.2 Integrand for F(n) = F, /(1) and various positive values of j
and Ap =1

3 Double-exponential quadrature
A simple yet powerful adaptive quadrature method is the
Tanh—Sinh quadrature [13, 14], which can also deal with sin-

gularities close to the integration bounds. The idea is to make
a variable transformation

n)=n+ % tanh(sinh(?)) (11
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with 7 = % This pushes possible singularities at the
integral boundaries into +co, making this technique particu-
larly suitable for near-singular integrands. The transformed
integral is then computed using the trapezoidal rule, which
has exponential convergence for integrands that decay at a
double-exponential rate [15]

R © An  cosh(?)
dn=[ 21O i
/,,L u(m)dn </—oo 2 coshz(sinh(t))u(n(t)) !
- (12)
~ Z wiu(m)
k=—00
with
- @ cosh(kh)
k 2 cosh®(sinh(kh)) (13)
and
_ Ap .
mo=n+ > tanh(sinh(kh)). (14)

The infinite sum is cut off when the summands become too
small and the calculation is repeated by reducing the step
sizeh=1, %, i, ... until sufficient accuracy (close to machine
precision) has been achieved.

If one of the integration bounds is infinite, the closely
related Exp—Sinh quadrature [13] can be used instead with

n = 1, + exp(sinh(?)). (15)

Similarly, if both integration bounds are infinite, we use
Sinh—Sinh quadrature [13] with

1 = 1, + sinh(sinh(z)). (16)

These infinite versions of the quadrature routine are used for
the calculation of F() (Eq. (4)).

4 Solution procedure
4.1 Calculation of 7(n)

Before the normalized edge current j can be calculated, we first
need a way to compute the cumulative distribution function
F(n). In contrast with parabolic bands where F(#) = exp(y)
(Maxwell-Boltzmann statistics) or F(n) = F;,(n)
(Fermi—Dirac statistics), for general band structures there is
usually no efficient implementation available. In that case,
F(n) has to be calculated numerically using Eq. (4). To that
end, we use the infinite versions of the double-exponential
quadrature (Eq. (15) or Eq. (16)) from the previous chapter. To
improve performance in the subsequent calculations, a lookup
table is created where F(#) is sampled for a wide range of
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values for . To keep the size of the table small, we use cubic
Hermite spline interpolation in between the sample points, tak-
ing the first derivative at each point into account. Each of the
intervals is adaptively refined based on the interpolation error
in its center, where we aim for a relative error below 1013,
We choose between logarithmic (i.e., the logarithm of F(#)
is interpolated) and direct interpolation and use whichever is
more accurate within each interval.

4.2 Solution in the general case

Once we have an efficient way to compute F{(#), we can con-
tinue with the numerical solution of Eq. (9). We start with the
general case where none of the conditions in Table 1 apply. We
rewrite the equation as a residual equation

. o Fn) !
r(j) = . ﬂn)A(p_jdn 1=0. (17)
The integral is calculated using Tanh—Sinh quadrature. In
Fig. 3, the effect of the transformation from Eq. (11) is dem-
onstrated. For the chosen parameters, the original integrand
has a pole at 5, located just to the left of the integration inter-
val. The transformed integrand on the other hand is much
more well behaved and decays rapidly to O for large |#].

The resulting nonlinear equation is solved for j using New-
ton’s method, where the (i + 1)-th approximation of j is given
by

6)

]H—] =.]l - r,oi)'

(18)

2.5

cosh
cosh? (s1f1t}2(t)) u(n(t))

Fig.3 Original (inset) and transformed integrand for Ag@ =1,
Jj=0.735,ny ==0.05, 7, =0andny =1
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The calculation of both r and its derivative with respect to j
is straightforward, with

. F(m)
r(j) = Z Wkw;_j -1 (19)

k
and

f
r'(j) = Z Wy U

- 20
= (Fn)ao i) 0

Similar to [8], we use the diffusion-enhanced Scharfet-
ter—Gummel scheme [4, 5] as an initial guess

A A
e

with the enhancement factor

_ An
log(Fg) — log(F)’

8 (22)
To increase stability, we combine Newton’s method with the
bisection method, i.e., we keep track of an upper and lower
bound between which the solution must be located. If the
Newton update would lead to a value outside of that range,
we disregard it and use the interval midpoint instead. At
every step of the iteration, the bounds are updated accord-
ingly. This procedure ensures that the iteration always con-
verges to the correct solution. To get an initial range, we use
the mean value theorem and the monotonicity of F:

Fn™™)|Ag — An| < |j| < F™)|Ap — An| (23)

with n™" = min(z , 7z ) and n™ = max (s, 7g).

Depending on #; , 7z and Ag, we can further reduce this
range, improving the speed of convergence in cases where
bisection is needed.

(i) For An < 0, we know thatg—:’c < 0; therefore, the lower
bound of j can be updated with

J> ApF(n). (24)

(i) Similarly, 0 < Ay < Ag implies that‘;—z > 0, thus

Jj < ApFn). 25)
(iii) Lastly, for A > Ag we know that j < 0and 5! > Ae.

Furthermore,

?n _ Fm < j >

— =j Ap————) <0

o2 TFE\"? T Fp (26)

since F () > 0. We conclude that

* 0
n) = g + / 2oy
1

ox’
/

<t / " on
S -—
U)o, 7

- (20 75 e

<ng+Apx—1).

Thus, we get an estimate for g—z which does not

depend on

on J

> Ap— .

ox =7 Flng + Ap(x — 1)) (28)

Integrating over x then yields an update for the lower
bound of j with

Ap(Ap — An)
T o an @9

where we can calculate the integral similar to before
using Tanh—Sinh quadrature.
The iteration is stopped once accuracy close to machine
precision has been achieved using the criterion

1A/] < €. lil + €, (30)

where we use a relative tolerance ofe, = 2 - 10*and an
absolute tolerance of ¢, = 1071°.

Once the solution has been found, we use implicit dif-
ferentiation to calculate derivatives of j with respect to 7,
ng and Ag, e.g.,

or
a./ ony,
4 =1 1
o & b
9j
Note that we do not use the Leibniz integral rule here,
instead we directly calculate the needed derivatives of r
using the explicit quadrature formula (see Eq. (19)). This
involves calculating the derivatives of the quadrature nodes
n, and weights wy.

4.3 Solution in special cases

If either A@ or Ap or both are small, the general method
will become numerically unstable [8]. Additionally, ther-
modynamic consistency requires that j is exactly zero
for Ap = An. To address this, we develop series expan-
sions for each of the special cases given in Table 1. These
expansions have the additional advantage that the solu-
tion is obtained non-iteratively, reducing the runtime
significantly.
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4.3.1 Casela &
at) = Y adAr". (39)
k=0

For Ap ~ An, the current is j =~ 0. We replace the residual
by the two-dimensional Taylor series around j = 0, Ap = Ap

. - Tl !
G Ap) = 3, > T (Bp = An)' = 0, (32)
k=0 1=0

with

roo=0 and 1, = (-D'tk+ D' Ap™*1, (33)
where

MR
I, =/ F)kdn and Jy =1 (34)
L

Except for the trivial value /, = Ay, these quantities are cal-
culated using Tanh—Sinh quadrature.

Subsequently, the current density is written as an expansion
inAg — Apg

j=ibp - Any. (35)
i=1

The coefficients are evaluated by implicit differentiation of
Eq. (32) (e.g., j; = —7¢,1/1r1) and are given up to fifth order
in Table 2. Note that using Eq. (35) guarantees thermody-
namic consistency exactly, i.e., j = 0 for Ap = An.

43.2 Case1b

For An = 0, the current is j ~ A@F(#). We write

o0

F _ ) _
Foy=) l—!l(n ~7)" with F = F@. (36)

1=0

The current is expanded in terms of Ayx with

j=DLin' and jy = AgF,. (37)
i=0

Inserting both expressions into Eq. (9) and applying the
transformation = 7 + Ay yields

12 o o
2ico %IIAWI !
/ﬂ = - dr=1
i D <TfﬂA(P—ji>A’1’_l (38)

a(t)

Next, the transformed integrand is also expanded in terms
of Ay with

@ Springer

The first few coefficients are given by

Fo
ay = ————
ST
2Ty = 2Fjyt + 2F 2 A — Fy Fyt* Ag
h= . 2
2
Fols = _7-‘0_7-‘3;3% }_o(jz - fztz%> “40)
= 2 . 3
(J] _]:ltA(/’) (Jl _fltA(P)
fztz n f]f(]z - fztzA(p)

20 = Fitde)  (j, - Fiiag)’

Integrating the series expansion and solving Eq. (38) sepa-
rately for each exponent of Ay finally results in the coef-
ficients given in Table 3.

4.3.3 Case2a

For Agp =~ 0, the current is j = —I;. Again, the residual
is replaced by a two-dimensional Taylor series around
j=-1,A0=0

. < © ki . k
G Ag) =) ) anbith) Adl (1)
k=0 =0 """
with
I | Il+l
foo=0 and r;=(1)(k+ l)'lk+l+1 . (42)

1

The current is then given by

(o8]
i=)iAg, 43)
i=0
where the coefficients are given in Table 4. Compared to [8]
where only the first term of the series was used, our expres-
sion is more accurate.

43.4 Case2b

For Ap ~ 0 and Ay ~ 0, we start with the result from Case
2a and use the same expansion for F{(#) as in Case 1b (Eq.
(36)). Subsequently, the integrals I, and the coefficients
Jj; from Table 4 are expanded in terms of Ayx. Ignoring
higher-order terms, we get
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i=(Ap — A F 7 AnA +}—2A2
J=Ap n 0 127, nag 24 n

+ O(AnA@) + O(An* Ag?) (44)

+O(An’*Ag) + O(An4)> ,

which corresponds to the expression developed in [16]. Note
that there is no term O(A¢") inside the parentheses; never-
theless, in contrast with [8] we do not use this formula for
Case 1b, as terms proportional to AyAg* exist for arbitrarily
large k. Unless An is exactly zero, it is therefore questionable
to use this expression for large Ap. However, note that for
small A the expansion is consistent with Eq. (37).

4.4 Algorithm

To solve the discretized continuity equation, we need the
edge current density J.q,, as a function of n; r and ¢ g.

The first step is to compute 7 g = Fl(%) and
Ap = (”RV;T%. Next, j is calculated using the procedure out-
lined in Algorithm 1, where ¢, = 1073 is used as a numeri-
cal tolerance. See [10] for the actual implementation as
well as some example code. Finally, j is denormalized
geulrt j. To assemble the Jacobian of the dis-
dge With
respect to the nodal densities and potentials are needed.
These can be easily computed from the derivatives of j
w.r.t. 5, g and A by using the chain rule.

using Jegge = =

cretized system, in addition the derivatives of J,

Algorithm 1 Summary of solution method

1: if Ap <0 then

2: Flip edge direction and repeat.

3: else if Ap > ¢, then

4: if |An— Ayp| < e.Ap then

5: Use series expansion Eq. (35).
6: else if |An| < ¢ then

7: Use series expansion Eq. (37).
8: else

9: Use Newton’s method to solve Eq. (17).
10: end if

11: else

12: if |An| > ¢, then

13: Use series expansion Eq. (43).
14: else

15: Use series expansion Eq. (44).
16: end if

17: end if

’] _jSG‘/ljSG}

3
107" 5 E +
o o,
o 1

107"

100 120

20 A0 60 TR0
N

Fig.4 Relative error of the current density versus number of quad-
rature points for parabolic bands with Maxwell-Boltzmann statistics
using 7, = —10, n, = =5 and Ap =3 (case 1) and Ap = —10 (case
2). We compare Gauss—-Legendre quadrature (GL1 and GL2) to the
adaptive Tanh—Sinh quadrature (TS1 and TS2)

5 Results
5.1 Comparison

We start by comparing our work with the existing scheme
developed in [3, 8], where Gauss—Legendre and similar
quadrature rules were used to calculate the integral. To get
a reference, we limit this comparison to parabolic bands
in conjunction with Maxwell-Boltzmann statistics, since
for this case the exact solution is known (see Eq. (10)).
We measure the performance of the respective scheme by
comparing the relative error of the current to the number of
quadrature points used in the integration. As it is difficult to
directly control the number of points in the adaptive scheme,
we simply modify the relative tolerance in the integration
algorithm instead. To increase the variation in the number
of points and show the trend more clearly, for each value we
also randomly choose an initial step size for the trapezoidal
rule between 0.5 and 1.0 (other than for this comparison it
is simply set to 1.0).

The results are shown in Fig. 4 for two different cases.
While in the first case Gauss—Legendre quadrature per-
forms excellently and gives a highly accurate result close
to machine precision with less than 20 points, in the second
case the relative error is still above 10~ even for 128 points.
The cause for this is the existence of a pole close to the inte-
gration interval, and the situation can be made arbitrarily
worse by changing Ag to even larger negative values.

In contrast with this, using the simple adaptive Tanh—Sinh
quadrature rule the pole is handled without problems and
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the number of required points for the same precision is only
moderately increased. Even though it does not perform as
good as Gauss—Legendre quadrature in the first case and
needs roughly twice as many points for a similar accuracy,
overall it is far more robust as it works well even in difficult
cases.

As an additional test, we assess the stability properties of
both schemes. We recall that in order to achieve a stable

. . . . . a7 d7 .
solution in a device simulation # > 0 and # < 01is neces-
L R

sary, such that the resulting Jacobian of the discretized sys-
tem is an M-matrix [17, 18]. This is clearly fulfilled for the
Scharfetter—-Gummel scheme (Eq. (10)) which is the main
reason for its excellent stability properties. In [12], it was
shown that this is also the case for the generalized Scharfet-
ter—Gummel scheme, under the assumption that the integral
equation is solved exactly.

In order to test this property for the two numerical imple-
mentations, we compare the solution that both schemes
give by varying the chemical potential at one of the edge
endpoints (see Fig. 5). The Tanh—Sinh solution fits per-
fectly to the analytical solution and is monotonous, lead-
ing to the same excellent stability properties as the Schar-
fetter—Gummel scheme. Meanwhile, the solution obtained
using Gauss—Legendre quadrature is not only inaccurate for
small 7y, it also violates the monotonicity of j. This essen-
tially disqualifies it from being used in a full-scale device
simulation, as the Jacobian would no longer be guaranteed to
be an M-matrix. While increasing the number of quadrature
points improves the situation to some extent, the inability of
the nonadaptive quadrature to handle arbitrary parameters is
also highlighted, as the number of required points is clearly
dependent on 7 (as well as the other parameters) and cannot
be simply set to a fixed value.

5.2 Band tailing model

To demonstrate the ability of our scheme to work with arbi-
trary band structures, we use a simple model for band tailing
[19, 20]. An exponential band tail is added to the parabolic
density of states by introducing a parameter £, below which
exponential behavior dominates. For simplicity, we model
Z(1) to be continuously differentiable, so ¢, is the only free
parameter [21]:

1—1g

2 3
\/;\/%e o for t<t,

(1) =
%\/; for t>t,.

(45)

Though rather simplistic, in conjunction with Fermi—Dirac
statistics such a model can be used to simulate the band tail-
ing effect present in MOSFETs at cryogenic temperatures.
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1.6
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~ 1.5} 1
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- jGLlG
1.45
—_ jGLZO
- jSG
1.4 :
—-100 —-80 —-60 —40 —-20 0
R

Fig.5 Current density versus chemical potential at the right-hand
side of the edge for parabolic bands with Maxwell-Boltzmann sta-
tistics for n;, = 0 and Agp = 1. Comparison between Tanh—Sinh (TS)
quadrature, Gauss—Legendre with 16 and 20 points (GL16, GL20)
and the analytical solution given by the Scharfetter—Gummel (SG)
scheme

In Fig. 6, the resulting density of states is shown for differ-
ent values of #,. For f, — 0, we get the original square root
behavior from Eq. (5).

F(n) is calculated from Eq. (4) using Sinh—Sinh quadra-
ture. As described in Sect. 4.1, a lookup table is created to
speed up subsequent calculations. The resulting table size is
small at approximately 200 KiB depending on the value of
t,. In Fig. 7, the cumulative distribution function is shown.
While for large # the value of ¢, seems to have no visible
influence, it reduces the slope of the exponential Boltzmann
tail significantly.

In Fig. 8, the current density versus the potential drop is
shown for Ay = 10 and different values of #,. Since larger
values of #, result in significantly higher densities at small #,
|/| is also increased. However, it is clearly visible that inde-
pendent on the value of ¢, the current is zero for Ap = Ay,
which demonstrates the exact thermodynamic consistency
of our numerical scheme. For comparison, the diffusion-
enhanced approximation is also plotted. While this approxi-
mation agrees well with the exact solution for positive j,
noticeable deviations appear for negative j. Nevertheless, it
remains thermodynamically consistent, as the current still
vanishes at Ap = An.

5.3 Organic semiconductors
In organic semiconductors, charge transport is better

described by hopping between individual sites instead of
using continuous energy bands. By assuming a Gaussian
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Fig.6 Normalized density of states for parabolic bands including
band tailing

density of states [22-24] and Fermi—Dirac statistics, the
individual energy sites can be lumped together and trans-
port can be modeled using a DD model. The form of Z is
then given by

t2
257 (46)

Z(t) = exp(—

2no

where ¢ is a material parameter, with typical values of about
4 —5[25].

104
1071
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—t,=0.0
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—to=1.0
—ty=15
~16 w
10 —40 —20 0 20 40

n

Fig.7 Cumulative distribution function for parabolic bands including
band tailing and Fermi—Dirac statistics

Fig.8 Current versus potential drop for #;, = —5 and 5 = 5 for para-
bolic bands with band tailing and Fermi-Dirac statistics. Dashed
lines indicate the diffusion-enhanced approximation (Eq. (21))

In Fig. 9, the cumulative distribution function is shown
for various values of ¢. It is calculated like before using
Sinh—Sinh quadrature, and a lookup table is created for each
value of 0. As opposed to before, F(#) is limited and does
never increase above the value of 1, regardless of how large
n gets, since Z(¢) is absolutely integrable.

In Fig. 10, the current density versus the chemical poten-
tial difference is plotted for a fixed value of Ag. As before,
it vanishes for Ay = Ag, demonstrating thermodynamic
consistency of the numerical scheme once more.

6 Conclusion

In this paper, we presented a generalization of the SG sta-
bilization scheme to degenerate semiconductors improving
an existing scheme from the literature. Compared to before,
our method uses a more robust numerical quadrature method
and new and improved series expansions for several special
cases. The approach works for arbitrary band structures and
uses no further approximations as compared to the original
SG scheme. We demonstrated the superiority of the new
scheme by performing multiple tests and also showed that
the previous scheme can lead to problems in the case of
full-scale device simulations. As opposed to before, ther-
modynamic consistency is also guaranteed exactly and not
subjected to numerical noise.

While the approach is somewhat complex, especially
compared to the original SG scheme, the CPU penalty in
actual device simulations is rather small. Solving for the

@ Springer
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Fig. 9 Gauss—Fermi integral for different values of o
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Fig. 10 Current versus chemical potential drop with #;, = —10 and

Ag@ = 10 for Gauss—Fermi distribution function

edge currents can be efficiently parallelized, such that the

effect on runtime is almost negligible.

@ Springer

Appendix A Series expansion coefficients

See Tables 2, 3 and 4.

Table 2 Coefficients for Ap ~ An (Eq. (35))

Ji
2
J3
Ja
Js

10/‘/1

U} =l /]

Q21— T30y — 1,151 ) T3

QI2J2 = T30y = 5731, — T2 0o + 57,0,J310) [J]
(41yJ3 = T4y = 5203 = 1,3 Js + 573 0,0,
+310JET2 = 21100, 305 + 61J21,0,) [T}

Table 3 Coefficients for Ay ~ 0 (Eq. (37))

Jo
Ji

Ja

J3

=

ApF,

£{e(£)1Vlon(5) )

C2Fy(A+F)+24), (C*—4j, (Fy+i)))
8CFLF,

(192A2j§ + 48F (84 — BFE + 2AF, )
—24/3(2BFy + AX(3C? — 8F;) — 4AF, F)
—12C2F,j2(10A% — BF; + 3AF)F,)

—4C?Fj (1242 — Fo(3B + F\ Fy) + 6F) FrA)
FICAF, +2) + AR FD )/ (96C 7 )
F = FoF,

B - FF

FiAe

Table 4 Coefficients for Ap ~ 0 (Eq. (43))

Jo
Ji
J2
J3
Ja

_Il

12/11

& - LI)/1}

(1, +28 - 3L L1)/E

(I} = BlIs + 21212 — 101, 215 + 412 1,1,) /1]
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